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Abstract—Synchronous optimal pulsewidth modulation (SOP)
permits low switching frequency modulation of multilevel in-
verter for medium-voltage high-power industrial AC drives with-
out compromising on total harmonic distortion (THD). An aim of
our experiment was to operate nine-level cascade inverter of an
induction motor drive at an average device switching frequency
limited to rated fundamental frequency by using SOP technique.
To reduce the number of separate DC sources, a three-level diode
clamped converter was used as a cell in a nine-level cascade
inverter. Using SOP technique, optimal nine-level waveforms
were obtained by off-line optimization assuming steady-state
operation of the induction machine. The switching angles for
each semiconductor switch are then obtained from optimal nine-
level waveforms based on the criteria to minimize the switching
frequency as well as unbalance in DC-link capacitor voltages.
Experimental results obtained from the 1.5 kW induction motor
drive show THD < 5% for stator currents. The results indicate
that SOP technique reduces the switching frequency of operation
without compromising on THD.

Index Terms—Synchronous optimal pulsewidth modulation,
Low switching frequency modulation, Multilevel inverters,
Medium-voltage AC drives.

I. INTRODUCTION

MULTILEVEL converters are now well-established and
standard solution for medium and high voltage high

power applications and power-quality demanding solutions.
The advantages of multilevel converters over two-level con-
verters are higher voltage operating capability with medium
voltage semiconductor devices, improved output voltages
with less harmonic distortion, lower common-mode voltages,
less dv

dt stress, near sinusoidal input currents, smaller input
and output filters, increased efficiency due to possibility of
low switching operation, reduced electromagnetic interference
(EMI) problems and possible fault-tolerant operation [1]–[9].
In addition, the torque ripple also reduces as number of levels
increases in case of multilevel inverter fed AC drives. In high
power applications, the switching losses contribute to major
portion of total device losses and thus low switching frequency
operation is necessary to achieve higher efficiency. However,
minimizing switching frequency increases the harmonic dis-
tortion. Therefore, the challenge is to minimize the harmonic
distortion while reducing the switching frequency.

Presently, the most popular topologies are diode-clamped
or neutral-point-clamped (NPC), capacitor-clamped or flying
capacitor (FC) and cascaded H-Bridge (CHB) [3]. The CHB
topologies are preferred for higher-level converters due to
requirement of least number of components and ease of control

compared to other topologies. In addition, modularized circuit
layout and packaging is also possible with CHB topology be-
cause each level has similar structure [10]. However, one major
drawback of this topology is requirement of multiple numbers
of DC-sources, which is not feasible in many applications.
One of the method for reducing the number of DC sources
is to replace H-Bridge cell with NPC or FC converters [11].
However, an important issue with the topologies having NPC
or FC converters is voltage unbalance of DC-link capacitors
that further adds to harmonic distortion of output voltage
waveforms. An auxiliary capacitor-based balancing approach
has been proposed to equalize the DC-link capacitor voltages
for NPC five-level converter [12].

Several low switching frequency modulation techniques
have been proposed for high power applications. A new
modulation method for modular multilevel converter operat-
ing at fundamental switching frequency while successfully
eliminating fifth harmonic was proposed in [13]. A novel
switching sequence design for the space-vector modulation
(SVM) of high-power multilevel converters optimized for the
improvement of harmonic spectrum and the minimization of
device switching frequency was proposed in [14]. A new
control method for seven-level cascaded inverter operating at
fundamental switching frequency was proposed by Zhong Du
et al. [15]. Model predictive current control algorithm has
been demonstrated for CHB nine-level inverter with switching
frequency between 425 Hz to 500 Hz [16]. Also, an adaptive
duty-cycle modulation algorithm that reduces the switching
frequency by using the slope of the voltage reference to adapt
the modulation period was proposed by Kouro et al. [17]. By
using this method the switching frequency of operation has
been maintained between 285 Hz to 785 Hz for nine-level
asymmetric CHB inverter.

