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1 �� a ��? �	+ ���/ ���� �� �	 � �� �� ���� �� 	 � a �� ���(� �� ��@�A/ � � �� ���� �� �	� ��
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��� �Lθ = π/2 �/�� x �� ����� �� E0

E0 = E0 cos θ k̂ + E0 sin θ î.
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a �@�A/ $� �� �	� � 5�	� '� r �� $:*�+ �� q � ��� 	D� $� �
����� ��
 $� �$���,� $� @�	/ '� R�S

�4T %�� �	� �5�	� '� r′ =
a2

r
�� $:*�+ �� $� q′ = −a

r
q �� �'���� $� %�� � ��� # 	
 !" ��/��

	D� $� ��-� %
I� ��Q-�U �r′ =
1

r
� q′ = − q

r
N�� /�� ���� ���(� ��? �	+ ��/�� a = 1 	D� �V59 8
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&I� ��("	� 1 �
 aL �/� ��+�/C �+ �� |δr′| =
δr

r2 ��P �
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;� �� ���< !
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�� ����� 4
� ��/�� x �� ����� �� L%
�;��� ��J �3��7 ������ $� �
	�M� 	W� �� �� � %��9 �����

8 �4T �	� 4���K" x � � ,� �� �� x = ±R �X�1� �� ∓Q �� ���'���� $� ��� �� �4�/�YD �� �� "��

�� �	� �� �2��Z ��J ����� ��/�� %��& 2 Q

4 π ε0 R2
= E0 $� � � [ ��� / \�5� R � Q 	D� �V63

�� ∓Q �� ���� � � 	 &� �� "�� � [ $P �� - � � � �� � �� ]S �%�� E0 î �Q� � � �� ��
�5 � �� L����
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_�� �� �	� ��J %�`� �� �	
 !" � ��� $� �� �<-� �� �	
 !" � ��� $� � ���	�

� 2 Q

4 π ε0 R2
= E0 � X	/ �� � �Q → ∞ � R → ∞ � �9 �� $� � /�� ��
� �G�"	" 4
� $� �%�� 2

R
î

$� $� ��'���� x �� �'� � � (4π ε0) E0 a3 �� �'���� �� ��$�1� �� ���
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x = −R x = R
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 !" 4
� �Q, R → ∞ � �9 �� ���� x

�L��� � �	� �� � 5�	� �� $� �
 �����
��J %�� �����
�� 4�(�H�

��J z = zn �� Pn �� ���
�� n ∈ N �� �	 � N� 
��� ��$�1� �� �����
�� '� �� $ �� � �� ]S

�� %<3 4��(H� �%�� L�-�
�S �� �	� ��J z′
n = −zn �� P ′

n = Pn �� ���
�� � L�
_�� �� �	�

�� �
_�� �� �	� �� �%�� �-�
� S �� �	� �� $� P ′
n �� ���
�� � 	
 !" ���� z′

1 = −1 � z1 = 1

�3 4
� �� $� %�� zn+1 �� $�1�

1 − zn+1 =
1

1 − z′n
=

1
1 + zn

⇒ 1
zn+1

=
1
zn

+ 1.

N%/�� ���� 7 z1 = 1 � X	/ �� �1%�� ���� �:U�<" �� $���A� 4
� �)9

zn =
1
n

.
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Pn+1 =
−P ′

n

(1 − z′n)3
, z′n = −zn, P ′

n = Pn,

Pn + 1
Pn

=
−1

(1 + zn)3
=

−n3

(n + 1)3
.

�%�� ���� �� �:U�<" �� $���A� 4
� �)9

Pn = (−1)n−1 P1

n3
.

�L��-��� �� %� �SJ ��-� 2�(9 �� �	� 	� �� ��/ Ǳ�1�� �)� �� ���
�� ���� "�� _�9 �

P = P1

∞∑
n=1

(−1)n−1

n3
= P1

3
4

ζ(3)

= (4 π ε0)E0 a3

(
3
4

ζ(3)
)

.

