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Preface

T

he first edition of Ductile Design of Steel Structures, published in
1998, arrived at a time when the structural design practice was
undergoing important changes. Most significantly, the impact
of the Northridge and Kobe earthquakes was still being felt in the
engineering community, and substantial shifts in philosophy for the
seismic design of steel structures were underway. This led to numerous and frequent changes to the relevant seismic design and detailing
provisions for steel structures in many codes and design standards—
all while the United States completed the process of unifying its three
major regional model design codes into the International Building
Code (first published in 2000, and eventually adopted by all states
and most municipalities in the country), and while the American
Institute of Steel Construction (AISC) unified its Load and Resistance
Factor Design (LRFD) and Allowable Stress Design (ASD) requirements
into a single specifications.
Although these whirlwind changes made the first edition a timely
document in 1998, they also progressively left it in need of an update
sooner than expected. Even though the fundamental principles and
structural behaviors emphasized throughout the first edition of this
book remained valid, design principles and examples were anchored
in specifications that had changed in a number of subtle ways over
time (more so than is typically the case from one code cycle to
another). With publication of the AISC 2010 Seismic Provisions and of
the 2009 CSA S16 Standard for the Design of Steel Structures, crystallizing the knowledge developed in the prior 15 years on this topic (and
becoming more similar to each other in content and design philosophy), and with the evolution of code changes foreseen to return to a
more regular pace—barring another major earthquake that would
challenge design wisdom—publication of a revised second edition of
Ductile Design of Steel Structures is again timely.
Two audiences were kept in mind when writing this book: practicing engineers and graduate students. With respect to the first audience, engineers are nowadays exposed to a wide range of professional
development opportunities, and day courses on seismic design of
steel structures are common. Similar information is also scattered

xvii
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over the World Wide Web (albeit covering the same topic with various degrees of technical rigor, depending on the source). This widely
available and accessible information has been helpful to dispel the
erroneous belief that the ductile nature of structural steel directly
translates into inherently ductile structures, but a first introduction to
the topic of ductile design usually leaves the engineer with many
questions on the origin of many design requirements and strategies to
achieve ductile structural behavior. With respect to the second group,
although seismic design is not part of most undergraduate civil engineering curricula, substantial opportunities exist for graduate learning on this topic. Nowadays, most graduate structural engineering
programs in North America offer a general seismic design course,
often complemented by specialized courses on the design of ductile
concrete and ductile steel structures, and textbooks that comprehensively cover design aspects related to this topic are needed.
In that perspective, the second edition of Ductile Design of Steel
Structures is intended to serve both as a reference textbook on this
topic and as a resource document providing breadth and depth in
support of graduate and professional education opportunities. It
aims to help senior undergraduate and graduate students, as well as
professionals, design ductile steel structures in an informed manner.
It summarizes the relevant existing information on this topic (often
scattered in research reports, journal articles, and conference proceedings) into chapters on material, cross-section, component, and system
response, providing useful guidance and design examples while presenting the concepts and key research results supporting the rationale underlying many of the current design principles. It is written
starting from the assumption that the reader has background knowledge of conventional (nonseismic) steel design.
The emphasis of this book is on earthquake-resistant design
because providing ductile structures is crucial to ensure seismic survival. However, there exist many other important applications of the
principles and design approaches outlined in this textbook. For
example, knowledge of how to design and detail steel structures to
achieve ductile behavior is vital to ensure the satisfactory performance of structures exposed to other extreme events, such as blast
forces, and to prevent their progressive collapse—two topics pushed
to the forefront by the September 11, 2001 events. Other possible
applications of ductile steel design include offshore structures subjected to extreme wave and ice loads, as well as bridges that can now
be designed to carry normal traffic using an alternative bridge design
procedure (the Autostress method) that relies heavily on ductile
response and requires a good understanding of the shakedown theory. Likewise, for existing construction, plastic analysis can provide a
much better estimate of a structure’s actual strength than procedures
based on elastic analysis, which in turn can be used advantageously
to minimize the extent of needed rehabilitations—an important
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xix

advantage given that the rehabilitation of existing buildings is a
growing market in North America, as part of the revitalization activities taking place in many city centers of seismic and nonseismic
regions (as a consequence of either commuters’ frustrations, the aging
North American infrastructure, the projected North American population growth patterns, the goals of historical or heritage building
preservation, and/or other societal trends). Thus, although the focus
of this text is earthquake engineering, the information presented
herein is broadly applicable to the ductile design of steel structures.
For its second edition, this book has been substantially expanded
as follows:
• Three entirely new chapters have been added, to respectively
address the design of buckling-restrained braced frames
(Chapter 11) and steel plate shear walls (Chapter 12), and to
review some hysteretic energy dissipating systems and
design strategies that have been the subject of growing
interest and proposed to achieve the objective of ductile
design (Chapter 13). The latter chapter addresses structural fuses, hysteretic energy dissipating devices, bimetallic friction, rocking, and self-centering systems; it replaces
the former Chapter 11 that only provided a cursory overview
of passive energy dissipation.
• The previous chapter on braced frames has been completely
rewritten, to eliminate obsolete and/or ambiguous information and, more importantly, to reflect the substantial changes
and new developments that have taken place and have been
implemented in the AISC and CSA design requirements
since the last edition of this book. Concentrically braced
frames and eccentrically braced frames are now each covered in separate chapters. Each chapter provides thorough
insights into the knowledge on those topics that has led to
the current design provisions and corresponding capacity
design procedures.
• The chapter on moment-resisting frames has been substantially expanded, to reflect the major changes and developments in design requirements that have taken place since
1997.
• Chapter 2 has been expanded to include additional information and new knowledge on steel’s high-temperature
properties, strain rate effects, k-area fractures, strain
aging, and stress corrosion, as well as information on
fatigue and ductility of corroded shapes, yielding
mechanism, new steel grades, and low-cycle fatigue modeling. It also includes a new section on hysteretic models,
which provides much needed information for the nonlinear
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inelastic analyses more frequently required by specific
engineering projects nowadays.
• Chapter 3 (on cross-section properties) has been revised to
address biaxial bending, introduce layer models (required for
some nonlinear analyses), and add information on plastic
strength of concrete-filled steel tube cross-sections.
• Chapter 4 (on plastic analysis) has been expanded to introduce yield line analysis, which is important for calculation of
connections’ ultimate strength and resistance to out-of-plane
loads (such as blast loads).
• Chapter 6 (on applications of plastic analysis) has been
expanded to address global versus local ductility demand
and some other important code-related issues.
• To better link with Chapters 8 to 13, focused on earthquake
engineering applications, Chapter 7 (formerly Chapter 9)
has been entirely rewritten, focusing on the basic principles
to relate seismic design forces and corresponding ductile
demands in structures.
• New design examples in Chapters 8 to 12 have been developed in compliance with the AISC Seismic Provisions (ANSI/
AISC 341-10) and Load and Resistance Factor Design, and
from a practicing engineering perspective. Note that the
examples in the first edition of this book approached seismic
design as a secondary design step called “ductile design”
(coupled with “drift-control design” in the special case of
moment-resisting frames), which consisted of a design iteration
starting with the results from a first design step accomplished
using conventional steel design principles in nonseismic applications (called “strength design”). That two-step approach is
still valid and the examples contained in the first edition
remain instructive in many ways. However, the publication
by the American Institute of Design Construction of design
aids for seismic design has made seismic design more expeditious, eliminating the benefits of the two-step approach.
Therefore, this second edition contains only new design
examples consistent with this new context.
• Self-study problems have been provided for most chapters;
these could be assigned to students by instructors using this
book as a textbook—note that all of the problems are former assignment or exam questions I gave to students at the
University at Buffalo or the University of Ottawa. Partial solutions to the problems will eventually be accessible to instructors via a password-protected link posted on the website
www.michelbruneau.com.
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• Chapter 14 is the only chapter that remains unmodified since
the first edition. While interesting research has been conducted
since the mid-1990s on the topics covered in this chapter, it
has not resulted in changes to the seismic design provisions
at the time of this writing.
The authorship of this second edition reflects these numerous
changes in scope, breath, and structure. I sincerely thank my coauthors
for helping to bring this project to fruition, namely Chia-Ming
Uang (Professor, University of California, San Diego) for writing
most of Chapters 7, 10, 11, and 14, and Rafael Sabelli (Structural
Engineer, Walter P. Moore, Oakland, CA) for developing the design
examples at the end of Chapters 8 to 12 and contributing parts of
Chapter 11. The challenges of bringing to life a second edition that
is twice the length of the first can be overwhelming, and their commitment and contributions are gratefully acknowledged.
From a graduate curriculum perspective, the resulting expanded
textbook provides enough material to support two graduate courses:
a first course on plastic analysis and design, using the material in
Chapters 2 to 6, and a second course on the seismic design of steel
structures based on Chapters 7 to 13. However, another effective
approach is to use some aspects of all chapters as part of a single
graduate course, covering only the essential aspects of Chapters 2
to 6 needed to understand the capacity design in support of the
material presented in Chapters 7 to 12 (or 7 to 10 for shorter academic
terms), leaving the rest of the material for future self-study in answer
to project needs or for professional development purposes. Other
combinations also are anticipated, reflecting the preferences and
teaching styles of various instructors.
Finally, suggestions and general feedback on this book are always
welcome (including e-mails confirming that there are people in this
world reading book prefaces). A list of errors brought to the authors’
attention will be compiled into an errata list eventually posted on
the website www.michelbruneau.com, until fixed by the publisher in
subsequent printings.
Michel Bruneau, Ph.D., P.Eng.
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CHAPTER

1

Introduction

I

n the context of structural engineering, a “ductile” material is one
that is capable of undergoing large inelastic deformations without
losing its strength. More formally, the Metal Handbook of the American Society for Metals (ASM 1964) defines “ductility” as “the ability of
a material to deform plastically without fracture.” “Brittleness,” on
the other hand, is the “quality of a material that leads to crack propagation without plastic deformations.” In that perspective, structural
steel is the most ductile of the widely used engineering materials.
This advantageous property of steel is often implicitly used by design
professionals. For example, many simple modern connections must
plastify to perform as intended by the designer, and large ductile
deformations are sometimes relied upon to provide early warnings of
unexpected overloads. Many such beneficial incidental effects of
plasticity are already integrated into steel design requirements and
design practice.
However, there are many situations in which an explicit approach
to the design of ductile steel structures is necessary because the inherent material ductility alone is not sufficient to provide the desired
ultimate performance. For example, in nearly all buildings designed
today, survival in large earthquakes depends directly on the ability of
the framing system to dissipate energy hysteretically while undergoing large inelastic (i.e., plastic) deformations. To achieve this ductile
response, one must recognize and avoid conditions that may lead to
brittle failures and adopt appropriate design strategies to allow for
stable and reliable hysteretic energy-dissipation mechanisms.
This sort of thinking is relatively new in structural engineering.
Indeed, many practicing engineers have believed for years, albeit
incorrectly, that steel structures were immune to earthquake-induced
damage as a consequence of the material’s inherent ductile properties.
However, earthquake engineering research since the late 1970s has
clearly demonstrated that special care must be taken to ensure ductile
structural behavior. Moreover, numerous steel structures suffered
damage during the Richter magnitude 6.8 Northridge (Los Angeles)
earthquake of January 17, 1994 and the Richter magnitude 7.2 Kobe
(Japan) earthquake that occurred, coincidentally, exactly one year later
(January 17, 1995). Both earthquakes occurred in highly developed
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Chapter One
urban areas in nations known for their leadership in earthquake engineering, and both confirmed previous research findings that material
ductility alone is not a guarantee of ductile structural behavior when
steel components and connections can fail in a brittle manner (e.g., AIJ
1995; Bruneau et al. 1996; EERC 1995; EERI 1995, 1996; Tremblay et al.
1995, 1996). In particular, these earthquakes raised important concerns
regarding the ductile behavior of some standard beam-to-column
moment connections (as described in Chapter 8).
Fortunately, most of the body of knowledge on the design of ductile steel structures to resist earthquakes has been implemented in
structural steel design codes and standards worldwide. Before 1988,
there were no specific code regulations for detailing seismic-resistant
steel structures in North America, but in the years since many new
codes and standards detailing regulations have been introduced to
ensure ductile response during earthquakes. And, as a side benefit,
many other applications (e.g., offshore oil platforms) have benefited
from the new knowledge on the ultimate cyclic behavior of steel
structures generated by earthquake engineers, and from the recent
emphasis on ductile design requirements for earthquake resistance.
The road to design and detailing of ductile structures has been a
long one. A comprehensive historical description of this evolution is
beyond the scope of this book. Nonetheless, an overview is worthwhile to help appreciate how the past has shaped today’s structural
engineering practice.
From a materials perspective (Timoshenko 1983), work on the
plastic behavior of ductile metals can be traced back at least to the
1860s, with observations by Lüder that visible lines appear on the
surface of specimens stretched beyond their elastic limit, as well as
some mathematical papers by Tresca in 1868 and Saint-Venant in the
1870s. Bauschinger reported the first results from inelastic cyclic tests
of mild steel coupons in 1886 and subsequently tested (with Tetmajer)
short columns buckling in the inelastic range, which led to the development of an empirical column-strength equation that became widely
used throughout Europe at that time.
In the first half of the 20th century, researchers investigated the
plastic properties of steel and of steel cross-sections subjected to various stress conditions, with experimental work reported as early as
1914 by some sources (ASCE 1971). Much of that activity took place
in Germany. In particular, the law of plastic behavior most commonly
used in structural steel, the Huber-Hencky-Mises yield condition
(also known as Von Mises yield criterion), results from work conducted by these researchers in 1904, 1913, and 1925, respectively
(Popov 1968). The 1950s and 1960s witnessed a phenomenal growth
of research activity in this area (ASCE 1971). Active research groups
in England and the United States, complemented by valuable contributions by researchers in other countries, spearheaded the development and perfected the tools of plastic analysis and design in
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structural engineering, with the intent of providing a possible replacement for the allowable stress method (also known as working stress
method), which was perceived as fraught with shortcomings and
limitations. Extensive analytical and experimental research was conducted on the ultimate strength of members as well as on entire structural frameworks, henceforth establishing plastic design as a viable
alternative design procedure. During those decades, a few buildings
were designed using plastic design principles, and special provisions
for plastic design were introduced in many structural steel design
specifications (such as those of the American Institute of Steel Construction and Canadian Institute of Steel Construction, among many)
and remain to this day.
However, until the end of the 1960s, research on plastic design
did not address earthquake-induced loads. Consequently, when
earthquake-resistant design became a major concern in some parts of
the world, the field started to grow in two seemingly opposite directions as a result of diverging research interests. On one hand, for
researchers not concerned with design for earthquakes, research
focused on developing better models of member behavior, with a
considerable effort being placed on understanding the requirements
for member and structural stability. Plastic strength was perceived as
the special case to which a member stability problem converges when
proper bracing is provided. Out of that research endeavor evolved
ultimate design methods (i.e., the Load and Resistance Factor Design
and Limit States Design), in use at the time of this writing, that rely
on elastic structural analysis but consider plasticity at the member
level when determining ultimate member capacities. On the other
hand, in the second research direction, emphasis was placed on
developing design and detailing requirements that could ensure stable plastic behavior under the extreme cyclic inelastic deformation
demands resulting from severe earthquake excitations. From that
perspective the development of ductile details for steel construction
was paramount, and stringent requirements were enforced to avoid
(or make as ductile as possible) stability-related failures. From that
research effort evolved ductile detailing requirements for earthquake
engineering applications.
Interestingly, the two research paths seem destined to meet in the
near future. For example, capacity design and push-over analyses
(which are expressions of full-structure plastic design, as shown in
Chapter 6) are being frequently conducted now as part of earthquake
engineering projects, while engineers involved in nonseismic applications are advocating advanced analysis and design methods that
recognize the ultimate capacity of structures, as well as of members.
In some areas, the convergence of the two paths has already begun
(Fukumoto and Lee 1992).
The design of steel structures for ductile response requires
(1) material ductility, (2) cross-section and member ductility,
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and (3) structural ductility (it is generally preferable to protect connections against yielding, although in some instances such as with
semirigid connections, connection ductility may be unavoidable and
substitute for member ductility). Further, a hierarchy of yielding must
be imposed on a structure to ensure a desirable failure mode. The
material presented in this book follows this order.
Chapter 2 focuses on the structural steel material, with a particular emphasis on its desirable ductile properties as well as factors that
can have a negative impact on that behavior, such as temperature,
notch toughness, steel strength, strain rate, and material thickness
and welding-related problems, such as hydrogen embrittlement,
weld restraints, and lamellar tearing. The cyclic elastic-plastic behavior of common steels is described through various material models,
and some of the advantages of plastic analysis over elastic analysis
are illustrated by an example.
In Chapter 3, element ductility is reviewed through descriptions of the plastic strength of cross-sections subjected to axial
force, flexure, shear, torsion, and combinations thereof. The influence of residual stresses, strain-hardening, and some other factors
on cross-sectional strength is discussed.
Chapters 4 and 5 present plastic analysis at the structural level:
the concepts of simple plastic analysis are enunciated and demonstrated in the former, and systematic methods of plastic analysis for
more complex structures are formulated in the latter. The fundamental upper bound, lower bound, and uniqueness theorems of
plastic analysis are presented in Chapter 4, together with the classical step-by-step method, equilibrium method, and kinematic
method whose applications are illustrated by examples. Chapter 4
concludes with a presentation of the shake-down theorem. Methodical determination of the plastic collapse load of structures using
direct combination of mechanisms and the method of inequalities
are presented in Chapter 5.
A few nonseismic applications of plastic design are described in
Chapter 6. These include the plastic moment redistribution method,
the Autostress design method, the capacity design strategy, and the
push-over (nonlinear static) analysis method.
Emphasis on earthquake engineering applications begins with
Chapter 7, where basic principles to relate seismic design forces and
corresponding ductile demands in structures are presented. These
concepts are at the root of the seismic design procedures adopted in
various design codes worldwide, and of the ductile design philosophy outlined in the subsequent chapters.
Chapters 8 to 12 address the five most commonly used
earthquake-resistant ductile structural steel systems, namely,
moment-resisting frames, concentrically braced frames, eccentrically
braced frames, buckling-restrained braces, and steel-plate shear
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walls, respectively—the latter two having been implemented more
recently in North American seismic design provisions. For each structural system, fundamental plastic cyclic behavior is thoroughly
described to ensure a good understanding of the philosophy supporting the code requirements and the advantage of a well-defined
hierarchy of yielding. Evolution of respective design requirements is
also provided, as appropriate, to provide useful perspective in projects dealing with existing structures designed to earlier (now obsolete) ductile detailing design requirements. Each chapter concludes
with a detailed design example.
Chapter 13 focuses on some special energy dissipation strategies
of interest that have been proposed to achieve the objective of ductile
design, and that have been the subject of a growing interest, namely,
structural fuses, hysteretic energy dissipating devices, bimetallic friction, rocking, and self-centering systems. An overview of the fundamental behavior, advantages, limitations, and possible concerns for
these various systems provides the reader with an introduction to a
field that is the subject of much on-going research and that promises
new applications for ductile steel structures.
Additional general detailing requirements that are needed to
ensure satisfactory plastic behavior are presented in Chapter 14,
along with research findings on this topic.
Chapters 2 to 13 also include some suggested problems for further self-study.
Although some other types of ductile steel structures are not covered in this book, it is believed that the information presented herein
will provide the reader with sufficient background to successfully
tackle analysis or design problems related to most types of ductile
steel structures.
Note that various design provisions and standards from the
American Institute of Steel Construction (AISC) and Canadian
Standard Association (CSA) are referenced throughout this book. The
general AISC “Specifications for Structural Steel Buildings” is often
referenced by its acronym AISC 360-xx, where xx refers to the last two
digits of the publication year of a specific edition. Likewise, the AISC
“Seismic Provisions for Structural Steel Buildings” are AISC 341-xx.
Because these documents are accredited by the American National
Standards Institute (ANSI), they are also sometimes equivalently referenced as ANSI/AISC 360-xx and ANSI/AISC 341-xx. The CSA
standard “Design of Steel Stuctures,” which includes seismic design
and detailing provisions, is referenced as either S16-xx or CSA/
S16-xx. In conjunction to these steel design documents, seismic forces
and loads are typically obtained from the American Society of Civil
Engineers (ASCE)’s “Minimum Design Loads for Buildings and
Other Structures” (SEI/ASCE 7-xx) or the National Building Code of
Canada (NBCC-xx). In all cases, when the suffix “xx” is dropped, the
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citation typically refers to the document generically, or to its latest
edition, depending on context.
With respect to terminology, note that “strength,” “capacity,” and
“resistance” are at times used interchangeably here, the first term
being used in U.S. practice (Load and Resistance Factor Design), the
last one being used in Canadian practice (Limit States Design). Some
international codes use both “capacity” and “resistance” as related by
a capacity reduction factor. From an international perspective, due
consideration of the context in which these terms are used in this
book will eliminate the risk of confusion.
Finally, given the global economy, it is assumed here that practicing engineers are familiar with both S.I. units and U.S. units; while
equivalencies have sometimes been provided in the text, this has not
been done consistently, both for brevity and because conversion factors are widely available online. The design examples, being in compliance with the AISC Seismic Provisions, use U.S. units.
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Structural Steel
2.1

Introduction
For the first half of the 20th century, there was essentially only one
type of structural steel widely available in North America: Grade A-7
steel. (Although the names A-7 and A-9 were used for bridges and
buildings before 1939, the two steels were virtually identical.) By the
early 1960s, engineers needed to be familiar with five different types
of structural steel, but they were likely to use only one or two for all
practical purposes. However, with today’s exponential growth of
technology (and opening to the world’s global market), the engineer
is offered a “smorgasbord” of steel grades, and many engineers in
some parts of North America already do not hesitate to commonly
use two or more different steel grades for the main structural members in a given project.
Despite this growth in available products, the minimum requirements specified for structural steel grades remain relatively simple.
They generally consist of a few limits on chemical composition, limits
on some mechanical properties such as minimum yield and tensile
strengths, and minimum percentage elongation prior to failure (definitely not very challenging for metallurgical engineers accustomed to
dealing with the comprehensive lists of performance requirements
specified for the steels needed in some specialty applications). As a
result, in the last few decades, a wide variety of steel grades that meet
the simple set of minimum requirements for structural steel has been
produced. These steels will be adequate in many applications, but
from the perspective of ductile response, the structural engineer is
cautioned against hastily using unfamiliar steel grades without being
fully aware of how these steels perform under a range of extreme
conditions.
To increase this awareness, as well as to provide some fundamental material-related information for the design of ductile structures, this chapter reviews some of the lesser known properties of
steel, along with information on the modeling of plastic material
behavior.

7
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Common Properties of Steel Materials
2.2.1

Engineering Stress-Strain Curve

Most engineers will remember testing a standard steel coupon in tension as part of their undergraduate studies and obtaining results similar to those presented in Figure 2.1, where the stress-strain curves for
various structural steel grades tested at ambient temperature are
plotted. For reference, engineering stress, s, is calculated as the ratio
of the applied force, P, to the cross-sectional area, A, and engineering
strain, e, is equal to ΔL/L, where ΔL is the elongation measured over a
specified gauge length, L. As shown in Figure 2.1, the operations necessary to achieve higher yield strengths [such as alloying or quenching and tempering (Van Vlack 1989)] generally reduce the maximum
elongation at failure and the length of the plastic plateau. For the
structural steels used in rolled shapes today, these side-effects are
negligible as sizable plastic deformation capacity remains beyond
yield. The stress-strain curve for a uniaxially loaded steel specimen
can therefore be schematically described as shown in Figure 2.2, with

A514 heat-treated
constructional alloy steel

120

100
A852 heat-treated
HSLA steel

Stress, ksi

80

A588 HSLA steel

60

A36 carbon steel

40

20

0

0

0.04

0.08

0.12
0.16
Strain, in per in

0.20

0.24

Figure 2.1 Stress-strain curves for some commercially available structural
steel grades at ambient temperature. (From R.L. Brockenbrough and F.S.
Merritt, Structural Steel Designer’s Handbook, 2nd ed, 1994, with
permission of the McGraw-Hill Companies.)
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Figure 2.2 Schematic representation of stress-strain curve of structural
steel.

an elastic range up to a strain of ey, followed by a plastic plateau
between strains ey and esh, and a strain-hardening range between esh
and eult, where ey, esh, and eult are the strains at the onset of yielding,
strain-hardening, and necking, respectively. Depending on the steel
used, esh generally varies between 5 to 15 ey, with an average value of 10 ey
typically used in many applications. For all structural steels, the modulus of elasticity can be taken as 200,000 MPa (29,000 ksi), and the
tangent modulus at the onset of strain-hardening, Esh, is roughly
1/30th of that value, or approximately 6700 MPa (970 ksi); AISC
(1971) reports Esh values ranging from 4827 to 5655 MPa (700 to 820 ksi)
for various steels (i.e., E/40 to E/35) , whereas Horne and Morris
(1981) and Neal (1977), respectively cite values of E/20 and E/25.
More recently, Byfield et al. (2005) computed an average value of
2700 MPa (i.e., E/75) from the stress-strain curves of 50 mill tests
from UK steel producers, which is practically equal to the value of
2552 MPa (370 ksi) used by Lay and Smith (1965).
The Poisson’s ratio, u, which relates a material’s transverse strain
contraction under an applied axial strain elongation, is 0.3 for steel in
the elastic range. When metals behave in a purely plastic manner, they
preserve their volume (as first observed by Bridgman 1923, 1949a,
1949b), corresponding to a Poisson’s ratio of 0.5 (i.e., incompressible
materials). Following the stress strain curve for steel, Poisson’s ratio in
the plastic range, u p, is given by (Khan and Huang 1995):
up =
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where E′ is the effective tangent modulus (see Section 2.4). Per this
equation, in the elastic range, E′ = E, and u p = u = 0.3, and for E′ = E/30
at the onset of strain-hardening, u p = 0.49, approaching 0.5 as E′ further decreases at larger strains.
Note that some applications (such as nonlinear finite elements
analysis programs) require that the material properties be described in
terms of true stress and strains (i.e., calculating stresses using the actual
cross-section taking into account the Poisson effect, and strains using
the actual length after elongation), rather than engineering stresses and
strains (calculated using the initial cross-sectional area and length).
These values can be obtained by the following relationships:
sTrue = (1 + e Engineering ) s Engineering

(2.2a)

eTrue = ln(1 + e Engineering )

(2.2b)

by assuming that the volume of steel under consideration remains
the same, such that the product of the initial length and area
equals that of the instantaneous length and area. The resulting
true stress versus true strain relationship is not symmetric, because
the cross-section increases in compression and decreases in tension.
Furthermore, these equations are only valid until the onset of necking, beyond which they would need to be corrected using actual
measurements of cross-section measured during coupon tests.
Hence, unless unavoidable due to the requirements of a specific application, and because reduction of cross-section is small until necking,
engineering stresses and strains are generally used for most practical
purposes.

2.2.2

Effect of Temperature on Stress-Strain Curve

The shape of the stress-strain curve varies considerably at very high
and very low temperatures. The yield and ultimate strengths of steel,
as well as its modulus of elasticity, drop (while maximum elongation
at failure marginally increases) as temperature increases, as shown in
Figures 2.3 and 2.4. This drop is relatively slow and not too significant up to 500°F (260°C), and is almost linear until these properties
reach approximately 80% of their initial value, at a temperature of
approximately 800°F (425°C). Beyond that point, weakening and softening of the steel accelerates significantly.
A number of equations that capture this behavior for different
types of structural steel are presented in documents concerned with
fire resistance (AISC 2005, ASCE 1992, ECCS 2001, NIST 2010). Finite
element nonlinear analyses simultaneously accounting for fire spread
within a structure and high-temperature degradation of the structural system require rigorous modeling of the steel properties. Such
analyses can be simplified by assuming a constant coefficient of thermal expansion, α, of 7.8 × 10−5/°F = 1.4 × 10−5/°C (exact value varies
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Figure 2.3 Effect of temperature on (a) yield strength, (b) tensile strength,
and (c) modulus of elasticity of structural steels. (From R.L. Brockenbrough
and B.G. Johnston, USS Steel Design Manual, with permission of U.S. Steel.)
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Figure 2.4 Examples of (a) yield and tensile strength and (b) stress-strain
curves versus temperature. Composite curves constructed from data taken
from several heats of ASTM A572 Grade 50 plate on the order of 1 in thick.
(c) Elevated temperature stress-strain relationships of Eurocode 3.
(d) Comparison of engineering stress-strain relationships proposed by
NIST and by Eurocode 3 with data generated by NIST for the World Trade
Center forensic investigation (NIST 2010). (Figures a and b courtesy of
H.S. Reemsnyder, Homer Research Laboratory, Bethlehem Steel Corporation,
with permission. Note: The data in Figure 2.4 (a) and (b) should not be
considered typical, maxima, or minima for all plates and rolled sections of
this grade. Properties will vary with chemistry, thermomechanical processing,
thickness, and product form.)
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Figure 2.4 (Continued )

from 1.2 to 1.8 × 10−5/°C from 20 to 700°C), and conservative values
of 600 J/kg°C and 45 W/m°C for the specific heat and thermal conductivity properties of steel, respectively (NIST 2010). The complete
stress-strain model adopted by the Eurocode 3 for this purpose (and
replicated in tabular format in the AISC Specifications) is shown in
Figure 2.4c. Eurocode permits consideration of strain-hardening at
lower temperatures (shown by the dotted line in Figure 2.4c) only if
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advanced finite element models that reflect the state-of-the-art in fire
analysis are used.
In its forensic study of the collapses of the World Trade Center
towers, the National Institute of Standards and Technology (NIST)
also developed the following equation by best fit to experimental
data on steels having specified yield stresses ranging from 250 MPa
(36 ksi) to 450 MPa (100 ksi), in which temperature is expressed
in °C.
s = Ke η

(2.3)

  T  4 . 92 
K = (734 + 0 . 315FY )exp - 
 
  575 

(2.4)

  T  4 . 51
η = (0 . 329 - 4 . 23 × 10-4 FY )exp - 
 
  637  

(2.5)

where

and

The resulting stress-strain diagrams for the two models for a A572
Grade 50 steel are compared in Figure 2.4d. The testing procedure
used to obtain these curves implicitly accounts for the creep of steel
under sustained loading at elevated temperatures (NIST 2010).
Although neither models included data from A992 steel, later tests
revealed similar behavior (Hu et al. 2009).
Protecting steel from such extreme temperature is obviously the
first line of defense against structural collapse during an uncontrolled
fire. This is done by application of one of various types of coatings
that will enhance fire resistance by delaying the rise of steel temperature, using either insulating, energy absorbing, or intumescent materials (e.g., Buchanan 2001, Gewain et al. 2003, Ruddy et al. 2003). A
few specially alloyed steels have also been developed to experience
no more than a 33% loss of their yield strength at 600°C—circumventing in some instances the need for such coatings when fire exposure
can be controlled or ensured to not exceed this heat intensity—but
their properties drop more rapidly beyond that point, back to matching that of other steels when temperatures reach 800°C (Mizutani et al.
2004, Sakumoto et al. 1992).
Beyond analyses of the fire resistance of structures having exposed
or thermally insulated steel members (or having damaged insulation
as the case in NIST 2005), information on properties at elevated temperatures may be necessary in other specialty applications. For example, given that special high-temperature heat treatments [up to 1000°F
(540°C)] are often specified to reduce the residual stresses introduced
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by welding in industrial steel pressure vessels (particularly when a
new steel plate is welded in place of an existing damaged or corroded
one), a good knowledge of the high-temperature properties of structural steel is crucial to prevent collapse of these vessels under their
own weight during the heat treatment.

2.2.3 Effect of Temperature on Ductility and
Notch-Toughness
Temperatures below room temperature do not have an adverse
impact on the yield strength of steel, as shown in Figure 2.4, but lower
temperatures can have a substantial impact on ductility. Indeed, the
ultimate behavior of steel will progressively transform from ductile
to brittle when temperatures fall below a certain threshold and enter
the appropriately labeled “ductile-to-brittle-transition-temperature”
(DBTT) range. This undesirable property of structural steel led to a
few notable failures in the late 1800s and early 1900s, but began to be
fully appreciated only in the 1940s and 1950s when large cracks were
discovered in more than 1000 all-welded U.S. steel ships built in that
period. These included more than 200 cases of severe fractures and 16
ships lost at sea when their hulls unexpectedly “snapped” in two
while they were cruising the Arctic sea.
The Charpy V-notch test (also known as a notch-toughness test)
was developed to determine the DBTT range. In this test, a standard
notched steel specimen is broken by a falling pendulum hammer
fitted with a standard striking edge (Figures 2.5a and b). In principle, the energy absorbed by the specimen during its failure will
translate into a loss of potential energy of the pendulum. Thus, a
rough measure of this absorbed energy can be calculated from the
difference between the initial height (h1) of the pendulum when
released and the maximum height (h2) it reaches on the far side after
breaking the specimen. A typical plot of the absorbed energy of a
Charpy specimen as a function of temperature is shown in Figures
2.5c and d for a standard structural steel. Corresponding changes in
fracture appearance and lateral expansion at failure are shown in
Figures 2.5e and f.
Generally, structural engineering standards and codes will allow
the use of only steels that exhibit a minimum energy absorption capability at a predetermined temperature—for example, 15 ft-lb at 40°F
(20 Nm at 4.5°C). Although it may first appear to the reader, from the
Charpy data of Figure 2.5, that a level of energy dissipation of 15 ft-lb
corresponds to a nearly brittle material behavior and is insufficient to
ensure ductile response, it must be recognized that the Charpy
V-notch test produces failures at very high strain rates. As shown in
Figure 2.5c for A572 Grade 50 steel, there exists a shift of 125°F
between the DBTT range obtained from the Charpy V-notch tests and
that range obtained from failure tests conducted at an intermediate
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Figure 2.5 Charpy V-notch impact tests: (a) typical specimen, (b) schematic
of testing procedure, (c) energy absorption behavior for impact loading and
intermediate strain-rate loading for standard specimens for A572 Grade 50 steel.

02_Bruneau_Ch02_p007-110.indd 16

6/13/11 3:07:36 PM

Absorbed energy, ft-lb

250
200
Charpy V-notch tests
A 572 Grade 50

150
100
50
0
–150

–100

–50

0

50

100

150

200

50

100

150

200

(d)

Fracture appearance, %

100
80
60
50% FATT
40
20
0
–150

–100

–50

0
(e)

Lateral expansion, mil

100
80
60
40
20
0
–150

–100

–50

Temperature, °F
0
50

100

150

200

(f)

Figure 2.5 Composite plots of: (d) energy absorption, (e) fracture
appearance, and (f) lateral expansion constructed from data taken from
several heats of ASTM A572 Grade 50 plate on the order of 1 in thick.
(Figures a, b, and c from J.M. Barsom and S.T. Rolfe, Fracture and Fatigue
Control in Structures—Applications of Fracture Mechanics, with permission
from J.M. Barsom and S.T. Rolfe; Figures d, e, and f courtesy of H.S. Reemsnyder,
Homer Research Laboratory, Bethlehem Steel Corporation, with permission.
Note: The data in Figure 2.5 should not be considered typical, maxima, or
minima for all plates and rolled sections of this grade. Properties will vary with
chemistry, thermomechanical processing, thickness, and product form.)
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strain rate of 0.001/s, with more ductile behavior obtained at lower
strain rates (see ASTM 1985a for details on tests at slower strain rates,
and Rolfe and Barsom 1999 for techniques to compare different measures of fracture toughness obtained from different testing procedures). Hence, compliance with the specified Charpy V-notch 15 ft-lb
energy absorption at 40°F should ensure ductile behavior over the
practical range of service temperatures for structural elements subjected to such a strain rate. Tables 2.1 and 2.2, as well as Figure 2.6,
summarize the Charpy V-notch test results for a number of commonly used steel grades and show that most comply with the above
example specified Charpy limit. However, it should be noted from
those tables that structural shapes having large flange and web thicknesses [such as those formerly known as AISC Groups 4 and 5 (AISC
1994)] generally have lower energy absorption capabilities. For specialty applications that require better performance than that which is
commonly available, the structural engineer should request steel specially alloyed to provide the needed material properties at low temperatures, high strain rates, or both.
Beyond the energy absorption measure, a large number of
descriptive indices exist in the literature to capture and quantify this
ductile-to-brittle behavior. The nil-ductility-transition (NDT) temperature, defined as the highest temperature at which a specimen
fails in a purely brittle manner (or alternatively as the temperature at
which a small crack will propagate to failure in a specimen loaded
exactly to the yield stress), can also be obtained from the ASTM E208
test (ASTM 1985b). The fracture appearance transition temperature
(FATT) is the temperature at which 50% of the fracture surface corresponds to a cleavage failure (i.e., a flat crystalline surface characteristic of brittle failure), with the remaining 50% showing shear-lips
of fibrous appearance typical of ductile failures. Figure 2.7 illustrates
that this transition in texture of the failure surface is a function of
both temperature and strain rate. Further, it shows that alignment of
the surfaces exhibiting similar texture, but tested at different strain
rates, provides a striking visual expression of the aforementioned
temperature shift of the DBTT range.
Although notch toughness and ductility for a given steel are closely
related, it is important to realize that notch toughness is not related to
yield strength. In fact, in very thick steel sections, the notch toughness
of some steels is known to vary quite significantly throughout the
cross-section of members, even when a variation in yield strength is
not observed. This is particularly true at the core of the web-flange
intersection of very thick sections in which a larger steel grain structure
exists as a consequence of a lesser amount of cold forming achieved
there during the rolling process. For this reason, AISC (2010) specifies
that samples for Charpy V-notch tests be taken from the core area, by
reference to Supplement S30 of the ASTM A6 standard.
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40

70

32
32

Steel Grade
A36 QST
A36 HR

A36 HR

A36 HR

A572 Gr 50 QST
A572 Gr 50 HR

59
24
81
24
15

2
3
4
ALL
ALL

218

4
262

315

3
426

1057

2

1

421

ALL

2011

1

Sample
Size
21
73

ALL

ASTM
Shape
Group
ALL
ALL

240
N/A
N/A

239

69

43

239

54

36

239

100

66

Mode
(ft-lb)
162
130

22
101
106

25

59

25

22

16

19

16

20

16

Minimum
(ft-lb)
91
91

158
136
140

200

122

59

95

54

86

130

116

112

Mean
(ft-lb)
151
150

240
182
170

240

253

177

253

193

240

286

272

286

Maximum
(ft-lb)
204
241

99
122
135

235

83

36

43

41

63

77

79

65

First
Quartile
(ft-lb)
137
124

177
138
142

239

97

50

70

51

77

117

113

98

Median
(ft-lb)
160
145

221
149
147

239

138

75

124

62

98

176

146

147

Third
Quartile
(ft-lb)
168
169

Table 2.1 Compilation of Charpy V-Notch Test Results for Various Structural Steel Grades, from Data Provided by North American Producers

HR = Hot Rolled; QST = Quenched Self-Tempered
(From American Institute of Steel Construction, Statistical Analysis of Charpy V-Notch Toughness for Steel Wide Flange Structural Shapes, with permission)

Test
Temp (çF)
32
32

20
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40

70

40

32
70
40

70

Steel Grade

A572 Gr 50 HR

A572 Gr 50 HR

A588 HR

A913 Gr65 QST
A913 Gr65 QST
Dual Certified

Dual Certified

ALL
1
2
3
4
5
ALL
2
3
4
5
ALL
2
3
ALL
ALL
ALL
1
2
ALL
1
2

ASTM
Shape
Group
3930
400
2181
813
453
83
598
37
90
364
104
223
182
41
87
34
202
142
55
368
322
46

Sample
Size
79
58
80
86
60
49
47
124
74
50
26
21
54
N/A
156
48
43
38
43
65
53
65

Mode
(ft-lb)
16
16
18
16
17
29
15
31
31
17
15
16
18
16
92
33
17
17
24
15
15
60

Minimum
(ft-lb)
91
84
93
83
66
62
61
135
76
57
33
140
148
103
141
61
53
51
59
59
55
86

Mean
(ft-lb)
288
259
288
280
155
155
241
237
202
241
116
290
290
249
212
108
121
121
116
131
131
123

Maximum
(ft-lb)
64
58
71
65
53
47
31
89
56
34
23
71
82
58
122
45
37
35
43
41
37
67

First
Quartile
(ft-lb)
80
73
85
82
63
59
51
134
68
51
27
129
145
75
142
57
51
48
58
55
53
91

Median
(ft-lb)
97
95
102
96
77
71
74
194
91
68
32
204
215
155
158
79
67
63
74
74
69
99

Third
Quartile
(ft-lb)

(Continued)

Table 2.1 Compilation of Charpy V-Notch Test Results for Various Structural Steel Grades, from Data Provided by North American Producers

Test
Temp (çF)

Structural Steel

Steel Grade

Test
Temp
(°F)

ASTM
Shape
Group

Observed
Probability of
Exceedance
15 ft-lb (%)

Observed
Probability of
Exceedance
20 ft-lb (%)

A36 QST

32

ALL

100

100

A36 HR

32

ALL

100

100

A36 HR

40

ALL
1
2
3
4

99
100
100
100
96

97
97
99
99
95

A36 HR

70

ALL
1
2
3
4

100
100
100
100
100

95
95
100
94
97

A572 Gr 50 QST

32

ALL

100

100

A572 Gr 50 HR

32

ALL

100

100

A572 Gr 50 HR

40

ALL
1
2
3
4
5

100
99
100
98
100
100

99
99
99
98
99
99

A572 Gr 50 HR

70

ALL
2
3
4
5

95
100
100
96
85

87
100
100
89
60

A588 HR

40

ALL
2
3

98
99
97

97
98
95

A913 Gr65 QST

32

ALL

100

100

21

HR Rolled; QST = Quenched Self-Tempered
(From American Institute of Steel Construction, Statistical Analysis of Charpy V-Notch
Toughness for Steel Wide Flange Structural Shapes, with permission.)

Table 2.2 Probability of Exceedance of Two Commonly Specified Charpy V-Notch
Energy Absorption Material Requirements for Various Structural Steel Grades,
from Data Provided by North American Producers
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Steel Grade

Test
Temp
(°F)

ASTM
Shape
Group

Observed
Probability of
Exceedance
15 ft-lb (%)

Observed
Probability of
Exceedance
20 ft-lb (%)

A913 Gr65 QST

70

ALL

100

100

Dual Certified

40

ALL
1
2

99
98
100

94
94
99

Dual Certified

70

ALL
1
2

98
98
100

94
93
100

Table 2.2 Probability of Exceedance of Two Commonly Specified Charpy V-Notch
Energy Absorption Material Requirements for Various Structural Steel Grades,
from Data Provided by North American Producers (Continued )

2.2.4

Strain Rate Effect on Tensile and Yield Strengths

Strain rate is another factor that affects the shape of the stress-strain
curve. Typically, the tensile and yield strengths will increase at
higher strain rates, as shown in Figure 2.8, except at high temperatures for which the reverse is true. Consideration of this phenomenon is crucial for blast-resistant design in which very high strain
rates are expected, but of little practical significance in earthquakeengineering applications. Past studies have repeatedly demonstrated that, for the steel grades commonly used, the expected
increases of roughly 5 to 10% in yield strength at typical earthquake-induced strain rates is negligible compared with the much
greater uncertainties associated with the earthquake input. The
effect of strain rate on notch toughness, as described above, is also
considerably more significant.
Blast-resistant design manuals and guides typically specify charts
or tables of the factors by which the static yield and tensile stresses
should be magnified to obtain the corresponding dynamic values to
use in calculations, such as Figure 2.8e. Strain rates are a function of
the blast pressures and structural system properties, and calculated
values for common blast-resistant design scenarios vary between 0.02
to 0.3 in/in/s.

2.2.5

Probable Yield Strength

In seismic design, as will be demonstrated later, knowledge of the
maximum probable yield strength is equally important as knowledge of the minimum reliable yield strength. Recent studies have
reported that the margin between the actual average yield strength
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Figure 2.6 Compilation of Charpy V-notch test results for A572 Grade 50 structural
steel, from data provided by North American producers. (From American Institute of
Steel Construction, Statistical Analysis of Charpy V-Notch Toughness for Steel Wide
Flange Structural Shapes, with permission.)
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Figure 2.7 Failure surface texture of Charpy V-notch specimens at different test temperatures and strain rates. (Courtesy of the Canadian
Institute of Steel Construction, with permission.)

Structural Steel
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Figure 2.8 Yield stress as a function of strain rate and temperature for
some structural steels. [Figures a, b, and c from R.L. Brockenbrough and
B.G. Johnston, USS Steel Design Manual, with permission from U.S. Steel;
Figure d from Moncarz, P.D. and Krawinkler H., Theory and Application of
Experimental Model Analysis in Earthquake Engineering, Report No. 50,
John A. Blume Earthquake Engineering Research Center, Department of Civil
Engineering, Stanford University, with permission. Figure e from Unified
Facilities Criteria (UFC 2008).]
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ASTM A36
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Figure 2.8 (Continued )

and specified yield strength has progressively increased over the
years for some structural steels, even though the steel specification
itself remained unchanged. For example, a few decades ago, yield
strengths of 255 to 270 MPa (37 to 39 ksi) were typically reported
for ASTM-A36 steel by researchers studying the behavior of structural members and connections (e.g., Galambos and Ravindra 1978,
NBS 1980, Popov and Stephen 1971), whereas similar tests conducted 20 years later (e.g., Englehardt and Husain 1993) using the
very same steel grade revealed a substantial increase of the yield
strength, with values ranging from 325 to 360 MPa (47 to 52 ksi).
Yield stress values in excess of 420 MPa (60 ksi) have also occasionally been reported for that steel grade (SAC 1995). In fact, some
steel mills have apparently adopted a dual-certification procedure
for steel conforming to both the ASTM-A36 and A572 specifications. Although this higher strength translates into safer structures
for nonseismic design, an unexpectedly higher yield strength can
be disadvantageous for seismic design. For example, a specific
structural component can be designed to yield, absorb energy, and
prevent adjacent elements from being loaded above a predetermined level during an earthquake, thus acting much like a “structural fuse.” An yield strength much higher than expected could
prevent that structural fuse from yielding and overload the adjacent structural components (such as the welded joints in momentresisting frames), with drastic consequences on the ultimate
behavior of the structure (see Chapter 8).
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To address this concern, the ASTM A992 steel was introduced by
North American structural shape producers in the late 1990s, and
became the de-facto preferred grade for rolled wide-flange shapes. It
is effectively an “enhanced” ASTM A572 Grade 50 steel with a maximum yield strength of 448 MPa (65 ksi) in addition to the traditionally
specified minimum yield strength of 345 MPa (50 ksi). Furthermore,
ASTM A992 has special requirements limiting its carbon equivalent
(CE) to 0.47, to improve weldability (see Section 2.5.3), and limiting its
yield-to-tensile ratio to a maximum of 0.85, to ensure ductile behavior
(AISC 1997a, 1997b, Bartlett et al. 2003, Carter 1997, Cattan 1997, SAC
1995, Zoruba and Grubb 2003). Incidentally, the same maximum yield
strength and yield-to-tensile ratio can also be delivered by ASTM A913
Grade 50 steel, but only if such optional supplementary requirements
are explicitly specified as a special order.
Note, however, that greater-than-expected yield strength can
also simply be the result of an inadvertent but well-intentioned substitution, by a supplier, from the originally requested steel grade to
one of higher yield strength, to compensate, for example, for a temporary stock shortage. Therefore, in those circumstances that warrant it, the engineer should indicate on all construction documents
the key members for which substitution to a higher strength material
is not acceptable.
Special steels targeted for specific purposes have also been
introduced in the construction market. For example, intended for
use in applications that require greater ductility and energy dissipation more than strength, Japanese steel mills developed and started
producing in the 1990s special ductile steels having more than 40%
elongation at failure and well-controlled maximum yield values
(Saeki et al. 1998, Yamaguchi et al. 1998). As shown in Figure 2.9,
low yield point (LYP) steel rolled plates having a specified nominal
yield strength as low as 100 MPa (17.5 ksi) have been produced, but
the substantial strain-hardening (of 2 to 3 times the yield strength)
of those lower strength steels must be considered in the design of
their connections and surrounding frames. Low yield steel produced by Chinese mills have exhibited similar elongations, for yield
strengths as low as 165 MPa (24 ksi) (Vian et al. 2009). Seismic design
applications have already been found for that material (e.g., Dusicka
et al. 2004, Matteis et al. 2003, Nakashima et al. 1994, Susanthaa et al.
2005, Vian et al. 2009).
Incidentally, also in the 1990s but with different goals in mind,
high-performance steels (HPS) have been developed in North America
(Wright 1996) for plates to meet the following specifications: (a) high
strength, with yield strengths of 350 MPa (50ksi), 480 MPa (70 ksi), and
690 MPa (100 ksi); (b) excellent weldability due to improved resistance
against heat-affected zone cracking, resulting in reduced requirements
for preheating (see Section 2.5), provided cautious electrode selection
and weld execution procedures are taken (AASHTO 2003, Miller 2000);
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Figure 2.9 Stress-strain curves for low-yield steel grade plates (LYP)
compared with regular Japanese JIS SS440 steel with 235 MPa specified
yield strength. (Yamaguchi et al. 1998, Courtesy of Nippon Steel.)

(c) extremely high toughness, with Charpy V-notch values of roughly
200 ft-lb (270 N-m) at −10°F (−23°C), compared with the current bridge
design requirements of 15 ft-lb (20 N-m) at −10°F (−23°C); and (d) corrosion resistance comparable to that of weathering steel. Designated as
ASTM A709 Grades HPS 50W, 70W, and 100W steels (“W” following
the yield strength indicating weathering steel), they have already been
implemented as plate girders in hundreds of bridges across North
America (Lwin 2002, Wilson 2006). Although these new steels have
been developed for bridge applications, as beams intended to remain
elastic, their outstanding properties might also make them appealing
for general ductile design applications. For HPS 70W, Dusicka et al.
(2007) reported stable hysteretic energy dissipation up to cyclic inelastic strains of 7% and low cycle fatigue life comparable to that of conventional constructional steels. However, research on this topic has
been limited.
Finally, a number of special alloys have been the subject of
research for potential structural engineering applications where ductile performance and good energy dissipation capacity are required,
including superelastic nickel-titanium (NiTi) shape memory alloys
(SMA) that are appealing for their ability to recover their original
shape upon unloading after plastic deformations (e.g., Desroches et al.
2004, McCormick et al. 2007, Van de Lindt and Potts 2008, Wilson and
Wesolowsky 2005, Youssef et al, 2008). However, actual implementations have been constrained by the high cost of such advanced materials and, in some instances, the maximum size of shapes/wires that
can be produced.
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Plasticity, Hysteresis, Bauschinger Effects
After steel has been stressed beyond its elastic limit and into the
plastic range, a number of phenomena can be observed during
repeated unloading, reloading, and stress reversal. First, unloading
to s = 0 and reloading to the previously attained maximum stress
level will be elastic with a stiffness equal to the original stiffness, E,
as shown in Figure 2.10. Then, as also shown, upon stress reversal (to
s = − sy), a sharp “corner” in the stress-strain curve is not found at
the onset of yielding; instead, stiffness softening occurs gradually
with yielding initiating earlier than otherwise predicted. This behavior, known as the Bauschinger effect, is a natural property of steel—
its cause is explained in the next section. If the stress reversal is
initiated prior to attainment of the strain-hardening range when the
steel is loaded in one direction, a yield plateau will eventually be
found in the reversed loading direction as shown in Figure 2.10a.
However, once the strain-hardening range has been entered in one
loading direction, the yield plateau effectively disappears in both
loading directions (Figure 2.10b).
A most important property of steels subjected to large cyclic
inelastic loading is their ability to dissipate hysteretic energy. The
energy needed to plastically elongate or shorten a steel specimen can
be calculated as the product of the plastic force times the plastic displacement (i.e., the work done in the plastic range) and is called the
hysteretic energy. Unlike kinetic and strain energy, hysteretic energy
is a nonrecoverable dissipated energy. As shown in Figure 2.11a,
under a progressively increasing loading, followed by subsequent
unloading, the hysteretic energy, EH, can be expressed as:
EH = PY (d MAX - dY )

(2.6)

that is, the shaded area in this figure. For a full cycle of load reversal, the hysteretic energy will simply be the area enclosed by the

σ

σ
Bauschinger effect

+σ1

+σy

+σy
E E E

Bauschinger effect
E

E E

E

ε
Bauschinger effect
–σy

ε
E
E

–σy

Bauschinger
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–σ1

Figure 2.10 Cyclic stress-strain relationship of structural steel.
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Figure 2.11 Hysteretic energy of structural steel: (a) half cycle and (b) full
cycle.

loop of the force-displacement curve, as shown in Figure 2.11b, and
approximately expressed as:
EH ≅ PY [(d MAX - dY ) + (d MAX - d MIN - 2dY )]

(2.7)

A more accurate calculation of hysteretic energy in this case
would recognize the small loss of hysteretic energy at the rounded
corners of the force-displacement curve due to the Bauschinger
effect.
Under repeated cycles of loading, the energy dissipated in each
cycle is simply summed to calculate the total energy dissipated.
This cumulative energy dissipation capacity is a most important
property that makes possible the survival of steel structures to rare
but rather severe loading conditions, such as blast loading or earthquake loading.
Within the framework of this book, the above description of
inelastic cyclic behavior is certainly adequate. However, it is noteworthy that a few additional minor phenomena also develop as
steel undergoes numerous cycles of severe hysteretic behavior. For
example, the threshold beyond which strain-hardening starts to
develop, as well as the extent of the elastic range prior to onset of
the Bauschinger effect, is a function of the prior plastic loading history. Mizuno et al. (1992), Dafalias (1992), and Lee et al. (1992) provide a good overview of these phenomena and progress on the
development of constitutive relationships that can capture the complex behavior of structural steels subjected to arbitrary cyclic loading histories.
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Metallurgical Process of Yielding, Slip Planes
As mentioned earlier, steel coupons tested axially exhibit a welldefined plastic plateau. In principle, the tangent modulus of elasticity
of steel (i.e., the slope of the stress-strain curve) is effectively zero
along this plateau, as shown in Figure 2.2. As a result, one may wonder
how a steel member can ever reach the strain-hardening range in
compression, knowing that the maximum stress that can be resisted
by a steel plate prior to buckling is given by (Popov 1968):
s cr =

k
(b/t)2

 π 2E 
 12(1 - v 2 ) 



(2.8)

Indeed, according to Eq. (2.8), buckling should occur as soon as the
strain exceeds ey and the tangent modulus drops to zero (i.e., E = 0).
To resolve this paradox, an understanding of the metallurgical process of yielding is needed.
Steel is a polycrystalline material that, when loaded beyond its
elastic limit, develops slip planes at 45°. These visible yield lines,
also known as Lüder lines, are a consequence of the development of
slip planes within the material as yielding develops. A schematic
representation of a slip plane is shown in Figure 2.12. By analogy,
Figure 2.12d shows slip planes in a copper aluminum single crystal
specimen (Elam 1935, van Vlack 1989).
At the precise location of the slip plane, the strains can be thought
of as having “slipped” from ey to esh in one single jump. Following this
first slip, other planes will subsequently slip, one after the other in a
random sequence as a function of the random distribution of various
weaknesses and dislocations in the steel’s crystalline structure, as their
respective slip resistances are reached. Thus, under no perceptible
variation in the applied stress, the number of sections that have
jumped from ey to esh will progressively increase until the entire length
of member subjected to the yield stress has strain-hardened to a strain
equal to esh. Assuming for convenience that at any given time during
this process, all slip planes can be grouped together over a length fL,
where L is the length of the specimen subjected to the yield stress as
shown in Figure 2.12b, and, knowing that all slipped segments have
reached esh while the others are still at ey, the average strain over the
specimen length can be expressed as:
e av =

Δ L e y (L - f L) + fe shL
=
L
L

= (1 - f)e y + fe sh

(2.9)

= (1 - f)e y + f se y
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Slip plane
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dσ
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dε
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A

σY

B

Average values:
E = 29.6 × 103 ksi
σY = 34.1 ksi
εp = 1.4 × 10–2
Ep = 0.7 × 103 ksi
εe = 0.114 × 10–2
dσ
=E
dε

0

εe 0.3

Et

εp 1.5

0.5

ε

2

Ep = 800 ksi

Et = 1140 ksi

Et = 2500 ksi

E = 30,000 ksi

E

Et = 4780 ksi

in 10–2

ε

0
(A7 structural steel)
(c)

Figure 2.12 Slip planes during yielding: (a) schematic representation of
single slip plane, (b) cumulative effect of multiple slip planes, (c) Effective
modulus throughout development of slip planes in Grade A-7 steel, (d) Slip
planes in single cooper-aluminium crystal, and (e) Movement of a dislocation
along a slip plane in a metal crystal. [Figure c from Massonnet, C. E. and
Save, M. A., Plastic Analysis and Design, vol. 1: Beams and Frames; Figure d
from C.F. Elam 1935, “Dislocation of Metal Crystals (Oxford Engineering
Science Series),” by permission of Oxford University Press—www.oup.com;
Figure e from Résistance des Matériaux, A. Bazergui et al. 1987, with
permission from Presses Internationales Polytechniques, Montreal).]
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Figure 2.12 (Continued )

where s (>1.0) is the ratio of esh to ey. This clearly illustrates how the
average strain can increase progressively without any apparent
increase in the applied stress, while the actual stiffness of the steel
material during this yield process varies from E (when f = 0 . 0) to Esh
(when f = 1.0), but never zero. Defining the effective stiffness as sy/eav
in the yield plateau, Figure 2.12c shows the variation of this effective
stiffness over the range 0 . 0 < f < 1 . 0 .
Therefore, the plastic plateau on the stress-strain curve is simply a
consequence of standard testing methods for which yielding must
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spread over a specified gage length (e.g., 100 or 200 mm) before
higher loads can be applied to a given specimen. This also
explains why strain-hardening is usually reached before local
buckling and other instabilities develop in a structural member
(see Chapter 15).
An understanding of the slip plane phenomenon is also helpful in
explaining the Bauschinger effect illustrated in Figure 2.10, recognizing that a piece of steel is actually an amalgam of randomly oriented
steel crystals (Timoshenko 1983). Thus, a slip plane contains a large
number of steel grains in which sliding has occurred along definite
crystallographic planes of weakness (and hence contributed to the
yield plateau) and others that have not. If a specimen is unloaded
after yielding in tension but prior to attainment of esh, the crystals that
have slid are locked in their elongated position while others try to
elastically return to their undeformed position. Because of continuity
of the metal, this action generates internal residual stresses, with the
slipped crystals compressed as they prevent the others from fully
recovering their elastic deformations. If, after unloading, the specimen is subjected to a reversed loading (i.e., compression in this example), slipping of the most detrimentally oriented crystals triggers at a
load much smaller than would have otherwise been necessary on a
virgin specimen. This is logical because, prior to the application of the
external compression load, these crystals are already in compression
because of the residual stresses created upon unloading from the earlier tension yielding excursion. This could be illustrated following a
step-by-step analysis analogous to the example in Section 2.8, in
essence replacing the structure having multiple bars by a slip plane
with multiple crystals, and substituting yielding in the bilinear material
model in Section 2.8 for crystal slippage in the case at hand. As such,
the softening shown in Figure 2.46h in Section 2.8 would represent
earlier development of slip planes upon load reversal, instead of earlier yielding—hence, the Bauschinger effect.
From a more rigorous metallurgical engineering approach (e.g.,
Abbaschian and Reed-Hill 2008, van Vlack 1989), slip effectively
occurs due to the movement of dislocations across the crystal lattice
of the material, and plastic deformations are the result of sequential
breakage and rearrangements of interatomic bonds from the slippage
of these dislocations. This dislocation creep movement, one lattice point
at the time along a crystal plane, occurs along a glide plane. Figure 2.12e
illustrates how the atoms in a crystal along a glide plane successively
shift under shear, resulting in movement of the dislocation (at atomic
forces orders of magnitude less than what would be required otherwise in a perfect crystal).
The quantity and density of dislocations increases with the
extent of plastic deformations, up to a saturation point where their
number and entanglement start to interfere with the nucleation and
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movement of other dislocations. Consequently to this congestion, a
greater force is required to overcome the resistance against further
dislocation motions, resulting in the strain-hardening phenomena.
“Bubble raft” models, created by clustering small soap bubbles on
a flat control surface that can be distorted, can be effective to illustrate the formation and propagation of dislocations through the
atomic structure of solids (DoITPoMS 2009, Wikipedia Contributors
2009a).
This also partly explains why, on an experimentally obtained
stress-strain curve, the yield stress corresponding to the observed
yield plateau (denoted sy-static in Figure 2.2) is sometimes preceded
by a slightly higher yield value (denoted sy-upper in Figure 2.2) in
specimens machined to a very high tolerance to have a uniform
cross-section over the gauge length where yielding is expected and
tested on high precision equipment (see Lay 1965 for more details).
A simplistic analogy between the development of slip planes and the
actual physical behavior of friction between solids makes clear that
it takes more energy to initiate a slip plane (or to start sliding a body
whose only resistance against motion is provided by friction) than to
maintain it once it has initiated. In any case, sy-static is the yield value
of engineering significance.

2.5

Brittleness in Welded Sections
Brittleness can occur as a result of a variety of influences, as discussed
in the following sections.

2.5.1 Metallurgical Transformations During Welding,
Heat-Affected Zone, Preheating
The welding process can embrittle the steel material located in the
vicinity of the weld. Simple solutions exist to circumvent most
problems, although these become more difficult to implement when
extremely thick heavy rolled sections are welded.
An important first step in avoiding brittle failures in welded
members is to recognize that welding is a complex metallurgical process (and not a “gluing” operation that performs miracles). Not only
is new material deposited during welding, but sound fusion with the
base metal is necessary to provide the desired continuity between the
welded components (AWS 1976).
The topology of a welded area consists of three important zones:
the fusion zone, the heat-affected zone (HAZ), and the base metal
(see Figure 2.13). The fusion zone consists of all the metal that is effectively melted during welding. Good penetration of the fusion zone
into the base metal will generally provide a better-quality weld. This
is one reason flux-cored arc welding (FCAW) provides better quality
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Base metal

Fusion zone

Heat-affected
zone (HAZ)
(a)

(b)

Figure 2.13 Topology of a welded area: (a) schematic illustration; (b) fillet
welds by shielded metal arc welding (SMAW) on the left, and flux-cored arc
welding (FCAW) on the right, in A36 steel (note the increased penetration of
FCAW). (Figure b from F.R. Preece and A.L. Collin, Steel Tips: Structural Steel
Construction in the ‘90s, with permission from the Structural Steel Education
Council.)
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welds than shielded metal arc welding (SMAW) for a given filler
metal.
Immediately adjacent to the fusion zone lies the heat-affected
zone, which, as the name implies, consists of steel whose grain structure has been modified by the high heat imparted during the welding
process. The crystalline constitution of the HAZ will depend on the
metallurgical content of the base metal and on the speed of cooling of
the metal (Van Vlack 1989). Generally, if cooling is too rapid in highstrength steel, the metal in the HAZ will become a hard and brittle
martensite layer that is highly susceptible to cracking in the presence
of stress raisers or concentrations. Rapid cooling can be a significant
problem in thicker steel sections because the heat introduced by
welding will be more rapidly dissipated into larger volumes of colder
steel, resulting in rapid cooling rates. To avoid introducing brittle
martensite in the HAZ, it is generally recommended to preheat the
base metal to a specified temperature prior to welding and to maintain that temperature (termed the interpass temperature) throughout
the execution of the weld.
Table 2.3 provides information on heating requirements. Higher
preheating and interpass temperatures are specified for thicker steels,
in accordance with the above logic regarding heat dissipation. Additional and more extensive requirements are specified by the American
Welding Society (AWS 2010, referenced by AISC 2010) and this document should be consulted for more details on this matter. A welding
engineer can help determine the preheating, interpass, and postwelding heating needs for specialty applications and unusually congested
details.

2.5.2

Hydrogen Embrittlement

An important distinction is made in Table 2.3 as to whether low
hydrogen electrodes are used. Indeed, the introduction of hydrogen
into the fusion or heat-affected zones increases the risk of embrittlement. Although the molten metal created during welding has a
great propensity to absorb the surrounding hydrogen, much of this
hydrogen is rejected during normal cooling. However, if cooling is
too rapid, the hydrogen gas does not have sufficient time to escape and
becomes entrapped at a high pressure within the steel, with the risk
that micro-cracks will develop. Low-hydrogen electrodes have been
developed to lessen this problem. Combined with preheating, they
can generally eliminate hydrogen embrittlement. Nonetheless, it
must be recognized that hydrogen may originate from other sources,
the most common being water. For that reason, low-hydrogen electrodes must be stored in a dry environment. Preheating is also useful to evaporate moisture at the surface of the base metal before
welding.
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A36
A53b
A441
A500c
A501
A529f
A572g
A588
A618h
A709i
A913j
A992
A1011k

A36a
A53b
A500c
A501
A709d
A1011 SSe

X

SMAW
w/o LHE

ASTM

X

SMAW
w/LHE

Weld Process

Steel Grade

X

SAW

X

GMAW

X

FCAW

0 (32)

0 (32)

3 to 20 mm

10 (50)

65 (150)

20 to 38 mm

65 (150)

110 (225)

38 to 65 mm

110 (225)

150 (300)

65 mm or
more

AWS D1.1/D1.1M-2010 Minimum Temperature
Requirement in çC (çF) for Various Maximum Thickness of
Parts at Welding Location

39
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X

X

X

X

10 (50)

65 (150)

110 (225)

150 (300)

Table 2.3 Minimum Preheat and Interpass Temperature Requirements

FCAW = Flux-Cored Arc Welding; GMAW = Gas Metal Arc Welding; LHE = Low Hydrogen Electrodes; SAW = Submerged Arc Welding; SMAW =
Shielded Metal Arc Welding (commonly referred to as “stick” or manual welding).
a
LHE only permitted for steel thicknesses less than 20 mm (3/4")
b
Grades B
c
Grades A, B, and C
d
Grade 36
e
Grades 30, 33, 36 Type 1, 40, 45, 50, and 55
f
Grades 50 and 55
g
Grades 42, 50, and 55
h
Grades Ib, II, and III
i
Grades 36, 50, 50S, and 50W
j
Grade 50
k
HSLAS Grades 45 (Class 1 and 2), 50 (Class 1 and 2), and 55 (Class 1 and 2), and HSLAS-F Grade 50
l
Grades 60 and 65
m
HPS70W (high performance steel)
n
Maximum preheat and interpass temperature shall not exceed 200°C (400°F) for thicknesses up to 40 mm (1.5"), inclusive, and 230°C (450°F) for greater
thicknesses.

A572l
A913
A709mn
A852n
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2.5.3

Carbon Equivalent

The “carbon equivalent” concept has been developed to convert
into equivalent carbon content the effect of other alloys known to
increase the hardness of steel. Although numerous compounds are
added to increase the hardness of steel without causing much loss
of ductility, increases in strength are always accompanied by a corresponding increase in hardness, some loss of ductility, and a
reduced weldability. Most structural steels are generally alloyed to
ensure their weldability, but some steels on the market still have
rather high carbon equivalent content. The AWS (2010) mentions
that for an equivalent carbon content above 0.40, there is a potential for cracking in the heat-affected zones near flame-cut edges
and welds. Various formulas have been proposed to calculate the
carbon equivalent content of certain steels. For structural steels, the
American Welding Society (AWS 2010) recommends the following
formula:
CE = C +

( Mn + Si) (Cr + Mo + V ) (Ni + Cu)
+
+
6
5
15

(2.10)

where CE is the carbon equivalent measure; and C, Mn, Si, Cr, Mo, V,
Ni, and Cu are the percentage of carbon, manganese, silicon, chromium, molybdenum, vanadium, nickel, and copper, respectively,
alloyed in the steel.
Interestingly, structural engineering standards do not specify
carbon content equivalent limits for structural steels. Instead,
control of their weldability is indirectly achieved through limiting the maximum percentage of certain alloys. This practice has
endured largely because of the generally satisfactory performance
of welded structures constructed with the weldable structural
steels currently available on the market, even though some of
those steels have a CE in excess of 50 and therefore a high cracking potential. However, as high-strength steels come into much
greater use and reported instances of brittle failures continue to
increase (e.g., Fisher and Pense 1987, Tuchman 1986), an awareness of the significance of the carbon content equivalent of steels
is essential.
Finally, it is interesting that, although structural steel used to be
produced directly from pig iron in the 1960s and 1970s, steel is now
often produced from scrap metal. As a result of this change in practice, a large number of “foreign” metals such as aluminum are now
found in trace amounts in these steels. There is no evidence that this
metallurgical variance could have undesirable consequences on the
physical properties of steel, but some structural engineers have
expressed concerns regarding the unknown consequences of this
practice (SAC 1995).
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Flame Cutting

Some structural details can also introduce brittle conditions in steel
structures. For example, weld-access holes are frequently flame-cut
in the webs of beams near their flanges to facilitate welding. The
weld-access hole may also relieve stresses by reducing the transverse
restraint on the flange welds. However, flame-cutting generally creates an irregular surface along these holes and modifies the metallurgy of the steel into a brittle martensite up to a depth of 3 mm
(0.12 in) along the edge of the hole. This martensite transformation
along the roughened surface promotes crack formation. Therefore,
when these holes must be flame-cut, it has been recommended
that the martensite region be ground smooth prior to welding (Bjorhovde 1987, Fisher and Pense 1987).

2.5.5 Weld Restraints
Absorbed hydrogen, high carbon content, and flame cutting can all
create an environment favorable for crack initiation and propagation,
but an active external factor is usually needed to trigger fracture. The
residual stresses induced by restrained weld shrinkage can sometimes provide this necessary additional factor (AISC 1973). The choice
of welding sequence and weld configuration can severely restrain
weld shrinkage.
To understand the nature and impact of these restraints, it is
helpful to visualize welds as molten steel that solidifies when
cooled. If unrestrained, the hot weld metal will shrink as it cools. It
is well known that important distortions will occur as a result of
this shrinkage in nonsymmetrical welds, as shown in Figure 2.14.
Many examples of such distortions and information on their expected
magnitude are available in the literature (e.g., Blodgett 1977a). However, if existing restraints prevent this distortion, internal stresses in
self-equilibrium must develop. As shown in Figure 2.15 for singlepass welds, the weld metal will generally be in tension and the
pieces being connected will generally be in compression where
they are in contact. In multipass welds, some of the weld metal first
deposited (usually at the root of the weld) will initially be in tension as it cools, but could eventually end up in compression after
all the subsequently deposited weld material has cooled and compressed the previously deposited material. The weld material
deposited last will generally be subjected to the largest residual
tension stresses. Complex residual stress patterns will obviously
exist in all but the simplest details. An example of how the residual
stress condition in a detail can be qualitatively assessed is presented at the end of this section.
To minimize the tensile residual stresses in welds, at least for simple weld details such as those shown in Figure 2.15, it has been suggested (Blodgett 1977b) that a few soft wires could be inserted
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(a) Transverse shrinkage

(b) Angular distortion

(c) Longitudinal shrinkage

(d) Angular distortion

Neutral axis

(e) Pulling effect of welds above neutral axis

(f) Pulling effect of welds below neutral axis

Figure 2.14 Examples of distortion and dimensional changes in assemblies
due to unsymmetrical welds. (From The Lincoln Electric Company, The
Procedure Handbook or Arc Welding, 12th Edition, with permission.)

between the pieces to be welded. During welding, these wires will
simply crush with little resistance, allowing the welds to shrink
without restraints, thus preventing the development of residual
stresses.
Assuming invariant material properties, it is generally preferable
to choose a weld configuration that minimizes internal residual
stresses. However, there are instances in which large residual stresses
are bound to be present. For example, if a beam-to-column fully
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C

T

C

C
1. Weld contraction vs. tight fit-up

Potential
lamellar
tearing
T

T

C

Potential
lamellar
tearing T

C

T

T

C

C

C

C

2. Weld contraction vs. previously deposited weld metal
(a)

Soft wire

Preset before welding

Weld free to shrink;
stress-free

(b)

Figure 2.15 (a) Examples of internal stresses due to weld restraints.
(b) Example of measure to reduce the magnitude of such stresses. (Figure a
from F.R. Preece and A.L. Collin, Steel Tips: Structural Steel Construction in
the ‘90s, with permission from the Structural Steel Education Council; figure b
from O.W. Blodgett, Special Publication G230 of The Lincoln Electric
Company: Why Do Welds Crack, How Can Weld Cracks Be Prevented, with
permission from The Lincoln Electric Company.)

welded connection must be performed at both ends of a beam located
between two braced frames, as shown in Figure 2.16, shrinkage of the
welds is prevented by the rigid braced frames, and the likelihood of
yielding (or cracking) these welds or the adjacent base metal is rather
high. In such a case, preheating and postheating may be necessary,
along with a stringent inspection program to check the integrity of
the resulting welds. Alternatively, changes to the construction
sequence should be contemplated.

02_Bruneau_Ch02_p007-110.indd 43

6/13/11 3:07:58 PM

44

Chapter Two

Closing welds

Fill-in
members

Closing welds
Braced bay

Fill-in bay

Braced bay

When final closure welds are made between rigid assemblies they are under
high restraint. Weld metal and base metal contraction upon cooling must be
accommodated either by yielding or cracking or elongation of the full member.

Figure 2.16 Closing welds for members between rigid assemblies as an
example of poor construction sequence, leading to highly restrained welds.
(From F.R. Preece and A.L. Collin, Steel Tips: Structural Steel Construction in
the ‘90s, with permission from the Structural Steel Education Council.)

2.5.6

Lamellar Tearing

Steel is usually treated as an isotropic material. However, the available test data on steel plates generally demonstrates a significant
anisotropy of strength and ductility (Figure 2.17a) because the properties of steel plates tested in the through-thickness direction vary
significantly from those in any of the plane directions. The presence
of small microscopic nonmetallic compounds (termed “inclusions”)
in the metal and flattened during the rolling process explains this
difference. These flattened inclusions act as microcracks, of no consequence when a steel plate is stressed in its plane directions, but that
can grow and link when stresses are applied in the through-thickness
direction (z-direction), as shown in Figure 2.17b, producing a brittle
failure mechanism known as lamellar tearing. However, this phenomenon has been observed only in thick steel plates with highly
restrained weld details (thicker steel sections generally have more
nonmetallic inclusions). An effective solution to the problem of lamellar tearing is to detail the welded connection with bevels that penetrate deep into the cross-sections to be welded, thereby engaging the
full thickness of the plates in the resistance mechanism instead of
relying on through-thickness strength to resist the tension force at the
surface of the plate. Examples of alternative weld details are presented in Figure 2.17c. The engineer can visualize, in each of these
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(a)
Figure 2.17 Lamellar tearing: (a) anisotropic proper ties of structural
steel; (b) Photo of 0.07 to 0.10”planar inclusions (laminations);
(c) schematic of mechanism of lamellar tearing, star ting with
microfissures initiation at flattened nonmetallic par ticle inclusions,
growth of cracks due to cross-thickness tension forces, and rupture by
interconnecting tears between cracks on different planes, resulting in a
stepped rupture sur face; (d) details prone to development of lamellar
tearing and corresponding improved details. (Figures a and c from
F.R. Preece and A.L. Collin, Steel Tips: Structural Steel Construction in
the ‘90s, with permission from the Structural Steel Education Council;
Figure b from Barsom and Pellegrino 2000, copyright © American
Institute of Steel Construction. Reprinted with permission. All rights
reser ved )
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Figure 2.17 (Continued )
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Questionable
detail

Improved
detail

Questionable
detail

Improved
detail
(d)

Figure 2.17 (Continued )

improved details, the weld pulling on all “layers” of the thick steel
plate rather than on its surface.

2.5.7 Thick Steel Sections
Most of the aforementioned factors contributing to brittle failures will not lead to such failures in most cases. However, special
care must be taken with very thick high-strength steel sections,
roughly defined as 60 mm (2.4 in) and thicker, because these are
known to be more prone to lamellar tearing and other fracture
problems.
Likewise, the complex triaxial stresses induced by highly
restrained weld details are of greater consequence for heavy thick
steel sections. For example, brittle failures of fully welded heavy
rolled wide-flange beam splices have been reported (Fisher and
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Pense 1987, Fisher personal communication 1984) in which cracking
initiated at the end of the flame-cut weld-access hole. Through use of
existing qualitative information on weld shrinkage and distortion,
orientation of the weld and the welding sequence can provide insight
into the triaxial stress state at the end of a flame-cut hole. For the
example shown in Figure 2.18a, the weld sequence is assumed to
have been initiated with a root pass on each flange, followed by welding of the web, the outside of the flanges, and finally the inside of the
flanges. Because of the presence of the root weld between the flanges,
the web welds induce tension in the vertical plane (noted 1* on the
triaxial stress diagram in Figure 2.18a), but the weld-access hole can
effectively reduce these residual stresses. More critical is the welding

1. Before welding the flanges

1. 1.*
2.

2. Welding of the outside of
flanges cause tendency to lift

3.

1.

Tension due to tendency of flange to distort

1.* Tension due to high restraint against longitudinal
shrinkage of web welds (may not be present if
cope holes large enough)
2.

Tension: Transverse welding restraint of flange

3.

Compression due to longitudinal shrinkage
of flange welds

(a)

3. By pulling action of the web,
the flange stays in place
but tension residual stresses
are induced

(b)

Figure 2.18 Qualitative illustration of: (a) triaxial state of stress at the point
of cracking initiation, and (b) effect of weld shrinkage on internal stresses.
(Bruneau and Mahin 1987.)
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of the outside of the flanges prior to the inside of the flanges. As
shown on Figure 2.18b, this creates a tendency of the flanges to rotate
(bow) away from the web. Therefore, the web-flange region at the end
of the hole is stressed in tension, and any initial crack or microcracks
in this region could propagate further. Assuming that a crack has
formed, crack propagation will reduce the flange curvature, which in
turn should lower the tensile force at the end of the hole, and the crack
will stop propagating once it reaches a finite length. The final path
followed by the crack will depend on the magnitude of all the components of the triaxial stress state shown on Figure 2.18a. A crack may
rest in a stable position until external loads applied to the structure
raise the stresses to the threshold whereupon crack propagation will
resume. Whether total fracture of flange will occur can be determined
through use of fracture mechanics.

2.5.8

Fracture Mechanics

Fracture mechanics (i.e., the study of the behavior and strength of
solids having crack discontinuities) is a field of engineering unto
itself. A comprehensive presentation of this topic is beyond the scope
of this book, and the interested reader is referred to the literature (e.g.,
Rolfe and Barsom 1999). However, although fracture mechanics has
become part of the design process in some applications of engineering (e.g., in ships and airplane hull design and pressure vessels
design), it is seldom used at this time for the design of mainstream
civil engineering structures such as buildings and bridges (although
fatigue, which is an extension of fracture mechanics, is obviously considered in many design situations). However, once brittle failures are
encountered, investigators frequently resort to fracture mechanics to
explain the observed behavior.
This state-of-practice is partly a consequence of the difficulty and
limitations inherent in the currently available fracture mechanics
analysis methods. For example, one simple and effective fracture
mechanics approach requires comparison of a stress intensity factor,
KI, with the fracture toughness, KIC, of the material (also termed critical stress intensity factor). Calculation of KI for a given specimen and
crack geometry requires resorting to empirically developed available
solutions (Rooke and Cartwright 1976). KIC must be determined by
special fracture toughness tests (ASTM 1985a).
For cracks that propagate through base steel, fracture mechanics
has proved to be an effective analytical tool. However, for fractures
through welds, KIC of the adjacent steel is irrelevant; KIC of the weld
itself is needed, a property sensitive to workmanship. This is a problem in postfailure investigations because the KIC of a weld that has
failed cannot be inferred from the other welds that have not fractured. Furthermore, KIC values obtained on small standard welded
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specimens may be difficult to reliably extrapolate to large multipass
welds; cracks tend to simply propagate through the weakest link
between the passes in those welds. An example application of fracture mechanics principles to describe the brittle fracture of a highstrength heavy steel section splice with partial penetration welds is
presented by Bruneau and Mahin (1987).

2.5.9

Partial Penetration Welds

Partial penetration welds should be avoided whenever ductile
response is required (or implied) by design. When structural members connected by partial penetration welds are loaded to their ultimate strength in tension or flexure, only yielding of the weld is
possible at best because the cross-sectional area of the weld is
smaller than that of the adjacent base metal. As a result, because the
weld’s length is rather small, particularly at the root, large ductility
of the weld metal translates into small or no ductility at the component level. Moreover, from a fracture mechanics perspective, the
unwelded part of the connected metal can act as an initial crack; this
cracklike effect at the toe of a typical partial penetration weld can be
clearly seen in Figure 2.19 for a partial penetration weld executed
on an 89-mm-thick (3.5-in) flange (cut, polished, and etched to allow
visual observation of the weld).
The discontinuity of the base metal produced by the partial
penetration weld also introduces a significant stress concentration
at the toe of the weld. This is a problem particularly in heavy rolled
steel sections because their metallurgy suffers from a reduced fracture toughness (KIC), especially in the web-flange core area where
the higher stresses occur as a result of this stress concentration.
The web-flange core area of a heavy steel section does not get
worked to the degree that thinner sections do during the rolling
process. It has a “castlike” structure with large grains and inherently less fracture toughness. A higher fracture toughness is
obtained away from this core area, closer to the outer surface of
the flanges, the flange tips, and the bottom surface of flanges. This
is in spite of adequate and constant yield stress properties throughout the flange.

2.5.10 K-Area Fractures
Even when a structural shape created by the hot rolling process has a
fine grain structure, ductile properties, and excellent toughness, some
amount of cold working after it has cooled down is often applied to
ensure that it meets its specified geometric tolerances. This is achieved
by a process called rotary straightening conducted at the mill itself.
During rotary straightening, the shape is run through a series of rollers to give it its final geometry by removing the undesirable distortions that were created by residual stresses during the cooling process.
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Figure 2.19 Polished and etched partial penetration weld on a 90-mm-thick
(3.5-in) flange.

However, such cold working conducted to strengthen a wide-flange
shape locally strain hardens the steel and increases its yield and ultimate strengths, its hardness, and its ratio of yield-to-ultimate strength,
as well as decreases its ductility. These combined effects can have a
detrimental affect on the Charpy-V notch toughness over an area
where the web meets the flanges—commonly known as the “k-area”
(Barsom and Pellegrino 2000, Kaufmann et al. 2001a, Iwankiv and
Zoruba 2002, Tide 2000).
More specifically, the k-area in the web starts at the midpoint of
the flange-to-web radius and extends approximately 1.5 in beyond the
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k
1 in to 1 1/2 in (25 to 38 mm)

Area of potentially lower
notch toughness in
rotary-straightened W-shapes

1 in to 1 1/2 in (25 to 38 mm)
k

Figure 2.20 Typical k-area for a wide-flange shape. (AISC 2010, copyright ©
American Institute of Steel Construction. Reprinted with permission. All rights
reserved.)

point of tangency between the curved fillet and the web (Figure 2.20);
that region roughly corresponds to the part of the web that is cold
worked to realign the flanges perpendicular to the web during rotary
straightening. The term “k-area” is defined by reference to the distance, k, in wide-flange shapes, which is measured from the top of the
flange to the point were the constant-thickness part of the web starts.
This k distance is not uniform depending on mill practices. Typically,
design manuals list both a minimum and a maximum value of k
encompassing the products of the mills they represent—the lower
value for calculating web compactness/stability and the high one for
detailing purposes (AISC 2001).
Material studies on A572 and A913 Grade 50 steel shapes confirmed that pre-straining increased the yield and tensile strengths by
20 to 60% and 5 to 20%, respectively (Kaufmann et al. 2001a), as
shown in Figure 2.21—a behavior consistent with the idealized
behavior illustrated in Figure 2.10 when reloading occurs after an
excursion in the strain-hardening range (cold forming), but in this
case exceeding the monotonic curve envelope upon reloading. A
lower toughness was measured and prestrains of 0.15 to 0.20 were
found to initiate cracks within 5 to 10 cycles of hysteretic behavior.
Okazaki and Engelhardt (2007) also observed fractures initiating in
the k-area of many tested links of the types used in eccentrically
braced frames after a few cycles of hysteretic behavior, along with
higher tensile strength and reduced toughness and ductility in the
k-area of the links. Yet, beam-to-column connections specimens tested
by Chi and Uang (2004), with holes drilled in the k-area to act as crack
initiator with intent of triggering early fractures, actually performed
satisfactorily, with substantial hysteretic behavior.
In light of the above observed possible impact of rotary straightening and limited statistical data on expected levels of prestrains,
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Figure 2.21 Stress-strain curves for A572 Grade 50 steel obtained after
various amount of cold-forming. (From Kauffman et al. 2001a, copyright ©
American Institute of Steel Construction. Reprinted with permission. All rights
reserved.)

some design specifications recommend to avoid welding in the
k-area. Figure 2.22 shows a recommended compliant typical column
stiffener details (AISC 2010) experimentally shown to provide satisfactory performance (Dexter et al. 2001, Lee et al. 2002). Iwankiv and
Zoruba 2002 also suggested avoiding web doubler plates, reducing
residual stresses in highly restrained joints by preheating and proper

5/16 in (7.9 mm)
5/16 in (7.9 mm)

5/16 in (7.9 mm)

1 1/2 in
(38 mm)

5/16 in (7.9 mm)

1 1/2 in
(38 mm)

Figure 2.22 AISC recommendations to keep stiffeners’ welds outside of
k-area. (AISC 2010, copyright © American Institute of Steel Construction.
Reprinted with permission. All rights reserved.)
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sequencing of welding, and magnetic particle or dye penetrant
inspection of the welds in the k-area.
Note that while embrittlement of the k-area was found likely to
have a critical impact on steel structures that require highly ductile
behavior at the component level (such as in seismic-resistant design
applications), it was also occasionally reported to be problematic in
some nonyielding applications where cracking in the k-area of galvanized beams was attributed to liquid metal embrittlement (BCSA
2005, Kinstler 2005), a phenomena whose definitive atomic mechanism is still being investigated.

2.5.11 Strain Aging
When unloaded after an excursion into the strain-hardening range,
steels left unstressed for a period of time will experience a modification in their molecular structure that will translate, upon reloading,
into an increase of their yield and tensile strengths as well as a
decrease in ductility and fracture toughness (Barsom and Korvink
1998, Pense 2004), as illustrated in Figure 2.23. This phenomenon,
known as static strain aging, is attributed to the filling of material
dislocations by migrating nitrogen and carbon atoms. Dislocations
are defects in the crystals structure of steel that facilitate the development of slip planes (i.e., yielding), and that are “locked” when filled
by the migrating atoms (Baird 1963, 1971; Cottrell and Bilby 1949;

Increase in tensile strength
due to strain aging
Decreased elongation
due to strain aging

Stress

Increase in yield strength
due to strain aging

Initial lower yield
extention

Strain-hardening range

Strain
Pre-strain

Ductility after strainhardening and strain aging

Ductility of virgin material

Figure 2.23 Effect of Strain Aging. (Barsom and Korwink 1998—with
permission from SAC Joint Venture, a Partnership of the Structural Engineers
Association of California, Applied Technology Council, and Consortium of
Universities for Research in Earthquake Engineering.)
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Pense 2004). Although some industries working with deformed sheet
steel (such as the automotive industry) have had to contend with
strain-aging issues, structural steels used in construction have more
carbon and alloys and a more complex microstructure that has prevented strain aging at ambient temperature. However, at a temperature of 400°F (200°C), substantial strain aging can develop in those
structural steel within a few hours. Caution is thus warranted when
cold forming at relatively high temperatures. Incidentally, Barsom
and Korvink (1998) indicated that if rotary straightening operations
are conducted at less than 200°F (93°C), the degradation of properties
in the k-area attributable to strain-hardening will be more significant
than the secondary effects of strain aging.

2.5.12 Stress Corrosion
Many guides and documents address the topic of corrosion, providing engineering advice on how to protect steel against corrosive environments and detail structures such as to avoid trapping liquids or
solids that could trigger or accelerate the corrosion process (e.g., Koch
et al. 2002). Engineering procedures also exist to calculate the residual
strength of structural members that have lost cross-sectional area due
to severe corrosion, or to predict such losses as a function of time
(e.g., Kayser and Novak 1989, Kulicki et al. 1990).
Stress corrosion is a less familiar phenomenon that is known to
happen in various metals, such as certain steels and copper alloys, as
well as numerous types of polymers. It can transform ductile steel
into a brittle material without substantial visible evidence of this
process taking place. Stress corrosion cracking can develop unexpectedly when materials under tensile stresses are exposed to specific chemicals (hydrogen embrittlement is sometimes considered a
subset of stress corrosion). The process is accelerated at higher temperatures. Under these conditions, small surface cracks propagate
inside the steel, even when exposed to low stress levels considered
not critical per fracture mechanics models (e.g., stress corrosion
cracks have been reported to propagate in conditions corresponding
to less than 1% of the critical stress intensity factor, KIC). Although
this phenomenon is of obvious impact to chemical and petrochemical industries, it has also occasionally had adverse effects on conventional public infrastructures.
Certain types of stainless steel used structurally are known to be
highly sensitive to stress corrosion if exposed to water or vapors containing traces of chlorides. Such a chloride attack led to the collapse
of a concrete roof supported by stainless steel tension bars over a
swimming pool at Uster near Zurich in 1985 (Faller and Richner
2003). Similar structures in Europe collapsed, or were found at immediate risk of failure and retrofitted with galvanized steel or stainless
steel bars of a different grade having greater resistance to stress
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corrosion cracking. Although stainless steel has a history of satisfactory
performance in multiple applications in which it is either unstressed or
intermittently stressed, corrosion cracking can become a threatening
failure mode under sustained tensile stresses of any magnitude.
Stress corrosion cracks in regions of large residuals stresses,
together with other factors, led to the fracture of a critical eye-bar
joint and the ensuing collapse of the Point Pleasant “Silver” Bridge in
Ohio, in December 1967 (Fisher 1984, NTSB 1971). Sulphur, an element not belonging to the metal itself, was detected in the critical
crack (and other subcritical cracks) during the forensic investigation,
possibly diffused as a consequence of the sulphur dioxide emissions
of a local power station using high-sulphur West Virginia coal and/
or a foundry close to the east side of the bridge. Tests as part of the
investigation indicated that exposure to hydrogen sulphide produced
stress corrosion and reduced the fatigue resistance of the material
used in the eyebars that fractured.
Figure 2.24 illustrates typical “branches” of stress corrosion
cracks having penetrated inside the flange of a structural steel
shape, virtually undetectable from the un-attacked steel surface
(Ahluwalia 2003).
Stress corrosion due to the diffusion of atomic hydrogen at the
tips of cracks in the wires used in cable-supported bridges has been

(a)

Figure 2.24 Chloride stress corrosion cracks developing in stainless steel
Grade 304L, in region of residual tensile stresses due to welding. (Courtesy
of Dr. Hira Ahluwalia, Material Selection Resources Inc., www.doctormetals
.com.)
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(b)

Figure 2.24

(Continued )

reported to explain the observed ductility losses in such wires
(Mahmoud 2003a, 2003b). Figure 2.25 shows the relatively brittle
fracture, without cross-sectional necking, of a wire affected by such
hydrogenation, by contrast to a regular wire, underlining the need to
consider this condition in structural safety evaluations.
Avoidance of stress-corrosion cracking can be best achieved by
selection of materials not susceptible to such degradation when
exposed to specific chemical or aqueous environments (e.g., using
data compiled by NPL 1982), although this is not always possible.
Other approaches include heat treatment to relieve residual stresses
introduced by welding, avoiding details that induce stress raisers
(e.g., using full penetration welds instead of fillet welds), avoiding
cold work, or shot peening (Marsh 1993). That latter metal treatment
consists of bombarding the surface of the steel at risk with spherical
projectiles to plastically deform it into a layer of compression stresses,
eliminating the tensile stresses at the surface (see MIC 2005 for
details).

2.5.13 Corrosion Fatigue
Corrosion fatigue is another type of environmentally assisted cracking known to have led to structural failures—for example, it contributed to the collapse of Kinzua Viaduct in Pennsylvania during a wind
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storm in July 2003 (DCNR 2003). By contrast with stress corrosion
cracking, it develops in uniformly corroded materials, with cracks
that could be visible, if exposed, as for regular fatigue cracks. The
detrimental consequence of corrosion fatigue is that it substantially
reduces fatigue life of steel details, connections, and members under

Lab file no. 91–23
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(a)

Figure 2.25 Fracture and force displacement response of wires taken from
a suspension bridge cable, showing: (a) relatively brittle response and
(b) ductile response. (Courtesy of Khaled M. Mahmoud of Bridge Technology
Consulting (BTC), New York.)
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Figure 2.25 (Continued )

cyclic loading, and that it eliminates the fatigue limit (i.e., the stress
below which high-cycle fatigue life is theoretically infinite for a specified detail). In stress corrosion the period of crack nucleation is substantially shorter, with crack propagation initiating sooner with
sustained growth in stress regimes below the critical stress intensity
factor (KIC). However, given that high-cycle fatigue is beyond the
scope of this book (as described in Section 2.6), so is a detailed exposé
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of the effects of corrosion fatigue. Corrosion fatigue can be prevented
through the same mechanisms and procedures adopted to prevent
regular fatigue and corrosion.

2.5.14 Ductility of Corroded Steel
It is recognized that the presence of severe corrosion can typically
result in increased stress levels for a given load or in larger stress
ranges under fatigue-type cyclic loading, as well as some notable
shifts in the type of ultimate failure expected as some geometric properties and failure modes are related to the square or cube of member
dimensions (Kayser and Nowak 1989). However, experimental studies on the behavior of corroded members, although few, indicate that
the monotonic structural ductility of steel is not detrimentally affected
by corrosion. For example, Fisher et al. (1990) conducted ultimate
strength tests on two severely corroded bridge hangers having
approximately 40% area loss and taken from an actual bridge. They
found that the hangers could resist maximum axial loads corresponding to the tensile strength calculated using the effective net area of the
most rusted region of the member, while exhibiting no considerable
reduction in the monotonic structural ductility of the specimens. Similar behavior was observed by Bruneau and Zahrai (1997) for corroded A7 steel coupons taken from an existing bridge, although a
30% reduction in the elongation at failure was noted, as shown in
Figure 2.26.

500

Tensile stress (MPa)

400

300

200
G40.4 (A7) Steel
Rusted flange
Rusted web 1
Rusted web 2

100

0

0.00
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0.16

0.20

0.24
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Figure 2.26 Experimentally obtained stress-strain relationship for rusted
coupons (normalized by area computed using minimum thickness of rusted
coupon), compared with typical stress-strain curve of unrusted A7 steel
(Zahrai and Bruneau 1998).
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Knowledge on the cyclic ductility of corroded steel is limited, but
important given that the hysteretic behavior of steel members may be
relied upon to dissipate earthquake energy. These members would
need to perform as intended even if rusted by the time a major earthquake strikes (in a distant future). Cyclic inelastic flexural on structural members revealed that, although stable hysteretic behavior
comparable with that of unrusted specimens is possible, fracture
under alternating plasticity (i.e., low-cycle fatigue) will typically
develop sooner than for comparable unrusted members. However,
the considerable cumulative hysteretic energy dissipated in those
tests prior to the development of fatal cracking was deemed sufficient
to provide adequate seismic resistance in most applications, as shown
in Figure 2.27. However, the impact of large corrosion notches or
more severe levels and types of corrosion than considered by Bruneau
and Zahrai (1997) deserve further experimental study.
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Figure 2.27 Cyclic ductility of corroded steel: (a) test set-up, (b) resulting
hysteretic behavior (Zahrai and Bruneau 1998).
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2.6

Low-Cycle versus High-Cycle Fatigue
2.6.1

High-Cycle Fatigue

Crystal imperfection, dislocations, and other micro cracks in steel can
grow into significant cracks in structural components subjected to the
action of repeated loads. For example, various components in bridges
subjected to heavy traffic loading and offshore structures subjected to
wave loading will be subjected to millions of cycles of load during
their service life. These components must be detailed with proper
care to provide adequate resistance against crack initiation and crack
propagation. The ability of metals and specific welded details to resist
many hundreds of thousand cycles of strain below the yield level is
termed “high-cycle fatigue resistance.” One accomplishes design to
ensure this resistance by limiting the maximum stress range due to
cyclic loading to values that are usually much below the yield stress
and by selecting details that minimize stress concentrations (Rolfe
and Barsom 1999, Stephens et al. 2001). The design of these members
can be accomplished according to traditional steel design methods,
with stress ranges presented in various standards, and is therefore
beyond the scope of this book.

2.6.2

Low-Cycle Fatigue

Anybody who has ever destroyed paper clips knows that these can be
bent back and forth only a limited number of times. Some may even
have noticed that the maximum number of cycles these paper clips can
resist is a function of the severity of their postyield plastic deformations. The ability of metals to resist a limited and quantifiable number
of strain cycles above the yield level is termed “low-cycle fatigue resistance” or “resistance to alternating plasticity.” Although both low-cycle
fatigue and high-cycle fatigue failures result from similar crack initiation and crack growth mechanisms, only low-cycle fatigue resistance
characterizes the cyclic response of components and connections
deformed beyond the yield limit and is thus related to ductile design.
There is also a significant difference between the low-cycle fatigue
resistance of the material obtained by tests on coupons of the base
metal and that of actual structural members. This difference principally
arises as a result of the rather large inelastic strains that develop upon
local buckling. For example, although tests of coupons indicate that
mild steel can resist more than 400 cycles at a strain of 0.025 (ASM
1986), Bertero and Popov (1965) showed that local buckling in a steel
beam of compact cross-section in bending started after half a cycle at
that strain and that fracture occurred after the 16th cycle. Indeed, in
steel sections that can develop their plastic moment capacity (see Chapter 3), local buckling due to cyclic loading will occur at smaller strains
than predicted for monotonic loads, because the inelastic curvatures
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introduced in the flanges of beams subjected to flexural moments
above the yield moment will typically act as initial imperfections and
help trigger local buckling upon reversal of loading. This explains why
smaller maximum width-to-thickness ratios are required by codes for
members subjected to cyclic loading (as will be shown later). Fortunately, low-cycle fatigue resistance increases rapidly with reductions in
the maximum cyclic strain (Figure 2.28). Steel structures detailed for
ductile response must be able to resist the expected cyclic inelastic
deformation demands without prematurely failing by low-cycle
fatigue—usually an implicit goal of design specifications.
The low-cycle fatigue life of a material is established by conducting axial tests on standard coupons subjected to fully reversed cycles
of constant strain amplitudes. By repeating such tests for various
values of strain amplitude, it is possible to correlate strain amplitude, ea, to the number of cycles, Nf , or the number of load reversals,
2Nf , applied before fracture. Such a curve is schematically shown in
Figure 2.29, and is asymptotic to two straight lines of slopes b and c:
one for high-cycle fatigue in the elastic range, and one at large inelastic cyclic plastic strains, respectively. The total strain range, ∆e, being
equal to twice the strain amplitude (i.e., ranging from −ea to +ea), can
be expressed in terms of elastic and plastic ranges, ∆ee and ∆ep,
respectively, such that:
ea =

Δ e Δ e e Δ e p s ′f
(2 N f )b + e ′f (2 N f )c
=
+
=
2
2
2
E

(2.11)

where sf′/E and ef′ are the intersects of the elastic and plastic asymptotic lines with the vertical axis of the graph in Figure 2.29, sf′ and ef′
are defined as the fatigue strength coefficient and fatigue ductility
coefficient, and b and c are respectively known as the fatigue strength
exponent and the fatigue ductility exponent.
The later half of that equation, concerned with low-cycle fatigue
at large inelastic strains, is the original Coffin-Manson relationship
(Coffin 1954, Manson 1953), namely:
Δe p
2

= e ′f (2 N f )c

(2.12)

Regression analysis on experimental data is performed to obtain
the values of sf′, ef′, b, and c. For example, these values derived for
A572 Gr. 50 rolled shapes (Kaufmann et al. 2001b) and for four grades
of steel plates (Dusicka et al. 2007) are summarized in Table 2.4 for the
data shown in Figure 2.30.
In most applications, however, the cycles of inelastic strains
applied to a structure are of variable amplitudes. To calculate lowcycle fatigue life, a procedure is required to convert the irregular
cycles of variable strain amplitude into sets of equivalent regular
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Figure 2.28 Low-cycle fatigue of structural shapes: (a) number of cycles
required to attain fracture as a function of the controlling cyclic strain,
(b) number of cycles required after which local buckling of flanges was
detected as a function of the controlling cyclic strain, (c) typical initiation of
fracture, (d) typical complete fracture. (Figures a–d reprinted from “Effect of
Large Alternating Strains of Steel Beams,” Journal of Structural Engineering,
February 1965, V.V. Bertero and E.G. Popov, with permission of the American
Society of Civil Engineers.)
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Figure 2.29 Strain amplitude versus number of load reversals to failure.
(Stephens et al. 2001, reprinted with permission of John Wiley & Sons, Inc.)

rf (MPa/ksi)

b

df

c

A572 Grade 50

–

–

0.03

−0.515

A709M Grade
345W2

894/130

−0.082

0.535

−0.590

A709M HPS
4852

886/129

−0.072

0.432

−0.575

BT-HT-440C2

1000/145

−0.101

0.422

-0.524

BT-LP1002

475/68.8

−0.081

0.275

−0.459

GT-LP2252

507/73.6

−0.063

0.446

−0.612

1

[1From Kaufmann et al. (2001b); 2from Dusikca et al. (2007).]

Table 2.4

Estimated Coffin-Manson Parameters for Low-Cycle Fatigue of
Various Steels

cycles of constant amplitude, and a combination rule must be used to
establish how these sets of cycles at different constant amplitudes can
be added. Such a procedure can also be used to assess “damage accumulation,” that is, the percentage of the total fatigue life that has been
used during a given strain history.
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1

Total strain range (∆ε)

Steel C (A572 Gr. 50)

∆ε = 0.13–0.18
0.1

0.01
1

10

100

1000

Number of cycles
(a)
Cycles, Nf
10

100

1000

10

10

Strain range, ∆ε (%)

Strain amplitude, ∆ε/2 (%)

100
GR345
HPS485
HS440
LYP225
LYP100

1
1
10

100
Reversals, 2Nf
(b)

1000

Figure 2.30 Low-cycle fatigue life of: (a) of A572 Gr. 50 rolled steel shapes
(extrapolated for low fatigue cycle); (b) A709M Grade 345W (GR345), A709M
HPS 485 (HPS485), BT-HT-440C (HT440), BT-LP100 (LYP100), and GT-LP225
(LYP225). (Figure a from Kaufmann et al. 2001b, copyright © American
Institute of Steel Construction. Reprinted with permission. All rights
reserved.; figure b courtesy of Peter Dusicka, Department of Civil and
Environmental Engineering, Portland State University.)
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The rainflow method (Matsuishi and Endo 1968) is the most frequently used technique to count the number of cycles of various
amplitudes in an arbitrary strain history (although other equivalent
approaches are also encountered in the literature, such as the rangepair, the racetrack counting, the level-crossing, and the peak counting
methods). The rainflow-counting algorithm has been widely implemented in various software and freeware.
Figure 2.31 illustrates how the procedure is used to count cycles
(which are strain cycles for the case of low-cycle fatigue calculations,

25

I (25)

A (25)

Load, stress, or strain

20

E (16)
C (14)

15
10

G (7)

5
B (5)

F (2)

0

Time

–5
–10
–15

H (–12)

D (–14)
(a)

Load, stress, or strain
–15 –10 –5 0 5 10 15 20 25
A
B
C
B¢

D

E
F
G
F¢
H
E¢

I

Time
(b)

Figure 2.31 Rainflow counting procedure: (a) original stress or strain
history, (b) rainflow analysis on rotated history, and (c) resulting cycles.
(Stephens et al. 2001, reprinted with permission of John Wiley & Sons, Inc.)
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–15
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Figure 2.31 (Continued )

but could be stress cycles for other applications). First, the stain history is rearranged to start with the peak or valley of greatest absolute
magnitude. Then, for the sake of the rainflow analogy, the plot of the
strain history is rotated 90°, such that the time axis ends up pointing
downward. The resulting strain history is akin to the roofline of a
pagoda—albeit a highly irregular one. Completing the analogy, strain
range cycles are counted by following rain drops deposited at the
highest point of each roofline. The counting rules, illustrated in Figure 2.31, define a cycle by following rain from the upper edge of a
roofline until it falls off the roof, continuing from that point on the
inside of that edge until it falls off on the other side of the roof; however, the flow is considered terminated if it reaches rain falling from
a higher roof. Calculation are repeated until rain starting at the top of
each roofline has been considered (assuming somehow that rain
could start at the apex of a narrower roof line even if protected by
wider roof above it). This procedure will only count once each part of
the strain history and results in pairs of half-cycles of equal magnitude. For the example shown in Figure 2.31 (Stephens et al. 2001),
four equivalent cycles are obtained. The positive and negative peaks
may not be of equal amplitude, but the resulting stress ranges are
used in subsequent calculations.
Damage accumulation is typically computed using a linear
combination rule; even though it is understood from a metallurgical perspective that strain cycles of greater amplitude generate
more crack nucleation in the material, nonlinear damage accumulation models have not provided better agreement with experimental data. Miner (1945) proposed the following damage
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accumulation model, also known as the Palmgren-Miner linear
damage rule:
j

D=∑
i=1

ni
n
n
= 1 + 2 + = 1
Ni N1 N 2

(2.13)

where Ni is the number of cycles that can be resisted at a single given
constant amplitude strain level Si (this being essentially the data used
to plot low-cycle fatigue life curves such as in Figure 2.30), ni is the
number of cycles in the strain history under consideration applied at
this constant amplitude level (obtained from the rainflow method),
and D is a damage index, assumed to be equal to 1.0 when median
fatigue life is reached. Likewise, Miner’s rule is commonly used to
assess the expended percentage of fatigue life, that is, when the damage index calculated per the above equation is less than 1.0.

2.7

Material Models
Once an appropriately ductile steel material has been chosen for a
specific application, suitable stress-strain or moment-curvature models must be adopted for the purpose of calculations. Because increases
in model complexity often translate into additional computational
difficulties, simple models may provide, in many cases, sufficiently
accurate representations of behavior. Some of the simpler models
commonly used are described below.

2.7.1

Rigid Plastic Model

As the name implies, the rigid plastic model neglects elastic deformations. The material is assumed to experience no strain until the yield
stress is reached, and flexural components modeled with rigid plastic
behavior undergo no curvature until the plastic moment is reached.
This rudimentary model, illustrated in Figure 2.32a, can be useful, for
example, when the plastic collapse load capacity of a structure is
sought, as will be seen in Chapter 4. It has been used to model nonlinear friction hysteretic energy dissipation, in terms of forces versus
displacement, in structures wherein this behavior could be relied
upon to resist extreme dynamic lateral loads (e.g., Dicleli and Bruneau
1995). However, because this model implies infinite stiffness until
plastification is reached and null stiffness thereafter, it is best suited
for hand calculations and can be difficult to implement in structural
analysis programs based on the stiffness-matrix method.

2.7.2

Elasto-Plastic Models

When response under progressive loading until collapse is desired,
or when an accurate calculation of nonlinear deflections is needed,
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Figure 2.32 Some cyclic material models for structural steel: (a) bilinear rigid-perfectly plastic, (b) bilinear elasto-perfectly plastic, (c) bilinear
elasto-plastic with strain-hardening, (d) trilinear elasto-plastic with strain-hardening, (e) cyclic model from monotonic-loading stress-strain curve,
and (f) bilinear elasto-plastic with strain-hardening slope based on equal energy dissipation.

E

σ

(a)

ε or ϕ

E or EI = 0

E or EI = ∞

σ or M

72

Chapter Two
an elasto-perfectly plastic model is generally used. This hysteretic
model considers two possible stiffness states: elastic or plastic, as
shown in Figure 2.32b. The choice of zero postyield stiffness is suitable
for many applications in which strain-hardening is not anticipated,
and conservative for predicting the plastic collapse load and deformations whenever strain-hardening would be expected to develop.
A computer is generally needed to take advantage of the features
of this bilinear model, so one can easily consider the effect of strainhardening by assigning a nonzero postyielding stiffness; in fact, for
numerical analysis reasons, nonzero positive stiffness is often desirable. Such an elasto-plastic model with nonzero postyield stiffness to
account for strain-hardening is illustrated in Figure 2.32c. Various
methods can be used to determine an appropriate postyield stiffness
to model material or member behavior. One such reasonable approach,
shown in Figure 2.32f, consists of finding the slope of the straight line
that would bisect the true stress-strain diagram in the plastic range
such that an equal amount of plastic energy is dissipated before failure. To equate the energy, however, iterative procedures are generally
needed to determine the maximum strains, emax, of all the yielded
members in the structure, which is by no means a simple task. Therefore, values ranging between 0.005 and 0.05 times elastic stiffness are
commonly used for the strain-hardening (postyield) stiffness in bilinear models. Lower strain-hardening stiffness values will generally
produce larger maximum plastic strains and curvatures, whereas
higher values will translate into larger stresses and moments.
As reflected in the available literature, the bilinear elasto-plastic
model has been widely used to model the cyclic hysteretic behavior
of steel frame structures (although in some ways, this has often been
constrained by the limitations of computer programs capable of cyclic
hysteretic analysis). More complex piece wise linear stress-strain
models (Figure 2.32d) or other models (Figure 2.32e) have sometimes
been used for analysis. However, the presumed additional benefit
gained from the use of such models must always be weighed against
all of the uncertainties associated with the design process, particularly when earthquakes are responsible for these hysteretic cycles.

2.7.3 Power, Ramberg-Osgood, and
Menegotto-Pinto Functions
Another class of material models, known as power functions, is particularly useful to analytically describe the experimentally obtained
stress-strain relationships of various alloys. Although these functions
complicate the characterization of the stress-strain relationship of
low-grade steels having a well-defined yield plateau, they can effectively describe the inelastic moment-curvature relationships of members made with these steels, and even the inelastic shear force versus
shear strain relationships in some other applications. Therefore, it is
worthwhile to be familiar with these power function models.
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Power
Function

Ramberg-Osgood

Menegotto-Pinto

d

d

d

r (ksi)

0

0.0

0.0
0.0005

5.0

0.0010

0.0010

10.2

0.0015

15.1

0.0020

20.1

0.0025

24.8

Experimental Data
r (ksi)
0
5

0.0005

10

0.00102

15

0.00151

20

0.00202

25

0.00251

0.0020
0.0030

0.0

30

0.00301

0.0030

29.2

31

0.00311

0.0031

30.0

32

0.00321

0.00321

30.7

33

0.00333

0.00333

31.6

34

0.00345

0.00348

32.4

35

0.0037

0.00371

34.0

36

0.0042

0.0041

0.00416

36.3

37

0.0052

0.0051

0.00516

38.8

38

0.008

0.0074

0.00748

40.1

39

0.015

0.01297

40.4

40

0.0265

0.0258

40.5

41

0.056

42

0.122

0.056

73

0.0555

41.0

0.123

42.0

1 ksi = 6.895 MPa

Table 2.5 Stress-Strain Data for Aluminum Alloy Tensile Test and Results from
Various Models

To remove some of the mathematical abstraction associated with
power function models, the discussion is presented within the context of a numerical example. The data tabulated in Table 2.5, obtained
from a standard tensile test of an aluminum specimen, is used for this
purpose. Although this example is expressed in terms of stresses and
strains, note that power functions can also be developed to model
other behaviors expressed by a pair of related parameters, such as
moments and curvatures, with only minor modifications.
Before a demonstration of how power functions can be used to
model the stress-strain behavior of this aluminum alloy, it is worthwhile to note that, in this particular example, an elasto-perfectly plastic model of this material would provide a reasonably accurate
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representation of the material behavior. Through a graphical method
and the traditional 0.2% offset rule, the yield stress, sy, is calculated to
be 37 ksi (255 MPa), and the corresponding yield strain, ey , is 0.0037.
The resulting elasto-perfectly plastic material curve could be drawn by
joining the following three stress-strain (s, e) points: (0, 0), (37, 0.0037),
and (37, ∞). Likewise, an elasto-plastic strain-hardening model could
be developed after some trial and error to define an appropriate strainhardening stiffness.

2.7.3.1

Power Functions

The fundamental tenet of a power function is that the strain-stress
relationship can be divided into an elastic part and a plastic part as
shown:
e total = e elastic + e plastic =

 s
s
+ a 
E
 E

n
(2.14)

Terms for this equation are defined in Figure 2.33a. The task therefore
lies in determining the parameters a and n that will provide best fit to
the data. From the above expression, it transpires that the plastic
strain can be expressed as a function of the elastic strain if Eq. (2.14)
is manipulated, to obtain:
n

 s
e plastic = a   = a e nelastic
E

(2.15)

or, taking the logarithm of both sides of this equation,

(

)

log e plastic = log a e nelastic = log a + n log(e elastic )

σ

(2.16)

Log εplastic
Elastic

Pt. 2

Total

E

Pt. 1
εelastic

(a)

Figure 2.33
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As illustrated in Figure 2.33b, Eq. (2.16) is the equation of a straight
line of slope n in a logarithmic space—that is, a straight line when
plotted on log-log paper. Because all experimentally obtained data
points will not always fall on a straight line, a least-squares solution
could be used to find the best approximation to the true stress-strain
curve. However, in most practical cases, this level of refinement is not
necessary. A reasonably accurate result can be obtained if one takes
two strain data points as far apart as possible, but not on the linear
branch of the stress-strain curve where eplastic would be zero, and calculates the values of a and n using the following relationships:
 log e plastic - 2 - log e plastic -1 
n=

 log e elastic - 2 - log e elastic-1 

(2.17)

log a = log e plastic -1 - n log e elastic -1

(2.18)

and

For the current example, assuming an elastic modulus of 10,000
ksi and arbitrarily taking for the two strain data points e = 0.0037 (at
s = 35 ksi, for which eelastic = 0.0035 and eplastic = 0.0002) and e = 0.1220
(at s = 42 ksi, for which eelastic = 0.0042 and eplastic = 0.1178), Eq. (2.17)
and (2.18) give n = 35.0 and a = 1.66 × 1082, respectively, which can be
substituted in the general power function expression. This gives the
following result:
 s 
e = 0 . 0001s + 1 . 66 × 1082 
 10000

35 . 0

(2.19)

The accuracy of this solution could be verified if it were plotted
against the experimental data. However, because the resulting difference is rather small, results are instead compared through use of
Table 2.5, and judged to be satisfactory.
Although the resulting expression may appear awkward to
manipulate for hand calculations, the ability to express the entire
stress-strain relationship by a single continuous function can be
advantageous, particularly for computer programming purposes.

2.7.3.2 Ramberg-Osgood Functions

In earthquake engineering, Ramberg-Osgood functions are often
used to model the behavior of structural steel materials and components. These functions are obtained when the above power function
is normalized by an arbitrary strain, e0, for which the plastic component of strain, eplastic, is not zero. Generally, the yield strain, ey, provides a good choice for this normalizing strain, but other choices are
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also possible and equally effective. Therefore, the Ramberg-Osgood
function is expressed as:
e
s
a  s
=
+
e 0 s 0 e 0  E 

n

(2.20)

where E is the initial elastic modulus, and s0 is equal to Ee0. To define
a Ramberg-Osgood model, one must evaluate a, n, and e0. Note that,
when plotted in a parametric manner, normalized stresses as a function of the normalized strain give curves that meet at the point (1 + a, 1),
as shown in Figure 2.34a. In that figure, the physical significance of
increasing n is also evident: curves with progressively larger values of
n will gradually converge toward the elasto-perfectly-plastic curve.
Because the Ramberg-Osgood function is a power function, the calculation of n and a proceeds as described previously: two points must
be selected to calculate the slope n of a straight line in the log-log space,
from which the constant a can then be calculated. However, taking
advantage of the normalized form of the Ramberg-Osgood function, it
is possible to derive close-formed expressions for this purpose.
If point A is defined as the point on the real data curve where s =
s0 (Figure 2.34b), substituting known values in the above equation at
point A and defining mA as the slope of the secant joining point A
with the origin, produces the following expression:
n

eA
(1 - mA )/ mA
a s 
1
= 1 +  0  =
⇒ a
n- 1
e0
e0 E
mA
s0
 
E

(2.21)

n=1
n=2
n=3

σ/σ0

σ/σ0

mA

n=5
n = 10
n = 20
n=∞ 1

1

1

1

B

1 A

mB
1

(Not to scale)

1

ε/ε0

1+a

(a)

Figure 2.34
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Similarly, taking a point B sufficiently far removed from point A
along the experimentally obtained stress-strain curve (and preferably
the last data point of increasing stress), Eq. (2.21) becomes:
 a  s  n
  B  
e E 
1
0
=
= 1+ 0
mB
 sB 
 sB 
 s 
 s 
0
0
 eB 
 e 

(2.22)

Substituting a from Eq. (2.21) into Eq. (2.22) and solving for n,
gives:
(1 - mA )mB
(1 - mB )mA
s 
log  0 
s 

log
n = 1+

(2.23)

B

where s0 and sA have been constrained to be equal by this procedure.
Once the slope n is known, the value a can be directly obtained from
Eq. (2.21), and the Ramberg-Osgood function is completely defined.
To summarize, a systematic procedure to define a RambergOsgood function can be outlined as follows:
1. Draw the stress-strain diagram (or moment-curvature diagram, or whatever other force-deformation diagrams of interest) for the data and determine the initial elastic modulus, E
[or EI, or other parameter relating the selected force and
deformation terms per an expression similar to Eq. (2.14)]. If
good confidence exists in the accuracy and reliability of the
first data points, this value can be determined analytically as
the slope to the first data point from the origin. (For the example here, E = 10,000.)
2. The yield strain can be selected as e0. Therefore, use the 0.2%
offset method to first determine s0, and then calculate e0 =
s0/E. For the example here, the yield stress of 37 ksi and
strains of 0.0037 as previously calculated are used.
3. Select point A as the point on the data curve for which s = s0,
and calculate the slope, mA, of the secant joining point A with
the origin. Note that for this secant modulus mAE, mA is
always less than unity. Also, when s0 is graphically obtained
through the 0.2% offset method, the intersect of the data curve
and the 0.2% curve directly gives point A. For the example at
hand, eA = 0.0052 and mA = 0.711.
4. Select a second point (point B) along the experimentally
obtained stress-strain curve as one of the last points for which
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an increase in stress was measured and calculate the secant
modulus mBE.
5. Solve for n using Eq. (2.23).
6. Solve for a using Eq. (2.21).
For this example, mB = 0.0344, n = 34.7, and a = 3.53 × 1081. The
resulting Ramberg-Osgood equation becomes:
e
s 3 . 53 × 1081  s 
=
+
0 . 0037 37
0 . 0037  10000

34 . 7

(2.24)

which can be simplified to:
81 
s 
e = 0 . 0001s + 3 . 53 × 10 
 10000

34 . 7

(2.25)

The slight difference between this result and that obtained using
power functions [Eq. (2.19)] can be attributed to the choice of different
data points to derive the expressions. However, for all intents and purposes, the two equations give identical results, as shown in Table 2.5.

2.7.3.3

Menegotto-Pinto Functions

One can derive a class of normalized equations, known as MenegottoPinto functions, following an approach similar to that presented
above, to express stresses as a function of strains, instead of strains as
a function of stresses per the Ramberg-Osgood functions. The general
form of the Menegotto-Pinto functions is as follows:
 e
(1 - b)  
 e0 
 e
 e
s
= b  + d = b  +
1/n
s0
e
e
n
 0
 0 
 e 
1 +   
  e 0  

(2.26)

where b is the ratio of the final to initial tangent stiffnesses, and d is a
value that is graphically defined in Figure 2.35. In the normalized
space of stress and strain, the initial stiffness has a slope of 1, the slope
of the final tangent stiffness is b, and d varies from zero to (1 - b) as
e/e0 progressively increases from zero to a maximum value at the last
data point.
To use Eq. (2.26), one must evaluate the values of e0, s0, b, and n.
A simple procedure to determine this needed information is outlined
below:
1. Draw the initial and final tangent slopes to the data curves.
The intersection of these two curves gives e0 and s0, which
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Menegotto-Pinto material model for structural steel.

should not be confused with the same variables used earlier
for the Ramberg-Osgood case because these have a rather
different meaning and cannot be chosen arbitrarily here. For
this example, e0 = 0.004 and s0 = 40.21. In this case, it is possible for one to calculate these values using secants to the
first and last pairs of data points, but normally, the engineer
should make sure that these data points are reliable and representative.
2. Calculate the ratio of the tangent slopes. Here, this result is
simply the slope of the last pair of data points, and therefore
b = 0.00152.
3. At the point e/e0 = 1, note that Eq. (2.26) simplifies to:
s
(1 - b)(1)
1- b
= b(1) + d* = b(1) +
= b + 1/n
s0
[1 + (1)n ]1/n
2

(2.27)

The stress s at strain e0 is obtained directly from the data (although
some interpolation may be needed), and the value of d* is calculated
directly from Eq. (2.27). In this example, s is found to be 35.6, and
therefore d* is equal to 0.884. With knowledge of the value of d*, one
can compute n from the above expression as:
n=
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Here, this gives n = 5.68. The resulting Menegotto-Pinto expression
becomes:
s = 15 . 17 e + 9985

e
[1 + 249e 5 . 68 ]1/5 . 68

(2.29)

This model is slightly less accurate than the power models presented
earlier, as evidenced by the results summarized in Table 2.5, but differences are not of practical significance.

2.7.4

Smooth Hysteretic Models

The multilinear and continuous models presented above to describe
monotonic response can be extended to capture cyclic behavior. The
concepts and equations are similar, with the difference that “memory” must be introduced in the models to keep track of the strength
level and extent of yielding (or accumulated plastic deformation history) at each point of load reversal. Such models are typically formulated to also account for strain-hardening effects. Constitutive models
relating stresses to strains are used in non linear inelastic finite element analyses (from a computational mechanics perspective), but
similar relationships can be used at the element level to relate forces
to deformations in nonlinear inelastic analyses of structural systems
constructed of beams, columns, and other discrete elements, for
example, in terms of moment-curvature or force-deformation relationships. In the latter case structural element models may need to
capture complex physical behaviors, such as global or local buckling
effects, in addition to material behavior, and numerous customized
models of cyclic inelastic element behavior have been developed to
account for such complex multiple phases of plastic behavior.
The following provides general information on some of the models commonly encountered in making modeling decisions. Extensive
literature provides details on the mathematical formulations underlying these models, both from a computational mechanics perspective (e.g., Chakrabarty 2006, Lubliner 1990) or a structural analysis
one (e.g., Carr 2004, Sivaselvan and Reinhorn 1999). Note that because
these models require a definition of yielding in complex 2-D or 3-D
stress conditions, and rules to model strain-hardening behavior in
that space, the engineering mechanics principles underlying commonly used yield criteria are first reviewed. Readers already familiar
with this information can proceed directly to Section 2.7.4.2 on cyclic
hysteretic models.

2.7.4.1 Yield Criteria

Given that yielding is effectively a translational movement of dislocations along slip planes in crystals, as described in an earlier section, the criterion that define yielding in steel elements subjected to
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multi axial stress conditions are explicitly tied to the magnitude of
shear stresses. Contrary to single crystals which have preferential
planes along which slippage develops (analogous to cleavage planes
in brittle materials), steel is an isotropic material consisting of randomly oriented crystals, and yielding develops where the maximum
shear stresses are reached.
Recognizing that the maximum shear, tmax, cannot exceed the
value reached when a uniaxial coupon yields, Tresca used this calibrated shear stress value and basic stress transformations (that are
conventionally illustrated using Mohr circles) to postulate the first
classic yield criteria. Illustrating this for the simpler case of plane
stresses, using the well-known fundamental equations from mechanics of materials (e.g., Popov 1968):
s max = s 1 =

s min = s 2 =

sx + sy
2
sx + sy
2

2

 sx - sy 
+ 
 + t xy
 2 

(2.30a)

2

 sx - sy 
- 
 + t xy
 2 

(2.30b)

2

 sx - sy 
s1 - s 2
t max = 
 + t xy =
2
2



(2.30c)

where s1 and s2, respectively are the maximum and minimum normal principal stresses, and tmax is the maximum shear stress acting on
the principal planes for a general condition of stresses expressed in an
arbitrary x-y space, one can obtain that when s1 = sy and s2 = 0, then
tmax is sy/2.
For the more general three-dimensional case, the stress transformation equations become substantially more complex, but it remains
that:
s max = MAX of [s 1 , s 2 , s 3 ]
t max =

s max - s min
2

(2.31a)
(2.31b)

As a result, still in plane stresses, considering the additional principal
stress s3 = 0, three possible scenarios are possible:
(a) s1 > s2 > 0 in which case tmax = sy/2 when s1 = sy
(b) s1 > 0 > s2 in which case tmax = sy/2 when (s1 - s2) = sy
(c) 0 > s1 > s2 in which case tmax = sy/2 when s2 = sy
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Figure 2.36 Stress conditions and slip planes for Tresca yield criterion, and
corresponding Mohr circle, for: (a) s1 > s2 > 0 and (b) s1 > 0 > s2.

This is illustrated using Mohr circles in Figure 2.36. Three similar
expressions can be derived when s2 > s1. The resulting Tresca yield
surface is shown in Figure 2.37.
While the Tresca yield condition is simple, and Mohr circles provide a convenient vehicle to assess when yielding under threedimensional stress states approach the yield criterion set by tmax, it is
slightly inaccurate in predicting yielding for steel and other metals.
The Von Mises yield condition (also known as the Huber/Von Mises/
Hencky criterion), based on energy concepts, provides better results.
The Von Mises criterion is best understood from a threedimensional state of stresses. For a differential element of size dx,
dy, and dz, and volume dV, shown in Figure 2.38, the normal and
shear stresses acting on each face of that element can be expressed
in the following matrix (known as the Cauchy stress tensor):
s
 x
s ij = t yx
t
 zx
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Figure 2.37 Tresca and Von Mises yield surfaces in the s1 - s2 space.
(From Theory of Plasticity, J. Chakrabarty 2006. Copyright Elsevier Limited.
Reprinted with permission.)

Knowing that for an elastic system, the strain energy, U, produced
by a force, F, over a distance, ∆, is U = ½ (F∆), the strain energy produced by each stress component can be calculated independently,
and summed to get the total stain energy. For example, for the shear
strain acting in the x-z plane, the force equal the shear stress times the
area on which it is acting (F = txy dxdz) and the “distance” traveled by
that force is ∆ = ½ g xy dy. As a result:
dU =

1
1
1
t dxdz g xy dy = t xy g xy dydxdz = t xy g xy dV
2 xy
2
2

(2.33)

For the normal stress on that same x-z plane, F = sy dx dz and ∆ =
½ eydy, and dU = ½ sy ey. Summing for all stresses, the total energy for
the element becomes:
dU
= Uo
dV
=

1
1
1
1
1
1
s e + s e + se + t g + t g + t g
2 x x 2 y y 2 z z 2 xy xy 2 yz yz 2 zx zx
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Figure 2.38 Three-dimensional state of stress on a differential element.
(From Résistance des Matériaux, A. Bazergui et al. 1987, with permission
from Presses Internationales Polytechniques, Montreal.)

Substituting in this equation the mechanics of materials relationships:
1
[s - u(s y + s z )]
E x
1
e y = [s y - u(s z + s x )]
E
1
e z = [s z - u(s z + s xz )]
E
ex =

and
g xy =
g yz =
g zx
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Then, the energy equation can be rewritten as:
Uo =

(

1 2
s + s 2y + s 2z
2E x
-

)

u
1 2
(s s + s y s z + s z s x ) +
t + t 2yz + t 2zx
E x y
2G x y

(

)

(2.36)

This can be simplified if expressed in terms of the principal
stresses. For the three-dimensional case, from the theory of elasticity for solid bodies (e.g., Chakrabarty 2006, Fung and Tong 2001,
Timoshenko and Goodier 1934, or even Wikipedia Contributors
2009b), the mathematical transformations required to calculate these
values and their orientations can obtained by geometric relationships, or more directly by recognizing that these principal stresses
are the eigenvalues of the Cauchy stress tensor. In both cases, the
principal stresses are found as the root of a third degree equation.
Taking the eigenvalue value approach is equivalent to finding the
determinant of the following matrix:
t xy
t xz
(s x - s )
t yx
t yz
(s y - s )
= 0
t zx
t zy
(s z - s )

(2.37)

which is tantamount to solving:
s 3 - I 1s 2 - I 2 s - I 3 = 0

(2.38)

I1 = s x + s y + s z

(2.39a)

I2 = - s x s y + s y s z + s z s x - t 2xy - t 2yz - t 2zx 



(2.39b)

I3 = s x s y s z + 2 t xy t yz t zx - s x t 2yz - s y t 2zx - s z t 2xy 



(2.39c)

where

The roots of the equation are the principal stresses s1, s2, and s3.
Given that the shear stresses are null in the principal directions, the
energy equation becomes:
Uo =

1 2
u
s + s 22 + s 23 - (s 1s 2 + s 2 s 3 + s 3s 1 )
2E 1
E

(

)

(2.40)

Recognizing that yielding requires the development of shear
planes, a state of pure compression (contraction) and tension (dilatation) would just compact or distend all of the atoms in the material,
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without the development of any shear planes. Therefore, all of the
strain energy related to such a uniform stress condition doesn’t contribute to yielding and must be subtracted from the above equation if
one wishes to calculate the strain energy that produces yielding.
By analogy, a condition of equal principal stresses would exist if
the differential element dV was submerged in water, and the average stress applied in this case, that would correspond to a volume
change (but no shear distortions), is called the “hydrostatic” stress,
expressed as:
s=

s1 + s 2 + s 3
3

(2.41)

As shown below for the Cauchy stress tensor in the principal
directions, each principal stress can be expressed as the sum of the
hydrostatic stress and the remaining balance. In classic mechanics,
the corresponding matrices are called the spherical (dilatational)
stress tensor and the deviatoric (distortional) stress tensor, respectively contributing to volume change or pure distorsion without volume changes. Only the latter of the two can produce yielding:
s 1
0

 0

0
s2
0

0  s 0 0 s 1 - s
0
0 
0  = 0 s 0  +  0
s2 - s
0 
 

 
s 3  0 0 s  0
0
s 3 - s

(2.42)

This decomposition of stresses is shown in Figure 2.39. The bottom half of this figure illustrates the case corresponding to uniaxial
tension. Note in parts (f) and (g) of that figure, that equal compression and tension acting on perpendicular planes produced a pure
shear stress along a plane at 45°—hence, slip planes.
As a result, the total energy, U0, can be calculated as the sum of
the dilatation and distortion energy. For the first term, setting s1 =
s2 = s3 = s, and expanding back to express s in terms of principal
stresses, one obtains:
U Dilatation =
=

1
u
3(1 - 2u) 2
(3s 2 ) - ( 3s 2 ) =
(s )
2E
E
2E
(1 - 2u)
(s 1 + s 2 + s 3 )2
6E

(2.43)

The distortion energy, obtained by subtracting the dilatation
energy from the total energy, and substituting E = 2G(1 + n), is:
U Distortion =
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Figure 2.39 Decomposition of principal stresses into dilatational and distortional
stresses: (a) general state of stress and (b) uniaxial state of stress.

As done earlier for the Tresca yield condition, the results from
uniaxial testing are used for “calibration,” to establish the critical
yield condition. Hence, when s2 = s3 = 0 and s1 = sYield = sY (not to be
confused with sy above), the distortional energy at yield is:
U Distortion-Y =

s2
1
[(s Y )2 + (0)2 + (- s Y )2 ] = Y
12G
6G

(2.45)

Equating the general distortion energy equation to this maximum, on can obtain the following Von Mises Yield criterion:
sY =
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which, for the two-dimensional case in which s3 = 0, can be simplified
into
sY =

1
(s - s 2 )2 + (s 2 )2 + (s 1 )2  = (s 2 )2 + (s 1 )2 - (s
s 1s 2 )
2 1

(2.47)

This is effectively draws an ellipse in the s1 - s2 plane, as shown
in Figure 2.37, normalized by sY. Note that for the pure shear case, s1 =
−s2, and t = s1 (from Mohr circle), the equation gives sY = 3t2, and
equivalently t2 = 0.58 sY ≈ 0.6 sY , which is typically used as the shear
yield strength.
The corresponding Von Mises yield surface in three-dimensional,
when s3 ≠ 0, is shown in Figure 2.40. Note that an element only subjected to hydrostatic pressure (e.g., s1 = s2 = s3) would never yield,
but rather crush or fracture without developing yielding, which is
why the main axis of the three-dimensional yield surface is oriented
in that direction. As such, the cylinder shown in Figure 2.40 shouldn’t
be misinterpreted—although shown to be of infinite length as an
expression of the above yielding limit state, in reality it would be
intersected by another critical surface for the brittle limit state (fracture or crushing) that would eventually develop under critical triaxial stress conditions. Incidentally, the same would also be true for
the Tresca yield surface developed for an element under triaxial
stress conditions (as could also be demonstrated using Mohr circles),
which is circumscribed by the Von Mises yield surface as shown in
Figure 2.40. Note that the two yield criteria intersect a number of
times, and that the largest difference between the Tresca and Von
Mises surfaces is approximately 16%. However, experiments on various metals have demonstrated a better agreement with the Von
Mises criterion, as shown in Figure 2.41, and it is the one used in
structural steel design.
σ2

σ2

120°

σ1

σ1

σ3

VonMises
Tresca

σ3

Figure 2.40 Von Mises and Tresca yield surfaces in three-dimensional
principal stress space and corresponding intersect in s1 - s2 plane.
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Figure 2.41 Comparison of experimental results with Tresca and Von Mises
yield criteria, in terms of the uniaxial yield strength, Y. (From Theory of
Plasticity, J. Chakrabarty 2006, copyright Elsevier Limited. Reprinted with
permission.)

2.7.4.2 Isotropic Hardening, Kinematic Hardening, and
Two-Surface Models

The yield criteria presented above define stress conditions at the
onset of yielding. With the addition of plastic-flow rules, they can
also be expanded to follow propagation of yielding. However,
many applications require that both strain-hardening and cyclic
inelastic loading be considered in sophisticated computational
models. This is a broad topic with extensive literature investigating the relative advantages and accuracy of various proposed
models and approaches—far exceeding the scope of this book.
However, a brief overview of some general concepts is valuable in
the current context. For simplicity, only the case of uniaxial yielding is considered in this section. Generalized mathematical formulations are available elsewhere (Lubliner 1990, Fung and Tong
2001, Chakrabarty 2006).
Figure 2.42a illustrate the simple isotropic and kinematic hardening models for a material assumed to exhibit linear strain-hardening.
As shown on that figure, if a stress of sYS is reached beyond the initial
yield sY, the isotropic hardening model postulates that yielding
would occur at sYS in the reversed loading direction. In a multidimensional space, this would be equivalent to proportionally expanding
the Von Mises yield surface in each direction, such that it would not
change shape (i.e., it would become a cylinder of greater radius in the
s1 - s2 - s3 coordinate system). However, such a simple expansion of
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–σYS*

Kinematic hardening

Figure 2.42 Uniaxial expression of: (a) isotropic hardening (expansion of
yield surface) and (b) kinematic hardening (translation of yield surface).

the yield surface due to work hardening does not correctly represent
the behavior of steel (and other metals), failing to account for the
Bauschinger effects.
By contrast, the kinematic hardening model postulates that the
yield surface translates in space without changing volume. For the
uniaxial yielding case shown in Figure 2.42b, this implies that if a
stress of sYS is reached beyond the initial yield sY, yielding in the
* = |s − 2s |. In other
reversed loading direction would occur at sYS
YS
Y
words, the distance between yield points in opposite loading directions remains constant—which, in some measures, accounts for the
Bauschinger effect and is more appropriate for materials that exhibit
linear strain-hardening.
In spite of their respective shortcomings, both the isotropic and
kinematic models are appealing for hand calculations when estimates of complex response are desirable. However, a better representation of stress-strain behavior for steel and other metals is
achieved using a two-surface model that combines both the isotropic and kinematic effects. The Dafalias-Popov (1975) two-surface
model, shown in Figure 2.43, is a set of rules that characterize how
the yield surface varies as a function of past loading history, while
remaining within two linear bounding surfaces (also known as
memory surfaces). It is well suited for materials that exhibit a
smooth transition into the strain-hardening range and that approach
the straight line asymptotes that define the bounding surfaces.
Although many researchers have expanded the model to enhance its
ability to capture particular hysteretic steel behaviors or expand its
range of applicability (e.g., Cofie and Krawinkler 1985, Mizuno et al.
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Figure 2.43 Uniaxial expression of plastic strains, ep, as a function of
stress in two-surface model with bounding lines X-X′ and Y-Y′.

1992, Petersson and Popov 1977, Tseng and Lee 1983, to name a few),
the main features of the original Dafalias and Popov two-surface
model are summarized here.
Working from the assumption that, for any given increment of
stress, ds, on a stress-strain curve, the corresponding increment of
strain, de, can be separated into its elastic and plastic components, dee
and dep, respectively, the following relationship can be derived
between the total tangent modulus, Et, and the elastic and plastic
moduli, Ee and Ep, respectively:
∂e = ∂e e + ∂e p
∂s ∂s ∂s
=
+
Et
E Ep

(2.48)

1 1 1
= +
Et E Ep
The Dafalias-Popov then postulates that:

 d 
Ep = Epo 1 + h 

 din - d 
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Plastic modulus: Ep = 1 +
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Figure 2.44 Comparison of stress-strain curve for a randomly loaded Grade 60
steel specimen and results obtained using a two-surface model. (Courtesy of
Professor Yannis Dafalias, University of California at Davis and National Technical
University of Athens.)

where Epo is the modulus of the asymptote, d is the distance between
the stress at the point of interest and the boundary curve, din is the
value of d at the yield stress for a specific loading path, and h is a factor chosen to fit the experimental data. As the strain increases, d
decreases, and Ep varies from infinity at din to the asymptote modulus. Knowing the tangent modulus, the complete hysteretic curve
can be plotted for any value of strain (Dafalias 1992). Such an example is shown in Figure 2.44 against experimental data–more generalized elements also exist that can integrate the yield plateau with
kinematic hardening rules into a single for constitutive model
(Mahan et al. 2011).
Note that calibration to experimental results also reveal that the
elastic range of the curve during any loading excursion is usually less
than 2sY; Mizuno et. al (1992) reported a progressive reduction of that
range as a function of accumulated plastic strain, down to 30% of that
value after 1% of accumulated plastic strain, although others have
reported good results using a constant reduced value (e.g., Cofie and
Krawinkler 1985 considered it to be 1.2sY). Other refinements to the
model, together with comparison to various versions of it, are presented by Mizuno et al. (1992).

2.7.4.3

Smooth Hysteretic Power Functions

Another general class of models, proposed by Wen (1976) expanding
on the work of Bouc (1971), has been used in the literature—for
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example, to express the hysteretic behavior of buckling restrained
braces (Andrews et al. 2008, Black et al. 2004), which are axially
loaded members whose hysteretic behavior is directly proportional
to its material stress-strain relationship, as described Chapter 11). A
Bouc-Wen model for hysteretic stress-strain behavior states:
s = α E e + (1 - α)Ee z

(2.50)

where all terms have been defined earlier, except α which is the ratio
of postyielding to elastic stiffness, Et/E, and z is a variable controlled
by a differential equation expressed as:
e Y z + g e z z

n-1

n

+ b e z - e = 0

(2.51)

where eY is the yield strain, b, g, and n are parameters that define the
shape of the hysteretic curves. Given the additional constraint that
b + g = 1, the values of b and n are left to calibrate the model by curve
fitting. Large values of n give results that approach bilinear behavior.
For example, for buckling restrained brace, in which the above equation would be identical but instead expressed in terms of axial force,
P, versus axial deformation, x, and in which E would be replaced by
K = EA/L, a good match with experimental results was obtained for
values of b = 0.55 and n = 1, and artificially increasing the calculated
value of eY by 25% (Black et al. 2004).
Note that many researchers have expanded the Bouc-Wen model
to address various forms of more complex hysteretic behavior (e.g.,
as summarized in Song and Der Kiureghian 2006), often in attempts
to address structural element behavior, rather than material behavior.
However, the Bouc-Wen model is only one member of a broad family
of Smooth Hysteretic Models (SHM) that have been developed and
widely used, for example to model the plastic hinge moment-rotation
behavior of structural elements made of various materials, while
accounting for all potential physical phenomena that can degrade the
strength, stiffness, and fullness of hysteretic curves, such as cracking,
gap opening, debonding, slippage, local buckling, local fractures, and
other effects. A general purpose SHM model able to integrate all these
phenomena behaviors was developed and implemented by Sivaselvan
and Reinhorn (1999). These more complex models are either phenomenological (i.e., fitted to experimental data) or physical (i.e., able to
replicate experimental results from simple knowledge of geometry
and fundamental material properties, on the basis of recognized
physical principles).
Finally, other power models have also been used to capture the
stabilized strain-hardened behavior of commonly used structural
steel. For example, Kaufmann et al. (2001b) obtained reasonable accuracy in replicating the cyclic behavior of A572, A913, and A36 steels at
2%, 4%, 6%, and 8% strains, using the power equation s = Ke n, as
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Figure 2.45 Smooth hysteretic behavior of A572 Grade steel at 2%, 4%, 6%, and
8% strain ranges and corresponding calibrated power model parameters: (a) sample
“A” and (b) sample “C.” (Courtesy of Alan W, Pense, Department of Materials
Science and Engineering, Lehigh University.)

shown in Figure 2.45, where n is the work-hardening exponent. Values of K and n obtained by Kaufmann et al. for A572 steels are shown
in Figure 2.45. Such an equation can be obtained from the RambergOsgood relationship presented earlier if the inelastic deformations
dominates and elastic response can be neglected, and by solving the
resulting simplified Ramberg-Osgood for s in terms of e. However, if
interested in the entire stress-strain range, including the elastic range,
this approach is grossly incorrect because it gives an infinite initial
stiffness and incorrect results in the elastic range. This can be corrected by breaking the stress-strain curve into a linear segment for
which s = Ee up to the yield strength limiting, and the power equation beyond that point (Lubliner 1990).

2.8 Advantages of Plastic Material Behavior
To illustrate some of the advantages of plastic material behavior, the
three-bar truss of Figure 2.46a is subjected to an increasing statically
applied load, F, up to its ultimate capacity. Incidentally, two- or
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three-bar trusses have been used by many authors to explain simple
plasticity concepts. The simple truss of Figure 2.46 is one such classical example (e.g., Massonnet and Save 1967, Mrazik et al. 1987,
Prager and Hodge 1951) that has been treated mostly from the perspective of noncyclic loading. However, here, behavior throughout
at least one full plastic cycle is discussed, considering a simple elastoperfectly plastic model. The section and material properties needed
for this problem are indicated in Figure 2.46. All three bars are of
same material (E and sy ) and cross-sectional area (A). Moreover, the
bars are assumed to be sufficiently stocky such that buckling will not
occur prior to yielding in compression.
Although this structure is statically indeterminate, the force and
elongation in member 3 will always be equal to that in member 1 as a
result of structural and loading symmetry. Therefore, using small
deformation theory, one can directly write the equation of static equilibrium for this problem as:
F = P2 + 2 P1 cos 45 = P2 + 1 . 414P1

(2.52)

Likewise, geometric compatibility here gives:
Δ 1 = Δ 3 = Δ 2 cos 45 = Δ cos 45 = 0 . 707 Δ

(2.53)

where F and Δ are defined in Figure 2.46. These two relationships must
always remain true as long as deformations do not reach a magnitude
that would violate the assumptions of small deformation theory. This
will be reassessed at the end of this example. What will change as plastic
behavior develops is the stress-strain or force-deformation relationship
for each structural member. As long as structural members remain
elastic, the following relationships are valid:
P1 =

AE
AE
AE
Δ =
Δ cos 45 =
Δ
L1 1 L/cos 45
2L

(2.54)

AE
AE
Δ =
Δ
L2 2
L

(2.55)

and
P2 =

Therefore, until first yielding of any member:
F = P 2 + P1 cos 45 ° =
=
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Δ+2
Δ cos 45 °
L
2L
AE
(1 + cos 4 5°)Δ = K Δ
L
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where K is the elastic stiffness for this structure. The equation above
shows that member 2 reaches its yield strength (Py) first, when members 1 and 3 are stressed to only half their capacity (i.e., 0.5 Py). The
yield displacement of the structure (Δy) could be defined in terms of
the truss bar’s properties and geometry:
Δy =

Py L

(2.57)

AE

where all terms have been previously defined. The state of member
forces and applied load as a function of the vertical deflection at point
A are presented in a normalized format in Figures 2.46c and d. At Δ =
Δy, the structure has been loaded to F = 1.707 Py. This case reflects the
current standard structural engineering practice worldwide, in which
linear elastic analyses are conducted to determine the maximum load
that can be applied to a structure until the capacity of a single member is reached. Here, the capacity of member 2 is reached first, and
members 1 and 3 are underutilized. Note that although one could
conclude from elastic analysis that having bars of the same size is
inefficient and likely propose a solution with bars of different crosssections, this type of optimization based on minimum weight is often
at odds with practical considerations, where architectural, manufacturing, or construction concerns may dictate equal size bars. Hence,
in this problem, it is reasonable to constrain the bars to be of identical
cross-section.
Even though truss bar 2 has yielded, the load applied to the structure can be increased beyond 1.707 Py because members 1 and 3 have
not reached their ultimate capacity. In the process, member 2 will
undergo plastic elongation while sustaining its capacity. Therefore,
for Δ > Δy:
P1 =

AE
Δ
2L

and

P2 = Py

(2.58)

and
F = P2 + 2 P1 cos 45 = Py +

AE
Δ cos 45
L

(2.59)

This condition of further loading beyond the elastic range, called
contained plastic flow, is illustrated in Figures 2.46c and d. Note that
the stiffness of the structure has decreased as a result of this partial
yielding. Eventually, when the applied load reaches 2.414 Py, all
three truss bars yield, and a condition of unrestrained plastic flow
develops. In this example, the ultimate capacity calculated by tolerating plastification of the structure is 41% larger than the elastic limit,
providing some evidence that it is generally worthwhile to take

02_Bruneau_Ch02_p007-110.indd 97

6/13/11 3:08:46 PM

98

Chapter Two
advantage of the existing plastic strength available beyond the elastic
range.
It is also important to realize that the maximum plastic capacity
of a structure can be calculated directly through use of static equilibrium alone, without knowledge of prior elastic or plastic loading history. A logical conclusion from this observation is that lack-of-fit and
other displacement-induced forces have no influence on the magnitude of the maximum load a structure can support, termed the plastic
capacity. No supporting calculations are presented here, but the
reader may wish to verify this remark by redoing the example assuming that member 2 was constructed 25 mm too short and forced to fit
into the frame during construction before any loads were applied.
Although doing so would reduce the value of the maximum load that
can be applied if the structure is to remain elastic, it does not change
the plastic capacity of the structure.
The behavior of this plastified truss-bar structure upon unloading
is investigated next. As described in an earlier section of this chapter,
steel unloads at a stiffness equal to the original elastic stiffness (as also
shown in Figure 2.46b). However, in this example, two scenarios are
evaluated, considering various states of plastification prior to unloading. In both cases, because the principle of superposition is not valid
beyond the elastic range (as evidenced by Figure 2.46d), calculations
must proceed following basic principles.
First, if unloading to F = 0 starts before all three truss bars have
yielded (shown as Case I in Figures 2.46e and f), it can be shown
that:
P1 =

AE
AE
Δ
dΔ
2L MAX 2L

P2 = Py -

AE
dΔ
L

(2.60)

d Δ = Δ MAX - Δ
where dΔ is the incremental displacement imposed by the unloading,
and Δ is the resulting displacement after unloading. The above
approach also recognizes that only member 2 had plastified prior to
unloading. Because the objective is to unload to F = 0, the equilibrium
condition developed earlier can be used to solve for all other variables. As a result:
 AE
AE

F = 0 = 2
Δ MAX (Δ
- Δ) cos 45
2L MAX
 2L



AE
(Δ MAX - Δ)
+ Py L
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and solving for Δ:
AE
Δ MAX - Py
Δ MAX - Δ y
= 0 . 586(Δ MAX - Δ y )
Δ= L
=
AE
(1 + cos 45 °)
(1 + cos 45 °)
L

(2.62)

This residual displacement after unloading is shown in
Figures 2.46e and f. Based on Figure 2.46g, it could be demonstrated that the residual displacement is also equal to:
Δ = Δ MAX -

F MAX
K

(2.63)

where K is the global elastic structural stiffness defined earlier.
Numerical examples would confirm the expediency of this alternative procedure.
Moreover, as shown in Figure 2.46e, residual member forces
remain after unloading and exist simultaneously to that state of residual deformations. Because no external loads are applied to the structure, these member forces must be self-equilibrating. Numerical values
can be obtained through simple substitution in the above equations.
In the second scenario considered here, unloading to F = 0 starts
after all members have yielded (shown as Case II in Figures 2.46e
and f). The approach remains the same, with slightly different results,
as:

AE


AE

F = 0 = 2 Py (Δ MAX - Δ) cos 45 ° + Py (Δ MAX - Δ)
2
L
L





(2.64)

and:
Δ=

Δ MAX (1 + cos 45 °) - Δ y (2 cos 45 ° + 1)
(1 + cos 45 °)

= Δ MAX - 1 . 414Δ y

(2.65)

Again, this result could be obtained directly (and more easily) through
use of the alternative method suggested above.
Note that substantial residual member forces develop in this second example (Figure 2.46e). Calculations would show that these
reach approximately 30% and 40% of the yield force, Py, in members
1 and 2, respectively.
As a result of the residual stresses left after unloading in cases I
and II, the truss bars would follow their elastic path until the previously applied maximum load is reached anew if the structure is
reloaded in the same direction (Figures 2.46e and f). This has a number of practical implications, as shown in the following chapters.
However, this extended elastic range exists only as long as the state of
residual stresses in the bars at F = 0 remains unchanged; cyclic loading is one factor that can alter these residual stresses.
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When the loading cycle for this example structure is completed,
the elastic range for the reversed loading is reduced because of the
residual compression force in member 2, as shown in Figure 2.46h.
The resulting hysteretic curve exhibits a shape similar, in principles,
to a Bauschinger effect—and would be formally one if this example
dealt with slip planes of crystals instead of yielding of bars. Formal
analytical expressions to demonstrate this behavior, completing a full
cycle of loading with yielding in both directions, can be derived from
the same basic principles presented above, but it should be obvious
that complex calculations and formulations are not necessary, given
the clear graphical relationship already established in this example
between the load-deformation relation of the structure and that of the
members, as shown in Figure 2.46. Therefore, Figures 2.46g and h can
be drawn directly as extensions of parts e and f, through use of simple
trigonometric calculations to obtain numerical values. Note that the
same structural plastic capacity is reached at F = 2.414Py in the reverse
direction despite the earlier threshold of yielding, but this required
greater contained plastic deformations.
More in-depth observations on the behavior of structural members
subjected to inelastic cyclic loading are reserved for later chapters.
Nonetheless, it is worthwhile to emphasize at this point that the plastic
analysis presented above is possible only if connections of the structural members are stronger than the members themselves. Although
this may sound obvious in the context of this simple example, this logical requirement sometimes become controversial when the severity of
the expected ultimate loads is hidden in more simple static loading
models or design philosophies (such as working stress design).
Finally, it is instructive to review the assumption of small deformations. For mild steels typically used in structural engineering
applications, strains of up to 20% are possible. However, in this problem, calculations show that near this extreme level of deformations
(corresponding to 100ey), the angle of members 1 and 3 to the vertical
is approximately 40°. Equilibrium in the deformed configuration
gives a maximum value of F barely 5% greater. Such a gain in strength
is hardly sufficient to warrant the consideration of large deformations
theory, especially in the more practical range of 2% strains. A more
important issue is the development of strain-hardening in the truss
bars and its tangible impact on member strength. The effect of strainhardening is addressed as necessary in this book.

2.9

Self-Study Problems
Problem 2.1

A simple structural system consists of the three pin-ended
bars shown in Figure 2.46. All bars have a cross-section of 1 in2 (645 mm2).
The material is a ductile structural steel which can be idealized as having
elasto-perfectly plastic properties, with E of 29000 ksi and sy of 36 ksi
(200,000 MPa and 250 MPa, respectively).
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For that structure:
(a)	What is the allowable load, Pall, which can be applied to that structure such that stresses in the bars do not exceed 0.66 Fy (i.e., allowable stress method)?
(b)	What is the elastic limit load, Pu, which can be applied to that structure such that stresses do not exceed Fy anywhere (i.e., limit states
design, with elastic analysis)? How would this change if the central
member was constructed 1 in (25.4 mm) too short and forced to fit?
Is a solution in the elastic range possible? Does it matter if member
AC is elongated, or if members AB and AD are shortened, to achieve
this fit (support answers by calculations)?
(c)	What is the ultimate load capacity, Pplast, that the structure can carry
accounting for plastic behavior (i.e., plastic design philosophy)?
(d)	Draw the force-displacement (P-Δ) graph for the structure up to a
maximum displacement of 1 in (25.4 mm) and followed by unloading to zero load. Express the vertical axis of this graph in a ratio
of Pstructure over Pym, where Pym is the ultimate capacity of a single
member, and the horizontal axis as a ratio of Δ/Δy, where Δy is
defined at the occurrence of first yielding in the structure. Calculate
and indicate on this plot all important numerical values.
(e)	For the loading history described in (d), also plot the force displacement relation of all three members, superposed on a single graph,
the vertical axis of this graph being the ratio of Pmember over Pym, the
horizontal axis being the actual structural displacement in inches
(mm). Calculate and indicate on this plot all important numerical
values; in particular, indicate what are the forces in each bar following the above displacement history.
(f)	If the central member was constructed 1 in (25.4 mm) too short
and forced to fit during construction, plot the force displacement
relation of all three members corresponding to the following two
construction sequences: first, if the central member is elongated by
1 in (25.4 mm), connected to the other two members, and released;
second, if the two inclined members are compressed to connect to
the central member, and released. Does it matter if member AC is
elongated, or if members AB and AD are shortened, to achieve this
fit (support answers by calculations)?
(g)	Comment on the differences between elastic and plastic behavior
for analysis and design. In particular, comment on whether the principle of superposition is applicable for plastic design (i.e., whether
usual computer programs could be used to assess plastic strength),
whether lack-of-fit and other displacement-induced forces seem
critical to the ultimate strength of the structure, and whether an
extremely slender member could buckle under residual stresses
upon unloading.

Problem 2.2 A simple structural system consists of three pin-ended bars, as
shown in the figure below. All bars have the same cross-section A. The material
is a ductile structural steel which can be idealized as having elasto-perfectly
plastic properties, with E and sy .
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For that structure, plot the force-displacement (F-Δ) for the structure
on one graph, and the force-displacement relation of all three members on
another graph (as done in the previous problem), for the displacement histories described below. Write parametric equations (in terms of E and sy, A, L,
F, Δ, P, etc.) applicable at the various stages along the curve, clearly indicating
the range of their applicability and key values along the graphs. For the cases
of unloading (cases I and II below), also derive expressions for the structural
residual displacements after unloading.
(a) Step 1: elastic behavior
(b)	Step 2: post-elastic behavior up to full plastic capacity (also show
unrestrained plastic flow)
(c)	Step 3: unloading prior to reaching maximum plastic load (i.e., case I)
(d)	Step 4: unloading after reaching of maximum plastic load and at
Δmax > 2Δy (i.e., case II)
(e)	Step 5: for both case I and II above, complete the plot until yielding
in the reversed direction is achieved. The key values on the graphs
can be derived graphically (i.e., closed-form solutions are not necessary)
C
L

L

L

∆

Rigid beam
F

Problem 2.3 Using simple plastic analysis, what is be the maximum load, P (in
kips), that can be applied to the structure shown here. This structure consists
of seven steel bars, each having a cross-section of 1.5 in2 (1450 mm2).
6 @ 10'

30'

P
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Problem 2.4

Experimental data has been obtained for the normalized
moment-curvature relationship of a steel beam (see below). Use both the
Menegotto-Pinto method and the Ramberg-Osgood method to define analytical expressions relating the normalized moments and curvatures for that
steel beam.
M/My

i/iy

M/My

i/iy

M/My

i/iy

0

0

1.204

1.3

1.42

2.5

0.5

0.5

1.245

1.4

1.434

2.75

0.75

0.75

1.278

1.5

1.444

3

1

1

1.337

1.75

1.469

4

1.087

1.1

1.375

2

1.48

5

1.153

1.2

1.401

2.25

1.486

6

Problem 2.5 Provide clear and brief answers (five lines of text or less) to the
following questions:
(a)	What property of steel does the Charpy-V test measure, and what
non-metallurgical parameter affects this property?
(b)	What is the Carbon Equivalent Formula, and what practical information does it provide?
(c) What is a slip plane?
(d)	What is lamellar tearing? Draw a sketch to give an example of when
such a problem could occur, and another one to show how to design
to prevent that potential tearing.
(e)	What is a typical value of the modulus of elasticity at the onset of
strain-hardening?
(f) What does calculation of KI for a given specimen requires?
(g)	How can the percentage of manganese, silicon, chromium, molybdenum, vanadium, nickel, and copper in steel be quantified in a
useful way with respect to their impact on brittleness?
(h)	What is the difference between the steel grades ASTM A572 Gr. 50
and ASTM A993 Gr. 50?
(i) What is the heat-affected zone (HAZ)?
(j) What is a “contained plastic flow”?
(k)	What are residual stresses (i.e., a definition of what they are, not
why they exist)?
(l) Name three sources of residual stresses in structural members.

