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Chapter 1

o-algebras and Borel functions

Preliminary discussion

e Suppose that X is a continuous random variable. Then Prob(X =s) =0
for any s € R. However, the event { X € R} has probability one and is the
disjoint union of the events { X = s} for s € R;

{(XeR}={J{x=s}.

Each event on the right hand side has probability zero, so the probabilities
of the events on the right hand side do not “add up” to that of the left hand
side. We wish to understand this.

e Suppose that X is a random variable on a sample space €2, and suppose
that X takes values z1,x2,.... Put A; ={w € Q: X(w)=2a;}. Then

EX =) a; Prob(X = ;)

= Z::L'Z Prob(4;).
1 A;

In particular, for 14, (w) =< we ’
0, w ¢ A,L

El4, =1 Prob(14, =1)
= Prob(4;).

Also E(z;14,) = x; Prob(4;). But we can write X = >, x;14, and we
recover EX as

EX =Y x; Prob(4;) = Y E(xila,).

Here X is a “step-function” on ). This formula forms the basis for the
“general” expectation, i.e., that for an arbitrary random variable.
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2 Chapter 1

e One must (sometimes) ask which subsets of a sample space are deemed
to be events. Can one take all subsets of the sample space to be events? The
answer is sometimes yes and sometimes no. For example, in the case when
the probability of an event within a bounded region of R3 is required to
be proportional to the volume associated with the event, then one naturally
asks whether every subset of (a bounded region) of R? actually has a volume.
That this is not so is demonstrated by the Banach-Tarski theorem. (This
says that a ball of unit radius in R? can be cut up into a finite number
of pieces which can then be reassembled to form a ball of radius 2. The
meaning of “volume” for these pieces is not clear.)

We must be precise about the concept of “event”. In the “modern” (Kol-
mogorov) theory of probability, this is formulated in terms of o-algebras.

Definition 1.1. A collection ¥ of subsets of a non-empty set X is called a
o-algebra if

(i) X ex,
(i) f Ae ¥, then A°=X\AeX,
(iii) if A, € X forn=1,2,..., then |J,_, 4, € .

The sets in 3 are called measurable sets, and (X, ) is called a “mea-
surable space”.

Remarks 1.2.
1. Since @ = X¥¢, it follows that @ € X.

2. For any Ay, As,..., Ay € X, put A1 = Apyo = -+ = &. Then we
see that Ay U---UA,, =J,=; Ax € X, by (1) above, and (iii).

3. Let Ay, As,--- € £. Then since (0%, A, = (U2, AS)°, we see that
N, Ap € 2.

If we take Ap41 = Apyo =--- = X, then we get Ay N---NA, € X.
4. Let A,Be€X. Then A\B=ANB andso A\ B € X.

Proposition 1.3. Let { ¥, } be an arbitrary collection of o-algebras of X.
Then (), Xq is a o-algebra.

Proof. We check the requirements.

(i) X € X, for all & and so X € (), Xa-

(ii) Suppose that A € (), Xa. Then A € 3, for all & and so A° € ¥,
for all «, that is A° € N, Xa-
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o-algebras and Borel functions 3

(i) Let Ay, Ag,... belong to (), Y. Then, for each a, A, € ¥, for
all n and so J,, An € 4. Hence |, An €, Za-

The result follows. [

Let C be any collection of subsets of X. Then certainly C is contained
in the o-algebra consisting of all subsets of X. If we set

SC) =)=
F

where the intersection is over the family F of all those o-algebras ¥ which
contain C, then X(C) is the “smallest” o-algebra containing C. It is called
the o-algebra generated by C.

Definition 1.4. Let C denote the collection of open subsets of R. Then ¥(C)
is called the Borel o-algebra of R, usually written B(R). The elements of
B(R) are called Borel sets. Similarly, one defines B(R™) as the o-algebra
generated by the open subsets of R™.

Proposition 1.5. The following subsets of R belong to B(R):
(i) (a,b) for any a < b;
(ii) (—o00,a) for any a € R;
(iii) (@, 00) for any a € R;
(iv) [a,b] for any a < b;
(v) (—o0,al for any a € R;
(vi) [a,00) for any a € R;
(vii) (a,b] for any a < b;
(viii) [a,b) for any a < b;
(ix) any closed subset of R.

Proof. Each of the sets in (i), (ii) or (iii) is open and so belongs to B(R) by
construction.

() 0.6 = (V2 (a— 2.b+ ) € BR).
(v) (—o0,a]l =2, (—oo,a + %) € B(R).
(vi) [a,00) = (a — %, oo) € B(R).
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4 Chapter 1

(vii) (a,0] = (2 (a.b+ ) € B(R).
(viii) [a.b) = 72y (a - .b) € BR).

(ix) If F is closed in R, then F is open and so belongs to B(R). But then
F = (F°)° e B(R). .

In fact, we will se that each of these families of subsets of R generates
the o-algebra B(R).

Proposition 1.6. Let Y(closed) and Y(compact) denote the o-algebras of
subsets of R generated, respectively, by the closed sets and the compact
subsets in R. Then

Y(closed) = X(compact) = B(R).

Proof. Every closed subset of R belongs to the o-algebra B(R). But, by
definition, X(closed) is the smallest o-algebra containing the closed sets, so
we must have ¥(closed) € B(R). On the other hand, every open set is
the complement of a closed set and so belongs to ¥ (closed). By definition,
B(R) is the o-algebra generated by the open sets of R and so we have
B(R) C ¥(closed). It follows that B(R) = X(closed).

Next, we note that since every compact set in R is closed, it follows that
Y (compact) C ¥(closed). However, any closed set F' can be written as the
(countable) union

F = U [—n,n] N F.
n=1

Each [—n,n] N F is closed and bounded and so is compact. It follows that
F € ¥(compact) and therefore ¥(closed) C ¥(compact). Hence result. =

Proposition 1.7. Let Cy, . ..,Cqy denote the collections of subsets of R as given
in Proposition 1.5. Then ¥(C;) = B(R) for each i =1,2,...,9.

Proof. Since C; C B(R), we have X(C;) € B(R), 1 <i < 9. We show that
Y (compact) C ¥(C;) which completes the proof, by Proposition 1.6.

To show this, we first observe that each 3(C;) contains all intervals (a, b)
with @ < b. (For example in (v): (—o0,a] € ¥(Cs) implies (by taking
complements) that (a,00) € ¥(Cs) for any a € R. But then it follows that
(a,b] = (a,00) N (—00,b] € £(C5) and so (a,b) = U2, (a.b—%52] € £(C5).)

n=1
Now let K C R be any given compact set. For each z € R and n € N,
let I,(z) be the interval (z — 2,2 + 1). For each fixed n, the collection
{I,(z):x € K} is an open cover of K and so has a finite subcover,

K C In(a:gn)) U---u In(x(n) )= Jn

m

for suitable points z7 ", ..., m(n) in K. Evidently, J, € 3(C;).
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o-algebras and Borel functions )

We claim that K = (2, Jp. Clearly, K C (2, J,,. For the converse,
(n)y
] )

that is, there is y, = :cg.n) € K such that |z — y,| < 1/n. We see that y, — x

as n — oo and, since K is closed, it follows that z € K which proves the
claim. Therefore K = (2, J, € £(C;) and so

let x € ﬂzozl Jp. Then z € J, for all n. Hence = belongs to some I, (x

B(R) = X(compact) C 3(C;)
and the proof is complete. "

Definition 1.8. Let (X, ) be a measurable space and f : X — R a given
function. f is said to be Borel measurable if f~1(G) € ¥ for each G open
in R.

Proposition 1.9. The function f : X — R is Borel measurable if and only if
f~Y(A) € X for each A € B(R).

Proof. If f~1(A) € ¥ for each A € B(R), then certainly f~1(G) € ¥ for
each open set G in R (because such G belongs to B(R)).

Conversely, suppose that f~1(G) € X for any open set G in R. Let S
denote the collection of subsets of R given by

S={ECR:fYE)ex}.
Then S is a g-algebra. To see this, we note the following.
(i) fFIR)=XeX, soReS.
(i) fFYR\E)=X\fYE), soif E€SthensoisR\ E.
(iii) If Ey, Es,... belong to S, then
fFUEIUEU..) = fY(E)Uf Y E)U...
which belongs to ¥ and so By UEy;U--- € S.

This shows that S is, indeed, a o-algebra, as claimed. But S contains all
open sets, by hypothesis, and therefore B(R) C S. Hence, for any A € B(R),
f~Y(A) € ¥. This completes the proof. .

Remark 1.10. Note that S need not be equal to B(R). For example, if X is
the o-algebra of all subsets of X then every function f : X — R is Borel
measurable and f~!(E) € ¥ for any subset F in R whatsoever.

As another example, suppose that f is constant. Then f~!(E) is either
equal to X or else is empty depending on whether E contains the value
assumed by f or not. In any event, f~!(E) € ¥, whatever F is.
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6 Chapter 1

We can improve somewhat on the previous proposition, still using the
same idea.

Proposition 1.11. Let C be a collection of subsets of R such that ¥(C) = B(R)
and let f : X — R. Then f is Borel measurable if and only if f~1(A) €
for all A € C.

Proof. Suppose that f is Borel measurable. Since C C B(R), it follows by
Proposition 1.9 that f~1(A) € ¥ for any A € C.

Now suppose that f~1(A) € ¥ for all A € C. As before, let us set
S={ECR: f1(F)e X} Then S is a o-algebra which contains C and
so we have

B(R) = £(C) C S.
It follows that f~1(A) € ¥ for any A € B(R). .

Remark 1.12. This means that we can take C to be any of the collections of
sets indicated in Proposition 1.5. For example, we can say that f is Borel
measurable if and only if f~!((—oco,a]) € ¥ for each a € R.

We can choose any convenient collection to work with.

Proposition 1.13. Let f : X — R be Borel measurable and g : R — R
continuous. Then go f: X — R is Borel measurable.

Proof. Let G be any open set in R. Then g~!(G) is open in R and so
(g0 /)~1(G) = fH(g7"(G)) belongs to . .

Proposition 1.14. Let f : X — R and g : X — R be Borel functions. Then
the set

E={zeX:fx)<g}

is measurable.
Proof. For each rational number r € Q, let
E.={zeX: f(z)<r<gx)}.

Then E, = {z : f(z) < r}n{x :r < g(x)} which is the intersection
of two measurable sets in X and so is itself measurable. Finally, we note
that £ = (J,cq £, which is a countable union of measurable sets and so is
measurable. .

Proposition 1.15. Let (X, ¥) be a measurable space and let f : X — R and
g : X — R be Borel functions. Then

(i) af + b is a Borel function for any a,b € R;
(ii) f + g is a Borel function;
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o-algebras and Borel functions 7

(iii) |f|* is a Borel function for any «a > 0;
(iv) if f never vanishes, then 1/f is a Borel function;
(v) fg is a Borel function;

(vi) |f], max{ f,g} and min{ f, g } are Borel functions.

Proof. We shall consider each statement one by one.

(i) For any ¢ € R,

{reX:(af+b)(x) <c}={z:af(x)+b<c}
={z:af(x)<c-b}
{z:f(z) <(c—b)/a}, a>0
(e f@ 2 - b)ja). a<o
X, a=0andc>0b
, a=0and c<b.

In any event, the left hand side belongs to 3, which proves (i).
(ii) Let ¢ € R. Then

{a: fx) +g() >ct={w: f(z)>—g(z)+c}

But —g + ¢ is a Borel function by (i) and so the right hand side belongs to
> by Proposition 1.14.

(iii) The function ¢ — [¢t|* is a continuous function and so |f|* is a Borel
function by Proposition 1.13. (Alternatively, we note that for ¢ > 0

{z:]|f@)*<c}={z:—c* < fla) <MY

={z:=c/* < fla)}n{z: f(z) <M}
€.

For ¢ < 0, the left hand side = @
(iv) If ¢ > 0, then

{2:1/f(x) Sc}={a: f@) <0}U{z:1>cfx)} €x,
using (i). If ¢ < 0, then
{o:1/f(x)<cl={x:1=cf(x)} e,
again by (i).

King’s College London



8 Chapter 1

(v) This follows from the identity

fo=1(f+9° = 3(f—9)
together with (i), (i) and (iii).

(vi) |f| is a Borel function by (iii) with a = 1. Now

max{ f, g }(z) = 5(f(2) + g(2)) + 31/ (2) — g(z)|

and
min{ f, g }(z) = 3(f(2) + g(=)) — 5 [f(x) — g(x)|.

The result now follows from (i), (ii) and (iii). n

Theorem 1.16. Let (X, ) be a measurable space and let (fy,) be a sequence
of Borel measurable functions on X. Suppose that f(x) = lim, f,(x) exists
for each x € X. Then f is a Borel function.

Proof. Let ¢ € R. We shall show that A = {z : f(z) < ¢} € ¥. For any
m,k € N, put

E' ={z: fo(z) <c— 2L foralln>k}.
Then Ef* =(,sp{2: fa(z) <c— L} and so EJ" € .

o0 o0
Claim: A = U U E".
m=1 k=1
To see this, fix x € A. Then f(z) < ¢, by definition of A and there is some
mo € N such that f(z) < ¢ — mio But f,(x) — f(x) and so there is some
ko € N such that f,(z) < c— m%) for all n > kg. In other words, x € Ego.
Now suppose that @ € E}J* for some m,k. Then f,(z) < ¢ — % for all
n > k. In particular, f(z) = lim, f,(z) < ¢ — L < c and so z € A. This

proves the claim.

o0 [ee]
Each EJ" € ¥ and so A = U U E' = U E}" is a countable union of
m=1 k=1 (m,k)EN2
elements of ¥ and so itself belongs to X. "

Definition 1.17. Let (X, ) be a measurable space and f : X — C. We say
that f is Borel measurable if both Re f and Im f are Borel measurable.

Proposition 1.18. Let f : X — C be a Borel measurable function. Then |f|
is a Borel measurable function and there is a Borel function a : X — C with
|a(z)| =1 for all x € X such that f(z) = a(x)|f(x)].
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o-algebras and Borel functions 9

Proof. For each z, f(z) = |f(z)|e?’. The value of  depends on z and is
arbitrary up to constant additions of multiples of 27, which may vary with z.
The point is that @ may be chosen such that the resulting function ¢?(®) ig
Borel measurable.

First, we note that |f(z)| = ((Re f(x))%+ (Im f(2))2)"/* and so is Borel
measurable, by Proposition 1.15.

