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CHAPTER 1: Introduction

1.1.  Show that the diffusion equation (heat conduction is one example) u,xx = au,;, where

a is a positive constant, is parabolic.

Solution to 1.1.

Uxxy = AU

The above equation can be reduced to a first order form following the same procedure
presented in Section 1.5. We let f = u, and g = u, from which we obtain the two first-

order equations:
fx=ag
ft=9x
Expressing the derivatives of the dependent variables as
fs = fxXs+ fets
gs =GxXs T Grts

And writing the above system in matrix form,

[t 0 0 0](f« g
apo| T 0 1 0f)f(_)O
Z= xs ts 0 O0))g.( fs

0 0 =x; tsl\g, 9s

Dividing by x ¢



From which we conclude that the diffusion equation is parabolic.

1.2.  Determine the classification of the equation for the dynamics of beams, U,xxxx = @,

Solution to 1.2.

Considering the solution for exercise 1, by inspection, the equation for the dynamics of

beams is also parabolic. Note that, if f = u ,, and g = u, we get

fxx =ag;



CHAPTER 2: Lagrangian and Eulerian finite elements in one
dimension

2.1.  Transform the principle of virtual work to the principle of virtual power by letting
ou = ¢v and using the conservation of mass and the transformations for the stresses.
(Note that this is possible since the admissibility conditions on the two sets of test

and trial function spaces are identical).

Solution to 2.1.

The Principle of virtual work is:

XZ XZ Xz
.f (6‘“.)')( PAO dX - (SU.AOnOP)ll"t - 6”. pobAodX + 6u poAOudX = 0
X1 X1 X1
The transformation to the principle of virtual power is possible by letting du = v, using the
conservation of mass, p,A4,dX = pAdx, the transformation for the stresses, PA, = oA, and
d dx

. . 9
using the chain rule X = 3rox

X2 ax X2 X2
f (6”)"‘0_)( cAdX — (v Ano)lr, — f dvpbA dx + f SupAvdx =0
X1 X

1 X1

X2
j [(6v),x 0A — 6v(pbA + pAD)]dx — (v Ano)|r, =0
X1

2.2.  Consider a tapered two-node element with a linear displacement field as in Example
2.1 where the cross-sectional area Ag = Ao (1 — &) + Ag2d, where Ag; and Ay, are the
initial cross-sectional areas at nodes 1 and 2. Assume that the nominal stress P is

also linear in the element, i.e. P = P1(1 - &) + Py,



(@) Using the total Lagrangian formulation, develop expressions for the internal
nodal forces. For a constant body force, develop the external nodal forces.
Compare the internal and external nodal forces for the case when Ag; = Agz =
Ao and P; = P, to the results in Example 2.1.

(b) Develop the consistent mass matrix. Then obtain a diagonal form of the mass
matrix by the row-sum technique. Find the frequencies of a single element
with consistent mass and the diagonal mass by solving the eigenvalue

problem

PF 1 _l
Ky = »’My WhereK:M{ }

20, -1 1

Solution to 2.2a).

Similarly to example 2.1, the displacement field is given by the linear Lagrange

interpolant expressed in terms of the material coordinates:

1 _ _ uy (£)
w0 = - =X X Xl]{u;(t)}

where N = ll[Xz—X X—X]and [, = X, — X,.

0

The strain measure is evaluated in terms of the nodal displacements by using & =

ON; ¢

Nt = Bau®
Zlaxul ou

ON 1
cwn=un=) Gru=p 1 1{g)

where B, = li[—l 1].

0

However, the displacement field can also be expressed in parent coordinates

Uy (t)}

u@o = [1-¢ a0



X-X;

where N(§) = [1 =& ¢&],withé = = Xe =l

Using parent coordinates, the displacement field becomes

1
e, 1) = Xz Ne(u(t) = I -1 1] {Z;Eg}

where B, = X,gl N (&) = l[—1 1]

lo

We can now obtain the internal nodal forces:

int=j
e
Q
11

Lo

0

1

s 0

int _ Ap1(2P; + Py) + Ag(Py + 2P;) {—1}
B 1

¢ 6

The external nodal forces are:

ext _ f
e
Q

- P R R T

1
PoNTh AgdX = [ oo N7 () bAo g

e
0 0

ext _ Pob Lo {21401 + Aoz}

€ 6 Agy + 240,

Finally, we can compare these results with the ones obtained in example 2.1. The internal

and external nodal forces for the case when A,; = Ay, = Ay and P, = P, = P become:

o= a0p[ ]



ext _ PO 1240[0 [Z]

e

Which are the same results obtained in example 2.1 (provided that b; = b, = b).

Solution to 2.2b).

Consistent mass matrix:

X, 1
ME = f poNTNAdX = f po NT(OIN(E) Ao ()X,
0

X1

ME = Pol [34p1 +Agz  Ao1 + Ao
¢ 121 Ao+ Aoz Aor + 34,

Diagonal Mass matrix (M;; = ¥ M,;)

MP = Pol [2401 + Aoy 0 ]
€ 6 0 Apq + 24,

In order to find the natural frequencies, we need to solve the eigenvalue problem using

the stiffness matrix provided in the problem statement:
Ky = w?My = (k— w’M)y=0
Hence,
det (k— w?M) =0

Solving for the consistent mass matrix MS, we find (besides the trivial w. = 0):



2V6(Ag1 + Agz) |EPF
W, =
¢ lo(Ao1 + 2402) | Po
Solving for the diagonal mass matrix M2, we find (besides the trivial w, = 0):

_ 3(Ap1 + Ao2) EPF
lox/(Am + 2402) (2401 + Ag2) | Po

Wp

Note that w, > wp.

2.3.  Consider a tapered two-node element with a linear displacement field in the updated
Lagrangian formulation as in Example 2.4. Let the current cross-sectional area be
given by A = Ay(1 - &) + Ax¢, where A; and A; are the current cross-sectional areas at
nodes 1 and 2. Develop the internal nodal forces in terms of the Cauchy stress for
the updated Lagrangian formulation assuming o = 01(1 — &) + 02¢ where o1 and o,
are the Cauchy stresses at the two nodes. Develop the nodal external forces for a

constant body force.

Solution to 2.3.

Internal nodal forces:

int X aNT 1 aNT 1
fint = f P o Adx = f 5% (xie) "0 A(E)x,¢dE
X1 0

N=[1-¢ ¢]

x= NT {2} =1 -8x; +&x,

Xig = =X+ xp =1



. -1l
fmt :f [ 1 ]T (0'1(]_ —E) + 0'24,;)(141(1 _E) + Az'f)l dE
0

Fo = [ oy — o) + 252 (0~ 00| { )

External nodal forces:

fort = f " ONTh Adx = fo P [ F]panca -9+ apra

4+ 2
fext:p_bl 1 2

3 |4
7+A2

2.4. Consider a 2-element mesh consisting of elements of length ¢ with constant cross-
sectional area A. Assemble a consistent mass matrix and a stiffness matrix and
obtain the frequency for the two element mesh with all nodes free (the eigenvalue
problem is 3 x 3). The frequency analysis assumes a linear response so the initial
and current geometry are identical. Repeat the same problem with a lumped mass.

Compare the frequencies for the lumped and consistent mass matrices to the exact
C
frequency for a free-free rod, a):nﬂT, where n = 0, 1, ... Observe that the

consistent mass frequencies are above the exact, whereas the diagonal mass

frequencies are below the exact.

Solution to 2.4.

Calculating the consistent mass matrix for each element:

10



X2 1
M?l) = M(Cz) = M =f pNTN A dx = fOpANTNx’E dA
X

1

For a two-node element with length [:

N=[1-¢ ¢]
x=[1-¢ & {}=0-0x+éx
Xg= —X;+ x; =1

Then,

me=[oa|' ¥ - arae="0 2 ]

X

Assemble the mass matrix for the two element mesh according to the connectivity

matrices:

Cc _—_ C c _
M" =LyM(yy + LpyM¢y) = [

0 1 0 6

8 e o U

2 1 0

A
Mczp?[141]
0 1 2

The stiffness matrix for each element (considering linear elastic isotropic material):

Ko =Ko =K fxzaNTaNEAd £A [ 1 _1]
= 2) = = —_ X = ——
W= R@ = Re ™ ) ox ox [ -1 1

Assembling the stiffness matrix for the two element mesh:

ga[1 -1 0

11



We can now determine the natural frequencies solving the eigenvalue problem as in
exercise 2:

Ky=w>’My = (k—w?>M)y=0

Using the consistent mass matrix:

3E 12E
det(k—w?’M¢)=0 = w?=0V wi=

) V i =

V3 |E c 2V3 |E c
(1)1:0V(1)2:T EEO.SSlva3: ; ;E 11037

Using the lumped mass matrix:

V2 |E c 2 |E c
w;=0V wy=— [—= 0450 — V w3 =-= [—= 0.637—
L |p l L. |p

The exact solution for the first 3 natural frequencies is (L = 21):

e e

w1=0Vw2=O.51 l

So we see that the frequencies obtained with the consistent mass matrix are above the
exact solution and the frequencies for the lumped mass matrix are below.

12



2.5. Repeat Example 2.6 for spherical symmetry, where

DI’I’ Grr 1
D=.D,,6=30, D, =V, D,, = Dq,qj =er
Dyy O 4y

Solution to 2.5.

For spherical symmetry,

(Vrr
D) |1 ]
D = { Dy :4;”&
D Ll |
folo]
7 r)

Momentum equation in spherical coordinates, for this problem:

do,,
ar

1 .
+ - (ZO'TT — Ogg — 0¢¢) + pb, = p v,

. 2n pm ,TE
spnt = j j j (6D,0, + 8Dgg + & Dyoy) T2 sin¢ drdepdo
0 0 Jrf
o
spmt =f SDT ¢ Antr?dr
i

Considering a linear velocity field:

V1(t)}

v =1-¢ a{y



withN = [1—¢ ¢£], the components of the rate-of-deformation can be determined as

follows:
-1
D, = Ury = vr,f(r,f)
t
s = -1 1 {10
r=N {2} =1-8r +¢n,
Tre=n—n
Thus,
_ 1 v1(t)
Dr=—l-1 1 {vz ( t)}

with r,; = r, — ;. The remaining components of the rate-of-deformation are:

21 (t)}

v, 1
Dy = Dg=T-=711-¢ (] {vz(t)

From which we obtain the rate-of-deformation:

721 21 ®
_|11-¢ & [ (m) _
D= - - {vz(t)}_Bve
1-¢ i
r T -

with r=1-8€r +&n,andry, =1, — 1.

The internal forces can now be calculated:

2
fi"t=J BT{o} 4mrr?dr
st

14



rr
000 tAmr((1— E)ry + frz)zrmdr
o,

-1 1-¢ 1-¢
fint = fl[”@l (1-9r +4r, (1_5)7'1""57’2]
o | L ¢ §

l7’21 1=nr+ér, (1-On + ETZJ

The consistent mass matrix can be calculated as:

M, = fo P[lgf] [1-¢ §] 4”((1—5)7’1"‘57”2)27”21617’

_ P21y (61 + 31, +137) 1 (31 + 4y + 3r22)]
¢ 15lry,(3rf + 4y + 3r2) 21, (12 + 3nyr, + 61F)

26. (a) Develop an expression for the principle of virtual power and derive the
corresponding strong form.
(b)  For a two node element with a linear velocity field, develop B, the internal

nodal forces feint in terms of the stresses, and the consistent mass matrix Me.
For constant body force, develop an expression for the nodal external forces

ext
fo

Solution to 2.6a).

See sections 2.6 & 2.7.

Solution to 2.6b).

For a two node element with a linear velocity field, the shape functions are:

N=[1-¢ ¢]

15



From which we can write:

=1-¢ a{g}=a-on+ex

Xg= —X1+x; =1
ON ONJ 1
dx  0¢ Ox l

Therefore, the internal nodal forces are:
) X2 11— _
lem=j BTaAdx=j T[ll]aAld€=aA{11}
X1 0

The consistent mass matrix is:

] [ S(]1—5 £1Al d§ = [

And the external nodal forces are:

o= [ ¥ opas = 222 (Y

16



CHAPTER 3: Continuum mechanics

3.1.  Consider the element shown in Figure 3.4. Let the motion be given by

x=X+Vt,

1
=Y +— Xt
y 2

(@) Sketch the element at time t = 1. Evaluate the deformation gradient and the

Green strain tensor at this time.

(b) Evaluate the velocity and acceleration of the element at t = 1.

(© Evaluate the rate-of-deformation and the spin tensor of the element att = 1.

(d) Repeat the above att = 0.5.

(e Evaluate the Jacobian determinant as a function of time and determine for

how long it remains positive. Sketch the element at the time that the Jacobian

changes sign. What can you say about the motion at that time?

Solution to 3.1a).

For t = 1 the nodal coordinates are:

xl = 0
xz = 2
X3 = 1
y,Y
3<\ A
1

\ 4

1° 5 XX

2
[~ "
Undeformed

) yl_o
) y2_1
) y3_1
y 3 2
Y
1
\ 4
1° X
1 1

Deformed at t=1

Sketches of the element in the undeformed configuration and the deformed configuration at t=1.

17



Deformation gradient:

dx Ox
F = ox ady| _ % t
o ay ay - E 1
dx 0y
1 1
F|t=1 [1/2 1
Green-Lagrange strain tensor:
[t? 3t]

_[1/8 3/4
Ele1 = [3/4 1/2

Solution to 3.1b).

: |6

The velocity is obtained by taking the derivative of this motion with respect to time,

The acceleration in the material description is obtained by taking the time derivatives of

the velocities:

)= t=16 ol 6

18



Since it is asked for the velocity and acceleration of the element at t=1, we should

substitute that value in t, but looking to the obtained velocities and accelerations we see

that they are constant in time so:

V=1 = [132 (1) {);} N {XI;Z}

= [ ol )

Il
—~
o O
——

Solution to 3.1c).

Rate-of-deformation:
1
D=-(L+ L")

The velocity gradient can be calculated from:

L= av_avax_ )
T 9x 0Xox

, 0 1
F= [1/2 0]
ot [ 1 —t/Z]
1—t2/2 -t 1
Therefore,
t -2
; - t2-2 t2-2
L=F-F'= "7 "
t2-2  t2-2
_3
I
_t?2 =2 t2-=-2
D=|""7, I
- E—

19



-1 3/2

Dlesi= 132 1
The spin tensor is simple to obtain:
—0.5
W=s(L-LT)= t5-2
2 0.5 0

t? —2

0 1

2
W|t=1 1

-—= 0
2

Solution to 3.1d).
Repeating the exercise, now considering t=0.5:
x,=0+0=0 y=0+0=0
1
X, =2+0=2 Y2 =0+5%x2x0.5=05
y,Y
y 3
3 T
5 0.5
1
0.5
O Y e,
1 2 xX 1 X
2 0.5 1.5
Undeformed Deformed at t=0.5

Sketches of the element in the undeformed configuration and the deformed configuration at t=0.5.



Deformation gradient and Green strain tensor at t=0.5:

71172
F|t=0.5 - [1/4 1 ]
C[1/32 3/8
Elezos = 13/8 178

Velocity and acceleration at t=0.5:

Vle=os =V = {5;} = [1(/)2 é] {};} - {Xl;z}

ali=os = a = [8 8 {};} - {8}

Rate of deformation:

—2/7 6]7
Dlesos =v=|¢/7 _2/7
Spin tensor:
0 2/7
W|t=0.5 =v= [_2/7 0 ]

Solution to 3.1e).

The Jacobian is obtained as:

£2
t=>0

1t
]—det(F)—|t/2 1|_1—?, >

2
J>0 :>1—%>0:>(t<\/§ At>V2) A t=0 = te [0,V2]

The Jacobian changes sign at t = /2, and the motion at that time is:

21



& L|
<«

V2

) »|
< >

Sketch of the element at the time the Jacobian changes sign.

We conclude that the element collapses in itself leading to a zero element area which
causes a singularity because the deformation gradient cannot be inverted anymore.

3.2.  Consider the motion given in Example 3.13, (E3.13.1). Find the velocity gradient L,
the rate-of-deformation D, the spin tensor W and the angular velocity Q as
functions of time. Plot the spin and the angular velocity as function of time on the
interval t € [0,4]. Does this shed any light on the difference between the Green-

Naghdi and Jaumann material shown in Fig. 3.13?

Solution to 3.2.

Motion of the element given in Example 3.13:
x=X+tY
y=Y

22



The deformation gradient, its time derivative and its inverse are:

P= b ir=l) =) 3

The velocity gradient, the rate of deformation and the spin tensor are:

L=F-Fi=[) ¢

1 B 1/2
D=2 L+1)= |

[132 0

1 B 1/2
W= _(L-17)= |

[ 0
-1/2 0
The angular velocity Q is calculated by:

Q=R-R"
whereR=F-UtandU = (F"- F)%
Therefore,

1

C=F-F= [t tzi-l]

The eigenvalues of € are obtained from:

det(C— pu?’N =0 >

ﬁylz\/—%(t\/t2+4—t2—2) VuH:\/%(t\/t2+4+t2+2)

The eigenvectors of C are obtained from:

C—pytD-uV=0 , N=ILII
First eigenvector u’:

1
A—ppul+tul =0 =ul = _E( t2+4—t)u{

23



Normalizing the vector to be a unit vector:

W)+ [—%( t2+4—t)u{r =1

V2
1 V2 1 —— (V2 +4-1t)
u1= V uz_

. -
2+ V2 +4—t L2+ V- JVtZ+ 44—t

Second eigenvector u!!:
1
A—-pPul+tull =0 = ulf = E( t2 +4—t) ull

Normalizing the vector to be a unit vector:

1 2
WihH? + [—( t2+4—t)u{’] =1=

2
V2 —\/ZE(\/t2+4+t)
s ull = v oull =
1 1 2 1
(t2+4)2 -VVt2+ 4+t (t2+4)7 -JVt2+ 4+t

We can finally determine the stretch tensor U from:

U= [u{ U{I] [ 0][“5 ui’]
ub w10 ppl d o ud

This results in very long components of the stretch tensor. The same happens for the
computation of the rotation tensor, which requires to determine the inverse of U and to

multiply that by the gradient tensor F:
R=F -U!
After computing the rotation tensor it is possible to obtain the angular velocity from:

Q= R-RT

24



Due to the size of the components of each of the above referred tensors it is inadequate to
write them here. Therefore, here we present the plot of the only nonzero component of
the spin tensor W;, and the angular tensor Q,, as a function of time on the interval
t €1[0/4].

Angular Velocity and Spin

0.5

0.3 -

U)S&WS

0z2r- -

01 -

Spin and angular velocity as function of time on the interval ¢t € [0,4].

Observing the plot it is clear that the spin tensor and the angular velocity tensor have very
different values over time, although they start with the same value at t=0. The spin tensor,
for this problem, is constant. On the other hand, the angular velocity is not. It decreases

as time passes.

Therefore, looking to the expressions that define the Jaumann rate and the Green-Naghdi

rate,

Do
6'/=—-W-6-0-WT
Dt

25



Do
6" =—-0-0—-0-0Q7
Dt

We see that the rates will have different values because they measure the rotation with
different entities: the Jaumann rate uses the spin tensor, whereas the Green-Naghdi rate
uses the angular velocity tensor. Hence, the latter will have a lower value when compared
with the first.

3.3.  Consider the three-node rod element shown in Figure 3.15. Use the standard 3-node
shape functions for ¥, and V,. The nodal coordinates are given by
X, =-rsind, x,=0, x,=rsin@ y, =0, y,=r(l—-cos6), y,=0
The nodal velocities at each node are in the radial direction as shown. Evaluate the
corotational rate-of-deformation at node 2 in terms of the nodal velocities. For this

point, the corotational coordinate system is coincident with the global system.

Compare the result with the result obtained by using cylindrical coordinates,

V,

D,, =+ Repeat the procedure at the Gauss quadrature point ¢ = — 3%for9=0.1

rad and 6 = 0.05 rad and compare to D,, =-; the corotational system for the

guadrature point is shown on the RHS of Figure 3.15.

Solution to 3.3.

Evaluating the figures it is possible to write the nodal coordinates with respect to a

corotational system based on any given point with a parent coordinate ¢:
Xy =r(sin®; —sin @) cos @ + r(cos@; — cosP) sin P

¥, = —r(sin@; —sin®) sin @ + r(cos®; — cos @) cos P
where @ = é6 and @, = &, 6.

26



Using the above result we can write the current coordinates in the corotational system by

using the shape functions to interpolate the nodal values:
X = Xy Ny

Also by evaluating the figure, the nodal velocities in the corotational frame can be written
as:

Dy, = vy sin(@; — 0)

~

Uy = Uy Ny

If we want to determine the corotational rate-of-deformation at node 2, the corotational
system is located at:

E=0=>0=0
For this point, the nodal coordinates have the following value:

X;=rsin@; ; yy=r(cosP; —1)
So, each node has the coordinates:

Nodel - @, =—0 = X;=-rsinf ; y;, =r(cosf —1)
N0d62—>@1=0 = £2=0,y2=0

Node3 - @; =0 = X3=rsinf ; y3=1r(cosf —1)

And the nodal velocities are:
Node 1 —> ¥y, = —v,sin€ ; ¥, =v,cosf
Node2 - ¥y, =0 ; D, =1,

Node 3 - D, = v, sin(8) ; D), = v, cos(6)

Now, using the shape functions for a 3 node rod element:

1 1
M= e 1-82 S+

27



We can determine D,, at node 2 in order to compare it with the result obtained using
cylindrical coordinates Dyg.

av, _ 0N, oN, 0¢ aN, <a£)‘1
0¢

Dix =75 = T T Tl TS

1
B
-2 = rsinf

1.}.,’?
L3+l

0x dN,
_=;?I—I={—rsin6 0 rsin6}

$

Since,

(69?)_1 1
a¢ " rsin@

the corotational rate-of-deformation at node 2,

0D, aN, (69?)_1 0N, 1
9¢) T "X 38 Tsing
4

~ 2 1

av
Dxx=%= {—sin6 0 Sine}[(l)Jrsin0=

2

Dxx—ﬁ=vx1¥

Ur
r

is then proven to be the same as the rate-of-deformation using cylindrical coordinates

Dxx - 7 - D99-

Now we need to repeat the problem for § = —371/2 = ——

For this point the nodal coordinates in the corotational system can be calculated as

before. For instance, the x-component of the corotational coordinate for node 1 is:

28



X =7 (sin( —6) —sin (— %)) cos (— %)
r (COS(_Q) — cos (— %)) sin (- %)

Calculating the values for 6 = 0.1 rad:

Nodel— @, =—0 = £;lgeos =— 0.04187r ; 9|90, =— 0.005755r
Node2—> @, =0 = Rlgcoq = 0.057517 ; P,lg=0s = 0.0049937
Node3 > @, =0 = R3lge01 = 0.157477 5 Palg—0 = 0.0057667

Calculating the values for 6 = 0.05 rad:
NOde 1 i Q)I = _9 = £1|9=0.05 =— 0.021087" ; y1|9=0_05 =— 0.0014‘4‘22T
Node2 - @; =0 = X3|g=005 = 0.02884r ; J,]g=0.05 = 0.00124967

Node3—> @, =60 = R3lge00s = 0.0788347 ; P3lg=0.0s = 0.001443r

Also, following the same procedure as before, the nodal velocities for 8 = 0.1 rad can

be determined:

Node 1> D, |,_  =—0.04225v, ; ¥),],_  =0.999107 v,
Node2 - D[, =0.057703v, ; ¥),[,_  =0.99833v,
Node 3 > ¥y, |,_  =0.15708v, ; D, | _  =0.98759,

While the nodal velocities for & = 0.05 rad are:

Node 1> D |,_ - ==002113v, ; D),],_ . =0.999777 v,
Node2 - D[, =0.028864v, ; By,|,_ =099958v,
Node 3 = ﬁx3|9=0_05 = 0.078786 v, ; ﬁy3|9=0_05 = 0.99689 v,

We can now calculate D,

29



ox o0&
(1 4 (_ 1 )\
2 V3
0x _ N, )
al_ T Far T r{—0.04187 0.05751 0.15744} { —2 (_ﬁ> |
1 1
(27" (_ ﬁ) J
i = 0.09934r
af 6=0.1
= = 0.049914r
af 6=0.05
r_1+ (_ i)‘
2 V3
0Dy , A
Er1 v{—4225 0.057703 0.99833} 1 N =
1 1
. 2 V3
0D, v,
% 6=0.05 ~7

Therefore, we again conclude that ﬁx|9=0.1 = ﬁx|9=0.05 = L = Dyy.

3.4. Use Nanson’s relation (3.4.5) to show that the material time derivative of a surface

integral is given by

%Lgnds :js[(g+gv-v)l—gLT}n dS

This result is used in Chapter 6 in the derivation of load stiffness.
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Solution to 3.4.

From Nanson’s relation:

ndl—‘ = ]no. F_ldro

We can write:
d d

—_— gndS = E

.F1d
dt J Log]no So

= (g/no-F1+gjn, - F 1+ gn, - F1)dS,
So

= fSO[(g' +gV-v)n, - F 1+ gjn, - F~1]dS,

. . . -1 . .
ConsideringL= F-F "= F 1. L=F'=F1'=F1. 1

d

—fgnds=f[(g'+gV-v)n+gn-L‘1]dS
dt Jg s

=f[(g’+gV-v)n+gL‘T- n| ds
s

=j[(g+gV-v)I+gL‘T]- nds

N

Noting that:

D . .
o FF)=0=F F'+F F'=0=L"=-L=>L"=-L

Therefore,

dt

d
—fgndsz f[(g'+gV-v)I—gLT]-ndS q.e.d.
s s
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35 (a) Show that for any two second order tensors A and B, the Jaumann rate has
the property that
(A:B)=A:B+A:B=A":B+A:B"
(b)  Show that for symmetric tensors A and B, the additional results
A:B=A:B” or A:B=A":B

hold if A and B commute (i.e., are coaxial or have the same principal
directions).

(© Finally, show that the results in a) and b) hold for any spin-based rate, i.e.,

A" =A-Q-A-A-Q'

where Q =-Q' is a spin tensor.

These results, due to Prager, are used in Chapter 5 in developing the elasto-plastic
tangent modulus.

Solution to 3.5a).

From the definition of Jaumann rate:

DA
AV = ——W.A-A.WT
Dt

DB
BY = — —W.B—B.W’
Dt

We want to show that

D . .
D—t(A:B)=A:B+A:B=AVI:B+A:BVI

Developing the RHS:
AV:B+A:B"=(A-W-A-A-W"):B+A:(B-W-B-B-WT)
= AAB-(W-A):B—(A-W):B+A:B—A:(W-B)—A:(B-W")
= AB-B:(W-A)+B:(A-W)+A:B—A:(W-B) +A: (B- W)

Where in the last line we used the definition of skew-symmetric tensor for W and the
property of the double dot product U:V = V: U.
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Recalling that any skew-symmetric second-order tensor can be expressed in terms of the

components of a vector w, called axial vector, we can rewrite the above equation as:

AV:B+A:BY"=A:B— (wxA):B+B:(AXx®w)+A:B— (wxB):A+A:(BXw)

Therefore, we can now permute the order of the entities accordingly (odd permutations

need a negative sign):

AYV:B+A:BY=A:B+ (wxB):A—A:(BXx®w)+A:B— (0w xB):A+A: (BX®)
=A:B+A:B

Hence,

D . .
D—t(A:B)zAV]:B+A:BV]=A:B+A:B q.e.d

Solution to 3.5h).