The selective harmonic elimination (SHE) method is one
of the low-switching frequency control technique which elim-
inates (n− 1) lower order harmonic components, n being the
number of switching angles. Generalized SHE technique in
Fourier domain for two-level single phase and three phase
inverters has been proposed by patel et al.[18]−[19]. Pro-
grammed PWM technique for minimizing the harmonics has
been reported [20]−[21]. A new method for SHE based on
six-step symmetry [22] and by use of Walsh functions to
obtain Fourier spectral equations has been reported [23]−[24].
A new solution to convert the transcendental equations into
polynomial equations for SHE has been proposed [25]. The
general problem formulation and selected solutions for both
unipolar and bipolar switching patterns to eliminate the fifth
and seventh harmonics are presented by Wells et al. [26]. A
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novel method to achieve fast transient response and efficient
harmonic (disturbance) filtering has been achieved by using
signal processing methods [27]. A minimization method to
derive multiple sets of solutions for the bipolar SHE PWM
method for both single-phase and three-phase converters has
been presented in [28]. A real-time SHE method by using
modified triangle carrier has been proposed instead of conven-
tional offline solution of switching angles [29]. In this method,
initial guess is not required as well as switching frequency
is not restricted to integer multiple of fundamental frequency
[30]. SHE is also extended for multilevel converters. A unified
approach to solving the harmonic elimination equations in
multilevel converter to obtain the switching angles in the lower
range of modulation indices has been reported [31]. A Bee
algorithm (BA) for SHE has been reported by Kavousi et al.
for cascaded multilevel inverter [32].

Synchronous optimal pulsewidth modulation (SOP) tech-
nique is an emerging technology to reduce switching frequency
without compromising on harmonic distortion. Unlike SHE
method, SOP takes into account all possible lower order
harmonic components and determines switching angles so as
to keep the THD of output voltage or current waveforms within
limits. SOP consists of Fourier series analysis of output voltage
or current waveforms to model equations using switching
angles as variables and their optimization to reduce THD. All
the calculations are computed off-line assuming steady state
operating conditions. Hence, this method is only suitable for
low performance drives such as centrifugal pumps, industrial
fans, blowers etc which operate in open-loop ( vf ) control
mode. In steady-state operating conditions, SOP method for
controlling five-level inverters [33]−[34] and dual three-level
inverters [35]−[36] with maximum switching frequency of
200 Hz have been demonstrated. In case of high performance
drives which are subjected to frequent transient conditions,
using traditional closed-loop control techniques with SOP
technique intervenes with optimal switching patterns and
hence, a real-time optimization is required. Thus, initially
optimal stator current trajectory tracking method has been
proposed [37]−[38]. Then, trajectory of optimal stator flux
vector which is independent of machine parameters or load
conditions has been suggested as tracking agent [39]–[42].
Nonetheless, the application of SOP has not been reported for
multilevel inverters with more than five-levels. Therefore, the
objective of the present study is to demonstrate SOP technique
for operating nine-level cascade inverter of induction motor
drive at an average device switching frequency limited to rated
fundamental frequency (50 Hz) in open loop ( vf ) control mode.
It should be pointed out that proposed SOP technique can
be used for any nine-level inverter topology by modifying
the method of assigning switching angles for each power
semiconductor switch based on optimal nine-level waveforms.

Cascaded nine-level inverter topology and its steady-state
operation are discussed in section II, analysis of SOP for nine-
level inverter is explained in section III, realization of optimal
nine-level waveforms at low device switching frequency is
discussed in section IV. Experimental results are demonstrated
in section V to show the effectiveness of the proposed modu-
lation.

II. NINE-LEVEL CASCADE INVERTER

The nine-level cascade inverter topology is shown in Fig. 1.
It has two H-bridges connected in series that have NPC con-
verters in each leg. The output of each H-Bridge contains five-
levels and thus it is possible to obtain nine-level waveforms
in each phase. Each phase requires two DC power sources.
The output of inverter is directly connected to induction motor
without a LC filter in our case.

Fig. 1. Nine-level cascade inverter

Table I: Operation of nine-level inverter
V9L V5L1 V3L11 V3L12 V5L2 V3L21 V3L22

-4Vdc -2Vdc −Vdc Vdc -2Vdc −Vdc Vdc

−3Vdc
−2Vdc −Vdc Vdc −Vdc −Vdc 0
-Vdc −Vdc 0 −2Vdc −Vdc Vdc

-2Vdc
-2Vdc −Vdc Vdc 0 0 0
-Vdc −Vdc 0 −Vdc −Vdc 0

0 0 0 -2Vdc −Vdc Vdc

-Vdc

-2Vdc −Vdc Vdc Vdc Vdc 0
-Vdc −Vdc 0 0 0 0

0 0 0 −Vdc −Vdc 0
Vdc Vdc 0 −2Vdc −Vdc Vdc

0 0 0 0 0 0 0

Vdc

-Vdc −Vdc 0 2Vdc Vdc −Vdc
0 0 0 Vdc Vdc 0
Vdc Vdc 0 0 0 0
2Vdc Vdc -Vdc -Vdc −Vdc 0

2Vdc
0 0 0 2Vdc Vdc -Vdc
Vdc Vdc 0 Vdc Vdc 0
2Vdc Vdc -Vdc 0 0 0

3Vdc
Vdc Vdc 0 2Vdc Vdc -Vdc
2Vdc Vdc -Vdc Vdc Vdc 0

4Vdc 2Vdc Vdc -Vdc 2Vdc Vdc -Vdc

In each H-Bridge, the NPC converters generate three
voltage levels (−Vdc, 0, Vdc) with respect to neutral point
of DC-link capacitors ’N’ and thus a five voltage levels
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(−2Vdc,−Vdc, 0, Vdc, 2Vdc) are obtained at the output termi-
nals of each H-Bridge. By connecting two H-Bridges in series,
it is possible to obtain nine level output voltage waveform
(−4Vdc,−3Vdc,−2Vdc,−Vdc, 0, Vdc, 2Vdc, 3Vdc, 4Vdc) in each
phase. The operation of nine-level inverter is explained in
Table I.