Let E={xz: f(z) =0} ={z:|f(x)] =0}. Then E € X. Let 1g be
the indicator function for F,

1, z€E,
1p(z) = {

0, otherwise.
Then 1g is a Borel function.

Set
[f(@)] +1p(2)
Then, evidently, |a(z)| = 1 (consider separately the cases v € F and x ¢ E).
Furthermore, | f|+1g never vanishes and is a Borel function, and so therefore
is 1/(|f|+ 1g), by Proposition 1.15. Hence we deduce, again by Proposition
1.15, that « is a complex Borel function. It is clear that f(z) = a(z) |f(x)|
for all x € X. "

forx € X.

Definition 1.19. A function s : X — R is called a simple function if its range
consists of only finitely-many points.

Thus, if s is simple with distinct values a1, ..., a, and if A; ={z € X :
s(x) =aj}, 1 <j <n,then

s(z) = Z ajla,(z)

for x € X, i.e., s is a finite linear combination of indicator functions. Evi-
dently, s is Borel if and only if each A; is measurable.

Theorem 1.20. Let f : X — R be a non-negative Borel function. Then there
is a sequence of non-negative simple Borel functions (s,) such that

(i) 0<s1<s9<--- <,

(i) sp(x) — f(z), asn — oo, for each x € X.
Proof. For n =1,2,... and for 1 <i < n2", let

S <@ < )

En’l':{ZL‘EXI on

and
F,={zeX: f(x)>n}.

King’s College London



10 Chapter 1

n2m
Then F,, € S and E,; € Sand X = F, U | ] En.
=1
Set

n2m

sn(z) = Z Ull) le.(x) +nlg, (x).

2n
=1

Then s, is a non-negative simple (Borel) function obeying s, (z) < f(x) for
each z € X.

To show that s, < s,41, suppose first that x € Fj,;1. Then we see that
Spt1(x) =n+1>n=s,(z) since Fy1 C F,.

Now, if ¢ F,.1, there is some j with 1 < j < (n + 1)2""! such that
S ETL-I—LJ" Then

i1 2n+1
5n+1($) = ]2n+1 [ QnII(J;)]

where [v] denotes the integer part of v. (This last equality follows because
z € Enq1; if and only if (j — 1)/2"" < f(x) < j/2"*! which holds if
and only if j — 1 < 2""1f(z) < j which, in turn, holds if and only if
j—1=[if@))

If f(z) > n, then [2"F!f(x)] > 2"*!n and so

[2n+1f(1.)] S on+l,

sn+1() = on+1 = ont1l n = sn(z).

Suppose now that 0 < f(z) < n. Then z € E,,; for some 0 < i < n2" and
sn(x) = [27f(2)]/2".

Suppose that 2" f(z) = m + A, some m = 0,1,2,... and 0 < A < 1, so
that [2"f(x)] = m. Then 2" f(x) = 2m + 2\ with 0 < 2\ < 2 giving

27 f ()]  2m + [2)]
on+1 - on+1
_om o [2)]
Toon T ogntl
on
2]
2'I'L
= sp(x),

>

which completes the proof of (i).

To see that s,(z) — f(x) for each z, let x € X be given and let ny be
so large that f(z) < ng, i.e., z ¢ F,, for any n > ng. Hence, for all n > ny,
there is some ¢ (depending on n) such that x € E,, ;. Therefore, by definition
of En,ia

i (i-1)

ng(x)_sn(x)<27_ on

Department of Mathematics



o-algebras and Borel functions 11

, asmn — oo,

and the proof of (ii) is complete. n

Remark 1.21. If f is bounded, then there is ng such that 0 < f(x) < ng for
all z € X. But then for all n > ng, 0 < f(z) — sp(z) < 1/2", for any x € X,
and so we see that s, — f uniformly on X in this case.

Definition 1.22. A collection A of subsets of a set X is an algebra if
(i) X € A,
(ii) if A€ Aand B € A, then AUB € A,
(iii) if A € A, then A° € A.

Note that it follows that if A, B € A, then AN B = (A°U B°)° € A.
Also, for any finite family Ai,..., A, € A, it follows by induction that
U?:l A; € A and ﬂ?:l A; e A

Definition 1.23. A collection M of subsets of X is a monotone class if

(i) whenever A; C Ay C ... in M is an increasing sequence in M,

then (J;2, 4; € M,

(ii) whenever By O By D ... in M is a decreasing sequence in M,
then N2, B; € M.

One can show that the intersection of an arbitrary family of monotone
classes of subsets of X is itself a monotone class. Thus, given collection C
of subsets of X, we may consider M(C), the monotone class generated by
the collection C — it is the “smallest” monotone class containing C, i.e., it
is the intersection of all those monotone classes which contain C.

Theorem 1.24. Let A be an algebra of subsets of X. Then M(A) = X(A).

Proof. 1t is clear that any o-algebra is a monotone class and so ¥(A) is a
monotone class containing A. Hence M(A) C ¥(A). The proof is complete
if we can show that M(A) is a o-algebra, for then we would deduce that
E(A) S M(A).

If a monotone class M is an algebra, then it is a o-algebra. To see this,
let A1, As,--- € M. Foreachn € N, set B, = AjU---UA,. Then B, € M,
if M is an algebra. But then (J;2, 4; = U,,_; 00B,, € M if M is a monotone
class. Thus the algebra M is also a o-algebra. It remains to prove that M
is, in fact, an algebra. We shall verify the three requirements.
(i) We have X € A C M(A).

King’s College London



12 Chapter 1

(iii) Let A € M(A). We wish to show that A° € M(A). To show this, let
M ={B:Be M(A) and B € M(A)}.
Since A is an algebra, if A € A then A° € A and so
AC MC M(A).

We shall show that M is a monotone class. Let (Br) be a sequence in
M with B € By C .... Then B, € M(A) and B € M(A). Hence
U,, Bn € M(A) and also (,, B, € M(A), since M(A) is a monotone class
(and (B¢) is a decreasing sequence).

But N, BS = (U, Bx)" and so both |, By and (U, By)® belong to
M(A), ie., U, By € M.

Similarly, if By D Bs D ... belong to Mv, then (N, B, € M(A) and
(N, Bn) = U, BS € M(A) so that (), B, € M. Tt follows that M is a
monotone class. Since A C M C M(A) and M(A) is the monotone class

generated by A, we conclude that M = M(A). But then this means that
for any B € M(A), we also have B¢ € M(A).

(ii) We wish to show that if A and B belong to M(.A) then so does AU B.
By (iii), it is enough to show that ANB € M(A) (using AUB = (A°NB*)°).
To this end, let A € M(A) and let

My={B:Bec M(A) and ANB e M(A)}.
Then for By € By, C ... in M4, we have
AnJBi=JANnB; e M(A)

=1 i=1

since each A N B; € M(A) by the definition of M 4.
Similarly, if By D By O ... belong to M 4, then

AN ﬁB,: ﬁAmBi e M(A).
=1 =1

Therefore M 4 is a monotone class.

Suppose A € A. Then for any B € A, we have AN B € A, since A is
an algebra. Hence A C My C M(A) and therefore M4 = M(A) for each
Ae A

Now, for any B € M(A) and A € A, we have

AeMp < ANBeM(A) <= Be My=M(A).
Hence, for every B € M(A),
AC Mp C M(A)

Department of Mathematics



o-algebras and Borel functions 13

and so (since Mp is a monotone class) we have Mp = M(A) for every
B e M(A).

Now let A, B € M(A). We have seen that Mp = M(A) and therefore
A € M(A) means that A € Mp so that AN B € M(A) and the proof is
complete. "

King’s College London
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Chapter 2

Measures

Definition 2.1. A finite measure on a measurable space (X,3) is a map

p X — [0,00) such that if Aj, Ag,... is any sequence of pairwise disjoint
members of X, then
oo o0
,u( U An) = Z :U’(An)
n=1 n=1

(This requirement is referred to as “countable-additivity” or “c-additivity”.)

A measure space is a triple (X, X, u), where p is a measure on the
o-algebra X of subsets of X.

If u(X) = 1, then p is called a probability measure and (X, %, p) is
called a probability space. In this case, X is called the sample space and
the members of ¥ are called events.

A random variable is a Borel measurable function on a probability space.

Proposition 2.2. Let u be a finite measure on .. Then the following hold.
() u(@)=o.
(i) IfAi,...,A, € ¥ with A; N A; = @ for i # j, then

(A +As+ -+ Ap) = p(Ar) + -+ u(4y).
(iii) If A,B € X with A C B, then u(A) < u(B).

(iv) If Ay € Ay C ... with A, € X, n = 1,2,..., then we have
(A 11Uy An) 251 — 0.

(v) If Ay D Ay D ... with A, € ¥ for n = 1,2,..., then we have
H(Aw) T () An) a5 — 0.

Proof. (i) Let A,, = @ for each n € N. Then the A,s are pairwise disjoint
and so u(lJ,, An) = >, t(An), that is, u(@) = >, n(&). We must have
n(2) = 0.

15



16 Chapter 2

(ii) Set Ay = @ for all & > n and use (i) together with the countable
additivity of u.

(iii) We have B= AU (B \ A) and AN (B\ A) = @. Hence, using (ii),

u(B) = p(A) + (B \ A) > p(A).

(iV) Put By = Al, By = AQ\Al, Bg = A3\A2, .... Then B, € ¥ and
B;NBj =@ for all i # j. Also A, = B1U---UB,, and so |J,, A = J Bm.
Hence

and u(U,, Am) = w(U,, Bm)- But

M(U B,,) = Z w(By), by o-additivity,

Since A,, C An+1, (1(Ay)) is an increasing sequence.

(v) Set C, = A1\ A,. Then C,, e ¥ and C; C Cy C ... Let A=), Am.
Then A; \ A =J,, C,, giving

(A \ A) = 117ILH M(Cn)v by (iv),
But u(Cr) = p(A1 \ An) = p(A1) — p(Ay) and so
(A1) = p(A) = lim(u(Ar) — p(An))

giving pu(A) = lim, u(A,). The sequence (u(Ay)) is decreasing since we
have A,+1 C A,. »

Proposition 2.3. Suppose that p : ¥ — [0,00) and that u(AU B) = u(A) +
w(B) whenever A, B € ¥ with ANB = @ (i.e., u is finitely-additive). Then
is o-additive if and only if u(E,) | 0 for every sequence (E,,) in ¥ satisfying
Ei1DFEyD... andﬂnEnzg.

Proof. Suppose that p is o-additive. Then by Proposition 2.2 (part (v)),
we see that if E, is a decreasing sequence in ¥ with (), E, = o, then
w(E) | p(2) = 0.

Conversely, suppose u(E,) | 0 for any sequence (E,) in 3 as above. Let
Ay be any given sequence in X such that A; N A; = @ for any ¢ # j. Let
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A=J,A, and set £, = A\ (A1 U---UA,) for n € N. Evidently, E, € %,
E, D Ent1 and (), B, = @ and so, by hypothesis, u(Ey) | 0. However,

W(En) = u(A) — u(Ay U~ U Ay) = p(A) = > u(Ay)
=1

since p is finitely additive. We conclude that lim, Y ;" | p1(A;) = p(A), that
is, p is countably additive, as required. n

Example 2.4. Let X be any countable set, say X = {1, x9,...} and let ¥ be
the collection of all subsets of X. Let (p,) be any sequence of non-negative
real numbers with ) p, finite. If we define ;1(A) for any A € ¥ by

M(A) = ana

nel

where I = {i:x; € A}, then p is a finite measure on (X, ¥).
If >, pn = 1, then (X,%, ) is a probability space. Such spaces are
called discrete probability spaces.

Suppose that (X, 3, i) is a finite measure space and suppose that A € ¥
with u(A) = 0. Suppose that C' C A. If we think of y as a probability or
a volume, then p(A) = 0 should force u(C') = 0. Indeed, we might invoke
Proposition 2.2 (part (iii)) to argue that

0<u(C)<uA)=0

to conclude that, indeed, p(C) = 0. However, this argument is only valid
if C' € 3. Indeed, if C' ¢ ¥ then p(C) is not defined. We can either accept
this rather intuitively weird situation or we can endeavour to ensure that
somehow u(C) is defined in these circumstances and is equal to zero. This
process is called “completing the measure”. One proceeds as follows.

Let X/ denote the collection of subsets of X satisfying E € ¥/ if and only
if there exist sets A,B € ¥ with A C E C B and pu(B\ A) = 0 (so that
p(A) = u(B)). Evidently, (take A = B € ¥) we have ¥ C 3.

Proposition 2.5. Y’ is a o-algebra.
Proof. (i) X e X C ¥/,

(ii) If E € X', then there is A,B € ¥ with A C E C B and u(B\ A) = 0.
It follows that B¢ C E¢ C A° and u(B°) = u(X) — u(B) = u(X) — u(A) =
p(A°) and so pu(A°\ B€) = 0. Hence E° € 3.

(iii) Let Eq, E9,--- € X/, For each i, there is some A;, B; € ¥ such that
However, (U, Bi) \ (U; 4i) € U;(Bi \ A;) and so

p((UB)N (U4 = Ui\ 40).

)
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But I (Bi \ 4i) < >0 w(Bi \ A;) = 0 and J;—,(B; \ 4;) increases to
U B2 ) s that U a(Be\ A0) 1 (U (B \ ) which i
that (U2, (Bi \ A7) = 0. Hence u( (U; Bi) \ (U; 4i ) ) = 0 and we finally
conclude that | J; E; € ¥/, .

We wish to define the “measure” of an element of Y. Let E € ¥ and
let A,B € ¥ with A C E C B and u(A) = pu(B). Since E is sandwiched
between A and B and these have the same measure, it is clear what we
must do, namely, we set p/(E) = p(A). We must check that this value does
not depend on any particular choice of the pair A, B. So suppose also that
A1,B; € ¥ with Ay C E C By and (A1) = pu(B1). Then

ACAUA  CECBNBCB
and therefore
n(A) < p(AU A1) < p(BN Bi) < u(B).

But p(A) = pu(B) and so we have equality throughout. In particular, we have
w(A) = p(AU Ap). Interchanging the pairs A, B and Aj, By, we similarly
see that p(A4;1) = (41 U A) = p(A) and so, in fact, u(A) = p(B) =
(A1) = u(By). Tt follows that the construction of x’ does not depend on
any particular choices of A and B obeying the required conditions above.

Proposition 2.6. 1/ is an extension of u on ¥ to a measure on Y/, i.e., ' is
a measure on Y and p'(A) = p(A) for all A € 3.