It is enough to prove one of the results, let's prove that A:BY = A : B

ABY=A:(B-W-B-B-WT)=A:B—A:(W-B)—A: (B-WT)
=A:B—A:(W-B)+A:(B-W)

Recalling U: V = UT: VT as a property of the double dot product, and noting that A and B

are symmetric tensors, we can rewrite the above equation as:

ABY=AB-AT:(W-B)T+A:(B-W) =A:B—AT:(BT-WT) + A: (B- W)
=A:B+A:(B-W)+A:(B-W)=A:B+2A:(B-W)

Rewriting the above result using the axial vector w:

AYV:B+A:BY =A:B+ 2A: (B X w)
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If A and B are co-axial tensors they have the same eigenvectors; therefore, they can be

written as:

3 3
A= Z An®®n® . B= 2 B,n® ® n®
a=1 a=1

where & stands for the dyadic product.

We can then write:

A:BY =A:B+2

3
a=

3
Aan(a) R n@ . <z an(b) X n® x w)
b=1

1

3 3
=A:B+2 Z A, z B,(n®@ - n®)(n®.n® x w) = A:B g.e.d.

a=1 a=1
Where the last equality is obtained if we note that:
e Fora=#b= n® . .n® =0, because the eigenvectors are orthogonal;
e Fora=b=n® . n® xw=n® . n® x @ =0, due to the fact that the cross

product of n® with @ produces a perpendicular vector to both these vectors,

which is also perpendicular to n®.

Solution to 3.5¢).

Trivial considering the previous answers.

3.6. (a) Use the results in Problem 3 and the expressions for the principal invariants
of a tensor in Box 5.2 to show that the material time derivatives of the

principal invariants can be written as
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l,=6:1=c":1

,=16:1-(6-6):1=6":1-(¢" -0):1
I, =1, trace (6-0 ") = I, trace ("’ - ")
It follows that if the Jaumann rate of Cauchy stress vanishes, i.e., o =0,

then the principal invariants of the Cauchy stress are stationary.

(b)  Show that if the material time-derivative of the Cauchy stress is deviatoric
then the Jaumann rate of Cauchy stress is deviatoric.

From Problem 5(c), it follows that these results also hold for any symmetric tensor

and for any spin-based rate.

Solution to 3.6a).

Let’s start with the first invariant:
11 = trace(O') = 0j; = aij6ij =o:1

Therefore, calculating the time derivative of I;:
I = b D=¢:1+0:1
1—Dt(0'.)—0'. c:

Since I = 0, and using the result obtained in Problem 5b):

I =6:1=0":1 g.e.d.

Now, considering the second invariant:
1 2 2 1 2
I, = E{[trace(a)] — trace(o°)} = 3 [If —o: 0]
Calculating the time derivative of this invariant:

| . ) .
I, = 5[21111 —0:0 —0: 0]
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Recalling that for any two tensors A and B, the following holds: A:B = (A - B7):1, we

can rewrite the above expression as:
. 1 .
I, = E[21111 —(6-0T):1—(0-67):]]

From the following property of the double dot product of two tensors: AT: B = A: BT,

and recalling that the Cauchy stress is symmetric:

I ==[2L; = (6-0):1—(6-6"):1T] = %[2111'1 —(6-0):1—(6-0):1]

N =

L =1Ll —(6-0):1
Now, we can rewrite the above as:
L=L6:1-6:0" =1,6:1—6:0" =1,6:1—06:0
Therefore, using the results of Problem 5b):

L=L6:1—(6-0):1=1Lc":1-(c"-0):1 q.e.d.

Finally, let’s consider the third invariant:
I; = det(o)

Recalling that the derivative of the determinant of a square matrix A can be expressed

using Jacobi’s formula:

DA

b [det(A)] =t [ dj(A DA] = det(A)t [A‘1
Dt e = trace |adj( )Dt = de race D

We can write the time derivative of the third invariant as:
I; = det(o)trace[o™' - 6] = Igtrace[&T 67 T| = Itrace[¢ - 671]

We can rewrite the above as:
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=L@ -6):1=Lo:o T

From the results of Problem 5b)

I; =16":67T = (6" - 67 1):1 = Lstrace[6") - 7] q.e.d.

Solution to 3.6h).

The first invariant of a deviatoric tensor is zero; therefore, if & is deviatoric:
I,(6) =trace(6) =6:1=0
However, in part (a) we derived the following result:
o:1=0":1
Therefore,
0V:1=0= trace(6") =0 q.e.d.

Proving that the Jaumann rate of Cauchy stress is also deviatoric.

3.7.  Starting from EQs. (3.3.4) and (3.3.12), show that
20dx-D-dx=2dx-F " -E-F*-dx
and hence that Eq. (3.3.22) holds.

Solution to 3.7.

Equation (3.3.4) is:
dX- (FT-F—I1—-2E) -dX=0

Equation (3.3.12) is:
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0 0
2y — ) — D .
5% (ds*) 5% (dx-dx)=2dx -D -dx Vdx

From equation (3.3.4) it is possible to define dx - dx as:

dX - (FT-F—1-2E) -dX=0
dX -FT-F-dX—dX-1-dX—2dX-E-dX=0
dx-dx—dX -dX—2dX-E-dX=0
dx -dx=dX-dX+2dX-E-dX

Going back to equation (3.3.12) and using this result:

0 ) .
o (dx - dx) == (dX - dX + 2dX - E - dX) = 2dX - E - dX

since the reference configuration does not change with time. Recalling that F = Z—; =

dX = F~1 - dx, and substituting this result in the previous equation:

d .
%(dx-dx)=2dx-F‘T-E-F‘1-dx=2dx-D-dx g.e.d.

3.8.  Using the statement of the conservation of momentum in the Lagrangian description

in the initial configuration, show that it implies

PTF" =FP

Solution to 3.8.

From the conservation of the linear momentum in the Lagrangian description in the initial
configuration, one can write:

D
Y POVdﬂozf

pobdQ +ftd[‘
DtQO QO0 0 0 0

Lo
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The integral form of the conservation of the angular momentum can then be obtained by
taking the cross product of each term in the corresponding linear momentum principle
with the position vector x (in the current configuration, even though the linear momentum

is expressed in terms of the initial configuration):

D
Dt 2 Q

0 Lo

The last term on the RHS can be rewritten as:

Qo

r Ty

0 To

Or using the component form:

0 0 d
eijkxitj dFO = eijkxinl Pl_] dFO = eijkﬁ(xiPlj) dFO
r T l

Lo 0
- J i p 4 x, 228 g
= Fogijk X, j T X X, 0

Therefore, going back to the equation of the conservation of angular momentum, using
the above obtained result, and using the component form:
Dv; 0P
‘[Qo lfijkpovivj + EijkPoXi EijkPobi — Eijik <Filplj + x; 5_X1>l dQy =0
Noting that the first term is zero (cross product of parallel vectors), and rearranging the
remaining terms:
Dv; 0P
jﬂogl’jk X; <P0E — Pobj — a_xl> dQo — fnogijk FyPyj-dQy =0
Noting that the expression inside the brackets is the linear momentum conservation, we
get:
— fﬂ &ijk FyPyj dQo =0

0

For an arbitrary volume:
gijiFuPy =0
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Multiplying by &, 4:
epai€ijkFuPj =0
(8pi6qj — 8pj6qi) FuPyy =0
1Py — FgPyy=0= F-P=P"-F' q.e.d.

Fp

3.9. Extend Example 3.3 by finding the conditions at which the Jacobian becomes
negative at the Gauss quadrature points for 2 x 2 quadrature when the initial
element is rectangular with dimension a x b. Repeat for one-point quadrature, with

the quadrature point at the center of the element.

Solution to 3.9.
Since this element is not a square, the motion is not the same as in Example 3.3.

Although the motion can be easily determined for this problem we will use the

isoparametric mapping for a four node element to find the Jacobian.
The nodal coordinates in the reference configuration:
X,=0;Y,=0;X,=a;Y,=0;X3=a;Y35=b;X,=0;Y,=0>
The nodal coordinates in the deformed configuration are:
X1 =0;y1=0;x =a;y, =0;x3 =a+uUy ;Y3 =b+uy;
X =0;y, =D

The shape functions for this element are:

[(A-A-n A+HA-n A+HA+n A=A +n)]

e

N =

We can then write:
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[A=51—=n)]

X=xN=>x={}=[0 ¢ ¢ 0]1|(1+f)(1—n)l_1{a(1+€)}

vJ=lo o » blala+d@+n|” 2@ +n)
A-0+n)
1-0-nn
x 0 a atus 0111 +81—1n)
xi:inNIZ”x:{y}: 0 0 b+uy b]Z A1+50+n)

(1= +n)

_ l{a(l A+ + (a+us)1+mI+$)
C4A+mMA -+ (B +u)A+mA+E)

From the result for the Lagrangian coordinates X for this problem it is possible to find the
motion by explicitly writing the parent coordinates & in terms of the Lagrangian
coordinates X (note that this is not necessary to solve the problem; we could solve it by

writing the derivatives using the chain rule, as usual):

o (142
‘f:{n}: _1+§
b

Substituting this result in the current coordinates we determine the motion:

(a+ug)Xy 1 2y
x—{x}_{a ™ +§X(2_?>l
== k(b+uy3)xy+ly(2 2x>

ab 2

We can now determine the deformation gradient:

N [(a+ug)Y 4 1(2 B 2_Y> —X N (a+us)X ]
Fe 9% _ | ab 2 b b ab |
B l Y (b+uy,)Y  (b+us)X 1/ 2X
LA Sl 2ok —+—(2 ——)
a ab ab 2

Since we have the expression for the deformation gradient as a function of the
Lagrangian coordinates, to find the value of the Jacobian for the 4 Gauss points we need
to determine the coordinates of the Gauss points in the reference domain:
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First Gauss point in parent coordinates: é;py = —% » Nep1 = —

L
V3
In the reference domain using the mapping obtained for X:

ton=3(1-75) + ton=3(1- )
GP1_2 \/§ ) GP1_2 \/§

Calculating the Jacobian at this point:

Jop1 = det(F) =1+ (3 _Zf)um + (3 - \/§)uy3

6b
Therefore, the Jacobian at the first Gauss point becomes negative for:

6b b
—_— U
3_\/§ a X3

Jep1 <0 =>uy3 < —

Doing the same for the remaining Gauss points:

We arrive to the following conditions for the respective Jacobians:

]Gp2<0$uy3< +\/__(2_\/_) ux3
Jons <0 - 6b b
=Uu —_————Uu
GP3 y3 3+\/§ a x3
b
Jepa <0 = uy3 - Z)EuxS

Finally, it was asked to calculate when the Jacobian becomes negative for the case of a

single Gauss point in the middle of the element:
0
fGPsingle = {0}
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So, the following condition arises:

]GPsingle <0=>uy; <-2b-— EuX3

3.10. Derive (3.2.19).

Solution to 3.10.

Trivial from the textbook.
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4.1.

CHAPTER 4: Lagrangian meshes

Consider the element shown in Figure 3.4 with the motion

x(X,t) =(1+at)X cos%t —(@+Dbt)Y sin %t

y(X,t) = (L+at) X sin %t +(L+bt)Y cos%t

Sketch the element in the deformed configuration at t = 1 (this was already done in

Exercise 3.1).

()

(b)

(©

Let the only nonzero PK2 stress component in the deformed configuration be
S11. Find the nodal internal forces.

For the same state of stress, find the nodal internal forces in the under-
formed configuration. What is the effect of rotating the body on the nodal
internal forces?

Repeat the above parts a and b with the only non-zero components being Sy,
and Si,. Explain the nodal internal forces in the undeformed and deformed

configurations.

Solution to 4.1a).

Xilg=1 =0; Vilg=1 =0
X2le=z1 =0 ;5 Yli=1 =21 +a)
X3le=1 = —(1+Db) ; y3le=1 =0

The map between the parent element and the initial configuration is:

X X, X, X3) (61
=t
1 1 1 1)1

withX, =0V, =0;X,=2,Y,=0,X;=0;¥3 =1

The inverse of this relation is given by:
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&1 1 Yoz X3 Xo¥s — X315) (X
$a0 = A Y3, X1z X3V, —XiY5p Y
¢3 o, Xy X\Y,—-X¥,) 1

Whel’e XI] = XI _X], YI] = Y} - Y], and ZAO = X32Y12 _X12Y32.

The shape functions for the linear displacement triangle are the triangular coordinates

so N; = ¢;. This way, the B, matrix is given by:

N,

B} = B} ] = [a_xj

[6N1 N, 6N3]
 rm0momoi . |0X 09X oXx|_ 1 [Yas Y3 Yy,
BO—[B1BzB3]—|aN1 oN, aN3|—E Yiy Xiz Xo1

dy dy 0Oy

1—1 1 o0

BO_E[—Z 0 2

Now, using Voigt notation the expression to calculate the internal nodal forces is:

dON; Ox
9x ox
ON; Ox
oy oy
dON; 0x
ax ay

where By, =

any ox
ay 0Xx

WEfBﬂﬂmo
[9)

0

dON; 0y

ax ox

dN; 0y

dy oy
dN; 0x dON; 0y
9x vy | ay ax

The terms dN,/0X and dN,/dY were calculated for the B, matrix; the terms of the

gradient tensor are calculated by:

dx _
ox

x’X -

X X = E (Ya3 x1 + Y31%5 + Yy5x3)
0x
Xl
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dx dN; 1
ay ~ oy M7 Z_AO(XSle + X13X2 + Xp1%3)
dx _ b
Y |,y
dy 0N, 1
dy
- =1
x|, +a
dy 0N
ay oYy Y = 24, (X32Y1 + X13Y2 + X51Y3)
d
9y —0
Y-
Thus,
[ 0 —1—a 1+a 0 0 ]
IV ; |
Byle=1 = |1+D 0 0 0 —1-b 0
2 ¢ 2 ’

We can now calculate the nodal internal forces at t=1 for a stress state at that time

with the only nonzero component being S;;. Note that the element is considered to

have a thickness of h.

int |
! t=1

(fx1)
fy1
e o ¥
f b = J BT 1S,,1dQq = hoAoBh { 0
fyz flo S12 0
x3
kfy3J
0
—a—1
fintl _ hoS11 0
t=1 2 a+1

)
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Solution to 4.1h).

For this part, it is necessary to recalculate the B,matrix for time t=0 (undeformed

configuration).

0x _ 1. 0x —0
oxXl,_o 7 ovl_, '
W, Yy,
aX t=0 ’ aY t=0 '
Therefore,
-1/2 0 1/2 0 0 O
BOlt_O —_ [ O _1 O O 0 1 ]
-1 -=-1/2 0 1/2 1 0
Thus,
(fx1) -1
fn S (0\
. fr2 J 11 0011 ) 1
int — — BT Q —
f |t=0 <fyz ( Q0 0 8 % 2 0
fx3 \0)
0

kfy?,J

We conclude that the effect of rotating the body on the nodal internal forces does not
change the direction of those forces relative to the body. This is explained by the fact
that the PK2 stress is an objective stress. However, the nodal internal forces change in

intensity due to the fact that the body is being stretched.

Solution to 4.1c).

If the only nonzero component is S,,:
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0
' 0
flntlt::l = f Bglt:l {Szzldﬂo == h’OSZZ 0
Q

0 0 [, 41
Y

0
0 {_1]
- 0
fmtlt=0 = f B{l:=o {Szz}dﬂo = hoszz{ 0 }
Q 0
| o |
Uy )
If the only nonzero component is S;,:
( b+1
0 —2(a+1)
. hyS —-b—-1
fmtlt=1 = j B{li=1 { 0 }dﬂo = 0212< 0
Q-0 512 O
\a(a+1) )
(T2
0 hoSus | o
- 0
fmtltzo = J B{li=o { 0 }dﬂo = 0212 1
-QO 512

LZ)

We conclude that the same effect is caused on the nodal internal forces by the rotation
of the body: the nodal forces follow the rotation, changing the intensity due to the

stretching applied to the body.

4.2.  Consider the block under shear shown in Figure 3.13 with the motion given in

(E3.13.1). Evaluate the Green strain as a function of time. Plot E;, and Ey, for
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t €[0,4]; explain why Ey is nonzero. Evaluate the PK2 stress for a Kirchhoff
material, using a [C>F] given by (5.4.58) (the matrix given in (5.4.58) is [C], but use

the same matrix).

Solution to 4.2.

The motion of the element is given by
x=X+tY, y=Y

The deformation gradient is simple to calculate:
ox 1 t
F=ox= [0 1]
The Green strain as a function of time is:

-borron-ip |

The explanation for the fact that the E,, is nonzero is simple to understand by
drawing the undeformed and deformed configurations and knowing what the Green

strain measures:

y,Y y

oooooooooooooooooooooooooooooooo

oooooooooooooooooooooooooooooooooooooooooooooooooooooo

ds ds

oooooooooooooooooooooooooooooooooooooooooooooooooo

Undeformed Deformed

Sketch of the deformation of the block under shear.

The motion to which the block is subjected imposes that the y coordinate does not

change. On the other hand, since the block is under shear, if one follows what
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happens to an infinitesimal line segment in the Y direction in the undeformed
configuration and to what happens to the length of that infinitesimal line segment
after deformation we see that it increases such that the upper face of the block
remains at the same height.

Knowing that the Green strain measures the difference of the square of the length of
an infinitesimal segment in the deformed configuration and the undeformed

configuration, it is then intuitive to understand that E,, is nonzero.

Finally, we need to evaluate the PK2 stress using a tangent modulus tensor CS%

A+ 2u A 0
CSE_ ]

A A+2u O
0 0 7

Thus:

A+2‘Ll A 0 Ell 1 Atz
2
0 0 7

S11
S =
S12 2Eq 2tu

43. (a) UseNanson’s relation (3.4.5)
ndl'=Jn,-F'dl,  ndl=JnF;*dT,

to show that the external nodal forces for an applied pressure p acting on the

plane ¢ = - 1 are given by

ex 1 1 N
N :_LL PN, J.F;" -y dSda,

where n,. =—&; is the unit normal vector in parent coordinates to the plane

¢ =- 1inthe parent element,
(b) By using the definition of the inverse of a tensor in terms of Cramer’s rule,

i.e.
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L1
= det(Ff)[Ff}

where F; is the adjoint (transpose of the matrix of co-factors) of F: show

that the above expression for the external nodal forces reduces to (E4.3.16).

Solution to 4.3a).

The pressure force can be written as:
t=—-pn
With n being the normal vector to the lower face of the element corresponding to the
parent element face g = — 1, and p being the applied pressure.
Therefore, the external nodal forces are given by:

ot = — f pNyndr
r

Using Nanson’s formula to relate the current normal to the reference normal in the parent
domain:
ndl' = Jeng; - Fz'dT;

We can express the external nodal forces as:

1 1 1 1
fre == || pNipmog - Fitdgan == [ [ pNgeFeT mopdsan q.ed
—1J-1 -17-1

Solution to 4.3h).

From the definition of the inverse of a tensor in terms of Cramer’s rule, we can express

the external nodal forces as:

1 1 1 1
Pt =— f f PN Jenge - Fy'dédn = J f pN;é; - Fzdédn
—-1J-1 -1J-1

1 1
- f j o, (F3)" - 2ydédn
-1J-1

Since J¢ = det(F¢), and nye = —&;. The deformation gradient, which is a two-point

tensor, is given by:
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rdx
¢
dy
¢
0z
0§

0x
an
dy
an
dy
an

077
ac
0z
ac
0z
¢

where e; are the unit vectors in the current configuration and ; are the unit vectors in the

parent configuration. The transpose

factors is given by:

(Fp)' =

rox

¢
dy
¢
0z

ER

an
dy
an
0z
an

a¢
dy
dg
0z

dg

dy
an
0z
an
dx
an
0z
an
0x
an
dy
an

of the adjoint matrix, which is the matrix of co-

dy
s
0z
ac
dx
s
0z
ac
dx
s
dy
s

€36,

10y dyj
_|og a¢
dz 0z
9& 9
dx Ox
0 0
dz 0z
0¢ g
[0x Ox|
_|og o
dy
¢

dy
da¢

~

€e.e;

~

e e,

ese,

dy
¢
0z
an
|0x
_|og
0z
an
0x
¢
dy
an

dy
an
0z
an
ox|

0 ~
6727 3233
on

0x

0 ~
5Z €3€3

an

e é;

Therefore, from the orthonormality of the unit vectors within the same configuration,

]

ijo

(F:é)T 8, =

dy
0¢
0z
an

dy
an
0z
an

dx
¢
0z
an

it is clear that the following equality holds:

d0x dx 0x
an ag  on
oz| €2t dy dy
an dn 0n

€1
0x
¢
dx
on

€,
dy
9
dy
an

€s
0z
¢
0z
an

Substituting back in the equation obtained for the external nodal forces we get:

1 1 1 1
* T A
fort = f f pN,(Fy) - &;dédn = f f PN,
—-1J-1 —-1J-1

€
dx
¢
0x
an

e;
dy
ER
dy
an

es
0z
¢
0z
an

dédn

g.e.d.



44.

To illustrate the flexibility in choice of reference configuration for the formulation
of the finite element equations, consider the tensor quantity, P. = JgF‘;l -0, Which

can be thought of as the nominal stress tensor on the parent element domain. Show
that the equilibrium equation and boundary conditions can be written as

vg,Pg =0 in UA, (union of parent element domains)

No:P: =1, on T (traction boundary)

and derive the corresponding weak form. Introduce parent element shape functions
N, (&) and show that the element internal force vector can be written directly in
terms of the parent element domain as

. dN
nt :f ]f 651d[| q-e.d.

Solution to 4.4.

The given stress quantity P; can be expressed in terms of the Cauchy stress as:

O-ij =]E lFf Pf

im” mj

The equilibrium equation in the absence of body forces is given by:

Using the result obtained for the Cauchy stress in terms of P, and substituting in the

above equation:

a(fflﬁfnpri])
—~> T _0
(')xl-
£ £
007" (R 2 ()
ai. FaPay 45" ;T,H)Prij-l']é’lﬁfn gm =0

Evaluating each term separately, starting with the first derivative and using the definition

of determinant of a tensor in index notation:
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oUe) __,290e)

6xi ¢ axi

_ 0 (el FicFsy)
¢ d0x;
o (e 222235
_ $j 08k 05
-k 0x;

2(52) ) (22) 0(%%)
. 0§;)0x,0x3  0x1°\0&, )0x3 0x10x,° \ 3¢,
= —] €ikl + +

¢ dx; 0§ 0§  05; 0x; 0§ 05; 08 0x;

(%% o (9% (%%
-2 axi axz ax3 axl axi aX3 axl axZ axi
= —Je“eju + =
05j 08, 0§ 05 0 05, 0505 0§

. ox.
Since =—= =6, ;.
axi nj

For the same reason,

0x; =0
Thus,
a(J-1Fs Pt a(ps.

ERE) oo o 2.

co(Py)

im ax; -

dx; 0 (Pfflj) _

afm axi -

9 (P,fu.)

=0= V- P; =0 in UA, q.e.d.
0$m

The boundary conditions can be obtained by converting:
df =0 -ndl'=tdI' on I}
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Using Nanson’s relation, ndl' = Jzn,; - Fgldl‘g, and using the definition for P; given in
the problem statement. Starting with the LHS of the above equation:
df = 6-ndl = J;'F; - P; - ndl
=J¢'Fg - P - mgg - F'Jed

— -1
From conservation of angular momentum F; - P; = P? - FT, so:
— pT T =T _ pT

Since,
df = tdI' = t;dI;

We finally obtain:

P? "Nog =tz on FE g.e.d.

Deriving the weak form is then trivial, leading to:
Wint — Wyt + 6Wyin =0
T
SWins = j SFL - PedQ = J (sF%) Pido
Qg Qg
Wy = | Sugtidr
Te
6Wkin = f 6u1p5uldﬂ
Q

3

The internal nodal forces can then be obtained by discretizing the expression for the

internal energy:

T
SWine = J (sF5) Pidn
Qe
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. an,”
6uilfi}nt = Suil ? ledﬂ
Qf ]
Denoting the parent domain as the problem statement:

pé Nt

int _f 3 d[ ] q.e.d.
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CHAPTER 5: Constitutive models

5.1.

Show that if p is the pressure, the relations 3Jp = r:g = S:C° hold.

Solution to 5.1.

5.2.

From Equation (5.7.4)
s=(F) e (F)’

From Equation (5.7.3)

C'=F".g.F°
Therefore,
s:C =(Fe)l-r-(Fe)T F .g-F°=1:g
In Euclidean space g =1 ; therefore,

t:g=T1:1=J6:1=J(0,, +0,, +033)=3Ip qed.

where, p= (o}, +0,,+0,)/3

Show that (sym T):(C_Ze)_lzo and hence that S™:D” =S:D°. See (5.7.39) and

(5.7.40).

Solution to 5.2.

From (5.7.40),

—p ° _ ° 3 —e —dev —e
D =4Asymr=4A—C .S -C
20

Therefore,
—e —dev —e

symr=—C -S .C
20

57



5.3.

And

—e -1 —e —dev —e —e -1 —e —dev
symf:(C) :i_c -SOI -C :(C) :i_c -Sd 2
20 20

Since the trace of a deviatoric tensor is zero

—e\ ! —e —dev
sym?:(C) :i_C 5 1=0

26 g.e.d.

dev hyd

Derive expressions for the Lie derivatives Lyt and Lyt in terms of the material

time derivative of the stress and the spatial velocity gradient L.

Solution to 5.3.

From equation (5.10.5), we know that

Lt=7-L-t-7-L'

dev

Since ™ =t—1™ =t —JpI, and noting how equation (5.10.5) was derived, we can
calculate the Lie derivative of the hydrostatic part of the Kirchhoff stress by replacing =

by T = JpI:

L,z = JpIV v~ Jp(L+LT) = JpI trace(L) - Jp(L+L")

Since D(;fl) = JpIVLv = Jpltrace(L).

Therefore, we can now determine the Lie derivative of the deviatoric part of the
Kirchhoff stress:

Lt*®=Lt-L1"= Lot—1-L —JpI trace(L)+ .Jp(L+LT)

Note that we could simplify the last term by using D = %(L+ L").
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6.1.

CHAPTER 6: Solution methods and stability

Use Nanson’s law (3.4.5) and the result obtained in exercise 4 of Chapter 3 for the

material time derivative of a surface integral,

%Lgnds :_[S[(nggV-v)l—gLT}n ds

to develop a linearization of the load stiffness K™ = &f*/ad for a pressure load

applied on a surface mapped from the biunit square in the parent element.