III. SYNCHRONOUS OPTIMAL PULSEWIDTH MODULATION
(SOP)

SOP generates optimal switching pulse patterns of semi-
conductor devices in a multilevel inverter [43]. Synchronized
PWM is used in low switching frequency applications where
carrier signal at frequency (fs) and sinusoidal control signal
at frequency (f1) are synchronized with each other i.e. fs

f1
is an integer in order to eliminate sub-harmonic frequencies
which are undesirable in many applications. Synchronized
PWM results in lower number of switching instants per fun-
damental period and even a little variation in these switching
angle values will have considerable influence on the harmonic
distortion of output voltage [44]. Optimization methods are
suggested to pre-determine switching angles off-line to reduce
harmonic distortion [45]. The pre-calculated switching angles
are stored and retrieved during real-time operation.

A. Mathematical Analysis

Consider a typical nine-level output phase voltage waveform
(vjo, j = a, b, c) shown in Fig. 2 with switching angles at
α1, α2, α3, α4 in a quarter period. By introducing half-wave
and quarter-wave symmetry in the switching pattern eliminates
all even harmonics. Using Fourier series analysis, harmonic
components of vjo are obtained as,

uk =
Vpeak
kπ

N∑
i=1

s(i)cos(kαi) (1)

where, Vpeak represents the peak value of voltage waveform
which is equal to 4Vdc, k corresponds to kth harmonic
(k=1,3,5,7....), uk is the amplitude of kth harmonic voltage
component of vko and s(i) represents the slopes of switch-
ing transitions at switching angles αi which is equal to 1
when switching to higher potential and -1 when switching
to lower potential. It should be noted that dc-link voltages
(Vdc) are assumed constant [33-34,36] while deriving (1). This
assumption holds true for H-bridge based multilevel topologies
whereas for 3L-NPC phase leg based topologies additional
control measures are required [46].

The phase voltages applied to induction motor are given
by vjn = vjo − vno (j=a,b,c). The waveform vno contain
all the triplen harmonics of vjo with amplitude equal to one
third of amplitude of vjo. So, phase voltage vjn has other
harmonics of vjo except triplen harmonics [44]. Assuming
that stator currents are determined by leakage inductances, the
expressions for harmonic components of stator current ik and

Fig. 2. Nine-level Voltage Waveform

harmonic rms current ih is given by,

ik =
uk

ω1lσk
=

Vpeak
ω1k2lσπ

(
N∑
i=1

s(i)cos(kαi)

)
(2)

ih =

√∑
k

i2k =
1

ω1lσ

√∑
k

(uk
k

)2
(3)

where, w1 is the fundamental frequency of stator, lσ is the
leakage inductance of the machine and k corresponds to odd
order harmonics (k=5,7,11,13...).

In SOP, the switching angles are optimized in order to
reduce the harmonic distortion. In order to eliminate the influ-
ence of leakage inductance in optimization function, distortion
factor (DF) is used as a figure of merit [44]. The expression
for DF is obtained as,

d =
ih

ih,six−step
(4)

where, ih, ih,six−step represents the harmonic rms current
during normal operation and six step operation (m=1 or at
rated fundamental frequency) of multilevel inverter respec-
tively. For six-step operation, the expressions for uk,six−step
and ik,six−step are obtained as,

uk,six−step =
4Vpeak
kπ

(5)

ih,six−step =

√∑
k

i2k,six−step =
1

ω1lσ

√∑
k

(uk,six−step
k

)2
.

(6)

After simplifying (2)-(6), the final expression for DF is ob-
tained as,

d =

√∑
k(

1
k4 )(

∑N
i=1 s(i)cos(kαi))

2

4
√∑

k(
1
k4 )

. (7)

It is obvious from (7) that DF depends on the two variables:
switching transitions s(i) and switching angles αi (i=1,2...N).
It should be noted that, only a few certain combinations of
switching transitions lead to nine-level waveforms. Therefore,
the optimization problem is divided into three parts: (1)
obtain all the possible switching transitions to obtain nine-level
waveforms; (2) calculate the optimized switching patterns for
each nine-level waveform in order to minimize DF; (3) select
the structure that has least DF.
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B. Nine-level Structures

Depending on the switching transitions, multilevel inverter
generates different structures of nine-level waveforms. A three-
level converter has only one structure possible for a given
number of switching angles, whereas five or higher-level
converters have more number of structures due to additional
degree of freedom of step transition to higher level. Fig. 3
shows the different possible structures for three and nine-level
waveforms with twelve switching angles in half period.