Proof. For any E € X, we may define p/(F) by u/(E) = p(FE), since in
this case we may simply take A = E and B = F to get the requirements
A C E C B with pu(A) = u(B). So trivially, i’ is an extension of p.

We must show that p' is a measure on /. Evidently, p/(E) > 0 for any
EeY.

To show countable additivity, suppose that E7, Es,--- € ¥ are pairwise
disjoint. For each ¢ € N, there is A; and B; in ¥ such that A; C E; C B;
and p(A;) = pu(B;). Hence

UacUe cUs

and we have seen in the proof of Proposition 2.5 that ,u( ) = (Uz BZ-).
It follows from that the definition of z/’ that p/(U; E;) = ( U; 4;). However,
the A;s are pairwise disjoint (because A; C E; and the E;s are) and so

W (JE) =nJa) =D uA) = w(E
7 % i=1 =1

since 1/ (E;) = u(A;), which completes the proof. .
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Definition 2.7. The measure space (X, Y/, ') is called the completion of the
space (X, %, u).

Remark 2.8. Suppose that A € ¥ and that u(A) = 0. Then for any subset
E CA, wehave @ C E C A, with 9,4 € ¥ and u(@) = 0 = u(A). This
means that F € ¥’ and ¢/(F) = 0. So we can always complete a measure
space to ensure that subsets of sets of measure zero also have “measure”
zero, i.e., we consider the extension (X, Y/, ') rather than (X, 3, ).

Definition 2.9. The measure space (X, X, ) is called complete if E C A with
A e ¥ and pu(A) = 0 implies that E € ¥ (and therefore u(E) = 0).

Remark 2.10. One sees that the completion of a measure space is complete
and also that a compete measure space is equal to its completion ( — if
we try to complete a measure space that is already complete, then we get
nothing new).
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Chapter 3

Probability spaces, random variables and distribution
functions.

Let (2,S,P) be a probability space: so €2 is the sample space, S is the
o-algebra of events and P is the probability measure on (£2,S). Let f be a
random variable, i.e., f : @ — R is Borel measurable. Hence, for any Borel
set A C R, the set {w € Q: f(w) € A} belongs to S, which means that it
is an event and so its probability is defined. In other words, we can ask the
question “what is the probability that f has its value in the (Borel) set A?”
The answer is the value

P(f71(4) =P{w e Q: f(w) € A}).
We shall sometimes abbreviate this to just P(f € A).

Definition 3.1. The distribution function of the random variable (RV) f is
the function Fy : R — R given by

Fp(x) =P(f <2) =P({w: f(w) <z}).
Note that F is well-defined since {w : f(w) <z} € S for all z € R.
Proposition 3.2. The distribution function Fy has the following properties.
(i) 0< Fr(x) <1 forallxeR.
(i) Fy(x) < Ff(y) whenever x < y.
(ili) limg—_oo F¢(z) = 0 and limy_.o0 Fy(z) = 1.

(iv) Fy is continuous from the right, that is, for each x € R, we have
Ff(x) = hmth Ff(iL' + h)

Proof. (i) Fy(z) =P(f <z) €[0,1] for all z.
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(ii) For any z <y, we have {w : f(w) <z} C{w: f(w) <y} and so

Fy(z) =P({w: fw) <z}) <P({w: flw) <y}) = Fr(y).

(iii) For n € N, let B, = {w : f(w) < —n}. Then E; O Ey O ... and
M, £n = @. Hence, by Proposition 2.2,

Fy(—n) = P(E,) — P(2) = 0

as n — oo. Given ¢ > 0, let ng be such that P(E,,) < €. Then for all
x < —ng, we have

0

IN

Fy(x) < Fy(=no), by (ii),
P(En,)
9

A

and the result follows.

Now let A, = {w: f(w) <n} for n € N. Evidently, Ay C Ay C ... and
U,, An = Q. Hence P(A,) — P(Q) =1 as n — co. Let € > 0 be given and
let ng be such that P(A,,) > 1 —e. Then, for all x > ng, we have

1> Fy(z) 2 Fy(no), by (ii),
- ]P)(Ano)
>1—¢

and the result follows.

1

(iv) Fix € R and for n € Nset B, = {w : f(w) < z+ —}. Then
n

B1 2By 2 ... and (), Bn ={w: f(w) <x}. Again, by Proposition 2.2,

P(Bn) = P({w: f(w) <x}) = Fy(x).
Let € > 0 be given and let ng be such that [P(B,,) — F¢(z)| < e. Then, by
part (ii),
0< ]P(Bno) — Ff(.%') <eg

1 1
ie,0< Fr(z+ —) — Fy(z) <e. Let 0 < h < —. Then, again by (ii),
no o

Hence result. n
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Remark 3.3. F; is an increasing function on R (i.e., is non-decreasing) and
is bounded (by 1). Hence, if for given a € R we have x | a, it follows
that Fr(x) increases to some limiting value — namely, sup, ., F¢(z). Since
Fy is increasing, this supremum is not greater than Fy(a). In other words,
F¢(a) is an upper bound for the set { Fr(x) : < a } and so is greater than
(or equal to) the supremum of this set. Thus, the function F; possesses a
left-limit at each point in R, but this limit value may be smaller than the
actual value of Fy at that point. Denote by Fr(a—) the limit of Fy(x) as «
increases to a. Then Fr(a—) < Fy(a).

Definition 3.4. The jump of F at a € R is the difference Fy(a) — F¢(a—).
We say that a is a point of continuity of F if F; is continuous at a, in which
case F¢(a) = Fy(a—) and so the jump is zero.

Proposition 3.5. For any a € R, the jump of F; at a is equal to P(f = a).

Proof. By definition, Ff(a) = P(f < a). Set A, = {w: f(w) <a—21} for
n € N. Clearly, A1 C Ay C ... and |, An = {w : f(w) < a}. It follows
that P(A,) T P(f < a). But

limP(Ay,) = lim Fy(a — 3) = Fy(a—)
so that Fr(a—) = P(f < a). Therefore the jump of Fy at a is
“ump at a” = Fy(a) - Fya—) = B(f < a) ~ B(f < a) = B(f = ).
as required. n

Let us say that a set is countable if it is either finite (including empty)
or countably infinite (i.e., can be put into a one-one correspondence with
the set of natural numbers N).

Proposition 3.6. The non-zero jumps of the distribution function Fy form a
countable set.

Proof. Denote by J the set of non-zero jumps of F; and let J,, be the subset
Jn={a€J: “jump of Fy at a” > 1 }.

Suppose aq,...a; € J, with a; < --- < ag. Let ag be any real number such
that ap < ai. Then 0 < Fy(ag) < Fy(ar) <1 and Fy(a;) — Fr(ai—1) > % SO
that

k

k
1> Fy(ar) — Fy(ao) = > (Fp(as) — Fylai1)) = >
=1

i=1

-k
=2,

3=

It follows that k cannot be larger than n, that is, J, is either empty or
otherwise cannot contain more than n elements. However, J = J,, J, and
so J is a countable union of (empty or) finite sets and so is countable. =
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Corollary 3.7. For any random variable f, there is a countable set J C R
such that P(f =xz) =0 for allz € R\ J.

Proof. Given f, let J C R denote the set of non-zero jumps of F;. We have
seen that J is countable. But P(f = z) # 0 if and only if x € J. "

Remark 3.8. The distribution function Fy of the random variable f is a non-
decreasing function with values in the range [0, 1] and it is continuous except
possibly for countably-many jumps. Nonetheless, the behaviour of Fy can
be quite complicated, as the illustrated by the following examples.

Examples 3.9.

1. Let Q@ = N, & = all subsets of N, and define P on 2 = N by the
assignment P({k}) = 1/2%, for k = 1,2,.... Then for any A C S,
P(A) = eaPUk}) = Xpea 1/28
Define f on N by f(2k) =1+ 1 and f(2k +1) = —4 + 4. Then Fy
has non-zero jumps at the points 2,1 + %, 1+ %, 1+ %, ..., and also
at =3, —4+1, —4+1 —44+1 ...

Notice that the jumps cluster at 1 and at —4. There are infinitely-

many (but countably-many) jumps in any interval (1,1 + §) and also
in (—4,—4+490), any § > 0.

2. We can put more frills on this example as follows. Let (2, S,P) be as
above and let r1,79,... be an enumeration of the rationals, Q. Define
the random variable f on Q = N by f(k) = ry, kK € N. Then Fy has a
non-zero jump at every rational point in R. The value of the jump of
Fy at the rational point ry, is P(f = r;) = P({ k}) = 1/2%. Note that
the function F is continuous at every irrational in R.

Example 3.10 (Cantor). We shall construct a particular non-decreasing func-
tion F'(z) on R, obeying 0 < F(z) < 1, by means of a certain limiting
procedure. We start with Fi(x) defined as follows:

Fi(z)
1< 7777777 Jr—
07 9
Fi(x)=<=z, 0<z<1,
1, =z>1
0 1 x
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Next, we construct F5 from F} by “flattening out” the middle third.

1/2 4

o
Wl
N A
—

8

F3 is then constructed from Fj by

“flattening out” the middle thirds over
[0, %] and [%, 1].

3/47 -~~~ °
/21 - -

1/4 ]

Ol
NellN
Wl
w0
ReJEN|
Relleq]
—_
8

F}, is obtained from F3 by “flattening out” the portions over the intervals
[0, é], [%, %], [%, g] and [%, 1] ...and so on.
In this way, we obtain a sequence of functions, (F,). We make the

following observations.

(i) Each F,(x) is non-decreasing, continuous, is zero for all negative
values of x and is 1 for all values of x > 1.

(ii) The “flat” parts of F,4; contain the “flat” parts of F,, (so that
F,+1 has more flat parts than F},).

(iii) For any z € R, |Fpy1(z) — Fo(z)] < 1/2™.
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We will show that (F},(x)) is a Cauchy sequence (uniformly in ). Indeed,
for n > m, we have

= [Fn(®) = Fpo1(2) + Foo1(2) — Faoa(2) + -+ + Fng1 () — Fin ()|
< |Fu(@) = Fact ()] + [Fao1(2) — Faca(@)] + ..
ot [Fnga(2) = Fn(2)]

1
-1 + 2n—2 om

<
S o

1 1 1
:W<W+”'+§)

1 o0
. 1 _
T’ since ) p- 4 5% = 1.

<

It follows that (Fj,(x)) is a Cauchy sequence, uniformly in z, as claimed.
Hence F), () converges uniformly in R, as n — oco. Call the limit F(z).

(a) Evidently, F(x) = 0 for all z < 0 and F(z) =1 for all x > 1 (because
these properties hold for every F,,). Furthermore, if x < y, then we have
Fo(z) < Fo(y), ie., Fyp(x) — Fo(y) <0 for all n. Taking the limit n — oo,
gives F(x) — F(y) <0, i.e., F(x) < F(y). So F is non-decreasing.

(b) F(z) is continuous. This is a direct consequence of the uniform conver-
gence together with the continuity of each F, ().
Now, F'is “flat” whenever any F,, is, by observation (ii) above. That is,
F is differentiable, with I/ = 0, on each of the intervals Iy, I5,... given as
12y (1 2y (7 8y (1 2 4 5\ (22 23\ (25 26 .
(3:5) (5:5) (5:5)s (375 52)s (370 2%) (53, 37), (570 97)5 -+ i [0,1],

The total length of these intervals is

3 32 3 3 3 7 3732 3 343 7
S35 G )
3 3 3 3
R S
3 (1-2/3) 7

Thus, F'(x) =0 forxz € [ UL U... (and also for all x <0, and all x > 0).
The total length of Iy UIs U --- C [0,1] is equal to 1. But nonetheless, F is
continuous and increases from 0 to 1 over the interval [0, 1].

Remark 3.11. The above example was of a function F' satisfying the prop-
erties of a distribution function as given by Proposition 3.2. However, it is
not yet clear that this I’ actually is a distribution function corresponding
to some random variable on some probability space. We will see later that
this is indeed the case.
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Remark 3.12. Let (X, X, i) be a finite measure space and let f: X — R be
Borel measurable. For any Borel set E C R, define v(E) = u(f~(E)), that
is,

v(E)=p({zeX: f(x) e E}).
Then it is straightforward to check that v defines a finite measure on B(R).
In particular, if f is a random variable on (€2, S,P), then the assignment
v(E) = Pw € Q: f(w) € E}) is a probability measure on (R, B(R)).
Moreover,

v(—00,a]) = B(f < a) = Fy(a).

The sets of the form { (—o0, a] : a € R} generate B(R) and so v is completely
determined by the values {v((—o0,al]) : a € R}, that is, v is determined
by F.

(Suppose that p; and g are finite measures on a measurable space (X, X)
such that p;(X) = p2(X). Then the collection S = {F € ¥ : y(E) =
p2(E) } is a sub-o-algebra of ¥. If S contains a set which generates ¥ then
it follows that S = 3.)

Suppose now that v is a given probability measure on (R, B(R)). Set
F(z) = v((—o0,z]) for x € R. Then using the properties of v, we see that
F has values in [0, 1], is non-decreasing, is continuous from the right etc,
i.e., F satisfies all properties of Proposition 3.2.

Two questions now spring to mind.
1. Given a function F' satisfying the properties of Proposition 3.2, is there

a probability measure v on (R, B(R)) such that F'(x) = v((—o0, z]) for
all z € R?

2. Given some function F' satisfying the properties of Proposition 3.2, is
F' the distribution function of some random variable?

The answer to both these questions is “yes”. The first is dealt with by
the following theorem.

Theorem 3.13. For any given function F' satisfying the properties of Proposi-
tion 3.2, there exists a probability measure v on (R, B(R)) satisfying F'(x) =
v((—o0,z]) for all x € R. Moreover, such v is unique.

We will not prove this here, but we note that as a consequence,

v((=00,a)) = F(a—),
v((a,b)) = F(b) — F(a+), a<b,
v((a,b)) = F(b—) — F(a+), a<0b,
v([a,b)) = F(b—) — F(a—), a<b,
v(la,b]) = F(b) — F(a—), a<b.
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The measure associated with F' in this way is called the Lebesgue-Stieltjes
measure given by F. In particular, suppose that F'is given by

0, =<0,
Flz)=<qx, 0<z<1,
1, z>1.

Then the completed measure given by F', when thought of as a measure on
[0, 1], is called Lebesgue measure on [0, 1]. For this F', we have v((—o00,0]) =
F(0)=0and v((1,00)) =1—F(1) =0. For 0 <a <b <1, we have

v((a,b)) = v(la,b)) = v((a,b])
= V([a7 b])
=b—a
so that v is just “length”.