Solution to 6.1.

The external nodal forces are given by

ext
£ = —J' N, pndI’
r
Using the relation derived in exercise 4.3,

%Lgnds :_[S[(g+gv-v)l—gLT]-n dS

We obtain the following expression for the time derivative of the external nodal forces:
£ ext A T
f| :—J'FN,[(p+pV-v)I—pL ]-ndl‘

Similarly to what was done in the textbook in equation (6.4.29), we omit the term with

the rate of change of the pressure ( p = 0). Thus, the external load stiffness is given by:

o = Ky =—L pN, [ (V-v)I-L" |-ndr

Rewriting the integral with respect to the parent domain using ndI'=x . xx  d&dn

fr =Ky, == [ pN [(Vv) =L ] (x, xx,, Jd&dn
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Next, we switch to index notation and use V; , =V;; N

ox 11
KiasVig = _I_lj_l PN, (Vn.] Ny 1Ok =Vig Ny )eklmX|,ng,nd§d77

ON, © 0
s %5 d i%—%, and evaluating the first term of the

Noting that N, = — an =
| " oE kT ax, ok,

integral separately:
ON, 05,  0Ox OX,
m,n =V =2 =~ Sm <.
0, X, " A& an
e v, ON; 0& OX OX, ve v, ON, On o, OX,
0 ox, OE on on ox, 0F on
0 X N, ox

:VnJeiIm NJ 5n| = +Vi eiIm —_5nm
6 "5 on 0F

- eiannJ NJ ,(§Xm,77 + ei InVnJ NJ ,77X|,<f

VnJ NJ ,né‘ikeklmxl,gx

=e V. . X +& X .V

inm"n,&*m,n in,& " n,p
Now, evaluating the second term using the same procedure:
ON] 08,  ox ox,
Vi NJT,ieklmxl,gxm,n = Vi : . Ciim :
oF, ox " E on
ON; 0& OX, OX, ON, On 0OX, OX,
= €amVis * CamVi
OF ox, O On on ox, 6& on

= Via €um aNJ 5i| 5Xm +Vis €am %%é‘.m
0& on 0§

= CimVig NJ,gxm,n + €V NJ,qxl,g = CmVi e X

mn Cin X, ,e;vk,;]

Therefore, we conclude that

Kitle()l(BVkJ = _ZJ‘_lljl_ll pNI (einmvn,gxm,n + eiInXI,ffvn,ry )dé:dn
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Which is the same result as equation (6.4.30) in the textbook, leading to equation (6.4.33)

as shown there.

6.2.  Show that (6.3.60) corresponds to the stationary points of (6.3.59).

Solution to 6.2.
Equation (6.3.60) is:

W, (d,h2) =W(d)+ng(d)—%5ka

To examine the stationary points we will differentiate the above with respect to d and A

separately and equate them to zero about an equilibrium point d, as below:

“ 2B
od, od, 'ad,
%=g,—g/1|:o
o,

Rewriting the above two equations in terms of the residual r and the gradient of the

matrix G yields:
r+12'G=0
g—er=0

6.3.  Show that (6.3.61), the linearized perturbed Lagrangian equations, can be converted

to the linearized penalty equations by eliminating the Lagrange multipliers.
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Solution to 6.3.

The linearized perturbed Lagrangian equations are:

{AJJ,H, GTMAd}:[—(HMG)

G —¢l || Ak —(g—&2.)
Writing the equations separately:

(A+4H,)Ad+G AL =-1-2"G

GAd +¢&lAh =—(g—&h)

Equation (6.3.47) derived for the penalty method is:

r+39'G=0

Using the results obtained in exercise 2:
T
r+2 G=0

g—eh=0

From equations (3) and (4):

|

1)

)

(3)

(4)

()
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6.4.

AMG=pg'G ©)
Substituting equation (6) into (1):

(A+pg,H,)Ad+G Ah=-r-pg'G

Also, from equation (5) we can write equation (2) as:

GAd—¢lAL=0

From which we obtain

A= (1)  Gad=2Gad )
&

Substituting equation (7) into (6)

(A+,8g| H, +£GTGjAd =—Tr-49'G
&

Which is identical to the linearized penalty equation (6.3.49) since ¢is a very small

number and £ is a very large number.

Obtain (6.4.20) by letting the reference configuration in (6.4.4) be the current

configuration.
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Solution to 6.4.
Equation (6.4.4) is:

fint = %(s F, +S, F, JdQ,

Q J

In order to obtain (6.4.20) let’s evaluate each term of the above equation separately.

Starting with the first term, I—SJ,F,rdQO, if we let the reference configuration be
Q J

the current configuration (i.e. if X coincides with X) then the following equalities hold:

oN ON .
67I_)87I ; Sjr_)ajrAT ; |:ir_>5ir ; QO—)Q
J

]

Where the second relation in the above is expressed in equation (3.7.19). Therefore, we

have obtained the first term of equation (6.4.20):

Ne s Fdo, j o, dO)

Q j J

To obtain the second term of equation (6.4.20), I —S ,rF.ron we first convert the
Q l

integral to the current domain by writing:

N g g dQ, jaN's FJlde Ny gg73140
X

jr |r
Q J J

Where in the last equality we have converted to tensor notation for convenience. Then we

can substitute in the above expression the definition of PK2 stress in terms of the Cauchy

stress, S=J'F*-6-F ", and the relation F = LF, resulting in:
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6.5.

N 5 g 3190 f JF—l )-FT-LTJ‘ldQ

(N 6. 1rdo= j—aer,rdQ
an J

Hence, we have obtained equation (6.4.20):

f " ziaa—l)\(lj'(c)'jrm +o;, L, )dQ

Show that the critical time steps given by the updated and total Lagrangian
formulations in (6.6.61) and (6.6.63) are identical. Use the relations between tangent

moduli in Example 5.1 for uniaxial strain.

Solution to 6.5.

This can be proven by showing that the relations in equations (6.6.59) and (6.6.62) are
equivalent.

The relation in equation (6.6.59) is

e

and the relation in equation (6.6.62) is

A\J(FZCSE+811) L =1y _AeAl |1 Oy
b -1 1]ly) 2 [0 1]y,

The relationship between the tangent moduli for uniaxial strain is:
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CSE — J/l—4CO'Z'

Al I
and A =— , then:

AL,
3
A e
Al

Since J =

CSE

Also, using the definition of PK2 stress, S;; = JF_lo'XXF_T , and since a uniaxial strain

I
problem is being considered F= I_ :
0

Al,
— Ox
Al

Therefore, equation (6.6.62) can be re-written as:

A(FCE+S )1 -1](v] _ ApAk[l O](w
|0 -1 11|y, B 2 0 1]y,

L8l iy

“1 1]y, 2 [0 1]y,

ACT+o, )l 1 -1|[w)] ApAl[l 0][v:
| -1 1|ly,] 2 o 1]ly,

S11 =

66



Assuming conservation of mass i.e., pAl = p,AJl,, we reach to the desired equivalence:
ACT+o,)[ 1 -1][v,| ApAl[1 0]y,
I -1 1]y, 2 10 11|y,

6.6.  Develop the tangent stiffness for an axisymmetric 2-node membrane element.

Solution to 6.6.

Assuming the material is elastic isotropy with Young’s modulus E and Poisson’s ratio v

o, 1-v v % 0 &)
o, E v 1l-v v 0 &,
< = < ;
o, (I+v)(1-2v)| v v o 1l-v 0 &,
7., | 0 0 0 (I-2v)/2]l|y,]

which can be represented as 6 =D : €.
K™ = [B]DB,dQ
Q
K = [B]eB,dQ
Q
Following the example 2.6, we have the 2D membrane with thickness a . Since the radius

of membrane is much larger than its thickness, we only consider the plane stress

condition as o, =0 and shear stress free 7,, =0. From example 2.6, we have

N=[N, N,]=[1-¢& ¢]
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N, T o1 7 N, ]
or ° -— 0 or
N " oN
0 8_1 0 0 0 622
7
B = = 1_ B = —
! m O —5 O and ? & 0
r r
»
NN | [0 - oN, oN,
| 0z or | L 21 | 0z or |
I
r21 r21
0 0 0 0
B=[B, B,]=|1—-
Thus, [B, d 5 0 é 0
r r
o -1 o 1
L r21 r21
r—r

— 1 . .
where [, =1, —1 &= . and ar is the area of one radian segment.
21

K™ = [ B DBardr

Q
From Eq. (E4.6.4), we have B=B , thus
K = [BToBardr

o)

Here the integrals are taken from I, to I; and K™ = K™ + K%,

| =

=S vy O N

o
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6.7. Examine the stability of a solution of the two-dimensional heat conduction equation

(kij@,;),i = 0 in the following way. Consider an infinite slab under a uniform

temperature and apply the perturbation & =e™"™ where « is real. Using the
transient equations of heat conduction, determine the conditions under which the

solution is stable if kj; is symmetric.

Solution to 6.7.
The heat conduction equation in 2D can be written as

0 06
f(0)= K. =0
( ) 1) 8)(]-

The Taylor series expansion about the uniform temperature 6, gives

- o) .
f(90+6’)= f(6)+ oy @ + higher order terms

The first term vanishes because the temperature is uniform, and if we neglect the higher
order terms we can write:
o (0) . ol a( o0

f(6,+0)= 6= Ky 6=2121k %% 115
00 00| OX OX; Ox; | 00 " 0X,

o(ok;00 . 0 00 )
+k. —— |0
x| 00 ox, ol oX,

The second term vanishes, therefore we obtain:

o 0%k, -
f(6,+0)= axia:(j Z

Since the transient heat conduction equation is:

%:i kij% :f(@)
ot Ox OX;

Then,
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00 Ok ~
ot ox0X;

Now considering the perturbation given in the problem statement, 0=e

is real,
ok,
a)_
OX;0X;

ea)t+i/cn-X _ O

From which we obtain:

o°k;

1)

o=
OX;OX;

Therefore, we conclude that

2

k.
= 4 <0, the solution is stable

OX;0X;

o°k; o
L~ 0, the solution is unstable

OX;OX;

where x
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CHAPTER 7: Arbitrary Lagrangian Eulerian formulations

7.1. Develop your own code (Matlab, FORTRAN, C, Maple and etc.) to solve the 1D
advection-diffusion equation

J99_, 0

=0
dx dx?

with Galerkin and SUPG method separately. [See Example 7.2]
The BCs and parameters are assigned to a real world problem to determine the particles
distribution at the steady state. Consider a 1m length segment in a long tube filled with a
solution. At steady state, the particle concentration at end A is 5% and that at end B is
20%, i.e. ¢(x =0)=0.05, ¢(X = 1) =0.2. The solvent flows in the tube from end A to B
under a constant velocity u = 2 m/s. The particles diffusion coefficient in the solvent is
v = 0.025 m?s. Please provide the distribution of particles concentration distribution

along the tube segment.
Simulate and discuss the following situations:

(@) Mesh the domain with 10, 20, 50, 100 and 200 uniform size elements. What is

the element Peclet number P, for each mesh? Compare the analytical solution,

AX 1
Galerkin and SUPG prediction. In SUPG method, select y = 7(coth(Pe)—FJ for

e

each case. Discuss the stability and accuracy of the results.

(b) In the mesh with 20 uniform size elements, conduct the SUPG with

AX 1 .
7=10%, 2%, 0.5% and 0.1y, where 7, =5 coth(Pe)—F . Discuss the

e

influence of ».
(c) Mesh the domain with a nonuniform mesh. Discuss the following:
c.1) Where should the finer mesh be?
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c.2) How to select a proper y?

Solution to 7.1.

Analytical solution:

The steady state linear advection-diffusion equation in one dimension is

d¢ d?¢
. i A 1
uT-—v——>=0 x€[0,L] 1)
where ¢ is the dependent variable, v is the kinematic viscosity (diffusion coefficient) and u is a
given velocity of the system. The analytical solution of equation (1) is straightforward to obtain,

see for example Kreyszig',

¢ = Cle%x +C,
Substituting the given boundary conditions of ¢(x = 0) = 0.05, ¢(x = 1) = 0.20, and the
given flow velocity of u =2m/s and the particles diffusion coefficient in the solvent of
v = 0.025m?/s

u
¢ = 2.707-1073%ev* 4+ 0.05
Galerkin method:
The development of the Galerkin discretization of the advection-diffusion equation using linear

shape functions is given in the book. We need to multiply equation (1) by a test function, w, and

integrate over the domain

do d?¢
fw(ua—vﬁ)dxza u>0 (2)
Q

Integrating by parts and using the divergence theorem, one obtains the weak form of the

advection-diffusion equation

! Kreyszig, E.. Advanced Engineering Mathematics. Wiley, 2011.
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dx dx dx
Q Q

Performing the usual discretization using finite elements, Q., equation (3) for each element can

do dw d¢
fwu—dx+fv——dx= 0, VwelU, (3)

be rewritten as

dN, dN, dN,
fuNade op + v —xdx ¢ =0, ab=1,2
Qe Qe
where N and N,, are the finite element shape functions that discretize the test and trial functions,

w and ¢, respectively. Rewriting this equation in indicial form

Lopdp + Kappp =0, a,b=12
where the convective matrix and the diffusion matrix are

Xet+1 Xe+1

dN,
Lop = uNade; Koy = v
Xe Xe

dN,, dN,,
dx dx X

ab=1,2

Therefore, as it is shown in the book, using linear shape functions for elements of length [,

v=30y 1l k=714 T

Finally, after assembly, the FEM matrix equations become
(L+K)¢p=0 4)

SUPG method:

The Streamline Upwind Petrov-Galerkin method is obtained using the same reasoning explained

previously but replacing the test function w in equation (2) by w, which is defined as

w=w+ )/E
where y = al;e, with a being defined differently according to the problem. The idea is quite

simple: without changing the method of discretizing the advection-diffusion equation, one just
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inserts a stabilization parameter that can be seen as an artificial viscosity. This way, the strong
form for the SUPG method is obtained as

Ne
d¢ d?¢ dw ( d¢ d?¢
fW(uE—Vw>dX+ZJ-YE<uE—VW dx =0 (5)
2 -
The first integral corresponds to the strong form of the Galerkin method, while the second term
corresponds to the upwind Petrov-Galerkin method. It is important to refer that this second term

has been subdivided into element integrals due to the fact that Z—:’ and % are both discontinuous

in their derivatives, i.e., C~1.

Integrating by parts the second term of Galerkin integral in equation (5)

jwui—fdx+fvd—d—¢dx 2f yz—tj—f Ef yd—Wi dx =20 (6)

Q Q e=1Q,
Now, if one applies the same discretization procedure shown for the Galerkin method and using

linear shape functions, one sees that the last term in the above equation is zero,

[t 228}
Wudx dedx x

e=1Q,

with v* = v 4+ uy. Therefore, the discretized form of equation (6) is

(L+K)¢p =0
where the only difference when compared to equation (4) is the diffusion matrix, K*, that is

calculated replacing v for v*. This way, the convective matrix and the diffusion matrix are

Xet1 Xet1l

dN, ,dNg dN,
Lab:f uNade; Kab:f I dx —dx ab=1.2

Xe Xe
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Finally, it is shown in the book how the parameter y can be determined for the one dimensional
case of the advection-diffusion equation that is being evaluated in this work, leading to the

following expression

—le( th(Pe) 1)
VY=o \comre) T h,

Solution to 7.1a).

Simulation and discussion of the results.

The analytical solution and the results obtained from the Galerkin method and the SUPG method
will be presented for 5 different mesh sizes with 10, 20, 50, 100 and 200 uniform size elements.

The element Peclet number for each mesh is

Table 1. Element Peclet number for each mesh.

Mol 10 20 50 100 200
Pe 4 2 0.8 04 02
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0.3

0.25

0.2

0.15

0.1

0.05

-0.05
0

Particles concentration vs. Tube length: 10 elements uniform mesh

—— Galerkin method

SUPG method

Analytical solution

/A

0.2

0.4

0.6

0.8

-

X (m)

Comparison of Analytical solution and results from the Galerkin and SUPG methods: 10 uniform elements.

Particles concentration vs. Tube length: 20 elements uniform mesh

0.25 ‘ ‘ ‘ ‘
Galerkin method
—— SUPG method
Analytical solution
0.2+ |
0.15¢
B2l
01 |
0.05 R
0 Il Il Il Il
0 0.2 04 0.6 0.8 1
X (m)

Comparison of Analytical solution and results from the Galerkin and SUPG methods: 20 uniform elements.




0.22 T T

0.2 —— SUPG method

0.1

Particles concentration vs. Tube length: 50 elements uniform mesh

Galerkin method

Analytical solution

0.04 . . . .

0.22 T T

02+ —— SUPG method

0.1

0.06

0.04

0 0.2 04 0.6 0.8 1
X (m)

Detailed view: x>0.9m
T

0.22

: :
Galerkin method
0zl — SUPG method

- ——— Analytical solution |/

0.18 -

0.16

0.14

-

0.12-

01r-

0.08 -

0.06 -

0.04 I I I I I I I I
09 091 092 093 094 095 096 097 098 089 1

X (m)

Comparison of Analytical solution and results from the Galerkin and SUPG methods: 50 uniform elements.

Particles concentration vs. Tube length: 100 elements uniform mesh

Galerkin method

Analytical solution

0 02 0.4 08 0.8 1
X (m)

Detailed view: x>0.9m
T

0.22 T T T T
Galerkin method
0zt ——— SUPG method
- —— Analytical solution

0.18

0.16

0.14

-

0.12

a1

0.08

0.06

I I I I I I I I
09 091 092 093 094 095 096 097 098 099 1
X (m)

0.04

Comparison of Analytical solution and results from the Galerkin and SUPG methods: 100 uniform elements.

0.22

0.2

0.18

0.18

0.14

0.12

0.1

0.08

0.06

0.04

Particles concentration vs. Tube length: 200 elements uniform mesh
Galerkin method
L —— SUPG method
Analytical solution

1] 0.2 04 0.6 08 1
X (m)

Detalled view: x>0.8m

0.22 T T T

T T
Galerkin method
— SUPG method
— Analytical solution

0.2r

0.18 1

0.16 - 1

0.14 - 1

-

0121 4

01r 1

0.08 - 1

0.06 4

0.04 . . . . . . . . .
0.9 091 092 093 094 095 096 097 098 099 1

X (m)

Comparison of Analytical solution and results from the Galerkin and SUPG methods: 200 uniform elements.

77



All of the previous figures show the results obtained for different mesh sizes using uniform
length elements for the Galerkin and SUPG methods by comparing them with the analytical
solution. The results are consistent to Example 7.2 of the book. Indeed, when the Peclet number
is larger than 1, the Galerkin method shows an unstable solution. On the contrary the SUPG

method is stable for any Peclet number due to the stabilization parameter previously discussed.

Therefore, the Galerkin method returns spurious oscillatory concentration values, being the
oscillation higher for higher values of the Peclet number. Not surprisingly, the accuracy of the
predictions for both Galerkin and SUPG methods improves with increasing number of elements.
Due to the fact that the variation of concentration is very abrupt very close to end B, only when a
sufficient number of elements are used close to this end (roughly the last 8% of the tube) the

results are Very accurate.

Finally, when comparing the accuracy of the Galerkin method and the SUPG method it is
important to understand that for the problem that is being solved there are two different physical
processes that are being modeled: 1) the transport of particles caused by the flow within the tube
of a solvent at a certain speed (in this case from end A to end B), i.e., the advective (or
convective) term; 2) the diffusion of particles from end B to end A due to the fact that the
concentration at end B is higher than at end A. This is important to keep in mind because the
SUPG method is based on introducing a parameter on the diffusion term that can be thought of
as an artificial viscosity. Hence, adding viscosity (i.e., increasing the diffusion coefficient)
increases the contribution of the diffusion term, which leads to an earlier increase of the
concentration of the particles. In conclusion, the SUPG method tends to the analytical solution
with an overestimation of the dependent variable, ¢, when compared to the Galerkin method.
This will be clear with the analysis performed next, where we will assess the contribution of y to
the solution obtained by the SUPG method.
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Solution to 7.1b).

Influence of the y parameter.

The figure below shows the predictions using different values for the y parameter: y =

10y,, 2Y,, 0.5y, and 0.1y,, where y, = l—(coth(Pe) —

e 1
2

E)' As was predicted in the previous
section by comparing the Galerkin method with the SUPG method, it is clear that increasing the
y parameter causes an overestimation of the distribution of the concentration in the tube because
it increases unrealistically the weight of the diffusion term in the advection-diffusion equation;

the system becomes over damped.

On the other hand, if one uses y lower than y, = %(coth(Pe) — é) then the response starts

being oscillatory due to the fact that not enough damping was introduced in the system. The
lower y is, the more oscillatory the response is; in the limit, if y = 0 the same response given by

the Galerkin method will be achieved.

This parametric study is very important to keep in mind once a three-dimensional system is
being analyzed, because the correct y parameter is not known a priori. Therefore, one might be
over damping the system without knowing it because the response is smooth. When y is too low

and the system is underdamped it is easier to detect due to the instability of the response.

Particles concentration vs. Tube length: 20 elements unlform mesh Detalled view: x>0.8m
T T T T T T T T T T T T

0.25

0.25

02+ 02l

——— 0.5y,
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015
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01-
01
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0.05 —_—

. . . . . . . . .

0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.8 1 0 . . . . . . . . .

X{m) 0.8 082 084 086 088 0.9 092 084 098 088 1
X (m)

Influence of the y parameter in the predictions using the SUPG method.
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Solution to 7.3c).

Nonuniform mesh.

As referred previously, increasing the number of elements increases the accuracy of the solution.
However, it was also mentioned that it is predictable that using smaller elements at end B and
larger elements at end A will produce better results, even without changing the total number of
elements, because the change in concentration is very localized at end B, being very close to zero
until the last 8% of the tube.

Several different meshes can be used to prove this hypothesis. One of the most effective meshes
for this problem can be obtained considering an exponential variation of the number of elements

along the tube towards the end B:

ne(x) =A- (eez_u" - 1) (S7.1.17)

__ MNétotal
where A = &

)

parameter to avoid a resolution that is too low at end A (the code uses f = 0.1). This distribution

, With ne;,q; being the total number of elements of the mesh, and S is a

generates a mesh that is very coarse at the beginning of the tube and that is very refined at the
end, just like it is needed. A plot of the mesh and the distribution is shown in the figure below for

10 elements.
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Element distribution
10 T T T

Number of elements
[4.]
T
L

00 : : : : : : 4 0—0-0-000000
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

X (m)

Element distribution and nonuniform mesh obtained for 10 elements.

The results obtained with this nonuniform mesh of 10 elements are also plotted in the next
figure. As predicted, even for such a low number of elements, the simulations lead to an
excellent result for both methods: Galerkin and SUPG. This was possible for the Galerkin
method because the Peclet number was calculated for each element and the elements that lead to
a variation of the particle concentration had a Peclet number lower than 1 (the first element is
0.7126 m long, whether the second element is only 0.0864 m, with the remaining elements
getting even smaller). This way, after the sixth element (leg = 0.0228 m, thus Pe = 0.912)
which has its first node at X = 0.9134 m, the Pe < 1 eliminating the oscillation because it is at

approximately that length that the concentration starts to increase.
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Particles concentration vs. Tube length: 10 elements uniform mesh Detailed view: x>0.9m
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Comparison of Analytical solution and results from the Galerkin and SUPG methods: 10 nonuniform elements.

As a final comment, the variation of the y parameter was also studied using the nonuniform
mesh. As can be seen in the next figure, the influence of y on the response is less pronounced
when compared with the influence on the response obtained for a uniform mesh with the double
of elements. This is reassuring because it means that if the mesh resolution is fine enough, even
if one does not know the exact value of the y parameter for a tridimensional case, the response

may be accurate enough.

022

Particles concentration vs. Tube length: 10 elements uniform mesh Dotalled view: x>0.8m
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Influence of the y parameter in the predictions using the SUPG method for a nonuniform mesh with 10 elements.

MATLAB code for Problem 7.1

000

$%%%5%5%5%5%5%%%%5%%%%%%5%%% Advection-Diffusion problem %%%%%%%%%%%%%%5%%%%%%

% M. A. Bessa (mbessa@u.northwestern.edu)
Northwestern University, Mechanical Engineering
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function [] = Projectl AdvectionDiffusion ()
close all; clear all; clc;
%% Input parameters.

uni mesh = 1; % Select uniform [1] or nonuniform [0] mesh

ne = 10; % Number of elements

nn = ne+l; % Number of nodes.

tube length = 1.0; % Length of the tube. [m]

phi BC = [0.05,0.2]; % Particle concentration at end A and B

BC dof = [1,nn];% Degrees-of-freedom of Boundary Conditions

u = 2; % Velocity of the solvent flow in the tube from...
% end A to end B [m/s]

nu = 0.025; % Particles diffusion coef. in the solvent [m"2/s]

beta = 0.10; % Parameter for nonuniform mesh

%% Preprocessing.
switch uni mesh
case 1
% Nodal coordinates for uniform mesh.
X = linspace (0, tube length, nn)';

% Nodal coordinates for nonuniform mesh.
A ne/ (exp (beta*u/nu*tube length)-1);
for el = 0O:ne

X (el+l) = 1/beta*nu/u*log(el/A+1);
end

end

[

% Initialize nodal variables to zero.
phi = zeros(nn,1);

[

% Connectivity matrix (each row gives nodes in an element.)
connect = [ l:length(X)-1; 2:length(X) 1';

% Calculate the length of each element

le = zeros(ne,l); % length of each element [m]
count = 0;
for conn = connect'
count = count+l;
le (count) = X(conn(2))-X(conn(1l));
end

o\

o
°

oe

For this simple problem, using linear shape functions it is easy...

obtain the Convective matrix and Diffusion matrix for each element:
_Gal = zeros(nn,nn);
K Gal = zeros(nn,nn);
L SUPG = zeros(nn,nn);
K SUPG = zeros(nn,nn);
K SUPG gaml = zeros(nn,nn);
K SUPG gam2 = zeros(nn,nn);
K SUPG gam3 = zeros (nn,nn)
K SUPG gam4 = zeros (nn,nn)
for conn = connect'
% Element Convective matrix
L Gal e = u/2*[ -1, 1;

-1, 1 1;

% Element Diffusion matrix
K Gal e = nu/le(conn(1))*[ 1, -1;

o\

[

’

’
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_11 11
L Gal(conn,conn) = L Gal(conn,conn) + L Gal e;
K Gal (conn,conn) = K Gal(conn,conn) + K Gal e;

Pe = u*le(conn(l))/ (2*nu);
alpha = coth(Pe)-1/Pe;

gamma = le(conn(l))/2*alpha;
nu bar = u*gamma;

% Element Convective matrix
L SUPG e = u/2*[ -1, 1;

_ll 1 ];
% Element Diffusion matrix
K _SUPG e = (nu+nu bar)/le(conn(l))*[ 1, -1;

-1, 11

L SUPG (conn, conn)

% PARAMETRIC STUDY OF GAMMA

nu barl = 10*nu bar; % 10 times gamma

K SUPG gaml e = (nu+tnu barl)/le(conn(l))*[ 1, -1;
-1, 1 1;

K SUPG gaml (conn,conn) = K SUPG gaml (conn, conn)

nu bar2 = 2*nu bar; % 2 times gamma

K SUPG gam2 e = (nu+nu_bar2)/le(conn(l))*[ 1, -1;
_17 1 ];

K SUPG _gam2 (conn,conn) = K SUPG gam2 (conn, conn)

nu bar3 = 0.5*nu bar; 3% 0.5 times gamma

K SUPG gam3 e = (nu+tnu bar3)/le(conn(l))*[ 1, -1;
-1, 1 1;

K SUPG gam3 (conn,conn) = K SUPG gam3 (conn, conn)

nu bar4 = 0.1*nu bar; % 0.1 times gamma

K SUPG gamd e = (nu+nu_bar4)/le(conn(l))*[ 1, =lg
_11 1 ];

K SUPG_gam4 (conn, conn) = K SUPG gam4 (conn, conn)

end

N L SUPG(conn,conn) + L SUPG e;
K SUPG (conn, conn) = K SUPG(conn,conn) + K SUPG e;

K SUPG gaml e;

K SUPG gam2 e;

K SUPG gam3 e;

K SUPG gamid e;

% Since both matrices operate on phi, they can be added:

M Gal = L Gal + K Gal;
M SUPG = L SUPG + K SUPG;

M SUPG _gaml = L_SUPG
M SUPG gamZ2 = L SUPG
M SUPG gam3 = L SUPG
M _SUPG_gam4 = L_SUPG

K SUPG gaml;
K SUPG gam2;
K SUPG gam3;
K SUPG _gam4;

+ + + +

F = zeros(nn,1);
BigNumber = 1079;
for i=1:1length (BC dof)

M Gal (BC dof (i),BC dof(i)) = BigNumber;

M SUPG(BC dof (i),BC _dof(i)) = BigNumber;
M_SUPG_gaml(BC_dof(i),BC_dof(i)) = BigNumber;
M SUPG gam2 (BC dof (i),BC _dof (i)) = BigNumber;
M SUPG gam3 (BC dof (i),BC dof(i)) = BigNumber;
M SUPG gam4 (BC dof (i),BC _dof (i)) = BigNumber;
% RHS term ("force")
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end

F(BC dof) = phi BC*BigNumber;
end

% Solution
phi Gal = M Gal \ F;
phi SUPG = M SUPG \ F;

phi SUPG gaml = M SUPG gaml
phi SUPG gam2 M SUPG gam2
phi SUPG gam3 M SUPG gam3
phi SUPG gam4 = M SUPG gam4

1
.o~

~.