�%�� ���1� 4
� 	��	� �� ��(�� )� ���
��

Ptwospheres =
3
2

ζ(3) (4πε0) E0 a3
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 $� ����� ���-� 2�(9 �� � /�� ���� �
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�%�� z � � ,� �� �� �� �. $� �P = P î �� ���
�� 	 � �%�� z � � ,� �� �� $� P ′ = P ′ î

�����
�� 	D� �%�� �� '� ���
�� �� �� $:*�+ d �3 4
� �� $� �-��� ���� �� −2 P P ′

4 π ε0 d4 �� �	��

$� $� �
 �	�� �G�"	" 4
� $� �%�� $A+�� �	�� �-/�� �'� ���S 	D� � �%�� $�a�3 �	�� ��-/�� �'� �

N%(� � /�� ���� Pn �� ���
��

Fn =
−2

4 π ε0

∑
m

(−1)n−1 P1

n3

(−1)m−1 P1

m3

1(
1
n

+
1
m

)4

=
−2 P 2

1

4 π ε0

∑
m

(−1)n+m n m

(n + m)4
.
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��� Fn �� $�� �b�3 �� %�� 	��	� � /�� ���� �
_�� �� �	� $� $� �
 �	��

F =
−2 P 2

1

4 π ε0

∑
n,m

(−1)n+m n m

(n + m)4
.

�9 � ��' b�3 �G�"	" $� �. �@ �E� $� �-A� 4
� $� �%(�� c�	D���Q1:��d $��D�� �� �	� 4
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N��-� e
	A" ����� �D$�(� 4�+	D

αN = −2
N∑

n=1

N∑
m=1

(−1)n+m n m

(n + m)4

$� ��� ��C� �� "��

α : = lim
N→∞

αN =
1
3

ln 2 − 1
4

ζ(3)

= −0.069 465 165 613

�G�"	" 4
� $�

F = α (4 π ε0) (E0 a)2

�	" �f��� �� ���� �� $���	� �
 �� �L��-��� �� V1T b3	�J �	� 2�(9 �:�:," �#�� $� �� "�� �� α

N%�� ���. %�� $� 	
��1� 4
� Fortran 90 ����' $� �� $���	� �� ��	� 2�(9 �� αN �� "�� ��

α1000 = −0.069 465 196 3228

α10000 = −0.069 465 165 9152

α20000 = −0.069 465 165 6812

α100000 = −0.069 465 165 6063
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−Q

+Q

q1

q′1

q2

q′2

q3q4

q′3
q′4

z = R

z = −R

z1

z′1

z2

z′2

z3z4

z′3
z′4

N� 
��Y D�� z � � ,� �� �� �� $�1 � � �� � ��

� �z = R �� $�1 � �� −Q �� �'�� �� $ � � �� �

�z = −R �� $ � 1 � �� Q �� �'�� �� $ � � �� �

��
	���� ������ �
 �� ����� �� �	� �� � -��

$�J q � ��� �
_�� �� �	� ��� /�� �����
 � ���

��	�D�� −q � ��� �-�
�S �� �	� � L%�� %�`�

����� ���� 4
� �� �	� ���-� 2�(9 �� q ���� 7��
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 !" �	� �� 	� �� �� ∓Q �� �����

N�
.�� %�� $� ��� ��;P G�"	" 4
�

q1 =
Q

R − 1
, z1 = 1 +

1
R − 1

q2 =
−Q

R + 1
, z2 = 1 − 1

R + 1

q′1 =
−Q

R − 1
, z′1 = −1 − 1

R − 1

q′2 =
Q

R + 1
, z′2 = −1 +

1
R + 1

� �� 
_� � �� �	 � �� q2 � q1 ��� � �� ; P 4 
� '�

q1 �� ��	 
 !" ���� �-� 
� S �� �	� �� q′2 � q′1

� �q′4 � q′3 G� "	 " $ � �� � - � 
� S �� �	 � �� q2 �

G�"	" $� �� �
_�� �� �	� �� q′2 � q′1 �� ��	
 !"

