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PREFACE

TO THE STUDENT

Up to this point in your career you have been asked to use mathematics to solve
rather elementary problems in the physical sciences. However, when you graduate
and become a working scientist or engineer you will often be confronted with
complex real-world problems. Understanding the material in this book is a first
step toward developing the mathematical tools that you will need to solve such
problems.

Much of the work detailed in the following chapters requires standard pencil-
and-paper (i.e., analytical) methods. These methods include solution techniques
for the partial differential equations of mathematical physics such as Poisson’s
equation, the wave equation, and Schrddinger’s equation, Fourier series and
transforms, and elementary probability theory and statistical methods. These
methods are taught from the standpoint of a working scientist, not a mathemati-
cian. This means that in many cases, important theorems will be stated, not proved
(although the ideas behind the proofs will usually be discussed). Physical intuition
will be called upon more often than mathematical rigor.

Mastery of analytical techniques has always been and probably always will be of
fundamental importance to a student’s scientific education. However, of increasing
importance in today’s world are numerical methods. The numerical methods
taught in this book will allow you to solve problems that cannot be solved
analytically, and will also allow you to inspect the solutions to your problems using
plots, animations, and even sounds, gaining intuition that is sometimes difficult to
extract from dry algebra.

In an attempt to present these numerical methods in the most straightforward
manner possible, this book employs the software package Mathematica. There are
many other computational environments that we could have used instead—for
example, software packages such as Matlab or Maple have similar graphical and
numerical capabilities to Mathematica. Once the principles of one such package

xiii
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are learned, it is relatively easy to master the other packages. I chose Mathematica
for this book because, in my opinion, it is the most flexible and sophisticated of
such packages.

Another approach to learning numerical methods might be to write your own
programs from scratch, using a language such as C or Fortran. This is an excellent
way to learn the elements of numerical analysis, and eventually in your scientific
careers you will probably be required to program in one or another of these
languages. However, Mathematica provides us with a computational environment
where it is much easier to quickly learn the ideas behind the various numerical
methods, without the additional baggage of learning an operating system, mathe-
matical and graphical libraries, or the complexities of the computer language itself.

An important feature of Mathematica is its ability to perform analytical calcula-
tions, such as the analytical solution of linear and nonlinear equations, integrals
and derivatives, and Fourier transforms. You will find that these features can help
to free you from the tedium of performing complicated algebra by hand, just as
your calculator has freed you from having to do long division.

However, as with everything else in life, using Mathematica presents us with
certain trade-offs. For instance, in part because it has been developed to provide a
straightforward interface to the user, Mathematica is not suited for truly large-scale
computations such as large molecular dynamics simulations with 1000 particles
or more, or inversions of 100,000-by-100,000 matrices, for example. Such appli-
cations require a stripped-down precompiled code, running on a mainframe
computer. Nevertheless, for the sort of introductory numerical problems covered
in this book, the speed of Mathematica on a PC platform is more than sufficient.
Once these numerical techniques have been learned using Mathematica, it
should be relatively easy to transfer your new skills to a mainframe computing
environment.

I should note here that this limitation does not affect the usefulness of
Mathematica in the solution of the sort of small to intermediate-scale problems
that working scientists often confront from day to day. In my own experience,
hardly a day goes by when I do not fire up Mathematica to evaluate an integral or
plot a function. For more than a decade now I have found this program to be truly
useful, and T hope and expect that you will as well. (No, I am not receiving any
kickbacks from Stephen Wolfram!)

There is another limitation to Mathematica. You will find that although Mathe-
matica knows a lot of tricks, it is still a dumb program in the sense that it requires
precise input from the user. A missing bracket or semicolon often will result in
long paroxysms of error statements and less often will result in a dangerous lack of
error messages and a subsequent incorrect answer. It is still true for this (or for any
other software) package that garbage in = garbage out. Science fiction movies
involving intelligent computers aside, this aphorism will probably hold for the
foreseeable future. This means that, at least at first, you will spend a good fraction
of your time cursing the computer screen. My advice is to get used to it—this is a
process that you will go through over and over again as you use computers in your
career. I guarantee that you will find it very satisfying when, after a long debugging
session, you finally get the output you wanted. Eventually, with practice, you will
become Mathematica masters.
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I developed this book from course notes for two junior-level classes in mathe-
matical methods that I have taught at UCSD for several years. The book is
oriented toward students in the physical sciences and in engineering, at either the
advanced undergraduate (junior or senior) or graduate level. It assumes an
understanding of introductory calculus and ordinary differential equations. Chap-
ters 1-8 also require a basic working knowledge of Mathematica. Chapter 9,
included only in electronic form on the CD that accompanies this book, presents
an introduction to the software’s capabilities. I recommend that Mathematica
novices read this chapter first, and do the exercises.

Some of the material in the book is rather advanced, and will be of more
interest to graduate students or professionals. This material can obviously be
skipped when the book is used in an undergraduate course. In order to reduce
printing costs, four advanced topics appear only in the electronic chapters on the
CD: Section 5.3 on wave action; Section 6.3 on numerically determined eigen-
modes; Section 7.3 on the particle-in-cell method; and Section 8.3 on the
Rosenbluth—-Teller—-Metropolis Monte Carlo method. These extra sections are
highlighted in red in the electronic version.

Aside from these differences, the text and equations in the electronic and
printed versions are, in theory, identical. However, I take sole responsibility for any
inadvertent discrepancies, as the good people at Wiley were not involved in
typesetting the electronic textbook.

The electronic version of this book has several features that are not available in
printed textbooks:

1. Hyperlinks. There are hyperlinks in the text that can be used to view
material from the web. Also, when the text refers to an equation, the
equation number itself is a hyperlink that will take you to that equation.
Furthermore, all items in the index and contents are linked to the corre-
sponding material in the book, (For these features to work properly, all
chapters must be located in the same directory on your computer.) You can
return to the original reference using the Go Back command, located in the
main menu under Find.

2. Mathematica Code. Certain portions of the book are Mathematica calcula-
tions that you can use to graph functions, solve differential equations, etc.
These calculations can be modified at the reader’s pleasure, and run in situ.

3. Animations and Interactive 3D Renderings. Some of the displayed figures are
interactive three-dimensional renderings of curves or surfaces, which can be
viewed from different angles using the mouse. An example is Fig. 1.13, the
strange attractor for the Lorenz system. Also, some of the other figures are
actually animations. Creating animations and interactive 3D plots is covered
in Sections 9.6.7 and 9.6.6, respectively.

4. Searchable text. Using the commands in the Find menu, you can search
through the text for words or phrases.

Equations or text may sometimes be typeset in a font that is too small to be read
easily at the current magnification. You can increase (or decrease) the magnifica-
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tion of the notebook under the Format entry of the main menu (choose Magni fi-
cation), or by choosing a magnification setting from the small window at the
bottom left side of the notebook.

A number of individuals made important contributions to this project: Professor
Tom O’Neil, who originally suggested that the electronic version should be written
in Mathematica notebook format; Professor C. Fred Driscoll, who invented some
of the problems on sound and hearing; Jo Ann Christina, who helped with the
proofreading and indexing; and Dr. Jay Albert, who actually waded through the
entire manuscript, found many errors and typos, and helped clear up fuzzy
thinking in several places. Finally, to the many students who have passed through
my computational physics classes here at UCSD: You have been subjected to two
experiments—a Mathematica-based course that combines analytical and computa-
tional methods; and a book that allows the reader to interactively explore varia-
tions in the examples. Although you were beset by many vicissitudes (crashing
computers, balky code, debugging sessions stretching into the wee hours) your
interest, energy, and good humor were unflagging (for the most part!) and a
constant source of inspiration. Thank you.

DANIEL DUBIN

La Jolla, California
March, 2003
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CHAPTER 1

ORDINARY DIFFERENTIAL EQUATIONS
IN THE PHYSICAL SCIENCES

1.1 INTRODUCTION

1.1.1 Definitions

Differential Equations, Unknown Functions, and Initial Conditions Three
centuries ago, the great British mathematician, scientist, and curmudgeon Sir Isaac
Newton and the German mathematician Gottfried von Liebniz independently
introduced the world to calculus, and in so doing ushered in the modern scientific
era. It has since been established in countless experiments that natural phenomena
of all kinds can be described, often in exquisite detail, by the solutions to
differential equations.

Differential equations involve derivatives of an unknown function or functions,
whose form we try to determine through solution of the equations. For example,
consider the motion (in one dimension) of a point particle of mass m under the
action of a prescribed time-dependent force F(¢). The particle’s velocity o(z)
satisfies Newton’s second law

m%=F(t). (1.1.1)

This is a differential equation for the unknown function v(¢).

Equation (1.1.1) is probably the simplest differential equation that one can write
down. It can be solved by applying the fundamental theorem of calculus: for any
function f(¢) whose derivative exists and is integrable on the interval [a, b],

ab%dt=f(b) —f(a). (1.1.2)
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Integrating both sides of Eq. (1.1.1) from an initial time ¢ =0 to time ¢ and using
Eq. (1.1.2) yields

Ot%dt=’)(f)—v(0)=%fotF(t) dt. (1.1.3)

Therefore, the solution of Eq. (1.1.1) for the velocity at time ¢ is given by the
integral over time of the force, a known function, and an initial condition, the
velocity at time ¢ = 0. This initial condition can be thought of mathematically as a
constant of integration that appears when the integral is applied to Eq. (1.1.1).
Physically, the requirement that we need to know the initial velocity in order to
find the velocity at later times is intuitively obvious. However, it also implies that
the differential equation (1.1.1) by itself is not enough to completely determine a
solution for u(¢); the initial velocity must also be provided. This is a general
feature of differential equations:

Extra conditions beyond the equation itself must be supplied in order to
completely determine a solution of a differential equation.

If the initial condition is not known, so that v(0) is an undetermined constant in
Eq. (1.1.3), then we call Eq. (1.1.3) a general solution to the differential equation,
because different choices of the undetermined constant allow the solution to
satisfy different initial conditions.

As a second example of a differential equation, let’s now assume that the force
in Eq. (1.1.1) depends on the position x(¢) of the particle according to Hooke’s
law:

F(t) = —kx(1), (1.1.4)

where k is a constant (the spring constant). Then, using the definition of velocity
as the rate of change of position,

Eq. (1.1.1) becomes a differential equation for the unknown function x(¢):

d*x k
F= —%x(t). (116)

This familiar differential equation, the harmonic oscillator equation, has a
general solution in terms of the trigonometric functions sin x and cos x, and two
undetermined constants C, and C,:

x(t) =C,cos(wyt) + C,sin(wyt), (1.1.7)

where w,=yk/m is the natural frequency of the oscillation. The two constants
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can be determined by two initial conditions, on the initial position and velocity:
x(0) =x,, v(0) =v,. (1.1.8)

Since Eq. (1.1.7) implies that x(0) = C, and x'(0) = v(0) = w,C,, the solution can
be written directly in terms of the initial conditions as

x(1) =y cos( wyt) + sin( ). (1.1.9)
0

We can easily verify that this solution satisfies the differential equation by
substituting it into Eq. (1.1.6):

Cell 1.1
x[t_] = x0 Coslw, t] + v0/w, Sin[ w, t];
Simplify[x"[t] == -w,"2 x[tl]]
True

We can also verify that the solution matches the initial conditions:

Cell 1.2
x[0]

x0

Cell 1.3
x'[0]

vO

Order of a Differential Equation The order of a differential equation is the
order of the highest derivative of the unknown function that appears in the
equation. Since only a first derivative of v(z) appears in Eq. (1.1.1), the equation is
a first-order differential equation for v(¢z). On the other hand, Equation (1.1.6) is a
second-order differential equation.

Note that the general solution (1.1.3) of the first-order equation (1.1.1) involved
one undetermined constant, but for the second-order equation, two undetermined
constants were required in Eq. (1.1.7). It’s easy to see why this must be so—an
Nth-order differential equation involves the Nth derivative of the unknown
function. To determine this function one needs to integrate the equation N times,
giving N constants of integration.

The number of undetermined constants that enter the general solution of an
ordinary differential equation equals the order of the equation.
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Partial Differential Equations This statement applies only to ordinary differen-
tial equations (ODEs), which are differential equations for which derivatives of the
unknown function are taken with respect to only a single variable. However, this
book will also consider partial differential equations (PDEs), which involve deriva-
tives of the unknown functions with respect to several variables. One example of a
PDE is Poisson’s equation, relating the electrostatic potential ¢(x,y, z) to the
charge density p(x, y, z) of a distribution of charges:

Vi(x,y,z) = —M. (1.1.10)
0

Here €, is a constant (the dielectric permittivity of free space, given by €,=
8.85... X107 F/m), and V? is the Laplacian operator,

, 9* 9t 92
v o T (1.1.11)
We will find that V? appears frequently in the equations of mathematical physics.

Like ODEs, PDEs must be supplemented with extra conditions in order to
obtain a specific solution. However, the form of these conditions become more
complex than for ODEs. In the case of Poisson’s equation, boundary conditions
must be specified over one or more surfaces that bound the volume within which
the solution for ¢(x, y, z) is determined.

A discussion of solutions to Poisson’s equation and other PDEs of mathematical
physics can be found in Chapter 3 and later chapters. For now we will confine

ourselves to ODEs. Many of the techniques used to solve ODEs can also be
applied to PDEs.

An ODE involves derivatives of the unknown function with respect to only a
single variable. A PDE involves derivatives of the unknown function with
respect to more than one variable.

Initial-Value and Boundary-Value Problems Even if we limit discussion to
ODEs, there is still an important distinction to be made, between initial-value
problems and boundary-value problems. In initial-value problems, the unknown
function is required in some time domain ¢> 0 and all conditions to specify the
solution are given at one end of this domain, at ¢ = 0. Equations (1.1.3) and (1.1.9)
are solutions of initial-value problems.

However, in boundary-value problems, conditions that specify the solution are
given at different times or places. Examples of boundary-value problems in ODEs
may be found in Sec. 1.5. (Problems involving PDEs are often boundary-value
problems; Poisson’s equation (1.1.10) is an example. In Chapter 3 we will find that
some PDEs involving both time and space derivatives are solved as both boundary-
and initial-value problems.)
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For now, we will stick to a discussion of ODE initial-value problems.

In initial-value problems, all conditions to specify a solution are given at one
point in time or space, and are termed initial conditions. In boundary-value
problems, the conditions are given at several points in time or space, and are
termed boundary conditions. For ODEs, the boundary conditions are usually
given at two points, between which the solution to the ODE must be
determined.

EXERCISES FOR SEC. 1.1

(1) Is Eq. (1.1.1) still a differential equation if the velocity v(¢) is given and the
force F(t) is the unknown function?

(2) Determine by substitution whether the following functions satisfy the given
differential equation, and if so, state whether the functions are a general
solution to the equation:

d’x . ~
(a) e =x(1), x(1) =C,sinht + C, e™".

2
) (%) = (), x(0) = 1(a> + 1) - &

d*x ,d’x _d’x dx s 3 Loy, 217

(c) W— F—7W+1SE+18)¢=121, x(t)=ae’t+be +T
ERUTINSE!
9 9 -

(3) Prove by substitution that the following functions are general solutions to the
given differential equations, and find values for the undetermined constants in
order to match the boundary or initial conditions. Plot the solutions:

@ %560 -3, () = 1; x(1) = Ce¥ +3/5.
2
(b) % +4% +4x(1)=0, x(0) =0, x' ()= —=3; x(t) =C, e *' + C,te "
3
(c) ‘;Tf + % =t, x(00=0, x'0=1, x"(m)=0; x(t)=t>/2+C,sint+

C,cost+ Cs.

1.2 GRAPHICAL SOLUTION OF INITIAL-VALUE PROBLEMS

1.2.1 Direction Fields; Existence and Uniqueness of Solutions

In an initial-value problem, how do we know when the initial conditions specify a
unique solution to an ODE? And how do we know that the solution will even exist?
These fundamental questions are addressed by the following theorem:
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Theorem 1.1 Consider a general initial-value problem involving an Nth-order
ODE of the form

dNx dx d’x dNx
dt_N=f [,X,E,F,...,W (121)
for some function f. The ODE is supplemented by N initial conditions on x and
its derivatives of order N — 1 and lower:

0 B @ B dzx B dN—l B
x(0) =x, dar = Vo> dr’ I ERRER dN-1 = Uyp-

Then, if the derivative of f in each of its arguments is continuous over some
domain encompassing this initial condition, the solution to this problem exists and
is unique for some length of time around the initial time.

Now, we are not going to give the proof to this theorem. (See, for instance,
Boyce and Diprima for an accessible discussion of the proof.) But trying to
understand it qualitatively is useful. To do so, let’s consider a simple example of
Eq. (1.2.1): the first-order ODE

% —f(t,v). (12.2)

This equation can be thought of as Newton’s second law for motion in one
dimension due to a force that depends on both velocity and time.

Let’s consider a graphical depiction of Eq. (1.2.2) in the (z,v) plane. At every
point (¢,v), the function f(¢,v) specifies the slope dv/dt of the solution v(¢). An
example of one such solution is given in Fig. 1.1. At each point along the curve, the
slope dv/dt is determined through Eq. (1.2.2) by f(¢,v). This slope is, geometri-
cally speaking, an infinitesimal vector that is tangent to the curve at each of its
points. A schematic representation of three of these infinitesimal vectors is shown
in the figure.

The components of these vectors are

(dt,dv)=dt(1,%)=dt(1,f(t,v)). (1.2.3)

The vectors dt(1, f(¢,v)) form a type of vector field (a set of vectors, each member
of which is associated with a separate point in some spatial domain) called a
direction field. This field specifies the direction of the solutions at all points in the

N avidt = f(t,v)

av
dt

Fig. 1.1 A solution to dv/dt = f(t, v). f
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Fig. 1.2 Direction field for dv/dt =t — v, along with four solutions.

(#,v) plane: every solution to Eq. (1.2.2) for every initial condition must be a curve
that runs tangent to the direction field. Individual vectors in the direction field are
called tangent vectors.

By drawing these tangent vectors at a grid of points in the (¢,v) plane (not
infinitesimal vectors, of course; we will take df to be finite so that we can see the
vectors), we get an overall qualitative picture of solutions to the ODE. An example
is shown in Figure 1.2. This direction field is drawn for the particular case of an
acceleration given by

f(t,v)=t—v. (1.2.4)

Along with the direction field, four solutions of Eq. (1.2.2) with different initial »’s
are shown. One can see that the direction field is tangent to each solution.
Figure 1.2 was created using a graphics function, available in Mathematica’s
graphical add-on packages, that is made for plotting two-dimensional vector fields:
PlotVectorField. The syntax for this function is given below:

PlotVectorField [{vxIx,yl,vyIx,yl}, {x,xmin,xmax},{y,ymin,ymax},options] .

The vector field in Fig. 1.2 was drawn with the following Mathematica commands:

Cell 1.4

< Graphics®
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Cell 1.5

flt , v_.]1 = -v + t;
PlotVectorField[{1, £It, v1}, {t, o0, 4}, {v, -3, 3},
Axes — True, ScaleFunction— (1 &), AxesLabel— {"t", "v"}]

The option ScaleFunction->(1&) makes all the vectors the same length. The
plot shows that you don’t really need the four superimposed solutions in order to
see the qualitative behavior of solutions for different initial conditions—you can
trace them by eye just by following the arrows.

However, for completeness we give the general solution of Egs. (1.2.2) and
(1.2.4) below:

v(t)y=Ce " +1t—1, (1.2.5)

which can be verified by substitution. In Fig. 1.2, the solutions traced out by the
solid lines are for C =[4,2,1 —2]. (These solutions were plotted with the Plot
function and then superimposed on the vector field using the Show command.)
One can see that for ¢ < o, the different solutions never cross. Thus, specifying an
initial condition leads to a unigue solution of the differential equation. There are
no places in the direction field where one sees convergence of two different
solutions, except perhaps as ¢t — . This is guaranteed by the differentiability of
the function f in each of its arguments.

A simple example of what can happen when the function f is nondifferentiable
at some point or points is given below. Consider the case

f(t,v) =v/t. (1.2.6)

<

0.8

0.6

0.4

0.2

T T 1 T [T [T T ] T T T

t

0.2 0.4 0.6 0.8 1

Fig. 1.3 Direction field for dv/dt=uv/t, along with two solutions, both with initial
condition v(0) = 0.
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This function is not differentiable at ¢ = 0. The general solution to Egs. (1.2.2) and
(1.2.6) is

v(t) =Ct, (1.2.7)

as can be seen by direct substitution. This implies that all solutions to the ODE
emanate from the point v(0) = 0. Therefore, the solution with initial condition
v(0) =0 is not unique. This can easily be seen in a plot of the direction field,
Fig. 1.3. Furthermore, Eq. (1.2.7) shows that solutions with v(0) # 0 do not exist.
When f is differentiable, this kind of singular behavior in the direction field can-
not occur, and as a result the solution for a given initial condition exists and is
unique.

1.2.2 Direction Fields for Second-Order ODEs: Phase-Space Portraits

Phase-Space We have seen that the direction field provides a global picture of
all solutions to a first-order ODE. The direction field is also a useful visualization
tool for higher-order ODEs, although the field becomes difficult to view in three
or more dimensions. A nontrivial case that can be easily visualized is the direction
field for second-order ODEs of the form

‘jl_jf =f(x,%)_ (12.8)

Equation (1.2.8) is a special case of Eq. (1.2.1) for which the function f is
time-independent and the ODE is second-order. Equations like this often appear in
mechanics problems. One simple example is the harmonic oscillator with a fric-
tional damping force added, so that the acceleration depends linearly on both
oscillator position x and velocity v = dx /dt:

f(x,v) = —wix—yo, (1.2.9)

where o, is the oscillator frequency and v is a frictional damping rate.

The direction field consists of a set of vectors tangent to the solution curves of
this ODE in (¢, x, v) space. Consider a given solution curve, as shown schematically
in Fig. 1.4. In a time interval d¢ the solution changes by dx and dv in the x and v
directions respectively. The tangent to this curve is the vector

(dt, dx, dv) =dr(1,%,%) — (1,0, f(x,0)). (1.2.10)

. (dt, dx, dv)

\(dx, av) Fig. 1.4 A solution curve to Eq. (1.2.8), a tangent vector, and
X the projection onto the (x, v) plane.
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Note that this tangent vector is independent of time. The direction field is the
same in every time slice, so the trajectory of the particle can be understood by
projecting solutions onto the (x,v) plane as shown in Fig. 1.4. The (x, v) plane is
often referred to as phase-space, and the plot of a solution curve in the (x, v) plane
is called a phase-space portrait.

Often, momentum p = mv is used as a phase-space coordinate rather than v, so
that the phase-space portrait is in the (x, p) plane rather than the (x,v) plane.
This sometimes simplifies things (especially for motion in magnetic fields, where
the relation between p and v is more complicated than just p = mwv), but for now
we will stick with plots in the (x,v) plane.

The projection of the direction field onto phase-space, created as usual with the
PlotVectorField function, provides us with a global picture of the solution for
all initial conditions (x,, v,). This projection is shown in Cell 1.6 for the case of a
damped oscillator with acceleration given by Eq. (1.2.9), taking w,=y=1. One
can see from this plot that all solutions spiral into the origin, which is expected,
since the oscillator loses energy through frictional damping and eventually comes
to rest.

Vectors in the direction field point toward the origin, in a manner reminiscent
of the singularity in Fig. 1.3, even though f(x,v) is differentiable. However,
particles actually require an infinite amount of time to reach the origin, and if
placed at the origin will not move from it (the origin is an attracting fixed point), so
this field does not violate Theorem 1.1, and all initial conditions result in unique
trajectories.

Cell 1.6

<<G@Graphics’;

flx , v.]1 = -x - v;

PlotVectorField[{v, £Ix, v1}, {x, -1, 1}, {v, -1, 1},
Axes — True, ScaleFunction— (1&), AxesLabel— {"x", "v"}];
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t=0
1:_V - -
05 | [P N
3 S t=05
0:.......1...'..-.|......l_r-,...x.
i 04 08" - 22
_05:_ =1 e Fig. 1.5 Flow of a set of initial conditions
T for f(x,v) = —x — 0.

Conservation of Phase-Space Area The solutions of the damped oscillator
ODE do not conserve phase-space area. By this we mean the following: consider
an area of phase-space, say a square, whose boundary is mapped out by a collec-
tion of initial conditions. As these points evolve in time according to the ODE, the
square changes shape. The area of the square shrinks as all points are attracted
toward the origin. (See Fig. 1.5.)

Dissipative systems—systems that lose energy—have the property that phase-
space area shrinks over time. On the other hand, nondissipative systems, which
conserve energy, can be shown to conserve phase-space area. Consider, for
example, the direction field associated with motion in a potential '(x). Newton’s

equation of motion is md?*x/dt* = —dV/dx, or in terms of phase-space coordi-
nates (x, v),
dx _ v
E — Y
(1.2.11)
o _ 10V
dt = m dx’

According to Eq. (1.2.10), the projection of the direction field onto the (x,v)
plane has components (v,—(1/m)dV/dx). One can prove that this flow is area-
conserving by showing that it is divergence-free. It is easiest at first to discuss such
flows in the (x, y) plane, rather than the (x,v) plane. A flow in the (x, y) plane,
described by a vector field v(x, y) = (v,(x, y),v,(x, y)), is divergence-free if the
flow satisfies

au,
V'V(x’y) = ox

+ =0 1.2.12
y  dy ’ ( )

where we have explicitly shown what is held fixed in the derivatives. The connec-
tion between this divergence and the area of the flow can be understood by
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Fig. 1.6 Surface S moving by dr in time dt.

examining Fig. 1.6, which depicts an area S moving with the flow. The differential
change dS in the area as the boundary C moves by dr is dS = ¢. dr- i dl, where d!
is a line element along C, and n is the unit vector normal to the edge, pointing out
from the surface. Dividing by df, using v=dr/dt, and applying the divergence
theorem, we obtain

‘fl—f=§6v-ﬁd1=fv~vd2r. (1.2.13)
C S

Thus, the rate of change of the area dS/dt equals zero if V-v =0, proving that
divergence-free flows are area-conserving.

Returning to the flow of the direction field in the (x,v) plane given by Egs.
(1.2.11), the x-component of the flow field is v, and the v-component is
—(1/m) dV/édx. The divergence of this flow is, by analogy to Eq. (1.2.12),

2l
ax

R 1 el U (1.2.14)

J _1(9V)
m odx

Therefore, the flow is area-conserving.

Why should we care whether a flow is area-conserving? Because the direction
field for area-conserving flows looks very different than that for a non-area-con-
serving flow such as the damped harmonic oscillator. In area-conserving flows,
there are no attracting fixed points toward which orbits fall; rather, the orbits tend
to circulate indefinitely. This property is epitomized by the phase-space flow for
the undamped harmonic oscillator, shown in Fig. 1.7.

Hamiltonian Systems Equations (1.2.11) are a specific example of a more
general class of area-conserving flows called Hamiltonian flows. These flows have
equations of motion of the form

dx JH(x,p,t)
dar J ’
P (1.2.15)

dp __ 9dH(x,p,t)
dr — ax ’

where p is the momentum associated with the variable x. The function H(x, p,t) is



1.2 GRAPHICAL SOLUTION OF INITIAL-VALUE PROBLEMS 13

Fig. 1.7 Phase-space flow and constant-H curves for the undamped harmonic oscillator,

flx,v) = —x.

the Hamiltonian of the system. These flows are area-conserving, because their
phase-space divergence is zero:

d.dc  9.dp _ 9’H(x,p,t) 9H(x,p,t) _
dx dt ~ dp dt dx dp dx dp =

0.  (1.2.16)

For Egs. (1.2.11), the momentum is p =mwv, and the Hamiltonian is the total
energy of the system, given by the sum of kinetic and potential energies:

mU2 2
H="3"1v(x) =2 +1(x). (1.2.17)

If the Hamiltonian is time-independent, it can easily be seen that the direction
field is everywhere tangent to surfaces of constant H. Consider the change dH in
the value of H as a particle follows along the flow for a time dt. This change is
given by

JH &de_i_ﬁd_p
dx dt = dp dt )

oH
dHZdXW +dp$ =dt

Using the equations of motion, we have

oH oH aH( l?H)]:o. (1.2.18)

ar =i 55 Gy + G~
In other words energy is conserved, so that the flow is along constant-H surfaces.
Some of these constant-H surfaces are shown in Fig. 1.7 for the harmonic
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oscillator. As usual, we plot the direction field in the (x, v) plane rather than in the
(x, p) plane.

For a time-independent Hamiltonian H(x, p), curves of constant H are nested
curves in phase space, which describe the orbits. Even for very complicated
Hamiltonian functions, these constant-H curves must be nested (think of contours
of constant altitude on a topographic map). The resulting orbits must always
remain on a given constant-H contour in a given region of phase space. Different
regions of phase-space are isolated from one another by these contours. Such
motion is said to be integrable.

However, this situation can change if the Hamiltonian depends explicitly on
time so that energy is not conserved, or if phase-space has four or more dimen-
sions [as, for example, can occur for two coupled oscillators, which have phase-space
(xy, vy, X5, 0,)]. Now energy surfaces no longer necessarily isolate different regions
of phase-space. In these situations, it is possible for particles to explore large
regions of phase space. The study of such systems is a burgeoning area of
mathematical physics called chaos theory. A comprehensive examination of the
properties of chaotic systems would take too far afield, but we will consider a few
basic properties of chaotic systems in Sec. 1.4.

EXERCISES FOR SEC. 1.2

(1) Find, by hand, three valid solutions to (d*x/dt*)* = u(t), x(0)=x'(0)=0.
(Hint: Try solutions of the form at" for some constants ¢ and n.)

(2) Plot the direction field for the following differential equations in the given
ranges, and discuss the qualitative behavior of solutions for initial conditions in
the given ranges of y:

(a) %=\/t_y2,0<t<4, —2<y<2

(b) %=sin(t+y),0<t<15, -8<1<8.

(Hint: You can increase the resolution of the vector field using the Plot-
Points option, as in PlotPoints — 25.)

(3) For a Hamiltonian H(x, v, ) that depends explicitly on time, show that rate of
change of energy dH /dt along a particular trajectory in phase space is given by

dH _ 0H

7 - W x’u. (1.2.19)

(4) A simple pendulum follows the differential equation 6”(¢) = —(g/I)sin 6(¢),
where 6 is the angle the pendulum makes with the vertical, g = 9.8 m /s? is the
acceleration of gravity, and [ is the length of the pendulum. (See Fig. 1.8.) Plot
the direction field for this equation projected into the phase space (6, 6'), in
the ranges —m< < and —4 s~ ' <0’ <4s~', assuming a length / of 10 m.
(a) Discuss the qualitative features of the solutions. Do all phase-space

trajectories circle the origin? If not, why not? What do these trajectories
correspond to physically?



(5)

(6)

(7)
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Fig. 1.8 Simple pendulum.

(b) Find the energy H for this motion in terms of 6 and 6'. Plot several
curves of constant H on top of your direction field, to verify that the field
is tangent to them.

Find an expression for the momentum p, associated with the variable 6, so
that one can write the equations of motion for the pendulum in Hamiltonian
form,

dﬂ _ &H(Oapeat)

dt 9Py ’

dp, _ dH(,p,,t)
dt a0 ‘

The Van der Pol oscillator ODE models some properties of excitable systems,

such as heart muscle or certain electronic circuits. The ODE is

X"+ (x?=1Dx" +x=0. (1.2.20)

The restoring force is a simple Hooke’s law, but the “drag force” is more

complicated, actually accelerating “particles” with |x| <1. (Here, x could

actually mean the oscillation amplitude of a chunk of muscle, or the current in

a nonlinear electrical circuit.) At low amplitudes the oscillations build up, but

at large amplitudes they decay.

(a) Draw the direction field projected into the phase space (x, x’) for —2 <x
<2, =2 <x'<2. Discuss the qualitative behavior of solutions that begin
(i) near the origin, (ii) far from the origin.

(b) Does this system conserve phase-space area, where (x, x') is the phase-
space?

A particle orbiting around a stationary mass M (the sun, for example) follows
the following differential equation for radius as a function of time, r(¢) where r
is the distance measured from the stationary mass:

d’r _ L' GM
dr? r3 r2

(1.2.21)

Here, G is the gravitational constant, and L is a constant of the motion—the
specific angular momentum of the particle, determined by radius r and
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angular velocity 6 as
L=r%. (1.2.22)

(a) Assuming that L is nonzero, find a transformation of time and spatial
scales, F=r/a, t=t/t,, that puts this equation into the dimensionless
form

d’r 1 1

7 -

=~
~i

(b) Plot the projection of the direction field for this equation into the phase
space (7,7') in the range 0.1 <7 <4, —0.7 <7’ <0.7.
(i) What is the physical significance of the point (7, 7') = (1,0)?

(ii) What happens to particles that start with large radial velocities at
large radii, 7> 1?

(iii) What happens to particles with zero radial velocities at small radius,
7 < 1? Explain this in physical terms.

(iv) For particles that start with velocities close to the point (7,7") =
(1,0), the closed trajectories correspond to elliptical orbits, with the
two points where 7’ =0 corresponding to distance of closest ap-
proach r, (perihelion) and farthest distance r, (aphelion) from the
fixed mass. Therefore, one closed orbit in the (7, 7') plane corre-
sponds to a whole set of actual orbits with different scale parame-
ters a and ¢, but the same elliptical shape. How do the periods of
this set of orbits scale with the size of the orbit? (This scaling is
sometimes referred to as Kepler’s third law.)

(¢) Find the Hamiltonian H(7,7') associated with the motion described
above. Plot a few curves of constant H on top of the direction field,
verifying that the field is everywhere tangent to the flow.

Magnetic and electric fields are often visualized by drawing the field lines
associated with these fields. These field lines are the trajectories through space
that are everywhere tangent to the given field. Thus, they are analogous to the
trajectories followed by particles as they propagate tangent to the direction
field. Consider a field line that passes through the point r = r,. We parametrize
this field line by the displacement s measured along the field line from the
point r,,. Thus, the field line is given by a curve through space, r = r(s), where
r(0) =r,. A displacement dr along the field line with magnitude ds is in the
direction of the local field: dr =dsE(r)/|E(r)|. Dividing by ds yields the
following differential equation for the field line:

d _ E(r)
%r(s) = B[ (1.2.24)

Equation (1.2.24) is a set of coupled first-order ODEs for the components of
r(s), with initial condition r(0) =r,.
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(a) Using PlotVectorField, plot the electric field E(x,y)= —Vo(x, y)
that arises from the following electrostatic potential ¢(x, y):

d(x,y) =x*—y>.
(This field satisfies Laplace’s equation, V% =0.) Make the plot in the
ranges —2<x <2, —2<y<2.

(b) Show that for this potential, Eq. (1.2.24) implies that dy/dx = —y/x along
a field line. Solve this ODE analytically to obtain the general solution for
y(x), and plot the resulting field lines in the (x,y) plane for initial
conditions (x,, y,) =(m,n) where m= —1,0,1 and n= —1,0,1 (nine
plots in all). Then superimpose these plots on the previous plot of the
field. [Hint 1: Make a table of plots; then use a single Show command to
superimpose them. Hint 2: (dx/ds) /(dy /ds) = dx /dy.]

1.3 ANALYTIC SOLUTION OF INITIAL-VALUE PROBLEMS VIA DSOLVE

1.3.1 DSolve

The solution to some (but not all) ODEs can be determined analytically. This
section will discuss how to use Mathematica’s analytic differential equation solver
DSolve in order to find these analytic solutions.

Consider a simple differential equation with an analytic solution, such as the
harmonic oscillator equation

d’x
W= —a)gx. (1.3.1)

DSolve can provide the general solution to this second-order ODE. The syntax is
as follows:

DSolve| ODE, unknown function, independent variable] .

The ODE is written as a logical expression, x" (t) == -w%x (t). Note that in the
ODE you must refer to x[t]1, not merely x as we did in Eq. (1.3.1). The unknown
function is x(¢) in this example. Then we specify the independent variable ¢, and
evaluate the cell:

Cell 1.7

DSolvel[x"[tl== -w,"2 x[t], x[t], t]
{{x[t] =»C[2] Cos[tw,] + C[1] Sinltw,]}}

The result is a list of solutions (in this case there is only one solution), written in
terms of two undetermined constants, C[1] and C[2]. As we know, these
constants are set by specifying initial conditions.

It is possible to obtain a unique solution to the ODE by specifying particular
initial conditions in DSolve. Now the syntax is

DSolve[{ODE, initial conditions} , unknown function, independent variable] .

Just as with the ODE, the initial conditions are specified by logical expressions,
not assignments, for example, x[0] ==x0, v[0] ==v0:
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Cell 1.8
DSolvel {x"[tl== -w,"2 x[t],
x[0] == x0, x'[0] == vO0}, =x=[t], tI]
0 Si t
{{x[t] >x0 Cos[t w,] + X___igi_fil}}

)

As expected, the result matches our previous solution, Eq. (1.1.9).

DSolve can also be used to provide solutions to systems of coupled ODEs.
Now, one provides a list of ODEs in the first argument, along with a list of the
unknown functions in the second argument. For instance, consider the following
coupled ODEs, which describe a set of two coupled harmonic oscillators with
positions x1 [t] and x2 [t], and with given initial conditions:

Cell 1.9
DSolve [{x1"[t] == -x1[t] + 2 (x2[t] - x1[t]),
x2"[t] == -x2[t] + 2 (x1[t] - x2[t]),
x1[0] == 0, x1'[0] == O, x2[0] == 1, x2'[0] == O},

{x1It]l, x2[tl}, tI
{{x1[t] _)_%e—i t—i\/S_t(eit _ eivst | gritriyse eit+2i\/gt)l

X2[t]—>%e’i t—i\/gt (eit + ei 5t e2it+i\/5_t + eit-2 i\/S—t)}}

Mathematica found the solution, although it is not in the simplest possible form.
For example, x1 [t] can be simplified by applying FullSimplify:
Cell 1.10

FullSimplify[x1[t]/. %[[111]

% (Cos[t] - Cos[Vs tl)

Mathematica knows how to solve a large number of quite complex ODEs
analytically. For example, it can find the solution to a harmonic oscillator ODE
where the square of natural frequency w, is time-dependent, decreasing linearly
with time: w? = —t. This ODE is called the Airy equation:

x"(t) =n(t). (1.3.2)
The general solution to this equation is

Cell 1.11
DSolve[x"[t] - tx[t] == 0, x[t], t]

{{x[t] »Airyni[t] C[1] + AiryBil[t] C[2]1}}

The two independent solutions to the ODE are special functions called Airy
functions, Ai(x) and Bi(x). These are called special functions in order to distin-
guish them from the elementary functions such as sin x or log x that appear on
your calculator. Mathematica refers to these functions as AiryAi[x] and
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AiryBi [x]. These are only two of the huge number of special functions that
Mathematica knows. Just as for the elementary functions, one can plot these
special functions, as shown in Cell 1.12.

Cell 1.12

<<Graphics\;
Plot [{AiryAil[x], AiryBilxl}, {x, -10, 3},
PlotStyle— {Red, Green},
PlotLabel — TableForm[{{StyleForm["Ai [x]",
FontColor —» RGBColor [1, O, 0]], ", ", StyleForm["Bi[x]",
FontColor — Green] }}, TableSpacing— 011];

Ai[x], Bilx] 1.

On the other hand, there are many seemingly straightforward ODEs that have
no solution in terms of either special functions or elementary functions. Here is an
example:

Cell 1.13
DSolvelx'[t] == t/ (x[t] + t)*2, x[t], t]
DSolve [x'[t] == ;2, x[t], tl
(t+x[t])

Mathematica could not find an analytic solution for this simple first-order ODE,
although if we wished we could plot the direction field to find the qualitative form
of the solutions. Of course, that doesn’t mean that there is no analytic solution in
terms of predefined functions—after all, Mathematica is not omniscient. However,
as far as I know there really is no such solution to this equation.

You may wonder why a reasonably simple first-order ODE has no analytic solu-
tion, but a second-order ODE like the Airy equation does have an analytic
solution. The reason in this instance is mainly historical, not mathematical. The
solutions of the Airy equation are of physical interest, and were explored originally
by the British mathematician George B. Airy. The equation is important in the
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Table 1.1. DSolve

DSolvelegn,x[t], tl Solve a differential equation for x [t]
DsSolve[{egnl,eqn2,...},{x1[t], x2[t],...},t] Solve coupled differential equations

study of wave propagation through inhomogeneous media, and in the quantum
theory of tunneling, as we will see in Chapter 5. Many of the special functions that
we will encounter in this course—Bessel functions, Mathieu functions, Legendre
functions, etc.—have a similar history: they were originally studied because of
their importance to some area of science or mathematics.

Our simple first-order ODE, above, has no analytic solution (as far as I know)
simply because no one has ever felt the need to define one. Perhaps some day the
need will arise, and the solutions will then be detailed and named.

However, there are many ODEs for which no exact analytic solution can be
written down. These ODEs have chaotic solutions that are so complex that they
cannot be predicted on the basis of analytic formulae. Over long times, the
solutions cannot even be predicted numerically with any accuracy (as we will see in
the next section).

The syntax for DSolve is summarized in Table 1.1.

EXERCISES FOR SEC. 1.3

(1) In the process of radioactive decay, an atom spontaneously changes form by
emitting particles from the nucleus. The rate v at which this decay happens
is defined as the fraction of nuclei that decay per unit of time in a sample of
material. Write down and solve a differential equation for the mass of radio-
active material remaining at time ¢, m(¢), given an amount m, at ¢t = 0. How
long does it take for half the material to decay?

(2) A spaceship undergoing constant acceleration g=9.8 m/s* (as felt by the
passengers) will follow Newton’s second law, with the addition (by Einstein)
that the apparent mass of the ship as seen from a stationary observer will

increase with velocity v(¢) in proportion to the factor 1/ \/ 1—0v?/c?. This
implies that the velocity satisfies the following first order ODE:

i(#)zg
dt 1—1)2/c2 :

(a) Find the general solution, using pencil and paper, for the position as a
function of time.

(b) After 100 earth years of acceleration, starting from rest, how far has the
ship gone in light-years (one light-year = 9.45 X 10> m)?

(¢) Thanks to relativistic time dilation, the amount of time 7 that has passed
onboard the ship is considerably shorter than 100 years, and is given by the

solution to the differential equation dr/dt= \/ 1—o(t)’ /¢, 7(0)=0.
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Solve this ODE, using DSolve and the solution for uv(z) from part (b),
above, to find the amount of time that has gone by for passengers on the
ship. (Note: The nearest star is only about 4.3 light years from earth.)
What was the average speed of the ship over the course of the trip, in
units of ¢, as far as the passengers are concerned?

The charge Q(¢#) on the capacitor in an LRC electrical circuit obeys a
second-order differential equation,

LQ" +RQ' +Q/C=V(t). (1.3.3)

(a) Find the general solution to the equation, taking V(¢) = 0.

(b) Plot this solution for the case Q(0)=10"° coulomb, Q'(0) =0, taking
R =10* ohms, C =107 farad, L =0.1 henry. What is the frequency of
the oscillation being plotted (in radians per second)? What is the rate of
decay of the envelope (in inverse seconds)?

A man throws a pebble straight up. Its height y(¢) satisfies the differential

equation y” + yy’' = —g, where g is the acceleration of gravity and vy is the

damping rate due to frictional drag with the air.

(a) Find the general solution to this ODE.

(b) Find the solution y(¢) for the case where the initial speed is 6 m/s,
y(0) =0, and y=0.2 s~!. Plot this solution vs. time.

(c) Find the time when the pebble returns to the ground (this may require a
numerical solution of an algebraic equation).

Atomic hydrogen (H) recombines into molecular hydrogen (H,) according to
the simple chemical reaction H + H = H,. The rate of the forward recombina-
tion reaction (number of reactions per unit time per unit volume) is v,n3,
where ny is the number density (in atoms per cubic meter) of atomic
hydrogen, and v, is a constant. The rate of the reverse reaction (spontaneous
decomposition into atomic hydrogen) is v,ny , where ny is the number
density of molecular hydrogen.

(a) Write down two coupled first-order ODEs for the densities of molecular
and atomic hydrogen as a function of time.

(b) Solve these equations for general initial densities.

(¢) Show that the solution to these equations satisfy ny + 2ny = const. Take
the constant equal to n, (the total number density of hydrogen atoms in
the system, counting those that are combined into molecules), and find the
ratio of densities in equilibrium.

(d) Plot the densities as a function of time for the initial condition ny =1,
ny=0,0,=3,and v, = 1.

A charged particle, of mass m and charge g, moves in uniform magnetic and
electric fields B = (0,0, B,), E=(E | ,0, E,). The particle satisfies the nonrela-
tivistic equations of motion,

dv
m-—-=q(E+vXB). (1.3.4)
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(a) Find, using DSolve, the general solution of these coupled first-order
ODE:s for the velocity v(¢) = (v,(2), uy(t), v,(1)).

(b) Note that in general there is a net constant velocity perpendicular to B, on
which there is superimposed circular motion. The constant velocity is
called an E X B drift. The circular motion is called a cyclotron orbit. What
is the frequency of the cyclotron orbit? What are the magnitude and
direction of the E X B drift?

(¢) Find v(¢) for the case for an electron with r(0)=v(0)=0, E,=0, E | =
5000 V/m, and B,=0.005 tesla (these are the proper units for the
equation of motion as written above). Plot v,(#) and v,(¢) vs. ¢ for a time
of 1077 s.

(d) Use the results of part (b) to obtain x(¢) and y(¢). Plot x vs. y using a
parametric plot to look at the trajectory of the electron. Plot the trajectory
again in a frame moving at the E X B drift speed. The radius of the circle
is called the cyclotron radius. What is the magnitude of the radius (in
meters) for this example?

The trajectory r(0) of a particle orbiting a fixed mass M at the origin of the
(r,0) plane satisfies the following differential equation:

Ld(Ldr\ L* GM
_2%(’,—2%)__3=__2’ (1.3.5)

r r r

where L is the specific angular momentum, as in Eq. (1.2.22).

(a) Introduce a scaled radius 7 = r/a to show that with proper choice of a this
equation can be written in dimensionless form as

(b) Find the general solution for the trajectory, and show that Mathematica’s
expression is equivalent to the expression 1/r(0)=(GM /L*) [ecos(6 —
6,) + 1], where e is the eccentricity and 6, is the angular position of
perihelion. [See Eq. (1.2.21) and Exercise (3) of Sec. 9.6].

Consider the electric field from a unit point dipole at the origin. This field is
given by E= —Vé(p,z) in cylindrical coordinates (p,6,z), where ¢ =
z/(p? +z%)*2. In cylindrical coordinates the field lines equation, Eq. (1.2.24),
has components

dp _ E,(r)

ds ~ |E(r)| >

dg  Ey(r)

= B (1.3.6)
dz _ E.(r)




(a)

(b)

1.4.1
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Use DSolve to determine the field lines for the dipole that pass through
the following points: ( p,, z,) = (1,0.5n), where n =1,2,3,4. Make a table
of ParametricPlot graphics images of these field lines in the (p, z)
plane for —10 <s < 10, and superimpose them all with a Show command
to visualize the field lines from this dipole. (Hint: Create a vector function
r(s, zy) ={ p(s, zy), z(s, z,)} using the DSolve solution, for initial condi-
tion p(0) = p, =1, z(0) = z,. Then plot that vector function for the given
values of z,.)

A simple analytic form for the field lines from a dipole can be found in
spherical coordinates (r, 6, ¢). In these coordinates r(s) = (#(s), 6(s), d(s))
and Eq. (1.2.24) becomes

dr _ E(r)
ds — |E(r)|”’
de E,(r)
r% = |E(l‘)| , (137)
. dp  Ey(r)
¥ sin 0% = —IE/)(r)I .

Also, since r = \/ p? +2z% and z =r cos 6, the dipole potential has the form
¢(r, 6) = (cos ) /r. An equation for the variation of r with 6 along a field
line can be obtained as follows:

d6 ~ rdb/ds ~ E,(r,0)"

1dr  dryds E(r,0)
;

Solve this differential equation for r(#) with initial condition r(6,) =r, to
show that the equation for the field lines of a point dipole in spherical
coordinates is

r(0) = r, S0 (13.8)

Fo————.
Ysin? 6,

Superimpose plots of r(6) for ry=1,2,3,4 and 6, = /2.

1.4 NUMERICAL SOLUTION OF INITIAL-VALUE PROBLEMS

NDSolve

Mathematica can solve ODE initial-value problems numerically via the intrinsic
function NDSolve. The syntax for NDSolwve is almost identical to that for
DSolve:

NDSolve [{ODE, initial conditions}, x=[tl,{t,tmin, tmax}]
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Three things must be remembered when using NDSolve.

(1) Initial conditions must always be specified.

(2) No nonnumerical constants can appear in the list of ODEs or the initial
conditions.

(3) A finite interval of time must be provided, over which the solution for x(¢) is
to be determined.

As an example, we will solve the problem from the previous section that had no
analytic solution, for the specific initial condition x(0) = 1:

Cell 1.14

NDSolve [{x*[t] == t/ (x[t] + t) "2, x[0] == 1}, =xI[t],
{t, 0, 10}]

{{x[t] » InterpolatingFunction [{{0., 10.}}, <>1I[tl}}

The result is a list of possible substitutions for x(¢), just as when using DSolve.
However, the function x(¢) is now determined numerically via an Interpolat-
ingFunction. These InterpolatingFunctions are also used for interpolat-
ing lists of data (see Sec. 9.11). The reason why an InterpolatingFunction
is used by NDSolve will become clear in the next section, but can be briefly stated
as follows: When NDSolve numerically solves an ODE, it finds values for x(¢) only
at specific values of ¢ between tmin and fmax, and then uses an Interpolating
Function to interpolate between these values of .

As discussed in Sec. 9.11, the InterpolatingFunctioncan be evaluated at
any point in its range of validity from #min to tmax. For example, we can plot the
solution by first extracting the function from the list of possible solutions,

Cell 1.15
x[t]l/. %$[[1]1]
InterpolatingFunction[{{0., 10.}}, <>]1 [t]

and then plotting the result as shown in Cell 1.16.

Cell 1.16
Plot[%, {t,0,10}1;

s
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Now we come to an important question: how do we know that the answer
provided by NDSolve is correct? The numerical solution clearly matches the initial
condition, x(0) = 1. How do we tell if it also solves the ODE? One way to tell this
is to plug the solution back into the ODE to see if the ODE is satisfied. We can do
this just as we have done with previous analytic solutions, except that the answer
will now evaluate to a numerical function of time, which must then be plotted to
see how much it differs from zero (see Cell 1.17).

Cell 1.17

x[t ] = %%;
error[t ] = x'[t] - t/(x[t] + t)"2;
Plot[error([t], {t, 0, 10}];

Mf\;\[\[\{\m J ./\1/} .y

U&U“”\'\JH \V Vvs\/\/lo

The plot shows that the error in the solution is small, but nonzero.

In order to further investigate the accuracy of NDSolve, we will solve a problem
with an analytic solution: the harmonic oscillator with frequency w,= 1 and with
initial condition x(0) =1, x’(0) = 0. The exact solution is x(¢) = cost. NDSolve
provides a numerical solution that can be compared with the exact solution, in
Cell 1.20.

Cell 1.18

Clear[x];

NDSolve [{x"[t] == -x[t], x[0] == 1, x'[0] == 0}, xI[t],
{t, 0, 30}]

{{x[t] - InterpolatingFunction [{{0., 30.}}, <>1I[t]l}}

Cell 1.19
x[t]l/.%[[1]]

InterpolatingFunction[{{0., 30.}}, <>][t]
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Cell 1.20

Plot[% - Cos[tl, {t, 0, 30}1;

0.00004

0.00002

T T

—0.00002

The difference between NDSolwve’s solution and cos¢ is finite, and is growing
with time. This is typical behavior for numerical solutions of initial-value problems:
the errors tend to accumulate over time. If this level of error is too large, the error
can be reduced by using two options for NDSolve: AccuracyGoal and Preci-
sionGoal. The default values of these options is Automatic, meaning that
Mathematica decides what the accuracy of the solution will be. We can intercede,
however, choosing our own number of significant figures for the accuracy. It is best
to set both AccuracyGoal and PrecisionGoal to about the same number, and
to have this number smaller than $§MachinePrecision (otherwise the requested
accuracy cannot be achieved, due to numerical roundoff error). Good values for
my computer (with $MachinePrecision of 16) are AccuracyGoal— 13,
PrecisionGoal — 13:

Cell 1.21

xsol[t 1 = x[t]/. NDSolvel[{x"I[t] == -x[t], x[0] == 1,
x'[0] == 0}, xI[t]l, {t, 0, 30}, AccuracyGoal— 13,
PrecisionGoal — 13] [[1]1];

The results are shown in Cell 1.22. The error in the solution has now been
considerably reduced. (Note that I have saved a little space by directly defining the
solution of NDSolve to be the function xsol [t], all in one line of code.)

Cell 1.22
Plot[xsoll[t] - Cos [tl, {t, 0, 30}1;
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1.4.2 Error in Chaotic Systems

A Chaotic System: The Driven Pendulum The problem of error accumulation
in numerical solutions of ODEs is radically worse when the solutions display
chaotic behavior. Consider the following equation of motion for a pendulum of
length / (see Fig. 1.8):

10" (t) = —gsin 6 —fsin( 6 — wt). (1.4.1)

The first term on the right-hand side is the usual acceleration due to gravity, and
the second term is an added time-dependent force that can drive the pendulum
into chaotic motion. This term can arise if one rotates the pivot of the pendulum in
a small circle, at frequency w. (Think of a noisemaker on New Year’s Eve.)

We can numerically integrate this equation of motion using NDSolve. In Fig.
1.9 we show 0(¢r) for 0<¢<200, taking /=g=f=1 and w=2, and initial
conditions 0(0) = —0.5, 8’(0) = 0. One can see that 6(¢) increases with time in a
rather complicated manner as the pendulum rotates about the pivot, and some-
times doesn’t quite make it over the top. (Values of 6 larger than 27 mean that
the pendulum has undergone one or more rotations about the pivot.)

200
150
100

50

II\\|\\I\‘II\I|\II\‘I\\Q§

50 100 150 200

Fig. 1.9 Two trajectories starting from the same initial conditions. The upper trajectory is
integrated with higher accuracy than the lower trajectory.
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Fig. 1.10 Difference between the trajectories of Fig. 1.9.

If we repeat this trajectory, but increase the accuracy by setting Accuracy-
Goal->13 and PrecisionGoal->13, the results for the two trajectories at late
times bear little or no resemblance to one-another (Fig. 1.9).

The difference A6 between the two 6(¢) results is shown in Fig. 1.10. The error
is exploding with time, as opposed to the relatively gentle increase observed in our
previous examples. The explosive growth of accumulated error is a general feature
of chaotic systems. In fact, one can show that if one compares a given trajectory
with groups of nearby trajectories, on average the difference between these
trajectories increases exponentially with time: |A6| ~ exp(At). The rate of exponen-
tiation of error, A, is called the Lyapunov exponent.

This rapid error accumulation is the signature of a chaotic system. It makes it
impossible to determine trajectories accurately over times long compared to 1/A.
One can easily see why this is so: a fast computer working at double—double
precision (32-digit accuracy) can integrate for times up to roughly (In10%%)/A ~
70/ A before roundoff error in the 32nd digit causes order-unity deviation from the
exact trajectory. To integrate accurately up to 7000 /A, the accuracy would have to
be increased by a factor of €' = 2.6 X 10*!

For chaotic systems, small errors in computing the trajectory, or in the initial
conditions, lead to exponentially large errors at later times, making the
trajectory unpredictable.

Chaotic trajectories are not an isolated feature of only a few unusual dynamical
systems. Rather, chaos is the norm. It has been shown that almost all dynamical
systems are chaotic. Integrable systems such as the harmonic oscillator are the
truly unusual cases, even though such cases are emphasized in elementary books
on mechanics (because they are analytically tractable).

Since almost all systems are chaotic, and since chaotic systems are unpre-
dictable, one might question the usefulness of Newton’s formulation of dynamics,
wherein a given initial condition, together with the force law, is supposed to
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provide all the information necessary to predict future behavior. For chaotic
systems this predictive power is lost.

Fortunately, even chaotic systems have features that can be predicted and
reproducibly observed. Although specific particle trajectories cannot be predicted
over long times, average values based on many particle trajectories are repro-
ducible. We will examine this statistical approach to complex dynamical systems in
Chapter 8.

The Lyapunov Exponent One example of a reproducible average quantity for a
chaotic system is the Lyapunov exponent itself. In order to define the Lyapunov
exponent, note that since error accumulates on average as exp(At), the logarithm
of the error should increase linearly with ¢, with a slope equal to A.

Therefore, A is defined as follows: Consider a given initial condition z, = (x,, v;).
For this choice, the phase-space trajectory is z(¢,z,) = (x(z, x,, vy), v(¢, X, Uy)).
Now consider a small displacement d, = (Ax,, Av,) to a nearby initial condition
z,+d,. The Lyapunov exponent is defined as

Mzo)= lim <11n('Z(t’z°+d°)_z(t’z°)|)>, (1.4.2)

[aoc’\d0|4>() t |d(]|

where the { ) stands for an average over many infinitesimal initial displacements
d, in different directions, and |z| corresponds to a vector magnitude in the phase
space. [Units are unimportant in this vector magnitude: both position and momen-
tum can be regarded as dimensionless, so that z can be thought of as a dimension-
less vector for the purposes of Eq. (1.4.2).]

We can numerically evaluate the Lyapunov exponent by averaging over a
number of orbits nearby to a given initial condition, all with small |d,|. Then by
plotting the right-hand side of Eq. (1.4.2) as a function of time for 0 <t < 50, we
can observe that this function asymptotes to a constant value, equal to A.

We will do this for our previous example of pendulum motion using the
following Mathematica statements. In keeping with the notation of this subsection,
we use the notation (x, v) for the pendulum phase space, rather than (6, 6").

First, we create a test trajectory z(¢,z,) using the initial conditions, x(0)=
—0.5,0(0) = 0:

Cell 1.23

zZ =
{x[t]l, vIt]l}/. NDSolvel[{x"[t] == vI[t],
v'[t] == -8in [x[t]] - Sin [x[t] - 2t], x[0] == -0.5,

This trajectory is the same as the lower trajectory shown in Fig. 1.9. Next, we
create 40 nearby initial conditions by choosing values of x(0) and v(0) scattered
randomly around the point (—0.5,0):

Cell 1.24

z0 = Table [{-0.5 + 10”%-5 (2 Random[] - 1),
10~-5 (2 Random[] -1) }, {m, 1, 40}1;
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Then, we integrate these initial conditions forward in time using NDSolve, and
evaluate the vector displacement between the resulting trajectories and the test
trajectory z:

Cell 1.25
Az[t 1 = Tablelsqrt[({xI[t]l, vI[tl} - z).({x[t]l, vIt]l} - =z)1/.
N'DSolve[{x'[t] == v[t], v'[t] == -Sin[x[t]] - Sin[x[t] - 2t],
x[0] == z0 [[m, 111, vI[0] == zO[[m, 211}, {x[t]l, vItl},

{t, 0, 50}10[11], {m, 1, 40}1;

Finally, we evaluate In[Az(¢) /Az(0)] /¢, averaged over the 40 trajectories, and plot
the result in Cell 1.26.

Cell 1.26

Alt_]l = 1/40 Sum[Log[Az[t] [[n]1]1/Az[0]1[[n]11], {n, 1, 40}1/¢t;
Plot[Alt], {t, 0, 50}, PlotRange— {0, 0.5},
AxesLabel — {"t", "A(t)"}1;

A(t)

The Lyapunov exponent can be seen to asymptote to a fairly constant value of
about 0.3 at large times. Fluctuations in the result can be reduced by keeping more
trajectories in the average. Thus, over a time ¢ = 50, nearby orbits diverge in phase
space by a factor of e’*** =3.x 10°, on average. Over a time ¢ =500, initially
nearby orbits diverge by the huge factor of 10%. Even a tiny initial error gets blown
up to a massive deviation over this length of time, leading to complete loss of
predictability.

Note that the choice of d, in the above numerical work is a rather tricky
business. It must be larger than the intrinsic error of the numerical method;
otherwise the effect of d, on the trajectory is swamped by numerical error. But on
the other hand, d, must not be so large that orbits diverge by a large amount over
the plotted time interval; otherwise we are not properly evaluating the difference
between infinitesimally nearby trajectories; that is, we require |dyle* < 1. As a
result of these trade-offs, this method for determining A is not particularly
accurate, but it will do for our purposes. More accurate (and complicated)
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methods exist for determining a Lyapunov exponent: see, for example, Lichtenberg
and Lieberman (1992, p. 315).

1.4.3 Euler’s Method

In this section, we will create our own ODE solver by first considering a simple
(and crude) numerical method called Euler’s method. Most ODE solvers are at
their core merely more complex and accurate versions of Euler’s method, so we
will begin by examining this simplest of numerical ODE solvers. We will then
consider more complicated numerical methods.

Euler’s method applies to the simple first-order ODE discussed in Sec. 1.2:

% =f(t,v), v(0) = v,. (1.4.3)

Later, we will see how to modify Euler’s method to apply to more general ODEs.
To apply Euler’s method to Eq. (1.4.3), we first discretize the time variable,
defining evenly spaced discrete timesteps

t,=nAt, n=0,1,2,3,.... (1.4.4)

The quantity Az is called step size. (Confusingly, some authors also refer to Af as
the timestep.) We will evaluate the solution v(¢) only at the discrete timesteps
given in Eq. (1.4.4). Later, we will interpolate to find v(¢) at times between the
timesteps.

Next, we integrate both sides of Eq. (1.4.3), and apply the fundamental theorem
of calculus:

" = (e, ~ o1, ) = [ Feo(e)) an. (14.5)

n—1

Note that we must take account of the time variation of v(¢) in the integral over f
on the right-hand side.

So far, no approximation has been made. However, we will now approximate
the integral over f, assuming that At is so small that f does not vary appreciably
over the range of integration:

ft"i F(tv(t)) de = Atf(t, ,,v(t, 1)) + O(AL2). (1.4.6)

The error in this approximation scales as At? (see the exercises), and we use the
notation O(At¢?) to indicate this fact. The same notation is, used in power series
expansions, and indicates that if A¢ is reduced by a factor of 2, the error in
Eq. (1.4.6) is reduced by a factor of 4 (for small A¢).

Equation (1.4.6) is a very crude approximation to the integral, but it has the
distinct advantage that, when used in Eq. (1.4.5), the result is a simple recursion
relation for uv(t,):

o(t,) =v(t,_y) +Atf(t,_,0(t,_1)) + O(Ar?). (1.4.7)
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Equation (1.4.7) is Euler’s method. It is called a recursion relation because the
value of v at the nth step is determined by quantities from the n — 1st step, which
were themselves determined in terms of variables at the » — 2nd step, and so on
back to the initial condition at ¢ = 0. Recursion relations like this are at the heart
of most numerical ODE solvers. Their differences lie mainly in the degree of
approximation to the integral in Eq. (1.4.6).

To see how Euler’s method works, we will write a program that can be used to
solve any ODE of the form of Eq. (1.4.3). In our code, we will employ the following
simple notation for the velocity at timestep n: a function v [n], defined for integer
arguments. We will employ the same notation for the time ¢, defining a function
t [n] =nAt. Then Euler’s method can be written in Mathematica as

Cell 1.27
tln_ ] := n At;
vin 1l := vIn-1]1 + At £[t[n-1]1, vIn-111;
v[0] := vO

The first defines the time at step n, the second is Eq. (1.4.7), and the third is the
initial condition. Note that delayed evaluation is used for all three lines, since we
have not yet specified a step size At, an initial condition v,, or the function f.
However, even if these quantities are already specified, delayed evaluation must be
used in the second line, since it is a recursion relation: v [n] is determined in
terms of previous values of v, and can therefore only be evaluated for a given
specific integer value of n.

Note that it is somewhat dangerous to write the code in the form given in Cell
1.27, because it is up to us to ask only for nonnegative integer values of n. If, for
example, we ask for v[0.5], the second line will evaluate this in terms of
v [-0.5]1, which is then evaluated in terms of v[-1.5]1, etc., leading to an infinite
recursion:

Cell 1.28
v[0.5]
SRecursionLimit :: reclim : Recursion depth of 256 exceeded.
SRecursionLimit :: reclim : Recursion depth of 256 exceeded.
SRecursionLimit :: reclim : Recursion depth of 256 exceeded.
General :: stop : Further output of
SRecursionLimit :: reclim will be suppressed during this
calculation.

In such errors, the kernel will often grind away fruitlessly for many minutes trying
to evaluate the recursive tree, and the only way to stop the process is to quit the
kernel. We can improve the code by adding conditions to the definition of v [n]
that require n to be a positive integer:

Cell 1.29

Clear|[v]
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Cell 1.30
tin 1 := nAt;
vin_]l := vIn-1] + At f[t[n-1]1, vIn-111/;
n>0 && n € Integers;
v[0] := vO

Here we have used the statement n € Integers, which stands for the logical
statement “n is an element of the integers,” evaluating to a result of either True
or False. The symbol € stands for the intrinsic function Element and is
available on the BasicInput palette. (Don’t confuse € with the Greek letter
epsilon, €.)

If we now ask for v[0.51], there is no error because we have only defined v [n]
for positive integer argument:

Cell 1.31
v[0.5]

v[0.5]

In principle, we could now run this code simply by asking for any value of v [n] for
n € Integers and n>0. Mathematica will then evaluate v[n-1] in terms of
v [n-21], and so on until it reaches v[0] =v0. The code stops here because the
definition v [0] =vO0 takes precedence over the recursion relation.

However, there are a few pitfalls that should be avoided. First, it would not be a
good idea to begin evaluating the code right now. We have not yet defined the
function f, the step size At, or the initial condition v,,. Although Mathematica will
return perfectly valid results if we ask for, say, v[2], the result will be a
complicated algebraic expression without much value. If we ask for v[100], the
result will be so long and complicated that we will probably have to abort the
evaluation. Numerical methods are really made for solving specific numerical
instances of the ODE in question.

Therefore, let us solve the following specific problem, which we encountered in
Sec. 1.2.1:

f(t,v) =t—v, v(0) =0. (1.4.8)
The general solution was given in Eq. (1.2.5), and for v(0) =0 is
v(t)=t+e ' —1. (1.4.9)

Before we solve this problem using Euler’s method, there is another pitfall that
can be avoided by making a small change in the code. As it stands, the code will
work, but it will be very slow, particularly if we ask for v[n] with n> 1. The
reason is that every time we ask for v [n], it evaluates the recursion relations all
the way back to v[0], even if it has previously evaluated the values of v[n-11],
v[n-21], etc. This wastes time. It is better to make Mathematica remember values
of the function v [n] that it has evaluated previously. This can be done as follows:
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in the second line of the code, which specifies v [n], write two equal signs:

Cell 1.32

vin ]l := ( vIin]l = vIn-1]1 + At flt[n-1]1, vIn-111)/;
n>0 && n € Integers;

The second equal sign causes Mathematica to remember any value of v [n] that is
evaluated by adding this value to the definition of v; then, if this value is asked for
again, Mathematica uses this result rather than reevaluating the equation. Note
that we have placed parentheses around part of the right-hand side of the
equation. These parentheses must be included when the equation has conditions;
otherwise the condition statement will not evaluate properly, because it will attach
itself only to the second equality, not the first.
The modified Euler code is as follows:

Cell 1.33
tin_ ] := n At;
vin_ ]l := (vIn] =
vin-1] + At £[t[n-1], vIn-111)/;
n>0 && n € Integers;
v[0] := vO

Let’s now evaluate a solution numerically, from 0 < ¢ < 4. To do so, first specify the
step size, the function f, and the initial condition:

Cell 1.34
At = 0.2;
£lt , v_]1 = t-v;
v0 = 0;

Next, make a list of data points {t [n],v[n]}, calling this result our numerical
solution:
Cell 1.35

solution = Table[ {t[nl, vInl}, {n, 0, 4/At}]

{{o, o}, {0.2, 0}, {0.4, 0.04}, {0.6, 0.112}, {0.8, 0.2096},
1.

{1., 0.32768}, {1.2, 0.462144}, {1.4, 0.609715},
{1.6, 0.767772}, {1.8, 0.934218}, {2., 1.10737},
{2.2, 1.2859}, {2.4, 1.46872}, {2.6, 1.65498},
{2.8, 1.84398}, {3., 2.03518}, {3.2, 2.22815},
{3.4, 2.42252}, {3.6, 2.61801}, {3.8, 2.81441},
{4., 3.01153}}

Finally, plot these points with a ListPlot, and compare this Euler solution with
the analytic solution of Eq. (1.4.9), by overlaying the two solutions in Cell 1.36. The
Euler solution, shown by the dots, is quite close to the exact solution, shown by the
solid line.
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Cell 1.36

a =
ListPlot[solution, PlotStyle— PointSize [0.015],
DisplayFunction— Identity];

b = Plot[E®-t + t -1, {t, 0, 4},
DisplayFunction— Identityl];

Show([a, b, DisplayFunction— $DisplayFunction];

35

We have used an option in the Plot functions to turn off intermediate plots
and thereby save space. The option DisplayFunction— Identity creates a
plot, but does not display the result. After the plots are overlaid with the Show
command, the display option was turned on again using DisplayFunction—

$DisplayFunction.

If we wish to obtain the numerical solution at times between the timesteps,
we can apply an interpolation to the data and define a numerical function

vEuler|[t]:

Cell 1.37

vEuler[t ] = Interpolationl[solution] [t]
InterpolatingFunction [{{0., 4.}}, <>][t]

One thing that we can do with this function is plot the difference between the
numerical solution and the exact solution to see the error in the numerical method

(see Cell 1.38).

Cell 1.38

vExact[t ] = E® -t + t - 1;
pl = Plot[vEuler[t] - vExact[tl, {t, 0, 4}1;
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The error can be reduced by reducing the step size. To do this, we must go back
and run the Table command again after setting the step size to a smaller value,
and after applying the Clear [v] command. We must Clear [v] before running the
Table command again; otherwise the values of vI[11,vI[2],..., stored in the
kernel’s memory as a result of our using two equal signs in Eq. (1.4.10), will supersede
the new evaluations. After clearing v, we must then reevaluate the definition of v in
Cell 2.33.

All of these reevaluations are starting to seem like work. There is a way to avoid
having to reevaluate groups of cells over and over again. We can create a Module,
which is a method of grouping a number of commands together to create a
Mathematica function. Modules are the Mathematica version of C+ modules or
Fortran subroutines, and have the following syntax:

Module[{internal variables}, statements] creates a module in Mathematica

The list of internal variables defines variables that are used only within the
module. The definitions of these variables will not be remembered outside of the
module.

Here is a version of the Euler solution that is written as a module, and assigned
to a function Eulersol[v0, time, At]. This function finds the approximate
solution vEuler [t] for 0 <¢ < time, with step size A¢z. To use the module, all we
need to do is specify the function f(¢,v) that enters the differential equation:

Cell 1.39
Eulersol[v0 , time , At ] := Modulel{t, v, solution},
tin_ ] := n At;
vin_ l:= (vIn] =

vin-1] + At f£[t[n-11, vIn-111)/;
n>0 && n € Integers;
v[0] := vO;
solution = Tablel[{t[n]l, vInl}, {n, 0, time/At}];
vEuler [t ] = Interpolation[solution] [t];]
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Note that we did not have to add a Clear[v] statement to the list of
commands, because v is an internal variable that is not remembered outside the
module, and is also not remembered from one application of the module to the
next. Also, note that we don’t really need the condition statements in the definition
of vI[n] anymore, since we only evaluate v[n] at positive integers, and the
definition does not exist outside the Module.

Below we show a plot of the error vs. time as At is reduced to 0.1 and then to
0.05. The plot was made simply by running the Eulersol function at these two
values of At and plotting the resulting error, then superimposing the results along
with the original error plot at Af=0.2. As At decreases by factors of 2, the error
can be seen to decrease roughly by factors of 2 as well. The error in the solution
scales linearly with A¢: Error o Af. In other words, the error is first order in At.
(The same language is used in the discussion of power series expansions; see Sec.
9.9.2.) Euler’s method is called a first-order method.

Cell 1.40

Eulersol[0, 4, 0.1];

p2 = Plot[vEuler[t]-vExact [t], {t, 0, 4},
DisplayFunction— Identityl];

Eulersol[0, 4, 0.05];

p3 = Plot[vEuler[t]-vExactl[tl, {t, 0, 4},
DisplayFunction— Identityl];

Show [pl, p2, p3, DisplayFunction— $DisplayFunction,

PlotLabel — "Error for At = 0.2,0.1,0.05"];

Error for At = 0.2, 0.1, 0.05

One can see why the error in this method is O(A¢) from Eq. (1.4.7): the error in
a single step is of order Az?. To integrate the solution over a fixed time interval T,
N steps must be taken, with N = T /At increasing as At decreases. The total error
is the sum of all individual errors, and therefore scales as NAt? = T At.

Euler’s method is too crude to be of much practical use today. Clearly it would
be a great improvement in efficiency if we could somehow modify Euler’s method
so that it is second-order, or even nth-order, with error scaling like A¢". Then, by
reducing the step size by only a factor of 2, the error would be reduced by a factor
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of 2". In the next section we will see how to easily modify Euler’s method to make
it second order.

The error of a numerical solution to an ODE is controlled by the step size At.
Reducing the step size increases the accuracy of the solution, but also increases
the number of steps required to find the solution over a fixed interval 7. For a
method with error that is of order n, the error in the solution, found over a
fixed time interval T, scales like (At)".

1.4.4 The Predictor-Corrector Method of Order 2

The error in Euler’s method arose from the crude approximation to the integral in
Eq. (1.4.6). To improve the approximation, we need a more accurate value for this
integral. Now, the required integral is just the area under the function f(uv(¢), 1),
shown schematically in Fig. 1.11(a). Equation (1.4.6) approximates this area by the
gray rectangle in Fig. 1.11(a), which is clearly a rather poor approximation to the
area under the curve, if the function varies much over the step size Az. A better
approximation would be to use the average value of the function at the initial and
final points in determining the area:

j;tif(t’u(t)) dt:Atf(tn717U(tn71)2) J’_f(tnsv(tn)) +O(At3). (1_4_10)

This approximation would be exactly right if the shaded area above the curve in
Fig. 1.11(b) equaled the unshaded area below the curve. If f(v(¢),¢) were a linear
function of ¢ over this range, that would be true, and there would be no error. For
At sufficiently small, f(v(¢),¢) will be nearly linear in ¢ if it is a smooth function of
t, so for small At the error is small. In fact, one can easily show that the error in
this approximation to the integral is of order At® (see the exercises at the end of
this section), as opposed to the order-A¢* error made in a single step of the Euler’s
method [see Eq. (1.4.6)]. Therefore, this modification to Euler’s method should
improve the accuracy of the code to order A¢® in a single step.

I[U(”,/—-

™

:.r|—1
(a) (b)

Fig. 1.11 Different numerical approximations to the area under f: (a) Euler’s method,
Eq. (1.4.6); (b) modified Euler’s method, Eq. (1.4.10).
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If we now use Eq. (1.4.10) in Eq. (1.4.5), we obtain the following result:

(1) = (1) + ALl ) 0)) | oy (14.1)

Since the error of the method is order A¢® in a single step, Eq. (1.4.11) is a distinct
improvement over Euler’s method, Eq. (1.4.7). However, there is a catch. Now
u(t,) appears on the right-hand side of the recursion relation, so we can’t use this
equation as it stands to solve for uv(z,). [We might try to solve this equation for
u(t,), but for general f that is nontrivial. Such methods are called implicit methods,
and will be discussed in Chapter 6.]

What we need is some way to replace v(¢,) on the right-hand side: we need a
prediction for the value of v(¢,), which we will then use in Eq. (1.4.11) to get a
better value. Fortunately, we have such a prediction available: Euler’s method,
Eq. (1.4.7), provides an approximation to v(t,), good to order A¢%. This is sufficient
for Eq. (1.4.11), since the O(At?) error in v(t,) is multiplied in Eq. (1.4.11) by
another factor of Af, making this error O(Af°); but the right-hand side of
Eq. (1.4.11) is already accurate only to O(A¢3).

The resulting recursion relation is called a predictor—corrector method of order 2.
The method is second-order accurate, because over a fixed time interval T the
number of steps taken is 7/At and the total error scales as (T /At) At® = T At
The method consists of the following two lines: an initial prediction for v at the
nth step, which we assign to a variable v, and the improved correction step, given
by Eq. (1.4.11), making use of the prediction:

vy =0(t,_) +Atf(t,_,0(t,_)),
f(t, 1, 0(t, 1)) +£(t,,0) (1.4.12)
2 .

U(tn) = U(tnfl) + At

The following module, named PCsol, implements the predictor—corrector
method in Mathematica:

Cell 1.41

PCsol[v0_, time , At ] := Module[{t, v, £0, vl, solution},
tin_ ] = nAt;
v[0] = vO;
£0 fltln-1]1, vIin-111;
vl := v[n-1]1 + At £f0;
vin ] := vnl = v[n-11 + At (£0 + f[t[n]l, v1])/2;
solution = Tablel{tInl, vInl}, {n, 0, time/At}];
vPC[t ] = Interpolation[solution] [t];]

There is one extra trick that we have implemented in this module. We have
assigned the value of f at the n-1st step to the variable £0 (using delayed
evaluation so that it is evaluated only when needed). The reason for doing so is
that we used this value for f twice in Eq. (1.4.12). Rather than evaluating the
function twice at the same point, we instead save its value in the variable £0. This
does not save much time for simple functions, but can be a real time-saver if f is
very complicated.
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Also, note that we have paid a price in going to a second-order method. The
code is more complicated, and we now need to evaluate the function at two points,
instead of only one as we did in Euler’s method.

But we have also gained something—accuracy. This relatively simple
predictor—corrector method is much more accurate than Euler’s method, as we can
see by again evaluating the solution for three step sizes Az =1{0.2,0.1,0.05}, and
plotting the error. We again choose our previous example:

Cell 1.42

flt , v.1 =t - v;
vExact[t ] = E® -t + t - 1;

The resulting error is shown in Cell 1.43. Not only is the error much smaller than
in Euler’s method for the same step size, but the error also decreases much more
rapidly as At is decreased. The maximum error goes from roughly 0.0029 to 0.0007
to 0.00017 as Af goes from 0.2 to 0.1 to 0.05. In other words, the maximum error is
reduced by roughly a factor of 4 every time At is reduced by a factor of 2. This is
exactly what we expect for error that is O(At?).

Cell 1.43

PCsol[0, 4, 0.2];

pl = Plot[vPC[t]-vExact [t]l, {t, 0, 4},
DisplayFunction— Identity];

PCsol[0, 4, 0.1];

p2 = Plot[vPC[t]-vExact [t]l, {t, 0, 4},
DisplayFunction— Identity];

PCsol[0, 4, 0.05];

p3 = Plot[vPC[t]-vExact [t]l, {t, 0, 4},
DisplayFunction— Identity];

Show[pl, p2, p3, DisplayFunction— $DisplayFunction,

PlotLabel — "Error for At = 0.2,0.1,0.05"];

Error for At = 0.2, 0.1, 0.05
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There are many higher-order methods that are even more accurate than this.
Two of the more popular methods are the fourth-order Runge—Kutta method and
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the Bulirsch—Stoer method. These methods will not be discussed here, but the
codes can be found in many other textbooks. See, for instance, Press et al. (1986).

Also, there are several second-order (and higher-order) methods that require
only one force evaluation per timestep. These algorithms can be more efficient
when the force evaluation is time-consuming. Three such methods are considered
in the exercises: the leapfrog method and a centered-difference method for
problems in Newtonian mechanics, and the Adams—Bashforth method for more
general problems.

1.4.5 Euler’'s Method for Systems of ODEs
Consider the general second-order ODE

d*x dx dx
sz(t,x,g), x(0) =x, g(o)zvm (1.4.13)

Since the ODE is second-order, Euler’s method cannot be used to solve it
numerically. However, we can modify the equation so that Euler’s method can be
used. By introducing a new variable v(¢) = dx /dt, Eq. (1.4.13) can be written as the
following system of first-order differential equations:

Koy, Wofxe),  x(0)=xp v(0) =0,  (1414)

Euler’s method still does not apply, because it was written originally for a single
first-order ODE. However, let us define a vector z(¢) = {x(¢),v(z)}. Then Egs.
(1.4.14) can be written as a vector ODE:

dz
E=f(t,z), 2(0) =z, (1.4.15)

where z, = {x,, v,}, and the vector function f(,z) is defined as

£(1,2) = {v(1), (£, x,0)}. (1.4.16)

We can now apply Euler’s method to this vector ODE, simply by reinterpreting the
scalar quantities that appeared in Eq. (1.4.7) as vectors:

z(t,) =z(t, ) +Arf(t,_,z(1,_)). (1.4.17)

In fact, there is nothing about Egs. (1.4.15) and (1.4.17) that limits them to
two-dimensional vectors. An Nth-order ODE of the general form given by Eq.
(1.2.1) can also be written in the form of Eq. (1.4.15) by defining a series of new
variables

dx d*x dN-1x
U(t)=E, a(t)zﬁa“'a u(t)=dtN—_1, (1.4.18)
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a vector
z(t) ={x(t),v(t),a(t),...,u(t)}, (1.4.19)
and a force
f(t,z) ={v,a,...,u, f(t,x,0,a,...,u)}. (1.4.20)
Thus, Euler’s method in vector form, Eq. (1.4.17), can be applied to a general
Nth-order ODE. Below, we provide the simple changes to the previous module

Eulersol that allow it to work for a general ODE of order N:

Cell 1.44

Clear["Global‘*"]

Cell 1.45
Eulersol[z0 , time , At ] := Modulel {t, z, sol},
tln ] := nAt;
z[n 1 := z[n] = z[n-1]1 + At £[t[n-1], z[n-1]];
z[0] := z0;

sol = Table[Table[{t[nl, z[nl[Imll1}, {n, 0, time/At}],
{m, 1, Length[z0]1}];
zEuler = Table[Interpolation[sol[[m]]],
{m, 1, Length[z01}];]

Thanks to the ease with which Mathematica handles vector arithmetic, the module
is nearly identical to the previous scalar version of the Euler method. In fact,
except for renaming some variables, the first four lines are identical. Only the lines
involving creation of the interpolating functions differ. This is because the solution
list sol is created as a table of lists, each of which is a dataset of the form
{t[nl, z,[n]}. Each element of zEuler is an interpolation of a component of z.

To use this module, we must first define a force vector f(¢, z). Let’s take the case
of the 1D harmonic oscillator problem as an example. In this case z = (x,v) and
f=(v,—x) (e dx/dt=v, dv/dt= —x):

Cell 1.46
£t , z ] := {v, -x}/.{x—>z[[1]1], v—z[[2]]}
A delayed equality must be used in defining f; otherwise Mathematica will attempt
to find the two elements of z when making the substitution, and this will lead to an
error, since z has not been defined as a list yet.
Taking the initial condition z, = (1,0) (i.e., x,=1,0v,=0), in Cell 1.47 we run

the Euler code and in Cell 1.48 plot the solution for x(¢), which is the first element
of zEuler.

Cell 1.47
Eulersol[{1, 0}, 10, .02]
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Cell 1.48

Plot[zEuler[[11]1[t]l, {t, 0, 10}1;

o
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The code clearly works, but a keen eye can see that the expected cosine oscilla-
tions are actually growing slowly with time, even at the relatively small step size of
0.02. As already discussed, the Euler method is only first-order accurate. Neverthe-
less, the general methods discussed in this section also work for higher-order
methods, such as the predictor—corrector code of the previous section. Examples
may be found in the exercises at the end of the section.

1.4.6 The Numerical N-Body Problem: An Introduction to
Molecular Dynamics

One way that systems of ODEs arise in the physical sciences is in the description
of the motion of N interacting classical particles. Newton solved this problem for
the case of two particles (the two-body problem) interacting via a central force.
However, for three or more particles there is no general analytic solution, and
numerical techniques are of great importance in understanding the motion.

In the numerical method known as molecular dynamics, the coupled equations
of motion for the N particles are simply integrated forward in time using Newton’s
second law for each particle. There is nothing subtle about this—the numerical
techniques learned in the previous sections are simply applied on a larger scale.
The subtleties only arise when details such as error accumulation, code efficiency,
and the like must be considered.

Below, we show how to use Mathematica’s intrinsic function NDSolve to
numerically solve the following N-body problem: For particles at positions
r(6),r,(1),...,ry(2), the equations of motion are

d2

mi— Z F,(r, - (1.4.21)

j=1
j#Ei

where F;; is the force between particles i and j, and m, is the mass of particle i.
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To complete the problem, we must also specify initial conditions on position and
velocity:

d
R0)=rg. t=vg, i=l...n. (1.4.22)

The following module MDsol solves this problem numerically:

Cell 1.49

Clear["Global‘*"]

Cell 1.50

MDsol[z0 , time ] := Modulel{},
= Length[z0]/6;
rli_, t 1 = {x[il1[t], y[i1[t]l, =z[il[tl};
t 1 = {vx[il[t], vy[il [t], vz[i]l[t]};

1 = Flatten[Tablel[{r[i, t]l, vI[i, tl1}, {i, 1, npart}l];

£lt ] = Flatten[Tablel{vIi, tl,
(Sum[F[i, j, rl[i, tl-r[j, €11, {3, 1, i-1}1 +
Sum[F[i, j, r[i, tl-rl[j, tl],
{3, i + 1, npart}]l}/mass[[ill},
{i, 1, npart}ll;

ODEs = Flatten[Table[Z"[t] [[n]l] == £[t]l[[n]],
{n, 1, 6 * npart}ll;
ics = Table[z[0][[n]] == z0[[nl], {n, 1, 6xnpart}];

egns = Join[ODEs, ics] ;
NDSolvelegns, ZI[t]l, {t, 0, time}, MaxSteps— 10"5]]

To understand what this module does, look at the last line. Here we see that
NDSolve is used to integrate a list of equations called egns, that the equations
involve a vector of unknown functions Z [t], and that the equations are integrated
from t=0 to t=time. The definition of Z [t] can be found a few lines higher in
the module: it is a list of variables, {r [i,t], v[i,t]}. The ith particle position
vector r[i,t] 1is defined in the second line as having components
{x[i]1 [t],y[i]l [t],=z[4i] [t]}, and the velocity vector v[i,t] has compo-
nents {vx[i] [t],vy[i] [t],vz[i] [t]}. These functions use a notation we
haven’t seen before: the notation x [1] [t] means the same thing as x [i, t]. The
reason we use the former and not the latter notation is due to a vagary of
NDSolve: NDSolve likes to work on functions of one variable; otherwise it gets
confused and thinks it is solving a PDE. The notation x[i] [t] fools NDSolve
into thinking of x as a function of a single argument, the time t.

The Flatten function is used in the definition of Z[t] because NDSolve
works only on a simple list of unknown functions, without sublists.

The list egns can be seen to be a concatenation of a list of ODEs called ODEs
and a list of initial conditions called ies. The initial conditions are given as an
argument to the module, in terms of a list z, of positions and velocities for each
particle of the form

z,=Flatten[{r;,v,), Ty, Vy,---}1.
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The Flatten command is included explicitly here to ensure that z, is a simple
list, not an array.
The acceleration function f(¢) is defined as

1 1
f(t) = Vi Y Flj(rl—rj),vz,m— Z Fy(ry—1;),...p, (1.4.23)
j=2 -

/#2

and the result is flattened in order for each element to correspond to the proper
element in Z. The fact that the sum over individual forces must neglect the
self-force term j =i requires us to write the sum as two pieces, one from j=1 to
i — 1, and the other from j=i+1to N.

The value of N, called npart in the module (because N is a reserved function
name), is determined in terms of the length of the initial condition vector z0 in the
first line of the code.

Finally, the module itself is given no internal variables (the internal-variable list
is the null set { }), so that we can examine each variable if we wish.

In order to use this code, we must first define a force function F,;(r). Let’s
consider the gravitational N-body problem, where the force obeys Newton’s law of
gravitation:

E;(r) = —Gmmx/r, (1.4.24)

where G =6.67 X 107! m? /kg s>. We can define this force using the command

Cell 1.51

Fli_, j_, r_] := -mass[[i]] mass[[j]] r/(r.r) *(3/2)
Here mass is a length-N list of the masses of all particles, and we have set the
gravitational force constant G = 1 for simplicity.

Let’s apply this molecular dynamics code to the simple problem of two gravitat-
ing bodies orbiting around one another. For initial conditions we will choose
r,=v,=0,and r, = (1,0,0),v, = (0,0.5,0). Thus, the list of initial conditions is
Cell 1.52

z0 = Flatten[{{0, 0, 0, 0, 0, 0}, {1, 0, 0, 0, 0.5, 0}}]

Also, we must not forget to assign masses to the two particles. Let’s take one
mass 3 times the other:

Cell 1.53
mass = {3, 1}

{3. 1}
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Now we run the code for 0 <t < 4:

Cell 1.54

S = MDsol[z0, 4]

{{x[1]1 [t] » InterpolatingFunction[{{0., 4.}}, <>]1I[t],
y[1] [t] » InterpolatingFunction[{{0., 4.}}, <>][t],
z[1] [t] —» InterpolatingFunction[{{0., 4.}}, <>][t],
vx[1] [t] = InterpolatingFunction[{{0., 4.}}, <>]I[t],
vy [1] [t] = InterpolatingFunction[{{0., 4.}}, <>][t],
vz [1] [t] = InterpolatingFunction[{{0., 4.}}, <>]I[t],
x[2] [t] = InterpolatingFunction[{{0., 4.}}, <>][t],
y[2] [t] » InterpolatingFunction[{{0., 4.}}, <>][t],
z[2] [t] —» InterpolatingFunction[{{0., 4.}}, <>][t],
vx[2] [t] = InterpolatingFunction[{{0., 4.}}, <>]I[t],
vy [2] [t] = InterpolatingFunction[{{0., 4.}}, <>][t],
vz [2] [t] = InterpolatingFunction[{{0., 4.}}, <>]1I[tl}}

The result is a list of interpolating functions for each component of position and
velocity of the two particles. We can do whatever we wish with these—perform
more analysis, make plots, etc. One thing that is fun to do (but is difficult to show
in a textbook) is to make an animation of the motion. An example is displayed in
the electronic version of the book, plotting the (xy) positions of the two masses at
a series of separate times. (The animation can be viewed by selecting the plot cells
and choosing Animate Selected Graphics from the Format menu.) Only the
command that creates the animation is given in the hard copy, in Cell 1.55.

Cell 1.55

Table[ListPlot[Table[{x[n] [t], y[n]l [t]1}/.%[[1]1],
{n, 1, npart}l],
PlotStyle — PointSize[0.015], AspectRatio—1,
PlotRange— {{- .1, 1.2}, {-.1, 1.2}}1, {t, 0, 4, .1}1;

Another thing one can do (that can be shown in a textbook!) is plot the orbits of
the particles in the x-y plane. The parametric plots in Cell 1.56 do this, using the
usual trick of turning off intermediate plot displays in order to save space. The
mass-1 particle can be seen to move considerably farther in the x-direction than
the mass-3 particle, as expected from conservation of momentum. Both particles
drift in the y-direction, because the mass-1 particle had an initial y-velocity, which
imparts momentum to the center of mass.

Cell 1.56

pl = ParametericPlot[{x[1]1[t], y[1]1[tl}/.s[I[11],
{t, 0, 4}, DisplayFunction— Identityl;
ParametericPlot [{x[2] [t], y[2]1[t]l}/.s[[111, <{t, O, 4},
DisplayFunction— Identity,
PlotStyle — Dashing[{0.015, 0.015}1];
Show[pl, p2, DisplayFunction— §DisplayFunction,
PlotRange-> {{0, 1}, {0, 1}}, AspectRatio—1];

p2
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These orbits look a bit more complicated than one might have expected—aren’t
these two bodies simply supposed to perform elliptical orbits around the center of
mass? The answer is yes, but the orbits look different depending on one’s frame of
reference. In a frame moving with the center of mass, the orbits do look like closed
ellipses (see the exercises).

Of course, the orbits of two gravitating particles can be determined analytically,
so there is really no need for molecular dynamics. However, for three or more
bodies, no general analytic solution is available, and molecular dynamics is crucial
for understanding the motion.

Take, for example, the solar system. Table 1.2 provides the positions and
velocities of the major bodies in the solar system, with respect to the solar system
center of mass, on January 1, 2001. We can use the information in this table as
initial conditions to determine the subsequent motion of these planetary bodies.

Table 1.2. Positions and Velocities of Sun and Planets?®

Body Mass (kg) x (m) y (m) z (m) v, (m/s) v, (m/s) v, (m/s)
Sun 1.9891 % 103 —7.0299 x 108 —7.5415 x 108 2.38988 x 107  14.1931 —6.9255 —0.31676

Mercury 3.302 X 102 2.60517 x 101 —6.1102 x 10 —7.3616 x 10° 34796. 221852 —1379.78
Venus 4.8685x 10%*  7.2129 x 10'°  7.9106 x 10'* —3.0885 x 10° —25968.7 23441.6  1819.92
Earth  5.9736 x 10%* —2.91204 x 10" 1.43576 x 10'1  2.39614 x 107 —29699.8  —5883.3  0.050215
Mars  6.4185X 102 —2.47064 x 10" —1.03161 x 100 5.8788 x 10° 1862.73 —22150.6  —509.6

Jupiter 1.8986 x 1027 2.67553 x 10''  7.0482 x 101" —8911 x 10°  —12376.3 5259.2 255.192
Saturn  5.9846 X 102 6.999 x 10! 1.16781 X 1012 —4.817 x 1019 —8792.6 4944.9 263.754
Uranus 1.0243 X 102 2.65363 x 102 —3.6396 x 102 1.37957 x 10'  4356.6 32333  —166.986
Neptune 8.6832 X 102 2.2993 X 1012 —1.90411 x 10'2 —3.6864 x 1010 4293.6 49281  —37.32

Pluto  1.27x 102 —1.31126 x 10'2 —4.2646 x 10> 83563 x 10! 5316.6 ~ —2484.6 —1271.99

“12 noon GMT, January 1, 2001, with respect to the solar system center of mass. Data adapted from the
Horizon system at JPL.
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This data is also summarized in the following list, which makes it easy to use. Each
element in the list corresponds to a column entry in the table:

Cell 1.57

sun = {1.9891* *30, -7.0299* "8,
-7.5415* “8, 2.38988* *7, 14.1931, -6.9255, -0.31676};

mercury = {3.302*% “23, 2.60517* 10, -6.1102* “10,
-7.3616* “9, 34796., 22185.2, -1379.78};

venus = {4.8685% “24, 7.2129% “10, 7.9106* “10, -3.0885% "9,
-25968.7, 23441.6, 1219.92};

earth = {5.9736* *24, -2.91204* 10, 1.43576* “11,
2.39614* *7, -29699.8, -5883.3, 0.050215};

mars = {6.4185% 23, -2.47064% “11, -1.03161* “10,
5.8788* *9, 1862.73, -22150.6, -509.6};

jupiter = {1.8986% “27, 2.67553* 11, 7.0482* *11,
-8.911* %9, -12376.3, 5259.2, 255.192};

saturn = {5.9846* “26, 6.999* *11, 1.16781* “12,
-4.817* %10, -8792.6, 4944.9, 263.754};

neptune = {8.6832* %25, 2.2993* *12, -1.90411* *12,
-3.6864* 10, 4293.6, 4928.1, -37.32};

uranus = {1.0243* “26, 2.65363* “12, -3.6396* *12,
1.37957* “10, 4356.6, 3233.3, -166.986};

pluto = {1.27* %22, -1.31126*"12, -4.2646* *12,
8.3563* “11, 5316.6, -2484.6, -1271.99};

Cell 1.58

solarsys =
{sun, mercury, venus, earth, mars, jupiter, saturn, uranus,
neptune, pluto};

Let’s use this data to try to answer the following important question: is the solar
system stable? How do we know that planetary orbits do not have a nonzero
Lyapunov exponent, so that they may eventually fly off their present courses,
possibly colliding with one another or with the sun?

There has naturally been a considerable amount of very advanced work on this
fundamental problem of celestial mechanics. Here, we will simply use our molecu-
lar dynamics algorithm to solve for the orbits of the planets, proving the system is
stable over the next three hundred years. This is not very long compared to the age
of the solar system, but it is about the best we can do using Mathematica unless we
are willing to wait for long times for the code to complete. More advanced
numerical integrators, run on mainframe computers, have evaluated the orbits over
much longer time periods.

Because the inner planets are small and rotate rapidly about the sun, we will
ignore Mercury, Venus, and Earth in order to speed up the numerical integration.

First we input the data for the sun and the outer planets into the mass list:
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Cell 1.59

mass = Join[{sun[[1]]}, Tablelsolarsys[I[n]l][[1]],
{n, 5, Lengthlsolarsys]}]]

{1.9891%x10%°, 6.4185X 10?3, 1.8986X 10?7,
5.9846X10%°, 1.0243X10%%, 8.6832X10%%, 1.27X 10%?}

Next, we create a list of initial conditions:

Cell 1.60

z0 = Flatten[Join[Tablelsunl[jl1]1, {3, 2, 7}1,
Table[Table[solarsys[Inll1[[j11, {5, 2, 7}1,
{n, 5, Lengthl[solarsys]}1l];

Finally, we define the force, this time keeping the correct magnitude for G:

Cell 1.61

G = 6.67 10* -11;
F[i , j_ , r ] := -G mass[[i]] mass[[j]] =/ (r.r) *(3/2)

We now run the molecular dynamics code for the planet positions forward in time
for 300 years:

Cell 1.62
solutionl = MDsol[z0, 300%365%24*3600] ;

This takes quite some time to run, even on a fast machine. In Cell 1.65 we plot the
orbits in 3D with a parametric plot.

Cell 1.63
Table[{x[n] [t], y[n]l[t], z[n][t]l}/.solution[[11], {n, 1, 7}1;

Cell 1.64

orbits = Table[ParametricPlot3D[®[[n]],
{t, 0, 3 10"2 365 24 3600},
PlotPoints — 5000, DisplayFunction— Identityl, {n, 1, 7}1;

Cell 1.65

Show [orbits, DisplayFunction— $DisplayFunction,
PlotLabel — "Orbits of the outer planets for 300 years",
PlotRange — All];
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Orbits of the outer planets for 300 years

Evidently, the outer planets are stable, at least for the next 300 years! (If
nothing else, this plot shows the huge scale of the outer planet’s orbits compared to
Mars, the innermost orbit in the plot. Earth’s orbit would barely even show up as a
spot at the center. Distances are in meters.)