Problem 2.6 A very short specimen is tested in pure compression until failure.
It is observed that, at failure, the whole specimen is undergoing considerable strain-hardening. Describe why there has been no buckling on the plastic
plateau in spite of the fact that the tangent modulus of elasticity, Et, is zero in
theory on this plateau. How will this specimen eventually fail?
Problem 2.7 Some seismic design codes and standards specify that steels
“shall have a minimum Charpy-V notch toughness of 20 ft-lb (27 J) at 0ºF
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(-18ºC).” Yet, looking at Charpy-V experimental results (Figure 2.5), 20 ft-lb
seems to be in the brittle behavior range. Explain in a few sentences why
a 20 ft-lb value is deemed acceptable in such applications, given that brittle
steels are not acceptable in seismic applications.

Problem 2.8

A structural steel T-shape must be constructed from plates
4-inches-thick, as illustrated below:
(a) Indicate what might be a potential problem with this weld design.
(b)	Propose an alternative weld design which will eliminate this
problem.
4"

CP

4"
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3

Plastic Behavior at the
Cross-Section Level

O

nce material properties have been obtained and an appropriate
stress-strain analytical model has been formulated, plastic
capacities can be calculated at the cross-section level. This is
a crucial phase of plastic analysis. The level of sophistication embraced
in the calculation of these capacities will have the foremost impact on
the resulting member and structural plastic strengths. Because plastic
analysis is generally used to compute ultimate structural capacities,
erroneous and potentially dangerous conclusions can be reached if an
overly simplistic cross-sectional model is used, thus luring the engineer into a false sense of security. Hence, it is worthwhile to review
how various expressions can be derived for these cross-sectional
properties.

3.1

Pure Flexural Yielding
The basic case of pure flexural yielding should be familiar to engineers who have used Limit States Design or Ultimate Strength Design.
Nonetheless, it is reviewed here because it provides some of the
building blocks necessary to understand the more complex models
presented later in the chapter.
A number of simplifying assumptions are made to calculate the
plastic moment capacity as follows:
• Plane sections remain plane; even though plastic deformations are typically larger than elastic deformations, their
overall magnitudes are still sufficiently small to satisfy this
condition.
• Structural members must be prismatic and have at least one
axis of symmetry parallel to the direction of loading.
• Members are subjected to uniaxial bending under monotonically increasing loading (neutral axis perpendicular to axis of
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symmetry). Note that biaxial bending will be considered in
Section 3.7.
• Shearing deformations are negligible.
• Member instability (flange local buckling, web local buckling, lateral-torsional buckling) is avoided.
• Structural members must not be subjected to axial, torsional,
or shear forces. This assumption obviously will be relaxed in
the later sections of this chapter.
The elasto-perfectly plastic model is generally used to calculate
plastic moment capacities and leads to acceptable results for most
practical problems in structural engineering (ASCE 1971). It is therefore used in the following derivations. However, nothing precludes
the consideration of more complex models (or a smaller number of
fundamental assumptions for that matter) because the corresponding
cross-sectional strengths and other relevant plastic properties could
be determined from the same basic concepts presented in this book.

3.1.1

Doubly Symmetric Sections

Doubly symmetric sections constitute the simplest cross-sections for
which analytical expressions of plastic strength can be developed,
because their neutral axis will always be located at their geometric centroid. With an elasto-perfectly plastic material model, for a given crosssection, the stress diagrams can be constructed directly from the strain
diagrams, as shown in Figure 3.1, for various levels of increasing strains
on an arbitrary doubly symmetric structural shape. At any point along
a given loading history (such as that shown in Figure 3.1), the crosssection curvature, f, can be calculated by simple geometry, as:
f=

e max
(h/2)

(3.1)

where emax is the maximum strain acting over the doubly symmetric cross-section of depth h. If at a given curvature the yield strain,
ey, is located at a distance y* from the neutral axis, then, as shown
in Figure 3.1, by similar triangles:
f=

ey
e max
=
(h/2) y *

 h e y
y* =  
 2 e max

(3.2)

Once y* is known for a given curvature, it becomes a simple matter to compute the corresponding moment using simple mechanics of
materials principles:
h/2

M=

∫

- h/2

h/2

s y dA =

∫

- h/2

s y b( y ) dy

(3.3)

where b is the cross-sectional width, expressed as a function of y.
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For any given curvature, the cross-section can be divided into
elastic and plastic zones. Within ± y* of the neutral axis, the section is
elastic. Outside this zone, also termed the elastic core, strains exceed
ey, and the material is plastified. As curvature increases, the elastic
core progressively shrinks, and plastification progressively spreads
over the entire cross-section.
The impact of this progressive growth of the plastified zone on the
moment-curvature relationship is best understood from a case study.
For simplicity, a rectangular cross-section is used. The calculations are
directly related to the strain profiles identified in Figure 3.1, which use
a rectangular section of height h and base b. For that example, in the
elastic range, the flexural moment and curvature are given by:
 bh2 
M = Ss = 
s
 6 

f=

M  12  M
=
EI  bh3  E

(3.4)

where S is the section modulus. For strain distribution A in Figure 3.1,
the yield strain has just been reached at the top fiber of the cross-section.
Replacing s by sy in the above equation will give the yield moment, My,
and the yield curvature, fy: the transition point between purely elastic and
elasto-plastic behavior. From that point onward, any increase in curvature introduces partial plastification of the cross-section, a condition
also sometimes called contained plastic flow. For example, for an arbitrary strain profile represented by B in Figure 3.1, the curvature is given
by Eq. (3.1) above, and the corresponding moment can be expressed as
a function of y* as follows:
y*

h/2

0

y*

M = 2 ∫ s ybdy + 2

∫ s y ybdy

(3.5)

where the first term reflects the contribution of the elastic core to
moment resistance, and the second term, that of the plastified zone.
Using the relationship s/sy = sy y* valid over the elastic core, Eq. (3.5)
becomes:
h/2
 2b y*

2
bh2
s - b( y *)2 s y
M=
y 2 dy + 2b ∫ ydy s y = b( y *)2 s y +
∫
4 y
3
 y * 0

y*
		
(3.6)

Interestingly, the three terms on the right side of this equation
correspond to the contributions to the moment that can be obtained
by a piecewise decomposition of the stress diagram into the simpler
subdiagrams I, II, and III, respectively, shown in Figure 3.1. Adding
and subtracting stress diagrams in this manner is a statically correct
procedure that can prove useful to simplify complicated problems or
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to graphically verify the adequacy of analytically derived results. For
that matter, the integration approach [per Eqs. (3.5) and (3.6)] should
be avoided whenever possible and only be used as a last resort,
because integrating is more time consuming and error prone than
working directly with stress diagrams to calculate the forces and
lever arms acting on regularly shaped parts of cross-section. More
importantly, the latter approach, based on physics rather than mathematics, is more conducive to sound engineering judgment.
To complete the above derivation, it is worthwhile to regroup the
terms in (y*)2 and express the results in terms of curvature. Thus,
when the following relationship is used (again, obtained through use
of the properties of similar triangles):
ey
fy y fy
y*
=
=
=
h/2 e max
y f f

(3.7)

the expression for the flexural moment at a given magnitude of curvature (i.e., the moment-curvature relationship) becomes:
2
 2
bh
bh2  fy  

s
M=
 4
12  f   y

(3.8)

Whenever possible, a solution expressed in a normalized manner, that is, in terms of both (M/My) and (f/fy), should be sought. For
example, when Eq. (3.4) is used to obtain an expression for the yield
moment, the final result becomes:

M
3
= 1 My 2 


2

1  fy   3 
= 1

3  f   2 


1  ey 
3  e max 

2




(3.9)

The latter part of this equation, expressed in terms of the strainratio, is obtained if one takes advantage of the simple equivalence
that exists between normalized curvatures and strains.
When Eqs. (3.4) and (3.9) are used over their respective range of
validity, the entire moment-curvature relationship for this crosssection can be calculated and plotted. This has been done in Figure 3.2
for different sections. Figure 3.1 and Eq. (3.9) show that, theoretically,
for any cross-section, full plastification and maximum flexural moment
will be reached only at an infinite curvature (Case E in Figure 3.1). For
the rectangular cross-section, this maximum moment is 1.5 times
the yield moment, as can be easily deducted from Eq. (3.9). However, for practical purposes, as seen in Figure 3.2, this maximum
moment is rapidly approached and nearly reached at only three or
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Ideal wide flange (k ≈ 1.0)
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φ/φy

1

Figure 3.2 Normalized moment curvature relationship and flexural shape factor, k,
for different cross-sections.

four times the yield curvature. In fact, when the maximum strain
over the cross-section approaches the onset of strain hardening of
the steel material, at approximately 10 times the yield strain value
(as mentioned in the previous chapter), Eq. (3.9) indicates that 99.7%
of the maximum moment has been reached. This demonstrates that
a fully plastified cross-section can reliably be used to calculate the
maximum moment, referred to hereafter as the “plastic moment.”
For example, for the rectangular cross-section, one can calculate
the plastic moment directly using the resulting forces and lever arms
corresponding to the stress distribution E of Figure 3.1. This gives:
  h   h bh2
 e
s = Zs y = 1 . 5 My
Mp = 2 T   = 2 s y   b   =
4 y
2
2  4


(3.10)

where Z is the plastic section modulus, a geometrical property of any
given cross-section. Incidentally, the above algebraic expression for Z
of a rectangular section (i.e., bh2/4) is used extensively when calculating the plastic moment for structural shapes built of rectangular parts,
as will be seen later.
Another useful sectional property is given by the shape factor, k,
which is the ratio between the plastic section modulus and the elastic
section modulus. This factor, expressed by:
k=
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provides information on the additional cross-sectional strength
available beyond first yielding. The shape factors for various crosssections are shown in Figure 3.2. For the wide-flange sections typically used in North American steel construction (AISC 2011, CISC
2010), the shape factors typically vary from 1.12 to 1.16, with an average of 1.14. Moreover, the following normalized moment curvature
expressions could be derived:
1. When y* is located in the flange:
2
f
M
bd 2  bh2  1  f  
1 
= 1 +

6S  4S  3  fy  
My fy 



(3.12)

2. When y* is located in the web:
Mp  wd 2   fy 
M
=
-

My My  12S   f 

2

(3.13)

where b is the flange width, d is the total depth of the structural section, h is the distance between flanges (or web length), w is the web
thickness, and all other terms have been defined previously. In that
case, Mp can be calculated from the individually calculated forces
resulting from the constant yield stress acting on the flanges and web,
and their respective lever arms, or by using Eq. (3.10) twice, to subtract the value of Mp for a rectangle of width (b - w) and depth h from
that for a rectangle of width b and depth d. In both hand calculation
approaches, the area of the rounded corners where flanges connect to
the web is usually neglected, but it is generally included in the sectional property values tabulated in design manuals.
Basic principles of mechanics of materials indicate that an ideal
wide-flange section for flexural resistance would have all its material
concentrated in flanges of infinitely small thicknesses (obviously an
impractical theoretical case). The shape factor of such an ideal section
would be unity, because the entire cross-section would reach the yield
strain simultaneously, without any possible spread of plasticity given
that no material would exist between these flanges. Hence, both the
plastic and the elastic section moduli in that case would be equal to
the area of one flange times the distance between the two flanges.

3.1.2

Sections Having a Single Axis of Symmetry

The procedure developed above is also applicable for sections having only a single axis of symmetry parallel to the applied load, with
the essential difference that the location of the neutral axis must
now be determined explicitly. Therefore, for any given curvature,
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the calculations must start by a determination of the neutral axis.
There are two instances when this calculation is relatively simple.
First, as long as the material is entirely linear-elastic, the location of
the neutral axis remains located at the center of geometry of the
cross-section. Second, when this same material is fully plastic, the
neutral axis must be located such that it evenly divides the crosssectional area. This latter case is simply a consequence of having the
entire cross-section subjected to the yield stress, in either tension or
compression. Summing the axial forces on the cross-section:
P=

∫

s dA = Atension s y + Acompression (- s y ) = 0 ⇒ Atension = Acompression

area

		

(3.14)

which defines the location of the neutral axis in the fully plastic condition. In the transition phase between the fully elastic and fully plastic
conditions, where plastification progresses through the cross-section
as the applied moment is increased, the neutral axis progressively
migrates. This is schematically illustrated in Figure 3.3. For these intermediate cases, the development of analytical moment-curvature
expressions, although possible, can be rather complex, except for the
simplest cases.
Therefore, even though explicit moment-curvature relations can
be derived, as done in Section 3.1.1, for many doubly or singly symmetric cross-sectional shapes, it is sometimes more convenient to
simply calculate the moments corresponding to a large number of
curvatures and fit the data using a Ramberg-Osgood or MenegottoPinto function. When using hand calculations, one can obtain each
moment-curvature point by selecting a value for the strain at the top
of the cross-section, arbitrarily choosing a location for the neutral
axis, calculating the axial force resulting from that assumed strain
diagram, and iterating by changing the position of that neutral axis
until zero axial force is obtained. By repeating that process for various

σ < σy

+σy

+σy

+σy

Acompression

C.G.
Atension
–σy

–σy

–σy

–σy
Fully plastified condition

Figure 3.3 Migration of neutral axis in singly symmetric cross-section as applied
moment increases during progressive plastification.
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strain values, one can plot the moment-curvature relationship for a
given cross-section. Following the same logic, moment-curvature
points can be generated through the use of computer programs. The
approximate moment-curvature relation obtained in that manner
would still be sufficiently accurate to allow precise computation of
member stiffnesses or deflections.
There exist numerous computer programs capable of developing
moment-curvature relations for arbitrary cross-sections under uniaxial or biaxial bending, and these are often capable of considering axial
and shear forces and other factors. Such programs can also easily be
written because their structure is generally rather simple. For example, for an arbitrary section having a single axis of symmetry (parallel
to the applied load) and subjected to uniaxial bending, it is sufficient
to use a layered model of the cross-section. This consists simply of
“slicing” the cross-section into a large number of layers, say 1000, and
calculating and integrating the contributions of all layers to the flexural moment at a given curvature. To structure such a program, one
could write subroutines to accomplish the following tasks:
• Perform an automatic layering of the cross-section (based on
simple input of geometry characteristics).
• Initialize the stress values for all layers and establish other
initial parameters.
• Set up controls for the iteration strategy.
• Increment the curvature for calculation of a given momentcurvature data point.
• Estimate the location of the neutral axis, adjusting this estimate in accordance with an iteration strategy (i.e., considering the results from previous iterations).
• For given curvature and neutral axis location, calculate strains
for all layers.
• Calculate stresses for all layers per the assumed material
model.
• Calculate the resulting moment by summing the contribution
of all layers about the neutral axis.
• Calculate the resulting axial force on the cross-section by
summing the contribution of all layers.
• Check for convergence using, for example, a user-specified
tolerance on the axial force.
• Iterate until the axial force is equal to zero, within the specified
tolerance. Convergence gives a single M and f point and
corresponding stresses at all layers of the cross-section (i.e.,
stress distribution). Repeat calculations at other curvatures to
obtain the entire M-f curve.
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Note that any material model could be implemented in such a
computer program, although the simple elasto-perfectly plastic
model is frequently sufficient. Furthermore, the above algorithm can
easily be modified to allow consideration of cyclic loading, biaxial
bending, nonzero axial forces, residual stresses, and nonsymmetric
cross-sectional shapes.

3.1.3

Impact of Some Factors on Inelastic Flexural Behavior

A large body of experimental research has confirmed that the plastic
flexural moment can indeed be developed in beams. A summary of
some of that earlier experimental work is presented in ASCE (1971). It
is understood that, for this plastic moment to develop, the constraints
set by the assumptions listed at the beginning of Section 3.1 must be
respected. However, a few additional factors that may have an impact
on this inelastic flexural behavior deserve the following brief review.

3.1.3.1 Variability in Material Properties

As the plastic moment directly depends on the yield stress of the
steel, it is worthwhile to question what value can be reliably used for
its calculation.
A potentially fatal mistake would consist of using the mill test
certificate value. Steel mills typically perform a single coupon test per
batch of steel produced (the size of a batch will vary depending on
the mills, but typically consists of many tons of steel). This coupon is
tested at strain rates that usually raise the yield strength by 30 MPa
(4.4 ksi) or more and are intended only to provide confidence that the
entire batch will meet the applicable specifications. Fluctuations in
steel properties will exist within a given batch of steel produced from
the same heat, and the mill test certificate can provide, at best, only
one value for the entire tonnage of steel produced by that heat. Therefore, using the value reported on the mill test certificate is improper
and fraught with danger; building failures have been documented
wherein such a mistake has been identified as a major reason contributing to collapse (e.g., Closkey 1988).
For the design of new structures, the specified yield strength is
the value that should be used. Engineers familiar with limit states
design concepts [such as the Canadian Standards Association’s Limit
States Design (LSD), or the American Institute of Steel Construction’s
Load and Resistance Factor Design (LRFD), or others] appreciate the
variability inherent in any engineering parameter, including material
properties. These variabilities are generally included in the load and
resistance factors.
However, when one is evaluating existing structures, it is important to appreciate the cross-sectional variability of yield strength.
Extracting material from a steel member to obtain its yield stress
using a standard coupon test (such as the standard ASTM E6 test)
could give quite different results depending on whether the coupon
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is taken from the flanges or the web. Galambos and Ravindra (1976)
reported that mean values of yield stress for coupons taken from
flanges and webs were respectively 5% and 10% larger than the specified values, with coefficients of variation of 0.11 and 0.10, respectively. This is largely a consequence of the different treatment the web
and flanges receive during the rolling process: thicker plates and
members are less worked and cool more slowly, resulting in a slightly
different grain structure of the metal and weaker strength properties.
Likewise, variations exist depending on the thickness of the rolled
shapes. In fact, special alloys are added to very thick steel section
(such as W-shapes formerly known as “jumbo sections,” or AISC
Group 4 and 5 shapes, before 2005) to provide the same yield strength
as thinner sections for a given metallurgical composition. For some
types of steels, when mills do not modify the chemical composition of
the steel to compensate for this loss of strength, lower specified yield
strengths are provided for use in design (e.g., CISC 2010).

3.1.3.2

Residual Stresses

Contrary to what is commonly assumed in design, a steel member is
not stress-free prior to the application of external loads. In fact, large
internal stresses exist there in a state of self-equilibrium. These are
generally “locked in” during the rolling process and are also affected
by welding or any other heat-imparting or cold-working operations.
To understand the origin of these residual stresses, one must visualize the cooling process of a rolled steel section, keeping in mind that
the modulus of elasticity of steel at high temperatures is very low,
and increases rapidly as the steel progressively cools down below
1000°F, and that steel (like other materials) shrinks as it cools.
Thus, when a rolled section is cooled by the surrounding air, the
tips of the flanges that are surrounded by air on three sides cool and
gain stiffness first. Shrinkage is essentially unrestrained by the adjacent softer steel. However, as cooling progresses along the flanges, the
tips of the flanges that have already partly cooled and acquired some
stiffness provide partial restraint against shrinkage of the adjacent
flange material. Hence, the tip of the flange is placed in compression,
and the adjacent cooling material, in tension. As cooling progresses
further along the flanges, the process repeats itself, and all previously
partly cooled and stiffer material is compressed by the adjacent material that is beginning to cool. Consequently, the tips of the flanges that
have cooled first will be the most compressed, and the flange-web
core material, which is surrounded on all sides by steel and cools the
slowest, will be subjected to the largest internal tensile stresses.
Members that can cool rapidly, such as thin steel plates, will be
subjected to the largest magnitude of residual stresses, with values
occasionally reaching up to the yield stress. However, in most rolled
steel sections, the maximum residual stresses are approximately 33%
of the yield stress.
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The same logic also illustrates how welding introduces residual
stresses. As welding is accomplished, the cooling and shrinking of
both the weld metal and the steel in the heat-affected zone is restrained
by the adjacent steel material. Therefore, following welding, the
welds will be in tension. The existing residual stress pattern in the
base metal is also locally affected by the welding operations.
A schematic representation of these self-equilibrating residual
stresses is shown in Figure 3.4, using linear variations of stresses
along the flanges and web. For comparison, an actual residual stress
distribution in a steel section is illustrated in Figure 3.5. These internal stresses are in self-equilibrium because the integral of their effects
produce no resulting axial force or moment on the cross-section.
Although residual stresses can be large, they have no impact on
the plastic moment of a cross-section. For example, consider the section of Figure 3.4 for which residual stresses are assumed to be of a
magnitude equal to half the yield stress. When that section is subjected to pure axial loading in compression, the tips of the flanges
will reach their yield stress at only half the applied axial load that
would produce full yielding of the cross-section if there were no
residual stresses. From that point onward, plastification will start
spreading over the cross-section. Essentially, because every individual point along the cross-section starts from a different initial stress,
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Figure 3.4 Schematic representation of self-equilibrating residual stresses in wideflange structural shape.
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Contour lines show isostress in ksi

Figure 3.5 Two-dimensional distribution of residual stresses in rolled and
welded wide-flange structural shapes. (From L. Tall, Structural Steel Design,
2nd ed., 1974.)
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it must be subjected to a different magnitude of strain prior to reaching the yield stress. Eventually, the flange-web core zones will be the
last points to yield, when the applied strain will be 50% larger than
would have otherwise been necessary to plastify a section free of
residual stresses. Indeed, a force-elongation diagram similar to that
shown in Figure 3.4 is usually obtained when one tests full crosssection stub-column specimens in axial compression (or tension)
instead of standard material coupons.
If the same cross-section were subjected to flexure instead of axial
force, it would start yielding at a moment equal to half of My, with
plasticity spreading from the tips of the flanges inward for the flange
in compression, and from the flange-core outward for the flange in
tension, as the respective flanges would be subjected to larger compression and tension as the flexural moment increased. However, the
plasticity moment would be unchanged and remain Mp. This is demonstrated in more detail in the example below.
Although residual stresses do not impact the strength of members, the accelerated softening of the axial force versus axial deformation or moment versus curvature curves, as well as the earlier
initiation of the yielding process, will have an impact on members’
deflections and buckling resistances. Incidentally, the analytical
expressions included in steel-design codes and standards to calculate
the stability and strength of structural members (such as for columns
in compression) already take this into account.

3.1.3.3 Example: Ideal Wide-Flange Section with
Residual Stresses

An “ideal” wide-flange section for flexural resistance has flanges of
negligible thickness and area Af , a height d, and negligible web area
(Figure 3.6). The shape factor for this section is 1.0, and Mp = dAf sy. It is
assumed that the initial residual stresses introduced by the rolling process (thus prior to the application of any external loads) have a peak
value of 0.75sy (in compression) at the tips of the flanges and 0.75sy (in
tension) at the intersection with the web and that they vary linearly in
between. The material is assumed to be elasto-perfectly plastic.
The M-f curves for the initially stress-free case, and for the case
having residual stresses, are to be drawn. For this purpose, although
accurate analytical expressions could be derived, for simplicity here,
the solution will proceed by calculating representative points to accurately plot these curves.
Using the principle of stress superposition, and the knowledge
that, at any point, the newly applied stresses and strains are related as
per the elasto-perfectly plastic model, one can construct Figure 3.6. In
the resulting moment-curvature plot in this figure, the dashed line is
obtained when one considers the cross-section free of residual stresses,
using fy and ey corresponding, respectively, to the curvature and
maximum strain at the onset of yielding My (which happens to be
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equal to Mp in this example). The resulting M-f curve is bilinear for
this ideal cross-section having a shape factor of unity.
More interesting, however, is the calculation of the M-f curve for
the case having residual stresses. Stage A identifies the end of the
elastic range, because the application of strains equal to ey/4 will
uniformly add a stress of sy/4 to the flanges and bring to yield the
points for which the magnitude of residual stresses was 0.75sy.
Values of moments and curvature at multiples of this curvature are
calculated. The resulting strains, stresses, and M-f (solid line) are
shown in Figure 3.6. As an example of an intermediate calculation,
for stage C, when the curvature is f, the corresponding moment calculated from the stress diagram is:
  Af
 Af  d 
1  sy
Mstage-C = 2 2 
s y + 
+ s y
  = 0 . 8125 A f d s y = 0 . 8125 Mp
2 4
4  2 
  4

		

(3.15)

3.1.3.4 Local Instabilities

Plastic curvature cannot increase indefinitely, and eventually local
buckling, or lateral torsional buckling, will occur. The problem of
member instability receives a comprehensive treatment in Chapter 14.
However, at this point, it is important to realize that local buckling
must eventually occur in any structural member compressed far into
the plastic range (such as the flange of wide-flange beams commonly
used in structures) as the strain-hardening tangent section modulus
progressively decreases when plastic strains increase (as demonstrated in Chapter 2). More stringent width-thickness limits imposed
by plastic design procedures simply delay local buckling to ensure
the development of large plastic deformations within the limits
expected in normal applications.

3.1.3.5 Strain Hardening

Models that neglect strain hardening, such as the elasto-perfectly
plastic model, are effectively much simpler to use and particularly
useful for hand calculation. Although the consideration of strain
hardening is always possible, at the cost of additional computational
efforts, it has been proven to be generally conservative to neglect the
effect of strain hardening in beams subjected to moment gradient, as
long as strength is the primary concern. The influence of strain hardening on plastic rotation calculations can be more significant. For the
special case of beams subjected to uniform moments (in which plastification occurs simultaneously over the entire uniform moment
region), the consideration of strain hardening would bring few benefits as local buckling typically promptly occurs at the onset of strain
hardening in such beams.

03_Bruneau_Ch03_p111-174.indd 126

6/11/11 2:30:26 PM

Plastic Behavior at the Cross-Section Level

3.1.4

127

Behavior During Cyclic Loading

A major application of plastic analysis concepts is found in the design
of earthquake-resistant structures. Consequently, it is important to
examine the effect of cyclic loading on a partly or fully plastified
cross-section. The key to understanding the plastic behavior of a
cross-section is to consider it as a series of layers of material. All layers of a cross-section must abide by the same material model rules,
but each layer is strained differently, so its stress history will also
differ. For example, in Figure 3.7, the points A to F are assigned to
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Example of cyclic cross-sectional plastic behavior.
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various layers along the height of a rectangular cross-section that
has been subjected to a moment larger than its yield moment, My,
but less than its plastic moment, M p. When the applied moment
is removed, the cross-section is unloaded to its point of zero
applied moment on the M-f diagram, and all layers unload elastically according to the elasto-plastic element model. In fact, a
layer will always unload elastically as long as its stress doesn’t
reach the opposite yield level of -sy. Therefore, one must first try
to remove the applied moment elastically, as shown in Case A of
Figure 3.7.
If none of the stresses in the resulting stress diagram exceed
the yield stress, the solution is deemed acceptable. Note that
although the externally applied load has been removed, an internal residual-stress diagram in self-equilibrium has been created.
Moreover, as can be seen from the M-f diagram, a residual curvature remains. One can obtain the magnitude of this curvature by
first calculating the maximum curvature that was reached during
the initial loading phase [for the rectangular section used, Eq. (3.9)
derived previously can be used for this purpose] and subtracting
from this value the curvature that would correspond to the removal
of this moment, assuming elastic response [using Eq. (3.4), that is,
f = M/EI]. Because the two values are quite different, a residual
curvature must remain.
Following the above logic, one can observe, as in Case B of
Figure 3.7, that for any cross-section that was first stressed above
My, it is possible to remove elastically a moment as large as 2My
without having any stresses exceed the yield value in the resulting
stress diagram. In fact, the section can be subjected to reversed
loading histories within this range of 2My without producing any
new plastification. This is equivalent to having a new elastic range
shifted upward by the difference between M and My. However, as
soon as loading exceeds these bounds, new yielding occurs, and
the stress-strain history of each layer must be followed to determine the actual stress distribution throughout the cross-section. To
determine this stress profile, the procedure followed in the example on residual stresses in the previous section can be used, but
one must account for the offset produced by the residual curvature
at zero moment. A maximum moment of -Mp will eventually be
reached, as shown in Case C of Figure 3.7. The procedure can be
repeated by reversing the loading and cycling repeatedly, thus
producing M-f hysteretic curves.
Generally, the ductile behavior of steel members will develop
until a local instability occurs, because of either excessive straining
under noncyclic loading or fracture under alternating plasticity (e.g.,
low-cycle fatigue under cyclic inelastic loading), as discussed in the
previous chapter.
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Combined Flexural and Axial Loading
In Section 3.1, it was assumed that no externally applied axial load
acted on the cross-section. However, in many instances this will not
be the case, and it is necessary to investigate how the plastic moment
is affected by the presence of axial force. The same fundamental concepts and modeling previously presented still apply: strains linearly
distributed across the member’s cross-section are related to stresses
using an elasto-plastic model, and the moments and axial forces are
obtained by integrating the stresses acting on the cross-section (or,
more simply, using the stress-resultant forces). Figure 3.8 illustrates
how the stress diagram changes as the applied moment is progressively increased for a given axial force.
Calculation of the reduced plastic moment, Mpr, in the fully plastified state for a given axial load, P, is a straightforward operation.
Directly, equilibrium of the horizontal forces acting on the crosssection gives:
P = C - T = A compression s y - Atension s y = ( Acompression - Atension )s y

(3.16)

Given that the sum of Acompression and Atension must equal the total
cross-sectional area, A, one can directly solve for the location of the
neutral axis; the stress-resultant forces, C and T; and the corresponding reduced plastic moment, Mpr. By repeating the process for axial
forces varying from zero to the axial plastic load (= Asy), one can plot
an interaction diagram for a given cross-section. Alternatively, for the
simplest cross-sections, closed-form solutions may be developed.
Some of these closed-form solutions are provided here, taking
advantage of the fact that the fully plastified stress diagram for combined flexural-axial response can be divided into a pure moment contribution and a pure axial contribution, as shown in Figure 3.9. For
convenience, that figure is developed using the same arbitrary neutral
axis location for various cross-sections; the implication is that, for this
generic state of full plasticity, different corresponding axial loads and
moments would be obtained for each cross-section. The basic principle, nonetheless, remains the same: when a location for the neutral
axis is assumed, expressions for the corresponding applied axial force
and reduced plastic moment can be developed, which are valid over
all or some depths of the cross-section. Through algebraic manipulations, it is possible to develop equations for interaction diagrams that
express the applied axial force as a function of the reduced plastic
moment, although this sometimes proves to be a tedious process.
These equations are developed hereunder for some simple doubly symmetric sections, for a neutral axis generically located at a distance yo above the geometric center of these sections.
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3.2.1

Rectangular Cross-Section

If one divides the stress diagram of Figure 3.9 into pure flexural and
axial contributions, the resulting axial force is:
 P  (P = 2byo s y )  2 yo
 P  =  (P = hbs )  = h
y 

 y   y

(3.17)

where Py is the capacity of the cross-section fully plastified axially,
and all geometric parameters are defined in Figure 3.9.
The expression for the reduced plastic moment can be developed
if one subtracts the plastic moment of a section of depth 2yo (i.e., that
portion of the cross-section assumed to resist the axial load, P) from
the plastic moment (i.e., the flexural strength in absence of axial load),
making it possible to obtain:
 bh2   b(2 yo )2  
b(h2 - 4 yo2 )
Mpr = Z s y - Zy s y = 
s
=
sy




o
4
 4   4  y

(3.18)

In a normalized format, and substituting the result of Eq. (3.17):
Mpr
Mp

=

(

)

2
b h2 - 4 yo2 s y  4 
4 yo2
 P
1
1
=
=
P 
 bh2 s 
4
h2
 y

y

(3.19)

The resulting interaction diagram is plotted in Figure 3.10.
Note that, for a rectangular cross-section, a significant difference
exists between the elastic interaction curve for which no strain is
allowed to exceed the yield strain, and the plastic interaction curve
derived above.

3.2.2 Wide-Flange Sections: Strong-Axis Bending
For wide-flange sections (i.e., those having constant flange thickness),
the closed-form solution will vary depending on whether the neutral
axis falls in the web (yo ≤ h/2) or the flange (h/2 < yo ≤ d/2). For the
former case:
 P  (P = 2 yo ws y )  2wyo Aw
≤
 =
=
A
A
 Py   (Py = As y ) 
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Figure 3.10 Elastic and plastic M-P normalized interaction diagram for a
rectangular cross-section.

where A is the total cross-sectional area (= 2bt + wh), Aw is the web
area (= wh), and:

 w(2 yo )2  
Mpr = Zs y - Zy s y = Z - 
  s = (Z - wyo2 )s y
o
4  y


(3.21)

Then, to obtain a normalized M-P interaction curve, divide the
above equation by Mp and substitute the result of Eq. (3.20):
2
 Zy 
 wy 2 
 P  A2
P Aw
≤
= 1 -  o  = 1 -  o  = 1 -  
for
Mp
Z
Z
Py
A
 Py  4wZ

Mpr

(3.22)

When the neutral axis falls in the flange, the following expression
is obtained using a similar procedure:
Mpr


P 
A
P  1 
P Aw
1 -     for
= A 1 -  d >

2
Mp
Py  
b
Py   2 Z
Py
A
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Note that, until the axial force exceeds 30% of the axial plastic
value, the reduction in moment capacity is typically less than 10% for
these structural shapes. For most commonly available wide-flange
sections, the normalized M-P interaction curve is a function of the
ratio of the web area to total cross-sectional area (which can be alternatively expressed as the web area to sum of the flange areas, or many
other variations). This could be demonstrated, as an example, by
expansion of the non-normalized term of Eq. (3.22) as follows:
A2
=
4wZy

=
=

A2
 wh2 A f (d - t)
4w 
+

4
2
Aw2

A2
+ 2 A f ( Aw + tw)

(3.24)

1
2

 Aw   2 A f Aw   2 A f tw
  + 
 +

A
A2   A2 

where Af is the total flange area (i.e., sum of the areas of both flanges).
Simple observation, or trial calculation, reveals the very small significance of the third denominator term on the resulting normalized M-P
interaction curve. This term is the only nonconstant value for a given
ratio of web-to-flange area. As a result, normalized interaction curves
can be conveniently expressed as a function of the flange-to-web area
ratio, as shown in Figure 3.11a.
It can be observed from Figure 3.11a that the normalized M-P
interaction curves of wide-flange sections that have the lowest ratio
of flange-to-web areas are closest to the curve obtained previously for
the rectangular cross-section, as is logically expected. Although this
observation is useful to demonstrate the relative physical behavior of
various cross-sections, it should be remembered that steel rectangular shapes inefficiently use material and are not desirable, in spite of
their more extensive plastic range. Finally, note that wide-flange sections are usually rolled with a relatively constant ratio of flange-toweb area, normally between 2 and 3, approximately corresponding to
the shaded area in Figure 3.11a. This has made possible the development of a convenient and reliable M-P design interaction curve for
the plastic strength of wide-flange cross-sections in strong-axis bending, as shown in Figure 3.11b, and expressed by:

M
P
= 1 . 18 1 -  ≤ 1 . 0
Mp
Py 
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Figure 3.11 Plastic M-P normalized interaction diagrams: (a) for wide-flange
structural shape, strong-axis bending; (b) simplified design interaction curve
for wide-flange structural shape, strong-axis bending; (c) for wide-flange
structural shape, weak-axis bending. (Figures a and c reprinted from ASCE
Manual #41: Plastic Design in Steel: A Guide and Commentary, 2nd ed.,
with permission of American Society of Civil Engineers.)
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Figure 3.11 (Continued )

3.2.3 Wide-Flange Sections: Weak-Axis Bending
Normalized M-P interaction equations can be obtained for wideflange sections in weak-axis bending following an approach similar
to that presented above for strong-axis bending. Two cases must be
considered, depending on whether the neutral axis falls in the web
(yo ≤ w/2) or outside the web (w/2 < yo ≤ b/2). For the former:
2

 P  A2
= 1-  
Mp
 Py  4dZy

Mpr

for

P wd
≤
Py
A

(3.26)

whereas, for the latter case:
Mpr

 4bt 
P 
P   A2 
=
- 1 -   1 -  
Mp  A 
Py   
Py   8tZy 



for

P wd
>
Py
A

(3.27)

Again, for most commonly available wide-flange sections, the
normalized M-P interaction curve is a function of the ratio of the
flange area to the web area. Normalized interaction curves expressed
as a function of that ratio are shown in Figure 3.11c. This time, because
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a wide-flange shape in weak-axis bending is simply two rectangular
cross-sections joined at their centroids by a thin member, the wideflange sections that have the largest ratio of flange-to-web areas will
have the interaction curves closest to those for a rectangular crosssection, as can be observed from Figure 3.11c. Again, the relatively
narrow shaded area in that figure represents the range of flange-toweb area ratios corresponding to most wide-flange sections rolled
today. Based on this observation, the following design interaction
curve expression for the plastic strength of wide-flange cross-sections
in weak-axis bending has been proposed:
  P  2
M
= 1 . 19 1 -    ≤ 1 . 0
Mp
  Py  

(3.28)

In some instances, however, simpler but more conservative equations have also been used in some design codes (e.g., CSA 2009).

3.2.4

Moment-Curvature Relationships

If the complete moment-curvature relationship for a given axial load
and cross-section is desired, the use of numerical techniques is recommended, even though some closed-form solutions can be developed for the simplest cross-sections. In fact, to account for combined
flexural and axial loading, only minor changes are necessary to the
moment-curvature algorithm described in the previous section.

3.3

Combined Flexural and Shear Loading
The interaction between axial force and moment could easily be considered in the previous section because they both produce axial
strains in a structural member. However, before one can consider the
combined effect of flexural and shear loading on the plastic moment
of a cross-section, the interaction between axial and shear stresses
when yielding is reached must first be described. Based on experimental observations, two mechanics-of-materials rules have been
formulated to describe this fundamental material behavior: the Tresca
and the Von Mises yield conditions (Popov 1968). The latter has been
most widely used to describe aspects of the behavior of steel structures. The Von Mises criterion can be expressed as follows:
s 2 + 3t 2 = s 2y

(3.29)

where s is the axial stress, t is the shear stress, and sy is the yield
stress in uniaxial tension.
According to that criterion: (1) no shear stress, t, can be applied
when the axial stresses reach yield, and (2) in absence of axial stresses,
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the yielding shear stress, ty, is equal to 0.577sy. Such a model neglects
strain hardening, which is conservative and consistent with what has
been done so far, although it is well known that a dependable and
slightly higher shear stress can usually easily be reached because of
strain hardening. With this criterion as a starting point, many models
have been proposed to determine the plastic moment as reduced by
the presence of shear forces. The solutions presented here are essentially those based on equilibrium considerations; such solutions are
generally lower-bound solutions and conservative, as shown in
Chapter 4.
For the rectangular cross-section used here to demonstrate flexure-shear interaction, a distribution of axial and shear stresses that
respect the above Von Mises yield criterion is shown in Figure 3.12.
The distribution of shear stresses is obtained considering only the
remaining (nonyielded) elastic core and knowledge that shear stresses
vary parabolically along a rectangular cross-section. Thus, with the
knowledge that the maximum shear stress on a rectangular crosssection is 50% larger than the average shear stress, and through use of
the Von Mises yield criterion, the depth of the elastic core, 2yy, required
to resist the shear force, V, can be calculated as:
ty =

1.5 V
1.5 V s y
1.3 V
=
=
= 0 . 577 s y thu
us y y =
Aeffective
2 yyb
bs y
3

(3.30)

The resulting axial stress diagram, elastic within ±yy from the
neutral axis and plastic beyond that value, is used to calculate the
reduced plastic moment capacity. Using the principle of stress superposition demonstrated earlier, and the procedure demonstrated in
Figure 3.12, one obtains the following formula for the plastic moment
reduced by shear, Mprs:
 by y   y y  
2
2


M
2
p
Mprs
 2   3   s y
V 2
4  yy 
3V

1
1
=
for   ≤
=
=


Mp
3 d 
4  Vp 
 bd 2 
 Vp  3

 s y
4
		
(3.31)
where the last equality in the above equation is obtained through
substituting the value of yy defined in the previous equation and by
defining Vp as the shear corresponding to the fully plastified section
under pure shear (a purely theoretical quantity because this would
violate the important condition that shear stresses must become
zero at the top and bottom of the cross-section). For the rectangular cross-section, Vp is equal to bdty. The limit of applicability of
the above equation is simply a result of the parabolic shear stress
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distribution assumed; in other words, the maximum shear stress
is limited to 1.5 times the maximum average stress that can act
on the cross-section in the absence of axial yield stresses; that is,
ty = 1.5 taverage = 1.5 Vmax/bd.
Given that axial stresses and shear stresses vary linearly and parabolically, respectively, over the ± yy region, the following Mohr’s
circle expression can be used to calculate the principal shear stresses
at any point in that region:
t max

2
2
 s   y  2 
 sy 
 s y y
 y 1 =   + t 2 = 
+


2
2
y
 3   y y   
 y


2

= sy

1 5  y
1 y 
+  


3 12  y y 
3  yy 

4

2

(3.32)

This equation demonstrates that a principal shear stress of ty is
reached only at y = 0, and at ± yy, and is not exceeded anywhere in
between because (5/12)(y/yy)2 is always greater than (1/3)(y/yy)4 in
the region of interest (i.e., y ≤ yy). Also, calculating the minimum shear
stress in that region by making the first derivative of the above equation equal to zero gives a value of approximately 80% of ty; this illustrates how effectively the section is utilized. As for the part of the
cross-section yielded under axial strains, sy, no shear forces can
be applied per the Von Mises criterion, but for the sake of completing
the principal stresses diagram, sy can be expressed as equivalent to
3t y , or alternatively, t y = s y / 3.
Although the same procedure could be followed to calculate the
reduced moment capacity of wide-flange shapes commonly used in
practice, a more expedient approach exists to provide a reliable estimate
of this value. This alternative procedure is illustrated in Figure 3.13.
First, a uniform shear stress is assumed to act on the web as a result of
the applied shear force and is calculated as follows:
tw =

V
hw

(3.33)

Then, the Von Mises yield condition is used to calculate the maximum axial stress that can be applied on the web (i.e., remaining axial
stress capacity available):
sw =

  t  2
s 2y - 3t w2 = s y 1 -  w  
  t y  

(

)

(3.34)

The maximum axial stress that can be applied to the flange
remains sy. Then, one can determine the reduced plastic moment
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directly from the resulting axial stress diagram, again using the
principle of superposition of stress diagrams to simplify calculations. It is equal to:
Mprv = Mp − Mloss = Zprv sy
where
Mloss

2

 tw  
h2 w
h2 w 
(s y - s w ) =
1 - 1 -   s y = Zloss s y
=
4
4 
 t y  


(3.35)

and where Zprv is defined as the plastic section modulus reduced by the
presence of shear. This procedure is valid only for shear forces smaller
than or equal to what would produce shear yielding of the entire web.
Furthermore, this procedure cannot be extended to other cross-sections,
unless these also have webs similarly capable of resisting the bulk of the
applied shear force in a condition of near uniform shear stresses. For
example, for wide-flange shapes in weak-axis bending, the equations
derived for the rectangular cross-section are actually more suitable.
Although many other expressions have been proposed in the available literature to describe flexure-shear plastic interaction, the above
approaches are conservative and simple for hand calculations. Experiments have demonstrated that the reduction in plastic moment capacity is in fact less than predicted by the above equations (e.g., ASCE
1971, Kasai and Popov 1986). Furthermore, in most practical cases, the
impact of shear forces on the plastic moment capacity is insignificant.

3.4

Combined Flexural, Axial, and Shear Loading
The combined interaction of flexural, axial, and shear loading can be
considered through the above principles. Following the same procedure used in the previous section, by apportioning some of the crosssection to resist each load effect individually, one could develop
close-form solutions, but in most cases, direct calculation of the
needed result from the stress diagram is actually more expedient.
For example, the reduced plastic moment of a W920 × 238 shape
(equivalent to a W36 × 160 in U.S. units) when a shear force, V, of
1334 kN (300 kips) and an axial force, P, of 2668 kN (600 kips) are
simultaneously applied, can be calculated as follows, assuming that a
mild steel that yields at 250 MPa (36 ksi) is used (some of the steps of
this example are illustrated in Figure 3.14).
First, the average shear stress on the web of that wide flange
resulting from the applied shear force is calculated:

V
1, 334, 000 N
=
= 93 . 7 N/mm2 = 93 . 7 MPa
wh (16 . 5 mm) (863.2 mm)
		
(3.36)
tw =
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Incidentally, this is about 65% of the yield strength of the web,
which is 0.577sy, or 144.3 MPa (20.9 ksi). Then, the Von Mises yield
criterion is used to calculate the axial stress capacity available in
the web:
s w = s 2y - 3t w2 = (250)2 - 3(93 . 7 )2 = 190 . 2 MPa = 0.76
6 1s y

		

(3.37)

With that remaining web axial stress capacity of 190.2 MPa
(27.6 ksi) and a maximum axial flange stress capacity of 250 MPa,
one can calculate the portion of the cross-section needed to resist
the axial force using the procedure demonstrated earlier. In this
case, it is found that the neutral axis is in the web:
s w = 190 . 2 MPa =

2,668,000 N
h
⇒ yo = 425 mm
m < = 431 . 6 mm
2
yo (16 . 5)

		

(3.38)

One can add the contributions of the web and flanges to the
moment resistance as follows:
P ,V
Mpr
- web =

=

w(2 yo )2
wh2
sw sw
4
4
(16 . 5)(863 . 2)2
(16 . 5)(850)2
(190 . 2) (190 . 2)
4
4

= 584 . 5 - 567 kN--m = 17.5 kN-m

(3.39)

  d - t 
P ,V
Mpr
= 2 bt 
 s
- flange
2   y

 915 - 25 . 9
= (305)(2 5 . 9) 
 (250)
2
= 1755 . 9 kN-m

(3.40)

P ,V
P ,V
P ,V
Mpr
= Mpr
+ Mpr
= (1755 . 9 + 17 . 5) kN-m = 1773.4 kN-m
- flange
- web

		

(3.41)

where the superscript (P,V) indicates that this plastic moment is
reduced to take into account the applied axial and shear forces
(Figure 3.14). This structural shape has a plastic modulus, Z, of
10,200,000 mm3 (622.4 in3) and therefore a corresponding plastic
moment of 2550 kN-m (1882 kip-ft) in the absence of shear or axial
forces. Therefore, the reduced plastic moment capacity in this
example is 70% of the unreduced value.

03_Bruneau_Ch03_p111-174.indd 144

6/11/11 2:31:10 PM

Plastic Behavior at the Cross-Section Level

145

When one takes advantage of the readily available value of the
plastic section modulus (e.g., tabulated in AISC 2011 or CISC 2010), a
subtractive approach to the above problem is actually more expedient. Indeed, deducting the stress diagrams associated with the axial
and shear contributions to the moment resistance from the plastic
moment, Mp, gives:
P ,V
P
= Mp - MVpr - Mpr
Mpr

= Mp -

w(2 yo )2
wh2
sw
(s y - s w ) 4
4

(3.42)

= (2550 - 183 . 8 - 567 ) kN-m
= 1779.2 kN-m (131
1 3.1 kip-ft)
The results obtained using the subtractive and additive approaches
are slightly different because in the latter case, the value of the plastic
section modulus from a design handbook/manual was used. Handbook/manual values usually consider the true rounded shape of the
cross-section at the flange-web intersections, which are usually
neglected when this section property is determined by hand calculation. Practically, this difference is insignificant.

3.5

Pure Plastic Torsion: Sand-Heap Analogy
The plastic torsional resistance of a given cross-section can be determined as a logical extension of the results obtained from the theory of
elasticity. A complete derivation of the elastic torsion theory is beyond
the scope of this book and is usually covered comprehensively in
mechanics-of-material textbooks. However, some important results
from that elastic theory needed to understand plastic torsion are summarized below.

3.5.1

Review of Important Elastic Analysis Results

For a structural member in pure-torsion, with its longitudinal axis
parallel to the z-axis, the only nonzero stresses are the shear stresses
acting in the cross-sectional plane, tzx and tzy, and their equal reciprocal components, txz and tyz. The first and second indices, respectively,
indicate the axis perpendicular to the plane on which these stresses
are acting and the axis in the direction of their action. These values
can be defined through the generalized Hooke’s Law constitutive
relationship (i.e., stress-strain relationship). To satisfy equilibrium,
expressed in differential equations as defined in the theory of elasticity, the following relation must be satisfied:
∂ t zx ∂ t zx
=0
+
∂y
∂x
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An equation of compatibility for this problem is obtained by derivation of the shear stress expression obtained from the generalized
Hooke’s Law, with the following result:
∂ t zx ∂ t zy ∂2 f ∂2 f
= 2 + 2 = - 2G q
+
∂x
∂y
∂y
∂x

(3.44)

where q is the angle of twist per unit longitudinal length, G is the
shear modulus, and f, called the Prandtl stress function, is a convenient mathematical substitution that will satisfy the above relationship if the following equalities are true:
t zx =

∂f
∂f
; t zy
∂y
∂x

(3.45)

Along the edge of the cross-section, the Prandtl stress function
must be constant and is usually taken as zero for convenience. The
search for an elastic solution to torsion problems therefore lies in
finding a function of x and y, f (x,y), that can satisfy the above conditions. Once that function is known, the corresponding torque applied
to the member can be calculated because the two are related by the
following relationship:
T = 2 ∫∫ f ∂ x ∂ y

(3.46)

The structure of the differential equation of the stress function
[Eq. (3.44) above] is identical to the one describing the deflection of a
membrane (or soap bubble) of the same shape as the cross-section of
interest, tied at its edges and subjected to a uniform pressure
(Prandtl’s membrane analogy). A comparison of the two expressions
shows that the stress function, f, corresponds to the membrane
deflection, and the shear stresses in the torsion problem are analogous to the slope of the membrane, as illustrated in Figure 3.15.
Therefore, the torsional moment is equal to twice the volume of the
bubble. The reader is referred to Popov 1968, Timoshenko and Goodier 1970, Ugural and Fenster 1995 (among many) for a complete derivation of Eqs. (3.43) to (3.46).

3.5.2

Sand-Heap Analogy

Under progressively increasing applied torque, the cross-section will
begin to yield when the shear stress at any point within the crosssection reaches 0.577sy (per the Von Mises yield criterion). Visibly, as
predicted by the membrane analogy, this should occur somewhere
along the edge of the cross-section, at the edge point(s) closest to the

03_Bruneau_Ch03_p111-174.indd 146

6/11/11 2:31:11 PM

Plastic Behavior at the Cross-Section Level

147

y
b

T

∂φ
= τzx
∂y
x

x
h

z

T

y
∂φ = –τzy
∂x
–τzy

τzx

Yielded
A-A

τy = 0.577σy

Elastic condition

B

τy
τy
T

A

τy

A

Yielded

τy
B-B

B

Elasto-plastic condition (simplified)

A-A
B
τy (b/2)

τy

Slope = τy

A

τy

A

b

b/2

h-b

h
B-B

B

b/2

b

Fully plastic condition

Figure 3.15 Rectangular cross-section subjected to progressively increasing torque
up to plastic torque.

center of twist (i.e., where the slope of the soap bubble would be the
largest). It can also be visualized that, upon application of larger
torques, yielding will spread inward (Figure 3.15), and the plastic
torque, Tp, will be reached upon yielding of the entire cross-section.
In the fully yielded condition, because the resulting stress at any point
cannot exceed the shear yield stress:
2
2
sy
 ∂ f  ∂ f
t = t 2zx + t 2zy =   +   = ∇ f = t y =
 ∂y   ∂x
3
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which demonstrates that the maximum slope at all points in the fully
plastic condition must be equal to the shear yield stress value. From
that knowledge, a plastic f surface can be constructed rather easily,
and it is still true that twice the area under this curve directly gives
the magnitude of the corresponding plastic torque. The shape of that
plastic surface can be compared with that of a sand heap. When one
tries to pile up dry sand on a table having the same shape as the crosssection of interest, the resulting shape will resemble the plastic surface for that shape because dry sand is stable only up to a specific
slope. This slope is also constant over the entire cross-section, making
the sand-heap analogy obvious.
For example, for a rectangular cross-section, the plastic surface
becomes a rectangular pyramid of slope ty, as shown in Figure 3.15;
the corresponding plastic torque is:
Tp = 2 (volume under stress function f)
 b  bt y 

= 2 
(h - b) +

 2  2 

= ty

b3
3

1  bt y  2
b3  3  h  
b = 2t y   - 1 + 1


3 2 
6 2  b  

(3.48)

3  h  
 2  b - 1 + 1
 
 

= ZT t y
where ZT is defined as the torsional plastic section modulus. Results
for a number of other cross-sections are shown in Table 3.1, along
with the corresponding ratio of fully plastic torque to maximum elastic torque.

3.6

Combined Flexure and Torsion
The interaction of flexure and torsion also requires consideration of
the plastic relationship between axial and shear stresses, as expressed
by the Von Mises yield criterion. Expanding on the previously established principles, the flexure torsion interaction equations can be
established as follows.
First, it is assumed that, because of the flexure/torsional interaction, only a reduced axial stress capacity, sR < sy, is available to resist
the applied moment, and only a reduced shear stress capacity, tR < ty,
is available to resist the applied torque, as shown in Figure 3.16.
Then, the Von Mises yield criterion is rewritten as:
2

2

 TprM 
 MTpr 
2
+ 3
s + 3t = 
 = sy

 ZT 
 Z 
2
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2
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t
≈ 2πt y R -  t if (R - r ) = t = small 1.0

2

a3
t = 2 3r 3 t y
12 y

1.67

a

2(a – b)

2(a + b)

2
3
b 
b
2π 3 
a 1 - 4 .5   + 4    t y




3
a
a 


 1 - 4 .5b2 + 4b3 
1 .33 
2
3 
 1-b -b +b 
where b = b/a

Table 3.1 Plastic Torques and Torsional Shape Factors for Some Structural
Shapes
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Figure 3.16 Reduced axial and shear stress conditions due to plastic
flexure-torsion interaction.

where MTpr is the plastic moment reduced to account for the presence
of torsion, and TprM is the plastic torque reduced to account for the
presence of flexure. Substituting into that equation the values of Z
and ZT, gives the following interaction equation:
2

2

 MTpr   TprM 
 M  + T  =1
 p  p 

(3.50)

Thus, for any given magnitude of applied moment, M, the corresponding maximum plastic torque that can be developed is:

TprM

= Tp

 M
1- 

 Mp 

2

(3.51)

Note that similar interaction equations could be developed following the same strategy to address the axial force and torque interaction, as well as flexure, axial force, and torque interaction. It is
worthwhile to reemphasize that such interaction equations based on
an assumed distribution of stresses satisfying equilibrium are usually
conservative and safe, in accordance with the lower bound theorem
presented in the next chapter.

3.7

Biaxial Flexure
3.7.1

General Principles

Biaxial bending only induces axial strains and stresses on the crosssection. Consequently, plastic strengths under biaxial bending, and
corresponding interaction diagrams relating flexural strengths about
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Figure 3.17 Plastic stress distribution for plastic moments in biaxial bending.

each of the two principal axes, can be obtained following principles
similar to those outlined in Sections 3.1 and 3.2. For the case at hand,
a few different approaches can be implemented.
First, a general-purpose cross-sectional analysis program can be
developed to automate such calculations based on a fiber model, as
will be described in Section 3.7.2. Second, for specific cross-sections,
closed-form solutions may be possible. Finding the stress distribution
for a given pair of applied moments may not be simple when the
cross-section undergoes plastic behavior, but, reciprocally, calculating the moments for a given orientation of the neutral axis, a, together
with a given magnitude of strains, is relatively straight forward (even
though the algebraic complexity can be substantial in some instances).
In particular, for the fully plastified cross-section, the plastic moments
about principal orthogonal axes, respectively, reduced due to their
simultaneous occurrence, can be computed. Results are generally
expressed for orthogonal axes chosen parallel to key cross-section
edges, as schematically illustrated in Figure 3.17 for a wide-flange
structural shape, but other algebraically convenient orientations are
possible. For example, the plastic strength of circular cross-sections is
independent of a, in which case the biaxial flexure problem reduces
to a uniaxial one about the axis of the resultant applied moment.
Closed-form solutions are presented below for the important case
of a wide-flange shape. These equations can be also useful to verify
results obtained during development of a computational analysis
tool based on the fiber model.

3.7.1.1 Full Plastification of Wide-Flange Shape
Under Biaxial Flexure

From Figure 3.17, in the fully plastified condition, note that for a
wide-flange shape under biaxial flexure, the neutral axis must intersect

03_Bruneau_Ch03_p111-174.indd 151

6/11/11 2:31:33 PM

152

Chapter Three
the flange for a plastic moment to develop about the section’s weak axis.
Also note that the x and y axes are arbitrarily oriented such that both
positive moments, in accordance with the “right-hand rule,” induce
compression in the upper right corner of the cross-section. To expedite
calculations, it is important to recognize that stress diagrams can be
decomposed into subcomponents of stress distributions (as first illustrated in Figure 3.1). In that perspective, the stress diagrams that need to
be considered to compute the reduced plastic moment about both axes
have been drawn separately in Figure 3.17, “trimmed” of the subcomponents that do not contribute to resist moments about the axis of interest.
For a neutral axis intersecting the flange at a distance xo from the
center of gravity of the cross-section, the plastic moment about the y
axis is given by:
 t b 2   t (2 xo )2  
Mx
Mpr
=
2
[
M
M
]
=
2
  Fy

-y
pyf
pyf , xo
 -
 4   4  
t b2

=
- 2t xo2  Fy
2



(3.52)

given that the web does not contribute to My, and where Mpyf is the
plastic moment of a single flange about the y axis and Mpyf,xo is the
plastic moment for a length 2xo of that flange. Note the notation
used to express a plastic moment reduced to account for the exiting
moment in the orthogonal direction, consistent with the syntax
introduced earlier. Normalizing by the plastic moment for the entire
section about that axis, again neglecting the small contribution of
the web:

Mx
Mpr
-y

Mpy

 t b 2   t (2 xo )2  
2 
 -
 F
4   4   y  4 xo2 
= 
= 1 - 2  = (1 - b2 )
b 
 t b2 

2 
F
4  y

(3.53)

where b = xo/(b/2), which quantify the neutral axis location as a fraction of the distance to the edge of the flange, is introduced to simplify
the equations here.
Subtracting from the total plastic moment about the x axis the
parts of the flanges already used to resist the moment in the orthogonal direction (these parts having equal and opposite forces canceling each other on each respective flange), the reduced plastic
moment corresponding to the contributing subcomponent of the
stress diagram is:
My
Mpr
- x = M px - M px ,loss = M px - [(b - 2 xo ) t (d - t)] Fy
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Normalizing by the plastic moment for the entire section about
that axis:
My
Mpr
-x

Mpx

=

Mpx - [(b - 2 xo ) t (d - t)]Fy
Mpx

		

 [(b - 2xxo ) t (d - t)] 
= 1 
 A (d - t) + Aw h  


f
 
4  

(3.55)

Using the approximate assumption that (d - t) ≈ h, and rearranging the equation to express it in terms of the ratio of Af /Aw, where Af =
bt and Aw = hw:
  4 A f 8x t   
4A f b 
 
- o   1 +

Aw   
 [(b - 2 xo )t]    Aw
Aw 
=
= 1  = 1 Mpx
4A f 
 4A f
  
 A + Aw   

 1+

1
+




f
 
4   
Aw 
 Aw
  

		
My
Mpr
-x

(3.56)

Using Eq. (3.56) to find an expression for b, and substituting it
into Eq. (3.53), gives the following interaction equation relating the
two reduced normalized flexural strengths:
2

Mx
Mpr
-y

Mpy

My


4 A f  Mpr
-x
1 +
- 1

Aw  Mpx

 = 1 . 0
+
2
 4A f 
 A 
 w

(3.57)

which is plotted in Figure 3.18. Note that as a consequence of the
above assumptions and simplifications, the flexural capacity about
the x axis cannot reduce to less than the plastic moment of the web
alone, Mpx-web. In other words, in the above model, only the flanges
are relied upon to resist moments about the y axis, and the web is
always fully available to resist flexure about the x axis. Figure 3.18
illustrates by dotted lines the range over which the plotted curves are
invalid, namely below the point equal to Mpx-web/Mpx, which is obviously a function of Af /Aw.
In its derivation of the same interaction curve, Mrazik et al. (1987)
suggested a conservative approximate interaction equation, identified
by the dash-dotted line in Figure 3.18, and obtained when Af /Aw = ∞,
in which case Eq. (3.57) becomes:
Mx
Mpr
-y

Mpy
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Figure 3.18 Plastic normalized biaxial bending interaction diagram for wideflange structural shapes.

3.7.1.2 Partial Plastification of Wide-Flange Shape
Under Biaxial Flexure

Biaxial bending interaction diagrams can similarly be derived for
conditions of partially plastified cross-section (Mrazik et al. 1987). In
this case, a suite of equations is necessary for this purpose to account
for whether or not plasticity has spread into the web, and whether or
not both tips of the flanges are plastified. These various conditions
are illustrated in Figure 3.19 for various strain distributions sharing
a common maximum value of ney at the wide-flange shape top-right
edge, with xo being the distance from the section’s vertical axis of
symmetry to the point where the neutral axis intersects the flange
(i.e., point of zero strain) and xi being the distance from that latter
point to the point where the strain first reach ey. The geometric relationships that relate strains at various locations along the flange
remain valid for all the strain distributions considered here. As such,
from similar triangles:

xi =
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eleft < ney B
A

Flange width = b
Web

Figure 3.19 Strain distributions in flange for biaxial bending cases of partial
plasticity considered.

and the strain at the web-to-flange intersection point, efw, is:
e fw =

xo
e
xi y

(3.60)

When xo ≥ xi, plasticity has spread into the web, and the distance
along the web from the neutral axis to the location of the yield strain,
y*, is:
y* =

h  xi 
h b + 1 
=
2  xo  2 n  b 

(3.61)

It can also be shown that the web remains elastic (xo ≤ xi) as long
as b ≤ 1/(n - 1), and that the flange tips remain plastified as long as
b ≤ (n - 1)/(n + 1). Figure 3.20 shows the range of applicability of the
following individual interaction equations (note that solutions are
only presented for n > 2 here). Again, these results are developed
taking advantage of the ability to decompose stress diagrams into
subcomponents of stress distributions to expedite calculations. Some
of the subcomponents used for this purpose are shown in Figure 3.21.
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Figure 3.20 Range of applicability of biaxial equations.

For the case when xo ≥ xi and xo + xi < (b/2), for which plasticity
has spread into the web and both flange tips are plastified (Case B in
Figure 3.19):
My
Mpy

= 1 - b2 -

1
(1 + b)2
3 n2

2

4A f b
1  b + 1 
1 +

- 2

Aw
Mx
3n  b  

= 

Mpx
4A f


1+
Aw



(3.62)

(3.63)

For the case when xo < xi and xo + xi < (b/2), for which the web is
elastic and both flange tips are plastified (Case A in Figure 3.19):
 4 A f b 2n  b  
+


A
3  b + 1 
Mx
=  w


Mpx
4A f


1+
Aw



(3.64)

and the resulting equation for flexure about the weak axis is identical
to Eq. (3.62), even though the stress diagram subcomponents and
their lever-arm differ from the previous case.
For the case when xo ≥ xi and xo + xi > (b/2), the web is partially
plastified, but the left edge of the flange remains elastic (Case C in
Figure 3.19). In this case, to add and subtract subcomponents of the
stress diagram, it is mathematically convenient to work with a stress
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diagram extended beyond the left-flange edge up to the point where
ey would be reached on the extrapolated strain diagram (located at
xo + xi from the section’s vertical axis of symmetry, or equivalently at
xe from the edge of the flange, as shown in Figure 3.21). In this case,
from geometry and algebraic relationships:
xe = (xo + xi ) -

b
2

and

(xo + xi )
(b + 1)
=b+
= b*
b/2
n

(3.65)

The resulting normalized equations are:
My
M

=

b* 2 + b* - 2  (b* - 1) 
1

2b
1

*2


1 - b2 + (1 + b) + 2 (1 + b2 ) + (1 - b ) + n 
2 
3

 (b + 1) 
n
3n


py
		


2

n A f b*  b* - 1 
4A f b
1  b + 1
1 +

- 2
Aw
Aw  b + 1  
3n  b 
Mx 
=

4A f
Mpx


1+
Aw




(3.66)

(3.67)

Using the above set of equations, calculating the normalized capacities about both principal axes for a range of b values, biaxial interaction
diagrams can be plotted for various conditions of partially plastified
cross-section. Examples shown in Figure 3.22 are for various ratio of
flange-to-web areas, for given values of strain at the top right flange tip.

3.7.2

Fiber Models

Section 3.1.2 described how a simple computer program can be written
to generate the moment-curvature relationship for an arbitrary structural shape subjected to uniaxial bending by dividing the cross-section
into a large number of layers. Such a program would be designed to
calculate each layer’s individual area, center of gravity, stress, and force
corresponding to a given curvature and neutral axis location. Forces
from all layers would be summed together and the neutral axis would
be iteratively moved until the sum would become equal to the applied
axial force (or to zero if no axial force is applied). The corresponding
moment at each curvature would then be calculated.
A similar strategy can be implemented for the case of biaxial
bending, with or without the presence of an axial load, by layering
the cross-section about both principal axes to create a grid of elements covering the cross-section, as shown in Figure 3.23. As such,
the cross-section can be seen as a stack of parallel “fibers” subjected
to various strains for the applied global strain distribution—such
“fiber elements” have been implemented in various commercial
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Figure 3.22 Biaxial bending interaction diagrams for partially plastified
wide-flange sections.
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Neutral axis example
(Bi-axial flexure only)

Neutral axis
example
(axial force and
bi-axial flexure)

Figure 3.23 Example mesh of fibers for cross-sectional analysis under
biaxial bending.

structural analysis programs. The core of the algorithm outlined in
Section 3.1.2 remains the same, but would need to be expanded with
additional iteration loops to consider curvature about both principal axes, with or without axial interaction. The engineering principles are identical to what has been considered so far, with biaxial
bending only adding complexity to the “bookkeeping” of strains
and stresses acting on all the fibers.

3.8

Composite Sections
The cross-sectional analysis principles presented in this chapter can be
extended to structural members built-up using shapes of different steel
grades or metals, as well as to composite members made of different
materials altogether. Plastic moment of composite sections, and corresponding axial-flexure interaction diagrams, can be developed recognizing that the entire cross-section shares a common strain diagram and
neutral axis (i.e., a condition of composite behavior), from which the
stress distribution on each material can be established. For example, the
following plastic moment equations for concrete-filled steel tubes, using
a concrete model that develops f ′c up to high ductility (caused by the
confinement of the steel tube) and a bilinear stress-strain model for the
steel tube, have been validated by good correlation between predicted
strength and experimental data (Bruneau and Marson 2004).
The flexural strength of a concrete-filled pipe is calculated using
the equilibrium diagram shown in Figure 3.24.
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Figure 3.24 Free-body diagrams used to develop flexural strength equations for
composite concrete-filled steel tube.

The following equations define the forces acting on the composite
section:
Tr = Ast Fy
Tr = Tmax - Cr
Tr = Cr + Cr′

(3.68)

Tmax = As Fy
where Tr is the tensile force in the steel tube, Ast is the area of tensile
steel, Fy is the yield strength of the steel tube, Tmax is the total force if all
steel is in tension, Cr is the axial compressive resistance of the steel
tube, C′r is the axial compressive resistance of the compressed concrete core, and As is the total area of steel. To solve for the neutral axis
location, h, in Figure 3.24, the above four equations are combined to
produce one equation:
2Ast Fy = As Fy + Cr′

(3.69)

The terms in the above equation are defined as follows:
Ast = (2 π R - m)t = (π D - m)t
m = bR
As = 2 π R t = π Dt
b 2 b  D  
 m D c(R - a) 
Cc′ = Aconc fc′ = 
fc′ =  D - c  - a  fc′

2 
2 2
 4

 8
a=

(3.70)

bc
 b
tan  
2
 4

 b
c = D sin  
 2
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where m is the arc length of the tube in compression, b is the angle
in radians from the center of the tube and sustaining the arc m, R
and D are the radius and diameter of the steel tube, respectively
(Figure 3.24). Substituting these terms into Eq. (3.69), and expressing in terms of b, the equation becomes:

b=

As Fy + 0 . 25D2 fc′[sin(b 2) - sin 2 (b 2)tan(b 4)]
(0 . 125D2 fc′ + DtFy )

(3.71)

There is no closed form solution for the above equation, so an
iterative solution is required to obtain b. Once the value of b is found,
Cr, C′r, and Ts can be calculated. The distances from the neutral axis for
Cr, C′r, and Ts, are ysc, yc, and yst, respectively, where:

y sc =
yc =
y st =

R bc
m
bc3

6[Rm - b c(R - a)]

(3.72)

R bc
2πR-m

From simple statics, Mrc is defined as:
Mrc = Cr′e + Cr′e ′

1
1
e = y st + y sc = bc 
+ 
b
 ( 2π - b )

(3.73)



bc2
1
e ′ = y st + yc = bc 
+

2
(
2
π
b
)
)
D
6b
D
1
5
a
.
b
(
0.5
c



Alternatively, using an approximate geometry method, in which the
contribution of a rectangular central section of height 2h is subtracted
from the plastic moment of the entire section (Figure 3.24), a closedform solution is possible and a conservative value of Mrc is directly
given by:
2

Mrc = Z - 2thn2 Fy +  (0 . 5D - T )3 - (0 . 5D - t)hn2  fc′
5


(
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Figure 3.25 Free-body diagrams used as a step to develop axial and flexural
interaction diagram.

where
h=

Ac fc′
2Dfc′ + 4t(2 Fy - fc′)

(3.75)

and Z is the plastic modulus of the steel section alone.
For capacity design purposes, in determining the force to consider for the design of capacity protected elements, it is recommended to increase the moment calculated by this approximate
method by 10%.
Toward the development of an axial-flexure interaction curve,
note that, as shown in Figure 3.25, the moment capacity with no axial
force applied and a neutral axis location of h above the center of gravity is the same moment capacity as for an axial force equal to the
compressive resistance of the concrete core and a neutral axis location
of h below the center of gravity.
Proposed design axial-flexure interaction equations based on the
above plastic moment equations (Bruneau and Marson 2004) were
shown to predict well the behavior of concrete-filled steel pipe columns, and were implemented in the CSA-S16 “Limit State Design of
Steel Structures” (CSA 2009) and in the “AASHTO Guide Specifications for LRFD Seismic Bridge Design” (AASHTO 2009).

3.9

Self-Study Problems
Problem 3.1 A 16-inch-deep (380-mm) and 8-inch-wide (203-mm) hollow steel
member is constructed from 3/4-inch (19-mm) steel plates (outside to outside
dimensions) of mild steel which may be idealized as elasto-perfectly plastic,
E of 29,000 ksi (200,000 MPa), and Fy of 36 ksi (250 MPa).
(a) What is the shape factor of this section?
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(b)	Draw the moment-curvature relationship of this section. Rather
than obtaining a continuous analytical function for this relationship, solve for moments corresponding the following events
• Strain at top fiber has reached 0.00062
• Yielding of top fiber, that is, ey
• Strain at top fiber has reached 0.002
• Point at which all of the flange has just fully yielded
• Strain at top fiber has reached 0.004
• Strain at top fiber has reached 0.010
• Strain at top fiber has reached 0.0128
Also present moment-curvature results in a tabular manner, in four columns
for the resulting values of j, j/jy, M, and M/My.

Problem 3.2

A T-section is built from two steel plates; the flange plate is
6 × 0.75 in, and the web plate is 9 × 0.75 in. Find the shape factor for this section bending about an axis perpendicular to the web. Is this result a function
of whether the section is under negative or positive bending?

Problem 3.3
(a)	A unique steel cross-section has been created for a special application. For this cross-section (shown in the figure below), calculate the
yield moment, the plastic moment, and the shape factor, k.
(b)	Compare the answer to (a) with the known shape factor for a rectangular section, and explain why the answer obtained in (a) is logical
on the basis of those observations (i.e., explanations must be based
on fundamental engineering principles).
14d
2d
d
8d

2d
d
2d

2d

2d

2d

2d

2d

2d

2d

Problem 3.4
(a)	For the cross-section shown in the figure below (square shaft with
keyway), calculate and show the location of the elastic neutral axis,
plastic neutral axis, and calculate the shape factor, k. Show distance
of both neutral axis from the top of the cross-section.
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(b)	Compare the answer to part (a) with the known shape factor for
a rectangular section, and explain why that answer is logical
(i.e., explanations must be based on fundamental engineering
principles).
8d

8d

2d

2d

4d

2d

Problem 3.5 What is the plastic moment of the triangular section shown? Due
to prior inelastic action, there is an initial stress distribution present, as shown.
The material is elasto-perfectly plastic of strength Fy. The section is bent about
an axis parallel to its base.
Fy /2
h/4

Fy /2

h
Fy /2
h/4
Fy /2
a

Problem 3.6 Derive an analytical function describing the relationship between
M and P for a thin annular section of diameter, D, and thickness, t, for:
(a) First yield (i.e., onset of yielding)
(b) Fully plastic yielding
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t

D

Problem 3.7

The unique steel cross-section shown below has been created
by welding two WT10.5 × 100.5 of A992 Grade 50 steel to a 10’ × 0.75’ special
Grade 70 plate having a yield strength, Fy, of 70 ksi.

WT 10.5 × 100.5
10" × 0.75" plate
(grade 70 steel)

WT 10.5 × 100.5
(Not to scale)

(a) For this cross-section, calculate the plastic moment.
(b)	For the same cross-section, calculate the reduced plastic moment in
the presence of an axial load of 525 kips.

Problem 3.8

The unique steel cross-section shown below has been created
for a special application.
(a)	For this cross-section, calculate the plastic moment, and the shape
factor, k.
(b)	For the same cross-section, calculate the reduced plastic moment in
the presence of an axial load of 200 kips.

HSS 7 × 7 × 5/8
8 × 1/2 plate

HSS 7 × 7 × 5/8
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Problem 3.9 Calculate the P-M strength interaction curve for the steel crosssection shown in the following figure. Consider that d is much larger than t in
this problem (i.e., d >>> t).
Also, using the above result, indicate how much of the pure bending plastic capacity of that section can be developed if axial loads equal to 25%, 50%,
75%, and 100% of the pure axial capacity are applied (i.e., four special cases
to consider). Express all answers in terms of normalized moments and axial
forces, and in terms of d and t.
d/2

d/2

t

d/2

t

d/2

Problem 3.10 Calculate the P-M interaction curve (expressed parametrically)
for the steel cross-section shown.
b

t

h

x

ha x

t

a
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Problem 3.11
(a)	Calculate the ratios P/Pp and M/Mp for the diamond shaped crosssection shown.
(b)	Without making calculations, indicate how one would proceed to
obtain an analytical expression for an interaction curve of P/Pp over
M/Mp analytically. Then, indicate how the same interaction curve
could be obtained numerically (i.e., without deriving a formal analytical expression).
(c)	Calculate one point on this interaction curve for the case P = Pp/2
and h = 100 mm.

90°

h

x

90°

90°

x

h
90°

Problem 3.12 For the W-shape steel section shown here, assembled from steel
plates having dissimilar yield stresses, calculate the reduced value of Mp that
can be developed when a 112-kips shear force is applied.
1"

Fy = 65 ksi (Flanges)

1"
16"

18"

Fy = 36 ksi
(Web)

8"

Problem 3.13 For the W18 × 71 structural shape:
(a)	Verify (calculate) the values of Z about both the x-x and y-y axis that
are tabulated in the AISC Manual of Steel Construction.
(b)	Calculate the value of Mp that this section can resist about the x-x
axis simultaneously with applied shear forces, V, of 100 kips, and
axial forces, P, of 150 kips.
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Problem 3.14 At one of the ends of a W920 × 238 (W36 × 160 in U. S. designation), the state of stress consists of a shear force (V), and axial force (P), and a
bending moment (M). Determine the maximum reduced plastic moment that
can be applied on this steel section if steel is 250 MPa (36 ksi), and:
(a) P = 0 and V = 1334 kN (300 kips)
(b) P = 667 kN (150 kips) and V = 1334 kN (300 kips)
(c) P = 2668 kN (600 kips) and V = 1334 kN (300 kips)
In all cases, express the calculated reduced plastic moment (Mpr) as a ratio
(or percentage) of the plastic moment (Mp) which could be applied to this section in absence of shear and axial forces.
It is worthwhile to verify the calculations using both the additive and subtractive approaches to the calculation of Mpr. However, be aware that slight
differences are possible if using values tabulated in design handbooks/manuals in the subtractive approach because tabulated values of Z and Mp consider
the true rounded shape of the section at the flange-web intersections.

Problem 3.15
(a)	A unique steel cross-section has been created for a special application. For this cross-section (in the figure shown), calculate the shape
factor, k.
(b)	Assuming that the cross-section must simultaneously resist an axial
force (P) of 200 kips, a shear force (V) of 100 kips, and flexure, and
assuming that this cross-section resists shear like a normal I-shape
member, calculate the maximum moment that this cross-section
can resist using plastic analysis principles. Clearly show the stress
distributions correspond to shear, axial, and flexure.
C15 × 50

W18 × 71

C15 × 50

Problem 3.16 Derive equations for the expression of the full plastic torque
(Tp) for the following cases:
(a) A rectangle of depth 2b and width 2a
(b)	A T-shaped section of flange width a, total depth b, and uniform
thickness t
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(c)	An I-shaped section of flange width b, total depth a, and uniform
thickness t
(d)	A general I-shaped section of flange width b, total depth a, of flange
thickness t1, and web thickness t2, where t1 > t2 (as normally the case
for common I-shape sections)

Problem 3.17 A 16-feet-long (4.88-m) beam with fixed-supports at both ends is
loaded by a point load (F) at its middle. This load is applied with an eccentricity of 75 mm (3 in). The selected beam is a W18 × 50 (W460 × 74 S.I. designation) of 36 ksi (250 MPa) steel. Calculate the load F that will fully plastify the
cross-section when:
(a) The effects of shear and torsion are neglected
(b)	The effect of shear is neglected, but the effect of torsion is included
without considering the potential influence of warping restraints
(consideration of warping restraint is beyond the scope of this
book)

P
e

8'

8'

Problem 3.18

The steel section shown below is made from an elasto-perfectly-plastic material of strength Fy. It is an experimental structural shape of
high strength steel rolled with extra edge-stiffeners to enhance local buckling
strength. In this problem, only consider bending about the strong axis of the
section.
(a)	Calculate the yield moment (My), plastic moment (Mp), and shape
factor for this section.
(b)	Develop the P-M (axial force/bending moment) interaction curve
for this steel section, expressed in terms of (M/Mp) and (P/Pp).
(c)	Compare the resulting interaction curve with that for a corresponding W-shape beams (i.e., the same shape without the edge stiffeners),
by plotting the resulting interaction diagram for both shapes.
(d)	From the results in (c), could the interaction diagram for the case
neglecting the stiffeners be used conservatively? Explain, based on
fundamental principles, how this conclusion could have been predicted without any calculations.
(e)	If that section had large residual stresses before any loads are
applied to it, what would be their effect on the above findings?
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1

3

18

1

1

12

3
12

Problem 3.19

If the steel shape shown in Problem 3.18 was made of a peculiar elasto-perfectly-plastic material of strength sy which unfortunately could
only reach a maximum strain of 5ey, at which point brittle failure occurred, as
illustrated below, still assuming strong axis bending:
(a)	What would be the maximum moment that could be applied to this
section?
(b)	If this maximum moment was then removed, what would be the
resulting residual stresses and the corresponding strain distribution?
σ

Brittle failure
σy

X

εy

5εy

ε

Problem 3.20 If the steel shape shown in Problem 3.18 was made of an elastoperfectly-plastic material having infinite plastic straining capabilities (i.e., as
assumed in simple plastic theory), calculate what is the maximum moment
that can be applied to this section if it must simultaneously resist a shear force
V = 6.93sy, and an axial force P = 18.56sy. The shear force can be assumed to
be only resisted by the web.
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Problem 3.21

Write a computer program to calculate the moment-curvature
(M-f) relationship for an arbitrary steel section having one axis of symmetry
perpendicular to the axis of bending. The general cross-sections to consider
are limited to those which can be built by the addition of rectangular sections
having parallel baselines (i.e., the user of the program should only need to
input data for three rectangles to define a W-shape).
This moment-curvature analysis is to be accomplished by subdividing the
final section created into a high number of layers (the program should use a
default of 100 layers, but also allow the user to specify this number, up to a
maximum of 10,000 layers). Only flexure needs be considered (i.e., neglect the
effect of axial, shear, or torsion forces). An elasto-perfectly plastic steel model
is to be used.
Incremental loading up to 98% Mp is to be considered in generating the
moment-curvature curve. The program should allow the print out of the stress
values at all layers, if required.
It is highly recommended that each well identified task be assigned to a
separate subroutine. Following are suggested subroutines which may be useful
in the program architecture. Write and test each subroutine individually for
efficient programming.
• I nput and assembly of total cross-section. For example, a T-section
would be defined by only two rectangles.
• Automate layering, subdividing into the number of specified layers.
• Initialize stress values for all layers, and set initial parameters.
• Create environment for iteration strategy.
• Increment curvature tentatively by a given step.
• Increment stresses for all layers per steel behavior model.
• Calculate the resulting moment by summing contributions from all
layers.
• Calculate the resulting axial force by summing contributions from all
layers.
• Guess location of neutral axis at a given step, and adjust the guess
through iteration depending on the previous results.
• Determine if convergence is reached according to a selected tolerance
on the axial force (maybe as a fraction of sy versus resulting P/A).
• Accept converged result and move on to additional curvature step.
Print M and f values for that step. Print stresses at all layers, if
required.

Check the program using the cross-sections for some of the other above
problems. In particular, present the resulting M-f curve for a T-section built
of two steel plates (flange is 6 × 0.75 in and web is 9 × 0.75 in) as well as stressdiagram at two intermediate points between My and Mp.
Comment on what changes would be necessary to:
1.
2.
3.
4.

Modify the program such that cyclic behavior can be considered.
Consider bi axial bending.
Include non-null axial force.
Include general nonsymmetric cross-sectional shapes.
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Submit source code, compiled executable, input and output files of verification problems. Use comment-lines generously in the source code, identifying
clearly purpose of subroutine and definition of all variables used. Any programming language can be used.

Problem 3.22 Expand the computer program developed for Problem 3.21 to
be able to calculate and plot moment-curvature under cyclic loading:
(a) For the same elasto-perfectly model as in Problem 3.21
(b) For a Ramberg-Osgood material model
(c) Considering presence of an axial force, P
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CHAPTER

4

Concepts of
Plastic Analysis
4.1

Introduction to Simple Plastic Analysis
Many of the cross-sectional plastic capacities developed in the previous chapter have already been integrated into ultimate or limit states
design codes, alongside related equations that address member stability. Today, these equations are generally used in a design process in
which all actions on the structural members (i.e., shear and axial
forces, moments, and torques) have been obtained by elastic structural analyses. Although provisions exist in most steel design standards and specifications to allow plastic analysis as an alternative
analysis procedure, the availability of matrix-based elastic analysis
computer programs that effectively eliminate tedious calculations
have made the elastic structural analysis the more popular procedure.
As a result, most designs are now driven by member strength, not
global structural strength. Although this is certainly expedient for
standard designs, in many instances knowledge of the true ultimate
resistance and strength is still necessary. This chapter presents simple
plastic analysis methods suitable for hand calculations to determine
such ultimate global structural capacities.
For simplicity’s sake, throughout this chapter, unless stated
otherwise, the moment capacities used for calculations will not be
reduced to account for the effects of axial, shear, or torsion, as
described in the previous chapter. These reductions can be considered when these effects are known (or suspected) to have a major
impact on the results, but for many structures, this impact is negligible.
Various levels of modeling and analytical sophistication are possible in plastic analysis, with some approaches suitable only for computer nonlinear analyses. Some efforts have been invested to bring
some of the more advanced analysis techniques within the reach of
practicing engineers (SSRC 1993). This chapter, however, concentrates
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on simple but effective analysis methods that can be carried out by
hand (i.e., simple plastic theory).
A number of assumptions are therefore necessary:
• Plasticity along a structural member can exist only at plastic
hinges idealized as rigid-perfectly plastic hinges of zero
length and of capacity MP.
• Small deformation theory is applicable and geometric nonlinearity is not considered.
• The effect of strain-hardening is neglected.
• Structural members are properly braced to prevent instability
due to either local buckling or lateral-torsional buckling.
• Plastic hinges can undergo an infinite amount of plastic
deformation (or at least, deformations sufficiently large to
allow the structure to align its ultimate strength).
• Loads of constant relative magnitude are monotonically
applied—that is, progressively increased without load reversal.
Of those assumptions, only the concept of the zero-length plastic
hinge which is fundamental to simple plastic theory, deserves some
additional explanations. It is best described through an example, such as
the cantilever beam loaded up to its plastic moment, shown in Figure 4.1.
In such a member, some level of cross-sectional plastification exists at all
points where the moment exceeds MY. The top fiber of the cross-section
has just reached its yield stress at MY. Plastification spreads down the
flanges and eventually into the web as the moment exceeds MY, and
eventually, a fully plastified cross-section is reached at MP.
Thus, plasticity is spread over some length of the member, called
the real plastic hinge length, LP. In this case, because the moment diagram is linear, one can calculate the value of LP by similar triangles,
knowing the ratio of MP over MY. In steel structures where wide-flange
members with shape factors of approximately 1.12 are typically used,
this value is usually taken as approximately 10% of the distance from
the point of maximum moment to the inflection point (and slightly
more at the center of beams subjected to distributed loads).
Accurate calculation of the deflected shape of partly plastified
members is possible, if one knows the mechanics-of-material relationship between deflection, y, slope, q, and curvature, f :
d 2 y dq
=
=f
dx 2 dx

(4.1)

remains valid even in the inelastic range. To do this calculation, one
must obtain the magnitude of this curvature at any point along the
length of the beam directly from the actual nonlinear momentcurvature relationship for this structural shape, as shown in Figure 4.1

04_Bruneau_Ch04_p175-248.indd 176

6/11/11 2:40:32 PM

Concepts of Plastic Analysis

177

V

Elevation

Cross-section
M

L
Lp

Mp
My
Actual M-φ behavior
EI
My
Mp = k My (k = shape factor)
ϕ

φ

Moment diagram
M

Rigid-plastic M-θ
hinge model

ϕultimate
Mp
My

Mp
EI

EI

My
EI

X

θ

θp

θp

θp
Large
plastic
rotation

Elastic behavior
on remaining of
member

θp

Rigid
member

∆TIP

Additional elastic
deformation
∆ Neglecting additional elastic
deformation over (L – Lp)

∆TIP

Zero length
plastic hinge
∆

Neglected elastic
deformations

Figure 4.1 Real plastic hinge length and deflection model versus simplified zerolength plastic hinge model.

(methods to obtain moment-curvature relationships were presented
in the previous chapter). Because maximum deformations are usually
those of structural engineering interest, one can calculate the cantilever’s tip deflection using the moment area method:
ΔTIP = ∫ f xdx =
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The large curvatures that exist over the real plastic hinge length
can make a substantial contribution to the value of the cantilever’s tip
deflection. This is schematically illustrated in Figure 4.1.
Although such a procedure is theoretically exact, it is doubtful
that such a level of accuracy is needed for engineering purposes.
Therefore, a more expedient approach is to use a zero-length plastic
hinge instead of the real plastic hinge length. Assuming a rigidplastic hinge model, with a capacity MP, the essence of the plastic
structural behavior is captured, and the calculated deflections are
sufficiently close to the more accurate values previously obtained.
Hence, in this book, unless mentioned otherwise, the term plastic
hinge will refer to a zero-length plastic hinge.

4.2

Simple Plastic Analysis Methods
There are three ways to calculate the ultimate capacity of a structure
using plastic analysis:
• A systematic event-to-event calculation (also known as the
step-by-step method), taking into account structural changes
when they occur as the magnitude of the loading is progressively increased
• The equilibrium method (also known as the statical method),
in which a statically admissible equilibrium state is directly
proposed as a potential solution
• The kinematic method (also known as the virtual-work
method), wherein a collapse mechanism is directly proposed
as a potential solution.
These three methods are reviewed in the following sections.

4.2.1

Event-to-Event Calculation (Step-by-Step Method)

The step-by-step method, or event-to-event method, consists of simply following the structural behavior by a series of analyses, or steps,
from the initial elastic behavior, through the formation of individual
plastic hinges, and eventually to collapse. Although tedious, the
method is straightforward, and best explained by an example.
As shown in Figure 4.2a, a W530 × 138 (W21 × 93 in U.S. units)
wide-flange beam fully fixed at both ends and having a yield
strength of 350 MPa (50 ksi) is loaded by a point load of progressively increasing magnitude until its plastic moment is reached. As a
first step, elastic analysis of the structure is conducted, and the resulting moment diagram is computed (Figure 4.2b). This can be done
with any standard method of structural analysis or, alternatively for
such a simple structure, with a standard solution available in design
handbooks (e.g., AISC 2011, CISC 2010). The latter approach is more
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A

5
B

[m]
C

MB′ = 1.17 P′ < 0.43 MP
(f)

(j)

Mc = 0.408 P
MC′ = 0.92 P′ < 0.60 MP
MC′′ = 5.0 P′′ < 0.26 MP
MA = 1.02 P
0.57 MP
0.43 MP
(c)
(g)
(k)
0.40 MP
Mp P = 1238 kN
(d)

W530 × 138
σy = 350 MPa

0.34 MP
P′ = 465 kN
MP
(h)

P′′ = 66 kN

0.26 MP

MP
(l)

SUM
MP

0.74 MP

SUM
MP

MP

Ptotal = 1238 + 465 + 66 = 1769 kN

Figure 4.2

Example of step-by-step plastic analysis.

expedient and used here. Based on the results obtained, the plastic
moment, Mp, will be reached first at point A under an applied load of
1238 kN (278 kips). The corresponding moment diagram normalized
in terms of Mp is shown in Figure 4.2c. The incremental deflection
under the applied load is calculated to be 7.0 mm (0.28 in).
According to simple plastic theory, Mp is the maximum moment
that can be applied at point A. Therefore, the fixed-end condition that
existed at point A cannot prevent the development of plastic rotations
at that point (unless load reversal occurs, as described in Chapter 3).
As a result, under increased applied loads, the support at point A
now behaves as a simple support. This is consistent with the rigidplastic moment-curvature hinge model described in Figure 4.1.
Therefore, for the second step of analysis, a modified structure is analyzed, as shown in Figure 4.2e. In that modified structure, the fixity
condition at point A has been changed to a simple support, with the
implicit understanding that rotations that will develop there will
actually be plastic rotations. The resulting moment diagram is shown
in Figure 4.2f. These moments must be compared with the remaining
capacities along the length of the structural member. In other words,
the results at any given step are incremental results that must be
added to those obtained during the previous analysis steps.
For the current example, the moments MB’ and MC’ are the incremental moments resulting from the load P’ applied during step 2,
and these need to reach only 0.43Mp and 0.6Mp, respectively, before
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another plastic hinge develops, as shown in Figure 4.2f. The smallest
value of P’ that will produce such a plastic hinge is 465 kN (105 kips).
The resulting normalized incremental moment diagram is shown in
Figure 4.2g, and the corresponding moment diagram at the end of the
second analysis step (i.e., for an applied load of 1238 + 465 = 1703 kN)
is shown in Figure 4.2h. For a beam simply supported at one end and
fixed at the other, the incremental deflection under the applied load
of 465 kN is calculated to be 7.5 mm (0.30 in); the total deflection at
the end of the second step is therefore 14.5 mm (0.57 in).
For the third step of analysis, following the same logic as above,
the plastic hinges that now exist at points A and B are replaced by
hinges in a new modified structure, as shown in Figure 4.2i. The
incremental moment diagram resulting from this third analysis is
shown in Figure 4.2j, and these moments must be compared with the
capacities remaining at the end of step 2 along the structural member.
In this case, the incremental moment MC” needs to reach only 0.26Mp
before a plastic hinge develops there. This corresponds to a value of
P” of 66 kN (14.8 kips). The resulting normalized incremental moment
diagram is shown in Figure 4.2k, and the corresponding moment diagram at the end of the third analysis step (i.e., for an applied load of
1238 + 465 + 66 = 1769 kN) is shown in Figure 4.2l. The incremental
deflection under the applied load of 66 kN is calculated to be 16.0 mm
(0.63 in) for a total deflection of 30.5 mm (1.2 in) at the end of the third
analysis step.
At this point, because three plastic hinges have developed in a
structure having only two degrees of indeterminacy, a mechanism is
formed; that is, the structure is unstable, and it will deform as a system of rigid-link members between the plastic hinges. Unrestricted
plastic deformations will develop when this load is reached, so this
condition is called the plastic collapse mechanism (or simply “plastic
mechanism” or “collapse mechanism”). For many applications,
knowledge of this maximum capacity is sufficient, but for some others, it is also necessary to know that the structure can remain stable
for some level of plastic deformation beyond formation of this plastic
mechanism, as will be seen later.
It is also conceivable that, eventually, at very large deformations,
catenary action may develop and that even larger loads could be
resisted. Although this would be possible if members and their connections in structures could resist the large catenary-induced tension
forces and allow such a large-displacement mechanism to develop in
a stable manner (which is rarely the case), this type of behavior is
beyond the scope of simple plastic theory defined by the assumption
stated in the previous section.
Although the step-by-step method requires time-consuming calculations, it is the only suitable method if one wishes to know the
load-deflection or moment-rotation relationships at some specific
point along the structural member, over the entire loading history.
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Figure 4.3 History of load versus deflection at load point for structure
shown in Figure 4.2.

For instance, as a result of the above example, a complete loaddeflection curve can be drawn, as shown in Figure 4.3. This illustrates
well the changes in structural stiffness that occur at the formation of
plastic hinges. It is notable that, in this example, the load that produces the plastic collapse mechanism is 43% larger than the maximum
load permitted by elastic structural analysis methods (i.e., step 1 results),
which typically do not account for the redistribution of load possible
after formation of the first plastic hinge. The ratio of the load at the
formation of the plastic collapse mechanism to the load at the formation of the first plastic hinge is frequently called the redistribution
factor (equal to 1.43 in this example).
Finally, note that, for all but the simplest structures, the step-bystep method does not easily lend itself to parametric representation of
results. The calculations for the above fixed-ended beam loaded by a
single point load would have to be repeated if some numerical value
were changed (such as span length or point load location). This is not
necessarily the case for the other two methods described below.

4.2.2

Equilibrium Method (Statical Method)

The basic premise of the statical or equilibrium method is that any
moment diagram in equilibrium with the externally applied loads,
and for which the moment at any point along the structure does not
exceed the specified member capacities, will provide an estimate of
the plastic collapse load. The estimate will be the true collapse load if
the moment diagram shows that a sufficient number of plastic hinges
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exist to form a plastic collapse mechanism; at worst, if not enough
hinges are found, the calculated value of the collapse load is a conservative estimate.
A systematic description of the procedure applicable to any structure could be formulated as follows:
1. For any redundant structure, eliminate a number of internal
redundancies (such as moment, shear, or axial points of resistance) to make the structure statically determinate.
2. Draw the moment diagram of the resulting statically determinate structure.
3. Draw the moment diagrams resulting from the application of
each redundant action (i.e., those removed in step 1) onto the
statically determinate structure.
4. Construct a composite moment diagram by combining the
moment diagrams obtained in the two previous steps.
5. From the composite diagram, establish the equilibrium
equations.
6. Establish at which points the moment diagram will reach the
members’ plastic capacities such that a sufficient number of
plastic hinges will exist to form a plastic collapse mechanism
and integrate this additional information into the equilibrium
equations.
7. Solve for the plastic collapse load using the equilibrium
equations.
As a good practice, it is worthwhile to check that the moments do
not exceed Mp anywhere for the given resulting load, and that a collapse mechanism is indeed formed, although this is supposed to be
ensured by step 6.
To demonstrate the effectiveness of this procedure, the same
example problem presented in the previous section is reanalyzed
using the statical method. Moreover, the solution is obtained in a
parametric form before it is solved numerically.
The procedure is illustrated in Figure 4.4. In this example, as
shown in Figures 4.4a to d, the two end moments are selected as the
redundants, converting the fixed-ended beam into a statically determinate simply supported beam. This is an arbitrary choice because
the moment and shear at midspan, for example, would have been an
equally appropriate choice of redundants. The loading applied to this
simply supported beam (Figure 4.4b) produces the moment diagram
shown in Figure 4.4e; the redundant moments that load the same
beam (Figures 4.4c and d) produce the moment diagrams shown in
Figures 4.4f and g. The resulting composite moment diagram is
shown in Figure 4.4h.
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Figure 4.4 Example of plastic analysis by the equilibrium method:
parametric representation.

In this case, a simple equilibrium equation can be written, based
on the graphical information presented in Figure 4.4 and adopting
the arbitrary sign convention that positive moments produce tension
at the bottom of the beam:
 b
 a
Pab
MB −   MA −   MC =
L
L
L
 
 

(4.3)

with the constraints that:
M A ≤ MP

MB ≤ M P

MC ≤ MP

(4.4)

Three hinges are necessary in a beam having two degrees of indeterminacy to form a collapse mechanism. Therefore, observation of
the moment diagram in Figure 4.4.h reveals that a plastic collapse
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mechanism would form if the values of MA, MB, and MC all reach MP.
Hence, the equilibrium equation can be rewritten as:
 b
 a
 a + b
Pab
MP −   (− MP ) −   (− MP ) = MP + 
 M = 2 MP =
L
L
L  P
L

(4.5)

Solving for the applied load that would produce this collapse
mechanism, and substituting numerical values from the previous
example, gives:
P=

2 MP L 2(1263)(7 )
=
= 1769 kN (397.7 kip
p s)
ab
(2)(5)

(4.6)

which is the same result obtained previously, with the difference that
a general solution has simultaneously been obtained for a beam having fixed ends and a point load applied anywhere along its length.
The difficulty of this method lies in step 6, which requires some
judgment and experience, except for the simplest structures. The risk
is to obtain a moment diagram that does not reach Mp at the number
of locations necessary to produce a collapse mechanism. Such an oversight is unlikely to occur in simple structures; however, to illustrate its
consequences without introducing an undue amount of calculations,
the same simple example of Figure 4.4 is again used for this purpose.
Although the incomplete plastic collapse mechanism is noticeable at
first glance, it would not be so obvious in a more realistic and complex
structure (such structures are presented in the next chapter).
Thus, assuming that all results of Figure 4.4 have again been
obtained, but that, in step 6, the engineer erroneously assumes that
plastic hinges will form only at points A and B, Eq. (4.3) can be rewritten as:
 b
 a    ba2   Pab
MP −   − (− MP ) −   − P  2   =
L
L   L 
L

MP 1 +

 ab a  ba2  
b
 = P  −  2  
L
L L L 

(4.7)

where the elastic solution in a fixed-ended beam (CISC 2010, AISC
2011) has been substituted for MC (i.e., MC = Pa2b/L2), arbitrarily
assuming that the results of elastic analysis would have been used at
that location not identified as a plastic hinge. Solving this equation
gives a maximum load, P, equal to 1651 kN (371 kips). This result
gives a moment diagram that satisfies equilibrium, with moments
equal to 1263 kN-m (932 k-ft) at points A and B, and 673 kN-m
(497 k-ft) at point C, as shown in Figure 4.5a. This solution would
therefore be an acceptable conservative estimate, per the equilibrium
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at points A and B

A

b
B
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(b) Assuming plastic hinge
only at point B

Figure 4.5 Example of plastic analysis by the equilibrium method in which
an insufficient number of plastic hinges is considered (incomplete plastic
collapse mechanism).

method; however, note that a complete collapse mechanism does not
form, which suggests that a better solution exists.
If it had been assumed that a plastic hinge would form only at
point B, and if the elastic solutions were used for moments MA and
MC (i.e., MA = Pb2a/L2 and MC = Pa2b/L2), a maximum load, P, of
2167 kN (487 kips) would have been obtained. However, that solution would not be acceptable according to the equilibrium method,
because the resulting moment diagram would exceed Mp at point A,
as shown in Figure 4.5b. This demonstrates the importance of step 6
in the above procedure.
The power of the statical method is that, for hand calculations,
the above formal mathematical treatment can be greatly simplified
through use of graphical solution methods. Two examples are provided in Figure 4.6, showing how a solution can rapidly be obtained
when one graphically combines moment diagrams. In the first case, a
uniformly distributed load is applied to a fixed-ended beam, whereas
a two-span continuous beam is considered in the second case. In those
cases, making all peaks of the composite moment diagram equal to Mp
automatically ensures that equilibrium will be satisfied and that the
moments will not exceed Mp anywhere along the span(s).
For the first example, working with absolute values, the graphical
combination of moment diagrams gives:
 MP   MP 
w L2

 + 
 + MP = 2 MP =
2
2
8
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Figure 4.6 Example of graphical approach to solution of plastic analysis by
equilibrium method.

Similarly, the composite moment diagram or the second example
gives, for each span:
 MP 
PL
3

 + MP = MP =
2 
2
4

⇒

P=

6 MP
L

(4.9)

These examples illustrate the effectiveness of the equilibrium
method. However, for complex structures, a systematic approach
suitable for computer implementation is needed. Such an approach is
described in the next chapter.

4.2.3

Kinematic Method (Virtual-Work Method)

The basic premise of the kinematic, or virtual-work, method is that if
the correct collapse mechanism is known (by either an educated guess
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or some of the techniques to be demonstrated later), the load that produces this plastic collapse mechanism is the exact value of the plastic
collapse load. This collapse load is calculated by the virtual-work
method considering only the plastic deformations from the rigid-link
mechanism action. The drawback of this method is that incorrect estimates of the collapse mechanism will give unconservative results.
Therefore, it is crucial to verify that the results obtained by the kinematic method produce moment diagrams that do not exceed at any
point the plastic moment of the individual structural members.
In essence, once a plastic collapse mechanism has developed, the
external work produced by the applied loads Wexternal must be equal to
the internal work produced at the plastic hinges Winternal. This can be
generically expressed as follows:
Winternal = Wexternal
N

N

i=1

j=1

∑ MPqi = ∑ Pjδ j +

L

∫ w(x) δ(x) dx

(4.10)

x= 0

where qi is the plastic rotation at hinge i having a plastic moment Mpi,
Pj and δj are applied loads, and deflection at point j, respectively, and
w(x) and δ(x) are expressions for the distributed applied load and
deflections along the length of the structure, respectively.
The simplicity of this method is best illustrated by an example.
The fixed-ended beam previously solved by the step-by-step and
equilibrium methods is shown in Figure 4.7 along with an assumed
collapse mechanism.
Using the same arbitrary sign convention as before (i.e., positive
moments and positive rotations are those that produce tension on the
bottom fiber of the beam) and the parameters defined in Figure 4.7,
one can write the following work equations:
Winternal = Wexternal

 aq
aq
− MP (−q) + MP q +  + (− MP )  −  = P(aq)

 b
b
 b + a
2 MP 
q = P(aq)
 b 

(4.11)

2 MP Lq
= P(aq)
b
2 MP L
=P
ab
which is the same result obtained previously by the equilibrium
method. Equilibrium is also checked parametrically in Figure 4.7.
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Figure 4.7 Example of plastic analysis by the kinematic method: parametric
representation.

Note that moments are always of the same sign as their corresponding rotations; this observation is used advantageously to further simplify calculations in the remainder of this chapter.
Because three plastic hinges are needed to create a mechanism for
this beam, it is relatively easy to guess the correct collapse mechanism. However, to illustrate how an incorrect solution can be identified, another (and obviously incorrect) collapse mechanism is
considered for this same problem, as shown in Figure 4.8. Solving the
work equation gives:
Winternal = Wexternal
MP (1 + 2 + 1)q = P(aq)
4 MPq = P(aq)

(4.12)

4MP
=P
a
which is a larger collapse load than before because a is smaller than b.
Two approaches are possible to verify whether equilibrium is satisfied.
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Figure 4.8 Example of plastic analysis by the kinematic method in which an
incorrect plastic collapse mechanism is considered.

First, by graphical combination of individual bending moments, as
shown in Figure 4.8c, it can be observed that the maximum positive
moment exceeds Mp under the applied load of P equal to 4Mp/a. Second, for more complex structures for which the graphical method
may be difficult to apply, equilibrium can be checked through use of
free-body diagrams.
Indeed, the knowledge that a moment equal to Mp exists at each
plastic hinge provides the necessary additional information to check
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equilibrium as if each segment of the structure’s collapse mechanism
were statically determinate. This is demonstrated in Figure 4.8d, in a
parametric manner for this example, although in most cases this
would be best done numerically. For this problem, two segments
must be checked. The right segment satisfies equilibrium as the
moment diagram varies linearly between + Mp and − Mp and therefore does not exceed Mp anywhere. For the left segment, the applied
load [from the solution presented in Eq. (4.12)] and the two end
moments (= Mp) are known. Shears at each end of that segment must
first be calculated; results are shown in Figure 4.8d. From those
results, the moment diagram in that segment is drawn, as shown in
Figure 4.8e, and observed to exceed Mp locally. In fact, the maximum
moment under the applied load is:
Ma = − MP + VA a
 4 M P ( L − a) 
= − MP + 
 a
aL


(4.13)

 a
L
= 3 MP − 4 MP   > MP since a ≤
2
L
Therefore, this assumed plastic collapse mechanism is not
acceptable, and other mechanisms must be tried until a satisfactory
solution is found. Unless the solution obtained by the kinematic
method also satisfies equilibrium, the results obtained shall not be
used because they are unconservative. The degree of unconservatism is quite variable, depending mostly on how far the trial plastic
mechanism is from the correct solution. However, although the
method is a trial-and-error procedure, observation of the moment
diagram obtained in a given attempt usually provides guidance to
better locate the plastic hinges in the subsequent trial. For example,
the resulting moment diagram in Figure 4.8 suggests that moving
the plastic hinge from midspan to under the applied load (a point of
maximum moment) would provide a better solution. In most cases,
with experience, the correct collapse mechanism for a given structure can be found in only a few trials, sometimes even at the first or
second attempt.
To provide some additional examples, the same two problems
analyzed previously by the statical method (see Figure 4.6) are reanalyzed using the kinematic method. Results are shown in Figure 4.9.
The same answers are obtained, thus showing the power of the kinematic method. A systematic description of the kinematic procedure,
needed to handle more complex structures, is postponed to Section 4.4
because it relies on some additional concepts that must first be presented. Indeed, in the previous examples, a number of important
observations have indirectly introduced some important theorems of
plastic analysis that must now be presented more formally.
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Figure 4.9 Example of solution of plastic analysis by the kinematic method.

4.3 Theorems of Simple Plastic Analysis
The previous examples have illustrated that, in any plastic analysis
problem, three conditions must be satisfied:
• Equilibrium must exist between the externally applied loads
and the internal actions that resist these loads.
• The calculated moment at any cross-section must never
exceed the plastic moment at that cross-section.
• A valid plastic collapse mechanism must develop when the
plastic collapse load is reached.
Except for the step-by-step analysis method, which painstakingly
follows the progression of yielding under increasing load to ensure
that no plastic or elastic condition is violated, the above examples
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demonstrate that an expedient plastic analysis procedure is possible
when one operates on only one or two of the above three conditions,
checking the other(s) only after a result is obtained. The implications
from this approach are described in the following sections.

4.3.1

Upper Bound Theorem

When the kinematic method is used, a collapse mechanism is assumed
and the collapse load is computed based on a plastic energy balance
principle, as expressed by the virtual-work equation. In the computation of that collapse load, no attention is paid to whether the moment
diagram exceeds the plastic moment resistance, Mp, at any crosssection (other than as a checking step after a solution is obtained), so
the estimated collapse load is greater than, or at best equal to, the true
solution. Therefore, in the search for the correct answer, any value calculated during a given trial is an upper bound to the true solution.
From this observation, the upper bound theorem can be formulated as follows:
A collapse load computed on the basis of an assumed mechanism will
always be greater than or equal to the true collapse load.

4.3.2

Lower Bound Theorem

When the statical method is used, a moment diagram is drawn to
satisfy equilibrium. Because no attention is paid to whether a valid
plastic collapse mechanism develops (again, other than by checking
after a solution has been reached), the estimated collapse load is less
than, or at best equal to, the true solution. Therefore, any value calculated during a given trial is a lower bound to the true solution, and a
lower bound theorem can be stated as follows:
A collapse load computed on the basis of an assumed moment diagram
in which the moments are nowhere greater than Mp is less than or equal
to the true collapse load.

4.3.3

Uniqueness Theorem

When all three plastic conditions are satisfied, both methods will give
the correct and unique answer. Hence, the lower bound and upper
bound meet at the exact solution, which allows the formulation of the
following uniqueness theorem:
The true collapse load is the one that has the same upper and lower
bound solution.

Although the above three theorems may at first look trivial, they
are most useful for plastic analysis, as well as for general structural
engineering applications. In fact, many engineers have unknowingly
used lower bound approaches in structural design by always giving
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preference to solutions that satisfy equilibrium rather than to solutions that satisfy compatibility of deformations.

4.4 Application of the Kinematic Method
The above examples demonstrate that although the kinematic method
is a powerful tool to determine the plastic collapse mechanism, the
risk of finding an unconservative solution exists, particularly for more
complex structures in which the number of possible mechanisms can
be quite large. Therefore, to eliminate this risk, the following procedure must be systematically followed for the kinematic method:
1. For any structure, clearly identify where plastic hinges can
potentially develop to produce possible plastic collapse
mechanisms. Hinges usually form at load points, supports,
corners of frames, etc.
2. Define the basic independent mechanisms and possible combined collapse mechanisms.
3. Solve the work equations for all plastic collapse mechanisms.
The best estimate of the true solution is provided by the
mechanism that gives the lowest value for the collapse load.
4. Check whether the moment diagram for that best estimate
exceeds the plastic moments of individual numbers at any
point. If it does not, the true solution has been found; otherwise, return to step 2 because a potential plastic collapse
mechanism has been overlooked.
A key step in the above procedure is the definition of basic independent and combined mechanisms; this deserves additional explanation, as provided in the following sections.

4.4.1

Basic Mechanism Types

For beam and column frame type structures, four basic independent
mechanisms constitute the building blocks from which the most complex plastic collapse mechanisms can be constructed and understood.
They are the beam, panel, joint, and gable mechanisms. Some tentative definitions are provided hereunder, with the understanding that
these are purposely broad and intended solely to help the reader
develop an appreciation of the concepts. In some of the more complex
examples presented in this book, “gray areas” of interpretation exist
because some structures, or parts of structures, can be broken down
into basic independent mechanisms in more than one way.

4.4.1.1

Beam (Member) Mechanism

A beam mechanism (sometimes called member mechanism) can be
defined as any mechanism produced by loads applied between the
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Figure 4.10 Examples of basic independent mechanisms.

ends of a member (point loads or distributed loads) that does not
require displacement of the ends of that member (Figure 4.10a). Note
that all examples presented in this chapter so far have involved only
beam mechanisms.

4.4.1.2

Panel (Frame or Sidesway) Mechanism

4.4.1.3

Gable Mechanism

4.4.1.4

Joint Mechanism

A panel mechanism (also known as a frame mechanism or sidesway
mechanism) is produced by the racking action of a square panel;
members displace while remaining parallel, and plastic hinges form
only at the ends of members (Figure 4.10b).

Gables (sometimes called portal frames) are special frames having
pitched roofs that have been widely used in industrial construction.
As shown in Figure 4.10c, the gable mechanism is defined by the
downward movement of the apex of the roof, accompanied by a
sideways displacement of only one of the vertical supporting members. If one of the supporting members is conveniently kept vertical
throughout the development of the plastic mechanism, the various
angles of rotation involved in this mechanism can be more easily
related to each other. However, in essence, the gable mechanism
requires only that all members of the gable change angles with
respect to each other.

A joint mechanism can be defined by the rotation of a joint, with
plastic hinges being developed in all members framing into that joint
(Figure 4.10d). Thus, a joint mechanism involves rotation only locally
at the joint and does not otherwise affect the geometry of the structure. Although this mechanism does not produce any external work,
it is frequently a convenient mechanism to reduce internal work
when one is trying to find the plastic collapse mechanism of a complex structure.
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Combined Mechanism

The objective of the kinematic method is to find the lowest possible
collapse load, so it could be advantageous for some structures to
combine the basic mechanisms in ways that would reduce the amount
of internal work, increase the amount of external work, or both. The
examples in the following sections illustrate this concept.

4.4.2.1

Simple Frame Example

A frame is loaded by both a lateral load, H, and a gravity load, P, as
shown in Figure 4.11a. For the purpose of this example, all frame
members have the same plastic moment capacity, Mp. Two solution
paths are possible, depending on whether one wishes to consider
the joint mechanisms. When only two members frame into a joint,
the basic joint mechanism does not serve a useful purpose and can
usually be neglected (or implicitly considered, depending on the
perspective). The simplest solution in this case is to neglect the
joint mechanism. As a result, in this example, two basic independent mechanisms are possible: a beam and a panel, as shown in
Figures 4.11b and c.
Although it happens at a floor level, the beam mechanism is
essentially the same one considered in previous examples, and equating internal work to external work would give results identical to
those already presented in Eq. (4.11). For the panel mechanism of Figure 4.11c, the virtual-work equation gives:
Winternal = Wexternal
Mp (1 + 1 + 1 + 1)b = H (hb)
4 MPb = H (hb)

(4.14)

4 MP
=H
h
Although it is customary to use q for all mechanisms, as is done
throughout in this book, for the present discussion only, different
parameters are used to identify the plastic rotations of the two different basic mechanisms.
In this simple example, there is only one possible way to combine
basic independent mechanisms. The objective is to search for the lowest collapse load (by either increasing the external work or decreasing
the internal work) and, in this example, combining the two basic
mechanisms increases the amount of external work. Moreover, if b
is made equal to q, the plastic hinge rotations at the left corner of
that frame cancel each other, but this is somewhat offset by a greater
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plastic rotation at the right corner of that frame. The resulting
combined mechanism is shown in Figure 4.11d. The virtual-work
equation becomes:
Winternal = Wexternal

a
a 
MP 1 + 1 + + 1 + + 1 q = H (hq) + Paq

b
b 

a
 4 + 2  MPq = (Hh + Pa)q
b

(4.15)


a
 4 + 2  MP = (Hh + Pa)
b
No conclusions can be reached with results expressed in this
parametric form. However, if a and b are equal, h is equal to L, and H
is equal to half of P, the above expression can be simplified to:
6 MP =

PL PL
+
= PL
2
2

6 MP
=P
L

(4.16)

The corresponding results for the basic independent mechanisms
are:
2 MP L
=P
ab
2 MP L
8 MP
=
=P
L
 L  L
   
2 2

(4.17)

for the beam mechanism, and
4 MP
=H
h
4 MP P
=
L
2

(4.18)

8 MP
=P
L
for the panel mechanism. These two values of P are both higher than
the plastic collapse load for the combined mechanism. By virtue of
the upper bound theorem, the combined mechanism is closer to the
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true solution. At this point, it is worthwhile to draw the moment diagram and check whether the plastic moments are exceeded anywhere.
The results are shown in Figure 4.11i. Figure 4.11j shows how this
result is obtained when the structure is broken into free-body diagrams between the plastic hinges. Numbers in circles indicate the
sequence in which the calculated values were obtained to complete
the moment diagram. As shown in Figure 4.11i, the plastic moment is
not exceeded, and the plastic collapse load calculated for the combined mechanism is therefore the true solution.
As mentioned earlier, for joints connecting only two framing
members, the joint basic mechanisms can be neglected. However,
until some experience is gained with the kinematic method, there is a
temptation to conduct plastic analysis as systematically as possible
and therefore to include the joint basic mechanisms in the solution
process even when this is not necessary. Therefore, Figures 4.11e to
4.11h illustrate, as an alternative solution, how joint mechanisms can
be included as part of the solution process. In that solution, the beam
and panel basic independent mechanisms remain the same as before,
while two joint mechanisms are possible (as shown in Figure 4.11g).
Again, different parameters are used to identify the plastic rotations
of the two different basic mechanisms. A combined beam and panel
mechanism is shown in Figure 4.11h. The virtual-work equation for
that combined mechanism would give:
Winternal = Wexternal
2 MP L
q + 4 MPb = Hhb + Paq
b

(4.19)

which is unsolvable because b is unrelated to q. Although both angles
could be arbitrarily assumed to be equal, this decision could not be
justified solely based on the shape of the combined mechanism. However, Figure 4.11h clearly illustrates that with the joint mechanism, one
could eliminate three plastic hinges by rotating both joints by q. At
that point, it becomes justifiable to make b, q, g, and a equal because
doing so reduces the amount of internal work by eliminating plastic
hinges. The resulting combined mechanism, shown in Figure 4.11d, is
obviously the same.
Finally, depending on the relative values of a, b, h, P, and H, the
collapse mechanism giving the lowest plastic collapse load may
change. For example, if b is equal to a, h is equal to L/4, and H to P/4,
the beam collapse mechanism will give the lowest value, namely,
9.8Mp/L compared with 64Mp/L and 10.7Mp/L for the panel and
combined mechanisms, respectively. Hence, engineers who frequently work with the same frames would benefit from conducting
parametric studies to investigate which conditions provide the most
cost-effective design. Incidentally, structural optimization using
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plastic design has received a considerable attention in the past, but is
beyond the scope of this book.

4.4.2.2 Two-Span Continuous Beam Example

Frequently, more than one basic independent mechanism of a given
type is possible in a structure or structural member. For example, for the
two-span continuous beam of Figure 4.12, there are three possible beam

MP
2MP

P
(a)
L/3
A

L/3
B

θ

MP

L/3
C
MP

(b)

P/2

2P
L/3
D

L/3
E

F

θ
2θ

(c)

MP

2MP
θ

θ/2

2MP

3θ/2

MP

(d)

θ/2

2MP

2MP

θ
3θ/2

MP

(e)

θ

β

(f)

θ

β

1

= 9MP/L

1

2MP

MP

P/2 = 3.33 MP/L
3 = 7.67 MP/L

2MP

2MP

2P

P = 6.67 MP /L
+
5

= 1.83MP /L

MP

2

= 4.33MP /L

Free-body diagrams
2MP

MP

(g)

6

0.61 MP

0.56 MP

4

2MP

Figure 4.12 Search for plastic collapse mechanism in a two-span continuous beam.
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mechanisms: one acting on the left span and two on the right span. For
the left span, the plastic collapse load is given by Figure 4.12b:
Winternal = Wexternal
 L
MP (0 + 2 + 1)q = P   q
 3
3 MP q =

PLq
3

(4.20)

9 MP
=P
L
Notice that the real hinge at the left end of that span rotates without producing plastic work. It would therefore be a mistake to include
it in the internal work formulation.
The two-beam mechanisms possible on the right span are shown
in Figures 4.12c and d. For the first of these two mechanisms, the
work equation becomes:
Winternal = Wexternal
 L
 P   L  q
MPq + 2 MP (1 . 5 + 0 . 5)q = 2 P   q +      
 3
2  3 2
5 MP q =

3 PLq
4

(4.21)

MP 6 . 67 MP
20M
=
=P
L
3L
Here, one must be careful to correctly locate the left hinge of that
plastic mechanism immediately to the left of the middle support, that
is, in the weaker member having a resistance of Mp instead of in the
stronger member having a resistance of 2Mp. Indeed, moment equilibrium at that interior support would reveal that it is impossible to
develop 2Mp there. This indirectly accounts for the possible joint mechanism, as described earlier. Furthermore, as shown in the formulation
of that equation, one must also include the external work contribution
produced by all loads that displace in the collapse mechanism.
Following a similar approach (Figure 4.12d), a plastic collapse load
of 11Mp/L can be obtained for the second beam mechanism of that
right span. Based on the above results, the lowest plastic collapse load
is the one that produces the collapse mechanism shown in Figure 4.12c.
It would not be appropriate to combine two-beam mechanisms acting on the same span as shown in Figure 4.12e, for demonstration purposes. This erroneous combination results in a collapse mechanism
having too many hinges; only three hinges are needed to produce a
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beam mechanism. As a result, the virtual-work equation cannot be
solved, unless some arbitrary decision is made to relate b to q, a decision
for which no rational basis can be found. The only instances in which
more plastic hinges than necessary to produce collapse should be
acceptable is when two independent plastic collapse mechanisms are
found to have the same plastic collapse load. Such an example was presented in Figure 4.9 (Example 2), and although the plastic deformations
of the left and right spans cannot be related in that example either, this
was not needed because the simultaneous formation of a mechanism in
both spans was merely coincidental and did not result from a deliberate
attempt to combine mechanisms in ways they should not be combined.
Incidentally, collapse mechanisms that develop more plastic hinges
than otherwise necessary (as in Example 2 of Figure 4.9) are called
“overly complete plastic mechanisms.”
Finally, to verify that the above result is the true solution, the
structure is broken into free-body diagrams between the plastic
hinges (Figure 4.12f), and statics is used to find the unknown actions
and draw the moment diagram (Figure 4.12g). It is verified that this
moment diagram nowhere exceeds Mp, which confirms that the true
solution has been found.

4.4.2.3

Example of an Overhanging Propped Cantilever Beam

For part of the structure shown in Figure 4.13 adjacent to the fixed
support, reinforcing cover plates are welded to the wide-flange
beam. These locally increase the capacity of this beam from Mp to
Mpr. The objective of this problem is to determine the length of the
cover plate reinforcement (i.e., minimum value of x) needed to
develop this value of Mpr and to calculate the resulting collapse load,
P, when Q is equal to 0.25P.
Using the kinematic method, three possible beam collapse mechanisms should be considered, as shown in Figure 4.13. In two cases, the
cantilever tip load produces negative external work, thus increasing the
collapse load compared with the case for which there is no tip cantilever
load. If the parametric expressions for the first two mechanisms are
equated, the required length of the cover plate reinforcement is equal to
0.12L. The resulting plastic collapse load is 8.54Mp/L. It can be checked
that the third mechanism gives a plastic collapse load of 13.33Mp/L, and
consequently does not govern (although if Q is progressively increased,
it would eventually become the governing failure more).
This problem is actually easier to solve with the equilibrium
method, when one realizes that the effect of the cantilever is to provide a moment equal to 0.3QL over the simple support and that the
desired failure mode should develop a plastic capacity of Mpr at the
fixed end. The desired resulting moment diagram can directly be
drawn, and by similar triangles, the point nearest the fixed support
where Mp is reached can be determined; cover plates would therefore
need to extend at least up to that point.
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Figure 4.13 Search for plastic collapse mechanism in an overhanging propped
cantilever beam.

4.4.3

Mechanism Analysis by Center of Rotation

For some types of mechanisms, it can be demonstrated that the articulated links of a resulting plastic collapse mechanism actually rotate
around a point called the instantaneous center of rotation. This is
generally the case for gable frames and other structures having
inclined members that displace as part of the resulting plastic mechanisms. The center of rotation can be particularly useful to establish
relationships between the angles of plastic rotation at the various
hinges involved in the collapse mechanism. The following example
gable frame demonstrates how this can be accomplished.
Here, loading and geometry of the gable frame are arbitrarily
selected. Although the examples are treated parametrically, as would
normally be done to allow further parametric sensitivity analyses or
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design optimization, it should be clear that other equations would
need to be derived to study gable frames having different geometry
or load conditions.
The key to a successful analysis using the center-of-rotation
method lies in the ability to visually identify how the various rigidlink members involved in a given plastic mechanism rotate around
various points. For example, for the gable frame and collapse mechanism shown in Figure 4.14, it is relatively easy to visualize that, during
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Figure 4.14 Basic plastic collapse mechanism in a gable using the centerof-rotation method.
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development of the plastic mechanism, member BC rotates around
point B and that member DE rotates around point E, and most will be
able to draw Figure 4.14b without difficulty.
To determine the center of rotation of a member having two displacing ends (such as member CD) is a bit more challenging. First, the
small displacement theory still holds, so each displacing joint must
move perpendicularly to a line connecting the centers of rotation of
the two members framing into that joint. Thus, joint C must move
perpendicularly to lines BC and CF, which implies that point F is
located somewhere on an extension of line BC. Likewise, extending
this reasoning to joint D, point F must also be located on an extension
of line DE. One can therefore schematically locate point F, in this case,
at the intersection of the extension of lines BC and DE. To quantitatively find the location of that point, as well as the relative plastic
rotation angles at each hinge, one must develop Figure 4.14c, starting
from Figure 4.14b and take the following steps (numbered in
Figure 4.14c):
1. Quantitatively locate point F. First, the known inclined distance from B to C is arbitrarily defined as s (step 1), and
then the inclined (step 2) and vertical (step 3) distances
from C to F are calculated from the properties of similar
triangles.
2. Arbitrarily define one of the mechanism rotations as the reference angle q (step 4), preferably where a joint does not displace (point E is chosen here), and calculate the angle at the
other center of rotation that shares the same hinge. In this
case, knowing that joint D displaces by ΔH perpendicularly to
member DE and line DF enables one to obtain the rotation
angle f at point F by the following (step 5):
 L
Δ H = q h1 = f   h2
 a

⇒

h
f= 1
 h2

a
q
L

(4.22)

3. Realizing that all points displacing around this center of rotation will undergo the same rotation f (step 6) and knowing
that the joint C displaces by ΔC perpendicularly to member
BC and line CF (step 7), calculate the rotation angle b at point
B by the following (step 8):
 b
ΔC = b s = f   s
 a

⇒

h
 b
b= f= 1
 a
 h2

b
q
L

(4.23)

4. Calculate the displacements in the directions parallel to the
applied loads to be able to calculate the external work. In this
example, ΔCV is needed and it is equal to b a (step 9).
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5. Calculate all remaining unknown plastic rotation angles. By
simple geometry, this angle at point G is the sum of b and f
(step 10), and at point H, the sum of f and q (step 11).
6. Calculate the plastic collapse mechanism by the usual work
equation. For this problem, this gives:
Winternal = Wexternal
MP [b + (b + f) + (f + q) + q] = Pab
 h b
2M
MP (b + f + q) = Pa  1  q
 h2 L

(4.24)

h

Pab  h1 
q
2 MP  1 + 1 q =
L  h2 
 h2

2 MP (h1 + h2 )L
=P
abh1
Further simplifications of such a result are usually possible once
all geometric dimensions are related to a common parameter. For
example, if L = 2h1, a = b = h1, and h1 = 4h2, the plastic collapse load
becomes 10Mp/L.
Another example of calculation of the instantaneous centerof-rotation is provided in Figure 4.15, this time for a combined
beam-panel-gable mechanism, which is frequently the governing
failure mode of gable frames. The same procedure described above
can be followed, with the difference that the centers of rotation
are now A, G, and F for the respective rigid-links ABC, CDE,
and EF.
The key step of the entire procedure lies in the schematic
determination of point G, located at the intersection of lines AC
and EF (a common mistake made in solving such a problem is to
extend line BC instead of line AC, which is incorrect because B is
not a center of rotation in this case). Again, solving this problem
parametrically following the same procedure gives the following
equations:
 2L 
h L
Δ J = q h1 = f 
− 1 h1 + 2  = f h∗


a 
 a
 2L 
ΔC = b s = f 
− 1 s = f s∗
 a
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b= f=
 s
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(4.26)

⇒
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Figure 4.15 Combined beam-panel gable plastic collapse mechanism in a gable
using the center-of-rotation method.
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where all geometric parameters are defined graphically in Figure 4.15.
Finally, from the work equation:
Winternal = Wexternal
 a
MP [b + (b + f) + (f + q) + q] = P   b + Hh1b
 2

(4.27)

 s∗ h1   h1  
 Pa
  s∗ h1 
+ Hh1 
2 MP 
q
 +  ∗  + 1 q = 
∗

 s h∗ 
2
h
 s h

Further simplifications are possible, if a relationship between P and
H is established. For example, if L = 3l, a = 2l, b = l, h1 = 2l/3, h2 = l,
and H = P, the plastic collapse load for this structure becomes
87Mp/20l.
A comprehensive treatment of the plastic analysis and design of
gable frames is beyond the scope of this book. However, the plastic
analysis, design, and optimization of these frames, even including
the effect of beam haunches at the eaves and apex, has been the subject of extensive study in the past, and the interested reader will easily find valuable information on that topic in the literature (e.g.,
Horne and Morris 1981).
Finally, note that the center-of-rotation method is not limited
exclusively to gable frames or structures having inclined members. In
fact, the combined plastic collapse mechanism of the regular frame
shown in Figure 4.11 can also be analyzed by the center-of-rotation
method. However, that method is obviously more tedious, so it is
advisable to avoid it for regular frames that can be easily analyzed by
other ways.

4.4.4

Distributed Loads

Distributed loads can be easily and directly considered when one is
conducting plastic analysis by the equilibrium method, but a special treatment is sometimes necessary when one is using the kinematic method. The added difficulty arises from the fact that the
kinematic method requires the assumption of a plastic mechanism
and, therefore, identification of the possible plastic hinge locations.
This is relatively easy in structures loaded by point loads, but sometimes far less obvious in members subjected to distributed loading.
In accordance with the upper bound theorem, the true solution can
be obtained only if the correct plastic mechanism is found, so some
strategies must be adopted to expediently overcome this added
complication.
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Three approaches are commonly used to handle the effects of distributed loads:
• Exact analytical solution
• Iterative solution
• Equivalent load-set (or replacement loads) solution

4.4.4.1

Exact Analytical Solution

As the name implies, the exact analytical method requires direct calculation of the exact plastic hinge locations. Therefore, the virtual-work
equation is first formulated parametrically, as a function of the unknown
plastic hinge locations. Then, from the knowledge that the true solution
is the one that gives the lowest plastic collapse load (i.e., upper bound
theorem), one obtains the corresponding plastic hinge locations by setting the first derivative of this parametric equation to zero.
Some classic solutions are shown in Figure 4.16. For example,
for the propped cantilever of Figure 4.16a, assuming that a plastic
hinge will form at a distance x from the fixed support (as shown in
Figure 4.16d), the work equation could be written as follows:
Winternal = Wexternal
 L 
 x 
 x
2 MP q 
+ 2 MP q 
= w Lq  
 L − x
 L − x
2
(4.28)

 L + x
 x
2 MP q 
= w Lq  
 L − x
2
4 MP
L2

 l  l + k
 k  l − k   = w
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Figure 4.16 Plastic collapse mechanism of some beams subjected to
distributed loads using exact analytical solution.
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The first derivative of the work equation, with respect to x (or k
according to the above substitution of variables), becomes:
∂w ∂w
(1 + k )(− 1) −(1 + k )(− 1)
1
=
=0=
+
+
∂x ∂k
(1 − k )(k )2
(1 − k )2 (k ) (1 − k )( k )
0=

k 2 + 2k − 1
(1 − k )2 (k )2

0 = k 2 + 2kk − 1

(4.29)
if

(1 − k )2 (k )2 ≠ 0

From the roots of the above equation, k = 0.4142, the plastic hinge
location is determined to be located at x = 0.4142L. The corresponding
plastic collapse load is w = 23.31Mp/L2.
In Figure 4.16b, the same propped cantilever is considered, with
the difference that the positive plastic moment is larger than the negative plastic moment, as would typically be the case in a composite
floor beam. Following the same procedure as above:
Winternal = Wexternal
 L 
 x 
 x
3 MP q 
+ 2 MP q 
= w Lq  


 L − x
 L − x
 2
 6 MP L + 4 MP x  1

 Lx = w
L−x
(4.30)

 10M
MP L − 4 MP L + 4 MP x  1

 Lx = w
L−x
 10 MP L
4 MP 
 Lx(L − x) − Lx  = w
2 MP  5
2
−  =w
2  k (1 − k )
k
L 

if

x = kL

Then, taking the first derivative of this parametric solution gives:
∂w ∂w
5( − 1)
5(− 1)(− 1) 2(− 1)
=
=0=
−
+
∂x ∂k
(1 − k )(k )2 (1 − k )2 (kk ) (k )2
0=

2 k 2 + 6k − 3
(1 − k )2 (k )2

0 = 2 k 2 + 6k − 3

(4.31)
if

(1 − k )2 (k )2 ≠ 0

From the roots of the above equation, k = 0.4365, the plastic hinge
location is determined to be exactly located at x = 0.4365L. The corresponding plastic collapse load is w = 31.49Mp/L2.
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Clearly, the parametric derivative can rapidly become complex to
solve, even for the simple cases shown above, and it is sometimes
more expedient to numerically search for the minimum solution. As
a result, curves like those shown in Figure 4.16e can be generated, in
which the collapse load mechanism values are plotted as a function
of the plastic hinge position. Nonetheless, even when the minima
search is performed numerically and graphically, obtaining a parametric work equation of the collapse mechanism sometimes remains
the most tedious aspect of the exact solution method.
Fortunately, as can be observed from the curves plotted in Figure
4.16e, the curves are rather flat near the true solution. In fact, the error
in plastic collapse load introduced by assuming the plastic hinge to
be at midspan is small, on the order of approximately 2%. This provides an additional incentive for a more expedient method.

4.4.4.2

Iterative Solution

The iterative procedure requires that plastic hinge locations be first
assumed and relocated through subsequent iterations until the incremental accuracy gained in the plastic collapse load is deemed to be
sufficiently small. This effectively eliminates the need to account
parametrically for the possible plastic hinge locations and greatly
simplifies calculations. However, to provide a more effective iteration strategy, it is sometimes worthwhile (but not necessary) to
develop a standard expression for the plastic hinge location as a
function of member loading and end moments. For example, for a
beam subjected to a uniformly distributed load, a general expression
for the moment by superposition of the bending moment diagrams
can be derived from the moment diagrams shown in Figure 4.17.
Because plastic hinges frequently occur at (or near) the center span,
the origin of the x-axis variable is arbitrarily located at the middle
of the span. The resulting expression for the bending moment diagram is:

1 x
 1 x  w  L2
M = − ML  −  − M R  +  +  − x 2 

2 L 
2 L  2  4

(4.32)

One can obtain the third term of that equation using a free-body
diagram of half the simply supported beam under a uniformly distributed loading, noting that the shear force is equal to zero at midspan in that case. The point of maximum moment can be again
obtained by taking the first derivative:
∂ M ML M R
=
−
− wx = 0
∂x
L
L
ML − MR
=x
wL
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Figure 4.17 Moment-diagram constructions needed for determination of plastic
collapse mechanism of beams subjected to uniformly distributed loads with
arbitrary end-moments using iterative solution method.

The above equation is valid only for beams subjected to uniformly
distributed loads, but equivalent relationships can easily be derived
for other load patterns.
Conceptually, for the multistory frame example shown in
Figure 4.17, solution by the iterative method requires that a first
set of plastic hinge locations be assumed and that the corresponding
plastic collapse load be calculated. From the resulting moment diagram one can find the new plastic hinge locations in each beam,
either by using the above equation or by moving the plastic hinges
to points where the moments are found to exceed Mp. The plastic
collapse load corresponding to these new hinge locations would
then be computed, and the process would be repeated until a satisfactory solution is found.
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This method is numerically illustrated when one uses the propped
cantilever of Figure 4.16a. In the first step of this procedure, plastic
hinges are assumed to be located at midspan (this is usually a simple
and effective starting assumption) and at the final support. The resulting work equation gives:
Winternal = Wexternal
  L  L
2 MPq(0 + 2 + 1) = w L q   
 2 2

(4.34)

24 MP
=w
L2
Iterating to find the new plastic hinge location, knowing that a plastic hinge must also exist at the right support, gives the following for
Eq. (4.33):
∂ M ML M R
=
−
− wx = 0
∂x
L
L
ML − MR
=x
wL

(4.35)

0 − 2 MP
−L
=
= − 0 . 0833L = x
12
 24 MP 
 2  L
L
Based on previous observations, the engineer may wish to stop
here, knowing that the above estimate of plastic collapse load will be
sufficiently accurate and that the newly obtained plastic hinge position will not change substantially in subsequent iterations. However,
if it is deemed necessary, one can continue the iteration process by
calculating the updated plastic collapse load corresponding to the
new plastic hinge locations:
Winternal = Wexternal
 L 
 0 .44 17 L
 0 . 4167 L
2 MP q 
+ 2 MP q 
= w Lq 



2
 0 . 583L
 0 . 583L


(4.36)

23 . 36 Mp
=w
L2
This equation would give a new plastic hinge location of −0.0856L,
clearly indicating that a satisfactory solution has been reached. Checking that the moment diagram does not exceed the specified capacities
(within some tolerance) would validate this conclusion.

04_Bruneau_Ch04_p175-248.indd 212

6/11/11 2:40:58 PM

Concepts of Plastic Analysis

4.4.4.3

213

Equivalent Load-Set Solution

The two solution methods presented above are manageable only for
the simplest structures or to verify results obtained by other means.
Direct solutions can be difficult to formulate, and the iteration process can be slow and tedious for large structures. The equivalent
load-set (or replacement loads) method is proposed as a more direct
procedure, also more suitable for large structures.
The equivalent load-set solution consists of replacing the distributed load applied on a member by the smallest possible number
of equivalent point loads that would produce the same effect on
both the member and the structure under consideration. Ideally, in
order of priority, the replacement loads must exert the same gravity
loading on the structure and produce the same maximum moments,
at the same locations, on the member, as the original distributed
load. Practically, however, it is not always possible to satisfy all of
these conditions.
Some examples of equivalent load-sets are shown in Figure 4.18.
These examples show that some trial and error (and at times some
ingenuity) is initially needed to establish an acceptable set of replacement loads. For a uniformly distributed load, as shown in the first
example of Figure 4.18, a resultant placed at midspan, although producing the same gravity load reactions and location of maximum
moments, does not give an adequate plastic collapse load value. Some
improvement occurs when the total load is split into two equidistant
point loads (Case b).
There is no compelling reason to try only equally spaced point
loads, and an even better solution results from locating the two point
loads at the quarter points of the span from the ends (Case c). However, if the beam subjected to this equivalent load-set is part of a frame
also subjected to lateral loads, the resulting combined gravity and
sway mechanism would develop an in-span plastic hinge under one
of the point loads and thus quite a distance from where it would
occur under the uniformly distributed load (i.e., closer to the middle
of the span).
Thus, under some loading conditions, this choice of equivalent
load may not provide appropriate results. Dividing the total load into
three equivalent loads makes it possible to keep a load at the middle
of the span. By trial and error, a good solution for equal magnitude
point loads can be found (Case d), but there is again no particular
reason to require that the loads be equal, and the best solution is
1 1 1
found when the loads are divided into a : : ratio (Case e). In all
4 2 4
cases, as long as the equivalent loads are acting in the same direction and produce a collapse mechanism similar to what would have
occurred under the distributed loads, the plastic collapse load of the
equivalent load-set will never exceed that for the true loading.
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Figure 4.18 Examples of equivalent load-sets for beams subjected to distributed
loads.

A triangular loading for a propped cantilever is considered in the
second example of Figure 4.18. Again, following closely the approach
adopted for the previous example, one first tries a single equivalent
load (Case a), but this choice gives poor results. To force the development of a plastic hinge at midspan, the best solution obtained for the
uniformly distributed load (Example 1) is then tried, and the correct
plastic collapse load is obtained (Case b). However, both this and the
previous solutions violate the static condition because the resulting
support reactions do not equal those of the original loading. Given
that it is more important to match the support reactions (static compatibility) than the maximum moments (mechanism condition), a
better solution must be sought. Further, to some other trials (Cases c
and d), a satisfactory solution is obtained (Case e).
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Although sets of equivalent loads can be used directly in the analysis of complex frame structures, it must be remembered that the
existence of a statically admissible moment diagram must always be
checked once a tentative solution has been reached under the kinematic method. In that final check, it is worthwhile to consider the true
loading conditions and assess the significance of the error introduced
by the equivalent load-set.

4.4.4.4 Additional Comments

Knowledge of the exact plastic hinge location was shown to have a
limited impact on the calculated plastic collapse load, but other reasons may require this location to be accurately known. For example,
as will be shown later, lateral bracing must be provided at plastic
hinges to prevent instability and ensure effective development of the
plastic rotations needed to reach the calculated collapse load.
Fortunately, in many instances, point loads and distributed loads
will be present simultaneously and the point loads will dominate the
response. This would be the case, for example, when girders support
beams or joists in addition to their own tributary distributed load
(and self-weight). In those cases, the distributed loads could be
lumped with the point loads, when one uses basic tributary area principles, without the introduction of a significant error.

4.5

Shakedown Theorem (Deflection Stability)
Up to now in this chapter, only monotonically proportional loading
has been considered (i.e., loads that progressively increase while
remaining proportional to each other). In most practical situations,
loading is nonproportional, and one could conclude that the above
plastic theory is not applicable to structures subjected to nonproportional cyclic loading. Fortunately, this is not the case. To demonstrate
this, the shakedown phenomenon (also known as deflection stability)
must be explained.
Unfortunately, the shakedown theorem was christened much
before the advent of earthquake engineering, and in the contemporary engineering context, the term shakedown may erroneously conjure images of falling debris and of steel structures “shaken
downward,” thus collapsing. Nothing could be further from the
truth. Instead, in the context of alternating cyclic loading, the shakedown theorem can be formulated as follows:
If there exists an extreme state, beyond the threshold of first yielding, at which point the structure can behave in a purely elastic manner in spite of a previous plastic deformation history, the structure
will be said to have shaken down to that complete elastic behavior if
the applied cyclic loads do not exceed those that produced this
extreme state.
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The following classic example should help clarify this abstract
statement of the shakedown concept.
First consider the case of monotonically applied loading. The
two-span continuous beam shown in Figure 4.9 is used for this
example (Figure 4.19a). One conducts step-by-step analysis using a
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Figure 4.19 Two-span continuous example of shakedown for proportionally
applied loads.
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bilinear elasto-perfectly plastic moment-curvature model (Figure
4.19m). The first plastic hinge is found to occur at point C under an
applied load of 16Mp/3L (Figure 4.19b). The corresponding elastic
deflection at both points B and D is (7/144)MpL2/EI (Figure 4.19c).
At the second step of the calculation, an incremental load of 2Mp/3L
can be added on the resulting simply supported beams before plastic
hinges develop simultaneously at points B and D (Figures 4.19d and e),
with a corresponding additional deflection of (2/144)MpL2/EI (Figure
4.19f), for a total deflection of MpL2/16EI at those locations. A plastic
hinge rotation of MpL/12EI also develops at point C (being twice the
elastic support rotation of a simply supported beam of span L under
the incremental loading of 2Mp/3L). The resulting moment diagram
corresponding to the plastic collapse load of 6Mp/L (= 16Mp/3L +
2Mp/3L) is shown in Figure 4.19g.
In the third step of analysis, both loads are removed simultaneously (Figure 4.19h). Interestingly, the entire load can be removed in
an elastic manner (Figure 4.19i), leaving a residual moment diagram
(Figure 4.19j). Moreover, a residual rotation remains at point C
because the plastic rotations there are not recovered, and residual
deflections of MpL2/128EI remain at points B and D (Figure 4.19k)
because the removed loads generate an elastic deflection recovery of
smaller magnitude than the deflections reached at attainment of the
plastic collapse load. Thus, in its new unloaded condition, the twospan continuous beam is no longer straight, and it has a kink at point
C (Figure 4.19l). The resulting load-deflection diagram for this loading history is shown in Figure 4.19n. It shows that the structure can
now be loaded and unloaded elastically up to its shakedown load of
6Mp/L. In other words, the structure has shaken down to a complete
elastic behavior for positive cyclic proportional loading.
Hence, if there is a residual bending moment diagram from which
the structure will behave elastically under a given extreme state of
loading, the structure will find its way to that moment diagram after
only a finite amount of plastic flow. However, that residual bending
moment diagram is not unique and depends on the structure’s particular loading history.
Now, to illustrate how nonproportional positive cyclic loading
can affect the value of the shakedown load, the same two-span continuous beam considered is reanalyzed. The difference is that the
maximum possible load at point B (i.e., PB) is first applied and sustained while the maximum possible load that can be applied at point
D (i.e., PD) is successively applied and removed.
Using a step-by-step analysis and the same bilinear elastoperfectly plastic moment-curvature model of Figure 4.19m shows the
first plastic hinge to occur at point B under an applied load of PB =
64Mp/13L (Figure 4.20b). The corresponding elastic deflection at
point B is (23/312)MpL2/EI (Figure 4.20c). A second step of calculation reveals that an incremental load of 14Mp/13L can be added at
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Figure 4.20 Two-span continuous example of shakedown for nonproportionallyapplied loads.

point B before a plastic hinge develops at point C (Figures 4.20d and e),
with a corresponding additional deflection at point B of (7/52)MpL2/
EI (Figure 4.20f), for a total deflection of (5/24)MpL2/EI there. At the
end of that step, a plastic hinge rotation of 7MpL/12EI has developed
at point B. Interestingly, the maximum load PB that can be applied
remains 6Mp/L, as obtained in the previous example, but the moment
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diagram corresponding to this plastic collapse load is different, as
shown in Figure 4.20g. As shown in Figure 4.20t, the calculated deflections at point B at the development of the first plastic hinge and at the
plastic collapse mechanism are respectively 1.52 and 3.33 times larger
than for the case in which both loads are applied simultaneously
(Figure 4.19n).
The second point load, PD, is then applied (Figure 4.20h). Note that
this load cannot be applied in an elastic manner to the beam model of
Figure 4.20a because the negative plastic moment at point C was
already reached during application of PB (Figure 4.20i). Therefore, a
modified beam having a hinge at point C is analyzed (Figure 4.20j),
and the resulting incremental moment diagram shown in Figure 4.20k
is obtained when PD equals 6Mp/L. The resulting moment diagram
(obtained by superposition of the moment diagrams) and deflected
shape are shown in Figures 4.20l and m, respectively. As expected,
because the plastic collapse load does not depend on the loading history, the ultimate plastic capacity of this continuous beam is reached
when PB and PD both equal 6Mp/L, as in the previous example. However, the final state of deformation is quite different, with plastic kinks
at points B and C. As a rule, plastic deformations are loading-history
dependent and greater in magnitude when nonproportional loading
is applied.
Next, the entire load PD (= 6Mp/L) is removed (Figure 4.20n). As
shown in Figure 4.20o, this load cannot be removed in an elastic manner considering the beam model of Figure 4.20a because doing so
would require increasing positive moment at point B, which is already
stressed to its positive plastic moment capacity. However, elastic
removal of PD is possible considering a modified structure having a
hinge at point B (Figure 4.20p). The resulting incremental moment
diagram and deflection diagrams are shown in Figures 4.20q and r,
respectively. Clearly, in the process of removing PD, additional plastic
deflections and rotations are introduced at point B.
The moment diagram after PD is removed (Figure 4.20s) is identical to that obtained when PB was first applied. Therefore, each subsequent cycle of application and removal of PD will increase plastic
rotations at point C (application of PD) and plastic rotations and
deflections at point B (removal of PD). The plastic deformations will
continue to grow without bounds until progressive collapse, as
shown in Figure 4.20u. This implies that the above applied loads of
6Mp/L are in excess of the shakedown load for nonproportional
loading on this structure; the shakedown load is the maximum load
for which no unbounded plastic incremental deformations would
occur.
The above calculations suggest that the value of the shakedown
load for this beam is between the elastic and plastic load limits of
4.92Mp/L and 6Mp/L. To systematically determine the shakedown
load, one must formulate equations of equilibrium at each point of
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possible plastic hinge in terms of the incremental loads at that point
(for complex structures, this undertaking can be formidable).
In this example, the equilibrium equation is established from the
moment diagram obtained after a plastic hinge has formed at point B
(Figures 4.21a and b). The moment at point C can be calculated as:
MC =

3
L
P L + Δ PB
32 BY
2

(4.37)

where PBY is the load applied in step 1 (Figure 4.20a) necessary to
form a plastic hinge at point B, and ΔPB is the incremental load applied
in step 2 at point B (Figure 4.20d). The two terms in Eq. (4.37) contributing to the moment at point C result from the sequential application
of these loads. Given that the solution sought must permit application of loads PB and PD in any sequence, and assuming that both loads
are constrained to have the same maximum value, then, PD-MAX must

PBY + ∆PB = PBmax
L/2
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Figure 4.21 Systematic determination of shakedown load for
nonproportionally applied loads using equation of equilibrium at points of
possible hinge formation in terms of incremental loads.
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also be equal to (PBY + ΔPBY). The incremental moment diagram that
results from a load applied at point D (Figure 4.21c) until a plastic
hinge forms at point C is shown in Figure 4.21d. The resulting expression for that incremental moment at point C is:
MC′ =

3
3
(P + Δ PB )L
PD− MAX L =
32
32 BY

(4.38)

As long as no collapse mechanism is allowed to form, no incremental plastic deformations can be introduced into the structure by
nonproportional loading. Therefore, to prevent formation of a plastic
hinge at point C, the following equation must be satisfied:
3
L 3
MC + MC′ =  PBY L + Δ PB  +
(P + Δ PB )L < MP
2  32 BY
 32

(4.39)

Because Mp and PBY are known, this equation can be solved, and
a value of ΔPB equal to 32Mp/247L is found. The corresponding
shakedown load limit is therefore the sum of PBY and ΔPB, which is
96Mp/19L in this case, or 5.05Mp/L. This load is only 2.6% more than
the elastic limit of 4.92Mp/L. Given this limited gain and the fact that
nearly all live loads are generally nonproportional in nature, the
reader may wonder at this point whether plastic design is still worth
considering. The answer is yes.
The above example is an extreme case because all the loads are
applied and removed. This is not the case in real structures because
the dead load is permanent. In this particular example, if the loads PB
and PD included a dead load equal to 4.66Mp/L, the likelihood of
shakedown would be zero because the first plastic hinge would
always form at point C, regardless of the nonproportional sequence
of application and removal of the live load component of PB and PD.
Many researchers have investigated whether the shakedown load
limit could invalidate plastic theory, and all have concluded that normal wind and gravity loads are highly unlikely to cause such deflection instability problems in plastically designed structures because a
rather large ratio of live load to dead load is necessary to trigger this
process (typically the live loads would need to exceed two thirds to
three fourths of the total load, depending on the type of structure).
However, engineers using plastic design concepts should be familiar
with the shakedown phenomenon and its consequences, to properly
identify those instances when it may need to be considered.
Finally, although rare and unusually intense earthquakes can
induce rather large loads in structures, the shakedown problem is
typically not addressed during analysis for seismic response. Rather,
dynamic nonlinear inelastic step-by-step analysis using earthquake
ground motion records is preferred. Cumulative plastic deformations
and rotations obtained from such analyses are useful to develop or
validate simpler design rules more suitable for hand calculation.
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4.6 Yield Lines
While the principles of plastic analysis that have been presented so
far have been applied to structural members and systems, the same
concepts are also applicable to small components and details. This
can be useful in a number of applications, such as to assess the
strength of connections, investigate fatigue life due to local buckling,
or to study the behavior of plates subjected to out of plane loads.
Some of these applications are reviewed below after the presentation
of general principles of yield line analysis.

