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Preface

Our object in writing this book is to present the main results of the mod-
ern theory of multivariate statistics to an audience of advanced students
who would appreciate a concise and mathematically rigorous treatment of
that material. It is intended for use as a textbook by students taking a
first graduate course in the subject, as well as for the general reference of
interested research workers who will find, in a readable form, developments
from recently published work on certain broad topics not otherwise easily
accessible, as, for instance, robust inference (using adjusted likelihood ratio
tests) and the use of the bootstrap in a multivariate setting. The references
contains over 150 entries post-1982. The main development of the text is
supplemented by over 135 problems, most of which are original with the
authors.

A minimum background expected of the reader would include at least
two courses in mathematical statistics, and certainly some exposure to the
calculus of several variables together with the descriptive geometry of linear
algebra. Our book is, nevertheless, in most respects entirely self-contained,
although a definite need for genuine fluency in general mathematics should
not be underestimated. The pace is brisk and demanding, requiring an in-
tense level of active participation in every discussion. The emphasis is on
rigorous proof and derivation. The interested reader would profit greatly, of
course, from previous exposure to a wide variety of statistically motivating
material as well, and a solid background in statistics at the undergraduate
level would obviously contribute enormously to a general sense of famil-
iarity and provide some extra degree of comfort in dealing with the kinds
of challenges and difficulties to be faced in the relatively advanced work
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of the sort with which our book deals. In this connection, a specific intro-
duction offering comprehensive overviews of the fundamental multivariate
structures and techniques would be well advised. The textbook A First
Course in Multivariate Statistics by Flury (1997), published by Springer-
Verlag, provides such background insight and general description without
getting much involved in the “nasty” details of analysis and construction.
This would constitute an excellent supplementary source. Our book is in
most ways thoroughly orthodox, but in several ways novel and unique.

In Chapter 1 we offer a brief account of the prerequisite linear algebra
as it will be applied in the subsequent development. Some of the treatment
is peculiar to the usages of multivariate statistics and to this extent may
seem unfamiliar.

Chapter 2 presents in review, the requisite concepts, structures, and
devices from probability theory that will be used in the sequel. The ap-
proach taken in the following chapters rests heavily on the assumption that
this basic material is well understood, particularly that which deals with
equality-in-distribution and the Cramér-Wold theorem, to be used with
unprecedented vigor in the derivation of the main distributional results in
Chapters 4 through 8. In this way, our approach to multivariate theory
is much more structural and directly algebraic than is perhaps traditional,
tied in this fashion much more immediately to the way in which the various
distributions arise either in nature or may be generated in simulation. We
hope that readers will find the approach refreshing, and perhaps even a bit
liberating, particularly those saturated in a lifetime of matrix derivatives
and jacobians.

As a textbook, the first eight chapters should provide a more than ade-
quate amount of material for coverage in one semester (13 weeks). These
eight chapters, proceeding from a thorough discussion of the normal dis-
tribution and multivariate sampling in general, deal in random matrices,
Wishart’s distribution, and Hotelling’s T2, to culminate in the standard
theory of estimation and the testing of means and variances.

The remaining six chapters treat of more specialized topics than it might
perhaps be wise to attempt in a simple introduction, but would easily be
accessible to those already versed in the basics. With such an audience in
mind, we have included detailed chapters on multivariate regression, prin-
cipal components, and canonical correlations, each of which should be of
interest to anyone pursuing further study. The last three chapters, dealing,
in turn, with asymptotic expansion, robustness, and the bootstrap, discuss
concepts that are of current interest for active research and take the reader
(gently) into territory not altogether perfectly charted. This should serve
to draw one (gracefully) into the literature.

The authors would like to express their most heartfelt thanks to everyone
who has helped with feedback, criticism, comment, and discussion in the
preparation of this manuscript. The first author would like especially to
convey his deepest respect and gratitude to his teachers, Muni Srivastava
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of the University of Toronto and Takeaki Kariya of Hitotsubashi University,
who gave their unstinting support and encouragement during and after his
graduate studies. The second author is very grateful for many discussions
with Philip McDunnough of the University of Toronto. We are indebted
to Nariaki Sugiura for his kind help concerning the application of Sug-
iura’s Lemma and to Rudy Beran for insightful comments, which helped
to improve the presentation. Eric Marchand pointed out some errors in
the literature about the asymptotic moments in Section 8.4.1. We would
like to thank the graduate students at McGill University and Université
de Montréal, Gulhan Alpargu, Diego Clonda, Isabelle Marchand, Philippe
St-Jean, Gueye N’deye Rokhaya, Thomas Tolnai and Hassan Younes, who
helped improve the presentation by their careful reading and problem solv-
ing. Special thanks go to Pierre Duchesne who, as part of his Master
Memoir, wrote and tested the S-Plus function for the calculation of the
robust S estimate in Appendix C.

M. Bilodeau
D. Brenner
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1

Linear algebra

1.1 Introduction

Multivariate analysis deals with issues related to the observations of many,
usually correlated, variables on units of a selected random sample. These
units can be of any nature such as persons, cars, cities, etc. The observa-
tions are gathered as vectors; for each selected unit corresponds a vector
of observed variables. An understanding of vectors, matrices, and, more
generally, linear algebra is thus fundamental to the study of multivariate
analysis. Chapter 1 represents our selection of several important results
on linear algebra. They will facilitate a great many of the concepts in
multivariate analysis. A useful reference for linear algebra is Strang (1980).

1.2  Vectors and matrices

To express the dependence of the x € R™ on its coordinates, we may write
any of
T
X = (xiv Z:177n’) = ('1:1) =
Tn
In this manner, x is envisaged as a “column” vector. The transpose of x is
the “row” vector x' € R,,

x = (mi)l =(21,...,Zn) .



2 1. Linear algebra

An m x n matrix A € R} may also be denoted in various ways:

ai; G
A=(ay, i=1....,m, j=1,...,n)=(a;;) =
Ami - Qmn
The transpose of A is the n x m matrix A’ € R?:
a0 Gml
A= (ai) = (az) =
ain - Gn

A square matrix S € R” satisfying S = S’ is termed symmetric. The
product of the m x n matrix A by the n X p matrix B is the m X p matrix
C = AB for which

n
Cij = g Qikbrj .
k=1

The trace of A € R? is tr A = )" | a;; and one verifies that for A € R
and B € R?,, tr AB = tr BA.

In particular, row vectors and column vectors are themselves matrices,
so that for x, y € R™, we have the scalar result

n
X/y = szzﬁ = y/X.
i=1

This provides the standard inner product, (x,y) = x’y, in R with the
associated “euclidian norm” (length or modulus)

e (5)

The Cauchy-Schwarz inequality is now proved.

Proposition 1.1 |[(x,y)| < |x]| ly], Vx,y € R", with equality if and only
if (iff) x = Ay for some X € R.

Proof. If x = Ay, for some A € R, the equality clearly holds. If not,
0<|x—Ay|> =[x —2\x,y) + )\2|y\2 VA € R; thus, the discriminant of
the quadratic polynomial must satisfy 4(x,y)? — 4|x/|? |y|2 < 0. O

The cosine of the angle  between the vectors x # 0 and y # 0 is just

cos(f) = (x,y)
x| |yl
Orthogonality is another associated concept. T'wo vectors x and y in R”
will be said to be orthogonal iff (x,y) = 0. In contrast, the outer (or
tensor) product of x and y is an n X n matrix

xy' = (ziy;)
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and this product is not commutative.
The concept of orthonormal basis plays a major role in linear algebra. A
set {v;} of vectors in R™ is orthonormal if

0, i#j

The symbol 9;; is referred to as the Kronecker delta. The Gram-Schmidt
orthogonalization method gives a construction of an orthonormal basis from
an arbitrary basis.

Proposition 1.2 Let {vy,...,v,} be a basis of R™. Define

w = vi/|vil,
u = wi/|lwil,
where w; = v; — Z;;ll(vguj)uj, i=2,...,n. Then, {u1,...,u,} is an

orthonormal basis.

1.3 Image space and kernel

Now, a matrix may equally well be recognized as a function either of its
column vectors or its row vectors:

/

81
A=(ay,...,a,) = :
8m
fora;j € R™, j =1,...,norg; € R*, i =1,...,m. If we then write

B = (by,...,b,) with b; e R”, j =1,...,p, we find that
AB = (Aby,...,Ab,) = (g/b;).
In particular, for x € R™, we have expressly that

I

Ax = (ay,...,a,) | : :inai (1.1)
T i=1
or
g g1x
Ax = Dol x= . (1.2)
m gmX

The orthogonal complement of a subspace ¥V C R” is, by definition, the
subspace

VE={yeR": y Lx, VxcV}.
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Expression (1.1) identifies the image space of A, Im A = {Ax: x € R"},
with the linear span of its column vectors and the expression (1.2) reveals
the kernel, ker A = {x € R” : Ax = 0}, to be the orthogonal complement
of the row space, equivalently ker A = (Im A’)*. The dimension of the
subspace Im A is called the rank of A and satisfies rank A = rank A’,
whereas the dimension of ker A is called the nullity of A. They are related
through the following simple relation:

Proposition 1.3 For any A € R, n = nullity A + rank A.

n ’
Proof. Let {vy,...,v,} be a basis of ker A and extend it to a basis
{Vi, o, Vo, Vg, oo, Vi }

of R™. One can easily check {Av,;1,...,Av,} is a basis of Im A. Thus,
n = nullity A + rank A. a

1.4 Nonsingular matrices and determinants

We recall some basic facts about nonsingular (one-to-one) linear transfor-
mations and determinants.

By writing A € R} in terms of its column vectors A = (ay,...,a,) with
a; c¢R", j=1,...,n, it is clear that
A is one-to-one <= ay, ..., a, is a basis <= ker A = {0}

and also from the simple relation n = nullity A + rank A,
A is one-to-one <= A is one-to-one and onto.

These are all equivalent ways of saying A has an inverse or that A is non-
singular. Denote by o(1),...,0(n) a permutation of 1,...,n and by n(o)
its parity. Let S,, be the group of all the n! permutations. The determinant
is, by definition, the unique function det : R? — R, denoted |A| = det(A),
that is,

(i) multilinear: linear in each of ay, ..., a, separately
(ii) alternating: |(as(1);--.,85(m))| = (=)™ |(ay,...,a,)|
(iii) normed: |I| = 1.
This produces the formula
Al = > (=)™ ar0) - Gnogm)
o€Sy,

by which one verifies

|AB| = |A[|B| and |A'| = |A].
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Determinants are usually calculated with a Laplace development along any
given row or column. To this end, let A = (a;;) € R}:.. Now, define the
minor |m(3, j)| of a;; as the determinant of the (n—1) x (n—1) “submatrix”
obtained by deleting the ith row and the jth column of A and the cofactor
of a;; as ¢(i,j) = (—=1)"*|m(q, j)|. Then, the Laplace development of |A|
along the ith row is |A| = Z?Zl a;j-c(i,j) and a similar development along
the jth column is |A| = >°% | ai; - ¢(i,j). By defining adj(A) = (c(4,7)),
the transpose of the matrix of cofactors, to be the adjoint of A, it can be
shown A~! = |A|71 adj(A).
But then

Proposition 1.4 A is one-to-one < |A| # 0.

Proof. A is one-to-one means it has an inverse B, |[A||B|] = 1 so
|A| # 0. But, conversely, if |A| # 0, suppose Ax = Z;;l zja; = 0,
then substituting Ax for the ith column of A

n
al,...,g Tjaj, ...,y :$1|A|=O,Z:1,,’n
Jj=1

so that x = 0, whereby A is one-to-one. a

In general, for a; € R", j =1,...,k, write A = (ai,...,a;) and form
the “inner product” matrix A’A = (ala;) € Rf. We find

Proposition 1.5 For A € R,

1. ker A =ker A’A

2. rank A =rank A’A

3. ajy,...,a; are linearly independent in R™ < |A’A| # 0.

Proof. If x € ker A, then Ax = 0 = A’Ax = 0, and, conversely, if
x € ker A’A, then

A'Ax=0= xX'A’Ax =0 = |Ax|* = Ax =0.

The second part follows from the relation k& = nullity A + rank A and the
third part is immediate as ker A = {0} iff ker A’A = {0}. ]

1.5 Eigenvalues and eigenvectors

We now briefly state some concepts related to eigenvalues and eigenvectors.
Consider, first, the complex vector space C™. The conjuguate of v = x+iy €
C, z,y € R, is ¥ = x —1iy. The concepts defined earlier are anologous in this
case. The Hermitian transpose of a column vector v = (v;) € C™ is the row
vector vi7 = (7;)’. The inner product on C" can then be written (vq,vy) =
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vivy for any vi, vo € C". The Hermitian transpose of A = (a;;) € C
is A = (aj;) € Cp, and satisfies for B € C, (AB)” = B¥A®. The
matrix A € C? is termed Hermitian iff A = A#. We now define what is
meant by an eigenvalue. A scalar A € C is an eigenvalue of A € C}! if there
exists a vector v # 0 in C™ such that Av = Av. Equivalently, A € C is an
eigenvalue of A iff |A — AI| = 0, which is a polynomial equation of degree
n. Hence, there are n complex eigenvalues, some of which may be real, with
possibly some repetitions (multiplicity). The vector v is then termed the
eigenvector of A corresponding to the eigenvalue A. Note that if v is an
eigenvector, so is av, Ya # 0 in C, and, in particular, v/|v| is a normalized
eigenvector.

Now, before defining what is meant by A is “diagonalizable” we define
a matrix U € C” to be unitary iff UYU =1 = UU#. This means that
the columns (or rows) of U comprise an orthonormal basis of C". We note

immediately that if {u;,...,u,} is an orthonormal basis of eigenvectors
corresponding to eigenvalues {A1,..., A\, }, then A can be diagonalized by
the unitary matrix U = (uy,...,u,); i.e.,, we can write

UPAU = U (Auy,...,Au,) = U (\uy, ..., \u,) = diag(N),

where A = (A1, ..., A\)". Another simple related property: If there exists a
unitary matrix U = (uy,...,u,) such that U? AU = diag()), then u; is
an eigenvector corresponding to A;. To verify this, note that

Aui =U diag()\)UHui =U diag(/\)ei = U)\iei = )\Zul

Two fundamental propositions concerning Hermitian matrices are the
following.

Proposition 1.6 If A € C} is Hermitian, then all its eigenvalues are real.
Proof.
vEAv = (VEAV)T = v Ay = v Av,

which means that v Av is real for any v € C". Now, if Av = \v for some
v # 0 in C", then v Av = A\vv = \|v|?. But since vF/ Av and |v|? are
real, so is A. O
Proposition 1.7 If A € C! is Hermitian and vi and vy are eigenvectors

corresponding to eigenvalues A1 and Ao, respectively, where Ay # g, then
Vi 1L Vao.

Proof. Since A is Hermitian, A = A¥ and \;, i = 1,2, are real. Then,

Avi=)\ivi — V{{AH = V{IA = Alv{{ i V{—IAVQ = )\1V{{V2,

AV2 = AQVQ - V{IAVQ = /\QV{—IVQ.

Subtracting the last two expressions, (A1 —A2)vi vy = 0 and, thus, vilvy =
0. O
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Proposition 1.7 immediately shows that if all the eigenvalues of A, Her-
mitian, are distinct, then there exists an orthonormal basis of eigenvectors
whereby A is diagonalizable. Toward proving this is true even when the
eigenvalues may be of a multiple nature, we need the following proposition.
However, before stating it, define T = (¢;;) € R} to be a lower triangular
matrix iff ¢;; = 0, ¢ < j. Similarly, T € R} is termed upper triangular iff
tl‘j =0,7>7.

Proposition 1.8 Let A € C7 be any matrixz. There exists a unitary matriz
U € C" such that U AU is upper triangular.

Proof. The proof is by induction on n. The result is obvious for n = 1.
Next, assume the proposition holds for n and prove it is true for n + 1.
Let A; be an eigenvalue of A and uj, |u;| = 1, be an eigenvector. Let
U; = (u,I) for some T such that U is unitary (such a T' exists from the

Gram-Schmidt method). Then,
H
UPAU, = U7 (\juy, AT) = (Aol “1$F> ,

where B = T AT € C”. From the induction hypothesis, there exists V
unitary such that VEBV = T is triangular. Define

1o
oo V)

and it is clear that U, is also unitary. Finally,

A, ufAT
(U, U)PA(UU,) = Uf(ol ulB )U2

(10 A uffATY (1 0O
— \o Vv 0 B 0V
)\1 U{JAFV
0 T ’

which is of the desired form. The proof is complete because U = U, Uy is
unitary. a

As a corollary we obtain that Hermitian matrices are always diagonalizable.

Corollary 1.1 Let A € C} be Hermitian. There exists a unitary matriz
U such that UH AU = diag(\).

Proof. Proposition 1.8 showed there exists U, unitary, such that U7 AU
is triangular. However, if A is Hermitian, so is U¥ AU. The only matrices
that are both Hermitian and triangular are the diagonal matrices. a

In the sequel, we will always use Corollary 1.1 for S € R} symmetric.
However, first note that when S is symmetric all its eigenvalues are real,
whereby the eigenvectors can also be chosen to be real, they are the solu-
tions of (S — AI)x = 0. When U € R” is unitary, it is called an orthogonal
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matrix instead. A matrix H € R} is said to be orthogonal iff the columns
(or rows) of H form an orthonormal basis of R", i.e, HH =1 = HH'.
The group of orthogonal matrices in R} will be denoted by

O0,={HeR!: HH =1}
We have proven the “spectral decomposition:”

Proposition 1.9 If S € R} is symmetric, then there exists H € O,, such
that H'SH = diag(\).

The columns of H form an orthonormal basis of eigenvectors and X is the
vector of corresponding eigenvalues.

Now, a symmetric matrix S € R} is said to be positive semidefinite,
denoted S > 0 or S € PS,,, iff v/Sv > 0, Vv € R", and it is positive
definite, denoted S > 0 or S € P,, iff v/Sv > 0,Vv # 0.  Finally, the
positive semidefinite and positive definite matrices can be characterized in
terms of eigenvalues.

Proposition 1.10 Let S € R symmetric with eigenvalues A1, ..., \p.
1.S>0ifX>0,i=1,...,n.
2.8>04ff\;>0,i=1,...,n.

Note that if S is positive semidefinite, then from Proposition 1.9, we can
write

S = HDH' = (HD'/?)(HD'/?)' = (HD'/?H’)?,

where D = diag();) and D'/2 = diag(\?), so that for A = HD!/2,
S = AA’, or for B= HD'/2H’, S = B2. The positive semidefinite matrix
B is often denoted S'/2 and is the square root of S. If S is positive definite,
we can also define S™%/2 = HD~!/2H’, which satisfies (S_l/Q)2 =S 1
Finally, inequalities between matrices must be understood in terms of pos-
itive definiteness; i.e., for matrices A and B, A > B (respectively A > B)
means A — B > 0 (respectively A — B > 0).

A related decomposition which will prove useful for canonical correlations
is the singular value decomposition (SVD).

Proposition 1.11 Let A € R} of rank A = r. There ezxists G € Oy,

H € O,, such that
Dp O
A G( 0 O)H

where Dp = diag(p1,...,pr), pi >0,i=1,...,7.
Proof. Since A’A > 0, there exists H = (hy,...,h,) € O, such that
A'A = H diag(\y,..., A\, 0) H',
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where \; > 0,i=1,...,7. For j >r, |[Ah;|? = h’A’Ah; = 0 which means
Ah; = 0. For j < r, define p; = y/A; and g; = Ah;/p;. Then, gig; =
hiA’Ah;/p;p; = d;;; i-e., g1,...,8, are orthonormal. By completing to an
orthonormal basis of R™, we can find
G= (gla-~-agr7gr+1;- 7gm) S Om

Now,

0 j>r

/ o )

or in matrix notation,

'xer_ (Dp O
can= (T 0).

d

In the SVD p?, j=1,...,r, are the nonzero eigenvalues of A’A and the
columns of H are the eigenvectors.

1.6 Orthogonal projections

Now recall some basic facts about orthogonal projections. By definition,
an orthogonal projection, P, is simply a linear transformation for which
x —Px 1 Py, Vx,y € R", but then, equivalently,

(x — Px)'(Py) =0,¥x,y e R" <= x'Py=x'P'Py,vVx,y eR"
<~ PP=P
«— P=P =P

A matrix P such that P = P’ = P? is also called an idempotent matrix.
Not surprisingly, an orthogonal projection is completely determined by its
image.

Proposition 1.12 If P, and Py are two orthogonal projections, then
Im P; =Im P, < P; =P».
Proof. It holds since
x —Pix L Poy,Vx,y € R" = Py = PPy,

and, similarly, Py = P,P;, whence P; = P} = Ps. a
If X = (x1,...,Xg) is any basis for Im P, we have explicitly
P =X(X'X)"'X'. (1.3)

To see this, simply write Px = Xb, and orthogonality, X'(x — Xb) = 0,
determines the (unique) coefficients b = (X'X)~!X’x. In particular, for
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any orthonormal basis H, P = HH’, where H'H = I,. Thus, incidentally,
tr P = k and the dimension of the image space is expressed in the trace.

However, by this representation we see that for any two orthogonal
projections, P; = HH' and Py, = GG/,

PP,=0—HG=0+< GH=0+< P,P, =0.

Definition 1.1 Py and Py are said to be mutually orthogonal projections
iff P1 and Py are orthogonal projections such that P1Po = 0. We write
P, 1L P> when this is the case.

Although orthogonal projection and orthogonal transformation are far
from synonymous, there is, nevertheless, finally a very close connection
between the two concepts. If we partition any orthogonal transformation
H = (H,,...,Hy), then the brute algebraic fact

HH' =1=H,H, + -+ H,H,

represents a precisely corresponding partition of the identity into mutually
orthogonal projections.

As a last comment on othogonal projection, if P is the orthogonal projec-
tion on the subspace V C R", then Q = I—P, which satisfies Q = Q' = Q?
is also an othogonal projection. In fact, since PQ = 0, then Im Q and Im P
are orthogonal subspaces and, thus, Q is the orthogonal projection on V.

1.7 Matrix decompositions
Denote the groups of triangular matrices with positive diagonal elements
as

L {T e R : T is lower triangular,t;; >0, i =1,...,n},
U/ = {T eR”: T is upper triangular,t;; >0, i = 1,...,n}.

An important implication of Proposition 1.2 for matrices is the following
matrix decomposition.

Proposition 1.13 If A € R} is nonsingular, then A = TH for some
H e 0, and T € L}. Moreover, this decomposition is unique.

Proof. The existence follows from the Gram-Schmidt method applied to
the basis formed by the rows of A. The rows of H form the orthonormal
basis obtained at the end of that procedure and the elements of T = (¢;;)
are the coefficients needed to go from one basis to the other. By the Gram-
Schmidt construction itself, it is clear that T € L;}'. For unicity, suppose
TH = T,H,, where T; € L} and H; € O,,. Then, T{'T = H;H' is a
matrix in L NO,,. But, I, is the only such matrix (why?). Hence, T = T4
and H = H;. a
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A slight generalization of Proposition 1.13 when A € R? isof rank A =p
is proposed in Problem 1.8.7. Another similar triangular decomposition,
known in statistics as the Bartlett decomposition, for positive definite
matrices can now be easily obtained.

Proposition 1.14 If S € P, then S = TT' for a unique T € L;}.

Proof. Since S > 0, then S = HDH', where H € O,, and D = diag();)
with \; > 0. Let D/2 = diag()\g/z) and A = HD'/2, Then, we can write
S = AA’, where A is nonsingular. From Proposition 1.13, there exists T &
L} and G € O,, such that A = TG. But, then, S = TGG'T’ = TT'. For
unicity, suppose TT = T T}, where T, € L}. Then, T{'TT/'T; ! =1,
which implies that T;'T € L} N O,, = {I}. Hence, T = T;. 0

Other notions of linear algebra such as Kronecker product and “vec”
operator will be recalled when needed in the sequel.

1.8 Problems

1. Consider the partitioned matrix S = (s;;) = (Sll Siz )

So1 Sao
(i) If Sq1 is nonsingular, prove that
S| = [S11] - [S22 — S21S7;'S12|.

(ii) For S > 0, prove Hadamard’s inequality, |S| < [T, si.
(iii) Let S and S1; be nonsingular. Prove that

R (Snl + Sf11§123521.1§213f11 —511151125221.1>
—S552.152181; Sa21 ’

where 822_1 = SQQ — 32181_11812.
(iv) Let S and Sy2 be nonsingular. Prove that

-1 S1_112 _81_11281282_21
S = 1q -1 -1 —1& —1 -1/
*822 S21S11.2 822 + S22 821811.2812822
where 811,2 = Su — 8128521821.
Hint: Define

B 1 0 (1 —SSi
A‘(-sglsﬁl 1) andB_(o I

and consider the product ASB.
2. Establish with the partitioning

X = (X/17X/2)/7

S11 Si2
S =
(SQI 522)
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that
X/871X = (Xl — 81282_21X2)/81_11_2(X1 — 81282_21)(2) + X/282_21X2.

For any A € RF, B € RY, prove the following:
(Ip +AB A)

(i) |I, + AB| = |I, + BA|.
I, A\/I, O
0 I, B L,)\B 1,)°

Hint:
I, A _ I, 0 I, A
0 I,+BA - B I, -B 1,/

(ii) The nonzero eigenvalues of AB and BA are the same.

Prove Proposition 1.2.

. Prove Proposition 1.10.

Show that if P defines an orthogonal projection, then the eigenvalues
of P are either 0 or 1.

Demonstrate the slight generalizations of Proposition 1.13:
(i) If A € R} is of rank A = p, then A = HT for some T € U} and
H satistying H'H = I,,. Further, T and H are unique.
Hint: For unicity, note that if A = HT = H;T; with T; € U;
and H H; = I,, then Im A =Im H =Im H,; and H,H is the
orthogonal projection on Im H;.
(ii) If A € R? is of rank A = n, then A = TH, where T € L} and
HH' = I,,. Further, T and H are unique.
Assuming A and A + uv’ are nonsingular, prove
A luv’/A-1
A Nl=At- — ——
(A+uv) (1+v'A-1u)

Vector differentiation.
Let f(x) be a real valued function of x € R™. Define

0f (x)/0x = (9f(x)/0x) .
Verify
(i) oa’x/0x = a,
(ii) Ox'Ax/0x = 2Ax, if A is symmetric.
Matrix differentiation [Srivastava and Khatri (1979), p. 37].
Let g(S) be a real-valued function of the symmetric matrix S € R”.
Define 9f(S)/0S = (4(1 4 6,;)0f(S)/s.;). Verify
(i) otr(S7tA)/0S = —S~LAS~! if A is symmetric,
(ii) 9In|S|/0S =S~ L.
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Hint for (ii): S™! = |S|~tadj(S).
Rayleigh’s quotient.

Assume S > 0 in R} with eigenvalues \; >

corresponding eigenvectors x1,...,x,. Prove:
(i)

x'Sx

An < < A1, Vx £ 0.

x'x —
(ii) For any fixed j =2,...,n,

x'Sx

S)\j, VX%O

x'x

such that (x,x1) =--- = (x,%x;_1) = 0.

Demonstrate that if A is symmetric and B > 0, then

h'Ah

o iy, = (4B

> A\, and

where A\; (AB~!) denotes the largest eigenvalue of AB~!.

Let A, > 0in R (m = 1,2,...) be a sequence. For any A € R,
define ||A[|> = 3, ;aZ and let A1, > -+ > A, be the ordered

1,5 4J

eigenvalues of A,,. Prove that if A\;,, — 1 and A, ,, — 1, then

limy o0 ||Am — I|| = 0.

In RP, prove that if |x1]| = |x2|, then there exists H € O, such that

HX1 = Xo.

Hint: When x; # 0, consider H € O,, with first row x] /|x1].

Show that for any V € R} and any m =1,2,.. .,

(1) if (I —tV) is nonsingular then [Srivastava and Khatri (1979), p.

33]

m
T—tV)~H =tV "IV I — V) T

=0

(i) If V > 0 with eigenvalues Ay > --- > X, and [¢| < 1/A1, then

oo

(I—tV)~h=> "tV

i=0
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Random vectors

2.1 Introduction

A random vector is simply a vector whose components are random vari-
ables. The variables are the characteristics of interest that will be observed
on each of the selected units in the sample. Questions related to prob-
abilities of a variable to take on some values or probabilities of two or
more variables to take on simultaneously values in a set are common in
multivariate analysis. Chapter 2 gives a collection of important probability
concepts on random vectors such as distribution functions, expected values,
characteristic functions, discrete and absolutely continuous distributions,
independence, etc.

2.2 Distribution functions

First, some basic notations concerning “rectangles” useful to describe the
distribution function of a random vector are given. Let R = RU {+oc} =
[—00, o0]. It is convenient to define a partial order on R™ by

x<yiffz; <y;,Vi=1,...,n,
and

x<yiffe; <y, ,Vi=1,...,n.
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This allows us to express “n-dimensional” rectangles in R™ succinctly:
I=(a,b]={xeR": a<x<b} forany a, b € R".
The interior and closure of I are respectively
I°=(a,b)={xecR": a<x<b}
and
I=[abl={xeR": a<x<b}
and the boundary of I is the “(n — 1)-dimensional” relative complement
or=1-1°.

Finally let the 2" “corners” of I (a subset of R”) be denoted by the cartesian
product

axb= X?:l{ai,bi}.

Definition 2.1 For x distributed on R", the distribution function (d.f.)
of x is the function F : R™ — [0,1], where F(t) = P(x < t), Vt € R™.
This is denoted x ~ F or x ~ Fj.

A d.f. is automatically right-continuous; thus, if it is known on any dense
subset D C R™, it is determined everywhere. This is because for any t € R,
a sequence d,, may be chosen in D descending to t: d,, | t.

From the d.f. may be computed the probability of any rectangle

Pla<x<b)= Y (-1)MUF(t), Va<b,

tcaxb

where N, (t) = >0 6(a;,t;) counts the number of ¢;’s that are a,’s.
The borel subsets of R™ comprise the smallest o-algebra containing the
rectangles

B" =0 ((a,b]: a,beR").

The class G™ of all countable disjoint unions of rectangles contains all the
open subsets of R”, and if we let G = .7, (a;, b;] denote a generic element
in this class, it follows that

P(x€G)=) Pla;<x<b,).
=1

By the Caratheodory extension theorem (C.E.T.), the probability of a
general borel set A € B™ is then uniquely determined by the formula

Po(A) = P(x € A) = inf P(x € G).
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2.3 Equals-in-distribution

Definition 2.2 x and y are equidistributed (identically distributed),
denoted x < v, iff Px(A) = Py(A), VA € B".

On the basis of the previous section, it should be clear that for any dense
D cCR™
Proposition 2.1 (C.E.T) x Ly Fy(t) = Fy(t), Vt € D.
Although at first glance, 2 Jooks like nothing more than a convenient
shorthand symbol, there is an immediate consequence of the definition,
deceptively simple to state and prove, that has powerful application in the
sequel.

Let g : R™ — Q where € is a completely arbitrary space.
Proposition 2.2 (Invariance) x Ly = g(x) < g(y).
Proof.

P(g(x)eB)=P(xcg ' (B))=P(ycg '(B) =Plyly) € B).

O
Example 2.1
d d .
X=y — z;=Y;, t=1,...,n
d .
= TT; =YY, ,Jj=1,...,n
n n
= HJ;: 2 Hy:, foranyr;, i=1,...,n
i=1 i=1
= etc.
2.4 Discrete distributions
Definition 2.3 The probability function (p.f.) of x is the function
p:R" —[0,1] where p(t) = P(x =t), Vt € R".
The p.f. may be evaluated directly from the d.f.:
p(t) = lim P(s,, <x <t),
sm Tt
where s,,, T t means s; < so < --- and s,, - t as m — oo. The subset

D = p~1(0)¢ where the p.f. is nonzero may contain at most a countable
number of points. D is known as the discrete part of x, and x is said to be
discrete if it is “concentrated” on D:

Definition 2.4 x is discrete iff P(x € D) = 1.
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One may verify that

x is discrete <= P(x € A) = Z p(t), VA € B".
teAND

Thus, the distribution of x is entirely determined by its p.f. if and only if
it is discrete, and in this case, we may simply write x ~ p or x ~ px.

2.5 Expected values

For any event A, we may consider the indicator function

1, xed
IA(X):{O x g A.

It is clear that I14(x) is itself a discrete random variable, referred to as a
Bernoulli trial, for which

P(Ia(x) = 1) = Px(A) and P (I4(x) = 0) = 1 — Py(A).

This is denoted I4(x) ~ Bernoulli (Px(A)) and we define E [4(x) = Px(A).
For any k£ mutually disjoint and exhaustive events A1, ..., Ar and k real
numbers ai, ..., ax, we may form the simple function

s(x) = a1, (x) 4+ - - + arla, (%)
Obviously, s(x) is also discrete with
P(s(x) =a;) = Px(4;), i=1,....k.
By requiring that E be linear, we (are forced to) define
E s(x) = a1 Px(A1) + - - + ap P (Ag).

The most general function for which we need ever compute an expected
value may be directly expressed as a limit of a sequence of simple functions.
Such a function g(x) is said to be measurable and we may explicitly write

900) = Jim sn(x),

where convergence holds pointwise, i.e., for every fixed x. If g(x) is non-
negative, it can be proven that we may always choose the sequence of simple
functions to be themselves non-negative and nondecreasing as a sequence
whereupon we define

E g(x) = J\;gnooE sy(x) = sg}pE sy (x).

Then, in general, we write g(x) as the difference of its positive and negative
parts
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defined by
(x), g(x)=>0
g x) = {g i(x)<o,
_ _ f-9(x), 9(x)<0
g (x) = {o,g g(x) <0,

and finish by defining
F g(x) = {E gT(x)—E g (x), if Egt(x)<ooor E g (x)<oo

“undefined,” otherwise.
We may sometimes use the Leibniz notation
B 96 = [ gt0dro) = [ g0)ar (o)

One should verify the fundamental inequality |E g(x)| < E |g(x)].

Let 1 denote convergence of a monotonically nondecreasing sequence.
Something is said to happen for almost all x if it fails to happen on a set
A such that Px(A) = 0. The two main theorems concerning “continuity”
of E are the following:

Proposition 2.3 (Monotone convergence theorem (M.C.T.)) Sup-
pose 0 < g1(x) < go(x) < ---. If gn(x) T g(x), for almost all x, then
E gn(x) T E g(x).

Proposition 2.4 (Dominated convergence theorem (D.C.T.)) If
gn(x) = g(x), for almost all x, and |gn(x)| < h(x) with E h(x) < oo,
then E |gn(x) — g(x)| = 0 and, thus, also E gn(x) = E g(x).

It should be clear by the process whereby expectation is defined (in stages)
that we have

Proposition 2.5 x 4 y <= E g(x) = F ¢(y), Vg measurable.

2.6 Mean and variance

Consider the “linear functional” t'x = > | ¢;x; for each (fixed) t € R",
and the “euclidean norm” (length) |x| = (37, ?)1/2. By any of three

equivalent ways, for p > 0 one may say that the pth moment of x is finite:
E|t'xP <oo, t eR" < FE |15’ <00, i=1,...,n
= FE|xf <oo.
To show this, one must realize that |z;| < |x| < 37", |2;] and £, = {x €
R™: E |x|P < oo} is a linear space (v. Problem 2.14.3).

From the simple inequality a” <14 aP, Va > 0 and 0 < r < p, if we let
a = |x| and take expectations, we get E |x|” < 1+ F |x[P. Hence, if for
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p > 0, the pth moment of x is finite, then also the rth moment is finite, for

any 0 <r <p.
A product-moment of order p for x = (x1,...,2,)" is defined by
n n
EH'rf77plZO7Z:17an7 Zpl:p
i=1 i=1

A useful inequality to determine that a product-moment is finite is Holder’s
inequality:

Proposition 2.6 (Ho6lder’s inequality) For any univariate random va-
riables x and vy,

” T s S 1 1
B jay| < (B |o[)"" (B )" r>1, — 4 =1

From this inequality, if the pth moment of x € R" is finite, then all product-
moments of order p are also finite. This can be verified for n = 2, as Holder’s
inequality gives

B |22l < (B o) (B |22P)?*7, pi >0, i=1,2, p1+p2=p.

The conclusion for general n follows by induction.
If the first moment of x is finite we define the mean of x by

p=FEx def (B x;) = (1)

If the second moment of x is finite, we define the variance of x by

Y =varx dgf (cov(zs, x5)) = (04j) -

In general, we define the expected value of any multiply indexed array
of univariate random variables, § = (z;...), componentwise by E £ =
(E 2;jk...). Vectors and matrices are thus only special cases and it is obvious
that

=F(x-p)(x—p) =Exx'—pp'
It is also obvious that for any A € R,
E Ax = Ap and var Ax = ASA'.

In particular, F t'x = t'u and var t'x = t'3t > 0, Vt € R™. Now, the
reader should verify that more generally

cov(s'x, t'x) = 'St

and that considered as a function of s and t, the left-hand side defines a
(pseudo) inner product. Thus, X is automatically positive semidefinite, 3 >
0. But by this, we may immediately write ¥ = HDH' with H orthogonal
and D = diag(\), where the columns of H comprise an orthonormal basis
of “eigenvectors” and the components of A > 0 list the corresponding
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“eigenvalues.” Accordingly, we may always “normalize” any x with 3 > 0
by letting

z=D"'?H'(x — p),

which represents a three-stage transformation of x in which we first relocate
by u, then rotate by H’, and, finally, rescale by /\;1/ 2 independently along
each axis. We find, of course, that

Fz=0and varz=1.

The linear transformation z = X~%/2(x — u) also satisfies £ z = 0 and
var z = L.

When the vector x € R"™ is partitioned as x = (y’,2’)’, where y € R",
z € R®, and n = r + s, it is useful to define the covariance between two
vectors. The covariance matrix between y and z is, by definition,

cov(y,z) = (cov(ys, 2)) € R,

Then, we may write

) = () o),

cov(z,y) var(z)

Sometimes, expected value of y is easier to calculate by conditioning on
another random vector z. In this regard, the conditional mean theorem and
conditional variance theorem are stated. A general proof of the conditional
mean theorem can be found in Billingsley (1995, Section 34).

Proposition 2.7 (Conditional mean formula) E[E(y|z)|=FEy.

An immediate consequence is the conditional variance formula.

Proposition 2.8 (Conditional variance formula)
var y = E[var(y|z)] + var[E(y|z)].
Example 2.2 Define a group variable I such that
PI=1) = 1-—g¢,
P(I=2) = e
Conditionally on I, assume
zll =1 ~ N(u,o}),
all =2 ~ N(uz,03).

Then
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is a mizture or e-contaminated mormal density. It follows from the
construction of x that

Ex = E[E@D=0-¢€p +eus =p,
var ¢ = FElvar(z|I)] + var[E(z|I)]
= (1=¢)of +eos + (1= e)(u — p)* + e(uz — ).

2.7 Characteristic functions

We require only the most basic facts about characteristic functions.

Definition 2.5 The characteristic function of x is the function ¢ : R™ —
C defined by

c(t) = cx(t) = E €™
Note:
1. ¢(0) =1, |e(t)] €1 and ¢(—t) = c(t).
2. ¢(t) is uniformly continuous:

|C(t) o C(S)| — ‘E (ei(t—s)lx . 1) eislx

S E ei(tfs)'x _ 1’ .

Since |ef(t—s)'x _ 1‘ < 2, continuity follows by the D.C.T. Uniformity

holds since |ef(t=s)"x 1‘ depends only on t — s.

The main result is perhaps the “inversion formula” proven in Appendix A:

1 " /
P.(a,b] = lim 7/ / e T xc(t)et t/2N2dtdx,
2m)™ Jeap) Jrn

N —oc0

Va,b such that Py (d(a,b]) = 0. Thus, the C.E.T. may be applied
immediately to produce the technically equivalent:
Proposition 2.9 (Uniqueness) x < Y <= cx(t) = ¢y (t), Vt € R".

Now if we consider the linear functionals of x: t'x with t € R", it is clear
that cy/x(s) = cx(st), Vs € R, t € R", so that the characteristic function
of x determines all those of t'x, t € R”™ and vice versa.

Let "1 = {s € R": |s| = 1} be the “unit sphere” in R", and we have

Proposition 2.10 (Cramér-Wold) x Ly estxLty, Vtes L
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Proof. Since cyx(s) = cx(st), Vs € R, t € R”, it is clear that
x Ly = t'x Lty vt cR".

!
Since t'x = |t (I%I) x, Vt # 0, it is also clear that

t'x Lt'y, Vt € R" <= t'x L t'y, Vt e S L.
O
By this result, it is clear that one may reduce a good many issues concerning
random vectors to the univariate level.

In the specific matter of computation, the reader should know that in
the special case of a univariate random variable X:

If E et9% < oo for any 6 > 0, the Laplace transform of X is de-
termined in the strip |Re(z)| < 6 as the (absolutely convergent)
power series

Lx(z) = ZE X"z2"/nl,

n=0

and since such a power series is completely determined by
its coefficients, we find that one may legitimately obtain the
characteristic function

ex(t) = Lx(it), Vt € R,

by merely observing the coeflficients in an expansion of the
moment-generating function since they are necessarily the same
as those of the Laplace transform:

mx (t) = Lx(t), V|t| <6.

Example 2.3 Suppose f.(s) = (27r)’1/26*52/2. One easily computes the
moment-generating function (m.g.f.), finding

m(t) = e"/2,
which has the obvious expansion for every t, whereupon

e (t) = et /2. (2.1)

2.8 Absolutely continuous distributions

Lebesgue measure, ), is the extension to all borel sets of our natural sense
of volume measure in R™. Thus, we define
n
Aa,b] = [](bi—a:), Va<binR",

i=1
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MG) = Y Maib, ¥G =3 (ai,b] in G",
i=1 i=1
and
AA) = inf M(G), VA in B".
ACG

As before, the C.E.T. guarantees that A is a measure on B™. We will often
denote Lebesgue measure explicitly as volume: A\(A) = vol(A). Incidentally,
something is said to happen “almost everywhere” (a.e.) if the set where it
fails to happen has zero volume.

Now, the general conception of a random vector continuously distributed
in space is that the probabilities of events will depend continuously on the
volume of the events. Thus,

Definition 2.6 x is absolutely continuous, denoted x < A, iff
Ve >0, 3§ > 0 such that vol(Ad) < § = P(x € A) < e.

But, in that case,

Proposition 2.11 x < A <= vol(4) =0= P(x € A) = 0.

Proof. Assume x < A. If vol(A) = 0 but P(x € A) # 0 we may take
e = P(x € A)/2 to find the contradiction that P(x € A) < e. Conversely,
suppose vol(A) = 0 = P(x € A) = 0 but that x & A. Then, J¢¢ > 0
such that Vn, 34, with vol(4,) < 1/2" but P(x € A,) > €. Letting
A =lim4,, = N>, Uk>n Ak, since Ug>, Ay, is a monotone sequence we find
the contradiction that vol(A) = 0 but P(x € A) > «o. O

Thus, a distribution which depends continuously on volume satisfies the
relatively simple criterion

XK A<= vol(4d)=0= P(xe A)=0.

However, it is on this particular criterion, by the theorem of Radon-
Nikodym, that absolute continuity is characterized finally in terms of
densities:

Proposition 2.12 (Radon-Nikodym) x is absolutely continuous <
there is a (a.e.-unique) probability density function (p.d.f.) f : R™ — [0, 00)
such that

P(xc A) = /Af(t)dt, VA € B,

But since the p.d.f. then determines such a distribution completely, we may
simply write x ~ f or x ~ fx.

It is, of course, by the extension process that defines expectation (in
stages) that automatically

E g(x) = /g(t)f(t)dt7 Vg measurable,
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such that E g(x) is defined.
Now in particular, the distribution function may itself be expressed as

Ft)=Px<t)= /t f(s)ds, Yt € R™.

In practice, we will often be able to invoke the fundamental theorems
of calculus to obtain an explicit representation of the p.d.f. by simply
differentiating the d.f.:

1. By the first fundamental theorem of calculus,
f(t) = 0"F(t)/0t, - Oty
at every t where f(t) is continuous.
2. Also, by the second fundamental theorem, if
f(t) = 0"F(t)/0t - Oty

exists and is continuous (a.e.) on some rectangle I, then
Pxe A) = / f(t)dt, VA C I.
A

Finally, in relation to the inversion formula, when the characteristic func-
tion ¢(t) is absolutely integrable, i.e., [5, [c(t)|dt < oo, the corresponding
distribution function is absolutely continuous with p.d.f. (v. Appendix A):

1 —it’s
f(s) = W/ne c(t)ds. (2.2)

2.9  Uniform distributions

The most fundamental absolutely continuous distribution would, of course,
be conveyed by volume measure itself. Consider any event C for which
0 < vol(C) < o0.

Definition 2.7 x is uniformly distributed on C, denoted x ~ unif(C), iff

P(x € A) = vol(AC) /vol(C), VA € B".

If vol(0C) = 0, as is often the case, we may just as well include as exclude

it, so if x ~ unif(C), y ~ unif(C°) and z ~ unif(C), then x,y, and z are
equidistributed:
d_d
X=y =z

Now, for x ~ unif(C') we may immediately reexpress each probability as
an integral:

P(x e A) = / k- Io(t)ds, VA € B,
A
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where

1, teC
IC(t){O teC

is the indicator function for C' and k = vol(C)~!. We thus have an explicit
determination of “the” density for x:

F(t) =k Io(t), Vt € R™.

Example 2.4 For x ~ unif([0,1]) on R™, the p.d.f. may be expressed as
a simple product

f(t) = Ijo,1)(t Hf[o1 , vVt eRY,
from which

=1 tilio(t:) + I1,00)(t:)) , Vb € R™.
i=1

2.10 Joints and marginals

Consider x; ~ F; on R™, i =1,... k, with

X1 k
X = ~ F on R" wheren:Zni.
X}, i=1
x is called the joint of X1, ...,x; which are, in turn, called marginals of x.

Since it is clear that
ty
Px<t)=Px <tq,...,x <tg), Vt= ,
tr
we will, by a slight abuse of our notation, write
ty
F(t) = F(t1,...,tg), Vt=| :
tg
to reflect this “partitioning.” In this way, the distribution function is said

to express the joint distribution of x1,..., X%, and the marginals may be
recovered on the simple substitution of oo in all but the ith place:

Fi(s) = F(oo,...,s,...,00), Vs € R™.



26 2. Random vectors

In the special case where x is absolutely continuous with p.d.f. f(t) =
f(t1,...,tx), it follows that each x; is also absolutely continuous with p.d.f.
fi(s) that is obtained by “integrating out” the other variables:

O e @]
fi(s):/_oom/_oof(tl,...,s,...,tk) IT dt;. vs e r™.

1<5<k

i#
This is by direct application of Fubini’s theorem whereby we may
interchange the order of integration in a product integral to verify that

Plx; € A) = / fi(s)ds, VA € B™
A
and, of course, in particular,
S
Fi(s) = / fi(u)du, Vs € R™.
—00

Koehler and Symanowski (1995) presented a method for constructing
multivariate distributions with any specific set of univariate marginals. It
provides a rich class of distributions for modeling multivariate data as well
as a basis for easily simulating correlated observations. The inclusion of
different association parameters for differents subsets of variables allows
for many different patterns of associations. Their work follows those of
Genest and MacKay (1986) and Marshall and Olkin (1988), among others.
A tool called linkage [Li et al. (1996)] can be used for the construction
of multivariate distributions with given multivariate marginals; Cuadras
(1992) found related results.

Example 2.5 The bivariate parametric family of d.f.’s on [0,1]? of Cook
and Johnson (1981) is defined by

1 1 -1/
F(t1,te; ) = [—i——l} , a>0. (2.3)
tyr ot
The case o = 0 can be defined by continuity. It has marginals
Fi(t) = Flt,La)=t,
Fy(ta) = F(l,ty;0) = Lo,

which are identically distributed as unif([0,1]). Multivariate distributions
on [0, 1] with uniform marginals are often referred to as copulas. The slight
modification

1 1 -1/«
F(ti,to;0) = —1 0
(b, 25 0) [Fl(tl)“ " Bb)e } LT

is a bivariate distribution with arbitrary marginals F1 and Fs. The bivariate

parametric family of d.f.’s on [0,1]? of Frank (1979) [v. also Genest (1987)]

(ot —1)(at2 — 1)
(a—1)

F(ty1,t2; ) = log,, [1 + } , a>0, (2.4)
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Figure 2.1. Bivariate Frank density with standard normal marginals and a
correlation of 0.7.

(the case o = 1 can be defined by continuity), where log, () denotes loga-
rithm in base «, is also a copula. Such distributions have found applications
in modeling survival data [Oakes (1982), Carriére (1994)]. Figure 2.1 is a
graph of a bivariate Frank density with standard mormal marginals. The
association parameter o = 0.00296 using Nelsen (1986) corresponds to a
correlation of 0.7.

2.11 Independence

Definition 2.8 x1,...,X; are mutually statistically independent iff
k
P(xi € Ar,...,xz € Ay) = [[ P(xi € Aj), VA; € B™, i=1,... k.
i=1

Denote pairwise independence (k = 2) simply x; I x5. By the extension
process that defines expectation, we ultimately find:

Proposition 2.13

k

k
X1,...,X are independent <= FE Hgi(xi) = HE gi(x:),
i=1 i=1

Va1, .., 9k such that E |g;(x;)] < cc.
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and also (chiefly by the C.E.T.)
Proposition 2.14
k

X1,...,Xg are independent < F(t) = H Fi(t;), Vt e R™.
i=1

In the special case where each x; is absolutely continuous with p.d.f. f;(t;),
we may conclude that x is as well, and we have:

Proposition 2.15
k
X1,...,Xg are independent <> f(t) = Hfi(ti), vt € R™.
i=1

Finally, independence may also be characterized:

Proposition 2.16
k.
X1,...,Xg are independent <= cx(t) = H cx, (i), YVt € R™
1=1

Example 2.6 For x ~ unif([0,1]) on R™, it is clear that x1,...,x, are
independently and identically distributed (i.i.d.) as unif([0, 1]).

Example 2.7 Let x = (21,22)" have Frank’s d.f. (2.4). Proposition 2.14
yields, after elementary calculus, r1 A xo iff a = 1.

2.12 Change of variables

We recall some basic calculus [Spivak (1965), p. 16]. Let A C R™ be open.
Definition 2.9 The derwative of ¢ : A — R™, at x € A, is the unique
linear transformation ¢'(x) € R™ such that

$(x+ h) — p(x) = ¢/ () + o(h)
or, equivalently,

L oG+ B) — ¢ — @' (oh|

=0.
h—0 |h|

When ¢’ (x) exists, all partial derivatives 9¢;(x)/0z; exist. This determines
the derivative componentwise as

¢’ (x) = (0¢i(x)/0x;) -
A condition for ¢'(x) to exist is that all partial derivatives 9¢;(x)/0z;

exist in an open neighborhood of x and are continuous at x. There are, of
course, various notations for derivatives, all acceptable:

¢ (x) = Do (x) = dp(x)/Ix.
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The derivative satisfies the “chain rule”

(o) (x) = ¢'(¥(x)) ¥'(x).
In the very special case m = n, the jacobian of ¢ : R® — R™ is, by
definition, the absolute value of the determinant of ¢'(x) and is denoted by
|¢'(x)|+. Another common notation for the jacobian of the transformation

y = ¢(x) is
I(y = x) = |¢/ (%)l
From the chain rule, it is made clear that if z = ¢(y) and y = ¥ (x), then
Jz—=x) = Jz—y) Jy—x),
Jy—x) = [Jx—=y)] "
At any rate, we have an important and general result, easy to state, but

the proof of which is by no means trivial [Spivak (1965), p. 67].

Proposition 2.17 Let ¢ : A — R" be one-to-one and continuously
differentiable on A. If f : ¢(A) — R is integrable, then

‘@Wﬂ@w=éfwm>wwm@.

It is this result that is applied directly to obtain the standard “change of
variables” formula for absolutely continuous random vectors.

Proposition 2.18 If x ~ f on R™ and C = {x : f(x) > 0} is open, for
any ¢ : C — R™ one-to-one and bi-differentiable with inverse 1 : ¢(C) —
C, lety = ¢(x). Then, y ~ g with

9(y) = @(y) [¥' ¥+
Proof.

PlyeB) = P(o(x)eB)=P(xey(B ))

- Aw M*/f (v)l+dy.

By an abuse of notation, y (and x) have two different meanings in Propo-
sition 2.18: y is a random vector in y ~ g, whereas it is any given point of
R™ in the density g(y).

Now, if the function ¢ in question is simply a linear transformation,
¢ (x) = Ax, it is already its own derivative everywhere on R", ¢'(x) = A,
and the formula for change of variables greatly simplifies.

Suppose that A : R®™ — R"” is a nonsingular transformation. The group
of all such nonsingular transformations is known as the general linear group
and denoted by

G, ={A eR}: A isnonsingular} = {A € R} : |A| #0}.

a
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Two examples are as follows:
Example 2.8 If x ~ f and y = Ax, we findy ~ g, where

gly) = f(A™'y) |AIZ.

Example 2.9 x ~ unif(C), C C R” = Ax + b ~ unif(AC + b) where
AC+b={Ax+b: xeC}.

2.13 Jacobians

The derivation of jacobians is the difficult part in making transformations.
It can be a daunting task. This section is directed to the derivation of more
complicated jacobians. It can be skipped on a first reading and consulted
when needed in the sequel. Although jacobians are useful for densities, our
approach is to derive distributions without appealing, whenever possible,
to densities. Derivations of densities appear mainly in the form of problems.

Proposition 2.19 The jacobian of the transformation V.= AWA', W €
R? symmetric and A € RY constant, is J(V — W) = |A|TH.

Proof. The transformation is linear and, thus, the jacobian is necessarily
a polynomial in the elements of A, p(A) say. If W = BUB/, then from the
chain rule, we have

JV-U)=JV —->W).- JW = U),

i.e.,, p(AB) = p(A)p(B). The only polynomials in the elements of a matrix
satisfying this multiplicative rule are the integer powers of the determinant
[MacDuffy (1943, p. 50)]. Hence, p(A) = |A|*, for some integer k. We can
find k by choosing A = al. Since V = a>*W and there are %n(n—l—l) distinct
elements, then J(V — W) = ("D = |oI|"*", We found k =n+ 1. O
James (1954) also used MacDuffy’s characterization of the determinant

for skew-symmetric matrices. At this point, we make some comments con-
cerning the differential of a function of several variables. Our development
here closely resembles that of Srivastava and Khatri (1979, p. 26). For
a real-valued function y = f(x), x € R", the differential is defined as
dy =df =3, 0f(x)/0x; - dz;. For a vector-valued function y = f(x), x
and y in R™, the differential is defined componentwise, i.e.,

dfy Simy 0f1(x)/0; - du;

dy = df = = : = 0f (x)/0x - dx,

df,, St Ofn(x)/0; - dx;
where 0f (x)/0x = (9f;(x)/0x;) € R} is the usual derivative of f(z). Hence,
dy is a linear function of dx with jacobian

J(dy — dx) = |0f(x)/0x|+ = J(y — x).
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Note that x and y could be replaced by any “vectorized” array or matrix.
For example, for F(X) = (f;;(X)) € R}, we can define the differen-

tial componentwise, i.e., dF = (df;;). The reader can then check (v.
Problem 2.14.15)

F=GH—=—dF =G -dH+dG -H.
As an example, consider the inverse transformation.