EXERCISES FOR SEC. 1.4

1)

(2)

(3)

The drag force F' on a blunt object moving through air is not linear in the
velocity v except at very low speeds. A somewhat more realistic model for the
drag in the regime where the wake is turbulent is F = —cv’, where ¢ is a
constant proportional to the cross-sectional area of the object and the mass
density of air. If we use this model for the drag force in the problem of a man
throwing a pebble vertically [cf. Sec. 1.3, Exercise (4)], the equation for the
height is now nonlinear:

dr> T om\dt

d? c (dy\’
y _( y) .
(a) Solve this equation numerically using NDSolve, and plot the solution.
Take m =1 kg, c=1kgs/m?, y(0)=0, and v(0) =6 m/s.
(b) Numerically determine the maximum height, and the time required for
the rock to fall back to y(0).

Use NDSolve to find the trajectories x(¢) and x'(¢) for the Van der Pol
oscillator, which satisfies Eq. (1.2.20), for initial conditions (x,x') =(1,1),
(0.1,0.3), and (3,2) and 0 <t < 20. Use a parametric plot to plot the trajecto-
ries in phase space (x, x’). Note how the trajectories converge onto a single
curve, called a limit cycle. [See Sec. 1.2, Exercise (6), for the direction field
associated with this oscillator.]

Ming the Merciless drops Flash Gordon out the back of his spaceship (in a
spacesuit, fortunately). The evil Ming has contrived to leave Flash initially
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motionless with respect to the earth, whose surface is 5,000 km below. Use
Newton’s 1/r* force law and NDSolve to determine how long Flash has to be
rescued before he makes a lovely display in the evening sky. (Hint: M., =
5.98 X 10** kg. The radius of the earth is roughly 6,370 km, and the height of
the atmosphere is about 100 km. The gravitational constant is G = 6.67 X
107" N m/kg?. Remember that the 1/r* force is measured with respect to

the center of the earth.)

(4) Einstein’s general theory of relativity generalizes Newton’s theory of gravita-
tion to encompass the situation where masses have large kinetic and/or
potential energies (on the order of or larger than their rest masses). Even at
low energies, the theory predicts a small correction to Newton’s 1,/r2 force
law:

1 312

where L is the specific angular momentum—see Eq. (1.2.22). This force per

unit mass replaces that which appears on the right-hand side of the orbit

equation (1.3.5).

(a) Use NDSolve to determine the new orbit r(6) predicted by this equa-
tion, and plot it for 0 < 6 < 44, taking orbital parameters for the planet
Mercury: 7(0) =46.00 X 10° km (perihelion distance), r'(0)=0, L =
2.713 X 10" m?/s. The mass of the sun is 1.9891 x 10* kg.

(b) Show numerically that the orbit no longer closes, and that each successive
perihelion precesses by an amount A6. Find a numerical value for A6.
Be careful: the numerical integration must be performed very accurately.
(The precession of Mercury’s perihelion has been measured, and after
successive refinements, removing extraneous effects, it was found to be in
reasonable agreement with this result.)

(5) A cubic cavity has perfectly conducting walls of unit length, and supports
electromagnetic standing waves. The magnetic field in the modes (assumed to
be TE modes) is

Blmn(xayaz)

=BO{ - ﬁsin(lwx) cos(mmy) cos(nbz),

- ZZ_FLZCOS(IWX) sin(mary) cos(nmz),cos(lmx) cos(my) sin(nwz)}.
m

For (I,m,n)=(1,1,1) solve Egs. (1.2.24) numerically for the field lines

r(s,ry) for —2 <s <2 and initial conditions r, = {0.25{,0.25j,0.25k}, i, j, k, =

1,2,3. Use ParametricPlot3Dto plot and superimpose the solutions. [The

solution is shown in Fig. 1.12 for the mode with (I, m,n) =(1,2,1).]

(6) Repeat the calculation of the Lyapunov exponent done in the text, but for an
integrable system, the one-dimensional undamped harmonic oscillator with
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Fig. 1.12 Magnetic field lines in a TE(1,2,1) cavity
mode.

(7)

(8)
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dimensionless Hamiltonian H = (v? + x?) /2, taking the initial condition x = 0,
v=1. What happens to A(¢), the right-hand side of Eq. (1.4.2), at large times?

Not all trajectories of a chaotic system have positive Lyapunov exponents.
Certain regions of phase space can still be integrable, containing nested
curves upon which the orbits lie. Take, for example, our chaotic system
described by Eq. (1.4.1) with the same parameter values as discussed before
Vy=V,=ky=k,=m=1, w=2), but a different initial condition, x(0) = 3,
v(0) = 3. Repeat the evaluation of the Lyapunov exponent for this trajectory,
again taking 40 adjacent trajectories with |d,] <107° and 0 <t < 50.

Hamiltonian systems are not the only systems that exhibit chaotic motion.
Systems that have dissipation can also exhibit chaos. The fact that these
systems no longer conserve phase-space volume implies that orbits can
collapse onto weirdly shaped surfaces called strange attractors. Although
motion becomes confined to this attracting surface, motion within the surface
can be chaotic, exhibiting a positive Lyapunov exponent. The Lorenz system
of ODEs is an example of a dissipative chaotic system with a strange
attractor. This system models an unstable thermally convecting fluid, heated
from below. The equations for the system are three coupled ODEs for
functions x(¢), y(¢), and z(¢) (which are a normalized amplitude of convec-
tion, a temperature difference between ascending and descending fluid, and a
distortion of the vertical temperature profile from a linear law, respectively):

dx

7= o(y—x),

% =r—y—xz, (1.4.25)
dz

Tz =Y bz,

where o, b, and r are constants. For sufficiently large r, this system exhibits
chaos.
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(a)

(b)

(c)
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Fig. 1.13 Strange attractor for the Lorenz system.

Taking characteristic values of o=10, b=$%, and r =28, integrate the
Lorenz equations for 0 <¢<100. Take as an initial condition x =1,
y=15, z=10. Use the function ParametricPlot3D to plot the
(x(2), y(¢), z(¥)) orbit. This orbit will exhibit the strange attractor for this
dissipative dynamical system. (Hints: To integrate for the required length
of time you will need to increase the MaxSteps option in NDSolve to
around 10,000 or so. Also, after plotting the strange attractor, it is fun to
rotate it and view it at different angles. See the discussion of real-time
3D graphics in Chapter 9. You will need to increase the number of plot
points used in the parametric plot, to PlotPoints->5000 or more.)

Repeat part (a) using higher accuracy, by taking AccuracyGoal and
PrecisionGoal in NDSolve to their highest possible values for your
computer system. Plot the displacement between the two trajectories as a
function of time. Does this system exhibit the explosive growth in error
characteristic of chaos?

Calculate the Lyapunov exponent for this trajectory by plotting the right
hand side of Eq. (1.4.2) for 0 <t < 15. [Now z = (x, y, z) in Eq. (1.4.2).]
Average over 20 nearby trajectories with |d,| <107°. The solution of
part (a) is shown in Fig. 1.13.

Magnetic and electric field lines can also display chaotic behavior. For
example, consider the following simple field:

3

By)(r,0,z) =2rfsin26+ 6(% + 2r00320) + 2.

[One can easily show that this field satisfies V-B = 0. It consists of a uniform
solenoidal field superimposed on a quadrupole field created by external
currents and the field from a current density j(r) oc #%2.] For this field is it
useful to consider field line ODEs of the form

dr _dr/ds B(r,0,z)

dr do rd6/ds By(r,0,z)
dz  dz/ds  B/(r,0,z)

and r& T dz/ds = B.(r0,2)

[see Egs. (1.3.6)].
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Fig. 1.14

Solution to Exercise (8)(b): Field lines for the magnetic field B, projected into

the (x, y) plane.

(a)

(b)

(c)

(d)

Solve these coupled ODEs for r(z) and 6(z) using NDSolve, and plot
the resulting field line in (x, y, z) via ParametricPlot3Dfor 0 <z <20
and for initial conditions 6,= w/2, and r,= —5+2n, n=0,1,2,3,4.
[Hint: Along the field line, x(z) =r(z)cos 0(z), y(z) =r(z)sin 6(2).]
Although the result from part (a) appears to be very complicated, these
field lines are not chaotic. One way to see this is to project the field lines
into the (x, y) plane, since the field is independent of z. Do so, and show
that the field lines created in part (a) fall on nested closed curves. (The
solution is shown in Fig 1.14. Note the appearance of two magnetic
islands, around which the field lines spiral.)

A chaotic magnetic field can be created by adding another magnetic field
to B, writing B,(r, 0,z) = B\(r, 6, z) + €[frsin(6 —z) + 027 cos(6 — 2)].
(This field also satisfies V-B = 0.) For € = § replot the field lines for this
field in (x, y, z), using the same initial conditions as in part (a). The field
lines now become a “tangle of spaghetti.” Project them into the (x, y)
plane. You will see that some of the field lines wrap around one magnetic
island for a time, then get captured by the adjoining island. This compli-
cated competition between the islands is responsible for the chaotic
trajectory followed by the lines.

One way to test visually whether some of the field lines are chaotic is to
note that the magnetic field B,(r, 6, z) is periodic in z with period 2. If
B, were not chaotic, it would create field lines that fell on closed surfaces,
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Fig. 1.15 Solution to Execicse (8)(d): Poincaré plot in the (x, y) plane for the magnetic
field B, for e = .

and the surfaces would also have to be periodic in z. Therefore, if you
plot values of (r(z,), 6(z,)) for z, = 2mn in either the (r, 6) plane or the
(x,y) plane, the resulting points must form closed curves for a non-
chaotic field. This is called a Poincaré plot. However, for a chaotic field
the lines are nor on closed surfaces; rather, they fill space. A Poincaré
plot will now show a chaotic collection of points filling a region in the
(r, 0) plane [or the (x, y) plane]. For the same initial conditions as in part
(a), use NDSolve to evaluate the field lines for the field B, for e = 1 and
0 <z <4007. (Increase MaxSteps to about 200,000.) Make a table of
values of (r(z,), 0(z,)) for z, = 27n. Use ListPlot to plot these values

in the (x, y) plane. (The solution is shown in Fig. 1.15 for e=7.)

(10) Use Euler’s method to

(a) solve the following ODEs with initial conditions over the given range of
time, and for the given step size. Then,

(b) plot the solution;
(c) solve the ODE analytically, and plot the error in x(¢);

(d) in each case, using the results of (c), predict how small a step size is
necessary for the error to be smaller than 10~* over the course of the
run.

) %= sint —x, x(0)=x,, 0<t<5, At=0.1.
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(11

(12)

(13)
(14)

1s)
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2
Gi) 4x+ % + d—f=0, x(0)=2, x'(00=1,0<r<10, At =0.01.
dt

(i) x”"+2x" +x’ +2x=cost, x(0)=x'(0)=x"(0) =0,
0<t<20, At =0.02.

Use Euler’s method to solve the following nonlinear ODE initial-value
problems, and answer the questions concerning the solutions. By looking at

solutions as you vary the step size, ensure that each answer is accurate to at
least 107*.

(@) x'(t) =t/(x+ 1), x(0)=3. What is x(10)?

(b) x"(t) =costcos x, x(0) = —1, x'(0) = 0. What is x(20)?

(¢) Egs. (1.4.25), 0=10, b=%, and r=28; x=1, y=1, z=1. What is
x(40)?

Prove that the error in the integral of Eq. (1.4.6) is O(A¢?). (Hint: Taylor-
expand f about the initial time.)

Prove that the error in the integral of Eq. (1.4.10) is O(A#%).

Modify our second-order predictor—corrector algorithm so that it can handle
differential equations of order higher than one, or systems of coupled
equations. Use the modified method to repeat

(a) Exercise (10)(ii),

(b) Exercise (10)(iii),

(¢) Exercise (11)(b),

(d) Exercise (11)(c).

Centered-difference method. The following discretization method can be used
to solve a second-order differential equation of the form d’x/dt* =f(x,t),
with initial condition x(0)=x,, x'(0) =v,. The method requires only one
force evaluation per timestep. First, discretize time in the usual way, with
t, =n At. Approximate the second derivative as

d_zx(t ) _ x(tn+1) - 2x(tn) +‘x(tn—l)
a2 " Ar? '

(1.4.26)

This approximation is referred to as a centered-difference form for the
derivative, since the expression is symmetric about timestep z,. (See the
Appendix and Sec. 2.4.5.) The differential equation then becomes the recur-
sion relation

Xy — 2%, +x,, =A*f(x,,t,), n>1. (1.4.27)
Note that in order to determine the first step, x,, given the initial condition

xy, Bq. (1.4.27) requires x_,, which is not defined. Therefore, we need a
different equation to obtain x,. Use

2
X, =xy+ Atvg + Ath(xo,to), (1.4.28)

which is the formula for position change due to constant acceleration.
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(a) Write a module that implements this scheme.

(b) Use this module to solve the problem of a harmonic oscillator, with
f= —x, taking x,=1, and v, =0 on the interval 0 <¢ <20, and taking
At=0.1. Plot the error in your solution, compared to the analytic
solution cos ¢.

(¢) Repeat (b) with Az =0.02. By what factor has the error been reduced?
What is the order of this method?

The leapfrog method. The following discretization method can also be used to
solve a second-order differential equation of the form d*x/dt* = f(x), with
initial conditions x(0) =x,, x'(0) = v,. This method requires only one force
evaluation per timestep. We first write this equation in terms of two first-order
equations for position and velocity:

Eowry., B-po.

We then discretize x(¢) on a grid ¢, = n At. But we discretize the velocity v(z)
on the grid ¢,.,, =(n+ 3)At. In each case we use centered-difference
forms for the discretized first derivative:

Un+1/2 " Un-12

At =f(xn)’

xn+l _xn

Al =Uy+1,2 -

In the first equation, the derivative of v is evaluated at timestep n using a
centered-difference form for %(¢,). (See the Appendix and Sec. 2.4.5.) In the
second equation, the derivative of x is evaluated at timestep n + 3, using the
same centered-difference form. The method is started using a predictor—cor-
rector step in order to obtain v, ,, from x, and v;:

X1, =Xyt 0y AL/2,

Vi =0y + %[f(xo) +f(x1/2)] At/2.

(a) Write a module that implements this scheme.

(b) Use the module to solve the same problem as in Exercise (15)(b) and (c).
What is the order of this method?

The Adams—Bashforth method. Consider the following general first-order
ODE (or system of ODEs): dv/dt=f(v,t), with initial condition v(0) = v,,.
We wish to obtain a second-order (or even higher-order) method for solving
this problem, using only one force evaluation per step. First, we replace Eq.
(1.4.11) by

o(t,) =v(t,_;) + Atf(tn—l/Z 7U(tn—1/2 )) +O0(Ar).

This formula is exact if f is a linear function of time, as is clear from Fig.
1.11.
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(a) Show that the error in one step is in fact of order A¢°.

(b) To obtain the force at the intermediate time ¢,_, ,, , we extrapolate from
previous force evaluations. If at timestep ¢, we call the force f,, then by
using a linear fit through f,_, and f,_, show that

3fuci —fue
fn—1/2 = +2

(c) The code arising from this approach is called the second-order
Adams—Bashforth method. It is

v(t,) =v(t,_;) + At (1.4.29)

3fn71 _fn72
-
This algorithm is an example of a multistep method, where force evalua-
tions from previous steps are kept in memory and used to make the next
step. One way to save previous force evaluations is to use the double-
equal-sign trick: define a function forceln ] := forceln]=
f(t,,0v(¢,)), and use this function in Eq. (1.4.29). Write a module for this
algorithm. To take the first step, use the second-order predictor—correc-
tor method. Use your module to solve the coupled system

%=—y—x, %=2x—3y+sint

for 0 <t < 10, taking At = 0.1, with initial conditions x(0) =0, y(0) = 1.
Compare y(¢) with the exact solution found using DSolve, and verify
that the method is second-order accurate by evaluating the error taking
half the step size, then reducing by half again.

(18) For force laws that are derivable from a potential, such as the gravitational
force, the equations (1.4.21) are Hamiltonian in form, with conserved energy

mpr  NX
5+ 21 ZlVij(ri—rj), (1.4.30)
i=1 j=i+

N
H= 1}
i=1

where V;; is the potential energy of interaction between particles i and .
Evaluating the energy in molecular dynamics calculations provides a useful
check of the accuracy of the numerics. This Hamiltonian also conserves total

linear momentum,
P=) my,. (1.4.31)

For central-force problems where the potential energy depends only on the
distance between bodies (again, gravity is an example), the total angular
momentum L=(Lx,Ly,Lz) is also conserved, and provides three more
useful checks on the numerical accuracy of a code:

N
L= ) mr, Xv,. (1.4.32)
i=1
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(a) Run the example problem on two gravitating bodies (see Cell 1.56). Use
the results to calculate and plot the energy, the total momentum, and the
z-component of angular momentum as a function of time.

(b) Repeat (a), setting AccuracyGoal and PrecisionGoal to their high-
est possible values for your computer system.

(c) The center-of-mass velocity is defined as V,,, = P/LY , m,. Plot the orbits
of the two planets as seen in a frame moving at the constant speed V_,,.
What do they look like in this frame of reference?

A classical model of a helium atom consists of a massive nucleus with mass
roughly 4m, (m, being the proton mass) and charge 2e, and two electrons
with mass m, and charges —e. In this model the electrons are equidistant
from the nucleus, on opposite sides, and the electrons move in circular orbits.
The charges interact via Coulomb’s law, written below for charges ¢; and g;
separated by displacement r:

q:9;r
4me,r

E;(r) = (1.4.33)

3.

(a) Analytically solve for an equilibrium distance d(v) of each electron from
the nucleus, as a function of the orbital speed v. The orbital period of
this motion is T = 2wd /v.

(b) We will numerically examine the stability of this equilibrium. Choose any
value of the orbital speed v that you wish. Move the electrons a small
distance, 0.05d(v), in a random direction from the equilibrium deter-
mined in part (a). Numerically evaluate the resulting motion for a time
5T, and make a movie of the (x, y) motion, plotting every 0.17. Is this
motion stable (i.e., do the electrons remain near the equilibrium orbit)?

(c) Repeat for a displacement from equilibrium of 0.3d(v).

(d) Repeat (a), (b), and (c) for lithium, nuclear charge 3e, nuclear mass 7m,,.
The equilibrium now consists of three electrons arranged in an equilat-
eral triangle around the nucleus.

The great mass of the sun compared to that of the planets is essential to the
long-term stability of the solar system. By integrating the solar system
equations four times for 1000 years, keeping the initial positions of the outer
planets the same in each case, but taking larger masses for the planets by
factors of 10 in each consecutive run, determine roughly how massive the sun
must be, as a multiple of that of Jupiter, in order to provide a stable
equilibrium for outer-planet orbits over 10° years. Perform the integration
only for the outer planets, from Jupiter on out. (Take care to check whether
NDSolve is giving accurate results over this long time period.)

An astronomer discovers that a minor asteroid has been kicked through a
collision into an unusual orbit. The asteroid is initially located somewhere
between Mars and Jupiter, and is heading at rather high speed into the inner
solar system. As of January 1, 2001, at 12 noon, the asteroid has velocity
(11,060, — 9817,— 744) m/s and position (-5.206 X 10',3.124 x 10",6.142 X
10'") m (with respect to the solar system center of mass). Using the data of
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Table 1.2 and the molecular dynamics code, determine which planet this
asteroid is going to strike by making a movie of the (x, y) positions of all solar
system bodies in Table 1.2 over a 2-year period, including the asteroid.

(22)(a) Modify the molecular dynamics code to allow for a drag force, so that
equations of motion are of the form

d’r, XN dr,
M- = ; E;(r;—r;) MY g

j=1
J#i

(b) The Lenard-Jones potential is often used to model interatomic interac-
tions classically. The form of the potential energy is

12
(r/a)?  (r/a)®)

where a is a distance scale and € is an energy scale. We are going to use
molecular dynamics to determine the form of molecules that interact via
the Leonard-Jones potential. To do so, start with N atoms distributed
randomly in a cube with sides of length N'/. Take a=m=e=1.
Initially the atoms have zero velocities. Add some (small) damping to the
motion of the atoms, and follow their motion until they fall into a
minimum-energy state.

V(ir)=e¢

(i) Construct the energy function. Then, taking y= 0.05, and for N =
3,4,5,06,
(i) follow the motion for 0 < ¢ < 100.

(iii) Evaluate and plot the energy vs. time. Does it appear that an energy
minimum has been achieved? For each N-value, what is the mini-
mum energy in units of €?

(iv) Use ParametricPlot3D to plot the positions of the atoms. Can
you describe the structure in words?

(v) If a minimum has not yet been achieved, repeat the process using
the final state of the previous simulation as the new initial condition.

(vi) The larger the molecule, the more local minimum-energy states
there are. For N =5 and 6, repeat your simulation for five different
random initial conditions to see if you can find any other minimum-
energy states. How many did you find?

(23) Modify the molecular dynamics code to be able to handle applied magnetic
and electric fields B(r,¢) and E(r,¢), and a damping force: The equations of
motion are now

d’r, X L 4z;
= lFij(ri —r;) +q;[E(r;, 1) + v, X B(r;,1)] +myyi_t.

J*i

(The damping is allowed to work only on the z-motion.)



EXERCISES FOR SEC. 1.4 61

(a) Check that your new molecular dynamics code works by solving numeri-
cally for the motion of a single particle in a uniform electric and magnetic
field E=(1,0,0),B =(0,0,1), taking m=g=1, y=0, and r=v=0 at
t =0. Compare the numerical result from 0 <f< 10 with the analytic
result of Sec. 1.3, Exercise (6).

(b) A Penning trap is a trap for charged particles, which can hold the
particles in vacuum, away from solid walls, using only static electric and
magnetic fields. The trap works for particles that all have the same sign
of charge. We will take all the charges to have charge 1 and mass 1, so
that their interaction potential is V(r) = 1/r. The trap has the following
applied electric and magnetic fields:

B=(0,0,5), E=(x/2,y/2,—z).

Consider four ions given random initial x, y, and z velocities in the
ranges —0.1 to 0.1, and positions (0,0,7), (1,0,0), (—1,0,0), (0,1,0).
Their z-motion is damped (using lasers) with rate y=0.1. (Only the
z-motion is damped; otherwise the ions would be lost from the trap
because of the applied torque from the damping.) Numerically integrate
the motion of these ions until they settle into an equilibrium configura-
tion. What is this configuration? [Hint: make (x, y) images of the ion
positions. The equilibrium will actually rotate at a constant rate around
the origin due to the E X B drift [Sec. 1.3, Exercise (6)].

(24) Consider a model of an elastic rod as a system of masses and springs. The
equilibrium of such a system, is examined using an analytic model in Sec. 1.5,
Exercise (1). Here we will examine the dynamics of this elastic rod, using the
molecular dynamics method. We will consider a system of M = 41 masses. In
the absence of gravity, the masses are arranged in equilibrium positions R;,
which are the same as in the statics problem of Sec. 9.10, Exercise (5):

Cell 1.66
p =a {1/2, 0}; g = a {0, sSqgrtl3l/2};
R[i ] = (i-1) p + ModI[i, 2] q;
As before nearest neighbor masses i and j interact via the isotropic force

Cell 1.67
F[i , j , r ¥] := -k[i, j] (r - a r/Sqgrtlr.r])

The total force on mass i is given by interactions with its four nearest
neighbors, assuming that the mass is not at the ends of the rod:

Cell 1.68

Ftot[i_ ] :=

{0, -mg} + FIi, i-2, rl[i, t] - r[i - 2, tl] +
F[i, i-1, r[i, tl-r[i-1, t]] +

F[i, i + 1, r[i, tl-rl[i + 1, t11 +
F[i, i + 2, r[i, tl-r[i + 2, tl]l]
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where r,(¢) is the position of the ith mass. The end masses are fixed to the

walls:

Cell 1.69
rll, t 1 = RI1]l;
r[2, t_1 = RI[2];
r[M, t 1 = RI[M];

r[M-1, t 1 = R[M-1];

Modify the molecular dynamics code to handle this type of nearest neighbor
force, and solve the following problem: r,(t=0)=R;, and v,(t =0) =0, for
m=1,g=0.5, k;; =160, over the time range 0 <t <24. [An analytic ap-
proach to a similar problem can be found in Sec. 4.2, Exercise (7).]

(25) Use the molecular dynamics code and the data in Table 1.2 to plot the x —y
velocities of the sun, (v,(¢),v,()), as a parametric plot over the time range
0 <t <30 years. What is the magnitude of the maximum speed attained by
the sun? This oscillatory motion has been discerned in distant stars through
tiny oscillatory Doppler shifts in the starlight, providing indirect evidence for
the existence of planetary systems beyond our own solar system [Marcy and
Butler (1998)].

1.5 BOUNDARY-VALUE PROBLEMS

1.5.1 Introduction

In order to determine a unique solution to an initial-value problem for an
Nth-order ODE, we have seen that N initial conditions must be specified. The N
initial conditions are all given at the same point in time.

Boundary-value problems differ from initial-value problems in that the N
conditions on the problem are provided at more than one point. Typically they are
given at starting and finishing points—at, say, t=0 and ¢ =T.

As a simple example of a boundary-value problem, consider trying to hit a
moving object with an arrow. To further simplify the problem, let’s assume that the
arrow moves in a single dimension, vertically, under the influence only of
gravity—no air drag or other forces will be kept. Then the position of the arrow,
y(¢), satisfies

d*y
— = —g, 1.5.1

dt2 8 ( )
where g =9.8 m/s” is the acceleration of gravity. The arrow starts at y = 0 at time
t =0, and must be at y=H at t = T in order to hit an object that passes overhead
at that instant. Therefore, the boundary conditions on the problem are

y(0) =0, y(T)=H. (1.5.2)
In order to solve this problem, consider the general solution of Eq. (1.5.1),
determined by integrating the ODE twice:
2

t
y(6)=Cy+ Cor— . (1.5.3)
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We determine the constants C; and C, using the boundary conditions (1.5.2).
Since y(0) =0, Eq. (1.5.3) evaluated at ¢ = 0 implies that C, = 0. Since y(T)=H,
we find that C, = (H/T —gT/2), yielding the following solution for y(z):

H gT gt
y(l)=(T—T)Z—T. (154)

Finding the solution of this boundary-value problem seems to be no different
than finding the solution of an initial-value problem. However, there is a funda-
mental difference between these two types of problems: unlike solutions to
initial-value problems that satisfy the conditions of Theorem 1.1,

The solutions to boundary-value problems need not exist, and if they exist they
need not be unique.

It is easy to find examples of boundary-value problems for which there is no
solution. Consider the motion of a harmonic oscillator, whose position satisfies

d*x
W= —ng. (155)

Let’s again try to hit a passing object with this oscillator (an arrow attached to a
spring?). The object is assumed to pass through the point x, at a time ¢ = 7/ w,.
Starting the oscillator from the origin at ¢ = 0, the boundary conditions are

x(0) =0, x(m/wy) =x,. (1.5.6)

Using the first boundary condition in the general solution, given by Eq. (1.1.7),
implies that C; = 0 and x(¢) = C, sin(w,¢). Now it seems like a simple task to find
the value of C, using the second boundary condition, as we did in the previous
example. Unfortunately, however, we are faced with a dilemma: at the requested
time 7/ w,,

x(m/wy) =C,sinT=0 (1.5.7)

for all values of C,, so it is impossible to satisfy the second boundary condition.
Therefore, there is no solution to this boundary-value problem.

It is also easy to find boundary-value problems for which the solution is not
unique. Consider again the previous harmonic oscillator problem, but this time
take boundary conditions

x(0)=0, x(T)=0 (1.5.8)

for some given time 7: that is, we want the oscillator to pass back through the
origin at time 7. Now, for most values of 7, there is only one solution to this
problem: the trivial solution x(¢) = 0, where the oscillator is stationary at the origin
for all time. However, for special values of 7T there are other solutions. If
T =nm/w, for some integer n, the solution

x(t) =C,sin( wyt) (1.5.9)
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matches the boundary conditions for any value of C,. Therefore, for these special
values of T, the solution is not unique—in fact, there are an infinite number
of solutions, corresponding to sine oscillations with arbitrary amplitude given by
Eq. (1.5.9).

Another way to do this problem is to hold the time 7 fixed and instead allow
the parameter w, to vary. For most values of w,, the boundary conditions (1.5.8)
are satisfied only for the trivial solution x(#) = 0. But at values of w, given by

w,=nm/T, (1.5.10)

the solution again is of the form of Eq. (1.5.9) with arbitrary amplitude C,.

The problem of determining the values of a parameter (such as w,) for which
nontrivial (i.e., nonzero) solutions of a boundary-value problem exist is referred
to as an eigenvalue problem.

These problems are called eigenvalue problems because as we will see, they are
often equivalent to finding the eigenvalues of a matrix. (See Sec. 6.3.) Eigenvalue
problems turn out to be very important in the solution of linear PDEs, so we will
return to a discussion of their solution in later chapters.

1.5.2 Numerical Solution of Boundary-Value Problems:
The Shooting Method

For the simple cases discussed above, general analytic solutions to the ODEs could
be found, and the boundary-value problem could be solved analytically (when the
solution existed). However, we have already seen that there are many ODEs for
which no general analytic solution can be found. In these cases numerical methods
must be employed. This section will consider one method that can be used to find
a numerical solution to a boundary-value problem: the shooting method.

As an example of the shooting method, consider a general second-order ODE
of the form

d’y dy
W =f(t’y’E) (1511)
and with boundary conditions
y(t)) =y y(t) =y (15.12)

We require the solution for y(¢) between the initial time ¢, and the final time ¢,.
An example of such a problem would be our previous archery problem, but with an
acceleration determined by the function f.

In attempting to solve this problem numerically, we run into an immediate
difficulty. All of the numerical methods that have been described so far in this
book have dealt with initial value problems, where for given initial conditions, we
take steps forward in time until the final time is reached. Here we don’t know all of
the required initial conditions, so we can’t step forward in time. Although we are
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given y(¢,), we don’t know y'(¢z,). NDSolve, Euler’s method, and the predictor—
corrector method all require the initial position and velocity in order to integrate
this problem forward in time.

The shooting method proposes the following solution to this difficulty: if you
don’t know all of the initial conditions, have a guess. Using the guess, integrate the
solution forward and see if it matches the second boundary condition. If it misses,
adjust the guess and try again, iterating until the guess gives a solution that does
match the second boundary condition.

You can see immediately why this is called the shooting method: we are
shooting an arrow, refining our guesses for the initial velocity until we make a hit
at the required instant.

To do this problem in Mathematica, we will first define a function Sol [vO0],
which solves the initial-value problem taking y'(z,) = v,:

Cell 1.70
Sol[v0_] :=
NDSolve[{y"[t] == £[t, yl[t]l, y'[t]l], y[t0] == yoO,
y'[t0] == v0}, vy, {t, t0, tl1}]

The result of evaluating this cell is an InterpolatingFunction that gives a
solution for the chosen initial velocity v0. In the second argument NDSolve, we
have specified that the unknown function is y rather than y(¢), so that the output
will be in terms of a pure function. We will see that this slightly simplifies the code
for the shooting method.

To see an example, we must first define the function f and choose an initial
time and position. Let us take for our example the problem of an arrow shot in the
vertical direction, adding a drag force due to air on the motion of the arrow. The
acceleration of the arrow is taken as

Cell 1.71

flt, vy, v_1 := -g-yv;
g =9.8; y=0.1;

We are working in units of meters and seconds. The added acceleration due to air
drag is assumed to be a linear function of the velocity, —yu(¢), and we have taken
the drag coefficient y to equal 0.1 s™'. Also, to complete the problem we must
choose initial and final times, and initial and final positions:

Cell 1.72
t0 = 0; y0O = 0;
tl = 1; yl1 =20;

Then for a given initial velocity of, say, 30 m /s, the arrow’s position vs. time is

Cell 1.73
Sol[30]

{{y = InterpolatingFunction [{{0., 1.}}, <>1}}
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In Cell 1.74 we plot this InterpolatingFunctionto see how close it comes to
the required solution. The plot shows that we have overshot the mark, reaching
somewhat higher than 20 m at =1 s. We need to lower the initial velocity a bit.
Of course, we could do this by hand, and by making several attempts eventually we
would obtain the required boundary conditions. However, it is easier to automate
this process.

Cell 1.74
Plot[yl[tl/.%[[111, {t, 0, t1}1;
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Let us define a function yend [v0], the solution at the final time #:

Cell 1.75
yend[v0_1 := yl[tll/.Sol[v0]lI[I[1]]
We can test whether this function is working by trying it out for the case of v0 =
30 m/s:
Cell 1.76
yend [30]
23.8081
This value appears to agree with the trajectory plotted above.
Now we can apply the FindRoot function to solve the equation yend [v0] ==
y1. To do so, we will need to provide FindRoot with fwo initial guesses for vO0,

since the function ysol[v0] is not analytically differentiable. Since vO = 30
almost worked, we’ll try two guesses near that:

Cell 1.77
FindRoot [yend [v0] == y1, {vO0, 30, 29}]

{vo—>25.9983}
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Thus, a throw of about 26 m /s will hit the mark at 20-m height after one second.
The trajectory is displayed in Cell 1.78 by evaluating Sol at this velocity and
plotting the resulting function.

Cell 1.78

ysol = y/.Sollv0/.%]1[[1]1];
Plot[ysol[t]l, {t, 0, t1}l;
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In this example of the shooting method, we found one solution to the
boundary-value problem. How do we know that there are no other solutions? We
don’t. There could be other solutions that would be found if we made different
choices for the initial velocity. (Actually, in this particular problem, one can show
analytically that the above solution is unique, but for other problems this is not the
case; see the exercises.)

This points out a major weakness in the shooting method:

The shooting method only finds one solution at a time. To find a solution,
reasonably accurate initial guesses must be made. Thus, it is possible to miss
valid solutions to a boundary-value problem when using the shooting method.

EXERCISES FOR SEC. 1.5

(1) A thin rod of length L and mass p per unit length is clamped between two
vertical walls at x =0 and x = L. In the absence of gravity, the rod would be
horizontal, but in gravity the rod sags with a vertical displacement given by the
function y(x). According to the theory of elasticity, the shape of the rod
satisfies the following boundary-value problem, assuming that the sag is small:
D(3*/dx*)y(x) = — pg, where g is the acceleration of gravity and D depends
on Young’s modulus E and the cross-sectional area a of the rod according to
D = aEa?, and where « is a dimensionless constant that depends on the shape
of the cross section of the rod. The boundary conditions for a rod clamped at
both ends are y(0) =y'(0) =y(L)=y'(L) = 0. Solve this problem analytically,
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(2)

(3

4)
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and determine the shape y(x) of the rod. How does the maximum sag scale
with the length L of the rod, holding everything else fixed?

A neutral plasma is a gas of freely moving charged particles, with equal
amounts of positive and negative charge. If the plasma encounters a conductor
to which a positive voltage is applied, negative plasma charges will be attracted
to the conductor and positive charges will be repelled. As a result, an excess
negative charge will surround a positively charged conductor. If the applied
voltage is not too large, the plasma’s net charge density p(r) will satisfy a linear
law:

p(r) = —Ad(r), (1.5.13)

where ¢ is the electrostatic potential in the plasma at position r, and A4 is a
positive constant that depends on the plasma density and temperature. The
potential satisfies Poisson’s equation (1.1.10), so Eq. (1.5.13) implies a linear
PDE for the potential must be solved:

vig— Ly, (1.5.14)

€

(a) Consider a plasma confined by conducting plates at x =0 and x = L. The
plate at x = 0 is biased to potential V, and the plate at x = L is grounded.
Solve analytically the 1D version of Eq. (1.5.14), (9%/dx*)p=(A/€,) ¢,
to obtain ¢(x) between the plates.

(b) Repeat this solution numerically using the shooting method. Take L =2
and A /e, = 1. Plot the analytic and numerical results for ¢(x).

An artillery sergeant is asked to hit a fixed object at position (x, y) =(d,0)
with respect to his cannon. The muzzle velocity of the field piece is fixed at v,
but the angle 6 of the muzzle with respect to the horizontal can be varied.

(a) Solve this boundary-value problem analytically for 6. Show that there are
two solutions for 6 if the distance to the object is not too great, but that
there is no solution if d exceeds a distance d_,,, and find d,,,. . (Note that
the time of impact is unimportant in this problem.)

(b) Create a module that will perform this solution using the shooting method,
for given d. Use it to solve the problem where v, = 1000 m/s, d =1 km,
and there is linear damping of the shell’s velocity, with rate y= 0.3. Plot
the (x, y) trajectory of the shell. By choosing a different initial guess, have
the method converge to other solutions, if any; and plot all on the same
graph of y vs. x.

(@) A jet aircraft follows a straight trajectory given by R, (t) = (vt +

X» Yo Z9), Where vy =250 m/s, xy = —500 m, y, =800 m, and z, = 5000
m. An antiaircraft gun at r =0 is trying to shoot the plane down. The
muzzle velocity of the gun is v, = 600 m/s. If the gun fires a shell at =0,
where should it aim (i.e., what is the direction of the initial shell velocity)?
Solve the problem analytically (using Mathematica to help with the alge-
bra; the final equation needs to be solved numerically using FindRoot),

keeping only the force of gravity on the shell. Plot the trajectory of the
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Fig. 1.16 Spherical polar angles (0, ¢) describing the direction of
a vector v with respect to fixed axes.

shell and the plane using a three-dimensional parametric plot
(ParametricPlot3D) up to the instant of impact. Is there more than one
solution? [Hint: It is useful to introduce spherical polar angles (6, ¢) to
describe the direction of the initial shell velocity: v, = v,
(sin 0 cos ¢, sin 0 sin ¢, cos 0). See Fig. 1.16.

(b) Repeat the procedure using the shooting method, but now add a frictional

deceleration of the form —yuv, where y=0.075 s ..

(5) James Bond, mass 85 kg, needs to jump off an overpass onto the bed of a
passing truck 12 m below. He is attached to a bungee cord to break his fall,
with a nonlinear spring force of —1.1y® newtons, where y is the displacement
of Bond from the overpass measured in meters. A positive displacement
corresponds to moving down. By eye he quickly calculates that the truck will
be beneath him in 2.1 seconds. He immediately jumps.

(a) Use the shooting method to numerically determine what vertical velocity
he must give himself, neglecting friction with the air, so that he lands on
the truck at just the right instant. (A positive velocity corresponds to
jumping down.) Plot Bond’s trajectory y(¢).

(b) Can you find other, less appealing solutions for Bond’s initial velocity that
involve multiple oscillations at rather high speed?

(6) On January 1, 2001, at 12 noon GMT, a spacecraft is located 500 km above the
earth’s surface, on the night side, along the line directly connecting the earth
to the sun. The computer controlling the spacecraft (a HAL9000, of course)
has been asked to ensure that the ship will be at the future location of Jupiter
exactly three years from this instant. (To be precise, the location is to be
100,000 km on the inboard side of Jupiter on a line toward the sun.) Use a
shooting method and the information in Table 1.2 to determine the HAL9000’s
solution for the required initial velocity of the spacecraft, and plot the
trajectory of the craft through the solar system. (Hint: To speed up the orbit
integration, keep only the orbits of the earth, Mars, and Jupiter in the
simulation. Use the molecular dynamics code developed in Sec. 2.4 to deter-
mine the orbits.) The solution is shown graphically in Fig. 1.17 as a plot of the
orbits. (The plot can be viewed from different angles by dragging on it with the
mouse.)

(7) The temperature of a thin rod of unit length satisfies d*T/dx* = T(x)* (in
suitably scaled units). [The T* term represents heat loss due to radiation, and
the d?T/dx? term arises from thermal conduction: see Chapter 3.] Find and
plot T(x) assuming the ends are held at fixed temperature: 7(0) = T(1) = 1.



70 ORDINARY DIFFERENTIAL EQUATIONS IN THE PHYSICAL SCIENCES

Fig. 1.17 Solution to Exercise (6). S

1.6 LINEAR ODES

1.6.1 The Principle of Superposition

Linear ODEs of Order N A linear ODE is distinguished by the following
property: the equation is /inear in the unknown function; that is, only the first
power of this function or its derivatives appear. An Nth-order linear ODE has the
form

dVx dN-lx dx
W+MN_1(I)W+---+u1(t)E +uy(t)x=1(1). (1.6.1)

We have already seen several examples of linear differential equations, such as
Eq. (1.1.1) (linear in v), or Eq. (1.1.6) (linear in x). Another example is the driven
damped harmonic oscillator

d?*x dx
N U] (162)

where y and ] are time-independent nonnegative constants. This equation
describes damped harmonic motion with natural frequency w, and damping rate
v, driven by an external force mf(¢) (where m is the oscillator’s mass).

There are many, many other linear ODEs that have physical significance.
Linear differential equations play a special role in the physical sciences, appearing
in literally every discipline. As a consequence, the properties of these equations
and their solutions have received considerable attention.

Linear Differential Operators An operator is simply a rule that transforms one

function into another. An integral is an operator, and so is a square root.

Differential operators are combinations of derivatives that act on a given function,

transforming it into another function. For example, Lf=e%/ defines a differen-

tial operator L (i.e., a rule) that takes the function f(¢) to the function e®/ %,
Let us define a linear differential operator of Nth-order as

. gV JN-1 d
L=dt_N+uN_1(t)dtN—*1+‘”+ul(t)E +u0(t). (163)
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For the moment, think of this as merely a convenience, so that we can write Eq.
(1.6.1) in the compact form Lx=f. Linear operators have the following two
properties:

(1) For any two functions f(¢) and g(r), L(f+g)=Lf+ Lg.
(2) For any function f(r) and any constant C, L(Cf) = CLf.

It is easy to see that the operator in Eq. (1.6.3) satisfies these properties, and so it
is a linear operator. It is also easy to see that the integral of a function is another
linear operator (a linear integral operator). However, the operator defined by
Lf=e%/4 does not satisfy either property. It is a nonlinear differential operator.
For the most part, we will concentrate on the properties of linear operators in this
book. Some examples of nonlinear operators with relevance to physics can be
found in Chapter 7.

The Superposition Principle One important property of linear ODEs is called
the principle of superposition. Consider the general solution of Eq. (1.6.1), assuming
that the forcing function vanishes: Lx= f(t) = 0. In this case the equation is termed
homogeneous.

Now, the general solution of the ODE involves N undetermined constants, as
discussed in Sec. 1.1. Let us arbitrarily choose any two different sets of values for
these constants, and thereby obtain two different possible solutions to the homoge-
neous equation, x,(#) and x,(z) (corresponding to different initial or boundary
conditions). Then the principle of superposition states that the linear combination

Cixy(t) + Cyrxy(t) (1.6.4)

is also a solution of the homogeneous ODE (corresponding to some other initial or
boundary conditions). This follows directly from the linear nature of the differen-
tial equation, as we will now show. .

By construction, the functions x,(r) and x,(¢) have the property that Lx, = Fx,
= 0. If we now substitute Eq. (1.6.4) into Eq. (1.6.1), we obtain

L(Cyx, +Cyx,) =L(C,x,) + L(Cyxy) = C,Lx, + C,Lx, =0, (1.6.5)

verifying our contention that Eq. (1.6.4) satisfies the homogeneous ODE, and
proving the principle of superposition.

The Principle of Superposition If x,(t) and x,(¢) both satisfy the homogeneous
linear ODE Lx = 0, then the linear combination C,x,(¢) + C,x,(¢) also satisfies
this ODE for any value of the constants C, and C,.

1.6.2 The General Solution to the Homogeneous Equation

Introduction Let us return now to the discussion surrounding Eq. (1.6.3) regard-
ing the general solution of the homogeneous equation Lx=0. Rather than
choosing only two sets of values for the N undetermined constants, let us choose
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N different sets of values, so that we obtain N different functions,
x,(8), x,(2), ..., x5(2). This means that no one function can be obtained merely as a
linear superposition of the others. The functions are linearly independent of one
another. Then it should be clear that the function obtained by superimposing these
functions,

x(t) =Cyxy(t) + Cox,y(t) + - +Cyxp(t) (1.6.6)

is a form of the general solution of the homogeneous ODE. Recall that the general
solution has N undetermined constants that can be used to satisfy any particular
initial condition. The fact that the functions x,(2), x,(¢),...,xy(¢) are linearly
independent means that Eq. (1.6.6) and its derivatives, evaluated at the initial time,
span the space of possible initial conditions. By this I mean that any given initial
condition can be met by appropriate choice of the constants. (Note the use of the
term span, from linear algebra, denoting a set of vectors that can be made to sum
to any other vector in a given vector space. As we have already mentioned, the
connection between linear ODEs and linear algebra will be made clear in the next
section.)

We have already seen an example of Eq. (1.6.6): Eq. (1.1.7) shows that the
solution of the harmonic oscillator equation is a sum of the linearly independent
solutions cos ¢ and sin 7. Equation (1.6.6) shows that the general solution of a
homogeneous linear ODE can always be written in this way, as a sum of N
independent functions each of which satisfies the ODE.

The general solution of a homogeneous linear ODE Lx =0 can be written as a
linear combination of N independent solutions to the ODE.

Let’s consider possible analytic forms for these N independent solutions in the
case that the functions u,(¢) appearing in Eq. (1.6.1) are time-independent
constants:

A~ dNx dN-1

Lx + +u1% +uyx=f(1). (1.6.7)

TN TN g

This important special case occurs, for example, in the driven damped harmonic
oscillator, Eq. (1.6.2). We will guess the form x(¢z) = e* for some constant s. Using
the fact that

dn

We”=s" e, (1.6.8)

the ODE Lx = 0 becomes a polynomial in s:
(sV+uy sV ruy sV tuys +ug) e’ =0. (1.6.9)
The bracket must be zero, so we are faced with finding the roots of this Nth-order

polynomial in s. Although a general analytic solution cannot be found for N > 4, it
is well known that there are always N roots (which may be complex), {s;, s, ..., Sy}-
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These N roots supply us with out N independent functions,
x,(t) =e*, n=1,2,...,N, (1.6.10)

provided that none of the roots are the same. If two of the roots are the same, the
roots are said to be degenerate. In this case only N — 1 of the solutions have the
form of Eq. (1.6.10). The Nth solution remains to be determined.

Let’s assume that s, =s,. Then consider any one of the constants in Eq. (1.6.9)
to be a variable; take the constant u,, for example, and replace it with a variable u.
Now the roots all become functions of u, and in particular so do our two
degenerate roots, s; =s,(u) and s, =s,(u). Furthermore, s,(u,) =s,(1,), but in
general, for u # u,, s,(u) # s,(u). Now let us write u = u, + €, and take the limit of
the following superposition as e vanishes:

1
lim —(eS(etuol — gsa(etuo)ry, 1.6.11
lim ) (1.6.11)
According to the superposition principle, this sum is also a perfectly good solution
to the equation. Mathematica can easily find the limit, obtaining a finite result:

Cell 1.79

s2[u0] = s1[u0] = s1;
Factor [Normal [Series[e™-1 (E”*(s1[u0 + €] t)-E*(s2[u0 +¢€] t)),
{e, 0, 0} 111

eSi® t (s1/[u0]-s2'[u0])

The result, te** (neglecting the unimportant multiplicative constant), provides us
with the new function necessary to complete the set of N independent solutions.
The case of three or more degenerate roots, and the case where the multiplicative
constant vanishes, can all be handled easily using similar methods to those detailed
here, and will be left for the exercises.

Different Functional Forms for the General Solution Often it happens that the
exponential form of the solutions in Eq. (1.6.10) is not the most convenient form.
For example, for the undamped harmonic oscillator (1.1.6), the functions obtained
via Eq. (1.6.10) are

x,(t) =e'",  xy(t) =e "0 (1.6.12)

For the damped harmonic oscillator (1.6.2), s satisfies a quadratic equation

2+ ys+ w3 =0, (1.6.13)
which has solutions
2
5= —%—!—i wg—yT R
(1.6.14)
Y 2 Y
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These solutions are complex (when w, > vy/2), and this can be an inconvenience in
certain applications. Fortunately, the superposition principle says that we can
replace the functions x,(¢#) and x,(¢) with any linear combination of them. For
example, the new functions

x(1) = %[)ﬁ(t) +x2(t)]
Xy(1) = 5 [x1(1) —x,(1)]

(1.6.15)

form a useful set of independent solutions for damped or undamped oscillator
problems, since standard trigonometric identities can be used show that these
functions are real. For example, for the undamped harmonic oscillator, Egs.
(1.6.12) and (1.6.15) yield

x,(t) = cos wyt,
(1.6.16)
%,(t) = sin wt,

which may be recognized as the usual real form for the independent solutions. We
can then drop the overbars in Eq. (1.6.16) and treat these functions as our new
independent solutions. Similarly, the real solutions to the damped harmonic
oscillator equation are

,yz
)_Cl(l‘) =e V!/2 COS( w% - t),
(1.6.17)

,YZ
(1) =e /2 sin( wf — t).

These solutions are real, assuming that «, > y/2. The solutions decay with time,
and oscillate at a frequency less than w, due to the drag force on the oscillator.

1.6.3 Linear Differential Operators and Linear Algebra

Consider the following homogeneous linear initial-value problem for the unknown
function x(¢):

Lx=0,  x(t;) =x,, x'(ty)=0g,-.., (1.6.18)

where L is some linear differential operator. In this section we will show that the
function x(¢) can be thought of as a vector, and the operator L can be thought of
as a matrix that acts on this vector. We can then apply what we know about linear
algebra to understand the behavior of solutions to linear ODEs.

To directly see the connection of Eq. (1.6.18) to linear algebra, consider trying
to find a numerical solution to this ODE using Euler’s method. We then discretize
time, writing ¢, =t,+nAt. The function x(¢) is replaced by a set of values
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{x(t), x(¢,), x(¢,), ...}, which can be thought of as a vector x:

X = {x(to),x(tl),x(tz),...}.

Similarly, the ODE Lx =0 becomes a series of linear equations for the compo-
nents of x, and therefore the operator L becomes a matrix L that acts on the
vector x. To see how this works in detail, consider the case of a simple first-order
linear homogeneous ODE:

A~ dx
Lx=— +uy(t)x=0, x(ty) =x. (1.6.19)

Solving this ODE numerically via Euler’s method, we replace Eq. (1.6.19) by

x(4) =x,
x(t)) —x(ty) + Atuy(ty)x(ty) =0, (1620)
1.6.
x(ty) —x(t,) + Atuy(t,)x(t,) =0,
These linear equations can be replaced by the matrix equation
1 0 0 0 x(ty) X
—1+uy(ty) At 1 0 0 x(ty) 0
0 —1+4uy(t,) At 1 0 x(t,) | =10
0 0 —1+uy(t,) At 1 x(t3) 0
(1.6.21)

The above matrix is a realization of the matrix L for this simple first-order ODE.
All elements above the main diagonal are zero because the recursion relation
determines the nth element of x in terms of earlier steps only. The right-hand side
of Eq. (1.6.21) is a vector containing information about the initial condition. We
will call this vector x, = {x,,0,0,...}.

We can easily write the matrix L in terms of a special function called a
Kronecker delta function, §,,,. This function takes two integer arguments, n and
m, and is defined as

5, = {1’ o (1.6.22)

The Kronecker delta function can be thought of as the (n, m) element of a matrix
whose elements are all zero except along the diagonal n = m, where the elements
are equal to one. This is the unit matrix unit, discussed in Sec. 9.5.2. In Mathemat-
ica, the function §,,, is called KroneckerDelta[n,m].



76 ORDINARY DIFFERENTIAL EQUATIONS IN THE PHYSICAL SCIENCES

Using the Kronecker delta function, the components L,,, of L can be expressed
as

Loy =8 — 81 1= Atuy(t,)]- (1.6.23)

nm
The matrix can then be created with a Table command:

Cell 1.80

L = Table[KroneckerDelta[n, m] -KroneckerDelta[n-1, m]
(1-At ulml), {n, 0, 3}, {m, 0, 3}1;
MatrixForm[L]

1 0 0 0
-1+At ulo] 1 0 0
0 -1+At ul1l] 1 0
0 0 -1+At ul2] 1

Here we have only constructed four rows of the matrix, for ease of viewing.

Of course, the matrix and vectors of Eq. (1.6.21) are formally infinite-dimen-
sional, but if we content ourselves with determining the solution only up to a finite
time ¢, = M At +t,, we can make the matrices and vectors M + 1-dimensional.

Note that Eq. (1.6.21) is only one of many different possible forms for the matrix
equation. Recall that there are many different schemes for solving an ODE: the
Euler method embodied by Eq. (1.6.21) is one, but the predictor—corrector
method, for example, would lead to a different matrix L (see the exercises). This
uncertainty shouldn’t bother us, since the solution of the matrix equation always
leads to an approximate solution of Eq. (1.6.19) that converges to the right solution
as At — 0, independent of the particular method used in obtaining the matrix
equation.

We can write Eq. (1.6.21) in a more compact form using vector notation:

L-x=x,. (1.6.24)

This matrix equation is a discretized form of the ODE and initial condition, Eq.
(1.6.19). It can be shown that the more general ODE of Eq. (1.6.18) can also be put
in this form, although this takes more work. (Some examples can be found in the
exercises.) A solution for x then follows simply by inverting the matrix:

x=L""x,. (1.6.25)

Recall that it is not always possible to find the inverse of a matrix. However,
according to Theorem 1.1, the solution to an initial-value problem always exists
and is unique, at least for problems that satisfy the strictures of the theorem. For
linear problems of this type, the matrix inverse can be taken, and the unique
solution given by Eq. (1.6.25) can be found.

We can perform this matrix inversion numerically in Mathematica. But to do so,
we must be more specific about the problem we are going to solve. Let’s take the
case t, =0, x,=1, and u,(¢) = 1, a constant damping rate. The equation we solve
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is then dx/dt = —x, x(0) = 1. Then the analytic solution to Eq. (1.6.19) is a simple
exponential decay: x(¢) = exp(—1t).

To do the problem using matrix inversion, we choose a step size, say At = 0.05,
and solve the problem only up to a finite time ¢,=2. This implies that the
dimension M of the vector x, is 2/0.05 + 1 =41 (the “+1” is necessary because
t =0 corresponds to the first element of x,), and the matrix L is 41 by 41. The
following Mathematica statements set up the vector x, and the matrix L:

Cell 1.81

At 0.05; uln_ 1 = 1; M = 40;

x0 = Tablel[0, {0, M}1;
x0[[1]1] = 1;

L = Table[KroneckerDelta[n, m] -KroneckerDelta[n-1, m]
(1-At ulml), {n, 0, M}, {m, 0, M}1;

We then solve for x using Eq. (1.6.25), and create a data list sol consisting of
times and positions {¢,, x,}:

Cell 1.82
x = Inverse[L] .x0;

sol = Table[{nAt, x[[n + 111}, {n, 0, M}]1;

This solution can be plotted and compared with exp(—¢) (see Cell 1.83), showing
good agreement (which could be further improved by taking a smaller step size and
increasing the dimension M of the system).

Cell 1.83

a ListPlot[sol, PlotStyle— PointSize[0.012],
DisplayFunction— Identity];
b = Plot[E*-t, {t, 0, 2}, DisplayFunction— Identity};
Show([a, b, DisplayFunction -> $Displayfunction,
PlotLabel - "Matrix Inversion compared to E* -t",
AxesLabel - {"t", " n}];

1 Matrix inversion compared to E -t
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Note that the matrix-inverse method of solution, outlined above, is equivalent to
the recursive solution of Eq. (1.6.20). In fact, performing the recursion in Eg.
(1.6.20) can be thought of as just a way of performing the operations of taking the
matrix inverse and applying the inverse to x,, so little is gained in any practical
sense from using Eq. (1.6.25) rather than Eq. (1.6.20).

The matrix inverse method is really most useful in solving linear boundary-value
problems, because matrix inversion solves the problem in a single step. This com-
pares favorably with the shooting method for boundary-value problems (discussed
in Sec. 1.5.2), which is an iterative process that requires several steps and an initial
guess to find the solution.

Finally, we note the following: we have seen that a matrix L can be connected to
any linear differential operator L, and the inverse of the matrix, L™ ! is useful in
finding a solution to ODEs involving L. Therefore, it may be useful to think about
the inverse of the operator itself, which we might write as L. In fact, we will see
in Chapter 2 that the inverse of a linear differential operator can be defined, that
its discretized form is L™, and that this operator inverse is connected to the idea
of a Green’s function.

1.6.4 Inhomogeneous Linear ODEs

Homogeneous and Particular Solutions In the preceding sections, we dis-
cussed solutions x(#) to the homogeneous linear ODE for some linear differential
operator L. Let us now consider the case of an inhomogeneous linear ODE,

I[x=F. (1.6.26)

We will examine the general solution of this problem, so that we do not have to
specify boundary or initial conditions. Using the superposition principle, we write
the general solution as a linear combination of two functions:

x(1) =x,(1) +x,(1), (1.6.27)
where x,(t) is the general solution to the homogeneous problem, satisfying
Ix, =0, (1.6.28)
and where x,(¢) is any solution to the inhomogeneous problem, satisfying
Lx,=f. (1.6.29)

The function x,, is called the homogeneous solution, and the function x, is called a
particular solution.

Acting on Eq. (1.6.27) with L, it is clear that x(¢) satisfies Eq. (1.6.26). It is also
clear that Eq. (1.6.28) is the general solution of Eq. (1.6.26), since x,(¢) contains all
of the undetermined constants necessary to satisfy any given set of boundary or
initial conditions.

We have already discussed how to find the homogeneous solution x,(¢), in Sec.
1.6.2. The problem then comes down to finding a particular solution x,(¢) to the
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inhomogeneous problem. This is actually rather nontrivial, and a complete and
general answer will not be obtained until the end of Chapter 2. We will take the
problem in steps of increasing difficulty.

Method of Undetermined Coefficients As a first step to finding a particular
solution, we will consider the case where the ODE has constant coefficients; i.e.,
the functions u,(T) appearing in Eq. (1.6.1) are time-independent constants, so
that the Nth-order ODE takes the form of Eq. (1.6.7). Also, we will assume that
the forcing function f(¢) is of a very simple analytic form. With these assumptions,
an analytic solution for x,(#) can be found simply by guessing a form for the
solution. This is called the “method of undetermined coefficients” in elementary
texts on ODEs.
Take, for example, the simple case of a linearly increasing force,

f(t)=a+brt. (1.6.30)

For the response to this force, let’s try the same form back again:
x,(t) =A+Bt, (1.6.31)
where A and B are undetermined coefficients. Acting on this guess with L yields
Lx,=uy(A+Bt) +u,B, (1.6.32)

which is of the same form as f, provided that we now choose values for 4 and B
correctly so as to satisfy Eq. (1.6.7):

uyA+u,B=a, u,B=>. (1.6.33)

According to Eq. (1.6.31), one way that the system can respond to a linearly
increasing force is for the amplitude to increase linearly as well: as you push
harder on a spring, it stretches further. But this is only one possible solution; the
spring could also oscillate. In fact, we know that the general solution to this
problem is

x(t) =x,(t) +A + Bt. (1.6.34)

The oscillations are contained in the homogeneous solution x,(¢), and their
amplitude is set by the initial or boundary conditions.

Response to Sinusoidal Forcing There are many other analytically tractable
forcing functions that we could consider. Of course, Mathematica could find such
solutions for us, using DSolve. However, there is one more case that we will solve
in detail by hand, because it will turn out to be of great importance to our future
work: the case of an oscillating force of the form

f(t) =f, cos wt. (1.6.35)



80 ORDINARY DIFFERENTIAL EQUATIONS IN THE PHYSICAL SCIENCES

A particular solution for this type of force can be found using the guess

x,(t) =Acos wt + B sin wt, (1.6.36)

where the constants 4 and B remain to be determined. In other words, the system
responds to the oscillatory forcing with an oscillation of the same frequency. If we
substitute this into Eq. (1.6.7) we obtain, after some work,

N/2

Lx,=(cos wt) ¥ [Auy,(— )" + By, (- 0”)"]
n=0
N/2 " "
+(sin w1) ¥ [Buy,(—0?)" —Awu,, (—0?)"]. (1.637)
n=0

This equation can be solved by choosing 4 and B so that the coefficient of sin wt
vanishes and the coefficient of cos wt equals f,,.

A simpler alternative method of solution for this problem employs complex
notation. We replace Eq. (1.6.35) by

f(t) =Refye ', (1.6.38)
and we now try the form
x,(t) =ReCe ", (1.6.39)

where C = |Cle’? is a complex number. The magnitude | C| is the amplitude of the
oscillation, and the argument ¢ is the phase of the oscillation with respect to the
applied forcing. Using amplitude and phase notation, Eq. (1.6.39) can be written as

x,(t) =[Clcos(wt — ¢) = [Clcos ¢ cos wt + |Clsin ¢ sinwt. (1.6.40)

By comparing Eq. (1.6.40) to Eq. (1.6.36) we can make the identifications A =
|C|cos ¢ and B = |C|sin ¢.

The solution for x,(#) can again be found by substituting Eq. (1.6.39) into
Eq. (1.6.7):

Lx,=ReCLe *'=Refye ', (1.6.41)

where we have assumed that the coefficients u,, in Eq. (1.6.7) are real in order to
take the operation Re through L. Now, rather than solving only for the real part,
we will solve the full complex equation. (If the full complex equation is satisfied,
the real part will also be satisfied.) Also, we will use the fact that

n

%e—me(—iw)”e—w, (1.6.42)

so that Eq. (1.6.41) becomes

N
Ce ' Y (—iw)'u,=fye . (1.6.43)

n=0
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Dividing through by the sum and using Eq. (1.6.39) allows us to write x,(¢) in the
following elegant form:

x,(1) = Re(#e*‘”’). (1.6.44)

Z"rLNZO( _iw)nun

In future chapters we will find that complex notation often simplifies algebraic
expressions involving trigonometric functions.

Let us use Eq. (1.6.44) to explore the particular solution for the forced damped
oscillator, Eq. (1.6.2). For the choice of u,’s corresponding to this ODE,
Eq. (1.6.44) becomes

f —iw
x,(1) = Re( _wz_i‘;w ok f). (1.6.45)
This particular solution oscillates at constant amplitude, and with the same
frequency as the forcing. Since the homogeneous solutions decay with time [see
Eq. (1.6.17)], Eq. (1.6.45) represents the form of the solution at times large
compared to 1/+vy. At such large times, the oscillator has “forgotten” its initial
conditions; every initial condition approaches Eq. (1.6.45). The convergence of
different solutions can be seen directly in Fig. 1.18, which displays the time
evolution of three different initial conditions. All three solutions converge to Eq.
(1.6.45).

The loss of memory of initial conditions at long times is a general feature of
linear driven damped systems. Nonlinear driven damped systems, such as the Van
der Pol oscillator [Eq. (1.2.20)] with a driving term added, also display loss of
memory of initial conditions; but initial conditions do not necessarily collapse onto
a single trajectory as in Fig. 1.18. For instance, orbits can collapse onto a strange
attractor, and subsequently wander chaotically across the surface of this attractor.
A detailed analysis of the complex chaotic behavior of nonlinear driven damped
systems is beyond the scope of this introductory text; see Ott (1993) for a
discussion of this subject.

0.5

T T

Fig. 1.18 Three solutions to the driven damped oscillator equation x” +x' + 2x = cos 3¢.
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Fig. 1.19 Magnitude (thick line) and phase (thin line) of the amplitude of the particular
solution to the driven damped oscillator: (a) heavy damping, v/, = 0.7; (b) light damping,
Y/ @y =0.1. Also shown is the location of the peak amplitude, w=y/ w3 — y%/2 (dashed
line).

Resonance The particular solution to the driven damped oscillator equation has
an amplitude that depends on the frequency w at which the system is driven.
According to Eq. (1.6.45), this complex amplitude is C =f,/(— 0 —iwy+ }).
Plots of the magnitude and phase of C/f, are shown in Fig. 1.19 as a function of
w. These plots show that a resonance occurs when the driving frequency w is close
to the natural frequency w,: the amplitude of oscillation has a maximum near w,,
and the phase of the oscillation changes from a value near zero (the oscillation is
in phase with the driving force) to one near 7 (the oscillation has the opposite sign
to the driving force). The resonance becomes sharper as the damping y becomes
weaker. The frequency at which the amplitude is maximized can be easily shown
to be equal to \/ w3 — y?/2 (see the exercises). Note that this is not the same as
the frequency of unforced oscillations in a damped oscillator, 1/ w5 — y*/4 [see
Eq. (1.6.17)].

When the damping equals zero exactly, the undamped oscillator exhibits an
exact resonance when driven at w = w,. Here the amplitude C becomes infinite,
and therefore the form of the solution, Eq. (1.6.45), is no longer valid.

One way to find the solution at an exact resonance is to use DSolve:

Cell 1.84
Clear[x];

Expand [
FullSimplify[x[t] /. DSolvelx"I[t]l + w,"2x[t] == f, Coslw, tl,
x[tl, t1[[1111]

Cos[tw,] £, t Sinlt w,] £,
+

C[2] Cosl[t wy] + C[1] Sinlt w,] + 2 07 2w,
In addition to the usual cosine and sine terms, there is a new term proportional to
tsin wyt. This term is an oscillation that grows in amplitude over time. At an exact
undamped resonance, the force is always in phase with the oscillation, adding
energy to the motion in every cycle. Since this energy is not dissipated by damping,
the oscillation increases without bound. Of course, in any real oscillator, some
form of damping or nonlinearity will eventually come into play, stopping the
growth of the oscillation.
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In later chapters we will run across examples of other linear ODEs that exhibit
exact resonance when driven at a natural frequency of the system. In each case,
the response grows with time, and therefore must be treated as a special case for
which Eq. (1.6.44) does not apply. The simplest approach is to apply DSolve or
the method of undetermined coefficients for the case of resonance, and to use
Eq. (1.6.44) otherwise.

Nevertheless, it is useful to understand mathematically how this resonant
behavior arises. Consider an undamped oscillator driven at a frequency just off
resonance, with forcing f(¢) =f, cos[(w, — €)t]. Then the particular solution is
given by Eq. (1.6.45) with y=0:

x,(1) =

focos[(w, — €)t]

) .

(1.6.46)

2wyge— €

This oscillation has very large amplitude, approaching infinity as e — 0. However,
consider a different particular solution, one that is chosen to be zero initially. Such
a solution can be obtained by adding in a homogeneous solution to the oscillator
equation. One choice for the homogeneous solution is simply A4 cos w,?, with the
appropriate choice of the constant A4 so that the solution is zero at ¢ = 0:

fo

5z {cos[(w = €)1] = cos wyr}. (1.6.47)

x,(1) =
The two cosine functions are at nearly the same frequency, and therefore exhibit
the phenomenon of beats, as shown in Cell 1.85 for the case €e=0.1 and w,=1.
Oscillations grow for a time, then decay due to the interference between the two
cosine functions. The smaller the frequency difference between the two cosine
oscillations, the longer the beats become. (Try changing the frequency difference e
in Cell 1.85.) Finally, in the limit as the difference € — 0, the length of time
between beats goes to infinity, and the initial linear growth in amplitude of the
oscillation continues indefinitely; the oscillation grows without bound. To see this
from Eq. (1.6.47) mathematically, we can take a limit (see Cell 1.86).

Cell 1.85

e= 0.1;
Plot [Cos[ (1 - € tl - Cosltl, {t, 0, 200}];
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Cell 1.86

£
Limit [——— (Cos[(w,-€) tl-Coslw, tl), €— 0]
2w, € - €

t Sinlt w,] £,
2 w,

This limit reproduces the linear amplitude growth observed in the general solution
of the undamped oscillator found previously using DSolve.

The examples we have seen so far in this section have all involved simple forcing
functions. In the next chapter we will learn how to deal with general f(¢), and in
the process develop an understanding of Fourier series and integrals.

EXERCISES FOR SEC. 1.6

(1

(2)

(3)

4)

In the introduction to Sec. 1.6.1, we presented an operator L defined by
Lf=e¥/%, as an example of a nonlinear operator. On the other hand,
consider the operator defined by Lf=e?/f. Here,

d 1(d\V 1(dY
d/dt _ == — | =
e 1+dt+2!(dt) +3!(dt) +

Is this operator linear or nonlinear? Find and plot the action of both
operators on f(¢) =sin¢, for 0 <t < 2. (Hint: The infinite series can be
summed analytically.)

Find, by hand, a complete set of independent solutions to the following linear
homogeneous ODEs (you may check your results using Mathematica, of
course):

(@) x" +2x"+3x" +2x"+2x=0.

(b) x"™ +6x" +38x" +112x' +104x =0.

(0 x"—3x" +3x"'—x=0.

d x"=20y—x)—x',y" =20x—y)—y".

Use the matrix inversion technique to solve the following ODE numerically:

A dv
LU=E+tU(t)=0, v(0) =1.

Use the Euler method form, Eq. (1.6.23), for the finite-differenced version of
the operator L on the range 0 <¢ <3, with Az =0.05. Plot the solution on
this time interval, and compare it with the exact solution found with Mathe-

matica.

A finite-difference method for second-order ODEs was discussed in Sec. 1.4;
see Eqgs. (1.4.27) and (1.4.28). Using this method, finite-difference Airy’s
equation

d*x

il O



(5)

(6)

(7)

(8)

9)
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with initial conditions x(—1)=1, x’(—1) =0. Write the ODE and initial
conditions as a matrix equation of the form (1.6.24). Solve the ODE by matrix
inversion, taking Az = 0.1, for —1 <z <5, and plot the result along with the
analytic result found from Mathematica using DSolve.

(a) For the following general first-order linear ODE, find the matrix L that
corresponds to the second-order predictor—corrector method, and write
out the first four rows of L:

dx
Z uy(t)x=0.

Use this matrix to solve the initial value problem where u,(¢) =¢/(1 +t*)
and x(0) =1, for 0 <t <5, taking A¢=0.1. Plot x(¢) and, on the same
plot, compare it with the exact solution found using DSolve.

Add the following forcing functions to the right-hand sides of the problems
listed in Exercise (2), and solve for a particular solution by hand using the
method of undetermined coefficients (you can use Mathematica to help with
the algebra, and to check your answers):

(a) f(z) =sint to Exercise (2)(a) and (b).
(b) f(t) =13 to Exercise (2)(c).
(e) x" =2(y —x)—x', y" =2(x —y) + cos2t.

(a) Find the potential ¢(x) between two parallel conducting plates located
at x=0 and at x = L. The potential on the left plate is V|, and that on
the right plate is V,. There is a charge density between the plates of the
form p = p, cos kx. The potential satisfies d*p/dx*= —p/e,.

(b) Discuss the behavior of the answer from part (a) for the case of constant
charge density, k& = 0.

Consider an LRC circuit driven by an oscillating voltage V(¢) =V, cos wt.
The charge on the capacitor satisfies Eq. (1.3.2). The homogeneous solution
was found in Sect. 1.3, Exercise (3).

(a) Find a particular solution using the method of complex exponentials,
x,(t) =Re(Ce™"").

(b) For V, =1volt, R =2 ohms, C = 100 picofarads and L =2 X 10~* henry,
find the resonant frequency of the circuit. Plot the amplitude |C| and
phase ¢ of the particular solution vs. w over a range of w from zero to
twice the resonant frequency.

A damped linear oscillator has mass m and has a Hooke’s-law force constant
k and a linear damping force of the form F,=myuv(¢). The oscillator is
driven by an external periodic force of the form F, (¢) = F, sin wt.

(a) Find a particular solution in complex exponential form, x,(¢)=
Re(Ce ")

(b) The rate of work done by the external force on the mass is dW,, /dt =
F()v(2). Using the particular solution v,(¢) from part (a), find a (time-
independent) expression for (dW,,, /dt), the average rate of work done on
the mass, averaged over an oscillation period 27/ w. (Hint: Be careful!
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When evaluating the work the real solution for vp(t) must be used. Use
Mathematica to help do the required time integration over a period of the
oscillation.)

(¢) According to part (b), work is being done on the mass by the external
force, but according to part (a) its amplitude of oscillation is not increas-
ing. Where is the energy going?

(d) Work is done by the damping force F, on the mass m at the rate
dW,/dt = F,(t)u(r). The work is negative, indicating that energy flows
from the mass into the damper. What happens to this energy? Using
the particular solution from part (a) for o(z), show that dW,/dt+
dW_ . /dt = 0.

(10) Find the length of time between beats in the function cos[(w, — €)t] — cos wt
(i.e., the time between maxima in the envelope of the oscillation). Show that
this time goes to infinity as € — 0. (Hint: Write this combination as the real
part of complex exponential functions, and go on from there.)

(11) Show that the response of a damped oscillator to a harmonic driving force at
frequency w, Eq. (1.6.45), has a maximum amplitude of oscillation when w

=\/w§—72/2.
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CHAPTER 2

FOURIER SERIES AND TRANSFORMS

2.1 FOURIER REPRESENTATION OF PERIODIC FUNCTIONS

2.1.1 Introduction

A function f(¢) is periodic with period T when, for any value of ¢,

F(8) =f(t+T). (2.1.1)

An example of a periodic function is shown in Fig. 2.1. We have already encoun-
tered simple examples of periodic functions: the functions sin ¢, cos ¢, and tan ¢ are
periodic with periods 27, 277, and 7 respectively.

Functions that have period T are also periodic over longer time intervals
2T,3T,4T,... . This follows directly from Eq. (2.1.1):

f()=ft+T)=f(t+2T)=f(t+3T) = ---. (2.1.2)

For example, sin ¢ has period 27, but also has period 47,67,... . We can define
the fundamental period of a periodic functions as the smallest period T for which
Eq. (2.1.1) holds. So the fundamental period of sin ¢ is 24, and that of tan ¢ is .
When we speak of the period of a function, we usually mean its fundamental
period. We will also have occasion to discuss the fundamental frequency Aw =27/T
of the function.

Why should we care about periodic functions? They play an important role in
our quest to determine the particular solution to an ODE due to arbitrary forcing.
In Sec. 1.6, we found the response of an oscillator to a simple periodic sine or
cosine forcing. However, this response will clearly be more complicated for
periodic forcing of the type shown in Fig. 2.1. We can determine this response by
first writing the periodic forcing function as a sum of simple sine and cosine
functions. This superposition is called a Fourier series, after the French mathemati-
cian Jean Fourier, who first showed how such a series can be constructed. Once we

87
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|
t
2

Fig. 2.1 A periodic function with period 7 = 1.

have this series for the forcing function, we can use the superposition principle to
write the response of the oscillator as a sum of the individual responses to the
individual cosine and sine terms in the series.

Later, we will find that Fourier series representation of periodic functions (and
generalizations to the representation of nonperiodic functions) are also very useful
in a number of other applications, such as the solution to certain common partial
differential equations.

In order to expand a given periodic function f(¢) as a sum of sines and cosine
functions, we must choose sines and cosines with the same periodicity as f(¢) itself.
Since f(¢#) has period T, we will therefore choose the functions
sin27t/T,sindmt/T,sin6wt/T... and 1,cos2mt/T,cosdmt/T,cosbmt/T,....
These functions have fundamental periods 7 /n for integers n=0,1,2,3,..., and
therefore by Eq. (2.1.2) are also periodic with period T. Note that the constant
function 1, with undefined period, is included. A few of these functions are shown
in Cells 2.1 and 2.2.

Cell 2.1

<< Graphics‘;
T = 1; Plot[{Sin[2Pit/], Sin[4Pit/T], Sin[6Pit/T]},
{t, 0, T}, PlotStyle— {Red, Blue, Purple}l;
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Cell 2.2

T = 1; Plot[{1l, Cos[2 Pit/Tl, Cosl4 Pit/Tl},
{t, 0, T}, PlotStyle— {Red, Blue, Purple}l;

One can see that both cos2wnt/T and sin2wnt/T become more and more
rapidly varying as n increases. The more rapidly varying functions will be useful in
helping describe rapid variation in f(z).

A general linear combination of these sines and cosines constitute a Fourier
series, and has the form

- 2mnt . 2mnt
ay+ Y. (an cos 77Tn + b, sin 7;” ),
n=1

where the constants a, and b, are called Fourier coefficients. The functions
cos2mnt/T and sin2wnt /T are often referred to as Fourier modes.

It is easy to see that the above Fourier series has the correct period 7. If we
evaluate the series at time 7+ T, the nth cosine term is cos2wn(t+ T)/T]=
cosQQmnt /T + 2mn) = cos2mnt /T, where in the last step we have used the fact
that cosine functions have period 27. Thus, the cosine series at time ¢ + 7' returns
to the form it had at time ¢. A similar argument shows that the sine series
evaluated at time ¢ + T also returns to its form at time ¢. Therefore, according to
Eq. (2.1.1) the series is periodic with period T.

The fact that Fourier coefficients can be found that allow this series to equal a
given periodic function f(¢) is a consequence of the following theorem:

Theorem 2.1 If a periodic function f(#) is continuous, and its derivative is
nowhere infinite and is sectionally continuous, then it is possible to construct a
Fourier series that equals f(¢) for all .

A sectionally continuous periodic function is one that is continuous in finite-size
sections, with either no discontinuities at all or at most a finite number of
discontinuities in one period of the function. Figure 2.1 is an example of a
sectionally continuous periodic function. We will see later in this section what
happens to the Fourier representation of f(¢) when f(¢) violates the restrictions
placed on it by Theorem 2.1. For now, we assume that the function f(¢) satisfies
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the requirements of the theorem, in which case Fourier coefficients can be found
such that

ZULLNMPA 27””) foralls.  (2.13)

f(t)=a,+ Z](ancos 7 b, sin=F
e

2.1.2 Fourier Coefficients and Orthogonality Relations

We are now ready to find the Fourier coefficients a, and b, that enter into the
Fourier series representation of a given periodic function f(¢). These coefficients
can be found by using an important property of the sine and cosine functions that
appear in Eq. (2.1.3): the property of orthogonality. Two real functions g(¢) and
h(¢) are said to be orthogonal on the interval [a, b] if they satisfy

[’g(t)h(1) di=o0. (2.1.4)

The sine and cosine Fourier modes in Eq. (2.1.3) have this property of orthogonal-
ity on the interval [¢,,¢, + T] for any choice of ¢,. That is, for integers m and n
the Fourier modes satisfy

dt=0, m+#n,
(2.1.5)

to+T . 2mnt . 27Tmtdt_ to+T  2ant 2T mt
f Sin ——p—sin —x—dr = /t COS ——COS ——7—

fo 0

to+T . 2ant 2 mt
f sin

T COS—7F dt=0.

Ly

In the first equations, the restriction m # n was applied, because a real function
cannot be orthogonal with itself: for any real function g(¢) that is nonzero on a
finite range within [a, b], [°g*(¢) dt must be greater than zero. This follows simply
because g%(t) = 0, so there is a finite positive area under the g(¢) curve. For this
reason, when m =n in Eq. (2.1.5), the first and last integrals return a positive
result:

t+T . S 2mnt . to+T o 2ant T

fto sin dt—fto cos”—p—dt=~», n>0, (2.1.6)
to+T 22770t _

/t cos? —dt =T. (2.1.7)

0

The last equation follows because cos(0 = 1. The analogous equation for the sine
functions,

ftUJrTsin2 27;0tdt =0,
t

0

is not required, since sin0 = 0 is a trivial function that plays no role in our Fourier
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series. Equations (2.1.5) and (2.1.6) can be proven using Mathematica:

Cell 2.3

= {Sin, Cos};
Table [Tablel
FullSimplify [Integratelgl[[il]l[2Pint/T] gl[[jl]1[2Pimt/TI,
{t, t0, t0 + T}I1,
n+m & nE Integers&&m € Integersl, {j, i, 2}1, {i, 1, 2}]

{{o, 0}, {o}}

Cell 2.4

Table [FullSimplify[
Integratelgl[[il] [2Pint/T] *2, {t, tO0, t0 + T}I1,
n € Integers], {i, 1, 2}]

(=3

Note that in the last two integrals, we did not specify that n > 0, yet Mathematica
gave us results assuming that n # 0. This is a case where Mathematica has not been
sufficiently careful. We also need to be careful: as we can see in Egs. (2.1.5)-(2.1.7),

The n =0 Fourier cosine mode is a special case that must be dealt with
separately from the other modes.

These orthogonality relations can be used to extract the Fourier coefficients
from Eq. (2.1.3). For a given periodic function f(¢z), we can determine the
coefficient a,, by multiplying both sides of Eq. (2.1.3) by cos27mt /T and integrat-
ing over one period, from ¢, to ¢, + T for some choice of ¢,:

t =~ ttT  2mnt  2mwmt
dt=Y anfo cos

T COs—p dt

ft°+Tf(t) cos 2

n=0 ty

= ot 2wnt  2mmt
+ g b fo 7cos——dt.  (2.1.8)

The orthogonality of the sine and cosine Fourier modes, as shown by Eq. (2.1.5),
implies that every term in the sum involving b, vanishes. In the first sum, only the
n =m term provides a nonzero integral, equal to 7/2 for m # 0 and T for m =0
according to Eq. (2.1.6). Dividing through by these constants, we arrive at

a=7 [""r(0) .

ty

(2.1.9)

to+T 27rm
a, = T[O £(1) co di, m>0.
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Similarly, the b,’s are determined by multiplying both sides of Eq. (2.1.3) by
sin27mt/T and integrating from ¢, to ¢t,+ 7T for some choice of ¢,. Now
orthogonality causes all terms involving the a,’s to vanish, and only the term
proportional to b,, survives. The result is
2 (tg+T . 2mmt
bm=7ft“ f(t)sin="z=dt,  m>0. (2.1.10)

0

2.1.3 Triangle Wave

Equations (2.1.3), (2.1.9), and (2.1.10) provide us with everything we need to
determine a Fourier series for a given periodic function f(#). Let’s use these
equations to construct Fourier series representations for some example functions.
Our first example will be a triangle wave of period 7. This function can be created
from the following Mathematica commands, and is shown in Cell 2.5 for the case
of T=1:

Cell 2.5
£lt_]1 :=2t/T /; 0 < t < T/2;
£[t ] := 2 - 2t/T /; T/2 < t < T;

T = 1; Plot[£[t]l, {t, 0, T}I;

o
feed
TT T T FT

o
o
I

L L

This is only one period of the wave. To create a periodic function, we need to
define f for the rest of the real line. This can be done using Eq. (2.1.1), the
definition of a periodic function, as a recursion relation for f:

Cell 2.6
£t 1 := £[t - T] /; t > T;
£lt ] := £[t + T] /; t < O

Now we can plot the wave over several periods as shown in Cell 2.7.
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Cell 2.7

Plot[£[t]l, {t, -3T, 3T}1;

This function is continuous, and its derivative is sectionally continuous and not
singular, so according to Theorem 2.1 the Fourier series representation of f
should work. To test this conclusion, we first need to determine the Fourier
coefficients. The a,’s are evaluated according to Eq. (2.1.9). We will perform this
integral in Mathematica analytically, by choosing ¢, =0 and breaking the integral
over f(¢) into two pieces:

Cell 2.8

Clear[T];
aln ] = FullSimplify[(2/T) Integrate[Cos[2Pint/T] 2t/T,
{t, 0, T/2}1 +
(2/T) Integratel[Cos[2Pint/T] (2 - 2t/T), {t, T/2, T}1,
n € Integers]
2 (-1)" (-1+ (-1)7)

nm?

Cell 2.9

al0] = Simplify[(1/T) Integratel2t/T, {t, 0, T/2}1 +
(1/T) Integratel(2 - 2t/T), {t, T/2, T}1]

1
2
A list of a,-values can now be constructed:

Cell 2.10
Table[a[n], {n, 0, 10}]

{1 4 0 4 0 4 0 4 0 4 o}
27 g2t 792t T 25g2 " T 4972 T g1g? ]
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For future reference, we reproduce these results for our triangle wave below:

a, = — n odd,
n-m (2.1.11)

Similarly, we can work out the b,’s by replacing the cosine functions in the above
integrals with sine functions. However, we can save ourselves some work by
noticing that f(¢) is an even function of ¢:

f(=0)=f(1). (2.1.12)

Since sine functions are odd in ¢, that is, sin(— wt) = —sin w?, the Fourier sum
involving the sines is also an odd function of ¢, and therefore cannot enter into the
representation of the even function f. This can be proven rigorously if we choose
to= —T/2 in Eq. (2.1.10). The integrand is an odd function multiplied by an even
function, and is therefore odd. Integrating this odd function from —7/2 to T/2
must yield zero, so therefore b, = 0.

For an even function f(¢), the Fourier representation involves only Fourier
cosine modes; for an odd function it involves only Fourier sine modes.

Thus, our triangle wave can be represented by a Fourier cosine series. We can
construct this series in Mathematica provided that we keep only a finite number of
terms; otherwise the evaluation of the series takes an infinitely long time. Let’s

keep only M terms in the series, and call the resulting function f, . (¢, M):
Cell 2.11
fopproxlt_» M1 := Sum[aln] Cos[2 Pi n t / TI, {n, 0, M}]

For a given period T we can plot this function for increasing M and watch how the
series converges to the triangle wave: see Cell 2.12. One can see that as M
increases, the series approximation to f is converging quite nicely. This is to be
expected: according to Eq. (2.1.11), the Fourier coefficients a, fall off with
increasing n like 1/n?, so coefficients with large n make a negligible contribution
to the series.

Cell 2.12

T =1; Table[Plot[f .
{-.2, 1.2},
PlotLabel —» "M ="<>ToString[MI]], {M, 1, 11, 2}];

[t, M1, {t, 0, 2}, PlotRange—
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Although the series converges, convergence is more rapid in some places than
others. The error in the series is greatest near the sharp points in the triangle
wave. This should come as no surprise, since a sharp point introduces rapid
variation that is difficult to reproduce by smoothly varying cosine Fourier modes.
Functions with rapid variation must be described by rapid varying cosine and sine
functions, which means that » > 1 terms must be kept in the Fourier series.

Functions that vary smoothly can be well described by a finite Fourier series
keeping a small number of terms. Functions with more rapid variation need
more terms in the series.

Perhaps it is now starting to become clear as to why the restrictions on f(¢) are
necessary in Theorem 2.1. If f(¢) has a discontinuity or its derivative is singular, it
cannot be represented properly by sine and cosine functions, because these functions do
not have discontinuities or singularities.

2.1.4 Square Wave

Our next example is a good illustration of what happens when a function violates
the restrictions of Theorem 2.1. Consider a square wave with period T, defined by
the following Mathematica commands:

Cell 2.13

Clear[f];
£lt] :=1/; 0 < t < T/2;
£lt_1 -1 /; -T/2 < t <0
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The definition of f is extended over the entire real line using the same recursive
technique as for the triangle wave, as shown in Cell 2.14. Our square wave has
been defined as an odd function, satistying

f(=1)==f(1), (2.1.13)
Cell 2.14
£lt ] := £[t + T] /; t<-T/2;
£lt ] := £[t - T] /; t>T/2;

T = 1; Plot[£[t]l, {t, -3, 3}1;

[=)
Ut
T T T T 1

T T T
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and therefore its Fourier representation will be as a sine series. The Fourier
coefficients b, follow from Eq. (2.1.10), and can be determined using Mathematica
as follows:

Cell 2.15

bln_] = FullSimplify[2/T (-Integratel[Sin[2Pint/TI],
{t, -T/2, 0}] + Integrate[Sin[2Pint/T],
{t, 0, T/2}1), n€EIntegers]

2 - 2 Cos[nm]
nmw

Thus, this Fourier series has the simple form
4 L 1. 2am

fapprox(taM)=; Z ESin T * (2114)
n=1(nodd)

The Fourier coefficients fall off rather slowly as n increases, like 1/n. The
coefficients for the triangle wave fell off more rapidly, as 1/n* [see Eq. (2.1.11)].
This makes some sense, since the square wave is discontinuous and the triangle
wave continuous, so the high-n terms in the square wave series have more weight.
However, this is also a problem: because the high-n terms are so important, our
finite approximation to the series will not converge the same way as for the
triangle wave. Let’s construct a finite series, f, (¢, M), and view its convergence

approx
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with a table of plots as we did previously for the triangle wave. This is done in Cell
2.16. The series is clearly not converging as well as for the triangle wave. The
discontinuity in the square wave is difficult to represent using a superposition of
smoothly varying Fourier modes.

Cell 2.16

£ [t , M] := Sum[b[n] Sin[2Pint/TIl, {n, 1, M}];

approx - “_

T = 1; Table[Plot[f__..[t, M, {t, -1, 1}, PlotRange— {-1.5,

1.5}, PlotLabel— "M = " <>ToString[M]], {M, 4, 20, 4}];

2.1.5 Uniform and Nonuniform Convergence

It is useful to consider the difference between the series approximation and the
exact square wave as M increases. This difference is evaluated and plotted in Cell
2.17. The error has a maximum value of +1 at the discontinuity points ¢t =m7 /2,
independent of M. This maximum error is easy to understand: the square wave
takes on the values + 1 at these points, but the Fourier series is zero there because
at t =mT /2 the nth term in the series is proportional to sin(nms) = 0.

Cell 2.17

errorplot[M ] :=
(a = £.,0.[t, Ml; Plot[a - £[t], {t, -0.5, 0.5},
PlotRange— {-1, 1}, PlotPoints— 100 M,
PlotLabel —» "Error, M = " <>ToString[M]]);

Table[errorplot[M], {M, 10, 50, 10}1;
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Error, M =10

1
0.75
0.5
0.2
AT AN N AW /.\. D LA |A.

Vot =0 VH Vo2 oY
-0.
0.
-

Error, M =50

Furthermore, each successive peak in the error has a value that is independent
of M: the first peak on the right side of the origin is at about 0.2, the next is at
about 0.1, and so on, independent of M. In fact, in the next subsection we will
show that the maximum size of error of the first peak is 0.1789..., that of the
second is 0.0662..., independent of M. The constancy of these maximum errors as
M increases is most easily observed by animating the above set of graphs. What
you can see from the animation, however, is that while the height of the peaks is
independent of M, the width of the peaks shrinks as M increases, and the peaks
crowd in toward the origin. This strange behavior is called the Gibbs phenomenon.

As a result of the Gibbs phenomenon, for any finite value of M, no matter how
large, there is always a small region around the discontinuity points where the
magnitude of the error is independent of M. Although this region shrinks in size as
M increases, the fact that the error is independent of M within this region
distinguishes the behavior of this Fourier series from that of a function that
satisfies the restrictions of Theorem 2.1, such as the triangle wave studied previ-
ously. There, the error in the series decreased uniformly as M increased. By this
we mean that, as M increases, |f,,,.0 (¢, M) —f(#)] =0 for all z. This is called
uniform convergence of error, and it is necessary in order for us to state that the
left-hand and right-hand sides of Eq. (2.1.3) are strictly equal to one another for
every f.

More precisely, as M increases, a uniformly convergent series satisfies

fapprox (£, M) = f(£)| <e(M), (2.1.15)

where €(M) is some small number that is independent of ¢ and that approaches
zero as M — o, Thus, the error in the series is bounded by e(M), and this error
goes to zero as M increases, independent of the particular value of ¢.
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On the other hand, the behavior of the error in the series representation of the
square wave is an example of nonuniform convergence. Here Eq. (2.1.15) is not
satisfied for every value of ¢: we can find a small range of f-values around the
discontinuities for which the error is not small, no matter how large we take M.

Functions that satisfy the restrictions of Theorem 2.1 have Fourier series representa-
tions that converge uniformly. But even for nonuniformly convergent series, the
previous analysis of the square wave series show that the series can still provide a
reasonably accurate representation of the function, provided that we stay away
from the discontinuity points. Thus, Fourier series are often used to approximately
describe functions that have discontinuities, and even singularities. The description
is not exact for all ¢, but the error can be concentrated into small regions around
the discontinuities and singularities by taking M large. This is often sufficient for
many purposes in scientific applications, particularly in that there are no real
discontinuities or singularities in nature; such discontinuities and singularities are
always the result of an idealization, and therefore we usually need not be too
concerned if the series representation of such functions does not quite describe the
singular behavior.

2.1.6 Gibbs Phenomenon for the Square Wave

The fact that the width of the oscillations in the error decreases as M increases
suggests that we attempt to understand the Gibbs phenomenon by applying a scale
transformation to the time: let 7= Mt/T. For constant 7 the actual time ¢
approaches zero as M increases. The hope is that in these scaled time units, the
compression of the error toward the origin observed in the above animation will
disappear, so that on this time scale the series will become independent of M as
M increases.

In these scaled dimensionless time units, the series Eq. (2.1.14) takes the form

4 X 1. 2mnr
fapprox(Ta M) = T Z ESIU M (2116)
n=1(nodd)

There is still M-dependence in this function, so we will perform another scale
transformation, defining s = Mn. Substituting this transformation into Eq. (2.1.16)
yields

4 ! 1.
fapprox(T,M) = Y 5 sin 27sT. (2.1.17)
s=1/M,3/M,5/M,...

The function (sin27rs7) /s is independent of M and is well behaved as s varies on
[0,1], taking the value 277 at s = 0. Furthermore, the interval As =2/M between
successive s-values decreases to zero as M increases, so we can replace the sum by
an integral over s from 0 to 1:

1

1
lim |As Y %sin277s*r =/ %sinZws*rds. (2.1.18)
As—0 s=As/2,3A5/2,5As5/2,... 0
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Substituting this integral into Eq. (2.1.17) yields the following result for f,

Fuon (12 M) = = [ Lsin2arsr ds. (2.1.19)
0

As we hoped, f,,..ox is now independent of M when written in terms of the scaled
time 7. It can be evaluated in terms of a special function called a sine integral:

Cell 2.18

fopprox[7_1 = Simplify[2/Pi Integrate[Sin[2Pis7]/s,

{s, 0, 1}1, Im[7] == 0]

2 SinIntegral [277]
T

A plot of this function vs. scaled time 7 (Cell 2.19) reveals the characteristic
oscillations of the Gibbs phenomenon that we observed previously. The largest
error in the function occurs at the first extremum (see Cell 2.20).

Cell 2.19

Plot[f,  ...[71, {7,-3, 3}1;

-3 -2 -1 1 2 3

|
o
LA L I

Cell 2.20

DIf, proxlTl, 7]

2 Sinl[2 77l
TT

This derivative vanishes at 7=n/2, n # 0. The plot of f, .. shows that 7= 1is

the location of the first extremum. The maximum value of f, ... is therefore

Cell 2.21

fapprox [1/2]

2 SinIntegral [m]
T
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Cell 2.22
% // N
1.17898

Thus, the maximum overshoot of the oscillation above 1 is 0.17898... . The next
maximum in f,,..., occurs at 7= 3, with an overshoot above 1 of

Cell 2.23
fapprox[3/2] - 1 // N

0.0661865

If we return to regular time units and plot f,,,.., vs. ¢ for different values of M,
we can reproduce the manner in which the oscillations crowd toward the origin as
M increases (see Cell 2.24). Near the time origin, the result looks identical to the
behavior of the square wave Fourier series plotted in Cell 2.16, except that now
fapprox 18 1O longer periodic in 7. The periodic nature of f,,.. has been lost,
because our integral approximation in Eq. (2.1.18) is correct only for ¢ close to

zero. [Equation (2.1.18) assumes 7 remains finite as M — o, so ¢ — 0.]

Cell 2.24

T = 1; Table [PlotlIf
{-1.5, 1.5},

Mt], {t, -1, 1}, PlotRange—

approx

PlotLabel - "M = " <>ToString[MI]], {M, 4, 20, 4}1;
M=4 M =12
1.5- 1.5,
lf— 1?\/W~/—v\
0.5 0.5
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2.1.7 Exponential Notation for Fourier Series

In Sec. 1.6 we found that it could be useful to write a real periodic oscillation
a cos wt + b sin wt in the more compact complex notation, Re[C exp(—i wt)], where
C is a complex number. We can do the same thing for a Fourier series representa-
tion of a real periodic function of period 7"

f(t)=a,+ iancos(nAwt)—F ibnsin(nAwt). (2.1.20)

n=1 n=1

Here we have written the series in terms of the quantity A w = 27 /T, which is the
fundamental frequency of the periodic function (see Sec. 2.1.1).

In order to write this series in complex form, we will use the trigonometric
identities

eix + e*ix . eix _ e*ix
cosx=—75—, Sin x = ——-——. (2.1.21)

When these identities are employed in Eq. (2.1.20), and we combine the common
terms involving e’™2¢’ and e "¢, we obtain

%]

+ b b
f(t) =ay+ Z In 7 O grinsor 4 Do ginsor, (2.1.22)

Note that, for real a, and b,, the second sum is the complex conjugate of the first
sum. Using the fact that z +z* = 2Re z for any complex number z, we see that
Eq. (2.1.22) can be expressed as

f(t) =a,+Re i (a, +ib,) e "2 |, (2.1.23)

n=1

If we now introduce complex Fourier coefficients C,, defined as

Co=ay,
(2.1.24)
C,=a,+ib,, n>0,
we can write Eq. (2.1.22) in the following compact form:
f(t) = Re[ ) Cne_i”A“”}. (2.1.25)
n=0

Equation (2.1.25) is one form for an exponential Fourier series, valid for real
functions f(z). Another form that can also be useful follows from Eq. (2.1.22) by



2.1 FOURIER REPRESENTATION OF PERIODIC FUNCTIONS 103

defining a different set of complex Fourier coefficients c,:

Co = do>
a, +ib,

=" n>0, (2.1.26)
a_,—ib_,

=" n <0.

The definition of these coefficients is extended to n < 0 for the following reason:
this extension allows us to express the second sum in Eq. (2.1.22) as Y% _,c_, e *“".

Then by taking n — —n in this sum, and noting that this inversion changes the
range of the sum to — to —1, we can combine the two sums and obtain

f(r) = i c, e nher (2.1.27)

n=—w

Equation (2.1.27) is a second form for the exponential Fourier series. It differs
from the first form in that the real part is not taken, and instead the sum runs over
both negative and positive n, from —o to +. Also, note that we did not assume
that a, and b, are real, so Eq. (2.1.27) works for complex periodic functions f(z)
as well as for real periodic functions. For this reason, Eq. (2.1.27) is somewhat
more general than Eq. (2.1.25), which applies only to real functions.

We are now left with the question of how to determine the complex Fourier
coefficients. Of course, we could determine the real coefficients a, and b, and
then use use either Eqgs. (2.1.24) or Egs. (2.1.26), but it would be better if we could
determine the complex coefficients ¢, (or C,) directly without reference to the
real coefficients. This can be done by using a new set of orthogonality relations,
valid for complex exponential functions.