Fig. 3. Possible structures of three and nine-level waveforms

The number of switching angles over a quarter of fundamen-
tal period is known as pulse number (N). To obtain a nine-level
waveform, minimum value of N should be equal to four and
as value of N increases, the number of valid structures also
increases. Table II shows the number of possible structures for
a three, five and nine-level waveforms with pulse number N
varying from 4 to 15. It is concluded that as number of levels
increase, the number of valid structures increases rapidly as
pulse number N increases.

Table II: Number of structures for three, five and nine-level
waveforms

Pulse Number N

Level 4 5 6 7 8 9 10 11 12 13 14 15

3-Level 1 1 1 1 1 1 1 1 1 1 1 1
5-Level 3 3 7 7 15 15 31 31 63 63 127 127
9-Level 1 1 5 6 20 26 73 99 253 352 848 1200

C. Inverter Control

SOP technique requires optimal switching patterns to be
calculated off-line for all steady-state operating points assum-
ing constant ( vf ) control. It is possible to use SOP technique
for high dynamic performance requirement applications by
combining with trajectory control method [41]−[42]. The
modulation index (m) is defined as f1

f1R
, where f1R is the

rated fundamental frequency of operation (50 Hz) and f1 is
the variable fundamental frequency of input voltage applied

to induction motor. The relationship between pulse number N
and f1 is obtained as [33]

N = floor

(
4fsmax
f1

)
= floor

(
4fsmax
mf1R

)
(8)

where, fs,max is the desired maximum switching frequency
that is limited to a fixed value. Since the induction motor is
operated at constant ( vf ) control mode, one obtains

f1
f1R

=
u1

u1,six−step

4m =

N∑
i=1

s(i) cos(αi). (9)

Thus, (9) gives the constraint on switching angles to set the
fundamental frequency of inverter output voltage waveform to
f1.

From (8), it should be observed that value of pulse number N
is higher for low modulation index values, which leads to more
number of possible structures. Consequently, the computation
time to optimize all structures increases at lower modulation
index values. In addition, performance of optimization reduces
at lower modulation index values (0 ≤ m < 0.3). Therefore,
space vector modulation (SVM) is preferred for the lower
modulation index values [36]−[37]. Moreover, high-power
drives are designed to operate with high modulation index
values (m > 0.5) [17] and hence, SOP method is best suited
for these applications. In case of nine-level inverter, SOP
technique is used for pulse numbers N ≤ 13.

The signal flow graph in Fig. 4 explains the details of
control algorithm. The magnitude of the reference voltage
vector uref is used for selecting the optimal nine-level pattern
P(m,N) which consists of optimized switching angles along
with switching transitions s(i). The optimal nine-level pattern
p(m,N), phase angle of reference voltage vector and funda-
mental frequency (f1) are given as input to modulator which
generates nine-level switching state vector uk(9L). The pat-
tern generator divides the nine-level switching state sequence
into four three-level switching state vectors (uk1,2,3,4(3L))
for each phase of induction motor drive. The mechanism of
pattern generator will be explained in section IV. It should
be noted that the proposed algorithm can be applied for any
nine-level inverter topology by modifying the mechanism of
pattern generator. For example, if nine-level inverter consists
of four H-Bridges connected in series then pattern generator
should be modified to generate four switching state vectors
(uk1,2,3,4(HB)) for each phase.

Fig. 4. Signal flow graph of nine-level inverter control algorithm
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D. Optimization method

The goal of optimization is to generate optimal switching
patterns for each steady state operating point (m,N) in order
to minimize DF. The flowchart of optimization algorithm is
shown in Fig. 5. The constraints of optimization are as follows
[33]:

1) Sufficient gap (10µs) between consecutive switching
angles to allow for minimum on times and off times
of the power semiconductor devices.

2) In order to maintain current modulation index value, it
is mandatory to satisfy the relation (9).

3) Continuity of switching angles for a given pulse number
over its associated modulation index range in order to
avoid transients in machine currents.