Proposition 2.20 The jacobian of the transformation V.= W1, W ¢
R nonsingular and symmetric, is J(V — W) = \W|;("+1),

Proof. Since VW =1, then V- dW + dV - W = 0, which implies dV =
~W~1.dW - W1 Hence, from Proposition 2.19, J(V — W) = J(dV —
dW) = (W, O
The jacobian of “conditional transformations” [Srivastava and Khatri

(1979), p. 29], used to prove Propositions 2.22 and 2.23, may provide
simplifications in some cases.

Proposition 2.21 Let x; and y; in RPi, ¢ = 1,...,r, be related through
the system of “conditional transformations”

y1 = fi(x1),
v2 = f(y1,x2),
yr = fT(y17"'7YT—1aX7’)a

where each f; is differentiable. Then,
J(F1ye s Yr = Xpyeo oy Xp) = HJ(Yi — X;).

Proof. The jacobian has the triangular form

8}’1/8)(1 0 L 0
* 8y2/6X2 s 0
J = . . . . )
* * w0y /0%, |
and, thus, we get J = []._, |0y;/0x;|+ immediately. O

As an example of jacobian via conditional transformations, consider the
Bartlett decomposition of W > 0 in R? as W = TT’ for a unique
T € L (v. Proposition 1.14). Due to symmetry, W has effectively
n(n + 1)/2 elements and, thus, the decomposition gives a transformation
f: R +1D/2 5 R +1/2 defined by f(W) = T.
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Proposition 2.22 The jacobian of the transformation f(W) =T is

J(W — T) =2" [t
i=1

Proof. Partition W and T in conformity so that

wip why \ _ [t O tin th
war  Woy tor T 0 Ty )/’

Observe the system of conditional transformations

2
w1 = t117
1/2
W21 = Wy to1,
/ !
Wio = wowh /wii + TaaTh,

from which
J(W — T) = (2t11)(wi{2)"_1J(W22 — ng) = 2t717'1J(W22 — ng).
The conclusion follows by induction. a

As another example, consider the transformation to polar coordinates on
R™ x + (r,01,...,0,_1) given by

x1 = rsin(fy)sin(s) - -sin(0,—2) sin(0,-1),
xo = rsin(f)sin(y) - -sin(6,_2) cos(6,-1),
xz = rsin(fy)sin(fs)---cos(fn_1),

Tp—1 = rsin(f)cos(bs),
Tn = rcos(6y),

where r > 0 is the “radius” and 0 < 0; <7, i=1,...,n—2,0< 0,1 <27
are the “angles”. The jacobian J(x — r,0) is facilitated with the system
of conditional transformations

Y1 =ai4-Fad y+al  +axi =1 ,

Y2 =z? 4+ +a22 o +a22 =1 siJr12(91)7

Y3 Zl’%—i—-“-l-l‘%,? = yo sin“(62),
Yn—1 = x% + x% = Yn—2 sin2(9n_2),
Yn = iE% = Yn—1 sin2(0n_1).

Proposition 2.23 The jacobian of the transformation to polar coordinates
i R™ is

J(x = 7,0) = r"sin""2(h;) sin" " (0y) - - -sin(f,_2).
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Proof. We give the main idea and the reader is asked in Problem 2.14.11
to complete the details. We have J(y — r,0) = J(y — x) - J(x = ,0).
The jacobian J(y — x) is trivial and J(y — r,0) is evaluated using
Proposition 2.21 on conditional transformations. |

Let S"1 = {s € R" : |s| = 1} be the “unit sphere” in R™. The
superscript n — 1 refers to the dimension of this surface. At times, we
would like to bypass the angles and consider directly the transformation

f:R™\{0} — (0,00)x S" 1
x = (ru)

defined by r = |x| and u = x/|x| € S"~1. Since [Courant (1936), p. 302]

R
/ g(|x])dx = / / g(r)r”_ldrdu,
|x|]<R 0 Jsn-1

where du is the “area element” of S"~!, then "1 is the jacobian.

Proposition 2.24 The jacobian of the transformation x — (r,u) is

J(x = ru)=r""1

The jacobians of other transformations on k-surfaces (manifolds) in R™ are
useful for sampling distributions of eigenvalues, for example, but their full
understanding requires a knowledge of differential forms and integration on
manifolds [Spivak (1965), James (1954)]. This will not be pursued here.

2.14 Problems

1. Show that |F g(x)| < E |g(x)| for any g : R" — R such that
E |g(x)| < oo.

2. Prove the C, inequality: For x and y distributed on R¥,
Ex+yl"<C.[E X"+ Ely]"], r>0,
where

1, 0<r<i1
CT_{zr—l, r>1.

Hint: Show the simple inequality (a+b)" < C,.(a”"4+0"),r >0, a > 0,
b>0.

3. For each p > 0 let £, denote the collection of all random vectors on
R* for which the pth moment exists: E |x|P < co. Prove the following
basic facts:

(i) L, is a vector space.
(i) Forany 0 <r <p, L, C L,.
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(ii) £ [x|P < 00 <= E |5;]P < 00, i = 1,...,k < E |t'x|P <
00, Vt € RE.

(iv) E |a'x|P =0, for some a € RF= P(x € at) = 1.

(v) For any x € Ly, |E x| < E |x|. Indicate also the precise
circumstances under which equality occurs.

. Prove that if the pth moment (p > 0) of x € R™ is finite, then all

product-moments of x of order p are finite.

. For x distributed on R", consider the p.d.f. fx(x) = c[x|* - Ijg,1)(x).

(i) Determine c.

(ii) Determine F x and var x.

(iii) Determine E [[;_, z%.

Hint: F g(x) = cE |u|?g(u), where u ~ unif([0, 1]).

. Let A e R7', B € R, and C € R} be constant and X € R}, x € R",

and y,z € RY be random. Check the following:
(i) ELAXB+C)=A(EX)B+C

(ii) cov(Ax,By) = A cov(x,y)B’

(iii) cov(x,y + z) = cov(x,y) + cov(x, z).

Prove the conditional variance formula.

Pairwise versus mutual independence [Bhat (1981)].

Let z and y be i.i.d. random variables taking the values +1 and —1
with probability 1/2 each. Define z = xy.

i) Establish z, y, z are pairwise independent, but not mutually

independent.
ii) Does « 1 z and y I z imply % AL 27

. Let x = (x1,22)" have the d.f. of Cook and Johnson (1981) as in

expression (2.3). Demontrate x; I zo iff @ = 0.

Given a bivariate copula d.f. C(t1,t2), two measures of association
are Spearman’s p and Kendall’s 7,

p = 12/ tthdC(tl,tg) — 3,
[0,1]

T = 4 C(tl,tg)dc(tl,tg) — 1,
[0,1]?

lp| <1 and || < 1. Now, let || < 1/3 in the bivariate Morgenstern
copula

C(tl, tg) = tth[l + 30&(1 — tl)(]. — tg)]

Verify this copula is parameterized by Spearman’s measure, or

o = 12/ t1t2d0(t1,t2) - 3.
[0,1]?
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Complete the proof of Proposition 2.23.

Demonstrate the jacobian of the transformation Ty = AT for T €
L} and A = (a;;) constant also in L} is J(T1 — Ts) =[], a’,

=1 711"

Demonstrate the jacobian of the transformation U; = AU, for Uy €
U and A = (a;;) constant also in U} is

J(U; = Uy) = Ha" it

Demonstrate the jacobian of the transformation V.= AWA', where

W € R” is skew-symmetric, ie., W = —W' is J(V - W) =

Al

Suppose F(X) = (fi;(X)) € R and define the differential

componentwise, i.e., dF = (df;;). Demonstrate that
F=GH—=—dJdF =G -dH+dG-H.

Let

Vi1 Vo
V= >0
<V21 V22)

and define the transformation
f:(Vi1,Vi2, V) = (Vi1.2,Vi2, Vo),
where V11,2 = V11 — V12V2_21V21.

(i) Prove f defines a one-to-one mapping.
(if) Obtain J(V11, Via, Vg = V112, Vi, Vag) =1
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Gamma, Dirichlet, and F' distributions

3.1 Introduction

This chapter introduces some basic probability distributions useful in statis-
tics. The gamma distribution, in particular, is the building block of many
other distributions such as chi-square, F', and Dirichlet. The Dirichlet
distribution, as defined in Section 3.3, has the important physical interpre-
tation of proportion of time waited in a Poisson process. However, it has
other applications such as the distribution of spacing variables (v. Prob-
lem 3.5.3) and the distribution theory (v. Section 4.5) related to spherical
distributions, which play an important role in robustness.

3.2 Gamma distributions

Definition 3.1 Standard gamma: z ~ gamma(p) or z ~ G(p) on p > 0
“degrees of freedom” iff

()t 2P le, 23>0
fZ(z)_{o, 2<0.

The integrating constant, as it depends on p > 0, is known as the gamma
function and is, in fact, defined by

I'(p) :/ tP~te~tdt, p > 0.
0
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One may verify some basic properties:
T(p+1)=pl(p), T(2) =T(1) =1, T(3) =7
and, in particular, I'(n) = (n — 1)!. Obviously,
Ez=T{p+r)/T(p), ¥r > —p,
so that £ z = var z = p. A more general gamma distribution is obtained
by simply rescaling the standard gamma.

Definition 3.2 Scaled gamma: x ~ gamma(p,0) or x ~ G(p,0) onp >0
“degrees of freedom” and “scale” 0 > 0 iff

x =0z, z~ G(p).
Obviously,
-1 p— —-1,—xz/6
folz) = L(p)~t 677 aP~le , >0
0, x <0,
and, thus, the characteristic function is ¢,(t) = (1 — i6t)~P with the

“convolution” of gamma distributions as a corollary.

Corollary 3.1 Ifz;, i =1,...,n, are independent G(p;,0), then

n n
e (zpi,9> .
i=1 i=1
In the special case where p = 1 we have the exponential distributions.

Definition 3.3

Standard exponential : z ~exp(l) iff z ~ G(1).
Scaled exponential : x ~exp(f) iff x =0z, z ~ exp(l).

The chi-square distribution is another special case.

Definition 3.4 Chi-square: y ~ x2, ory L X2, iff
y =2z, z~G(3m).

Equivalently, y ~ x2, iff y ~ G(3m,2), and the chi-square is a special
case of the scaled gamma above. Thus, the gamma distribution occurs in
common statistical practice as the chi-square (2xgamma=chi-square). The
characteristic function of y ~ x?2, is immediate: ¢, () = (1 —i2t)~™/2. One
should, however, also recall how it describes “waiting time” in a Poisson
process.

Recall that the Poisson process N; arises first on purely physical consid-
erations as a description of the number of “successes” in what is effectively
an infinite number of independent bernoulli trials over the fixed time pe-
riod ¢ where the average number is known to be proportional to . On these
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assumptions,
X,, ~ binomial(n,p,) and E X, — At,

whereby
X, 4 Ny, where N; ~ Poisson(At).

One then has the (conjugate) waiting time process T,, to describe the
amount of time to wait until at least n “successes.” Since

T, >t <= N; <n,
we find

n—1
P(T, > t)=P(N; <n) =Y _ e \t)'/il
i=0
and differentiating produces the p.d.f.
fa(t) = 2e™ M)/ (n = 1)L, £ >0,
whereby we discover

T, ~ G(n,\™1) or, equivalently, z, = \T,, ~ G(n).

The exponential itself is just as well predicated on a different intuition in
that one may show that it is the unique distribution that has “no memory”
in the explicit sense that

z~exp(f) < Pz >s+tlxa>t)=P(x>s)>0, Vs, t >0.

3.3 Dirichlet distributions

If the gamma is intuitively a waiting time, the Dirichlet, otherwise known
as the multivariate beta, is simply the proportion of time waited.

Definition 3.5 Dirichlet: x ~ D, (p;pn+1) or x ~ beta,(pP;pnt1), P =
(P1y--son), i >0,i=1,....,n+ 1 4ff

a1
= —z

=7

ind
with z; nep Gpi),i=1,....n+1,z=(21,...,2,), and T = Z?:Jrll Z.

inde
The notation ~ P means “independently distributed as.”

Proposition 3.1 The joint p.d.f. of x and T can be described as

1 - n+1
fr) = e e 1> 0 ( T~G< pi>>,
D( p) ;

i=1 Di
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Pnt1—1

F(E:n+1 n . n

fx(x) = H"+1 xfl 1—2351- , xeTm,
=1 7’ =1

where T" = {x € R": z; >0, Y. x; < 1}. Moreover, x I T.
Proof. Using independence, the joint p.d.f. of the z;’s is

n+1 n+1

pL y

Jo i1 (2o 2ng1) = n+1 H 27 cexp | — Z zi |, 2 >0, Vi.
H =1 i=1

pz
We simply transform from (z1,...,2,41) to (21,...,Zy,,t), where
zi=tx,, 1=1,...,n

and

Zn+1 = t <]. — ixl> .
i=1

The jacobian is given by

8z1,...,zn+1 - atxl,...,t:z:n,t(l—zg;l 11)
0T,y Tyt 01, ..., Ty,t .

t 0 T

o t Tn

—t e =t 1=30

t 0 I

0 t x,

0 0 1

Thus, the joint p.d.f. of (x,T) is

n
1 H Pi— 1 1_21' pn+1 1t21 11~”1_16_t7 XET”, t>0,

’L

+1
H?:1 F(pi)i 1 i=1
and the conclusions are reached. O

Note that the Dirichlet where all the parameters are 1 is simply the uni-
form distribution on the triangular region T™, D, (1;1) = unif(T™). Also,

the Dirichlet distribution generalizes the beta distribution, D1 (p1;p2) 4
beta(pi;p2), with p.d.f.
fo(x) = B(p1,p2) ' M1 —2)> " 0< o < 1,

where B(p1,p2) = I'(p1)['(p2)/T(p1 + p2), is the beta function.
The converse of Proposition 3.1 is almost obvious (by inverse change of
variables); it need only be stated.
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Proposition 3.2 If z; = Ta;, i = 1,...,n and 2,11 = T(1 = > | z;)
with T~ G(Z?jll Di), X ~ Dp(P;Pnt1), and x 1 T, then

ind
5 NP G, =1, n+ 1

Four useful corollaries are also stated and the reader is asked to prove
them. For x ~ D, (p;pn+1), let p = Z;:ll p; denote the “grand total,”

noting that, by definition,
a1
= —z

T

x
ind
with z; mep Gpi),i=1,....,n+1,z=(21,...,2,),and T = Z?Ill Zi-
We find the following:
Corollary 3.2 (Marginal Dirichlet) Ifx; = (zi,,...,%;,) denotes any
subset of the coordinates, then x1 ~ Dy (p1;q) with p1 = (Diy,---,pi,) and
k
pP=q+> 1D
Corollary 3.3 Ifx = (x},...,x},) is “partitioned” in any manner what-
ever so that we may write xX; ~ Dy, (pi;¢:), ¢ = 1,...,m, define y by
letting y; = x,1, i.e., the total of the components of x;, with corresponding
r; =pil. We findy ~ Dy (r; pny1) withr = (rq,...,7rm)"
Corollary 3.4 If S = x'1 = Y | z; and again x1 = (x;,,...,7;,),
k < n, is any subset, let wy 4 %xl. We find wy ~ Dy(p1;r) with
P1 = (Piys---, i) as before but this time, p — ppy1 =1+ Z?zl Di; -
Corollary 3.5 (Conditional Dirichlet) If

X = (X/17X/2)/ ~ Dy ((p/b p/2)/§pn+1) )

where x1,p1 € R” and x2,p2 € R*, n =r + s, then
X1
1—x41
We easily compute the moments of a Dirichlet distribution. By the con-
verse representation in Proposition 3.2, if T' ~ G(p), x ~ Dy, (P; pn+1), and
x 1 T, we have

‘ Xg ~ Dv*(pl§pn+1)-

Tx £ z with Z mdNep G(pi), i=1,...,n.
This gives
n n n
" Hx:’ 4 Hz;% with r = Zri,
i=1 i=1 i=1
so that

ET"E ﬁx: :ﬁE zi' forr; > —p;, i=1,...,n.

=1 i=1
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Figure 3.1. Bivariate Dirichlet density for values of the parameters p1 = p2 = 1
and ps = 2.

We find

, ! ETr
i=1
In particular,
Bz} = (pi+1pi/(p+1)p, Vi,
and E x;z; = pip;j/(p+ p, Vi # j,

and letting 8 = %p gives

E x=0 and var x = (diag(6) — 66") .

p+1
Figure 3.1 exhibits a bivariate Dirichlet density. Various characterizations

of Dirichlet distributions can be found in the literature [Rao and Sinha
(1988), Gupta and Richards (1990)].
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3.4 F distributions

The ratio of two independent gammas is described by the F distribution,
intuitively a relative waiting time.

indep
~ 57

Definition 3.6 F distribution: F ~ F(sy, o) iff F < %, i
i=1,2.

One may easily obtain the moments of an F' distribution and, in partic-
ular, its mean and variance. Sometimes, the distributions are more easily
expressed in terms of the canonical F,. distribution:

Definition 3.7 Canonical F, distribution: F ~ Fi(s1, s2) iff F < 11 /ys,
y, dep X2, i=1,2.
One should also verify the simple relation

F ~ F(s1,82) <= (1+ F)™' ~ beta(3s9; 151).

The noncentral chi-square and F' distributions useful to describe the non-
null distribution of some tests are defined in Section 4.3.

3.5 Problems

1. If y ~ x2,, then E y" =2"T (3m + h) /T (3m), h > —im.
2. Prove Corollary 3.1.
3. Assume x ~ unif([0, 1]) in R™.
(i) Define y by y1 = x(1y = min ({z1,...,2,}) and
Yi = T(;y = min ({xl, co = A{Ty, .. ,x(i,l)}) ,

i =2,...,n. Determine the distribution of y.

(ii) Define z by z1 = y; and 2z; = y; — yi—1, ¢ = 2,...,n, and
determine the distribution of z.

(iii) Determine E x, var x, F' y, and var y as well as F z and var z.

4. Prove Corollaries 3.2, 3.3, 3.4, and 3.5.
5. Show the simple equivalence

F ~ F.(s1,8) <= (14 F)™" ~ beta(}s2; 351).
6. Obtain the density of F' ~ F.(s1, $2):
L ($(s1+ s2)) Fe1/2-1

F (i) T (k) (L4 B

fF) = F>0.
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Invariance

4.1 Introduction

Invariance is a distributional property of a random vector acted upon by a
group of transformations. The simplest group of transformations {+1, -1}
leads to symmetric distributions by defining a random variable to be sym-

metric iff + £ —z. Groups of transformations acting on random vectors
commonly encountered are the permutations and orthogonal transforma-
tions. The permutation invariance gives the “exchangeable” random vectors
and the invariance by orthogonal transformations defines the spherical dis-
tributions. Of great importance is the orthogonal group, since it specifies
the physical basis for normality in the Maxwell-Hershell theorem. Spher-
ical distributions will play a central role later in Chapter 13 to build the
elliptical models useful in the study of robustness.

4.2  Reflection symmetry

Definition 4.1 z is (reflection) symmetric iff © < 2

One immediately notes that if v < —z and E |z] < oo, then E z = 0
(why?). The distribution of a symmetric random variable x is completely
determined by the distribution of its modulus |z|, as the next proposition
shows.
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Proposition 4.1 z L el slz| with s 1L |z|, s ~ unif{£1}.
Proof. (=) : Let F be the d.f. of x. Then,

P(slz| < 1) 3 {P(lz| <t) + P(lz] = —1)}
JP(—t<z<t)+1, t>0
J@F(#) -1)+1, t>0

2F(t), t<0

=

i)

N[—=

= F(t).
(<) : Since s ~ unif{£1} is symmetric, then

d d
=-s sl fe] = (s ]z]) = (=s,|2])

s
d d d
= 1z =slz|=—slz|=—=x.
a

If p(0) = P(zx = 0) = 0, we may specifically let s = x/|z|] be the sign
of x and show that when x is symmetric, the sign of x is +1 or —1 with
probability % and is distributed independently of the modulus |z|.

Proposition 4.2 If x 2 2 and p(0) = 0 then x/|z| AL |z| and x/|z| ~
unif{41}.

Proof. Uniform:

d 1
z/|z] = ~zflz| = P(z/lz] = 1) = P (z/lz] = -1) = 5.
Independence:
P(al <t,x/lal=1) = Pl <tz >0

)
= P0<z<t)=3P(z| <t).
O

Obviously, by these propositions, one may generate symmetric distributions
at will.

Example 4.1 Let x L 2z and |x] ~ exp(l) to obtain the “double
exponential” (Laplace distribution) with p.d.f. f(z) = L exp(—|z]).

4.3  Univariate normal and related distributions
Definition 4.2 Standard normal: z ~ N(0,1) iff f.(z) = (27r)*1/2e’%z2.

The univariate normal is so intimately connected to the gamma(1/2) that
these two may safely be thought of as synonymous. We easily verify:
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Proposition 4.3 z ~ N(0,1) <= z < —2 and 122~ G(1).
From the convolution of gamma variables in Corollary 3.1, we obtain
immediately

Proposition 4.4 y ~ 2, <y 4 S22 with 21, ... 2 dd.d. N(0,1).

i=1 "%’

By the representation in Proposition 4.3, we quickly produce the (integral)
moments:

nodd: FEz" =0 (ie. 2" < —z")
neven: FE " =E z?k
=2F B wk, w~ G(%)
—2’“F(/<:+ )/F( )
(nfl)(n—3)~~3~1.

In particular, £ z = 0 and var z = 1.
The more general normal is obtained by simply relocating and rescaling:

Definition 4.3 General normal: z ~ N (u,0?) iff 4 cz4u, z ~ N(0,1).

Clearly, the integral moments of x are simple polynomials in ; and o?
" /n
E " = ZE i\, ,n—1
> (7)o Er
=0
and one may write these out explicitly. In particular,
Ex=p, var x = 02, and F 2? = u® + 02,

Also, immediate from (2.1) is the characteristic function

. it 1 2,2
co(t) = ete,(ot) = 27, (4.1)

We digress somewhat from invariance considerations to introduce two
important noncentral distributions. Motivated by the chi-square represen-
tation in Proposition 4.4, we now define the noncentral chi-square and F'
distributions and show some characterizations.

Definition 4.4 Noncentral chi-square: y ~ x2,(8) iff v 4 St @2, with
d m
:L"m epN(,u“ ),i=1,....m, and § = 31", p3/2.

Definition 4.5 Noncentral F: F ~ F(s1,s92;0) iff F = 4 Zléz; with y; ~
X3, (0), y2 ~ X2, and y1 L yo.

Definition 4.6 Noncentral canonical F.: F ~ F.(s1, $2;0) iff F 4 y1/Y2,
Y1~ x2,(6), y2 ~ X2, and y1 1L ys.

Proposition 4.5 y ~ x2,(0) = ¢, (t) = (1 — 2it)~™/2 exp[02it/(1 — 2it)].
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Proof. By definition, if z1, ..., zy_1, 2 are independent with zz ~ N(0,1),
i=1,...,m—1,and & ~ N(u,1), then y = 377" 22 + 22 ~ x2,(9),
where 6 = p?/2. Using independence and the characteristic function of
Py 11 22 ~ 2.1, ¢y(t) = (1=2it)(m=1)/2.¢ 2 (t). By direct computation,

cp2(t) = / eith(Qw)*lﬂe*%@*“)de

'/Z(%)_m b {_ s _22it) {x Q —N%t)r} &

(1 — 2it) /2 exp[62it /(1 — 2it)].
Thus, ¢, (t) = (1 — 2it)~™/2 exp[62it/(1 — 2it)]. O
Proposition 4.6 If y ~ x2,(9), then

oo

(5
Z ‘3_5 Xm+2k <t);

i.e., y is a Poisson mizture of central chi-square distributions.

Proof. A Taylor series gives

0t ], 61
exp I:(l?zt)] =e exp |:(121“f:| Z k' 1 2'Lt

Hence,

o~ 50" n—1(m
SUR LR )
k=0
This means that if we define K, ug,uq,... mutually independent where

u; ~ X2, 9; and K ~ Poisson(d), then y 4 > reouk - I(K = k). Finally,
since y | K 2 ug, it comes

oo

_s0F
Ply<st)=EPy<t|K)=) e égp(xgnwkgt)'
k=0 )
O

A similar expansion for noncentral F,. and, of course, F' distributions exist.

Proposition 4.7 If F' ~ F,.(s1,2;0), then
P(F<t)= 267 HP(Fc(‘% + 2k, s2) < 1);
k=0

i.e., F' is a Poisson mixture of central F, distributions.
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Proof. As in the proof of Proposition 4.6, if we define K,ys,ug,uq,...
mutually independent where K ~ Poisson(d), u; ~ Xil 4o; and gy ~ Xiz,
then

F £ (un/y2)I(K = k).
k=0

Now, since F' | K 4 F.(s1 4 2K, s2),

P(F<t)=E P(F<t|K)=) e’ 5P (F(s1 + 2k 5) <1),
k=0 ’
which concludes the proof. a
4.4 Permutation invariance
We represent any permutation o of 1,...,n by the linear transformation

obtained by the corresponding permutation of the columns of the identity
Jo = (er(1), > €0(m)) -

In the transpose,
Jox = (To(1) - To(n)

permutes the elements of x. We denote the group of all such permutations:

S, ={Js: o = permutation of 1,...,n}.

Definition 4.7 x is permutationally invariant (ezchangeable) iff x 2 Jx,
vJ e S,.

It is obviously a very special case when the x;’s are i.i.d. = as the
characteristic function shows

ch ) = x(I't) = cax(t), VI € S,,.

Any subvector of an exchangeable random vector will also be exchangeable
and all subvectors of the same dimension will be identically distributed. In
particular,

d . d L,
z; =1, Vi and x;x; = 2122, Vi #£ j.

If x is permutationally invariant, this forces the mean and variance to have
a certain structure. Let E 21 = p, var 1 = o2, and cov(zy,xe) = p02 to
find

Ex=pl and var x =% {(1 —p)I +p11'}.
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The inequality p > —1/(n — 1) must hold, as the eigenvalues of var x are
positive. Furthermore, in statistical applications, the physical assumption
that x is exchangeable is usually made independent of the sample size n;
but this (additional) assumption forces p > 0. We verify also this fact by
normalizing to z; = (z; — u)/0, expressing p in terms of var zZ and then
passing to the limit in n (v. Problem 4.6.9).

Permutationally invariant vectors are used, in particular, to model fa-
milial data where x = (z1,...,z,) represents a variable observed on n
siblings of a family. The parameter p in that context is often referred to as
the intraclass correlation coefficient. Results of a minimum variance unbi-
ased estimation in an exchangeable model are available under the normality
assumption [Yamato (1990)].

4.5 Orthogonal invariance

Recall that an orthogonal transformation, H, is simply one which preserves
length:

|Hx| = |x|, Vx € R".
However, it is clearly equivalent that H preserves the inner product:
H(x+y)]> =[x +y[* ¥x,y € R" < (Hx)'(Hy) = x'y, ¥x,y € R",

and from this, it is equivalent that H be nonsingular with the inverse equal
to its own transpose:

xXHHy =x'y, Vx,y e R" &< HH =1=HH';

this last expression is identical with the fact that the columns (or rows) of
H determine an orthonormal basis of R™.
We denote the group of all orthogonal transformations by

O,={HeR": HH=T}.

The subgroup of all orthogonal transformations with positive “orientation”
is known as the rotation group: Of ={He O, : |H|=1}.

Definition 4.8 x is orthogonally invariant (spherical) iff x < Hx, VH €
0,.

It is clear that this includes reflection symmetry as a special case when
n = 1, but the considerations become altogether more interesting when
n > 2, and in what follows, we will assume this.

Since S,, C O,, (subgroup), it is clear that x is permutationally invariant,
but, in addition, we will also have reflection symmetry in the coordinates.
Thus, in particular,

d . d .
x; = —x;, Vi and x;75 = —x575, Vi £ J,
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and this forces u = p = 0 by which we must always have
FE x =0 and var x = ¢°L.

The following result reveals that the distribution of any orthogonally in-
variant x is completely determined by its first coordinate; it is important
in the sequel.

Proposition 4.8 x is orthogonally invariant <= t'x 4 xy, Vt€ 8L,

Proof. (=): Let t’ be the first row of H € O,, and project onto the first
coordinate.

(«<=): Let H € O,,. Since both H't and t are unit vectors if t is, we have
immediately

o L ¢'x £ t'Hx, VH € O, Vt € S" L.
The Cramér-Wold theorem (v. Proposition 2.10) gives the conclusion. O

The characterization in Proposition 4.8 was used by Fang et al. (1993) to get
a Wilcoxon-type goodness-of-fit test for orthogonal invariance. Koltchinskii
and Li (1998) provide other clues to this testing problem.

Corollary 4.1 x is orthogonally invariant <= x L Hx, VH € O;.

Proof. For any t € S"!, one can always find H € O;, whose first row is

t/. Since x < Hx, project on the first coordinate to obtain 2 'x. a

With Corollary 4.1 the terms “orthogonal invariance” and “rotational in-
variance” can be used interchangingly and we will use the latter in the
sequel.

Now, perhaps, the very most obviously rotationally invariant distribution
is a spherical uniform. Accordingly, we consider x ~ unif(B™) with B™ =
{s € R": |s| < 1} the “unit ball” in R™. The reader can show that if
we define y by y; = 22, i = 1,...,n, then y ~ Dn(%l;l) and R = |x| ~
beta(n; 1) (v. Problem 4.6.8). We simply “project” this distribution onto
its (n — 1)-dimensional boundary to obtain:

Definition 4.9 u ~ unif(S"~1!) iff u < x/|x| with x ~ unif(B").

It is clear that u is rotationally invariant, inheriting this property di-
rectly from x. What, however, may be a bit surprising is that u is the only
rotationally invariant distribution on S™!:

Proposition 4.9 z is rotationally invariant on S"~! iff z ~ unif(S"~1).

Proof. Assume z is rotationally invariant on S™~'. Take u Il z, where
u ~ unif(S"~1). Then,

, d d d
Zu|z=ui|z=u =2zu,
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but this is completely symmetric in z and u, so
vz|ulz |uls Luz
and we conclude
tuly £, 2 t'z, Vt e S L.
Using the Cramér-Wold Proposition 2.10, u 4, a
As a bonus, we also get the distribution of the cosine of the angle between

two vectors independently and uniformly distributed on S™~1.

ind

Corollary 4.2 u,z e unif (5" 71) = (u'z)? ~ beta (3; 3(n — 1)).
Proof. This is just a by-product of the proof of Proposition 4.9, in
which we found zu 2 uy, where u; x1/|x| with x ~ unif(B™). But,
then, (z’ u)2 = 2%/|x|?, where (23,...,22) ~ D,(31;1) by which, from
Corollary 3.4, 23/|x[* ~ Dy (3; 5(n —1)). ]

The culmination of all this is a fundamental representation in “polar”
coordinates of the general rotationally invariant distribution with respect
to the uniform distribution on the sphere. In this sense, the unif(S™~!) will
be referred to as the “unit spherical” distribution. This representation was
used recently by Gupta and Song (1997) and Szablowski (1998) to define
and characterize [,,-norm spherical distributions.

Proposition 4.10 x is rotationally invariant <= x = ¢ Ru with R < x|,
u ~ unif ("), R 1 u.

Proof. (<): Since Hu 4 u, VHe O, and u I R,

= (R,Hu) = (R u), VHe O,
= HRu:Ru, VH € O,
— HxLHRuZRulx, VHcO,.

(=): Let R < x|, u ~ unif(S"~1), R 1 u, and take any v ~ unif(S"~1),
v I x. Then,

d
(1) (R,u) = (|x|,v) = Ru= |X|V — Ru; = |x|v1,
(2) x'v|x < [x|v1 | x = v'x 4 |x|v1,
(3) v’x|vix1|V:>Jcliv’x7

and as easy as (1), (2), (3), 21 2 Ruy. However, since x and Ru are both
rotationally invariant, then for any t € S™*~1,

t'x L2, L Ruy £ t'Ru
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and from the Cramér-Wold Proposition 2.10, x 2 Ru. ]

Thus, any rotationally invariant x is completely determined by its “mod-
ulus” R. Moreover, if there is no probability at the origin, px(0) = 0, we
have that the “direction” u of x, u = x/|x/, is unif(S"~1) and distributed
independently of the modulus R = |x|.

Corollary 4.3 x is rotationally invariant < |x| AL x/|x| and x/|x| ~

unif(S"1).

Proof. (<): By expressing x = |x| - x/|x|, Proposition 4.10 gives the

result. 4 4

(=>): Simply note that x = Ru, where R = |x|, u ~ unif(S"7!), and

R 1 u. Thus, (Jx|,x/|x|) £ (R, u). O
Another proof due to Kariya and Eaton (1977) does not assume a density

and relies on the unicity of a rotationally invariant distribution on S™1!.

We finish this section by obtaining a fundamental result that precisely

specifies the physical basis for normality with rotational invariance at the
very heart (n > 2).

Proposition 4.11 (Maxwell-Hershell) z1,...,x, ii.d. N(0,0%) <
X is rotationally invariant and x1,...,x, are independent.

Proof. (=): Independence is given and since

Fulo) = (2m2) 2 exp (~3 L)

depends only on |x|, rotational invariance is obvious.
(«<=): Let ¢(t) be the characteristic function of ;. Since 7 is symmetric,

c(t) = c(—t) = c(t), and, thus, c(t) € R and, of course, —1 < ¢(t) < 1. Both
hypotheses may be expressed with respect to the characteristic function

[1cti) = ex(t) = cux(t), VH € O,,, t € R™.
i=1

But, of course,
cax(t) = cx(H't), VH € O,,, t € R",
and we may specifically choose H = (t/|t|, T') € O,, for some I so that
H't = |t|e; whence, altogether, []\, c(t;) = c(|t]), Vt € R™. Then, letting
t = (s,60,...,0) and defining h(z) = c¢(v/x), V& > 0, we find Hamel’s
equation
h(s? +t%) = h(s®) h(t?), Vs,t.

But then,

h(z) = h(2-2/2) = [h(x/2)]*> >0, Vx>0,

h(1) = h(p-1/p)=[n1/p)", p=1,2,...,
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and

4. Invariance

h(p/a) = h(p-1/q) = [R(1/qQ)]" = [M(L)]*/, p,g=1,2,....

Since the rational numbers are dense and h is continuous, then h(z) =
[h(1)]* = exp(—kz), Vo > 0, where k = —Inh(1l) > 0. Finally, c(t) =
h(t?) = exp(—kt?), Vt. The case h(1) = 0 was excluded, as it would imply
that ¢(0) = 0, a contradiction, and h(1) = 1 corresponds to 21 = 0 w.p.1
(with probability 1), a degenerate normal with o2 = 0. O

Thus, we have now a fair understanding of the basic physics of normal-
ity. In the next chapter, we give a more mathematical treatment of the
multivariate normal “family” in general; based on the theorem of Cramér
and Wold, multivariate normality will be (by definition) directly equated
to univariate normality of the linear functionals.

4.6

Problems

. If y ~ x2,(0), show that

Ey = m+ 26,
vary = 2m+ 86.
. If F ~ F(s1,589;0), show that
20
EF M7 S9 > 2,
51(82 —2)
2 26)2 46 -2
var I = 253{(51+ St 0)(s =) oy
s7 (s2 —2)2%(sg —4)

Obtain the density of F' ~ F.(s1, $2;0) using Problem 3.5.6:

= 6% T (%(s1+s2+2k)) Fs1+2k)/2-1
_ 50" p
FF) =Y E'T (3(s1 +2k)) T (3s2) (14 F)(satsat2)/27

k=0
F>0.

Assume x = (x,x5)’ has a spherical distribution. Show that x; also
has a spherical distribution.

. Let x € R™ have a spherical distribution with a finite 7th moment.

Demonstrate that all product-moments of x, E(x]*---air), of order
s =i, s <r are null provided one of the s; is odd.

Let x = (z1,...,2,) have a spherical distribution. Prove the

following:

(1) cx(t) = cqy (Jt]) is a function of |t].

(ii) If x is absolutely continuous, x ~ f, then f(x) = f(|x|e1)
depends on x only through |x|.
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11.
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. Assume x € R" is rotationally invariant. Prove the mixture

characterization
x(®) = [ eu(ltlndF (),
0

where u = (uq,...,u,) ~ unif(S"71!) and F is the distribution
function of |x| on [0,00). This means any rotationally invariant dis-
tribution is a mixture of uniform distributions on spheres of varying

radius r > 0 [Schoenberg (1938)].

. Let x ~ unif (B™), where B™ = {s: s’s < 1} is the “unit ball” in R".

(i) Define y by y; = 27, i =1,...,n, and determine the distribution
of y, the marginal distribution of each y;, ¢ = 1,...,n, and,
finally, the distribution of R? = |x|* = x'x.

(ii) Obtain vol(B™) using (i) and indicate the special cases n =
1,2,3.

(iii) Determine E x and var x as well as E R? and var R?.

Hint: Realize that y is “concentrated” on

T ={y: 5y >0 > y <1}

i=1
Assume x € R™ is permutationally invariant Vn and E |x|? < oo.

Let S = g(x), where g : R® — R is any (permutation) symmetric
function, i.e., g(Jt) = g(t), VJ € S,,, Vt € R™.

(i) Prove p > 0.

.. w.p.1
@) E(fx018) "2 E(1%) | 5), VIS,

w.p.1

(iii) cov(z1,z2|Z) < O.
Assume x € R™ has a “rotationally invariant” distribution such that
P(x=0)=0,ie, Hx 4 x, VH € O,,. Let R = |x| and z = x/R.
(i) Prove that z has the same distribution as if x had been unif (B").
(i) Prove that R L z.

(iii) Determine F z and var z.
(iv) Determine E x and var x in terms of E RZ.

Partition x = (x},x5)’, x; € R* and x, € R"™* and let R; = |x;],
i=1,2.

(v) Determine the distribution of R?/R? and R?/R3.
Assume u ~ unif(S"!) and u = (uf, uh)’, u; € R¥.
(i) Prove that the density of u; is

L(3n)

- ~\2" (n—k)/2—-1
Wk/QF[%(n — k)]

f(ur)

(1 —ujuy) , 0<uju <1,
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12.

13.

14.

15.

4. Invariance

Hint: Show (u?,...,u?) ~ Dy(31;4(n — k)) and consider the
one-to-many transformation uf — tu;.
(ii) Prove |ui|? ~ beta(3k; % (n — k)).
Assume u = (uy,u2,u3)’ ~ unif(S?). Show that u; ~ unif(—1,1).
Does this hold in other dimensions?

Let x = (x1,...,2,)" have a spherical density fx(x) = g(|x|?) for

some function g : [0,00) — [0,00). Let x = ru, where r > 0 denotes

“radius” and u € S"~! represents “direction.” Prove the following

using J(x — r,u) = r" L

(i) r 1 u.
(ii) r? has density
fr2(s) = %wnsn/zflg(s), s> 0,
where w,, is the “area” of the unit sphere S"~1.
(iii) With the special case z1,...,2, iid. N(0,1), find the “area”
W
(iv) What is the density of u?

Let x € R™ have a spherical density fyx(x) = g(|x|?) and
X—=r0,...,0, 1

be the transformation to polar coordinates as in Proposition 2.23.

Prove 6,1 ~ unif (0, 27). What can be said about the other angles?

Prove the following concerning spherical distributions:

(i) If g(|x|?) is a density on R™ for some g : [0,00) — [0, 00), then
OOO rlg(r?)dr =T (3n) /(2nm/?).
(ii) If the kth moment of x is finite, i.e., E |x|¥ < oo, then

o0
/ T"+k_1g(r2)dr < 0.
0

(iii) If the second moment of x is finite, then var x = al, where
a = E 2. From Problem 4.6.6, cx(t) = ¢(t't) for some function
¢. Prove a = —2¢/(0).
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Multivariate normal

5.1 Introduction

This chapter is entirely devoted to the multivariate normal distribution. In
Section 5.2, the basic properties are demonstrated. Then, Sections 5.3 and
5.4 make the distinction between the nonsingular and the singular cases. In
the nonsingular case, the density is derived while we explain the geometry
of the singular case. Section 5.5 contains the conditional distribution in all
its generality. Finally, the last section reaps the first benefits by consider-
ing some applications in univariate sampling, regression, and elementary
correlation.

5.2 Definition and elementary properties
Let 3 = (045) € R} be symmetric, positive semidefinite, and p € R™.
Definition 5.1 Multivariate normal:

x ~ Np(p, X) iff t'x ~ N(t'p,t'St), vt € R™.

Note that x has product-moments of any order by the fact that this is true
of t'x, Vt € R"™.

Proposition 5.1 x ~ N, (u,¥) = E x = p and var x = 3.
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Proof. Setting t = e = (0,...,1,...,0), we find the individual
component x; = e;x:

x; ~ N(u;,04), where p; = E x;, 04 = var x;.

Similarly, setting t to be a vector with 1’s in the ith and jth components,
1 # 7, and 0’s elsewhere, we find

xi+xj ~ N(pi + pj, 05 + 055+ 2045), i # J.

However, since on the other hand for ¢ # j, var (x; +x;) = var ; +var x; +
2cov(z;, x;), then cov(z;, ;) = 0y . O

Proposition 5.2 Let A : R® — R™, linear, and x ~ N,(w,X). Then,
Ax ~ N, (Au, AXAY).

Proof. Let y = Ax and merely note that
s'y = (A's))x ~ N (s'Ap,s’AXA’s), Vs € R™.

a

By specializing A to be the projection onto any particular subset of co-
ordinates, we deduce immediately that all the marginal distributions are
normal.

As a simple corollary on rotational invariance, we have

z ~ N, (0,0°T) = Hz A z, VH € O,,.

The characteristic function for x ~ N, (u,X) derives from the univariate
level (4.1):
ex(t) = cpx(1) = exp (—3t'St + it'p) .

Example 5.1 Although all marginals of x have a univariate normal distri-
bution, the vector x itself may not have a multivariate normal distribution.
Consider a random vector x whose distribution is a mizture of two
multivariate normal distributions,

ex(t) = acx, (t) + (1 — a)ex, (), 0 < a < 1,
where
x1 ~ Np(0,(1—p1)I+pi11"),
Xo Nn (07(1 —p2)I+p211/)
Then, ¢z, (t;) = ac,(t;)) + (1 — a)e.(t;) = c.(t;), where z ~ N(0,1),
which shows x; 4 z, 1 =1,...,n, but x does not have a multivariate

normal distribution. Other counterezamples can be given using copulas [v.
Ezample 2.5].
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As a special case, we have the characteristic function for z ~ N, (0, 0?I):

ca(t) = exp (—1o%t't) H exp(— H s, (t

by which
z ~ N, (0,0%T) <= 21,..., 2, iid. N(0,0?).
An implication is that if z = (z},25)" ~ N,(0,1I), then z; Il z5, and the

density for z becomes

n

f2(z) = (2m) ™% exp (—iz'z) = H(27r)71/2 exp (—

=1

N[

22).

It is also clear from the characteristic function that the family of
multivariate normal is closed under translation:

X~ Np(p,X) =x+b~N,(t+b,X), Vb € R".

Now, suppose that x ~ N, (s, X) and write ¥ = HDH' with H orthogonal
and D = diag(X). We find, of course, that y = H'(x — ) ~ N, (0,D), and
if we then let A = HD'2, we deduce the representation:

Proposition 5.3 x ~ N,(u,X) < x L Az + n for any A such that
AA =%, 7~ N, (0,1).

Finally, partition x = (x},x5)’, where x; € R™ and x2 € R"2, n = n; +na,
with corresponding

om (i) e 2= (5052
Concerning independence, we have the following necessary and sufficient
condition.
Proposition 5.4 Let x = (x},x5) ~ N, (u,X). Then,

x1 Al x9 <= 315 = 0.
Proof. (=):
x1 Lx2 = Egi(x1)g2(x2) = E g1(x1)E g2(x2), Vg1, 92

— X5, =0.

(<=): Assume X5 = 0. Write 3;; = A;; A

where

i = 1,2. Then, X = AA/,

10

(A1 O
Using the representation

X1 d Az + Hq
= Az =+ = s
<X2) H <A22Z2+u2>
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where z ~ N, (0,1), it is clear that since z; Il zo, then x; Il x». a

Another simple proof based on characteristic functions is proposed in
Problem 5.7.3.

5.3 Nonsingular normal

When x ~ N, (p, X) and |E| = |AA/| = |A|> = |D| =[]/, \; > 0, define
z = A~ !(x—p) whereby we have an explicit density for x by simple change
of variables:

xx) = f (AT (x—p) J(z > x)
— (@m) B 2 exp [~ (x — ) S (x — )]
and, of course, from Proposition 4.4, then also
(x—p)S M (x—p) =2z~ X}

The quantity [(x — p)’S~"(x — p)]'/? is often called the Mahalanobis
distance of x to .

Example 5.2 The bivariate density function is just a special case. For

2
251 oj po102
# <F‘2> <p0102 o3 >

we find
s1_ L ( o;? P/0102>
(1-p2) \—p/owos o032 )"
Thus, the bivariate density takes the form
1 1 1 z =\
fX(x17x2) o 2T 0'10'2(1 — p2)1/2 eXp{ 2(1 — p2) [( g1 )

2
—92p ($1 —M1> (xz—m) + <$2 —M2> 1}
01 02 02
A plot of this density is given in Figure 5.1.

The contours, which consists of the set of points of equal probability density,
of a multivariate normal are the points x of equal Mahalanobis distance to

s
(x— )7 (x—p) =¢?,
for any constant ¢ > 0. Letting y = H'x, v = H'u, where H diagonalizes
Y, HXH = D, then the contours are the ellipsoids
P

> i—vi)/di=¢

i=1
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Figure 5.1. Bivariate normal density for values of the parameters 1 = p2 = 0,
o1 =02 =1,and p=0.7.

centered at v with principal axes of half length cdi1 /2 supported by the
eigenvectors in H = (hy,...,hy).

Example 5.3 The contours of the bivariate normal density are in para-
metric form, and in the y coordinates,

1/2 .
<y1> _ <V1>+C<d:1l/2sm9>, 0<0<om
Y2 V2 dy'~ cos 0

Thus, the contours in the original x coordinates are just
1/2 . 1/2
<x1> _ <M1> L <h11d%/2 s%n0~|—h12d%/2 cos@) 0<0<om
T3 M2 ha1d;" " sin @ + hoody’'~ cos 0

A contour plot is given in Figure 5.2.

Example 5.4 Using the transformation to polar coordinates on p. 32, the
contours of the trivariate normal density are in parametric form, and in
the y coordinates,

Y1 vy d}/2 sin 61 sin 6,
yo | = (v | +c| di/?sinfcosty, |, 0< O <7, 0<6, <2m.
Y3 V3 d;/Q cos 0
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x1

Figure 5.2. Contours of the bivariate normal density for values of the parameters
w1 =p2 =0,01 =02 =1, and p = 0.7. Values of c =1, 2, 3 were taken.

Thus, the contours in the original x coordinates are just

1 11 hit his his\ [ di/sin6sinfy
o | = p2 | +¢c| hor hoy hog dé/z sinf; cos by |,
T3 3 h31 hsa  hss dy/? cos 6,

0<6, <7, 0< 60 <2m. The contour plot corresponding to ¢ =1 is given
in Figure 5.3 when p =0 and

13 —4 2
Y= -4 13 -2
2 -2 10

The corresponding eigenvalues of dy = 18, do = d3 = 9 give the typical
ellipsoidal contours.

Still assuming |¥| > 0, we apply the Gram-Schmidt process to the basis
formed by the row vectors of A = HD'/2 obtaining (uniquely) A = TG
(v. Proposition 1.13) with T € L}, G € O,,, where

L} ={T € G, : T is lower triangular, t;; >0, i =1,...,n}.

Then, ¥ = AA’ = TT' for a unique T € L} (v. Proposition 1.14). We
have the “triangular” representation:

Proposition 5.5 (Triangular representation)

x ~ Np(p,3) <:>xiTz—|—u
with T € LY such that ¥ = TT' and z ~ N, (0,1).
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Figure 5.3. A contour of a trivariate normal density.
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5.4 Singular normal

Now, for x ~ N(u,0?), we know that 02> = 0 <= x = p w.p.1. This
holds, since if 02 = 0, P(z = p) = lim,o P(Jz — p| < 1/n), but
P(lx — pu| > 1/n) < o?n? = 0, Vn. Thus, the normal family includes the
“trivial” (constant) random variables as special cases. By Cramér-Wold
Proposition 2.10, this also holds for random vectors x € R"™ with £ x =
and var x = 3: ¥ = 0 <= x = p w.p.1. However, if x ~ N, (p,X) with
|X| =0, we may write

D; O H,
¥ = HDH' = (H;,H,) < o 0) (H,;> = H,; D, Hj,
where Dy = diag(A1,..., ) comprises the nonzero eigenvalues, H; =
(hy,...,h,) gives a basis for the column space of X, Im 3, and Hy =
(hy41,...,h,) gives a basis for the kernel, ker 3. One should note that

ImHy, = (ImH))t =ker X,
ImH, = (ImH,)"=ImX.

Then it is clear that H,3XHs = 0 and, thus, we find that Hy(x — p) = 0
w.p.1 or, equivalently, x — g € (Im Hy)* w.p.1., whereas H)(x — p) ~
N,-(0,D;) has a nonsingular normal distribution. Of course, this is yet
equivalent to saying that x € g + Im ¥ w.p.1 and one can then almost
visualize x in this r-dimensional affine subspace of R™, r < n. A curious
fact in this case is that vol(u+Im X) = 0 but Px(p+Im X) = 1, therefore
x cannot be absolutely continuous (v. Proposition 2.11).

It is worth recalling at this point that any constant random vector is
automatically statistically independent of any other random vector, and so
we might notice, in particular, the rather odd looking fact that

H)(x — p) L x.

5.5  Conditional normal

By a suitable permutation, one may rearrange an arbitrary multivariate
normal x so that any subset x; of its coordinates are brought to the fore,
and the overall distribution is expressed by

X1 I3 Y11 o n n
~ N, , , X1 € R™, x5 € R", n =nq+no.
(o)~ () (B 55)) memnm s

We derive the conditional distribution of x; given xs.
First suppose X9 is nonsingular and note that for any B,

I -B 311 XY I o
0 I o1 X -B' 1
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311 — ¥12B’ = BXy; + BXyB' 35 — BYgs
221 — EQQB/ 222 ’

so by deliberately setting B = 2122521, we find

() () (% )
X2 n l,l/2 9, 0 222 Y

o =31 - 21955, 3.

where

. d
However, independence means x; — Bxs | x2 = x; — Bxa, so that we have
X1 — Bxo | Xg ~ an(ul - BN27 211.2)-

Since we may legitimately treat x5 as though constant (the full justification
of this depending on the fact that we have a “regular” conditional distri-
bution to which the Fubini theorem applies [Ash (1972)]) we may conclude
that

X1 | X2 ~ Ny, (g + B12855 (%2 — pg), B11.2).

In the singular case, if [Xg2| = 0, we may always write
D o H,
222=(H17H2)(0 0) (Hé) = H,DH},

where D € R’,z is nonsingular, and we may then take what is called a
“pseudo-inverse” for Xoo:

_ D! o H/ _
222 = (Hl,Hg) ( 0 0) (Hi) = HlD 1H/1

.p-1
We then have, of course, H)(x2 — ) Y22 0 and also

X1 N uq Y YiHy
Hix, mHE\\Hip, ) \H{Zy D

to which the results in the nonsingular case apply, immediately showing

x1 — Bxo ~ N py — By Y12 O
H/x; mtk Hpu, )\ 0 D))’

where B = X3X%;, and X112 = X1 — 31235,39;. But from this,
x; — Bxy 1L H]x2, and thus, overall, x; — Bxy Il x3. We arrive at the
completely general conclusion:

Proposition 5.6 x; | xo ~ Ny, ({19, X11.2), where

Hio = pg+ Z1230(X2 — py),
Y12 = X — X1235,30.
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5.6 Elementary applications

5.6.1 Sampling the univariate normal
Observe that
Ty, ..y i4d. N(g,0?) <= x ~ N, (ul,0°T).
Letting H=(1/y/n, T') € O, for some I' and
w = H'x ~ N,,(v/npey,o?T),
obviously wy, ..., w, are independent, and, of course,
wy = /nT
and
ws 4w = |w—wi =[x —nz?=|x—-71]* = (n—1)s2,
2

where s2 = > (z; — £)?/(n — 1) is the sample variance. Thus, we have
the basic statistical result

Z ~ N(p,o?/n), (n—1)s2

02)(72171, and T I si

with its trivial algebraic corollary

V(@ — ) /se £ /(0= 1)z/xn-1, 2~ N(0,1), and = 1L x2_,.
We make the following definition (W.S. Gosset, “Student,” 1908):

Definition 5.2 t-Distribution: ¢ < ty iff t 4 V/PZ%/Xp, where z ~ N(0,1)
and z 1 Xf,-

Thus, by definition, v/n(Z—pu)/s, 2 t,_1 is a pivotal quantity for u. Clearly,
t L l, <=1 L _tand 2 ~ F(1,p). This provides a quick way of obtaining
the integral moments of ¢,. The Student’s t-distribution sometimes plays

a role in the dependent case. The intraclass correlation model is one such
example.

Example 5.5 Assume x ~ N, (u1,02[(1 — p)I + p11']), where —1/(n —
) <p<1l Letz=> " ai/n s2=>" (r;—2)?/(n—1), and t =
Vn(Z — pn)/sz. We determine a constant ¢ such that ct ~ t,_1. With the
orthogonal transformation above, we still have

w = H'x,

wr = \/{ﬁ‘fia
2 2 _ 2
wy+-- 4w, = (n—1)s;.

Since H'1 = (y/n,0"), the distribution of w is

w ~ N, ((@“) (1= p)I+p diag(n,O,...,O)]).
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Hence, wy 1L (wa,...,w,), which implies & Al s2. The distribution of ¥
and s2 are given by
vz ~ N(ynp,o®[(1—p)+ pn]),
(n—1)s7 ~ o*(1—p)xp_1-

Finally, we can conclude that ct ~ t,_1 by defining

In fact, the Student’s t-distribution has nothing to do with normal distri-
butions. It is more related to the concept of spherical symmetry, as in the
next example [Efron (1969)].

Example 5.6 Assume x € R™ has a “rotationally invariant” distribution
and P(x = 0) = 0. We establish that «/n%/sy ~ tn_1, where, as usual,
T=>" xi/nand s2 =3 (v;i—T)*/(n—1). Using Proposition 4.10,
the representation x 4 Ru, where u ~ wnif(S™™ 1) and R I u, is valid.
Hence, (T, $;) < (Ru, Rs,,) and the distribution of

Ru U

T d

does not depend on R. Thus, \/nZ/s; ~ tn_1 since this is the case when
x ~ N,(0,1).

5.6.2 Linear estimation

Consider now the problem of linear estimation in the so-called multiple
regression model. Let V C R™ be any k-dimensional vector subspace and

y=p+e Fe=0, vare=o021, and p € V.

Let @ = T, where T € R, and consider the estimate 0= T i, where i =
Py is the orthogonal projection of y on V (v. Section 1.6). We prove that
among all possible unbiased linear estimates of 8, the regression estimate
6 has the minimum variance. In this sense, 0 is the “best” linear unbiased
estimate (blue).