Before we can consider these orthogonality relations, we must first extend the
notion of orthogonality, Eq. (2.1.4), to cover complex functions. Two complex
functions g(¢) and Ah(¢) are said to be orthogonal on the interval [a, b] if they
satisfy

['s(tyn(r)*di=o0. (2.1.28)

The complex conjugation is added to the definition so that we can again say that a
function cannot be orthogonal with itself: [’g(¢)g(t)*dt = ["|g(0)|*dt > 0, with
equality only for a function that equals zero across the interval. Of course, we
could equally well have the complex conjugate of g rather than /4 in this definition,
[2g(t)*h(t)dt = 0.

The complex exponential Fourier modes, e "2’ (with Aw=_27/T), satisfy
the following orthogonality relations on the interval ¢, to t,+ T, for any choice
of ¢,:

ftOJrTe*i”A“”(e”'mA“’)*dt=07 m#n. (2.1.29)

ty
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This can easily be proven using a couple of lines of algebra:

to+T _. .
f e mAwt(e thwt)*dt
ty

_ ’0+Te—277i(n—m)t/Tdt _ T [e—Zwi(n—m)(tU+T)/T_e—2ﬂ-i(n—m)t0/T]
. —2mi(n—m)
0
T e*ZTri(nfm)tU/T[e727ri(n7m)_ 1] =0. (2130)

- —2mi(n —m)

The case where m = n is even simpler:

[ erinsvi(eminsoryra— [ e g =T, (2.1.31)
to ty
Equations (2.1.29) and (2.1.30) can now be used to determine the Fourier coeffi-
cients ¢, for a given function f(¢). To do so, we multiply both sides of the equation
by (e"*™4“’)* and integrate over one period:

/t0+T(e—imAmt)*f(t) dt = Z Cn/IOJrT(e—im A(ut)*e—inAwt dr. (2.1.32)
ty n=-—w ty
Then, according to Eq. (2.1.29), all terms in the sum vanish, except for the n =m
term, which, after applying Eq. (2.1.31), equals c,,T. Thus, we find

e = [T (e f (1) a. (2.1.33)

Equations (2.1.33) and (2.1.27) allow us to write any periodic function f(#) as an
exponential Fourier series. Of course, the function must satisfy the requirements
of Theorem 2.1 in order for the series to converge uniformly to f.
For real f we can also write the series in the form of Eq. (2.1.25) by using Eq.
(2.1.33) along with the relations
Co=¢q»
C,=2c

n n’

which follow from comparing Egs. (2.1.24) and (2.1.26).

2.1.34
n>0, ( )

Two representations of an exponential Fourier series (the first is valid only for

real f(1)):
(1) f()=Re[X:_,C, e "2,
Q) f(H=X:__,c,e "t
where

Cy=cy,
C,=2c,, n>0,

and

¢, =zl (e 2D f()de  forall n.
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2.1.8 Response of a Damped Oscillator to Periodic Forcing

Armed with the knowledge we have gained in previous sections, we can now return
to the question put forward at the beginning of the chapter: what is the response
of a damped oscillator to general periodic forcing f(¢)?

We will find a particular solution x () to the oscillator equation (1.6.2) in the
form of an exponential Fourier series:

x, ()= ) x,e "8 (2.1.35)

n=—ow

where x, is the complex Fourier coefficient of x,(¢), Aw=2m/T is the funda-
mental frequency of the given periodic forcing function, and 7 is the fundamental
period of the forcing. If we substitute Eq. (2.1.35) into Eq. (1.6.2), we obtain

%]

Y xn[—(nAw)z—i'ynAw+ wé]e”'”A“’lzf(t), (2.1.36)

n=—ow

Finally, we can extract the Fourier coefficient x, by multiplying both sides by
(e~ "2’y integrating over a period of the force, and using the orthogonality
relations Eq. (2.1.29) and (2.1.31). The result is

c
X, = . , 2.1.37
—(nAa))z—iynAw+w§ ( )

where ¢, is the nth Fourier coefficient of the forcing function, given by Eq.
(2.1.33).

This simple expression contains a considerable amount of physics. First, note
that each Fourier mode in the force drives a single Fourier mode in the oscillator
response. For the case of a strictly sinusoidal force, Egs. (2.1.37) and (2.1.25)
reduce to Eq. (1.6.45).

Second, the principle of superposition is implicitly coming into play: according
to Eq. (2.1.35), the total oscillator response is a linear superposition of the
responses from the individual Fourier modes. However, each mode is indepen-
dently excited, and has no effect on other modes.

Third, note that for high-n Fourier modes, the response is roughly x, ~
—c,/(n Aw)?, which approaches zero more rapidly with increasing n than do the
forcing coefficients c,,. Basically, this is an effect due to inertia of the oscillator: a
very high-frequency forcing causes almost no effect on an oscillator, because the
oscillator’s inertia doesn’t allow it to respond before the force changes sign.

Fourth, for very low-frequency forcing, such that (n A w)* < w? for all Fourier
modes entering the force, the response is x, ~c,/wi. We can then re-sum the
series according to Eq. (2.1.35) and (2.1.27), to find that the oscillator amplitude
tracks the forcing as x,(t) ~ f(1)/wg. This makes sense intuitively: according to
Hooke’s law, when you slowly change the force on a spring, it responds by changing
its length in proportion to the applied force.

Finally, note that some Fourier modes are excited to higher levels than other
modes. For Fourier modes that satisfy (n Aw)* = 0}, the denominator in Eq.
(2.1.37) is close to zero if y is small, and the system response exhibits the
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resonance phenomenon discussed in Sec. 1.6.4. These resonant modes are driven
to large amplitude. For the case of an undamped oscillator (y=0) and exact
resonance (n Aw= w, for some value of n), Eq. (2.1.37) does not apply. The
resonant response is no longer described by a Fourier mode, but rather by a
growing oscillation. The form of this oscillation can be found using the methods for
exact resonance discussed in Sec. 1.6.4.

Resonance phenomena are of great importance in a number of systems, includ-
ing the system to be discussed in the next section.

2.1.9 Fourier Analysis, Sound, and Hearing

The sound that a sinusoidal oscillation makes is a pure tone. Mathematica can play
such sounds with the intrinsic function Play. For example, the sound of the pure
note middle A is a sinusoid with frequency w =2 X 440 s!; the command and
visible response are shown in Cell 2.25. Play assumes that the time ¢ is given in
seconds, so this command causes a pure middle-A tone to play for 1 second. The
tone can be repeated by double-clicking on the upper corner of the inner cell box.

Cell 2.25
Play[Sin[2Pi 440t], {t, 0, 1}]

We can also play other sounds. For example (Cell 2.26), we can play the sound
of a triangle wave, which has a distinctive buzzing quality. The visible response of
Play is suppressed in order to save space. Here we have used the Fourier series
for a triangle wave, with coefficients as listed in Eq. (2.1.11), keeping 30 coeffi-
cients, and neglecting the n = 0 term (since it merely produces a constant offset, of
no importance to the sound). We have also added an option PlayRange, which is
analogous to PlotRange for a plot, setting the range of amplitude levels to be
included; it can be used to adjust the volume of the sound.
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Cell 2.26
T = 1/440; aln 1 = -4/ (n*2Pi*2);
fopproxlt_s, 30] = Sumlaln] Cos[2Pint/Tl, {n, 1, 30, 2}1;
Play[f ...[t, 301, {t, 0, 1}, PlayRange— {-0.6, 0.6)]

The harsh buzzing sound of the triangle wave compared to a pure sine wave is
caused by the high harmonics of the fundamental middle-A tone that are kept in
this series.

Let’s now consider the following question: what happens to the sound of the
triangle wave if we randomize the phases of the different Fourier modes with
respect to one another? That is, let’s replace cos(2mnt /T) with cos[27 (nt /T + ¢,)],
where ¢, is a random number between 0 and 2#. The resulting series can be
written in terms of a sine and cosine series by using the trigonometric identity

cos2m(nt/T+ ¢,) = cos ¢, cos2mnt/T — sin ¢, sin2ant /T.

If we plot the series, it certainly no longer looks like a triangle wave, although it
remains periodic with period T, as shown in Cell 2.27. The waveform looks very
different than a triangle wave, so there is no reason to expect that it would sound
the same. However, if we play this waveform (using the same PlayRange as
before, as shown in Cell 2.28), the sound is indistinguishable from that of the
triangle wave. (Again, the visible output of Play is suppressed to save space.) This
is surprising, given the difference between the shapes of these two waveforms. One
can verify that this is not an accident. By reevaluating the random waveform one
gets a different shape each time; but in each case the sound is identical. (Try it.)

Cell 2.27
T = 1/440; aln ] = -4/ (n*2Pi*2);
fopprox[t_s 301 = Sum[a[n] Cos[2Pi (nt/T + Random[])],

{n, 1, 30, 2}1;

PlotI[£f

[t, 301, {t, 0, 3T}1;

approx
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Fig. 2.2 Simplified diagram of the middle and inner ear (not to scale).

Cell 2.28

Playl[f [t, 301, {t, 0, 1}, PlayRange— {-0.6, 0.6)]

approx

Why do different-shaped waveforms make the same sound? The reason has to
do with how we perceive sound. Sound is perceived by the brain through the
electrical signals sent by nerve cells that line the inner ear. Each nerve cell is
attached to a hair that is sandwiched between two membranes—the basilar
membrane and the tectorial membrane (see Fig. 2.2). As sound waves move
through the fluid in the inner ear, these membranes, immersed in the fluid, move
relative to one another in response. The basilar membrane is thicker and stiffer in
some places than in others, so different parts of the membrane are resonant to
different frequencies of sound. Therefore, a given sound frequency excites motion
only in certain places on the membrane. (This correspondence between frequency
and location is called a tonotopic map.) The motion excites the hairs at these
locations, which in turn cause their respective neurons to fire at a rate that
depends on the amplitude of the motion, sending signals to the brain that are
interpreted as a sound of a given frequency and loudness.

If you think this system sounds complicated, you’re right. After all, it is the
product of millions of years of evolutionary trial and error. But one can think of it
very roughly as just a system of oscillators having a range of resonant frequencies.
Crudely speaking, the ear is doing a Fourier analysis of the incoming sound: the
different frequency components of the sound resonantly excite different hairs,
which through the tonotopic map are perceived as different frequencies. The
amplitude of a hair’s motion is translated into the amplitude of the sound at that
frequency. The phase of the motion of the hairs relative to one another is
apparently not important in what we perceive as the quality of the sound (as we
have seen, the “sound” of the sound is unchanged by phase modulation of different
frequency components).

However, as always seems to be the case in biological systems, things are really
more complicated than this crude picture. The phase of the motion of the hairs is
not completely ignored by the auditory system, at least for sounds with frequencies
less than around 1-1.4 kHz. For this range, neurons are thought to be able to
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“phase lock” their firing to the phase of the sound—for instance, the neuron might
fire only at the peak of the sine wave. (At higher frequencies, the neuron’s firing
rate apparently cannot keep up with the sound oscillation.) Experiments have
shown that this phase information is used by the brain’s auditory system to help
locate the source of the sound, by comparing the phase in the right ear with that in
the left. (See the exercises.)

Also, the auditory system is not passive. It has recently been shown that the
resonant response of the hairs to a sound impulse is actually amplified by
molecular motors in the membranes of the hair cells. This amplification allows the
response of the system to be considerably more sharply peaked about the resonant
frequency than would be the case for a purely passive system with the same
damping rate. In fact, the molecular motors cause the hairs to vibrate continuously
at a low level, and the sound this motion creates can be picked up by sensitive
microphones outside the ear. The ear is not just a passive receiver: it also transmits
(albeit at a level below our conscious perception).

In summary, two periodic waveforms will look different if their Fourier
components have different relative phases, but they will still sound alike if their
Fourier amplitudes are the same.

EXERCISES FOR SEC. 2.1

(1) Prove that for a periodic function f(¢) of period T, the following is true:
Iif@)dt = [T f(t) dt for any x.

(2) (a) Do the following periodic functions meet the conditions of Theorem 2.1?
@ f(O) =1t on — L << 1 f()=ft+1).
(i) f(x)=3xon 0<x<2; f(x)=f(x+2).
(iii) f(t) =exp(—1) on 0 <t <3; f(£)=f(t + 3).
(b) Find the Fourier series coefficients A, and B, for the periodic functions
of part (a).
(¢c) Plot the resulting series for different numbers of coefficients M, 1 <M <

10, and observe the convergence. Compare with the exact functions. Are
the series converging?

(d) Plot the difference between the series and the actual functions as M
increases, and determine using Eq. (2.1.15) whether the series are exhibit-
ing uniform convergence.

(e) For the series of function (ii), evaluate the derivative of the series with
respect to x, term by term. Compare it with the derivative of 3x on
0<x<2 by plotting the result for M =10, and M =50. Does the
derivative of the series give a good representation of f'(x)?

(3) (a) Theorem 2.1 provides sufficient conditions for convergence of a Fourier
series. These conditions are not necessary, however. Functions that have
singularities or singular derivatives can sometimes also have well-behaved
convergent Fourier series. For example, use Mathematica to evaluate the
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4)
(5)

(6)

(7)

(8)

FOURIER SERIES AND TRANSFORMS

Fourier sine-cosine series of the periodic function
f(x)=Vx(1-x) onO0<x<1, f(x+1)=f(x),

and plot the result for M =4,8,12,16,20. Does this series appear to be
converging to f(x) as M increases? (Hint: Don’t be afraid of any special
functions that Mathematica might spit out when evaluating Fourier
coefficients. You don’t need to know what they are (although you can
look up their definitions in the Mathematica book if you want). Just use
them in the series, stand back, and let Mathematica plot out the result.]

(b) At what value of x is the maximum error in the series occurring?
Evaluate this maximum error for M = 10,30, 60,90. According to Eq.
(2.1.15), is this series converging uniformly?

Repeat Exercise (2)(b) and (c) using exponential Fourier series.

A damped harmonic oscillator satisfies the equation x” +x' + 4x = f(¢). The

forcing function is given by f(¢1) =%, —1 <t <1; f(t +2) =f(2).

(a) Find a particular solution x,(¢) to the forcing in terms of an exponential
Fourier series.

(b) Find a homogeneous solution to add to your particular solution from part
(a) so as to satisfy the ODE with initial conditions x(0)=1, x'(0) =0.
Plot the solution for 0 <t < 20.

An undamped harmonic oscillator satisfies the equation x” +x =f(¢). The

forcing function is a square wave of period 3: f(1)=1, 0<t<1g; f(¢t)=0,

1<t<d; fe+ H=f).

(a) Find a particular solution to this problem. (Be careful—there is an exact
resonance.)

(b) Find a homogeneous solution to add to the particular solution so as to
satisfy the ODE with initial conditions x(0)=0, x'(0)=0. Plot the
solution for 0 <t < 20.

An RC circuit (a resistor and capacitor in series) is driven by a periodic
sawtooth voltage, with period T, of the form V(¢) = V; Mod[¢/T, 1]. Plot V(¢)
for T=10.002, V, =1 over a time range 0 <t <4T.

(a) The charge Q(¢) on the capacitor satisfies the ODE RQ’ + Q/C = V(¢).
Find a particular solution for Q(¢) (in the form of an exponential Fourier
series). Add a homogeneous solution to match the initial condition
Q(0) = 0. Plot Q(¢) for M =5,10,20 for the case R =500 Q, C =2uF,
V,=1V, T=0.002s. Compare the shape of Q(¢) for a few periods to the
original voltage function.

(b) Play the sawtooth sound V(¢), and play the resulting Q(¢) as a sound.
Play Q(t) again, for R = 5000 Q, all else the same. Would you character-
ize this circuit as one that filters out high frequencies or low frequencies?

(a) Rewrite the exponential series of the previous problem for Q(¢) as a
cos—sin series. For M =20 compare with the exponential series by
plotting both, showing they are identical.
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(b) Randomize the phases of the Fourier modes in part (a) by replacing
cos(nmAwt) and sin(nmAwt) with cos(nmAwt+ ¢,) and sin[nmAwt
+ ¢,], where ¢, and ¢, are random phases in the range (0,27),
different for each mode, and generated using 2wRandom[]. Listen to
the randomized series to see if you can tell the difference. Also plot the
randomized series for a few periods to verify that the function looks

completely different than Q(z).

(9) Find a particular solution to the following set of coupled ODEs using
exponential Fourier series:

x"(1) = —(x=2y) =x" +£(1),
Y1) =—(y—x) +£2(1),

where f(1) = (Mod[¢,1])? and f,(t) = 2Mod[#,/2] are two sawtooth oscilla-
tions (with incommensurate periods). Plot the particular solution for 0 <¢ <
10. Keep as many terms in the series as you feel are necessary to achieve
good convergence.

(10) When a signal propagates from a source that is not directly in front of an
observer, there is a time difference between when the signal arrives at the left
and right ears. The human auditory system can use this time delay to help
determine the direction from which the sound is coming. A phase difference
between the left and right ears of even 1-2 degrees is detectable as a change
in the apparent location of the sound source. This can be tested using Play.
Play can take as its argument two sound waveforms, for left and right chan-
nels of a set of stereo headphones. For example, Play [{Sin[440 2 w t],
Sin[440 2wt + d(t)1},{t,0,10}] plays a sine tone for 10 seconds in
each ear, but with a phase advance ¢(¢) in the right ear.

Using a pair of stereo headphones with the above sound, see if you can
determine an apparent location of a sound source. Try (a) ¢(¢) =0.2¢, (b)
¢(t) = —02¢; (¢) ¢(¢)=0. Can you tell the difference? [See Hartmann
(1999).] (Warning! The stereo effect in Play may not work on all platforms.
Test it out by trying Play[{0,Sin[440 2w t1}, (t,0,1}]: this should
produce a tone only in the right ear. Repeat for the left ear. Also, make sure
the volume is on a low setting, or else crosstalk between your ears may
impede the directional effect.)

2.2 FOURIER REPRESENTATION OF FUNCTIONS DEFINED ON
A FINITE INTERVAL

2.2.1 Periodic Extension of a Function

In the previous sections, Fourier series methods were applied to represent periodic
functions. Here, we will apply Fourier methods to functions f(¢) defined only on
an interval, a <t <b. Such functions often appear in boundary-value problems,
where the solution of the differential equation is needed only between boundary
points a and b.
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Fig. 2.3 Periodic extension of a function f(¢) defined on the interval a <t <b, with
a=—1land b=2.

Functions defined only on an interval are not periodic, since they are not
defined outside the interval in question and therefore do not satisfy Eq. (2.1.1) for
all £. However, a Fourier representation can still be obtained by replacing f(¢) with
a periodic function f‘")(¢), defined on the entire real line —o <f <,

There are several different choices for this periodic function. One choice
requires fP(¢) to equal f(¢) on a <t <b, and to have period T =5b — a:

%) =f(1), a<t<b,

2.2.1
FO(+T) =fP (). e

The function fPX(¢) is called a periodic extension of f(t). The type of periodic
extension given by Eq. (2.2.1) is depicted in Fig. 2.3
Since f7) is periodic with period T, it can be represented by a Fourier series,

(1) = i c, e inder (2.2.2)

n=—ow

where Aw=2a/T. The Fourier coefficients ¢, can be found using Eq. (2.1.33):

1 b :
o= [ f1)e "2 dr. (2.2.3)
The function could also be represented by a Fourier sine—cosine series,

fP(ty= Y a,cos(nAwt)+ ) b,sin(nAwt),
n=0 n=1

but usually the exponential form of the series is more convenient.
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For example, say that f(t) =¢> on 0 <t < 1. The Fourier coefficients are then

Cell 2.29
cln ] = Simplify[Integratel[t®2 Exp[I 2Pint], {t, 0, 1}1,
n € Integers]
1-inm
2n?7?

Cell 2.30

c[0] = Integratel[t®2, {t, 0, 1}]

1
3

The M-term approximant to the Fourier series for f can then be constructed and
plotted as in Cell 2.31. This M = 50 approximation to the complete exhibits the by
now familiar Gibbs phenomenon, due to the discontinuity in the periodic extension
of f(¢). For this reason, the series does not converge to f(¢) very rapidly;
f, ~ —i/Qnm) for large n, which implies many terms in the series must be kept to
achieve reasonable convergence.

Cell 2.31
fapprox[X_» M 1 := Sumlc[n] Exp[-I 2Pintl, {n, -M, M}];
func = £ [t, 501;

approx

Plot [func, {t, -2, 2}, PlotRange— {-0.2, 1.2},
PlotLabel — £® (t) for f£(t) = t? on 0<t<1"];

£®@ (t) for £ (t) = t2 on 0<t<1

£® () for F(t) =t? on O<t<l

TTT [T T T [ TTTTTTTTTTTTTT

2.2.2 Even Periodic Extension

The problem of poor convergence can be avoided by using a different periodic
extension of f(z). Consider an even periodic extension of f, f“)(¢), with period 2T
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Fig. 2.4 Even periodic extension of a function f(¢) defined on the interval —1 <7 < 2.

rather than 7. This extension obeys

f(1), a<t<a+T,
f2a—-t), a-T<t<a, (2.2.4)

FO+2T) = (1).

FO(1) =

The even periodic extension of a function is depicted in Fig. 2.4. It is an even
function of ¢ about the point ¢ = a, and for this reason no longer has a discontinu-
ity. Therefore, we expect that the series for £ will converge more rapidly than
that for 7, and will no longer display the Gibbs phenomenon with nonuniform
convergence.

Since the function is even around the point ¢ = a, the series is of cosine form
when time is evaluated with respect to an origin at a:

fr) = i a,cos[nAw(t—a)/2]. (2.2.5)

n=0

Note that the period is now 27T rather than T, so the fundamental frequency is
Aw/2.

In order to determine the Fourier coefficients for f(), we must now integrate
over an interval of 27. A good choice is the interval a — T <t <a + T, so that the
Fourier coefficients have the form

an=7["TFO) cos[nAw (1 —a) /2l dr, >0,
aT (2.2.6)

a+T

1
ay= 57 ©(t)dr.
Ty AL

Let’s break the integrals up into two pieces, running from a — T to a and from
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a to a+T=>b, and use Eq. (2.2.4):
1 ra
a,= Tf f(2a—t)cos[nAw (t—a)/2] dt
a—T
+ [f(1)coslndw(t—a)/2)d1,  n>0, (2.2.7)

a,= 2—le;in(2¢1 —t)dt+ ;_Tfubf(t) dt.

Then, performing a change of variables in the first integral from ¢ to 2a — ¢, and
using the fact that cos(—¢) = cos ¢ for any ¢, we obtain

an=%fbf(t)cos[nAw(t—a)/Z] dt, n>0,
, ”b (2.2.8)
ay = Tfaf(t) dr.

Equations (2.2.5) and (2.2.8) allow us to construct an even Fourier series of a
function on the interval [a, b], with no discontinuities. As an example, we will
construct £ for the previous case of f(¢)=1¢* on [0, 1]:

Cell 2.32
T = 1;
aln ] = 2/T Simplify[Integratel[t®2 Cos[2Pint/ (2T)1,

{t, 0, T}], neIntegers]
4 (-1)*"

nm?
Cell 2.33

al0] = 1/T Integratel[t®2, {t, 0, 1}]
1

3

Terms in the series are now falling off like 1/n* rather than 1/n, so the series
converges more rapidly than the previous series did. This can be seen directly from
the plot in Cell 2.34. Note that we have only kept 10 terms in the series, but it still
works quite well. There is no longer a Gibbs phenomenon; the series converges
uniformly and rapidly to ¢ on the interval [0, 1].

Cell 2.34
fapprox[X_» M 1 := Sum[a[n] Cos[2Pint/ (2T)], {n, 0, M}1;
func = £ [t, 10];

approx

Plot[func, {t, -2, 2}, PlotRange— {-0.2, 1.2},
PlotLabel — "f£(® (t) for f(t)=t2 on 0<t<1"];
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£@) (t) for F£(t) =t? on O<t<l
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2.2.3 0dd Periodic Extension

It is also possible to define an odd periodic extension to a function f(¢), defined on
the interval [a, b]. This extension, f°)(¢), is odd around the point ¢t =a, and is
defined by

f(1), a<t<a+T,
—f(2a—1t), a—T<t<a, (2.2.9)

FO(+2T) =fA1).

This type of periodic extension is useful when one considers functions f(¢) for
which f(a)=f(b) =0. Although the periodic extension and the even periodic
extension of such functions are both continuous at ¢ =a and b, the odd periodic
extension also exhibits a continuous first derivative at the boundary points, as can
be seen in Fig. 2.5. This makes the series converge even faster than the other types
of periodic extension. However, if either f(a) or f(b) is unequal to zero, the
convergence will be hampered by discontinuities in the odd periodic extension.

FO1) =

Like the even periodic extension, the odd periodic extension also has period 27T.
However, since it is odd about the point ¢ = a, it can be written as a Fourier sine
series with time measured with respect to an origin at ¢ = a:

fO>t)= Y b,sin[nAw(t—a)/2]. (2.2.10)
n=1

The Fourier coefficients b, can be determined by following an argument analo-
gous to that which led to Eq. (2.2.8):

b, = %fbf(t)sin[n Aw(t—a)/2] dt. (2.2.11)
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Fig. 2.5 0Odd periodic extension of a function f(¢) defined on the interval 1 <t < 3.
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As an example, let’s construct the odd periodic extension of the function #(1 —¢?)
on the interval [0, 1]. This function is zero at both =0 and ¢ = 1, and so meets the
conditions necessary for rapid convergence of the odd periodic extension.

The Fourier coefficients are given by

Cell 2.35
T =1; bln 1 =
2/T Simplifyl[Integratelt (1 - t®2) Sin[2Pint/ (2T)1,
{t, 0, T}], ne<Integers]
B 12 (-1)*®

n*m3

These coefficients fall off as 1 /x°, which is faster than either the coefficients of the
even periodic extension,

Cell 2.36
T =1; aln ] =
2/T Simplifyl[Integratel[t (1-t®2) Cos[2 Pi n t / (2T)1,
{t, 0, T}], neIntegers]

2 (6 (-1 + (-1)7) 1+ 2 (-1)® n?7?)

-
n*mt

or the regular periodic extension,

Cell 2.37
T=1; cln_] =
1/T Simplify[Integratelt (1 - t*2) Expl[I 2Pint/T],
{t, 0, T}], n€Integers]

3 (1 +nm)

4 n®a

both of which can be seen to fall off as 1/n? for large n.
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A plot (Cell 2.38) of the resulting series for the odd periodic extension, keeping
only five terms, illustrates the accuracy of the result when compared to the exact

function.

Cell 2.38
foprox[X_, M1 := Sumlbln] Sin[2Pint/(2T)1, {n, 1, M}];
func = £ [t, 51;

approx

pl = Plot[t (1 - t*2), {t, o0, 1},
PlotStyle - {RGBColor[1l, 0, 0], Thickness[0.012]1},
DisplayFunction— Identity];

p2 = Plotl[func, {t, -1, 2}, DisplayFunction— Identityl];

Show[pl, p2, DisplayFunction— $DisplayFunction,
PlotLabel —> "f£‘ (t) for f(t)=t(1- t?) on 0<t<1"];

£19(t) for £(t) =t (1-t?) on 0<t<l
0.4
0.2
L v v b o b % b
- ~0.5 L. 0.5 1.5
L2
-0.4—

2.2.4 Solution of Boundary-Value Problems Using Fourier Series

In linear boundary-value problems, we are asked to solve for an unknown function
¢(x) on a given interval a <x <b. (Here we consider a boundary-value problem in
space rather than in time.) The general form of the linear ordinary differential
equation is

Lé=p, (2.2.12)

where p(x) is a given function of x, and L is some linear differential operator.
This equation is supplemented by boundary conditions on ¢ and/or its derivatives
at a and b.

Fourier series methods are useful in finding a particular solution ¢, to this
inhomogeneous ODE, provided that L is a differential operator with constant
coefficients, of the form given in Eq. (2.6.7).
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For example, consider the problem of determining the electrostatic potential
between two parallel conducting plates at positions x =a and x =b, between
which there is some given distribution of charge, p(x). The potential satisfies the
Poisson equation (1.1.10), which in one spatial dimension takes the form

d$p _ p(x)
€

i , o(a)=V,, ¢(b)=V,, (2.2.13)
and where V; and V, are the voltages applied to the two plates.

This problem could be solved by the direct integration technique used to solve
Eq. (1.1.1). Here, however, we will use Fourier techniques, since such techniques
can also be applied to more complex problems that are not amenable to direct
integration. We will run across many more problems of this type in future sections.

To solve this problem using Fourier techniques, we follow the procedure
discussed in Sec. 1.6, and break ¢ into a homogeneous and a particular solution:

b=+ ¢, (2.2.14)

where the particular solution ¢, is any solution that satisfies Eq. (2.2.13):

d2¢p _ p(x)
dx? €

(2.2.15)

After we have found a particular solution, we then solve for a homogeneous
solution that satisfies the proper boundary conditions:

d’g,
de

=0, ¢ (a)=V,—,(a), ¢(b)=V,—¢,(b). (22.16)

In this way, the particular solution takes care of the inhomogeneity, and the
homogeneous solution takes care of the boundary conditions. Adding Egs. (2.2.15)
and (2.2.16), one can easily see that the total potential, Eq. (2.2.15), satisfies both
ODE and boundary conditions in Eq. (2.2.13).

For this simple ODE, the general homogeneous solution is ¢,(x) = C, + C,x.
To find the particular solution using Fourier methods, we replace ¢, by its
periodic extension and employ an exponential Fourier series,

b,(x) = i ¢, e/ (2.2.17)

n=-—mw

where L =b —a is the length of the interval.

Note the change in sign of the exponential compared to the previous section
involving Fourier time series, Eq. (2.1.27). For spatial Fourier series, the above
sign is conventional; for Fourier series in time, the opposite sign is used. Of course,
either sign can be used as long as one is consistent throughout the calculation, but
we will stick with convention and use different signs for time and space series.
(Although these different conventions may seem arbitrary and confusing at first,
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there is a good reason for them, having to do with the form of traveling waves. See
Sec. 5.1.1.)

The Fourier coefficients ¢, can then be found by substitution of Eq. (2.2.17)
into the ODE and taking the derivative of the resulting series term by term:

d¢ “ i2an\* . (
P _ i2mnx/L _ __ p X)
- T ¢n( & ) e <23 (2.2.18)
If we now multiply both sides of the equation by (e’>""*/!)*, integrate from a to b,
and use the orthogonality relations (2.1.29), the result is

(LY
by = 27n) €’

where p, is the nth Fourier coefficient of p(x), given by

n+0, (2.2.19)

1 b —i2mwnx
pn=rfap(x)e 2mnx/L gy, (2.2.20)

However, for the n = 0 term, the coefficient in front of ¢, in Eq. (2.2.18) vanishes,
so a finite solution for ¢, cannot be found. This is a case of an exact resonance,
discussed in Sec. 1.6. For this special resonant term, the solution does not have the
form of a Fourier mode. Rather, the right-hand side of Eq. (2.2.18) is a constant,
and we must find a particular solution to the equation

d2
df’z’” = - i—s, (2.2.21)

where p, is the n = 0 Fourier coefficient of p(x). A particular solution, found by
direct integration of Eq. (2.2.21), is

bpo(x) = —pyx*/2¢, (2.2.22)

which exhibits the secular growth typical of exact resonance. Thus, a particular
solution to Eq. (2.2.13) is

b (x) = X b, e+ (), (2.2.23)

n=-—o
n+0

with ¢, given by Eq. (2.2.19) and ¢,,(x) given by Eq. (2.2.22).

In order to complete the problem, we must add in the homogeneous solution
¢,(x)=C, + C,x, with C, and C, chosen to satisfy the boundary conditions as
described by Eq. (2.2.16). The result is

$(x) =V, = d,(a) + [Va— d,(b) =V, + B ()| 1= + d,(x). (22.24)
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Equation (2.2.24) is our solution to the boundary-value problem (2.2.13). Of
course, this particular boundary-value problem is easy to solve using simple
techniques such as direct integration. Applying Fourier methods to this problem is
akin to using a jackhammer to crack an egg: it gets the job done, but the result is
messier than necessary. However, in future sections we will find many situations
for which the powerful machinery of Fourier series is essential to finding the
solution.

EXERCISES FOR SEC. 2.2

1)

(2)

(3)

4)

(5)

(6)

(7)

If f(¢) is continuous on 0 < ¢ < T, under what circumstances is (a) its periodic
extension continuous? (b) its even periodic extension continuous? (c) its odd
periodic extension continuous?

Use the periodic extension for the following functions on the given intervals to
determine an exponential Fourier series. In each case plot the resulting series,
keeping M = 20 terms:

(@) f(t)=e'sindt, 0 <t < w/2.

M) f(x)=x* —1<x<l1.

(© f(H=t>—30<t<1.

For each case in Exercise (2), state which type of periodic extension (even or
odd) will improve convergence the most. Evaluate the series for the chosen
periodic extension with M = 20, and plot the result.

The charge density between two grounded conducting plates (¢ =0at x = —L

and x=L) is given by p(x)=Ax> The electrostatic potential ¢ satisfies

dp/dx* = —p/e.

(a) Find ¢ between the plates using an exponential Fourier series running
from —M to M. Taking M = 10, plot the shape of ¢(x) taking A/€,=1
and L =1.

(b) Compare the approximate Fourier solution with the exact solution, found
in any way you wish.

Exercise (4) can also be solved using the trigonometric eigenfunctions of the
operator d?/dx? that satisfy ¢y=0 at x= +L. These eigenfunctions are
sinf[nm(x —L)/2L], n=1,2,3,... . Repeat Exercise (4) using these eigenfunc-
tions.

Exercise (4) can also be solved using the trigonometric eigenfunctions of the
operator d*/dx* that satisfy ' =0 at x= +L. These eigenfunctions are
coslnm(x—L)/2L], n=0,1,23.... Repeat Exercise (4) using these eigen-
functions.

(a) Find particular solutions to the following boundary-value problems using
Fourier methods.

(b) Plot the particular solutions.
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(¢) Find homogeneous solutions to match the boundary conditions and solve
the full problem. Plot the full solution.
d’ .
(i) e ¢p=xsin2x, p(—m)=0, ¢(7)=0.
(i) % +4¢ = %, ¢'(m)=2, $Q27)=0. (Caution: there may be an

exact resonance.)

2
Gi) 224592 4 g—xe, 4 =0, 9'0) -
2
) <% +z%‘” = 60 =0, 41D =2
(v) % —2% + == dé —2¢p=x>cosx, p(0)=0, ¢'(0) =2, $(3)=0.

2.3 FOURIER TRANSFORMS

2.3.1 Fourier Representation of Functions on the Real Line

In Section 2.2, we learned how to create a Fourier series representation of a
general function f(¢), defined on the interval a < <b. In this section, we will
extend this representation to general functions defined on the entire real line,
—0 << ®,

As one might expect, this can be accomplished by taking a limit (carefully) of
the previous series expressions as a — — and b — . In this limit the period
T =b —a of the function’s periodic extension approaches infinity, and the funda-
mental frequency Aw = 27/T approaches zero.

In the limit as A w — 0, let us consider the expression for an exponential Fourier
series of f(¢), Eq. (2.1.27):

f(t)= lim aAo Y,
Aw—0

n=—o

En_g-indor, (2.3.1)

alAw

Here we have multiplied and divided the right-hand side by a A w, where « is a
constant that we will choose in due course. The reason for doing so is that we can
then convert the sum into an integral. Recall that for a function g(w), the integral
of g can be expressed as a Riemann sum,

o0

[ sorao- oo £ soser @3

n=—w

Applying this result to Eq. (2.3.1) yields
f()=af flo)e i do, (2.3.3)

where the function f(w) is defined by fln Aw)=c,/(aAw). An expression for
this function can be obtained using our previous result for the Fourier coefficient
¢,, Eq. (2.1.33), and taking the limits ¢ » —o and b — oo

f(ndw)= tim_ e [0 e, (23.4)

b
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Substituting Aw =27/T yields

f(w) = %Laf:f(t) e dr. (2.3.5)

Equation (2.3.5) is called a Fourier transform of the function f(¢). Equation (2.3.3)
is called an inverse Fourier transform, because it transforms the function f(w) back
to f(2).

The Fourier transform transforms a function of time, f(¢), to a function of
frequency, f(w). This complex function of frequency, often called the frequency
spectrum of f(t), provides the complex amplitude of each Fourier mode making up
f(1). Since f(¢) is not periodic, f(w) is nonzero for a continuous range of
frequencies, as opposed to the discrete values of w that enter a Fourier series.

Equations (2.3.3) and (2.3.5) are valid for any choice of the constant « # 0.
Different textbooks often choose different values for «. In the physical sciences,
a=1/Q1) is almost a universal convention, and is the choice we will adopt in this
book.

Before we go on to evaluate some examples of Fourier transforms, we should
mention one other convention in the physical sciences. Recall that for spatial
Fourier series we reversed the sign in the exponentials [see Eq. (2.2.17)]. The same
is done for spatial Fourier transforms. Also, it is conventional to replace the
frequency argument w of the Fourier transform function with the wavenumber k,
with units of 1/length. These differing conventions for time and space transforms
may seem confusing at first, but we will see in Chapter 5 when we discuss wave
propagation that there are good reasons for adopting them. The table below
provides a summary of our Fourier transform conventions.

To obtain a Fourier transform of a given function, we must evaluate the integral
given in Table 2.1. For many functions, this integration can be performed analyti-
cally. For example, consider the Fourier transform of

_ 1
1+s%2°

f(1) (2.3.6)
Using Mathematica to perform the integration,

Table 2.1. Fourier Transform Conventions

Time:

flw)= fm f®) e dt Fourier transform

f®) = f : flw)e it g—z Inverse Fourier transform
Space:

flk)= fw F(x) e~ dx Fourier transform

fx) = f fk) eikx% Inverse Fourier transform
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Cell 2.39
Integrate[Exp[Iw t] 1/ (1 + s”*2t*2), {t, -Infinity,
Infinity}]
-wsign[w]
) e \/5 T 0 eitw
If[Im[w] == 0 && Arg[s’] #m, f > 5 dtl
\/5_2 w1l + 8%t

and noting that both inequalities in the output cell are satisfied, we obtain

f(w) =qe 19/ /]s].

By taking the inverse transform of f(w), we should return to f(¢) as given by Eq.
(2.3.6). However, because of the absolute value in f(w), it is best to break the
integral up into two pieces, 0 < w <% and —» < w <0:

Cell 2.40

Simplify[Integratel[Exp[-I o t] 7w Expl[-w/sl /s,
{w, 0, Infinity}l/ (2Pi) +
Integrate[Exp[-I ®w t] w Explw / s] / s,
{®w, -Infinity, 0}1/( Pi), s > 0 && Im[t] == 0]
1

1+ s? t?

As expected, the inverse transformation returns us to Eq. (2.3.6).

Mathematica has two intrinsic functions, FourierTransform and Inverse-
FourierTransform These two functions perform the integration needed for the
transform and the inverse transform. However, the conventions adopted by these
functions differ from those listed in Table 2.1: the value of « chosen in Egs. (2.3.3)
and (2.3.5) is 1/V2, and the transform functions use the time convention, not the
space convention. To obtain our result for a time transform, the following syntax
must be employed:

Sgrt [2Pi] FourierTransform[f[t],t, w].
For example,

Cell 2.41

Simplify[Sqrt[2Pi] FourierTransform[l/ (1 + s”*2t*2), t, wl]

w Signw]
e’ sz T

Vs

For the inverse transform, we must divide Mathematica’s function by v2m. The
notation is

InverseFourierTransform[f [w], w,t]/Sqrt[2Pi].
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For our example problem, we obtain the correct result by applying this function:

Cell 2.42

InverseFourierTransform[7Exp[-Abs[w] /s]/
s, o, tl/Sqrtl2Pi]
1
1+ 8% t2
For spatial Fourier transforms, we must reverse the sign of the transform variable
to match the sign convention for spatial transforms used in Table 2.1. The

following table summarizes the proper usage of the intrinsic Mathematica func-
tions so as to match our conventions.

Time:
V27 FourierTransformlf[t],t, ]
InverseFourierTransform[f[w],@t]/VE;
Space:

V27 FourierTransform[f [x],x, -kl

InverseFourierTransform[f[k].,k, x]/V27w

In following sections we will deal with time Fourier transforms unless otherwise
indicated.

Fourier transforms have many important applications. One is in signal process-
ing. For example, a digital bit may look like a square pulse, as shown in Cell 2.43.

Cell 2.43

flt ] = UnitStepl[t - 1] UnitStep [2 - t];
Plot[£[t], {t, 0, 3}, PlotStyle— Thickness[0.008],
AxesLabel - {"t", "£(t)"}];

£(t)

(=] (=] (=] (=]
[\ 3 o2} [oe]
R !

T 1T

||||||||||||||||||||||||||||t

0.5 1 1.5 2 2.5 3
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This signal has the following Fourier transform:

Cell 2.44
E[w_] = Integratel[ExplIwt]l, {t, 1, 2}]

This Fourier transform has both real and imaginary parts, as shown in Cell 2.45.

Cell 2.45

Plot[Re[f[w]], {®, -50, 50}, AxesLabel— {"w", "Relf(w)]l"},
PlotRange — All];

Plot [Im[f[w]], {®, -50 50}, AxesLabel— {"w", "Im[f(w)]l"},
PlotRange — All];

Re[f(w)]
1
0.75|F
0.5\
0. ps|f

LA~ /\\l/ AV{\ A L\/\II\VA [\v A v/\ [\\/\l[\;l /\L.V/\ VI\ \IJI\JV/\I w
—40 —20 v H VoY 40

-0.20F
-0 E

The real part of the transform f(w) is an even function of w, and the imaginary
part an odd function. This follows from the fact that our function f(¢) was real. In
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general, for real f(z),

f(— ) =f(w)*. (2.3.7)

Also note that the Fourier transform has nonnegligible high-frequency compo-
nents. This is expected, because the function f(#) has sharp jumps that require
high-frequency Fourier modes.

However, the medium carrying the signal is often such that only frequencies
within some range Aw can propagate. This range is called the bandwidth of the

Aw =00
D.8 [
0.6 |-
N |—T"—
=
D2 -
||||||||||'||||||||||||||||||||t
-2 -1 1 2 3 4
Aw =10

TTTTIFITTEe o rTepaTd

TTT TP T iTTd

||||||||||||||||||||||||||||||t

- -1 1 2 3

R

-0.2

Fig. 2.6 The digital signal consisting of bits 101, for three different bandwidths A w. As
A w decreases, the width At of the pulses increases, until they begin to overlap and it is no
longer possible to distinguish the bits.



128 FOURIER SERIES AND TRANSFORMS

medium. If, in our example, frequencies beyond 10 (in our dimensionless units)
cannot propagate, then these components are cut out of the spectrum and the
inverse transform of this signal is

Cell 2.46
£,[t ] = IntegratelExpl[-Iwt] £lwl, {w, -10, 10}1/(2Pi);

This signal looks degraded and broadened due to the loss of the high-frequency
components, as shown in Cell 2.47. If these pulses become so broad that they begin
to overlap with neighboring pulses in the signal, then the signal will be garbled.
For example, in order to distinguish a 0-bit traveling between two 1-bits, the length
in time of each bit, 7, must be larger than roughly half the width Az of the
degraded bits: 2T > At (see Fig. 2.6).

Cell 2.47

Plot[f,[t], {t, 0, 3}, AxesLabel— {"t", " v},
PlotLabel — "Signal degraded by finite bandwidth"];

Signal degraded by finite bandwidth

b

0.8;

0.6;

0.4;

0.2;
N TN,
?-/O.\/l 1.5 2\/.5\4

Also, Fig. 2.6 indicates that there is a connection between the degraded pulse
width At and the bandwidth A w: as A w decreases, At increases. In fact, in Sec.
2.3.3 we will show that Aral/Aw: See Eq. (2.3.24). This implies that the
minimum time between distinguishable pulses, 7,,;,, is proportional to 1/A w. The

min >
maximum rate vu,,,, at which pulses can be sent is v, =1/7,;,, so we find that

Uy X A 0. (2.3.8)

This important result shows that the maximum number of bits per second that can
be sent through a medium is proportional to the bandwidth of the medium. For
example, a telephone line has a bandwidth Aw of roughly 4000 Hz, which limits
the rate at which digital signals can be sent, as any modem user knows. However,
an optical fiber has a bandwidth on the order of the frequency of light, around 10"

X
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Hz, which is why optical fibers can transmit much more information than phone
lines. (Actually, the bandwidth quoted above for optical fiber is a theoretical
bandwidth, applicable only to short fibers; in long fibers dispersion begins to limit
the effective bandwidth. Dispersion will be discussed in Chapter 5. Also, the
bandwidth of the receiver and the transmitter must be taken into account.)

2.3.2 Fourier Sine and Cosine Transforms

Sometimes one must Fourier-transform a function f(¢) that is defined only on a
portion of the real line, a <t <. For such functions, one can extend the
definition of f to the range —o <t <a in any way that one wishes, and then
employ the usual transformation of Table 2.1 over the entire real line.

One simple choice is f(¢) =0 for ¢ <a. In this case the Fourier transform is

flw) = f:f(t) e’ dt, (2.3.9)

and the inverse transformation remains unchanged.

For example, we may use Eq. (2.3.9) to take the Fourier transform of the
function f(¢) = exp(—1), t > 0. The integration in Eq. (2.3.9) can then be done by
hand:

~ o 1
— lwt—t —
f(w)—j;e dt= 1"

The inverse transformation should then return us to the original function f(¢).
Mathematica’s intrinsic function can perform this task:

Cell 2.48
InverseFourierTransform[l/ (1 - I w), o, tl/Sqrt [2Pi]

et UnitSteplt]

The function UnitStep, also called the Heaviside step function, has been encoun-
tered previously, and is defined by Eq. (9.8.1). Since this function is zero for ¢ <0
and unity for ¢> 0, the inverse transform has reproduced f(¢), including the
extension to ¢ <0.

It is sometimes useful to create an even or odd extension of the function, rather
than setting the function equal to zero for ¢ <a. In this case, the exponential
transform is replaced by a Fourier sine or cosine transform.

For an odd extension of the function, we require that f(a —¢) = —f(a +¢) for
any f. The formulae for the Fourier sine transform then follow from a limiting
procedure analogous to that done for the exponential transform, but instead
applied to the Fourier sine series discussed in Sec. 2.2.3. Now one takes b — o but
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leaves a fixed. It is then an exercise to show that the result for the Fourier sine
transform and the inverse sine transform is

f(w) = [f(t)sin w(t—a) dt,
' (23.10)

£(1) = f:f(w) sin (1 — a) do/ .

On the other hand, if we wish to use an even function, such that f(a — ) =f(a +1)
for any ¢, we can employ a cosine transform of the form

f(w) = [ F(1) cos w(t—a) d,
‘ (2.3.11)

£(1) = /if(w) cos w(t —a) dw/ .

The definitions for spatial sine and cosine transforms are identical, except for the
convention of replacing » by k and ¢ by x.

As an example of a sine transform, we can again take f(¢) = exp(—1¢) for ¢ > 0.
The sine transform is then given by

Cell 2.49
Simplify[Integratel[Expl[-t] Sinlwtl, {t, 0, Infinity}]l,
Im[ w] == 0]
w
1+ 0

The inverse sine transform is

Cell 2.50

Simplify[Integrate[® Sin[wt], {w, -Infinity, Infinity}]/Pi,
Im[t] == 0]

eft Sign[t] Sigl’l [t]

which returns us to f(z), but with an odd extension into the range ¢ < 0. For an
even extension of the same function, the cosine transform is

Cell 2.51
Simplify[Integratel[Exp[-t] Coslwt]l, {t, 0, Infinityl},
Im[w] == 0]
1

l+w
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and the inverse cosine transform returns the correct even function:

Cell 2.52
Simplify[Integrate[® Cosl[wt]l, {w, -Infinity, Infinity}]/Pi,
Im[t] == 0]
-t sign([t]

e

2.3.3 Some Properties of Fourier Transforms

Fourier Transforms as Linear Integral Operators When one takes the Fourier
transform of a function f(z), the result is a new function f(w) This is reminiscent
of the manner in which a linear differential operator L transforms a function f to
a different function Lf by taking derivatives of f. In fact, a Fourier transform can
also be thought of as a linear operator F, defined by its operation on a given
function f:

Ef= [ e'f(1)dr. (2.3.12)
The result of the operation of F on a function f is a new function f, that is,

Ff=f. (2.3.13)

The operator F=/*_e“dt is a linear operator, since it satisfies F(Cf+g)=
CFf + Fg for any functlons f and g and any constant C. However, this linear
operator is an integral operator rather than a differential operator.

The inverse Fourier transform can also be thought of as an operator, F~!. This
operator is defined by its action on a function f(w), producing a function f(z)
according to

f=ﬁ*1f~=/ e 'f(w)dw/2. (2.3.14)
The inverse transform has the property required of any inverse: for any function f,
FEf=FF-'f=f. (2.3.15)

This follows directly from the definition of the inverse Fourier transform.
Fourier Transforms of Derivatives and Integrals The Fourier transform of the

derivative of a function is related to the Fourier transform of the function itself.
Consider

sdf _ * edf
Fo —f_me e (2.3.16)

An integration by parts, together with the assumption that f(+) = 0 (required for
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the convergence of the Fourier integral), implies
Adf * d iw . * iw .
Fo = —fimf(t)ae dt = —tw/lmf(t)e Yt = —iwf(w), (2.3.17)

where f= ﬁf is the Fourier transform of f.
We can immediately generalize Eq. (2.3.17) to the transform of derivatives of
any order:

PO~ (~iw)"f(w). (23.18)

This simple result is of great importance in the analysis of particular solutions to
linear differential equations with constant coefficients, as we will see in Sec. 2.3.6.

Also, it follows from Eq. (2.3.17) that the Fourier transform of the indefinite
integral of a function is given by

F['f(r)di= f_;"(j . (2.3.19)

—~

Convolution Theorem The convolution h(t) of two functions, f(¢) and g(¢), is
defined by the following integral:

h() = [ fayg-t)ydn= [ ft-n)g(t)di. (2320

Either integral is a valid form for the convolution. The second form follows from a
change of the integration variable from ¢, to t, =t —¢,.

Convolutions often appear in the physical sciences, as when we deal with
Green’s functions [see Eq. (2.3.73)]. The convolution theorem is a simple relation
between the Fourier transforms of A(¢), f(¢), and g(¢):

(o) =f(0)§(o). (2.3.21)
To prove this result, we take the Fourier transform of A(z):
h(w)=[ ae [ f(1)g(t—1)dr,.

Changing the integration variable in the #-integral to ¢, =¢ — ¢, yields

h(w) = [ diof e r(n)g(r) diy.

In this change of variables from ¢ to t,, ¢, is held fixed, so dt =dt, and the range
of integration still runs from — to +9%. We can now break the exponential into a
product of exponentials, e’“(>*') = ¢i®’2 i1 and break the two integrals up into
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a product of Fourier transforms:

h(w)=[ diyeg(n,) [ e f(1)d=§(w)f(w),
proving the theorem.

The Uncertainty Principle of Fourier Analysis Consider a dimensionless func-
tion f(7) that approaches zero when |7| > 1. An example of such a function is
exp(—|7|); another is 1,/(1 + 72). A third example is the set of data bits plotted in
Fig. 2.6. The Fourier transform of this function, f(w), will typically approach zero
for large | w|, because only frequencies up to some value are necessary to describe
the function. Let us define the width of this transform function as A, that is,
f(w) — 0 for |w| > A. (Here A is a dimensionless number, on the order of unity for
the three examples given above.)

Now consider a scale transformation of 7 to a new time ¢ = At 7. When written
in terms of the new time, the function f(7) becomes a new function g(¢), defined
by g(#) = f(¢/At). This function approaches zero for times |#| > At. Therefore, At
is a measure of the width in time of the function g(¢).

An example of the function g(¢) is shown in Fig. 2.7 for different choices of At,
taking f(7)=exp(—72). As At increases, the width of g increases. One can see
that varying At defines a class of functions, all of the same shape, but with
different widths.

Now consider the Fourier transform of g(¢):

g(w) = /idte"wff(t/m). (23.22)

We will now relate the width A w of the Fourier transform g to the width At of g.
This relation follows from a simple change of the integration variable in Eq.
(2.3.22) back to 7=t/At:

) =Az[:dfeiwﬂ”f(7) — Atf(wAr). (2.3.23)

gtt)

At=4

III|\>\\‘\\\‘\\\‘\\

2.5 5 7.5

Fig. 2.7 The function g(r) = e~ /" for three choices of Ar.
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Now, since the width of f is A, Eq. (2.3.23) shows that the width Aw of g is
Aw=A/At, or in other words,

AwAt=A, (2.3.24)

where the constant A is a dimensionless number. This constant differs for different
functions. However, if one defines the width of a function in a particular way, as
the rms width [see Exercise (13)], then one can show that A >1/2, with equality
only for Gaussian functions of the form f(r) =f, e "

Equation (2.3.24), along with the condition A > 1, is the uncertainty principle of
Fourier analysis. It is called an uncertainty principle because it is the mathematical
principle at the heart of Heisenberg’s uncertainty principle in quantum mechanics.
It shows that as a function becomes wider in time, its Fourier transform becomes
narrower. This is sensible, because wider functions vary more slowly, and so
require fewer Fourier modes to describe their variation. Alternatively, we see that
very narrow, sharply peaked functions of time require a broad spectrum of Fourier
modes in order to describe their variation.

As an example of the uncertainty principle, consider the Fourier transform of
the function g(¢) = exp[—(¢/At)*]. This function is plotted in Fig. 2.7. The Fourier
transform is

Cell 2.53

FourierTransform[Exp[-(t / At) *2], t, w] Sqgrt [2Pi]

1A
ot t2 wz\/;\/ﬁ

This function is plotted in Fig. 2.8 for the same values of Az as those in Fig. 2.7.
One can see that as A¢ increases, the transform function narrows.

An important application of the uncertainty principle is related to the data bit
function of width Az, plotted in Cell 2.43. We saw there that when a finite

g(w)
iy

-4 -2 2 4

Fig. 2.8 The Fourier transform of g.
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bandwidth Aw cuts off the Fourier spectrum of a signal pulse, the width of the
pulse in time, A¢, grows larger (see Fig. 2.6). We now see that this is a consequence
of the uncertainty principle. This principle says that as the bandwidth Aw of a
medium decreases, the signal pulses must become broader in time according to Eq.
(2.3.24), and hence the distance in time between pulses must be increased in order
for the pulses to be distinguishable.

In turn, this implies that the maximum rate v,, at which signals can be
propagated is proportional to the bandwidth of the medium: see Eq. (2.3.8).

2.3.4 The Dirac 6-Function

Introduction The function g(¢z) =f(¢/At) plotted in Fig. 2.7 increases in width
as At increases. The area under the function also clearly increases with increasing
At. One might expect that the area under the Fourier transform of g(¢) should
decrease as the transform becomes narrower: see Fig. 2.8. However, we will now
show that the area under g(w) is actually independent of At.

This surprising result follows from the following property of the inverse trans-
form:

g(1=0) =f:g(w)e-iwodw/2w=fig(w)dw/zw. (23.25)

The area under g(w) equals 27g(0) = 27 f(0), independent of At.

Why is this important? Consider the limit as Af — oo, In this limit, the width of
&(w) vanishes, but the area under the function remains constant, equaling 27 f(0).
One can see from Fig. 2.8 that this can happen because the height of g(w)
approaches infinity as the width vanishes.

This strange curve is called a Dirac S-function 8(w). To be precise,

5(w) = lim %“(’)O). (2.3.26)

This function is normalized so as to have unit area under the curve. However,
since its width is vanishingly small, the function also has the properties that

5(w) = {fo w0, (23.27)

, w=0.
Therefore, the area integral need not involve the entire real line, because the

d-function is zero everywhere except at the origin. The integral over 8(w) equals
unity for any range of integration that includes the origin, no matter how small:

lim [ 5(w)dw=1. (23.28)
e—>0Y ¢

Dirac é-functions often appear in the physical sciences. These functions have
many useful properties, which are detailed in the following sections.
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Integral of a &Function Equations (2.3.27) and (2.3.28) lead to the following
useful result: for any function A(z) that is continuous at ¢ =0, the following
integral can be evaluated analytically:

b . € . €
f_ah(t)S(t)dt= lim f_eh(t)é(t)dt=h(0) lim f_eé(t)dt=h(0). (2.3.29)

In the first step, we used the fact that 8(¢) equals zero everywhere except at £ =0
in order to shrink the range of integration down to an infinitesimal range that
includes the origin. Next, we used the assumption that A4(¢) is continuous at ¢ = 0,
and finally, we employed Eq. (2.3.28).

o&-Function of More Complicated Arguments We will often have occasion to
consider integrals over Dirac é-function of the form

fabg(z)a(f(r)) dt, (2.3.30)

where f(¢) equals zero at one or more values of ¢ in the interval a <t <b. Take,
for example, the case f(¢) = ct for some constant ¢, with a < 0 < b. The integration
in Eq. (2.3.30) can then be performed by making a change of variables: let u = ct.
Then Eq. (2.3.30) becomes (1/¢) [ g(u/c)é(u) dt.

Now, if ¢ >0, the result according to Eq. (2.3.29) is g(0)/c, but if ¢ <0, the
result is —g(0) /¢, because the range of integration is from a positive quantity ca to
a negative quantity, cb. Therefore, we find

fg(t)ﬁ(ct) dt = g( ), assuming a <0<b. (2.3.31)

Equation (2.3.31) can be used to determine more general integrals. Let’s assume
that f(¢) passes through zero at M points in the range a <t <b, and let us label
these points ¢ = =1,2,3,..., M. The integral can then be broken up into
contributions from each one of these Zeros:

[es(s@) = L [ 5(1)3(f(1)) ar. (2332)

Other regions of integration do not contribute, because the é-function is only
nonzero within the regions kept. Focusing on one of the zeros, ¢ =¢,, we note that
only values of ¢ near ¢, are needed, and so we make a change of variables from ¢
to At =t—t,:

ftieg(t)é(f(t)) dt = f;g(tn + A1) 8(f(t, + At)) dAt.

Taylor-expanding f(¢) for small A¢, noting that f(¢z,) =0, and assuming that
f'(t,) # 0, we have

/,:fg(r)'o‘(f(r)) ai= [ g(1,+ A0)3(/'(1,) Ar) dAt = IO
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where we used Eq. (2.3.31) in the last step. Therefore Eq. (2.3.32) becomes

M
[s0o(s1) dr= & |]§((tt))| (23.33)

Generalized Fourier Integrals The previous considerations lead us to a startling
observation. Consider the Fourier transform of &(¢) itself:

| s(nyeirdi=e =1, (2.3.34)
where we have used Eq. (2.3.29). This result, that the Fourier transform of 8(¢)
equals one, is expected on one level: after all, since 5(¢) is infinitely narrow, the
uncertainty principle implies its transform must be infinitely broad.

However, if we write down the inverse Fourier transform of unity, which should
return us to 8(¢), we arrive at the strange result

5(1) = fie—iw do/27. (2.3.35)

This integral is not convergent; the integrand does not decay to zero at large w.
But, somehow, it equals a é-function!
We can try to understand this strange result by writing the inverse transform as

5(t)= lim [*° le " dw/2m.

Aw—>» Ao
This integral can be evaluated analytically. The result is

_ sin( Awt)
5(t) = Jim (2.3.36)
For a fixed value of 7, and as Aw increases, the function sin(Aw?)/at simply
oscillates between the values +1/¢. Since this oscillation continues indefinitely
as Aw — o, the limit is not well defined. How can this limit equal a é-function?
The limit equals a o-function in the following average sense. Consider an

integral over this function multiplied by any continuous function f(¢):

sm(Aa) t)

lim f SO =7 (2.3.37)

Aw—o
If we now make the change of variables to 7= Aw ¢, the integral becomes

MHT

lim f(T/A )

Aw—>® Y —Awpa

(2.3.38)

However, the function (sin7)/77 is peaked at the origin, with an area under the
curve equal to unity:

| Sla=1. (2.3.39)
T

— o0
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Since this integral is convergent, we can replace the limits of integration in Eq.
(2.3.38) by 4. Furthermore, in the limit that Aw — o, we can replace f(7/Aw)
— f(0). Therefore, using Eq. (2.3.39) we find that

b
Jlim f_a %m) dt = f(0), (2.3.40)
Thus, the function lim, , _, ., [sin(A @ ¢) /7t has the most important property of a
d-function: it satisfies Eq. (2.3.29). If we take f(¢) =1, we can immediately see that
the function also satisfies Eq. (2.3.28). On the other hand, it does not satisfy Eq.
(2.3.27): it is not equal to zero for ¢ # 0; rather it is undefined, oscillating rapidly
between +1/mt. Actually, “rapidly”is an understatement. In the limit as A @ — oo,
the oscillations in the function become infinitely rapid. Fortunately, the nature of
this variation allows us to call this function a &-function. When evaluating an
integral with respect to ¢ over this function, the oscillations average to zero unless
the origin is included in the range of integration. This can be seen in Cell 2.54,
which displays the behavior of this function over a range of ¢ as A @ increases.

Cell 2.54

Table[Plot[Sin[Aw t]l/ (Pit), {t, 1, 2}, PlotRange —
{-1, 1}1, {Aw, 10, 100, 10}1;
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This sequence of plots shows that, if the origin is not included in the plots, the
amplitude of the oscillations in [sin(Aw #]/7¢ does not change as A w increases;
only the frequency increases until in the limit the function is zero on average. (Try
changing the limits of the plot, and the range of A w, to test this.)
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However, if the origin is included, the amplitude of the peak at ¢ =0 increases
as A becomes larger, since by 'Hospital’s rule, lim, _, ,[sin(Aw )]/t = Aw/ .
This is what allows the area under the function to remain unity in the limit as A w
becomes large.

Thus, Eq. (2.3.35) is a &-function in an average sense: integrals over this
function have the correct property given by Eq. (2.3.29). However, the function
itself contains infinitely rapid oscillations.

Fourier integrals such as Eq. (2.3.35) are called generalized Fourier integrals:
they do not converge in the usual sense to the term. Rather, the resulting functions
contain infinitely rapid oscillations. We neglect these oscillations because all we
use in applications are integrals over these functions, which average out the
oscillations.

Derivatives of a 8-Function Several other generalized Fourier integrals are also
of use. Consider, for example, the derivative of a §-function, &'(¢) =d&(t)/dt.
According to Eq. (2.3.35), this derivative can be written as a generalized Fourier
integral,

&'(t) = %fj e do/2m= fjo (—iw)e 'do/2m. (2.3.41)

The integrand in Eq. (2.3.41) exhibits even worse convergence properties than Eq.
(2.3.35). The resulting function has infinitely rapid oscillations of infinite magni-
tude. Nevertheless, integrals over this function are well behaved. We therefore may
say, with a straight face, that the Fourier transform of a &'(¢) is —iw, and
compute the inverse transform of this function. In fact, Mathematica’s Fourier-
Transform function knows all about generalized Fourier integrals. For instance,

Cell 2.55
InverseFourierTransform[l, w, t]/Sqrt [2Pi]

DiracDelta([t]
The intrinsic function DiracDelta[t] is the Dirac é-function. Also,

Cell 2.56
InverseFourierTransform([-I w, w, t]/Sqrtl[2 Pil

DiracDelta' [t]

Of course, we can’t plot these functions, because they are singular, but we know
what they look like. The é-function has a single positive spike at the origin. Since
5'(¢) is the slope of 6(¢), it has a positive spike just to the left of zero, and a
negative spike just to the right.

The derivative of a d-function has a useful property: for any function f(¢) that is
differentiable at =0, the following integral that includes the origin can be
evaluated analytically via an integration by parts:

f_baf(t)é’(t) d = —f_baf’(t)é(t) di = —f'(0). (2.3.42)
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Similarly, the nth derivative of a &-function has the property that

/,baf(t) Sz("[)"f (- 1)"df(O) (2.3.43)

The Fourier integral representation of d"6(¢)/dt" becomes progressively less
convergent as 7 increases:

dné(’) -/ (—iw)" e do/2m. (2.3.44)

These generalized Fourier integrals allow us to do things that we couldn’t do
before. For instance, we can now compute the value of a nonconvergent integral,
such as

o 2

f ! ——COos wtdt.
wl+

Normally, we would throw up our hands and declare that the integral does not
exist. This is technically correct so far as it goes, but we still can compute its value
as a generalized Fourier integral:

w2 © 14+2-1
| cos widi = Rf e dr
w1442 1+1¢

%]

=Refm ‘e"“" dt — Ref N itze""” dt.

The first integral is proportional to a &-function, while the second integral is
convergent, equaling — 7 e~ '“!. Thus, we obtain

o 2

t
f T2 08 otdt =278 (w) + me I,

However, we must always remember that the equality is correct only in the average
sense discussed above; the right-hand side neglects infinitely rapid oscillations.

Heaviside Step Function Before we move on to other topics, there is one more
generalized Fourier integral of interest. Consider the integral of a é-function,

h(ty= [ 8(1,)dr,. (2.3.45)
This function equals zero if ¢ <0, but for > 0 the range of integration includes
the origin, and so, according to Eq. (2.3.28), h(t) = 1. Therefore, h(¢) is nothing
other than the Heaviside step function UnitStep [t], encountered previously in
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Cell 2.48. For convenience, we reproduce the definition of A(¢) below:

0, ¢<0,
h(t) = {1 S0 (2.3.46)

We can find the Fourier integral of /(¢) by directly applying the transform:

h(w)=[ e“h(r)ydi=[ e dr.
—o 0
Now, this is not a convergent integral; rather, it is a generalized Fourier integral,
and it provides an instructive example of some of the methods used to evaluate
such integrals.

Breaking the integrand into real and imaginary parts via e'“’ = cos wt + i sin wt,
we can write the result as

o] o

cos wtdt + if sin wtdt.
0

ﬁ(w)=f

0

In the first integral, note that cos wt is an even function of ¢, so we can double the
range of integration to — <t < o, and divide by 3. Expressing the second integral
as a limit, we can write

= 1 ® . At .
h(w)=7Ref e’ dt+i lim fo 'sin wtdt.

— o At—>

The first integral yields a §-function via Eq. (2.3.34), and the second integral can
be evaluated analytically:

= 1 ... cos(wAt
h(w) = md(w) =55 =i lim # (2.3.47)
As usual, we neglect the infinite oscillations. Mathematica can also deliver the

same result:

Cell 2.57

Expand [FourierTransform[UnitStep[t]l, t, w]l Sqrt[2Pil]

i
> 7 DiracDelta [w]

Connection of Fourier Transforms to Fourier Series Since Fourier transforms
can be used to represent any function as an integral over Fourier modes, they can
be used to represent periodic functions as a special case. It is a useful exercise to
see how this representation connects back to Fourier series.

As a first step, we will consider the Fourier series for a simple periodic function,
the periodic 8-function of period T, 8©)(¢). This function is a periodic extension
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of a Dirac &-function, and can be written as
8P (ty= Y &(t—mT). (2.3.48)
m=—ow
Since this is a periodic function, it has a Fourier series representation of the form

8(P)(t) — Z c, e~ i2mnt/ T

n=-—m

The Fourier coefficients are given by an integral over one period of 8)(¢), which
contains a single &-function:

/2 :
c, = / 8(t)e ™/ Tdr=1.
-7/2

Thus, the periodic é-function of period T has a Fourier series of the form
8P (ty="Y &(t—mT)= Y, e #™/T (2.3.49)
m=—o n=—ow

It is easy to see why Eq. (2.3.49) is a periodic é-function. If ¢ = mT for any integer
m, then e #27"/T =¢=i27"m = | for all n, and the series sums to . At these
instants of time, each Fourier mode is in phase. However, it t # mT, the sum over
e 27/ T evaluates to a series of complex numbers, each with magnitude of unity,
but with different phases. Adding together these complex numbers, there is
destructive interference between the modes, causing the sum to equal zero. Thus, we
get a function that is infinite for t =mT, and zero for ¢ # mT.

However, the easiest way to see that this creates a periodic é-function is to
examine the series as a function of time using Mathematica. The following
evaluation creates a periodic é-function by keeping 300 terms in the Fourier series
of Eq. (2.3.49). We choose a period of 3, and note that the sum over n can be
written in terms of cosines, since the sine functions are odd in »n and cancel:

Cell 2.58

1 + 2 Sum[ Cos[2 Pi n 5 t], {n, 1, 300}1;

We could plot this function, but it is more fun to Play it (Cell 2.59). It is necessary
to keep several hundred terms in the series, because our ears can pick up
frequencies of up to several thousand hertz. Since the fundamental frequency is 5
Hz, keeping 300 terms in the series keeps frequencies up to 1500 Hz. It would be
even better to keep more terms; the sound of the “pops” then becomes higher
pitched. However, keeping more terms makes the evaluation of the series rather
slow.

Cell 2.59

Play [%, {t, -1.5, .5}, PlayRange—Alll;
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The periodic é-function is useful in understanding the connection between
Fourier transforms and Fourier series. Consider an arbitrary periodic function f(¢)
with period 7. This function has a Fourier transform f(w), given by

flo)=[ syea.

Using the periodic nature of f(¢), we can break the Fourier integral into a sum
over separate periods:

o) = i fto nT+T

n=—w "to—nT

f(t) e dt,

where ¢, is an arbitrary time. Now we may change variables in the integral to
t, =t +nT, and use Eq. (2.1.1) to obtain

oo

flo)=" % e[

n=—w

to+T

F(1,) €' dr,. (2.3.50)

However, Eq. (2.3.49) implies that Y7 _, e'*"" = §"(wT?/27). Then Eq. (2.3.50)
becomes

fla)- ¥ 6( ‘;T )[’””f(t ) eion dt,

m=—wx

= Z 2775((1,_277_’”) ftﬁTf(t)e'“”‘ldtl, (2.3.51)

m= —o

where we have used Eqgs. (2.3.48) and (2.3.33). Furthermore, note that the integral
in Eq. (2.3.51) is the expression for the mth Fourier coefficient, c¢,,, Eq. (2.1.33).
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Therefore, we can write

f(w) = m_i Zws(w— 2 )cm- (2.3.52)

©

This equation connects the Fourier integral of a periodic function f(¢) to the
function’s exponential Fourier coefficients c,,. We see that in frequency space a
periodic function consists of a sum of é-functions at all harmonics of the funda-
mental frequency Aw =27/T.

Finally, applying the inverse transform to Eq. (2.3.52), the integral over each
o-function in the sum can be evaluated, and we return to our previous expression
for f(¢) as a Fourier series:

)= L cpeimon

m=—ow

2.3.5 Fast Fourier Transforms

Discrete Fourier Transforms In this section we consider methods for perform-
ing numerical Fourier transforms. The idea is that one is given a set of data {f,}
measured at N evenly spaced discrete times ¢, =nAt, n=0,1,2,..., N— 1. From
this data, one wishes to determine a numerical frequency spectrum.

This sort of problem arises in experimental physics as well as in numerical
simulation methods, and in many other fields of science, including economics,
engineering, signal processing, and acoustics.

One way to attack this problem is simply to discretize the integrals in the
Fourier transform and the inverse transform. If we consider a discretized version
of a Fourier transform, Eq. (2.3.12), with the time variable replaced by closely
spaced discrete timesteps ¢, =n At, and the frequency replaced by closely spaced
discrete frequencies w,, =m Aw, one can immediately see that the operation of
Fourier transformation, Ff, is equivalent to the dot product of a vector with a
matrix:

f(@)=EF() = fu= X Eonfi (23.53)

where f, =f(nAt) and f, = f(m Aw), and the matrix F,, has components
F,,=Atem 218, (2.3.54)

This matrix is a discretized form of the Fourier transform operator F. Equation
(2.3.54) shows directly that there is an analogy between the linear integral operator
F acting on functions and a matrix F acting on vectors. Previously, we saw that
there was a similar analogy between linear differential operators and matrices.

When the inverse transform operator F~! is discretized, it also becomes a
matrix, with components

(F N, n=Awe imdite pq (2.3.55)

This matrix can be applied to discretized functions of frequency f in order to
reconstruct the corresponding discretized function of time, according to the matrix
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equation
F'-f=f. (2.3.56)

So, in order to take a numerical Fourier transform of a data set {f,}, it appears
that all we need do is apply the matrix F to the vector f with components f,,
according to Eq. (2.3.53). To turn the resulting discretized spectral function f back
into the time data, all we need do is apply the matrix F~!, defined by Eq. (2.3.55).

This is fine so far as it goes, but there are several problems hiding in this
procedure. First, the matrices F and F~! are formally infinite-dimensional. We can
try to get around this problem by cutting off the Fourier integrals. Since the data
runs from 0 <t <(N —1)A¢, we can cut off the time integral in the Fourier
transform beyond this range of times. For the frequency integral in the inverse
transform, we can also impose a frequency cutoff, keeping only frequencies in the
range —MAw < w<MAw for some large integer value of M. The hope is that
the frequency spectrum goes to zero for sufficiently large w, so that this cutoff
does not neglect anything important.

There is a second problem: although Ar is determined by the dataset, what
should our choice for A w be? Apparently we can choose anything we want, so long
as A w is “small.” This is technically correct—if A w is small compared to the scale
of variation of the frequency spectrum, then the discretized integral in the Fourier
transform is well represented by the Riemann sum given by Eq. (2.3.56). However,
we also must keep enough terms so that M A w is a large frequency—Ilarge enough
to encompass the bulk of the frequency spectrum.

For very smooth time data with only low-frequency spectral components, this
prescription works (see the exercises). However, for real data, which may have
high-frequency spectral components and rapid variation in the spectrum, the above
method becomes impractical, because we must take M very large. Also, the
matrices F~! and F are only approximately the inverses of one another, because of
the errors introduced by discretizing the Fourier and inverse Fourier integrals.

One way to improve matters is to recognize that the time data, extending only
over a finite time range 0 < ¢ < (N — 1) At, can be replaced by a periodic extension
with period T = NAt. We take this time as the period [rather than, say, (N — 1) A¢]
so that the first data point beyond this interval, at time NA¢, has value f,. This
way, the data can be seen to repeat with period T = NA¢ (see Fig. 2.9).
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Fig. 2.9 A dataset with 10 elements, periodically replicated.
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Since the periodic extension has period T, the data can be represented by a
Fourier series rather than a transform, with a fundamental frequency Aw =27/T.
This is the smallest frequency that can be represented by this data, and so is a
good choice for our frequency discretization. Hearkening back to our equation for
Fourier series, Eq. (2.2.2), we would like to write

=]

fO>y= Y f, e imien (2.3.57)

where f(P)(¢) is a periodic function of time that represents the discrete data (we
will see what this function of continuous time looks like in a moment), and the f s
are the Fourier coefficients in the series. As in all Fourier series, the sum runs over
all integers, and of course this is a problem in numerical applications. However, we
will see momentarily that this problem can be solved in a natural way.

The Fourier components f,, are determined by the integral:

- 1 NAt
fm = NAf ) f(t) emiet gy (2358)

[see Eq. (2.2.3)]. However, since the time data is discrete, we replace this integral
by the Riemann sum just as in Eq. (2.3.53):

N7
Z Atfn eimAmnAt= % Z fn eiZﬂ'mn/N, (2359)

L
m N =
where in the second step we have used Aw=27/T.
These Fourier components have an important property: they are themselves
periodic, satistying f,, .y =f,. The proof is simple:

— N-1
m+N _ Z t2'n'(m+N)n/N Z f et277mn/N+1277n _f (2360)

Now, since fm repeats periodically, we can rewrite the infinite sum over these fm’s
in Eq. (2.3.57) as sums over repeating intervals of size N:

w N—1+Np

o N-1
f(p)(t) — Z Z f e*thwt Z e*inAwt Z fm e*imAwt.
p=—x m=0

—©  m=Np

However, the sum over p can be written as a periodic &-function using Eq.
(2.3.49):

] N-1
Py =At Y, 8(t—nAt) Y f, e mser, (2.3.61)
n=-—x m=0

This equation represents our discrete data as a sum of é-functions at the discrete
times n At, periodically extended to the entire real line. This is not a bad way to
think about the data, since the &-functions provide a natural way of modeling the
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discrete data in continuous time. Also, we implicitly used this representation when
we wrote the Riemann sum in Eq. (2.3.59). That is, if we define a function f(¢) for
use in Eq. (2.3.58) according to

f(1) =AtNi1fn8(t—nAt), (2.3.62)
n=0

we directly obtain Eq. (2.3.59). The function f”(¢) in Eq. (2.3.61) is merely the
periodic extension of f(¢).

Furthermore, comparing Eq. (2.3.61) to (2.3.62) we see that the time data f, can
be written directly in terms of the Fourier coefficients f,,:

N-1 N-1
fn= Z fm e—imAwnAtz Z " e—i2ﬂ'mn/N‘ (2363)
m=0

m=0

Equations (2.3.59) and (2.3.63) are called a discrete Fourier transform and a
discrete inverse Fourier transform respectively. These two equations provide a
method for taking a set of discrete time data f, at times nAt, 0 <n <N —1, and
obtaining a frequency spectrum fm at frequencies m Aw, 0 <m <N — 1, where
Aw=2m/(NAt) is the fundamental frequency of the periodic extension of the
data.

Discrete Fourier transform of time data {f,}:

o=

Z|

N-1
Z f ei277mn /N
i .
n=0
Discrete inverse transform of frequency data { fm}:

N-1
fn _ Z f‘m e—izmmn/N
m=0

Equations (2.3.59) and (2.3.63) can be written as matrix equations, f=F-f and
f=F"'-f The N-by-N matrices F and F~' have components

1
an — NetZwmn/N7

(2.3.64)

(F_l)mn — e—i2‘n'mn/N‘

These matrices are similar to the discretized forms for the Fourier transform
operators, Egs. (2.3.54) and (2.3.55). However, according to Egs. (2.3.59) and
(2.3.63), the matrices in Eq. (2.3.64) are exact inverses of one another, unlike the
finite-dimensional versions of the discretized Fourier and inverse Fourier trans-
forms, Egs. (2.3.54) and (2.3.55). Therefore, these matrices are much more useful
than the discretized Fourier transform operators.
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After constructing these matrices, we can use them to take the discretized
Fourier transform of a set of data. The matrices themselves are easy to create
using a Table command. For instance, here are 100-by-100 versions:

Cell 2.60

nn = 100; F = Table[Exp[I 2. Pi m n/nn]/nn,
{m, 0, nn - 1}, {n, 0, nn - 1}1;

Fl = Tablel[Exp[I 2. Pi m n/nnl, {m, 0, nn - 1},
{n, 0, nn - 1}]1;

Note the use of approximate numerical mathematics, rather than exact mathemat-
ics, in creating the matrices. When dealing with such large matrices, exact mathe-
matical operations take too long.

We can use these matrices to Fourier analyze data. Let’s create some artificial
time data:

Cell 2.61
f = Table[N[Sin[40 Pi n/100] + (Random[] - 1/2)1,
{n, 100}1;

This data is a single sine wave, sin(407¢), sampled at time ¢, = n /100, with some
noise added, as shown in Cell 2.62.

Cell 2.62

ListPlot[f, PlotJoined— True]

i
AN
A LiKUIR

The frequency spectrum for this data is obtained by applying the Fourier matrix F
to it:

Cell 2.63

f = F.£;
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Again, we will use a ListPlot to look at the spectrum. However, since f is
complex, we will plot the real and imaginary parts of the spectrum separately, in
Cells 2.64 and 2.65. Evidently, the two peaks in the real and imaginary parts of the
spectrum correspond to the two Fourier components of sin407t =7 —
e 07"y /2i. These components have frequencies of +407. Since the frequency is
discretized in units of Aw=27/(NAt) =2, the frequency 407 corresponds to
the 21st element of f (sine w =0 corresponds to the first element). This agrees
with the plots, which show a peak at the 21st element.

Cell 2.64

ListPlot[Re [~f1 , PlotJoined— True, PlotRange— All];
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Cell 2.65

ListPlot[Im [:f] , PlotJoined — True, PlotRange — All];
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What about the other peak, which is supposed to occur at —407? There are no
negative frequencies in our spectrum. Rather, frequencies run from 0 to (N — 1) Aw
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Fig. 2.10 The fastest sinusoidal oscillation that can be unambiguously identified in a set of
data has the Nyquist frequency w,,, and period 2 At (black curve). Higher-frequency
oscillations (dashed curve) can be translated back to lower frequency.

in units of Aw= 2. Recall, however, that f is periodic with period N [see Eq.
(2.3.60)]. In particular, it repeats over the negative frequency range. So we can
think of the second peak in the plots, at element 80 of f, as actually being at a
negative frequency. Since fwo =f,, then f80 f,zo, corresponding to the spectral
component with frequency —20Aw = —407r.

Thus, the upper half of the frequency spectrum should be thought of as
corresponding to negative frequencies. This implies that as we count upwards
through the elements of our frequency spectrum, starting with the first element,
the frequency increases like m A w until we get the center of the spectrum. At this
point the frequency jumps to negative values and approaches zero from the
negative side. Therefore, the maximum frequency magntiude kept in our spectrum
is

w=NAw/2=m/At. (2.3.65)

The frequency w,,, is called the Nyquist frequency for the data. The physical
reason why this is the maximum frequency in a set of data can be understood from
Fig. 2.10, which displays some time data. The highest-frequency sinusoidal wave
that we can interpolate through these data points has a half period equal to At:
one needs at least two points to determine a sine wave, one at a minimum and one
at a neighboring maximum. Thus, the minimum full wavelength defined by the
data is 2 A¢, and the maximum frequency is given by the Nyquist frequency
W = 27/(2 At), Eq. (2.3.65).

More rapid oscillations, with frequency w,,, + pPNAw=Q2p + Daw,,,, for any
integer p can also be made to go through these points as well—see the dashed
curve in Fig. 2.10, which corresponds to p = 1. However, since these higher-
frequency oscillations can always be referred back to the frequency w,,,,, we use

W to describe them—there is nothing in the data to distinguish them from an
oscillation at w,,,,. The identification of higher frequencies with a lower frequency
is called aliasing. This identification arises from the discreteness of the data—there
are no data points in between the given data points that can determine the
locations of the peaks and troughs in the dashed curve.
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There is something else that one can see in the real and imaginary parts of the
plotted spectrum. Because the input data f was real, the spectral components f
have the property that f_, =f*. This is analogous to Eq. (2.3.7) for continuous
Fourier transforms, and follows directly from Eq. (2.3.59) for any real set of time
data f,. We can also see this symmetry in the previous plots if one remembers that
the periodicity of f,, implies that f , =fy_, . Thus, for real data, the discrete
Fourier transform has the property that

fom=Fym =T (2.3.60)

Fast Fourier Transforms Although the discrete Fourier transforms given by Egs.
(2.3.59) and (2.3.63) work, they are not very useful in practice. The reason is that
they are too slow. To evaluate the spectrum for a data set of N elements, a sum
over the data set must be done for each frequency in the spectrum. Since there are
N elements in the sum and N frequencies in the spectrum, determining every
frequency component of a dataset requires of order N2 operations. For N = 100
this is not a problem (as we saw above), but for N = 10° it is out of the question.
Datasets of this size are routinely created in all sorts of applications.

Fortunately, a method was developed that allows one to perform the discrete
transform and inverse transform with far fewer than N? operations. The method is
called the method of fast Fourier-transforms (FFT for short). Invented by several
individuals working independently as far back as the 1940s, it later became well
known through the work of Cooley and Tukey at IBM Research Center in the
mid-1960s.

The method relies on symmetries of the discrete Fourier transform that allow
one to divide the problem into a hierarchy of smaller problems, each of which can
be done quickly (the divide-and-conquer approach). We will not examine the nuts
and bolts of the procedure in detail. But it is worthwhile to briefly discuss the idea
behind the method.

Given a discrete Fourier transform of a data set with N elements, N assumed
even, one can break this transform up into two discrete transforms with N /2
elements each. One transform is formed from the even-numbered data points, the
other from the odd-numbered data points:

N-1
Z f ei2wmn/N
n

fn=
n=0
N/2—-1 N/2-1
— Z f2n ei27rm2n/N+ Z f2n+1 ei27rm(2n+1)/N
n=0 n=0
N/2—-1 N/2-1
— Z f2n ei27rmn/(N/2) +ei277'm/N Z f2n+1 ei2‘n’m/(N/2)
n=0 n=0
= [0 + e /NfO. (2.3.67)

In the last line, £ denotes the discrete Fourier transform over the N/2 even
elements of f,, and f{* denotes the discrete Fourier transform over N/2 odd
elements of the data.
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At this point it appears that we have gained nothing. The two separate
transforms each require of order N /2 operations, and there are still N separate
frequencies f, to be calculated, for a total of N? operations again. However,
according to Eq. (2.3.60), both f() and f(© are periodic with period N /2.
Therefore, we really only need to calculate the components m =1,2,..., N/2 for
each transform.

In this single step, we have saved ourselves a factor of 2. Now, we apply this
procedure again, assuming that N /2 is an even number, saving another factor of 2,
and so on, repeating until there is only one element in each series. This assumes
that N =27 for some integer P. In fact, N = 2" are the only values allowed in the
simplest implementations of the FFT method. (If N # 2" for some integer P, one
typically pads the data with zeros until it reaches a length of 2% for some P.)

It appears from the above argument that we have taken the original N? steps
and reduced their number by a factor of 2 = N, resulting in a code that scales
linearly with N. However, a more careful accounting shows that the resulting
recursive algorithm actually scales as N log, N, because the number of steps in the
recursion equals P = log, N. Nevertheless, this is a huge saving over the original
N? operations required for the discrete Fourier transform.

Writing an efficient FFT code based on the above ideas is not entirely straight-
forward, and will not be pursued here. [An implementation of the code can be
found in Press et al. (1986); see the references at the end of Chapter 1.]
Fortunately, Mathematica has done the job for us, with the intrinsic functions
Fourier and InverseFourier. Fourier acts on a list of data f={f} to
produce a frequency spectrum f = {f, }. The syntax is Fourier [£] and Inverse-
Fourier [£]. However, just as with continuous Fourier transforms, many differ-
ent conventions exist for the definitions of the discrete transform. The default
convention used by Fourier and InverseFourier differs from that used in
Egs. (2.3.59) and (2.3.63). For a dataset of length N our convention corresponds to

f=Fourier [£] /\/E,
(2.3.68)

f= \/EInverseFourier [~f] .

Of course, any convention can be used, provided that one is consistent in its
application. We will stick to the convention of Eq. (2.3.68), since it corresponds to
our previous discussion.

The length of the data sets taken as arguments in Fourier and Inverse-
Fourier need not be 2. For example, in Cell 2.66 we apply them to the original
data of 100 elements created in the previous section. Comparing these plots with
those generated in Cells 2.64 and 2.65 using the discrete Fourier transform
method, one can see that they are identical.

Cell 2.66

nn = 100; £ = Fourier[f] /Sqrt[nn];
ListPlot[Re [f.] , PlotJoined— True, PlotRange— All];
ListPlot[Im[f], PlotJoined — True, PlotRange — All];
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Let’s apply Fourier analysis to a real data signal. Mathematica has the ability to
read various types of audio files, such as AIFF format, w-law encoding, or
Microsoft WAV format. These sound files can be read using the intrinsic function
Import. To read the following sound file of my voice, named ah.AIFF, first
determine the current working directory on the hard disk with the command

Cell 2.67

Directory ]

/Users/dubin

Then either copy the file into this directory from the cd on which this book came,
or if that is not possible, set the working directory to another hard disk location
using the SetDirectory command. Once the file is in the current working
directory, the file can be read:

Cell 2.68
snd = Import["ah.AIFF", "AIFF"]

- Sound -
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As with any other sound in Mathematica, this sound can be played using the Show
command (Cell 2.69).

Cell 2.69
Show[snd] ;

Let’s take a look at what is contained in snd by looking at the internal form of the
data:

Cell 2.70

Shallow[InputForm[snd]]

Sound [SampledSoundList [<<2>>]]
This data contains a SampledSoundList, which is a set of sound data in the
form {{fy, f1, f»,-- .}, samplerate}. The data {f,, f,, f,,...} provide a list of sound
levels, which are played consecutively at a rate given by samplerate. (We applied

the command Shallow so that we didn’t have to print out the full data list, just
the higher levels of the data structure.) We can extract the sample rate using

Cell 2.71
samplerate = InputForm([snd] [[1]1] [[1]1]1[[2]]

22050.

which means the sample rate is 22,050 hertz, a common value used in digitized
recordings. The time between samples, At, is just the reciprocal of the sample rate:
Cell 2.72

At = 1/samplerate

0.0000453515
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The data itself can be extracted using

Cell 2.73
f = InputForm[snd]l [[111[[111[[111;

The length of this data list is

Cell 2.74
nn = Length[f]

36864
Let’s look at some of this data over a region where something is happening.

Cell 2.75
Table[f[[n]], {n, 25000, 25000 + 40}]

{0.03125, 0.015625, 0.0078125, 0, 0, 0, -0.0078125,
-0.0078125, -0.0078125, 0, 0, 0, 0.0078125, 0.015625,
0.0234375, 0.03125, 0.03125, 0.0390625, 0.03125,

.0234375, 0.0234375, 0.015625, 0.015625, 0.0234375,

.0234375, 0.0234375, 0.0234375, 0.0234375, 0.0234375,

.0234375, 0.0234375, 0.03125, 0.0390625, 0.046875,

.046875, 0.046875, 0.0390625, 0.03125, 0.015625,

.0078125, 0}

O O O O o

The numbers giving the sound levels are discretized in units of 0.0078125. This is
because the sound has been digitized, so that amplitude levels are given by discrete
levels rather than by continuous real numbers. Note that 1,/0.0078125 = 128 =27,
This corresponds to 8-bit digitization: the other bit is the sign of the data, +. (In
base two, integers running from 0 to 127 require seven base-two digits, or bits, for
their representation.) Because there are only 128 different possible sound levels in
this data file, the sound is not very high quality, as you can tell from the playback
above. There is quite a bit of high-frequency hiss, due at least in part to the rather
large steps between amplitude levels that create high frequencies in the sound.
We can see this in the Fourier transform of the data:

Cell 2.76

£ = Fourier[f] / Sqrtlnnl];

A plot of this Fourier transform (Cell 2.77) shows considerable structure at low
frequencies, along with a low-level high-frequency background. It is easier to
comprehend this data if we plot it in terms of actual frequencies rather than just
the order of the elements of f, so we will replot the data. The separation Aw
between adjacent Fourier modes is 27/(NA¢), in radians per second. In hertz, the
separation is Af=1/(NAt) (see Cell 2.78).

Cell 2.77

ListPlot [Abs [1:] , PlotRange — All];
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Cell 2.78
Af = 1/ (nn At)

General : : spelll : Possible spelling error:
new symbol name "Af" is similar to existing symbol "At".

0.598145
We therefore create a data list, {n Af, f,}, n=0,1,2,...,nn — 1:

Cell 2.79
fdata = Table[{nAf, £[[n + 111}, {n, 0, nn - 1}I;

and in Cell 2.80 we plot this list over a range of low frequencies, up to 3000 hertz.
A series of peaks are evident in the spectrum, which represent harmonics that are
important to the “ahhh” sound. There is also a broad spectrum of low-level noise
in the data, evident up to quite large frequencies. We can reduce this noise by
applying a high-frequency filter to the frequency data. We will simply multiply all
the data by an exponential factor that reduces the amplitude of the high frequen-
cies (Cell 2.81).

Cell 2.80

ListPlot [Abs[fdata], PlotRange— {{0, 3000}, All},
AxesLabel —» {"freq. (hz)", "|£|"}];

0.001

Freq. (hz)
500 1000 1500 2000 2500 3000
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Cell 2.81
lowerhalf = Tablelf[[n]] Exp[-n/600.1, {n, 1, nn/2}1;

We only run this filter over half of the data because the upper half of the spectrum
corresponds to negative frequencies. To add in the negative-frequency half of the
spectrum, it is easiest to simply use Eq. (2.3.66), which is just a statement that the
upper half of the spectrum is the complex conjugate of the lower half, written in
reverse order:

Cell 2.82

upperhalf = Reverse[Conjugate[lowerhalf]];

However, the lower half includes the zero-frequency point, while the upper half
excludes this point. [Frequencies run from 0 to (N — 1) Aw.] This zero-frequency
point is the last point in the upper half, at position n,,,, = Length[upper
half]:

Cell 2.83

n,... = Length[upperhalf]; upperhalf = Delete[upperhalf, n,_ .]l;

We now join these two lists together to get our new spectrum:

Cell 2.84

£ = Join[lowerhalf, upperhalf];

new

Since the length N of the original data was even, the new data has one less point,
because in the above cut-and-paste process we have neglected the center point in
the spectrum at the Nyquist frequency. This makes a negligible difference to the
sound.

Cell 2.85
Length[%

new

]
36863

After inverse Fourier-transforming, we can play this resulting sound data using
the ListPlay command, choosing to play at the original sample rate of 22050
hertz (Cell 2.86). Apart from the change in volume level (which can be adjusted
using the PlayRange option) the main difference one can hear is that some high
frequencies have been removed from this sound sample, as we expected. The audio
filtering that we have applied here using an FFT is a crude example of the sort of
operations that are employed in modern signal-processing applications. Some
other examples of the use of FFTs may be found in the exercises, and in Secs. 6.2.2
and 7.3.

Cell 2.86
ffiltered = InverseFourier[imw];

ListPlay[ffiltered, SampleRate — samplerate];
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2.3.6 Response of a Damped Oscillator to General Forcing.
Green’s Function for the Oscillator

We are now ready to use Fourier transforms to solve a physics problem: the
response of a damped harmonic oscillator to a general forcing function f(¢).
Previously, only simple analytic forcing functions (Sec. 1.6) or periodic functions
(Sec. 2.1) were considered. Using Fourier transforms, we can now deal with any
form of forcing.

In order to obtain a particular solution x,(¢) to the forced damped oscillator
equation, Eq. (1.6.2), we act on the right and left-hand sides of the equation with a
Fourier transform F:

F(x" + yx' + wlx) = Ff. (2.3.69)
Defining the Fourier transform of the forcing function as f = ﬁf, and that of the

particular solution as X, =ﬁxp, Eq. (2.3.69) is transformed from an ODE to a
simple algebraic equation:

(-0’ —iwy+ wj)i,(v) =f( o). (2.3.70)

Here, we have applied Eq. (2.3.18) to the derivatives of x,. We may then divide by
the bracket, assuming that the bracket is not zero, to obtain

)—C-p(w): 2f(w)

—w —iwy+ wé'

(2.3.71)

Equation (2.3.71) provides the amplitude %,(w) of all Fourier coefficients in the
oscillator’s response to the forcing. This equation shows that each Fourier mode in
the response is excited only by its corresponding mode in the forcing. This is very
similar in form to the response to periodic forcing, Eq. (2.1.37), except that now
the frequency varies continuously rather than in discrete steps.
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In order to determine the response in the time domain, an inverse transforma-
tion must be applied to Eq. (2.3.71):

r(n= [ =4I do

o —@ —iwy+ w(z) 2’

(2.3.72)

This is as far as we can go in general. Without knowing the form of the forcing
function, we cannot evaluate the frequency integral required in Eq. (2.3.72).

However, we can convert the frequency integral to a time integral by using the
convolution theorem. Equation (2.3.71) can be seen to be a product of Fourier
transforms; one transform is f(w), and the other is 1/(— * —iwy + 0f) =g(w).
Since #,(w) =f(w)g(w), the convolution theorem implies that

% (1) = [ F(1)8(1 = 10) dy, (23.73)

where g(1) = F'g(w) is the inverse transform of §.

Although the time integral in Eq. (2.3.73) is not necessarily easier to evaluate
than the frequency integral in Eq. (2.3.72), Eq. (2.3.73) has some conceptual and
practical advantages. From a practical point of view, Eq. (2.3.73) deals only with
f(¢), whereas Eq. (2.3.72) involves the Fourier transform of f(¢), which must be
calculated separately. Thus, Eq. (2.3.73) saves us some work. Conceptually, the
original differential equation is written in the time domain, and so is Eq. (2.3.73);
so now there is no need to consider the frequency domain at all.

However, we do need to calculate the function g(z — ¢,). But we need do so only
once, after which we can apply Eq. (2.3.73) to determine the response to any
forcing function.

The function g(t—t,) is called the Green’s function for the oscillator. We will
soon see that Green’s functions play a very important role in determining the
particular solution to both ODE and PDEs.

The Green'’s function has a simple physical interpretation. If we take the forcing
function in Eq. (2.3.73) to be a Dirac &-function, f(¢,) = 8(¢,), then Eq. (2.3.73)
yields

x,(1) =g(1).

In other words, the Green’s function g(¢) is a response of the oscillator to a
d-function force at time ¢ = 0. The total impulse (i.e. momentum change) imparted
by the force is proportional to [ 8(¢,) dt, = 1, so this force causes a finite change
in the velocity of the oscillator. To understand this physically, think of a tuning
fork. At t =0, we tap the tuning fork with an instantaneous force that causes it to
oscillate. The Green’s function is this response. For this reason, Green’s functions
are often referred to as response functions.

Of course, the tuning fork could already be oscillating when it is tapped, and
that would correspond to a different particular solution to the problem. In general,
then, there are many different possible Green’s functions, each corresponding to
different initial (or boundary) conditions. We will see that when Fourier trans-
forms are used to determine the Green’s function for the damped oscillator, this



160 FOURIER SERIES AND TRANSFORMS

method picks out the particular solution where the oscillator is at rest before the
force is applied.

Before we proceed, it is enlightening to step back for a moment and contem-
plate Eq. (2.3.73). This equation is nothing more than another application of the
superposition principle. We are decomposing the forcing function f(¢) into a sum
of &-function forces, each occurring at separate times ¢ =t,. Each force produces
its own response g(z —t,), which is superimposed on the other responses to
produce the total response x (7).

Previously, we decomposed the function f(¢) into individual Fourier modes.
Equations (2.3.72) and (2.3.73) show that the response to the force can be thought
of either as a linear superposition of sinusoidal oscillations in response to each
separate Fourier mode in the force, or as a superposition of the responses to a
series of separate &-function forces. Fourier decomposition into modes, and
decomposition into é-function responses, are both useful ways to think about the
response of a system to forcing. Both rely on the principle of superposition.