4.6.1

General Framework

Yield line analysis has been used extensively in the past to compute
the ultimate strength of reinforced concrete slabs (Park and Gamble
1999). In those studies, given that different reinforcements can be
designed to resist positive or negative flexure, a distinction is made
between the positive and negative plastic strengths of slabs and a
more general formulation has been derived. The expressions presented in the following text are applicable to steel plates that have
the same plastic strength in either positive or negative bending. The
more general formulation should be used instead when that is not
the case (for instance, in composite panels having nonsymmetric
steel plate thicknesses or reinforcement).
Using the example of a steel plate subjected to a pressure loading acting on its surface, Figure 4.22 shows the specific symbolic
that is used here to schematically illustrate the boundary conditions and direction of bending of such plates. In plan views looking at flat surfaces, double hatched lines represent fixed edges,
single hatched lines represent simply supported edges, and free
edges are shown by straight lines. Parts of steel plates yielding in
positive or negative bending are respectively shown as wiggled or
dashed lines (i.e., yield lines), where positive bending is arbitrarily
defined when a pressure pushing on the visible surface of the plate
creates tension on the back of the plate (i.e., on its nonvisible side).
Note that yield lines at supports are generally shown with a slight
offset to make them visible in sketches, but located at the supports
in all calculations.
The simple case of a plate fully fixed at both ends shown in
Figure 4.22 is comparable to the beam case studied earlier (see
Figure 4.9). Here, the beam has a rectangular cross-section of width,
l, and depth, t. Equation (3.10) can be used directly to obtain the
plastic strength of the plate. Alternatively, the plastic hinges can be
recognized to be yield lines of strength:
 bh2 
 (1)(t)2 
t2
mP = 
 Fy = 
 Fy = Fy
4
4
4
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Figure 4.22 Yield lines on plate fixed at two opposite ends.

where mP is the plastic moment per unit length along a yield line. As
indicated earlier, for a steel plate, mp− = mp+ = mp.
For this plate subjected to a uniformly distributed load on its surface, using the kinematic method, the external work and internal
work can be respectively calculated as:
WI = mPl1 (2q) + mPl1 (q) + mPl1 (q) = mPl1 (2 + 1 + 1)q = 4mPl1 (q)

(

)

2
1  l  w l1l2
WE = (w l1l2 ) q 2  =
q
2 2
4

(4.41a)
(4.41b)

where w is typically in pressure units (e.g., kPa, psi, or psf ). Note that,
in the internal work equation, the plastic moment per unit length of
each yield line is multiplied by its respective length and plastic rotation. The value of the uniformly distributed load that creates the plastic collapse mechanism, obtained by setting the internal work equal
to the external work, is:
WI = WE

∴

w=

16mP
l22

(4.42)

Although a yield line analysis would not have been necessary to
resolve the problem shown in Figure 4.22, the terminology and conventions outlined for that purpose are needed to address other plate
geometries and boundary conditions that result in more complex
yield line configurations.
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Progression of yield lines on plates having different boundary

Figure 4.23 shows yield line patterns for three identical plates
similarly subjected to a progressively increasing uniformly distributed load, but having different boundary conditions (including the
example from Figure 4.22). For the plate simply supported along its
edges, yielding starts at midspan of the narrowest dimension (since
larger moments develop along the stiffer of the two directions for a
given span deflection). As the uniformly distributed load increases,
plastic hinging spreads toward the other edges, eventually bifurcating into yield lines directed toward the plate’s corners. Finally, the
ultimate strength of the steel plate is reached when the plastic collapse mechanism shown in the figure develops. Folding a sheet of
paper with creases along these yield lines can help the reader visualize that this deformation pattern indeed corresponds to a mechanism.
A similar collapse mechanism and progression in the development of yield lines is also schematically shown for the plate having
fixed edges, the only difference in that case being that plastic rotations develop in regions of negative moment at the fixed supports
and generate internal work.
The relationships derived below, using information shown in
Figure 4.24, establish convenient equivalent approaches to calculate
internal work, and thus the plastic strength of such plates.
For an arbitrary segment of yield line, of length lo, acting in an
arbitrary direction, a, undergoing a plastic rotation angle, qn, the
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respective components in the two orthogonal horizontal directions are:
lx = lo sin a

(4.43a)

qx = qn sin a

(4.43b)

ly = lo cos a

(4.43c)

qy = qn cos a

(4.43d)

and the corresponding products are:
lx qx = lo qn sin2a

(4.43e)

ly qy = lo qn cos2a

(4.43f)

Using these relationships, together with the trigonometric relationship sin2a + cos2a = 1, the internal work produced along the yield
line acting in an arbitrary direction can be broken into its orthogonal
components such that:
WI = mP lo qn
= mP (sin2a + cos2a) lo qn
= mP lo qn sin2a + mP lo qn cos2a
= mP lx qx + mP ly qy
= mP (lx qx + ly qy)

(4.44)

This shows that the internal work generated along a yield line oriented at an angle from the orthogonal directions can be calculated either
using the plastic rotations about that yield line and the length of that line,
or the orthogonal components of these values to obtain the same result.
In some cases, the latter approach can greatly simplify calculations.
This is illustrated in Figure 4.25 where two approaches are used
to calculate the plastic collapse load for the same rectangular plate
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Figure 4.25 Plastic strength of a simply supported square plate.

with fixed edges. In the first approach, the exact plastic rotations
along yield lines are calculated to obtain the internal work. A view of
the collapse mechanism at 45° from the orthogonal directions illustrates how these values are obtained. The corresponding internal and
external works, for the two diagonal yield lines, are respectively:
WI = 2[mP ( 2 l)2qn ] = 4 2 mPqnl = 8mPδ

(4.45)

  1 l  δ
δ
WE = 4 w 
l  = (w l2 )
2
2
3
3





(4.46)

where
qn =

δ 2
l

(4.47)

and the corresponding uniformly distributed load when the plastic
strength of the plate is reached is:
w=

24mP
l2

(4.48)

Alternatively, working directly with the orthogonal components
and the corresponding side views of the collapse mechanism, given that
s = qxlx/2 = qyly/2 = q l/2 and mPx = mPy = mP, the internal work is:

 l
 l 
WI = 4 mPx   qx + mPy   q y  = 4mPq l = 8mPδ
2
2
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which is the same as before. Since external work also remains the
same (being calculated on the same deformed geometry in both
cases), the obtained ultimate load is again 24mp/l2.
Note that if fixed boundary conditions were used instead of simply supported ones, for the same collapse mechanism to develop,
yield lines would also develop along the fixed supports; in that case,
solving using the corresponding internal work, the resulting plastic
strength would be twice that calculated above (i.e., 48mp/l2).
The challenge in using yield line analysis is that it is an upper
bound method. As a consequence, the true plastic strength is only
obtained if the assumed collapse mechanism is correctly guessed. For
all other (incorrectly) assumed mechanism geometries, the calculated
plastic strengths will be unconservative (as described in Section 4.2.3).
In some cases, such as in Figure 4.25, the plastic mechanism can be
assumed with reasonable confidence (even though an alternate mechanism exists that gives a slightly lower plastic strength for square
plates, as will be shown later). However, in most instances, it is best
to formulate the plastic mechanism in a parametric equation allowing for optimization. This is illustrated in Figure 4.26 for a rectangular
plate simply supported at its edges, for which the internal and external works and plastic strength can be calculated as:
WI = mPx (b − 2 x)(2qx ) + 4mPxqx x + 2mPy aq y
= mP [(2(b − 2 x) + 4 x)qx + 2 aq y ]

(4.50)

  1  a   δ
 ax δ
WE = 2w   + 4w x     
2 3
 2 2 3
 a  δ w a(3b − 2 x)δ
+ 2w (b − 2 x)   =
6
 2 2

(4.51)
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Figure 4.26 Plastic strength of a simply supported rectangular plate.
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where
 a
δ = qx   = q y x
2

 δ
qy =  
 x

∴

and

 2δ 
qx =  
 a

(4.52)

and
w=

12mP (2 bx + a2 )
a2 x(3b − 2 x)

(4.53)

The smallest uniformly distributed load that will produce a plastic mechanism can be found by setting the first derivative of this
expression to zero and solving the resulting equation. For this example, the resulting value of the unknown parameter is:
x=

a
(− a ± a 2 + 3 b 2 )
2b

(4.54)

Numerically, for values of a = 8 in and b = 16 in, the solution is x =
5.21 in.
Note that in some instances, instead of searching for a closed form
solution, it may be more expedient to plot the value of the plastic
strength as a function of the unknown variable, x, and to graphically
identify the point of minimum strength along the curve.
Recognizing that the upper bound approach requires identification of the proper plastic mechanism, one could come back to Figure 4.25
and question whether the assumed mechanism is the correct one.
Indeed, it can be envisioned that the corners of a rectangular plate
would be subjected to uplift forces for the proposed deflected shape,
and that the corresponding downward reactions at those corners
would bend the plate in negative flexure, which could result in a
yield line a short distance from the corners, as shown in Figure 4.27a.
For that arbitrarily chosen pattern, optimizing the geometry of the
yield lines, by trial and error or by rigorous optimization, would give
a resulting plastic collapse load of w = 22mp/l2, which is 9% less than

ly

ln

δ

δ

ln

δ

lm

lm
lx
(a)

Figure 4.27
plate.

lm

lx

lx

(b)

(c)

Example alternative yield line patterns for a simply supported square
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the simpler pattern considered in Figure 4.25. More complex yield
line patterns (e.g., Figures 4.27b and c), can also be considered at the
cost of substantially greater computational effort. For example, a
plastic strength of 21.7mp/l2 was obtained for a semicircular “fanlike” distribution of yield lines (Figure 4.27c) when neglecting the
negative flexure corner folds (i.e., if supports cannot prevent uplift at
the corners); however, the case with straight yield lines governed
when negative flexure was considered (Park and Gamble 1999).
Considering the more complex configuration of yield lines, some
engineering judgment and experience is necessary to determine if the
benefit of increased accuracy warrants the extra work, or will be of marginal significance. The latter is often the case. Note that in many instances
(as in the next section), experimental evidence provides visual clues as
to the pattern of yield lines that develops upon reaching a known ultimate strength. In such cases, the available data allows assessing whether
simplified patterns can provide reasonably accurate results.

4.6.2

Strength of Connections

Yield line analysis in steel structures has been commonly used to assess
the strength of connections. This is illustrated in Figure 4.28 for a bolted
T-stub connector (typically a WT shape) whose stem is pulled in tension, as would be the case when used to connect beam flanges to columns in some types of moment resisting connections. For the assumed
location of yield lines and plastic mechanism shown in that figure, the
corresponding plastic strength can be calculated as follows:
WI = 2[mPq (B − 2f)] + 2[mPq B] = 4mP (B − f)q

(4.55a)

WE = Pδ = Pxq

(4.55b)

WI = WE

∴

P=

2
4mP (B − f) t Fy (B − f)
=
x
x

(4.55c)

B
a
a

Tb

x

x

Tb

P

θ
θ

Side view

P
δ

Figure 4.28 Yield line analysis of T-stub connector.
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In a design perspective, rearranging Eq. (4.55c), the T-stub flange
thickness required to resist the applied load is given by:
t≥

Px
(B − f)Fy

(4.56)

Note that, for this detail and selected T-stub flange thickness, the
plastic mechanism provides an upper bound to the force, Tb , defined
in Figure 4.28, that can develop in the bolts due to prying action.
The above result assumes yield lines parallel to the longitudinal
axis of the T-stub. This would not necessarily be the case if the T-stub
was substantially longer than the width of the beam flange and the
bolts connecting the stub to the column were widely apart, as often
found in archaic constructions that used laced built-up columns. In
such a case, plastic deformations concentrate near the bolts, like localized “folds.” A similar yield line pattern was experimentally observed
(Figure 4.29a) in wide-angle flange connectors of semi-rigid beam-tocolumn moment connections (Sarraf and Bruneau 1996). Good agreement with experimental results was obtained using the simplified
yield line pattern geometry shown in Figure 4.29b, which gives the
following internal and external works equations:
 δ 
 δ 
WI = 2[2mP hqx + 2mP xq y ] = 4mP h 
+ 4mP x 
 x − b
 h − a

(4.57a)

WE = Pδ

(4.57b)

 h   x  
P = 4mP 
 +

 x − b  h − a 

(4.57c)

WI = WE

∴

The value of x that gives the least plastic strength for this assumed
yield line pattern is:
x = b + h2 − ha which must be ≤ 0 . 5L

(4.58)

Per the upper bound approach, the lower plastic strength found from
all yield line patterns considered must be used.
Other yield line patterns can be found in the literature for various
other types of connections. For example, Figure 4.30a shows a yield
line pattern originally proposed for unstiffened extended end-plate
connections (Mann 1968, Surtees and Mann 1970, Mann and Morris
1979), assuming bolts strength adequate to allow development of this
plastic mechanism. Drawing parts of the mechanism in a perspective
view such as done in Figure 4.30b for the part of the end-plate between
the beam flanges on one side of the beam web, although time
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(a)

CL
L/2
x
b
h
a
h–a

P

(b)

Figure 4.29 Yield lines on wide bolted angle. (From Sarraf and Bruneau 1994.)

consuming, can help visualize the deflected shape and calculate the
relevant angles in complex connections. For this case:

C
WI = 4mP Bb + 4mP S +  g
2

 Δ 
Δ1 

C  S
= 4mP B  1  + 4mP S +  
 C/2
2   (S + C 2) A/2

 2 B 2S 
= t 2 Fy  +  Δ 1
A
C

(4.59a)

 M
WE = PΔ 1 =   Δ 1
 d
WI = WE
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2

1
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B
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2
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∆
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β

β

β
∆
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M

α

4

1 4

∆

2

γ

γ

∆

3

(a)

1

∆1 = ∆

B/2
2

∆2

∆
γ

3

α

β

C/2
(C/2) + S

γ

S

β

∆1
β

α
β−α

α
∆2

Strip 1 (N.T.S.)
Plastic rotation = β + (β – α) + α = 2β

γ

Strip 2 (N.T.S.)
γ
γ
γ
Strip 3 (N.T.S.)

(b)

Figure 4.30 Bolted unstiffened extended end-plate connection: (a) Surtee
and Mann’s assumed yield lines; (b) perspective view of part of the plastic
mechanism.
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where d is the depth of the beam, M is the moment applied to the
connection, P = M/d is the load applied by the flange to the extended
end-plate, and all other dimensions, displacements, and rotation angles
are defined in Figure 4.30. For a given moment, Eq. (4.59c) can be rearranged to calculate the necessary end-plate thickness, such that:
t≥

M
 2B  2S 
 C  +  A   dFy



(4.60)

Based on experimental observations, Mann (1968) originally proposed that S + (C/2) = d/2.
With the benefit of subsequent research on the topic, AISC’s
design equations for the same unstiffened extended end-plate connections are based on the yield mechanism shown in Figure 4.31. For
the entire end-plate:
WI = mP b f (a) + (a + w ) + (w + b) + (b + q) + 2 mP (s + p fi )(g + g )
 δ   δ   δ 
= 2mP b f  a  +  a  +  b  −
   p fi   p fo 
 s

= 2 mP b f


 4δ a 
q
 + 2 mP (s + p fi ) 
2
 g 


 1 1 
 1
h1  s + p  q + h0  p  q −
 fo 
fi 
 

b f
2
= tPL
Fy 
 2

 1 1 
 1
h1  s + p  + h0  p  −
 fo 
fi 
 

 4h q 
q
+ (s + p fi )  1  

2
 g 



1 
 h  
+ 2(s + p fi )  1   q

2
 g  
 


2
Fy YPq
= tPL

		

(4.61a)

 M
WE = P(q h) =   (q h) = Mq
 h
WI = WE

∴

2
M = tPL
Fy YP

(4.61b)
(4.61c)

where, again, M is the moment applied to the connection, P is the
load applied by the flange to the extended end-plate, YP is an endplate yield line mechanism parameter defined for mathematical convenience, and all other dimensions, displacements, and rotation
angles are defined in Figure 4.31, using a notation consistent with
AISC (2010, 2011). Note that, to limit complexity of the equations, the
plate material removed by the bolt holes is not considered, the width
of the beam web is taken as zero, and yield lines around bolts near the
compression region are neglected.
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2

1

3
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g
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α
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ω

ω

β
pfi

pfo
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δa

θ

s

1

2

γ

γ

N.T.S.

δa

3

(b)

5

bf /2

6

δa
γ

1

θ

ω
pfi
h

S
γ

1
κ
ω–κ

ω

γ

β+κ
Strip 6 (N.T.S.)

β

Strip 5 (N.T.S.)
Plastic rotation = (ω – κ) + (β + κ) = ω + β

(b)

Figure 4.31 Bolted unstiffened extended end-plate connection: (a) AISC’s
assumed yield lines; (b) perspective view of part of the plastic mechanism.
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Solving for the value of s that gives the lowest plastic strength for
the connection (Murray and Sumner 2003, Srouji et al. 1983):
∂W
=0
∂s

 4h  
 1
∂ b f h1   + (s)  1  
 s
 g 

=0
∂s
−

bf h
s

2

+

(4.62)

4h1
=0
g
s=

1
b g
2 f

The required end-plate thickness is then:
t≥

M
Fy YP

(4.63)

More general expressions for stiffened and unstiffened extended
end-plate moment connections, having 4 or 8 bolts per flange connection, are presented in Murray and Sumner (2003).
Note that for some connection types, consistently with observations made in the previous section, simpler yield line patterns that do
not perfectly match those observed experimentally are retained by
virtue of providing either conservative results or reasonable approximations of connection strengths without unwieldy algebra.

4.6.3

Plastic Mechanisms of Local Buckling

Yield line analysis has also been used extensively in studies of local
bucking in light-gage cold-formed steel members and thin-walled
structural shapes. However, in those cases, the presence of compression forces makes the analyses substantially more complex and a
number of challenges remain to be resolved. In particular, the analyses must differentiate between “true mechanisms” having only flexural yield lines, and “quasi-mechanisms” having a mix of axial
yielding (a.k.a. plastic zones) and flexural yield lines. Some analyses
may also need to account for incompletely formed yield lines. Results
for plates in compression are also known to be more sensitive to the
assumed plastic mechanism (with respect to both the location and the
shape of the yield lines) than for plates in pure flexure, although some
of that sensitivity is more acute for light-gage steel shapes than for
the thicker hot-rolled plates used for ductile design. Hiriyur and
Schafer (2005) and Gioncu and Mazzolani (2002) present a thorough
overview of some of these issues.
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Nonetheless, in spite of these challenges, the plastic mechanism
approach provides an appealing way to investigate the postbuckling
strength and behavior of ductile steel shapes without having to resort
to complex nonlinear finite element analysis. For illustration purposes, Figure 4.32 shows a plastic mechanism model that expands on

θ

θ

L/2

8

L/2

9

(a)

10

βc

(1 – γ)c
7

γc

5

γc

c

5

γc

6
4

βc
γc
6
11

c
(1 – γ)c

1

βc

2

δd

3

βc

d

(b)
17
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13
13

ζc

14

(1 – δ)d
14
(1 – δ)d

(c)
15
ζc

16
(1 – δ)d

Plastic zone
Yield line

(d)

Figure 4.32 Plastic mechanism model for beam plastic local buckling.
(Courtesy of Professor Victor Gioncu, University Timisoara, Romania.)
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∆L

Fiber strip

∆Lf

φf
Yield line

∆LT

∆Lw

Plastic zone

∆θphT/2

∆L

φw2
∆θph /2
φw1

∆θphB/2
∆LB

Uf
∆L
Lf

ho

∆θph /2

y
∆Lf
Lw

∆Lw

ym

Uf
Uw

U fres
(b)

∆θph / 2 yo

(a)

Figure 4.33 Plastic mechanism model for cyclic beam postbuckling behavior:
(a) Monotonic plastic mechanism; (b) cyclic plastic mechanism (simultaneously shown
for both flanges). (Courtesy of Bozidar Stojadinovic, Department of Civil Engineering,
University of California, Berkeley, and Kyungkoo Lee, Dankook University, Korea.)

prior models and best captures postbuckling behavior while remaining relatively simple. Details of its formulation are presented in Petcu
and Gioncu (2003).
In particular, yield line analysis has also been used to investigate
local buckling behavior and estimate low cycle fatigue life of beams
subjected to cyclic inelastic loading (Gioncu and Mazzolani 2002; Lee
2004; Lee and Stojadinovic 2005). Two sets of yield lines (Figure 4.33)
must be considered in such analyses to account for: (1) the development of compression yielding and local buckling on alternating
flanges during cyclic loading, and (2) the fact that when a previously
buckled flange is pulled in tension, the residual out-of-plane deformations that remain act as large initial imperfections in subsequent
compression cycles (this is because the flange can never be pulled
back to perfectly flat before it yields in tension, similar to what will be
discussed for braces in a later chapter). Computer programs are
typically necessary to track the effect of all of these factors on the
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postbuckling behavior, negating some of the original appeal of the
yield line approach in this particular application, but the ability to
construct free-body diagrams anchored to a physical mechanism
remains attractive for helping better understand the fundamental
behavior of postbuckling behavior.

4.7

Self-Study Problems
Problem 4.1 A beam with constant strength, Mp, is fixed at one end and simply
supported at the other. What is the maximum concentrated load that may be carried at the third point closest to the fixed end? Use both upper and lower bound
methods. In the upper bound method, why doesn’t the internal strain energy
associated with elastic energy appear as part of the internal virtual work?

Problem 4.2 A fix–fix beam, loaded at midspan by a point load, P, originally
had a uniform strength Mp over its entire length. However, as shown in the
figure here, it is to be reinforced to have a strength of 2Mp in its midspan region
as well as near its supports.
For that beam, use a lower bound approach (i.e., the statical method) to find
the minimum lengths “x” and “y” over which the beam must be reinforced such
that the load, P, that will produce the plastic collapse mechanism will be twice
the corresponding value for the beam having a uniform strength of Mp.
P

2MP
X

MP

2MP

MP

2MP

Y

X

L

Problem 4.3 For the beam shown, determine the location of the plastic hinges
and the collapse load using: (a) an “exact” method, (b) the method of adjustment of plastic hinges, and (c) replacement of distributed loads by equivalent
concentrated loads. Compare and comment on these results.
ω

L

Problem 4.4 For the plastic mechanism that includes plastic hinges at both
ends A and B, calculate where else along the span AB forms another plastic
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hinge under the applied uniformly distributed load, w. Also determine the
value of w when this plastic mechanism forms, and the corresponding reactions at A, B, and C.
MP1 = 10 k-ft

ω

MP2 = 6 k-ft

30'

20'

A

B

C

Problem 4.5

Use simple plastic theory and an upper bound approach to find
the collapse mechanism and collapse load for the frame shown. Express the
answer in terms of P, Mp, and L. Check that the solution obtained corresponds
to a statically admissible field.
P

P

P/2
Mp

L

Mp

Mp

2

2

3@L/3

Problem 4.6

Use simple plastic theory and an upper bound approach to find
the collapse mechanism and collapse load for the frame shown. Express the
answer in terms of P, Mp, and L. Check that the solution obtained corresponds
to a statically admissible field.
L
2Mp

L

P
Mp

Mp

L
2
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Problem 4.7 Due to errors in fabrication, there is a 1-in (25-mm) gap between
the base of member AB and support A. Assuming the frame is forced into
the correct position and then loaded as shown in the figure, find the collapse
load using a step-by-step method. Verify this using the upper bound theorem.
Discuss how the results would change if:
(1)	No errors were made in initial fabrication.
(2)	The height of AB was increased to approach infinity (but not equal
to infinity).
(3)	The height of AB was reduced to approach zero (but not equal to zero).
The members are all W21 × 57 (equivalent to W530 × 85 S.I. designation)
beams with Fy = 36 ksi (250 MPa).
P
3

P

B
D

C

E

10

A

5

[ft]

5

5

Problem 4.8 For the structure shown here, use the upper bound theorem to
find the maximum load, P, that can be applied to this structure. Clearly sketch
each plastic collapse mechanism considered. Also, show that the solution is
statically admissible and draw the corresponding moment diagram.

1.5L

2.5L

0.4MP

2P

MP

2MP
3P

2.5L

3L
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Problem 4.9 For the structure shown and the collapse mechanism proposed,
determine the appropriate limit load:
(a) For the case a = b, h2 = 1.5h1, and H = P
(b) For the case a = L/3, b = 2L/3, h2 = 1.5h1, and H = P
(c) For the case a = 2L/3, b = L/3, h2 = 1.5h1, and H = P
What can be observed by comparing the results for these three cases?
Explain why these results are logical in terms of fundamental engineering
principles.
P

h2
H
Mp
h1
Mp

a

b
L
(a)

(b)

Problem 4.10 Calculate the collapse load for the specific plastic mechanism
shown as follows:
(a) For the case a = b, h2 = h1/2, and H = P/2
(b) For the case a = L/3, b = 2L/3, h2 = h1/2, and H = P/2
(c) For the case a = 2L/3, b = L/3, h2 = h1/2, and H = P/2
What can be observed by comparing the results for these three cases?
Explain why these results are logical in terms of fundamental engineering
principles.
P

h2
H
Mp
h1

2Mp
a

b
L
(a)
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Problem 4.11 Find the maximum value of P that can be applied to the structure shown. Use an upper bound approach and the concept of instantaneous
center of rotation. Show that the collapse mechanism has a statically admissible
moment distribution. Express the answer in terms of Mp and L.
P

0.4P

Mp

1.5L

0.75L

L

L

L

Problem 4.12
(a)	Use simple plastic theory and an upper bound approach to find the
collapse mechanism and collapse load for the frame shown. Note
that the ends of the beams have been reinforced to 3Mp, over a distance L/20, as shown in the figure. Express the answer in terms of
Mp and L.
(b)	Show that the solution leads to a statically admissible moment distribution.
L
(typ.)
20

P

3Mp (typ.)

P
Mp
P

L

2Mp
P

L

L
2
L
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Problem 4.13 For the structure shown here, use the upper bound theorem to
find the maximum load, P, that can be applied to this structure.
• F
 or this particular problem, no need to show that the solution is statically admissible.
• Assume all plastic hinges to be flexural hinges.
• Assume the strength of all plastic hinges to be Mp, and neglect the
reduction of Mp due to the possible presence of axial forces or shear.
• Express all results in fractions, not in decimals.
• Assume that the braces are infinitely rigid.
MP

P

L

5L/8

L/4

L

Problem 4.14 Use simple plastic theory and an upper bound approach to find
the collapse mechanism and collapse load for the frame shown below. Express
the answer in terms of P, Ny, Mp, and L (as appropriate).
(a)	Assume that the knee braces are fully rigid (i.e., infinite areas) but
that the beams have the flexural strengths shown in the figure.
(b)	Assume that the beam and columns have infinite strength (i.e., infinite
inertias), but that the knee braces have an axial plastic strength of Ny.
L
2
L
6

L
6

L
6

Mp
2

P

L
3

L

L
3

Mp

Mp

L
3
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Problem 4.15 Using an upper bound approach, find the load P (expressed in
terms of mp, t, and L) for the yield line plastic mechanism shown in the figure.
Note that P is a concentrated load applied at the center of the plate and perpendicular to it. The plate is isotropic and fixed on all edges; its thickness is t
and its plastic moment per unit length is mp.

L
45°

L

Problem 4.16 Using an upper bound approach, find the load P (expressed in
terms of mp, t, and L) for the yield line plastic mechanism shown in the figure.
Note that P is a concentrated load applied at the center of the plate and perpendicular to it. The plate is isotropic and fixed on all edges; its thickness is t
and its plastic moment per unit length is mp.
(a) Derive an expression for the general case of an n-sided plate.
(b) Compare the solution in (a) with the result for Problem 4.15.
(c) Derive an expression for the case n = ∞.
Recall that for small angles, tan x ≈ x + x3/3 + 2x5/15.

L
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Determine the uniformly distributed load, w (in kips/in2), that
can be applied on that 0.5 in thick steel plate for the assumed yield line pattern shown here. Make sure to use compatible units. (Beware that plate size is
shown in feet on the sketch.)

Problem 4.17

10'

45°

10'

Problem 4.18 A steel cruiser ship has been entirely constructed of steel plates.
One 9-ft × 7-ft room has a 2-in-thick steel floor. This steel plate is fully fixed on
three sides, and completely free on the other side.
Determine what is the largest partition load, pa (in kips/in), that could be
applied on that plate, if that partition load is located as shown in the figure, and
if no other loads are applied on that plate. This determination is to be based on
a yield line analysis using the upper bound method. Note that a partition-load
is essentially a line load.
(a)	Calculate this maximum partition load, for the yield line pattern
shown.
(b)	Indicate if the value calculated in (a) is “conservative” or “unconservative.” Explain why in a few sentences.

4'

3'

Pa

4'
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Problem 4.19 A series of triangular plates, fixed at their base and pinned at
their top (as shown below) are subjected to a lateral load. What is the plastic
strength of the system, P, as a function of the other parameters shown on that
figure.
P

L

Side view
(n plates)

b
Front view
(typical plate)

Problem 4.20 Determine the required angle thickness, t, to resist the moment,
M, applied to the bolted‑angle connection shown below using plastic analysis/
yield line theory.

L

s
M

d

Problem 4.21
(a) What is the uniqueness theorem?
(b) What is a structure with an overly complete collapse mechanism?
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CHAPTER

5

Systematic Methods
of Plastic Analysis

T

he examples of combined plastic mechanisms presented in
Chapter 4 show that the challenge in analyzing complex structures lies in finding the collapse mechanism that will give
the true (unique) plastic collapse load. Systematic methods of plastic
analysis are therefore needed to efficiently identify this correct mechanism. A number of such methods have been developed in the past,
and two are reviewed in this chapter: direct combination of mechanisms, which is more suitable for hand calculation, and the method of
inequalities, more suitable for linear programming. However, in
both these methods, knowledge of the number of basic mechanisms
present in a given structure is imperative for a successful solution
search, and this topic is therefore presented first.

5.1

Number of Basic Mechanisms
Four basic mechanism types were identified in the previous chapter:
• Beam
• Panel
• Gable
• Joint
In any given structure, the first task in systematic plastic analysis is
to locate and identify those basic mechanisms. To provide some assistance in that endeavor, it is worthwhile to formalize the relationship
between the degree of indeterminacy of a structure, X, the number of
potential plastic hinge locations, N, and the number of possible basic
mechanisms, n. This is accomplished by the following equation:
n=N-X

(5.1)

Figure 5.1 illustrates how this equation can be used. Note that the
same single-bay moment-resisting frame is used throughout the
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Figure 5.1 Examples of identification of basic mechanisms for a simple frame indeterminate to the first degree.
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Case 2

Case 1

N=3
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N=2
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example shown in that figure. Simple observation reveals this frame
to be indeterminant to the first degree, X = 1. Using the knowledge
developed in Chapter 4, one can identify the number of potential plastic
hinge locations, N. Cases 1 and 2 in Figure 5.1 illustrate that it doesn’t
matter whether one considers only one plastic hinge at each corner of
that frame or two (i.e., one at the end of each member framing into the
joint). Case 1 is a simplified version of Case 2 in which the joint mechanisms have been implicitly considered. In Case 1, the engineer must
determine whether the flexural capacity at the corner joint is equal to
the plastic moment of the column or the beam, whereas the more explicit
approach used in Case 2 systematically manages this information.
For hand calculations, the approach of Case 1 is recommended
when only two members frame into a joint, and the approach of Case 2
must be used at all joints in which more than two members meet (as
shown in Figures 5.2 and 5.3). Real hinges (such as at the base of the
frames in Figure 5.1) are never included in the value of N because
they cannot do plastic work. Note that the number of potential plastic
hinge locations is also a function of loading, as shown by a comparison of Cases 2 and 3 in Figure 5.1.
Once the number of basic mechanisms is known, judgment is
often necessary to identify these possible mechanisms. Although it is
straightforward to find the 16 basic mechanisms in Figure 5.2, more
complex structures, such as the one shown in Figure 5.3, can be more
challenging. Note that for the panel mechanisms in those two figures,

Beam mech. (typ.)
Joint mech. (typ.) X1 X2

X4 X5

X7

N = 34

X8

X3

X6

X9

X10 X11

X13 X14

X16 X17

X12

X15

X18

X = 18

N = 34
X = 18
n = 16 = 6 Beams, 7 joints, and 3 panels

Figure 5.2 Examples of identification of basic mechanisms for a three-story frame
loaded as shown.
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Joint mech. (typ.)
Beam mech. (typ.)

N = 33
X = 18
n = 15 = 4 Beams, 6 joints, 1 gable, and 4 panels

Figure 5.3 Examples of identification of basic mechanisms for a three-story
frame loaded as shown.

the floors above the story displacing laterally move rigidly with the
displacing floor; the characteristic of this approach is that a single
“panel level” is distorted as a parallelogram for each mechanism. An
alternative approach consists of preventing all parallel members from
moving except the one being displaced for the panel mechanism considered (as done for the rightmost case in Figure 5.4); the characteristic

3
N = 16

N = 16
X=9
n=7

3

3

X=9

or
= 4 Joints, 2 beams, and 1 panel

= 4 Joints and 3 panels

Panel

Panel

Beam

Panel

Beam

Panel

Figure 5.4 Examples of basic mechanisms identification for a Veerendel truss.
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of this approach is that only one line of structural members sways
for each mechanism. Both approaches are fine, but mixing together
cases from both approaches is not recommended, being often a
source of confusion (i.e., double-counting some panel mechanisms
and missing others).
In some cases, the mechanism identification procedure can be
subjective because two (or more) different sets of basic mechanisms
can be obtained for the same structure. This is illustrated for the
Veerendel truss in Figure 5.4. The basic mechanisms constitute only
the building blocks for systematic plastic analysis, so any appropriate
set of basic mechanisms will eventually lead to a correct solution
(although the length of the “path” toward that goal may vary).

5.2

Direct Combination of Mechanisms
The direct-combination-of-mechanisms method is a systematic extension of the upper bound method presented in the previous chapter.
In the upper bound method, various basic and combined mechanisms
are added or subtracted by trial and error until the mechanism
having the lowest plastic collapse load is found. By virtue of the
uniqueness theorem, this calculated collapse load is the true solution
if it also produces a statically admissible moment diagram.
Therefore, in this method, the search for the plastic collapse load
proceeds through systematic combinations of mechanisms to either
increase the external work or decrease the internal work. A tabular
procedure is adopted to keep a manageable record of basic mechanisms and previously attempted combinations as well as to facilitate
the identification of those combinations that can be best combined.
This systematic tabular approach is best described through the use of
examples.

5.2.1

Example: One-Bay, One-Story Frame

The one-bay, one-story frame previously analyzed in Chapter 4 with
a trial-and-error approach (see Figure 4.11) is considered here for the
case a = L/2. Obviously, a systematic method of plastic analysis is not
necessary for such a simple example, but the objective at this point is
to illustrate how to use the tabular procedure; additional complexities at this early stage would only detract from this goal.
First, in this systematic method, an arbitrary sign convention
must be adopted. It is expedient to draw a dotted line along the frame
members to visually define the adopted sign convention, as shown in
Figure 5.5; moments and rotations are positive when they produce
tension on the side of structural members adjacent to the dotted lines.
Other sign conventions are possible (such as tracking clockwise and
counterclockwise plastic hinge rotations) but not used here. Then,
one establishes the number of basic mechanisms for the structure
using the procedure described in Section 5.1.
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P

H = P/2 B

D
C
h=L

MP
A
For sign
convention

N=5
X=3
n=2

θ

θ
2θ

β

β

β

β

E
L/2

L/2

I. Beam

II. Panel

L

Schematic of combined mechanisms

I + II (Beam + Panel)

II – I (Panel – Beam)

Figure 5.5 One-bay, one-story frame example.

With this information, the general layout of the table needed
for the structure under consideration can be drawn, as shown in
Table 5.1. In this example, there are five potential plastic hinge
locations and the structure is indeterminant to the third degree,
producing two basic mechanisms: one beam and one panel, as shown
in Figure 5.5. Note that the sign of the plastic rotations is retained
with the plastic hinge data in Table 5.1. Also, for the sake of clarity,
basic and combined mechanisms are separated in this table.
The characteristics of the previously sketched basic mechanisms
are first entered in this table. Normalized coefficients are used as
much as possible for clarity and to expedite the mechanisms combination process. For each mechanism, the internal work that develops
at each plastic hinge location is inventoried under Plastic Hinge Data.
Thus, one can directly obtain the total internal work corresponding to
any given mechanism by adding the absolute values of the plastic
hinge data across a row of the table. For structures composed of more
than one section shape, each member would have a different plastic
moment. The plastic hinge data therefore simultaneously accounts for
the magnitude of the plastic rotation (b q) and plastic moment (a Mp),
as shown in the header of Table 5.1.
One should always draw rough sketches of all mechanisms (using
the tabulated plastic hinge data) to keep track of the physical meaning of each combination. The total external work should always be
computed directly from these sketches. For small structures, the
rough sketches can be inserted directly into the table.
Once the basic mechanisms have been logged, one must search
for combinations that minimize the internal work, maximize the
external work, or do both. The tabular format presented here facilitates the identification of combinations that will result in the cancellation of plastic hinges (i.e., reduction of internal work). In this simple
example, the number of possibilities is limited. The two basic
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Plastic Hinge Data (`Mp)(ap)/(Mpp)

6

6

4

0

1.0

0.5
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Wi /Mpp
4
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Table 5.1 Systematic Direct Combination of Mechanisms for One-Bay, One-Story Example (Figure 5.5)
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mechanisms are first directly combined by simple addition, column
by column, of the normalized plastic rotations listed in the respective
rows of Table 5.1 corresponding to these two basic mechanisms. Then,
these are subtracted to demonstrate that some combinations do not
progress the solution. Inspection of the sketches of the mechanism
reveals that subtracting the beam mechanism from the panel mechanism reduces the amount of external energy.
For each combination, the corresponding plastic collapse load
must be calculated from the ratio of the internal work to the external
work because these results from separate rows in Table 5.1 are not
additive. Whenever one believes that the lowest plastic collapse load
has been found, the resulting moment diagram should be drawn.
A statically admissible moment diagram will reveal that the true
solution has been found, whereas, in the alternative, the resulting
diagram will indicate where plastic hinges should develop and thus
provide guidance for the most promising subsequent combination.

5.2.2

Example: Two-Story Frame with Overhanging Bay

The two-story frame with an overhanging bay, shown in Figure 5.6, is
analyzed to illustrate how to combine mechanisms in a more general
P

P

P

P

P
L

V

Panel 1

VI

Panel 2

P

VII

Panel 3
15

Sign
convention

L

L/2 L/2

L

L

7

9

5

8

10

16
3

L/2 L/2

4

VIII
X
14 15 17 18

13

16

III
4
VIII

5 6 7

3

I
1

X

IX

19

IV
XI = V + VI

9 IX

8

17

11
10
II

XII = XI + VIII + IX

XIII = XII + VII

12

2

XIV = XIII + X
N = 19
X=9
N = 10 = 4 Beams, 3 joints and 3 panels

XV = XIV + beams

XVI

Figure 5.6 Two-story frame with an overhang example for application of direct
combination of mechanism method.
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situation. Per the systematic methodology presented in the previous
example, a sign convention is selected, the potential plastic hinge
locations are determined, and the basic plastic mechanisms are
identified. The layout of Table 5.2 is then established, and the plastic
collapse loads for each basic mechanism are calculated. Note that
joint mechanisms are used only to eliminate internal work: therefore,
no external work or plastic collapse load is calculated for those mechanisms. Also, when single hinges are used in joints connecting only
two members (such as for hinges 12, 13, and 19 in this example), the
dotted line indicating the sign convention must extend continuously
across such joints to avoid possible confusion (as would have been
otherwise the case for hinge 12 here)
There is no single strategy to find the combined mechanism that
will produce the lowest plastic collapse load because the particulars
of a given problem will suggest different approaches. (In fact, even
for a given structure, different engineers may adopt different search
sequences.) Here, results for the basic mechanisms indicate that the
panel mechanisms produce the largest amount of external work, the
lowest plastic collapse load being that of mechanism VI. Therefore, as
an arbitrary starting point, one could first try to combine some panel
mechanisms to increase the amount of external work. However, as
shown by the combination of mechanisms V and VI (noted XI
in the table), this also results in significantly more internal work
because the plastic hinges of the two mechanisms are additive. This,
as well as the sketch of this first combination, suggests that joint
mechanisms must be introduced to reduce internal work. A combination of mechanisms V, VI, VIII, and IX is attempted (mechanism XII),
but only one plastic hinge is eliminated in the process.
Examination of the results so far reveals that adding panel 3
would reduce the amount of internal work (trading hinges 10, 17,
and 12 for 19) and increase the amount of external work. This is tried
with mechanism XIII, which gives the lowest value of the plastic
collapse load at this point. As examination of that mechanism in
Figure 5.6 suggests, adding mechanism X removes one further plastic
hinge (mechanism XIV) and gives a lower value for the collapse load.
Mechanism XV investigates if the additional external work produced
by the beam mechanisms exceeds the extra internal work thus introduced; the resulting plastic collapse load is found to be higher than
for mechanism XIV. Although one could attempt some additional
trial combinations if deemed necessary (such as mechanism XVI in
Figure 5.6), it appears that no other combination of mechanisms
would provide a lower value for the plastic collapse load. The moment
diagram for mechanism XIV (not shown here) is found to be statically
admissible confirming that the true solution has been found.
As demonstrated by the above examples, without engineering
judgment, the direct combination method, even using a systematic
procedure, can rapidly become excruciatingly laborious as structural
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Table 5.2 Systematic Direct Combination of Mechanisms for Two-Story Frame with an Overhanging Bay (Figure 5.6)
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complexity grows. Partly for that reason, the method presented in the
following section, although nearly suitable only for implementation
in computer programs, is preferable when one is dealing with
extremely large problems (or for small problems whenever one is
ready to trade control against expediency, reserving engineering
judgment for the task of checking the validity of the generated
computer results).

5.3

Method of Inequalities
Although the systematic method of plastic analysis formulated in the
previous section can also be computerized, the most computationally
efficient solution procedure for plastic analysis is the method of
inequalities, based on a matrix formulation of the lower bound
method. However, because formal presentation of this mathematical
procedure would be abstract, an example is presented instead to
illustrate how a systematic lower bound method can proceed from
the method of inequalities.
Considering the small size of this example problem, the corresponding amount of computations necessary for the solution presented hereafter may appear excessive, particularly when one can
find the correct answer within minutes and with a minimum of
calculations by using the graphical approach presented earlier.
Nonetheless, the principal objective here is to illustrate how a
systematic computerized procedure can be designed to automatically
converge to the correct solution. In the process, for further clarity,
expanded equations instead of matrix notation have been used (the
matrix methods implemented in computer programs being too
numerically intensive for hand calculations).
The frame considered in this example is shown in Figure 5.7,
along with the four potential plastic hinge locations corresponding to
the loading condition. Given that this frame is indeterminate to the
second degree (x = 2), it is possible to express the moments at each of
the potential plastic hinge locations as a function of any two arbitrarily
selected redundant forces. The chosen sign convention, indicated by
the dotted line, is drawn along the frame members in Figure 5.7. In
this problem, the two reactions at the right support are selected as the
redundant forces, and a set of equations can be written for the moment
at the potential plastic hinge locations as a function of these forces.
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Figure 5.7

Resulting moment diagram

Frame example of the method of inequalities.

This set of four equations cannot be solved because it contains six
unknowns (four moments and two redundant forces). However, one
can eliminate the two redundant forces using algebraic manipulations and substitutions. As a result, the above system of equations is
reduced to the following two equations and four unknowns:
-M2 + 2M3 -M4 = 2FL

(5.3a)

-M1 + M2 -M4 = 6FL

(5.3b)

Note that these two equations represent two equilibrium equations for this structure. Incidentally, one can obtain the same two
equations, with much less difficulty, by writing the virtual-work
equations for the two basic mechanisms of this structure. Hence, for
the basic beam and the panel mechanisms shown in Figure 5.7, equating internal and external work (Chapter 4) gives:
-M2q + 2M3q - M4q = 2FLq

(5.4a)

M2q - M1q - M4q = 6FLq

(5.4b)

from which the q s can be eliminated. This should not be surprising
because, in essence, work equations are also equilibrium equations.
However, for these basic mechanisms, the hinge moments, Mi, are
expressed not in terms of Mp , but rather as unknowns whose values
remain to be determined. For large structural systems, this approach
to obtain a set of equilibrium equations is preferred because it is
considerably easier to write virtual-work equations for a number of
basic mechanisms than equilibrium equations in terms of redundants.
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Nonetheless, at this point, the above remains a system with more
unknowns (four) than equations (two). However, within the context
of plastic design, a solution is possible because additional constraints
exist that limit the magnitude of moment at each potential plastic
hinge as follows:
-Mp ≤ M1 ≤ MP

(5.5a)

-Mp ≤ M2 ≤ MP

(5.5b)

-Mp ≤ M3 ≤ MP

(5.5c)

-Mp ≤ M4 ≤ MP

(5.5d)

In practical situations, the plastic moments would likely differ at the
different plastic hinge locations; different positive and negative values
of plastic moment are even possible at a given location for composite
structures. However, for this example, a single value of plastic moment
is assumed throughout the entire frame for the sake of simplicity.
The above equilibrium equations and inequality relationships,
coupled with the knowledge that a lower bound approach is a search
for the largest possible applied loads (while respecting all above
equalities and inequalities), make possible a solution to this problem.
The algorithm to achieve such a solution typically uses the equilibrium equations and the inequality conditions to systematically
eliminate the unknowns, one by one, performing all possible crosscomparisons of inequality equations in the process, until all remaining equations are expressed in terms of known quantities. One can
then find the largest possible value for the applied loads (often
expressed as a function of a common load, F) simply by scanning all
resulting inequalities. The largest value of F that satisfies all resulting
constraints gives the collapse load.
For the example at hand, the equilibrium equations are first used
to express two of the remaining unknowns in terms of the others:
1
M3 = FL + ( M2 + M4 )
2
	 M1 = - 6FL + M2 - M4

(5.6a)
(5.6b)

These results from the equilibrium equations are then substituted
in the appropriate inequalities:
- Mp ≤ - 6FL + M2 - M4 ≤ Mp

(5.7a)

- Mp ≤ M2 ≤ Mp

(5.7b)

1
	  - Mp ≤ FL + ( M2 + M4 ) ≤ Mp
2
- M p ≤ M4 ≤ M p
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From this point on, further elimination of unknowns through the
inequality relationships proceeds by construction of all possible inferences from the inequality set. For example, to eliminate M2 from the
inequality set, all inequality equations that contain M2 must be rearranged to isolate that term within the inequalities. This gives:
- Mp ≤ M2 ≤ Mp

(5.8a)

- 2 Mp - 2 FL - M4 ≤ M2 ≤ 2 Mp - 2 FL - M4

(5.8b)

- Mp + 6 FL + M4 ≤ M2 ≤ Mp + 6FL + M4

(5.8c)

Then the left side of the inequalities given in Eq. (5.8) is systematically compared with the right side of the same inequalities.
More explicitly, the left-side inequality of Eq. (5.8a) is compared with
the right side inequalities of Eqs. (5.8a), (5.8b), and (5.8c); the left-side
inequality of Eq. (5.8b) is compared with the same three right-side
inequalities; and finally, the left side of Eq. (5.8c) is similarly compared. This gives:
- Mp ≤ Mp

(5.9a)

- Mp ≤ 2 Mp - 2 FL - M4

(5.9b)

- Mp ≤ Mp + 6FL + M4

(5.9c)

- 2 Mp - 2 FL - M4 ≤ Mp

(5.9d)

- 2 Mp - 2 FL - M4 ≤ 2 Mp - 2 FL - M4

(5.9e)

- 2 Mp - 2 FL - M4 ≤ Mp + 6 FL + M4

(5.9f)

- Mp + 6FL + M4 ≤ Mp

(5.9g)

- Mp + 6FL + M4 ≤ 2 Mp - 2 FL - M4

(5.9h)

- Mp + 6FL + M4 ≤ Mp + 6FL + M4

(5.9i)

Equations (5.9a), (5.9e), and (5.9i) are automatically satisfied. Then,
by finding matching pairs, one can write Eq. (5.10a) [from Eqs. (5.9c)
and (5.9g)], Eq. (5.10b) [from Eqs. (5.9b) and (5.9d)], and Eq. (5.10c)
[from Eqs. (5.9f) and (5.9h)] as follows:
- 2 Mp - 6 FL ≤ M4 ≤ 2 Mp - 6 FL

(5.10a)

- 3 Mp - 2 FL ≤ M4 ≤ 3 Mp - 2 FL

(5.10b)

3
3
- Mp - 4FL ≤ M4 ≤ Mp - 4 FL
2
2
- M p ≤ M4 ≤ M p
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By repeating the above process to eliminate M4, that is, by systematically comparing each left side of the inequalities given in Eq. (5.10)
with the corresponding four right sides of the same set of inequality
equations, one obtains the following set of 16 inequalities:
- 2 Mp - 6FL ≤ 2 Mp - 6FL

(5.11a)

- 2 Mp - 6FL ≤ 3 Mp - 2 FL

(5.11b)

3
M - 4FL
2 p
- 2 Mp - 6FL ≤ Mp

(5.11d)

- 3 Mp - 2 FL ≤ 2 Mp - 6FL

(5.11e)

- 3 Mp - 2 FL ≤ 3 Mp - 2 FL

(5.11f)

- 2 Mp - 6FL ≤

- 3 Mp - 2 FL ≤

3 Mp

2
- 3 Mp - 2 FL ≤ Mp
-

3 Mp
2
3 Mp
2
3 Mp
3 Mp
2

(5.11g)
(5.11h)

- 4FL ≤ 2 Mp - 6FL

(5.11i)

- 4FL ≤ 3 Mp - 2 FL

(5.11j)

- 4FL ≤

2

- 4 FL

(5.11c)

3 Mp
2

- 4FL

(5.11k)
(5.11l)

- 4FL ≤ Mp
- Mp ≤ 2 Mp - 6FL

(5.11m)

- Mp ≤ 3 Mp - 2 FL

(5.11n)

- Mp ≤

3 Mp
2

- Mp ≤ Mp

- 4FL

(5.11o)
(5.11p)

By eliminating Eqs. (5.11a), (5.11f), (5.11k), and (5.11p), which provide no useful information, one obtains the following 12 inequalities
for F, respectively:
-
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5 Mp
4L
7 Mp
4L

≤F

(5.12a)

≤F

(5.12b)
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-

Mp

F≤
F≤
-

-

5 Mp
4L
9 Mp
4L

2Mp

≤F

L

F≤
-

≤F

2L

7 Mp
4L

9 Mp
4L

F≤

(5.12e)
(5.12f)
(5.12g)
(5.12h)

≤F

(5.12i)

8L

F≤

(5.12d)

≤F

5 Mp

F≤

(5.12c)

Mp
2L
2 Mp
L
5 Mp
8L

(5.12j)
(5.12k)
(5.12l)

The range of values of F that can satisfy all the above inequalities
is − Mp/2 ≤ F ≤ Mp/2, or in absolute value, F = Mp/2. From this result,
one can calculate the actual value of each previously eliminated
unknown by going in reverse through the elimination order. Hence,
one calculates M4 first by substituting the value for F into Eq. (5.10).
This gives, for the positive value of F (negative value would simply
give a reversed moment diagram):
(- 2 Mp - 3 Mp = - 5 Mp ) ≤ M4 ≤ (- Mp = 2 Mp - 3 Mp )

(5.13a)

(- 3 Mp - Mp = - 4 Mp ) ≤ M4 ≤ (2 Mp = 3 Mp - Mp )

(5.13b)

(- 1 . 5 Mp - 2 Mp = - 3 . 5 Mp ) ≤ M4 ≤ (- 0 . 5 Mp = 1 . 5 Mp - 2 Mp ) (5.13c)
- M p ≤ M4 ≤ M p

(5.13d)

These inequalities, in particular Eqs. (5.13a) and (5.13d), constrain
M4 to be equal to -Mp , which indicates presence of a plastic hinge at
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that location. Then, substituting this result together with the value of
F into Eq. (5.8) gives:
- M p ≤ M2 ≤ M p

(5.14a)





 1
 1
 - 2 Mp - 2  2 Mp - (- Mp ) = - 2 Mp ≤ M2 ≤  2 Mp = 2 Mp - 2  2 Mp - (- Mp )
		

(5.14b)





	  - M + 6  1 M + (- M ) = M ≤ M ≤ 3 M = M + 6  1 M + (- M )
p
p
p
2
p
p
p 
 2 p
 2 p





		

(5.14c)

From those inequalities it follows that M2 must be equal to Mp.
Finally, when one substitutes all previously obtained results into the
equilibrium equations, Eq. (5.6), the remaining two unknowns can be
calculated:
M3 =

1
1
1
M + ( Mp - Mp ) = Mp
2 p 2
2

 1
M1 = - 6   Mp + Mp - (- Mp ) = - Mp
2

(5.15a)
(5.15b)

These results indicate, according to the previously defined sign
convention, that the plastic collapse mechanism for this structure for
the given loading condition is the basic panel mechanism. The resulting statically admissible moment diagram is shown in Figure 5.7.
Formally, for any given structure, a computerized solution is possible provided that the following two mathematical constructions can
be formulated:
• A set of n = N − X equilibrium equations, obtained directly
from the basic independent mechanisms expressed in the
following matrix format:

	   c11
c
 21
c31


cn1
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c12
c22
c32

c13
c23
c33

cn 2

cn 3

M  k 
c14  c1 N   1   1 
k
M
c24  c2 N   2   2 
  M3   k3 
c344  c3 N  
 =  P
  M4   k 4 
    
cn 4  cnN  
MN  kN 

(5.16)
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• A series of N inequalities expressing the plastic moment constraints at each potential plastic hinge location, such that:
- Mp1 ≤ M1 ≤ Mp1
- Mp 2 ≤ M2 ≤ Mp 2

(5.17)


- MpN ≤ MN ≤ MpN
The matrix solution of this problem per the philosophy expressed
in the above example can be accomplished through use of the standard simplex method algorithm developed for multidimensional
optimization in linear programming (Cambridge 1992, Dantzig 1963,
Livesley 1975).

5.4

Self-Study Problems
Problem 5.1

Redo Problem 4.12 using the systematic approach of

Section 5.2.

Problem 5.2 For all the structures shown here (Cases A to G), use an upper
bound approach to find the maximum load, P, that can be applied. Make
sure to:
(a)	Determine the number of basic plastic collapse mechanisms and
sketch each one of them.
(b) Also clearly sketch all the combined plastic collapse mechanisms
considered in solving this problem.
(c)	Except for Case G, verify that the solution is statically admissible
and draw the corresponding moment diagram. Also show the value
and direction for all the reactions obtained in the process.

0.5L

P
P

0.5L

2MP
MP

0.5L

0.5L
Case A
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MP
0.5L
MP

P

0.5MP

2P
0.5L

2MP
L/3

2L/3

1.5L
Case B

P

2P

P

4MP

MP

2MP

5

MP

8

5

5

7.5

7.5

Case C
MP

0.5MP

MP

4MP

L

2P
3L

2MP
P

1.5L

1.5L
Case D
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2P

MP

2MP

2.5L
2MP
2.5L

3L

L

2L

Case E
P2

MP

P1
P3
6

MP/2

3

2

5
10
Case F

Note: For Case F, P1 = P, P2 = 2P and P3 = 1.5P:
P

2MP
2
P

MP

1.5MP
2
2MP

4MP

8

4

6
Case G

268

05_Bruneau_Ch05_p249-272.indd 268

6/11/11 2:44:35 PM

Systematic Methods of Plastic Analysis

269

Problem 5.3 For all the structures shown below (Cases A to C), assuming that
loads could be applied at any ends of any member and acting in any direction, but not within the span of any member, find the number of basic plastic
mechanisms, and sketch them. Here, it is not required to calculate the plastic
collapse load, but only to show the correct number of basic plastic mechanism
and sketch how these mechanisms would deform.

Case A

Case B

Case C
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Problem 5.4 For all the structures shown (Cases A to C), determine the number
of basic plastic collapse mechanisms, and sketch each one of them. Here, it is
not required to calculate the plastic collapse load, but only to show the correct number of basic plastic mechanism and sketch how these mechanisms
would deform.

Case A

P

P

P
P

Case B

  

Case C

Problem 5.5 For the structure shown below, use the upper bound theorem to
find the maximum load V that can be applied to this structure. First, draw a
sketch showing the plastic mechanism for each of the plastic mechanism that
would need to be considered for generic values of V and P. Then, solve for the
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case P = 0. Note that all beams have a strength of Mp, and all columns have a
strength of 3Mp.
For this problem, it is not required to check whether the solution is statically admissible.
P

V
3L

3Mp

Mp
5L
3Mp

6L

	  

Problem 5.6 For the structures shown below, all structural members have a
strength of Mp, except the rightmost column which has a strength of 0.5Mp.
(a)	Calculate the number of basic plastic mechanisms for the structure
shown in part (a) of the figure below. Draw a sketch showing the plastic mechanism for each of the basic plastic mechanism identified.
(b)	Calculate the number of basic plastic mechanisms for the structure
shown in part (b) of the figure below. Draw a sketch showing the
plastic mechanism for each of the basic plastic mechanism identified. Note that the only difference between the structures in parts
A and B of the figure below is that the two middle columns for the
structure in part B have hinges at their top and bottom.
(c)	For the structure shown in part (b) of the following figure, use the
upper bound theorem to find the maximum load V that can be
applied to this structure. For this problem, check that the solution
is a statically admissible solution.
3L

3L

3L

3L

3L

0.5Mp

V
3L

3L

3L

3L

0.5Mp

V
3L

4.5L

4.5L

All members Mp except
(a)
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4.5L

4.5L

All members Mp except
(b)
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Problem 5.7 For the structures shown (Cases A and B), only:
(a) D
 etermine the degree of indeterminacy of the structure shown.
(b) Determine the number of basic mechanisms, and illustrate them by
sketches.
P

P

Case A

Case B

Problem 5.8 Determine the plastic strength of the Vierendeel truss shown
below. All connections are moment resisting.
5P

1.5Mp
2Mp

3P

1.5Mp
Mp

1.5Mp
Mp

2Mp

L

1.5Mp
3@L = 3L
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6

Applications of
Plastic Analysis

P

revious chapters have demonstrated how the plastic collapse
mechanism for a given structure and set of loads can be determined. Although the techniques described in those chapters
are conceptually simple, computations can rapidly become tedious
when one is analyzing complex structures. Fortunately, from a design
perspective, engineers familiar with plastic-analysis concepts can
effectively couple this knowledge with the creative freedom of the
design process to eliminate many of these analysis complications. As
a result, many plastic-design tools can be, and have been, created.
These vary greatly from one application to the other because different
tools are needed for different tasks. In some, numerous plastic-based
design solutions can be rapidly developed and assessed. In other
cases, the engineer can decide a priori which specific plastic collapse
mechanisms are desirable and design the structure such that no other
failure mechanism can develop.
The number of applications using the plastic-design concepts has
grown considerably in recent years; only a sample of these can be
presented in this chapter wherein the concepts are stressed over the
details. More comprehensive examples are provided in the following
chapters in which emphasis is on the earthquake-resistant design of
ductile steel structures, which implicitly considers many of the concepts presented in this chapter.
Incidentally, for design, specified applied loads are multiplied by
load factors, and various load combinations must be considered. Currently, slight variations exist in the magnitude of those factors and the
required load combinations among the various international codes
and standards based on Limit States Design (LSD) or Load and Resistance Factor Design (LRFD). Although load factors have not been
used so far in this book to provide a broader presentation of concepts
untied to any particular code, it must be understood that they should
always be considered. Likewise, in a design process, the plastic
moments provided should always be slightly larger than the required
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values calculated by analysis. In compliance with the LRFD (and
LSD) philosophy, the required plastic moments should be reduced by
the appropriate resistance factor (typically expressed as φ). This will
be illustrated in the design examples provided in later chapters.

6.1

Moment Redistribution Design Methods
6.1.1

Statical Method of Design

Using the statical method to design continuous beams constitutes
one of the simplest possible applications of plastic analysis principles.
In the example shown in Figure 6.1, a four-span continuous beam
must be designed to resist a set of factored point loads identified to
constitute the critical load combination. As for most design processes,
many satisfactory solutions can be found.
If the beam is constrained to be one continuous member of constant cross-section over its entire length, the statical method [i.e.,
superposition of the moment diagrams for span loading (Figure 6.1b)
and redundants (Figure 6.1c) is schematically shown in Figure 6.1d]
indicates that the left span will reach its beam plastic collapse mechanism first. This solution is shown in Figure 6.1e. Systematically, one
could find this by expressing mathematically the statical moment
combination for each span, although spans visibly not critical need
not be checked. For example, for span AC, for the beam plastic collapse mechanism to form, considering all moments in absolute value,
the following expression can be written:
0 + Mp
MA + MC
+ MB =
+ Mp = 250 kN-m(184 kip-ft)
2
2

(6.1)

which gives Mp = 166 kN-m (123 kip-ft), or the minimum strength
that must be provided to resist the specified loads. Following the
same logic, Mp = 160 kN-m (118 kip-ft) would be obtained for span
CE. Spans EG and GI would not need to be checked because it can be
deducted visually from Figure 6.1e that they would not govern.
Therefore, a beam having a plastic moment of 166 kN-m would be
required as a minimum satisfactory design. This approach makes for
an expedient design process.
However, as a result of the above design, all spans except span
AC would be overdesigned, and it may be of interest to investigate
whether a minimum weight solution would provide much savings in
material. Although systematic optimum design techniques have been
developed for plastic analysis, these are beyond the scope of this
book. Nonetheless, using simple reasoning, one can find a more economical solution. Observation of the result previously obtained
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(a) Critical factored load combination
160 kN
100 kN

[m]

5

5
A

4

B

C
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50 kN

4

D

E
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6
F

7.5
G

7.5
H

I

(b) Statically determinate system

[kN-m]

250

187.5

240

320

+

(c) Redundant moments

MG

MC

MI

ME
0
(d) Total moment diagram

=

MC

250

320

(e) Constant moment capacity solution
MP
MP

MI
187.5

240

ME
320

250
MP

MG

ME

MI

MG

240

187.5
MP = 166 kN-m

MP

(f) Minimum weight solution - step 1
93.75

320

250
MP

ME

166

MP

93.75
187.5

240
MP

93.75

166

(g) Steps 2 and 3
166

MP
250
MP

166

126.6
320

173.4

93.75

93.75

240

187.5

126.6

93.75

Figure 6.1 Example of statical method of design using four-span continuous
bridge.

reveals that span GI would be the most severely overdesigned because
its statical moment is only 187.5 kN-m (138 kip-ft). Therefore, one
could focus initially on that span. Writing an expression similar to
Eq. (6.1), one finds a required plastic moment over span GI, MP−GI, of
93.75 kN-m (69.1 kip-ft) (Figure 6.1f). Note that because of the change
in cross-section over span GI, the maximum value of MG can now be
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only 93.75 kN-m. As a result, the required plastic moment capacity of
span EG is given by:
6
4

 10 ME + 10 MG + MF = 0 . 6 MP−EG + 0 . 4(93 . 75) + MP−EG

(6.2)

= 240 kN-m (177 kips-ft )
which translates into a required plastic moment over span EG, MP−EG,
of 126.6 kN-m (93.1 kip-ft). Repeating the process for span CE would
give:
 MC + ME 
166 + 126 . 6
+ MP−CE = 320 kN-m (2 3 6kips-ft)

 + MD =
2
2
		

(6.3)

and a required moment over span CE, MP−CE, of 173.4 kN-m (127.6
kip-ft). Although this required plastic moment exceeds the previous
value of 166 kN-m, an overall saving is achieved when the new weight
of the entire structure is compared with the previous solution (6.1g).
This optimization is somewhat academic, because many other factors
would need to be addressed in a practical design. First, no beam
would be spliced immediately over the support, and it may be more
economical to extend the heavier beams a short distance beyond the
supports, allowing for more efficient use of material at minimal extra
cost. Moreover, consideration would be given to fabrication costs,
maximum member length (for transportation logistic), and erection
costs. For those reasons, the optimization process illustrated is not
pursued further. However, the above concepts can be easily adapted
to address whatever practical considerations are encountered.
Note that for moment redistribution to occur, significant plastic
rotations need to develop at the plastic hinges. Therefore, it is important that only properly laterally supported compact sections be used
in all plastic design applications (which also requires braces at all
potential plastic hinge locations).

6.1.2 Autostress Design Method
The Autostress design method (ADM), which is an integral part of
the Load and Resistance Factor Design (LRFD) edition of the
AASHTO Bridge Design Code, is a relatively new design procedure
that recognizes the ability of continuous steel members to redistribute moments plastically. It takes advantage of the fact that a steel
structure will shakedown under a truck overload and thereafter
behave elastically over an extended range (the shakedown range, as
described in Chapter 4). In a less abstract way, the fundamental
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concept underlying the Autostress design method is usually explained
by the following analogy (e.g., Haaijer et al. 1983).
If a two-span continuous steel bridge girder could be lifted in
one piece and placed over three nonlevel supports, as shown in
Figure 6.2a, with the middle support higher than the two exterior
supports, the girder would bend under its own weight until it came
in contact with the three supports (Figure 6.2b). In the process,
given a sufficient difference in the height of the supports, the plastic moment of the girder would be reached at the middle support.
The resulting moment diagram is shown in Figure 6.2c.
This process is equivalent to introducing into the girder a residual moment diagram varying linearly from 0 at the exterior supports
to (Mp − ωL2/12), if the dead load could be removed, as shown in
Figure 6.2d (see Section 4.5). Upon first crossing of the maximum
overload across that bridge, additional plastic rotation will develop
over support C, but unloading and reloading will be elastic over an
extended range without further plastic rotations (Figure 6.2f). At that
point, the girder has shaken down according to the definition presented in Chapter 4.

Gap

(a)
A

B

C

D

E

(b)

MP

(c)

ωL2/8

M
MP Theory

Residual plastic moment
MP – ωL2/12 = MCR
(d)
Traffic overload
on left span

MP

Design

MP Effective

(e)
∆M
(f)

M < MP

θ

Kink

(g)

Figure 6.2

θP Effective

Illustration of the Autostress design method.
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However, it is necessary neither to place the girders on unequal
supports nor to jack up the middle support after construction (as
some astute engineers might propose) to reach the above shakedown
condition. In fact, no physical intervention is needed other than a
large traffic overload. Indeed, the plastic hinge at support C and an
equivalent residual moment diagram will automatically develop
once a live load sufficiently large to produce yielding at that location
occurs. The structure will then behave elastically until a larger load
occurs. That larger load will introduce some additional plastic rotations at point C and extend further the elastic range. Then all subsequent loads of equal or lesser magnitude will be resisted elastically.
The maximum load resistance will obviously be dictated by the plastic collapse mechanism that could be calculated by the methods
shown in Chapter 4. The term Autostress emphasizes that this plastic
moment redistribution occurs automatically.
Special design requirements must be satisfied to ensure that the
steel girders designed under the Autostress Design Method will have
sufficient plastic rotation capacity. Because most steel bridge girders
are generally noncompact shapes that do not meet the width-tothickness limits generally prescribed for plastic design, effective slenderness ratio and effective plastic moment concepts have been
derived and verified experimentally. A detailed review of these concepts is not presented in this book, but the underlying general ideas
are as follows:
• Noncompact steel beams will typically reach a maximum
strength smaller than their theoretical Mp because of local
buckling.
• The effective stresses at which local buckling of the flanges
and web initiates can be obtained by algebraic manipulations
of the design equations limiting width-to-thickness ratios.
• The ratio of the effective stress to the yield stress can be
calculated.
• This ratio multiplied by the theoretical plastic moment of the
cross-section defines an effective plastic moment used for
design.
These concepts have been proven to provide a satisfactory design
basis. Indeed, when a noncompact section is subjected to progressively increasing rotations, after reaching its maximum moment
(which is larger than the calculated effective plastic moment because
of strain-hardening and other factors), it slowly loses some flexural
capacity. An effective plastic rotation capacity for a given section can
therefore be defined as the point at which the descending branch of
its moment-curvature relationship crosses the effective plastic
moment defined by the above procedure (see Figure 6.2f); values
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obtained are typically greater than those required to achieve the
shakedown condition described earlier.
Finally, as shown in Figure 6.2g, a kink in the girders will obviously be introduced as a result of the overload and plastic hinge formation at point C. However, calculations and experimental results
confirm that this kink is small and unlikely to be visually perceptible
or felt by vehicles driving over the bridge.

6.2

Capacity Design
6.2.1

Concepts

The concept of capacity design is very important in earthquake engineering practice, and although a pure capacity design approach has
not been adopted in North America at this time, aspects of this philosophy are implicitly embedded in many code-detailing requirements (for both reinforced concrete and steel structures).
Capacity design was developed in the late 1960s in New Zealand
as an approach to resist the effects of severe earthquakes. In capacity
design, acknowledging that inelastic action is unavoidable during
severe earthquakes, the designer dictates where inelastic response
should occur. Such zones of possible inelastic action are selected to be
regions where large plastic deformations can develop without significant loss of strength; these regions are detailed to suppress premature undesirable failure modes, such as local buckling or member
instability in the case of steel structures. Then, one eliminates the
likelihood of inelastic action or failure elsewhere in the structure by
making the capacities of the surrounding structural members greater
than that needed to reach the maximum capacity of the so-called
plastic zone.
The classical example to explain this concept is the capacitydesigned chain (Figure 6.3). In this chain, one link is designed to
absorb a large amount of plastic energy in a stable manner prior to
failure (e.g., link 4). Therefore, the other links (e.g., 1, 2, 3, 5, 6, and 7)
can be designed without concern for plastic deformations, provided
their capacities exceed the maximum capacity of the plastic link, thus
avoiding the need for special detailing in all but one link.
Many other examples can be created based on the same philosophy. One such illustration of capacity design is shown in Figure 6.4.
There, a cantilever beam of total length L consists of a brittle segment
(such as a fiber composite material) of length a at the fixed end and a
ductile steel segment of length b. A traditional design approach
would require the use of large safety factors to provide protection
against failure of the brittle material. Alternatively, a capacity design
approach would aim at making the brittle material stronger than
needed to ensure that plastic hinging occurs first in the steel segment
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1

P

2

3

4

5

6

PMAX

7

P

PMAX = PY
Special plastic link
(only link requiring ductile detailing)

Figure 6.3

Illustration of capacity design principle.

Brittle
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a
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b
L

A
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C
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MP
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Desired failure mode

Figure 6.4 Illustration of an application of capacity design.
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MP

MP

MP

MP
MP = ZFY

Figure 6.5

Illustration of a capacity design application.

of the cantilever. Therefore, the moment resistance of the brittle segment would only need to exceed:
 L
MBRITTLE ≥ α   MP-STEEL
 b

(6.4)

where all parameters are defined in Figure 6.4, and α is a number
greater than 1.0 to account for the possible reserve strength of the
steel cantilever beyond its nominal yield strength.
Clearly, capacity design is deeply rooted in plastic analysis and
design. In theory, once a fully plastic state (also known as a plastic
collapse mechanism) has been reached, no additional force can be
imparted to the structure, and as a result, regions outside the critical
plastic locations are protected against the effects of additional loading. For the small one-bay moment frame shown in Figure 6.5, if the
plastic moment capacity of the beam is less than that of the columns,
yielding will occur only at the base of the columns and at the ends
of the beam. The rest of the structure is therefore certain to remain
elastic (Figure 6.5) and requires no special ductile detailing. Practically, this remains true, although some allowance (such as the α factor in the previous example) must be made for the statistical
variability of material properties (particularly the yield stress), the
possible development of strain-hardening in the critical plastic locations, dynamic-loading effects (i.e., strain-rate effects), and a few
other case-dependent factors.

6.2.2

Shear Failure Protection

Capacity design can be used to check the potential adverse impact of
nonstructural elements on key structural members. For example, in a
frame subjected to lateral loads, the shear force in columns can be
considerably larger than expected because of the presence of rigid
nonstructural elements not considered during the design process.
This is clearly illustrated in Figure 6.6, in which a rigid partial-infill
masonry wall restrains the elastic deformations of the steel columns.
As a result, the plastic hinges required in the columns to produce a
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Figure 6.6

Impact of rigid nonstructural elements on shear force in columns.

plastic collapse mechanism must relocate from the base of the columns to just above the infill where frame-action is unrestrained. A
higher lateral force, H, is required to develop the collapse mechanism,
and higher shear strength is required of the structural members and
the connections to ensure development of this ductile mechanism.
Mathematically, using simple free-body diagrams, the column shear
strength required to form plastic hinges in this frame with masonry
infill is:
V=

2 MP
h*

(6.5)

where h is the unrestrained column height, as shown in Figure 6.6.
This shear strength is h/h* more than the shear strength that would
have been sufficient to permit plastic hinges to form in the bare frame
without any infills, where h is the full column height.
Fortunately, contrary to reinforced concrete columns for which
this phenomenon has created a number of disastrous failures in past
earthquakes (referred to as “short-column” or “captive column” failures in the literature), steel columns usually have a constant shear
strength that is in excess of that required to form plastic hinges, and
to date, steel columns have not suffered the same fate as some reinforced concrete columns. However, designers should be aware of this
phenomenon and recognize instances in which it could lead to problems. For example, column splices located in such captive columns
could be damaged if they are designed without consideration of the
nonstructural walls.
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Figure 6.7 Examples of maximum shear force calculation in beams using capacity
design principles.

A similar strategy can be used to protect against shear failures in
gravity-resisting members. In this case, the effect of gravity loads
must be considered, as must the fact that positive and negative
moment capacities may differ (e.g., in composite constructions). This
is illustrated in Figure 6.7. For example, for a segment of beam
between two plastic hinges and subjected to a uniformly distributed
load, the gravity shear force diagram must be added to the shear force
diagram corresponding to the plastic moments, with the following
result:
Vleft = VgL + VMP =

ω L  MPR + MPL 
−

2 
L

Vright = VgR + VMP =

ω L  MPR + MPL 
+

2 
L

(6.6)

where all terms are defined in Figure 6.7.
Similar relationships could be derived for other loading distributions between the plastic hinges as shown in Figure 6.7.
Likewise, using these principles and the free-body diagrams presented in Figure 6.8, the maximum axial load that can be applied to
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Calculation of maximum axial force in columns using capacity design.

columns at story i of a multistory frame as a result of a sway-type
plastic collapse mechanism can be calculated as:
n 
n
L M
+ MPL−i  
ω
Cmax -i = ∑ [VgR -max -i + VMP -i ] = ∑  max -i +  PR−i
 
2
L

i 
i

Tmax -i

ω
+ MPL−i  
L M
= ∑ [VgL -min-i − VMP -i ] = ∑  min-i −  PR−i
 
L
2

i
i 
n

n

(6.7)

Compression is arbitrarily taken to be positive in that equation. An
understanding of the concept used to derive this equation matters
more than the equation itself. For example, the same approach could
be used to assess the impact of extreme load conditions, such as loss of
a column due to an explosion or other causes, as shown in Figure 6.9.

6.2.3

Protection Against Column Hinging

For many reasons, beam yielding is generally preferable to column
yielding, particularly in multistory frames (see Chapter 8). Beam
yielding greatly enhances the energy absorption capability of a structure because more plastic hinges are involved in the development of
the plastic collapse mechanism. This is illustrated in Figure 6.10. In
that example, for the same total roof displacement, the column plastic
rotation demand for the column-sway mechanism is approximately
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eight times larger than the beam plastic rotation demand for the
beam-sway mechanism, resulting in a greater risk of collapse because
of limits in the plastic rotation capacity of structural members (see
Chapters 8 and 15).
Although this philosophy, also known as “strong-column/weakbeam” design, has been widely accepted as desirable in reinforced
concrete structures, its implementation in structural steel design code
has met considerable resistance. In low-rise steel buildings, beams
are generally considerably deeper than columns, and the adoption of
such a philosophy may affect the economical balance between competing proposals in steel and other materials. However, many other
capacity design principles have found their way into steel design
codes and standards, as will be seen in subsequent chapters.

6.3

Push-Over Analysis
A push-over analysis is basically a step-by-step plastic analysis for
which the lateral loads of constant relative magnitude are applied to
a given structure and progressively increased until a target displacement is reached, while gravity loads are kept constant. Thus, as the
name implies, the structure is truly pushed sideways (or pushed
over) to determine its ultimate lateral-load resistance as well as the
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Earthquake
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for strain-hardening and
material properties
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MCol. bottom

Figure 6.10 Comparison of plastic collapse mechanism in presence (beam sway)
and in absence (column sway) of “strong-column/weak-girder” design philosophy.

sequence of yielding events needed to reach that goal, or the magnitude of plastic deformations at the target displacement. Originally,
engineers accomplished this by repeatedly running linear elastic
structural analysis computer programs, modifying the model of a
structure as necessary to account for the progressive appearance of
plastification at finite locations throughout the structure; nowadays,
many computer programs for nonlinear inelastic analysis explicitly
offer push-over analysis capabilities. As a result, the push-over analysis
method is relatively accessible and has been used in addition to conventional analyses to determine the ultimate capacity of important
existing structures, to validate proposed retrofit or design solutions,
to compare the ultimate capacity, and, to some extent, the ductility of
various design alternatives.
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Although, in principle, nothing precludes the extension of this
concept to conduct cyclic push-over analysis for a limited number of
cycles, this rapidly becomes excessively arduous even with the help
of computer programs for nonlinear inelastic analysis. Consequently,
nearly all practical applications of the push-over analysis so far have
considered monotonically increasing lateral loads. However, only a
limited amount of information can be extracted from noncyclic pushover analyses, and extrapolating the findings from those analyses
may lead to erroneous conclusions. The examples presented in the
subsections below have been constructed to illustrate some of these
limitations and risks of misinterpretation.
Finally, it must be recognized that the information acquired from
a push-over analysis is highly dependent on the lateral load distribution adopted (Lawson et al. 1994). Therefore, whenever the chosen
lateral load distribution is intended to capture the possible effects of
dynamic excitation, it may be wise to consider multiple lateral-load
distribution patterns.

6.3.1

Monotonic Push-Over Analysis

The three-story braced frame shown in Figure 6.11a was designed in
four different ways to resist a set of statically applied lateral loads.
First, a tension-only design was considered (Case I). In a tension-only
design approach, the braces in compression are ignored and the tension braces are designed to resist all the applied loads. Such braced
frame designs have been popular and are still used in nonseismic
regions to provide wind resistance.
In Case I, the brace slenderness ratio, KL/r, was limited to 200 and
300, as suggested by some buildings codes, for members in compression and tension, respectively. Therefore, double angles back-to-back
were chosen for the brace members.
In Case II, both the compression and tension members were
designed to resist loads. Design was governed by the compression
capacity of the brace members. As a result, bigger double-angle braces
were necessary to provide a satisfactory design.
In Case III, to reflect that some earthquake-resistant design
requirements restrict the maximum brace slenderness ratio to less
than for nonseismic applications, the frame was redesigned as done
for Case II but considering a maximum brace slenderness ratio of 110,
which is the limit permitted for seismic design by some codes for
steels having a specified yield strength of 300 MPa (43.5 ksi). As a
result, W-shapes were chosen for the braces of that frame.
Finally, in Case IV, a tension-only design without any brace
slenderness restrictions was undertaken, leading to braces made of
steel plate. Information on the four resulting designs is presented
in Table 6.1. In all cases here, the floor beams are joined to the columns using only shear connections (i.e., simply supported beams)

06_Bruneau_Ch06_p273-308.indd 287

6/13/11 3:13:47 PM

288

Chapter Six

(a)

(b)
345

3@3500

3

345

C

230

Cui = Cri /φ

3

230
2

2

1

1

115

115

[kN]
∆i1
(c)

σY = 300 MPa
2@4000

∆i2

∆i3
i = story number
φ = 0.9

T

[mm]
Ti = Tri /φ

(d)
α(345)
α(230)

α(345)
T3

C3

∆i4

α(230)

Inelastic models

(e)
C2

T2

T1

C1

V = α(1380)

α(115)

3000
Base shear (kN)

α(115)

Case I
Case II
Case III
Case IV

2500
2000
1500
1000

Design force level

500
0

0

10
20
30
Top story deflection (mm)

40

Figure 6.11 Monotonic push-over analysis examples on three-story braced frames
with braces having various slenderness ratios.

because nothing prevents this practice in some parts of North
America.
To simplify calculations, the inelastic models shown in Figures 6.11b
and c were adopted for the compression (C) and tension (T) braces,
respectively. Numerical values for the parameters of these models are
listed in Table 6.1. The trilinear compression brace model represents
the following states of behavior:
• Buckling occurs at a load of Cui, which corresponds to a maximum elastic axial compression shortening of Δi1.
• When axial shortening reaches a value of Δi2, a flexural plastic
hinge forms at the midlength of the brace as a result of the
compression load acting eccentrically on the member that has
buckled sideways.
• The axial strength progressively reduces to zero as a result of
large plastic deformations that develop at the brace’s
midlength, reaching zero when the corresponding axial
shortening reaches Δi3.
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918
860

674

167

764

916

2

1

916

764

458

485
774
932

2L125 × 125 × 13
2L150 × 150 × 13
2L150 × 150 × 16
2454

2014

1663
1036

860

539
2727

2238

1848

2238

1740

1020

115

114

138

114

112

193

3

3

2.3

3.1

3.1

1.3

764

916

2

1

916

764

458

693
800
958

W200 × 46
W200 × 52
W310 × 67

   0

   0

2

1

917

1833

1528

   0
   0
   0

Pl. 175 × 20
Pl. 300 × 20
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Table 6.1 Characteristics of Braced Frames Design for Push-Over Analysis Example
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Values for Δi2 were calculated by consideration of a simplified
brace model, and the values of Δi3 were arbitrarily set equal to twice
Δi2. Likewise, only the contribution of brace elongation/shortening to
the story drift is considered.
Push-over analysis was conducted to determine the base shear
strength, V, of each proposed design and to obtain some knowledge
of its ductile behaviors. Throughout this example, a factor α is used
to express the ratio of the calculated capacity over the specified design
loads. As shown in Figure 6.11d, all applied loads are scaled by this
same value of α. Note that although factored member strengths (φ =
0.9) have been used for design purposes, the ultimate resistances
(φ = 1.0) are used for all subsequent calculations in this section.
Therefore, α = 1.11 (i.e., 1/0.9) would correspond to a maximum base
shear force equal to that required by design. Numerical results for
the push-over analyses are presented in Table 6.2.
For Case I, the application of monotonically increasing lateral
loads reveals that buckling of braces at the third, second, and first
stories occurs sequentially and at loads much below those specified
(i.e., at values of α equal to 0.364, 0.883, and 0.939, respectively, all less
than 1.11). This is expected because the behavior of compression
members was disregarded during the tension-only design. Tension
yielding of a brace first occurs at the third story when α reaches 1.294.
At that point, the axial displacement in the compression and tension
braces (assuming the floor beams are axially rigid) is Δi4, and the axial
force in the buckled compression member equals Cui per Figure 6.11b
because Δi2 is larger than Δi4. However, as soon as Δi2 is exceeded,
both the force in the compression member and the shear strength of
the third story drop. A stable story mechanism develops when α =
1.11—that is, exactly at the design level.
For Case II, buckling of braces simultaneously starts at the first
and second stories (α = 1.124) and rapidly spreads to the third
story (α = 1.176). These events occur at loads slightly above the
design level. However, a significant strength capacity is available
beyond that point as a result of the design philosophy that considers the resistance of both the tension and compression members.
Loss of brace compression strength starts to develop (α = 1.733) at
the first and second stories when the axial displacement of these
compression braces exceeds Δi2. Because the tension brace in each
story is elastic at that displacement, with an axial stiffness greater
than the negative stiffness of the corresponding compression brace =
Cui/(Δi3 – Δi2), it can carry the loss in brace compression strength
for a given incremental lateral displacement. As a result, the lateral loads can be increased until the second-story tension brace
yields (α = 1.89). For displacements beyond this point, lateral load
resistance drops, and a plastic collapse mechanism develops at the
second story.
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C3

C2

C1

T3

Member Forces
(kN)
T2

T1

D3

D2

D1

Member
Deformation
(mm)
DTOT

Top Story
Lateral
Deformation
(mm)
Description of Event

539

539

1.89

1.47

646
   0*

860

429

777

1036

814

1190

1051

2289

2683

2238*
2238

2144

1790

Table 6.2 Push-Over Analysis Results for the Four Frames Considered

*Critical event at that step.

539

1.733

3.5

5.2

4.6

12.8

8.0

6.4*

Case II: Elastic Design Considering Tension and Compression Member Capacities
1.124
516
860*
1036*
515
859
1036
2.3
3.0
1.176
539* 860
1036
539
938
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2.3
3.3

6.7

8.0

30.6

28.2

23.1

11.9

3.4
6.4*

10.98

3.0

Mid-story mechanism
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Onset of C1 and C2’s
loss of compression
strength

Buckling at C3

Buckling at C2 and C1

Case I: Tension-Only Design With (KL/R) Limits of 200 And 300 for Compression and Tension Members, Respectively
0.364
167* 278
333
167
278
333
1.3
1.3
1.2
5.0
Buckling at C3
*
0.883
167
674
809
642
674
809
5.0
3.1
2.9
14.6
Buckling at C2
0.939
167
674
860*
693
759
860
5.4
3.5
3.1
15.9
Buckling at C1
1.294
167
674
860
1020*
1302
1512
8.0
6.0
5.4
25.8 to 26.6 Yield at T3
Onset of C3’s loss of
compression strength
1.11
   0*
674
860
1020
1022
1177 17.2
4.7
4.2
34.5
Top-story mechanism

`

Ratio of
Applied
Load over
Design Load
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8.0
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4.1

Table 6.2 Push-Over Analysis Results for the Four Frames Considered (Continued )

*Critical event at that step.

2100*

809

902

Case IV: Tension-Only Design Without (KL/r) Limits
1.14
   0
   0
    0
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1755
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1338

770

1.31
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   0*
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7.8

14.4

8.0

8.0
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7.1

31.6

29.6

25.6

Case III: Elastic Design Considering Tension and Compression Member Capacities and (KL/R) Limit Of 110
1.16
532
889*
1064*
532
887
1064 4.2
3.1
3.1
13.8
1.68
770* 889
1064
770
1676
2013 3.5
6.7
6.3
21.9
*
1.76
770
889
1064
843
1798
2162 3.8
7.2
6.8
23.6

`

Ratio of
Applied
Load over
Design Load

Top- and bottomstory mechanisms
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Mid-story mechanism
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compression strength
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Description of Event
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Structural behavior in Case III closely parallels that of Case II,
with the only notable difference being that buckling in the third story
is delayed with respect to that at the other levels. In Case IV, as a
result of the extreme brace slenderness ratios, buckling is immediate,
and tension yielding and plastic collapse mechanisms occur in the
first and third stories simultaneously (α = 1.14).
The base shear versus lateral displacement diagrams for each
of the four frames is shown in Figure 6.11e. These push-over analyses reveal that, for Cases II and III respectively, lateral forces 70%
and 65% greater than those considered during design are necessary
to trigger their collapse failure mechanisms, whereas Cases I and
IV have little (16.5%) or no reserve strength. Figure 6.11e also provides some evidence that Cases II and III have a relatively more
ductile behavior, with more plastic energy dissipated for a given
frame displacement.
The push-over analyses also exposed the lack of force redistribution in these frames; story plastic collapse mechanisms always
developed following tension yielding of the brace at a given story,
with Case IV being the only exception. In fact, analysis of braced
frames modeled using idealized pin-connections, as done in simplified truss models (and in this example), inevitably predicts the
development of a soft-story mechanism, as no greater lateral force
can be applied to the structure once brace yielding develops at a
given story (braces yielding over multiple stories being only possible if they start to yield at the exact same time, as in Case IV,
which is practically never the case). Yet, as described in Chapter 9,
distribution of brace yielding along the height of concentrically
braced frames is observed during earthquakes; this satisfactory
behavior develops because of the additional shear transfer mechanism provided by the continuity of columns in structural frames
(MacRae et al. 2004, MacRae 2010).
Attempts to extrapolate the results from this example beyond
the context of monotonic loading may lead one to erroneously
conclude that the more stringent member slenderness limits
imposed for seismic design provide no tangible benefit because
Case III exhibits less ductile behavior than does Case II. One could
also argue that Case IV is superior by virtue of it being the only
case for which a plastic collapse mechanism develops in two stories, with energy dissipation better distributed along the height.
Such conclusions are faulty because they address behavioral
aspects that are beyond the scope of the push-over analysis. Evaluation of the hysteretic energy dissipation merits of various
designs can be reliably supported only by results from cyclic
inelastic analyses, not by monotonic push-over analyses. Cyclic
push-over analysis, as a minimum, is needed to reveal the impact
of brace slenderness on hysteretic energy dissipation, as demonstrated in the next section.
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6.3.2

Cyclic Push-Over Analysis

Cyclic push-over analysis can be useful to investigate the cyclic
inelastic behavior of structures or subassemblies, particularly when
the intent is to investigate the impact of unidirectional energy dissipation mechanisms on structural response. For hand calculations,
simple element models and small structures are preferable.
Here, a few cycles of push-over analysis are used to illustrate the
detrimental impact of brace slenderness on seismic response. In this
example, a one-bay frame having X-braces with a large slenderness
ratio, KL/r, is analyzed (Figure 6.12a). Such braced frames are typical
of tension-only designs, as described in the previous example.
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Figure 6.12 Cyclic push-over analyses examples on a single-story braced frame
having slender braces.

06_Bruneau_Ch06_p273-308.indd 294

6/13/11 3:13:50 PM

Applications of Plastic Analysis

295

A reasonably accurate force-elongation model of very slender
braces can be constructed by assuming that:
• Elastic buckling of a brace occurs as soon as compression
forces are introduced in the brace.
• All buckling deformations are elastically recovered upon
unloading.
• Each brace behaves as an elasto-perfectly plastic material in
tension.
This example uses generic members that yield at forces and axial
deformations of 100 and 10, respectively (units are not needed). The
history of the cyclic displacement applied at the top of the braced
frame is shown in Figure 6.12b, along with the resulting forces and
deformations in braces A and B, respectively (Figures 6.12c and d).
One obtains the resulting force-displacement diagram of that braced
frame by combining the force-elongation contributions of each brace
as shown in Figure 6.12e. For the sake of clarity in parts c, d, and e of
Figure 6.12, many lines that should actually be superimposed have
been separated.
Walking step by step through the applied cyclic displacement
history, one observes that after the first yielding excursion and first
unloading, the brace member that yielded is now longer in its stressfree condition and must buckle when the frame returns to its initial
zero-deflection position. The second brace undergoes a similar process upon its first yielding and unloading. Hence, both braces
become buckled when the frame returns to its initial position. As
very slender compression braces provide little or no lateral resistance, the frame must drift until one member recovers all of its elastic buckling deformation before the structure can resist loads anew,
and it must reach its previous maximum drift before any new plastic
energy dissipation can take place. Therefore, when subjected to
severe cyclic loading or dynamic excitations such as those produced
by large earthquakes, this frame will progressively drift to very large
deformations if a given amount of plastic energy must be dissipated
during each cycle. This partly explains why brace slenderness ratios
have sometimes been limited to relatively low values in seismic
applications.

6.4

Seismic Design Using Plastic Analysis
Current design procedures recognize that structures cannot economically be designed to elastically resist the effects of earthquakes.
Therefore, inelastic response (i.e., plastification of structural members) will develop if an earthquake as large as anticipated by the
design procedures occurs. The role of the designer is to ensure that
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this plastification can develop in a stable manner without the risk
of structural collapse. Engineers may elect to forgo this requirement, but as a trade-off, they will have to absorb a code-specified
penalty of much larger required design forces. However, if a rare
and unusually intense earthquake occurs, one that is greater than
expected by the design code, structures that have been designed
for ductile response could have a significant advantage over those
that have not, despite the higher design forces considered in the
latter case.
A more comprehensive assessment of the philosophy of earthquake-resistant design is presented in Chapter 7. However, with an
appreciation that ductile structural systems are by far preferable to
nonductile systems in seismic regions, the following two chapters
address the behavior, design, and detailing of ductile braced frames
and ductile moment-resisting frames. It should transpire from the following that, to a large extent, satisfactory seismic performance can be
achieved through use of capacity, design principles, and good ductile
detailing practice.

6.5

Global versus Local Ductility Demands
The maximum inelastic demand on a cross-section, structural member, or complete system, is often expressed as a “ductility ratio,” μ,
obtained by normalizing the maximum demand by the corresponding one at the onset of yielding. For example, displacements ductility
is given by:
μ=

Δ max
Δy

(6.8)

where ∆max is the maximum displacement reached and ∆y is the yield
displacement. Values of μ greater than 1 imply plastic deformations.
The details of how this ductility ratio (a.k.a. ductility factor) is
used in seismic design will presented in the subsequent chapter.
Structural systems can be designed such that specially detailed structural elements are located in ductile frames that span the entire
height of a structure, or in a smaller number of strategically located
structural elements. In either case, it is important to recognize that
different types of ductility quantification exist and that they are not
linearly related to each other. The following sections illustrate two
such examples.

6.5.1

Displacement Ductility versus Curvature Ductility

As described in Section 4.1, the deformation of a partially plastified structural member can be obtained by double integration of
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the curvature along that member, which can be done rigorously
(but not necessarily easily) using either exact moment-curvature
relationships, such as those derived in Section 3.1.1 when available, or simplified approximations of the plastic curvature distribution. However, because deformations in the plastic range are
mostly due to the plastic hinges rotations, curvature ductility
increases faster than displacement ductility and the relationship
between the two ratios is nonlinear.
Various curvature distributions are considered here to illustrate
the relationship between displacement and curvature ductility for
the cantilever column shown in Figure 6.13. In all cases, displacement ductility for a lateral load applied at the tip of the cantilever is
given by Eq. (6.8), using the yield displacement of:
Δy =

Py L3
3EI

=

My L2
3EI

=

φ y L2
3

(6.9)

where the yield curvature, φy, is given by Eq. (3.4), valid only in the
elastic range. In some cases, to simplify calculations, the momentcurvature relationship is assumed linear up to Mp and a displacement
ductility of 1.0 is reached when ∆max = ∆p; when such a model is used,
Mp, φp, and ∆p are often relabeled My, φy, and ∆y respectively, but “yield”
in that case identifies the end of the elastic range on the idealized
moment-curvature relationship rather than the curvature at which
the yield strain is first reached on the cross-section. To avoid confusion, this is not done here.
The first case in Figure 6.13 illustrates the exact curvature distribution obtained using an elasto-plastic stress-strain model, and shown
previously in Figure 4.1. While convenient for simplified plastic analysis, this approach can be problematic as curvature asymptotically
approaches infinity as the moment approaches Mp. It is possible to
derive closed-form solutions that give the lateral deflection at the tip
of the cantilever by limiting the maximum curvature to arbitrarily
selected large values (such as 10φy, which corresponds to Mp for practical purposes), but the more direct approaches presented below are
satisfactory for the current purpose.
One approach is to add to the elastic results the contribution
from a concentrated inelastic curvature, of magnitude (φmax − φp),
acting over a plastic hinge length, Lp, as shown for the second case
in Figure 6.13. When this approach is used for reinforced concrete
members, the plastic hinge length is typically taken as half of the crosssectional depth. The corresponding deflection at the tip of the cantilever is:

Lp 
Δ max = Δ p + (φ max − φ p ) Lp  L − 
2
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where ∆p is given by Eq. (6.9), substituting Mp and φp for My and φy,
respectively. The corresponding displacement ductility is:

μ=

Δ max
Δp


Lp 
(φ max − φ p ) Lp  L − 
2
= 1+
φ p L2

(6.11)

3
and the corresponding curvature ductility, μφ, expressed as a function
of the displacement ductility, is:
μϕ =

φ max
(μ − 1)
= 1+
φp

Lp  Lp
3 1 − 
2L L

(6.12)

For a displacement ductility of 4, for plastic lengths equal to
5%, 10%, and 20%, the respective curvature ductility is 21.5, 11.5,
and 6.6, respectively with corresponding increases in strains
[which are linearly related to curvatures per Eq. (3.1)]. This
approach is typically used in analyses for reinforced concrete
and composite members (substituting φp by φy for the reasons
outlined earlier).
Deflections for steel members can be calculated using an idealized moment-curvature relationship accounting for strain-hardening.
For this third case, shown in Figure 6.13, curvature is assumed linear
up to Mp and φp, at which point it increases in a step up to a strainhardening curvature value of φsh, after which it is assumed to increase
proportionally to the moment, up to a maximum moment of Msh. The
plastic hinge length, Lpp, in this case corresponds to the strain-hardening range. The plastic zone that would correspond to the region of
My < M < Mp is conservatively neglected. For such a curvature diagram, the deflection at the tip of the cantilever is:

Lpp   (φ max − φ sh )Lpp  
Lpp 
Δ max = Δ Msh + (φ sh − φ p ) Lpp  L −
 +
  L −

2  
2
3 
		

(6.13)

where ∆Msh is given by Eq. (6.9) for the strain-hardened moment, Msh.
That moment can be obtained by cross-sectional analysis using the
idealized tri-linear stress-strain diagram shown in that figure, with a
stress-hardening modulus, Esh = E/75 (Byfield et al. 2005). For illustration purpose, for a maximum curvature of φmax = 1.5φsh, and a strainhardening curvature of φ sh = 10φ y, the maximum stress reached
is 1.067σy. From the resulting stress distribution (Figure 6.13), the
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strain-hardened moment can be calculated. For a rectangular crosssection, it is:
  d  1    d 1  d 
Msh = MP + 0 . 067 σ y b      2  −   
  2   3    2 3  6   
 bd 2 
σ = 1 . 04MP
= MP + 0 . 04 
 4  y

(6.14)

By similar triangles, the plastic length, Lpp, is equal to 0.04L. The
corresponding lateral deflection at the tip of the cantilever is:

0 . 04L
Δ max = 1 . 04Δ p + 8 . 5 φ y (0 . 04L)  L −

2 
 5φ y (0 . 04L) 
0 . 04L
+ 
  L −
 = 1 . 05φ y L2
2
3 

(6.15)

Dividing by the yield displacement (Eq. 6.9) gives a displacement
ductility of 3.18, reached for a curvature ductility of 15.
For a W-shape, following the same steps but assuming for expediency an idealized shape such that a strain-hardened moment of
1.067Mp is reached, the corresponding plastic hinge length is 0.067L
and the lateral deflection is 1.244φyL2, resulting in a displacement
ductility of 3.73 (for the same curvature ductility of 15).
Although the above approaches can be helpful to calculate strain
histories for low-cycle fatigue life calculations, recall that strains are
further magnified when local buckling develops at large plastic curvatures. For that reason, as described in subsequent chapters, plastic
rotation capacity has been frequently used to quantify the ductile
performance of steel members, rather than curvature.

6.5.2 Ductility of Yielding Link for Structural
Element in Series
A simple relationship between local and global ductility demands can be
formulated for a single-mass two-spring system (Figure 6.14), where a
“weak link” spring of initial stiffness, Kw, and a “protected” spring of stiffness, Kp, are connected in series. In a capacity design perspective, it is
assumed that the “weak link” spring exhibits elastic-perfectly plastic
(EPP) behavior and has a finite yield strength, Vw,y, smaller than that of the
“protected” spring. It is apparent, that the yield strength, Vy, of the system
is equal to Vw,y. The yield displacement, Δy, of the mass consists of the
local yield displacement, Δw,y = Vy/Kw, of the “weak link” spring and the
displacement contribution, Δp = Vy/Kp , of the “protected” spring:
Δ y = Δw,y + Δ p =
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Figure 6.14 Single-mass two-spring system: (a) initial position; (b) at yield;
(c) at maximum displacement; and (d) normalized local ductility demands.

It follows from the above definitions that Vy = Kw Δw,y = Kp Δp. If the
system undergoes inelastic deformations, the peak displacement,
Δmax, of the mass, consists of the peak displacement contributions,
Δw,max and Δp,max, provided by the “weak link” spring and the “protected” spring, respectively. Since the strength of the system is limited by Vy, the maximum displacement of the “protected” spring is
Vy /K p, and therefore:
Vy
Δ max = Δ w ,max + Δ p ,max = Δ w ,max +
(6.17)
K
p
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The local ductility demand, μL, for the “weak link” spring and the
global ductility demand, μG, for the system are defined by:
μL =

Δ y ,max
Δw,y

and

μG =

Δ max
Δy

(6.18)

Using these equations, for the case μG ≥ 1, the following relationship between local and global ductility can be derived (Alfawakhiri
and Bruneau 2001):
μ L = μ G + (μ G + 1)

Δp
Δw,y

= μ G + (μ G + 1)

Kw
Kp

(6.19)

Figure 6.14 shows plots of the normalized local ductility demands,
μL/μG, for several values of μG. It illustrates that the local ductility
demand is larger than the global ductility demand for any nonzero
positive finite value of Kp. If the “protected” spring is infinitely rigid
(Kp = ∞), then μL= μG. Similar equations to accommodate any number
of “protected” springs in series, with or without strain-hardening of
the yielding spring have been also presented by Alfawakhiri and
Bruneau (2001).
The above relationship between local and global ductility is integral to the design requirements for ductile end-diaphragms in slab-ongirder bridges (AASHTO 2009), in which yielding diaphragms inserted
in the steel superstructure of a slab-on-girder bridge are designed to
exhibit ductile behavior and dissipate energy during earthquakes while
protecting a stiff but nonductile substructure (Zahrai and Bruneau
1999a, 1999b). A similar concept relying on ductile cross-frames along
the two load-paths traveled by seismic forces in deck-trusses bridges
(Sarraf and Bruneau 1998a, 1998b) has been implemented as part of the
seismic retrofit of the third-longest cantilever truss span in the world,
located in Osaka in Japan (Kanaji et al. 2005).
Similar relationships between local and global ductility in slabon-girder bridges also have been derived for the case when considerable superstructure flexibility in the horizontal transverse
direction is encountered, such as in relatively narrow (slender in
plan view) spans of highway or railroad bridges for which the
assumption of infinitely rigid superstructure cannot be justified
(Alfawakhiri and Bruneau 2001).

6.6

Displacement Compatibility of Nonductile Systems
When ductile and nonductile structural systems are configured to act
like springs in parallel (rather than springs in series as was the case in
Figures 6.3 and 6.14), the nonductile structural elements will undergo
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the same displacements as the ductile ones, as shown in Figure 6.15.
However, when the nonductile elements are not designed and
detailed to tolerate large displacements without loss of strength, care
must be taken to either limit the displacement demands, prevent nonductile failures, or ensure that such failures are of no consequences.
For the schematic structure in Figure 6.15, Frame A performs satisfactorily, not yielding when the lateral load resisting system (Frame B)
reaches it maximum displacement demand, Δmax, contrary to Frame C
which fails in a brittle manner.
In that perspective, columns of a building frame that are only
designed to carry gravity loads, as well as their splices and connections, must retain their integrity when displacing laterally together
with the ductile lateral load resisting system; even if not intended to
resist lateral loads, as a result of compatibility of deformations at the
floor levels, all columns and frames displace laterally and resist lateral
loads proportionally to their stiffness. Avoiding stiff elements in a
gravity frame is one approach to safeguard against undesirable failures, together with ensuring its elastic response up to the large displacements reached when the lateral load resisting system reaches it
maximum ductility demand. For the same reason, stiff cladding or
nonstructural walls should be designed to allow unrestrained sway of
the entire framing system, such that deformations of the ductile frames
do not impose distortions and forces on the cladding and walls.

6.7

Self-Study Problems
Problem 6.1

A two-story concentric braced frame is to be studied using a
displacement response history analysis method (i.e., push-over analysis using
plastic analysis). The intent here is to compare the behavior of two structures
under the following assumptions. Two brace tension-compression models are
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as shown below, where δ is the brace axial displacement (not the story displacement). The braces of the first structure are entirely made of model A, whereas
the braces of the second structure are of model A at the top story, and model B
at the bottom story. All columns can be assumed to remain elastic.
In both cases, a load is applied at the top of the second story. The displacement at the point of load application is increased until the compression brace
at the second story has no more strength (the end of the compression range on
the brace tension-compression model shown as follows).
For each structure, plot the base shear (V) as a function of the frame’s
top displacement, Δ. Compare the hysteretic behavior of the two frames.
Comment on:
• W
 hich frame has the best energy dissipation capacity? Note that
energy is expressed by the area under the force-displacement curve
(force times displacement equals work, which itself is a measure of
energy), less the elastically recoverable part of the energy (i.e., work
done in the initial elastic range).
• Which frame has members undergoing the largest inelastic excursions
for a given frame displacement, and which frame undergoes the largest inelastic excursion for a given member deformation?
• Which frame has the best capacity for a given frame displacement?
• Which frame sees the largest member deterioration for a given frame
displacement?

V
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h
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h
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Problem 6.2 To dig a foundation, an excavation is being placed next to an adjacent building. Even though tiltmeters and other instruments will be installed
to monitor possible incipient failure of the shoring, the insurance company has
requested that the consequences of possible shoring failures be investigated.
As a first step to estimate these consequences, determine:
1.	If the building will remain stable if failure occurs only under one footing of one exterior column (i.e., take advantage of moment framing in
both directions in this evaluation)—consider both the cases of corner
columns and noncorner columns.
2.	If the building will remain stable if the shoring fails adjacent to all of
the exterior footings of that building located next to the excavation
(i.e., the exterior row of columns’ foundation support is completely
gone).
3.	The maximum compressive load the building can put on the soil
adjacent to the shoring in the even of a major earthquake or wind
storm.
For all beams, Z = 144 in3 and Fy = 36 ksi. The columns can be assumed
to be stronger than the beams. The frames are spaced at 20 ft center-to-center
from each other. The actual floor live load acting on the frame is 20 per square
ft (psf), the design floor live load is 50 psf, and the dead load is 120 psf.
Neglect overturning of the building and catenary action (i.e., small displacement theory still applies).

3@20' = 60'

Shoring

Problem 6.3

Use the upper bound theorem to find the maximum load, V,
that can be applied to this structure for the two cases shown below. Draw
a sketch showing the plastic mechanism for each of the plastic mechanisms
considered.
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Case 1: the link is a flexural link (i.e., designed to yield in flexure prior to
yielding in shear) of strength = 6Mp.
Case 2: the link is a shear link (i.e., designed to yield in shear prior to
yielding in flexure) of strength Vp = 12Mp/e.
In both cases, show that the solution is statically admissible.
Link designed to yield
in flexure (Case 1)
or in shear (Case 2)
V

e

Both columns have a
strength of 10Mp
9e

e

Problem 6.4 An architect has designed a sculpture that consists of two massive precast concrete triangles, linked together by two steel beams. The sculpture is linked to an adjacent building, such that a lateral load, P, could be
applied to the top of one of the concrete triangles under some lateral loading
conditions. The precast concrete triangles are to remain elastic under extreme
loading conditions.
(a)	Use the upper bound theorem to find the maximum load, P, that
can be applied to this structure. Draw a sketch showing the plastic
mechanism. In this problem, it is not required to show that the solution is statically admissible.
(b)	Calculate the maximum uplift force that can act on the foundation
for this system.
(c)	If the top beam can be of a different size than the bottom beam, and
assuming (for simplicity) that the weight of a steel beam is directly
proportional to its value of Mp, select MP−TOP and MP−BOTTOM such
that the least total weight of steel is used.
(d)	Using fundamental engineering principles, explain why the answer
to (c) is logical.
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Problem 6.5 A push-over analysis indicates that the ultimate lateral capacity of a five-story frame is reached when a sway mechanism of the type
shown in Figure 6.8 develops (i.e., with plastic hinges at the ends of all
beams, and at the base of the columns). A lateral load, P, is applied at each
story (floors and roof), and a gravity uniformly distributed load of 8kN/m
is applied on each beam. Stories are 5 m tall, and the frame is 10 m wide.
Plastic strength of the beams: Mp−beam = 180 kN-m. The columns are W-shapes
built up by welding 166-mm × 11.8-mm flanges to a 181.4-mm × 7.2-mm web;
these steel plates have a specified minimum yield strength of 300 MPa.
Calculate the magnitude of the load P that would produce this plastic sway
mechanism of the frame for the following conditions:
(a)	Neglecting the effect of shear and axial force on the plastic moment
capacity, Mp, of the column base
(b)	Neglecting the effect of axial force on the plastic moment capacity,
Mp, of the column base, but still neglecting the effect of shear
Comment on whether the difference in results obtained for (a) and
(b) is significant or not, and why that is the case (based on fundamental
principles).
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CHAPTER

7

Building Code
Seismic Design
Philosophy
7.1

Introduction
Plastic analysis and design methods presented in the previous chapters were mainly developed in the 1960s and 1970s. With the advent
of computers, however, elastic design was soon favored over plastic
design due to the emergence of computer structural analysis software
able to perform linear elastic analysis of large structures. It was also
about the same time that active research in earthquake engineering
and seismic design started in North America. Although plastic design
has not been widely accepted for routine design, the seismic design
community soon realized that allowing structures to respond in the
inelastic range was beneficial and most often unavoidable. When
properly designed, plastic mechanisms would form and dissipate
energy imparted by the earthquake ground motion to the structure.
Modern seismic design codes are based on decades of research
and field observation after earthquakes. Although such codes to date
do not explicitly use the plastic design method, a key fundamental
concept of these codes is the need for ductility and ductile plastic
mechanism. The seismic design community goes one step further by
incorporating the capacity design concept in parallel with ductility
design (as shown in the subsequent chapters). Those two underlying
concepts form the basis for seismic design of structures.

7.2

Need for Ductility in Seismic Design
Structural design codes usually specify a set of load combinations that
need to be considered in design. For example, ASCE 7 (ASCE 2010)
requires the following for building design:
1.4(D + F)
1.2(D + F + T) + 1.6(L + H) + 0.5(Lr or S or R)
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1.2D + 1.6(Lr or S or R) + (L or 0.8W)
1.2D + 1.6W + L + 0.5(Lr or S or R)
1.2D + 1.0E + L + 0.2S
0.9D + 1.6W + 1.6H
0.9D + 1.0E + 1.6H
where D = dead load, L = live load, Lr = roof live load, S = snow load,
W = wind load, and E = earthquake load. Of all the design loads, the
earthquake load, E, is often the subject of much misunderstanding, as
it is actually an inertia effect due to base excitation produced by an
earthquake instead of a real load.

7.2.1

Elastic Response and Response Spectrum

To study the seismic effect on a structure, it is first assumed that a onestory frame can be idealized as a single-degree-of-freedom (SDOF)
system, as shown in Figure 7.1a, where K is the lateral stiffness, and M
is the lumped mass tributary to the roof level. The angular natural
frequency, ω, and the natural period, T, of the structure are:
ω = M/K
T=

2π
= 2 π K/ M
ω

(7.1a)
(7.1b)

It is also assumed that this system has a 5% equivalent various
damping ratio. With a sample earthquake ground motion like the one
shown in Figure 7.1b as the input at the base of the frame, the elastic
structural response in terms of lateral displacement relative to the base
can be computed from structural dynamic theory (Chopra 2007). See
Figure 7.1c for one sample response when the period of the structure is
1.0 s. Of particular interest from a design point of view is the maximum
relative displacement of the mass relative to the base. This maximum
displacement is defined as the spectral displacement, Sd(T) at period T.
By varying either M or K, the natural period of the system is also changed.
If the above process is repeated for other period values, a displacement
response spectrum like that shown in Figure 7.2a can be constructed.
Once a response spectrum is constructed, time-consuming time-history
analysis is no longer needed as the maximum relative displacement for
a given period value can be simply read off from the spectrum.
To design the structure, it is necessary to know the maximum
force in the member. From Hooke’s law, the maximum structural
force or base shear, Ve, in the elastic system is:
Ve (T ) = K ∆ max = KSd (T )

(7.2)

Together with Eq. (7.1a), the above equation can be rewritten as:
Ve (T ) = Mω 2Sd (T )
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Figure 7.1 Elastic response of an SDOF system: (a) idealized one-story
frame; (b) earthquake ground motion (Canoga Park, 1994 Northridge,
California Earthquake); (c) relative displacement response.

Defining the pseudo-acceleration, Sa(T), as the following:
Sa (T ) = ω 2Sd (T )

(7.4)

then the displacement response spectrum in Figure 7.2a can be converted to a pseudo-acceleration response spectrum in Figure 7.2b,
and Eq. (7.3) becomes:
 S (T )
Ve (T ) = MSa (T ) = W  a 
 g 

(7.5)

where W is the reactive weight of the system.
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Figure 7.2 Elastic response spectra: (a) relative displacement response
spectrum; (b) pseudo-acceleration response spectrum (5% damping).

7.2.2

Inelastic Response and Ductility Reduction

For the example frame to remain elastic, Figure 7.2b indicates that the
structure needs to be designed for a base shear of 0.5g:
Ve (T ) = M(0 . 5 g ) = 0 . 5W

(7.6)

That is, for this structure to remain elastic, it needs to be designed
for a lateral load that is equal to half of the reactive weight, which
is large. Normalizing the base shear, V, by the reactive weight, W,
is defined as the base shear ratio, C. Then Ce represents the elastic
base shear ratio. This required force level corresponds to point A in
Figure 7.3, where the elastic response is shown in dashed line O-A.
Generally, it is not economical to design a structure to remain
elastic during a strong earthquake. If an effort is made to ensure that
the structure possesses ductility, the required base shear force can
be significantly reduced. In such a case the expected elasto-plastic
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Figure 7.3 Definition of ductility factor and ductility reduction factor for an
SDOF system.

structural response is shown as O-B-C in Figure 7.3; Cy is the yield
shear ratio of the frame. This defines the ductility factor, μ, as follows:
μ=

∆u
∆y

(7.7)

where ∆u and ∆y are the maximum and yield displacements, respectively. Referring to the one-story frame in Figure 7.1a again, assume
the frame has a ductility capacity of 3. As a 1-s period structure, it can
be shown that the required yield base shear ratio only needs to be
35% of the elastic base shear ratio. Figures 7.4a and b show the inelastic response. The reduced yield base shear can be expressed as:
Cy =

Ce
Rμ

(7.8)

where Rμ is defined as the ductility reduction factor. In this example,
the value of Rμ is 2.8 for a target μ value of 3.0.
By varying the period of the structure, the constant-ductility Rμ
spectrum can be constructed. Newmark and Hall (1982) proposed a
very simple ductility reduction rule for SDOF systems. In the moderate and long period range (i.e., in the velocity and displacement
amplification regions of the response spectrum), it was observed that
the maximum displacement of the elastic and inelastic systems are
about the same. This observation leads to the following:
Rμ = μ
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Figure 7.4 Inelastic response of an SDOF system: (a) hysteresis response;
(b) relative displacement response; (c) cumulative plastic rotation.
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This corresponds to the so-called equal displacement rule. The above
relationship can be easily derived from Figure 7.3 by assuming the
inelastic displacement, ∆u, is equal to elastic displacement, ∆e.
In the short period range (i.e., in the acceleration amplification
region of the response spectrum), the relationship is closer to:
Rμ = 2μ − 1

(7.9b)

This corresponds to the so-called equal energy rule. The above equation can be derived from Figure 7.3 by equating the areas (i.e., energies) under both the O-A and O-B-C response curves. For a structure
with a very short period, Newmark and Hall also observed that Rμ = 1,
that is, ductility is ineffective in reducing the required elastic seismic
force. However, this would only be the case for structure very short in
height and/or extremely stiff; the majority of building structures do
not fall in this period range.
More refined ductility reduction rules have also been proposed.
See, for example, Miranda and Bertero (1994) for a comparison of
several force reduction rules. It should be noted that these rules
were derived for SDOF systems, which cannot be applied directly to
multistory building structures. See Section 7.5 for more discussion
on this issue.

7.3

Collapse Mechanism versus Yield Mechanism
In plastic analysis and design, the term “collapse mechanism” is
used to describe a state beyond which the structure has reached its
capacity to carry monotonically increasing, static or dynamic load
and becomes unstable. The term “collapse” is appropriate when the
load is monotonically applied in one direction. However, this definition is not applicable for earthquake “loading” because seismic
response is cyclic and transient in nature. This can be demonstrated
for the inelastic response of the one-story frame presented earlier.
Because the structure is designed and, thus, allowed to yield, a
mechanism starts to form once plastic hinges from both ends of the
columns. As shown in Figure 7.4c, plastic rotation will develop and
accumulate in these hinges before the structural response is reversed
in direction. Upon load reversal, the columns will respond elastically
again before plastic moment is reached in the reverse direction and
plastic rotation starts to accumulate again. It is through this “on”
and “off” process that the earthquake energy is dissipated by plastic
deformation in the structure. One major goal of seismic design is to
maximize energy dissipation while controlling damage. Therefore,
the term “yield” or “plastic” mechanism, rather than “collapse”
mechanism, is more appropriate to describe the seismic response of
structures.
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Design Earthquake
The discussion so far suggests that, at least conceptually, inelastic
dynamic analysis is needed for reliable seismic response prediction
and design. However, this is not practical for routine design for two
main reasons.
On the loading side, it is not possible to deterministically define
an earthquake ground motion time history. A recorded motion like
that shown in Figure 7.1b is unique by itself; it is affected by many
factors like earthquake rupture mechanism, earthquake magnitude, distance from epicenter, local site (or soil) condition, duration
of shaking, etc. The intensity of shaking is also dependent on the
recurrence interval between large earthquakes at the site of the
structure.
On the analysis side, time-history analysis is time consuming
and not practical for routine design. Because in design only the
maximum structural response is of concern, elastic response spectra like those shown in Figure 7.2 can be more effective. However,
because the zigzag-shaped response spectra in this figure are also
unique for each recorded ground motion, for design purposes,
seismic codes usually provide uniform hazard, smoothed elastic
pseudo-acceleration response spectra, not ground motion time histories, to represent design ground motions. A design response
spectrum represents statistically an average response spectrum
based on many recorded ground motions for a given recurrence
interval, expressed in the form of a probability of exceedance in a
number of years.
In the United States, Section 1613 of the International Building
Code (ICC 2009) references to ASCE 7, Minimum Design Loads for
Buildings and Other Structures (ASCE 2005), for the construction of
elastic design spectra. ASCE 7 first specifies the spectral acceleration
values for a maximum considered earthquake (MCE) with a 2475-year
recurrence interval (2% probability of being exceeded in 50 years).
Two thirds of these values are then used to construct the design basis
earthquake (DBE) with a 475-year recurrence interval (10% probability of being exceeded in 50 years). The DBE design spectral shape is
shown in Figure 7.5. A brief summary of the procedure to construct
the spectrum with a direct reference to relevant sections in ASCE 7 is
provided as follows.
(1) Determine site ground motion.
		 Use ASCE 7 Section 11.4.1 to determine mapped acceleration
parameters (Ss and S1), which are based on (a) maximum
considered earthquake (MCE), a 2475-year seismic event;
(b) Site class B; and (c) 5% damping. Ss is the spectral acceleration at short period (= 0.2 s), and S1 is the spectral acceleration at T = 1 s.
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Figure 7.5

ASCE 7 design basis earthquake (DBE) elastic design spectrum.

(2) Determine site (or soil) classification.
		 Use Table 20.3-1 in Chapter 20 to classify the site. The default
site class is D.
(3) Adjust mapped MCE spectral accelerations for the site effect
(Section 11.4.3):
SMS = FaSS

(7.10a)

SM 1 = FvS1

(7.10b)

		 where F a and Fv are the site coefficients obtained from
Tables 11.4-1 and 11.4-2.
(4) Determine design spectral accelerations (Section 11.4.4).
		 DBE spectral accelerations are two-thirds those from MCE:
SDS =

2
S
3 MS

(7.11a)

SD1 =

2
S
3 M1

(7.11b)

The DBE elastic design spectrum in Figure 7.5 is then uniquely
defined. For design purposes, ASCE 7 also requires each structure
to be assigned a Seismic Design Category (SDC), which ranges from
A, B, C, to D. This important category is a function of the SDS value
and the Occupancy Category, which depends on the level of hazard
to human life in the event of structural failure. Most buildings care
classified as Occupancy Category II, but essential buildings like
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hospitals and fire stations are classified as Occupancy Category IV;
these buildings need to be designed more conservatively.

7.5

Equivalent Lateral Force Procedure
In concept, inelastic time-history analysis is needed for seismic
response prediction and design. To facilitate routine design, however,
it is highly desirable to use an equivalent lateral force procedure that
treats the dynamic inertia effect by equivalent loads, such that a static
analysis can be used instead of a dynamic one. The Equivalent Lateral Force (ELF) procedure, which has been in use in North America
for more than half a century, was developed with this intent in mind.
For its simplistic nature, however, ASCE 7 limits the use of ELF procedure for certain situations. For example, more sophisticated dynamic
analysis, either linear or nonlinear, will be required if the structure is
highly irregular in plan or height.
Analogous to Eq. (7.8b), ASCE 7 takes into consideration of the
energy dissipation capacity of the structure by introducing a Response
Modification Factor, R, to reduce the required elastic design base shear:
Cs (T ) =

Ce (T )
R

(7.12)

where Ce, which is a function of T, is obtained from the DBE elastic
design response spectrum.
SD1
≤ SDS

Ce (T ) =  T
S
 D1 ≤ S
DS
 T2

for

T ≤ TL

for

T > TL

(7.13)

TL is the long-period transition period beyond which the spectrum
acceleration is inversely proportional to T2. The relationship between
Ce and Cs spectra is shown in Figure 7.6. Note that in determining the
design base shear for the ELF procedure, ASCE 7 conservatively
extends the horizontal plateau of the design response spectrum from
T0 to 0 second.
ASCE 7 also introduces an Importance Factor, I, to account for the
importance of occupancy. The default value is 1.0. But a value of 1.5
is assigned to I for essential facilities like hospitals and fire stations.
To achieve a better protection against earthquake damage for more
important structures, ASCE 7 reduces the elastic base shear by R/I,
which can be interpreted as the effective Response Modification Factor. For a structure whose period is not too long (T < TL), ASCE 7
expresses Eq. (7.12) as follows:
Cs (T ) =
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Relationship between ASCE 7 DBE elastic and inelastic design

The value of R ranges from 1.25 (least ductile structures) to 8.0
(most ductile structures). See Table 7.1 for the values of R for some
steel seismic force-resisting systems.
The design base shear CsW is used to define the statically applied
equivalent lateral force. At this seismic design force level, a linear static
structural analysis is performed and the corresponding story drift is designated as ∆s. Because the structure is expected to respond in the inelastic
range, ASCE 7 then requires ∆s be multiplied by a Deflection Amplifications Factor, Cd, to estimate the maximum story drift. For steel structures this story drift cannot exceed the allowable value, which, based on
the Occupancy Category, varies from 0.01 to 0.025 of the story height.
In addition to the two seismic performance factors, R and Cd, the
third factor specified in ASCE 7 for capacity design is called the
Structural Overstrength Factor, Ωo. This factor will be discussed in
the next section.
Steel Seismic Force-Resisting System

R

Cd

Wo

Special moment frames
Ordinary moment frames

8
3½

5½
3

3
3

Special concentrically braced frames
Ordinary concentrically braced frames

6
3¼

5
3¼

2
2

Eccentrically braced frames

8

4

2

Buckling-restrained braced frames

8

5

2½

Special steel plate shear walls

7

6

2

Table 7.1

ASCE 7 Sample Seismic Performance Factors
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Physical Meaning of Seismic Performance Factors
Central to the ASCE 7 ELF seismic design procedure is the Response
Modification Factor, R. Together with Cd and Ωo, these three seismic
performance factors greatly simplify the design process. The physical
meaning of the ductility reduction factor, Rμ, for an SDOF system was
discussed in Section 7.2.2. Although both R and Rμ factors are used to
reduce the elastic seismic forces, the physical meaning of these two
factors is somewhat different. As shown in Figure 7.3, Rμ is defined
for an SDOF system where the inelastic behavior can be approximated by an elasto-perfectly plastic response. For application to seismic design of more redundant structures including multistory frames,
however, the redundancy of the structure would cause the structure
to yield progressively before the ultimate strength of the structure is
reached. Therefore, the Newmark-Hall type of ductility reduction
rule cannot be applied directly. The physical meaning of the seismic
performance factors used in ASCE 7 is described in the following.
Figure 7.7 shows a typical response envelope of a structure, which
can be used to explain the R-factor seismic design procedure. Based on
the fundamental period of the structure, a designer first calculates the
elastic design base shear, Ce (see point E in the figure). In ASCE 7, Ce is
then reduced by a factor R to a design seismic force level Cs at point S
[see Eq. (7.12)]. Point S is called the first significant yield point,
beyond which the structure will respond inelastically. In other words,
under lateral loads, a structure designed based on this reduced seismic force level first responds elastically, followed by inelastic response

Base shear ratio, C
E

Ce

× 1/Rµ
×1

R

M

Y

Cy

× Ωo

U

S

Cs

Story drift, ∆
∆s

∆y

∆u
× Cd

Figure 7.7

Seismic performance factors used in ASCE 7.

07_Bruneau_Ch07_p309-344.indd 320

6/13/11 9:54:11 AM

Building Code Seismic Design Philosophy

321

as the lateral forces are increased beyond that level. The redundancy
that is built into the system together with ductility allows a series of
plastic hinges to form in the structure, leading to a yielding mechanism
at the strength level Cy.
If the actual structural response curve can be idealized by an elastoperfectly plastic curve, the system ductility factor, μs, can be defined as:
μs =

∆u
∆y

(7.15)

Then the system ductility reduction factor, Rμ, can be defined like
Eq. (7.8) for an SDOF system:
Ce
Cy

Rμ =

(7.16)

The reserve strength that exists between the yield level (Cy) and
the first significant yield level (Cs) is defined as the system overstrength factor, Ωo:
Ωo =

Cy
Cs

(7.17)

System overstrength results from a number of factors including
internal force redistribution, code requirements for multiple loading
combinations, code minimum requirements regarding proportioning and detailing, material strength higher than that specified in the
design, strain hardening, deflection constraints on system performance, member oversize, effect of nonstructural elements, and strainrate effects.
Based on the definition of the above terms, the Response Modification Factor, R, for use with strength design can be derived as follows (Uang 1991a):
R=

Ce Ce  Cy 
=
= Rμ Ω o
Cs Cy  Cs 

(7.18)

The deflection amplification factor, Cd, is the ratio of Δu and Δs (see
Figure 7.7):
Cd =

∆u ∆u  ∆ y 
=
∆ s ∆ y  ∆ s 

(7.19)

where Δu/Δy is the structural ductility factor [see Eq. (7.15)], and Δy/Δs
from Figure 7.7 is equal to:
∆y
∆s
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Therefore, Eq. (7.19) can be rewritten as:
Cd = μ s Ω o

(7.21)

Both R and Cd factors are functions of the structural overstrength
factor, structural ductility factor, and damping ratio; the effect of
damping is generally included in the ductility reduction factor, Rμ.
Furthermore, Eq. (7.18) shows that it is not appropriate to refer to
R as a ductility reduction factor because system overstrength and
ductility may contribute equally to R. Similarly, Cd is generally not
equal to the system ductility factor.

7.7

Capacity Design
Ductility design and capacity design are two key concepts in seismic
design. To demonstrate this concept, refer to a few commonly used
lateral-load resisting systems in Figure 7.8. A thorough coverage of
the design of these systems is provided in the following chapters. For
the Special Moment Frame (SMF) in Figure 7.8a, energy dissipation is
provided through plastic hinge formation in the beams. Therefore,
only beams need to be designed to provide ductility. These members
are also called the deformation-controlled element (DCE) as it is the
deformation (or ductility) capacity that distinguishes these elements
from the rest of the structure (ASCE 2006). To ensure that yielding
will be confined to DCEs, it is essential that the remaining part of
the structure, including columns and connections, have sufficient
strength to remain essentially elastic. These latter elements are
called force-controlled elements (FCE). Ductility is not the main
concern for FCEs. Figures 7.8b and c show that diagonal braces and
links are DCEs in special concentrically braced frames (Chapter 9)
and eccentrically braced frames (Chapter 10), respectively.

DCE
(beam)

(a)

DCE
(brace)

DCE
(link)

(b)

(c)

Figure 7.8 Deformation-controlled elements: (a) special moment frame;
(b) special concentrically braced frame; (c) eccentrically braced frame.
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Refer to Figure 7.7 again for the general response of a redundant,
multistory frame. By reducing the elastic seismic force, by the R factor, DCEs are designed for a code-specified seismic force at the CS
base shear level. In ASCE 7, the basic load combinations for the design
of DCEs are:
(1 . 2 + 0 . 2SDS )D + ρ QE + L + 0 . 2S

(7.22a)

(0 . 9 − 0 . 2SDS )D + ρ QE + 1 . 6H

(7.22b)

The value of the redundancy factor, ρ, is equal to 1.0 if certain requirements are satisfied; otherwise, the value is 1.3. The intent of the code
is to encourage the use of more redundant structures.
The multiple DCEs within a structure usually will not yield at the
same time. Once the most critical DCE is yielded, the ductility of this
element allows more lateral load to be applied to the structure such
that other DCEs will yield progressively until a full yield mechanism
is formed (as shown in Chapters 2 to 6 in various examples). Therefore, the FCEs will experience and need to be designed for the higher
force reached at that point. In the United States, the concept of using
an amplified seismic force to design FCE was first implemented in
the 1988 Uniform Building Code.
Although the concept is clear, difficulties arise when implementing it in design. Figure 7.7 shows that a structure responds elastically
up to point S, beyond which nonlinear analysis is required to quantify the ultimate strength of the structure. Because in a typical design
it is not practical to perform nonlinear analysis including plastic analysis, building codes provide alternate methods to overcome this
obstacle. These methods can be classified as the global-level and
local-level approaches.

7.7.1

Global-Level Approach

In this greatly simplified approach, ASCE 7 provides a system overstrength factor, Ωo, to amplify the prescribed seismic design forces for
the ultimate strength at point M in Figure 7.7:
CyW = Ω o (CsW )

(7.23)

See Table 7.1 for the values of Ωo for a few popular structural systems.
Note that these empirical values were developed mainly using engineering judgment. Although the actual system overstrength varies
from one structure to the other, the code intends to provide a conservative, upper bound value for Ωo. Because capacity design is needed
for FCE, the load combinations specified in ASCE 7 are:
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In AISC Seismic Provisions (AISC 2010), ΩoQE is called the “amplified
seismic loads.” Taking the frame in Figure 7.8a for example, the axial
load and the moment in the FCE column can be determined from an
elastic analysis as shown in Figure 7.9a.
In summary, the basic seismic load combinations [Eq. (7.22)]
are used to design the DCEs, whereas the basic seismic load
combinations with overstrength factor [Eq. (7.24)] are used for
the design of FCEs.

7.7.2

Local-Level Approach

The global approach is approximate in nature as it uses an empirical
factor to amplify the prescribed seismic design forces. For many
FCEs it is possible to calculate the maximum forces developed in the
DCEs and are transferred to the neighboring FCEs in a rational way.
This approach provides the upper bound value to the global-level
approach. To demonstrate this concept, refer to the same simple
moment frame shown in Figure 7.9b. The beam serves as the DCE.
Plastic hinges are expected to form near the beam ends. The seismic
moment diagram when the yield mechanism is reached is also
shown. It is assumed that each plastic hinge is located at a distance c
away from the column centerline. From Eq. (3.10), the nominal plastic moment of the beam is:
Mpn = ZFy

(7.25)

Note that Fy is the specified minimum yield stress. Although this
yield stress is used to size the member, in reality the actual yield stress
is higher. The actual or the expected yield stress is:
Fye = Ry Fy

(7.26)

where Ry is the yield stress adjustment factor. Based on a statistical evaluation of the steel material strength, AISC 341 provides
values of Ry for different grades of steel (see Table 7.21 for some
sample values). The actual beam plastic moment is then equal to
the following:
Mpe = ZFye = Ry ZFy = Ry Mpn

(7.27)

1

Rt in Table 7.2 is used to adjust the tensile strength of the steel:
Fue = Rt Fu

where Fu and Fue are the specified minimum and expected tensile strengths,
respectively.
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L

Figure 7.9 Force determination of FCE (column): (a) global-level approach;
(b) local-level approach.
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Application

Ry

Rt

Hot-rolled structural shapes
• ASTM A36
• ASTM A572 Gr. 50, A992

1.5
1.1

1.2
1.1

Hollow structural sections (HSS)
• ASTM A500 Gr. B or C

1.4

1.3

Pipes
• ASTM A53

1.6

1.2

Plates
• ASTM A36
• ASTM A572 Gr. 50

1.3
1.1

1.2
1.2

Table 7.2

ASCE 341 Sample Ry and Rt Values

Steel not only yields but also strain hardens under cyclic loading,
making the beam moment at the plastic hinge even larger. So the
probable maximum moment at the plastic hinge is:
Mpr = Cpr Mpe = Cpr Ry Mpn

(7.28)

where Cpr is the factor to account for the cyclic strain-hardening effect.
This factor is assumed to be 1.1 in AISC 341. But a slightly higher
value is used in AISC 358:
Cpr =

Fy + Fu
2 Fy

≤ 1.2

(7.29)

It appears at first glance that a higher flexural strength developed
in the beam plastic hinge is beneficial, but this is not true from the
viewpoint of capacity design for the column and beam-to-column
moment connections. Because the moment diagram of the beam produced by the lateral load varies linearly along the beam span, the
*
. The
moment at the plastic hinges extrapolated to the column is Mpb
*
axial force in the column is then equal to 2Mpb /L.
Another example to demonstrate the local-level approach is
shown in Figure 9.29 for the design of beam in a Special concentrically Braced Frame (SCBF). It will be shown in Chapter 9 that an
SCBF is designed to dissipate energy through brace buckling and
yield. Therefore, braces are the DCEs, whereas beam and columns are
the FCEs. The beam is subjected to axial force and bending moment
when braces buckle and yield. When the yield mechanism is developed, the compressive brace will buckle, and its strength will drop
significantly (to be discussed in Chapter 9). To design the beam, which

07_Bruneau_Ch07_p309-344.indd 326

6/13/11 9:54:15 AM

Building Code Seismic Design Philosophy

327

is a FCE, AISC 341 assumes the expected postbuckling brace strength, C,
to be 30% of the expected brace compressive strength. The other brace
is assumed to be yielded with an expected tensile strength, T, of
RyFyAg. Because the expected tensile strength is generally much higher
than the postbuckling strength of the brace, the vertical component of
these two forces will not balance, and will produce a net pull-down
force at the midspan of the beam. A large moment produced by this
unbalanced form, which cannot be obtained from an elastic analysis,
then needs to be considered for beam design. See Chapter 9 for a
more detailed discussion.

7.8

Performance-Based Seismic Design Framework
7.8.1

Seismic Performance Objective

In addition to the above summary of the US seismic design provisions based on ASCE 7, it is worthwhile to briefly summarize the performance objectives states in various similar design requirements.
The basic seismic design philosophy that appeared in the Recommended Lateral Force Requirements and Commentary [also known as the
Blue Book and first published by the Structural Engineers Association of California (SEAOC) in 1959], stated that the intent of the recommended design provisions was to produce a structure that should
be able to resist:
• A minor level of earthquake ground motion without damage
• A moderate level of ground motion without structural damage but possibly experience some nonstructural damage
• A major level of ground motion having an intensity equal to
the strongest, either experienced or forecast for the building
site, without collapse, but possibly with some structural as
well as nonstructural damage
Although the SEOAC’s seismic design philosophy intended to
control building performance for both structural and nonstructural components at different levels of earthquake intensities, both
the expected building performance and the ground shaking intensity were described in a qualitative manner. It wasn’t until 1995
that SEAOC published Vision 2000 (SEAOC 1995) to outline a performance-based framework to address a broad range of building
performance and seismic hazard levels.
In the 1990s, efforts to develop seismic design provisions for rehabilitating existing building structures eventually led to the first performance-based design code: ASCE 41−Seismic Rehabilitation of
Existing Building (ASCE 2006). ASCE 41 states the rehabilitation
objective in a more quantitative manner. For design of new structures,
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Building performance level

Earthquake design level

Operational

Immediate
occupancy

Life safety

Collapse
prevention

Frequent
earthquake

Design
basis
earthquake
(DBE)
Maximum
considered
earthquake
(MCE)

: Basic safety objective for ordinary structures; �: Enhanced objective for high
occupancy buildings; �: Safety critical objective for essential buildings

Figure 7.10

ASCE 7 Building seismic performance objectives.

the seismic design objective of ASCE 7 is also stated in a similar manner, expressed in a matrix format in Figure 7.10 (BSSC 2009). The three
hazard levels of design ground motions are expressed in a probability
format.
Four building performance levels (Operational, Immediate Occupancy, Life Safety, and Collapse Prevention) are used. For example, at
the Collapse Prevention level, the seismic force-resisting system is
deemed to have lost most of its original stiffness and strength, and
little margin against collapse remains. Similarly, at the Life Safety
level, significant structural and nonstructural damage are expected,
but the damage is not life threatening and a significant margin against
collapse still remains. This framework is used to evaluate the seismic
design approach adopted in the United States, Canada, and Japan as
follows.

7.8.2

USA: ASCE 7

The seismic design provisions in ASCE 7 intend to achieve the Basic
Performance Objective for ordinary buildings (Occupancy Category II).
As is shown in Section 7.4, only the DBE, which is defined as two
thirds of the MCE, is used for design, and the target performance
level is Life Safety. Although ASCE 7 explicitly requires design for
only one level of ground motions, it is implicitly assumed that structures thus designed will also achieve the other two goals shown in
Figure 7.10: collapse prevention at MCE and immediate occupancy at
frequent earthquake with a recurrence interval of 72 years.
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Canada: NBCC
1995 NBCC

National Building Code of Canada (NBCC) also adopts a one-level
seismic design procedure. In its 1995 edition, the 475-year DBE elastic
design spectrum is expressed as:
Ce = n SIF

(7.30)

where n is the specified horizontal ground velocity, S is a perioddependent seismic response factor, I is a seismic importance factor,
and F is a foundation factor. The elastic seismic force is then reduced
by two factors to compute the prescribed design base shear ratio:
C 
Cs = U  e 
R

(7.31)

where R is the force modification factor to account for the ductility
capacity of the structure, and U (= 0.6) is a calibration factor “representing level of protection based on experience…” (NBC 1995).
Although both NBCC and ASCE 7 use the same symbol R for seismic
force reduction, their physical meaning is very different. The R values
used in NBCC range from 1.0 for nonductile structural systems to 4.0
for the most ductile systems (see Table 7.3 for some typical values),
which are significantly smaller than those (1.0 ≤ R ≤ 8.0) used in ASCE
7 (see Table 7.1).
Equation 7.31 can be rewritten as follows:
C 
Ce
Cs = U  e  =
R
R(1/U )

(7.32)

2005 Edition

1995 Edition

Steel Seismic Force-Resisting
System

Rd

Ro

R

1/U

Moment-resisting frames
• Ductile
• Moderately ductile
• Limited ductility

5.0
3.5
2.0

1.5
1.5
1.3

4.0

1.67

Concentrically braced frames
• Moderately ductile
• Limited ductility

3.0
2.0

1.5
1.3

3.0

Eccentrically braced frames

4.0

1.5

3.5

Ductile steel plate shear walls

5.0

1.6

4.0

Table 7.3

NBCC Sample Seismic Force Reduction Values
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Comparing the previous equation to Eq. (7.18), it is observed that:
Ru = R

(7.33)

1
U

(7.34)

Ωo =

That is, the R factor in NBCC is the system ductility reduction factor,
and a constant system overstrength factor, 1/U (= 1.67), is assumed
for all the lateral force-resisting systems. Note that the R factor in
ASCE 7 includes the contribution from both system ductility reduction and system overstrength; the ductility reduction component of
the R factor is not given.
The story drift produced by the prescribed seismic design force is
then amplified by R, which corresponds to the Cd factor in ASCE 7.
The drift limits are 0.01h for post-disaster building and 0.02h for all
other buildings, where h is the story height.

7.8.3.2

2005 NBCC

Major revisions are made in the 2005 edition of NBCC. The design
earthquake used to compute the design seismic forces is similar but
not the same as that used in ASCE 7. The procedure to reduce elastic
seismic force is maintained but with some adjustments.
NBCC first specifies an elastic base shear ratio based on MCE:
Ce = S(T )Mv IE

(7.35)

where S(T) is the 5% damped spectral acceleration, expressed as a
ratio of gravitational acceleration at period T. Mv, with a value ranging from 0.4 to 2.5, is a factor to account for the higher mode effect,
and IE (1.0, 1.3, or 1.5) is the importance factor. This elastic base shear
ratio is then reduced by two factors to compute the prescribed seismic design base shear ratio:
Cs =

Ce
Rd Ro

(7.36)

where Rd and Ro are ductility-related and overstrength-related force
modification factors. A comparison of the denominator of the above
equation with that in Eq. (7.32) shows that Rd is equivalent to R and
Ro is equivalent to (1/U) in the 1995 NBCC. The values of Rd range
from 1.0 to 5.0; Table 7.3 shows the Rd values for some steel systems.
These values are similar to and some are slightly higher than the R
values in the 1995 NBCC. Other than using as a constant system overstrength factor (= 1.67), the 2005 NBCC uses Ro,which varies from 1.0
to 1.7. See Mitchell et al. (2003) for the background information on
calibrating the Ro values.
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The procedure to compute the story drift is also changed. In the
1995 NBCC, only the ductility-related force modification factor, R, is
used to amplify the story drift produced by the prescribed seismic
design force, and the drift limit is set to 0.02h for ordinary buildings.
The 2005 NBCC requires the use of the total force modification factor,
RdRo, to amplify story drift. Although the limit is relaxed to 0.025h
based on the recommendation of SEAOC Vision 2000 (Devall 2003),
the resulting structure is likely to be much stiffer than that designed
based on the 1995 NBCC (and ASCE 7) for two reasons. First, the
seismic design force is based on MCE, not DBE, yet the values of the total
force modification factor are similar to those (= R/U) used in the 1995
NBCC (or R in ASCE 7). Therefore, the prescribed seismic design base
shear ratio and the corresponding story drift is about 50% higher. Second, this higher story drift is amplified by the total force modification
factor, not the ductility-related component of the total force modification factor as was done in the 1995 NBCC. Because the slightly relaxed
story drift limit in the 2005 NBCC is not likely to compensate for this
much larger design story drift, the 2005 NBCC could, in some
instances, result in more conservative designs.

7.8.4

Japan: BSL

Based on the discussions presented so far, both the US and Canadian
seismic design provisions attempt to achieve similar seismic performance objectives. For ordinary structures (Occupancy Category II in
ASCE 7), the Basic Performance Objective is the target for design. As
is shown in Figure 7.10, in concept three levels of design earthquake
intensities (i.e., seismic hazards) need to be considered. For ease of
design in actual implementation, however, both the US and Canadian codes adopt the same approach by explicitly considering only
one seismic hazard level and the associated building performance
level, while implicitly assuming that the other two building performance levels at the associated hazard levels will be met automatically. Although both ASCE 7 and NBCC use this “one-level” seismic
design procedure, they differ because the ASCE 7 design procedure
is anchored at the DBE for Life Safety, whereas the 2005 NBCC is
anchored at the MCE for Collapse Prevention.
Unlike the North American seismic codes, the Building Standard
Law (BSL) of Japan adopted a “two-level” seismic design procedure
since 1981 (IAEE 2004). Although the BSL provides exceptions, allowing the designer to consider only a one-level design when certain
height limitation and regularity requirements are met, the central
concept in the BSL is to anchor the seismic design on two points along
a performance objective line similar to that shown in Figure 7.10, and
explicitly consider two seismic hazard levels in design.
As such, the BSL constitutes a two-level design procedure. Designers must consider service limit state requirements for the moderate
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earthquake associated with the Level 1 design and ultimate limit state
requirements for the severe earthquake associated with the Level 2
design.

7.8.4.1

Level 1 Design

In Japan, moderate earthquake shaking corresponds to a peak ground
acceleration of between 0.07 g and 0.10 g (Kato 1986), and with a
recurrence interval between 30 and 50 years (Kuramoto 2006). The
BSL service limit state requires that a regular building remains in the
elastic range when subjected to lateral seismic forces associated with
a base shear ratio, Cw:
Cw = 0 . 2 ZRt

(7.37)

where ZRt (≡ Ce) represents the linear elastic design response spectrum for severe earthquake shaking. The intensity of the moderate
earthquake is one-fifth that of the severe earthquake. To control nonstructural damage, the maximum story drift is limited to 0.5% of the
story height, which is very similar to that used in the Uniform Building Code before 1997 (Uang and Bertero 1991). To avoid structural
damage, the maximum allowable stress for steel design is limited to
approximately 90% of the yield stress. One establishes this stress level
by increasing the basic allowable stress for gravity-load design, which
is about 60% of the yield stress, by 50%. Because the structure is
expected to respond in the elastic range, ductility is not considered
for the service limit state check.

7.8.4.2

Level 2 Design

A severe earthquake is assumed to have a peak ground acceleration
ranging from 0.34 g to 0.4 g (Kato 1986), and the recurrence interval
is similar to that of the DBE in ASCE 7. Using the terminology in
Figure 7.7, the base shear ratio, Cy, is computed as:
Cy = Ds ZRt

(7.38)

where Ds is a structural characteristics factor that accounts for the
energy dissipation capacity (ductility) of the structure (Kato and
Akiyama 1982). For steel building structures, the value of Ds ranges
from 0.25 for a ductile system to 0.50 for a nonductile system (see
Table 7.4). Note that the BSL requires the designer to check the ultimate strength of the structure, not the first significant yield as is done
in the North America, which means the designer has to perform nonlinear analysis in order to ensure that the structure has a sufficient
ultimate strength. Based on Eq. (7.16), the BSL effectively provides
the following system ductility reduction factor:
Rμ =
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Types of Braces
Types of Moment-Resisting
Portion of Braced Frames*

Moment Frames
or Braced Frames
with a †u ≤ 0.3

Braced
Frames with
au‡ > 0.7

FA

0.25

0.35

FB

0.30

0.35

FC

0.35

0.40

FD

0.40

0.50

*Classification of moment-resisting frames is based on the compactness ratio of
beams and columns. See IAEE (2004) for details.
†
βu = ratio of ultimate shear carried by braces to total ultimate shear.
‡
For braces with effective slenderness ratio between 50/ Fy and 90/ Fy only,
where yield stress Fy has a unit value of t/cm2. See IAEE (2004) for other ranges
of effective slenderness ratio.

Table 7.4

Typical BSL Ds Values For Steel Structures

Therefore, it is appropriate to compare 1/Ds with either the R factor
in the 1995 NBCC or the Rd factor in the 2005 NBCC, but not the R
factor in ASCE 7. See Uang (1991b) for a comparison of the seismic
force reduction factors used in the US and Japanese codes.
In summary, the Cw force level is used for the service limit state
design, and the Cy force level is used to check the ultimate limit state
design. For buildings that satisfy certain height limitations and regularity requirements, a simplified, yet conservative, one-level design
procedure can be used. Also see Uang (1993) for a comparison of onelevel and two-level seismic design procedures.

7.8.5

Seismic Design of Tall Buildings

The performance-based methodology also finds its way into the seismic design of tall buildings in high seismic regions in the United States.
Building code provisions (e.g., ASCE 7) are intended for a wide range
of building types. As a result of this broad intended applicability, code
provisions produce tall building design that may not be optimal, both
from cost and safety perspectives. One limitation of the current prescriptive building codes is the building height. For buildings in the
high seismic design categories, ASCE 7 sets a height limit to many
popular lateral force-resisting systems. For example, steel braced
frames and reinforced concrete shear walls are limited for buildings
up to either 160 ft (49 m) or 100 ft (30 m), depending on the SDC. However, building codes always allow the use of alternative analysis and
design methods that can be justified by well-established principles of
mechanics and supported by tests. Therefore, several efforts have
been made in the United States to develop performance-based design
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procedures such that the intended performance objectives in the
model codes are met.
The Los Angeles Tall Buildings Structural Design Council (LATBSDC) published in 2005 a document entitled, An Alternative Procedure
for Seismic Analysis and Design of Tall Buildings Located in the Los Angeles Region. This document led to the development of a similar document AB-083–Recommended Administrative Bulletin on the Seismic
Design and Review of Tall Buildings Using Non-prescriptive Procedures
for the City of San Francisco Department of Building Inspection
(SFDBI) in 2007 (SEAONC 2007). In this document, tall buildings are
defined as those with an overall height exceeding 160 ft (49 m). Unlike
the model building codes, this performance-based design procedure
requires two levels of earthquakes to be considered. The conventional
code-level, 475-year DBE, is used to define the minimum lateral
strength and stiffness requirements for Life Safety. In addition, the
2475-year MCE is evaluated to check for collapse prevention building
performance. This latter evaluation requires nonlinear dynamic
analysis by using a minimum of seven sets of properly scaled earthquake ground motion records. As part of the acceptance criteria, the
average story drift should not be larger than 3% of the story height.
For those deformation-controlled members that are designed to
yield, the deformation demand cannot exceed the deformation
capacity obtained from either test results or applicable documents.
For force-controlled members and elements that are not designed to
yield and are protected by capacity design principles, the design
strength can be based on the expected, not nominal, material strength.
However, this document does not require checking nonstructural
elements at the MCE level.
The serviceability evaluation for a lower seismic hazard level is generally not required. It is required only when there is a reason to believe
that the serviceability performance of the design would be worse than
that anticipated for a code-prescriptive design. When needed, the serviceability ground motion shall be that having a recurrence interval of
43 years (i.e., a 50% probability of exceedance in 30 years).
The LATBSDC issued an updated edition on the Alternative Procedure in 2008. Like its 2005 edition, this document intends to meet
the Basic Performance Objective. Several significant changes were
made over the 2005 edition. First of all, this document explicitly
adopts the capacity design approach, followed by performance-based
evaluations. Unlike the 2005 edition, the prescriptive code-level Life
Safety evaluation is eliminated. Instead, both the serviceability evaluation for a Frequent Earthquake (a 43-year recurrence interval) and
Collapse Prevention evaluation for a 2475-year MCE are needed. For
serviceability evaluation, the building response is not intended to be
limited to be fully elastic. Instead, limited yielding is allowed in
deformation-controlled members. But the story drift cannot exceed
0.5% of the story height, which is similar to the drift requirement of
the Japanese BSL Level 1 design. For Collapse Prevention evaluation
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through the nonlinear dynamic analysis, this document refers to
ASCE 41 for the deformation capacities.
The latest guidelines for performance-based seismic design of tall
buildings are publisher by the Pacific Earthquake Engineering
Research Center. See PEER, 2010 for details.

7.8.6

Next-Generation Performance-Based Seismic Design

All the performance-based design procedures presented above introduced the concept of performance in terms of discretely defined performance levels with names intended to connote the expected level of
damage: Collapse Prevention, Life Safety, Immediate Occupancy, and
Operational Performance. They also introduced the concept of performance related to damage of both structural and nonstructural
components. Performance Objectives were developed by linking one
of these performance levels to a specific level of earthquake hazard.
These procedures also introduced a set of analytical procedures of
varying levels of complexity that could be used to simulate the seismic response of buildings. Also, all these procedures require a MCE
response evaluation in order to demonstrate adequate safety against
collapse in an implicit manner. This response evaluation does not
provide a quantifiable margin against (or a probability of) collapse,
but is intended to demonstrate that collapse under the selected
ground motions does not occur, that is, the structure maintains stability, and forces and deformations are within acceptable limits.
In order to fulfill the promise of performance-based engineering
and help ensure that performance-based seismic design delivers on
its full potential for reducing future losses from earthquakes, nextgeneration performance-based design procedures are being developed under an ATC-58 project funded by FEMA (ATC 2009). This
long-range effort includes the following tasks:
• Revise the discrete performance levels defined in firstgeneration procedures to create new performance measures
(e.g., repair costs, casualties, and time of occupancy interruption) that better relate to the decision-making needs of stakeholders, and that communicate these losses in a way that is more
meaningful to stakeholders (Krawinkler and Miranda 2004).
• Create procedures for estimating probable repair costs, casualties, and time of occupancy interruption, for both new and
existing buildings.
• Expand current nonstructural procedures to explicitly assess
the damageability and post-earthquake functionality of nonstructural components and systems, which can constitute a
significant percentage of the economic loss associated with
damaging earthquakes.
• Develop a framework for performance assessment that
properly accounts for, and adequately communicates to
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stakeholders, limitations in our ability to accurately predict
response, and uncertainty in the level of earthquake hazard.
In a significant way, this also ties with broader efforts to quantify
seismic resilience (Bruneau et al. 2003; Bruneau and Reinhorn 2007;
MCEER 2008; Cimellaro et al. 2010a, 2010b).

7.9

Historical Perspective of Seismic Codes
Although the design practice is likely to move toward the performance-based seismic design in the next decade, it is proper and
instructive, in closing this chapter to provide a historical basis for the
seismic force reduction factor, R. The numerical values assigned to
those factors by codes for various types of structural systems were
not obtained by rigorous analysis and experimentation, but rather by
consensus of expert engineers.
The first North American design requirements intended to prevent building collapse during earthquakes originated in California.
Interestingly, after a major earthquake struck San Francisco in 1906,
reconstruction of the devastated city proceeded with an updated
building code that required the consideration of a wind force of
30 pounds per square ft (1.44 kPa) for the design of new buildings
(Bronson 1986). No specific earthquake-resistant design clauses were
introduced. Given that many building codes of that time did not even
have requirements for wind resistance (such as the Los Angeles building code in which wind pressure was not considered in design until
1924), it was hoped that the new “stringent” wind pressure requirement
would simultaneously address both wind and earthquake effects.
The 1927 Uniform Building Code (UBC) introduced the first seismic design requirements in North America, partly in response to the
Santa Barbara earthquake of 1925. This model code proposed clauses
for consideration for possible inclusion in the building codes of various
cities, at their discretion, and was not binding. The 1927 UBC proposed
that a single horizontal point load, F, equal to 7.5 or 10% (depending on
the soil condition) of the sum of the building’s total dead and live load,
W, be considered to account for the effect of earthquakes.
Hard soil/rock
F = CW = 0 . 075W

(7.40a)

F = CW = 0 . 10W

(7.40b)

Soft soil

where C is a seismic coefficient. No justification can be found for these
values of C, but they likely reflected the consensus of the engineering
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community. Interestingly, Prof. Toshikata Sano in Japan who visited
San Francisco after the 1906 earthquake got the idea of using seismic
inertia force as the design earthquake action (Towhata 2008). Sano
stated that the seismic force is given by the ground acceleration multiplied by the mass of a structure and then recommended the acceleration to be 10 to 30% of that of gravity. This proposal of using a seismic
coefficient of 0.1 was adopted in Japanese building design regulations
in 1924. Dr. Kyoji Suyehiro of Japan visited California and reported in
a series of lectures that buildings designed using a value of C equal to
0.10 in Japan survived the tragic Kanto (Tokyo) earthquake of Richter
Magnitude 8.2 in which 140,000 died (Suyehiro 1932).
Enforceable earthquake-resistant design code provisions in North
America were implemented following the 1933 Long Beach earthquake
of Richter Magnitude 6.3. This earthquake produced damage in Long
Beach and surrounding communities in excess of $42 million in 1933
dollars (more than $400 million in 1995 dollars), and the death toll
exceeded 120 (Alesch and Petak 1986, Iacopi 1981). It was significant
that a large number of the buildings that suffered damage were schools
and that the total number of casualties and injuries would have undoubtedly been considerably larger had this earthquake not occurred at 5:54
P.M., when the schools were fortunately empty. Nonetheless, this economic and physical loss provided the necessary political incentive to
implement the first mandatory earthquake-resistant design regulations.
The California State Legislature passed the Riley Act and the Field Act,
the former requiring that all buildings in California be designed to resist
a lateral force equal to 2% of their total vertical weight, the latter mandating that all public schools be designed to resist a similar force equal
to between 2 and 10% of the dead load plus a fraction of the live load;
the magnitude of the design lateral force depended on the building type
and the soil condition. At the same time, a Los Angeles building ordinance was issued, calling for 8% of the sum of the dead load plus half of
the live load to be used as a design lateral force.
Once researchers brought forth the difference between the
dynamic and static response of structures, showing that the seismically induced forces in a flexible (high-rise) building are typically
smaller than those in stiff (low-rise) ones, simplified empirical equations to attempt to capture this observed dynamic behavior, and suitable for hand calculations, were developed. The 1943 Los Angeles
Building Code was the first to introduce a seismic coefficient and a
lateral force distribution that indirectly reflected building flexibility.
The lateral forces were calculated as V = CW, where V and W were the
story shear and total weight of the building above the story under
consideration, respectively. The seismic coefficient was calculated as:

C=
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where N is the number of stories above the story under consideration.
This formula was slightly modified (SEAOC 1980) when the building
height restriction of 13 stories, in effect in Los Angeles in 1943, was
removed in 1959.
The 1950s saw the introduction into the lateral force equation of a
numerical coefficient, K, intended to reflect the relative seismic performance of various types of structural systems and a more refined
consideration of building flexibility through calculation of the fundamental period of vibration, T, of the building in the direction under
consideration (Anderson et al. 1952, Green 1981). The generic expression for the base shear became:
V = KCW

(7.42)

0 . 05
T 1/3

(7.43a)

where
C=
and
T=

0 . 05H
D

(7.43b)

where V is the base shear, W is the total dead load, and H and D are,
respectively the height of the building and its dimension (in ft) in
the direction parallel to the applied forces. The distribution of the
base shear along the building height was specified to be invertedtriangular. Types of construction that had been observed to perform
better in past earthquakes were assigned low values of K, whereas
those that had not performed as well were assigned high values of K.
Buildings relying on ductile moment-resisting space frames to resist
seismic forces were designed with K = 0.67. Buildings with dual structural systems were assigned a value of K equal to 0.8; K for bearing
wall systems was set equal to 1.33, and buildings with types of framing systems other than those specified above were assigned a value of
K equal to 1.00 (SEAOC 1959). Over time, the equation evolved
slightly to include an importance factor, I (equal to 1.0 for normal
buildings), a seismic zone factor, Z (equal to 1.0 in the more severe
seismic zones), and a soil condition factor varying between 1.0 and
1.5, depending on site conditions. The magnitude of the specified
base shear was also increased in 1974, following the San Fernando
earthquake of 1971, because many felt that it was too low. This was
accomplished by changing the seismic coefficient to the following:
C=
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Detailed descriptions of the significance of each of the above factors and the way to calculate them, as well as descriptions of the various changes that occurred in seismic codes in the 1960s, 1970s, and
some of the 1980s, are available elsewhere (SEAOC 1980, Green 1981,
ATC 1995b). However, it is of utmost importance to appreciate that
numerical values for K that were introduced into the SEAOC Recommended Lateral Force Requirements in 1959 (and that eventually made
their way into other codes worldwide) were based largely on judgment, reflecting the consensus of the SEAOC code committee membership (consisting of expert design professionals and academicians).
A fundamental change in the format of the base shear equation
was proposed in 1978 with publication of the ATC-3-06 (ATC 1978)
report “Tentative Provisions for the Development of Seismic Regulations for Buildings.” That document, prepared by multidisciplinary
task groups of experts, proposed new comprehensive seismic provisions that introduced many innovative concepts, among which were
the elastic design spectrum and the seismic performance factors, R
and Cd. The elastic design spectrum is expressed as follows:
Ce (T ) =

1 . 2Cv
≤ 2 . 5Ca
T 2/3

(7.45)

where Cv and Ca are seismic coefficients based on the soil profile and
the effective peak velocity or the effective peak acceleration, respectively. This elastic seismic force demand is then reduced by the R factor for strength design:
Cs (T ) =

Ce (T ) 1 . 2Cv 2 . 5Ca
=
≤
R
R
RT 2/3

(7.46)

The authors of the ATC-3-06 elected not to substantially change
the required force levels but rather to concentrate on providing ductile detailing (ATC 1995a). This was a paradigm shift that essentially
promoted ductile detailing as a top consideration for design.
Numerical values for R were determined largely by calibration to
past practice (ATC 1995a). For example, for ductile steel momentresisting space frames, equating the proposed ATC equation for base
shear at the strength level VATC, to that in effect at the time, VSEAOC
(SEAOC 1974):
 1 . 67  VATC
=
VSEAOC 
 1 . 33
0.9

(7.47)

where 1.67 was the typical margin of safety between allowable-stress
and ultimate-strength design values, 1.33 accounted for the 33%
increase in allowable stresses that was permitted by these codes for
load combinations involving earthquakes or wind, and 0.9 was the
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capacity reduction factor for flexure in the context of ultimate
strength design. Substituting the respective base shear equations in
this expression:
 1 . 67  VATC
=
(ZIKCSW )SEAOC W 
 1 . 33
0.9

(7.48)

Assuming a site in California, a fundamental period of 1.0 s, identical soil conditions for which SSEAOC = 1.5 and SATC = 1.2, and using
Z = 1.0, A = 0.4, I = 1.0, T = 1.0:
 1 . 67  1 . 2(0 . 4)(1 . 2)


1
(1 . 0)(1 . 0)K 
(1 . 5)W 
=
W

 1 . 33 0 . 9R(1 . 0)2/3
 15 (1 . 0) 

(7.49)

and
R=

5.1
K

(7.50)

For a ductile steel moment-resisting frame, K per SEAOC (1959)
was 0.67 giving a value of R equal to approximately 8.0 (rounded up
from the calculated value of 7.61). Values of R for other types of structural systems (see Table 7.1) were also calculated using Eq. (7.47) and
adjusted to reflect the consensus of the ATC-3-06 committee members. The ATC-3-06 equations have also been implemented in the
1988 Uniform Building Code, with some minor modifications, including calibration to accommodate the working stress design (a.k.a.
allowable stress design) format of the UBC at the time. The 1988 UBC
specifies the DBE elastic design spectrum in the following form:
Ce (T ) =

1 . 25ZIS
≤ 2 . 75ZI
T 2/3

(7.51)

where Z is a seismic zone factor, I is the importance factor, and S is a
site soil coefficient. For working stress design, the elastic seismic force
demand is reduced by a seismic force reduction factor Rw, not R, for
design:
Cw (T ) =

Ce (T ) 1 . 25ZIS 2 . 75ZI
=
≤
Rw
Rw
RwT 2/3

(7.52)

Through use of a procedure similar to that described above (ATC
1995a), the following relationship was used to obtain Rw factors for
use in working stress design:
Rw =
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Before it was replaced by the International Building Code in the
United States, the 1997 UBC specified the design base shear ratio for
strength design and replaced Rw by R as the seismic force reduction
factor:
Cs (T ) =

Cv I 2 . 5Ca I
≤
RT
R

(7.54)

This expression was modeled after ATC-3-06. Instead of using Cd as a
deflection amplification factor, UBC used 0.7R for the same purpose.
Since then, with the objective of providing a more rigorous and systematic framework on how the values of the seismic performance factor
described in this chapter (i.e., R, Cd, and Ωo) are established for various
structural systems, particularly for new systems proposed for adoption
in future editions of the seismic design provisions, a detailed procedure
has been developed and is outlined in the FEMA P-695 report (FEMA
2009). This methodology provides a thorough framework to assess the
appropriateness of such factors, complete with consideration of collapse probabilities and other uncertainties inherent to seismic analysis
and design. The proposed methodology is being considered by various
code-writing bodies for possible use, as a desirable approach to determine the substantiating data required for adoption of any new structural system into codes and specifications. A complete description of
this complex procedure is however beyond the scope of this book.
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CHAPTER

8

Design of Ductile
Moment-Resisting
Frames
8.1

Introduction
This chapter provides an overview of the behavior and design of
ductile steel moment frames. Section 8.2 discusses some basic concepts of overall frame behavior. Sections 8.3 and 8.4 cover basic concepts of column and panel zone behavior and design, which both
influence the behavior of steel moment frames. Section 8.5 discusses
beam-to-column connections. Typical North American practice for
beam-to-column moment connections prior to the 1994 Northridge
earthquake is presented, along with observations of connection damage from this earthquake and a review of the reasons for this damage.
Some of the moment-connection strategies developed after the
Northridge earthquake are presented, together with detailed information on connections prequalified for use in special moment-resisting
frames. The corresponding moment frame design procedures specified by AISC 358 (AISC 2010a) are addressed in Section 8.6. Issues
related to the consideration of P-∆ effects follow in Section 8.7. Finally,
Section 8.8 presents a design example for a special moment-resisting
frame designed in compliance with the AISC requirements.
Throughout this chapter, the AISC Seismic Provisions (2010b),
a.k.a. AISC 341, are used when necessary to illustrate how principles
of ductile design have been implemented in codes. Numerous code
documents have introduced and updated specific detailing requirements for earthquake-resistant steel structures since the first comprehensive provisions formulated in code language appeared in 1988
(SEAOC 1988). Although differences remain across international
codes and standards (e.g., CSA 2009), the fundamental principles are
similar to a broad extent. Emphasis on the AISC requirements here is
solely intended to help focus the discussion. Finally, note that although
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steel frames damaged by the Northridge earthquake were generally
designed per the Uniform Building Code—a forerunner to the International Building Code—the ductility detailing requirements of the
1992 Edition of AISC Seismic Provisions in effect at the time were
similar to those of the Uniform Building Code.