Proposition 5.7 (Gauss-Markov) 6 = blue(d).
Proof. 8 = By is unbiased for 8 <= BP = TP. But then,
var 8 = o TPT' = ¢’BPB’ < ¢°BB’ = var 6
with equality iff
BQB' =0<—=BQ=0<B=BP < 6=0,
where Q =1 - P. a
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For example, f1 = Py = blue(u) with var i = o*P.

Now, expressing p = X3 with respect to any basis X = (x1,...,Xy) for
V and recalling the representation (1.3) for P, the coefficients are uniquely
determined as 8 = Bopu, where By = (X'X)~'X’. But then, 8 = Boft =
Boy = blue(8), where var B8 = o%(X’'X)~L. Obviously, Bl = blue(3,),
i=1,...,k.

Another optimality property of the “Gauss-Markov” estimate was
recently discovered [Berk and Hwang (1989), Eaton (1988), Ali and Pon-
napalli (1990]: The probability of the Gauss-Markov estimate of 0 falling
inside any fixed ellipsoid centered at 6 is greater than or equal to the
probability that any linear unbiased estimate of @ falls inside the same el-
lipsoid. It is interesting to remark that the Gauss-Markov estimate it = Py
is also the least-squares estimate. This follows from a general property of
orthogonal projections:

Proposition 5.8
: 2 -2
min |y = pl” =1y — Al

where 1 = Py is the orthogonal projection of y on V.

)

Proof. For all p eV,
ly—wl = |y—@)+@E-—p)f

= |ly—aP+lp—pP+20y-p)(p—p

= ly—alP+|p—pf
sincey — ft € V* and 1 — p € V. Hence,

ly—ul* >y —al*, vpev,
with equality if g = f. O
Finally, since Q = I — P gives the orthogonal projection on V1, we find
y—i=Qy=Qe= |y — i’ =€Qe,
so that
Ely—p?=EeQe=FE tr Qee =tr QF ee’ = (n — k)o.
Thus, we determine the unbiased estimate §2 of o2 by
(n— k)3 =y — pl*.

It is also clear that cov(fr,y — 1) = cov(Py, Qy) = 0?PQ = 0. Before
stating the joint distribution under normality of our estimates fi and 52,
we prove the following lemma on quadratic forms.

Lemma 5.1 Let z ~ N, (u,I) and Q € R be an orthogonal projection of
rank Q =m. Then, z’Qz ~ x2,(5), where 6 = p/'Qu/2.
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Proof. Let H = (hy,...,h,,) be an orthonormal basis for Im Q and write
Q = HH/, where HH = I,,,. Then, z’Qz = (H'z)'(H'z) = |e|?, where
e=H'z~ N,,(H p,I). Hence, |e|* ~ x2,(5) with § = [H'u|?/2. O

If, in addition, we assume normality,
y=XB+e, e~ N,(0,0°I),
then since
B=Boy =Bojt, (n—k)&* =y — > =e'Qe, and o 1Ly — i,
we have the general result
B ~ N (ﬂ,aQ(X’X)_l) , (n—k)PZ ~o*x2 ., and B I s
with corollary

1X(8 - B)|?
k32

We close this section with a slight generalization of Lemma 5.1.

~ F(k,n—k).

Corollary 5.1 Assume x ~ Np(p, %), ¥ > 0, and A is symmetric such
that AXA = A and rank XA = m. Then, xX'Ax ~ x2,(5), where § =

WAR/2.

Proof. Letting z = £~ /2x and B = XY/2AXY2, then x’Ax = 7z/Bz,
where z ~ N, (27/2u,T), and the conclusion follows from Lemma 5.1
since B is an orthogonal projection of rank m. a

5.6.3 Simple correlation

Let (z;,y;) iid. (z,y), i = 1,...,n, be any “bivariate” sample. The
correlation coefficient

p = corz,y)
cov(z,y)

var(x)4/var(y)
is usually estimated by the sample correlation coeflicient
i (@ = ) (yi — )

n —\211/2 (1 o172
o e = 22 (20 (v - )%
(x—z1)'(y — 1)

Ix —z1] [y — 71|

Note that r is just the cosine of the angle between the residual vectors
x — Z1 and y — y1. The main (nonparametric) reason for using r as an

. . . w.p.1
estimate of p is its (strong) consistency: r = p as n — oo.
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If, in addition, we assume normality, a “pivotal statistic” may be derived.
First, notice that since r is invariant with respect to relocation and rescaling
in both = and y, we may suppose at the outset that

()-(()-G 7))

Now, suppose that p = 0 so that = 1 y. Then,
(x—21)'(y—y1) _ (Qx)'(Qy)

T = — — = 5
Ix—21] [y —y1]  [|Qx||Qy|

where Q = I,, —n~111’ is an orthogonal projection of rank Q = n — 1. We
can write (v. Section 1.6) Q = HH’ with HH =I,,_;. Then,

. (H'x)'(H'y) _ z'w
H'x|[Hy| |z]|w]’

where z = H'x and w = H'y are independent N,,_1(0,I). Finally, letting

u = z/|z| and v = w/|w|, we have u 1L v, and from Corollary 4.3, u 4
v ~ unif (8" ~2). Therefore, using Proposition 4.8,

T:u’viul =
|z|

Thus,

r d 21

VI—r2 (24.q2 )2
where the z;’s are i.i.d. N(0,1) and

Vin — 2% L.

— 2

We have proved:

Proposition 5.9 If (z;,y;), i =1,...,n, are i.i.d. as a bivariate normal
with p =0, then

vVn — 2% i tn,Q.

)

However, if p # 0 and

()~ () (7 7))

then we may apply this result to the linear transformation

()~ ((0)- (07 )
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using

oy (i —2) /o — plyi — §)/7) (yi — 1)
1/2

S (G- ) = ol — )] (S — 97

=
Il

We find

r d z1
VI—#2 (4t )V

where the z;’s are i.i.d. N(0,1) and, by direct computation,

SH

T _r—pc Sy/T
VI 112 Sz/0
Thus, we obtain the result
m% Lty
This is actually a pivotal for § = po/7. Later, the reader will be able to
prove that

Vi(r = p) % (1= p%)z, 2~ N(0,1)

(v. Problem 6.4.8), which can be used to obtain an approximate confidence
interval for p. The exact distribution of r is treated in Section 8.4 in the
more general context of multiple correlation coefficient.

5.7 Problems

1. Plot the contours of the Nao(p, ¥) distribution when
. 1
I’L - 2 9
2 1

s (21

2. Let x ~ N, (ul,0%I), y ~ N,(v1,7%I), and x Iy and consider
i (@i — ) (yi — 7)

o e = @) [ (- 92

(i) Determine the distribution of 7.
(ii) Determine F r and var r.

T =

3. Prove Proposition 5.4 with characteristic functions.

4. Obtain the integral moments of the ¢,, distribution.
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. Let x be such that F x = g and var x = 3. Show that

minE [x —cl=tr
C

and that the minimum is attained at ¢ = .

()~ () (32 32))
X2 " Mo "\ X1 X '

Demonstrate that

Assume

I(I:liclllE Ix; — (Cxp +d)|> = tr 3110

is attained at C = X235, and d = p; — 1235, 1.

Assume thz}t z ~ N,(0,I) and let z = Y1 | z;/n, (n — 1)s* =
S (z—2)2

(i) Prove z, s, (21 — z)/s are mutually independent.

(ii) Determine the distribution of (z; — 2)/s.

Hint: Let H = (1/y/n, (e1 — n~11)/y/(n — 1)/n,T) € O, for some
matrix I', w = H’z, and note that (wq,...,w,)" is rotationally
invariant.

Assume y = XB+e, e ~ N, (0,0%I), where, as usual, the columns of
X € R} are linearly independent and let C € Rj; be of rank r. Show
that

(CB-d)[CX'X)"'C] 1 (CA-d)

752

NF(T’,TL—]C,(S),

where
(CB-d)[CX'X)"'C]H(CB~-d)

5=
202

Let x ~ N, (ul,0°T).
(i) Assume y is fixed, y ¢ span{1}. Find the distribution of

L x—a)(y —g1)
Ix —z1| [y — 91|

(ii) This time assume y has any distribution satisfying
P(y &span{1}) = 1
and x |l y, and determine the distribution of 7.

Angular gaussian distribution. The angular gaussian distribu-
tion is obtained by the projection of x ~ N, (0,A) onto the unit
sphere S"71; i.e., the angular gaussian density is that of u = x/|x|.
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(i) Prove that the angular gaussian density is

INES
fu) = LGn) A7 (WA )2 ne St
2qn/2
(i) What is the special case A =17
(iii) Prove that the angular gaussian distribution can also be
obtained by projecting (onto S"~1) x with density

Fx(x) = AT 29 (' A x).
The word gaussian is misleading here; symmetry is the key.

Rotationally symmetric distributions on spheres [Saw (1978)].

This class of distributions will be those for which the density is con-

stant on those points u € S"~1 satisfying u'6 = 6, V6 € [-1,1] and

some fixed 6 € S"1L.

(i) For some fixed A > 0, consider the function g(},-) : [-1,1] —
[0, 00). Prove

J R e
w, g\, u'8)du = I T — = dt,
Sn—1 -1 B(%,%(n—l))

where B(-,-) denotes the beta function and w,, = 27™/?/T'(3n)

is the “area” of S™1.
Hint:

/ o lg( W) du = E g\ u'8) = E g(\ur),
S'H.fl

where u = (ug,...,u,)" ~ unif(S"~!) and use Problem 4.6.11.
(ii) Deduce that f(u) = w,'g(\,u’'0) is a density on S™~! if

1 (1 _ t2)(n—3)/2 _
/_19“’%(;, o=t

Denote this distribution u ~ G, (A, 6).

(iii) What are the “contours” of a G, (A, 8) distribution?

(iv) If g(\,¢t) is an increasing function of ¢, prove G,()\,0) is
unimodal. What is the mode?

(v) Prove: u~ G,(\,0) = Hu~ G,(\HE),VH € O,,.

(vi) Obtain the first two moments of u ~ G, (A, 0),

EFu = p0,
Eua' = {(1-p2)I+(np2—1)00}/(n—1),

where

1 2\(n—3)/2
. 1—t
pi = / tzg()\,t)( ) dt < 00, 1=1,2.

1 B(%’%(”*l))
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Hint: Use the representation u < t@+ (1—t2)Y/2¢, where t = 1’
and ¢ is distributed uniformly on the sphere orthogonal to 6,
t Il ¢ [Watson (1983), p. 44].

(vii) Prove

Fx(x) = g(\, 0'x/|x])(2m) 7" exp (—5x'x)

is a density on R™ by transforming to polar coordinates x >
(r,u), r>0,ue S" L

(viii) Demonstrate that the distribution G,, (), 8) can be obtained by
projecting the distribution for x ~ fx onto S™" 71 i.e., if x ~ fy,
then u = x/|x| ~ G (), 0).

Remark: The very special case g(\,t) = exp(At) yields the Langevin
distribution also known, for n = 2 and 3, as the Fisher-von Mises dis-
tribution on the circle and sphere [Fisher (1953), von Mises (1918)].
Tests for the mean direction, 8, of the Langevin distribution are
discussed by Fujikoshi and Watamori (1992). Robust estimators of
(), 0) for the Langevin distribution include the circular median [Mar-
dia (1972)], the normalized spatial median [Ducharme and Milasevic
(1987)], and the M-estimator on spheres [Ko and Chang (1993)].
Goodness-of-fit for directional data using smooth tests was considered
by Boulerice and Ducharme (1997). Asymptotic behavior of sample
mean direction on spheres, without symmetry condition on the p.d.f.,
was recently derived by Hendriks at al. (1996).
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Multivariate sampling

6.1 Introduction

The basic tools for manipulating random samples from a multivariate dis-
tribution are developed in this chapter. We introduce random matrices in
Section 6.2 and show the usefulness of the “vec operator” and Kronecker
product in this regard. Also, the matrix variate normal distribution is de-
fined and its basic properties are explained. Section 6.3 deals with theorems
in the “asymptotic world” as the sample size goes to infinity. These are the
central limit theorem, a general Slutsky theorem, and the so-called delta
method.

6.2 Random matrices and multivariate sample
For A = (ai;) = (ai,...,a,) € RY, we may always regard A as a vector in
RPY where we define
aj
vec(A) =
q

This operation is obviously linear R — RP? and we may regard A and
vec(A) as synonymous.
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For
X1
X = (wi5) =
!

Xp

random on RE, we may denote the mean of X by £ X = M = ().
However, the variance of X is a quadruply indexed array consisting of all
covariances of the individual entries

var X = (04;r1) = (cov(zij, xrr)) -

Since there is no inherent order to this array, we find it convenient to impose
one by equating

var X = var vec(X') = Q = (Q;;) = (cov(x;,x;)) .

The element in position (k,1) of the block €;; is cov(z;x, x ;). One must be
very careful to remember that €2 is pg X pq. For instance, if we write X ~
NP(M, £2), we really mean that vec(X') ~ Npq(vec(M'), £2). In fact, this
will be the definition. Moments of a multivariate normal matrix, N¥(M, Q2),
were given by Wong and Liu (1994). Characterization of a multivariate
normal matrix distribution via conditioning is discussed by Gupta and
Varga (1992) and Nguyen (1997).

The Kronecker product will be very handy for manipulating random
matrices. The Kronecker product of A € R} and B € R} is a block-matrix
with the block in position (7, j) being a;;B,

ARB= (aijB) S Rg;
One can verify the basic properties.
Lemma 6.1 The Kronecker product satisfies the following:
(i) (aA)® (bB) = ab(A ®B), a,b e R
(i) (A+B)eC=(A®C)+(B®C)
(iii) (AB)®C=A®(B&®C)
(iv) (A®B) = A’ B,
(v) (AB)® (CD) = (A®C)(B@ D)
(vi) (A®B)" ! =A"1®@ B!, whenever A and B are nonsingular.

(vii) Ifv # 0 and u # 0 are eigenvectors of A and B, respectively, Av =
Av, and Bu = yu, then v®u is an eigenvector of AQB corresponding
to the eigenvalue \vy.

(viii) tr (A ® B) = (tr A)(tr B)
(ix) [A@B|=|Al7 |B]P, AcR}, BeR!
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(x) IfA>0and B>0, then A®B > 0.

The following lemma will also be useful for handling random matrices. Its
proof is left as an exercise.

Lemma 6.2 A € R}, X € R, and B € R = vec(AXB) = (B’ ®
A)vec(X).

As a corollary useful for densities (v. Problem 6.4.4) we also have:

Corollary 6.1 Let A € R), X € R, and B € Rl. If Y = AXB, then
J(Y - X)=[Al1 BJL.

Proof. Since vec(Y) = vec(AXB) = (B’ ® A)vec(X), then
J(Y = X) = J(vec(Y) = vece(X)) = |B'®@ Al = |A|L |BJ%.
|

Example 6.1 Consider a sample X1,...,%X, i.i.d. X, where x ~ Np(p, %)
and forms the “sample matriz”

X:

n

Then, we see that
n /
X~Ny(1p' I, ® ).

Example 6.2 As another example, suppose that z ~ N,(0,I) and form
the “outer product” matrix

W =zz' = (212,...,2,2).
Then, obuviously,
EW=varz=1,

but the variance of W depends on the fourth-order moments of z. Since
Ez=Ez=0,FEz=1, and E z} =3, it follows easily that

E ZiZ = €y,
E ZiZjZZ/ = (SijI + eie;- + eje;,
from which
cov(zz,z;z) = 6;;1+ eje;.

At this point it becomes useful to define the “commutation matriz” K,, a
block-matriz whose block in position (i,j) is eje; € RP,

2
K, = (eje;) € R;.
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For example, for p= 2, we have

1 0 = 0 0
0o 0 : 1 0
0o 1 : 0 0
0o 0 : 0 1

This enables one to write succinctly [Magnus and Neudecker (1979)/
var W = (I+K,).

To generalize slightly, suppose that x ~ N,(0,%) and let W = xx’. Since

W = xx' < Azz'A’, where z ~ N,(0,I) and X = AA’, the variance of W
becomes

var W = var Azz' A’ = var (A @ A)vec(zz')
= (AQA)I+K,) (A ®A).
However, since K,, commutes with A® A (why?) (v. Problem 6.4.2), then,
finally,

var W= (I+K,)(Z®X).
We can also write this expression componentwise as
cov(Wig, Wj1) = 040k + Ok 04, (6.1)

where X = (0;5). Suppose that

()~=((3)-(2 1)

We may use the above result to determine the variance of (x2,vy% zy).
This is needed later in obtaining the asymptotic distribution of the sample
correlation coefficient.

For x ~ unif(B™), W = xx/, the above method may be adapted to help
determine E W and var W.

The distribution for linear transformations of multivariate normal matrices
is straightforward with Lemma 6.2.

Proposition 6.1 If A € R}, X ~ NP(M, ), and B € R{, then
AXB ~ N7 (AMB, (A @ B)Q(A’ ® B)).
Proof. Since vec(X’) ~ Npq(vec(M'), Q2), then
vec (AXB)) = (A ®B')vec(X')
~ Ny ((A®B)vec(M'), (A 2B )QA’®B)).
The proof is complete as (A ® B')vec(M') = vec ((AMB)). 0
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Example 6.3 Assuming X ~ N;(M7 A®B),A>0isin RP and B >0
is in RL. We evaluate E XX'. Let X = (X1,...,%q) and observe, with
the choice A = I, and B = e;, that x; ~ Ny(m;,b;;A), where M =
(my,...,mg,). Then,

q q
EXX' =Y Exx;=)» (b;A+mm))
i=1 1=1

leads to the expression
E XX’ = (tr B)A + MM'.

We now turn to considerations of convergence. For the general sample
X1,...,Xp 1i.d. x, where F x = p and var x = 3, the strong law of
large numbers (S.L.L.N.) provides the sample mean as a natural estimate

x =)0 x;/n for p:
p-1
2
Of course, W; = x;x}, i = 1,...,n, are i.i.d. xx', where E xx’ = X + pp’
and the S.L.L.N. applies to W = Z?zl x;X}/n so that
— w.p.1
w By up'.
Then, obviously, if we let ¥ = W — %%/, we find
- w.p.1
RIS ]
However, E XX’ = 3 /n + pp/, so that

n

E S=X

n—1

and it has become customary to use this “unbiased” estimate.

The reader should have no particular difficulty in showing that as explicit
functions of the sample matrix, these (unbiased and consistent) estimates
may be expressed by

1
(n—1)

where Q = I — n~'11’. The estimate S is the sample variance, which is
often written as

“ X'QX,

1 .
x=-X'1 and S= Y=
n 1

n —

1 - - —\/
S = =1 :1(Xi—X)(Xi—X).

(2

As an expression of “pythagorus,” we find

X =QX +PX, where P=1—-Q =n"111
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and, thus,
X'X =X'QX + X'PX = (n —1)S + nxx'.

6.3 Asymptotic distributions

The central limit theorem (C.L.T.) states that for any sample x,...,x,
i.i.d. x, where F x = p and var x = X,

_ d
Vn(x — p) = z, where z ~ N,(0,X).

Now, recall the very general fact that if x, % x on R? and g RP — RY
is any continuous (with Py probability 1)! function, then g(x,) A g(x)
on R?. Note that since matrices in Rl are really only vectors in RP?, this
result is considerably more general than it might appear at first.

Thus, if ¥ is nonsingular (the singular case goes through as well; v.
Problem 6.4.10),

_ 1o d
n(x—p) TR - p) 2 X
There is another very basic fact that derives from the Cramér-Wold
theorem and the (univariate) Slutsky theorem.

Lemma 6.3 (Multivariate Slutsky) If X, 4 X on R and Y, 4 c
on R} where C is any constant matriz, then

X, Yn) % (X,C) on R? x R”.
q s

Proof. From Cramér-Wold Proposition 2.10, for any linear combination
d
th’jxn,ij - th‘jxij,
4,J 4,J
d
Zsklyn,kl - Z SkiCkl,
k,l k.l
and from the univariate Slutsky theorem,

d
E tijTn,ij + E SklYn,kl — E tijrij; + E SkICKL-
i el i k,l

Using Cramér-Wold again, the conclusion is reached. a

A more general statement on metric spaces can be found in Billingsley
(1968, p. 27). It follows, of course, that for any continuous function,

g(X,,Yn) 5 g(X,C).

lLet Cg = {t € RP : g is continuous at t}. Then, g is continuous with Px probability
1 means that Px(Cg) = P(x € Cg) = 1.
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As a simple example

n(®— p)STHE — p) 52

One more general proposition:

Proposition 6.2 (Delta method) If /n(x, — c) 4 7z onRP and g :
RP — RY s differentiable at c, then
d
Vn (g(xn) — g(c)) = Dg(c) z.

Proof. This is simply because by the very definition of the derivative at
c, the function

= { RO/ el t£e

where
h(t) = (g(t) — g(c)) — Dg(c) (t —c),
is continuous at ¢, and we may, therefore, write
Vn (g(xn) — g(c)) = Dg(c) Vn(xn — ¢) + k(x,)[vn(x, — c)|.
Using Slutsky’s theorem, we may conclude that since k(x,) 4 0 and

[Vn(x, — )| % |al,

Vi (g(x,) — g(c)) % Dg(c) 2.

This, of course, applies directly to the C.L.T. to give

Vi (g(x) — g(p)) % N, (0, Dg(p)=Dg(p)").

However, consider a more elaborate application: Let x1,...,x, be i.i.d. x
as before with F' x = 0 and var x = 3. Then, let W, = x;x,, i =1,...,n,
and W = xx’ so that

£ () ()

ar () = (e )

By the C.L.T.,

with

and

Q.

vn (W)_(, E) 4 NP (0,9)
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and the reader may then use Lemma 6.3 to find that

_ %(\/ﬁx)(\/ﬁi)’ 4 NP(0, var W)

and, of course,
Vn(S — %) LN NP(0,var W).

Note that since the function S is unchanged if x is replaced by x — w, this
result is automatically valid for the more general case where E x = p. The
expression for var W was given in Example 6.2 for the normal case, and
the elliptical case is treated in the sequel in Example 13.6.

Unfortunately, var W is seldom of a particular tractable form. It depends
on the fourth-order multivariate cumulants of x. The relation between
product-moments and multivariate cumulants is rather technical and is rel-
egated to Appendix B. There, it is proven generally for W = (w;;) = xx’
that

_ijkl ik gl __ gpigkl kl 1.5 il gk
cov(wik, wjr) = pi1y — Pk = ki + EOEY + R R

where the y’s are the product-moments and the k’s are the cumulants of
X.

Example 6.4 For a sample of size n from a bivariate distribution with
finite fourth-order moments, we find the asymptotic distribution

2 2
51 01 d
Vo || si2 | = | 012 — N3(0, ),
53 o3
where
i — (13)? M%E - u%iﬂ% #1%3 - /~L1%2u§2
Q= : a3 — (#11) N1§ - M121/122
: : Hy — (Mz)

The product-moments are

I E (x1 —m)*,

py = E(x1—-m)?=

pyi = E (11— /~L1)3($2 - ,uz)

mi = E(x1—pm)(wa — M2) = 012,
Py = E (w3 —p)® =03,

pyy = E (1 —p)*(z2 — p2)?, ete.

In general, X and S will not be asymptotically independent unless all third-
order product-moments of x in cov (vec(W), x) are null. But this is exactly
the case when z = £ ~1/2x has a spherical distribution since

cov (vec(W),x) = cov (vec(xx'),x)
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(V2 @ Y2 cov (vec(zz'), z) /2

and all third-order product-moments of z are null (v. Problem 4.6.5). How-
ever, if the underlying random vector x is already normal, then things
reduce considerably.

For p = 2, the correlation coefficient, r, is a very simple function of S and,
thus, it should be straightforward for the reader to obtain the asymptotic
distribution of r (v. Problems 6.4.8-6.4.9). In fact, since this function is
unchanged if the individual coordinates are normalized, we may assume at

the outset that
x 0 1 p
() ~=(()-( 7))

6.4 Problems

1. Prove Lemma 6.2: If A € R}, X € R, and B € R, then
vec(AXB) = (B’ ® A)vec(X).

2. Let A, B € R and K, be the “commutation matrix.” Show the
following:

() K, =372 eie) @e e,
(ii) K,vec(A) = vec(A’),
(iii) K,(A®B) = (B® A)K,,
(iv) tr A'B = [vec(A)]'vec(B),
(v) If A is symmetric, tr A? = [vec(A)]'5(I+ K,)vec(A).
3. Show that if Z ~ NP(0,I) and P and Q in Rl are orthogonal
projections such that PQ = 0, then PZ I QZ.

Hint: Obtain
PZ
var Qz )

4. Obtain the p.d.f. of X ~ NP(M, A ® B), where A > 0 is in R} and
B > 0 is in RE:
fX) = (2m) % A B etr [3AT (X - M)B™ (X - M),

where etr(-) = expltr(-)].
Hint: Let X = A'/2ZB'/2 + M, where Z ~ N?(0,I, ® I,)), and use
Corollary 6.1.

5. Assume FE=0andvar E=1,® X, ¥ > 0is in Rg. Show that

(i) var E =¥ ®1,,
(i) E F’AE = (tr A)X.
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. Assume Y55 is nonsingular and

n ro Y11 Yo
(X17X2) ~ NP1+;D2 (1(/“"17 “2)7171 Y (Egl I )
where X; € R}, p; € RPf, and X;; € ]Rg;, i,7 =1,2. Prove

X1 ‘ XQ ~ N;Ll (1”’1 + (X2 - 1/1’/2)B/7In & z:11.2) )
with B = 21535,

. For W = xx’, in each case determine £ W and var W:

(i) x ~ Ny(0,%) and % = (; 'f)
(ii) x ~ unif(S?),
(iii) x ~ unif(B?).

Assume (z;,y;), i =1,...,n, are i.i.d.

z 0 1 p
()~x((6)-G 7))
and let 7 be the sample correlation coefficient. Prove the asymptotic
result \/n(r — p) 5 N (0,(1=p?)?).

Fisher’s z-transform is

- 1+r

1 1

z = tanh (r):ilogl_r,
1

¢ = tanhfl(p):%logl_ﬂ.

(i) Show that it is a “variance stabilizing transformation” for the

correlation coefficient: v/n — 3(z — () 4 N(0,1).
(ii) Use the fact that z is a monotone function of r to obtain an
approximate (1 — «)100% confidence interval for p,

Za )2 Za /2
{tanh (z — 7@ — 3)1/2) , tanh (z + 7(11 — 3)1/2)] ,
where P(N(0,1) > z4/2) = /2.

Let x1,...,%, ii.d. x, where £ x = p and var x = 3. Prove that

_ d
nX—p)ST(X—p) X7
where r = rank X.

Demonstrate the following representation of Mahalanobis distance:

/Iy, 1 n I« .
h'x; an:1hXJ‘
sup

|h|=1 1 n / 1 n ’ 2
(=P (h P Xj)

1/2 = di,
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where d; = [(x; —%)'S™!(x; —%)]'/? is the Mahalanobis distance from
x; to x.

Remark: This was used by Stahel (1981) and Donoho (1982) to
suggest the robust estimate of location as a weighted average

where w(-) is a positive and strictly decreasing function and
h'x; — med; (h'x;
U; = sup | Xl/ me j( Xj?| .
|h|=1 medk |h Xk — medj(h Xj)|

The notation “med” refers to the ordinary median.

Multivariate familial data [Konishi and Khatri (1990)].
Suppose a random sample of n families on x = (z1,...,2,) € RP
with E' x = g and var x = 3. Let

XY,
Zl = . ) i = 1) 7n7

ngz
denote the measurements on the ith family with k; > 1 siblings,
where Xji = (xlj’ia ‘e ,prji)/, ] = 1, .. .,ki, is the score of the jth
child on p characteristics. It is assumed that Z, ..., Z, are mutually
independent and

E Z’L = ]-kilJ’/ﬂ
var Z; = (Ik,, (024] 2) -+ (1k1, 1;% - Ik7) ® 2.

The matrix X, reflects the dependence among siblings. For the
estimation of X, let
X} ki
X = Z Xji — X]’L - )_(i)/7
X!, 7=l
where X; = (x1; + - -+ + X, ,s)/ki. Further, let B € R?, B > 0, such
that B1,, = 0.

(i) Prove that

n
ﬁ: = (tI‘ B)71 (X’BX—F szvl> 5

i=1

where the weights w1, ...,w, are non-negative constants, satis-
fies

EX =%+(trB)~ {Zw, i — 1 —tr[B(In_Dnl)]}(Z—Es),
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where D,, = diag(k1, ..., kn).
(ii) Find a condition on the weights so that X is unbiased for X.
(iii) The corresponding estimate of X is given by

3, = (tr B)"! (X’BX + ZuiVl) ,
i=1
where vy, ..., v, are constants. Prove that for weights satisfying
the condition
S vi(ks — 1) + tx(BD, ) =0,
i=1

3, is unbiased for X;.

A multivariate familial model for interclass correlation, with a
“mother” for each family, was considered earlier by Srivastava et al.
(1988). Principal component analysis for the model described here
was developed by Konishi and Rao (1992). A general description of
principal components is given in Chapter 10.



7
Wishart distributions

7.1 Introduction

As before,

X:
/
X?’L

denotes the sample matrix from which x and S,
nx = X1,
(n—1)8S = X'X-nxx/,

provide consistent unbiased estimates for g and X, respectively. In Sec-
tion 7.2, the maximum likelihood estimates of pu and 3 are derived
assuming xi,...,X, i.i.d. x with x ~ N,(p, %), ¥ > 0. The fundamental
result about the joint distribution of X and S is proved in Proposi-
tion 7.1. The basic properties of Wishart distributions are studied in
Section 7.3. Section 7.4 presents the Box-Cox transformation to enhance
the multivariate normality of the data.

7.2 Joint distribution of x and S

With underlying normality, X and S are “optimal” in some respects. Denote
V = (n —1)8S. Using the notation exp[tr(-)] = etr(-), the p.d.f. for X can
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be written in various ways:

fX)

2m)" TS Fexp -1 (xi — p)E 7 (x; — p)
i=1

@m) " F |8 Fe EHE Hoxp -1 tr STIX'X 4 np/S7K]
@m) " F|B Fetr {~L [V +n®x—p)(x—p) ]2}, (T.1)

By general properties of exponential families [Fraser (1976), pp. 339, 342,
406, or Casella and Berger (1990), pp. 254-255, 263|, it is plain that
(X'X, %) (or any one-to-one function such as (S, %)) is minimal sufficient
and complete for (X, i), so that by the Rao-Blackwell/Lehmann-Scheffé
theorems, among all unbiased estimates of g and 3, X and S have minimum
variance. We say that (S,X) is the MVUE (Minimum Variance Unbiased
Estimate) of (X, w).

Furthermore, to obtain the maximum likelihood estimates (MLE) f and
> whenn—1> p, we minimize

In ||+ tr %VE*1 +(x-—p)E N x—p) (7.2)
and (since the last term is > 0) it is clear that fi = X, so we need only
minimize

In|[nV=I3| + tr %VZ‘l,
where the constant, In [nV ~!|, was added. The condition n —1 > p ensures

that V is nonsingular w.p.1. This is proved later in Corollary 7.2. But then,
letting T = n'V 13X, we need only determine the T that minimizes

In|T| +tr T .
However, this is accomplished when all the eigenvalues of T are 1 so that
T =1 and we conclude altogether
- 1
p=x and ¥ =-V.
n

Remark: It is a well-known result, which can be traced back to Gauss, that
the only location family, f(x —6), of p.d.f. on R for which Z is a MLE of 6
originates from the normal density. This MLE characterization of normal
density also holds on RP [Stadje (1993)].

Let us consider the exact distribution of X and S. It is obvious that

1
X~ N, (u, 2) .
n
We begin by representing x L Az + w, for any AA’ = 3, which, for the
sample matrix, means that X LZA + 1p’. Thus,
(%,5x) £ (AZ + p, AS,A).
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However, in Z = (z;;), all the components are i.i.d. N(0,1) so that even the
columns are mutually independent. Thus, with orthogonal projections P =
n~ 111" and Q = I—n~111’, it is clear that PZ 1. QZ (v. Problem 6.4.3),
and since nz = Z'P1 and (n — 1)S, = Z'QQZ, we see that z Il S,, hence
x L Sx.

If next we express Q = HH’, where H gives an orthonormal basis for
1+ (of dimension (n — 1)), it is made plain that

(n—1)S, = ZHH'Z = U'U,

where ZH = U’ = (u4,...,u,-1), u; i.1.d. N,(0,I). Accordingly, we make
the following definition.

Definition 7.1 Wishart distribution:
W~ Wo(m) iff W2 2z, z; iid. Ny(0,1).
i=1
V o~ W,(m,X) if VEAWA', = =AA", W ~ W,(m).
Thus, we have the fundamental statistical result:
Proposition 7.1 For x; i.i.d. Np(p, %), i=1,...,n,
X~ Ny(p,2/n), (n—1)S ~W,(n—1,%), andx 1L S.

One may, of course, go to some trouble to obtain an explicit density for
the Wishart. However, one needs primarily to understand some of its basic
properties and the density will not really reveal very much.

7.3 Properties of Wishart distributions

The distribution of the trace of W ~ W, (m) follows almost immediately
from the definition.

Proposition 7.2 W ~ W,(m) = tr W ~ x7,_.
Proof. By definition of W,(m),

m

tr W 4 tr Zziz; = Zzgzi,

i=1 i=1

S

where z; are i.i.d. N,(0,I). From Proposition 4.4, z/z; ~ X127' Corollary 3.1
then gives tr W ~ x7 . O

Now, a useful lemma to determine when V ~ W,(m,X) is nonsingular
w.p.1. is the following:

Lemma 7.1 Z = (z;;) € R} with z;; i.i.d. N(0,1) = P(|Z| = 0) = 0.
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Proof. The proof proceeds by induction. The result is true for n = 1, as
z11 has an absolutely continuous distribution. Next, partition

21 2
Z =
(221 Zzz)
and assume the result holds for Zyy € R~ . Then,
P(|Z]=0) P(|Z] = 0,]Z22| # 0) + P(|Z| = 0,|Zs2| = 0)
= P(en = 21525, 221, |Z22| # 0)
= FE [P(z11 = 215255 721, |Zoz| # 0 | 212, 221, Z3)]
0.

A slight generalization is contained in

Corollary 7.1 Z = (z;;) € R} with z; i.i.d. N(0,1) = P(|Z] =t) =
0, Vt.

Proof.
P(Z| =1)
=F [P (zu = 212222 Zo] + ——
=0.

|Z nk 2| Zoa| # 0 | 212,2217222)]

d

It should be observed that Lemma 7.1 and Corollary 7.1 remain valid if
Z has any absolutely continuous distribution. We can now prove [Stein
(1969), Dykstra (1970)]:

Proposition 7.3 W ~ W,(m), m > p = W is nonsingular w.p.1.
Proof. The representation W 4 Z'Z, where Z' = (z1,...,2%y,) and z;’s
are i.i.d. Np(0,I), gives

rank W £ rank Z'Z = rank Z > rank (z1,...,2,) = D

w.p.1
whence rank W L D. a
Its corollary gives a condition on the sample size and the population
variance for the sample variance matrix S to be nonsingular w.p.1.

Corollary 7.2 V ~ W,(m,X), m>p, || #0= |V|#0 w.p.l

Eaton and Perlman (1973) established that the sample variance matrix S is
nonsingular w.p.1 for independent observations, which are not necessarily
normal or identically distributed.

Concerning linear transformations of Wishart matrices, we have
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Proposition 7.4 V ~ W,(m,X), B € R = BVB' ~ W,(m, BEB’).
Proof. Let W ~ W, (m). Since V L AWA', for any AA’ = 3, then
BVB' £ (BA)W(BA) ~ W,(m,BAA'B).
a

Example 7.1 Suppose W ~ W, (m). What is E WAW for a fired A > 07
Since HWH' < W, for all H € O, we see that

[l

WAW HWH'AHWH/, VH € O,

HWDWH,

where H was chosen to diagonalize A, HAH = D = diag()\;). Thus,
E WAW = H(E WDW)H'. But using W < S 2,2, where z; ~
N,(0,1) are independent, we find

[

EWDW = > E 22Dz
0.
Z E z,z.Dz;z, + Z E z;2;Dz;z;
i i#]
= mE xx'Dxx’ + m(m — 1)E xx'Dyy’,

where x and 'y are i.i.d. Np(0,I). However,

E xx'Dxx’ = Z)‘iE x?xx'
i

= (tr A)I+2D
and
E xx'Dyy’ = Z MNE ziyixy’
= Z )\ieie;
= D.
Hence,

E WDW =m(tr A)I+m(m+1)D
and, finally, we obtain
E WAW = m(tr A)IT+m(m+ 1)A.

The characteristic function of Wishart distributions also follows from basic
principles.
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Example 7.2 The characteristic function of V.~ Wy(m,X), evaluated
at S symmetric, is defined by cv(S) = E exp(i tr SV). Write V 4
A (Z;nzl zjzg) A’, for any AA’ = X, and diagonalize A’'SA = HDH'
to obtain

m
ev(S) = E exp |itr SAszz;-A’

j=1

m

= F exp |itr HDH’ZZJ'Z;

L j=l1
[ m
= FE exp |itr DZ(H/Zj)(H/Zj)/
L j=1
- . -
= F exp |7 tr DZZJ»Z;- since H/Zj 4 Z;
j=1

m p
= F exp |1 Zz,z]zkdk , where D = diag(dy, ..., dp)

= |[I-2D|™™/?
= |I-2iSx|~™/2
Hence, the characteristic function is given by
ev(S) = I - 2iZ8|~™/2,

Now, consider some results concerning the marginals of a Wishart. For
this reason, partition V € RE as

A%
ve (v V)
where Vi; € R] and Vg € RZ, r + s = p. The matrix 3 is partitioned
similarly.
Proposition 7.5 V ~ W,(m,X) = Vi1 ~ W,.(m, 311).
Proof. Choose B = (I, 0) € R} in Proposition 7.4. ]

Concerning independence, we have:
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Proposition 7.6 V ~ W,(m, %) and 13 =0 = Vy; 1 V.

Proof. By the very definition,

PR S ¢ (XX X'Y

where U’ = (uy,...,u,,) and the u;’s are i.i.d N,(0,X). Then, it suffices
to recall (v. Problem 6.4.6) that for a multivariate normal, 315 = 0 implies
X11Y. ]

The previous two propositions are not surprising if we consider their sta-
tistical interpretation. First, the distribution of V is associated with the
sample variance based on all p components, whereas that of Vi corre-
sponds to a sample variance but considering only the first 7 components.
Second, if 315 = 0, then the distributions of V1; and V5 are associated
with sample variances based on two independent subvectors of dimension
rand s, r + s =p.

The next proposition, the proof of which is left as an exercise, relates to
sums of independently distributed Wishart matrices. It has to do with the
way one would pool information from independent samples to estimate the
population variance (v. Problem 8.9.1).

ind
Proposition 7.7 If V; P Wy(m;,3), i =1,...,k, then

k k
Vi~ W, (Zmi,2> :
i=1 i=1

Lemma 7.2 Let H = (hy,...,h,), where the h;’s are orthonormal in R™
and Z ~ N3 (0,1, ®1,). Then,

1. HZ ~ NJ(0,1, © 1),
2. ZHH'Z ~ W, (r).

Proof. Using Proposition 6.1, H'Z ~ N, (0, (H'H) ® I,). This proves part
1 because HH = I,. Since Z'h;, i = 1,...,r, are i.i.d. N,(0,I), part
2 follows from the Wishart definition: ZZHH'Z = Y. (Z'h;)(Z'h;) ~
W, (r). 0

Proposition 7.8 Let

X=| :|~NJ0I,2%).

/

Xn

If V C R" is a linear subspace, dim V = r, and P is the orthogonal
projection on V, then X'PX ~ W, (r, X).
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Proof. Choose an orthonormal basis H = (hy,...,h,) for V and observe

that P = HH' and r = rank P = dim V. Write & = AA’ and X < ZA’,
where Z ~ N;*(0,1, ® I)). Therefore, using Lemma 7.2,

X'PX = XHHX
L AZ'HH'ZA'
2 AWA/, where W ~ W, (r).
Hence, X'PX ~ W, (r, X). O

General results on Wishart and chi-square distributions associated with
matrix quadratic forms are available in Mathew and Nordstrém (1997). A
fundamental result on marginals useful in the sequel is now stated, but first
recall the notation Vi15 = Vi1 — V12V2_21V21, where V was partitioned
as on page 90.

Proposition 7.9 If V ~ W,(m,X), m > p, 3 > 0, then
Viig ~ Wr(m - S, 211.2),
Vai | Vaa ~ N:E(VX5) 301, Voo @ B110),
Voo ~ Wy(m,X2),
and Vii.2 AL (Va1, Vag).

Proof. As before, write

d o (X (XX X'Y
where U ~ NJ*(0,1,, ® X). Thus, X | Y ~ N (Y25 301, 1, @ B110)
(v. Problem 6.4.6). Let P = Y(Y'Y) 1Y’ be the orthogonal projection on
the column space of Y and Q =1 — P, rank Q = m — s. It is clear, since
Y =PY, that

Vi, = X[I-Y(YY)'YX = (QX)(QX),
Vi = Y'X=(PY)(PX),
Vo = Y'Y = (PY)(PY).

Since Y'X | Y ~ N3 ((Y'Y)E55 o1, (Y'Y)®31 2) depends only on Y'Y,
then V21 | V22 ~ Nﬁ(v2222_21221,v22 & 211_2). From PI‘OpOSitiOI’l 7.8
and QY =0, Vi12 | Y ~ W,.(m — s,%11.2), which does not depend
on Y; hence, Vi12 ALY and Vii9 ~ W,.(m — s,311.2), unconditionally.
It is clear Va3 ~ W;(m, Xs2). Only independence remains to be shown.
However, conditionally on Y, PX I QX. To see this, note PQ = 0 and

w[()x0] - [(§)oar]e

_ P2 0
0 Q®X12/"
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Hence, given Y, V115 I Va1. Finally, using Proposition 2.13,

E[f(Vi12)-9(Va1,Va)] = E[E f(Vi12) 9(Va1, Va2) | Y]
= E{E [f(Vi12) Y] E[g(Va1,V22) | Y]}
= E{Ef(Vi.2) Elg(Va1,Va2) | Y]}
= Ef(Vii2)-Eg(Va1, V),

which proves independence. a

Proposition 7.9 with » = 1 and s = p—1 can be used to prove inductively
several results concerning Wishart distributions. Here are two corollaries:
the distribution of the generalized variance, |V|, and the Wishart density.

Corollary 7.3 If V ~ Wy(m,X), m > p, I > 0, then
P
VI~ 1S
i=1

i.e., [V|/|X] is distributed as a product of p mutually independent chi-square
variables.

Proof. The result obviously holds for p = 1. Assume it holds for p — 1.
Let r =1 and s = p — 1 in Proposition 7.9. Then, |V| = v11.2| V22|, where
Vile ~ 112X pr1s Vo2 ~ Wp_1(m, Do), and vi1.2 1L V. From the
induction hypothesis,

p—1 P
d
Vas| ~ [Zoo| [T xpirsi = [Baol [ [ X
i=1 i=2
and the conclusion follows. a
Corollary 7.4 If W ~ W,(m), m > p, then the p.d.f. of W s

1
= 27T, (hm)

where Ty(u) = PP~ VAT Tlu—L13G-1)], u>i(p-1).

fw (W) (W |(m=p=1)/2 oty (-1W), W >0, (7.3)

Proof. The result holds for p = 1, as the density reduces to a chi-square
density. Let r =1 and s = p — 1 in Proposition 7.9, then

Wiie ~ X?npr’
wor | Waz ~ N,_1(0, Wyy),
Way ~ Wy_i(m).
Thus, the joint p.d.f. of (w11.2, wa1, Wag) is

L w(m—p+1)/2—1
2(m—p+1)/2r[%(m —p+1)] 11.2

(2m) P D/2 [ W | 712 exp(— S why Wiy war )

eXP(—%wn.Q)
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1
2m(=D/2T,,  (Im)

‘WQQ ‘ (mip)/Qetr(fé\VQQ).

Make the change of variables
(wi1.2, Wa1, Wag) = (w11, Wa1, Waa)

with jacobian J(w11.2, Wa1, Waz — w11, Wai, Waz) = J(wi1.2 — wip) =1
while using the relations [W| = w1;.2|Wag| and wy1 2 = w11 —wh; Wos oy
to get the result. =

The reader should check that I'y(u) is a generalized gamma function in
the sense that I';(u) = I'(u), u > 0. The density of V ~ W,(m,X),
> > 0, m > p, follows directly from the transformation V.= AWA’, for
any AA’ = X, and the jacobian in Proposition 2.19 (v. Problem 7.5.7).
James (1954) and Olkin and Roy (1954) proposed a constructive proof
by jacobians of transformations on k-surfaces (manifolds). It requires a
knowledge of differential forms and integration on k-surfaces which goes
beyond the scope of this book. The theory of singular Wishart distributions
(m < p) is available in Uhlig (1994).

The function (7.3) is a density function even when the number of degrees
of freedom m € R, possibly noninteger, satisfies m > p — 1 [Muirhead
(1982), p. 62).

7.4 Box-Cox transformations

A method [Andrews et al. (1971)] that is an extension of the technique of
Box and Cox (1964) is described for obtaining data-based transformations
of multivariate observations to enhance the normality of their distribution.
Specifically, power transformations of the original variables are estimated
to effect both marginal and joint normality. The likelihood method, used by
Box and Cox (1964) for the univariate problem, is the one adopted here for
the multivariate case. The simple family of power transformations defined
by

2 _ {@?f —1)/Nj, A #0,
J Inz;, Aj =0,
j =1,...,p, will be considered. Each variable x; must be non-negative,

otherwise, with a known lower bound, we may add a constant sufficiently
large, a;, and consider x; + a; as the original variable. Let

X = . = (IU) S R;’,
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/
X
<A>’

Xn

be the sample matrices of the original and transformed data, respectively,
where A = (A1,..., ;)" is the unknown vector of power transformation pa-
rameters. If A is the vector of parameters yielding joint normality, N, (¢, %),

the density of XN s from (7.1):
FEN) = (2m) =% |2
-etr {—% [V()‘) + n(i()‘) — u)()‘((}‘) - u)'} 2_1} ,

where
HOVENE & WPV
X = nzxi ,
1=1
vy Z(XEA) _ X(A))(xg)‘) _ 5(()‘))’,
=1

The jacobian of the transformation, J(X(A) — X)), is

J= HHI)\_l'

j=1li=1

Hence, the density of the genuine data X is

FX) = FXN) g
= (271’)7%|2|7%etr {—% {V(A) 4 TL(X()‘) _ N)(X()‘) _ “)/} 271} ]

The log-likelihood of (3, u, ) is, up to an additive constant,

|
(S, A) = —gln|2| ~ (VIR

p n
_g(sﬁ\) 'S EN — ) Y )Y ey (7.4)
Jj=1 i=

For a specified A, the maximum likelihood estimate of (X, ), exactly as
for (7.2), is given by

(V(’\)/n, )_c(’\)) .

If these estimates are substituted in (7.4), the maximized log-likelihood
function is, up to an additive constant,

p n
Imax(A) = —g mVA[L3 0 - 1) Y Iy, (7.5)
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a function of p parameters which can be computed and studied. The max-
imum likelihood estimate A may be obtained by numerically maximizing
(7.5). Also, confidence regions for XA may be obtained. One such (1—«)100%
confidence region for A based on asymptotic considerations [Fraser (1976),
p. 357] is

{A . lmax(x) - lmax(A) S %X%—a,p}y

where x7_, , is the (1 — a)-quantile of a x2 distribution. The likelihood
criterion used here specifies joint normality rather than marginal normality
as the goal of the transformation.

7.5

Problems

. The maximum likelihood estimates [ and 3 were derived by

minimizing
1
|E[+tr —VE' + (x— p)E7 (% - p).
n

Derive the MLE, this time by calculus, using the vector and matrix
differentiation rules of Problems 1.8.9-1.8.10.

. Prove Proposition 7.7.

Show that if V.~ W, (m, %), then:
(i) var V=m[E @ X + (0,0;)] = m(I+ K,)(X ® X) where K,, is
the “commutation matrix.”
(ii) Prove Proposition 7.7 again, but using characteristic functions
this time.
Let W ~ W,(m), m > p. Prove:
(i) 1/t'Wt) ~x2, ., forany t, [t| = 1.
(i) If x 1. W and px(0) = 0, then x is independent of
(x'x) >
W)~ Xt

Hint: HWH' £ W, VH € O,,.

. Assume W ~ Wp(m), m > p, and A > 0. Prove:

(i) EW =ml,
() EWl=I/(m—-p-1).
Moments of generalized variance.
(i) Let W ~ W,(m), m > p. Prove
Lp(sm+h
E [W|" = 2vh p(am + )’ b

1
Tp(3m) ?

(p—m~—1).
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Hint: E [W|" has an integrand of the form of a W,(m + 2h)
density. Use the normalizing constant ¢, = [2"P/?T,($m)]~".

(i) ¥V ~W,(m, %), m > p, 3> 0, then
r,(3 h
B V]t = sy Lrl2m 1)

,h>Lt(p—m—1).
Nm) 7

. Wishart density.

Obtain the p.d.f. of V.~ W,(m, %), m > p, 3 > 0:

1
— (m—p-1)/2 _1ly-1
fV(V) 2mP/2I‘p (%m) |E|m/2|V| etr( 22 V),
VvV >o.
. Let W ~ Wp(m) and consider the correlation matrix R = (r;j),

where

_ Wiy

W g

Demonstrate that the density of R is

1

f) = L pyner,
Fp(§m)

Hint: Use the transformation W — wi1,..., wp,, R.

Inverted Wishart distribution.
Derive the p.d.f. of U=V ~! where V ~ W,(m,£), m > p, £ > 0:

fu(U) U~ (Pt Rty (421U,

1
= Qmp/QI‘p (%m) ‘E‘m/?
U > o0.

Assume W ~ W,(m) and define W = TT’ for a unique T € L}

(i) Prove t;; ~ N(0,1),1<i<j<p,and tZ ~x2,_,,1, 1 <i<p,
are all mutually independent.

(ii) Using (i) prove tr W ~ x2, .

(iii) Using (i) again, prove that if V.~ W,(m,3), m > p, ¥ > 0,
then V| ~ [S Ty X2, p1i-
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Tests on mean and variance

8.1 Introduction

Having laid the distribution of (S, %) on a good footing in Chapter 7, we
now present inference problems such as the Hotelling-7 test on the mean
vector, the simultaneous confidence intervals on means, the inference about
multiple and partial correlation coefficients, the test of sphericity, and the
test of equality of variances. In some cases, the tests are optimal in some
sense. This is the case of the Hotelling-T"? test and the test of multiple corre-
lation, which are shown to be uniformly most powerful invariant (UMPI).
The asymptotic distribution of eigenvalues, both in the one-sample and
two-sample cases, is treated in Section 8.8. Tables of critical points with
references to applications for most multivariate tests are available in Kres
(1983). The approach adopted here rests mainly on likelihood ratio tests,
although other general and valid testing procedures based on minimization
of divergence measures exist in the literature [Wakaki et al. (1990)].

8.2 Hotelling-7"2

Now, assume that x,...,x, are i.i.d. x with x ~ N,(u, %) and ¥ > 0.
The properties of Wishart distributions in Chapter 7 provide an easy way
to obtain the distribution of the Hotelling-T2 statistic

T? = n(x — py)'S” (% — ), (8.1)
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where X and S are the unbiased estimate for g and X. This is needed
to test the hypothesis Hy : p = p, against all alternatives or to build a
confidence ellipsoid for p. In fact, the following proposition shows that the
Hotelling-T? statistic is a monotone function of the likelihood ratio test
(LRT) statistic. As usual, let

n
V=> (x; — X)(x; — %)’
i=1
be the matrix of sums of squares and cross-products.

Proposition 8.1 The likelihood ratio statistic for Hy : pu = pg against

Hy:p# pg s
1 ) —n/2
A=(1 T .
<+<n—1> )

Proof. The unrestricted MLE of (2, ) is t = X and ¥ = LV. However,
the MLE of ¥ under H; is obtained from (7.2) by minimizing

1
In[X] + tr ﬁvz_l + (% = o) BTN~ o)

1
=[]+ tr ﬁ[v + (X — o) (X — 1) 157

Using the same technique as on page 86 we find

s - #V+n&—u&@-#&q

1 n
- Z(Xi — o) (Xi — ).
=1

Thus, with (7.1), the LRT becomes

A = L(X, o)
L(%, 1)

2 exp(—

M>

- 31P)

|-n/2 exp(—%np)

[V +n(x — po) (% — pg)']| 772
B

= [IT+nV (% —po)(x — po) |2

1 —n/2
= (1 T2
(+<n_1) ) ’

where the last equality made use of Problem 1.8.3. a

3= M) M»

The distribution of 72 is a direct consequence of the following proposition.
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Proposition 8.2 Ifz ~ N,(8,I), W ~ W,(m), m > p, andz 1L W, then
ZWlz ~ E.(pm—p+1;88/2).

Proof. Using an orthogonal transformation H = (z/|z|,T") € O,, we get
immediately

ZW™lz = (Hz)(HWH') '(Hz)
= |Z|2e/1V71617

where V.= HWH'. Since the conditional distribution V | z ~ W,,(m) does
not depend on z, then V ~ W,(m), unconditionally, and V L z. Letting

!
— 1l 21
V222 )
ZWlz = |z = 2z /v 0,

where the last equality made use of Problem 1.8.1. The conclusion follows
since z'z ~ X%(6'6/2) and, by Proposition 7.9, v11.9 ~ X%%erl' a

As a corollary, we obtain the distribution of Hotelling-7"2.

Corollary 8.1 The non-null distribution of T? forn > p+1 is
T?/(n —1) ~ Fe(p,n —p;6), with § =n(p — pe) 7 (1 — po) /2.

Proof. In terms of the sample matrix, as on page 86, X 4 ZA'+1p/, where
Z ~ N0,I, ® L) and £ = AA’, and, thus, (X, Sx) < (AZ + p1, AS,A").
Therefore,
T2
(n—1)

n(x — po)'[(n — 1)S] 71 (X — pg)

L n(AZ+p— p) [(n— 1)AS AT (AZ+ p— pg)
= n[z+ A (p—po)] [(n—1)S,] 7" 24+ A7 (n— )] -
The proof follows from Proposition 8.2, as
22+ A (n—p)] ~ N, (nl/QA’l(u — o), I)
(n—=18, ~ Wy(n—-1)
are independent. a

Example 8.1 The power function of an « significance level Hotelling-T?>
test may now be evaluated as a function of

§=n(n—po) S (1 — 1y)/2
in the following manner:
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beta

delta

2 4 6 8 10
Figure 8.1. Power function of Hotelling-T2 when p = 3 and n = 40 at a level of
significance o = 0.05.

where to, = [p/(n—p)|Fuo(p,n— D) is the critical point. Proposition 4.7 and
Problem 3.5.6 yields

[e'e] B (Sk
Bo= Y ‘SHP(FC(pﬁ—?k,n—p)Zta)
k=0

> gk oo _,  F(p+2k)/2-1
_5 1 1
;—oe o /t B +2k), 500 =0) " et

Numerical evaluation in Mathematica for p = 3, n = 40 and o = 0.05
produced the plot in Figure 8.1.