Remark 3.14. If we replace lim,_,o F'(z) = 1 by, say, limy_, F(z) = M,
then v(R) = M rather than 1. We could also consider the function

0) T < a,
Flz)=<x—a, a<x<hb,
b—a, x>0
This would then give Lebesgue measure on [a,b] — it still corresponds to

“length”.
We can now answer the second question in the affirmative.

Theorem 3.15. Suppose that F satisfies the properties of Proposition 3.2.
Then there exists a random variable f such that F' = Fy.

Proof. We must first specify a probability space on which f will be defined.
Take Q@ = R, § = B(R) and let P be the Lebesgue-Stieltjes probability
measure on (R, B(R)) determined by F' according to Theorem 3.13.

Define the random variable f on (R, B(R),P) by f(x) = z. Then f is a
random variable (i.e., it is Borel measurable) and

F¢(a) = Prob(f < a)
=P{zeR: f(z)<a})
=P{zeR:x<a})
= P((=00,a]))
= F(a),

by the construction of the Lebesgue-Stieltjes measure P from F'. "
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Remark 3.16. This result guarantees the existence of a random variable with
any preassigned distribution. For example, let

r dt
F(z) = R =
(w) /—oo ‘ \Y4 27‘(’

Then by the Theorem, there 4s a random variable with this F' as its dis-
tribution function. We conclude that standard normal random variables do
exist!

Also, there is a random variable f such that its distribution function is
the function F' in the Cantor Example 3.10. Note that if A denotes Lebesgue
measure, then

/\(IlLJ]QU...) :)\(11)+)\(12)+...
= “sum of lengths”
= 1.

But if v is the Lebesgue-Stieltjes measure given by F' in this example, then
we find that v(I;) = v(l2) = --- = 0 since F' is constant on each of the
Is (so that v(I;) = F(bj—) — F(a;) = 0, where I; = (aj,b;)). It follows
that v([; UIaU...) = 0. The measure v is “singular” when compared with
Lebesgue measure.
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Chapter 4

Integration theory.

We will develop the theory of integration on an arbitrary finite measure space
(X, %, 1). Recall that a simple function s is one which takes only finitely-
many values, ai,...,ay,, say, so that s(z) = >, a;14,(z) for disjoint
subsets Aq,..., A4, in X. To avoid tedious repetition, we will use the word
“simple” to mean “measurable and simple”. Thus, the sets A; belong to X.

Definition 4.1. Suppose that s = """ | ;1 4, is a simple function. For given
E € X, we define the integral of s over F with respect to u to be

/ sdu:Zaiu(AiﬂE).
E

i=1
Thus, in particular, for any A € 3, the integral of the indicator function
of A over X is just the measure of A:

/ Ladp = p(A).
X

If 41 is Lebesgue measure on [0,1] and A = [a,b] with 0 < a < b < 1, then
f[O,l} Iy 4 dpp = b — a, which is just the usual Riemann integral of 1, over
the interval [0, 1].

If X =R and p is the Lebesgue-Stieltjes measure on R as determined by
the function F(z) = [*_ p(t) dt, where p is a given non-negative Riemann-
integrable function, then for a < b,

b
[ Vs = ullat) = F®) - F@ = [ plt)t.
R a

Definition 4.2. Let f : X — R be measurable and suppose that f > 0. For

any E € X, we define
/fd,u—sup/sdu
E E

where the supremum is taken over all non-negative simple functions s satis-
fying 0 < s(z) < f(z), for z € X.

If the right hand side is not finite, then we say that f is not integrable
over E (or has “infinite integral” over E).
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Note that there do exist simple functions s obeying 0 < s(x) < f(x) for
all z € X. The function s(x) = 0 = 01x(x) is one such. Various properties
of the integral are collected next.

Proposition 4.3. Suppose that f, g are measurable and let E € 3.
(i) If0 < f <g, then [, fdu < [pgdpu.
(ii) fACB,A,BeX, and f >0, then [, fdu < [5 fdpu.
(iii) If f >0 and ¢ > 0 is a constant, then [, cfdu = c [ fdpu.
(iv) If f(x) =0 for all x € E, then [ fdu = 0.
(v) If w(E) =0, then [, fdp =0 for any f > 0.

(vi) If f >0, then [, fdu= [y 1gfdpu.
Proof. These are all fairly clear from the definitions.

(i) If s is simple and 0 < s < f, then 0 < s < f < g and so, by definition
of ngd,u, we have fE sdu < fE gdp. Taking the supremum over all s with
0<s< fgives [p fdu< [;gdp.

(ii)) If 0 < s < f, then fAsd,u < stdu (since AC B) < fodu. Taking
the supremum over s with 0 < s < f gives the inequality [, fdu < [5 f dp,
as required.

(iii) We may assume that ¢ # 0. Then

/cfdu— sup /csd,u
E {s:0<s<f}JE

=c sup /sd,u
{s:0<s<f}JE

:c/Efd,u.

The first equality here takes a moment’s thought. Any simple function s;
with 0 < s; < ¢f has the form s; = csy for simple sy(= s1/c) obeying
0 < s9 < f and, conversely, every if so satisfies 0 < so < f, then s1 = cso
satisfies 0 < s1 < cf.

(iv) If f(x) = 0 for z € E, then 0 < s < f forces s = 0 on E. Hence, if
A; = s7Ya;) and A; N E # @, we must have a; = 0. If A;N E = @ then
1(A; N E) = 0. It follows from the definition that [ sdu = 0. Hence the
supremum over all such s must also be zero.

(v) If u(E) =0, then [ sdu =0 for any simple s.
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(vi) Clearly, if s > 0 is simple, then so is 1gs and fEs dp = fX 1gs du.
Nowlet 0 < s< f. Then 0 < 1gs <1g f and so

/sdu—/ llEsdug/ 1gfdp.
E X X

Taking the supremum over such s gives

/EfdMS/XIlEfdu~

On the other hand, suppose that 0 < s < 1gf. Then certainly 0 < s < f
and s vanishes off E so s = 1gs. Hence

/sdu:/ ﬂEsdu:/sd,ug/fdu.
X X E E

Taking the supremum gives

/XIlEfdué/Efdu

and the equality follows. "
Note that (i) and (vi) together imply (ii) and that (vi) implies (iv).

Proposition 4.4. Let s,t be any given simple functions with s > 0 and t > 0.
For E € %, put ¢(E) = [, sdu. Then ¢ is a finite measure on (X,X).

Furthermore,
/(s—i-t)du—/ sdu—i—/ tdu.
X X X

Proof. Suppose s =Y ;" | ;14,. Then

oB) = [ sdu=3" o u(AinE).

i=1

Each map F +— pu(A; N E) is a finite measure on ¥ and so therefore is their
finite sum over 1 <4 <n.

To show that [ (s+t) dpu = [y sdu+ [y tdp, let uswrite s = 37" (a1 4,
and t = Z;n:o Bilp, where ag = 0 = [y, the a;s are distinct and the
Bjs are distinct so that { Ag,..., A, } is a partition of X and similarly,
{Bo,...,Bpn } is a partition of X. The sum s + ¢ is a simple function, say,
s+t= Z’g:o Yelc,, where 79 = 0, the s are distinct and { Cy,...,Cj } is
a partition of X. Each 7, has the form 7, = «a; + (3; for suitable ¢, j and so

= Uy, Ai N B;j where Iy = { (i,5) : a; + 8; = ¢ }. Then

/ (s+t)dp = Zwu (Co)
X
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and . .
[osdut [ =" aiuta)+ 3" 6u(s;)
X X i=0 =0

The collection { A; N Bj : 0 <i<n, 0<j <m} forms a partition of X.
We have

/X8+t dp = Zquz
ZZWM(UAmBj)
£=0 I,

k
= Z’)/g Z p(A; N Bj), since distinct A; N Bjs are disjoint,

_ZZaZJrﬂj (A; N Bj)

=0 I,

_ZamLﬂj (A; N Bj)

:Zai” AN Bj)+ Y B u(Ai N By)

1,J

= D_aip(A)+ )0 u(Bj)

:/ sdu+/tdu
X X

and the proof is complete. "

Remark 4.5. From this result, we see that the integral of a simple function
is got by adding up its “elementary bits” and it does not matter how we
write the simple function as such a sum. For example, consider s = al 4 so
that [ sdu = au(A). If A= By U B, with B; N By = &, then we could also
write s as s = alp, + alp,. We have

/aIlAdu:/oz]lBld,u—i—/a]lBQd,u
X X X

= ap(B1) + au(Bs)
= ap(4)
as it should.
In general, if s is simple, we can write s = Y - ; a;14, and we do not

have to worry whether the «;s are all distinct, or indeed whether the A;s
are disjoint. In any event, [ sdu is > i cipu(As).
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The following theorem is crucial for further development.

Theorem 4.6 (Lebesgue’s Monotone Convergence Theorem). Let (f,,) be a
sequence of measurable functions on X and suppose that

(i) 0< fi(z) < fa(x) < ... foreach z € X,

(ii)) fo(z) — f(z) as n — oo, for each x € X.

Then f is measurable and [ fndp — [y fdp asn — oc.

(Note: this last statement means that if some fy,is not integrable, then
neither is f, or if | « fndp diverges then f is not integrable.)

Proof. The limit of a sequence of measurable functions is measurable and
so f is measurable (Theorem 1.16). Also, since 0 < fi(z) < fa(x) < ... and
fn(x) — f(x), it is clear that f,(x) < f(x) for all n € N and all z € X.
Suppose fy is not integrable. Then for any M > 0 there is a simple
function s with 0 < s < fn such that sz dmu > M. Since 0 < s < f we
deduce that sup{ [ sdp: 0 < s < f} is infinite, i.e., f is not integrable.

Suppose now that each f, is integrable. Since f,, < f,11 it follows that
Jx fadi <[5 fag1dp. Hence the non-decreasing sequence ([ fn dp) (of
non-negative numbers) either diverges, as n — oo, or else converges to some
a > 0 (its supremum).

Suppose first that the sequence diverges. Then for any M > 0, there
is N such that fX fndp > M + 1. By definition of the integral, there is a
simple function s obeying 0 < s < fy such that fX sdp > M. But then
0 < s < f and it follows that sup{ [y sdu: 0 < s < f} is infinite and hence
f is not integrable.

Now suppose that the sequence | « Jndp converges to a > 0. We must
show that f is integrable and that [y fdu = a. Let s be any simple function
such that 0 < s < f and let ¢ be a constant with 0 < ¢ < 1. For each n € N,
set

E,={zeX: fo(z)>cs(z)}.

Then E, € ¥ and, because (f,(x)) is increasing, Ey C Fy C E3 C ....
Moreover, since fp(x) — f(x) > s(x) > cs(z), it follows that |, En = X.
(If f(z) =0, then also s(x) = 0 and x € E, for all n. On the other hand,
if f(z) # 0, then f(z) > s(z) implies that f(z)/c > f(x) > s(x) and so
f(x) > es(x). Tt follows that for each x with f(z) # 0, f,(x) > cs(x) for
all sufficiently large n (which, of course, may depend on x). In other words,
any such z belongs to E, for sufficiently large n.)
By Proposition 4.3, we have

/fnduz fndu2c/ sdp.
X o .
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Now, E +— fE sdp is a measure and F, T X and so letting n — oo we get

azc/ sdpu.
X

This holds for any 0 < ¢ < 1 and so we must have o > [ sdu. It follows
that sup{ [y sdu : 0 < s < f} < o, which shows that f is integrable and
also that [, fdu < .

On the other hand, f, < f and so [y fndp < [y fdu for all n. Hence,
letting n — oo, we see that o < [y fdu. We conclude that, in fact, o =

fod,u, that is, limanfnd,u:fod,u. "

Corollary 4.7. Suppose that f > 0 and g > 0 and that both f and g are
integrable. Then f + g is integrable and

/X(f+g)du=/xfdﬂ+/xgdﬂ-

Proof. Let (s,) and (t,) be increasing sequences of non-negative simple
functions such that s,(z) — f(z) and t,(z) — g(z) for z € X. Then
(sn + tp) is an increasing sequence of non-negative simple functions with
(sn+tn)(x) = (f + g)(x) for each x € X. Now

/X(sn+tn)duz/xsndu+/thdﬂ (%)

By Lebesgue’s Monotone Convergence Theorem, Theorem 4.6, the right
hand side of (x) converges to [y fdu + [y gdu. Therefore the left hand
side must also converge, and so again by Lebesgue’s Monotone Convergence
Theorem, we deduce that f + ¢ is integrable and that

/)((f+9)dﬂ—li£n/)((sn+tn)du—/deu—l—/xgdu

as required. "

Corollary 4.8. Suppose that f > 0 is integrable. Then the set function
E — [ fdpy is a finite measure on (X, ).

Proof. Let ¢(E) = [, fdu = [y 1g fdu. By Corollary 4.7, it follows that
E — ¢(F) is finitely-additive, that is, (Ui, Ei) = Y iy @(E;) for any
finite set E1,..., E, of pairwise disjoint sets in 3. We must show that ¢
is, in fact, o-additive. To show this, suppose that (E,) is any sequence in
Y with E, 2 E,q1 and (), B, = @. We claim that ¢(£,) — 0. Indeed,
E,| @dandsol—1g, 1 1asn — oco. Hence (1 —1g,)f 1 f and so, by
Lebesgue’s Monotone Convergence Theorem, [ (1 —1g,) fdu 1 [y fdp.

In other words,
[ s [ e sant [ s
X X X

and so ¢(Ey) | 0 as claimed and therefore ¢ is o-additive. .
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So far, we have only considered the integrability of non-negative func-
tions. The general situation is handled by linearity as follows.

Definition 4.9. The complex-valued function f on X is said to be (Lebesgue)
integrable (with respect to p) if | f| is integrable. The collection of all such
functions is denoted by L£'(X, p).

For any f = u+iv € LY(X, u), we define

/fdu:/qudu—/u_d,u—Fi/ v+du—i/v_d,u
X X X X X

where u4+ and v are the positive and negative parts of u and v, respectively.
(For any real-valued function g, g+ = %(|g| + g) so that both g+ > 0,

g+9- =0and g =gy —g_ and [g| = g+ +g-.)

Note that ux+ > 0 on X and ut < |u| < |f| and so us is (measurable
and) integrable on X with the similar remark applying to vy. It follows that
Jx [ du is well-defined.

Theorem 4.10. If f,g € L'(X, ) and a,b € C, then af + bg € L}(X, ) and

/X(aerbg)du:a/demb/ngﬂ.