8.1.1

Historical Developments

The history of steel moment frames is tied to the emergence of highrise construction in Chicago and New York City in the late 1880s, the
12-story Home Insurance Building in Chicago being often credited
as the first building that used a “skeleton construction” steel frame
(Bennett 1995). In those early concepts, steel frames were designed to
carry gravity loads, including those from the non–load-bearing unreinforced masonry walls. Although engineers often intuitively relied
on the stiff cladding to resist lateral loads, beams were connected to
columns in a manner that allowed for the development of some frame
action. Requirements for wind and earthquake design only became
mandated decades later. For example, in San Francisco’s building code,
wind forces were first specified following the 1906 San Francisco
earthquake, whereas, paradoxically, earthquake design was not required
until 1948 (EERI 1994, 1997).
Although seismic design didn’t formally exist at the time, empirical evidence from that 1906 San Francisco earthquake convinced
many engineers of the unparalleled effectiveness of steel moment
frames to resist earthquakes, as photos taken after the earthquake but
before the ensuing conflagration showed that many such tall buildings survived, either intact or without part of their facade ( Bronson
1959, Freeman 1932). However, steel frame construction evolved and
changed substantially over the subsequent decades, with striking differences between the framing connections used at the beginning and
end of that century (Hamburger et al. 2009). As a result, these perceptions regarding the expected ductile performance of steel moment
frames in earthquakes were significantly challenged by the 1994
Northridge (Los Angeles) earthquake in the United States, and by the
1995 Hyogo-ken Nanbu (Kobe) earthquake in Japan. In both earthquakes, steel moment frames did not perform as well as expected.
Brittle failures were observed at beam-to-column connections in
modern steel moment frame structures, challenging the assumption
of high ductility and demonstrating that knowledge on the behavior
of steel moment-resisting frames was incomplete.
To best understand the factors that contribute to either desirable
or undesirable seismic performance of moment-resisting frames, and
because many engineers are involved in retrofitting older buildings,
parts of this chapter are structured as a chronology to differentiate the
state of knowledge before and after the Northridge earthquake.
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General Behavior and Plastic Mechanism

Moment-resisting frames (also called moment frames) are, in their
simplest form, rectilinear assemblages of beams and columns, with
the beams rigidly connected to the columns. Resistance to lateral
forces is provided primarily by rigid frame action—that is, by the
development of bending moments and shear forces in the frame
members and joints. By virtue of the rigid beam-to-column connections, a moment frame cannot displace laterally without bending the
beams and columns. The bending rigidity and strength of the frame
members is therefore the primary source of lateral stiffness and
strength for the entire frame. Sway frame action under loads is generally well understood, because it is a fundamental behavior studied
as part of the undergraduate structural engineering curriculum
(Leet et al. 2011).
Steel moment-resisting frames have been popular in many regions
of high seismicity for several reasons. First, as described above, and
based on evidence from experimental research (presented in the
later sections), moment frames have been viewed as highly ductile
systems. Building code formulae for design earthquake forces typically assign the largest force reduction factors (and therefore the
lowest lateral design forces) to moment-resisting frames, reflecting
the opinion of code writers that moment-resisting frames are among
the most ductile of all structural systems. Second, moment frames are
popular because of their architectural versatility. There are no bracing
elements present to block wall openings, providing maximum flexibility for space utilization. A penalty for this architectural freedom
results from the inherent lateral flexibility of moment-resisting frames.
Compared with braced frames, moment frames subjected to lateral
loads generally require larger member sizes than those required for
strength alone to keep the lateral deflections within the codemandated drift limits. The inherent flexibility of moment frames may
also result in greater drift-induced nonstructural damage under
earthquake loading than with other stiffer systems.
As described in Chapter 6, the most ductile system behavior is
achieved when the desirable sway plastic mechanism can develop,
with plastic hinging at the ends of all beams over the frame height.
Plastic hinging of columns, which would lead to a plastic mechanism
confined to a single story, is undesirable.

8.1.3

Design Philosophy

The design of moment-resisting frames is a direct extension of the
plastic analysis and capacity design principles presented in Chapters 3 to
6, with a few major differences. First, to ensure achievement of the
desirable yielding hierarchy, the simple plastic properties assumed in
these earlier chapters must be modified to account for a number of
practical considerations, such as expected yield strength, strain-hardening
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effects, panel zones, and others that are in part the subject of this
chapter. Second, for reasons described later in this chapter, in some
cases, the development of plastic hinges a small distance away from
the face of columns is preferable to hinging immediately at the face
of the column. All other aspects of the design of moment-resisting
frames are predicated by these concepts and other details intended to
allow development of the desired plastic mechanism.

8.2 Basic Response of Ductile Moment-Resisting
Frames to Lateral Loads
8.2.1

Internal Forces During Seismic Response

A steel moment-resisting frame is composed of three basic components: beams, columns, and beam-column panel zones. These are
illustrated in Figure 8.1 for a simple two-story, single-bay moment
frame. Beams span the clear distance from face-of-column to face-ofcolumn, Lb, and columns are divided into a clear span portion, hci, and
a panel zone region of height, hpzi. The panel zone is the portion of the
column contained within the joint region at the intersection of a beam
and a column. This definition is useful when one is considering sources
of elastic and inelastic deformations, as well as possible plastic
hinge locations.
In traditional structural analysis, moment frames are often
modeled as line representations of horizontal and vertical members,
with the lines intersecting at dimensionless nodes. Such models do
not explicitly consider the panel zone region, and they provide an
incomplete picture of moment frame behavior. Design of ductile
moment frames requires explicit consideration of the panel zone
region (inelastic behavior and design of the panel zone are addressed
in Section 8.5).
Figure 8.1 also shows qualitatively the distribution of the bending
moment, shear force, and axial force in a moment frame under lateral
load. These internal forces are shown for the beam, clear span portion
of the column, and the column panel zone and they do not include
gravity load effects. The beams exhibit high bending moments, typically under reverse curvature bending, with maximum moments
occurring at the member ends. The shear and axial force in the beam
are generally much smaller and less significant to the response of the
beam as compared with bending moment, although they must be
considered in design. Similarly, the clear span portions of the columns
are typically subjected to high moments, with relatively low shear
forces. Axial forces in columns, both tension and compression, can be
significant because of overturning moments on the frame. Finally, the
column panel zone is subjected to high moments, high shear forces
due to a severe moment gradient, and possibly high axial forces.
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Figure 8.1 Ductile moment-resisting frame: (a) geometry considering finite
dimensions of members, (b) typical moment diagram under lateral loading,
and (c) corresponding member forces on beams, columns, and panel zones.

The qualitative distribution of internal forces illustrated in Figure 8.1
is fundamentally the same for both elastic and inelastic ranges of
behavior. The specific values of the internal forces will change as
elements of the frame yield and internal forces are redistributed. The
basic patterns illustrated in Figure 8.1, however, remain the same.
Inelastic step-by-step response-history analysis is needed to obtain
exact values for the internal forces in moment frames, but this
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analytical complexity can be avoided if capacity design principles are
integrated into the design process along with the conventional elastic
analyses.
Plastic analysis of moment frames was described in Chapters 4
through 6. It was shown that, depending on the relative strength of
beams and columns framing into a joint, different plastic collapse
mechanisms can develop and that, as described in Chapter 6, the
development of plastic hinges in the beams is the superior mechanism (see Figure 6.10). In actual frames, however, as opposed to
frames studied using simple plastic analysis, strain-hardening makes
possible yielding of more than one component at any given joint. In
an example sequence of events, the panel zone may yield first,
but still exhibit significant postyielding stiffness because of strainhardening and other effects described in Section 8.4. As a result,
greater forces can be applied at the joint, and other framing members,
such as a beam, may reach their plastic capacities. Thus, the beam,
column, and even panel zone could contribute to the total plastic
deformation at the joint, depending on their relative yield strengths
and yield thresholds. A structural component considerably weaker
than the others framing into the joint will have to provide alone the
needed plastic energy dissipation, whereas components of comparable
strength would share this burden.
Once identified, those structural components expected to dissipate hysteretic energy during an earthquake must be detailed to
allow development of large plastic rotations, without significant loss
of strength. Only those components and connection details capable of
providing cyclic plastic rotation capacities in excess of the demands
should be used to ensure satisfactory seismic performance.

8.2.2

Plastic Rotation Demands

Estimates of the plastic rotation demands for a given moment frame
are typically obtained by inelastic response-history analyses. Results
from such analyses are sensitive to modeling assumptions and vary
when different ground motion records are considered. The amount of
the plastic energy dissipated by beams, panel zones, and columns
will also be a function of the design philosophy adopted.
For those reasons, general expectations of plastic rotation demand
for generic moment frames are based on the synthesis of observations
from past analytical studies. Prior to the Northridge earthquake, the
largest plastic rotations expected in beams alone (in the absence of
panel zone plastic deformations) were expected to be 0.02 radian
(Popov and Tsai 1989, Tsai and Popov 1988), although some studies
reported values as high as 0.025 radian (Roeder et al. 1989). Smaller
plastic rotation demands are obviously expected in flexible frames
whose design is governed by compliance to code-specified drift
limits.
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An approximate way to estimate the plastic rotation demands in
a frame is to examine its plastic collapse mechanism at the point of
maximum drift. For example, if the beam sway mechanism shown in
Figure 6.10 develops in a frame designed in compliance with the
code-specified interstory drift limit, the maximum plastic hinge rotations in a beam can be estimated as Δe/h, where h is the story height
and Δe is the inelastic interstory drift. Inelastic interstory drifts are
approximately related to those one calculates using design-level
forces, Δc, by simple relationships such as Δe = R Δc (NRCC 2010) or Δe =
Cd Δc (ASCE 2010), where R = RdRo is a seismic force reduction factor
per the National Building Code of Canada and Cd is a deflection
amplification factor serving the same purpose in U.S. practice (see
Chapter 7 for more details). Typically, for code-specified drift limits,
the use of these relationships produces plastic rotation demands of
approximately 0.02 radian. This procedure is conservative because a
large percentage of the total frame drift occurs elastically before
plastic hinges form, provided that the method to calculate Δe and the
seismic hazard characterization are accurate.
After the Northridge earthquake, the required connection plastic
rotation capacity was increased to 0.03 radian for new construction
and 0.025 radian for postearthquake modification of existing buildings (SAC 1995b). This target rotation was a consensus value developed following the earthquake based on analysis of code-compliant
moment frames using ground motion histories recorded during the
earthquake (e.g., Bertero et al. 1994). Although this rotation capacity
may exceed real earthquake demands on most structural connections,
it will likely remain as the target value until substantial research
demonstrates that lower values are acceptable.

8.2.3

Lateral Bracing and Local Buckling

Selected structural members must be able to reach and maintain their
plastic moment through large plastic rotations that permit hysteretic
dissipation of earthquake-induced energy. The engineer must therefore delay local flange and web buckling, and lateral-torsional buckling, to prevent premature failures due to member instability.
For that reason, only seismically compact structural shapes
should be used for structural members expected to develop plastic
hinges. For example, AISC 341 (AISC 2010b) limits the flange widthto-thickness ratios, bf/2tf , of W shapes to 0 . 3 E/Fy , for Fy in ksi
(which roughly corresponds to the 145/ Fy limit in CSA 2009, for Fy
in MPa). Moreover, lateral bracing to both flanges of these members
should be provided at each plastic hinge location and spaced at no
more than 0 . 086ry E Fy , with Fy in ksi and where ry is the member’s
radius of gyration about its weak axis; ASCE 358 (AISC 2010) may
also prescribe alternate limits for specific types of prequalified connections, as will be discussed later. This requirement recognizes that
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top and bottom flanges will alternatingly be in compression during
an earthquake and accounts for some uncertainty in the location
of plastic hinges under various load conditions. Local buckling of
flanges and webs and lateral-torsional buckling will unavoidably
develop at very large plastic rotations (at least in commonly used
structural shapes), but compliance with the above requirements will
slow the progressive loss in strength and help ensure good inelastic
energy dissipation. This topic is further discussed in Chapter 14.

8.3

Ductile Moment-Frame Column Design
8.3.1 Axial Forces in Columns
Column buckling is not a ductile phenomenon and must be prevented.
Columns should therefore be designed to remain stable under the
maximum forces they can be subjected to during an earthquake. These
forces will generally exceed those predicted by elastic analysis using
code-specified earthquake loads, but may be difficult to estimate. As an
upper bound, with some allowance for strain-hardening effects, one
can obtain maximum axial forces using capacity design principles (as
described in Figure 6.8). However, during an earthquake, plastic hinges
do not form simultaneously at all stories, but rather develop in only a
few stories at a time, often in a succession of waves traveling along the
height of the building. As a result, the capacity design approach may
be conservative, particularly in multistory buildings.
There is no agreement on what constitutes a proper alternative
method to capture the maximum axial force acting on a column during
earthquake shaking. Some codes typically resort to an additional load
case, with higher specified earthquake loads to be considered only for
the design of columns. For example, AISC 341 uses a special “amplified” seismic load combination in which the seismic forces are multiplied by an overstrength factor, Ωo , only to be used for specific purposes,
such as column design (note that some earlier editions now obsolete
used a constant 2R/5 overstrength factor). Application of the SRSS
technique in conjunction with capacity design principles, presented in
Chapter 9 for ductile concentric braced frames, is another method to
estimate more realistic maximum column axial forces. All of these
methods have flaws and limitations as discussed in that chapter.

8.3.2

Considerations for Column Splices

Typically, the bending moment diagram for the beams and columns
will show a point of inflection somewhere along the length of the
member. Frequently, for preliminary design, the points of inflection
are assumed to be at midlength of the members. Although this is a
convenient assumption, it is important to recognize that the location
of the inflection points will vary significantly. This is particularly true
as yielding occurs in the frame during an earthquake and bending
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moments are redistributed within the frame. Even though the basic
pattern of bending moments remains the same, the location of inflection points can shift substantially from the locations indicated by an
elastic frame analysis.
Assumptions regarding the location of inflection points can substantially impact the design of column splices. A designer may elect
to locate a column splice near an inflection point based on elastic
frame analysis (or slightly lower than midheight to provide convenient site-welding conditions) and design the splice for a relatively
small bending moment, based on those same elastic frame analysis
results. This would be an error because the possibility of significant
bending moments at the splice location must be considered, regardless of the results of elastic analysis.
Tests have showed partial penetration welds in thick members to
be brittle under tensile loads (Bruneau et al. 1987, Bruneau and Mahin
1991, Popov and Stephen 1977). For example, a standard partial
penetration splice detail frequently used in seismic regions, shown
in Figure 8.2a, was tested for the largest column sizes that could be
accommodated in a 17,800 kN (4000 kips) capacity universal testing
machine (Bruneau and Mahin 1991). This specimen, fabricated from
A572 Grade 50 steel, was tested in flexure instead of tension to permit
consideration of the largest specimen for which cross-section could
be kept whole; cutting away part of the section that would have
released some of the lock-in residual stresses. The test setup is illustrated in Figure 8.2b. As shown in Figure 8.2c, the moment-curvature
relationship remained practically linear up to a value corresponding to approximately 60% of the nominal plastic moment of the
smaller column section at the splice, at which the weld fractured in a
brittle manner (Figure 8.2d).
For the above reasons, partial penetration welded joints in column
splices are viewed apprehensively. Therefore, seismic codes typically
require splices subjected to net tension forces to be designed for no
less than half of the column axial cross-sectional plastic strength, or
150% of the required splice strength calculated by analysis.

8.3.3

Strong-Column/Weak-Beam Philosophy

Structural frames can dissipate a greater amount of hysteretic energy
when plastic hinges develop in the beams rather than in the columns
(see Figure 6.10). This beam-sway mechanism enhances overall
seismic resistance and prevents development of a soft-story (columnsway) mechanism in a multistory frame. Frames in which measures
are taken to promote plastic hinges in the beams rather than in the
columns are said to be strong-column/weak-beam (SCWB) frames.
The alternative is weak-column/strong-beam (WCSB) frames.
Most codes and design guidelines have moved toward the SCWB
philosophy by requiring that, at a joint, the sum of the columns’
plastic moment capacities exceed the sum of the beams’ plastic
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moment capacities, based on simple moment equilibrium at the joint
(as in Figure 8.1), in which case:


P 



g

∑ Mpc = ∑ Zcr Fyc = ∑ Zc  Fyc - Auc  ≥ ∑ Mpb

(8.1)

and, generally, at least


P 



g

∑ Mpc = ∑ Zcr Fyc = ∑ Zc  Fyc - Auc  ≥ ∑ Zb Fyb

(8.2)
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Figure 8.2 Test column splice with par tial penetration welds in thick
members: (a) splice detail; (b) test setup; (c) moment-curvature results;
(d) splice after brittle fracture.
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Figure 8.2 (Continued)

08_Bruneau_Ch08_p345-498.indd 355

6/13/11 4:02:38 PM

356

Chapter Eight

(d)

Figure 8.2 (Continued)

where ΣMpc is the sum of the projections to the beam centerline of the
nominal flexural strengths of the columns above and below the joint,
Ag is the gross area of the column, Fyc is the column nominal yield
strength, Puc is the required axial strength in the column from the
load-combination considered, Zc is the column plastic section modulus, and Zcr is the plastic modulus reduced to account to the presence
of axial force (see Chapter 3), and ΣMpb is the sum of the expected (i.e.,
probable) flexural strengths of the plastic hinges in the beams, projected from the hinge location to the column centerline. Here, probable
capacities (as opposed to nominal capacities) are obtained by taking
into account the impact of strain-hardening, larger-than-specified
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beam yield strength, and other factors contributing to reserve strength
(many of these concepts will become clear after a reading of the
material presented in Section 8.6).
Conceptually, however, the above requirements cannot fully
prevent column plastic hinging at beam-to-column joints because the
ratio of the column moments acting at the top and bottom faces of a
joint varies greatly during an earthquake because of the movement of
each column’s inflection point. The column demands also increase
significantly as a function of ground motion severity (FEMA 2000e,
Nakashima and Sawaizumi 2000). It is believed that satisfying the
above equation will limit column yielding to a level that is not detrimental, and, most importantly, result in columns strong enough to
spread beam plastic hinging over multiple frame levels.

8.3.4

Effect of Axial Forces on Column Ductility

Exceptions to the SCWB philosophy are sometimes permitted in singlestory buildings or at the top story of a multistory building, when the
risk of soft-story plastic mechanisms is not significant. For example,
according to AISC 341, the SCWB requirement can be waived for such
columns provided that the maximum axial load acting on them is less
than 0.30Py, where Py equals Fyc Ag, Fyc is the column nominal yield
strength, and Ag is the gross area of the column. Engineers taking that
route must recognize that plastic hinges may form in columns of
WCSB frames and recognize the possible deleterious impact of axial
forces on the rotation capacity of columns. Other exemptions exist
when the capacity design approach is difficult to implement and
other precautions can be taken to prevent soft-story mechanisms.
There is a paucity of research results on the effect of axial loads on
the ductility of steel columns. Adherence to the above strong-column/
weak-beam philosophy may partially explain this situation. Popov
et al. (1975) showed that the cyclic behavior of W-shaped columns is
a function of the applied load to yield load ratio, P/Py, and the magnitude of interstory drifts. In those tests, for specimens braced to prevent lateral buckling about their weak axis, sudden failure due to
excessive local bucking and strength degradation were observed
when P/Py exceeded 0.5. The aforementioned limit of 0.30Py (0.40Py in
some other codes) is historically tied to this series of tests.
The adequacy of the existing code limits has been challenged by
Schneider et al. (1992); test results showed that moment-resisting
steel building frames designed according to the WCSB philosophy
suffered rapid strength and stiffness deterioration when the columns
were subjected to axial loads equal to approximately 0.25 P/Py.
Beyond the above concerns, large axial loads on a ductile column
can also lead to column shortening during plastic hinging, which can be
problematic in many ways, particularly if developing unevenly in
various columns. MacRae et al. (1990) tested columns subjected to
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constant axial compression, P, and reverse cyclic horizontal displacements, for P/Py values of 0.0, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8. Although
column shortening of more than 7% of their length was obtained for
the larger ratios, this is a function of cumulative plastic rotations, and
shortening due to actual earthquake excitations were less than 1% of
column length (MacRae et al. 2009).
Columns subject to plastic deformations should be compact
sections and be laterally braced in accordance with the requirements
for plastic design. This requires lateral bracing at each plastic hinge
location and a maximum brace spacing of 0 . 086ry E Fy as discussed
earlier for beams.

8.4

Panel Zone
The satisfactory seismic response of a ductile moment-resisting frame
depends on the adequate performance of its beam-column joints. For
multistory building frames, in which beams connected to columns
are expected to develop their plastic moment, the designer must
prevent undesirable beam-column joint failures. In steel structures,
doing so requires measures to avoid column flange distortion, column
web yielding and crippling, and panel zone failure. This section
mostly focuses on the behavior and design of ductile panel zones, but
matters relevant to the first and second failure modes are first
addressed.

8.4.1 Flange Distortion and Column Web
Yielding/Crippling Prevention
The addition of continuity plates (i.e., stiffeners joining the beam
flanges across the column web) can effectively prevent flange distortion and column web yielding/crippling. Examples of continuity plates
are shown in Figure 8.3. When beams reach their plastic moment at the
column face (Figure 8.4a), the beam flanges apply large localized forces
to the columns (Figure 8.4b). The beam flange in tension pulls on the
column flange. In the absence of continuity plates, and if otherwise
unrestrained, the column flange would bend under that pulling action,
with greater deflections in column flanges of low stiffness and small
thickness (Figure 8.4c). However, the column flange is not free to
deflect because the beam flange framing into it is rigid in its plane
(Figure 8.4d). Because deformations of the connected elements must be
compatible, stresses concentrate in the beam flange where column
flange is stiffest, that is, near the column web (Figures 8.4e and f).
In some tests of connections without continuity plates, localized
cracking originated in the beam flange weld at the column centerline
and rapidly propagated across the entire flange width and thickness.
To prevent this type of failure, most seismic codes require the addition
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Column splice
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Weld
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Panel zone
Doubler plate
Base plate
Frame elevation

Figure 8.3 Fundamental elements of a ductile moment-resisting frame.
(From Interim Guidelines: Evaluation, Repair, Modifications, and Design of
Steel Moment Frame Structures, SAC Joint Venture, 1995b, with permission.)
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Figure 8.4 Stress distribution in welded beam flange at column face in
absence of column continuity plates (stif feners). (From Journal of
Constructional Steel Research, vol. 8, E.G. Popov, Panel Zone Flexibility in
Seismic Moment Joints, 1987, with permission from Elsevier Science Ltd.,
Kidlington, U.K.)

of continuity plates if the maximum expected beam flange force
exceeds the factored flange strength of φRn where:
Rn = 6 . 25tcf2 Fyf

(8.3)

where tcf is the column flange thickness, Fyf is the column flange
nominal yield strength, and φ is equal to 0.9. This equation is based

08_Bruneau_Ch08_p345-498.indd 359

6/13/11 4:02:41 PM

360

Chapter Eight
on yield line analyses by Graham et al. (1959). Note that AISC (1992)
specified that maximum expected beam flange force to be taken as 1.8
Af Fy, where Af is the flange area of the connected beam and Fy is the
nominal strength of the beam. This value assumes a strain-hardened
beam moment 30% greater than the nominal plastic moment, and
it assumes that the bolted beam web is ineffective in transferring
moment. Thus, if only the beam flanges can effectively transfer the
maximum beam moment at the connection, and assuming that the
flanges-only plastic modulus, Zf (≈Af d, where d is the beam depth), is
approximately 70% of a beam’s plastic modulus, Z, the maximum
expected beam flange force becomes:

1 . 3 Mp 1 . 3(ZFy )
M
Tmax = max =
=
=
d
d
d
		

 Zf 
1.3 
F
 0 . 7  y 1 . 8 A f dFy
≈
= 1 . 8 A f Fy
d
d
(8.4)

Other codes (e.g., CSA 2009) arrive at a similar result by specifying a reduced column flange resistance for seismic applications
[e.g., 0.6 of (Eq. 8.3)], instead of using the 1.8 magnification factor for
the beam flange forces in Eq. (8.4).
Opinions varied substantially over time on the effectiveness
of the above equations. Prior to the Northridge earthquake, AISC
(1992) suggested that designers use continuity plates even when
the above requirement was satisfied because continuity plates had
been used in nearly all cyclic tests (prior to 1994) that exhibited
satisfactory ductile behavior. Interim design guidelines released
following the Northridge earthquake (SAC 1995b) also recommended the use of continuity plates in all ductile moment frame
connections, to avoid the stress concentration depicted in Figure 8.4
in the highly stressed welded region. Subsequent review of past
test data (FEMA 2000f) showed that good seismic performance was
still possible in the absence of continuity plates when the above
equations were satisfied, even recognizing that those equations
were at best approximations given the complex behaviors at play.
Limited experiments by Ricles et al. (2000) led to similar conclusions, demonstrating that although connections having continuity
plates exhibited better inelastic seismic performance, comparable
ones without such plates still developed appropriate plastic rotations provided that the heavy column flanges met the above requirement, and provided that tcf ≥ bcf/6 , where bcf is the column flange
width. Hajjar et al. 2003 summarizes this evolution in thinking and
the supporting research evidence.
Accordingly, AISC 341 specifies that continuity plates of thickness at least equal to the thicker of the two beam flanges connecting
to a column in two-sided connections (or equal to half of the beam
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flange thickness in a one-sided connection) be provided, except
when:
tcf ≥ 0 . 4 1 . 8bbf tbf

tcf ≥

Fyb Ryb
Fyc Ryc

bbf
6

(8.5)

(8.6)

where Ryb and Ryc are respectively the ratios of the expected yield
stress to the specified minimum yield stress of the beam and column
framing at the joint under consideration, or except when superseded
by results from qualification testing or alternate requirements for
connections prequalifed by the AISC 358 specification (2010a) discussed in later sections. Note that Eq. (8.5) is obtained by equating
and rearranging Eqs. (8.3) and (8.4) and substituting expected yield
strengths instead of minimum specified strengths.
When the beam flange applies compression to the column flange,
column web yielding must be prevented, as would normally be done
in nonseismic applications, using the traditional equations for bearing
resistance:
Br = (5 k + N ) tcw Fyw = (5 k + tbf ) tcw Fyw

(8.7)

where k is the distance from the outer face of the column to the web
toe of the fillet, N is the bearing length of the applied force, Fyw is the
yield strength of the column web, and tbf and tcw are the beam flange
and column web thicknesses, respectively. Resistance to web crippling must also be checked, using:

Br =

0 . 8tw2

1.5

   EFy wt f
1 + 3  N  tw

 d   t  

tw
 f



(8.8)

where Br is the bearing resistance. Again, variations of these equations
and additional requirements are prescribed for specific AISC 358
prequalified connections.
Note that seismic design codes generally do not require consideration of strain-hardening in the beam flange in compression
because web-crippling is not a brittle failure mode. Also note that
doubler plates are frequently used instead of continuity plates
when increases in web crippling or web yielding resistance are
necessary.
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8.4.2

Forces on Panel Zones

The panel zone of a beam-column joint is the rectangular segment of
the column web surrounded by the column flanges (left and right
vertical boundaries) and the continuity plates (top and bottom horizontal boundaries). Typically, the panel zone is simultaneously subjected to axial forces, shears, and moments from the columns and
beams, as shown in Figure 8.5.
Resolving equilibrium on the free-body diagram of Figure 8.5 and
taking the forces shown acting on the face of the panel as positive, the
horizontal shear acting in the panel zone can be calculated as:
P3
M3
V3
V1

V2
M2

M1
db1 P1

P2

Panel
zone

tbf1

db2

tbf2

M+

M+

Sign convention

V4
M4
tcf

∆M = M2 – (–M1) = M2 + M1
dc
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M3
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M1/0.95db1
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0.95db1

M2/0.95db2

V2
Panel
zone

M1/0.95db1

P2

0.95db2

M2 /0.95db2
V4
M4
P4

Figure 8.5 Moments, shear forces, and axial forces acting on the panel zone of a
ductile moment-resisting frame subjected to lateral loading.
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Vw =

M1
M2
+
- Vc
0 . 95db1 0 . 95db 2
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(8.9)

where db1 and db2 are the depths of beams 1 and 2, respectively, and
0.95 db1 and 0.95 db2 are approximations for the lever arm of the
beam flange forces resulting from the applied moments, as shown
in Figure 8.5. Vc is the subassembly equilibrating shear given by:
L 
L 
M1  1  + M2  2 
 Lb1 
 Lb 2 
Vc =
h

(8.10)

where h is the average of story heights above and below the joint, Li
is the total span length of beam i measured center-to-center of the
columns to which it connects, and Lbi is the clear span length of beam
i equal to the distance from face-to-face of the columns (i.e., deducting half of the column width at each end of the beam) as shown in
Figure 8.1. When member forces are available from computer analysis,
one can obtain an estimate of Vc by averaging the column shears at
the edges of the panel zone:
Vc =

V3 + V4
2

(8.11)

This approximation is usually conservative because it gives smaller
values of Vc and thus higher values of Vw.
The above equations show that the critical loading condition
for the panel zone occurs when it is subjected to large unbalanced
moments from the beams framing into the columns. Large shear
forces will develop in the panel zones of interior columns participating in a sway frame collapse mechanism (of the type shown in
Figure 6.10a) when the beams on all sides of such a panel zone reach
their plastic moment. In fact, the panel zone shear in that case is substantially greater than the shear in the adjacent columns and beams,
and the possibility of panel zone yielding must be considered.
If Eq. (8.8) is substituted into Eq. (8.7), the panel zone shear, Vw, can
be shown to depend only on beam moments M1 and M2. In other words,
the magnitude of the unbalanced moment, ΔM = M1 + M2, controls the
force demand on the panel zone. Different philosophies regarding the
magnitude of ΔM to be considered for design had been developed prior
to the Northridge earthquake. Tsai and Popov (1990b) reported three
such philosophies: strong panel zones, intermediate-strength panel
zones, and minimum-strength panel zones. For strong panel zone
design, ΔM = Mp1 + Mp2 = ΣMp, following capacity design principles
(SEAOC 1980). For intermediate strength panel zone design, ΔM = ΣMp −
2M g, where M g is the moment due to gravity loads. Assuming
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this moment to be 20% of M p, the design requirement becomes
ΔM = Σ0.8Mp (Popov 1987, Popov et al. 1989). For minimum-strength
panel zone design, in an allowable stress design perspective, ΔM =
Σ(Mg + 1.85Me) < Σ0.8Mp, where Me is the beam moment obtained when
the specified earthquake loads are acting alone, and 1.85 is a factor chosen to further reduce the design force on the panel zone and promote a
greater energy dissipation by panel zone yielding. Prior to the Northridge
earthquake, only a few studies had investigated the consequences of
these various design approaches in terms of the relative levels of plastic
deformation in beam and panel zones (Popov et al. 1989, Tsai and Popov
1990b, Tsai et al. 1995). These indicated larger panel zone inelastic
demands and interstory drifts in frames designed per the minimumstrength panel zone approach. However, arbitrarily reducing the
demands to create weaker panel zones is an approach that lacks transparency by confounding actual demands and capacities.
The strong panel zone philosophy was used prior to 1988 in the
United States, together with a panel zone shear strength of 0.55Fy Aw,
where Aw is the column web area (SEAOC 1980). The intermediate
strength and minimum strength approaches are indirect means to
obtain weaker panel zones that will yield sooner and respectively dissipate a greater percentage of the total hysteretic energy. Despite the
lack of a sound theoretical basis, the latter two approaches were adopted
by many codes and guidelines in the United States (e.g., SEAOC 1988,
AISC 1992) after 1988 to be used in conjunction with the panel zone
shear strength equation described in Section 8.4.5 below. However, in
the post-Northridge context, further to multiple successive changes in
code requirements (summarized in Lee et al. 2005b), AISC 341 and
358 requires that the shear in the panel zone be determined from the
moments acting at the column face, determined by projection of the
expected plastic moment developing in the beam, considering
strain-hardening of the plastic hinge and consistently with the freebody diagrams presented in Section 8.6. In that instance, strength of
panel zones is independently assessed as a function of intended ultimate behavior.

8.4.3

Behavior of Panel Zones

Studies of panel zone inelastic behavior started in the 1970s and
included the work of Krawinkler et al. (1971, 1975, 1978), Fielding
and Huang (1971), Fielding and Chen (1973), and Becker (1975).
Tests of large-scale specimens clearly revealed the dominance of
shear distortions on panel zone behavior. Krawinkler et al. (1971)
visually captured this phenomenon using photogrammetric techniques, as shown in Figures 8.6c and d, at large shear strains for the
specimens shown in Figures 8.6a and b. These tests also demonstrated
that panel zones, when carefully detailed to avoid column web yielding and crippling, as well as column flange distortion, can exhibit
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Figure 8.6 Panel zone deformation experimental results: (a) Connection
details of specimen A; (b) specimen B. Column in specimen A is W200 × 36
section (W8 × 24 in U.S. units) with flanges milled to simulate W360 × 101
(W14 × 68 in U.S. units), and column in specimen B is W200 × 100 (W8 × 67
U.S. units) to simulate W360 × 339 (W14 × 228 U.S. units); (c) deformation
pattern in panel zone of specimen A; (d) deformation pattern in panel zone of
specimen B; (e) ΔM versus γp diagram for specimen A; (f) ΔM versus γp
diagram for specimen B; (g) effects of excessive panel zone distortions.
(Parts a to g from Earthquake Engineering Research Center Report UCB/
EERC 71-7, “Inelastic Behavior of Steel Beam-to-Column Subassemblages”
by H. Krawinkler et al., 1971, with permission from the author.)
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Figure 8.6 (Continued)

excellent hysteretic energy dissipation characteristics in shear, up to
large inelastic deformations. Typical results from cyclic inelastic testing are presented in Figures 8.6e and f, expressed in terms of the
unbalanced beam moment (ΔM = M1 + M2) versus average panel zone
shear distortions (γp, also called shear strains or shear deformations in
the literature).
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Figure 8.6 (Continued)

Examination of these hysteretic loops shows that panel zones
exhibit considerable reserve strength beyond first yield, with a steep
strain-hardening slope. This results from the complex state of stress
that develops inside the panel zone as shear stresses are progressively
increased. Typically, yielding starts in the middle of the panel, consistently with elastic theory, and progresses approximately in a radial
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Figure 8.6 (Continued)

manner over the entire panel zone as the unbalanced moment further
increases. As a result, shear distortion is largest at the center of the
panel and smallest at the corners. Once the web is fully yielded, the
panel zone stiffness depends in a complex manner on the panel aspect
ratio, dc/db per Figure 8.5, and the stiffness of its surrounding elements, such as the column flanges and the webs of the connecting
beams. These factors, together with strain-hardening of the web in
shear, produce the considerable post-yield stiffness observed during
tests (see Figures 8.6e and f).
The column axial load also has an impact on the behavior of the
panel zone. In the presence of axial stress, the onset of shear yielding
in the panel zone is hastened, in accordance with the Von Mises yield
criterion. Nonetheless, experiments have shown that the ultimate
shear strength of the panel is not substantially affected by column
axial loads; column flanges were observed to provide axial load resistance when the panel yielded in shear. This redistribution is possible
when the column flanges remain elastic during panel zone yielding.
Ultimately, at large shear strains, the column flanges will in turn
develop their full plastic flexural capacity, in a state of combined
flexure and axial force. When that occurs, large kinks in column
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flanges may develop, producing large strains in or near the welds
connecting the beam flanges to the column, and possibly joint
fracture. For this reason, researchers have recommended that the
maximum shear distortion in a panel zone, γmax, be limited to four
times the shear yield distortion, γy (Krawinkler et al. 1971).
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Figure 8.6 (Continued)

8.4.4

Modeling of Panel Zone Behavior

Formulation of a simple model that captures the complex behaviors
described above remains elusive. Elastic stiffness and yield threshold
are relatively simple matters, but modeling postyield stiffness, which
was observed to vary considerably from specimen to specimen, is
particularly difficult. Krawinkler et al. (1971) proposed a model “…
simple enough to permit its inclusion into practical computer programs…” at the “…sacrifice [of] accuracy in modeling actual boundary conditions.” The model proposed, presented in Figure 8.7a,
consists of an elastic-perfectly plastic column web surrounded by
four rigid sides connected by springs at the corners.
These springs mostly capture the effect of the column flanges on
panel zone behavior and neglect other behaviors. In the elastic range,
the stiffness of the panel zone is approximately:
Ke =

V
=
γ

1
db2
1
+
0 . 95dc tcwG 24EIcf

(8.12)

where G is the shear modulus, E is the modulus of elasticity, Icf is the
moment of inertia of a single column flange, tcw is the column web
thickness, and all other terms have been defined previously. Recognizing that the flange typically contributes approximately only 10%
of the total elastic stiffness, one can ignore the second term in the
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Figure 8.7 Panel zone behavior: (a) mathematical model; (b) Example of ultimate
strength per Krawinkler model, Vu, compared with Von Mises yield strength, Vy;
(c) experimental versus theoretical panel zone shear (expressed in terms of ΔM)
for specimen A; (d) experimental versus theoretical panel zone shear (expressed in
terms of ΔM). Specimen B (Krawinkler model is identified as Model 3 on that
figure). (Parts a to d from Engineering Journal, 3rd Quarter 1978, “Shear in BeamColumn Joints in Seismic Design of Steel Frames” by H. Krawinkler, with permission
from the American Institute of Steel Construction.)
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denominator, which results in the following simpler expression for
the elastic stiffness:
Ke =

V
= 0 . 95 dctcwG
γ

(8.13)

In the postyield range, the panel zone shear stiffness is taken as
zero, whereas the spring stiffness is taken as:
Ks =

2
M Ebctcf
=
10
θ

(8.14)

where θ is the concentrated spring rotation, and bc and tcf are the
width and thickness of the column flange, respectively. This definition
of Ks cannot be proven through the use of simple models. Krawinkler
et al. (1971) report that finite element analyses have been used to

08_Bruneau_Ch08_p345-498.indd 372

6/13/11 4:02:53 PM

Design of Ductile Moment-Resisting Frames

373

Modified
test results

2000

Ks

Model 3

Difference in beam moments, ∆M (Kip-in)

Kt
Model 2
ASCE - 41
Model 1 (F.E.)
General yielding (model 1)

1500

Model 1
First yielding (model 1a)

Ke
First yielding (model 1)

1000

500

σY= 36 KSI
P=0
Vcol = 0

0.002

0.004

0.006

Panel distortion,

0.008

0.010

d pav (rad)

Specimen B
(d)

Figure 8.7

(Continued)

determine the concentrated column flange rotation at each corner
corresponding to this model. The post yielding stiffness of the panel
is thus given by:

Kt =

V
γ

 4 M  1  4  M 1 . 095bc tc2f G
=

 =

db
0 . 95db  γ 0 . 95db  θ

(8.15)

using static equilibrium on the panel and knowledge that γ is equal to
θ for this model. This equation is reasonable over the range γy < γ < 4γy ,
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where γy is the shear yield distortion. Hence, the panel zone shear
strength, reached at an angle of distortion of 4γy , is:
 3 . 45b t 2 

K 
c cf

Vu = Ke γ y + 3Kt γ y = Vy 1 + 3 t  = 0 . 55Fy dctcw 1 +

K
d
d
t

e
b c cw 


(8.16)

The ratio of the second term over the first term inside the parenthesis represents the increase in panel zone shear resistance beyond
that predicted by the Von Mises criterion. Heavy columns with large
flanges will benefit more from the higher resistance provided by this
second term, as illustrated in Figure 8.7b. However, tests to date have
been conducted on specimens scaled to represent moderate size
columns, such as those indicated in Figure 8.6.
Note that the above model fails to check whether the flange
flexural plastic capacity is reached before the shear deformation
reaches 4γy. It also does not consider many other effects that influence
panel zone inelastic behavior, such as shear strain-hardening and
true boundary conditions (in particular, plastic hinges in column
flanges can be closer than 0.95db for different boundary conditions).
However, given that this model was found to capture the few available experimental results reasonably well (as shown in Figures 8.7c
and d where this model is called Model 3), it has been adopted in
many seismic codes.

8.4.5

Design of Panel Zone

Until the Northridge earthquake, inelastic panel zone action was
generally considered to be desirable for energy dissipation. By comparing the behavior of frame subassemblies tested to identical interstory drift levels, Krawinkler et al. (1971) observed that specimens
exhibited greater energy dissipation when panel zone shear yielding
occurred in combination with beam flexural yielding. When the panel
zones tested by Krawinkler did not yield, greater beam flexural plastic rotations were necessary to reach the same interstory drifts, and
the beams suffered more of the inelastic local buckling and lateraltorsional buckling that typically develop at large hysteretic flexural
deformations, and thus exhibited more strength degradation (a logical
consequence consistently observed in other tests, such as by Lee et al.
2005a for example). It was therefore suggested that “controlled”
inelastic panel zone deformations would improve the overall seismic
behavior of steel frames, particularly because the cyclic shear hysteretic behavior of well-designed panel zones does not exhibit strength
degradation. Designers were also advised to consider panel shear
deformations when calculating drifts.
Post-Northridge, the prevailing view is that, even though past
studies have shown properly proportioned panel zones to be ductile,
large panel zone distortions are not desirable because they can have a
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detrimental impact on behavior of beam-to-column connections
(El-Tawil et al. 1999, El-Tawil 2000, Englekirk, 1999). Statistical variations in beam and column yield strengths also make it difficult to
achieve in practice an ideal target “balance” of shared panel zone and
beams yielding. For those reasons, the panel zone strength per the
above equation can only be used to resist the panel shear demands
corresponding to the beam plastic hinges having developed their
expected strain-hardened strengths (AISC 341 and 358), when panel
zone flexibility is considered in analysis (AISC 360). However, sharing of inelastic deformations between the panel zones and beams is
not encouraged when beam flanges are directly welded to column
flanges, because of the risk of crack initiation and propagation at that
location under large panel shear distortions (Hamburger et al. 2009).
Unless superseded by requirements for specific prequalified connections, the panel zone design equation typically implemented in
AISC 360 and CSA S16 respectively is:
 3b t 2 
cf cf

Vu = 0 . 60Fy dctw 1 +
d
d
t 
b c w


(8.17)

 3b t 2 
cf cf
 ≤ 0 . 66 Fy dc tw
Vu = 0 . 55Fy dctw 1 +
d
d
t 
b
c w


(8.18)

and

with φ factors of 1.0 and 0.9, respectively for seismic applications,
where tw is the thickness of the panel zone including doubler plates if
any, and all other terms have been defined previously (Lee et al. 2005b
summarizes the φ factors used in various design code editions). The
upper bound in CSA S16 is to limit the extent of panel zone deformations. When beams of different sizes frame into the column, it is conservative to use the largest of the beam depths for db. In nonseismic
applications, the AISC 360 decreases the strength given by Eq. (8.15)
to as low as 70% of the calculated value when the axial load exceeds
75% of the column plastic axial strength (i.e., 0.75 Py); some researchers
have argued that further reductions are necessary to properly account
for the effect of axial forces (Chen and Liew 1992). However, in seismic
applications, such high axial loads are rarely found in the columns of
ductile moment frames.
When the panel zone of a column has insufficient strength, doubler plates can be added locally to increase the column web thickness;
this has proven to be an economical solution in North America. To be
considered effective in seismic applications, doubler plates must be
detailed in accordance to AISC 341 requirements. In one such detail,
for which doubler plates are placed next to the column web, typically
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fillet welded along the plate width and welded to the column flanges
to develop the design shear strength of the doubler plate, magnetic
particle testing is required to ensure that flaws have not been induced
in the k-area region (see Chapter 2). An alternative detail permitted
by AISC 341 uses a pair of doubler plates symmetrically located away
from the column web, one-third to two-thirds of the distance between
the beam flange tip and column centerline (Lee et al. 2005b), but has
been reported to be more expensive as thicker plates are required due
to stability requirements (Hamburger et al. 2009).
In addition to traditional web slenderness limits, seismic design
codes typically require that panel zone thickness be at least:
tz ≥

dz + wz
90

(8.19)

to prevent premature local buckling under large cyclic inelastic shear
deformations. In this empirical equation, dz is the panel zone depth
between the continuity plates, wz is the panel zone width between the
column flanges, and tz is the panel zone thickness. If doubler plates
are used to increase the thickness of the panel zone, their individual
thickness must also satisfy the above equation. Note that tz can be
taken as the sum of the panel zone and doubler plate thicknesses only
if the doubler plates are connected to the panel zone with plug welds
in a manner to preclude independent buckling of these individual
elements. Hamburger et al. (2009) indicated that selecting bigger columns that would not need doubler plates can be more economical
that installing doubler plates (for column weight increases of up to
100 lb/ft for standard frame geometries).
Finally, note that one should consider panel zone deformations
when calculating frame deformations. However, designers have typically neglected panel zone flexibility when conducting analyses with
line representations of frames. In such models, finite joint sizes are
ignored, structural members are modeled by line elements at their
centers of gravity, and the flexible lengths of beams and columns are
taken as the center-to-center distances between their intersection
points. In more exact models, finite joint sizes are considered, member
flexibility is derived from the free lengths between the faces of columns and beams, and the flexibility of panel zones is included. For the
types and geometries of frames typically used in buildings, the error
obtained through use of the simpler model has been reported to be
negligible, particularly in view of all other uncertainties involved in
the process (Englekirk 1994, Wakabayashi 1986), and AISC 341 considers
that use of that simpler model meets the AISC 360 requirement to
account for the effect of panel zone deformations in the analysis. The
engineer should nonetheless beware of instances when design conditions and/or frame geometry would make this error significant.
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Beam-to-Column Connections
The seismic response of a ductile moment frame will be satisfactory
only if the connections between the framing members have sufficient
strength to permit attainment of the desired plastic collapse mechanism, sufficient stiffness to justify the assumption of fully rigid
behavior typically assumed for analysis, and adequate detailing to
permit development of the large cyclic inelastic deformations expected
during an earthquake without any significant loss of connection
strength. Beams, panel zones, and to some extent, columns can dissipate seismic energy through plastic cyclic rotations, but connection
failure is not acceptable. From that perspective, bolts and welds are
considered to be nonductile elements that must be designed with
sufficient strength to resist the maximum forces that can develop in
the connected elements. Even though bolts and, to some extent,
welds are capable of plastic deformations, their small size and limited ductility generally make those deformations ineffective at the
structural level.
Moment frames acquired their excellent reputation as seismic
framing systems following the San Francisco 1906 earthquake.
However, even though the few midrise steel buildings constructed at
that time weathered the earthquake well, one must recognize that the
heavily riveted moment connections of that era bear little resemblance to current seismic moment connections. Examples of connections used in the first half of the 1900s are shown in Figure 8.8 for
comparison with the standard modern connections illustrated later in
this chapter. The oft-stated “excellent performance of steel moment
frames in past earthquakes” was biased, to some degree, by the track
record of buildings with details that became obsolete in the 1960s
when high-strength bolts and welding became the preferred fastening methods in seismic regions. It is the behavior of these modern
moment connections that is addressed here.

8.5.1 Knowledge and Practice Prior to the 1994
Northridge Earthquake
The welded moment connection details widely used in many North
American seismic regions (notably California) during the 25 years
preceding the Northridge earthquake are shown at the top of Figure 8.9.
Although the simple plastic theory formulated in the first chapters
of this book would suggest that full-penetration groove welds are
required in both flanges and the web of a beam to create a connection
capable of resisting the beam’s plastic moment, by the 1960s the
building industry was already frequently using an alternative more
economic (easier to construct) connection detail with fully welded
flanges and a bolted web connection.
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(a)

Figure 8.8 Examples of frame connections: (a) at turn-of-the-centur y; (b) in the
1930s. (Par t a from Journal of Constructional Steel Research, vol. 10, William
McGuire, Introduction to Special Issue, 1988, with permission from Elsevier Science
Ltd., U.K. Part b from Steel Tips—Structural Steel Construction in the ‘90s by F. R.
Preece and A. L. Collin, with permission from the Structural Steel Education Council.)
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Figure 8.8

(Continued)

The first tests to investigate the cyclic plastic behavior of moment
connections were conducted in the 1960s (Popov and Pinkney 1969).
Various popular details were considered, as shown in Figure 8.9, and
specimens with welded flanges and bolted web connections showed
superior inelastic behavior compared with the cover-plated moment
connection and the fully bolted moment connection alternatives. Typical hysteretic loops are presented in Figure 8.10. The fully bolted detail
was considered less desirable because slippage of the bolts during
cyclic loading produced a visible pinching of the hysteretic loops and
because tensile rupture occurred along a net section between bolt holes.
Further tests in the 1970s (Popov and Stephen 1970) compared the
relative performance of the commonly used welded flange-bolted
web detail and fully welded connections. Sample results are shown
in Figure 8.11. Both details were significantly stronger than predicted
by the simple plastic theory (with Fy = 36 ksi), as clearly shown in
Figure 8.11, and the fully welded connection exhibited more ductile
behavior (Figure 8.11a versus 8.11b). The moment connections with

08_Bruneau_Ch08_p345-498.indd 379

6/13/11 4:02:57 PM

380

Chapter Eight
Column

5'–10 1/4"

Load

2'–6"

1'–11"

8WF48

Lateral guide, top flange

3/8" Stiffeners

8WF20

Erection bolts
To 3" × 2" × 1/4" angle × 6 1/2" long

Full penetration groove weld, 1/4" root opening.
Top and bottom flanges and web, with back-up.

Load

Specimen type F1

2 3/4"

All bolts 5/8" diameter ASTM A-325
with washer under turned element

1 7/8" 4@1 7/8" = 7 1/2"

5 1/2" × 1/2" × 10 1/2" plate
5 1/2" × 1/8" × 9 1/2"
3 1/2" × 3" × 3/8" Filler plate
angle × 4 1/2" long
welded to column stub

5 1/2" × 1/2" × 10 1/2" plate
Full penetration groove weld, 1/8" root opening.
Top and bottom plates, no back-up.

Connection type F3

4 1/4"

1/4" fillet weld 10" long + 1" return

2 1/2"

5"

9"

1/2" plate
Erection bolts to
3" × 2" × 1/4" angle × 6 1/2" long
1/4" fillet weld
10" long, no returns
Full penetration groove weld,
1/4" root opening. Top and bottom
plates and web, back-up on
top plate and web only

Connection type F2
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Figure 8.9 Typical connection details considered in early tests of moment
connections by Popov and Pinkney. (From ASCE Journal of the Structural
Division, vol. 95, “Cyclic Yield Reversal in Steel Building Connections”
by E. P. Popov and R. B. Pinkney, 1969, with permission from the American
Society of Civil Engineers.)
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Figure 8.10 Examples of hysteretic behavior obtained in Popov and Pinkney’s
experiments for (a) specimen type F1, (b) specimen type F3—See Figure 8.9.
(From ASCE Journal of the Structural Division, vol. 95, “Cyclic Yield Reversal
in Steel Building Connections” by E. P. Popov and R. B. Pinkney, 1969, with
permission from the American Society of Civil Engineers.)

bolted webs were also reported to fail abruptly, and their ductility
was more erratic (Popov 1987, in a retrospective of past research).
Nonetheless, connections with bolted web were judged to be sufficiently ductile and reported to be less costly to fabricate. It is interesting to note that Popov and Stephen (1972) also concluded that “the
quality of workmanship and inspection is exceedingly important for
the achievement of best results.”
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Further studies on frame subassemblies (Bertero et al. 1973,
Krawinkler et al. 1971, Popov et al. 1975) investigated the effect of
panel zone and column plastic hinging and helped make the welded
flange-bolted web detail a prequalified moment connection provided
that it was detailed according to predetermined rules. This standard
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Figure 8.11 Hysteretic behavior of typical connection details having (a) fully
welded webs. Results from tests conducted in early 1970s; (b) bolted webs.
This connection is otherwise identical to the one shown in (a). Results from
tests conducted in early 1970s. (Parts a and b from Journal of Constructional
Steel Research, vol. 8, E. G. Popov, “Panel Zone Flexibility in Seismic Moment
Joints,” 1987, with permission from Elsevier Science Ltd., U.K.)
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(Continued)

connection is illustrated in Figure 8.12, although some aspects shown
on that detail (such as the supplemental fillet welds along part of the
web tab) were actually implemented only in the late 1980s (ICBO
1988). This figure also summarizes some of the doubler plate details
described in Section 8.4.5. Note that self-shielded flux-cored arc
welding was commonly used, with E70T-4 or E70T-7 electrodes as the
filler metal, as there was no specified notch toughness requirement
for the filler metal.
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Figure 8.12 Prequalified moment-resisting frame detail in use prior to Northridge
earthquake.

For a number of years, nearly all beam-to-column connections in
structural systems designated as ductile moment-resisting frames
were detailed to be able to transfer the nominal plastic moment of
the beams to the columns (Roeder and Foutch 1995). As a result, relatively modest column and beam sizes were sufficient in those moment
frames to provide the necessary seismic resistance. However, over the
years, as a result of the cost premium commanded by full moment
connections compared with shear connections, many engineers
concluded that it was economically advantageous to limit the number
of bays of framing designed as ductile moment-resisting frames. In
the extreme, prior to the Northridge earthquake, some engineers routinely designed buildings having only four single-bay ductile moment
frames (two in each principal direction, with each in a different plane
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to provide torsional resistance). This trend developed at the expense
of a dramatic loss in structural redundancy, which can be argued to
be a nonnegligible reduction in overall structural safety, particularly
in the event of construction defects. Moreover, considerably deeper
beams, columns with thicker flanges, and bigger foundations were
needed in these single-bay ductile moment frames than in the multibay ones previously used to resist the same seismically induced forces.
In that regard, some pre-Northridge tests on beam-to-column
subassemblies provided an opportunity to investigate potential size
effects. In particular, tests by Tsai and Popov (1988, 1989) indicated
that some prequalified moment connections in ductile moment
frames with W460 and W530 beams, equivalent to W18 and W21 in
U.S. units and thus similar in depth to those tested by Popov and
Stephen (1970, 1972), were not as ductile as expected when the web
accounted for a substantial portion of the beam’s plastic moment
capacity. As shown in Figure 8.13, specimens with the welded flangebolted web connections (specimens 3 and 5) failed abruptly before
developing adequate plastic rotations. These specimens were constructed by a commercial fabricator, and the welds had been inspected
ultrasonically and found to be satisfactory. The use of bolts with twistoff ends for tension control in the beam web (specimens 17 and 18) or
the use of supplemental web welds (specimens 13 and 14) improved
hysteretic performance and delayed abrupt failure. It is noteworthy
that two specimens with bolted webs failed prior to reaching Mp
(even though they were supplied from a commercial fabricator),
and two other specimens with fully welded flanges and webs exhibited significant ductility (specimens 9 and 11), as shown in Figure 8.13.
Further to these findings, the prequalified welded flange-bolted
web connection detail was modified in the late 1980s for beams
having a ratio Zf/Z less than 0.7, where Zf is the plastic modulus of
the beam flanges alone, and Z is the plastic modulus of the entire
beam section. For those beams, supplemental welds on the bolted
web shear tabs were required (i.e., in addition to the usual complete
penetration single-bevel groove welds on the beam flanges and the
bolted shear tab for the web), as shown in Figure 8.12. The supplemental welds were also required to have a minimum strength of 20%
of the nominal flexural strength of the beam web.
Given that those new requirements were supported by only
limited test data, Engelhardt and Husain (1993) conducted additional
tests to investigate the effect of Zf /Z on rotation capacity using
slightly deeper beams than those tested by Tsai and Popov (W460 to
W610 shapes, equivalent to W18 to W24 in U.S. units). Interestingly,
some of the specimens tested by Engelhardt and Husain showed a
disturbing lack of ductility, even though all specimens had been
constructed by competent steel fabricators using certified welders,
and all welds had been ultrasonically tested by certified inspectors.
Some specimens exhibited almost no ductile hysteretic behavior (e.g.,
Figures 8.14a and d), whereas others behaved in a ductile manner
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Figure 8.13 Hysteretic loops for moment-resisting frame connections with low Zf/Z
values and different beam web connection methods: (a) W460 × 52 (W18 × 35)
beam with bolted web, (b) W460 × 52 beam with tension-control bolts (special bolt
whose ends twist off upon reaching specified bolt tension), (c) W460 × 52 beam with
bolted web and 20% supplementary weld, (d) W530 × 66 (W21 × 44) beam with
bolted web, (e) W530 × 66 beam with tension-control bolts, (f) W530 × 66 beam
with bolted web and 20% supplementary weld, (g) W460 × 68 (W18 × 46) beam
with fully welded web, and (h) W530 × 66 beam with fully welded web.
(From Engineering Journal, 2nd Quarter 1989, “Per formance of Large Seismic
Steel Moment Connections under Cyclic Loads” by E. P. Popov and K. C. Tsai, with
permission from the American Institute of Steel Construction.)
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Figure 8.14 Engelhardt and Husain’s tests: (a) specimen 4 details;
(b) specimen 7 details. (c) typical weld and cope details; (d) resulting moment
versus plastic rotation hysteretic curves for Specimen 4; (e) resulting moment
versus plastic rotation hysteric curves for specimen 7. (Parts a to e courtesy
of M. D. Engelhardt, Dept. of Civil Engineering, University of Texas, Austin.)
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until a sudden rupture developed in the connection (e.g., Figures 8.14b
and e). The amount of hysteretic behavior developed prior to failure
bore no relationship to Zf /Z. Three specimens suffered sudden
fracture at the weld-to-column interface at the beam bottom flange
(such as the specimen shown in Figure 8.14a); the remaining specimens suffered gradual fracture at the same location (three specimens),
at the top flange (one specimen), or through the bottom beam flange
outside the weld (one specimen).
Engelhardt and Husain also compared their results with past
experimental data. Assuming that connections must have a beam
plastic rotation capacity of 0.015 radian to survive severe earthquakes,
they found that none of their seven specimens could provide this rotation capacity (Figure 8.15), nor could most connections in tests
conducted by other researchers. As a result of these observations,
Engelhardt and Husain expressed concerns about the welded flangebolted web detail commonly used in ductile moment frames in severe
seismic regions.
And then the Northridge earthquake happened.

8.5.2

Damage During the Northridge Earthquake

On January 17, 1994, an earthquake of moment magnitude 6.7 struck
the Los Angeles area. The epicenter of the earthquake was at
Northridge in the San Fernando valley, 32-km northwest of downtown Los Angeles. This earthquake caused over $20 billion in
damage, becoming the most costly disaster ever to strike the United
States at the time (EERI 1995). Structural and nonstructural damage
to buildings and infrastructure was widespread and considerable,
but there were no reports of significant damage to steel building
structures immediately following the earthquake. This should not
come as a surprise. Inspectors, as well as reconnaissance teams dispatched by various engineering societies and research centers
following a major earthquake can report only readily visible damage
not obstructed by nonstructural elements. Careful inspection of a
building’s steel frame requires the removal of architectural finishes
(cladding, ceiling panels, etc.) and of the fireproofing material covering the steel members—an expensive and time-consuming process.
Given that no steel building collapsed or exhibited noticeable signs
of structural distress (EERI 1996; Tremblay et al. 1995), the discovery
of critical but nonfatal damage was precluded without authority to
expose part of the structure.
However, in the months following the earthquake, engineers
discovered important damage to steel structures, including a large
number of beam-to-column connection fractures. Initially, damage was
often found accidentally, while engineers were trying to resolve nonstructural problems reported by owners following the earthquake.
In one case, for example, beam-to-column connection fractures would
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Figure 8.15 Engelhardt and Husain’s comparison of beam plastic rotations
obtained in past test for (a) specimens with Zf /Z > 0.70 and (b) specimens
with Zf /Z ≤ 0.70. (Courtesy of M. D. Engelhardt, Dept. of Civil Engineering,
University of Texas, Austin.)

have remained hidden, if not for complaints by occupants about persisting elevator problems.
The structural engineer noticed that the building was leaning in
one direction and requested that some connections be exposed. Informal
discussion of such problems within the profession led other structural
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engineers to recognize the potential significance of the problem and to
require random inspection of joints in various steel structures. This led
to the discovery of more failures. Connection fractures were found in
buildings of various vintages and heights (1 to 27 stories), including
new buildings under construction at the time of the earthquake
(Engelhardt and Sabol 1995, FEMA 2000g, SAC 1995a, Youssef et al.
1995). For example, in a steel building still under construction at the
time of the Northridge earthquake, one that had apparently survived
the earthquake intact, random inspection revealed severe fractures in
nearly all beam-to-column connections in one moment-resisting frame.
Typically, in the damaged connections of that building, the column
flange fractured at the level of the full-penetration weld of the beam’s
bottom flange to the column, and the crack propagated horizontally a
short distance into the column web and then vertically toward the
other flange of the same beam (Figure 8.16).
Within two months, more than a dozen buildings with brittle
failures of beam-to-column moment connections attributable to the
Northridge earthquake had been reported. This became a rather delicate issue given that most buildings in which fractures were discovered were still occupied after the earthquake. A first special AISC task
committee meeting allowed researchers and practicing engineers to
meet and exchange information (AISC 1994). Tentative provisions for
the repair of observed damage were formulated, and although many
potential causes for the problem could be identified, failures could
not be conclusively explained.
Three months following the earthquake, approximately 50 steel
buildings were known to have suffered moment frame damage,
based on records from the Los Angeles Department of Building and
Safety. By the end of 1994, approximately 100 had been identified, but
the actual number of buildings with damaged moment frames was
suspected to be higher, given that some owners disallowed inspection
of their buildings (SAC 1995a, SAC 1995b, FEMA 2000g). For perspective, approximately 500 buildings with steel moment frames were
located where severe ground shaking occurred during that earthquake. Lessons from the Northridge earthquake also prompted engineers to suspect that damage to steel moment frames might have
occurred in previous earthquakes, and remained hidden. In the San
Francisco Bay Area, hit by the Loma Prieta earthquake in October
1989 (EERI 1990), this suspicion has been confirmed as buildings with
damaged connections were discovered as inspection opportunities
arose (Rosenbaum 1996). Similar damage was also reported in a
limited number of buildings previously affected by the 1992 Landers
and 1992 Big Bear earthquakes (FEMA 2000a).
Various types of damage were discovered during the surveys
conducted following the Northridge earthquake. Cracks that developed at or near beam bottom flanges were most frequently reported.
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(a)

Figure 8.16 Examples of Northridge fractures propagating through column
flanges: (a) column without stiffener, with fracture propagating into column
web and vertically toward top flange; (b) close-up view of fracture shown in
(a); (c) column with partial stiffener, with fracture through column flange;
(d) close-up view of fracture shown in (c).

Figure 8.17 summarizes the various types of fractures observed in
that case (types 1 to 8). Most frequently, cracking initiated near the
steel backup bar in the root pass of the weld. Those cracks either
remained within the weld material, propagating through part or all
of the flange weld (type 1 and 2 respectively), or spread into the adjacent base metal (types 3 to 6). Cracks in the adjacent steel propagated
into the column flange either vertically (types 3 or 4, depending on
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(b)

Figure 8.16

(Continued)

whether a piece of the column was completely pulled out in the
process) or horizontally by fracturing the entire column flange (type 5)
and sometimes a significant portion of the column web (type 6). In
some cases, cracks that extended into the column web ruptured the
entire column section horizontally or were found to bifurcate and
propagate vertically toward the other flange of the beam in which it
initiated. In a few instances, cracking initiated at the weld toe and
propagated through the flange heat-affected zone (type 7), and at
least one case of lamellar tearing of a column flange has been reported
(type 8) (Bertero et al. 1994). Examples of such damage are shown in
Figures 8.18, 8.19, and 8.20.
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(c)

Figure 8.16

(Continued)

These cracks and fractures were frequently reported in the
absence of similar damage to the top flange. In a few buildings,
there were instances of weld damage at the beam top flanges without damage to the corresponding bottom flange welds, but generally, both flanges were found to have suffered damage when cracks
were found in the top flange welds. Only a few instances of base
metal fractures adjacent to beam top flanges were reported, but
other such failures may have been left undetected in many cases
because floor slabs frequently obstruct inspection at that location
(Youssef et al. 1995).
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(d)

Figure 8.16

(Continued)

The damage reported above was sometimes accompanied by
severe damage to the beam’s shear tabs, with vertical net section
fractures between the bolt holes over part of the height of the web
connector (this occurred after the beam flange fractured completely).
Note that gravity load resistance could be seriously jeopardized when
complete rupture of such shear tabs follows flange fracture. Finally,
in a few instances, panel zone yielding was also observed (Youssef
et al. 1995).
Given that the above damage was reported in buildings having
widely different characteristics, attempts were made to correlate
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F igure 8.17 Typical welded flange and bolted web beam-to-column
connection in moment-resisting frames, with close-up view of notch condition
at backing bar, and eight types of reported Northridge fractures. (Courtesy of
R. Tremblay, Dept. of Civil Engineering, Ecole Polytechnique, Montreal, Canada.)

damage statistics to beam depth, beam span, steel grade, design details,
shear connection type, weld process, composite-beam behavior, material, and construction quality. These studies have proven inconclusive (Youssef et al. 1995).
Although no steel buildings collapsed during the Northridge
earthquake, the discovery of these unexpected failures forced the
structural engineering community to reexamine its design, detailing,
and construction practice for steel moment frames. A sense of urgency
was fueled by the recognition that the Northridge earthquake was
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(a)

(b)

Figure 8.18 Four examples of bottom flange welds fractures. In case (a), for
a fracture located near the face of a box column, a business card is dropped
in to illustrate that the fracture passes completely through the weld. (Parts a
to c are courtesy of M. D. Engelhardt, Dept. of Civil Engineering, University of
Texas, Austin. Part d is courtesy of David P. O’Sullivan, EQE International,
San Francisco.)
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(c)

(d)

Figure 8.18

(Continued)

certainly not the largest earthquake expected to occur in North
America and that steel frames could be subjected to larger inelastic
deformation demands in future earthquakes. To develop short-term
and long-term solutions, extensive research activities were initiated
by federal agencies and private industries. More notable was a
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(a)

(b)

Figure 8.19 Two examples of divot fracture at beam bottom flange. (Courtesy
of David P. O’Sullivan, EQE International, San Francisco.)

coordinated research effort initiated through a joint venture of the
Structural Engineers Association of California (SEAOC), the Applied
Technology Council (ATC), and the California Universities for
Research in Earthquake Engineering (CUREe). The SAC Joint Venture
combined the efforts of practicing engineers, code writers, industry
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(a)

(b)

Figure 8.20 Examples of fractured columns, with fractures propagating from
near the beam bottom flange weld (on the right side in both cases) to the
column flange and into the column web. (Part a courtesy of M. D. Engelhardt,
Dept. of Civil Engineering, University of Texas, Austin. Part b courtesy of
David P. O’Sullivan, EQE International, San Francisco.)
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representatives, and researchers who share either a professional or a
financial interest in the resolution of the problems in beam-to-column
connections that arose as a result of the Northridge earthquake.
This venture published important documents reporting findings
(e.g., SAC 1995a, 1995b, 1997, 1999), and design recommendations
(FEMA 2000a, 2000b, 2000c, 2000d) later integrated in various consensus codes, specifications, and standards.

8.5.3

Causes for Failures

Numerous factors have been identified as potentially contributing to
the poor seismic performance of the pre-Northridge steel moment
connections, and failures may have been caused by different combinations of those factors. After much research, debate, and deliberation,
the professional engineering community did not single out a unique
or dominant reason for the observed failures, but rather concluded
that all of those factors had a relative detrimental influence. Thus,
design solutions and changes to practice enacted since then have
aimed to redress deficiencies related to every plausible cause of
connection damage. A review of some of these conjectured causes is
therefore worthwhile and is presented below. The most important
concerns are addressed here, and related issues have been grouped
under arbitrarily defined broad categories. A more complete summary
of all major and minor concerns expressed following the Northridge
earthquake is available elsewhere (SAC 1995a).

8.5.3.1 Workmanship and Inspection Quality

A percentage of the damage observed following past earthquakes
worldwide has been a consequence of substandard workmanship
and improper inspection, particularly in countries with poor code
enforcement and contractors who hide construction (detailing) mistakes. Hence, as Northridge failures started to appear, many asserted
that deficient workmanship and inspection were to blame. Ignorance
of standard welding requirements was found to be disconcertingly
widespread among structural engineers (SAC 1995a), and some have
reported evidence of poor quality welds with defects that escaped
detection prior to the earthquake. Nonetheless, although lack of
adherence to standard welding procedure generally made matters
worse, improved workmanship and inspection quality alone would
not have been sufficient to prevent the Northridge failures (specimens
constructed under controlled conditions still exhibited erratic behavior
in post-Northridge laboratory tests, as described later).

8.5.3.2 Weld Design

In the pre-Northridge connection described earlier, the beam web
creates an obstacle when one is executing the bottom flange groove
weld; deposition of weld metal is interrupted at the beam web at
every pass. As a result, there is a high probability of defects in the
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bottom flange weld at that location. Those defects are particularly
difficult to detect through ultrasonic inspection because they are
frequently hidden in the portion of the testing signal that is interpreted as interference because of the presence of the beam web.

8.5.3.3

Fracture Mechanics

8.5.3.4

Base Metal Elevated Yield Stress

The backup bars used for downhand welding of beam flanges were
typically left in place prior to 1994 after completion of the weld. From
a strength perspective, these small bars were perceived as additional
material that could be left in place without detrimental effects.
However, from a fracture mechanics perspective, the small unwelded
gap between the edge of the backup bar and the column flange can be
considered a notch or crack that acts as a stress raiser, from where
new cracks can originate and propagate into the weld or adjacent
base metal (see Figure 8.21). This problem is further compounded if
the weld metal has low notch-toughness.
Similarly, a large number of defects can exist in the weld runoff
tabs installed to allow extension of the weld passes beyond the flange
width (as required by the American Welding Society). Runoff tabs
collect the defects commonly introduced by the starting and ending
of each weld pass in a zone removed from the flange. If left in place,
the weld runoff tabs provide an opportunity for these defects, even
though located outside the flange, to propagate into the weld proper.
This propensity to crack propagation was further accentuated by
the very low Charpy-V notch toughness of the E70T-4 electrodes
(Figure 8.22) that were commonly used as filler metals in preNorthridge welds (Kaufman et al. 1996).

Many engineers had resorted to using A36 steel for beams and A572Grade 50 for columns to facilitate compliance with the philosophy
of strong-column/weak-beam design. The use of Grade 50 steel for
columns also increased the panel zone strength, minimizing the need
for doubler plates. However, a significant increase in the actual yield
and ultimate strengths of the standard A36 steel produced in the
United States has been observed over the years, in spite of the absence
of changes to the steel grade specification itself. This increase is primarily due to changes in the steel-making process in the 1980s, when
integrated mills were replaced by mini-mills that use highly efficient
electric arc furnaces to produce steel shapes from scrap steels. SSPC
(1994) and SAC (1995b) reports average yield and ultimate strengths
of 338 MPa (49 ksi) and 475 MPa (69 ksi) for A36 steel, and maximum
yield strengths as high as 496 MPa (72 ksi), as shown in Table 8.1.
Some steel producers have also introduced dual-certified steel, which
is steel simultaneously in compliance with all the minimum chemical
and strength requirements of both A36 and A572-Grade 50 steels.
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Back-up bar (typ.)
“Notch” (typ.)

Figure 8.21 Example of fractured beam bottom flange in which a crack
originated at the unwelded gap between the edge of the backup bar and the
column flange. (Courtesy of J. E. Patridge, Smith-Emery Co., Los Angeles.)

Therefore, engineers who assume A36 steel properties for the design
of beams may seriously underestimate the beam flange forces acting
on the groove welds, and unintentionally select welds weaker than
the base metal, if the contractors supply steel with yield strength in
excess of 350 MPa (50 ksi). Furthermore, the intended strong-column/
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Figure 8.22 Charpy-V notch test results on three different types of weld
filler metal. (From Modern Steel Construction, vol. 36, no. 1, “Achieving
Ductile Behavior of Moment Connections” by E. J. Kaufmann et al., 1996,
with permission from the American Institute of Steel Construction.)

weak-beam design may in practice be a weak-column/strong-beam
system if the yield strength of the beam substantially exceeds the
nominal value.
To ensure that representative yield and tensile strength values
are used in design when this knowledge is critical, correction factors were developed to relate actual expected strength to minimum
specified strengths, using the data from Table 8.1 and other complementary studies (Bartlett et al. 2003, Liu 2003). The corresponding expected yield strength, Fyexp, and expected tensile strength,
Fuexp, (called “actual” strengths in some references) are defined as
Fyexp = RyFy and Fuexp = RtFu, where Ry is the ratio of the expected
yield stress to the specified minimum yield stress, and Rt is the
ratio of the expected tensile strength to the specified minimum tensile
strength.
Table 8.2 shows sample results specified by AISC 341 for various structural shapes and steel grades, including the A992 and
A913 grades having specified upper limits on yield strength (see
Section 2.2.5). Values for other structural shapes and steel are provided in AISC 341.

8.5.3.5 Welds Stress Condition

The ultimate stress applied to the weld of the beam flange can be
estimated if one assumes that the bolted web cannot transfer bending moments. Indeed, researchers have observed that web bolts
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Statistics

A36 Steel

Dual Grade
Yield Stress (ksi)*

A572 Grade 50

Specified

36.0

50

50

Mean

49.2

55.2

57.6

Minimum

36.0

50

50

Maximum

72.4

71.1

79.5

4.9

3.7

5.1

54.1

58.9

62.7

Standard deviation
Mean plus one standard
deviation

405

Tensile Stress (ksi)*
Specified

58–80†

65 (min)

Mean

68.5

73.2

75.6

Minimum

58.0

65.0

65.0

Maximum

88.5

80.0

104.0

4.6

3.3

6.2

73.1

76.5

81.8

Standard deviation
Mean plus one standard
deviation

65 (min)

Yield/Tensile Ratio
Specified

0.62 (max)

0.77 (max)

0.77 (max)

Mean

0.72

0.75

0.76

Minimum

0.51

0.65

0.62

Maximum

0.93

0.92

0.95

Standard deviation

0.06

0.04

0.05

Mean plus one standard
deviation

0.78

0.79

0.81

*1 ksi = 6.895 MPa.
†No maximum for shapes heavier than 426 lb/ft.
(SSPC 1994)

Table 8.1

Statistical Yield and Tensile Properties for Structural Shapes Based on
Data Reported by the Structural Shape Producers Council (SSPC)

typically slip during testing, leaving the stiffer welded flanges alone
to resist the total applied moment at the connection (Popov et al. 1985,
Tsai and Popov 1988). As a result of the incompatible stiffnesses of
the bolted web and the welded flanges, the connection resistance is
reached when the flanges reach their ultimate tensile stress, Fu
(Figure 8.23).
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Structural Shape and Steel Grades

Ry

Rt

1.5
1.3
1.1

1.2
1.1
1.1

1.2

1.1

Hollow structural sections (HSS):
• ASTM A500 (Gr. B or C), ASTM A501

1.4

1.3

Pipe:
• ASTM A53/A53M

1.6

1.2

1.3
1.3
1.1
1.3
1.1

1.2
1.1
1.1
1.0
1.2

1.2

1.1

Hot-rolled structural shapes and bars:
• ASTM A36/A36M,
• ASTM A1043/1043M Gr. 36 (250)
• ASTM A572/572M Gr. 50 (345) or 55 (380),
  ASTM A913/A913M Gr. 50 (345), 60 (415), or
65 (450), ASTM A588/A588M, ASTM A992/
A992M,
• ASTM A1043/A1043M Gr. 50 (345)

Plates, Strips and Sheets:
• ASTM A36/A36M
• ASTM A1043/1043M Gr. 36 (250)
• A1011 HSLAS Gr. 55 (380)
• ASTM A572/A572M Gr. 42 (290)
• ASTM A572/A572M Gr. 50 (345),
Gr. 55 (380), ASTM A588/A588M
• ASTM 1043/1043M Gr. 50 (345)
Table 8.2

Ry and Rt Values for Steel

AfFu

Mult = AfFu (d-tf)

d-tf

= Af (d-tf) Fu
= ZfFu

AfFu

Figure 8.23 Free-body diagram for simplified model of connection strength.
(Courtesy of M. D. Engelhardt, Dept. of Civil Engineering, University of Texas,
Austin.)
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As a result of strain-hardening, beams will reach bending moments
of 1.2 to 1.3 times the expected plastic moment, Mpexp, at the required
plastic rotations, and flange fracture will develop unless:
A f Fu (d - t f ) = Z f Fu ≥ 1 . 2 Mpexp = 1 . 2ZFyexp

(8.20)

where Af and tf are, respectively, the area and thickness of a beam
flange, d is the beam depth, and Fyexp is the expected yield stress of the
beam. Assuming the plastic section modulus of the flanges alone, Zf
is approximately 70% of the beam plastic modulus, Z, the ratio of Fyexp
over Fu needed to develop significant plastic rotations is given by:
Fyexp
Fu

≤

0 . 83Z f
Z

≈ 0 . 60

(8.21)

Given that the mean ratio of Fyexp over Fu for currently available
steels has been reported to vary between 0.72 and 0.76 (SAC 1995a,
SAC 1995b), as shown in Table 8.1, it may not be possible to reliably
develop the required plastic deformations in beams, even with perfect
groove-welded connections.

8.5.3.6

Stress Concentrations

8.5.3.7

Effect of Triaxial Stress Conditions

The absence of continuity plates opposite the beam flanges in a
column produces stress concentrations in the flange near the column
web (see Figure 8.4). Some engineers also alleged that this stress concentration could not be eliminated by the addition of thick continuity
plates (Allen et al. 1995). Note that the use of overly thick continuity
plates will generally require large welds that will introduce greater
residual stresses in the connection: another condition conducive to
crack initiation.
Triaxial stress conditions can have an adverse effect on the ductility of
steel. This is illustrated in Figure 8.24 in a comparison of the Mohr
circles for steel elements with free or constrained lateral deformations
when they are subjected to uniaxial yield stress (Blodgett 1995).
As described in Chapter 2, yielding requires the development of
slip planes. For a steel element unrestrained laterally and subjected
to uniaxial stress, ductile behavior develops when the shear stress
equivalent to the uniaxial yield stress is exceeded. For a steel with sy =
s3 = 350 MPa (50.8 ksi), the corresponding yield shear stress is 175 MPa
(25.4 ksi) from Mohr’s circle (Figure 8.24). The corresponding axial
strains, obtained from the classical equations of elasticity (Popov
1968), using a value of Poisson’s ratio, μ, of 0.3 are ε3 = s3 /E = 0.00175,
and ε2 = ε1 = –μs3 /E = – 0.00053. However, if the same axial strain
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τ

τ
τy = 175
σ3 = 471

σ1 = 202
σ2 = 202

σ

σ1 = 0.0
σ2 = 0.0

σ3 = 350
σ

[MPa]

σ2 = 0.0 MPa
ε2 = –0.00053

σ2 = 202 MPa
ε2 = 0.0

σ3 = 471 MPa
ε3 = 0.00175
σ1 = 202 MPa
ε1 = 0.0

σ3 = 350 MPa
ε3 = 0.00175

σ1 = 0.0 MPa
ε1 = –0.00053

Restrained weld

Unrestrained steel

Figure 8.24 Comparison of triaxial stresses in unrestrained and restrained
steel elements. (Adapted from Blodgett 1995.)

ε3 = 0.00175 is applied when lateral deformations of the steel element
are fully restrained (i.e., ε2 = ε1 = 0), the resulting stresses are:
s3 =
=

E[1 – μ ]ε 3 + με 2 + με 1
(1 + μ )(1 – 2μ )
200000[(1 . 0 - 0 . 3)(0 . 00175)]
(1 . 3)(0 . 4)

(8.22a)

= 471 MPa (68 . 3 ksi))
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s2 =
=
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E[με3 + (1 - μ)ε2 + με1 ]
(1 + μ)(1 - 2μ)
(200000)[0 . 3 (0 . 00175)]
(1 . 3)(0 . 4)

(8.22b)

= 202 MPa (29.3 ksi)
s1 =
=

E[με3 + με2 + (1 - μ)ε1 ]
(1 + μ)(1 - 2μ)
(200000)[0 . 3 (0 . 00175)]
(1 . 3)(0 . 4)

(8.22c)

= 202 MPa (29.3 ksi)
As can be seen from the corresponding Mohr circle, even though
the axial stress has exceeded the uniaxial yield stress of 350 MPa
(50.8 ksi), the maximum shear stress is only 135 MPa (19.6 ksi). The
shear stress needed to initiate slip planes would be reached only at
an axial stress of 610 MPa (88.5 ksi), a value most likely in excess of
the ultimate yield stress of the material (based on data in Table 8.1).
Hence, ductile behavior will not develop, and brittle failure will occur
instead. This simplified model also suggests that compression in the
column (ε2 < 0) would enhance the potential for ductile behavior at
the weld, whereas tension (ε2 > 0) would reduce it. Practically, the
above condition of full restraint against lateral deformations is an
extreme constraint not encountered in most welds of small to moderate sizes, but may be approached when large welds are executed on
very thick steel members. Elasto-plastic studies of the behavior of
constrained welds would help clarify the relationship between
degrees of restraint and ductility.

8.5.3.8

Loading Rate

Given that all large-scale specimens in past experimental studies
prior to the Northridge earthquake had been subjected to quasi-static
loading, it was suggested that rate of loading may have had a detrimental effect on the behavior of beam-to-column moment connections. Dynamic testing of pre-Northridge full-size beam-to-column
connections with W760 × 147 beams (W30 × 99 in U.S. units) revealed
that beam flanges experienced strain rates on the order of 10-1 mm/
mm/s for moment frames located in buildings having a fundamental
period of vibration of approximately 1 s (Uang and Bondad 1996). At
such a strain rate, yield stress can be increased by 10% (see Figure 2.8),
thereby increasing the force demand on the groove-welded joint. It
is also known that strain rate will decrease the notch toughness of the
material. The combined effects resulted in a poorer cyclic behavior
under dynamic loading conditions.
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8.5.3.9

Presence of Composite Floor Slab

The development of composite action due to the presence of a concrete floor slab may have been responsible for the dominant number
of beam bottom flange fractures (compared with top flange fractures).
The different neutral axis positions in positive (composite) flexure versus negative (noncomposite) flexure translate into greater axial deformation demands on the beam bottom flange than on the top flange.
However, other factors also likely contributed to the greater damage
to the beam bottom flanges. For example, the top flange groove weld
is easier to accomplish and inspect than the bottom flange weld.
Furthermore, the strain demands at the level of the backup bar to the
top flange weld are smaller than those on the backup bar to the bottom
flange weld, which is farther from the center of the steel section.
Note that in California, engineers have commonly ignored composite action in design of moment-resisting frames, even though
19-mm (¾-inch) diameter shear studs spaced 300 mm (12 in) on center
are popular to transfer seismic forces from the slab to the steel frame.
Welded wire fabric is commonly used there as reinforcement in the
concrete slab.

8.5.4
8.5.4.1

Reexamination of Pre-Northridge Practice
Reexamination of Past Literature

The extensive damage to steel moment frames in the Northridge
earthquake prompted a reexamination of past experimental data.
This review essentially revealed that the Northridge failures should
have been expected (Bertero et al. 1994, Roeder and Foutch 1995,
Stojadinovic et al. 2000). Although past experimental studies on
standard moment connections generally reported satisfactory performance, sometimes with impressive ductile behavior, most studies
reported instances of failures after only a limited amount of inelastic
energy dissipation. For example, beyond the numerous sudden failures already reported in Section 8.5.1, Popov and Bertero (1973)
reported a number of abrupt specimen failures, sometimes with fractures through welds or flanges, and Popov et al. (1985) noted that
most of their specimens failed abruptly after exhibiting more or less
satisfactory levels of plastic deformations. That latter test series was
conducted to verify the adequacy of the design criteria for beam-tocolumn joints, using larger specimens than tested to that time and
A36 beams framing into A572-Grade 50 columns. The beams’ flanges
were fully welded, webs were bolted only, and researchers reported
hearing the slippage of the web bolts at each load reversal during
testing. They also noted that specimens with continuity plates and
doubler plates performed better than those without.
The abrupt failures reported in past North American beam-tocolumn tests were limited to fractures of the welded connections; cracks
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propagating into columns had not been observed prior to the Northridge
earthquake. However, Bertero et al. (1994) reported that Japanese
researchers had experienced such column fractures decades earlier
(Kato 1973, Kato and Morita 1969). In those tests performed on large
columns, cracks were observed to propagate from the beam welds
through the entire column cross-section when the column was subjected
to low axial forces; crack propagation stopped after rupture of the column
flange when columns were subjected to high axial compression forces.
Thus, beam, column, and weld fractures similar to those documented following the Northridge earthquake had been observed
in past studies. Unfortunately, although some of the specimens that
exhibited inadequate ductility were brought forth (e.g., Engelhardt
and Husain 1993), other instances of erratic behavior received cursory treatment and were attributed to faulty workmanship, even
when the test specimens were provided by commercial fabricators.

8.5.4.2

Post-Northridge Tests of Pre-Northridge Details

Shortly after the Northridge earthquake, many tests of typical preNorthridge connections were conducted in an attempt to replicate the
observed failures under controlled conditions. A first series of tests
involved heavy beam and column specimens (W360 × 677 A572-Grade
50 columns and W920 × 233 A36 beams, corresponding to W14 × 455
and W36 × 150, respectively, in U.S. units) representative of those that
fractured during the earthquake (Engelhardt and Sabol 1994). Special
care was taken to ensure superior welding quality and inspection.
Backup bars and weld runoff tabs were also removed, and the weld
root pass was gouged out and filled with new weld material to locally
reinforce the weld. Two specimens had bolted webs (with supplemental welds on the web connector plate), and two specimens had webs
fully welded to the column flanges; continuity plates were not used.
The four specimens were tested by a standard quasi-static method,
which is at strain rates much less than those that typically occur during earthquakes. All specimens failed at a low level of inelastic deformation (attaining plastic rotations of 0.0025 rad to 0.009 rad, depending
on the specimen), with brittle fractures observed in both top and bottom flanges. Specimens with fully welded webs did not perform any
better than those with bolted webs. These results showed the need for
joint reinforcement and/or an alternative welding procedure to be
validated through an extensive experimental program.
Tests on eight full-scale specimens of other pre-Northridge connections (W360 × 262 A572 Grade 50 columns with W760 × 147 A36
beams, corresponding to W14 × 176 and W30 × 99, respectively, in
U.S. units) showed similar results (Whittaker et al. 1995, Uang and
Bondad 1996). All eight specimens had the supplemental welds
required on the web connector plate. First, three nominally identical
specimens (Whittaker et al. 1995) were constructed under close supervision and rigorous inspection and thus were likely of greater than
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average quality. Tested at low strain rates, these pre-Northridge specimens suffered top flange weld fracture at beam plastic rotations of
approximately 0.4%, 0.4%, and 1.0%, respectively (Whittaker et al.
1995). Panel zone yielding, observed in all three specimens, increased
the total plastic deformation of the specimens by 0.7%, 0.7%, and 1.1%,
respectively. Repairs that consisted of rewelding the failed flanges
with toughness-rated filler metal failed in a similar manner at beam
plastic rotations of 0.3%. Five different specimens tested by Uang and
Bondad (1996) failed in a similar manner. Three specimens, tested
quasi-statically, achieved maximum beam plastic rotations ranging
between 0.2% and 1.6%, and total plastic rotations varied from 0.8%
to 2.3% when panel zone plastic deformations were included. Two
additional specimens tested at strain rates of 0.1 cm/cm/s failed without exhibiting any beam plastic rotation; maximum panel zone plastic rotations of 0.15% and 1.0% were measured respectively in the two
tests. The fractures propagated into the column flanges and bolted
beam web plates in the dynamically tested specimens, suggesting that
loading rate may have contributed to that failure pattern observed in
many Northridge-type failures. The propagation of damage in the
dynamic tests has been documented on video (Uang 1995).
As soon as the first preliminary test results became available, the
prequalified standard moment connection was deleted from most
building codes and regulations for applications in moderate to high
seismic regions, and it was replaced by general clauses requiring that
welded or bolted moment connections be able to sustain inelastic rotations and develop the required strength, as demonstrated by approved
cyclic tests or calculations supported by test data. Interpretation of
these clauses, particularly regarding what constitutes acceptable levels of inelastic rotations and test procedures, had been left to the regulatory authorities and professional organizations (e.g., SEAOC 1995)
while awaiting consensus agreement. As a result, for a few years,
building officials in many jurisdictions required mandatory testing of
any new connection detail not previously proven by cyclic inelastic
tests, or any connection with beams and columns larger than tested
previously. This expensive proposition pushed many engineers
toward other lateral-load resisting systems. The findings from an
extensive coordinated research program conducted to establish acceptable moment-resisting connections is described in the next section.

8.5.5 Post-Northridge Beam-to-Column Connections Design
Strategies for New Buildings—Initial Concepts
Numerous proposed solutions to the moment frame connection
problem were attempted in the years following the Northridge
earthquake, as part of a coordinated research effort funded by the
Federal Emergency Management Agency and the California Office of
Emergency Services, as well as from other initiatives. A broad range
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of innovative ideas were proposed, often boldly departing from existing practice, sometimes with an entrepreneurship spirit. This section
focuses on some successful and nonsuccessful initial concepts, to provide a useful perspective of the context that led to the solutions and
constraints adopted in design provisions that are presented later.
Generally, two key concepts were originally pursued to circumvent the problems associated with the pre-Northridge moment frame
connection, namely:
• Strengthening the connection, or
• Weakening the beam(s) that frame into the connection
In both cases, the objective is to move the plastic hinge away from
the face of the column, to avoid the aforementioned problems related to
the potential fragility of groove welds subjected to triaxial stress conditions. Figure 8.25 schematically illustrates the corresponding beam
moment diagrams to achieve this. For the strengthening case (reinforced
beam ends), developing the plastic moment of the beam, Mp , at a distance e from the face of a column induces greater moments at the column face. On the contrary, weakening solutions locally reduce the beam
plastic moment at that same distance e, and ensure plastic hinging at
that location by selecting a strength, mp such that the maximum moment
reached at the column face is less than Mp , which can be advantageous
given that this moment dictates column and panel zone design.
Solutions that circumvented the need to develop the plastic moment
of the beam were also proposed (such as friction-based energy dissipation concepts, or pre-tensioned connections, to name a few), but such
Me

e
A

Strengthened (e.g., cover plate)
Pre-Northridge

B

Mp
A
B
mp

C

Weakened (e.g., dogbone)
C
CL
CL

e
L/2

Figure 8.25 Consideration of moment gradient to promote development of
plastic hinges at distance e from face of column.
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outright departures from design approaches relying on hysteretic
behavior are presented in Chapter 13, the focus here being on connections that can develop the plastic hinging of the connected beam.
On the strength of results from nonlinear inelastic analyses of
example buildings conducted using contemporary knowledge on
seismic demands (FEMA 2000e), it was shown that drifts of 4% could
develop in special moment-resisting steel frames. Therefore, to ensure
the satisfactory performance of such ductile moment-resisting connections, proposed connections were required to experimentally
achieve plastic rotations of 0.03 radian without exhibiting strength
degradation of more than 20% of their plastic moment (SAC 1995b,
FEMA 2000a) when subjected to a specified protocol of cyclic inelastic
deformations (e.g., similar to the one in Appendix S of the 2005
edition of AISC 341, or Appendix K of the 2010 edition). A minimum
of three satisfactory tests was required to ensure reliable results.
Incidentally, all proposed post-Northridge connections were recommended to be implemented in conjunction with the use of high
toughness weld filler metal, better welding practice, and high-quality
inspection. Furthermore, even though removal of the backup bars and
weld runoff tabs did not enhance performance noticeably in the tests of
pre-Northridge connections, the arguments presented earlier regarding the notch effect created by the backup bar are compelling, and their
removal is recommended. In some of the post-Northridge test though,
a fillet weld applied between the backup bar and column flange was
alternatively used to seal the cracklike gap described in Section 8.5.3.

8.5.5.1 Initially Investigated Strengthening Strategies: Cover
Plates and Flange Ribs

Many ideas were initially proposed to make the connection stronger
than the beam framing into the connection, some of which being illustrated in Figure 8.26. The use of beam strengthening schemes to reinforce beam-to-column connections has the advantage of relocating the
plastic hinge(s) away from the column face(s), but the disadvantages
of: (1) increasing the beam moment(s) at the face(s) of the column,
thereby increasing the column size to maintain the strong-column/
weak-beam system; (2) increasing the unbalanced moment on the
panel zone; and (3) increasing the plastic hinge rotation demand (see
Section 8.6)—all issues that must be considered by the designer.
Among the strengthening strategies, the use of cover plates or
flange ribs appeared to be an obvious and promising solution to
strengthen the beam at the column face (e.g., Engelhardt and Sabol
1996; Noel and Uang 1996; Kim et al. 2000; Whittaker et al. 1995,
2002). In nearly all cases (Noel and Uang, 1996 and Kim et al., 2000
providing typical exceptions), to make downhand welding possible
for both flanges, the top cover plate was tapered and narrower than
the beam top flange, whereas the bottom plate was rectangular and
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Frame column
Frame column
Top cover plate
(tapered)
Plastic hinge region
shifted from column
flange

Top
upstanding
rib

Alternate
configuration

Frame beam

Bottom cover plate
(rectangular)
(a) Cover plate

Frame beam
Bottom
upstanding rib
(b) Upstanding rib

Frame column
Frame column
Additional
top haunch
(alternate)

Side plates
Filler plate

Frame beam

Frame beam
(c) Side plate

Bottom haunch
from WT
(d) Haunch

Figure 8.26 Examples of initially proposed moment connections per
strengthening strategies. (Courtesy of M.D. Engelhardt, Dept. of Civil
Engineering, University of Texas, Austin.)

wider than the bottom flange (Figure 8.26a). Plate tapering was also
believed to result in a smoother stress transfer between each flange
and its cover plate. However, this originally envisioned simple cover
plate details ended-up not being prequalified for new construction,
for the reasons described below.
Results from a series of cover plate tests by Engelhardt and Sabol
(1996) are instructive. Details of 12 specimens considered are summarized in Table 8.3, along with brief description of their performance. Details with bolted web or welded web connections were
evaluated, as shown in Figures 8.27a and b, respectively. Note that
for new construction with that proposed cover plate detail, the
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Beam Web
Strength

492

460

W36 × 150 370

W36 × l50

AISC-5B

AISC-7A

318

460

318

W36 × l50

AISC-5A

425

294

W36 × l50

AISC-3B

425

294

W36 × l50

AISC-3A

375

380

375

320

320

494

520

494

435

435

Fy
Fu
Fy
Fu
(MPa) (MPa) (MPa) (MPa)

Beam Flange
Specimen Beam Size§ Strength

426

426

426

455

455

19 × 300 ×
430

25 × 300 ×
610

25 × 300 ×
610

19 × 300 ×
430

19 × 300 ×
430

16 × 355 ×
405

25 × 300 ×
585†

25 × 300 ×
585†

16 × 355 ×
405

16 × 355 ×
405

bolted

bolted

bolted

bolted

bolted

E70T-7

3.5%+

Gradual strength
deterioration due to
local buckling, and
gradual tearing of fillet
welds of cover plates to
beam flanges

Brittle fracture at
beam bottom flange
connection. Fracture
contained within column
flange base metal

E70TG-K2‡ 0.5%

Gradual strength
deterioration due to
local budding, followed
by gradual tearing of
bottom flange at end of
cover plate

Brittle fracture at top
flange and cover plate
groove weld

Same as AISC-3B

2.5%

1.5%

Maximum
Plastic
Rotation
(rad)
Description of Failure

E70TG-K2‡ 2.5%

E70T-4

E70T-4

Top Cover
Bottom
Plate
Cover Plate
(tapered)
(rectangular)
(thickness ë�(thickness ë�
Column width ë
width ë
Size§
length)
length)
Web
W14ë
(mm)
(mm)
Connection Electrode*

417
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311

311

292

296

321

340

W36 × l50

W36 × l50

W36 × l50

W36 × l50

W30 × l48

W36 × l50

AISC-8A

AISC-8B

SAC-4

NSF-5

NSF-6

NSF-7

456

445

417

421

444

444

460

360

334

310

329

343

343

375

467

450

415

437

465

465

494

455

257

426

257

426

426

426

12 × 300 ×
355

16 × 266 ×
355

12 × 300 ×
355

25 × 300 ×
405

19 × 300 ×
430

19 × 300 ×
430

19 × 300 ×
430

12 × 380 ×
355

16 × 300 ×
355

12 × 380 ×
355

25 × 355 ×
405

16 × 355 ×
405

16 × 355 ×
405

16 × 355 ×
405

welded

welded

welded

bolted

bolted

bolted

bolted

E70T-8

E70T-8

E70T-8

E70T-8

E70T-7

E70T-7

E70T-7

3.8%+

3.8%+

3.3%+

3.7%+

3.5%+

3.5%+

5.0%+

Same as AISC-7A

Gradual tearing of
fillet welds of cover
plates to beam flanges;
panel zone dominated
inelastic response

Same as AISC-7A

Same as AISC-7A +
significant panel zone
yielding

Same as AISC-7A

Same as AISC-7A

Same as AISC-7A

Table 8.3

Summary of Results for Cover-Plated Connection Test Series

*All bolted webs with fully tensioned high strength bolts and supplemental welds on web shear tab to develop 20% of nominal plastic moment of beam web; all
welded webs by directly welding to column using complete joint penetration groove weld.
†Tapered bottom cover plate
‡Except E70T-7 used for bottom cover plate to column flange weld
§
In S.I. units, W36 × 150 is W920 × 223, W30 × 148 is W760 × 221, W14 × 455 is W360 × 677, W14 × 426 is W360 × 634, W14 × 257 is 360 × 382.
(From Engelhardt and Sabol 1996)

318

W36 × l50

AISC-7B
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430
65

19 mm PL

10 W36 × 150 (A36)
30°

A

8
8

No
weld

3 sides

6.5

Bolts: 10–25 mm A490 76 mm
Holes: 27 mm Dia.

17.5

405

PL 16 × 127 × 787
B

Section A

c-c

13
13

W14 × 455
(A572 Gr. 50)

355
No weld
16 mm PL

10
30°
G
45°
80

Section B
Back gouge

80
45°

(a)

After UT of
beam flange weld
10
30°

10
10
10
30°
G

A

355
50

8

50

45°
6

25 mm PL
W14 × 455
(A572 Gr. 50)

11

5
8

Section A

PL 10 × 150 × 760

W36 × 150
355

13
13

B
50 mm no weld

12 mm PL (Gr. 50)
No weld

380

10
30°
G
45°
0
6
60
45°

No weld
Back gouge

12 mm PL (Gr. 50)

Section B
(b)

Figure 8.27 Moment connections with cover plates: (a) bolted web (specimen
AISC-3A), (b) fully welded web (specimen NSF-7). (Courtesy of M. D. Engelhardt,
Dept. of Civil Engineering, University of Texas, Austin.)
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After UT of beam
flange weld
10 mm
30°

Column flange

Column flange

419

10 mm 30°

10 mm
30°

Top cover
plate

G

Top cover plate
Beam top flange

Beam top
flange

8

(a) Detail used for AISC specimens

(b) Detail used for SAC and NSF
specimens

Figure 8.28 Typical groove weld details at top flange used for moment connection
strengthened by cover plates. (Courtesy of M. D. Engelhardt, Dept. of Civil
Engineering, University of Texas, Austin.)

bottom cover plate would have been shop-welded to the column
flange and used in the field as an erection seat for the beam. This
particular construction sequence also would have made it possible to
perform ultrasonic testing at various stages of connection assembly
and to fully weld the beam web, using the web tab as a backup
plate. A welded web can transfer its share of the beam plastic moment,
which makes possible the use of smaller cover plates. Smaller plates
also minimize residual stresses due to weld shrinkage, and the likelihood of high triaxial tensile stresses at the column face. Separate
welds for the flange and cover plate (Figure 8.28) also reduce this
likelihood of developing detrimental triaxial stresses in the connection and enable individual ultrasonic inspection of the two welds.
As shown in Table 8.3, two-thirds of the cover-plated specimens
developed total plastic rotations of 0.03 rad without brittle fracture.
Note that in those specimens, the columns were designed with a strong
panel zone that remained elastic throughout testing, with the exception of specimens SEC-4 and NSF-6 designed with lighter columns and
for which panel zone yielding dominated the inelastic response. Results
for a specimen with a fully welded web connector plate are shown in
Figure 8.29. Yet, cover plates by themselves are not a panacea. As seen
in Table 8.3, two of the specimens with bolted webs tested by Engelhardt
and Sabol (AISC-3A and AISC-5B) failed in a brittle manner at plastic
rotations of less than 0.02 rad, even though the groove welds had
passed ultrasonic inspection. Each specimen that failed had a counterpart that exhibited satisfactory behavior.
Note that for the AISC-#B specimens, a Welding Procedure Specification was written and enforced, whereas for the AISC-#A specimens,
the welder was permitted to weld on the basis of his experience.
Two different welders executed the AISC-3A and -3B specimens;
both were uncomfortable with the setting recommendations from the
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Figure 8.29 Moment connection with cover plates and fully welded web
(specimen NSF-7): (a) hysteretic behavior. (b) specimen state at completion
of test. (Parts a and b courtesy of M. D. Engelhardt, Dept. of Civil
Engineering, University of Texas, Austin.)

electrode manufacturers. The Welding Procedure Specification was
enforced for specimen AISC-3B, but the welder of specimen AISC-3A
increased the voltage and current of the welding machine to enhance
workability. Metallurgical study of the groove welds revealed the
greater heat input to AISC-3A (that suffered brittle fracture) resulting
in a fivefold lower weld toughness than in AISC-3B. As for the other
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specimen with poor performance, AISC-5B, fracture was attributed to
the larger-than-anticipated beam yield strength and the fact that long
cover plates were used. These long plates developed the beam plastic
moment farther from the column, resulting in larger bending moments
at the column face.
Reviewing all the evidence, concerns remained regarding the use
of cover plates. First, the panel zones in the very large columns tested
by Engelhardt and Sabol (1996) did not yield—poor performance was
reported in other tests that developed large panel zone deformations
(Obeid 1996, Whittaker and Gilani 1996). Second, it was cautioned
that overlaid welds should be accomplished only through use of
identical electrodes; loss of weld toughness due to the mixing of weld
metals has been reported (Wolfe et al. 1996). Note that section J2.7 of
AISC (2010c) also warns that low notch-toughness welds may result
from the mixing of two incompatible weld metals of high notchtoughness. Third, Hamburger (1996) reported that an estimated
failure rate of 20% has been experienced when laboratory qualification testing of these connections was performed for specific design
projects, which suggests that the cover plate detail may not be sufficiently reliable; Kim et al. (2000) also listed past instances of brittle
failures. Fourth, the SAC Interim Guidelines (1995b) indicated that,
conceptually, this connection could be exposed to some of the same
flaws that plagued the pre-Northridge connections, namely, dependence on weld quality and through-thickness behavior of the column
flange, potentially exacerbated by the thicker groove welds made
necessary by the addition of cover plates. Finally, SAC (1997) reported
that when the bottom cover plate is shop-welded to the column flange
to be used as an erection seat for the beam, premature fracture can
develop across the column flange as the seam between the bottom
flange and cover plate acts as a notch that can trigger crack propagation.
Fewer tests on the use of upstanding beam flange ribs (Figure 8.26b)
have been conducted since the Northridge earthquake, although this
detail was investigated prior to 1994 (Tsai and Popov 1988). Overall,
this type of rib detail appeared effective, but it was judged that additional testing was needed to determine how various design and
detailing parameters influence its inelastic performance.

8.5.5.2 Initially Investigated Strengthening Strategies: Haunches

Haunches provide another intuitive way to make a connection
stronger that its beam. Different haunch details have been tested, and
many have exhibited satisfactory performance. Given the availability
of less expensive alternatives, haunches have typically not been
prequalified for new constructions (FEMA 2000a); however, they
have been pre-qualified for the upgrading of existing structures, as
fewer solutions can be easily implemented in that case (FEMA 2000b).
A sample of typical experimental results is provided here to illustrate
their behavior.
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Uang and Bondad (1996) tested pre-Northridge specimens repaired
with bottom flange triangular T-shaped haunches only, as shown in
Figure 8.30. Continuity plates were added to the column at the level of
the haunch flange. Two specimens were tested in a quasi-static manner,
and two were tested dynamically with a maximum strain rate of
0.1 mm/mm/s. The repaired specimens performed much better than
the pre-Northridge specimens, with beam plastic hinges developing

Story drift ratio (%)
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(a)

Figure 8.30 Moment connection of W760 × 147 beam (W30 × 99 in U.S. units) of
A36 steel to W360 × 262 column (W14 × 176 in U.S. units) of A572 Grade 50 steel,
with bottom flange haunch: (a) hysteretic behavior in terms of load versus cantilever
beam tip deflection at 3.6 m from centerline of the column; (b) specimen state at
first cycle of −7.0 in tip deflection.
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(b)

Figure 8.30 (Continued )

outside the haunch. Plastic deformation of the panel zones was also
reduced, and nearly all of the inelastic action was concentrated in the
beams. Note that the presence of a haunch increases the depth of the
panel zone, thus reducing the extent of panel zone yielding.
Total beam plastic rotations in excess of 3% were obtained in the
quasi-static tests. Failure was defined by excessive strength degradation due to local buckling of the beam flanges (Figure 8.30), although
the specimens could sustain larger plastic rotations and dissipate further hysteretic energy while undergoing further strength degradation.
In one of the dynamically tested specimens, in addition to repairing the
fractured bottom flange with a haunch, the beam top flange with preNorthridge type of groove-welded joint was strengthened by the addition of a pair of rib plates on the underside of the flange. This detail,
developed for strengthening existing connections, avoids the need to
remove the concrete slab around the column, but would still require
removal of the building’s facade (i.e., cladding panel or other architectural finishes) to provide access to one half of the beam flange for
perimeter frames. Although the welded top flange joint fractured during retesting, the two vertical ribs served their intended purpose by
maintaining the integrity of the connection.
Whittaker et al. (1995) reported adequate performance for preNorthridge specimens repaired and strengthened by the addition of
triangular T-shaped haunches to both top and bottom flanges. Panel
zone yielding was substantially eliminated in the strengthened
specimen and significant beam plastic rotations were obtained
(Figure 8.31). However, with failure defined as the point at which the

08_Bruneau_Ch08_p345-498.indd 423

6/13/11 4:04:01 PM

Chapter Eight

Moment at column face (×1000 kip-in)
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Figure 8.31 Hysteretic behavior of moment connection with top and bottom
flange haunches, in terms of moment versus beam plastic rotation, and
specimen state upon completion of test. (Courtesy of the SAC Joint Venture,
a Partnership of the Structural Engineers Association of California, Applied
Technology Council, and Consortium of Universities for Research in
Earthquake Engineering.)
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Moment at plastic hinging
location (×1000 kip-in)

resistance degraded to 80% of the maximum value, beam plastic rotations of 2.7% was reached prior to failure.
Hybrid connections with cover plate reinforcement of the top
flange and haunch reinforcement of the bottom flange have also been
considered. Excellent performance was obtained for a particular configuration and detailing (Figure 8.32). For this particular design, the
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Figure 8.32 Hysteretic behavior of moment connection with top flange cover
plate and bottom flange haunch, in terms of moment at hinge location versus
beam plastic rotation at hinge location and specimen state at ninth cycle of
+3.5 inches tip deflection. (Courtesy of M. S. Jokerst, Forell/Elsesser
Engineers Inc., San Francisco.)
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cover plate was shop-welded to the beam with a fillet weld, and only
the cover plate (not the beam top flange) was groove welded to the
column; the backup bar was left in position with a closure fillet weld
(Noel and Uang 1996).
In summary, the available experimental data suggest that using
triangular T-shaped haunches is an effective means by which to
strengthen a connection. Their high redundancy also contributes
to preserve good plastic behavior if one of the full penetration
groove welds fails. However, haunches are expensive to construct,
and the top haunch, when present, can be an obstruction above the
floor level.
Straight haunches have been proposed as a more economical
alternative solution (Uang and Bondad 1996). The direct strut
action that develops in sloped haunch flanges is not possible in this
alternative, and the beam flange force must be transferred to the
haunch flange via shear in the haunch web. In the specimen tested,
stress concentration at the free end of the haunch fractured the
weld between the beam flange and haunch web at that free end
(Figure 8.33). Additional stiffeners at the free end of the haunch to
tie the beam and haunch together, or the use of a sloped free end to
reduce the stress concentration, might be effective in preventing the
observed fracture, but the adequacy of such enhancements must be
validated by testing.

Figure 8.33 Fracture between straight haunches and beam bottom flange at
the free end of the haunch and beam top flange local buckling.
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Initially Investigated Weakening Strategies

Plastic hinges can be moved away from the face of a column if one
reduces the area of the beams’ flanges at a selected location. By
strategically weakening the beam by a predetermined amount
over a small length, at some distance from the welded connection,
and by taking into account the shape of the moment diagram to
ensure that yielding will occur only at this location of reduced
plastic moment capacity, one can effectively protect the more vulnerable beam-to-column connection. One can do this in a number
of ways, such as by drilling holes in the flanges or by trimming the
flanges. The latter solution has found broad acceptance in a relatively short time.
The idea of shaving beam flanges to improve the seismic performance of steel connections was first proposed and tested by Plumier
(1990). Chen and Yeh (1994) confirmed the effectiveness of this
approach to enhance the ductility of beam-to-column connections.
Although this concept was patented in the United States in 1992, the
owner of the patent waived any commercial royalty rights for its
public use after the Northridge earthquake.
Two flange shapes have received considerable attention following the Northridge earthquake (Figure 8.34). The first type
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Figure 8.34 Reduced beam section designs: (a) Tapered flange profile.
(b) elevation and plan view of radius-cut flange profile; (c) information on
radius-cut typical flange profile. (Part a from Modern Steel Construction,
vol. 36, no. 4, “The Dogbone: A New Idea to Chew On” by N. R. Iwankiw
and C. J. Car ter, 1996, with permission from the American Institute of
Steel Construction. Parts b and c Courtesy of M. D. Engelhardt, Dept. of
Civil Engineering, University of Texas, Austin.)

08_Bruneau_Ch08_p345-498.indd 427

6/13/11 4:04:13 PM

428

Chapter Eight

B.U. bar to remain
3/8
30°

Weld B.U. bar to column

5/16
45°
1/4

3/16
5/16
Bolts: 1" A325 9" c-c
Holes: 1-1/16" DIA.
PL 3/8" × 6" × 2'-6"

PL 1" × 5" (B.S.)

W36 × 194

W14 × 426
(Gr. 50)

After root is
cleaned and inspected

5/16

Remove B.U. bar
3/8
30°
3'-4" radius
grind smooth
grind parallel to flange

2-3/8"
7.5"
2-3/8"

9"

27"

(b)
2
2
R = radius of cut = 4 c + b
8c

c

c

a
DB2 to DB4: a = 9"
DB5:
a = 5"

b
b = 27"
b = 25"

c = 2-3/8"
c = 2"

R = 40"
R = 40"

(c)

Figure 8.34

08_Bruneau_Ch08_p345-498.indd 428

(Continued)

6/13/11 4:04:15 PM

Design of Ductile Moment-Resisting Frames

429

(Chen et al. 1996, Iwankiw and Carter 1996) has flanges tapered
according to a linear profile intended to approximately follow the
varying moment diagram (Figure 8.34a). The second profile
(Engelhardt et al. 1996 and many others subsequently) is shaved
along a circular profile as described in Figures 8.34b and c. Both
reduced beam section (RBS) profiles (a.k.a. “dogbone” profiles) have
achieved plastic rotations in excess of 3%, as shown in Figure 8.35.
A variant of the linear taper, with additional rib plates welded to
the beam flanges to further reduce stresses in the flange groove
welds, has also been successfully tested (Uang and Noel 1995).

(a)

Figure 8.35 Radius-cut flange profile moment connection: (a) specimen
state at completion of test, (b) specimen state at completion of test: side
view and top view, (c) hysteretic behavior in terms of moment at column face
versus beam plastic rotation. (Parts a to c courtesy of M. D. Engelhardt,
Dept. of Civil Engineering, University of Texas, Austin.)
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(b)

Figure 8.35

(Continued)

In all cases, trimming of the flanges delays local buckling, but
increases the likelihood of web buckling and lateral-torsional buckling due to the reduction in flange stiffness. The RBS connection
usually experiences web local buckling first, followed by flange
local buckling and lateral-torsional buckling, resulting in significant
strength degradation. The addition of lateral bracing at the reduced
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Figure 8.35

(Continued)

beam section delays this strength degradation. High plastic rotation
capacities have been achieved when lateral bracing was provided at
the end of the dogbone farthest away from the column. Tests indicate
a required lateral bracing strength of approximately 4% of the actual
force developed by the beam flange (Uang and Noel 1996); AISC 341
specifies that 6% of the expected beam flange capacity at the hinge
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location be used instead. The RBS concept was eventually prequalified, as described in a later section.

8.5.6 Post-Northridge Beam-to-Column
Prequalified Connections
8.5.6.1

New Construction

The selected results presented above provide only a sample of the
numerous beam-to-column connection tests conducted in the
years following the Northridge earthquake. The online database of
tests performed as part of the FEMA/SAC project alone contains
results for 513 specimens (available at www.sacsteel.org/connections).
Review of this extensive information led to a selected number of
pre-qualified connections presented as part of the FEMA 350 “Recommended Design Criteria for Moment Resisting Steel Frames”
(FEMA 2000a), to be used together with the design principles
described later. This same information was later considered by an
AISC Review Panel in developing the AISC 358 “Prequalified Connections for Special and Intermediate Moment Resisting Frames for
Seismic Applications,” a document referenced by standard specifications and thus more readily accepted by building officials. The
FEMA-350 prequalified connections have not all been simultaneous
approved into the AISC 358 document; the latter document being an
American National Standards Institute (ANSI)-approved consensusbased standard, the critical reassessment of all experimental evidence
for some specific types of connections was either incomplete at key
publication times, or failed to convince the AISC Review Panel.
Focusing here on connections for SMRF applications, Table 8.4
lists the various prequalified connections recognized by each documents (at various times). Those prequalified by AISC 358-10 are schematically illustrated in Figure 8.36. FEMA 350 prequalifies four
welded and three bolted connections, namely, the Welded Unreinforced Flanges-Welded Web (WUF-W), the Free Flange (FF), the Welded
Flange Plate (WFP), the Reduced Beam Section (RBS), the Bolted Unstiffened End Plate (BUEP), the Bolted, Stiffened End Plate (BSEP), and
the Bolted Flange Plates (BFP)—note that a Double Split Tee (DST)
connection is also prequalified as a partially restrained connection.
Of those, AISC 358-10 only prequalifies the WUF-W, RBS, BUEP,
BSEP, and BFP connections, and adds the proprietary cast-steel Kaiser
Bolted Bracket (BB) connection for which licensing fees have been
waived (Hamburger et al. 2009).
The characteristics of the RBS detail have been thoroughly described
in a previous section; the prequalified connection is a radius cut of
prescribed geometry, allowing up to a 50% reduction of the flange
width. The WUF-W connection essentially relies on complete joint
penetration welded web and flanges using a shear tab of specified
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–
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–
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W36

X

X

FF*

–
–
7
–
1"

W36

X

WFP*

–
(300)
7
52/√Fy§
1.75"

W36

X
X
X

RBS*

W24
(55")
–
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7
–
0.75"

X
X
X

BUEP*

W36
(Table)
–
(None)
7
–
1"
(Table)

X
X
X

BSEP*

W30
(W36)
–
(150)
8 (9)
–
0.75"
(1")

X

X

BFP*

–
(W33)
–
(130)
– (9)
–
–
(1")

X

BB*

Table 8.4 Partial List of Limits of Applicability of Prequalified SMRF Connections (Values in Parenthesis Are AISC 358-10 Values when
Different from FEMA 350)

Note: Permissible material per FEMA 350: Beam can be A572 Grade 50, A992, A913 Grade 50/S75; columns can be A572 Grade 50, A913 Grade 50 and
65, A992. Note that A913 Grade 50/S75 has a specified maximum yield point to tensile strength ratio. AISC 358 permitted material are same as in AISC
341, except BB which is an ASTM A958 Grade SC8620 class 80/50 cast steel.
FEMA 350 only prequalifies W12 and W14 columns, except for BUEP case for which W8 and W10 are also permitted. AISC 358-10 permits a broad range
of rolled and built-up columns (I-shaped, cruciform, box-shaped, and boxed wide-flange).
*WUF-W = Welded Unreinforced Flanges-Welded Web; FF = Free Flange; WFP = Welded Flange Plate; RBS = Reduced Beam Section; BUEP = Bolted,
Unstiffened End Plate; BSEP = Bolted, Stiffened End Plate; BFP = Bolted Flange Plates; BB = Kaiser Bolted Bracket
†Prior to Supplement 1, published in 2009
‡Required only by AISC 358
§
Measured at the ends of the center 2/3 of the reduced section of the beam
||
AISC 358 requires web and flange width-to-thickness ratios to conform to AISC 341 limits. Values in Table are listed when specified by FEMA 350.

Min. Span to Depth Ratio
Max. b/2tf ||
Max. Flange Thickness

Max. Beam Weight (lb/ft)‡

Prequalified By:
FEMA 350
AISC 358 2005†
AISC 358 2010
Critical Beam Parameters
Max. Depth

WUFW*
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(a)

(b)

(c)

Figure 8.36 Sketch of AISC 358 2010 prequalified SMRF connections:
(a) WUF-W; (b) RBS; (c) BFP; (d) BUEP and BSEP, and; (e) BB. Acronyms are
defined in a footnote of Table 8.4. (Courtesy of Ron Hamburger, Simpson
Gumpertz & Heger, San Francisco, CA.)
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(d)

(e)

Figure 8.36

(Continued)

minimum geometry, prescribed detailing and welding procedures,
and rigorous quality controls. The FF (Figure 8.37) detail was developed building on the observation from finite element analyses that,
contrary to classic beam theory, the beam flanges in pre-Northridge
moment connections contributed substantially in transferring the
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Figure 8.37 Free flange connection concept. (Courtesy of B. Stojadinovic, Dept. of
Civil and Environmental Engineering, University of California, Berkeley.)

shear to the columns, resulting in “flange overload” (Goel et al. 1997).
The particular geometry of FF connections is designed to prevent that
shift of the shear from the web to the flanges, by substantially cutting
back the beam web and using a large welded shear tab to transfer the
beam’s shear to the column (Choi et al. 2003). The WFP connection
uses welded shear tabs and flange cover plates, without welding the
ends of the beam flanges to the column.
The prequalified bolted connections require that substantially more
limit states be checked, and are sometimes only workable for smaller
beams. The BFP connection is analogous to the WFP one, but with
cover plates and shear tabs bolted to the beam. The BUEP and BSEP
connections are sized to remain elastic and allow development of beam
plastic hinging. As such, bolts or end-plate yielding are undesirable
failure modes. Bolted end-plate moment connections are popular
where shop-welding and field-bolting is the preferred assembly
method. Connections with added plate stiffeners, or with a thicker
end plate and stronger bolts, detailed per the BUEP or BSEP requirements, have exhibited superior energy dissipation capacity compared with the limited cyclic plastic deformation capacity of others
sized in compliance with the conventional design procedure in place
prior to the Northridge earthquake (Ghobarah et al. 1990; Ghobarah et
al. 1992; Osman et al. 1990; Tsai and Popov 1988, 1990a).
The BB connection consists of high-strength cast steel brackets,
either welded or bolted to the beam flanges and bolted to the column,
and available in a fixed number of sizes. These castings are subjected
to prescribed quality control measures.

08_Bruneau_Ch08_p345-498.indd 436

6/13/11 4:04:22 PM

Design of Ductile Moment-Resisting Frames

437

Table 8.4 summarizes some of the limits that restrict the applicability of each connection type. Beyond those listed in that table, AISC 358
specifies additional limits that restrict various column parameters,
various geometry aspects for welded and bolted configurations, and
various other connection-specific details. Guidance is also provided
with respect to the lateral bracing requirements, protected zone region,
and respective location of plastic hinging, that are to be considered for
the design of each connection (as will be discussed later). A testing program conducted in compliance with the requirements outlined in the
Appendix of AISC 341 is required to qualify connections that exceed
any of the limits listed in that table, or for different types of connections
altogether, which in either case can be an expensive endeavor.
In that perspective note that some proprietary connection systems
have also been developed (Nelson 1995), and although these are not
prequalified by either FEMA 350 or AISC 358, some jurisdictions and
authorities have accepted their implementation in various projects on
the basis of experimental evidence. The database of past tests conducted to investigate and demonstrate satisfactory seismic performance varies from one type of patented connection to the other, and
peer review is sometimes required before project-specific implementation. Examples of proprietary systems used in a number of past projects include the Side Plate (SP) connection and the Slotted Web (SW)
connection; information on their performance and implementations
can be obtained from the respective licensors of these technologies.
There is no definite answer either as to which of the above connections is the most cost effective. Cost comparisons need to account
for cost of connections, royalty fees for proprietary systems, and
influence of the connection detail on the weight of the steel frame and
the cost of the foundations.
The FEMA 350 and AISC-358 procedures to design beam-tocolumn connections of the type described above are sensibly similar;
however, only the AISC procedures are considered from this point
onward—and presented in Section 8.6. Nonetheless, the FEMA 350
report is a comprehensive resource that documents much of the fine
points that are part of this methodology and refers to the relevant
literature. As such, it is a valuable recommended reading.

8.5.6.2

Retrofits and Repair of Existing Construction

FEMA 350 and AISC-358 are focused on new construction. Different
types of connections and levels of expected seismic performance may
be adopted with respect to repair and rehabilitation works. Often,
repairs are emergency measures that bring a damaged structure back
to its pre-earthquake condition. If the exact same earthquake that initially damaged a structure would strike again after completion of
repairs to the structure, one could reasonably expect the same damage to recur (assuming, obviously, that repairs were not accompanied
by some measures of strengthening). Rehabilitations (also called
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retrofits or modifications in some documents) are measures intended
to enhance the seismic performance of an existing structure.
Seismic rehabilitation is a complex subject whose breadth exceeds
the scope of this book. In principle, the connection strategies developed for new construction should be equally effective in existing
buildings. Unfortunately, many of those solutions cannot be economically implemented in existing buildings without major modifications.
For example, new structural elements added to a connection, such as
haunches, will have to work in parallel with the existing flange groove
welds recognized as likely to perform poorly in future earthquakes,
and additional measures may also be necessary to correct these weld
deficiencies. Likewise, moment-resisting frames in existing buildings
are frequently located at the edge of buildings (i.e., the optimal location to provide seismic torsional resistance in plan); as a result, access
to the outside face of the connection is not possible without removal
of the exterior cladding, by itself a practical impediment to the implementation of some seismic rehabilitation strategies. Although many
of the concepts and details presented here for new construction can
be applied to seismic rehabilitation, the FEMA 351 and FEMA 352
reports (FEMA 2000b, 2000c) provide specific information respectively targeted to address retrofits and repairs.

8.5.7

International Relevance

Moment frame connections identical to those that fractured during
the Northridge earthquake have also been commonly used in other
countries (e.g., Tremblay et al. 1995). Furthermore, irrespective of the
types of moment connections used, the Northridge experience reinforces the need for substantial full-scale experimental verification of
connection details, for quality workmanship and inspection, and for
periodic experimental re-evaluation of accepted practices to assess the
significance of accumulated changes in materials properties, welding
procedures, and other issues as the steel industry further evolves. A
brief review of the Japanese experience is instructive in this regard.

8.5.7.1

Kobe Earthquake Experience

Steel design practice in Japan has favored the use of “column trees”
in the construction of moment-resisting frames. This concept typically involves the welding of stub-beams to a column prior to its shipment to the building site where the remaining beam segments are
field-bolted to the stub-beams (Figure 8.38). In principle, all welds of
columns, beams, and continuity plates (known as diaphragms in
Japan) are accomplished in the shop, with automated welding processes and under tight quality control (Nakashima et al. 2004). For
that reason, such connections were thought to be superior to the
prequalified moment connection used in the United States prior to
the Northridge earthquake. Unfortunately, the Kobe earthquake,
striking exactly one year after the Northridge earthquake, revealed
this belief to be partly unfounded (Tremblay et al. 1996).
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(d)

Figure 8.38 HSS columns in Japanese column-tree moment-resisting frames,
with: (a) through-diaphragm; (b) interior diaphragm; (c) exterior diaphragm;
(d) typical column-tree construction with through-diaphragm.

An investigation by the Steel Committee of the Architectural
Institute of Japan covering 988 modern steel buildings following
the 1995 Hyogo-ken Nanbu (Kobe) earthquake reported 332 cases
of severely damaged buildings, 90 collapses, and 113 buildings for
which damage to beam-to-column connections was observed (AIJ 1995,
Nakashima 2001, Nakashima et al. 1998, Nakashima et al. 2000).
Numerous cases of brittle fractures occurred, and 47 of the buildings
that collapsed were moment frames constructed with the column tree
system. The tallest steel frame buildings that collapsed had five stories.
It is significant in this regard that in typical Japanese buildings, all
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frames throughout a building have rigid moment-resisting beam-tocolumn connections, contrary to North American practice, in which
moment-resisting connections are limited to a few frames in each
principal directions of a building.
The beam-to-column failures observed during the Kobe earthquake differed somewhat from the Northridge failures in that cracking and fractures were frequently (but not always) accompanied by
plastic hinging in the beams. This evidence of plastification was
observed mostly in the more modern moment frames having squaretube columns and full penetration welds of the stub-beams to the diaphragms. In the majority of these cases, no sign of plastification was
observed in the columns. Most of the fractures occurred in the lower
flange of the beams, and the beams exhibited clear signs of plastic
hinging accompanied by local buckling of the flanges (Figure 8.39),
although, in some cases, the level of plastification was modest. Typically, fracture initiated either from the corner of a weld access hole,
near a run-off tab or a weld toe, or in the heat-affected zones in the
beam flange or diaphragm. In many cases, the fracture progressed
into the beam’s web (e.g., Figure 8.39b), and, in some cases, propagated into the column flanges (e.g., Figure 8.39d).

(a)

Figure 8.39 Damage to Japanese column-tree moment connections in modern
moment-resisting frames with square-tube columns and full penetration welds
at the beams, due to the Hyogo-ken Nanbu (Kobe, Japan) earthquake:
(a) fracture at the lower beam flange; (b) propagation of fracture in the beam
web; (c) fracture initiated in the heat-affected zone of the diaphragm,
(d) propagation of fracture in the column. (Parts a to d from Performance of
Steel Buildings during the 1995 Hyogo-ken Nanbu Earthquake by Architectural
Institute of Japan, courtesy of the Committee on Steel Structures of the Kinki
Branch of the Architectural Institute of Japan.)
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(b)

(c)

Figure 8.39
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(d)

Figure 8.39

(Continued)

Many beam-to-column connections cracked and fractured without any signs of plastification when fillet welds were used in lieu of
full penetration groove welds. These fillet welds were often too small
to develop the capacity of the connected members (Figure 8.40a).
Many other types of moment connections also suffered serious damage (Figure 8.40b). Notably, when tube columns were used, cracking
and fracture frequently occurred in the columns above or below the
top or bottom diaphragm (Figure 8.41a), sometimes leading to complete overturning and collapse of the structure (Figure 8.41b). Damage
to the beam-to-column connections of at least 59 moment frames
having square-tube columns was reported by the AIJ, with about 70%
of those rated as either collapsed or severely damaged. Although
most of those surveyed buildings that collapsed had fillet-welded
moment connections, at least three buildings having full-penetration
welded moment connections collapsed (AIJ 1995).

8.5.7.2

Post-Kobe Beam-to-Column Connections

Notable differences existed between North-American pre-Northridge
and Japanese pre-Kobe practices (Nakashima et al. 2000), and logically
still remains after these two earthquakes (Nakashima 2001, Nakashima
et al. 2000). Moment frames designed and constructed in compliance
with the best Japanese practices at the time of the Kobe earthquake
arguably performed relatively well in spite of the reported failures.
Consequently, the post-Kobe modifications to beam-to-column connection details were more evolutionary than revolutionary. Although
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(b)

Figure 8.40 Examples of beam-to-column welded connections damaged by
the Hyogo-ken Nanbu (Kobe, Japan) earthquake: (a) fracture along fillet welds
of moment connection at the first story of a multistory residential building;
(b) large residual interstory drift in a moment frame with damaged connections;
(c) close-up view of fractured welds along box-column plate for frame shown
in Figure 8.40b.
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(c)

Figure 8.40

(Continued)

no single factor alone could explain the observed failures, a number
of issues of paramount importance with respect to the Northridge
failures had already been addressed in Japan prior to the Kobe earthquake. For one, existing Japanese steels having good notch toughness
were already being used—for example, tests on the base metal of a
fractured beam gave Charpy-V values of 50 J at 0°C (Nakashima et al.
1998). Likewise, steels having both upper and lower yield and tensile
strengths, and an upper bound of 0.8 for the ratio of the yield to
the tensile strength, were being introduced at the time of the earthquake, and became rapidly accepted (although not mandatory).
Given that 20.5% of the damaged moment connections fractured
in the base metal, with cracks initiating from the toe of the weld access
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(a)

(b)

Figure 8.41 Examples of beam-to-column damage due to the Hyogo-ken
Nanbu (Kobe, Japan) earthquake: (a) fracture in column-to-diaphragm welded
connections; (b) overturning of a building as a consequence of such fractures.

hole, many post-Kobe studies focused on modifying connection
details to minimize the stress and strain concentrations at that access
hole location. Interestingly, although 24.4% of the damaged moment
connections fractured in the weld metal, 10.3% had cracks at craters,
and 37.2% had fractures initiating from run-off tabs, these were
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Figure 8.42 Weld access hole: (a) pre-Kobe standard detail; (b) post-Kobe
modified detail with smaller hole; (c) post-Kobe no-hole detail. (Cour tesy of
M. Nakashima, Disaster Prevention Research Institute, Kyoto University, Japan.)

speculated to have been caused by welding voltages and deposition
rates exceeding specified values, together with excessive weld “weaving” (i.e., welding along a zigzag path rather than directly along the
weld axis), given that the use of gas-shielded arc welding (which
typically contribute to greater weld toughness) was already a common practice (Nakashima 2001).
The revised JASS-6 steel fabrication specifications published
following the Kobe earthquake (AIJ 1996) proposed revised shapes
and sizes for weld access holes, but did not require removal of the
backing bars and run-off tabs. Along that same line of thinking,
subsequent research demonstrated that details without any access
hole could ensure highly ductile seismic performance (Suita et al.
1999). Figure 8.42 shows the Japanese access hole details specified
before and after the Kobe earthquake, together with the proposed
no-hole detail. A test specimen with the no-hole detail is shown in
Figure 8.43 together with a reference specimen having a RBS connection representative of North American best practice at the time.
The moment-rotation hysteretic curves obtained for both of these
connections are shown in Figure 8.44, together with that for a preKobe detail. The no-hole and RBS connections exhibited stable hysteretic behavior up to plastic rotations of 0.03 to 0.04 radians. The
pre-Kobe connection, although relatively ductile, did not perform
as well.

8.5.8 Semi-Rigid (Partially Restrained) Bolted Connections
Although fully rigid moment connections are preferred in contemporary seismic design, all connections have an inherent flexural resistance; this strength may be marginal in the case of connections
considered as “flexible” (or “pin” connections), or more substantial in
the case of semi-rigid or partially restrained connections. In many
instances, particularly in older frames, these connections were present at the ends of every beam throughout the entire building—
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Figure 8.43 Moment connection specimens considered for Japanese practice: (a) no-hole detail; (b) RBS detail. (Courtesy of M. Nakashima,
Disaster Prevention Research Institute, Kyoto University, Japan.)
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Figure 8.44 Hysteretic behavior of moment connections: (a) no-hole connection
detail; (b) RBS connection detail; (c) pre-Kobe connection detail. (Cour tesy of
M. Nakashima, Disaster Prevention Research Institute, Kyoto University, Japan.)

a redundancy that compensated somewhat for the fact that each
individual connection developed less than the beam’s flexural capacity.
Much of the past research on seismic beam-to-column connections has focused on fully rigid welded connections. Semi-rigid connections may be viable alternatives in some cases, but they have not
received as much attention as fully rigid ones from engineers practicing in regions of high seismic risk. Although the behavior of semi-rigid
connections subjected to a limited level of reverse loading (to assess
their rigidity under wind loads) was first investigated approximately
a century ago (e.g., Moore and Wilson 1917), full-scale cyclic tests
intended to be representative of seismic demands started in the
mid-1980s (e.g., Astaneh et al. 1989, Elnashai and Elghazouli 1994,
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Leon et al. 1994, Liu and Astaneh 2000, Radziminski and Azizinamini
1986, Roeder et al. 1996, Sarraf and Bruneau 1996). Notably, FEMA
350 included design requirements for a Double Split Tee detail
prequalified as a full-strength but partial stiffness connection (FEMA
2000a), and FEMA 355d (2000d) discusses the cyclic behavior of a
number of semi-rigid partial-strength connection details.
Bolted partial-strength semi-rigid connections are easier to implement than fully rigid connections for deep beams framing into heavy
columns, given that the strength, stiffness, and ductility of such typical semi-rigid connections are governed by that of the connecting
elements (e.g., angles, plates). Semi-rigid connections are often
capable of developing plastic rotations of 0.03 radian, as shown in
Figure 8.45 for an existing riveted connection retrofitted to develop a
255
64

276
64

High strength
bolt (φ = 3/4")
8 mm

40

400
506
55 4 @ 75 45
15 32

L91 × 78 × 8

12.5
36.5

8 mm
9 mm

L86.5 × 86.5 × 8.6

(b)

67 62 67

2 × L63.5 × 63.5 × 9.5

Moment, M (kN·m)

CL

80
60
40
20
0
–20
–40
–60
–80
–100
–120
–140
–40

M+

M+

–30

–20

–10

0

10

20

30

Rotation, θ (10–3 radians)

Figure 8.45 Hysteretic behavior of riveted stiffened seat-angle semi-rigid connection
retrofitted using selective welding strategy, in terms of moment versus beam plastic
rotation. (From Sarraf and Bruneau 1994.)
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ductile semi-rigid behavior. Semi-rigid connections can also be easily
repaired if necessary following an earthquake. However, the lower
stiffness of semi-rigid connections with respect to fully rigid connections will require stiffer (and heavier) beams and columns to comply
with code-specified drift limits and thus larger beam-to-column
connections. In computer models, beams are typically connected to
columns using spring, or modeled with equivalent flexural rigidities,
and the additional flexibility of these frames often require rigorous
consideration of P-∆ effects.
Seismic behavior of semi-rigid connections, an enormous topic
by itself, is beyond the scope of this book. Some of that information is
presented in Chen et al. (2010).

8.6

Design of a Ductile Moment Frame
8.6.1

General Connection Design Issues

AISC 358, with appropriate references to AISC 341, systematically
outlines the issues that must be addressed for each type of prequalified connection. Specifically, the specific steps of that process
include:
• A description of the prequalified connections and their
intended energy dissipation mechanism (which would be,
for example, yielding and hinge formation primarily within
the reduced section of the beam in an RBS connection).
• A list of the beam and column limits that must be respected
for the connection to be prequalified for various types of
structural shapes; some of these limits for beams are summarized in Table 8.4. Note that although various types of column
cross-sections are permitted, only W-shape beams are allowed
(or equivalent built-up beams having their web joined to their
flanges by full-penetration welds).
• Seismic compactness requirements (i.e., limits on width-tothickness ratios) and lateral bracing requirements.
• A description of the location and size of the “protected zone,”
these being the parts of the structural members or connections over which alterations, perforations, and attachments
are prohibited so as to not impair their ability to undergo
large inelastic deformations.
• A description of the requirements that must be satisfied to
ensure strong-column/weak-beam design, and thus prevent
column hinging.
• Specified requirements for column panel zone and continuity
plates design.
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• Prescribed bolting and welding detailing requirements for the
connection to be prequalified. For example, for a beam bottom
flange having complete penetration welds to a column, the
steel backing plate used at that location must be removed, the
exposed root pass must be backgouged to sound weld metal
and backwelded with a reinforcing fillet—the fillet leg adjacent
to the column flange being at least 5/16 in (8 mm), and the fillet leg adjacent to the beam flange being long enough to ensure
that the fillet toe is located on the beam flange base metal.
• Specific fabrication details applicable to individual connections (e.g., the thermal cutting process, maximum permissible
surface roughness of the cut, geometry details, tolerances,
procedure to repair gouges and notches, and inspection procedure, are specified for the RBS connection).
• A design procedure, outlining in sequence all the limit states
that must be checked to obtain a satisfactory prequalified
connection (see Section 8.6.2).
• A specified design value for the distance of the plastic hinge
located away from the column face.
• Prescribed bolted and welded details required for the connection
to be prequalified (as shown in Section 8.8 example).
This chapter has already provided insights into some of the above
important aspects governing the behavior of moment frames (e.g.,
design of panel zones and their modeling in structural analysis
described in Section 8.4.5; need to use seismically compact sections
and to provide bracing against lateral torsional buckling described in
Section 8.2.3). A few additional important considerations follow.

8.6.2 Welding and Quality Control Issues
As mentioned in Section 8.5.3, factors contributing to the connection
failures during the Northridge earthquake included the low fracture
toughness of the welding metal used (typically E70T-4 electrodes),
weld defects (such as those frequently found at the midwidth of
bottom flange, on runoff tabs, etc.), and detrimental weld details. For
example, dynamic loading tests indicated that the use of weld metals
with high notch toughness properties, such as those accomplished
with E7018 filler metal, improved performance when used in conjunction with good detailing practice, including among many things
removal of backup bars and weld runoff tabs (e.g., Kaufmann et al.
1996, Xue et al. 1996).
The FEMA-353 recommended welding requirements and quality
assurance guidelines for seismic applications, developed following
the Northridge earthquake (FEMA 2000d), have for the most part
been adopted into consensus codes. Minor conflicting requirements
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between AISC 341 (2005) published before AWS D1.9 2005 (Stockmann and Schlafly 2008) have been resolved in subsequent editions
of these specifications. Both AISC 341 and AISC 358 reference the
AWS D1.9 (AWS 2009) for numerous issues related to “demandcritical welds,” which are those welds in seismic applications connecting yielding elements and whose failure would produce significant
strength and stiffness degradation of the energy dissipating elements.
For example, demand-critical welds are specified for beam-to-column
complete joint penetration welds or other yielding applications when
cross-thickness loading or triaxial stress states exist.
Given the recognized benefits of using filler metal with relatively
high notch toughness and better weld quality, demand critical welds
are required to have a minimum Charpy-V notch toughness of 20 ft-lbs
(27 J) at 0°F (−18°C). More stringent requirements are required if
the steel frame is exposed to service temperatures lower than 50°F.
AWS D1.8 also limits hydrogen content for all welding electrodes and
electrode-flux combinations to prevent hydrogen-induced cracking,
and specifies requirements for workmanship, inspection, welder qualification, welding procedure and material, and other issues to ensure
quality welds (AWS 2009, Hamburger et al. 2007, Miller 2006).
For each prequalified connection, AISC 358 also refer to the appropriate documents for weld access hole configuration, surface smoothness, and inspection, to prevent notches and surface defects that can
lead to cracking in this region of complex stress flow. A similar
approach is taken to specify when backing bars need be removed,
and when additional weld fillet and special detailing is required.
For example, for WUF-W connections, AISC 358 specifies that
the weld access hole geometry shall conform to the requirements of
AWS D1.8. Although AWS D1.8 indicates that the standard access
hole geometry specified in its main structural welding code (AWS
D1.1) is acceptable in most conditions, it also includes an “alternate
geometry” access hole detail identical to the one recommended by
FEMA 350 on the basis of finite element analyses and experiments
that demonstrated improved performance for some connection types
(Figure 8.46).

8.6.3

Generic Design Procedure

Selection of a specific type of prequalified connection is typically
driven by cost comparisons, past experiences, engineering/fabricator
preferences, or other reasons. For each prequalified connection,
AISC 358 provides a different step-by-step design procedure—the
complexity of the design requirements integral to each procedure
being proportional to the number of its limit states, given the need to
prevent all undesirable failure modes. However, some basic fundamental principles are applicable to most of the prequalified connections, as described below.
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Notes:
1. Bevel as required for the WPS.
2. tbf or 1/2 in [12 mm], whichever is larger (plus 1/2 tbf, or minus 1/4 tbf).
3. The minimum dimension shall be 3/4 tbf, or 3/4 in [20 mm], whichever
is greater. The maximum dimension shall be tbf (+1/4 in [6 mm]).
4. 3/8 in [10 mm] minimum radius (–0, +unlimited).
5. 3 tbf (±1/2 in [12 mm]).
6. See 6.10.2.1 for surface roughness requirements.
7. Tolerances shall not accumulate to the extent that the angle of the
access hole cut to the flange surface exceeds 25°.

Figure 8.46 AWS D.18 Alternate Geometr y for Beam-Flange Weld Access
Hole Detail—surface roughness requirements of 500 min (13 mmm) per clause
6.10.2.1. (AWS D1.8/D1.8M:2009, Figure 6.2; Reproduced with permission
of the American Welding Society [AWS], Miami, Florida.)

8.6.3.1 Free-Body Diagram for Plastic Hinge Away from Column Face

Generically, the design procedures rely on capacity design concepts
and strategies to relocate plastic hinges away from the column faces.
This forces the development of a plastic mechanism like the one in
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Figure 8.47 Desired plastic collapse mechanism in post-Northridge ductile
moment-resisting frames. (From Interim Guidelines: Evaluation, Repair,
Modifications, and Design of Steel Moment Frames, SAC Joint Venture,
1995, with permission.)

Figure 8.47 (shown for a single bay frame for expediency, recognizing
that moment-frames of multiple bays are encouraged to promote
redundancy).
Figure 8.48 shows the corresponding free-body diagrams that are
used as part of the AISC 358 design procedure (showing haunches as
beam reinforcement for schematic simplicity and convenience, recognizing that haunch connections are not prequalified per AISC 358).
The distance to plastic hinge from the face of the column, Sh, specified
by AISC 358 for each connection type based on experimental evidence, is used to determine the moments and shears at the plastic
hinge locations, column faces, and center of columns, from which all
other needed parameters can be calculated.
For example, for end-plate connections, Sh is specified as the
lesser of d/2 or 3bbf for the BUEP unstiffened connection, and as Lst + tp
for the BSEP stiffened connection, where d and bbf are the beam’s
depth and flange width respectively, Lst is the length of the end-plate
stiffener, and tp is the thickness of end plate. For the BFP connection,
it is equal to S1 + s (0.5n – 1), where S1 is the distance from face of
column to nearest row of bolts, s is the spacing of bolt rows, and n
is the number of bolts rounded to the next higher even number increment. For BB connections, the plastic hinge is located at a distance
equal to the length of the bracket.
For an RBS connection, Sh = a + b/2, where a is the horizontal distance from the column face to the start of the RBS cut, and b is the
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Figure 8.48 Design of post-Northridge ductile moment-resisting frames: (a) freebody-diagram to calculate shear at plastic hinges; (b) free-body diagrams to calculate
moments at column face and column centerline. (Adapted from Interim Guidelines:
Evaluation, Repair, Modifications, and Design of Steel Moment Frames, SAC Joint
Venture, 1995, with permission.)

length of the RBS cut, as shown in Figure 8.33c. The AISC 358 design
procedure also restricts the geometry of RBS connections to
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where c is the depth of the cut at the center of the reduced beam
section (Figure 8.33c), and all other terms have been defined earlier.
Note that the RBS section itself, like all other beams and columns
throughout the frame, must have adequate strength to resist the
moments, shears, and axial forces computed for all the applicable
code-specified forces and load combinations. Design story drift limits
must also be met, either by specifically accounting for the actual
reduction in stiffness at the RBS or, more expeditiously, by increasing
by 10% the drifts calculated using beam gross cross-sections for the
RBS case having 50% reduction in flange width (this drift magnification factor can be interpolated for lesser flange width reductions).
Note that, in a significant departure from FEMA 350, AISC 358
specifies Sh = 0 for WUF-W connections, even though yielding of
beams having such connections has been observed to spread from the
face of columns up to a distance of one beam depth beyond that point.
This was done to simplify the design calculations, with other deviations from the standard design procedure introduced later on to compensate for this simplification.
Caution is also warranted in comparing FEMA 350 and AISC 358,
because Sh is inconsistency defined in those documents, being measured from the column centerline in FEMA 350 rather than from the
column face as done here and in AISC 358.

8.6.3.2 Probable Maximum Moment at Plastic Hinge Location

The probable maximum moment, Mpr, at the plastic hinge location
specified for the prequalified connection, is given by:
Mpr = CprRyFyZe

(8.24)

where Ry is the ratio of the expected yield stress to the specified minimum yield stress Fy, Ze is the effective plastic section modulus at that
plastic hinge location, and Cpr is a magnification factor to account for the
peak connection strength expected due to the effects of strain-hardening,
local restraints, additional reinforcement, and other conditions.
For plastic hinges in beams, Ze is the plastic section modulus
about the x-axis of the full beam cross-section, Zx, except in RBS
connections where it is computed at the center of the reduced beam
section and therefore equal to:
Ze = Zx - 2ctbf (d - tbf )

(8.25)

where tbf is the thickness of the beam flange and all other terms have
been defined previously.
In general, Cpr is given as:
Cpr =
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except for WUF-W connections, for which Cpr shall be taken as equal
to 1.4 because the specified plastic hinge distance is zero. In Eq. (8.26),
Fu is the specified minimum tensile strength of the yielding steel.

8.6.3.3

Shear Forces at Plastic Hinge Location

Shear forces acting at the plastic hinge locations are obtained by equilibrium equations from a free-body diagram of the beam segment
between plastic hinge locations, as shown in Figure 8.48. The largest
of the shear forces at these two beams ends, considering the effects of
gravity, is called Vp here (for different prequalified connections, AISC
358 uses the terms Vu, Vh, and VRBS, practically for the same purpose),
and given by:
Vp =

2 Mpr
L'

+ VGravity

(8.27)

For the example shown in Figure 8.48, with a uniformly distributed load and an additional point load at the beam’s midspan:
VGravity =

ω L' P
+
2
2

(8.28)

The shears for beams having other gravity loading patterns would
be similarly obtained. Note that factored gravity loads per the applicable building code load combinations must be considered.

8.6.3.4

Forces at Column Face and Column Center Line

As shown by the other free-body diagrams in Figure 8.48, the moment
acting at the face of the column, Mf , is given by:
Mf = Mpr + VpSh

(8.29)

while the moment at the column centerline is:
Mc = Mpr + Vp (Sh + 0.5 dc)

(8.30)

where dc is the column depth.
Note that, for simplicity, the above equations neglect the gravity
load over the distance Sh. For consistency, AISC 358 also considers the
shear acting at the column face to be Vp. Obviously, consideration of
the gravity load over that small segment is permitted, as it would be
more rigorous and statically correct.
The moment at the column centerline is required to verify if the
strong-column/weak-beam design requirement is met. The shear
and moments at the face of the column are needed to size various
aspects of the prequalified connections at that location.
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For RBS connections, it must also be ensured that the moment at
the column face does not exceed the plastic strength of the beam
(based on expected yield stress) when the minimum section of the
RBS is fully yielded and strain hardened, therefore:
Mf ≤ Mpe = Ry Zx Fy

(8.31)

Adjusting the geometry of the RBS may be needed to meet this
requirement.

8.6.3.5

Other Detailing Requirements

The details of each of the prequalified connection are then designed
to resist the above appropriate moments and shears. AISC 358 spells
out the various limit states to consider for each prequalified beam-tocolumn connections (such as tension and shear strength of bolts and
filet welds, block shear strength, and effect of prying action, to name
a few), providing design equations as appropriate. For bolted connections, it is also required that the tensile strength at the net section of
flanges be greater than the yield strength at their gross section (i.e.,
RtAnFu > RyAgFy , where Rt is the ratio of the expected tensile strength
to the specified minimum tensile strength for the flange under consideration, and all other parameters have been defined previously).
Specific required welding procedures are also outlined as appropriate.
The AISC 341 requirements for strong-column/weak-beam design,
continuity plates, and panel zone design are referenced as part of the
design procedure. On that latter point, it is worthwhile to caution that
even though the combined action of panel zone yielding and beam
hinging can be helpful in reducing plastic rotation demands in beams,
substantial panel zone yielding will develop (up to 4γy in principle) if
Eq. (8.15) is used. For many reasons, it may be preferable to concentrate plastic hinging in the beams. Experimental observations indicate
that uncertainties in true material strengths make the intended sharing of plastic rotation between the beam and panel zone impossible to
control. For example, panel zones in columns with weaker than average yield values would have to provide all of the required hysteretic
energy dissipation if coupled with beams having stronger than average strengths, and vice versa. Also, although panel zones can be reliable energy dissipators, the kinking of column flanges at large panel
shear strain deformations generates complex triaxial stress conditions
and possible fracture at the beam flange welds.

8.7

P-D Stability of Moment Resisting Frames
Consideration of P-∆ effects in moment frames has long been recognized as important to prevent collapses due to instability during
earthquakes. Also, more recently, the topic has been the subject of a
renewed research interests to more reliably define the conditions of
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incipient collapse during earthquakes and methods to model behavior through all stages of collapse, in parallel with intensified research
efforts on progressive collapse. However, a broad consensus is still
lacking on many aspects related to these issues.
For the current purpose, a brief overview of some fundamental concepts is presented, followed by a description of the ASCE design requirements. Other design codes and standards internationally have similar,
but not identical, provisions. A survey of existing research on structural
stability during earthquakes excitations is available in Ziemian (2010).

8.7.1

Fundamental Concept and Parameters

The concept of P-∆ effects under static loading is illustrated in
Figure 8.49a using a single degree of freedom (SDOF) structure subjected to gravity and lateral loads: a single column represents the
lateral load resisting system, P is the force due to gravity acting on the
mass lumped at the top of the structure, L is the column height, V is
the lateral force on the mass, and ∆ is the horizontal displacement of
the mass. As the structure sways by ∆ under the effect of the lateral
force, the product of P by ∆ produces an additional moment at the
base of the column, which can be obtained by considering static equilibrium in the deformed configuration. For any given structure, this
effect results in an increased demand on the lateral load resisting elements, without any increase in the horizontal forces and base shear.
For the bilinear elastic-perfectly plastic model shown in Fig. 8.49b,
the ultimate lateral force, ignoring the P-∆ effect, which can be applied
to each identical column of that frame, is reached when the plastic
moment of the column, Mp, develops at the top and bottom of the
column, and is given by:
Vyo =
∆

P
M

V

2 ⋅ Mp

Vyo

ur

Vyp = Vyo (1 – θ)

Lateral force

V

M
P

(a)

No P-∆
∆Fy

Vyp
L

(8.32)

L

Ko L

With P-∆

Ko
K1 = Ko (1 – θ)

ur

q = P.