—
() () ) ()

~e

%% Analytical solution

phi A = phi BC(1);

X A = X(1);

phi B = phi BC(end);

X B = X(end);

Cl = (phi B-phi A)/exp(u/nu* (X B-X A));

C2 = phi A-Cl*exp(u/nu*X A);

X ana X A:(0.001*abs (X B-X A)) :X B;
phi ana = zeros(length(X ana),1);
phi ana = Cl*exp(u/nu*X_ana)+C2;

figure();

plot (X, phi Gal, X, phi SUPG, X ana, phi ana);

title('Particles concentration vs. Tube length: 10 elements uniform mesh', ...
'FontWeight', 'bold', 'Color', [0,0,11);

xlabel ('X (m)', 'FontWeight', 'bold');

ylabel ('"\phi', 'FontWeight', 'bold'):

legend('Galerkin method', 'SUPG method', 'Analytical solution');

figure () ;

plot (X, phi SUPG gaml, X, phi SUPG gam2, X, phi SUPG, X, ...
phi SUPG gam3, X, phi SUPG gam4, X ana, phi_ana);

title('Particles concentration vs. Tube length: 10 elements uniform mesh', ...
'FontWeight', 'bold', 'Color', [0,0,1]);

xlabel ('X (m)', 'FontWeight', 'bold');

ylabel ('\phi', 'FontWeight', 'bold');

legend('l10\gamma 0', '2\gamma 0', '\gamma 0', 'O.5\gamma 0', 'O.l\gamma O0', ...
'analytical solution');

%% Nonuniform mesh plot

if uni mesh == 0
elem dist = A* (exp (beta*u/nu*X)-1) ;

plot nodes = 0.0.*elem dist;

figure () ;
plot (X, elem dist, 'bo:', X, plot nodes, 'ro-');
title('Element distribution', 'FontWeight', 'bold', 'Color',...
[0,0,11);
xlabel ('X (m)', 'FontWeight', 'bold');
ylabel ('Number of elements', 'FontWeight', 'bold');
end
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CHAPTER 8: Element technology

8.1.  Show that when X; # 3 (X1 + X3), then the 3-node element in Example 2.5 does not
reproduce the quadratic displacement field. Hint: set the node displacements by a

quadratic field in X and examine the resulting field.

Solution to 8.1.

The map between the reference configuration and the parent element is given by

X(f) = Nl(f)XI

With the shape functions:
22X —X1—X;

1 1
Ve o - g@rn| =

And the reference coordinates:
X1

1-p)X + BXg}. p €101\ {1/2}
X3

X =

For an isoparametric element, the dependent variable u is interpolated by the same shape

functions, so

u($) = Ny,
Let the dependent variable be a linear function of the spatial coordinates, so
u=ay+ a; X + a,X?

Where «; are arbitrary parameters. If the nodal values of the field are given by the above,

then
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ul = CZO + af1XI + alez

Substituting the nodal values of the dependent variable given by the above expression

into the displacement field obtained with the discretization:

u = ay 1;N; (&) + a; (N, X)) + a, (N, XP)

After some algebra, we can reach the following expression:

2(X — X;)?
u:a0+a1{(1—2ﬁ’) [ﬁ+lel+(4ﬁ—1)X}
3 1
+a, {Xz @B 1) l(x — X)X —Xg)[);(s - 28) + X3(1 + 2B)]
1~ 43

1
2

Reaching the conclusion that for g =

1
=—=>u=a0+a1X+a2X2
2

)

The quadratic displacement field is reproduced. However, for g € 10,1[ \{1/2} the

quadratic displacement field is not reproduced:

B € J0,1[\{1/2} 2 u # ay + o, X + a,X? q.e.d.

8.2.  Show that the weak form (8.5.12) leads to the following strong form:
pP=n 5ii =Dy, (736]/ — Py +ob = pV,

n, (O"qev ﬁé‘u ) :t_j onl;, [n, (O_i(jjev - ﬁé‘u )] =0onl,

ij

Solution to 8.2.

Due to the symmetry of g¢?, the internal power (8.5.12) can be written as:

ij
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spint = f(&]i’j 0" — 6Dy p )dQ — f{S [6 (vii — Dy]dQ
q )

With the external power and kinetic power given by:

6PeXt = 6171' fldF + f@vi pbld.Q
'y Q

Spkin = f Sv; pv;dQ
Q
Taking the variations of the second term in the internal power yields
f 8 [p (vi; — Dy dQ = f [67 (vi; — Dy) + P (6v;; — 6Dy;) | dQ
Q Q
Considering the third term on the RHS of the above:

j 6vi,j6ﬁﬁ dQ = j [(517161113)} — 6vi5jiﬁ,j] dQ =
Q Q ’

= 6171' ﬁSﬁnde+ j Svi[[ﬁ Sjinj]]dr_ J(Svidjip_.jdﬂ
Q

Tt Lint

Where the Gauss divergence theorem was used to obtain the first two terms of the RHS,

noting that T was changed to I; because v; =0on [, =T —I}.
Evaluating the 1 term of the internal power:

j 5171-,}-0'5-9” dQ = f [(Svioﬂ-ev) . 5171'05':9]'”] dQ =
Q Q !

= | éy; ag-e” n; dl + J Sv; [[ag-e” n;] dr — f SUiJgf’]?’ dQ
It Cint Q

Substituting each of the results in §P™t we obtain:
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5Pint _ 6Pext + 6Pkin =0

J. [61]1'(—0'1']"]' + 611 ﬁ,]) + 65&' (ﬁ - p) + 6}5 ( Bii - Ui’i)]d.Q + Svl(adev
Q It

155fi"j)dr+f svi([o5* m] = [P 6imy]) dl — | Svtidl

Cint It

- f6vipbidQ+ f&vi,m}ldﬂz 0
Q Q

Using the arbitrariness of the test functions then gives the strong form:

Se}v - pl + pb; = pv,
p=p
Dy = Dy

n; (ade” - ﬁSij) = t; on [}

[[nl(ade” ﬁSij]] =0 on [y g.e.d

8.3.  Show that the weak form (8.5.13) leads to the following strong form:

o — P, +ob =pV;, P=p, [_)ii =0

1,]

n,( & — Do, ):t_jonrt’ [0, (O_i?ev_ﬁé}j )]:Oonrint

Solution to 8.3.

This proof is obvious because the only difference is that D;; = 0, so only one equation in

the strong form is changed
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8.4.

By using the transformation for stresses and letting 6D = &F, show that (8.5.1) can

be transformed to (8.5.14).

Solution to 8.4.

Equation (8.5.1) is:

0 = 81" (v, D, )

= f(SD:aB(I_))dQ +f5[6' : (D (v) — D)] dQ — §Pext — spkin
Q Q

Let’s start by converting the integrals to the reference configuration:

§D:6(D)JdQy+ | 8[6: (D (v)—D)]jdQ, — 5Pt — §Pkin = @

Qo Qo

Now, noting that by definition of D and symmetry of stress @,
5171'
Dijoi;] = <— oij]

6x]

Applying the chain rule,
6'l7i 6Xk
Dij 0ij] = 5X. S_on'ij]
Using the definition of F,

. 0Xy
Djjoi; ] = Flkd_xj i/
And finally using the appropriate stress transformation:

Dij0i;] = Fi Py

Now, using this relation we can write:
sD:a(D)] = F': P (F)
:D(W)=D (w):5=F'(i): P

il

5'21_)= 1_9:
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Hence, the three-field weak form becomes
0 = on(uF P)
= f §F" : P (F)d0y, + f 5[P:(F-F")| da, — 5Pt + spkin
Qo Qo
Finally, noting that equation (8.5.14) is a virtual work instead of a virtual power, the

above expression needs to be converted accordingly:

0 = 1" (u, F, P)

= | SFI:P(F)dQy+ | 6[P:(FT(u)=FT]dQ, — sWet
‘QO ‘QO

+ swkin qg.e.d

This can be expressed in index notation, leading to equation (8.5.14).

92



CHAPTER 9: Beams and shells

9.1. Consider the three-node CB element shown in Figure 9.16. The shape functions are

quadratic in ¢ Develop the velocity field and the rate-of-deformation in the

corotational coordinates. Give an expression for the nodal forces. Develop an

expression for the angle between the pseudonormal p and the true normal to the

midline.

Solution to 9.1.

The motion of the 6-node continuum element is:

x =xpNp-($,m)
With the following shape functions and respective derivatives,

1 1
Ny g = E(f - 5) 1-mn)
1
Ny = —Zf(f— 1)
Nz*,f =—¢1—-n)

1
Nz*=§(1—€2)(1—’7) {Nz*,nz—%(l—fz)

1
Np=2EE-DA-m) -

( 1 1

1 N3+ ¢ =§(5+§> 1-mn)
N3- =zf(f+1)(1—77) R 1
L N3 = _Zf(f"'l)

1

(N4*,.f = E(E + %) (1+mn)

1
Ny =Z8E+DA+0) = 3 .
N4-*,77 = Zf(f + 1)

\
Ng-; = —¢(1+1)

1
Ns: =1 =¢H+m) - {Ns*,n = %(1 - &%)

Ng+ ¢ = %(f - %) (1+mn)

1
Ng = 286G~ DL +m) )
N6*,1; = Z’f(’f -1)
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Replacing the shape functions in the motion equation and rearranging the terms:
1 1 1
X=7 (X +x6:)E(E— 1) + P (xgr —x12)§(E —Dn+ 5 (a2 + x5)(1 = &7)
1 1
+ > (x5 —x2)(1 = &) + Z (x5 + 24)(E + 1)

1
+2 (xg —x3)E(E + Dy

Considering,
1 1 1 1
X1 = E(xr* +X¢) = E(xr +xr) X = E(xz* +X50) = E(xz— + X5+)
1 1 0
X3 = E(x3* + x,) = E(x3— + x3+) , o |lxer — x4#|| = h{
x6* - xl*
x5 — x| = hS ) [xg — x3:|| = hé’ ) P11 = T
1
x5* - xz* x4* - x3*
P2=—""70— P3=—o0

0 )
h;

We can then rewrite the equation of motion as:

hs

1 ;1 h3 h3 )
x=zx1f(€_1)+xz(1—f )+Ex3sz(sz+1)+UTP1€(5_1)+TI7PZ(1_§)
0

h3
+ Uszf(f +1)

The velocity field can now be determined to be:

1 o1 h?
v=§171$z($z_1)+v2(1—f )+§v3€(€+1)+nzf(f—1)w1xpl

h2 2 h3
+TI7(1 — &) wy X Py +lef(f+ Dw; X p3
Wlth w, = éley = (Uley, and vl = leex + UIZeZ, and pl = CO0S 91 ex + sin 91 ez.
To develop the velocity field in corotational coordinates, we need to determine the

laminar base vectors:
Xlgex + z,;ez N —Z,fex + xlfez
T e—— e fd
2 2 1/2 ) 4 2 2 1/2
(x‘f + z‘f) (x’f + Z'f)

P

Where,

Xe = Z xpNeg(§m) , zg = Z 2Ny g (§,7)

I* I*
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Substituting the derivatives of the shape functions with respect to ¢:

1 1 R 1 A hY 1
Xs =X (E—E) + 2x,¢ + x5 (f+§)+777p1 (f—i) —U7P25+U7P3 (f"‘z)

Wlth x, = x,ex + +yley + Z,ez.

From which we can calculate the rotation tensor:

e, e, 0 ex e, xf 0 -z
Rigm = [ OA ] S N\1/2 0
e, €y 0 e, ez (.X' f) x,f

The velocity field in corotational coordinates is obtained from the nodal velocities
transformed by the above rotation tensor:

= 1 T T 2 1 T
vzleam'vlf(f_ 1)+Rlam'v2(1_€ )+§Rlam'v3f(f+1)

hg T hg 2 T
+UZE(5— DRy, - @1 XP1+777(1—5 )Ry - @3 X P

hO
+ 77:35(5 + 1)R{am T W3 X Ps

The rate-of-deformation can be determined once all the previous quantities are defined.
First, we determine:
NIT)? = ITff_fl

whnere X ¢ IS determined Tollowing the same procedure used 1or v:
here X ¢ is determined following th d dfor v
. 1 . . 1y A 1
x,g‘ :Rlam'xl <§_E)+2Rlam'x2§+Rlam'x3 <€+ ) n— 2 Rlam P1 (E_§>

h? hy . 1
—nN- 2 Rlam p25+n?Rlam'p3 <€+E)
We can then calculate the velocity gradient and the rate-of-deformation in corotational

coordinates:

~

~ 1,
L=9N; = D=§(L+LT)

The nodal forces are given by:
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my 1=V X —Xp Yy~ Y+ Xpt —Xp

mast fxl‘ \
fa -, slave 1 0 1 0 (

mast __ 7T fl _ fyl'
fl - {fyl} - {f?} B L’ X : i : ifXIJrf

Leading to:
far = ferm + fart fyl =fy1_+fy1+
my = = Y- ) - + G- = x)fy- + O =y ) farr + e — ) f 1+

Finally, we need to evaluate the angle between the pseudonormal and the true normal to

the midline. The pseudonormal to the midline (n = 0) is:

1 1
p=5p8¢ - D +p(1- &%) +5pxEE+ 1)

with p; = cos6; e, +sin; e,.

The true normal to the midline is:

—Zgey +x;ze,
(x% + 2'25)1/2

Therefore, the angle 8 between p and n is then given by:

n=e, =

—Zgcos O + xgsin6,

(x% + Zé)l/2

1

cosf=p-n = 6 =cos”

9.2. Consider a plate (a flat shell) in the x-y plane governed by the Mindlin—Reissner
theory. Show that the rate-of-deformation is given by
M a M M M a
v O o M0 _1[8Vx L j+5(ﬂawxj

D,=—"+7——", =
OX OX Yooy oy Yo2ley ox ) 2l oy ox

M M
DXZ:l @ +avZ , DZ:l —cox+avz
207 ox 2 oy

Solution to 9.2.

The Mindlin-Reissner theory for a flat plate leads to a simple velocity field:
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Wy 0
v=vM+zoxp > v=v™+z{w,x{0

Wy 1
M
Uy Uy (,()y
v=_{vy={vt + z{—wx}
VU, vé\/l 0

Therefore, obtaining each component of the rate-of-deformation is straightforward:

v, ov!  dw,

D = =
X Ox ox tz 0x
dv, dvM Jw
Dy =—>=—2—z—=
dy 0Oy dy

D, = (% 0w\ 1[0 oW\ z(0w, Ow,
o2\ ay ox 2\ dy = ox 2\ 0y ox
b _1(6vx+6vz)_1 +6sz
2 =5\az " ax) T 2\ T Tax

D 1 avy+avz 1 +6sz
v2 =\ %z T ay ) T2\ T T gy

9.3. Consider the lumped mass for a rectangular CB-beam element (Figure 9.17),
M =1ml, m = poaghohy Where po, &, bo, and ho are the initial density and dimensions
of the rectangular continuum element underlying the beam element. Using the
transformation (9.3.24), develop a mass matrix for the 2-node CB element and

diagonalize the result with the row-sum technique.

Solution to 9.3.

The transformation matrix for the 2-node CB element is:
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1 0 y;—y;,— 0 O 0
0 1 x;_—x, 0 O 0
1 0 y1=»m+ 00 0
T = 0 1 x34—x 0 O 0
- 0 O 0 1 0 yz - yz_
0 0 0 0 1 xp_—xy
00 0 10 y,—ym
0 0 0 0 1 x5 — x5
Where
h h
X14 = X1+ 5Pt Vit =01 + 5Py1
h h
X1— = X1 — prp Vi-=YV1— Epyl
h h
X2+ = X2 + SPx2 Y2+ =2 + 5 Py2
h h
Xo— = X3 — prz» Vo =Y2— Epyz

With p,; = cos 6, and p,,; = sin 6,. The transformation matrix is then written as:

- h
10 Zpy 00 0
h
01 —Zpa 0 0 0
h
1 0 —Zpy 00 0
h
01 =py 0 0 0
T = 2
h
00 0 10 py
h
00 0 01 —Zpy
h
00 0 10 —2py
h

00 0 01 pe

The mass matrix for the rectangular continuum element underlying the beam element (in
the expanded 8x8 form) is:

_ Poaobohol
8

=)
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Therefore, the mass matrix for the 2-node CB element is obtained using the

transformation (9.3.24):

0
0

2
4 (p9%1 + p3211)
0
0

0

M = TTMT = Poobohy

oo O o o

2
4 (P22 + p3212)_

o SRR O o O

0
0
0
0
1
0

o oo O =}

N
' co o oR

9.4. Develop the consistent mass matrix for a rectangular continuum element.

(a) develop a consistent mass for the CB beam using (9.3.24), i.e. M=T'MT for
a beam element lying along the x-axis as shown in Figure 9.17;

(b)  develop the complete inertia term including the time-dependent term in
(9.3.26).

Solution to 9.4a).

From example 4.2 in the book, equation (E4.2.17), we can calculate the mass matrix for a

quadrilateral element and expand it to an 8x8 matrix, resulting in the following matrix:

4 0 2 0 10 20
0402010 2

2 0402010

7 = Po%boholo 2 0 4 0 2 0 1
72 (1 0 20 40 20
01020 40 2
201020 40

0 2 0 1.0 2 0 4

The transformation matrix is the same as in the previous problem, hence:
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M =T"'MT

(12 0 0 6 0 0
0 12 0 0 6 0
hZ
poaoboho 0 O hz (p3%1 + p,')z’l) 0 O _7 (pxlpxz + pylpyz)
~T 72 |6 o0 0 12 0 0
0 6 0 0 12 0
h2 2 2 2
| 0 0 - 7 (pxlpxz + pylpyz) 0 0 h (pxz + pyz)

Solution to 9.4b).

From example 4.2 in the book, equation (E4.2.17), we can calculate the mass matrix for a

quadrilateral element and expand it to an 8x8 matrix, resulting in the following matrix:

4 0 2 0 10 20
0 402010 2

2 0402010

7 = Po%boholo 2 0 4 0 2 0 1
72 (1 0 20 40 20
01020 40 2
201020 40

0 2 0 1.0 2 0 4

The transformation matrix is the same as in the previous problem, and the time derivative

of the transformation matrix is given by:

0 0 w;(x;—x-) 0 O 0
0 0 w(y1—»-) 0 0 0
0 0 wl(xl - X1+) 0 0 0

7= 0 0 wy(y1—y4) 0 0 0
0 0 0 0 0 wylxy—xz-)
0 0 0 0 0 w(yz—y2-)
0 0 0 0 0 wy(x, —xy4)
0 0 0 0 0 wy(yz—yz4)d

100



6 0 6wipyth 6 0 3w,ypyh
0 6 6wipyrh 0 6 3wypyh
_ poaobohy —Dpy1h  prh 0 0 O 0
MT = T 3 0 3w1px1h 12 0 6a)sz2h
0 3 3wipyh 0 12 6wypy,h
h h
5Pz P2 0 0 00
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CHAPTER 11: Extended Finite Element Method

11.1. Consider a 1D bar that has a total length of 20mm with its left end at -10mm and
right end at 10mm and a discontinuity surface at X, =0 mm. The bar is stretched by an

external load (P=1MPa) on the left end and fixed on the right. Assuming that the bar is

made of linear elastic material with material properties E = 200 GPa,p = 7.83 glem®,

v =0.3.

Write a 1D code to solve this problem using explicit formulation with standard Verlet time
integrator. Implement XFEM to model the crack surface. To simplify the solution, no
cohesive force on the crack surface needs to be considered. One of two ways of
implementing XFEM can be used: the original XFEM or phantom node method. The hints

below are given for implementing original XFEM.
Hints:

(a) Calculate the level set values (signed distance function to the crack surface) for each
node. Note that only one element cut by the crack will be enriched in this case. It will
have both positive and negative nodal level set values.

(b) Derive the B matrix for the enriched element and use the shifted enrichment function
introduced in this chapter for strong discontinuity. Keep in mind that the dimension for
B matrix has changed, since it now has double the degrees of freedom as before.
However, the dimension of the stress shouldn’t change. Keep the standard form for the
B matrix for all the other unenriched elements.

(c) Integrate Bo over the enriched element carefully to get the internal force. Since B is
now a discontinuous function over the enriched domain, using the same number of
gauss integration points as the unenriched elements will give poor results. There are
two ways around: a) Use a lot of integration points. b) Integrate the two parts of the
enriched element formed by the crack separately.
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Solution of 11.1. (solved by P. D. Lea)

MATLAB code for Problem 11.1

$%%%%5%5%%%%%%%% 1D XFEM code using a consistent mass matrix $%%%%%%%%%%%%%%%

% P. D. Lea (Patrick.Lea@u.northwestern.edu)

% Northwestern University, Theoretical and Applied Mechanics

%

% May 30, 2013
9900000000000000000000000000000000000000000000000000000000000000000000000009
5555555555555 555%5%%5555555555%5%5%5%55555555555%5%5%555555555555%5%5%5%55%5%5%5%5%5%5%%
function [] = XFEMLD()

ele

close all
clear all
%% Input parameters.

nn = 100; % Number of nodes.

barstart = -10; % Location fo the bar starting point
barend = 10; % Location fo the bar ending point

runtime = 4.0; % Number of times for wave to cross domain.
youngs = 2e5; % Modulus of elasticity (for linear).

rho = 7.85e-6; % Density per unit length.

o

5SXFEM Parameters
xc = 0; % Location of discontinuity

%% Calculated parameters.
bar length = barend-barstart;

oe

Determines overall length of bar

@ = sqrt (youngs/rho) ; % Wave speed.

t crit = bar_ length/(nn-1)/c; % Critical timestep for lumped mass matrix of non-
cut bar.

dt = € _ewilt ¥ .29 % Timestep size (Needs to be reduced for XFEM and

consistent mass matrix.
num_timesteps = ceil (runtime*bar length/c/dt); % Number of time steps.

%Accounting for XFEM
ndof = nn+2;

%% Preprocessing.
Nodal coordinates in reference configuration.
= linspace (barstart, barend, nn)';

oe

<

o\

Initialize nodal variables to zero.

u = zeros(ndof,1);
v zeros (ndof, 1) ;
al = zeros(ndof,1);

% Connectivity matrix (each row gives nodes in an element.)
connect = [ l:length(X)-1; 2:length(X) 1';

oe

Defines the element shape functions.
See MATLAB help for "anonymous function" if you don't understand.

o\

N = @(x) ( 0.5*%[1-x, 1+x] );

% Defines the stress as a function of strain.
stressfunction = @(eps) ( youngs * eps );

% Defines the applied load as a function of time.
applied load = @(t) (-10e3 * (t<Inf).*(t>=0));

$Level Set
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LV = @(x) (x-xc);
$Heaviside function 1 for x>0 and 0 otherwise

Hx = @(x) floor (heaviside(x))
$Shifted enrichment for strong discontinuity
Psi = @(x,xI) (Hx(LV(x)) - Hx(LV(xI)));

$Determines value of xi for real point xp inside of element bounded by XI (1)

XI(2)

Getxi = Q@(xp,XI) ((xp-.5*(XI (1) + XI(2)))/((XI(2)-XI(1))/2));
$Determines the value of X given xi
GetX = Q@(xi,XI) ((X1*(XI(2)-XI(1)))/2 + (XI(1)+XI(2))/(2));

%$Heaviside * Shape functions
NPsi = @(xp,XI) (0.5*[(l-xp) * Psi(GetX(xp,XI),XI(l)) ,

(xp+1) *Psi (GetX (xp, XI),XI(2))]);

%$Determine what element has a crack in it
CrackElem = DetermineCrackedElement (X, xc,nn) ;
%% Compute mass matrix.