We can determine the Green’s function for the damped oscillator analytically by
applying the inverse Fourier transform to the resonance function &:

8(1) =fm e do (2.3.74)

e —0? —iwy+ 0l 2T

To evaluate this integral, we must first simplify the integrand, noting that the
denominator —w? —iwy + w? can be written as (iw, +s,)(iw +s,), where s, and
s, are the roots of the homogeneous polynomial equation discussed in Sec. (2.6.2),

and given by Egs. (1.6.14). Then we may write Eq. (2.3.74) as

g(t) = —2 f:eiwf( 1 L |de (23.75)

S, — 8 iots, iw+s,)|2m7’

where we have separated the resonance function into its two components. It is best
to perform each integral in Eq. (2.3.75) separately, and then combine the results.
Integrals of this sort can be evaluated using InverseFourierTransform:

Cell 2.87

FullSimplifyl[
InverseFourierTransform([l/ (I w-a), w, t,
Assumptions -> Rel[al > 0]/Sqgrt [2 Pill

1 -at .
—Ee (1 + Sign([t])
Noting that [1 + Sign(#)]/2 = h(?), the Heaviside step function, and taking a = —s,
in the above integral, we then have

! ﬁ = —e"h(1),  Res, <0, (2.3.76)
1

with a similar result for the inverse transform involving s,. Since Eq. (1.6.14)
implies that the real parts of s, and s, are identical, equaling the nonpositive
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Fig. 2.11 Green’s function for the linear oscillator: response to a é-function force. Here
wy=2and y=1.

quantity —vy/2, we can apply Eq. (2.3.76) to Eq. (2.3.75), yielding

e yt/2

(t) h(f) S =5, —h( )WSID( wé—yth), (2377)

where we have used Eq. (1.6.14). A plot of this Green’s function for particular
choices of y and o, is shown in Fig. 2.11. This Green’s function displays just the
sort of behavior one would expect from an oscillator excited by a &-function
impulse. For ¢ <0, nothing is happening. Suddenly, at ¢ = 0, the oscillator begins
to display decaying oscillations. Note that for #> 0 this oscillation is simply a
homogeneous solution to the ODE, as given by Eq. (1.6.17). This is expected, since
for >0 the forcing has vanished, and the oscillator’s motion decays freely
according to the homogeneous ODE.

One can see that the oscillator is stationary just before ¢ =0 (referred to as
t =07), but begins moving with a finite velocity directly after the forcing, at t =07.
What determines the initial velocity of the oscillator?

Since the oscillator is responding to a &é-function force, the Green’s function
satisfies the differential equation

g +vg +wig=25(1). (2.3.78)

We can determine the initial velocity by integrating this equation from =0~ to
t=0%:

[ (8" + v’ +wig)di=[" 5(1)di=1. (2.3.79)
0~ 0~

Applying the fundamental theorem of calculus to the derivatives on the left-hand
side, we have

g'(0") —g'(07) +y[g(0%) —g(07)] + wéf()(i+gdt =1.  (2.3.80)
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Since g(¢) is continuous and g’(07) =0, the only term that is nonzero on the
left-hand side is g'(0"), yielding the result for the initial slope of the Green’s
function,

g'(0%) =1. (2.3.81)

In fact, if we take the limit of the derivative of Eq. (2.3.77) as t —» 07", we can
obtain Eq. (2.3.81) directly from the Green’s function itself.

Recalling our description of the Green’s function as the response of a tuning
fork to an impulse, we can now listen to the sound of this Green’s function. In
Cell 2.88 we take the frequency to be a high C (2093 Hz), with a damping rate of
v =4 Hz.

Cell 2.88

Play[UnitStep[t] Exp[-2 t] Sin[2 Pi 2093 t]l, {t, -1, 4},
PlayRange— {-1, 1}1;

The Green’s function technique can also be employed to solve for the particular
solution of the general Nth-order linear ODE with constant coefficients, Eq.
(1.6.7). Acting with a Fourier transform on this equation yields

¥ (o) (—io—s)(—io—s) - (—io—sy) =f(w), (2.3.82)

where s,,... sy are the roots of the characteristic polynomial for the homogeneous
ODE, described in Sec. 1.6.2. Solving for )Zp(w), taking the inverse transform, and
using the convolution theorem, we are again led to Eq. (2.3.73). Now, however, the
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Green’s function is given by the following inverse transform:

1
—iw—s)(—iw—s) " (—io—sy)’

g(t)=F" ( (2.3.83)

This inverse transformation can be performed by separating the resonance func-
tion in Eq. (2.3.83) into individual resonances as in Eq. (2.3.75), assuming no
degeneracies occur (i.e., s; #s; for all i #j):

1
lw_S 1_[] lj#z(s )

g(t)y=— Y F!

i=1

(2.3.84)

If we further assume that none of the system’s modes are unstable, so that
Res; <0 for all i, we can apply Eq. (2.3.76) to obtain the Green’s function

eS

] 1]#1(5‘ )

g(1) =h(t) 2 (2.3.85)

The case of a system exhibiting unstable oscillations, or the case of degeneracy, can
also be easily handled using similar techniques, and is left to the exercises.

We have finally solved the problem, posed back in Sec. 1.6, of determining the
response of an oscillator (or, more generally, a linear ODE of Nth-order with
constant coefficients) to a forcing function f(¢) with arbitrary time dependence.
Equation (2.3.85) shows that the response to a -function force at time =0 is a
sum of the solution e’ to the homogeneous equation. This response, the Green’s
function for the system, can be employed to determine the response to an arbitrary
force by applying Eq. (2.3.73).

As a simple example, say the forcing f(¢) grows linearly with time, starting at
t=0: f(¢) =th(¢). Then Eq. (2.3.73) implies that a particular solution to this
forcing is given by

5, (1) = [ toh(1y)8(t — 1y) diy. (2.3.86)

Substituting Eq. (2.3.85) into Eq. (2.3.86), we find that a series of integrals of the
form [* _t,h(t)h(t —t,) e*'~'0 dt, must be performed. The step functions in the
integrand limit the range of integration to 0 <z, <t, so each integral results in

e’ — (1 +s;t)

2

i

ft e’ 1) dty =
0 N

Finally, the total response is the sum of these individual terms:

x,(1) = Z eS"’—(1+st)

i=1 ] 1 ]#z(s )

t>0. (2.3.87)
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We see that part of the response increases linearly with time, tracking the
increasing applied force as one might expect. However, another part of the
response is proportional to a sum of decaying homogeneous solution, e*’. The
particular solution given by Eq. (2.3.87) is the one for which the system is at rest
before the forcing begins.

EXERCISES FOR SEC. 2.3

(1) Find the Fourier transform for the following functions. Use time transform
conventions for functions of ¢, and space transform conventions for functions
of x. Except where indicated, do the required integral by hand. (You may
check your results using Mathematica.)

(a) f(1)=h(t) e “'Sin w, t, a > 0, where h(¢) is the Heaviside step function

(b) f(¢) =t for —a <t <a, and zero otherwise

(¢) f(¢)=cos wyt for —a <t <a, and zero otherwise

(@ f(x)=x/(1 +x?). (You may use Mathematica to help with the required
integral.)

(e) f(x)=e"*". (You may use Mathematica to help with the required inte-
gral.)

(2) Verify by hand that inverse transformation of the functions f(w) found in
Exercise (1) returns the listed functions. [You may use Mathematica to help
check integrals, and you may also use Eq. (2.3.76) without proving it by hand.]

(3) Plot the Fourier transform | f(w)l arising from Exercise (1)(c), taking w,=3
and a = 10,20, 30. Comment on the result. What will f(w) converge to in the
limit as a — «©?

(4) Starting with a Fourier sine series, Eq. (2.2.10), prove the relations for a
Fourier transform, Egs. (2.3.10).

(5) Repeat Exercise (1)(a) using a cosine transform on 0 <x < .

(6) Repeat Exercise (1)(d) using a sine transform on 0 < x < . Use Mathematica
to help with the integral.

(7) Let w/(iv+ w) (v>0) be the Fourier transform of f'(¢). Find f(¢) by hand.

(8) Find the value of the integral [Z, e "!" cos w,(t —t,) dt, using the convolu-
tion theorem. Use paper and pencil methods to do all required transforms
and inverse transforms.

(9) Show that the following functions approach Dirac é-functions and/or their
derivatives, and find the coefficients of these &-functions:

(@) f(t)=1lim,,_, ,H{h(t — A1) — h(t — At)} /AL
() f(&)=1lim,, , exp[—(9 — 12¢ — 2t> + 4> +t*) /At*]/ | At].
(@ f()=1lim,,  JAwtcos(Awt)—sin(Awt)]/t.

(Hint: In each case, consider the integral [/o*cf(¢+)g(¢)dt for some function

0" €

g(#). Also, it is useful to plot the functions to see what they look like.)
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Evaluate the following integrals by hand:
(@) [°,t°8(t>+8)dt.

(b) =, 8(cost)/t*dt.

(¢) [7 8(sint?)/t* dt.

Evaluate the following generalized Fourier and inverse Fourier integrals by
hand:

(@) [ cos wtdw/ .

(b) [*.[t/(ia +t)e'" dt (a real, a > 0).

(© [, —ive ™ dw/2m.

(d) [“.th(t)e'" dt, where h(t) is the Heaviside step function.
(e) [ tanh w7 sin wtdw/ (T > 0).

Prove Parseval’s theorem: for any function f(z) with a Fourier transform

Hw),
[ Pa= [ If(0)Pdo/2m. (2.3.88)

The uncertainty principle of Fourier analysis, Eq. (2.3.24), can be made more
precise by defining the width of a real function f(¢) as follows. Let the square
of the width of the function be At*= [t>f*(¢t)dt/ [f*(¢) dt. (We square the
function because it may be negative in some regions.) Thus, At is the root
mean square (rms) width of f2.

Now define the rms width Aw of the Fourier transform function, flw), in
the same manner: Aw’ = [0*(|f(w)])*dw/ [(|f(w)])* dw. (We take the abso-
lute value of f because it may be complex.)

(a) Show that Aw? = [(df/dt)*dt/ [f*(¢) dt. [Hint: Use Eq. (2.3.88).]

(b) Consider the function u(¢) = tf(¢) + A df/dt. Show that [u?(¢)dt = (At* +
MAw? — N [f*(t)dt. [Hint: fdf/dt =(1,/2)df?/dt.]

(¢c) Using the fact that [u*(¢)dt >0 for all real A, prove that

AwAt>1/2. (2.3.89)

[Hint: The quadratic function of A in part (b) cannot have distinct real roots.]

Equation (2.3.89) is an improved version of the uncertainty principle, and is

directly analogous to Heisenberg’s uncertainty principle AEA? > £ /2, where

E is the energy.

(d) Show that equality in Eq. (2.3.89) is achieved only for Gaussian functions,
f(t) =f, exp(—at?), a > 0. Thus, Gaussians exhibit the “minimum uncer-
tainty” in that the product A w At is minimized. [Hint: Show that A w At
=1/2 only if u(z) =0, and use this equation to solve for f(¢).]

One can perform discrete Fourier transformations and inverse transforma-
tions on smooth data simply by discretizing the Fourier and inverse Fourier
integrals.

(a) Take a numerical Fourier transform of the smooth function e~*" in the
range —3 <t <3 by using Egs. (2.3.53) and (2.3.54), taking A¢= 0.1 and

Aw=04, with w in the range —6 < w < 6. Compare the result with the
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Table 2.2. Data for Exercise (14)
Cell 2.89

£ = {3.42637, 2.26963, -1.70619, -2.65432, 0.24655, 1.40931,
0.470959, -0.162041, -0.336245, -0.225337, -0.112631, 0.447789,
-0.667762, -1.21989, 0.269703, 2.32636, 2.01974, -2.38678,
-3.75246, 0.298622, 3.86088, 2.27861, -1.77577, -2.46912,
0.134509, 1.02331, 0.715012, -0.339313, 0.0948633, -0.0859965,
0.0371488, 0.347241, -0.353479, -1.47499, -0.15022, 2.68935,
1.88084, -2.08172, -3.83105, 0.0629925, 3.87223, 2.13169,
-1.64515, -2.42553, -0.288646,1.4674, 0.315207, -0.480925,
-0.216251, 0.144092, -0.00670936, 0.382902, -0.495702, -1.38424,
0.256142, 2.22556, 2.02433, -2.33588, -3.60477, -0.163791,
3.55462, 2.17247, -1.94027, -2.41668, -0.0176065, 1.05511,
0.489467, -0.515668, -0.122057, -0.112292, -0.0326432, 0.489771,
-0.690393, -1.27071, 0.274066, 2.29677, 1.97186, -2.3131,
-3.99321, -0.228793, 3.95866, 1.84941, -1.95499, -2.2549,
0.104038, 1.29127, 0.769865, -0.362732, -0.271452, -0.0638439,
0.0734938, 0.0774499, -0.333983, -1.56588, -0.193863, 2.37758,
1.92296, -2.12179, -3.87906, -0.21919, 3.96223, 2.01793,
-2.05241, -2.7803, -0.296432, 1.18286, 0.687172, -0.449909,
-0.193565, 0.191591, 0.310403, 0.437337, -0.706701, -1.35889,
-0.0630913, 2.54978, 1.79384, -2.21964, -3.88036, -0.127792, 3.882,
2.32878, -1.56785, -2.6985, 0.219771, 1.32518, 0.669142, -0.44272,
0.123107, -0.15768, 0.375066, -0.0682963, -0.467915, -1.3636,
-0.235336, 2.28427, 1.80534, -1.83133, -3.58337, 0.0344805,
3.42263, 2.21493, -1.86957, -2.62763, -0.159368, 1.50048,
0.48287, -0.453638, -0.172236, -0.124694};

exact Fourier transform, found analytically, by plotting both on the same
graph vs. frequency. (This requires you to determine the frequency
associated with the position of a given element in the transformed data.)

(b) Take the inverse transform of the data found in part (a) using Egs.
(2.3.55) and (2.3.56). Does the result return to the original function? Plot
the difference between the original function and this result.

(¢) Repeat (a) and (b), but take the range of w to be —3 < w < 3.

(15) Using a discrete Fourier transform that you create yourself (not a fast Fourier
transform), analyze the noisy data in Table 2.2 and determine the main
frequencies present, in hertz. The time between samples is Az = 0.0005 s.

(16) A Fourier series or transform is a way to decompose a function f(¢) in terms
of complex orthogonal basis functions e *“’. The method relies on the
orthogonality of these basis functions. A discrete Fourier transform can be
thought of as a way to decompose vectors f of dimension N in terms of N
complex orthogonal basis vectors. The mth basis vector is e =
{1, e 27mi/N g=4mmi/N _  ,=2ami(N=1)/N}

(a) Show directly that these basis vectors are orthogonal with respect to the
following inner product defined for two vectors f and g: (f,g) =f*-g.
[Hint: Use the following sum: YY" !xV = (1 —x") /(1 —x).]
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(b) Show that the decomposition of a vector f in terms of these basis vectors,
f=YN_|f e, leads directly to Eq. (2.3.63).

(¢) Use the orthogonality of these basis vectors to determine the coefficients
f,.» and compare the result with Eq. (2.3.59).

(17) A data file on the disk accompanying this book, entitled aliendata.nb,
contains a (simulated) recording made by a (simulated) scientist listening for
alien communications from nearby stars. Read in this data file using the
command <<aliendata.txt. (A Directory and/or SetDirectory
command may also be necessary.) Within this file is a data list of the form
f£={--- }. Reading in the file defines the data list £. Use ListPlay to play
the data as a sound. Take the sample rate to be 22,050 hertz. As you can
hear, the data is very noisy. By taking a Fourier transform, find a way to
remove this noise by applying an appropriate filter function to the Fourier-
transformed data. What is the aliens’ message? Are they peaceful or warlike?
[Caution: This data file is rather large. When manipulating it, always end
your statements with a semicolon to stop any output of the file.]

(18) (a) A damped harmonic oscillator is driven by a force of the form f(z) =
h(t)t? exp(—t), where h(t) is a Heaviside step function. The oscillator
satisfies the equation

x" +2x"+4x=f(1).

Use pencil-and-paper methods involving Fourier transforms and inverse
transforms to find the response of the oscillator, x(¢), assuming that
x(0) =0 and x'(0) = 1. Plot the solution for x(z).

(b) Repeat the analysis of part (a) for a force of the form f(¢) = h(¢)t sin4t.
Instead of Fourier methods, this time use the Green’s function for this
equation. Plot the solution for 0 < ¢ < 10.

(19) Use Fourier transform techniques to find and plot the current in amperes as
a function of time in the circuit of Fig. 2.12 when the switch is closed at time
t=0.

(20) (a) Find the Green’s function for the following ODE:

A

Lx=x"" +2x" + 6x" +5x" +2x.

R=2Q
NN
C=15pF |
_ _L_v—w
L=25H
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(b)

21D (a)

(b)

(22) (a)

(b)

()

Use the Green’s function found from part (a) to determine the solution
x(t) to Lx=h(t)te ' cost, x(0) =x'(0) =x"(0) =x"(0) = 0. Plot the solu-
tion.

The FFT can be used to solve numerically for particular solutions to
differential equations with constant coefficients. This method is quite
useful and important for solving certain types of PDEs numerically, such
as Poisson’s equation under periodic boundary conditions (see Chapters 6
and 7), but can also be used to solve ODEs. For example, consider the
following ODE:

x" +x"+x=h(t)te "sin3t.

Find a particular solution on the interval 0 <¢ <4 using an FFT. To do
so, first discretize time as t=nAt, n=0,1,2,...,N—1, with N=41,
taking At =0.1. Make a table of the forcing function at these times, and
take its FFT. Then, use what you know about Fourier transforms to
determine a discretized form for the transform of x, X. Take the inverse
FFT of this data and plot the resulting particular solution vs. time on
0<t<4

This particular solution is periodic, with period T = 4.1, since the FFT is
equivalent to a Fourier series solution with this periodicity. This solution
is correct only in the first period, from 0 <t < T; the analytic particular
solution is not periodic, but should match the FFT solution in 0 <t <T.
To prove this, note that this particular solution satisfies periodic boundary
conditions x(0) = x(T), x'(0) = x'(T). Solve the ODE analytically for these
boundary conditions using DSolve, and plot the result on top of the FFT
result from part (a) on 0 <t < T.

The periodic &-function 87(¢) with period T given by Eq. (2.3.48) has
Fourier components of equal amplitude over all frequencies, playing
continuously. Do you think that the hairs in your ear responsible for
hearing frequencies at around, say, 500 Hz are being excited continuously
by the 500-Hz frequencies in the &-function, or only when there is a
chirp? Explain your reasoning in several sentences, with diagrams if
necessary. (Hint: Hairs respond to a range of frequencies around their
response peak, not just a single frequency. What is the effect on the
amplitude of the hair’s motion of adding together these different fre-
quency components in the forcing? Think about constructive and destruc-
tive interference.)

Find a particular solution for the response of a damped oscillator (a
model of one of the hairs) to a periodic S-function using Green’s
functions. The oscillator satisfies x” + yx’ + wlx = §")(¢). Plot the re-
sult over a time of 5T for w,T =60 and for (i) yT = 0.01, (ii) yT = 0.1,
(iii) yT=1, (iv) yT =10. Roughly how large must yT be for each
response to a &-function kick to be easily distinguishable from others?
Create and play a periodic &-function with different values of T, from
to 555 s. Determine the smallest value of T for which you can distinguish
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the chirps. Use the result of part (b) along with this result to crudely
estimate a value of y for the human auditory system.

(23) (a) Play the following periodic §-function for which the phases have been
randomized:

Cell 2.90

T = 0.2; 1 + 2 Sum[ Cos[2 Pi n t/T +
2 Pi Random[l], {n, 1, 300}];

Does this still sound like a periodic é-function? Previously, we found that
randomizing the phases of the Fourier components in a waveform made
no difference to the sound a waveform makes. Can you explain why there
is a difference now? (Hint: Think about destructive interference.)

(b) The modes in a Fourier series or transform have amplitudes that are
constant in time, but somehow the series or transform is able to produce
sounds whose loudness (amplitude) varies in time, as in a periodic
d-function. Given the results of part (a), explain in a few words how this
is accomplished.

(¢) Reduce the period T of §7(¢) to a value below that found in part (c) of
the previous exercise. Does randomizing the phases make as much
difference to the sound as for part (a)? Why or why not?

(24) Three coupled oscillators are initially at rest on a surface (at t = —). Their
equilibrium positions are x,, =2, x,, =1, x5, = 0. The oscillators satisfy the
equations

XM= =2(x;—x,— 1) =i,

Xy==2(x,—x; +1) —x), —2(x, —x;— 1),

Xj=—=2(x;—x, +1) —x5+f(2).
The third oscillator in the chain is given a bump, f(t) =6 e *!l. Use Fourier
transform methods to solve for the motion of the oscillators. Plot the motion

of all three oscillators as an animation by plotting their positions x;(¢) as a set
of ListPlots at times from —1 <¢ <9 in units of 0.2.

2.4 GREEN’S FUNCTIONS

2.4.1 Introduction

Consider a dynamical system described by a general Nth-order inhomogeneous
linear ODE, such as Eq. (1.6.1). In operator notation this ODE can be written as

Lx(1) =f(1). (2.4.1)

The Green’s function can be used to find a particular solution to this ODE. The
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Green’s function is a function of two arguments, g = g(z, ¢,). This function satisfies
Lg(t,t)) =8(t—1,). (2.4.2)

According to this equation, g(¢,¢,) is the response of the system to a &-function
forcing at time ¢ =¢,.

The Green’s function can be used to obtain a particular solution to Eq. (2.4.1.)
by means of the following integral:

5 (1) = [ g(t,10) (1) dry- (2.4.3)

We have already seen a similar equation for the particular solution in terms of a
Green’s function for an ODE with constant coefficients, Eq. (2.3.73). There, the
Green’s function was written as g(z —¢,) rather than g(z,¢,), because when the
ODE has constant coefficients the origin of time can be displaced to any arbitrary
value, so only the time difference between t and t,, is important in determining the
response at time ¢ to an impulse at time ¢,,. A

We can easily show that Eq. (2.4.3) satisfies the ODE, Eq. (2.4.1). Acting with L
on Eq. (2.4.3), we obtain

Lx,(1) = [ Le(t.t0)f(1y) dty = [ 8(1=1)f(10) dty = (1),

where we have used Eq. (2.4.2).

We have not yet specified initial or boundary conditions that go along with Eq.
(2.4.2) for defining the Green’s function. In initial-value problems, it is convenient
to choose the initial condition that g =0 for ¢ <¢,, so that the system is at rest
when the impulse is applied.

For boundary-value problems, other choices are made in order to satisfy
boundary conditions, as we will see in Sec. 2.4.4.

The time integral in Eq. (2.4.3) runs all the way from — to o, so it seems that
we need to know everything about both the past and future of the forcing function
to determine x, at the present time. However, the choice g =0 for 7 <t, implies
that the integral in Eq. (2.4.3) really runs only from — to ¢, so only past times are
necessary. Also, in typical problems there is usually an initial time ¢; (possibly far
in the past) before which the forcing can be taken equal to zero (i.e. the beginning
of the experiment). For these choices the integral really runs only from ¢; to ¢:

5, (1) = [8(6,0)(20) .

We can see that this particular solution will be zero for ¢ <¢,, since g(¢,t,) =0 for
t <t,. Thus, this particular solution is the one for which the system is at rest before
the forcing begins.

We will now consider how to construct a solution to Eq. (2.4.2) for the Green’s
function. There are several methods for doing so. We have already seen one
method using Fourier transforms in Sec. 2.3.6, applicable to ODEs with constant
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coefficients. Here, we consider a general analytic method for any linear ODE,
where the Green’s function is written as a sum of homogeneous solutions to the
ODE. We also discuss numerical methods for determining the Green’s function. In
Chapter 4, we will consider another analytic method, applicable only to boundary-
value problems, in which we decompose g in terms of operator eigenmodes,
resulting in the bilinear equation for the Green’s function.

2.4.2 Constructing the Green’s Function from Homogeneous Solutions

Second-Order ODEs In this subsection we will construct the Green’s function
for a linear second-order ODE using homogeneous solutions. We will then discuss
a generalization of the solution that is applicable to higher-order ODEs.

For a general linear second-order ODE of the form of Eq. (1.6.1), the Green’s
function satisfies

Lg(t.1y) = So5(0,10) + (1) 578(1:10) + (1) g(1:1y) = (1 =10). (2:4.4)

Assuming that we are solving an initial-value problem, we will take the initial
condition that g(z,¢,) =0 for ¢ <¢,.

When ¢ > ¢, the Green’s function satisfies the homogeneous ODE ﬁg(t, ty)) =0,
and therefore g can be written as a sum of the two independent homogeneous
solutions to the ODE (see Sec. 2.6):

g(t,t)) =Cixy(t) + Cyrx,(1), t> 1. (2.4.5)

We are then left with the task of determining the constants C; and C,. One

equation for these constants can be found by applying the initial condition that the

system is at rest before the impulse is applied, so that g =0 at ¢ = ¢,. Applying this
condition to Eq. (2.4.5) yields

8(tg,19) =0=Cyxy(1y) + Crx,(1p). (2.4.6)

To obtain one more equation for the constants C; and C,, we integrate Eq. (2.4.4)
from a time just before ¢, #;, to a time just after #,, #; :

w5 0> J 1
[ [ rstaan) + ) Fret) +un(g(r) = [Fo( 1) ai=1.
0 0

Assuming that u,(¢) and u,(¢) are both continuous at ¢ =t¢,, we can replace them
by their values at ¢ =, and take them outside the integral. We can then apply the
fundamental theorem of calculus to the integral of the derivatives, yielding

J J
Eg(t’to) =1F - Eg(t,to)

t=tg

+uy(ty)[g (e . 10) —g(ty »10)] +”o(to)/:38(tato) dr=1.
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Since g=0 at r<t¢,, all terms on the left-hand side vanish except for the first
term, yielding

%g(t,to) it = 1.
Substituting for g using Eq. (2.4.5) yields the second equation for C, and C,,
C X\ (1)) + Cyxh(t,) = 1. (2.4.7)
We may now solve for C; and C, using Egs. (2.4.6) and (2.4.7). The result is

g(t,1) = xz(to)xl(tlz/(_t:)l(to)xz([) ’

t>1t, (2.4.8)

where the function W(t) is the Wronskian, defined as W(t) = x(£)x,(¢) — x5(t)x,(¢).

If the Wronskian W(z,) is zero for some value of f,, then according to Eg.
(2.4.8) g is undefined. However, one can show (although we will not do so here)
that the Wronskian is always nonzero if the homogeneous solutions x, and x, are
linearly independent. A proof of this statement can be found in many elementary
books on ODEs, such as Boyce and DiPrima (1969) (see the references at the end
of Chapter 1).

For completeness, we also note our initial condition:

g(t, 1)) =0, t<t,. (2.4.9)

Equations (2.4.8) and (2.4.9) are a solution for the Green’s function for a general
second-order ODE. This solution requires that we already know the independent
homogeneous solutions to the ODE, x,(¢) and x,(¢). These solutions can often be
found analytically, using DSolve for example, but we could also use numerical
solutions to the homogeneous ODE, with two different sets of initial conditions so
as to obtain independent numerical approximations to x,(¢) and x,(¢). Examples
of both analytic and numerical methods for finding homogeneous solutions can be
found in the exercises at the end of Sec. 1.6.

Equations (2.4.8) and (2.4.9) can now be used in Eq. (2.4.3) to obtain a
particular solution to Eq. (2.4.1). Since g(¢,t,) = 0 for ¢, > ¢, we obtain

x,(t) = fng(tato)f(lo) dr,

=x(n [ xZ(;VO(){() 0) 4, —x2(t)f_tw %mo. (2.4.10)

Equation (2.4.10) is a form for the particular solution to the ODE that can also be
found in elementary textbooks, based on the method of variation of parameters.
Here we have used Green’s-function techniques to obtain the same result. Note
that one can add to Eq. (2.4.10) any homogeneous solution to the ODE in order to
obtain other particular solutions. Equation (2.4.10) is the particular solution for
which the system is at rest before the forcing begins.
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Example As an example of the Green’s function technique applied to a second-
order ODE with time-varying coefficients, let us construct the Green’s function for
the operator

f,x=x”—nx’/t, n#*—1.

One can verify by substitution that this operator has two independent homoge-
neous solutions

x(t) =1,
x,(t)y=t""'/(n+1).
Then the Wronskian is
W(t) =x\(t)x,(t) —x5(t)x,(t) =0—1t" = —¢",

and Eq. (2.4.8) for the Green’s function becomes

l‘ n
t(—) —to), 1> 1,.
Ly
We can use this Green’s function to obtain a particular solution to Lx(r) = f(z).

Let’s take the case f(¢) =t*h(¢), where h(z) is the Heaviside step function. Then
the particular solution given by Eq. (2.4.3) is
t(%) —to}tg‘ dt,,

where on the right-hand side we have assumed that ¢ > 0 in order to set () = 1.
If t <0, then h(t,) =0 for the entire range of integration, and x,(¢) = 0. This is
expected, since the Green’s function has built in the initial condition that the
system is at rest before forcing begins.

For this simple forcing function the integral can be performed analytically,
yielding

1
g(t,t9) =771

¢ t 1
x,(1) =f_xg(f,fo)f(?h(fo)dfo=fom

_ (1+n)e?+e
(D)= Brayita—n)’

t>0.

Nth-Order ODEs The Green’s function for a general linear ODE of order N can
also be determined in terms of homogeneous solutions. The Green’s function
satisfies

d"x av! dx
g +”N—1(f)W + o +u1(t)E tug(t)x=08(t—1ty). (2.4.11)

For ¢ < t, we again apply Eq. (2.4.9) as our initial condition. For ¢ > ¢, the Green’s
function is a sum of the N independent homogeneous solutions,

N
g(t,t)) =Y C,x, (1), t>1,. (2.4.12)
n=1



174 FOURIER SERIES AND TRANSFORMS

We now require N equations for the N coefficients C,. One such equation is
obtained by integrating the ODE across the 8-function from #; to #; . As with the
case of the second-order ODE, only the highest derivative survives this operation,
with the result

N-1

i ——8(t, to) =1. (2.4.13)

(F
Ly

Only this derivative exhibits a jump in response to the &-function. All lower
derivatives are continuous, and therefore equal zero as a result of Eq. (2.4.9):

%g(t,fo)t:t -0, n=12,...,N—2. (2.4.14)

Also, the Green’s function itself is continuous,
g(ty,ty) =0. (2.4.15)

When Eq. (2.4.12) is used in Egs. (2.4.13)—-(2.4.15), the result is N equations for
the N unknowns C,,. Solving these coupled linear equations allows us to determine
the Green’s function in terms of the homogeneous solutions to the ODE. For the
case of an ODE with constant coefficients, the result returns us to Eq. (2.3.85).
Knowledge of the Green’s function, in turn, allows us to determine any particular
solution. We leave specific examples of this procedure to the exercises.

2.4.3 Discretized Green’s Function I: Initial-Value Problems by
Matrix Inversion

Equation (243) can be thought of as an equation involving a linear integral
operator L~'. This operator is defined by its action on any function f(¢):

Lof= [ g(t.0)f(1y) dty. (2.4.16)

We have already encountered other linear integral operators: the Fourier
transform and its inverse are both integral operators, (see Sec. 2.3.3). The operator
L~ appears in the particular solution given in Eq. (2.4.3), which may be written as

=L"'f. (2.4.17)

We call this operator L~ because it is the inverse ~of the differential operator L.
We can see this by operating on Eq. (2.4.16) with L, and using Eq. (2.4.3):

LL7f= [ Lg(eatg) f(ty) dtg= [ 8(1=1) (1) dty =f(2).

~1 returns without

This shows that .~! has the correct property for an inverse: LL
change any function to Wthh it is applied.
We can see that L= is the inverse of L in another way, The ODE that xp

satisfies is Lx = f. If we apply L~! to both sides, we obtain L.~ 1Lx =L 'f= X,
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where in the last step we used Eq. (2.4.17). This shows that L~'L also returns
without change any function to which it is applied. Since

LL~'x,=L"'[x,=x, (2.4.18)
for a function x ,(¢), this again proves that L~ is the inverse of L.

Note, however, that there seems to be something wrong with Eq. (2.4.18). There
are functions x,(¢) for which Lxh = 0: the general homogeneous solutions to the
ODE For such functions, L~ 1Lxh =0+#x,. In fact, one might think that since

=0, L~ cannot even exist, since matrices that have a finite null space do not
have an inverse (and we already know that by discretizing time L can be thought
of as a matrix).

The resolution to this paradox follows by considering the discretized form of the
Green’s function. By discretizing the ODE, we can write it as a matrix equation,
and solve it via matrix 1nver510n In this approach, the operator L becomes a
matrix L, and the operator L' is simply the inverse of this matrix L.

We examined this procedure for homogeneous initial-value problems in Sec.
1.6.3. Adding the inhomogeneous term is really a very simple extension of the
previous discussion. As an example, we will solve the first-order ODE

[x= % fug()x=£(t), x(0)=x,. (2.4.19)

A discretized version of the ODE can be found using Euler’s method, Eq. (1.4.7).
Defining ¢, = n At, Euler’s method implies

x(0) =x,

. 2.4.20
S X)) o, ) =) 0

These linear equations can be written as a matrix equation,
L-x=f, (2.4.21)
where the vector x = {x(0), x(¢,), x(¢,),...}, and the vector f=[x,, f(z,), f(¢,),...}

contains the force and initial condition. The matrix L is a discretized version of the
operator L:

1 0 0
1 1
~ A7 +u0(t0) A7 0 0
1 1
L= 0 — a7 T o(ty) A— 0 (2.4.22)
1
0 0 + 0(12) Al

A similar matrix was introduced for the homogeneous equation, in Sec. 1.6.3 [see
Eq. (1.6.21)]. The only difference here is that we have multiplied by 1/Af¢
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everywhere but in the first row, so that Eq. (2.4.21) has the same form as Eq.
(2.4.19).
We can solve Eq. (2.4.20) for the unknown vector x by using matrix inversion:

—L'f. (2.4.23)

Note the resemblance of this equation to Eq. (2.4.17). The matrix inverse appear-
ing in Eq. (2.4.23) is a discretized version of the inverse operator L

From a theoretical perspective, it is important to note that both the forcing and
the initial condition are included in Egs. (2.4.21) and (2.4.23). The initial condition
x(0) =x, is built into the forcing function. If we wish to solve the homogeneous
equation for a given initial condition, all that we need do is set all elements of f but
the first equal to zero. In this case Eq. (2.4.21) returns to the form of Eq. (1.6.21).
We can see now that there is no difference between finding a solution to the
homogeneous equation and finding a solution to the inhomogeneous equation. After
all, the matrix inversion technique is really just Euler’s method, and Euler’s method
is the same whether or not the ODE is homogeneous.

We have seen how the forcing contains the inhomogeneous initial conditions for
the discretized form of the ODE; but is this also possible for the actual ODE
itself? The answer is yes. For instance, to define the initial condition x(0) =x, in
the previous first order ODE, we can use a é-function:

B (1) x=F(1) +x,8(). (2.4.24)
If we integrate from 0~ to 0F, we obtain x(0*) —x(07) =x,. Now let us assume
that x(¢) =0 for ¢ <0. [This is the homogeneous initial condition associated with
L~': see Eq. (2.4.16), and recall that g = 0 for ¢ <1,.] We then arrive at the proper
initial condition, x(0*) =x,. Furthermore, for >0 the ODE returns to its
previous form, Eq. (2.4.19). By solving Eq. (2.4.24) with a homogeneous initial
condition, we obtain the same answer as is found from Eq. (2.4.19).

Therefore, we can think of L' as the inverse of L provided that the ODE is
solved using homogeneous initial conditions, x(#)=0 for ¢<0. The equation
Lx=f specifies both the ODE and the initial conditions at time ¢=0". The
inhomogeneous initial conditions are contained in the forcing function f, as in Eq.
(2.4.24).

With homogeneous initial conditions attached to the ODE, it is no longer true
that nontrivial solutions x,(#) exist for which Lxh 0; the only solution to this
equation is x, = 0. Thus, the null space of L is the empty set, and the operator
does have an inverse. This resolves the apparent contradiction discussed in relation
to Eq. (2.4.18).

Furthermore, application of L' via Eq. (2.4.16) no longer provides only a
particular solution; it provides the full solution to the problem, including the initial
condition. We can now see that the previous distinction between particular and
homogeneous solutions to the ODE is artificial: both can be obtained from the
Green’s function via Eq. (2.4.16). For the above example of a first-order ODE,
Eq. (2.4.24) implies that the general homogeneous solution for this first-order
ODE is the Green’s function itself: x,(t) =x,G(¢,0). This should not be surprising,
given that the Green’s function can be constructed from homogeneous solutions, as
we saw in the previous section.



2.4 GREEN’SFUNCTIONS 177

Let us now discuss Eq. (2.4.23) as a numerical method for obtaining the solution
to the ODE. Now specific examples of the functions f(¢) and u,(¢) must be
chosen, and the solution can be found only over a finite time interval. Let us
choose uy(t)=t, f(r) =1, and find the particular solution for 0 <t < 3, taking a
step size At = (.05 with an initial condition x, = 0. Then, as discussed in Sec. 1.6.3,
the operator can be constructed using Kronecker 8-functions using the following
Mathematica commands:

Cell 2.91
Clear [u, At]

At = 0.05; u[n_] =At n; M = 60;

L = Table[KroneckerDelta[n, m] / At -
KroneckerDeltaln, m + 11 (1 /At - ulml), {n, 0, M},
{m, 0, M}1;

LI[1, 1]]1 = 1;

The force initial-condition vector is

Cell 2.92
f = Table [1, {i, 0, M}I;
£[[11] = O;

Then we can solve for x via

Cell 2.93

x = Inversel[L].f;

and we can plot the solution by creating a table of (¢, x) data values and using a
ListPlot, as shown in Cell 2.94. The exact solution to this equation with the
initial condition x[0] = 0 is in terms of a special function called an error function.

Cell 2.94

Table [{nAt, x[[n + 111}, {n, 0, M}];
sol = ListPlot[%];

LA D I B A R R B

T

0.5 1 1.5 2 2.5 3




178 FOURIER SERIES AND TRANSFORMS

Cell 2.95

Clear[x];

x[t_1 = x[t]l/. DSolve[{x'[t] + t x[t] == 1, x[0] == 0},
x[t]l, tl1[[1]]
_¢2/2 T K t
e V/Z r 1[¢5]

In Cell 2.96 we plot this solution and compare it with the numerics. The match is
reasonably good, and could be improved by taking a smaller step size, or by using a
higher-order method to discretize the ODE.

Cell 2.96

Plot[xI[t]l, {t, 0, 3}, DisplayFunction — Identityl];
Show[%, sol, DisplayFunction — $DisplayFunction];

0.5 1 1.5 2 2.5 3

Higher-order inhomogeneous ODESs can also be written in the matrix form of
Eq. (2.4.21) and solved by matrix inversion. Examples can be found in the
exercises, and in Sec. 2.4.5, where boundary-value problems will be considered.

2.4.4 Green’s Function for Boundary-Value Problems

Green’s functions are often used to find particular solutions to inhomogeneous
linear boundary-value problems. For example, Green’s functions play a very
important role in solutions to electrostatics problems. Such problems typically
involve solution of Poisson’s equation (1.1.10) for the potential ¢(r) due to a given
charge distribution p(r), in the presence of conductors that determine the bound-
ary conditions for the potential.

Poisson’s equation is a PDE, so its complete solution via Green’s function
techniques will be left to Chapters 3 and 4. However, it is enlightening to use a
Green’s function for Poisson’s equation in the case where there is only variation in
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one direction. If we call this direction x, then Poisson’s equation is the following
ODE:

Lo(x)=p(x), (2.4.25)

where L is a second-order linear differential operator in x whose form depends
on the geometry of the system. For example, for Cartesian coordinates, L =
d?/dx*, whereas for spherical coordinates with x=r, we have L =49°/dx*>+
2/x)d/dx.

Assuming that there are conductors at x =g and x =b (assuming a <b) with
fixed potentials V,, and V), respectively, the boundary conditions are

b(a)=V,.  b(b) =V, (2.4.26)

When solving Egs. (2.4.25) and (2.4.26) analytically, as usual we break the solution
into a homogeneous and a particular solution: ¢ = ¢, + ¢,. The homogeneous
solution ¢, satisfies the boundary conditions without the source term:

Loy(x)=0,  ¢(a)=V,, &(b)=V,, (2.4.27)

and the particular solution satisfies the inhomogeneous ODE,

Lo(x)=p(x),  &,(a)=d,(b) =0, (2.4.28)

The particular boundary conditions chosen here are termed homogeneous bound-
ary conditions. Such boundary conditions have the property that, for the forcing
function p =0, a solution to Eq. (2.4.28) is ¢, = 0. We will have much more to say
about homogeneous boundary conditions in Chapters 3 and 4.

The Green’s function g(x, x,) is used to determine the particular solution to
Eq. (2.4.28). The Green’s function is the solution to

Lg(x,x)) =8(x—x,), gla,xy) =g(b,x,)=0. (2.4.29)

Then Eq. (2.4.3) implies that the particular solution is

4y(x) = [(5(x.%0) p(x0) diy. (2:4.30)

The boundary conditions ¢,(a)=¢,(b)=0 are satisfied because g(a,x,) =
g(b, x,) = 0 for all values of x,.

We can construct the Green’s function for this problem by using solutions to the
homogeneous ODE in a manner analogous to the method used for initial-value
problems, discussed previously. The only change is that the boundary conditions on
the Green’s function are now different.

The second-order ODE has two independent homogeneous solutions ¢,(x) and
¢,(x). We construct the Green’s function by choosing two different linear combi-
nations of these two solutions that match the boundary conditions in different
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regions. For x <x,, we choose the linear combination

Bi(0) = 6,(0) ~ S1 (), (2431)

and for x >x, we choose the combination

¢.i(D)
b,(b)

These combinations are chosen so that ¢,(a) = ¢,(h) =0. Then the Green’s
function is

52(X) =¢(x) — $(x). (2.4.32)

Clgl(x), x <Xy,

_ (2.4.33)
C,h,(x), x>x,

g(x,xg) =

where the constants C; and C, must still be determined. This Green’s function
satisfies the boundary conditions given in Eq. (2.4.29), and also satisfies the ODE
for x #x,, since Lg(x, x,) =0 for x # x,,.

To complete the solution, we need values for the constants C, and C,. These
are determined by the condition that the Green’s function is continuous at x = x,,,
so that

C1$1(x0) =C2$2(x0). (2.4.34)

Also, a second equation is provided by the usual jump condition on the first
derivative of g, obtained by integration of Eq. (2.4.29) from x, to x,

1% J
Eg(X, Xg) eoxi %g(x, Xg) emxs 1.
Substitution of Eq. (2.4.33) then yields

Czaz(xo) - C@’l(xo) =1 (2.4.35)

Equations (2.4.34) and (2.4.35) can be solved for C; and C,. The solution is

_ <7>z(xO)$1(X) , x<x,,
g(x,xy) = - W()i]) (2.4.36)
_ $1(x0) Po(x) X>x
W(xy) 0

where the Wronskian W(x) = ¢(x)¢,(x) — ¢5(x)p,(x) again makes an appear-
ance [see Eq. (2.4.8)]. Equation (2.4.36) can be used in Eq. (2.4.30) to determine
the particular solution for any given charge density p(x). An alternate description
of g in terms of eigenmodes can be found in Chapter 4; see Eq. (4.3.16).
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2.4.5 Discretized Green’s Functions Il: Boundary-Value Problems
by Matrix Inversion

Theory for Second-Order ODEs Equation (2.4.30) can be thought of as an
operator equation,

¢, =L, (2.4.37)

involving the linear integral operator L' defined by

Lop= [Te(e 1) p(x,) d. (2438)

This subsection discusses the matrix inverse method that follows from discretiza-
tion of Eq. (2.4.37). This method, discussed previously for initial-value problems, is
really most useful for determining the solution to boundary-value problems. We
will apply this method to a general second-order ODE of the form

A d* d
L¢=Wq&—i—ul(x)%qﬁ—l-uo(X)qb:p(x) (2.4.39)
with boundary conditions

b(a)=V,.  $(b)=V,. (2.4.40)

We solve this problem numerically on a grid of positions x=x,=a+nAx
specified by the step size Ax=(b—a)/M. Then Eq. (2.4.39) becomes a matrix
equation that can be solved directly by matrix inversion.

First, we need to discretize the differential equation. To do so, we use a
centered-difference scheme. For the first derivative, this involves the approximation

¢(xn + AX) — (]5()6” B A)C) _ ¢(xn+1) - ¢(xn—1)
2Ax N 2Ax

d¢
7 (%) = . (2.4.41)

In the limit that Ax approaches zero, this approximation clearly approaches the
slope of ¢ at x =x,. Other schemes could also be used (Table 2.3), such as the

Table 2.3. Different Forms for Finite-Differenced First Derivatives

Forward difference

d(b ¢(xn+ )_(b(xn)
E(x”): le

dé b(x,) — ¢(xu-1)
E(x”): Ax l

%(xn) - ¢(xn+1) — ¢(xn—l)

T Ax Centered difference

Backward difference
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scheme used in Euler’s method. This is called a forward-difference scheme:

_ (A0 = d(x) _ (x,00) ()

E(x”) Ax = Ax (2.4.42)
One might also choose the backward-difference scheme,

do b(x,) = ¢(x, —Ax) _ ¢(x,) — ¢>(xn )

2 () = Ax L, (2443)

but centered-differencing is the most accurate of the three methods (see the
exercises). For the second derivative, we again use a centered difference:

d
Loy =& ¢(x"“/2) df(x"*l/z) _ $0sn) =20(x) + d(x,)
de2 Ax Ax?

(2.4.44)

Higher-order derivatives can also be differenced in this fashion. Several of these
derivatives are given in Table 2.4. These difference forms are derived in the
Appendix. However, the first and second derivatives are all that we require here.

Using these centered-difference forms for the first and second derivatives,
Eq. (2.4.39) becomes a series of coupled linear equations for ¢(x,):

Pbuer) Z2G) T O] g () D) ) (1) 0(x,)

=p(x,), 0<n<M. (2.4.45)

Table 2.4. Centered-Difference Forms for Some Derivatives

dcb( )_¢(xn+1) d(x,-1)

2Ax
zd)( ) d)(anrl) 2¢(xn)+¢(xn 1)
Ax?
“d’( )7 ¢(xn+2) 2¢(xn+l)+2¢(xn l) d)(xn 2)

2Ax3

d¢( )_ ¢(xn+2) 4¢(xn+l)+6¢(xn) 4(]5()6” l)+¢('xn 2)
Ax*

54)( )_ ¢(xn+3) 4¢(xn+2)+5¢(xn+l) 54)()6” l)+4p(xn 2) ¢(xn 3)
2 Ax?

%( = P(x,43) =06h(X,42) +15(x,41) —20(x,) +15¢(x, 1) = 6¢(x, ) + b(x,-3)
Ax*

“All forms shown are accurate to order Ax?.
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As indicated, this equation is correct only at interior points. At the end points
n =0 and n =M we have the boundary conditions

o(xy) =V, d(xy)=V,. (2.4.46)
Equations (2.4.45) and (2.4.46) provide M + 1 equations in the M + 1 unknowns
¢(x,), n=0,1,2,..., M. We can write these equations as a matrix equation, and

solve this equation directly by matrix inversion. When written as a matrix equation,
Eqgs. (2.4.45) and (2.4.46) take the form

L-b=p, (2.4.47)

where
b ={d(x)), d(x)),...,d(xy)},

(2.4.48)
p= {I/a’ p(xl), p(xz)a-"a p(xM71)7Vb}’

and the M + 1-by-M + 1 matrix L is determined in terms of Kronecker é-functions
for the interior points as follows:

L _ 6nJrl,m_2’6rm1_|—5

nm Ax?

n—1,m

n m - Bﬂ* m
e Suntto(X,) . (2:4.49)

+uy(x,)

A 4-by-4 version of the resulting matrix is displayed below:

Cell 2.97

M= 3; L =
KroneckerDeltal[n + 1, m]
KroneckerDelta[n - 1, m]
{n, 0, M}, {m, 0, M}];

MatrixForm[

Table [KroneckerDeltal[n, m] (u,[n] - 2 /Ax"2) +
(1 /Ax™2 + u;[n] / (2Ax)) +
(1 /Ax"2 - u;[n] / (2Ax)),

L]
1 u, [0]
R L ey e 0 0
1 u, [1] 2 1 u, [1]
Ax? | 2Ax T A2 Yo (1] Ax? | 2Ax 0
1 u, [2] 2 5 1 u; [2]
0 Ax? | 2Ax T Ax2? U, 2] Ax? * T o A%
1 u; [3] 2
0 0 E T o Ax - E + U, [3]

While the middle rows are correct, the first and last rows must be changed to

provide the right boundary conditions:

Cell 2.98

L[[ll
L[[M + 1,

111 = 1;

L[[l'
M+ 111 = 1;

2]1 =

L[[M + 1,

Ml]l = 0O;
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Now the matrix takes the form

Cell 2.99

MatrixForm[L]

1 0 0 0
1 u, [1] 2 1 u, [1]
Ax?  2Ax TAxz TYo [1] Ax? | 2Ax 0
0 1 u, [2] 2 5 1 u, [2]
Ax2  2Ax T Az Yo [2] Ax® | 2Ax
0 0 0 1

When this matrix is used in Eq. (2.4.47) together with Eq. (2.4.48), the first and last
equations now provide the correct boundary conditions, ¢(x,=V,, ¢(x,,)="V,.

These boundary conditions are contained in the discretized forcing function p.
One can also write the boundary conditions directly into the forcing function of the
undiscretized ODE using §-functions, in analogy to Eq. (2.4.24):

2
%(b+u](x)%(b+uo(x)¢=p(x) +V,8'(x—a) =V,8'(x—b), (2.4.50)

with homogeneous boundary conditions ¢ = 0 for x <a and x > b. The proof that
this is equivalent to Egs. (2.4.39) and (2.4.40) is left as a an exercise). The full
solution, satistying the nonzero boundary conditions, is then determined by apply-
ing the Green’s function to the new forcing function using Eq. (2.4.30). Again, we
see that there is no real difference between homogeneous solutions to the ODE
and inhomogeneous solutions: both can be written in terms of the Green’s
function. In fact, a general homogeneous solution can be determined directly in
terms of the Green’s function by applying Egs. (2.4.37) and (2.3.42) to the forcing
function in Eq. (2.4.50), taking p = 0. The result is

d d
du(x) = —V‘,EG(x,xo) - + VbEG(x,xo) . (2.4.51)

One can see now why we have spent so much time discussing the particular
solutions to ODEs as opposed to the homogeneous solutions: there is really no
difference between them. Both types of solutions can be determined using the
Green’s function method. Boundary or initial conditions are just another type of
forcing, concentrated at the edges of the domain. In later chapters we will often use
this idea, or variations of it, to determine homogeneous solutions to boundary- and
initial-value problems.

Now that we have the matrix L, we can solve the boundary-value problem
(2.4.47) in a single step by matrix inversion:

b=L"-p. (2.4.52)

Equation (2.4.52) is a very elegant numerical solution to the general linear
boundary-value problem. It is somewhat analogous to finding the Green’s function
and applying Eq. (2.4.37) to p(x), obtaining the particular solution that equals zero
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on the boundaries. However, in the Green’s function method one must then add in
a homogeneous solution to include the nonzero boundary conditions; but this is
not necessary in Eq. (2.4.52).

A closer analytic analogy to Eq. (2.4.52) is the application of Eq. (2.4.37) to the
forcing function of Eq. (2.4.50), which also has the nonzero boundary conditions
built into the forcing function.

The matrix-inversion method has several distinct advantages compared to the
shooting method discussed in Sec. 1.5, where initial guesses had to be made (which
might be poor) and where the ODE had to be solved many times in order to
converge to the correct boundary conditions. However, there are also several
drawbacks to the matrix-inversion technique for boundary-value problems. First,
the method works only for linear boundary-value problems, whereas the shooting
method works for any boundary-value problem. Second, the matrix form of the
operator L can be quite complicated, particularly for high-order ODEs. Third,
matrix inversion is a computationally time-consuming operation, although very fast
codes that can be run on mainframes do exist. Using Mathematica, the matrix
inverse of a general 700-by-700 matrix takes roughly half a minute on a reasonably
fast PC (as of summer 2001). This is fast enough for many problems. Furthermore,
there are specialized methods of taking the inverse that rely on the fact that only
terms near the diagonal of L are nonzero (the matrix is sparse). These methods are
already built into Mathematica, and will not be discussed in detail here.

There is another important point to make concerning the matrix-inverse solu-
tion provided by Eq. (2.4.52). We know that for reasonable initial-value problems
(“reasonable” in the sense of Theorem 1.1) a solution always exists and is unique.
On the other hand, we know from Chapter 1 that for boundary-value problems the
solution need not exist, and need not be unique. However, we have now seen that
the solutions to both initial-value and boundary-value problems consist of inverting
a matrix L and acting on a vector (called p for our boundary-value problem, and f
for the initial-value problem of Sec. 2.4.3). There seems to be no obvious differ-
ence between the solutions of initial- and boundary-value problems when they are
written in the form of a matrix equation. Why is one case solvable and the other
not (necessarily)? The answer lies in the form of the matrix L for each case. We
will see in the exercises that for boundary-value problems the changes that we have
to make to the first and last few rows of L, required in order to satisfy the
boundary conditions, can lead (for certain parameter choices) to the matrix having
a zero determinant. In this event the matrix inverse does not exist (see Sec. 1.5.2),
and the solution, if any, cannot be written in the form of Eq. (2.4.52). For examples
of how this can happen, see Exercises (10)(e) and (f).

Example As an example of the matrix-inversion method, let’s solve for the
potential between two conducting spheres, with radii a=1 m and b=2 m
respectively. The inner sphere is at }/, = 5000 V, and the outer sphere is grounded,
V, = 0. Between the spheres is a uniform charge density of p,=10"% C/m?’. The
potential satisfies the 1D Poisson equation

3?2 2 9 Po
T Ty

so we take u(r) =2/r and uy(r) =0 in Eq. (2.4.45).
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The following Mathematica code will solve this problem, taking M = 40 grid
points. First, we define the grid r, and set up the functions u,(r) and u,(r) on the
grid:

Cell 2.100

a=1; b =2; M = 40;
Ax = (b - a)/M;
r[n ] = a + nAx;
u[n ] = 0;

wnl = 2/r[nl;

We then reconstruct the matrix L, now using the full 41-by-41 form:

Cell 2.101

L = Table[KroneckerDeltaln, ml (u,[n]l - 2 /Ax*2) +
KroneckerDeltaln + 1, m] (1/Ax*2 + u;[nl/ (2 Ax))+
KroneckerDeltaln - 1, m] (1/Ax”"2 - u, [n]/ (2 Ax)),

{n, 0, M}, {m, 0, M}I;

L[[1, 111 = 1; LII[1, 2]] = 0O;
LM+ 1, M+ 1]] =1; LIIM + 1, MI] = O;

Next, we set up the vector p:

Cell 2.102
€ = 8.85 10%-12; VvV, = 5000; V, = 0; p0 = 10™*-6;

p = Table [-p0/¢,, {n, 0, M}]1;
plI11]1 = Vv ;
plM + 111 = V;

Finally, the electrostatic potential is determined by matrix inversion:

Cell 2.103

¢ = InverselL].p;

It may be easily verified (using DSolve, for example) that the exact solution for
the potential is given by

10000 7oy py TPy
+ —_ —_
r b6e, re;, Oe

é(r) = —5000 +

(in ST units). We compare the exact result with the numerical solution in Cell
2.104. This numerical method matches the analytic solution to the boundary-value
problem quite nicely. For one-dimensional linear boundary-value problems, matrix
inversion is an excellent numerical method of solution.
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Cell 2.104

sol = Tablel[{r[nl, ¢[In + 111}, {n, 0, M}1;
pl = ListPlot[sol, DisplayFunction — Identityl]:;

10000 N 700  p0  r’p0

r 6€, reg, 6¢€,

¢exact[r_1 = -5000 +

s

p2 = Plotl¢exactlr]l, {r, 1, 2}, DisplayFunction — Identity];
Show([pl, p2, DisplayFunction — $DisplayFunction;
PlotLabel — "electrostatic potential between two charged
spheres",
AxesLabel — {"rn, " n}];

Electrostatic potential between two charged spheres

15000 F
12500 F
10000 |
7500 |
5000

2500

EXERCISES FOR SEC. 2.4

(1) (a) Find the Green’s function for the following potential problem in terms of
homogeneous solutions:

Loo=p(0. (=0, b(b)=0.

(b) Use the Green’s function to find a particular solution for the case where
p(x)=x3.
(2) Use the method of Sec. 2.4.2 to solve the following ODEs for the Green’s
function, for the given homogeneous boundary or initial conditions:
(a) G’ +3tG(t,t,) = 6(t —t,), G=0 for t <t,. Plot G(¢,0).
(b) G" +4G(t,t) = 8(t —t,), G=0 for t <t,. Plot G(t — t,).
(© G" +2G' +G(t,t) =8(t—1t,), G=0 for t <t,. Plot G(t —t,).
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(d G" +1tG(t,t) = 8(t —t,), G =0 for t <t,. (Hint: The solution will be in
terms of Airy functions.) Plot G(z,0).

() G"+2G" —G' —2G =8(t—1t,), G =0 for t <t,. Plot G(t —t,).
O G + wiG(x,x))=8(x—xy), G=0 for x=a and x=b (w,>0,
w, # nw/(b — a) for any integer n).
(g G" — klG(x,x))=8(x—xy),G=0for x=a and x=b (k,>0).
(h) G” +nG'(x,xy)/x=8(x—xy), G=0for x=a>0and x=b, n # 1.
i G"+G" +G'+G=8(x—xy), G=G'=0 at x=0, G=0 at x=1.
Plot G(x —x,).
(3) Use the Green’s functions found from Exercise (2) to help determine solu-
tions to the following problems. Plot the solution in each case.
(@) x"+3ux(t) =sint, x=0at t=0.
(b) x" + 4x(t) = cos2¢, x(0) = 0=x"(0).
() x" +2x" +x(t)=1t2 x(0)=1, x'(0)=0.
@ x" +ex(t)=t, x(0)=1, x'(0)=0.
(e x"+2x" —x' —2x=e"", x(0)=1, x'(0)=x"(0) = 0.
® ¢ + dp(x)=x>, $(0) =1, $(1)=0.
(g ¢" — dp(x)=sinx, ¢'(0)=0=$(1).
(h) ¢" +3¢" /x=x, p(1)=0, ¢'2Q) =1.
() ¢"+¢" +¢' +dp=xe ", p=¢' =0at x=0, p—2¢'=1at x=1.
(4) Discretize the operator in Exercise (3)(a) using Euler’s method, and solve the

problem by matrix inversion for 0 <t < 8. Take Af= 0.1, and compare with
the exact solution by plotting both in the same plot.

(5) (a) By writing the ODE in Exercise (3)(b) as a vector ODE in the unknown
vector function z(¢) = {x(¢), x'(¢)}, discretize the ODE using the vector
Euler’s method, and solve by matrix inversion for 0 <¢ <5. Take At =
0.05. Plot the result along with the exact solution. (See Sec. 1.4.5.)

(b) Repeat for Exercise (3)(c).
(¢) Repeat for Exercise (3)Xd).
(d) Repeat for Exercise (3)(e), now taking the vector function as z(¢) =

{x(®), x'(0), x" (1)}

(6) (a) for the following general second-order ODE initial-value problem, find a
way of including the initial conditions in the forcing function on the
right-hand side, in analogy to Eq. (2.4.24), and state the proper homoge-
neous initial condition for the new ODE:

()G ) =), H) =, X)) =0y,

(b) Use the result of part (a) along with Eq. (2.4.3), write a general homoge-
neous solution x,(¢) to this problem in terms of the Green’s function.
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Use the Green’s function found in Exercise (2)(c) and the result from part
(b) to solve the following problem:

dzx dx _ ’

F'i‘ZE +x(t)=e f x(0)=1, x(0)=2

In this problem we will show that the centered-difference scheme for
taking a numerical derivative is more accurate than either forward- or
backward-differencing. To do so, we take a smooth function ¢(x) whose
derivative we will determine numerically at a grid point x =x,. Then the
value of ¢(x) at x =x,,, can be determined by Taylor expansion:

b
6

2 b

3
2 +Ax

b, =, +Ax P, + Ax + -,

with a similar result for ¢, _,.

Use these Taylor expansions in the forward- and backward-difference
methods, Egs. (2.4.42) and (2.4.43), to show that the error in these
methods is of order Ax.

Use these Taylor expansions in the centered-difference derivative, Eq.
(2.4.41), to show that the error in this method is of order Ax>.

Repeat for the centered-difference second derivative, Eq. (2.4.44), to
show that its error is also of order Ax?.

Prove Eq. (2.4.50).

Prove Eq. (2.4.51).

Test Eq. (2.4.51) directly for the potential problem given in Exercise (1)
of this section: by applying the Green’s function found in Exercise (1)(a)
to Eq. (2.4.51), show that the correct homogeneous solution to this
potential problem is recovered.

Find a way to include the boundary conditions in the forcing function for
the following second-order boundary-value problem:

2
Soru()Foru(e=p(x), S =V, #(0)=V,.

What homogeneous boundary conditions must be attached to the new
ODE?

Using the result of part (a) along with Eq. (2.4.3), write a general
homogeneous solution x,(¢) to this problem in terms of the Green’s
function.

Using the results of part (a) and (b), find the appropriate Green’s
function in terms of homogeneous solutions, and solve the following
boundary-value problem:

d? d , ,
w¢+4a¢+¢=)€, ¢'(0)=0, ¢'(1)=1.
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(10) Using the centered-difference discretization techniques discussed in Sec.
2.4.5, solve the following problems using matrix inversion, and compare each
to the exact solution. In each case take Ax = 0.05:

(a) Exercise (3)(D).

(b) Exercise (3)(g). [Hint: To learn about setting the derivative equal to zero
at the boundary, see Sec. 6.2.1, in the sub-subsection on von Neumann
and mixed boundary conditions.]

(¢) Problem (3)(h) [see the hint for Exercise (10)(b)].

(d) Problem (3)(@) [see the hint for Exercise (10)(b)].

(&) ¢"(x)=1, ¢'(0)=2; ¢'(1)=0. [Hint: First solve this problem analyti-
cally by direct integration to show that a solution does not exist. Then
solve the problem by finite differencing. Also, see the hint for Exercise
(10)(b).]

® ¢"(x)+ p(x) =0, ¢(0) =0 = ¢(ar). [Hint: Recall that there are an infi-
nite number of solutions; see Eq. (1.5.9). Take Ax = 0.05 7.]
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CHAPTER 3

INTRODUCTION TO LINEAR PARTIAL
DIFFERENTIAL EQUATIONS

In this chapter we derive analytic solutions to some of the common linear partial
differential equations (PDEs) of mathematical physics. We first examine PDEs in
one spatial dimension, focusing on the wave equation and the heat equation. We
then solve a PDE in more than one spatial dimension: Laplace’s equation.

For the simple cases discussed in this chapter, we will find that solutions can be
obtained in terms of Fourier series, using the method of separation of variables.

3.1 SEPARATION OF VARIABLES AND FOURIER SERIES METHODS
IN SOLUTIONS OF THE WAVE AND HEAT EQUATIONS

3.1.1 Derivation of the Wave Equation

Introduction The first partial differential equation that we will discuss is the
wave equation in one dimension. This equation describes (among other things) the
transverse vibrations of a string under tension, such as a guitar or violin string. In
the next two sub-subsections we will derive the wave equation for a string, from
first principles.

String Equilibrium Consider a string, stretched tight in the x-direction between
posts at x=0 and x=L. (See Fig. 3.1.) The tension in the string at point x is
T(x). Tension is a force, and so has units of newtons. The tension 7T(x) at point x
is defined as the force pulling on the piece of string to the left of point x as it is
acted on by the string to the right of this point (see Fig. 3.1). According to
Newton’s third law, the force acting on the string to the right of point x as it is
pulled by the string on the left is — T(x): the forces of the two sections acting on
one another are equal and opposite. Furthermore, tension always acts in the
direction along the string. We will define positive tension forces as those acting to
the right—in the positive x-direction.

191
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=Tix)*—— —>Tix)

— ]

Fig. 3.1 Equilibrium of a string. x=0 x=L

Fig. 3.2 Forces acting on a mass element in equilib- M
rium. X x+dx

The string in Fig. 3.1 is in equilibrium. In equilibrium, in the absence of gravity
or other such external forces, the tension in the string is uniform, and the string is
perfectly straight. This can be understood from the following argument. Consider
an element of the string with mass dm and length dx, running from x to x +dx. If
the string is straight, but the tension in the string is a function of position, then the
tension pulling the element to the right is 7(x + dx) and that pulling the element
to the left is —T(x) (see Fig. 3.2). However, in equilibrium, the total force on dm
must vanish, so T(x +dx) — T(x) =0, and therefore T must be independent of
position in equilibrium. Also, since we have achieved force balance with a straight
string, we have shown that a straight string is in equilibrium.

However, if an extra force dF, such as gravity, acts on the element dm in the
x-direction, then T is not constant in equilibrium. Equilibrium force balance then
yields T(x + dx) + dF — T(x) = 0. Taylor expansion of this expression implies

dT dF
¥ il = (3.1.1)
For instance, if gravity points in the —x direction, then dF = —dmg. Equation
(3.1.1) then implies that dT/dx = pg, where
p(x) =dm/dx (3.1.2)

is the mass per unit length. In this example the tension increases with increasing x,
because more of the string weight must be supported by the remaining string as
one moves up the string against gravity, in the +x direction.

Since all forces have been assumed to act along the x-direction, the string
remains straight. However, if time-independent forces, such as a force of gravity in
the y-direction, act transverse to the string it will no longer remain straight in
equilibrium, but will sag under the action of the transverse force. (This can be
observed “experimentally” in spring—mass simulations of an elastic string, in Sec.
9.10.) In what follows, we neglect the effect of such forces on the equilibrium of
the string, and assume that the equilibrium is a straight horizontal string along the
x-axis, following the equation y = 0. We will examine the effect of a gravitational
force in the y-direction in Sec. 3.1.2.
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T{x+ dx,t)
/

yix.t)

Fig. 3.3 Forces acting on a mass element
in motion (displacement greatly exagger-
ated for ease of viewing).

String Dynamics: The Wave Equation Now let us consider a string that has
been perturbed away from equilibrium by a small transverse displacement in the
y-direction. The shape of the string is now a curve that changes with time, given by
the function y(x, ). (See Fig. 3.3.) Our job is to obtain an equation of motion for
y(x,1). To simplify this task, we will assume that the perturbed string is nearly
straight: | dy/dx| < 1.

The equation of motion for y(x,#) can be found by applying Newton’s second
law to the motion of an element dm of the string, located between x and x + dx.
The total force dF, in the y-direction on this element is determined by the
y-component of the tension 7,(x, t) acting on each end of the string (assuming that
no forces other than tension act in the y-direction):

J
dFy=Ty(x+dx,t)—Ty(x,t)=dxﬁTy(x,t). (3.1.3)

By Newton’s second law, this force determines the acceleration of the mass
element in the y-direction:

2

dm%y(x,t) = dF, = dv-T,(x,1). (3.1.4)
Because tension forces act along the direction of the string, the y-component of
the tension is related to the displacement of the string from equilibrium. Accord-
ing to Fig. 3.3, T,(x,t) = T(x, t)sin 6, where T(x, ¢) is the magnitude of the tension
in the string at position x and time ¢, and 6 is the angle of the element dm with
respect to the horizontal. However, since the displacement from equilibrium is
assumed small, & must also be small, and therefore sin # = 6, which implies that

T,(x,1) = T(x,1)8. (3.1.5)

Furthermore, according to Fig. 3.3, 6 is related to the displacement of the string
through tan 6= dy/Jdx. For small angles tan 6 = 0, so this implies 0= dy/dx.
Combining this result with Eq. (3.1.5), we obtain T,(x,t) = T(x,t) dy/dx. How-
ever, as we are interested only in small-amplitude transverse displacements of the
string, we can replace T(x,t) by the equilibrium tension T(x). Therefore, we
obtain

T,(x,1) = T(x) 2. (3.1.6)
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Applying this result to Eq. (4.1.4), dividing by dm, and using Eq. (3.1.2) yields

%y(“) =ﬁ%(7(xu—iy(x,t))- (3.1.7)

Equation (3.1.7) is the wave equation for a string with equilibrium tension 7T(x)
and mass per unit length p(x). This equation describes the evolution of small
transverse displacements y(x, ) away from equilibrium. The equation is a linear
partial differential equation in the unknown function y(x,t), and is second-order
in time and second-order in space. Since the equation is second-order in space,
two boundary conditions are required: the ends of the string are fixed by the posts
at each end, so y=0at x=0 and at x=L.

Since the wave equation is second-order in time, two initial conditions are also
needed. The position and transverse velocity of each element of the string must be
specified initially in order to determine its subsequent motion. In other words, we
require knowledge of y(x,7=0) and Zy(x,t=0) for all x in the range 0 <x < L.
Thus, the solution of the wave equation is specified by boundary conditions

y(0,£) =y(L,t) =0 (3.1.8)

and by initial conditions
y(-x’o) =y0(x)a

3.1.9)
ay (
D (,0) = ().
for some initial transverse displacement y,(x) and initial transverse velocity v,(x).
The wave equation can be simplified in the case that the string tension is

uniform [T(x)=T] and the mass density is also uniform [ p(x) = p]. Then Egq.
(3.1.7) becomes

92 92

Wy(x,t) =czﬁy(x,t). (3.1.10)

The constant c¢ is

c=T/p, (3.1.11)

and has units of a velocity. In fact we will see that this quantity is the speed at
which transverse disturbances propagate along the string.

The magnitude of ¢ depends on the mass density and thickness of the string as
well as the tension to which it is subjected. For instance, the high E-string on a
steel string guitar is typically made of steel with a mass density <M of roughly
M=1.5 g/cm’. The radius of this string is » = 0.15 mm, giving a mass per unit
length of

p=mr*M=0.0053 g/cm=6.3x10"* kg/m. (3.1.12)

According to Eq. (3.1.11), a tension of 7= 3500 N yields a speed of ¢ =970 m/s.
Although we have derived the wave equation for transverse waves on a string,
the same PDE also applies to many other types of wave disturbances traveling in
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one spatial dimension. For example, the equation applies to the small-amplitude
waves on the surface of shallow water (neglecting surface tension), with y(x, t) now
the height of the water surface [see Exercise (4) at the end of this section]. The
equation also applies to pressure waves propagating through a medium such as air,
with y(x, ) now the pressure or density in the medium. The equation applies to
propagation of electromagnetic waves such as visible light or radio waves, with
y(x,t) now identified with the electric or magnetic field in the wave. The wave
equation itself is the same in each case, even though the physical processes for
each type of wave are very different. Of course, in each instance, the speed of
propagation c differs. Obviously, for sound waves c is the speed of sound, but for
light waves c¢ is the speed of light.

3.1.2 Solution of the Wave Equation Using Separation of Variables

Solution of the Wave Equation for a Uniform String and Fixed Ends

Separation of Variables for a Uniform String. We will now solve the wave
equation for a uniform string, Eq. (3.1.10), with boundary conditions that the ends
are fixed: y=0 at x=0 and x =L, and initial conditions given by Eq. (3.1.9). To
solve this problem, we will apply the method of separation of variables. In this
method, we look for a solution to the PDE of the form

y(x,0) =f(1)¥(x), (3.1.13)

where f(¢) and (x) are some functions that need to be determined in order to
satisfy the PDE and match the boundary and initial conditions. In fact, we will find
that there are many possible solutions of this form, each of which satisfy the PDE
and the boundary conditions. We will create a superposition of these solutions in
order to match the initial conditions.

If we substitute Eq. (3.1.13) into the wave equation, Eq. (3.1.10), and then divide
by f(t)(x), we obtain

1 9f , 1 9%

T o TGy (3.1.14)

This PDE can be separated into two ordinary differential equations by means of
the following argument: the right-hand side of the equation is a function only of
position x. Let us call this function A(x). Then Eq. (3.1.14) implies that
[1/f()] 9*f/dt* = h(x). However, the left-hand side of this equation is indepen-
dent of x. Therefore, 4(x) must be a constant. Let us call this constant — w?, in
anticipation of the fact that it is a negative quantity. Then Eq. (3.1.14) becomes

two ODE:s:

L
ORT (3.1.15)
2 L 0% _ e (3.1.16)

CU(x) 9x?
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These two ODEs must be solved subject to the boundary and initial conditions.
First, we consider the boundary conditions. The conditions, y(0,¢) =y(L,t)=0
imply that (0) = (L) =0. These are homogeneous boundary conditions, intro-
duced previously in relation to Eq. (2.4.28). With such boundary conditions, Eq.
(3.1.16) can be recognized as a special kind of boundary-value problem: an
eigenvalue problem.

The Eigenvalue Problem. An eigenvalue problem such as Eq. (3.1.16) is a linear
boundary-value problem with homogeneous boundary conditions. Also, the differ-
ential equation must depend on a parameter that can be varied. In this case the
parameter is . The homogeneous boundary conditions ¢(0) = (L)=0 imply
that there is always a trivial solution to the problem, (x)=0. However, in
eigenvalue problems, for special values of the parameter, there also exist nontrivial
solutions for ¢, called eigenmodes or eigenfunctions. The special values of the
parameter w are called eigenfrequencies (since w has units of a frequency), but
more generally they are called eigenvalues.

To find the nontrivial solutions for ¢, we match the general solution of the
differential equation to the boundary conditions. The general solution of Eq.
(3.1.16) is

Y (x) = Coos> + Dsin ==, (3.1.17)

where C and D are constants. First, the condition #(0) =0, when used in Eq.
(3.1.17), implies that C = 0. Next, the condition (L) =0 implies that
Dsin(wL /c) = 0. This equation can be satisfied in two ways. First, we could take
D =0, but this would then imply that = 0, which is the trivial and uninteresting
solution. The second possibility is that sin(wL /c) = 0. This implies that wL /c =
nir, n an integer.

Thus, we find that the nontrivial solutions of Eq. (3.1.16) with boundary
conditions ¢(0) = (L) =0 are
nx

$(x) =D sin—p

, n=1,2,3,... (3.1.18)

and also,
w=w,=nmwc/L. (3.1.19)

These are the eigenfunctions and eigenfrequencies for this problem. We do not
require values of n less than zero, because the corresponding eigenmodes are just
opposite in sign to those with n > 0.

Recall from Chapter 1 that the solution to a boundary-value problem need not
be unique. In eigenvalue problems, we have an example of this indeterminacy.
When o # w,, there is only one solution, = 0, but when w = w,, the constant D
can take on any value, including zero, so there are many solutions. Fortunately, the
specific value of this constant is not important in constructing the solutions to the
wave equation, as we will now see.

The Solution for y(x,t). The time dependence of the solution is described by Eq.
(3.1.15). The general solution of this equation is

f(t) =Acos wt + Bsin wt,

where A and B are constants. Using Eq. (3.1.19) for the frequency, and Eq.



3.1 SEPARATION OF VARIABLES AND FOURIER SERIES METHODS 197

(3.1.18) for the eigenmodes, the solution for y(x, ) =f(t)(x) is
y(x,t) =(Acos w,t + Bsin w,t) sinnLLx,
where we have absorbed the constant D into A and B. However, this is not the
full solution to the problem. There are an infinite number of solutions for the
eigenmodes and eigenfrequencies, so we will create a superposition of these
solutions, writing
- . . NTX
y(x,t) = ) (A,cos w,t + B, sin w,t) sin—7—. (3.1.20)

n=1
Equation (3.1.20) is the general solution to the wave equation for a uniform

string with fixed ends. This equation describes a wealth of physics, so it is
worthwhile to pause and study its implications.

Eigenmodes for a Uniform String. The eigenfunctions sin(nwx/L) are the nor-
mal modes of oscillation of the string. If only a single normal mode is excited by
the initial condition, then the string executes a sinusoidal oscillation in time, and
this oscillation persists forever. If several different eigenfunctions are excited by
the initial conditions, each mode evolves in time independently from the others,
with its own fixed frequency. Examples of single-mode oscillations are shown in
Cell 3.1 for the first four normal modes, taking ¢ =L = 1. This figure displays
three key features of the normal modes:

Cell3.1

L =1; ¢ = 1;

w[n ] = n Pi c¢/L;

pltin_, t_1 :=
Plot[Cos[wIn] t] SinIn Pi x], {x, 0, L},
DisplayFunction— Identity, PlotRange— {-1, 1},
PlotLabel » "n = " <>ToStringl[n]l];

Table [Show [GraphicsArray [Table [

{{p1tl1, t1, pltl[2, tl1}, {pltI3, tl, pltl4, tl1}}11,

DisplayFunction— §DisplayFunction], {t, 0, 2, .05}1;

1
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\/

1 1
0.75 0.75
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(1) Each single-mode oscillation forms a standing wave on the string, with a set
of stationary nodes. At these nodes the amplitude of the oscillation is zero
for all time.

(2) The number of nodes equals n — 1 (excluding the end points). Conse-
quently, modes with large n exhibit rapid spatial variation.

(3) One can plainly see (in the animation accompanying the electronic version
of the text) that the modes with higher n oscillate more rapidly in time. For
instance, the n = 4 standing wave completes four oscillations for every single
cycle completed by the n = 1 mode. This follows from the expression for the
frequencies of the modes, Eq. (3.1.19).

Equation (3.1.19) also shows that as the length of the string is reduced, the
mode frequencies increase. This simple property of the wave equation has many
applications. For instance, it is the principle behind the operation of stringed
musical instruments. In order to increase the frequency of the sound, the musician
reduces the effective length of the string, by placing some object (such as his or her
finger) against the string, allowing only part of the string to vibrate when plucked.

When the string is plucked, the lowest, fundamental frequency w, usually
predominates in the response, and is primarily responsible for the pitch of the
sound. However, the higher harmonics are also produced at multiples of w,, and
the superposition of these harmonics are, in part, responsible for the characteristic
sound of the instrument. (The manner in which these string vibrations couple to
sound waves in the surrounding air is also of great importance to the sound
produced. This coupling is a primary consideration in the design of the instrument.)

However, musicians often play tricks to alter the sound a string makes. For
instance, musicians can create a high-frequency sound on an open string by placing
their finger lightly at the location of the first node of the n =2 harmonic, in the
middle of the string. This allows the n =2 mode to vibrate when the string is
plucked, but suppresses the fundamental mode, creating a sound one octave above
the fundamental (i.e., at twice the frequency).

Also, the frequency of the vibration increases as the propagation speed c
increases. Thus, for very thin, high-tension strings such as the high E-string on a
guitar, c is large and the fundamental frequency w, of the string is correspondingly
high. Thicker, more massive strings at lower tension have lower fundamental
frequencies. By varying the tension in the string, a musician can change the
frequency and tune his or her instrument.

Matching the Initial Conditions. Our final task is to determine the values of A,
and B, in the general solution. These constants are found by matching the general
solution to the initial conditions, Egs. (3.1.9). At t =0, Egs. (3.1.20) and (3.1.9)
imply

y(x,0)= ¥ A, sin 75 =y (x). (3.1.21)
n=1

This is a Fourier sine series, and we can therefore determine the Fourier
coefficients A, using Eq. (3.2.11):

2 (L . nmwx
An=rf0y0(x)sdex. (3.1.22)



3.1 SEPARATION OF VARIABLES AND FOURIER SERIES METHODS 199

Similarly, the constants B, are determined by the second initial condition,
dy/dtl,_, = vy(x). Using Eq. (3.1.20) to evaluate dy/dt|,_,, we find

0
nmwx

B, w, sin—= =u,(x). (3.1.23)
=1

n

This equation is also a Fourier sine series, so B, is given by

B,w, = %foLuo(x) sin "7 di. (3.1.24)
Equations (3.1.19), (3.1.20), (3.1.22), and (3.1.24) are the solution to the wave
equation on a uniform string with fixed ends, for given initial conditions. We see
that the solution matches the boundary conditions that y(0,¢) =y(L,#)=0 be-
cause each Fourier mode sin(nwx/L) satisfies these conditions. The solution
matches the initial conditions because the Fourier coefficients A, and B, are
chosen specifically to do so, via Egs. (3.1.22) and (3.1.24).

Examples

Example 1: Plucked String We can use our general solution to determine the
evolution of any given initial condition. For instance, consider the initial condition

| ax, 0<x<L/2,
W)=\ (L -x), Ly2<x<lL,

vo(x) =0.

This initial condition, plotted in Cell 4.3, is formed by pulling sideways on the
center of the string, and then letting it go. To find the subsequent motion, all we
need do is determine the constant 4, and B, in the general solution. Equation
(3.1.24) implies that B, =0, and Eq. (3.1.20) implies that

2 (L . hmx 2| rL/2 . nmX L o Nwo hTx
An—fj;yo(x)sdex—L{fO ax sin— dx+fL/2a(L x) sin T dx}

These integrals can be evaluated analytically using Mathematica, and the result is
as follows:

Cell 3.2
Aln_ ] = Simplify[2/L (Integrate[ a x Sin[n Pi x/L1,
{x, 0, L/2}] + Integratel[ a (L - x) Sin[n Pi x/L],
{x, L/2, L}]), ne<Integers]

4 L Si =7
a1 sin [27]

n?m?

Thus, this perturbation evolves according to

y(x0)= ¥ A, cos T sin 1T (3.1.25)
n=1
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with A, given in Cell 3.2. This sum is a Fourier sine series in space and a cosine
series in time. The time dependence implies that y(x,?) is periodic in time with
fundamental period 27/w, = 2L /c. By cutting off the sum at some large but finite
value M, we can observe the evolution of the string. We do so in taking
L=c=a=1.

Cell 3.3

M =30; L =c=a-=1;
ylx , t ] = Sum[A[n] Cos[n Pi ¢ t/L] Sin[n Pi x/L],

{n, 1, M}1;
Table[Plot[y[x, tl, {x, 0, L}, PlotRange— {{0,1}, {-1, 1}},
PlotLabel - "t = "<>ToStringl[t], AxesLabel— {"x", "y"}],

{t, 0, 1.9, .1}1;
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This evolution may seem strange. One might have expected that the entire
triangle would simply change its amplitude in time, oscillating back and forth like
the n = 1 normal mode shown in Cell 3.1. Instead, a flat area in the middle grows
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with time, and then decreases in size until the initial condition is re-formed. This is
how an ideal undamped string actually behaves, and it is only because it is difficult
to actually see the rapid evolution of a plucked string that this behavior seems
unusual to us.

To better understand this motion, it is useful to look at the time evolution of the
center of the string, superimposed on the evolution of a second point at x =L /4,
as shown in Cell 3.4. The center of the string oscillates back and forth in a triangle
wave (thin line). The point at x = L /4 only starts to move after a certain period of
time (thick line), which is required by the fact that waves have a finite propagation
speed on the string. Recall that our initial condition is formed by pulling on the
center of the string, holding it off axis against the string tension, and then releasing
the string. Once the center has been released, it takes some time for this
information to propagate to points far from the center. We will soon show that the
speed of propagation of this signal is c¢. Thus, the point at L /4 does not learn that
the point at L /2 has been released until time ¢ = L /(4¢) has elapsed. Only after
this time does the point at L /4 begin to move.

Cell 3.4

In[9] := <<Graphics?‘;

Plot[{yIL/4, t]l, yIL/2, t1}, {t, 0, 2 c/L},
PlotStyle— {{Blue, Thickness[0.01]}, Red}, AxesLabel —
{"t", TableForm[{{StyleForm["y[L/4, t]l", FontColor — Blue,
FontWeight -> "Bold"], ", ", StyleForm["yI[L/2, tl",
FontColor — Red] }}, TableSpacing— 0]}];

=1
s
TTTT

Example 2: Traveling Disturbance The finite propagation speed of traveling
disturbances can be easily seen directly by considering a different initial condition,
which is localized in the middle of the string:

yo(x) _ e—50(x/L—1/2)2,

vo(x) =0.

The resulting Fourier series solution will still have the form of Eq. (3.1.25), but the
coefficients A4, will be different. Now, it is best to simply solve for these
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coefficients numerically:

Cell 3.5
L = 1;
2
Aln ] := 2/L ( NIntegratel e */%-2/2)" gin[n Pi x/LI,

{x, 0, L}])

In Cell 3.6, we show the string motion resulting from this initial condition. (In
order to reduce the computation time we have used the fact that only odd Fourier
modes are present in the solution.)

Cell 3.6

M = 19; ¢ = 1;

yIx , t ] = Sum[A[n] Cos[n Pi ¢ t/L] Sin[n Pi x/L],
{n, 1, M, 2}1;

Table[Plot[y[x, tl, {x, 0, L}, PlotRange— {{0, 1}, {-1, 1}},
PlotLabel = "t="<>ToString[t], AxesLabel— {"x", "y"}1,
{t, 0, 1.95, .05}1;
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One can see that this initial condition breaks into two equal pulses, propagating
in opposite directions on the string. This is expected from the left-right symmetry
of the system: there is no reason why propagation of the pulse in one direction
should be favored over the other direction. Also, the pulses do not change their
shape until they reach the ends of the string, where they reflect and propagate
back toward the center again, with opposite sign at time ¢ = 1. This means that
each pulse, having covered a distance L =1 in time ¢ = 1, has traveled with speed
c=1

In fact, it is easy to see that any function of space and time of the form f(x — ct)
or f(x + ct) satisfies the wave equation for a uniform string, Eq. (3.1.10). This is
because, for such functions, the chain rule implies that df/dt = +c df/dx. There-
fore, 9°f/dt*=c?d*f/dx*, so f(x+ct) satisfies the wave equation for any
function f.

In Chapter 5 we will prove that the general solution to the wave equation for a
uniform infinite string can be written as a superposition of two such functions,
traveling in opposite directions:

y(x,t) =f(x—ct) +g(x+ct). (3.1.26)

This form of the solution is called d’Alembert’s solution, after its discoverer.
Disturbances of the form f(x + ct) travel with speed ¢ without changing shape.
For example, if f(x) has a maximum at x = 0, then this maximum point moves in
time according to x = +ct. Every other point in the solution moves at the same
speed, so the pulse does not change shape as it propagates. This is what we
observed in Cell 3.6, up to the time that the pulses encountered the string ends.

Static Sources and Inhomogeneous Boundary Conditions

Dirichlet and von Neumann Boundary Conditions and Static Transverse Forces.
In the previous wave equation examples, the boundary conditions y(0,¢) =y(L,t)
=0 were not of the most general type that can be handled using separation of
variables. The ends of the string need not be fixed at the same height. The
boundary conditions are then

y(0,t) =y, and y(L,t)=y,.

Boundary conditions of this sort, where the value of the unknown function is
specified at the end points, are referred to as Dirichlet boundary conditions, or
boundary conditions of the first kind. We will now consider the solution of the
wave equation for these Dirichlet boundary conditions, assuming that the boundary
conditions are fixed in time; so that y, and y, are constants. Time-dependent
boundary conditions cannot be handled using the separation-of-variables method
discussed here, and will be left to Chapter 4.

However, other types of static boundary conditions can be treated with separa-
tion-of-variables methods. For instance, the derivative dy/dx, rather than x itself,
can be specified at the ends of the string. This type of boundary condition is called
a von Neumann boundary condition. Such boundary conditions do not often occur
for problems involving waves on a string, because the string tension is usually
created by fixing the string ends to posts. Therefore, in this section we will limit
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discussion to Dirichlet boundary conditions. On the other hand, von Neumann
boundary conditions can occur in other physical applications of the wave equation
(see the exercises), and they also occur in applications involving other PDEs (see
Sec. 3.1.3).

As a second generalization of the wave equation, we note that for any earth-
bound string the force of gravity acts in the vertical direction, causing a horizontal
string to sag under its own weight. This effect of gravity has been neglected so far,
but can be incorporated into the wave equation as a source term (provided that the
sag is small). To allow for gravity or any other transverse external force, it is
necessary to refer back to Fig. 3.3. An extra force of magnitude dF now acts on the
mass element in the y-direction. (For gravity, dF = —dmg.) This force must be
added to the force acting to accelerate the element, on the right-hand side of
Equation (3.1.4), which now reads

dm—zy(x t) = dx—— T(x t) +dF. (3.1.27)

Dividing through by dm, substituting for the string tension via Eq. (3.1.6), and
using Eq. (3.1.2), we obtain an inhomogeneous wave equation with a source term:

%y(ntbfa)%(nm%yu,n) +S(x), (3.1.28)

where the source term S(x) =dF /dm is the acceleration caused by the external
transverse force. We assume that this external source is time-independent; time-
dependent sources are treated in Chapter 4.

The Equilibrium Solution. As a first step to obtaining the full solution to this
problem, we will first consider a time-independent solution of Eq. (3.1.28), subject
to the boundary conditions y(0,¢) =y, and y(L,t) =y,. This is the equilibrium
solution for the shape of the string y =y, (x). This function satisfies the time-inde-
pendent wave equation:

(1x) ax( (x ),;xyeq(x f))=5(X), Yea(0) =y1s Yeg(L) =y,. (3.1.29)

The general solution to this ODE can be obtained by direct integration:

Yeq(X) = —foxdx’(T(x)f S(x”)p(x”)dx”)+C +C/dx’ L iR (3.1.30)

The integration constants C; and C, are determined by the boundary conditions:

L ! 1 x’ n n "
ron= [ gl [5G pn av
C =y, Cy= . (3.131)

L, 1
;% Ty
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For instance, let us suppose that we are dealing with a gravitational force,
S(x) = —g, that the string is uniform so that p(x) = p = constant, and that 7(x) is
also approximately uniform, 7(x) = T = constant. (The latter will be true if the
tension in the string is large, so that the sag in the string is small.) Then Egq.
(3.1.30) becomes

Yo~ Yi)X
Yeq(X) = —g—gx(L—x) +%+y1. (3.1.32)

This parabolic sag in the string is the small-amplitude limit of the well-known
catenary curve for a hanging cable. For the case of zero gravity, the string merely
forms a straight line between the end points. Equation (3.1.32) is valid provided
that the maximum displacement of the string due to gravity, |y,..| =gpL*/8T, is
small compared to L. This requires that the tension satisfy the inequality 7 >
gpL /8. For low string tension where this inequality is not satisfied, the sag is large
and nonlinear terms in the wave equation must be kept. [A discussion of the
catenary curve can be found in nearly any book on engineering mathematics. See,
for instance, Zill and Cullen (2000).]

The Deviation from Equilibrium. Having dealt with static source terms and
inhomogeneous boundary conditions, we now allow for time dependence in the full
solution by writing y(x,¢) as a sum of the equilibrium solution, y.(x), and a
deviation from equilibrium, Ay(x, ?):

Y(x,1) =yeq(x) +Ay(x,1). (3.1.33)

A PDE for Ay is obtained by substituting Eq. (3.1.33) into Eq. (3.1.28). Since
Yeq(¥) already satisfies Eq. (3.1.28), Ay satisfies the homogeneous wave equation
with homogeneous boundary conditions,

EINTER) =ﬁﬁ—i(T(x)a—iAy(x,t)), (3.1.34)
Ay(0,) = Ay(L,1) =0. (3.1.35)

Initial conditions for Ay are obtained by substituting Eq. (3.1.33) into Eq. (3.1.9):

Ay(x,0) =yo(x) = Yeq(x),

oA
X (x,0) = vy(x).

(3.1.36)

For the case of a uniform string, we know how to solve for Ay(x,t) by using
separation of variables and a Fourier series. We will deal with a nonuniform string
in Chapter 4.

This analysis shows that the static applied force and the inhomogeneous
boundary conditions have no effect on the string normal modes, which are still
given by Egs. (3.1.18) and (3.1.19) for a uniform string. This is because of the
linearity of the wave equation. Linearity allows the application of the superposition
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principle to the solution, so that we can separate the effect of the static force and
inhomogeneous boundary conditions from the time-dependent response to an
initial condition.

Summary In this subsection we derived the wave equation, and learned how to
apply the method of separation of variables to solve the equation, for the case of a
uniform string with a static source S(x) and time-independent Dirichlet boundary
conditions, y(0,¢) =y,, y(L,1)=y,.

First, we determined the equilibrium shape of the string, y,,(x), as the time-in-
dependent solution to the PDE. Then, we found that the deviation from equilib-
rium Ay(x,t) satisfies the homogeneous wave equation (i.e., no sources) with
homogeneous boundary conditions y(0, ) =y(L, )= 0.

Homogeneity of the equation and the boundary conditions allowed us to apply
separation of variables to the problem. The solution for Ay could be written as a
Fourier sine series in x with time-dependent Fourier coefficients. Each Fourier
mode was found to be a normal mode of oscillation—an eigenmode that matched
the homogeneous boundary conditions and that satisfied an associated eigenvalue
problem.

Other linear PDEs with time-independent sources and boundary conditions can
also be solved using the method of separation of variables. In the next section we
consider one such PDE: the heat equation.

3.1.3 Derivation of the Heat Equation

Heat Flux In a material for which the temperature T (measured in kelvins) is a
function of position, the second law of thermodynamics requires that heat will flow
from hot to cold regions so as to equalize the temperature. The flow of heat energy
is described by an energy flux T' = (I',, I, I',), with units of watts per square meter.
This flux is a vector, with the direction giving the direction of the heat flow. In a
time A¢, the amount of heat energy AE flowing through a surface of area A,
oriented transverse to the direction of I', is AE = AT At.

Consider a piece of material in the form of a slab of thickness L and of
cross-sectional area A, with a temperature 7(x) that varies only in the direction
across the slab, the x-direction (see Fig. 3.4). It is an experimental fact that this
temperature gradient results in a heat flux in the x-direction that is proportional to
the temperature gradient,

T

L= —xgy

(3.1.37)

where k, the constant of proportionality, is the thermal conductivity of the material.
This constant is an intrinsic property of the material in question. For example,
pure water at room temperature and atmospheric pressure has x = 0.59 W /(m K),
but copper conducts heat much more rapidly, having a thermal conductivity of
k =400 W /(m K). A temperature gradient of 1 K/m in water leads to an energy
flux of 0.59 W,/m? in the direction opposite to the temperature gradient, but in
copper the flux is 400 W /m?. Since the energy flows down the gradient, it acts to
equalize the temperature.
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Fig. 3.4 Heat flux I, in a slab of material of area 4 and thickness
L, caused by a temperature 7'(x) that varies in the x-direction.

X

Note that although thermal conductivity varies from one material to the next, it
must be nonnegative; otherwise heat energy would flow up the temperature
gradient from cold to hot regions, in contradiction to the second law of thermody-
namics.

Energy Conservation When T = T(x), Eq. (3.1.37) implies that the energy flux
I', in the x-direction is generally also a function of position. This, in turn, implies
that the energy content of the material changes with time as energy builds up in
some locations and is lost to other locations. We will now examine this process in
detail.

Consider the volume element AV =4 Ax shown in Fig. 3.5. This element,
located at position x, has a time-varying thermal energy content e(x, ) AV, where
€ is the energy density of the material (energy per unit volume). The heat flux
leaving this element from the right side has magnitude I',(x + Ax,?), but the flux
entering the element on the left side has magnitude T (x,?). The difference in
these fluxes results in energy gained or lost to the element, at a rate A[T(x,¢)—
I (x+ Ax,1)]. In addition, extra sources of heat such as chemical or nuclear

T (x.1) I (x+ Ax,f)

Fig. 3.5 Energy change of an element of material of width
X X+ Ax Ax due to a source S and due to heat flux TI.
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reactions can be occurring within the slab, adding or removing heat energy from
the volume element at the rate AV S(x,t), where S(x, t) represents a given source
of heat energy per unit volume, with units of watts per cubic meter (i.e., it is the
power density of the source). In a time dt, the total energy change of the element,
d(eAl), is the sum of these two terms multiplied by dt:

d(eAV) =dtA[T(x,t) =T, (x+Ax,1)] +dt AVS(x,1).

Taylor expansion of the heat flux implies that drA[T (x,¢) —T(x+ Ax,t)]=
—dtAAx 9T, /dx= —dt AVJT,/dx. Dividing by the differentials, we obtain the
continuity equation for the energy density,

de aT,

9t ox

+8(x,1). (3.1.38)

The Heat and Diffusion Equations. Dirichlet, von Neumann, and Mixed
Boundary Conditions When combined with Eq. (3.1.37), Eq. (3.1.38) yields the
following partial differential equation:

de 1% oT

E—%(XW)'FS(X,I). (3139)
This equation can be used to obtain a temperature evolution equation, because we
can connect the energy density to the temperature via the laws of thermodynamics.
A change in the thermal energy density of the material causes a change in the
temperature according to the relation

de=CdT, (3.1.40)

where C is the specific heat of the material. This constant, with units of joules per
cubic meter per kelvin, is another intrinsic property of the material. Like the
thermal conductivity, the specific heat must be nonnegative. For water at room
temperature and at constant atmospheric pressure, the specific heat is C = 4.2 X
10° J /(m?® K), meaning that 4.2 MJ of heat energy must be added to a cubic meter
of water in order to raise its temperature by 1 K. [A typical hot tub contains a few
cubic meters of water, so one can see that tens of megajoules of energy are
required to heat it by several degrees. Fortunately, 1 MJ of energy costs only a few
pennies (as of 2002).] The specific heat of copper is not very different from that of
water, C = 3.5 X 10° J /(m* K).

When we combine Egs. (3.1.39) and (3.1.40), we arrive at the following partial
differential equation for the temperature T(x, ¢):

C(x)‘;—f=a—i(x(x)§—f)+3(x,t). (3.1.41)

Equation (3.1.41) is the heat equation in one spatial dimension. In writing it, we
have allowed for spatial variation in the material properties k and C. This can
occur in layered materials, for example. The equation simplifies when « and C are
independent of position:

aT 9T N S(x,t)

G =x e (3.1.42)
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where y is the thermal diffusivity of the material, defined as
x=«/C. (3.1.43)

The thermal diffusivity has units of m?/s. For water, y = 1.4 X 10~7 m?/s, and for
copper, x=1.1x10"* m?/s. Equation (3.1.42) is sometimes referred to as the
diffusion equation.

The heat equation is a first-order PDE in time and so requires a single initial
condition, specifying the initial temperature in the slab as a function of position:

T(x,0)=Ty(x). (3.1.44)

The equation is second-order in space, and so requires two boundary conditions to
specify the solution. The boundary conditions one employs depend on the circum-
stances. For example, in some experiments one might fix the temperature of the
slab faces to be given functions of time, by putting the faces in good thermal
contact with heat reservoirs at given temperatures 7,(¢) and T,(¢):

T(0,t) =T(1),

(3.1.45)
T(L,t)="T,(1).
These Dirichlet boundary conditions are of the same type as those encountered
previously for the wave equation.