∆y

K2 = –θ Ko

Displacement

∆u

(b)

Figure 8.49 SDOF structure subjected to P-∆ effects: (a) free-body diagram;
(b) bilinear lateral force versus displacement model. (Vian and Bruneau 2001,
Courtesy of MCEER, University at Buffalo.)
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The corresponding yield displacement is:
∆y =

Vyo
Ko

(8.33)

Now, as shown in Fig. 8.49b, considering P-∆ effects on the single
column, moment equilibrium gives:
2 ⋅ M = VL + P∆

(8.34)

where V is the lateral force at the top of the column.
Rearranging Eq. (8.34), the lateral force, V, can be expressed as:
V=

(2 ⋅ M - P∆) 2 ⋅ M P∆
P∆
=
= Vo L
L
L
L

(8.35)

where Vo is the lateral force that would be obtained ignoring the P-∆
effect.
Shown in Figure 8.49b, as a consequence of P-∆ effects seen in
Eq. (8.35), V decreases relative to Vo, as the displacement, ∆, increases.
This equation can also be expressed as:
V = Vo -

P∆
= Vo - θ ⋅ Ko ∆
L

(8.36)

where ∆ is the P-∆ stability coefficient given by:
θ=

P
P∆ P∆ y
=
=
Ko L Vo L Vyo L

(8.37)

From Eq. (8.36), the elastic stiffness considering P-∆, K1, is
therefore:
K1 = Ko (1 - θ)

(8.38)

Similarly, the lateral force at which the column, including P-∆
effects, yields, Vyp, is:
Vyp = Vyo (1 - θ)

(8.39)

When elastic-perfectly plastic material properties are assumed
for the idealized frame, lateral force Vo in Eq. (8.36) remains constant
in the post-elastic region of the force-displacement graph as the plastic
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moment, Mp, is developed. However, when P-∆ effects are considered,
the corresponding lateral force versus displacement curve exhibits a
negative slope past the yield point, with a stiffness of:
K2 = -θ ⋅ Ko

(8.40)

as shown in Figure 8.49b.
Therefore, the monotonic bilinear force-displacement response
of this SDOF structure, including P-∆ effects, can be summarized as
follows:
K1 ⋅ ∆

V=
Vyo + K2 ⋅ ∆

if

∆ ≤ ∆y

if

∆ > ∆y

(8.41)

The ultimate displacement of the structure designated as ∆u, as
shown on Fig. 8.49b, is the point at which the post-elastic lateral
strength curve or negative-slope, intersects the displacement axis.
This theoretically implies that for any additional lateral displacement,
lateral instability develops (i.e., lateral strength becomes negative for
any additional positive displacement).
Some additional parameters are useful to further characterize
inelastic behavior of columns up to collapse. The ratio of postelastic
to elastic stiffness, K2 and K1, respectively, known as the stiffness ratio,
r, is given by:
r=

K2 α - θ
=
K1 1 - θ

(8.42)

where α ⋅ Ko is the stiffness (in absence of stability effects) of the strainhardening segment of a bilinear elastic-plastic material model. Here,
the value of α = 0.0 is considered.
The displacement ductility—displacement as a ratio of yield
displacement—at ultimate displacement, ∆u, known as the static
stability limit, µs, is derived from the geometry and relations given in
Figure 8.49b, in terms of θ and r:
μs =

8.7.2

∆u 1
1
= = 1∆y θ
r

(8.43)

Impact on Hysteretic Behavior

Figure 8.49b also shows that, for the assumed bilinear forcedisplacement model, after a first yield excursion and unloading to
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a residual displacement, ur, the structure has a new reduced yield
strength, Vyp', upon reloading, given by:
Vyp ' = Vyp - ∆ Fy = K1 ⋅ (∆ y - θ ⋅ ur )

(8.44)

where ∆Fy is the structure’s yield base shear reduction, and all other
terms have been previously defined. As a consequence of the structure’s lower yield strength in the direction it has previously yielded,
continued yielding in that direction is relatively easier, and the hysteretic behavior obtained from seismic excitations exhibits a bias in
one displacement direction compared with the balanced hysteretic
loops typically obtained otherwise. The severity of this bias is a function of the stability factor.
Figure 8.50 illustrates this phenomenon for shake table tests of a
small-scale single story frame having a θ value of 0.138 and subjected

Figure 8.50 Hysteretic force-displacement measured for Specimen 11 upon
successive earthquake excitations (left), and results from bi-linear analytical
model (right). (Vian and Bruneau 2001, Courtesy of MCEER, University at Buffalo.)
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to a series of progressively more severe earthquakes until the structure collapsed, together with the results from nonlinear dynamic
analyses using a bilinear elastic-perfectly plastic model, a damping
ratio of 1.8%, and adjusting the model to account for the reduced
yield strength at the experimentally obtained residual displacements.
Both the experimental and analytical hysteretic curves exhibit dynamically unstable behavior following a clear negative postyield stiffness,
as a consequence of the systems’ tendency to drift in a given direction
once yielding has started. This results in large cumulative residual
displacements and lower cyclic energy absorption capability prior to
failure. These detrimental effects become progressively more significant for larger values of the stability coefficient (results for all 15 specimens tested are presented in Vian and Bruneau 2001, 2003).
Analytical results from the above simple analyses are for illustration purposes. More accurate and refined analytical models have been
developed to capture behavior up to and through collapse (e.g., Lavan
et al. 2009; Sivaselvan and Reinhorn 2002, 2006). Villaverde (2007) also
summarizes findings from other shake table experimental results and
methods to assess the seismic collapse capacity of building structures.
In addition to the above issues related to idealized frames having
bilinear behavior, degradation of structural strength at large inelastic
deformations (i.e., beyond the drifts up to which plastic strength can be
sustained) can actually produce substantially more steep negative postyield stiffness, and thus more rapidly lead to instability and collapse
(Ibarra et al. 2005, Lignos et al. 2008, Rodgers and Mahin 2006, Suita
et al. 2008). Attempts to formulate equations quantifying how various
response parameters are affected by structural instability during earthquake are further compounded by the fact that such response also
varies as a function of many ground motion characteristics (e.g., Bernal
et al. 2006, Williamson 2003). This complex variability is often probabilistically considered by subjecting sets of representative structures to
incremental dynamic analyses (IDA), which requires using time history analyses for suites of ground motions, progressively increasing
the severity of each ground motion until collapse is reached, and using
appropriate hysteretic models that appropriately capture strength and
stiffness degradation (e.g., FEMA 2009, Krawinkler 2006, Sivaselvan
and Reinhorn 2000). Many of the above studies have also reported that
collapse of an individual story in a multistory frame is significantly
more likely than global instability of the entire building, in part due to
the effect of higher vibration modes. Some have recommended special
design requirements for continuous columns to better distribute drift
demands over the entire frame height and prevent such localized story
failures (e.g., Krawinkler 2006, MacRae 1994, MacRae et al. 2004).

8.7.3

Design Requirements

The design objective is to limit the magnitude of lateral drifts to prevent global instability of the entire structure, or of individual stories.
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Various strategies have been proposed to that effect. Designing to
achieve a post-yield stiffness such that α ≥ θ would eliminate the negative post-yielding stiffness and thus prevent such instability. A similar concept is also possible for more complex hysteretic behaviors
(Kawashima et al. 1996, MacRae and Kawashima 1993, MacRae 1994,
MacRae et al. 1993). This could be achieved using a structural fuse
philosophy (Chapter 13) or a secondary system designed to provide
the needed lateral stiffness beyond yielding of the primary lateral loadresisting system. Alternatively, expressions have been proposed to
increase the design lateral strength to compensate for the increased
displacements induced by P-Δ effects (Bernal 1987, Davidson and
Fenwick 2004, Mazzolani and Piluso 1996, Miranda and Akkar 2003,
Rutenberg and DeStefano 2000).
For simplicity, given that θ is generally less than 0.060 for actual
structures (MacRae et al. 1993), many building codes and standards
specify that P-Δ effects can be neglected in seismic design when the
stability coefficient is less than a specific value, and prescribe a maximum permitted value for that coefficient. However, various codes
differently define the stability coefficient (Ziemian 2010). In accordance to ASCE 7-10, simplifying some terms, the stability coefficient
is defined and limited by:
θ=

Px ∆
0.5
≤
≤ 0 . 25
Vx hsx β Cd

(8.45)

where Px is the total vertical design load at and above level x, Δ is
the design story drift at that level determined from elastic analysis
and occurring simultaneously with Vx which is the seismic shear
force acting between levels x and x − 1, hsx is the story height below
level x, Cd is a deflection amplification described in Chapter 7, and
β is the ratio of story shear demand over capacity (accounting for
possible overstrength of the lateral-load-resisting system between
Levels x and x − 1). ASCE states that P-∆ effects can be ignored when
θ ≤ 0.10, and considered by rational analysis otherwise. Alternatively to such a rational analysis, ASCE permits to multiply displacements and member forces by 1.0/(1 − θ) to simulate the results
of such an analysis.
Additional recommendations for design to prevent global instability are available elsewhere (FEMA 2009, Krawinkler 2006, Villaverde
2007, Zareian and Krawinkler 2007).

8.8

Design Example
The following section illustrates the design of a Special Moment
Frame. The design applies the requirements of ASCE 7 (2010), AISC 341
(2010b), and AISC 358 (2010a). The example is not intended to be a

08_Bruneau_Ch08_p345-498.indd 464

6/13/11 4:04:59 PM

Design of Ductile Moment-Resisting Frames
SS

1.0 g

S1

0.60 g

Site class

D

SDS

0.733 g

SD1

0.60 g

R

8

I

1.0

CD

5.5

Ωo

3

Table 8.5
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Seismic Design Data

complete illustration of the application of all design requirements.
Rather, it is intended to illustrate key proportioning and detailing
techniques that are intended to ensure ductile response of the
structure.

8.8.1

Building Description and Loading

The example building is a five-story structure located in an area of
moderate to high seismicity. Tables 8.5 and 8.6 below give the seismic
design data and building information. Figure 8.51 shows the plan
and Figure 8.52 shows the typical frame elevation.

8.8.2

Global Requirements

In areas of high seismicity, the required base-shear strength prescribed
by the building code does not typically govern the selection of members
in SMF systems and it is typically advantageous to select members
based on drift control and then check the member strengths later.
(In areas of low seismicity the opposite may be true: strength requirements may govern the design.) The drift limit is dependent on system
type and occupancy. For this building the drift limit is 0.020 times the
story height. Conversely, in areas of low or moderate seismicity drift
governs the design much less often and it may be advantageous to
design for strength and check drift. Strength-controlled designs are
somewhat easier to perform and optimize than are drift controlled
ones, which typically require some iteration. However both cases
Typical floor weight
Typical cladding weight
Roof weight
Table 8.6
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A

B

C

D

E

F

150'-0"

MF-1
1

3
150'-0"

MF-4

MF-3

2

4

5

6
MF-2

Figure 8.51 Typical floor plan.

involve preliminary design, analysis, and final confirmation of adequate strength and drift control.
This example is set in a zone with high seismicity and thus the
former strategy (design for drift; check strength) is adopted.

8.8.3

Basis of Design

The design of SMF is based on the expectation of a global yield
mechanism in which plastic hinges form at the ends of some (or all)
beams and at the column bases. Although it is acknowledged that
some column hinging at other locations may occur in actual building
response, the design procedures are derived from the beam-hinging
assumption.
The analysis procedure utilized is a linear Modal Response
Spectrum (MRS) analysis. This is typically advantageous due to the
reduction in design forces. ASCE 7 permits for this method and the reduction in overturning moment that typically results from this approach
compared with the vertical force distribution used in the equivalent
lateral force procedure of ASCE 7. Based on the seismic-design data
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20'-0"

13'-0"

13'-0"

13'-0"

13'-0"

18'-0"

Figure 8.52 Typical frame elevation.

a generic seismic response spectrum is constructed in accordance
with ASCE 7.
As required by AISC 341, the design utilizes a connection that
can provide a rotation angle of 0.04 radians through a combination of
elastic and inelastic deformation. The connection is a Welded Unreinforced Flange-Welded Web (WUF-W) prequalified per AISC 358. AISC
358 prequalifies several connections, many of which have limit states
or calculations specific to that connection. However, the general design
methodology is similar.

8.8.4

Iterative Analysis and Proportioning

The forces used to evaluate the design drift are dependent on the
building period. Thus some iteration is required to select members
that satisfy the drift requirements efficiently (i.e., to avoid inefficient
overdesign). Initially the building period is assumed to equal the
ASCE 7 upper limit for static analyses, CuTa. Member selection must
also satisfy proportioning requirements intended to favor beam hinging over column hinging (the “strong-column/weak-beam” rule
addressed in the connection-design section). Thus designers often
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apply proportioning rules in preliminary design to prevent failing
this rule at a later stage in design. (This is checked in Section 8.6.2
below.) In order for the beam to be able to undergo flexural yielding,
“highly ductile” members are selected based on Table D1.1; these
members are sufficiently compact that local flange buckling does not
limit the ability of the section to undergo large inelastic rotations
while maintaining its strength.
In order to ensure adequate drift control, panel zone flexibility
must be captured in the model. This is rarely done explicitly by use of
a separate panel-zone element permitting relative rotation between
beam and column. More often, this is done by centerline modeling
(i.e., not employing rigid-end offsets in the model). This reasonably
captures panel-zone flexibility for typical spans (Charney and Horvilleur 1995).
Some connection types have an effect on the stiffness of SMF
frames. For example, the reduced-beam section connection, by virtue
of removing material from the beam, causes additional flexibility that
must be modeled, often resulting in larger required members. Other
connections add material and thus reduce flexibility, sometimes to a
degree that can permit lighter members to be used.
To commence the preliminary design the following steps are
taken using the equivalent lateral force procedure:
• Determination of base shear
• Vertical distribution of forces
• Horizontal distribution of forces to frames
• Use of approximate equations relating story shear, beam and
column moments of inertia, and deflection to determine
preliminary member sizes
A commonly used equation for estimating drift is given below
(Wong et al. 1981):
∆i =

Vi h12 
hi
L 
+∑
∑

EIbi 
12  EIci

(8.46)

where Vi is the frame shear at level I, hi is the height of level i (average
of adjacent stories), E is modulus of elasticity, Ici is the moment of
inertia of each column in the frame at level I, Ibi is the moment of
inertia of each beam in the frame at level I, and L is the span of each
beam in the frame.
In the equation above the design frame shear Vi (reduced by the
Response Modification Coefficient R) is used, and thus drifts must be
amplified by the factor Cd. The drift can be set equal to the drift limit
at each floor level and members can be selected corresponding to that
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drift value. The drift limit is a function of the story height and the
allowable drift angle, θmax , which is typically 0.02:
∆max = θmax h

(8.47)

For preliminary design the static base shear is used; member
sizes can be refined subsequently considering the results of a modal
response spectrum analysis. Accidental torsion may be considered in
the determination of the frame shear using approximate methods. In
this design it was not considered at this stage due to its likely limited
effect compared with other approximations.
To simplify the preliminary member selection further, the column
moment of inertia can be assumed to be twice the beam moment of
inertia. Furthermore, the moment of inertia of the columns at the end
of the frame (which connect to one moment frame beam at each floor)
can be assumed to be one half that of the interior columns (which
connect to two moment frame beams at each floor). This proportioning will make it likely that the strong-column/weak-beam requirements will be met, which can only be checked later in the design.
With the simplifications outlined above the minimum moment of
inertia of the beams can be solved for:
Ibi =


Vi hi Cd  hi
 + L
12 EN θmax 2

(8.48)

where N = number of bays.
Preliminary beam sizes are presented in Table 8.7.
In the selection of beams the section compactness and the spanto-depth ratio must be considered. With the short 20-ft span used,
limiting the depth to no more than 30 inches in the beam selection
allows for the use of deep W27 columns, which are more efficient
than W14 columns, while maintaining a clear span-to-depth ratio of 7
(the minimum permitted for SMF). The resulting span-to-depth ratio
for a W30 beam (from face of column to face of column, based on
nominal sizes) is 7, exactly the limit in AISC 358.

Level

Beam Size

Roof

W18 × 50

Fifth Floor

W27 × 94

Fourth Floor

W30 × 108

Third Floor

W30 × 116

Second Floor

W30 × 148

Table 8.7
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Interior Column

Exterior Column

Upper
Column

W27 × 217

W27 × 129

Lower
Column

W27 × 307

W27 × 178

Table 8.8

Preliminary Column Sizes

Preliminary column sizes can be determined based on the beam
sizes selected. Columns are typically spliced every two or four
stories, and so the column size is determined from the strongest
connecting beams. The column plastic section modulus Z should be
checked in preliminary design so that it will meet the strongcolumn/weak-beam requirements of AISC 341 E3.4a; for preliminary design a minimum column to beam plastic section modulus
ratio of at least 1.75 at interior (low axial load from overturning)
moment frame columns and 2.5 at exterior (high axial load from
overturning) moment frame columns is recommended to minimize
the chance of failing the criterion in the later stages of design. Keep
in mind these preliminary plastic section modulus ratios will ultimately be reduced by both connection overstrength in the beam and
axial loads in the columns.
In this example columns are only spliced once: 4 ft above the
third floor. Preliminary column sizes are shown in Table 8.8. Sizes
are determined based on the moment of inertia assumptions, with
the plastic section modulus checked as described above.
Using these preliminary sizes a three-dimensional computer model
is constructed and a modal response spectrum analysis is performed.
The interstory drift is found to be 2.15 in at the critical third story,
resulting in an interstory drift ratio of 1.38%. Member sizes are revised
so that the calculated drift is just below the allowable.
Because the proportioning assumptions used in the preliminary
design are biased toward column strength, to allow for increased
building drift the column size may be reduced. Similarly, to stiffen the
building the beam sizes may be increased. Also, one might optimize
the design by simultaneously increasing beam strength and decreasing
column strength. However, in so doing one runs the risk of violating
the strong-column/weak-beam proportioning.
Final member sizes based on drift control and stability requirements are presented in Table 8.9.

8.8.5

Member Checks

The column is checked for the combined effects of bending and axial
forces. The effective length factor is determined using alignment
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Level

Beam

Roof

W18 × 50

Fifth Floor

W24 × 55

Fourth Floor

W24 × 76

Third Floor

W24 × 94

Second Floor

W24 × 94

Table 8.9

Interior
Column

Exterior
Column

Upper
Column

W27 × 114

W27 × 94

Lower
Column

W27 × 161

W27 × 146
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Final Member Sizes

charts and including the destabilizing effects of leaning columns.
Forces are determined using the basic load combinations:
Ru = 1.2D + 0.5L + E

(8.49)

Ru = 0.9D − E

(8.50)

Substituting the vertical component of seismic acceleration:
Ru = (1.2 + 0.2SDS)D + 0.5L + E

(8.51)

Ru = (0.9 − 0.2SDS)D − E

(8.52)

For the first-story interior-column the design forces are:
Pu = 284 kips
Mu = 15,810 kip-in
A separate check is performed on the columns for the axial forces
determined using the amplified seismic load. For this check it is permitted to neglect moments. Implicit in this check is the expectation
that some flexural yielding can be tolerated in the column.
Ru = 1.2D + 0.5L + ΩοE

(8.53)

Ru = 0.9D − ΩοE

(8.54)

Again, substituting the vertical component of seismic acceleration:
Ru = (1.2 + 0.2SDS)D + 0.5L + ΩοE

(8.55)

Ru = (0.9 − 0.2SDS)D − ΩοE

(8.56)

Pu = 291 kips
The beam is likewise checked using the forces from the basic
load combinations. Beam axial and flexural forces are considered in
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combination. Typically axial forces are small and can be neglected.
For the second floor beam the maximum moment is:
Ru = (1.2 + 0.2SDS)D + 0.5L + E

(8.57)

Mu = 8770 kip-in
Both column and beam members have been selected from seismically compact shapes. For the column web, the exact compactness
limit is a function of the axial force.

8.8.6 WUF-W Connection Design
The connection considered is at an interior column at the second floor.
The column is a W27 × 161 and the connecting beams are W24 × 94.
This connection is not actually designed in the strictest sense. The
use of a prequalified connection dictates conformance to the details
of the connection as defined in AISC 358. The designer checks that
this detail is adequate given the members used, the bay proportions,
gravity load, and other relevant particulars of the condition under
consideration. Figure 8.53 shows the connection design.

CJP beam web to column
flange weld

Single plate to column
flange weld
hp
Erection bolts in standard holes or
horizontal short slots are permitted as
needed for erection loads and safety

Single plate to beam
web weld

Figure 8.53 WUF-W beam-to-column connection (from AISC 358). (Copyright ©
American Institute of Steel Construction. Reprinted with permission. All rights
reserved.)
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Vu

wu
Mpr

Mpr

Figure 8.54 Free-body diagram of beam.

The determination of the forces used to check the connection
begins with a free-body diagram of the beam (Figure 8.54). For consistency of reference, the frame will be considered to be deforming to
the right such that the seismic moments imposed on each end of the
beam are clockwise (and the seismic moments imposed on the column by each beam are counter-clockwise).
Following the AISC 358 method for a WUF-W connection the
plastic hinge location is assumed to be at the column face. Plastic
hinge moments are assumed to be the “probable moment” (Mpr),
which includes both the expected material overstrength factor, Ry,
and a factor for strain-hardening and other sources of connection
overstrength, Cpr. For the WUF-W connection, Cpr = 1.4 per AISC 358.
Mpr = CprRyFyZ

(8.58)

= (1.4)(1.1)(50)(254)
= 19,600 kip-in
The seismic shear is thus:
VE =

2 Mpr
Lh

(8.59)

where Lh is the distance between plastic hinges. For this connection,
Lh is taken to be the distance between column faces. Lh is L − 2(½ dc) =
240 − 2(½ 27.6) = 212.4 in, VE is 2(19,600)/(212.4) = 184 kips.
The gravity shear is determined from the appropriate load
combination:
wuLh
2
wu = 1.2D + 0.5L

Vg =

(8.60)
(8.61)

Thus the shear at left side of the beam (where the seismic shear is
aligned with gravity) is:
Vu = VE + Vg = 196 kips

(8.62)

and the shear at the right side of the beam is:
Vu = VE − Vg = 172 kips
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Column CL

dc /2

sh

Beam CL

Beam
inflection
point

Vb = VE ± Vg

M [k-ft]
Mpr = Cpr Ry Fy Z
Mf = Mpr + Vbsh
Mb∗ = Mf + Vb(dc /2)

Figure 8.55 Projection of probable beam moment capacity to column centerline.

These shears are used to calculate the beam moments at the column
face (for determining panel-zone shear) and at the column centerline (for checking the strong-column/weak-beam requirement).
Figure 8.55 shows the projection of the probable moment to the
column face and to the column centerline.
For reference, the beams are given the following designations (see
Figure 8.56 below): Beam 1 is to the left of the column and Beam 2 is
to the right.

Beam 1

Beam 2

Figure 8.56 Beam identification convention.
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Plastic
hinge

Lh

Sh

L

Figure 8.57 Location of plastic hinge.

At the left face of the column (at Beam 1) the moment is:
Mf 1 = Mpr + Vu sh

(8.64)

Mf 1 = 19,600 kip-in
where sh is the distance from the face of the column to the center of
the plastic hinge as shown in Figure 8.57. For this connection, sh is
taken to be 0.
At the right face of the column (at Beam 2) the moment is:
Mf 2 = Mpr + Vu sh

(8.65)

Mf 2 = 19,600 kip-in
At the centerline of the column the moment due to Beam 1 framing in
from the left is:
Mb1* = Mpr + Vu(sh + ½ dc)

(8.66)

Mb1* = 22,300 kip-in
At the centerline of the column the moment due to Beam 2 framing in
from the right is:
Mb2* = Mpr + Vu(sh + ½ dc)

(8.67)

Mb2* = 21,900 kip-in
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VC

h
2
wg

VE
(at beam midspan)

VE
(at beam midspan)

h
2

VC

Figure 8.58 Free-body diagram of beam and column assembly.

The column shear corresponding to the probable beam strength
can be estimated by assuming an inflection point at the column midheight above the connection and again at the column midheight
below. Similarly, the beam inflection points are assumed to occur at
midspan. Figure 8.58 shows the free-body diagram of a beam and
column assembly from inflection point to inflection point.
To simplify the determination it is conservatively assumed that
the column shear is the same above and below the connection. Thus:
Vc =

∑ Mb*
∑ H/2

Vc =

(22, 300 + 21, 900)
[(156 + 216)/2]

(8.68)

Vc = 238 kips
Now that these forces have been determined, the beam shear,
strong-column/weak-beam, panel-zone, and continuity-plate requirements can be checked.

8.8.6.1

Beam Shear

The shear at the column face is compared with the beam shear strength:
φVn = φ 0.6RyFy Aw

(8.69)

φVn = 413 kips
φVn ≥ Vu
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Strong-Column/Weak-Beam

A virtual beam moment is calculated by projecting the moment at the
column face to the column centerline. It is compared with a virtual
column capacity which is determined by projecting the true capacity
from the top flange level to the beam centerline.
A typical interior connection involves two beams (one to the left
and one to the right of the columns), whereas an exterior one involves
just one. At intermediate floors the continuous column is considered
to be two columns (i.e., to represent a capacity based on its strength
both above and below the connection).
The beam moment at the centerline of the column from the right
end of the left beam (where the shear is lower) is: Mb1* = 21,900 kip-in.
The beam moment at the centerline of the column from the left
end of the right beam (where the shear is greater) is: Mb2* = 22,300
kip-in. The total moment at the column centerline is: Mb1* + Mb2* =
44,200 kip-in.
The column capacity is calculated considering both a reduction
due to axial force and an increase in projecting the column moment
corresponding to that capacity from the beam flange elevation to the
beam centerline. The column shear corresponding to the probable
beam strength is used to project the column flexural capacity from
the point of maximum moment (at the beam flange level) to the beam
centerline for purposes of comparison to the projected beam moment.
Figure 8.59 shows this projection.


P

1



∑ Mc* = 2  Fy - Au  Z + Vc 2 db 




 50 - 299 1

1
∑ Mc* = 2  47.6  515 + (237 . 6) 2 (24 . 3)

8.8.6.3

(8.70)

Panel-Zone Shear

The panel-zone shear demand is computed from the moments at the
column face and reduced by the estimated column shear. The moment
at the column face from one of the two connecting beams (Beam 2)
has already been converted into a flange force (Ru2) for purposes of
checking the need for continuity plates. The flange force (Ru1) at the
opposite column face is similarly calculated from the moment from
the other beam (Beam 1), and the resulting column panel-zone shear
is computed.
Because the distance sh is taken to be zero for this connection
and identical beam sizes are used on each side, the moments at the
opposite column faces are equal. Where sh is greater than zero the
gravity shear affects the projection of the moment to the column
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Column CL

Mc∗ = Mc + Vc(db /2)

Beam CL
db /2

Mc = (Fy – Pu /A)Z

Column inflection point

Vc = ∑Mb∗/∑(h/2)

Figure 8.59 Projection of estimated column moment capacity to beam
centerline.

face, increasing the moment on one side of the column and decreasing it on the other.
Vu = Ru1 + Ru2 – Vc
Ru =
Vu =

(8.71)

Mf

(8.72)

(db - tbf )
Mf1
(db - tbf )

+

Mf2
(db - tbf )

- Vc

 19, 600 
= 2
 - 238
(24.3 - 0 . 875) 
= 835 kips + 835 kips – 238 kips
= 1430 kips
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The panel-zone shear capacity is:

1 . 8bcf tcf2 Fy 
φ Rn = φ  0 . 6Fy Aw +

db



1 . 8(14 . 0)(1 . 08) 2(50) 
= 1 . 0 0 . 6(50)(27 . 6)(0 . 660) +

(24 . 3)



(8.73)

= 607 kips
φRn ≤ Ru
Doubler plates are required. The deficit in web strength will be
corrected by the addition of a doubler.
φRn = φ0.6Fytdpd

(8.74)

φ Rn ≥ Ru
tdp ≥
≥

Ru
(φ 0 . 6 Fy d)
1430 - 607
(1 . 0) 0 . 6 (5 0)(27 . 6)

tdp ≥ 1 . 00 in
The minimum doubler thickness (without bracing) is:
tdp ≥
≥
≥

dz + wz
90

(8.75)

db- 2tbf + dc - 2tcf
90
24 . 3 - 2(0875) - 2 7 . 6 - 2(1 . 08)
= 0 . 53 in
90

Both the web and the doubler satisfy the limit. If either did not a
plug weld (or series of plug welds) could be added connecting the
doubler to the web and thus reducing the unbraced lengths dz and wz.
The doubler extends above and below the connection by 6 in. The
welds at the top and bottom of the doubler are the AISC minimum
welds (Figures 8.60 and 8.61). These help prevent shear buckling of
the doubler. However, the main force transfer into the doubler is
through the grove weld to the column flange. Note that AISC 341
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CJP
1
2

CJP

Figure 8.60

Doubler plate.

Top and bottom

5
16

CJP TYP.

Figure 8.61 Doubler plate together with continuity plates.
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indicates that these welds be designed for certain forces; in actuality
the force patterns are much more complicated than the code indicates;
the approach used here is supported by research (Lee et al. 2005b),
although it may be at odds with AISC 341.

8.8.6.4

Continuity Plates

The need for continuity plates is checked considering the moment
at the column face to be delivered as a force couple to the column
flange:

Ru =
=

Mf
db - tbf

(8.76)

19 . 558 kip-in
24 . 3 in - 0 . 875 in

= 835 kiips
This demand need not exceed the maximum force that the flange
can deliver. Based on the continuity plate criterion Eq. (8.77) this
maximum is:
Ru ≤ 1 . 8 bbf tbf Fyb Ryb

(8.77)

= 786 kips
This demand is compared to the column web local yielding and
crippling limit states. Two additional checks are performed on the
column flange. Should any of these limit states be exceeded, continuity
plates are required. The designer may consider a larger column section,
smaller beam section, use of a doubler (or thicker doubler), or other
adjustments to the design as well.

8.8.6.4.1 Column Web Local Yielding For this check the reinforced
web thickness including the doubler is considered. Thus the effective
web thickness is:
tw = twc + td = 0.660 + 1.00 = 1.66 in
φRn ≤ φ(5k + N)Fytw

(8.78)

φRn ≤ φ(5k + twf)Fytw
φRn ≤ (100)[5(1.87) + (0.875)](50)(1.66) = 848 kips
φRn ≤ Ru
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8.8.6.4.2 Column Web Crippling
φ Rn =

φ0 . 80tw2

1.5

 t   EFywt f

1 + 3  N  w
tw
 d   t f  



(8.79)

φ Rn = (0 . 75)0 . 80(1 . 66)2
1.5

 0 . 875  1 . 660  29, 000(5 0)1 . 08
1 + 3 

1 . 660
 2 7 . 6   1 . 08  


= 1900 kips
φRn ≤ Ru

8.8.6.4.3 Column Flange Bending (Strength) This check is mandated
by AISC 358. It supersedes the flange-bending check in AISC 360:
 Fyb Ryb 
tcf ≥ 0 . 4 1 . 8 bbf tbf 

 Fyc Ryc 

(8.80)

which can be rearranged into the format of familiar equations for
flange local bending:
2

6.25 tcf Fyc Ryc ≥ 1.8bbf tbf Fyb Ryb

(8.81)

401 kips ≤ 786 kips
This is no good (reinforcement required).

8.8.6.4.4 Column Flange Bending (Stiffness)
tcf ≥

bbf
6

(8.82)

1.08 in ≥ 9.07 in/6
1.08 in ≤ 1.51 in
This is no good (reinforcement required).
Two of these checks indicate insufficient capacity in the column.
(specifically the column flange, as the web has already been reinforced with a doubler plate), and thus continuity plates are required.
The continuity plate must be designed to resist the difference between
the demand and the capacity:
RuCP = Ru − φRn

(8.83)

= 786 kips − 401 kips = 385 kips
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In addition, its minimum thickness is governed by AISC 358,
which states that the thickness must match the beam flange thickness
(0.875 in for a W24 × 94) for two-sided connections.
Assuming the full beam flange width is effective, the required
plate thickness is determined:
tCP =

Ru
φ Fy b f

385
=
= 0 . 94 in
0 . 9(50)(9 . 07 )

(8.84)

One-inch continuity plates will be used.

8.8.7

Detailing

Detailing of the connection follows the requirements of AISC 358, as
illustrated in Figure 8.62.
In addition, all welds of this connection are designated as
“demand critical,” indicating that they require high notch toughness.
Also, the weld access hole requires a special geometry defined in
AWS D1.8.
Finally, the region of the connection where inelastic strain is
expected must be kept free of notches and defects caused by welded
or shot-in attachments. The region to be kept clear, the “protected
zone,” extends from the column face one full beam depth in, as shown
in Figure 8.63.

8.8.8

Bracing

In order for the beam to be able to undergo flexural yielding, lateral
torsional buckling must be prevented, not only initially but through
large inelastic rotations. This is done through lateral bracing at the
beam-to-column connection, near the plastic hinge, and along the beam
length.
The required bracing forces and stiffnesses are as shown below.

8.8.8.1

Bracing at the Beam-to-Column Connection

The column is braced at the top and bottom flange level. The required
bracing force is:
Pbr = 0.02Fybf tbf

(8.85)

Pbr = 0.02(50)(9.07)(0.875) = 7.9 kips

8.8.8.2

Bracing Near the Plastic Hinge

A brace is ostensibly required near the plastic hinge by AISC 358.
However, in most building conditions this requirement is waived by
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d

a

b

c

e

c

e

b
a

d
Notes:
a. 1/4 in (3 mm) minimum, 1/2 in (6 mm) maximum.
b. 1 in (25 mm) minimum.
c. 30° (±10°).
d. 2 in (50 mm) minimum.
e. 1/2-in (6 mm) minimum distance, 1-in (25 mm) maximum distance, from
end of fillet weld to edge of weld access hole.

Figure 8.62 WUF-W beam-to-column connection (from AISC 358). (Copyright ©
American Institute of Steel Construction. Reprinted with permission. All rights
reserved.)

an exception that allows the torsional stabilizing effect of the composite
slab to substitute for this discrete brace.
Pu =
βbr =

0 . 06Ry ZFy
ho
1  10 Mr Cd 


φ  Lb ho 

(8.86)

(8.87)

where ho = d – tf and ho = 24.3 in – 0.875 in = 23.4 in
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d

Protected zone
d

Figure 8.63 Protected zone (from AISC 358). (Copyright © American Institute
of Steel Construction. Reprinted with permission. All rights reserved.)

Note that Lb should be taken to be Lq, the maximum unbraced
length corresponding to the flexural demand, Mr, which is taken to be
the expected flexural strength in this application. Thus the length Lq
may be assumed to be equal to the limiting length Lp.
Mr = Mu = RyZFy

(8.88)

Mr = 1.1(254)(50) = 14,000 kip-in
Cd = 1.0
φ = 0.75

8.8.8.3

Pbr =

0 . 06(1 . 1)(254)(50)
= 35 . 8 kips
(23 . 4)

Pbr =

10(14, 000)(1 . 0)
= 94 . 6 kips/in
0 . 75(84)(23 . 4)

Bracing Along the Beam
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1  10 Mr Cd 


φ  Lb ho 

(8.89)

(8.90)
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Lb ≤
Pbr =

0 . 086ry E
Fy

(8.91)

0 . 02(14, 000)(1 . 0)
= 11 . 9 kips
(23 . 4)

βbr = 66 . 3 kips/in from above
Lb ≤

0 . 086(1 . 9 8)(29, 000)
= 98 . 8 in
(50)

The beams will be braced at third points along the span.

8.8.9

Completion of Design

Several items remain to complete the design. These include:
• Column splices
• Base plates
• Foundations
• Diaphragms, chords, and collectors
Although each one of these items is necessary and important, the
execution is similar to that of many other components of a building
design.

8.9

Self-Study Problems
Problem 8.1 For the SMF shown, design the beam-to-column connections for
the first story beam using only the following types of connections prequalified
per AISC 358.
(a) WUFW connections
(b) Welded flange plate (WFP) connections
(c) Reduced beam section (RBS) connections
(d) Bolted stiffened end plate (BSEP) connections
(e) Bolted flange plate (BFP) connections
(f) Bolted bracket (BB) connections
(g)	Free flange (FF) connections (using FEMA 350 connections details
in this case)
Assume that, at the story under consideration, the beam is W30 × 173, and
the columns are W14 × 311. All loads are shown below. Assume ASTM A992
Gr. 50 steel for beams and columns.
Check that the design satisfies the strong-column/weak-beam requirements, as well as all other applicable detailing requirements.
If one or many limits of applicability are found to be violated for a specific
connection type, just highlight the violations and continue calculations as if
the connection was permitted.
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Problem 8.2

A single-story frame like the one shown consists of two exterior
vertical members that serve as columns to resist the gravity loads, and a vertical member with RBS at its ends inserted at midbay of the frames to resist the
lateral loads.
Member to design

P

RBS
L

RBS
1.5 L

1.5 L

Here, for L = 10’ and P = 100 kips:
(1)	Design the lightest W12 shape that can be used as the mid-bay
vertical member, having a 50% reduction in flange width at the
RBS locations, to resist the applied loads and to meet the AISC 358
specified limitations for the pre-qualified connection details. Clearly
show the geometry/dimensions of the selected RBS.
(a) Design the vertical member assuming that the shear force in that
member does not affect its flexural plastic strength.
(b) For the resulting vertical member designed in (a), calculate the
flexural plastic strength of the member taking into account the
presence of shear in that member. Indicate by how much (in %)
the calculated strength of the structure is reduced as a result of
this more refined calculation.
(c) Compare the results in (a) and (b) and comment on why the
difference is significant or insignificant. If significant, explain
what could be done to compensate for this.
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(2)	Draw the moment and axial force diagrams for the top horizontal
beam of that system, indicating the magnitude of the moments and
forces that would have to be considered for the design of that beam.
Additional notes:
• The beams have simple connections at their ends.
• Organize design iterations in a tabular format.
There is no gravity load applied to this frame.
Optional design aspects that could be considered in this problem include:
(a) design the shear connection of the vertical member to the beams; (b) design
the beams, including checking the panel zone strength; and (c) check if continuity plates in the beams are needed.

Problem 8.3

Design a prequalified RBS connection for the beam of the SMRF
structure shown. More specifically:
(1)	Select an appropriate geometry for the RBS and location of the RBS
along the beam length.
(2)	Check whether the selected beams and columns meet the specified
limitations and details of the prequalified connection.
(3)	Check whether moment at face of column is acceptable.
(4) Check whether column panel zone strength is acceptable.
There is no gravity load applied to this frame.
Optional design aspects that could be considered in this problem include:
(a) design the shear connection of the beam to the columns; (b) check if continuity plates are needed in the columns.
W30 × 148
V

15'

W14 × 311

30'

Problem 8.4

The structure shown in the figure below has RBS connections in
each of its two beams. For simplicity in this problem:
• T
 he depth of columns and beams are neglected for this problem
(i.e., consider stick-members, as shown in the figure).
• The RBS are located at a distance of L/10 from the columns, and this
eccentricity must be taken into account in calculations and in showing
the resulting plastic collapse mechanism.
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• M
 p of the columns is assumed to be sufficiently large to ensure that
plastic hinging only takes place in the two beams.
• All beams are W27 × 161.
Here:
(a)	Assuming that the beam flanges have been cut to 50% of their original width, calculate the resulting Mp value at the RBS (in k-ft).
(b)	Using the upper bound method, find the maximum load, V, that
can be applied (in terms of L, h, Mp), and show the resulting plastic
collapse mechanism.
e = L/10 (typ.)

e

= symbol to
illustrate
location of
RBS

V

h

e

e

L

Problem 8.5 A twenty-story building was designed with special momentresisting frames having RBS beam-to-column connections. The W33 × 354
beams have RBS connections with radius cuts per a geometry in compliance
with AISC 358, and fully welded to the web of a W14 × 808 column. Both the
columns and beams are of High Performance Steel (HPS) Grade 70.
(a)	Identify all issues that make this design noncompliant to the AISC
358 requirements and details for prequalified RBS connections.
(b)	Describe in two or three short sentences what would be required to
use this proposed RBS connection design on a that specific building
project. Cite the appropriate AISC 341 and 358 requirements.

Problem 8.6 What is the physical phenomenon intended to be captured by
the Cpr factor in AISC 358?
Problem 8.7 Which of the prequalified types of welded connections can be
used to connect a W36 × 256 to a W14 column?
Problem 8.8 (Project-Type Problem) Using examples, compare the designs that
would result using traditional elastic versus plastic designs.
(a) For low-rise (2 to 5 stories) moment-resisting frames
(b) For mid-rise (8 to 12 stories) moment-resisting frames
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Problem 8.9 (Project-Type Problem) Write a computer program to do the lowerbound systematic method of plastic analysis using the simplex algorithm.
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CHAPTER

9

Design of Ductile
Concentrically Braced
Frames
9.1

Introduction
9.1.1

Historical Developments

A braced frame is essentially a planar vertically cantilevered truss.
Notwithstanding cast iron trussed arches, such as those built by Tilford
as early as 1796, straight metal trusses were first used in Earl Trumbull’s 1840 bridge spanning the Erie canal, and frequently thereafter
using Squire Whimple’s more economical bowstring truss concept
that relied on brittle cast iron for compression members and more forgiving wrought iron for tension members (DeLony 1992, Griggs 2009).
Not surprisingly, in early steel buildings without heavy masonry cladding that could provide lateral stability, trusses were also introduced—
for example, discrete bracing rods are visible in sketches of the cast
iron Crystal Palace built in London in 1851 (lost to fire in 1936). Likewise, the architects of the 1853 New York Crystal Palace (lost to fire in
1858) described its roof as “braced against the action of the wind by a
system of horizontal wrought-iron trusses similar to the vertical supports of the gallery floors” (Carstensen and Gildemeister 1918).
With the arrival of processes to economically make steel of reliable quality, steel bridges followed, the 6442-foot (1964-meter) James
Eades trussed-arch bridge built in 1874 in St. Louis being the first
major bridge to use steel, and the 2.5 km (1.5 m) 1890 Forth Bridge in
Scotland being the first all-steel bridge [with a world record span of
521.3 m (1710 ft) until 1917] (Bennett 1999). Note that the 1889 Eiffel
tower, which is conceptually a tall tapered three-dimensional braced
frame, was made of puddled iron (a refined form of wrought iron).
Because of their high strength and stiffness to resist lateral loads,
steel braced frames rapidly became popular to resist wind forces
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when implemented in buildings and industrial structures in the
nineteenth century, and particularly so as architects pushed high-rise
construction to greater heights in the early twentieth century. Ketchum
(1918) described how diagonal bracing, knee-bracing, portal bracing,
and brackets could be used to resist wind loads, providing plans and
elevations for actual buildings, and described diagonal bracing as being
the most effective and desirable for this purpose (noting that architects
at the time required braces to be hidden in walls). Many of these diagonal braces were slender rods, only able to resist tension forces (a.k.a.
tension-only braces), and braces, like the rest of the steel frame, were
often encased in concrete or masonry for fireproofing. Interestingly, formal regulations for wind design requirements only appeared in
the earliest part of the twentieth century—specified earthquake design
requirements following only much later—as mentioned in Chapter 8.
Design requirements for braced frames evolved continuously over
time, and the engineer is cautioned that noncompliance with all of the
latest specified design requirements may not necessarily lead to inadequate performance. For example, nowadays, members subjected to
axial compression in nonseismic applications are required to be compact, which means that the width-to-thickness ratio of the parts that
constitute the cross-section must be sufficiently large to ensure that the
stress at which local buckling would develop is greater than Fy. In early
steel design practice (in an allowable stress perspective), some design
codes only required that this local buckling critical stress be greater
than the stress at which global member buckling occurred, which for
slender members in compression, can result in substantially more liberal width-to-thickness ratios and satisfactory behavior nonetheless
(in a non-seismic context). Information on archaic steel design practices
can be found in older steel design textbook (e.g., Ketchum 1918) and
various other documents (e.g., Brockenbrough 2002, Friedman 1995).
Although architects in many applications predominantly preferred
the open spaces afforded by moment-resisting frames, with the emergence of seismic regulations in the 1960s and 1970s, braced frames slowly
gained popularity in regions of high seismicity because they required
less steel than moment-resisting frames to resist the prescribed seismic
forces, and more easily could meet the specified frame drift limits.
The initial studies on the seismic performance of braced frames
were conducted in the 1970s for the oil industry to characterize the
inelastic cyclic behavior of axially loaded tubular steel members
used in offshore drilling platforms. Although braces having circular
and rectangular hollow sections are also used as braces in buildings,
the scope of subsequent research expanded to include other crosssections typically encountered in buildings, such as I-shaped sections,
double angles stitched together to form T-shaped sections, solid
T-shaped sections, single angles, channels, and tension-only rods
and angles. Behavior of the welded or bolted gusset plates providing
brace connections to the framing system were also found to play an
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important role on system behavior. Much of that early research
instructed many of the specified code provision, details, and limitations in effect since.
Seismic provisions for the analysis, design, and detailing of concentrically braced frames (CBFs) were gradually introduced into
seismic regulations and guidelines. In the United States, this started in
California in the late 1970s (SEAOC 1978) and on a nationwide basis in
the early 1990s (AISC 1992). These were progressively updated in subsequent editions of various regulations and guidelines, such as the
Structural Engineers Association of California (SEAOC) Recommended
Lateral Force Requirements (SEAOC 1996), the Uniform Building Code
(ICBO 1994), the NEHRP Recommended Provisions for the Development of Seismic Regulations for New Buildings (BSSC 1995), and the
AISC LRFD Specification (AISC 1993). The consolidation of building
codes that occurred in the United States in 2000 made it possible to
concentrate the seismic design requirements for steel structures in the
AISC Seismic Provisions (ANSI Standard AISC 341) (AISC 1997, 2002,
2005, 2010a), then referenced by the International Buildings Code or
other state or city buildings codes as appropriate.
Note that in the aftermath of the Northridge earthquake, in light
of the fractures discovered in moment-resisting frames, new steel
buildings in California became more frequently designed with braced
frames. Owners and architects who earlier wished to avoid at all cost
the obstructions created by braces, suddenly were able to charge a
premium for the offices having windows crossed by braces, which
the public came to associate with seismic safety. Ironically, although a
large number of tests were conducted to investigate and better understand how to design reliable ductile moment-resisting frames after
the 1994 Northridge earthquake, relatively fewer tests investigated
the cyclic behavior of concentrically braced frames (CBFs); research
relying on past experimental results for individual braces typically
reports less than a hundred data points (e.g., Lee and Bruneau 2002;
Tremblay 2002, 2008; Uriz and Mahin 2008). This is surprising given
the reliance on compression brace energy dissipation by existing
codes and guidelines for many years, and the complex mechanisms
leading to substantial strength degradation upon cyclic plastic hinging at midspan of braces, as explained throughout this chapter. As
such, contemporary research has been most instructive and findings
have been implemented in the latest editions of AISC 341 (AISC 1997,
2002, 2005, 2010a) and CSA S16 (CSA 1994, 2001, 2009).
Note that, in this chapter, given that providing an understanding
of the evolution of seismic design requirements is within the scope of
this book, a number of obsolete design provisions are reviewed and
contrasted with current requirements. This is useful in the perspective
of seismic retrofit.
Also, because differentiation is necessary for clarity, Cu and Tu are
used in this chapter for the axial compression and tension strength of
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braces, respectively, instead of Pu, which is used interchangeably in
AISC 341 and 360 (AISC 2010a and 2010b, respectively) for both values. Likewise, Cr and Tr are used instead of φPu. Acronyms are also
used to refer to concentrically braced frames (CBFs), special concentrically braces frames (SCBFs), and ordinary concentrically braces
frames (OCBFs), the latter two being defined in Section 9.1.3.

9.1.2

General Behavior and Plastic Mechanism

As described in Chapter 7, seismic design considers forces substantially smaller than those that would have to be considered to achieve
full elastic response during an earthquake. This is possible provided
that designated elements of the structural system are designed to
yield at these lower forces, and detailed to have a ductile response.
These ductile elements then limit the forces applied to the rest of the
system, per capacity design principles.
During earthquakes, CBFs are expected to yield and dissipate
energy through postbuckling hysteretic behavior of their bracing
members. For drift in one specific direction, this is achieved by buckling of the braces in compression, followed by yielding of the braces
in tension, as schematically illustrated in Figure 9.1. Under cyclic
loading, for loads acting in the reversed direction, the previously
buckled brace will yield in tension, whereas the brace previously
yielded in tension will buckle. Typical postearthquake evidence of
brace inelastic buckling is shown in Figure 9.2. Therefore, to survive
an earthquake, the braces must be able to sustain large inelastic displacement reversals without significant loss of strength and stiffness.
V3

V3

V2

V2

V1

V1

= Tension yielding
= Bucking

Figure 9.1 Schematic of CBF inelastic behavior.
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(a)

503

(b)

Figure 9.2 Postearthquake residual inelastic brace buckling: (a) brace with low
member slenderness; (b) brace with high member slenderness. (Part a, courtesy of
M. Nakashima, Disaster Prevention Research Institute, Kyoto University, Japan.)

To achieve this behavior, special ductile detailing is required. Many
braced frame structures designed without such ductile detailing consideration have suffered extensive damage in past earthquakes,
including failure of bracing members and their connections (e.g., AIJ
1995; Tremblay et al. 1995, 1996)—examples of such failures are presented as appropriate throughout this chapter.
Given that braces are the designated energy dissipating element
in CBFs, a review of their cyclic inelastic behavior is presented in
Section 9.2. An understanding of the characteristics of that cyclic
behavior is key to integrate capacity design principles in the design of
CBFs to achieve the intended ductile performance. Hysteretic behavior
and design of CBFs are both addressed in Section 9.3.

9.1.3

Design Philosophy

To provide adequate earthquake resistance, CBFs must be designed
to have appropriate strength and ductile response. To achieve this,
diagonal braces must be specially designed to sustain plastic deformations and dissipate hysteretic energy in a stable manner through
successive cycles of buckling in compression and yielding in tension.
The design strategy is to ensure that plastic deformations only occur
in the braces, leaving the columns and beams undamaged, thus
allowing the structure to survive strong earthquakes without losing
its gravity-load resistance.
Early thinking on the design and detailing of such braces, as implemented in seismic regulations and guidelines at the time, was that
bracing members with low member slenderness, KL/r (Section 9.2.2),

09_Bruneau_Ch09_p499-590.indd 503

6/13/11 3:24:22 PM

504

Chapter Nine
and width-to-thickness ratio, b/t (Section 9.2.3), have superior seismic
performance, on the premise that compressed braces with low KL/r
can provide more significant energy dissipation. As described in more
details in Section 9.2, upon buckling, flexure develops in the compression member and a plastic hinge eventually develops at the middle
length of the brace, that is, at the point of maximum moment. It is
through the development of this plastic hinging that a member in compression can dissipate energy during earthquakes. Low b/t limits are
prescribed to prevent brittle failure due to local buckling during this
plastic hinging, because the reversed cyclic loading induced by earthquakes leads to repeated buckling and straightening of the material at
the local buckling location, which, combined with high strains at the
tip of the local buckle, precipitate low-cycle fatigue.
The more recent thinking on these matters recognizes the importance of delaying low-cycle fatigue at the plastic hinge location, and
allows the use of more slender braces that correspondingly have lower
ductility demands in compression, relying proportionally more on tension yielding of the braces to dissipate seismic energy. The drawback of
this approach is a greater difference between the strength of the braces
in compression and tension, and thus greater demands that this imbalance can impose on the elements of the CBFs that must be protected
(i.e., remain elastic) through application of capacity design principles.
Various editions of the design specifications have reflected this
change in philosophy, along with other tweaks intended to make the
design intent transparent. However, the most ductile CBFs have consistently been assigned structural response modification factor, R, on
the order of 75% of the maximum value assigned to special momentresisting frames (see Chapter 7). This penalty is attributed mainly as
a consequence of the less ideal energy dissipation provided by the
compression brace, the observed pinching of the hysteretic curves of
the braced frame due to the strength degradation of the compression
brace, and the absence of effective strength hardening as typically
occurs in moment frames.
Note that two types of CBF systems are permitted by AISC 341,
namely, Special Concentrically Braced Frames (SCBFs) and the Ordinary
Concentrically Braced Frames (OCBFs). Emphasis here is on SCBFs,
which are designed for stable inelastic performance and energy dissipation capability, and correspondingly for the largest force reduction factor, R. Some of the ductile detailing requirements are relaxed
for the OCBF in the perspective that these would be subjected to less
inelastic demand, being designed to a smaller reduction factor. However, if demands from an earthquake were to exceed the design level,
structures with SCBFs could be advantaged over OCBFs, in spite of
the higher design force level considered in the latter case.
Typical CBF configurations are presented in Figure 9.3. These
were originally developed to resist wind loads in the linearly elastic
range, but are not necessarily adequate for seismic design. Some

09_Bruneau_Ch09_p499-590.indd 504

6/13/11 3:24:22 PM

Design of Ductile Concentrically Braced Frames

(a)

(b)

(c)

(d)

(e)

(i)

(j)

505

Permitted for SCBF

(f)

(g)

(h)
Not-Permitted for SCBF

Figure 9.3 CBF configurations permitted and prohibited in seismic regions: (a to c)
X-braced frames; (d to e) inverted V-braced and V-braced frames, also known as
inverted chevron-braced and chevron-braced frames, respectively; (f to g) K-braced and
double K-braced frames; (h to i) single diagonal braced frames; (j) knee-braced frame.

configurations are prohibited in seismic regions because they exhibit
poor cyclic inelastic response or induce undesirable demands in
other structural elements. For example, the K-braced frame configuration shown in Figure 9.3f is problematic. If one of the diagonal
braces were to buckle, increasing force in the tension brace would be
transferred as shear in the adjacent column. The resultant horizontal
force from these two unequal brace forces, applied at midheight of
the column, could produce a plastic hinge in the column at the braceto-column intersection point and result in undesirable column failure. Note that the single brace configurations of Figures 9.3h and
9.3i, although prohibited, would be permitted if used together with
their respective mirror image along the same line of bracing
(Figure 9.3c can be seen as one such example for single-braced frames
of the type shown in Figure 9.3i).
The severely pinched hysteresis curves exhibited by tension-only
braced frames have been presented in Chapter 6. Such frames have
been commonly used to resist wind forces in nonseismic regions,
typically with X-braced configuration (Figure 9.3b) having angles,
rods, or flat bar braces of high slenderness (often KL/r> 300). The
cyclic inelastic behavior of a tension-only braced frame is characterized by yielding and elongation of the tension braces, and buckling of
the compression braces at near-zero levels of axial load due to their
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high slenderness. Upon repeated cyclic loading, each brace accumulates residual axial displacements, and the X-braced frame loses its
lateral stiffness in the vicinity of zero frame displacement, defeating
to some degree the intent of adding the braces to the frame. AISC
341-10 does not permit the use of tension-only braces in SCBFs, but
allows it for OCBFs. CSA S16-09 allows their use for low-rise buildings up to a height of 20 m (with a progressively reducing R factor
between 16 m and 20 m in height), provided all columns in the building are continuous and of constant cross-section over the entire building height. Tremblay and Filiatrault (1996) demonstrated that,
contrary to earlier expectations, impact forces on the braces and their
connections due to the sudden straightening of previously taut slender tension-only braces are limited by the yield strength of the braces;
they observed an increase in yield strength of up to 15% due to strain
rate effects (Chapter 2), as commonly observed in other CBF studies
with conventional braces. Strain-rate effects are generally not considered by seismic design codes and specifications at this time.

9.2

Hysteretic Behavior of Single Braces
9.2.1

Brace Physical Inelastic Cyclic Behavior

An understanding of the physical inelastic behavior of an individual
brace member subjected to reversed cycles of axial loading is necessary to design ductile braced frames using the concepts presented in
this chapter.
The behavior of axially loaded members is commonly expressed
in terms of the axial load, P, axial deformation, δ, and transverse displacement at midlength, Δ. According to convention, tension forces
and deformations are taken as positive, and compression forces and
deformations as negative. A simplified hysteretic curve for a generic
brace member is presented in Figure 9.4.

OA
δ+
δ–

∆

P

E

F

∆

P
∆

D
δ

= Plastic hinge (Mpr)

Cu

BC

O

= Real hinge

Cu′

AB

CD
∆

C

DE
G
B A

∆
Small residual deformation
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Figure 9.4 Sample hysteresis of a brace under cyclic axial loading.
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Starting from the unloaded condition (point O in Figure 9.4), the
brace is compressed in the linearly elastic range. Buckling occurs at
point A, when P = Cu. Slender braces that buckle elastically at point A
can sustain their applied axial load as the brace deflects laterally,
with a corresponding axial shortening (shown as the plateau AB in
Figure 9.4). At that point, if brace behavior remained elastic, unloading
would occur along the line BAO if the axial compressive load was
removed.
During buckling, due to its transverse deflections, the brace is
subjected to flexural moments. Considering equilibrium in the
deformed configuration, using a free-body diagram of a segment of
the brace from its end to a distance x from it, the flexural moment at
any point x is calculated as the product of the axial force and the lateral displacement at that point. As such, the shape of the moment
diagram is proportional to the deflected shape, with the maximum
moment occurring at the point of maximum transverse displacement
(i.e., at midspan for the pin-pin brace shown in Figure 9.4). Assuming
bilinear elasto-plastic flexural behavior, as transverse displacement
of the brace further increases under the constant axial force, the plastic
moment of the brace is eventually reached and a plastic hinge forms
(point B in Figure 9.4). The value of the transverse displacement, Δ,
when this happens can be obtained accounting for flexure-axial load
interaction in the brace (Chapter 3)—recognizing, however, that for
actual material behavior and residual stresses, the development of
plastic hinging would be gradual.
Further increases in axial displacements produce corresponding
increases in Δ and in plastic hinge rotations (segment BC), resulting in
a deflected shape having a plastic kink, as schematically shown in
Figure 9.4. The axial resistance of the brace drops along segment BC:
because the moment at midlength (M = PΔ) cannot increase beyond the
plastic moment, an increase in Δ must be accompanied by a decrease
in P. However, the path from point B to point C is nonlinear due to
flexure-axial load interaction at the plastic hinge, recognizing that a
decrease in axial load produces an increase in moment capacity.
Upon unloading (from point C in Figure 9.4) to P = 0, the brace
retains a residual axial deflection, δ, and a residual transverse deflection, Δ, including a kink in the brace due to residual plastic rotations.
When the brace is loaded in tension from P = 0 to point D, the
behavior is elastic. At point D, the product of the axial load and the
transverse displacement equals the plastic moment of the brace
(similar to the equilibrium described at point B earlier), and a plastic
hinge forms at midlength of the brace. However, along segment DE, the
plastic hinge rotations act in the reverse direction of that along segment
BC and effectively reduce the magnitude of the transverse deflection,
Δ. As a result, axial forces larger than that at point D can be applied.
It is not possible to completely remove the transverse displacement and return the brace to a perfectly straight condition. The
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theoretical axial force required to produce additional plastic hinge
rotations tends to infinity as the transverse displacement approaches
zero, but the axial force in the brace cannot exceed its tensile yielding
resistance (= AFy), and residual transverse deflections cannot be
avoided. Tension yielding is shown as segment EF in Figure 9.4.
Upon reloading in compression, the brace therefore behaves as a
member having an initial deformation, and its buckling capacity
upon reloading (Cu′ at point G) is typically lower than its buckling
capacity upon first loading (Cu at point A). The ratio Cu′/Cu depends
primarily on the slenderness ratio (KL/r), and expressions used in the
past to capture this relationship are presented in Section 9.2.3. The
length of the elastic buckling plateau (segment AB) also reduces upon
each subsequent inelastic cycle as a result of the residual initial deflection. Beyond these two differences, the shape of the hysteresis curves
(OABCDEF) in subsequent inelastic cycles remains basically
unchanged. Analytical models to capture all phases of this hysteretic
behavior are briefly discussed in a later section.
Quantitative assessments of the hysteretic behavior and energy
dissipation capacity of braces have typically been obtained from tests
of members subjected to repeated cyclic inelastic axial displacements.
Results have included either complete hysteresis curves for a given
experiment’s loading history or simply the envelope of all hysteresis
curves (Black et al. 1980). Both approaches are used in the following
sections. Slenderness ratio has a dominant impact on the shape of the
hysteresis curves. For a slender brace (large KL/r), segment OA will
be rather small, whereas the plateau segment AB could be rather
long, resulting in relatively small hysteretic energy dissipation capacity
in compression. For stocky braces (small KL/r), the reverse is true,
and segment AB may not exist. The effect of slenderness is further
investigated in the next section.

9.2.2

Brace Slenderness

The cyclic behavior of a brace largely depends on its slenderness, KL/r,
where K is an effective length factor, L is the brace clear span, and r is
the radius of gyration of the member about the buckling axis under
consideration. The radius of gyration, ri, about axis i, is equal to Ii /A ,
where Ii is the second moment of area of the component about axis i,
and A is the cross-sectional area of the member. Note that some design
standards or research documents alternatively refer to the non
dimensional slenderness ratio, λ, defined as (KL/r )( Fy /π 2E ).
Data for A, Ii, and ri for standard structural shapes is typically
tabulated in design manuals and handbooks (AISC 2011 and CISC
2010). The largest slenderness ratio obtained, considering the possible buckling axes for a given member, governs behavior and is
used for design.
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Representative hysteresis curves for braces having slenderness
ratios of 120, 80, and 40 are shown in Figure 9.5 in terms of axial force,
P, and axial deformations, δ, along with their corresponding brace
lateral displacements, ∆. In all cases, large residual lateral deformations remains upon unloading (i.e., when P = 0) as a consequence of
inelastic buckling. Increasing magnitude of the lateral deformations
is a consequence of brace “growth” due to incremental plastic elongations in subsequent cycles of tension yielding, and the relative lesser
plastic axial shortening of the brace before its buckling in compression; the progressively longer brace must therefore displace laterally more to fit in its same original clear span. Note that, as this
residual lateral displacement increases in subsequent cycles, the
buckling capacity of the brace reduces, equivalently to that of a
brace having an initial curvature or camber. The Bauschinger effect
(Chapter 2) also contributes to this reduction in compressive strength
in subsequent cycles.
It is also observed in Figure 9.5 that increases in slenderness correspond to reductions in hysteretic energy dissipated by the brace in
compression (i.e., area under the hysteresis curves), together with
reductions of the compression strength (as a percentage of the corresponding tensile strength). Similar observations are possible from
Figure 9.6a, using envelopes of the hysteresis curves for different
braces having slenderness ratios of 40, 80, and 120, in terms of normalized axial load versus normalized axial displacement. An example
of how such an envelope is obtained is shown in Figure 9.6b.
The hysteresis curves for more compact members would approach
that of the material itself, whereas those for more slender ones would
approach the tension-only behavior described in Chapter 6.
Figure 9.5 also illustrates the variation of axial stiffness at various
displacements, and the consequent corresponding loss of tangent stiffness of a braced frame as it is unloaded (to zero axial load) or returns
to its original plumb position. For example, data in Figure 9.5a shows
the axial tangent stiffness of the brace at zero axial load to be
approximately 1700 kips/in (29.4 kN/mm) in the first loading cycle
and approximately 20 kips/in (0.35 kN/mm) in the loading cycle to
δ = 35 mm (1.38 in). If two such braces formed an inverted-V CBF
configuration, the lateral stiffness of the braced frame near the point
of zero lateral displacement would be less than 5% of the elastic stiffness of the frame. Large drifts are required to re-engage the brace in
tension to its full stiffness.
The normalized lateral deflected shape of two braces having different end-conditions and slenderness ratios are shown in Figure 9.7.
For the pin–pin brace shown in Figure 9.7a, the somewhat parabolic
elastic deflected shape becomes progressively more linear in segments
between the midspan plastic hinge and actual hinges as inelastic
behavior further develops (the non-normalized magnitude of the
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Figure 9.5 Cyclic behavior of braces having slenderness ratios of 120, 80,
and 40: (a, b, c) axial force versus axial displacement hysteresis curves;
(d, e, f) axial force versus brace lateral displacement. (Black et al. 1980,
with permission from EERC, University of California, Berkeley.)
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Figure 9.6 Normalized envelopes for braces: (a) comparison of normalized
axial force versus normalized axial displacement; (b) graphical definition of
envelope. (Black et al. 1980, with permission from EERC, University of
California, Berkeley.)
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Figure 9.7 Elastic and inelastic buckled shapes for I-shaped beams:
(b) pinned-fixed end conditions. (Black et al. 1980, with permission from
EERC, University of California, Berkeley.)

lateral displacements would correspondingly increase as this happens). Likewise, for the brace pinned at one end and fixed at the other
shown in Figure 9.7b, straight segments connect the plastic and actual
hinges at large inelastic excursions. Nonetheless, the deflected shapes
are quite similar, and use of the effective length, KL, based on elastic
analysis, is appropriate to calculate the strength and characterize
behavior of braces undergoing cyclic inelastic buckling. This conclusion is further supported by comparison of the envelopes of hysteresis
curves of braces having various end-conditions, shown in Figure 9.8.
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(b) Circular tube brace response

Figure 9.8 Hysteretic curves for braces with different end conditions. (Black
et al. 1980, with permission from EERC, University of California, Berkeley.)
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Marginal differences in hysteretic energy dissipation can be seen
between braces having pinned–pinned and fixed-pinned end conditions, for either I-shaped (Figure 9.8a), circular tube braces (Figure 9.8b),
or double-angle braces (Black et al. 1980, Popov and Black 1981).
Incidentally, cross-sectional shape also has a marginal impact on
the envelope of hysteretic response for braces having the same slenderness ratio, as shown in Figure 9.9 (Black et al. 1980), although different shapes can have substantially different behavior in terms of
local buckling and low-cycle fatigue life, as described later.
On the strength of the above observations, early seismic design
requirements for ductile CBFs were formulated promoting the use of
stockier braces that could contribute to the total hysteretic energy dissipation. Representatively, the 1992 edition of the AISC seismic provisions only permitted the use of braces having slenderness ratio less or
equal to 720/ Fy (= 1900/ Fy in S.I. units), which corresponded to
KL/r values of 102 and 120 for Fy of 50 ksi and 36 ksi, respectively. The
1995 edition increased this limit to 1000/ Fy , corresponding to 141
and 167 for the same two steel grades respectively. The 2010 edition
allows the use of KL/r values of up to 200 when capacity design principles are considered in the design of the columns. The rationale for
these changes is presented later.

1.0

� W6 × 20 (STRUT 3)
� 4 × 0.337 (STRUT 16)

Normalized axial load, P/Py

4 × 4 × 1/4 (STRUT 17)

0.5

0

–0.5
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–1.0

–4

–2

0

2

4

Normalized axial displacement, δ�δy
Assorted brace hystereses

Figure 9.9 Hysteretic curves for braces with different cross-sectional shapes.
(Black et al. 1980, with permission from EERC, University of California, Berkeley.)
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Note that because minimum weight considerations often drive
the design of braces, actual ductile CBFs typically have braces with
slendernesses close to the specified upper limit.

9.2.3 Compression Strength Degradation of Brace
Under Repeated Loading
Knowledge of the actual force resisted by a brace throughout its cyclic
response is important, as variations in this value affect how forces
flow throughout the structural system, and consequently how connections and other structural members must be designed to resist
these demands (as is further described in later sections).
Figures 9.5 and 9.6 above also show the progressive reduction in
buckling strength in subsequent inelastic loading cycles (i.e., point G
in Figure 9.2). Early seismic design requirements specified that a
reduced compressive strength, Cr′, be considered in design instead of
the value otherwise used in nonseismic applications, Cr. The ratio Cr′/Cr
was understood to depend primarily on the slenderness ratio, KL/r;
sample expressions that were used then to capture this relationship
include:
SEAOC 1990
Cr′ =

Cr


KL 0 . 5Fy

1 + 0 . 50 
 rπ
E 

(9.1a)

CSA 1994
Cr′ =

Cr

KL
1 + 0 . 35 
 rπ


Fy 

E


(9.1b)

Using these equations, for a slenderness ratio equal to 0, Cr′ = Cr,
whereas for a Grade A36 steel brace with a slenderness ratio of 130,
Cr′ = 0.67Cr. For simplicity, the design strength of a brace per the AISC
LRFD Specification (AISC 1992) was calculated as 0.8φcPnwhere φc
was the resistance factor for compression components, and Pn the
nominal axial strength of the brace (i.e., Cr = φcPn). Interestingly, Cr′ = 0.8Cr
would be obtained from Equation 9.1a with a slenderness ratio of
approximately 65, which was equivalent to the average Cr′ obtained
over the range of permissible KL/r values at the time. Designing
braces assuming their strength to be Cr′ was equivalent to neglecting
the first cycle strength Cr and assuming that brace compression
strength did not further degrade after the second cycle (which is
incorrect). Note that both Cr′ or Cr were to be considered in capacity
design calculations, depending on which case would deliver the
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maximum load to other components or systems (as shown in later
sections). Later editions of the AISC Seismic Provisions dropped the
0.8 factor, recognizing that other factors had a greater impact on
achieving satisfactory CBF cyclic response.
One such factor is degradation of brace strength after repeated
cycles of inelastic deformations. For capacity design purposes, the
capacity of the brace in compression when the entire frame reaches its
maximum sway deformation, which is defined as Cr″ here, can be substantially lower than Cr′ and thus more relevant to consider in design.
Indeed, as plastic hinging develops in the middle of the brace, Cr″
drops as deformation increases. This means that at maximum sway,
when the tension brace has yielded, only a small fraction of the original compression buckling strength of the other brace is effective.
Lee and Bruneau (2002, 2005) quantified the strength degradation
of braces upon repeated cycling by extracting compression excursion
from the complete hysteretic force-displacement curve obtained from
66 tests by various researchers, and overlaying them to start from the
same zero displacement, as shown in Figure 9.10 (φ taken as 1.0 for
this purpose) in terms of δ/δB, where δB is the axial displacement at
first buckling. For a typical curve, schematically idealized in that figure, the magnitude of axial deformations typically increased in subsequent cycles as a consequence of the testing protocols adopted
(note that only cycles that produced displacements exceeding the

Force (Compression)
Cr

First cycle

C′′r1

C′′r /Cr(1st)

C′′r2

C′′r3
Last cycle

C′′r4
C′′r Last
δ1 δ2

δ3

δ4

δLast Displacement

Figure 9.10 Definition of normalized buckling capacity, Cr″/Cr (1st). (Lee and
Bruneau 2002, courtesy of MCEER, University at Buffalo.)
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previously obtained values were considered). In the “nth” cycle,
beyond first buckling (defined experimentally as Cr), compressive
strength of the brace at the point of maximum displacement for that
compressive excursion, δn, was labeled Crn″, the numeral subscript
indicating the cycle number. These value of Cr’’ were then divided by
Cr for normalization. This normalized strength is labeled Cr″/Cr(1st),
the qualifier “1st” implying “the strength obtained the first time this
displacement is reached.” Figure 9.11 shows a typical curve obtained
following this procedure. That curve can be considered a normalized
force-displacement envelope of the brace in compression.
Furthermore, the brace compressive strength recorded during
the last cycle of testing was also of interest. It was calculated at each
of the previously considered displacement points, δn, as shown in
Figure 9.12, giving results as typically shown in Figure 9.13. This
normalized strength was labeled Cr″/Cr(last), the qualifier “last”
implying “the strength obtained during the last cycle of testing.”
Using the same displacement points to calculate both Cr″/Cr(1st)
and Cr″/Cr(last) makes it possible to calculate the ratio of these values.
A large ratio indicates a considerable drop in strength at a specific
displacement, δ/δB, whereas a lower ratio expresses rather stable
strength degradation from the first to last cycle. A typical result is
shown in Figure 9.14. Lee and Bruneau (2002) present results for all
braces considered, together with similar data on the normalized hysteretic energy dissipation of compression braces.

Buckling load ratio
1.0
Strut no.12
WT5 × 22.5
kL/r = 80
Pin-Pin
δT /δB = 1.39

0.9
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0.5
0.4
0.3
0.2
0.1
0.0

0
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25
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35

40

δ/δB

Figure 9.11 Example of normalized maximum compression strength
reached upon repeated cyclic inelastic displacements, Cr″/Cr (1st).
(Lee and Bruneau 2002, courtesy of MCEER, University at Buffalo.)
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Last cycle
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δ1 δ2
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δ4

δLast Displacement

Figure 9.12 Definition of normalized buckling capacity, Cr″/Cr (last). (Lee
and Bruneau 2002, courtesy of MCEER, University at Buffalo.)
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Figure 9.13 Example of normalized maximum compression strength
reached upon repeated cycling data, Cr″/Cr (last). (Lee and Bruneau 2002,
courtesy of MCEER, University at Buffalo.)
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Buckling load ratio
4.0
Strut no.12
WT5 × 22.5
kL/r = 80
Pin-Pin
δT /δB = 1.39

C′′r /Cr (1st/last)

3.0

2.0

1.0

0.0

0

5

10

15

20

25

30

35

40

δ/δB

Figure 9.14 Example of normalized maximum compression strength
reached upon repeated cyclic inelastic displacements, Cr″/Cr (1st/last).
(Lee and Bruneau 2002, courtesy of MCEER, University at Buffalo.)

Results obtained indicated that reduction in the normalized Cr″/Cr
(1st) envelope is particularly severe for the W-shaped braces having
KL/r above 80, dropping to approximately 0.2 when the normalized
displacements exceed 5. Behavior is not significantly worse for KL/r
in the 120 to 160 range. Tubes perform relatively better, over all slenderness range, with double-angle braces in-between these two cases.
Results for Cr″/Cr(last) and Cr″/Cr(1st/last) showed that the compression capacity at low δ/δB values drops rapidly upon repeated cycling,
and that Cr″/Cr(1st) is effectively equal to Cr″/Cr(last) at normalized
displacements above 3 in most instances.
These results indicated that when a braced bent having braces
with KL/r greater than 80 reaches its expected displacement ductility
of 3 to 4, the compression strength of a brace has already dropped to
approximately 20% of its original buckling strength (40% for square
HSS). Similar results were obtained for normalized energy dissipation capacity in compression. Given that most braces in actual design
have slenderness above 80, this confirmed that limits on KL/r specified by the various seismic design specifications are not correlated to
brace effectiveness in compression—they can, however, relate to
other factors, as shown in the next sections.
A similar study conducted in parallel by Tremblay (2002), considering 76 tests from 9 experimental programs, compared various
approaches to quantify postbuckling brace compression strength
(expressed as Cu′ in that case, but equivalent to Cr″ with φ = 1 considered above). Recognizing that the postbuckling strength depends on
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Pn AISC 2005
AISC 2005
CSA-S16 (Fy e /Fy = 1.1)
AIJ 1998 (Tada et al. 2003)
NZS3404 (αb = 0, Fy = 350 MPa)

1.2
1.0

Tremblay (2002) (5 δy)

0.8
C′u /AFy

521

Test data at 5 δy (Tremblay 2002)
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(Fy /Fe)0.5

Figure 9.15 Postbuckling compression strength. (Courtesy of Robert
Tremblay, Département des génies civil, géologique et des mines,
EcolePolytechnique, Montréal.)

the magnitude of inelastic deformations, Figure 9.15 presents resulting
strength degradations as a function of the normalized slenderness
ratio for the case of braces axially deformed up to five times their tension yield displacement. Note that the actual effective braced length
for each of the experiments considered was used in this study. The
equations for minimum postbuckling strength provided by various
design codes and standards are plotted in this figure for comparison
against the test data and average compression strength obtained from
regression analysis of the data. Results in Figure 9.15 show that the
value of 0.3φcPn introduced for V and inverted V braces in the 1995
AISC Seismic Provisions (based on the work of Hassan and Goel,
1991) matches well the data over λ ranging from 0.5 to 1.5 (i.e., KL/r of
38 to 113 for Fy = 50 ksi), but becomes quite conservative for stockier
braces. Results also show that using a constant value independent of
slenderness provides a poor match (such as for the case of the value
0.2AgRyFy introduced in CSA S16.1-01, and retained in CSA S16-09).
Note that both Cr″ or Cr are to be considered in capacity design calculations, depending on which case would deliver the maximum load
to other components or systems (as shown in later sections), although
this has not always been stated explicitly in design codes or standards.

9.2.4

Brace Compression Overstrength at First Buckling

Tremblay (2002) also quantified the brace initial compression strength
compared with AISC and CSA design equations (Figure 9.16—the
Class 1 designation refers to compact sections per CSA S16). This
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Figure 9.16 Experimentally obtained compression strengths at first
buckling. (Courtesy of Robert Tremblay, Département des génies civil,
géologique et des mines, EcolePolytechnique, Montréal.)

value is important to estimate the maximum forces applied by braces
in compression to their connections and other structural elements.
Expected compression strength was found to be typically greater
than the calculated nominal strength, particularly for more slender
braces, likely as a consequence of conservative assumptions built in
the design equations with respect to initial imperfections and residual
stress conditions. Tremblay found the average overstrength over all
slenderness ranges to be 1.09 and 1.16 compared with the AISC 341
and CSA S16 design equations, respectively, with coefficients of variation of 0.16 and 0.17.
Subsequently, the AISC 341-05 required that connections be
designed for 1.1RyPn, with Pn being the nominal compression strength
per AISC 360, whereas AISC 341-10 further defined Pn for this particular application to be 1.1 times the lesser of RyFyAg and 1.14 FcreAg,
where Fcre is Fcr, determined per AISC 360 Chapter E, substituting the
expected yield stress RyFy in lieu of Fy in these equation. Note that
1.14 is equal to 1/0.877. Recall that the compressive flexural-buckling
strength of compact members per AISC 360 is given by:
Fy 

Fcr = 0 . 658 Fe  Fy

when

KL
E
≤ 4 . 71
(equivaa lent to Fe ≥ 0 . 44 Fy )
r
Fy

		

(9.2a)

and
Fcr = 0 . 877 Fe
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where
Fe =

π 2E
 KL
 
r

2

(9.2c)

The equivalent CSA S16 clause uses 1.2RyCu.
Note that these overstrength values were determined considering
the actual KL/r values corresponding to the experiments reviewed.
Designer are cautioned that, for the same reasons, although considering higher values of KL/r may be conservative for brace design, it
would be inappropriate for assessing the demands imposed by the
brace on its connections and other frame elements.

9.2.5

Evolution of Codified Strength and Slenderness Limits

Table 9.1 summarizes how the AISC Seismic Provisions, from their
1992 edition through 2010, have accounted for some of the parameters described above. This timeline perspective of codified requirements can be useful when reviewing the seismic design of existing
buildings, or when studying design aids and tutorials developed referencing earlier editions of the provisions, as the frequent changes
that occurred over those two decades can be perplexing.

9.2.6

Local Buckling

Local buckling is another factor that has a major impact on the behavior of braces. First, local buckling leads to rapid degradation of compressive and flexural strength of the brace. Second, and more
importantly, the large local strains that develop at the buckled plate
surfaces are susceptible to low-cycle fatigue upon repeated cycles of
inelastic deformations, and thus cracking leading to fracture. Because
braces in a concentrically braced frame provide a structure’s lateral
stiffness and strength and are the elements that dissipate the seismic
energy, their fracture risks leading to frame collapse.
In stocky braces, it is desirable to delay local buckling as much as
possible during compression yielding (beyond preventing its development before axial yielding). Instances of axial local buckling, rapidly followed by fracture of the brace, are shown in Figure 9.17 for
built-up braces (Lee and Bruneau 2004). Note that, in some stocky
braces, local buckling produces lateral displacements that can trigger
global brace buckling. Instances of stocky braces are less common in
practice, because design for minimum weight typically leads to
smaller braces of slenderness close to the permitted upper limits.
In braces that buckle inelastically, compression energy dissipation develops through plastic flexural hinging at midspan of the
brace. The large plastic curvatures that typically develop at that location can potentially lead to local buckling. Upon repeated cyclic loading, the local buckling and straightening of the material at that
location induces cracks that may propagate and lead to fracture.
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Table 9.1

b

Changes in AISC CBF Provisions from 1992 to 2010a

(φc = 0.85 for 2002 editions and earlier; φc = 0.9 since 2005 edition)
Provisions for OCBF were eliminated, except for what was previously required for low-rise buildings
c
Low-rise and roof structures only, designed for the Amplified Seismic Loads, ΩoE, with Ωo = 2.
d
Except when brace connection can accommodate inelastic rotation associated with brace postbuckling deformations (e.g., gusset hinging).
e
KL/r up to 200 permitted when columns designed considering maximum load transferred to the column (considering Ry times the nominal strength of the
connecting brace elements).
f
Only required for V or Inverted V configurations
g
Designed for Amplified Seismic Loads, unless designed as per SCBF requirements
h
Generic statement: “The design of gusset plates shall include consideration of buckling”
i
Fcre is Fcr, determined per AISC 360 Chapter E using expected yield stress RyFy in lieu of Fy. Note that 1.14 is equal to 1/0.877.
j
Commentary states that two separate analyses are required: one with all braces at their maximum forces, and one with tension braces at their maximum strength
and compression braces at their low postbuckling strength

a

0.8φcPn
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R
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1997 Edition

1992
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(b)

(c)

(d)

Figure 9.17 Axial local buckling in stocky built-up brace: (a) initiation of local
buckling; (b) fracture subsequent to cycles of inelastic displacements, for brace with
latticed web; (c) and (d) same for beam with solid web. (Lee and Bruneau 2004,
Courtesy of MCEER, University at Buffalo.)

Braces of rectangular hollow structural shapes (a.k.a. tubes) are
particular prone to local buckling and subsequent fractures during
cyclic inelastic deformations (e.g., Bonneville and Bartoletti 1996,
Gugerli and Goel 1982, Liu and Goel 1987, Shaback and Brown 2003,
Tremblay 2002, Tremblay et al. 2003, Uang and Bertero 1986), with
cracking often initiating at their rounded corners where high strains
have been introduced during their fabrication (by bending of a flat
plate into the final tubular shape). This is unfortunate because the
high radius of gyration of rectangular tubes for a given cross-sectional
area makes them otherwise highly desirable and commonly used as
seismic braces. In some instances, fracture has been observed to
develop rapidly following the onset of local buckling. This phenomenon, from local buckling to fracture, is illustrated in Figure 9.18 for a
tubular brace. Example of such brace buckling and fractures observed
following earthquakes are shown in Figure 9.19.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 9.18 Stages in fracture of cyclically loaded braces: (a) buckled and
restraightened brace at 0.67% drift; (b) local buckle developed during out-of-plane
buckling; (c) initial tears at corner of straightened brace at 0.67% drift;
(d) out-of-plane buckling of brace; (e) corresponding point of fracture initiation
in strengthened brace at 1.34% drift; (f) fractured corners; (g) fractured face;
(h) complete fracture. (Uriz and Mahin 2008, with permission from PEER, University
of California, Berkeley.)
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(h)

Figure 9.18 (Continued)

(a)

(b)

(c)

Figure 9.19 Rectangular HSS braces: (a and b) buckled and fractured—Northridge
earthquake. (Courtesy of Degenkolb Engineers); (c) fractured—Kobe earthquake.
(Courtesy of Dennis Mitchell, Department of Civil Engineering and Applied
Mechanics, McGill University.)

Preventing local buckling is paramount to precluding premature
material fracture. For all structural shapes, the strategy adopted by
codes and standards for delaying the onset of local buckling has been
to limit the width-to-thickness ratio of braces. Given that braces
develop flexural plastic hinges during their buckling, limits on widthto-thickness ratios must be at least as stringent as those for highly
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ductile flexural members, and more stringent in some cases given the
large axial loads simultaneously resisted by braces.
Given that the limits specified for seismic design were more stringent than those defining compact members (i.e., smaller than λp in
AISC 360), members meeting these requirements were called “seismically compact” in some past codes and specifications (e.g., AISC
341-05). This terminology has been superseded in AISC 341-10 by the
designations of “moderately ductile” for members anticipated to
undergo plastic rotation of up to 0.02 rad, and “highly ductile” for
members anticipated to undergo plastic rotation of 0.04 rad or more.
The width-to-thickness ratio for the flanges of rolled or built-up
I-shaped sections, channels, and tees, as well as legs of angles (single
angles, double angle members with separators, or outstanding legs of
pairs of angles in continuous contact) and stem of tees, is limited to
0.30 E/Fy for highly ductile members (which includes braces of SCBF),
and 0.38 E/Fy for moderately ductile members (which includes braces
of OCBF). Except for round and rectangular HSS, stems of WTs and
webs in flexural compression, the width-to-thickness ratio limits for
moderately ductile members correspond to λp values in AISC 360.
The rapid strength deterioration and fracture under inelastic
cyclic loading of braces having hollow structural shapes has long
been recognized. Based on results from their respective research,
Tang and Goel (1987) and Uang and Bertero (1986) recommended
that the limit on the width-to-thickness ratio (b/t) for rectangular
tubes be reduced from the value then specified. Tang and Goel recommended a b/t limit of 95/ Fy ( = 250/ Fy in S.I. units) for rectangular tube sections. Uang and Bertero (1986) recommended a limit
of 125/ Fy ( = 330/ Fy in S.I. units) with a slenderness ratio, KL/r,
limit of 68, (their study considered braces having 48 ≤ KL/r ≤ 61 and
12.7 ≤ b/t ≤ 20.5, these latter values being less than the AISC b/t limit
of 26 at the time). From 1992 to 2005, the AISC Seismic Provisions
limit for seismically compact rectangular HSS braces was 110 Fy ,
equivalent to 0.64 E/Fy . In AISC 341-10, this limit was retained for
moderately ductile braces, but reduced to 0.55 E/Fy , equivalent to
94 Fy , for highly ductile braces, on the basis of additional research
results (Fell et al, 2006, Uriz and Mahin 2008). AISC 341-10 similarly
reduced by 15% the previous seismically compact limit of 0.044E/Fy
for the diameter-to-thickness ratio limit of round HSS in SCBF, to
0.038E/Fy for highly ductile braces; moderately ductile braces (in
OCBF) remained at the previous limit. However, as local buckling
and low-cycle fatigue life of braces also correlate to member slenderness, future research is anticipated to further affect these limits.
As an alternate approach to delay the onset of local buckling
in tubular braces, Liu and Goel (1987) and Lee and Goel (1987)
proposed filling them with expansive concrete. They investigated
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the hysteretic response of similar braces, comparing hollow steel
braces b/t ratios approximately equal to 30 and 14, with a brace
having the lower b/t ratio and filled with concrete. Liu and Goel
reported similar overall buckling modes for the three specimens
prior to plastic hinge formation and local buckling, but that following plastic hinge formation, the braces with the smaller b/t ratio
and concrete fill performed substantially better because local buckling in the plastic hinge zones was delayed and the strength of the
brace remained relatively constant with repeated cycling. For the two
hollow tubular sections tested, the compression flange in the brace at
the plastic hinge buckled inward and the brace webs bulged outward (Figure 9.20a). For the concrete-filled braces, because of concrete restraining any significant inward buckling, the flange of the
tube buckled outward; the zone of local buckling lengthened to
approximately the width of the tube and its severity was reduced
(Figure 9.20b), reducing the magnitude of strains in the plastic
hinge zone due to local buckling, delaying the onset of fracture,
and lessening degradation of the brace compression strength. Other
researchers reported similar benefits with concrete filled tubes
(e.g., Broderick et al. 2005, Zhao et al. 2002).

9.2.7

Low-Cycle Fatigue Models

While the emphasis of early editions of seismic provisions was on
limiting member slenderness, KL/r, to relatively low values, research
results raised concerns that ductile braces designed in full compliance with these requirements would not necessarily have a low-cycle
fatigue life sufficient to survive the large cyclic deformations imposed
by severe earthquakes (Archambault et al. 1995, Fell et al. 2009, Tang
and Goel 1987), as cracking and early fracture develop due to severe
local buckling in the regions of plastic hinges. Global member slenderness limits for braces were relaxed in more recent editions of seismic design code and standards as a way to reduce plastic hinge
rotation demands in the braces, and thus to delay or prevent lowcycle fatigue fractures. As KL/r increases, inelastic demand during
brace buckling decreases, leading to lower strains at the plastic hinge
location, suggesting that increased member slenderness is beneficial,
and that KL/r is the most important parameter controlling global
behavior and response (e.g., Fell et al. 2009, Jain et al. 1978, Lee and
Bruneau 2005, Tang and Goel 1989, Tremblay 2002, Tremblay et al.
2003). Arguably, slender braces only developing elastic buckling (i.e.,
without plastic hinging) could have a more desirable behavior, at the
cost of low compression strength and no energy dissipation in compression. In the absence of plastic hinging in the middle of the brace,
provided no local buckling otherwise developed in the brace, there is
no need to be concerned about low-cycle fatigue life of the brace.
Future research will enlighten design decisions in this regard.
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(a) Hollow tubular braces
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(iv) Section B-B after buckling

(b) Concrete-filled tubular braces

Figure 9.20 Buckled sections in tubular steel braces at plastic hinge
locations. (Courtesy of S. Goel, Department of Civil and Environmental
Engineering, University of Michigan.)

Tools to assess the low-cycle fatigue life of braces will be required
for this purpose. This section briefly reviews some of the fracture criteria that have been developed for tubular bracing members. Note
that, typically, wherever ∆ has been used in fracture models, it actually corresponds to the axial elongation of the brace, that is, δ per the
notation used in all other sections.
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Member Hysteresis Models (Phenomenological Models)

One category of low-cycle fatigue models consists of criteria related
to the hysteretic behavior of brace members. Tang and Goel (1987)
first proposed the following empirical equation to quantify the fracture life of rectangular tubular bracing members:
N f = 262

(B/D)(60)
[(B − 2t)/t]2

N f = 262

(B/D)(KL/r )
[(B − 2t)/t]2

for
for

KL
≤ 60
r
KL
> 60
r

(9.3a)
(9.3b)

where Nf is the fracture life expressed in terms of a number of equivalent cycles, B and D are respectively the gross width and depth of
the section defined such that B > D, and t is the thickness of the section. To determine if fatigue life is exceeded, the calculated time history
of brace deformations must be converted into equivalent cycles per a
procedure outlined in Tang and Goel (1987), equivalent to a rainflow
counting method (Chapter 2) in which only the half cycles from a compression peak to the point of maximum tension (or minimum compression) in a cycle are counted to contribute to fatigue life.
Lee and Goel (1987) reformulated this model by considering the
effect of Fy and eliminating the dependency on KL/r. In this criterion,
the nondimensional parameter ∆f is used instead of Nf to quantify
the fracture life of a tubular bracing member. This method proceeds
per the following steps:
(a) The hysteresis curves (P vs. ∆) are converted to normalized
hysteresis curves (P/Py vs. ∆/∆y).
(b) The deformation amplitude (tension excursion in a cycle) is
divided into two parts, ∆1 and ∆2, defined at the axial load
Py/3 point, as illustrated in Figure 9.21. ∆1 is the tension
deformation from the load reversal point to Py/3, whereas ∆2
is from Py/3 point up to the unloading point.
(c) ∆f,exp is obtained by adding 0.1 times ∆1 to ∆2 in each cycle and
summing up for all cycles up to the failure [i.e., ∆f = Σ(0.1∆1 + ∆2)].
This reflects a belief that straightening and stretching of the
brace has a greater impact on fracture life than compressive
deformation excursions.
(d) The theoretical fracture life, ∆f is expressed as follows:
Δ f = Cs

(46/Fy )1 . 2  4B/D + 1


5
[(B − 2t)/t]1 . 6 

(9.4)

where Cs is an empirically obtained constant calibrated from test
results, and Fy is the yield strength of the brace (ksi). The numerical
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Figure 9.21 Definition of ∆1 and ∆2. (Lee and Goel model.) (Lee and
Bruneau 2002, courtesy of MCEER, University of Buffalo.)

constant Cs, originally given as 1335 by Lee and Goel (1987), was recalibrated using the test results of Gugerli and Goel (1982) and Lee and
Goel (1987), and found to be 1560 by Hassan and Goel (1991). Fracture is assumed to occur when ∆f,exp = ∆f .
Based on a review of additional and previous test results, Archambault et al. (1995) found the Lee and Goel model to underestimate the
fracture life of tubular bracing members having large slenderness
ratios, and modified it by reintroducing the effect of slenderness ratio,
KL/r, and recalibrating against the available data. They introduced
the term, Δ ∗f (to differentiate it from ∆f used by Lee and Goel), and
expressed fatigue life as:
(317/Fy )1 . 2  4B/D + 1 0 . 8

 × (70)2
5
[(B − 2t)/t]0 . 5 
		
Δ ∗f = Cs

(317/Fy )1 . 2  4B/D + 1 0 . 8
2
 × (KL/r )
5
[(B − 2t)/t]0 . 5 
		
Δ∗f = Cs

for

for

KL
< 70
r

(9.5a)

KL
≥ 70
r
(9.5b)

where the Cs = 0.0257 based on calibration to experimental results
and Fy is in MPa. Figure 9.22 compares the trends in predicted
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Figure 9.22 Trends in predicted fracture life, as a function of b/t and KL/r, per:
(a) Tang and Goel model; (b) Archambault et al. (1995) model. (Lee and Bruneau
2002, courtesy of MCEER, University at Buffalo.)

fracture life, for the Lee and Goel versus the Archambault et al.
(1995) models (Lee and Bruneau 2002).
Additional test results and recalibration by Shaback and Brown
(2003) led to the following revisions to the model:
(350/Fy )−3 . 5  4B/D − 0 . 5 0 . 55
× (70)2

5
[(B − 2t)/t]1 . 2 
		
Δ∗f = 0 . 065

(350/Fy )−3 . 5  4B/D − 0 . 5 0 . 55  KL  2
×  


5
r
[(B − 2t)/t]1 . 2 
		
Δ∗f = 0 . 065

for

for

KL
< 70
r
(9.6a)
KL
≥ 70
r
(9.6b)

Phenomenological models for assessing the low-cycle fatigue life
of braces having other types of cross-sectional shapes have not been
as intensely pursued, even though such fractures have been observed
following local buckling at the plastic hinge locations, such as in circular hollow sections (e.g., Elchalakani et al. 2003, Tremblay et al.
2008) and W shapes (http://exp.ncree.org/cbf/index.html, Roeder et
al. 2010). Lee and Bruneau (2002) adapted the above equations for
built-up latticed braces made of angles, on the basis of limited experimental results, and Goel and Lee (1992) proposed a fracture criterion
for concrete-filled tubular bracing members.

9.2.7.2

Continuum Mechanics Models (Physical Models)

A second approach taken to model the low-cycle fatigue of cyclically
loaded brace members has been to implement fatigue models in finite
element programs, either tracking plastic strain histories at all locations of interest (e.g., Yoo et al. 2008) or explicitly modeling plastic
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damage and fracture (e.g., Huang and Mahin 2010, Kanvinde and
Deierlein 2007), and calibrating model parameters based on past
experimental data for braces.
For example, Huang and Mahin (2010) developed a continuum
mechanics damage plasticity model to account for low-cycle
fatigue, combined with an existing erosion algorithm to simulate
cracking. Recognizing that additional research is required to determine how to best calibrate the damage parameters of such models,
analyses provided good correlation with experimental results in
chosen illustrative examples. Sample simulation results are shown
in Figure 9.23.
As an intermediate step between phenomenological models and
full-blown continuum mechanics, Uriz and Mahin (2008) developed
an approach for modeling low-cycle fatigue using fiber-hinge models
(Uriz et al 2007), a Menegotto-Pinto material model, a modified
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Figure 9.23 Finite element modeling of low-cycle fatigue of brace: (a) global
buckling; (b) local buckling; (c) crack initiation; (d) fracture. (Huang and Mahin 2010,
with permission from PEER, University of California, Berkeley.)
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rainflow cycle counting procedure with the Coffin-Manson model
(Chapter 2), and calibration using data for rectangular tubular
braces. Although the accuracy obtained with this approach was
comparable with that obtained with the phenomenological models,
calibration allows further investigation of other cross-sectional
types, boundary conditions, lengths, b/t ratios, and material properties; using such an approach, Uriz and Mahin verified that braces
using wide-flange shapes typically have a significantly better lowcycle fatigue life than other cross-sections. However, fiber model
elements are limited in that they cannot model cross-sectional
changes due to local buckling, nor strain and stress concentrations
due to crack opening.

9.2.8

Models of Single Brace Behavior

Computationally efficient element models of single brace for use in
nonlinear inelastic analysis programs have been developed since
the mid 1970s to capture the hysteretic axial force versus axial displacement behavior of braces. Use of these models is substantially
less computationally intensive than finite element approaches
based on computational mechanics or fiber hinges, but they cannot
model local buckling. Most of these models also do not address
low-cycle fatigue and fracture, although some have been linked to
subroutines tracking cycles and/or yielding excursions against
predicted life.
First formulated were phenomenological models constructed of
empirical functions and coefficients that needed to be calibrated on
experiment-specific data to replicate the various stages of behavior
(e.g., Higginbotham and Hanson 1976; Ikeda et al. 1984; Jain et al.
1977, 1978; Jain and Goel 1978; Maison and Popov 1980). Later developments favored models that relied on physical theory to characterize the various branches of the hysteresis loops as well as the
transitions from any branch to possible others during the loading history. Physical theory models are intended to predict the behavior of
any brace from knowledge of member geometry and material properties (e.g., Dicleli and Calik 2008; Gugerli and Goel 1982; Ikeda and
Mahin 1984; Jin and El-Tawil 2003; Nonaka 1987, 1989; Soroushian
and Alawa 1990; Zayas et al. 1981), although some of these models
neglect to account for Baushinger effects (which can significantly
impact the shape of the hysteresis curves) or use complex empirical
coefficients to model this effect. Although physical models generally
only consist of two elastic members and a plastic hinge, they can reasonably capture brace axial hysteretic behavior (and in some cases
out-of-plane deformations), as illustrated in Figure 9.24 for the Dicleli
and Calik (2008) model.
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Figure 9.24 Sample results obtained using a Physical Theory Model. (Courtesy of
Murat Dicleli, Department of Civil Engineering, Middle East Technical University,
Ankara, Turkey.)

9.3 Hysteretic Behavior and Design of Concentrically
Braced Frames
9.3.1
9.3.1.1

System Configuration and General Issues
Capacity Design and Analysis

Figure 9.2 shows frame configurations permitted or prohibited by
AISC 341. Any of the permitted configurations can be designed to
perform in a ductile and stable manner during earthquakes. However, a successful design, irrespective of configuration, must recognize and account for the redistribution of forces within the structural
system, as braces buckle in compression, yield in tension, and lose
compression strength upon larger drifts and during repeated loadings. Explicit recognition of this important redistribution is relatively
recent in design codes and standards. Braced frames designed in the
absence of such enforced capacity design principles may exhibit an
erratic behavior during severe earthquakes due to possible beam and
column buckling or connection failures.
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Although most contemporary codified design requirements have
embraced capacity design principles that are generally applicable
for any frame configuration, many codes and standards still treat
V- and inverted V-braced frames with separate requirements, in recognition of their unique characteristics as a result of the unbalanced
forces applied to their beams during brace yielding and buckling
(Section 9.3.3). Such a differentiation is therefore kept in the organization of this section.
Braces are the first elements designed in a concentrically braced
frame. The forces to consider for their design are typically obtained
from an elastic analysis, but their behavior is highly nonlinear due to
brace buckling and yielding, as described in Section 9.2. Braces are
the designated energy dissipating mechanisms for this type of structural system. Yielding and buckling of braces typically develop at
drifts of 0.3 to 0.5%, and postbuckling axial deformations of braces
can reach up to 20 times their yield deformation. Section 9.2 has outlined the desirable features of braces to ensure they can reach such
deformations and survive severe earthquakes without premature
brace fractures. These important requirements limiting member slenderness and width-to-thickness ratios are not repeated in this section,
but are mandatory given that brace rupture can lead to excessive
demands on beams and columns and possible collapse. However,
issues related to determination of the effective length of brace, not
previously addressed, is presented in Section 9.3.2.
Having designed the braces, their strengths dictate the demands
on the remaining components of the structural systems. These
demands on beams, columns, connections and other parts, are
reviewed in details below, building on the information presented in
the previous sections rather than repeating it. These components are
designed to remain elastic, and the following discussion focuses on
the determination of demands for the design of these structural elements, one exception being that, in many instances, ductile behavior
of the brace gusset connectors is also essential to achieve satisfactory,
as described in a later section.
Note that nonlinear inelastic analysis of braced frames assuming
pin connections at the intersection of all members (as done in truss
analysis) will unavoidably predict concentration of damage in a single level of the braced frame, because such an idealized model provides no means for yielding to spread to other levels, as shown by the
example of Section 6.3.1. This is a consequence of the postbuckling
degradation of compression strength and further aggravated by the
absence of significant strain hardening in the braces. However, results
from such simplified models disagree with field observations following earthquakes that demonstrate the spreading of yielding and
buckling along building height. This is because the pin connections
model fails to recognize the key role played by all columns (including
those not part of the SCBF) to distribute forces along the height of
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buildings. MacRae et al. (2004, 2010) provided a “continuous column
concept” and procedure to estimate the likely drift concentration in
frames of different heights, which may in turn be used to estimate the
column stiffness required to achieve the desired performance. Extrapolating this concept, Wada et al. (2009) proposed rocking rigid walls
(pinned at their base) that were effectively implemented in a building
to evenly distribute energy dissipation along building height.
Therefore, as a minimum, the continuity of the braced-frame columns must be modeled. Likewise, for tension-only structures, CSA
S16 requires every column in the building to be fully continuous over
the building height to prevent concentration of inelastic demand in a
single story.

9.3.1.2

Brace Layouts for Balanced Lateral Strengths

Energy dissipation by tension yielding of braces is more reliable than
by buckling of braces in compression, even for braces of low slenderness and compactness. Consequently, to ensure a minimum of structural redundancy and a good balance of energy dissipation between
compression and tension members, structural layouts that predominantly depend on the compression resistance of braces (rather than
their tension resistance) must be avoided in an earthquake-resistant
design perspective. Examples of unacceptable braced-frame layouts
are shown in Figure 9.25, along with recommended alternatives. Four
braces in compression and only one brace in tension resist the load
applied on the five-bay braced frame shown in Figure 9.25a. The four
braces in the braced-core of Figure 9.25c are all in compression when
resisting the torsional moment resulting from seismically induced
inertial force acting at the center of mass (for simplicity, columns
resisting only gravity loads are not shown in that figure). Better
designs are shown in Figs. 9.25b and 9.25d for each of those cases,
respectively.
Seismic design codes prevent the use of nonbalanced structural
layouts by requiring that braces along a given structural line be
deployed such that at least 30% but no more than 70% of the total
lateral horizontal force acting along that line is resisted by tension
braces (which is equivalent to making the same requirement for compression braces). Note that although the wording of such clauses
would not cover the case shown in Figure 9.25c, the intent of the
clauses would. Codes typically waive this requirement if nearly elastic response is expected during earthquakes (which AISC 341 approximates with a special “amplified seismic load” condition described
later).
This requirement has sometimes been interpreted by considering
a balance of member strengths rather than design forces. For frames
having the same number of compression and tension braces, and
designed for slenderness limits of 4 E , this distinction was less
Fy
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Figure 9.25 Brace layouts to ensure balanced lateral strength: (a and c)
unacceptable layouts; (b and d) acceptable alternative layouts.

significant (i.e., for Fy = 50 ksi, the slenderness limit becomes 98, and
the compression strength of a brace for that slenderness is half of the
tension strength, the compression brace thus providing 33% of the
braced frame strength). However, the clause refers to 30% and 70% of
the lateral horizontal force based on the elastic analysis force distribution between the tension and compression members, irrespective
of member strengths (i.e., for the same two-brace frame example, this
force distribution is 50% and 50% as the compression brace is designed
to resist half of the applied force).
Given that CSA-S16-09 allows tension-only systems in some
circumstances, recognizing that no lateral force is applied to the
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compression braces that are neglected in the corresponding elastic
analysis, the same intent is achieved by requiring instead that the
“ratio of the sum of the horizontal components of the factored tensile
brace resistances in opposite directions is between 0.75 and 1.33.”

9.3.1.3

Impact of Design Approach on System Overstrength

9.3.1.4

Collector Forces versus Forces from Above

The design approach adopted for braced frames can have a significant impact on their behavior. In most seismic regions, it is a standard
practice to use elastic analysis to determine brace forces, which imply
equal forces in the tension and compression braces when an equal
number of compression and tension braces (of same area and length)
resist the horizontal shear force at a given story. Brace area is determined by compression strength, and the corresponding tension
strength is a consequence of this chosen area. Given that the buckling stress of a compression member decreases as a function of KL/r,
the area needed to resist a given compression force increases for
more slender members, and so does the corresponding brace tension
yield strength.
When braces having greater KL/r values are used in concentrically braced frames, because of the resulting greater difference in tension and compression strengths, greater system overstrength is
possible, as shown in Figure 9.26 (Tremblay 2003). Figure 9.26a shows
brace compression strength as a function of slenderness, per CSA S16
design equations (similar curves would be obtained per other design
specifications), and the corresponding degraded compression
strength after displacement cycles at a specified ductility demand
level. Figure 9.26b shows the corresponding tension strength, given
that brace area is determined from the compression force, and therefore increases as a function of member slenderness. The sum of brace
tension and degraded compression strengths, except in the approximate range of 25 < KL/r < 75 where a slight decrease in system
strength is observed, shows a net gain in overstrength for progressively more slender members (Figure 9.26c). Tremblay (2003) demonstrated that this overstrength can have a definite positive impact on
achieving more stable braced frame response.
For comparison, in a tension-only design approach, braces are
sized based on their tension strength alone (giving the flatline in
Figure 9.26b), their compression strength being neglected. In this
case, for the sum of the strengths (Figure 9.26c), the actual strength
of the compression brace would provide system overstrength at low
member slenderness, and progressively decreasing overstrength as
slenderness increases. However, such an overstrength would be
rare in practice, because the tension-only design approach typically
leads to highly slender braces such as rod or flat bars.
Beyond resisting gravity loads, some beams in braced frame buildings
must also be designed to serve as collector elements, to transfer the
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Figure 9.26 Comparison of strengths for design based on compression
strength (T/C) versus tension-only assumption (T/O): (a) compression
strength and degraded postbuckling compression strength as a function of
brace area; (b) brace area as a function of lateral design force; (c) sum of
brace strengths as a function of lateral design force. (Tremblay 2003,
copyright © American Institute of Steel Construction. Reprinted with
permission. All rights reserved.)

seismic inertial forces from the floor slabs into the braced bays, and in
some case to facilitate load redistribution between different braced
bays. Failure of these collector beams or their connections, preventing
the transfer of seismic forces to the vertical lateral force-resisting system, could compromise the response of the entire building.

09_Bruneau_Ch09_p499-590.indd 541

6/13/11 3:25:02 PM

542

Chapter Nine
In the early days of seismic design, this transfer of inertial forces
to the braced frames was assumed to be implicitly achieved without
special detailing, whereas it is now recognized that ensuring integrity
of a complete load path for the seismic inertial forces in the horizontal
plane often requires that collector beams (a.k.a. drag struts or ties) be
designed if to perform as intended. Per capacity design principles,
the load path provided by collectors must remain elastic to ensure
full development of the vertical braced frame’s plastic mechanisms,
which for braced frames must account for changes in load paths due
to strength degradation of the compression braces (as illustrated
later). Griffis and Patel (2006) and ATC (1999) provide general information and typical load paths for the design of collectors. Rogers and
Tremblay (2010) provide similar information for steel roof deck diaphragms, including a ductile diaphragm alternative approach.

9.3.2 Brace Design
Typically, brace design is governed by compression strength (the limited applications of tension-only design permitted by CSA-S16 being
a notable exception), which is a function of the slenderness KL/r. AISC
360 outlines standard procedures to determine the effective length factor, K, to size the braces, and higher values can be conservatively used
if in the presence of uncertainties (L being typically taken as the distance from the intersecting axes of structural members in the analysis
models). However, using capacity design principles to assess the
demands imparted by the buckling braces on their connections and
other structural elements, knowledge of the actual effective length is
important, and conservatism dictates the use of lower K values.
Recommended K factors for braced frames subjected to cycles of
inelastic deformations depend on brace configurations (whether
braces cross or not between levels), in-plane versus out-of-plane buckling, brace connection types, and even brace cross-sectional types.
Beyond selection of appropriate K factors, seismic design issues
for braces are limited to selection of structural members that meet the
specified width-to-thickness ratio limits and member slenderness
limits. Member properties tables only including members that meet
these limits are available to expedite design (e.g., AISC 2006). Note
that problems of excessive slenderness, when encountered during
design, can be resolved by changing the brace configurations instead
of using bigger braces (e.g., changing from X-bracing to inverted-V
bracing in a particular story or bay).

9.3.2.1

Inelastic Cyclic Out-of-Plane Buckling

Early studies on the elastic behavior of X-braced frames subjected to
noncyclic load showed that the tension brace can provide some resistance against out-of-plane buckling of the compression brace and justified the use of a value of K less than one for out-of-plane buckling.
However, in the perspective of cyclic inelastic response (such as for
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seismic design), many engineers believed this assumption to be incorrect, given that both braces are buckled when the braced frame is
returned to its original position (i.e., zero lateral frame displacement),
after having successively been stretched in tension. Therefore, they
recommended that a value K of 1.0 be used for out-of-plane buckling,
not relying on the tension brace to provide lateral bracing in seismic
applications.
Research on X-braced frames (El-Tayem and Goel 1986 for z-axis
buckling of braces, Tremblay et al. 2003 for rectangular HSS) demonstrated that in spite of the above brace slackness at zero frame displacements, with out-of-plane buckling over the entire brace length,
the tension brace provides resistance against out-of-plane buckling
anew as it reloads at larger frame drifts. For braces connected using
single gussets, El-Tayem and Goel recommended use of an effective
length of 0.85 times the half diagonal length, whereas Tremblay et al.
reported values ranging from 0.83 to 0.90 of LH, where LH is defined
as the distance between the brace intersection point and the plastic
hinge in the gusset (for gusset hinges meeting the 2tg criterion presented in Section 9.3.5).
The above effective length values for buckling modes that include
gusset hinging would expectedly vary for different gusset thicknesses, with thicker values progressively approaching full fixity conditions, although such a continuous relationship has not yet been
quantified. As one data point, Nakashima and Wakabayashi (1992)
reported that analyses for the out-of-plane buckling of X-braced
frames with fixed-end braces using KL equal to 0.7 times the halfdiagonal length provided a good match with experiment results (note
that 0.7 is the theoretical effective length factor for a fix-pin brace).
The above results also assume that braces are continuous through
their midlength connection point, or reinforced with cover plates
(Tremblay et al. 2003) or by other bridging means to provide continuous stiffness across that point when discontinuous braces are used;
effective length equations derived for the case of discontinuous
braces (Davaran 2001, Moon et al. 2008) are awaiting experimental
verification.
Note that although elastic buckling typically develops in both
segments of the compressed brace in an X-braced frame, as inelastic
buckling develops, plastic hinging first develops in one of the segments; the ensuing degradation of the brace compression strength
(Section 9.2.3) results in lower forces in the compression brace, preventing inelastic buckling from developing in the second brace segment. This often reported phenomenon (e.g., El-Tayem and Goel
1986, Lee and Bruneau 2004, Tremblay et al. 2003) is illustrated in
Figure 9.27.
For braces spanning freely between columns and beams (e.g.,
configurations in Figures 9.2a, c, d, and e) and buckling out-of-plane,
Astaneh-Asl et al. (1985) showed that an effective length KL of 1.0LH
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Figure 9.27 Inelastic buckling concentrated in one segment of a brace in an
X-braced frame. (Courtesy of Robert Tremblay, Département des génies civil,
géologique et des mines, EcolePolytechnique, Montréal.)

could be used (for gusset hinges meeting the 2tg criterion presented in
Section 9.3.5). Accounting for gusset flexural stiffness, Tremblay et al.
2003 reported values 5% to 12% lower. However, for the alternative
elliptical gusset hinging (Section 9.3.5), Lehman et al. (2008) recommended using K = 1.0 with the actual brace length.
Finally, it must be recognized that out-of-plane brace buckling is
liable to damage architectural finishes close to the braced frame
(Figure 9.28). Sabelli and Hohbach (1999), Tremblay et al. (2003),
and Shaback and Brown (2003) proposed equations to quantify the
magnitude of this out-of-plane deformation.

9.3.2.2

Inelastic Cyclic In-Plane Buckling

For many typical brace connection details, the gussets provide more
restraint against in-plane buckling of the braces than out-of-plane
buckling; for equal brace slenderness, plastic moment of the gusset
plate hinging out-of-plane is less than the plastic moment of the brace
hinging to accommodate in-plane buckling of the brace (hinging of
the gusset is unlikely in that direction). However, in many instances,
in-plane buckling may occur instead of out-of-plane buckling (or be
designed to occur, as in-plane buckling is more desirable to prevent
damage to adjacent claddings and nonstructural elements).
For braces spanning freely between columns and beams (e.g.,
configurations in Figures 9.2a, c, d, and e), buckling in-plane and
developing plastic hinges in the braces adjacent to the gusset,
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(a)

(b)

Figure 9.28 Masonry cladding damaged by out-of-plane buckling of braces:
(a) global view; (b) close-up view of z-axis buckling of individual braces.
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Astaneh-Asl and Goel (1984) recommended a value of KL of 0.5LH
(corresponding to fix–fix conditions). Tremblay et al. (2008) recommended a KL = 0.9LH when using a horizontal “knife-plate” gusset
developed specifically to facilitate in-plane buckling (Section 9.3.5),
with LH being the distance between the plastic hinges in the gusset.
Considerably less data exists for in-plane buckling in X-braced
frames. A K-value of 0.6 used with half of the full brace length has
been recommended for braces developing their plastic moment
capacity at their end connections (Nakashima and Wakabayashi 1992,
Sabelli and Hohbach 1999).

9.3.2.3

Built-Up Braces

Double-angle braces are frequently used in braced frames, as well as
other built-up shapes occasionally. For buckling modes that can
impose large shear on stitches, AISC 341 requires the slenderness
ratio of individual buckling elements between the stitches to be no
greater than the governing slenderness of the built-up member, and
that the sum of the shear strengths of the stitches exceeds the tensile
strength of each element of the built-up brace. This stricter requirement than what is specified in AISC 360 was formulated based on
research results that showed more severe local buckling and premature fracture in such built-up braces subjected to cyclic inelastic deformations. Furthermore, at least two stitches shall be used, with none
located in the middle fourth of the brace length; bolted holes where
plastic hinges are expected to form in the braces are undesirable given
that the higher stresses that would be induced at the net section of
such braces would lead to their premature fracture.
Built-up laced brace members of archaic construction fall beyond
the scope of AISC 341. Typically, laced built-up compression members were built from angles and channels connected with bars and
plates by rivets to form I-shapes and box shapes; single lacings, double lacings, battens, combined lacings and battens, and perforated
cover plate configurations have all been used at times. Typical crosssections and their original design are found in steel design textbooks
published at the turn of the century (e.g., Ketchum 1920, Kunz 1915).
Research on their ultimate cyclic behavior (Dietrich and Itani 1999;
Itani et al. 1998; Lee and Bruneau 2004, 2008a, 2008b; Uang and Kleiser
1997) as well as observed damage following earthquakes (Tremblay
et al. 1996) demonstrated the severe seismic vulnerability of laced
built-up sections, largely due to their often large width-to-thickness
ratios and diverse possible failure modes (which can include lacing
buckling and individual component buckling, in addition to all the
other issues presented in this chapter). Lee and Bruneau (2004) also
proposed equations for their low-cycle fatigue life, based on limited
data. The behavior of laced built-up shapes remains complex and
some observed behaviors remain unexplained; for example, Lee and
Bruneau (2004, 2008a) observed instances of out-of-plane buckling
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behavior permanently changing into in-plane buckling after a few
cycles of inelastic deformation.

9.3.3

Beam Design

The effect of load redistribution due to brace buckling and yielding
should be considered for the design of beams in the braced bays. To
ensure ductile frame response, the resultant forces on the beams in
the braced bays can be calculated using capacity design principles.
Both cases of peak and degraded postbuckling compression strengths
must be considered to determine the critical demands on the beams
throughout the cyclic response of the frame. This section illustrates
how this is accomplished for some typical braced frame configurations; in all cases here, tension and compression forces in braces are
both considered positive.

9.3.3.1 V- and Inverted V-Braced Frames Configurations

The impact of unequal compression and tension brace forces on the
behavior of V- and inverted V-braced frames has long been recognized (e.g., Khatib et al. 1988). If improperly accounted for, the
resulting unbalanced force can negatively impact behavior of the
beams, and in-turn lead to undesirable plastic collapse mechanisms.
Figure 9.29 illustrates this concept for a simple frame.
In the elastic range, each brace resists half of the lateral load
applied. However, once the buckling strength of the compression
brace is reached, any additional increase in the lateral load, V, is
entirely resisted by the brace in tension. The difference in the vertical
component of the forces results in an unbalanced vertical load, Pun,
applied to the beam at the beam-to-brace intersection point:
Pun− v = (T − C)sin θ
V

(9.7)

V
θ

θ

T
C
=

(T + C) sinθ
T

C

=

+

=

(T – C) sinθ

Figure 9.29 Forces acting on beam of inverted V-braced frame due to
unbalanced resistance.
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where the angle θ is defined in Figure 9.29. Likewise, the axial force
in the beam is:
Pun− h = (T + C)cosθ

(9.8)

The magnitude of the unbalanced force changes as drifts increase
and can be calculated taking into account the degraded strength of
the brace as a function of drift (as done in Section 6.3.1 with a simplified brace hysteretic behavior).
For expediency, the horizontal unbalanced force used in design is
given by Eq. (9.8) considering the tension brace expected yield
strength together with the maximum expected buckling strength of
the compression brace (i.e., neglecting any brace strength degradation that may have already taken place at the drift at which tension
brace yielding occurs). During cyclic inelastic loading, this maximum
horizontal force could be reached during the cycle when brace buckling first occurs (i.e., maximum compression strength) followed by
tension yielding of the other brace. For given brace areas, the magnitude of this horizontal unbalanced force increases with decreasing
brace slenderness, KL/r.
The largest vertical unbalanced force is reached when the tension
brace has yielded and the compression braced has reached its lowest
postbuckling strength. For cyclic loading, this would be the degraded
compression strength described in Section 9.2.3. For given brace
areas, the magnitude of this vertical unbalanced force increases with
increasing brace slenderness, KL/r.
Note that although the braces reduce the span of the beam during
elastic response, this benefit is lost during inelastic response, with the
braces applying a downward pull to the beam. In fact, unless the
beam is designed to consider the development of this unbalanced
force, it may develop plastic hinging before yielding of the tension brace,
with the undesirable resulting plastic collapse mechanism shown in
Figure 9.30. Khatib et al. (1988) and others have shown that such beam
flexibility and plastic mechanism can cause inelastic deformations

V

V

MP

MP

Figure 9.30 Undesirable plastic collapse mechanism of inverted V-braced
frame having plastic hinge in beam.
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Figure 9.31 Plastic collapse mechanism of K-braced frame, with plastic
hinge in column.

to concentrate in a single level of a multistory frame, with detrimental
consequences.
The above concepts also explain why some braced frame configurations are undesirable in seismic regions. For example, in a K-type
braced frame (Figure 9.31), the unequal buckling and tension yielding strengths of the braces would create an unbalanced horizontal
load pulling at midheight of the columns, jeopardizing the ability of
the structure to resist gravity loads.
The 1992 edition of the AISC Seismic Provisions indirectly
attempted to account for the above behavior by requiring compression braces in V-, Inverted V-, and K-braced frames to be designed for
a force 50% greater than otherwise calculated. More appropriately,
the demands due to such unbalanced forces were first explicitly considered in the 1997 AISC Seismic Provisions, as a special case, for the
design of V-type and inverted V-type braced frame—whereas use of
K-braced frames became prohibited in SCBFs (but remained permitted
in OCBFs of two stories or less, until AISC 341-05).
Consistently with the philosophy introduced in 1997, but affected
by the changes outlined in Table 9.1, the AISC 341-10 requires that
beams in SCBFs be designed to resist a maximum unbalanced vertical
load calculated using the expected yield strength (Ry Fy Ag) of the braces
in tension, and 30% of the brace buckling strength in compression,
expressed as 0.3 times the lesser of RyFyAg and 1.14FcreAg, where Fcre,
is Fcr, determined per AISC 360 Chapter E using expected yield
stress RyFy in lieu of Fy (note that 1.14 is equal to 1/0.877). As a safeguard in case of plastic hinging in the beam at the point where the
braces meet, beams are required to be continuous between columns
and capable of resisting their tributary gravity loads together with
the above unbalanced vertical load, assuming that the braces provide
no support.
Note that the demands on the beams due to the unbalanced load
created by the unequal tension and compression strength scan be
mitigated by alternating V- and inverted V-braced configurations
from story to story to create an X-bracing patterns spanning two
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stories at a time, as done in Figure 9.3a. Another strategy, known as
the “zipper column” is described in Section 9.4.2.

9.3.3.2

X-Braced Frame Configurations

For any other brace configuration, the same capacity design principles described above are applicable. Arguably implicit in the intent of
previous editions, AISC 341-10 for the first time explicitly specified
that all parts of an SCBF should be analyzed accordingly, considering
a first case in which the braces in compression have reached their
expected maximum buckling strength, and another in which they
reach their expected postbuckling strength—together with the other
braces reaching their expected strength in tension.
For X-braced and split-X-braced configurations, corresponding
free-body diagrams are shown in Figure 9.32. Using the first freebody diagram for a beam supported at midlength by the intersecting
braces, for a symmetrically loaded frame (i.e., P1 = P2 = P), the axial
load in the beam can be calculated as:

∑ Fx = 0 = 2 P + (Ti+1 + Ci+1 ) cos θi+1 − (Ti + Ci ) cos θi

(9.9)

where the nominal member forces in stories i and i + 1 are considered.
Similar equilibrium equations could be written for nonsymmetrically
loaded frames (i.e., P1 ≠ P2). In this case, half of the beam is in compression (P1) and half in tension (P2).
Recognizing that braces in adjacent stories may not reach their
maximum strengths simultaneously, Redwood and Channagiri (1991)

Ti+1

F1

Ci+1

θi+1
θi

Ci

F2

P
Ti

Free-body diagram #2

Ci+1

Ti+1
θi+1

P1

P2

θi
Ti

Ci

Free-body diagram #1

Figure 9.32 Free-body diagrams for calculating beam actions.
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suggested that only 75% of the brace strengths in story i + 1 be considered for beam design:
P = 0.5 (Ti + Ci) cos θi − 0.5 (0.75)(Ti+1 + Ci+1) cos θi+1

(9.10)

Lacerte and Tremblay (2006) suggested that 50% of the brace
strengths in story i + 1 should be used (instead of 75%) to adequately
capture the variations observed in nonlinear inelastic analyses. Note
that use of this 75% factor, although aligned with capacity design
objectives, is not explicitly required by AISC 341-10.
In the second free-body diagram, the beam spans the full width of
the braced bay, and brace buckling and yielding will produce an
internal redistribution of forces. Even for the case of earthquake loads
symmetrically applied to the frame, this beam acts as a load-transfer
member. For a given ratio of F1/F2 dictated by the characteristics of
the horizontal load path, the axial force in the beam, P, is obtained by
solving the following two equations of equilibrium:
P = (Ti+1) cos θi+1 − (Ci) cos θi + F1

(9.11a)

P = (Ti ) cos θi − (Ci+1) cos θi+1 − F2

(9.11b)

and consequently,
F1 + F2 = (Ti + Ci) cos θi – (Ti+1 + Ci+1) cos θi+1

(9.11c)

where the value of P should be taken as the maximum value calculated using either the expected buckling strength or expected postbuckling strength for the compression braces above and below
the beam.
When these axial forces are combined with the moments acting
on the beams due to gravity and other seismic actions, the adequacy
of the beams can be checked with the standard beam-column design
equations.

9.3.3.3 Transfer Beams for Irregular Layout

Although Section 9.3.3 has focused so far on the beams in the braced
bays, similar capacity design principles must also be used in other
situations to ensure adequate transfer of structural forces, particularly when irregular bracing layouts are encountered. For example, in
addition to the forces obtained from elastic analysis, unbalanced horizontal forces due to unequal tension and compression strengths of
the braces must be considered to design the transfer beams linking
the two incomplete braced frames in Figure 9.33. The worst case
demands shall be considered, as both elastic and inelastic behaviors
develop at different stages of frame response, and continuity of the
load path must be maintained throughout the entire response.
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Figure 9.33

9.3.4

Forces in transfer beams between incompletely braced bays.

Column Design

The need to protect columns that resist gravity loads is obvious and
recognized. Capacity design provides a reliable approach to calculate
the maximum and minimum demands on columns when a complete
sway mechanism develops. However, in medium and high rise structures, evidence from inelastic dynamic analyses indicates that brace
yielding is not simultaneous at all the stories across the building
height, and that using capacity design in those instances can be conservative (also leading to high foundation design forces).
Some of the approaches that have been proposed to estimate
column forces are presented here, understanding that results from
nonlinear inelastic analysis can be used to provide upper bounds to
the values obtained by these methods.

9.3.4.1

Column Forces per Capacity Design

Capacity design remains a safe approach to calculate column forces
for design. In spite of its conservatism for taller frames, it is appropriate for low-rise frames and the upper stories of medium- and
high-rise buildings where all braces may develop their capacity
simultaneously. In a study of inverted V-braced frames of up to
12 stories, Tremblay reported instances of braces simultaneously at
their maximum buckling strength over the entire building height
(Tremblay and Robert 2001); instances of braces yielding in tension
simultaneously over four consecutive stories were commonly encountered in a later study on braced frames of split-X configuration (e.g.,
Figure 9.3a configuration) (Lacerte and Tremblay 2006).
Using a capacity design approach, the columns in the braced bay
should be designed to remain elastic for gravity load actions acting
with the forces delivered by the braces, assuming that the braces
achieve their expected tensile strength together with their expected
buckling or postbuckling strength (whichever gives the greater column forces, similarly to the approach described for beams).
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Figure 9.34 SRSS estimates of column forces in an eight-story CBF analyzed by
Redwood and Channagiri (1991).

For example, for the frame in Figure 9.34 (as done in Section 6.2.2),
maximum axial compression on columns would be obtained by summing the vertical components of the expected tension and compression brace strengths (e.g., that sum, not shown in Figure 9.34, would
be 12,297 kN for the first-story column).
Note that in a V- or inverted V-braced frame, the shears at the
ends of the beams, due to the unbalanced forces applied in their span,
would also add to the demands on the columns.

9.3.4.2 Column Forces per AISC Amplified Load
Combination Method

AISC 341-02 introduced an “amplified seismic load” concept to
“account for overstrength of members of the Seismic Load Resisting
System” to expedite design in specific instances identified by the
Seismic Provisions. The approach was expedient, implementing a
special load combination for which ΩoE was used instead of the earthquake loads, E, in load combinations prescribed by the applicable
building code, where Ωo is a seismic overstrength factor (Chapter 7).
Among many uses, this amplified seismic load approach was specified by AISC 341-02 and 341-05 to determine axial forces to consider
for the design of columns; these axial forces were also to be considered while neglecting concurrently acting flexural forces resulting
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Figure 9.35 Comparison of design forces for a middle column from
amplified elastic analysis results and from capacity design principles.

from story drifts. No references were provided to substantiate how
this arbitrary procedure could approximate comparable column
demands obtained from capacity design procedures or nonlinear
time-history analyses.
The frame in Figure 9.35 provide one example of how the amplified seismic load method fails to predict correct appropriate column
design forces: results from elastic analysis indicate that each brace
resists half of the lateral load applied to the frame, and no force is
applied to the middle column, whereas postbuckling analysis using
capacity design principles correctly predicts that column to be subjected to compression forces due to the postbuckling behavior of the
compression brace.
AISC 341-10 retained the amplified seismic load concept for a
number of purposes, in which the effects of horizontal forces including overstrength are defined as Emh (set as equal to ΩoE in ASCE-7),
but specified that Emh be defined based on capacity design principles
in a number of instances. For the design of SCBF columns, beams and
connections, AISC 341-10 specifies the use of load combinations using
the amplified seismic load in which Emh shall be taken as the larger
force determined from “(1) an analysis in which all braces are assumed
to resist forces corresponding to their expected strength in compression or in tension, and (2) an analysis in which all braces in tension
are assumed to resist forces corresponding to their expected strength
and all braces in compression are assumed to resist their expected
postbuckling strength”—effectively implementing capacity design
principles.
As an upper bound, column forces obtained from that AISC
341-10 procedure need not exceed the values that would be obtained
either from a nonlinear analysis, or from an elastic analysis using the
amplified seismic loads applied on a model of the structure with all
of its compression braces removed, that latter exception being only
appropriate in those instances where the postbuckling columns
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compression strength case gives the more critical column demands
(e.g., as in Figure 9.35). Considering that 0.3Pn in compression corresponds to only 4% and 15% of AFy when KL/r = 200 and 100, respectively, elastic analysis of a CBF frame omitting the compression braces
from the model is expedient and could give conservative column
forces in those cases (provided that these analysis results also give
forces in the tension braces equal to their yield strengths). For cases
where the maximum compression strength of the braces gives more
critical column demands (e.g., in an inverted V-braced frame), omitting the compression braces from the analysis would erroneously
ignore the forces applied by the compression braces on the columns.
For design expediency, AISC 341-10 also allows columns to be
designed for these axial forces while neglecting concurrently acting
flexural forces resulting from story drifts (unless these moments are
due to loads applied to the columns between story levels). This is not
rigorously correct, because variation of up to 0.025 rad in interstory
drifts at adjacent levels, which develop as a consequence of the brace
inelastic behavior and subjects the columns to significant flexure
(MacRae et al. 2004, Richards 2009, Sabelli 2001). Tests by Newell and
Uang (2008) demonstrated the ability of heavy W14 columns of standard story-height length and having width-to-thickness ratios in
compliance with AISC 341, to achieve drift capacities of 0.07 to 0.09
rad while withstanding axial force demands of up to 75% of their
nominal axial yield strength, corresponding to plastic rotation capacities of approximately 15 to 25 times the member yield rotation. This
suggests that heavy SCBF columns may be forgiving to the simplification permitted by AISC; future research may help determine the
range over which these findings can be generalized.

9.3.4.3

Column Forces per Obsolete SRSS Method

Redwood and Channagiri (1991) proposed a square-root-sum-of-thesquares (SRSS) method to reduce demands on columns accounting
for the fact that yielding does not develop at all stories simultaneously. The method sums the expected tension and compression brace
forces of the first two braces above the column at the story under
consideration, with an SRSS combination of the forces coming from
the other braces at the stories above. The approach is illustrated for
an eight-story CBF in Figure 9.34. For example, at the fourth floor, the
use of the SRSS procedure results in a design axial force of 5859 kN,
rather than the design axial force of 7412 kN that is obtained through
capacity design procedures.
However, for a number of reasons, the method has been found to
be unconservative when verified against the results from nonlinear
time history analyses using some of the substantially stronger ground
motion time history records that have become customarily used since
1991 (Lacerte and Tremblay 2006). Therefore, the SRSS method is presented here for completeness of historical perspective, but is not
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recommended for use anymore. A hybrid approach, considering the
sum of forces from capacity design over a set number of stories,
together with a SRSS combination of the forces from the other stories
above, has not been proposed at this time.

9.3.4.4 Lateral Forces and Inelastic Rotation at Brace
Point Between Floor Levels

Small accidental eccentricities in the loads applied to a beam by braces
can distort it in a manner similar to what is shown in Figure 9.36.
Similar torsional behavior was also experimentally observed by
Schachter and Reinhorn (2007). To prevent beam instability at the
braces connection point, beams in SCBFs and OCBFs must be laterally
braced at their point of intersection with the braces, or alternatively be
demonstrated to have sufficient out-of-plane strength and stiffness to
ensure their stability. AISC 360 (Appendix A) specifies the required
strength and stiffness of lateral braces.

9.3.5

Connection Design

Bolted or welded gussets are frequently used to connect braces to
beams and columns in braced frames. Braces of large cross-section
are sometimes directly welded to the beams and columns. Capacity
design principles dictate the design of all other connections in the
braced frame, considering the worst combined demands of braces
tension and compression strengths, as described earlier.

Figure 9.36 Inelastic rotation at brace connection point in absence of
lateral bracing.
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All connections in a concentrically braced frame should be
designed to be stronger than the members they connect, allowing the
bracing members to yield and buckle per the intended plastic mechanism. Consequently, to accommodate the inelastic cyclic response that
typically develops during a severe earthquake, connections must be
designed to resist the expected tensile strength of the braces (= RyAFy),
and, as a separate condition, resist the maximum compression strength
of the brace acting together with the moment that develops at the
flexural plastic hinge.
Note that when gussets are used, flexural hinging at the connection
may develop in the gusset itself, or alternatively in the brace itself, in
which case the gusset must be able to elastically resist the expected
plastic moment of the brace magnified to account for some strain
hardening (i.e., typically 1.1RyMp of the brace) acting simultaneously
with a force equal to the maximum compressive brace strength. Net
section fracture of the brace (e.g., Figures 9.37a to c), gusset buckling (e.g., Figure 9.37e), and weld failures (e.g., Figure 9.37d) are
examples of undesirable failure modes; plates welded to increase
brace thickness at a brace net section, and gusset stiffeners (Figure 9.38),
are possible strategies to prevent such failures. Similar capacity design
procedures are then used to size the design the welded or bolted parts
of the connection details.
Typically, when braces buckle in the plane of their gusset, the
gusset is designed to be stronger than the hinging brace. However,
when braces buckle outside the plane of the gusset, plastic hinging of
the gusset is preferred, because the gusset thickness required to
develop hinging in the brace in that case would be substantial, and
because the out-of-plane buckling behavior of braces having thicker
gusset is not necessarily more ductile (Roeder et al. 2009); hinges in
rectangular HSS braces have a lower low-cycle fatigue life than hinges
in solid gusset plates.
To allow a plastic hinge to form in a gusset plate without excessive local straining of that plate, the commentary to AISC 341 recommends that the brace terminates at a point on the gusset such that it
provides a free length between the end of the brace and the assumed
line of restraint on the gusset perpendicular to the brace. Per the
recommendations of Astaneh et al. (1982, 1986), the minimum recommended free length is equal to two times the gusset plate thickness
(Figure 9.39), but kept short enough to preclude gusset buckling.
Typical gussets sized in compliance with this recommendation are
shown in Figure 9.40.
To reduce the sometimes large gusset plates that result from
application of that recommendation, which can also induce local
yield deformations in the beam and column, Lehman et al. (2008)
proposed an alternative gusset yield pattern following an elliptical
yield line path. Experimental and analytical work demonstrated that
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(a)

(b)

(c)

(d)

(e)

Figure 9.37 Undesirable failure modes in concentrically braces frames: (a) net
section fracture of flat-bar brace; (b) global view of same building; (c) net section
fracture of W-shape brace; (d) beam weld fracture; (e) gusset buckling and fracture.

09_Bruneau_Ch09_p499-590.indd 558

6/13/11 3:25:15 PM

Design of Ductile Concentrically Braced Frames

559

Figure 9.38 Stiffened gusset showing evidence of ductile yielding. (Courtesy
of M. Nakashima, Disaster Prevention Research Institute, University of
Kyoto, Japan.)

2t

Brace

Gusset plate (of thickness t)

2t

Figure 9.39 Brace-to-gusset plate requirements for out-of-plane buckling of
braces (AISC 1995 ).
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2t

g

(a)

(b)

Figure 9.40 Gussets with recommended free length: (a) implementation in a steel
structure; (b) evidence of plastic hinging (revealed by flaked plate) during testing.
(Courtesy of Robert Tremblay, Département des génies civil, géologique et des
mines, EcolePolytechnique, Montréal.)

optimal performance was achieved with a clearance width of six to
eight times the gusset thickness (Figure 9.41).
Kiland and Sabelli (2006) presented a gusset detail for which a
concentric stiffener that strengthens a corner gusset against out-ofplane buckling is extended and connected to the brace. The stiffener
plate is provided with a free length that permits its plastic hinging,
and oriented to facilitate in-plane buckling of the brace. Experimental
results (Lehman et al. 2010, Tremblay et al. 2008) demonstrated satisfactory gusset inelastic behavior (Figure 9.42). By analogy with the
gusset detail shown in Figure 9.40, a minimum free length equal to
twice the thickness of the knife-edge is recommended.
Beyond the above requirements, gussets are designed per the
requirements of AISC 360. However, note that when excessive gussets sizes are obtained (Figure 9.43—although the design assumptions and circumstances that led to those strange and unusually large
gussets are unknown), the designer should consider braces directly
welded to the frame (i.e., without gussets) or steel plate shear walls
(Chapter 12) as more cost-effective options.
Finally, note that proprietary braces and connections have also
been developed as options to conventional brace connection details.
Manufacturers of these systems should be consulted to obtain information on their cyclic inelastic performance and failure modes, as
well as forces to consider for capacity design purposes.

9.3.6

Other Issues

Capacity design principles are applicable for the design of all components within the braced frame, but also to which the frame connects,
particularly when the failure mode of these components is not ductile. Failure of base connections (Figure 9.44) or of structural elements
where truss members connect (Figure 9.45) will negate all efforts
invested to ensure ductile behavior of the structural system.
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Figure 9.41 Alternative elliptical yield line concept for gusset design: (a)
concept; (b) yielding pattern on correspondingly designed gusset. (Courtesy
of Charles Roeder, Department of Civil and Environmental Engineering,
University of Washington.)
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Figure 9.42 Ductile gusset for in plane hinging. (Courtesy of Charles Roeder,
Department of Civil and Environmental Engineering, University of Washington.)

Figure 9.43 Disproportionate gusset plate sizes. (Courtesy of J. Keith
Ritchie, Canada.)

Particular attention must be paid to column splice details. AISC
only permits complete penetration groove welds in welded column
splices because partial penetration groove welds perform poorly
under cyclic loading (Bruneau and Mahin 1990). AISC 341 also requires
that column splices be designed to develop at least 50% of the lesser
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Figure 9.44

Figure 9.45
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Example of failed column base connection.

Failed brace anchorage.

available flexural strength of the connected members, and a shear
strength equal to ΣMpc/Hc where ΣMpc is the sum of the nominal plastic flexural strengths, FycZc, of the columns above and below the splice,
and Hc is the clear height of the column between beam connections.
This is consistent with observations that columns can be subjected to
large moments due to differences in interstory drifts during brace
buckling and yielding (see Section 9.3.4).
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Other Concentric Braced-Frame Systems
Although CBFs are one of the oldest structural systems, as described
in Section 9.1, many innovative concepts have been proposed to
enhance energy dissipation and seismic performance, building on the
general principles and knowledge presented earlier. A few of these
are briefly summarized in this section.

9.4.1

Special Truss Moment Frames (STMF)

Goel and Itani (1994) proposed a Special Truss Moment Frame
(STMF) concept to resist earthquakes by dissipating seismic energy
in specially detailed ductile truss elements. It is intended as a solution based on capacity design principles for long-span moment
frames where trusses must be used instead of regular W-shape
beams. STMFs have a well-defined middle special segment detailed
to exhibit stable hysteretic behavior while undergoing large inelastic
deformations, whereas the parts of the truss outside of that special
segment are designed to remain elastic (Figure 9.46). In the X-diagonal
configuration of the special segment, the braces are detailed to
dissipate energy by elongation in tension (following principles
similar to CBFs) in addition to plastic hinging of the top and bottom
chords of the truss. In a Vierendeel configuration of the special
ductile segment, the braces are removed over the segment, and the
top and bottom chords of the truss provide the energy dissipation
by developing plastic hinges. AISC 341 specifies minimum requirements for their design, whereas detailed design guidance and
examples are presented by Goel et al. (1998), and Chao and Goel
(2008a, 2008b).

Plastic hinges

Fi

Plastic hinges

θp

Fi

hi
Special
segment

θp

hi
Special
segment

Figure 9.46 Yield mechanism in STMF. (Courtesy of S. Goel, Department of
Civil and Environmental Engineering, University of Michigan.)
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Zipper Frames

Khatib et al. (1988) proposed the zipper-frame concept as a way to
better distribute energy dissipation across the height of CBFs and
prevent concentration of energy dissipation in a single story. The concept consists of using a vertical member spanning the height of the
frame, except for the first story, and linking the beams at their brace
connection points. The original design intent was to spread the unbalanced vertical forces created by unequal tension and compression
strengths of the braces to all of the beams, thus mitigating the loss of
story strength that would otherwise develop when compression
strength degradation of the braces occurs in a particular story. In the
case of flexible beams developing significant vertical deformations or
weak beams developing plastic hinges under the unbalanced loads,
tying all the brace-to-beam intersection points together also forces the
compression braces over the entire frame height to buckle simultaneously, and thereby better distribute the energy dissipation over
the height of the building. Whittaker et al. (1990) reported that simultaneous brace buckling over the height of a building produces a
single-degree-of-freedom mechanism, resulting in a more uniform
distribution of damage over the height of the building. Nonlinear
time-history analysis by Khatib et al. (1988) demonstrated this for
zipper frames, with more uniform distribution of inelastic response
over frame height than for other brace configurations.
Analyses by Tremblay and Tirca (2003) indicated dynamic instability of zipper frames when subjected to severe near-field and subduction earthquake ground motions, but more importantly reported
that zipper struts along the frame height transferred the unbalanced
vertical forces up or down in a complex manner. This makes their
design per capacity design principles problematic. To provide a
more systematic load path, Leon et al. (2003) proposed a “suspended
zipper frame” in which the top level braces are designed to behave
as an elastic “hat truss” to prevent overall collapse. Information on
design recommendations and experimental validations of the concept (Figure 9.47) are presented by Yang et al. (2008a, 2008b) and
Schachter and Reinhorn (2007). Note that AISC 341 provides no specific design requirements for zipper frame systems, but refers to the
system in its commentary.

9.5

Design Example
The following section illustrates the design of a Special Concentrically
Braced Frame (SCBF). The design applies the requirements of ASCE 7
(2010) and AISC 341 (2010). The example is not intended to be a complete illustration of the application of all design requirements. Rather,
it is intended to illustrate key analysis and proportioning techniques
that are intended ensure ductile response of the structure.
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(a)

(b)

Figure 9.47 Zipper frame tests: (a) shake table test specimen (Courtesy of Andrei
Reinhorn, Department of Civil, Structural, and Environmental Engineering, University
at Buffalo.); (b) static test specimen. (Courtesy of C.S. Yang, and R.T. Leon,
Department of Civil and Environmental Engineering Georgia Tech.)

9.5.1

Building Description and Loading

The example building is identical to the one used in Chapter 8
(Special Moment Frames); more detailed seismicity and building
information is included in that example. The difference in this case
is that Special Concentrically Braced Frames are used. The system
seismic design parameters are shown in Table 9.2.
The typical plan is shown in Figure 9.48 and the typical frame
elevation is shown in Figure 9.49.
Based on the seismic-design data, a generic seismic response spectrum is constructed in accordance with ASCE 7. Because there is only

R

6

I

1.0

Cd

5

Ωo

2

Table 9.2
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Figure 9.48

Typical floor plan.

one braced bay on each side of the structure, the design shear at every
story must be multiplied by a redundancy factor ρ equal to 1.3.

9.5.2

Global Requirements

The structure must be designed to provide both adequate strength
and adequate stiffness. Typically strength requirements will govern
the design of lower buildings, whereas taller buildings will be controlled by drift. The threshold height is dependent on many factors,
including the shape of the response spectrum, the analytical procedure used, and the braced bay configurations and proportions.
Where strength considerations govern, the design process is fairly
straightforward: the braced-frame members (beams, columns, and
braces) are designed to provide adequate strength, then the columns
and beams in the bay are redesigned to preclude their failure when
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Figure 9.49 Typical frame elevation.

subjected to the forces corresponding to fully yielded and strainhardened braces. A reanalysis may be performed to confirm that the
required brace strength has not been increased because of an increase
in frame stiffness (due to change of period on the response spectra
when member forces are obtained from dynamic analysis).
Where drift is the governing concern, the process requires more
iterations. Any increase in brace strength will in turn impose larger
forces on beams and columns when the braces yield. Thus, any
stiffening of the frame should be done with the required strength
proportioning of the different components (brace, beam, and column)
in mind.

9.5.3

Basis of Design

The design of SCBFs is based on the expectation of a global yield
mechanism in which braces yield in tension and buckle in compression and plastic hinges form at the column bases. Where frame beams
are connected rigidly to columns, hinging in the beam or column is
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Brace yielding
in tension

Brace buckling
in compression

Figure 9.50

Anticipated mechanism.

also anticipated. Otherwise, large relative rotations must be accommodated in the beam-to-column connections. Figure 9.50 shows this
mechanism.
Because brace buckling entails loss of strength and stiffness,
SCBFs are subject to dramatic force redistributions. To determine
maximum design forces, the anticipated mechanism is considered
twice: once with maximum brace buckling forces, and again with
braces having a reduced, postbuckling strength.
For purposes of these plastic mechanism analyses, the following
brace strengths are used:
For the brace in tension:
T = Ry Fy Ag

(9.12)

where Ag is the gross area of the brace.
For the brace in compression (at its maximum force):
Cmax = 1 . 14 Fcr Ag

(9.13a)

where Fcr is the critical buckling stress utilizing a yield strength of
RyFy.
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The value of 1.14 corrects for the factor of 0.877 used in AISC 360
equations for flexural buckling strength to account for out-ofstraightness effects.
For the brace in compression (at its postbuckled, residual strength):
Cmin = 0 . 3 Fcr Ag

(9.13b)

An elastic analysis is used for preliminary design. Subsequently,
two plastic mechanism analyses are performed, with brace forces as
described above, to determine maximum forces that beams and columns within the frame must resist. The sizes of these elements are
increased based on these forces. The adequacy of the revised design
is reconfirmed with another elastic analysis. It is possible that more
than one iteration is required to establish a design that satisfies both
sets of requirements: those checked in the elastic analysis (member
strength adequacy for the design base shear; drift control), and those
checked in the plastic mechanism analyses (beam and column
strength at the limit state).
The elastic analysis procedure used in this example is a linear
Modal Response Spectrum (MRS) analysis. This is typically advantageous due to the reduction in design forces. ASCE 7 permits for this
method and the reduction in overturning moment that typically
results from this approach compared with the vertical force distribution prescribed by the Equivalent Lateral Force procedure of ASCE 7.

9.5.4

Preliminary Brace Sizing

Based on the results of the elastic analysis, brace sizes are obtained.
Table 9.3 shows these sizes, along with their expected strengths in
tension and compression as described above.

9.5.5

Plastic Mechanism Analysis

Two plastic mechanism analyses are performed on the frame. These
are intended to capture both axial forces corresponding to brace
inelastic action and flexural forces at the beams intersected by braces
along their length. Although it is anticipated that these brace forces
correspond to large drifts, and that columns may develop significant
flexural forces at these drifts (due to fixity at beams or varying story
drifts), these analyses are not intended to determine such flexural
forces. Indeed, it is permitted to neglect them, under the assumption
that limited flexural yielding in the column may be tolerated as long
as overall buckling is precluded.
For purposes of member design it is sufficient to model the frame
with the brace forces corresponding to each mechanism and with
zero lateral drift.
Mechanism 1 combines the expected brace tension strength
[Eq. (9.12)] with the maximum compression force [Eq. (9.13a)].
Braces are considered to be in compression or tension based on the
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Expected
Compression
Strength
1.14Fcr  Ag
(kips)

Residual
Compression
Strength
0.3Fcr Ag
(kips)

Level

Brace Size

Expected
Tension
Strength
Ry Fy Ag
(kips)

Fifth
Floor

HSS 6.625 × .312

267.50

142.09

36.43

Fourth
Floor

HSS 7 × .500

441.21

246.81

62.98

Third
Floor

HSS 8.625 × .500

549.78

396.16

98.79

Second
Floor

HSS 9.625 × .500

619.08

489.97

121.15

First
Floor

HSS 10 × .625

794.64

561.36

140.24

Table 9.3

571

Brace Sizes and Expected Strength

first mode displacement. That is, all of those sloping in one direction are considered to be in tension, and those sloping the opposite
direction in compression. This assumption can be reversed for the
analysis of asymmetric conditions. Note that these forces were
derived considering simultaneous yielding of braces in adjacent
stories; see Section 9.3.3.2 for a discussion of adjustments to this
assumption that have been proposed.
Mechanism 2 combines the expected brace tension strength
[Eq. (9.12)] with the residual compression force [Eq. (9.13b)]. The
same assumptions regarding compression and tension are used.
Figure 9.51 shows the frame elevation used for both mechanism
analyses. Note that the forces acting at each level to produce equilibrium with this plastic mechanism are different than those calculated
from elastic analysis; in many cases, they will be much lower than the
collector design forces calculated, taking into account the localized
effects of higher modes. Modeling of these reactions with springs on
both sides of the frame can be used to reflect the anticipated distribution of collector forces.

9.5.6

Capacity Design of Beam

As seen in Figure 9.51, the forces in the plastic mechanisms can
impose both flexural and axial forces in each of the beams. The
forces can be substantial, especially in the postbuckled mechanism
in which the beam provides the majority of the resistance counterbalancing the forces corresponding to the capacity of the braces in
tension.

09_Bruneau_Ch09_p499-590.indd 571

6/13/11 3:25:31 PM

572

Chapter Nine

Figure 9.51

Mechanism analysis models.

The seismic axial force in the beam at the second floor is calculated based on the difference in the capacity above and below as
follows:
Fi+1 = Vi − Vi+1
Vi = (Ry Fy Ag(i) + 0.3Fcr Ag(i)) cos(θi)

(9.14)
(9.15)

V2 = 565.25 kips
V1 = 603.27 kips
F2 = 38.02 kips
where Fi+1 is the total force entering into the frame (corresponding
to the plastic mechanism) at level i+1 and Vi is the shear strength
(corresponding to the plastic mechanism) at level i.
For simplicity the force is assumed to enter into the frame as two
equal forces, one at each column. The axial force in the beam can thus
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be determined from static equilibrium, with the postbuckling strength
case giving the larger axial (and flexural) forces in this case:
1
Pu = (Ry Fy Ag (1) + 0 . 3 Fcr Ag (1) )cos(θ1 ) − (Ry Fy Ag ( 2) + 0 . 3Fcr Ag ( 2) )cos(θ2 )
2
		
(9.16)
Pu = 19.01 kips
Beam flexural forces are similarly calculated based on the high
tension strength and low postbuckled strength of the braces. The vertical force acting downwards on the second-floor beam is:
Ru = (RyFyAg(1) − 0.3Fcr Ag(1)) sin(θ1) − (RyFy Ag(2) − 0.3Fcr Ag(2)) sin(θ2)
		

(9.17)

Ru = 175.97 kips
These forces are combined with gravity shears and moments in the
design of the beam. Assuming a fixed-end beam (and adequate fixity
in the column and adjacent beam):
Mu =

175.97 kips × 30 ft
(30 ftt)2
+ 0.7 kips/ft ×
= 712 kip-ft
8
12

A W24 × 76 is sufficient for the combined axial and flexural forces.
Note that this large size is due to the change in beam slope from the
first to the second level and the change in brace size. Note also that
the slab braces the section against lateral-torsional buckling. It also
braces against lateral buckling, but not against torsional buckling,
which will govern the axial strength.

9.5.7

Capacity Design of Column

A similar approach can be taken with the column, determining maximum forces acting on it from brace expected strengths. Thus, for the
column in compression, the seismic axial force for mechanism 1 for
this configuration can be calculated as:
n
n1
PE = ∑ i+1 (1 . 14Fcr Ag )sin θx + ∑ i (Ry Fy Ag − 1 . 1 4Fcr Ag )sin θx
i
x
x
x
2

(9.18)

The subtractive part of the second term, which represents the
beam shear reaction due to the slightly unbalanced vertical force, is
minor and is often neglected in the two-story X configuration. Note
that the braces do not impart their loads to the column at the same level
in all configurations. Care should be taken to ensure that the loads are
determined consistently with the configuration used. Free-body diagrams, such as shown in Figure 9.52, are helpful; these should include
the beam (and the shear imposed on it by the braces).
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Figure 9.52

Free-body diagrams illustrating forces acting on column.

Note that in this configuration, the brace in compression at the
first floor does not contribute to the column compression, as it connects at the base. Also, note that in mechanism 2 column axial forces
will be significantly less than those from mechanism 1 for this bracing
configuration.
Equation (9.18) can be conservatively simplified to:
n1
PE = ∑ i (Ry Fy Ag + 1 . 14Fcr Ag ) sin(θx )
i
x
x
2

(9.19)

Thus the seismic axial force in the first-floor column can be calculated as:
PE = 1553.22 kips
If braces of moderate slenderness are used (KL/r ≤ 4 E/Fy ) the
column design can be simplified. The seismic component of the axial
force need not exceed:
PE ΩoE

(9.20)

where E is determined from an elastic analysis.
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This seismic force is combined with gravity forces for a total load
of 1850 kips. The column is designed for an effective length of KL = 1 ×
18 ft = 18 ft. A W14 × 176 section may be used.
Although it is in violation of values obtained from free-body
diagrams, when designing in compliance to AISC-341-10, for reasons
described earlier in this chapter, column flexural forces due to drift
are not combined with these mechanism-based axial forces for design
of the column. This would not necessarily be the case for design
accomplished per other codes or standards.

9.5.8

Iterative Analysis and Proportioning

The capacity design of columns and beams inevitably leads to
stiffening of the structure, altering its dynamic properties and possibly increasing the required design base shear. At least one more
iteration of analysis is required to ensure compliance with the
required base-shear strength. If brace sizes are increased, the
beams and columns must be reassessed and another iteration
becomes necessary. Otherwise, the capacity design of the beam
and columns ensures that they are adequate to resist forces generated by brace yielding.

9.5.9

Connection Design

As discussed earlier, the design of an SCBF anticipates brace behavior
that includes
• Tensile yielding
• The development of high compression forces
• Buckling
The first two behaviors are straight forward force requirements.
Brace connections are designed for these maximum forces (which are
presented in Table 9.3). Design for the higher tension governs most of
the connection limit states. The limit states of web crippling (e.g., of a
beam web adjacent to a connection gusset plate) and of gusset-plate
buckling need only be evaluated for the expected compression
strength of the brace, typically somewhat lower than the expected
tension strength.
The third behavior requires a connection configured to maintain its
integrity even as the brace buckles and undergoes inelastic rotation,
typically out-of-the plane of the frame. No calculations are involved
in evaluating this requirement. The designer simply selects a brace
connection type that has demonstrated this capacity. See Figures 9.39,
9.40, and 9.41 for examples.
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9.5.10 Completion of Design
Several items remain to complete the design. These include
• Brace connections
• Column splices
• Base plates
• Foundations
• Diaphragms, chords, and collectors
Although each one of these items is necessary and important, the
execution is similar to that of many other components of a building
design.

9.5.11 Additional Consideration: Gravity Bias
in Seismic Systems
Earthquakes generally impose cyclic accelerations on structures.
As these accelerations are not sustained in any single direction,
moderate ductility demands in these structures do not generally
result in uncontrolled displacements; buildings subject to large
inelastic demands undergo inelastic drift in opposite directions at
different times during the earthquake, and may be left with a residual drift after the earthquake. Typically, these residual drifts tend
to be significantly lower than maximum drifts, but can be substantial at times, particularly for earthquakes excitations having large
energy pulses (as observed in some accelerograms recorded near
fault ruptures).
As demonstrated throughout this book, because seismic accelerations may act on a seismic system in either direction, seismic systems
are conceived, tested, and designed with the expectation of cyclic
demands. In real conditions, members of the seismic load-resisting
systems tend to have some gravity forces present before any seismic
loads are applied. However, such gravity forces tend to have a negligible effect on the yield strength of the system; they act similarly to
residual stresses, causing slightly earlier yielding and rounding the
transition from elastic to inelastic behavior. If the gravity forces are
shared between yielding members (“fuses”) and nonyielding members, the gravity forces are shed from the fuses as they yield and are
transferred to the other members.
For all seismic systems, it is anticipated that nonfuse members
will be designed to support the entire gravity force without reliance
on the yielding fuse. For example, a moment-frame beam acting as a
transfer girder should be designed to support the gravity forces as a
simple-span member. Under cyclic yielding the initial fixed-end
moments will “shake down” (see Section 4.5). The fuse (the plastic
hinge zone of the beam) will ultimately resist only seismic moments,
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whereas the nonfuse portion (the rest of the beam span) will resist the
entire gravity moment.
Another example of this is the V-braced (or inverted V-braced)
frame, discussed in Section 9.3.3.1, in which the beam is designed for
the full gravity load (in conjunction with forces imposed by the
braces), regardless of the fact that an elastic analysis of the structure
shows little of the force resisted in beam flexure. If the gravity forces
are accounted for in the design of braces under compression in an
SCBF, buckling will occur at the same lateral drift as for a similar
system without gravity forces in the braces. The larger braces constitute a source of overstrength for the fully yielded structure. The
degree of overstrength is a function of the ratio of gravity force to
seismic force in the member.
Special consideration is required when gravity forces cannot be
shed and the members of the seismic load resisting system must continue to resist them during (and after) an earthquake. Under such
conditions much less structural ductility can be tolerated and both
inelastic drift and inelastic member deformation may accumulate
much more than in a conventional system.
Consider the structure shown in Figure 9.53. The gravity loads
are resisted by a cantilever system whose back span is the braced
frame at the top level. This cantilever imposes a lateral force couple
on the structure, pulling to the left at the top and pushing to the right
at the next level down. The brace at that level is under compression
due to the gravity load. At some level of lateral force to the left, the
brace will reach its elastic limit and inelastic deformation will occur.
Lateral forces to the right, however, must be far greater to cause
inelastic deformation; they must first overcome the gravity force and
then reach the strength of the brace. Thus, there is effectively a high
overstrength in one direction.