The robustness of Hotelling-7? is easily established. Without normality,
assuming xi,...,X, are i.id. x, ' x = p and var x = X, the asymptotic

distributions in Section 6.3 gave T2 4 Xf,- This asymptotic distribution is
the same regardless of the underlying distribution of x.

A different situation arises in presence of “contamination.” Assume the
simple situation x1, . . ., X,—1 are i.i.d. Np(py, 2), but there is one (or more)
contaminated observation x,, ~ Np(ty+7,3). We assume 3 known for the
sake of simplicity. It is easily checked that n!/2(x — pg) ~ N,(v/n'/2, %)
and, thus, from Corollary 5.1,

T? = n(x — po) TR — o) ~ X5 (VE1y/2n).

Since P(x3(d) > ¢) is monotone increasing in § [Ghosh (1970), p. 302], all
other parameters being fixed, it follows that T2 will reject Hy : p =
with probability converging to 1 as |y| — oo (for fixed n) even though all
observations, but one, have mean p,. A procedure which is insensitive to
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contamination of the data consists of building an Hotelling-7"2 test

7% = n(p, = Bo) 5" (1n — Bo)
from a robust estimate (X,,, p,,) such as an M-estimate or S-estimate. These
truly robust tests are studied in Chapter 13.

We end this section with a discussion of invariant tests on the mean
vector. Consider the canonical problem of testing Hy : g = 0 against
Hy : p # 0. The group of transformations G, acts on the observations
as x; — Ax;, where A € G,. This transformation induces the following
transformations on the minimal sufficient statistic (x,S) and parameters,
X AX, S+~ ASA’ and u+— Au, ¥ — AXA’. Note that the hypotheses
are preserved because p = 0 iff Ay = 0, for any A € G,. We define a test
function f(x,S) to be invariant iff it yields the same value on the original
as on the transformed data, i.e.,

f(y, W) = f(Ay, AWA'), VA € G,,V(y, W) € R x P,.
This has important implications. First, the choice A = S™1/2 yields
f(x,8) = f(S7'/?%,1).

Now, there exists an orthogonal transformation H € O,, (v. Problem 1.8.14)
such that HS~!/?% = ('S~ 'x)'/?e;. Choosing now A = H, we find

f(x.8) = f(HS ’xHH
= f(X'ST'%)%e,T),
which shows that any invariant test function depends on the data only

through T2 = nx’S™!x.

Second, selecting A = X~1/2

gives
f(%,8) = f(Z712%x,271/28m 1),
where
22% ~ N(ZTY2u,nM)
(n—1)B7V28E"Y2 ~ W,(n—1).

Using the same argument, there exists an orthogonal transformation H €
0, such that HX Y2y = (u'S~')'/?e;. Choosing this time A = H, we
find

f(x,8) = fHR2x HR /282" 1/2H),
where
HE 2% ~ Ny((="'p)?%e;,n 1)
(n—1HEZV2SR"V2H ~ W,(n-1),

and, thus, the power function of any invariant test depends on (u,X)
only through the parameter function § = nu/S~!u/2. These results are
summarized.
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Proposition 8.3 For testing Hy : u = 0 against Hy : p # 0, any in-
variant test with respect to the group G, depends on the minimal sufficient
statistic (X,S) only through T? = nx'S™'x. Moreover, the power function
of any invariant test depends on (p, ) only through the parameter function
S=nu'E /2.

The LRT is obviously invariant. In the class of invariant tests, it is possi-
ble to show that the Hotelling-7" is uniformly most powerful. We say that
T? is the UMPI test.

Proposition 8.4 For testing Hy : p = 0 against Hy : p # 0, the
Hotelling-T? test, T? = nx'S™'x, is UMPL

Proof. It has already been established that T2 is invariant and that all
invariant tests, depending on (X, S), are a function of T2. The problem thus
reduces to finding the UMP test for Hy : § = 0 based on one observation
from 2 =T?%/(n—1) ~ F.(p,n —p; ), where § = nu/ S~ /2. The density
of x was given in Problem 4.6.3:

o~ 0k T (4(n+2Kk)) 2 (pH2k)/2-1

I =2 R E (Fr 20) T (3= ) O+ 077

x> 0.

From the Neyman-Pearson lemma, the most powerful test for Hy : § = 0
rejects Hy for large values of the ratio

> 65kr (m+28) [ = 1"
12 (30 +2k)) {(14—3@)] = 2

Since this ratio is monotone increasing in z, this is equivalent to rejecting
Hy for large values of x, x > c3. This rejection region does not depend on
0 and, thus, the test is uniformly most powerful. |

An asymptotic expansion of the distribution function of 72 was obtained
whose first term is x? under the elliptical distribution [Iwashita (1997)] and
for general non-normality [Fujikoshi (1997), Kano (1995)]. Improvement to
the chi-square approximation by monotone transformation of T2 is also
possible [Fujisawa (1997)]. For a modification to T2 with the same chi-
square asymptotic distribution but in the case of infinite second moment,
refer to Sepanski (1994).

Kud6 (1963) was the first to propose a multivariate analogue, when %
is known, to the one-sided t-test. The multivariate problem is to test the
null hypothesis, Hy : o = 0, against the one-sided alternative hypothesis,
Hy : p > 0, where o > 0 is interpreted componentwise. It can be stated
even more generally in terms of cone. The LRT for the one-sided problem,
with unknown ¥, was obtained by Perlman (1969). Tang (1994, 1996) dis-
cussed unbiasedness and invariance of tests in the one-sided multivariate
problem. Silvapulle (1995) derived the null distribution of a Hotelling-7
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type statistic. There is a conditional test by Fraser, Guttman and Srivastava
(1991); v. also Wang and McDermott (1998a, 1998b).

8.3 Simultaneous confidence intervals on means

Let x1,...,X, beiid. Ny(u, X). For any preassigned level 5 = 1—c, define
the quantile F, (p1,p2) by the equation P (F(p1,p2) > Fa(p1,p2)) = a. By
applying Hotelling’s result, we have exactly

P (n<x ST (%) < H

whereby we see that in 3 x 100% of such experiments, the “true” u lies in
the random ellipsoid

{peR”: n(p—x)'S™H(p—x) <ca},

where we have simply let

Fo(p,n— p)) =0,

(n—1)p .
) Fa(p,n—p).

We are 8 x 100% “confident” that our particular observed ellipsoid,
CR(p; 8) = {p €R”: n(p—x)'S™ (1 —x) < cal,

contains p since P (u € CR(p; ) = 5.
Sequential fixed-size confidence regions for the mean vector were
investigated by Srivastava (1967) and Datta and Mukhopadhyay (1997).

Co =

8.3.1 Linear hypotheses

In many experiments, one simply wishes to compare the various compo-
nents of p to each other. For instance, one may ask: “Is uy equal to pug?”
“Is the difference between s and the average of u; and ugz equal to 3.177
Answering the first question amounts to testing the hypothesis

Hy:py —p3 =0,
while the second question is equivalent to testing the hypothesis
Ho : 2/12 - (/,[,1 —|—,u3) =6.2.

Questions like these are said to be linear in u, and in the general case,
there would be a certain specified vector a € RP and constant ¢ € R for
which we would wish to test

Hy:a'p=c
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Given xy,...,x, iid. Np(p,X), if we let y; = a'x;, i = 1,...,n, then
clearly yi,...,yn are i.i.d. Nj(a’u,a’¥a). Obviously, one may apply the
univariate results directly to the y data so that

H is correct iff \/n(y —c)/sy Lty

and, of course,
/ = Sy TR
CI(a /1'75) =Y - \/ﬁta/ln—lv Y+ \/ﬁtll/Q»"_l

One should notice that, conveniently, = a’x and 55 = a’'Sa.

Realistically, one would have more than one such question to consider,
and so that there would be r specified vectors a; € RP, i =1,...,r, with
corresponding constants ¢; € R, ¢ = 1,...,r, for which we would wish
simultaneously to test

Hy:ajp=cy,...,a.u=c,.
This is clearly equivalent to testing
Hy:A'p=c,

where A = (aj,...,a,) and ¢ = (¢1,...,¢.) . Letting y; = A'x;, i =
1,...,n, then, clearly, y1,...,y, are i.i.d. N.(A'u, A’SA). Under the as-

sumption that the vectors ai,...,a, are linearly independent, one may
apply the multivariate results above directly to the y data so that
4 a (n—1r

Hy is correct iff n(y —¢)'S; ' (y —¢) = F(r,n—r)

n—r
and a confidence ellipsoid for v = A’ is

CR(v;B)={v eR" :n(v —y)'S; ' (v —¥) < ka},

where
(n—1r
(n—r)
Notice that y = A’x and S, = A’SA.

For obvious pragmatic reasons, one might in practice wish to have in-
dividual confidence intervals for each component v;, ¢ = 1,...,r. Thus,

we would like to specify 7 intervals for these quantities in which we are
simultaneously confident. The following lemma is needed.

ko = Fo(r,n—r).

Lemma 8.1 Assume S € P, and A = (ay,...,a,) € R? is of rank 7.
Then

- <x'A(A'SA)TA'x <xX'S7'x, Vx e RV
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Proof. Using Rayleigh’s quotient (v. Problem 1.8.12),
x'A(A’SA)"tA'x
sup
x£0 x'S—1x

=\ (A(A'SA)TA'S) =1

and the right inequality follows. Let y = A’x = (y1,y5) and B = A’SA €

P, partitioned as
by by )
B =
<b21 Boo

with inverse (v. Problem 1.8.1)

B! = <b1_1 + by, blezz 1b21 b1_11b/2%B2_21‘1> )

b11 B22.1b21 By
Then,
2 I )2
/B71 _ yl b B b B—l/2 2 > yil _ (alx)
y y = b1y + [|y1b11 221 21 — By 17yl > b, axlsalv
which is the left inequality. a

Since by simple algebra in Lemma 8.1, we have the inequalities
(5i — vi)?
ajSa;

we find that

SE -V -v) < (x-p)'STHER - ),

12 1 i —vi | 12 =
P(n 7(a’Sa)1/2 <k 1,...,r

> P (n(y —v)'S;H(y —v) < ka) = 0.
Therefore, we are at least 3 x 100% confident in simultaneously presenting
the r observed “Roy-Bose” intervals
/2 1/2

L ka ‘
Yi — ni/2 (ajSa;)'/? <v; < @i + ﬁ(agsai)l/{ i=1...r (82)

One should note that k, < ¢, (why?), so we do somewhat better using k.
The constant ¢, however, allows all possible linear combinations since

(a'x —a'p)?
sup —————

W e~ K )ST x—w).

Therefore, we are at least 8 x 100% confident in simultaneously presenting
all of the observed “Scheffé” intervals

1/2 L2
'Sa)'/? <au<ax+ (a 'Sa)l/? va e RP.  (8.3)

IS Ca
a'x — iz (a
Although the “Scheffé” intervals are Wlder, they can be useful in making a

great number of unplanned comparisons between means.
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Actually, if the number, r, of questions that one asks is very small, we
can sometimes even improve on k. Let

o 1/2 (i —vi) .
T,=n 7(a;Sai)1/2’ 1=1,..

ST

Note T; 4 th—1, ¢ = 1,...,7, but they are not independent. Then, if we
define the event A; = {|T;| < to},

P(Ty| <tg, i=1,....,7) = P((N_A)
= 1_P(U::1Af)

> 1- Z P (A9) (8.4)

= ].—7"P(|tn,1| >t()).

The inequality (8.4) is the Bonferroni inequality. If we deliberately equate
the final term to 8 = 1 — « and then solve for ¢y, we find that
@
P(tn_l > to) = 27’[“7
or, equivalently,

to = toz/2r,n71~

Therefore, one can see that if we let

2
ba = ta/2r,n717
we will still be at least 5 x 100% confident if, instead of the “Roy-Bose”
intervals (8.2), we present the r “Bonferroni” intervals
1/2 1/2

ba
(a}Sa;)V? < v; < Gi + W(aéSai)l/Q, i=1,...,m

Yi — T2
Note that the relative length of “Roy-Bose” to “Bonferroni” is obviously
/ba/ka, and in a particular application, one would use the method with
the shorter intervals.

For non-normal data x1,...,%x, i.i.d. x with ¥ x = p and var x = ¥,
large sample “Roy-Bose” and “Scheffé” simultaneous confidence intervals
can be constructed similarly (v. Problems 8.9.5 and 8.9.6) by appealing
first to the central limit theorem.

8.3.2  Nonlinear hypotheses

In certain experiments, one might wish to compare the various components
of u to each other in ways that are plainly nonlinear. For instance, one may
ask: “Is py equal to p3?” “Is the difference between pp and the product of
w1 and ps3 equal to 5.77” The first question corresponds to the hypothesis

Ho:pp—p3=0
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and the second to
Ho : po — paps =5.7.
In each case, there is a certain function g : RP — R and constant ¢ € R for
which we are entertaining the hypothesis
Hy:g(p)=c

If we actually had r such hypotheses to consider in the same experiment,
then there would, of course, be r specified real-valued functions g;, i =
1,...,7r, with constants ¢; € R, ¢ = 1,...,r, for which we would wish
simultaneously to test

Ho:gi(p) =c1,....9-(p) = cr.

By letting g : R? — R” defined by g(x) = (¢1(x),...,9-(x)) be con-
tinuously differentiable at g, and ¢ € R", this is simply equivalent
to

Hy : g(p) =c.
The results in this section are asymptotic, so we assume possibly non-
normal data xi,...,x, iid. x with £ x = p and var x = 3. One may

not apply the specific results in Section 8.3.1 directly to this situation, but
one may yet apply the same essential logic as formulated in that section

by appealing to the central limit theorem, \/n(X — p) A N,(0,%), and the

delta method in Proposition 6.2, v/n (g(x) — g(u)) 4 N, (0,Xg), where
3¢ = [Dg(p)]X[Dg(p)]’. This time, if we let y = g(x), v = g(u), and
Sg = [Dg(x)]S[Dg(x)]’ then, as on page 79,

n(y —v)'S; ' (y —v) % X2

Thus, with
do = Xi,'rv
the confidence ellipsoid for v,
CR(v;B)={veR": n(v - y)’Sg_l(V —y) <da.},

has an asymptotic coverage probability of 3, i.e., P (v € CR(v; 3)) — 3 as
n — 0.

To have individual confidence intervals on each component v;, i =
1,...,r, we have the inequality in Lemma 8.1:

(yi —vi)*
Sgii
From this purely algebraic fact, it follows that

<(y-v)Sgiy —v)

i P (M”'yisf/f” <dy? i= 1,...,r> > .
gt
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Thus, asymptotically, we are at least 3 x 100% confident in simultaneously
presenting the r observed intervals

dy/’ 1/2

/ 81/2
da
<V <y n1/2 g,

Yi nl/27 8 =

1=1,...,7

If r is quite small, one might try to improve on d, using a Bonferroni
approach.

The construction of simultaneous confidence intervals on functions ¢(X)
is treated quite generally in Diimbgen (1998). Asymptotic considerations
for the Wishart model show that the resulting confidence bounds are
substantially smaller than those obtained by inverting likelihood ratio tests.

8.4 Multiple correlation

The multiple correlation coefficient R is the maximum correlation possible
between a variable x; and a linear combination, t'xs, of a vector x5. Not
surprisingly, with underlying normality, the likelihood ratio test of Hy :
1 Al x5 will be a function of the sample multiple correlation coefficient R.
Assume z; € R and x5 € RP~! have a joint normal distribution,

x1 011 0'/21
~ N, (0, ,

where 395 = A? > 0. We have set the mean to 0 without any loss of
generality. Since the simple correlation coeflicient is invariant to rescaling
of each variable, we can assume at the outset that var t'xy = t/3got = 1
and solve

max cor(zy,t'xs).
t/Sont=1

For any t such that t'Xqst = 1,
C0r2($1,t/X2) = (0”2113)2/0'11 = <A710'217At>2/0'11 S 0',2122_210'21/0'11.

The last inequality follows from the Cauchy-Schwarz inequality given in
Proposition 1.1. It is an equality iff At o A~loai, or, equivalently,
t 22_21021. The maximum correlation possible is R > 0, where R? =
0"2122_210'21/011, and is called the multiple correlation coefficient between
1 and Xo. It should be noted immediately that the maximum correlation is
achieved by t'xy = E (21 | X2) = 0%, 25, X2, i.e., by the conditional mean
of x1 given xs. In order to test Hy : R = 0 (equivalently, Hy : 91 = 0 or
Hy : z1 L x3), the sample variance, based on a random sample of size n,

_ V11 V’21
— ]. S = V == 5
(n—1) <V21 V22>
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is partitioned and is distributed as V. ~ W,(n — 1,X). In the obvious
manner, the sample version is R? = V/21V2_21V21/U11 and R > 0 is called
the sample multiple correlation coefficient.

Proposition 8.5 The likelihood ratio test A rejects Ho for small values of
A= (1-RH)"2

Proof. Based on the likelihood (7.1) from x4, ...,X, i.id. Ny(u,3), 3 >
0, the MLE of p is always g = x. Without constraints, the MLE of X is
3 = 1V, but when o9 = 0, the constrained MLE becomes

T n

Thus,
2 2 2 —1
Ao LG BT Petr(5VE )
LEa) B en(—vE)
_ [vnwgzq % exp(—gnp)
V] exp(—5np)
v n/2 R
_ < 11.2) — (- R2)n/2’
V11
where the last equality made use of |V| = v11.2[Vaa|. O

Of greater interest is the distribution of R2 in which negative binomial
probabilities intervene. The reader should recall at this point that a nega-
tive binomial variable represents the number of failures, k, before the rth
success in a sequence of independent bernoulli trials.

Definition 8.1 Negative binomial:  ~ nb(r,p), r > 0 and 0 < p < 1, iff
the probability function of x is given by
r+k—-1\ ,

In Definition 8.1, 7 need not be an integer. In that case, the combination
factor is calculated via the gamma function:

r+k—1\ _T(r+k) ()
k TR K
where (r)g =1 and (r)y =r(r+1)---(r+k—1) for k = 1,2,.... Recall
that F.(s1, s2) denotes the canonical F, distribution (v. Definition 3.7).

Proposition 8.6

R? >
P _<t] = P(F.(p—1+2kn—p)<t),
<1R2_ > kzzopk (F.(p p) <t)
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P<R2 < t) = kzzopk-P(beta(%(p—1+2k);%(n—p)) <t),

where py are the negative binomial probabilities

lip —
P = (2(nk' 1))’6(1 — R)("UPR* k=0,1,....

Proof. Since V112 = ’Ull(l — RZ), then RQ/(l — RQ) = V/21V;21V21/U11,2.
With the help of Proposition 7.9, v11.2 AL (va1, Vao) and v11. 9 ~ all,gxi_p.
We also have

Va1 | Vag ~ N1 (Ve X5, 091, 011.2Va2)
from which
0PV Va1 | Vas ~ Ny 1 (0747, 85 01, 1)

and, therefore, V/21V2_21V21 | Voo ~ 011.2X,2,_1(5)7 where

§ =01 X0 Vor X0, 001/ (2011.2).
Hence, conditional on Vag,

R?/(1 = R?) ~ Fe(p— 1,n — p; ).
Using Proposition 4.7,

R2

i SN
P(l §t|V22>:Ze_éklP(Fc(p—l-i-Qk,n—p)St)~
k=0 ’

To obtain the unconditional distribution, take expectations on both sides
with respect to the distribution of Vas. First, we need the distribution of
J. Since Vg ~ Wy_1(n — 1,39,), then

Rz12i 1 R?
s e e 26 (0 )

The expectation computation is immediate (v. Problem 8.9.10) if we use
a result well known in bayesian inference [Johnson et al. (1992), p. 204]
that if K given ¢ is Poisson(d) and ¢ ~ G(p, §), then the marginal of K is
negative binomial, K ~ nb(p, (1+ 6)~!). Hence,

5k
pk:P(K:k):EP(K:k|5):Ee*‘sﬁ,
completing the proof of the first result. The second result follows with the
obvious monotone transformation. a

Thus, k2/(1—R?) is distributed as a negative binomial mixture of canonical
F, distributions, whereas that of R%isa negative binomial mixture of beta
distributions. The moments of R (v. Problem 8.9.9) follow directly from
the later characterization. The null distribution is just a special case.
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Proposition 8.7 Assuming R =0, R2/(1 — R?) ~ F.(p —1,n — p).

The exact distribution of the simple correlation coefficient, introduced
earlier in Section 5.6.3, when p # 0 is just another special case when
p = 2. The invariance of the multiple correlation coefficient is discussed
in Problem 8.9.13.

Proposition 8.8 For testing Hy : R = 0 against Hy : R > 0, the test
which rejects for large values of R is UMPI.

Proof. The statistic R is clearly invariant and it was established in Prob-
lem 8.9.13 that all invariant tests, depending on (X, V), are a function of R.
The problem thus reduces to finding the UMP test based on one observation
from R. The density of z = R? follows from Proposition 8.6,

1

1 1
R2 5(p=1+2k)=109 §(n—p)—17
fla: Zpk T (1—2)

0 < z < 1. From the Neyman-Pearson lemma, the most powerful test
rejects Hy for large values of the ratio

1+ 2k
7f _Clzpk 1121«;; o2 e

Since this ratio is monotone increasing in = this is equivalent to rejecting
Hj for large values of x, x > c3. This rejection region does not depend on
R and, thus, the test is uniformly most powerful. a

Example 8.2 The power function of the likelihood ratio test for Hy : R =
0 may be evaluated with Proposition 8.6:

Zpk/ (3(p—1+2k). 5n—p)~
'I(‘D 14+2k)/2— 1( 71’)(n7‘n)/271d1’,

where t, = beta, (%(p— 1); %(n —p)) 18 the critical point. A numerical
evaluation in Mathematica of B for p = 3 and n = 20 at the significance
level a = 0.05 gave the plot in Figure 8.2.

For large samples, the asymptotic distribution provides a simpler dis-
tribution. By the delta method in Proposition 6.2, R? is asymptotically
normal since it is a function of the sample variance S, which is itself asymp-
totically normal. However, rather than calculating the derivatives, it is
somewhat easier to use op(n_l/ %) asymptotic expansions. This technique
is illustrated in the following proof.

Proposition 8.9 The null and alternative asymptotic distributions of R2,
when sampling from a multivariate normal distribution, are given by



8.4. Multiple correlation 113

beta

R

0.2 0.4 0.6 0.8
Figure 8.2. Power function of the likelihood ratio test for Hp : R = 0 when p = 3,
and n = 20 at a level of significance a = 0.05.

(i) n'/2(R? — R?) % N (0,4R2(1 — R?)?),
(ii) If R =0, then nR? A Xo 1

Proof. By invariance arguments (v. Problem 8.9.13), assume without loss

of generality,
1  Re}
>= (Rel I, ) ’

where e; = (1,0,...,0) € RP~1. Since

!/
e (3 ).

where Z ~ NP (0,(I+K,)(X ® X)), then we can write the o,(n~1/?)
expansions

14+n"22, + op(n_l/g)7

S11 =
S21 = R61 + ﬂ71/2Z21 + op(nfl/Q),
Soy = I+’n_1/2Z22 +0p(n_1/2),

where o0,(n"1/2) is such that n'/2 - 0,(n=/2) £ 0 [Serfling (1980), p. 9].
Straightforward algebra, with the aid of Problem 1.8.15, then gives
S5 S5, S21
S11
= [1+n"Y22 +0,(n7Y) 7 [Rer + Y22y + 0,(n"?))
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[T+ 77225 + 0,(n™V2)] 71 [Rey + n~V2z31 + 0p(n~V/2)
= 1 —n"Y22; +0,(n7V?)] - [Rer + n 2291 + 0,(n V2]
T = n"Y2Zgy + 0,(n"V/2)] - [Rey + 172291 4 0p(n1/?)]
= R*4+2nY2Rzo; —n V2R%295 —nV2R%2, + op(nfl/Q).

Thus, n/2(R2— R2) % 2Rz5; — R2290 — R2211, but since (v. equation (6.1))
(221, 211, 222)/ ~ N3(0,€2), where

1+R? 2R 2R
Q= 2r 2 2R?|,
2R  2R? 2

the linear combination with a = (2R, —R?, —R?)’ yields

2Rzo1 — R*299 — R*211 ~ N(0,2'Qa),
whereby a direct evaluation provides a’Qa = 4R?(1— R?)2. This proves (i).
To prove (ii), note that when R = 0, nt/2sy; S Z21, where zo; ~ Np_1(0,I).
However, since Soo 51 and s1; B 1, then n1/231_11/282_21/2521 4 Zo1 and
nk? % |21 |2 4 X123—1~ O

As a corollary, we get the asymptotic distribution of R and of Fisher’s
z-transform.

Corollary 8.2 The asymptotic distributions of R and of its Fisher’s z
transform, when sampling from a multivariate normal distribution, are
given by

(i) n'/2(R—R) % N (0,(1 - R%)?),

(ii) n'/? (tanhfl(ﬁz) - tanh*l(R)) 4 N(0,1).

Proof. It follows directly from the delta method applied to the square root
transformation and to the tanh™' transformation. a

More general results on the asymptotic distributions of correlation coef-
ficients obtained from any asymptotically normal equivariant estimate of
variance, not necessarily S, will be given in Chapter 13 for a sample from
an elliptical distribution.

8.4.1 Asymptotic moments

The mixture beta characterization of R? in Proposition 8.6 can be used
to obtain immediately the exact moments of R? in terms of those of beta
distributions (v. Problem 8.9.9). Simple approximations for large n are,
however, possible as is now shown.
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Using Proposition 8.6, we have
oo
P(l—R2 gt) = Zpk-P(beta(%(n—p);%(p—1+2k;)) <t).
k=0

From the moments of x ~ beta(a,b) given by

_Tl@+d)T(a+h)  (a) _
E zh = e b rh = Gri h=1,2,...,

we can write

N = (%(n—l)) 2\(n—1)/2 p2 (%(n—p))b
E(l—R)h—kzzoik! B(1— R2) )/Rk(g(n—sz}))h'

The hypergeometric function

i a Zk
2Fi(a,bc2) =) ( zi)(z)k T

k=0
after some simple algebra allows to write
(3(n—p)),
(3(n— 1))h
(1= RHV2 LR (3(n—1),3(n—1);1(n - 1) + h; R?).

E(1-R)"'=

Then, upon using Kummer’s formula [Erdélyi et al. (1953), p. 105]
oFi(a,bye;2) = (1 — 2)¢Y 4R (¢ —a,c — by ¢; 2),

we finally find

E(1-R)»'= M(l — RHM yFy (b, h; 1(n—1)+ h; R?).
For h = 1, we then obtain
B-R) = (=80 #) A0 1)
_ (n—p) _ p2 2R? n—2
= (n—l)(l R?) 1+7(n+1)+0( )

and

(n—p)
(n* —1)
This expression shows that R? is biased, as it overestimates R2. The MVUE
of R? [Olkin and Pratt (1958)] is

(n—3)
(n—p)

ERor+ PN gy R2(1— R%) + O(n™2).

(n—1)

UR?) =1-

(1-R%) oFi(1,1;5(n—p+2);1 - R?).
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The MVUE has the drawback of taking negative values when R is close to
0. In fact, using the relation [Erdélyi et al. (1953), p. 61]

I'(c) T(c—a—-10)

I'(c—a) T(c—10)’

it is easily established that U(0) = —(p—1)/(n—p—2) and, of course, U(1) =
1. A similar expansion for h = 2 can be done to obtain an asymptotic
expansion for var R2.

2Fi(a,b;c;1) =

8.5 Partial correlation

Assume two subsets of variables x; € RP! and xo € RP? have a joint normal

distribution,
X1 ~N My Y1 X
X2 PA\pg )7\ Ba1 B '

The partial correlation coefficient between variables z; and x;, in the subset
X1, is just the ordinary simple correlation p between x; and z; but with
the variables in the subset x5 held fixed. This will be denoted by p;;ix,-
It can be expressed in terms of X if one recalls the conditional normal of
Section 5.5:

x1 | X2 ~ Ny, (1 + Z12255 (X2 — o), B11.2).

Writing X110 = (04j)x, ), Where 0j|x, denotes the (4,7) element of 35 5,
then
B Oijlxs
Pijlx2 = ~1/3° 12
it|x2 " jj|x2
Using Proposition 7.9, we already know that since (n —1)S =V ~ W, (n—
1,3), then
Viig ~ Wpl(ﬂ —1—pa, 211.2),

where V was partitioned in conformity as
Vii Vi
V = .
<V21 Vo
Since V is proportional to the MLE 3 of 3., it is clear that the MLE of
Pijlx, 18 just
_ _ Yijxs
Tijlx2 = 773 172 °
ii‘xg jj‘xz
where V1.0 = (v;5)x,) and v;;jx, denotes the (i,7) element of Vi;.5. Con-
sidering the distribution of V11 o, the distribution of Tij|x, 1S the same as
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for a simple correlation coefficient but with n — ps in place of n. We have
proved:

Proposition 8.10

r2 oo
ij]x2 o
ij]x2 k=0
P (r?j\xg < t) = Zpk - P (beta (3(142k); 2 (n—p2 —2)) < t),

k=0

where py are the negative binomial probabilities

(3(n—p2—1))
P = 2 o k (1-— p?jlxg)(n_m_l)/ngﬁxz’ k=0,1,....

For large samples, as for the simple correlation coefficient, it follows from
Problem 6.4.8 that

d
02 (Fijies = Pijxa) = N (0» (1- p?ﬂxf) :

A Fisher’s z-transform as for the simple correlation coefficient in Prob-
lem 6.4.9 is definitely possible for a partial correlation coefficient.

8.6 Test of sphericity

Assume x ~ Np(p,X), ¥ > 0, and consider testing the hypothesis that
the p variables in x = (z1,...,%,)" are independent and have the same
variance:

Hy:¥X=~I, v>0.

Based on a random sample x4, ...,X,, regardless of the hypothesis Hy, as
long as 3 > 0, the MLE of p is always g = X. Now, without constraint,
the MLE of ¥ is ¥ = %V, where, as usual,

V=> (xi—%)(xi — X)'.
i=1
However, under Hy, the MLE is obtained by solving
—n/2 1.1
max |71 etr (=37 'V).
Taking logarithms, the function to maximize is

—%npln'y — %’y‘l tr 'V,
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and the solution is easily calculated, 4 = tr V /np. Therefore, the likelihood
ratio, first derived by Mauchly (1940), becomes

y L LOLE) B e (<357V)
LS8 S r (—151V)
n/2
_ V] exp(—3np)
(Gt VI | exp(—gmp)

Thus,

A — A2/n _ |V‘ _ i) 1 lll/p ’
- CGevye AP )
P i=

p

where [; > --- > [, are the ordered eigenvalues of V. The LRT compares
the geometric and arithmetic means of those eigenvalues; they coincide
when V has the structure as in Hy.

Proposition 8.11 The LRT for testing Ho : ¥ = ~I, v > 0 against
H, : X > 0 rejects Hy for small values of A = \V|/( tr V)P,

At this point, we remind the reader about the general expression for
the asymptotic degrees of freedom for likelihood ratio tests. In general, for
testing Hy : 6 € @0 against H; : 8 € ©f under regularity conditions, then,
under Hy, —2In A a4 Xf as the sample size n — co. The degrees of freedom
f is the difference between the number of free parameters in ® = @ U O
and the number of free parameters in Q.

From the general theory of LRT, it is clear that the asymptotic null
distribution is

—2lnA % Xfc, f=2ip(p+1)—-1

Better approximations can be obtained by calculating the moments of A (or
A) as in Section 12.3. The moments are easily calculated with the following
lemma.

Lemma 8.2 When X =~I, v >0, tr V 1L |V]|/(tr V)P.

Proof. When 3 = ~I, clearly the distribution of |V|/(tr V)P does not
depend on 4. From the likelihood for (g,~), which forms an exponen-
tial family, the minimal sufficient and complete statistic is (X, tr V). The
conclusion follows using Basu’s' theorem. a

IBasu’s theorem: If T is complete and sufficient for the family P = {Ps : 6 € O},
then T Il A, for any ancillary statistic A. By definition, a statistic A is ancillary iff its
distribution does not depend on 6.
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- /1 p
A( tr V) =1V,
p

_ 1 ph
EA'E ( trV> =E |V,
p

But then, since

then

from which
E V|

EAN= _——F— " .
E (5 tr V)ph

Proposition 8.12 When ¥ =~I, v > 0, then

[ (3(n—=1)p) Tp(5(n—1)+h)
L (5(n—1p+ph) Tp(5(n—1)
Proof. We have V. ~ ~4W,(n — 1). The proof follows directly from the
above remark in conjunction with Corollary 7.3, Proposition 7.2, and the

definition of I',(-) on page 93. Moments of chi-square distributions can be
obtained from Section 3.2 (v. Problem 3.5.1). O

E A = pPh

Finally, the exact distribution of A can be characterized as a product of
independent beta variables [Srivastava and Khatri (1979), p. 209].

Proposition 8.13 The exact null distribution 0f1~X 18

AiIIMmgm—1—@J@+§m (8.5)

i.e., A is distributed as the product of p — 1 mutually independent beta
variables.

Proof. We make use of the multiplicative formula of Gauss [Erdélyi et al.
(1953), p. 4]

m—1
1
F(mz) — (27T)—(7rz—1)/2mmz_§ H F(Z + %)7 m=23,...,
r=0
with m = p and 2 = 1(n —1),3(n — 1) + h. We can then rewrite the
moments as

B — i Ll(n—1) +h—3(-1) Hfféré(”_l)*’ﬂ
Tl =1) = 56D [T —1) +h+ 1)
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It is then straightforward to check that all moments of order h > 0 on the

left and right sides of < in (8.5) are the same. Since the domain is the
bounded interval [0, 1], there is a unique distribution with these moments
[Serfling (1980), p. 46]. O

The group O, x R? x (R\{0}) transforms the data as x; — aHx; +b, for
any H € Op, b € RP, and a # 0. It preserves normality and induces trans-
formations on the minimal sufficient statistic (X, V) and parameters (u, X)
as X = aHX+b, V= o®’HVH', p— aHu+b, and 3 — «?’HXH'. Thus,
the transformation also preserves the sphericity. A test function f(x,V) is
said to be invariant with respect to this group of transformations when it
takes the same value on the original data as on the transformed data, i.e.,

f(y,W) = f(aHy + b, o> HWH’),

V(H,b,a) € O, x R? x (R\{0}), V(y,W) € RP x P,. This invariance
property yields formidable simplifications.
First, if we diagonalize V.= HDH’, where D = diag(ly,...,[,), then

choosing a = l;1/2 and b = —aH'x, we find
f(x, V) = f(aH'X+b,d®H'VH)
= f(0.D),
where D = diag(l1/lp, ..., lp—1/1p,1) depends on the sample only through
the ratios l1/lp,...,l,—1/l,. So, any invariant test can be written as a

function of I;/l,,i=1,...,p— 1.

Second, if we diagonalize 3 = GD ) G’, where D lists the eigenvalues
A1 > -+ > X, on its diagonal, then choosing a = /\;1/2 and b = —aG'p,
we find

aG'x+b ~ N,(0,n7'Dy),
a*G'VG ~ W,(n—1,Dy),

where ]j/\ = diag(M/Ap,. .., Ap—1/Ap,1). Thus, the non-null distri-
bution of any invariant test depends on (p,X) only through the ra-
tios A1/Ap,...,Ap—1/Ap. These invariance results are summarized in a
proposition.

Proposition 8.14 With respect to the above group of transformations,
any invariant test depends on the minimal sufficient statistic (X, V) only
through the ratios l1/lp, ..., l,_1/l, of eigenvalues of V. The power func-
tion of any invariant test depends on (u,X) only through the ratios
M/ Ap, oy Ap—1/Ap of eigenvalues of .

The LRT is obviously invariant. There is no uniformly most power-
ful invariant (UMPI) test for the sphericity hypothesis, but John (1971)
showed the test based on J = tr V2/(tr V)2 is locally most powerful (best)
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invariant (LBI). The null distribution of the LBI test is given in John
(1972).

8.7 Test of equality of variances

The data consist of @ independent samples X;1, ..., X, 1.1.d. Np(p;, 3;),

3, >0,i=1,...,a. Let n = 2?21 n; be the total number of observations.
The hypothesis in question here is the equality of variances
Hy:%=--=3%,

which is being tested against all alternatives. Since the samples are
independent, the likelihood function can be built immediately from (7.1),

L(Zq,.. ., 30, -y )
oc [T 1677 etr {=3 [Vi + ni(xi — ) (% — 1)1 57}
i=1
where, as usual,

_ 1 &
X = — g Xijs
n; J

n;
V,’ = Z(Xij _ii)(xij_ii)/; 1= 1,...,&.
j=1
Without the restriction specified in Hp, the parameters are unrelated and,
thus, the unrestricted MLE is Just the usual ft; = x; and 3, = 1 =V;. Under
Hy, however, we have 31 = = X, = X, for some unknown E and, thus,

ﬁi =%;and 3 = %V, where V = Y7 | 'V, pools all the variances together.
Thus, the LRT becomes

LAV, IV %, %)
A n
L(ﬁvl,...,nva,xl,..., o)
- H?:l |%V| ni/2 exp(—%np)
T Vi expl— )
[T, [Vi|"e/2 nen/2
|‘f|"/2 lel ) npn1/2
Proposition 8.15 The LRT for testing Hy : X1 = --- = X, rejects the

hypothesis for small values of

N L 7
- V|n/2 a png/2°
V| [T, nt

i=1
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The group G, x (RP)® transforms the observations as x;; — Ax;; + b,
for any A € G, and b; € RP, ¢ = 1,...,a. This obviously preserves the
normality and transforms the statistics as x; — AX; + b;, V; — AV;A’,
and V — AVA'’ and induces the parameter transformation 3; — AX;A’.
The hypothesis Hy is thus also preserved by this group of transformations.
Therefore, the LRT statistic evaluated at the transformed data Ax;; 4+ b;

18
H?:l |AV1A/ ni/2 npn/Q

|AVA/|n/2 qul nzpn,/2
[, Vil
|V‘n/2 Ha npn,i/Q’

i=1""

A:

which is identical to the LRT statistic evaluated at the original data x;;. We
say that the LRT is invariant with respect to this group of transformations.
In general, a test function f(X1,...,Xqa, V1,..., Vg) is termed invariant iff

f(Y17-"7Yt13W17"~7Wa)
= f(AY1 —|— b17 . ,Aya + ba,AW1A', ey A.WaA./)7
V(Avbla s 7ba) € pr (Rp)a’ v(yh cee ;Yle, cee aWa) € (Rp)ax (Pp)a'
This has important consequences.

First, by deliberately choosing A = X~1/2 where &1 = --- = X, =
3 under Hy, and b; = —AX,, it is clear that AV,A’ ~ W,(n; — 1) do
not involve any unknown parameters. Thus, the null distribution of any
invariant test function

fX1,. oy, %a, V1,..., Va)
= f(AX; +by,...,AX, + b, AV;A’ ... AV, A")
= f(0,...,0,AV A’ ... AV,A")

such as A is parameter free. Note that we need only consider test

functions of this form since (Xi,...,%Xq, V1i,..., V) is sufficient for
(TP T YT S B
Second, in the special case a = 2, diagonalize V1_1/2V2V1_1/2 = HDH’,

where H € O, and D = diag(ls, ..., ) contains the eigenvalues of VI 'V,.
This time by deliberately choosing A = H’V1_1/27 b, = —AXx;, we find that
for any invariant test

f()_(h)_CQthVQ) = f(0707AV1A/7AV2A/)
f(0,0,1,D)
is a function of l1, ..., only. Thus, any invariant test function depends on

the data only through {4, ...,l,. Similarly, diagonalizing 2;1/2222;1/2 =
GD)G’', where G € G, and Dy contains the eigenvalues Ay,..., A, of

¥ '%,, we have after choosing A = G’E;UQ, AViA’' ~ W,(ny — 1) and
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AV,A" ~ Wy(ng —1,Dy). Thus, the non-null distribution of any invariant
test function depends on (pt1, o, X1, X2) only through the eigenvalues of
IR S

Proposition 8.16 With respect to the group of transformations G, X
(RP)2, any invariant test for testing Hy : X1 = 3o depends on
(X1,%2, V1, Va) only through the eigenvalues l1,...,l, of Vl_1V2. The
power function of any invariant test depends on (pq, pe, 31, X52) only
through the eigenvalues A1,..., A, of 21_122,

For example, the LRT when a = 2 can be written

P 2
npn/Q l:l2/

A:

n111n1/2n127n2/2 bl (1 + li)n/g .

An alternative invariant test function [Nagao (1973)] is

a 2
N=1Y"nt (:‘Viv1 - I) .
i=1 ¢

Continuing now with the moments of the null distribution of the LRT, we
comment first on a result of unbiasedness. Although the LRT is a biased
test, Perlman (1980) proved that the slight modification

A H;}ZI ‘Vi|mz‘/2 mpm/2
VI e

i=1"""%

where the sample sizes n; are replaced by the corresponding degrees of
freedom m; = n; — 1 and m = Zg‘:l m; = n — a, yields an unbiased test.
We will, thus, concentrate on the latter. It was Bartlett (1937) who first
proposed the use of the modified LRT, A*. For a = 2, unbiasedness of A*
was established earlier by Sugiura and Nagao (1968), whereas Srivastava,
Khatri, and Carter (1978) proved a monotonicity property stronger than
unbiasedness.

The null moments of A* is a simple consequence of invariance coupled
with the normalizing constant ¢, = [2™/2T,(3m)]~! of a W,(m) p.d.f.

Proposition 8.17 Under Hy, the moments of the modified LRT A* are
given by

E AP = mPrh/2 Ly(3m) ﬁ Lp[5mi(1 4 h)]
[T, my"i? Dplgm(+h)] 5 To(zma)

Proof. Under Hy, by invariance, we can assume 3; = I and V; ~ W, (m;)
are independently distributed. Thus, from the W, (m;) densities, we have

a
h —mh /2
O | T B N
i=1 V>0 V.>0
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. H |VZ.|[m'i(1+h)_p_l]/2etr(_%vi)dvl e dVy,.

i=1
The integrand is seen to contain the p.d.f. of V; ~ W,(m;(1 + h)) inde-
pendently distributed. However, when this is the case V.~ W,(m(1 + h)).
Thus, we find

E A*h _ H(il:l Cp,mi E |V|—mh/2
- a ’
Hi:l Cp,mi(1+h)
where V ~ W,(m(1 + h)). Using the moments of the generalized variance
in Problem 7.5.6 and simplifying, the conclusion is reached. a

An accurate approximation to the null distribution of the modified LRT
A* by asymptotic expansion of high order is discussed in Example 12.4.

8.8 Asymptotic distributions of eigenvalues

Based on a random sample x1,...,x, from N,(p,3), several tests on the
variance X are a function of the eigenvalues of V.= Y7 | (x;—X)(x; —X)' ~
W,(n—1,X). It was seen that an invariant test for sphericity, Hy : ¥ = oI,
depends only on (I1/1,,...,l,—1/lp)" where l; > --- > [, are the eigenvalues
of V. Also, in the two independent samples problem,

X111y -y Xing ii.d. Np(pl,Z}l),
X215y X2ny ii.d. Np([J,Q, 22),

an invariant test for the equality of variances, Hy : 31 = X5, depends only
on the eigenvalues of Vi 'Vy, where

ng
Vi = Z(Xij - )’(i)(xij - ii)/ ~ Wp(nl - ].,Ei), 1= 1,2
Jj=1

The distribution of eigenvalues of various random matrices thus plays an
important role in testing hypotheses.

8.8.1 The one-sample problem

We investigate the asymptotic distribution of the eigenvalues {1, ...,1[, of
V ~ W,(m,X). We already know there exists H € O, such that H'>XH =
A, where A = diag(A1,..., ), and since V and H'VH have the same
eigenvalues, we can assume at the outset that ¥ = A is diagonal. An
effective method for such problems is to write

S=Y _A4m 12V
m )
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where V() = m!/2(S — A) is O,(1), and expand the eigenvalues of S,
l;/m, around A; in powers of m~1/2. This is called the perturbation method
[Bellman (1960), Kato (1982)]. We now clearly outline the steps to obtain
an approximation, with remainder of the order O(m~1), to the distribution

function of a nearly arbitrary function f(1/m) of 1= (I1,...,1,)’.
Step 1: Perturbation method
More generally, consider a diagonal matrix A = diag(Ay,...,\,) and as-

sume that the perturbation of A can be expressed as a power series in € as
follows:

R=A+eVH £ VA L O,

where VU j = 1,2, are symmetric and € is a small real number. We shall
discuss the case when A, is distinct from the other p — 1 eigenvalues. Let
lo be the ath eigenvalue of R and ¢, = (c1q,---,Cpa)’ the corresponding
normalized eigenvector with c,, > 0. The quantities [, and ¢, can be
assumed of the form [Bellman (1960), p. 61]

lo = M+ 42024 0( %), (8.6)
Co = ea—i-eZamez—l—eQZa e +0(e), (8.7)
where e; = (0,...,1,...,0) is the ith canonical basis vector. We determine

the unknown coefficients )\((11), /\&2)7 agi), and a; ) by substituting (8.6) and
(8.7) into the equation

Rec, = l,c,

and equating the coefficients of the powers of e. This gives

p p
[A+eVD + VR L O(E)]fea +€ > alle; + > ale; + O(e)]

i=1 i=1

= Do+ XY + 202 L oS —I—GZ(L e,+ezza e; + O(eY)],

and equating the coefficients, we obtain the equations

Aa€a = Aa€as (8.8)
Zai}x))\ e; + V Za(l))\ e; + )\ Deg, (8.9)
and
e RCOMNG!
p P
fz @) e WDg, 4 22
= aideei + Y _ai) A Ve; + \Pe, (8.10)

=1 =1
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where V) = (vgj), .. (])) j =1,2. The ath component of (8.9) yields
aGoAa +vid = aldra + AL
from which )\((11) = v((llcz The component i # « of the same equation yields
afa) A+ viy) = ajg) Ao
from which a(l) vfcly))\m, i # «, where
Xia = 1/(N — Ag).

Note that aﬁml can be chosen arbitrarily and we set agl(z = 0 here. The
unknown quantities AP and a( ) can be determined similarly using (8.10).
The expansions (8.6)-(8.7) from the perturbation analysis thus take the
final form

2
e = Aatea@+e 0@+ 3 Aasol) | +0(E), (8.11)
Bra
_ 1, 2 (1), (1)
Ciaw = _)\ia €Vjq +e l 1(1 aa + Z >\ vzﬂ v,ﬁa
Bra
O(e%), i # a,
Caa = -1 Z )‘iﬁvag + 0(63)'
B#a

Returning to our one-sample problem, assuming A, is distinct, the
eigenvalue [, /m of S can be expanded by setting V® =0 as
2
lo/m = Ao +m~ Y2 4 ;=1 Z )\agvgg + 0,(m™3/?). (8.12)
BFo

Step 2: Taylor series of f(1/m)
Assuming f(+) is continuously differentiable in a neighborhood of

A= (A1, 00N,
we can write the Taylor series around A,
fQA/m) = f(A) + Df(A){A/m — X)
+1(1/m = XD F(N)(1/m — X) + Oy (m™3/2).
Upon using (8.12), this becomes

fQ/m) = )+ m~1/2 Zfz +m ! Zfz Z)\Z,gvlﬁ

i=1 BFi

+im *ZZfU Dol 40, (m=%2), (8.13)

i=1 j=1
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where
DfA) = (fi,---, fp) = (0f(N)/ONi),
D2 f(A) = (fi;) = (*F(N)/ONDN;) .

Step 8: Expansion of the characteristic function
The characteristic function of m!'/2[f(1/m) — f(\)] thus becomes

E exp{itml/Z[f(l/m) = fN]}

Il
&
@

Z
VY
Iy
]
=
N
~
T —_ 1
_|_
M
st
]
>
%
=
=

We need then to evaluate the following expectations in (8.14):

P
FE exp <zt2flvl(j)> ,

i=1

E exp (thfz <”> o B

i=1
FE exp (thfv(1)> Z(Zl) J(;)
=1

Step 4: Sugiura’s lemma [Sugiura (1973)]
Let V ~ W,(m,X) and S = V/m.
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(8.14)

(8.15)

(8.16)

(8.17)

Lemma 8.3 Let g(S) be an analytic function at S = X and put T =

m'/?(S — ). Define a matriz of differential operators by

d = (5(1+0i5)0/0;;)

applied to the function g(I') of a symmetric matriz I' = (v;;). Then, for

any symmetric matrix A and sufficiently large m,

E g(S)etr(itAT) = etr[-t>(AX)?] - 1+m’1/22d2 (i)t

j=1
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3
+m Y 9o (i) + O(m /%) | g(T)|r=s,

where each coefficient is given by

di = 2tr (ZAX9),

ds = gtr (ZA)3,

g = tr (%)%

ga = 4tr (2A)228+%df,
g1 = 2tr (BA)* +dyds,
g = %di

Before presenting the proof, we comment on Taylor series and differential
operators. An analytic function g(x), at xg, of a real variable z can be
written as a Taylor series

+Z

T— mo)c')

(J) )
g (x — x0)’

g(z)

el 9(%)|z=ao
[1+ (2 — 20)0 + 5(x — 20)°0* + - 9(2)|2=a0»

where 97 g(z)|y=z, = 07 g(x0)/027 is the jth derivative of g evaluated at z.
In the same way, for a function g(S) analytic at ¥, of a symmetric matrix
S, we have

9(S) = {etr(S = %)} g(T')[r=s-

Proof. Note that S & 3. Taylor series expansion of g(S) at X gives

9(8) = {etr(S — )8} g(I')[r=x.

After multiplying by etr(itAT) and taking expectations with respect to
V ~ W,(m,X), we get

E etr(itAT)g(S) = |I—2m~Y2itAS — 2m~ 29|~ ™/?
. {etr(—ml/QitAE - 28)} 9(D)|r=x.

The above determinant can be arranged according to powers of m as in
Sugiura and Nagao (1971). O

Evaluation of (8.15)
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Let A = diag(f1,..., fp), g(T') =1, and ¥ = A, and note that

p
tr AV = 3 gl
=1
p
tr(AA)® = Y f2NF=12/2 (say).
=1

Since d1g(T") = 0, the lemma yields

P

E exp <it Z fzvz(zl)> = exp(—$1272)[1 +m~Y2ds(it)* + O(m™)],
i=1

where d3 = (4/3) >°F_, f2N3.

FEvaluation of (8.16)

Let A = diag(f1,...,fp) and g(T') = m’yfﬁ, i # (3. Note that g(A) = 0 and

the differential operator dy,

p
di =2 fiXiOkk,

is a linear combination of Oy = 0/0kr and, thus, d1g(I') = 0. For sim-
ilar reasons, we also have gog(T') = 0 and d3g(T')|r=a = g49(T)|r=a =
969(T)|r=a = 0, which implies

E exp (”Zﬂ (1)>'v§é) = exp(— 4272)[m " go + O(m~¥/?)|g(T)[r—a.

However, g is the differential operator

p p
g0 =tr(A8)* = > > \ehid,

k=11=1
and, thus,

P P
909(T)|r=a = ZZA;M;@M m%ﬂ)|p A = MNAg.
k=1 1=1

Hence, we get

P
2
E exp (thfgéP) '”z%) = eXP(—%tQTQ)[/\i/\B + O(m’l/Q)],

i=1
Evaluation of (8.17)

Similarly, letting A = diag(f1,...,fp) and g(I') = m(vii — X)) (055 — Aj),
we find

B oxp (lthz ”) o0} = exp(= 3272425, + O(m /%))

=1
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We now return to the expansion of the characteristic function in (8.14).
Hence, altogether, the expansion of the characteristic function becomes

E exp{itm!/?[f(1/m) — f(N)]/7}

_ a
e I E = TR ]

where

a = ZZf 5>\>\@+Zf“ 2, (8.18)

i= 1B;£z
313
= ,E SA3. 8.19
as SiZIfz i ( )

Step 5: Inversion of the characteristic function
Using the inversion formula (2.2), an expansion for the density function of

s= ml/Q[f(l/m) - fN)]/7
1 o0

fls) = o eilt56_2t2dt
T

2
_ as 11 i —its,, _Llp.
oy L [ e i o)
1 —00
2

= ¢(s) — m—1/2 Z a2J:71 ¢(2j71)(s) + O(,rnfl)7

2j—1
T
Jj=1

and similarly for the distribution function of s,
_ m—1/2 A2j—1 = (25-1) -1
F(s) = ®(s) ZTJ_ () + O(m "),

where ¢ and ® are respectively the density function and distribution
function of the standard normal distribution. We have proved:

Proposition 8.18 Let f(-) be continuously differentiable in a neighbor-
hood of M. If the population eigenvalues A\, are all distinct and 72 =
250 | f2A2 #£0, then the distribution function of

s =m!?[f(1/m) — f(N)]/7

can be expanded for large m as

2
_ a5 — i _
O(s) —m M2 :#_1@% D(s) +0(m™).
j=1
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Corollary 8.3 Let f(-) be continuously differentiable in a neighborhood of
. If the population eigenvalues Ao, are all distinct and 72 =230 | f2N? #
0, then the limiting distribution is given by
d
s =m'?[f(1/m) = FN)]/T 5 N(0,1).
For an individual eigenvalue the expansion follows immediately.

Corollary 8.4 Let l, be the ath largest eigenvalue of V.~ Wy,(m, A). If
Ao is distinct from all other p — 1 eigenvalues, the distribution function of

5= ml/Q(la/m - )\a)/(\@)\a)

can be expanded for large m as
~1/2 251 & (2j-1) -1
2(s) —m™ Zm 9L (5) + O(m ™),
j=

where

ar = Y Aarg/(Aa — M),

BFa
4
asz = g)\g

The sample eigenvalues are asymptotically independent, as the following
corollary shows.

Corollary 8.5 Let 1 = (I1,...,1,)" be the eigenvalues of V.~ W,(m, A).
If the population eigenvalues A\, are all distinct, then the joint limiting
distribution is given by

(m/2)Y2A~11/m — A) % N,(0,T).
Proof. From (8.12), we can write

m*2(1/m — A) = (v(?,... (1)) + O0p(m~ V%) =v £ 0,(m™1/?).

The asymptotic distribution of V(!) was derived in Section 6.3, and for the
marginal v we find, using (6.1), v(¥) 4 N,(0,2A2). a
The asymptotic expansion in Corollary 8.4 gives the first two terms of a
more accurate approximation, with remainder O(m’3/ 4,
> a * b
—m~1/2 251 p(25-1) -1 225 g(29) —3/2
®(s) —m 2 S @) +m 2 =5, @@ (s) + O(m™),
Jj= Jj=

where a; and a3 are given in Corollary 8.4 and

bo = 200D As/(Aa—Ap) —2X5 ) Ag/(Ma — Ag)’

BF#a B#a
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+ AQZAﬂ/ a =22 2% D AAs/(a = A)(Aa = Ag),

pre ko
by = 2)\+ )\4Z>\5/ o= Ag),
Ba
b = QAE;,

provided by Sugiura (1973). The O(m~3/?) asymptotic expansion of the
joint distribution function of (m/2)'/2A =" (1/m—X) can be found in Sugiura
(1976).