On the other hand, one might also insulate the faces of the slab, so that no heat
flux can enter or leave the faces: T',(0) =T,(L)=0. More generally, one might
specify the heat flux entering or leaving the faces to be some function of time.
Then according to Eq. (3.1.37), the temperature gradient at the faces is specified:

T T,
x (0.1) = - #
(3.1.46)

aT _ sz(t)
ax (L) ===

where I';(¢) and T',,(¢) are given functions of time, equaling zero if the faces are
insulated. Boundary conditions where the gradient of the unknown function is
specified are called von Neumann boundary conditions, or boundary conditions of
the second kind.

There can also be circumstances where the flux of heat lost or gained from the
slab faces is proportional to the temperature of the faces: for example, the hotter
the face, the faster the heat loss. This leads to mixed boundary conditions at the
faces:

L (0,0) =a[T(0.1) ~ T,(1)].
- (3.1.47)
kG (L,t) = =b[T(L,1) = Ty(1)],

where a and b are given (nonnegative) constants. The functions T(¢) and T,(¢) are
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Table 3.1. Possible Boundary Conditions for the Heat Equation®

Dirichlet T(0,1) =T\(#)
von Neumann K‘;—z(o, t)=—-T,®)
Mixed «2L0,0=al10,0 - ()]

At one end, x = 0.

the temperatures of the surroundings: only if the face is hotter than the surround-
ings is there a flux of heat out of the face. If a and b are very large, representing
good thermal contact with the surroundings, then the temperature of the faces is
pinned to that of the surroundings and the boundary conditions are of Dirichlet
form, Eq. (3.1.45). On the other hand, if a and b are very small, then the faces are
insulating and obey homogeneous von Neumann conditions, d7/dx=0 at x =0
and x=1L.

Finally, there can be situations where one face has a different type of boundary
condition than the other; for instance, one side of a slab might be insulated, while
on the other side the temperature might be fixed.

These possibilities are summarized in Table 3.1.

3.1.4 Solution of the Heat Equation Using Separation of Variables

Introduction The heat equation for a uniform medium, Eq. (3.1.41), can often be
solved using the method of separation of variables. For this method to work, we
require that an equilibrium solution T,(x) for the temperature exist. A necessary
(but not sufficient) requirement for equilibrium is time-independent boundary
conditions and a time-independent source function.

If an equilibrium solution can be found, then this solution can be subtracted
out, and the deviation from equilibrium, AT(x,¢), can then be analyzed using
separation of variables, just as for the wave equation. However, if an equilibrium
solution does not exist, then other more general solution methods must be applied.
Such methods will be discussed in Sec. 4.2.

One might have expected that time-independent boundary conditions and a
time-independent source would necessarily imply that an equilibrium solution for
the temperature exists. However, this is not always the case, as we will now show.

Static Boundary Conditions and a Static Source

The Equilibrium Solution. We consider time-independent boundary conditions, of
either the Dirichlet, the von Neumann, or the mixed form, and a static source
function, § = S(x). We will look for an equilibrium solution 7,,(x) that satisfies
these boundary conditions, as well as the time-independent heat equation,

T,
o )+S(x,t). (3.1.48)

0=&—‘1(K(x)
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This equation has a general solution that can be found by direct integration:

Teq(x)=—/:dx’(K(x)f S(x ")dx")+c +cfdx' oy (3149)

The constants C; and C, are chosen to match the boundary conditions. For
example, for Dirichlet boundary conditions at each end, T(0,#) = T, and T(L,t) =
T,, the solution mirrors the equilibrium solution to the wave equation:

L ! 1 x' n n
Tz—Tl-f-/Ode/O S(x)dx
L 1 )
dx' —~
/;) k(x")

Similarly, one can also find a unique equilibrium solution for mixed boundary
conditions at each end [Eq. (3.1.47) with T, and T, constants], although we will not
write the solution here. In fact, one can always find a unique equilibrium solution
for every possible combination of static boundary conditions at each end, except
one: von Neumann conditions at each end.

¢ =T, G, =

Constraint Condition on the Existence of an Equilibrium for von Neumann
Boundary Conditions. 1f we specify von Neumann boundary conditions, then
according to Eq. (3.1.49) the derivative of the equilibrium temperature at each end
must satisfy the following two equations:

K(O) eq(Of)—— 1=GC,

(3.1.50)

aT, L
k(L) (L,t) = —rxz=c2—/0 S(x") dx” .

However, these are two equations in only one unknown, C,. [The constant C,
disappeared when the derivative of Eq. (3.1.49) was taken.] Therefore, a solution
cannot necessarily be found to these equations. This should not be completely
surprising. After all, Eq. (3.1.48) is being solved as a boundary-value problem, and
we know that a solution to boundary-value problems need not exist.

Subtracting Egs. (3.1.50) from one another implies that the equations have a
solution for C, only if the external heat fluxes I',; and I',, are related to the heat
source S(x) through

r, —rx2+f0LS(x") v’ =0, (3.1.51)

If this equation is not satisfied, there is no equilibrium solution. The equation
follows from the requirement that, in equilibrium, the overall energy content of the
material must not change with time. In a slab with cross-sectional area A, the total
energy content is E =A[ledx, where € is the energy density. Setting the time
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derivative of this expression equal to zero yields

dE L Je L I,
W=O=Af0 E(x,t)dx=Af0 (— - +S(x,t))dx,

where the second equality follows from energy conservation, Eq. (3.1.38). Perform-
ing the integral over the heat flux using the fundamental theorem of calculus then
leads to Eq. (3.1.51).

Equation (3.1.51) is easy to understand intuitively: Take the case of an insulated
slab, with I',; =1, =0. Then for a temperature equilibrium to exist, there can be
no net heat energy injected into the slab by the source: [FS(x”) dx” = 0; otherwise
the temperature must rise or fall as the overall energy content in the slab varies
with time. Similarly, if T',; —T',, <0, then we are removing heat through the faces
of the slab; and in equilibrium this energy must be replaced by the heat source
S(x).

For Dirichlet or mixed boundary conditions, where the external heat fluxes I,
and I',, are not directly specified, the fluxes through the slab faces are free to vary
until the equilibrium condition of Eq. (3.1.51) is achieved. However, for von
Neumann boundary conditions these fluxes are specified directly, and if they do
not satisfy Eq. (3.1.51), the energy content of the slab will increase with time [if the
left-hand side of Eq. (3.1.51) is greater than zero] or decrease with time [if it is
less than zero], and no equilibrium will exist. Conditions such as this cannot be
treated using separation of variables. A solution to this problem can be found in
Chapter 4.

Separation of Variables for the Deviation from Equilibrium. Let’s assume that the
static boundary conditions and the source are such that Eq. (3.1.51) is satisfied, so
that an equilibrium solution to the heat equation exists. We can then determine
the evolution of T(x,¢) from a general initial condition, 7(x,0) = T,(x), by
following the prescription laid out for the wave equation.

We first subtract out the equilibrium and follow the deviation from equilibrium,
AT(x,t), where

T(x,t) =Ty(x) +AT(x,1). (3.1.52)

Substitution of this expression into the heat equation (3.1.41) and application of
Eq. (3.1.48) implies that AT(x, ¢) satisfies the homogeneous heat equation

dAT 1% dAT
with homogeneous boundary conditions, and initial condition
AT (x,0) =To(x) — T4(x). (3.1.54)

The boundary conditions are of the same type as the original equation, but are
homogeneous. Recall that homogeneous boundary conditions are such that a
trivial solution AT =0 exists. For instance, if the original equation had von
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Neumann conditions at one end and Dirichlet conditions at the other [T(0,?) =
T,, 0T/ dx|,_, = —TI,/k], then AT would satisfy homogeneous conditions of the
same type, AT(0,1) =0, JAT/dx|,_, =0.

The boundary conditions for the temperature deviation AT are of the same type
as the original boundary conditions for T, but are homogenous. (This was the
point of subtracting out the equilibrium solution.) Separation of variables only
works if we can write down a PDE for AT that is accompanied by homogeneous
boundary conditions.

The solution of Eq. (3.1.53) for AT can again be obtained using the method of
separation of variables. Here for simplicity we will only consider the case where «
and C are constants, so that Eq. (3.1.53) becomes the diffusion equation,

IAT  9*AT
ot - X (9X2 '

(3.1.55)

We look for a solution of the form AT(x,?) =f(¢)(x). Substituting this expres-
sion into Eq. (3.1.55) and dividing by f(#)¢(x) yields

1 of __x 3%
f(r) 9t §(x) x>’

which can be separated into two ODESs. The left-hand side is independent of x,
and the right-hand side is independent of ¢. Therefore, Eq. (3.1.56) can only be
satisfied if each side equals a constant, A:

(3.1.56)

]%% Y (3.1.57)
X_ 9% _
G = (3.1.58)

The Eigenvalue Problem. The separation constant A and the functions (x) are
determined by the homogeneous boundary conditions. Let us assume Dirichlet
boundary conditions, (0) = (L) = 0. With these boundary conditions, Eq. (3.1.58)
may be recognized as an eigenvalue problem; in fact, it is the identical eigenvalue
problem encountered previously for the wave equation! The solution for the
eigenmodes is, as before,

nmTx

¥ (x)=Dsin T

(3.1.59)
and
A=A, =—x(nm/L)’, n=1,23,.... (3.1.60)

n=

In addition, the solution of Eq. (3.1.57),

f(r)=Ae™,
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provides the time-dependent amplitude for each eigenmode. By forming a linear
superposition of these solutions, we obtain the general solution to the heat
equation for the temperature perturbation away from equilibrium:

AT(x,t) = ¥ A, e sin "7~ (3.1.61)

n=1
As in the wave equation solution, we have absorbed the constant D into the
Fourier coefficients A,. These coefficients are found by matching the initial

condition, Eq. (3.1.54):

AT(x,0) = ¥ A, sin 7= = Ty(x) = T,o(x).
n=1

This is a Fourier sine series, so the A,’s are determined as
2 (L . nmwX
An=rf0 [To(x) = Ty (x)] sin—7= dx. (3.1.62)

Equations (3.1.61) and (3.1.62) are the solution for the deviation from equilibrium
for the case of Dirichlet boundary conditions in a uniform slab. The solution is
again made up of a sum of eigenmodes with the same spatial form as those for the
wave equation, shown in Cell 3.1. But now the amplitudes of the modes decay with
time with rate |A,|, rather than oscillating. The result is that AT — 0. Thus, the
full solution for T, Eq. (3.1.48), approaches the equilibrium solution 7, (x) in the
long-time limit. The time evolution of several of these eigenmodes is displayed in
Cell 3.7, in the electronic version of the textbook. In the hardcopy, only the
commands that create the animation are given.

Cell 3.7
L=1; xy = 1;
Alnl = -y (n Pi/L) *2;
pln_, t1 :=

Plot[Exp[A[n] t] Sin[n Pi x], {x, 0, L},
DisplayFunction— Identity, PlotRange— {-1, 1},
PlotLabel > "n = " <>ToStringl[nll];
Table [Show[GraphicArray[Table [{{p[l, t]l, p[2, tl},
{p[3, t1, pl4, tl1}}11,
DisplayFunction— §DisplayFunction], {t, 0, 0.25, .0125}];

All of the modes approach zero amplitude as time progresses, because the
boundary conditions on the eigenmodes dictate that the temperature equals zero
at the slab faces. Thus, in equilibrium the temperature deviation AT is zero
throughout the slab. The higher-order modes equilibrate more rapidly, because
they have larger gradients and therefore larger heat fluxes according to Eq.
(3.1.37).

Example In this example, we will assume a point heat source of the form
S(x)=6(x—L/2). We consider a slab of material of unit width, L =1, with
thermal diffusivity y =1, and =1 as well. Initially, the slab has a temperature
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distribution T(x,0) = T,(x) =x>, and the boundary conditions are T(0,¢)=
0, 7(1,1)=1.

Then the equilibrium temperature distribution is given by Eq. (3.1.49) with C,
and C, chosen to match the boundary conditions, 7,,(0) = 0 and 7,,(L) = 1. After
performing the required integrals, we obtain C, =0,C, = 2, and

3x 1 1
Teq(x)=7—(x—§)h(x—7), (3.1.63)
where 4 is a Heaviside step function. This equilibrium temperature distribution is
displayed in Cell 3.8.
Cell 3.8

Teq[x ] = 3 x/2 - (x - 1/2) UnitSteplx - 1/2];
Plot[Teqlx], {x, 0, 1}, AxesLabel— {"x", "Teqlx]"}];

(=] o (=]
3 o2} o< =
TTTT T T TP T T TP T 17

[}
)
I

R

The solution for the deviation from equilibrium, AT(x,¢), is given by Eq.
(3.1.61). The constants A, are determined by the initial condition, T, (x) =x?, via
Egs. (3.1.62) and (3.1.63). The required integrals are performed using Mathematica
and the behavior of T(x,t) is plotted in Cell 3.9 keeping 10 Fourier modes in the
solution. The temperature rapidly approaches the equilibrium temperature Teq(x)
as the point heat source raises the internal temperature of the slab.

Cell 3.9

(*parameters#*)

X =L =1; M = 20;

(* define the initial condition *)

TO[x ] = x%;

(*determine the constants A_¥)

A[n_]1 := 2/L Integrate[Sin[n7mx/L] (TO[x] - Teqlxl),
{x, 0, L}1;

(*Fourier series for AT *)

AT[x , t_] = Sum[A[n] Exp[- (n Pi/L) *2 yt] Sin[n Pi x/L],
{n, 1, M}1;
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(*The full solution#*)

Tlx , t 1 = Teqlx] +ATI[x, tl;

(*Plot the result#*)

Table[Plot[T[x, t]l, {x, 0, L}, PlotRange— {{0, L}, {0, 1}},
PlotLabel — "t = "<>ToString[t], AxesLabel— {"x", "T"},
PlotStyle — Thickness[0.011], {t, 0, 0.4, 0.4/20}];

t=0 T t =0.08

TT T[T T T[T T T TT T TT 7] 3

Anlnnninxllnnnlnlllx

b

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
T t =0.16
1
0.8+
0.6
0.4
0.2F
-111111|I|A4111|1111lx
0.2 0.4 0.6 0.8 1

[Note the text within the brackets (* *), which is ignored by Mathematica. Com-
ments such as these can be useful for documenting code.]

Observe that the rate at which the equilibrium is approached is mainly determined
by the lowest eigenmode. This is because the time dependence of the eigenmode
amplitudes is given by the factor e ¥"7/1’* This factor decays rapidly for the
modes with n > 1, so at large times the solution is approximately determined by
the lowest mode:

(L) e TX
T(x,t) =T(x) +A;e X7/ D sin—~. (3.1.64)

This equation implies that, for this problem, the maximum temperature deviation
from equilibrium occurs at the center of the slab (x =L /2), and has the time
dependence A, e *"/1’! where A, is determined from the initial condition by
Eq. (3.1.62). Thus, at long times, the rate at which the slab temperature ap-
proaches equilibrium is y(7/L)?. The larger the conductivity, the faster equilib-
rium is achieved. But the thicker the slab, the longer it takes for the heat to diffuse
from the interior to the faces.
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Homogeneous von Neumann Boundary Conditions

Separation-of-Variables Solution. Let us now consider the case of a uniform slab
insulated on both sides, and with no source. These conditions clearly satisfy Eq.
(3.1.51), so0 an equilibrium exists—in this case the trivial equilibrium 7, = constant.
The temperature within the slab now evolves according to

aT  9*T
9t X2 (3.1.65)
with homogeneous von Neumann boundary conditions
aT oT
E(O’t)=W(L’t)=O (3166)
and initial condition
T(x,0)=Ty(x). (3.1.67)

The solution of Eq. (3.1.65) can again be obtained using the method of
separation of variables. We now have no need to take out an equilibrium solution,
since there is no source and the boundary conditions are already homogeneous.
We look for a solution of the form T'(x,t) = f(¢)(x). Substituting this expression
into Eq. (3.1.65), and dividing by f(¢)(x), we have

1 of __x 9%
f(r) 9t p(x) ax*’

which can be separated into two ODEs, Egs. (3.1.57) and (3.1.58), just as before.
We repeat these equations below:

% I, (3.1.68)
¢(Xx) 3—;/2’ = (3.1.69)

The Eigenvalue Problem. The separation constant A and the functions ¢(x) are
determined by the homogeneous von Neumann boundary conditions that '(0) =
'(L) = 0. These boundary conditions yield another eigenvalue problem: for all
but a special set of A-values, the only solution to Eq. (3.1.69) that satisfies these
boundary conditions is the trivial solution ¢ = 0.

To find the nontrivial solutions, we apply the boundary conditions to the
general solution of Eq. (3.1.69), ¢(x) = C cos kx + D sin kx, with k =/ —A/x. To
match the condition that '(0) =0, we require that D =0, and to match the
condition that ¢'(L)=0, we find that either C =0 (the trivial solution) or
ksin kx =0. This equation can be satisfied with the choices k=nw/L, n=
0,1,2,..., so we find that

nwx

y(x) =Ccos—— (3.1.70)



218 INTRODUCTION TO LINEAR PARTIAL DIFFERENTIAL EQUATIONS

and
A=), =—x(nm/L)’, n=0,1,2,3,.... (3.1.71)

Forming a linear superposition of these solutions, we now obtain

T(x.t)= ¥ A,eM cos™ 7, (3.1.72)
n=0

where, as before, we absorb the constant C into the Fourier coefficients A4,. Note
that we now keep the n = 0 term in the sum, since cos(07x) = 1 is a perfectly good
eigenmode.

Just as before, the coefficients A4, are found by matching the initial condition,
Eq. (3.1.67):

nmwx

7= To(x).

o0
T(x,0)= ) A,cos
n=0
This is a Fourier cosine series, so the A4,’s are determined as

2 L nwx
A, = rfo Ty(x) cos—y—dx, n>0,
(3.1.73)
1 (L
A0=rf0 T,(x) dx.

The solution is again made up of a sum of eigenmodes. Although the eigenmodes
differ from the previous case, they still form a set of orthogonal Fourier modes,
which can be used to match to the initial conditions. Note that the n=20
eigenmode has a zero eigenvalue, A, =0, so this mode does not decay with time.
However, all of the higher-order modes do decay away. This has a simple physical
interpretation: over time the initial temperature distribution simply becomes
uniform within the slab, because the temperature equilibrates but heat cannot be
conducted to the surroundings, due to the insulating boundary conditions.

Example Let us assume that an insulated slab of unit width has an initial
temperature equal T,(x)=x2/16 +x* — 65x*/32 +x°. This somewhat compli-
cated initial condition is displayed in the plot in Cell 3.13. It is chosen so as to have
a peak in the center, and zero derivatives at each end point.

The Fourier coefficients A, are determined according to Egs. (3.1.73). The
integrals are performed below, using Mathematica:

Cell 3.10
L =1;
2 4
X 3 65x 5
TO[x ] 16 * X - 33 *tXi

Aln ] = (2/L) Integrate[TO[x] Cos[n Pi x], {x, 0, L}1;
A[0] = (1/L) IntegratelTO[x], {x, 0, L}1;
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The forms for A, and A4, are

Cell 3.11
Afo0]

1
32

Cell 3.12

Simplify[A[n], n € Integers]

3

(-160 (-1 + (-1)7)

+ (-8 + 23

(-1)™) n’7w?)

2 n® 7®
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This solution is shown in Cell 3.13, keeping M =20 terms in the sum over

eigenmodes, and again taking y = 1.

Cell 3.13
(*parameters®*)
x=1;

M = 20;

(* solution *)
T[x ,

Table[Plot[TI[x, tl, {x, 0, L}

sum[A[n] e ® PY/M "2t cog[n Pi x], {n, 0, M}];
(*Plot the result®*)

PlotRange — {{0, L}, {0,

PlotLabel > "t

AxesLabel — {"x", "T"}], {t, 0,

0.06

0.05

0.04

0.03

(ERERERRERRE R RERERRREnRRnnR R

73},

= "<>ToString[t],

0.2, 0.2/20}1;

X
T T
0.07 - =0.04 0.07 =0.
0.061 0.06
0.05F 0.05F
0.04F 0.04F
0.03F cosp____—
0.02F 0.02F
0.01F 0.01F
FL N T R oo J L1y
0.2 0. 0.8 1 8 1
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After a rapid period of relaxation, the » > 0 modes in the initial condition decay
away and the solution settles down to a uniform temperature distribution. Again,
in the long-time limit, the higher-order eigenmodes die away and the solution is
approximately

_ _ )2 mTX
y(x,t) =Ag+A e X7/ cos——

Now the maximum deviation from equilibrium occurs at the edges, as the tempera-
ture gradients within the insulated slab equilibrate.

Homogeneous Mixed Boundary Conditions Let us now turn to the case of no
source and homogeneous mixed boundary conditions,

oT

Kﬁ(o,t) =6lT(0,t),
oT

KW(L’t) = —bT(L,t).

If we again apply separation of variables to the heat equation, writing T(x,?) =
f(®)(x), we are again led to Egs. (3.1.68) and (3.1.69) for the functions f and .
Equation (3.1.68) still has the general solution f(¢) =Ae™, and Eq. (3.1.69) is still
an eigenvalue problem, with the general solution ¢(x) = A cos kx + B sin kx, where
k =4/ — A/x. But now the boundary conditions on ¢ are rather complicated:

0
<2 (0) =aw(0),
2Ly = —bu(L).

When these boundary conditions are used in the general solution, we obtain two
coupled homogeneous equations for 4 and B:

kkB =aA,

. ) (3.1.74)
kk(—Asin kL +BcoskL) = —b(AcoskL +BsinkL).

A nontrivial solution to these coupled equations exists only for values of k that
satisfy

(ab — k*k*)sin kL = —(a + b) kk cos kL. (3.1.75)

Again, we have an eigenvalue problem for the wavenumbers k. Unfortunately, this
equation cannot be solved analytically for k. However, numerical solutions can be
found for specific values of a and b using numerical techniques developed in
Chapter 9. For example, if we take a =b = 2k /L, then Eq. (3.1.75) can be written
as (4 —s?)sin s + 45 cos s =0, where s = kL.
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The first four solutions for s can be found graphically as shown in Cell 3.14.

Cell 3.14

Plot[Sinls] (-s®2 + 4) + 4 s Coslsl, {s, 0, 10},
AxesLabel — {"g", "n}];

20
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The plot shows that there are solution at s =1.7, 4, 7, and 9.5. The solution at
s = 0 is trivial, and those at s < 0 provide modes that are merely opposite in sign to
those with s> 0. The corresponding A-values can then be picked out using the
following table of FindRoot commands:

Cell 3.15

= -Table[s/. FindRoot[Sin[s] (-s”2 + 4) + 4 s Cosls],
{s, 1.8 + 2.5 n}1[[11]1, {n, 0, 3}12x/L"2

2.9607 16.4634y  46.9394y  96.5574 x
) L2 r L2 - L2 - L2

’ ’

In Cell 3.16, we show the form of the corresponding eigenmodes, taking A =1 and
with B given in terms of A by Eq. (3.1.74). The time dependence e of the modes
is also displayed in the electronic version of the text.

Cell 3.16

L 1; x=1; a = b = 2«/L;
k= y-A/x;

A =1;

B =aAa/(kk );

YIn_, x_ 1 := A Cosly-AlIn]l] /x =] + BlInl] Sin[y-AlInll / x x1;

pln_, t 1 := Plot[Exp[AlIn]l] tl]l ¢In, x], {x, 0, L},
DisplayFunction— Identity,
PlotRange— {-2, 2}, PlotLabel— "n = " <>ToStringl[n]];

Table [Show[GraphicsArray[Table[{{p[1, t1, p[2, tl},
{p[3, t1, pl4, t1}}11,
DisplayFunction— §DisplayFunction], {t, 0, 0.2, .01};
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Because of the symmetry of the boundary conditions, the modes are either
symmetric or antisymmetric about the center of the slab. These modes are a cross
between insulating and fixed-temperature conditions: there is a small heat flux out
of the slab faces that depends linearly on the temperature of the faces. In the
long-time limit, the temperature throughout the slab is zero in the absence of a
heat source.

We can still form a general superposition of these different solutions in order to
satisfy the initial conditions:

T(x,t) =) A,eMy,(x), (3.1.76)

where ,(x) is the nth eigenmode, with corresponding eigenvalue A,. However,
the eigenmodes are now complicated linear combinations of trigonometric func-
tions, with wavenumbers that are no longer evenly spaced multiples of /L. This
is not a trigonometric Fourier series. How do we go about finding the constants
A, in this case?

Surprisingly, the eigenmodes are still orthogonal with respect to one another:

/szm(x)zpn(x)dx:O if n#+m.
0

One can check this numerically:
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Cell 3.17

MatrixForm[Table [NIntegrate[/[n, x] #[m, x]1, {x, 0, L}I,
{n, 1, 4}, {m, 1, 4}11

1.85103 -5.78329X107° 1.48091X10°° -9.09982X 1071°
-5.78329X107° 0.742963 4.253X107*° 8.84096 X 1071t
1.48091X10° 4.253X107*° 0.585216 -4.03937X107*°
-9.09982X107'° 8.84096X10°*r -4.03937X10°1° 0.541426

The off-diagonal elements in this table of integrals are nearly zero, indicating
orthogonality of the eigenmodes within the precision of the numerical integration.

Since the modes are orthogonal, they can still be used to determine the A,’s by
matching to the initial conditions. At ¢ =0, Eq. (3.1.76) implies

T(X,O) = ZAnl!In(x) = TO(x)‘
Multiplying both sides by ¢,,(x), and integrating over x from 0 to L, we obtain
L L
LA [ () (%) dr = [T, (X)To(x) dx.
n 0 0

Orthogonality implies that each term in the sum vanishes except for the n =m
term, so we find that only the n =m term survives, leaving a single equation for
A, A, [Ep2(x) de = [F, (x)T,(x) dx, which yields

T a
[ x) e

A

(3.1.77)

m

Equation (3.1.77) provides the coefficients A4,, for every value of m. When used in
Eq. (3.1.76), it yields the required solution T'(x, ¢) for any given initial temperature
Ty(x).

Summary In this subsection we found solutions to the heat equation using the
method of separation of variables, the same approach as we employed when
solving the wave equation. Just as for the wave equation, the approach only
worked if we could find an equilibrium solution to the problem that took care of
source terms and inhomogeneous boundary conditions. Then the deviation from
equilibrium was expanded as a series consisting of orthogonal eigenmodes with
time-dependent amplitudes.

This was all completely analogous to the wave equation solution. However, we
allowed for more general boundary conditions such as can often occur in heat
equation problems. Along with the Dirichlet conditions familiar from the wave
equation, we also considered von Neumann and mixed conditions. These new
boundary conditions brought with them several surprises.
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First, we found that with static von Neumann boundary conditions, an equilib-
rium solution for the temperature is not possible unless the temperature gradients
at the edge of the system satisfy an energy conservation condition, Eq. (3.1.51).

Second, we found that in the case of mixed boundary conditions the eigenmodes
used in our series solution for AT were not simple trigonometric Fourier modes.
Surprisingly, however, the modes still formed an orthogonal set, which could be
used to find a solution just as in a Fourier series expansion. We will discover the
reason for this amazing “coincidence” in Chapter 4.

EXERCISES FOR SEC. 3.1

1)

(2)

(3)

A mass M hangs at the lower end of a vertical string, in equilibrium under
the force of gravity g. The string has constant mass density p per unit length.
The mass is at z =0, and the string is attached to the ceiling at z= L. find
the tension T(z) in the string as a function of height z.

A thin rod of height L is balanced vertically on its end at z = 0. The rod has
a nonuniform cross section. It is cylindrical, but has a radius that varies with
height z as r=2z/10. (That is, the rod is a cone, balanced on its tip.) The
mass density of the material making up the cone is <M = 1000 kg/m?>. Find
the tension force in the rod vs. z (more aptly called compression force in this
instance) due to gravity g.

The following futuristic concept has been proposed for attaining orbit around
a planetary body such as the earth: a very massive satellite, placed in
geosynchronous orbit above the equator, lowers a thick rope (called a tether)
all the way down to the ground. The mass of the satellite is assumed here for
simplicity to be much larger than that of the tether. Astronauts, equipment,
etc., simply ride an elevator up the tether until they are in space. Due to the
huge tension forces in the tether, only fantastically strong materials can be
used in the design, such as futuristic materials made of carbon nanotubes.
Here, we will calculate the tension forces in the tether. [See also the article in
the July—August 1997 issue of American Scientist on properties and uses of
carbon nanotubes. The cover of this issue is reproduced in Fig. 3.6 (it depicts
an open-ended tether design). Also, you may want to check out Sir Arthur
Clarke’s science fiction novel, The Fountains of Paradise (1979).]

(a) Assuming that the mass density p per unit length of the tether is
constant, show that the tension 7'(r) as a function of distance r from the
center of the earth is

T(r)=pW(r)+T,,

where W(r)=GM,/r + 0’r*/2 is the potential energy per unit tether
mass, including potential energy associated with centrifugal force, M, is
the mass of the earth, 7, is an integration constant that depends on the
load tension at the base of the tether, and w = 27/(24 hours). Evaluate
and plot this tension versus r, assuming that p =50 kg /m, that the tether
is carrying no load, and that it is not attached to the earth at its base.
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(b)

EXERCISES FOR SEC. 3.1 225

e
AT
tffd::-.'

- )
il Sy M
Atrtist’s depiction of a tether made of carbon nanotubes. Artist: D. M. Miller.

What is the maximum value of the tension (in newtons), and where does
it occur? (Hint 1: There are two competing forces at play on a mass
element dm in the tether: the centrifugal force due to the earth’s
rotation, dm w’rf, and the gravitational attraction of the tether to the
earth —dm GM, £ /r?. Neglect the attraction of the tether to itself and to
the massive satellite. Hint 2: For the massive satellite, recall that for a
point mass m the radius R, of geosynchronous orbit is given by the
solution to the force balance equation GM,m /R; = mszg, where w=
2 /(24 hours). Here, neglect the effect of the tether mass on the satellite
orbit. Hint 3: Assuming that the tether is attached only to the satellite,
not the earth, the tension force applied to the tether by the satellite must
balance the total integrated centrifugal and gravitational forces on the
tether.)

The previous design is not optimized: the tension in the tether varies
considerably with altitude, but the force F required to break the tether
does not because the tether has uniform cross section. It is better to
design a tether where the ratio of the breaking force to the tension is
constant: F/T =S, where S is the safety factor, taken to be around 2 or 3
in many engineering designs. Now, the breaking force F of the tether is
proportional to its cross-sectional area A4, according to the equation
F = 1A, where 7 is the tensile strength of the material (in newtons per
square meter). Also, the density per unit length, p, is given by p = =MA,
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where <M is the mass density (in kilograms per cubic meter). Find the
cross-sectional area A(r) such that the safety factor S is constant with
altitude. For a boundary condition, assume that there is a loading tension
T, applied at the base of the tether, at r =R, (R, being the radius of the
earth). Show that

ST,

A(r) = ZLe M8/ DW= W (R,

Plot the radius of the tether, y/A(r)/7 (in meters), assuming that it is
made out of the strongest and lightest commercially available material (as
of the year 2000), Spectra (a high-molecular-weight form of polyethylene),
with a mass density of =M=970 kg/m’ and a tensile strength of
7=23.5x%10° N/m?. Take as the safety factor S = 2. Take T, = 10,000 N.
What is the total mass of this tether?

(¢) Redo the calculation and plot of part (b) for a tether made of carbon
nanotubes. Take the same parameters as before, but a tensile strength 40
times greater than that of Spectra.

Waves in shallow water: Waves on the surface of water with long wavelength
compared to the water depth are also described by the wave equation. In this
problem you will derive the equation from first principles using the following
method, analogous to that for a wave on a string. During the wave motion, a
mass of fluid in an element of unit width into the paper, equilibrium height 2
and length Ax moves a distance 1 and assumes a new height 4 +z(x, ¢) and
a length (1 + d7n/dx) Ax, but remains of unit width. (See Fig. 3.7.)

(a) Using the incompressibility of the fluid (the volume of the element
remains fixed during its motion) show that, to lowest approximation,

_ 9
z= —h%

(b) Neglecting surface tension, the net force in the x-direction on the
element face of height & +z arises from the difference in hydrostatic

¢z(x, t)

<> <>
Ax Ax(1+dn/dx)

Fig. 3.7 A wave in shallow water, with motion greatly exaggerated.
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pressure on each face of the element due to elements on the right and
left of different heights. The hydrostatic pressure is a function of distance
y from the bottom: p =Mglh +z(x,t) —yl, where =M is the mass
density of the water and g is the acceleration of gravity. Show that the
net force in the x-direction, AF,, is given by

0z
AFx = —c/l/lghmAx.

(c) Using the results from part (a) and (b), and Newton’s second law for the
mass element, show that shallow water waves satisfy the wave equation
d’n/dt> = c* 9*n/dx*, or alternatively,

L= (3.1.78)

where the wave speed ¢ is given by

c=ygh. (3.1.79)

(d) A typical ocean depth is on the order of 4 km. Tidal waves have
wavelengths that are considerably larger than this, and are therefore well
described by the shallow-water wave equation. Calculate the wave speed
(in kilometers per hour) for a tidal wave.

(5) In this problem we consider shallow-water waves, sloshing in the x-direction
in a long channel of width L in the x-direction. Boundary conditions on the
waves are that the horizontal fluid displacement in the x-direction, n (de-
fined in the previous problem), equals zero at the channel boundaries (at
x=0and x=L).

(a) Find the eigenmodes and eigenfrequencies for n(x, 7).
(b) Plot the wave height z vs. x for the first three sloshing modes.

(6) (a) The high E-string of a steel string guitar is about L = 0.7 m long from the
fret to the post. It has a mass per unit length of p=53x10"* kg/m.
Find the tension T required to properly tune the string, given that a high
E has a frequency f= 1318.51 hertz.

(b) Assuming that the A-string is under the same tension as the E-string, is
made of the same material, and is about the same length, what is the
ratio of the thickness of this string to that of the E-string? An A-tone has
a frequency of 440 hertz.

(7) Using an eigenmode expansion, find the solution for the motion of a string
that is governed by the following wave equation:

J? J?
WY(x,f)=WY(X,t),
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9)

(10)
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with boundary conditions y(0,#) =0 =y(s, ), and initial conditions

(@) y(x,0) =x(m —x), 22y(x,0) =0,
(b) y(x,0)=0, %y(x, 0) =x?sin x.

Transverse oscillations on a uniform string under uniform tension 7 and with
mass density p need not be only in the y-direction—the oscillations can
occur in any direction in a plane transverse to the equilibrium string. Call this
plane the x-y plane, and the line of the equilibrium string the z-axis. Then,
neglecting gravity effects, a displacement vector v(z, #) = (x(z, 1), y(z, 1)) of a
mass element away from equilibrium satisfies the vector wave equation,

9* , 3%
Wr(z,t) =c gr(z,t). (3.1.80)

(a) Find the spatial eigenmodes of this wave equation for boundary condi-
tions r=0 at z=0 and z=L. Show that there are two independent
plane polarizations for the eigenmodes: an eigenmode involving motion
only in the y-direction, and one only in the x-direction.

(b) Using the eigenmodes of part (a), write down a solution r(z,¢) for a
rotating mode with no nodes except at the ends (think of the motion of a
skipping rope). (Hint: the x-motion is 7/2 out of phase with the y
motion.) Over one period, make an animation of the motion using
ParametricPlot3D. This is an example of circular polarization.

A rope that is 2L, = 12 meters long is attached to posts at x = + L, that are
at the same level, but are only 2L, =10 meters apart. Find and plot the
equilibrium shape of the rope. (Hint: the element of length is

ds = /x> +dy’ =doy/1+ (dy/dv)’ =dx[1+ L(dy/dr)?],

assuming small perturbations away from a straight rope. Use the linear wave
equation to determine the equilibrium solution for y(x). Answer to lowest
order in (L, — Ly/L,: y(x)= —(gp/2T)L3 — x*), where T =
pgL,[L,/6(L,—L,)]'/* is the rope tension.)

A heavy string of length L and mass density p per unit length is spliced to a
light string with equal length L and mass density p/4 per unit length. The
combined string is fixed to posts and placed under tension 7. The posts are
both at the same height, so the string would be straight and horizontal if
there were no gravity. Find and plot the shape of the string in the presence of
gravity (assuming small displacement from horizontal). Take L =1 m, p=0.5
kg/m, and T =25 N. Plot the shape.

A mass of m =5 kg is attached to the center of a rope that has a length of
2L, =10 meters. The rope is attached to posts at x = +L, that are at the
same level but are only 2L, = 7 meters apart. The mass of the rope is M =5
kg. Find the shape of the rope and the tension applied to the posts. [Use the
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linear wave equation to determine the equilibrium solution for y(x), assum-
ing that |y| < L,.] Plot the shape. [Answer to lowest order in (L, —L,)/L;:
y(x)= —(g/2T)XL, —x)Xm + M + px), x>0, where T=g[L,3m*+3mM
+M?)/24(L, — L,)]'/* is the rope tension and p=M/2L, is the mass
density.]

(a) In the presence of gravity, the vector wave equation for a rope, Eq.
(3.1.80), is modified to read

a? , d°
Fr(z,t) =c Fr(z,t) -gy.

In equilibrium, the rope hangs with a parabolic shape given by Eq.
(3.1.32). It is possible to oscillate the hanging rope back and forth like a
pendulum. (Think of a footbridge swaying back and forth.) Find the
frequency of this swaying motion, assuming that the length of the rope is
L (Hint: Apply the principle of superposition to take care of the source
term, and determine the eigenmodes of the system.)

(b) If one assumes that the rope oscillates like a rigid pendulum, show that
the frequency of small oscillations is /107 /pL?. (Recall that a rigid
pendulum has frequency y/Mg/I, where M is the mass and [ is the
moment of inertia about the pivot.) Why does this answer differ from the
result of part (a)? Which answer is right?

A quantum particle of mass m, moving in one dimension in a potential V(x),
is described by Schrodinger’s equation,

iy ;
ih—W=HY, (3.1.81)

where W(x,¢) is the particle’s wave function, the Hamiltonian operator H is
given by
h? 92

H= —ﬁﬁ—kV(x), (3182)

and = 1.055x 107* N m s is Planck’s constant divided by 27r. A quantum
particle moves in a box of width L. Boundary conditions on the wave function
are therefore y=0 at x =0 and x = L. Use separation of variables to solve

the following initial-value problem: W(0, x) =x*(L —x). Animate the result
for the probability density || over a time 0 <t < 204 /mL>.

In a slab with uniform conductivity «, find the equilibrium temperature
distribution 7,,(x) under the listed conditions. Show directly that in each case
Eq. (3.1.51) is satisfied.

(@) S(x)=S,, T =Ty, T(L)=T,.
b) S(x) =x, ‘;—f(()) —0, T(L) = 0.

© (0 =ad(e—L/3), F-O=TO), F(L)=0.
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The ceiling of a Scottish castle consists of ;-meter-thick material with
thermal conductivity k = 0.5 W /(m K). Most of the heat is lost through the
ceiling. The exterior temperature is, on a average, 0°C, and the interior is
kept at a chilly 15°C. The surface area of the ceiling is 2000 m?. The cost per
kilowatt-hour of heating power is 3 pence. How much does it cost, in pounds,
to heat the castle for one month (30 days)? (Note: One British pound equals
100 Pence.)

Solve the following heat equation problem on 0 <x < 1, with given boundary
and initial conditions, and plot the solution for 0 < ¢ <2 by making a table of
plots at a sequence of 40 times:

T(x,t)  9°T(x,t)
ot - axz

+S(x).

Boundary conditions, initial conditions, and source:

(a) T(@0,t)=0, T(1,t) = 3; initial condition T(x,0) =0, S(x) = 0.

(b) Insulated at x =0, T(1,¢) = 1; initial condition T(x,0)=x, S(x) = 1.
(¢) Insulated on both faces, T(x,0) =0, S(x) = sin2x.

(a) A slab of fat, thickness 2 cm, thermal diffusivity y=10"% m?/s, and
initially at temperature T = 5°C, is dropped into a pot of hot water at
T = 60°C. Find T(x,t) within the slab. Find the time ¢, needed for the
center of the fat to reach a temperature of 55°C. Animate the solution for
T(x,t) up to this time.

(b) Over very long times, the behavior of T(x,?) is dominated by the
eigenmode with the lowest decay rate. Keeping only this mode in the
evolution, use this approximate solution for T to rederive t, analytically,
and compare the result with that found using the exact answer from part

(a).

A cold steak, initially at uniform temperature 7'(x,0) = 8°C, and of thickness
L =3 cm, is placed on a griddle (at x =0) at temperature T = 250°C. The
steak will be cooked medium rare when its minimum internal temperature
reaches T = 65°C. How long does this take? Animate the solution for 7'(x, t)
up to this time. (The boundary condition on the upper face of the meat at
x =L can be taken to be approximately insulating. The thermal diffusivity of
meat is about 3 X 107 m?/s.)

A sheet of copper has thickness L, thermal diffusivity y, and specific heat C.
It is heated uniformly with a constant power density S =j% due to a current
density j running through the sheet, where p is the resistivity of the copper.
The faces of the sheet, each with area A and at temperature 7, (to be
determined), radiate into free space with a heat flux given by the
Stefan—Boltzmann law for blackbody radiation: T'=(1 —r)o T;, where o=
567x10"% W/m?> K*) is the Stefan—Boltzmann constant, and r is the
reflectivity of the material, equal to zero for a blackbody and 1 for a perfect
reflector.

(a) Find the equilibrium temperature T,(x) in the sheet. What is the

maximum temperature 7., as a function of the current density j?
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(b) If the temperature varies by an amount A(7T(x,¢) from equilibrium, the
radiated power out of the face at x = 0 changes by an amount

AT = (1=r){[Ty + AT(0,0)]* = Tj'} = 4(1 = r) o T§ AT(0,1)

(assuming that T, > AT), and similarly for the face at x = L. Thus, the
boundary condition for small temperature deviations is mixed. Find the
first three eigenmodes, and their rate of decay. Take L =1 cm, r = 0.8,
and S =10° W,/m?.

(20) Damped waves on a string of length 7 in gravity satisfy the wave equation

1
W+Z_t=_2_l’ y(—7T/2,Z)=y(7T/2,I):O-

For initial conditions y(x,0)= 7/2 —|x|, y(x,0)=0, plot y(x,t) for 0<
t <20.

3.2 LAPLACE’S EQUATION IN SOME SEPARABLE GEOMETRIES

In a region of space that is charge-free, the electrostatic potential ¢(r) satisfies
Poisson’s equation without sources:

Vip(r) =0, (3.2.1)
where r = (x, y, z) is the position vector, and the Laplacian operator V2 is defined
by

> d*  d?

v 4 e 322
dx*  dy?  dZ? ( )

This PDE is called Laplace’s equation. To solve for ¢(r) within a specified volume
V' we require boundary conditions to be given on the surface S of the volume (see
Fig. 3.8). We will consider boundary conditions that fall into three categories:

Dirichlet, where ¢|g = ¢,(r) for some potential ¢,(r) applied to the surface S;

von Neumann, where the directional derivative of ¢ normal to the surface is
determined: fi- Vel ¢ = E,(r), where fi is a unit vector perpendicular to the
surface S, or

Fig. 3.8 Region V' (unshaded) for solution of Poisson’s
equation. The surface of this region is S.
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mixed, where (fé + ghi- V)| g = uy(r) for some function u(r) and (nonnegative)
functions f(r) and g(r). The functions f and g cannot both vanish at the
same point on S.

These three boundary conditions are straightforward generalizations of the
conditions of the same name, considered previously for one-dimensional PDEs.
Physically, Dirichlet conditions can occur in the case where the surface S is a set of
one or more conductors that are held at fixed potentials. von Neumann conditions
are less common in electrostatics problems, applying to the case where the normal
component of the electric field is determined at the surface. Mixed conditions
rarely occur in electrostatic problems, but can sometimes be found in applications
of Poisson’s equation to other areas of physics, such as thermal physics [see Eq.
(3.1.47), for example].

3.2.1 Existence and Uniqueness of the Solution

For the above boundary conditions, can one always find a solution to Laplace’s
equation? And is this solution unique?

We will answer the second question first. If a solution exists, it is unique for
Dirichlet or mixed boundary conditions. For von Neumann boundary conditions,
the solution is unique only up to an additive constant. This can be proven through
the following argument.

Say that two solutions exist with the same boundary conditions. Call these
solutions ¢, and ¢,. We will prove that these solutions must in fact be the same
(up to an additive constant for von Neumann boundary conditions).

The difference between the solutions, ® = ¢, — ¢,, also satisfies the Laplace
equation V2® = 0, and has homogeneous boundary conditions. To find the solution
to V2® = (0 with homogeneous boundary conditions, multiply this equation by ®
and integrate over the volume of the domain. Then apply Green’s first identity:

0=fV<I>V2q> d3r=fSCI>V<I>-ﬁ dzr—fVVCD-VCD dr.

Now, for Dirichlet or von Neumann boundary conditions, either ® =0 or V®-f =0
on S, so the surface integral vanishes, and we are left with [,|V®|*d’r=0.
Furthermore, since | V®|? is always nonnegative, the only way this integral can be
zero is if V® =0 throughout the domain. Therefore, ® = constant is the only
solution. This implies that @ = 0 for Dirichlet boundary conditions, because ® = 0
on §; but for von Neumann conditions, ® = constant satisfies the boundary
conditions.

For mixed boundary conditions, ® satisfies (f® + gh- V®)|; = 0. Assuming that
f(r) is nonzero over some part of the surface S (call this portion S,), and g(r) is
nonzero over remainder of the surface (call it S7), Green’s first identity becomes

__[( & a2 faaaa . 3
0= /;lf(Van)dr /qu> d’r /VVdDV(Ddr.

c
1
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Each integral is nonnegative (since both f and g are nonnegative by assumption),
and therefore, by the same argument as before, the only possible solution is ® = 0.

Therefore, ¢, and ¢, are equal for Dirichlet or mixed boundary conditions,
and for von Neumann conditions they differ at most by a constant. We have shown
that the solution to the Laplace equation is unique for Dirichlet and mixed
conditions, and unique up to an additive constant for von Neumann conditions.

One can also show that for Dirichlet and mixed boundary conditions, a solution
can always be found. (We will later prove this by construction of the solution.) For
von Neumann boundary conditions, however, a solution for the potential ¢(r) only
exists provided that the boundary conditions satisfy the following integral con-
straint:

|V ha*r=o. (3.2.3)
S

This constraint on the normal derivative of the potential at the domain surface
follows from Laplace’s equation through an application of the divergence theorem:
0=/, Vdr= [ Vo-nd*r

Students with some training in electrostatics will recognize Eq. (3.2.3) as a
special case of Gauss’s law, which states that the integral of the normal component
to the electric field over a closed surface must equal the charge enclosed in the
surface (which in this case is zero).

If Eq. (3.2.3) is not satisfied, then there is no solution. This only constrains von
Neumann boundary conditions, since only von Neumann conditions directly specity
the normal derivative of ¢. For Dirichlet and mixed conditions, which do not
directly specify Ve -f, one can always find a solution that satisfies Eq. (3.2.3).

We now consider several geometries where the solution to Laplace’s equation
can be found analytically, using the method of separation of variables.

3.2.2 Rectangular Geometry

General Solution In rectangular coordinates (x,y), a solution to Laplace’s
equation for ¢(x,y) can be found using separation of variables. Following the by
now familiar argument, we write

b(x,y) =X(x)Y(y) (3.2.4)
for some functions X and Y. If we substitute Eq. (3.2.4) into the Laplace equation
and divide the result by ¢, we obtain

1 d*x 4 1 d’Y 0
X(x) ax*  Y(y) dy?

As usual, this equation can be separated into two ODEs, one for X and the other
for Y:

1 X _
X(x) &
(3.2.5)
1 d%y _

R — _A’
Y(y) ay?
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Ay
®s
b
oc =7 b4
X
Fig. 3.9 0 o5 a o

where A is the separation constant. The general solution to each ODE can be
found easily:

X(x)=C, e C, e_\/x",
(3.2.6)
Y(y)=Cye™ +C,e V.

Example 1: Dirichlet Boundary Conditions The general solution given by Eq.
(3.2.6) is useful for boundary conditions specified on a rectangle, as shown in Fig.
3.9. The potential on the sides of the rectangle is specified by the four functions
d)A(y)v d)B(x)ﬂ (;bC(y)’ and (,‘bD(X).

We first consider the special case where only ¢,(y) is nonzero. Then the
homogeneous boundary conditions on the bottom and the top imply that Y(0) =
Y(b) =0. We again confront an eigenvalue problem for Y(y). The condition
Y(0) = 0 implies that C, = —C, in Eq. (3.2.6), so that Y(y)=_2iC,sinyAy. The
condition that Y(L)=0 then implies that either C,=0 (trivial) or YAb =nm.
Thus, we find that

nwy

Y(y) =Dsin 5o (3.2.7)

where
A=A, =(nm/b)’, n=1,273,.... (3.2.8)

Since there are many solutions, we can superimpose them in order to match
boundary conditions on the other two sides:

$(x,y) = L (Cp, "™/ 4+ Cype /) sin 7L (3.2.9)

n

where, as usual, we have absorbed the constant D into the constants C,, and C,,,.
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Equation (3.2.9) has an oscillatory form in the y-direction, and an exponential
form in the x-direction. This is because Laplace’s equation implies that 9%/ dx? =
— 3%/ dy>. Therefore, a solution that oscillates sinusoidally in y, satisfying
3%/ dy* = —\,¢, must be exponential in x. By the same token, one can also
construct a solution that consists of sinusoids in x and exponentials in y. That
solution does not match the given boundary conditions in this problem, but is
required for other boundary conditions such as those for which ¢, = ¢ = 0.

To find the constants C,, and C,,, we now satisfy the remaining two boundary
conditions. The potential is zero along the boundary specified by x =0, which
requires that we take C,, = —C,, in Eq. (3.2.9). We then obtain

72 sin 72

¢(x,y) = 2 A,sinh— 5 (3.2.10)

where A,=2C,,. The constants A, in Eq. (3.2.10) are determined by the
boundary condition that ¢(a, y) = ¢,(y):

nma niw
— S Y

¢a(y) = X A, sinh—=sin—=. (3.2.11)
n=1

Equation (3.2.11) is a Fourier sine series for the function ¢,(y) defined on
0 <y <b. The Fourier coefficient A, sinh(nma/b) is then determined by Eq.
(3.2.11),

., nma 2 rb . nmwy
A, sinh—7 =F/O¢A(y)sdey. (3.2.12)

Equations (3.2.10) and (3.2.12) provide the solution for the potential within a
rectangular enclosure for which the potential is zero on three sides, and equals
¢,(y) on the fourth side.

For instance, if ¢,(y) =sin(nmy/b), then the solution for ¢(x, y) consists of
only a single term,

_ sinh(nmwx/b) . nwy
¢(*Y) = Guh(nma/b) ™ b

This solution is plotted in Cell 3.18 for the case n = 3 and a = b = 1. The reader is
invited to vary the value of n in this solution, as well as the shape of the box.

Cell 3.18

Sinh[n Pi x/b]
dlx_, y_1 = Sinh[n Pi a/bl

Sin [n Pi y/bl;

Plot3D[¢[x, y1, {x, 0, a}, {y, 0, b},
PlotLabel — "Potential in a box",
AxesLabel — {"x", "y", "}, 6 PlotRange— All, PlotPoints— 30];
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Potential in a box

We can use this solution method to determine the general solution for the case
of arbitrary nonzero potentials specified on all four sides at once by using the
following argument. We can repeat our analysis, taking the case where ¢, = ¢ =
¢p = 0 and only ¢z(x) is nonzero, next evaluating the case where ¢, = ¢z = ¢, =0
and ¢.(y) is nonzero, and finally taking the case where ¢, = ¢y = ¢ =0 and
¢p(x) is nonzero. We can then superimpose the results from these calculations to
obtain the potential ¢(x,y) for any combination of potentials specified on the
rectangular boundary.

Example 2: von Neumann Boundary Conditions; the Current Density in a Con-
ducting Wire Let’s now study an example with von Neumann boundary conditions
over part of the surface. Consider a current-carrying wire made of electrically
conductive material, such as copper (see Fig. 3.10). The length of the wire is b, and

N

Y.

Fig. 3.10 Current density in a wire. 0 ¢=0 @
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its width is a. (For simplicity, we neglect any z-dependence.) The left and right
sides of the wire are insulated (coated with rubber, say). To the top of the wire, a
voltage V,, is applied, causing a current [ (in amperes) to run through to the
bottom, where it is extracted (see the figure). The question is to determine the
distribution of current and the electric field inside the wire.

These two quantities are related: current flows because there is an electric field
E = — V¢ inside the conductor. The current density j inside the rod (in amperes
per square meter) satisfies Ohm’s law, j = o E, where o is the electrical conductiv-
ity of the material. We wish to determine j(x,y) and E(x,y) [or equivalently,
$(x, y)l.

The boundary conditions on the top and bottom faces of the wire are set by the
applied potentials:

$(x,0) =0,
o(x,b) =V,.

However, the boundary conditions on the two insulated sides are determined by
the fact that no current flows through these sides, so the current runs parallel to
these faces. Therefore, according to Ohm’s law, j,=oE, = —0od$/dx =0 along
these faces, so we have von Neumann conditions on these faces:

Z—f(O,y) = g—f(a,y) =0. (3.2.13)

Furthermore, the potential in the interior of the conductor must satisfy Laplace’s
equation. This is because there are no sources or sinks of current in the interior of
the rod, so V-j =0 [recall the discussion surrounding Eq. (1.2.12)]. Then Ohm’s
law implies

V.cE=—aV%=0.

We can now solve this Laplace’s equation for the potential, using separation of
variables. Given the boundary conditions of Eq. (3.2.13), we expect from our
standard separation-of-variables argument that ¢(x,y) will consist of a sum of
terms of the form Y(y)X(x), with X(x) being an eigenmode of the von Neumann
form, X(x)=cos(nmx/a), n=0,1,2,.... Substitution of this form into V=0
then implies that Y(y) satisfies

For n > 0 the solution that is zero at y = 0 is Y(y) = 4, sinh(nmy /a). However, we
must be careful: the n =0 term must also be kept. For n =0 the solution that is
zero at y =0 is Y(y) = A,y. Therefore, the potential has the form

¢(x,y) = ¥ A,sinh ™2 cos" 7% 4 A, y. (3.2.14)
n=1
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This solution matches the boundary conditions on the bottom and sides. The
constants A, are then determined by satisfying the boundary condition on the top
face, V, =X, _, A, sinh(nmb /a) cos(nmx/a) + A,b. This is simply a Fourier cosine
series in x. The Fourier coefficients are 4,=V,/b and

Vs b nwy
A, = —sinh(nwa/b) jo cosTdy, n>0.
However, the integral over the cosine equals zero, so the only nonzero Fourier
coefficient is 4, =V, /b. Therefore, the solution for the potential interior to the
wire is simply ¢(x,y)=V,y/b. The electric field in the wire is uniform, of
magnitude V|, /b. The current density runs vertically and uniformly throughout the
conductor, with magnitude j = o'V, /b.

3.2.3 2D Cylindrical Geometry

Separation of Variables The general solution to Laplace’s equation can also be
found in cylindrical geometry (r, 6, z). The cylindrical radius r and the angle 6 are
defined by the coordinate transformation x =rcos 6§ and y =rsin 6. At first, for
simplicity, we consider the case where the potential is independent of z, so that
¢ =¢(r,0). In these 2D cylindrical coordinates, the method of separation of
variables can again be used to solve Laplace’s equation. We assume that the
potential takes the form

¢(r,0) =R(r)0(0). (3.2.15)

In cylindrical coordinates V? is given by

1d( 9 19> | 9°
29,2\ L9
Ve o lrgn) oo o (3.2.16)
Applying V2 to Eq. (3.2.15) and dividing by R(r)®(8) yields
1 d( JR 1 9%0

Following the standard procedure, this equation can be separated into two
equations for the r and @ dependence. The expression [1,/0(6)] 920 /90> must
equal some function of 6, which we call f(#). Equation (3.2.17) can then be
written as

However, as the rest of the equation is independent of 6, it can only be satisfied if
f(#) is a constant, f(§) = —m? (where we have anticipated that the constant will
be nonpositive). Then the equation for O(0) is

%0
36?

- —m?0(0). (3.2.19)
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The boundary conditions on this equation arise from the fact that the variable 6 is
periodic: the angles 6+ 27 and 60 are equivalent. This implies that we must
require periodic boundary conditions, ©(0+ 27)= 0(#). With these boundary
conditions, we again have an eigenvalue problem, because these boundary condi-
tions allow only the trivial solution @(6) = 0, except for special values of m. These
values may be found by examining the general solution to Eq. (3.2.19),

O(0)=Ae™ +Be ™" (3.2.20)

For nonzero A and B, the periodic boundary conditions imply that e* %=
e*m0+2m™) \which requires that e* ™™ = 1. This can only be satisfied if m is an
integer. Therefore, we obtain

0(0)=e"  m e Integers (3.2.21)

[Allowing m to run over both positive and negative integers accommodates both
independent solutions in Eq. (3.2.20).]

Turning to the radial equation, we find that for f(6)= —m? Eq. (4.2.18)
becomes

- —R(r)=0. (3.2.22)
,
This equation has the following general solution:

A, '™ +B /™ if o m#0,

R =
() =\ 4, +B,Inr it m=0.

(3.2.23)

The general solution to the Laplace equation in cylindrical coordinates is a sum of
these independent solutions:

< B .
¢(r,0)=Ay+Bylnr+ ), (Amr’”| + rlr;n\ )e'””’. (3.2.24)
m= —ow

Example The general solution to Laplace’s equation in cylindrical coordinates is
useful when boundary conditions are provided on the surface of a cylinder or
cylinders. For instance, say the potential is specified on a cylinder of radius a:

b(a,0)=V,(0). (3.2.25)

We require a solution to Laplace’s equation in 0 <r < a. This solution is given
by Eq. (3.2.24); we only need to match the boundary conditions to determine the
constants A4, and B,. First, the fact that the potential must be finite at r=0
implies that B, = 0 for all n. Next, Egs. (3.2.24) and (3.2.25) imply that

Z Am(l‘m‘eime:V;(G).

m=—wx

This is an exponential Fourier series, so the Fourier coefficients can be determined
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using Eq. (3.2.3):
[m| 1 2n —imo
A, alm = ﬁfo V.(0)e ™ do. (3.2.26)
The solution for the potential is
d(r,0)= Y A,r'mem

m=—x

For instance, if V,(0) =V, sin 6, then only the m = +1 terms in the sum con-
tribute to the solution, and the rest are zero. This is because sin 6 contains only
m = +1 Fourier components. The solution is then clearly of the form ¢(r, 0) =
Arsin 0, and the constant 4 can be determined by matching the boundary
condition that V(a, 6) = V; sin 6. The result is

o(r,0) = Vogsin 0.

3.2.4 Spherical Geometry

Separation of Variables We next consider the solution to Laplace’s equation
written in spherical coordinates (r, 6, ¢). These coordinates are defined by the
transformation x = r sin 6 cos ¢, y = r sin 6 sin ¢, and z = r cos 6 (see Fig. 3.11). In
these coordinates Laplace’s equation becomes

V2 =

12 (p2d), L g

K2 aqf) 1 v
r2 ar ar rz sin 6 00

sin 60— —_— .
( a9 r?sin? @ 9>

(3.2.27)

(We use the symbol ¥ for potential in this section so as not to confuse it with the
azimuthal angle ¢.) We again employ the method of separation of variables,
writing

W(r,0,8) = R(1)O(6)(B).
Then the equation (V>¥) /¥ =0 is
La(aaR) L d g ,00), 1o
2R ar\" ar )T sinee 90\ Va0 ) T sin? 04 962

=0. (3.2.28)

Fig. 3.11 Spherical coordinates (r, 0, ¢).
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The separation-of-variables analysis proceeds just as before. One finds that Eq.
(3.2.28) separates into three ODEs for R, 0, and ®:

3*®
Frele —m*®(), (3.2.29)
1 o9(. ,00 m?
sineﬁ(sm 979) ~ iz g 2(0) = 20(9), (3.2.30)
1 9 IR A
,—zﬁ(’zw) + SR(r) =0, (3.2.31)

where we have introduced the separation constants m and A. Just as in cylindrical
coordinates, periodicity of the angle ¢ implies that m must be an integer, so that
the eigenvalue problem posed by Eq. (3.2.29) has the solution

O(p)=e™?,  m < Integers. (3.2.32)
Eigenmodes in 0: Associated Legendre Functions Turning to Eq. (3.2.30), we

make a coordinate transformation to the variable x = cos 6. Then by the chain
rule,

90 Ix 90 . 90 590
20 = 96 ox ~ Sin0g = -Vl-x" .

When written in terms of x, Eq. (3.2.30) becomes

%((1”2)%)—%@(96#)\(96). (3.2.33)

This ODE has regular singular points at x = + 1. Its general solution is in terms of
special functions called hypergeometric functions. In general, these functions are
singular at the end points because of the regular singular points there. However,
for special values of A the solution is finite at both ends. Again, we have an
eigenvalue problem. In this case, the eigenvalues are

A=—=I(1+1) for [ a positive integer taking on the values / > |m|. (3.2.34)

The corresponding eigenmodes are special cases of the hypergeometric functions
called associated Legendre functions,

0(0)=P"(x), X =cos 6.

For m = 0 the functions P;"(x) are simple polynomials called Legendre polynomi-
als, but for m # 0 they have the form of a polynomial of order / — |m| multiplied
by the factor (1 —x?)'"/2, Some of these functions are listed in Table 3.2. The
table shows, among other things, that the functional form of P;/"(x) differs only by
a constant from P; " (x).

We can see using Mathematica that the associated Legendre functions P;"(x)
satisfy Eq. (3.2.33). In Mathematica these functions are called
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Table 3.2. Associated Legendre Functions

le(x)
| m=2 -1 0 1 2

%Vl—x2 X —V1-x2
1A -x? Ixv1 —x? —1 4352 —3xV1—x2 3(1 —x?)

N = O

LegendreP[1,m,x]. The following cell tests whether each Legendre function
satisfies Eq. (3.2.33), up to [ = 5:

Cell 3.19

O[x ] = LegendreP[l, m, x];
Table [
Table [Simplify[D[(1-x"2) D[LegendreP[l, m, x], x], x],
-m”2 0 [x]/(1-x"2) ==
-1 (L + 1) © [x1]1, {m, -1, 1}1, {1, o, 5}]

{{True}, {True, True, True}, {True, True, True, True, True},
{True, True, True, True, True, True, True},

{True, True, True, True, True, True, True, True, True},
{True, True, True, True, True, True, True, True, True, True,
True}}

Turning to the radial dependence of the potential, we require the solution of
Eq. (3.2.31), with A= —I(/ + 1):
Cell 3.20

FullSimplify[R[r]/. DSolvel
1/r”*2 D[ r*2 DIRI[r], r]l, r]l] -1 (1 + 1) RIrl/r*2 ==
0, R[r]l, rl1[[11], 1 > 0]

r 1t cr1l + r* cl2]

Thus,
R(r)=A/r'""' +Br!,

where A4 and B are constants.

Since [ and m can take on different values, we have actually found an infinite
number of independent solutions to Laplace’s equation. We can sum them to-
gether to obtain the general solution in spherical coordinates:

A .
rli"f +B,mrl) e P (cos 0). (3.2.35)

© [
W00 =T ¥ (

m=—1

Finally, we are left with the task of determining the constants A,, and B, in
terms of the boundary conditions. Say, for example, we know the potential on the
surface of a sphere of radius a to be ¥(a, 6, ¢) =1V(6, ¢). If we require the
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solution within the sphere, we must then set A4;,, =0 in order to keep the solution
finite at the origin. At r =a we have

-~

) B,,a'e™*P"(cos 0) =V (0, ¢). (3.2.36)
I=0m

=1

It would be useful if the associated Legendre functions formed an orthogonal set,
so that we could determine the Fourier coefficients by extracting a single term
from the sum. Amazingly, the associated Legendre function do satisfy an orthogo-
nality relation:

. [+ !
j(; P/"(cos 0)P/"(cos 0)sin 0do = ﬁ%éhi' (3.2.37)

Thus, we can determine B, by multiplying both sides of Eq. (3.2.36) by
e ""*P"(cos ), and then integrating over the surface of the sphere (i.e., applying
[T sin 6dO[{™ d ). This causes all terms in the sum to vanish except one, providing
us with an equation for B,,,:

2 (I+m)!

2T+ T (T=m)]

B,ma’=f0wsin 0d0f02ﬂd¢e”'m¢PZm(cos W (0, ), (3.2.38)

where on the left-hand side we have used Eq. (3.2.37).

Again, we observe the surprising fact that the nontrigonometric eigenmodes
P/"(cos 0) form an orthogonal set on the interval 0 < 6 < ar, just like trigonometric
Fourier modes, but with respect to the integral given in Eq. (3.2.37). The reasons
for this will be discussed in Chapter 4.

Spherical Harmonics 1t is often convenient to combine the associated Legendre
functions with the Fourier modes e'™?. It is conventional to normalize the
resulting functions of 6§ and ¢, creating an orthonormal set called the spherical
harmonics Y, (6, $):

Y, (0. 8) = \/214;1 % Pl (cos 0) e, (3.2.39)

Mathematica has already defined these functions, with the intrinsic function
SphericalHarmonicY[1,m, 0, d].The spherical harmonics obey the following
orthonormality condition with respect to an integral over the surface of a unit
sphere:

[Ta ["d6sin 0Y75Y, = 88, (3.2.40)
0 0

We have already seen in Eq. (3.2.38) that spherical harmonics are useful in
decomposing functions defined on the surface of a sphere, f(6, ¢), such as the
potential on a spherical conductor. The spherical harmonics also enter in many
other problems with spherical symmetry. For instance, they describe some of the
normal modes of oscillation of a rubber ball, and this example provides a useful
method for visualizing the spherical harmonics.
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The plots in Cell 3.21 show the distortion of the ball for the m = 0 modes, and
for [ =0,...,5. These modes are cylindrically symmetric because they have m = 0.
In each case the dashed line is the unperturbed spherical surface of the ball. We
then add to this surface a distortion proportional to the given spherical harmonic.

Cell 3.21

m = 0;
Dolrllf , ¢ 1 = 1 + 0.2 RelSphericalHarmonicY[l, m, 0, ¢1];
a = ParametricPlot[{Sin[6], Cos[61}, {6, 0, 2 Pi},
DisplayFunction— Identity,
PlotStyle — Dashing[{0.03, 0.03}1];
b = ParametricPlot[r[f, 0] {Sin[6#] Cos[0], Cosl[6l},
{6, 0, Pi}, DisplayFunction— Identity];
¢ = ParametricPlot[r[6, Pi]l {Sin[6#] Cos[Pil, Cos[6]},
{6, 0, Pi}, DisplayFunction— Identityl];
d[1l] = showl[a, b, c, PlotRange— {{-1.2, 1.2},
{-1.2, 1.2}},
AspectRatio— 1, Frame — True,
FrameLabel - "m=0"<>ToString[m]<>",1=" <>ToStringl[l],
RotateLabel —» False, AxesLabel— {"x", "z"}], {1, 0, 5}1;
Show [GraphicArray [{{d[0], d[11}, {d[2], 4[31}, {441, 4[51}}1,
DisplayFunction— $DisplayFunction,
PlotLabel —» "m=<>ToString[m]<> Spherical Harmonics"];

m = 0 Spherical harmonics
b4 b4
Crrrr e Cr e
1F J 1r J
0.5F 7 0.5F E
0, 1 =0 0 1x m=0, oFf ]
b ] E A /3
-0.5F B —-0.5F \ A
1f : af TS S
I EFTE AT AT A Lyl I EFTE AT AT A Lyl
-1-0.5 0 0.5 1 -1-0.50 0.5 1
z z
1F = 1F =
0.5F 3 0.5F 3
0, 1 =2 0F x m=0, 0F
F 1 FL e
-0.5¢ 7 -0.51 \ J 1
-1F 3 -1F N 3
BTN P swifi'l S i T TEE SEETE FNPEE PR i
-1-0.50 0.5 1 -1-0.50 0.5 1
z z
AmmEanzes SaREmmun AmmEanzes EaRmmmsuy
1f -t~ ] 1f £ ]
L o~ N
0.5¢ E 0.5¢ 7
£ r/ D
. S Al
0, 1 =24 0F x m=0, 0F
r Fow
L £
—0.5F E -0.5¢ E
I T AT R TN T
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m =1 Spherical harmonics

Z Z
1 2T 1f
05/ 0.55[\-2
m=1,1=1 O Hx m=1,1=2 0f 1 x
-1 Foveiiiils |T||||I|{ -1 }.l....l.\......’./l....l._:
1-050 05 1 ~1-050 05 1
V4 V4
1_| /I'/':_' "\\I\ It 1}"””/",”—' "\'ll\""l'_:
05 / N 0.5?[ \
L4 W\ 1 L4 A
m=1,/=3 O;{ Hx m=1,/=4 0F 7 X
05\ / 05 k
Ll T e AT T e
1050 05 1 1050 05 1

Fig. 3.12 m = 1 spherical harmonics.

One can see that the / = 0, m = 0 harmonic corresponds to a spherically symmetric
expansion (or contraction) of the surface; the /=1, m = 0 harmonic is a displace-
ment of the sphere along the z-axis; the /=2, m =0 harmonic is an elliptical
distortion of the surface; and higher-order harmonics correspond to more compli-
cated distortions. The higher-order distortions have the appearance of sinusoidal
oscillations along the surface of the sphere. As one travels from pole to pole along
the sphere, the number of times each oscillation passes through zero equals /.

The m # 0 spherical harmonics are similar to the m =0 harmonics with the
same [/, except that the distortions are tilted away from the z-axis. For a given
value of m, a larger [ corresponds to a smaller tilt. For [ = |m], the tilt is 90°, that
is, the maximum distortion is in the x-y plane. In Fig. 3.12 are some pictures of the
real part of the m =1 modes. The reader is invited to modify the commands in
Cell 3.21 and display other modes.

One can see that the / =1, m = £ 1 distortions correspond to displacements of
the ball in the x-y plane; the [ =2, m = +1 modes correspond to a tilted elliptical
distortion. The distortion can be rotated about the z-axis through any angle ¢,
by multiplying the spherical harmonic by a complex number e ‘% before taking
the real part. Three-dimensional visualizations of some of these modes can also be
found in Sec. 4.4.2.

Example Consider a hollow conducting sphere where the upper half is grounded
and the lower half is held at potential V|

V, for 0<60<m/2,
0 otherwise.

V(9,¢>)={

The potential within the sphere is found by first dropping terms in Eq. (3.2.35)
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proportional to 1/r'*1:

0 l
W(r,0,0)= 2 X Br'Y .(0,4). (3.2.41)

=0 m=-1

Matching this solution to V(6, ¢), we obtain X7_, ¥/, _ _| B,,a'Y, (0, $) =V(8, ).
Multiplying both sides by the complex conjugate of a spherical harmonic and
integrating over the unit sphere, we pick out a single term in the sum according to

Eq. (3.2.40):

B, a' = Oz”d¢ O”sm 0do Y, (0,6)V(0,d). (3.2.42)

This result is equivalent to Eq. (3.2.38) but is more compact, thanks to the
orthonormality of the spherical harmonics. Evaluating the integral over ¢ for our
example, we obtain

/2
B,mal=2wV05mOf0 "sin 0d0Y, (6, $).

Thanks to the cylindrical symmetry of the boundary condition, only m = 0 spheri-
cal harmonics enter in the expansion of the potential. The integral over 6 can be
evaluated analytically by Mathematica for given values of [:

Cell 3.22

vlist = 2 Pi V, Tablel
Integrate[Sin[6] SphericalHarmonicY[1l, 0, 6, ¢],
{6, o, Ppi/2}1, {1, 0, 20}]

mv,, %\/37TV0, 0, o%\/wrvo, 0, =\iimv,, o,

16
5 7 21v237V, 99Y3 7V,
" 128 V15™Vor 00 5EgVI9MVe. 00 - ooy O o048
429Y317V, 715V357V, 2431V397V,
* 7 32768 ' ' 65536 ' ' = 262144 ' }

This list of integrals can then be used to construct the solution for ¥ using Eq.
(3.2.41), keeping terms up to [/ = 20:

Cell 3.23

Yir , 0, ¢ 1 =
Sum([vlist[[1 + 1]] SphericalHarmonicY[1l, 0, 0, ¢]1 (r/a) "1,
{1, o, 20}1;

In Cell 3.24 we plot the solution as a surface plot in the x-z plane, taking V, =1
volt:
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Cell 3.24
a = 1;
Vo = 1;

ParametricPlot3D[{r Sin[f#], r Cos[6], Evaluate[V¥I[r, 6§, 011},
{r, 0, a}, {6, -pi, Pi}, AxesLabel—> {"x", "z", nn},
PlotLabel — "Potential inside a sphere",
PlotPoints— {20, 100}, ViewPoint -> {2.557, -0.680, 1.414}]1;

Potential inside a sphere

The solution varies smoothly throughout most of the spherical volume. However,
near the surface at r = a there is a Gibbs phenomenon due to the discontinuity in
the boundary conditions. Fortunately this phenomenon vanishes as one moves
inward, away from the surface.

3.2.5 3D Cylindrical Geometry

Introduction Consider a hollow cylindrical tube of length L and radius a, with
closed ends at z=0 and z=L. We will describe the solution in cylindrical
coordinates (r, 0, z), where x =rcos 6 and y =rsin 6. The potential on the sides
of the tube at r =a is specified by a function ¢ ,(6, 2):

d)(aa 0’ Z) = d)A(O?Z)’
and the potentials on the bottom and top of the tube are specified by functions
¢dp(r, 0) and ¢ (r, 6) respectively:

¢(r7 070) = ¢B(r> 0)>

¢(r,0,L)=¢(r,0).
In order to solve Laplace’s equation for the potential with the cylinder, it is best to
follow the strategy discussed in the previous section on rectangular geometry, and

break the problem into three separate problems, each of which has a nonzero
potential only on one surface.
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Nonzero Potential on One Cylinder End: Bessel Functions One of these
three problems has boundary conditions ¢(r, 8, L) = ¢-(r,6) and ¢ =0 on the
rest of the cylinder. Anticipating that the eigenmodes in 6 vary as e'™’, we look
for a solution of the form ¢(r, 0, z) =R(r)e""?Z(z). Applying V? to this form
using Eq. (3.2.16), one finds that

2 2 2
ye__l &(5R)—m L 72 _,, (3.2.43)

o~y \ar) Tt 2y e
Separating variables results in the following equation for Z(z):

*Z
9z?

Kz, (3.2.44)

where « is a separation constant. Thus, the general solution for Z(z) is
Z(z) =Ael* + Be V<* (3.2.45)

and can be either exponential or oscillatory, depending on the sign of «. (We will
find that « > 0.) The boundary condition that ¢ =0 at z =0 is satisfied by taking
B = —A. Thus, the z-solution is Z(z) = 2 A sinh(Vk 2).

Bessel Functions. The separated equation for R(r) is

1 0 ( dR m?

This is a second-order ODE with a regular singular point at the origin. The
boundary conditions on this problem are that R =0 at r = a, and that R is finite at
r=0 (the regular singular point at r =0 implies that the solution can blow up
there.) With these boundary conditions, one possible solution is R = 0. Thus, Eq.
(3.2.46) is another eigenvalue problem, where in this case the eigenvalue is «.

The dependence of R on « can be taken into account through a simple change
in variables,

7= Vxr, (3.2.47)
yielding
1 9 (_0dR m? _
7E(rw)—(?—l)R(r)=O. (3.2.48)

This ODE is Bessel’s equation. The general solution is in terms of two independent
functions, called Bessel functions of the first kind, J,(7) and Y, (7):

R(7) = AT, (F) + BY, (7). (3.2.49)

The subscript m on these functions is the order of the Bessel function. The
functions depend on m through its appearance in Bessel’s equations, Eq. (3.2.48).
Mathematica calls the Bessel functions Besseld[m,r] and BesselY[m,T]
respectively. We plot these functions in Cells 3.25 and 3.26 for several integer
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values of m. The reader is invited to reevaluate these plots for different values of
m and over different ranges of r in order to get a feel for the behavior of these
functions.

Cell 3.25
<<Graphics‘;
Plot [{BesselJ[0, r], BesselJ[l, r]l, BesselJI[2, rl},

{r, 0, 10}, PlotStyle— {Red, Blue, Green},
PlotLabel —» "J, (r) for m=0,1,2", AxesLabel— {"r", " "}];

Jp (r) form=10, 1, 2

f=
o
T[TIT[TOr[Tor[IT

|

o

b
TTT 7Tt

P T, U m %
AVSZAN
~0.4
Cell 3.26

Plot [{BesselY[0, r], BesselY[1l, r]l, BesselY[2, rl},
{r, 0, 10}, PlotStyle— {Red, Blue, Green},
PlotRange— {-2, 1},
PlotLabel —» "Y, (r) for m=0,1,2", AxesLabel— {"r", " n"}];

Y, {r) form=20, 1, 2

-2

One thing that is immediately apparent is that the Y, ’s are all singular at the
origin, due to the regular singular point there. Therefore, we can rule out these
functions for the eigenmodes in our problem, and write

R(F) = Al (F). (3.2.50)
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Zeros of Bessel Functions. Another feature of Bessel functions also jumps out
from the previous plots: like sines and cosines, these functions oscillate. In fact,
one can think of J,(7) and Y,,(7) as cylindrical coordinate versions of trigonomet-
ric functions. Each function crosses through zero an infinite number of times in the
range 0 <r <. However, unlike trigonometric functions, the location of the zero
crossings of the Bessel functions cannot be written down with any simple formula
(except in certain limiting cases such as the zeros at large r: see the exercises for
Sec. 5.2).

Starting with the smallest zero and counting upwards, we can formally refer to
the nth zero of J,(7) as j,, ,; thatis, J,(j, ,)=0, n=1,2,3,.... Similarly, the
nth zero of Y, (7) is referred to as y,, ,, and satisfies Y, (y,, ,)=0.

Although these zero crossings cannot be determined analytically, they can be
found numerically. In fact, Mathematica has several intrinsic functions whose
purpose is to evaluate the zeros of Bessel functions. They must be loaded from the
add-on package NumericalMath:

Cell 3.27

<<NumericalMath ‘;
To obtain the first 10 consecutive zeros of J,(r), the syntax is as follows:

Cell 3.28

jO = BesselJZeros[0, 10]

{2.40483, 5.52008, 8.65373, 11.7915,
14.9309, 18.0711, 21.2116, 24.3525, 27.4935, 30.6346}

Thus, the smallest zero of Jy(r), j, ;, takes on the value j,, =2.40483..., while
the next is at j,,=15.52008..., and so on. Similarly, the first four consecutive
zeros of J\(r), {j 1, 1.2, J1.3- J1.4)» are obtained via

Cell 3.29
BesselJZeros[1l, 4]

{3.83171, 7.01559, 10.1735, 13.3237}

Although we do not need them here, the first M zeros of the Y,, Bessel function
can also be obtained numerically, with the intrinsic function Bessel-
YZeros [m,M]. For instance,

Cell 3.30

BesselYZeros[2, 6]

{3.38424, 6.79381, 10.0235, 13.21, 16.379, 19.539}

Radial Eigenfunctions and Eigenvalues. The potential is zero on the tube sides
at r =a. We can use our knowledge of the zeros of the Bessel function in order to
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match the resulting boundary condition R(a)= 0. According to Egs. (3.2.50) and
(3.2.47), R(r) = AJ,(Vkr). Therefore, R(a) =AJ,(Vka), so we must specify

K:(jm,n/a)27 n:1’2>37"'> (3251)

where j,, , is the nth zero of the mth Bessel function. This implies that the radial
eigenfunctions R(r) are

R(r) =AlL,(jm, .1/ ). (3.2.52)

A few of the m = 0 radial eigenmodes are plotted in Cell 3.31. Eigenfunctions
for other values of m can be plotted in the same way. This is left as an exercise for
the reader.

Cell 3.31

Plot [Evaluate[Table [Besseld [0, jO[[n]l] rl, {n, 1, 4}11,
{r, 0, 1}, PlotStyle— {Red, Blue, Green, Purple},
PlotLabel —» "J,(j,,, r/a) for n=1 to 4",

AxesLabel— {"r/a", " "}];

Joldop rfa) for n =1 to 4

The General Solution for ¢. The full solution for ¢ within the cylinder is
obtained by summing over all radial eigenmodes and all #-eigenmodes:

s

d(r,0,z) =Y, Appnd (. ur/a) €™ sinh( j,, ,z/a), (3.2.53)
n=1m

where the Fourier coefficients A4,, remain to be determined. This solution
matches the homogenous boundary conditions on r=a and z = 0. To satisfy the
inhomogeneous boundary condition at z =L, namely ¢(r, 0, L) = ¢.(r, 0), we
choose the A4,,,’s so that

¢C(r’ 6) = Z Z Aanm(jm,nr/a) eimOSinh(jm,nL/a)'
n=1m=-x
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Putting aside the radial dependence for a moment, note that this is a Fourier
im0

series in 0. Application of the orthogonality relation for the Fourier modes e'™?,
Eq. (2.1.29), allows us to extract a single value of m from the sum in the usual way:

X Ay sinh (i, L/0) Ty /0) = 57 [ 40 " (1,6). (3:2:54)
n=1

However, this is not enough to determine A,,,. It would be nice if there were
some equivalent orthogonality relation that we could apply to the Bessel functions.
Amazingly, such an orthogonality relation exists:

a_ . . a’ .
_/;Jm(]m,ﬁr/a)‘lm(]m,nr/a)rdr= 6nﬁ7"n%+1(.]m,n)’ (3255)

where §,; is a Kronecker delta function. Thus, for n # 7, the different radial
eigenmodes are orthogonal with respect to the radial integral [jrdr. This result
can be checked using Mathematica:

Cell 3.32

Simplify[Integrate[BesselJd[m, j, .r/al
BesselJ[m, j, gz r/al r, {r, 0, a}]l /.
BesselJd[m, j, ,1— 0]

0
Cell 3.33

FullSimplify[Integrate[BesselJd[m, j, , r/al "2 r, {r, 0, a}l-

2
a
— Besseld[m + 1, j, .l ~2, Besseld[m, Jm,nl == 01

2
0
We can use Eq. (3.2.55) to extract a single term from the sum over n in Eq.

(3.2.55). Multiplying both sides of the equation by J,(j,, ,7/a) and applying the
integral ({rdr, we find

Z Amn Sinh(jan/a)fardr‘lm(jm,ﬁr/a)Jm(jmnr/a)
n=1 0

1 a 2 .
== | rdrJ (j, -r/a doe . (r,0).
2’77,/(‘) m(]m,n / )'/;] d)C( )

Substituting for the radial integral on the left-hand side using Eq. (3.2.55), we see
that only the term with n =7 contributes, leaving us with the equation

. . a’ X 1 a . 2m —im
Ay Sl /@) 5T Uin) = 5 [ 7T, r/@) [7d0 €7 (1, 0).
(3.2.56)

This equation provides us with the Fourier coefficients 4,,,,.
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It is really quite surprising that the Bessel functions form an orthogonal set. It
appears that every time we solve an eigenvalue problem, we obtain an orthogonal
set of eigenmodes. The reasons for this will be discussed in Chapter 4.

A trivial extension of the same method used here could also be used to
determine the form of the potential due to the nonzero potential at z =0,
¢(r, 0,0) = ¢pp(r, 0). This part of the problem is left as an exercise.

Example Say the potential on the top of the cylinder is fixed at ¢.(r, 6) =V,
and the other sides of the cylinder are grounded. Then according to Eq. (3.2.56),
only the m = 0 Fourier coefficients A4, are nonzero, and the potential within the
cylinder is given by Eq. (3.2.56) by a sum over the zeros of a single Bessel function,
Jy:

&(r,0,2) = X Ay, Jo(jo,u7/a)sinh(jy, ,z/a). (3.2.57)
n=1

As expected from the symmetry of the problem, the potential is cylindrically
symmetric. The Fourier coefficients are given by Eq. (3.2.56):

VO
Ay, = —
0 (az/z)]lz(.](],n)Slnh(.]O,nL/a)

The required integral can be performed analytically using Mathematica:

/:rdr]()(jo,,,r/a).

Cell 3.34
Vo

a’BesselJ[1, jInl]l*2 Sinh[jIn] L/al
Integrate[r BesselJ[0, jIn]l r/al, {r, 0, a}l

A [n_] =

Vo Csch[ L jnl ]
a

Besseld[1, j[nl] jlInl

Here we have introduced the notation j[n] for the nth zero of the Bessel
function J,,. For the first 20 zeros, this function can be defined in the following
way:

Cell 3.35
<< NumericalMath ';

jO = BesselJZeros[0, 20]; jIn_] := jO[[n]]

Now the potential can be evaluated numerically, keeping the first 20 terms in the
sum in Eq. (3.2.57):
Cell 3.36
¢lr_, z_] = Sum[A[n] BesselJd[0, jIn]l r/al Sinh[jIn]l z/al,
{n, 1, 20}1;

This potential is plotted in Cell 3.37 as a contour plot, taking V;=1 volt and
L /a=2. There is a Gibbs phenomenon near the top of the cylinder, because of
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the discontinuity in the potential between the top and the grounded sides.
However, this phenomenon dies away rapidly with distance from the top, leaving a
well-behaved solution for the potential in the cylinder.

Cell 3.37

L = 2a; a=1; V0O = 1;

ContourPlot[¢[r, z], {r, 0, a}, {z, 0, L},
AspectRatio— 2, PlotPoints— 40, FrameLabel— {"r", "z"},
PlotLabel —» "¢ (r,z) in a cylinder \n with grounded sides"];

¢{r, ) in a cylinder
with grounded sides

[ 18]

]

Nonzero Potential on the Cylinder Sides: Modified Bessel Functions We
now consider the solution to the Laplace equation for a potential applied only to
the sides of a cylinder of finite length L and radius a, ¢(a, 0, z) = ¢ (0, z). On the
ends of the cylinder at z=0 and z = L, the boundary conditions are ¢ = 0.

This problem is still solved by a sum of terms of the form R(r)e™Z(z).
Furthermore, separation of variables implies that R(r) and Z(z) are still governed
by the same ODEs, Egs. (3.2.43) and (3.2.45), with the same general solutions, Egs.
(3.2.45) and (3.2.49). However, the boundary conditions dictate that the coeffi-
cients in these general solutions must be chosen differently than in the previous
case.

In order to satisfy ¢(r, 0,0) =0, we require that B= —A in Eq. (3.2.45), and in
order to satisfy ¢(r, 6, L) =0, we require that

k*=—(nm/L)’, (3.2.58)
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so that Z(z) =2Aisin(nmz/L). Now the z-equation has provided us with eigen-
modes and eigenvalues, and they are standard trigonometric Fourier modes.

The radial solution R(r) is still given by Eq. (3.2.49) but with the imaginary
value of k given Eq. (3.2.58):

R(r)=CJ,(inwr/L) + DY,,(inmwr/L) (3.2.59)

Bessel functions of an imaginary argument are called modified Bessel functions, 1,
and K, . These functions are defined below for integer m:

I,(x)=i""J,(ix) (for integer m),
. (3.2.60)

ml

K, (x) = —5—[J,.(ix) +iY, (ix)]  (forinteger m).

The modified Bessel functions bear a similar relation to J,, and Y,, to the one the
hyperbolic functions sinh and cosh bear to the trigonometric functions sin and cos.
In Mathematica, these functions are called BesselI [m,x] and BessellK [m, x].
The first few modified Bessel functions are plotted in Cells 3.38 and 3.39. The 1,,’s
are finite at the origin, but become exponentially large at large x. The K,,’s are
singular at the origin, but approach zero (with exponential rapidity) at large x.

Cell 3.38

<< Graphics‘;
Plot[{BesselI[0, x], BesselI[l, x], BesselI[2, x]},
{x, 0, 4}, PlotStyle— {Red, Green, Blue},
PlotLabel — "I _(r) for m=0,1,2", AxesLabel— {"x", ""}];

Ipir) form=20, 1, 2

Cell 3.39

Plot [{BesselK[0, x], BesselK[1l, x], BesselK[2, x]},
{x, 0, 4}, PlotStyle— {Red, Green, Blue},
PlotLabel —» "K (r) for m=0,1,2", AxesLabel— ["x", ""}];
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Ky {r) form=10, 1, 2

—
[,
L=}

[
%]
L

(=
=]
=}

The general solultion for R(r) is, according to Eq. (3.2.59), a sum of I, and K.
However, the previous plots show that only the 7, term should be kept, in order
that the solution be finite at r = 0. Therefore, we find that the radial function is
R(r)=1I,(nmr/L), and the full solution for ¢(r, 6, z) is a linear combination of
these functions:

¢(r,0,z) = i i B, L,(nmwr/L) e™?sin(nmwz/L).  (3.2.61)

m=—ow np=1

The Fourier coefficients a,,, are determined by matching to the inhomogeneous

boundary condition at r = a:

¢(a,0,z)=¢,(0,2) = i i B, L,(nmwa/L)e™’sin(nmwz/L).

m=—-x p=1

Since this sum is a regular Fourier series in both 6 and z, we can use orthogonality
of the trigonometric functions to find the Fourier coefficients:

B,,.I,(nma/L) = %/ﬂzwda e‘i’""/OLdz sin(nwz/L) ¢,(0,z).

This completes the problem of determining the potential inside a cylindrical tube
of finite length. More examples of such problems are left to the exercises.

EXERCISES FOR SEC. 3.2

(1) Solve V%(x, y) =0 for the following boundary conditions. Plot the solutions
using Plot3D.

¢ _ 99 _ 99 _o 99
(b) %(0, y)= ﬁ(l’ y)= é?_y(x’ 0)=0; o'?_y
(What happens for n = 07?)

(x,1) = cos2mnx, n an integer.
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L o
y
X
oV 12V
- - z .
L2 L2 Fig. 3.13 Exercise (2).
J¢
(©) ¢(0,y)=2; ¢(1,y) = d(x,0)=0; Z5(x, D =1.
L VO 7 VRSN T JR
(2) A battery consists of a cube of side L filled with fluid of conductivity o. The
electrodes in the battery consist of two plates on the base at y =0, one
grounded and one at potential V= 12 volts (see Fig. 3.13). The other sides of
the battery casing are not conductive. Find the potential ¢ everywhere inside
the battery.
(3) Find the solution to V% (r,8) =0 inside a 2D cylinder for the following
boundary conditions. Plot the solutions using contour plots.
(a) ¢(1,0)=cosnb, n an integer.
(b) ¢(1,0)=0 for x> 0; ¢(1,0) =1 for x <O0.
(c) ¢(1,0)=0, ¢(2,0)=h(6) (find ¢ between the concentric cylinders; 4 is
a Heaviside step function, — 7 < 6 < 7 assumed).
(@ 0;—?(1, 0)=sin26, $(2,6)=cos 6 (find ¢ between the concentric cylin-
ders).
(4) A long conducting cylinder of radius a =5 cm has a sector of opening angle

a = 20° that is electrically isolated from the rest of the cylinder by small gaps
(see Fig. 3.14). The sector is placed at potential I, = 1 volt. Find the potential
and plot it throughout the cylinder.

Fig. 3.14 Exercise (4).
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(5)

(6)

(7)

(8)

9)
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Fig. 3.15 Exercise (5). a

(a) The bottom and top of the wedge shown in Fig. 3.15 are grounded, but
the end at r=a is held at V=15 volts. Find the potential everywhere
inside the wedge by using separation of variables, and plot it as a surface
plot for a = 30°.

(b) Show that the radial electric field near r=0 is singular near r=0 if
a>a, and find the form of the singularity. [Answer: E,
r™/« Lsin(m8/a) as r — 0.]

An electrolytic cell consists of two plastic concentric cylinders of radii a and
b, a <b, and length L. Between the cylinders is an acid with conductivity o .
Two conducting vanes of width b —a and length L are placed in the cell
between the cylinders, parallel to the axis of the cell, one along the positive
x-axis and one along the negative x-axis. If the vanes are held at a fixed
potential difference V|, find the total current running between the vanes. Plot
the contours of constant potential. [Hint: The potential satisfies Laplace’s
equation with von Neumann boundary conditions at the nonconducting
surfaces and Dirichlet conditions at the conductors: see Exercise (2) above
and Example 2 in Sec. 3.2.2. Be careful to keep a/l of the radial eigenmodes,
including the n = 0 (constant) mode.]

Find the solution to V>W(r, 0, $) =0 inside a sphere with the following
boundary conditions.

(a) ¥(1, 6, ¢)=sin? 6.
() V(1,6,¢)=V,0%(w— 0).

(c) (96'_3,(1’ 6, ¢) = sin 26 cos ¢.

A conducting sphere of radius @ =2 cm is cut in the half (see Fig. 3.16). The
left half is grounded, and the right half is at 10 V. Find the electrostatic
potential ¢(r, 6) everywhere outside the sphere, assuming that the potential
goes to zero at infinity. Plot the potential for a <r <6 cm.

Two concentric spheres have radii a and b (b > a). Each is divided into two
hemispheres by the same horizontal plane. The upper hemisphere of the

10 V

Y

Fig. 3.16 Exercise (8).



(10)

anv

(12)

(13)

(14)

1s)
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outer sphere and the lower hemisphere of the inner sphere are maintained at
potential V. The other hemispheres are grounded. Determine the potential in
the region a <r <b in terms of Legendre polynomials. Plot the result for
b=3a/2. Check your result against known solutions in the limiting cases
b—oand a—0.

A grounded conducting sphere of radius a is placed with its center at the
origin, in a uniform electric field E = EZ that is created by an external
potential ¢, = —Ez. Find the total potential ¢(r) outside the sphere. (Hint:
¢ =0 at r=a; write ¢, in spherical coordinates.)

By applying the Taylor expansion function Series to the Bessel functions,

investigate the smallx form of J (x) and Y,(x). Answer the following

questions:

(a) Find a simple analytic expression for J,(x) (m an integer) as x ap-
proaches zero. Does your expression apply for m <0 as well as m > 0?

(b) The Y,’s are singular near the origin. Find the form of the singularity for
m=0,1,2,....

Repeat the previous exercise for the modified Bessel functions 7,(x) and
K, (x) (m an integer).

A cylinder has length L = 1 meter and radius a = § meter. The sides and the
top of the cylinder are grounded, but the base at z=0 is held at potential
V=150 volts. Find the potential ¢(r, z) throughout the interior. Plot the
result using ContourPlot.

A cylinder of unit height and radius has grounded ends, at z= — 5 and
z=1. The cylindrical wall at r =1 is split in half lengthwise along the x =0
plane. The half with x > 0 is held at 10 volts, and the half for which x <0 is
grounded. Find the potential and obtain the value of the electric field, — V¢
(magnitude and direction), at the origin. Plot the potential in the z = 0 plane
using a surface plot.

In a Penning-Malmberg trap, used to trap charged particles with static electric

and magnetic fields, potentials are applied to coaxial cylindrical electrodes of

radius a, as shown in Fig. 3.17 in order to provide an axial trapping potential.

(a) Find the potential ¢(r, z) in the central region around r = 0 as a Fourier
series involving the Bessel function /.

(b) Taylor-expand this expression in » and z to show that the potential near
r = 0 has the form

¢(r,z) =Ar*+Bz* + C. (3.2.62)
V=1V, V=0 V=V,
V=0 V=0 z
-
z=-L z=-b 'r z=b z=1L

Fig. 3.17 Exercise (15).
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This form of ¢ is simply an even Taylor expansion in r and z, as
required by the symmetry of the system. Find values for 4, B, and C
when a=5cm, b=5cm, and L =10 cm.

(¢) By direct substitution of Eq. (3.2.62) into Laplace’s equation, show that
A = —B /2. This implies that the center of the trap is a saddlepoint of the
potential. Does your solution from part (a) satisfy this?

(d) By carefully taking a limit as L — oo, show that your result from part (a)
can be written as the following Fourier integral:

2

o I,(k
¢(r,z)=Vo(1—;f0 disinkbcoskz o(kr)

Iy(ka)
[Hint: Mathematica can do the following sum analytically:

Yo _o(=1"/(2n + 1).] Use the integral form to plot ¢(0, z) for —2b <z
<2b, taking a =b/2.

(16) A cylindrical copper bar of conductivity o has radius a and length L, with
0 <z < L. The surface of the bar is insulated, except on the ends at r =0,
where wires are attached. The wire at z =r = 0 injects current /, and the wire
at r =0, z=L removes the same current. Therefore, the form of the current
density at z=0 and L is j(r,z=0)=j(r,z=L)=1[8(r)/27rli. Find the
electrostatic potential ¢(r, z) throughout the bar, and plot it as a contour
plot, in suitably normalized coordinates, assuming that ¢(0, L /2) = 0. Show
that your solution satisfies 27 [{rdrj (r,z) =1, and plot j,(r,L/2) vs. r.
(Hint: keep all eigenmodes, including one with a zero eigenvalue. See
Example 2 in Sec. 3.2.2.)
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CHAPTER 4

EIGENMODE ANALYSIS

4.1 GENERALIZED FOURIER SERIES

In Chapter 3 we constructed solutions to several linear partial differential equa-
tions using the method of separation of variables. The solutions were written in
terms of an infinite sum of eigenmodes arising from an associated eigenvalue
problem. Sometimes the eigenmodes were trigonometric functions, and the sums
formed a Fourier series. In other examples the eigenmodes were Bessel functions,
or associated Legendre functions. Nevertheless, in every case studied, these
eigenmodes were orthogonal to one another, and it was only for this reason that
they were useful in finding an analytic solution.

Why did the eigenmodes in each of these problems form an orthogonal set? In
this section we answer this important question. In short, the answer is that these
eigenmodes spring from a particular type of eigenvalue problem: a Sturm—Liouville
problem. The differential operators in Sturm—Liouville problems have the property
that they are Hermitian, and this property implies that the eigenmodes of the
operators form a complete orthogonal set.

First, however, we need to generalize the idea of a Fourier series. There is
nothing particularly special about trigonometric functions. One can describe a
given function using an infinite series constructed from many orthogonal function
sets, not just trigonometric Fourier modes. These series expansions are called
generalized Fourier series. We will examine the workings of these series, and discuss
a general way to create orthogonal sets of functions for use in these series: the
Gram—Schmidt method.