Fig. 5. Flowchart for optimization algorithm for nine-level inverter

In the beginning, all the possible structures for N= 4 to
13 are obtained in the form of switching transitions s(i). For
each pulse number N, modulation index range is determined
and then for each operating point (m,N), MATLAB function
”randn” is used to generate the initial values of switching
angles for further optimization while satisfying the relation
(9). The gradient method ’FMINCON’, a built-in function in
MATLAB is used for obtaining optimized switching patterns
for each operating point (m,N). For DF calculations, only har-
monic components up to 100 are considered. The optimization

loop runs for all possible structures corresponding to each
operating point (m,N) and then structure with least DF along
with optimized pattern is recorded.

If switching angles for consecutive modulation index values
differ by more than 5 degrees, post optimization is performed
starting with optimized switching angles as initial values. Due
to post-optimization, transients in machine currents will be
avoided but the distortion factor will be slightly compromised.
All the steps are repeated for N= 4 to 13. The final optimal
switching angles are stored as complete patterns P(m, N) in
a FPGA and they are retrieved during real time operation
depending on the input voltage applied to induction motor.

E. Optimization Results

SOP technique is used for generating optimized switch-
ing patterns for nine-level inverter operating at maximum
switching frequency of fs,max = 50 Hz. Fig. 6 shows the
distortion factors for nine-level inverter before and after post
optimization. When modulation index value becomes closer
to unity, operation of converter will be similar to six-step
operation that leads towards unity DF.

Fig. 6. DF for nine-level inverters operating at fs,max=50 Hz

IV. REALIZATION OF OPTIMAL NINE-LEVEL WAVEFORMS

One of the important steps after obtaining the optimal
nine-level waveforms is assigning switching angles for each
semiconductor device. As shown in Table I, optimal nine-level
waveform is obtained by combining two five-level waveforms
and each five-level waveform is obtained from two NPC legs
of each H-Bridge. The challenge is to choose those combina-
tions that reduce the maximum device switching frequency
of semiconductor devices as well as minimize the voltage
unbalance across DC-link capacitors of each H-Bridge.

A. Minimization of Unbalance in DC-link Capacitor Voltages

During optimization, dc-link voltages are assumed constant.
In practice, it is important to reduce unbalance in DC-link
voltages to avoid further distortion of machine currents and
as well as to reduce the high voltage stress on power semi-
conductor devices as well as DC-link capacitors. As shown
in Fig. 1, potential of neutral point ’N’ is floating as dc-link
voltages are not stabilized by external sources. The neutral
point voltage changes in proportion to integral of neutral
point current In. The neutral point current In depends on
the load condition as well as switching patterns [47]. The
difference between two DC-link capacitor voltages is termed
as neutral point potential(NPP) error. As shown in Table
III, charging and discharging of DC-link capacitors happens
when the output potential of H-bridge is ±Vdc, whereas if
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the output voltage of H-bridge is 0 or ±2Vdc then DC-link
capacitor voltages remain constant. Due to natural balancing
mechanism of NPC converters [48], the average value of
NPP error tends to become zero in steady-state operating
conditions and thus further distortion of machine currents is
negligible. However, in case of transient operations as well
as due to unequal switching patterns the NPP error might get
accumulated and then average value of NPP error will not be
zero. In the literature, several NPP balancing algorithms have
been suggested to solve this problem [12,46-48].

Table III: Analysis of DC-link capacitor voltages of H-Bridge
5L 3L1 3L2 In Vdc1 Vdc2

2Vdc Vdc -Vdc 0 Constant Constant
Vdc 0 -Vdc +ve Charging Discharging
Vdc Vdc 0 -ve Discharging Charging
0 0 0 0 Constant Constant

-Vdc 0 Vdc -ve Discharging Charging
-Vdc -Vdc 0 +ve Charging Discharging
-2Vdc -Vdc Vdc 0 Constant Constant

Moreover, the ripple in DC-link capacitor voltages should
be minimized otherwise it leads to high voltage stress on the
power semiconductor devices and capacitors. This is possible
by dividing the optimal nine-level waveform such that output
potential of V5L1, V5L2 is ±Vdc for shorter duration. For
example, Fig. 7 demonstrates four possible realizations of a
nine-level waveform and for combination(d), output potentials
of V5L1, V5L2 have voltage of Vdc for shorter time interval.
Therefore, combinations (d) is preferable because it will lead
to less unbalance in DC-link capacitor voltages compared to
(a),(b) or (c). The exact value of unbalance depends on the
load conditions.