This expansion was independently obtained by Muirhead and Chikuse
(1975) by a different technique based on G.A. Anderson (1965). Water-
naux (1976) gave the asymptotic distributions of the sample eigenvalues
for a non-normal population. Kollo and Neudecker (1993) presented the
result of Waternaux (1976) in matrix form with other results on the the
eigenstructure of the sample correlation matrix. The case of multiple pop-
ulation eigenvalues is considerably more complicated; the interested reader
is referred to Fujikoshi (1977, 1978). However, in the case of multiple eigen-
values, the leading term of the asymptotic distribution is easier to obtain
using a method of Eaton and Tyler (1991). This is done in Section 8.8.3.
The asymptotic distribution in Corollary 8.5 for sampling from an ellip-
tical distribution is given in Problem 13.6.18. Asymptotic distributions of
eigenvalues of the sample correlation matrix are treated in Section 10.5 on
principal components. Seminal papers on asymptotic expansions for the
distribution of eigenvalues are those of T.W. Anderson (1963, 1965).

8.8.2 The two-sample problem

The asymptotic distribution of the eigenvalues 1, ...,1, of s;lsz, where
m181 ~ Wp(ml, 21), mQSQ ~ Wp(TI’LQ, 22), Sl A SQ,

is now derived. Let A = (\1,...,),)’ be the eigenvalues of 3] '%5. There
exists A € G, such that

A AN = 1,
ASA" = diag(A,...,Np),
and since the eigenvalues of SflsQ and (ASlA/)*lASQA’ are identical, we
can assume at the outset without any loss of generality that 3; = I and
3o = A =diag(A1, ..., Ap). Let m = mq +mo, m;/m — p; (i =1,2) and
note that
S; = I+m '?Wy,
So = A+ m_l/QWQ,
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where W; = m!'/2(S; — I) and Wy = m!/2(Sy — A) are O,(1). The per-
turbation method is now adapted to this situation. Using Problem 1.8.15,
the inverse of S; is expanded as

STl =T—-m Y2W, + 0,(m™1).
Hence, the expansion
ST'Sy = A+m 2(Wy — AWy) + Op(m™")
is obtained. From (8.11), the eigenvalue of SI_ISQ, la, 18 expanded as
lo = Ao + M Y2 [W2.00 — AaW1.aals (8.20)

where Wy, = (wy,i;), k = 1,2. From (8.20),1 = (1, ...,l,)" can be expanded
as

m2(1 = A) = (wy — Awy) + O, (m~1/?),

where wi, = (Wi 11,..., Wk pp)'s £ = 1,2. From the asymptotic results of
Chapter 6,

d
W — Np(O, 2I/p1),
d
w2 = Ny(0,24%/ps),
and, hence,

1 1
W9 —AWl in (0,2 (—I— ) A2> .
P1 P2

Finally, with the suitable norming constant, we find
(mp1p2/2) A~ 1= A) % N,(0,1).
We have proved:

Proposition 8.19 Let1= (Iy,...,1,)" be the eigenvalues of ST 'Sy, where
81 = Vl/ml, 82 = Vg/mg, m = mj + Mma, mz/m — Pi (Z = 1,2), Vl ~
Wy(m1), Vo ~ Wy(me, A), and V1 I Vs. If the population eigenvalues
Ao are all distinct, then the joint limiting distribution can be expressed as

(mp1pa/2)2A 11— A) 5 N,(0,1).

An expansion of the joint distribution function of (mpips/2)/2A~1(1—N\),
with remainder of the order O(m~3/2), can be found in Sugiura (1976).

8.8.83 The case of multiple eigenvalues

The asymptotic distribution, with remainder of the order O, (n~'/2), of the
eigenvalues of random symmetric matrices is derived using the Wielandt’s
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inequality method introduced in Eaton and Tyler (1991). Consider a
symmetric matrix
B C
(& 5)

where A € RS, B € RZ, D € R}, and p = ¢ + r. Let p?>(C) denote the
largest eigenvalue of CC’ and let

Qap =0 2 2 Qp,
Br> B2 > > Py,
01 > 02>+ >0y,
be the ordered eigenvalues of A, B, and D, respectively.
Proposition 8.20 (Wielandt (1967)) If 8, > 61, then
0< 3, —ap i <p*(C)/(By—6r—i), i=0,....,7 — 1.

A proof of Wielandt’s inequality can be found in Eaton and Tyler (1991),
who used it to find the asymptotic distribution of the eigenvalues of sym-
metric random matrices in the case of multiple eigenvalues. The matrix
A can be viewed as a perturbation of a block-diagonal matrix, namely
A = Ay + E, where

B 0 0 C
Ay = (O D) and E = <C’ O)'
By Wielandt’s inequality, the eigenvalues of A are perturbed quadratically
in E when Ag is perturbed linearly in E. Generally, eigenvalues are only
perturbed linearly when the matrix is perturbed linearly. The quadratic
perturbation of eigenvalues in Wielandt’s inequality is due to the special
structure of E relative to Ag.
Let S, be the set of p x p real symmetric matrices. Consider a sequence
of random matrices S,, € S, and assume that
W, =n'/%(S, - %) 4 W, (8.21)
for some 3 € Sp, and hence W € S,,. Given X € S, let

B(2) = (61(D),..., (X))

be the vector of ordered eigenvalues

$1(2) = ¢2(2) = -+ = ¢,(3).
The asymptotic distribution of

n'’2 ($(Sn) — (X))

is studied.
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We consider in the first place the case 3 = diag(diI,,,...,diL,, ), p =
p1+ -+ + pr, where dy > do > --- > dj represent the distinct eigenvalues
of 3 with the multiplicity of d; being p;, i = 1,..., k. To reflect the block
structure of 3, consider the partitioned matrix

Spi1 Spia2 0 Spik
Sn,21 Sn,22 t Sn,?k

Sn = . . . . 3
Skl Snk2 0 Snkk

.. Pi
where S, ;; € ]Rpj.

Lemma 8.4 For k =2,
é(Sna1) ) . -
#(Sn) — <¢(Sn;;)> is Op(n™ ).

Proof. Let A, = {S,, | ¢p, (Sn,11) > ¢1(Sn,22)}. Since ¢ is continuous and,
from (8.21), S,,.11 = di1,, and S, 20 > dol,,, it follows that ¢, (Sp11) =

dy and ¢1(Sy, 22) % d,. Thus, P(A,) — 1, so attention can be restricted to
A,,n=1,2,....For S, € A,, Wielandt’s inequality implies for 1 < i < pq,

0 < ¢i(Sn) — ¢i(Sn,11) < PQ(Sn,lz)/ (¢0i(Sn,11) — 01(Sn,22)) -

By (8.21), Sn.12 is O,(n~1/2), and since p is continuous, it follows that
p%(Sn.12) is Op(n~1). Since

6i(Sp11) — ¢1(Sna1) B dy —da > 0,

then ¢;(S,) — #i(Sn.11) is Op(n™1), i =1,...,p1. The proof of ¢,_;(S,) —
Bpy—j(Sn,22) is Op(n™1), 5 =0,...,p2 — 1, is analogous. O

By applying Lemma 8.4, k — 1 times, the following asymptotic equivalence
result is obtained. The vector 1,, € RP: is the vector of ones.

Proposition 8.21
n'/? ($(Sn) — ¢(2)) = Zy, + Ry,
where

¢(Sn,11) - d11p1
Zn _ n1/2 .

@(Snkk) — dilp,
and the remainder term R, is O,(n=1/2).

Since R,, % 0, using Slutsky’s theorem the asymptotic distribution of

n'/? ($(S,) — H(2))
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is that of the leading term Z,,. Considering the partitioned W = (W,;),
W, € jo_, i,j=1,...,k, we have immediately from (8.21) that

Sn711 — dle1 W,
. d .

nt/? : = :
Sh kk - dilyp, Wik
Now, because the function
d(Wi1)
GW)=|
(W)

is continuous and since
) (”1/2(Sn,11 - dlIm)) =n'2(¢(Sn11) —dily,),

it follows that

We have proved:
Proposition 8.22 Ifn'/%(S, — %) 4 W and S is diagonal, then
0!/ (§(Su) — $() > GW).

In the general case where X is not diagonal, there exists H € O, such
that

¥ = H diag (d11,,,, ..., dI,,) H = HDH'.

From (8.21), n'/2(HS,H' — D) 4 HWH'. Since ¢(HS, H') = ¢(S,) and
d(X) = ¢(D), we obtain the general result

n'/? (§(S,) ~ B(X)) > GHWH).
This general result is summarized.
Proposition 8.23 Ifn'/%(S, — %) 4 W, then

n'/? ($(S,) ~ B(2)) > GHWH),
where H diagonalizes X, ¥ = H diag (d11,,,...,diI,, ) H'.

An important special case is when W in (8.21) is a multivariate normal
matrix and all eigenvalues of ¥ are distinct. In that case, HWH' is also
a multivariate normal matrix. Also, since all eigenvalues of ¥ have multi-
plicity 1, then G(HWH') is just a p-dimensional marginal of HWH' and,
hence, has a p-dimensional normal distribution.
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Example 8.3 It was seen in Chapter 6 that when sampling from a
N,(p,X) distribution, the asymptotic distribution of the sample variance

S isn'/?(S - %) 4 W, where
W~ N2(0,(1+K)(Z® X)).

We derive the asymptotic distribution of the eigenvalues of S when
all eigenvalues of X are distinct. Using Proposition 8.23, we have
n'/2 (p(S) — p(X)) A G(HWH'), where H diagonalizes ¥, HXH' = D
(say). But from Proposition 6.1, HWH' ~ NP(0,(I + K)(D ® D)).
From (6.1), (HWH');; ~ N(0,2d?), i = 1,...,p, and are independently
distributed. Since all eigenvalues of X are distinct, then

n'/?(¢(S) — ¢(=)) % N, (0,2D),
which is the result proven previously in Corollary 8.5.

Example 8.4 We now derive the asymptotic distribution of the r smallest
eigenvalues of S when the smallest eigenvalue of 3 has multiplicity r,

D) = (d1(X), ..., Pp—r(T), A, ..., N

As in Evample 8.3, HWH' ~ NP(0, (I + K,)(D ® D)). Hence, the lower
right v x r block of HWH' is distributed as N (0, \*(I + K,.)). Using
Proposition 8.23, we have finally

n2AT (Gpri 1 (S) = Av s 6p(S) = A) S w,
where w is distributed as the eigenvalues of a N (0, I+ XK,)) distribution.

An application of Wielandt’s inequality to bootstrapping eigenvalues can
be found in Eaton and Tyler (1991), who extend the work of Beran and
Srivastava (1985, 1987). Earlier papers on the case of multiple eigenvalues
include those of James (1969), Chattopadhyay and Pillai (1973), Chikuse
(1976), Khatri and Srivastava (1978), and Srivastava and Carter (1980).

8.9 Problems

1. Two-sample T2.
Let x1,...,%x, 1id. Ny(p,3) and y1,...,ym Lid. Ny(m, %), >0,
be two independent samples. Define the sample variances

Se = —— > (- %)(x - %),

=1
Sy = Z(Yi -9)(yi—9),
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and

Spool = ( ! [(n—1)Sx + (m —1)Sy].

n+m—2)
Determine

(i) the distribution of Sy,
(ii) the distribution of

ro (L 1)1 (x—5)S;L (% - 9)

n m

used for testing Hy : p = 7T against Hy : p # 7.

. Invariance of two-sample T2.

This is a continuation of Problem 8.9.1.

(i) Prove (X,¥,Spoot) is minimal sufficient for (p, 7, X).

(ii) Consider (A, b) in the group of transformations G, x RP acting
as X — AX + b,y — Ay + b, and S,,0 — ASp,A’. Prove
that this group of transformations leaves the testing problem
invariant and that any invariant test depends on (X, ¥, Spool)
only through T72.

(iii) Prove that any invariant test has a power function depending
on (u,T,X) only through (u — 7)X~ (u — 7).

Common mean vector.
For independent samples

Xily ey Xings ii.d. Np(ﬂ72i), 1= 1,...,@,

from distributions with a common mean vector u, let (S;,%;) be the
MVUE from each sample. Consider estimating the common mean p
with respect to the weighted least-squares criterion

a
min eni (X — p)'S7Hx,; —
i ; (%i = 1)'S; (% — )

for some constants ¢; > 0, Y7, ¢; = 1. Establish the estimate of p
is given by

a -1 a
o= <Z Ci’I’LiSZ—1> (Z cmiSil)‘ci> .
=1 =1

Remark: Jordan and Krishnamoorthy (1995) built an exact 5x100%
confidence region centered at fi.

Test of symmetry.
Assume xi,...,x, iid. Ny(p,X), ¥ > 0. Choose C € Rg_l of
rank C = p — 1 such that C1 = 0. Prove the following:
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(i) ker C = span{1} and, therefore,
Hy: C[J/:O<:>H0 H1 =+ = lp.

(ii) Any p — 1 columns of C are linearly independent, which im-
plies that C = A(I,_1,—1), for some nonsingular A € jo.
Conclude that, thereafter, the value of

T? = n(Cx)'(CSC’)"}(Cx),

where x = >, x;/n and (n —1)S = >0 | (x; — X)(x; — X)/,
does not depend on the choice of C.
(iii) The null (under Hy) distribution of T2 is

T?/(n—1)~F.(p—1,n—p+1).

. Assume x1,...,x%, i.i.d. x € RP (possibly non-normal) with £ x = p
and var x = X. Establish that, asymptotically, we are at least (1 —
a) x 100% confident in simultaneously presenting all of the observed
“Scheffé” intervals:

2 1/2 9 1/2
a'x — <Xap> (a’Sa)t/? <a'p <a'x+ (Xap> (a’Sa)'/?,
n n
Va € RP.
. Assume x1,...,X, i.i.d. x € R? (possibly non-normal) with £ x = p

and var x = X. Let ay, ..., a, be linearly independent in R?. Establish
that, asymptotically, we are at least (1 — «) x 100% confident in
simultaneously presenting the observed “Roy-Bose” intervals:

5 N\ 1/2 5 N\ 1/2
_ Xa,r - Xa,r / 1/2
ax — [ === (a}Sa;)V/? < alp < alx + | =L (a;Sa;)"/?,
n n

. Test of proportionality.
Given x1, ..., X, a random sample from N,(u,X), 3 > 0, obtain the
likelihood ratio test A for

Hy:3X=~3y v>0 versus H;:¥ >0,

where ¥y > 0 is a known matrix:
1 p
A" = |35V|/ ( tr 201V> ,
p

with V.=3Y""  (x; — X)(x; — X)" as usual.

. Test for a given variance.
Let x1,...,%y, i.i.d. Np(p,X), X > 0.
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10.

11.

12.

13.

8. Tests on mean and variance

(i) Prove that the LRT for Hy : ¥ =1 versus H; : 3 # I is given by
A= (e/n)P 2V etr(—3V),

where V.= 3"" | (x; — X)(x; — X)'.
Remark: This test is biased, but Sugiura and Nagao (1968)
have shown the slight modification

A" = (e/m)P" 2 V|2 etr (=5 V),

where m = n — 1, gives an unbiased test.
(ii) Using the Wishart density in Problem 7.5.7, prove that

o (2 mph/2 |E|mh/2 Fp[%m(l +h)]
E A" = I
m T+ AS[mF02 T, (Im)

Hint: The integrand has the form of a Wishart density. Simply
find the normalizing constant.
(iii) Under Hy,

mph /2 1
E A" = (26) (1+ h)*mp(l”“/?—P”[im(]L atll}

m I‘p(%m)

Remark: An accurate approximation to the null distribution of
A* using those moments is given in Example 12.5.

Use Proposition 8.6 to obtain the moments of R2:

on s~ TD(3(p—142k)+h) T (3(n—1+2k))
BN =3 b P2(%(p—1+2k)) P(%(Z—l+2k)+h)’

k=0
where p; are the negative binomial probabilities given in Proposi-
tion 8.6.

Demonstrate that if K given ¢ is Poisson(d) and 6 ~ G(p,0), then
the marginal of K is the negative binomial K ~ nb(p, (1+ 6)~1).

Write Nagao’s test for the equality of two variances, Hp : 31 = X,
as a function of the eigenvalues [1,...,l, of VI v,, where as usual

VZ' = Z?;l(xij — ii)(xij — )_(i)/, 1= 1, 2.

Write the LBI test for sphericity as a function of 11/l,,...,l,—1/lp,
where I; > --- > [, are the ordered eigenvalues of V = Z?:l(xi —
X)(x; —X).

Invariance of multiple correlation.
Let x; = (z41,%}5)", i =1,...,n, be i.i.d. Np(p,X), 3 > 0. Consider
the group of transformations

‘ ar;1 +b
X = (AXig +b> ’

forany a #0, b€ R, A € G,_1, and b € RP~1.
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(i) Show that this transformation induces the following transforma-
tions on the sufficient statistics and parameters:

_ af1+b
x (A)‘c2+b>’

a’vy; avh A’
Vo= ( CLAV21 AVQQ A/ ’

apy + b
pom (Au2 + b) ’
a’oy1 aoh A’
o= ((IAO'21 AEQQA/ ’
(ii) Choose a = v/, b= —az;, A = V5’ and b = —A%, to
prove that any invariant test f(X, V) depends on the data only
through u = V2_21/2V21/Ui{2.

(iii) Prove that there exists an orthogonal transformation H € O,_;

such that Hu = Re; (v. Problem 1.8.14).

(iv) Choosing further a = 1, b =0, A = H, and b = 0, prove that
any invariant test is necessarily a function of R.

(v) Prove that the non-null distribution of any invariant test depends
on the parameters only through R.

Test of equality of means and variances.

The data consists of a independent samples X;i,...,X;p, ii.d.
a

Np(p;,%5), ¥; > 0,4 = 1,...,a. Let n = Y ;' ;n; be the to-
tal number of observations. The hypothesis is the equality of the
distributions

HO:/J’lz"':/'l’a; 21:"':Ea
which is being tested against all alternatives. Let

n;

_ 1
Xi o= — Y X
Uz 7
J

—
a
_ 1 _
X = *E n;Xi,
n-
i=1

be the ith sample mean and overall mean, respectively, and
ni
Vi o= Y G —x)(xi— %), i =1,
j=1

B = Zni(ii —x)(%; — %)’

be the usual “within” and “between” sums of squares, respectively.
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8. Tests on mean and variance

(i) Prove that the LRT is

N\ 7 n"e/?
|22 Vit B2 e e/

K2

Remark: Perlman (1980) proved this LRT yields an unbiased
test.

(ii) Use the group of transformations x;; — Ax;; + a, for any A €

(iii)

(iv)

G, a € RP, to argue that the null distribution of A (or any other
invariant test) can be obtained by setting p; = 0 and ¥; = 1
without loss of generality.

Establish that V1,...,V,, B are mutually independent when-

ever 3y = --- = X, holds. Moreover, verify that, under Hy,
Vi~ Wy(n; —1) and B ~ Wp(a—1).
Hint: Let
X7 X1
X; = and X = :
x! X,

Mg
be the sample matrices. For appropriately chosen orthogonal
projections Q;, i = 1,...,a, and Q, so that V; = X/Q,;X,; and
B = X'QX, write

Q O 0
Ql'Xl 01 Q2 0
cha 0 0 - Q
Q
= CX.

Then use Proposition 6.1 and verify that CC’ is block-diagonal.
Obtain the null moments of A:

W D= D) k) - )

Hj PR T [an(1+h) = 5] Tplz(ni — 1)

EA =

Hint: Recall the normalizing constant cp., of a Wy,(m) p.d.f.
and use a similar argument as in the proof of Proposition 8.17
to establish
h/2
E Ah _ nn"pP _ H Cp,n,;—l E |W|—nh/2’
18, n P2 2 Comi1en)—1

where W ~ Wy,(n(1+ h) —1).
Remark: The null moments are invoked in Problem 12.4.1 to
develop an accurate approximation to the null distribution of A.
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15. Assume the population eigenvalue A, is distinct from all other
p — 1 eigenvalues. Establish that the logarithmic transformation is
a variance stabilizing transformation for the sample eigenvalue [, of

V ~W,(m,A).
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Multivariate regression

9.1 Introduction

Multivariate regression with p responses as opposed to p multiple regres-
sions is getting increasingly more attention, especially in the context of
prediction. In this chapter, we generalize the multiple regression model of
Section 5.6.2 to the multivariate case. The estimation method of Section 9.2
relies also on orthogonal projections. The model considered is

Y =XB+E,

where Y € R}, B € R’;, and X € R} of rank X = k is fixed. The error
term E is such that £ E = 0 and var E = I,, ® ¥ with ¥ > 0 in R}.
The observation vectors consisting of the rows of Y are thus uncorrelated.
The Gauss-Markov estimate is derived first. Then, assuming normality, the
maximum likelihood estimates of B and X are obtained together with the
fundamental result about their joint distribution. Section 9.3 derives the
likelihood ratio test for the general linear hypothesis

H(]ZCBZO

against all alternatives where C € R} of rank C = r in the above model. In
the last sections, we discuss the practical and more commonly encountered
situation of k random (observed) predictors and the problem of prediction
of p responses from the same set of k predictors. Finally, an application to
the MANOVA one-way classification model is treated as a special case.
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The multivariate regression model can be seen as a set of p correlated
multiple regression models of Section 5.6.2. With the partition

Y = (yi,--,¥p),
B = (B,....8,) (9.1)
E = (e1...,ep),

we can rewrite Y = XB + E as
yi:X6i+ei7 izl)"'ap7

where e; ~ N, (0, 0;;I). However, the p multiple regression models are cor-
related since cov(e;, e;) = o;;I. Testing a relationship between the various
B,;’s will require one to treat the p models as one multivariate regression
model.

9.2 Estimation

First, observe that R} is a linear space on which we define the usual inner
product

n P
(Y,Z) =tx(Y'Z) = > > yijzi, for any Y, Z € Ry.
i=1 j=1

The mean of Y is in a subspace V = {XA : A € R’;}. To define the
orthogonal projection of Y on V, a basis for V is needed. Partition X into
columns

X = (X1,...,Xg).

An element XA € V, where

is partitioned into rows, is of the form

k k P
XA = Z xiag = ZXi Z a,»je;
i=1 i=1 j=1
k. »p
P PILICLIL

i=1 j=1
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hence, {x;e; € R} : i=1,...,k; j=1,...,p} spans V. Moreover, linear
independence holds since

k p k p
/ /
E E (2% (xiej) =0 = E X; E aijej =0
i=1j=1 i=1 j=1

P
- Zaij89 =0, Vi
j=1
= Qi = 0, v, J.

Next, to calculate the orthogonal projection, say XB, of Y on V, note that
since Y — XB € V-, then (x;€}, Y —XB) =0, Vi, j. But, this means that
tr |e;x;(Y — XB)| = x/(Y — XB)e; = 0, Vi, .

Therefore, X'(Y — XB) = 0, which gives
B = (X'X)"'X'Y.
With the partition in (9.1) we find B= (,51, e ,,3;), where
B; = (X'X)"X'y,.
For the purpose of estimation of the regression coefficients, the p multiple
regression models can be treated separately. R
The orthogonal projection of Y on V becomes XB = X(X'X)!X'Y =
PY, where P = X(X’X)~!X’. This provides the “orthogonal direct sum”
Y =PY + QY

with Q =1 — P as usual.

The Gauss-Markov property is the subject of Proposition 9.1. Consider
the parameter C = D(XB)F and its natural estimate C = D(PY)F.
Among all linear unbiased estimates, C is the “best” (blue) in the sense
that it has the minimum variance:

Proposition 9.1 (Gauss-Markov) C = blue(C).

Proof. Let C = GYH be any linear unbiased estimate. Then,
EC=C,VBeR! GXBH = DXBF, VB € R

GPYH = DPYF, VY € R}

HY'PG =FY'PD/, VY ¢ Ry

[(GP) @ H']vec(Y') = [(DP) @ F']vec(Y’)

(GP)oH = (DP)® F'.

1reny

Now, we have

var C = [(DP)®F|(I, ® =)[(DP)' ® F]
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= [(GP)® H'|[(I, ® %)[(GP)' ® H]
(GPG')® (H'EH) < (GG') ® (H'ESH) = var C,
with equality iff

GP=G <= [(GP)®H']lvec(Y') = (G @ H')vec(Y'), VY € R}
< [(DP)® F'lvec(Y’') = (G @ H)vec(Y'), VY € R}
— C=C

O
In Proposition 9.1, if F =T and D = (X'X) !X/, then B= blue(B); also,
if F=e; and D = e}(X'X)"'X/, then b;; = blue(b;;), and so on.
The estimate B is obviously unbiased for B; furthermore, noting that
QY = QE and using Problem 6.4.5,
EYQY=EEQE=(tr QX =(n—-kX.

Thus, S =Y'QY/(n — k) is an unbiased estimate of X.

Under normality, these estimates are optimal in the sense that they have
minimum variance among all unbiased estimates. The likelihood for (B, X)
from Y is

L(B.,%) o« [B]72etr[-1271(Y - XB) (Y - XB)]
x |Z[7"? etr [-iX7'B'X'XB]
cexp{—% tr [27- (YY) -22"'B"- (XY)]}.
From general properties of exponential families [Fraser (1976), pp. 339,
342, 406 or Casella and Berger (1990), pp. 254-255, 263], the statistic
(Y'Y, X'Y) is minimal sufficient and complete for (B, X). Of course, any
one-to-one function such as (B, S) is also minimal sufficient and complete.
Thus, from Rao-Blackwell/Lehmann-Scheffé theorems, among all unbiased

estimates, B and S have minimum variance.
Using the decomposition Y = PY + QY, where PQ = 0, the log-
likelihood can be written as

1
I(B,X) = cte— g In |23 tr {87 [Y'QY + (PY - XB)'(PY - XB)]}.
Thus, to obtain the maximum likelihood estimates (MLE) B and 32 when
n—k > p (for V= (n—k)S = Y'QY to be nonsingular w.p.1), we minimize
1 1 —1 ’
In|X|+tr ~VE~' + = tr (PY — XB)S~}(PY — XB),
n n

and since the last term is > 0, it is clear that B = (X'X)"'X'Y, so we
need only minimize

1
In|Z|+tr— VIt
n
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However, we already solved a similar problem in Chapter 7 when we de-
rived the maximum likelihood estimates of the mean and variance of a
multivariate normal distribution. Using the same result, we find that

- 1
X=-V
n
is the maximum likelihood estimate of 3. Proposition 9.2 gives the joint
distribution of B and S.

Proposition 9.2 With underlying normality, the joint distribution of B
and S is
B ~ N/(B,XX) o),
(n—Ek)S ~ Wyln—kX).
Moreover, B S.

Proof. Since Y ~ NJ(XB, I, ® X), the distribution of B= (X'X)"IX'Y
follows from Proposition 6.1. Next, since (n — k)S = Y'QY = E'QE, the
distribution of (n — k)S is a direct consequence of Proposition 7.8. Since
PQ = 0, we obtain immediately that

[(g)y} _ ((g)m)an@z)((n@@lw
- (5 a)e=- ("0 als)

and, thus, PY I QY, which implies B Il S. a

9.3 The general linear hypothesis

Consider now the problem of testing the general linear hypothesis
HO :CB=0

against all alternatives where C € R}, of rank C = r in the multivariate
regression model

Y ~ N*(XB,I, 2 %)

with X € R} of rank X = k. The likelihood ratio test will be more easily
expressed using a “canonical” form for this problem.

9.3.1 Canonical form

The canonical form is obtained by transforming the original response Y,
in two steps, so that in the new model X becomes Xy and C reduces to



9.3. The general linear hypothesis 149

Cy, where

X(): (I(;C) and CU:(I,«,O).

Step 1: This step is to reduce X to Xy. The Gram-Schmidt method applied
to the columns of X (v. Problem 1.8.7) gives X = H;U, where U € U}
and H{H; = I). There exists 'y € R?_, such that (H;,I'1) € O,,. Let

~ H/
Y=Y,
(Fi>

then Y ~ N"(XoB,I, ® ) with B = UB. But since CB = CU™'B, the
hypothesis Hy : CB = 0 becomes Hy : CB = 0, where C = CU™ .

Step 2: The second step is to reduce C to Cg. Once again, the Gram-
Schmidt method applied to the rows of C yields C = LHjy, where HoHY, =
I., L € L. There exists T's € RZ‘T such that

H;
(Fg) € Oy.

- H,
Y = (1"2) o v,

In—k

Let

then Y ~ N*(E Y, L, ® %), where

= H2 ~
EY=(1,|B
0

or
Y, B,

E YQ = Bg ,
Y; 0

where Y was partitioned in conformity with Bl = H2]§ € ]R; and Bg =
I';B e R’;_T. Now, to transform the hypothesis, note that
CB—LH,B—LB, =0« B, — 0.

Hence, the hypothesis becomes Hy : B; = 0. Because the rows of Y are all
independent, an equivalent problem in its canonical form, with the obvious
change of notation, is to test

Hy: M; =0 against Hy : M; #0
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based on

Z; ~ N M;,Lex),
Z, ~ N*M,I,®%),
Z; ~ NJ(0,I,®X%), v>s,

where Z1, Zs, and Zs are independent.

9.3.2 LRT for the canonical problem

We can now obtain a simple expression for the likelihood ratio test. In the
canonical model, the likelihood function for (Mj, My, 3) is

LM, M, %) o [B[7"2etr [-1271Z; — M) (Z1 — My)]
etr [—2271(Zy — M) (Z — My)]
etr [ 3327 Z5Zs]

where n = t + u 4+ v. Note that in this form, the minimal and sufficient
statistic is (Z1, Za, Z5Z3). For maximum likelihood estimates when v > s
(for Z5Zs to be nonsingular w.p.1), we minimize

2 1
—El(Ml,Mg, ¥) = cte+In|Z|+ —tr > HZy — M) (Z, — M;)
1 1
+E tr 271(22 — MQ)I(ZQ — Mz) + E tr 27125Z3.

Since each term is > 0, it follows that the maximum likelihood estimates
are

M, =Z;, My = Z,, and ¥ = Z,Zs3/n.
Also, when M; = 0, the maximum likelihood estimates become
M, =0, My = Zy, and 33 = (Z}Z; + Z}Zs)/n.
Therefore, the LRT is the test which rejects Hy for small values of

L(M,, M, 3)) _ HIRE B |2,/
L(M{, My, %) |2|-7/2  |Z{Z) + Z4Zs]"/%

Definition 9.1 U-distribution: U ~ U(p;m,n) iff U 4 (W1|/|W1+ Wy,
where W1 ~ Wy(n), W ~ Wy(m), and W1 IL Wa, m+n > p.

Properties of U-distributions are deferred to Section 11.4.
Going back to the original model, the likelihood ratio test can be ex-
pressed in terms of B, 3, and X. Composing the two transformations
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Y~ YandY — 3:(, we obtain

Y, HHY
Yg = FQH/1Y )
3:(3 My
and after long but straightforward calculations, the LRT is expressed as
~/ =
AZ/ =~/ = . /! =

n%]
|n3 + B/C/[C(X’/X)~1C'|-1CB|

The null distribution of the LRT statistic follows directly from the canonical
form of the model and the definition of U-distributions.

Proposition 9.3 The null distribution of the LRT statistic A for testing
Hy : CB = 0 against Hy : CB # 0, where C € R} of rank C = r,
in the model Y ~ N}'(XB,I, ® %), with X € R} of rank X = £k, is
A2~ U(pyryn — k).

When n is large, a simple approximation can be used for the null
distribution of A. From the LRT general theory, we can immediately write

—2InA % Xfw n — oo.

9.3.3  Invariant tests
The problem in its canonical form is to test

Hy: M; = 0 against Hy : M; #0 (9.2)
based on

Z, ~ N/(M,L,@x%),
Z, ~ N*MyI,®3),
Z; ~ N?(0,I,®%), v>s,

where Zy, Zo, and Zs are independent. Since v > s, Z5Z3 is nonsingular
w.p.1 and let m = min(s,t) = rank Z; w.p.1.

The group Gg x R¥ x O; x O, x O, transforms the variables as
7, — H1Z1A, Z> — H2Z2A + B, and Z3z +— H3Z3A for any
(A,B,H;,Hy, H3) € G; xRY x O; x O, X O,,. This induces the parameter
transformations M1 — HlMlA, Mg — HQMQA + B, and ¥ — A’YA.
Thus, we will say that a test function is invariant iff

f(Z1,Z5,Z3) = f(H1Z A, HyZyA + B, H3Z3A),
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V(A,B,Hi,H, H3) € G, x RY x O x Oy x Oy, V(Z1,Z2,Z3) € R, x
RY x RY. The choice B = —H>ZyA shows that any invariant test does not
depend on Zs,

[(Z1,Z5,Z3) = f(H1Z,A,0,H3Z3A).

Since rank Z3 = s w.p.1., then using Problem 1.8.7, there exists U € U7
and H € RY satisfying H'H = I, such that Zs = HU. The choice A =
U~'G, where G € G, is arbitrary for now, yields

f(Z17 Z27 ZJ) = f(lelU_1G7 07H3HG)

From the singular value decomposition (Proposition 1.11) there exists G €
O; and H; € O; such that

. (D o0
m@v e - (o o).

where D is diagonal and contains the square root of the nonzero eigenvalues
of (ZlUil)(ZlUil)/ = Zl(ZéZ3)71Z/1 We thus have

f(Z1,25,Z3) = f ((]3 8) 70,H3HG> )

Finally, since (HG)'(HG) = I, the s columns of HG are orthonormal in
RY, and by completing to an orthonormal basis of R”, there exists I' such

that
/

and

I,
H;HG = ( o > .
Thus, altogether, we find

(8 8)o(3)

which shows that any invariant test depends on (Z1, Zs, Z3) only through
the nonzero eigenvalues of Z(Z4Z3) "1 Z}.

Invariance permits a reduction of the parameter space also. Since the
transformed parameters are M; — H;M;A, My — Ho;M>A+B, and 3 —
A’ A, the choice B = —H;M3A shows that the non-null distribution of
any invariant test is independent of M. Similarly, using the singular value
decomposition, there exists G € O; and H; € O; such that

D o0
-1/2\x —
H,(M;X"/°)G <0 0> ,
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where D is diagonal and contains the square root of the nonzero eigenvalues
of

(M V) (M2 Y2 =M =M.

Thus, the choice A = ¥7Y2G shows that the non-null distribution of
any invariant test depends on (Mj, My, ) only through the nonzero
eigenvalues of

M, XM,
We have proved:

Proposition 9.4 For the hypothesis testing situation (9.2) and group of
transformations described above, any invariant test depends on (21,22, Zs)
only through the nonzero eigenvalues of Zy (Z4Zs3) =12} . Moreover, the non-
null distribution of any invariant test depends on (My, Ma, 3) only through
the nonzero eigenvalues of My X M) .

The non-null distribution of those eigenvalues is complicated except in
the case m = min(s,t) = 1, where there is only one such eigenvalue. From
Proposition 9.4, assume without loss of generality that

D o
2~ (D 9)aen),

Zz3 ~ NJ(0.I,®1I),
where D contains the square root of the nonzero eigenvalues of My 3~ 1Mj.
(i) The case t = 1. Here, we have
Z) ~ N,(M;=7'M))2eq, 1,)

and Z5Zs ~ W,(v). Hence, from Proposition 8.2 on Hotelling’s test,
the conclusion is

Z1(Z4Z3) ' Z ~ Fo(s,v — s+ ;M 271M, /2).
(ii) The case s = 1. Here, the distributions are
Zy ~ N;((MM, /o?)%e, 1)),
where ¥ = 02 was set, and Z3Z3 ~ x2. Thus, by definition,
VAV
7.7
Another equivalent expression for the LRT is
12424
|ZYZ + Z}Zs|
L + Z4Zy(25Z5) 77

~ F.(t,v; M} M, /25?).

A2/n

m

[Ta+u,

i=1
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where [; > -+ > [, are the ordered nonzero eigenvalues of
Z,(Z,Z3)"'Z).

Thus, A takes on small values when those eigenvalues are large. Other
possible tests could be used such as the following:

Lawley-Hotelling: T3 =", l; = tr Z{Z,(Z4Z3)~!
Pillai: V= Y, - = tr 2424 ()2 + Z4Zs) !

Roy: [; = largest eigenvalue of Z(Z4Z3)~1Z}.

None of these tests has a power function which dominates the others over
the whole parameter space or even locally [Fujikoshi (1988)]. However, it
is easy to see that the asymptotic (as v — oo, s, t, and u are fixed) null
distribution of the three tests —2In A, vT#, and vV is x?,. From the LRT

general theory, we already know —21n A 4 x%,- Under Hy, we can assume

¥ = I, without loss of generality. From the law of large numbers, Z4Zs /v 2
I; hence, we have from Lemma 6.3

v tr ZZ0(Z4Z3) S tr 202 £,

The same argument applies to vV. The asymptotic null distribution of
Roy’s test is quite different and is given as Problem 9.7.5 together with an
interpretation as a union-intersection test.

In the very special case m = min(s,t) = 1, these three tests are equiva-
lent to the LRT, which is uniformly most powerful invariant (UMPI). The
proof of this UMPI property is the same as for the Hotelling-72 test (v.
Proposition 8.4) since the non-null distribution in both cases (i) and (ii)
above is a noncentral canonical F, distribution.

Kariya et al. (1987) considered hypotheses related to selection and in-
dependence under multivariate regression models. Breiman and Friedman
(1997) presented several methods of predicting responses in a multivariate
regression model. The likelihood ratio test for detecting a single outlier
(a shift in the mean) in a multivariate regression model was obtained by
Srivastava and von Rosen (1998).

9.4 Random design matrix X

When the prediction variables X, just as the dependent variables Y, are
observed, then it is appropriate to consider X as a random matrix. The
model most commonly encountered assumes

Y =XB+E, E~N"0,I,®X),
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where the errors are independently distributed of the prediction variables,
i.e., E Il X. When X has an absolutely continuous distribution, the argu-
ment in the proof of Proposition 7.5 shows that X’X is nonsingular w.p.1.
The conditional model

Y|X ~ N(XB,1, ® %)

is thus identical to the case of a fixed X. Using Proposition 9.2, we find the
following properties of the same estimates:

(i) B is unbiased,
EB=E EB|X)=EB=B.
(i) (n—k)S ~ Wy(n —k,3). Indeed,
(n—k)S|X ~Wy(n—Fk,X)
and this conditional distribution does not depend on X.
(iii) B L S. With Proposition 2.13,

Eg(B) h(S) = E E[g(B)A(S)X]

= Eg¢B)-

Moreover, for testing the general linear hypothesis Hy : CB = 0, the
conditional null distribution of A2/ does not depend on X and, thus,

A2/~ U(p;r,n — k), unconditionally.

The non-null distribution of A2/", however, will depend on the distribution
of X, as is the case for p = 1 as exemplified by Problem 5.7.8, where the
noncentrality parameter of the distribution of the F-test depends on X.

Example 9.1 The variance ofB may be evaluated as

var B = var vec(B)
= E var[vec(B")|X] 4 var E[vec(B)|X]
= E[(X'X)"!'® ]+ var vec(B’)
(E(X'X)™) o
The last expectation may be evaluated directly in some cases. For example,

if X ~ N/ (0,1, @ ), Q > 0, then with Problem 7.5.5 and since X'X ~
Wk(”a Q):

EXX)'=mn-k-1"'Q "
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9.5 Predictions

The problem of predicting several, possibly correlated, responses from the
same set of predictors is becoming increasingly important. Applications by
Breiman and Freidman (1997) include prediction of changes in the valua-
tions of stocks in 60 industry groups by using over 100 econometric variables
as predictors. Or, in chemometrics, the prediction of 6 output character-
istics of the polymers produced as predicted by 22 predictor variables.
Another example by Brown (1980, pp. 247-292) lists electoral results for
all 71 Scottish constituencies in the Bristish general elections of February
and October 1974. Data consist of total votes for each of the four parties
(Conservative, Labour, Liberal, and Nationalist) in each election, together
with a categorical variable listing the location of the constituency by six
regions, and the size of the electorate in each constituency. The objective
is to use the February and October results from part of the constituencies
to predict the remaining October results from the corresponding February
data. Research papers related to predictions include Stone (1974), van der
Merwe and Zidek (1980), Bilodeau and Kariya (1989), and Breiman and
Friedman (1997).
Assume the “centered” model

Y =XB+E, E~N'0,I,®%), X ILE.

For the sake of simplicity, we take X centered, X ~ N}(0,1, ® Q). For
given values of the prediction variables, x’ = (z1,...,xx), it is desired to
obtain a prediction of the dependent variables, y' = (y1,...,y,). Using the
Gauss-Markov (GM) estimate B, an obvious prediction method is

y, = X/B = (XIIBAM e 7X,Bp)

so that prediction of the ith variable is done considering only the ith multi-
ple regression model. Assuming the “future” observation follows the same
model, i.e., y' =x'B + €, where x ~ N (0,2), e ~ N,(0,%), and x e,
and is independent of the past, (x,e) 1L (X, E), one can evaluate the risk
of the GM prediction as

E(y-y)S'9-y) = EXB-B)-¢|Z7'[(B-B)x—¢
= Bu|B-B)S'(B-B)Q|+p
B -B)X

— tr [E( ) ”(B—B)’Q} +p.

The SPER (sum of Squares of Prediction Error when the independent
variable is Random) risk is obtained on subtracting p from the above:

Rsper(B) = E tr (B —B)S7}(B — B)'Q.
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Letting U = (B — B)X~Y/2 ~ N5(0,(X'X)"! @ I), Example 6.3 gives
E(UU'IX) = p(X'X) L. Finally, Wlth Example 9.1, we get
RSPER(B) = pk/(n - k — 1)

A closely related risk function, more tractable mathematically, is SPE
defined by

Rspp(B) = E tr (B—B)X}(B — B)X'X.

Smaller risk may be achieved with an estimate B = BA for a certain
A € RP. The corresponding prediction for each variable in y = A’y is seen
to be a linear combination (multivariate flattening) of the p prediction
equations.

Example 9.2 Multivariate flattening. Assuming (B, X, Q) is known,
then an optimal multivariate flattening [Breiman and Friedman (1997)]
would be solution of

min B (A'y —y) S (A'y —y).
Now, since
(A'y —y) ST Ay —y) = (B72Ay - 571 2y) (BTPAy - 37 2y,
letting C = X~Y2A’ and z = X~1/2y, the optimization problem becomes
equivalent to
inE |z — Cyl|*.
min |z — Cy|
With Problem 5.7.6, the solution is readily obtained:
C = cov(z,y) - [var y]~*
Each factor is evaluated as
cov(z,y) = =V cov(y,y)
— 2_1/2E yy/
= X7Y2F (B'x+e)x'B
= »'2E B'xx'B
=-/2B'OB
and, similarly,
vary = Eyy
E [B + (X'X)"'X'E)'xx'[B + (X'X) ' X'E]
= B'QB+ F E'X(X'X) 'xx/(X'X)"'X'E
B'OB + E (x'(X'X)"'x) = (v. Problem 6.4.5)
= B'OB+ [k/(n—k—1)]E (v. Problem 7.5.4).
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Hence, altogether, the optimal A is given by
A = [(B'QB) +rZ] ' (B'QB), r =k/(n —k —1).

Sample-based A and modifications thereof are given in the above papers.
In particular, for small r, A ~ I —r(B’QB)~'X (v. Problem 1.8.15) and
van der Merwe and Zidek (1980) established that the sample-based

A=I-r(n—k)(BXXB)'S

which they called FICYREG (FIltered Canonical Y REGression) leads to
smaller SPE risk than GM for

r=(k-p—-1)/(n—k+p+1)

provided n > k > p+ 1. Bilodeau and Kariya (1989) proposed the modified
Efron-Morris (1976)

A=T1—r(n—Fk)(BXXB)™'S—bn-—k)S/tr(B'’X'XB)
and showed that it leads still to a smaller SPE risk than FICYREG for
r=(k-p—-1)/(n—k+p+1) and b=(p—1)/(n—k+p+1).

Note that the choice b = 0 reduces to FICYREG. Breiman and Fried-
man (1997) considered A built from cross-validation (CV) and generalized
cross-validation (GCV). Their large-scale simulations point strongly toward
the superiority of CV and GCV over other commonly used prediction tech-
niques. The GCV in particular seems very promising since its evaluation
is nearly as simple as GM. The CV, in contrast, is computationally inten-
sive. The unbiased estimate of the SPE risk for the GCV predictions was
recently obtained by Bilodeau (1998).

9.6 One-way classification

In this section, the one-factor univariate analysis of variance is generalized
to test the equality of several means of multivariate normal populations.
Let yi1, ..., ¥in; 1.1.d. Np(p;, %), 4 = 1,...,a, be a independent samples
from multivariate normal distributions with common variance 3 > 0. In
matrix notation, let

y/11

Ying K
Y = : , X =diag(1,,,...,1,,), B= :

Va1 e,

/
Yan,
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Then, the a samples can be written as the multivariate regression model
Y =XB+E, E~NJ(0,1,® %),
where n = Y7, n;. The hypothesis of equality of means
Hy:py=-=n,
can be translated into a general linear hypothesis. Define
C=T4-1,—14-1);

then the hypothesis becomes Hy : CB = 0, where C € R2~! of rank C =
a—1. Using the canonical formulation of this problem, the reader can verify
that the LRT is

A2/n _ |SSw‘
|SS., + SSy|”

where

a nq

Z Z(Yij = yi)(yij — i)',

i=1 j=1

SS, = Zm(yi*y)(yi*y)/
i=1

SS,,

are the usual “within” and “between” sums of squares with
N4 a
yi= ZYij/ni and y = an}_’z/”
j=1 i=1

The other analysis-of-variance models such as the two-way classification
model can be generalized similarly to test the effect of each factor or the
presence of interactions between factors. We will not pursue this any further
here.

9.7 Problems

1. Show that the likelihood ratio test statistic A for testing the general
linear hypothesis can be written
2

A2/n _ _ _ .
In3 + B/C/[C(X'X)-1C']-'CB|

2. The estimate XB = PY is the orthogonal projection of Y on V =
{XA: A€ ]R’;}. Use this fact to prove that XB is also the solution
of the least-squares problem

min tr QY — V) (Y - V),
vey
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for any fixed 2 € RP, €2 > 0.

Prove that if Zl ~ th(Ml, If®2), Z3 ~ N;’(O, IU®2), and Zl AL Z37
where 3 > 0 and v > s + 2, then

t
E 7\7,(Z5Z3) " = I+ -

MM, 2L
v—s—1 1V

—s—1

. Using the canonical model, prove that the LRT A for the hypothesis

of the equality of several multivariate means is
AP/ = |8S,|/[SS., + SSul,
as described in Section 9.6. What is the null distribution of this test?

. The general linear hypothesis in its canonical form is to test

Hy : M; = 0 against Hy; : My #0
based on
Z, ~ NM;,Lex),
Zy, ~ N{(Mp,L, %),
Z; ~ N?(0,I,®X), v>s,
where Z1, Zs, and Z3 are independent.
(i) Prove the asymptotic result as v — oo concerning Roy’s test:

If M; = 0 then vl i) a1, where [; is the largest eigenvalue
of Z1(Z4Z3)"'Z} and «; is the largest eigenvalue of a random
matrix W ~ Wi (t).
(ii) Union-intersection test.
(a) For a given h € R?, |h| = 1, define Hp o : M{h = 0 and
Hp : Mjh # 0. Prove

Hy = mh{Hh,O : |h| = ].},
H, = Uh{HhJ : |h| = 1}

(b) For a given h, |h| = 1, prove that the LRT for Hy o against

Hy, 1 accepts Hp,o for small values of

Ry = h'Z,(ZyZ3) "' Z) h.
Demonstrate the null distribution Ry ~ Fe(s,v—s+1) does
not depend on h.

(c) The union-intersection test accepts Ho iff supj—1 Bn < ¢
for some constant c. Demonstrate the union-intersection test
statistic SUP|p|—1 Ry =1 is, in fact, Roy’s test.

Remark: For a given h, the test based on Ry is UMPI for testing
Hy against Hy 1 (the non-null distribution of Ry, is a noncentral
canonical F,. distribution just like Hotelling’s-7?; v. Proposition 8.4),
but Roy’s test is not generally UMPI for testing Hy against Hj.
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Principal components

10.1 Introduction

In this chapter we assume that x € RP with £ x = p and var x = 3 = (0y;).
When the dimension p is large, the principal components method seeks to
replace x by y € R¥, where k& < p (and hopefully much smaller), without
losing too much “information.” This is sometimes particularly useful for a
graphical description of the data since it is much easier to view vectors of
low dimension. Section 10.2 defines principal components and gives their
interpretation as normalized linear combinations with maximum variance.
In Section 10.3, we explain an optimal property of principal components as
best approximating subspace of dimension & in terms of squared prediction
error. Section 10.4 introduces the sample principal components; they give
the coordinates of the projected data which is closest, in terms of euclid-
ian distance, to the original data. Section 10.5 treats the sample principal
components calculated from the correlation matrix. Finally, Section 10.6
presents a simple test for multivariate normality which generalizes the uni-
variate Shapiro and Wilk’s statistic. A book entirely devoted to principal
component analysis is that of Jolliffe (1986).
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10.2  Definition and basic properties

The total variance of x is defined as

P P
E |x — p|? :ZVBI Z; :ZU” =tr X.
i=1 i=1

Recall that ¥ > 0 can be written as ¥ = HDH', where

H = (hy,....h,) €0,
D = diag(A1,...,\),

and Ay > --- > X, are the ordered eigenvalues of 3. Since we are only
interested in var x, we will assume throughout this chapter that u = 0. If
we let

hix

var y = D. Then Y ?_ vary; = Y7 | A\; = tr ¥, so x and y have the same
“total variance.” Moreover, the variables y;’s are uncorrelated,

COV(h;X, h;X) = h;2hj = )\Jh;hj = )\jéij.

Definition 10.1 The variables y; = hix, i = 1,...,p, are, by definition,
the principal components of x.

Since HH’ = I, then x = (3_F_, h;h})x = >% | y;h; and the principal
components can be viewed as the coordinates of x with respect to the
orthonormal basis {hy,...,h,} of RP. When the ratio Zle Ai/tr X is
close to 1, then (yi,...,yx)" can effectively replace x without losing much
in terms of “total variance.”

The principal components can also be got sequentially as follows. First
a normalized linear combination t'x, |t| = 1, is sought such that var t'x =
t'3t is maximum. Since for all t, |t| =1,

P P P
'3t =D Ai(t'h)” < M\ Y (t'h)? =\t (Z hih§> t =M |t]2 = \g;
i=1 i=1 i=1

hence, maxyi—1 t'3t = A, which is attained for t = hy. So, the first
principal component y; = hx is the normalized linear combination with
maximum variance. Now, given y; = hix, ¢ = 1,..., k, another linear com-
bination s'x, |s| = 1, is sought which maximizes the variance s’¥s and is
uncorrelated with yy,...,yx. Note that cov(s'x,y;) = \is’h;, i = 1,... k.
As above, for all s L hy,... hg, |s| =1, we have

p p

p
$8s= > N(s'hy)? < My > (8'hy)? = Ny Y (s'hy)? = Ay
i=k+1 i=k+1 i=1
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Hence,

max s'¥s = \pig

is attained for s = hy 1, which means that yx 1 = hj_ ;x is the normalized
linear combination with maximum variance among all those uncorrelated
with y1,..., k.

10.3 Best approximating subspace

The orthogonal projection of x on the subspace spanned by the first k
eigenvectors, Pyx, is

k k
PkX = (Z hlh;> X = Zy,hl
i=1 i=1

Proposition 10.1 shows that Pyix gives the best approximation to x by
a subspace of dimension at most k in terms of squared prediction error.
Before stating the result, we present a lemma. Denote by Pj- the set of all
orthogonal projections P € RE of rank P = k.

Lemma 10.1 Let X >0 in Rg with eigenvalues Ay > --- > A,. Then,

k
>N
i=1
P
> A
k+1

(2

max tr XP
PePt

min tr ¥(I - P)
PeP;-

are attained at P = Ele h;hl, where
> = HDH', H= (hy,...,h,) € O,, D = diag(A1,...,\,).

Proof. Take any P € Pj-. Let A = (ai,...,a;) whose columns form an
orthonormal basis for Im P, then P = AA’. Now,

tr SP = tr HDH'AA’ = tr D(H'A)(H'A),

and note that G = (g1,...,8r) = H A has orthonormal columns too, i.e.,
G’G = Ij. Therefore,

k k
trXP = trD Zgigé = Zgngi
i=1 i=1

k k

< E max g’Dg:E i
. g’g=1 .
=1 glgq,..., i1 i=1
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(when ¢ = 1 the orthogonality condition is void) with equality if g; = e;,
which means A = HG = (hy, ..., h;). This shows the first part related to
the maximum. The second part is immediate. a

Proposition 10.1 Assume x ~ N,(0,X), ¥ > 0, and let B € R’; of
rank B =k, C € R}. Then,

P
. _ 2 _ )
Iél}(rle |x — CBx]| Z A
i=k+1
is attained when CB = Py.

Proof. Fix B. We have

x\ N 0 s IB
Bx rt{\o )"\ B BIZB
and x | Bx ~ N,(0,X — ¥B/(BXB’)"'BX). Using Problem 5.7.6,
min B Ix —CBx|* = tr [Z—XB/(BEB’) 'BY]
= tr X [I- AB(BEB’) 'BA]
= tr Z(I-P),

where A = HD'/?H’ and P = AB/(BXB’) 'BA, and the extremum is
reached at C = (XB’)(BXB’)~!. Now, P is an orthogonal projection of
rank k. From Lemma 10.1, tr 3(I — P) is minimized when

k
AB'(BZB')"'BA =) h;h;
i=1
or
k
B/(BEB')"'B =) ) 'h;hj.
i=1
Finally, CB = £[B(BEB')'B] = ¥ h;h/ = P;. O

Obviously, if g # 0 in Proposition 10.1, the best approximation of rank k
is Pp(x — ) + p, which represents the orthogonal projection of x on the
affine subspace span{hy, ..., h;} + p.

10.4 Sample principal components from S

The variance ¥ is usually unknown. Sample principal components can be
obtained from the estimate S = V/m, m = n — 1, where, as usual,

V= Z(xi —%)(x; — x)".
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Since S > 0, write

S = H diag(ly/m, ..., 1,/m) H,

where

H=(hy,...,h,) €0,
and [y > --- > [, are the ordered eigenvalues of V. The sample principal
components of x are defined as hix, i =1,...,p.

Let V C R? be a k-dimensional subspace and denote by V+a = {x+a:
x € V} the corresponding affine subspace. What is the affine subspace V+a
of dimension k such that the orthogonal projection of the data on V + a
is “closest” to the original data? First, we must specify what is meant by
“closest.” As a measure of distance, take the usual euclidian distance

d(V,a) = |x; — %%,
=1

where x; = f’(x7 —a) + a is the orthogonal projection of x; on V + a.

Proposition 10.2 Among all k-dimensional subspaces V and vectors a €
RP, the distance d(V,a) is minimized for a =% and V = span{hy,... hy}.

Proof. Define V. =3"  (x; —X)(x; —X)’, P the orthogonal projection on
V, and Q =1-P. Then,

d(V,a) = > |x;—P(x;—a)—al’
i=1
~ 3 1Gx — Qal?
=1

= > 1(Qx - Qx) + (Qx — Qa)|®
i=1

= > 1Qx—Qx*+)_|Qx - Qal’
i=1 i=1

= tr QV +n(x—a)'Q(x—a).