4.1.1 Inner Products and Orthogonal Functions

Definition of an Inner Product In order to discuss generalized Fourier series,
we must first extend our notion of orthogonality. This requires that we introduce
the concept of an inner product.

261
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We are all familiar with inner products through their use in linear algebra. The
dot product of two N-dimensional real vectors fand g, f-g =X | f.g,, is a type of
inner product. For complex functions, an inner product acts on two functions
defined on a given interval a <x < b, in general returning a complex number. The
notation that we use for the inner product of the functions f and g is (f, g). One
example of an inner product for complex functions f and g is

(.8) = [1*(x)g(x) . (4.1.1)

In inner product notation, two functions are orthogonal when their inner
product vanishes: (f, g) =0. This is like two vectors being perpendicular to one
another. Using Eq. (4.1.1) for our inner product, the equation (f,g)=0 is
equivalent to the definition of orthogonality used in complex exponential Fourier
series, Eq. (2.1.28).

It is also possible to write down other inner products. However, all inner
products must satisfy certain rules. First,

(f.8)=(8.)" (4.1.2)

Equation (4.1.2) implies that (f, f) = (f, f)*, so the inner product of a function
with itself must be a real number. Another requirement for an inner product is
that

(f.f)=0 (4.13)

with equality only if f=0 on a <x <b. Also, the inner product must be linear in
the second argument, so that

(f,8+Ch)=(f.g) +C(f,h), (4.1.4)

where C is a constant. This implies that the inner product is antilinear in the first
argument:

(f+Ch,g)=(g, f+Ch)*=(g, /)" +C*(g.h)*=(f.8) +C*(h,g), (4.1.5)

where in the first and last steps we used Eq. (4.1.2).
The inner product of Eq. (4.1.1) clearly satisfies these rules. Another inner
product that does so is

(f.9)=[ "F1(x)g(x)p(x) dv, (4.1.6)

for some real function p(x) that has the property that p(x) >0 on a <x <b.

Obviously, functions that are orthogonal with respect to the inner product given
by Eq. (4.1.1) will generally not be orthogonal with respect to the inner product
given in Eq. (4.1.6).

Sets of Orthogonal Functions. The Gram-Schmidt Method A set of functions
{,(x)} forms an orthogonal set with respect to some inner product if (¢, ¢;,) =0
for n # m. The trigonometric Fourier modes used in Fourier series are an example
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of an orthogonal set: {e?2™"*/(>~®)} forms an orthogonal set with respect to the
inner product of Eq. (4.1.1).

It is also possible to find completely different nontrigonometric sets of functions
that are orthogonal with respect to some inner product. We have already seen
several examples of this in Chapter 3. For instance, Eq. (3.2.55) implies that the set
of Bessel functions {J,(j,,,r/a)} form an orthogonal set with respect to the inner
product defined by the integral [{rdr.

For a given inner product, one can in fact find an infinite number of different
orthogonal sets of functions. One way to create such sets is via the Gram—Schmidt
method.

The Gram—Schmidt method allows one to construct a set of orthogonal func-
tions {y,(x)} out of a given set of functions {v,(x)}, n=0,1,2,3,.... There is
almost no restriction on the functions chosen for the latter set, except that each
function must be different than the previous functions. (More precisely, they must
be linearly-independent functions; one function cannot be written as a sum of the
others. Thus, {1, x, x2, x%,...} is a good set, but {x,2x,3x,4x,...} is not.) Also, the
inner products of these functions with one another must not be singular.

The method is analogous to the method of the same name used to create
orthogonal sets of vectors in linear algebra. We will construct an orthogonal set of
functions, {¢,(x)}, n =0,1,2,3,..., by taking sums of the functions v,. To start, we
choose ,(x) = vy(x). Next, we choose ¢,(x) = a,v,(x) + v,(x), where the constant
a, is determined by imposing the requirement that ¢, and ¢, be orthogonal with
respect to the given inner product:

(%o, ¥1) =0=ay(vy,0p) + (vg,0;)-

This implies that a,= —(v,,v,)/(v,y,0v,). Next, we choose t,(x)=>byv,(x)+
b, (x) + v,(x), and we determine the constants b, and b, by the requirement that
Y, be orthogonal to both ¢, and ;. This gives us two equations in the two
unknowns b, and b;:

(o, ¥,) =0=">by(vy,0y) +by(vg,01) + (Vg,0,),
(1, ,) =0=ayby(vy,v) +agh(vy,0,) +ag(vy,0,)
+bo(v1,09) +by(vy,0) + (v1,0,).

After solving these coupled linear equations for b, and b,, we repeat the pro-
cedure, defining ;(x) = c,v(x) + ¢v,(x) + c,v,(x) + v5(x), and so on.

In fact, it is possible to automate this process in Mathematica, constructing any
set of orthogonal functions that we wish, for any given inner product. (See the
exercises.)

As an example of the Gram—Schmidt method, we will take the following inner
product:

(£.9) = [ F(0)(x) . (4.1.7)

and we will construct an orthogonal set of functions using the set {1, x, x?, x,...}
as our starting point. According to the method outlined previously, we take
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Yo(x) =1, and ¢(x)=a,+x. In order to find a, we require that (¢, ;) =0,
which implies that 0 =a, [1, dx + [, xdx. Therefore, we find a, =0, so ¢,(x) =x.

Next, we set i, = b, + b, x +x?. The conditions that (i%,, ¢,) = 0 and (i,, ¢,) =
0 lead to two equations for b, and b,, which can be solved using Mathematica.

Cell 4.1

YIo, x_1 1;
YL, x_ 1 = x;
$l2, x 1 = b0 + bl x + x"2;
sol = Solvel{Integratel#[2, x] #I[1, x]1, {x, -1, 1}]1 == O,
Integrate[y[2, x] &[0, x]1, {x, -1, 1}1 == 0},
{bo, b1}1[I[11]1;
Yl[2, x]1 =¢l[2, x]/.s0l

1 2
- 3 + X
Thus, ,(x) =x>— 3.
Next, we set f; =c, + ¢, x + ¢, x> + ¢;x%, and solve the three coupled equaitons

(¢37 lpZ) = (¢37 lﬁ]) = (¢3, lpo) =0:

Cell 4.2
YI3, x 1 = c0 + cl x + c2 x™2 + x"3;
sol = Solve[Table[IntegratelyI[3, x] ¢[n, x],

{x, -1, 1}] == ’ {n: 0, 2}]1
{c0, c1, c2}11I1]11;
Y3, x1 =¢I3, x1/.

sol

Thus, ¢;(x) = —3x/5+x°.

Legendre polynomials P,(x)

4
T

F n=0
- 05 n=1.,
~N _
N T
LA Ne T
5 7 ™\
- AN

[T 1T

Fig. 4.1 The first five Legendre polynomials. The odd polynomials (rn odd) are shown with
dashed lines, the even polynomials (n even) with solid lines.
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If we continue this process, the set of functions that we construct are propor-
tional to Legendre polynomials {P,(x)}, n =0,1,2,... . Mathematica refers to these
functions as LegendreP [n,x]. We have already run across these polynomials,
which are the m =0 cases of the associated Legendre functions P/"(x) discussed
in connection with solution of the Laplace equation in spherical coordinates. A few
of these polynomials are listed below, and are plotted in Fig. 4.1.

Cell 4.3
Do [Print [Subscript[P, n], "(x) = ", LegendreP[n, x]],
{n, 0, 4}]
P,(x) =1
P, (x) = x
b (%) 1 3x?
2(X) = - 5+
P ) - - 2, 2
2 (x) = - =+ —
po(x) = 2 15x° 35x*
X = g Tt g

One can verify that these polynomials form an orthogonal set with respect to
the inner product of Eq. (4.1.7). In fact, these polynomials satisfy

2
(Po(x), Py(X)) = 81572 > (4.1.8)
where o

.m» the Kronecker 6-function, is defined by Eq. (1.6.22). The following is a
matrix of inner products over a set of the first five Legendre polynomials:

Cell 4.4

MatrixForm[Tablel[
Integrate [LegendreP[n, x] LegendreP[m, x], {x, -1, 1}1,
{n, 0, 4}, {m, 0, 4}11

O O o o N
O O O whv o
o O uvud O O
o N O O O
v O O O O

The matrix is diagonal, as expected from orthogonality, and the values on the
diagonal agree with Eq. (4.1.8).

Orthogonal polynomials such as the Legendre polynomials are useful because of
their simplicity. One can easily integrate over them, or take their derivatives
analytically.
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Using the Gram—Schmidt method, we can construct other orthogonal sets by
starting with a different set of functions {y,(x)}. We will see examples of this in the
exercises.

4.1.2 Series of Orthogonal Functions

Now that we have a set of orthogonal functions {,(x)}, we will create a generalized
Fourier series in order to represent some function f(x) defined on a given interval,
a <x <b. To do so, we write

F(x) = Yoy (x). (4.1.9)

where the c¢,’s are constant coefficients that need to be determined. These
coefficients are called generalized Fourier coefficients; but to save space we will
usually refer to them as just Fourier coefficients. To find these coefficients, we
take an inner product of any one of the orthogonal functions, i,,, with respect to
both sides of Eq. (4.1.9):

(s ) = (s ) (4.1.10)

Orthogonality then implies that all terms in the sum are zero except for the term
n =m, so we obtain an equation for the mth coefficient:

(b))
" W )

c (4.1.11)

By calculating the required inner products with respect to each function ,, in the
set, Eq. (4.1.11) provides us with all of the Fourier coefficients required to
construct the generalized Fourier series representation of f.

Say, for example, we wish to represent the function f(x)=e *sin3x on the
interval —1 <x < 1. We can do so using the Legendre polynomials, since they form
an orthogonal set on this interval with respect to the inner product of Eq. (4.1.7).
First we evaluate the Fourier coefficients ¢, using Eq. (4.1.11). The required
integrals could be found analytically, but the results are quite complicated. It is
better just to evaluate the integrals numerically:

Cell 4.5

c[n_] := c[n] = NIntegratel[LegendreP[n, x] Exp[-x] Sin [3 x],
{xl -ll 1}] /
Integrate [LegendreP[n, x] *2, {x, -1, 1}]

Here we have used the trick of applying two sets of equal signs, so as to cause
Mathematica to remember these integrals, evaluating each one only once. Next, we
construct an approximation to the full series, keeping only the first M terms:
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Cell 4.6

£ [x , M1 := Sum[c[n] LegendreP[n, x], {n, 0, M}]

approx

We can plot this series and compare it with the exact function, keeping increasing
numbers of terms, as shown in Cell 4.7. Only six or so terms are required in order
to achieve excellent convergence to the exact function (shown by the thin line). Of
course, just as with trigonometric series, the more rapidly varying the function is,
the more terms are needed in the series to obtain good convergence.

Cell 4.7

<< Graphics ‘;

Table[Plot [{Evaluatelf, .. [x, M]], Sin[3 x] Expl[-xI},

{xl '11 1}1
PlotStyle— {Red, Thickness[0.008]}, Blue},
PlotLabel —» "M = " <>ToString[M]], {M, 2, 8, 2}1;

S T T S '

Let’s try the same problem of constructing a generalized Fourier series for the
function f(x)=e *sin3x, but with a different set of orthogonal functions on
[—1,1]: the set of even Legendre polynomials, i,(x) =P, (x). If we now try to
expand the function e " sin3x in this set, the expansion does not work, as seen in
Cell 4.8. Only the even part of the function is properly represented by this set,
because the orthogonal functions used in the series are all even in x. The odd part
of the function cannot be represented by these even polynomials.

Cell 4.8
¢In_, x 1 = LegendreP[2n, x];
Clear([cl; cIn_] :=cln] =NIntegrately[n, x] Expl[-x] Sin[3 x],
{xl _11 1}] /

Integratel[¢In, x]*2, {x, -1, 1}]

£ [x , M] := SumlcIn] ¢[n, x], {n, 0, M}]

approx
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Table[Plot [{Evaluate[f .. [x, M]], Sin[3 x] Expl[-x1},

{x, -1, 1},
PlotStyle— {Red, Thickness[0.008]}, Blue},
PlotLabel > "M = " <>ToString[MI]l, {M, 2, 6, 2}1;

Thus, we cannot choose any set of orthogonal functions that we wish when
making a generalized Fourier series expansion. The set of functions must be
complete. That is, a linear combination of these functions must be able to represent
any given function in the range of interest, a <x <b.

In the next section, we will discuss how to find sets of orthogonal functions that
are guaranteed to be complete. These functions are eigenmodes of the spatial
operators that appear in the linear PDEs we studied in Chapter 3. As such, they
are just the thing for describing solutions to the PDEs in terms of generalized
Fourier series.

4.1.3 Eigenmodes of Hermitian Operators

Hermitian Operators and Sturm-Liouville Problems An operator L is defined
to be Hermitian with respect to a given inner product on the interval a <x <b,
and with respect to some set of functions, if, for any two functions f and g taken
from this set, L satisfies the following equation:

(f.Lg) = (Lf.g). (4.1.12)

An operator can be Hermitian only with respect to a given set of functions and a
given inner product.

As an example of a Hermitian operator consider the following second-order
linear differential operator:

1
p(x)

on the interval a <x <b. The functions p(x), g(x), and r(x) are assumed to be
real, and also p(x) and r(x) are required to be positive-definite on the interval

i- %(r(x)%) (), (4.1.13)



4.1 GENERALIZED FOURIER SERIES 269

a <x < b. This operator is called a Sturm-Liouville operator. Second-order opera-
tors of this type crop up regularly in mathematical physics. In fact, this kind of
operator appeared in every eigenvalue problem that we encountered in Chapter 3.
These eigenvalue problems are called Sturm—Liouville problems.

The Sturm-Liouville operator is Hermitian with respect to the inner product

(1.8) = [1*(x)2(x)p(x) as. (4.1.14)

[where the weight function p(x) is the same as that which appears in Eq. (4.1.13)]
and with respect to functions that satisfy a broad class of homogeneous boundary
conditions. Recall that homogeneous conditions are such that one solution to the
eigenvalue problem L«,// Agis = 0.

For a Sturm-Liouville operator to be Hermitian, these homogeneous boundary
conditions can take several forms:

If r # 0 at the end points a and b, the boundary conditions on the functions can
be either homogeneous mixed, von Neumann, or Dirichlet. The boundary
conditions can be different types at each end, e.g., Dirichlet at one end and
von Neumann at the other.

If » =0 at one or both ends of the interval, then at these ends the functions and
their first derivatives need merely be finite.

The functions can also satisfy periodic boundary conditions, provided that r(a) =
r(b) (see the exercises).

For these classes of functions, it is easy to show that the Sturm-Liouville
operator is Hermitian with respect to the inner product of Eq. (4.1.14). Starting
with the inner product (f, Lg) two integrations by parts yield

(r28)= 1" 5y s

() g ()] + (08| p() o

+(Lf, g). (4.1.15)

However, the boundary terms vanish because of the restriction to the sets of
functions that satisfy the listed boundary conditions. Therefore, (f, Lg) = (Lf, g),
so the Sturm—Liouville operator is Hermitian for these sets of functions and this
inner product.

Many second-order operators that do not appear to be of Sturm—Liouville form
can be put in this form. For instance, the operator for damped harmonic motion,
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L =d?/dx* + vd /dx + w?, can be written as

p=L ;x(e ;x)+w§. (4.1.16)

Since this operator is of Sturm—Liouville form with p(x) = e"*, it is Hermitian with
respect to the inner product (f, g) = [’ e"*f*gdx, and with respect to functions
that satisfy any of the homogeneous boundary conditions discussed with respect to
Eqgs. (4.1.13) and (4.1.14).

More generally, the operator L. =d?/dx* + u,(x) d /dx + u,(x) can also be put
in Sturm-Liouville form:

? —1 d *u d
L= ej"ul(y)dy E(@f I(y)dy%) +UO(X). (4117)

Some higher-order operators are also Hermitian. For instance, the operator
L= d*/dx* can be shown to be Hermitian with respect to the inner product
(f, g) = [>f*gdx for functions that vanish, along with their first derivatives, at the
ends of the interval. (See the exercises.) However, other operators are not
Hermitian. One simple example is L =d?/dx’. Another is d*/dx* + vd /dx + b for
complex constants v or b.

Eigenmodes Why should we care that an operator is Hermitian? Because the
eigenmodes of Hermitian operators form an orthogonal set. Also, the eigenvalues
of such operators are real. Consider the set of eigenfunctions {i,} of an operator
L. Each eigenfunction satisfies the ODE

Ly, =\, (4.1.18)

on the interval a <x <b. Let us assume that this operator is Hermitian with
respect to a set of functions that includes these eigenfunctions, and with respect to
some inner product. Then the following theorem holds:

Theorem 4.1 Any two eigenfunctions ¢, and ¢, of a Hermitian operator L are
orthogonal provided that the associated eigenvalues A, and A, are not equal.
Furthermore, all the eigenvalues of L are real.

The proof is as follows. Consider the inner product (i,,, ﬁlpn). According to Eq.
(4.1.18) we can write this quantity as

(0> L) = (s A ,) = A(h 5,) (4.1.19)

where the last step follows from linearity of the inner product, Eq. (4.1.4).
However, according to the Hermitian property, Eq. (4.1.12), we can also write this
quantity as
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If we then apply Eq. (4.1.18), we obtain

(s L) = (W0, M th,)* = Xty 0,)* = Ny (W, ), (4.1.20)

where in the last step we used Eq. (4.1.2) and in the next to last step we used Eq.
(4.1.4).

Finally, equating Eq. (4.1.19) to Eq. (4.1.20) yields

(A= 25) (Y, ) = 0. (4.1.21)

Now, if n=m, then Eq. (4.1.21) becomes (A, — X5 )X¢,, ¢,) = 0. But (¢, ,) >0
for nontrivial ¢, so we find that A, — A* = 0. Therefore, eigenvalues of L must be
real numbers.

Since the eigenvalues are real, we can drop the complex conjugation from A, in
Eq. (4.1.21). Then we have (A, — AN, ) = 0. Therefore, (¢,,, ¢,) =0 if A, #
A,, proving that eigenfunctions associated with distinct eigenvalues are orthogonal.

We have finally solved the mystery encountered in the PDE problems of
Chapter 3, of why the eigenmodes in these problems always formed orthogonal
sets. We can now see that this occurred because in each case, the operators were
of Sturm-Liouville form, so that the operators were Hermitian with respect to the
inner product of Eq. (4.1.6), and with respect to functions that satisfied the
homogeneous boundary conditions of the associated eigenvalue problem. In fact,
Hermitian operators, and Sturm—Liouville operators in particular, dominate math-
ematical physics (especially at the introductory level).

For example, the set of Bessel eigenfucntions {J,(j,, ,7/a)}, encountered in
Sec. 4.2.5, satisfied the Sturm—Liouville problem on 0 <r < a given by Eq. (3.2.46),

1 0 ( P, m?
L) o

with Dirichlet boundary conditions at r = a. At r = 0 the eigenfunctions need only
be finite. According to Eq. (4.1.14), these eigenmodes must form an orthogonal set
with respect to the inner product (f, g) = [Jf*(r)g(r)p(r) dr, with p(r) =r. This
corresponds to our previous result, Eq. (3.2.55), that [§J,(j, .r/a)],(j, ,r/a@rdr
=0 for n # n.

Completeness The fact that the eigenmodes of a Hermitian operator L. form an
orthogonal set means that they can be used in the generalized Fourier series
representation of a function, Eq. (4.1.9). However, there is still the question
whether these eigenmodes are complete. The answer to this question is that
eigenfunctions of a Hermitian operator do form a complete set, under very general
conditions. The proof can be found in Courant and Hilbert (1953, Chapters 2 and
4).

To be precise, the following completeness theorem holds for eigenmodes of a
Hermitian operator:

Theorem 4.2 Given any function f(x), described by a generalized Fourier series
of eigenmodes of a Hermitian operator, the error between the function and the



272 EIGENMODE ANALYSIS

generalized Fourier series, E,,(x) =f(x) — X* ¢, ,(x), approaches zero as M —
o in the following average sense:

A/l{imw (Ey(x),Ey(x))=0. (4.1.22)

This is called convergence in the mean. If we write out the inner product using Eq.
(4.1.6), we see that the error is averaged over x, weighted by the function p(x):

lim /ab|EM(x)|2p(x)dx=O. (4.1.23)

Convergence in the mean is less restrictive than the uniform convergence discussed
previously for Fourier series of functions that satisfy the conditions of Theorem
2.1. For example, Eq. (4.1.23) still holds for series that exhibit the Gibbs phe-
nomenon. Also, for series using weight functions p(x) that are small over certain
ranges of the interval [such as for the Laguerre and Hermite polynomials at large
x; see Exercise (5)(a) and (b)], there can be large differences between the series
and f(x) that are not revealed by Eq. (4.1.23). Nevertheless, this sort of conver-
gence is usually all that is needed in applications.

4.1.4 Eigenmodes of Non-Hermitian Operators

From time to time, one will run into a problem where a linear operator is not
Hermitian with respect to some given inner product and /or set of functions. One
example that we already mentioned is the operator L=2a /dx* on the interval
a <x <b. Eigenfunctions ¢, of this operator do not form an orthogonal set with
respect to the inner product defined by (f,g)= [’f*gp(x)dx, for any p(x).
Nevertheless, we may want to expand some function in terms of these elgenmodes
For instance, we may need to solve a PDE involving L, such as dz Jat=32/9x>.

Fortunately, we can generalize our Fourier expansion techniques to allow series
expansions in terms of eigenfunctions of non-Hermitian operators. To make the
expansion work, we must first introduce the notion of the adjoint of an operator.

The adjoint of an operator L is another operator L7 that is defined by the
following equation:

(f,Lg)=(L'f.¢) (4.1.24)

for some given inner product, where f and g are any two functions from some
given set of functions. For instance, for L=2a /dx>, the adjoint with respect to the
inner product (f, g) = [°f*gdx, and with respect to functions that satlsfy homoge-
neous boundary conditions of various types, is simply [i=-43 /dx>. This follows
from three applications of integration by parts to Eq. (4.1.24), dropping the
boundary terms because of the homogeneous boundary conditions.

Comparing Eq. (4.1.24) to Eq. (4.1.12), we see that a Hermitian operator
satisfies L' = L: a Hermitian operator is its own adjoint. For this reason, Hermi-
tian operators are also referred to as self-adjoint.

We will expand a function f(x) in terms of the eigenmodes #,(x) of the
non-Hermitian operator L, writing

f(x) = Xe,dh(x). (4.1.25)
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These eigenmodes satisfy the usual equation,
Ly, =\, (4.1.26)

However, as we have already stated, (¢, ,) #0 for m #n, so our previous
technique for finding the c,’s does not work. What to do?

Consider the eigenmodes #(x) of the adjoint operator. These eigenmodes
satisfy the equation

Lyt = ATy, (4.1.27)
where Al is the associated eigenvalue. One can then prove the following:
A =A% (4.1.28)
and
(&), 4,)=0 if Af+A,. (4.1.29)

The proof is almost identical to that given for Theorem 4.1, and is left to the
exercises.

Since the adjoint eigenmodes form an orthogonal set with respect to the set
{1}, we now take an inner product of Eq. (4.1.25) with respect to /. This kills all
terms in the sum except for the one involving c,, and yields the result

o= L) (4.1.30)

()

However, there is no guarantee that (4, ¢,) is nonzero, because ¢ # i, in
general. In fact, if this inner product vanishes for some value(s) of n, then Eq.
(4.1.30) implies that an expansion of f in terms of eigenmodes of L is not possible,
unless (¢, ) also happens to equal zero for these n-values.

Also, even if (4], ¢,) is nonzero for all n, there is generally no guarantee that
the eigenmodes form a complete set, as there is with Hermitian operators.
Nevertheless, this kind of eigenmode expansion can still be useful for those rare
cases where non-Hermitian operators arise in a problem.

EXERCISES FOR SEC. 4.1

(1) Perform Gram-Schmidt orthogonalization by hand for the first three orthog-
onal polynomials extracted from the set {x"}, n>0, for the given inner
products:

(a) (f,g)=[5f*ge ™ dx (these will be proportional to Laguerre polynomials).
(b) (f,g)=[".f*ge " dx (these will be proportional to Hermite polynomi-
als).
dx

 (f,e)=/" f*gl—z)l/2 (these will be proportional to Chebyshev
—x

polynomials of the first kind).
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@ (f,g)= [, f*g(1 —x*)!/* dx (these will be proportional to Chebyshev
polynomials of the second kind).

(2) Perform Gram—-Schmidt orthogonalization by hand for the first three orthog-
onal functions from the set {¢™"*}, n =0,1,2,... . Take for the inner product

(f,8)=[; e[ gdx.

(3) Create a Mathematica module called gschmidt [M] that automatically per-
forms Gram—Schmidt orthogonalization for the first M orthogonal functions
taken from a given set of predefined functions v(n,x) and for a given
predefined inner product. Run this Mathematica module for the orthogonal
functions of Exercises (1) and (2), determining the first six orthogonal
functions in each set.

(4) Find a generalized Fourier series representation of x? e 2* using the orthog-

onal functions derived in Exercise (3). Plot the result along with the exact
function, keeping M = 2,4,6 terms.

(5) Find a generalized Fourier series representation for the following functions
using the given orthogonal polynomials. Plot the resulting series for M =5,
10, and 15 along with the functions. In each case, evaluate Eq. (4.1.23) for the
different M-values to see whether convergence in the mean is being achieved.
(a) f(x)=x/(1+x?) on 0<x<c, using Laguerre polynomials. Plot on
0<x<5.

(b) f(x)=(sin x)/x on —o <x <o, using Hermite polynomials. Plot on
-8 <x<8.

(¢) f(1) =sinat on —1 <t <1, using Legendre polynomials.

(d) f(1)=t(1—1)/(2—1) on —1 <t <1, using Chebyshev polynomials of the
first kind.

(e) f(t)=e Wt+1 on —1<t<1, using Chebyshev polynomials of the sec-
ond kind.

(Hint 1: These polynomials are already Mathematica intrinsic functions. You

can find their definition and syntax in the help browser. Hint 2: The series

representation may not converge well in every case.)

(6) (a) Prove that the generalized Fourier expansion of a polynomial of order N
in terms of orthogonal polynomials is a finite series, involving only
orthogonal polynomials of order N and lower.

(b) Expand x* in terms of Hermite polynomials.
(¢) Expand x? in terms of Legendre polynomials.
(d) Expand x°® in terms of Chebyshev polynomials of the second kind.
(7) Prove that the Sturm—Liouville operator (4.1.13) is Hermitian with respect to

the inner product given by Eq. (4.1.14) and with respect to functions that
satisfy mixed boundary conditions.

(8) Find an inner product for which the following operators are Hermitian with
respect to functions that satisfy the given conditions:

(a) [ =a? /zclx2 — 2xd /dx, for functions on [ — o, ] that go to « more slowly
than e* /% as x — o,



9)

(10)

av

(12)

(13)

(14)

(1s)
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(b) L =xd?/dx>+ (1 —x)d/dx, for functions on [0,%] that go to % more
slowly than e*/* and that are finite at the origin.

(0 L= (d/dx)(1 —x?*)d/dx, for functions on [—1, 1] that are finite at the
end points.

(d) L =d?/dx*+d/dx +x* on [—2,2], for functions that are zero at x = +2.

(e) L =d*/dc* +d?/dx*+1 on [0, 3], for functions that satisfy f=0 and
f" =0 at the end points.

() L =d?/dx*+ h(x)d/dx, on [—1,1] for functions that satisfy f=0 at the
end points, and where A(x) is the Heaviside step function.

Show by substitution, using Mathematica, that the first five Hermite polyno-
mials H, (x) are eigenfunctions of the operator L given in Exercise (8)(a),
with eigenvalues A, = —2n.

Show by substitution, using Mathematica, that the first five Laguerre polyno-
mials L,(x) are eigenfunctions of the operator L given in Exercise (8)(b),
with eigenvalues A, = —n.

Show by substitution, using Mathematica, that the first five Legendre polyno-
mials P,(x) are eigenfunctions of the operator L given in Exercise (8)(c), with
eigenvalues A, = —n(n + 1).

Prove that the Sturm-Liouville operator (4.1.13) is Hermitian with respect to
the inner product given by Eq. (4.1.14) and with respect to functions f(x)
defined on a <x < b that satisfy periodic boundary conditions f(x)=f(x +b
— a), provided that the function r(x) satisfies r(a) =r(b).

Find the eigenfunctions and eigenvalues for the following operators. If the
operators are Hermitian with respect to some inner product, show directly
that the eigenfunctions are orthogonal with respect to that inner product.

(a) L =d?/dx® +d/dx + 1 with boundary conditions ¢'(—1) = ¢'(1) = 0.
(b) L and boundary conditions given in Exercise (8)(e).

(¢) L and boundary conditions given in Exercise (8)(f). (Hint: Match solu-
tions for x < 0 to those for x > 0.)

(d) L =d?/dx* — 1 with periodic boundary conditions on [0, 1]. [See Exercise
(12).]

Use the eigenfunctions obtained from the following operators in order to
create a generalized Fourier series expansion of the following functions f(x)
on the given interval. In each case, plot the series and calculate the average
error (E,,(x), E,;(x)) for M =5,10,15,20:

(a) f(x)=xsin5x on [—1,1], using the eigenfunctions from Exercise (13)(a).

(b) f(x)=e*/?sin x on [0,3], using the eigenfunctions from the operator of
Exercise (8)(e).
(¢) f(x)=x on[—1,1], using the eigenfunctions of the operator of Exercise

®)®).

A quantum particle of mass m is confined in a one-dimensional box with

Ir( ) { > | | >

o, |x| >a.
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The energy levels E, of the particle can be found by solving the time-inde-
pendent Schrodinger equation

Hy, =E i, (4.1.31)

where H is the Hamiltonian operator H = —#2?/2m(d%/dx?) + V(x), and
i =1.055 X 10~* J s is Planck’s constant divided by 2. For this problem the
infinite potential at +a implies that the wave functions vanish at x = +a.
This provides homogeneous boundary conditions for the equation, which can
be seen to be an eigenvalue problem of Sturm-Liouville form. The eigenval-
ues are the quantum energy levels E, and the eigenfunctions ,(x) are the
quantum wave functions corresponding to each energy level. Solve for the
energy levels and energy eigenfunctions for this potential. Plot the three
eigenfunctions with the lowest energies. (See problem 13 of Sec. 3.1, which
solves an initial-value problem using these eigenmodes.)

(a) A quantum particle of mass m is confined in a one-dimensional harmonic
potential,

V(x)=3imwix®.

Now the boundary conditions are that ¢, = 0 as x — +oo. Show that the
energy levels are given by E, = fiw,(n + 1), and that the eigenfunctions
are given by

Y (x)=e*/"H (x/a), (4.1.32)

where H, is a Hermite polynomial and a = /A/mw, is the spatial scale
of the eigenfunctions. [Hint: Substitute the form v, (x) =™ /2“f (x/a)
into the eigenmode equation (4.1.31), and show that f, satisfies the
Hermite polynomial ODE; see Exercises (8)(a) and (9).] Plot the three
eigenfunctions with lowest energies, n =0, 1, and 2.

(b) Use the eigenfunctions found in part (a) to solve the following initial
value problem: W(x,0) = e 2*~D’ Take # =m = w, = 1 and animate the
solution for | W(x, t)|? using a table of plots for 0 < ¢ < 4. [Hint: Recall
that the wavefunction ¥ satisfies the time-dependent Schrédinger equa-
tion (3.1.81).]

A quantum particle of mass m moves in a one-dimensional periodic harmonic
potential with period 24, given by the following periodic é-function:

V(x) =aV,8(x), lx| <a,
V(x+2a)=V(x).

Find the energy levels of a particle in this periodic potential (a model for the
interaction of an electron with a periodic lattice of ions). Show that the
modes break into two classes: those that are even in x, and those that are
odd. For the odd modes, show that the energy levels are given by E, =
#%k?/2m, where k, =nm/a is the wavenumber, and n is a positive integer.
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For the even modes, show that the wavenumbers satisfy the transcendental
equation k,atan k,a =mVa®/h*, where the energy E, is still related to the
E,=1%%2/2m. For mVa®/fi* =1, find the smallest three values of k,a
numerically and plot the corresponding eigenmodes on —a <x <a.

A quantum particle is confined to x>0, where x is now the vertical
direction. The particle moves under the influence of a gravitational potential
V(x) =mgx. Find an equation for the energy levels (which must be solved
numerically) and find the corresponding energy eigenfunctions. Plot the
lowest three energy eigenfunctions and find numerical values (up to the
unknown constants) for their energies. Find the mean height of the particle
above the surface x = 0 in each of the three energy levels. The mean height is
given by

_ Jx¥)dx
(x) TS

(Hint: The eigenfunctions will be in terms of Airy functions.)
Prove Egs. (4.1.28) and (4.1.29).

Find the adjoint operator for the given operator L, inner product, and set of

functions:

(a) L =9%/dx* with inner product (f,g)= [’xf*gdx and functions that
obey f(a) =f(b) =0.

() L = /x)d/dx)x d/dx with inner product (f,g) = [’x*f*gdx and func-
tions that obey f(b) = 0, f(0) finite.

() L =p(x)d?/ax>+q(x)d/dx + r(x) with inner product (f, g) = [*f*gdx
and functions that obey f(a) =f(b) = 0.

Find the eigenfunctions and eigenvalues of the adjoint operator for
(a) Exercise (20)(a),
(b) Exercise (20)(b).

Show that these eigenfunctions form an orthogonal set with respect to the
eigenmodes of L and the given inner products.

Find the first three eigenfunctions and eigenvalues of the operator L=
3% /ox? and its adjoint with respect to the inner product (f, g) = [1f*gdx and
with respect to functions that satisfy f(0) = f(1) = f"(0) = 0. Show directly that
the eigenfunctions of L are orthogonal with respect to the adjoint eigenfunc-
tions. (Hint: For both the operator and its adjoint, the eigenvalues satisfy a
transcendental equation that must be solved numerically.)

BEYOND SEPARATION OF VARIABLES: THE GENERAL SOLUTION

OF THE 1D WAVE AND HEAT EQUATIONS

In this section we will obtain general solutions to the 1D wave and heat equations
for arbitrary boundary conditions and arbitrary source functions. The analysis
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involves two steps: first, the PDE is put into standard form, by transforming away
the inhomogeneous boundary, conditions, turning them into an extra source term
in the PDE. The standard-form PDE then has homogeneous boundary conditions,
and the solution to this PDE is obtained in terms of a generalized Fourier series of
eigenmodes.

In later sections we will apply the same methods to other linear PDEs, including
Poisson’s equation and the wave and heat equations in more than one dimension.

4.2.1 Standard Form for the PDE

Let us consider the heat equation in one dimension on the interval 0 <x <L,

i—?=ﬁa—i(f<(x)j—§)+5(x,t), (4.2.1)

subject to general, possibly time-dependent boundary conditions of either the
Dirichlet, von Neumann, or mixed type, as given by Egs. (3.1.45)—(3.1.47). In order
to solve this PDE, we will first put it into standard form with homogeneous
boundary conditions. To do so, we write the solution for the temperature T(x, ¢) as

T(x,t)=u(x,t) +AT(x,t). (4.2.2)

The function u(x, ) is chosen to satisfy the inhomogeneous boundary conditions,
but it is otherwise arbitrary. For example, if the boundary conditions are of the
Dirichlet form (3.1.45), we choose any function that satisfies

u(0,1) =Ty(1),
u(L,t) =T,(1).
One choice might be
u(x,t) =Ty(t) + [T5(t) — T,(t)]x/L, (4.2.3)

but many others can also be used. For example, u(x,t)=T,(¢)+[T,(¢)—
T,()l(x/L)" for any n > 0 also works. However, we will soon see that it is best to
choose a function with the slowest possible spatial variation, and especially try to
avoid spatial discontinuities if at all possible.

If, on the other hand, the boundary conditions are of the von Neumann form
(3.1.46), we choose some function u(x, t) that satisfies

Ju _ l-‘xl(t)
ax (00 ===

u _ FxZ(t)
ax (b=

Similarly, for mixed boundary conditions (3.1.47), we choose a function u that
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satisfies
K%(O,t) =afu(0,1) = T\(1)],
K%(L,t) = —blu(L,t) = Ty(1)].

The remainder, AT(x,t), then satisfies homogeneous boundary conditions that
are either Dirichlet,

AT(0,t) =AT(L,t) =0, (4.2.4)
von Neumann,
JAT JAT
oy (0,1) = ——(L,1) =0, (4.2.5)

or mixed,

JAT
K x

(0.0) ~adT(0,1) = 2L (L) +bAT(L, ) =0, (42.6)

The function AT satisfies an inhomogeneous heat equation PDE that follows
from applying Eq. (4.2.2) to Eq. (4.2.1):

ot~ C

AT _ 1 &—ax(K ‘ZAXT) +3(x,10), (42.7)

where the new source function § is given by

S(x,1) = S(x,0) + » ‘9(

1l 4d u du
C ox

KW - W (4.2.8)

Equation (4.2.7), with (4.2.8) and homogeneous boundary conditions, is called the
standard form for the PDE. This approach to the problem bears some resemblence
to the method of subtracting out the equilibrium solution, discussed in Sec. 3.1.2.
Here, however, there need be no equilibrium solution, and we do not necessarily
remove the source term in the equation by this technique. The main point is that
we have made the boundary conditions homogeneous, so as to allow a generalized
Fourier series expansion of eigenmodes to determine AT(x, ¢).

The same technique can be applied to the general wave equation with arbitrary
boundary conditions and arbitrary time-dependent external transverse forces,

%y(x,t) - ﬁ&—i(T(x)%y(x,t)) L S(x,1). (42.9)
We write
y(x,t) =Ay(x,t) +u(x,t), (4.2.10)

where u(x,t) is any function chosen to satisfy the inhomogeneous boundary
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conditions, and where Ay(x,t) satisfies

%Ay(x, £ = ﬁﬁ—i(T(x)a—iAy(x,t)) +5(x0)  (42.11)

with homogeneous boundary conditions, and the new source function S(x, 1) is
given by

S(x,0) = S(x,0) + ﬁ&—i(T(x)%u(x,t)) - j—;u(x,t). (42.12)

By putting the wave and heat equations into standard form, we have once again
shown that inhomogeneous boundary conditions are equivalent to a source term in
the differential equation, just as in discussion of ODE boundary-value problems in
Sec. 1.4.5.

4.2.2 Generalized Fourier Series Expansion for the Solution

General Solution for the Wave Equation The general solutions for the stan-
dard form of the wave or heat equations follow the same route, so we will consider
only the solution to the wave equation. The standard form of this equation, Eq.
(4.2.11), can be written as

2 —_—
%Ay(x,t) — LAy +5(x,1). (4.2.13)
where the operator Lis
~ 1 Jd J
Lay= o5 E(T(x)EAy(x,t)). (4.2.14)

The eigenmodes ¢, of this operator satisty

Ly, (x) = = o7y, (x), (4.2.15)

where , is the corresponding eigenfrequency. A generalized Fourier series
solution for Ay(x, ) can then be constructed from these eigenmodes:

A6 = X e(n)i(x). (42.16)

n=1

Since p(x)>0 and T(x)>0 on 0 <x <L, L is a Sturm-Liouville operator with
eigenmodes that are orthogonal with respect to the inner product

(£.8) = ["p(x)1*(x)g(x) . (4.2.17)

Therefore, the time dependence of the Fourier amplitudes, c,(¢), can be easily
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determined in the usual way. Substitution of Eq. (4.2.16) into Eq. (4.2.11) yields

70 = T el () #5000 = = T e, (ol (x) +5(x.0),

n=1

X ()
(4.2.18)

where in the last step we have applied Eq. (4.2.15). We then extract a single ODE
for ¢,(¢) by taking an inner product of both sides of Eq. (4.2.18) with respect to ¢,.
The result is

d_2 - — i (tl/n,g(x,t))
g2 = —o, n(t)+—(%,%) : (4.2.19)

The general solution to this equation is
¢,(t) =A,cos w,t + B, sin 0, +c,,(1), (4.2.20)
where c,,(¢) is a particular solution to Eq. (4.2.19).

A particular solution can be obtained in terms of the Green’s function for the
equation,

(sinw,t)/w,, t>0,
t) = " " 4221
s -{0 - (1221)

[see Eq. (2.3.77)]. The particular solution is

cpn(t) = [U‘g(t —1,) (‘“88{% ) gy, (42.22)

Combining Egs. (4.2.16), (4.2.20), (4.2.22), and (4.2.10), we arrive at the general
solution to the wave equation in one spatial dimension, with arbitrary boundary
and initial conditions and an arbitrary source function:

y(x,t)=u(x,t)+ i [An cos w,t + B, sin wnt+cpn(t)]¢//n(x). (4.2.23)

n=1

Any initial condition can be realized through appropriate choices of the constants
A, and B,. In order to determine the A,’s, we apply the initial condition that
y(x,0) =y,(x) for some function y,, and we evaluate Eq. (4.2.23) at the initial
time,

Y0,0) =u(x,0) + X A, 5,(6) =ro(x). (4224)

where we have recognized that c,,(0) =0 according to Eq. (4.2.22). The Fourier
coefficients are determined in the usual fashion, by taking an inner product of both
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sides of the equation with respect to ¢, and using orthogonality of the eigen-
modes:

_ (‘l’na)’o_”(x’o)) )

A =
" (> ¥,)

(4.2.25)

The coefficients B, can be found in a similar way, using the second initial
condition on y(x, t), that % (x,0) = v,(x). According to Eq. (4.2.23), the initial time
rate of change of y is given by

o

D (2.0) = THx.0) + L [0,B,+ ¢, (0)] 4 (x) =0y(x).  (42.26)

n=1

Taking the inner product with respect to ¢, yields

(0
B,= w(zl’;,’ ”?Z) - sz)(n ) (4.2.27)

Our general solution to the wave equation, Eq. (4.2.23), satisfies the boundary
conditions, because u(x, t) is specifically chosen to satisfy these conditions and the
eigenmodes satisfy homogeneous conditions. The solution also satisfies the initial
conditions, since we have chosen the A,’s and B,’s to create a generalized Fourier
series that sums to the correct initial conditions.

Wave Energy There is no dissipation in the wave equation: the system oscillates
forever when excited. Therefore, we expect that energy is a conserved quantity,
provided that there are no time-dependent sources or boundary conditions.

One can separate out static sources or boundary conditions by subtracting out
the equilibrium solution to the string shape. The remaining perturbation satisfies
the general wave equation (4.2.9) with homogeneous boundary conditions and no
source. In this case energy conservation can be proven using the following
argument. Multiply both sides of this equation by p(x) dy/dt, and integrate over
the string length:

jdx ()5S =Ldep(x)%p(lx)&—i(T%). (42.28)

The integrals in Eq. (4.2.28) can be written as time derivatives. The left-hand
integral is

2 K
R ey Ve o RS

where K(¢) = [l dx3p(x)(dy/dt)* is the kinetic energy associated with the vibra-
tions. Similarly, one can cancel the p’s in the right-hand side and integrate by
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parts, using the homogeneous boundary conditions, to obtain

[[aon G oy e T 3 ) = - [fareo 3 ()
- %[{)deT(x)(%)z == al{;(tt) :

where U(t) = [F dx T(x)(dy/dx)*. Then Eq. (4.2.28) implies that

ZK@ +un] =0, (42.29)

so K+ U is a constant of the string motion. Since K is the kinetic energy, we
identify U(t) as the potential energy of the system, and the quantity E =K + U as
the total energy.

The energy can also be written in terms of the normal modes of oscillation as
follows. Since y(x,t) is real, y=y* and we can write y>=y*y, and similarly
(dy/dx)* =(dy*/dxNdy/dx). If we substitute the Fourier expansion y(x,t)=
Yo, (D, (x) into the expressions for K and U, we find that E can be written as

E= % (306000 + 3ei (06,0 [1acT(0) S 2

where we have written the kinetic energy integral in terms of an inner product,
using Eq. (4.2.17). Integrating by parts in the second term, we find that the integral
can be written as — [ dx 4*(9/dxNT(x) oy, / Ix] = w2 (3, 1), where we have
used Egs. (4.2.14), (4.2.15), and (4.2.17). Then orthogonality of the eigenmodes
implies that the energy is

E= Y[} (01 +30e, (O] (4,0 ). (4.2.30)

Equation (4.2.30) shows that the total energy E is a sum over the energies E, of
each normal mode, where

E, =416, + 30lle, ()] (4. ).

One can see that E, is the energy of a harmonic oscillator of frequency w, and
effective mass (¢, ). Therefore, E, is also a conserved quantity. This follows
from the fact that each mode amplitude satisfies the harmonic oscillator equation
(4.2.19) (assuming no forcing). Thus, the total energy E is a sum of the energies
E,, of each normal mode, each of which is separately conserved.

Example 1: Temperature Oscillations Consider a slab of material of thickness L,
and with uniform thermal diffusivity y, initially at uniform temperature, T(x,0) =
T,. The left-hand side of the slab at x = 0 has fixed temperature, 70, ¢) = T,,; but
the right-hand side of the slab at x = L has an oscillating temperature, T(L,t) =
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T, + T, sin wyt. Our task is to determine the evolution of the temperature within
the slab of material, 7(x, t).
First, we write down the equation for 7 it is the diffusion equation

= x5 (4.2.31)

The boundary conditions on the equation are of Dirichlet form,

T(0,t)=T,,
T(L,t)=T,+T,sin wyt,
and the initial condition is T(x,0) = T,. This information provides us with all we

need to solve the problem. First, we put Eq. (4.2.31) into standard form by
choosing a function u(x, ¢) that satisfies the boundary conditions. We choose

u(x,t) =Ty + 7T, sin . (4.2.32)

We next write the solution for T(x, ) as T(x,t) = u(x,t) + AT(x, t), which implies
that AT(x, ¢) is determined by the PDE

JAT I*AT  —
G =X +S(x), (4.2.33)

with homogeneous Dirichlet boundary conditions AT(0,¢) =AT(L,¢)=0, and
where the source term is

= *u  du x
S(x,t)=)(ﬁ—7= _erTl COS wyt. (4234)

Next, we determine the eigenmodes of the spatial operator appearing in Eq.
(4.2.33), L = x3?/dx*. These eigenmodes satisfy

(92
XW d’n(x) - /\nwn(x)’ (4235)

with homogeneous Dirichlet boundary conditions ,(0) = (L) =0. We have
already seen this eigenvalue problem several times, in Chapter 3. The eigenmodes
are

g (x) =sin" 7~ (4.2.36)

and the eigenvalues are

A, =—x(nm/L)’,  n=1,2,3,.... (4.2.37)
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Next, we construct a generalized Fourier series solution for the function AT (x, ¢):

AT (x,t) =Y c,(t)h,(x). (4.2.38)

Equations for each Fourier coefficient c,(¢) are determined by substituting Eq.
(4.2.38) into Eq. (4.2.33), then taking an inner product with respect to ¢,. Using
Eqgs. (4.2.34) and (4.2.32) for the source function, we obtain

(llll’l’x/L)

Jd
Ecn(t) = Ancn(t) - (dfna dfn)

w, T, cos w,t. (4.2.39)

The inner products appearing in this equation can be evaluated analytically. Since
the medium is uniform, according to Eq. (4.2.15) these inner products are simply
integrals from x=0to x=L:

Cell 4.9

YIn_, x 1 = Sin[n Pi x/L];

Integratel[y[n, x] x/L, {x, 0, L}]/Integratel¢[n, x] "2,

{x, 0, L}1;
Simplify[%, n € Integers]
2 (-1)*"
B nmw

Thus, Eq. (4.2.39) becomes

n

Zeu(1) = Mo, (1) + %woﬂ cos wyt. (4.2.40)
The general solution to this ODE is given by a linear combination of a homoge-
neous and a particular solution.

There are two ways to proceed now. We can either simply apply DSolve to find
the solution to Eq. (4.2.40), or we can write the particular solution in integral form
using the Green’s function for this first-order ODE:

2(-1)" ‘
c,(1)=A, e + TwOTI/(;e’\m(’_” cos wyldr.

The integration can be performed using Mathematica:

Cell 4.10
cln , t 1 = A[n] &*™* 4
. . 2 (-1)® Alnl  (£-D) T
FullS:|.mp1:|.fy[Tcu0 T, Integratele Cos[w, tl,
{t, 0, t}11]
2 (-1)® T,0, (Sinltw,] ©, + (e**™ - Cosltw,]) Alnl)

e A[n]+

nm(wd + A[nl?)
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With this result, the solution for AT is obtained using Eq. (4.2.38), keeping 20
terms in the sum over the Fourier modes:

Cell 4.11

M = 20;
AT[x , t 1 = SumlcIn, t] ¢In, x1, {n, 1, M}];

However, AT(x,1) still depends on the Fourier coefficients A, which are deter-
mined by matching to the initial condition. These initial conditions are AT(x,0) =
T(x,0) —u(x,0)=T,— T,=0. Thus, at t =0, we have that AT(x,0) =X, A4,,(x)
= 0, so the solution for the A4,’s is simply 4, = 0:

Cell 4.12

Aln ] = 0;

By adding the function u(x,t) to AT(x,t), we obtain the full solution for the
temperature evolution:

Cell 4.13
ulx , t 1 =T, + T, Sinlw, tl1x/L;
Tlx , t 1 = ulx, t] +AT[x, tl;

The resulting function is displayed in Cell 4.14 as a series of plots. To evaluate this
function numerically, we must choose values for L, y, w,, T,, and T,. We must
also define the eigenvalues A,. From these plots we can observe an interesting
aspect of solutions to the heat equation with oscillatory boundary conditions: the
temperature oscillations at the boundary only penetrate a short distance into the
material, depending on the thermal diffusivity. The larger the diffusivity, the larger
the penetration distance of the oscillations (try increasing y by a factor of 4 in the
above plots).

One can easily understand this intuitively: As the boundary condition oscillates,
heat flows in and out of the slab though the surface. In an oscillation period
T=2m/w,, the heat flows into the material only a certain distance, which grows
larger as y increases. (We will see in Chapter 5 that this distance scales as \/; J)
In one half period, heat flows into the system, and in the next half period heat
flows back out. The net effect is to average out the oscillations, and so produce a
nearly time-independent temperature far from the surface.

Cell 4.14
Aln ]l = -y (n Pi/L)?;
L =4;x=1/8; w, = 1; Ty= 2; T, = 1;

Table[Plot[T[x, t], {x, 0, L}, PlotRange— {{0, L}, {0, 3}},
AxesLabel — {"x", "v},
PlotLabel —» "T[x, t], t=" <>ToString[tl]ll, {t, 0, 15, .25}1;
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This is why wine cellars are buried underground. Rock and dirt have a rather
low thermal diffusivity, so the temperature in a wine cellar remains nearly constant
from day to day, although the earth’s surface temperature oscillates considerably
from day to night and from season to season.

Example 2: Cracking the Whip In the previous example, the system was uniform,
so the eigenmodes were simply the usual trigonometric Fourier modes. Let us now
consider a nonuniform system for which the eigenmodes are not trigonometric.
This time we take an example from the wave equation, and consider a hanging
string of uniform mass density p. The string is fixed to the ceiling at z = L, but the
bottom of the string at z =0 can move freely.
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According to Eq. (3.1.1) the tension in such a string increases with height
according to T(z) = pgz. Therefore, transverse perturbations on the string satisfy
the nonuniform wave equation (3.1.7):

3? a(_ d
200 =g5(25y(z, t)). (4.241)

There is a regular singular point in this equation at z =0, because the tension
vanishes at the free end of the string. For this reason, as a boundary condition we
need only specify that y(0,¢) is finite. The other boundary condition is that the
string is fixed to the ceiling at z =L, so y(L,t) = 0. These boundary conditions are
homogeneous, so the problem is already in standard form. Therefore, we can take
u =0 and find the evolution of y(z,?) directly as a generalized Fourier series of
eigenmodes,

y(Z,t) = ch(t)l/jn(z)' (4242)
These eigenmodes satisfy

87z ( 252 0(2) | = — R (2), (42.43)

with boundary conditions (L)=0 and (0) finite, where w, is the eigenfre-
quency. The general solution to Eq. (4.2.43) is in terms of Bessel functions:

¥n(2) =Afo(2wn\/§) +BY0(2wn\/§)- (4.2.44)

This can be verified using Mathematica:

Cell 4.15
DSolvelg DIz DI[ylz]l, zl, z] == -0?¥lzl, ¢lz], z]

2\/;(1)] C[1] + BesselY][O, 2z 0
Va Va

Since the function Y, is singular at the origin, it cannot enter into the eigenmode.
The boundary condition (L) = 0 implies that ,(z) = AJ(2w,y/L/g) = 0. There-
fore, 2w,\/L /g =]y ,, the nth zero of J, so the eigenfrequencies are

{{¢[z] - BesseldIo, 1 cl21}}

— ]O,n

w0, =%/ £ (4.2.45)

and the eigenfunctions are

U,(x) =Ay(jo,nVz/L). (4.2.46)

A few of these eigenmodes are displayed in Cell 4.16.
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Cell 4.16

<< NumericalMath Y
jO = BesselJZeros[0, 5];
L = 3;

plts = Table[ParametricPlot [{BesselJ[0, jO[[nllVz / L1, z},
{z, 0, L},
PlotRange— {{-1, 1}, {0, L}}, AspectRatio—L/2,
Axes — False,
DisplayFunction— Identity, PlotStyle— Hue[l/nl],
{n, 1, 5}1;
Show[plts, DisplayFunction— $DisplayFunction]:

The lowest-frequency eigenmode is a sort of pendulum oscillation of the string
from side to side, which can be easily set up in a real piece of string. The
higher-order modes takes more work to view in a real string; one must oscillate the
top of the string at just the right frequency to set up one of these modes. However,
in Mathematica it is easy to see the modes oscillate, using an animation. In Cell
4.17 we show the n =2 mode. To make the display realistic-looking, we must try to
allow for the change in height of the bottom of the string during an oscillation.
This change in height occurs because the length of the string is fixed. When a
mode is present, the length is determined by an integral over length elements

ay\? 1(ay\*
ds =/dy* +dz* =dz 1+((9—Z) ~dz 1+7((9_z) .
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Thus, the fixed length L of the string determines the height z,(¢) of the bottom of
the string, according to

For small z,, we can replace the lower bound of the last integral by zero, obtaining

20(1) = %/;L%(g—i(z,t))zdz.

The change in height of the string end is a nonlinear effect: z,(¢) varies as the
square of the mode amplitude. Strictly speaking this effect goes beyond our
discussion of the linear wave equation. However, for finite-amplitude modes it can
be important to allow for this effect; otherwise the modes simply don’t look right.

The Mathematica commands in Cell 4.17 determine the height of the bottom of
the string, z,(¢), for a given mode n with amplitude a. We then animate the mode,
assuming that the change in height of the bottom of the string corresponds to a
mode on a slightly shortened string, of the form y(z,t)=acos wtJ(j, {[z —
zo1/IL — z(OB/?), z,(t) <z <L. Of course, this is just a guess. To do this
problem properly, we need to look for solutions to a nonlinear wave equation,
which takes us beyond the bounds of this chapter. Some aspects of nonlinear waves
will be considered in Chapter 7.

Cell 4.17
n = 2; (* mode number *)
L = 3; (* length of string *)

a = 1/2; (* mode amplitude *)

jO = BesselJZeros[0, n];

z0[t_]1 =
Integratel;a® Cos[t] 2 D[BesselJ[0, jO[[nl] vz / L1, z]*2,
{z, 0, L};

Table [ParametricPlot [
Evaluate[{a Cos[t] BesselJ[0, jO[I[nl]
V(z - z0[t]) /(L - z0[t]) ] 2],
{z, z0[t], L}, AspectRatio—L/2,
PlotRange— {{-1, 1}, {0, L}}, PlotStyle— Thickness[0.02],
PlotLabel->"n = "<>ToString[nll, {t, 0, 1.9 Pi, .1 Pi}l;
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The reader is invited to reevaluate this cell for different values of the mode
number 7.

We can use these modes to determine the evolution of an initial disturbance on
the string. Let’s assume that initially the string has a sharply peaked Gaussian
pulse shape y(0,1) =y,(x) = e *=~L/?" We will also choose an initial velocity of
the string consistent with this pulse traveling down the string. On a uniform string,
such a pulse would have the form y =y, (z + c¢t) [see Eq. (3.1.26)], and this implies
that dy/dt=cdy/dz. We will use this form for the initial condition of the
nonuniform string, taking

dy dy
=7 (2,0)=c(2)—2~,
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where ¢(z) = \/g_z is the (nonuniform) propagation speed on the string. Then we
know that the solution of Eq. (4.2.41) is

y(z,t)= Y. (A,cos w,t+B,sin w,t),(z),

n=1

with o, and ¢, given by Egs. (4.2.45) and (4.2.46). According to the Sturm-—
Liouville form of Eq. (4.2.43), different modes are orthogonal with respect to the
inner product (f, g) = [f*gdz. Therefore, A, and B, are given in terms of this
inner product by Egs. (4.2.25) and (4.2.27). We evaluate the required inner
products in Cell 4.18 keeping M = 50 terms in the series solution, and we then plot
the result. Here we do not bother to try to allow for the change in height of the
string end during the evolution. The pulse travels toward the free end of the string,
where a whipcrack occurs. The propagation speed c¢(x) of the pulse decreases as it
approaches the free end, due to the decrease in the tension. Thus, the back of the
pulse catches up with the front, and as the pulse compresses, there is a buildup of
the amplitude that causes extremely rapid motion of the string tip.

The speed of the string tip can actually exceed the speed of sound in air
(roughly 700 miles per hour, or 340 m/s), causing a distinctive whipcrack sound as
the string tip breaks the sound barrier. The velocity of the end of the string is
plotted in Cell 4.19 in the vicinity of the first whipcrack. This velocity is in units of
the maximum initial pulse amplitude per second.

Cell 4.18
<< NumericalMath‘;
M = 50;
g = 9.8;
L = 3;

jO = BesselJZeros[0, M];
wln_1 := jo[In]l] Sqgrtlg/Ll/2;
wln_, z_] := BesselJd[0, jO[[n]] Sqrt[z/Ll];

y0[z_ ] = Expl[-(z - L/2) "2 40];
dyo[z ] = DIy0[z]l, z];

a = Table[NIntegratelyIn, z] yO0I[zl, {z, 0, L}1/
Integratel[y[n, z]*2, {z, 0, L}], {n, 1, M}1;

b = Table[NIntegratel[y[n, z] Sgrtlg z] dyo0lzl, {z, 0, L}1/
(IntegratelyIn, z]1*2, {z, 0, L}] wInl), {n, 1, M}1;

ylz_, t 1 = Ssum[(alln]] CoslwIn]l t]l +
bl[[n]l] Sinlwlnl tl) ¢In, z1, {n, 1, M}1;

Table [ParametricPlot [Evaluate[{y[z, t1, zll, {z, 0, L},
AspectRatio—1/2,
PlotRange— {{-L, L}, {0, L}}, Axes — False, PlotPoints— 60,
PlotLabel — "y[z, t], t = "<>ToString[t] <>" sec"],
{t, 0, 2, .05}1;
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y [z,t], t = 0.1 sec y [z,t], t = 0.5 sgec y [z, t], t = 0.9 sec y [z, t], t = 1.3 sec

—

Cell 4.19

Plot [Evaluate[D[y[0, tl, tl1, {t, 0.5, 1.}, PlotRange— All,
PlotLabel->"string tip velocity",
AxesLabel - {"t (sec)", ""}1;

String tip velocity
200
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||1|||||||||||||[N\A—AI
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The plot shows that, for our Gaussian initial condition, an initial amplitude of 1
meter would theoretically produce a maximum tip speed that exceeds 300 m/s,
which would break the sound barrier. However, such large-amplitude disturbances
cannot be properly treated with our linear wave equation, which assumes small
pulse amplitudes. We have also neglected many effects of importance in the
motion of real whips, such as the effect of the pulse itself on the tension in the
whip, the elasticity and plasticity of the whip material, and the effect of tapering
the whip to small diameter at the tip end. The physics of whipcracks is, believe it
or not, still an active area of research. Interested readers can find several recent
references in the very clear paper by Goriely and MacMillan (2002).
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EXERCISES FOR SEC. 4.2

1)

(2)

(3)

4)

Put the following problems defined on 0 <x <1 into standard form (if
necessary) and find a solution via a sum of eigenmodes:

oT  9*T T aT xt
(a) ar = ZW 5(0, t) =0, %(1’0: 1, T(x,0) = 7 Animate the solu-

tion with a table of plots for 0 <z < 1.

T T T .
m -2y % T(0,1) =te~*, T(1,1) = 0, T(x,0)=0. Animate the
x
solution with a table of plots for 0 <f< 1. (Hint: You must put the
spatial operator in Sturm—Liouville form.)

9* J(_3d .
© —5y(z0= 7 (zzy(z, t))> (2,00 =025(1 ~2), y(z,0) =0, y(0,1) =
y(1,¢) = 0. Animate the solution with a table of plots for 0 <z < 4.

When one cooks using radiant heat (under a broiler, for example), there is a
heat flux I, due to the radiation, incident on the surface of the food. On the
other hand, the food is typically suspended (on a grill or spit for example) in
such a way that it cannot conduct heat very well to the environment, so that
little heat is reradiated. Under these conditions, find the time required to
raise the internal temperature of a slab of meat of thickness L =5 cm from
T =20°C to T =90°C. Animate the solution for 7'(x,¢) up to this time. Take
x=3%x10""m?/s, C=3x10°J/(m® K), and assume that both faces of the
meat are subjected to the same flux of heat, equal to 10 kW /m? (a typical
value in an oven).

In a microwave oven, the microwave power P (in watts) is dissipated near the
food surface, in a skin depth A on the order of the wavelength of the
microwaves. The power density in the food falls off as S, e >*/* where x is
the distance from the food’s surface.

(a) Assuming that all microwave power P is dissipated in a slab of meat, that
the meat has surface area A on each side of the slab, and the slab
thickness is everywhere much larger than A, find S, in terms of P.

(b) A slab of cold roast beef, thickness 10 cm and surface area per side
A =5000 cm?, with initially uniform temperature T = 10°C, is placed in
the microwave. The microwave is turned on high, with a power P =5
kW. Taking A =1 cm, and assuming that both faces of the meat are
heated equally, find T(x, ¢) and determine the time required to heat the
roast to at least 7= 50 °C. Animate the solution for T(x,¢) up to this
time. Take y=2X10"7 m?/s, and assume insulating boundary condi-
tions at the faces of the meat.

A child launches a wave on a skipping rope by flicking one end up and down.
The other end is held fixed by a friend. The speed of waves on the rope is
¢=2 m/s, and the rope is 2 m long. The end held by the child moves
according to u(x=0,¢)=e 92" and at =0 the rope is stationary,
u(x,0) = %4(x,0) = 0. Solve the wave equation for this problem using eigen-
modes, and make an animation of the resulting motion of the rope for
0<t<15s.



(5)

(6)

(7)
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A child rotates a skipping rope with a frequency of f= 1 hertz. She does so
by applying a displacement to the end of the rope (at z=0) of the form
r(0,1) = a(Xcos 2w ft + ysin 27 ft), where a = 0.05 m. The tension in the rope
is T = 2 newtons. The mass per unit length is p = 0.5 kg/m, and the length is
L =3 m. The other end of the rope is tied to a door handle: r(L, ¢) = 0. Find
the solution for r(¢, z), assuming that initially the rope satisfies r(z,0) = a(1
—z/L)X,1(z,0) =0, and neglecting gravity. Animate the solution (using a
table of ParametricPlot3D’9 over the time range 0 <t <5 s). (Careful:
there is an exact resonance.)

A stiff wooden rod is fixed to the wall at x = 0 and is free at the other end, at
x = L. The rod vibrates in the x-direction (these are compressional vibrations,
or sound waves, in the rod). These compressional vibrations satisfy the wave
equation,

3* , d?
— n(x,t) =c"—=n(x,t),
Can(xn) =t m(x)

where 7 is the displacement from equilibrium of an element of the rod in the
x-direction, and where ¢ is the speed of sound in the rod. [This speed is given
in terms of Young’s modulus E, the mass density per unit length ( p), and the
cross-sectional area A by ¢*=EA/p.] The boundary condition at the free
end is 22(L,1) = 0, and at the fixed end it is 1(0,7) = 0. Find the eigenmodes
and their frequencies. Plot the first three eigenmodes.

The horizontal wooden rod of the previous problem also supports transverse
displacements (in the y-direction). However, these transverse displacements
y(x, t) satisfy a biharmonic wave equation,

J’ D 4*
() == —my(a), (4.2.47)

where D = mwa*E /4 for a cylindrical rod of radius a, and E is Young’s
modulus. [See Landau and Lifshitz (1986, Sec. 25).] The boundary condition
at the fixed end, x =0, is y = dy/dx = 0. At the free end, x = L, the correct
boundary condition is

(a) Find the first three eigenfrequencies of the rod, and plot the correspond-
ing eigenmodes. (Hint: The eigenfrequencies satisfy a transcendental
equation. Solve this equation numerically using FindRoot, after choos-
ing suitable dimensionless variables.)

(b) Show numerically that these three eigenmodes are orthogonal with
respect to the integral [F dx.

(¢) Find and plot the equilibrium shape of the rod if it is subjected to a
uniform gravitational acceleration g in the —y-direction. How does the
maximum sag scale with the length L of the rod? [You may wish to
compare this result with that obtained in Exercise (6), Sec. 9.10.]
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Sound waves are compressional waves that satisfy the wave equation

32 , 9%
Wn(x,t)=c Wn(x,t), (4.2.48)

where m(x,t) is the displacement of a fluid element from its equilibrium
position (this displacement is in the x-direction, along the direction of the
wave). In a gas the sound speed is given by the equation

c=yvyp/M, (4.2.49)

where p is the pressure of the equilibrium fluid, -u is the mass density, and
v is the ratio of specific heats (equal to 3 for an ideal gas of point particles).

(a) Find the speed of sound in an ideal gas consisting of helium atoms at 1
atmosphere and a temperature of 300 K. (Recall that p = nk;T, where n
is the number density.)

(b) A simple gas-filled piston consists of two flat parallel plates. One is fixed
at x =L, and the other oscillates according to x = asin w,¢. The bound-
ary conditions are determined by the fact that the gas adjacent to the
plates must move with the plates. Therefore,

1(0,t) =asin wyt and n(L,t)=0

(provided that a is small). Solve for the motion of the gas between the
plates, assuming that the gas is initially stationary.

(¢) Find the conditions on w, for which secular growth of the sound wave
occurs (i.e., determine when there is an exact resonance).

Water collects in a long straight channel with a sloping bottom and a vertical
wall at x = a (see Fig. 4.2). The water depth as function of transverse position
x is h(x)=ax, 0 <x<a, where « is a dimensionless constant giving the
slope of the channel bottom.

(a) Assuming that we can use the shallow-water equations, show that the

horizontal fluid displacement n(x, t) and wave height z(x,?) are related
by

d[h(x)n]
2= - S22 N (4.2.50)

Fig. 4.2 Exercise (9).




(b)

(c)

10) (a)
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and are determined by the wave equation

3%z(x,t d dz
% = a—x(cz(x)ﬁ), (4.2.51)

where c(x) = /gh(x).

Identify the proper boundary conditions for this problem, determine the
eigenmodes, and show that the frequencies w, are given by solutions to

JI(ZwH\/aa/g) =0.

Find these frequencies for a =10 m, @ =%, and g=9.8 m/s% Plot the
wave height and horizontal fluid displacement associated with the first
three eigenmodes of z. (Hint: The horizontal fluid displacement does not
vanish at x = 0: waves can move up and down the “beach” where the
wave depth vanishes. You can, of course, use Mathematica to help solve
the required differential equation for the spatial dependence of the
modes.)

Find the inner product with respect to which these eigenmodes are
orthogonal, and solve the following initial-value problem, animating the
solution for wave height z for 0 <t <3 sec:

2(x,0)=03e39" 3(x,0) =0.

Suppose that a tidal estuary extends from r =0 to r = a, where it meets
the open sea. Suppose the floor of the estuary is level, but its width is
proportional to a radial distance r (a wedge-shaped estuary, like Moray
Firth in Scotland; see Fig. 4.3). Then using the same method as that
which led to Eq. (3.1.78), show that the water depth z(r, ) satisfies the
following wave equation:

L)
gt2z_g roor\"ar?)

where g is the acceleration of gravity and 4 is the equilibrium depth.
(Note that no 6-dependence is assumed: the boundary conditions along
the upper and lower sides of the estuary are von Neumann, so this
#-independent solution is allowed.)

Fig. 43 Exercise (10).
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(b) The tidal motion of the open sea is represented by the following
Dirichlet boundary condition at the end of the estuary:

z(a,t) =h+dcos wt.

Find a bounded solution of the PDE that satisfies this boundary condi-
tion, along with the initial conditions

dy
y(r,0)=h+d, W(r,0)=0.

Assume that o # w,, where w, are the eigenfrequencies of the normal
modes.
(¢) Repeat part (b), assuming that o = w,,, the lowest eigenfrequency.

(11) (a) Find how much energy it takes to pluck a uniform string of mass density
p and tension 7, giving it a deformation of the form

_|ax, 0<x<L/2,
yo(x) = a(L—-x), L/2<x<L.

(b) What fraction of the energy goes into each normal mode?

(12) A quantum particle is confined in a harmonic well of the form V(x)
= Imw?2x?. Using the results of Eq. (4.1.32) for the eigenfunctions and the
energy levels of the quantum harmonic oscillator, determine the evolution of
the particle wavefunction (x, t), starting with (x,0) = 6(x —x,). Animate
this evolution with a table of plots of (|4])* for 0.01 <t < 6, taking dimen-

sionless units m = w, =% = 1.

(13) A thick rope of length L and with mass per unit length p is spliced at x =0
to a thin rope of the same length L with mass per length p’. The ropes are
tied to posts at x = +L and subjected to uniform tension 7. Analytically find
the form and the frequency of the first three eigenmodes of this composite
rope. Plot the eigenmodes, assuming that p’ = p/4. (Hint: Match separate
trigonometric solutions for the modes across the splice. To do so, consider
the mass elements in the two ropes that are adjacent to one another at the
splice. According to Newton’s third law, the forces of each element on the
other must be equal and opposite. What does this say about the angle 6 each
element makes with the horizontal? [See Fig. 3.3 and Eq. (3.1.5).]D

(14) A nonuniform rope is stretched between posts at x =0 and x =L, and is
subjected to uniform tension 7. The mass density of the rope varies as
p=po(L/x)*. Find the eigenmodes and eigenfrequencies for this rope. Plot
the first three eigenmodes.

(15) A hanging string is attached to the ceiling at z =L and has uniform mass
density p and nonuniform tension due to the acceleration of gravity g. To the
end of the rope at z =0 is attached a mass m. The string motion is described



(16)
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by the function y(z,t) as it moves in the y-z plane, and the mass also moves
in y with position Y(z) =y(0, ¢).

(a)

(b)

Find the equations of motion of this coupled mass—string system, and
find the eigenmodes of the system. Determine and plot the first three
eigenmodes numerically for the case where m =2pL. (Hint: The string
eigenmodes satisfy a mixed boundary condition at z =0, obtained by
considering the horizontal acceleration of the mass due to the string
tension.)

Show numerically that the eigenmodes are orthogonal with respect to the
inner product [{p(z)dz, where p(z) =p+m8(2).

An initially straight, horizontal rope of mass M, length 2L, and tension T
runs from x = —L to x = L. A mass m is placed on the center of the rope at
x = 0. The gravitational force causes the rope to sag, and then bounce up and
down. Call the vertical position of the mass Y(¢), and of the rope y(x,¢). The
point of the problem is to study the motion of this coupled mass—string
system.

(a)

(b)

(c)

(d)

(e)

(®

Assuming that the rope takes on a triangular shape as it is depressed by
the mass, and neglecting the mass of the rope itself, find the restoring
force on the mass and show that the mass oscillates sinusoidally about an
equilibrium position —y,, at a frequency of y27/mL . [We found y,, in
Exercise (11) of Sec. 3.1.?

In fact, the rope does not have a triangular shape during the motion. We
will now do this problem properly, expanding in the eigenmodes of the
system. Using symmetry, we expect that y(—x,t) =y(x,¢) during the
motion, so we solve only for the motion in the range 0 <x < L. Show that
the string is described by y =y, (x) + Ay(x, 1), where y,, is the equilib-
rium string displacement due to gravity (including the effect of the mass),
and Ay is the deviation from equilibrium, described by a superposition
of eigenmodes of the form ¢,(x) = sin[w,(L —x)/c], where the eigenfre-
quencies satisfy the equation (w, L /c)tan(w, L /c) =M /m.

For M/m =2 find the first 10 eigenmodes numerically, and show that
they are orthogonal with respect to the inner product [fp(x)dx, where
p(x) = p+méd(x)/2 (the factor of two arises because only half the mass
is supported by the right half of the string).

Using these eigenmodes, find and plot Y(¢) for 0 <¢<20 s, assuming
that the string is initially straight and that the mass starts from rest at
Y=0.Take L=1m, m=M=0.5kg g=03m/s?, and T=0.25 N.

Sometimes the mass does not quite make it back to Y=0 during its
motion, and sometimes it actually gets to y > 0. This is in contrast with
the sinusoidal oscillation found in part (a). Why is the energy of the mass
not conserved?

Write an expression for the total energy as a sum over the eigenmodes
and the energy of the mass, involving its position Y(¢) and velocity Y(¢).
Show directly that this energy is conserved in your simulation by evaluat-
ing it as a function of time.
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(17) In a bow, a bowstring under tension 7' with length 2 L carries a mass m at its
center. The mass is pulled back a distance d < L, and released, starting from
rest. Use energy conservation to determine the speed of the mass as it leaves
the string, assuming that the string takes on a triangular shape at all times
during its motion. (Hint: At some point the mass comes off the string. You
will need to identify this point.)

(18) Repeat the previous exercise, but do it properly, using the eigenmode
approach of Exercise (16). Solve the equations of motion numerically, keep-
ing 20 modes, using the same parameters in Exercise (16), and taking d = 10
cm. Compare the final energy of the mass with that obtained in Exercise (17).

(19) (a) A sound oscillation in a cubic enclosure of length L = 1m and volume
V=1 m? has the form n(x,t) = n, sin(7x /L) cos(wt), where o =cw/L,
¢ =340 m/sec, and the maximum displacement 7, of the air is 0.1 mm.
Find the kinetic energy K(¢) (in Joules), where K(¢) = [, d*r oun*(x, ),
and o is the mass density of air at atmospheric pressure.
(b) Find the potential energy U(¢) in Joules, and find the total energy in this
sound oscillation. [Hint: Sound waves satisfy Eq. (4.2.48).]

4.3 POISSON’S EQUATION IN TWO AND THREE DIMENSIONS

4.3.1 Introduction. Uniqueness and Standard Form

Poisson’s equation is the following partial differential equation:

Vip=—p/e,. (43.1)

The constant €, =8.85... X 107> F/m is the permittivity of free space. This PDE
determines the electrostatic potential ¢(r) (measured in volts) within a specified
volume, given a charge density p(r) (in coulombs per cubic meter) and boundary
conditions on ¢ at the surface S of the volume (see Fig. 3.8). The boundary
conditions are either Dirichlet, von Neumann, or mixed (see the introduction to
Sec. 3.2 for a description of these boundary conditions).

For Dirichlet and mixed boundary conditions, the solution of Eq. (4.3.1) exists
and is unique. The proof of uniqueness is the same as that given for the Laplace
equation in Sec. 3.2.1. Existence will be shown by construction in Sec. 4.3.2.

However, for the von Neumann conditions that fi- V| = E(r), the solution for
¢ is unique only up to an additive constant: if ¢ satisfies eq. (4.3.1) with von
Neumann conditions, then ¢ + C also satisfies it. Also, for von Neumann boundary
conditions, a solution only exists if the boundary conditions are consistent with
Gauss’s law,

[8-Vdir= -0 /¢, (4.3.2)
N

where Q... = [,,pd°’r is the charge enclosed by the domain. Gauss’s law is merely
the integral form of Eq. (4.3.1), obtained by applying the divergence theorem to
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this equation. An analogous result was obtained for the Laplace equation [see Eq.
(3.2.3)].

In order to solve Eq. (4.3.1), we first put the PDE in standard form, by
converting the inhomogeneous boundary conditions to a source function, just as we
did for the wave and heat equations. That is, we write

¢(r) =Ad(r) +u(r), (4.3.3)

where u(r) is a function chosen to match the boundary conditions. The remainder,
A ¢(r), then satisfies Poisson’s equation with a new source,

VAAdp=—p/€,, (4.3.4)
where
p=p+e€ Vu. (4.3.5)

The boundary conditions on A¢ are homogeneous conditions of either Dirichlet,
von Neumann, or mixed type.

The choice for u(r) is arbitrary, but, as always, the simpler the choice, the
better. Sometimes it is convenient to choose u to satisfy Laplace’s equation
V2u=0. As we will see in Sec. 4.3.4, this choice for u is particularly useful if
p =0, or if the inhomogeneous boundary conditions are rapidly varying. Tech-
niques specific to the solution of Laplace’s equation were developed in Sec. 3.2.

4.3.2 Green’s Function

Equation (4.3.4) can be solved using a Green’s function. The Green’s function
g(r,r,) satisfies

Vig(r,ry) =8(r—ry), (4.3.6)

where the subscript r on V? is placed there to remind us that the derivatives in the
Laplacian are with respect to r rather than r,. The boundary conditions on g are
the same homogeneous boundary conditions required for A ¢. The vector §-func-
tion in Eq. (4.3.6) 6(r —r,), is a §-function at a point in space, i.c.,

S(r—ry) =68(x—x4)6(y—yy)0(z—2). (4.3.7)

One can see that this Green’s function g(r,r,) is simply the potential at position r
produced by a point charge at position r, with “charge” —¢,. In free space, with
the boundary condition that the potential equals zero at infinity, we know that this
Green’s function is simply the 1/r Coulomb potential:

_ 1
dalr —ry|

g(r,ry) = (4.3.8)

However, when the potential and /or its normal derivative is specified on a finite
bounding surface S, the Green’s function is more complicated because of image
charges induced in the surface.
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Assuming that the Green’s function has been determined, the potential A ¢(r)
can then be obtained using a multidimensional version of Eq. (2.4.30):

Ap(r) = — eiof]/g(r, r,)p(ry) d’ry, (4.3.9)

where the volume integral extends over the volume V. To prove Eq. (4.3.9), we
simply apply the Laplacian V? to each side, and using Eq. (4.3.6) we have

1 1 P
VA d(r) = — E—OfVVrzg(r,rO)ﬁ(ro) d’ry= — E—OfV3(r— ro) p(r,) d’rg= — p(:) :

(4.3.10)

Also, the homogeneous boundary conditions for A¢ are satisfied, because these
same boundary conditions apply to g. For example, if the boundary conditions are
Dirichlet, then g = 0 for any point r on the surface S, and then Eq. (4.3.9) implies
that A¢ =0 on S as well.

Equation (4.3.10) has a simple physical interpretation: since —g(r,r,)/¢€, is the
potential at r due to a unit charge at position r,, we can use the superposition
principle to determine the total potential at r by superimposing the potentials due
to all of the charges. When the charges form a continuous distribution p, this sum
becomes the integral given in Eq. (4.3.10). If the charges are discrete, at positions
r;, each with charge e;, then the charge density p is a sum of o-functions,

N
p(r) = § ¢;8(r—r),

and Eq. (4.3.9) implies that this collection of discrete charges produces the
following potential:

N o
Ap(r)=— ), E—jg(r,rj). (4.3.11)
j=17°

4.3.3 Expansion of g and ¢ in Eigenmodes of the Laplacian Operator

The Green’s function can be determined as an expansion in eigenmodes s, (r) of
the Laplacian operator. These eigenmodes are functions of the vector position r,
and are defined by the eigenvalue problem

Vi, (r) = A, i, (). (4.3.12)

This PDE, the Helmholtz equation, is subject to the previously described homoge-
neous boundary conditions. Each eigenfunction ¢, (r) has an associated eigenvalue
A,. The subscript « is merely a counter that enumerates all the different modes.
(We will see presently that this counter can be represented as a list of integers that
take on different values for the different modes.)
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These eigenmodes form a complete orthogonal set with respect to the following
inner product:

(f:8) = [f*(0g(x) d*r. (43.13)

The proof is straightforward, given what we already know about eigenmodes of
Hermitian operators. All we need do is show that the Laplacian operator is
Hermitian with respect to the above inner product and with respect to functions
that satisfy homogeneous boundary conditions. We may then apply Theorems 4.1
and 4.2 (there is nothing in the proofs of these theorems that limits the operators
in question to ODE operators, as opposed to PDE operators).

In order to show that V? is Hermitian, consider the following quantity:

(£,7%) = [ f*(0)Vg(r) d*r.

By application of Green’s theorem, this inner product can be written as

(£,7%8) =0 (f*Vg =gVf*) s+ [ (1) V2F*(r) d*r.

However, the surface term on the right-hand side vanishes for homogeneous
boundary conditions of the Dirichlet, von Neumann, or mixed type, and the
volume term is (g, V?f)*. This proves that V2 is Hermitian, and therefore the
eigenmodes of V? form a complete, orthogonal set with respect to the inner
product of Eq. (4.3.13).

We can use the eigenmodes to express the Green’s function as a generalized
Fourier series:

g(r,ry) =Y c ¥, (r). (4.3.14)

The Fourier coefficients ¢, are obtained by substituting Eq. (4.3.14) into Egq.
(4.3.6):

Y Vi, (r) =8(r—r).

If we then take an inner product of the equation with respect to one of the
eigenmodes, y;(r), and apply Eq. (4.3.12), we obtain

e (W ) = (U(r), 8(r — 1)) = 4" (ry),

where in the last step we used Egs. (4.3.7), (4.3.13), and (2.3.29). However,
orthogonality of the eigenmodes implies that the only term in the sum that survives
is the one for which a = 3, which allows us to extract a single Fourier coefficient:

dfﬁ*(r())
= — 4.3.15
(s ) (43.15)



304 EIGENMODE ANALYSIS

Applying Eq. (4.3.15) to (4.3.14), we arrive at an eigenmode expansion for the
Green’s function:

0 () (1)
g(r,ry) 20; OB (4.3.16)
Equation (4.3.16) is a general expression for the Green’s function of the Poisson
equation, and is called the bilinear equation. A similar expression can be obtained
for the Green’s function associated with any linear boundary-value problem. This
equation can be used in Eq. (4.3.9) to determine the potential A¢ from an
arbitrary charge distribution p(r):

200 = = £ Dy, (43.17)

where we have converted the volume integral over r, to an inner product using Eq.
(4.3.13).

Equation (4.3.17) is a generalized Fourier series for the potential A¢ due to a
charge density p. It applies to any geometry, with arbitrary homogeneous boundary
conditions. Inhomogeneous boundary conditions can be easily accommodated
using Egs. (4.3.3) and (4.3.5). The only outstanding issue is the form of the
eigenmodes i, (r) and their associated eigenvalues A,.

It appears from Eq. (4.3.17) that a solution for the potential can always be
constructed. On the other hand, we already know that the solution does not
necessarily exist; boundary conditions must satisfy Gauss’s law, Eq. (4.3.2). In fact,
Eq. (4.3.17) only works if the eigenvalues A, are not equal to zero. For Dirichlet
and mixed boundary conditions, it can be proven that this is actually true: A, # 0
for all modes. The proof is simple: if some A,=0, then the corresponding
eigenmode satisfies V%), =0, with homogeneous Dirichlet or mixed boundary
conditions. However, we proved in Sec. 3.2.1 that this problem only has the trivial
solution ¢, = 0. Therefore, the solution to Poisson’s equation with Dirichlet or
mixed boundary conditions always exists.

On the other hand, for the homogeneous von Neumann boundary conditions
n-Vy, =0, the following eigenfunction satisfies the boundary conditions: i, = 1.
This eigenfunction also satisfies V%, =0, so the corresponding eigenvalue is
Ay = 0.

For von Neumann boundary conditions, a solution can only be obtained if the
function p satisfies (i, p) = 0, so that the i, term in Eq. (4.3.17) can be dropped
and division by zero can be avoided. This inner product implies [, p d°r = 0. Using
Eq. (4.3.5) and applying the divergence theorem, this equation can be shown to be
the same as our previous condition for the existence of a solution, namely, Gauss’s
law, Eq. (4.3.2).

4.3.4 Eigenmodes of V2 in Separable Geometries

Introduction 1In order to apply the generalized Fourier series, Eq. (4.3.17), for
the potential within a specified domain V' due to a given charge density and
boundary condition on the surface of V, we require the eigenmodes of V? in this
domain. For certain domain geometries, these eigenmodes can be determined
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analytically, using the method of separation of variables. We will consider three
such geometries in the following sections: rectangular, cylindrical, and spherical
domains. These by no means exhaust the possibilities: using separation of vari-
ables, analytic eigenmodes can be found in 11 different coordinate systems. [See
Morse and Feshbach (1953, Chapter 5) for a full accounting.]

Rectangular Geometry

Rectangular Eigenmodes. We first solve for the eigenmodes of V? in a rectangu-
lar domain, as shown in Fig. 4.4. We will assume that the eigenmodes satisty
homogeneous Dirichlet boundary conditions at the surface of the domain, ¢[¢ = 0.
In physical terms, we are considering the z-independent eigenmodes inside a long
grounded conducting tube with rectangular cross section.

Applying the method of separation of variables, we assume that a solution for
an eigenmode ¢, (x, y) can be found in the form

Yo(x,y) =X(x)Y(y) (4.3.18)

for some functions X and Y. If we substitute Eq. (4.3.18) into Eq. (4.3.12) and
divide the result by ¢, we obtain

1 d*X + 1 d2Y=)\
X(x) dc*  Y(y) dy? @

(4.3.19)

Introducing a separation constant —k?, this equation is separated into the two
ODE:s

1 d*x
Yo = K (4.3.20)
2
ﬁ‘fly_g =)\a+k2. (4321)

Boundary conditions for each ODE follow from the Dirichlet condition for each

sy
1
[}

X Fig. 44 Domain for eigenmodes in rectangular geometry
0 a with Dirichlet boundary conditions.




306 EIGENMODE ANALYSIS
eigenmode, ¢ | =0:
X(0) =X(a)=Y(0) =Y(b) =0. (4.3.22)

With these homogeneous boundary conditions, Egs. (4.3.20) and (4.3.21) can be
recognized to be separate eigenvalue problems. The solution to Eq. (4.3.20) is

k =nm/a, (4.3.23)

X(x)=sin™= n=1,23,..., (4.3.24)

and the solution to Eq. (4.3.21) is

mir

— i Y
Y(y) =sin b

m=1,2,3,..., (4.3.25)

with eigenvalues given by A, + k* = —(mm/b)*. Using Eq. (4.3.23), this implies

Aa=—(’;—”)2—(%)z, m=1,23,..., n=1,2,3,.... (43.26)

Thus, the Dirichlet eigenfunction i, (x, y) in rectangular geometry is a product of
sine functions:

Yo(x.y) =sin o xsin 0 m=1,23,.., n=1,2.3,..., (4327)

with an eigenvalue given by Eq. (4.3.26). Different eigenfunctions and eigenvalues
are selected by choosing different values for the positive integers m and n.
Therefore, the counter «, which we have used to enumerate the eigenmodes, is
actually a list: a = (m, n).

The eigenmodes clearly form a complete orthogonal set with respect to the
inner product (¢ dx[ldy, as a consequence of the known orthogonality and
completeness properties of the sine functions in a Fourier sine series. This is
expected from the general arguments made in Sec. 4.3.3.

Example 1: Solution of Poisson’s Equation with Smooth Boundary Conditions As
an example, consider the case where the charge density p = p,, a constant, and the
walls of the enclosure are grounded, except for the base at y =0, where ¢(x,0) =
Bx(a —x), where B is a constant.

In order to put Poisson’s equation into standard form, Egs. (4.3.3) and (4.3.4),
we simply take u = Bx(a —x)(1 —y/b). This function satisfies the boundary condi-
tions on all four sides of the rectangle.

According to Eq. (4.3.17) and (4.3.4), we require the inner product

(B> Po/ €0 + Vz”) = ,/:‘leobdy Unin( Po/ €0+ Vz”)'

We can use Mathematica to evaluate this inner product:
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Cell 4.20
ulx , y 1 =pBx(a-x) (1-y/b);
plm , n 1 = Integrate[Sin[mTﬂy] Sin[nTﬂx]

(po/ € + DIulx, yl, {x, 2}1 + DIlulx, vl, {y., 2}1),
{x, 0, a}, {y, 0, b}1;

plm_, n_1 = Simplifylplm, n], mE Integers&& n € Integers]

2
2 ab Sin[%r] (2Be€ + (-1 + (-1)Mpy)

mn7 €,

Also, the inner product (i, ,) equals ab/4. The solution for ¢(x,y), Eqgs.
(4.3.17) and (4.3.3), is plotted in Cell 4.21, taking a = b = 1 meter, p,/€,=38=1
V/m?. This corresponds to a charge density of p, =8.85 X 10~ C/m®. We keep
only the first nine terms in each sine series, since each series converges quickly.
The potential matches the boundary conditions, and has a maximum in the interior
of the domain due to the uniform charge density.

Cell 4.21
a=1; b = 1;
Po =€0;B = 1/31
2 2
v = - (2] - (5
9 9 plm, nl Sin[?] Sin[%]
dlx_, vy 1 =- ) 2, + ulx, yl;

1
ol ot Alm, nlya b

Plot3DI¢Ix, y1, {x, 0, a}, {y. 0, b},

AxesLabel—){“x“, lly-lI’ ||||}’
PlotLabel > "¢ in a charge-filled square enclosure"];

¢in a charge-filled sguare enclosure
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Fig. 4.5 0 a

Example 2: Solution of Laplace’s Equation with Rapidly Varying Boundary Condi-
tions In this example, we choose a case with no charge density, so that we are
looking for the solution of Laplace’s equation V% = 0. For boundary conditions,
we take ¢ =0 on three sides, but on the right side of the box at x =a, we take
¢(a,y) = ¢yh(y —b/3)h(2b /3 —y), where h(y) is a Heaviside step function. In
other words, the center third of the right side of the box wall is at potential ¢, but
the rest of the box is grounded. (See Fig. 4.5.)

This is a case where it is best to solve the Laplace equation directly using the
methods outlined in Sec. 3.2.2. To see why this is so, let us instead put the problem
into standard form by choosing some function u(x, y) that matches the boundary
conditions. There are many choices we could make [see Exercise (6) at the end of
this section]; one simple choice (which does not work very well) is

b 2b X

u(x,y)=q,’>0h(y—§)h(T—y)5. (4.3.28)

Then, according to Egs. (4.3.2) and (4.3.17), the solution to the problem is given by
the following eigenmode expansion:

v Vo)

,V) = , V) — an(X5 V), 4.3.29
d)(x y) u(x y) m,n=1 )\mn(dlmn’ (v[lmn) dj (x y) ( )

where the eigenfunctions and eigenvalues are given by Egs. (4.3.27) and (4.3.26).
The inner product ¥,,,, V?u) can be evaluated directly, but because u is discontin-
uous it is best to do so by first applying two integrations by parts in the y-integral:

(Ynn» V) = [dx/ dywm,, —f dxf dyua ‘[”"". (4.3.30)

In the first step, we used the fact that Eqgs. (4.3.28) implies d°u/dx*=0, and in
the second step we integrated by parts twice, and dropped the boundary terms
because u and its derivatives vanish at y=0 and y=0>b. The integrals in Eq.
(4.3.30) can then easily be performed using Mathematica:
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Cell 4.22
Clear["Global‘*"] ;

ulx , y 1 = ¢, UnitSteply-b/3] UnitStepl2 b/3-yl x/a;
Ym , n , x , y 1 = Sinln Pi x/a] Sinlm Pi y/bl;
plm_, n_]1 =

FullSimplify[Integratelulx, y]l DI¢Im, n, x, yl, {y., 2}1,

{x, 0, a}, {y, 0, b},
b > 0&&m> 0&& n > 0&& mE Integers && n € Integers]

(-1)" am (Cos[%] - Cos[?]) b,

bn

In Cell 4.23, we plot the solution for a 1-meter-square box and ¢,=1 volt,
keeping M =30 terms in the sums. There is a rather large Gibbs phenomenon
caused by the discontinuities in our choice for u(x,y), Eq. (4.3.28). This Gibbs
phenomenon extends all the way into the interior of the box, as can be seen in Cell
4.24 by looking at ¢ along the line x = 3.

Cell 4.23
a = b =¢)0 = 1

~e

M = 30;
nw)? m7 2
Alm_, n_] = (?) - (?);
M M
blx_, y.1 = - Z Z plm, nl] Y[m, n, x, yl + ulx, yl;

m=1 n=1 Alm, n] Zab

Plot3D[¢Ix, yl, {x, 0, a}, {y., 0, b},
AxesLabel—>{"x", llle, IIII},
PlotLabel - "¢ in a square enclosure", PlotRange— All,
PlotPoints— 30];

¢in a sgquare enclosure

2T
L7 LL T
e

iy, iy
7, L] ..
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Cell 4.24
Plot[¢l1l/2, yl1, {y., 0, b}1;

IR

=3
S
I

<
I
L | LR

This is not a very good solution. One can see that the solution is “trying” to be
smooth, but the discontinuities in u(x, y) are creating problems. [A better choice
for u can be found in Exercise (6) at the end of the section.]

Let’s now compare this solution with the direct solution of Laplace’s equation
for this problem, as given by Eq. (3.2.10):

$(x,y) = LA, sinh = sin 72 (4.331)

We can already observe one striking difference between Egs. (4.3.31) and (4.3.29).
The eigenmode expansion, Eq. (4.3.29), involves two sums, one over linearly
independent eigenmodes in x and the other over independent modes in y.
However, the direct solution of Laplace’s equation, Eq. (4.3.31), involves only one
sum. This is because in the direct solution, the sin(nwy/b) and sinh(nwx/b)
functions are not independent; they are connected by the fact that the product of
this pair of functions directly satisfies Laplace’s equation.

Although Egs. (4.3.31) and (4.3.29) are formally identical, the fact that one
fewer sum is required in Eq. (4.3.31) is often a great practical advantage. Further-
more, for rapidly varying boundary conditions, we have seen that the eigenmode
expansion does not converge well. We will now see that the direct solution works
nicely.

The Fourier coefficients A, in Eq. (4.3.31) are given by

. nma 2 b b 2b . nw
Ansth=B/(;qﬁoh(y—g)h(T—y)smTydy

_2 2b/3 . nwy
‘b%fm sin == dy. (4.3.32)
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In Cell 4.25, we evaluate A, using Mathematica and calculate the direct solution
for the potential, again taking M = 30 (this involves a sum of 30 terms, as opposed
to the 900 terms in the sums for the previous eigenmode method). This solution is
much better behaved than the previous eigenmode expansion. There is still a
Gibbs phenomenon near the wall due to the discontinuity in the potential there,
but by the time one reaches the middle of the box these oscillations are no longer
apparent, as seen in Cell 4.26.

Cell 4.25
a = b =¢0 = 1;

M = 30;

Aln_ ] =
Simplify[2/b ¢, Integrate[Sin[n Pi y/bl, {y, b/3, 2 b/3}1,
n € Integers] Sinh[n Pi a/bl;

M
¢Ix_, y 1 = Y Aln] Sinh[n Pi x/b] Sin[n Pi y/bl;

n=1

Plot3D[¢Ix, yl, {x, 0, a}, {y, 0, b}, AxesLabel— {"x", "y", ""},
PlotLabe1—>"d> in a square enclosure", PlotRange — All,
PlotPoints — 30];

@ in a sgquare enclosure

Cell 4.26

Plot[Evaluate [{¢[1, y1, ¢[1/2, y1}1, {y, 0, 1},
PlotLabel — "Potential along x=1/2 and x=1",
AxesLabel — {"y", ""}1;
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Potential along x = 1/2 and x = 1

o
o2}
LI I IO L SO O B

In summary, we have found that for potential problems with sharply varying
boundary conditions, choosing an arbitrary function u that satisfies the boundary
conditions and expanding the remainder in eigenmodes does not work very well.
Rather, we found that it is better to use the direct solution of Laplace’s equation,
discussed in Sec. 3.2, to allow for the inhomogeneous boundary conditions.

It is possible to circumvent some of the problems with the eigenmode expansion
method by careful choice of u [see Exercise (6) at the end of the section].
Nevertheless, we still recommend the direct solution for most applications with
discontinuous boundary conditions, in view of its relative simplicity compared to
the eigenmode expansion method.

On the other hand, for smoothly varying boundary conditions, the eigenmode
expansion technique works quite well, as saw in our first example. When nonzero
charge density p is present, this method has the important advantage that a
separate solution to the Laplace equation need not be generated; rather, an
arbitrary (but smoothly varying) function u can be chosen to match the boundary
conditions.

The situation is summarized in Table 4.1.

Cylindrical Geometry
Cylindrical Eigenmodes. Eigenmodes of V? can also be determined analytically

inside a cylindrical tube. The tube has radius a and length L, and is closed at the
ends. We again assume Dirichlet boundary conditions for the eigenmodes, /| = 0.