M = sparse (ndof,ndof) ;

connCrack = (CrackElem:CrackElem+1);
for conn = connect'
xi = sqrt(3)/3;
Me = 0.5* (N(x1) "*N(xi) + N(-xi)'*N(-x1));
Me = Me * range (X(conn)) * rho;
M (conn,conn) = M(conn,conn) + Me;
end
conn = (CrackElem:CrackElem+1); %$Connectivity of cracked element
gconn = (nntl:nn+2); S%connectivity of extra degrees of freedom
lce = range (X(conn)); %$length of cracked element
XI = X(conn); %locations of nodes of element

11 = xc - X(CrackElem); %length from first node to crack

12 = 1lce -11; %length from crack to second node

xic = Getxi (xc,X(conn)); %$Determine location of crack in parent coordinates
%Calculate location values for cracked element Gauss quadrature

xil = (-sqgrt(3)/3)*(xic+1l)/(2) + ((xic-1)/2);

xi2 = (sqrt(3)/3)*(xic+1l)/(2) + ((xic-1)/2);

x13 = (-sqrt(3)/3)*(l-xic)/(2) + ((xic+1l)/2);

xi4 = (sqrt(3)/3)*(1-xic)/(2) + ((xic+1l)/2);

%Numerical integration of Mass matrix

Meqggl = .5*11*rho* (NPsi(xil,XTI) '*NPsi(xil,XI) + NPsi(xi2,XI)'*NPsi(xi2,XI));
Megg2 = .5*12*rho* (NPsi (xi3,XI) '*NPsi (xi3,XI) + NPsi(xi4,XTI)'*NPsi(xi4,XI));
Meqqg = Megqgl + Meqgqg2;

M(gconn,gconn) = M(gconn,gconn) + Meqq;

Meuqgl = .5*11*rho* (N(xil) '*NPsi(xil,XI) + N(xi2) '*NPsi (xi2,XI));

Meug2 = .5*12*rho* (N(xi3) '*NPsi (xi3,XI) + N(xi4) '*NPsi (xi4,XI));

Meuqg = Meuqgl+Meuqg2;

M(conn,gconn) = M(conn,gconn) + Meuqg;

Mequl = .5*11*rho* (NPsi(xil,XTI)'*N(xil) + NPsi(xi2,XI)'*N(xi2));

Mequ2 = .5*12*rho* (NPsi(xi3,XI)"'*N(xi3) + NPsi(xi4,XI)'*N(xi4));

Mequ = Mequl+Mequ2;
M(gconn,conn) = M(gconn,conn) + Mequ;

%% Allocate arrays for output.
figure (1) ;
u mid = zeros (num timesteps,1);
P mid = zeros (num timesteps,1);
u_left = zeros(num timesteps,1);
u right = zeros (num_ timesteps,1);
%% Loop over time steps.
for ts = l:num timesteps

%% Displacement update.

% Current simulation time, t.

and
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only)

t = (ts-1) * dt;

Update displacements to time t + dt.
u + dt*(v + 0.5*dt*al);

% Apply boundary conditions.

Fix right most node.

o0 o o°
1

oo

u(end-2) = 0;
% Initialize nodal forces to zero.
f = zeros (ndof,1);
% Apply load at left end.
f(1) = applied load(t);
%% Element nodal force loop.
for conn = connect'
lce = range(X(conn)); % Compute element reference length.
Be = [-1, 1] / lce; % Element B matrix (dN/dX).
eps = Be * u(conn);
% Evaluate constitutive law.
P = stressfunction (eps);
% Compute element forces with lpt integration.
fe = Be' * P * lce;
f(conn) = f(conn) - fe; % Scatter element internal forces.
end
% Integrating fractured element internal stress
conn = [CrackElem:CrackElem+1];
gconn = [nn+l:ndof];
X1 = X(CrackElem) ;
X2 = X (CrackElem+1) ;
lce = range (X (conn)) ; % Compute element reference length.
11 = abs(LV(X(CrackElem))); %$length from first node to crack
12 = 1lce-11; %length from crack to second node
% B matrices from N and N Psi
Be = [-1,1]/1ce;

Bpl = [-(Psi((X1+11/2),X1)), (Psi((X1+11/2),X2))1/1lce;
Bp2 = [-(Psi((X2-12/2),X1)), (Psi((X2-12/2),X2))1/1lce;

% Strains for u and g displacements

epsgl = Bpl*u(gconn) ;

epsg2 = Bp2*u(gconn) ;

eps = Be * u(conn);

P = stressfunction(eps); %Stress from real displacements
%Stress from g degrees of freedom

Pgl = stressfunction(epsql);

Pg2 = stressfunction (epsqg2) ;

%$Internal stress calculation associated with XFEM degrees of freedom
feug = (Be' * Pgl * 11) + (Be' * Pg2 * 12);

fequ = (Bpl' * P * 11) + (Bp2' * P * 12);

f (conn) = f(conn) - feuqg;

f (gconn) = f(gconn) - fequ;

feqqg = (Bpl' * Pgl * 11) + (Bp2' * Pg2 * 12);

f (gconn) = f(gconn) - feqqg;

o\

oe

% Velocity update.
Consistent.
a2 = M\f;

o\

oe

Update velocities to time t + dt.

= v + 0.5*dt*(al + a2);

Push back a2 to al.

= a2;

% Post processing

if (mod(ts,5) == 0)

Xe = 0.5 (X(2:end)+X(l:end-1));

eps = (u(2:end-2)-u(l:end-3)) / (bar length/(nn-1));

eps (CrackElem) = 0; %zeros stress in the cut element (for post processing

oo <

oo
=
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P = stressfunction (eps);
plot (Xe, P);
pause (0.001) ;

end

eps = (u(ceil (end/4))-u(ceil(end/4)-1)) / (bar_length/(nn-1));

P mid(ts) = stressfunction(eps);

u mid(ts) = u(ceil(end/4));

u left (ts) = u(CrackElem);

psin = N(1) * u(nn+l:ndof);

u right(ts) = u(CrackElem+1l) + Psi(X(CrackElem+1l),X(CrackElem+l)) * N(1) *

u (nn+1:ndof) ;

end
figure(2);
t = (l:num timesteps) '*dt;

plot(t, u mid);
title('Displacement Quarter Point')
figure (3);

plot(t, P mid);

title ('Quarter Point Stress')
figure(4);

plot(t,u left);
title('Displacement Left')
figure(5);

plot (t,u right);
title('Displacement Right')

end

function [BrokenElem] = DetermineCrackedElement (X, xc,nn)
% Determines which element are cut
for i =1l:nn-1
1f(X(1i) < xc && X(i+1l) > xc)
BrokenElem = 1i;
end
end
end
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CHAPTER 12: Introduction to Multiresolution Theory

12.1 In section 12.5.3 the kinetic power is defined for MCT theory. Beginning with the

definition of kinetic energy density Eqg. 12.5.6, show that Eq. 12.5.7 results for the
kinetic power. (Hint: See derivation in [38]).

Solution to 12.1.

Beginning with the expression of kinetic energy density,

_ = 1 = =
5ekin = PoVo '5\/0 +Znﬁj.va (Pn _pn—l)(VO +Vn)’5(vo +Vn)dV
Take the material time derivative

DEt(IQ 5ekindQ) = DRt (_[Q PoVo - 0V,dQ)

# D X ] (P A (Vo v, )-8 (vy +v, ) dVA©)

We now focus on each term from the RHS separately:

A- Focusing on the first term of the right hand side,
D _
Dt (_[Q PoVo - 0V,dQ) =

:_[Q(f)o +V.v0,50)(v0 .5v0)dQ+IQ,50 (%(Vo -6V, )+ V-V (v, .5v0)de
:O+_[Q,50(\'/0 L0V + V- OV, +(V Vg ) (Vg - 6V,) ) dQ
:O+_[Q,50(\'/0 L 8Vo +Vy - (8V + 6V (V-V,))) O
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We wish to drop the term containing v, to simplify the resulting expressions. To do so,

we notice that for small increments of time 7, using integration by parts
jt” [ Doy (8V,(x))ddt = j j [5,Vs -6V, ()] dt

e L(a( ,Bovo)j-évo (x)dCt

The variation dv,can be assumed roughly constant over interval z. We will thus use its

mid-interval value a’vﬁf“2 to approximate the time integral,
g t+z t+7/2
[ ] 2ove (69, (%)) dadt = j j [oVo ] - SV5 ™2 (x)d

- o [ ( j ) |- V5 (x)dt

_J-t+rJ- ( po O]t+r d (,00 ))'5%”/2 (X)dQ

Since t was assumed to be small and arbirtrary, if we exclude sudden jumps in
momentum, we find the quantity in the parentheses is zero to the first order, thus the
volume integral must be zero, so that the term may be dropped as desired. Thus, the

material rate becomes,

D _ — (.
E(J.onvo OV,dQ) = .[on (Vo 8Vo+(Vo -8V, )(V -V, ) ) Q2

:j o (Vo +Vo (V- Vy))-6v,dQ

(j DoV, - OV,dQ) = jpo Yo sv,dO

In an updated Lagrangian formulation,

Dv,(x) _
T —Vo(f(X,I)), SO
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D r _ — .
Et(jgpovo -0V,dQ) = '[Q:Oovo -0V, dQ

B- Focusing on the second term from the RHS,

We define v, =1 >y . The material time derivative is thus,

(I va J. —Pa) (Vo +V, )-8 (V +V, )dVdQ

‘fgznv: Lna Pr = Pn1) (V0+(in+|n'|n)'yn)‘5(vo+|n-yn)dVdQ

—IZnVI(ﬁn 7) (Vo)
(_n Pn 1)( . ) y,dV - (5V0)dQ
+..Q nvl g (ﬁn nl)yn V- ( )( ol )dQ

I

N + Joo (11, |n)( B0 1) (Y. ®Y,)dV :(51,)dQ

JQ

(v, )dQ

+
Jo an

Noting that -1- Q ( _1)y,, dV =0, since the integrand is an odd function. Hence,

the material derivative

=[.>.& j (V)dV - (S, )dQ
+jgznvnajvna In+ln ) (= Poa) (¥4 ®Y,)aV 2 (81, )dQ

= [ 2 (P =Pus) (V) -(6V5)dQ+ [ 3" @, P, :(6,)dQ

Where the last equation follows from the definitions of o and P given in chapter 12.

Combining the results of (A) and (B) yields Eq. 12.5.7.
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12.2  Using the assumptions outlined in Section 12.5.4, derive the MCT strong form Eq.
12.5.8 and Eq. 12.5.9. (Hint: See derivation in [38]).

Solution to 12.2.

The main effort lies in re-writing the internal power expression in terms of variations of
the degrees of freedom only, by getting rid of the variations in their gradients using

integration by parts and the divergence theorem. Thus,
N .
SP. = _"Qo-o . 5Lon+IQZn=1(Sn 181, 455,16V, L, )dQ
Focusing on the first term on the RHS,

[ &v:0L,d0={ a,:0vv,d2= (5,-n)-5v,dl = (,-V,)-6v,dQ

Focusing on the second term,

IQZ:=1(SH :5In +SSn évan )dQ
=ZHN=1(IQSH (L, - Lo)dQ+J'stn EéVXLndQ)
¢ Igsn :5LndQ—(‘L(sn ‘n)‘5V0dF_IQ(Sn ‘Vx)‘5Von)
n=1 +(Ir(ssn'n):5LndF_IQ(55n'Vx)35LndQ)

Thus the variation of internal power is given by,
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12.3

5Py = (05:n)-6v,dT = [ (,-V, ) 5v,d0
+ZN IQS" :5LndQ_(L(Sn .n).évodl“—jg(sn 'Vx)‘5Von)
- +(L(ssn-n):5LndF—J'Q(ssn-VX):5LndQ)

We now turn our attention to the variations of kinetic and external powers, and use the

simplifying assumption I" =L" and 81" = SL" for the case of large deformations, then

5P, = jg(b-avo " B, :5Ln)dQ +L(t-5v0 ST :5|_n)dr

. N )
5P, = Q(pvo-5vo+zn_lan-Pn .5Ln)dQ
Finally, we set

5Pext_5 _5Pkin

int

Noting that all variations are arbitrary, and must vanish at Dirichlet boundaries, the
strong forms 12.5.8 and 12.5.9 result.

v v
Show that the stress rate s, and double stress rate ss, in Eq. 12.6.4 are objective.

Solution to 12.3

v
(A) Focusing on Sy.

We begin by relating s, to s”, in a starred coordinate system,

* T
5,=0Qs,Q
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Where Q is the rotation matrix between the starred and un-starred coordinates. Taking the

material derivative
& =0s,Q" +Q3,Q" +Qs, Q"

Recall that

Q=WQ-QwW

Q' =-Q"W +WQ'
Then,
$ = (W'Q-QW)s,Q" +Q8,Q" +Qs, (-Q"W’ +WQ")
S, =(W'Qs,Q" -QWs Q") +Qs,Q" +(-Qs,Q"W" +Qs,WQ" )
§ = (W*sn* ~-QWs Q" )+ Qs Q" + (—sn*W* +Qs WQ' )
§ —W’'s, +s, W =Q($, - WSs, +s,W)Q’

v
Thus, stress rate Sn = (Sn -Ws, +an) transforms as a second rank Eulerian tensor and

is objective.

v
(B) Focusing on ss,. We use index notation for clarity. Relating starred to un-starred

components we find,

Imn

(SS*n )ijk = Qankan (SS n )

Taking the material derivative,
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(S.S nj = QiIQijkn (Ssn )Imn + QiIQijkn (Ssn )Imn + QiIQijkn (Ssn )Imn + QiIQijkn (Ss"j

Given that the rotation rates can be written as,
Qil :Winm - QipW
Qim =W;,Qpn — QW
an :Wkapn - Qka

We find the double stress rate is,

(S.S NJ = (Wi;Qpl le pl )Qijk” (SS N )Imn

+Q, (WJTDme —ijme )Qk” (SS N )Imn
+QiQjm (Wk;Qpn —Qkapn)(SS N )Imn

+Qi.Q,-kan(s'snj

Imn

Plugging in the for (Ss*n )ijk =Q;Q;nQu (53 n)lmn we find,

[s's*Nljk:(wi;( )y~ QW01 Q (55 ),

(W3 (55,),, QUMW (55 ),
+(Wk:,(SS )”p QuQjn QW pn( N)Imn)

+Qi.Q,-kan(s'snj

Imn
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Relabeling repeated indices as appropriate,
[SS Nj _Wip (SS ”)pjk _Wip (SS ”)ipk _Wkp (SS ”)ijp
ijk
= (_QiIQijknWIO (SS N )Omn _QiIQijknWmo (SS N )lon _QiIQijkano (SS N ),mo)

= QiIQijkn ((S.S”) —W|0 (SS N )omn _Wmo (SS N )Ion _Wno (SS N )Imo)

\Y%
Thus, stress rate ss, transforms as a third rank Eulerian tensor and is objective.

12.4 (a) What condition on the stresses and double stresses would permit rewriting the
variation of MCT internal power as,

OP. =IQ(00 16D, + Y. (s,:6d, +ss, EéVXDn))dQ,
where d. =D, —D,.

(b) What savings in degrees of freedom per node could be achieved as a result?

Solution to 12.4a).

First we re-write the internal power as,
SP, = IQ(GO :5(D, + WO)+Z:=1(sn 15(d, +w, )+ss,:6V, (D, + Wn)))dQ

If o, s, are symmetric, and ss,, is symmetric in its first two indices, then

for the term,
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gy oW, = (O'O)i,- (Wo)ij =(00),, (Wo),, +(0),, (Wo),, +(%) 5 (Wo ),
(GO )12 (WO )12 + (O-O )23 (WO )23 + (00 )31 (WO )31
(00 )12 (WO )21 + (00 )23 (WO )32 + (00 )31 (WO )13

=0
Same for s, :ow, =0,

Now ss,: 6V, W, =(ss, ), (W,)

ik’

Fork =1,2,3
= (380 )y (W )iy + (50 )i (Wa ) (330 ) (W )
(350 Dok (Wh )i (330 )i (W )+ (550 ) (Wo )
)i (850 )1 (W

S
(580 ) (W )1+ (350 )i (Wi )+ (350 ) (We s

21k n
=0

23,k

Finally, the internal power could be written as,

5Py =, (0'0 :8(Dy)+ 3 (s, :5(d, ) +ss, EéVX(Dn)))dQ

Remark: This assumption ignores Micropolar effects.

Solution to 12.4b).

The savings in degrees of freedom per node would be in three dimensions computed
from:
Saving = 1 - (6N+3)/(9N+3)

12.5 Computer project: Write a code for the finite element implementation of a two-scale

MCT model (i.e., a micromorphic continuum with a macro- and micro-scale), applied to a

one-dimensional rod, using explicit time stepping.
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1% meso-domain

AN
=

L

The 1D bar is subjected to uniaxial tension by applying on both ends a constant velocity of
5mm/ms. Consider a constant cross sectional area of A =30 mm? and initial length
L = 100 mm, as shown in the figure above. The origin of the coordinate system lies in the
center of the bar. The body forces and body couples are considered negligible for this
problem. The macro-scale is defined as elastic and perfectly plastic with a yield stress of
250 MPa, while the micro-scale is considered linear elastic. To induce localized
deformation, set the yield strength in the middle element of your mesh to have a yield stress
of 237.5 MPa (imperfection of 5%). The micro-scale is considered to be a cubic cell with

length IV = 4.04mm. The remaining properties that need to be considered are:

Density (p) (g/mm3) Young's modulus (E) (GPa)
Macro-scale 7.85e-3 200
Micro-scale 7.065e-3 2

In order to write the FEM code to solve this problem consider doing the following:

(@)  Write the equations of motion (the strong form) and explain the meaning of

each variable.

(b) State the constitutive equations used in the code for each set of degrees-of-
freedom.
(c) Write the weak form of the problem and discretize it such that it can be

solved in a finite element procedure.
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(d)  Write the FEM code and an outline of the algorithm.

(e Plot the different stress and strain measures over the entire bar for the
parameters given in this problem statement. Compare the results with the
classic continuum case.

()] Evaluate the influence on the result of different input parameters.

Solution to 12.5a).

Strong form:

The equations of motion are derived from the conservation of linear momentum and the
conservation of angular momentum. The multiresolution continuum equations of motion for this
problem coincide with the equations of a micromorphic continuum since only one extra scale is
considered. The strong form can then be written as follows, noting that no body forces or double

body forces are present:

d L L
= (5O _ ;D) = . (0) ,

dx(O) (O'x — O, ) = p(O)vx , in — E < x(O) < E

d L .
(0 @ _ ;@@ .

dx(o) (O-O-x ) + O—x - IJ(C.X yx ) m — E < x(o) < E

where 0,50), 0,51) and aa,ﬁ” are the macro-stress, moicro-stress and double micro-stress,

1)?
respectively. p@ and p® are the macro-density and micro-density, 12 = p(l)(lT) is the
moment of inertia along x per unit micro-volume (cube with length (™). ) is the macro-
acceleration, and y,§1> is the micro-acceleration defined by:

K = 19+ 0L = 5O + DO

Note that since this is a 1D problem there are no couple stresses (moments per unit area) and

there is no spin tensor, leaving just the rate-of-deformation to be equal to the velocity gradient.

Also note that the double stress aa,ﬁ” is a couple stress without moment, i.e. a pair of stresses

acting along the same line. This measure of stress is characteristic of the micromorphic
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continuum and does not exist in the classic continuum neither in the Cosserat continuum. Rather,
it is a higher order stress that is often used in strain gradient plasticity formulations. Therefore,
its existence in this formulation is expected to regularize the localization of the deformation at
the center of the bar (as will be verified with the results).

The boundary conditions are:

L
U,SO) = -5, D,Sl) =0 forx©® = )

v =5 pW=0 forx©®=2

Solution to 12.5b).

Constitutive equations:

The generalized stresses and strain measures are gathered into a single vector as follows
Z=[c©® ¢® o]

oDV

0 p@®
D,” D, FPO)

A=

Since the problem of interest is 1-dimensional, there is no need to define a rotationally invariant

stress measure. The generalized constitutive law in rate form becomes:

(,<0) C(o> 0 o |[p®
o cw go|[|D®
00(1) o ¢of[p®

The constitutive constants for the micro-scale are obtained by averaging procedures (recall that

the micro-cell is considered as a cube of length IV in this problem):

O f ED gq® = g
(I®)3 Joa
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1

_ 1 2
B = s f 1<1>E(1)x(1) dxO(ID)? =
1 2
W
E0 = [ 7 p,@ 0 gy () _ )
(l(l))3 (1) 6

A simple perfect plasticity law defined by the following yield surface is defined
(%) = |0°| — gy,

where g, is the yield stress.

Solution to 12.5¢).

Weak form and FEM discretization:

Obtaining the weak form from the above written strong form is very similar to what we did for

the classic continuum. For the conservation of linear momentum, we multiply both sides of the

equation for the virtual velocity av,g"), and after using the chain rule and the divergence theorem

we obtain:

d( v d( v
(o +0®) umm) + [p©@p 5, Mdg(m =0
Q0 O dx(©
For the conservation of angular momentum the procedure is similar in every way, with the
difference that the power conjugate is now the relative micro velocity gradient (note that the
relative micro velocity gradient is equal to the total micro velocity gradient subtracted with the

macro velocity gradient). Therefore, we multiply both sides of the equation by a virtual relative

micro velocity gradient 6L§fl(1) = SD;‘”(D, with "rel" standing for relative. Then using the

chain rule and the divergence theorem we get:
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a (s031)

X

f [00(1) o) dQ©® _|_f 0(1)6D;EZ(1) d0© _l_f 1(1)%51)6D;e1(1) dQ©® =
Q© dx Q© a©

Writing the relative micro velocity gradient as: D;e’(l) =D,El) —D,(CO), and assuming that

a(spy”)
dx(0)

~ 0, we can write the above equation as:

d(sp{)
0

W 2_—_2400 4 ®(spM — 5D7) d©®
fQ(O) [O-O- dx© Q) ? ( x X )

+ f 10yD (6D - 5D”) d® = 0
[

Then, we can discretize these two equations in a similar way to the regular FEM. First define a
generalized stress vector ) and generalized rates of deformation as follows (we omit the

subscript x from now on):

Y=[oc ¢® goW]

aD(l)]

A:[ © pA _ p©
DO PH DO —

Then define a vector d,, which contains 2 degrees of freedom at node a:

Ud
d, = [D(l)
a

Let d® be the assembly of all of the d, in an element. For a one-dimensional two-node rod

element at node «,

dT
ar = [4)
d;

Defining the matrix N¢ as the shape function matrix, we interpolate the nodal values as follows:

[Dvg)] = N¢de¢
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Similarly, it can be defined the matrix @ containing spatial derivatives of shape functions (the

generalized B matrix) so that one writes the generalized strain rate measure in the form:
A= Qd°
The generalized mass matrix is defined as follows:

Me _ [p(o) 0
0o /W
Using these definitions, the finite element discretization is written as follows:

OPror = 8Pyin + 6Pins

Ne
6Pint = Z (O)(5de)TQT Zdﬂgo) — (5de)fint
Q
e=1

Ne
OPun = . [ (BAY (N MENd 0 = (5a)T M
e=1 Qe

where the number of elements is given by n,. The mass of the system is given by the matrix M,
the internal force by the vector fi** and the external force by the vector fé*. Defining L, as the

connectivity matrix of the system, then the discretization could be:

Ne

foe =y 12{[ @"zd0}

e=1

Ne
M= Z L7 U (NO)T MeNedQe} L,
e=1

Finally, the semi-discrete equation of motion is written in a similar form as the standard finite
element method:

Md = fi"t

This equation is then integrated explicitly following the algorithm described below.
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Solution to 12.5d).

Algorithm for 1D problem (with n scales):

1. Initial conditions and initialization:
Define generalized displacement d, generalized velocity v;
set generalized stress )' = 0, generalized strain A= 0, d=0, v=0, energy variables=0, t=0,
n=1

2. getmass and compute the lumped mass matrix and its inverse.

3. getforce

4. Compute the accelerations for every scale:

0 - 0 I - I
ay’ = M), ay) = M) Y — (DD)?
Time update: £™+1 = £ 4 AETFL/Z, g0HI/2 = 2 (g1 4 vy
First partial update of nodal generalized velocities: v*+1/2 = y™ +(t"+1/2 — t™)a™

Enforce velocity boundary conditions:

1
If node I on F,,i:vgﬂ/z = 7,(x;,t"72)

8. Update nodal displacements: d™*? = d™ + At™+1/2yn+1/2

9. getforce

10. compute a™*?

11. Second partial update nodal velocities: v+t = y*+1/2 4 (¢n+1 — ¢ + 1/2)a™ !
12. Check energy balance at time step n+1.:

o

N o

1
n+l _ n AtTH.i n+% r fn fn+1 — n 1 n+1/2y,n+1/2 fn fn+1
Wint - VVint + 2 v ( int T Hing™) = Wint + EAt v ( int T Lint
1
n+s T
n+l _ n z Tl+l n n+ly _ n 1 n+1/2y,n+1/2c¢n n+1
Wext — YWext + 2 V2 (fint + fint — "Wext + EAt v (fint + fint
1
1 _ 1
Wknl;: — IQZ + EVn+1/2MVn+1/2

|Wkin + Wint - Wextl <€ maX(Wext' Wint' Wext)
13. Update counter: n <« n + 1
14. Output; if simulation not complete, go to 5.
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Subroutine getmass

0. Initialization: M = 0, Global Gauss point £ = 1

1. Loop over elements e
I. Set e « e + 1, initialization of mass in all scales
ii. Compute quadrature Gauss point and weight
iii. Loop over quadrature points ¢,

1. Compute shape function, Jacobian, and partial derivatives
2. Compute element mass matrix for macro-scale:

M « M + pONNT] A,
3. Loop over microscale I

i ML « ML +iONNTJAD T,
END loop over microscale
4. Update global Gauss points £ « & + 1
END loop over quadrature points
iii. SCATTER M,, to M, put microscale mass in the end

END loop over elements
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Subroutine getforce

0. Initialization: generalized stress Y. , generalized strain A,and f;,,; = 0, global Gauss point

£=1

1. Compute global external nodal generalized forces £,
2. Loop over elements e
I. Set e « e + 1, and compute quadrature Gauss point and weight

intn
fe

0

iii. Loop over quadrature points &,

1.

2.
3.

10.
11.

Compute shape function N, Jacobian, B matrix and relative derivatives

. T
Compute rate of deformation of macro-scale: D(© n~1/2 = (0, n-1/2"g
Loop over microscale I

i Compute D(I)! n-1/2 _ v(l); n_l/ZTN’ M

— 0, n-12Tg
ox

END loop over microscale

SCATTER to generalized strain measure A,,
Ag= DO n-1/2 g P, n-1/2 _ p(O n pe 9D TR

ox
Update A< A + A, * At™+1/2
Compute generalized stress at the Gauss point from the constitutive law
Reassign the stress in the generalized stress for this element to macro
stress, micro stress, micro stress couple
Update the internal force in macro scale: £"" « £2**"* + B(c(® —
a®) JAw,
Update the internal force in microscale: f**™") « g™ 4 (Ng (D 4
BO'O'(I))](I)A(I)WQ
SCATTER internal force from all scales
Update global Gauss points & « & + 1

END loop over quadrature points

iv.  SCATTER f:"" to global fintn

END loop over elements

Compute nodal force: f = 7, — f);
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Solution to 12.5e).