The two terms in the last expression are non-negative; hence, a = x. Also,
from Lemma 10.1 and since V «x S, P = Zle h;h}. 0

The ratio f(A) = Zle i/ D81 A of total variance explained by the
first k principal components is estimated by f(1/m) = Zle L/ P L
A large sample (1 — a) x 100% confidence interval on this ratio f(A),
when all population eigenvalues A, are distinct, can be constructed with
Proposition 8.18.
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We end this section with a word of caution: Principal components are
not invariant with respect to individual rescaling of the p variables in x;
that is, if w = ®x, where ® = diag(¢1, ..., ¢p), then 3P does not have
the same eigen-structure as 3. This means, for example, that the interest-
ing projections of the data found with Proposition 10.2 may look entirely
different after rescaling. Also, if the first variable x; has a variance much
larger than the variances of all other variables, zo,...,z,, then the first
principal component y; will be approximately equivalent to x;. Principal
components are thus most meaningful when all variables are measured in
the same units and have variances of the same magnitude. For this rea-
son, principal components are often calculated from the sample correlation
matrix R rather than the sample variance S.

10.5 Sample principal components from R

If we let
So = diag(si1,..-,Spp),
20 = diag(du,...70'pp),
then the population and sample correlation matrices are given by
R — 881/28851/2,
p = 251/22251/2-
Then, as in the previous section, we can decompose

P = G diag(’yla"'avp) G/a
R = G diag(flv"'vfp) le

and define the sample principal components from the standardized vari-
ables, z = Sal/Q(X—X)7 and Ras gz, i=1,...,p, where G = (g1,...,8p)
and similarly for G. The ratio of total variance (of the standardized vari-
ables z; = (x; — Z;)/\/5i) explained by the first k principal components
becomes

k
) =Y i/p.
=1

The construction of a confidence interval on this ratio f(«y) thus necessitates

the asymptotic distribution of the eigenvalues f; of the sample correlation

matrix R. This is now derived using the perturbation method of Section 8.8.
Using the Taylor series

V2 =g 1/2 _ %a—3/2(w —a)+---,
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we have directly

Sy P =1— 1,380 - =)= P 43 A
Define
Vo= () =n'(zg?855"% — p),
Vo = diag(vi,...,vpp),

and note that V is O,(1). Then, we can write

R = [I-in Vo4 5 [m+ (S~ 2)}2‘”2[1 IV 4
= [I—3n Vo4 Jp+n ' PV)I—$n PV + - ]
= p+n_1/2(V—%pV0—§Vop)+0p(n b,
from which
G'RG =T +n 2V 1 0, (n7Y),
where
r = diag(,.--, %),
VO = (1)) = G/(V = 1pV, - 1 Vip)G. (10.1)

Equation (8.11) in the perturbation method then leads, assuming 7, to be
a distinct eigenvalue, to the expansion

fo =7+ n_1/2vz(11(2 + Op(n_l),

or, in vector form, assuming all eigenvalues 7, to be distinct, to the
expansion

n2(f—~) = (vﬁ),... (1)) + Op(n —1/2y
= vl +0,(n""?).

Now, since V is asymptotically normal with mean 0, so is V(1) and its
marginal v(!). We need only calculate the asymptotic variance of v(1).
From (10.1) and the relation pG = GT', we have

vl = e Vga ~ Y08, VoBa
P P
= Z 9jaGkaVik — Ya Zg?avjﬁ
j=1k=1 j=1
hence,
W p P p P
COV(“Q@% ’Uﬁﬁ) = Z Z Z Z 9ja9ka9iB913 COV(UJIC? U’Ll)
j=1k=14i=1I=1
P

E : ]agzﬁ cov Uj]avu)

+Ya VB

p



168 10. Principal components

Vo Z Z Z g?agiﬁglﬁ cov(vjj, vit)

P P
. 1
lim_cov(vly, vg) = Z YD Giagragisgis(prpii + pupri)

Z g?agiﬁglﬁ2pjlpji
P D P
—B Z Z Z 933950 9ka2PikPij-
i=1 j=1k=1
Finally, with the simple relations

p p
DO Gkadisr = Yaas,

k=11=1
P
Zglﬁpjl = 789i6>
=1

we obtain the simplification

p
. 1
Tim cov(vl,vd) = 29075 |as = (Ve +78) D 9abls

j=1
2 9
+ Zgjagiﬁl
j=1i=1

We summarize the result.

Proposition 10.3 Let f = (fi,..., fp)" be the eigenvalues of the sample
correlation matriz R. If the eigenvalues vy, of the population correlation
matriz p are all distinct, then the joint limiting distribution is

n1/2(f —) 4 N,(0,9),
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where Q = (wag) s given by

p p p
Was = 2778 |Oas — (Yo +78) D Gabis T D D Grabishis
j=1 J=1i=1

The limiting distribution of a function such as f(f) = Zle fi/p for the
ratio of total variance explained by the first k& principal components is
easily derived by the delta method [v. Problem 10.7.5]. Problem 13.6.19
provides the asymptotic distribution of n'/?(f — ~) when sampling from
an elliptical distribution. Konishi (1979) obtained, with Sugiura’s lemma,
a more accurate approximation with remainder O(n™1), similar to that of
Proposition 8.18, for the distribution function of

s=(n—1Y2(f(f) = f(7)),

where f(+) is a continuously differentiable function in a neighborhood of ~.

10.6 A test for multivariate normality

Shapiro and Wilk’s (1965) W statistic has been found to be the best
omnibus test for detecting departures from univariate normality. Royston
(1983) extends the application of W to testing multivariate normality, but
the procedure involves a certain approximation which needs to be justi-
fied. The procedure of Srivastava and Hui (1987) does not require such
an approximation and has a simple asymptotic null distribution and the
calculations are straightforward.

Srivastava and Hui (1987) proposed two test statistics for testing mul-
tivariate normality. These are based on principal components and may
be considered as a generalization of the Shapiro-Wilk statistic. As in
Section 10.4, write

S = H diag(ly/m, ..., l,/m) H', m=n —1,

where

H=(hy,...,h,) € O,
The sample principal components of x;, j = 1,...,n, are defined as
Yij = lflng, 1=1,...,p, j = 1,...,n. Thus, under the null hypothesis of
multivariate normality, we can treat v;1,...,¥in, ¢ = 1,...,p, as P approx-
imately independent samples. For sample ¢, the univariate Shapiro-Wilk
statistic is defined as
2

Lom | .
W(Z) = ’I?,T Za’jyi(j) ) Z:L"'?pv
iz
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where a;’s are the constants tabulated in Shapiro and Wilk (1965) and

Vi) S Yi2) < 0 < Yin)

are the ordered values of y;1, ..., ¥in. For n > 50, the values of a; are given
by Shapiro and Francia (1972) and up to 2000 by Royston (1982).

From Shapiro and Wilk (1968), we note that for each i, W (i) can be
transformed to an approximate standard normal variable G(W (7)) by using
Johnson’s (1949) Sp system,

. W(i) —e
ey §In |2 €
GV (@) =+ dtn | 110k,
where v, 0, and € can be found in Table 1 of Shapiro and Wilk (1968) up
to n = 50. For n > 50, values of v, 4, and € can be obtained with the help
of the results in Shapiro and Francia (1972) and Royston (1982). Let

M, = —22111 (@ (G(W(i)))],

where ®(-) is the distribution of a standard normal variable. Note that if
U ~ unif(0,1), then —2InU ~ x3. Srivastava and Hui (1987) proposed
M as their first test statistic for testing multivariate normality, where M;
is approximately distributed as Xgp under the hypothesis of multivariate
normality. Large values of M; will indicate non-normality.

Next, they observed that small values of W(i) indicate a departure
from normality for variate i. Thus, they considered the minimum of all
components and proposed

as the second test statistic. The null distribution of M5 is approximately
given by

PMy<t)=1-[1—®(GW))". (10.2)

For p =2, 4, and 6 and n =10, 25, and 50, a simulation study [Srivastava
and Hui (1987)] found that the null distribution of both M; and M, are
well approximated by Xgp and (10.2), respectively. Examples of the use of
M; and M> on data sets are provided by Looney (1995) with the necessary
SAS procedures or FORTRAN subroutines.

Most tests for multivariate normality are functions of the squared radii
(or squared Mahalanobis distances of x; to X),

d? =z;]* = (x; —%)'S" ! (x; — %), i =1,...,n.

Some graphical procedures [Andrews et al. (1973), Cox and Small (1978),
Gnanadesikan and Kettenring (1972)] are based on d?. One such Q-Q
plot is described in Section 11.4.1. Malkovich and Afifi (1973) considered
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the supremum of the standardized skewness and kurtosis over all linear
combinations t'x,

E tl _t/ 312
B (X
tesr—1 (t'Xt)3
E (t *t/ 4
M~ max (t'x D)
tesp1 (t'Xt)?
The tests are based on the sample versions

Mo
Bin = max by(t),

M — —
Pom = max |byn(t) -3,

-3.

respectively, where
{5 i (% — %)%}

brn(t) (t/St)3 ’
LS (t'x; — t/%)4
n i=1 ?

b2,n(t) = (t’St)2

Mardia’s kurtosis test [Mardia (1970)] is a function of d? and his skewness
test is a function of the scaled residuals

ZZ‘:S*UQ(xi—X), i=1,...,n.

Mardia’s measures of multivariate skewness and kurtosis are

Bio = 2 Y- xS - 0P,

i,j=1
17’L
By = =3 {(xi—%)'S7(x; — %)}’
2, nizl{(x x)'S™ (xi = %)},

respectively. The tests of multivariate normality based on multivariate
skewness, ﬂ{‘/fn and B ,, are inconsistent against each fixed non-normal
elliptical distribution [Baringhaus and Henze (1991)]. However, the tests
based on multivariate kurtosis, ﬁé”n and Bj ,, are consistent. An approxi-
mation formula of the power of the test ﬁé\{n against elliptically symmetric
distributions was derived by Naito (1998). Cox and Small (1978) proposed
tests based on linearity of regression rather than directly on normality. An
omnibus test based on empirical characteristic function of the scaled residu-
als was also proposed [Henze and Zirkler (1990), v. also Henze and Wagner
(1997)]. Goodness-of-fit tests for a general multivariate distribution by the
empirical characteristic function was treated by Fan (1997). A character-
ization of multivariate normality by hermitian polynomials was recently
proposed by Kariya et al. (1997) to build an omnibus test. A comparative
study of goodness-of-fit tests for multivariate normality was carried out by
Romeu and Ozturk (1993).
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10.7 Problems

1. In morphometric studies, it is often the case that all variables are
positively correlated. Prove that if ¥ has all positive covariances,
o35 > 0 for 4 # j, then all the coefficients in h;y of the first principal
component may be taken non-negative.

2. For ¥ > 0 in RY with spectral decomposition 3 = HDH' as in

Section 10.2, prove that @ = Zle A:h;hl is the matrix of rank k
such that

p
||E_('-)||2 ZZ_: 045 — 17

1S minimum.

Hint: || — 0||? = tr(D — E)(D — E)’, where E = H'®H.
3. Assume x € RP has density
Fel) = A7 2g](x — ) A= (x — ped)],

where A = 02[(1 — p)I + p11']. Prove there exists H € O,, such that
y = Hx has density

U202 SR 2
fy(y):)\l—l/zAz—(p—l)/Qg (yl p /1“) + i=2 Yi
A1 A2

4. Parent-child interclass correlation [Srivastava (1984)].
Assume x € RPT! has density

Fx(x) = 2T expl(x — ) S (x — p)],

where
_ Hm
l‘l’ - (,LL51> 9
> o2, Omsl’
omsl  02[(1 — pss) I+ pss11'] )
Here, “m” stands for mother and “s” means siblings. Let A’ =

(1/p,TI’) € R? for some I satisfying I'l = 0 and I'T” =1,_;.
(i) Interpret the parameters (fim, fis, 02,, Tms, Pss)-

(ii) Prove that if
~ 1 0
A=(o %)

then ASA’ = diag(2,~21,_;), where

Q = < Uzn O—WQLS> 9
Oms n
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"/3 = Ui(l—pss),
n”? = [+ (p—1Dpss)o?/p.

(iii) Deduce that y = Ax is such that (y1,12)" ~ N ((ftm, f1s)’, ),

Yi ~ N(O7’7§) (Z = 3a Y % + 1)7 and (yhy?) A (y37 cee 7yp+1>-
(iv) What are the implications for maximum likelihood estimation

of the unknown parameters in i)?

Remark: The y;’s are not the principal components but are closely
related to the concept.

. Let f = (f1,...,fp)’ be the eigenvalues of the sample correlation
matrix R. If the eigenvalues ~,, of the population correlation matrix p
are all distinct, then find the limiting distribution of Zle fi/p for the
ratio of total variance explained by the first k£ principal components.
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Canonical correlations

11.1 Introduction

The objective of canonical correlation analysis is to get a simple description
of the structure of correlation between subsets of variables. Assume that
two subsets of variables x; and x5 have a joint normal distribution,

())& )
X2 PN\ ) '\ Bar Ea ) )

The analysis searches for a pair of linear combinations t}x; and t)x, with
maximum correlation. This is the first canonical correlation. Having found
such a pair, the analysis is pursued one step further by searching for a
second pair of linear combinations with maximum correlation among all
those uncorrelated with the first pair. The correlation found is the second
canonical correlation. The argument is repeated until all possible correla-
tions are exhausted. This analysis is explained in detail in Section 11.2.
In Section 11.3, tests of independence between x; and x, are derived. Not
surprisingly, the tests proposed will be functions of the sample canoni-
cal correlations. Section 11.4 uses advantageously the context of testing
independence to derive simple proofs of the properties of U(p; m,n) distri-
butions introduced earlier in Section 9.3.2. As a by-product we also obtain
a method of constructing Q-Q plots of squared radii for a visual inspection
of multivariate normality. Asymptotic distributions of sample canonical
correlations is the subject of Section 11.5.
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11.2 Definition and basic properties

Assume X;; > 0, X;; € Rg;{, 1,7 = 1,2. Without any loss of generality,

suppose p; < po. Write X, = A?, where A; > 0, j = 1,2. Now using the
SVD (v. Proposition 1.11), we have

AT'SpAY = G(Dp, 0)H,
where Dp = dia’g(p17' .. 7Pp1)7 P1 2 e Z Pp1 2 0)

G (glv'--agln)eopl’
H = (hy,....hy,)€0,,.

If we define
u = GAT'x; = (ug,... L Upy )
v = HA'xy = (V15 .+, 0p,),s
then
u IPl (Dpvo)
Var< ) = Dp
v 0 1,
Obviously, var u; = var v; = 1 and cor(u;,v;) = pidi;, @ = 1,...,p1,
j = ]-7 <oy P2
Definition 11.1 The variables ui,...,up, and vi,...,vp, are defined to

be the canonical variables. The numbers p;’s, 1 > p1 > py > -+ > pp, >0,
are the canonical correlations.

Note that the number of nonzero canonical correlations is rank 315 = c. In a
similar manner as the principal components were interpreted, the canonical
variables can also be derived sequentially.

First, we seek linear combinations tx; and t5x2 such that cor(t]xy, thxs)
is maximal. But, in general, since cor(x,y) is invariant with respect to lin-
ear transformations, x — ax + b, y — cy + d, a,c > 0, we may assume at
the outset that var tjx; = t3;;t; = 1, j = 1, 2. Introducing the ellipsoids

5_7' = {tj . t;zjjt]‘ = 1}, j = 1,2,
the problem is thus

!
max tlzlgtg.
t1 €€
taEE

For t; € &, |A t;| =1, j = 1,2, the Cauchy-Schwarz inequality gives

(t/T1ate)? = (Ast), AT'Z A5 h)?
< |A7'Z2A5 h|?
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where h = Asts has norm 1. Letting B = A;lElgAgl, then |Bh|? =
h’'B’Bh, where

_ _ _ _ Dp: 0
B'B = (A'S LAY (AT'S A =H ( 60 0) H'.

Thus, from the method used for principal components, we find h'B'Bh <
p7 with equality when h = h;. This gives tixo = h} A5 'xs = v;. Finally,
the Cauchy-Schwarz inequality is, in fact, an equality iff A;t; o« Bh; or,
equivalently,

t; o ATTAT'ZpASh
= A['G(Dp,0)H'h,
= A;'G(Dp,0)e;
= mAl'g,

which, in turn, gives tix; = g’lAl_lxl = wu;. We have proved that (uq,v1)
is the pair of linear combinations with maximum correlation p;.
Second, having found pairs of linear combinations

(ui,vi) = (AT %1, WA %), i =1,...,k, k <rank 215 =c,

another pair (t}x1,thxs) is sought with maximum correlation among all
those uncorrelated with the preceding pairs; i.e., the restriction

cov(tixj, u;) = cov(tix;,v;) =0, i=1,...,k; j=1,2,
is imposed. This last restriction is characterized in terms of orthogonality:
cov(t/lxl,ui) = t’lEuAflgi = t/lAlgi =0t L Algi-
Similarly, cov(thxa,v;) = 0 iff t2 L Ash;. We note that when t; L Ajg;,
the other condition, cov(tjx1,v;) = 0, is automatically satisfied:
cov(t’lxl, ’Ui) = t'lzuA;lhl

= thA (AT S 2Ah;

= t1A1G(Dp,0)H'h;

= pitiAig; =0.

Similarly, when to 1 Ash; then cov(thxo, u;) = 0 is automatically satisfied.
So the problem becomes

max tllzlgtz,
t EEL:
tyEES
where
5J‘ {tl €& tlLAlgl,...,Algk},
gzL = {tg €& tgLAghl,...,AQhk}.

H
I
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The Cauchy-Schwarz inequality gives for t; € Sjy
(t)312t2)%> = (A1, Bh)? < h'B'Bh,
where, as before, B = A1_1212A2_1 and h = Ast,. But, using the

orthogonality restrictions,
Dp: 0
0o o

h’'B'Bh = t’2A2H< )H/Aztg

c

= Z (tyAzh;)?p} < Pi-&-h
i=k+1

with equality when h = Asts = hyy1, which yields thxs = hj | Ay 'xy =
vg+1- As before, the Cauchy-Schwarz inequality becomes an equality iff
Aty « Bhgy1, which implies t; = Aflgkﬂ and tix; = gﬁﬁ_lAflxl =
ug+1. The solution is the pair of canonical variables (w41, Vg+1)-

Repeating the second stage for £k = 1,...,c—1, all the pairs of canonical
variables (u;,v;), ¢ = 1,...,¢, can be generated. Each pair of canonical
variables is identified with the pair of linear combinations of x; and x»
with maximum correlation among all those uncorrelated with the preceding
pairs.

Finally, the canonical correlations can be characterized as solutions of a
determinant equation. In fact, the nonzero squared canonical correlations
p2,i=1,...,c, are the nonzero eigenvalues of

B'B=(A'S1A ) (AT'S1AY) = A S B SpA
Hence, the nonzero p7 are the nonzero solutions A of the equation

1Z1235, E B — M| =0.

11.3 Tests of independence

Based on a random sample of size n from a Ny, yp, (1, %), where

Y11 B2
E =
(221 o2
with 3;; € R£;7 we construct a test of independence reflected by the
hypothesis,
H02212:O<:>H0: pL="""=Pp :07

against all alternatives. The unbiased estimator S of ¥ is partitioned in
conformity as

Vi1 Vi
—1)S=V=
(n—1) <V21 sz)



178 11. Canonical correlations

and we know already that V ~ W,(n — 1,%). The MLE £ = V/n is
proportional to S. Without any restriction, the MLE of 3;;, ¢,7 = 1,2, is

ﬁ)ij = V,;/n. However, under Hy, the restricted MLE’s are given by
i1 =311, Bao = 3oy, By = 0.
The LRT takes the form

L(X, 211, 392, 319)
L(x,3%11, 322, 312)
|211 |7n/2‘222‘7n/2

A:

‘ﬁ]|7n/2
Thus, since 3 o« V and using the relation [V| = [V11]|Vaa.1],
A2/ Voo 1] _ [Viia]
Va2 V1]
= [I- V12V2_21V21V1_11|
P1
- la-
i=1

is a function of the sample canonical correlations 7;’s, where r?

A of the equation

is a solution

V12V Vo Vit — M| = 0.

They satisfy w.p.1, 1 >7? > ... > Tpl > 0.
Consider now the invariant tests. The group G,, x G,, x RPt x RP2
transforms the observations as

() = (5 ) () ()

leil + b1 .
<B2xi2+b2 ,t=1,...,n,
for any (B, Ba, b1, ba) € G, X Gp, x RPt x RP2. This induces the following
transformations on the minimal sufficient statistic (X, V):

X1 s B1i1+bl

X2 B2X2+b2 ’
Vii Vo B, 0 Vi1 Vi (B} 0
V21 V22 0 B2 V21 V22 0 B/2

. B,V;1B) B;V;3B)
B B2V B ByVasB)

A test function f(x,V) is invariant iff

<<B1Y1 +b1) <B1W113/1 B1W12B/2>)
Boys + by ) '\ BoWy B] ByWyoB) ’
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V(B1,B2,b1,b2) € G,, X Gy, x RP2 xRP2 V(y, W) € RP x P,. The choice
b; = —B;x;, i = 1,2, immediately yields

_ _ B;Vi1B] B;V3B)
f(X? V) - f <O7 (B2V21Bi B2V22B/2 .
Using the same arguments as in the definition of canonical correlations, let
Vi = A? where A; > 0, i = 1,2, and consider the SVD
ATV A = G(D,, 0)H,

where D, = diag(r1,...,7rp,), 1 >r1 > -+ > 1y, >0, and we still assume
p1 < po without loss of generality. Then, the choice By = G’ Afl and
B, = H'A;! finally gives

Ipl (Dra 0)
0 P2

i.e., any invariant test is a function of the sample canonical correlations
r;’s. A similar argument shows that the power function of any invariant
test depends only on the population canonical correlations p;’s.

Proposition 11.1 With respect to the block-diagonal group of transforma-
tions above, any invariant test depends on the minimal sufficient statistic
(%, V) only through the sample canonical correlations r;’s. The power func-
tion of any invariant test depends on (@, %) only through the population
canonical correlations p;’s.

We now derive the null distribution of the LRT test.

Proposition 11.2 Under the hypothesis of independence, Hy : 315 = 0
and n — 1> min(py,pa), A™ ~ Ul(pa;pr,n—1—p1).

Proof. By invariance, assume without loss of generality that X = I and
let m =n — 1. Write

Vit Viz) d (X)
<V21 V22)_(X/2 (X17X2)>

(X1,X2) ~ N (0,1, ® I,).

where

The conditional distribution of X5 given X is
Xo | Xy ~ N;’;(O,Im ®1I,,).

pl
Now, for X; € R™, rank X; "2 py. Therefore, we have the SVD

p1’
, (D
GXlH—(O),
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where G € O, H € Op,, and D € RP is diagonal and nonsingular. Thus,

e _ (DH'\ _ (X4
G'X1= ( o )=\o0)
where X, € RP! is nonsingular. Since G (a function of X;) is orthogonal,

G'X,y | Xy ~ Ny (0,1, ®1,),

which does not depend on X; and so G'Xy ~ N;7(0,L, ® I,,)
unconditionally. Now, partition

~ (Y
X = ().

where Y € RP! and Z € R})"P'. Then, Y 1 Z and

Vo = X5Xp = (G'Xy)(G'Xy) =Y'Y +Z'Z,

Vi = X/X;=(G'X,)(G'X,) =X|X;,

Vi, = X[X,=(G'X))(G'Xy) =X|Y.

Finally,
Vol
Az/n _ \ 22.1

[V

_ Y77 - YX (XX XYY (27

Y'Y + Z'Z] Y'Y + Z/'Z|

where Z'Z ~ Wy, (m —p1), and Y'Y ~ W, (p1). By definition,
A*/" ~ U(pa; prym = pr).
O

Let R = V12V2_21 V21V1_11. As for multivariate regression, other invariant
tests can be constructed such as

P1
_ 2
trR = g T,
i=1

P1 2
re
rROI-R)™ = > —
P (L=r7)
ri o= max{r{,....r2 }.

Again, none of these tests has a power function which uniformly dominates
the others. It is shown in Example 14.10 how to perform a bootstrap test
using the test statistics tr R or tr R(I - R)~!.
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11.4 Properties of U distributions

We end this chapter with some properties and characterizations useful for
the tabulation and moments of U distributions. These simplified proofs are
from Bilodeau (1996).

Assume x; € RP! is fixed and x3 ~ N, (0,392), p = p1 + p2, Ba2 > 0.
Based on a random sample of size n, say X € R}, the matrix of sums of

squares and cross-products V is partitioned in conformity as

X! Vi, V
V=XX= 1) (X, X5) = 1 12).
<Xg>< 1 Xs) <V21 Vas

When n > min(pq, p2) and rank X; = p;, consider

V] _ [Vaa.1] _ [Vi1.2]
[Vi1|[Vaz|  [Vag V|

Proposition 11.3 If n > min(p;, p2) and rank Xy = pq, then

A:

A~ U(pa;pr,n —p1).

Proof. Assume without loss of generality 3o, = I and thus Xy ~
Ny (0,I). Now, X; € R} has rank X; = p;. Its singular value

decomposition is
/ (D
G'X1H= ( 0 ) ,

where G € O,,, H € O,,, and D € RP! is diagonal and nonsingular. Thus,

- () (%)

where X; € RPL is nonsingular. Since G (a function of X;) is orthogonal,

G'X, ~ N7 (0,1). Partition
~ (Y
G'X, = ( Y ) ,

where Y € RPY and Z € Rp7P*. Then, Y 1 Z and Vi = Y'Y +Z'Z,
V11 = X’lxl, and V12 = X’lY Finally,

Ao Voau| _ Y'Y 4277 Y'X (X[ X)X, Y| _ |z
[Vas| Y'Y + Z'Z| Y'Y + Z'Z|’
where Z'Z ~ Wp,(n—p1), Y'Y ~ W, (p1). By definition, A ~ U(pa;p1,n—
p1). a

Proposition 11.3 remains valid if X; has any absolutely continuous distri-
bution (and thus has rank X; = p; w.p.1 (v. Lemma 7.1 and the remark
on page 88)) and X, L X,. It suffices to notice the distribution of A does
not depend on Xj.
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Vice versa, writing A = [Vii2]/|V11l, if Xy is normal and Xy is fixed,
rank Xs = po, it is clear the same proof yields A ~ U(py;p2,n — p2). The

duality property asserts that, in fact, U(p1;p2,n — p2) £ U(p2;p1,m—p1).
As a by-product, we show the “duality” property:

Corollary 11.1 U(p;m,n) 4 U(m;p,m +n — p) when m +n > p.

Proof. Assume X; and Xy are both normal and X; Il Xg Since X; is
normal, A ~ U(py; p2, n—p2), and since Xy is also normal, A~ U(pa;p1,n—

p1). The distribution of A being unique, U (p1; p2, n—p2) i U(p2;p1,n—p1)-
Substitute (p, m,m + n) for (p1,p2,n). a

In order to obtain a characterization of U distributions as a product of
independent beta variables, we prove the following lemma.

Lemma 11.1 Ifn > p,

U(p; 1, n)—beta( (n—p+1);ip).

Proof. When m = 1, recalling the identity |I + AB| = |[I + BA]| (v.
Problem 1.8.3),

a_ (Wl
W +zz/|

where z Il W, z ~ N,(0,I), and W ~ W,(n). Using Proposition 8.2,
ZWlz ~ E.(p,n—p+1).

U(p;1,n) = =I+W~ zz| l—(1+2ZwW™! ) ,

Finally, using Problem 3.5.5,
(14+2'W™'z)"! ~beta (2(n —p+1);2p).
O

Proposition 11.4 A variable distributed as U(p;m,n), n > p, has the two
characterizations

U(p;m,n) Hbeta (3(n—p+1i);ip)
and

U(p;m,n) Hbeta %n—p—i—i);%m);
i.e., a U(p;m,n) variable has the same distribution as a product of

independent beta variables.

Proof. The second representation follows from the first and the duality
property of U distributions. We need only show the first representation. Its
proof proceeds by induction on m. From Lemma 11.1, the result is true for
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m = 1. Assume the result is true for m — 1 and show it holds for m. By
definition,

d W]
Ulp;m,n) = W+ Z7Z] W~ Wy(n), Z~ Ny (0,1, ®1,), Z 1L W
|W| (W +2,2))]

= . =U; - Uy,
W+ 2121 |[(W+z2)) + 242y ' °

where

z1 ~ Ny(0,I), Zy ~ NJ7'0,I,,-1 ® I,), and z; I Zy. Consider
now the distribution of Us. Let W1 = W + z12] and Wy = Z,Z,.
Then, Wi ~ Wy(n + 1), Wy ~ W,(m — 1), and Wy Il Wy. There-
fore, Uy ~ U(p;m — 1,n + 1) and the induction hypothesis gives Uy ~
H:i_ll beta (3(n+1—p+1); 3p). Translating i — i + 1,

Us ~ Hbeta (3(n—p+1i);ip).
i=2
The factor missing for ¢+ = 1 is U;. The proof is complete if we prove
Uy 1L U,. First, note that if U; 1. W1, then Uy, W1, and Z, are mutu-
ally independent and, therefore, U; I Us. So, we prove Uy . W;. But, if
V ~ W,(n, %), 8> 0,x ~ N,(0,%),and V L x, then (V,x) < (Y'Y, x),
where Y ~ NJ(0,I, ® 3), Y Il x. In the model for (Y,x), Y'Y + xx’
is complete and sufficient for X. Therefore, V + xx’ is complete and suf-
ficient for 3. Using Basu’s theorem in the footnote on page 118, V + xx’
is independent of any ancillary statistic such as [V|/|V 4 xx'|. This proves
Up 1L W;. O

This representation is useful for finding the distribution function or quan-
tiles of a U(p;m,n) distribution since In U(p; m,n) can be represented as
a convolution of simple distributions. Of course, it is advantageous to use
the representation with min(p, m) number of factors. This number of fac-
tors can be reduced further by % by grouping adjacent factors by pairs
[Anderson (1984), p. 304]. The following lemma allows the pairing.

Lemma 11.2 Forn > 1,

beta(n — 1;m)]? £ beta( (n — 1); 2m) - beta(in; 1m).

Proof. It is straightforward to check that all moments of order h > 0 on
the left and right sides of £ are the same (v. Problem 11.6.3). Since the

domain is the bounded interval [0,1], there is a unique distribution with
these moments [Serfling (1980), p. 46]. O

The following representation has a reduced number of factors as p is even
or odd.
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Corollary 11.2 Forn > p, a U(p;m,n) variable can be represented as

T
H[beta(n +1—2i;m)]?, ifp=2r
i=1
beta(3(n —p—+1);im) - H[beta(n +1—2i;m)]?, ifp=2r+1.
i=1

Proof. The proof for p = 2r is as follows. From Proposition 11.4, we have
U(p;m,n) Hbeta 2(n—p+2i—1); 3m) beta(3(n — p+ 2i); im),

and from Lemma 11.2,
U(p;m,n) 4 H[beta(n —p+2i—1;m)]?
i=1
The conclusion follows after reversing the index ¢ — r — ¢ 4+ 1. The proof
for p odd is identical except for the first isolated factor. ]

The asymptotic distribution as n — oo of U(p;m,n) should be
clear from the asymptotic distribution of the likelihood ratio statistic in
Proposition 11.2,

—nInU(p;m,n) 4 Xf)m. (11.1)
The slight modification
~ln = 3(p—m+ D U(p;m.n) % X,

is often used as an improved approximation since it has a remainder of order
O(n~2), whereas the remainder in (11.1) is O(n~!). The general asymp-
totic expansion of order O(n~%) [Box (1949)] is treated in Section 12.3. As
an alternative to asymptotic expansion an S-plus program in Appendix C
uses the fast Fourier transform [Press (1992)] to compute the density of
U(p;m,n) by convolution and thus calculates exact probabilities (up to
a discretization of the beta variables) and quantiles. Srivastava and Yau
(1989) presented the saddlepoint method for obtaining tail probabilities. An
exact closed form solution without series representation was also recently
derived [Coelho (1998)].

11.4.1 Q-Q plot of squared radii
The scaled residuals of n observations, x;, may be defined as
z; =S V¥ (x;—%),i=1,...,n
Then, the squared radii (or squared Mahalanobis distances of x; to X) are

@ = o = (x ~%)'S " (x ~ %), i=1,....n



11.4. Properties of U distributions 185

Note that if x; ~ N,(u, X), then d; is an ancillary statistic; i.e., the distri-
bution of d;, say F(+), does not depend on (&, 33). One aspect of multivariate
normality can thus be tested with a Q-Q plot of the ordered d? against
the quantiles of the distribution F(-) [Small (1978)]. Gnanadesikan and
Kettenring (1972) derived the following result.

Lemma 11.3 Ifxy,...,x, are i.i.d. Ny(p, ), then

n
zdf ~ beta (%p; %(nfpf 1)) .

(n—1)
Proof.

-t = IV o e R =XV

= [Wil/|[W1+ Wy,
where V.= >""  (x; — %)(x; —X)', W; =V — Wy, and W, = (n%l)(xl -
X)(x; —x)’. Assume without loss of generality that g = 0 and ¥ = I. Thus,

with Z ~ N(0,I, @ 1),

(W1, Ws) £ (Z'(Q - H)Z,Z'HZ),

where
H — (nT_l 5 (ei —n'1)(e; —n~'1),

Q = I—-n'11.

The following can be verified easily:

(i) H is idempotent of rank 1,

(ii) Q is idempotent of rank n — 1,

(iii) Q(e; —n~'1) = (e; — n~'1) and, thus, QH = H,
(iv) Q — H is idempotent of rank n — 2, (Q — H)H = 0.

Thus, W1 Il Wy, Wy ~ W, (n —2), and Wy ~ W,(1) (v. Proposition 7.8
and Problem 6.4.3), which implies

W, |/[W + W| ~ U(p; 1,n —2) £ beta (3(n—p—1); 1p) .

Consider the ordered d?,
2 2 2
dyy < dg) <+ S dgy.

Assuming d?, i = 1,...,n, are i.i.d. according to the distribution in
Lemma 11.3, one could evaluate the expected order statistics, E d%i). Then,
the Q-Q plot consists of a graph of the points

2 2 s
(d(z)’ Ed(w), 1= 1,...777,.
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To simplify matters, we can assign to d%i) a cumulative probability of i/n

and approximate F d?i) by the quantile v; = i/n of the distribution

[(n = 1)2/n] beta (3ps 3 (n —p — 1))

Blom (1958) has shown how to select o and 3 so that the expected order
statistic £ d%i) may be well approximated by the quantile

vi=({—a)/(n—a—-F+1). (11.2)

For beta, the distribution at hand, the indicated choice is

0 - (=2
2p
(n—p—2)
B ) (11.3)

Thus, the recommended Q-Q plot is the graph of the points
(a2, [n=1)2/n] betan, (3p: (0 —p—1)) . i=L....m,

where beta,(a;b) denotes the quantile o of a beta(a;b) distribution and
~; is given by (11.2) and (11.3). The Splus function ggbeta in Appendix C
produces the Q-Q plot. One should not forget, however, that the d? are
correlated, but from Wilks (1963),

cor(d?,d?) = —

1

PR mv i 7& jv

and the correlation, of the order O(n 1), is negligible for moderate to large
sample sizes. A Q-Q plot approaching a 45° straight line is consistent with
multivariate normality. Figure 11.1 gives the Q-Q plot for 50 observations
generated from a N3(0,I) distribution and Figure 11.2 is the Q-Q plot for
50 observations generated from a trivariate Cauchy distribution. These are
easily generated with Example 13.2. The deviations from the straight line
are clearly more systematic in Figure 11.2 associated with a distribution
with heavier “tails” than the multivariate normal.

For large n, the beta distribution can be approximated by a X;% distri-
bution. Gnanadesikan (1977, p. 172) remarked that in the bivariate case
n = 25 may provide a sufficiently large sample for this chi-squared approx-
imation to be adequate. However, n = 100 does not seem large enough for
p = 4, for there is a marked deviation from linearity when the ordered d?
are plotted against expected order statistics of chi-squared, and this effect
becomes more marked as p increases. We therefore recommend the use of
the beta distribution.
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10

Beta quantiles

| | | | | | | |
0 2 4 6 8 10 12 14

Squared distances

Figure 11.1. Q-Q plot for a sample of size n = 50 from a trivariate normal,
N3(0,1), distribution.
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10

Beta quantiles

| | | | | |
0 5 10 15 20 25

Squared distances

Figure 11.2. Q-Q plot for a sample of size n = 50 from a trivariate ¢ on 1 degree
of freedom, t3,1(0,I) = Cauchys(0,I), distribution.
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11.5 Asymptotic distributions

Assuming x;, i = 1,...,n, are 1.i.d. Ny(p,X), we derive the asymptotic
distribution of 2, o = 1, ..., p1, when p,, is distinct from all other canonical
correlations.

A squared sample canonical correlation, 72, is a value of [ for which there
is a nonzero solution ¢ to the equation

(S1'S1285,'S21 — [ I)e = 0. (11.4)
Using the result n'/?(S — X) % W of Section 6.3, where
W~ NP(0,I+K)(Z® X)),

we write
S1 = I+ n_1/2W117
Soy = I+ n71/2w22;
Sio = (Dp, 0) + nil/leg.

Using Problem 1.8.15, S5,) = I — n™/2Wyy + O,(n™!) and similarly for
Sl_ll. Keeping terms up to order n=1/2,

S11'81285,'8s1 = Dj+n /2 {_D?OWH + (Dp,0)W2,

—(Dp,0) Wy (DOP> + Wi <I:)p)] + Op(n™h).

We now apply the perturbation method as in Section 8.8.1 and obtain from
(8.11) the expansion
72 = 0 Rk — s+ 205 + OpnY),
where wg* is the element (a, ) of the matrix W;;. From (6.1), we have
[e%e3 o [e%e3 d

(Wit wig', wsi')" = N3(0, ),

where
2 202 2p,
Q= ngz 2 2pa
200 2pa 1+p2

Finally, defining the linear combination vector a = (—p2, —p2,2pa)’, we
obtain n!/2(r2 — p2) 5 N(0,a’Q%), whereby a direct calculation shows

a’Qa = 4p2 (1 — p?)?. We have shown:

Proposition 11.5 The asymptotic distribution of the squared sample
canonical correlation 2, o = 1,...,p1, assuming p, is distinct from all

other canonical correlations is n'/2(r2 — p2) <5 N(0,4p2 (1 — p2)2).
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Various extensions of Proposition 11.5 to the joint distribution of sample
canonical correlations can be envisaged. The simplest extension is to the
joint distribution of 7%, ... ,rﬁl when all canonical correlations are distinct,
pL > > Ppy

Corollary 11.3 The asymptotic joint distribution of r, ... ,rﬁl when all

population canonical correlations are distinct, p1 > -+ > pp,, 1S

1/2(,.2 2 2 2
N = p1s T = )

4 N,, (0,4 diag (p%(l — p%)Q, e 7,012)1(1 — p§1)2)) .

Proof. It suffices to consider the asymptotic covariance of two squared
sample canonical correlations, r2 and r%, when the population canonical
correlations, p, and pg, are of multiplicity 1. But, it is immediate from the
proof of Proposition 11.5 that

cov(—ppu’ = pawss + 2pawy, —phury — phwsy +2pews)) =0
since from (6.1), all the covariances satisfy, cov(wg* wflg) =014 k1=

i
1,2. O

Hsu (1941) derived the asymptotic joint density when

1>P1>"'>pc>Pc+1:"':Pp1:O-

Muirhead and Waternaux (1980) obtained the asymptotic joint distribution
when all population canonical correlations are distinct, as in Proposi-
tion 11.3 but for any underlying distribution with finite fourth moments.
Eaton and Tyler (1994), assuming an underlying elliptical distribution or,
in fact, any other distribution with finite fourth moments, derived the
asymptotic joint distribution in full generality,

pL = Z pe> pey1 = = pp =0,

using an extension of Wielandt’s inequality to singular values.

In canonical correlation analysis, the number of nonzero population
correlations is called the dimensionality. Asymptotic distributions of the
dimensionality estimated by Mallow’s criterion and Akaike’s criterion were
derived [Gunderson and Muirhead (1997)] for non-normal multivariate
populations with finite fourth moments.

11.6 Problems

1. Obtain the Ath moment, h > 0, of U ~ U(p;m,n), n > p,

m

Bt - HF[%(n—p—i—i)—i—h] I [3(n+1)]

i=1 F[%(n—p+i)] F[%(n+i)+h]
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U R R N URS e Re))

Pl F[%(n—p—l—i)] F[%(m—l—n—p—i—i)—&-h]'

2. Establish the following exact results concerning U distributions:

n[l —U(1;m,n)]

m U(1;m,n) F(m,n),
(n—p+1)1-U(p;1,n)
p U(p;1,n) Flon—p+1),

(n—1)[1 = U(2;m,n)"/?
m U(2;m,n)/2
(n—p+ 11 =U(p;2,n)"/?]
p U(p;2,n)'/?

3. Prove that [beta(n — 1,m)]? and beta(3(n — 1), 2m) - beta(in, 3m),
a product of two independent betas, have the same moments of order

h > 0.
4. For

~ F(2m,2(n—1)),

~ F(2p,2(n—p+1)).

X = (X/17Xl2)/ = (xla' "axp1;$p1+17'"axp1+p2)/

establish that simple correlation and multiple correlation coefficients
are bounded above as

(i) ‘pm1w3| S P1, 1= 17"'7p17 j =D + 13-'-7p1 +an
(ii) Rwi,xz < p1, i=1,...,p1,
where p;p is the largest canonical correlation.
5. Let X190 = p1,,1,,, ¥y = p1,, 1, + (1 — p)I,,, i = 1,2, correspond-
ing to the equicorrelated case. Determine the canonical variables

corresponding to the nonzero canonical correlation.
Hint: ¥111,, = [1 + (p1 — 1)p]1,,.

6. Let x1,...,x, beiid. Ny(u,3), where
Y1 X
E =
(2321 390
with 315 € RPY, p = p1 + po. For testing Hp : X132 = 0 against
H, : 315 # 0, consider the test statistic [Escoufier (1973)]

tr(S12S21)
[tr(S2,)]1/2[tr(S2,)]1/2’

where S is the sample variance partitioned as X. Prove:

(i) E is invariant under the group of transformations

[ xa H, 0 X;1 b,
= () (5 w) () (32)
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for any (H17H2,b1,b2) € ()p1 X ()p2 x RP1 x RP2,

(ii) If Hyp holds, then the distribution of E is the same as when

(iii)
(iv)

0 diag(v;)

where \; and +y; are, respectively, the eigenvalues of ¥;; and
222.

Under Hy, n'/2Sq, 4z — (zij), where z;; are independently
distributed as N(0, \;y;), ¢ =1,...,p1,7=1,...,pa.

Conclude the null distribution

P1
=1

Remark: Unlike for canonical correlations, the asymptotic null
distribution depends on unknown parameters because of the lack
of invariance of E (the group O,, x O,, x RP* x RP2 is only a
subgroup of G, X G, X RP* xRP?). The asymptotic distribution
of E for sampling from an elliptical distribution was derived by
Cléroux and Ducharme (1989).

- (diag()\i) 0 ) 7

—-1/2
—1/2 / P11 P2

D2
Z’V? ZZ)‘WJ"Z?J‘-
j=1

i=1 j=1

7. Test of mutual independence of several subvectors.

This problem given in the form of a project derives the exact null
distribution of the likelihood ratio test for mutual independence.
Consider a random sample of size n > p + 1 from N,(p, X), where

Yu Y oo Xy

o1 X - Mg
Y= . . . .

Erl ErQ e Err

with 3;; € RD:, p = 22:1 p;. We wish to test Hy : 3;; =0, 1 <i <

j < r, versus all alternatives.
(i) Prove the likelihood ratio test A for Hy can be written
V]
[Ty Vil
where as usual V.= 3" (x; — X)(x; —X) ~ W,(n—1,%).
(ii) Obtain the exact null moments of A = A?/™,

A2/n —

Tho_ Fp(%m+h)ﬁ Ly, (3m)

E AM = ,
FP(%m) i=1 sz(%m+h)

where m =n — 1.
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Hint:
E ]\h = p.m HE |Vii‘7h,
Cpm+2h ;7
where ¢, = [2P™/2T,(3m)]~! is the normalizing constant
of a W,(m) density and where V;; are mutually independent
Wy, (m + 2h).
(iii) Define the upper left corner of V to be
Vii Vig - Vy,
N Var Vo oo Vy, i
Vi=1| . . .| eRE,
Vi Vi - Vy

where p; = p1+- - -+ p;, and note that Vrr =V and \711 =Vi;.
Derive the equivalent form A%™ = []/_, U;, where

= —Wii' i=
|Viz'HVi71,i71|’

i

(iv) Use Proposition 11.2 to obtain immediately under Hy
Ui~ U (pispi-1,n—1—=pic1), i=2,...,1.
(v) When

_ Er—l,r—l 0
2= (P57 5 )

prove that (V,_1,-1,V,,) is sufficient and complete and that
U, is ancillary. Conclude that, under Ho, U, AL V,_1 ,_1, V).

(vi) Using (iii), prove that U, 1 Us,...,U,_1) under Hy.

(vii) Repeat this argument to prove U; I Us,...,U;—1), i =
3,...,r, whence, altogether, Us,...,U, are mutually indepen-
dent under Hy.

(viii) Use Proposition 11.4 to obtain the exact null distribution

T Pi
RLTT T beta (2n— iy = 3): 3pis) -

i=2j=1

Note that a further representation with a reduced number of
factors as p; is odd or even is immediate from Corollary 11.2.

(ix) Prove U,ZL/Q is the likelihood ratio test for H; : 3;; = 0, [ =
1,...,2—1 when it is known that all the hypotheses H; 1, ---,
H,. are true. Note that Hy = N_,H;.
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(x) Use (viii) to obtain the equivalent expression for the exact null
moments of A:

T Pi F[

E]\h:H HF[

i=2 | j=1
Generalized squared interpoint distance [Gnanadesikan and
Kettenring (1972)]
Let d?; = (x; —x;)'S™!(x; —x;) be the generalized squared interpoint
distance (or squared Mahalanobis distance) between x; and x;, 1 # j.
Prove that if x1,...,x, are i.i.d. Np(p, X), then

1
2(n—1)

(n—pi—1 — j) + h] T[5(n — j)]
(n—pi—1 — 4)] Tlg(n— j) + h]

SIESINIES

dfj ~ beta (3p; 3(n —p—1)).
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Asymptotic expansions

12.1 Introduction

The exact distribution of likelihood ratio tests in multivariate analysis is
often too complicated to be of any practical use. An asymptotic expansion
due to Box (1949) is rather simple and easy to program on a computer to
obtain the distribution function to any degree of accuracy. This approxima-
tion is applied on several of the testing situations previously encountered.
In at least one situation where the exact distribution is known, an eval-
uation of the approximation is carried out for small to moderate sample
sizes.

12.2  General expansions

The method can be used whenever the likelihood ratio criterion A (or a
suitable power W) has moment of order h of the form

Iﬁlwwﬁnﬂn%u+m+@t (12.1)

E Wh = K [ a Ty b
| | P Hj:lr[yj(l + h) + ;]

where

b a
E Y = E Tk
j=1 k=1
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and K is just a constant (not depending on h) so that E W° = 1. Equa-
tion (12.1) is usually obtained for real h; it is, however, generally valid
on the domain where the functions are analytic. This means if we let

M = —2log W, then we can write the characteristic function of pM, for a
constant 0 < p <1 to be determined later, as
com(t) = E WP
b vj —2itp a .
- K lHJ 1Y; ‘| [Ty Tlze (1 — 2itp) + Gl
JC . :
[Ty 2 [T, Tly; (1 = 2itp) + n;]
Taking logarithms and defining
the cumulant generating function is
Kpm(t) =logconm(t) = g(t) — 9(0), (12.3)
where
a b
g(t) = 2itp]> wplogzr — Y y;logy;]
k=1 j=1

+ logT[pay(1 — 2it) + By + G
k=1
b
= logT[py; (1 — 2it) + ¢; + ny],
j=1
with
a b
9(0) = —log K = logTpxs + B + Gl — Y _ logT[py; + €; + 1.
k=1 j=1
We use the asymptotic expansion in z as |z| — oo [Erdélyi et al. (1953),
p. 48] for bounded h,

logT'(z+h) = log —|—(z—|—h )logz — =z (12.4)

The terms B, (h) are the Bernoulli polynomials defined to be the coefficients
in the Taylor series

hz e r
ze z
= ;Br(h)ﬁ, 2| < 2.
The reader can verify the first few Bernoulli polynomials

Bo(h) = 1,
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Bi(h) = h-g,

By(h) = h>—h+1%,

Bs(h) h3 —2n% + ih,

By(h) ht—2h3 + h? — &,
Bs(h) ho — Sht 4 3p3 — 1p,
Bg(h) = h®—3h°+3h* - 1n° + &.

Bernoulli polynomials can be generated at will with modern symbolic
computations software such as the function bernoulli(r,h); in Maple [Red-
fern (1996)] or BernoulliB/h,r] in Mathematica [Wolfram (1996)]. Let
(z,h) = (pzi(1 = 2it), B + k), (py;(1 = 2it), €; +n;), (pxk, Be + ), and
(pyj, € + n;) in turn in (12.4). We assume that z and y; are terms be-
having as O(n), where n is the sample size. This will have to be checked in
each application. When p = 1, then 8, = ¢; = 0, and & is bounded in all
cases. Later, p will be allowed to depend on the sample size n and we will
need to check that G and €; are bounded.

Then substitute the four expansions for logI'(z + k) in g(¢) and g(0) of
(12.3) to obtain, after long but straightforward simplifications,

Kon(t) = —3 flog(1—2it) + Zwa [(1—2it)~* = 1]+ O0(n~ D), (12.5)

where

f=-2 ng—znj Ha-b)|, (12.6)

(D S Barit (B +G) °\ Bati(ej + 1)
YD | e 2 G | 02D

j=1

Note that we, = O(n™?) if x4 and y; are O(n), and G and €; are O(1).

The next step consists of deriving the characteristic function c,as by
exponentiation of K,y and then using the inversion formula (2.2) to derive
the p.d.f.:

com(t) = o

!
= (1-—2it)” /2Hexpwa1—2zt Hexp —We)

a=1

L+ 0+

l o]
= (1—2it) f/QHZ (1=2it)** T D (-

a=1 k=0 k! a=1 k=0
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14 O(n=)].

The expansion of order O(n’(l“)) is then obtained by keeping and col-
lecting terms of order up to O(n~!). Let us illustrate the procedure for an
expansion of order O(n~2) and leave the higher-order expansion to the sym-
bolic calculators Mathematica [Wolfram (1996)] or Maple [Redfern (1996)].
For the expansion of order O(n~=2), set [ = 1 and note that

com(t) = (1—2it) 21+ wi(1-2it) 711 —wi) +0(n?)
= (1-2t) {1 +w[(1-2t)" =1} +0(n72)
= cf(t) +wilepra(t) —cp ()] +0(n7?), (12.8)

where c;(t) = (1 — 2it)~f/2 denotes the characteristic function of X% on f
degrees of freedom. Then, by the inversion formula (2.2),

fom(s) = % jo com(t)e o dt
= g7(s) +wilgrrals) — gr(s)] + O(n?), (12.9)

where g () is the p.d.f. of Xfc. Finally, by integration on (—oo, z], the d.f.
takes the form

P(pM < z) = Gy (x) +wi[Gy2(x) - Gp(@)] + O(n~2),

where G (t) is the d.f. of xfc. A full justification of the last two integrations
would require one to show that the remainders in (12.8) and (12.9) are
O(n~2) uniformly in ¢ and s, respectively; v. Box (1949) for details.

The whole purpose of introducing p in the expansion is to reduce the
number of terms. In the above example, one can choose p to annihilate the
term of order O(n~1), i.e., to make w; = 0. Recalling (12.2) and By(h) =
h? — h+ §, we have

1 a - b B
“rT g, > w Ba(Br 4+ G) — vy ' Bales +my)
P | k=1 j=1
1 [ a b
S| RIS SRR St SRS
| k=1 j=1

Thus, w; vanishes by choosing
a b
p=1—f" Y NG -G+ =Dyt —mi+ 2| (12.10)
k=1 j=1

Even though p now depends on zj, and y;, assumed to be of order O(n), the
asymptotic expansion is still valid since for this choice of p, B = (1 — p)ag
and €; = (1 — p)y; are terms of order O(1) and, thus, w, is still O(n™%).
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Proposition 12.1 If W has moments (12.1), where x) and y; are terms
O(n), then with the choice of p in (12.10),

P(pM < z) = Gy(z) + O(n™?). (12.11)

The asymptotic expansions of order O(n~2) were proposed by Bartlett
(1938). The factor p which annihilates the term w; of order O(n™1) is
referred to as the Bartlett correction factor.

We now give the general result for an expansion of order O(n~=%) (I = 5)
calculated with the help of Maple [Redfern (1996)]:

P(pM < z) = Gy(z) + wi[Gria(z) — Gp()] + w2[Gpia(z) — Gy ()]
+307[Gria(m) — 2Gpya(x) + Gp(2)] + ws[Gyy(z) — Gyp()]
twowi[Gry6(x) — Grya(w) — Grya(x) + Gy(2)]
+57 G rio(x) = 3G pya(x) + 3G ya(x) — Gyp()]
ws|Gris(x) — Gr(@)] + wawi [Gris(z) — Gf+6( z) — Gpia(z) + Gy(a)]
+ 3wt [Grig(®) — 2Gfy6(x) + 2G p1a(2) — Gy(2)]
+5701 G ris(x) — 4G 16(x) + 6G i (x) — 4G pya(2)] + Gy ()]
+305[Grig(x) = 2G pya(x) + Gp(@)] + ws[Gryr0(z) — Gp(2)]
Fwawt [Griio0(z) — Grys(x) — Gria(x) + Gy(2)]
twswa[Gri10(z) — Grie(z) — Gria(z) + Gy(w)]
+3wswi[Grrio(x) — 2Gfis(2) + Gyio(@)

—Gyra(@) +2G42(2) — Gy()]
+5wawt [Griao(e) — 3G is(x) + 2G 16(x)
+2Gf14(2) — 3G p42(2) + G ()]
+ 1551 [Gri10(2) = 5G g ys(2) +10G 146(2)
—10Gf14(z) + 5Gr42(x) — Gy ()]
+3wiwn[Griio(e) — Grys(r) — 2Gfi6(x)
+2Gp1a(z) + Grpa(z) — G ()]
+0(n"%).

When p is chosen as in (12.10) so that wy; = 0, then things reduce

considerably.

Proposition 12.2 If W has moments (12.1) where xj and y; are terms
O(n), then with the choice of p in (12.10),

P(PM <) = Gy(@) + wa[Grya(r) — Gp(@)] + w3|Grre(x) — Gy()]
+ws[Gris(e) — Gp(x)] + 3w3[Grys(r) — 2Gra(a) + Gy()]
+ws[Grr10(z) — G(2)] + wswa[Grrr0(z) — Grye(z) — Grra(x) + Gy(z)
+0(n~"%).
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Automatic correction of coverage probability of confidence intervals
[Martin (1990) or of error in rejection probability of tests [Beran (1987,
1988)] is now made possible by the resampling or “bootstrap” technology
(v. Chapter 14). Bootstrap of a Bartlett corrected likelihood ratio test re-
duces level error in Proposition 12.1 from O(n~2) to O(n~3) automatically
without further analytical expansions.

12.3 Examples

We now present some examples.