B. Minimization of Switching Frequency of Semiconductor
Devices

One more important criteria while assigning switching an-
gles is to minimize the maximum device switching frequency
of each semiconductor device. The pulse number N determines
the number of switching transitions of the nine-level potential
and each transition is being caused by a transition in one of
four three-level NPC inverters. The total number of switch-
ing transitions in turn decides the switching frequency of
semiconductor device, so the pulse number should be divided
equally among all the four three-level inverters. However, even
distribution of switching transitions among all four three-level
inverters is possible only when N is a multiple of 4 otherwise
splitting of switching transitions is not equal among each
three-level inverter. Table IV shows such relevant possible
division of pulse number N varying from 4 to 13, with last
column corresponding to maximum value of average device
switching frequency (fs,avg). It should be observed that for
N=4, 6 or 8, switching transitions are equally divided among
all four three-level inverters, whereas for other values each
three-level inverter will have different switching transitions. In
addition, due to constraint of minimizing the DC-link voltage
unbalance, equal division of switching transitions may not be

possible even if N is a multiple of 4. This leads to three-
level inverters operating at different switching frequencies
and hence, different switching losses. However, it should be
observed that average device switching frequency of nine-level
inverter for any pulse number N is limited to rated fundamental
frequency (50 Hz) as shown in Table IV. Additional measures
like swapping of pulse sequences among four three-level NPC
inverters is required to establish same number of switching
transitions for all three-level NPC inverters and hence, same
switching losses [36].

Fig. 7. Realization of Nine-level waveform

V. EXPERIMENTAL RESULTS

The proposed SOP technique has been implemented for
controlling a nine-level cascade inverter feeding a 1.5 kW
induction motor . The experimental setup of nine-level cascade
inverter for a single phase is shown in Fig. 8. Each leg of
H-bridge was implemented by using 3-level NPC modules
from Infineon and a six-pack IGBT driver SKHI 61R from
Semikron was used as a driver. It should be noted that by
using proper configuration pins it is possible to use SKHI
61R for driving three-level modules. The switching signals
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Table IV: Division of pulse number N for nine-level inverter
N f1(Hz) 5L1 3L1 3L2 5L2 3L3 3L4 fs,max(3L1− 3L4)(Hz) fs,avg(Hz)
4 40.01-50 2 1 1 2 1 1 50, 50, 50, 50 50
5 33.34-40 2 1 1 3 1 2 40, 40, 40, 80 50
6 28.57-33.33 3 1 2 3 1 2 33.33, 66.67, 33.33, 66.67 50
7 25.01-28.56 3 2 1 4 2 2 57.14, 28.57, 57.14, 57.14 50
8 22.22-25 4 2 2 4 2 2 50, 50, 50, 50 50
9 20.01-22.21 4 2 2 5 2 3 44.44, 44.44, 44.44, 66.66 50
10 18.19-20 5 2 3 5 3 2 40, 60, 60, 40 50

11 16.68-18.18 5 2 3 6 3 3 36.36, 54.54, 54.54, 36.36 505 3 2 6 2 4 54.54, 36.36, 36.36, 72.72
12 15.39-16.67 6 3 3 6 3 3 50, 50, 50, 50 50
13 14.29-15.38 6 3 3 7 3 4 46.15, 46.15, 46.15, 61.52 50

were programmed on a Xilinx Spartan-6 FPGA. The induction
motor was supplied with phase voltage of 110 V at rated
fundamental frequency (50 Hz) and thus the DC-link capacitor
voltages were obtained as 30.56 V and input voltages to H-
Bridge were obtained as 61.12 V from (5). Table V shows the
list of major components along with their parameters.

Fig. 8. Single phase of a nine-level cascade converter

Table V: Parameters of major components in experimental
setup

Components Parameters
Induction Motor 1.5 kW, 400 V, 50 Hz
3-level Module F3L30R06W1E3 B11

VCE =600 V, ICnom =30 A
Sixpack Driver SKHI 61R

VCE =900 V, fmax =50 kHz
Input Capacitors Cin 270 µF, 400 V electrolytic
DC-link Capacitors 1000 µF, 160 V electrolytic

(Vdc1 - Vdc4)

SOP technique is used for generating optimal angles for
four different operating points (m=.9216, N=4), (m=.5804,
N=6), (m=.4706, N=8) and (m=.3059, N=13). Table VI to
Table VIII shows the optimal switching angles and division
of pulse number N among four 3-level NPC converters for

four different operating points based on the analysis in Section
IV. Also, optimization criteria is satisfied as can be seen from
values of m computed from optimized angles using (9) in Table
VI to Table VIII.

For operating point (m=.4706, N=8, f1=23.53 Hz), pulse
number for all three-level NPC inverters is obtained as 2
from Table VIIIa, so the switching frequency of all of them
should be equal to 2f1. Fig. 9 shows gating signals for one
semiconductor device from each of the four three-level NPC
inverters and it is clear from the waveforms that each semi-
conductor device is turned on/off twice in one fundamental
period i.e switching frequency is equal to 2f1.