Discussion of the results of the code:

Displacement vs Position Macro-Force at last node vs Displacement

0.2 0
£
E . 2000
£ £
g 2 § -4000
g & L
E_ 0.1 R 1 -6000
o
-0.2 - -8000 ; ; . ; :
-50 0 50 0 0.02 0.04 0.08 0.08 0.1 0.12
Position (mm) Displacement (mm)
Macro-strain vs Position Macro-stress vs Position
3 0.02 T _ 250 s Mo Y
E & 200/
E 0015 g 200
E @ 150+
£ 0.01f 2
£ % 100}
b L 2
¢ 0.005 5 sof
3 =
E & S 3] 0
-50 0 50 -50 0 50
Position (mm) Position (mm)
Code outputs for the macro-scale.
x10° Micro-strain vs Position Micro-stress vs Position
- ; 10 T
E -
E &
E -
£ 8
H 2
g s
g- S
é =
0 0
Poslition (mm) Position (mm)
x10° Gradient of micro-strain vs Position Double-stress vs Position

Double-stress

Gradient of micro-strain

Position (mm) Position (mm)

Code outputs for the micro-scale.
The above figures show the results for the input parameters defined in the problem statement.
Observing first the outputs for the macro-scale it is clear that there is a strain localization at the
center of the bar over several elements. Readers familiar with strain gradient plasticity

immediately identify the macro-strain plot versus position to have the same shape as a plot for a
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one-scale strain gradient plasticity continuum. In fact, identifying this similarity is very
important. Since there are no forces on the boundary conditions of the micro-scale, the second

equation of the strong form,

€y
d{éD
f [aa(l)MdQ(O) _|_f
0

e c®(sp" - 6D{) da®
0

+ f 10yD(6p" - 5D7) d® = 0
()

only leads to an increase of the micro-stress due to the macro rate-of-deformation D,EO).
Therefore, the micro-stresses and micro double stresses influence the macro-scale right from the
beginning of the simulation. This influence can be interpreted as the effect of the microstructure
of the material that is being averaged for each macro-deformation state. This averaging
procedure does not occur concurrently, but it is the result of previous analyses such that the
constitutive laws for the micro-scale are calibrated. This may be viewed as a drawback of the
method, since it is difficult to assign meaningful values for those extra laws. The most successful
solution is to calibrate those laws by performing representative volume element (RVE)
simulations of the microstructure for different load states and averaging the stresses at that scale
such that approximate constitutive laws are obtained. Nevertheless, in this problem we are trying
to understand the numerical details of the implementation of the method as well as understanding
the influence of the extra stress measures without considering the development of the

constitutive laws.

Once the macro-stress reaches the yield value at the center element (with the imperfection), this
causes the macro-strain to localize in a sharp peak that leads to a sharp peak of the micro-stress
and subsequentlly to a sharp peak of the micro rate-of-deformation. Once the micro rate-of-

deformation develops that peak then the gradient of the micro rate-of-deformation presents an

abrupt change with a different sign on each side of the peak (slope of the peak of D,El)), as can be
seen in the second figure above. This has the effect of diffusing the deformation to the
neighboring elements, similar to what is observed in strain gradient plasticity. Note that in strain
gradient plasticity there is no micro-stress, only the double stress is present (usually called higher

order stress).
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Solution to 12.5f).

The reader is invited to run the code and to study the influence of the various parameters in the

result. In particular, it is interesting to observe that the micro-scale length paramater has a much

smaller influence on the localization zone than the elastic constants of the constitutive laws of

the micro-scale. Although, the expected effect of increasing the size of the micro-cell causing an

increase of the localization zone happens, this increase is small.

As a final note, the code is prepared to use a different number of integration points, any number

of elements, different input parameters, and any number of extra scales.

MATLAB code for Problem 12.5

$%%%5%5%5%%5%%%%%%%%%% Multiresolution Continuum 1D code $%%%%%%%%%%%%%%5%%%%%%%
% M. A. Bessa (mbessa@u.northwestern.edu)
% Northwestern University, Mechanical Engineering
% June 14, 2013
function [] = multiresolution in 1D()
close all; clear all; clc; tic
%% CONSISTENT UNITS:
% MASS LENGTH TIME FORCE STRESS ENERGY
5 g mm ms N MPa N-mm (mJ)

o)

% Input parameters.
% Termination time

endtime = 2.0e-2; % total time of simulation [ms]
prescribed v_ 0 = 5.0; % Prescribed velocity [mm/ms]
output frames = 'all'; % Number of times that every plot will be shown

% (for output frames = 'all' every time
$step will have a plot)

% Mesh definition

nel = 99; % Number of elements

ngp = 1; % Number of Gauss points per element

% Geometric properties

mesh.L = 100.0; % Length of the bar [mm]

Xmin = -mesh.L/2; % Position of the left end of the bar [mm]
mesh.area = 30; % Cross-section Area of the bar [mm"2]

% Material properties
youngsC 0 = 2.0e5;
rho 0 7.85e=3¢
sigy O = 250.0;
imperfection = 0.95;

o

Modulus of elasticity (for linear). [MPa]
Density per unit length. [g/mm"3]

Macro-yield stress [MPa]

Imperfection at the middle element (0: no ele-
sment; 1: no imperfection)

o° oo

oo

o\

oe

% Number of extra sets of degrees of freedom ('scales' in lack of a
Sbetter term)
nscales = 1; % Number of extra 'scales' (NOT including the
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o o® o° o A o° o° o° o° o

o©

Smacro-scale) . Use nscales = 0 for a regular FEM
%analysis

o©

o

Extra dof input parameters
Initilize variables

o©

1l n = zeros(nscales,1);

youngsC n = zeros(nscales,1);
youngsB n = zeros(nscales,1);
rho n = zeros (nscales,1);

o

% (Extra) Scale 1:

1 n(1) = mesh.L/nel * 4; % Horizontal size of domain in scale 1 (in
$the x direction [mm]

Vertical size of domain in scale 1 (in the y

direction) [mm]

Width of domain in scale 1 (z direction or

out-of-plane direction) [mm]

h n(1) =1 n(1);

oo

o

thick n(l)= 1 n(1);

oo

o

o
¢

youngsC n(l) = youngsC 0*0.01; % Constant for scale 1 constitutive law

youngsB n(l) = 0.0; % Constant for scale 1 constitutive law
% (gradient term)

rho n (1) = rho 0*0.9; % Density for scale 1

o

oo

% Scale 2:
1 n(2) = mesh.L/nel*0.5; % Horizontal size of domain in scale 2 (in
%$the x direction [mm]
h n(2) =1 n(2); % Vertical size of domain in scale 2 (in the y

o

direction) [mm]
Width of domain in scale 2 (z direction or
Sout-of-plane direction) [mm]

oo

thick n(2)= 1 n(2);

o
¢

youngsC n(2) = youngsC 0*0.002; % Constant for scale 2 constitutive law
youngsB n(2) = 0.0; % Constant for scale 2 constitutive law

% (gradient term)
rho n(2) = rho 0*1.5; % Density for scale 2

%% Calculated parameters.
mesh.nn = nel+l;

oe

Number of nodes

10 = mesh.L/nel; % Element reference length
area n = zeros (nscales,1);
In = zeros (nscales,1);

for iscale=l:nscales
% Compute the cross-section of the domain of scale i
area n(iscale) = h n(iscale)*thick n(iscale);

oe

oo

Compute the I term of the mass matrix for scale i. This is the
smoment of inertia DIVIDED by the 'volume' of that domain.
I n(iscale) = rho_n(iscale)*(h_n(iscale)A2+thick_n(iscale)A2)/12;

nd

o (D

o\

Calculate the total number of Gauss points
ngp_tot = ngp*nel;

sigygp 0 = sigy O*ones (ngp_tot,1); % Macro-yield stress in each Gauss
Spoint

oe

o\

Include imperfection at middle element
num_imp = floor (nel/2)+1; Simperfection element

o

for igp = 1l:ngp
sigygp O ((num imp-1) *ngp+igp)= imperfection*sigy 0;
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% epsygp_ O ((num_imp-1) *ngp+igp) = imperfection*epsy 0;

end
c 0 = sqgrt (youngsC 0/rho 0); % Macro-wave speed [mm/ms]
tcrit 0 = l_O/c_O; % Critical timestep (macro scale) [ms].
cn = zeros (nscales,1);
tcrit n = zeros(nscales,1);
for i = l:nscales
c n(i) = sqgrt(youngsC n(i)/I n(i)); % Wave speed in each scale
if ¢ n(i) ~= 0
tcrit n(i) = l_O/c_n(i); % Critical time step in each scale
tcrit = min(tcrit 0, tcrit n(i));
cmax = max(c 0, c n(i));
else
tcrit = tcrit 0;
cmax = c 07
end
end

[)

if nscales ==
dt = tcrit 0 * 0.9;

else

dt = tcrit * 0.9; % Time step of simulation.
end
num ts = round (endtime/dt); % Total number of time steps.

% Output some information about the simulation
fprintf (' INFORMATION:\n'") ;
if nscales ==

fprintf ('-> Critical time step: %d miliseconds\n',6tcrit 0);
elseif nscales > 0

fprintf ('-> Critical time step: %d miliseconds\n',tcrit);
end
fprintf ('-> Total number of time steps: %d \n',num ts);
endtime = num ts*dt; % Termination time
if output frames == 'all'

output frames = num ts;
end

o\

% Save material properties for all scales in one variable:
matprops = zeros((l+nscales),3);

matprops(1l,:) = [youngsC 0 , O , rho 0];
for iscale=l:nscales
matprops (l+iscale,:) = [youngsC n(iscale) , youngsB n(iscale) ,...

rho n(iscale)];
end
%% Preprocessing.
% Nodal coordinates in reference configuration.
Xmax = Xmin + mesh.L;
mesh.X = linspace (Xmin, Xmax, mesh.nn)';

% Connectivity matrix (each row gives nodes in an element.)
mesh.conn = [ l:length(mesh.X)-1; 2:1length(mesh.X) 1';

% ..::: Now following the flowchart for explicit time integration :::..
% Belytschko et al book (box 6.1 - p.313)

%% 1. Initial conditions and initialization

% Nodal Array definition

gen u = zeros((l+nscales)*mesh.nn,1); generalized displacement
gen v = zeros((l+nscales)*mesh.nn,1); % generalized velocity

e
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[

% Initialize variables with information from the previous time step
old.gen sigma = zeros((l+2*nscales),ngp tot); % old gen. stresses
old.gen truestrain = zeros((l+2*nscales),ngp tot); % old generalized
$true strains

[

% Initialize energy variables and others

Wint = zeros (num ts,1);

Wext = zeros (num ts,1);

Wkin = zeros (num ts,1);

Wtot = zeros(num ts,1);

displacement = zeros (num ts,1);

reaction = zeros(num ts,1);

time = zeros(num ts,1);

fint old = zeros(mesh.nn* (nscales+1),1);
fext old = zeros(mesh.nn* (nscales+1),1);

Wint old = 0;
Wext old = 0;
Wkin old = 0;

oo

o

+ 1 (where 'n' is the counter used in box 6.1, point 1)

o f
0]
[
<
oe
5

Compute the consistent mass matrix
Mc,Xgp] = getMass (mesh,nscales,ngp,rho 0,I n,area n);

d° — o\

Compute lumped mass matrix
M, invM] = getLumpedMass (Mc,mesh,nscales) ;

o° — o°

o

oo
oe

2. getforce
% No residual stresses considered:

fint = zeros (mesh.nn* (nscales+1),1);
% Get external nodal forces
[fext] = getFext (t,mesh,nscales);

% Compute nodal forces
force = fext - fint;

%% 3. Compute accelerations a”n
gen_a = invM*force;
% NOTE: for the extra DOF what we obtain is GAMMA, which is NOT the
%time derivative of D, that is used in the explicit time integration
% Therefore, dotD”(n) = gamma” (n) - D" (n)*D" (n)
gen a((mesh.nn+l):end) = gen a((mesh.nn+l) :end)...

- gen v ((mesh.nn+l) :end) ."2;

while (t <= endtime)
%% 4. Time update
tnew = t + dt; tnew = t*(n+l); t = t”n
)

oe

thalf = 1/2*(t + tnew); % thalf = t~(n+l/2

oe

o\

% 5. First partial update nodal velocities
en vhalf = gen v + (thalf-t)*gen a;

d0 oe W\

% 6. Enforce velocity boundary conditions
gen vhalf (mesh.nn) = 0.0;

gen_vhalf (1) = -prescribed v 0;

gen_vhalf (mesh.nn) = prescribed v 0;

oe

o\

% 7. Update nodal displacements
en u = gen ut+dt*gen vhalf;

o0 Q
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oo

Determine the current position of the nodes

mesh.x = gen u(l:mesh.nn) + mesh.X;

% 8. getforce

% Get internal nodal forces

[fint,gen sigma,gen truestrain] = getFint (dt,mesh,nscales,ngp, ...
matprops,old,l n,h n,thick n,...
gen vhalf,sigygp 0);

oo

% Get external nodal forces
[fext] = getFext (t,mesh,nscales);
% Compute nodal forces

force = fext - fint;

%% 9. Compute a” (n+l)
en_a = invM*force;

NOTE: for the extra DOF what we obtain for gen a (generalized
%acceleration) is GAMMA, which is NOT the time derivative of D,
%$that is used in the explicit time integration. Therefore,
%$dotD” (n) = gamma” (n) - D" (n) *D" (n)
gen a((mesh.nn+l):end) = gen a((mesh.nn+l):end)...

- gen v ((mesh.nn+l) :end) ."2;

o0 Q

o

oo

% 10. Second partial update nodal velocities

gen vnew = gen vhalf + (tnew-thalf)*gen a;
%% 11. Check energy balance at time step n+l
Wint inc = 0;

Wext inc = 0;

Wkin inc 0;

Wint inc = Wint inc + l/2*dt*(gen_vhalf(l:mesh.nn)')...
*(fint old(l:mesh.nn)+fint (l:mesh.nn));

Wext inc = Wext inc + l/2*dt*(gen_vhalf(l:mesh.nn)')...
* (fext old(l:mesh.nn)+fext (l:mesh.nn));

Wkin inc = Wkin inc + 1/2* (gen vhalf(l:mesh.nn)"')...
*M(l:mesh.nn,1:mesh.nn)*gen vhalf (1:mesh.nn);

Wint (ts) = Wint old + Wint inc;

Wext (ts) = Wext old + Wext inc;

Wkin(ts) = Wkin old + Wkin inc;

Wtot (ts) = Wint(ts) + Wext (ts) + Wkin(ts):;
time (ts) = t;

%% 12. Update counter
ts = ts + 1;
gen_v = gen _vnew;
t = tnew;
fint old = fint;
fext old = fext;
old.gen sigma = gen sigma;
old.gen_truestrain = gen_truestrain;
%% 13. Output
displacement (ts) = gen u(mesh.nn);
reaction (ts) = force (mesh.nn);
if mod(ts,round(num_ts/output frames)) == 0
figure (1)
% Displacement vs Position
subplot(2,2,1);
plot (mesh.X,gen u(l:mesh.nn), 'm*-", ...
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");
title('Displacement vs Position', 'FontWeight', 'bold',...
'Color', 'm');
xlabel ('Position (mm)', 'FontWeight', 'bold'):;
ylabel ('Displacement (mm)', 'FontWeight', 'bold');

% Macro-force at 1lst node vs Displacement
subplot(2,2,2);

131




plot (displacement, reaction, "k-");

title ('Macro-Force at last node vs Displacement', ...
'FontWeight', 'bold', 'Color', 'k');

xlabel ('Displacement (mm)', 'FontWeight', 'bold');

ylabel ('Force (N)', 'FontWeight', 'bold'):;

o\

% Macro-strain (true strain) vs Position
subplot (2,2,3);

plot (Xgp,gen truestrain(l: (2*nscales+1):end)’', 'r*-", ...

mesh.X, zeros(1l,size (mesh.X,2)), 'bo-");
title('Macro-strain vs Position', 'FontWeight', 'bold'
'Color', 'r');
xlabel ('Position (mm)', 'FontWeight', 'bold'):;
ylabel ('Macro-strain (mm/mm)', 'FontWeight', 'bold');

o\

% Macro-stress vs Position

subplot (2,2,4);

plot (Xgp,gen sigma(l: (2*nscales+l):end)’', "k*=", ...
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");

title ('Macro-stress vs Position', 'FontWeight', 'bold'
'Color', 'k'");

% axis ([xminplot xmaxplot yminplot ymaxplot])

xlabel ('Position (mm)', 'FontWeight', 'bold');

ylabel ('Macro-Stress (MPa)', 'FontWeight', 'bold');

hold off;

oo

oe

if nscales > 0
% Plots of the first micro-scale
figure (2)

o

% Micro-strain vs Position

subplot(2,2,1);

plot (Xgp,gen_ truestrain(2: (2*nscales+l) :end) ', 'r"-
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");

y oo e

oo e

v
7oe ..

title('Micro-strain vs Position', 'FontWeight', 'bold',...

'Color', 'r');
xlabel ('Position (mm)', 'FontWeight', 'bold'):;

ylabel ('Micro-strain (mm/mm)', 'FontWeight', 'bold');

o

% Micro-stress vs Position

subplot(2,2,2);

plot (Xgp,gen sigma(2: (2*nscales+l):end)’', "k"=", ...
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");

title('Micro-stress vs Position', 'FontWeight', 'bold',...

'Color', 'k');
% axis ([xminplot xmaxplot yminplot ymaxplot])
xlabel ('Position (mm)', 'FontWeight', 'bold');

ylabel ('Micro-Stress (MPa)', 'FontWeight', 'bold');

o\

% Gradient of micro-strain vs Position

subplot(2,2,3);

plot (Xgp,gen truestrain(3: (2*nscales+l) :end) ', 'r"-
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");

title('Gradient of micro-strain vs Position',
'FontWeight', 'bold', 'Color', 'xr');

xlabel ('Position (mm)', 'FontWeight', 'bold'):;

v
yoe ..

ylabel ('Gradient of micro-strain', 'FontWeight', 'bold'):;

o

% Double-stress vs Position

subplot(2,2,4);

plot (Xgp,gen _sigma(3: (2*nscales+1l) :end) ', 'k"=", ...
mesh.X, zeros(1l,size (mesh.X,2)), 'bo-");
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title('Double-stress vs Position', 'FontWeight',...
'bold', 'Color', 'k'");

% axis ([xminplot xmaxplot yminplot ymaxplot])

xlabel ('Position (mm)', 'FontWeight', 'bold'):;

ylabel ('Double-stress', 'FontWeight', 'bold');

o

o©

figure (3)

o
o

o©

% Micro-strain vs Position
subplot (2,2,1);
plot (Xgp,gen truestrain(4: (2*nscales+1):end) ', 'r"=",...
mesh.X, zeros (1,size (mesh.X,2)), 'bo-");
title('Micro-strain vs Position', 'FontWeight', 'bold', 'Color',

o° o oo o°

[a]

o

xlabel ('Position (mm)', 'FontWeight', 'bold'):;
ylabel ('"Micro-strain (2) (mm/mm)', 'FontWeight', 'bold'):;

o° o
o\

oo

% Micro-stress vs Position

subplot (2,2,2);

plot (Xgp,gen sigma (4: (2*nscales+l) :end) ', 'k"=", ...
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");

title('Micro-stress vs Position', 'FontWeight', 'bold',...
'Color', 'k'");

% axis ([xminplot xmaxplot yminplot ymaxplot])

xlabel ('Position (mm)', 'FontWeight', 'bold'):;

ylabel ('Micro-Stress (2) (MPa)', 'FontWeight', 'bold');

0 o° o o A d° o° o o°
o\

oo

% Gradient of micro-strain vs Position

subplot (2,2,3);

plot (Xgp,gen truestrain(5: (2*nscales+1):end) ', 'r"-",...
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");

title('Gradient of micro-strain vs Position', 'FontWeight', ...
'bold', 'Color', 'r');

xlabel ('Position (mm)', 'FontWeight', 'bold'):;

ylabel ('Gradient of micro-strain (2)', 'FontWeight', 'bold');

o o o° o° o o o o°
o\

oe

% Double-stress vs Position
subplot (2,2,4);
plot (Xgp,gen _sigma(5: (2*nscales+1) :end) ', 'k*-", ...
mesh.X, zeros (1l,size (mesh.X,2)), 'bo-");
title ('Double-stress vs Position', 'FontWeight',...
'bold', 'Color', 'k'");
% axis ([xminplot xmaxplot yminplot ymaxplot])
xlabel ('Position (mm)', 'FontWeight', 'bold'):;
ylabel ('Gradient of micro-stress (2)', 'FontWeight', 'bold');

o o o° o° o o o° oo

oe

hold off;
end % end if nscales
nd % end if mod

o (D

end % end while loop
toc
end
%% Returns the consistent mass matrix
function [Mc,Xgp] = getMass (mesh,nscales,ngp,rho 0,I n,area n)
% Allocate space for mass matrix.
Mc = zeros (mesh.nn* (nscales+l),mesh.nn* (nscales+1));
nel = 0;
ngp _global = 1;
Xgp = zeros((mesh.nn-1) *ngp,1);
for conn = mesh.conn'

nel = nel+l; $ Element number inside this loop
nne = length(conn); % Number of nodes of this element
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o

S

Me 0 zeros (nne,nne); % element mass matrix for macro-scale
Me n = zeros (nne,nne,nscales); % element mass

$matrix for
%extra scales
gpt, gwt] = quadrature (ngp); % Quadrature points and weights
for i=1:ngp
xigp = gpt(i); % Gauss point in parent coordinates
% Get the shape functions:

[

N = getN(xigp);

% Gauss point in ref. coordinates (not needed) :

Xgp (ngp_global) = (mesh.X(conn)')*N;

dN = getGradN (xigp) ; % dN/dxi (wrt parent coords)

dXdxi = (mesh.X(conn)')*dN; % dx/dxi (Jacobian of the ref.
%$config. wrt parent coords)

Jac0O0xi = det(dXdxi); % Jacobian determinant ref./parent

% Compute element mass matrix for macro-scale
Me 0 = Me 0 + rho O*N*(N')*JacOxi*mesh.area*qwt (i)

oe

% Compute element mass matrix for each extra scale
for iscale=l:nscales
Me n(:,:,iscale) = Me n(:,:,iscale)+I n(iscale)*N*(N'")...
*JacOxi*area n(iscale)*qwt (1)
end

)

ngp_global = ngp global + 1;
nd

o M

o

Mass matrix assembly

$Indices of rows and columns for each type of dof:
i 0 = conn;

Mc(i 0,i 0) = Mc(i 0,i 0) + Me O0;

for iscale=l:nscales

i n = mesh.nn*iscale+conn;

Mc(i n,i n) = Mc(i n,i n) + Me n(:,:,iscale);
end
end
end
%% Returns quadrature points and quadrature weights.
function [gpt, gwt] = quadrature (ngp)
if ngp ==
x = zeros(ngp,1);
wt = zeros(ngp,1);
x(1) = 0;
wt(l) = 2;
elseif ngp == 2
x = zeros(ngp,1l);
wt = zeros(ngp,1);
x(1) = -sgrt(1/3);
x(2) = -x(1);
wt (1) 1;
wt(2) = 1;
elseif ngp ==
x = zeros(ngp,1);
wt = zeros(ngp,1l);
x(1) = -sqrt(3/5);
x(2) ;
x(3) = -x(1);
wt (1) = 5/9;
wt (2) = 8/9;
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wt (3) = wt(1);
=4

elseif ngp
x = zeros(ngp,1l);
wt = zeros(ngp,1);
x (1) = -sqrt( (3+2*sqrt(6/5))/7 );
x(2) = -sqrt( (3-2*sqrt(6/5))/7 );
x(3) = -x(2);
x(4) = -x(1);
wt (1) ( 18-sgrt(30) )/36;
wt (2) = ( 18+sqrt(30) )/36;
wt (3) = wt(2);
wt (4) = wt(1l);
else error ('More than 4 point quadrature is not implemented');
end
aqet = x;
gqwt = wt;

end
%% Returns a 2x1 matrix that gives the shape functions
function [N] = getN(xi)

% xi1 is the parent coordinate

oo

= 1/2*[(1-xi) , (1+xi)]';
NOTE: N is defined as a COLUMN vector: 2xl1 (instead of a row vector
%as in the book)
end
%% Returns the lumped mass matrix and its inverse
function [M,invM] = getLumpedMass (Mc,mesh,nscales)
M = spalloc(mesh.nn* (nscales+l),mesh.nn* (nscales+l),mesh.nn);
for i=1: (mesh.nn* (nscales+1))
for j=1: (mesh.nn* (nscales+l))
M(lll) = M(iri)+MC(ilj);
end
end

o =

oe

% Compute the inverse of the lumped mass matrix
invM = spalloc (mesh.nn* (nscales+1l),mesh.nn* (nscales+1),mesh.nn) ;

o

for i=1: (mesh.nn* (nscales+1))
for j=1: (mesh.nn* (nscales+1l))
if M(i,1i) == 0;
invM(i,1i) = 0;
else
invM(1i,1)
end
end
end
end
%% Computes the force.
function [fint,gen sigma,gen truestrain] = getFint (dt,mesh,nscales,ngp, ...
matprops,old,1 n,h n,...
thick n,gen v,sigygp 0)
% Allocate space for generalized stresses and strain measures
gen_sigma = zeros(size(old.gen sigma)); % generalized stresses
gen_ truestrain = zeros(size(old.gen sigma)); % generalized strains
% Allocate space for the nodal forces matrix
fint = zeros(mesh.nn* (nscales+1),1);
nel = 0;
ngp_global = 1; % Counter for the total number of Gauss points
% Loop over element nel
for conn = mesh.conn'

o

nel = nel+l; % Element number inside this loop

o)

nne = length(conn); % Number of nodes of this element

1/M(i,1);

135




o\°

o©

o
e

[apt, gwt] = quadrature(ngp); % Quadrature points and weights
fe int = zeros(nne* (nscales+l),1);
for i=1:ngp
xigp = gpt(i); % Gauss point in parent coordinates
% Get the shape functions:
N getN (xigp) ;
Gauss point in current coordinates (not needed) :
xgp = (mesh.x(conn) ') *N;
% dN/dxi (wrt parent coords) :
dN = getGradN (gpt (1)) ;
% dx/dxi (Jacobian of the current config. wrt parent coords) :

o
°

dxdxi = (mesh.x(conn)')*dN;
% Jacobian determinant
Jac_xi = det (dxdxi);

% Calculate the scripted B matrix in current configuration
%$for the regular dofs:
Bscript = dN/dxdxi; % Scripted B matrix

o oo

oe

Compute rate-of-deformation
0

D = (gen_v(conn) ') *Bscript;
D n = zeros(nscales,1);
gradD n = zeros(nscales,1);

for is=l:nscales

D n(is) = (gen_ v (mesh.nn* (is)+conn) ') *N;

gradD n(is) = (gen v (mesh.nn* (is)+conn)')*Bscript;
nd

O

% Generalized strain measures (assemble previous rate-of-
$-—deformation measures in one vector):
gen D = zeros((l+2*nscales),1);

gen D(1) =D 0;
for is=l:nscales
gen D(2*is) = D n(is)-D 0;
gen D(2*is+1l) = gradD n(is);
end

o\

Determine the true strain (logarithmic strain) for this Gauss
%point

gen_truestrainGP = old.gen truestrain(:,ngp _global) +...

gen D * dt;

% Get the stress from the constitutive law:
[

gen_sigmaGP] = getGenStress (ngp global,dt,matprops,l n,h n,...
thick n,nscales,old,gen D,sigygp 0);
% Note: "gen sigmaGP" is the vector with the generalized

oe

stresses for this element

o\

oe

The generalized stress vector containing all the information
for every Gauss point is:

o\

gen_sigma (:,ngp _global) = gen sigmaGP;

% The generalized true strain vector containing all the
%$information for every Gauss point is:

gen_ truestrain(:,ngp _global) = gen truestrainGP;

% Rename the stresses in the generalized stress vector for this
%element:

sigma 0 = gen sigmaGP(1l);

sigma n = zeros(nscales,1);

gradsigma n = zeros(nscales,l);

for is=l:nscales
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sigma n(is) = gen sigmaGP(2*is); % micro-stresses

gradsigma n(is) = gen sigmaGP(2*is+l); % double-stresses
end
auxsigma = sigma O0;
for is=l:nscales
auxsigma = auxsigma - sigma n(is);
end
% Calculate the nodal internal forces
fe int(l:nne) = fe int(l:nne) + Bscript*auxsigma*Jac xi...