Example 12.1 Test of sphericity.
The likelihood ratio test (LRT) of sphericity was derived in Proposition 8.11
and its moments are given in Proposition 8.12. Now, it is simply a matter
of rewriting things in the form (12.1) to obtain the asymptotic expansion.
Hence, for W = A™/" m=n—1,
Ly[im + $mh]
1 i
L[3mp + 5pmh]
L[gmp + 5pmh]
L[imp(1+ h)]

E Wh — Kppmh/2

so that we have the form (12.1) with

a=p, .’L'k:%m, <k:_%(k_1)7

b=1, y1=43mp, m=0.

Observe that Y _, xp = y1 is satisfied and xy, and yy are terms behaving
as O(n). The asymptotic expansion with remainder O(n=) as in Proposi-
tion 12.2 is now a simple matter of calculating with (12.6) and (12.10),

f= 3+2)(p-1),

202 +p+2

p = 1-—"
6pm

Bk and €1 in (12.2), and, finally, wa, a = 2, 3,4, 5, in (12.7). Of course, one
could go to great lengths to obtain the most simplified algebraic expressions
in terms of p and n. For ezample, Davis (1971) using properties of Bernoulli
polynomials showed

2(—1)®
ala+ L){a+2)p°

Wa ==
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s By s

0 1 —%p

1| —3 iplp+1)

2 % —%19(2172 +3p—1)

3 0 00—+ 1) +2)

4| -3 — 155 p(6p* + 15p® — 10p* — 30p + 3)

50 0 s — D+ 1) +2)(2p* +2p - 7)

6| 45 | —7egp(6p®+21p° —21p* — 105p° + 21p? + 147p — 5)

7 0 | =P —1)(p+1)(p + 2)(3p* + 6p> — 23p> — 26p + 62)

Table 12.1. Polynomials ds and Bernoulli numbers By for asymptotic expansions.

+
Ol+2 a+l—s 1 BS 1 1—s

where By = By(0) are the Bernoulli numbers and the ds are certain
polynomials in p defined by Box (1949) (v. Table 12.1).

Example 12.2 Asymptotics for U(p;m,n) distributions.
The LRT for the general linear hypothesis in multivariate regression was
described in Proposition 9.3 as A*/™ ~ U(p;r,n — k). Another example is
the LRT for independence between two subvectors in Proposition 11.2 where
A" ~ U(pgspr,n— 1 — pr).

Thus, we derive the asymptotic expansion for W ~ [U(p;m,n — ¢)]"/?,
where n — ¢ > p, which includes both cases. Now, the moments of U
distributions were given in Problem 11.6.1. Hence,

EW" = E[Up;m,n—c)]™/?
b T[3(n—c—p+k)+ snh]
AT 0 e p )+ ol
et Llgn(1+ ) + 3(—c—p + k)]

i1 Dlgn(1+h) + 5( m—c—p+j)|’

which is of the form (12.1) with
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a=p, J?k:%n, Ck:%(_c_p+k)7

b=p, yj=4in n=3(m—c—p+j).

Note, again, that x), and y; are O(n) and Y2} _, x = Y 1_, y; is satisfied.
Using (12.6) and (12.10), we have

f= pm,

p = 1-nlfe—im-p—1)
An interesting peculiarity in this case which derives from a symmetry
property of Bernoulli polynomials [Erdélyi et al. (1953), p. 37/, namely
Bo(1 —h) = (—=1)*Bq(h), is that waq—1 = 0, o = 1,2,..., which means
the series involves only terms of even powers of n=! [Lee (1972)]. To see
this, first note

Br=0-par = jle—3zm—p-1),
B + Cr

Il

|
N[ =
ey
3

+
S
I

=
I

Ko

and, similarly,
€+ Mk = %[%(m—p—kl) +k]

Therefore, we find (note that k — p — k + 1 reverses the order of terms in
the following sums)

P P
ZBM(ﬂkJer) = ZBza(*%[%(erP*l)*k])
k=1 k=1
P
= ) Bau(-33m+p-1)—(p—k+1)
k=1
P
= D B (1+35[5m+p—1)—(p—k+1))
k=1
P
= Y Boalex +m),
k=1
and from (12.7), woa—1 = 0, « = 1,2,.... Thus, the expansion in

Proposition 12.2 further reduces to

P(pM < ) = G () + walGraa(a) — Gp(a)] + n[Gris(a) — Gy ()]

363G as(2) — 2 ra(z) + Cp(a)] + O(n~°), (12.12)

where from the same symmetry property of Bernoulli polynomials, one can
easily establish that

92a p

Y Brar1 (3[5(m—p+1)+k), a=12....

Waq = —o——
a(200+ 1)(pn)?« Pt
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O(n=2) | .9500 .9500 .9500 .9500 9500 .9500
O(n=%) | .8107 .8848 .9220 .9345 .9402 9451
O(n=%) | .7168 .8642 .9182 9334 9397 .9449
exact 4714 8315 9139 .9322 9393 .9448

Table 12.2. Asymptotic expansions for U(2;12,n) distributions.

A small-scale numerical evaluation of (12.12) would help to determine
how large n should be for the asymptotics of U(p;m,n) distributions to
be accurate. Fix p = 2 and m = 12, and vary n =2, 5, 10, 15, 20, and 30.
The asymptotic distribution of —nlogU(2;12,n) is x3,. So, we choose the
critical point x = X.295,24 = 36.41502. The evaluation of

Pl—(n+3(12-2-1))logU(2;12,n) < 36.41502]

using (12.12) led to Table 12.2.
The exact values were obtained for p = 2 with the transformation in
Problem 11.6.2:

P(—pnlogU(2;12,n) < x)

P (U(Q; 12,n) > e*f/fm)

n— _a1/2
P(F(24,2(n—1))§( 11)2(;1/2‘” )),

with y = e~/ The approximations of order O(n=%) can thus be used
in practice for n as small as 10 in this case. They are nearly exact to four
decimal places for n = 30.

Example 12.3 Test of mutual independence between subvectors.
This is a continuation of Problem 11.6.7, where in item (ii), we found the
moments of A = A2/™,

Fp(%m + h) ﬁ ij(%m)
j:1 ij (%m + h) ’
with m =n — 1. This can be written in the form of (12.1) for W = A as

k=1 Llgn(1+h) — 3]

EWh=F A"? = K : ,
Hj:l Hfil F[%n(l +h)— %l]

with the identification

n, (jk:—%k,k‘zl,...,a,

[N

a=p, T =

bzzgzlpj:p, yjl:%n, Ny =—5bLji=1...,r,l=1,...,p;.
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The constants f and p can be verified with (12.6) and (12.10):

p T Pj
] R ) | P
k=1 j=11=1
233 + 93,
R e
6”22
where Xy = p°® —Z;Zl p;. For simplified algebraic expressions of we through
we, the reader is referred to Box (1949).

Example 12.4 Test of equality of variances.

The null moments of the modified likelihood ratio test A* for the hypothesis
Hy: 3 =--- =3, were obtained in Proposition 8.17. Thus, for W = A*,
we can write

mpmh/2 I‘p(%m) - I‘p[%mi(l + h)]

h  _
EW" = - mpmh/Z]_"[ (1+h)]£[1 F(lmi)

i=1 pi2

T 1<2 w2 I T, Pama(1+ h) — L — 1))

= K

[T, T ()™ L Tlgm(l+h) — 50 - 1)
which is of the form (12.1) with the identification

a = pa, mkl:%mk, Ckl:—%(l—l),k;:l,...,a,l:l,...,p,

N[

The degrees of freedom f and p in (12.6) and (12.10) are

Fo==2>> ¢ - Zm 3(pa—p)

k=11=1

po= 1= f NS MG G+ Z ;= 5)
k=1 1=1 j=1
@ sp-1) (11
=1 6(p+1)(a—1) (;mk m>'

Values of we, can be calculated from (12.7) in simplified algebraic form but
this is unnecessary since they can be easily programmed for the computer
to evaluate the expansion in Proposition 12.2. Note finally that since we
require (1 —p)zr, and (1—p)y; to remain bounded, the expansion is asymp-
totic as m — oo while my/m — ay for some proportions 0 < oy, < 1 such
that >3 _, op = 1.
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The basic idea in asymptotic expansions was to represent the cumulant
generating function in the form (12.5). This is often possible even though
the moments may not be of the form (12.1).

Example 12.5 An example is provided by the modified likelihood ratio test
for a given variance in Problem 8.9.8, where

mph /2 1
E AN = (26) (1+ h)—mP(1+h>/2—FP[Qm(l1 + h)], m=n—1.
m Ip(zm)
For W = A*, Dawis (1971) showed that Proposition 12.2 holds with
fo= splp+1),
2p% +3p—1
p o= 1L P
6m(p+1)

2(—1) W fa+2 e
Wo = a(a+§)(a)+2),0az(s+l)(l_p> + <53(§m) °, (wle).

s=1

The §s are the same as those of Table 12.1.

For asymptotic expansions of the null distribution of Lawley-Hotelling
and Pillai trace tests, the reader is referred to Muirhead (1970) and
Fujikoshi (1970).

12.4 Problem

1. This problem develops the asymptotic expansion of the LRT for the
equality of means and variances

Hoil,l,lz...:ua; Yi=-=3,

between a multivariate normal populations. The LRT A, together
with its moments, are given in Problem 8.9.14. Using the same
notation and W = A, establish the following;:

(1) The moments of W have the equivalent form

h a
; (%”)n/z ] | F[%nl(l +h) — %k

EWh=K =L ,
bt LT (Gru)me/? ?:11—‘[%”(1"‘}0 — 3J]

(ii) Perform the usual identification to conclude the validity of
Proposition 12.2 with

f= 3(a=1)pp+3),
o, @+ +1) - 11
po= 6(a —1)(p+3) <Zm n)

i=1
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Robustness

13.1 Introduction

Many inference methods were presented in previous chapters for multi-
variate normal populations. A question of theoretical and utmost practical
importance is the effect of non-normality on the inference. For example,
what happens if the likelihood ratio test of sphericity, derived assuming
normality, is performed, but, in fact, the population follows a multivariate
student distribution on 10 degrees of freedom? Is the significance level of
a = 5%, say, still close to 5%? The theory of robustness gives answers
as to how sensitive multivariate normal inferences are to departures from
normality. Most importantly, it proposes some remedies, i.e., more robust
procedures. In Section 13.2, we present some non-normal models often used
in robustness, the so-called elliptical distributions. The rest of the chapter
is devoted to robust estimation and adjusted likelihood ratio tests.

A robust analysis of data is useful in several ways. It can validate or re-
buff data analysis done on classical assumptions of multivariate normality.
It also comes into play in the identification of outliers, which is a challeng-
ing task for data sets with more than two variables. Robust estimates of
location vector and scale matrix serve this role admirably. They can be
used to evaluate robust Mahalanobis distances from an observation vector
x; to the location vector. Points with large Mahalanobis distances can then
be singled out and scrutinized.
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13.2 Elliptical distributions

Suppose that x € RP has a density
Fx(x) = |A]7Pgl(x — ) A7 (x — )],

where g : [0,00) — [0,00) is a fixed function independent of p and A =
(A;j) and depends on x only through (x — u)’A~'(x — p). Denote this
elliptical distribution by x ~ E,(p, A). The main reference for elliptical
distributions is Kelker (1970). The affine linear transformation y = Bx+b
with B € G, and b € R? has density

fy(y) = [BAB'|"/2g[(y — Bu— b) (BAB') "' (y — Buu — b).

Thus, y ~ E,(Bp + b,BAB’); i.e., the transformation x — Bx + b in-
duces the parameter transformation u — B + b and A — BAB'. In
particular, z = A~'/2(x — u) ~ E,(0,I) has a spherical or rotationally
invariant distribution. Elliptical distributions are a location scale general-
ization of spherical distributions. Thus, for example, if z ~ E,(0,I) with
characteristic function necessarily of the form c¢,(t) = ¢(t't) (v. Prob-
lem 4.6.6), then x = A'/?z + p ~ E,(u, A) has characteristic function
cx(t) = exp(it’p)o(t' At). Moreover, if z has a finite second moment,
FE z = 0 and var z = ol, for some constant «, implies £ x = p and
var Xx = X = aA. An important implication is that all elliptical distribu-
tions with finite second moments have the same correlation matrix. The
constant & = —2¢’(0) (v. Problem 4.6.15) is easily found by differentiation
of ¢, (t).

Examples of spherical distributions commonly used in robustness are
members of the normal mixture family with density

) = [ 2mw) P expl- o ) (w),

where F(-) is the “mixing” distribution function on [0, c0). These can be

1/2

. . . . d
simulated easily using the representation x = w'/“z, where w ~ F, z ~

N,(0,I), w I z (v. Problem 13.6.1).

Example 13.1 Obviously, P(w = o2) = 1 yields the N,(0,0°I)
distribution.

Example 13.2 The two-point distribution,
Plw=1) = 1-—g¢,
Plw=0%) = e

for some “contamination” proportion 0 < € < 1, yields the symmetric
contaminated normal distribution.

Example 13.3 The multivariate t on v degrees of freedom denoted t,, , is
obtained with vw=! ~ x2. The reader is asked to show in Problem 13.6.1
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that x has density
Fx(X) = ¢ (1 + xX'x/v)"WHP)/2 | x e RP,
where ¢,, = (vm)7PT [L(v+p)] /T (3v). The general multivariate

tp (1, A) is obtained by relocating and rescaling, y = AV2x + i, and
has density

Fy(¥) = cpul ATV 1+ (y — ) ANy — ) /7]

The multivariate t on 1 degree of freedom is also known as the multivariate
Cauchy distribution.

_(”+p)/2’ y c RP.

The Kotz-type distributions form another important class of elliptical
distributions [Fang et al. (1991), p. 76]. Their characteristic function was
obtained recently by Kotz and Ostrovskii (1994). Elliptical distributions
that can be expanded as a power series are defined in Steyn (1993) and
used to define other nonelliptical distributions with heterogeneous kurtosis.

The following result gives the marginal and conditional distributions for
an Ep,(p, A) distribution. Let x = (x},x5)" with x; € RPi, i = 1,2, p =
p1 + p2, and partition g and A in conformity as

po= (),
A Ay
A = .
(A21 Aso
Proposition 13.1 The marginal and conditional distributions of an
E,(pm, A) distribution are elliptical:

(i) x2 ~ Ey, (1, Ag2),

(ii) X1|X2 ~ Epl (/1’1.27A11-2); where

Bro =+ ApAsy (X2 — py),
Ao = A — A12A521A21~

The conditional variance is of the form var(xi|x2) = w(x2)A11 .2, for some
function w(xz) € R which depends on xo only through the quadratic form

(x2 — HQ)/Az_zl(XZ — W)

Proof. Letting t = (0/,t}) in cx(t) = exp(it’ p)p(t' At), we find ¢y, (t2) =
exp(ith o) P(thAgats) and, thus, xo ~ E,, (1, Agz). For the conditional
distribution, let
z=x1 — [y + A12Agy) (x2 — ko))
with jacobian J(x — z,x2) = 1. Upon using Problem 1.8.2, the conditional
density z|xs is
A7 22 AL oz + (%2 — py) Agy' (X2 — )]
[ Ao 71/2 ficy (x2) ’
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where fy,(x2) depends only on (x2 — p5)'Asy (X2 — py). Thus, we have
z|x2 ~ Ep, (0, A11.2) and, in turn, x1|x2 ~ E,, (f41 9, A11.2). O

Example 13.4 The univariate power exponential distribution has p.d.f.

T —p
Al/2

2c
folx) = cl,aAfl/2 exp (—é ) , a>0. (13.1)

A multivariate extension seems to be
fx(x) = cpal A| 7 exp {—% [(x =) A (x — u)]a} : (13.2)

This elliptical distribution has an advantage of generating distributions with
heavier and lighter tails than the multivariate normal by taking o < 1 or
a > 1, whereas many other elliptical distributions including the multivariate
t cannot generate lighter-tail distributions. Kuwana and Kariya (1991) used
this property to derive a locally best invariant test of multivariate normality
(o =1). Taking o = 0.5 simply, in (13.2),

E (z1—m)? = 4(p + 1A,

which depends on p (v. Problem 13.6.5); the corresponding moment in (13.1)
18

E (ZL’ - M)Z = 8A11, with A = All'

So, the marginal distribution of x1 in (13.2) is not that of x in (13.1).
The inconsistency takes place for many other elliptical distributions. Kano
(1994) characterized the consistency property of elliptical distributions: An
elliptical family is consistent iff it is a normal mizture family. In partic-
ular, the multivariate normal and multivariate t families are consistent.
In Proposition 13.1 the marginal is elliptical but possibly of a different
functional form since the characteristic function ¢ may be related to p.

For the estimation of (p, A), it seems natural to ask that location and
scatter estimates transform in exactly the same manner as the parame-
ters; i.e., that they be “affine equivariant” as described in the following
definition. Formally, let

be the sample matrix.

Definition 13.1 The location and scatter estimates 1(X) and A(X) are
affine equivariant iff for all B € G, and b € R?,

i(XB' +1b') = Bj(X)+b,
A(XB'+1b') = BA(X)B.
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When the underlying distribution belongs to an elliptical family, the distri-
bution of affine equivariant estimates has a special structure. In particular,
the general form of the mean and variance estimates can be characterized
for finite samples. To establish this general form, we need to extend the no-
tion of rotational invariance of random vectors in Section 4.4 to symmetric
random matrices.

Definition 13.2 A random symmetric matric W is rotationally invariant
FWLHWH', VH € 0,

The following lemma [Tyler (1982)] characterizes the general form of the
mean and variance of any rotationally invariant random matrix.

Proposition 13.2 Let W € RE symmetric be rotationally invariant with
finite second moments. Then, there ezist constants 1, o1 > 0, and oy >
—201/p such that

EW = 9l
var W = 01(I+K,)+ o vec(I)[vec(I)]'.

Proof. For the mean, let E W = A. By rotational invariance, A = HAH',
VH € O,,. Hence,

x'Ax = xHAH'x = y'Ay, Vx,y e R?, |x| =|y| = 1.

Choosing x = h; and y = h;, the ith and jth eigenvectors of A corre-
sponding to eigenvalues A; and A;, respectively, we get A, = A\; = n (say).
This means A = nl. For the variance, let

— / /
Q=var W = E Qijkleiej ® erep,

——

where cov(wyi,wi;) = Qijr- Note that {e;e; ® ere},i,j,k,l = 1,...,p

forms a basis for Riz. Since W < HWH', VH € O,, then vec(W)
(H® H)vec(W) and, thus, 2 = (He H)Q(H @ H'), or

> Qijubih} @ heh) =Y Qneie] ® erel,
where H = (hy, ..., h,). By choosing for some m, h,, = —e,, and h, = e,,
r # m, we obtain Qi =0 unlessi =j=k=10,i=jandk=1,1=k
and j =1, or i = and j = k. By choosing H to give a permutation of the

TOws, we obtain Qiiii = 09, Vi = 1, oD, Qiikk = 01 for 7 7é k, Qi]‘z‘j = 02
for i # j, and Q;;;; = o3 for ¢ # j. Thus,

/ / / /
Q = oy <§ e;€e; ®eiei> + o1 E e;e; ® eye),
i

ik

[l

/ / / /
“+02 E e;e; X e;e; + o3 g e;e; K eje;
i#] i#]
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= o011+ o3 vec(I)[vec(I)] + o3 K,

+(O’0 — 01 — 09 — 0'3) (Z eieg ® eie§> .
Since VH € O,
HeoHIH oH) = I,
(H @ H)vec(I)[vec(I)]'(H @ H') vec(I)[vec(I)],
HoHK,(HoH) = K,

and

(Ho H) (Ze e, ®ee ) (H oH) # (Zeie; ®eie;> ,
for some H € O, it follows that g — o1 — 02 — 03 = 0. Also, since W is
symmetric, cov(w;;,wj;) = var w;j, which implies 01 = 3. Therefore,
Q=011+ K,) + oavec(I)[vec(I)]".
The conditions on o; and o5 follow since €2 is positive semidefinite. O

The variance of W = (w;;) can be written componentwise with the
Kronecker delta

cov (Wi, wij) = 01(0i0k1 + Oxjdi) + 0208015

The form of var W states that the off-diagonal elements of W are un-
correlated with each other and uncorrelated with the diagonal elements.
Each off-diagonal element has variance o;. The diagonal elements all have
variance 2071 + o9 with the covariance between any two diagonal elements
being o5.

Example 13.5 A simple example is W ~ W,(m) which is rotationally
invariant with var W = m(I + Kp).

Example 13.6 Assume x ~ E,(0,A) and let W = xx’. Then
var W = (AY2 @ AY?)var(z2') (AY? @ A1/?),
where z ~ E,(0,1). Using Proposition 13.2 var(zz') is evaluated with

o1 = VaI‘(leg):E(Z%ZQ) 22,
oy = cov(zf,23) = E(2{23) — E(27)E(23) = pioa — i.
In terms of cumulants we have o1 = koo + k% and oo = koo. These
cumulants are easily found with the Taylor series
it1)? ity)? ity)* itg)?
o +8) = Rty g U G0 (i)
2! 2! 4! 4!
it it
gy G G2 g0y

2! 2!
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The reader can verify by differentiation (v. Problem 13.6.3)
k? = 72(13/(0) =,

ke = 12(¢"(0) — ¢'(0)%),
kaa = 4(4"(0) - ¢'(0)%).
The kurtosis of z; is
ky L (¢"(0) = ¢'(0)%) _
B eop =

where k represents a kurtosis parameter. Thus, ky = 3ka? and koy = ka?®.

Finally, we obtain o1 = (1 + k)a? and oo = ka® from which
var(zz') = o (1 + k)(I+ K,,) + o*k vec(I)[vec(I)]’
and
var W = (14 k) I+ K,)(Z®X) + k vec(Z)[vec(X)],
where X = aA is the variance of x.

Corollary 13.1 If ii(X) and A(X) are affine equivariant with finite sec-

ond moment and xX1,...,%X, are t.i.d. E,(p, A), then there exist constants
n, 3>0, 01 >0 and o3 > —201/p such that
EpX) = p,
var i(X) = fA,
EAX) = nA,
var A(X) = o1(I+K,)(A® A)+ oy vec(A)[vec(A)]'.

Proof. First, X < ZAY/2 + 14/, where

Z=| :

ZI
and z;’s are 1.i.d. F,(0,TI). Hence, f1(X) < (ZAY2 1) = AV2(Z) +pe.
Obviously, ft(Z) is a rotationally invariant random vector. Using the result
of Section 4.5, E f1(Z) = 0 and var fi(Z) = B, for some 8 > 0. Therefore,

E fu(X) = p and var u(X) = BA. Similarly, A(X) £ AY/2A(Z)AY/2, where
A(Z) is a rotationally invariant matrix whose mean and variance have the
general form in Proposition 13.2. Hence, E A(X) = nA, for some 7, and

var A(X) = var {(Al/2 ® Al/Q)VeC(A(Z))}
(AY2 © A1/?) [Var A(Z)] (AY2 @ A1/?)
o1(I+K,)(A®A) + o2 vec(A)[vec(A)]



13.3. Maximum likelihood estimates 213

for some o1 > 0, 03 > —201/p. ]

Complicated expressions using tensor methods for third-order and
fourth-order cumulants of affine equivariant estimates in elliptical families
were obtained by Griibel and Rocke (1990).

Another way of writing var A(X) is to give the covariances between any
two elements of A(X) = (A;;):

cov(Awi, Arj) = o1 (AijAwt + ArjAa) + o2 Ariy;.
One should note that a reasonable estimate of A assumed positive definite
should satisfy A(X) > 0 w.p.1, and in that case, n > 0.

13.3 Maximum likelihood estimates

Assume x1,...,x, i.i.d. x ~ E,(p, A) with var x = oA = 3. The simplest
but inefficient method to estimate (@, A) would be to use the MLE under a
N,(p, X) distribution, X and ¥ = L 3" | (x; —%)(x; —X)’. A more efficient
procedure would be the MLE under the “true” E,(u, A) model. These two
possibilities are now investigated.

13.3.1 Normal MLE

When x has finite fourth-order moments, the general discussion of
Section 6.3 showed that

1/2 A*E d +1 var W O
e (F) e (" 3))

where W = xx’. From the calculation of var W in Example 13.6, it follows
that

n1/2(ﬁ) - Evi - /*l’) i (N7 n)a
where n Il N,

n ~ N,(0,%)
N ~ NO,(1+E)(I+K,)(E®X)+Fk vec(X)[vec(X)]').

13.3.2  Elliptical MLE

For x ~ E,(p, A) defined with a known function g(-) the log-likelihood for
(p, A) is simply

In(p, A) = cte + > Ing[(x; — p)/ A7 (xi — p)] — $nln Al (13.3)
1=1
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Differention with respect to p and A (v. Problems 1.8.9 and 1.8.10) leads
to the equations

n

Zu(si).&_l(xi —[) 0

i=1

%Zu(si).f&_l(xi — ) (x; — 1)’ ATt — %nf\_l = 0,

i=1

where u(s) = —2¢/(s)/g(s) and s; = (x; — 1)’ A= (x; — f1). Thus, the MLE
satisfies the implicit (because s; depends on (f1,A)) estimating equations
o= ave[u(ss)xi] Jave [u(s:)] (13.4
A = avelu(s;)(x; — 1) (x; — )] . (13.5)

The notation “ave” means arithmetic average over i = 1,...,n.

Example 13.7 The multivariate Student’s t, ,, has g(s) o< (1+4s/v)~+p)/2
and u(s) = (v+p)/(v + s). Note that u(s) > 0 and is strictly decreasing.
It acts as a weight function, giving more weight to data points with small
squared Mahalanobis distances.

The existence and unicity of a solution to the estimating equations is
a difficult problem. For the location-only problem, it is known in the uni-
variate case [Reeds (1985)] that the estimating equation is susceptible to
multiple solutions. Uniqueness of the solution in the univariate location-
scale Cauchy (v = 1) problem was established by Copas (1975) and for
v > 1 by Mérkeldinen et al. (1981). The approach presented here is that of
Kent and Tyler (1991), which works equally well in the multivariate case.
The location-scale problem is very tricky, but the scale-only problem is
quite simple. We will thus concentrate on the latter problem.

Scale-only problem

For the scale-only problem, we assume without any loss of generality that
p = 0. The log-likelihood reduces to

n
I(A) = cte + Z Ing(x;A""x;) — nln|A]
i=1
and the estimating equation simplifies to

A = ave [u(s;)x;x}] (13.6)

where u(-) is as before and s; = x,A~'x;. Let ¢(s) = su(s) and assume
that

lim ¥(s) = ag > 0.

S5— 00
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This condition is satisfied for the ¢, , distribution, as lim,_, ¥ (s) = v +p.
The following condition on the data is to ensure the existence of a solution
to (13.6). It specifies that the data points should not be too concentrated
in low-dimensional linear subspaces of RP. Let P,(-) denote the empirical
distribution of x1,...,x,, i.e., for any borel set B C RP

Po(B) = % i[(xi € B).

Condition D. For all linear subspaces V C R? with dim V <p—1,
P,(V)<1—[p—dim V]/ao.

The existence of a solution under condition D is proved in Kent and
Tyler (1991). Proving existence is the most difficult part, but uniqueness
of the solution and convergence of a numerical algorithm is much simpler.

Proposition 13.3 Under condition D, there exists A > 0 such that

I(A) <I(A), VA > 0.

Note that when sampling from an absolutely continuous distribution con-
dition D is satisfied w.p.1 for ag > p and sample sizes n > p since for any
subspace V, k =dim V<p—1,

w.p.1 _ _
ARk k) k)
noop P ao

The following condition of monotonicity is for unicity of the solution.

Condition M.

Pa(V)

(i) For s >0, u(s) > 0 and u(s) is continuous and nonincreasing,.

(ii) For s > 0, 9(s) = su(s) is strictly increasing.

Proposition 13.4 If conditions D and M hold, then there exists a unique
solution A to (13.6).

Proof. Existence is ensured by condition D. Now, assume there are two
solutions A = I and A = A. Let A have eigenvalues Ay > --- > A, and
assume, if possible, A\; > 1. Since su(s) is strictly increasing and u(s) is
nonincreasing, it follows that for x # 0,

- A Txx

u(x’ A71x) < u(A\x'x) u(A]1x'x) < Au(x'x),

- )\flx’x
where the first inequality used Rayleigh’s quotient. This implies

A = ave [u(x]A 7 x;)x;x]] < Ay ave [u(xjx;)x;x}] = \ 1.
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This gives the contradiction A\; < A1, and so A1 < 1. A similar argument
shows A, > 1. Thus, A =L O

Under conditions D and M, the unique solution can be found by regarding
the estimating equation as a fixed-point equation. Given a starting value
Ay > 0, define the iterative numerical algorithm

A, 11 =ave [u(x;Afnlxi)xix;] ,m=20,1,....

Proposition 13.5 Under conditions D and M, for any Ay > 0, A,,
converges as m — oo to the unique solution (the MLE) of (13.6).

Proof. Conditions D and M ensure existence and uniqueness of a solution
A. Since x; — Bx;, B € Gy, induces the new solution A — BAB/,
one can assume without loss of generality that A =1 is the solution. Let
Alm = -+ 2> Apm be the eigenvalues of A,,, m =1,2,....

Step 1: The following results are established:

(1) M < 1= A1 <1,

(i) A > 1= A m+1 < A,
(iii) A\pm > 1= Apms1 >1, and
(1v) Apom <1 = Apmt1 > A\pom-

Note that (iii) and (iv) imply A,,+1 > 0 whenever A,, > 0. To prove (i),
if A1 <1, then

XA x> AL nX'x > x'x,
and since u(s) is nonincreasing, u(x’A‘1 ) < u(x'x). Given that A =1 is
the solution, this implies A,,+1 < ave [u(x;x;)x;x}] = 1. Thus )\1 m1 < 1.
The proof of (iii) is similar. To prove (ii), since x’ A, 'x > A\[' L x'x, u(s) is

nonincreasing and su(s) is strictly increasing, it follows that 1f AMm > 1,
then

u(x'A; %) < u(AL L x'x) < A nu(x'x),
with the second inequality strict for x = 0. This implies
A'rrL+1 < >\1,m ave [U(X Xz)xz ] )\1 'rrL

Thus, A1 m+1 < A1,m. The proof of (iv) is similar.
Step 2: We shall now show that

(v) limsup Ay <1,
(vi) liminf Xy, > 1,

from which it follows that Ay ,, — 1 and Ap,, — 1, so that A,, — I (v.
Problem 1.8.13). Given A > 0, let A (A) denote the largest eigenvalue and
define

d(A) = ave [u(x;A7"x;)x;x]] .
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Step 1 implies that if A\j(A) > 1 and B = ¢(A), then A\ (B) < A (A).
In view of step 1, statement (v) requires proof only in the case in which
M,m = AM(Ay) > 1, ¥m. Note that \; ,, is a decreasing sequence in this
case. Let \* = lim A ,,, > 1 and suppose, if possible, that A* > 1. From step
1, the eigenvalues of the sequence A,, are bounded away from 0 and co.
Thus, we can find a convergent subsequence A,,,; — By say, where By > 0.
Further, Ay, 11 = ¢(A,,,) — #(Bo) = By, say. Since Ay, is decreasing,
A1(Bg) = lim Ay, = A* and A1 (B1) = lim Ay 4y, 41 = A*. However, step 1
implies that A\ (B1) < A1(Byg), giving a contradiction. Hence, (v) follows.
Item (vi) is proved similarly. O

Location-scale problem

Results for location scale are derived by embedding the p-dimensional
location-scale problem into a (p + 1)-dimensional scale-only problem. For
given A € Pp, p € RP, and v > 0, let

A + ,yfl / —1 1
A= < 7‘1;;‘“ VW_{‘ e RPT (13.7)
and observe that any A € P,;1 can be written in this form. On using the
inverse of a partitioned matrix (v. Problem 1.8.1), one finds

A—l _ A_l _A_lp‘
- _“/A—l ,Y+HIA—1N :

Now define the artificial vectors y; = (x},1)’ € RP™! and note that
ViATlyi = (xi — ) AT (i — )+ (13.8)

Let A(;) be defined as in (13.7) but with v = 1. Upon using (13.8) and
|A1y| = |A], the objective function (13.3) can be expressed as

In(p, A) = 1(Aqy) = cte + Zlng(yéA&%yi —1) = snln|Aql. (13.9)

i=1
Thus, the problem of maximizing (13.3) over p € R? and A € P, is equiv-
alent to maximizing I(A (1)) over A(y) € Ppy1 with the restriction that the
(p + 1,p + 1) element of Ay be 1. Moreover, the estimating equations
(13.4) and (13.5) can be rewritten in a single estimating equation as
. A A1~ At A—1n
A= ( Ji:ylAH“ v 1“) = avelu(s;)y:y], (13.10)

A v

where 471 = ave[u(s;)] with s; = (x; — 1)/ A~ (x; — f1), as in the original
location-scale formulation. Using (13.8), the single estimating equation can

be reexpressed as

A = ave [u*(y;Aflyi; ’y)yiy;} , (13.11)
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where u*(s;y) = u(s —+y), for s > «. This looks very similar to the estimat-
ing equation of a scale-only problem, the difference being that the function
u*(+;%) depends on the data through 4. The next condition for existence of
a solution is just the previous condition D on y;’s recast in terms of x;’s.

Condition D1. For all translated linear subspaces (hyperplanes) H C RP
with dim H <p—1,

P,(H)<1—(p—dim H)/ap.

This time if ag > p+ 1, n > p + 1, then condition D1 is satisfied w.p.1
when sampling from an absolutely continuous distribution.

Proposition 13.6 If conditions D1 and M hold, then there exists a solu-
tion 1 € RP and A > 0 to (13.11). This solution is unique if (s +4)u(s) is
strictly increasing in s > 0 for 4~1 = ave[u(s;)] defined above.

A difficulty in applying Proposition 13.6 is the strictly increasing condition

which depends on the unknown 4. However, given a solution (f, A) the
condition guarantees that no other solutions exist. For the ¢, , distribution,
v > 1, we prove that 4 is independent of the data (% = 1) and the condition
is thus automatically satisfied for v > 1 since

(s+A)u(s) = (v+p)(s+1)/(s+v)
is strictly increasing.
Lemma 13.1 For the t,, distributionv >1, ¥ =1.

Proof. If v, > v and (s + v, )u(s) is strictly increasing and condition M
holds, then (s + v)u(s) is also strictly increasing. Multiplying by A~! and
taking the trace of (13.5), we get ave[s;u(s;)] = p. Thus, Vb > 0,

p = ave[(s; + b)u(s;)] — by 1,

which implies v; < 4 < 7, where

%:1 = supinf[(s+ b)u(s) — p]/b,
b>0 $>0
7' = infsup[(s + b)u(s) — p]/b.
b>0 s>0
Letting b = v, we obtain 1 <, <4 <+, < 1. -

The Cauchy case, v = 1, has (s + 1)u(s) = p + 1, which is not strictly
increasing. It requires a special treatment, but the MLE is also unique
under condition D1 [Kent and Tyler (1991)]. For the t,, case, since ¥ is
independent of the data, this means that when condition D1 is satisfied,
the fixed-point algorithm still converges to the MLE. So, for any starting
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values py and Ag > 0, the iterative equations
ave {u [(Xi - I”’m)lA;zl (Xi - um)] Xi}
ave {u [(xi — p,) A (xi = p)] }
A = ave {u [(xi = ) AL (% = p) | (%6 = 1) (%5 = )"}
converge to the MLE.

“erl

i

Asymptotics for the MLE

The general theory of maximum likelihood coupled with the fact that the
MLE is affine equivariant tells us that for some constants (3, o1, and o3,

n'/?(A— A i~ p) % (N.n),
where
n ~ N,(0,8A)
N ~ NP(0,0:(I+K,)(A® A)+ oz vec(A)[vec(A)]').
Using Fisher’s information, these constants can now be evaluated and we

can also show that N Il n; i.e., they are asymptotically independent. The
score function is the derivative of

s A) = cte + Ingl(x — p) A~ (x — )] — L In[A]

with respect to (p, A) and its variance is called Fisher’s information and is
denoted by Z(u, A). It is also well known that the asymptotic variance is the
inverse of Fisher’s information. Let us show that Z(u, A) is block-diagonal
and thus N _l n. We have

ojop = u(s)A™H(x— p)

OLJOA = —IA' 4+ Iu(s)A 7 (x —p)(x — p) AT,
where s = (x — p)’A71(x — p). The constants 3, o1, and o being inde-
pendent of (w, A), it suffices to evaluate the variance of the score while
assuming (@, A) = (0,I) and x L~ E,(0,I). The expectation

E{01/0p; - 01/0A 1}

involves only first-order and third-order product moments of z, which is

spherical. Since these moments are all null, it follows that Z(0,I) is block-
diagonal with blocks Z; and 7y, say. We then calculate 8 from Z; ! Now,

Iy = E{(0l/op) (0l/op)'} = E u’(s)zz
= E[su*(s)|E[uu’],
where we have let z = s'/?u, where s < |z|?, u ~ unif(SP~1), and

s Il u. Then, Z; = p~ ' E[su?(s)]I if we note that £ uu’ = p~'I (v. Prob-
lem 13.6.4). Thus, we have shown that 3 = p/E[su?(s)]. We now evaluate
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o1 and o9 from Zy. We would like to identify var N with Z; ! but we must
first eliminate the redundant elements of the symmetric N for var N to
become nonsingular. For this reason, define

A] = (Ova)/:pX.jajzlv"'7pa

M, = diag(A,,...,A1) cp? X %p(p +1),
and verify that for any symmetric A € RP, M vec(A) is the ip(p+1)-
dimensional vector formed by stacking the columns of A after deleting the

upper triangular part of A. Now, var(M, vec(N)) = M}, var(N)M,,. Tt is
easy to check that

MM, =1, MJK,M, =D,, M, vec(I,) = a,,

where
a; = (1,0,...,0) €eRI, j=1,...,p,
a, = (a;,...,a’l)/:%p(p—l—l)xl,
D, = diag(ap).

Then, we can identify
I, = 011+ D,) + o2a,a),.
Using the inverse of a perturbed matrix (v. Problem 1.8.8), we have with

the relations (I+D,) 'a, = 1a, and aj,a, = p,

I, = o] (I+D,) ! —o2[doi(1+ 3posor )] tayal,
= i1(I+D,)"" +izapal,
where
i1 =071, iy = —02[407 (1 + dposoy M) 71 (13.12)
As an example for p = 2, we thus have the identification
I, = i(I+D,)"' +icaa,
sir+iz 0 ia
= 0 i1 0
io 0 i1+ is

2
Il al ol Il al
OA11 OA11 02y OA11 022
E ol ol Y ol ol
OA11 O0A21 OA21 OA21 OA22
ol ol ol ol ol 2
OA11 OA22 OA21 OA22 OA22

Thus, in general for i # j,

i1 E{(01/0A;)?}
iy = E{(01)0A:;)(01/0A;;)}.
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These are evaluated with
olJoN;; = wu(s)ziz; < P(s)uuy,
OlJoNy; = —3+Lu(s)?}

Using Problem 13.6.4, E u} = p~' and E uu} = [p(p +2)]7", i # j, the
final result is thus

iv = [plp+2)] ' E¢(s),
iy = —1+[pp+2)]'E ¢*(s)

if we note that E t(s) = p. The constants o1 and o5 are obtained by solving
equation (13.12). The density of s was given in Problem 4.5.13. We have
proved that under regularity conditions for the MLE [Lehmann (1983), pp.
429-430)

Proposition 13.7

n'/2 (A — A, ju— p) % (N,n),
where N Il n and

n ~ N,(0,5A),
N ~ NE(0,0:(I+K,)(A®A)+ oz vec(A)[vec(A)]'),

with

B = p/E[SUZ(S)]’

o1 = plp+2)/ER*(s)],
oy = —201(1-01)/[2+p(1—01)]
and s has density
aP/2 1

s2P71g(s), 5> 0.

I'(5p)

The parameter o1 of the asymptotic variance will play a major role as an
index of relative efficiency for robust tests.

Example 13.8 For the t,, distribution, the reader can check o1 = 1+
2/(p+v).

The maximum likelihood estimation of the multivariate ¢, , distribution
with possibly missing data and unknown degrees of freedom was treated by
Liu (1997). Missing data imputation using the multivariate ¢, ,, distribution
was also the subject of Liu (1995).
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13.4 Robust estimates

An alternative approach to MLE consists of robust location and scatter
estimates such as the M estimate [Maronna (1976), Huber (1981)] or the S
estimate [Davies (1987), Lopuhaé (1989)]. The theoretical proofs for exis-
tence, unicity, consistency, and asymptotic normality of these estimates go
beyond the scope of this book. Of importance to us, however, is to show how
easily these affine equivariant and /n-asymptotically normal estimates can
serve as the building block to robust tests on location and scatter. They
are succintly introduced now and invoked later to construct robust tests.

13.4.1 M estimate

Let x1,...,%X, 1.id. x ~ E,(u,A) and z ~ E,(0,I). The idea behind M
estimate is to modify the MLE estimating equations to gain robustness. The
M estimate of location and scatter are defined as solution to the equations
w, = avelui(t;)x;] /ave [ui(t;)], (13.13)
Vi = ave [us(t)(xs — ) (i — )] (13.14)
where t; = [(x; — p,,)' V' (xi — py,)] 12,

The M estimates are obviously affine equivariant. Interestingly, they in-
clude, as a particular case, the MLE estimate with the functions wu;(t) =
—2¢'(t?)/g(t?) and uz(t?) = wui(t). Define 9;(s) = su;(s), i = 1,2.
The following conditions on the functions are needed and will always be
assumed:

M1. w; and us are non-negative, nonincreasing, and continuous on [0, c0).
M2. 1y and ¢y are bounded. Let K; = sup,>q vi(s)-

M3. 1, is nondecreasing and is strictly increasing in the interval where
Yo < K.

M4. There exists s such that 15(s3) > p and that u;(s) > 0 for s < sg
(and, hence, Ks > p).

Example 13.9 The t,, MLE has 11(s) = (v +p)s/(v + s%) and a(s) =
(v +p)s/(v+s). It is easy to verify M1 through Mj.

Example 13.10 Huber’s ¢ function is defined as
¥(s, k) = max[—k, min(s, k)].
Let k > 0 be a constant and take 11 (s) = (s, k) and 1a(s) = (s, k?).

A further condition on the data is needed for existence of the M estimate.
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Condition D2. There exists a > 0 such that for every hyperplane H,
dim H<p-1,
p
P, <1l——=——a.
H)<l-q7-a

When sampling from an absolutely continuous distribution, condition D2
is satisfied w.p.1 for n sufficiently large.

Proposition 13.8 If condition D2 is satisfied, there exists a solution (w,,,
V) to (13.13) and (13.14). Moreover, w,, belongs to the convex hull of {x1,

..7xn}.

Proposition 13.9 Assume condition D2 and g is decreasing. Let (pt,,, V)
be a solution to (13.13) and (13.14), then (p,,, Vi) — (0, V) almost surely,
where V.= oL A with o being the solution to E 19(ct?) =p and t = |z|.

The reason for the presence of o is that V, is consistent for a certain
multiple of A, 0~ 'A say, defined by the implicit equation

V = Eupl(x — p)'VH(x — p)](x — p)(x — p)".
Multiplying by V~! and taking trace yields E 1,(c|z|?) = p. This expec-
tation can be evaluated as a simple integral if one recalls the density of
t = |z| (v. Problem 4.6.13):
2mP/2

F(b) = 2t g(12), t > 0.

L'(3p) -

Proposition 13.10 Assume sii(s) are bounded (i = 1,2) and g is
decreasing such that E 1 (c'/?t) > 0. Then,

n2(V, =V, i, — p) 5 (N, n),
where n 1. N and
n ~ N, (0,(a/5*)V),
N ~ N(0,01(I+K,)(V®OV)+o, vec(V)[vec(V)]),
with o being the solution to E 1y (ct?) = p, where
a = p'E4i(e'?),

B = B[1-p") wle)+p i (0",
o1 = ai(p+2)*(2a2 +p) 7,
oy = a3’ {(ar—1) = 2a1(azs — 1)[p+ (p+4)as(2a2 + p) *},
and
ar = [plp+2)]7'E ¢3(at?),

a = p'E oo,
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Those results are due to Maronna (1976), but Tyler (1982) found the
asymptotic variance parameters o1 and o9 in Proposition 13.10. Asymptotic
theory for robust principal components was developed by Tyler (1983b) and
Boente (1987).

13.4.2 S estimate

Recently, Davies (1987) and Lopuhad (1989) investigated properties of the S
estimate for multivariate location and scatter. As before, consider a random
sample x1,...,x, 1.id. x ~ E,(p,A) and z ~ E,(0,I). Again, let ¢t =
|z|. In the context of regression, Rousseeuw and Yohai (1984) obtained an
asymptotically normal and robust estimate from a function p assumed to
satisfy the following:

S1: p is symmetric, has a continuous derivative ¥, and p(0) = 0.

S2: There exists a finite constant ¢y > 0 such that p is strictly increasing
on [0, ¢o] and constant on [¢g, 00). Let ag = sup p.

A typical p function is Tukey’s biweight

_ [ 2/2 =11/ (2cf) +1°/(6c5) if [t] < co
plt) = c2/6 if [t| > ¢
0 > Co.
The S estimate (,,, V) is defined as the solution of the optimization

problem where t; = [(x; — p,,)' V1 (x; — ,,)] 12,

n
min |V,,| subject to %Zp(tl) =by

i=1
over all pu, € RP and V,, > 0. The constant by, 0 < by < ag, chosen so
that 0 < bg/ag =r < (n—p)/2n, leads to a finite-sample breakdown point
[Lopuhad and Rousseeuw (1991)] of €/ = [nr]/n. The choice r = (n—p)/2n
results in the maximal breakdown point | (n —p+1)/2|/n (asymptotically
50%). Roughly speaking, the breakdown point is the minimum percentage
of contaminated data necessary to bring the estimate beyond any given
bound. The sample mean requires only one point and thus has a breakdown
point 1/n, or asymptotically 0%. To obtain simultaneously a breakdown
point of €& = [nr]/n and a consistent estimate of scale, ie., V,, — A
w.p.1, for a given E,(u, A) distribution the constant cg is chosen so that
E p(t)/ag = r and then by is set to E p(t).

A geometrical interpretation of S estimate can be given with the el-
lipsoidal contours of an E,(p,A). First, the volume of a p-dimensional
ellipsoid z’A =1z < 1 is |A[|Y/227P/2/[pI'($p)]; thus, minimizing |A| corre-
sponds to finding a minimum volume ellipsoid [Rousseecuw (1985)]. Second,
if we could allow discontinuous p, then p(t) =1 — Ij_¢, () would count
the points outside the ellipsoid. So, for r = 25%, the optimization would
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find the minimum volume ellipsoid containing 75% of the data. An S es-
timate is thus a smoothed version of a minimum volume ellipsoid. The
smoothing is done to get y/n-asymptotically normal estimates. Assuming
further

S3: p has a second derivative ¥’, both ¢’ (¢t) and u(t) = ¥(¢)/t are bounded
and continuous,

the asymptotic normality of the S estimate holds.
Proposition 13.11 Assume S1 through S3. Let V.= A and assume

E y'(t) >0,

E [¢/ ()t + (p+ 1)y (t)t] > 0.

Let
a = plE 1&2@)7
B = E[(1-p") ut)+p '¢'(t)],
P+ B0
LB OR+ o+ D0
Bt~ b
oy = —2p 101 +4W,
then

nl/Q(Vn - V7 l*l’n - H) i (N7 n)7
where n Il N and
n ~ N,(0,(a/B*)V)
N ~ NP(0,0:(I+K,)(V®V)+as vec(V)[vec(V)]').

p=1 p=2 p=10

26.9% 37.7% 91.5%
40.5% 77.0% 98.0%
49.1% 98.9% 99.9%

Table 13.1. Asymptotic efficiency of S estimate of scatter at the normal
distribution.

= W Ut

r
r
r

According to Lopuhad (1989) the asymptotic efficiency for the estimation
of the scatter as measured by the index o1 (or 201 + o2 for p = 1) are as
in Table 13.1 at the normal distribution. The asymptotic efficiency of the
location estimate are even higher.

For the S estimate, a high breakdown point corresponds to a low effi-
ciency and vice versa. Let us mention that S estimates are able to achieve
the asymptotic variance of M estimates. However, S estimates can have a
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high breakdown point in any dimension, whereas the asymptotic breakdown
point of an M estimate is at most 1/(p+1) [Tyler (1986)]. Lopuhad (1991)
defines 7 estimates which can have the same high breakdown point as S
estimates but can attain simultaneously high efficiency. The 7 estimates
are also y/n-asymptotically normal.

An S-plus [Statistical Sciences, (1995)] function, s.estimate, to evalu-
ate S estimate is described in Appendix C. The implementation follows
the recommendations of Ruppert (1992) to increase the speed of numeri-
cal convergence of this numerically intensive problem. The S-plus function
asymp evaluates the asymptotic variance constants A = /32, o1, and o2,
at the normal distribution.

18.4.83 Robust Hotelling-T"

Assume x1,...,X, are iid. x ~ Ep(u, A). Consider a test of hypothesis
on the mean, Hy : p = p against Hy : p # p, using a robust version of
the classical Hotelling-72. Assume (V,,, u,,) is a robust affine equivariant
and asymptotically normal estimate (M or S estimate for example),

nl/g(vn - V7I~I/n - H) i (an)v
where n I N and
n -~ NP (Oa (a/ﬁQ)V)a
N ~ NP(0,01(I+K,)(V®V)+oy vec(V)[vec(V)]').

Proposition 13.12 Under the sequence of contiguous alternatives Hy , :
n = + n_1/277
T =1t = 10) Vi (1, — o),
where (V,, u,,) is asymptotically normal as above, satisfies
2
2 d @ (B
TR%@'X;; (20['7V 'y).
In particular, T3 a4 %X?g under Hy.

Proof. Let X and Y be the sample matrices under Hy and Hj,,
respectively. Then, we can write

Y L X +n 121y,
Affine equivariance of the estimate immediately gives
d _
S p,(X)+ 072,
L V,(X) = Vwp.l.

Since

02 (1, (Y) = o) £ 022 (11, (X) — ) + v 2 Ny, (7, (a/ B2V,
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it follows from Corollary 5.1 on quadratic forms (with A = (8?/a)V™1)
that

2 _ nr—1 d O o 52 nr—1
Tr =n(p,(Y) — o)V, (Y)(un(Y)—uo)ﬁﬁxp YV )
O

Another type of robustness found in the literature assumes an elliptical
distribution on the whole data matrix X € R}} with mean 1y’ and variance
of the form I ® . Under weak assumptions on the p.d.f., the classical
Hotelling-7? (8.1) remains UMPI and the null distribution of T is the same
as if x; had been i.i.d. Ny(p, 2), i.e., T? ~ F.(p,n — p) [v. Corollary 8.1].
The main difference in the two approaches resides in that the observations
under an elliptical distribution on X cannot be independent, although they
are uncorrelated, unless the elliptical distribution is normal. Independence
and spherical symmetry do not go together, except in the normal case,
by virtue of the Maxwell-Hershell theorem [v. Proposition 4.11]. One may
consult the book by Kariya and Sinha (1989) on this type of robustness for
many statistical tests.

Having found the asymptotic null distribution of Hotelling-T72, it is now
a simple matter to extend the results of Section 8.3 to construct robust
simultaneous confidence intervals on means. For example, asymptotically,
we are at least (1 —~) x 100% confident in simultaneously presenting all of
the observed “Scheffé” intervals:

9 1/2 5 1/2
ap, — <;‘2X;,p> (a’Vna)1/2 <alu<a/un+<;2><7';4)> (a/Vna)1/2,
Va € RP. Realistically, the parametric family F,(u, A) is unknown. Thus,
«a and ( will have to be replaced by consistent estimates.

13.5 Robust tests on scale matrices

Assume x3,...,%, are i.i.d. x ~ E,(u,A). Consider a test of hypothe-
sis on A which is of the general form h(A) = 0, where h(A) € R? is
a continuously differentiable function. We will assume g = 0. Under a
N,(0,A) distribution, recall that a likelihood ratio test on A is based
uniquely on the likelihood statistic S,, = 13" | x;x}. We know that
nS, ~ Wy,(n,A). Thus, S,, has density (up to a multiplicative constant)
|A|7"/2 etr(—4nA~'S,,). So, we define

FALA) = |A]7"2 etr(—1A7'A),
m(A) = sup f(A,A),
h(A)=0

f(AA)
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Note that Ly(S,) is the likelihood ratio test for Hy : h(A) = 0 when
x ~ Np(0,A). The idea to build a robust test when x ~ E,(0,A) is
to use the test statistic Lh(An) where A,, could be S, [Muirhead and
Waternaux, (1980)] or, preferably, a more robust estimate [Tyler (1983a)].
Other approaches which will not be considered here include those based on

minimum discrepancy test statistics [Browne and Shapiro (1987), Shapiro
and Browne (1987)].

13.5.1 Adjusted likelihood ratio tests

A general method of making a simple correction to the likelihood ratio
test is possible for hypotheses satisfying the following condition H on the
function h.

Condition H. h(T") = h(yT'), ¥y > 0, VI' > 0.

Examples of hypothesis satisfying condition H are the test of sphericity and
the test of covariance.

Example 13.11 The test of sphericity Hy : A = I for some unknown ~y
can be written as Ho : h(A) = 0 with hi;(A) = Aij/App, 1 <i < j <p, and
hii(A) = ANy /App—1,i=1,...,p—1. Here, we have ¢ = %(p— Dp+p—1.

Example 13.12 The test of covariance between two subvectors Hy : A3 =
0, where Ay € RB! can be written as Ho : h(A) = 0 by choosing h(A) =

V6C(A;11/2A12A2_21/2). Obviously, ¢ = p1pa.

Condition H is not dependent on the location or the spread of the ellip-
tical contours, but concerns only the direction and relative lengths of the
axes of the contours. A condition E on the estimate A,, is also necessary.
However, as we encountered in M and S estimation, we usually have an
estimate V,, of a multiple V of A. Note that hypothesis Hy : h(A) = 0 is
equivalent to Hp : h(V) = 0 under condition H.

Condition E. V,, is affine equivariant and n'/?(V,, — V) % 7, where

Z ~ NF(0,01(I+K,)(V® V) 4 gavec(V)[vec(V)]').

Normal and elliptical MLE, the M estimate, and the S estimate satisfy
condition E under regularity conditions. An estimate of h(V) is h(V,,),
whose asymptotic distribution follows from the delta method (v. Proposi-
tion 6.2). A difficulty is the redundance of variables due to the symmetry
of V. For this reason, the following derivative will be very useful. Define
da/db = (da;/db;), where i varies over rows and j runs over columns. The
derivative of h('V) with respect to V is defined as

W(V) = §d h(V)/d vec(V)](T +3,) € R,
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where J, = Y7 e;e] ® e;e} and e; € RP is a vector of zero but a 1 in
position i. An example when ¢ = 1 and p = 2 is enlightening;:

2 0 0 0
L(dh/dsy1,dh/dssy, dh/ds1o, dh/dsss) v vl
2 11, 21 12, 22 .
0 0 1 0
o 0 : 0 2

= (dh/dsn, %dh/d821, %dh/dslg, dh/d822)

is the usual gradiant of h taking into account the symmetry. Before stating
the result, we need a lemma on gradiants.

Lemma 13.2 Let f: RP — R be continuously differentiable. Then,

{df (x)/dx,x) = 0

for all x in a neighborhood of xq iff f(x) = f(ax) for all x and ax in a
neighborhood of xg.