Proof. We first note that |af + bg| < |a| |f|+1b||g| and so af +bg € L (X, 1)

and
[ tas +bgl au< ol [ 17 duspl [ ol dn
X X X
It is enough to prove that [, (f + g)du = [y fdu + [y gdp and that

fXafd,u:anfdu.
Suppose that f and g are real-valued. Let h = f + g. Then

h=hy—h_=fy—f-+g9+—9g-

and so hy + f-+g— = h_+ f4+g4 which implies that [y (hq+f-+g-)dp =
Jx(h— + f+ + g+) du. But then, by Corollary 4.7, we have

/h+du+/fdu+/gdu=/hdu+/f+du+/g+dﬂ
X X X X X X

which becomes

[oreau [ noau= [ fean— [ pdus [ gedu- [ goan,
X X X X X X

that is, by definition,
/ hdu:/ fdu—i—/ gd.
X X b'e
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The case of complex-valued f and g now follows by looking at the real
and imaginary parts. Indeed, if h = f + g, then, by definition, [ hdp =
fX Rehd,u—i—ifXImhdu, fod,u = fXRefd,u—}—ifXImfd,u and fng,u =
JxRegdu+i [, Imgdu. But Reh =Ref+Reg and Imh =Im f +Img
and, from the argument above, [y (Re f+Reg)du = [ Re fdu+ [y Regdu
and [, (Im f+Img) dyu = [, Im f du+ [y Im g dp. It follows that [ hdu =
Jx fdp+ [y gdp.

To show that [y afdu =a [y fdpfor all a € C, it is enough to consider
the cases (i) a real and positive, (ii) a = —1 and (iii) @ = i. (The general
case then follows using this together with the previous part.)

(i) Suppose a > 0. Then af = auy —au— +iavy —iav_ and from the above,

/afdy:/au+du—/au_du+i/ av+du—i/av_du
X X e X X
/ud,u—i—ia/ v+d,u—z'a/ v_ du
X X b'e

Il
o
T

S

+
.

=

|

o

(ii) Let @ = —1. Then

/—fdu:/u_du—/u+du+i/ v_du—i/v+du
X X X X X
:—/fd,u.
X

(iii) Finally, let @ = . Then

/X if dy = /X (g — )+ (v — ) dp

:/v_du—/v+du+i/ u+du—i/u_dﬂ
X X X

X
=i [ ran

Using all the above results yields [y afdu =a [y fdu for a € C. .

Remark 4.11. The above result says that the space £!(X, 1) is a (complex)
linear space.

Theorem 4.12. For any f € LY(X, ),

‘/deu‘S/XIf! dp.
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Proof. Let a € C be such that |a| = 1 and

a/deuz\/deu\.

Then, writing af = u + iv, we have

[ sau|=a [ rau
:/Xafd,u
:/Xud,u—i—i/deu

A

=0, since lhs is real
< / |ul dp
X

< [ tastdi= [ tal 111 d

ALK

and the proof is complete. "

Theorem 4.13 (Lebesgue’s Dominated Convergence Theorem). Let (f,) be
a sequence of complex-valued measurable functions on X such that

(i) fu(z) — f(x), asn — oo, for every z € X (pointwise convergence);

(ii) there is some g € LY(X, ) such that |f,(z)| < g(z) for alln € N
and each x € X (the sequence (f,) is dominated by g).

Then f € LY(X,p) and [y fodu — [y fdp as n — oo. Furthermore,
fx|fn—f‘ d,u—>0, as n — oQ.

Proof. Given € > 0, set
E,={ze X :|fi(x) — f(z)| <eg(zx) for all k > n }.

Then every x € X belongs to some E,, that is, | J,, B, = X.
(Let z € X. If g(x) = 0, then the hypotheses imply that fi(z) = 0 for
all k£ and so also f(z) = 0. Hence x belongs to every E,. On the other
hand, if g(z) # 0, then fy(z) — f(z) implies that there is ng such that
|fi(z) — f(z)| < eg(x) for all k > ng, that is, z € E,,.)

Evidently, E,, C E, 1 so that (E,,) is an increasing sequence with union
equal to X.
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Next, f = lim, f, and so f is measurable. Furthermore, |f| < ¢ and
g € L' so that f € £'. Now,

‘/X(fn—f)d,u’ﬁ/x‘fn—f dp
:/Enyfn_ﬂ du+/X\En!fn—f! du

§/ agd,u—i—/X\E 2g du

since |fp, — f| <egon E, and |f, — f| <2g on X

§5/gd,u+/ 2g djs.
X X\E,

But E,, T X and so (using the Monotone Convergence Theorem applied to
the sequence ((1p,2g)), we see that [, 2gdu 1 [y 2gdu, as n — co. Tt
follows that fX\En 2gdp = [ (1 —1g,)2gdu | 0. Therefore

[ tdi= [ ran|=|[ =il

" — d
s/er £ dp
— 0

as n — oo and the proof is complete. "

Remark 4.14. Lebesgue’s Dominated Convergence Theorem is one of the
most important in the theory. It means that limits can be interchanged
with integration (under the required conditions — which are fairly general).

Remark 4.15. Suppose that A is Lebesgue measure on an interval [a, b]; thus,
A is the completion of the Lebesgue-Stieltjes measure on the Borel sets in
[a,b] determined by the function F(z) = x. Thus, A([a,t]) = t — a for any
a <t <b. Then one can show the following.

Theorem 4.16. Let f be a bounded real-valued function on [a, b).

(a) The function f is Riemann-integrable on [a,b] if and only if there is
some set A C [a,b] with A\(A) = 0 such that f is continuous at each
point of [a,b] \ A.

(b) If f is Riemann-integrable on |a,b], then f is integrable on |a,b] with
respect to A and the two integrals are equal.

Proof. This really just follows from the definitions. The Riemann integral is
defined via upper and lower sums corresponding to partitions of [a, b] — this
can be rewritten in terms of simple functions. We omit the details here. =
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Theorem 4.17. Let f be a bounded measurable function. Then f € L} (X, ).
(Note: p is a finite measure on X ).

Proof. Let f = fi — f_, where fi are the positive and negative parts of f,
respectively. Then there is some M such that fi(x) < M for all x € X.
Hence, for any simple function s with 0 < s(z) < fi(z), we have the
inequality [y sdp < M pu(X) and so it follows that (the supremum over all
such simple functions is bounded by M u(X) and therefore) f, is integrable.
Similarly, f_ is integrable and so is f, i.e., f € LY(X, u). "

Remark 4.18. This result is not true if p is not a finite measure. No non-zero
constant is integrable with respect to Lebesgue measure on the real-line R,
but every constant is bounded.

Theorem 4.19 (Schwarz’ Inequality). Suppose that |f|* € L£Y(X,u) and
lg|* € £LY(X, ). Then fg e LY(X, ) and

‘/ngdﬂ‘ﬁ/x|fg| dp < (/X|f’2 d,u)l/2 (/X|g|2 d,u)l/Z.

Proof. Set
A, ={zeX:|f(z)|<n} and B,={zeX:|g(z)]<n}

and let f, = fla,np, and g, = gla,np,. Then |f,| < [f| and [gn| < |g].
However, f, and g, are bounded (by n) and therefore f,, gy, fg and g?l are
bounded and are integrable, as is any linear combination of these functions.
But then, for any ¢t € R,

OS/(tlfn\+!gn\)2du=t2/ Fal? dﬂ+2t/ Fugil du+/ gnl? ds
X X X X

which means that

([ gl an) <4 [ 15F du [ louf a (*

(the real quadratic at? + bt + ¢ > 0 if and only if b* < dac). But |f.| T |f]
and |gn| T |g] and so |frngnl T [fgl, as n — oo.

By Lebesgue’s Dominated Convergence Theorem, the right hand side
of inequality (x) converges to 4 [ If|1? dp Ix lg|? du. But then, looking
at the left hand side, Lebesgue’s Monotone Convergence Theorem shows
that fg is integrable and the left hand side of inequality (*) converges to
4( [y I f9] du)2 from which the result follows. .
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Chapter 5

Expectation in a probability space.

Let (£2,S,P) be a probability space and let f : 2 — R be a random variable.
Denote by £2(Q,P) the set {f : [f]* € £L1(Q,P)} — the set of “square-
integrable” functions on (2, P).

Definition 5.1. We say that the random variable f has finite expectation if
f € LY, P) and we set

Ef= / fdP, the expectation of f.
Q
If f € £2(2,P), the variance of f is

vrf = [ (f~EfPaP=E(~ESP.

Remark 5.2. The constant random variable 1 is square-integrable and so,
by Schwarz’ inequality, if f € L2(Q,P), then |f|1 € LYQ,P), ie., f is
integrable. Therefore, (f —Ef)? = f2 - 2(Ef)f + (Ef)? € LY(Q,P). In
other words, the condition f € £2(Q,P) ensures that var f is well-defined.

We have seen that F, the distribution function of f, defines a measure
on B(R) via the assignment p((—o00,a]) = Fy(a) = Prob(f < a). Indeed,
p(A) = Prob(f € A) = P(f1(A)) for any A € B(R). The measure y is a
probability measure on R and so we can consider integrals, fR hdu, over R
with respect to p. This is usually written as fR hdFy.

Theorem 5.3. Suppose that f has finite expectation. Then

]Ef:/xde.
R

Proof. To say that f has finite expectation is to say that f is integrable,
ie., f € £Y(Q,P). We shall show that z is integrable with respect to y on
R, that is, that € £'(R, u) (where p is the measure on R given by F).
Let s be any simple function on R with 0 < s(z) < |z|; say,

s(2) = Y ailg, (@),
=1
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where { Aj,..., A, } is a partition of R. Then s(z) < |z| implies that if
x € A;, then s(z) = a; < |z|, that is, oy < |z| for all x € A;.

Let B ={w:|f(w)] € 4; } and set

w) = ailp W)
=1

Note that { By, ..., B, } is a partition of Q. Then ¢ is a (measurable) simple
function on 2. Furthermore, if w € B;, say, then

tw) = ai < [f(w)],
since |f(w)| € A;. Hence 0 <t < |f| and so [tdP < [, |f| dP. But

/ sdu = Z a; 1(A4;), by definition of the integral,
R =

= Z a;P(B;), by definition of the measure p,

=1
:/tdIP
Q
s/\fl dP.
Q

Hence the set { [p sdp : 0 < s(x) < |z|, s simple} is bounded and there-
fore |x| is integrable with respect to p.

We wish to show that Ef = [pxdu. For k = 1,2,..., let I; denote
the interval I, = ((k — 1)/n,k/n| and let J; denote the interval J; =
—k/n,—(k —1)/n]. Set

sn(x) =Y (B0, (2) + nlyeo)(@) = Y ()1, (2) — nl( oo ().
k=1 m=1

We see that |s,(x)| < |z| for all n. Let

Ay ={w: flw) € I} = 7 (Ap),

By ={w: f(w) € Jx} = f(By),
={w: fw)2n}=f"((n00)),

B, ={w: f(w) <-n}=f""((c0,~n])

For any given x € R, —n < = < n for all sufficiently large n. Hence, for
large n, x ¢ (oo, n]U[n, c0) and therefore |s,(z) — x| < 1/n. In other words,
sp(x) — x, as n — oo, for each given z € R.
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Set
tn(w) = > (1) La (@) +nlay (w) = > (=) 1p, (w) —nlp, (w).
k=1 m=1

Then, for given w € Q, w ¢ A/, U B], for all sufficiently large n so that
ltn(w) — f(w)| < 1/n. In other words, t,(w) — f(w) on 2, as n — oc.
Furthermore, by construction, |t,(w)| < |f(w)| for all w € Q. Therefore, by
Lebesgue’s Dominated Convergence Theorem,

/tnd]P)—>/deP’.
Q Q

But, again by the Dominated Convergence Theorem,

/sndua/wd,u
R R

and, since fR Spdp = fQ t, dP, we conclude that fR xdyu = fQ fdP. "
We can generalize this result somewhat.

Theorem 5.4. Let g : R — R be Borel measurable and let X be a random
variable. Then

B(9(X)) = [ a(w)dFx
in that if either side exists then so does the other and they are equal.

Proof. Suppose first that ¢ has the form g(x) = al(x) where o« > 0 and
AeBR). Let B={w:X(w)€ A}. Then B € §S. We have

9(X)(w) = g(X(w)) = alx(X(w)) = alp(w).

Hence [, 9(X)dP = oP(B). But

/R g(x) dFy = a p(A) = aP(B)

by definition of the measure p determined by F'x. So

E(g(X)) = / g(x) dFy

in this case. Next, suppose that g is a non-negative simple function on R,
say, g(z) = > i a;14,(x), with a; > 0 for all 1 <4 <n. Then

E((X)) = B(5 0l (X))
~ > aB(14,(X))
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= Z/ a;ila, dFx , from the result above,
—~ JR
T

- /R g(w) dFx

and we see that the theorem is true for such g.

Now let ¢ > 0 be any non-negative Borel function and let (g,) be an
increasing sequence of simple functions on R with 0 < g¢,(z) < g(z) and
gn(x) — g(x) for each x € R. By the above, [, gn(X)dP = [; gn(x) dFx.
But then, by the Monotone Convergence Theorem, we deduce that

/Q 9(x) ab = | g(z) dFx

R

— if either side exists, so does the other, and they are equal.
Finally, for arbitrary Borel g : R — R, we write ¢ = g+ — g_ where
g+ > 0. Then, as above,

/gi(X)dP:/gide.
" R

If both [, g+(X) dP exist, then so does their sum

[asaes [ g xyae= [ 900! ae

Also, both fR g+ dF'x exist and so |g| is integrable with respect to u and we
have

[ @)= g-xn @ = [ (0 —g-)arx.
that is,
B(9(X) = [ g(X)ap= [ gary
Q R
and the proof is complete. n

Corollary 5.5. For a random variable X,
var X = /(x ~EX)*dFy.
R

Proof. Let g(x) = (x — EX)? and apply the theorem. .

Theorem 5.6. Suppose that the random variable has distribution function
Fx given by

Fx(a) = /( )i

Department of Mathematics



Expectation in a probability space. 47

for some non-negative Borel function ¢ (with [ ¢(x)dx = 1), where dx
denotes Lebesgue measure on R. Then for any Borel function g : R — R,

E(g(X)) = /R o(z) () d.