*mesh.area*qwt (1) ;

o°

for is=l:nscales
ind = l+nne*is;
fe int(ind: (ind+nne-1)) = fe int (ind: (ind+nne-1)) +
( N*sigma n(is) + Bscript*gradsigma n(is) )
*Jac_xi*h n(is)*thick n(is)*qwt (1i);
end

)

°

ngp_global = ngp global + 1;

end % end element mass matrix for enriched element
% Scatter the force

% Indices of rows and columns for each type of dof:
i 0 = conn;

fint (i 0) = fint(i_0) + fe_int(l:nne);
for is=l:nscales

i n = mesh.nn*is+conn;

ind = l+nne*is;

fint (i n) = fint(i n) + fe int(ind: (ind+nne-1));
end

o\

end
end
%% Returns a 2x1 matrix that gives the derivative of the shape functions.
function [dN] = getGradN (xi)
% x1 is not necessary for linear shape functions.
dN = 1/2*[-1 , 11°';
% Note: dN is a COLUMN vector: 2x1 matrix (instead of 1x2 as in the
$book)
end
%% Returns the generalized stress according to chosen constitutive law
function [gen sigmaGP] = getGenStress(ngp global,dt,matprops,l n,h n,...
thick n,nscales,old,gen D,sigygp 0)
The generalized stresses for this ELEMENT are given by the vector:

o\

oe

% | sigma” (0) | <-——- macro stress

% | sigma” (1) | <-—-- micro stress (1)
% | sigma-sigma” (1) | <--- double-stress (1)
% | sigma” (2) | <-—-- micro stress (2)
%gen_sigmaGP = | sigma-sigma” (2) | <--- double-stress (2)
% | |

% | |

S I . |

% | sigma” (n) | <--- micro stress (n)
% | sigma-sigma” (n) | <--- double-stress (n)

o\

oe

% Read material properties for every scale:

youngsC 0 = matprops(1l,1);
youngsC n = zeros (nscales,1);
youngsB n = zeros(nscales,1);
rho n = zeros(nscales,1);
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for iscale=l:nscales
youngsC n(iscale) = matprops(l+iscale,1);
youngsB n(iscale)= matprops (l+iscale,2);
rho n(iscale) = matprops(l+iscale,3);

end

Cmat = zeros((l+2*nscales), (1+2*nscales));

Cmat (1,1) = youngsC 0;

for i=l:nscales
Cmat (2*i,2*i: (1+2*1i)) [youngsC n (i) , youngsB n (i
Cmat (2*i+1,2*i: (1+2*i))= [youngsB n(i) , youngsC n(

= 1
)
*(h_n(iscale)A2+thick_n(iscale)A2)/12]];

)
d) ooo

nd

o M

o

% Apply the constitutive law
Get the generalized stresses for this Gauss Point before yielding
en sigmaGP = old.gen sigma(:,ngp global) + Cmat * gen D * dt;

o©

d° o° \Q

Get the generalized stresses after yielding
if abs(gen sigmaGP (1)) > sigygp O (ngp_global)
gen sigmaGP (1) = sign(gen sigmaGP (1)) *sigygp 0 (ngp global);
end
end
%% Returns external nodal forces
function [fext] = getFext (t,mesh,nscales)
fext = zeros(mesh.nn* (nscales+1),1);
fext (1) = 1le3 * mesh.area;

oo

end
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CHAPTER 13: Single Crystal Plasticity

-1/2
131 Show that for cubic crystals the unit normal n™ = (h* +k* +1%) ™ (he, + ke, +1e;).

Solution to 13.1

Beginning with the definition of the reciprocal lattice vector,
g™ =hb* +kb? +Ib°

The reciprocal bases are given by,

bt — a,x8; _ &
a,-(a,xa,) a-(a,xa,)
h2—_ d%& a,
a,-(a,xa;) a-(a,xa,)
b3 = qxa, 83

a,-(a,xa;) a-(a,xa,)
Thus, the reciprocal lattice vector is given by,

hkl — 1
a,-(a, xa)

g (ha, +ka, +la,)

In a cubic crystal, all lattice vectors are of equal length, say a, therefore,

g™ =i2(he1 +ke, +le;)

a
The inverse of its norm is given by,
2
|t a
g L2 L2 12
Jh2 + k2 +1
The unit normal is therefore,
hkd hid |71 hid 1
n =‘g ‘ g™ = (he, +ke, +le,)
Jh2 + K2 412
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Which proves that the normal vector is in the direction [hKI].

13.2  Show that according to Fig. 13.10 F* =V, and R, =R", where F’ = V/R,.

Solution to 13.2

Intermediate | Intermediate
(Shear slip) __
-
= | Polar

Undeformed |

IntermediateT
(Shear slip + Lattice rotati

Two definitions are of interest,

F=FF’ soF=(VR,)F’, and

F=F°F", with F* symmetric
Now, configurations Intermediate Il and Intermediate-Polar both follow from

Intermediate | by rigid rotations only, R* and R; respectively. Going from Intermediate

Il and Intermediate-Polar to the deformed configuration only symmetric tensors are to be

used, F® and Vle respectively. Since Intermediate Il and Intermediate-Polar follow
from intermediate 1 by rigid rotation, symmetric F° and V,° must describe the same
total elastic stretching of the crystal that yields the final configuration. That is, F* =V} .

But then Vf'1 maps into intermediate Il from the deformed configuration, just as Fet
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does. In this manner, intermediate Il and intermediate-Polar must be the same

configuration, since Vle'la , a 1-to-1 function, maps to both, and R, = R

13.3  Show that crystalline plasticity is incompressible (Hint: use Eq. 13.5.7).

Solution to 13.3

Beginning with the relation

~e-1. [~ ~e-1.pa -

Ch:DP=) C:pP%y”
Noting that C¢ serves as a metric tensor g on intermediate configuration I, we can write

> ChPye =Y (GiP)j =7 trace(G-P”)y”
where G =g*. Substituting the definition of PZin its covariant form we find,
~ 1 5 5 » 5

pe = E(g 39 @A + A @5 -g) nere
§) s defined with contravariant components, and i‘” with covariant components
Thus,

Z trace( ) Z trace( (g 8@ QR@ 4 [ Q5@ g>)7/a

Y trace(G-P*)y” = Ezatrace((é(“) @A +G-A® @5 -g))Y“

In index notation, and noting that the g lowers an index and G raises an index,

Zatrace(G-ﬁ)“)}; Z trace(§ R, + 7@ @) -

1 -
:Eza(s I(a)n (a) +N |(a)s (0()) O

By the orthogonality of A and 5.
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13.4  Show that the second of Eq. 13.8.5 results from the skew symmetry of Q".

Solution to 13.4

Beginning with the relation,
v
z-_(a) :(O_dev_i_g O_dev _o_der )P dev (Q P* _ P20 )
In index notation,
Z d d d d
Z-_(a) :Gijev P”a (ij EVQ Pa ~o, EVQKJ P”a+(7 EVQ Pa ~0, (3V£2kJ Plk )

Substituting Q=-Q" for the third and fourth terms, and rearranging terms we find,

v
Z'.(a) :O__(_iev P 4 (ijder Pa ijderkiPk;x . der Pa+0 der P )

ij i ki ij
Swapping i and k indices in the second term, and j and k in the third term,
(@) 4 d d d d
- (a eV pa ev a ev a ev * a ev * a
T =0y Pu (O-kj Q P QlkPIj —Gj ijPik + 0 ijpik )
Thus,

z-_(a) — O_dev : Pa

13.5 Find the explicit expression for W, in Eq. 13.5.4, in component form. (Hint: See

derivation in [9].)

Solution to 13.5

Beginning from the definition
L=FF"+FFPFPF
where D + WP =FPFP?,
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Post multiplying by F°,
LF® =F° +F°F°PFP?
Solving for k¢
F*=(D+W)F° —F° (D" + W")
Using the symmetry of F¢we find,
F*=F" =F*(D-W)—(D° - WP )F°

Subtracting the two expressions, for F*

F*(D-W)—(D" - WP )F* =(D+W)F°* -F° (D" + W")
Regrouping terms

(D+DP)F*—F°(D° +D)=(W" - W)F* +F° (W" - W)

Now

where W :(Ifike5jl + 0, 'Ejle)

Thus

Also,

where \7ijkl = (é‘lk Ifjle - IEil<e§j| ) :
Therefore,

W, P =W, + WV (D+ 5")

ijmn ™ mnkl

Hence M, =W,V

ijmn " mnkl .
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13.6 Computer problem.
(a) Write a poly-slip, rate-dependent, single crystal plasticity subroutine, based on Box
13.2 and Table 13.3, to reproduce the results in Fig. 13.11 to Fig. 13.13.
(b) Change the Euler angles to (0°, 60°, 0°) and compare the deformation pattern at
30% nominal strain. Use Box 13.1 to help re-define your slip directions and normals

correctly, or use Table E13.1.

Solution to 13.6 (a)

Here we list a FORTRAN material subroutine, VUMAT to be used in ABAQUS\Explicit.
The results of this code reproduce Fig. 13.11 to Fig. 13.13 based on Box 13.2 and Table
13.3.

The code, however, does not present the details of the ODE solver (ODEINT.inc), since
different available solvers could be chosen from. Nonetheless, the parameters to be

passed in and out of the ODE solver are clearly indicated and setup.

Solution to 13.6 (b)

The same code will be used for this part. Only, Table E13.1 should be used to define the

initial values for slip directions and normals.
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FORTRAN CODE FOR PROBLEM 13.6 %
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This subroutine is the MAIN MATERIAL SUBROUTINE:

It updates: stresses, internal variables (SDV array), and energies

Khalil El1 Khodary <khalile@Raucegypt.edu>
Assistant Professor at the American University in Cairo

subroutine vumat (

Read only -

1 nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal,
stepTime, totalTime, dt, cmname, coordMp, charLength,
props, density, strainInc, relSpinInc,

tempOld, stretchOld, defgradOld, fieldOld,

stressOld, stateOld, enerInternOld, enerInelasOld,

6 tempNew, stretchNew, defgradNew, fieldNew,

s Wb

Write only -

7 stressNew, stateNew, enerInternNew, enerInelasNew )
include 'vaba_param.inc'

include 'DataInitialize.inc'

include 'ElasticStarter.inc'

# LOADING MATERIAL DATA FROM INPUT FILE #
(independent of Element), (nprops = 7*nslip+27)
Note: Not all data in props is loaded here.
Some will be loaded when needed

nslip = int (props (1))
e = props(2)
xnu = props(3)
yield = props (4)
g_source = props (10)
g_immob = props(11)
g_minter = props(12)
g_recov = props (13)
Cp = props(14)
tempR = props(15)
H K = props (16)
xi = props(17)
Chi = props (18)
EM factor = props (20)

b v(l:nslip) = props(21:20+nslip)
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Derived material constants

g = e/ (two* (one + xnu))
twomu = two*g
bulk = e/three/( one - two * xnu )

Note H/K is assumed constant, so temp must stay at tempR
thermal coef = H_K/tempR

Derived Pointers/Flags

ibeginN = 20 + nslip
ibeginS = nslip*3 + ibeginN
#_
# WORKING WITH ELEMENT "k" #
#_ P ——
do k = 1,nblock
Load Internal variables independent of slip system

Psi2l = stateOld( k,1)*pi/180.d0
Psi32 = stateOld( k,2)*pi/180.d0
Psil3 = stateOld( k,3)*pi/180.d0

gamma stateOld( k,4)
temp = stateOld( k,6) + tempR

Load Internal variables dependent on slip system
do j = 1, nslip

tau(j) = stateOld( k,8 + (j-1)*10 )
gdot(j) = stateOld( k,9 + (j-1)*10 )
den_im(3Jj) = stateOld( k,10 + (j-1)*10 )
den m(j) = stateOld( k,11 + (j-1)*10 )
slip n(j,1) = stateOld( k,12 + (j-1)*10 )
slip n(j,2) = stateOld( k,13 + (j-1)*10 )
slip n(j,3) = stateOld( k,14 + (j-1)*10 )
slip s(j,1l) = stateOld( k,15 + (j-1)*10 )
slip s(j,2) = stateOld( k,16 + (j-1)*10 )
slip s(j,3) = stateOld( k,17 + (j-1)*10 )

end do

Compute derived slip-specific mechanical constants
do j = 1, nslip
recip m(j)
ref gdot(j)
end do

one / props(6)
props (7)

if (dt .eq. totalTime) then
do i = 1, nslip

den_im(i)
den m (i)

props (8)
props (9)
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©
©
©
©

do j= 1, 3
slip n(i,j)
slip s(i,3j)
enddo
enddo
endif

props( ibeginN + 3*(i-1) + j )
props( ibeginS + 3*(i-1) + j )

# COMPUTE TOTAL SPIN and RATE OF DEFORMATION
# COMPUTE ROTATION FROM F = RU
# (Rnew is the Transpose of R)

Compute Spin, Dij and Rotation tensors
call getSpinDij (dt,defgradNew(k,:) ,defgradOld(k, :) ,Spin,Dij)
call getRot (defgradNew (k, :) ,stretchNew (k, :) ,Rnew)

Deviatoric Dij tensor
traceDij = Dij (1) + Dij(2) + Dij(3)
Dij _dev(l) = Dij(1l) - traceDij/3.do0
Dij_dev(2) = Dij(2) - traceDij/3.do0
Dij_dev(3) = Dij(3) - traceDij/3.do0
Dij_dev(4) = Dij(4)
Dij_dev (5) Dij(5)
Dij_dev(6) = Dij(6)

SYMMETRIC SCHMID TENSOR (EXPRESSED W.R.T GLOBAL AXES)
This is for the sake of Dij tensor compuations.
do j = 1, nslip
p(j,1) = 0.5d0*(slip_s(j,1)*slip n(j,1) +

1 slip s(j,1)*slip n(j,1))
P(J,2) = 0.5d0*(slip_s(3j,2)*slip _n(j,2) +

1 slip s(j,2)*slip n(j,2))
p(j,3) = 0.5d0*(slip_s(j,3)*slip n(j,3) +

1 slip s(j,3)*slip_n(3j,3))
p(Jj,4) = 0.5d0*(slip_s(j,1)*slip n(j,2) +

1 slip s(j,2)*slip n(j,1))
p(J,5) = 0.5d0*(slip_s(j,2)*slip n(j,3) +

1 slip s(j,3)*slip_n(j,2))
p(j,6) = 0.5d0*(slip_s(j,3)*slip n(j,1) +

1 slip s(j,1)*slip n(j,3))

end do

ANTI-SYMMETRIC SCHMID TENSOR (EXPRESSED W.R.T GLOBAL AXES)
This is for the sake of spin tensor compuations, which are
also computed and expressed w.r.t. Initial (global) Axes
do j = 1, nslip
wl2(j) = 0.5d0 * (slip_s(j,1)*slip n(3j,2) -

1 slip s(j,2)*slip n(j,1))
w23(j) = 0.5d0 * (slip_s(j,2)*slip n(j,3) -
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1 slip s(j,3)*slip n(j,2))
w31l(j) = 0.5d0 * (slip_s(j,3)*slip n(j,1) -

1 slip s(j,1)*slip n(j,3))
end do
©
©
c _________________________________________________
c # PijDij #
C For the Computation of Tau_dot
c _________________________________________________
do j = 1, nslip
PijDijDev(j)= p(j,1)*Dij_dev(1l) + p(j,2)*Dij_dev(2)
1 + p(j,3)*Dij_dev(3) + 2.d0*p(j,4)*Dij_dev (4)
2 +2.d0*p(j,5)*Dij_dev(5) + 2.d0*p(j,6)*Dij_dev(6)
end do
©
C _________________________________________________
C # UPDATE Resolved Shear stress: TAU (alpha) #
C _________________________________________________
©
C Thermal Multiplier

thermal factor = (tempR/temp) **xi
tauR(1l:maxSS) = 0.d0

QQ

Compute Tau Reference (crystal strength)
do j = 1, nslip
do kk = 1,nslip

alphaInt = abs( p(j,1)*p(kk,1) + p(3j,2)*p(kk,2)
1 + P(3j,3)*p(kk,3) + 2.*p(3j,4)*p(kk, 4)
2 + 2.*p(j,5)*p(kk,5) + 2.*p(j,6)*p(kk,6) )/0.5d0
tauR(j) = tauR(j) + alphaInt*g*b_v(kk) *sqgrt(den_im(kk))
enddo
enddo
tauR(1l:nslip) = (tauR(1l:nslip) +yield/EM factor) *thermal factor

©
C Define Integration Parameters to pass to ODEINT (initial value ODE problem)
tauStart(l:nslip) = tau(l:nslip)
NVAR = nslip
Time totalTime - dt
eps = 0.01d0
hmin = dt/24.40
C PACK Parameters into Array PAR to send to tauDot and tauResidual
C These are all required input to solve for the resolved shear stress
PAR (1) = dble(nslip)
PAR ( 2 : NVAR+1 = recip m(l:nslip)

)
PAR ( NVAR+2 : 2*NVAR+1l ) = ref gdot(l:nslip)
PAR ( 2*NVAR+2 : 3*NVAR+1l ) = PijDijDev(l:nslip)
PAR ( 3*NVAR+2 : 4*NVAR+l1l ) = p(l:nslip,1)
PAR ( 4*NVAR+2 : O5*NVAR+1 ) = p(l:nslip,2)
PAR ( 5*NVAR+2 : 6*NVAR+1 ) = p(l:nslip,3)
PAR ( 6*NVAR+2 : 7*NVAR+1l ) = p(l:nslip,4)
PAR ( 7*NVAR+2 : 8*NVAR+l1l ) = p(l:nslip,5)
PAR ( 8*NVAR+2 : O9*NVAR+l ) = p(l:nslip,6)
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PAR ( 9*NVAR+2 : 10*NVAR+1 ) = tau(l:nslip)
PAR (10*NVAR+2 : 11*NVAR+1 ) = tauR(1l:nslip)
PAR (11*NVAR+2) = twomu

PAR (size(PAR,1)) = 0.d0 !'This takes the value of time step increment

lhl
C Integrate tauDot using an ODE solver subroutine
call odeint (tauDot, tauResidual, tauStart, NVAR,
1 Time, Time + dt, eps, dt, hmin, PAR)
C Update Tau
tau(l:nslip) = tauStart(l:nslip)

Q0a0an

do j = 1, nslip
C Power-law
gdot(j) = ref gdot(j)*(tau(j)/tauR(j))*

1 (abs (tau(j)/tauR(j))) ** (recip m(j)-1.)
end do
C _________________________________________________
© # COMPUTE PLASTIC RATES OF DEFORMATION & SPIN #
C _________________________________________________

C Initialize Values

D11 p = 0.d0
D22 p = 0.d0
D33 p = 0.d0
D12 p = 0.d0
D23 p = 0.d0
D31 p = 0.d0
spin_pl2 = 0.d0
spin_p23 = 0.d0
spin_p31 = 0.d0
spin_21 = Spin(1l)
spin_32 = Spin(2)
spin_13 = Spin(3)
spin_12 =-Spin(1l)

spin_23 =-Spin(2)
spin_31 =-Spin(3)
do j =1 , nslip
C Plastic Deformation Rate,
if (abs(gdot(j)) .gt.abs(ref gdot(j))) then
D1l p = D11 p + p(j,1)*gdot(j)
D22 p = D22 p P(j,2)*gdot(3)
D33 p D33 p p(3,3) *gdot (j)
D12 p = D12 p p(3j,4) *gdot (j)
D23 p = D23 p p(3j,5) *gdot (3)
D31 p = D31 _p p(j,6)*gdot(3)
spin_pl2 = spin pl2 + wl2(]j)*gdot(])
spin_p23 = spin_p23 + w23 (]j) *gdot(j)
spin_p31 = spin_p31 + w31 (Jj)*gdot(j)

+ + + + +

endif
end do
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spin_p2l = -spin_pl2
spin_pl3 = -spin_p31
spin_p32 = -spin_p23
spin_e2l = spin_21 - spin_p21
spin_el2 = -spin_e21
spin_e32 = spin_32 - spin_p32
spin_e23 = -spin_e32
spin_el3 = spin_13 - spin pl3
spin_e3l = -spin_el3
©
C _________________________________________________
© # UPDATE/NORMALIZE SLIP NORMALS AND DIRECTIONS #
© NOTE: STILL REFERENCED TO GLOBAL AXES
C _________________________________________________
do j =1, nslip
C n_dot and s_dot,
an_dotl = spin_el2*slip n(j,2) + spin_el3*slip n(j,3)
an_dot2 = spin_e2l*slip n(j,1l) + spin_e23*slip n(j,3)
an_dot3 = spin_e3l*slip n(j,1l) + spin_e32*slip n(j,2)
as_dotl = spin_el2*slip s(j,2) + spin_el3*slip s (j,3)
as_dot2 = spin_e2l*slip s(j,1l) + spin_e23*slip s (j,3)
as_dot3 = spin_e3l*slip s(j,1l) + spin_e32*slip s (j,2)
C n and s updated
slip n(j,1) = slip n(j,1l) + an_dotl*dt
slip n(j,2) = slip n(j,2) + an_dot2*dt
slip n(j,3) = slip n(j,3) + an_dot3*dt
slip s(j,1) = slip_s(j,1) + as_dotl*dt
slip s(j,2) = slip_s(j,2) + as_dot2*dt
slip s(j,3) = slip_s(j,3) + as_dot3*dt

end do

Q

Normalize slip vectors to unit magnitude

call unit_vector( 3,nslip,slip n,slip_s)

el ol eI e e NNe!

C Cauchy Stress

Rnew = Transpose (Rnew)

call ROTATE (stressNew(k, :) ,Rnew,stressOld(k,1l) ,stress0Old(k,2),
1 stressOld(k,3) ,stressOld(k,4) ,stressOld(k,5),
2 stressOld (k,6) )

sigGLBl1 = stressNew(k,1)

sigGLB2 = stressNew(k,2)

sigGLB3 = stressNew(k, 3)

R*S (corot) *RAT

# EXPRESS THE ROTATED STRESS AT BEGINNING OF INCREMENT
# AS CAUCHY STRESS:: S =
# NOTE: RNEW is the Transpose of that in F=R*U

,for R =

FU~-1

#
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sigGLB4 stressNew (k, 4)
sigGLB5 stressNew (k, 5)
sigGLB6 = stressNew(k, 6)
Rnew = Transpose (Rnew)

C COMPUTE THE DEVIATORIC PARTS

press = ( sigGLBl + sigGLB2 + sigGLB3 )/3.d0
sigGLBl = sigGLBl - press
sigGLB2 = sigGLB2 - press
sigGLB3 = sigGLB3 - press
©
c _________________________________________________
© # UPDATE CAUCHY STRESSES #
c _________________________________________________
C COMPUTE THE NON-CONSTITUTIVE PART OF STRESS RATE: "SIGMA.W* - W*.SIGMA"
oll = - 2.d0*( spin_el2*sigGLB4 + spin_el3*sigGLB6 )
022 = - 2.d0*( spin_e21*sigGLB4 + spin_e23*sigGLB5 )
033 = - 2.d0*( spin_e31*sigGLB6 + spin_e32*sigGLBS5 )
ol2 = spin_el2*sigGLBl - spin_el2*sigGLB2 -
1 spin_el3*sigGLB5 - spin_e23*sigGLB6
023 = spin_e23*sigGLB2 - spin_e23*sigGLB3 -
1 spin_e2l*sigGLB6 - spin_e31*sigGLB4
o31 = spin_el3*sigGLBl - spin_el3*sigGLB3 -
1 spin_e32*sigGLB4 - spin_el2*sigGLB5
©
C UPDATE THE CAUCHY STRESSES, BUT EXPRESSED W.R.T. GLOBAL AXES
sigGLBl = sigGLBl + dt*oll + twomu*dt* (Dij_dev(1l)-D11 _p)
sigGLB2 = sigGLB2 + dt*o022 + twomu*dt* (Dij_dev(2)-D22 p)
sigGLB3 = sigGLB3 + dt*o33 + twomu*dt* (Dij_dev(3)-D33_p)
sigGLB4 = sigGLB4 + dt*ol2 + twomu*dt* (Dij_dev(4)-D12_ p)
sigGLB5 = sigGLB5 + dt*o023 + twomu*dt* (Dij_dev(5)-D23_p)
sigGLB6 = sigGLB6 + dt*o3l + twomu*dt* (Dij_dev(6)-D31_p)
©
C _________________________________________________
© # UPDATE TEMPERATURE AND PLASTIC WORK INC#
C _________________________________________________
C (Deviatoric) StressPower,
DijSij = sigGLB1*D1l p + sigGLB2*D22 p +
1 sigGLB3*D33 p + 2.d0*sigGLB4*D12 p +
2 2.d0*sigGLB5*D23 p + 2.d0*sigGLB6*D31 p

C Update plastic work from stress power
plasticWorkInc = dt*abs(DijSij)

eta = density (k) *Cp

C Adiabatic Temp Update,
tempInc = plasticWorkInc/eta* Chi

C Update normal stress components with volumetric part
press = press + bulk*dt* (traceDij)

sigGLBl = sigGLBl + press
sigGLB2 sigGLB2 + press
sigGLB3 sigGLB3 + press
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# STORE UPDATED COROTATIONAL STRESS :: RAT*S*R

call ROTATE (stressNew (k, :) ,Rnew,sigGLB1l,sigGLB2,sigGLB3,
1 sigGLB4,sigGLB5,sigGLB6)

Define Integration Parameters to pass to ODEINT (initial value ODE problem)
eps = 0.05d0
hmin dt/24.d0
Time totalTime - dt
NVAR = 2

Reset PAR
PAR( 1: size(PAR,1) ) = 0.d0
PACK Parameters into Array PAR to send to rhoDot and rhoResidual
PAR ( = dble(nslip)
PAR ( = g_source
PAR ( g_immob
PAR ( g_minter
PAR ( g_recov
(
(
(
(