Table VI: Optimal switching angles and division of pulse
number for (m=.9216, N=4, f1=46.08 Hz)

Optimal Angles (Deg) Pulse Number

Output 0 4.11 11.97 23.13 37.72 N

V9L 0 1 2 3 4 4
V5L1 0 0 0 1 2 2
V5L2 0 1 2 2 2 2
V3L11 0 0 0 0 1 1
V3L12 0 0 0 -1 -1 1
V3L21 0 0 1 1 1 1
V3L22 0 -1 -1 -1 -1 1

1
4

∑4
i=1 s(i) cos(αi) = .9215 ≈ m

Table VII: Optimal switching angles and division of pulse
number for (m=.5804, N=6, f1=29.02Hz)

Optimal Angles (Deg) Pulse Number

Output 0 28.72 32.33 35.97 46.95 59.29 73.32 N

V9L 0 1 0 1 2 3 4 6
V5L1 0 0 0 0 0 1 2 2
V5L2 0 1 0 1 2 2 2 4
V3L11 0 0 0 0 0 0 1 1
V3L12 0 0 0 0 0 -1 -1 1
V3L21 0 0 0 0 1 1 1 1
V3L22 0 -1 0 -1 -1 -1 -1 3

1
4

∑6
i=1 s(i) cos(αi) = .5800 ≈ m
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Table VIII: Optimal switching angles and division of pulse number N

Optimal Angles (Deg) Pulse Number

Output 0 4.541 9.570 22.670 28.282 32.838 54.362 66.970 84.844 N

V9L 0 1 2 3 4 3 2 1 0 8
V5L1 0 0 0 1 2 1 0 0 0 4
V5L2 0 1 2 2 2 2 2 1 0 4
V3L11 0 0 0 0 1 0 0 0 0 2
V3L12 0 0 0 -1 -1 -1 0 0 0 2
V3L21 0 0 1 1 1 1 1 0 0 2
V3L22 0 -1 -1 -1 -1 -1 -1 -1 0 2

1
4

∑8
i=1 s(i) cos(αi) = .4709 ≈ m

(a) (m=.4706, N=8, f1=23.53 Hz)

Optimal Angles (Deg) Pulse Number

Output 0 3.09 10.0 27.14 31.98 38.36 41.85 44.66 48.05 48.60 49.15 58.625 67.50 85.33 N

V9L 0 1 2 1 2 3 2 3 4 3 2 1 0 1 13
V5L1 0 0 0 0 0 1 0 1 2 1 0 0 0 0 6
V5L2 0 1 2 1 2 2 2 2 2 2 2 1 0 1 7
V3L11 0 0 0 0 0 0 0 0 1 0 0 0 0 0 2
V3L12 0 0 0 0 0 -1 0 -1 -1 -1 0 0 0 0 4
V3L21 0 0 1 0 1 1 1 1 1 1 1 0 0 0 4
V3L22 0 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 -1 3

1
4

∑13
i=1 s(i) cos(αi) = .3059 ≈ m

(b) (m=.3059, N=13, f1=15.295 Hz)

Fig. 9. Gating signals for power semiconductor devices S1, S5, S9 and S13
in phase A

The waveforms of (1) output phase voltages of inverter, (2)
line voltages applied to induction motor, (3) stator current, (4)
DC-link capacitor voltages of phase B (Vdc1,Vdc2), (5) DC-
link capacitor voltages of phase B (Vdc3,Vdc4) (6) NPP error
(Vdc1-Vdc2) for top H-Bridge of phase B inverter (7) NPP
error (Vdc3-Vdc4) for bottom H-Bridge of phase B inverter
pertaining to operating point (m=.9216, N=4, f1=46.08 Hz)
are shown in Fig. 10. It can be observed that the line voltages
and the stator currents of induction motor are nearly sinusoidal
even though the switching frequency is only 46.08 Hz. Similar
observations about line voltages and stator currents of induc-

tion motor corresponding to operating points (m=.5804, N=6,
f1=29.02Hz), (m=.4706, N=8, f1=23.53 Hz) and (m=.3059,
N=13, f1=15.295 Hz) can be made from Fig. 11 to Fig. 13.