Proof. If i denotes the Lebesgue-Stieltjes measure on R given by Fx, then
the hypothesis on Fx means that u(A) = [, ¢(z) dz for any Borel set A in
R. Now, suppose that g(z) = ala(z) for « > 0 and A € B(R). Then we
have

E(g(X)) = /R ol a(z) dFy

By linearity, it follows that

E(g(X)) = /R o(z) o) dz

for any non-negative simple (Borel) function g on R. But if (g,) is an increas-
ing sequence of such functions, converging pointwise to g > 0, then (g,p)
is an increasing sequence of non-negative functions converging pointwise to
gp. By the Monotone Convergence Theorem, (applied in both (£2,S,P) and
(R, B(R),dz)), we have

/an(X)dIP’e/ﬂg(X)dP

" [ @ e@yde = [ g(o) pla)da

asn — oo. However, for each n the left hand sides are equal and so therefore
are their limits, i.e.,

B(6(X)) = [ a(X)aP = [ g(o) pla) da
holds for any (Borel) function g > 0. The general result now follows (by
linearity) by writing an arbitrary (Borel) function g as g = g+ — g—. "

Remark 5.7. If g(z)¢(x) is Riemann-integrable, then [, g(x)¢(z)dz has the
same value irrespective of whether it is considered as a Lebesgue or as a
Riemann integral and so we recover the standard formula from elementary
probability theory.
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Example 5.8. The random variable X has N (u, 0?) distribution (i.e., normal
with mean p and standard deviation o) if Fx is given by

@ dz
F _ —(z—p)? /202 .
X(a) /oo c oV 2T

Then

E(g(X)) :/OO g(x) e—(x—#)2/202d7l‘
—00 oV 2m
— where this is a Riemann integral provided that ¢ is sufficiently well-
behaved (for example, if ¢ is continuous and polynomially bounded).

Definition 5.9. A random variable X is said to be absolutely continuous if
its distribution function F'x has the form

x
Fy()= [ ot
—00
for some non-negative function ¢ on R with [ ¢(t)dt = 1. If there is no
risk of confusion, one often simply just says that X is a ‘continuous’ random
variable rather than ‘absolutely continuous’.

If X is (absolutely) continuous, then Fx : R — [0,1] is a continuous
function. To see this, fix x € R and suppose that a,, < x for all n and that
an, — x. We have

F(z) — Flay) = /(

Let gn(t) = 1(4,,,4)(t) p(t). Then 0 < gn(t) < ¢(t) and gn(t) — L4y (t) (),
so by the Dominated Convergence Theorem,

}wwﬁzém%mwﬂmw

/Rgn(t) dt */Rll{x}(t) o(z)dt = 0.

This shows that F'x is continuous at x from the left. Since every distribu-
tion function is continuous from the right, we conclude that F'x is, indeed,
continuous on R, as claimed.

The converse is false. For example, if F' is the Cantor distribution, then
we have seen that ' : R — [0, 1] is continuous but F(z) cannot be written

as [ p(t)dt for any .

Department of Mathematics



Chapter 6

Characteristic functions.

Definition 6.1. Let X be a random variable on a probability space (2, S, P).
The characteristic function of X is the function ¢, : R — C given by

o (t) = /Q ¢tX g — B (eX) =  (cos(tX)) + iE (sin(tX))

for t € R.

Note that both cos(tX) and sin(tX) are bounded (Borel measurable)
functions on 2 and so are integrable for all ¢ € R. The moment generating
function Mx (t) of X has a similar definition, but without the i, namely,
Mx(t) = [oe'* dP = E(e'*). Unfortunately, it may happen that this is
not ﬁmte for any non-zero t. (For example, this happens if X has the
Cauchy distribution, Fx(z) = [*__ds/m(1 + s®). In this case, Mx(t) =

Jp(et/m(1+ 5%)) ds.)

Theorem 6.2. The characteristic function ¢ satisfies the following:
[ox ()] < ¢x(0) = 1.
(ii) ¢y is uniformly continuous on R.

(ili) @y (t) = wx(—t)-
Proof. (i) Clearly, ¢ (0) = 1. Furthermore,

oy (1) }—‘/ X dP | < /]e“X}dIP’ /d]P:l.

(ii) For any s,t € R,

}SOX(t)—SOX(S)} é/ |eitX_eisX‘ d]P):/ ’eisX‘ }ei(t_S)X—”dP
Q Q

= / | t=X 1| dP.
Q

But for each w € Q, ‘ei‘S”X(w) - 1’ — 0 as n — oo for any sequence (dy,)
with 4, — 0. By the Dominated Convergence Theorem, we deduce that ¢
is uniformly continuous on R.
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(iii) This is clear form the definition. n

Theorem 6.3. Suppose that E(|X|") exists for some n > 1 (i.e., X" € L!).
Then, for all 1 < r < n, the rtt-derivative gpgz) (t) exists and

SO (t) = /Q (iX) e P = E((iX)"¢ ")

and

E(X") =

Proof. If X™ € £, then it follows that X" € £! for all » < n. Now

oy (t+h)—o(t) _ E(eitx (e’hX—1>)
h )

h

and ‘(e””X(“’) —1)/h| £ X(w) for each w € Q. Moreover, if h, — 0 as
n — oo, then (e"X«) —1)/h, — X(w) as n — oo so, by the Dominated
Convergence Theorem, we deduce that

itX ehn X —1 o itX
s () - mxe

as n — oo. Hence ¢ (t) is differentiable with cpg)(t) = E(iXeX).
The general result follows by induction. Finally, putting ¢t = 0 gives the
formula E (X") = go(XT) (0)/i". .

Remark 6.4. We can express these formulae in terms of Fx as follows.
0y (t) = E(eX) = // X P = / e dFy,
Q R

(n)
E(X™) :/Rx”dFX _ex 0

and

iTL
We recall the following approximation theorem (Weierstrass).

Proposition 6.5. Let g be a periodic continuous function on R with period
2m. Then g can be uniformly approximated by trigonometric polynomials:
i.e., given € > 0, there is some m € N and ag, a1, ..., qy such that

m
| g(z) — Zajeijx | <e
5=0

for all x € R.
N.B. If h is continuous and periodic with period 2n, then defining g by
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9(y) = h(ny/m), we see that g is continuous and periodic with period 2.
Hence, as above, |g(y) — Z;-”:O aje”y} < ¢ for all y. Putting y = mx/n we
get

| h(z) — Zozjemj”/" | <e
=0
for all z € R.

Theorem 6.6. Let X and Y be random variables with distribution functions
F and G, respectively. Then ¢ (t) = ¢, (t) for all t if and only if F(x) =
G(z) for all x € R.

Proof. If F' = @, then
ng(t) = / et dF = / et 4G = goy(t)
R R
for all t € R.
Conversely, suppose that ¢ (t) = ¢, (t) for all t € R. Let a < b be fixed

and let € > 0 be given. Let n be so large that [a,b+ ¢] C [-n,n] and let f¢
be the (piece-wise linear) function on R as shown in the diagram.

fe(x) 1

0 a a+e b b+e n x

Now, f¢(—n) = f¢(n) (= 0) so f¢ can be approximated uniformly on [—n, n]
by trigonometric polynomials. Thus, with &’ = 1/n, there is ag, aq, ..., am
such that

[f5(z) = pn(z)| <& =1/n

for all z € [-n,n], where p,(x) denotes the polynomial 3 7", ajeiem/n,
Now, |f¢] <1 and so |p,(z)| < 2 for any x € [—n,n], and so, by periodicity,
|pn(x)| < 2 for all x € R. Furthermore,

/pn(l') dF:/Z?zl aj eI dF
R R
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> ajpy(im/n)
=1

J

I
NE

Qj Soy(jﬂ/n), since @y = @y,

<.
Il
—

S~

pn(z) dG.
R

Hence

‘/ngdF— /RfedG‘:’/Rﬂ[—mn}fadF_/R]l[—n,n]fedG‘

= ‘/ Ty (f° = Pn) dF—/ Ty (f€ = pn) dG
R R
+/ ﬂ[—n,n]pndF_/]l[—n,n]pn dG‘
R R

S/]1[_”7”1]|f€_p”| dF+/]1[—n,n]|f€_pn| dG
R R

+( / 1y P dF — / 1P dG’
R R

2+‘/pndF—/pndG’
n R R

+/R<1 ) [Pl dF+/R<1 ) lpal 4G

IN

< % 40+ 2up(R\ [=1, 1)) + 2GR\ [—n, 1))
— 0 asn— oco.

It follows that [, f©dF = [, f*dG. But as e | 0, f — 1,4 and so by the
Dominated Convergence Theorem, applied to a sequence ¢, | 0, we deduce

that
/ Liqp dF = / Ligp dG,
R R

that is, F(b) — F(a) = G(b) — G(a). Letting a — —oo, we find F(b) = G(b)
for any b € R and the proof is complete. "

Remark 6.7. It is possible for two characteristic functions to agree on some
interval in R, but not on the whole of R.

There is an inversion theorem, which we will not prove quite completely.

Theorem 6.8. Let X be a random variable with distribution function F' and
let F = 3{F(z) + F(z—)}. Then, for any a < b,

A (efiat _ efibt)

F(b) — F(a) = lim — / @ (t)dt.

_A it
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Proof. We substitute ¢ (t fR “r JFy and then change the order of
integration (which can be Justlﬁed)

1 A e*iat _ e*ibt it
Ip= — 3 (t>/R dFx dt
it (x—a) _ el t(x—b)
[ ary / ) dt
— /dFXQ/ ) siny dy
T JR Az—b) Y

:;TAgﬂxﬂmA@—a»—MAm—wﬂ

where ¢(s fo siny/ydy. Now, g is an odd function and g(s) — %77 as
§ — 00 and therefore g is bounded and 1,4 is given by

1
=~ [tatAle = @) — g(A(w - D)} P
As A — oo, the integrand converges to

0 z<a
/2 xT=a
T a<zx<b
/2 x=1b
0 x > b.

Hence, by the Dominated Convergence Theorem,

AIEIQOIA_/(]I{ v+ Doy + 514y) dFx
= 3(F(a) = F(a=)) + (F(b—) = F(a)) + 3(F(b) — F(b-))
= 3(F(b) = F(b—)) = 3(F(a) — F(a—))
— F(b) - Fla),
as required. -

Remark 6.9. Suppose that ffooo |<pX(t)’ dt exists. Then putting a = 0 in the
formula (and interchanging orders of integration), we get

F(b) — F(0) = ;ﬂ / m(l_lt_bt) ox () dt

—00
1 [e%S) b ”
== tydt [ ed
3 | _exta [ et
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1

b [e's) y
= — d t) e " dt .
= :c/_wsoxme

From this it follows that X has probability density function

px () = /OO 0 (t) e T qt .

:% .

(Thus, the integrability of ¢, implies that X is absolutely continuous and
has probability density function given by the Fourier transform of ¢ .)

Examples 6.10.
1. If X is B(n,p), then ¢ (t) = (q +pe(it))", where ¢ =1 — p.

2. If X is a Poisson random variable with mean pu, then the characteristic
function of X is given by ¢ (t) = exp(u(e” — 1)).

3. If X is a normal random variable, N (y, 02), then ¢ (t) = e'# e~ /2,
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Independence.

We recall that two events A and B are independent if
P(AN B) =P(A)P(B).
We wish to extend the idea of independence from events to random variables.

Definition 7.1. Random variables X, ..., X, are said to be independent if
for any Borel sets E1,..., E, in R, we have

Prob(X; € Fy,...,X,, € E,,) = Prob(X; € E})...Prob(X,, € E,)
e, if P(X (B NN X (Bn)) = TT7= PXGH(E))).

Hence, events A and B are independent if and only if the random vari-
ables 14 and 1 are independent.

Theorem 7.2. The random variables X1, ..., X, are independent if and only
if

P(X; <ap,....,Xp<ay) =P(X; <ay)... P(X,, < ap,)
for all ay,...,a, € R.

Proof. If Xq,..., X, are independent, then the result follows directly by
setting Fy = (—o0,a1],..., E, = (=00, a,] for any given ay,...,a, € R.

Conversely, suppose that
P(X; <ag,....,Xp<an) =P(X; <ay)... P(X, <ay,)
for all ay,...,a, € R. Fix ag,...,a, and for any F € B(R), set
wE)=P(X; € E, Xy <ag,..., Xy, <ayp)

and
v(E)=P(X; € E)P(X3 <ag)... P(X, <ayp).

95



56 Chapter 7

Then we see that u and v are finite measures on B(R). Moreover, for any
a € R,

w((=o0,al) =P(X; < a,Xs <ag,...,X, <ayp)
= ]P)(Xl < a)]P’(XQ < ag) .. ]P(Xn < an)
= v((=00,a),

so that pu((—o0,al) = v((—o0,a]). Letting a — oo, we see that u(R) = v(R).
Hence, for any «, 3,

(e, B]) = p((=00, 8]) = p((—=00,al)
= v((=00,]) = v((—o0,a])

= v((@, ).

=

Also,

p((a,00)) = p((R) — p((—o0,al)
= v((R) = v((—00,4])

=v((a,0)).

Let A be the algebra of sets in R generated by the intervals (—oo, a] with
a € R. A can be described explicitly as follows. Let I(a) denote the interval
(—00,a] and, for a < b, let J(a,b) denote the interval (a,b] (= I(a)°UI(D)).
Then A consists of those subsets of R which take one of the following forms.
R or @ or I(a1)UJ(az,ba) U---UJ(an,by) or J(ai,b1)U---UJ(am,by) or
J(a1,b1)U---Ud(ag, by)U(a,00) or I(a1)UJ(az,b2)U---UJ(ar,by)U(a,o0)
where the sets in each finite union may be taken disjoint. Evidently, u(F) =
v(E) for any E € A.

Let M={FE € BR): u(E)=v(E)}. If Ay C Ay C ... belong to M,
then

n(UA) = limp(Ay) = limp(A,) = v(|J 4)

and therefore | J; A; € M. Similarly, if By O By O ... belong to M, then
we see that (), B; € M. Thus, M is a monotone class. Since A C M, it
follows that X(A) € M C B(R). But (A) = B(R) and so M = B(R).
Now fix E; in B(R) and start again.

For E € B(R), set u(E) = P(X; € F1,X9 € E, X3 < as,..., X, < ay)
and set v(E) = P(X; € E1)P(X2 € E)P(X3 < a3)...P(X, <ay,). Then, as
above (and using the above), one shows that 4 = v on A and, once again,
it follows that u = v on B(R) = X(A).