Proof. It suffices to notice that the contours of f are rays coming out of
the origin and that the gradiant is a perpendicular vector to the contour.O

Proposition 13.13 Under conditions H and E, n'/?[h(V,,) — h(V)] A

Zy,, where
Zn ~ Ng (0,201 [0 (V))(V @ V) [0 (V)]).
Proof. As in Proposition 6.2, we can write
n2[h(V,) — h(V)] = b/ (V) n'/? vec(V,, — V) + 0,(1).
Therefore,
n'/2[h(V,) — h(V)] 5 h'(V) vec(Z).

From Lemma 13.2 and condition H, we have h’(V) vec(V) = 0. Thus, the

asymptotic variance is
var h'(V) vec(Z) o [h'(V)|I+ K,) (Ve V)h'(V),

o1 [0 (V)](Ve V)T +Kp)h'(V)]'.

Applying the identity K, vec(A) = vec(A’) to the columns of [h'(V)]’

gives (I4+ K,)[h'(V)]’ = 2[h/(V)]" and the conclusion follows. 0

An important consequence of condition H is the asymptotic variance
which becomes independent of o5. This means that for V,, satisfying con-
dition E, all the asymptotic distributions of h(V,,), under condition H, such
as a simple correlation coefficient, a multiple correlation coefficient, a ratio
of eigenvalues, etc., are the same as those for the sample variance S, when
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sampling from a multivariate normal distribution, except for the factor oy
in the asymptotic variance. For completeness, the results for correlations
are now given.

Denote by r;; the simple correlation defined from the scale estimate
Vn = (vn,ij)a i.e.,

o Unii
T 12 1720
n,iiVn.jj
and let
pr = i
T a1/2,1)/2
Aii Ajj

be the correlation for the E,(u, A) distribution.
Proposition 13.14 Assume condition E holds on V,,. Then,
d 1/2
n'2(rij = pig) % o* - N0, (1= )%).

From the delta method it is also clear that an arbitrary number of cor-
relation coefficients is jointly asymptotically normal. Thus, it suffices to
consider the case of two correlation coeflicients r;; and 7.

Proposition 13.15 Assume condition E holds on V,,. Then,

. 1— 2 )2
n1/2<nﬂ_p”>—d>o%/2.N2<07(( pij) :‘)2 2))’
Tkl — Pkl w (1= pi1)

where the asymptotic covariance w is given by
w = pijpri + Pripit — Pij(PijPr; + pitPr) — Pri(pijpit + PrjPkl)
+301iP05 (03 + PR+ Py + PR)-

Proof. Assume V = (p;;) without loss of generality. Write down the
asymptotic distribution

Un,ij Pij
Un,ii 1
a2 || i | 4 0, )
Un, ki Pkl
Un, kk 1
Un,ll 1
for a certain 2 and apply the delta method. a

Similarly, for the multiple correlation coefficient R = R(Vn) and par-
tial correlation coefficient r;jx, = 7ijjx,(Vn), obtained from V,, satisfying
condition E, we can write the asymptotic distributions:

n2(R*—R% 4 417 N (0,4R*(1 - R?)?),
d

1/2
0 (rijpe, = pisies) 012N (0, (1- p?j|x2)2) :
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Higher-order asymptotic distributions for functions of the sample variance
S can also be derived with the use of zonal polynomials [Iwashita and
Siotani (1994)].

For the same reason, adjustment to the likelihood ratio test will take a
rather simple form. The asymptotic distribution of the modified likelihood
ratio test Ly, (V,,), where V,, may be a robust estimate, is obtained with the
equivalent form of Wald’s test for the same hypothesis. Let u,, ~ v, mean
Up — Up, 2 0. The following result on Wald’s formulation holds regardless
of condition H.

Proposition 13.16 Let A, > 0, n = 1,2,..., be such that n1/2(An —
A) LN (+) for a fized A > 0 satisfying h(A) = 0. If rank h'(T") = ¢, VI in
a neighborhood of A, then

—2In Ln(A,) ~ n[h(A,)][Cu(A,)] 'h(A,),
where Cp(T) = 2[h/'(T)](T @ T)[W/(T)]'.

Proof. This is a generalization of Wald’s formulation for the asymptotic
behavior of the likelihood ratio statistic. Refer to Tyler (1983a) for details.
O

Corollary 13.2 Assume conditions H and E. Then:
(i) under Hy, —2In L,(V,,) A o1X2,

(ii) under the sequence of contiguous alternatives A,, = A4n~"/?B, where
h(A) =0 and B is a fized symmetric matriz,

2l Ln(Vy) 3 01x2 (6n(A, B)/201)
where
on(A,B) = [vec(B)] [0/ (A)]'[CL(A)] " h!(A)vec(B).

Proof. From conditions H and E, n'/?(V,, — V) 4 7 and n'/2h(V,) —
h(V)] A Zy, where Zp ~ Ny(0,01Cn(V)). Under Hy : h(V) = 0,
n'/?h(V,,) 4 Zy, and since h'(-) is continuous, Cy(V,,) & Ch(V). Hence,
we have

[0 20(V,)) [Cu(Va)] T [n?h(V,)] 5 Z4[Cu(V)] ™ Zn £ 01X

For contiguous alternatives, under condition H, the noncentrality pa-
rameter is invariant with respect to scalar multiplication d,(A,B) =
dn(aA, aB), Va > 0. 0

As a particular case for S,, which has 0; = 1 + k, we have, under Hy,

210 L (S,) /(1 + k) % 2
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for some consistent estimate k of the kurtosis parameter. So, in the class
of E,(0,A) with finite fourth-order moments, this adjusted LRT is robust
in the sense that the asymtotic distribution is the same as if x ~ N, (0, A).
Note that a consistent estimate k can be obtained by the method of moment
with the identity

1+k=pE(s®)/[(p+2)E*(s)], (13.15)

where s = |z|? and z ~ E,(0,I) has fourth-order moments (v. Prob-
lem 13.6.12). More generally, the test statistic —21In Ly (V,,)/61 will be
referred to as an adjusted LRT.

The test of sphericity can serve as an example to illustrate Proposi-
tion 13.16 and Corollary 13.2. Wald’s formulation is generally obtained by
a Taylor series of —21n Ly,(V,,) around V, satisfying Hp : h(V) = 0. For
the test of sphericity, we have

—2In Ly (V,) = —nIn|V,| + pnln(p~'tr V,,).

Under Hy : V = 71 and condition E, we can write V,, = ~I +n"1/2Z,,,
where Z,, is bounded in probability. Since In(1 + z) = > =, (=1)"" 2’ /i,
—1 <z < 1, it follows that for a fixed symmetric A,

In|I+tA] = (=1)"tr(A)t /i

i=1
for all ¢ sufficiently small. Hence, we get the expansion
2 Ln(Va) = Ly 2n(Z2) - p r Z)2) + Op(n )
S 3 (Z) (e 2)7),
where Z ~ yNP(0,01(I + K,) + o2 vec(I)[vec(I)]’). From the relations

(v. Problem 6.4.2) tr Z? = [vec(Z)'3(I + K;) vec(Z) and tr Z =
[vec(I)]" vec(Z), it follows that

Iyt (Z%) — p~H(tr Z)%] = [vec(Z))' A vec(Z),
where A = 17 2{3(I+K,)—p~! vec(I)[vec(I)]'} is a quadratic form. This
is Wald’s equivalent formulation for this test. The asymptotic result
d
—2InLp(Va)/o1 = X, a=30—1)(p+2)

follows from Corollary 5.1 on quadratic forms.
When condition H is not satisfied, simple adjustments to the LRT is
generally not possible, as the following corollary shows.

Corollary 13.3 Under Hy : h(V) = 0 and condition E,

1
2
1
2

—21DLh(Vn) i) O'1X(21_1 + [01 + 026h(V7V)]X%a

with xg,l AL x3. The term 6n(V, V) = 0 iff for some neighborhood of V,
h(T') = h(qT') for allT and AT in this neighborhood.
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Proof. Take a closer look at the distribution of Zy, in Proposition 13.13

when condition H is not satisfied. Under Hy, we still have n'/2h(V,) 4

h'(V) vec(Z) but with an added term in the variance:

var h'(V) vec(Z) = o1[h'(V)(Ve V)I+K,)h' (V)]
+02h’ (V) vec(V)[vec(V)])' [0/ (V)]

Using Proposition 13.16, the equivalent Wald’s formulation is
=21 L (V) ~ [0 *h(V,)] [Cu(Va)] [ ?h(V,)),
and, thus,
~2In Lu (V) > Z4,[Cu(V)] ™ Zn,

where Zy ~ N,(0, Dy(V)). The result follows since [Ch (V)] D (V) has
eigenvalues o1 of multiplicity (¢ — 1) and o1 + 020n(V, V). The second
statement follows since h’'(V) vec(V) = 0 iff the stated condition holds. O

13.5.2 Weighted Nagao’s test for a given variance

In this section, we consider an example where the condition H on the hy-
pothesis is not satisfied, but a simple test, robust to large kurtosis, can
still be built. For testing the hypothesis, Hy : X = I, against Hy : 3 # I,
the modified likelihood ratio test based on n i.i.d. vectors from a N,(u, %)
distribution is (v. Problem 8.9.8)
A = eP™/2|8, |/ etr(—imS,), m=n—1,

where S,, = > (x; — X)(x; — X)'/m. It is invariant to orthogonal
transformations, unbiased, and —2In A* is asymptotically distributed as
a noncentral chi-square [Khatri and Srivastava (1974)], Xfc(d), with f =
ip(p+1) and 6 = Y7 | d?/4, under the sequence of local alternatives

3, =1+n"Y?D, D = diag(dy, ..., d,). (13.16)

However, Muirhead (1982, p. 365) showed that if the sample came from an
elliptical distribution, E,(p, X), with kurtosis 3k, then the asymptotic null
distribution is
. ~d kp 2, 2
—2InAN/(1+k)— |1+ ——

where x? and x?c_l are independently distributed and k is a consistent
estimate of k. A generalization to robust estimates of scale is proposed in
Problem 13.6.16. Therefore, even the adjusted test statistic —2In A*/(1 +
k) is not robust to non-normality of the data, especially for large values
of k or long-tailed distribution. Moreover, the procedure of estimating k
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in the asymptotic distribution and calculating the critical points of the
convolution of

l;:p 2 2
1+ —2 |2 and x2_,,
[ 2(1+k)]X1 Xy

as if k were a constant, is obviously not a valid procedure.

A new test statistic W is proposed, which is also invariant to orthog-
onal transformations and has an asymptotic null distribution Xfc for all
underlying elliptical distributions with finite fourth moments. The asymp-
totic non-null distribution under the sequence of local alternatives (13.16)
is noncentral chi-square. It is asymptotically fully efficient at the normal
distribution as compared to the modified likelihood ratio test.

Let S, =I+n"'2U,, S, = (sij), Up = (u4;). Then, when Hy is true,
the asymptotic distribution of

n = (ull/\/ﬁ,...7upp/\/§,u12,...,ulp,u237...,ugp,...,up,lyp)' € Rf

when the observations x; are drawn from an elliptical distribution with
kurtosis 3k is N¢(0,T"), where

b= <Sg (1 +k0)1f—p)

with Q@ = (1+k)I,+1k11’,1 = (1,...,1)’ € R?. Then, from Corollary 5.1,
we have under Hy,

U1

w, I u, = 2w, u)Q | +Zu (1+k) —>Xf
Upp <

The test statistic proposed [Bentler (1983)] is
S11 — 1
n .
W:5(811—17...,8pp—1>ﬂ_1 —‘r?’ZZSZ/(l-’-k
-1 i<j

Spp

where Q = (14 k)T, + %l%ll’ and k is a consistent estimate of k.
Note that when k = 0, then W reduces to Nagao’s (1973) test statistic

(n/2) tr(S, — I)%

Asymptotic expansions of Nagao’s test for elliptical distributions were de-
rived by Purkayastha and Srivastava (1995). The test statistic W can
be seen as a weighted form of Nagao’s statistic with the diagonal and
off-diagonal elements of the sample variance matrix, S,,, being assigned
different weights.
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The identity (13.15) leads by the method of moments to the consistent
and orthogonally invariant estimate
k=pn Dia i — X'
— o2
(i Ixi = x[?)

Since 2 is (1 + k)I perturbed by a rank 1 matrix, namely %I%ll’, it has a
known inverse which leads to the equivalent expression

(13.17)

(S, D (L) - :
W=g a0+ = S Ra R

showing that W is invariant to orthogonal transformations, x; — Hx; for
any orthogonal matrix H. Thus, without loss of generality, we can take for
W the sequence of local alternatives (13.16) with a diagonal matrix D. The
following result was given in Bilodeau (1997b).

(tI‘ Sn _p)27

Proposition 13.17 Under the sequence of local alternatives %, = I +
n~'?2D, D = diag(di,...,d,), the asymptotic distribution of W is
noncentral chi-square,

w4 2(d'Qtd/q),

where
f = splp+1),
d = (dla"'vdp)lv
Q = (1+kI+ k11"

Proof. Let x; = Eimzi, where z; ~ E,(0,I). Also, let
X} zy
X = : and Z = :
/ /

XTL Z'rl

be the sample matrices, and S, (X) and S, (Z) be the sample variance
matrices obtained from X and Z, respectively. Then, we have

U,(X) =n'2[S,(X) -1 = /20U, (2)8Y/2 + n'/2(x%, — 1),

where U, (Z) 4 NP0, (1 + k)(I + K) + k vec(I)vec(I)'), ¥, — I, and
n'/2(X, —I) = D. Hence, the asymptotic result

U,(X) % N2(D, (1 + k)X + K) + k vec(I)vec(I)')
is obtained. Since W is a continuous function of U, (X) and k,

W = g(U,(X), k),
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the conclusion follows from Lemma 6.3 and classical results on quadratic
forms if k£ in (13.17) is consistent under the same sequence of local alter-

natives. This is now shown. From x = E}Lﬂi and since z 0,X, -1 we
have X 5 0. Thus, the asymptotic equivalences

n n n n
1 2 1 2 1 a1 4
=3 i =% =Dl =Y kx|t =Yl
i=1 1=1 i=1 i=1
P .
where u ~ v means u — v — 0, hold. But now, since

B P i R . 3 R i ,
(I+n 1/2d(1))j/2g Z |z < - Z X[’ < (1+n 1/2d(p)>3/2g Z |z,
i=1 i=1 i=1
where d(;) = min{d;} and d(,) = max{d;}, we also have the equivalences

1 & 1 & 1 & 1
= il =Y el =Y bt~ =l
i=1 =1 =1

i=1
Thus, 1+ k & pE|z;|*/E?|z;|*> = 1 + k, which completes the proof. a

When k£ = 0, the test statistic W is asymptotically distributed, under
the sequence of local alternatives (13.16), as X?(d’d/él). Therefore, W is
asymptotically fully efficient at the normal distribution as compared to
the modified likelihood ratio test, —21In A*. Sutradhar (1993) discusses the
score test of the multivariate ¢.

For testing the hypothesis Hy : ¢ = 0 and X = I against H; : u # 0
or X # I consider the test statistic W 4+ nx’x under the sequence of local
alternatives

n, = n_l/QT, o=1I+ n_1/2D,
where D = diag(d,...,d,). Then, it can be established along the same
lines
_,_ d
W+ nx'x 5 x7(6),

where f = %p(p +3), 6 = dQ71d/4+ 7'7/2, and d and 2 are as in
Proposition 13.17. The test W +nX’'x is thus robust in the class of elliptical
distributions with finite fourth moments. Its full efficiency at the normal
distribution as compared to the likelihood ratio test follows immediately by
comparing the asymptotic non-null distributions of the two tests [Khatri
and Srivastava (1974)].

13.5.8 Relative efficiency of adjusted LRT

Under condition H, the adjusted LRT based on S,, has noncentrality
parameter

on(A,B)/2(1+ k)
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and for k moderately large, it is expected to have low power. A measure
of efficiency can be derived by comparing the adjusted LRT with the exact

LRT derived under a particular E,(0,A) with known density defined by
the function g(-). The likelihood for A built from the sample matrix

X =

is

Ly(A) = |A] 72 [T g(xiA™ %)),

i=1
Then,
A, = argin;%Lg(A),
A, = in L.(A
arg, min g(A)

are respectively the restricted and unrestricted elliptical MLE of A. Then,
the optimal procedure is the LRT derived for a given g(-):

0 - Lthe)

Then, Wald’s classical formulation for this “elliptical” LRT is
~21n Ly ,(X) ~ n[h(A,)[Ch(A,)]h(A,) /o,

under Hy or under the sequence of alternatives A,, = A + n~'/2B. The
parameter o 4 is the value of oy in the asymptotic variance of the MLE
given in Proposition 13.7, i.e., o1 4 = p(p + 2)/E[*(s)].

Corollary 13.4 Assume condition H holds. Then:
(i) under Hy, —2In Ly, 4(X) 4 Xo,

(ii) under the sequence of contiguous alternatives A,, = A+n~Y2B, where
h(A) =0 and B is a fized symmetric matriz,

~21In Ly (X) 5 x; (5n(A, B)/201,),
where, as before,
0n(A, B) = [vec(B)]'[h'(A)]'[Ch(A)]”'h'(A) vec(B).
When g(+) is known, another test which is first-order efficient and asymp-
totically distributed as chi-square is the minimum geodesic distance test
[Berkane et al. (1997)].

The proof of Corollary 13.4 is identical to that of Corollary 13.2. The
asymptotic efficiency of the adjusted LRT —21In Ly(S,)/(1 + k) to the
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30

<
I
ot
N
I
D
N
I
J
N
I
0]
N
I

g=11| .26 17 13 A1 .06
qg=21.37 22 A7 .14 .06
qg=3 | .46 27 .20 .16 .06

Table 13.2. Asymptotic significance level of unadjusted LRT for o = 5%.

elliptical LRT can thus be measured by the ratio of the noncentrality
parameters, i.e., 01,4/(1 + k). For the t,, density, it was evaluated that
o1, =1+2/(p+v), whereas 1 + k = (v — 2)/(v — 4) for a relative effi-
ciency of (v —4)(v+2)/[(v —2)(v + p)]. For p =2 and v = 5, this gives an
efficiency of 33%. This is due to the poor robustness property of S,,. This
adjusted LRT cannot really be thought of as a robust test because of its
low efficiency. To obtain a truly robust adjusted LRT, one has to replace
S, by an efficient robust estimate, i.e., one with a o1 close to oy 4.

We conclude this analysis by guarding the practitioner against assuming
indiscriminantly the normality of the data and using the “optimal” test for
normality. If the data came from an elliptical distribution with a kurtosis
parameter k and the hypothesis (satisfying condition H) was Hy : h(A) =
0, where h(A) € R?, then what was supposed to be an a = 5% significance
level test would be, in fact, for large samples, a test of significance level:

P20 Ln(S0) = o) = P(=2Ln(S0)/(1+ k) > xs, /(1 + )
- P (X3 > X?QS,q/(l + k)) .

For a t, , distribution with 1+ k = (v —2)/(v — 4), the significance level
may be far from 5%, as evidenced by Table 13.2. The situation worsens as
v decreases, which means the tails become heavier or ¢ increases, which is
related to the complexity of the hypothesis. For ¢ = 3 and v = 5, tossing a
coin is nearly as reliable!

13.6 Problems

1. Demonstrate the following on normal mixture representation:

(i) Ifx 4 wl/?z, where w ~ F, z ~ N,(0,I), and w I z, then

fx(x) = / (2mw)~P/? exp(—iw'x'x)dF (w),
0
where F(+) is a distribution function on [0, c0).
(ii) If vw™" ~ x2, then x = w'/?z ~ t,,,, has density
fx(x) =cp(1+ x'x/v)~WTP/2 x e RP,
where ¢, = (vm)7P/?T (3(v +p)) /T (3v).
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2. Assume x ~ t,,(p, A) where x is partitioned as x = (x},x5%)’, x; €
RPi §=1,2, p=p; + p2. Demonstrate the following:

(i) Ex=p,varx=[v/(v—2)JA, v>2.
(i) p~'(x — ) A~ (x — p) ~ Fp,v).
(iii) The marginal distribution is xa ~ t,, . (f9, A22), where
o= (B m),
Aii A
A =
( Ao Ag )
are partitioned in conformity.
(iv) The conditional distribution is

X1[X2 ~ tpy iy (1 + A2 A (X2 — f1y), h(x2)A11.2)

where h(xa) = [1/(v + p2)] - [1 + (%2 — pa) Agy (%2 — pao) /]
Determine FE(x1|x3), var(x;|x2) and the condition for their
existence.

3. Verify by differentiation of In ¢(¢? + 3) the cumulants
ke = —2¢'(0),
ka 12(¢"(0) — ¢'(0)*),
ko = 4(¢"(0) - ¢'(0)%),

where ¢(t? + t3) is the characteristic function of a bivariate
rotationally invariant vector.

4. Obtain F uu’ = p~'I and
_ L
p(p+2)

where u ~ unif(SP~1).

var(uu’) = vec(I) [vec(I)]',

5. For the multivariate power exponential family (13.2), prove the
following:

(i) The normalizing constant is

o are
P p/220/2aT (p/2ar)

(ii) The variance of x is

2'/°T[(p/241)/0] A
pL(p/2c)

(iii) For a = 1/2, verify the assertion in Example 13.4.

var X =

Hint: Use the representation in polar coordinates in Proposition 4.10
together with Problems 4.6.13 and 13.6.4.
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10.

11.

12.

13.

14.

15.

16.

13. Robustness

Check that when A = (Aij) is affine equivariant with variance
var A = o1 (I+ K,)(A ® A) + o5 vec(A)[vec(A)],
then
cov(Mpi, Aij) = o1 (Aij A + AgjAi) + oo AgiAy;.
Prove if ag > p+ 1, n > p + 1, then condition D1 is satisfied w.p.1
when sampling from an absolutely continuous distribution.

Verify conditions M1 through M4 for w; and us corresponding to the
MLE under the t,, distribution.

Verify conditions M1 through M4 for Huber’s ¢ function in
Example 13.10.

Assume z ~ E,(0,I) with density g(|z|?). Define u(s) = —2¢(s)/g(s)
and 1 (s) = su(s). Prove E 9(|z|?) = p.

Hint: Integrate by parts.

For the ¢, , distribution, verify that the asymptotic variance param-
eter o1 of the elliptical MLE in Proposition 13.7is 03 = 1+ 2/(p +

V).

Prove 1+ k = pE(s®)/[(p+2)E?(s)], where s = |z|? and z ~ E,(0,1)
has fourth-order moments.

Define u(s) = —2¢'(s)/g(s) and (s) = su(s). Let s = |z|?, where
z ~ E,(0,TI). Derive an upper bound for o1,4/(1 + k), the index of
relative efficiency, by going through the following steps:

(i) E9(s) = [E v(s)]

(it) E(s?) E[Y*(s)] > [Esy(s)]* = (p+2)*E(s),

(iii) o1,4/(1+k) <min{l,(1+2p~ (1 + &)~}

(iv) Interpret the bound in (iii).

Demonstrate that if p(t) = > and by = p in the definition of the S
estimate, then the solution is the normal MLE.

Demonstrate that the S estimate (u,,, V) is necessarily a solution of
the equations

ave [u(t;)(x; —p,)] = 0
ave [pu(t;)(x; — py) (xi — p,)" —v(t:) V] = 0,

where t; = [(x; — p1,) Vi (xi — )]/ and v(t) = tb(t) — p(t) + bo.
M and S estimates are close relatives!

Test for a given variance.
This is a continuation of Problem 8.9.8. The LRT under the N, (0, A)
for Hy: A =1 versus Hy : A # 1 is given by

Ln(S,) = 61”1/2\Sn|”/2 etr(—%nSn),
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where S, = 23" | x;x]. Suppose that, in fact, x; ~ FE,(0,A) and
one decides to use a robust estimate A, satisfying condition E instead
of S,,. Then, demonstrate that under Hy,

Aoy d
—2In Ln(Ay) = (91 + 502)XT + 01Xo0011)/2-15
where x? 1 XZQ)(p+1)/271 by following these steps:

(i) Write A,, = I+n"1/2Z, and use the Taylor series for In|I + tA|
around ¢t = 0 to show that under Hy,

—2In Lu(A,) & Livec(Z)]' vec(Z),

where Z ~ N2(0,01(I+ K,,) + o2 vec(I)[vec(I)]').
(ii) Demonstrate

V&I’(le/\/i7 ey pr/\/ﬁ7 2125 -+ 3 R1py B2y -+ - 5 Z2py - vy prl,p)/
is given by

<011p + 30211 0 ) —_q
0 o1lp(p-1)/2

(iii) Verify the eigenvalues of € are o1 of multiplicity ip(p + 1) — 1
and o1 + %ozp of multiplicity 1.

Test of multiple correlation.
The LRT under (z1,x5)" ~ N,(0,A) for Hy : R? = 0 versus H; :
R? # 0 is given by

Lu(Sn) = (1 - R*(Sn))"/?,

where S,, = %Z?:l x;x; and R*(S,) = s§18521521/311 in terms of

the partition
511 Sy
S, = .
" ( S21 Sa2 >

Suppose, in fact, that (xq1,x5)" ~ E,(0,A) and one decides to use
a robust estimate A, satisfying condition E instead of S,,. Then,
demonstrate that under Hy,
Aoy d
—21nLh(An) — 0'1)(12)717
by following these steps:

(i) Argue that one can assume A = 1.
(ii) Using a Taylor series, prove that

—2In Ly (A,) ~ nR2(A,).

(iii) Finally, prove that nR2?(A,,) % 7'z, where z ~ Np—1(0,011) to
conclude.
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18.

19.

13. Robustness

Let 1 = (I3,...,1,) be the eigenvalues of S,, = 1 3" | x;x}, calcu-
lated from a sample of an E,(0, A) distribution, A = diag(A1,...,Ap).
If the population eigenvalues A\, are all distinct, then prove that the
joint limiting distribution is given by

n2A (1= A) % N,(0,2(1 + k)T + k11).

Suppose the sample is taken from an elliptical distribution with
kurtosis 3k. Let £ = (f1,..., fp)’ be the eigenvalues of the sample
correlation matrix R = (r;). If the eigenvalues ~, of the population
correlation matrix

p = (pij) = G diag(v1,...,7) G,

where G = (g;;) € Op, are all distinct, then prove that the joint
limiting distribution is

n2(f — ) 4 N, (0,(1+ k)Q),
where © = (wag) is given by

p p p
Wap = 27078 [0ap — (Yo +78) D Gialin + D > Gialbishi
j=1 J=1i=1
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Bootstrap confidence regions and tests

An important part of multivariate analysis deals with confidence regions
and tests of hypotheses on the mean vector and variance matrix. The clas-
sical theoretical developments for such procedures rest mainly upon the
multivariate normality assumption. Without multivariate normality, the
asymptotic distribution of many tests becomes more complex and often
leads to untabulated limit distributions. The bootstrap confidence regions
and tests on the mean vector and variance matrix have the desired asymp-
totic levels under very mild conditions. We will present the bootstrap
technique main ideas without formal proofs. The interested reader should
consult the cited references. General references for the bootstrap are Efron
(1982), who made the technique widely applicable by using modern com-
putational power, Efron and Tibshirani (1993) and Hall (1992). The book
by Davison and Hinkley (1997) has S-plus code which may prove useful.

14.1 Confidence regions and tests for the mean

Let x = (z1,...,2p) ~ F with mean pp = (up,) and variance Xp =
(0r,;). Let xq,...,%x, be iid. F and

n
_ 1
Xn = *§ Xi,
n-
i=1

S, = 3 (ki — %) — %),

(n—1) =
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be the sample mean and sample variance, respectively. Define the “pivot”
Wn, = n1/2|S;1/2(Xn — pp)l
Then, by the central limit theorem,
w, S |z|, z ~ N,(0,I).

The empirical distribution function of the data x1,...,x, is denoted by

EL(t) = %i[(xi < t),
i=1

where I(x; < t) is the indicator function. In other words, F), is the dis-
crete distribution function with equal probability 1/n at the points x;,

i=1,...,n. Then, for x* ~ F},, we have

1 n
*
FE x = I‘I’I:_'n = E 2 Xis

i=1

1 n
var x* = Xp = - E (xi — %) (% — X))
i=1

The nonparametric bootstrap estimate of the probability distribution of w;,
under F', J,,(F), is the bootstrap estimate Jn(Fn), which can be interpreted
as follows. Let x7, ¢ =1,...,n, beiid. F,, and let x» and S} be the sample
mean and sample variance, respectively, of the x*’s. Then, J,,(F,) is the
probability law under Fn of

wyy =028, A, — g )
In practice, Jn(Fn) may be approximated to any degree of accuracy with
resampling by Monte Carlo methods. The consistency of the bootstrap was
established by Beran (1984, example 3) using a triangular array version of
the C.L.T.,

wy, 4 |z| w.p.1,

which means that w, and w} converge in distribution to the same limit.
However, it was Singh (1981), and Bickel and Freedman (1981) who first
established the consistency of the bootstrap in the univariate situation.
Let ¢, (a, F,) be a (1 — a)-quantile of the bootstrap distribution J,, (F,).
By the consistency of the bootstrap, if D,,(«) is the bootstrap confidence
region for pp,

Dala) = {np s 02872 (%0 — )| < calar Fu)},
then

le P(pp € Dp(a)=1-a.
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The bootstrap confidence region D,,(«) handles all norms, |- |, on R? with
equal ease. Most often though, the euclidian norm is intended, and in that
case, the ellipsoidal bootstrap confidence region can be written as

Dy(@) = {pp: n(Xn —pp)'S, (R — pp) < Ci(aan)}'

A (1—a)-acceptance region, A(p,), for testing the hypothesis Hy : pp = p
against Hy : pp # po may be obtained by inverting the confidence region,
D,, (), in the usual way [Fraser (1976), p. 580]. Here, the test which rejects
Hy : pp = py iff py € Dp(a) is a test with asymptotic type I error
probability «.

More generally, suppose a confidence region on g(uy) € R*, k < p, is
wanted where g : RP — R* is a continuously differentiable function and
has first derivative g € R’;. Let u : R¥ — R be continuous on R* such that

{z cR¥: u(z) = c}

has Lebesgue measure 0 for every ¢ € R. Consider the statistic

wng = u[n'/? (g(%0) — 8(r))]

The central limit theorem coupled with the delta method yields

wng > ulg(pp) 2], 2 ~ Np(0, Zp).

The condition imposed on u ensures that the limit distribution is contin-
uous. Using arguments as in Beran (1984), it can be established that the
bootstrap estimate is consistent, i.e.,

*

wh g =u [0 (g(%0) — 8lng,)) | S ulglur) 2r] wp.l.

To construct the bootstrap confidence region, let ¢, g(a, F},) be a (1 — a)-
quantile of the bootstrap distribution. A bootstrap confidence region for
g(u ) having asymptotic coverage probability 1 — « is

Dog(e) = {g(nr) : u |n'/? (g(%0) — 8(1p)| < cngla, F)}.

In the examples to be considred, the function w has the additional property,
u(bz) = bu(z), Yz € R*, Vb > 0. Then, the factor n'/? may be omitted and
we may write equivalently

Dpg(@) = {glpp) : v(gxn) —glup)] < g(@)},

*

n,g

where ¢}, . (@) is a (1 — a)-quantile of the distribution of u[g(x},) —g(kz )]
when F), is fixed at its realized value and X}, is the bootstrap sample mean.
Judicious choices of u and g give interesting confidence regions, as the

following examples show.
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Example 14.1 Let g(pyp) = pp and u(z) = |z)y = Y.0_, || be the ;-
norm. Then, the bootstrap confidence region

p
Dpgla) = {HF 1 Z |Zni — HF
=1

has asymptotic coverage probability 1 —a, where ¢

< CZ,,g(a)} ;

*
n,g

of the distribution of Y°7_ |y, ;—pup | when E,, is fized at its realized value
and X, is the bootstrap sample mean.

() is a (1—a)-quantile

Example 14.2 Let g(pp) = pp and u(z) = |z| = maxi<i<p |2;| be the
loo-norm. The bootstrap simultaneous confidence intervals

D"»g(a) = {“’F : |g_jn7i - :qui| < C;,g(a)? i= 17 s 7p}7

have asymptotic simultaneous coverage probability 1 — o, where 0:17g(04) 18
a (1 — «a)-quantile of the distribution of maxi<;<, |7, ; — pp ;| when E, is

fized at its realized value and X}, is the bootstrap sample mean.

Example 14.3 This example provides the bootstrap algorithm, easy to im-
plement on a computer, to construct simultaneous confidence intervals on
the means pp;, i =1,...,p. We are given a sample x1,...,%, from F.

Bootstrap algorithm

o Calculate Xy, = (Zp ;).
ebh«+1
e B+ 2000 (say)
e Do while b < B.
e Draw a bootstrap sample x7,...,x} from E,.
e Calculate X}, = (7}, ;).
o up ¢ maxi<icy |75, ; — Tn.il
ebhb«—b+1
e FEnd.
e Order the Up ’s: U(l) S U(g) S S U(B)'
e g« |(1—a)B] (|] is the integer part function)
o Simultaneous confidence intervals for pp; with approximate simultaneous
coverage probability 1 — a are

i’n,i — U(q) < HFi < i’n,i + U(q)s i=1,... ) P-

14.2  Confidence regions for the variance

This time, define
Wn = nl/Q(Sn — EF)
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The asymptotic distribution of S,, was given in Section 6.3 for all underlying
distribution F with finite fourth moments. The asymptotic distribution is

W, % Xp, Xp~ NE(0,Qp),
where Xp = (xp,;;), the elements of Qg given by
cov(@ ik, wrg1) = kT + RETR + kR

with the k’s representing the cumulants of F. The nonparametric bootstrap
estimate of the probability distribution under F' of W, is the probability
distribution under F;, of

W =n'/2 (85 -3y, ).
Beran and Srivastava (1985) established the consistency of the bootstrap
d
Wr = Xp w.p.l.
A difficulty in deriving a confidence region for a function of X is the
redundancy of elements due to the symmetry of 3. So let
uvec(S) = (811, 812,822, - - - » S1ps S2ps + - -+ » Spp)

be the vec operator applied only to the upper triangular part of S € S,,.
Suppose a confidence region for g(Xr) € R” is desired where g is a function
of uvec(X ), which is continuously differentiable and has first derivative
g e R’;(p+1)/2. Let u: R¥ — R be continuous on R* such that

{z e R": u(z) =c}

has Lebesgue measure 0 for every ¢ € R and u(bz) = bu(z), Vz € RF,
Vb > 0. Let

Wog = [n'/2 (g(S,) - g(Er)]
The delta method (v. Proposition 6.2) immediately yields
W, g % ulg(Sp) uvee(Xp)] (14.1)

and
We 4 ulg(Sp) uvec(Xp)] w.p.1,

so the bootstrap is consistent [Beran and Srivastava (1985)]. The condition
on v implies the limiting distribution in (14.1) is continuous. A bootstrap
confidence region for g(X ) having asymptotic coverage probability 1 — «
is

Dpg(e) = {g(Xr) : u[g(Sn) —&(Zr)] < ¢, g(@)},
where ¢}, _(a) is a (1 — a)-quantile of the distribution of u[g(S};) —g(X; )]

n,g n

when F, is fixed at its realized value and S} is the bootstrap sample
variance.
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Example 14.4 Let
OFi
g(Er) =rrij = 5 1 117/2 :
Fii¥F.jj
Then, g(8,,) is the sample correlation coefficient r,, ;; and bootstrap confi-
dence regions based on |y ;; — pr.j| have the correct asymptotic coverage
probability. Also covered is the Fisher z-transform

(%) = b1n ) = tanl~ o).

Example 14.5 This example provides the bootstrap algorithm, in an easily
programmable form, to construct a confidence interval for the correlation
coefficient pr;; using the Fisher z-transformation to stabilize the variance.
We are given a sample x1,...,%X, from F.

L+ pryj
1- PFij

Bootstrap algorithm

o Calculate S, = (sp,i5)-
o Calculate vy, ;5 = $p,i5/[s
eb«+1
e B <+ 2000 (say)
e Do while b < B.
e Draw a bootstrap sample x7,...,x) from Fn
e Calculate Sy, = (s}, ;;)-
e Calculate ry, ;; = sz’”/[s;":ﬁ sfll’j/j}
® Uy — |tanh_1(r;';’ij) — tanh_l(rnyij)|
eb«—Db+1
e Fnd.
o Order the up’s: uy Supy < S up)-
e g+ |[(1—-a)B]
o An approzimate (1 — o) confidence interval for pr;; is

1/2 1/2]

n,i°n,5j

tanh[tanh ™" (rn,ij) — U] < pri; < tanhftanh™ (r i) + ().
Example 14.6 Let
1 (BF) > ¢2(Bp) > - > ¢p(Er) >0
be the ordered eigenvalues of X assumed distinct. The vector
d(Zr) = (¢1(ZF), .., 9p(Zr))

is a continuously differentiable function of uvec(Xr) [Kato (1982), Section
6 of Chapter 2]. The ordered sample eigenvalues are

¢(Sn) = (¢1(Sn)v ceey (bp(sn))/'

The bootstrap confidence region based on

lrggé(pﬂnqbi(sn) —In¢;(XF)| (14.2)
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has the correct asymptotic coverage probability. Here, u(z) = maxi<i<p |2,
z € RP. The logarithmic transformation stabilizes the variance in the nor-
mal model asymptotic for sample eigenvalues (v. Problem 8.9.15). The
bootstrap confidence region for ¢p(Xg) corresponding to (14.2) is

{¢z(EF) : ¢1,(Sn)/An < ¢z(EF) < d)i(Sn)Ana 1=1,... ap}a

where
A, = eCng(@)

and c;, o (@) is a (1 — a)-quantile of the distribution of

Joax |In¢:(S,) —Ingi(Zp )

when F, is fized at its realized value and S} is the bootstrap sample
variance.

The problem of efficiently bootstrapping sample eigenvalues when X p
may have multiple eigenvalues is still an unresolved problem [Beran and
Srivastava (1987), Eaton and Tyler (1991)].

14.3 Tests on the variance

Rather than inverting a confidence region, it is sometimes possible to con-
struct bootstrap tests directly from test statistics. This approach [Beran
and Srivastava (1985)] to testing structural hypotheses about X is the
subject of this section.

Assume xy, ..., X, are i.i.d. F' with finite fourth moments. Let 7 : P, —
2

P, be alinear projection (7 = ), not the identity map. Suppose T,,(S,,) =
n h(S,) is a test statistic for the null hypothesis,

HO : EF = W(EF).
Let Fy be any distribution function satisfying Hy.

Example 14.7 Define the constant linear projection n(Xr) = 1. Then,
the hypothesis Hy : X g =1 is equivalent to Hy : Xp = n(ZF).

Example 14.8 Partition Xg as
/
_( 9F11 Opo
.= )
F < Or21 XF22 )

and define the linear projection

_(orn o’
W(EF)— ( 0 2F722)'

The hypothesis on the multiple correlation, Hy: R=10, or Hy: 012 =0
is equivalent to Hy: Xp = 7(Xp).
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Example 14.9 Define the linear map ©(Xr) = (34, 0rii/p) 1. Then,
the sphericity hypothesis Hy : Xp = ~I, v > 0 is equivalent to Hy : Xp =

The function i defining the test statistic T, (S, ) is twice continuously differ-
entiable at uvec(Xp,) € RPPH/2 with h(Xp,) =0 and h(Xp,) = 0. This

formulation includes the normal model likelihood ratio test in particular.
Let h € Rzgﬁgg denote the second derivative of h and xp, < uvec(X g, ).
Then, using the Taylor series,

T (S0)| Fo 2 Xl h(Z R, )%, -

We can construct a bootstrap estimate for the null distribution of T,(S,,)
as follows. Let

Vi = [1(Sp)] 228,58 P n(Se)] 2
The bootstrap estimate for the null distribution of 7,(S,) is defined to
be that of T,,(V,, 7 ). Let dn n(c, Fy,) be a (1 — a)-quantile of T,,(V,, £ ).
Beran and Srivastava (1985) established the consistency of the bootstrap,

d .
Tn(Vn,F,,L) — X5 h(EFR,)xp, w.p.1.

Hence, the test which rejects Hy whenever T,(S,) > dmh(a,ﬁn) has

asymptotic size a, provided h(Xg,) # 0.

In practice the bootstrap null distribution can be constructed as follows.
Let

yi = [7(S)]V28,; %y, i =1,...,n.

Let me be the empirical distribution function of the y;’s. Note that
Zp, = m(Xp, ), which satisfies Hy since 7 = 72 If yj,...,y}, are

iid. F,, and S}, y is the sample variance of the y;’s, then T,,(V,, 5 ) 4

T,(8S;, y) whose distribution can be approximated by Monte Carlo methods.

Example 14.10 We wish to test the hypothesis Hy : X 12 = 0 using the
invariant test statistic (v. Section 11.3)

—1 —1
T, = ntr[Sp125, 2280,218,, 11
p1
E 2
== n Tn,i7
=1
2

where 1, ; are the squared sample canonical correlations. The linear
projection in this case is defined by

(S 0
7r(Sn)_< 0 Sn¢22)
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with its square root
st? o
[W(Sn)]l/Q = ( i 12 |-
0 Sn{22
We are given a sample X1, ...,%X, from F.
Bootstrap algorithm

e Calculate S,, and partition

Sn 11 Sn 12
S, = (om1t Snaz)
(Sn,Ql Sn,22)

o Calculate the square roots S}/Q, S:L{fl, and 52{222 and the inverse Sy, /2.
e Transform y; = [W(Sn)]1/2Sle/2xi, 1=1,...,n.
b1

e B <« 2000 (say)

e Do while b < B.
e Draw a bootstrap sample yi,...,y. from Fn,y.
o Calculate S}, and partition

« _ (Spi1 Spae
S (s:;,m s:;,m) |

o Uy N tr[sjz,l2sjzj2128:1721S:zjlll]

eb«—b+1
e Fnd.
o Order the up’s: uy Su) < S up)-
e ¢+ |(1-—a)B]
o An approzimate size o test rejects Hy : Xp12 = 0 whenever 1), > U(q) -

It is an easy matter to modify this bootstrap algorithm to bootstrap the
test statistic

— — _ _ -1
In = ntxr {Sn,msn}zzsn,zlsn,lu (T— 80128, 5580218, 1) }

p1
n Z 7“72“‘/(1 - 7“7211)
i=1

Howewver, the test based on the largest sample canonical correlation, T,, =
n 7"72L,1: should not be bootstraped unless the user is sure the largest popula-
tion canonical correlation is distinct. In case of multiplicity the population
canonical correlations are not a differentiable function of Xp [Kato (1982),
Section 6 of Chapter 2].

Bootstrap algorithms for estimating the power function of a test statistic
can be found in Beran (1986). Nagao and Srivastava (1992) considered
high-order asymptotic expansions to the distribution of some test criteria
on the variance matrix under local alternatives. For the test of sphericity
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in dimension p = 3, they compared these expansions to the bootstrap
approximations for both the normal model likelihood ratio test and Nagao’s
test when the distribution is actually multivariate normal or multivariate
t.

14.4 Problem

1. John (1971) showed that the test based on
J =tr V?/(tr V)2,

where V = Y7 | (x;—x)(x;—x)’, is LBI for the hypothesis of spheric-
ity, Hy : ¥p = I, v > 0, when the underlying distribution F' is
multivariate normal. Write down a detailed bootstrap algorithm to
evaluate the « critical point of the test J but when F' is multivariate
student, ¢, ,,(0,I).

Hint: A ¢, ,(0,1) distribution can be simulated with Problem 13.6.1.
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Inversion formulas

Assume x ~ F,y ~ G, x Il y on R®. Then, z=x+y hasad.f.,z~ H,
given by

H(t) = Px+y<t)
= EP(x+y<tly)

~ EF(t-y) = [ F(t-5)d6).

Similarly, inverting the roles of x and y, we also have

Ht)=EGt—x)= | Gt —x)dF(x).
o

This leads to the smoothing lemma on convolution.

Lemma A.1 (Smoothing lemma) If x is absolutely continuous with
p.d.f. f(t), then z = x +y, where y ~ G and x 1y, is absolutely
continuous with p.d.f.

h(t) =E f(t—y).
Proof. It follows readily that

[ Fe-yyice)

I /( o, TN

H(t)

dG(y)
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-/ [ /( SRS y)dx] 4G(y).

By Tonelli’s theorem, it is posible to interchange the order of integration
whereby

H(t) = /( . [ =y ax /( PR

|

We can now establish the inversion formula on R™. The proof resembles
that of Feller (1966, p. 480) for n = 1.

Proposition A.1 (Inversion formula) The probability measure Py is
given in terms of the characteristic function c(t) = cx(t) by

1 a4/ ’
P.(a,b] = lim @ /(ab] /n e " xc(t)et 6/2N° g dx,

N—oo
Va,b such that Py (0(a, b]) = 0.
Proof. Take any random t such that t |l x. Then, conditioning yields
E Xt = E BE(e™x) = E ¢4(x) = E cx(t).
Replace x by x — s for any fixed value of s to find Parseval’s relation:
Ec(x—s)=F e_is/tcx(t).

However, letting t ~ N,,(0,072I) with cy(s) = exp(—[s|?>/20?),

E exp(—|s —x|?/20%) = E e "3¢(t)

= (02>"/2/ e’it/sc(t) exp (—o”[t?/2) dt.
27 n

Divide by (2702)"/? to obtain

1
(2m)"

This is of the form E g(s — x) = h(s) in the smoothing lemma where g(s)
is the p.d.f. for a N,,(0,0°I). Thus, h(s) is the p.d.f. of x + oz, where
z ~ N, (0,1), and if we let P, denote the probability measure for x + oz,

Pab] = — / /e—“’sc(t)e—f'2‘tlz/%ztds,
(2m)" Jap) Jrn

whereby Slutsky’s theorem with ¢ = 1/N gives the result. a

—s—x|*/20%) = / e~ Sc(t) exp (—o?|t]?/2) dt.

1
(2m02)n/? exp(

An immediate corollary is the inversion formula for absolutely continuous
distribution.
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Corollary A.1 If c(t) is integrable with respect to Lebesque measure, then

1 —it'x
f(x) = G /Rn e c(t)dt.

Proof. If ¢(t) is integrable, then the integrand in Proposition A.1 is dom-
inated by an integrable function. By the D.C.T., we can interchange the
limit and the integral, which gives the result. a




Appendix B

Multivariate cumulants

B.1 Definition and properties

The moments of a univariate random variable z, u, = E z", are the
coefficients of (it)"/r! in the Taylor series of the characteristic function,

cz(t) = Z pr ()" /7!
r=0

whereas the cumulants are the coefficients in the series for K, (t) = In[c,.(¢)],

Ko(t) = ke(it)"/r!,
r=0

provided the expansions are valid. The function K, (¢) is the cumulant
generating function. Relations between moments and cumulants are thus
obtained by equating the coefficients in the Taylor series of exp(-) in the
equation

Zur(it)’"/r! = exp <Z kr(it)r/r!> .

r=0 r=0
We require only the relations between the first four moments and cumulants
(assuming they exist):
M1 - kl )
pe = ko +ki,
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ps = ks + 3kaky + K,

pa = ky+ 4ksky + 3k3 + 6kok} + kT,

ki = i,

ke = po— 3,

ks = ps— 3pugp + 24,

ko = pa—Apspa — 3p5 4 12p9pF — 6y

When z is centered, i.e., E x = pu; = k1 = 0, these simplify to

po = ko, ko = 2,
p3 = ks, ks = us,

pg = kg + 3k3, ky = pg — 3p3.

For a random vector x € RP, product-moments p,, .., = E(z' coeap?)

.....

and multivariate cumulants k., ., of order r = Zle r; are defined
similarly,
oo . .
it1)"™ ity)"P
cx(t) = E Hory,.rp (it1) ( p) )

7”1! ’I“p!

Ex(t) =Ifex(t)] = > k... o

Example B.1 For x ~ N,(u,X), we have Kx(t) = it'p — $t'St, a
quadratic function of t, and, thus, all multivariate cumulants of order r > 2
are null. Multivariate cumulants of order 1 are the means, u;, and those of
order 2 are the variances, oy, and covariances, 0.

Obtaining product-moments in terms of cumulants, and vice versa, is a
laborious task which can be greatly simplified with a “symbolic differential
operator” [Kendall et al. (1987)]. For example, when F x = 0, consider
the relation p4 = kg + 3k3, which we write symbolically as

p(ry) = k(ry) + 3k(r}).

To obtain a relation between fourth-order product-moments and cumulants
of a bivariate distribution, consider the operator r99(-)/0r1. When applied
to pu(rt), it yields

4p(rdrg) = 4k(rdry) + 12k(rd)k(rirs),
which means, after dividing by 4,
p31 = ka1 + 3kaoki1.

Example B.2 The same method can be used to obtain cumulants in terms
of product-moments. Considering the relation

kg = pia — 33



258 Appendix B. Multivariate cumulants

in symbolic form
k(ri) = u(ri) = 3p*(r9),
and applying the operator ro0(+)/0r1, we get
Ak(rira) = 4p(rirs) — 12u(r})u(rirs)
or
kg1 = w31 — pgopar-

Continuing this process, it is possible to obtain relations for trivariate
distributions with either operator, r39(-)/9r; or r39(-)/0ry. The operator
r30(-)/0r1 applied to the last symbolic equation yields

12;1(7“%7“27“3) = 12]{3(7“%7“27‘3) + 24k(rir3)k(rirs) + 12k(r%)k(r2r3),
which is equivalent to
to11 = k211 + 2k101k110 + K200ko11-

The operator r40(+)/0r; finally gives the relation for fourth-order product-
moments and cumulants of a four-dimensional distribution

24pu(rrorsry) = 24k(rirarsry) + 24k(rsra)k(rire) + 24k(rirs)k(rary)

—|—24k’(7“1 7‘4)k(r2r3) s

or

p1111 = k1111 + koo11k1100 + k1010k0101 + K1001k0110-

For fourth-order product-moments of a p-dimensional, p > 4, distribution,
we need only specify which four variables enter. For example, /fﬂklll =
E(x;x;x,2;) satisfies
igkl _ gijkl ikl 35kl ijkl 5kl ikl 35kl
pr111 = ki + Foor1K1100 + Frotokator + FrooiForio-

A zero subscript means the superscript variable does not enter, so we can
rewrite

ijkl gkl Kkl .47 ik 1.5l il 1.5k
pri11 = krinn kTR + Rk + kR

When a variable is repeated, the indices can be amalgamated. For example,
the equation where i = j,

ikl _ gkl Kl i ik il il gk
P = ki kAT + RTRT + R RLT
becomes
ikl _ gkl Kl i ik il il 1.k
po11 = koiy + kiiks + ki1kTy + KTk,

and if i = j = k = [, then we recover the initial equation pj = ki + 3(k4)2.
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Departures from normality is often assessed with the coefficients of skew-
ness, 1, and kurtosis, v2. For a centered variable x, they are defined
as

13 k3
N o= 55=
w® Ky
Ha k4
Yo = — —3=—.
115 k3

For a normal variable, v = v = 0.

Cumulants of random symmetric matrices can also be defined. For a
description of miminal moments and cumulants of symmetric matrices with
an application to the Wishart distribution, the reader is referred to Kollo
and von Rosen (1995).

B.2 Application to asymptotic distributions

Let x1,...,X, ii.d. x € RP which has finite fourth-order moments
and £ x = 0 and var x = 3. The asymptotic distribution of S =
(n—il) Yo (x; — X)(x; — X)' was derived generally in Section 6.3:

n/?(S — %) A NP(0,var W),

where W = xx’. The only problem is to calculate var W. This can now be
done in terms of multivariate cumulants. The block (4, j) of var W is

E(z;xjxx") — E(z;x)E(x;x")
and the element (k,[) of the block (¢, j) becomes
E(wizjopa) — B(viwy)B(zjzm) = pi — el
ijkl A5 il ik
= ki +ELRY + RRY
The general result is thus

gkl kil g il gk
cov(wik, wji) = kyiyy + kikyy + KDk

B.3 Problems

1. Establish the following:

(i) w11 = k1 and por = ko

(ii) poo = koo + kaokoz + 2k%,.

(iii) Given us = ks + 10ksko, calculate pso and pugg.
(iv) Obtain usp1 in terms of lower-order cumulants.
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2. Demonstrate the kurtosis 72 of a symmetric contaminated normal
density

(1—e)(2m)"1/? exp(—32?) + e(2mo) /2 exp(—32°/0?)
1+ e(o* —1)) B
[1+e(02—-1)]2

3. Evaluate the kurtosis of a Student’s ¢,, distribution as v2 = 6/(v —4),
v >4,

Yo =3 3.
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S-plus functions

This appendix describes three S-plus programs which the reader can down-
load from the World Wide Web site www.dms.umontreal.ca/~bilodeau.
Simply download the file named multivariate and, at the S-plus prompt,
type: source( “multivariate”) to compile the functions.

1. U(p;m,n) distribution function.
Usage: pu(¢,p,m,n)
Value: The function returns P(U(p;m,n) < ().

2. U(p;m,n) quantiles.
Usage: qu(a, p,m,n)
Value: The function returns the a-quantile , U,(p;m,n) say,
satisfying
P(U(p;m,n) < Ua(p;m,n)) = a.
It returns as well a C factor, frequently used by people relying on the
asymptotic result
d
~[n— 53— m+)mUpim,n) = xp,
to make the approximate X?)m quantile an exact quantile of —[n —
%(p —m+ 1)]InU(p; m,n). More precisely,
CfClCtOT : X%—a,pm = —[’I'l - %(p —m+ 1)] In Uoz(pv m, Tl)
Note that lower quantiles of U(p; m,n) correspond to upper quantiles
of X2,
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3. Beta Q-Q plot for multivariate normality.

Usage: qqbeta(z)
The input z is the n X p sample matrix.
Value: The function returns the Q-Q plot of the points

(d%z')’ [(n—1)?/n] beta,, (3p;3(n—p— 1))) Li=1,...,n,

as described in Section 11.4.1. The graphic device must be activated
before using this function.

. Robust S estimate.

Usage: s.estimate(x,r,nr, Nsamp)

The input x denotes the n x p sample matrix. The input r in the
interval (0,.5) is the asymptotic breakdown point, nr and Nsamp
are positive integer parameters of the numerical algorithm [Ruppert
(1992)]. Values of nr = 3 and Nsamp = 80p are appropriate for
most purposes. The user is urged to experiment with other values of
nr and Nsamp to certify that the s.est¢émate function returned the
global minimum.

Value: The function returns the S estimate of location and scatter,
u,, and V,,, the Mahalanobis distances, distance.mahalanobis, for
outlier detection and the objective function, determinant, which the
S estimate seeks to minimize. Points with a Mahalanobis distance
greater than (X_Qgs,p)l/ 2 should be checked for outliers [Rousseeuw
and van Zomeren (1990)].

The implementation uses the biweight p(-) function of Section 13.4.2
and determines ¢y such that E p(|z|)/(c3/6) = r, where z ~ N,(0,1),
to achieve the desired breakdown point.

. Asymptotic variance of S estimate.

Usage: asymp(p, )

The input p is the number of variables, whereas r is the breakdown
point.

Value: The function returns the asymptotic variance constants, at
the normal distribution, in Proposition 13.11: A = «/3?, o1, and
o3. The constants A~! and o} ! in particular, serve as measures of
relative efficiencies of the location and scatter estimates, respectively,
at the normal distribution.
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