Gravity
force

Gravity
force
Seismic
force

Seismic
force

Figure 9.53 Structure with gravity bias.
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Inelastic drift (right)

Lateral force

Seismic
force

Lateral
strength
(right)

Time

Lateral
strength
(left)
Inelastic drift (left)
(a) Conventional system
Elastic energy causing
inelastic drift to the
left

Lateral force

Effective
lateral
strength
(right)
Time

Effective
lateral
strength
(left)
Gravity-induced
lateral force

Inelastic drift (left)

(b) System with gravity bias

Figure 9.54
demands.

Effect of gravity bias on effective lateral strength and ductility

Figure 9.54 conceptually shows the consequences of this bias. The
time history response shown in Figure 9.54a is for a conventional
structural system having no gravity bias; Figure 9.54b is for a similar
system with gravity bias.
In the conventional system, the available strength is measured
from zero lateral force. In this system, there are inelastic deformations
both to the left and to the right; although these do not return the

09_Bruneau_Ch09_p499-590.indd 578

6/13/11 3:25:34 PM

Design of Ductile Concentrically Braced Frames

579

structure to zero displacement, there is significant cancellation of
opposing inelastic drifts.
With gravity bias, the total system strength is effectively increased
due to the design for the combined effects of gravity-induced and
seismic lateral forces. The effective lateral strength can be defined as
the difference between the gravity-induced lateral force and the total
lateral strength; this quantity is presumably adequate in the critical
direction (to the left in Figure 9.53) and much larger than necessary in
the opposite direction (to the right). There are two consequences to
this difference in effective strength. First, the additional overstrength
in the strong direction, if sufficiently high, can prevent or dramatically reduce inelastic drift in that direction. This precludes any beneficial cancellation of inelastic drifts in opposite directions. Second, the
peaks of seismic force pushing the structure to the right are stored as
elastic energy, which, when released, result in additional inelastic
deformations to the left. In conjunction these two effects cause a rapid
accumulation of inelastic drift in the weaker direction. The structure
is said to “walk” in that direction under strong cyclic motion. This
effect is similar to what would happen in a braced frame having
single diagonal braces, which have very different tension and compression behavior, as is discussed in Section 9.3.1.2.

9.6

Self-Study Problems
Problem 9.1

Design the members of the single-story concentrically braced
frame shown below for the given loads:
(a)	Perform a nonseismic design, that is, select the lightest members
that satisfy the AISC 360 requirements for the factored loads.
(b)	Perform a seismic design, that is, select the lightest members that
satisfy the AISC 341 requirements for Special Concentrically Braced
Frames.
(c)	Comment on the differences between the designs and explain their
causes.
For both designs
• U
 se square HSS Sections with A500 Gr. B (Fy = 46 ksi) for the braces.
• U se W-shapes with A992 Gr. 50 (Fy = 50 ksi) for the beam and
columns.
• Assume pin-ended braces and beam and that the beam is continuous
between the columns.
• Consider the beam unbraced laterally over its entire length.
• The columns are laterally braced at their tops.
• When using available design aids, to reference the sections, page
numbers, and edition of the design aids used.
• Loads shown are unfactored and the lateral loads shown are seismic
loads already reduced for the appropriate R value. Only consider the
1.2D + 0.5L + 1.0E load combination.
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PD

ω D = 1.0 kip/ft

PD = 170 kip

ω L = 0.7 kip/ft

PL = 67 kip

PL
155 kip

155 kip
12 ft

26 ft

Problem 9.2

For the braced-frame structure shown here, only answer the
following specific targeted questions:
(1)	For each of the three cases below, calculate the axial force that will
be used to design member A-B, and indicate if it is a tension or
compression force.
(a)	When that force is obtained using the AISC 341 Amplified Seismic
Load approach, assuming that the overstrength factor, Ωo, prescribed
in the applicable building code is 2.0 in this case
(b)	When that force is obtained by a true capacity design approach consistent with the AISC 341 requirements when the diagonal braces are
A500 Grade B HSS 6.000 × 0.312 members
(c)	When that force is obtained by a true capacity design approach consistent with the AISC 341 requirements when the diagonal braces
are Buckling Restrained Braces (BRBs) (see Chapter 11). For this
problem, consider the core of the BRBs’ diagonal braces to be A36
steel plates of area equal to 2 in2. For this purpose, also use a strainhardening adjustment factor, ω, equal to 1.4, and a compression
strength adjustment factor, β, equal to 1.1. Note: Knowledge presented in Chapter 11 is pre-requisite to completing this part (c).
(2)	For the SCBF problem in (1.b) above, calculate the member slenderness and compactness of the HSS 6.000 × 0.312. Calculate these
values explicitly, rather than using use precalculated or tabulated
values of slenderness and compactness. Then, indicate if the HSS
6.000 × 0.312 is admissible to be used as a brace in an SCBF, in accordance with AISC 341.
Also note that all members are pin–pin in this frame.
A
P = 100 kips

15'
B

15'
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Problem 9.3 The SCBF shown is subjected to a vertical seismic excitation.
Braces are HSS 9.625 × 0.50 members of ASTM A500 Grade 42 steel.
(a)	Indicate if the HSS braces are acceptable for this SCBF application,
and explain why.
(b)	Assuming that the HSS braces are acceptable for this SCBF application, calculate what would be the maximum pull-out force to consider for the anchorage at Point A per capacity design approach
using the strengths specified by AISC 341.
V

30'

A

10'

Detail A

Problem 9.4 For the Special Concentrically Braced Frame (SCBF) shown:
(a)	Design the lightest Round HSS (ASTM A500) that can resist the
applied factored load shown and that comply with AISC 341.
(b)	Design the beam in compliance with AISC 341.
There are no gravity loads acting on the beam. Optionally, the connections and
columns could also be designed.
Pu = 500 kips

10'

20'
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Problem 9.5 For the two-story SCBF located on design lines  or  only, and
shown in the figures, for the governing load combination:
(a)	Design the braces below the 2nd level (i.e., the braces at the first
floor).
(b)	Design the girder at the 2nd level (i.e., the lower beam, not the roof
beam) assuming Lb = 15 ft.
(c)	Design the column below the 2nd level (i.e., columns at the first
floor).
(d)	Check the drifts at the 2nd level considering both shear and flexural
drift components.
(e)	Indicate what are the values of R, Cd, and Ωo to consider for the
design of this SCBF.
The specified (unfactored) gravity loads are
DL = 60 psf
DL = 60 psf

Roof:
2nd Floor:

LL = 40 psf
LL = 70 psf

Unfactored lateral loads acting on the frames have been obtained from seismic
analysis of this building.
Life load reduction factors and wind loads are neglected. All members are
assumed pin-ended (K = 1.0). Use W-shape columns and beams (Grade 50),
and HSS shapes for braces (Grade 46).
15'

15'

109 kips
12'
96 kips
12'
30'

1

1'

2

30'

3

30'

4

30'

1'

1'
30'

30'

30'
1'
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Problem 9.6

The single-story SCBF shown is subjected to an externally
applied 100 kips seismic ultimate lateral load Fu (divided into two equal
50 kips load as shown in the figure). Gravity loads are neglected in this
problem. For that frame:
(a)	Determine if the W10 × 45 diagonal braces have adequate strength
and meet the requirements of AISC 341.
(b)	Using the W10 × 45 braces [assuming they are acceptable, irrespectively of the answer in part (a) above], check whether a W36 × 260
continuous girder can satisfy the capacity design requirements of
AISC 341. Assume Lb = 7.5’ and Cb = 1.0 here.
(c)	Using the capacity design requirements of AISC 341, size the lightest
W10 column section meeting all specified requirements. Use brace
and girder sizes from (a) and (b) above.
(d)	Assuming W10 × 45 braces, design the discontinuous horizontal
struts and zipper column in the second figure using the most economical W10 sections for each, on the basis of meeting the requirements of capacity design.
Fu /2

W36

×
10

×

W

45

W10

10

45

W

15'–0"

W10

Fu /2

15'

15'–0"
30'–0"

Fu /2

W10

W10

45

15'–0"

×

10

×

10

W

Fu /2

W

45

W10

15'

15'–0"
30'–0"

Problem 9.7

Find the maximum lateral load, V, which can be applied on the
single-story STMF shown below. Provide a solution, first for the case
when the X-diagonals are not present (Vierendeel), second for the case
when ½-inch × 3/8-inch flat bar braces are used. It is not required in this
problem to verify that the rest of the frame remains elastic. Also calculate
Mp of the top and bottom chords of this STMF in the special segment (SS)
region.
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For this frame, all members are Grade 50 steel and
Exterior columns are W18 × 86.
Vertical truss members outside of the S.S. are 2L 2½ × 2½ × 3/16.
Diagonal truss members outside of the S.S. are2L 3 × 3 × 5/16.
Each of the top and bottom chords outside of the S.S. consists of 2L
3 × 3 × 5/16.
• Each of the top and bottom chords outside of the S.S. consists of 2L
2½ × 2½ × 3/8.
•
•
•
•

P = V/2

P = V/2

V
72"
S.S.
300"

216"

144"

216"

Problem 9.8 (Project-Type Problems)
(1)	Write a computer program to develop the axial force versus moment
(P-M) interaction diagram of any doubly symmetric beam-column,
taking into account buckling of the member with formation of a
plastic hinge at its midlength. Compare results from this program
with codified design equations and explain the reasons for the
observed differences.
(2)	Review the exact analytical equations that describe the inelastic
cyclic behavior of axially loaded members and provide some
numerical examples for slender, intermediate, and stocky members.
Examples should be by hand calculations (as much as reasonably
possible).
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CHAPTER

10

Design of Ductile
Eccentrically Braced
Frames
10.1

Introduction
10.1.1 Historical Development
Although a properly designed and constructed steel moment frame
can behave in a ductile manner, it was shown in Chapter 8 that the
substantial lateral flexibility of moment frames is such that their
design is often governed by code-required story drift limits. Special concentrically braced frames, on the other hand, have a large
lateral stiffness, but their energy dissipation capacity is hindered
by brace buckling. In the early 1970s, a new steel system called the
eccentrically braced frame (EBF) was proposed in Japan (Fujimoto
et al. 1972, Tanabashi et al. 1974). The EBF combines the advantages
of both high elastic stiffness and high ductility at large story drifts.
This type of framing system dissipates seismic energy by controlled
shear or flexural yielding in a small segment of the beams called
links.
In the United Sates, the EBF system was first studied by Roeder
and Popov (1978). In the 1980s, numerous studies on link behavior
provided insight into the cyclic response of EBFs (Engelhardt and
Popov 1989; Hjemstad and Popov 1983, 1984; Kasai and Popov 1986a,
1986b; Malley and Popov 1984; Manheim and Popov 1983; Ricles and
Popov 1989). Experimental verifications of EBF response at the system level were also conducted in the mid- to late-1980s (Roeder et al.
1987, Whittaker et al. 1989, Yang 1985). These studies led to the development of design provisions in the 1988 Uniform Building Code and
later in AISC 341 (AISC 2010).
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Further studies were conducted in the past two decades, including full-scale testing of large-size links for not only building but also
bridge applications (Dusicka and Itani 2002, McDaniel et al. 2003,
Sarraf and Bruneau 2004, Zahrai and Bruneau 1999). Recent research
on links has also extended from I-shaped rolled links to built-up
sections including I-shaped sections, boxed sections (Berman and
Bruneau 2008b), and double C sections (Mansour et al. 2008). With
increasing emphasis on performance-based design, the concept of
replaceable links has also been explored (Dusicka and Lewis 2010,
Mansour et al. 2008, Ramadan and Ghobarah 1995, Stratan et al.
2003).

10.1.2 General Behavior and Plastic Mechanism
An eccentrically braced frame is a framing system in which the axial
forces induced in the braces are transferred either to a column or
another brace through shear and bending in a small segment of the
beam. Typical EBF geometries are shown in Figure 10.1. Architecturally, EBF also provides more freedom for door opening than CBF. The
critical beam segment is called a “link” and is designated by a length,
e, in the figure. Links in EBFs act as structural fuses to dissipate the
earthquake-induced energy in a building in a stable manner. In practical applications, the horizontal links have been commonly used; see
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e
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e

h

e

h
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h
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Figure 10.1 Typical EBF configurations.
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(a) EBF with interior links
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(b) EBF with exterior links

Figure 10.2 Examples of EBF construction.

Figure 10.2 for two examples. Figure 10.1e shows an EBF where a link
does not exist in every floor. The links in Figure 10.1d are oriented
vertically; therefore, unlike all the other configurations, they are not
integral with the beams.
Links in Figures 10.1b and c are connected to the columns. It has
been shown in Chapter 8 that beam-to-column moment connections
are vulnerable to brittle fracture. As it will be shown later, link-tocolumn moment connection is subjected to both high moment and
high shear, making it even more vulnerable to brittle fracture. For
this reason, it is highly desirable that these two configurations be
avoided.

10.1.3 Design Philosophy
Figure 10.3 shows the desirable plastic mechanism of EBF. Yielding of
the links, shown cross-hatched, occurs along the height of the frame.
The remaining part of the structure is then designed to remain essentially elastic. A comparison of the expected plastic mechanism
between SCBF and EBF is shown in Figure 10.4. In a SCBF, braces are
designed and detailed as structural fuses. For an EBF, however, links
need to be properly designed and detailed to have adequate strength
and ductility. All the other structural components (beam segments
outside of the links, braces, columns, and connections) are proportioned following the capacity design principles to remain essentially
elastic during the design earthquake.
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(a)

(b)

(d)

(c)

(e)

Figure 10.3 Yield mechanism of EBF.

(a) SCBF

(b) EBF

Figure 10.4 Expected deformed configuration of SCBF and EBF.

10.2

Link Behavior
10.2.1 Stiffened and Unstiffened Links
Figure 10.5 shows two I-shaped links that were tested cyclically
(Malley and Popov 1983). For the specimen that did not have stiffeners, web local buckling due to shear would occur early. Such
local buckling could be delayed by adding transverse stiffeners.
When the stiffeners were sufficiently close, Figure 10.5b shows the
formation of diagonal tension field in the subpanels. Continued
large displacement cycling finally caused material tearing in the
links. For the unstiffened link, tearing usually took place near the
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(a) Unstiffened link (W18 × 60)
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(b) Stiffened link (W18 × 40)

Figure 10.5 Unstiffened versus stiffened link. (Malley and Popov 1983, with
permission from EERC, University of California, Berkeley.)

center of the web region due to material fatigue from severe web
curvature reversals.
The effect of adding stiffeners to stiffen the link can be better
demonstrated by comparing the cyclic response of two links of identical size, one without and the other with three stiffeners (Hjelmstad
and Popov 1983). Figure 10.6 shows that not only the shear strength
but also the energy dissipation capacity are significantly improved
with the addition of web stiffeners.

10.2.2 Critical Length for Shear Yielding

200

200

100

100
Shear (K)

Shear (K)

Figure 10.7 shows the free-body diagram of a link. Ignoring the effects
of axial force and the interaction between moment and shear in the
link, flexural hinges form at two ends of the link when both Ma and
Mb reach the plastic moment, Mp. A shear hinge is said to form when

0
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(a) Unstiffened link

2.0
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(b) Stiffened link

Figure 10.6 Cyclic response of unstiffened and stiffened W18 × 40 links, e = 28 in.
(Hjelmstad and Popov 1983, with permission from EERC, University of California,
Berkeley .)
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Link deformation and free-body diagram.

the shear reaches Vp. The plastic moment and shear capacities are
respectively computed as follows:
Mp = Fy Z

(10.1a)

Vp = ty Alw

(10.1b)

where the link web area, Alw, is equal to (d - 2tf)tw and 2(d - 2tf)tw for
I-shaped and built-up box sections, respectively. The yield shear
stress, τy, is taken as 0.6Fy and 0.55Fy in AISC 341 (AISC 2010) and
CSA S16 (CSA 2009), respectively. A balanced yielding condition corresponds to the simultaneous formation of flexural hinges and a shear
hinge. The corresponding link length is
e0 =

2 Mp
Vp

(10.2)

In a short link (e ≤ e0), a shear hinge will form. When e > e0, a flexural
(or moment) hinge forms at both ends of the link, and the corresponding shear force is
V=

2 Mp
e

(10.3)

Based on plastic theory, Eq. (10.2) can be modified slightly to
include the effect of interaction between M and V. Nevertheless,
experimental results (see Figure 10.8) indicated that the interaction is
weak and that such interaction can be ignored (Kasai and Popov
1986b).
Test results also showed that a properly stiffened short link can
strain harden and develop a shear strength equal to 1.5Vp. For example, Figure 10.6b shows the link shear strength reached 200 kips, but
Eq. (10.1b) gives a Vp value of 126 kips based on a measured web
yield stress of 39.5 ksi. The end moments of a link that has yielded in
shear can continue to increase due to this strain hardening and, therefore, flexural hinges can develop. To avoid high bending strains that
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Figure 10.8 M-V interaction of links. (Ricles and Popov 1987, with
permission from EERC, University of California, Berkeley.)

may lead to severe flange buckling or to failure of link flange-tocolumn welds, these end moments are limited to 1.2Mp, and the maximum length, e0, in Eq. (10.2) for a shear link is modified as follows
(Kasai and Popov 1986b):
e0 =

2(1 . 2 Mp )
1 . 5Vp

=

1 . 6 Mp
Vp

(10.4)

10.2.3 Classifications of Links and Link
Deformation Capacity
Experimental results have shown that the inelastic deformation
capacity of an EBF can be greatly reduced when long links (e > e0) are
used. Following the above logic, it can be shown that flexural hinges
dominate the link response when e is larger than 2.6Mp/Vp. (If the
moment at flexural hinges reaches 1.2Mp, the corresponding shear for
a link with a length of 2.6Mp/Vp is 0.92Vp.) In the transition region
where 1.6Mp/Vp < e < 2.6Mp/Vp, the link undergoes simultaneous
shear and flexural yielding (Engelhardt and Popov 1989). Figure 10.9
classifies links in EBFs; for design purpose a link is classified as either
a short or shear link (developing only shear yielding), a long or
moment link (developing only flexural yielding), or an intermediate
link (developing both shear and flexural yielding).
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The effect of link length on the failure mode and deformation
capacity is demonstrated in Figure 10.10 (Okazaki et al. 2004).
Figure 10.10a shows that the closely spaced stiffeners are effective in
preventing shear buckling of a short link. Relatively uniform shear
yielding in the web occurred along the entire link length, thus producing a large deformation capacity. On the other hand, Figure 10.10c
depicts the behavior of a long link (e ≥ 2.6Mp/Vp), where flexural
buckling occurred primarily in the form of flange local buckling. The
deformation capacity is very limited as the link web did not yield
along its length and contribute any plastic deformation. Figure 10.10b
demonstrates the behavior of an intermediate link (1.6Mp/Vp < e <
2.6Mp/Vp). Both shear and flexure are dominating in this case, where
the plastic deformation was contributed by flexure buckling in the
flanges and web shear buckling in the end panels.
The plastic mechanism in Figure 10.3 shows that the links are
subjected to an inelastic rotation angle, γp, at the ends of the links.
This link rotation angle is the plastic rotation angle between the link
and the portion of the beam outside of the link. The links need to
have a sufficient deformation capacity to accommodate this deformation demand. Testing shows that a link’s inelastic rotation capacity is
dependent on the link’s length—the shorter the length, the larger the
rotation capacity (Kasai and Popov 1986a). To develop a large rotation capacity, closely spaced intermediate stiffeners are needed. The
allowable link deformation capacity, γa, as given by AISC 341 is shown
in Figure 10.11.

10.2.4 Link Transverse Stiffener
Once shear buckling occurs in a stiffened link, tearing along the
perimeter of the link panes due to stress concentration created by
the buckled web may cause significant strength degradation. For
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(a) Short link

(b) Intermediate link

(c) Long link

Figure 10.10 Link failure modes. (Courtesy of M.D. Engelhardt, Dept. of
Civil Engineering, University of Texas, Austin.)
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Figure 10.11 Allowable link rotation angles.

practical applications, allowing the link to behave in the postbuckling region can also result in hazardous lateral-torsional buckling
problem. Therefore, it is appropriate to consider web buckling as
the shear link design ultimate limit state (Kasai and Popov 1986a).
Figure 10.12 shows the typical hysteretic loop envelopes of a short
link under cyclic loading. Depending on the loading history used for
testing, the link deformation capacity, γu, at shear buckling can be
very different. For example, the value of γu for a link under monotonic loading can be about twice that of the same link under symmetrically cyclic loading. Based on test data, Kasai and Popov (1986a)

V

V

γB
A

γ+ = γu

γ– = –γu
O

γ

γ–

γ+

O

γ

A
γB
2 γu
(a) Symmetric loading

2 γu
(b) Non-symmetric loading

Figure 10.12 Buckling hysteretic loop envelopes for shear link. (Kasai and
Popov 1986a, with permission from EERC, University of California, Berkeley.)
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observed that the link buckling deformation capacity, γB, shown in
Figure 10.12 is a more reliable parameter for predicting the cyclic web
buckling under different loading histories. γB is defined as the link
deformation measured from the farthest point of zero shear when
shear buckling occurs (labeled as point “A” in Figure 10.12). Based on
a cyclic plastic theory, the following simple expression was derived
and correlated well with the test data of A36 steel links:
2

t 
γB = 8 . 7 K s  w 
b

(10.5)

where b is the web panel height, and Ks, which is a function of the
panel aspect ratio, is an elastic plate buckling coefficient. For design
purposes, a conservative approximation of the above equation for the
range of γu from 0.03 to 0.09 rad can be established:
a 1 d
+
= CB
tw 5 tw

(10.6)

where a = stiffener spacing; d = link depth; and CB = 56, 38, and 29,
respectively, for γu = 0.03, 0.06, and 0.09 rad. For other values of γu, CB
can be linearly interpolated. In deriving the above equation, it was
assumed that the stiffener spacing is no larger than the link depth.

10.2.5 Effect of Axial Force
The presence of an axial force in a link reduces not only its flexural
and shear capacities but also its inelastic deformation capacity (Kasai
and Popov 1986b, Ghobarah and Ramadan 1990). When the axial
force, Pu, exceeds 15% of the yield force, Py(= AgFy), the P-M interaction equation in Eq. (3.25) can be used to compute the reduced plastic
moment, Mpa:

Mp 
P
Pu 
Mpa = 1 . 18 Mp 1 - u  =
1 - P 
P
0
.
85


y
y

(10.7)

Based on the von Mises yield criterion in Eq. (3.29), the reduced shear
capacity is
P 
Vpa = Vp 1 -  u 
 Py 

2

(10.8)

Defining the normalized axial force ratio ρ′ as
ρ′ =
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and replacing Mp and Vp in Eq. (10.2) by Mpa and Vpa, the reduced
value of e0 when ρ′ ≥ 0 . 5 can be approximated as follows (Kasai and
Popov 1986b):
e0 =

1 . 6 Mp
Vp

(1 . 15 - 0 . 3 ρ′)

(10.10)

The correction is unnecessary if ρ′ ≤ 0.5, in which case AISC
341 requires that the link length shall not exceed that given by
Eq. (10.4).

10.2.6 Effect of Concrete Slab
Research conducted on composite links showed that composite action
can significantly increase the link shear capacity during the first
cycles of large inelastic deformations (Ricles and Popov 1989). However, composite action deteriorates rapidly in subsequent cycles due
to local concrete floor damage at both ends of the link. The research
also showed that the composite slab cannot be used as lateral bracing
for the links. Because links are also a protected zone where shear stud
connectors cannot be used, AISC 341 ignores the effect of composite
action in link design.

10.2.7 Link Overstrength
The overstrength of a link is defined as the ratio between the maximum shear developed in the link and the Vna value, where Vna, the link
shear strength, is the smaller of Vp or 2Mp/e calculated based on the
actual yield stress. In deriving Eq. (10.4), it was assumed that the link
will strain harden and develop a shear strength of 1.5Vp. Recent testing conducted by Okazaki et al. (2005) confirmed this assumption,
wherein the average I-shaped link overstrength was 1.41 for short
links (see Figure 10.13). The overstrength tended to be lower for longer links.
Note from Figure 10.13 that a few data points from Dusicka and
Itani (2002) and McDaniel et al. (2003) show very high overstrength
values. These data were based on cyclic testing of large-size, I-shaped
built-up shear links for bridge applications. Unlike typical rolled sections, these built-up sections have large flange area-to-web area ratios.
Such high overstrength, which is not reflected in AISC 341, can be
detrimental from the capacity design point of view because it may
overload the other part of the structure if not properly considered in
design. The higher shear overstrength of these links is mainly due to
the participation of flanges in resisting shear. Manheim and Popov
(1983) and Richards (2004) have recommended procedures to account
for this additional strength. The concept behind these procedures is to
treat each flange as a fix-ended beam. The shear resisted by each flange
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Figure 10.13 Link overstrength. (Courtesy of M.D. Engelhardt, Dept. of Civil
Engineering, University of Texas, Austin.)

corresponds to that when the plastic moment of the flange, reduced to
account for the axial force effect in the flange, is developed.

10.2.8 Qualification Test and Loading Protocol Effect
When an EBF configuration requires one end of the link to be connected to the column, AISC 341 requires that the link-to-column
connection be tested by a specified cyclic loading sequence such
that the connection can sustain the maximum link rotation based on
the length of the link (Figure 10.11). In a testing program to evaluate
some types of link-to-column connections, Okazaki et al. (2004,
2005) originally based it on the loading sequence specified in the
2002 edition of AISC 341 (AISC 2002). Test results revealed that
some properly designed link specimens did not meet the codespecified rotation capacity. Furthermore, unexpected fracture pattern in the web was also observed (Figure 10.14). A subsequent
analytical study concluded by Richards and Uang (2006) showed
that the loading protocol used was too severe when compared with
those used by researchers in the 1980s. A new loading protocol that
simulated a more realistic deformation demand of the links during
earthquake excitations expected in North America was then developed and adopted in the subsequent editions of AISC 341 (AISC
2005). Figure 10.15 compares both cyclic loading sequences. Testing
with the revised loading sequence showed that the link specimens
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Figure 10.14 Link fracture in the web. (Courtesy of M.D. Engelhardt, Dept.
of Civil Engineering, University of Texas, Austin.)

earlier considered by Okazaki et al. (2005) were able to deliver the
code-specified rotation capacity.

10.3

EBF Lateral Stiffness and Strength
10.3.1 Elastic Stiffness
The variations of the lateral stiffness of a simple EBF with respect to
the link length is shown in Figure 10.16 (Hjelmstad and Popov 1984).
Note that e/L ratios of 0.0 and 1.0 correspond to a concentrically
braced frame and a moment frame, respectively. The figure shows the
advantage of using a short link for drift control.

10.3.2 Link Required Rotation
Consider the plastic mechanism of an interior link configuration
shown in Figure 10.17a. Applying simple plastic theory, the kinematics of the plastic mechanism requires that
γp =

L
θ
e p

(10.11)

where θp is the plastic story drift angle (or plastic story drift ratio),
and γp is the plastic deformation demand of the link. The expression
shows that γp increases rapidly as the link length is reduced. Because
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Figure 10.15 AISC link test loading sequence. (Richards and Uang 2006.)
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Figure 10.16 Variations of lateral stiffness with respect to e/L for two simple
EBFs. (Hjelmstad and Popov 1994, with permission from EERC, University of
California, Berkeley.)
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Figure 10.17
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Link rotation demand.

the elastic component of the total drift angle is generally small, the
plastic story drift angle, θp, can be conservatively estimated as the
total story drift divided by the story height, h:
θp ≈

∆ s Cd ∆ e
=
h
h

(10.12)

where ∆e is the story drift produced by the prescribed design earthquake force, and Cd (= 4) is the deflection amplification factor. To
ensure that the deformation capacity of the link given in Figure 10.11
is not exceeded, Eq. (10.11) leads to a lower limit on the link length.
Note that the kink that forms between the link and the beam outside the link also implies damage of the concrete slab at the ends of
the link.

10.3.3 Plastic Analysis and Ultimate Frame Strength
Unless architectural considerations dictate otherwise, a short link is
usually used so that the link will yield primarily in shear and forms a
shear plastic hinge. The lateral strength of the EBF then can be calculated conveniently using simple plastic theory. Assuming that the
link behaves in an elastic-perfectly plastic manner, the lateral strength,
Pu, of the simple one-story split V-shaped EBF frame can be computed
by equating the external work to the internal work:
WE = Pu(hθp)

(10.13a)

e

(10.13b)

WI =

∫0 Vp γ pdx = eVp γ p

where Vp is the shear strength of the link. Substituting Eq. (10.11) into
Eq. (10.13b), the resulting ultimate strength of the EBF frame is
Pu =
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As long as the link yields in shear, the above equation shows that the
ultimate strength is independent of the link length.
The simple plastic theory can also be applied to multistory frames
(Kasai and Popov 1985). For example, consider the three-story EBF
shown in Figure 10.3b. Assume a lateral load pattern with the applied
load at the i-th floor designed as Pi. The span of the frame is L, and the
height from the base to each floor is hi. With the assumed yield mechanism, the scale load factor, α, producing the yield mechanism can be
computed by equating the external and interior works.
3

WE = ∑α Ph
i iθ p

(10.15a)

i=1
3

3

WI = ∑ ∫ Vpi γ p dx = eγ p ∑Vpi
e

0

i=1

(10.15b)

i=1

3

α=

eγ p ∑Vpi
3

i=1

∑ Phi i

(10.16)

i=1

where Vpi is the plastic shear strength of the link at the ith floor. The
above calculation ignores the gravity load. If a uniformly distributed
gravity load is applied to each floor, an additional external work corresponding to the assumed yield mechanism needs to be added to
WE. For the yield mechanism in Figure 10.3a, however, the external
work produced by the uniform gravity load is zero due to the symmetry of the frame.
The above examples assume a short link such that a shear plastic
hinge in the form of uniform yielding along the length of the link
forms. For intermediate and long links, flexure and shear dominate
the link strength. The ultimate strength of the frame then decreases
with an increase in link length. Figure 10.18 illustrates the strength
variations (Kasai and Popov 1985). This figure also indicates that the
ultimate strength of an EBF with short links is significantly larger
than that of a moment frame (i.e., e/L = 1.0).
Note from the yield mechanisms shown in Figure 10.3 that only
one end of each diagonal brace is connected eccentrically to the beam
to create a yielding link (the so-called active link), whereas the other
end of the brace is concentrically, or in practice sometimes nearly concentrically, connected to the beam and column centerlines. Next consider two EBF configurations in Figure 10.19. Case (a) contains three
active links. In Case (b), however, the braces are connected to the
beams eccentrically at both the top and bottom ends. It appears at
first glance that the latter case is desirable as it contains more links.
But it has been shown that not all the links are fully effective (Kasai
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Figure 10.18 Variations of EBF ultimate strength with e/L. (Kasai and
Popov 1985, with permission from EERC, University of California, Berkeley.)

e

(a) EBF with active links

e1
e2

(b) EBF with active and inactive links

Figure 10.19 EBF configurations with active and inactive links.

and Popov 1985). If the upper link has design shear strength significantly lower than that of the link in the story below, the upper link
will deform inelastically and limit the force that can be developed in
the brace and to the lower link. Under such circumstances, the upper
link is called an active link and the bottom link is called an inactive
link. Because it is difficult to design all links to be active and all the
links need to be detailed and fabricated as if they are active anyway,
EBF configurations that contain inactive links are not economical and
are not recommended.
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Ductility Design
10.4.1 Sizing of Links
Links in an EBF are designated as structural fuses and are sized for
code-specified design seismic forces. So the member sizes are to be
selected based on the basic seismic load combinations. It is highly
desirable that the actual web area is equal to the required web area,
or, if not possible, only slightly larger. In AISC 341-02, the I-shaped
link sections need to be seismically compact, i.e., the width-thicknesses
for both flange and web local buckling limit states need to satisfy the
requirement of highly ductile members. But the stringent flange local
buckling requirement (b f /2t f ≤ 0 . 30 E/Fy ) often requires a heavier
section with a larger web area. Overdesigning links is not desirable
from the capacity design point of view because it has a direct impact
on the design of braces, columns, and beams outside the links.
Because the moments at the ends of a shear link are not expected to
be high, based on both analytical study (Richards and Uang 2005)
and experimental verification (Okazaki et al. 2005), the limit of b f /2t f
has been relaxed from 0 . 30 E/Fy to 0 . 38 E/Fy .
The required link rotation as computed from Eq. (10.11) also cannot be larger than the allowable rotation capacity (see Figure 10.11).

10.4.2 Link Detailing
10.4.2.1 I-Shaped Links

Full-depth web stiffeners must be placed symmetrically on both sides
of the link web at the diagonal brace ends of the link. These end stiffeners are required to have a combined width not less than (bf − 2tw)
and a thickness not less than 0.75tw or 3/8 in, whichever is larger. The
origin of this thickness requirement is described in Section 10.4.2.3.
The link needs to be stiffened in order to delay the onset of web
buckling and to prevent flange local buckling. The stiffening requirement is dependent on the length of link. For a shear link with
e ≤ 1 . 6 Mp /Vp, a relationship among the link web deformation angle,
γp, the web panel aspect ratio as well as the beam web slenderness
ratio was developed (Kasai and Popov 1986a). Based on Eq. (10.6),
the link stiffener spacing can be rewritten as follows:
a = CBtw -

d
5

(10.17)

These CB values were slightly modified and adopted in AISC 341
as follows:
(1) When e ≤ 1 . 6 Mp /Vp , intermediate stiffeners are needed
per Eq. (10.17), but the coefficient CB is a function of the
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CB = 59.3 – 367γp
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Figure 10.20
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Link rotation angle, γp

Variation of CB.

deformation demand; the relationship between CB and γ ρ
implied by AISC 341 is shown in Figure 10.20.
(2) When 2 . 6 Mp /Vp ≤ e ≤ 5 Mp /Vp , intermediate stiffeners shall
be provided at a distance 1.5bf from each end of the link to
control flange local buckling.
(3) When 1 . 6 Mp /Vp ≤ e ≤ 2 . 6 Mp / Vp, intermediate stiffeners satisfying the requirements of both Cases 1 and 2 are needed.
(4) When e > 5 Mp /Vp, intermediate stiffeners are not required.
Intermediate link web stiffeners must be of full depth. Although
two-sided stiffeners are required at the end of the link where the
diagonal brace intersects the link, intermediate stiffeners placed on
one side of the link web are sufficient for links of depth less than 25 in.
In links of depth less than 25 in the thickness of one-sided stiffeners is
specified to be no less than tw or 3/8 in (10 mm), whichever is larger.
Fillet welds connecting a link stiffener to the link web shall have
design strength to resist a force of AstFy, where Ast is the stiffener area.
The design strength of fillet welds fastening the stiffener to the flanges
shall be adequate to resist a force of AstFy/4.
In the testing of large-size built-up shear links, brittle fracture in
the web was observed (McDaniel et al. 2003). The fracture initiated
from a flange-web-intermediate stiffener junction where the region
was highly restrained due to welding. An analysis of the failure
showed that the cause was a stress concentration at the end of the
stiffener vertical welds because the stiffener was terminated too close
to the flange-to-web groove weld. It was recommended that the stiffener vertical welds be terminated from the flange-to-web weld by a
minimum distance of 3tw. In another testing program, fracture in the
web initiating from the ends of stiffener vertical welds was also
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observed (Figure 10.14). To delay the onset of link web fracture,
Okazaki et al. (2005) suggested that the stiffener welds be terminated
a distance of 5tw from the k-line in the rolled section.

10.4.2.2 Built-Up Box Links

When eccentrically braced frames are desirable in locations where
lateral bracing of the link cannot be achieved (such as between two
elevator cores, or along the facade of building atriums), links with
built-up box sections could be used, as such built-up box crosssections are not susceptible to lateral-torsional buckling. Eccentrically
braced frames having such links and without lateral bracing of the
link beam performed in a ductile manner during experiments, provided the specified section compactness requirements were met (Berman and Bruneau 2007, 2008a, 2008b). Note that HSS sections cannot
be used for such links, due to concerns about their low cycle fatigue
life under large inelastic deformations (see Chapter 9).
However, recognizing that extremely tall and narrow boxes can
experience lateral-torsional buckling (i.e., buckle about their weak
axis), design provisions require that the links of built-up box sections
be sized such that Iy > 0.67Ix, where Iy is the link’s moment of inertia
about an axis in the plane of the EBF, and Ix is the moment of inertia
about an axis perpendicular to that plane. Furthermore, simultaneously with the other forces acting on the link beams, a lateral load acting at the brace-to-beam points and perpendicularly to the frame plane
must be considered conservatively, together with a corresponding outof-plane stiffness requirement, to further prevent weak or laterally flexible link as well as to ensure adequate lateral restraint to the brace.
Berman and Bruneau (2005) derived relationships setting the
maximum spacing of stiffeners for shear yielding links (i.e., e ≤ 1.6Mp/
Vp) of built-up box sections as 20tw - (d - 2t f )/8 to develop a link rotation angle of 0.08 rad, and 37 tw - (d - 2t f )/8 for a corresponding 0.02 rad
limit. However, as experimental and finite element simulations only
validated the closer stiffener spacing required for the 0.08 rad link
rotation angle; that value is required for all links until further data
becomes available.
Berman and Bruneau (2006, 2007, 2008a) showed the importance
of providing intermediate web stiffeners for shear yielding built-up
box section links with h/tw greater than 0 . 64 E/Fy and less than or equal
to 1 . 67 E/Fy . For shear links with h/tw less than or equal to 0 . 64 E/Fy ,
intermediate web stiffeners are not required because they have no
effect on flange buckling (which is the controlling limit state in that
case). Nor are they required for links of lengths exceeding 1.6Mp/Vp ,
because local buckling of both webs and flanges in flexure dominates
link strength degradation in that instance; for that reason, the widthto-thickness of web and flanges in those long links is limited to
0 . 64 E/Fy .
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External intermediate stiffeners, as in Figure 10.21, were considered in the experimental and analytical work of Berman and Bruneau
(2006, 2008a, 2008b); these were welded to both the webs and the
flanges. However, because such stiffeners have no benefit on flange
buckling, AISC 341 and CSA S16 do not require them to be connected
to the flange. This suggests that intermediate stiffeners could be fabricated inside the built-up box section (which may be desirable for
b
tf
w

tw
Stiffeners

Fyw

d

Fyf

(a)

(b)

Figure 10.21 (a) Generic built-up box cross-section with exterior stiffeners;
(b) deformed Link at 0.123 rads rotation. (Berman and Bruneau 2005;
Courtesy of MCEER, University at Buffalo.)
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architectural appeal or other reasons). Note that equations prescribing the minimum required areas and inertia for intermediate stiffeners for I-shaped sections have been derived without considering
connection to the flanges (Bleich 1952, Malley and Popov 1984,
Salmon et al. 2009), but web stiffeners were found to provide stability
to the flanges in I-shaped links (Malley and Popov 1984); this is not
the case in built-up box cross-sections.
Finally, for capacity design purposes, note that tested built-up
box cross-section links (Berman and Bruneau 2005) have strain
hardened 11% more in strength than wide flange links (Richards
2004); correspondingly, braces, beams (outside the link), and columns must be designed for such proportionally larger forces.

10.4.2.3 Origin of Code Specified Stiffener
Thickness Requirements

The axial force in intermediate stiffeners was obtained by Malley and
Popov (1984) from a free-body diagram considering a diagonal tension field developing in the beam’s web. Setting this force to AstFyst,
and solving for Ast, conservatively assuming that a one-sided intermediate web stiffener carries that entire force alone, gives
Ast =


Fuwtw a 
a/h
1 
2
0 . 828Fyst 
1 + (a/h) 


(10.18)

where Ast = minimum cross-sectional area of one stiffener, Fuw = specified minimum tensile strength of link web, tw = thickness of one link
web, h = clear height of link web, a = spacing of intermediate web
stiffeners, and Fyst = specified minimum yield strength of stiffener. A
slightly more liberal value is obtained if accounting for part of the
beam web to work together with the stiffener to resist the axial force.
Malley and Popov suggested a contributing beam web area of twbf/2.
For comparison, ANSI/AISC 360-05 assumed 18tw2 for stiffeners; note
that requirements for Ast were eliminated in AISC 360-10.
Malley and Popov (1984) also suggested a required minimum inertia
of intermediate stiffeners. Starting from the equation derived by Bleich
(1952) for plates with simply supported edges free to rotate (adopted in
AISC 360), the required stiffness for intermediate stiffeners is
I st ≥ jatw3

(10.19)

where
j≥
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Malley and Popov suggested using an alternative equation for
plates with edges fixed against rotation, and conservatively magnifying the requirements from this equation by 4 to arbitrarily keeping
the stiffeners straight in the postbuckling inelastic range.
j≥

5.9
- 2.9
(a/h)2

(10.21)

An example in Malley and Popov (1984) showed that, for a ratio
(h/a) of 1.9, a 0.412-inch-thick intermediate stiffener would have been
required for a W18 × 50 shear link (which was then rounded up to
½-inch accounting for available plate thicknesses). For the same
W18 × 50 shear link, for a ratio (h/a) of 3 (i.e., approximately 50% more
closely spaced stiffeners), a 0.72-inch-thick stiffener would be required
per Malley and Popov’s equation. The corresponding stiffener thicknesses for this same W18 × 50 example, but calculated instead per the
AISC 360-05 equation, would be 0.16 in and 0.3 in, respectively, for
the two different stiffener spacing considered above. Note that the
requirement for thicker stiffeners at closer spacing is a consequence
of the assumptions used in the derivation of this equation, namely,
that transverse stiffeners be rigid enough to cause a buckling node to
form along the line of the stiffener, irrespective of whether or not a
tension field action is expected.
Implementation in AISC 341-10 led to the simplified requirements
outlined in Section 10.4.2.1, combined with the AISC 360 requirements
for standard design. Application of these AISC requirements would
result in the use of a 0.375 in stiffener for the above W18 × 50 shear link
example, which is significantly less than required by the Malley and
Popov equation, irrespectively of stiffener spacing. Nonetheless, EBFs
detailed per the AISC 341 (with 3/8-inch-thick stiffeners) have performed well in the past, suggesting that the Malley and Popov equations for sizing intermediate stiffener are too conservative.

10.4.3 Lateral Bracing of Link
To ensure stable hysteresis, an I-shaped link must be laterally braced
at each end to avoid out-of-plane twisting (Hjelmstad and Lee 1989,
Engelhardt and Popov 1992). Lateral bracing also stabilizes the eccentric bracing and the beam segment outside the link. The concrete slab
alone cannot be relied upon to provide lateral bracing (Ricles and
Popov 1989). Therefore, AISC 341 requires that both top and bottom
flanges of the I-shaped link beam be braced at link ends. Bracing
should have an available strength and stiffness as required for
expected plastic hinge locations for highly ductile members. Lateral
bracing at link ends is not required for box link due to its inherent
torsional rigidity. But the moment of inertia, Iy, about an axis in the
plane of the EBF shall be larger than 0.67Ix.
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Link length

Link length

(a) Exterior link

(b) Interior link

Figure 10.22 Lateral bracing of links.

Figure 10.22 shows two examples of the link lateral bracing; the
link length, e, is also shown. Because AISC 341 specifies that lateral
bracing be placed at the ends of the link, to be effective the two lateral
bracings in Figure 10.22b should be placed further inward.

10.5

Capacity Design of Other Structural Components
10.5.1 General
Figure 10.23 shows the typical internal force distribution of the link,
brace, and beam outside the link of two popular EBF configurations.
The nominal shear strength of the link, Vn, is determined as follows:

2 Mp 
Vn = min Vp ,

e 



(10.22)

All other elements (beam segments outside the link, braces, columns, and connections) are then designed for the forces generated by
the actual (i.e., expected) capacity of the links rather than the codespecified design seismic forces. That is, these elements are to be
designed to resist the loads developed by the fully yielded and strainhardened links. The capacity design concept requires that the computation of the link strength not only be based on the expected yield
stress of the steel but also includes the consideration of strain hardening. The link shear strength is adjusted upward first by the material
overstrength factor, Ry, and then by a cyclic hardening factor, ω:
Vl = ω(RyVn )

(10.23)

The value of ω, to be explained below, varies with the member type.
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10.5.2 Internal Force Distribution
When a yield mechanism is formed, the EBF no longer responds in
the elastic range and the internal force distribution like that shown in
Figure 10.23 cannot be obtained from an elastic analysis. With the
adjusted link shear strength, Vl, known, however, it is possible to
establish the internal seismic forces by hand calculations. A procedure to calculate the internal forces for the EBF frame in Figure 10.23a
is summarized below.
(1) Drawn the free-body diagrams (see Figure 10.24).
(2) The link bends in reverse curvature. Assuming the inflection
point is at midspan, the link end moment is
 e
Ml =   Vl
2

(10.24)

		 where Vl is the adjusted link shear strength.

M

M

V

V

P

P
e

e

P

P
V
M

V
M

Figure 10.23

Typical internal force distributions.
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(b) Joint
Mb , Vb , Pb
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MI, VI
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(a) Beam

(c) Link
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br
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br

Lb

(d) Brace
Mb

/2

r

Figure 10.24

Free-body diagrams of link, beam, joint, and brace.

(3) Referring to the joint free-body diagram in Figure 10.24b, the
link end moment is resisted by the beam and the brace. The
distribution to each member is based on the relative flexural
stiffness. When the far-end connections of both the beam and
brace are fully restrained, the end moments in the beam and
brace are

Ib /Lb

M
Mb = 
 Ib /Lb + Ibr /Lbr  l

(10.25a)


Ibr /Lbr

M
Mbr = 
 Ib /Lb + Ibr /Lbr  l

(10.25b)

		 Half of the beam end moment is carried over to the other end.
The beam shear, Vb, then can be calculated by statics:
Vb =

1 . 5 Mb
L

(10.26)

(4) Consider the vertical equilibrium of the joint free-body. The
link and the beam shear acting on the free-body is mainly balanced by the vertical component of the brace axial force. (The
contribution from the brace shear force is usually small and
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can be ignored in preliminary design.) Therefore, the brace
axial force is
Pbr =

Vl + Vb
sin θ

(10.27)

		 where θ is the inclination angle of the brace. The above equation shows that the ratio of the brace axial force to the link
shear force is controlled primarily by the geometry of the EBF
and is not affected by link yielding.
(5) Consider the horizontal equilibrium of the joint free-body.
The horizontal component of the brace axial force needs to be
balanced by the axial force in the beam.
Pb = Pbr cos θ =

Vl + Vb
tan θ

(10.28)

		 Thus, the required deign forces in the beam and brace are
determined.

10.5.3 Diagonal Braces
Diagonal brace is often connected to the link beam by fully restrained
moment connection such that it can participate in resisting a portion
of the link moment, thus reducing the moment in the beam outside
of the link. In such case, the brace needs to be designed as a beamcolumn. Equation (10.27) also shows that the brace axial force
increases as the inclination angle of the brace is reduced. So it is
desirable that the angle be kept above, say, 40°.
For brace design, AISC 341 requires that the cyclic strain-hardening
factor, ω, in Eq. (10.23) be taken as 1.25 for I-shaped links and 1.4 for
boxed links. Note from Section 10.2.2 that cyclic testing of I-shaped
links showed that the cyclic strain-hardening factor can reach 1.4 to
1.5. For economic reasons, however, a lower value of 1.25 was chosen
by AISC. The justification follows. First, the material overstrength
factor, Ry, for the link is already used in Eq. (10.23) to compute the
required seismic force in the brace, yet the material overstrength of
the brace is not considered for the calculation of its design strength.
In fact, a resistance factor, φ, is used to compute the brace deign
strength. When the effect of both material overstrength (conservatively taken as 1.1) and resistance factor (= 0.9) are considered,
the effective cyclic strain-hardening factor would have been 1.53
(= 1.1/0.8 × 1.25), which matches well with the AISC implicitly
assumed ω value of 1.5. In situations where a much significant strain
hardening would occur (e.g., when built-up I-shaped links with thick
flanges are used), it is prudent to use a larger ω value.
Because diagonal braces in an EBF are designed to remain
elastic while allowing the links to deform inelastically, many of
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the ductility-related design provisions for braces in the SCBF system
intended to permit stable cyclic buckling of braces are not needed in
EBF. But AISC 341 still requires the braces to be treated as moderately
ductile members for the section compactness requirement.

10.5.4 Beams Outside of Link
For all except Case (d) in Figure 10.1, the beam segment and the link
are a single continuous wide flange or built-up box member. For
Cases (a) and (b), the beam(s) outside the link is subjected to both
high moment and high axial force (see Figure 10.23). Therefore, these
beams need to be designed as a beam-column. Designing these
beams is challenging in EBF design, so it is desirable to reduce both
moment and axial force demand in the beam. To reduce the beam
end moment, a short link can be used to reduce e in Eq. (10.24). Connecting the brace to the link beam by fully restrained moment connection also helps [Eq. (10.25a)]. To limit the beam axial force to a
manageable level, the inclination angle of the brace should not be
too small [Eq. (10.28)].
Because experience shows that design of the beam segment outside of the link can be problematic, to facilitate EBF design AISC 341
specifies an even lower ω value (= 1.1) for beam design; this value is
88% of the value (= 1.25) used for brace design. This relaxation is justified because, first of all, testing showed that limited yielding in the
beam will not be detrimental to EBF performance, as long as stability
of the beam is assured (Engelhardt and Popov 1989). Furthermore, it
is assumed that the composite floor slab, which is generally ignored
in computing the beam strength, will also participate in resisting the
bending moment and axial force. With this background information
in mind, the designer is cautioned to use a larger ω value in situations
such as when the floor slab is not present or when built-up I-shaped
links are used. Because AISC 341 implicitly assumes that the beam
may experience limited yielding, beams should satisfy the widththickness limitations for moderately ductile members.
To further facilitate the design of beams outside of the link
when, as shown in Figure 10.1 with the exception of Case (d), a single continuous member is used for both the link and the beam at
each floor level. AISC 341 allows the engineer to use the expected
yield stress, RyFy, to compute the beam design strength. This is
because any increase in yield strength in the link is also present in
the beam segment.
Based on the discussion presented so far, it is obvious that the
beam required design force and the link design strength are highly
coupled when the same member is used for both the link and the
beam segment, Figure 10.1d shows one exception when the links are
oriented vertically. In this case the beam strength has to be based on
Fy, not RyFy. This configuration is attractive when it is desirable that
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the gravity load-carrying capacity of the entire beam is not impaired
by the yielding or buckling of the link (Fehling et al. 1992). This type
of EBF configuration has also been shown to be effective for the seismic rehabilitation of not only steel but also reinforced concrete frames
(Perera et al. 2004).
Because high axial force in the beam tends to cause difficulty in
beam design, one way to bypass this problem is to use an EBF configuration like that shown in Figure 10.1e. In this case, the lateral
loads are mainly transmitted downward to the base through the
diagonal braces (Engelhardt and Popov 1989). But because the links
do not exist in every floor, larger link sections are needed, and the
redundancy for seismic resistance is also reduced.

10.5.5 Columns
Using a capacity design approach, columns in braced bays must have
a sufficient strength to resist the sum of gravity-load actions and the
moments and axial forces generated by the adjusted shear strength of
the link. This procedure assumes that all links will yield and reach
their maximum strengths simultaneously. Nevertheless, available
multistory EBF test results showed that this preferred yielding mechanism is difficult to develop. For example, shaking table testing of a
reduced-scale, six-story EBF building showed that links in the bottom
two stories dissipated most of the energy (Whittaker et al. 1989).
Therefore, this design procedure may be appropriate for low-rise
buildings and the upper stories of medium- and high-rise buildings
but may be too conservative in other instances. For this reason, AISC
341 allows the columns to be designed for a seismic effect corresponding to that when all the links reach the adjusted link strength
[Eq. (10.23)] with ω equal to 1.1 (= 0.88 × 1.25). But an ω value of 1.25
still needs to be used when the number of stories is less than 3. Column members should also satisfy the width-thickness limitations for
highly ductile members.

10.5.6 Connections
10.5.6.1 Diagonal Brace Connections

It was shown in Chapter 9 that diagonal brace connections in an SCBF
need to be designed for the expected tensile and compressive strengths
of the brace because the brace serves as the structural fuse. The gusset
plate is also detailed to accommodate inelastic rotation due to brace
buckling. Nevertheless, these stringent requirements are not needed
for brace connections in an EBF because links, not braces, are structural fuses. The brace connection only needs to be designed for the
same forces as the brace.
Figure 10.25a shows the detail of a diagonal brace-to-beam connection used in a full-scale, six-story EBF building tested at BRI, Japan
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Link

W18 × 40

Tube
8 × 6 × 3/8
Buckled region
of gusset

(a) Failed connection

(b) Improved connection

Figure 10.25 Brace-to-beam gusset connection. (Courtesy of M.D.
Engelhardt, Dept. of Civil Engineering, University of Texas, Austin.)

(Roeder et al. 1987). The gusset plate buckled when the link end was
subjected to a large negative bending moment. An improved detail in
Figure 10.25b shows that not only the free edge of the gusset is stiffened but also the brace end is extended further toward the beam
(Engelhardt and Popov 1989). See Figure 10.22b for one example in
real application.
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Fully restrained moment connection is needed if the diagonal
brace is designed to carry a portion of the link end moment. Complete-joint-penetration groove welds, especially in the brace flanges,
are generally used. Figure 10.22a shows one such example; note the
designer opted to shop weld the brace-to-beam connection to avoid
overhead welding in the field, and the brace was field spliced.
The design of beam-to-column connection for the end of the brace
opposite the link is the same as that of SCBF.

10.5.6.2 Link-to-Column Connections

When an EBF configuration with exterior links is used, fully
restrained moment connections are needed to connect the link to the
column. Based on cyclic testing of pre-Northridge style I-shaped
link-to-column moment connections conducted before 1994 (Malley
and Popov 1984, Engelhardt and Popov 1989), it was observed that
a fully welded moment-resisting connection with complete-jointpenetration groove welds in the flanges and a web connection capable of developing a shear capacity of the link performed better than
a similar connection but with a bolted web connection where bolt
slippage could occur. As shown in the next paragraph, however, the
former connection detail is still not reliable based on testing conducted after 1994. The performance was even inferior when the link
was connected to the weak-axis of the W-shaped column. A similar
problem also exists when the I-shaped link is connected to a built-up
box column (Tsai and Young 1991).
Okazaki et al. (2006) explored the potential of using four types of
link-to-column connections with improved welds and details originally developed for post-Northridge SMF moment connections.
Cyclic testing showed that the majority of test specimens, including
those with welded flange-weld web connections, failed by fracture
of the link flanges near the groove welds. The performance depended
strongly on the link length, with the inelastic link rotation capacity
decreasing significantly with an increase in the link length. Because
the test results suggested that premature failure of the link flange is
a concern for both short and longer links, one option that is permitted by AISC 341 is to reinforce the link near the column end. See
Figure 10.26 for one example that utilizes a welded haunch; the corresponding length of the link is also shown.
Although AISC does not provide any prequalified link-to-column
moment connections to date, further study by Okazaki et al. (2009)
showed two promising connection details. The first one, which is
suitable for shop welding and column-tree type of erection procedure, involves the use of all-around fillet welds to connect the link
flanges and web to the column. See Figure 10.27 for the detail. It is
suggested that the size of the fillet weld be equal to 1.5 times the
thickness of the link flange or web. To avoid introducing undercuts or
weld defects at the link-flange edges, which are a common location
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e

Figure 10.26 Example of reinforced link-to-column connection. (Copyright ©
American Institute of Steel Construction. Reprinted with permission. All rights
reserved.)
Use end tabs to
extend fillet weld
beyond edge of flange

19
19

13
13

All weld made by
FCAW-GS E70T-9

Use end tabs to
extend fillet weld
beyond edge of flange

W18 × 40

W12 × 120
19
19
Units in mm

Figure 10.27 All-around fillet welded link-to-column connection. (Courtesy of
M.D. Engelhardt, Dept. of Civil Engineering, University of Texas, Austin.)

for fracture initiation, it is important to use weld tabs to run-off the
fillet welds beyond the edge of the link flange.
The second promising connection type is suitable for field welding and erection procedure, and the detail is shown in Figure 10.28a.
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Stiffener provided
A
at both sides

E71T-8

33

33

PL10 × 122 × 378
provided at
both sides
378

6
45°

W18 × 40

W12 × 120
A
Section A-A
Units in mm
(a)

(b)

Figure 10.28 Link-to-column connection reinforced with supplemental web
stiffeners. (Courtesy of M.D. Engelhardt, Dept. of Civil Engineering, University of
Texas, Austin.)

It requires a pair of supplemental stiffeners to reinforce the first link
web panel next to the column, with these stiffeners oriented parallel
to the link web but offset from the link web but a short distance. To
avoid welding to the link flanges, these stiffeners are of partial height.
Each stiffener is welded to the column flange and the first link web
stiffener by either groove or fillet weld. Figure 10.28b shows that the
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reinforcement is effective in preventing fracture at the link-to-column
connection. The thickness of the supplemental stiffeners is selected
such that the nominal plastic moment of the reinforced segment is
larger than the expected link end moment.
When an exterior link is used, an elastic analysis would show that
the moment at the column end is generally larger than that at the
brace end, i.e., the inflection point is not at the midspan of the link.
When the link is not too short, however, end moment equalization
would occur due to redistribution of the moments at higher deformation levels, and Eq. (10.24) is still valid (Kasai and Popov 1986b). For
link shorter than 1 . 6 Mp /Vp , the link shear will reach ωRyVp, and the
following end moments should be assumed in design (AISC 341-10):
Mcolumn end = Ry Mp

(10.29a)

Mbrace end = e(ω RyVp - Ry Mp ) ≥ 0 . 75Ry Mp

(10.29b)

where ω = 1.25.

10.6

Design Example
The following section illustrates the design of an eccentrically braced
frame. The design applies the requirements of ASCE 7 (2010) and
AISC 341 (2010). The example is not intended to be a complete illustration of the application of all design requirements. Rather, it is
intended to illustrate key analysis and proportioning techniques that
are intended ensure ductile response of the structure.

10.6.1 Building Description and Loading
The example building is nearly identical to the one used in Chapter 8
(Special Moment Frames); more detailed seismicity and building
information is included in that example. The difference in this case is
that eccentrically braced frames are used and only one bay of braced
frames is provided at the perimeter framing lines in each orthogonal
direction. The seismic design parameters are shown in Table 10.1.
The typical plan is shown in Figure 10.29 and the typical frame
elevation is shown in Figure 10.30.

R

8

I

1.0

Cd

4

Ωo

2

Table 10.1 Seismic Design
Parameters
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150'-0''
BF-1
1

150'-0''

BF-4

BF-3

2

3

4

5

6
BF-2
North

Figure 10.29

Typical floor plan.

Based on the seismic design data a generic seismic response spectrum is constructed in accordance with ASCE 7. Because there is only
one braced bay on each side of the structure, the design shear at every
story must be multiplied by a redundancy factor ρ equal to 1.3.

10.6.2 Global Requirements
The structure must be designed to provide both adequate strength
and adequate stiffness. Typically strength requirements will govern
the design of lower buildings, whereas taller buildings will be controlled by drift. The threshold height is dependent on many factors,
including the shape of the response spectrum, the analytical procedure used, and the braced bay configurations and proportions.
Where strength considerations govern the design process is fairly
straightforward: the braced frames are designed to provide adequate
strength, then the columns, braces, and beams outside the link are
redesigned to preclude their failure when subjected to the forces corresponding to fully yielded and strain-hardened links. A reanalysis
may be performed to confirm that the required brace strength has not
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30'-0"

13'-0"

13'-0"

13'-0"

13'-0"

18'-0"

Figure 10.30 Typical frame elevation.

been increased due to an increase in frame stiffness (due to change of
period on the response spectra when member forces are obtained
from dynamic analysis).
Where drift is the governing concern the process requires more iteration. Any increase in link strength will impose larger forces on beams
and columns when the link yields. Thus, any stiffening of the frame
should be done with the required strength proportioning in mind.
Link rotation demands are also checked using the design story
drift and compared with permissible maxima derived from link testing.

10.6.3 Basis of Design
The design of EBF is based on the expectation of a global yield mechanism in which links yield in shear, flexure, or a combination of the
two, and plastic hinges form at the column bases. Where frame beams
are connected rigidly to columns, hinging in the beam or column is
also anticipated. Otherwise, large rotations must be accommodated
in the beam-to-column connections. In this case, pinned beam-tocolumn connections are used. Figure 10.31 shows this mechanism.
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Yielding link

Figure 10.31

Anticipated mechanism.

The value of the link beam shear in this mechanism is adjusted
for both material overstrength and strain hardening. For sheargoverned, I-shaped links, this quantity is taken as
Vlink = 1.25RyFy (0.6Alw)

(10.30)

whereAlw is the area of the web excluding the flanges and Vlink is the
adjusted shear strength of the link, including material overstrength
and strain hardening.

10.6.4 Sizing of Links
To start the preliminary design, the following steps are taken:
• Determination of base shear
• Vertical distribution of forces
• Horizontal distribution of forces to frames
These steps are not illustrated in this example.
For preliminary design purposes the frame shear can be assumed
to be resisted entirely by the link and braces. Figure 10.32 shows a
free-body diagram of half the frame.
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Vu
½Vi
h
½Vi

Vu
½L

Figure 10.32 Free-body diagram showing link shear and frame shear.

Thus, the link shear in this configuration can be assumed to be
Vu =

Vi h
L

(10.31)

where h is the story-to-story height, L is the bay width, and Vi is the
shear resisted in the frame at level “i.” Required link strengths thus
obtained are shown in Table 10.2.
Links may be governed by shear or by flexure. Generally, sheargoverned links are more ductile, and the engineer may elect to provide such links. To ensure shear-governed links, link beam sizes are
selected based on their plastic shear capacity, and the link length is
limited in order to limit the moment that can develop. Thus the link
beams will be selected based on their shear strength:
φ(0.6AlwFy) ≥ Vu

(10.32)

where φ is 0.90, Alw is the area of the web excluding flanges, and Vu is
the required shear strength of the link. Preliminary link beam sizes
are presented in Table 10.3.

Level

Frame Shear (kips)

Required Link
Strength (kips)

Roof

201.0

87.1

Fifth Floor

361.4

156.6

Fourth Floor

477.0

206.7

Third Floor

551.5

239.0

Second Floor

589.7

353.8

Table 10.2 Preliminary Required Link Strengths

10_Bruneau_Ch10_p591-650.indd 629

6/13/11 3:31:52 PM

630

Cha pte r Te n
Level

Beam Size

Roof

W14 × 26

Fifth Floor

W18 × 46

Fourth Floor

W21 × 57

Third Floor

W21 × 73

Second Floor

W27 × 114

Table 10.3

Preliminary Link Beam Sizes

Next, to ensure shear-governed links, the link length is limited
based on the ratio of its shear to flexural strength. The theoretical
dividing line between shear-governed and flexure-governed links is
a length of:
e=

2 Mp
Vp

(10.33)

where e is the clear link length from edge of connection to edge of
connection; Mp is the link flexural strength, ZFy; and Vp is the link
shear strength, 0.6Fy Aw.
Link lengths in this example are set at three quarters of this limiting value (i.e., 1.5Mp /Vp). This is a design decision intended to guarantee shear-governed links; other approaches are acceptable. Note that
the horizontal distance between the intersections of the brace centerlines (henceforth designated as x) with the beam centerline is not necessarily equal to the eccentricity, e. For preliminary design, it will be
taken as equal, and the actual dimension will be substituted after
members are selected and the brace-to-beam connection is configured.
These link lengths, initially equal to the workpoint-to-workpoint
eccentricities, x, are shown in Table 10.4.
Again, selection of such short link lengths ensures a sheargoverned link. Thus, link flexure need not be checked. If link axial

Level

Workpoint
Eccentricity, x (in)

Roof

30.2

Fifth Floor

37.3

Fourth Floor

40.2

Third Floor

47.9

Second Floor

59.1

Table 10.4
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forces exceed 15% of AFy, both the shear and flexural strengths are
reduced and must be compared with the required strengths. In this
example link axial forces are low, to the extent that such capacity
reductions are not applicable.
Preliminary column and beam sizes can be determined based on
the link beam sizes selected. Forces corresponding to the expected
strain-hardened link strength are used to calculate maximum axial
forces in both the beams and columns. Drift-induced flexural forces
in the columns are neglected, as allowed by Section F3.3 of AISC 341.
(This would not necessarily be the case for design accomplished per
other codes or standards.) This permits a straightforward procedure
for deriving design forces. The practical result of neglecting these flexural forces is that some flexural yielding is likely to occur at the design
story drift. For this reason, highly ductile members are required for
columns and moderately ductile members are required for beams
within the eccentrically braced frames.
To derive the column and beam forces the expected strain-hardened
link strengths are calculated using Eq. (10.30). The resulting values are
presented in Table 10.5.
The mechanism shown in Figure 10.33 results in these forces
being generated in the link. An analysis model may be constructed to
calculate the corresponding forces in columns, braces, and beams, or
free-body diagrams may be used. This example uses the latter
approach. This latter approach is reasonable when pin-ended members are used; otherwise, it is somewhat cumbersome and possibly
inaccurate to trace the expected strain-hardened link forces through
each frame using free-body diagrams alone.
Figure 10.33 shows the model of the anticipated mechanism for
the alternate computer analysis model approach.
The free-body diagram method employed in this example is to
cut each link at the center, where the moment is taken to be zero, and
impose a force there equal to the adjusted link shear strength. Corresponding column, brace, and beam forces are obtained. Figure 10.34
shows a free-body diagram of half the frame at the second floor, and
Figure 10.35 shows a free-body diagram of half the beam within that
frame along with associated axial shear and moment diagrams.
Level

Vlink (kips)

Roof

137.4

Fifth Floor

250.8

Fourth Floor

330.8

Third Floor

370.1

Second Floor

598.2

Table 10.5 Adjusted Link Strengths
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Mechanism analysis model.

Vlink

Figure 10.34

Half-frame free-body diagram.
½L – ½e

½e

Vlink
Rcol

Figure 10.35

Rbr

Beam free-body diagram.
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The vertical seismic force in the brace at each level can be determined from the beam shear diagram, and the brace axial force can
then be calculated using simple trigonometry.




Rbr = Vlink  L  = Vlink 1 + x 
L - x
 2a
Ebr =

Rbr
sin θ

(10.34)
(10.35)

where a is the distance from the brace/beam intersection to the column centerline, Rbr is the vertical force in the brace corresponding to
the adjusted link shear strength, Ebr is the axial design force in the
brace due to earthquake load effects, L is length of the braced bay, x is
distance between brace centerline intersections with beam centerline
(preliminarily taken equal to link length e), and θ is the brace angle
from the horizontal.
At the second floor beam the reaction at the first floor braces is:

360 
= 715 . 7 kips
Rbr = 598 . 2 
 360 - 59 . 1
The first floor braces seismic force is:
Ebr =

715 . 7 kips
= 872 . 2 kips
sin(55 . 1 °)

The brace and its connections are designed to resist these forces in
combination with gravity forces prescribed by ASCE 7. Preliminary
brace sizes are shown in Table 10.6.
The column force from the link is determined similarly:
 x 
 x
Rcol = Vlink   = Vlink 
 L - x
 2 a

Level

Brace Size

Fifth Floor

W14 × 43

Fourth Floor

W14 × 61

Third Floor

W14 × 68

Second Floor

W14 × 74

First Floor

W14 × 109

Table 10.6
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where Rcol is the beam vertical reaction at the column corresponding
to the adjusted link shear strength. Note that this force is directed
upward, whereas the reaction at the brace acts downwards.
The first-floor upward force on the column from the second-floor
link is:
 59 . 1 
= 117 . 6 kips
Rcol = 5 . 98 . 2 
 360 - 59 . 1
Simultaneously, the downward column force resulting from the overturning of the levels above is determined from the adjusted link
strengths at those levels:
Pi = Vlink(i)
Thus, the total first-floor column seismic axial force is:
E1 = ∑

roof
3

Vlink (i) - Vlink ( 2)

x
L-x

(10.37)

E1 = 137.4 + 250.8 + 330.8 + 370.1 − 117.6 = 971.5 kips
Note that because this column receives force from at least three
links, Section F3.3 of AISC 341 permits the seismic force to be reduced
using a factor of 0.88 to represent the diminished likelihood of simultaneous strain hardening in the links to the degree assumed by the
1.25 factor. Thus,
E1′ = 0.88(971.5) = 854.9 kips
These earthquake forces are combined with a proportion of the
gravity forces using the following load combinations:
Ru = (1.2 + 0.2SDS)D + 0.5L + E

(10.38)

Ru = (0.9 − 0.2SDS)D − E

(10.39)

In this example the columns are only spliced once, four feet above
the third floor. Preliminary column sizes are shown in Table 10.7.
These are designed considering only the axial force and using the full
story height with K = 1.0.
Size
Upper Column

W14 × 68

Lower Column

W14 × 132

Table 10.7
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The beams are in turn checked for the combined axial and flexural forces coming from the link. It is generally advantageous to utilize the brace to resist a portion of the link end moment and thus
reduce flexural demands on the beam outside the link. The portion
resisted by the brace can be determined based on the relative flexural
stiffness of the beam outside the link and the brace (which depends
on the moment of inertia, true length, and degree of fixity at the far
end of each member), using either hand or computer methods. However, the simplified analysis used in this example does not account
for such relief of flexural demands on the beam outside the link by
any fixity provided at the brace-to-beam connection.
Figure 10.23 shows the moment and axial force diagrams of the
beam. The moment from the link can be calculated as
M = Vlink

x
2

(10.40)

The beam axial force in this configuration is one half of the frame
shear Vi at this level. This value can be calculated by rearranging
Eq. (10.31) as follows:
P=

 
1
1
V = V L
2 i 2 link  h 

(10.41)

Note that AISC 341 permits a reduction from link capacity-based
forces by applying a factor of 0.88 to the design forces for the beam
outside the link. This factor has a different purpose from that in column design. In beam design, it represents tolerance of some yielding
in the beam outside the link, consistent with successful test specimens in both design and observations of behavior.
 
M′ = 0 . 88 M = 0 . 88Vlink  x 
2

(10.42)

 591
M ′ = (0 . 88)598 . 2 
= 15, 564 kip-in
 2 
 
1
P′ = 0 . 88P = (088) Vlink  L 
2
 h

(10.43)

1
 360
P ′ = (0 . 88) 598 . 2 
= 438 . 65 kips
 216
2
These forces are added to the flexural forces due to gravity and
the vertical component of seismic load. The beam is checked for the
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combined effects of axial and flexural forces, with its axial capacity
typically governed by torsional buckling between the orthogonal
framing (assuming buckling about the weak axis is precluded by
restraint provided by the deck). The second-order P-δ effect of the
axial load on the flexural demand on the beam is typically minor (or
nil) because of the shape of the moment diagram.
Note that if the beam is inadequate, increasing its size also
increases the link strength and thus the demands on the rest of the
frame (including the beam outside the link). Alternate strategies to
address inadequacy of the beam include
• Local strengthening of the beam outside the link with reinforcing cover plates. Detailing of the force transfer in and out
of these plates requires careful attention.
• Reduction of the eccentricity between brace centerline intersections with the beam centerline (this also reduces the link
length).
• Using a rigid brace-to-beam connection to draw some of the
moment into the brace (see equations in Section 10.5.2).
• Reducing or eliminating the beam axial-force demands
through an alternative frame configuration, as done for
example with the frame shown in Figure 10.36 (after

Figure 10.36 Alternate frame configuration.
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Engelhardt and Popov 1989). This particular configuration
would cause a large increase in link shear at the second and
fourth floors, while eliminating links at the third and fifth
floor. The axial force demands on the beams outside the links
would be reduced dramatically at the second and fourth
floors, as all of the frame shear is transferred between braces
at different levels entirely within the beam-to-column
connections.
Note that in the beam under consideration (for the original frame
configuration assumed in this example), the combined effects calculated above using standard P-M interaction equations result in an
excessive demand on the beam outside the link. Nevertheless, the
beam size is not be revised on the basis on the above simple analysis.
Instead, to reduce the flexural demand on the beams outside the link,
rigidity of the brace-to-beam connections will be taken into account.
In other words, a more rigorous analysis will be employed to determine the distribution of link end moment between the beam and the
brace. Should the resulting combined flexural and axial demands in
the beam outside the link still exceed the member’s strength, use of a
built-up member with a similar web but heavier flanges would then
be the solution.
Using the preliminary member sizes above, a three-dimensional
computer model is constructed. A modal response spectrum analysis
is performed on this model using the design response spectrum.
Interstory drifts are compared with the allowable drift, and the adequacy of the link member sizes is verified.
Optimization is possible at this stage because an analysis may
show that some of the frame shear can be carried in the columns,
allowing smaller link sizes (relative to those selected on the basis of
the preliminary analysis) to be used at some levels. This reduces
the resulting mechanism-based forces in beams and columns, and
thus the required sizes of those members. Such downsizing is relatively straightforward for the braces and columns, but necessitates
much greater attention for the beam when it is the same member as
the link (which is typically the case). Reducing the demand on the
beam outside the link by changing beam sizes will also reduce its
capacity.
Additionally, in this case, the brace-to-beam connection is fixed
in order to draw more of the moment from the strain-hardened
link into the brace rather than into the beam outside the link. The
division of this total moment between the brace and the beam outside the link is determined based on their relative flexural stiffness, and so it is necessary to examine the effect of reducing the
brace size on the beam outside the link. Final member sizes
selected, after due consideration of all the above matters, are
shown in Table 10.8.
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Level

Brace

Level

Beam

Link
Length,
e (in)

Fifth
Floor

W18 × 55

Roof

W12 × 35

24.1

Fourth
Floor

W21 × 68

Fifth
Floor

W16 × 45

26.1

Third
Floor

W21 × 93

Fourth
Floor

W18 × 60

31.7

W18 × 71

31.9

Second W21 × 101 Third
Floor
Floor
First
Floor

Column
Upper
Column

W14 × 68

Lower
Column

W14 × 132

W21 × 111 Second W21 × 122 53.4
Floor

Table 10.8 Final Member Sizes

10.6.5 Final Link Design Check
At this point member sizes have been selected and are considered
final. As mentioned earlier, a reanalysis to check drift and confirm the
design forces is performed after any change in member size.
With final member sizes determined, the true link dimension, e,
may be distinguished from the frame centerline offset dimension x.
Here, the design uses a brace-to-beam connection with direct flangeto-flange welds (connections with gussets make it possible for e to
equal x). The dimension x represents the distance between the intersection points of the brace centerlines with beam centerline. The
dimension e represents the distance between the brace connections.
Figure 10.37 shows both dimensions.

x
EQ

EQ

EQ

Link length = e

Figure 10.37 Link dimensions.
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The link length e can be calculated as follows:
e = x+

dbeam dbrace
tan θ sin θ

(10.44)

where dbeam is the beam member depth and dbrace is the brace member
depth.
Link dimensions are given in Table 10.9. The link length, e, is
compared with the ratio of moment capacity, Mp, to shear capacity, Vp. A ratio of 1.6 or lower indicates a shear-governed link; a
ratio above indicates a flexure-governed link. The comparison is
also used for certain detailing requirements, as illustrated in
Section 10.6.7.
If the link is shear-governed, the required link shear strength from
the analysis is appropriate for design of the link. If the link is governed by flexure, the required flexural strength from the analysis may
not be appropriate if x is significantly different from e (this is why the
design procedure for EBF in Section F3 of AISC 341 has flexural
strength converted to equivalent shear strength.) The true required
flexural strength should be calculated at the end of the link rather
than at the centerline intersection. It may be determined from the
required shear strength:
Mu =

Vue
2

(10.45)

Level

Brace

Level

Beam

x (in)

Link
length
e (in)

Fifth
Floor

W18 × 55

Roof

W12 × 35

37.23

24.12

0.97

Fourth
Floor

W21 × 68

Fifth
Floor

W16 × 45

39.84

26.13

0.98

Third
Floor

W21 × 93

Fourth
Floor

W18 × 60

44.08

31.77

1.08

Second
Floor

W21 × 101

Third
Floor

W18 × 71

43.68

31.96

1.10

First
Floor

W21 × 111

Second
Floor

W21 × 122

64.67

53.46

1.24

e
M p /VP

Note that because deep braces are used, the link length e is shorter than the eccentricity x.

Table 10.9 Final Link Design
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Use of this required flexural strength is equivalent to the
AISC 341 formulation of the shear strength of a flexure-governed
link (ASIC 341 Equation F3-7):
Vn =

2 Mp
e

(10.46)

In this case all links are shear governed and the results of the
analysis may be used to design the link beams without adjustment
for the true eccentricity, e.
For both shear-governed and flexure-governed links, the analysis
gives the appropriate moments in the beam outside the link (at the
force level under consideration). That is, the flexural forces in the
beam outside the link relate to the centerline dimension, x, whereas
the flexural forces in the link relate to the link length, e. Determination
of the flexural forces corresponding to the strain-hardened link shear
[Eq. (10.30)] requires special treatment as illustrated in Figure 10.35.

10.6.6 Link Rotation
The system parameters for EBF are based on tests that have shown
stable, ductile behavior within certain ranges of link rotation. The
seismic design provisions for EBF accordingly limit the expected link
rotations to values based on these ranges. For shear-governed links
with e ≤ 1.6Mp/Vp, the permissible inelastic rotation angle is 0.08 rad.
The link inelastic rotation is estimated using the design story drift.
The design story drift calculated by amplifying the results of an elastic analysis is a very rough estimate of actual expected drifts. The
inelastic drift can be calculated as
∆in = ∆ - ∆e

(10.47)

∆ = Cd ∆e

(10.48)

∆in = (Cd - 1)∆e

(10.49)

where Cd is the deflection amplification factor, which is equal to 4 for
eccentrically braced frames; ∆ is the design story drift; ∆e is the drift
from an elastic analysis using the prescribed base shear; and ∆in is the
inelastic drift.
At the second floor:
∆in = (4 - 1)0.326 = 0.979 in
The inelastic portion of the drift is assumed to be entirely due to
link rotation. This rotation is calculated based on kinematics as shown
in Figure 10.17.
γp =
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For the current example:
γp =

0 . 979  360 
= 0 . 03 rad
216  53 . 46

indicating that the link rotation is well below the permissible limit. At
the upper stories the link inelastic rotation angle reaches as high as
0.07 rad, i.e., still below the 0.08 rad limit for shear-governed links.
When the link rotation is excessive, the building may be stiffened
to reduce the drift. This can be done by increasing the column and
brace size, increasing the link beam size, or decreasing the link length.
Increasing the column and brace size is straightforward, although
generally these elements are not a major source of flexibility. (For
taller frames, columns do contribute significant flexibility. Although
it is possible to reduce the calculated link rotations by increasing the
column size, it is unclear whether such a change would have an effect
on the actual link rotations.) Increasing the link beam size will impose
larger forces on the braces and columns. Reducing the link length will
reduce drift, but also the amplification of drift into link rotation; nevertheless it is often a viable approach.

10.6.7 Link Detailing
The link requires special detailing to withstand the expected link
rotations and shear deformations without flange or web buckling.
Full-depth stiffeners are required on both sides of the web at each end
of the link. AISC 341 has prescriptive thickness and welding requirements for these stiffeners. In addition they may be designed to transfer brace forces into the beam web. This connection design is not
illustrated in this example.
These link-end stiffeners are also the location of required lateral
bracing. In accordance with AISC-360-10, these braces should be
designed such that
Pu =
βbr =

0 . 06 Ry ZFy
ho
1  10 Mr Cd 
φ  Lb ho 

(10.51)
(10.52)

where Pu is the required strength of the lateral bracing; βbr is the
required stiffness of the lateral bracing; and where, for the link at the
second floor
ho = d – tf
ho = 21.7 – 0.96 = 20.7 in
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Note that Lb should be taken to be Lq, the maximum unbraced
length corresponding to the flexural demand, Mr, which is taken to be
the expected flexural strength in this application. Thus, the length Lq
may be assumed to be equal to the limiting length Lp.
Mr = Mu = RyZFy

(10.53)

Mr = 1.1(307)(50) = 16,885 kip-in
Cd = 1.0
φ  = 0.75
Pbr =

[0 . 06(1 . 1)(307 in 3 )(50)]
= 48 . 8 kips
(20 . 7 in )

βbr =

[10(16, 885)(1 . 0)]
= 877 . 8 kips/in
[0 . 75(123 . 6)(20 . 7 )]

For short links with e ≤ 1.6Mp/Vp, intermediate stiffeners are
required. The spacing is a function of the predicted link rotation
angle:

 γ 
d
s ≤ 59 . 3 - 22  p   tw 5


0
.
06



(10.54)

where d is the link depth; tw is the link web thickness; s is the stiffener
spacing; and γp is the plastic link rotation angle, not to be taken less
than 0.02.
21 . 7

 0 . 03 
s ≤ 59 . 3 - 22 
  0 . 06 - 5 = 24 .55 in

0 . 06 

These stiffeners may be on one side of the web for beams less than
25-inch deep, as all the beams in this example are. AISC 341 has prescriptive thickness requirements for these stiffeners. It also has prescriptive welding requirements for connecting the stiffeners to the
beam. Figure 10.38 shows the second-floor link beam, as a typical
result for this example.

10.6.8 Completion of Design
Several items remain to complete the design. These include
• Brace connections. These would be designed to resist the
same forces as the braces themselves. See Eq. (10.34) for the
derivation of the brace seismic force.
• Column splices
• Base plates
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65''
EQ

EQ

CJP

EQ

3 Sides
PL EA
side

CJP
Stiffener PL

Figure 10.38 Second-floor link beam.

• Foundations
• Diaphragms, chords, and collectors
Although each one of these items is necessary and important,
their execution is similar to that of many other components of a building design.

10.7

Self-Study Problems
Problem 10.1

Design the members of the single-story eccentrically braced
frame shown below such that it satisfies AISC 341. Loads shown are unfactored and seismic loads are already reduced by the appropriate R value. Only
consider the 1.2D + 0.5L + 1.0E load combination.
(a)	Perform a nonseismic design, i.e., select the lightest members that
satisfy the AISC 360 requirements for the factored loads.
(b)	Perform a seismic design, i.e., select the lightest members that satisfy the AISC 341 requirements for EBFs. Include a check of the
maximum link rotation angle from analysis, amplified per ASCE 7
with I = 1.0, versus the maximum rotation allowed by AISC 341.
Also include the design of the link stiffeners per AISC 341 and the
required design forces for link lateral bracing.
(c)	Comment on the differences between the designs and explain their
causes.
For both designs:
• U
 se square HSS sections with A500 Gr. B (Fy = 46 ksi) for the braces.
• Use W-shapes with A992 (Fy = 50 ksi) for the beam and columns.
• A structural analysis computer programs may be used, provided all
force diagrams necessary for design are provided. In this case, to get
forces on members outside of the link, an additional load case would
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•
•
•
•
•

be necessary, with seismic loads amplified to account for the expected
strength of the link and its strain hardening, per AISC 341. Hand
methods of structural analysis are also acceptable (i.e., using relative
stiffnesses to determine the moment into the brace and beam-outsidethe-link).
Assume the braces and beams are pin-connected to the column.
Assume the braces are rigidly connected to the beam.
The columns are laterally braced at their tops.
The beam is laterally braced at the ends of the link and at the intersection with the columns.
If using available design aids, reference all appropriate sections, page
numbers, and edition of the design aids used.
PD

ω D = 1.0 kip/ft
ω L = 0.7 kip/ft

PD = 170 kips
PL = 67 kips

PL
115 kips

115 kips
30 in
12 ft

26 ft

Problem 10.2 For the eccentrically braced frame structure shown here, only
answer the following specific targeted questions:
(1)	Determine if the link has adequate shear and flexural strengths to
resist the applied loads. Check both values, even if one of the two
strengths is found to be insufficient.
(2)	Determine the exact value of the maximum link rotation angle (at
the design story drift) that is permitted by the AISC 341 for a link
of that specific length.
Consider that the W18 × 71 beam is continuous between the columns, but
pinned at the column faces. The braces are pin-pin and the columns are simply
supported at their bases.
P = 150 kips

W18 × 71

P = 150 kips

12'

12'
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Problem 10.3 For the single-story EBF shown in the figure to this problem:
(a)	Determine if a W14 × 48 link beam has adequate strength to resist the
externally applied 100 kips seismic ultimate lateral load Fu (divided
into two equal 50 kips load as shown in the figure following).
(b)	Indicate whether the same W14 × 48 link beam meets the appropriate compactness requirements for the intended purpose.
(c)	Assuming that an elastic computer analysis of this frame gives a
drift δe = 0.129 in, determine the expected corresponding plastic link
rotation angle. Assume Cd = 4.0 and I = 1.0.
(d)	Using capacity design, determine if the W14 × 48 beam outside of
the link has adequate strength for the expected combination of axial
and bending forces in that member. Assume an unbraced length of
beam outside the link of 6ft 0 in.
(e)	Indicate whether the W14 × 48 beam outside of the link meets the
appropriate compactness requirements for the intended purpose.
(f)	Using capacity design, size the diagonal braces using the most
economical W10 shape.
(g)	Indicate whether the braces sized in part (f) above meets the appropriate compactness requirements for the intended purpose.
Fu /2

Fu /2

12'

12'–0"

3'–0"

12'–0"

27'–0"

Problem 10.4 An explosion destroyed the middle column of a two-story
two-bay steel frame. The dotted line in the figure below shows where that
column used to be before the explosion. The rest of the frame, minus its central
column, remained intact after the explosion. At the time of the explosion, that
frame was only subjected to three point loads, each of magnitude P (no other
gravity loads or lateral loads were applied at that time). In particular, there are
no uniformly distributed loads applied to this frame.
This two-bay two-story steel frame was designed with an eccentrically braced
frame on the second story, and special moment resisting frame on the first story.
Part I Calculate the maximum load, P, that can be resisted by this frame after
the explosion. For simplicity, assume that the braces of the EBF and columns
of the frame are infinitely strong and rigid. Also assume in this Part I that
the W24 × 76 beam is of constant cross-section and able to develop its plastic
moment at the face of the columns (i.e., no need to consider special SMRF
connections in this Part I).
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Part II
(a)	Design a beam with an RBS detail in compliance with the AISC 341
that would allow the frame to resist the same load, P, as in Part I
after the explosion. In this problem:
• Select an appropriate geometry for the RBS and location of the
RBS along the beam length.
• Provide the maximum reduction in flange width permitted by
AISC 341.
• Only consider possible W24 beams.
• Clearly show all appropriate free-body diagrams relevant to the
calculations.
• Use a table to summarize the important values needed in this
design, showing a logical process to search for the lightest possible W24 beam that would satisfy the problem statement.
(b)	For the solution in Part (a), check whether the moment at face of
column is acceptable.
(c)	Check whether the beam selected in Part (a) meets the specified
limits for this prequalified connection.
P

P

P

∞
=
A

W14 × 145 columns

I=

∞

W16 × 77

W24 × 76

Explosion

4'

2'
10'

4'

4'

2'

4'

10'
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CHAPTER

11

Design of Ductile
Buckling-Restrained
Braced Frames
11.1

Introduction
Compared with moment-resisting frames as well as concentrically or
eccentrically braced frames, buckling-restrained braced frames is a
relatively new system for seismic applications. First developed in
Japan in the 1970s, through further research this system gained rapid
acceptance after the 1994 Northridge Earthquake and became codified in the United States in a relatively short time. This chapter first
introduces the motivation and the basic idea behind the concept of
buckling-restrained brace. Basic components comprising a bucklingrestrained brace are then presented in Section 11.3. Section 11.4 highlights international development showing different variations of the
buckling-restrained braces and typical cyclic response. Section 11.5
identifies nonductile failure modes that should be avoided, and Section 11.6 discusses different frame configurations. Section 11.7 presents the design considerations of buckling-restrained braces, which is
then followed by a discussion of capacity design of other elements
and testing requirements in Section 11.8. The chapter concludes with
design examples.

11.2 Buckling-Restrained Braced Frames versus
Conventional Frames
As described in Chapter 9, specially designed and detailed concentrically braced frames can provide high elastic stiffness to limit story
drift, relying on diagonal braces to buckle and yield to dissipate
energy. Although design specifications, such as AISC 341 (AISC
2010) and the CSA S16 (CSA 2009) provide requirements to limit the
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Axial force-displacement behavior

Figure 11.1 Behavior of conventional brace versus BRB. (Courtesy of
Seismic Isolation Engineering, Inc., Berkeley, CA.)

slenderness ratio and width-thickness ratio of the brace to ensure
sufficient ductility, brace buckling is inevitable. Therefore, brace
buckling leads to both strength and stiffness degradation, which can
in some instances cause concentration of damage to a limited number of stories and, hence, increases the potential for building collapse. The large unbalance between compression and tension brace
strengths also lead to large force demands when following capacity
design principles.
The disadvantages of the CBF system can be overcome if the
brace can yield in both tension and compression without buckling
(see Figure 11.1). A braced frame that incorporates this type of brace,
i.e., buckling-restrained brace (BRB), is called a buckling-restrained
braced frame (BRBF).
BRBFs have been used extensively for seismic applications in
Japan after the 1995 Kobe earthquake (Reina and Normile 1997). This
type of framing system also gained its acceptance in the United States
a few years after the 1994 Northridge earthquake (Clark et al. 1999).
Figure 11.2 shows example applications of BRBFs for new construction. BRBFs have also been applied to seismic rehabilitation of reinforced concrete buildings (Brown et al. 2001, Tremblay et al. 1999).
Compared with either moment frames or braced frames, BRBFs
offer the following advantages (Shuhaibar et al. 2002):
(1) Compared with moment frames, BRBFs exhibit high elastic
lateral stiffness at low-level seismic input motions, making it
easy to satisfy code drift requirements.
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(a) BRBF with bolted connections

(b) BRBF with pin-ended connections

Figure 11.2 Examples of BRBF: (a) with bolted connections; (b) with pin-ended
connections. (Part a courtesy of Seismic Isolation Engineering, Inc., Berkeley, CA.
Part b courtesy of Star Seismic LLC, Park City, UT.)

(2) BRBFs eliminate the undesirable buckling of conventional
CBFs by yielding in both tension and compression, thereby
providing larger and stable energy dissipation at high level
seismic input motions.
(3) BRBFs provide economical installation through a bolted or
pinned connection to gusset plates, which eliminates costly
field welding and inspection.
(4) Braces act as a replaceable structural fuse, which minimizes
damage to other elements and it is possible to replace damaged braces after major seismic events.
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(5) BRBFs offer design flexibility because both the strength and
stiffness of the braces can be easily tuned. Furthermore, it is
easy to model the cyclic behavior of BRBs for inelastic analysis.
(6) For seismic rehabilitation, BRBFs can be more advantageous
than the conventional bracing system because capacity design
provisions for the latter system may require expensive foundation and floor diaphragm strengthening.
BRBFs may have some disadvantages:
(1) Most BRBs are proprietary.
(2) If not properly controlled, steels commonly used to fabricate
restrained yielding segment may have a wide range of yield
strength.
(3) Field erection tolerances are generally lower than those of
conventional braced frames.
(4) Large permanent deformation may occur under high levels of
seismic input because this kind of system, like many others,
does not have a recentering mechanism.
(5) Criteria for detecting and replacing damaged braces need to
be established.

11.3 Concept and Components of
Buckling-Restrained Brace
Figure 11.3 shows the components of a typical buckling-restrained
brace. The brace is composed of a ductile steel core, which is designed
to yield in both tension and compression. To preclude global buckling in compression, the steel core is first placed inside a steel casing
(e.g., a hollow structural section, HSS) before the casing is filled with
mortar or concrete. Before casting mortar, an unbonding material or
a very small air gap between the steel core and mortar is provided to
minimize, or eliminate if possible, the transfer of axial force from
steel core to mortar and the HSS. Because the Poisson effect also
causes the steel core to expand under compression, this small gap
between the steel core and mortar is needed to allow for expansion
of the steel core.
Figure 11.4 shows an example of a buckling-restrained brace,
which is composed of five components.
(1) Restrained yielding segment—This steel segment can be rectangular or cruciform in cross section. Although it is common
that a steel plate be surrounded in a casing, more than one
plate can be used, if desired. Because this segment is designed
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Encasing
mortar

Yielding steel core

“Unbonding” material between
steel core and mortar
Steel tube

Figure 11.3 Concept of a type of buckling-restrained brace. (Courtesy of
Seismic Isolation Engineering, Inc., Berkeley, CA.)

Unbonding agent &
expansion material

Buckling-restraining
mechanism

Core plate
Section A-A

Restrained
non-yielding
segment

Unrestrained
non-yielding
segment, TYP.

Restrained yielding segment
A

A

Figure 11.4 Components of BRB. (Adapted from Wada et al. 1998 by W. López,
Rutherford and Chekene, San Francisco, CA.)

to yield under cyclic loading, mild steel that exhibits high
ductility is desirable.
(2) Restrained nonyielding segment—This segment, which is
surrounded by the casing and mortar, is usually an extension
of the restrained yielding segment but with an enlarged area
to ensure elastic response. This can be achieved by widening
the restrained yielding segment or welding stiffeners to
increase the area in this region.
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Beam

Column

Precast panel

BRB

Figure 11.5 Buckling-restrained braces sandwiched between precast
concrete panels. (Courtesy of M. Nakashima, Disaster Prevention Research
Institute, Kyoto University, Japan.)

(3) Unrestrained nonyielding segment—This segment is usually
an extension of the restrained nonyielding segment, except
that it projects from the casing and mortar for connection to
the frame. This segment can be designed as a bolted, welded,
or even pin connection for field erection. Design considerations of this segment include (a) construction tolerance
for ease of field erection and to facilitate the removal, and
(b) local buckling prevention.
(4) Unbonding agent and expansion material—Inert material like
rubber, polyethylene, silicon grease, or mastic tape that can
effectively minimize or eliminate the transfer of shear force
between the restrained steel segment and mortar can be used.
(5) Buckling-restraining mechanism—This mechanism is typically composed of mortar and steel casing (e.g., hollow structural shape). But steel-only BRBs that do not use mortar or
concrete have also been proposed; Figures 11.5e to h and
Figures 11.6b to d show some examples.

11.4

Development of BRBs
A variety of BRBs with various materials and geometries have been
proposed and studied in Japan for more than 30 years. Variations of
BRBs were subsequently developed in several other countries. A brief
review of selected studies is presented below.
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Figure 11.6 Cross sections of various BRBs developed in Japan. (Courtesy of
M. Nakashima, Disaster Prevention Research Institute, Kyoto University, Japan.)

The concept of buckling-restrained braces was first developed in
two forms in Japan. To avoid buckling, the yielding steel element can
be either sandwiched between precast concrete panels or encased in
concrete-filled steel sections. The pioneering work on bucklingrestrained braces was conducted by Wakabayashi et al. (1973), who
developed a system in which braces made of steel flat plates were
sandwiched between a pair of precast reinforced concrete panels (see
Figure 11.5). Based on both analytical and experimental studies that
measured directly the interaction forces between the brace and the
panels, the researchers developed both stiffness and strength requirements for the design of precast concrete panels (Inoue et al. 2001).
Extending from the concept of Wakabayashi et al. (1973), various
developments on BRBs with a steel core confined by a steel casing
were made in Japan in the 1980s to 1990s. Figure 11.6 shows some BRB
cross sections that have been investigated. Figures 11.6a to c shows
steel core plate or shape restrained by mortar- or concrete-encased
HSS section, whereas the steel core plate is sandwiched by two precast
concrete panels bolted together in Figure 11.6d. The steel cores used in
Figures 11.6e to h were confined by an HSS casing only.
Iwata et al. (2000) reviewed the cyclic performance of four commercially available BRBs in Japan. Figure 11.7 shows the cross section
of these four products. Note that an unbonding material was not used
in either Type 2 or 4 specimen. The buckling-restraining mechanism
of Type 3 specimen was composed of two channels and two plates
connected with high-strength bolts. Soft rubber sheets (1-mm thick)
were provided between the core plate and the buckling-restraining
mechanism for Types 1 and 3 specimens.
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Figure 11.7 Section of four test specimens. (Courtesy of M. Iwata, Dept. of
Architecture, Kanagawa University, Japan.)

Figure 11.8 shows the cyclic responses of all test specimens. Note
that Types 2 and 4 specimens did not perform well, probably because
no mortar was used to limit local buckling. The restraining effect of
the Type 3 specimen was not as effective as that provided by the mortar and steel tube in the Type 1 specimen. Type 1 specimen, which
sustained 14 cycles at 3% strain, outperformed the other three braces.
A BRB can also be viewed as a core-loaded casing strut (Sridhara
1990). As shown in Figure 11.9, the core in a sleeved column is loosely
placed inside a sleeve and the load is applied to the core only. The
idea is to decouple the compression load resistance of the core from
the flexural buckling resistance of the sleeve. The compressive
strength of the steel core in a sleeve depends on the relative stiffnesses
of the core and the sleeve. The core, under the action of the applied
load, first buckles into the first mode and presses against the inside
surface of the sleeve, thus causing primarily bending stress in the
sleeve. If the maximum bending stress in the sleeve is controlled, it is
possible to apply additional load, causing the core to snap into higher
buckling modes. The compression load capacity increased as the gap
between the core and the sleeve was reduced. Nevertheless, a zero
gap would result in a lower capacity because the core could not
buckle into higher modes. The sleeved column concept has been verified experimentally (Kalyanaraman et al. 1994, 1998; Prasad 1992).
In North America, initially, project-specified testing was conducted to verify the cyclic performance of BRBs (Black et al. 2002,
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Figure 11.9
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(d)

Concept of sleeved column. (Courtesy of B.N. Sridhara, India.)

Clark et al. 1999, Higgins and Newell 2004, López et al. 2002,Tremblay
et al. 1999). Some proprietary BRBs were also developed in the United
States. As BRBFs were becoming increasingly popular, there was a
need to codify this system. A joint SEAOC-AISC task group developed recommended provisions for BRBF design and construction
(Sabelli 2004), which were later adopted in the AISC 341 (AISC 2005).
Included in these provisions is a loading protocol for testing BRBs,
which was developed primarily based on the work of Sabelli (2001)
and Sabelli et al. (2003), who performed a series of nonlinear
dynamic analyses on model buildings to characterize the seismic
demand of BRBFs. Subsequently, subassembly level testing (López
et al. 2002, Tremblay et al. 2006, Tsai et al. 2002) and system level
testing (Fahnestock et al. 2007, Tsai et al. 2008, Tsai and Hsiao2008b,
Vargas and Bruneau 2009) of BRBFs were also conducted in the
United States and elsewhere.
Typical response of the BRB is shown in Figure 11.10. The hysteresis response is very stable with a large energy dissipation capacity.
The ideal hysteresis response of a BRB suggests that the strength
under both tension and compression would be equal. For a given
axial deformation, however, test results usually show that the compression strength is higher than the tension force. This is a small
unbalance, but nonetheless it must be taken into account from a
capacity design point of view. When the core steel is in compression,
it will expand due to the Poisson effect and may contact the mortar.
Furthermore, once higher-mode local buckling occurs in the steel
core, the buckled steel core will bear against the mortar and casing,
which causes the mortar-casing component to participate in load
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sharing. Both factors contribute to a higher compressive strength.
Therefore, one important goal for the development of a BRB is to
minimize the compression overstrength.

11.5

Nonductile Failure Modes
To ensure that the expected yield mechanism will be developed in a
BRBF, nonductile failure modes should be identified. Capacity design
principles are then applied to avoid these failure modes.

11.5.1 Steel Casing
When properly designed and detailed, steel casing should not resist
any significant axial load. To avoid global buckling of the BRB, steel
casing should have sufficient flexural stiffness. Ignoring the contribution from mortar or concrete infill, Watanabe et al. (1988) suggested
that the steel casing be designed for a flexural stiffness such that
Pe
≥ 1.0
Py

(11.1)

where Py is the yield strength of the restrained yielding segment, and
Pe is the elastic buckling strength of the steel casing:
Pe =
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In Eq. (11.2), E = Young’s modulus, Isc = moment of inertia of steel
casing, and Lsc = work point-to-work point brace length.
If it is assumed that cyclic strain-hardening would increase the
compressive strength of the brace by 30%, and a resistance factor, φ,
of 0.85 is included in the numerator, then
φPe
≥ 1.0
1 . 3Py

(11.3)

Pe
≥ 1.5
Py

(11.4)

or

The above expression coincides with that proposed by Watanabe
et al. (1988). Experimental testing was also conducted to confirm the
above requirement.
Two other issues also need to be considered. The mortar or concrete should have sufficient stiffness and strength to accommodate
the higher-mode buckling of the steel core as the plate, buckled about
its weak axis, would push against the surrounding mortar or concrete. If not, localized failure like that shown in Figure 11.11 due to
crushing of the concrete would result. The yielded steel core may also
buckle about its strong axis if the casing wall thickness is small and
the concrete cover between the edge of the steel core and casing is
small (Matsui et al. 2008).

11.5.2 Brace Connection
It is common that the brace end be designed as a bolted connection
for field erection, but other connection designs such as a pin connection or a welded connection are also possible. The bolted connections in Figure 11.2a require two sets of bolts and eight splice plates

Figure 11.11 Localized failure due toinsufficient concrete strength.
(Courtesy of Star Seismic LLC, Park City, UT.)
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Figure 11.12 Higher-mode buckling of steel core. (Courtesy of CoreBrace,
LLC, West Jordan, UT.)

at each brace-to-gusset connection. Figure 11.2b shows an example
where pin connections are used. For a BRB to serve its intended function, it is essential that no localized buckling in the end connection
should occur.
Tsai et al. (2002) conducted cyclic testing of a half-scale subassembly. Figures 11.13a and b shows the geometry of a half-scale subassembly and the typical brace-to-beam connection details. During
testing, localized buckling at the brace-to-beam connection as
shown in Figure 11.13c was observed.
To prevent gusset buckling, Nakamura et al. (2000) suggested
that the following criterion be satisfied for out-of-plane buckling:
Pe _ trans =

π 2EItrans
≥ Cmax
(KLb )2

(11.5)

730
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2725

3275

6000

(a) Geometry (units in mm)

Figure 11.13 Geometry of subassembly test: (a) geometry (units in mm);
(b) brace connection details; (c) buckling at brace end. (Courtesy of K.C.
Tsai, Dept. of Civil Engineering, National Taiwan University, Taiwan.)
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Lb /2

(b) Brace connection details

(c) Buckling at brace end

Figure 11.13

(Continued )

where Cmax is the maximum compression force of the brace, Itrans is the
out-of-plane buckling moment of inertia of the unrestrained nonyielding segment of the brace; K, the effective length factor, can be
conservatively taken as 1.0; and Lb is the unbraced connection length
defined in Figure 11.13b. Note that the denominator on the righthand side of Eq. (11.5) is equivalent to using the gusset connection
length as Lb and an effective length factor of 2.
Tsai and Hsiao (2008) also conducted a full-scale three-story
BRBF. Buckling of the gusset connection was again observed (see
Figure 11.14a). The study showed that the design procedure in the
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AISC Manual for computing the compressive strength of a gusset
plate with an effective length factor, K, equal to 0.65 is nonconservative. Because the brace-gusset junction is allowed to move out of
plane, it is suggested that a value of K equal to 2.0 be used if the gusset plate is not stiffened (Tsai and Hsiao 2008). However, one effective way to enhance the compressive strength of a gusset plate is to
provide edge stiffeners like that shown in Figure 11.14b. Also note in
that latter figure the lateral bracing at the midspan of the beam. To
prevent out-of-plane buckling, Koetaka et al. (2008) has shown that
it is important that either lateral bracing or sufficient torsional stiffness of the beam be provided.

(a) Unstiffened gusset connection

(b) Edge-stiffened gusset connection

Figure 11.14 BRB gusset buckling and one stiffening scheme: (a) unstiffened
gusset connection; (b) edge-stiffened gusset connection. (Courtesy of K.C. Tsai,
Dept. of Civil Engineering, National Taiwan University,Taiwan.)
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11.5.3 Frame Distortion Effect on Gusset Connection
To investigate the influence of frame distortion, which induces both
axial and flexural deformations to the braces, cyclic testing of a fullstory subassembly of beams, columns, and braces was conducted
(Aiken et al. 2002, López et al. 2002). The test results showed that
BRBs performed well and were able to withstand the rotational deformations without negative effects to their axial capacities. However,
the free edge of a beam-column-brace gusset plate buckled when the
brace was in tension instead of compression. Because the presence of
a gusset plate stiffens the beam-column joint, the gusset plate to
which the tensile brace is connected is “pinched” by the beam and
column due to frame distortion (i.e., relative closing of the angle
between the beam and column at that location), which caused the
gusset plate to buckle.
To eliminate gusset buckling, Fahnestock et al. (2007) incorporated an improved connection detail in a 0.6-scale, four-story BRBF
test frame to allow rotation while limiting flexural demands on the
connection regions (see Figure 11.15). The BRBs used have true pin

BRB body
(concrete-filled
steel tube)
BRB core
Pin
BRB
collar
WT4 × 14
(both sides)

3/4'' diameter
A325N bolt (typ.)
Beam
stub (W12 × 40)

Beam
(W12 × 40)

Figure 11.15 Improved beam-column-brace connection detail. (Courtesy of
L. A. Fahnestock, Dept. of Civil Engineering, University of Illinois at UrbanaChampaign, IL.)
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connections at the ends, similar to that shown in Figure 11.2b. Therefore, the pin limits the moment developed in the BRB. A bolted beam
splice using double structural tees was introduced between the beam
and the beam stub to transfer axial force but provide minimum flexural resistance. Test results showed that this connection detail was
able to accommodate a very large story drift in the frame without
causing any buckling in the gusset connection. Collars that existed at
the ends of the pin-connected BRBs were also beneficial in preventing
out-of-plane buckling of the gusset. Testing also revealed that large
residual drifts can be one potential drawback of that particular kind
of BRBFs, but this problem can be minimized if a BRBF dual system
with a special moment frame as the backup system is used (Kiggins
and Uang 2006).

11.6

BRBF Configuration
Buckling-restrained braced frames can be configured in numerous
ways with minor differences in behavior. Figure 11.16 shows the following frame configurations: inverted V-braced, V-braced, two-story-X,
and single diagonal. Note that single-story X bracing is not feasible
with buckling-restrained braces. Single diagonals are often useful for
low-rise construction as buckling-restrained braces can be designed
for very high axial force with a moderate cost premium. Conversely,
buckling-restrained braces with low axial strength do not offer much
cost savings as the work of assembling the components is substantially the same.
Naturally the angle of brace inclination (and the number of
braces sharing the story shear) will have an effect on axial force that
an individual brace will be required to resist. Additionally, this
angle of inclination has a degree of influence on the elastic stiffness
of the structure. Nevertheless, none of the configurations is subject
to large redistributions of forces as braces yield and the structure

Figure 11.16 Typical BRBF configurations.
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goes beyond the elastic range. However, the choice of configuration has an indirect effect on system behavior because the length
of the brace available for the yielding segment will be different
for each configuration. For a given bay size, the brace yielding
length possible with the V-bracing configuration, for example,
will be significantly less than that available with the single diagonal. Thus, braces in the V-bracing configuration will have higher
strains in the yielding region and greater strain-hardening; this
will affect the forces in the frame members. Such braces will also
be stiffer.
A buckling-restrained braced frame need not be thought of as a
frame in which all the braces are buckling-restrained members.
Rather, it can be thought of as a braced frame in which the inelastic
drift capacity is the product of axial ductility capacity of bucklingrestrained members. Considered this way, frames can be designed
using configurations that offer significant performance and cost
advantages. Figure 11.17 shows a hybrid bracing configuration in
which the inelastic drift capacity is the product of the ductility capacity of a pair of vertical buckling-restrained struts. The story shear is
carried by conventional braces, and the overturning at the base is
resisted by the buckling-restrained struts. The conventional members
in effect form a vertical truss that must be stabilized by the struts.
This system depends on the elastic performance of the conventional
truss, which must be designed for the forces corresponding to the
capacity of the ductile struts. Shears caused by higher-mode dynamic
response can have a significant effect on this vertical truss; this effect
is more pronounced for taller systems. For more information see
Tremblay et al. (2004).

Bucklingrestrained
brace

Figure 11.17 Hybrid bracing configuration.
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Design of Buckling-Restrained Braces
The design of buckling-restrained braced frames is in many respects
simpler than the design of special concentrically braced frames
(SCBF) or other braced frames designed for ductile seismic response.
Many of the restrictions and procedures considered necessary for
SCBF due to the differing tension and compression behavior of buckling braces are unnecessary when the more ductile buckling-restrained
braces are used. The design of braces is presented in this section, followed by capacity design of other elements in Section 11.8.

11.7.1 Brace Design
The design of a typical buckling-restrained braced frame involves
sizing the brace steel cores to provide sufficient axial strength. This is
a straightforward design based on the material strength. The brace
axial design strength is determined by the following:
φ Pysc = φ Fysc Asc

(11.6)

where Fysc = specified minimum yield stress of the steel core, Asc =
cross-sectional area of the yielding segment of steel core, and φ = 0.90
for the limit state of yielding. This strength applies to both tension
and compression, as buckling of the core is completely restrained by
the casing. This strength is compared with the required strength of
the braces corresponding to the design base shear.

11.7.2 Elastic Modeling
In typical practice an elastic model is used to determine the brace
required strengths. Elastic modeling is used to determine the required
brace strengths and to determine the elastic dynamic characteristics of
the structure. In constructing an elastic model with buckling-restrained
braces, some adjustments need to be made to properly capture the
elastic stiffness of this element.
Brace axial stresses are largely confined to the steel core, and the axial
compression and extension of this member must be reasonably represented in the model. The model must address the nonprismatic configuration of this core (see Figure 11.4), either directly or indirectly. Some
estimate must be made of the brace area outside of the yielding zone, as
well as the length of the yielding and nonyielding segments. For manufactured braces the manufacturer can provide estimates based on the
anticipated connection size, overall brace length, and other factors. For
fabricated braces designed by the engineer, the following equation can be
used to establish the effective axial stiffness of the brace (Tsai et al. 2002):
Keff =

11_Bruneau_Ch11_p651-688.indd 669

E
 Lysc Lnysc L 
+ conn 
A + A
Aconn 
 ysc
nysc

(11.7)

6/13/11 3:33:21 PM

670

Chapter Eleven
where E is Young’s modulus, Aysc is the yielding steel core area, Anysc
is the area of the steel core outside of the yielding region, Aconn is the
area of the connection (typically approximate), Lysc is the length of the
yielding region of the steel core, Lnysc is the length of the nonyielding
region of the steel core, and Lconn is the length of the connection.
This effective stiffness is typically in the range of 1.3 and 1.8 times
the stiffness of a prismatic core extending from work point to work
point. Shorter braces tend to have a greater portion of their length
given over to nonyielding and connection regions; the same is true of
braces with high axial force.

11.7.3 Gravity Loads
Unlike most other systems, the design of buckling-restrained braces
does not utilize the gravity-force distribution from the analysis. Take
an inverted V-braced frame with braces of equal tension and compression strength (β = 1.0, where β is the compression strength adjustment factor to be discussed in Eq. 11.9) as an example. The effect of
gravity forces in the frame will be to precompress the braces such that
the vertical component of each brace force is 50% of the gravity load
(Figure 11.18a). This precompression, when combined with brace
axial forces due to lateral displacement, causes the brace resisting
seismic loads by compression to yield somewhat earlier (i.e., at lower
drift and a lower seismic force), and the opposite brace to yield somewhat later. After the brace in compression yields, the brace in tension
pulls down on the beam until that brace also yields. When both braces
are yielding together they exert no net vertical force on the beam, and
the gravity load is resisted by beam flexure (see Figure 11.18b). As the
braces unload from their yielded state both the upward thrust from
the brace in compression and the downward pull from the brace in
tension reduce in unison, and no change in the vertical force on the
beam results; the gravity load continues to be resisted by the beam
(see Figure 11.18c).
For the more typical case of braces with compression strength
greater than tension strength (β > 1.0) the behavior is similar. Gravity
causes initial precompression in the braces (Figure 11.19a). If this precompression is less than the difference in strength between compression and tension, the brace that develops tension under lateral

(a)

Figure 11.18

(b)

(c)

Effect of gravity force on frame (β = 1.0).
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Figure 11.19

(b)
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(c)

Effect of gravity force on frame (β > 1.0).

displacement yields first. The brace in compression then pushes up
on the beam until that brace also yields (Figure 11.19b). At the fully
yielded condition the beam is pushed up by the difference in the vertical components of brace strength and being pushed down by gravity load. (These two act in the same direction in V-braced frames.)
When the braces unload, the gravity load, in conjunction with flexural forces in the beam, acts to precompress the braces for subsequent
cycles (Figure 11.19c). This precompression effectively strengthens
the braces for tension and weakens them for compression. The magnitude of this precompression causes the braces to yield at about the
same lateral displacement, effectively negating the difference in tension and compression strengths.
In either case (β = 1.0 or β > 1.0), for all but the first cycle of loading gravity has little effect on the behavior of braces. Therefore, the
degree to which they have been sized to resist gravity in addition to
seismic load represents an overstrength. This overstrength will be
unequal along the building height. At the top of the frame, where
story shears are lowest, the brace forces due to gravity may be significant compared with those due to seismic loading. At the bottom
of the frame, the seismic forces are much greater, and thus the gravity
forces will be less significant in comparison.
A frame with high overstrength at the top and low overstrength
at the bottom is likely to see a concentration of ductility demand at
the lower levels. It is, therefore, preferable to design for the inelastic
condition and not assign any gravity force to the braces. It is necessary to ensure that frame members have sufficient strength to resist
the gravity forces without support from the braces. Although this is
only explicitly required in AISC 341 for the load combinations that
include seismic loading, it is prudent to consider utilizing this methodology for the gravity-only load combinations as well.

11.8

Capacity Design of BRBF
The design of the remainder of the brace (i.e., buckling-restraining
mechanism including casing), brace connections, beams, and columns is performed using a capacity-design approach. The maximum
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force in the brace is evaluated based on the steel core strength (including material overstrength), the expected strain-hardening under
cyclic loading, the expected compression overstrength discussed earlier, and a safety factor essentially based on judgment. AISC 341
requires that these factors be established by cyclic testing.

11.8.1 AISC Testing Requirements
Buckling-restrained braces may be of substantially different configurations, and each configuration must function properly as a mechanism. Testing is required to ensure reliable performance of the brace
design. Several considerations are necessary in creating a testing program. The same considerations are necessary in evaluating the applicability of a manufacturer’s testing program to a specific project. All
of these considerations, along with specific similitude requirements,
testing protocols, reporting requirements, and acceptance criteria are
presented in Section K3 of AISC 341.
The first consideration is strength. The brace testing program
must include tests that are reasonably close in strength to the proposed braces. The second consideration is the deformations imposed
on the braces. These include the axial deformations and the end rotations. The deformations imposed on the tested braces should correspond to those anticipated in the structure. AISC 341 requires that
braces be tested to the greater of 2% story drift or twice the design
story drift; this target brace axial deformation is designated as ∆bm.
The empirical nature of the building code methods for estimating
drift is known to give lower results than do nonlinear response history analyses. However, excessive brace deformation should not be
equated to building collapse, and the adequate performance under
twice building-code calculated deformations is expected to provide
reasonable margin against collapse for the actual displacements during an earthquake.
Both the strain-hardening adjustment and the compression overstrength adjustment are determined via testing of braces similar to
the one being designed. As strain-hardening is a function both of the
maximum inelastic strain and of the accumulated inelastic strain, certain assumptions are required to establish these values for a given
design. In an elastic design, the frame expected deformation is
obtained by multiplying the elastic drift by a factor Cd to obtain an
expected inelastic drift corresponding to the seismic hazard. As discussed in Chapter 7, story drifts obtained by this method are rough
approximations. It is typical to assume that the plastic portion of the
story drift is due entirely to brace axial ductility. This plastic story
drift is taken to be the expected drift minus the elastic drift; the elastic
drift may be calculated based on the forces necessary to cause the
braces to yield and strain harden.
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Axial force
Tmax = ωRy Pysc
Tye = Ry Pysc
–∆bm
∆by

∆bm

Axial
deformation

Cmax = βωRyPysc

Figure 11.20

Definition of ω and β factors of a BRB.

For capacity design, AISC 341 requires the designer to consider
the following adjusted brace tensile strength (see Figure 11.20):
Tmax = ω Ry Pysc

(11.8)

where Pysc (= Fysc Asc) is the axial yield strength of the steel core calculated based on the minimum specified yield stress. The factor ω is the
strain-hardening adjustment factor. The above tensile strength is further increased by a compression strength adjustment factor, β, to
compute the adjusted brace compressive strength:
Cmax = β Tmax = βω Ry Pysc

(11.9)

It is worthwhile to emphasize again that the compressive strength
of a BRB is larger than the tensile strength. The opposite is true for the
conventional brace in an SCBF.

11.8.2 Brace Casing
Typically the casing is considered to have very low axial stress and is
checked for Euler buckling, Pe, regardless of its slenderness. Safety
factors are imposed because of the undesirability of this yield mode.
Equation (11.4) can be used for casing design.

11.8.3 Brace Connections
Connections are required to be designed for 1.1 times Cmax in Eq. (11.9);
a safety factor of 1.1 is used to account partly the uncertainty related
to the level of strain-hardening to be expected (AISC 2010). This force
should be used for the design of gusset plate to avoid buckling (see
Section 11.5.2). It is possible that in some buckling-restrained brace
designs the brace member offers less out-of-plane rotational restraint
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than is commonly assumed in the design gusset plates. For this reason
designers should use care in extrapolating from the design methodology employed in the tested braces.

11.8.4 Beams and Columns
The maximum brace forces, Tmax and Cmax, are employed in the design
of beams and columns as well. AISC 341 requires that beams and
columns be designed to remain “nominally elastic” at force levels
corresponding to the fully yielded and strain-hardened braces. Typically a plastic mechanism analysis is performed assuming a firstmode deformation. (This method is illustrated in the design example.)
In such a mechanism, the braces are assumed to resist no gravity
forces; in fact they are removed from the model and instead forces are
applied corresponding to the magnitude and direction of the strainhardened brace capacities.
This capacity-design procedure for determining required
strengths of frame members is intended to prevent beam and column
buckling. It is not intended to prevent limited yielding in the frame
members. Accordingly, moments in these members are not considered in conjunction with these large axial forces. Rather, sufficient
rotational capacity is ensured through the use of highly compact sections and the use of either fully restrained beam to column connections capable of resisting moments corresponding to the flexural
strength of the beam (or column) or the use of “simple” connections
capable of accommodating a rotation of 0.025 radians.

11.9

Nonlinear Modeling
The use of the capacity-design procedures presented above can result
in very large columns for taller buildings. For such structures the
assumption of full yielding in the first mode response is unrealistic.
Nonlinear models would show significantly lower column axial forces
for taller buildings, a phenomenon similar to that discussed in Section
9.3.4 for SCBF. Such nonlinear models, therefore, offer significant
advantages in design, provided that modeling is done correctly, the
ground motions considered are appropriate and sufficient, and the
results are properly interpreted to provide sufficient reliability, particularly when column buckling is the limit state under consideration.
Nonlinear brace element models should capture the elastic brace
stiffness and the expected strain hardening. Bilinear models are typically used, although trilinear models create a somewhat closer match
to tested brace behavior. Cyclic models can explicitly include both
kinematic and isotropic strain hardening. Such modeling information
is presented in Section 2.7.4.
Typically braces are kept within their ductile deformation range
for design. Braces are not designed to allow their deformation
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capacity to be exceeded (which would allow significant compression to develop in the casing, and, at sufficiently large deformations,
overall buckling of the brace). There is very little data on brace
behavior beyond this range and thus capturing such behavior in a
nonlinear model is problematic.

11.10

Design Example

The following section illustrates the design of a buckling-restrained
braced frame. The design applies the requirements of ASCE 7 (2010)
and AISC 341 (2010). The example is not intended to be a complete
illustration of the application of all design requirements. Rather, it is
intended to illustrate key analysis and proportioning techniques that
are intended ensure ductile response of the structure.

11.10.1 Building Description and Loading
The example building is identical to the one used in Chapter 8 (Special Moment Frames), including the site seismicity; more detailed
seismicity and building information is included in that example. The
difference in this case is that buckling-restrained braced frames are
used. The system seismic design parameters are shown in Table 11.1.
The typical plan is shown in Figure 11.21 and the typical frame
elevation is shown in Figure 11.22. Based on the seismic-design data
a generic seismic response spectrum is constructed in accordance
with ASCE 7.

11.10.2 Global Requirements
All the aspects outlines in the corresponding discussion for the Special Concentrically Braced Frame example in Chapter 9 would be
equally applicable in this case.

11.10.3 Basis of Design
The design of BRBF is based on the expectation of a global yield
mechanism in which braces yield in tension and compression and
plastic hinges form at the column bases. Where frame beams are
connected rigidly to columns, hinging in the beam or column is also

R

8

I

1.0

Cd

5

Ωo

2.5

Table 11.1

Seismic Design

Data
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Typical floor plan.

anticipated. Otherwise, large rotations must be accommodated in the
beam-to-column connections. Figure 11.23 shows this mechanism.
The analysis procedure typically used is a linear Modal Response
Spectrum (MRS) analysis. This is typically advantageous due to the
reduction in design forces ASCE 7 permits for this method and the
reduction in overturning moment that typically results from this
approach compared with the vertical force distribution prescribed by
the equivalent lateral force (ELF) procedure of ASCE 7. However, for
the preliminary design presented in this example, the ELF procedure
will be used (see Section 11.10.4).
As required by AISC 341, the design utilizes a brace type that has
been qualified by testing. Several capacity design strength requirements
for the other components of the braced frames are derived from the
fully strain-hardened capacity of the braces. These values are obtained
as follows:
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Typical frame elevation.
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Figure 11.23

Anticipated mechanism.
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where Cmax is the adjusted brace strength in compression, Tmax is the
adjusted brace strength in tension, β is compression strength adjustment factor, ω is the strain-hardening adjustment factor, Pysc is axial
yield strength of the steel core (Fysc Asc), Fysc is minimum specified yield
stress of the steel core, and Asc is cross-sectional area of the steel core.
Values for ω and β are obtained directly or indirectly from testing.
In the case of manufactured braces, the manufacturer will typically
provide these values from the body of tests pertaining to the brace
type. For fabricated braces (for which testing will be performed subsequent to design) reasonable assumptions must be made with sufficiently high assumed values of β and ω so that test-obtained values
do not require redesign of any members or connections.
For this design example it is assumed that a manufactured brace
will be used. Therefore, a number of the BRB properties must be
assumed during the design stage (as the final BRB supplier is typically unknown at that time), and this design example follows that
approach. First, it is assumed that the brace type has been tested
exhaustively for deformations corresponding to 2% plastic story drift
will be specified. For that level of deformation the following values
will be assumed: β = 1.20 and ω = 1.60.
As discussed earlier, the fabrication process of buckling-restrained
braces permits relatively precise proportioning (compared with other
systems) to the point where material variability can be relatively significant. In this example, it is assumed that the brace core material
(unknown until the BRB manufacturer is chosen) is specified with a
yield stress, Fysc, between 38 ksi and 46 ksi. Braces are sized assuming
the lower bound of this range, and (in the absence of any statistical
data establishing the variability) the material overstrength factor
used for capacity design is Ry = 46/38 = 1.21.

11.10.4 Iterative Analysis and Proportioning
For preliminary design, the member forces can be obtained using the
equivalent lateral force procedure. Initially the building period is
assumed to equal the ASCE 7 upper limit for static analyses, CuTa. To
start the preliminary design, the following steps are taken:
• Determination of base shear
• Vertical distribution of forces
• Horizontal distribution of forces to frames
• Sizing of braces
For preliminary design purposes the shear in the frame can be
assumed to be entirely resisted by the braces. Accidental eccentricity
effects are neglected during the initial member sizing process, knowing
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that the design base shear for the subsequent Modal Response
Spectrum analysis will likely be less than that for the preliminary
equivalent lateral force procedure analysis. Thus for this configuration the brace axial force at any level is
Pu =

Vi
cos θ

(11.12)

where Pu is the brace axial force, Vi is the frame shear at level I, and θ
is the brace angle from horizontal.
In buckling-restrained braced frames, it is typical to neglect gravity
forces in the design of braces. This is due to the possible adverse effects
that might result from the overstrength due to design for gravity forces.
Assuming similar gravity forces at all levels, at upper levels, where
design seismic forces are lowest, the degree of overstrength would be
high. At lower levels the design seismic forces would likely be substantially higher and the overstrength much lower. Such a distribution of
overstrength would be unfavorable for distributed yielding. This is in
contrast to braces in special concentrically braced frames, in which
gravity loads must be included in the design of braces to prevent buckling at low levels of seismic force. (For more detail see the discussion at
the end of the design example in Chapter 9.)
Required brace strengths are shown in Table 11.2. Brace core
areas are sized by setting the design strength equal to the required
strength.
φPysc = Pu

(11.13)

φPysc = φFyscAsc

(11.14)

Asc =

Pu
φ Fysc

(11.15)

where φ = 0.90 for the limit state of yielding. Preliminary brace core
area sizes are presented in Table 11.3.
Required Brace
Strength (kips)

Level
Fifth Floor

92

Fourth Floor

166

Third Floor

219

Second Floor

253

First Floor

305

Table 11.2

Preliminary Required Brace

Strengths
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Level

Required Brace
Core Area (in2)

Provided Brace
Core Area (in2)

Fifth Floor

2.70

3.0

Fourth Floor

4.85

5.0

Third Floor

6.40

6.5

Second Floor

7.40

7.5

First Floor

8.92

9.0

Table 11.3

Preliminary Brace Core Area Sizes

Preliminary column and beam sizes can be determined based on
the brace sizes selected. Forces corresponding to the adjusted brace
strengths in compression and tension are used to calculate maximum
axial forces in the beams and columns. Drift-induced flexural forces
are neglected, as is permitted by Section F4.3 of AISC 341. This permits a straightforward procedure for deriving design forces for the
structural elements surrounding the braces. The practical result of
neglecting these flexural forces is that some flexural yielding is likely
to occur at the design story drift. For this reason highly ductile members are required for beams and columns.
To derive the column and beam forces, the adjusted brace
strengths in compression and tension are calculated using Eqs. (11.10)
and (11.11). The resulting values are presented in Table 11.4.
The mechanism shown in Figure 11.23 results in these forces
being imposed on the frame, as is shown in Figure 11.24.
An analysis model similar to this figure may be constructed, or
simple trigonometry may be used to obtain beam and column forces.
This example uses the latter approach.
The column seismic axial force on the column in compression is
Eh = ∑ 1 Cmax sin θi
n

(11.16)

i

Level

Cmax (kips)

Tmax (kips)

Fifth Floor

265

221

Fourth Floor

442

368

Third Floor

574

478

Second Floor

662

552

First Floor

795

662

Table 11.4
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Mechanism forces applied to frame.

These forces are combined with gravity forces using the following
combination:
Ru = (1.2 + 0.2SDS)D + 0.5L + E

(11.17)

The column seismic axial force on the column in tension is
Eh = ∑ 1 Tmax sin θi
n

i

(11.18)

These forces are combined with gravity forces using the following
combination:
Ru = (0.9 − 0.2SDS)D − E

(11.19)

In this example columns are only spliced once: four feet above the
third floor. Preliminary column sizes are shown in Table 11.5. In this
configuration the exterior columns (closest to the building perimeter)
receive seismic forces from all braces, whereas the interior columns
only receive seismic forces from the upper four braces.
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Exterior Column

Interior Column

Upper Column

W14 × 82

W14 × 68

Lower Column

W14 × 159

W14 × 132

Table 11.5 Preliminary Column Sizes

The beams are similarly designed based on the brace capacity
with the anticipated mechanism in mind. At each level the frame
shear capacity can be attributed to the braces:
Vmech(i) = Cmax(i )cos θi

(11.20)

where Vmech(i) is the frame shear corresponding to the anticipated
mechanism.
The axial force in the beam above is approximated as
Pu(i) = Vmech(i)

(11.21)

This overestimates the beam axial force somewhat as it assumes
the entire force flows through the frame either from the brace above
or from the collector opposite the top connection of the brace below.
In the plan layout of this particular building a small portion of the
force is likely to enter from the collector nearest the brace connection.
In some configurations a large portion of the force must be dragged
through the frame due to braces located near the end(s) of a collector
line. In such cases, the brace beam axial force may exceed the value
calculated in this fashion.
Beam axial forces are presented in Table 11.6. These forces are
combined with moments using AISC 360 Equations H1-1a.
Note that if V-type and inverted V-type bracing had been used, the
flexural demand of the unbalanced vertical load resulting from the
difference in the brace maximum expected compression and tension
strengths would have had to be added or subtracted, respectively to

Level

Beam Axial Force
(kips)

Roof

222

Fifth Floor

370

Fourth Floor

481

Third Floor

555

Second Floor

591

Table 11.6
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Level

Beam Size

Roof

W18 × 50

Fifth Floor

W21 × 62

Fourth Floor

W21 × 73

Third Floor

W21 × 83

Second Floor

W21 × 83

Table 11.7
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Preliminary Beam Sizes

the gravity moment in the brace beam (computed neglecting the support at midspan provided by the braces).
Both of the following load combinations are considered:
Ru = (1.2 + 0.2SDS)D + 0.5L + E

(11.22)

Ru = (0.9 − 0.2SDS)D − E

(11.23)

Preliminary beam sizes are presented in Table 11.7.
Using these preliminary sizes a three-dimensional computer
model is constructed. As discussed in Section 11.4, the nonprismatic
configuration of the brace must be addressed in the model. The effective brace stiffness is typically accounted for by modifying the Young’s
modulus of a brace element modeled as the yielding steel core area
extending from work-point to work-point.
The modified value is
E′ =

Kef L
Aysc

(11.24)

where E’ is Young’s modulus adjusted to account for the nonprismatic member, Kef is the brace stiffness, and L is the full length of the
brace in the model.
For configurations with braces of the same length and of the
same type the value of the adjusted Young’s modulus is often
taken as uniform for all braces. A factor of C = E′/E between 1.3
and 1.8 is commonly used. In this example the Young’s modulus is
multiplied by a factor of 1.5 to approximate the correct stiffness of
the brace.
A modal response spectrum analysis is performed on this model
using the design response spectrum. Interstory drifts are compared
with the allowable drift, and the brace member sizes are checked.
Because the modal response spectrum analysis is scaled to 85% of
the static the base shear the preliminary sizes are found to be adequate.
Optimization is possible at this stage. Braces sizes can be reduced,
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Brace
Area
(in2)

Level

Beam

Fifth
Floor

3.0

Roof

W18 × 50

Fourth
Floor

4.5

Fifth
Floor

W18 × 60

Third
Floor

6.0

Fourth
Floor

W21 × 73

Second
Floor

7.0

Third
Floor

W21 × 73

First
Floor

8.0

Second
Floor

W21 × 83

Level

Table 11.8

Exterior
Column

Interior
Column

Upper
Column

W14 × 74

W14 × 68

Lower
Column

W14 × 145

W14 × 132

Final Member Sizes

reducing the resulting mechanism-based axial forces in beams and
columns and, consequently, the sizes of those members. One or two
iterations typically suffice, and subsequent iterations may result in
little or no change. Final member sizes are shown in Table 11.8.

11.10.5 Brace Validation and Testing
Once the BRB manufacturer has been selected, design is typically
reviewed to ensure validity of the original assumptions, and/or to
produce a final design. Here, it is assumed that, in consultation
with the brace manufacturer, the brace designs in Table 11.9 are
obtained.
In particular, with BRB properties known, it is important to verify that the strain-hardening factor, ω, and the compression overstrength factor, β, assumed in the design are consistent with those
obtained from the BRB manufacturer’s testing. For this purpose,

Level

Brace
Area (in2)

Brace
Length (in)

Yielding
Length (in)

Fifth Floor

3.0

248

166

Fourth Floor

4.5

242

160

Third Floor

6.0

236

152

Second Floor

7.0

230

146

First Floor

8.0

260

175

Table 11.9
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brace strains are computed at the twice the design story drift at each
level (Δi). For purposes of establishing brace strains, this drift must
not be taken to be less than 1%. The design story drift is determined
as follows:
∆ i = Cd ∆ e

(11.25)

i

where De is the elastic story drift, and Cd is the deflection amplificai
tion factor.
The brace inelastic axial deformations are determined from the
design story drift based on the frame geometry:
∆ br = Dicos θi

(11.26)

i

where ∆ br is the brace deformation at the design story drift.
i
In conjunction with the yield lengths shown in Table 11.9, these
deformations can be converted to strain for use in verifying strainhardening factors. (Note that conversion to strain requires knowledge
of the yield length and is thus specific to brace type and configuration; it cannot be done generically.) Table 11.10 shows the brace strains
for the braces oriented in the north-south direction.
This strain is used to extract values of the strain-hardening factor,
ω, and the compression overstrength factor β from the manufacturer’s
testing. If these values are less than those assumed in the earlier stages
of design no redesign is necessary.

Elastic
Story
Drift,
Dei (in)

Design
Story
Drift,
Di (in)

1%
Story
Drift
(in)

Brace Deformation
(at twice the
design story drift),
2Dbri (in)

Brace Core
Strain (at twice
the design
story drift), dbri

Fifth
Floor

0.18

0.91

1.56

2.62

0.158

Fourth
Floor

0.27

1.34

1.56

2.62

0.163

Third
Floor

0.28

1.41

1.56

2.62

0.172

Second
Floor

0.28

1.42

1.56

2.62

0.179

First
Floor

0.32

1.60

2.16

3.22

0.183

Level

Table 11.10

Brace Deformation and Strain
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11.10.6 Completion of Design
Several items remain to complete the design. These include
• Brace connections
• Column splices
• Base plates
• Foundations
• Diaphragms, chords, and collectors
Although each one of these items is necessary and important, the
execution is similar to that of many other components of a building
design.

Self-Study Problem
Problem 11.1 Design the braces, beams, and columns, for the BRBF shown
below per AISC 341. Comment on the differences between this design and the
SCBF design from Problem 9.1. In that process:
• A
 ssume that the frame is laterally braced in the out-of-plane direction
at beam-to-column connections and that the beam is unbraced against
compression and lateral-torsional buckling over its entire length. Use
simple framing for the beam-to-column connections.
• A seismic lateral load, Ps, of 593 kN is applied at each ends of the
frame. That value has already been reduced by the appropriate R
value. All loads shown are unfactored.
• Only consider the loading combination of 1.2D + 0.5L + 1.0E and
neglect the contribution of vertical ground motion.
• Use a compression strength adjustment factor, β, of 1.2 and a strainhardening adjustment factor, ω, of 1.2.
• Use A992 steel for beam and columns, and A572 Gr. 50 steel for the
BRBs.
• Use a rectangular cross-section for the BRBs and W-shapes for the
beam and columns.
• When using available design aids, reference the section numbers and
edition of the design aids used.

PL

ω D = 15 kN/m
ω L = 10 kN/m

PS

PL = 100 kN
PS

4000 mm
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12

Design of Ductile
Steel Plate Shear Walls
12.1

Introduction
12.1.1 General Concepts
A steel plate shear wall (SPSW) [a.k.a. special plate shear wall (SPSW)
in AISC 341, steel plate wall (SPW) in CSA S16, and special steel plate
wall (SSPW) in FEMA 2004] is a lateral load resisting system consisting of vertical steel plates (a.k.a. webs or infills) connected to their
surrounding beams and columns and installed in one or more
bays along the full height of a structure to form a cantilever wall
(Figure 12.1)—note that beams and columns in SPSWs are typically
called horizontal boundary elements (HBEs) and vertical boundary
elements (VBEs) in AISC 341. SPSWs subjected to cyclic inelastic
deformations exhibit high initial stiffness, behave in a ductile manner,
and dissipate significant amounts of energy. These characteristics
make them suitable to resist seismic loading. SPSWs can be used not
only for the design of new buildings but also for the retrofit of
existing construction. Beam-to-column connections in SPSWs may in
principle be either simple shear connections or moment-resisting
connections, although only the latter are allowed by AISC 341 for
seismic applications.
Before key research performed in the 1980s, the design limit
state for SPSWs was considered to be out-of-plane buckling of the
infill panel. To prevent buckling, engineers designed SPSWs with
heavily stiffened infill plates (Section 12.1.1). However, several
experimental and analytical studies using both quasi-static and
dynamic loading showed that the postbuckling strength and ductility of slender-web SPSWs can be substantial (Berman and Bruneau 2003a, 2004, 2005; Bhowmick et al. 2009; Caccese et al. 1993;
Choi and Park 2009; Dastfan and Driver 2008; Deng et al. 2008;
Driver et al. 1997a, 1998a, 2001; Elgaaly 1998; Elgaaly et al. 1993;
Elgaaly and Liu 1997; Grondin and Behbahannidard 2001; Lee and
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Level 4

Horizontal boundary
element (HBE)

Plate 4
Level 3

Vertical boundary
element (VBE)
Plate 3

Level 2
Infill plate
Plate 2

Level 1

Plate 1

Figure 12.1 Typical steel plate shear wall. (Berman and Bruneau 2008,
reprinted with permission of the American Institute of Steel Construction.)

Tsai 2008; Lin et al. 2010, Lubell et al. 2000; Purba and Bruneau
2009; Qu et al. 2008; Qu and Bruneau 2009, 2010a, 2010b, 2011; Rezai
1999; Roberts and Sabouri-Ghomi 1991,1992; Sabouri-Ghomi and
Roberts 1992; Sabouri-Ghomi et al. 2005; Shishkin et al. 2009; Thorburn et al. 1983; Timler and Kulak 1983; Tromposch and Kulak
1987; Vian et al. 2009a, 2009b; Vian and Bruneau, 2004, 2005; Zhao
and Astaneh 2004). Based on the research in the earlier references,
the CAN/CSA S16-94 and CAN/CSA S16-01 provided design
clauses for SPWs allowing the steel plates to buckle in shear and
develop tension field action (CSA 1994, 2001, 2009). Similar clauses
were then adopted by the 2003 NEHRP Recommended Provisions for
Seismic Regulations for New Buildings and Other Structures (FEMA
2004) and in AISC 341 since 2005 (AISC 2005, 2010).
The postbuckling strength and tension field action mechanism of
unstiffened steel plates can be conceptually described considering a
panel bounded by rigid beams and columns, and subjected to pure
shear. When a lateral load is applied horizontally to the top beam,
the plate in such a panel is subject to pure shear, with compression
and tension principal stresses oriented at a 45° angle to the direction
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of load. The buckling strength of the plate in compression depends
on its depth-to-thickness and width-to-thickness slenderness ratios.
These ratios are relatively high for typical building geometries and
wall thicknesses, and buckling strength is correspondingly low
(close to zero for thin plates)—even more so considering that plates
are not initially straight or flat due to fabrication and erection tolerances. The plate therefore buckles under the diagonal compressive
stresses, with fold lines perpendicular to these compressive stresses
(and parallel to the principal tensile stresses). At that point, lateral
loads are transferred through the plate by the principal tension
stresses. This postbuckling and tension field action behavior is schematically shown in Figure 12.2a, and visible in an actual SPSW in
Figure 12.2b.
This tension field mechanism has been recognized as early as the
1930s in aerospace engineering (Wagner 1931) and as early as the
1960s in steel building construction, when it was incorporated into
the design process of plate girders (Basler 1961). However, note that
plate girder design equations should not be used to design SPSWs
because they can be misleading and give strengths inappropriate for
capacity design purposes (as demonstrated in Berman and Bruneau
2004). One important reason for this is that HBEs and VBEs in SPSW
are designed with sufficient strength and stiffness to allow the web
plates to yield over their height and width, which is not possible for
the flanges of plate girders.
Following the review of representative SPSW implementations
summarized in Section 12.1.2, the fundamental behavior of SPSWs is
presented in Section 12.2, while procedures for the analysis and
design of SPSWs are in Sections 12.3 and 12.4, respectively. Design is
covered in Section 12.5, followed by a design example in Section 12.6.
Note that this chapter focuses on the behavior and design of unstiffened SPSW.
Angle of
inclination
Lateral
load

Diagonal
folds

α
Tensile
stresses

(a)

(b)

Figure 12.2 Tension field action in typical SPSW: (a) schematic idealization
(Courtesy of Diego López-García, Pontificia Universidad Católica de Chile, Chile.);
(b) web plate of SPSW specimen (at 1.8% drift). (Berman and Bruneau 2003b,
courtesy of MCEER, University at Buffalo.)
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12.1.2 Historical Developments
SPSWs have been constructed before codified requirements for their
design existed. Designed and detailed based on engineering principles,
their characteristics have evolved over time, reflecting improvements
in knowledge on this topic as instructed by research. A comprehensive
survey of buildings having SPSWs for their lateral load resisting
structural system, and of determinant research on that topic at the
time, has been presented by Sabelli and Bruneau (2007). The number
of buildings having SPSWs and of research projects studying that
structural system has increased substantially since it has been introduced in design specifications (AISC 2005, 2010; CSA 1994, 2001,
2009). Here, a few selected projects are summarized to illustrate the
evolution in approaches and applications for SPSWs. Specifics on
geometry, plate thicknesses, member sizes, and material properties
are provided in Sabelli and Bruneau for some of these projects.
Early documented implementations of SPSWs in North America
date to the 1970s. Notable examples include a 16-story expansion to
an existing hospital in San Francisco, California (Dean et. al 1977;
Wosser and Poland 2003), a 29-story hotel in Dallas, Texas (Architectural Record 1978a, ENR 1977), a six-story medical center in Sylmar,
California (Architectural Record 1978b, ENR 1978a), a hospital retrofit in Charleston, South Carolina (Baldelli 1983), and a library retrofit
in Oregon (Robinson and Ames 2000).
For the San Francisco hospital expansion, SPSW was determined
to be the only practical structural system able to accommodate the
high design seismic forces and sufficiently stiff to meet the tight drift
limits specified for the project (intended to protect essential hospital
systems from damage so they could remain in service after a severe
earthquake), while limiting story heights to match the floor levels of
the adjacent existing building (to accommodate the many ducts, pipes,
and other mechanical and electrical items in the ceiling space). Wosser
and Poland (2003) report that equivalent reinforced concrete shear
walls would have been over 4-feet thick, which was architecturally
unacceptable. Finite element analysis was used to model the shear
walls, which were irregular in shape and had many openings. In the
implemented concept, the steel plates were sized to resist the total
design shear forces in the wall. The concrete cover stiffness was taken
into account, but its main purpose was to prevent buckling of the
steel plates. Ties on each side of the steel plate were used to attach it
to the concrete layers. Typical wall details are shown in Figure 12.3.
When not cast in concrete, SPSWs designed in the 1970s were
stiffened to prevent buckling of their plate, such as for the wind-resistant design of the Hyatt Regency Hotel towers in Dallas (Architectural Record 1978a; ENR 1977), where steel plate walls were chosen
because conventional bracing would have encroached on interior
space, and concrete shear walls would have slowed construction.
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Intermittent
keys

Ledger angle
connected
positively to girder

Ties at
girder

Welded girder
10"
Ties @2'–0' o.c.
each way at
plate.

10"

Head of rough
opening at corridors
#5@12' o.c.
each way each
face

Figure 12.3 Moffit Hospital addition, typical steel shear wall, and example crosssection. (Courtesy of Degenkolb Engineers.)

SPSWs were also used for the Olive View Medical Center, built to
replace the reinforced concrete hospital extensively damaged by the
1971 San Fernando Valley earthquake in California (Architectural
Record 1978b; ENR 1978a). Perimeter and interior shear walls were
used, with reinforced concrete walls in the lower two stories and
SPSWs in the upper four stories as a measure to reduce the weight of
the structure. The wall design was considered less costly than
moment-resisting frames, and steel wall modules (Figure 12.4) were
assembled using bolted splices. The peak acceleration value of 2.31g
(Celebi 1997) recorded at roof level during the 1994 Northridge earthquake, for a corresponding recorded peak ground acceleration of
0.91g at the site, is often cited to emphasize the need to provide
adequate bracing and protection of nonstructural elements in such
stiff structures. In that case, while no structural damage was reported
due to the 1994 earthquake, various nonstructural damage occurred
(Naeim and Lobo 1997), including substantial water damage from
various sprinkler and pipe failures which forced evacuation (OSHPD
1995).
Stiffened SPWs also provided advantages for the seismic retrofit
of concrete moment-resisting frames. In one case, using steel walls
instead of concrete ones minimized disruption of service in a hospital
(which remained in operation during the retrofit) and allowed for
future expansion (Baldelli 1983). The steel plates were connected to
perimeter plates, themselves connected to the existing concrete floors
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(a)

(b)

Figure 12.4 Olive View Hospital steel plate assembly. (Photos:author unknown.)

using drilled-in and epoxied anchors. In another case, for a library,
in addition to keeping the facility open during construction and preserving historical finishes, SPSW were advantageous because the
moisture generated by pouring concrete would have required relocating the historical book collection to protect it against possible damage.
Steel plates were designed in small panels that could be installed by
hand to avoid using heavy machinery, and bolted splices were used
as much possible to minimize the risk of fire from welding (Robinson and Ames 2000).
Typically in the sample implementations mentioned, although
stiffened SPSWs were more expensive than alternative systems, they
were advantaged by other project-specific requirements. In the early
1980s, unstiffened SPSWs started to be built in North America,
starting in Canada because these were the types of SPSWs on which
Canadian research focused. An eight-story building was constructed
in Vancouver, British Columbia, to provide adequate seismic performance in the narrow building direction where the only locations
available for lateral load resisting structural elements were adjacent
to elevator shafts and staircases; eccentrically braced frames were
used in the other direction (Glotman 2005).
With the publication of SPSW seismic design requirements in
CAN/CSA S16 (first as an Appendix of the 1994 Edition, then in the
main provisions of the 2001 Edition), implementation accelerated
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significantly. A series of SPSWs located around elevator shafts was
found to be the best solution to resist lateral load for a 6-story building with irregular floor plan in Québec (Driver and Grondin 2001).
Simplicity in construction details contributed to the cost effectiveness
of the SPSW system. Two-story tiers were shop-fabricated and assembled in the field with slip-critical bolted splices.
Multiple other similar buildings have been built since. For example,
a SPSW system was selected for a seven-story building in Québec,
on the basis of faster construction time and gain of usable floor
space, compared with other structural systems considered (including
reinforced concrete walls and steel braced frames among many).
The design concept relied on a core of walls located in the middle of
the building (Figure 12.5a). Full height walls were prefabricated in
the shop, some fabricated in half width segments and joined together
on site with a vertical welded seam spanning from top to bottom
(Figure 12.5b). The base of those walls was continuously anchored to
the foundation.
Similar implementations followed soon after in the United States,
with SPSWs around elevator shafts or other interior and exterior locations where solid walls without door and window perforations were
acceptable, as typically shown in Figure 12.6 (Monnier and Harasimowicz 2007). SPSWs were also used to strengthen a building having
steel moment-resisting frames that experienced damage to multiple
moment connections during the 1994 Northridge Earthquake (Love
et al. 2008). In that case, the existing steel moment-frame columns
and girders were able to serve as VBEs and HBEs for the SPSW panels. The nonlinear pushover analyses used to validate the design used

(a)

(b)

Figure 12.5 Core wall at middle of building in Montreal. (Courtesy of Louis Crepeau,
Teknika-HBA.): (a) global view; (b) close-up view at midspan splice location.
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Figure 12.6
Engineers.)

SPSW in Portland Oregon. (Courtesy of KPFF Consulting

equivalent diagonal “strips” to model the tensile field behavior of
shear panels and the force transfers in the boundary elements, and
nonlinear time history analyses used tension-only diagonal strips in
two directions (as described in Section 12.3).
A notable implementation in the United States (predating the
SPSW design requirements of AISC 341) used a core wall system
having unstiffened SPSWs in the narrow North-South direction of a
23-story building in Seattle (Figure 12.7); braced frames were used in
the East-West direction. Large concrete-filled steel pipe columns were
used as boundary elements to provide stiffness and resistance to
overturning. SPSWs provided many competitive advantages. First,
the SPW system required walls thinner than those needed for an
equivalent concrete shear wall (18 in including the furring versus
28 in), resulting in savings of approximately 2% in gross square
footage. Second, the system was approximately 18% lighter than an
equivalent concrete core system, with a corresponding reduction in
foundation loads due to gravity and overall building seismic loads.
Third, construction time was reduced because the wall was fast to
erect, did not require a curing period, and was easier to assemble
than equivalent special concentrically braced frames. Fourth, the
system was also recognized to have excellent postbuckling strength
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Figure 12.7 Structural system for U.S. Federal Courthouse, Seattle. (Courtesy of
Magnusson Klemencic Associates.)

and ductility (experiments were conducted to validate the SPSW
details used for this particular project).
Use of SPSWs in a 54-story hotel and condo tower completed in
2010 in Los Angeles was reported to provide all the same advantages,
reducing building weight by 30% and construction time by nearly
4 months. Furthermore, use of 1-inch thick steel plates instead of
36-inch thick concrete walls provided over 20,000 extra sellable condominium square footage, for an extra $20 million in income to the
developer on that prime location (Blogdowntown.com 2008, Kristeva
2010). Preassembled wall modules were also used to accelerate erection (Figure 12.8).
SPSWs also found applications in engineered low-rise buildings
and large residences having sizeable open floor plans (Eatherton
2005, Eatherton and Johnson 2004, Sabelli and Bruneau 2007). In some
of these cases, light-gauge steel plates were used for the SPSW webs.
In other instances, the SPSWs were designed to remain elastic and
capable of resisting several times the code-specified level of base
shear (Figure 12.9).
In most applications, the web plates of unstiffened SPSWs have
been welded to their surrounding frames (in conjunction to either
welded or bolted splices), but bolted alternatives are possible.
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Figure 12.8 SPSW module lifted in place to accelerate construction.
(Courtesy of Lee Decker, Herrick Corporation.)

Figure 12.9 Residential building with SPW in San Mateo County, California,
CA. (Courtesy of GFDS Engineers and of Matthew Eatherton, Department of
Civil and Environmental Engineering, Virginia Tech.)
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Figure 12.10 Example of SPSW with bolted webs. (Courtesy of Peter Timler,
Supreme Group, Edmonton, AB, Canada.)

For example, as part of a new combined air traffic control tower built
integral with office facilities, as an extension to an existing airport,
bolted webs were used because they provided more construction
flexibility when operating in a highly restricted and controlled environment, particularly for the structure being within airside operations (Figure 12.10).

12.1.3 International Implementations
12.1.3.1 Unstiffened SPSW

Unstiffened SPSWs have also been implemented in other countries,
with sensibly the same detailing and following identical analysis and
design approaches. For example (Figure 12.11), a 22-story condominium building in Mexico was constructed with SPSWs after calculations demonstrated this alternative to be of lower cost and faster to

(a)

(b)

Figure 12.11 SPSWs around an elevator core in a Mexico building: (a) outside
view; (b) inside view. (Courtesy of Enrique Martinez-Romero, Mexico.)
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Figure 12.12 SPSW with bolted web. (Courtesy of Kevin Spring, Silvester/
Clark Consulting Engineers, New Zealand.)

build than a hybrid structure of steel frames combined with concrete
walls that had been used earlier in a similar building (itself more economical than an all concrete option) (Romero 2003).
In New Zealand (Figure 12.13), SPSWs were used in 2003 to
strengthen the lower stories of an existing three-story reinforced concrete building and then extended to provide four additional stories of
steel framing on top of the existing building (Figure 12.12). The existing concrete columns were wrapped in steel plates to provide them
with some ductility before connecting the SPSW’s steel plate.
In the absence of local code specifications for unstiffened SPSWs
(although the system is being considered for adoption in future
editions of many such specifications), international projects have
typically been designed referencing CAN/CSA S16 or AISC 341.