Repeating this (i.e., by induction) the result follows. n

Definition 7.3. For random variables Xi,...,X,, their joint distribution
function Fy, x, : R™ — [0, 1] is the function

Fx .. x,(x1,...,2n) =P(Xq <z1,...,X,, < xp).
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One can show that F'x, _ x, satisfies properties similar to those satisfied
by Fx, the distribution function of the single random variable X (such
as monotonicity and right continuity). We note the following (consistency
relation)

lim Fx,  x,(z1,...,2n) = FXl, e (:cl,...,a/c}-,...,mn),

xj—>oo VELN 7
where 3 means omit the term y.

Corollary 7.4. The random variables X1, ..., X,, are independent if and only
if
Fx, . . .x, (1, zn) = Fxy(71) ... Fx,, (75)

for all x1,...,x, € R.

Proof. This follows immediately from Theorem 7.2 and the definitions. =

Remark 7.5. Just as for a single random variable, one can show that given
a function F : R™ — [0,1] satisfying certain conditions (those which a
joint distribution function must satisfy) then there are random variables
whose joint distribution function is the given function F'. In fact, one shows
that F' defines a probability measure Pr (the Lebesgue-Stieltjes measure)
on the Borel sets in R™. Then one takes @ = R", § = B(R") and puts
Xi(w) = z; where w = (21,...,2,) € Q = R". By construction, F' is the
joint distribution of the X, ..., X,,.

This shows that there do exist random variables with arbitrary pre-

assigned joint distribution. In particular, suppose that Fi,...,F, are n
given distribution functions. Then F(z1,...,z,) = Fi(z1)... Fy(x,) is a
joint distribution function for random variables Xi,..., X,, and these are

independent. So independent random variables with arbitrary preassigned
individual distributions always exist.

Theorem 7.6. Suppose that Xi,..., X, are independent random variables
and that gi,..., g, are Borel functions on R. Then the random variables
Y1 =91(X4),...,Y, = g,(X,,) are independent.

Proof. Let E1,..., E, be Borel sets in R. Then

P(Yy € Ey,...,. Y, €E,) =P gl(X1) € El,...,gn(Xn) € k)

Er),..., Xn € g, (Bn))
E1))...P(X, € g, (En))
Yi€eEy)...P(Y, € E,)

and the result follows. n
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Definition 7.7. The joint characteristic function of n given random variables
X1,...,X, is the function Cx,..x, R'— C given by

n

SDXl . ¢ (tla ... atn) = E(ei(t1X1+~"+tan))

for (tl, ce ,tn) € R".
We state the following result, without proof.

Theorem 7.8. The joint characteristic function uniquely determines the joint
distribution function.

Theorem 7.9. Random variables X1, ..., X, are independent if and only if

E(g1(X1) .. gn(Xn)) = E(91(X1)) ... E(gn(Xn)) (%)

for all Borel functions g1, ..., gy : R — C such that each g1(X1),...,gn(Xn)
is integrable.

Proof. Let Eq,...,E, be Borel sets in R and let g1 = 1g,, ..., g» = 1, .
In this case, each g; : R — R is a bounded Borel function and so g;(X;) is
integrable, 1 < i < n.

Suppose that (*) holds. Then

E(1g (Xy)...1g,(X,) =E(1g (X)) ...E(1g, (X,)).

But 1g,(X1)...1g,(X,) : Q@ — R is the function which is equal to 1 if
X; € E; for every 1 < ¢ < n and is zero otherwise. Therefore its expectation
is

E(1g,(X1)...1g,(X,)) =1.P(Xy € Ey,..., X, € Ep).
Similarly, E(1g,(X;)) = 1.P(X; € E;) for 1 <1i <n. Therefore (x) becomes

P(X, € By, ..., Xn € E)) =P(X, € Ey)...P(X, € Ey)

which means that X,..., X, are independent.

To prove the converse, suppose that X1,..., X, are independent. Then,
with the same notation as above, and working backwards, we find that

E(1g (X1)...1g,(Xy)) =1.P(X1 € E,..., X, € E))
=P(X, € Ey)...P(X,, € E},), by independence,
=E(1g (X1))...E(1g,(X,)).

Thus (%) holds when the g; are indicator functions. By linearity, () remains
valid for linear combination of indicator functions and, in particular, if each
g; is a non-negative simple function on R. The result now follows for non-
negative g; such that ¢;(X;) is integrable by the Monotone Convergence
Theorem. But then it holds for any g; (such that g;(X;) is integrable), again
by linearity. "
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Corollary 7.10. The random variables X1,..., X, are independent if and
only if
‘PXl,.‘.,Xn(tl’ ceyty) = ©x, (t1)... goXn(tn)
for all (t1,...,t;) € R™.
Proof. If X4, ..., X, are independent, then the result is a direct consequence

of Theorem 7.9.

Conversely, suppose that the joint characteristic function factorizes as
above. Let Y7,...,Y, be independent random variables such that F'x, = Fy;,
for all 1 <7 < n, i.e., Y; has the same distribution as X;. Then

Py, .y, [t tn) = @y, (t1) ... ¢y, (tn), by independence,
=Px,..X, (t1,...,tn), by hypothesis.

Since the joint distribution function is uniquely determined by the joint
characteristic function, it follows that Fy, .y, = Fx, . x,. But Fy, .y, =
Fy, ... Fy, = Fx, ... Fx,, by construction. Hence

FXl,.‘.,Xn = FX1 ~-FXn

which implies that X, ..., X,, are independent by Theorem 7.2. "
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Convergence of random variables.

We consider here some notions of convergence of random variables on a
probability space (2, S,P). We begin with a definition.

Definition 8.1. We say that random variables X and Y are equal almost
surely (a.s.) f PHwe Q: X(w)=Y(w)}) =1.

Thus, the random variables X and Y are equal almost surely if they are
equal with probability one.

It is convenient to observe at this point that the intersection of two
events each with probability one also has probability one. Indeed, if A and
B are events with P(A) = P(B) = 1, then P(A°) = P(B°) = 0 and so
0 <P(ANB)°) =P(A°U B¢) < P(A°) + P(B¢) = 0. Hence P(AN B) =1,
as claimed.

Proposition 8.2. Let ~ be the relation defined by X ~ Y if and only if
X =Y almost surely. Then ~ is an equivalence relation on the collection
of random variables on a probability space.

Proof. 1t is clear that X ~ X and also that X ~ Y implies that ¥ ~ X.

Suppose that X, Y and V are random variables such that X ~ Y and
that Y ~ V. The proof is complete if we can show that X ~ V.

Let A ={w: X(w) =Yw)} and B ={w : Y(w) = V(w)}. By
hypothesis, P(A) = P(B) = 1 and so, as noted above, P(AN B) = 1.
However, it is clear that AN B C {w : X(w) = V(w) } and so we deduce
that P{w: X(w)=V(w)}) =1,ie, X =V, a.s. .

Remark 8.3. In general, a property is said to hold almost surely (or with
probability one) if the event that it fails has probability zero.

Proposition 8.4. Suppose that X > 0 and EX = 0. Then X =0, a.s.

Proof. For each n € N, let A, = {w : X(w) > 1/n}. Then 4, € S,
A, C A, and

OzEX:/Xd]P’
Q
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v

Hence P(A,) =0 for every n € N. But {w: X(w) >0} ={J;7; 4, and so
P{w:X(w)>0}) =limP(A4,) =0

and so P{w: X(w)=0}) =1. .
Corollary 8.5. If var X = 0, then X is almost surely constant.

Proof. We have
O=varX =E|X —EX|*.

Since | X —EX|* > 0, we conclude that | X —EX|? =0, a.s. and therefore
X=EX, a.s. n

Definition 8.6. The sequence (f,) of random variables is said to converge
almost surely to a random variable g if

P{w: fun(lw) — g(w), asn —o0}) =1,

ie., fn(w) — g(w), as n — oo, fails only for a collection of ws forming a set
of probability zero.

Remark 8.7. Put h,, = |f, — g|. Then each h,, is a random variable. Set

Ak = ﬂ{w thj(w) <1/m}.
i>k

Then A¥ € S. Let Ay, =, A¥,. Then A, € S and
Ay ={w: hp(w) <1/m, for all n > some k }.
Let A="_; Apm. Then A € S and
A = {w : for each m there is k such that hy,(w) < 1/m, for alln > k }

(where k may depend on m). That is, A ={w: f(w) — g(w), as n — oo }.
Since this set belongs to S, it makes sense to ask whether P(A) = 1 or not.
In other words, the definition is meaningful.

Proposition 8.8. If f, — f, a.s., asn — oo and f, — ¢, a.s., as n — o0,
then f = g a.s.
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Proof. Let A = {w : folw) — f(w)}, B = {w : folw) — g(w)} and
C ={w: f(w) = g(w)}. By hypothesis, P(A) = 1 and P(B) = 1 and so
P(AN B) =1. But AN B C C which means that P(C) = 1. .

Proposition 8.9. Suppose that f, — f, a.s. and g, — ¢, a.s. Then we have
fntogn— f+g,as and fog, — fg, a.s., asn — oo.

Proof. Let A ={w: fo(w) = f(w)} and B ={w: gn(w) — g(w) }. Then
both P(A) = 1 and P(B) = 1. Hence P(AN B) = 1. But each of the sets
{w: faw) +gn(w) = fw) +9(w)} and {w : fu(w)gn(w) — flw)g(w)}

contains A N B and so each of these also has probability one. "

Example 8.10. Let X have uniform distribution on [0,1]. For each n € N,
let fn, = (cos(2wX))™. Evidently, f,(w) — 0, as n — oo, except for those w
for which X (w) = 3k, for some k € Z. But P(X = k) = 0 for every k € Z
and so P(X # 0,:|:%,:|:17:t%, ...) =1. We see that f, — 0, a.s., as n — 00.

Definition 8.11. We say that the sequence (f,,) of random variables converges
in probability to the random variable f if for each € > 0

P{w:|falw) = f(w)=€}) =0
as n — oo.
Note that f,, — f in probability if and only if (f, — f) — 0 in probability.

Proposition 8.12. If f,, — f and g, — ¢ in probability, then f, +g, — f+g¢
in probability and f,g, — fg in probability.

Proof. Let € > 0 be given. First we note that
[fn(w) + gn(w) = f(w) = g(w)| < |fu(w) = F(@)] + |gn(w) — g(w)]
and so
{wilfalw) = fW) < ge}n{w:|gn(w) — g(w)] < 3¢}
CHw: |folw) + gn(w) = f(w) —g(w)| <e}.
Taking complements, we get
{w:falw) +gn(w) = flw) —gw)[ = e}
C{w:falw) = fW) 2 e }U{w : |gn(w) = g(w)] = 3¢}

Hence

P({w:[fn(w) + gn(w) = f(w) —g(w)[ = €})
<P{w: [falw) = @) > 36} + P({w : |gn(w) — g(w)| > 5¢1)

— 0,

as n — OQ.
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For the last part, we first consider special cases. Suppose that f, — 0
in probability. We claim that f,g — 0 for any random variable g. (It is
implicit that any random variable is finite-valued.) To see this, let B,, =
{w :]g(w)| < m}, for each m € N. Then B,, C Bp,41 and |J,, Bm = 2.
Hence P(B,,) T 1 and therefore P({w : |g(w)| > m}) = P(BS,) — 0, as
m — oo. But for any given £ > 0, we have

{wilfalWlg(W) Z e} C{w: [falw)]Ze/m}Ufw:[g(w)] =m}

and so

P{w: [falw)g(w)] = €})
<SPHw:[fa(w)Ze/m}) +P{w:lgw)[=m}) (¥)
for any m € N. For given § > 0, fix m so that P({w : |[g(w)| > m}) < 34.
By hypothesis, there is N such that P({w : |fa(w)| > &/m}) < 36 for all

n > N and so the right hand side of (x) and therefore also the left hand side
is < ¢ for all such n which means that f,g — 0 in probability, as claimed.

Next, we claim that if both f,, — 0 and g, — 0 in probability, then
fngn — 0 in probability. Indeed, for any € > 0,

{wilfal@gn(W)Zze} C{w: [falw)]Ze}U{w:[g(w)] =1}

and so

P({w: [fn(w)g(w)] = c})
<P({w:|fu@)]Ze}) +P{w:|gw)]=1}) =0,

as 1n — OoQ.

We are now in a position to complete the proof. Suppose, then, that
fn — f and g, — ¢ in probability. We write

Jngn = f9=(fn =) gn—9) + (fa— g+ f(gn —9)

and note that both (f, — f) and (g, — g) converge to 0 in probability, as
n — o0o. Using the results established above, we see that each of the three
terms on the right hand side converges to 0 in probability and so, by the
first part, does their sum. "

Proposition 8.13. Suppose that f, — f a.s. Then f, — f in probability.

Proof. Let ¢ > 0 and § > 0 be given. Set g, = |f, — f| and let A be the set
A={w:gn(w) — 0, as n — oco}. By hypothesis, P(A) = 1.
Let us use the word ‘eventually’ to mean ‘for sufficiently large n’. For
m € N, let
Ap ={w:gn(w) <1/m, eventually }.
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Then A, = J;, A, where

Ab ={w:gj(w) < 1/m, forall j >k} = ﬂ{w tgi(w) <1/m}.
>k
Since A C A, it follows that P(A,,) = 1. Furthermore, Ak, C A%+1 and so
(since A, = U, AE,) we have P(AK) 11 as k — .
Fix m € N such that 1/m < . Then P(AE,) > 1 — ¢ for large k, that is,
P{w:gjw) <1/m, forall j >k})>1-9, for all sufficiently large .
Hence, for any j > k, the fact that

{w:gjw) <1/m}2{w:gj(w) <1/m, forallj>Fk}
implies that
PHw:gjw)<1l/m}) >P{w:gjw)<1l/m, forallj>k})>1-9§
for sufficiently large k. Finally, we have
P({w:g(w) > c}) SP{w: g;(w) = 1/m}) <0
for suitably large k and all j > k. "

The converse to this is false as the next example shows.

Example 8.14. Let X be a random variable with uniform distribution on the
interval [0, 1]. For each m € N, construct the m subintervals J{"* = [0,1/m],
J=1[1/m,2/m], ..., J" =[(m —1)/m,1/m] of [0,1] and let (I,,) be the
sequence [ = Jll, I, = J12, I3 = J22, Iy = Jf, Is = Jg’ The point is
that as n increases, the intervals I, become narrower and narrower but they
nevertheless continue to step across the whole interval [0,1]. In particular,
every point a € [0, 1] belongs to infinitely-many I,,s.