� " � � ���� $ ���� �� �� � 4 
� �� � �� �� � q4 � q3

�� qn �� $����� N�
. %�� $� ����� '� $����� ��

��-�
�S �� �	� �� q′n �� $����� � ��
_�� �� �	�

$� %�� ���S $:=(� ����1" '�

q′n = −qn, z′n = −zn.
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$� %�� � ��� �-�
�S �� �	� �� �. � 	
 !" ��/�� �
_�� �� �	� �� zi �� $�1� �� qi � ��� 	D�

�� �	� �� �� � 4
� � 	 
 !" � �z′
i = −1 + (1 + zi)

−1 �� $�1� �� q′i = −qi(1 + zi)
−1 �� �'����

�3 4
� �� $� zi+1 �� $�1� �� qi+1 �� �'���� $� %�� � ��� �
_��

zi+1 = 1 − 1

2 − 1
1 + zi

=
zi

1 + 2 zi
,

qi+1 = − −q′i

2 − 1
1 + zi

=
qi(

2 − 1
1 + zi

)
(1 + zi)

=
qi

2 zi + 1
.

N� /�� )9 �D���� $� zi �� ��CD'�� �� $���A�

1
zi+1

=
1
zi

+ 2 ⇒ zi =
z0

1 + 2 i z0
.

$� ��-� $3I  " ����� �� /�� )9 qi �� $���A� _�9 �

qi+1

qi
=

1
1 + 2 zi

,

2 zi + 1 =
2 z0

1 + 2 i z0
+ 1 =

1 + 2 (i + 1) z0

1 + 2 i z0
.

_�9 �

qi

q0
=

qi

qi−1
· qi−1

qi−2
. . .

q1

q0

=
1 + 2 (i − 1) z0

1 + 2 i z0
· 1 − 2 (i − 2) z0

1 + 2 (i − 1) z0
. . .

1
1 + 2 z0

=
1

1 + 2 i z0
.

$� ��-� $3I  " $��� 4
� $�
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∞∑
i=0

qi =
∞∑

i=1

q0

1 + 2 i z0
= ∞.
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N%�� ��4
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I ��& � 	
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q
(1)
0 =

Q

R − 1
, z

(1)
0 =

R

R − 1
,

q
(2)
0 =

−Q

R + 1
, z

(2)
0 =

R

R + 1
,

q
(3)
0 =

Q

2R − 1
, z

(3)
0 =

R

2R − 1
,

q
(4)
0 =

−Q

2R + 1
, z

(3)
0 =

R

2R + 1
,

��-� e
	A" � -��

Si :=
4∑

α=1

q
(α)
i = q

(1)
i + q

(2)
i + q

(3)
i + q

(4)
i

=
q
(1)
0

1 + 2 i z
(1)
0

+
q
(2)
0

1 + 2 i z
(2)
0

+
q
(3)
0

1 + 2 i z
(3)
0

+
q
(4)
0

1 + 2 i z
(4)
0

$� � /�� ��
� %���	� �� $���,� �
 ��

Si = 2 Q

[
1

(2i + 1)2 R2 − 1
+

1
(2i + 2)2 R2 − 1

]
.

N%�� �� Si �@ �E� %�� �
_�� �� �	� �� $� � )� � ���

q =
∞∑

i=0

Si

= 2 Q

[ ∞∑
i=0

1
(2i + 1)2 R2 − 1

+
∞∑

i=0

1
(2i + 2)2 R2 − 1

]

= 2 Q

∞∑
n=1

1
n2 R2 − 1

.
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h%�� �	D�� %�� ���. %�� $� %
�;� �� $� �� �	� ��	�D�� �� %�`� �i�' ����>� �g��" (2i + 2)

�%�� �	D��
4∑

i=1

∞∑
n=1

q(i)
n ��I� �%�� �	D��

∞∑
n=1

4∑
i=1

q(i)
n $� ��-� $3I  "

\�5� �� �� R ��9 ��

q =
2 Q

R2

∞∑
n=1

1
n2

� 
�� .
∞∑

n=1

1
n2

= ζ(2) =
π2

6
.

�
��� \�5� �� �� R �� �	� 4
� 	� �-�

q =
π2

3
Q

R2
.