12.1.3.2 Stiffened SPSW

Stiffened SPSWs have been preferred in Japan where elastic buckling
of structural elements providing lateral load resistance is not permitted (Figure 12.13). Given the requirement that steel plates must
achieve their full plastic shear strength, other types of structural configurations have emerged in which shear yielding elements are introduced, without being SPSWs in the sense considered in here. Such
concepts include small shear-yielding panels connected to beams at

12_Bruneau_Ch12_p689-786.indd 700

6/13/11 3:34:43 PM

Design of Ductile Steel Plate Shear Walls

701

Figure 12.13 SPSW panel in Japan, with horizontal and vertical stiffeners.
(Courtesy of Nippon Steel Engineering.)

midspan or inserted at midheight of special intermediate columns,
and designed as hysteretic dampers (which are beyond the scope of
this chapter).
Examples of early SPSW buildings in Japan include the Nippon
Steel building and the Shinjuku Nomura building, both in Tokyo and
built in the 1970s. For the former, SPSWs were used from the fourth
story and above, while SPSWs embedded in concrete were used for
the lower stories (Yokoyama et al. 1978). For the latter, Tokyo’s third
tallest building at the time (51 stories), the 10 ft × 16.5 ft steel panels
were reinforced with vertical stiffeners on one side and horizontal
stiffeners on the other, and each panel was reportedly connected to its
surrounding steel frame with 200 to 500 bolts (ENR 1978b). The precision required for such bolting operations proved challenging and the
project manager for the contractor expressed a strong determination
to weld the plates in future such projects, as apparently done in
another Tokyo high-rise at the time. Other Japanese buildings at the
time were designed with patented precast concrete seismic wall cores
and the motivation to use SPSWs stemmed from the desire to use an
innovative and non-patented construction system.
The 35-story Kobe City Hall tower (Figure 12.14), subjected to the
1995 Kobe earthquake, had stiffened SPSWs from the third floor and
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(b)

(a)

Figure 12.14 Kobe City Hall: (a) global view; (b) sketch of SPSW plate buckling on
26th story. (Fujitani et al. 1996, Courtesy of Council on Tall Buildings and Urban
Habitat.)

above (reinforced concrete walls were used in the basement levels,
and composite walls over two stories were used as a transition
between the steel and reinforced concrete walls). Fujitani et al. (1996)
reported minor local buckling of the stiffened steel plate shear walls
on the 26th story (Figure 12.14b) and residual roof drifts of 225 mm
(8.9 in) and 35 mm (1.4 in) from plumb in the north and west directions, respectively. Note that an upper story of the lower rise building
of that complex (foreground of Figure 12.14a) collapsed in a softstory mechanism at the level where a moment-resisting frame system
having steel sections embedded in reinforced concrete transitioned
into a regular moment-resisting reinforced concrete frame (Nakashima
et al. 1995); however, this building had a significantly lower period
than the adjacent tower, which attracted greater seismic forces, precluding comparison of the seismic performance between the two
structures.
Following the development of special low yield steels (LYS) in
Japan (Chapter 2), some tall buildings there have included SPSWs
with LYS plates to dissipate energy (Yamaguchi et al. 1998). Because
of their lower strength, LYS plates required to resist a given lateral
load are thicker than conventional steel, resulting in fewer stiffeners
required to prevent buckling. In two such 31- and 26-story buildings,
walls were positioned around the stairwells in somewhat of a checkerboard pattern to minimize their overturning moments.
Finally, note that traditional structural engineering practice in
Japan calls for all the beam-to-column connections in a building to be
full moment-resisting connections, which provides significant redundancy compared with North American practice.
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Behavior of Steel Plate Shear Walls
12.2.1 General Behavior
Lateral loads applied to a typical SPSW panel are resisted by its web
plate, together with moment-frame action if moment connections are
provided. A stocky or appropriately stiffened plate could provide
enough compression strength to allow the plate to yield in shear.
However, given that plates in SPSWs are generally slender, they
buckle in compression and develop a diagonal tension field (as
described in Section 12.1.1). The beams (HBEs) and columns (VBEs)
to which they are connected must be able to resist these tension forces.
The resulting demands on the web’s boundary frame, combined to
forces and deformations due to sway action, are illustrated in
Figure 12.15. Note that thin web plates can provide the strength and
stiffness of CBFs having large braces, without the complex brace
gusset designs required in CBFs.
The angle from the vertical at which the diagonal tension field
develops in unstiffened SPSWs was derived from elastic strain energy
principles by Timler and Kulak (1983) as:
1+
tan 4 α =

tw L
2 Ac

(12.1)

1
h3 
1 + tw h  +

 Ab 360Ic L 

where tw is the thickness of the infill plate, h is the story height, L is
the bay width, Ic is the moment of inertia of the VBE, Ac is the crosssectional area of the VBE, and Ab is the cross-sectional area of the
HBE. This equation was first verified by Timler and Kulak (1983) and

Deformed
shape
(a)

(b)

(c)

Moment
diagram

Figure 12.15 Schematic deformed shape, frame forces, and moment diagrams
for: (a) frame without web plate; (b) SPSW web plate forces; (c) combined system.
(Vian and Bruneau 2005; Courtesy of MCEER, University at Buffalo.)
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Tromposch and Kulak (1987) with large-scale single-panel test specimens, and later by others. Values of this angle typically fall between
38° and 45° for well designed SPSWs.
Thorburn et al. (1983) and Timler and Kulak (1983) proposed
replacing the solid web by a series of pin-ended diagonal braces for
convenience in analysis, recommending a minimum of 10 strips per
panel to appropriately capture the SPSW behavior; engineering judgment may dictate more for large panel aspect ratios, as the model
must have enough discrete strips pulling on the HBEs and VBEs to
ensure that their moment diagrams closely match the actual ones due
to the tension applied by the continuous plates. This approach will be
further described in Section 12.3.
Knowing the angle at which tension stresses are acting, corresponding demands on the boundary elements can be calculated. For
example, for the bottom beam segment shown in Figure 12.16, and
unit panel width, ds, oriented at angle, α, the axial force in that web
strip is given by:
P = σ · t · ds

(12.2)

where t is the web panel thickness, and σ is the strip axial stress.
The unit length along the beam, dx, is calculated from the projection of ds. The horizontal and vertical components of P, H, and V
respectively, are resolved from geometry and used to calculate the

σ·t

Unit panel width
along diagonal

V = P·cos α

Panel tension field
stress across unit
diagonal width, σ

α

P = σ · t · ds

Resultant tension field
force, P and components

H = P · sin α
ds

α
SPSW
web plate

ωV = V/dx
ωH = H/dx

dx

Unit length
along beam

Horizontal, ωH, and
vertical, ωV,
distributed loading

SPSW
HBE

Figure 12.16 Horizontal, ωH, and vertical, ωV, distributed loading components
of panel diagonal tension field force, P, per unit width, ds. (Adapted from Vian
and Bruneau 2005, Courtesy of MCEER, University at Buffalo.)
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distributed loads on the beam, ωH and ωV, respectively (note that
other context-dependent notations are used for those terms throughout the chapter). By distributing those values across the projected
unit length, dx:

	 

ωH =
ωV =

H P ⋅ sin α 1
=
= σ ⋅ t ⋅ sin 2α
dx
dx
2

(12.3a)

V P ⋅ cos α
=
= σ ⋅ t ⋅ cos2 α
dx
dx

(12.3b)

A fully yielding web plate would apply a total horizontal force
along the length of an HBE equal to:
FH = ωH L =

1
σ t L sin 2α
2 y

(12.4)

If the tension field is oriented at an angle of α = 45º, then:
ω = ωH = ωV =

σ ⋅t
2

(12.5)

The force applied by a web plate to its boundary VBEs can be
similarly calculated. Using a similar approach, parallel and perpendicular unit stresses per unit along a VBE are respectively ½ σ sin(2α)
and σ sin2(α).
Using similar geometric relationships, the drift at which the
web plate of a SPSW would start to yield can be estimated assuming rigid pin-ended HBEs and VBEs. The corresponding rigid
“racking” behavior would impose a uniform axial strain on all of
the diagonal tension field strips, ε, which can be related to drift
angle, γ, as:
ε=

γ ⋅ sin 2α
2

∴

γy =

2ε y
sin 2α

(12.6)

which, for steel having a yield stress of 50 ksi, assuming a diagonal
tension field angle of 45°, indicates that plate yielding would start at
a drift of 0.34%.
The tension forces applied to the boundary frame by the yielding
web plate can result in significant “pull-in” of the HBEs and VBEs. If
these members are not designed in accordance with capacity design
principles (Sections 12.2.2, 12.3, and 12.4), the SPSW may end up
having a substantial “hour-glass” shape after cycles of inelastic
behavior, as shown in Figure 12.17.
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Figure 12.17 Hour-glass shape of specimen due to “pull-in” of HBEs and
VBEs. (Courtesy of Carlos Ventura, Department of Civil Engineering, University
of British Columbia, Canada.)

12.2.2 Plastic Mechanism
12.2.2.1 Kinematic Method—Simple Beam-to-Column Connection

The plastic strength of a SPSW can be obtained using the kinematic
method of plastic analysis (Berman and Bruneau 2003a, 2003b).
Consider the frame of width L, having inclined strips of thickness t, at
a spacing s in the direction perpendicular to the strips, with the first
and last (upper left and lower right) strips located at s/2 from the
closest beam-to-column connections. When the shear force, V, displaces the top beam by a value, ∆, sufficient to yield all the strips, the
external work done is equal to V∆. If the beams and columns are
assumed to remain elastic, their contribution to the internal work
may be neglected when compared with the internal work done by the
braces, hence, the internal work is (nbAst Fy sin α)∆, where nb is the
number of strips anchored to the top beam, Ast is the area of one strip,
Fy is the strip yield strength, and α is the angle from the strip to the
vertical (complementary to the angle φ shown in Figure 12.18). This
result can be obtained by the product of the yield force times the yield
displacement of the strips, but for simplicity it can also be found
using the horizontal and vertical components of these values. Note
that the horizontal components of the yield forces of the strips on the
columns cancel (the forces on the left column do negative internal
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φ

V

θ

Figure 12.18 Single-story SPSW plastic mechanism. (Adapted from Berman
and Bruneau 2003b, Courtesy of MCEER, University at Buffalo.)

work and the forces on the right column do positive internal work)
and the vertical components of all the yield forces do no internal
work because there is no vertical deflection. Therefore, the only internal work done is by the horizontal components of the strip yield
forces anchored to the top beam. Equating the external and internal
work gives:
V = nb Fst sin α

(12.7)

Given nb = (L cos α)/s from geometry, and the strip force Fst = Fy Ast =
Fy t s, substituted into Eq. (12.7), and knowing (½) sin 2α = (cos α)(sin α),
the resulting base shear relationship is:
V=

1
F t L sin 2α
2 y

(12.8)

The same results can also be obtained using the statical method
(Berman and Bruneau 2003a).

12.2.2.2 Kinematic Method—Rigid Beam-to-Column Connection

In single-story SPSWs having rigid beam-to-column connections
(as opposed to simple connections), plastic hinges also need to form
in the boundary frame to produce a plastic mechanism. The corresponding additional internal work is 4Mpθ, where θ = Δ/hS, is the
story displacement, ∆, over the story height, hs, and Mp is the smaller
of the plastic moment capacity of the beams Mpb, or columns Mpc—if
strong-column/weak-beam philosophy is enforced, plastic hinges
will develop in the beams; otherwise, for single-story frames that
are wider than tall, if the beams (HBEs) have sufficient strength and
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stiffness to anchor the tension field, plastic hinges are likely to form
at the top and bottom of the columns (VBEs) and not in the beams.
The resulting ultimate strength for a moment frame with plastic
hinges in the columns becomes:
V=

4 Mpc
1
Fy t L sin α +
hs
2

(12.9)

In design, neglecting the strength of the HBEs or VBEs results in
a larger plate thickness. This translates into lower ductility demands
in the walls and frame members and is conservative. Note that CSA
S16-09 explicitly requires that plates be designed to resist 100% of the
seismic lateral forces, but not AISC 341-10; although this was implicitly intended in the original formulation of the design requirements,
it can be interpreted otherwise. A limited study of the lateral load
resistance of SPSWs designed with and without consideration of
the boundary frame moment-resisting action [e.g., Eq. (12.9) versus
Eq. (12.8)] is summarized in Section 12.4.4.

12.2.2.3 Plastic Analysis of SPSW—Multistory Frames

For multistory SPSWs with pin-ended beams, plastic analysis can
also be used to predict the ultimate capacity. Some of the key plastic
mechanisms that should be considered in estimating the ultimate
capacity of a steel plate shear wall are presented here. These could be
used to define a desirable failure mode in a capacity design perspective, or to prevent an undesirable failure mode, as well as complement traditional design approaches.
For the soft-story plastic mechanisms at level i shown in
Figure 12.19a, with plastic hinges in the HBEs, equating the internal
and external work gives:
ns

1

∑Vj = 2 Fy ti L sin 2α +
j

4 Mpci
hsi

(12.10)

where Vj are the applied lateral forces above the soft-story i, ti is the
plate thickness at the soft-story, Mpci is the plastic moment capacity of
the columns at the soft-story, hsi is the height of the soft-story, and ns
is the total number of stories. Note that only the applied lateral forces
above the soft-story do external work and they all move the same
distance (Δ). The internal work is done only by the strips on the softstory itself and by column hinges forming at the top and bottom of
that soft-story. Note that the possibility of a soft-story mechanism
should be checked at every story in which there is a significant change
in plate thickness or column size. Additionally, the soft-story mechanism is independent of the beam connection type (simple or rigid)
because plastic hinges form in the columns, not the beams.
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Figure 12.19 SPSW plastic mechanisms: (a) soft-story mechanism; (b) uniform
yielding mechanism. (Berman and Bruneau 2003b, courtesy of MCEER, University
at Buffalo.)

The desirable plastic mechanism involves uniform yielding of the
plates over every story (Figure 12.19b). For this mechanism, each
applied lateral force, Vi, moves a distance Δi = θhi, and does external
work equal to Viθhi, where hi is the elevation of the ith story. The internal work is done by the strips of each story yielding. Note that the
strip forces acting on the bottom of a story beam do positive internal
work and the strip forces acting on top of the same beam do negative
internal work. Therefore, the internal work at any story, I, is equal to
the work done by strip yield forces along the bottom of the story
beam minus the work done by strip yield forces on the top of the
same beam. This indicates that in order for every plate at every story
to contribute to the internal work, the plate thicknesses would have
to vary at each story in direct proportion to the demands from
the applied lateral forces. Even with this in mind, this mechanism
provides insight into the capacity and failure mechanism of the wall.
For this uniform plastic mechanism, the ultimate strength of a
multistory SPSW having simple beam-to-column connections
(obtained by equating internal and external works) is:
ns

ns

i

i

1



∑Vi hi = ∑ 2 Fy (ti − ti+1 )Lhi sin 2α

(12.11)

where hi is the ith story elevation, ns is the total number of stories, and
ti is the thickness of the plate on the ith story.
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The ultimate strength of SPSW having rigid beam-to-column connections capable of developing the beam’s plastic moment can also
be calculated following the same kinematic approach. The resulting
general equation for the uniform yielding mechanism is:
ns

n

n

s
s
1
∑Vi hi = ∑ 2 Fy (ti − ti+1 )Lhi sin 2α + ∑ 2 Mpbi
i
i
i

(12.12)

where Mpbi is the plastic moment of the ith story beam, and the rest of
the terms were previously defined (identical plastic hinge strengths
are assumed at both HBE ends here—the equation can be modified if
not the case). If column hinges form instead of beam hinges at the
roof and base levels, values for Mpc1 as the first story column plastic
moment, and Mpcn as the top story column plastic moment would be
substituted at those stories; this would happen if strong-column/
weak-beam philosophy was not enforced at these two locations.
Judgment must be used to determine when Mpc1 and Mpcn may be
used instead of Mpb1 and Mpbn, where Mpb1 and Mpbn are the plastic
moment capacities of the base and roof beams, respectively.
Results from several different pushover analyses for multistory
SPSW have shown that the actual failure mechanism is typically somewhere between a soft-story mechanism and uniform yielding of the
plates on all stories. Finding the actual failure mechanism is tedious
by hand; computerized pushover analysis is preferable. However, the
mechanisms described above will provide a good estimate of ultimate
strength and insights as to whether a soft-story is likely.

12.2.3 Design Philosophy and Hysteretic Energy Dissipation
The designated energy dissipating elements of a SPSW are its web
plates at every story. Given the webs’ negligible compression strength,
these plates only yield in tension and the hysteretic behavior of a
typical web plate is approximately equivalent to that resulting from a
series of tension-only braces adjacent to each other. This is illustrated
in Figure 12.20 for a SPSW specimen having HBEs connected to VBEs
using only double-angle shear connections (Berman and Bruneau
2003b). Although these shear connectors are in principle not momentresisting connections, the angles required to transfer the large axial
forces in the HBEs (Section 12.3.3) were large enough to develop a
non-negligible flexural strength during testing of the bare frame.
Subtracting that bare frame contribution from the total hysteresis
curve leaves the contribution of the web plates to lateral load resistance shown in Figure 12.20.
Similarly to what was observed for CBFs having tension-only
braces (Section 6.3.2), note that previously yielded parts of a web plate
in a SPSW panel provides little lateral load resistance in subsequent
cycles unless the maximum panel drift previously reached is exceeded,
because the web plate can be plastically elongated in tension, but
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Figure 12.20 Hysteretic behavior of SPSW with simple beam-to-column
connections: (a) complete SPSW and of boundary frame alone; (b) web plate
only. (Berman and Bruneau 2003b, courtesy of MCEER, University at Buffalo.)

never shortened in compression. For the same reason, the web plate
is typically observed to be loosely buckled/folded in a random
pattern when the frame is returned to its original plumb position
after large inelastic excursions. This behavior emphasizes the important contribution of the SPSW boundary frame (HBEs and VBEs) to
limit drifts and provide complementary energy dissipation, per the
plastic mechanism described in Section 12.2.1.
Capacity design principles must be used to design HBEs and
VBEs, because yielding of the boundary frame could prevent full
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Figure 12.21 Near and far view of local instability of columns at first story
of SPSW. (Cour tesy of Carlos Ventura, Depar tment of Civil Engineering,
University of British Columbia, Canada.)

yielding of the webs. For example, failure from global instability due
to inelastic buckling of a column at the first story of a four-story SPSW
tested by Lubell et al. (2000) provides an example of such undesirable
behavior (Figure 12.21). Similar capacity design principles must
extend to connections, panel zones, splices, and all other structural
elements along the load path that must have sufficient strength to
develop the desired plastic mechanism.

12.3 Analysis and Modeling
12.3.1 Strip Models
The strip model, briefly mentioned in Section 12.2.1, provides a simple
and practical analytical way to capture the fundamental behavior of
SPSWs. As schematically illustrated in Figure 12.22, the model
proposed by Thorburn et al. (1983) consists of converting the solid
steel panel into parallel pin-ended strips only able to resist tension.
Under static lateral loads, simple brace elements can be used, provided none is in compression. When deep HBEs and VBEs are used,
accuracy of results is enhanced by connecting the strips to these
elements’ flanges, using rigid offsets to link the strips to the HBEs
and VBEs centerlines.
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SPSW

For non-cyclic analysis
(modeling offsets)

Pinned
tension-only
elements

For non-cyclic analysis

Beam
elements

For cyclic analysis

Figure 12.22 Strip model for static (linear and nonlinear) analysis of SPW
and strip model for cyclic static and dynamic nonlinear analysis.

Strip orientation can be as given per Eq. (12.1), or a constant angle
as described later. As mentioned in Section 12.2.1, the number of
strips should be large enough to give credible moment diagrams on
the HBEs and VBEs, and no less than 10 in any circumstances. Each
strip has an area, As , equal to the web plate thickness, tw, times the
perpendicular distance between strips, which, for a panel of height, h,
and width, L, having n strips, corresponds to:

A =
s

L cos (α) + h sin (α)t
w
n

(12.13)

Timler and Kulak (1983) showed that the strip model gives
accurate values of initial preyielding SPSW stiffness and of forces in
boundary members under service loads. Nonlinear pushover analyses
using elasto-plastic strips and HBE plastic hinges have often been
shown to adequately capture the full force-displacement behavior
and ultimate strength of SPSWs and their individual stories (Berman
and Bruneau 2004, 2005; Driver et al. 1997a, 1998b; Qu et al. 2008,
among many), as shown for a typical case in Figure 12.23.
Past research has also shown that the strip model can adequately
capture the hysteretic behavior of SPSWs provided that a symmetric
layout of tension-only nonlinear strips is used (e.g., Elgaaly et al.
1993, Elgaaly and Liu 1997, Lubell et al. 2000, Qu et al. 2008), as shown
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Figure 12.23 Comparison between experimental results and strip model.
(Cour tesy of Rober t Driver, Depar tment of Civil and Environmental
Engineering, University of Alberta.)

in Figure 12.22. Note that the tension-only behavior considered here
is similar to that presented in Chapter 6, Figure 6.12. Such models
have also been successfully used in nonlinear dynamic analysis (e.g.,
Bruneau and Bhagwagar 2002, Qu and Bruneau 2009).
Note that in a multistory SPSW, because the value of α given by
Eq. (12.1) would vary from story to story, the use of equally spaced
strips would lead to a model having staggered node points at the
beams (Bruneau and Bhagwagar 2002, Sabelli and Bruneau 2007,
Timler et al. 1998), which is unnecessarily complicated and gives
jagged moment diagrams in the HBEs. For that reason, AISC 341 and
CSA S16 permit the use of a single strip inclination angle across the
frame height, equal to the average of the angles calculated at each
story. Timler et al. (1998) showed this simplification to be of little consequence on analytical results. AISC 341-10 and CSA-09 also permit using a constant value of 40° (based on Dastfan and Driver
2008), although CSA only allow this for web panels aspect ratios of
0.6 ≤ L/h ≤ 2.5, when the inertia, Ib, of the top and bottom HBEs is:
Ib ≥

tw L4
 t h4 
CL −  w 
 Ic 

(12.14)

where Ic is the inertia of the VBE, C is equal to 650 and 267 for the top
and bottom anchor HBEs, respectively, and all other terms have been
defined earlier.
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12.3.2 Finite Element Models
Nonlinear finite element analysis has been successfully used by
researchers to replicate both the monotonic and hysteretic inelastic
behavior of SPSWs, accounting for material and geometric nonlinearities (Behbahanifard et al. 2003, Driver et al. 1997b, 1998b, Elgaaly et al.
1993, Purba and Bruneau 2007, Vian and Bruneau 2005). Accurate
simulations of hysteretic nonlinear inelastic response, particularly to
reliably capture cyclic behavior and plate buckling, have required a
large number of shell elements and substantial computational times.
While suitable for research purposes, such complex analyses are unrealistic for most practical applications.
Unfortunately, simpler linear-elastic finite element models cannot reliably capture the stiffness, strength, and hysteretic characteristics of SPSWs (Elgaaly et al. 1993). Most significantly, use of elastic
isotropic shell elements lead to incorrect force demands on boundary
elements (for the same reasons that elastic analysis cannot capture the
demands in the beams of V-braced CBFs after brace buckling, as
described in Chapter 9). Furthermore, because web plates in SPSW
buckle at low deformation levels, the prebuckling stiffness predicted
by elastic, isotropic shell elements overestimates the actual rigidity of
SPSWs. Elastic finite element analysis can also erroneously consider
the wall plate as contributing to resist gravity loads and overturning
moments in ways not actually possible with thin infill plates.
Use of an orthotropic membrane-element model has been proposed as a possible method to simulate the diagonal tension strip
behavior (Astaneh-Asl 2001). By orienting one of the local axes of the
membrane elements in a given web plate to align with the diagonal
tension direction, setting material properties equal to those of steel in
that direction, but to zero axial stiffness in the orthogonal direction
and zero shear stiffness in any direction (or a negligible value if null
values are problematic for convergence), tension field action should
be simulated. Careful verification of results is warranted to ensure
that data entry errors have not erroneously generated finite elements
able to resist a portion of the SPSW’s overturning moments. The orthotropic membrane element used as indicated above should correspond
to a tension-strip model, albeit continuous. A minimum mesh size of
4 × 4 per panel has been recommended by Astaneh-Asl (2001). While
the above approach should in principle give results similar to those
obtained using the strip method, comparison for a wide range of
SPSW configurations has not been reported; the orthotropic membraneelement method has also rarely been used in research.

12.3.3 Demands on HBEs
A free-body diagram to calculate the forces in an HBE due to yielding
of a plate connected to it is shown in Figure 12.24. Although incomplete
(for not considering other forces applied to the HBE), it is a first step
to illustrate some fundamental aspects of the demands on HBEs.
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σ Panel tension field force on beam
ωV

II
Panel tension field force

+

β ·Mp

β ·Mp

ωH Panel tension field force horizontal

ωH ⋅λL
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2⋅β ·Mp
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λL

ωH ⋅λL
2

2 ⋅β ·Mp

λL

λL

ωV ⋅λL
2

ωV ⋅λL
2

+

Figure 12.24 Bottom beam free-body diagram and end reactions (without
the thrust forces applied by the VBEs). (Vian and Bruneau 2005, courtesy of
MCEER, University at Buffalo.)

Web plate forces are assumed uniform, which is the case when
the plate has yielded over the entire panel; in the elastic range, some
variation exists depending on the flexibility of the boundary elements
(note that, at a given drift, elastic stresses and strains would be uniform across the web plate for an infinitely rigid boundary frame of
members having pin-ended connections, as mentioned earlier). The
shape of the moment diagram created by the vertical component of
the web forces depends on the relative strengths of the HBE plastic
hinges and web plate, as described in Section 12. 3.3.1, which must be
chosen to ensure plastic hinges at the HBE’s ends, but not within its
span, for reasons presented in Section 12.3.3.3. Section 12.3.3.2
proposes a possible strategy to facilitate this. Full HBE equilibrium is
presented in Section 12.3.3.4.
The interaction between the shear and axial forces produced by
the diagonal panel forces reduces the beam’s plastic moment strength
at the ends (to β ∙ Mp in Figure 12.24, although actual values at both
ends could differ), especially at the end where the shear from panel
forces is additive to the shear from beam end moments (i.e., the left
end in Figure 12.24). Calculation of HBE plastic hinge strength is
addressed in Section 12.4.2.2. Note that except for the top and bottom
HBEs that have web plates on only one side, in many equations, ω
implicitly represents the resultant of tension forces from web plates
above and below the HBE. Also note that when the bottom HBE is continuously anchored into the foundation, the case-specific load-paths
within that HBE must be established.

12.3.3.1 HBE Moment due to Perpendicular Plate Forces

This section focuses on the HBE flexural moments due to the component of web plate yielding forces perpendicular to the HBE longitudinal
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axis. For HBEs having plates of different sizes above and below, the
uniformly distributed load, ω, is the resultant of these opposing forces.
The equilibrium method (Chapter 4) is used to calculate the beam
strength required for a specific plastic mechanism. The moment at a
distance x along the statically determinate beam from the left support
is obtained by superposition of the moment diagrams obtained for
the end moments, MR and ML, and the corresponding statically determinate beam, as shown in Figure 12.25. The equation for the moment
diagram, M(x), for the sign convention in Figure 12.25 is:
M( x ) =

ω⋅x
x
x
⋅ (L − x) − MR ⋅ + ML − ML ⋅
2
L
L

(12.15)

The location, xspan, of the “maximum moment within the span,”
Mspan, is calculated by differentiating M(x) with respect to x, setting
the result equal to zero, and solving:
xspan =

L  ML + MR 
−

2  ω⋅L 

(12.16)

Substituting Eq. (12.16) into Eq. (12.15) and simplifying:
Mspan =

ω ⋅ L2 [ ML + MR ]2 ML − MR
+
+
8
2
2 ⋅ ω ⋅ L2

(12.17)

x
(a)

L

(+)

ω
ML

+

+

(b)
ML

+

ω·L2
8

MR

(+)

+
(c)

(–)

x

(d)

MR

II
MR

ML
xspan

Mspan

Figure 12.25 Deformed shape, loading, and moment diagrams for calculating
beam plastic mechanisms using equilibrium method for: (a) vertical component
of infill panel forces; (b) left end redundant moment; (c) right end redundant
moment; (d) combined moment diagram. (Vian and Bruneau 2005, courtesy of
MCEER, University at Buffalo.)
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For illustration purposes, considering three possible cases of ultimate behavior as: (a) ML = Mp and MR = Mp; (b) ML = 0 and MR = Mp;
and (c) ML = − Mp and MR = Mp; and substituting in Eq. (12.17) with
Mspan = Mp, the ultimate load, ωult, obtained for each case is:

ω ult


4 ⋅ Mp


L2



= 2 ⋅ 3 + 8 ⋅ Mp 11 . 657 ⋅ Mp
=

L2
L2


16 ⋅ Mp

L2


)

(

(a)

( b)

(12.18)

( c)

corresponding to xspan/L values of 0, ( 2 − 1) ≈ 0 . 414, and 0.5, respectively. Similarly, for a given, ωmax, solving for the required Mp:

ω max ⋅ L2

4



2
2
Mp =  3 − 8 ⋅ ω max ⋅ L = ω max ⋅ L
2
11 . 657



ω max ⋅ L2

16


(

)

(a)

( b)

(12.19)

( c)

For HBEs having moment-resisting connections, setting Eq. (12.16)
such that 0 ≤ xspan ≤ L gives:
ML + MR ≤

ω ⋅ L2
2

(12.20)

Substituting the end-moment conditions for the three cases considered above, and solving gives:

 4 ⋅ Mp

2
 L

ω ≥ 2⋅M
p

 L2


 0
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Combining these conditions with Eq. (12.18), provides a range of ω
values for which Mspan is located within the span, and an upper limit for
the value of ω, when Mspan = Mp and a plastic mechanism has formed:
4 ⋅ Mp
2

L
2 ⋅ Mp
2

L

≤ω≤

≤ω≤

4 ⋅ Mp
L2

)

2 ⋅ (3 + 8 ⋅ Mp

0≤ω≤

2

L

16 ⋅ Mp
L2

(a)

(12.22)

( b)

( c)

Note that for case (a), both limits of the inequality are identical.
Therefore, when plastic hinges form at beam-ends in the same
manner presented for case (a), xspan = 0 and the third hinge required
to form a beam mechanism is coincident with the left support
plastic hinge (corresponding to the beam-hinge locations in a sway
mechanism). Hence, case (a) is the preferred case for design to ensure
no in-span hinging.
Figure 12.26 plots the normalized moments for the conditions
ML = MR = κ 1/8 ωL2, for various values of κ. The resulting moment
diagram, M(x), is normalized by the hanging moment (ωL2/8) on the
vertical axis and plotted versus normalized distance from the left

Normalized moment: M(x )/(ωL 2/8)

2.0

κ = 0.0
κ = 0.5
κ = 1.0
κ = 1.5
κ = 2.0
Maximum

1.5
1.0
0.5
0.0
–0.5
–1.0
–1.5
–2.0
0

0.1

0.2

0.3
0.4
0.5
0.6
0.7
Fraction of span from left support

0.8

0.9

1

Figure 12.26 Normalized moment diagram for end-moment values of 0, ½,
1, 1½, and 2 times the hanging moment ωL2/8. (Vian and Bruneau 2005,
courtesy of MCEER, University at Buffalo.)
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support on the horizontal axis. As the value of the end moment
increases, the maximum moment within the span shifts from midspan, reaching the left support when ML = MR = ¼ ωL2. This corresponds to κ = 2.0, which is the solution for the case (a) mechanism
above when ω = ωult and ML = MR = Mp. This indicates that, for a given
web plate, a fully fixed-end HBE must have twice the flexural strength
of a simply supported beam to prevent plastic hinging within the
span. The implications of HBE in-span plastic hinging are described in
Section 12.3.3.3.

12.3.3.2 RBS to Reduce HBE Size Without In-Span Plastic Hinging

The design moment of ML = MR = ¼ ωL2 determined in Section 12.3.3.1
can result in substantial HBE sizes, particularly at the top and bottom
of SPSWs (a.k.a. “anchor beams, as these HBEs “anchor” the vertical
component of the one-sided panel tension field forces there). To reduce
HBE sizes, Vian and Bruneau (2005) proposed locally reducing their
end-moment strength by using reduced beam section (RBS) connections (Chapter 8)—while the procedure was originally proposed for
anchor beams, it was used in all HBEs in some instances (Qu et al. 2008,
Sabelli and Bruneau 2007), as the equations are valid for any ω values.
Setting Mspan ≤ Mp and ML = MR = β · Mp in Eq. (12.17), then:
2

ω ⋅ L2 2 β ⋅ Mp 
Mp =
+ 
8
ω  L 

(12.23)

which, once reorganized as a quadratic equation in terms of Mp and
solved as done previously, shows that an HBE should have a plastic
modulus, Zx, satisfying the following relation:
Mp = Zx ⋅ Fy ≥



ω ⋅ L2 
2

⋅
8
1 + 1 − β2 

(12.24)

where an RBS is used at each HBE end and β is the ratio of the plastic
modulus at the RBS location, ZRBS, to that of the gross beam section,
Zx, and Fy and L are the yield stress and length of the anchor beam,
respectively. Substituting the resultant of the vertical component of
the web plate tension field forces acting on the HBE, ω as:
ω = Fyp ·  t  ·  cos2 α

(12.25)

into the above equation, where t is the web plate thickness, Fyp is the
web plate yield stress, and α is the angle of orientation, with respect
to vertical, of the web plate uniform tension field stresses, the required
beam plastic modulus, Zx, becomes:
Zx ≥
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Reduction in flange width at the RBS location can lead to substantial reduction in required HBE sizes. For example, β values of 0.9 and
0.75 reduce the required value of Zx by 30% and 40%, respectively
(Vian and Bruneau 2005).

12.3.3.3 Consequence of HBE In-Span Plastic Hinging

Designs that do not prevent in-span plastic hinges in HBEs can behave
in a number of detrimental ways. Purba and Bruneau (2010) investigated this using a SPSW designed by two different approaches. A first
approach did not explicitly verify that hinges could only develop at
the ends of the HBEs. This can happen when using a number of common design approaches encountered in practice (even more so if using
computer results indiscriminately) or when using the Indirect Capacity
Design Approach described in Section 12.3.4. That latter approach was
used for a first wall (SPSW-ID) in the following comparisons. The
second shear wall (SPSW-CD) was designed by the Capacity Design
Approach which ensures that plastic hinges can only occur at the ends
of horizontal boundary elements (per Section 12.3.3.1).
Monotonic and cyclic pushover analyses as well as nonlinear time
history analyses were conducted to investigate behavior. Results
showed that development of plastic hinges along HBE spans (i.e., in
SPSW-ID), with a plastic mechanism of the type shown in Figure 12.27,
results in significant accumulation of plastic incremental deformations (see Section 4.5) and significant HBE maximum and residual
vertical deformations (Figure 12.28), with incomplete yielding of the

L1

L2

∆

L1θ/L2 + θ

L1θ/L2 + θ

V

θ

hs

α

Plastic hinge
L2

L1

Strips remained
elastic

Lp

Figure 12.27 Sway and beam combined plastic mechanism for single-story
SPSW. (Purba and Bruneau 2010, Courtesy of MCEER, University at Buffalo.)

12_Bruneau_Ch12_p689-786.indd 721

6/13/11 3:34:59 PM

722

12_Bruneau_Ch12_p689-786.indd 722

6/13/11 3:34:59 PM

(a)

Cyclic at + 1%, δ = 0.5 in
+ 2%, δ = 0.8 in
+ 3%, δ = 1.2 in
Mono at + 3%, δ = 1.0 in
+ 4%, δ = 1.4 in

Cyclic at + 1%, δ = 0.6 in
+ 2%, δ = 1.2 in
+ 3%, δ = 1.7 in
Mono at + 3%, δ = 1.8 in
+ 4%, δ = 2.4 in

Strips are not
shown for clarity

Cyclic at + 1%, δ = 1.0 in
+ 2%, δ = 2.0 in
+ 3%, δ = 3.1 in
Mono at + 3%, δ = 3.2 in
+ 4%, δ = 4.3 in

(b)

Cyclic at + 1%, δ = 0.4 in
+ 2%, δ = 1.0 in
+ 3%, δ = 1.1 in
Mono at + 3%, δ = 1.1 in
+ 4%, δ = 1.1 in

Cyclic at + 1%, δ = 0.4 in
+ 2%, δ = 0.9 in
+ 3%, δ = 1.1 in
Mono at + 3%, δ = 1.1 in
+ 4%, δ = 1.1 in

Cyclic at + 1%, δ = 0.3 in
+ 2%, δ = 0.5 in
+ 3%, δ = 0.7 in
Mono at + 3%, δ = 0.7 in
+ 4%, δ = 0.7 in

Cyclic at + 1%, δ = 0.4 in
+ 2%, δ = 0.5 in
+ 3%, δ = 0.9 in
Mono at + 3%, δ = 0.8 in
+ 4%, δ = 0.9 in

∆

Figure 12.28 Schematic deformed shapes of: (a) SPSW-ID; (b) SPSW-CD. (Purba and Bruneau 2010, courtesy of MCEER, University at Buffalo.)
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web plates and correspondingly lower global plastic strength compared to the values predicted by Eq. (12.8) (strength equations for the
mechanism of Figure 12.27 are in Purba and Bruneau 2010). In addition, in-span hinging in SPSW-ID caused total (elastic and plastic)
HBE rotations greater than 0.03 radians after the structure was pushed
cyclically up to a maximum lateral drift of 3%. Nonlinear time history
analysis also demonstrated that the severity of the ground excitations
accentuated the accumulation of plastic incremental deformations on
SPSW-ID, while this was not the case for SPSW-CD.
Figure 12.29 shows the normalized moment-rotation hysteresis of
some HBEs, for the two walls considered, obtained during the cyclic
pushover displacements. The normalized terms plotted are M/Mp
and θ/θ0.03, where M and Mp are the end moment and the corresponding HBE plastic moment capacity, respectively; θ and θ0.03 are the
angle of rotation and the required plastic rotation capacity of a special
moment-resisting frame, often specified as equal to 0.03 radians
(Bertero et al. 1994, FEMA 2000). Diamond markers included on each
hysteretic curve correspond to the normalized values reached at lateral drifts of positive and negative 1%, 2%, and 3%. Note that the
hysteretic curves of both HBE ends are somewhat similar—except
that they are the mirror image of each other—and thus only those of
the HBE left end are presented.
Unlike the general hysteresis curve for special moment-resisting
frames, which is typically symmetric with respect to positive and
negative rotations developed under a symmetric cyclic pushover displacement history, the hysteresis curves of both SPSWs considered
here are not symmetric but looping with a bias toward one direction.
The tension forces from the infill plates contribute to this behavior by
always pulling the HBE in the direction of the tension forces (i.e.,
pulling the bottom HBE up and the other HBEs down).
Interestingly, except for the bottom HBE, all the moment-resisting
ends of the HBEs of SPSW-ID developed a cross-sectional rotation
(i.e., cross-sectional curvature multiplied by plastic hinge length)
greater than 0.03 radians after the structure was pushed cyclically up
to a maximum lateral drift of 3%. In the case shown (HBE2), the total
rotations even reached 0.062 radians. Such a significantly high cyclic
rotation demand would be difficult to achieve using the type of
moment-resisting connections used in SPSW (Section 12.4.2), or
even special moment-resisting frame beam-to-column connections
(Chapter 8). By comparison for SPSW-CD, all HBE total rotations
obtained were less than or equal to 0.03 radians under the same cyclic
pushover displacements up to 3% drift.
In an overall perspective, although failures of HBE to VBE connections have been few in SPSW tested at the time of this writing, the
results in Figure 12.29 suggest that large drift may translate into large
plastic rotations even for SPSW-CD. However, the plastic rotation
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Figure 12.29 Normalized moment rotation hysteresis at HBE left end for: (a) SPSW-ID; (b) SPSW-CD. (Purba and Bruneau 2010, courtesy of
MCEER, University at Buffalo.)
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demands observed here were not symmetric, by contrast with
moment frame behavior. In other words, a SPSW-CD HBE rotation
demand of +0.0075 to −0.03 radians is less critical than a Special
Moment-Resisting Frame (SMRF) beam rotation demand of +/−0.03
radians. The SPSW-ID HBE rotation demands of 0.0 to 0.06 radians,
however, may approach that of the SMRF. More research is desirable
in this regard.
The history of vertical deformation for a representative HBE for
SPSW-ID and SPSW-CD is plotted in Figure 12.30. The accumulation
of plastic incremental deformations phenomenon is still observed,
with maximum and residual vertical deformations more apparent on
SPSW-ID than on SPSW-CD. For example, when SPSW-CD reached a
lateral drift of 1% for the first time (point A in the figure), the largest
HBE vertical displacement at the same drift for SPSW-ID (point A’)
was 2.25 larger (note that those two 1% drift conditions did not occur
at the same time). As the ground excitation increased and caused a
2% lateral drift on both structures for the first time, the difference
between the two became 4 times larger (points B and B’). Similar differences were exhibited for the maximum vertical displacement
(0.9 in versus 3.2 in) as well as the residual vertical displacement at
the end of the record (0.2 in versus 2.0 in). Ground motions corresponding to the more severe Maximum Considered Earthquake
(MCE) level were also considered in that example. Due to the resulting higher lateral drift demands on both SPSWs, the HBE maximum
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Figure 12.30 Time history of vertical displacement of HBE. (Purba and
Bruneau 2010, courtesy of MCEER, University at Buffalo.)
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vertical deformation increased to 5.1 in. in that case. By comparison
for SPSW-CD, only minor changes of HBE vertical deformations
occurred. Hence, when formation of in-span plastic hinges on HBEs
is possible, more severe ground excitations worsen the accumulation
of plastic incremental deformations phenomenon.

12.3.3.4 Complete HBE Equilibrium

In addition to the information presented in the above sections, complete equilibrium of HBEs must account for axial and shear forces
acting simultaneously with flexural moments, as well as the additional shear couple considering actual beam depth. Axial forces in
HBE are primarily due to the compressive forces applied by the
columns that are pulled toward each other by the yielding web plate
(described in Section 12.3.4), and due to the uniformly distributed
longitudinal load resultant from the web plate forces applied directly
to the HBEs.
Axial forces in HBE can also be introduced by restraint against
shortening due to Poisson’s ratio effect as the HBE web is subjected to
the vertical components of infill panel yield forces; however, as
reported by Qu and Bruneau (2008, 2010a), although theoretically
possible, it would correspond to approximately 5% of the total axial
force in an HBE. Such axial restraint may not exist in actual SPSWs.
However, note that FE models of isolated HBEs having boundary
conditions that restrain axial elongation would have to take this effect
into account (Qu and Bruneau 2008, 2010a).
Shear forces on HBEs come from the sum of the direct web plate
yield forces and of the frame sway effect. For simplicity in the following, the tension field angle, α (typically close to 45° from the vertical),
is assumed to be identical above and below the HBE under consideration (as permitted in design).
To obtain the shear effect in HBE due to web plate yield forces, the
tension fields acting on an HBE are decomposed into horizontal and
vertical components as shown in Figure 12.31, where the subscripts
i + 1 and i refer to the web plate above and below the HBE, respectively (depending on how beams are numbered with respect to story,
a notation with i and i−1 subscripts would have been equally valid;
the concepts, however, remain the same). To account for the shear
effect caused by vertical components of the tension fields (i.e., ωybi+1
and ωybi), the resulting vertical tension field forces [i.e., (ωybi − ωybi+1)]
are applied at the HBE centerline as shown in the middle part of
Figure 12.31. One can obtain the corresponding shear as:
Vvi (x) =

(ω ybi − ω ybi+1 )(L − 2 x)
2

(12.27)

To account for the shear effects generated by the horizontal components of the top and bottom tension fields, a free-body diagram is
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Figure 12.31 Decomposition of infill panel yield forces on the simply supported
beam and the corresponding shear diagrams. (Qu and Bruneau 2008, courtesy of
MCEER, University at Buffalo.)

shown in the bottom part of Figure 12.31, in which the horizontal
components of the tension fields acting in opposite directions at the
top and bottom edges of the HBE web (i.e., ωxbi+1 and ωxbi) are equivalently replaced by uniformly distributed moments of magnitude
equal to the horizontal components of the tension fields times the
distance from the acting line to the beam centerline. One can obtain
the corresponding shear as:
Vhi (x) = −

(ωxbi + ωxbi+1 )d
2

(12.28)

Combining those effects, the resulting shear forces in an HBE due to
web plate yielding is:
Vbi (x) =
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2

−

(ω xbi + ω xbi + 1 )d
2

(12.29)
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In many studies, the shear force in HBE due to infill panel yield
forces was estimated using simple line models, in which HBE depth
was usually neglected. Qu and Bruneau (2008, 2010a) found substantial differences in the moment and shears calculated by Eqs. (12.27)
and (12.29), with only the latter agreeing well with finite element
analysis results.
Shear forces due to frame sway action alone are obtained from the
free-body diagram of an HBE having plastic hinges at both ends—
generically 2Mp /(L − 2e), where e is the distance from plastic hinge to
VBE face. However, the flexural strength of HBE plastic hinges must
be reduced to account for the presence of significant biaxial and shear
stresses in their web (contrary to beams in moment frames, the HBEs
of SPSWs can be under considerable vertical axial stresses). The
uniform shear in HBE only due to moment frame sway action can be
expressed as:

VM = −

(βRBSL + βRBSR )Ry f y ZRBS
L − 2e

(12.30)

where ZRBS is plastic section modulus of the assumed plastic hinge, fy
is the HBE yield strength, βRBSL and βRBSR are the cross-sectional plastic
moment reduction factors of left and right HBE plastic hinges that
can be obtained using the procedure described in Section 12.4.2, and
Ry is the ratio of expected to nominal yield stress of steel. For capacity
design, strain hardening due to plastic hinging should also be
considered.
Note that iterations may be necessary in design since the plastic
moment reduction factors, βRBSL and βRBSR, depend on the total shear
forces acting at the plastic hinges and that these must be assumed at
the beginning of the design process.
Combining all the above contributions, the resulting shear force
in an HBE is:
VHBEi ( x) =

(ω ybi − ω ybi+1 )(L − 2 x)

−

(ω xbi + ω xbi+1 )d (βRBSL + βRBSR )Ry f y ZRBS
−
2
L − 2e

2
  
		

(12.31)

Note that typically, RBSs are not used in SPSWs, but the procedure here is presented for the more general case accounting for this
possible option; if no RBS is present, e = 0, ZRBS = Z, and other terms
similarly simplify.

12.3.4 Demands on VBEs
Various methods have been described in commentary to AISC 341
and CSA S16 over time to calculate demands on VBEs, such as the
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“combined linear elastic computer programs and capacity design
concept” (LE + CD), the “indirect capacity design approach” (ICD),
the “nonlinear static analysis” (pushover analysis), and a capacity
design approach (CD) called “combined plastic and linear analysis”
in AISC 341-10.
The LE+CD method described in commentary to AISC 341-05
resulted in proper capacity design of boundary elements in some
cases, but was shown by Berman and Bruneau (2008) to be inconsistent with respect to equilibrium and give erroneous deformed shape
of the system. It has been deleted in AISC 341-10.
The ICD approach, first described in the commentary of
CSA-S16-01 (CSA, 2001) and later in AISC 341-05, proposed that
loads in the VBEs of a SPSW may be found from gravity loads combined with seismic loads amplified by B = Ve/Vu, where Ve is the
expected shear strength defined as Ry times the value given by
Eq. (12.8), Ry is the ratio of the expected steel yield stress to the design
yield stress, and Vu is the factored lateral seismic force at the base of
the wall, and where B need not be taken larger than the seismic force
reduction factor, R. The design axial forces and local moments in the
columns are then amplified by this factor (and so could forces in
HBEs, given that the ICD approach is intended as an indirect capacity
design). More specifically, the column axial forces determined from
the factored design overturning moment at the base of the wall are
amplified by B and kept constant for a height of either two stories or
the bay width, whichever is greater. The axial forces then are assumed
to linearly decrease to B times the axial forces found from the actual
factored overturning moment at one story below the top of the wall.
This procedure can produce moment and axial diagrams, and
SPSW deformations somewhat similar in shape to those obtained
from pushover analysis. However, Berman and Bruneau (2008) demonstrated that this approach can also give incorrect results, as shown
in Figures 12.32 and 12.33. Furthermore, using a single amplification
factor defined at the first story can be problematic when the ratio of
provided-to-needed web thicknesses varies along the height, as is the
fact that the Ve factor does not include the strength of the surrounding
frame (while Vu, would), which can both lead to underestimates of
VBE demands.
With availability of the more accurate CD method described
below, the ICD approach has been deleted in CSA S16-09.
Nonlinear static (pushover) analysis of SPSWs using strip
models has been shown to give reasonable results for HBE and VBE
moments and axial forces. Capacity design may be achieved by
accounting for the actual thickness of the web plates and the ratio of
mean to nominal web plate yield stress. However, as a design tool,
nonlinear static analysis is time consuming because several iterations
may be necessary to ensure capacity design of VBEs, making it tedious
to use in design. Additional complexity results from having to
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Figure 12.32 Comparison of VBE axial forces from various methods
(“proposed procedure” = CD method). (Berman and Bruneau 2008, reprinted
with permission of the American Institute of Steel Construction.)

properly account for flexural-axial plastic hinges in the HBEs. Despite
these issues, nonlinear static analysis of SPSW strip models generally
gives accurate results for VBE demands, and is often the method used
to compare the adequacy of other proposed procedures.
The CD procedure uses a model of the VBE on elastic supports to
determine the axial forces in the HBEs, together with a plastic mechanism to estimate the lateral seismic loads that cause full web-plate
yielding and plastic hinging of HBEs at their ends. A simple VBE freebody diagram is then used to determine the design VBE axial forces
and moments. In design, iterations may be necessary to revise some
initial assumptions. This procedure has been shown to give accurate
VBE results compared to pushover analysis (Berman and Bruneau
2008), as shown in Figures 12.32 and 12.33.
The uniform plastic mechanism shown in Figure 12.19 is used in
the CD procedure to determine capacity design loads for the SPSW
VBEs. The required capacity of VBEs is found from VBE free-body
diagrams such as those shown in Figure 12.34 for a generic fourstory SPSW. Those free-body diagrams include distributed loads representing the web plate yielding at story i, ωxci, and ωyci, moments
from plastic hinging of HBEs, Mprli and Mprri, axial forces from HBEs,
Pbli and Pbri, applied lateral seismic loads, found from consideration
of the plastic mechanism, Fi, and base reactions for those lateral
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Figure 12.33 Comparison of VBE moments from various methods
(“proposed procedure” = CD method). (Berman and Bruneau 2008,
reprinted with permission of the American Institute of Steel Construction.)
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Figure 12.34 VBE free-body diagrams. (Berman and Bruneau 2008, reprinted with
permission of the American Institute of Steel Construction.)

seismic loads, Ryl, Rxl, Ryr, and Rxr. The following describes how the
components of the VBE free-body diagrams are determined. Here,
lateral forces are assumed to be acting from left to right on the SPSW
of Figure 12.34.
Using results from Section 12.2.1, the distributed loads applied to
the VBEs (ωyci and ωxci) and HBEs (ωybi and ωxbi) from web plate yielding at each story i are:
 1
ω yci =   Fyptwi sin 2α
 2
ω ybi = Fyptwi (cos α)2

ω xci = Fyptwi (sin α)2

(12.32)

 1
ω xbi =   Fyptwi sin 2α
 2

(12.33)

To estimate the axial load in the HBEs, an elastic model of the
VBE is developed as shown in Figure 12.35. The model consists of a
continuous structural member (representing the VBE) pin-supported
at the base and supported by elastic springs at the HBE locations. The
elastic spring stiffness at story i, kbi, is equal to the HBE axial stiffness
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reprinted with permission of the
American Institute of Steel
Construction.)
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considering half the bay width (or the HBE clear length for considerably deep VBEs):
kbi =

AbiE
L/2

(12.34)

where Abi is the HBE cross-sectional area, L is the bay width, and E is
the modulus of elasticity. The horizontal component of the web
plates yield forces (ωxci) are applied to this VBE model to get the
spring forces, Psi , recognizing that iterations required as VBE size are
revised. The rotational restraint provided by the HBEs is not
modeled, because this has a negligible impact on the resulting spring
forces. Note that it is also reasonable, although less accurate, to
estimate the HBE axial forces from the horizontal component of web
plate yielding on the VBEs, Psi, considering VBE lengths tributary to
each HBE, i.e.,
Psi = ωxci

hi
h
+ ωxci+1 i+1
2
2

(12.35)

Regardless of the method used, the spring forces are used to
determine the HBE axial forces. Note that the resulting compression
forces in the HBE are significant. Physically, one can envision the
SPSW VBEs as being pulled toward each other by the uniformly
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Figure 12.36 Assumed HBE axial force distribution due to horizontal
component of plate yield forces on the HBE. (Berman and Bruneau 2008,
reprinted with permission of the American Institute of Steel Construction.)

distributed forces applied by the yielding webs, and the HBEs act as
“shoring” to keep the VBEs apart.
Here, the axial force component in the HBEs resulting from
the horizontal component of the plate yield forces on the HBEs, ωxbi,
is assumed to be distributed as shown in Figure 12.36, although this
may vary depending on the location of the SPSW in the floor plan. In
the bottom HBE, this distribution is the reverse of that in the other
HBEs. As described in Section 12.3.3.4, these axial forces are combined with the spring forces from the linear VBE model, with axial
force at the left and right sides of the HBEs (Pbli and Pbri, respectively)
given by:
Pbli = −(ωxbi − ωxbi+1 )

L
+ Psi
2

(12.36)

L
Pbri = (ωxbi − ωxbi+1 ) + Psi
2

(12.37)

where the spring forces should be negative because they are compressing the HBEs. In the bottom HBE, because VBE bases are fixed,
there is no spring force to consider as the horizontal component of
force from web plate yielding is added to the VBE base reaction, and
the bottom HBE axial forces on the right and left hand sides, Pbl0 and
Pbr0 are:
Pbl 0 = ω xb1

L
2

and

Pbr 0 = − ω xb1

L
2

(12.38)

Knowledge of HBE plastic hinge strengths is also needed per the
free body diagram. The substantial axial loads (and other forces, as
described in Section 12.4.3) that develop in HBEs can result in significantly reduced plastic moments, Mprl and Mprr, at the left and right
HBE ends, respectively. For VBE design, it is conservative to neglect
this reduction. Alternatively, the procedure of Section 12.4.3 can be
used.
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The final forces necessary to complete the VBE free-body diagram
are the applied lateral loads corresponding to the assumed plastic
mechanism for the SPSW (Figure 12.19). To use Eq. (12.12), a distribution of lateral loads along the SPSW height must be assumed. The
distribution specified for seismic loads by the applicable building
code is an acceptable approximation observed to provide reasonable
results for SPSW when solving Eq. (12.12). The base shear force, V, for
the plastic collapse mechanism loading is found by summing the
applied lateral loads. Horizontal reactions at the column bases, RxL
and RxR, are determined by equally dividing that base shear and adding the pin-support reaction from the VBE model, Rbs, to the reaction
under the left VBE and subtracting it off the reaction under the right
VBE. Vertical base reactions can be estimated from overturning calculations using the applied lateral loads as:
ns

Ryl =

∑ Fi Hi
i=1

L

and

Ryr = −Ryl

(12.39)

The resulting moment, axial, and shear force diagrams obtained
from the VBE free-body diagrams allow them to be designed to elastically resist web plate yielding and HBE hinging.
Figures 12.32 and 12.33 compare the axial loads and moments
obtained from the LE + CD, ICD, and CD procedures for approximating VBE design loads with those from pushover analysis (Berman
and Bruneau 2008). As shown, all results from the CD procedure
agree well with those from pushover analysis (whereas the LE + CD
and ICD methods do not). Similar results were obtained for a SPSW
having constant web plate thickness over height (to simulate a case
with variable overstrength along the height).
Note that from a capacity design perspective, the ratio of expected
to nominal yield stress, Ry, should be incorporated into the above
procedure when determining the distributed loads from plate yielding and HBE plastic moment capacity. Additionally, when deep VBEs
are used, the length between VBE flanges, Lcf, may be substituted for
the column centerline bay width, L, when applying the plate yielding
loads to the HBEs. Furthermore, for simplicity Figure 12.34 uses
structural members having no width; actual location of HBE hinges
can be accounted for in the VBE free-body diagrams and calculating
the projected column centerline moment (as done in Chapter 8 for
moment frames). These refinements were not included here for simplicity and because the increase in VBE moment is generally small
relative to the magnitude of the moments generated by web plate
yielding and HBE hinging. Gravity loads, also not considered here,
can also be added to the free-body diagram.
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This procedure will provide reasonable VBE design forces for
SPSWs with web plates expected to yield over their entire height, but
possible overly conservative VBE axial forces for tall SPSWs where
such simultaneous yielding over the entire wall height is unlikely. In
those situations, nonlinear time history analysis can be used to reduce
the VBE axial forces, and is currently the only reliable tool to estimate
such reductions.

12.4

Design
12.4.1 Introduction
While AISC 341 only recognizes SPSWs designed with momentresisting beam-to-column connections (i.e., HBE-to-VBE connections)
and a force modification factor R of 7, the CAN/CSA-S16 standard recognizes two types of SPSWs, namely, limited ductility plate walls (i.e.,
SPW with no special requirements for beam-to-column connections and
assigned a force modification factor R = 2) and ductile plate walls (i.e.,
SPW with moment-resisting beam-to-column connections and a force
modification factor R = 5, which is the R value assigned to the most
ductile systems in the S16 standard). Ductile walls are designed according to capacity principles, with plate yielding providing the “fuse.”
For “limited ductility” plate walls, S16 has no special seismic analysis or
detailing requirements. However, little research has been conducted
on limited ductility SPSWs, and this system is not considered in this
chapter.
Beyond this difference, most features of CAN/CSA-S16 have
been implemented in the US seismic design provisions, either in the
specifications or in the commentary, and are therefore not presented
in details in this section, except when notable differences exist. The
following focuses primarily on the AISC 341 design procedures.
Note that a few early design requirements for SPSW have since
been eliminated. For instance, FEMA 450 and AISC 341-05 restricted
the aspect ratio of web plate panels to 0.80 < L/h ≤ 2.5, where L and h
are panel width and height, respectively. This conservative range was
primarily introduced as a cautionary measure due to the limited
experience with SPSW in the USA at the time. It was deleted in AISC
341-10, after SPSWs having L/h of 0.6 (Lee and Tsai, 2008) exhibited
satisfactory ductile hysteretic behavior, and recognizing that no theoretical basis exists to specify an upper limit, provided the engineer
ensures that all strips yield at the target drift response (Bruneau and
Bhagwagar 2002). Furthermore, as L/h increases, substantially larger
HBEs are required to resist the forces described in Section 12.3, and
SPSW will progressively become uneconomical.
Likewise, arbitrary web plate slenderness limits original specified by FEMA 450 (FEMA 2004) to reflect the fact that SPSW tested at
that time had L/tw ratios ranging from 300 to 800, became obsolete as
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tests with SPSWs having plate slenderness in excess of 3500 also
behaved satisfactory (Bruneau and Berman 2005).
Finally, although not mandated, it is desirable to design SPSWs to
have variable web plate thicknesses along their height, to develop
uniform yielding over the wall height; use of constant plate sizes over
multiple stories (due to limits in available plate stock or other
reasons) may concentrate yielding in a single story, and risk the
development of a soft-story mechanism.

12.4.2 Web Plate Design
In commentary to CSA S16 and AISC 341, an equivalent truss model
(Thorburn et al. 1983) is recommended for preliminary design purposes. The approach consists of first designing a tension-only braced
frame, using diagonal steel truss members where steel panels would
otherwise be used in the SPSW. The areas of the diagonal steel truss
members are designed to resist the specified lateral loads and to meet
drift requirements. The truss members are then converted into steel
panels. The thickness of the steel panel at story i, twi, is given by:
tw i =

2 Ai sin θi sin 2 θi
L sin 2 2 αi

(12.40)

where Ai and θi are the area and the angle of inclination (measured
with respect to a vertical axis) of the equivalent truss member at story i,
respectively (Figure 12.37).
α

θ

hs

L
(a)

hs

L
(b)

Figure 12.37 Equivalent brace analogy procedure: (a) single brace model;
(b) strip model. (Adapted from Berman and Bruneau 2003b, courtesy of
MCEER, University at Buffalo.)
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Normalized base shear (V/Vdesign)

While this approach is simple and useful at the preliminary
design stage, the resulting strength of the steel panels is somewhat
unconservative when the panel aspect ratio, L/h, is not equal to unity
(Berman and Bruneau 2003a). This is illustrated in Figure 12.38 for a
single-story SPSW (having simple beam-to-column connections to
focus on plate behavior), where results from pushover analyses are
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Figure 12.38 Strength of web size by equivalent brace analogy: (a) pushover
results for different panel aspect ratios; (b) strengths per equivalent story
brace model and corresponding strip model. (Berman and Bruneau 2003b,
courtesy of MCEER, University at Buffalo.)
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compared for SPSWs having various aspect ratios, designed for the
same design base shear, having identical beam and column sizes, for
plate thickness given per Eq. (12.40). Figure 12.38a shows the
resulting base shear (normalized by the design base shear used to
find the area of the equivalent story brace) versus story drift, and
Figure. 12.38b shows how the difference between the strip model and
the equivalent story brace model strengths change with aspect ratio.
The ultimate capacity of the resulting strip model is below the
capacity of the equivalent story brace model for all aspect ratios,
except for a ratio of 1.0, with the difference increasing as the aspect
ratio further deviates from 1.0. At an aspect ratio of 2:1 (or 1:2), the
strip model only resists 80% of the base shear for which it should
have been designed.
It is therefore important when dividing the plate into strips
(per the approach described earlier) to reanalyze/redesign the
SPSW’s web to fully resist the specified loads. Results in Figure 12.38
can be used to correct the thickness calculated per Eq. (12.2.1) and
minimize iterations.
A simpler and more direct approach is to use the results from
plastic analysis presented in Section 12.2.2 to obtain the needed web
plate thicknesses. This was the approach taken in the NEHRP Recommended Provisions for Seismic Regulations for New Buildings and Other
Structures (FEMA 2004; a.k.a. FEMA 450) which led to AISC 341-05.
However, for codification purposes, Eq. (12.8) is rewritten as:
Vn = 0 . 42 Fy tw Lcf sin (2 α)

(12.41)

where Lcf is the clear distance between VBE flanges, and α is as previously defined. Therefore,
tw =

Vn
0 . 42 Fy Lcf sin (2 α)

(12.42)

The design shear strength of a web is given by φVn, where φ = 0.90.
The main difference between Eqs. (12.8) and (12.41) is that the
0.50 factor is replaced by 0.42, which is 0.50 divided by an overstrength factor equal to 1.2. This is done for consistency with other
lateral load resisting structural systems that are designed to resist the
specified loads without considering their overstrength.
The factor of 1.2 has been estimated considering the various
sources of overstrength described in the relationship (presented in
Chapter 7 and repeated here for convenience):
R = RμΩo = RμΩDΩ M ΩS
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that is obtained from the generic pushover curve used to define R,
where Rμ is the ductility factor, Ωo is the overstrength factor, Vy = ΩoVs
is (for practical purposes) the fully yielded base shear, Vs is the design
base shear, ΩD is the design overstrength factor, ΩM is the material
factor, and ΩS is the system overstrength factor. Because Eq. (12.8)
was obtained from plastic analysis of the strip model, it gives the
maximum strength achieved at the peak of the pushover curve, which
is Vy. However, all other structural systems are typically designed for
Vs. Therefore, to account for this and to use the calculated design base
shear, Vs, from the equivalent lateral force procedure with Eq. (12.8)
to size the infill plates of a steel plate shear wall, Vs must be amplified
by the overstrength factor.
Typically, ΩD is due to overstrength introduced when drift limits
or architectural considerations controls designs, which is unlikely to
be an issue for SPSWs. For the steel plate, the material factor ΩM is
also not an issue because drifts reached by SPSW do not bring the
tension-only strips into the strain-hardening range (note that overstrength due to the ratio of mean to specified yield stress, Ry, is
accounted for in the capacity design approach but not for sizing the
plates). In the current context, the system overstrength factor ΩS
accounts for the difference between the ultimate lateral load and the
load at first significant yielding. Based on pushover results, this
system overstrength appears to vary between 1.1 and 1.5 depending
on aspect ratio. An approximate value of 1.2 was deemed appropriate,
considering that initial yielding of the plate is a localized phenomenon in the entire plate and that significant yielding must develop to
be of noticeable effect, and relative to corresponding values for other
structural systems.
Neglecting the contribution of plastic hinges in beams and columns in the above procedure gives a conservative design in the case
of rigid beam-to-column connections. That overstrength, which can
be substantial, is neglected above. This is further investigated in
Section 12.4.4.
Incidentally, to modify Eq. (12.40) to similarly consider the effect
of overstrength, a factor, β, should be introduced in the numerator
of the expression for t. Setting Eq. (12.40) equal to Eq. (12.22), and
solving for β gives β = ΩS (sin 2α/sin 2θ) (Berman and Bruneau
2003a).
Design of the SPSW webs to resist the story shear due to the
lateral loads applied along the height of the building is the first step
of the design procedure. From there, a computer model must be
developed, such as the strip model using the specified angle of
inclination of the strips. HBEs and VBEs are then designed according to capacity design principles using the actual plate thicknesses
used (which may differ from the needed sizes in some cases for
practical reasons).
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12.4.3 HBE Design
12.4.3.1 General Requirements

HBEs are simultaneously subjected to the flexural moments, shear
and axial forces obtained per analyses such as those presented in
Section 12.3. They are therefore designed using beam-column interaction equations, recognizing that they must be laterally braced such as
to allow development of plastic hinges at their ends. When shear
stresses and axial stresses perpendicular to the HBE’s longitudinal
axis are significant in the webs of HBEs, this should also be taken
into account in the interaction equations. A procedure to account
for these effects in calculating plastic hinge strength is presented in
Section 12.4.3.2.
HBEs should also be designed such that their plastic strength is
not reached at any point along their length, except at their ends. The
consequences of in-span HBE plastic hinges have been presented in
Section 12.3.3, where the need to design HBEs to resist ωL2/4 to
achieve this intent has been demonstrated (ω being the resultant
transverse component of the web plate forces pulling above and
below a given HBE). In doing so, it is critical to consider both the ω
resulting from elastic analysis for the specified seismic loads, as well
as the ω obtained from capacity design when both plates are fully
yielded. Only considering the latter case does not ensure a safe design,
for example, if plates of identical sizes are used above and below an
HBE, the capacity design case would give ω = 0, but these plates
would be subjected to different elastic forces, which an HBE would
need to be able to resist (i.e., satisfactory inelastic behavior can’t be
achieved unless adequate elastic response is first ensured).
Beyond strength, HBE stiffness impacts the progression of yielding in web plates. Using a strip model, Bruneau and Bhagwagar
(2002) showed that, at the extreme, for infinitely elastic HBEs and
VBEs of low stiffness in SPSWs having large panel aspect ratios, L/h,
some strips may even end-up in compression (e.g., strips 1 to 8 in
Figure 12.39) because of HBE deflections induced by other strips in
tension. Such an extreme response is unlikely in actual designs, given
that HBE stiffness is related to strength. Rather, progressive yielding
across the width of a given web plate is typically observed upon
increasing SPSW drift, as shown in Figure 12.40c for the first-story
web plate of specimens tested by Driver (1997a) and Lee and Tsai
(2008) and having substantially different boundary-frame flexibility.
This progression of yielding is also exhibited in the pushover curves,
such as those shown in Figures 12.38 and 12.40a. HBE stiffness should
be adequate to achieve development of the web plates’ full yield
strength at the design drift. Note that infinitely rigid pin-ended HBEs
and VBEs would be required to achieve simultaneous yielding of all
strips across a web plate.
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Figure 12.40 Uniformity of tension fields: (a) pushover curves; (b) schematic of
tension fields; (c) uniformity of panel stresses. (Qu and Bruneau 2008, courtesy of
MCEER, University at Buffalo.)
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12.4.3.2 HBE Plastic Hinge Strength

In addition to the non-negligible impact of shear and axial stresses on
the plastic hinge strength of HBEs, the tension forces applied above
and below an HBE apply net vertical stresses to it. The resulting biaxial normal stresses in the HBE web may further reduce its plastic
hinge strength. To illustrate by an extreme case, an HBE having a web
thinner than the SPSW web plates that connect to it would yield under
vertical stresses instead of the web plates, with undesirable consequences. At the other extreme, for HBE webs an order of magnitude
thicker than the web plates, this effect becomes negligible.
The following procedure was developed by Qu and Bruneau
(2008) to calculate HBE plastic hinge strength, expanding on principles presented in Chapter 3 to account for the effect of vertical stresses
in HBE webs. The solution for an HBE subjected to equal top and
bottom tension fields is presented, and used in a simplified procedure that account for the linear distribution of vertical stresses in the
web of HBEs subjected to unequal top and bottom tension fields
(as usually the case).
The stress diagrams for a fully plastified HBE cross-section under
equal top and bottom tension fields is shown in Figure 12.41. As
usual, uniform shear stress is assumed to act on the HBE web. In
addition, a constant vertical tension stress is assumed in the HBE web
as a result of the identical top and bottom tension fields, which is:
σy =

ω ybi

(12.44)

tw

The normalized form of the von Mises yield criterion in plane
stress:
2

2

2

 τ xy 
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 σ   σy   σy 
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 y
 y
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Figure 12.41 Stress diagrams of HBE cross-section under flexure, axial
compression, shear force, and vertical stresses due to equal top and bottom
tension fields. (Qu and Bruneau 2008, Courtesy of MCEER, University at Buffalo.)
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is rearranged as a quadratic equation in terms of σx/fy and solved to
give the axial horizontal stress in terms of the other two terms:
2

2

σ  1 σ  1
τ 
σ 
 x =  y ±
 xy 
 y
 f  2  f  2 4 − 3  f  − 12  f 
y
y
y
 
 
 y
 

(12.46)

where σx and σy are the horizontal and vertical normal stresses,
respectively, τxy (or τw) is the shear stress, and fy is the yield stress. The
reduced tension and compression axial yield strength, σt and σc are
given by the “+” and “−” solutions to Eq. (12.46), respectively:
2

2

σ  1 σ  1
τ 
σ 
 t =  y +
 w
 y
 f  2  f  2 4 − 3  f  − 12  f 
y
y
y
 
 
 y
 
2

(12.47)
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 y
 y
 y
 y

(12.48)

From geometry in Figure 12.41:
yf = hw − yc

(12.49)

where yc and yt are the compression and tension lengths of the web,
respectively.
For the common case that the neutral axis remains in the web,
axial equilibrium gives:
σ c yc tw + σ t vttw = P

(12.50)

Substituting Eq. (12.49) into Eq. (12.50) and solving for yc gives:

yc =

σ 
 t  + βw
f 
 y
σ  σ 
 t −  c
f  f 
 y  y

⋅ hw

(12.51)

where bw is the ratio of the applied axial compression to the nominal
axial strength of the web, which is given by:
βw =
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The contributions of the web and flanges to the plastic moment of
the whole cross-section, Mpr – web and Mpr – flange, can be respectively
determined as:
h
h
y
y 
Mpr − web = σ ttw yt  w − t  − σ c tw yc  w − c 
2
2
2
2

(12.53)
(12.54)

Mpr − flange = f y b f t f (d − t f )

A cross-section plastic moment reduction factor, b, is defined to
quantify the loss in plastic strength attributable to the combined effect
of the axial compression, shear force, and vertical stresses acting on
the HBE web. The magnitude of b can be determined as:
β=

Mpr − web + Mpr − flange
fy Z

(12.55)

where Z is the plastic section modulus of HBE.
For the extreme case in which the HBE web makes no contribution to the flexural resistance, the minimum value of the reduction
factor, bmin, is obtained, and is given as:
βmin =

Mpr − flange
fy Z

(12.56)

Note that the above equations are valid for the cases of both positive and negative flexure.
Typical results are presented in Figure 12.42 for b in terms of other
parameters defined previously (here, vertical stresses at the top and
bottom edges of the intermediate HBE web are equal, i.e., σyi = σyi+1).
As shown in that figure, the cross-section plastic moment reduction
factor, b, reduces as a function of increasing axial force, shear stress,
and vertical stresses. For example, for the load combination, βw = 0 . 40
and τ xy/ f y = 0 . 30, b has a value of 0.91 when no vertical stress exists
in the HBE web (i.e., when σ yi/ f y = σ yi+1/ f y = 0, which corresponds to
a member in a conventional steel moment frame); however, b reduces
to a smaller value of 0.73 when σ yi/ f y = σ yi+1/ f y = 0 . 58.
When an HBE is under unequal top and bottom tension field
stresses, vertical stresses in the web vary linearly from the top to bottom flange. Equations (12.47) and (12.48) give different horizontal
stress distributions in HBE webs under positive and negative flexure
(Figure 12.43). Equations to calculate the plastic moment of HBE
for those stress distributions were developed by Qu and Bruneau
(2008), but the resulting closed-form solutions are substantially more
complex.
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Figure 12.42 Plastic moment reduction factor of intermediate HBE under
axial compression, shear force, and constant vertical stresses: analytical
prediction versus FE results. (Qu and Bruneau 2008, Courtesy of MCEER,
University at Buffalo.)

Note that using the average vertical stress web as an approximation would fail to capture the fact that under linear-varying vertical
stresses, the positive and negative plastic moments obtained under
positive and negative flexure case are different.
As a compromise between simplicity and accuracy, Qu and
Bruneau proposed to use the values of the vertical stresses at the
three-fourth and one-fourth points of the linearly varying stress
diagram (Figure 12.44) as the magnitudes of the equivalent constant
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Figure 12.43 Stress diagrams of HBE cross-section under axial compression,
shear force, and vertical stresses due to unequal top and bottom tension
fields: (a) positive flexure; (b) negative flexure. (Qu and Bruneau 2008,
courtesy of MCEER, University at Buffalo.)
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Figure 12.44 Simplification of vertical stress distribution. (Qu and Bruneau
2008, courtesy of MCEER, University at Buffalo.)
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Figure 12.45 FE model of HBE under flexure, axial compression, shear force, and
vertical stresses due to unequal top and bottom tension fields. (Qu and Bruneau
2008, courtesy of MCEER, University at Buffalo.)

vertical stresses in calculating the plastic moment for the positive
and negative flexure cases, respectively. Mathematically, the magnitudes of these equivalent constant vertical stress distributions
can be expressed as:
σ y − un =

1
1
(σ + σ yi+1 ) ± (σ yi − σ yi+1 )
2 yi
4

(12.57)

where “−” and “+” are used for positive and negative flexure, respectively (defined in Figure 12.45). Then, the procedures presented above
to determine the plastic moment of HBE with webs under constant
vertical stress can be used. The adequacy of this approach was
verified comparing results of this simplified procedure with those
obtained using the more rigorous analytical procedures that
were themselves in excellent agreement with finite element results
(Figure 12.46). The simplified procedure is found to provide good
results for both the positive and negative plastic moment-reduction
factors.
Note from Figure 12.46 that when vertical tension stresses are less
than 20% of fy, their effect based on the von Mises criterion is to reduce
strength by less than 4% from the case where this stress is neglected.
Assuming such a discrepancy to be tolerable, or establishing another
similar acceptable percentage for preliminary design, could be used
to calculate a minimum required HBE web thickness.
For design purposes, a less accurate but satisfactory approach
consists of neglecting the contribution of the web to flexural resistance; in that case, a constant average vertical stress acting on the
web can be used when considering the combined biaxial and shear
condition acting on the web. This approach is used in the example at
the end of this chapter.
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Figure 12.46 Plastic moment reduction factor of HBE axial compression, shear force, and linear varying vertical stresses: analytical prediction
versus simplified approach: (a) positive flexure; (b) negative flexure. (Qu and Bruneau 2008, courtesy of MCEER, University at Buffalo.)
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Consideration of combined biaxial and shear conditions in HBE
have also explained why, when RBS were used in HBEs, plastic
hinges were located closer to the VBE face rather than at the center of
the RBS (Qu and Bruneau 2008, 2010a), as observed by finite element
analyses and experimental results (Figure 12.47). In design, to
account for the actual location of plastic hinge in RBS, the distance
from the center of the RBS to the actual plastic hinge location, ∆x, can
be taken as:
∆x = 2 ⋅ ∆y ⋅ R − ∆y2

(12.58)

(1 − η)Z
4t f (d − t f )

(12.59)

R=

4c 2 + b 2
8c

(12.60)

η=

ZRBS
Z

(12.61)

∆y =

where tf is the HBE flange thickness, d is the HBE depth, and b and c
define RBS geometry (Figure 12.47). The plastic section modulus at
that location can be taken as the average of the plastic section moduli
of the unreduced part of the HBE, Z, and that at the RBS center ZRBS
(Qu and Bruneau 2008, 2011).

12.4.4 VBE Design
Per capacity design principles, VBEs must be designed to remain
elastic to resist the forces calculated per Section 12.3. However,
although not explicitly stated by design provisions, it is understood
that for the desired SPSW plastic mechanism to develop, plastic hinging will eventually develop at the base of the columns, as it does in all
sway mechanisms, and as would be demonstrated by pushover
analysis.
The first S16 provisions for SPSWs only required VBEs to be
designed as beam-column using conventional P-M interaction equations. However, this approach was challenged by the results of tests
on quarter-scale SPSW specimens by Lubell et al. (2000), in which the
VBEs designed using the strength-based approach exhibited significant “pull-in” deformation or undesirable premature out-of-plane
buckling. In a subsequent discussion of the Lubell et al. SPSW specimens, Montgomery and Medhekar (2001) ascribed this poor performance to insufficient VBE stiffness, on the rationale that if VBEs
deform excessively, they may be unable to anchor the infill panel
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Figure 12.47 Plastic hinging in HBE RBS: (a) finite element analysis;
(b) experimental obser vation; (c) model for design. (Qu and Bruneau 2008,
courtesy of MCEER, University at Buffalo.)
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yield forces. A nonuniform diagonal tension field may then develop
and affect the VBEs inconsistently to the design assumptions.
Consequently, to ensure adequate stiffness of VBEs, CSA S16-01
introduced the flexibility factor, ωt, proposed in the previous analytical work of plate girder theory (Kuhn et al. 1952 and Wagner 1931—
summarized in Qu and Bruneau 2008, 2010b), as an index of VBE
flexibility, defined as:

ωt = 0 . 7 hsi 4

twi
2 Ic L

(12.62)

where twi is the web plate thickness, L and hsi are the width and height
of the SPSW panel, and Ic is the inertia of a VBE adjacent to the panel
(this ωt should not be confused with other ω’s in this chapter denoting distributed web plate forces). Noting that the Lubell et al. specimens had flexibility factors of 3.35, and that all other known tested
SPSWs that behaved in a ductile manner had flexibility factors of 2.5
or less, CSA S16-01 empirically specified an upper bound of 2.5 on ωt.
Also intended to achieve tension fields sufficiently uniform to develop
ductile behavior, limiting that flexibility factor to a value of 2.5 was
intended to limit the maximum web plate stress to no more than 20%
of the average stress across the entire tension field. With that upper
bound of 2.5 on Eq. (12.62) and solving for Ic leads to the following
requirement, first implemented in the CSA S16-01, and subsequently
adopted in later FEMA 450 and AISC 341:
Ic ≥

0 . 00307 twi hsi4
L

(12.63)

However, Qu and Bruneau (2008, 2010b) showed that this existing limit is uncorrelated to satisfactory in-plane and out-of-plane
VBE performance, and that the significant inward inelastic deformations of VBEs observed in past tests were not directly caused by excessive VBE flexibilities but rather by shear yielding at the ends of VBEs.
Significantly, the data presented by Qu and Bruneau included a test
by Lee and Tsai (2008) having ωt = 3.0, with adequate VBE shear
strength and exhibiting satisfactory behavior.
As a result, both AISC 341 and CSA-S16-09 call to the designer’s
attention that shear yielding may be a governing limit state in VBEs.
Accounting for shear, axial, and flexure interaction is recommended
for VBE design to ensure their intended elastic response.
In future editions of the seismic provisions, the flexibility limit
may either disappear or be kept for other reasons than the ones originally intended.
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12.4.5 Distribution of Lateral Force Between
Frame and Infill
Conventional design of SPSWs assumes that 100% of the story shear
is resisted by the web plate, with the additional strength provided by
the boundary frame moment-resisting action conservatively neglected,
which has a positive impact on seismic performance of SPSWs.
However, because the overstrength provided by this boundary frame
can be substantial, questions arise as to whether or not the specified
lateral load could be shared between the web plates and boundary
frame. Qu and Bruneau (2009) investigated this considering that
the percentage of the total lateral design force assigned to the infill
panel is κ:
κ Vdesign =

1
R f Lt sin(2α)
2 yp yp w

(12.64)

where Vdesign is the lateral design force applied to the SPSW; the web
plate is designed by solving for tw, and the boundary frame is designed
to satisfy the capacity design principles presented earlier in this
chapter. Here, the ratio of Vp to Vdesign, which is denoted as Ωκ, is used
to describe the overstrength of the SPSWs designed using different
values of κ. As shown in Figure 12.48, a higher percentage of the
2.50
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L/h = 1.0
L/h = 1.5
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Figure 12.48 Relationship between Ωκ and κ (assuming α = 45°). (Qu and
Bruneau 2008, courtesy of MCEER, University at Buffalo.)
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lateral design forces assigned to the web plate (i.e., greater value of κ)
results in a greater overstrength of the wall (i.e., greater value of Ωκ).
Under the design assumption implicit to AISC 341 and CSA S16 (i.e.,
when κ = 1.0), SPSW overstrength varies from 1.4 to 2.25 over the
range 0.8 ≤ L/h ≤ 2.5 shown in Figure 12.48. Note that the example of
single-story at the basis of that figure assumes VBEs pinned to the
ground; greater overstrength would be obtained with VBEs fixed to
the ground.
When κ is reduced to the level showed by the circles in Figure 12.48,
the strength needed by the boundary frame of the SPSW to resist its
share of the lateral force is exactly equal to that which will be required
if that frame is designed to resist the web plate yield forces per capacity design principles. Therefore, at that particular point, defined as
κbalanced, the boundary frame does not provide any overstrength for
the system (Ωκ = 1.0). Note that designs for values of κ below κbalanced
have little appeal as the boundary frame has to be strengthened to fill
the gap between the available strength of the wall and the expected
lateral design demand (such SPSW would require greater tonnage of
steel than at the balanced point and, at low κ values, would provide nothing more than an unethical way to circumvent SMRF
beam-to-column design requirements).
Qu and Bruneau (2009) have provided equations to determine
κbalanced, and have conducted nonlinear analysis of SPSWs having
various κ values. Although their limited study found that SPSWs
designed using the balanced design procedure had maximum drift
demands slightly greater than for SPSW designed with κ = 1.0, it also
cautioned that different assumptions on the relative and respective
strengths of the webs and boundary frames may lead to systems that
exhibit different inelastic responses, which may consequently call for
different R values to consider in their respective design, and that
further research is needed to establish such a relationship. Note
that systems with pinched hysteretic behaviors have been typically
penalized by lower R values; this is significant here, as lessening the
overstrength of the boundary frame may accentuate pinching of
SPSW hysteretic curve due to the greater contribution of the web
plate (which can only yield once in tension) to the total load resistance.
Awaiting future research results, it is recommended for conservatism to continue designing web plates for 100% of the story shears
calculated using the current system performance factors.

12.4.6 Connection Details
For fabrication and detailing efficiency, web plates have been typically welded to their boundary frames, with connection strength to
resist the expected yield strength (σ = RyFy) of the web plate. As for
tension-only braces in CBFs, strain hardening of the web plate is not
typically developed. A few different details have been used for this
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B
Wall plate

A
Fish plate

Figure 12.49 Example fish plate detail for web plate connection to HBEs
and VBEs.

purpose, although the fish plate detail shown in Figure 12.49 is common due to its ease of construction (the fish plate welded in the shop
facilitates web-installation in the field). Weld “B” in that figure is
recommended to prevent buckling distortions from detrimentally
affecting weld “A.” If thin cold-formed steel is used for the web, only
weld “B” may be possible to prevent “burning-through” the web
during welding.
Four details proposed by Schumacher et al. (1999) and subjected
to cyclic inelastic loading performed equally well (Figure 12.50).
Detail A, with web plate directly welded to the HBEs and VBEs,
requires tight tolerances and is more difficult to achieve; detail B,

Gap
#
#
#
#

#
#

Detail A

#
#

Detail B

#
#
#
#

Gap

#
#

#
# #
#

Detail modified B

Figure 12.50

#
#

#
#

Detail C

Examples of infill plate connection details.
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with fish plates welded to the HBEs and VBEs, is the most common
and easier to construct, allowing the web plate to be lapped and
welded over the fish plates (modified B has a different corner detail);
detail C has some web plate edges welded directly to the boundary
members, others to a fish plate. Variations of detail B have also been
used (e.g., Driver et al. 1997a and Tromposch and Kulak 1987 added
a plate bridging the gap in the corners). All specimens tested by
Schumacher et al. exhibited satisfactory cyclic inelastic response and
energy dissipation. Small tears ultimately developed in specimens
B and C, without significant impact on behavior or loss in lateral
strength. Likewise, minor tears and cracks have been reported in
many prior tests, generally having no significant impact on SPSW
behavior (e.g., Berman and Bruneau 2003b, Vian and Bruneau 2005),
but major plate connection fractures at drifts in excess of 3% have
been reported (Qu et al. 2008).
As shown in Section 12.1, bolted web-plate details have also been
used in the past. Tensile strength along the net section must exceed
yield strength of the gross section to ensure ductile behavior of the
bolted web. This may be difficult to achieve using a single line of
bolts without locally increasing plate thickness with reinforcement,
or even when using multiple lines of bolts for some plate materials.
The same is true for bolted splices.
Two such bolted splices though the web were used in a SPSW
concept for the application shown in Figure 12.7 (Hooper 2005),
where the VBEs were concrete-filled tube columns. Two half-scale
specimens of a three-story subset of that wall, tested by Astaneh and
Zhao (2001, 2002) demonstrated satisfactory inelastic behavior up to
3.3% and 2.2% drifts, respectively. Figure 12.51 shows the deformed
bolted web splice and the resulting hysteresis loops at the first story
of one specimen. Challenges to ensure alignment of the bolted connections for field assembly, and construction time issues, have made
welded web connections more common than bolted ones.
Finally, with a few exceptions, HBE-to-VBE connections in past
experiments of SPSWs have not been SMRF of the type developed
post-Northridge (Chapter 8). Rotation demands in those connections
are also believed to be limited as the large stiffness of SPSWs typically
would limit their drift during severe earthquakes. Therefore, the less
restrictive details specified for Ordinary Moment Frames are permitted by AISC 341 (equivalently, CSA S16-09 permits connections
corresponding to limited ductility moment frames).

12.4.7 Design of Openings
In some instances, openings are necessary through large SPSWs,
either for access or for the passage of utilities. Single large openings
can be accommodated in a given panel if fully framed by HBEs and
VBEs designed per the same capacity design principles presented
earlier. As such, the panel is divided in subpanels, each behaving as
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Force-drift relation for second floor for SWMB2
1500

Shear force (kips)

1000

500

0

–500

–1000

–1500
–0.04

–0.03

–0.02

–0.01

0

0.01

0.02

0.03

0.04

Second-story drift (rad)

Figure 12.51 Plastic deformation of SPW and hysteretic response.
(Courtesy of Qiuhong Zhao, Department of Civil Engineering, University of
Tennessee, Knoxville.)
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would be expected of individual panels, with the difference that, in
some instances, a VBE could have to resist the tensions fields from
web plates on two of its sides. The design of such openings is the
subject of an entire chapter in Sabelli and Bruneau (2007). As a second
possible solution, mostly applicable to accommodate the passage of
utilities, special perforated SPSWs and walls with cut-out corners
can be engineered in accordance with the principles presented in
Section 12.5.
Other than those two options, the performance of SPSWs having
arbitrary holes is unknown; consequently, all web plates in SPSWs
(together with plastic hinge zones at the ends of HBEs) are designated as protected zones where any discontinuities, alterations, and
attachments are prohibited (except that openings detailed per one the
two options described above are permitted).

12.5

Perforated Steel Plate Shear Walls
12.5.1 Special Perforated Steel Plate Shear Walls
For low-rise buildings, the SPSW web thicknesses required to resist
specified lateral loads are often less than the minimum panel thickness available from steel producers for hot rolled plate grades typically available in North America. In such cases, use of the minimum
available thickness may result in large panel force overstrengths and,
as a consequence of the capacity design principles presented earlier,
substantially larger HBE and VBEs (and foundations) than would
otherwise be necessary if the exact required web thickness was used.
Furthermore, the use of identical plate thicknesses along the building
height (having different overstrengths compared with seismic
demands along that height) increases the risk of developing a softstory mechanism.
One approach to alleviate this problem is to use light-gauge coldformed steel plates (Berman and Bruneau 2003a, 2005), but the properties of such material can be quite variable, and axial-testing of
coupons from the actual plates to be used in a given SPSW is recommended to verify if their ductility, expected yield strength, and
strength at maximum expected drifts (as some light-gage steel does
not exhibit a well defined yield plateau) are compatible with design
assumptions. Another viable approach is to use low-yield steel
(Chapter 2), provided that the strain-hardened strength of that steel
at the maximum drift is taken into account (Vian and Bruneau 2005;
Vian et al. 2009a, 2009b).
The approach described here, introduced in AISC 341-10 and CSA
S16-09, consist of using SPSWs having a special panel perforations
layout covering the entire web plate in a specified regular pattern
selected to reduce the strength and stiffness of a solid panel wall to
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Figure 12.52 Special perforated steel plate shear walls. (Vian and Bruneau
2005, courtesy of MCEER, University at Buffalo.)

the levels required by design. A typical layout forcing tension strips
to develop at 45° is shown in Figure 12.52. Note that the multiple
holes are also convenient in allowing some utility lines and cables to
pass through the web.
Five variables define the panel perforation layout geometry: the
perforation diameter, D; the diagonal strip spacing, Sdiag (measured
perpendicularly to the strip); the number of horizontal rows of perforations, Nr; the panel height, Hpanel; and the diagonal strip angle, θ.
The holes regularly distributed across the web plate must be located
in a grid that allows the development of continuous diagonal strips,
and filling the entire plate for yielding to spread along the length of
those strips (Figure 12.53). For that reason, the first holes must be
located at a distance of at least D but no greater than (D + 0.7Sdiag)
from the web connections to the HBEs and VBEs.
Special perforated SPSW (Vian and Bruneau 2005, Vian et al. 2009a)
exhibited stable force-displacement behavior and hysteretic behavior
during testing, with little pinching of hysteresis loops until significant
accumulation of damage (in the RBS) at large drifts (Figure 12.53).
Vian and Bruneau (2005) provided the following equation for
estimating the reduction in panel stiffness due to the presence of
perforations:

K perf
K panel
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1

(a)

(b)

Figure 12.53 Special perforated steel plate shear walls at 3% drift. (Vian
and Bruneau 2005, courtesy of MCEER, University at Buffalo.)
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Figure 12.53 (Continued)

valid when D/Sdiag ≤ 0.5, and shown to give results within approximately 5% of experimental results.
Finite element models of the tested specimens provided good
comparison with experimental results, and demonstrated that similar
adequate ductile performance would be obtained using common
North American steel grades.
Purba and Bruneau (2007, 2009) also conducted an investigation
of panel strain and stress behavior for a range of hole-geometries
(D/Sdiag from 0.025 to 0.75) that led to proposed design recommendations for limiting perforation sizes to facilitate ductile response. This
also included studies of individual perforated strips as a subelement
of perforated SPSW. For each analysis, total uniform strip elongation
was recorded when a maximum principal local strain, εmax, at any
point in the strip reached a value of 1%, 5%, 10%, 15%, and 20%.
Results were compared with selected finite element analyses of full
SPSW to verify the accuracy of the individual strip model results and
to investigate the influence of the boundary element stiffness/rigidity
on the stress and strain distribution in the panel.
Figure 12.54 presents total uniform strip elongation (εun = Δ/L)
versus perforation ratio (D/Sdiag) for maximum principal strain (εmax)
values of 1, 5, 10, 15, and 20% from analyses performed using the strip
and panel models. For a given D/Sdiag and εmax the total uniform strip
elongation from the strip and panel models agree well. Note that no
interaction was found to exist between adjacent strips that could
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Figure 12.54 Uniform distributed strip axial strain εun versus perforation
ratio D/Sdiag. (Purba and Bruneau 2007, courtesy of MCEER, University at
Buffalo.)

affect the stress distribution within an individual strip, i.e., each strip
in a SPSW behaves as an independent strip. As demonstrated by the
results from finite elements (Figure 12.55), this is because the boundary between each strip is free to move inward unrestrained by the
adjacent strips, because the effect of Poisson’s ratio in this case is
simply to reduce the amplitude of the buckled wave between
adjacent holes.
Figure 12.56 presents web plate strength ratios (Vyp.perf/Vyp) versus
perforation ratios (D/Sdiag) for frame drifts (γ) of 1%, 2%, 3%, 4%, and 5%,
where Vyp,perf and Vyp are the strength of the perforated and solid
plates, respectively. While a polynomial regression would provide a
slightly better correlation, linear regression analysis of the results led

Figure 12.55 Magnified deformation of per forated plate. (Purba and
Bruneau 2007, courtesy of MCEER, University at Buffalo.)
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Figure 12.56 Web plate strength ratios (Vyp.perf/Vyp) versus perforation ratio
(D/Sdiag). (Purba and Bruneau 2007, courtesy of MCEER, University at
Buffalo.)

to the following design equation for the strength of the perforated
web plate, adopted by AISC 341-10 and CSA S16-09:

D 
⋅V
Vyp. perf = 1 − 0 . 7
Sdiag  yp


(12.66)

for perforation ratio limited to D/Sdiag ≤ 0.6, this being the range
addressed by past research.
Figure 12.57 illustrates how frame drift correlates to the corresponding local maximum strain in the web plate for the system considered, and vice versa, for various given perforation ratios.

12.5.2 Steel Plate Shear Walls with Reinforced
Corners Cutouts
Reinforced quarter-circular cutouts at the top corners of a SPSW’s web
provide another option for utility passage, allowing large openings
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Figure 12.57 Total shear strength Vy versus frame drift, γ. (Purba and Bruneau
2007, courtesy of MCEER, University at Buffalo.)

where utilities are often located (Vian and Bruneau 2005). In this case,
the intent is to provide strength and stiffness similar to the corresponding SPSW having a solid web. SPSWs with cutout corners exhibited
satisfactory cyclic inelastic performance (Figure 12.58). Such cutouts
are allowed by AISC 341 and CSA S16 provided the radius of the
corner cutouts is less than one third of the infill plate clear height
(which corresponds to the maximum opening size tested).

Figure 12.58 Specimen condition at 4% drift and quasi-static cyclic response of the
LYS SPSW with reinforced cutout corners tested by Vian and Bruneau. (2005,
Courtesy of MCEER, University at Buffalo.)
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The plates reinforcing the corner cutouts are designed as a semicircular arches connected to the webs, considering that:
(1) For either actual hinges or plastic moment hinges at the arch
ends, the arch would resist the infill panel tension load until
development of an arch plastic mechanism having a midspan
plastic hinge.
(2) For arches with hinged ends, axial load and bending moment
at the arch midpoint under thrusting action (Leontovich 1959)
due to change of angle at the corner of the SPSW can be
expressed as a function of SPSW drift by Eqs. (12.67) and
(12.68) respectively, as:

Pframe − pin =

15 ⋅ E ⋅ I
4 ⋅ (2 − 2 ) ⋅ R 2
2

M frame.CL = Pframe− pin e =

⋅γ=

15 ⋅ E ⋅ I  ∆ 
⋅ 
16 ⋅ e 2  h 

15 ⋅ E ⋅ I

8 ⋅ (2 − 2 ) ⋅ R

2 − 2 
R
e = 

 2 

⋅γ=

15 ⋅ E ⋅ I  ∆ 
⋅ 
16 ⋅ e  h 

(12.67)

(12.68)

(12.69)

		 where e is the arch rise perpendicular to a line through its
support (Figure 12.59), and γ is the panel drift angle, equal to
the drift, ∆, divided by the panel height.
(3) An expression for the maximum arch plate section thickness
at midspan can be obtained by substituting Eqs. (12.67) and
(12.68) into the axial-moment (P-M) interaction equation for
the reinforcing plate. Note that the arch plate width is not a
parameter in the interaction equation, because these forces
are consequences of induced deformations.
(4) The required arch plate width is obtained by considering the
strength required to resist the axial component of force in the
arch due to the web plate tension at the closing corner (top
right side of Figure 12.59a). For a uniformly loaded arch, with
uniformly distributed load per unit length equal to the
expected yield strength of the web (i.e., ω = t Ry Fy), the
reactions along the diagonal axis are (e.g., Young 1989;
Leontovich 1959):

Ppanel =
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Figure 12.59 Forces for design of reinforced cutout corner in SPSW: (a) arch
end reactions due to frame deformations, and web plate forces on arches due
to tension field action on reinforced cutout corner; (b) deformed configurations
and forces acting on right arch. (Purba and Bruneau 2007, courtesy of MCEER,
University at Buffalo.)

(5) Given that the components of arch forces due to panel
forces are opposing those due to frame corner opening,
they can be considered as not acting simultaneously for
design purposes.
(6) Note that a fish plate can be added to the arch plate to facilitate web attachment to the arch; alternatively, a T-shape bent
into a quarter-circle can be used for that purpose. Either
approach results in a stiffer arch section than considered by
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the above equations. Purba and Bruneau (2007) showed that
thickness of the flat arch-plate obtained from the above
equations is adequate to withstand the loads alone, and
that partial yielding of the web of the stiffer and stronger
T-shaped arch is not detrimental to the system performance.
Finally, note that the HBEs and VBEs must be designed with adequate strength to resist the axial forces acting at the end of the arching
reinforcement.

12.6

Design Example
The following section illustrates the design of a Special Plate Shear
Wall. The design applies the requirements of ASCE 7 (2010) and AISC
341 (2010). The example is not intended to be a complete illustration
of the application of all design requirements. Rather, it is intended to
illustrate key analysis and proportioning techniques that are intended
ensure ductile response of the structure.

12.6.1 Building Description and Loading
The example building is nearly identical to the one used in Chapter 8
(Special Moment Frames); more detailed seismicity and building
information is included in that example. The difference in this case is
that Steel Plate Shear Walls (SPSWs) are used and only one bay of
SPSWs is provided at the perimeter framing lines in each orthogonal
direction. The seismic design parameters are shown in Table 12.1.
The typical plan is shown in Figure 12.60 and the typical frame
elevation is shown in Figure 12.61 (diagonal lines indicate the web
plate).
Based on the seismic-design data a generic seismic response spectrum is constructed in accordance with ASCE 7. Because there is only
one SPSW bay on each side of the structure, the design shear at every
story must be multiplied by a redundancy factor, ρ, equal to 1.3.

12.6.2 Global Requirements
The structure must be designed to provide both adequate strength
and adequate stiffness.

R

7

I

1.0

CD

6

Ωo

2

Table 12.1 Seismic Design Data
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Figure 12.60

Typical floor plan.

Where strength considerations govern, the design process is fairly
straightforward: the web plates are designed to provide adequate
strength, then the VBEs and HBEs (i.e., columns and beams) are
designed to preclude their failure when subject to the forces corresponding to fully yielded and strain-hardened webs in combination
with plastic hinge formation in the beams. A reanalysis may be performed to confirm that the required strength has not been increased
due to an increase in frame stiffness, and that the structure is not otherwise out of compliance with the design objectives and in need of
redesign.
Where drift is the governing concern the process requires more
iteration. Any increase in web strength will impose larger forces on
HBEs and VBEs. Thus, any stiffening of the frame should be done
with the required strength proportioning in mind.
This example assumes that strength concerns will govern (as
normally the case in SPSWs) and that an equivalent lateral force
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elevation.
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procedure is utilized. Alternatively, more elaborate analysis methods
(e.g., Modal Response Spectrum Analysis) may be utilized. In either
case shear demands on the web plates must be obtained. Demands
on the VBEs and HBEs are governed by the plastic mechanism
analysis shown in Figure 12.62. Note that in this example, “columns”
and “beams” are used interchangeably with “VBEs” and “HBEs,”
respectively.

12.6.3 Basis of Design
The design of SPSW is based on the expectation of a global yield
mechanism in which webs yield in tension, and plastic hinges form at
the ends of each beam near the column face. Figure 12.62 shows this
mechanism.
The value of the web strength in this mechanism is adjusted for
material overstrength; significant strain hardening of the entire web
is not anticipated.
Web plate nominal strength is given by Eq. (12.41). The expected
web strength is given by Eq. (12.4). Both equations are functions of
the angle of tension stress in the web, which is given in Eq. (12.1).
This SPSW in this example uses special perforated webs with a
regular array of openings as described in Section 12.5. This permits
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Figure 12.62
mechanism.

Anticipated

use of thicker plates while limiting strength to that required. It also
imposes a defined angle for the diagonal tension stress field, significantly simplifying some aspects of the design. Modified web shear
strength and stiffness are given in Eqs. (12.65) and (12.66).

12.6.4 Web Design
The building can be analyzed using static methods and assuming
equal stiffness in the four frames. The resulting shear demands on
one frame are 50% of the total building shear. This increases to 52.5%
with consideration of the “accidental eccentricity” used to test for
sensitivity to torsion (this increase is a function of frame layout and
stiffness.)
Web plate sizes are selected using Eq. (12.41). At this stage the
entire frame shear is assumed to be in the web plate; this provides
additional overstrength to the system.
Web plate designs are obtained for 1/8”, 3/16”, ¼”, and 5/16”
A36 material. It is assumed that the diameter of the opening is
between 0.25 and 0.6 times the center-to-center hole spacing along the
diagonal. The design strength of a web plate is obtained by combining Eqs. (12.41) and (12.66) and applying the angle of stress of 45°:
φVn = φ[0.42(1 − 0.7D/Sdiag)FytwLcf]
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Perforated Web Design Strength (kip/ft)
Plate thickness (in)
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0.125

0.1875

0.250

0.3125

0.25

16.8

25.3

33.7

42.1

0.30

16.1

24.2

32.3

40.3

0.35

15.4

23.1

30.8

38.5

0.40

14.7

22.0

29.4

36.7

0.45

14.0

21.0

28.0

35.0

0.50

13.3

19.9

26.5

33.2

0.55

12.6

18.8

25.1

31.4

0.60

11.8

17.8

23.7

29.6

Table 12.2 Design Strength of Perforated Webs

Table 12.2 gives the strength of web plates as a function of plate
thickness and the ratio of hole diameter to spacing (D/Sdiag).
The clear length between columns is assumed to be 220 in.
Combining this length with Table 12.2 permits selection of web plates.
These sizes are shown in Table 12.3.
Unperforated web plates of 3/16” thickness could be considered
in lieu of perforated ones at the third floor. However, as perforated
web plates offer a number of practical advantages (e.g., a path of

D / Sdiag

Effective Web
Plate Thickness
(Strength) (in)
1 - 0.7D / Sdiag t w

(

Design
Strength
(kips)

0.125

0.60

0.073

225

400

0.188

0.40

0.135

419

Third
Floor

537

0.250

0.35

0.189

586

Second
Floor

630

0.250

0.25

0.206

640

First
Floor

683

0.313

0.40

0.225

698

Required
Strength
(kips)

Web Plate
Thickness
(in)

Fifth
Floor

219

Fourth
Floor

Level

)

Table 12.3 Web-Plate Sizes
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Figure 12.63 Perforated web
plates.

passing conduit, thicker material that facilitates connections), perforated web plates will be used throughout. Figure 12.63 shows the perforated wall elevation.

12.6.5 HBE Design
Next, the HBEs are designed for the combined effects of gravity and
the formation of the plastic mechanism, which includes both webplate tension yielding and the formation of plastic hinges at each end.
There is no defined minimum flexural strength for these plastic
hinges; the beam itself is checked to make sure it does not form hinges
within the span. Here, calculations are shown for a typical HBE.
First the required flexural and compression strengths are determined. As discussed in Section 12.4.3.1, the required flexural strength
is computed based on the equation:
Mu =

ω L2cf
4

(12.72)

where ω is the distributed load on the beam and Lcf is the beam clear
span between column flanges (assumed in this example to be 12 in
less than the centerline distance between columns).
The web plates above and below the beam exert vertical forces on
the beam as a result of the diagonal tension stress. The seismic
portion of the distributed load from each plate is computed as:
ωyb = RyFy[twecos2 (α)]
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where twe is the effective web plate thickness per Eq. (12.66).
Because the angle of stress is dictated by the array of openings to
be 45°, the equation can be simplified by using ½ in lieu of cos2 (α).
For purposes of beam design, it is assumed that both web plates may
reach their full yield strength. The net downward load is:
ωyb(i) =

1
R F [t
−t ]
2 y y we(i-1) we(i)

(12.74)

For the fifth floor HBE (defined as the one between the fourth and
fifth floors), this vertical seismic load is:
1
(1.3)(36)[(0.135) − (0.073)]*12 = 17.4 kips/ft
2

ωyb(5) =

As stated earlier in the chapter, this load should not be taken to be
less than the load from the frame analysis. This latter load will not
typically govern except in cases where the effective plate thickness
above and below is identical, and thus the mechanism load would be
zero.
This load is combined with the gravity load to result in a distributed
load of:
ωyb + ωg = (17.4) + (3.5) = 20.9 kips/ft
The design moment is therefore:
Mu =

(20 . 9)(19)2
= 1715 kip-ft
4

The axial force in the beam is due largely to the inward force of
the web plates on the columns. Additionally, there is some nonuniform axial force resulting from the distributed web-plate tension. The
inward force exerted by the VBE can be estimated as:
PHBE(VBE) = Σ

1
h R F t sin2 (α)
2 c y y we

(12.75)

 1
 1
=   (13 * 12)(1.3)(36)[(0.073) + (0.135)]  
2
2
= 380 kips
The distributed axial load is calculated similarly to the distributed
vertical load:
ωxb = RyFy[twe sin2 (α)]
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As was the case for the vertical force, the defined angle of stress
here (45°) permits the simplification of using ½ in lieu of sin2(α).
Assuming that both web plates reach their full yield strength, the corresponding load is:
ωxb(i) =

1
R F [t
−t ]
2 y y we(i-1) we(i)

(12.77)

= 1.45 kip/in
This force is in equilibrium with collector forces at each end of the
bay. The total force is:
PHBE(web) = (Lcf)

1
R F (t
−t )
2 y y we(i-1) we(i)

(12.78)

1
= (19 * 12) (1.3)(36)[(0.135) − (0.073)]
2
= 331 kips
Because of the symmetrical layout of the building and the central
location of the wall, equal collector forces are assumed at each end of
the wall. Thus the axial forces at each end of the beam are:
PHBE = PHBE(VBE) ±

1
P
2 HBE(web)

= 545 kips, 215 kips
These axial forces may be used to compute reduced flexural
strength at the plastic hinge locations for purposes of computing a
reduced shear demand in the beam. For simplicity, this example
neglects that effect.
The shear in the beam can be estimated from the distributed
load in conjunction with the shear corresponding to plastic hinge formation. The shear due to the distributed load is determined per
Eq. (12.29):
Vu( web) =

(ω y bi −1 − ω y bi )Lcf ± (ωx bi −1 + ωx bi )d
2

(12.79)

where Lcf is the beam clear span between flanges.
A beam depth of 30 in is assumed.
Vu(web) = 165 kips ± 73 kips = 234 kips, 92 kips
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For the HBE the maximum shear is:
Vu(web) + Vg =

234 + (3 . 5)(19)
= 267 kips
2

The component due to the plastic hinges is:
Vu( HBE ) =

2* Mpr
Lh

(12.80)

where Mpr is the probable plastic hinge moment and Lh is the distance
between expected plastic hinge locations.
Values for these can be estimated as:
Mpr = 1.1 RyZFy

(12.81)

Lh = Lcf – db

(12.82)

As no beam size has been selected, assumptions are required. It is
assumed that a 30-in-deep beam is used, and the plastic hinge moment
capacity is approximated as:
Mpr = 1.25 Mu = 2140 kip-ft
Lh = 19 − 2.5 = 16.5 ft
Vu(HBE) = 260 kips
Vu = Vu(web) + Vg + Vu(HBE) = 527 kips
This shear occurs at the compression column. At the column in
tension the shear is substantially less.
Now that HBE member forces have been obtained, the member
can be designed. For simplified design it is convenient to select a
flange area based on the required flexural strength and a web area
based on the axial force, shear, and vertical tension. For both
purposes the stress will be limited to φFy.
For the flange area a distance between flange centroids of ho = 29
in is assumed.
bf tf =

Mu
= 15 . 8 in 2
(ho φ Fy )

A W30 × 173 has a flange area of:
bf tf = (15.0)(1.07) = 16.1 in2
This section meets the seismic compactness limits.
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The web may be checked using von Mises criterion as follows:
2

2
2
 P / A   σ y   P / A   σ y  V / A 
 + 3  u web  ≤ 1
 −  u web  
 u web  + 



 φ Fy   φ Fy   φ Fy   φ Fy   φ Fy 

(12.83)

In this case, as the web contribution to flexural strength is being
neglected, the vertical stress is approximated as the average of the
vertical forces from the web plates above and below over the HBE
web thickness:
2
2

Ry Fy twei sin αi + twei −1 sin αi −1 


2
σy =
i
tw

(12.84)

σy(i) = 3.89 ksi
The web area is:
Aweb = (d − 2tf)tw = 28.3 in2
2

2

 σy 
 Pu /Aweb 
 Pu /Aweb 
 φF  +  φF  −  φF 




y
y
 y

2

 σy 
 Vu /Aweb 
 φ F  + 3  φ F  = 0 . 54


y
 y

Note that in this calculation the maximum axial force and shear
have been used for simplicity. In the beam, the maximum axial force
occurs at the VBE in tension, while the maximum shear occurs at the
end next to the VBE in compression.
Thus a more refined calculation would show a lower utilization
ratio.
This calculation shows that the beam has sufficient strength. It
also suggests that a smaller beam could be used, taking advantage of
the fact that some of the web contributes to the flexural strength.

12.6.6 VBE Design
The VBEs are designed assuming the full plastic mechanism (i.e.,
assuming yielding in all the web plates and HBEs above).
The maximum axial compression forces in the columns due to
this loading are determined as follows:
1
Em = ∑ Ry Fy sin(2α) tweh + ∑VHBE
2

(12.85)

VHBE = Vu(web) + Vu(HBE)

(12.86)

 R F {[t (i − 1) − t (i)]cos2 (α)}L
2 * Mpr 
y y
we
we
cf
+
VHBE = 
2
Lh 


(12.87)
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The equations can be combined, and also simplified as the angle
of stress is constrained to 45°:
Em(i) =

2*Mpr

Lcf 
1
Ry Fy  ∑ twe h + twe ( i )
+∑
Lh
2 
2



(12.88)

Column maximum axial tension forces can be determined
similarly:
Em(i) =


Lcf 
2*Mpr
1
Ry Fy  ∑ twe h − twe ( i )
 +∑
2
2
Lh



(12.89)

The seismic axial force in the column on the compression side at
the bottom of the fourth floor is:
Em =

1
(1.3)(36)(0.073 + 0.135)(13 × 12)
2
 19 × 12
1
+ (1.3)(36)(0.135) 

2
2 
+ 2(1.1)(1.1)(50)(607 + 607)/(16.5 × 12)

= 759 kips + 360 kips + 742 kips = 1860 kips
Note that the roof beam is a W30 × 173, identical to the fifth-floor
beam.
On the tension side the force is:
Em = 759 kips − 360 kips + 742 kips = 1141 kips
The axial force in the column in compression is:
Pu = 1.2D + 0.5L + Em = 1900 kips
The inward flexure due to web plate yielding is calculated using
a model such as the one shown in Figure 12.34. The loading is:
ωxc = RyFy[twe sin2 (α)]

(12.90)

At the fourth floor the loading is:

 
ωxc = (1.3)(36) 0 . 135  1  (12) = 37.9 klf
 2 

The preferred method of establishing column moments and
shears is by means of a limited model such as is shown in Figure 12.34.
Such a model is constructed for this purpose, with a preliminary
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column size selected based on the required axial strength and an
assumed flexural demand based on:
Mu =

ω xc hc2 1
p -ft
+ Mpr = (348 + 1530) kip-ft = 1890 kip
12
2

A W14 × 398 is used in the model.
The spring stiffness used in the model for the fifth-floor beam
(and the identical roof beam) is given by Eq. (12.35):
kbi =

AbiE (51)(29, 000)
=
= 12, 970 kip
p /in
L
1
(19)(12)
2
2

Similar calculations are performed at every level.
The moment obtained from the model is 1895 kip-ft. The shear is
475 kips.
Using these axial and flexural forces with beam-column design
equations, a W14 × 398 is verified to be adequate:
φPn = 4780 kips (KL = 13 ft; using design tables)
φMn = φZFy = 3000 kip-ft
Pu/φPn(8/9)Pu/φPn = 0.40 + (8/9)(0.63) = 0.965
The shear strength is also adequate.
This completes the preliminary design. As mentioned in previous
examples, a preliminary design necessitates a reanalysis to determine
revised building dynamic properties, and resulting changes in the
base shear or modal response values.

12.6.7 Drift
In addition to providing sufficient base shear strength, the structure
must also control drift to within acceptable limits. Should the drifts
be determined to be excessive, redesign (and reanalysis) would be
required.
A necessary component of this is establishing the effective thickness of perforated web plates for stiffness. This is a slightly different
calculation than the effective thickness used in strength calculations.
The effective thickness is calculated as follows:
1−
twe =

12_Bruneau_Ch12_p689-786.indd 778

π
1−
4

π
4

 D 
. 

 Sdiag 
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 Sdiag  
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Level

Web Plate
Thickness (in)

D / Sdiag

Effective Web
Plate Thickness
(Stiffness) (in)

Fifth Floor

0.125

0.60

0.081

Fourth Floor

0.188

0.40

0.158

Third Floor

0.250

0.35

0.221

Second Floor

0.250

0.25

0.236

First Floor

0.313

0.40

0.264

Table 12.4

779

Web-Plate Sizes

Table 12.4 gives the effective thickness of each web plate for
stiffness.
These thicknesses may be used in a model to determine drifts. It
is important to note that the web plates, being only effective in
tension, must be modeled in such a way as to make the compressive
and shear stiffness zero (or negligible). No illustrative calculations
are provided here for deflection calculation. Although drift limits
must be checked, they rarely govern the design of SPSWs.

12.6.8 HBE Connection Design
The HBE and VBE form a rigid frame. They are joined with rigid
connections subject to the same requirements as ordinary moment
frame connections. Refer to Chapter 8 for information on how to
check adequacy of column panel zones and compliance with the
“Strong-Column/Weak-Beam” requirement. Additionally, the HBE
end connection must be designed to resist the shear determined in
Section 12.5.

12.6.9 Completion of Design
Several items remain to complete the design. These include:
• Web connection
• Layout of web-plate perforations
• Column splices
• Base plates
• Foundations
• Diaphragms, chords, and collectors
These are strength-based calculations based on conventional
approaches, and therefore not presented here.
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Self-Study Problems
Problem 12.1

Check the Special Plate Shear Wall shown in the following for
compliance with AISC 341. All loads shown are unfactored. Only consider the
load combination of 1.2D + 0.5L + 1.0E.
(a) Specifically follow the following steps:
(1) Check the adequacy of the web plate thicknesses.
(2) Develop a strip model using a structural analysis program and
determine the VBE and HBE axial forces, moments, and shear
forces for the gravity and earthquake loads shown below.
Adapt the model to recognize that HBEs and VBEs must be
designed per a capacity design procedure, assuming that the
web plates have developed their expected tensile strength of
RyFy. An average tension field angle can be used for the entire
wall. The webplates are not allowed to carry gravity load,
therefore, tension only members must be used for the web
plates, or two models must be developed (one for seismic and
one for gravity).
(3) Check the VBEs and HBEs for the effects of combined axial force
and moment, and for shear force.
(4) Check adequacy of the VBEs moment of inertia.
(5) Check the HBE-to-VBE strong-column/weak-beam requirement.
Assume that the HBEs are continuously braced against lateral torsional
buckling and braced at their midpoint against compression buckling. Assume
that the VBEs are laterally braced in both directions at the HBE-to-VBE connections. The web plates are A36 steel and the HBEs and VBEs are A992
Gr. 50. When using available design aids, refer the sections, page numbers,
and edition of the design aids used.
W24 × 131

W36 × 210

PD2 =
250 kN

ωD2 = 15
kN/m

PD2 =
250 kN

PD1 =
250 kN

ωD1 = 15
kN/m

PD1 =
250 kN

PD0 =
250 kN

ωD0 = 15
kN/m

PD0 =
250 kN

tw = 4.8 mm
3.5 m

W24 × 131
VBE Splice
@mid-height
tw = 6.4 mm
of 2nd level
3.5 m
W24 × 131
tw = 6.4 mm
W36 × 359

3.5 m
W27 × 217
SPSW dead loads

3m
SPSW geometry and members

PL2 =
100 kN

ωL2 = 10
kN/m

PD2 =
100 kN
296 kN
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W36 × 359

3.5 m
W27 × 217
SPSW dead loads

3m
SPSW geometry and members
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PL2 =
100 kN

ωL2 = 10
kN/m

PD2 =
100 kN
296 kN

PL1 =
100 kN

ωL1 = 10
kN/m

296 kN

PL1 =
100 kN
198 kN

PL0 =
100 kN

ωL0 = 10
kN/m

781

198 kN

PL0 =
100 kN
99 kN

SPSW live loads

99 kN

SPSW seismic loads

Problem 12.2 For the Steel Plate Shear Wall (SPSW) shown:
(a)	Design the lightest steel plate (ASTM A529 Grade 50) that can
resist the applied factored load shown and that comply with
AISC 341.
(b)	Compare the volume of steel for the resulting steel plate, and compare it with the total volume of the steel for the braces designed in
Problem 9.4. Comment on the differences between the designs and
explain their causes.

W14 × 550

W44 × 230

Pu = 500 kips

Steel plate

W14 × 550

10'

W44 × 230
20'

Problem 12.3 For the structure shown in Problem 8.4, if a 3/16”-thick infill
steel plate is continuously welded to the beams and columns to convert that
frame structure into a ductile steel plate wall, calculate the maximum load,
V, (in kips) that is needed to produce the sway plastic collapse mechanism
of this ductile steel plate wall structure. Here, assume that plastic hinging in
beams will only develop at their ends, and that the infill plate yields at 45°.
Use L = 10 ft and h = 6 ft.

12_Bruneau_Ch12_p689-786.indd 781

6/13/11 3:35:48 PM

782

Chapter Twelve

References
AISC. 2005. “Seismic Provisions for Structural Steel Buildings.” ANSI/AISC 341-05,
Chicago: American Institute of Steel Construction Inc.
ASCE. 2010. Minimum Design Loads for Buildings and Other Structures, Standard
ASCE/SEI 7-10, Reston, VA: American Society of Civil Engineers.
AISC. 2010. “Seismic Provisions for Structural Steel Buildings,” ANSI/AISC 341-10,
Chicago: American Institute of Steel Construction Inc.
Architectural Record. 1978a. “Steel-Plate Shear Walls Blunt the Wind’s Force and
Carry Gravity Load in a Towered Hotel.” Architectural Record, mid-August,
116–117.
Architectural Record. 1978b. “Hospital Steel-Plate Shear Walls Were Designed for
a 0.69g Earthquake.” Architectural Record, mid-August, 118.
Astaneh-Asl, A. 2001. “Seismic Behavior and Design of Steel Shear Walls.” Steel
Technical Information and Product Services Report. Moraga, CA: Structural Steel
Educational Council.
Astaneh-Asl, A., and Zhao, Q. 2001. “Cyclic Tests of Steel Shear Walls.” Report
Number UCB/CE-Steel-01/01, August. Berkeley: Department of Civil and
Environmental Engineering, University of California.
Astaneh-Asl, A., and Zhao, Q. 2002. “Cyclic Behavior of Steel Shear Wall Systems.”
Proceedings of the Annual Stability Conference, Structural Stability Research
Council, Seattle, WA.Baldelli, J. A. 1983. “Steel Shear Walls for Existing
Buildings.” AISC Engineering Journal, vol. 20, no. 2, 70–77.
Basler, K. 1961. “Strength of Plate Girders in Shear.” Journal of the Structural Division,
ASCE, vol. 87, no. 7, 150–180.
Behbahanifard, M., Grondin, G., and Elwi, A. 2003. “Experimental and Numerical
Investigation of Steel Plate Shear Walls.” Structural Engineering Report No. 254,
Edmonton, AB, Canada: Department of Civil and Environmental Engineering,
University of Alberta.
Berman, J. W., and Bruneau, M. 2003a. “Plastic Analysis and Design of Steel
Plate Shear Walls.” Journal of Structural Engineering, ASCE, vol. 129, no. 11,
1448–1456.
Berman, J. W., and Bruneau, M. 2003b. “Experimental Investigation of LightGauge Steel Plate Shear Walls for the Seismic Retrofit of Buildings.” Technical
Report MCEER-03-0001. Buffalo, NY: Multidisciplinary Center for Earthquake
Engineering Research, State University of New York at Buffalo.
Berman, J. W., and Bruneau, M. 2004. “Steel Plate Shear Walls Are Not Plate
Girders.” AISC Engineering Journal, vol. 41, no. 3, 95–106.
Berman, J., and Bruneau, M. 2005. “Experimental Investigation of Light-Gauge
Steel Plate Shear Walls.” Journal of Structural Engineering, ASCE, vol. 131, no. 2,
259–267.
Berman, J., and Bruneau, M. 2008. “Capacity Design of Vertical Boundary Elements
in Steel Plate Shear Walls.” AISC Engineering Journal, vol. 45, no. 1, 57–71.
Bertero, V. V., Anderson, J. C., and Krawinkler, H. 1994. “Performance of Steel
Building Structures during the Northridge Earthquake,” Report No. UCB/
EERC-94/09, Berkeley: Earthquake Engineering Research Center, University
of California.
Blogdowntown.com. 2008. http://blogdowntown.com/2008/10/3756-la-livetower-structure-hailed-at-steel-industry.
Bhowmick, A. K., Driver, R. G., and Grondin, G. Y. 2009. “Seismic Analysis of
Steel Plate Shear Walls Considering Strain Rate and P-Delta Effects.” Journal of
Constructional Steel Research, vol. 65, 1149–1159.
Bruneau, M., and Bhagwagar, T. 2002. “Seismic Retrofit of Flexible Steel Frames
Using Thin Infill Panels.” Engineering Structures, vol. 24, no. 4, 443–453.
CSA. 1994. “Limit States Design of Steel Structures.” CAN/CSA S16-94. Willowdale,
ON, Canada: Canadian Standards Association.
CSA. 2001. “Limit States Design of Steel Structures.” CAN/CSA S16-01. Willowdale,
ON, Canada:Canadian Standards Association.

12_Bruneau_Ch12_p689-786.indd 782

6/13/11 3:35:48 PM

Design of Ductile Steel Plate Shear Walls

783

CSA. 2009. “Design of Steel Structures.” CAN/CSA S16-09. Mississauga, ON,
Canada: Canadian Standards Association.Caccese, V., Elgaaly, M., and Chen,
R. 1993. “Experimental Study of Thin Steel-Plate Shear Walls Under Cyclic
Load.” Journal of Structural Engineering, ASCE, vol. 119, no. 2, 573–587.
Çelebi, M. 1997. “Response of Olive View Hospital to Northridge and Whittier
Earthquakes.” Journal of Structural Engineering, ASCE, vol. 123, no. 4, 389–396.
Choi, I. R., and Park, H. G. 2009. Steel Plate Shear Walls with Various Infill Plate
Designs.” Journal of Structural Engineering, ASCE, vol. 135, no. 7, 785–796.
Dastfan, M., and Driver, R. G. 2008. “Flexural Stiffness Limits for Frame Members
of Steel Plate Shear Wall Systems.” Proceedings of the Annual Stability Conference,
Nashville, TN. Rolla, MO: Structural Stability Research Council.
Dean, R. G., Cannon, T. J., and Poland, C. D. 1977. “Unusual Structural Aspects of
the H.C. Moffitt Hospitals.” Proceedings of the Structural Engineers Association of
California 46th Convention, Coronado, California, pp. 32–73.
Deng, X., Dastfan, M., and Driver, R. G. 2008. “Behaviour of Steel Plate Shear
Walls with Composite Columns,” Proceedings of the 2008 Structures
Congress, April 24–26, Vancouver, BC, Canada: American Society of Civil
Engineers.
Driver, R. G., and Grondin, G. Y. 2001. “Steel Plate Shear Walls: Now Performing on
the Main Stage.” Modern Steel Construction, AISC, September 2001.
Driver, R. G., Grondin, G. Y., Behbahanifard, M., and Hussain, M. A. 2001. “Recent
Developments and Future Directions in Steel Plate Shear Wall Research.”
Proceedings of the North American Steel Construction Conference, May, Ft.
Lauderdale, FL.
Driver, R. G., Kulak, G. L., Kennedy, D. J. L., and Elwi, A. E. 1997a. “Seismic Behaviour
of Steel Plate Shear Walls.” Structural Engineering Report No. 215. Edmonton,
AB, Canada: Department of Civil Engineering, University of Alberta.
Driver, R. G., Kulak, G. L., Kennedy, D. J. L., and Elwi, A. E. 1997b. “Finite Element
Modelling of Steel Plate Shear Walls.” Proceedings of the Structural Stability
Research Council Annual Technical Session, Toronto, 253–264.
Driver, R. G., Kulak, G. L., Elwi, A. E., and Kennedy, D. J. L. 1998a. “Cyclic Tests
of Four-Story Steel Plate Shear Wall.” Journal of Structural Engineering, ASCE,
vol. 124, no. 2, 112–120.
Driver, R. G., Kulak, G. L., Elwi, A. E., and Kennedy, D. J. L. 1998b. “FE and
Simplified Models of Steel Plate Shear Wall.” Journal of Structural Engineering,
ASCE, vol. 124, no. 2, 121–130.Eatherton, M., 2005. Senior Design Engineer,
GFDS Engineers, San Francisco, personal communication.
Eatherton, M., and Johnson, K. 2004. “High-End Residence using Steel Plate Shear
Walls in Woodside, California,” Proceedings of the SEAOC 2004 Convention: 75th
Anniversary Celebration, Monterey, California, pp. 19–29.
Elgaaly, M. 1998. “Thin Steel Plate Shear Walls Behavior and Analysis.” Thin Walled
Structures, vol. 32, no. 1–3, 151–180.
Elgaaly, M., Caccese, V., and Du, C. 1993. “Post-buckling Behavior of Steel-Plate
Shear Walls Under Cyclic Loads.” Journal of Structural Engineering, ASCE,
vol. 119, no. 2, 588–605.
Elgaaly, M., and Liu, Y. 1997. “Analysis of Thin-Steel-Plate Shear Walls.” Journal of
Structural Engineering, ASCE, vol. 123, no. 11, 1487–1496.
ENR. 1977. “Shear Walls and Slipforming Speed Dallas’ Reunion Project.”
Engineering News Record, July 28, 20–21.
ENR. 1978a. “Quake-Proof Hospital Has Battleship-Like Walls.”Engineering News
Record, September 21, 62–63.
ENR. 1978b. “Patent Problems, Challenge Spawn Steel Seismic Walls.” Engineering
News Record, January 26, 17.
FEMA. 2000. “Recommended Seismic Design Criteria for New Steel MomentFrame Buildings,” Report FEMA-350, Federal Emergency Management Agency,
Washington, DC.
FEMA. 2004. “FEMA 450: NEHRP Recommended Provisions for Seismic Regulations
for New Buildings and Other Structures.” Building Seismic Safety Council for
the Federal Emergency Management Agency, Washington, D. C.

12_Bruneau_Ch12_p689-786.indd 783

6/13/11 3:35:48 PM

784

Chapter Twelve
Fujitani, H., Yamanouchi, H., Okawa, I. Sawai, N., Uchida, N., and Matsutani, T.
1996. “Damage and performance of tall buildings in the 1995 Hyogoken Nanbu
earthquake,”Proceedings of 67th Regional Conference (in conjunction with ASCE
Structures Congress XIV), Council on Tall Building and Urban Habitat, Chicago,
103–125.
Glotman, M. 2005. Structural Engineer, Glotman Simpson, Vancouver, BC, Canada,
personal communication.
Grondin, G., and Behbahanidard, M. 2001. “Cyclic Behaviour of Three-Storey
Unstiffened Steel Plate Shear Wall,” Canadian Society of Civil Engineers
Conference.
Hooper, J. 2005. Principal and Director of Earthquake Engineering, Magnusson
Klemencic Associates, Seattle, personal communication.
Kristeva, N. 2010. “Trimming the Fat.” Modern Steel Construction, Feb. 2010.
Kuhn, P., Peterson, J. P., and Levin, L. R. 1952. “A Summary of Diagonal Tension,
Part 1—Methods of Analysis.” Tech. Note 2661. Langley Field, VA: National
Advisory Committee for Aeronautics, Langley Aeronautical Laboratory.
Lee, C. S., and Tsai, K. C. 2008. “Experimental Response of Four 2-Story Narrow
Steel Plate Shear Walls.” Proceeding of the 2008 Structures Congress, Vancouver,
BC, Canada.
Leontovich, V. 1959. Frames and Arches: Condensed Solutions for Structural Analysis.
New York: McGraw-Hill, p. 472.
Lin, C. H., Tsai, K. C., Qu, B., and Bruneau, M. 2010. “Sub-structural Pseudo-dynamic
Performance of Two Full-scale Two-story Steel Plate Shear Walls.”Journal of
Constructional Steel Research. vol. 66, 1467–1482.
Love, R. J., Yu, K., McNeill, S., and Zepeda, D. 2008. “Retrofit of a Critical Care
Facility in Los Angeles with Steel Plate Shear Walls,”ASCE Structures Congress,
Vancouver, B.C., pp. 1–7, (doi10.1061/41016(314)103).
Lubell, A. S., Prion, H. G. L., Ventura, C. E., and Rezai, M. 2000. “Unstiffened Steel
Plate Shear Wall Performance under Cyclic Loading.” Journal of Structural
Engineering,ASCE, vol. 126, no. 4, 453–460.
Monnier, A. B., and Harasimowicz, A. P. 2007. “Shear Strength.” Modern Steel
Construction, AISC, January 2007.
Montgomery, C. J., and Medhekar, M. 2001. Discussion on “Unstiffened Steel Plate
Shear Wall Performance Under Cyclic Load.” Journal of Structural Engineering,
ASCE, vol. 127, no. 8, 973–973.
Naeim, F., and Lobo, R. 1994. “Performance of Nonstructural Components During
the January 17, 1994 Northridge Earthquake: Case Studies of Six Instrumented
Multistory Buildings.” Proceedings of the ATC-29-1 ATC-29-1 Seminar on Seismic
Design, Retrofit, and Performance of Nonstructural Components. Redwood City,
CA: Applied Technology Council.
Nakashima, M., Fujiwara, T., Suzuki, Y., Bruneau, M., Iwai, S., and Kitahara, A. 1995.
“Damage to Engineered Buildings from the 1995 Great Hanshin Earthquake.”
Journal of Natural Disaster Sciences, vol. 16, no. 20, 71–78.
OSHPD. 1995. “Northridge Earthquake: A Report to the Hospital Building Safety
Board on the Performance of Hospitals.” Office of Statewide Health Planning and
Development, Facilities Development Division, Sacramento, CA, 63 pages.
Purba, R., and Bruneau, M. 2007. “Design Recommendations for Perforated Steel
Plate Shear Walls,” Technical Report MCEER-07-0011. Buffalo, NY: MCEER, State
University of New York at Buffalo, 208 pages.
Purba, R., and Bruneau, M. 2009. “Finite Element Investigation and Design
Recommendations for Perforated Steel Plate Shear Walls.” Journal of Structural
Engineering, ASCE, vol. 135, no. 11, 1367–1376.
Purba, R., and Bruneau, M. 2010. “Impact of Horizontal Boundary Elements Design
on Seismic Behavior of Steel Plate Shear Walls.” Technical Report MCEER10-0007. Buffalo, NY: MCEER, State University of New York at Buffalo.
Qu B., and Bruneau, M. 2008. “Seismic Behavior and Design of Boundary Frame
Members in Steel Plate Shear Walls..” Technical Report MCEER-08-0012. Buffalo,
NY: MCEER, State University of New York at Buffalo.
Qu, B., and Bruneau, M. 2009. “Design of Steel Plate Shear Walls Considering
Boundary Frame Moment Resisting Action.” Journal of Structural Engineering,
ASCE, vol. 135, no. 12, 1511–1521.

12_Bruneau_Ch12_p689-786.indd 784

6/13/11 3:35:49 PM

Design of Ductile Steel Plate Shear Walls

785

Qu, B., and Bruneau, M. 2010a. “Capacity Design of Intermediate Horizontal
Boundary Elements of Steel Plate Shear Walls.” Journal of Structural Engineering,
ASCE, vol. 136, no. 6, 665–675.
Qu, B., and Bruneau, M. 2010b. “Behavior of Vertical Boundary Elements in Steel
Plate Shear Walls.” AISC Engineering Journal, vol. 47, no. 2, pp. 109–122.
Qu, B., and Bruneau, M. 2011. “Plastic Moment of Intermediate Horizontal
Boundary Elements of Steel Plate Shear Walls.” AISC Engineering Journal,
vol. 48, no. 1.
Qu, B., Bruneau, M., Lin, C. H., and Tsai, K. C. 2008. “Testing of Full-Scale Two-Story
Steel Plate Shear Wall with Reduced Beam Section Connections and Composite
Floors.” Journal of Structural Engineering, ASCE, vol. 134, no. 3, 364–373.
Rezai, M. 1999. “Seismic Behaviour of Steel Plate Shear Walls by Shake Table
Testing,” PhD Dissertation, Vancouver, BC, Canada: Department of Civil
Engineering, University of British Columbia.
Roberts, T. M., and Sabouri-Ghomi, S. 1991. “Hysteretic Characteristics of
Unstiffened Plate Shear Panels.” Thin-Walled Structures, vol. 12, no. 2, 145–162.
Roberts, T. M., and Sabouri-Ghomi, S. 1992. “Hysteretic Characteristics of
Unstiffened Perforated Steel Plate Shear Walls.” Thin-Walled Structures,
vol. 14, no. 2, 139–151.
Robinson, K., and Ames, D. 2000. “Steel Plate Shear Walls—Library Seismic
Upgrade.” Modern Steel Construction, vol. 40, no. 1, 56–60.
Romero, E. M. 2003. “Construcción Compuesta En Edificios Altos,”VII Simposio
Internacional De Estructuras De Acero, Veracruz, Ver. Mexico.
Sabelli, R., and Bruneau, M. 2007. Steel Plate Shear Walls (AISC Design Guide).
Chicago: American Institute of Steel Construction, pp. 144.
Sabouri-Ghomi, S., and Roberts, T. M. 1992. “Nonlinear Dynamic Analysis of Steel
Plate Shear Walls Including Shear and Bending Deformations.” Engineering
Structures, vol. 14, no. 5, 309–317.
Sabouri-Ghomi, S., Ventura, C. E., and Kharrazi, M. H. K. 2005. “Shear Analysis
and Design of Ductile Steel Plate Walls.” Journal of Structural Engineering, ASCE,
vol. 131, no. 6, 878–889.
Schumacher, A., Grondin, G. Y., and Kulak, G. L. 1999. “Connection of infill panels
in steel plate shear walls.” Canadian Journal of Civil Engineering, vol. 26, no. 5,
549–563.
Shishkin, J. J., Driver, R. G., and Grondin, G. Y. 2009. “Analysis of Steel Plate Shear
Walls Using the Modified Strip Model.” Journal of Structural Engineering, ASCE,
vol. 135, no. 11, 1357–1366.
Thorburn, L. J., Kulak, G. L., and Montgomery, C. J. 1983. “Analysis of Steel Plate
Shear Walls,” Structural Engineering Report No. 107. Edmonton, AB, Canada:
Department of Civil Engineering, University of Alberta.
Timler P. A., and Kulak, G. L. 1983. “Experimental Study of Steel Plate Shear Walls,”
Structural Engineering Report No. 114. Edmonton, AB, Canada: Department of
Civil Engineering, University of Alberta.
Timler, P. A., Ventura, C. E., Prion, H., and Anjam, R. 1998. “Experimental and
Analytical Studies of Steel Plate Shear Walls as Applied to the Design of Tall
Buildings.” The Structural Design of Tall Buildings, vol. 7, no. 3, 233–249.
Tromposch, E. W., and Kulak, G. L. 1987. “Cyclic and Static Behaviour of Thin Panel
Steel Plate Shear Walls.” Structural Engineering Report No. 145. Edmonton, AB,
Canada: Department of Civil Engineering, University of Alberta.
Vian, D., and Bruneau, M. 2004. “Testing of Special LYS Steel Plate Shear Walls.”
Proceedings of the 13th World Conference on Earthquake Engineering, Paper
No. 978, Vancouver, BC, Canada.
Vian, D., and Bruneau, M. 2005. “Steel Plate Walls for Seismic Design and
Retrofit of Building Structures.” Technical Report MCEER-05-0010. Buffalo,
NY: Multidisciplinary Center for Earthquake Engineering Research, State
University of New York at Buffalo.
Vian D., Bruneau, M., and Purba, R. 2009a. “Special Perforated Steel Plate Shear
Walls with Reduced Beam Section Anchor Beams II: Analysis and Design
Recommendations.” Journal of Structural Engineering, ASCE, vol. 135, no. 3,
221–228.

12_Bruneau_Ch12_p689-786.indd 785

6/13/11 3:35:49 PM

786

Chapter Twelve
Vian D., Bruneau, M., Tsai, K. C., and Lin, Y. C. 2009b. “Special Perforated Steel
Plate Shear Walls with Reduced Beam Section Anchor Beams I: Experimental
Investigation.” Journal of Structural Engineering, ASCE, vol. 135, no. 3,
211–220.
Wagner, H. 1931. “Flat Sheet Metal Girders with Very Thin Metal Webs. Part IGeneral Theories and Assumptions, and Part III: Sheet Metal Girders with
Spars Resistant to Bending—The Stress in Uprights—Diagonal Tension Fields.”
Technical Memorandum Nos. 604 and 606, National Advisory Committee for
Aeronautics, Washington, D.C.
Wosser, T. D., and Poland, C. D. 2003. “Degenkolb Engineers.” Journal of Structural
Design of Tall and Special Buildings, vol. 12, 227–244.
Yamaguchi, T., et al. 1998. “Seismic Control Devices Using Low-yield-point Steel.”
Nippon Steel Technical Report No. 77, 65–72. (available at http://www.nsc.co.jp/
gikai/en/contenthtml/n78/n78.html).
Yokoyama, T., Kajiyama, Y., and Komuro, H. 1978. “Structural scheme of Nippon
Building B-Wing.” In Japanese.
Young, W.C. 1989. Roark’s Formulas for Stress and Strain. New York: McGraw-Hill,
pp. 736.
Zhao, Q., and Astaneh-Asl, A. 2004. “Cyclic Behavior of Traditional and Innovative
Composite Shear Walls.” Journal of Structural Engineering, ASCE, vol. 130,
no. 2, 271–284.

12_Bruneau_Ch12_p689-786.indd 786

6/13/11 3:35:49 PM

CHAPTER

13

Other Ductile Steel
Energy Dissipating
Systems

W

hile the previous chapters have focused on some of the
lateral load-resisting systems found in North American
seismic design provisions and most commonly implemented, many other innovative steel systems have been proposed
in the past to achieve the objective of ductile energy dissipation. An
exhaustive presentation of all such innovations in steel design is
beyond the scope of this book, but in light of the growing interest on
this topic, a summary review of some of the strategies that have generally been pursued is presented in this chapter. Further information
on the systems’ theoretical behavior, analytical predictions of seismic
response, and experimentally verified ductile performance, is available in the references cited for each respective design concept. An
overview of the structural fuse concept precedes presentation of the
various energy dissipation strategies to put them in design context.

13.1

Structural Fuse Concept
As indicated earlier, in seismic design, code-specified loads are
reduced by a response modification factor, R, which allows the structure to undergo inelastic deformations while most of the seismic
energy is dissipated through hysteretic behavior. Designs have always
(implicitly or explicitly) relied on this reduction in the design forces.
As emphasized throughout the previous chapters, this methodology
relies on the ability of specially detailed ductile structural elements to
accommodate inelastic deformations, without compromising structural stability. It is important to recognize, however, that this inelastic
behavior translates into some level of damage on these elements, permanent system deformations following an earthquake, and possibly
high cost for repairs (sometimes, even though the structure has not
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collapsed, repairs are not viable and the building must be demolished). Given that earthquakes are rare events that will not happen
during the life of most structures, and given that proper ductile
design will limit the extent of damage and concentrate it into special
structural elements, the need for repairs following an earthquake has
been seen as an acceptable tradeoff against higher seismic design
loads; for steel structures, such repairs have been successfully accomplished following modern earthquakes, but they sometimes have not
been trivial endeavors.
To achieve more stringent seismic performance objectives, an
alternative design approach is to concentrate damage on disposable
and easy to repair structural elements (i.e., “structural fuses”), while
the main structure is designed to remain elastic or with minor inelastic deformations. Following a damaging earthquake, only these special elements would need to be replaced (hence the “fuse” analogy),
making repair work easier and more expedient. Furthermore, in that
instance, self-recentering of the structure would occur once the ductile
fuse devices are removed, i.e., the elastic structure would return to its
original undeformed position.
The structural fuse concept has not been consistently defined in
the past. In some cases, “fuses” have been defined as elements with
well-defined plastic yielding locations, but not truly replaceable as a
fuse. For instance, Roeder and Popov (1977) called the segment of the
beam yielding in shear in an eccentrically braced frame a “ductile
fuse” because of its energy dissipation capability. Although this
system has a good seismic behavior, such links are not readily disposable elements (beams would need shoring, floor slabs might require
repairs, etc.), unless the links are specially detailed from the onset to
be easily replaceable, as done by Mansour et al. (2006, 2009). Other
researchers have used the term “structural fuse” in the same perspective for different types of structural systems (e.g., Aristizabal-Ochoa
1986, Basha and Goel 1996, Carter and Iwankiw 1998, Rezai et al.
2000, and Sugiyama 1998, to name a few). In some other cases, structural fuses were defined as elements with well-defined plastic yielding locations and used more in the context of reducing (as opposed to
eliminating) inelastic deformations of existing moment-resisting
frames (also termed to be a “damage control” strategy) (Connor et al.
1997; Huang et al. 2002; Wada and Huang 1999; Wada et al. 1992,
2000). In applications consistent with the definition of interest here,
fuses were used to achieve elastic response of frames that would
otherwise develop limited inelastic deformations for high rise buildings having large structural periods (i.e., T > 4s) (e.g., Shimizu et al.
1998, Wada and Huang 1995), or for systems with friction brace
devices intended to act as structural fuses (e.g., Filiatrault and Cherry
1989, Fu and Cherry 2000).
Generally, because of the large number of complex parameter
interdependencies that exist in systems with structural fuses, the
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design procedures developed for these systems have relied on nonlinear
time-history analyses. A systematic and simplified design procedure to achieve and implement a structural fuse concept to limit damage to disposable structural elements for any general structure,
without the need for complex analyses, has been proposed and verified experimentally by Vargas and Bruneau (2009a, 2009b) for design
and retrofit purposes.
The more rigorous structural fuse definition is conceptually illustrated in Figure 13.1 using a general pushover curve and the model
for a SDOF structure, in which frame and metallic fuses are represented by elasto-plastic springs acting in parallel. The total curve is
trilinear with the initial stiffness, K1, calculated by adding the stiffness of the frame and the structural fuses, Kf and Ka, respectively.
Once the structural fuses reach their yield deformation, ∆ya, the increment on the lateral force is resisted only by the bare frame, being the
second slope of the total curve equal to the frame stiffness, Kf . Vyf and

Structural fuse, d

Mass, m

Frame, f
Braces, b

Ground motion, üg (t)
V

Total

Vp
αK1 = Kf
Vy

K1

Vyd
Vyf
Ka

∆ya

Structural fuses

Frame

Kf

∆yf

u

Figure 13.1 Sample model of a SDOF system with metallic fuses, and
general pushover curve.
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Vyd are the base shear capacity of the bare frame and the structural
fuses, respectively, and Vy and Vp are the total system yield strength
and base shear capacity, respectively. The maximum displacement
ductility, µmax, is the ratio of the frame yield displacement, ∆yf , with
respect to the yield displacement of the structural fuses, ∆ya. In other
words, µmax is the maximum displacement ductility that the metallic
fuses experience before the frame undergoes inelastic deformations.
If system response is maintained to less than ∆yf , replacement of the
fuse can be achieved with relative ease (as experimentally demonstrated by Vargas and Bruneau 2009b). Vargas and Bruneau (2009a)
reported that this performance objective is easier to attain for target
designs having Kf/(Kf + Ka) ≥ 0.25 and µmax ≥ 5. Note that much literature also exists on the use of viscous or visco-elastic dampers and
other velocity-dependant mechanical devices (instead of metallic
fuses) to achieve a frame elastic-response performance objective (e.g.,
Constantinou et al. 1998, Soong and Constantinou 1994, Takewaki
2009), but these are beyond the current scope. Incidentally, combining viscous dampers in parallel with hysteretic energy dissipation
devices (rather than for the purpose of achieving elastic response)
may not be of benefit and could, in some instances, worsen seismic
performance (Vargas and Bruneau 2007).
Although many of the ductile systems and approaches presented
in this chapter (and the previous chapters for that matter) have not
necessarily been formulated to achieve the more rigorous structural
fuse design objectives, they could be adapted to serve this purpose.
Finally, note that exceeding ∆yf is not fatal in terms of life safety when
using a relatively ductile “protected” frame; rather, it implies that
self-centering upon replacement of the fuse may not occur, and the
possible need for repair of the protected frame.

13.2

Energy Dissipation Through Steel Yielding
13.2.1 Early Concepts
Beyond the conventional structural framing systems described in
earlier chapters to resist earthquakes, steel yielding for hysteretic
energy dissipation has been implemented in devices intended to
provide additional stiffness and damping to primary structural
frames or to base isolation systems. Many such devices emerged in
New Zealand in the early 1970s, relying on a variety of yielding mechanisms, designed to achieve long low-cycle fatigue life by using mild
steels, stocky cross-sections, and to the extent possible avoiding welds
in regions of plastic demands (Kelly et al. 1972; Skinner et al. 1975,
1993). Four concepts experimentally investigated at that early stage,
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Figure 13.2

(d) Single-axis damper

Steel-yielding dampers. (Courtesy of R.I. Skinner, New Zealand.)

schematically shown in Figure 13.2, consisted of: (a) a pair of
U-shaped steel strips undergoing flexural yielding due to the upand-down movement of the central bar to which they were tied, (b) a
flat rectangular bar subjected to combined flexure and (predominantly) torsion by an eccentrically applied load at its middle, (c) a
vertical cantilevering bar of square or circular cross-section yielding
in flexure when subjected to bidirectional horizontal displacements
at its tip, and (d) a flat rectangular cantilever plate for loading about
a single axis (as part of an assembly having multiple such plates
closely spaced and parallel to each other). Some of those were implemented in bridges and buildings in New Zealand (Boardman et al.
1983; Skinner et al. 1980, 1993).
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13.2.2 Triangular Plates in Flexure
In the process of using flat plates in flexure for energy dissipation, it
was quickly realized that triangular plates provide a superior performance, as conceptually illustrated in Figure 13.3 for single plates
subjected to relative transverse end displacements and fixed at one or
both ends.
Having the width of the plates match the profile of the bending
diagram ensures that yielding develops simultaneously over the entire
length of the plates, requiring lesser inelastic strains at large relative
displacements and resulting in a more ductile device (Steimer et al.
1981, Tyler 1978). Figure 13.3 shows the moment diagram and constant
curvature obtained for idealized triangular and hourglass-shaped
plates. Note that practical considerations require a minimum width to
transfer shear forces; furthermore, the plate length-to-thickness ratio
must be large to ensure dominance of flexural over shear yielding.
Figure 13.4 shows an implementation of this concept in buildings
seismically isolated using flexible piles (Boardman et al. 1983) in
New Zealand, whereas Figure 13.5 shows implementation in a bridge
column designed to uplift during severe earthquake excitations
(Dowdell and Hamersley 2000).

V
V
b

b

h

M

V
This fixed-end
free to translate
downward relative
to other end

h

M

φ

φ

∆

∆

Figure 13.3 Schematic of hourglass and triangular plates subjected to relative end
displacements, with moment and curvature diagrams, and deflected shapes.
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(a)

(b)

Figure 13.4 Triangular plate energy dissipator implemented in seismically
isolated building, Auckland, New Zealand.

13_Bruneau_Ch13_p787-836.indd 793

6/13/11 3:36:46 PM

794

Chapter Thirteen

(a)

(b)

Figure 13.5 Triangular plate energy dissipator (fixed to the tower, pinned
into a slotted vertical plate anchored into foundation) implemented in a
bridge column allowed to uplift during tower rocking, Vancouver, Canada.
(Courtesy of Bruce Hamersley, Klohn Crippen Berger, Vancouver.)

13_Bruneau_Ch13_p787-836.indd 794

6/13/11 3:36:48 PM

Other Ductile Steel Energy Dissipating Systems

795

Devices made of multiple parallel single-axis, triangular- or
hourglass-shaped plates have been developed and experimentally
verified, such as the proprietary added damping and stiffness
(ADAS) flexural-beam damper (Bergman and Goel 1987; Steimer et
al. 1981; Whittaker et al. 1989, 1991) and a triangular-plate version of
the ADAS damper, referred as T-ADAS (Tsai et al. 1993), shown in
Figure 13.6.
ADAS devices have been used for the seismic retrofit of a number
of buildings in the United States (e.g., Perry et al. 1993) and Mexico
(Martinez-Romero 1993). One end of these relatively shallow devices
is typically connected to a rigid beam of the existing structure,
whereas the other end is tied to a rotationally stiff support (often
braced for that purpose) designed to ensure double curvature of the
ADAS device, as shown in Figure 13.7. The required rotational
stiffness of that support is substantially less when connected to the
“pin-end” of a T-ADAS device.
Rotation demands on the devices can be obtained from the
corresponding plastic mechanism shown in Figure 13.8. The plastic
rotational demand (γp) on the ADAS device is given as:
γp =

H
θ
h p

(13.1)

where H is the story height, h is the height of the ADAS device, and
θp is the plastic story drift angle. The resulting magnification of
plastic rotation demands can be substantial, given that values of H/h
equal to 10 have been reported. In that case, for a 2% story drift, the
corresponding plastic rotational demand in the ADAS device would
be 0.20 radian. Experiments have reported stable hysteretic behavior
up to 0.40 radian (Whittaker et al. 1989). Similar results have been
obtained with the T-ADAS device, as shown in Figure 13.9. Note that
T-ADAS devices are detailed with slotted holes to eliminate axial
loads in the steel plates at large drifts.
For bridge applications, triangular plate devices have also been
proposed and experimentally verified for the retrofit of certain type
of steel bridges (Sarraf and Bruneau 1998a, 1998b; Zahrai and
Bruneau 1999a, 1999b), and to provide energy dissipation and control
the amplitude of uplifting in bridge towers allowed to rock during
earthquakes (Pollino and Bruneau 2007, 2008, 2010a, 2010b). In some
specific bridge superstructure applications in which relatively low
inertia forces are developed under seismic excitations, such as in the
diaphragms of steel slab-on-girder bridges, for example, it was found
that triangular plate devices could be designed to be the primary
lateral load-resisting force system, rather than primarily serving a
hysteretic damping function (Zahrai and Bruneau 1999b).
The fundamental parameters defining response of a single
cantilever triangular plate can be derived from basic structural
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(a)

(b)

Figure 13.6 Yielding multi-plate flexural devices: (a) ADAS (Courtesy of
CounterQuake Corporation); (b) T-ADAS, during test at large deformations.
(Courtesy of K.C. Tsai, National Taiwan University,Taipei.)
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(a)

(b)

Figure 13.7 Implementation examples for: (a) ADAS, building in San
Francisco; (b) T-ADAS, building in Taipei, Taiwan. (Part b, courtesy of K.C.
Tsai, National Taiwan University, Taipei.)
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Figure 13.9 Cyclic testing of T-ADAS device: (a) details of device; (b) cyclic
hysteretic behavior results. (Courtesy of K.C. Tsai, National Taiwan University,
Taipei.)
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engineering principles, neglecting shear deformations, with stiffness
and strength scaled by the number of plates, N, for a device having
multiple plates of identical thickness (Tsai et al. 1993). The elastic
stiffness, ke, of the T-ADAS element is given by:
ke =

Ebt 3 N NEb  t 
=
 
6  h
6 h3

3

(13.2)

where E is Young’s modulus, b is the base width of the plate, t is the
thickness of the plate, and h is the height of the plate. The yield
strength, Vy, of the T-ADAS element is equal to:
Vy =

Fy bt 2 N

(13.3)

6h

where Fy is the steel yield stress. The corresponding yield lateral
displacement, Δy, is given by:
∆y =

Fy h2

(13.4)

Et

where all terms are defined above. The yield rotational angle, γy, is
defined as the yield lateral displacement divided by the height of
the plate:
γy =

Fy h

(13.5)

Et

The plastic strength, Vp, of an N-plate ADAS element is equal to:
Vp =

Fy bt 2 N

(13.6)

4h

Likewise, the mechanical characteristics of an X-plate ADAS device
can be similarly obtained, with all parameters as defined above, noting
that h here is the height of the entire X-plate, and that twice the shear
force is required to yield the same cross-section in double curvature.
Correspondingly, the elastic stiffness, yield strength, yield
displacement yield rotational angle, and plastic strength of an ADAS
device are respectively given by:
2Ebt 3 N 2 NEb  t 
ke =
=
 
3  h
3 h3
Vy =
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∆y =
γy =
Vp =

Fy h2

(13.9)

2Et
Fy h

(13.10)

2Et
Fy bt 2 N
2h

(13.11)

Triangular plate systems can be conveniently designed to provide
a wide range of combinations of strength, stiffness, and yield displacements (yield rotational angle) by judicious selection of the
number of plates, as well as their length, width, and thickness. In
particular, the preceding equations show that reducing the height-tothickness ratio (h/t) rapidly increases stiffness of the device.
Similar unidirectional concepts that instead rely on yielding
under deformations in the plane of the steel plate can also be found
in the literature. For example, the double-curvature “honeycomb
damper” shown in Figure 13.10 has been implemented in buildings
in Japan (Kajima 1991). Another approach relying on combined shear
and flexural yielding has been studied by El-Bahey and Bruneau
(2010a, 2010b).

(a)

Figure 13.10 Kajima Honeycomb system: (a) implementation in Japan;
(b) schematic showing loading direction; (c) typical hysteretic behavior.
(Cour tesy of Kajima Corporation, Tokyo, Japan.)
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(Continued)

13.2.3 Tapered Shapes
Combining the idea of cross-section properties varying to follow the
moment diagram, together with the concept shown in Figure 13.2c,
some proprietary devices have been developed with single-taper or
double-taper bars behaving, respectively, in single or double curvature
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when subjected to bidirectional excitations (sometimes called
omnidirectional devices in the literature, but referring to arbitrary
displacements within a plane). A single taper device is shown in
Figure 13.11a, together with its corresponding force-displacement
hysteretic curve (Figure 13.11b). Figures 13.11c and d show a ring of
double-tapered bar implemented in a specific type of seismic isolation bridge bearing in conjunction with a detail that only engages the
energy dissipators during earthquake excitations, to prevent their
fatigue under service condition. A typical implementation is shown
in Figure 13.11d. Other proprietary tapered bar systems have also
been developed and implemented in Japan (Kajima 1991).

(a)
150
120
90
Carico (kN)

60
30
0
–30
–60
–90
–120
–150
–75

–60

–45

–30

–15
0
15
30
Deformazione (mm)
(b)

45

60

75

Figure 13.11 Tapered bar for energy dissipation: (a) test of a single-taper
bar; (b) corresponding hysteretic behavior; (c) seismic isolation bridge bearing
having an array of double-taper bars, shown during testing under differential
horizontal movements; (d) implementation of isolator in a bridge in Oregon.
(Courtesy of FIP Industriale.)
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(c)

(d)

Figure 13.11 (Continued)

13.2.4 C-Shaped and E-Shaped Devices
Proprietary C-shaped (a.k.a. crescent-shape) hysteretic members
have also been developed. Their variable cross-section and semicircular shape of constant radius, r, are designed to achieve uniform
plastification over the entire member length (Castellano et al. 2009;
Marioni 1997, 2000). Deformations of an individual C-shaped
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member, shown in Figures 13.12a and b during testing, can be substantial, with angular opening of 180° or more in extreme conditions. The corresponding hysteretic behavior is shown in Figure
13.12c. Casarotti (2004) has presented equations that describe the
behavior of the elements. Note that in addition to large flexural

(a)

(b)

300
200

Force (kN)

100
0
–100
–200
–300
–150

–100

–50

0
50
Displacement (mm)
(c)

100

150

Figure 13.12 C-shaped energy dissipation elements: (a) tested in tension; (b) tested
in compression; (c) corresponding hysteretic behavior; (d) implementation of
multiple elements in a seismic base isolation device. (Figures a, b and c, courtesy
of FIP Industriale—designed, patented, manufactured and tested by FIP
Industriale; Figure d, Courtesy of AlGA—designed, patented, manufactured and
tested by ALGA.)
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(d)

Figure 13.12

(Continued)

strains, these members are also subjected to substantial axial forces;
for that reason, they are usually used in configurations that pair each
compression element with a tension counterpart. A base-isolation
device constructed with an array of such C-shaped elements is
shown in Figure 13.12d in its off-center deformed configuration
(Ciampi and Marioni 1991). Again, in such bridge implementations,
shock transmission devices are also integrated into the system to
ensure that creep, shrinkage, and displacements caused by temperature can be accommodated, but that the device is engaged during
rapid movements such as during an earthquake. Ghasemi et al.
(2000) and Roussis et al. (2002, 2003), investigating the failures of
such bearings in a bridge during a large earthquake, demonstrated
the importance of properly estimating the displacement demands on
any hysteretic energy dissipation systems whose satisfactory performance is only possible up to a given displacement.
A variant of these devices, known as E-devices, also have been
developed. Experimental results on the typical behavior of such
devices in a bridge-bearing application are available in Ciampi and
Marioni (1991) and Tsopelas and Constantinou (1997).
A number of alternative ductile hysteretic energy dissipation systems have also been proposed for implementation as primary loadresisting systems in frames, such as a disposable knee brace system
yielding in either shear or flexure (e.g., Aristizabal-Ochoa 1986;
Balendra et al. 1990, 1994; Sam et al. 1995) and vertical links yielding
in shear (e.g., Fehling et al. 1992, Ghobarah and Elfath 2001; Nakashima
1995, Zahrai and Bruneau 1999b), to name a few. Because of space
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constraints, it is not possible to illustrate and provide design details
on all possible systems, or even list all the concepts that have been
developed over the years. However, the sample strategies described
above hint at the breadth of possible design strategies and structural
fuses concepts relying on hysteretic energy dissipation.