Let f, = 17, (X). We claim that f,, — 0 in probability. To see this, let
e > 0and § > 0 be given. Now, by definition, f,(w) is equal to either 0 or 1
and so P{w : |fp(w)] > e}) =0if e > 1. On the other hand, for any £ < 1,

PHw:[fa(w)Ze}) =P{w:[falw)]=1})
=P{w: X(w)el,})
= length(Z,)
<4é

for all sufficiently large n. Hence f, — 0 in probability.

However, let A = {w : X(w) € [0,1]}. Then P(A) = 1 since X has
uniform distribution on [0, 1]. For any w € A, X(w) € [0,1] and so X (w) € I}
for infinitely-many ks. For such k, frp(w) = 15, (X(w)) = 1 and so the
sequence (f,(w)) does not converge to 0. Therefore {w : f,(w) — 0} C A€
and so we see that P({w : fp(w) — 0}) = 0 # 1 which means that it is false
that f,, — 0 a.s.
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Chapter 9

The strong law of large numbers.

First, we recall the weak law of large numbers.

Proposition 9.1 (Chebyshev’s inequality). For any non-negative random vari-
able Y and any b > 0, we have

By
-

Proof. Let A={w:Y(w<b}and let B={w:Y(w) > b}. Evidently,
AUB=Q and AU B = &. Hence

PY > b) <

E(Y):IE(I[AY+IIBY):/QllAYdJP’Jr/QIlBYdP
E/BBYdIP’—IE(]lBY), since Y > 0,
Q

> / 1pdP=E(1gb), sinceY >bon B,
Q
=bP(B),
as required. "

Corollary 9.2. Let X be any random variable. Then, for any ¢ € R, b > 0
and m > 0, we have
[ X — ™)

E

In particular, if EX = p and var X = o2, then

0.2

P(X —pl 2b) < 7.

Proof. Set Y =|X —¢|™. Then Y > 0 and so

E(X — ™)

P(X — e 2 b) = P(X — " 2 b") < =
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by Chebyshev’s inequality, Proposition 9.1. Putting ¢ = p and m = 2 gives

var X o?

b2 B2

(X — | > b) <
as claimed. -
Theorem 9.3 (Weak law of large numbers). Let X, Xs,... be a sequence

of independent random variables and suppose that there is some constant
M > 0 such that E(X?) < M for all i = 1,2,.... Then, for any & > 0,

P(\ Xi+Xo+ -+ X, — (EX; +---+EX,
n

) ‘ > 5) —0
asn — oo.
Proof. First note that by Schwarz’ inequality,

E(1X:))? = E(1X:|1)? <E(IXf*) < M?

and therefore var X; = E(X?) — (EX;)? < 2M? for all i € N.
Set S, = X1+ -+ X,,. Then, for any given ¢ > 0, Chebyshev’s
inequality implies that

26>

IN

IP’() S, —ES,

n

o var(Xy + -+ X))
o2
_ var X1 + - ;‘ var An , by independence,
n2e
n2M?*  2M?
= n22  ne?

— 0,
as n — oo. "
Remark 9.4. The weak law of large numbers says that the random variables

%(Sn —ES,,) converge to 0 in probability. If EX; = u, for all 4, then this
becomes the statement that the %Sn — p in probability.

Theorem 9.5 (Borel-Cantelli lemma). Suppose that A, As, ... is a sequence
of events such that the series > > | P(A,) converges. Then

P({w : w € A, for infinitely-many n }) = 0.
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Proof. Let G = {w :w € A, for infinitely-many n }. Then we see that

Hence

< P(G Ak>, for any n,
k=n

<> P(4)
k=n

— 0

as n — 00, since the series > 7 P(A,) converges. It follows that the left
hand side is zero. .

We shall now prove (a version of) the strong law of large numbers.

Theorem 9.6 (Strong law of large numbers). Let X, Xo,... be a sequence
of independent random variables and suppose that there is some constant
M > 0 such that E((X; —EX;)*) < M foralli € N. Let S, = X1+ -+ X,,.

Then
Sp —E(Sp)

n

—0 a.s.

as n — oo. In particular, if EX; = u for all i, then ES, = nu and so it
follows that %Sn — [ a.s.

Proof. Firstly, setting Y; = X; — EX;, we see that EY; = 0, E(Y*) < M
and S, —E(S,) =Y1+---+Y,. So by considering Y; instead of X;, we may
assume that EX; = 0.
The idea of the proof is to use the Borel-Cantelli Lemma and Chebyshev’s
inequality. To this end, we shall show that >0 | E((2 S,,)*) converges.
We have

Sp=(X1+ -+ X,)"

n
Yy Gt Y nxinx
i=1 i<k i,k,¢ distinct

+ ) XXX X+ Y12 X)X
7,k 0,m distinct ik

But, by independence,
E(X?X).X0) = E(X?)E(X4)E(X,) = 0.
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Similarly, both E (X; XX, X,,) = 0 and E(X]:-)’Xk) = 0. Hence

E(SY) = ZH:E(Xf) +) 6EXHE(XF).
=1

j<k
By Schwarz’ inequality,
E(X?) =E(X?1) <EXHYPEQ?)Y? < MY2

This gives

E(Sp) <nM +6 (5) M = (3n% —2n)M < 3n’M

and so - - -
3n’M 3M
>om(G sy <> =y

n=1 n=1 n=1

which converges.
Now, for any m € N, Chebyshev’s inequality gives

P(|5 Sal = 5) SE((; Sa))/(5)*

m
and so it follows from the discussion above that Y o0 | P(|25,| > 1) is
0
Gy, is the event
Gm ={w:|% S, > L for infinitely-many n }

and therefore P((Jor_; G, ) = 0. But to say that w is such that 1 S, (w) 4 0
is to say that there is some mg > 0 such that |+ S, (w)| > 1/my for infinitely-
many n. In other words,

{w:lS(w)A0}= ] Gnm

and we conclude that P({w : 2 S,,(w) /> 0}) = 0 which means that 1 S, — 0
a.s. and the proof is complete. n

Remark 9.7. The condition on the expectations of the fourth powers can be
relaxed — but then the proof is harder.
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Chapter 10

Stochastic processes.

A stochastic process is simply a “labelled” family of random variables on a
probability space. The label is usually motivated by physical applications is
considered to represent “time”.

Examples 10.1.

1.

Forn =1,2,3,..., X,, could represent the number of customers en-
tering a shop on day n.

. Xn, n € N, could represent the bacteria population in a petri dish

after n minutes.

Xn, n € N, is the number of heads after n tosses of a coin.

. X4, t > 0, could represent the number of particles emitted by a ra-

dioactive source after time ¢.

. For each t > 0, X; could be a random variable with a Poisson distri-

bution with mean ut. (This is called a Poisson process and is a good
model for the number of particles emitted in radioactive decay.)

Xy, t > 0, could represent the position of a pollen particle at time ¢
when subjected to random collisions with air molecules. This “erratic”
motion was observed by the botanist Brown and later discussed by
Finstein. The mathematics behind this so-called “Brownian motion”
was developed by Norbert Wiener (so it is also referred to as a Wiener
process).

Let { Xo : @ € A} be a stochastic process indexed by av € A. As noted
above, A is just some given set of labels, but in practice one usually takes
A=Nor A=10,00) (or [0,7]) or something of this kind.

For aq,...,a, € A,

Foioan(@1,..,2n) =P(Xo, <21,..., X0, <)
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is the joint distribution function of X,,,...,X,,. These are increasing,
right-continuous functions of x1,...,x, for any choice of n and choice of
labels a1, ..., a, € A. Furthermore,

Foioan(@1,..0,2p) — Foro oo (@1, T, .., xp)

as r; — 00, 1 < j < n. That is, by letting x; — oo, the distribution function
For, o (15 2p) “reduces” to Fy, . @...an (15 Tjy ..., 2n). This is
called a consistency condition.

One of the fundamental results in the theory of stochastic processes is
the theorem of Daniel-Kolmogorov which says that given any collection of
such functions Fy, ., (21,...,2y) indexed by finite subsets of A and sat-
isfying the consistency conditions, there exists a probability space (€2, S,P)
and a stochastic process { X, : @ € A}, labelled by A, on (2, S,P) such
that the given Fy, . a,(21,...,2,)s are the joint distribution functions for
the process. (This is a generalization of the theorem that any increasing,
right-continuous . . . etc function actually is the distribution function of some
random variable.)

The idea of the proof is to explicitly construct €2 and P. One takes Q2 to
be the collection of all functions from A into R and then, for a € A, defines
X, to be “evaluation at o”:

Xalp) =¢(a), pe

The given F,, s are then used to construct a probability measure on a
suitable o-algebra of subsets of {2. The details are rather technical, as one
might guess.

Suppose that { X, : n =0,1,2,...} is a stochastic process (indexed by
{0} UN). Then it is called a Markov process if, for any n, the probabilities
of events concerning the X,, for n > m given information about the X,, for
n < m is the same as given only the information about X,,. For example,
if { X, } is a Markov process, then, for events Ay, Ay, A3,

]P(X10€A1|X8€A2, XgEAg)Z]P’(Xl()EAl‘XQEAg).

A Markov process takes account of the present, but forgets the past. It has
no memory. There is a similar definition for Markov processes indexed by
[0, 00).

Simple one-dimensional random walk.

We wish to discuss Brownian motion — a dust particle bombarded by air

molecules. To simplify matters, we consider motion in just one dimension.
Suppose, then, that we have a random walk — after each time interval

At, a particle moves one step to the right or one step to the left with equal
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probability . Let Ad denote the size of the step. We shall consider both
At and Ad to be very small — so that there are very many but very small
jumps as time goes by.

Let Y7, Y5,... be a sequence of independent random variables such that
P(Y; =1) =P(Y; = —1) = 3. Thus, EY; =0 and varY; = £ + = 1. After
n jumps, the position of the random walk, given that it started at 0, is just

XM = AdY, + AdYs+ -+ AdY,, .

Given n, suppose that At = 1/2". Let t = k/2™ and let Xt(n) be the position
of the particle at time ¢, i.e., after k& jumps:

X" = AdYy + AdYy + -+ AdYy.

Consider t to be fixed but with n increasing, which means more and more
jumps, k = 2"t. So

Now, var(AdY;) = (Ad)? and E(AdY;) = 0 and so, by the Central Limit
Theorem,

V2t Ad T V2t Ad

(n)
. X . . .
asn — o0, i.e., \/Tntt g8 approximately a standard normal random variable.

Sa)—MI)(a)

But suppose we also let Ad — 0, as n — oo, in such a way that

Ad/VAt = 1, ie., Ad/\/1/2" = 1, ie., Ady2" = 1. Then it follows
)

(n
that \/% i % is approximately a standard normal random variable,

i.e., in the limit n — oo, X, the position of the particle after time ¢, has a
normal distribution with mean 0 and variance t.

Consider now, two times, s = m/2" and ¢t = k/2", with t > s (i.e.,
k > m). Then

XM XM = AdYy 4+ AdYy — AdYy — - — Ad Yy,

As before, we find that

k—m)Ad w/(:5 = s)2"sAd -

(n) _ 5 (n)
% is approximately standard normal and so X; — X
—S
is approximately N (0,¢ — s) (normal, mean 0, variance ¢t — s).
Note also that Xt(n) — Xgn) depends only on Y; for ¢ > m and Xén)

depends on Y; for 7 < m, so these are independent.

N(0,1)

as n — oo, i.e.,
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For given intervals (o, 3) and (a,b), we have

Prob(X{") € (a, 8), X[ € (a,b))
= Z Prob(Xt(") € (o, B)|X™ = 2/) Prob(X(™ = 2/)

s

z'€(a,b)

= 3 Prob(X{" ens € (. ) —a') Prob(X(" = 2')
z'€(a,b)

= Z Plrob(Xt@g + ' € (a,3) Prob(X[™ = a').
a<x'<b

For large n, X (n)

s + ' is approximately N(2/, (t — s)) and so
- B =g (a—a')/(t—s)
Prob(X,", + 2’ € (o, B)) =~ dx.

3 a A\ 27(t—s)

Furthermore,
Prob(X{™ = 2/) = Prob(a/ < X(™ < 2/ + Ad) ~ Px, (') Ad
1
where ¢y (2) = e 27 2/5/\/27r5 is the N(0,s) density. The sum is a

Riemann-sum approximation to the Riemann integral, so letting n — oo,
we obtain the formula

Prob(X; € (a, B), X5 € (a,b))
b B —(z—a")?/2(t—s) ,—x'?/2s
= / dx’ / dx € ¢ .
a o 27(t — s) 27s
Using this method, we can find the joint distribution functions F;, 4, for
the process { X; : t > 0} — this is one-dimensional Brownian motion.

There is a connection with the heat equation, as follows. Set

p(ast) = A exp(—5).

2
Then one sees that 2% = %, i.e., p(z;t) satisfies the one-dimensional heat

equation. (Note that the change of variable ¢t = 27 gives g—f = g—jﬁé’.)

For given f: R — R, define
p(x,1) —/ ) p(z —y;t) dy.

Then (assuming f is sufficiently well-behaved),

Op 0%

ot 02z’
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i.e., p satisfies the heat equation. Furthermore, as ¢ | 0, p(z : t) — f(z).
To see this, we write

cait) = [ Sty tdy
:/OO flx—2)p(z:t)dz, setting z=2x—y,

:f(x)+/°° (f(z—2)— f(z)) plz: t)dz,

— o
since ffooo p(z:t)dz = 1. Now,

00 e—z2/2t

| Gle=a=fa@)seina= [ (-2 @) =

00 €—w2/2
= [ (e wvi - fa) = aw.

using the change of variable w = z/y/t. The integrand — 0 as t | 0 which
establishes our claim. (It is enough for f to be continuous and bounded.)
We have established that

dz

o(r,t) = /OO fy) p(z —y;t) dy

satisfies the heat equation and the initial condition lim¢ g ¢(z;t) = f(x).

Now let Xt(x) be Brownian motion starting from x. Then Xt(x) =X +x,
where X; is Brownian motion starting from 0. (To be precise, we should

really say that Xt(x) and X; +x have the same distribution, rather than that
they are equal.) Xt(‘r) has a N(z,t) distribution and so

& X(m) oo 6—(3/—35)2/275 J .
() = [ ) o dy = ot
as above. Hence E(f (Xt(m))) satisfies the heat equation (also called the
diffusion equation) with initial condition E (f (Xt(z))) — f(x)ast]O.

This connection between Brownian motion and the heat equation has
proved very fruitful.
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