�� ���	� �2��Z �� j� * �. �� ��/�� 2 Q

4 π ε0 R2
= E0 $� � � [ ��-/�� \�5� �� 	� R � Q 	D�

�
 �� �� ���� �� �	� �� 	D� �]S �� ��� E0 � %��& ��
	���� ������ Ǳ���� �� ��
�5� �� �5I :+

�� �� $� � ��� j� * �. �� L����� ������� �� 4
5�	���67J �
��YM� %��& �� ��
	���� ������

N%(� � /�� b�3 %�`� �� �	�

q =
π2

6
(4 π ε0) E0 a2.

%(� %�`� �� �	� �� �� ��� �6� �� �� ���MP

σ̄ =
π2

6
ε0 E0 = 1.64 ε0 E0.

�-A
 �3 π ε0 E0 a2 �� � � 	��	� %(C��� �
_�� �� �	���� �� �� $� � ��� �� � Ǳ���� �� �	� �
 	D�

�1.5 ε0 E0 �/�� �
_�� �� �	���� �� �� ��� �6� �� ����MP

������ ����� �� $<� K � ��
	���� ������ z = 0 �� $,<* �� �� $� %�� ���S ����� ����1" '�

�
��� $� %�� ��-P f(x, y, z) ��k+ �� )�(���S �-A


∂f

∂x

∣∣∣
z=0

=
∂f

∂y

∣∣∣
z=0

= 0.
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 �� �� a �@�A/ $� �� �	� N%(� �� 	M
� �� $:=(� �
 �)9 �
� $�+�
 $P �. $�

�	� �2��Z �� 	D� ��
��YD�� �/�� %H" ��'�7 �
 �4/ 3 �
 ��� "�� $� Lz = 0 �� $,<*J �����

��-�C��� �	� �� �� ��� ���1� 4��� LE0 �j�/ ��J �/�� z �� ����� �� � %��& ��
	���� ������

�� $� �
 ����� � ��� /�� �
�5� �� $� z
(2)
0 � z

(1)
0 �� /�� \�5� R � %
� $� ��-� $3I  " � -��

�� /�� �
�5� �� $� �� z
(4)
0 � z

(3)
0  ,� 4��� $� ��-���� ���
�� �
 �)��C" %(� $�1� �� 4
�

%
I� �%�� %��� �� $
I ��& �� ��	
 !" �� �	� l	[ 4
� ��	�D�� )�/ �3 �. �� �� ���
�� �
 �

N��-�

q
(1)
i z

(1)
i + q

(2)
i z

(2)
i =

q
(1)
0 z

(1)
0(

1 + 2iz
(1)
0

)2 +
q
(2)
0 z

(2)
0(

1 + 2iz
(2)
0

)2

=
Q

R − 1
· R

R − 1
1(

1 + 2i R
R−1

)2 +
−Q

R + 1
· R

R + 1
1(

1 + 2i R
R+1

)2

=
Q R

((2i + 1)R − 1)2
− Q R

((2i + 1)R + 1)2

=
Q R

((2i + 1)2 R2 − 1)2
[
((2i + 1)R + 1)2 − ((2i + 1)R − 1)2

]

=
Q R 4 (2i + 1)R

[(2i + 1)2 R2 − 1]2

∼ 4Q

R2

1
(2i + 1)3

, for R → ∞

�Q;��C� �

q
(3)
i z

(3)
i + q

(4)
i z

(4)
i ∼ 4Q

R2

1
(2i + 2)3

, for R → ∞

'� �� $ �� � �� $ � � /�� �� 
� G� "	 " 4 
� $ � �%�� 4Q/R2 → 2 E0 (4πε0) $ � � 
��� � � �� 
 $ � �

��
��� ��$�1� �� �����
��

P̃n = (4πε0) E0 a3 2
n3

, n = 1, 2, 3, . . . .
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�� ��/�� 	<* � ��(�� �)� � ��� 	D� $�I��� ���$!I �H� �Ǳ���� �2�H��� $�

�)��C" � �� /�� �
�5� �� $� Lq(4)
i � q

(3)
i �J q

(2)
i � q

(1)
i �� ����� �R ���/ \�5� �� �%�� Ǳ����

$� � [ ���� ��$> �E� 4
� � ��� �	<*�� �� ���
�� �� ����� 	<*�� � ��� �� $� �-���� � ��(��

%�(� 	D� �g� n �� ���
�� �4
� 	� �-� �%�� a/n ���. ����� � %�� 2Qa2/(R2 n2) �
�
� 	"R�S

N� /�� � / e
	A" zn = a/n �� $�1� $�

Pn =
4Qa3

R2

1
n3

− 2Qa3

R2

1
n3

=
2Qa3

R2

1
n3

.