13.3

Energy Dissipation Through Friction
Although energy dissipation through friction is not per se a ductile
behavior attributable to the plasticity of steel, various structural steel
systems that rely on friction for hysteretic behavior have been proposed and sometimes implemented in buildings. The repeatability
and smoothness of the hysteretic curves generated by friction, as well
as the amount of energy dissipated for a given displacement amplitude, naturally depend, among many things, on the finishes of the
materials that are sliding with respect to each other, the magnitude of
the clamping pressure keeping them in contact, and the method used
to apply that pressure more or less uniformly. In spite of the excellent
hysteretic behavior exhibited by a few friction-based systems, applications have been limited, partly because of lingering concerns over
the risk of: (1) potential fusion of the surfaces in contact over long
periods without movement, either because of cold-welding (AWS
1991, Messler 1999) or, more commonly, due to corrosion; (2) degradation of the friction properties during repeated cycles as debris are
ground off the surfaces in contact; and (3) possible loss of pretension
when friction-induced heat expands the volume of the plates in contact and stretches the bolts that clamp them, or alternately when plate
thickness is lost because of wear. More information on those topics
can be found in Soong and Constantinou (1994) and Constantinou et
al. (1999). Also, as a consequence of their design configuration, many
friction-based systems only allow sliding up to a predetermined
displacement limit, which requires conservative estimates of the
maximum displacement demands to accordingly detail the friction
device.
Studies for seismic-resistant implementations in steel structures
have focused on macrobehavior observed experimentally rather
than approaches based on tribology or nano-tribology principles.
Generally, nonlubricated friction surfaces have been considered for
implementation in structures. Experimental investigation of dynamic
hysteretic friction for implementation in steel structures appeared in
the early 1980s, considering steel-on-steel as well as other surfaces
(Pall et al. 1980, Takanashi et al. 1981)—although analytical studies
investigating the benefit of friction (a.k.a. “coulomb damping”) to
dissipate seismic energy had been published before then (e.g., Keightley
1977). Out of the various materials considered in these studies, shown
in Figure 13.13, brake lining pads sandwiched between steel plates
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(a) Mill scale

(c) Inorganic zinc-rich paint

(e) Brake lining pads
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(b) Sand blasted

(d) Metalized

(f) Polyethylene coating

Figure 13.13 Hysteretic cur ves for friction on various inter faces. (Cour tesy of
A. Pall, Pall Dynamics Limited.)
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with mill-scale surfaces (Figure 13.13e) provided the most stable
and repeatable hysteretic loops; steel-on-steel surfaces, even when
sand-blasted, metalized, or painted, exhibited nonconstant strength
over the sliding travel-distance, as well as a substantial loss of strength
upon repeated cycles. From those observations, Pall and Marsh (1982)
developed and patented a friction-braced system that demonstrated good energy dissipation characteristics when subjected
to earthquake excitations (Filiatrault and Cherry 1987, 1988; Kelly
et al. 1988).
The friction performance of bimetallic surfaces was subsequently
investigated by other researchers. Multiple dynamic tests on slotted
bolt connections by Tremblay (1993) and Tremblay and Stiemer (1993)
confirmed that sliding connections fabricated using ordinary structural
steels exhibited a highly variable slip strength, increasing upon successive reversals of slip, irrespective of bolt pretension level, bolt washer
types, and material surface preparation, particularly at the frequency of
applied loading likely to be encountered during earthquakes (dynamic
tests were mostly conducted at 1 Hz in that study). The use of dissimilar
steels at the faying surfaces somewhat enhanced performance when the
difference in strength and chemical composition was substantial, but
not enough to eliminate all undesirable characteristics. However,
pairing annealed cobalt-based corrosion-wear resistant alloys plates
with steel ones was observed to provide satisfactorily stable hysteretic
behavior more manageable in a capacity design perspective. For comparison, Figure 13.14 illustrates hysteretic behaviors obtained for representative material pairings. At high frequencies of excitation, expansion
of the plates caused by the heat generated by friction was found to
induce significant plastic elongation of the bolts, and, unless bolts were
retightened between tests, lower friction strength was measured (up to
roughly 50% less) in subsequent excitations after cooling.
Simultaneously conducting experiments on slotted bolted connections, Grigorian and Popov 1994, observed highly variable
behavior for steel-on-steel friction, but suitable stable hysteretic
performance for brass on steel interface. Representative results are
shown in Figure 13.15. A range of slip coefficients, µ, of 0.26 to 0.30
was reported for the steel bearing on brass condition.
Based on the previous experimental results, Tremblay (1993)
proposed a friction-brace connection with cobalt-and-steel plates and
experimentally verified its behavior in a single-story braced bent
(Figures 13.16a and b). Loss of bolt pretension in that case was substantially less than previously observed, but still an issue; repeatable
behavior in subsequent tests was achieved by retorquing the bolts
prior to retesting.
In parallel, Yang and Popov (1995) proposed and cyclically tested
a friction-based moment resisting connection with brass shims
sandwiched between steel plates (Figures 13.16c and d), building
on the results of Grigorian and Popov (1994) who conducted shake
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Figure 13.14 Friction hysteretic behavior of plates sliding at 1 Hz and subjected to
identical bolt pretension: (a) steel plates with mill scale finish; (b) steel plates with
sandblasted finish; (c) steel plates with polished finish; and (d) steel plate with mill
scale finish and cobalt-chromium alloy plates. (Cour tesy of Rober t Tremblay,
Département des génies civil, géologique et des mines, Ecole Polytechnique, Montréal.)

table tests of a three-story frame with braces having slotted bolt connections with brass shims. However, details to accommodate beam
growth to prevent slab damage weren’t investigated for that moment
connection.
Solutions were not proposed either to address concerns related to
bimetallic surfaces. Constantinou et al. (1999), citing experience with
bridge sliding bearings, summarized a number of documented problems that have arisen for various commonly used bimetallic pairings,
including: (1) increase of friction coefficient over time as the real area
of contact (at the asperities) increases due to creep under load applied
for a period of time before sliding (load dwell effect); (2) cold welding
of steel-on-steel or bronze-on-bronze interfaces; and (3) corrosion of
steel-on-steel interfaces, or of well-known galvanic couples such as
steel-on-bronze (e.g., American Association of State Highway and
Transportation Officials 1999, ASM 2006, British Standards Institution
1990, National Physical Laboratory 1982, Transportation Research
Board 1997). As shown in Figure 13.17, although low-carbon steel can
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Figure 13.15 Representative results for slotted-bolted connections for steel-steel
interface (top) and steel-brass interface (bottom). (Grigorian and Popov 1994, with
permission from EERC, University of California, Berkeley.)
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Figure 13.16 Proposed slotted bolted connections: [(a) and (b)] Tremblay
(1993) axial brace connection; [(c) and (d)] Yang and Popov (1995) momentresisting connection. (Part a and b courtesy of Robert Tremblay, Département
des génies civil, géologique et des mines, Ecole Polytechnique, Montréal;
Part c and d with permission from EERC, University of California, Berkeley.)
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Figure 13.17 Bimetallic corrosion: (a) galvanic series for various metals in
seawater—metals listed are sacrificial when paired with other metals below them;
(b) schematic of sacrificial bimetallic corrosion when a coating is scratched, for
selected pairings. (Part a from R. S. Treseder, Ed., The NACE Corrosion Engineer’s
Reference Book, National Association of Corrosion Engineers, 1980, with
permission from NACE.)
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Figure 13.17 (Continued)

be a noble material protected by zinc as an active sacrificial material
(through hot-dipped zinc galvanizing for example), constructional
steel becomes the active sacrificial metal when paired with brass or
bronze (ASM 2006). A legitimate question remains as to how fast
some of these reported problems develop when only exposed to
atmospheric humidity.
Energy dissipating systems have nonetheless received continued
attention. Chi and Uang (2000) conducted dynamic and static tests
on 20 slotted-brace connections using steel-steel, steel-brass, and
brake liner friction surfaces, to determine usable friction coefficients
and overstrength factors. In all cases, friction coefficients measured
were below published values, and measured overstrength factors
ranged from 1.16 for brake linings, to 1.54 for brass shims, to 2.7 or
4.0 for steel shims, for respective selected friction coefficients of 0.4,
0.3, and 0.6 or 0.4. Kim et al. (2004) reported that the asbestos heavyduty brake lining pads of the type considered by Pall and Marsh
(1982) were no longer being produced, and investigated the behavior of various nonasbestos organic composites (NAO) on mild-steel
and stainless steel interfaces. NAO are composites of resin, fiber-reinforcement, friction modifiers, solid lubricant, abrasive, as well as
organic and inorganic filler materials (Eggleston 2000). As partly
shown in Figure 13.18, NAO with low initial friction coefficients (on
the order of 0.14) were found to have superior hysteretic performance over higher friction ones (of 0.5, as measured by the brake
lining quality test procedure of SAE 1997), with stable and repeatable behavior, particularly when paired with Type 304 chromiumnickel alloy stainless steel plates and specially detailed recesses to
keep the lining pads in place, regardless of the number of bolts used
(to apply a more uniform contact pressure) and the applied loading
protocol.
Improving on the concept by Yang and Popov (1995), a sliding
hinge joint (SHJ) concept developed by Clifton (1996, 2005) has
been implemented in buildings in New Zealand (Gledhill et al. 2008).
In this concept, a calculated clearance is left between the beam’s end
and the column flange to which the beam’s top flange is connected by
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Figure 13.18 Friction hysteretic curves for 20 cycles at 0.17 Hz for NOA
liners having low (cases a and d for grade NF-916) or high initial friction
coefficient (cases b and e for grade NF-780, cases c and f for grade NF-336),
with interface to sandblasted steel surfaces (cases a, b, c) or stainless
steel (cases d, e, f). (Courtesy of C. Christopoulos, Department of Civil
Engineering, University of Toronto.)
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a bolted top flange plate. Hinging in that plate at the column face
allows rotation of the entire beam connection about that point, minimizing the influence of the floor slab on the connection and system
response. Layers of shims are inserted (as in a “double-decker sandwich”) between the beam’s bottom flange, a plate extending from
the column flange, and a “floating plate” as shown in Figure 13.19.
Slotted holes are used in the bottom flange plate which extends from
the column face below the beam bottom flange. A similar sandwiching concept is used to connect the web. This configuration allows

Point of rotation

Column
continuity
plate

Top flange
plate

Web
plate
Beam
Web cap
plate

Column

Column shear force (kN)

Shims
Bottom flange plate
Bottom flange
Beam clearance
cap plate
(a)

Drift ratio (%)

(b)

Figure 13.19 Sliding Hinge Joint concept: par ts of the joint
(a); experimental results (b); and schematics illustrating only behavior
on bottom flange for simplicity (c). (Cour tesy of Professors Gregor y
MacRae, University of Canterbur y, New Zealand, and Charles Clifton,
University of Auckland,
New Zealand.)
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Figure 13.19

(Continued)

double the friction force that would be otherwise obtained. Clifton
used brass shims for the original joint development, however
MacRae et al. (2007) experimentally verified the connection’s hysteretic behavior using steel shims as an alternative and schematically
illustrated (in a decoupled way) the mechanisms that contributed to
the observed response (Figure 13.19). Mechanisms of the shear-flexure
interaction demands on the bolts of that connection, and their corresponding pretension loss upon repeated cycles (reducing their effectiveness in compressing the plates), as well as many other aspects
that drive the fundamental behavior of this connection also have been
investigated (Clifton et al. 2007). An advantage of this connection is
that it is free of beam growth, and therefore does not require special
details to prevent slab damage.
Recognizing the previously cited concerns, studies underway at the
time of this writing are investigating the severity of corrosion, cold
welding, and other issues for this type of connection in representative
service conditions, as well as the influence of alternative bolts and shims
on the strength and stiffness of the joint after it has undergone ultimate
limit state design level rotations. This work also incorporates development of mechanisms to make the joint actively self-centering following
the design level ultimate limit state event (Gregory MacRae, University
of Canterbury, personal communication, March 2010; Charles Clifton,
University of Auckland, personal communication, June 2010.)
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Rocking Systems
Rocking in this section refers to the temporary uplifting of an element from its base (or the element below it) in an overturning
motion. A considerable body of literature exists on the rocking
response of various types of rigid or flexible structures and structural elements during earthquake excitations, at least going back to
Housner (1963) who observed that, “the stability of a tall slender
block subjected to earthquake motion is much greater than would
be inferred from its stability against a constant horizontal force.”
Rapidly, researchers considered structural flexibility in assessing
the seismic response of rocking structures (Meek 1975) and multidegree-of-freedom uplifting structures on flexible foundations
(Psycharis 1982).
Large-scale shake-table experiments of rocking structures have
also been performed. Kelley and Tsztoo (1977) tested an approximately half-scale three-story steel frame that was designed with base
connections to prevent horizontal movement, and mild steel torsionally yielding bars used as energy dissipating devices at the uplifting
location, demonstrating superior response in terms of base shear
compared with a same frame with a nonuplifting fixed base. Priestley
et al. (1978) tested a simple SDOF model subjected to various dynamic
excitations, to validate a proposed design equation to predict maximum rocking displacement. Toranzo et al. (2001) tested a rocking
wall system for buildings that used steel flexural yielding elements
placed at the uplifting locations to increase lateral strength and
provide energy dissipation. Midorikawa et al. (2003) experimentally
examined the response of a steel braced frame allowing uplift at
column bases and yielding of specially designed base plates. Pollino
and Bruneau (2007, 2010a, 2010b) formulated a rocking design procedure for bridge piers and verified its adequacy by shake table testing
of tall specimens, with and without energy dissipating devices at
their base, subjected to multidirectional earthquake excitations.
Eatherton et al. (2008, 2009) tested pairs of braced frames linked by
energy dissipating elements. In all cases, rocking about the base of
the structure allowed to limit the maximum force transmitted to the
structure, akin to seismic base isolation.
A few bridges currently exist in which rocking of the piers during
earthquakes has been allowed, to achieve satisfactory seismic resistance. The South Rangitikei Rail Bridge, in New Zealand, was
designed and constructed in the 1970s with pier legs allowed to uplift
under seismic loads (Priestley et al. 1996). The North approach of the
Lions’ Gate Bridge, in Vancouver, British Columbia was seismically
upgraded during the 1990s using a rocking approach for seismic
resistance that implemented flexural yielding steel devices at the
anchorage interface to control response (Dowdell and Hamersley
2000). The engineers utilized a three-dimensional nonlinear dynamic
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time-history model of the approach spans for prediction of maximum
displacements and forces. The benefits of allowing partial uplift of
the legs of bridge piers also have been recognized and adopted for
the retrofit of the Carquinez Bridge (Jones et al. 1997), the Golden
Gate Bridge (Ingham et al. 1997), and the San Mateo-Hayward Bridge
(Prucz et al. 1997), all in California. Note that pier E17 of the San
Francisco-Oakland Bay Bridge rocked during the Loma Prieta earthquake (Housner 1990). Rocking braced frames have also been implemented in buildings in New Zealand, in one case relying on Ringfeder
friction springs installed at the column bases to control the amplitude
of the frame leg uplifts (Gledhill et al. 2008).
Exhibiting similar behavior to rocking structures, are structures
in which post-tensioned strands tying the top of the columns to their
foundations provide a significant restoring force to recenter the structure, instead of gravity alone (for bridge applications, see Mander
and Cheng 1997, Marriott et al. 2006, and Palermo et al. 2005, to name
a few). However, such post-tensioned systems may be unnecessary in
steel structures because steel columns easily resist tension forces and
only need be tied at their base (as in the Gledhill et al. 2008 case, for
example).
The hysteretic curves obtained from a controlled-rocking system
are “flag-shaped” (Figure 13.20). Equations that describe this behavior
are presented below, for the case of a two-legged bridge pier free to
rock and having BRBs at the base to provide energy dissipation
(Pollino and Bruneau 2007); the BRBs are considered here to behave
elasto-plastically and are assumed to be implemented vertically such
that they do not transfer horizontal shear at the base of the pier.
Similar equations can be derived for any other chosen type of energy
dissipation device.
The equations following are expressed in terms of fixed-base
lateral stiffness of the existing steel truss pier (ko); the width-overheight aspect ratio of the pier (d/h); and the cross-sectional area,
effective length, and yield stress of the BRB (Aub, Lub, Fyub). The
weight reacting to horizontally imposed accelerations and the
vertical gravity weight carried by a pier are assumed equal and
expressed as w.
The model considers motion of the pier in a direction orthogonal
to the bridge deck and assumes no interaction with other piers or
abutments through the bridge deck. Also, the existing anchorage connection is assumed to provide no resistance to vertical movement but
is able to transfer the horizontal base shear. Note that response of an
actual bridge, depending on the case at hand, may also be affected
by behavior of the entire bridge system in the longitudinal and transverse directions including each pier’s and abutment’s properties,
bridge deck properties, and the connection details between the deck
and piers.
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The various steps and physical behaviors that develop through
a typical half-cycle are shown in Figure 13.20. By symmetry, the
process repeats itself for movement in the other direction. Transition from 1st to 2nd cycle response occurs when the BRBs yield in
compression and the braces carry a portion of the weight after the
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Figure 13.20 Controlled rocking of bridge tower: (a) schematic and location of
energy dissipation device adjacent to columns free to uplift; (b) hysteretic behavior.
(Pollino and Bruneau 2004, Courtesy of MCEER, University at Buffalo.)
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system comes to rest upon completion of the cycle (Pollino and
Bruneau 2007).
During 1st cycle response, the horizontal load applied at the top
of the pier, P, as a function of the lateral displacement, ∆, before uplift
begins, consists of the elastic stiffness of the pier’s structural members,
defined by the initial force-displacement relationship:
P = ko ∆

and

ko =

P
∆

(13.12)

Uplifting of a tower leg begins when the restoring moment
created by the tributary vertical bridge weight is overcome by the
applied moment (position 2 in Figure 13.20). The horizontal force at
the point of uplift during the 1st cycle is defined by:
Pup1 =

w d
 
2  h

(13.13)

and the displacement at the point of uplift in the 1st cycle is defined by:
∆up1 =

Pup1

(13.14)

ko

After uplift, the BRB attached to the uplifting leg is activated. The
global stiffness is reduced and becomes a function of the pier’s lateral
stiffness, ko, and the uplifting BRB’s contribution to the horizontal
stiffness. The structural stiffness from uplift to the yield point (step 2 to
3 in Figure 13.20) is defined here as the elastic rocking stiffness and is
expressed by:
1

1
kr =  +

2
 ko EAub  d  
 

Lub  h  


−1

(13.15)

The horizontal force at the onset of brace yielding, Py, and thus
the structural system yield strength is defined by:
w
 w d
Py =  + Aub Fyub  =   (1 + ηL )
2
 2  h

(13.16)

where ηL is defined here as the system’s local strength ratio equal to:
A F 
ub yub

ηL = 

w
 /2 
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The corresponding system yield displacement for the first cycle,
∆y1, is defined as:
w
Aub Fyub   d  w  d   1 ηL 
  =   + 
+
∆ y 1 = 
kr   h  2  h   ko kr 
 2 ko

(13.18)

Ignoring strain hardening in the brace and any second-order
effects, the system has zero postelastic stiffness and is deformed to its
ultimate displacement (Δu). As the horizontal load is reduced, the pier
first responds elastically with stiffness kr, and the tensile force in the
BRB reduces per its initial elastic properties. The applied lateral load
at the top of the pier at the point of compressive yielding of the brace,
(point 5 in Figure 13.20), is defined by:
w
 d w d
Pc =  − Aub Fyub    =   (1 − ηL )
2
  h 2  h

(13.19)

The corresponding displacement at this point is defined as:
 2 A F   d   2L F   h 
ub yub
   −  ub yub   
∆c = ∆u − 
  h  E  d 
k
o





(13.20)

The BRB displaces plastically in compression and again is
assumed to yield with no significant stiffness until the uplifted pier
leg returns in contact to its support (step 5 to 6 in Figure 13.20). At this
point of contact, the system stiffness is again defined by ko.
As a BRB yields in compression and the pier settles back to its support, the BRB effectively carries a portion of the bridge weight equal to
its compressive capacity (assumed to be AubFyub). As a result of this
transfer of the gravity load path (now partially through the BRBs), a
smaller horizontal force is required to initiate uplift during 2nd cycle
response, causing an earlier transition from stiffness, ko, to the rocking
stiffness, kr, thus increasing the flexibility and system yield displacement from the 1st cycle response as can be seen by the 2nd cycle curve
in Figure 13.20. The horizontal force at the onset of uplift can be shown
equal to Pc and is defined for the 2nd and subsequent cycles as:
Pup 2 = Pc =

w d
  (1 − ηL ) < Pup1
2  h

(13.21)

The yield displacement can be expressed as:
∆up 2 =

w
2

 d   1 − ηL 2ηL 
+
 > ∆up1
 
kr 
 h   ko

(13.22)

The yield strength of the system, Py, is unchanged. The force in the
BRB changes from its compressive strength (AubFyub) to tension yielding
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(AubFyub) for the 2nd and subsequent cycles that exceed deck level displacement of ∆y2. Note that the controlled rocking bridge pier system
flag-shaped hysteresis curve is due to the combination of pure rocking
response from the restoring moment, provided by the bridge deck
weight, and energy dissipation provided by yielding of the BRBs.
For a rocking structure not having energy dissipators, the hysteretic curve would go from point 1 to 2 in Figure 13.20, then displace
horizontally at constant strength up to the point of maximum displacement (assuming small displacement theory and no instability),
and travel back to points 2 and 1 upon unloading. Conversely, for a
rocking structure having overly strong energy dissipators, point 5
will be below the zero force axis, and the frame will not be self-centering,
rather jacking itself up on the BRBs upon repeated cycles of inelastic
excursion. Finally, note that for some types of rocking structures (such
as braced frames), the actual hysteretic behavior will deviate from the
above curve due to dynamic effects related to the vertical shear modes
of excitation of the frame (Pollino and Bruneau 2008a).
Rocking behavior can also be captured in a structural model by
inserting gap elements at the rocking interface (available in most
structural analysis programs), in parallel with yielding elements in
the case of controlled rocking. More refined analyses are also possible
to consider the effects of contact surface effects (e.g., cracking, yielding, crushing, and others) using either finite elements or macromodels (Roh and Reinhorn 2009).

13.5

Self-Centering Post-Tensioned Systems
As a variant of the above rocking systems, researchers have investigated
the seismic response of steel moment frames with beams post-tensioned
between columns and relying on the rocking action of the beams onto
the column faces. As was the case with the previously mentioned rocking systems, structural systems using post-tensioned connections have
the benefit of being self-centering after an earthquake excitation
The use of dedicated tendons to join monolithic beams and columns together and exhibit nonlinear response by connection rocking
rather than hysteretic energy dissipation was apparently first considered in the pre-stressed concrete industry, in parallel with work on
“damage avoidance design” strategies (Ajrab et al. 2004, Bradley et al.
2008, Cheok and Lew 1991, Holden et al. 2003, Mander and Cheng
1997, Priestley and Tao 1993, Priestley et al. 1999 ). Implementation in
steel frames followed with various tendon configuration layouts and
relying on either friction, viscous, or yielding steel devices to provide
energy dissipation (Christopoulos et al. 2002a, 2002b; Garlock et al.
2005, 2007; Kim and Christopoulos 2008; Pekcan et al. 2000; Ricles
et al. 2001, 2002; Rojas et al. 2005). Typical connections and hysteretic
behavior are shown in Figure 13.21. These systems exhibit flag-shaped
hysteretic loops similar to that shown in Figure 13.20, with some
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Figure 13.21 Post-tensioned rocking frame connections: (a) multistrand
concept with angle yielding; (b) central-strand concept with yielding coupler
bars; (c) multistrand concept with friction plates; (d) central-strand concept
with friction plates. (Figures a and c, courtesy of J.M. Ricles, Department of
Civil Engineering, Lehigh University; Figures b and d, cour tesy of
C. Christopoulos, Department of Civil Engineering, University of Toronto.)
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Figure 13.21 (Continued)

small connection-specific differences. A variant of this system is also
being implemented for steel plate shear walls at the time of this writing (Berman et al. 2010). Building on this principle, but in a different
configuration, a self-centering brace for use in braced frames has also
been developed (Christopoulos et al. 2008, Tremblay et al. 2008).
A critical design issue that must be addressed by most of these
post-tensioned frames is that the beam rocking mechanism changes
the distance between columns during sway response. This would
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require careful special detailing of the floor system to prevent slab
damage while allowing free rocking of the frames, particularly if these
frames are used in both directions. Column flexibility is also required
to allow rocking to develop over multiple stories, which may be
difficult to achieve in tall frames having columns of substantial sizes.
Alternatively, a connection detail free of beam-growth has been
proposed to avoid this issue in rocking systems (Dowden and
Bruneau 2011).

13.6 Alternative Metallic Materials: Lead,
Shape-Memory Alloys, and Others
Dampers relying on the extrusion of lead through a constricted tube,
or on the travel of a bulged shaft through a lead cylinder, have been
proposed to dissipate energy during an earthquake and implemented
in some structures (Cousins and Porritt 1993; Robinson and
Greenbank 1975, 1976). A typical budged shaft concept is schematically shown in Figure 13.22a. Lead is typically used for this energydissipating purpose on account of its unique properties and low
recrystallization temperature; furthermore, that material exhibits full
hysteretic curves not affected by aging and with excellent low-cycle
fatigue life. However, the strength developed by such devices depends
on the velocity developed at the device in response to the dynamic
excitations. The concept has recently received renewed attention for
implementation in steel frames as part of a concept in which beams
are only connected to columns by their top flanges to prevent damage
to the steel frames as well as the slab (Mander et al. 2009). The concept also relies on a new generation of compact extrusion dampers
having high force-to-volume ratio made possible by prestressing of
the lead (Rodgers et al. 2008). The introduction of devices in connections raises many interesting new questions, including issues relating
to practicing engineers’ acceptance of devices to provide strength in
moment frames, irrespective of velocity dependence.
As mentioned in Chapter 2, superelastic nickel-titanium (NiTi)
shape-memory alloys (SMA) have also been considered by researchers for their appealing ability to recover their original shape upon
unloading after plastic deformations. The applications proposed have
included special passive control devices, bridge seismic restrainers,
and moment-resisting connections, to name a few (e.g., Dolce et al. 2000,
Desroches et al. 2004, McCormick et al. 2007, Sharabash and Andrawes
2009, Van de Lindt and Potts 2008, Wilson and Wesolowsky 2005,
Youssef et al. 2008). The price premium of SMA, limited range of
lengths and diameters available to meet large-scale construction
needs, and questions about long-term performance, are constraints to
consider in actual implementations.

13_Bruneau_Ch13_p787-836.indd 826

6/13/11 3:37:36 PM

Other Ductile Steel Energy Dissipating Systems

827

Lead flow
50 32 20
Motion
50

Lead filled
chamber

(a)
Positive drifts

Negative drifts

Rocking
edge

Rocking
edge

(b)

Figure 13.22 Extrusion hysteretic dampers: (a) schematic of extrusion concept;
(b) proposed implementation in moment resisting frame. (Courtesy of John
B. Mander, Zachary Department of Civil Engineering, Texas A&M University.)

Strategies relying on the use of aluminum to provide energy
dissipation have also been proposed (e.g., De Matteis et al. 2007, Rai
and Wallace 1998) for specialty applications. Many other metals also
have desirable hysteretic behavior properties.

13.7 Validation Quantification
It is impossible to predict how emerging approaches relying on new
materials or devices will evolve and which will find implementation
over the next decades. Consideration of alternatives to steel will likely
be driven by the constraints and economics of specific applications,
as much as by expected performance objectives. However, with the
increasing number of strategies proposed to achieve various objectives of seismic performance, a rigorous probabilistic-based procedure to validate the effectiveness of these solutions will be required to
better inform code and standards committees, as well as building
officials, and assist them in reaching final decisions.
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One such procedure (FEMA 2009) has been developed to quantitatively evaluate the various seismic performance factors that are
required for a new system to be considered for possible inclusion in
model building codes and standards, in particular the corresponding value of the response modification coefficient (R factor described
in Chapter 7) appropriate for such systems. Importantly, the extensive analyses required by any procedure designed for that purpose
still critically depends on extensive quality experimental data to
support the development of analytical models that capture the
physical cyclic behavior of the structural elements considered. The
reliability of results depends on the thoroughness of those models,
and it is foreseen that final committee decisions, although
enriched by the complementary quantitative results of systematic
analyses, will continue to rely in an important way on professional
judgment based on qualitative comparisons with other seismic
force-resisting systems.
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CHAPTER

14

Stability and
Rotation Capacity
of Steel Beams
14.1

Introduction
A basic assumption made for the plastic design of framed structures is
that flexural members shall have sufficient plastic deformation capacities while maintaining the plastic moment, Mp. Without sufficient plastic deformation capacity at the member level, the yield (or collapse)
mechanism resulting from sequential plastification in the structure
cannot be developed. The need for substantial deformation capacity is
even greater for seismic design because it is expected not only that the
yield mechanism will form, but also that the structure may displace
beyond the point of incipient collapse (see point A in Figure 14.1) and
cycle back and forth under severe earthquake shaking.
Although steel material of nominal yield strength not exceeding
65 ksi (448 MPa) usually exhibits high ductility, the plastic deformation capacity of a member is usually limited by instability. Instability
in flexural members includes flange local buckling (FLB), web local
buckling (WLB), and lateral-torsional buckling (LTB). For a given
grade of structural steel, the vulnerability of each of the two local
buckling modes can be measured in terms of the width-thickness
ratio, b/t; the tendency for LTB is a function of the slenderness ratio,
Lb/ry, and the moment gradient. The AISC 360 (AISC 2010a) defines
the slenderness ratio, I, of each buckling mode as follows:
FLB: λ = bf/2tf
WLB: λ = hc/tw
LTB: λ = Lb/ry
where bf is the flange width, tf is the flange thickness, hc is the clear
depth between the flanges less twice the fillet radius, tw is the web
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Deformation range
for seismic design

Figure 14.1
Schematic structureal
deformation ranges.

Deformation range
for plastic design
Force
B

A

Displacement

thickness, hb is the laterally unbraced length, and ry is the radius of
gyration about the y-y axis.
The AISC 360 presents three limiting slenderness ratios (λpd, λp,
and λr) to classify each of the above three buckling limit states into four
categories. Figure 14.2a shows this classification. If the slenderness
ratio, λ, is larger than λr, the flexural member buckles in the elastic
range (see curve 4 in Figure 14.2b). The flexural capacity is lower than
the plastic moment, and the member does not exhibit ductile behavior.
A wide-flange section having either a flange or a web width-thickness
ratio larger than λr is called a slender section in the AISC 360. For values
of λ between λr and λp, the member buckles in the inelastic range (see
curve 3 in Figure 14.2b), and the flexural capacity exceeds the elastic
moment, Mr = (Fy − Fr)Sx, where Fy is the yield stress, Fr is the residual
stress, and Sx is the elastic section modulus. A wide flange section with
M

M

Mp

Mp
3

Mr

2

1

Mr
1

λ pd
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3

λp

4

4

λr
(a)

λ

Θ
(b)

Figure 14.2 LRFD classification of flexural buckling limit states. (Adapted from Yura
et al. 1978.)
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flange or web width-thickness ratios falling between λr and λp is called
a noncompact section. Flexural members with λ larger than λp should not
be used as yielding members for either plastic or seismic design.
The plastic moment, Mp, can be reached when λ is smaller than λp.
However, to ensure sufficient rotational capacity, λ must be further limited to λpd. The AISC 360 provides values for λpd and λp for the LTB limit
state. If plastic design is used, the designer must limit the unbraced length
(Lb) such that λ does not exceed λpd. For the FLB and WLB limit states, the
AISC 360 merges λp and λpd into a single limiting parameter, λp, and λpd
is not specified for these two limit states. A wide flange section whose
flange and web width-thickness ratios do not exceed λp is called a compact
section in the AISC 360, and such a section is expected to be able to
develop a rotation capacity of at least 3 before the onset of local buckling
(Yura et al. 1978), where the rotation capacity, R, is defined as follows:
R=

θh
θP

(14.1)

See Figure 14.3 for the definitions of θh and θp.
The inelastic deformation demand for seismic applications is typically greater than that for plastic design. Therefore, the AISC Seismic
Provisions (AISC 2010b) further reduces the limiting slenderness
ratios, as shown in Table 14.1 such that the expected rotation capacity
is about 7 to 9 (AISC 1986).
The requirement of sufficient inelastic rotation capacity is indirectly achieved when the slenderness ratio for the three instability
conditions is limited. The theoretical background to these slenderness
limits is presented in this chapter. It will become obvious from the following presentation that the local buckling and lateral buckling limit
states are interrelated and that the treatment of this subject by code
documents that assume uncoupled behavior is simplistic.
M

θp

θh

Mp
R=
θhm

θh
θp

Rm =

θp

θu

θhm
θp

θ

Figure 14.3 Moment-rotation relationship and definition of rotation capacity, R.
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Note: M1 and M2 are smaller and larger moments at the unbraced beam ends,
respectively; M1/M2 is positive when moments cause reverse curvature.

Table 14.1

AISC Slenderness Requirements

14.2 Plate Elastic and Postelastic Buckling Behavior
A wide flange section can be viewed as an assemblage of flat plates.
The flange plate is an unstiffened element because one edge is free (i.e.,
not supported). The web plate is a stiffened element because it is connected at two ends to the flange plates. Before the inelastic buckling
behavior of wide-flange beams for plastic or seismic design is
described, it is worthwhile to review briefly the elastic buckling and
postbuckling behaviors of plates. Note that the postbuckling behavior of a plate is very different from that of a column because a column
loses strength (with increasing deformation) once the buckling load is
reached, whereas a plate can develop significant postbuckling
strength beyond its theoretical critical load because of stress redistribution and transverse tensile membrane action.
The mathematical solution to the elastic buckling problem for
a perfect thin plate is well known (Timoshenko and Gere 1961).
The small-deflection theory assumes that the deflection is less
than the thickness of the plate, the middle surface of the plate
does not stretch during bending (i.e., no membrane action), and
plane sections remain plane. The governing differential equation
for an isotropic plate (see Figure 14.4) without initial geometrical
imperfections subjected to x-direction loading per unit length, Nx
(= σxt), is as follows:
∂ 4ω
∂ 4ω
∂ 4ω 1
∂2ω
+ 2 2 2 + 4 = Nx 2
4
D
∂x
∂x ∂y
∂y
∂x
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σx = σcr

σx
(a)

Figure 14.4

(b)

Simply supported plate. (From Maquoi 1992, with permission.)

where D is the flexural rigidity of the plate:
D=

Et 3
12(1 − ν2 )

(14.2b)

and where E is Young’s modulus, ν is Poisson’s ratio (= 0.3 for steel in
the elastic range), σx is the imposed stress, and t is the plate thickness.
The elastic critical buckling stress, obtained from solving Eq. (14.2),
is as follows:
σ cr = k

π 2E
12(1 − υ2 )(b/t)2

(14.3)

where k is the plate buckling coefficient. For a plate simply supported
on all four sides, the coefficient, k, is given by:
1 a
b
k=
+m 
a
m b

2

(14.4)

where m represents the number of half-waves that occur in the loaded
direction of the plate, and a/b is the plate aspect ratio. The variation of
k with respect to m and a/b is shown in Figure 14.5. For a long, narrow
plate like the flange or web of a beam, the aspect ratio is large and the
minimum value of k for given boundary conditions can be used. For
example, a beam flange is similar to a plate with one simply supported
edge (at the web) and one free edge; the corresponding minimum value
of k from Figure 14.5 is 0.425. Likewise, the web of a beam is somewhat
restrained by the two flanges, and its unloaded edges can be treated as
being semirestrained; that is, restraint somewhere between simply
supported and fully fixed. The value of k can be taken as 5 in this case.
This comparison of the value of k for flange (= 0.425) and web (= 5)
buckling highlights the vulnerability of flanges to local buckling.
Prior to elastic buckling, compressive stresses are uniformly distributed along the edges of a perfectly flat plate. Once the critical buckling
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Figure 14.5 Plate elastic buckling coefficient, k. (From Gerard and Becker
1957, with permission.)

stress is reached, the plate still exhibits significant stiffness, and the
strength can be increased further. The plate postbuckling strength is
due to the redistribution of axial compressive stresses and tensile membrane action that accompanies the out-of-plane bending of the plate in
both the longitudinal and transverse directions. Figure 14.6 shows that
the distribution of compressive stresses in the loading direction is no
longer uniform after plate buckling and that the compressive stresses
tend to concentrate in those portions of the plate width close to the supported edges because these portions are the stiffest in a buckled plate.
Such a nonuniform distribution of the stresses can be simplified through
the effective width concept proposed by Von Kármán et al. (1932).
Based on an energy method, the longitudinal stiffness of an elastic
plate after buckling has been derived by several researchers; summary
data is presented in Bulson (1969). Figure 14.7 shows three cases,
where εcr is the longitudinal strain corresponding to a stress level σcr,
and σav is the mean value of the longitudinal membrane stresses for a
given longitudinal strain, ε1, in the postbuckling range. Contrary to
the case of axially loaded columns, where the postbuckling stiffness is
negative, the elastic postbuckling stiffness of a plate is positive.
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Figure 14.6 Stress redistribution of postbuckling plate. (From Bazant and Cedolin
1991, with permission.)
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Postbuckling stiffness of loaded plate. (Adapted from Bulson

Out-of-plane imperfections always exist in actual plates and
assemblies of plates. Figure 14.8 compares the analytically predicted response of a perfect plate and test results, both for a plate
with plan dimensions of a and b. The main effects of geometric
imperfections are the elimination of a well-defined buckling load

14_Bruneau_Ch14_p837-890.indd 843

6/13/11 4:00:34 PM

844

Chapter Fourteen
25

σo = Stress at y = 0
δ = Max. plate deflection

20

σo
s

σob 2
Et 2

a

10

s

y

s

Test data

5

0
0

b

0.4b

15

0.4

s

0.8

1.2

1.6

2.0

x

δ
t

Figure 14.8 Test results and theoretical predictions for an axially loaded plate,
a = 2b. (Adapted from Bulson 1969.)
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Figure 14.9 Effect of initial out-of-plane imperfection on plate postbuckling
stiffness. (From Bulson 1969, with permission.)

and larger out-of-plane deflections. Nevertheless, the effect of initial
geometrical imperfections on the longitudinal stiffness after plate
buckling is insignificant (see Figure 14.9). Note that δo in Figure 14.9
is the initial deflection (i.e., imperfection) at the center of the plate.
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General Description of Inelastic Beam Behavior
14.3.1 Beams with Uniform Bending Moment
Figure 14.10a shows the typical in-plane moment versus deformation
relationship of a beam under uniform moment about its strong axis.
The moment-end rotation curve consists of four parts:
• The elastic range (portion OA) in which the M-θ relation is linear
• The contained plastic flow region (portion AB) in which the
curve becomes nonlinear because of partial yielding
• The plastic plateau (portion BC) in which the beam is fully
yielded and is not capable of resisting additional moment
• The unloading region (portion CD) in which the beam
becomes unstable
Nevertheless, the in-plane behavior does not completely describe
the beam behavior because of simultaneous lateral deflections. As
shown in Figure 14.10b, the beam starts to deflect laterally following
application of load, and the deflection becomes pronounced after the
compression flange begins to yield. Lateral-torsional buckling occurs
just after the plastic moment is achieved. Despite significant lateral
deflection perpendicular to the plane of loading, however, the beam is
able to maintain its plastic moment capacity until local buckling occurs.
During the entire loading process, the tension flange moves laterally
by only a relatively small amount. Thus, the web is distorted because
of the relative lateral displacement of compression and tension

Lateral deflection becomes noticeable
Local buckling

C
D
M

Moment

Moment

B
A
M

θ
0 θp

Rotation, θ
(a) Moment-rotation relation

ut

uc

uc

ut

θf

Lateral displacement, u
(b) Moment-lateral
displacement relation

Figure 14.10 Typical beam behavior under uniform moment. (From ASCE-WRC
1971, with permission.)
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flanges. The lateral movement of the compressive flange also causes
additional compressive strains to half of the beam flange as a result of
flange bending about its strong axis. This movement may trigger flange
local buckling and causes the beam’s flexural strength to degrade.
When a member is under a uniform applied stress due to an axial
compression force or uniform bending, the normal stress tends to
magnify any lateral deflections. Even when lateral deflections are on
the order of only 1% of the flange width, bending yield planes will occur
at midspan, and local buckling will develop in that fully yielded
region (Lay 1965b). Sufficient lateral bracing must be provided for
purely axial yielding to occur without any bending yield planes.
The difference in behavior between a simply supported beam and
a continuous beam is important. For a continuous beam, adjacent
spans may offer significant warping restraint at the ends of the buckled span, which can lengthen the plastic plateau and result in a larger
plastic rotation. Tests conducted by Lee and Galambos (1962) have
shown that plastic rotation capacity increases as the length of the
unbraced span decreases. All the beams tested showed considerable
postbuckling strength, and in each case, a plastic hinge of sufficient
rotation capacity was developed. Lee and Galambos reported that if
the unbraced length of a beam is greater than 45ry, the beam will
likely fail because of lateral-torsional buckling. Otherwise, beam failure is instigated by flange local buckling. Note that the postbuckling
strength observed in these tests was mainly a result of the lateral
restraint provided by the adjacent elastic spans.

14.3.2 Beams with Moment Gradient
Moments in beams in buildings generally vary along the span, that is,
beams are typically subjected to a moment gradient. Figure 14.11
shows the deformation behavior of a simply supported beam with a
concentrated load at the midspan (Lukey and Adams 1969). From
Figure 14.11a, it can be seen that this beam behaves elastically up to
load point 4. Yielding starts to occur because of the presence of residual stresses beyond that point, which causes a slight reduction in
stiffness. The rotation increases rapidly once the plastic moment, Mp,
is exceeded. The moment continues to increase beyond Mp, and local
buckling is observed at load point 8. Local buckling does not cause
degradation in strength. Instead, the moment increases with increasing rotation up to load point 10 before the strength starts to degrade.
Figure 14.11b shows the corresponding lateral deflection of the compression flange. This lateral movement becomes pronounced only
after load point 8 and increases rapidly after load point 14.
Under a moment gradient, yielding of the beam is confined to the
region adjacent to the location of maximum moment, and it cannot
spread along the length of the beam unless the moment is increased.
However, as soon as Mp is reached, the steel strain hardens, and the
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Figure 14.11 Typical beam behavior under moment gradient. (From Lukey
and Adams 1969 with permission.)

load can be further increased. This causes the midspan moment to
increase and the yielded region to spread. Local buckling will start
only when the compression flange has yielded over a length sufficient to accommodate a full wavelength of the buckle shape (see
Section 14.5). Note that the applied moment can still be increased
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after local buckling and that strength degradation will not occur until
lateral-torsional buckling develops.
The lateral deflection of the compression flange typically increases
rapidly after Mp is exceeded; the deflected shape of the flange also
changes, and curvatures producing lateral displacements are concentrated mainly in a relatively small region at midspan where the compression flange has yielded and has reduced stiffness. Postelastic
deformations will also concentrate at this location. Thus, it is not local
buckling but rather lateral-torsional buckling that causes a loss in
strength. After local buckling, the lateral stiffness of the compression
flange is greatly reduced and lateral-torsional buckling is triggered.
The point of load application has a profound impact on the
resistance to lateral-torsional buckling (Timoshenko and Gere 1961).
When the load is applied close to the compression flange, the critical value of the load decreases. If it is applied to the tension flange,
the critical value of the load will be much larger. For many generic
solutions presented in the literature, loads are assumed to be
applied at the centroid of the cross-section. The effect of the load
application level on the lateral-torsional buckling resistance is
shown in Figure 14.12.
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Figure 14.12 Effect of load position on lateral-torsional buckling load for
parameters expressed in U.S. units only. (From Kirby and Nethercot 1979 with
permission.)

14_Bruneau_Ch14_p837-890.indd 848

6/13/11 4:00:38 PM

Stability and Rotation Capacity of Steel Beams

849

14.3.3 Comparison of Beam Behavior Under Uniform
Moment and Moment Gradient
The differences in behavior between beams with uniform bending
moment and moment gradient can be summarized as follows
(Galambos 1968):
• For beams subjected to uniform moment, the moment remains
constant at Mp until the average strain in the compressive flange
reaches the strain-hardening strain, εst, along the entire region
of uniform moment. Only then can the steel strain harden and
the moment exceed Mp. In contrast, yielding in a beam under
moment gradient cannot spread unless the moment is increased;
therefore, strain-hardening occurs as soon as Mp is reached.
• For a beam segment under uniform moment, the unbraced compressive flange deflects laterally as soon as Mp is reached, primarily as a result of the initial out-of-straightness of the beam flange.
Lateral-torsional buckling usually precedes local buckling, and
moment strength is not lost until local buckling develops.
• For a beam under a moment gradient, the moment at the critical
section will increase because of strain-hardening and will
continue to increase until the yielded length of the compressive
flange is equal to a full local buckling wavelength. The beam
may still resist additional load because loss of strength will not
occur until lateral-torsional buckling develops. That is, flange
local buckling usually precedes lateral-torsional buckling.
Inelastic buckling occurs at an average strain of an order of magnitude larger than the yield strain. The combined phenomena of
yielding, strain-hardening, in-plane and out-of-plane deformations,
and local distortion all occur soon after the compression flange has
yielded. They interact with each other such that individual effects can
be only roughly distinguished. Residual stresses and initial out-ofstraightness also impact the load-displacement relation for even the
simplest beam. Because it is difficult to take each of these factors into
consideration, modern steel design codes usually treat local buckling
and lateral-torsional buckling separately.

14.4

Inelastic Flange Local Buckling
14.4.1 Modeling Assumptions
For a beam under moment gradient, the yielded region will be subjected to moments of My or greater, where My (= Sσy) is the yield
moment, S is the elastic section modulus, and σy is the actual yield stress
(and not the nominal yield stress, Fy). The maximum (flange) strains
exceed sεy because any moment larger than My requires strains above

14_Bruneau_Ch14_p837-890.indd 849

6/13/11 4:00:38 PM

850

Chapter Fourteen
sεy (see Chapter 2). Therefore, any yielded portion of a beam flange
under a moment gradient is in the fully yielded condition (ε ≥ sεy).
For a uniform moment loading condition, if all stresses in the
beam are beyond the yield stress, σy, the material is fully yielded.
However, there exists a range of partly yielded conditions at σy for
which, according to the slip-plane theory, parts of the member are at
strain εy and other parts have yielded and are at strain sεy. Lay (1965)
has shown that even when the lateral deflections are on the order of
only one-hundredth of the flange width, bending yield planes develop
at midspan. This lateral movement produces a fully yielded condition (i.e., all strains at sεy) at midspan, and local buckling may occur
in that fully yielded part of the member.
A physical model for flange local buckling analysis is shown in
Figure 14.13. It assumes that the flange plate is subjected to a uniform stress, Fy, over the entire flange area and that the web restrains
the flange at the web-to-flange junction. The flange local buckling
problem is thus reduced to a classical buckling problem. The
assumed cross-sectional shape before and after buckling is shown
in Figure 14.14, where only the effect of local buckling on the distorted shape is shown.
Flange
bf
bf tf σy

bf tf σy

tf

Web restraint

Web

Figure 14.13 Compression flange local buckling model. (From ASCE-WRC
1971, with permission.)

Figure 14.14
Deformed shape of
cross section after
local buckling. (From
Lay 1965, with
permission.)
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When a wide-flange steel beam is deformed well into the inelastic
range, local buckling occurs and strength eventually degrades. Local
buckling is either preceded or followed by lateral deflection. It is difficult to capture exactly these complex behaviors. Two approaches
have been taken in the past: a solution based on buckling of an orthotropic plate and a solution based on the torsional buckling of a
restrained rectangular plate. For both solutions, it is assumed that the
flange is strained uniformly to its strain-hardening value, εst, and that
the material has reached its strain-hardening modulus, Est, that is, the
plate buckles at the onset of strain-hardening. This assumption may
only be reasonable for the case of uniform bending.

14.4.2 Buckling of an Orthotropic Plate
The solution based on the buckling of an orthotropic plate was presented by Haaijer and Thurlimann (1958). It assumes that the material is
isotropic and homogeneous in the elastic range, that it changes during
the yielding process with yielding taking place in slip bands, and that
the strains in those bands jump from the value at yield, εy, to sεy at the
onset of strain-hardening. Because bands of elastic and yielded material
coexist during yielding, the material is considered to be heterogeneous.
After all the material in the yielded zone has been strained to εst, the
material regains its homogeneous properties in the loading direction.
However, slip produces changes in the composition of the material so
that the material is no longer isotropic; that is, its properties are now
direction-dependent. Therefore, to explain and predict the behavior of
steel members under compression in the yielded and strain-hardening
ranges, this condition of orthotropy must be recognized.
For a strain-hardened rectangular plate subjected to uniform
compression (Figure 14.15), one can calculate the critical stress by
solving the bifurcation equilibrium problem (i.e., solving the

σx

a
x
y

z

b

σx

Figure 14.15 Unstiffened plate with hinged support at loaded edge.
(Haaijer and Thurlimann 1958.)
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equilibrium equations formulated in the buckled configuration).
When the supported edge in the direction of loading is hinged,
the critical stress is calculated and expressed by the following:
2
2

 b
 t   π2

Dx   + Gst 
σ cr =  
 b  12  a



(14.5)

where Gst is the strain-hardening modulus in shear, Dx is equal to
Ex/(1 − νxνy), and νx and νy are Poisson’s ratios for stress increments in
the x- and y-directions. For a long plate, the first term can be neglected.
When the supported edge in the loading direction in Figure 14.15
is changed to a fixed support, the buckling occurs when the aspect
ratio is as follows:
a
= 1 . 46
b

4

Dx
Dy

(14.6)

and the minimum buckling stress is:
2

 t
σ cr =   0 . 769 Dx Dy − 0 . 270(Dxy + Dyx ) + 1 . 712Gst 

 b 

(14.7)

where Dxy = νyDx and Dyx = νxDy. Based on the tests of ASTM A7 steel,
Haaijer (1957) derived the following numerical values for the five key
coefficients: Dx = 3000 ksi (20,685 MPa), Dy = 32,800 ksi (226,156 MPa),
Dxy = Dyx = 8100 ksi (55,850 MPa), and Gst = 2400 ksi (16,548 MPa).
In the case of a long plate with zero rotational restraint from the web,
Eq. (14.5) gives the following:
2

 2t f 
σ cr =   Gst
 bf 

(14.8)

When the flange plate is uniformly strained to the strain-hardening
value, εst, and σcr is thus equal to σy, the plate width-thickness ratio at
which local buckling of a perfect plate occurs is as follows:
bf
2t f

=

Gst
σy

(14.9)

For A7 steel with a nominal yield stress of 33 ksi (228 MPa), the
above equation gives b f /2t f = 2400/33 = 8 . 5 . If web rotational
restraint is considered, a slightly different result will be obtained;
based on experimental results, the limiting bf/2tf ratio can be increased
by about 9%, and the bf/2tf limit becomes 9.3. Thus, Haaijer and
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Thurlimann recommended flange width-to-thickness limits of bf/2tf ≤
8.7 for σy = 33 ksi (228 MPa) and bf/2tf ≤ 8.3 for σy = 36 ksi (248 MPa).
Note that Haaijer and Thurlimann’s solution involved the determination of five material constants and a web restraint factor that had
to be calculated empirically from extensive experimental work.
Because their solution was applicable to only A7 steel and did not
form a sufficiently complete basis for extrapolation to other steel
grades, an alternative procedure was needed. The second method,
proposed by Lay (1965) and presented in the following text, requires
two material constants and is applicable to different steel grades.

14.4.3 Torsional Buckling of a Restrained Rectangular Plate
It is assumed in the approach based on the torsional buckling of a
restrained rectangular plate that flange local buckling occurs when the
average strain in the plate reaches the strain-hardening value, εst, and
that a long enough portion of the plate has yielded to permit the development of a full buckled wave. For a beam under a moment gradient,
one end of the yielded region will be adjacent to a relatively stiff elastic
zone, and the other end may be adjacent to a load point or connection.
Both end conditions likely provide relatively stiff end restraint. In such
a case, it is necessary for a longitudinal full wave length to have yielded
to develop local buckling. See Figure 14.16 for the required yielded
length for local buckling under uniform moment and moment gradient. Figure 14.17 shows compression flange strains measured at the
onset of local buckling in tests of four beams under uniform moment.
Local buckling occurs upon full yielding over half of the flange width.
The beam flange local buckling problem is solved by analogy to
torsional buckling of a column. Indeed, if the flange of a wide-flange
section is assumed to be unrestrained against local buckling by the
web, it may be treated as a simply supported column under axial
compression. Torsional buckling of such a simply supported column
is described by the following equation (Bleich 1952):
EstCw

1/2 Wave length

d 4β
d 2β
+ (σ I p − Gst J ) 2 = 0
4
dz
dz

Elastic flange

Whole flange in
yielded condition

(a) Uniform moment

Figure 14.16
permission.)

(14.10)

Full wave length (L)

Yielded portion

Connection
or
load point

(b) Moment gradient

Required yielded length for local buckling. (From Lay 1965, with
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COMPR.

Longitudinal strain in compression flange

Figure 14.17 Strain distribution at local buckling for beams under uniform
moment. (From Lay 1965, with permission.)

(

)

where β is the torsional angle of the member, I p = b 3f t f /12 is the polar

(

)

moment of inertia of the flange, Cw = 7 b 3f t 3f /2304 is the warping constant of the compression flange, J = b f t 3f /3 is the St. Venant torsional
constant for the flange, and σ is the applied compressive stress.
Because warping strains occur in the loading direction, the associated strain-hardening modulus, Est, must be used. Assuming
β = C sin (nπ z/L) and substituting this into the above equation, gives
the nontrivial solution:

(

)

4

2

 nπ 
 nπ 
EstCw   + (Gst J − σ I p )   = 0
 L
 L

(14.11)

which can be rearranged to obtain the buckling stress:
2

 nπ 
σ cr I p = EstCw   + Gst J
 L

(14.12)

where n is an integer and L/n is the half-wave length of a buckle.
Ignoring the contribution from the warping resistance, which appears
as the first term on the right-hand side of the equation, one can simplify Eq. (14.12) as follows:
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(14.13)

Setting σcr = σy because the flange is fully yielded when inelastic
buckling occurs, and solving for the limiting flange width-to-thickness
ratio, gives the following:
bf
2t f

Gst
σy

=

(14.14)

which is identical to that derived by Haaijer [see Eq. (14.9)].
Figure 14.14 shows the assumed buckling configuration, neglecting the relative lateral displacement between two flanges. It’s also
assumed that the web is fully yielded under longitudinal stresses;
this roughly reflects experimental observations. In reality, however,
the beam web does provide some degree of rotational restraint against
local buckling to the compressive flange. The web restraint can be
represented by a rotational spring of constant, k, and Eq. (14.10)
becomes the following:
EstCw

d 4β
d 2β
+ (σ I p − Gst J ) 2 = kβ
4
dz
dz

(14.15)

where k can be estimated as follows:
 4Gst  tw3
Gsttw3
k=
=

d − 2t f 12 3(d − 2t f )



(14.16)

The improved solution, obtained following a procedure similar to
that described earlier, is:
2

 nπ 
 L
σ cr I p = EstCw   + Gst J + k  
 L
 nπ 

2

(14.17)

The half-wave length, L/n, which produces the minimum critical
stress, can be found by setting ∂σcr/∂(L/n) = 0:
tf
E C
L
= π 4 st w = 0 . 713
n
k
tw

4

Aw
b
Af

(14.18)

where Aw [= (d − 2tf)tw] and Af (= bf tf) are web and flange areas, respectively. The half-wave length derived above is key to determining the
advent of local buckling in beams.
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Substituting the half-wave length into Eq. (14.17) and setting σcr
to σy makes the limiting value of bf/2tf the following:
bf
2t f

=

E  t 
Gst
+ 0 . 381  st   w 
σy
 σy   t f 

2

Af
Aw

(14.19)

Two material properties in the fully yielded state are needed: the
strain-hardening moduli in compression, Est, and shear, Gst. Est can be
determined from a tensile or compression test, and Gst must be determined indirectly. The method to determine Gst has been controversial. Based on the discontinuous yield process described in Chapter 2,
Lay (1965) derived the following expression for the strain-hardening
shear modulus:
Gst =

2G
4E
=
.
E
5
2+h
tan 2 α
1+
4Est (1 + ν)

(14.20)

where α (= 45°) is the slip angle between the yield plane and normal
stress, h (= E/Est) is the ratio of elastic stiffness to strain-hardening
stiffness, and ν (= 0.3) is Poisson’s ratio. With h equal to 33, Gst is
3040 ksi (20,961 MPa). The second term on the right side of Eq. (14.19)
represents the beneficial contribution of web restraint against flange
local buckling. For most wide-flange sections, the increase in the limiting value of bf/2tf owing to the web restraint is between 2% and
3.2% and can be ignored. The width-thickness limiting ratio is, therefore, the same as given in Eq. (14.9).
The discussion presented so far is for beams under uniform
moment. For beams subjected to a moment gradient, the maximum
moment, Mo, can exceed Mp because of strain-hardening, and the
stress in the flange will exceed σy in the yielded region. Based on limited experimental evidence, it was suggested by Lay (1965) that Mo
could be taken as follows:
M0 =

σ 
1
1 + u  Mp

2
σy 

(14.21a)

where σu is the actual ultimate stress.
The corresponding average stress over the yielded region is equal
to the following:
σ *y =
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Replacing σy by σy* and using an average web contribution of 2.6%
in Eq. (14.19) gives the following limiting width-thickness ratio for a
beam under moment gradient:
2

 3 . 16   1  
 bf 
4 × 1 . 026Gst
1

 2t  = (3 + σ /σ )σ =  3 + σ /σ   ε   1 + h/5 . 2



 f
y  y
u
y
y
u

(14.22)

Assuming σu = 1.80σy and h = 33 for A36 steel, bf/2tf = 8.5. Different grades of steel will have different values of the ratio (σu/σy), yield
strain (εy), and strain-hardening ratio (h), and therefore different
limiting values of bf/2tf  .
In the United States, the plastic design method was first adopted
in the 1961 AISC Specification. At that time, structural steels with
nominal yield strength (Fy) up to 36 ksi (248 MPa) were permitted for
plastic design, and the flange bf/2tf ratio was limited to 8.5, close to
Haaijer and Thurlimann’s recommendations. Research conducted
thereafter made it possible to extend plastic design to higher strength
steels. As a result, since 1969 the AISC Specification has permited
steels with a yield stress of up to 65 ksi (448 MPa) to be used for plastic design (AISC 1989). On the basis of the work of Lay and Galambos
on compact beams, bf/2tf was limited to 52/ Fy (137/ Fy in S.I. units).
For A36 steel, 52/ Fy is 8 . 7 , is 8.7, which is about the same value as
that computed from Eq. (14.22).
It is worthwhile to mention that in 1974, the AISC Specification
introduced some plastic design concepts into the allowable stress
design procedures by permitting the designer to redistribute
moments in a continuous compact beam. This was based on the
assumption that under uniform bending, flange strains of compact
beams could reach four times the yield strain, which corresponds to
a rotation capacity of three. This level of plastic rotation was thought
to be sufficient to justify the moment redistribution for most civil
engineering structures.
The AISC limiting flange width-thickness ratios for plastic
design (compact section requirements for allowable stress design)
were not changed until the LRFD Specification was published in
1986 (AISC 1986). The rule for flange local buckling was based on
the test results of Lukey and Adams (1969). Figure 14.18 shows the
relationship between the plastic rotation capacities defined in
Figure 14.3 and the normalized flange width-thickness ratio. The
test results presented in Figure 14.18 indicate that beams with
smaller normalized width-thickness ratios not only exhibit a larger
rotation capacity but also show a slower degradation in strength
after the maximum flexural capacity is reached, as is evident from
the larger spread between θhm and θh for the more compact sections
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Figure 14.18 Peak and total rotation capacities. (Adapted from Lukey and
Adams 1969.)

in Figure 14.18. Based on Figure 14.18, the following limiting value
is required for a rotation capacity, R, of 3:
bf

σ yE

2t f

44Est

≤ 78

(14.23)

To establish a conservative width-thickness ratio limit, Yura et al.
(1978) suggested that the value of Est be taken as one standard deviation [150 ksi (1,034 MPa)] below the mean value [600 ksi (4137 MPa)].
Substituting Est = 450 ksi (3,103 MPa) into Eq. (14.23) gives the following in U.S. units:
bf
2t f
bf
2t f

≤

≤

65
σy
170
σy

in U.S. units

(14.24a)

in S.I. units

(14.24b)

The AISC LRFD Specification (1986) adopted the above requirement for compact sections. Since 2005, the AISC 341 states the above
expression in a nondimensional form: b f /2t f ≤ 0 . 38 E/Fy . Note that
the difference between the actual yield stress, σy, and the nominal
yield stress, Fy, is ignored in the above development. The above requirement also applies to plastic design in AISC LRFD Specification and
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AISC 360. This requirement is less stringent than the limit of
52/ Fy (= 137/ Fy in SI units), which was used by the AISC Specification for plastic design prior to 1986.

14.5 Web Local Buckling
Only limited research results exist for inelastic web local buckling of
wide-flange beams. Haaijer and Thurlimann (1958) studied web
buckling of flexural members subjected to bending and axial load
effects. Figure 14.19 shows variations in the limiting web slenderness
ratio, in the form of (d − tf)/tw, with respect to the normalized axial
force, P/(σyAw), and the normalized maximum compression strain in
the flange, εm /εy. The figure shows clearly that a smaller web widththickness ratio is required to resist higher axial loads or to achieve
higher inelastic strain (or rotation capacity).
In Section 14.4, it was noted that a beam under uniform bending
would be strained to 4εy for a rotation capacity, R, of 3 and that such
a plastic rotation was considered in the AISC Specification to be sufficient to justify the moment redistribution for most structures. With
average values of A/Aw = 2 and d/(d − tf) = 1.05 for wide-flange
shapes, the curve for εm/εy = 4 in Figure 14.19 is replotted as the
dashed curve in Figure 14.20; this dashed curve can also be approximated by two straight lines. The results presented in Figure 14.20,
1.00
d-tf

– σy
+ σy

0.75

P
0.50
σ y Aw

εm
= 12 8
εy

M
P
wdw

tw

σy =
εy =
εm =

M
P

Yield stress
Yield strain
Maximum strain of
compression flange

4

0.25

0

30

40

50

60

70

(d – tf)
tw

Figure 14.19 Limiting values of (d − tf )/tw ratio of the web of a wide-flange
section. (From Haaijer and Thurlimann 1958 with permission.)
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tw
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Figure 14.20 Maximum allowable web slenderness ratio for a beam
subjected to combined moment and axial force. (From Massonnet and Save
1965, with permission.)

however, are applicable to only A7 or A36 steel. For higher strength
steel, it was suggested that the limiting width-thickness ratio be modified by 36/σ y (Adams et al. 1965), and thus:
d
257
=
tw
σy

for

P
> 0 . 27 in U.S. units
Py

(14.25a)

d
675
=
tw
σy

for

P
> 0 . 27 in S.I. units
Py

(14.25b)

d
P
412 
=
1 − 1.4 

tw
Py 
σy 
d 1082 
P
=
1 − 1 . 4 P 
tw
σy 
y

for

P
≤ 0 . 27 in U.S. u nits
Py

for

P
≤ 0 . 27 in S.I. units
Py

(14.25c)

(14.25d)

Such a modification, which was based on satisfactory performance observed from beam and frame tests at the time, was adopted
in the AISC ASD Specification for plastic design.
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Based on limited test data of welded girders with unstiffened thin
web, the AISC LRFD Specification specifies the following limiting
value for a rotation capacity of at least 3:
h 640
≤
tw
Fy

in U.S. units

(14.26a)

h 1680
≤
tw
Fy

in S.I. units

(14.26b)

where h is defined as the clear distance between flanges less the fillet
radius at each flange. Assuming an average value of h/d = 0.9, the above
equation is equivalent to d/tw ≤ 710/ Fy . Since 2005, the AISC 341 states
the above expression in a nondimensional form: h/tw ≤ 3 . 76 E/Fy . The
AISC Seismic Provisions (1992) specify the following:
h 520
≤
tw
Fy

in U.S. units

(14.27a)

h 1365
≤
tw
Fy

in S.I. units

(14.27b)

Based on research conducted on cyclic stability of Reduced Beam
Section for Special Moment Frame applications (Uang and Fan 2001),
Eq. (14.27a) was changed to 2 . 45 E/Fy in the 2005 AISC Seismic Provisions. The AISC 341 beam web slenderness ratio requirements for
plastic design are not as severe as those of the AISC ASD Specification
for plastic design.
Dawe and Kulak (1986) used analytical techniques to study the
local buckling behavior of beam-columns. The effects of flange and
web interaction, inelastic behavior, and the presence of residual
stresses were considered. They proposed the following limiting ratios
for plastic design:
h
P
430 
=
1 − 0 . 930 

tw
Py 
σy 

for 0 ≤

P
≤ 0 . 15
Py

in U.S. units

		
h 1130 
P
=
1 − 0 . 930 

tw
Py 
σy 

for 0 ≤
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Figure 14.21 Comparison of rules for web local buckling.

h
P
382 
=
1 − 0 . 220 

tw
Py 
σy 

for 0.15 ≤

P
≤ 1 . 0 in U.S. units
Py

		
h 1003 
P
=
1 − 0 . 220 P 
tw
σy 
y

for 0.15 ≤

(14.28c)
P
≤ 1 . 0 in
n S.I. units
Py

		

(14.28d)

A comparison of the proposed formulae with those adopted in
the AISC Specifications is presented in Figure 14.21. Based on their
study, Dawe and Kulak concluded that the web slenderness ratios
currently specified in North American codes are conservative.

14.6

Inelastic Lateral-Torsional Buckling
14.6.1 General
Elastic lateral-torsional buckling of wide-flange beams under uniform bending or moment gradient has been studied extensively (e.g.,
Bleich 1952, Timoshenko and Gere 1961). Three assumptions are common to the cited studies:
• The stiffness does not change along the length of the member.
• The shear center remains in the plane of the web.
• The cross-section of the steel member remains undistorted.
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The first solution for lateral-torsional buckling of wide-flange
beams in the strain-hardening range was developed by White (1956).
Lee and Galambos (1962) extended White’s work by considering
unloading of the compression flange caused by lateral-torsional
buckling. Galambos (1963) presented a solution for determining the
inelastic lateral-torsional buckling strength of rolled wide-flange
beam-columns. Lay and Galambos (1965) also extended White’s work
and related the rotation capacity of a beam under uniform bending to
the lateral support spacing. Lay and Galambos (1967) used the equivalent length concept to analyze lateral-torsional buckling of beams
under moment gradient. Kemp (1984) extended the Lay and Galambos
solution.

14.6.2 Beam Under Uniform Moment
14.6.2.1 White’s Approach

A theoretical solution for the determination of the critical unsupported length was presented by White (1956). In that solution it was
assumed that lateral-torsional buckling occurs when the material has
reached the onset of strain-hardening. This assumption implies that
sufficient plastic rotation has developed before lateral-torsional buckling occurs (see Section 14.3), because the beam has already undergone considerable inelastic deformation before strain-hardening is
reached. In White’s analysis, no elastic unloading of already yielded
fibers is assumed. Thus, this approach provides a lower bound solution analogous to that obtained by the tangent modulus concept of
axially loaded columns (Shanley 1947). The critical spacing of lateral
braces for all rolled wide-flange sections was found to be about 17ry
for a simply supported beam under a uniform bending moment
equal to Mp. The theoretical basis follows.
Consider a beam with simple end restraints (i.e., the ends of the
beam cannot translate or twist but are free to rotate laterally and the
end sections are free to warp) as shown in Figure 14.22. When the beam
is subjected to uniform moment, the elastic solution for lateraltorsional buckling is well established (Timoshenko and Gere 1961):
M
π
=
EI y Lb

GJ π 2 Cw
π
+ 2
=
EI y Lb I y
Lb

GJ π 2  d − t f 
+
EI y L2b  2 

2

(14.29)

in which EIy is the flexural stiffness about the section’s minor principal axis, GJ is the St. Venant torsional stiffness, and Lb is the
unbraced length of the member. The above equation can also be
applied to yielded members if E and G are replaced by their corresponding inelastic material properties. For relatively short beams,
the equation can be further simplified if one ignores the first term,
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Figure 14.22 Simply supported beam under uniform bending. (From Trahair
1993, with permission.)

which represents the contribution due to St. Venant torsion. Substituting Mp (= Zx σ y ) for M:
Zx σ y
E′I y

2
 π  d − tf 
=  

 Lb   2 

(14.30)

where E′Iy is the effective flexural stiffness. Because White did not
consider unloading of the compression flange upon buckling, E′Iy can
be expressed as the tangent modulus stiffness:
E′I y =

1
EI
h y

(14.31)

From Eq. (14.30), the limiting slenderness for this lower bound
solution can be solved as follows:
Lb
E′
=π
ry
σy

A(d − t f )
2Zx

=π

1
hε y

A(d − t f )
2Zx

(14.32)

If one assumes h = 33 for A36 steel and takes an average value of
1.2 for A(d − tf)/2Zx for wide-flange sections, the limiting Lb/ry ratio is
about 17. This limit is optimal because closer spacing of lateral bracing would not provide greater plastic deformation capacity because
of local buckling.
Lee and Galambos (1962) extended White’s work by considering
the unloading effect of the compression flange on lateral buckling.
The method is analogous to the reduced modulus concept of axially
loaded columns. Lee and Galambos showed that the critical lateral
spacing, based on such an upper bound solution, is 45ry. If Lb/ry < 45,
the Lee and Galambos experiments on continuous beams showed
that failure is initiated by local buckling of the compression flange
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and that post buckling strength reserve is quite large. The postbuckling strength provided by a continuous beam is mainly due to the
lateral restraint provided by the adjacent elastic spans, which offer
both in-plane and out-of-plane moment restraints as well as significant warping restraint at the ends of the buckled span.

14.6.2.2 Lay and Galambos’ Approach

Lay and Galambos (1965) extended White’s work to determine the
suboptimum lateral support spacing. In that work, the lateral support
spacing was related to the rotation capacity. For the simply supported
beam under uniform bending moment shown in Figures 14.23a and b,
Figure 14.23c shows the deformed configuration of the section after
buckling. It is assumed that longitudinal hinges are located at the midheight of the web and at the junction between the web and tension
flange. Compared with the observed deformed shape shown in
Figure 14.24b, the model simulates well with the observed web deformation pattern. The major difference between the model and actual
deformed shape is that, in reality, the tension flange tends to twist
rather than allowing a hinge to form at its junction with the web.

Lateral bracing
Mp

Mp
(a)

(b)
Laterally deformed
compression flange

Position before bending
Position after Mp is reached

Hinges
(c)

P = 12 Aσy

P
Lb
(d)
Axial yield lines

σy

σy
Bending yield lines
(e)

Figure 14.23 Buckling of a beam under uniform moment. (From ASCE-WRE
1971, with permission.)
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Figure 14.24 Lateral buckling model of cross section. (From Lay and Galambos
1965, with permission.)

The physical model shown in Figure 14.23d is therefore used to
solve the bifurcation problem. This model is conservative for the lateral buckling calculation because it assumes that the beam web contributes to the loaded area without increasing the lateral flexural
stiffness. Therefore, the compression portion of the beam is isolated
from the beam under uniform moment, and the lateral-torsional
buckling problem is reduced to that of a column under an axial force
P = Aσy/2, where A is the cross-sectional area of the beam. This compression T-column is also assumed to be pin-ended. The critical load
of this T-shaped column is as follows:
Pcr =

Aσ y
2

=

π 2 cEI
L2b

(14.33)

where cEI (= cEIy/2) represents the inelastic flexural stiffness of the
T-column after yielding. The limiting slenderness ratio resulting from
the above equation is:
Lb
E
=π c
ry
σy

(14.34a)

The above expression is valid only for simply supported beams.
If the unbraced beam segment is continuous with adjacent spans, an
effective length factor, K, may be used to account for the restraint
offered by the adjacent spans:
KLb
E
=π c
ry
σy

(14.34b)

Based on calculation of effective length factors and experimental
observation, for the usual case of elastic adjacent spans, K may be
taken as 0.54; for yielded adjacent spans, K may be taken as 0.8.
Next, consider the associated rotation capacity, R. For a beam
under uniform bending, the relationship between the rotation
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capacity and the average strain, εav, in the beam flange is as
follows:
R=

ε
θ
− 1 ≈ aυ − 1
θp
εy

(14.35)

When an optimal lateral bracing is provided such that lateraltorsional buckling occurs when εav reaches εst (= sεy), the rotation
capacity is:
R=

sε y
ε av
−1=
−1= s−1
εy
εy

(14.36)

For a suboptimum situation in which εav< εstεav = (1 − φ)εy + φsεy
[see Eq. (2.9)], the rotation capacity is:
R = (s − 1) φ

(14.37)

It should be noted that the rotation capacity, R, in Eqs. (14.36) and
(14.37) is valid for the case in which the inelastic action involves axial
yield lines only. In reality, lateral bending is inevitable because of geometric imperfections, and bending yield lines will develop. The axial
yield lines shown in Figure 14.23e are those due to the force, P, and
spread across the whole width of the flange. The bending yield lines
in the more severely compressed half of the flange are due to the lateral displacement of the compression flange upon buckling. Lay and
Galambos showed that the rotation capacity considering the effects of
bending and axial yield lines is as follows:
2 1 
2 
1 
R =  + 1 −  1 −
  ( s − 1)φ ≈ 0 . 8(s − 1)
π
2
π


h  


(14.38)

where h = 33 for a fully yielded member (φ = 1) is used for the simplification.
Based on a discontinuous yield concept (see Chapter 2), in which
the strain is equal to εst at the yield lines and εy elsewhere, and a compression flange model shown in Figure 14.23e, Lay and Galambos
then considered the stiffness reduction owing to effects of both axial
and bending yield lines to derive the coefficient c in Eq. (14.34b) as a
function of R:
c=
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In deriving this expression, it is assumed that unloading occurs
once flange local buckling takes place, that is, when the average strain
at the center of flange is equal to the strain-hardening strain. Substituting Eq. (14.38) into Eq. (14.39) gives the following:
c=

1
1 + 0 . 56h

(14.40)

and Eq. (14.34b) becomes:
KLb
ry

εy
π

=

1
1 + 0 . 56 h

(14.41)

If h = 33 and K = 0.54, the following limiting slenderness ratio
results:
Lb
225
=
ry
σy

in U.S. units

(14.42a)

Lb
591
=
ry
σy

in S.I. units

(14.42b)

The above limiting ratio is valid only for low-yield strength
steels. Some limited test results with Grade 65 steel have shown that
Eq. (14.42) is not conservative for high strength steel (ASCE-WRC
1971). Instead, it was found that Lb/ry = 1375/σy (= 9480/σy in S.I.
units) not only fits the test results well for high strength steel but also
approximates Eq. (14.42) for lower strength steels. The limiting Lb/ry
ratio of 1375/σy (= 9480/σy in S.I. units) was adopted in the AISC
Specifications for plastic design in 1969.

14.6.3 Beam Under Moment Gradient
14.6.3.1 Equivalent Length Approach

Lay and Galambos (1967) performed inelastic lateral buckling analysis of beams under a moment gradient using the model shown in
Figure 14.25. Once again, the compression half of the beam is considered to act as an isolated column, and lateral-torsional buckling is
assumed to be equivalent to buckling of an isolated column under the
beam bending stresses. Mathematically, the modeling is equivalent to
disregarding the contribution of St. Venant torsion to the strength of
the beam. Given that the St. Venant torsion contribution is actually
significant for most beams under moment gradient, the proposed
solution therefore provides a lower bound estimate of a beam’s lateraltorsional buckling strength.
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Figure 14.25 Lateral buckling model of beam under moment gradient.
(From Lay and Galambos 1967 with permission.)

In this model, the yield moment, My, is taken as the moment at
which yielding first occurs in the flange (ignoring residual stresses).
Lay and Galambos assumed an average value of My = 0.94Mp. The
variation of moment along the beam length causes not only a transition of material properties from elastic to yielded, but also a change
in the compression stresses over the length of the beam. After Mp
is reached, the lateral displacements usually increase rapidly. The
deflected shape also changes, and the curvatures producing lateral
displacement are concentrated in the yielded region. White’s study
(1956) showed that the extent of yielding has a much greater influence on lateral buckling behavior than does the variation in normal
stress. Thus, it was further assumed that normal stresses on the compression tee remain at σy and do not reduce with decreasing bending
moment. The conservatism introduced by this assumption is offset to
some extent by the fact that normal stresses exceed σy in the yielded
length (τL) as a result of strain-hardening. The buckling equation for
the column may be expressed as follows:

 1

 λ b π + S  λ π − cot(λ b π (1 − τ)) 
tan(λ b πτ/ c )
1 
 b
 = 0
+
tan[λ b π(1 − τ)]
 1

c
+ tan(λ b π (1 − τ)) 
λbπ + S 

λbπ
 

(14.43)

where c is the ratio of the lateral bending stiffness in the yielded
region to the elastic value, S represents the elastic restraint of an adjacent span (S = 0 for a pinned end and S → ∞ for a fixed end), and the
limiting slenderness ratio for lateral-torsional buckling, Lb/ry, is
expressed in the nondimensional form as λb:
λb =
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Lay and Galambos (1965) considered the properties of bending
yield planes and derived the following formula for c:
c=

2

(14.45)

h+ h

For a given value of S, the relationship between λb and τ can be
constructed for a particular grade of steel (see Figure 14.26). Note
that Eq. (14.43) was derived on the basis that the wide flange section
was compact, that is, a section that satisfies the limiting flange widththickness ratio of Eq. (14.22) and does not buckle locally until it is
fully yielded. At this point, it is important to establish whether the
yielded length associated with lateral-torsional buckling is greater or
less than that required to cause local buckling. Given that, for a beam
under moment gradient, yielding will be concentrated in a restricted
region of length, τLb, and the possibility of local buckling within this
region must be considered. It has been shown in Section 14.4 that τLb
must be of a sufficient length for a full local buckling wave to form.
The full wavelength of a local buckle has been given as 2l, where,
from Eq. (14.18), l/bf = 0.71(tf /tw)(Aw/Af)1/4. Therefore, the local
buckling criterion to be applied to a compact section under moment

1.0

Solid curves: Lateral buckling
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Eq. 14.43

0.6
s=

s=
0

∞

s=

A441
(50 ksi)

3

0.2

s=

0.4

6

Proportion of length yielded, τ

Dashed curves: Local buckling
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Eq. 14.47
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Figure 14.26 Relationship of flange local buckling and lateral-torsional
buckling. (From Lay and Galambos 1967, with permission.)
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gradient is that the yielded length, τlbLb, should be equal to the full
wavelength of the local buckle:
 tf  A
τlb Lb = 2l = 1 . 42   4 w b f
 tw  A f

(14.46)

Based on the geometric properties of available wide-flange sections, an average value of 8.33ry can be obtained for the right-hand
side of Eq. (14.46). Therefore, Eq. (14.46) can be expressed as the following nondimensional form [see Eq. (14.44)]:
τlb λ b = 2 . 65 ε y

(14.47)

Using Eq. (14.47), the proportion (τ) of the beam length that
must be yielded to trigger flange local buckling is superimposed on
Figure 14.26 for a direct comparison with the required length to initiate lateral-torsional buckling. For the practical cases of inelastic
beams under moment gradient, it can be seen that a smaller value of
τ is required to cause flange local buckling than to cause lateraltorsional buckling. That is, failure will generally be initiated by
flange local buckling rather than by lateral-torsional buckling.
Because the beam behavior under moment gradient is most likely to
be governed by flange local buckling, Lay and Galambos (1967)
suggested that lateral bracing be provided according to the criterion
of Eq. (14.41) for a beam under uniform bending moment, but with
a value of R equal to 1. It was recommended that for the moment
ratio − 0.5 ≤ q = M1/M2 ≤ 1.0 [where M1 is the smaller moment at the
end of the unbraced length, M2 is the larger moment at the end of
the unbraced length, and (M1/M2) is positive when moments cause
reverse curvature and negative for single curvature], the limiting
Lb/ry ratio be taken as 70, 55, and 45 for σy of 36, 50, and 65 ksi (248,
345, and 448 MPa), respectively. This recommendation can be
approximated by the following:
Lb 1, 375
M
=
+ 25 when – 0 . 5 < 1 < 1 . 0 in U.S. uniits
ry
M2
σy

(14.48a)

Lb 9480
M
=
+ 25 when – 0 . 5 < 1 < 1 . 0 in S.I. units
ry
M2
σy

(10.48b)

This limit on slenderness ratio has been adopted by the AISC
Specifications for plastic design since 1969.

14.6.3.2 Bansal’s Experimental Study

To study the lateral instability of beams, 34 continuous steel beams
having specified yield strengths of 36, 50, and 65 ksi (248, 345, and
448 MPa, respectively) were tested by Bansal (1971). Bansal reported
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that the deformation capacity of a beam is inversely proportional to
its yield strength when the behavior is controlled by lateral instability.
For given lateral slenderness ratio, type of loading, and support
conditions, higher strength steel beams are more prone to lateraltorsional buckling.
Figure 14.27 shows the test results of those beams that developed
a plastic mechanism. The abscissa represents the normalized lateral
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(a) End moment ratio versus normalized slenderness
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Figure 14.27 Relation of rotation capacity, moment ratio, and lateral slenderness
ratio for parameters expressed in U.S. units only. (Adapted from Bansal 1971.)
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slenderness ratio (Lb/ry)(σy/36). Figure 14.27b shows the relationship
between the slenderness ratio and the rotation capacity, R. The group
of points on the left is for the beams with single curvature (q ≤ 0); the
group on the right is for the beams with reverse curvature (q > 0).
Lines are drawn on Figure 14.27b linking data points for q = − 0.5
(specimens 17, 18, 21) and q = 0.85. The modifed stenderness ratio
(Lb/ry)(σy/36) necessary to achieve a rotation capacity of 3 for q
equal to −0.5 and 0.5 are calculated from the intersection points
of (R = 3, q = −0.5) and (R = 3, q = −0.85), respectively, to be 70 and 150,
respectively. Using these data, points A and B in Figure 14.27a can be
identified. The line passing through these points represents the limiting slenderness ratio for a rotation capacity of 3:
Lb 3600 + 2200( M1/M2 )
≈
ry
σy
Lb 24822 + 15169( M1/M2 )
≈
ry
σy

in U.S. units

in S.I. units

(14.49a)

(14.49b)

With the nominal yield strength, Fy, substituted for σy, the above
limiting slenderness ratio was adopted by the AISC LRFD Specification for plastic design. The 2005 AISC 360 expresses the above equation in a nondimensional form:
Lpd
ry


 M   E 
=  0 . 12 + 0 . 076  1   
 M2   Fy 


(14.49c)

Equation (14.49c) has been modified in the 2010 AISC 360 to account
for nonlinear moment diagrams and for situations in which a plastic
hinge does not develop at the brace location corresponding to the
larger end moment:

 M ′  E
=  0 . 12 − 0 . 076  1 
ry
 M2  Fy


Lpd

(14.49d)

where Mmid = moment at middle of unbraced length and M1′ = effective moment at end of unbraced length opposite from M2. When the
magnitude of the bending moment at any location within the
unbraced length exceeds M2, M1′/M2 = + 1 . Otherwise, M1′ = M1
when Mmid ≤ (M1 + M2)/2 and M1′= 2Mmid − M2 < M2 when Mmid > (M1 +
M2)/2.
Figure 14.28 shows a comparison of the lateral bracing requirements for two different steel strengths per the AISC LRFD Specification and AISC ASD Specification. Based on Bansal’s test results, it is
clear that the more relaxed lateral bracing requirements specified in
the AISC LRFD Specification are justified.

14_Bruneau_Ch14_p837-890.indd 873

6/13/11 4:01:02 PM

874

Chapter Fourteen
1
0.8

End moment ratio, q

0.6
0.4
Slenderness ratio, L

0.2

ry

0
0

20

40

80

100

120

140

160

–0.2
–0.4
–0.6
–0.8
–1

Figure 14.28

14.7

Comparison of rules for lateral-torsional buckling.

Code Comparison
A worldwide survey of the classifications of beam section compactness and lateral bracing requirements in major steel design codes was
made by SSRC (Ziemian 2010). A similar comparison of the beam section local buckling rules adopted in North America, Australia, and
Eurocode 3 was also provided by Bild and Kulak (1991). Except for the
design codes in the United States, the codes studied by these researchers have adopted a four-class system. Depending on the width-tothickness ratio, λ, with respect to three limiting values (λpd, λp, and
λr), the classification is consistent with the four curves shown in
Figure 14.2. Class 1 sections, also known as the plastic sections with
λ ≤ λpd, are required for plastic design. Class 2 sections, also termed
compact sections with λpd < λ ≤ λp, do not have sufficient rotation
capacity for plastic design. Note that the compact section defined in
that case is not the same as that defined in the AISC 360. As mentioned
in Section 14.1, the AISC 360 values for λpd and λp for local buckling are
merged; that is, compact sections are also plastic sections.
Expressing λpd for plastic sections in the following general format:
λ pd = δ/ Fy

in U.S. units

(14.50)

facilitates a comparison of the values of θ used in various countries to
prevent flange local buckling. Results are presented in Figure 14.29a.
Note that the AISC ASD and AISC 360 provide lower and upper
bounds to values of θ. Figure 14.29b presents values of θ used for
seismic design. Note that the requirements for seismic design are
comparable to those of the AISC ASD Specification for plastic design
(AISC 1989). A similar comparison for the web local buckling requirements is shown in Figure 14.30.
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Figure 14.29

Comparison of flange local buckling requirements.

It is interesting to compare compactness requirements of seismic
codes in the United States and Japan. The Japanese limit state
design code (AIJ 1990) considers the interaction of flange and web
local buckling modes. For ductility Class 1, which corresponds to a
rotation capacity of 4 (Fukumoto and Itoh, 1992, Kato 1989), the
following formula is specified:
 b
t 
 f

2

 200 
 σ 
yf 


2

+

 d
 t 
w

2

 1270 


 σ yw 

2

≤ 1 in S.I. units

(14.51)

where σyf and σyw are the actual yield stresses of the flange and web
materials, respectively. A comparison of the above equation with the
AISC LRFD requirements for seismic design is shown in Figure 14.31.
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Comparison of web local buckling requirements.
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Figure 14.31 Comparison of local buckling requirements for Japanese and U.S.
seismic provisions for σy, in MPa. (Fukumoto and Itoh 1992.)
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Interaction of Beam Buckling Modes
The AISC 360 sets limits on the width-thickness ratio of beam flanges
and webs to avoid premature local buckling and on the maximum
laterally unsupported length (Lb) to delay lateral-torsional buckling.
The AISC 360 considers each buckling mode as an independent limit
state. The advantage of this design approach lies in its simplicity.
However, uncertainties arise because this simple approach ignores the
interaction between local buckling and lateral-torsional buckling.
Much test evidence shows that flange local buckling, web local
buckling, and lateral-torsional buckling interact. The flange restrains
the web and vice versa. This can be easily seen from the physical
model of flange local buckling shown in Figure 14.13. In Lay’s derivation of the slenderness ratio limit for flange local buckling, web
restraint was treated as a spring with positive stiffness. However, if
the web buckles prior to the flange, the beneficial restraint from the
beam web is lost, and the buckled web may be regarded as a spring
with negative stiffness. As a result, the amplitude and wavelength of
flange local buckling will be affected by web local buckling.
Section 14.3 discussed the relation between local buckling and
lateral-torsional buckling under different moment patterns. Recall
that under uniform moment, lateral-torsional buckling triggers
flange local buckling, whereas under moment gradient, if adequate
lateral bracing is provided, flange buckling occurs first, provided
that the yielded zone is sufficiently long to accommodate a full
wavelength of the buckle. In the latter case, even though flange
buckling will not cause an immediate loss of strength, it triggers
lateral-torsional buckling, after which strength is lost. To evaluate
the beam rotation capacity, one should consider the interactions of
different modes.
To describe this interaction, consider a beam under moment gradient in which flange local buckling has occurred in the yielded compression region. The beam has not buckled laterally, so both halves of
the compression flange participate in the flange local buckling. When
lateral-torsional buckling occurs, the half-flange that undergoes additional compression in the process of lateral deflection will lose stiffness rapidly because of the local buckle, whereas the other half-flange
will behave in a manner similar to that for an unbuckled flange. If the
bending stiffness of such a flange is taken to be cbEIy, where cb is a factor with a value less than 1.00, the bending stiffness of the unbuckled
half-flange can be approximated as cbEIy/8. When this value is
used, the solid curves shown in Figure 14.26 are obtained for lateral-torsional buckling after a local buckle has occurred. Clearly, the
beam is considerably weakened as a result. It may be concluded that
local buckling in a beam under moment gradient will lead to lateral
buckling and that these two effects in combination are likely to cause
a loss in strength.
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The onset of local buckling of the compression flange is not by
itself the cause of strength deterioration, and additional ductility can
be realized once local buckling commences. The compatibility requirement for longitudinal strains across the compression flange in the
region of local buckling induces membrane effects that resist the outof-plane deformations of the flange. However, the onset of lateral
buckling in a locally buckled beam results in immediate attainment
of the maximum moment and subsequent unloading. This phenomenon is caused by two contributing factors. First, the lateral displacement permits strain compatibility to be maintained as one half of the
flange continues to buckle locally in compression. Second, local buckling on the same half of the flange significantly reduces the resistance
of the cross section to lateral buckling.
That phenomenon was demonstrated by Dekker (1989). In order
to investigate the effect of flange local buckling alone under moment
gradient, Dekker fabricated several T-shaped beams in such way that
their plastic neutral axis was sufficiently close to the compression
flange to eliminate web local buckling. The compression flange of each
beam was provided with continuous lateral support to avoid lateraltorsional buckling. Interestingly, flange local buckling was observed
to develop in a symmetrical manner about the web (i.e., both halves of
the flange buckled toward the neutral axis), and the conventional antisymmetric flange buckling mode with each half of the compression
flange moving in opposite directions was not observed. Figure 14.32
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Figure 14.32 Flange width-thickness ratio versus rotation capacity based on
Dekker’s (1989) isolated flange local buckling test results.
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summarizes the width-thickness ratios and the rotation capacities of
all the specimens tested. Note that bf/2tf ratios were as high as 14.5.
Dekker reported that flange local buckling did not cause a loss in
strength until large rotation capacities (>20) were reached. The typical failure mode involved tensile fracture of the T-beam.
Kemp (1986, 1991, 1996) proposed that beam rotation capacity be
related to the slenderness ratio for each of three buckling modes.
Kemp normalized the slenderness ratio by the material yield stress of
each buckling mode as follows:
FLB: λ f =

λf =
WLB: λ w =
λw =

LTB: λ L =

λL =

b f /2t f
σ yf /36
b f /2t f
σ yf /250
d/tw
σ yw /36
d/tw
σ yw /250
Li /ryc
σ yf /36
Li /ryc
σ yf /250

in U.S. units

(14.52a)

in S.I. units

(14.52b)

in U.S. units

(14.52c)

in S.I. units

(14.52d)

in U.S. units

(14.52e)

in S.I. units

(14.52f)

where σyf and σyw are the actual yield stresses of the flange and web
materials, respectively; Li is the length from the section of maximum
moment to the adjacent point of inflection; and ryc is the radius of
gyration of the portion of the elastic section in compression. Other
terms have been defined previously.
Based on 44 beam test results reported by Adams et al. (1965),
Lukey and Adams (1969), Kemp (1985, 1986), and Kuhlmann (1989),
Kemp showed weak relationships between the rotation capacity and
the normalized slenderness ratios for each local buckling mode
(see Figures 14.33a and b). Figure 14.33c shows that the correlation is
improved if the rotation capacity is plotted against (Li /ryc )( σ yf /250 )
for lateral-torsional buckling. To consider all three buckling modes
simultaneously, Kemp defined the following parameter:
λf  λ 
λe = λL    w 
 9   70 
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Figure 14.33

Available rotation capacity, Ra

0

2

4

6

8

10

12

14

16

0

2

4

6

8

10

12

14

16

0

6

5

8

9

10
bf
tf

11

12
σyf
250

13

14

hc
tw

σyw
250

(b) Effect of web slenderness

Web slenderness,

10 15 20 25 30 35 40 45 50 55 60 65

(a) Effect of flange slenderness

Flange slenderness,

7

16
14
12
10
8
6
4
2
0

18
16
14
12
10
8
6
4
2
0

Available rotation capacity, Ra
Available rotation capacity, Ra

Li
ryc

σyf
250

(d) Effect of effective slenderness ratio

Effective lateral slenderness, λe

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140

(c) Effect of Lateral slenderness

Lateral slenderness,

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140

Relationship between rotation capacity and slenderness ratios; units of σy are MPa. (From Kemp 1996 with permission.)

Available rotation capacity, Ra

14_Bruneau_Ch14_p837-890.indd 880

6/13/11 4:01:07 PM

Stability and Rotation Capacity of Steel Beams

881

Figure 14.33d demonstrates a clear relationship between the rotation capacity, R, and λe. An empirical fit to the data yields the following relationship:
 60
R = 3 . 01  
 λe 

1.5

(14.54)

The database used by Kemp is based on monotonic testing of
small-scale beam specimens. The results shown in Figure 14.33 imply
that the buckling rules adopted in modern design codes may need to
be improved.
Based on the discussion presented above, several observations
can be made (Kemp 1986):
• The antisymmetric flange local buckling may be initiated
under the conditions defined in Eq. (14.22). The buckling
amplitude will not grow appreciably because of the membrane
force associated with compatibility constraints to warping
across the flange, unless these constraints are released with the
onset of web local buckling or lateral-torsional buckling.
• Web local buckling may occur independently of flange buckling. However, this does not cause significant loss of strength.
Web local buckling may release the compatibility constraints
and hasten the development of flange buckling.
• Lateral-torsional buckling may be an independent mode of
failure or may develop rapidly after flange buckling because
of the reduced stiffness of the flange in the plastic region.
Lateral-torsional buckling may release the constraints to
flange buckling. Once lateral-torsional buckling occurs, the
strength of a beam will degrade.
• The current practice of separating beam flexural buckling
behavior into three independent limit states may not be
appropriate. A design criterion that considers the interaction
of three buckling modes is necessary to ensure adequate
plastic rotation capacity.

14.9

Cyclic Beam Buckling Behavior
A moment-resisting frame is expected to form a yield mechanism and
to displace laterally for a number of cycles during a design earthquake. Because the range of deformation (see Figure 14.1) exceeds the
incipient collapse threshold for plastic design, beam plastic rotation
demand is generally higher for seismic design.
Unfortunately, the cyclic nature of earthquake-induced excitations also reduces beam plastic rotation capacity. At the material level,
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the low-cyclic fatigue endurance limit is usually much higher than
that required for seismic design, but the Bauschinger effect will
reduce the buckling strength of steel elements. For a given displacement amplitude, a beam that would not buckle under monotonic
loading may buckle under cyclic loading. Furthermore, a beam that
buckles inelastically exhibits permanent deformation after the load is
removed. Such residual deformations at both the section and member
levels serve as geometric imperfections. Thus, the amplitude of the
buckles increases as the number of cycles increases.
The effect of large alternating strains on the cyclic behavior of
steel beams has been investigated by Bertero and Popov (1965). Smallscale cantilever beams, M4 × 13 (U.S. shapes) of A7 steel with a mean
yield stress of 41 ksi (283 MPa) and a span of 35 in (89 cm), were
loaded cyclically to failure. The value of bf/2tf (= 5.3) of those beams
was within the limit for plastic design, the web was very compact
(h/tw = 14.4), and Lb/ry (= 37) was small. The number of cycles required
to cause complete fracture and flange local buckling versus the maximum strain at the fixed end of the beam is shown in Figure 14.34a. Of
the 11 beams tested, none exhibited local buckling during the first
half of the first loading cycle. This was true even in the experiment
with imposed strains of 2.5%, which was greater than the strain at the
onset of strain-hardening of the material, εst. Figure 14.34a shows that
the number of cycles required to trigger flange local buckling is significantly reduced for cycles at larger strains. However, once flange
local buckling occurs, Figure 14.34b also shows that more cycles are
needed to fracture the steel beam. The large number of cycles resisted
prior to fracture indicates that the low-cycle fatigue endurance of
steel itself is generally not a governing factor in seismic applications.
Factors that influence inelastic beam buckling under monotonic
loading also apply to cyclic loading. For example, a beam under
moment gradient that satisfies the compactness requirements of
modern seismic codes is less likely to show significant strength degradation under cyclic loading. Further, it is commonly observed in
cyclic testing that once flange local buckling commences, it interacts
with web local buckling and, more importantly, lateral-torsional
buckling.
Takanashi (1973) conducted monotonic and cyclic testing of simply
supported beams of two different grades of steel. The 8-in (20.3-cm)
deep wide-flange steel beams tested had bf/2tf = 6.3 and d/tw = 36. Lateral bracing was provided at both ends of the beam and at midspan to
prevent lateral and torsional movements; the value of Lb/ry was 65 and
close to the limit presented in the 1969 AISC Specification.
Figure 14.35 shows the cyclic response of two beams with different yield stresses. For the beam with a yield stress of 41 ksi (282 MPa),
Figure 14.35a shows that the beam was able to achieve a cyclic rotation ductility of 3 (or a rotation capacity of 2) after 40 cycles of increasing amplitudes. For a beam with a yield stress of 64 ksi (441 MPa),
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Cycles to local buckling
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600
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500
400

Controlling
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300
200
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0
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2.0

2.5

Figure 14.34 Number of cycles to cause flange local buckling and fracture.
(Bertero and Popov 1965.)

inferior behavior was observed (Figure 14.35b). Stable hysteresis
loops could be maintained only for the first 30 cycles up to a rotation
ductility of 2. The beam strength degraded significantly because of
lateral buckling at a rotation ductility of 2.5. Based on those results,
Takanashi concluded that cyclic rotation capacity is significantly
lower than monotonic rotation capacity. It should be noted, however,
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(a) Beam with σy = 41 ksi (282 MPa)

(b) Beam with σy = 64 ksi (441 MPa)

Figure 14.35 Cyclic behavior of beams with different yield strengths.
(Takanashi 1973.)

that his conclusion was based on the loading sequence shown in
Figure 14.35 for a large number of inelastic cycles. Most steel beams
are unlikely to experience that many inelastic cycles in a design earthquake. The cyclic rotation capacities reported by Takanashi may be
conservative for seismic design.
Vann et al. (1973) also conducted cyclic and monotonic tests of
beams and beam-columns of mild steel. Each specimen was clamped
at one end, and a load was cyclically applied at the free end, which
was braced laterally. Beam sections chosen were W8 × 13 (W200 × 19
in S.I. units) (bf/2tf = 7.8, h/tw = 29.9) and W6 × 16 (W150 × 24 in S.I.
units) (bf/2tf = 5.0, h/tw = 19.1). Specimens of each cross-section were
tested with unsupported lengths of 30ry and 60ry.
Figure 14.36 shows the hysteresis behavior of a W8 × 13 beam with
an unbraced length of 30ry. The specimen was cycled at a ductility
Lateral
load
(kips)

30

Monotonic

2
3
4

Web buckling

5
10
12

–1.5

–.5
–10
11
10
5
3
2
1–30

.5

Cyclic

1.5

Lateral end
deflection (in)

W8 × 13
L = 24.9 in

Figure 14.36 Beam behavior under cyclic loading. (Vann et al. 1973.)
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7' – 3"

W24 × 279
(W610 × 415)

ratio of 7.2. For such a properly braced beam, flange local buckling
was first observed in the second half-cycle. Although flange local
buckling did not cause an immediate degradation of strength, it did
induce web local buckling. The loss of load capacity may be attributed
primarily to web local buckling, which began in the fifth half-cycle.
Figure 14.36 also demonstrates that the beam’s monotonic behavior at
large deflections is a reliable indicator of the cyclic behavior; that is,
the drop in load following web local buckling in the monotonic test
(shown in dashed line) was also observed in the corresponding cyclic
test. Note that, in such cyclic tests, beam fracture usually will occur in
the crest of a flange buckle and only after many cycles. Occasionally,
the fracture occurs between the web and one flange, where the curvature may be high because of web local buckling.
When a beam (W6 × 16) of a more compact section but with twice
the slenderness ratio, Lb/ry = 60, was tested, it was observed that the
specimen lost strength because of lateral-torsional buckling. Vann et al.
observed that the loss of stiffness is much more significant when lateral-torsional buckling and not local buckling, is the dominant mode
of failure. They also concluded that the deterioration of strength is
severe only when flange local buckling is combined with either web
local buckling or lateral-torsional buckling.
The effect of beam slenderness ratio on cyclic response was demonstrated by full-scale testing of an interior beam-column assembly (Noel
and Uang 1996). Figure 14.37 shows the dimensions and member sizes

Beam 1

W16 × 89
(W410 × 132)

W18 × 86
(W460 × 128)
Column

7' – 3"

Beam 2

10'

10'

Figure 14.37 Dimensions and U.S. member shapes of test specimen
(S.I. shapes in parentheses). (Noel and Uang 1996.)
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U.S. Shapes
(S.I. Shapes)

Fyf
(ksi)
(MPa)

Fyw
(ksi)
(MPa)

Beam 1

W16 × 89
(W410 × 132)

47.7
(329)

Beam 2

W18 × 86
(W460 × 128)

50.0
(344.8)

Beam

Table 14.2

Zx (in3)
(mm3)

bf/2tf

h/tw

L/r y

47.5
(328)

5.9

27

39

175
(2,868,000)

51.5
(355)

7.2

33.4

36.5

186
(3,048,000)

Beam Properties

150

150

100

100
Load (kips)

Load (kips)

of the test specimen. Table 14.2 lists the key parameters for both beams.
The plastic moduli of both beams were similar, but because Beam 1 was
shallower, its flanges were more compact. Equal and opposite displacements of increasing amplitude were imposed to the beam ends during
testing. Each beam-column connection was strengthened with a cover
plate and a haunch on the top and bottom flanges, respectively.
The load versus beam tip deflection relationships of the beams
are shown in Figure 14.38. Figure 14.39 shows the buckled beams. As
expected, Beam 2 experienced more severe buckling. Flange local
buckling of the Beam 2 bottom flange was first observed during the
first half-cycle at 3.5 in (= 8.9 cm) displacement amplitude at the cantilever tip. During the nine cycles of testing at this amplitude, both
the strength and stiffness of Beam 2 degraded continuously. The corresponding hysteresis loops of Beam 1, however, were very stable
and highly reproducible. Figure 14.40 demonstrates the variations of
the Beam 2 strength in these nine cycles and two subsequent cycles of
a displacement amplitude of 5 in. The amplitudes of local buckling
and lateral-torsional buckling were measured and are included in
Figure 14.40. Although flange local buckling occurred in the first

50
0
–50
–100

50
0
–50
–100

–150

–150
–6

–4

–2
0
2
Deflection (in)
(a) Beam 1

Figure 14.38

4

6

–6

–4

–2 0
2
Deflection (in)

4

6

(b) Beam 2

Load-displacement hysteresis curves. (Noel and Uang 1996.)
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Figure 14.39 Beam-buckling patterns. (Courtesy of Forell/Elsesser
Engineers, Inc.)

160

3

140
Applied load (kips)

Load
FLB
WLB
LTB

100
80

2
1.5

60

1

40

Buckling amplitude (in)

2.5

120

0.5

20
0
2δy

Figure 14.40

2δy

3δy

3δy

3δy

3δy

3δy

3δy

3δy

3δy

3δy

4δy

0
4δy

Variations of buckling amplitudes. (Noel and Uang 1996.)

cycle, the beam strength did not degrade until after the third cycle.
From then on, web local buckling and lateral-torsional buckling
accompanied flange local buckling, and the strength degraded with
each cycle.
More information on the stability of beam under loading can be
found in Chapter 19 of the SSRC Stability Guide (Ziemian 2010).
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14.10

Self-Study Problem

Problem 14.1
(1)	Which usually happens first: lateral torsional buckling, or local
buckling?
(2) What is the Kemp (1996) slenderness factor? Does it appear to be an
effective approach?
(3) What value has Gst for mild steel?

References
Adams, P. F., Lay, M. G., and Galambos, T. V. 1965. “Experiments on High Strength
Steel Members.” Bulletin No. 110, Welding Research Council, pp. 1–16.
AISC. 1986. Load and Resistance Factor Design Specification for Structural Steel Building,
1st ed. Chicago: American Institute of Steel Construction.
AIJ. 2002. Standard for Limit State Design of Steel Structures. Architectural Institute
of Japan.
AISC. 1989. “Allowable Stress Design.” Manual of Steel Construction, 9th ed. Chicago:
American Institute of Steel Construction.
AISC. 1986. Load and Resistance Factor Design Specification for Structural Steel Buildings.
Chicago, American Institute of Steel Construction.
AISC. 2010a. Specification for Structural Steel, ANSI/AISC 360-10, 14th ed. Chicago:
American Institute of Steel Construction.
AISC. 1992, 2010b. Seismic Provisions for Structural Steel Buildings, ANSI/AISC 341,
Chicago: American Institute of Steel Construction.
ASCE-WRC. 1971. Plastic Design in Steel: A Guide and Commentary. New York:
American Society of Civil Engineers.
Bansal, J. P. 1971. “The Lateral Instability of Continuous Steel Beams.” Thesis submitted in partial fulfillment of the requirement for the Degree of Doctor of
Philosophy in Engineering. Austin: University of Texas.
Bazant, Z. P., and Cedolin, L. 1991. Stability of Structures. New York: Oxford
University Press.
Bertero, V. V., and Popov, E. P. 1965. “Effect of Large Alternating Strains of Steel
Beams.” Journal of Structural Division, ASCE, vol. 91, no. ST1, 1–12.
Bild, S., and Kulak, G. L. 1991. “Local Buckling Rules for Structural Steel Members.”
Journal of Construction Steel Research, vol. 20, 1–52.
Bleich, F. 1952. Buckling Strength of Metal Structures. New York: McGraw-Hill.
Bulson, P. S. 1969. The Stability of Flat Plates. New York: American Elsevier.
Dawe, J. L., and Kulak, G. L. 1986. “Local Buckling Behavior of Beam-Columns.”
Journal of Structural Engineering, ASCE, vol. 112, no. 11, 2447–2461.
Dekker, N. R. 1989. “The Effect of Noninteractive Local and Torsional Buckling on
the Ductility of Flanged Beams.” Civil Engineer in South Africa, April, 121–124.
Fukumoto, Y., and Itoh, Y. 1992. “Width-to-Thickness Ratios for Plate Elements in
Earthquake Engineering Design of Steel Structures,” in Stability and Ductility of
Steel Structures Under Cyclic Loading (Fukumoto, Y., and Lee, G., editors). Boca
Raton, FL: CRC Press.
Galambos, T. V. 1963. “Inelastic Lateral Buckling of Beams.” Journal of the Structural
Division, ASCE, vol. 89, no. ST5, 217–241.
Galambos, T. V. 1968. “Deformation and Energy Absorption Capacity of Steel
Structures in the Inelastic Range.” AISI Bulletin No. 8.
Galambos, T. V., and Lay, M. G. 1965. “Studies of the Ductility of Steel Structures.”
Journal of the Structural Division, ASCE, vol. 91, no. ST4, 125–151.
Gerard, G., and Becker, H. 1957. Handbook of Structural Stability: Part I—Buckling
of Flat Planes, Technical Note 3871 (Section 7.3). Washington, D. C.: National
Advisory Committee for Aeronautics.

14_Bruneau_Ch14_p837-890.indd 888

6/13/11 4:01:14 PM

Stability and Rotation Capacity of Steel Beams

889

Haaijer, G. 1957. “Plate Buckling in the Strain-Hardening Range.” Journal of
Engineering Mechanics Division, ASCE, vol. 83, no. EM2, Paper 1212, 1–45.
Haaijer, G., and Thurlimann, B. 1958. “On Inelastic Buckling in Steel.” Journal of
Engineering Mechanics Division, ASCE, vol. 84, no. EM2, Paper 1581, 1–47.
Kato, B. 1989. “Rotation Capacity of H-Section Members as Determined by Local
Buckling.” Journal of Construction Steel Research, vol. 13, no. 2–3, 95–109.
Kemp, A. R. 1984. “Slenderness Limits Normal to the Plane of Bending for BeamColumns in Plastic Design.” Journal of Constructional Steel Research, vol. 4,
135–150.
Kemp, A. R. 1985. “Interaction of Plastic Local and Lateral Buckling.” Journal of
Structural Engineering, ASCE, vol. 111, no. 10, 2181–2196.
Kemp, A. R. 1986. “Factors Affecting the Rotation Capacity of Plastically Designed
Members.” The Structural Engineer, vol. 69, no. 5, 28–35.
Kemp, A. R. 1991. “Available Rotation Capacity in Steel and Composite Beam.” The
Structural Engineer, vol. 69, no. 5, 88–97.
Kemp, A. R. 1996. “Inelastic Local and Lateral Buckling in Design Codes.” Journal
of Structural Engineering, ASCE, vol. 122, no. 4, 374–382.
Kirby, P. A., and Nethercot, D. A. 1979. Design for Structural Stability. New York:
John Wiley and Sons.
Kuhlmann, U. 1989. “Definition of Flange Slenderness Limits on the Basis of Rotation
Capacity Values.” Journal of Constructional Steel Research, vol. 14, 21–40.
Lay, M. G. 1965a. “Yielding of Uniformly Loaded Steel Members.” Journal of
Structural Division, ASCE, vol. 91, no. ST6, 49–65.
Lay, M. G. 1965b. “Flange Local Buckling in Wide-Flange Shapes.” Journal of
Structural Division, ASCE, vol. 91, no. ST6, 95–116.
Lay, M. G., and Galambos, T. V. 1965. “Inelastic Steel Beams under Uniform
Moment.” Journal of Structural Division, ASCE, vol. 91, no. ST6, 67–93.
Lay, M. G., and Galambos, T. V. 1967. “Inelastic Beams under Moment Gradient.”
Journal of Structural Division, ASCE, vol. 93, no. ST1, 381–399.
Lee, G. C., and Galambos, T. V. 1962. “Post-Buckling Strength of Wide-Flange
Beams.” Journal of Engineering Mechanics Division, ASCE, vol. 88, no. EM 1,
59–75.
Lukey, A. F., and Adams, P. F. 1969. “Rotation Capacity of Beams under Moment
Gradient.” Journal of Structural Division, ASCE, vol. 95, no. ST6, 1173–1188.
Maquoi, R. 1992. “Behavior of Plate Components,” in Stability Problems of Steel
Structures (Ivanyi, M., and M. Skaloud, M., editors). New York: SpringerVerlag.
Massonnet, C. E., and Save, M. A. 1965. Plastic Analysis and Design, Volume 1: Beams
and Frames. New York: Blaisdell Publishing Company.
Noel, S., and Uang, C. M. 1996.“Cyclic Testing of Steel Moment Connections for
the San Francisco Civic Center Complex (Test Report to HSH Design/Build).”
TR-96/07. San Diego: University of California.
Shanley, F. R. 1947. “Inelastic Column Theory.” Journal of Aeronautical Sciences,
vol. 14, no. 5, 261–264.
SSRC. 1991. A World Review: Stability of Metal Structures (Beedle, L. S., editor).
Bethlehem, Pennsylvania: Structural Stability Research Council.
Takanashi, K. 1973. “Inelastic Lateral Buckling of Steel Beams Subjected to
Repeated and Reversed Loadings,” Proceedings of the 5th World Conf. Earthquake
Engineering, vol. 1, 795–798. Rome: International Association for Earthquake
Engineering.
Timoshenko, S. P., and Gere, J. M. 1961. Theory of Elastic Stability. New York:
McGraw-Hill.
Trahair, N. S. 1993. Flexural-Torsional Buckling of Structures. Boca Raton, FL: CRC
Press.
Uang, C. M, and Fan, C. C. 2001. “Cyclic Stability Criteria for Steel Moment
Connections with Reduced Beam Section.” Journal of Structural Engineering,
ASCE, vol. 127, no. 9, 1021–1027.
Vann, W. P., Thompson, L. E., Whalley, L. E., and Ozier, L. D. 1973. “Cyclic
Behavior of Rolled Steel Members.” Proceedings of the 5th World Conf. Earthquake

14_Bruneau_Ch14_p837-890.indd 889

6/13/11 4:01:14 PM

890

Chapter Fourteen
Engineering, vol. 1, 1187–1193. Rome: International Association for Earthquake
Engineering.
Von Kármán, T., Sechler, E. E., and Donnell, L. H. 1932. “The Strength of Thin Plates
in Compression.” Transactions, ASME, vol. 54, MP 54–55.
White, M. W. 1956. “The Lateral-Torsional Buckling of Yielded Structural Steel
Members,” Fritz Engineering Lab. Rep. No. 205 E8. Bethlehem, PA: Lehigh
University.
Yura, J. A., Galambos, T. V., and Ravindra, M. K. 1978. “The Bending Resistance of
Steel Beams.” Journal of Structural Engineering, ASCE, vol. 104, no. 9, 1355–1370.
Ziemian, R. D. (editor). 2010. Guide to Stability Design Criteria for Metal Structures,
6th Edition. Hoboken, NJ: Wiley.

14_Bruneau_Ch14_p837-890.indd 890

6/13/11 4:01:14 PM

Index
A

AASHTO Bridge Design Code,
276
Acronyms, 5
ADAS (added damping and
stiffness), 795–797, 799, 829,
835
AISC Group 4 and 5, 121
Alternating plasticity, 61–62, 128
Amplified seismic load, 472, 538,
553–554, 580
Anisotropy, 44
Area, flange-to-web, 134, 137, 158
ASCE 7, 5, 309, 316–320, 323,
327–333, 464, 466–467,
565–566, 570, 625–626, 633,
643, 675–676, 678, 767
Aspect ratio, 736, 738–740,
841–842, 852
ATC (Applied Technology
Council), 54, 335, 339–341,
399, 424, 491, 542, 585, 688,
784, 834–835
Autostress design method (ADM),
4, 276–278
Average strain, 31, 33, 849, 853,
867–868
AWS, 35, 37, 40, 105, 453–454, 491,
806, 829
Axial shortening, 288, 495, 507,
509
Axial stress capacity, 140–141, 144

B

Back-up bar, 403
Backing plate, 452

Balanced lateral strength, 539
Balanced point, 754
Base metal, 35–37, 43–44, 50, 62,
122, 392, 394, 402–403, 416,
445–446, 452
Base shear, 288, 293, 304, 310,
312–313, 338–339, 459, 469,
628, 678, 683, 697, 711, 735,
739, 742, 778, 818
Base shear ratio, 312–314,
319–320, 332
Basic independent mechanism, 199
Basic mechanisms, 195, 198, 249,
251, 253–258, 260, 272
identification of, 250–252
Basic plastic mechanisms, 257,
269–271
Bauschinger effect, 2, 29–30, 34, 71,
90, 100, 509, 882
Beam bottom flange, 389, 391, 399,
410, 416, 426, 452, 816
Beam design, 326–327, 403, 547,
551, 619–620, 635, 773
Beam flange welds, 358, 418, 459
Beam growth, 809, 817, 826
Beam mechanism, 193–195, 197,
201, 256–257, 719
Beam plastic rotations, 390, 412,
424–425, 429, 450
Beam strength, 477–478, 619, 717,
883, 887
Beam-to-column connections,
345–346, 375, 377, 384, 391,
401, 414, 427, 439, 441, 473,
484–485, 569, 622, 627, 637,
676, 686, 702, 706, 736
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Index
Beam top flanges, 394, 414, 419,
423, 426
Beams:
continuous, 185, 199, 216–217,
219, 274, 846, 864–865
fixed-ended, 181–182, 184–185,
187
BFP (bolted flange plates),
432–434, 486
Biaxial, 112, 119–120, 150–151,
154–155, 157–160
Bifurcation equilibrium
problem, 851
Bimetallic, 5, 808–809, 812, 829, 833
Blast, 22, 30
Bolted connections, 432, 446, 458,
653, 662, 756
Bolted flange plates. See BFP
Bolted stiffened end plate.
See BSEP
Bolted unstiffened end plate. See
BUEP
Bolted webs, 381–382, 385–386,
404–405, 411, 415, 417–419,
699–700, 756
Bottom flange haunches, 422,
424–425
Bottom flange plate, 816–817
Bottom flange weld, 402, 410
Boundary frame, 705, 707, 711,
753–754, 784
Box links, 611
Brace behavior, 507, 513, 523, 575,
671, 675
Brace buckling, 290, 326, 525, 529,
537–538, 542, 547–548, 551,
563, 569, 591, 620, 652, 669,
715
Brace compression strength, 290,
516, 529, 540, 543
Brace configurations, 542, 550, 565
Brace connection, 524, 542, 544,
556, 560, 565, 575, 620,
662–664, 666, 682, 808, 810
Brace connection details, 560,
663–664
Brace connections, 500, 524,
575–576, 620, 638, 642, 662,
671, 673, 682, 686
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Brace deformation, 531, 661, 685
Brace design, 516, 523, 542, 577,
609, 618–619, 669, 672,
679, 684
Brace slenderness, 293–294, 508,
589
Brace strength degradation, 517,
548
Brace strengths:
adjusted, 678, 680
required, 568, 626, 669, 679
Brace-to-beam connection, 622,
630, 635, 637–638, 663
Brace type, 676, 678, 685
Braced-frame layouts, 538
Braces:
low-cycle fatigue life of, 528,
530, 533
stocky, 508, 523
Bracing members, tubular,
530–532
BRBF configuration, 667
BRBFs (buckling-restrained
braced frames), 319, 651–654,
660–661, 667–669, 671, 675,
686–687
BRBs (buckling-restrained
braces), 4, 104–105, 580,
651–652, 654–658, 660–661,
663, 666–670, 672–673, 678,
686–688, 819–820, 822–823
Bridges, 7, 28, 49, 56, 62, 107, 277,
279, 499, 585, 791, 802, 805,
830–835
Brittle fracture, 50, 354, 411, 416,
419–420, 439, 593, 610
Brittleness, 1, 35, 103
BSEP (bolted stiffened end plate),
432–434, 455, 487
BSL (Building Standard Law),
331–332
Buckling:
first, 517–18, 521–2
gusset, 557–8, 663, 666
in-plane, 544, 546–7, 560
Buckling modes, 529, 543, 546,
837, 877, 879, 881
Buckling-restrained braced
frames. See BRBFs
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Index
Buckling-restrained braces.
See BRBs
Buckling wavelength, 849
BUEP (bolted unstiffened end
plate), 432–434, 436, 454
Built-up box sections, 596, 611–612
Built-up braces, 523, 546

C

C-shaped devices, 803–805
Capacity design, 3, 163, 279–281,
319, 322–323, 326, 552, 556,
575, 615, 648, 651, 669, 673,
678, 728–729, 741, 753
Capacity design approach, 279,
334, 352, 357, 552, 581, 620,
721, 729, 740
Capacity design concept, 309, 454,
615, 729
Captive column, 282
Carbon equivalent, 27, 40, 103
Cauchy stress tensor, 82, 85–86
CBF configurations, 504–505, 509
Center-of-rotation method, 203,
206–207
Charpy V-notch tests, 15, 17–18
Clear span, 348, 363, 470, 508–509,
772, 774
Coatings, 14, 812
Coffin-Manson, 63, 66, 535
Cold welding, 809, 817, 829
Collapse, 315, 327–328, 335, 442,
459, 461, 463, 497, 565, 672,
837
Collapse mechanism, 180, 315
Collector forces, 540, 571, 774
Collectors, 487, 542, 576, 643, 682,
686, 779
Column bases, 307, 467, 563, 568,
627, 675, 735, 818–819
Column buckling, 352, 536, 674
Column design, 352, 552–553,
574, 635
Column panel zone, 348, 451, 779
Column plastic hinging, 284, 347,
357, 382, 451, 467–468
Column shear, 363, 477–478, 816
Column splices, 282, 352–353, 359,
487, 562, 576, 642, 686, 779
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Column-tree ,440–441, 622
Column web, 358, 361–362,
364,370, 375–376, 391–393,
400, 407, 473, 482
Combined mechanisms, 193, 195,
197–198, 253–255, 257–258
Compact section, 839, 857, 870,
874, 885
Composite action, 410, 602, 648
Composite floor slab, 410, 619
Composite sections, 160–161
Compression braces, 290, 304,
504–505, 518, 524, 538–540,
542–543, 547–549, 551,
554–555, 565
Compression flange, 529, 845–850,
854, 859, 863–864, 867,
877–878
Compression strength adjustment
factor, 580, 670, 673, 678, 686
Compression strength
degradation, 516, 565
Compression strengths, 291–292,
509, 520, 524, 536–537,
539–542, 551, 556, 565, 660,
670–671, 703, 772
expected, 522, 571, 575
normalized maximum,
518–520
Concrete infill, 661
Concrete panels, 656–657, 687
Connection details, 350, 377,
437–438, 557, 622, 667, 754,
819, 826
Connection strength, 222, 229, 235,
377, 406, 754
Connection types, 235, 437, 452,
454, 468, 486, 623
Connections:
damaged, 391, 443
pin-ended, 653, 716
Contained plastic flow, 95, 97, 103,
114, 845
Continuity plates, 358–362, 376,
384, 396, 407, 410–411, 422,
438, 458, 477, 481–483, 488,
492, 824
Continuous column concept, 308,
538
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Index
Controlled rocking, 820, 823, 830, 832
Core plate, 655, 657–658
Corner cutouts, 764–765
Corrosion, 55–56, 60–61, 107, 806,
809, 817, 829
Corrosion fatigue, 57–58, 60
Cover plates, 201, 414, 416,
418–421, 436, 491, 543, 636
Crack propagation, 1, 49, 59, 62,
402, 411, 421
Cracking, 27, 37, 40, 43–44, 54–59,
61, 93, 105, 110, 439, 440, 442,
452, 523, 525, 529, 534, 824
Cracks, 45, 49–50, 52, 56, 58, 105,
110, 370, 391–394, 402–403,
410–411, 444–446, 523, 756
stress corrosion, 55–56
Creep, 14, 34, 805, 809
Critical length, 595
Cross-section, plastified, 116, 127,
151, 154, 158, 176
Crystals, 31–32, 34, 54, 62, 80–81,
100, 107, 499, 585
Curvature, 70, 72–73, 103, 114–116,
118–119, 124, 126, 128, 158,
160, 176, 297–300, 355, 848,
869, 885
Curvature ductility, 296–297, 300
Cutout corners, reinforced, 764,
766
Cyclic loads, 386, 495, 783
Cyclic push-over analysis, 287,
293–294

D

Damage rule, 70
DBE (design basis earthquake),
316–319, 328, 331–332, 340
DBTT (ductile-to-brittle-transitiontemperature), 15, 18
DCEs (deformation controlled
elements), 322–324, 326
Deflection stability, 215
Deformation capacity, 334–335,
598, 606, 837, 872
Deformation-controlled elements.
See DCEs
Deformed configuration, 100, 459,
507, 594, 805, 865
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Degree of indeterminacy,
249, 272
Design, strong-column/weakbeam,285, 402, 451, 459
Design basis earthquake. See DBE
Design earthquake, 316, 330, 593,
881, 884
Design example, 5, 345, 465, 565,
625, 674–675, 678–679, 691,
767
Design philosophy, 4, 100–101,
286, 290, 327, 347, 350, 503,
593, 710
Design response spectrum, 316,
318, 637, 683
Design story drift, 456, 464, 627,
631, 640, 644, 672, 680, 685
Deviatoric stress, 86
Diaphragms, 302, 308, 439–441,
487, 542, 576, 643, 649, 686,
779, 795, 835
Dilatation energy, 86
Dilatational stress, 86–87
Direct combination of mechanism,
256
Discontinuous yield concept, 867
Dislocations, 31–32, 34–35, 54, 62,
80, 106–107
Displacement compatibility, 302
Displacement ductility, 296–300,
462
Distortion, 41–42, 48, 50, 86–87,
105, 303, 369, 374
Distortion energy, 86–87
Distortional stress, 86–87
Distributed loads, 176, 185, 194,
207–208, 210–211, 213–215,
223–224, 226, 228, 238–239,
245, 283, 307, 458, 645, 705,
717, 730, 732, 735, 765,
772–774
Double-angle braces, 515, 520, 546
Double split tee (DST), 432
Doubler plates, 359, 361, 375–376,
384, 402, 410, 479–480, 482
Drift angle, plastic story, 604, 606,
795
Drift limit, 331, 465, 468–469
Dual-certified steel, 26, 402
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Ductile-to-brittle-transitiontemperature. See DBTT
Ductility of corroded steel, 60–61
Ductility reduction factor, 313,
320, 322

E

E-shaped devices, 803
EBF (eccentrically braced frame),
4, 52, 319, 322, 329, 591–594,
597, 606–609, 611, 614, 616,
618–620, 625, 627, 631, 640,
643–648, 651, 694, 788,
831–832
EBF configurations, 592, 603,
607–608, 615, 620, 622
Eccentrically braced frame. See
EBF
Effect of axial forces, 357, 375, 647
Effect of temperature, 10–11, 15
Effective length, 471, 508, 513, 537,
542–543, 575, 586, 664–665,
819, 866
Effective length factor, 471, 508,
542, 586, 664–665, 866
Elastic core, 114, 138–139
Elastic design spectrum, 317, 319,
329, 339–340
Elastic-perfectly plastic (EPP), 300,
370, 459–460, 463, 606
Elasto-plastic models, 70, 72, 129
Elliptical yield line, 557, 561
Elongation, 7–10, 27, 44–45, 54, 60,
96–97, 124, 290, 295, 505, 530,
564, 726, 761–762, 808
End-conditions, 509, 513
End-plate connection, 232, 234
Energy-dissipating devices, 5, 818,
830
Envelopes, 509, 512–513, 600
Equations, virtual-work, 192, 195,
197–198, 201, 208, 260
Equilibrium method, 4, 178, 181,
183, 185–187, 201, 207, 717
Equivalent lateral force (ELF)
procedure, 318–319, 466, 468,
570, 676, 678–679, 740, 768
Equivalent loads, 213, 215, 318
Equivalent truss model, 737
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Euler buckling, 673
Event-to-event calculation, 178
Expected strengths, 550, 554,
570–571, 573, 644
Extended end-plate, 233, 247
External work, 187, 191, 194–195,
204, 223, 227, 253–254,
256–257, 260, 606–607, 706,
708–709
Extrusion, 826–827, 830, 834

F

Fatigue, high-cycle, 59, 62–63
Fatigue life, low-cycle, 63, 67, 515,
529, 535, 546
FCAW (flux-cored arc welding),
35–36, 39
FCEs (force-controlled elements),
322–327
FEMA, 335, 341–2, 357, 360, 391,
401, 414, 421, 432–433,
437–438, 449, 451–452, 456,
463–464, 492, 495, 689–690,
723, 736, 739, 752, 783, 828,
830
Fiber-hinge, 534
Fiber models, 158
Fillet welds, 36, 57, 380, 414, 417,
426, 440, 443, 484, 610,
622–624
Fire, 10, 14, 105–109, 318, 341, 492,
499, 694
Fish plate, 727, 755–756, 766
Flame cutting, 41
Flange buckling, 611–612, 877, 881
Flange distortion, 358, 364
Flange local buckling (FLB), 112,
426, 430, 598, 609–610, 837,
840, 846, 849–850, 853,
856–857, 868, 870–871,
874–875, 877–879, 881–883,
885–887, 889
Flange plate, 164, 840, 850, 852
Flange ribs, 414, 421
Flange width, 117, 155, 169–170,
402, 432, 454, 456, 487, 646,
721, 837, 846, 850, 853
Flange width-thickness ratio, 648,
878
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Flanges, welded, 377, 379, 385, 405
Flexibility factor, 742, 752
Flexural link, 306
Flux-cored arc welding. See FCAW
Force-controlled elements. See
FCEs
Force-displacement curve, 30, 304,
817
Forensic, 12, 14, 56, 497
Fracture, net section, 557–558
Fracture appearance, 15, 17–18
Fracture appearance transition
temperature, (FATT) 17–18
Fracture life, 531–533, 589
Fracture mechanics, 17, 49,
109, 402
Fracture toughness, 18, 49–50,
54, 105, 452
Frame configurations, 536–537,
636–637, 651
Frame connections, 108–109, 360,
378, 413, 438, 490, 494, 495,
497, 779
Frame distortion effect, 666
Frames, gable, 202–203, 205, 207
Free flange (FF), 432–433, 491
Friction, 5, 35, 70, 413, 788,
806–809, 813–814, 817, 819,
823–825, 831–835
Full penetration groove weld, 57,
380, 426, 440–441

G

Galvanic couples, 809
Geometric imperfections, 843,
867, 882
Glide plane, 34
Global ductility demand, 302
Gravity bias, 576–579
Gravity loads, 195, 221, 283, 285,
303, 346, 363, 458, 473,
488–489, 538, 577, 581–583,
607, 645, 670–671, 679, 729,
735, 773, 780
Groove welds, 403, 413, 416,
419–420, 622
Gusset buckling, 557–558, 663,
665–666
Gusset connection, 664, 666–667
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Gusset plate, 524, 557, 559,
620–621, 653, 665–666, 673

H

Haunches, 207, 415, 421–424, 426,
438, 455, 886
HAZ. See heat-affected zone
HBE webs, 726–727, 741, 743, 745
HBEs (horizontal boundary
elements), 689–690, 695, 703,
705, 707–708, 710, 714–718,
720–721, 723–724, 726–730,
732–735, 741, 743, 745,
750–751, 758, 768–769, 772,
775–776, 779–780, 784
Heat-affected zone (HAZ), 27,
35–37, 40, 103, 122, 393, 441
Heavy rolled steel sections, 50,
106, 492
High-performance steels. See HPS
High strength steel, 170, 868
Historical developments, 346, 499,
692
Historical perspective, 336, 555
Honeycomb system, 800
Hooke, 145–146, 310
Horizontal boundary elements.
See HBEs
HPS (high-performance steels),
27–28, 66–67, 104, 109, 473, 490
HSS (hollow structural sections),
166, 326, 406, 528, 571,
580–581, 654, 707, 721, 737
HSS columns, 440
Hydrogen embrittlement, 4, 37, 55,
58, 108
Hydrostatic stress, 86
Hysteresis curves, 508–509, 513,
531, 535, 723
Hysteretic behavior, 52, 61, 93,
304, 381, 389, 414, 420, 422,
424–425, 429, 448–449,
461–463, 503, 508, 531,
710, 713, 759, 787, 806,
808, 820, 823
Hysteretic curves, 93, 128, 504,
514–515, 723, 806–807, 819,
824
Hysteretic dampers, 701, 827, 834
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Hysteretic energy dissipation, 28,
70, 293, 366, 459, 508, 515, 518,
710, 790, 805–806, 824
Hysteretic model, 72, 586

I

I-shaped links, 594, 609, 613–614,
618, 622, 628
Imperfections, 63, 237, 522, 840,
843–834, 867, 882
In-plane buckling, 544, 546–547,
560, 585
In-span hinging, 719, 723
Inclusions, 44–45, 370
Incomplete plastic collapse
mechanism, 184–185
Incremental deformation, 216,
218–219, 721, 723
Indeterminacy, 180, 183, 249, 272
Indirect capacity design approach,
721, 729
Inelastic drift, 576–579, 640
Inelastic energy dissipation, 352,
410
Infill, 281–282, 648, 661, 689–690,
703, 715, 717, 723, 726–728,
740, 750, 753, 755, 764–765,
781–783, 785
Infill panel, 689, 726–728, 750, 753,
785
Inflection points, 176, 352–353,
477, 616, 625
Inspection, 43, 54, 256, 334, 381,
389, 391, 394, 401–402, 411,
414, 419, 439, 452–453, 653
Instantaneous center of rotation,
202, 242
Integrity, 43, 303, 423, 542, 575
Interaction, 137, 595–597, 716, 761,
819, 875, 877, 881
Intermediate stiffeners, 609–610,
612–614, 642
Internal stresses, 41, 43, 48, 122
Internal work, 187, 191, 194–195,
198, 223–226, 253–254,
256–257, 606, 706–709
International Building Code, 316,
341–342, 346
Interpass temperature, 37, 39
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Interstory drift, 351, 443, 470
Intumescent materials, 14
Inverted V-braced frames, 505,
509, 537, 542, 547–549,
552–553, 555, 577, 588,
667, 670
Irregular layout, 551
Isotropic hardening, 89–90

J

Joint mechanisms, 194–196, 198,
251, 257
Joints, 194, 196, 198, 247, 249–252,
256–257, 308, 347, 359, 382,
391, 494–495, 497, 617, 829

K

K-area, 50–5, 105–107, 376
K-area fractures, 50
Kaiser bolted bracket (BB), 432
Kinematic hardening, 89–90, 92
Kinematic method, 4, 178,
186–193, 195, 198, 201, 207,
215, 223, 706–707
Kink, 216–219, 277, 279, 368, 370,
507, 606
Knee-braced, 505
Knife-plate, 546
Kobe earthquake, 439, 444–445,
447, 495, 527, 652, 701

L

Lamellar tearing, 4, 43–45, 47, 103,
393
Lateral bracing, 215, 351, 358,
430–431, 437, 451, 484, 543,
556, 602, 611, 614–615, 641,
643, 665, 846, 864–865, 867,
871, 873–874, 877, 882
Lateral buckling, 357, 573, 864,
870, 877–878, 883, 889
Lateral deflections, 297, 300, 347,
845–846, 848, 850–851, 877
Lateral displacement, 310, 507,
509–510, 513, 523, 670–671,
725, 799, 821, 845, 867, 869,
878
Lateral drift, 464, 577, 723, 725
Lateral load distribution, 287, 735
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Lateral-torsional buckling (LTB),
112, 176, 351–352, 374, 430,
573, 611, 686, 837, 840,
845–846, 848–849, 863,
867–872, 874, 877–879,
881–882, 885–887
Layering, 119, 158, 172
Length:
half-wave, 854–856
unbraced, 486, 642, 645,
838–839, 846, 863, 871, 873,
884
Linear programming, 249, 266, 272
Link beams, 611, 618–619, 629, 640,
645
Link deformation capacity,
597–598, 600
Link failure modes, 599
Link overstrength, 602–603
Link rotation, 640–641
Link shear strength, 596, 602,
615, 630
Link-to-column connections, 603,
622, 624–625, 648
Links:
flexure-governed, 630, 639–640
intermediate, 597–599
long, 597–599, 607, 611
shear-governed, 629–630,
639–641
Load:
shakedown, 217, 219–220
unbalanced vertical, 547, 549,
682
Load combinations, 309, 323, 339,
457, 553–554, 582, 671, 745,
780
basic seismic, 324, 609
Load path, 542, 551, 712
Load reversal, 29, 34, 63, 66, 80,
127, 176, 179, 315, 410
Load-sets, equivalent, 208,
213–215
Loading, monotonic, 293, 600,
882
Loading history, 30, 90, 98, 101,
217, 219, 535, 600–601
Loading protocol, 603, 605, 660,
813
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Loading rate, 409, 412
Local buckling, 34, 62–64, 93, 112,
126, 176, 222, 235–237,
278–279, 300, 351, 376, 416,
423, 430, 441, 500, 504, 515,
523, 525, 527–529, 534–535,
594, 609, 611, 648, 658, 837,
839, 841, 845–855, 857, 862,
864, 870–871, 874, 877–879,
881–883, 885–888
Local buckling requirements, 874,
876
Local ductility demand, 302
Low-cycle fatigue, 61–63, 66, 128,
504, 523, 533–535, 586
Low yield point. See LYP
Lower bound theorem, 150, 192
LTB. See lateral-torsional
buckling
Lüder lines, 2, 31
LYP (low yield point), 27–28, 67,
107, 109

M

Martensite, 37, 41
Material overstrength, 618, 628,
769
Material overstrength factor, 615,
618, 678
Maximum compression strength,
548, 555, 557
MCE (maximum considered
earthquake), 316–317, 328,
330–331, 725
Mechanism:
basic independent, 193–195,
197–199, 265
beam–sway, 285–286, 353
buckling–restraining, 655–657,
671
gable, 193–194
soft–story, 293, 357, 702,
708–710, 737, 758
yield, 315, 324, 326, 607, 616,
837, 881
Menegotto-Pinto functions, 72,
78, 118
Method of inequalities, 4, 249,
259–260
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Microcracks, 44, 46, 49
Mill test certificate, 120
Miner (and Miner’s rule), 69–70,
108
Model, phenomenological, 531,
533–535
Modification factor, 329–331, 736
Modulus of elasticity, 9–11, 31,
103, 121, 370, 468, 733
Mohr circle, 82, 88, 409
Moment curvature, 116–117
Moment redistribution, 4, 274,
276, 278, 857, 859
Moment-resisting connections,
412, 439, 689, 710, 718, 723,
810, 826
Monotonic loading, 293, 600,
882
Monotonic push-over analysis,
287–288

N

NAO. See Non-Asbestos Organic
National Building Code of
Canada. See NBCC
National Institute of Standards
and Technology. See NIST
NBCC (National Building Code of
Canada), 5, 329–331, 333,
342, 495
Necking, 9–10, 57–59
Neutral axis, 42, 112, 114, 117–119,
129–133, 136, 138, 144, 151–152,
155, 158, 160, 162, 164, 172,
744, 878
Neutral axis location, 119, 129,
131, 152, 158, 161, 163, 172
Nil-ductility-transition
temperature (NDTT), 18
NIST (National Institute of
Standards and Technology),
10, 12–14, 109, 492, 497
No-hole detail, 447
Nominal plastic moment, 324, 353,
360, 384, 417, 625
Nominal strength, 360, 522, 524,
769
Non-Asbestos Organic (NAO),
813, 832
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Noncompact section, 278, 839
Nonproportional loading, 108,
219, 221
Nonstructural damage, 327–328,
389
Normal stresses, 83, 743, 846, 856,
869
Normalized axial load, 509, 512,
514–515
Northridge earthquake, 6,
345–346, 350–351, 360,
363–364, 374, 377, 384, 389,
391, 396, 401, 409–412, 421,
427, 432, 437, 439, 451,
490, 491, 496, 497, 501, 527,
585, 589, 651–652, 693, 695,
782, 784
Northridge failures, 401, 410,
439, 445
Notch toughness, 4, 18–19, 21–23,
51–52, 103, 383, 402, 409, 445,
452–453, 484
Number, cycle, 518, 605
Number of basic mechanisms, 249,
251, 253, 260, 272
Number of potential plastic hinge
locations, 249, 251

O

OCBFs (ordinary concentrically
braces frames), 502, 504, 506,
524, 528, 549, 556
Openings, 347, 692, 756, 758, 763,
769, 773
Optimization, 97, 198, 203, 207,
227–228, 266, 276, 637, 683
Ordinary concentrically braces
frames. See OCBFs
Out-of-lane buckling, 526, 542–544,
546, 560, 663–665, 689
Out-of-straightness, 570, 849
Overlaid welds, 421
Overly complete plastic
mechanisms, 201
Overstrength, 540, 553, 577, 602,
648, 671, 679, 739–740,
753–754, 758
Overstrength factor, 324, 352, 580,
740, 813
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P

Panel, 193–196, 198, 206, 249–252,
254–257, 260, 362, 367–368,
373, 598, 657, 690, 701, 704,
713, 715, 752, 756, 759, 761,
765, 778, 812, 830
Panel mechanisms, 194–195, 197–
198, 251–253, 256–257, 260
Panel zone behavior, 345, 364,
370–371
Panel zone deformation, 365,
375–376
Panel zone design, 374, 413, 452,
459
Panel zone shear, 363, 374
Panel zones, 348–350, 358–359,
362–364, 367–370, 374–377,
382, 395, 412, 414, 417, 419,
421, 423, 452, 459, 495, 712
Partial penetration welds, 50,
354, 496
Partially restrained, 432, 447
Perforation ratio, 761–763
Performance-based seismic
design, 335–336, 688
Period of vibration, 338, 409
Phenomenological model, 93, 531,
533–535, 587
Physical model, 850, 866, 877
Plastic analysis, 2, 4, 100, 111, 175,
183, 185, 188–190, 192, 207,
222, 249, 253, 259, 273–274,
281, 309, 315, 347, 350, 491,
706, 708, 739–740
Plastic behavior, 2, 80, 96, 101, 111,
127, 151, 426
Plastic collapse load, 4, 70, 72,
181–182, 187, 191, 197–198,
200–201, 205, 207–215, 217,
219, 225, 228, 249, 253,
256–257, 269–270
Plastic deformations, 1, 28, 34, 100,
111, 176, 180, 187, 201, 219, 230,
279, 286, 296, 315, 358, 364,
377, 410, 423, 503, 598, 826
Plastic design, 3–4, 101, 104, 108,
199, 221, 261, 278, 309, 358,
490, 837–839, 857–861, 868,
871, 873–876, 881–882, 889
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Plastic flow, 95, 97, 114, 217
Plastic Hinge Location, 457–458,
476
Plastic hinging, 224, 279, 347, 357,
413–414, 425, 437, 440, 459,
490, 504, 507, 517, 529, 543,
548–549, 557, 560, 564, 720,
728, 750–751, 781
Plastic material behavior, 7, 94
Plastic mechanisms of local
buckling, 235
Plastic modulus, 91–92, 144, 163,
356, 360, 385, 720, 886
Plastic moments, 116, 151, 193,
198, 261, 273, 283
Plastic plateau, 8–9, 33, 103,
845–846
Plastic rotation capacities, 285,
300, 555, 846, 857
Plastic rotation demands, 350–351,
795
Plastic rotations, 179, 187, 195,
197–198, 202, 215, 217, 219,
223–225, 232, 234, 254, 277,
314–315, 388, 411, 414, 419–
420, 447, 459, 528, 723, 857, 859
Plastic section modulus, 116, 142,
145, 407, 457, 471, 728, 745,
750
Plastic strains, 74, 91–92, 126
Plastic strength, 3–4, 101, 112, 150–
151, 222, 224, 226–230, 246,
272, 307, 459, 464, 706, 741,
745, 799
Plastic stress distribution, 141,
143, 151
Plastic theory, simple, 171, 176,
179–180, 239, 242–243, 377,
379, 604, 607
Plastic torques, 147–148, 150
Plastic zones, 114, 235–237, 279,
299
Plasticity, 1, 3, 29, 83, 89, 106–107,
117, 124, 130, 154–156, 176,
806
alternating, 61–62, 128
Plastification, 70, 98, 114, 118,
122, 126, 176, 286, 295–296,
440–441
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Plate buckling, 715, 842, 844, 889
Plate girders, 28, 691, 782
Plates:
fish, 755–756, 766
reinforcing, 765, 824–825
stiffener, 384, 560
triangular, 246, 792
Poisson’s ratio, 9–10, 407, 654, 660,
726, 762, 841, 852, 856
Postbuckling behavior, 237–238,
554, 840
Postbuckling stiffness, 842–844
Postbuckling strength, 236, 327,
520, 552, 569, 573, 689–690,
846, 865
Postyield, 62, 72, 370, 372, 464
Postyield stiffness, 72, 370, 464
Power functions, 72–76, 78, 92
Prandtl, 146
Precompression, 670–671
Preheat, 37, 39
Prequalified connections, 247,
351, 361, 375, 432, 451, 453,
457–459, 473, 489, 646
Principal stresses, 85–87, 690
Proprietary devices, 432, 437–438,
495, 560, 654, 660, 795, 801–803
Pushover analysis, 710, 729–730,
735, 738, 750

Q

Qualification test, 603
Quality control, 437, 439, 452

R

Radius of gyration, 351, 508, 525,
838, 879
Rainflow method, 68–70, 531, 535
Ramberg-Osgood functions, 75–78
RBS (reduced beam section), 429,
432–434, 455–457, 459,
487–490, 497, 646, 720, 728,
735, 750–751, 759, 861, 889
RBS connections, 430, 447, 451–452,
455–457, 459, 489–490
RBS locations, 488, 490, 720–721
Rectangular cross-section, 114–116,
128, 132–134, 137–139, 142,
147–148, 222, 300, 686
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Rectangular plate, 225, 227–228
Redistribution factor, 181
Reduced beam section. See RBS
Reduction factors, 333, 336, 341,
347, 351, 504, 728–729,
745–746, 749
Redundancy, 320–321, 323, 385,
426, 449, 455, 538, 567, 620,
626, 702, 767
Redundant forces, 259–260
Reloading, 29, 52, 54, 95, 277, 463,
508
Repairs, 359, 391, 412, 438–439,
455–456, 496, 787–788, 790
Replacement loads, 208, 213
Residual stresses, 4, 14, 34, 41–42,
48, 50, 57, 99, 101, 103,
120–126, 128, 353, 419, 507,
576, 838, 846, 849, 861
Resistance factor, 120, 516,
618, 662
Response modification factor, 318,
320–321, 787
Response spectrum, 310–313,
315–316, 318, 332, 467–468,
470–471, 494, 566–567, 570,
626, 637, 675–676, 679, 683,
767, 769
Restrained weld, 41, 44, 47, 408
Retrofit, 110, 286, 302, 308,
438–439, 501, 585, 590,
646–647, 687, 689, 692–693,
782, 784–785, 789, 795, 819,
829–835
Rigid beam-to-column connection,
347, 707, 710, 740
Rigid frame action, 347
Rigid plastic model, 70
Rocking structures, 818–819,
824, 834
Rocking systems, 818, 824, 826
Root pass, 48, 392, 411, 452
Rotation angles, 204, 233, 468, 723
Rotation capacity, 247, 351, 357,
385, 389, 598, 609, 837, 839,
857–859, 861, 863, 865, 867,
872–873, 875, 878–882
Roughness, 452, 454
Runoff tabs, 402, 411, 414, 452
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S

SAC, 26–27, 40, 109, 351, 360, 391,
401–402, 407, 414, 419,
421, 496
Sand-heap analogy, 145–146, 148
SCBFs (special concentrically
braced frame), 319, 322, 326,
502, 504–506, 528, 537,
549–550, 556, 565–566,
568–569, 575, 577, 579–582,
590–591, 593–594, 620, 622,
669, 673–675, 679, 696
SDC (Seismic Design Category),
317, 333
SEAOC (Structural Engineers
Association of California),
54, 327, 338–340, 343, 345,
363–364, 399, 412, 424, 490,
492, 494, 496, 497, 501, 516,
589, 687, 783
Section modulus, elastic, 116–117,
838, 849
Seismic coefficient, 336–339
Seismic Design Category (SDC),
317, 333
Seismic design data, 466, 566, 626,
767
Seismic design provisions,
327–328, 341, 640
Seismic force reduction, 329, 333,
336, 340–341, 343, 351, 496,
729
Seismic loads, amplified, 324, 472,
524, 554
Seismic performance factors,
319–320, 339, 341
Seismic performance objective,
327
Self-centering systems, 5, 790, 817,
824, 830, 835
Semi-rigid connections, 230, 447,
448–450, 491, 495, 830
Shakedown theorem, 215
Shape factor, 116–117, 124, 126,
163–164, 166, 169–170,
176–177
Shape memory alloys, 28, 106, 110,
826, 829, 835
Shear, pure, 138, 690
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Shear buckling, 480, 598, 600–601
Shear connections, 287, 384, 489
Shear distortion, 368–369
Shear failure protection, 281
Shear link, 306, 597, 600, 609, 611,
614, 647
Shear modulus, 146, 370, 856
Shear strain hardening, 374
Shear strength, 282, 290, 459, 546,
563, 572, 595–596, 602, 606,
629, 640, 778, 784
adjusted link, 616, 631, 633–634
Shear stresses, 81–82, 85, 137–138,
140, 145–146, 148, 367, 407,
409, 728, 741, 744–745
uniform, 140, 142, 743
Shielded metal arc welding. See
SMAW
Short-column, 282
Short links, 596, 598–600, 602, 604,
606–607, 619, 642, 648
Sidesway mechanism, 194
Sign convention, 183, 187, 253,
256–257, 259–260, 362, 717
Simple beam-to-column
connection, 706, 709, 711,
738
Simple plastic analysis, 4, 175, 191
Simplex method, 266
Sleeved column, 658, 660, 687–688
Slender braces, 294, 504, 507–508,
522, 529, 540
Slenderness, 508–509, 516, 520–523,
539–540, 546, 580, 673
Slenderness ratio, 508–510,
515–516, 528, 532, 546, 652,
837–839, 871, 873–874,
879–880, 885
Sliding hinge joint, 813, 816
Slip plane, 31–32, 34–35, 82, 103
Slippage, 34, 81, 93, 379, 410, 622
Slotted bolt connections, 808–809
SMAW (shielded metal arc
welding), 36–39
Smooth hysteretic models, 80, 93
Smooth hysteretic power
functions, 92
SMRF. See special momentresisting frame
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Index
Special concentrically braced
frame. See SCBFs
Special moment-resisting frame
(SMRF), 345, 490, 492, 504,
723, 725, 756
Special perforated steel plate
shear walls, 758–760, 786
Special Truss Moment Frames. See
STMF
SPSWs (steel plate shear walls),
560, 689, 692–697, 699–703,
705–706, 708, 710–713, 715,
720–721, 723, 725, 728–729,
732, 734–737, 739–740, 742,
750, 753–754, 756, 758, 762–769,
780–785, 824
SRSS, 553, 555
SSPC (Structural Shape Producers
Council), 402, 405, 497
Saint-Venant, 2
St. Venant torsion, 864, 868
Stability, 3, 6, 52, 106, 108, 124, 175,
215, 247, 335, 376, 458–464,
470, 490, 491, 494, 495, 497,
556, 588, 613, 619, 647–648,
687, 782–783, 787, 818, 837,
861, 887–890
Stability coefficient, 461, 464–465
Stability of moment resisting
frames, 459
Statical method, 178, 181–182, 185,
190, 192, 238, 274–275, 707
Steel, stainless, 55–56, 812, 814
Steel casing, 654, 656–657,
661–662
Steel core, 654–655, 657–658, 660,
662–663, 669–670, 673, 678
Steel grades, 7, 19–22, 26, 160,
324, 396, 404, 515, 853, 857,
870, 882
Steel plates, thick, 44, 47, 245, 697
Step-by-step method, 178,
180–181, 240
Stiffened link, 595, 598
Stiffened SPSWs, 694, 700–701
Stiffener spacing, 601, 611, 614, 642
Stiffeners, 53, 170, 358–359, 380,
384, 392, 594–595, 609–614,
624, 641–642, 702
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STMF (Special Truss Moment
Frames), 564, 583
Stocky braces, 508, 523
Story brace model, equivalent,
738–739
Story drift, 290, 313–314, 319–320,
330–331, 334, 554–555, 570,
606, 672, 685, 738–739, 795
Straightening, rotary, 50, 52
Strain aging, 54–55, 105–106, 109
Strain amplitude, 63, 66–67
Strain cycles, 62, 68–69
Strain-hardening, 9–10, 13, 27, 30,
34, 54–55, 71–72, 89, 100, 103,
105, 108, 176, 278, 281, 286,
299, 302, 849, 851, 856, 863,
869, 882
Strain-hardening range, 9, 29, 31,
52, 54, 90, 299, 740, 863, 889
Strain-hardening shear modulus,
856
Strain-hardening stiffness, 72, 74,
856
Strain-hardening value, 851–853
Strain rates, 4, 18, 22, 24–26, 120,
409, 411–412
Strains, cyclic, 63–64, 883
Strength, adjusted link, 620, 631,
634
Strength adjustment factor, 580,
670, 673, 678, 686
Strength degradation, 357, 374,
414, 423, 431, 501, 504, 542,
848, 885
Strength of connections, 222, 229
Strengthening strategies, 414–415,
421
Stress, critical, 500, 851–852, 855
Stress concentration 50, 360, 407,
426, 598, 610
Stress corrosion, 55–56, 58–59
Stress diagrams, 112, 114–115, 126,
132, 142, 145, 152, 156, 743, 746
Stress function, 91, 146, 148
Stress intensity factor, 49, 55, 59
Stress reversal, 29
Stress-strain curves, 8–10, 12, 22,
28–29, 31, 33, 58–59, 75, 91–92,
94
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Index
Stress tensor, 82, 85–86
Strip model, 712–714, 737–741, 780
Strong-column/weak-beam, 353,
477–478
Structural damage, 327, 332, 693
Structural ductility factor, 321–322
Structural Engineers Association
of California. See SEAOC
Structural fuse concept, 5, 26,
592–593, 609, 620, 653, 787–790,
831
Structural overstrength, 319, 322
Structural stability, 3, 460, 787,
888–889
Stub-beams, 439–440
Superelastic, 28, 106, 110, 826, 829,
835
Sway mechanism, 213, 284–286,
307, 351, 353, 552, 719, 750
System overstrength, 322, 330,
540, 740

T

T-ADAS, 795–799
T-section, 164, 172
T-stub, 229–230
Tangent modulus, 9–10, 31, 91–92,
103, 863–864
Tangent stiffness, 78, 509
Tearing, 4, 43–45, 47, 103, 393, 594,
598
Temperature, 4, 10–12, 14–18, 25,
37, 55, 106, 404, 588, 805
Tensile strengths, 7, 11–12, 25, 52,
54, 60, 324, 404, 444–445,
457–458, 546, 613, 673, 756
expected, 324, 327, 404, 459, 552,
557, 780
Tension braces, 287, 290, 505, 517,
524, 538, 540, 542–543, 548,
555
Tension field action, 614, 690–691,
715, 766
Tension fields, 704–705, 708,
726–727, 742, 752
Tension-only braces, 500, 506, 710,
754
Tension-only design, 289, 291–292
Terminology, 6, 223, 332, 528
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Testing requirements, 651, 672
Torsional plastic section modulus,
148
Total plastic rotation, 412, 431
Transfer beams, 551–552
Tresca yield condition, 2, 81–83,
87–89, 137
Triaxial stress conditions, 88, 407,
413
Two-level seismic design
procedures, 331, 333, 343
Two-surface models, 89–92

U

UBC. See Uniform Building Code
Ultrasonic inspection, 402, 419
Unbonding agent, 655–656
Unbonding material, 654, 657
Uniform Building Code (UBC),
323, 332, 336, 340–342, 346,
494, 501, 586, 591
Uniqueness theorem, 4, 192, 246,
253
Unloading, 28–29, 34, 95, 98–99,
101–102, 127, 277, 295, 462,
507, 509, 531, 823, 826, 845,
863–864, 868, 878
Unstiffened link, 594–595
Upper bound theorem, 192, 197,
207–208, 240, 243, 270–271,
305–306

V

V-braced frames, 505, 537, 547,
552, 588, 671
inverted, 537, 547–548, 552–553,
555, 670
VBE design, 734, 750, 752, 776
VBEs (vertical boundary
elements), 689–690, 695, 703,
705, 708, 710–711, 714, 716,
728–730, 732–735, 741,
750–752, 754, 756, 758, 768–769,
773–774, 776, 780, 782, 785
Virtual-work method, 178,
186–187
Von Mises, 2, 82–83, 87–89,
137–138, 140, 144, 146, 148,
371, 601, 743, 748, 776
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Von Mises yield criterion, 2, 87,
138, 146, 148, 368, 374, 601,
743

W

Warping restraint, 170, 846, 854,
864–865, 881
Wavelength, 847, 849, 870, 877
Weakening strategies, 427
Web connections, bolted, 377,
379, 622
Web crippling, 361, 483, 575
Web-flange core, 50
Web local buckling (WLB), 112,
430, 594, 609, 837, 840, 859,
862, 874–879, 881–882, 885,
887
Web plate design, 737
Web restraint, 850, 855–856, 877
Web strength, 480, 768–769
Web welds, 48, 384, 386, 390
Web width-thickness ratios,
838–839, 859
Web yielding, 358, 361, 364
Weld access hole, 440, 446,
452–453, 483–484, 496
Weld design, 104, 401
Weld metals, 41, 44, 50, 122,
401–402, 421, 446, 451
Weld runoff tabs, 402, 411,
414, 452
Weld shrinkage, 41, 48, 419
Welded connections, 43–44, 379,
410, 427, 443, 445, 489, 494,
662
Welded flange plate. See WFP
Welded unreinforced flangeswelded web (WUF-W).
See WUF-W
WFP (welded flange plate),
432–433, 436, 486
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Wide-flange sections, ideal,
117, 124
Width-to-thickness ratios, 451,
500, 504, 527–528, 537, 555,
874
Workmanship, 49, 381, 401, 411,
439, 453
WUF-W, 432–434, 452, 456–457,
467, 472–473, 484

X

X-braced frames, 505–506,
542–544, 546, 588

Y

Yield line, 222–225, 227–230, 233,
235–238, 244–247, 360, 557,
561
Yield mechanism, 233, 315,
323–324, 326, 467, 564, 568,
594, 607, 616, 627, 661, 675,
769, 837, 881
Yield strength, 22, 300, 361,
403–404, 459, 506, 531, 555,
569, 576, 619, 654, 661, 799,
822, 872, 884
Yield stress, 324, 332, 405, 409, 678,
705, 720, 744, 819, 838, 850,
857, 882
Yielded length, 849, 869–871
Young’s modulus, 662, 670, 683,
799, 841

Z

Zero-length plastic hinge,
176–178
Zipper frames, 565
Zones:
heat-affected, 27, 35–37, 40, 103,
122, 393, 441
plastified, 113–114
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