Table 4.1. Pros and Cons of Different Choices for u

Arbitrary Choice of u u Satisfies V2u =0
Pro No need to solve Laplace equation Always works,
efficient if p=0
Con Does not work well for rapidly If p # 0, must solve both
varying boundary conditions unless Laplace equation for u

care is taken in choice of u and Poisson equation for A ¢
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We look for eigenmodes of the form
Y, (r,0,z) =R(r)0(0)Z(z). (4.3.33)

Applying Eq. (4.3.33) to the eigenmode equation (V4,) /4, = A, yields

Ay (4334)

1 &(&R) 1 a2®+ 1 9°Z
r?e(0) 90*  Z(z) 9z*

rR(r) ar\"ar

This equation can be separated into three ODEs in the usual way, using two
separation constants —k? and —m?:

1 0( 0R m?
75(rw)—(r—2 +k2)R(r)=)\aR(r), (4335)
2
’20(? — —m?0(0), (4.3.36)
2
‘fl—f — _k2Z(2). (4.3.37)
4

Each equation provides a separate eigenvalue problem. Starting with the last
equation first, the solution with Dirichlet boundary conditions Z(0)=Z(L) =0 is
our standard trigonometric eigenfunctions

lmz

Z(z) =sin 7

1=1,2,3,..., (4.3.38)
with eigenvalues

k=Im/L. (4.3.39)
Next, we consider the 6#-dependence of the eigenmodes. This is also a familiar

problem, given the periodic boundary conditions (6 + 277) = ©(6) required for a
single-valued solution. This eigenvalue problem has the solution

0(0)=e"?, m € Integers. (4.3.40)
Finally, we turn to Eq. (4.3.35), which describes the radial dependence of the

eigenmodes. The dependence of the solution on the parameter k*— A, can be
accommodated by a simple change of variables to

F=y— A, — k7T, (4.3.41)

In this variable, Eq. (4.3.35) becomes Bessel’s equation,

%%(fi—?)—(?—j—l)R(f)=0. (4.3.42)
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Thus, the general solution for the radial eigenmodes is

R(r) = AL\ = A, = K1) + BY, (/= A, — K*r), (4.3.43)

where J,, and Y,, are the Bessel functions encountered previously in Sec. 3.2.5. To
find the eigenmodes, we match to the boundary conditions. The fact that the
solution must be finite at the origin implies that B =0, because the Y,’s are
singular at the origin. The fact that R(a) =0 in order to satisfy the Dirichlet
boundary condition at the wall implies that

VA —k*a=j,,. n=12.3,..., (4.3.44)

where j,, , is the nth zero of J,(r), satistying J,.(j,, ,) =0.
Thus, the radial eigenmode takes the form

R(r) =J,,(jm,nr/a). (4.3.45)
Therefore, the cylindrical geometry Dirichlet eigenmodes of V? are
=T (jpu.ur/a) €™ sin(lmwz/L), (4.3.46)

and the corresponding eigenvalues follow from Egs. (4.3.44) and (4.3.39):
22 2
N
A = ——2—(—) . (4.3.47)

The counter « is now a list of three integers, a = (I, m, n), with />0, n > 0, and
m taking on any integer value.

According to our previous general arguments, these eigenmodes form an
orthogonal set with respect to the inner product given by Eq. (4.3.13). In fact,
writing out the inner product as [l dz[;™ d0[¢rdr and using Eq. (3.2.55), we find
that the eigenmodes satisfy

ma’L .
(lp&’ lpa) zalismmsnﬁT]ﬂzH—l(]m,n)‘ (4348)

Example We now have all that we need to construct generalized Fourier series
solutions to Poisson’s equation inside a cylindrical tube with closed ends, via our
general solution, Egs. (4.3.17) and (4.3.3). As an example, let’s take the case where
the charge density inside the tube is linearly increasing with z: p(r, 6, z) = Az.
Also, let’s assume that the base of the container has a potential V(r) =V[1 —
(r/a)?], but that the other walls are grounded. This boundary condition is continu-
ous, so we can simply choose an arbitrary function u(r,z) that matches these
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boundary conditions. A suitable choice is

z

urg)=V41—(§YM1—Zﬂ. (4.3.49)

Then according to Egs. (4.3.4) and (4.3.5), we require the solution to Poisson’s
equation with homogeneous Dirichlet boundary conditions and a new charge
density,

p=a+ Bz, (4.3.50)

where o= —4V,€,/a* and B=A + 4V, €,/(La*). The inner product (¢, p) can
then be worked out analytically:

777

-\ __ a . 2 im6 L : l7T_Z
(t//a,p)—/oJm(]m’nr/a)rdrj; e d@/{; (a+ Bz)sin——dz. (43.51)

The 6-integral implies that we only require the m = 0 term. This is because the
charge density is cylindrically-symmetric, so the potential is also cylindrically
symmetric. For m = 0, the integrals over r and z can be done by Mathematica:

Cell 4.27

pll_, n ] = Simplify[2 Pi Integrate[BesselJ[0, jO[n] r/al r,
{r, 0, a}l
Integrate[(a+ B z) Sin[l Pi z/L], {z, 0, L}], 1€ Integers]

2a?2L ((-1 + (-1Y) a + (-1)* LB) Besseld[1l, jO[n]l]
1 jo[nl]

Here, we have introduced the function §0 [n], the nth zero of the Bessel function
Jy. It can be defined as follows, up to the 20th zero:

Cell 4.28

<< NumericalMath ‘;

zeros = BesselJZeros[0, 20];
joIln_1 := zerosl[I[nll;

Finally, the solution can be constructed using the general form for the Fourier
expansion, Eq. (4.3.17), along with our defined functions u, p[1, nl, and j0[n]:
Cell 4.29

ulr , z 1 =V, (1-(r/a)™*2) (1-z/L);

30 [n] r] . [ lwz]
————| 8in ;
a L

Y[l , n, r, z_1 := BesselJ[O,

Lo et

L 2 !

All_, n_ 1 := —(
a
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1 2 . R
Ypll_, n ] := 5 ma L BesselJd[1, jOo[n]]"2;

(* :the inner product of Y with itself; see Eqg. (4.3.48) *)

20 5
1 pll, nl 4I1, n, r, z]
d)[r_: Z_] = ulr, zl - E_oEn_l Al1, nl l,[/(!/ [1, nl >
Cell 4.30
a=1; L = 2; A =¢,; Vy=0.3;
@ = -4 V,¢/a%;

B = A + 4V, ¢/ (L a%);

ContourPlotl[¢lr, z1, {r, 0, a}, {z, 0, L}, AspectRatio—L/a,
PlotLabel - "¢ in a charge-filled \ncylindrical tube",
FrameLabel - {"r", "z"}, PlotPoints— 25];

Pin a charge-filled
cylindrical tube

Here, ¢[1, n, r, z] isthe eigenmode for given [ and n for m =0, A[1, n] is
the eigenvalue, and ¢y[1, n] is the inner product (i, ¢, ). Only the first five
Bessel function zeros and the first 20 axial modes are kept in the sum, because this
achieves reasonable convergence to within a few percent. [This can be verified by
evaluating ¢ at a few (r, z) points keeping different numbers of terms in the sum,
which is left as an exercise for the reader.] In Cell 4.30 we plot the solution as a
contour plot for the case a = 1 meter, L =2 meter, and A/€,=1V/m, V;=0.3
volt.
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The potential is zero on the upper and side walls, as required by the boundary
conditions. Along the bottom, the potential equals V(7).

Spherical Geometry

Spherical Eigenmodes. Eigenmodes of V? can also be determined analytically in
spherical coordinates (r, 0, ¢). Here, we consider the Dirichlet eigenmodes inside
a grounded spherical conducting shell of radius a. These eigenmodes satisfy the
boundary condition ¢, (a, 6, ¢) =0. The eigenmodes are separable in spherical
coordinates:

Yo(r, 6, 0) =R(r)0(6)P(¢). (4.3.52)
The eigenmode equation, V4, /i, = A, yields
1 i(rzﬁ) S S i(sin 0&)4- L 7D =A
r*R(r) Ir\" dr ) rlsing@(6) 99 90 rrsin? 0 d(¢p) dp*
(4.3.53)

Following the approach of previous sub-subsections, one finds that this equation
separates into three ODEs for R, ©, and ®:

PRL)
preiai GO (4.3.54)
1 ad (. 00 2
sine%(sm“’w)—sgf—z@@(@)=—l(l+1)®(0), (4.3.55)
1 g (,0R\ I(I+1
72%(’27)— (rz )R(r)=AaR(r). (4.3.56)

Here, we have introduced the separation constants m and /, anticipating the form
of the eigenvalues.

As usual, Egs. (4.3.54)—(4.3.56) are separate eigenvalue problems. The solutions
of the 6 and ¢ equations were discussed in Sec. 3.2.4:

0(0)P(¢p)=Y,,(0,¢), [,melntegers and [ > |m]|,

where

2041 (I-m)! _ im
Y,’m(0,¢>)=\/ e ﬁpl (COS@)e ¢

is a spherical harmonic, and P/" is an associated Legendre function, discussed in
relation to Egs. (3.2.33) and (3.2.34), and given in Table 3.2.

Spherical Bessel Functions. We now determine the radial eigenmodes defined
by Eq. (4.3.56) with boundary conditions that R(a) =0 and R(0) is finite. The
general solution of the ODE is given by Mathematica (we have added a negative
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Table 4.2. Spherical Bessel Functions That Are Finite at the Origin
l Jivi r/ vr

/2 .
— sinr
o™

0
r
2( sinr)
\/— —cosr+ —
T r
1
r
2( 3cosr . 3sinr)
— |- —sinr+
T r 72
2
r
2( 15cosr 15sinr 6sinr)
\/— cosr — — + =
3 w r r r

sign to A, anticipating that the eigenvalue will be negative):

Cell 4.31
DSolve[l/r”2 D[r”*2 DI[R[r], r]l, rl-1 (1 + 1)/r"2
R[r] == - A,RIr]l, RIr], r]
BesselJ[: (-1 - 2 1), r /A1 Cl1]
{{r[x] = +
Vr
Besseld [$ (1 + 2 1), r \/E] crl2]
Vr

The solution is in terms of Bessel functions of order /+ 1 and —/— 1. Since the
ODE has a regular singular point at the origin, one of the two solutions is singular
there. The singular solution is J_,_,,(ry/—A,)/ Vr. The other solution

Ji1 () =2,/ Vr, is well behaved at the origin. These functions are called
spherical Bessel functions. Both sets of functions can be written in terms of
trigonometric functions, as shown in Tables 4.2 and 4.3. Examples from both sets
of spherical Bessel functions are plotted in Cells 4.32 and 4.33. Both sets of
functions oscillate and have a similar form to the Bessel functions of integer order
encountered in cylindrical geometry.

Cell 4.32

<<Graphics‘;

Plot [Evaluate [Table [BesselJ[1/2 + 1, rl/Vr, {1, o, 2}11,
{r, 0, 15}, PlotStyle— {Red, Blue, Green},
PlotLabel > "J,,,,, (r)/Vr for 1=0,1,2",
AxesLabel — {"r", " n}];
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Ty () /NT for 1 =0, 1, 2

rrrTrrrJrrrriroroTd

Table 4.3. Spherical Bessel Functions That Are Singular at the Origin

l T 1)/
/2
= cosr
T
0 —_——
-
2( cosr . )
= |- —sinr
a
1
r
2( 3cosr 3sinr)
V— —cosr+ >— +
o r r
2
r
2( 15cosr = 6cosr . 155inr)
= |- +sinr—
3 ™ r3 r r?

Cell 4.33

Plot [Evaluate [Table [BesselJ[-1/2 -1, rl/Vr, {1, o, 2}11,
{r, 0, 15},

PlotStyle—> {Red, Blue, Green}, PlotLabel—"J_, ., (r)/Vr /
for 1=0,1,2",
AxesLabel — {"r", " "}, PlotRange— {-1, 1}1;

Tz ()/Nr for 1 =0, 1, 2

0.5

—-0.25

-0.75
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Since we require that the potential be finite throughout the spherical domain,
we need not consider the singular spherical Bessel functions further. (However,
they are required for problems where the origin is not included in the domain of
interest.) The radial part of the spherical eigenfunction is then

J1+1/2(V - )‘a")

R(}’)= ‘/; 5

1=0,1,2,.... (4.3.57)

We are finally in a position to determine the eigenvalue A,. The eigenvalue is
determined by the boundary condition that the eigenmode ¢, vanishes at r=a.
Thus, R(a) =0, and when applied to Eq. (4.3.57) this condition implies that

)\a = _(jl+1/2,n/a)27 (4358)

where j,., , , is the nth zero of J;,, ,(x), satisfying J;,, ,(jj ;2 ,) =0. For /=0
the zeros can be determined analytically using the trigonometric form of the
spherical Bessel function given in Table 4.2:

j1/2,n=n777 n=17253>'~~~ (4359)

However, for [ =1 or larger, the zeros must be found numerically. The intrinsic
function BesselJZeros still works to determine lists of these zeros:

Cell 4.34

<<NumericalMath Y;
BesselJZeros[3/2, 10]

{4.49341, 7.72525, 10.9041, 14.0662,
17.2208, 20.3713, 23.5195, 26.6661, 29.8116, 32.9564}

For a given value of / these radial eigenfunctions are orthogonal with respect to
the radial inner product:

J i WT/a) J i WT/a
fR z+1/2(11+1/2, /) z+1/2(11+1/2, / )rzdr=() it nAn. (43.60)

0 r r

In fact, using Eq. (3.2.55) one can show that

0 vr Vr ridr=35,; 2J12+3/2(jl+1/2v”)'

(4.3.61)

fRJl+]/2(jl+1/2,nr/a) Jl+1/2(jl+l/2,r_zr/a) a_2
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We can now combine our results for the radial and angular eigenmodes to
obtain the full spherical eigenmode ,(r, 0, ¢):

Y, 0, Jis 14 n
(1,0, ) = 1m0, b)J) 1//;2(11 1/2, r/a)' (43.62)

The parameter «, used to enumerate the eigenmodes, can now be seen to be a list
of three integers, a = (I, m, n). The integer / runs from 0 to infinity, determining
the 6 dependence of the mode, while —/ <m </ determines the ¢-dependence,
and n=1,2,3,... counts the zeros in the radial mode.

According to Egs. (4.3.61) and (4.2.40), these spherical eigenmodes are orthogo-
nal with respect to the combined radial and angular inner products:

(Winin> Yimn) = erz drf

0 0

Sin 046 [*dd U}, (7. 0. @) bima(r. 0. )

2
a .
= 511'8mn—18m77]12+3/2 (Jr+1/2,n)- (4.3.63)

However, this combined inner product is simply the three-dimensional integral
over the volume V' interior to the sphere. This is as expected from the general
arguments given in Sec. 4.3.3.

Example We now use the spherical eigenmodes to solve the following potential
problem: the upper half of a hollow sphere of radius a is filled with charge density
po- The sphere is a conducting shell, cut in half at the equator. The upper half is
grounded, and the lower half is held at potential V. (See Fig. 4.6.)

As in the previous examples, we take account of the inhomogeneous boundary
condition by using a function u(r) that matches this boundary condition:

0, 0<6<m/2,

u(a,o,¢) = {Vo’ 7/2<0< T, (4.3.64)
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However, this boundary condition is rapidly varying. Therefore, it is best to choose
a function u(r, 0, ¢) that satisfies the Laplace equation with these boundary
conditions, VZu = 0.

We considered this part of the problem previously, in Sec. 3.2.4. The solution is
a sum of spherical harmonics, given by Egs. (3.2.41) and (3.2.42):

/
Z ZmrIYl,m(09 ¢)9 (4365)

I\Mg

u(r,8,¢) =

l

where the Fourier coefficients B,,, are determined by matching to the boundary
conditions:

Ba' =V, [Tdp [ sin0d0 Y, (0, 8) = 6,020V, [ sin6doY(0).
0 /2 /2
(4.3.66)

As expected for cylindrically symmetric boundary conditions, only spherical har-
monics with m = 0 enter in the expansion for u.

We then write the potential ¢ as ¢ =A¢+u, and solve for A¢ using Eq.
(4.3.17). The fact that V?u = 0 implies that p = p. Therefore the solution for A ¢ is

Ad(r,0,¢) = ——2 A((lﬁ:,pw) (7 6, 6). (4.3.67)

where a = (I, m, n), A, is given by Eq. (4.3.58), and ¢, is given by Eq. (4.3.62). The
inner product (i, p) is

1+1/2(/1+1/2 n”/d) 27 w/2 .
(Gins P) = f N /0 dg [ sin 0.d0p,Y, (0, 6).
(4.3.68)

The ¢-integral picks out only the m = 0 eigenmodes, since the charge distribution
is cylindrically symmetric. The r and 6 integrals can be performed analytically,
although the results are rather messy. It is best to simply leave the work to
Mathematica by defining this inner product as a function p[1,n]. It is fastest and
easiest to perform the radial integrals numerically using NIntegrate. This
requires scaling the radius to a so that the radial integral runs from 0 to 1:

Cell 4.35

pll_, n ] :=pll, n] =
poa®/? NIntegrate[r®/? Besseld[l + 1/2, jI1, nl rl, {r, 0, 1}] *
2 mIntegrate[Sin[6#] SphericalHarmonicY[1l, 0, 0, ¢1, {6,0, Pi/2}]

Here, we have also introduced another function, j [1,n], which is j,.,, ,, the
nth zero of the J;,, ,. This can be defined as follows:
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Cell 4.36

<<NumericalMath?';

zeros = Table[BesselJZeros([l + 1/2, 10], {1, 0, 9}1;
j[l_, n_ 1 := zeros [[1 + 1, n]]

For example, the inner product (¢, p) for a = (I, m,n) = (3,0,4) is given by

Cell 4.37
pl3, 4]
0.00375939 a°/2 p,

The solution for A¢ is given in terms of the spherical eigenmodes by Eq. (4.3.67).
This generalized Fourier series is evaluated below:

Cell 4.38

(* define the spherical eigenmodes *)¢[1 , m , n_, r ,0 ,¢_1 :=
Besseld[1l + 1/2, j[1, n]l r/al/sSqgrtlr]
SphericalHarmonicY[1l, m, 6, ¢];

(* define the eigenvalues *)
AL, n ] := -jI[1, nl*2/a%2;

(* define the inner product (i, ) *)

2
yYll_, n_] := 5 Besseld[l + 3/2, j[1, nll*2;
(* sum the series to determine the potential, using Eq.
(4.3.67) *)
Aplr_, 61 =
1 pll, n]
" SUIn[/\[l, ] oI, ol ¢Il, 0, n, x, 6, 1, {1, 0, 4},
{n, 1, 5}1;

Now we must add to this the potential u(r, 6, ¢) arising from the boundary
conditions, using Egs. (4.3.65) and (4.3.66):

Cell 4.39

bll ] =
2 7V, Integrate[Sin[0] SphericalHarmonicY[1l, 0, 6, ¢],
{6, pi/2, Pi}]/a';

ulr , 6 1 = Sum[b[1l] r' SphericalHarmonicY[1l, 0, 6, ¢,
{1, o, 40}1;

Finally, we plot in Cell 4.40 the resulting potential on a cut throught the center of
the sphere, along the y =0 plane, taking the potential on the boundary to be
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Vi, =1 volt and a charge density p,=3¢,. In the lower half sphere, z <0, the
potential rises to meet the boundary condition that ¢(a, 6, ¢) = 1 volt; while in the
upper half the potential on the surface of the sphere is zero. The convex curvature
of the potential in the interior of the sphere reflects the positive charge density p,
in the upper half of the sphere. Note the barely discernible Gibbs phenomenon
near the discontinuities in the potential.

Cell 4.40
(* parameters *)
Vo = 1;
Po = 3 & ;
a = 1;

(* construct the total potential #*)
®lr , 601 =A¢lr, 601 + ulr, 01;

ParametricPlot3D[{r Sin[6f]l, r Cos[6], ®I[r, 01},
{r, 0.001, 1}, {0, 0, 2 Pi}, PlotPoints— {20, 80},
BoxRatios— {1, 1, 1/2}, ViewPoint -> {2.899, 0.307, 1.718},
AxesLabel — {"x", "z", "¢$"}, PlotLabel — "Potential inside
a sphere"];

Potential inside a sphere

._._\_\\‘lQ s
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EXERCISES FOR SEC. 4.3

(1) Solve the following potential problems in rectangular geometry. Plot the
solutions using Plot3D.
(a) Vi(x,y)=x, $0,y)=¢(,y)=d(x,0)=0, ¢(1,y)=sin2my.
() Vg(x, y, 2) =10, o(x, y,00 = ¢(x, y, 1) = ¢(0, y, 2) = ¢(1, y, z) =

¢(x,0,2) =0, ¢(x,1,z) = h(x — 3), where h is a Heaviside step function.
Plot the solution in the z = plane.
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(©) V(x,y) = —xy, ¢(0,y) = ¢(2,y) = ¢(x,0) =0, p(x,1) = 1.

@ V(x,y,2) =1, ¢(x, 5,0 =d(x,y, 1) =0, ¢0,y,2)=¢0,y,z)=
z(1—2), ¢(x,0,z) = ¢(x,1,z)=0. Plot the solution in the z=1 plane.

(e) V¢(x, y) = cos nmx, n an integer, <22(0,y) = 2(1,y) = %‘yﬁ(x, 0)
= %2(x,1) = 0. (What happens for n =0?)

® Vo(x,y)=e"", ¢(0,y) = ¢, y) = $(x,00 =0, 55(x,1) = 1.

(2) For the problem
J J J J
Vi (x,y) =1, a—‘f(ogy)=a—f(1,y)=a—f(x,0)=o, a—(ﬁ(x,l)=ah(x—%),

where £ is a Heaviside step function, find the value of a for which a solution
exists, and find the solution for ¢(x,y). [Hint: For the function u, choose
u=uy(x,y)+f(x,y), where f is an arbitrary function that satisfies homoge-
neous von Neumann conditions on all sides except at y =1, and that takes
account of the charge in the box G.e., [, V2fdxdy = 1), and where V?u,=0.]

(3) (a) Show, using Gauss’s law, that for Poisson’s equation in a square box with
periodic boundary conditions ¢(x + L, y) = ¢(x,y + L) = ¢(x, y), a solu-
tion for ¢(x, y) exists only if the net charge density in the square is zero:

[ [Ty p(x.y) =o0.

(b) For a given charge density p(x, y) find a general form for the solution in
terms of an exponential Fourier series.

(4) Find the Green’s function g(r,r,) as a generalized Fourier series for the
potential inside a grounded rectangular cube with walls at x=0, x=a, y =0,
y=a,z=0,z=1L.

(5) It is sometimes useful to write the Green’s function for Poisson’s equation in
a different manner than the eigenmode expansion used in the bilinear
equation. For the rectangular cube of Exercise (4), now employ only the x
and y eigenmodes, writing

g(r,r)) = Y fmn(z,ro)sinnaixsinw. (4.3.69)

a
m,n=1

(a) Show that f,,, solves the following boundary-value problem:
2
%fmn — k2 foon = sin@sin@ii(z -zy), fan=0 at z=0and L,
z

where k2, =(mm/a)* + (nm/a)’.
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(b) Solve this boundary-value problem, using the technique discussed in Sec.
3.4.4 to show that

sinh «,,,,,(L —z.)

2 .
a“k,,, sinh k,,, L

nwx m
fon(z,19) = —4sin% sin%y0 sinh k,,,z . , (4.3.70)

where z_ ., is the lesser (greater) of z and z,.

(c) By carefully taking the limit L >z,z, and z,z,> 0, show that the

Green’s function in an infinitely long grounded conducting tube of square
Cross section is

m’ﬂ'y n7TxO . m’]TyO eiKmnlzfzul

oo
. NTX . .
g(r,ry))=—-2 Y sin 4 Sin— = sin— 7 e

. (43.71)

m,n=1 mn

(Hint: As x — o, sinh x ~ cosh x ~e*/2.)

(d) Find the force in the z-direction on a charge g, located at position
(x4, Yo, 2o) in a rectangular box of length L with square cross section.
Plot this force (scaled to g*/€,L*) vs. z for 0 <z, <L, y,=a/2=x,, for
a =L/2. [Hint: This force arises from the image charges in the walls of
the grounded box. To determine the force, one needs to calculate the
electric field E, at the position r, of the charge. However, one cannot
simply evaluate E,=(q/¢€,)V,g(r,ro)l,_, using Eq. (4.3.69), since the
self-field of the charges is infinite at r =r,. This is manifested in Eq.
(4.3.69) and in Eq. (4.3.71)) by the fact that the series does not converge
if r=r,. (Try it if you like!) One must somehow subtract out this
self-field term, and determine only the effect of the field due to the
images in the walls of the tube. One way to do this is to note that for an
infinite tube, there is no force in the z-direction on the charge, due to
symmetry in z. Therefore, we can subtract Eq. (4.3.71) from Eq. (4.3.69)
to obtain the effect on g of the tube’s finite length. The resulting series
converges when one takes r =r,.]

(6) The following problem relates to the eigenmode expansion of the solution to

Laplace’s equation, Eq. (4.3.29).

(a) Use Green’s theorem to show that, for Dirichlet boundary conditions in a
two-dimensional domain,

Viu)=2A Ju) — |ub-Vip, dl,
(Yra> V2) = (Y 1) /Sun v

where the surface integral runs over the boundary S of the domain, d/ is
a line element of this boundary, and ,,, and u have the same definitions
as in Eq. (4.3.29).

(b) Determine the eigenmode expansion for the solution of Laplace’s equa-
tion, V¢ = 0, using the result of part (a) and Eq. (4.3.29). In particular,
show that

(x,y) =u(x,y) + X b thn(X, ), (4.3.72)
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Where bnm = .[Suﬁ 'Vl!inm dl/[ AI’lﬂ'l(l)[j}‘lf’i‘l’ dfnm)] - (dlnm’ u)/(dfnm! dlnm)‘ NOte
that in the surface integral the function u is uniquely determined by the
boundary conditions. Equation (4.3.72) is equivalent to Eq. (4.3.29), but
avoids taking derivatives of u. This is an advantage when u varies rapidly.
(¢) Redo the Laplace equation problem associated with Fig. 4.5, taking
a=b=1 and ¢,=1, and using an eigenmode expansion as given by
Eq. (4.3.72). Note that on the boundary u is nonzero only on the right
side, in the range 1<y <, so the required surface integral becomes

[2/3 % Vi, (1, y) dy. For u(x, y) use the following function:

u(x,y) =xf(y— %’1 —X, = %)f(% _y’l —X,— %)>

where f(x,y,z) = i[tanh(x /y) — tanh(z /y)]. Plot u(x,y) to convince
yourself that it matches the boundary conditions. This function is chosen
because it is continuous everywhere except on the right boundary. There-
fore, its generalized Fourier series expansion in terms of i, has better
convergence properties than our previous choice for u, Eq. (4.3.28). You
will have to find the inner product (i,,,,u) via numerical integration.
Keep 1<m <6 and 1 <n <6. Avoid integrating in y all the way to
y=1, because of the singularity in wu; rather, integrate only up to
y = 0.9999. Compare your solution to the solution found via Eq. (4.3.31)
(for M = 36) by plotting ¢(0.9, y) and ¢(x,3) for both solutions. Which
solution works better? [Answer: Eq. (4.3.31).]

(d) Show that in the limit that an infinite number of terms are kept, Eq.
(4.3.72) becomes

d)(x’y) = chmlpnm(x’y)

for (x,y) not on the boundary, where c,, = [quf-Vi,, di/
(A, (s ¥,,,)]. This is yet another form for the solution to Laplace’s
equation with Dirichlet boundary conditions, valid only in the interior of
the domain. Repeat the calculation and plots of part (b) using this series,
taking 1 <m <40 and 1 < n <40 (the coefficients c,,, can be determined
analytically).

(7) Find the solution to the following potential problems inside a cylinder. Write
the solution in terms of an eigenmode expansion. Put the equation into
standard form, if necessary. Plot the solutions.

(a) V2¢(r,0)=xy, ¢(1,0)=0.

(b) V2p(r,0,z)=zsin 6, ¢(1,0,z)= ¢(r,0,0)= ¢(r,0,2)=0. Plot in the
x =0 plane vs. y and z.

(© V¢(r,0,2)=1, ¢$1,0,z)=¢(r,0,—1)=¢(r,0,1) =0, $Q2,0,z)=
h(z)h(6) (concentric cylinders, & is a Heaviside step function, — 7 < 6 < 7
assumed). Plot in the x = 0 plane vs. y and z.

(@ V*¢(r,0) =y, 24(1,6) =sin 6.
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Fig. 4.7 Exercise (8). a

A wedge, shown in Fig. 4.7, has opening angle «. The wedge is filled with
uniform charge, p/e,=1 V/m? The walls of the wedge are grounded, at
zero potential.

(a) Find the eigenmodes for this geometry.

(b) Use these eigenmodes to solve for the potential ¢(r, 0) inside the wedge.
Plot the solution using a contour plot for a = 65°.

A wedge, shown in Fig. 4.8, has opening angle o and radii a and b, b <a.
The edges of the wedge have constant potentials as shown. Find the solution
to Laplace’s equation using separation of variables rather than eigenmodes.
(Hint: You will still need to determine radial eigenfunctions, and the correct
radial inner product with respect to which these functions are orthogonal.)
Plot the solution using ParametricPlot3Dfor a=135° a=1,b= 1—'0, and
V= 1 volt. Answer: ¢(r, 0) =17 _| A, sin(i5z5575 logs) sinh(i5;4770)-

Fig. 4.8 Exercise (9).

Find the solution to the following potential problems inside a sphere. Write
the solution in terms of an eigenmode expansion. Convert inhomogeneous
boundary conditions, if any, to a source term.

(a) V2W(r,0,¢)=xyz, ¥(1, 6, $)=0.

() V2W(r,0,¢)=1, ¥, 0, ) =sin? .

() V*W(r, 0, ¢p) = (cos 0)/r, ¥(,6,d)=0, ¥Q2,0,¢)=0 (concentric
spheres).

(@ V2W(r,0,¢p)=1, 2£(1, 0, ¢) =asin’ 0 cos> ¢. Find the value of a for
which a solution exists, and find the solution.

A hemispherical shell of radius a has a flat base, forming half of a sphere.
This half sphere is filled with a uniform charge density, p/€, = 10 V/m?. The
surface of the half sphere, including the base, is grounded. Find the potential
inside the shell, and plot it. What and where is the maximum of the
potential?

In a plasma the potential due to a charge density p satisfies the linearized
Poisson—Boltzmann equation V¢ = ¢/A\* — p/€,, where A is the Debye
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length of the plasma. A spherical charge of radius a, uniform charge density,
and total charge Q is placed in the plasma. Find the potential, assuming that
it vanishes at infinity. [Hint: Solve the radial boundary-value problem directly
in terms of homogeneous solutions, using boundary conditions that ¢ — 0 as
rowand E = —d¢/dr=Q /(4me,a*) at r=a.]

(13) (a)

(b)

Repeat the analysis of the Green’s function in Exercise (5), but for the
inside of a spherical conducting shell of radius a. Now write

s

g(r,ry) =

!
L Y, (0, 0) fin(r.xg) (4.3.73)
=0 m=—I

and find an ODE boundary-value problem for f,, (r,r;). Solve this
boundary-value problem to show that

! 1.1
L ) (4.3.74)

I+1 21+1
rs a

1
Jim(7>19) = _Yljkm(eo’ b) 2T+ 1

where r_ ., is the lesser (greater) of r and r,. Hint: In spherical
coordinates the 8-function 8(r —r,) is given by

5(r—r0)6(0—00)5(¢>—¢0)‘

4.3.75
r%sin 0 ( )

8(r—rg) =

In the limit as a — o, Eqgs. (4.3.73) and (4.3.74) can be used to represent
the potential at point r due to an arbitrary charge density p(r,) in free
space. Assume that this charge density is concentrated near the origin;
that is, it is completely contained inside an imaginary sphere centered at
the origin and of radius R. (See Fig. 4.9.) Then, using the Green’s
function, show that the electrostatic potential at locations far from this
charge density is given by

p(r)=Y Y 37T Pim ’60 yE provided that r>R. (4.3.76)

Here, p,, = [d’ry pr)riY*,(60y, by) is the multipole moment of the
charge distribution. Equation (4.3.76) is called a multipole expansion of the
potential.

Fig. 4.9 Geometry assumed for the multipole expansion
of Eq. (4.3.76).
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(14) (a) The multipole moment p,, is called the monopole moment of the charge
distribution. It is proportional to the total charge Q. The potential
produced by the monopole moment is simply that given by Coulomb’s
law, ¢ = Q /4me,r. The moment p,,, is called a dipole moment, and p,,,
is called a quadrupole moment. Plot contours of constant ¢(x,y,z) in
the x-z plane, assuming that
(i) only p,, is nonzero;

(ii) only p,, is nonzero.

(b) Show that p,, and p,, can be written in Cartesian coordinates as

3
P =\ 47 fzo p(ry) d’ry,

5 22 .2 3
P20 =V 167 /(230 — X _YO)P(ro)d -

(¢) Evaluate the monopole, dipole, and quadrupole moments of two charges
located on the z-axis: one at +z, with charge +¢, and one at —z, with
charge —gq. Plot the potential ¢(z) along the z-axis arising from the
dipole and quadrupole terms for 0 <z < 10z,, and compare it with a plot
of the exact potential (g/€,)(1/1z—z,l —1/1z+z,]). Where does the
multipole expansion work?

(15) A uniform density ellipsoid of total charge Q has a surface determined by the
equation x?/a’*+y?/b*+2%/c?=1. Find the quadrupole moments of this
charge distribution, and show that

1
P20 =V 807 0(2¢*—a’ = b?),
pn =0,
3 2_p2
P2 =\ Teo7 Q(a” —b7).
(16) A second form of multipole expansion is useful when we want to know the

potential at a point near the origin due to charge density that is concentrated
far from the origin, outside an imaginary sphere of radius R. (See Fig. 4.10.)

plra)

Fig. 410 Geometry assumed for the multipole ex- 7
pansion of Eq. (4.3.77). el i
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For such a charge density, use the Green’s function to show that

] )
1 _ Y,
¢(r)= Z Z 21+1plm .
!

(0.4) |

€

,  provided that r<R, (4.3.77)
=0 m=—

where p,, = [d’ry p(ry)Y/*, (8, ¢y)/rit".

(17) Find the electrostatic potential near the origin due to a hemispherical shell of
charge, total charge ¢, and radius a. The shell is oriented above the origin of
coordinates, with its origin coincident with the origin of coordinates, and its
axis of symmetry along the z-axis. Keep terms up to and including the
quadrupole moments, and write the resulting potential ¢(r) in terms of
Cartesian coordinates (x, y, z).

18) (a)

(b)

()

Consider an object of mass m moving in gravitational free fall around a
fixed mass M. At a given instant, the mass M is located a distance r,
along the z-axis of a coordinate system whose origin is located near (or
within) the object. Using the fact that the gravitational potential ¢ also
satisfies Poisson’s equation,

V¢, = 47w Gp, (4.3.78)

where p is the mass density and G is the gravitational constant, find a
multipole expansion of the gravitational potential due to the mass M that
is valid near the origin within the object. Keep terms in the expansion up
to and including the quadrupole terms, and show that the force in the

z-direction on a mass element dm of the object, dF, = —dm d¢$,;/dz,
equals
dF, =dm G(2y7/3 by + 4 7/5 Py 2). (4.3.79)

If one assumes that the mass M is a point mass, then using Eq. (4.3.79),
show that the total force in the z-direction on the object, F, = [dF,, is

F,=GMm/r§,

provided that the coordinate system used to determine the multipole moments
has its origin located at the center of mass of the object. The center-of-mass
position R, is defined as R, =(1/m)L, dm,r;, where the sum runs
over all the mass elements dm; of the object, each located at position r;.
[Hint: You will need to use Eq. (4.3.75) to help determine the multipole

moments of the point mass M.]

The object in question has a spatial extent in the z-direction that runs
from —z, to z,, z; << r,. Using Eq. (4.3.79), show that the acceleration of
the point at +z, relative to that at —z, is given by

a,=4MGz, /r}.
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(19)

(20)
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This relative acceleration is called tidal acceleration. [Hint: Equation
(4.3.75) will be needed to help determine the multipole moments of the
point mass M.]

(d) Determine the tidal acceleration caused by the moon, calculated for the
two points on the earth nearest and farthest from the moon. Treat the
moon as a point mass.

(e) Determine the tidal acceleration due to the sun, in the same manner as
was used for the moon in part (d).

A neutron star has a mass M =2M_,, but a radius of only around 10 km.
A rocket ship approaches the star in free fall, to a distance r, = 3000 km.
Using Eq. (4.3.79), calculate the tension force (the tidal force) in a man
floating inside the ship. Assume for simplicity that the mass distribution of
the man is a uniform cylinder of total mass m = 70 kg and length L =2 m,
oriented with the cylinder axis pointing toward the star, and treat the star as a
point mass. The tension force is defined here as the force between the halves
of the man nearest and furthest from the star as they are pulled toward and
away from the star by the tidal acceleration. Evaluate the tension force in
pounds (1 pound = 4.45 newtons). [This problem is inspired by the science
fiction novel Neutron Star, by Larry Niven (1968). (Answer: T = MmGL /r;.)]

A deformable incompressible body, in the presence of another gravitating
body (both bodies at fixed positions) will deform until it is in equilibrium, in
such a way that its volume remains unchanged. The equilibrium shape of the
deformable body can be determined using the fact that, in equilibrium, the
gravitational potential ¢, at the surface of the body is independent of
position along the surface (i.e., the surface of the body is an equipotential).
Take, for example, the earth—moon system. The earth will deform, attempt-
ing to come to equilibrium with the moon’s gravitational attraction. (Actually,
the earth’s oceans deform. The rigidity of the solid part suppresses the
response to the weak lunar tidal acceleration.) This is the basic effect
responsible for the earth’s tides. Assuming that the earth is a deformable
incompressible body of uniform mass density, that the moon is located a
distance r, from the earth along the z-axis of a coordinate system used to
calculate the deformation (see Fig. 4.11), that the moon can be treated as a
point mass, and that the resulting deformation is small and in equilibrium
with the moon’s attraction, show that the height 4(6) of the deformation of
the earth’s surface is

5@ M, R*
h(0) =\ 7 31, 3 Y2.0(0), (4.3.80)
e 1o

where M, and R are the mass and radius of the earth respectively, and M,, is
the mass of the moon. For the parameters of the earth—moon system, plot
this deformation vs. 6, to show that the deformation is largest on the z-axis of
our coordinate system at =0 and m, stretching the earth along the
earth—moon axis by an amount equal to roughly 0.5 meter at each end. [Hint:
Remember to allow for the effect of the deformation on the earth on its own
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oLl
i

fo

h{e)
Fig. 4.11 Tidal effect in the earth—moon system (greatly exagger-
ated for clarity).

gravitational potential, using the multipole expansion of Eq. (4.3.76). Keep
only up to quadrupole terms in the expansions. Along these lines, the results
given in Exercise (15) may be useful. The total gravitational potential evalu-
ated at the earth’s (deformed) surface r(0) will be of the form

—-GM,
bt = ,,(—ML - aYz,o(G) - Byz,o(g)’

where small deformation is assumed, « is a constant proportional to the mass
of the earth, and B is a constant proportional to the mass of the moon. The
a-term is caused by the gravitational potential of the deformed earth, and the
B-term is caused by the moon. The surface of the earth is deformed so as to
be described by the equation r(8) =R + h,Y, ((6), where hy <R is a con-
stant to be determined by making sure that ¢, is independent of 6. But be
careful: « is also proportional to 4, since a arises from the distortion of the
earth.]

4.4 THE WAVE AND HEAT EQUATIONS IN TWO AND THREE DIMENSIONS

In a uniform medium, the wave and heat equations in one dimension have the
form 9%z/dt> =c*9%z/dx*> and IT/dt= xd*T/dx> respectively. In multiple
spatial dimensions, the obvious generalization of these equations is

3%z

r =c?V?z(r,t) (4.4.1)
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and

aT
5 =XV2T(I',[), (442)

where V? is the Laplacian operator. This generalization allows the evolution of
disturbances without any distinction between different spatial directions: the
equations are isotropic in space.

As in the solution of Poisson’s equation, we now consider solutions of the heat
and wave equations within some specified volume V/, which has a surface S.
Boundary conditions of either Dirichlet, von Neumann, or mixed form are speci-
fied on this surface. Initial conditions must also be provided throughout the
volume. As in the one-dimensional case, two initial conditions (on z and dz/dr)
are required for the wave equation, but only one initial condition specifying
T(r,t = 0) is required for the heat equation.

General solutions for these equations can be found. The form of the solutions is
a generalized Fourier series of eigenmodes of the Laplacian operator, just as for
the one-dimensional case discussed in Sec. 4.2. However, for most boundary
conditions, the eigenmodes cannot be determined analytically. Analytically tractable
solutions can be obtained only for those special geometries in which the eigen-
modes are separable. (Numerical solutions can be found using methods to be
discussed in Chapter 6.) In the following sections we consider several analytically
tractable examples.

4.4.1 Oscillations of a Circular Drumhead

General Solution Consider a drum consisting of a 2D membrane stretched
tightly over a circular ring in the x-y plane, of radius a. The membrane is free to
vibrate in the transverse (z) direction, with an amplitude z(r, 6,¢), where r and 6
are polar coordinates in the x-y plane. These vibrations satisfy the wave equation
(4.4.1). The wave propagation speed is ¢ = y/T/o, where T is the tension force per
unit length applied to the edge of the membrane, and o is the mass per unit area
of the membrane. Since the membrane is fixed to the ring at r = a, the boundary
condition on z is

z(a,0,t) =0. (4.4.3)
The initial conditions are

z(r,0,0) =z,(r,0),

9 (4.4.4)
W(r, 6,0) =vy(r,0)

for some initial transverse displacement and velocity, z, and v, respectively.
To solve for the evolution of z, we use a generalized Fourier series:

z(r,0,t) = an(t)d/a(r,ﬁ). (4.4.5)
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The functions ,(r, #) are chosen to be eigenmodes of the Laplacian operator,
V2 (r,0) = A 4, (7, 0), (4.4.6)
with boundary conditions identical to those on z,
Y, (a,0)=0. (4.4.7)

From our study of Poisson’s equation, we already know the form of these
eigenmodes:

(7, 0) =€ (jin u7/ ), (4.4.8)

where m is any integer, J,, is a Bessel function, and j,, , is the nth zero of J,,. The
corresponding eigenvalues are

A== Cjm.n/a)’. (4.4.9)

Also, we know that these eigenmodes are orthogonal with respect to the inner
product (f, g) =/, . ,f*(r)g(r)d*r. We can therefore extract an ODE for the time
evolution of the Fourier amplitude ¢ (¢) in the usual manner. Substitution of Eq.
(4.4.5) into the wave equation, together with Eq. (4.4.6), implies that

Zt/fa(r,(?)j?zca(t)=czZAaca(t)¢a(r,0). (4.4.10)

Then an inner product with respect to ¢, yields the harmonic oscillator equation,

2
d—c t)y=cA c.(1). 4.4.11
dtz [ aa

Using Eq. (4.4.9) we find that the general solution is
c (1) =A,cos w,t+ B, sin w,t, (4.4.12)
where w, is the frequency associated with a given eigenmode,
Wo =Jm,nC/ @ (4.4.13)

and A, and B, are constants determined by the initial conditions. To determine
A, we evaluate Eq. (4.4.5) at time ¢ = 0, and using Eq. (4.4.5) we find

z(r,0,0) = ZAawa(r, 0) =2zy(r,0). (4.4.14)

The usual inner product argument then yields

a4 = We20) (4.4.15)

()



336 EIGENMODE ANALYSIS
Similarly, one finds that

_ (lpa?UO)
OB = g )

Thus, the solution takes the form

(4.4.16)

z2(r,0,6) = Y, ) (A,,co8 w,,t+B,,sinw,,t)e"], (j, r/a). (44.17)

m=—-» n=1

This completes the solution of the problem. One can see that, aside from the
higher dimensionality of the eigenmodes, the solution procedure is identical to that
for the one-dimensional string.

Although the eigenmodes are complex, the coefficients A4,,, and B,,, are also
complex, so that the series sums to a real quantity. In particular, Egs. (4.4.15) and
(4.4.16) imply that the coefficients satisfy 4_, , =A%,k and B_,, =B, . Also,
Eq. (4.4.13) implies that w_,,, = w,,,. If we use these results in Eq. (4.4.17), we

can write the solution as a sum only over nonnegative m as

z(r,0,t) = Y (Ajg,c0os @yt + By, sin wy,t)Jo(jy.,r/a)
n=1
+ Y ) ([Amn eim9+A’*;,ne’i’”9] Cos w,, !

m=1n=1

+[B,, e™" + B}, e "] sin @,,t)],(j, r/a). (44.18)

The quantities in the square brackets are real; for example, A4,,, e’ + A* e "™’
=2Re(4,,, e"?). In fact, if we write A, =|A4, le'*", and B, =|B, le'*m,
where ¢, and ¢, are the complex phases of the amplitudes, then Eq. (4.4.18)
becomes

z(r,0,t) = Z (Ap, cos wy,t + By, sin wOnt)JO(jO,nr/a)

n=1
+2) X [IAmnlcos(0+ B ) COS @,
n=1 m=1
+ 1By, cos(8+ ¢y, ) Sin @] Ty (i, a7 /@) (4:4.19)
This result is manifestly real, and shows directly that the complex part of the

Fourier amplitudes merely produces a phase shift in the 6-dependence of the
Fourier modes.

Drumhead Eigenmodes The cylindrically symmetric modes of the drumhead
correspond to m =0 and have frequencies ®,, =j, ,¢/a. Unlike the modes of a
uniform string, these frequencies are not commensurate:

wy, = 2.40483c/a, wy =5.52008¢/a, wy; = 8.65373c/a, ... .
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These m =0 modes have no #-dependence. Like string modes, they are standing
waves with stationary nodes at specific radial locations. In the lowest-order mode,
the entire drumhead oscillates up and down, while in higher order modes different
sections of the drumhead are oscillating 180° out of phase with the center. One of
these modes, the m =0, n = 3 mode, is shown in Cell 4.41.

Cell 4.41

<<NumericalMath Y;
jO = BesselJZeros[0, 3];
Ylr_, 6.1 := BesselJd[0, jOILI31] rl;

Table [ParametricPlot3D[{r Cos[f]l, r Sin[#], Coslt] ¥[r, 01},
{r, 0, 1}, {6, 0, 2 Pi}, PlotRange— {-1, 1}, PlotPoints— 25,
BoxRatios— {1, 1, 1/2}1, {t, 0, 1.8 Pi, .2 Pi}l;

For m #0, the eigenmodes obviously have 6-dependence e""’=cosm6+
isin mf. As discussed above in relation to Eq. (4.4.19), the real and imaginary
parts simply correspond to oscillations that are shifted in 8 by 90°. Just as for the
cylindrically symmetric (72 = 0) modes, there are radial nodes where the drumhead
is stationary. However, there are also locations in 6 where nodes occur. This can
be seen in Cell 4.42, which plots the real part of the m =1, n =2 mode. For this
mode, the line 6 = 7/2 (the y-axis) is stationary. The reader is invited to plot some
of the other modes in this manner, so as to get a feeling for their behavior.

Cell 4.42

jl = BesselJZeros[1l, 31];
Ylr_, 01 := Besseld[l, j1[[2]] r]l Cos[6];

Table [ParametricPlot3D[{r Cos[f]l, r Sin[0], Coslt] lr, 01},

{r, 0, 1}, {6, 0, 2 Pi}, PlotRange— {-1, 1}, PlotPoints—
25,

BoxRatios— {1, 1, 1/2}1, {t, 0, 1.8 Pi, .2 Pi}l;
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Traveling Waves in & We have found that the general solution to the 2D wave
equation is a sum of eigenmodes with oscillatory time dependence, given by
Eq. (4.4.17). Each term in the sum has the form

(A, €08 @, t + B, sin w,,,t) "], (j, ,r/a). (4.4.20)

Let’s consider a specific case, where the complex amplitude B,,, equals —iA4,,, for

some given m and n. For this mode, Eq. (4.4.20) can be written as

mn

Amn(COS wmnt —isin C')mnt) eime']m(jm,nr/a) =Amn eiiwm”t eime‘]m(jm,nr/a)
=Amn ei(me_mm”t)‘lm(jm,nr/a)‘

This mode is a traveling wave in the 6-direction. The real part of the mode has a
¢-variation of the form cos(m— w,,,t+ ¢,.), so this wave moves, unlike a
standing wave. For example, at ¢ =0, there is a maximum in the real part of the
wave at mf+ ¢ =0; but as time progresses this maximum moves according to
the equation mf — w,,,td2 =0, 0or 0= —¢2 /m+(w,,,/mkt.

The angular velocity w,,,/m is also called the phase velocity ¢, of this wave.
Since the wave is moving in 6, this phase velocity has units of radians /per second.
In Chapter 6, we will consider traveling waves moving linearly in r. There, the
phase velocity has units of meters per second.

We could also choose B,,, = +iA,,, in Eq. (4.4.20). This results in a traveling
wave proportional to e’ """ This wave travels in the — 6 direction.

In Cell 4.43 we exhibit a drumhead traveling wave for m = 1, n = 1, traveling in
the positive 6-direction.

Cell 4.43

m=1; o= j1[[1]];

BesselJ[1, j1[I[1]1] r] CosImf- wt]l/; r<1;
0/; r>1;

Ylr_, 0_,
Ylr_, 0_,

t_]
t_1
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Table [ParametricPlot3D[{r Cos[f], r Sinl6], ¢Ilr, 6, tl},
{r, o, 1}, {6, 0, 2 Pi},

PlotPoints — 25, BoxRatios— {1, 1, 1/2}1,

{t, 0, 1.9 Pi/w, .1 Pi/w}l;

Sources and Inhomogeneous Boundary Conditions Traveling waves such as
that shown above are often created by moving disturbances (time-dependent
sources). For example, a boat traveling across the surface of a lake creates a wake
of traveling waves. Mathematically, these sources enter as a function S(r,¢) on the
right-hand side of the wave equation (4.4.1). The response to time-dependent
sources is found using an eigenmode expansion, in a manner that is completely
identical to that used for the one-dimensional wave equation. Problems such as
this will be left to the exercises.

Inhomogeneous boundary conditions on the wave equation can also be handled
in an analogous manner to the methods used for the one-dimensional wave
equation. For example, on a circular drumhead the rim might be warped, with a
height that is given by some function z,(6). This implies a Dirichlet boundary
condition

z(a,0) =z,(0). (4.4.21)

The wave equation is then solved by breaking the solution into two pieces,
z(r,0,t) = Az(r, 0,1) + u(r, 0). One can now use two approaches to finding the
solution. In the eigenmode approach, one chooses the function u(r, 6) to be any
function that matches the boundary condition, u(a, 0) = z,(6), and the remainder
Az then satisfies homogeneous boundary conditions, and also satisfies the wave
equation with a source created by u:

2 2
I8z _ ogia - S8 4 oz, (4.4.22)
at Jdt
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However, for this time-independent boundary condition it is easier to use a second
approach, by choosing a form for u which satisfies the Laplace equation, V?u = 0.
The solution for u is the equilibrium shape of the drumhead: z=u(r, ) is a
time-independent solution to the wave equation (4.4.1). The remainder term Az
then satisfies the wave equation without sources, subject to whatever initial
conditions are given in the problem.

The equilibrium solution for the shape of the drumhead can be found using the
Laplace solution methods discussed in Sec. 3.2.3. For instance, if the warp follows
the equation z(a, #) =asin26, the solution to Laplace’s equation that matches
this boundary condition is simply u(r, #) = (r*/a)sin26. [This follows from Eq.
(3.1.24), and can be verified by direct substitution into V?u = 0.] This equilibrium
shape is displayed in Cell 4.44.

Cell 4.44

ulr , 6.1 = r* Sin[2 0];

ParametricPlot3D[{r Cos[6]l, r Sin[6], ulr, 61},
{r, o, 1}, {6, 0, 2 Pi}, PlotPoints— 25
BoxRatios— {1, 1, 1/2},
PlotLabel — "equilibrium of a warped circular drumhead"];

On the other hand, for time-dependent boundary conditions, the eigenmode
approach must be used. Even if we choose u to satisfy the Laplace equation, a
source function will still appear in Eq. (4.4.16), because the time-dependent
boundary conditions imply that §?u/dt># 0. Problems of this sort follow an
identical path to solution as for the one-dimensional wave equation with a source
function, and examples are left to the exercises.

Equilibrium of a warped circular drumhead
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4.4.2 Large-Scale Ocean Modes

The large-scale waves of the ocean provide an instructive example of waves in
spherical geometry. Here, for simplicity we take the idealized case of a “water
world,” where the ocean completely covers the earth’s surface, with uniform depth
dy <R, where R is the radius of the earth. Also, we will neglect the effects of
earth’s rotation on the wave dynamics.

As we saw in Exercise (4) of Sec. 3.1, waves in shallow water (for which the
wavelength > d,) satisfy a wave equation with speed ¢ = @ , where g=9.8
m/s? is the acceleration of gravity. On the spherical surface of the earth, these
waves will also satisfy the wave equation, written in spherical coordinates. That is,
the depth of the ocean now varies according to d =d, + h(0, ¢,t), where h is the
change in height of the surface due to the waves, at latitude and longitude
specified by the spherical polar angles 6 and ¢. The function /4 satisfies the wave
equation,

_ 2w = 2 sing )y~ 20
2 = V(0. 6.0) = o3| 5ig ag Sin O sin’ 0 96)?

9%h 201 a( &h) 1 9%
at? ET)

}, (4.4.23)

where we have used the spherical form of V2, Eq. (3.2.27) [see Lamb (1932, pg.
30D

From our work on Poisson’s equation in spherical coordinates, we know that the
eigenmodes of the operator on the right-hand side of Eq. (4.4.23) are spherical
harmonics Y, (6, ¢). Furthermore, we know that the eigenvalues of this operator
are —c?l(I +1)/R? [see Eq. (4.3.55)]. Therefore, the amplitude of each spherical
harmonic oscillates in time at the frequency

_ c/I(1+1)

w, R (4.4.24)

The solution is a sum of these modes,

!
Y. (A, cos wt+B,,sinwt)Y, ,(0,$). (4.4.25)

m=—1

h(0,¢,t) =

1

I

It is entertaining to work out the frequencies and shapes of some of the low-order
modes, for earthlike parameters. Taking an average ocean depth of roughly d, = 4
km, the wave speed is ¢ =v9.8 X4000 m/s =198 m/s. The earth’s radius is
approximately R = 6400 km, so the lowest-frequency modes, with /=1, have
frequency w, =v2c/R =4.4x 107 s~!, corresponding to a period of 27/w, =
1.4 X 10° s, or 40 hours. The /=2 modes have a frequency that is larger by the
factor V3, giving a period of 23 hours. The /=1 and 2 modes are shown in Cells
4.45 and 4.46 for m = 0. In the [ = 1, m = 0 mode, water moves from pole to pole,
with the result that the center of mass of the water oscillates axially. Such motions
could actually only occur if there were a time-dependent force acting to accelerate
the water with respect to the solid portion of the earth, such as an undersea
earthquake or a meteor impact (see the exercises). Of course, such events also
excite other modes.
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The next azimuthally symmetric mode has /=2, and is shown in Cell 4.46. In
this /=2, m =0 mode, water flows from the equator to the poles and back,
producing elliptical perturbations. The reader is invited to explore the behavior of
other modes by reevaluating these animations for different /-values.

Cell 4.45

l =1; m = 0;
Table [ParametricPlot3D[(1 + .4 Cos[t]
SphericalHarmonicY[1l, m, 0, ¢])
{sin[0] cosl[¢l, Sinl[0l, sinl¢l, cos[01}, {6, 0, Pi},
{¢, 0, 2 Pi}, PlotRange— {{-1.2, 1.2}, {-1.2, 1.2},
{-1.2, 1.2}}1,
{t, 0, 2 Pi-0.2 Pi, .2 Pi}];

Cell 4.46

l =2; m = 0;

Table [ParametricPlot3D[1 + .2 Cos[t]

SphericalHarmonicY[1l, m, 6, ¢])
{sin[6] Cosl[¢l, Sinl6l, Sinl¢pl, Cos[Al}, {6, 0, Pi},
{¢, 0, 2 Pi}, PlotRange— {{-1.2, 1.2}, {-1.2, 1.2},
{-1.2, 1.2}}1, {t, 0, 2 Pi - 0.2 Pi, .2 Pi}l;
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Oscillations with m # 0 are also of great importance. Of particular interest is
the traveling-wave form of the /=m =2 perturbation, which is an elliptical
distortion of the ocean surface that travels around the equator. This mode is
actually a linear combination of the /=2, m = +2 spherical harmonics, and can
most easily be expressed in terms of the associated Legendre functions making up
these harmonics: Y, , , o P7(cos ) " *2¢~ 2 [Here we have used the fact that
P;*(cos 6) is proportional to P3(cos 6); see Table 3.2 in Sec. 3.2.4.] The resulting
disturbance is shown in Cell 4.47.

This type of elliptical traveling wave can be excited by the gravitational attrac-
tion of the earth to the moon. The moon appears to revolve about the earth daily
in the earth’s rest frame. This revolution, in concert with the earth—moon attrac-
tion, causes an elliptical distortion that follows the moon’s apparent position and is
responsible for the earth’s tides [see Eq. (4.3.80)]. It is interesting that the natural
frequency of this mode is 23 hours for the parameters that we chose; this means
that the mode is almost resonant with the gravitational force caused by the moon
(in our simple model, that is—on the real earth, there are many effects neglected
here, not least of which are the continents, which tend to get in the way of this
mode).

Cell 4.47

l =2;m=2;
Table [ParametricPlot3D[(1 + .05 LegendreP[l, m, Cos[60]]
Cos[m ¢ -t])
{sin[0] Cosl¢l, Sinl[0] Sinl¢l, Cosl[61}, {6, 0, Pi},
{¢#, 0, 2 Pi}, PlotRange— {{-1.2, 1.2}, {-1.2, 1.2},
{-1.2, 1.2}}1, {t, 0, 2 Pi - 0.2 Pi, .2 Pi}];
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4.4.3 The Rate of Cooling of the Earth

We now consider a classic heat equation problem in spherical coordinates, in
which the following question is addressed: a sphere of radius R, with thermal
diffusivity y, is initially at uniform temperature 7, and the surroundings are at
lower temperature 7,. What is the rate at which the sphere cools to temperature
T?

Since the problem has spherical symmetry, the spherical harmonics are not
needed, and the temperature 7(r, t) evolves according to the spherically symmetric
diffusion equation,

T s 275, (4.4.26)
with boundary condition T(R,t) = T, and initial condition 7(r,0) = T,,.

As usual, we remove the inhomogeneous boundary condition by writing 7(r, 1)
= AT(r,t) + u(r), where u is chosen to match the boundary condition. A simple
choice is u(r)=T,. Then AT evolves according to Eq. (4.4.26) with boundary
condition AT(R,t) =0 and initial condition

AT(r,0)=T,—T,. (4.4.27)

The solution for AT(r,t) follows a by now familiar path: we expand AT in the
spherically symmetric Dirichlet eigenmodes of the spatial operator in Eq. (4.4.26):

AT(r,t) = i c,(t),(r), (4.4.28)
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then recognize that these eigenmodes are the [ = 0 (spherically symmetric) spheri-
cal Bessel functions studied in previous examples:

(1) = M, (4.4.29)

with eigenvalues
A= —x(nm/R)’,  n=123,... (4.4.30)

[see Eq. (4.3.58) and Table 4.2]. These modes are orthogonal with respect to the
radial inner product given in Eq. (4.3.61). The evolution of ¢,(¢) then follows by
taking the inner product with , , yielding (d/dt)c,(t) = — x(nm/R)*c,, which has
the solution

c,(t)=A, e /R X, (4.4.31)
Finally, the constants A, are determined by the initial condition (4.4.27):

_ (U (r), T, ~ T))
! (Y th)

This completes the formulation of the problem. Before we exhibit the full
solution, however, it is instructive to examine the behavior of ¢,(¢) for different
mode numbers. Equation (4.4.32) implies that an infinite number of eigenmodes
are excited by the initial condition. However, eigenmodes with large n decay away
very rapidly according to Eq. (4.4.31). Therefore, at late times, the evolution is

determineg by the n=1 mode alone, with an exponential decay of the form
A, e (/R X

A

(4.4.32)

Let’s determine this exponential rate of thermal decay for the earth, a sphere
with radius R = 6400 km. The thermal diffusivity of the earth has been estimated
to be roughly y ~2 X 107% m?/s. The rate constant for the n =1 mode is then
(m/R)* x~5x10"" s7!. The reciprocal of this rate is the time for the tempera-
ture to drop by a factor of e =2.71..., and equals 60 billion years! This is rather
satisfying, since it is much longer than the age of the earth, currently estimated at
around 4 billion years. Thus, we would expect from this argument that the earth’s
core would still be hot, as in fact it is.

Looked at more carefully, however, there is a contradiction. The average
temperature gradient at the surface of the earth has been measured to be about
0.03K/m (or 30 K/km, measured in mineshafts and boreholes). Below, we plot
this surface gradient using our solution, Eq. (4.4.28), and assuming that the initial
temperature of the earth is uniform, and around the melting temperature of rock,
T, =2000 K.

Cell 4.48

Aln] = (T, - T,) Simplify[Integrate[r®2 Sin[n Pi r/R] /r,
{x, 0, R}I /
Integrate[r”2 Sin[n Pi r/R] *2/r*2, {r, 0, R}1,
n € Integers]
2 (-1)® R (-T, + T,)
nmw
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Cell 4.49

T, = 2000; T, = 300; R = 6.4 * 10%6; y = 2 * 10%-6;
M = 700;

year = 60*60%24%*365;

(* the temperature gradient: ¥)

Sin[n Pi r/R]

M
dTlr_, t_1 = Y Aln] DI - , rlexm F/RE,

n=1

Plot [dT[R, t 1076 yearl, {t, 1, 50},
AxesLabel —» {"t (10° years)","dT/dr|,... (°k/m)"}1,

dT/dr |,z (°K/m)
10 20 30 40 50 ¢

-0.02
-0.04
-0.06
-0.08

-0.1
-0.12

(Note the large number of radial modes needed in order to obtain a converged
solution.) From the plot of the temperature gradient, we can see that its magnitude
drops to the present value of 0.03K/m after only 20 million years or so, This is
much too short a time compared to the age of the earth.

The resolution of this paradox lies in the fact that the earth contains trace
amounts of naturally occurring radioactive elements. The radioactive decay of
these elements is a source of heat. The heat flux caused by this source creates a
temperature gradient at the surface through Fick’s law, Eq. (3.1.37). It is currently
believed that there is sufficient natural radioactivity in the earth’s interior to
explain the large surface temperature gradient observed in present experiments
[Garland (1979)].

EXERCISES FOR SEC. 4.4

(1) A drumhead has uniform mass density o per unit area, uniform wave speed
¢, and a fixed boundary of arbitrary shape. Starting with the equations of
motion, show that the energy E of transverse perturbations z(r,¢) is a
conserved quantity, where

2 2
E= (a2 | Z(22) + 28, v2 . 4433
Jor| 3|5 2

(2) (a) Find the frequencies and spatial form of the normal modes of oscillation
of a rectangular trampoline with length a, width b, and propagation

speed c.
(b) Find and plot (as a P1ot3D graphics object) the equilibrium shape of the
trampoline under the action of gravity, g=9.8 m/s? assuming that



(3)

4)

(5)

(6)
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Y
" d

Fig. 4.12 Exercise (5).

a=b=3m and ¢ =3 m/s. What is the maximum displacement of the
trampoline from the horizontal, to three significant figures?

(c) Determine the evoluation of a square trampoline with fixed edges of
length L =3 m and wave speed ¢ =3 m/s. Neglect gravity. The initial
condition is z(x, y,0) =t(x)t(y), where #(x) is a triangular shape,

; INET x<L/2,
(x) = L—x, x>L/2.

Animate this evolution for 0 <¢ <2 s using P1ot3D.

One edge of the frame of a square drumhead with unit sides is warped,
following z(0, y) = {sin27y. The other edges are straight, satisfying z = 0.
Find z(x, y) in equilibrium, and plot it as a surface plot using Plot3D.

A french fry has a square cross section with sides of length ¢ =1 cm and an
overall length L =5 cm. The fry is initially at a uniform temperature 7= 0°C.
It is tossed into boiling fat at 7= 150°C. How long does it take for the center
of the fry to reach 100°C? Take y =2 X 10~7 m?/s.

A cooling vane on a motor has the shape of a thin square with sides of length
a = 0.7 cm with thickness d = 0.2 cm (see Fig. 4.12). Initially, the motor is off
and the vane is at uniform temperature 7 = 300 K. When the motor is turned
on, a constant heat flux I' =500 W /cm? enters one thin edge of the vane,
and the other five faces are all kept at 7= 300 K. The thermal conductivity of
the vane is k =0.1 W/cm K, and the specific heat is C =2 J/cm® K.

(a) Find the equilibrium temperature distribution, and determine what is the

maximum temperature in the vane, and where it occurs.

(b) Plot the temperature vs. time as a sequence of contour plots in x and y
at z=d/2 for 0 <t <05 s.

Solve for the motion of a circular drumhead with a fixed boundary of radius

a =1 and sound speed ¢ = 1, subject to the following initial conditions:

(a) z(r,0,0)=r*(1 —r)’cos 46, d,z(r, §,0) = 0. Animate the solution for 0 <
t <2 using Plot3D.

() z(r,6,0)=0, 9,z(r,0,0)=5(r)/r. Animate the solution for 0<7<?2
using Plot.
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(a) Assuming that the measured temperature gradient at the earth’s surface,
0.03 K/m, is due to an equilibrium temperature profile 7,,(r), find the
required mean heat source {S), in W/m3, averaged over the earth’s
interior (presumably due to radioactivity). Take k =2 W /(mK).

(b) Plot T,(r), assuming that the heat source is distributed uniformly
throughout the earth’s interior, and that « is uniform, given in part (a).
Show that the temperature of the core is of order 10° K. (This huge
temperature is 30 times larger than current estimates. Evidently, the
radioactive heat source cannot be uniform, but instead must be concen-
trated mostly near the earth’s surface where the heat can more easily
escape [Garland, (1976), p. 356)].)

Solve the following heat equation problems in cylindrical coordinates:

(a) T(r,0,0)=05(r)/r in an insulated cylinder of radius @ =1 and thermal
diffusivity y = 1. Animate the solution for 0 <¢ <0.5.

(b) T(r,0,0)=0, in a cylinder of radius a = 1, thermal diffusivity y = 1, and
thermal conductivity k = 1. There is an incident heat flux I" = —cos 6F.

Damped waves on a circular drumhead, radius a, satisfy the following PDE:

dz(r,0,t) &zz(r,e,t) o2
7 + e =c*Viz[r,0,1],
where y > 0 is a damping rate.

(a) Find the eigenmodes and eigenfrequencies for this wave equation, assum-
ing that the edge of the drumhead at r =a is fixed.

(b) Solve for the motion for the initial conditions z(r, 8,0) = (1 —r)r?sin286,
z(r, 6,0) = 0, and boundary condition z(1, 6,¢) = 0. Animate the solution
fory=03,c=1,0<t<2.

A can of beer, radius a =3 cm and height L =11 cm, is initially at room
temperature 7 = 25°C. The beer is placed in a cooler of ice, at 0°C. Solve the
heat equation to determine how long it takes the beer to cool to less than
5°C. Assume that the thermal diffusivity is that of water, y=1.4x10""’
m?/s.

A drumhead has mass o per unit area (units kg/m?) and radius R. The
speed of propagation of transverse waves is c. A force per unit area,
F(r, 0,1), is applied to the drumhead in the z-direction. The wave equation
then becomes

9%z(r,0,1)

F(r,0,t)
at? o '

c*V3z(r,0,1) + (4.4.34)
A ring of radius ¢ =3 cm and mass m =5 kg is placed in the center of a
circular drumhead of radius R=1 m. The speed of propagation is ¢ = 100
m/s, and o=0.1 kg/m?. Including the effect of gravity on the drumhead
itself, find the equilibrium shape of the drumhead. [Hint: The force per unit
area due to the ring is proportional to §(r — a).]

A marble rolls in a circle of radius a around the center of a drumhead of
radius R, with mass per unit area o and wave propagation speed c. The
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a Fig. 413 Exercise (14).

marble creates a force per unit area F=F,e “l0-0 (=00’ where o is
the angular speed of the marble. Find the response of the drumhead to the
marble, assuming that the drumhead is initially motionless, and neglecting the
effect of gravity on the drumhead itself. Animate this response for two
rotations of the marble using contour plots, as a function of time, taking
Fy=0=a=1,R=2,c=1, a=20, and

(@) w=1,

b) w=4.

The edge of a circular drumhead of radius @ =2 m and ¢ = 1 m/s is flicked
up and down, following z(a, 6,¢) =t exp(—1¢) (¢ in seconds). Find the evolu-
tion of the drumhead, assuming that it is initially at rest at z = 0. Animate
z(r,t) as a series of plots for 0 <z < 10.

A drumhead has the shape of a wedge, shown in Fig. 4.13, with opening angle
a. The edges of the drumhead are fixed at z = 0. Find analytic expressions
for the frequencies and spatial forms of the normal modes for this drumhead.
Find the lowest-frequency mode for a =27°, and plot its form as a surface
plot. Plot the frequency of this mode as a function of « for 0 < @ < 360°.

A wheel of radius R =10 cm rotates on a bearing of radius a =1 cm, with
angular frequency w =100 rad/s. The surface of the wheel is insulated,
except at the bearing. At time =0 the wheel has uniform temperature
T, =300 K, but due to friction on the bearing it begins to heat. Taking the
torque due to friction as 7= 1 newton per meter of length of the bearing, the
heating power per unit length is 7w = 100 W /m. Assuming that this power is
dissipated into the metal wheel, with the thermal conductivity and heat
capacity of copper, find T(r,t) in the wheel.

A meteor strikes the north pole of a spherical planet of radius a = 5000 km,
covered with water of uniform depth d, =1 km. The acceleration of gravity
on the planet is g =10 m/s% Initially, the perturbed ocean height satisfies
h(8, ¢,0) =h,exp(—500?%), d,h(6, ¢,0) =0, where i, =100 m. Find the evo-
lution A(6, ¢,t) of the subsequent tsunami,and animate it vs. time using
Plot (as a function of 6 only) for 0 <¢ <50 hours.

A hemispherical chunk of fat has radius a =2 cm. The flat side of the
hemisphere sits on a stove, at height z=0. At ¢t =0 the temperature of the
fat is T, = 300 K. At this time, the stove is turned on and the surface at z=0
heats according to T =T, + (T, — T,)tanh(z/60), where T,=400 K, and
times are in seconds. Assuming that the rest of the fat surface exposed to air
has an insulating boundary condition, and that the fat has the thermal
properties of water, find T(r, 6, t). Plot the temperature vs. time at the point
farthest from the stove.
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A copper sphere of radius a = 10 cm is placed in sunlight, with an incident
thermal flux of I'=1000 W /m?, in the —z direction (on the upper side of
the sphere only). The sphere also radiates away this energy like a blackbody,
with a flux I =0T(a,0)* in the radial direction, where o is the
Stefan—Boltzmann constant.

(a) Assuming that the temperature distribution is spherically symmetric,

what is the temperature of the sphere in equilibrium?

(b) Find the actual equilibrium temperature distribution 7, ,(r,0) in the
sphere. [Hint: Copper is a very good heat conductor, so the temperature
distribution is nearly spherically symmetric. Therefore, you only need to
keep two or three terms in the generalized Fourier series for T,.(r, 6),
and you can Taylor-expand the Stefan—Boltzmann law around the spheri-
cally symmetric solution.]

(a) The energy levels E,,, for an electron confined in a spherical cavity of
radius a (a quantum dot) are described by the time-independent Schrodi-
nger equation,

ﬁll/lmn =E1mnd’lmn’ (4435)

where H = —(42/2m)V? + V(r) is the energy operator, m is the electron
mass, V' is the potential of the cavity (V=0 for r <a, V= for r > a),
Uinn(r, 0, @) are the associated energy eigenfunctions, and I, m,n are
quantum numbers enumerating the energy levels. Apply separation of
variables to this problem in order to find the energy levels and the energy
eigenfunctions. (Hint: In this potential, the boundary condition is =0
at r=a.) What is the lowest energy level in electron volts for a dot of
radius a =5 A2 (1A=10"" m; 1 eV =160 X 10 J.)

The electron energy levels in a hydrogen atom also satisfy Eq. (4.4.35), with
Hamiltonian operator H = —(42/2m)V2 — e /(4me,r), where m is the re-
duced mass of the system, roughly equaling the electron mass, and e is the
electron charge. Show by substitution of the following solutions into Eq.
(4.4.35) that the energy levels are given by

6’2

E =——, =1,2,3,..., 4.4.36
" 8meyan® " ( )

and that the eigenfunctions are
Bin = Yo (0, §)r'L2 4L (2r/na) e /"0, 0<I<n, |m|<l, (4.4.37)

where a = 4me > /me? is the Bohr radius, and where L#(x) are generalized
Laguerre polynomials, equal to the ordinary Laguerre polynomials for g= 0.
(In Mathematica these polynomials are referred to as LaguerreL[«, 3,x].)
In your solution you may use the fact that these polynomials satisfy the ODE

xLE +(B+1—-x)LE +aLf=0.

(Hint: In the Schrédinger equation scale distances to a and energies to
e?/dme,a.)
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Rubber supports two types of bulk wave motions: compressional modes and
shear modes. The compressional modes have displacements ér in the direc-
tion of propagation, creating compressions in the rubber. The shear modes
have displacements transverse to the propagation direction, so that V-6r =0,
and therefore no compressions occur in the shear modes. Consider the shear
modes in a spherical rubber ball of radius R. These modes satisfy the
following vector wave equation:

az
W8r= c2Vr,

where c; is the speed of shear wave propagatlon [see Love (1944)]. Assuming
that 8r = ¢ 8r,(r, 0, ¢) [i.e., the motion is in the (x, y) plane, in the ¢-direc-
tion], the boundary condition at the free surface of the sphere, r = R, can be
shown to be

d
RW5r¢= Srd,.

(a) By applying separation of variables to this wave equation, show that the
modes have the form

J
5ry(r, 0, ) = /T() P (cos 0),

and that the frequency w of normal modes satisfy

Jd J/+1/2(kR) Jl+1/2(kR)

R~ /R /R

where k= w/c, and where J; is a Bessel function, P/ is an associated
Legendre function, /=0,1,2,... and m= —[,—[1+1,...,1—1,1. Solve
numerically for the lowest four modes. Plot the dependence of these four
modes on 7.

(b) Choose 50 points distributed evenly along the great circle defined by
¢=0 and =, r =R, and follow the motion of these points as they are
carried along by the lowest normal mode for one period of oscillation.

Spherically symmetric compressional waves in a rubber ball of radius R
satisfy the following elastic wave equation:

2
2 br=c? —5 205, —281’
ot r dr

where 8r is the radial position change of a mass element, and ¢, is the speed

of compressional waves. These waves satisfy the following boundary condition
at the free surface r = R:

(2c§—4cf)% +c2=—=8r=0,

where c, is the speed of shear waves.
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(a) Show that the dispersion relation for these waves is

4kRc; cos kR = (4c] — ’R*)sin kR, ~ where k=w/c,.

(b) Solve for the lowest three frequencies, and in each case plot the radial
dependence of 8r, for () ¢, =c,, (i) ¢,=c,/ V2, (i) ¢, = 0.

A child drops a pebble into the center of a shallow pool of water of radius
a =1 m and depth A. The wave height z(r, t) satisfies the wave equation with
wave propagation speed ¢ = \/g—h =1 m/s. The initial disturbance has the
form z(r,0) = —z, exp(—30r*)(1 — 30r?), 9z(r,0) = 0, where z, =1 cm (and
r is measured in meters). The boundary condition at the pool edge is not
Dirichlet: the water surface at the pool edge can move up and down. To find
the correct boundary condition, we must consider the radial displacement 7
of fluid during the wave motion.

(a) Using the same techniques as were used in the derivation of Eq. (3.1.78),

show that the radial fluid displacement 7 is related to the wave height z
by

(b) The boundary conditions are n =0 at r =a, and 7 finite at r =0. Find
the eigenmodes and eigenfrequencies, and plot the wave height z vs. r
for the first three eigenmodes.

(c) Solve the initial-value problem stated previously, and animate the solu-
tion using Plot for 0 <f¢ < 2.

For bounded pools of shallow water with waves moving in one dimension
only, we saw in the previous problem that it is necessary to consider the
horizontal fluid displacement 7. For general wave motion in more than one
dimension, this displacement is a vector, n(r, ). Wave height z is related to
fluid displacement according to z = —hV-m. Using the same method as that
which led to Eq. (3.1.78), one can show that m satisfies the vector equation

2
%n(r,t) — VY n(r, 1), (4.4.38)

where ¢ = y/gh, for a pool with constant equilibrium depth /. The boundary
condition on this equation is fi-n = 0, where fi is a unit vector normal to the
edge of the pool.

(a) Using Eq. (4.4.38), show that wave height z satisfies a wave equation.

(b) Assume that n = Vé(r,t). This is called potential flow [see Landau and
Lifshitz (1959)]. Show that ¢ also satisfies the wave equation

(92
—F0=CV (4.4.39)
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with von Neumann boundary condition fi- V¢p = 0. Show that ¢ and z are
related according to z = —hV?¢.

(a) A coffee cup has radius @ and is filled with coffee of depth A. Assuming
potential flow and using Eq. (4.4.39), with r = (r, 6), find analytic expres-
sions for frequency and spatial form of the normal modes of the coffee.
What is the lowest-frequency mode, and what is its frequency? (Hint:
This mode is not cylindrically symmetric.) Plot the spatial form of
z(r, 0, t) for this mode.

(b) Find the frequency of this lowest mode for a cup of radius a =3 cm,
filled to a depth of & =1 cm. See if you can set this mode up in your
coffee. Measure its frequency with your watch, and use a ruler to
determine the depth of the coffee and the cup diameter. Compare to the
theory, and discuss any errors.

A wave machine excites waves at one end of a shallow square pool of side

L =1 by injecting and removing water sinusoidally in time along the left edge.

Along this edge (x = 0), the boundary conditions are time-dependent, with

fluid being displaced according to 7,(0, y, ) =y*(1 —y)*sin wyt. Along the

other three edges, fi-n = 0. Assume potential flow.

(a) Solve for the wave height z(x,y,t), assuming that ¢ =0 and d,¢ =
w,y*(1 —y)*x initially. Create an animation of the wave height using
Plot3D for the case w, =1 and ¢=0.2 for 0 <t <67.

(b) There are values of w, for which the wave response becomes large. Find
these values, and explain their meaning physically.

Sound waves in a fluid such as air or water satisfy equations of the same form
as those for gravity waves on a fluid surface, Eqs. (4.4.38) and (4.4.39), except
written in three dimensions. Assuming potential flow, the displacement of a
fluid element in the gas is given by n(x, y, z,t) = V¢, where ¢ satisfies Eq.
(4.4.39), and the sound speed is ¢ = \/ vpo/M , where M is the mass density
of the fluid, p, is the equilibrium pressure, and y is the ratio of specific
heats. Also, the perturbed pressure 6p in the wave is related to m by

8p=—p,V:m= —p,Vo. (4.4.40)

(a) A closed tube of length 2 with circular cross section supports normal
modes in the enclosed gas. The tube volume lies in the domain 0 <r <1,
0 <z <2. Find the frequencies of the cylindrically symmetric normal
modes in this tube and the spatial form of the modes. (Hint: First, show
that the function ¢ satisfies von Neumann boundary conditions.)

(b) Call the (r, z) mode numbers the integers (I, n), with (/, n) = (0,0) denot-
ing the lowest mode (with zero frequency). Plot the displacement field n
for the (1, n) = (1,2) mode in the (x, z) plane using PlotVectorField.

(c) A circular portion of the end of the cylinder at z =0 is a loudspeaker: an
elastic membrane, which is driven by an external force to oscillate as
8z(r,0,1) =z,(1 — 4r?)sin w,t, for r <3, and 8z(r,0,¢) =0 otherwise.
Find the response of the pressure 8p(r, z,t) in the gas inside the piston
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(d)

as a Fourier series, assuming that 6p =0 for all ¢<0. [Hint: The
potential ¢ at z =0 has a discontinuous derivative as a function of r.
Therefore, to put the equation in standard form it is important to find a
function u(r, z,t) that matches these boundary conditions but remains
smooth in the interior of the domain. Use the solution of V2u = p(¢) with
the appropriate discontinuous boundary conditions, choosing p(¢) so as
to satisfy the Gauss’s law constraint condition on problems with von
Neumann boundary conditions.]

Taking ¢ =1, w,= 10, and keeping 15 normal modes in the r-dimension
and 6 in the z-dimension, animate 8p vs. x and z in the y = 0 plane for
0<t<2.

(28) A solid sphere of radius a is concentric with a larger hollow sphere of radius
R. At t =0, the smaller sphere begins to move up and down along the z-axis,
according to 6z(¢) =z, sin w,t. Assume potential flow, and also assume a
free-slip boundary condition at the surface of the spheres, so that the
boundary condition at r=a is £+ml,_, = 6z(¢f)cos 6, and at r=R is £-m|,_p
=0. (The fluid is allowed to slip along the sphere’s surface, but cannot go
through the surface.) Find the resulting pressure distribution in the cavity
between the spheres, dp(r,6,t), in spherical coordinates by solving for
¢(r, 6,1) with the appropriate von Neumann boundary conditions and apply-
ing Eq. (4.4.40). Plot 8p vs. time in the (x,z) plane for 0 <f <4, taking
c=1,a=1, R=3,and w, =2, and keeping the first 10 radial eigenmodes.
(The mode frequencies must be determined numerically using FindRoot.)
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CHAPTER 5

PARTIAL DIFFERENTIAL EQUATIONS
IN INFINITE DOMAINS

In Chapters 3 and 4, we found solutions to various partial differential equations in
finite spatial domains. In order to determine the solution, it was necessary to
specify boundary conditions. In this chapter, we explore solutions to PDEs in
infinite spatial domains. One often encounters effectively infinite domains, where
the boundaries are sufficiently far from the region of interest to have negligible
influence on the local behavior of the solution.

Take, for example, a large object, inside which a localized temperature pertur-
bation T(r,t) evolves, far from the edges of the object. (See Fig. 5.1.) This
perturbation could be expanded as a sum of eigenmodes for the system, but then
boundary conditions would have to be specified, and this ought to be unnecessary.
It should make no difference to the local evolution of the temperature whether
the boundaries are insulated or are conducting, given that they are far from the
perturbation. Also, if the boundary has some complicated shape, it could be diffi-
cult as a practical matter to determine the eigenmodes.

In Sec. 5.1 we will see that problems such as this can be solved using Fourier
transforms, provided that the system in question is uniform in space and time over
the region of interest (i.e., the system is without spatial or temporal variation in
intrinsic parameters such as the wave speed or the thermal conductivity). Recall
that in Chapter 2 Fourier transforms were used to describe arbitrary functions
defined on the entire real line. Thus, they are just what is needed to describe the
evolution of solutions to PDEs in infinite domains. Furthermore, we will see that
these Fourier transform solutions can be determined without imposing specific
boundary conditions.

In Sec. 5.2 (and Sec. 5.3 in the electronic version) we consider systems that are
nonuniform but still effectively infinite, in the sense that perturbations are local-
ized far from boundaries, so that boundary conditions need not be specified. Now
parameters such as the sound speed or conductivity vary with position or time in

355
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X

Fig. 5.1 Localized temperature perturbation.

the region of interest. We will discuss an analytic approximation technique for
determining the local evolution of the solution, called WKB theory.

5.1 FOURIER TRANSFORM METHODS

5.1.1 The Wave Equation in One Dimension

Traveling Waves We first consider solutions to the wave equation in one
dimension, on an infinite uniform string running from —o <x < oo

) (5.1.1)

subject to the initial conditions
y(x,O) =y0(x)9

7¥(an) = uy(x). (5.1.2)

This problem can be solved by applying the spatial Fourier transform operator
F = [*_ dce *** to both sides of Eq. (5.1.1):

92 NFL
T =FeS (5.1.3)

IS
‘<

JK

B

On the left-hand side, we can exchange F with d2/d¢%, writing

A0ty 9 A 9%
F—2="Fy=—7,
oz a2 YT r2?

where j(k,t) is the spatial Fourier transform of y(x,¢), given by

(k. 1) =f_xxdxe’ikxy(x,t). (5.1.4)
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On the right-hand side of Eq. (5.1.3), we use Eq. (2.3.18) to write Fc? 9%y /ox* =
—c?k?Fy = —c*k?*§. Thus, Eq. (5.1.3) becomes a second-order ODE in time,

2

J9° - »
—ai(k,t) = =k 5(k, 1), (5.1.5)

This ODE is merely the harmonic oscillator equation, with an oscillation frequency
that depends on the wavenumber k according to

w(k) = ck. (5.1.6)

Such a relation between frequency and wavenumber is called a dispersion relation.
It is convenient to write the general solution to Eq. (5.1.5) in exponential
notation,

F(k,t) = C(k) e"*® 4 D(k) eo®r, (5.1.7)

where C(k) and D(k) are the two undetermined coefficients that appear in this
second-order ODE. These coefficients can take on different values for different
k’s and so are written as functions of k. We can then transform the solution back
to x-space by applying an inverse Fourier transformation, Fl= 12 dk/2m) ™,
to Eq. (5.1.7):

y(x,t) = F- $(k,t) = f —C(k) pilkx— w(k)t]_,_/ —D(k) eilkx+ o

(5.1.8)

Equation (5.1.8) is the general solution to the wave equation on a one-dimensional
infinite uniform string. It looks very similar to the eigenmode expansions encoun-
tered in Chapter 4, except that now we integrate over a continuous spectrum of
modes rather than summing over a countably infinite set. In fact, one can think of
the functions e™** and e "** in Eq. (5.1.8) as eigenmodes of the operator ¢ 32/ dx?,
in that this operator returns these functions unchanged except for a multiplicative
constant (the eigenvalue, —c?k?). However, unlike regular eigenvalue problems,
there are no boundary conditions associated with these functions at + .

Equation (5.1.8) can be further simplified by substituting the dispersion relation,
Eq. (5.1.6):

y(x,1) =f:%C(k) ik ff>+/ —D(k) ekrten (5.1.9)

The functions e***¢" and e’**~¢" represent traveling waves, propagating to the
right and left respectively. The real parts of these two functions are shown in Cells
5.1 and 5.2 taking ¢ =1 and k = 1. (The plots in Cells 5.1 and 5.2 differ only when
animated, so only the former plot is included in the printed version of the book.)
These traveling waves extend over the whole real line, and are periodic in both
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time and space. The spatial period of the waves is the wavelength A, and is related
to the wavenumber k& by A =2w/k. The temporal period T is related to the
frequency w(k) by T =27/ w(k).

Cell 5.1

c =1; k = 1;

Table[Plot [Re[e'* *°®], {x, 0, 6 Pi},
PlotLabel — "Re[el* *°®)]w  AxesLabel— {"x", "nr}],
{t, 0, 1.8 Pi, .2 Pi}]l;

Re [eik(x —-ct)]

Cell 5.2

c =1; k = 1;

Table [Plot [Re [el* >+ ], [x, 0, 6 Pi},
PlotLabel — "Re[el* **°®)]n  aAxesLabel— {"x", "n"}],
{t, 0, 1.8 Pi, .2 Pi}l;

The speed at which the waves propagate can be seen to equal c, since the waves
can be written as e’***)_ For instance, the motion of a wave maximum in the
previous animations is determined by the condition that the argument of cos k(x +
ct) equals 0. Therefore, the location of the maximum satisfies x + ¢t = 0, which
implies that the maximum moves with velocity +c.

General Solution The general solution to the wave equation (5.1.9) is a linear
superposition of these traveling waves, propagating to the left and the right. This
solution can also be written in another, illuminating form. If we define two
functions f(x) and g(x) according to

> dk ; * dk .
f) =] e e, g(x)=[ FZD(k)e™,  (5.1.10)
then Eq. (5.1.9) becomes

y(x,t) =f(x—ct) +g(x+ct). (5.1.11)

Equation (5.1.11) is another way to represent the general solution to the wave
equation in one dimension. It is called D’Alembert’s solution. The functions
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f(x —ct) and g(x + ct) are arbitrary disturbances traveling to the right and left
respectively with constant speed ¢, and without changing their shape. We dis-
cussed this behavior previously; see Eq. (3.1.26).

In order to determine the connection between these propagating disturbances
and the initial conditions, we evaluate Eq. (5.1.11) and its time derivative at ¢ = 0,
and use Eq. (5.1.2):

y(x,0) =f(x) +8(x) =yo(x),
ay of g
W(x,O) = —cﬁ(x) +cﬁ(x) =vy(x).
In the second line we have used the chain rule to write (Jf/dt)Nx —ct) =
—c(df/dx)x — ct), and similarly for the time derivative of g. These two equations

are sufficient to determine f and g in terms of y, and v,. To do so, operate on
both equations with a Fourier transform. Then, using Eq. (5.1.10), we obtain

C(k) +D(k) =5,(k),

. ) (5.1.12)
—iw(k)[C(k) = D(k)] =By(k),
where we have also used Eq. (2.3.18) and (5.1.6), and where y, and 0, are the

Fourier transforms of y, and vy, respectively. Solving these coupled equations for
A(k) and B(k) yields

c(k)=%(ﬁo(k)+iifgllg)’ (5.1.13)
D(k)=%(y~0(")"%gg )

The functions f and g then follow from Eq. (5.1.10).

For example, if the initial perturbation is stationary, so that v,(x)=0 but
yo(x) # 0, then equations (5.1.13) imply that C(k) = D(k) =7y ,(k)/2. Equations
(5.1.10) and (5.1.11) then yield

y(x, 1) = 2E+D) ;yO(’“—”). (5.1.14)

The initial perturbation breaks into two equal pulses, traveling in opposite direc-
tions. Recall that this was the behavior observed in Example 2 of Sec. 3.1.2, up to
the time where the pulses encountered the boundaries.

5.1.2 Dispersion; Phase and Group Velocities

The Schrédinger Equation for a Free Particle Moving in One Dimension
Let’s now apply the Fourier transform analysis to another wave equation: the
Schrodinger equation for the evolution of the wave function #(x,t) of a free
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particle of mass m moving in one dimension,

., 0 h* 92
lﬁg¢(x,t)=—%md/(x,t). (5.1.15)
This ODE is first-order in time, and so is supplemented by a single initial

condition on the wave function at ¢t = 0:

¥ (x.0) = iy (2). (5.1.16)
Application of the spatial Fourier transformation operator F= /7. dce ™ to
both sides of Eq. (5.1.15) yields the following ODE:

27,2
ﬂ&(k,t), (5.1.17)

., 0 =

lﬁa—t([/(k, t) = m
where 1Zf= ﬁz,/; is the spatial Fourier transform of . This first-order ODE has the
general solution

Pk, t) =C(k)e et (5.1.18)

where C(k) is the undetermined constant, a function of the wavenumber k, and
w(k) is given by

w(k) = gimz (5.1.19)

An inverse transformation of Eq. (5.1.18) then yields the general solution for

#x, 1)
= dk iTkx—o(k
p(x,0)= [ 5-C(k)elkxotn, (5.1.20)

Equation (5.1.20) implies that the wave function for a free particle can be
written as a superposition of traveling waves, each of the form e**~ ] These
waves propagate with a velocity that depends on the wavenumber, termed the
phase velocity v,(k). The phase velocity refers to the velocity of a point of given
phase ¢ on the wave, where ¢ = kx — w(k)t. For example, the real part of the
wave has a maximum at ¢ =0. The maximum moves according to the equation
0 = kx — w(k)t. Therefore, the speed at which this point moves is given by

u,(k) = (k) /k. (5.1.21)

For a string, with dispersion relation w(k) = ck, Eq. (5.1.21) implies that v,(k) =c,
so that waves of any wavenumber propagate at the same speed. Here however,
Egs. (5.1.21) and (5.1.19) imply that v,(k) = ik /2m, so long waves propagate more
slowly than short waves. This variation of phase velocity with wavenumber is called
dispersion. Dispersion has important consequences for the behavior of the free-par-
ticle wave function, as we will now see.

The effects of dispersion are most easily addressed with an example. Consider
the evolution of a wave function from the following initial condition:

Yo(x) =Ae ¥ /e ik, (5.1.22)
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The functions | ¢,(x)| and Re ¢,(x) are displayed in Cell 5.3. This initial condition
is a wave with wavenumber k, and varying amplitude that vanishes as |x| — o.
This sort of wave function is often referred to as a wave packet. According to the
tenets of quantum theory, the probability of finding the particle in the range from
X to x +dx is Ilp(x)lzdx, so Eq. (5.1.22) describes a particle localized to within a
distance of roughly a from the origin. The constant A4 in Eq. (5.1.22) is determined
by the condition that

[l Pac=1;

or in words, there is a unit probability of finding the particle somewhere on the
real line. For ,(x) given by Eq. (5.1.22), this implies that A =1/V2ma*.

Cell 5.3

A = 1/V2pPi a?;
Yolx 1 = A Expl-x "2/(2 a®2) + I k, x]; a = 1/8qrt[2];
k, = 12;
Plot [{Abs [y, [x]1]1, Rely,[x11}, {x, -4, 4}, PlotRange— All,
PlotLabel — TableForm[{{StyleForm["||J,(x) |", FontColor —
RGBColor [0, 0, 011,
",", StyleForm["Rely;[x]1]", FontColor—
RGBColor[1l, 0, 111}},
TableSpacing— 0], AxesLabel — {"x/\/z_a", nl,
PlotStyle — {RGBColor [0, 0, 0], RGBColor[l, 0, 11}1;

[¥o(x) |, Rely,lx]]

¢

<

q
¥
Y

o

(=]
B

LI 2 .9 G O O

To find how this initial condition evolves, we can use Eq. (5.1.20). But we need
the function C(k). This function is determined using Egs. (5.1.20) and (5.1.16):

o

()= [ k) e, (5.1.23)

— o0
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Thus, C(k) can be recognized as the Fourier transform of the initial condition:

C(k) — /_xdxefikx;efxz/ZazwLikOx.

2ra’

This integral can be evaluated analytically:

Cell 5.4

Clear["Global‘*"];

Integrate Exp[-I k x + I k0 x - x*2/(2a”2)1,

1
V27a
{x, -Infinity, Infinity}, Assumptions—a> 0
e 33" (k-k0)?
Therefore,

C(k) =e @k’ /2,

(5.1.24)

(5.1.25)

The Fourier transform of the initial condition is another Gaussian, peaked
around the central wavenumber of the packet, k. The width in k of this spectrum
is of order 1/a. Thus, as the width a of the inital condition increases, the Fourier
transform (5.1.25) of the packet decreases in width, becoming more sharply peaked
around k. This is expected from the uncertainty principle of Fourier analysis,

discussed in Chapter 2.

Equation (5.1.20) implies that the wave function evolves according to

_ (T Ak kg itk (i 2my]
Y(x,t) € e
) 2w .

This integral can also be evaluated analytically, although the precise form of the

result is not of importance at this point:

Cell 5.5

YIx_, t_ 1 = Integratel

e 7" (-k0O® Byo [T (k x - £ k*t/(2 m))],
{k, -Infinity, Infinity}1/ (2 Pi)

mx?+i a? kO (-2m x+k0 t#h)
e 2 a? m+2 i th

Vamy/ a?+ ith
m

The probability density | )% is shown in Cell 5. 6 for an electron with k, = 100 At

and a =700 A, where 1 angstrom (A) is 1071
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Cell 5.6

m 9.11 10%-31 ; % 1.05 10*-34;
o o 1

A = 10%-10; a = 700 A ; kO = 10%-2 A %;

Table [ . .
Plot[Abs[[x, t]1]1"2, {x, -2000 A, 20000 A},
AxesLabel - {"x (meters)", "v},

PlotLabel - " (|])?, "<>ToString[t/10”-11]<>"x10 ''sec",
PlotRange— {0, 1/(2 Pi a?*)}1, {t, 0., 15 10*-11,
1. 10%-11}1;

(j¥)?, 0.x10™ sec (1¥])3, 5.x107 gec:
3 x10%3 3 x10%?
2.5 x10? 2.5 x10%?
2 x10* 2 x10%*
1.5 x10% 1.5 x10%?
1 x10Y 1 x10™?
5 X10 5 x 102

Aol gl b aasl x (meters) bl Lo dlaa s bt x (meters)
1 x107¢ 2 x107¢ 1 x1078 2 x107®
(1¥})2, 10.x107!! sec (1¥])?, 15.x107** gec

x (meters) x (meters)
1 x107¢ 2 x107¢ 1 x1078 2 x107°

Our choice of initial condition leads to an electron that travels to the right with
constant velocity. As the electron propagates, its probability density spreads: the
electron becomes delocalized. First, we will consider what sets the speed of the
wave function as it moves to the right, then we will discuss the spreading of the
wave function.

Group Velocity The previous calculation shows that the electron traveled roughly
107% min 107! s, implying a speed of about 10* m/s. What sets this speed? One
might think that the speed is determined by the phase velocity v, of waves with the
central wavenumber k, of the wave packet. Using Eq. (5.1.19) and (5.1.21), v,(k,)
is evaluated as

Cell 5.7

fk0/ (2m)
5762.9

This phase velocity, measured in meters per second, is less than the observed
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electron speed by roughly a factor of two. In fact, we will now show that the
electron wave packet travels at the group velocity.

In this wave packet, the spectrum of wavenumbers C(k) is sharply peaked
around k,. We can then approximate the wavenumber integral in Eq. (5.1.20) by
Taylor-expanding w(k) about k = k:

)

(5.1.26)

oo

y(x,1) =f ocg—];_C(k)exp{i[kx_ (‘”(ko) + (k—ko)%

If we neglect the higher-order terms in the Taylor expansion, and keep only those
terms shown, then we can write the wave packet as
]
k=k

(5.1.27)

(x,1) = exp[i(ko%‘kku - w(ko))t]/j;g—iC(k) exp[ik(x -2

The Fourier integral in Eq. (5.1.27) can now be evaluated using Eq. (5.1.23):

k_ko“fv(ko))t] wo(xr—-{;£ k=kut)'

Thus, aside from a phase factor that is unimportant in determining ||°, we see
that the initial condition ¢,(x) simply moves with a velocity equal to dw/dkl;_, .
This is the group velocity of the wave packet:

Y(x,t) =exp[i(ko%

Jw
Ug(kO) = W

(5.1.28)

k=kg '

Evaluating this derivative using the dispersion relation for a free particle, Eq.
(5.1.19), yields the following result for the group velocity:

v, (ko) = tiky/m =20,(k,). (5.1.29)

For the parameters of our example, v, = 11,500 m /s, which is in rough agreement
with the observed speed of the packet.

The fact that the phase velocity of waves at k =k, is unequal to the group
velocity means that waves making up the packet move with respect to the packet
itself. This cannot be seen when we plot |z,[1|2, but is very clear if we instead plot
Reys, as shown in Cell 5.8. In the animation one can clearly observe the peaks and
troughs falling behind in the packet, which is what we should expect given that the
phase velocity is half the group velocity.