Ǳ���� �
 $� %�(� b�3 4
� �� ��$:�3 �� $�� $� ��-� $3I  " mm �	� 2�(9 ��∑∞
1

P̃n �� "��

$� � /�� ��
� �D���� $� ���� ��/ e
	A"

P̃ = P̃ k̂

P̃ =
∞∑

n=1

P̃n = 2 ζ(3) (4πε0) E0 a3.

�� $�1� $� %�(�J )� �� ���
�� �%�� �	� �� '� � �
 �� ���
�� 4
� $� ��/�� $�/�� $3I  "

�)� �� ���
�� �%�� 	<* ��	� �� �@���3� �-A
 �)� ���(�� � ��� � P �%�� P̃ � 	��	� �� L���"

N%�� Ǳ���� '� )1�(� �.

Ptwo spheres = 4 ζ(3) (4πε0) E0 a3
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� $�
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zn = +
a

n
, qn = + (4πε0) E0 a2 1

n2
, P n = (4πε0) E0 a3 1

n3
k̂,

z′n = − a

n
, q′n = − (4πε0) E0 a2 1

n2
, P ′

n = (4πε0) E0 a3 1
n3

k̂,

qo
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�

FField =
1

4πε0

2 Q

R2
q = (4πε0) (E0 a)2 ζ(2).
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n

+
a

m
�� %�� 	��	� zm =

a

m
'� z′

n = − a

n
�� $:*�+

�� %�� 	��	� $� �-��� ���� �
 �	�� %(� zm �� $� � ��� 	� %(� z′
n �� $� � ���

F qq
n→m = − (4πε0) E2

0 a2 1
n2

1
m2

1(
1
n

+
1
m

)2 = − (4πε0) E2
0 a2 1

(n + m)2

�� %�� 	��	� $� �-��� ���� �
 �	�� %(� zm �� $� �� ���
�� 	� %(� z′
n �� $� � ���

F qp
n→m = (4πε0) E2

0 a2 1
n2

1
m3

2(
1
n

+
1
m

)3 = (4πε0) E2
0 a2 n

(n + m)3

�� %�� 	��	� $� �-��� ���� �
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F pq
n→m = (4πε0) E2

0 a2 1
n3

1
m2

2(
1
n

+
1
m

)3 = (4πε0) E2
0 a2 m

(n + m)3
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�� 	� %(� z′
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0 a2 1
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1
m3

6(
1
n

+
1
m

)4 = − (4πε0) E2
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Fn→m = (4πε0) E2
0 a2

(
(n + m)2 − 6 n m

(n + m)4

)
.

�-A
 �%�� �� Fn→m 4
� �� $�� �@ �E� FImage �� �	�� �

FImage =
∑
n,m

Fn→m.

��-� e
	A"

βN :=
N∑

n=1

N∑
m=1

(n + m)2 − 6 n m

(n + m)4
.

_�� �� $� � G�"	" ���' b�3 �G�"	" $� ���� �D$�(� �. � �9 n%(�� c�	D�� �Q1:��d �	� 4
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 !" � �-
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�%�� ��/

$� V1T ��� ��C� �� "��

β := lim
N→∞

βN = ζ(3) − ζ(2) − 1
12

= −0.526 210 496 983

$� ���� �� $���	� �
 �� ��	� 2�(9 ����-�� �N �� �	� ��� βN �� "�� �� ���� �� $���	� �
 ��

N%�� ���. %�� $� ��$E��� 4
� Fortran 90 ����'

