
1 

 

 

 

 

 

( ) ( ) ( ) ( )
T T T T

1

N

p
V V S

p

dV dV dS   
=

= + +  ε σ u b u s u f

 

 

Dσε
0ε0σ

 

 

( ) ( ) ( ) ( ) ( ) ( )
T T T T T T

0 0

1

N

p
V V V V S

p

dV dV dV dV dS     
=

= − + + +    ε Dε ε Dε ε σ u b u s u f

 

 

 

=u Nu=ε Buu 



2 

 

 

 



T T T T T T

0 0

T T T T T T

e e e

e e

V V V

p
V S

dV dV dV

dV dS

  

  

= − +

+ +

  

 

u B DB u u B Dε u B σ

u N b u N s u N f

T T T

0 0

T T T

1

e e e

e e

V V V

N

p
V S

p

dV dV dV

dV dS
=

= − +

+ +

  

 

B DB u B Dε B σ

N b N s N f

 

 

0 0

T T T

0 0

T T T

1

, ,

, ,

e e e

e e

e e e

V V V

N
e e e

b s p p
V S

p

dV dV dV

dV dS

 

=

= = =

= = =

  

 

K B DB f B Dε f B σ

f N b f N s f N f

 

 

 

 

xy

xy 



3 

 

 

0 , 0 , 0zz xz zy  = = =

 

 

 

 

 

 

 
T

1 2 3T T T=T

T

 

 1 2 3N N N=N

 

xuyv

u 

1

1

1 2 3 2

1 2 3 2

3

3

0 0 0

0 0 0

i i

i i

u

v

N N N uu

N N N vv

u

v

N u

N v
= = = =

 
 
 
     
     

      
 
 
 




u Nu

1 2

3

(e)



4 

 

 

 

 
TT

, xx yy xyu v    = =  u ε

 

, ,xx yy xy

u v u v

x y y x
  

   
= = = +
   

 

0

0

xx

yy

xy

x

u

vy

y x







 
 
  
    

= = =         
    

 
  

ε Lu

=u Nu

B 

 

 



5 

 

 

31 2

31 2

3 31 1 2 2

0 0 0

0 0 0

NN N

x x x

NN N

y y y

N NN N N N

y x y x y x

  
 
   

  
=  

   
     
 
      

B

 

NB 

 

  

 

Eμ

2

1 0

1 0
1

1
0 0

2

E







 
 
 

=  
−

 −
 
 

D

 

 

( )( )

1 0

1 0
1 1 2

1 2
0 0

2

E
 

 
 



 
 −
 

= − 
+ −

 −
 
 

D



6 

 

 

 

 

630×100.3

0.25in

 

e
K 

B 

 

B

 

6
6

2

1 0.3 0 33.0 9.89 0
30 10

0.3 1 0 9.89 33.0 0 10  psi
1 0.3

1 0.3 0 0 11.5
0 0

2

 
   
   

= =    −
   −  
 
 

D

 

 

 

2 (0,2)

3 (0,0)



7 

 

 

T

2.06 0 2.06 1.24 0 1.24

0 0.72 1.44 0.72 1.44 0

2.06 1.44 4.94 2.68 2.88 1.24

1.24 0.72 2.68 8.97 1.44 8.25

0 1.44 2.88 1.44 2.88 0

1.24 0 1.24 8.25 0 8.25

e tA

− − 
 

− −
 
 − − −

= =  
− − − 

 − −
 
− − 

K B DB

 

F◦150

F◦in/in.6-6.0×10 

 

0

T T T

0 0 0e e

e

V A
dV tdA tA = = = f B Dε B Dε B Dε

 

 

( )( )
0

T

0

0.25 0 0 9.65

0 0 0.25 0
33.0 9.89 0 900

0.25 0 0.5 9.65
9.89 33.0 0 900 0.25 4.0

0 0.5 0.25 19.30
0 0 11.5 0

0 0 0.5 0

0 0.5 0 19.30

e tA

   
   
      
   − −   

= = =      −            −
   

− −   

f B Dε

 

T

x yb b =  b 



8 

 

 

1 1

1 1

2 2T

2 2

3 3

3 3

0 0

0 0

0 0 1

0 0 3 3

0 0

0 0

e e e

x x

y y

x x x xe

b
V A A

y y y y

x x

y y

b bN L

b bN L

b b b bN L tA
dV t dxdy t dxdy

b b b bN L

b bN L

b bN L

      
      
      
         

= = = = =         
         
      
      

              

  f N b

 

 

 

T

e

e

s
S

dS= f N s

1 0eN =

 

 

T

x ys s =  s16002000

22T 2 3

22

33

33

0 00 0 0 0

0 00 0 0 0

0 1800 40.25 2

0 02 2

0 1800

0 0

e e e

ee
x x xe

es eS l l
y y y

ee
x x

ee
y y

s L s sL tl
dS t dl t dl

s L s sL

L s sL

L s sL

−

      
      
      
        

= = = = = =       
       
      
      

            

  f N s
50

0

450

0

 
 
 
 
 
 
 
 
 

 

 

2 (0,2) 1 (4,2)1600 lbf/in2

2000 lbf/in2



9 

 

 

(0.6,1.6)xy1500-2300

 

)0y,0x( 

( )

( )

( )

( )

( )

( )

1 0 01

1 0 01

2 0 02T

2 0 02

3 0 03

3 0 03

,0

,0

,0

,0

,0

,0

px

py

px pxe

p p

py py

px

py

N x y fN

N x y fN

f N x y fN

f N x y fN

N x y fN

N x y fN

  
  
  
    

= = =     
   
  
  

      

 f N f

 

0.6,1.6

( )( )

( )( )

( )( )

( )( )

( )( )

( )( )

0.15 1500 225

0.15 2300 345

0.65 1500 975

0.65 2300 1495

0.2 1500 300

0.15 2300 460

e

p

   
   − −   
   

 = =   
− −   

   
   

− −    

f

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

1

2

3

0 0.25 0.6 0 1.6 0.15

0 0.25 0.6 0.5 1.6 0.65

1 0 0.6 0.5 1.6 0.20

e

e

e

N

N

N

= + + =

= + − + =

= + + − =

 

 

 

 

 



10 

 

 

 

 

0 0

0 0

0 0

0

0

0

where

x

y

z

y x

z y

z x













 

 

 

 

 

 

 
 
 
 
 
 
 
 

 = =  
 
 
 
 
 
 
 
  

ε Lu L

xx

yy

zz

xy

yz

xz

u

x

v

y

w

z

u v

y x

v w

z y

w u

x z














=



=



=


 
= +
 

 
= +
 

 
= +
 

 

 

=u Nu

 

 

1 2 3 4

1 2 3 4

1 2 3 4

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

N N N N

N N N N

N N N N

 
 

=
 
  

N

=B LN 

 

x

y

z

1

2

3

4

1 1 1( , , )x y z



11 

 

 

 

 

( )( )

1 0 0 0

1 0 0 0

1 0 0 0

1 2
0 0 0 0 0

21 1 2
1 2

0 0 0 0 0
2

1 2
0 0 0 0 0

2

E

  

  

  



 




− 
 

−
 
 −
 

− 
=  + −

 −
 
 
 −
 
 

D

 

 