Cell 5.8

Table [Plot [Re [¢/[x, t1], {x, -2000 A, 20000 A},
PlotRange— {-1, 1}/Sqrt[2 Pi a”2], AxesLabel —
{"x (meters)", "v},
PlotLabel — "Re[#], t=" <>ToString[t/10”-11] <>"x10 ''sec",
PlotPoints—300], {t, 0., 1.5 10%-10, .2 10*-11}];
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Re(¥],t =0.x107 sec Relyl,t =5.x107" sec
4 x10 4 %10
2 x1 2 x10¢
PP S SEE U B GG L x (meters) hd. .--\A ekl L0 b L x (meters)
5 x1077 1 x107% 1.5 x10°% 2 x107f yH 1 %10 1.5 x107 2 x107¢
-2 x1 -2 x10°
~4 %10 -4 x10°
9 Refy], t =10.x107" sec Rel[¥],t =15.x 1071 sec
o
4 x10° 4 x106

2 x10°| 2 x10°
x (meters) el l,m\.,AI\M x (meters)
167¢ 2 x107¢ 5 x107 1 x107¢ yu‘-“ 107
-2 %108 -2 x10° ‘

-4 x10°

T T

Dispersion We now consider the spreading of the wave packet. This spreading is
a consequence of the dispersion in phase velocities of the separate wave making up
this wave function. Each wave, with form el**~ %] travels with its own distinct
phase velocity, and as a result, the initial condition disperses as slow waves fall
behind and fast waves outpace the packet.

In order to understand this dispersion, it is necessary to go beyond the
first-order Taylor expansion in Eq. (5.1.26), and keep second-order terms as well,
writing (k) = w(k,) + (k — ko)v, (ko) + a(k — k), where the constant «
=1(3/ dk)v,(ky). [For the free-particle group velocity given by Eq. (5.1.29), this
constant is independent of k,: a=7%/2m.] Then Eq. (5.1.20) becomes

= dk ;
P (x,1) :f 5-C(k) eitkx—Lw(ko)+(k—k )vg(ko)+a (k=K )]t}

The wavenumber integration in this equation cannot be performed analytically
in general, but can be for various special cases, including the Gaussian wave packet
given by the spectrum of Eq. (5.1.24). The result for this case is

eilkox—w (ko] e—[x—ug(kg)z]2 /Qa’+4iat)

\/277(612 +2iat)

Y(x,t) = (5.1.30)

This shows that the envelope of the wave packet remains a Gaussian during its
evolution, but the width of the Gaussian increases with time. This is what we
observed in the previous animations.

We define the width in the following (somewhat arbitrary) way. For a Gaussian
of the form e ™"/ 2“2, the width is defined as a (the value of x where the Gaussian
falls to 1,/2 e = 0.606 ... of its maximum). For a Gaussian of the form e /24+iB),
the width is defined as the width of the envelope function. Writing the Gaussian as
e ¥ (AZiB/AABY) the envelope is the nonoscillatory part of the exponential,

e ¥ A/AA+BY) Thys, the width w is w = \/( A*+ B*) /A . Applying this definition
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to Eq. (5.1.30), we find that the width of the wave packet increases with time

according to
2.2
w(r) = e + 40;; . (5.1.31)

This result applies to Gaussian wave packet traveling through any dispersive
medium, not just to solutions of Schrddinger’s equation. We will see other
examples in the exercises and in future sections. Note that for times t < a?/2a,
no spreading occurs. For these early times we can neglect dispersion and use Eq.
(5.1.27) to describe the wave packet.

The rate of increase in the width is controlled by the parameter «. For a
nondispersive system, where v, = ¢ = constant, we have =0 and packets do not
disperse. This is in line with our previous understanding of solutions to the wave
equation on a uniform string.

5.1.3 Waves in Two and Three Dimensions

Schrédinger Equation in Three Dimensions When a free particle of mass m
propagates in three dimensions, the wave function #(r,¢) of the particle is
described by the Schrddinger equation,

., 0 h o,
ihi— Y(r,t)=— 2 y(r,t). (5.1.32)

As in the previous one-dimensional case, this equation is first-order in time, and
must therefore be supplemented with an initial condition,

W (r,0) = Py (r). (5.1.33)

The evolution of ¢(r,¢) from this initial condition can again be obtained using
Fourier transform methods. We apply three separate transforms consecutively, in
X, y, and z, defining

Jr(kx,ky,kz,t) =f dxe*ik*‘)‘f dye*"kyyf dze %3 (x,y,z,t). (5.1.34)
This Fourier transform can be written more compactly as

(k1) = [dPre ™y (r,1), (5.1.35)

where k= (k,, k,, k,) is called the wave vector. Then by Fourier transforming Eq.
(5.1.32) in x, y, and z we find that

fi%k?
2m

i (k1) = (k). (5.1.36)
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where k = \/ k;+k? +k? is the magnitude of the wave vector. This equation is
identical to that for propagation in one dimension, and has the solution

U(k, 1) = C(k) e et (5.1.37)

where the constant of integration C(k) can depend on all three components of the
wave vector, and where w(k) depends only on the magnitude of k, and is given by
Eq. (5.1.19). Taking an inverse transform in all three dimensions then yields the
solution for ¢ (r,t):

d’k —
Y(r,t) = C(k) elkriokr, 5.1.38
(00 = [ 5y €W (5.1.38)
This is a wave packet consisting of a superposition of traveling waves, each of the
form e’ 1@ A given phase ¢ of this wave satisfies

b =k-r—w(k)t. (5.1.39)

The meaning of Eq. (5.1.39) can be understood by defining coordinates (X, y, Z)
with the Zz-axis aligned along k. (See Fig. 5.2.) Then Eq. (5.1.39) becomes

¢ =kz— w(k)t, (5.1.40)
or in other words, z = ¢/k + w(k)t/k. But X and y are not determined, and can

take on any values. This implies that Eq. (5.1.39) defines a plane of constant phase
that moves with speed w(k)/k in the direction of k. Therefore, the phase velocity

Fig. 5.2 Location of a plane of constant phase
% ¢ at time ¢.
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of a wave with wave vector Kk is

w(k)

vy(k) = k, (5.1.41)
where k is a unit vector in the direction of k. This generalizes our previous
one-dimensional result, Eq. (5.1.21). On the other hand, a wave packet centered at
wavenumber k will move at the group velocity,
Jow Jdow Jw
v, (k) _(ak ak 'K, ) (5.1.42)

This follows from an argument that is analogous to that given previously for the
one-dimensional case. One can write Eq. (5.1.42) more compactly as v,(k) = dw/ dk,
where d/dk=(d/dk,,d/dk,,d/dk,).

Group Velocity in an Isotropic Medium 1If a system is isotropic, so that
depends only on the magnitude of k and not its direction, then the group velocity
simplifies somewhat. The definition of the group velocity, Equation (5.1.42),
implies that

dk dw
v (k) = w(k) = K Ik
where the second equality follows from the chain rule. However,
ok _ (o d ot (ke B k) s
7K = ( ok, 9K, " Ik, )\/k Ttk =T w ) Tk

where k is a unit vector in the direction of k. Thus, the group velocity is
v (k) =k 2. (5.1.43)

In an isotropic system, the group and phase velocities are both along k, although
they are generally of different magnitudes.

The Wave Equation in Three Dimensions

The Initial-Value Problem. Let’s now consider the wave equation for propagation
in two or three dimensions,

(92
—pP(r 1) =c*Vip(r,1). (5.1.44)

Here we are thinking of p as the pressure in a compressional sound wave, and ¢ as
the speed of sound. However, this same equation applies to the propagation of
light waves, and in two dimensions it applies to waves on a drumhead, or on the
surface of water (with a suitable reinterpretation of the meaning of the symbols p
and c¢).
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Equation (5.1.44) must be supplemented by two initial conditions,
p(r,0) =py(r),

%(r,O) oo, (5.1.45)

The solution for p follows from Fourier transformation with respect to r. The
Fourier transform of p, p(k,¢), satisfies the second-order ODE

9* -
Wp(k,t) = —c?k*p(k,1). (5.1.46)

Therefore,

p(r,t) =

(;l ) ikr— w(k)t]+fWD(k) eilkrro®n(5.1.47)
au

where C(k) and D(k) are undetermined coefficients, and w(k) = ck is the disper-
sion relation for the waves, k being the magnitude of the wave vector k. The
functions C(k) and D(k) are found by matching to the two initial conditions
(5.1.45). Evaluation of Eq. (5.1.47) and its time derivative at time ¢ = 0 yields, after
Fourier transformation, two equations for C(k) and D(k). Following the same
approach as in the 1D case studied in Sec. 5.1.1, we obtain

c =3[ + 1203 .

D09 = 3 7o =i 2 |

(5.1.48)

where p, and 0§, are the Fourier transforms of the initial conditions. Equations
(5.1.47) and (5.1.48) are the solution to the problem.

However, the form of Eq. (5.1.47) can be inconvenient in some applications, for
the following reason: for given wavenumber k, there are two possible frequencies
appearing in Eq. (5.1.47), £ w(k). These two choices merely correspond to wave
propagation with and against the direction of k. However, this implies that there
are now two group velocities and fwo phase velocities for every value of k, each
pair with equal magnitude but opposite direction. This occurs because the wave
equation is second-order in time, so the dispersion relation is a polynomial in w of
order 2, with two solutions. This was not the case for the solution to Schrodinger’s
equation (5.1.38), because that equation is first-order in time.

In fact, for more general wave equations (such as vector wave equations, or
scalar wave equations of order 3 or higher in time), there can be multiple roots to
the dispersion relation, w,(k), i =1,2,.... Each of the roots gets its own Fourier
integral in Eq. (5.1.47). Such equations describe wave propagation through media
such as plasmas or solids. The multiple dispersion relations correspond to physi-
cally different modes of propagation, such as shear and compressional waves in the
case of a solid.
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However, Eq. (5.1.44) describes only one type of wave, and it should be possible
to simplify the solution to reflect this fact. Indeed, we will now show that Eq.
(5.1.47) can be simplified, because our system is isotropic. Recall that an isotropic
system is one that looks the same in all directions, and in particular, the dispersion
relation depends only on the magnitude of k, w = w(k).

Because of isotropy, we can write Eq. (5.1.47) in a form where there is only one
frequency for each value of k. First, we transform the integral involving D(kK) in
Eq. (5.1.47), taking k » —k:

3
4K _p(—k)el-krtotn (51.49)
ar

(2m)’

Note that the frequency w(k) remains the same in this transformation, since
depends only on the magnitude of k. Next, we observe that Eq. (5.1.48) implies
that D(—k) = 3[ p,(—k) — it,(—k) /w(k)]. However, the functions p,(r) and v,(r)
are real, so according to Eq. (2.1.7), their Fourier transforms have the property
that p,(—k) =p,(kK)* and 5,(—k) = ,(k)*. Therefore, we find that D(—k) = C(k)*,
from which it follows that

p(r,1) =f (;1:;3C(k) gilr=w k] +/

&k
(2m)’

p(l’, t) = / [C(k) ellkr—o(n] 4 (C(k) ei[k'r—w(k)t])*]‘

Since the second term is the complex conjugate of the first, we arrive at

3
p(r,t) = 2Ref (;177]()3 C(Kk) elkr—oton, (5.1.50)

For a given value of k, the argument of the integral in Eq. (5.1.50) describes a wave
that propagates only in one direction, along k. Furthermore, these waves only have
positive frequencies. This is as opposed to the solution of Eq. (5.1.47), where for
given k waves propagate both with and against k, with both positive and negative
frequencies. Thanks to isotropy, we do not lose anything in Eq. (5.1.50): a wave
with negative frequency and wave vector k, propagating in the —k direction, can
equally well be described by a wave with positive frequency but with the wave
vector —k.

How can we match to the two initial conditions of Eq. (5.1.45) when there is
only a single function C(k) in Eq. (5.1.50), rather than the two functions in Eq.
(5.1.47)? The answer is that C(k) has both a real and an imaginary part, and this
gives us the two functions we need: see Eq. (5.1.48). The fact that we take the real
part in Eq. (5.1.50) allows us latitude in choosing these functions that is absent in
Eq. (5.1.47), where the integrals must by themselves provide a real result. In fact,
one can regard the function D(k) as merely a way to obtain a real result in Eq.
(5.1.47), which is obviated in Eq. (5.1.50) by our directly taking the real part.

Also, it is important to realize that no part of the argument leading to Eq.
(5.1.50) relied on the specific form of the dispersion relation, w = ck; rather, only
the isotropy of the dispersion was required. In fact, Eq. (5.1.50) also applies to
more general dispersive isotropic systems where = w(k) for some general
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function w(k). Examples of such systems include electromagnetic waves propagat-
ing in isotropic dispersive media with an index of refraction that depends on
frequency, n =n(w); phonons propagating though amorphous materials such as
rubber or glass; waves in unmagnetized plasmas; water waves in deep water; and
sound waves in air. These examples, and others, will be taken up in the exercises.

Wave Packets. One advantage of Eq. (5.1.50) over Eq. (5.1.47), aside from its
compact form, is the ease with which it can be applied to describe the evolution of
wave packets. If we consider an initial condition for which C(k) is sharply peaked
around a wave vector k,, then we can Taylor-expand w(k) about k, obtaining
(k) = w(k,) + v,(k ) (k — k), where the group velocity v, is given by Eq. (5.1.42).
Using this approximation in Eq. (5.1.49) allows us to write

p(r, 1) _Re(el[kur w(ko)tlfd_k)zc(k) i (k—Ko)Tr=v (ko))

The integral over k results in a function only of r —v,(k,)?, which we write as
A(r —v,(k)t). Furthermore, since C(k) is peaked around k=k,, the Fourier
components k — k, that contribute to A are small, so A(r) is slowly varying in
space. The function A(r) can be recognized as the slowly varying amplitude
function that is superimposed on the wave train e'™o*=“®*0 in order to create a
finite wave packet:

p(r.t) =Re[ A(r — v, (kg)t) eeoroton], (5.1.51)

The amplitude function travels with the group velocity of the wave packet, while
planes of constant phase within the packet move with the average phase velocity of
the packet. The packet travels without changing shape, because in deriving Eq.
(5.1.51) we neglected dispersion.

Dispersion and Diffraction. We can take account of dispersion in much the same
manner as was used to analyze the 1D wave equation. Keeping the next-order term
in the Taylor expansion of w(k) about the central wave vector k, of the wave
packet, we obtain

w(k) = w(ky) +v,(ky) (k—kg) +3(k—ky) y-(k—ky), (5.1.52)

where 1y is a symmetric tensor, given in component form by y;; = ¢ 0/ ok, Ikl
Here the indices i and j each run over the x, y, and z components of the vector k.
The tensor y describes the spreading of the wave packet. For an isotropic system
where w = w(k), we can write this tensor as

w= | =76 (a ),
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where we have used Eq. (5.1.43). Then applying the identities dk,/dk; =5,
dk/dk; = k;/k, and using the chain rule, we obtain

(k) kik; dv, kk;
YiT Tk (if‘?) Tk 12

, (5.1.53)

k=k,

where §;; is a Kronecker delta function (the component form of the unit tensor).
The tensor vy has a simple diagonal form when written in components with the
z-axis chosen along the direction of k:

v,(k
g(k O) 0
0
k
y=1| 0 ko) . (5.1.54)
kO
av,
8
0 0 Tk

The zz component of the tensor, dv,/dk, causes dispersion along the direction of
propagation (longitudinal dispersion). The xx and yy components, v,(k,)/k, cause
spreading of the wave packet transverse to the direction of propagation (transverse
dispersion). The fact that these latter two components are identical implies that
the wave packet spreads isotropically in the transverse directions, as expected for a
homogeneous isotropic medium. However, the transverse dispersion is not the
same as the longitudinal dispersion. Transverse dispersion is also known as
diffraction.

We can work out the dispersion quantitatively for a Gaussian wave packet with
central wave vector k,Z. When Egs. (5.1.52) and (5.1.54) are employed in Egq.
(5.1.50), the result is

d’*k

p(r,t) =2Re (271_)3

C(K)

ei[ko'vg(kn)—w(ko)]lf

X exp

v, (kg U, )
ik: [r—v,(k,)] —i(gz(TO)(kﬁ +h7)+ %j—ko(kz—ko) )z]}

Taking a packet with a spectrum of the form
C(K) =Ae Kitkph* /2 g=(kimkp)*a* /2
allows us to perform the required integrations over k,, k, and k, analytically. The

result is given below, defining a = 5 dv,/dk, and B =v,(ky)/2k,:

47374

r,t) =2Re
plr1) (b*+2iBt)V2a* +4iat

2
x?+y? (z—y,(ky)?)

Xexp| - 2 — — A0 . (5.1.55)
2b°+4ipBt 2a°+4iat

eilkoz=w (ko))
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This packet has an initial transverse width of b and an initial length of a, but
spreads over time. The rate of longitudinal spreading is the same as for a 1D
packet, Eq. (5.1.31), and is controlled by the same parameter a = 3 dv,/ dk, as for
the 1D case.

However, the transverse spreading (diffraction) is controlled by the parameter
B =v,(ky)/2k,. This parameter is nonzero even if the medium is dispersionless.
This implies that diffraction occurs even in vacuum.

The transverse width w(z) of the Gaussian wave packet, defined in the same
way as in Eq. (5.1.31), is w(¢) = (b? + 4B%t? /b*)'/%. Thus, the width of the packet
increases by a factor V2 in a time ¢, =b/28=>b%,/v,(ky). In this time, the
packet has moved a distance

d=uv,(ko)t,=bk,. (5.1.56)

This distance is called the Rayleigh length. It is the distance over which a Gaussian
wave packet increases in transverse width from b to V2 b.

This diffraction is simply a consequence of the uncertainty principle of Fourier
analysis. According to the uncertainty principle, any packet with finite transverse
extent must contain a finite range of transverse wavenumbers. This necessarily
implies a range of directions for the phase velocities of the different waves making
up the packet. These waves then propagate off in separate directions, causing the
packet to spread.

Even tightly focused laser beams must eventually diffract. In fact, Eq. (5.1.56)
shows that the narrower the beam, the faster it spreads. However, the higher the
wavenumber k, of the beam, the further it can propagate before diffracting
appreciably.

For example, for a Gaussian light beam with a wavelength in the visible,
27 /k,=5000 A, and an initial radius of b =1 cm = 0.01 m, Eq. (5.1.56) implies
that the beam will propagate 0.01> X 277/(5000 X 10~'%) m = 1.2 km before spread-
ing by a factor of V2. However, for a l-cm-radius ultraviolet beam, with a
wavelength of 40 A the beam propagates 160 km before spreading by the same
factor.

Wave-Packet Energy and Momentum. In this section we derive general expres-
sions for the energy and momentum of a wave packet for the wave equation, and
for a more general class of wave equations that we term classical wave equations.
Quantum wave equations, such as Schrodinger’s equation, are considered in the
exercises. We begin with the energy conservation relation for the simple nondis-
persive wave equation, d?z/dt* = c*V?z. Multiplying both sides of this equation
by pdz/dt, and differentiating by parts using, for example, (dz/dt)(d%z/dt*)
=1(3/9tXdz/t)*, we obtain

e+ V-T=0, (5.1.57)

where the energy density € is

2
e=§(—) + 2 vzvz, (5.1.58)
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and the energy flux I' is

202

I'=—=pc5;

Vz. (5.1.59)
Recall that Eq. (5.1.57) also described energy conservation for the heat equation,
although the form of the energy density and flux differed: see Eq. (3.1.38). By
integrating Eq. (5.1.57) over all space, applying the divergence theorem, and
assuming that the energy flux vanishes at infinity, we can regain the integral form
of energy conservation,

%fe(r,t) d’r=0,

as previously discussed for 1D or 2D wave propagation [see Egs. (4.2.29) and
(4.4.33)]. [Note: The interpretation of € and I" as energy density and energy flux is
easiest to understand when z is the wave displacement (with units of distance).
Then p is mass density, and € is the sum of kinetic and potential energies. If z is
some other quantity such as wave pressure or potential, p must be reinterpreted.]

Now consider the energy density and energy flux for a wave packet. According
to Eq. (5.1.51), such packets can be described as traveling waves with a slowly
varying amplitude A4 and phase ¢:

z(r,t) =A(r - Vgt)cos[ko-r — wyt + ¢(r— Vgt)], (5.1.60)

where for our simple wave equation w, = ck, and v, = Ci(o. We will now substitute
this expression into Eq. (5.1.58), and note that derivatives of the amplitude and
phase are small compared to derivatives of the cosine function, since by assump-
tion the packet has slowly varying amplitude and phase. Then dz/dt = w,A
sin(kyr — wyt + ¢) and Vz = —k,Asin(k, r — w,t + ¢), and the energy density
and flux become

e= 5 (w0f+c2k3) A sin’ (k)1 — 0yt + ),

(5.1.61)
I' = pc’wyky A sin® (ko T — oyt + ¢).

The energy density varies in time because energy is traded back and forth between
different parts of the packet as the wave oscillates, and also because the packet
moves at the group velocity. However, if we take a time average over the
oscillations, using {sin? x) = 1, we arrive at an expression for the average energy

and flux associated with the packet:

— [ N
é(r,t) = 5wiA(r —ckyt) ,

2 0bA(r = ckyt) (5.1.62)
[ (r,t) =&(r,t)ck,,

where we have used the dispersion relation w, = ck,. Both energy density and flux
are proportional to amplitude squared, and propagate at the wave velocity ck,,.
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Also, we see that the energy flux consists of the energy density transported at
the wave velocity ck This is to be expected, since energy is neither created nor
destroyed in this wave system, but is simply moved from place to place by the
waves. The Poynting flux S for electromagnetic waves traveling in a dispersionless
medium has the same form, S = eck, where € is the wave energy density.

However, for more general wave equations we might expect the average energy
flux to involve the group velocity v,. We will now show that this is in fact the case.
We will also find a simple expression for the energy density in terms of the
dispersion relation for the waves.

Consider a wave equation of the form

J" "
Z anwz = Z bnjwz, (5163)
n=0,2,4,6,... n=2,4,6,... j=1,2,3 J

where r;, j=1,2,3, are the x, y, and z components of r, and a, and b,; are
constant coefficients. Even more general wave equations could be constructed,
involving cross-derivatives between different components of r; and ¢, but Eq.
(5.1.63) is sufficient for our purposes. We refer to wave equations of the form of
Eq. (5.1.63) as classical wave equations. Note that wave equations such as Schrodi-
nger’s equation, with odd powers of the time derivative, are not included in this
form. Conservation laws for Schrodinger’s equation and its cousins will be consid-
ered in the exercises.

The dispersion relation associated with this wave equation takes the form of a
polynomial, found by replacing 9/t by —iw and d/dr; by ik;. We write this
dispersion relation in the compact form D(k, w) = 0, where the dispersion function
D is given by

njjo

Dk, o)=Y (-1)"""a,0" + Z(—1)”/2b k7 (5.1.64)

and we have used the fact that » is even. For example, for electromagnetic waves
traveling through a medium with refractive index n(w), the dispersion function is
D = 0’n*(w) — c*’k* =0, and we can think of Eq. (5.1.64) as a polynomial expan-
sion of this equation.

We now construct an energy conservation law for Eq. (5.1.63) by following the
same approach as for the wave equation. We multiply both sides of the equation by
pdz/dt, and differentiate by parts repeatedly. For example,

9z 9"z _ 9 (dz 9" 'z\ 3’z 9" 'z
at g2 at\ at gt

i\ o~ o

d(dz " 'z 9%z 9"z 33z 9"z
at gt at> gt

(9 mlamzanm
= (Z(_) gt gt
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However, if n is even, (—1)""'(dz/dt) 3"z/dt" = —(dz/dt) "z/dt". This
allows us to bring this term over to the left-hand side of the equation, and so
obtain

0z 9"z 19 1 0™z 9" "z
=537 Z(—)m —

3 37 = S s n=2,4,6,.... (5.1.65)

m=

For the case n =0, we can simply write

dz 1 922
Wz = 2 W (5166)

Similarly, we require terms of the form (dz/dt) 9"z / drj" on the right-hand side of
the energy equation. These terms can also be rewritten via differentiation by parts:

ga”z_a ”5 1mla gzy oz 1 g
at ar} 1( ) Jt —m- 2 9t

where again we have used the fact that n is even. Combining Egs. (5.1.65)—(5.1.67),
we obtain the general energy conservation relation in the form of Eq. (5.1.57), with

n—1 m n—m, n 2
_ Py, P -1 972 9 9"/
€= 2(102 + 3 Z [anm¥1( 1) at™ (nnfm anj( pn/2

n=2,4,... /

(5.1.68)

and

n/2

L=-p T ooy X (0" ()

n=2,4,...

Or)nfmflz

n-m-1 "
I

(5.1.69)

In their present form, these expressions for energy density and flux are of such
complexity as to be of limited usefulness. However, when applied to wave packets,
the expressions simplify considerably. On substituting Eq. (5.1.60) into Egs. (5.1.68)
and (5.1.69), again dropping derivatives of the slowing varying amplitude and
phase, and averaging over a cycle, each term in the sum over m in Eq. (5.1.68)
yields the same result, (—1)"/?>"!w? 4% /2; the same is true for each term in the
sum over m in Eq. (5.1.69), which becomes (—1)"/%w(k,;)"4? /2. We then obtain
the following expressions for the averaged energy density and flux:

e= A e+ X (-1 anw(’}(n—l)-i-anj(koj)n)l,
J

n=2,4,...

= P n/2— n—1
T=14 224 (—-1)"*"'b, Awyn(ky;)"
n=2,4,...
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These sums collapse into amazingly simple and general expressions if they are
written in terms of the dispersion function D(K, ), defined in Eq. (5.1.64). By
applying differentiation formulae such as dol/dw, =now{ ', we obtain

—_ P 422 d D(k()’w(l)
€= A G == (5.1.70)
and
— p J
Fj= _ZAZ“’OWO],D(kO’ ‘UO)' (5.1.71)

Two more simplification can be made. First, since D(k,, w,) =0, Eq. (5.1.70)
can also be written as

- p J
€= ZAsza_woD(kO’ wo). (5172)

Second, we note that the group velocity v, can be written as

_dw,  9D/dk,
e= 9k, = " 9D/dw,

This allows us to write the energy flux in terms of the energy density as

T=v,e. (5.1.73)
Thus, the energy density propagates in the direction of the group velocity, as we
expected.

Equations (5.1.72) and (5.1.73) provide simple general expressions for the
energy density and flux associated with a wave-packet. Similar expressions can also
be obtained for the momentum density and momentum flux. Here, the conserva-
tion law is obtained by multiplying the wave equation by pVz rather than by
pdz/dt, and then applying the same differentiation-by-parts regimen. The result-
ing conservation law is written as follows:

L p+V-T=0, (5.1.74)

where p is the momentum density, and T is a tensor (the stress tensor), which is
the flux of momentum. (Since momentum is a vector, the flux of momentum is a
tensor. The components of T, T;;, provide the flux of p; in direction j.) The units
of T are pressure, and in fact T is the pressure created by the waves. For a wave
packet, the expressions for p and T, averaged over a cycle, are

P=Kkyé/w, (5.1.75)
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and

T;; = pv,;- (5.1.76)

The proof of Egs. (5.1.75) and (5.1.76) is left as an exercise.

Thus, just as with energy density, the flux of momentum is given by the
momentum density, transported at the group velocity. The wave momentum itself
is in the direction of the wave vector k (rather than the group velocity), since the
phase fronts responsible for pushing on an object in the path of the wave travel in
this direction. For waves traveling in the x-direction though a nondispersive
medium, the only nonzero component of T is 7,, = €, indicating that a pressure
equal to the wave energy density will be exerted on an absorbing barrier placed in
the path of the wave packet.

Spherically Symmetric Disturbance. We now consider the evolution of waves in
a dispersionless medium, starting from a spherically symmetric initial condition,
po@®) =Pe /% uyr)=0. The Fourier transform of p,(r) is p (k) =
(a®)¥2Pe “’¥*/* Then according to Eq. (5.1.48) and (5.1.50), the response to
this initial condition is

k_ i(k'r—c 3/2 d’k KT —ckt)—a’k?
p(r,t)=2Repr0(k)e(k 0 = (7ra?) PRef 77-3‘3(1( ky—a*k? /4

(2
(5.1.77)

It is best to perform this integration using spherical coordinates in k-space,
(k, 0, ¢). Here 6 and ¢ are polar angles used to determine the direction of k with
respect to fixed axes. We choose the vector r to be along the k,-axis of this
coordinate system, so that k-r =k cos 6, where r = |r|. Also, d*k =
k* dk sin 6 d6 d . Equation (5.1.77) then becomes

3/2

(Waz) / P * 2 2m T —a’k? /4 ik(rcos 6—ct)
=WRef k dkf d¢f sin 0 d6 e e .
o 0 0 0

The ¢-integral is trivial, and the 6-integral can be calculated by changing variables
to x =cos 0. This implies that dx = —sin 6 d6, and the range of integration runs
from x=1to x = —1. The result is

p(r,1)

513/2
P o .
p(r,t) = —(Tm ) Re/ k2 dke ket g0’k /4
0

2sin kr
(2m)’ '

kr
The k-integral can also be calculated analytically, yielding
P 7(r+ct)2/az 7(r7ct)2/az
p(r,t)=g[e (r+ct)+e (r—ct)]. (5.1.78)

This solution is displayed in Cell 5.9, taking P=c =1, a = 0.02.
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Cell 5.9
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This spherical wave decreases in amplitude as it expands in r. This is to be
expected, given that the surface area of the pulse is increasing, yet the overall
energy of the pulse is conserved. The general considerations of the previous
section imply that the total wave energy should scale as p?V, where V is the
volume occupied by the pulse. The radial width of the pulse is roughly constant,
but the surface area of the pulse is proportional to 2. We therefore expect p to be
proportional to 1/r at the peak of the pulse. This is in fact what Eq. (5.1.78)
implies, for large ¢. Interestingly, there is also a negative section to the pulse (a
pressure rarefaction), trailing the forward peak, even though the initial pulse was
entirely positive. This does not occur in propagation in one dimension along a
string, and is a consequence of the spherical geometry.

Response to a Source The wave equation with a source S(r, t) is

2
%p(r,t) =*Vep(r,t) +5(r,1). (5.1.79)

A particular solution for the response to the source can be obtained by Fourier
transformation in both time and space. We denote the time—space Fourier
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transform of p(r,t) as p(k, w), where

Bk, ) = [di [d*rp(x,1) e 0ron, (5.1.80)

and similarly for the time—space transform of the source, S(k, ). Note the use of
differing transform conventions for the time and space parts of the transform, as
discussed in Sec. 2.3.1.

Application of the time—space transform to Eq. (5.1.79) yields the algebraic
equation

— wzﬁ(k, w) = —czkzﬁ(k, w) + S(k, w),

which has the solution p(k, w) = S(k, )/(c?k? — w?). Taking an inverse
time—space transform then yields the particular solution,

o(e.) = fti(;d)k f;glz(_wc?,Z ikr-o0), (5.1.81)

As an example, let us determine the response to a point source in time and
space, S(r,1) = 5(r)5(¢). Then S(k, w) = 1. We first perform the inverse frequency
transformation. This is easily done with the InverseFourierTransform func-
tion:

Cell 5.10

FullSimplify[InverseFourierTransform[l/ (c”*2 k*2 - 0w™2),
w, tl/Ssqgrtl[2 Pill

Sign[t] Sin[c k t]
2 ck

Thus, we obtain

sin ckt .,

p(r, 1) —Slgn(t)/(2 X Ry

(5.1.82)

This solution is nonzero for ¢ <0, which is inconvenient. But it is only one
particular solution to the PDE. To obtain a solution that is zero for ¢ < 0, we must
add an appropriate solution to the homogeneous equation: Eq. (5.1.50), or equiva-
lently, Eq. (5.1.47). By choosing C(k) =1/(4cki) = —D(k), Eq. (5.1.47) becomes

ik'r

d’k sin ckt
/(277)3 2ck €
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Adding this homogeneous solution to Eq. (5.1.82), we cancel out the solution for
t <0 and are left with

sin ckt ;..
p(r,1) = h(t)f(2 o
where h(¢) is the Heaviside step function. [We could also have obtained this result
directly from Eq. (5.1.79) by Fourier-transforming only in space, and then using the
Green’s function for the harmonic oscillator equation, Eq. (2.3.77).]
The remaining Fourier integrals are best evaluated in spherical coordinates
(k, 6, ¢). As in the derivation of Eq. (5.1.78), we choose r to lie along the z-axis of

the spherical coordinate system. Then e'*™ =e/* % and the # and ¢ integrals
yield
p(r,t) = h(l) f 2 —— sin ckt sin kr = h(t) f — [cos k(r—ct) —cos k(r+ct)].

(5.1.83)

The integral over k can be recognized as a generalized Fourier integral of the type
considered in Sec. 2.3.4. The result is p(r,t) =[h(¢) /47cr][8(r — ct) — 5(r + ct)]
(see the exercises). However, since r > 0 and we only require the solution for ¢ > 0
thanks to the Heaviside function, we can neglect §(r + c¢t) and drop A(¢) (since the
d-function makes it redundant), and so we obtain

p(r,t) = 47Tcr6(r ct). (5.1.84)

This solution, the response to a §-function impulse at the origin at time ¢ =0, is a
spherical o-function wave that moves with speed ¢, decreasing in amplitude like
1/r as it expands radially. This response function also arises in the theory of the
retarded potentials for electromagnetic radiation from a point source. [See, for
example, Griffiths (1999).]

Equation (5.1.84) may be compared with the response to an initially localized
spherically symmetric perturbation, derived in the previous section [see Eq. (5.1.78)
and Cell 5.9]. In that solution, there was a negative portion to the response, trailing
the forward wave. Here, there is no trailing negative response, merely an outward-
propagating o-function peak, because here the source function creates an initial
rate of change to the pressure, d,p(r,t=07%) = 5(r); but the pressure itself is
initially zero: p(r,t=07) = 0. In electromagnetism, this sort of initial condition is
the most physically relevant: it describes the response to a source in the wave
equation (in electromagnetism, a current or moving charge) rather than the
evolution of an initial field distribution.

Equation (5.1.84) can also be thought of as a Green’s function for the response
to a general source of the form S(r, ). Since any such source can be constructed
from a series of §-function sources in space and time, the superposition of the



382 PARTIAL DIFFERENTIAL EQUATIONS IN INFINITE DOMAINS

response to each of these point sources is

1
p(r, 1) = ]dto d3r0m6(|r — 1ol —c(t=10))S(rg,15). (5.1.85)

r—

In this equation, the time ¢, is generally referred to as the retarded time, because it
is the time at which a source at r, must emit a wave in order for the response to
reach position r at time ¢.

Wave Propagation in an Anisotropic Medium When waves travel through
some medium that is moving with velocity U with respect to the observer, the
dispersion relation is affected by the motion of the medium. This can be easily
understood by making a Galilean transformation to the frame of reference of the
medium, where the position of some point on the wave is r. The same point
observed in the lab frame has position r, where

r=r+ Ut (5.1.86)

(Here we consider nonrelativistic wave propagation, such as that of sound or water
waves.) In the moving frame, the medium is stationary, and the waves obey the
usual wave equation (5.1.44). The solution is given by Eq. (5.1.50) with r replaced
by r. If we now substitute for r using Eq. (5.1.86), we obtain

d’k R
r,t) =2Re C(K) eIk r-otor]
p(r,t) '[(277)3 (k)
3 3
= ZRef d k3 C(k) ellkr—Ut=a (k)] - ZRef d k3 C(K) etk r—otn,
(27) (27)

(5.1.87)

where w(k) is the frequency as seen in the lab frame and w(k) is the wave
frequency as seen in the frame moving with the medium. According to Eq. (5.1.87)
the frequencies in the lab and moving frames are related by the equation

w(K) = @(k) +k-U. (5.1.88)

The term k- U is the Doppler shift of the frequency, caused by the motion of the
medium. Equation (5.1.88) is an example of anisotropic dispersion: the frequency
depends on the direction of propagation as well as the magnitude of the wave
vector. As a result, we will now see that the group and phase velocities are no
longer in the same directions.

The phase velocity is

V= “’(]l(‘)i‘ =(‘_"(k) +i(-U)i(, (5.1.89)
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Fig. 5.3 Gaussian wave packet in deep water, moving across a current. [See Exercise (26).]

where k is a unit vector in the direction of k; but the group velocity is

v,= 22k + U, (5.1.90)

Consequently, the phase fronts within the packet propagate along k, but the packet
itself propagates in any entirely different direction as it is carried along by the
flowing medium.

Waves in a moving medium are a particularly simple example of how anisotropy
can modify the character of wave propagation. In these systems, phase and group
velocities are completely independent of one another; they not only differ in
magnitude, as in an isotropic dispersive medium; they also differ in direction.

An example of the propagation of a wave packet in an anisotropic system is
displayed in Fig. 5.3. [This wave packet is the solution to Exercise (26) at the end
of this section, on the propagation of deep-water waves in moving water. The
water is moving to the right, and carries the packet with it.] Note how the
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wavefronts travel in one direction (the y-direction), but the packet as a whole
propagates in a different direction. Also note that the phase velocity is greater
than the group velocity for these waves, and that the wave packet disperses both in
the axial and transverse directions as it propagates.

Heat Equation

General Solution. Consider the heat equation for the evolution of the tempera-
ture T(r, ) in an isotropic homogeneous material:

ZeT(00) = X V2T(r,0) + S(r,0). (5.1.91)

This equation is supplemented by an initial condition, T(r, ) = T(r).

We can solve Eq. (5.1.91) using Fourier transforms. Applying spatial Fourier
transforms in x, y, and z, Eq. (5.1.91) becomes the following ODE for the
Fourier-transformed temperature T(k, ¢):

DT (k1) = —xk*T(k, 1) + Sk, 1),

where S(k, ) is the spatial Fourier transform of S(r,7). This inhomogeneous
first-order ODE has the general solution

T(k,t) = A(K) e X< + fotew“(f*”s”(k, ) di. (5.1.92)

The coefficient A(k) is determined by the initial condition, 7(k,0) = T,(k). This
implies that A(k) = T,(k). Taking the inverse Fourier transform of Eq. (5.1.92)
then yields the solution,
d3k i 2 ~ t 238 - -
T(r,t) = —e"‘"‘X"’(T k) + [ eX*IS(k, ¢ dt). 5.1.93
0= Gny oK) + [ e XIS (k1) (5.1.93)

The exponential that appears in this solution, e’*™~ X%’ looks something like
the traveling waves e™ T~ “®)1 that appear in the solutions of the wave and
Schrédinger equations. In fact, by comparing with that form for traveling waves, we
can identify a dispersion relation:

w(k) = —iyk?. (5.1.94)

The “frequency” of these temperature waves is imaginary, indicating that the
waves do not propagate, but rather decay with time.

It is often the case that dispersion relations yield complex frequencies. Waves
on a real string damp as they propagate due to a variety of effects, and a
mathematical description of the motion leads to a dispersion relation with complex
frequencies. Only the real part of the frequency describes propagation. Thus, for
damped waves, the phase velocity is defined as

vy = (Re w)k/k, (5.1.95)
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and the group velocity is

Vo= T Re . (5.1.96)

For the heat equation, however, the waves do not propagate at all; the phase
and group velocities are zero. However, this does not mean that heat does not
propagate through a material. Rather, it merely implies that heat does not
propagate like a wave, with constant phase and group velocities. Rather, heat
diffuses through a material. This diffusion is described by the general solution to
the heat equation, Eq. (5.1.93). To understand this diffusion, it suffices to consider
an example.

Green’s Function for the Heat Equation. Let us take as an example a system that
is initially at zero temperature, 7,, = 0, and that is subjected to a 6é-function heat
source at time #;:

S(r,t) = 8(r—r,)8(t—1,). (5.1.97)

The evolution of the temperature resulting from this heat pulse is given by Eq.
(5.1.93). The initial condition T;, = 0 implies that 7,,(k) = 0, and Eq. (5.1.97) implies
that S(k,7) = e "% (7 — ). Applying these results to Eq. (5.1.93) and performing
the integration over ¢ yields

f d3k
T(r,t)={’ (2m)’

0, 1 <t,.

o
elk(l" ro)—xk(t fo)’ t>t,,

The integral can be evaluated in the usual way, by writing k in spherical coordi-
nates with the z-axis chosen in the direction of r — r,,. Then k-(r — r,) = k Ar cos 6,
where Ar=|r—ryl, and d*k =k*dksin 6d0d¢. The 6 and ¢ integrals then
yield
f kdk2 ) sm(ic Ar) .
T(r,t)={"0 (2m) r
0, t<t,.

_sz(f_to)’ [>ZO,

The k-integral can also be evaluated analytically:

Cell 5.11
FullSimplify[

Sin[k Ar]

Integrate[2 Expl[-yk® (t - t,)] Ar

{k, 0, Infinity}1/ (2 Pi)?,
Ar> 0 && y (t - t,) > 0]

k,

Ar?
€ -4t y+4 x t,

8m/2 (x(t - t,))32
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Thus, we find that the temperature pulse is described by

T(r,t) = h(t—to) e A7 /A=t (5.1.98)
8w/ x(t 1))

where / is a Heaviside step function. This is a Gaussian pulse that spreads in time.
Initially the width of the pulse is zero because it begins as a é-function. In fact, Eq.
(5.1.98) can be regarded as a Green’s function for the heat equation.

The evolution from any source S(r,¢) can be written as

T(r,t) = /d3r0 diyg(r—ry,t—1)S(ry, 1), (5.1.99)

where g is given by Eq. (5.1.98). The proof of this equation is left as an exercise.
However, this is easy to understand physically. Breaking the source S into a
collection of &-function sources at different positions and times, the resulting
temperature is a superposition of the responses to all of them. Of course, Eq.
(5.1.99) is only a particular solution, because it does not necessarily satisfy the
initial conditions.

The width w of the Gaussian heat pulse given by Eq. (5.1.98), defined in the
same manner as in Eq. (5.1.31), increases with time according to

w=12x(t—t)), t>t,. (5.1.100)

Thus, the heat pulse does not propagate outward with a constant speed as in the
wave equation. Rather, the pulse width increases as the square root of time. This is
a signature of diffusion, a subject to which we will return in Chapter 8.

EXERCISES FOR SEC. 5.1

(1) Using Fourier transforms, find the solution of the 1D wave equation in an
infinite system with ¢ =1, for the following initial conditions. Animate the
solution for 0 <r <2.

(a) %(x, 0)=xe ", y(x,0)=0.

(b) y(x,0)=h(x), %(x, 0) = 0, where h(x) is a Heaviside step function.

(¢) y(x,0) =0, with boundary condition y(0,¢) =te”*, and initial condition
that y=0 for ¢#<0. Solve for y(x,#) on 0<x<co. (Hint: Put the
equation in standard form, and use a Fourier sine integral.)

(2) A quantum particle moving freely in one dimension has an initial wave packet
given in k-space by ¢,(k) = \/7/Ak, |k —k,| <Ak, and zero otherwise. Find
the subsequent evolution of the wave packet. Animate the evolution of Iz,bl2
for i=m=1and k,=5, Ak =1, for 0 <t <4. How far does the center of
the wave packet move in this time? Compare the speed of the wave packet
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with the mean group velocity and the mean phase velocity, based on the
central wavenumber k,. Which velocity best fits the actual motion of the
packet?

Water waves in water of depth 4 have a dispersion relation given by the
equation o = (gk tanh kh)'/?, where g is the acceleration of gravity, g =9.8
m /s%. [See Kundu (1990, pg. 94).] Plot the phase and group velocities of these
waves in meters per second, as a function of kh. Show analytically that in the
limit that k> 1 (deep-water waves) the phase velocity is twice the group
velocity.

Water waves in deep water, including surface tension, have the following
dispersion relation: w = (gk + ok?)!/?, where o is the surface tension coeffi-
cient, equal to 71.4 cm?®/s? for fresh water.

(a) Find the group and phase velocities for a wave packet with central
wavenumber of magnitude k. Plot each as a function of k. Find the
critical value of k, k*, at which the phase and group velocities coincide.
Waves with wavenumbers above k* are dominated by surface tension;
waves below k* are gravity-dominated.

(b) Show that k* also corresponds to a minimum possible phase velocity as a
function of &, and find its value in centimeters per second. As one moves
a stick through water, the speed of the stick must be larger than this
minimum phase velocity in order to excite waves, since the stick only
excites waves which move at the same phase velocity. (You can test this
in your sink or bathtub.)

(¢) Using Eq. (5.1.30), construct a 1D Gaussian wave packet consisting of
ripples traveling in the positive x-direction, with central wavenumber
ky=5 cm™', and initial shape in k-space C(k)=e K~*0"/28K* yith
Ak =1 cm™'. Keeping the effect of dispersion to the lowest possible
nontrivial order, make a movie of the propagation of the real part of this
wave packet for 0 <¢ <1 s, in increments of 0.025 s, as seen in the lab
frame. How many cm does the packet travel in 1 s? Compare the mean
speed of the packet with the group and phase velocities at wavenumber
k.

Find the solution to the heat equation with y =1 for the following initial

conditions:

(a) T(x,0)=e *I. Animate the solution on —5 <x <5 for 0 <t < 2.

(b) T(x,0)=h(x), where h(x) is a Heaviside step function. Animate the
solution on —5 <x <5 for 0 <t < 2.

The biharmonic wave equation,

a? a*
WY(XJ) = —QWY(XJ),

where « is a constant with units of m*/s?, describes transverse waves on a
long rod [see Eq. (4.2.47)].

(a) What is the dispersion relation for waves on this rod?
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(b) Without making approximations, find the evolution of the following
initial perturbation on the rod:

y(x,0) =(sin%)e’x2/“2, %(X,O) =0.

Animate the evolution, taking e =a =1, for 0 <7 <0.2.

A laser beam of frequency w, and wavenumber k, in the z-direction is fired
into a vacuum. The form of the beam is p(r, z,t) = e'*oz~“p (r). Using the
wave equation, show that p,(r) = AJ,(k | r) provided that w,> ck,, and find
k | . Note that, unlike a Gaussian wave packet, this beam does not spread as
it propagates. This does not violate our expression for the Rayleigh length,
because the Bessel function already has an effectively infinite transverse
extent, falling off slowly with increasing r. This type of beam is called a Bessel
beam.

The starship Enterprise fires its phaser at a Klingon warship 10° km away.
Assuming that the beam is initially 1 m in radius and consists of electromag-
netic waves that have a frequency centered in the visible (A =5Xx10"" m),
how wide is the beam by the time it strikes the warship?

Prove Egs. (5.1.75) and (5.1.76).

(a) Schrédinger’s equation, —if d/dt = —(h*/2m) V4 + Vip, (V' assumed
real), does not fit the pattern of the classical wave equations described by
Eq. (5.1.63), because it has a first-order time derivative. Now, the
conserved density is the probability density p(r,t) = |¢|>. Prove that p
satisfies a conservation law of the form of Eq. (5.1.57), and find the form
of the flux I'. Hint: Multiply Schrddinger’s equation by ¢ *, then subtract
the result from its complex conjugate.

(b) By applying the results of part (a) to a wave packet of the form
Y= P(r —v,0) e’ ™79, show that the flux of probability density is
I'=phk/m.

Schrodinger’s equation is just one member of a class of wave equations with
odd-order time derivatives, describing the evolution of a complex function

P(r, 1)

: . "
14 Z .Aanwlll— Z Z bnjarjn(ﬂ, (5.1.101)

n=1,3,5,. n=0,2,4,... j=1,2,3

where a, and b,; are real coefficients. Using the same manipulations as
described in the previous problem, show that a conservation law of the form
of Eq. (5.1.57) exists for a generalized probability density N(r,¢), and that for
a wave packet N(r,7) is given by

N(r,t) = o

(5.1.102)

and the flux of N is I'=Nyv,, where D(k, w) is the dispersion function
associated with Eq. (5.1.101), and where v, is the group velocity.
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Sunlight creates an energy flux (Poynting flux) at the earth with intensity
I' = 1300 W /m?. Use this result to determine the pressure per unit area on a
solar sail in earth orbit, via Egs. (5.1.73) and (5.1.76). The sail consists of an
ultrathin Mylar surface oriented normal to the direction of the sun’s rays. For
simplicity, assume the sail absorbs all incoming radiation. For a sail with area
A =1 km? and mass 1000 kg, find the acceleration due to the light pressure.
(It’s not very large, but it lasts 24 hours a day, and it’s free.) Neglecting
gravitational effects, how fast (in kilometers per second) is the sail moving
after one month of constant acceleration?

Prove that Eq. (5.1.84) follows from Eq. (5.1.83) by calculating the required
generalized Fourier integral by hand.

The intensity of sound is measured in a logarithmic scale in units of bels,

where x bels is an energy flux of 10°T, and T, = 10~'> W/m’. A decibel is

0.1 bel. Assume that the sound travels in air at atmospheric pressure and a

temperature of 20°C, the frequency is 440 hz, and the intensity is 20 decibels.

(a) Find the mean energy density in the sound wave, in Joules per cubic
meter.

(b) Find the maximum displacement of the air, in microns (1 micron = 10~°
m). The displacement m(x,¢) of air in a compressional sound wave
follows the wave equation, Eq. (4.2.48).

(¢) Find the maximum pressure change due to the wave, in atmospheres.
The pressure change in the air is related to the displacement by Eq.
(4.4.40).

A particle of mass m is described initially by a spherically symmetric Gauss-
ian wave function, y(r,t=0)=Ae #"". Find the subsequent evolution in
three dimensions, using Schrodinger’s equation. Animate the solution for
| (r,1)|?, taking B= 4, for 0 <t < 20.

In an exploding-wire experiment, a long thin wire is subjected to an extremely
large current, causing the wire to vaporize and explode. (Such explosions are
used as x-ray sources, and to study the properties of hot dense materials.)
Assuming that the wire creates a pressure source of the form S(r,7)=
sh(t)8(x)8(y) where h(¢) is a Heaviside function, solve Eq. (5.1.79) for the
resulting pressure wave, assuming that p = 0 for # < 0. Show that

s ct c?t?
——log| -+ —F 1|, r<e,
r r

p(rat): 27TC2
0, r>ct,

where r is the cylindrical radial coordinate. Taking ¢ =s = 1, animate p(r,t)
for 0 <t < 10. [Hint: Find the solution for p in terms of an inverse Fourier
transform involving k= (k,, k). Then write k-(x, y) = kr cos 6, where 6 is
the angle between k and r = (x, y), and perform the integral over k in polar
coordinates (k,6) where k, =k cos 0, k,=ksin 6. In these coordinates,
d*k =kdkdo.]
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(17) Waves in deep water, neglecting surface tension, follow the dispersion rela-
tion w(k) = y/gk, where g is the acceleration of gravity.

(a)

(b)

Show that a wave packet with cylindrical symmetry will evolve according
to

z(r,t) = 2Rej:kA(k)J0(kr) e—iw(k)tg_k’

w

where A(k) is the Fourier amplitude of the packet at time ¢ = 0.

Assuming that A(k)=e *°/% (distances in meters), evaluate z(r,t)
numerically, and create a sequence of Plot3D graphics objects plotting
z(Yx?+y*,t) for —3<x<3, —=3<y<3insteps of 0.1 s for 0 <r<3s.
[Hint: These plots would take a long time to evaluate if done directly.
Therefore, use the following technique. First, define z(r,t) using
NIntegrate, and do the k-integral only over the range 0 <k <15.
Then, evaluate a table of values of z(r,t), and interpolate them via
the command zint[t_]:=zint[t] =Interpolation[Table
[{r,z[r,tl1},{r,0,5,.2}1]1.Using P1lot3D the interpolation func-
tion zint [t] [{/x®+y? | can now be plotted.] The result is shown in Fig.
5.4 for the case of shallow-water waves, where w = v/gh k, taking y/gh = 1
m/s. The reader is encouraged to vary the parameters of the problem,

2

Fig. 5.4 Evolution of shallow-water waves.
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and to investigate the behavior of other dispersion relations. (For exam-
ple, what happens if surface tension is added?)

A general spherically symmetric function z(r) has a Fourier transform
representation of the form

2(r) = [2(k) e dk/(2m)".

By comparing the result written in cylindrical coordinates ( p, ¢, z) with that
written in terms of the spherical radial coordinate r, prove the following

identity:
siny/ p? + z*
/ p?+22 ’
A stationary point sound emits waves of frequency w,: S(r,#) =5 8(r) e~ 0",
Using Eq. (5.1.85), show that the pressure response to this source is

[Ty psin 0) e *sin 6 dg =2 (5.1.103)
0

l"t = e_iw()(t_r/c)‘
p(x.1) dgrc?r

An explosion occurs at a height z = H above a flat surface. The explosion can
be modeled as a point pressure source in the three-dimensional wave equa-
tion, d%p/dt* =c*V?p +58(x)6(y)8(z — H)h(t)te ?'. At ground level, the
boundary condition is that dp/dz = 0. Using either Fourier methods or Eq.
(5.1.85), determine the evolution of the pressure p in the resulting blast wave.
(Hint: Show that the boundary condition can be met by adding an appropri-
ate image source below the plane. Then solve for the pressure from a source
in free space, and add in the image to match the boundary condition.) For
H=5, y=3, c =5 =1, make an animation of surface plots of the evolution of
p(r, z,t) in the (x, z) plane for 0 <t < 8.

Fourier transforms can also be used to solve certain potential problems. Solve
the following problem in the domain z > 0: VZ(x, y, z) = 0 with boundary
conditions in the (x, y) plane that ¢(x, y,0) =V}, in a circular patch of radius
a, and ¢(x,y,0)=0 otherwise. Another boundary condition is ¢ — 0 as
z — . Solve this problem by Fourier-transforming in x and y and solving the
resulting ODE for ¢(k,, k, z) with the appropriate boundary conditions.
Show that the result can be written as the following integral:

o(r,z) = VoameJo(k,r)Jl(k,a) e dk,.

Plot the solution for ¢/V}, in the y =0 plane as a Plot3D graphics object
taking a =1, for —3 <x <3, 0 <z <6, by numerically evaluating this inte-
gral.

A circular speaker sits in the x-y plane, in air with equilibrium pressure p,.
The speaker is an elastic membrane that moves according to 8z(r,0,t) =
z, sin wyt for r <a, and 6z(r,0,t) = 0 otherwise. The perturbed air pressure
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op

around the speaker satisfies potential flow with fluid displacement

n(r, z,t) = Vo, where ¢ satisfies Eq. (4.4.39) and the sound speed is c¢. Also,
the perturbed pressure is related to m by Eq. (4.4.40).

(a)

(b)

Using Fourier cosine transforms, write the solution for ¢(r, z,1) as

deL - ik r
(277)2[() dk. Ak, . k.. 1) e™ " cos(k.z),

where k | =k, (cos 6 X +sin 6 §) is the perpendicular component of the
wavenumber, and u satisfies the boundary conditions. Solve for A(k, ,
k,,t) to show that

o(r,z,t)=u(r,z,t) + f

ép(r,z,t) azyw
Po m

2 o) 0
0
/(;dkr JO(krr)Jl(kra)L dkz

w, sin ckt — ck sin w,t
ck(wj —c*k?)

cosk,z,

where k = y/k? + kZ . [Hint: To satisfy the von Neumann boundary condi-
tions in the x-y plane, put the wave equation for ¢ in standard form by
employing a function u(r, z, t) that matches the boundary conditions, but
that also satisfies the Laplace equation V?u = 0.]

Although the integrals in the solution for ép are well defined, they
cannot be evaluated analytically, and are nontrivial to evaluate numeri-
cally. We will use the following method to evaluate §p in the z = § plane
at t =1, taking a =z,=p,=c =1 and o, = 10. First, define a numerical
function

w, Sin ckt — ck sin wt
ck(wj —c*k?)

f(k,,z,t) = fmoodkz cosk,z,
0

using NIntegrate. Next, make a table of values of {k,, f(k,,3, 1)} for
k,=i, i=0,1,2,...,50. Next, create an interpolating function g(k,) by
interpolating this data. Finally, define a numerical function &p(r)=
(azypowl/m) (" dk, J(k,r)J (k,a)g(k,), and plot the result for 0 <r <2
to obtain the pressure field in the z =1 plane at ¢ = 1. [The solution for
dp(r,t =1) is shown in Fig. 5.5 for the case of the z = 0 plane. Waves of
wavelength 27c¢/w,=0.63... are being excited. Note the kink at the
edge of the speaker, at r=1. Also note that the solution vanishes for
r> 2, as expected for ¢ =1, since the signal has not yet propagated into
this region.]

(23) A jet aircraft moves with constant speed v in the z-direction. The jet acts as a

point pressure source, and the air pressure responds according to the three-

dimensional wave equation, d°p/dt> =c>V?p +s8(z — v)6(x)8(y).

(a)

Using Fourier transforms, find the particular solution for the wake
behind this moving source of the form p(z —ut, r) in cylindrical coordi-
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dp(r, t=1) inthe z= 0 plane

[ L I

Lol Ll
0.5 1 1.5 2

Fig. 5.5 8p(r,t=1) in the z =0 plane.

nates (r, 0, z), assuming that v <c. (As seen in a frame moving with the
source, this wake is stationary.)

(b) In the moving frame z =z — ut, plot contours of constant p in the x-z
plane for (i) v =0, (i) v =c/2, (iii) v =9¢ /10.

(¢) Show that for v > ¢, your solution breaks down along lines defined by
(z/r)*=(v/c)*— 1. What is the physical significance of these lines?
(Actually, your answer is incorrect if v > ¢. See the next exercise.)

(24) Redo the calculation in the previous problem, taking v > c, and using Eq.
(5.1.85) rather than Fourier methods.

(a) Show that the retarded time ¢, in Eq. (5.1.85) satisfies

vz 4+ /r2(c? —v?) — 232 )
ty=1t— 5 5 , where ZzZ=2z—ut,
c?—v

with the added requirement #;, <t used to determine the choice of the +
sign, and with no solution if the argument of the square root is negative.

(b) Show that for ¢ > v the requirement that 7, <t implies that only the +
sign should be kept.

(¢) Show that for ¢ <wv the requirement that ¢, <t implies that z <0 and
that both signs can be kept.

(d) Using Eq. (2.3.33), show that p(r,) can be written as

1
lt,(v* —c?) +c*t—uvz|’

p(r0) == ¥

ty

where the sum is over the solution(s) for the retarded time.
(e) Using the previous results, show that, for v > ¢,

p(r,t) = 5 1 h(—r\/cz—v2 —Zc),

2mc \/r2(cz _ 1)2) +32¢2
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where / is a Heaviside function, and for v <c,

M= K 1
p(r,t) = 4ac ‘/rz(cz_uz) 13202

(This is the solution to the previous problem.) Make a surface plot of
p(r,z) for () v/c =2, (ii) v/c = 4. (The cone structure visible behind the
source is called a Mach cone. The large amplitude just behind the cone
implies that linear theory breaks down and a nonlinear shock wave forms.
Shocks will be discussed in Chapter 7.)

(25) A long straight wire of radius a and resistivity p is initially at temperature

(26)

27

T = 0°C. The wire is clad with an infinitely thick shell of material, also at

T = 0°C. The cladding is not electrically conductive, but has the same thermal

diffusivity x as the conductor in the wire. At time ¢ = 0, the wire begins to

carry a uniform current density j, creating a heating power density S = pjh(a

—r), where A is a Heaviside function.

(a) Find the evolution of the temperature, and show that in cylindrical
coordinates,

© 1_e—)(kzt
T(r,t)=aS/O To(kr)J,(ka) — e dk.

(b) Perform the integral to show that the temperature along the axis of the
wire satisfies

—a? a’T 0,a2/4t)(

T(0,t) =S[t(1 —e /) + % ,

where T'(n, x) is a special function called an incomplete Gamma function.
Plot this result for y=a =S =1 and for 0 <t < 10°. Show that at large
times the temperature diverges, and find the form of this divergence.
(The material cannot conduct heat away from the source rapidly enough
to equilibrate its temperature.)

A Gaussian wave packet of water waves propagates across a river in the +y
direction. The form of the packet is z(x,y,?)=2Re [[d?k/Qm)*1AKk)
ek r=0® where A(K) =257 e *Ukit(~17k)°] with distances measured in
centimeters. Thus, the wave packet is peaked at k, = (0, 1). In still water, the
dispersion relation for the waves is w(k) = y/gk . However, there is a current
in the +x direction, with speed U = 10 cm/s. Keeping dispersion in both x
and y directions, plot the contours of constant z for 0 <z <2 s. (Solution:
See Fig. 5.3.)

Magnetized plasmas carry many different types of waves that have anisotropic
dispersion due to the magnetic field. Assuming a uniform magnetic field in
the z-direction, magnetized electron plasma waves have the following disper-
sion relation:

w=wk,/k=w,cosb,



(28)
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where 6 is the angle between k and the magnetic field, w, = Vein/em is
the electron plasma frequency, » is the electron density in the plasma, e is
the electron charge, and m is the electron mass.

(a) Find the group and phase velocities. Show that v, =0 if §=0, and for

fixed w, and k find the angle 6 that provides the maximum value of v,.

(b) A disturbance that is initially spherically symmetric propagates in the +z
direction according to E(r,t) =2Re [d°k/Q2m)*A(k) T~ *®1 Show
that this disturbance can be written as a single integral over the magni-
tude of k,

sin(\/kzr2 + (kz - a)pt)2 )

\/kzr2 + (kz — (upt)2

K

E(r,t) =87 Re [ (]‘22:;‘3A(k)

where (r, z) are cylindrical coordinates. [Hint: Use Eq. (5.1.103).] Evalu-
ating this integral numerically over the range 0 < k < 8, create an anima-
tion of a pulse with a spectrum of the form A(k) =e * /4. Plot the pulse
evolution in the r-z plane for 0 <w,r <20, via a series of Plot3D
graphics functions.

Whistler waves are low-frequency electromagnetic waves that propagate
along the magnetic field in a magnetized plasma. They have the following
dispersion relation:

0=0Q.%k*/w?, (5.1.104)

where ), =eB/m is the electron cyclotron frequency, we have assumed that

k is parallel to the magnetic field, and we have also assumed that ck < w <

Q.. [See Stix (1962, pg. 55).]

(a) A group of whistler waves is created by a lightning flash in the upper
atmosphere. The waves propagate along the earth’s magnetic field in the
ionospheric plasma, according to E(x,t) =2Re [£A(k) ehk*— ]
where x is the distance along the magnetic field. Taking A(k) = e %" /%3,
find the evolution of the wave packet analytically, without approximation.
Animate the evolution for the following parameters: k,=0.01 m~ ',
Q,=10"s"", and w,=10"s"", and for 0 <7 <0.01 s.

(b) A radio receiver is 3000 kilometers away from the initial location of the
lightning flash, as measured along the magnetic field. Using the Play
function, play the sound that the whistler waves make as they are picked
up by the receiver. (A good time range is from zero to 5 seconds.) Explain
qualitatively why you hear a descending tone (this is why they are called
whistler waves). (Hint: How does the phase velocity depend on fre-
quency?) To hear the sound of real whistler waves, picked up by the
University of Iowa plasma wave instrument on NASA’s POLAR space
craft, go to the following link:

http: //www-pw .physics.uiowa.edu /plasma-wave /

istp /polar /magnetosound.html
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(¢) For propagation that is not aligned with the magnetic field, the whistler-
wave dispersion relation is @ = (Q,c?k? cos 0)/w;, where 6 is the angle
between k and the magnetic field. Show that this dispersion relation
implies that the angle between the group velocity and the magnetic field
is always less than 19.5°. Hence, the earth’s magnetic field guides these
waves.

(29) Using Fourier transforms find the Green’s function for the following heat
equation with anisotropic diffusion, in 2 dimensions:

oT a°T d°T 3*T
W=A x2 +B0"X(7y +C&y2 .

Show that a bounded solution only exists provided that the diffusion coeffi-
cients A, B, and C satisfy 44C —B*> 0. Such anisotropic diffusion can
occur in crystals and in magnetized plasmas, for example.

(30) (a) A semiinfinite slab of material, with thermal diffusivity y, runs from
0 <x << and is initially at uniform temperature 7. At time ¢ =0, it is
put in contact with a heat reservoir, setting the temperature at x =0 to
be T(0,¢) = T,. Use a Fourier sine transform to show that the subsequent
evolution of the temperature is given by

T(x,t) =(T,—T))erf(x/2y/mxt ) + T,

where erf(x) is an error function. Plot in the ranges 0 <x <2 and
0.0001 <t <1, taking y=T,=1and T, =0.

(b) Show that the temperature gradient at x = 0 is given by 7 /dx|,_, = (T,
—T,)/mxt.For T,=2000 K, T, =300 K and y=2 X 10"% m?/s, find
the time in years required for the gradient to relax to 0.03 K/m.
Compare to the result obtained for the cooling of the earth in Chapter 4,
Cell 4.49. Explain in a few words why the results are almost identical.

5.2 THE WKB METHOD

5.2.1 WKB Analysis without Dispersion

The Eikonal So far in this chapter we have considered systems that are homoge-
neous in space and time: their intrinsic properties such as wave speed ¢ or
conductivity k do not vary from place to place, or from instant to instant. As a
consequence, Fourier transform techniques work to determine the solution. In this
section we consider systems that are inhomogeneous, but slowly varying, in space
or time. The inhomogeneity is assumed to be slowly varying in space on the scale
of the wavelength of the waves that make up the solution, and slowly varying in
time compared to the frequency of these waves.

For such systems, the technique of WKB analysis allows us to determine
analytic approximations to the solution. (WKB stands for G. Wentzel, H. Kramers,
and L. Brillouin, who more or less independently discovered the theory. Several
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other researchers also made important contributions to its development, including
H. Jeffreys and Lord Rayleigh.)

As a simple example, consider a string under uniform tension 7', but for which
the mass per unit length varies, p = p(x). Then the wave equation for this system is
given by Eq. (3.1.7):

J%y
ot?

a%y

=c*(x)—5,
(022

(5.2.1)

where c¢(x)=+/T/p(x) is the propagation speed. This speed now varies with
position on the string, so the solution for the string motion can no longer be
written as a superposition of traveling waves of the form e**~“?, Rather, we will
look for traveling-wave solutions of the more general form

y(x,t) =e Y (x), (5.2.2)

where the function ¢(x) provides the spatial dependence in the traveling wave.
Substituting Eq. (5.2.2) into Eq. (5.2.1) provides an ODE for (x):

%‘f = —k*(x)p(x), (5.2.3)

where k(x) = w/c(x).

If k(x) were constant, then the independent solutions of Eq. (5.2.3) would be
e *** and we would refer to k as the wavenumber of the waves. We will continue
with this nomenclature, and refer to the function k(x) as the wavenumber, but
now the solution will no longer be of the form e **,

To find the solution, we introduce the eikonal S(x), writing
(x)=e5™. (5.2.4)
The eikonal has real and imaginary parts:
S(x)=In A(x) +i¢(x). (5.2.5)

Here, A(x) is the amplitude of the wave, and ¢(x) is the phase, as may be seen
when this form is substituted into Eq. (5.2.4): (x) =A(x)e'*™. Substituting Eq.
(5.2.4) into Eq. (5.2.3) yields a nonlinear ODE for S(x),

e (B) e, (526)

So far no approximations have been made. However, it doesn’t appear that we
have made much progress: we have replaced a linear equation, Eq. (5.2.3), by a
nonlinear equation, Eq. (5.2.6). Usually, nonlinear ODEs are much harder to solve
than linear ones. But it turns out to be relatively easy to find an approximate
solution to Eq. (5.2.6), by dropping one of the terms in the equation because it is
smaller than the others. To determine the size of the terms, let us define a length
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scale L(x) for the spatial variation of k(x):

o -Gl -242)"|

(5.2.7)

We will assume that the wavelength of the wave in question, 27 /k(x), is small
compared L(x): 1/k(x) < L(x). Let us define a small dimensionless parameter e,

1

TROL() T

1. (5.2.8)

We will refer to the limit where the e is small as the WKB limit.
We now determine the relative size of the terms in Eq. (5.2.6). To do so, divide
the equation by k*(x), and replace 9" /dx" by 1/L". The result is

€28 + €28? = —1.

This equation is no longer strictly correct, and must be regarded as only a
qualitative indicator of the relative size of terms. The idea is that d/dx is on the
order of 1/L. After determining the small term(s), we can go back to using the
correct equation and then drop the small term(s) to get an approximate solution.

Which term(s) are small? Sometimes that is obvious, but not in this case. It
appears that both terms on the left-hand side are small because they are multiplied
by €2, but it is best not to make any assumptions about the size of S. Instead, we
will systematically assume that each term in the equation is small, drop that term,
solve for S, and then see if our assumption is consistent with the solution for S.
This trial-and-error method is called finding the dominant balance between terms
in the equation.

If we assume that —1 is the small term, and drop —1, then we are left with the
equation S 2 = —§, which has the “solutions” S = 0 and S = — 1. [These are not the
actual solutions for S(x), which must follow from Eq. (5.2.6). Rather, they only
provide the order of magnitude of S.] However, these solutions aren’t consistent
with dropping — 1, because €S + €52 is then small compared to — 1.

If we instead assume €S2 is the small term, we obtain the equation S = —1 /€2
However, this implies that €S?=1/€?, which is even larger than the terms we
kept, so this also is not a consistent approximation.

We are therefore left with €S as the small term. Dropping this term, we obtain
€25? = —1 which yields § = +i/e. Then the term we dropped, €S, equals +ie,
which is in fact small compared to either of the other terms that we kept.
Therefore, this is a consistent approximation. We have found the dominant
balance between the terms in the equation: €25* balances — 1, and €S is a small
correction to this dominant balance.

We have found that the eikonal S is large, scaling as 1/e. This reflects the fact
that in the WKB limit, over a distance of order L there must be many wavelengths
in . The phase ¢ must vary by a large amount over this distance.

Returning now to the equation, Eq. (5.2.6), we drop the small term ¢%§/dx? to
obtain an approximate solution for §. Let us call the result the zeroth approxima-
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tion for §, S =S,, where

98y \
((9_)60) = —kz(x).
This equation has the solution
So(x) =B +i [ k(x) dr, (5.2.9)

where B is a constant of integration. Comparing with Eq. (5.2.5), we have found
that to lowest order in e the amplitude is constant and the phase is ¢(x) =
+ [*k(x) dx. Since the wavenumber k(x) now varies with position, phase accumu-
lates according to Eq. (5.2.9) rather than merely as +kx.

We will now confirm that | 92 /dx?| < |4S/dx|* in the WKB limit. Compar-
ing 928,/0x> and (4S,/9x)* using Eq. (5.2.9), we have |dS,/dx|>=k> and
1928,/ dx*| =|dok/dx| ~k/L, so

328, [{ 3S,\*
dx*? ( ox )
where the inequality follows directly from Eq. (5.2.8). Therefore, Eq. (5.2.9) is a
consistent approximate solution to Eq. (5.2.3) in the WKB limit.

Equation (5.2.9), along with Eq. (5.2.4), provides us with (approximations to) the

two independent solutions to Eq. (5.2.3), which when superimposed provide an
approximate general solution for (x):

1k
k* L

~

‘=e<<1,

W(x) = Ceil kK0 g pomif ks (5.2.10)

Using Eq. (5.2.10) in Eq. (5.2.2), we have for y(x, t) a left- and a right-propagating
wave,

y(x’ t) ~ Ce*ithri/Xk(x)dx + De*iwtfi‘/‘xk(x)dx‘ (5211)

These waves are generalizations of traveling waves of the form e /(! %) encoun-
tered previously in the description of waves in a homogeneous system.

However, Eq. (5.2.10) is a rather crude approximation to the exact solution of
Eq. (56.2.3). We will now improve on the solution by first rewriting the exact
equation for S, Eq. (5.2.6), as

a8 \? 9%S
(5) - k() =2 (5.2.12)

We have placed an ordering parameter A in front of the small term 92S/dx* in
order to remind us that this term is small, of order €, compared to the other terms.
This allows us to keep track of small terms in the following calculation. We can
even expand our solutions in powers of A, since this is equivalent to expanding in
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powers of €. However, when we are finished, we will set A=1. This is a
bookkeeping device that allows us to identify small terms at a glance, and easily
perform Taylor expansions in powers of e.

Previously, we found S, by dropping the A-term altogether. Let us call an
improvement to this solution §=S5,. To obtain an equation for §; we rewrite
N3%S/dx* as A 928 /x> =X 3°S,/dx* + A d*(S — S,)/dx*. However, in the WKB
limit we expect that S — S, will be small, so that A 3%(S —S,)/dx? is a small
correction to the small correction, and so we drop this term. Then Eq. (5.2.12)
becomes

a8, \? 9%
(a—xl) - K -, (5.2.13)

Furthermore, since we already know S, from Eq. (5.2.9), this equation can be
solved for §,. The result is

A 9%,
) ax*

$1(x) =Biika(x)\/1+ =

We can simplify the square root by noting that the A-term is small, of order €. A
first-order Taylor expansion in A yields

Sl(x)=Bilfk(x)dx+t ﬁSdeJrO(AZ)

2fk()

Also, we can perform the second integral analytically by substituting for S, using
Eq. (5.2.9), yielding

ﬁSO X 4
/k(x) py fk( )&xdx tilogk(x).

Therefore, we obtain
$i(x) =B+ [ k(x) dr — Flogk(x) + O(X?). (5.2.14)

Setting A = 1, and using this improved approximation for § in (5.2.4), we find that
the term 3log k(x) has the effect of causing the amplitude of the wave to vary with
position, according to

X
eB eil/ k(x)dx

Ve(x)

P(x) = et KB on K (5.2.15)
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Therefore, in the WKB limit we have the following traveling-wave solution to Eq.
(5.2.1):

. X D . -
y(x,t) ~ C 7twt+tf k(x)dx + e*la)l*t[ k(x)dx‘ (5216)

S ¢ k(x)

This is a much better approximation to the exact solution than Eq. (5.2.11),
because it has amplitude variation that is missing in Eq. (5.2.11).

However, Eq. (5.2.16) is also only an approximate solution to Eq. (5.2.1), valid
only in the WKB limit € << 1. One could, if one wished, further improve the
solution. Defining the nth approximation to the solution as §,, we replace Eq.
(5.2.13) by a recursion relation,

2

S, \* 328
( ) = —k%*(x) - /\&—"2_1. (5.2.17)
X

ox

For instance, we could obtain S, by using S, in the right-hand side of Eq. (5.2.15).
We could then use that form on the right-hand side to obtain S5, and so on. The
hope is that the resulting approximants converge, so that for n large, S, _, /dx*
— 3?S /dx* and Eq. (5.2.17) becomes the same as Eq. (5.2.12), so that we are
obtaining the exact solution for § in the limit.

At each stage in the recursion, we can Taylor-expand S, in A to the appropriate
order so as to obtain the simplest possible analytic result. In fact, one can
automate this procedure quite easily, since evaluating recursion relations and
performing Taylor expansions are just the sort of things at which Mathematica
excels. We do so below, defining a function Sp [n, x], which is 4S5, /Jdx. According
to Eq. (5.2.17),

Cell 5.12

spln_, x 1 := Sqrtl[-k[x]”2 - ADI[SpIn - 1, x]1, x]1;

(One could also choose a negative sign in front of the square root to obtain a
second solution.) For the initial condition in this recursion relation, we take

Cell 5.13
Spl0, x 1 := Sqgrtl-kI[x]*2];

Then we can ask for the result at any order. For instance, at second order,

Cell 5.14

spl2, x]

A kx]1%k "[x]2 n Ak [x]1? AkIx] k"[x]
Ckx1*)2 k2 Yokx?

2\/_k[x]2+ Ak [x] k ‘[x]

V—k[x]2



402 PARTIAL DIFFERENTIAL EQUATIONS IN INFINITE DOMAINS

This is very messy, but can be simplified by noting that it is correct only to second
order in A. Therefore, we can Taylor-expand in A:

Cell 5.15
Expand [Simplify[Normal [Series B {A, 0, 2}11, kIx]1>0]]

g L A L3ANK ) N K (x]
bRk 2 k[x] 8 k[x]®> 4 k[x]?

This is the derivative of the second-order approximant, 4S,/dx. It contains the
contributions from S, given by Eq. (5.2.14) as well as two correction terms of order
A2, It is easy to continue this process and obtain even higher-order corrections.

More often than not, however, the approximants do not converge as n —
instead, they converge for a time, and then begin to diverge as n increases past
some value that depends on the size of e. This is typical behavior for asymptotic
expansions, of which WKB solutions are an important case. [Some examples of this
behavior are considered in the exercises. Readers interested in learning more
about asymptotic expansions are referred to the book by Bender and Orzag
(1978).] Nevertheless, if € is sufficiently small, the WKB solution §, is usually a
reasonably good approximation. We will not bother with the higher-order approxi-
mants for S here, because they become more and more complicated in form, and
make only minor corrections to Eq. (5.2.16).

Example: Waves on a String with Varying Mass Density As a simple example of
traveling-wave solutions in an inhomogeneous system, let us consider the case
where the string mass varies as p(x) = p, e*/* (i.e., the string gets exponentially
heavier as one moves to the right.) Then the wave speed obeys c¢(x) = /T/p(x) =
coe */?H, where ¢, =4/T/p, is the wave speed at x = 0, and the local wavenum-
ber varies with position as k(x) = w e*/*2) /c,,. This implies that phase in the wave
accumulates according to [*k(x)dx = (2| w|L /c,) e*/*") and so the traveling wave
solution is

Mex/(u)”
0

C .
y(x,t)zmexp —i| ot —

0

The real part of this solution is plotted in Cell 5.16, taking D =0 (i.e., the wave
propagates to the right) and ¢, = w=1 and L =5. This plot shows that the wave
decreases in amplitude as it propagates to the right, because the string gets heavier
as one moves in this direction. Also, since the wave slows down as it propagates,
wavefronts pile up, making the wavelength smaller.
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Cell 5.16

2wL
exp[—i(wt—c—ex/(n‘)/. {co—1, L>5,0 >1};
0

[x , t_] —
yix_» = o/ (41)
Table[Plot[Rely[x, t11, {x, -4, 20},

PlotRange— {-1, 1}, AxesLabel— {"x", n"y"}],
{t, 0, 1.8 Pi, .2 Pi}];

[TITTTTTIT I ITTT TTT] <

This solution propagates to the right. As an exercise, reevaluate this cell,
modifying the definition of y so that it is a traveling wave moving to the left. What
does the animation look like now? How does it relate to the one in Cell 5.16?

Another question is: how close is this WKB solution to the exact solution for
this traveling wave? One can answer this question by solving Eq. (5.2.3) for ¢ using
DSolve:

Cell 5.17
*2
YIx_1 = yIx]/. DSolvely"[x] == - ——=g Explx/L] §Ixl, yIx], x][[1]]
0
BesselJ [0, 2‘/eL Lw/c,] C[1l] + BesselY][O, e’ Lw/c,1C[2]

The result is a superposition of two Bessel functions. In order to compare this
exact solution with our WKB approximation, we must determine the constants
CI[1] and c[2]. To do so, we will match #(x) to y(x,0) at x =0, and J/Ix to
dy/dxl,_, at x = 0. Therefore, the solutions will match at x = 0, but not necessar-
ily at any other x:

Cell 5.18

Solvel

{lp[O] == y[O, 01, (D[llf[x], x]/. x—0) == (D[Y[xl 01,
x1/. x—0)}, {cl1]l, cI2]1}1;

Ylx 1 =¢Ix1/. %[[111;

yexact[x , t ] =¢Ix] Exp[-Iwtl/. {0 - 1., L>5., c,—>1.};
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The command for plotting the exact solution is given in Cell 5.19. The result is
almost identical to that shown in Cell 5.16, so the actual plot is not shown in order
to save space. However, there is a small difference with the WKB solution, plotted
in Cell 5.20. This error in the WKB solution grows as the length scale L decreases,
for fixed w and c,. This is because the WKB limit depends on L being large. The
reader is invited to reevaluate these plots for smaller L, in order to investigate the
error in the WKB approach.

Cell 5.19
Plot [Re[yexact[x, 011, {x, -4, 20}, PlotRange— {-1, 1},
AxesLabel - {"x", "y"}];
Cell 5.20

Plot [Rel[yexact[x, 0] -yIx, 011, {x, -4, 20},
AxesLabel — {"x", "Ay"}];

AN li
I i

WKB Method for Systems That Vary Slowly in Time: Adiabatic Invariance
Consider a quantum-mechanical system, such as an atom, that is in a particular
energy eigenstate described by some set of quantum numbers. When the system is
put in an external electric or magnetic field that varies rapidly in time, it is well
known that this can cause the system to jump to other energy eigenstates, with
different quantum numbers.

On the other hand, if the external fields vary slowly, it is observed that the
system remains in the original quantum state. For example, hydrogen atoms
remain in the ground state if they are slowly transported from a field-free region to
a region where magnetic or electric fields exist. Thus, the quantum numbers are
constants of the motion when the external fields vary slowly, but not when the fields
vary quickly.

In 1911, at the first Solvay conference, the question was raised as to whether
there is analogous behavior in classical systems. That is, when a classical system is
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placed in slowly varying external fields, is there some quantity that remains
time-independent, in analogy to the quantum numbers of the quantum system?
Albert Einstein, a conference attendee, showed that such a quantity does in fact
exist. It is called an adiabatic invariant, because it is only invariant if the fields vary
adiabatically (slowly).

To illustrate the concept of an adiabatic invariant, Einstein chose the following
model system: a pendulum whose length is varied slowly compared to its oscillation
frequency. A slightly simpler version of this problem is a harmonic oscillator for
which the oscillator frequency varies slowly in time in some prescribed manner,
w, = w,(t) (the pendulum problem is considered in the exercises). The Hamilto-
nian of the oscillator is

H=1imi? + smwl(t)x>. (5.2.19)

Since H depends explicitly on time, the energy of the system is not a conserved
quantity. To find the adiabatic invariant for this system, one can examine the
equation of motion for the oscillator:

#(1) = —wd(t)x(1). (5.2.20)

This equation has the same form as Eq. (5.2.3), so we can apply WKB theory to
find an approximate solution. This solution will be valid only if the frequency w,(¢)
is slowly varying in time. Specifically, the requirement on o, is @,/ < 1 [this is
analogous to Eq. (5.2.8)]. Comparing with the WKB solution of Eq. (5.2.3), we can
write the WKB solution to Eq. (5.2.20) as

x(t) = ﬁcos(/two(t) dr + ¢), (5.2.21)

where ¢ is a constant phase factor and A and ¢ are determined by the initial
conditions on Eq. (5.2.10). Equation (5.2.21) shows that when the frequency of the
oscillator increases with time, the amplitude of the oscillations decreases like
1/ wy(t).

We can see this behavior if we solve Eq. (5.2.20) numerically for a given initial
condition and a given w,(¢). For example, take w,(t)= —at+e*, x(0)=1,
x'(0)=0. Then the WKB solution for these initial conditions is x(¢)=
cos [pwy(t) dt/y/wy(t) . This is compared with the numerical solution of Eq.
(5.2.20) in Cell 5.21. The WKB solution (dashed line) works reasonably well,
considering that the time variation of w(¢) is rather rapid. By changing the value
of a, the reader can observe how the error in the WKB solution depends on rate
of change of w,(¢).

Cell 5.21

Clear["Global‘*"];
<<Graphics‘;

a = 1/3;

W[t 1 = -at + e“%;
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xWKB[t ] = Cos[Integratel[w,[tl], {tl, 0, t}]]1/Sqgrtlew,[t]l];
NDSolve[{x“[t] == -w,[t] “2 x[t]l, x[0] == 1, x'[0] == 0},
x[t], {t, 0, 15}, MaxSteps— 5000];
x1[t 1 = x[t]l/. %[[1]1];
Plot [{xWKBI[t], x1[tl}, {t, 0, 15}, PlotStyle—
{Red, Dashing[{0.01, 0.02}]1, Thickness[0.006]1}, Blue},
AxesLabel — {"t", ""}, PlotLabel — "Oscillator with varying
frequency"l];

Oscillator with varying frequency

I“HI|HH’IIH HII|HH|IIH“III

Can we find a constant of the motion for this problem in the WKB limit, where
@y/wi < 1? We know that energy is not conserved. However, consider the
following quantity:

J=E(t)/wy(t). (5.2.22)

We will show that the quantity J is constant in the WKB approximation, and is the
adiabatic invariant we are looking for. To show this, we will substitute Eq. (5.2.21)
into Eq. (5.2.19). This requires that we first evaluate x(¢) = dx /dt:

. A w, ( t ) . ( t )

x(t) = - cos| | wy(¢)dt+ + wysin| | wy(t) dt +

()= Ty |~z om0 @ o) oy sinf [y e
However, the first term is negligible compared to the second term in the WKB

limit where @,/ wf < 1, so we will drop it. Then we have

1 A? . t 1 A? t
H=FE= 7mmw3 smz(f a)O(t) dt + ¢) + jm(ug wo(t) COSz(f wo(t) dt + (15)

1
= 7mA2w0(t).

This proves that J=E/w,(t) is a constant of the motion in the WKB limit.
However, it is only an approximate constant. For example, if we evaluate E /w ()
using the previous numerical solution, we find (Cell 5.22) that this quantity does
vary slightly. Initially, J is not very well conserved. But as time goes by, @,/ ~
e~ *' becomes smaller, we approach the WKB limit, and the adiabatic invariant is
almost a constant of the motion.



5.2 THE WKB METHOD 407

Cell 5.22

Jlt ] = (1/2 x1'[t]1"2 + 1/2 w,[t] *2 x1[t] *2) /w,[t];
Plot[JIlt]l, {t, 0, 15}, PlotPoints— 2000,
PlotRange — All, PlotLabel — "adiabatic invariant vs time"];

Adiabatic invariant vs time
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Adiabatic invariants can also be defined for other systems where a degree of
freedom exhibits high-frequency oscillations. These approximate invariants can be
related to action integrals. For in-depth discussions of this important subject, see
Goldstein (1980, pg. 431), and Landau and Lifshitz (1976, pg. 154).

WKB Wave Packets Let us return now to the problem of waves on an inhomoge-
neous string. General solutions to the wave equation can be constructed out of
superpositions of these traveling waves. In order to see how this is accomplished,
perform a temporal Fourier transform of the wave equation (5.2.1): — w?j(x, w) =
c*(x) 9%*5/9x?, where j(x, w) is the Fourier transform in time of y(x,?). Dividing
through by c¢?, we obtain

9% _ 1o _
a2 K (x @) §(x, ), (5.2.23)

where k(x, o) = w/c(x). The general solution to this ODE is of the form
J(x,w)=A(w)(x, w) + B(w),(x, »), (5.2.24)

where ,(x, ) and ¢,(x, w) are two independent solutions to this second-order
ODE. Taking the inverse transform, we find that the general solution to Eq.
(5.2.23) may be expressed as
“ dw —iw —iw
y(x.0)= [ F[A(w) e i(x, 0) +B(w) e y(x, 0)]. (5225)

The functions A(w) and B(w) can be used to help match to given initial
conditions and /or boundary conditions (if any).

We found WKB approximations for ¢,(x, w) and #,(x, w) previously; see Eq.
(5.2.15). Assuming that the WKB limit holds, we can use these solutions in Eq.
(5.2.25):

* dw A( w) e*ithrika(x,w)dx +B(w) e*iwtfika(x,w)dx

Y(xat)=f_w2ﬂ. m

. (5.2.26)
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For the case of a nonuniform string, where k(x, w) = w/c(x), Eq. (5.2.26) can be
further simplified:

y(x)=Ve(x) [ 52 [fT(w) e it [0/ 4 B() e iott [/t
(5.2.27)

where A=A/Vo and B=B/Vw. Let us now define a function 7(x) = [*dx /c(x);
this is the time required to propagate to point x. [It is convenient to leave the
integral in 7(x) with an indeterminate lower bound, so we have not specified an
initial position. To be precise, we should say that 7(x,) — 7(x,) = [*> dx/c(x) is
the time required to propagate from x; to x,.]

Using this definition for 7(x) in Eq. (5.2.26), we can write the solution as

y(x, 1) = e(x) [f(t=7(x)) +g(t+7(x))], (5.2.28)

where f(t) = [(dw/27) A(w) e’ and g(t) = [* (dw/27)B(w)e ' are Fourier
transforms of A and B. This WKB form of the general solution to the wave
equation for an inhomogeneous medium has much in common with the expression
for the d’Alembert solution for a homogeneous medium, Eq. (5.1.11). Like Egq.
(5.1.11), Eq. (5.2.28) describes two counterpropagating wave packets. But now the
time required to propagate to position x is 7(x) rather than x/c, and the shape
and amplitude of the packets vary.

For example, let us consider an initially Gaussian packet, y(x,0) =y (x) = e,
moving to the right. Then we can take g=0, since this part of the solution
describes a packet moving to the left. Also, f(¢) is determined by the initial
condition,

y(x,0) = ye(x) f(=7(x)) =yo(x). (5:2.29)

We can solve this equation for f(¢) by inverting the function 7(x), given that 7
increases monotonically with x. Let X(¢) be the solution for x to the equation
t=17(x), for given ¢. If we let = 7(x) in Eq. (5.2.29), then x =X(¢), and the
equation becomes

_ YO(X(I))

T =y

This equation determines f(¢), and when used in Eq. (5.2.28) it provides us with
the solution for the motion of the wave packet.

We will work out the WKB solution for the case c(x)=c,e*/** discussed
previously. Then 7(x) = [*dx/c(x) = (2L /c,) e*/**. This shows that it takes expo-
nentially longer to travel to larger x, because the wave is slowing down as x
increases. The solution for x to the equation 7(x)=1¢ is X(¢+)=2L In[c,t/Q2L)].
Then Eq. (5.2.30) implies f(—1)=e ¥ "®3/t/(2L) . Using this expression in Eq.
(5.2.28), together with our expression for T(x), provides us with the required
solution for the propagation of the packet in the WKB approximation. This is

(5.2.30)
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shown in Cell 5.23, taking L =2, ¢, = 1. As the wave packet propagates into the
heavier region of the string where ¢(x) decreases, the packet slows and becomes
smaller. It also narrows, because the back of the packet catches up with the front
as the packet slows down.

Cell 5.23
clx_ ] = ¢, e/ 30,
2L wen,
Tlx 1 = ey e ;
X[t 1] = 2 L Logle, t/(2L)];

£lt 1 = e*°81%2 ¢/ (21);

vix , t 1 = yelx] £lt - 7[x]11/. {c,> 1, L—>2};

Table[PlotlylIx, tl, {x, -3, 15},
PlotRange— {{-3, 10}, {-0.2, 1}}, AxesLabel— {"x", ""},
PlotLabel - "y[x, t]l, t =" <>ToStringl[t]], {t, 0, 30, 1}1;

y[x,t], t =0 1 ¥lx,t], £ =10
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We also observed this narrowing of the packet when we analzyed the motion of
a hanging string in Chapter 4, Sec. 4.2. There, however, it was the tension that
varied with position, not the mass. As a result, the amplitude of the packet
increased as the packet slowed and narrowed, rather than decreasing as it does
here. The reason for this difference in behavior between strings with nonuniform
tension and nonuniform mass density will be taken up in the exercises.
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WKB Waves in Two Dimensions: Water Waves Near the Shore Waves in
shallow water of varying depth A(r), with amplitude z(r,?), are described by the
following wave equation:

3%z 5
==V [¢2(r)Vz], (5.2.31)
where ¢?(r) =gh(r), and g is the acceleration of gravity. Equation (5.2.31) is a
generalization of Egs. (3.1.78) and (3.1.79) for varying depth and propagation in
two dimensions, with r = (x, y). This equation follows from the same arguments
that led to Eq. (3.1.78). It provides a useful model for a discussion of wave
propagation in inhomogeneous 2D systems.

For simplicity, we will assume that & = A(x) only, so that there is no y-depen-
dence to the water depth. In this case, traveling-wave solutions to Eq. (5.2.31) are
of the form z =¢"*Y~“" y(x), where k, is the y-component of the wavenumber, a
constant. The function  satisfies the ODE

J 1 J
ax mﬁ‘ﬁm = = (x), (5.2.32)

where

ki(x, o,k )= z(x) f (5.2.33)
is the square of the x-component of the wave vector. Equation (5.2.33) can be
rearranged to read

w?=c*(x)(k]+k}), (5.2.34)

which is simply the dispersion relation for these waves. Since o and k, are
constants, as c(x) varies k, must also vary in order to satisfy Eq. (5.2.34).
Equation (5.2.32) is a linear ODE that is similar in form to Eq. (5.2.3), so WKB
analysis can be used to follow the behavior of these shallow-water waves, provided
that the depth varies little over a wavelength. That is, we require that k£ L > 1,
where L =11/(d Ink, /dx)| is the scale length due to the depth variation. If this
is so, then we can use the eikonal method discussed in the previous section, first
writing = e5®), and then approximating S(x) in the WKB limit. The result is

z(x,y,t) =A /kx(x7 w’ky) ei[k},yikax(x,w,ky)dxfwt], (5235)

(see the exercises). Equation (5.2.35) describes a wave propagating in either the
+x or the —x direction, and at the same time propagating in the y-direction with
wavenumber k.

For example, let’s assume that the water depth i(x) decreases as x increases,
according to

hoa/(a+x), x>0,

Mo =4, o (5.2.36)
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T | T | T | T
0
i hx) ]
z —1:_________J/////////,
_2 _
1 ] ) | ) | 1
) -1 0 1 o Fig. 5.6 Equilibrium water depth as a function of
X position.

In other words, as x increases we approach the shore. (See Fig. 5.6.) In Cell 5.24,
we display z(x,0,¢) for a wave propagating in the positive x and y directions. In
this example we choose @ so that k, =k, =1 m~! for x <0. According to Eq.
(5.2.34) this requires w=/2gh, X1 m~". Also, for x>0, k,=/1+2x/a m™'
according to Egs. (5.2.33) and (3.1.79).

Cell 5.24
hix ] := h0o a/(a + x)/; x >0
hix ] := ho/; x < 0

clx 1 = /g hix];

kxlx 1 := Yo*/clxl? - ky?;

ky = 1;

g = 9.8;

a = 2;

h0o = 2;

z[x , y_, t_1 := ykx[x] Exp[I (ky y +NIntegrate[kx[x1],

{x1, 0, x}]1 -wt}]

Table[Plot[Relz[x, 0, tll, {x, -5, 10}, PlotRange— {-3, 3},
AxesLabel — {"x", "z[x, 0, t1"}], {t, 0, 1.8Pi/w, .2Pi/w}]l;

z(x,0,t)
3

2

T

Ny

As the waves move toward the beach, they slow down [c(x) decreases as the
depth decreases]. As the waves slow, the wavefronts pile up, and this results in a
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shortening of the x-wavelength, 27 /k, (that is, k, increases). However, unlike the
waves on a nonuniform string, the amplitude of these water waves increases as the
waves slow. Eventually, if the amplitude becomes sufficiently large, nonlinear
effects become important: the waves break. This will be discussed in Chapter 7.

While k, increases as x increases, k, remains constant, and this implies that
the wave vector k = (k,, k) changes direction as the waves propagate, increasingly
pointing in the x-direction as x increases. This is shown in Cell 5.25 using a
contour plot. The waves bend toward the shore. This is because the portion of a
wavefront that is closer to the beach moves more slowly, falling behind. This
behavior is familiar to anyone who has observed waves at the beach. The bending
of the wavefronts is analogous to the refraction of light waves. We discuss this
connection in Sec. 5.2.2.

Cell 5.25

waves = Tablel
ContourPlot [Relz[x, y, tll, {x, -5, 10}, {y, -5, 10},
PlotRange— {-3, 3},
FrameLabel — {"x", "y"}, PlotPoints— 100],
{t, 0, 1.8Pi/w, .2Pi/w}];

Ray Trajectories For waves propagating in two dimensions in a medium where
¢ =c(x), we have seen that the wave’s phase ¢(x,y,) is given in the WKB
approximation by

$(x,y,1) =kyy+kaxdx—wt, (5.2.37)

where k = \/ w?/c*(x) —k; . This phase appears in the exponent of Eq. (5.2.35).
Curves of constant ¢ define the phase fronts that are observed to propagate and
bend in the previous animation.
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Consider a point on a phase front at position (x,, y,) at time ¢ = 0. Let’s assume
that this point moves with the wave, and determine the path that it follows. One
might think of this point as a surfer who is allowing the wave to push him /her
along at the local wave speed, in a direction normal to the local wavefront.

The equations of motion for this point of constant phase can be obtained by
taking a differential of Eq. (5.2.37) and setting d¢ equal to zero:

d¢=0=kydy+kx(x,a),ky)dx—wdt,

or in other words, dr-k = w dt. Since the direction of motion is the k-direction, we
obtain

ar _ 9% _c(x)k, (5.2.38)

where k =k(x) is a unit vector in the k-direction, and where we have used Eq.
(5.2.34) in the second step. .

Thus, the phase point travels with the local phase velocity v,(x) = (w/k)k,
which is hardly surprising. This is the same equation for phase velocity as for waves
in a homogeneous medium, Eq. (5.1.41), but now the velocity varies with position.
For a given initial condition, r(¢ = 0) = (x,, y,), the solution to Eq. (5.2.38) defines
a curve r(¢) in the x-y plane, which is the trajectory of the point of constant phase
as time progresses. This curve is called a ray trajectory.

In component form, Eq. (5.2.38) becomes

dx k,
T c(x) D
(5.2.39)
dy k,
E _C(X)T

In Cell 5.26, we solve Eq. (5.2.39) for three separate initial conditions, and plot
them, using our previous results for k (x). The rays are curves y(x) that are
normal to each surface of constant phase. These surfaces are nearly identical to
the contours of constant wave height shown in Cell 5.26, since the wave amplitude,

Vk,(x), is slowly varying compared to ¢ [see Eq. (5.2.35)].

Cell 5.26
Do[x0 = -5 + 2 n; y0O = -5 + 4n;
ray = NDSolve[{x"[t] == cIx[t]l] kxI[xI[tll/
Sqgrtlky”2 + kx[x[tl]*2],
y'[t] == cIx[t]] ky/Sartlky”*2 + kx[x[t]]*2],
x[0] == x0, y[0] == y0}, {xI[tl, yItl}, {t, 0, 10}1;

xraylt 1 = x[t]l/. ray[[1]l]; yraylt 1 = y[tl/. rayl[[1]l];
plot[n] = ParametricPlot[{xray[t], yrayl[tl}, {t, 0, 10},
DisplayFunction— Identity, PlotStyle —»> RGBColor[1l, 0, 0]
1;, {n, 0, 2}1;
Show[Join[{waves[[1]]}, Table[plotInl, {n, 0, 2}11,
PlotRange— {{-5, 10}, {-5, 10}}, DisplayFunction—
$DisplayFunction];
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The bending of the rays can also be understood by dividing dy/dt by dx/dt in
Eq. (5.2.39):

dy/di _dy _ k,
i /di ~ dx