(S RNV SR
—_—— -
Il

PAR 6 ) = thermal coef

PAR 11 3 nslip+10 ) = gdot(l:nslip)

PAR nslip+1ll : 2*nslip+10 ) = b_v(l:nslip)

PAR size (PAR,1) ) = 0.d0!'This later takes on a value'h'

Call rho_dot integrator 'nslip' times
do j = 1, nslip
rhoStart(l) = den_im(j) 'Rho_im Starting Value
rhoStart(2) = den _m(j) 'Rho_ m Starting Value
PAR ( 2*nslip+11 ) = dble(j) 'assigns jslip
PAR (2*nslip+12:2*nslip+13) = rhoStart(1l:2)

Call Nested Subroutines for Adaptive RK5 Integration or Back Euler
call odeint(rhoDot,rhoResidual,rhoStart, NVAR,
1 Time, Time + dt, eps, dt, hmin, PAR )
den_im(j) = rhoStart(l) 'Rho_im Updated Value
den m(j) = rhoStart(2) 'Rho_ m Updated Value
end do

Reset PAR
PAR( 1: size(PAR,1) ) = 0.d0

Increment in shear slip:: Using an 'effective' measure;
dgamma = dt*sqrt([D_p]:[D_p])
dgamma = dt*sqrt(( D11l_p**2.d40 + D22 p**2.d0 + D33 p**2.d0+
1 2.d0*D12 p**2.d0 +2.d0*D23 p**2.d0 +2.d0*D31_p**2.d0 ))
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Internal variables not dependent on slip system
Psi2l1 = Psi2l + spin_e2l*dt

Psi32 = Psi32 + spin_e32*dt
Psil3 = Psil3 + spin_el3*dt
stateNew( k,1) = Psi2l1*(180.d0/pi) 'Angle2l that Slip systems rotated,
stateNew( k,2) = Psi32*(180.d0/pi) 'Angle32 that Slip systems rotated,
stateNew( k,3) = Psil3*(180.d0/pi) 'Anglel3 that Slip systems rotated,
stateNew( k,4) = stateOld( k,4) + dgamma !New Shear Slip,
stateNew( k,5) = sum(tauR(l:nslip))/nslip !New Reference Tau
stateNew( k,6) = stateOld( k,6) + tempInc !New Temperature
©
C Internal variables dependent on slip system
do j = 1, nslip !Loop over slip-system alpha:
stateNew( k,8 + (j-1)*10 ) = tau(j) !'shear stress
stateNew( k,9 + (j-1)*10 ) = gdot(]j) !shear strain-rate
stateNew( k,10 + (j-1)*10 ) = den_im(Jj) !'rho mobile
stateNew( k,11 + (j-1)*10 ) = den _m(j)'rho immobile
stateNew( k,12 + (j-1)*10 ) = slip n(j,1)'slip plane normal (x)
stateNew( k,13 + (j-1)*10 ) = slip n(j,2)'slip plane normal (y)
stateNew( k,14 + (j-1)*10 ) = slip n(j,3)!'slip plane normal (z)
stateNew( k,15 + (j-1)*10 ) = slip s(j,1)!'slip direction (x)
stateNew( k,16 + (j-1)*10 ) = slip_s(j,2)'!'slip direction (y)
stateNew( k,17 + (j-1)*10 ) = slip_s(j,3)!'slip direction (z)
end do
C _________________________________________________
© # UPDATE THE ENERGIES #
C _________________________________________________

C Update the dissipated inelastic specific energy -
enerInelasNew( k) = enerInelasOld( k) +
1 plasticWorkInc / density( k)
C Update the specific internal energy -
stressPower = half * (

1 ( stressOld( k,1)+stressNew( k,1) ) * (Dij(1l) - D11_p)*dt +
2 ( stressOld( k,2)+stressNew( k,2) ) * (Dij(2) - D22 p)*dt +
3 ( stressOld( k,3)+stressNew( k,3) ) * (Dij(3) - D33_p)*dt ) +
4 ( stressOld( k,4)+stressNew( k,4) ) * (Dij(4) - D12 _p)*dt +
5 ( stressOld( k,5)+stressNew( k,5) ) * (Dij(5) - D23_p)*dt +
6 ( stressOld( k,6)+stressNew( k,6) ) * (Dij(6) - D31 _p)*dt
©
enerInternNew( k) = enerInternOld( k)
1 + stressPower / density( k)
enddo
return
end
C #

include 'TensorSubs.inc'
include 'UpdateRhos.inc'
include 'UpdateTaus.inc'
include 'ODEINT.inc'
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C ElasticStarter.inc
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THIS LOOP IS FOR ABAQUS TO COMPUTE INITIAL ELASTIC WAVE SPEED
khkkhkkhkkkhkkhkhkkhkhkkhkhkhkkhkhkkhkhkkkhkhkkhkhkkhkkkhkhkkhkhkkhkkhkhkkkhkkhkhkkhkhkkhkkhkkhkhkhkkhkhkkhkhkhkkhkhkkhkkkkxxkx
if ( totalTime .eq. zero ) then

do k = 1,nblock

material properties not dependent on slip system
e = props(2)
xnu = props(3)

derived mechanical constants

g = e/ (two* (one + xnu))
twomu = two*g
bulk = e/three/( one - two * xnu )

Trial/Elastic stress

trace = (strainInc(k,l) + strainInc(k,2) + strainInc(k,3))
stressNew(k,1l) = stressOld(k,1)
1 + twomu * strainInc(k,l) + bulk * trace
stressNew(k,2) = stressOld(k, 2)
1 + twomu * strainInc(k,2) + bulk * trace
stressNew(k,3) = stressOld(k, 3)
1 + twomu * strainInc(k,3) + bulk * trace
stressNew(k,4) = stressOld(k,4) +
1 twomu * strainInc(k,4)
stressNew(k,5) = stressOld(k,5) +
1 twomu * strainInc(k,5)
stressNew(k,6) = stressOld(k,6) +
1 twomu * strainInc(k, 6)
enddo
return
endif

khkhkhkhkhkhkhkhkhkhkhkhkkkkhkhkhkkhkkhkkhkkhkkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkkkkkkkx

THIS LOOP IS FOR ABAQUS TO COMPUTE INITIAL ELASTIC WAVE SPEED
hkhkhkkhkkhkhkkkkkkhkkhkhhhhhkhhhhhkhkhkhhhhhhhhhhkkkkkkkkkkkhkkkkkhkkkx
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C Datainitialize.inc

C f$===== ==== ==== ===
c

c

ABAQUS-SPECIFIC ARRAYS/VARIABLES

dimension coordMp (nblock,*), charLength(nblock),
props (nprops) ,density(nblock), strainInc(nblock,ndir+nshr),
relSpinInc(nblock,nshr), tempOld(nblock),
stretchOld (nblock,ndir+nshr),
defgradOld(nblock,ndir+nshr+nshr),
fieldOld (nblock,nfieldv), stressOld(nblock,ndir+nshr),
stateOld (nblock,nstatev), enerInternOld(nblock),
enerInelasOld(nblock), tempNew(nblock),
stretchNew (nblock,ndir+nshr),
defgradNew (nblock,ndir+nshr+nshr) ,
fieldNew (nblock,nfieldv),
stressNew (nblock,ndir+nshr), stateNew(nblock,nstatev),
enerInternNew (nblock), enerInelasNew (nblock)
character*80 cmname

WP, OOOJd U WNRK

C # ========§ CRYSTAL PLASTICITY ARRAYS/VARIABLES #i==============
real*8, PARAMETER:: zero = 0.d0O,one = 1.d0,two = 2.d0,
1 three = 3.d0,half = 0.5d0,pi = 3.141592654d0
C Integer Scalars
integer, parameter:: maxSS = 14
integer 1i,j,k,kk, nslip, NVAR,IBEGINN, IBEGINS, IER

Q

Real Scalars
real*8 g source, g_immob, g minter, g _recov, thermal coef
real*8 tauOld,g,e,xnu,trace,yield
real*8 Cp, tempR, H k, xi, Chi, alphaInt, EM factor
real*8 TWOMU,BULK, PSI21
real*8 PSI32, PSI13, GAMMA, TEMP
real*8 TRACEDIJ, THERMAL_ FACTOR, STRESSPOWER
real*8 TIME, EPS, HMIN, PRESS, DIJSIJ
real*8 D11 _P, D22 P, D33 P, D12 P, D23 P, D31_P
real*s8 SPIN_21, SPIN_32, SPIN_13,SPIN_12, SPIN_23, SPIN_31
real*s8 SPIN_ P12, SPIN_P23, SPIN P31, SPIN P21, SPIN P32, SPIN_ P13
real*s8 SPIN_E12, SPIN_E23, SPIN E31, SPIN E21, SPIN E32, SPIN E13
real*s AN DOT1, AN DOT2, AN_DOT3, AS DOT1, AS_DOT2, AS_DOT3
real*8 sigGLBl, sigGLB2, sigGLB3, sigGLB4, sigGLB5, sigGLB6
real*8 011, 022, 033, 012, 023, 031
real*8 PLASTICWORKINC, ETA, TEMPINC, DGAMMA,6 SNRM2
©
C Vectorial/Matrix Definitions
real*8 Dij dev(6) ,wl2 (maxSS) ,w23 (maxSS), w3l (maxSS) ,Dij(6)
real*8 slip n(maxSS,3),slip_ s (maxSS, 3),p(maxSs, 6)
real*8 Spin(3) ,PijDijDev (maxSS) ,Rnew(3,3),6 tauStart (maxSs)
real*8 rhoStart(2), tau(maxSS), recip_m(maxSS) ,h TAUR (maxSS)
real*8 den_im(maxSS) ,den_m(maxSS) ,PAR(10*maxSS+4)
real*8 ref gdot(maxSS),gdot(maxSS),b_v(maxSS),hPijDi]j(maxSS)

external tauDot, tauResidual, rhoDot, rhoResidual
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C Computes tau dot

@ Define the system of nonlinear differential equations for each
@ active slip-system (k)

@ tau_dot (k) = 2*mu*Pij (k) *[Dij_dev - Dij_p_ dev]

G Dij_p_ dev = Pij(n) *gamma_dot (n)

c gamma_dot(n) = ref gamma dot(n)*[tau(n)/tau_r(n)]**(1/m)
C #=

subroutine tauDot ( y, yprime, PAR)
include 'vaba_param.inc'
integer, parameter:: maxSS = 14
integer nslip, i, jJj
real*8 TWOMU, DUMMY
real*8 PAR(10*maxSS+4)
real*8 p(maxSS,6), TAUR (maxSS)
real*8 recip m(maxSS), ref gdot(maxSS), PijDijDev (maxSS)
real*8 y(maxSS), yprime (maxSS), r(maxSS), g(maxSS)
C UN-PACK Parameters from Array PAR

nslip = int( PAR (1) )
recip m(l:nslip) = PAR ( 2 : nslip+1l
ref gdot(l:nslip) = PAR ( nslip+2 : 2*nslip+1
PijDijDev(l:nslip) = PAR ( 2*nslip+2 : 3*nslip+l
p(l:nslip,1) = PAR ( 3*nslip+2 : 4*nslip+1l
p(l:nslip,2) = PAR ( 4*nslip+2 : 5*nslip+1l
p(l:nslip, 3) = PAR ( 5*nslip+2 : 6*nslip+1l
p(l:nslip,4) = PAR ( 6*nslip+2 : 7*nslip+1l
p(l:nslip,5) = PAR ( 7*nslip+2 : 8*nslip+1l

p(l:nslip, 6) PAR ( 8*nslip+2 : 9*nslip+l
tauR(1l:nslip) PAR (10*nslip+2 :11*nslip+l
twomu = PAR (ll*nslip+2)

dummy = 0.0

do i = 1, nslip

~ N N e e N N N N S

n~

r(i) ((abs(y(i) /tauR(i))) **(recip m(i)-1.0)) *
1 (y (i) /tauR(i))
g(i) = 0.0
end do
do i = 1, nslip
do j = 1, nslip
dummy = r(j)*ref_gdot(3j) * ( p(i,1)*p(j,1) +
1 P(i,2)*p(j,2) +
2 P(i,3)*p(3,3) +
3 2.%p(i,4)*p(3,4) +
4 2.*%p(i,5)*p(j,5) +
5 2.*%p(i,6)*p(3,6) )
g(i) = g(i) + dummy
end do
end do

do i = 1, nslip
yprime (i) = twomu* ( PijDijDev (i) - g(i) )
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end do
return
end
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subroutine tauResidual (y,f,n,PAR)

include 'vaba_param.inc'

integer, parameter:: maxSS=14

integer n, nslip, i

real*8 dt

real*8 y(n), yold(n), yprime(n), f£(n), PAR(10*maxSS+4)

C UN-PACK Parameters from Array PAR

nslip = int( PAR(1l) )

yold(l:n) = PAR ( 9*nslip+2 :10*nslip+l )
dt = PAR ( size (PAR,1l) )

call tauDot( y, yprime, PAR)

doi=1,n

f(i) = y(i)-yold(i)-dt*yprime (i)

end do

return
end
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Computes dRho_m(alpha)/dt and dRho_im(alpha)/dt

subroutine rhoDot (y,yprime, PAR)
include 'vaba_param.inc'

C Integer Scalar

integer,parameter:: maxSS = 14
integer NSLIP, JSLIP

C Real Scalar

real*8 G_SOURCE, G_IMMOB, G_MINTER, G_RECOV, THERMAL_COEF
real*8 ABSGDOT, Cl, C2, C3, C4, C5

C Vectorial/Matrix Definitions

real*8 y(2) ,yprime(2), gdot(maxSS), b_v(maxSS)
real*8 PAR(10*maxSS+4)

C Un-PACK Parameters from Array PAR

nslip = int ( PAR(1l) )

g_source = PAR ( 2 )

g_immob = PAR ( 3 )

g_minter = PAR ( 4 )

g_recov = PAR ( 5 )

thermal coef = PAR ( 6 )

gdot (1l:nslip) = PAR ( 11 g nslip+10 )
b v( 1l:nslip) = PAR ( nslip+ll : 2*nslip+10 )
jslip = int ( PAR ( 2*nslip+11 ) )

C Compute Local Parameters

1

1

absGdot = abs (gdot(jslip))
cl = g_immob/b_v(jslip)

c2 = g_recov
c3 = g minter*y(2)
c4 = g_source/(b_v(jslip)*b_v(jslip))

c5 = - thermal coef
yprime (1) = absGdot* ( -c2*exp(c5)*y (1)

<+

c3*exp (c5)
+ cl*sqrt(y (1)) )
c3*exp (c5)
- cl*sqrt(y(1)) )

yprime (2) = absGdot* ( cd*y (1) /y(2)

return
end

'rho_im dot

'rho m dot
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subroutine rhoResidual(y,f,n,PAR)

include 'vaba_param.inc'

integer, parameter:: maxSS=14

integer n, nslip

real*8 dt

real*8 y(n),yold(n),yprime(n) ,£f(n) ,PAR(10*maxSS+4)

Un-PACK relevant parameters from Array PAR

nslip = int ( PAR(1l) )
yold(1l:n) PAR (2*nslip+12:2*nslip+13)
dt PAR ( size(PAR,1) )

call rhoDot(y,yprime, PAR)
£( 1) = y( 1) - yold( 1) - dt*yprime( 1)
£( 2) = y( 2) - yold( 2) - dt*yprime( 2)

return
end
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This subroutine rescales all slips directions and normals to unity

subroutine unit_vector(m,n,slipn,slips)
include 'vaba_param.inc'

integer n, m, i, k, j
real*8,dimension(n,m) :: slipn, slips
real*8 anorm n, anorm_s, sum n, sum_ s

sum n = 0.0

sum_s = 0.0
doi=1,n
dok =1, m
sum_ n = sum n + (abs(slipn(i,k)))**2.
sum_s = sum s + (abs(slips(i,k)))**2.
end do
anorm n = sqrt(sum_n)
anorm_s = sqrt(sum_s)
do j=1, m
slipn(i,j) = slipn(i,j)/anorm n
slips(i,j) = slips(i,j)/anorm_s
end do
sum n = 0.0
sum s = 0.0
end do
return
end
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subroutine rotate (stressNew,Rnew,sigGLB1l,sigGLB2,sigGLB3,
1 sigGLB4,sigGLB5,sigGLB6)
include 'vaba_param.inc'

C Real Scalar

real*8 stressNew(6), Rnew(3,3),sigGLBl,sigGLB2,sigGLB3
real*8 sigGLB4,sigGLB5,sigGLB6

stressNew(l) =

1 Rnew(1l,1)**2 .d0*sigGLB1+2.d0*Rnew(1,1) *Rnew(1,2) *sigGLB4+

2 2.d0*Rnew(1,1) *Rnew(1,3) *sigGLB6+Rnew(1,2) **2 . d0*sigGLB2+

3 2.d0*Rnew(1,2) *Rnew(1,3) *sigGLB5+Rnew(1,3) **2 .d0*sigGLB3
stressNew (2) =

1 Rnew(2,1) **2 . d0*sigGLB1+2.d0*Rnew (2,1) *Rnew (2,2) *sigGLB4+

2 2.d0*Rnew(2,1) *Rnew (2, 3) *sigGLB6+Rnew (2,2) **2 . d0*sigGLB2+

3 2.d0*Rnew(2,2) *Rnew (2, 3) *sigGLB5+Rnew (2,3) **2 .d0*sigGLB3
stressNew(3) =

1 Rnew(3,1) **2 . d0*sigGLB1+2.*Rnew (3,1) *Rnew (3,2) *sigGLB4+

2 2.d0*Rnew(3,1) *Rnew (3, 3) *sigGLB6+Rnew (3,2) **2 . d0*sigGLB2+

3 2.d0*Rnew(3,2) *Rnew (3,3) *sigGLB5+Rnew (3,3) **2 .d0*sigGLB3
stressNew (4) =
1 Rnew(1l,1) *Rnew(2,1) *sigGLBl1+Rnew (1,1) *Rnew (2,2) *sigGLB4+
2 Rnew(1l,1) *Rnew (2, 3) *sigGLB6+Rnew (1,2) *Rnew (2,1) *sigGLB4+
3 Rnew(1,2) *Rnew (2,2) *sigGLB2+Rnew (1,2) *Rnew (2, 3) *sigGLB5+
4 Rnew(1l,3) *Rnew (2,1) *sigGLB6+Rnew (1, 3) *Rnew (2,2) *sigGLB5+
5 Rnew (1, 3) *Rnew (2, 3) *sigGLB3
stressNew (5) =
1 Rnew(2,1) *Rnew (3,1) *sigGLB1+Rnew (2,1) *Rnew (3,2) *sigGLB4+
2 Rnew (2,1) *Rnew (3, 3) *sigGLB6+Rnew (2,2) *Rnew (3,1) *sigGLB4+
3 Rnew (2,2) *Rnew (3,2) *sigGLB2+Rnew (2, 2) *Rnew (3, 3) *sigGLB5+
4 Rnew (2, 3) *Rnew (3,1) *sigGLB6+Rnew (2, 3) *Rnew (3,2) *sigGLB5+
5 Rnew (2, 3) *Rnew (3, 3) *sigGLB3
stressNew (6) =
1 Rnew(1l,1) *Rnew(3,1) *sigGLBl1+Rnew(1l,1) *Rnew (3,2) *sigGLB4+
2 Rnew(1l,1) *Rnew (3, 3) *sigGLB6+Rnew(1,2) *Rnew (3,1) *sigGLB4+
3 Rnew(1l,2) *Rnew (3,2) *sigGLB2+Rnew(1,2) *Rnew (3, 3) *sigGLB5+
4 Rnew(1l,3) *Rnew(3,1) *sigGLB6+Rnew (1, 3) *Rnew (3,2) *sigGLB5+
5 Rnew (1, 3) *Rnew (3, 3) *sigGLB3
return
end
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This subroutine computes the spin and deformation rate

subroutine getSpinDij (dt, fNew, £0l1d,Spin,Dij)
include 'vaba_param.inc'

C Real Scalar

real*8 F11DD,F22DD,F33DD,F12DD,F23DD,F31DD,F21DD,F32DD,F13DD
real*8 F11DI,F22DI,F33DI,F12DI,F23DI,F31DI,F21DI,F32DI,F13DI
real*8 F11DV,F22DV,F33DV,F12DV,F23DV,F31DV,F21DV,F32DV,F13DV
real*8 VGl1l, VG22, VG33, VG12, VG23, VG31, VG21, VG32, VG13
real*8 fdet, dt
C Vectorial/ Matrix Definitions
real*8 fNew(9) ,£f01d(9),Spin(3) ,Dij(6)

£0l1d(
£0l1d(
£0l1d(
£0l1d(

- fold(
- fold(
- fold(
- fold(
- fold(

1)
2)
3)
4)
5)
6)
7)
8)
9)

) /dt
) /dt
) /dt
) /dt
) /dt
) /dt
) /dt
) /dt
) /dt

(£11dd*£22dd*£33dd - £11dd*£f23dd*£f32dd-
£21dd*£12dd*£33dd + £21dd*f13dd*£f32dd+

Spin(1l) = 0.d0
Spin(2) = 0.d0
Spin(3) = 0.d0
Dij(1) = 0.dO
Dij(2) = 0.dO
Dij(3) = 0.dO
Dij(4) = 0.dO
Dij(5) = 0.dO
Dij(6) = 0.dO
C F_ij and F_dot_ij:
f1ldd = fNew( 1)
£22dd = fNew( 2)
£f33dd = fNew( 3)
£f12dd = fNew( 4)
£f23dd = fNew( 5)
£f31dd = fNew( 6)
£f21dd = fNew( 7)
£f32dd = fNew( 8)
£f13dd = fNew( 9)
flldv = ( fNew( 1)
f22dv = ( fNew( 2)
£33dv = ( fNew( 3)
fl12dv = ( fNew( 4)
£f23dv = ( fNew( 5)
£f31ldv = ( fNew( 6)
f21dv = ( fNew( 7)
£f32dv = ( fNew( 8)
£f13dv = ( fNew( 9)
fdet =
1
2

£31dd*£12dd*£23dd - £31dd*£13dd*£22dd)
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C inv(F_ij)

£11di = ( £22dd*£f33dd - £23dd*£f32dd )/ fdet
£22di = ( £11dd*£f33dd - £f13dd*£f31dd )/ fdet
£33di = ( £11dd*f22dd - £12dd*f21dd )/ fdet
£12di = ( -£f12dd*£f33dd + £13dd*£32dd )/ fdet
£23di = ( -£f11dd*£f23dd + £f13dd*f21dd )/ fdet
£31di = ( £21dd*£f32dd - £22dd*£f31dd )/ fdet
£21di = ( -£f21dd*£f33dd + £23dd*£f31dd )/ fdet
£32di = ( -£f11dd*£f32dd + £12dd*£f31dd )/ fdet
£13di = ( £12dd*f23dd - £f13dd*f22dd )/ fdet
C L ij = F_dot_ik * inv(F_kJj)
vgll = f11ldv*£f11di+£f12dv*£21di+£13dv*£31di
vg22 = £21dv*£f12di+£22dv*£22di+£23dv*£32di
vg33 = £31dv*£f13di+£32dv*£23di+£33dv*£33di
vgl2 = flldv*£f12di+£f12dv*£22di+£13dv*£32di
vg23 = £21dv*£f13di+£f22dv*£23di+£23dv*£33di
vg3l = £31dv*f11di+£32dv*£f21di+£33dv*£31di
vg2l = £21dv*f11di+£f22dv*£f21di+£23dv*£31di
vg32 = £31dv*f12di+£32dv*£f22di+£33dv*£32di
vgl3 = f11dv*£f13di+£f12dv*£23di+£f13dv*£33di
C Wij = asym(L_ij)
Spin (1) = 0.5d0* (vg2l - wvgl2)
Spin(2) = 0.5d0* (vg32 - wvg23)
Spin(3) = 0.5d0* (vgl3 - wvg31)
C Dij = sym(L_ij)
Dij (1) = vgll
Dij(2) = wvg22
Dij(3) = wvg33
Dij(4) = 0.5d0*(vg2l + vgl2)
Dij(5) = 0.5d0*(vg32 + vg23)
Dij(6) = 0.5d0*(vgl3 + vg3l)
return
end
©
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This subroutine computes the Element Rotation Matrix
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subroutine getRot (fNew,strtchNew, R)
include 'vaba_param.inc'
real*8 fnew(9), strtchNew(9), R(3,3)
real*8 detFU, U1l1,U12,U22,0U23,U31,U33
real*8 F11,F12,F13,F21,F22,F23,F31,F32,F33
C Define Deformation gradient components
F1ll = fNew(1)
F22 = fNew(2)
F33 = fNew (3)
F1l2 = fNew (4)
F23 = fNew(5)
F31 = fNew(6)
F21 = fNew(7)
F32 = fNew(8)
F13 = fNew(9)
© Define Stretch Matrix components
Ull = strtchNew(1l)
U22 = strtchNew(2)
U33 strtchNew (3)
Ul2 = strtchNew(4)
U23 = strtchNew (5)

U31 = strtchNew (6)
C Compute rotation matrix using R = F*inv (U) {Polar decomposition of F}
© Actually, store R_transpose

detFU = Ul1*U22*U33-U11*U23**2_.d0-Ul2**2.d0*U33+

1 2.d0*U31*U12*U23-U22*U31**2.d0
R(1,1) = ( F11*U22*U33-F11*U23**2_d0-F12*Ul12*U33+

1 F12*U23*U31+F13*U12*U23-F13*U22*U31 ) /detFU
R(2,1) = (-F11*Ul2*U33+F11*U23*U31+F12*U11*U33-

1 F12*U31**2 d0-F13*U11*U23+F13*U12*U31) /detFU
R(3,1) = ( F11*Ul2*U23-F11*U22*U31-F12*U11*U23+

1 F12*Ul2*U31+4F13*U1l1*U22-F13*U12**2.d0) /detFU
R(1,2) = ( F21*U22*U33-F21*U23**2_.d0-F22*U12*U33+

1 F22*U23*U31+4F23*U12*U23-F23*U22*U31 ) /detFU
R(2,2) = (-F21*Ul2*U33+F21*U23*U31+F22*U11*U33-

1 F22*U31**2 . d0-F23*U11*U23+4+F23*U12*U31) /detFU
R(3,2) = ( F21*Ul2*U23-F21*U22*U31-F22*U11*U23+

1 F22*Ul2*U31+4F23*U11*U22-F23*U12**2.d0) /detFU
R(1,3) = ( F31*U22*U33-F31*U23**2_.d0-F32*U12*U33+

1 F32*U23*U31+F33*U12*U23-F33*U22*U31 ) /detFU
R(2,3) = (-F31*Ul2*U33+F31*U23*U31+F32*U11*U33-

1 F32*U31**2.d0-F33*Ul1*U23+F33*U12*U31) /detFU
R(3,3) = ( F31*Ul2*U23-F31*U22*U31-F32*U11*U23+

1 F32*Ul2*U31+F33*U1l1*U22-F33*U12**2.d0) /detFU
return
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end
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