N βN
|βN − β|

|β|
1 −0.125 000 0000 8 × 10−1

101 −0.437 150 1278 2 × 10−1

102 −0.516 327 3624 2 × 10−2

103 −0.525 211 6733 2 × 10−3

104 −0.526 110 5088 2 × 10−4

105 −0.526 200 4968 2 × 10−5

106 � ���9 �@ �E� �-A
 $� �N = 105 �� �	� ��I9 mmm %�� �-�p �Q ��(� �
�	D�� $� ��-� $3I  "
h%�� %��� 2 × 10−5 �%
I� �� �" �;-" �
.�� %�� $� $� � ��> �$:�3

�]S
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FImage =
(

ζ(3) − ζ(2) − 1
12

)
(4πε0) (E0 a)2 ,

G�"	" 4
� $� �

F = FField + FImage =
(

ζ(3) − 1
12

)
(4πε0) (E0 a)2
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� ��� �b
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n+1

�3 4
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$�  ,� 4
� $� ��
	�M� $�� �S $A�
$A�
 �� z � � ,� '� −h < z < h �� $A�
 �� �� �� ���
��

N�-/�� 4�-P $A�
 �� 4
� �� �� LµJ ���
�� �� ���MP � LλJ ��� �� ���MP

λ(z) =

{
4πε0 E0 a 0 < z < h

−4πε0 E0 a < z < 0,

µ(z) = 4πε0 E0 a |z|,

$A�
 4
� �� $� � ��� ��
	�M� 	W� �� z �� �D$
�(�� �� �� dz �? [ $� � �P ����(� �� $A�
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 �x � � ,� �� �� P �� $�1� �� $� �-��� ��E
� E(1) �� ��
	���� ������ �
 %(�

%(� #� z �� $<� K� �(x, 0, 0)

−1
4πε0

4πε0 E0 a dz

r2
· sin α,

�3 4
� �� $�

r =
√

x2 + z2, sin α =
z

r
.
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E(1)
z = −2 E0 a

∫ h

0

z dz

r3
.

$� � /�� � ����� $� 	E-� $� ���� �� ���
�� �b
' " �
 dz �? [ $� �P ����(� �� $A�
 ����

�? �	+ $� $3I  " �� �������� E(2) �� �.

E =
1

4πε0

3n̂ n̂ · P − P

r3
,

µ = λ0 |z| �)�/ $� ���
�� �b
' " $� 4
� �� ��	� %
I� �� � �%�� nz = z/r $� 4
� $� $3I  " �� �

$� �
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E(2)
z = 2 E0 a

∫ h

0

3 z2 − r2

r5
z dz.
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' " �� 4
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� /�� $� ����� z �� $<� K� 61+ L���
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Esegment
z = E(1)

z + E(2)
z = 2 E0 a

∫ h

0

z2 − 2 x2

(x2 + z2)5/2
z dz =

2 E0 a h2

(x2 + h2)3/2
= f(h, x).
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lim
h→0

lim
x→0

f(h, x) = lim
h→0

2 E0 a

h
= ∞,
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lim
x→0

lim
h→0

f(h, x) = lim
x→0

0 = 0.
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ε0
2

� 2π

∫ R

0

(
Esegment

z

)2 = � π ε0 E2
0 a2

(
1 − h4

(h2 + R2)2

)
−→
h→0

π ε0 E2
0 a2 �.
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π ε0 E2
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F = FField + FImage + πε0 E0 a2

=
(

ζ(3) − 1
12

+
1
4

)
(4πε0) (E0 a)2

=
(

ζ(3) +
1
6

)
(4πε0) (E0 a)2
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� �� �"'� �b��"d b��" 4
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ζ(z) =
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n=1

1
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= 1 +
1
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+
1
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+ . . .
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$� � /�� %��&

ζ(2) = 1.644 934 066 9, =
π2

6
ζ(3) = 1.202 056 903 2

ζ(4) = 1.082 323 233 7 =
π4

90
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��-� e
	A" � -��

α(n) =
∞∑

k=1

(−1)k+1

kn
.

$� ��� ��C� �� "��

α(n) =
(

1 − 1
2n−1

)
ζ(n),

�3 4
� '� �

α(3) =
3
4
ζ(3) = 0.901 542 677 3.
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