The ripple in DC-link capacitor voltages depends on switch-
ing patterns. As explained in Section IV, charging and dis-
charging of DC-link capacitors (Vdc1,Vdc2) and (Vdc3,Vdc4)
occurs when the output voltages (V5L1, V5L2) are equal to
±Vdc respectively. From Table VI to Table VIII, it can be
observed that minimum and maximum duration for which
V5L1 or V5L2 is equal to Vdc corresponds to operating
points (m=.9216, N=4, f1=46.08 Hz) and (m=.3059, N=13,
f1=15.295 Hz) respectively. Therefore, minimum peak-to-
peak ripple of 2 volts can be seen across DC-link capaci-
tors (Vdc1-Vdc4) corresponding to operating point (m=.9216,
N=4, f1=46.08 Hz) whereas, maximum peak-to-peak ripple
of 6 volts is observed across DC-link capacitors (Vdc3,Vdc4)
corresponding to operating point (m=.3059, N=13, f1=15.295
Hz). Also, it should be observed from Fig. 10f-10g, Fig. 11f-
11g, Fig. 12f-12g, Fig. 13f that average value of NPP error is
almost zero. However, there exists a small NPP error of 1.26
volts (4% of DC-link voltage) in bottom H-bridge of phase B
inverter as shown in Fig. 13g but it has not affected the har-
monic distortion of phase B current waveforms significantly.
However, by swapping switching patterns between two NPC
legs of phase B the NPP error can be made approximately zero
[46]. The efficiency of inverter is observed to be nearly 97%
for the all the four different operating points as average device
switching frequency is limited to rated fundamental frequency
(50 Hz).
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(a) Phase voltages of 9-level inverter

(b) Line voltages of induction motor

(c) Stator currents of induction motor

(d) DC-link capacitor voltages (Vdc1,Vdc2) of Phase B inverter

(e) DC-link capacitor voltages (Vdc3,Vdc4) of Phase B inverter

(f) NPP error (Vdc1-Vdc2) for top H-Bridge of Phase B inverter

(g) NPP error (Vdc3-Vdc4) for bottom H-Bridge of Phase B inverter

Fig. 10. Experimental results for (m=.9216, N=4)

(a) Phase voltages of 9-level inverter

(b) Line voltages of induction motor

(c) Stator currents of induction motor

(d) DC-link capacitor voltages (Vdc1,Vdc2) of Phase B inverter

(e) DC-link capacitor voltages (Vdc3,Vdc4) of Phase B inverter

(f) NPP error (Vdc1-Vdc2) for top H-Bridge of Phase B inverter

(g) NPP error (Vdc3-Vdc4) for bottom H-Bridge of Phase B inverter

Fig. 11. Experimental results for (m=0.5804, N=6)
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(a) Phase voltages of 9-level inverter

(b) Line voltages of induction motor

(c) Stator currents of induction motor

(d) DC-link capacitor voltages (Vdc1,Vdc2) of Phase B inverter

(e) DC-link capacitor voltages (Vdc3,Vdc4) of Phase B inverter

(f) NPP error (Vdc1-Vdc2) for top H-Bridge of Phase B inverter

(g) NPP error (Vdc3-Vdc4) for bottom H-Bridge of Phase B inverter

Fig. 12. Experimental results for (m=.4706, N=8)

(a) Phase voltages of 9-level inverter

(b) Line voltages of induction motor

(c) Stator currents of induction motor

(d) DC-link capacitor voltages (Vdc1,Vdc2) of Phase B inverter

(e) DC-link capacitor voltages (Vdc3,Vdc4) of Phase B inverter

(f) NPP error (Vdc1-Vdc2) for top H-Bridge of Phase B inverter

(g) NPP error (Vdc3-Vdc4) for bottom H-Bridge of Phase B inverter

Fig. 13. Experimental results for (m=.3059, N=13)
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The Space vector trajectory of stator currents for four
operating points is shown in Fig. 14 and almost circular
trajectories indicate lesser harmonic distortion. In addition,
data acquisition system is used to record the stator currents
in to a PC and then data is further processed to calculate
the harmonic components as well as THD. The values of
THD between 2-5% for all operating points as shown in Fig.
15 indicates that by using SOP technique it is possible to
limit average device switching frequency to rated fundamental
frequency (50 Hz) while keeping THD below standard limits.

(a) m=.9216, N=4 (b) m=.5804, N=6

(c) m=.4706, N=8 (d) m=.3059, N=13

Fig. 14. Space vector trajectory of stator currents

VI. CONCLUSION

Cascade NPC H-bridge topology is selected for implement-
ing nine-level inverter due to limitations of NPC and FC
topologies. Low switching frequency operation of multilevel
inverters is essential to reduce the switching losses in medium
voltage high power applications. Proposed SOP technique
permits multilevel inverter to operate at an average device
switching frequency limited to rated fundamental frequency
without compromising on harmonic distortion. Optimal nine-
level waveforms are produced using SOP technique and then
switching instants for each semiconductor device is determined
based on the criteria to reduce device switching frequency as
well as to ensure minimal unbalance in the DC-link capacitor
voltages. Experimental results for four different operating
points demonstrate effectiveness of the proposed modulation
in limiting average device switching frequency to rated fun-
damental frequency without compromising on THD as well
as resulting in low ripple at DC-link voltages. Compared to
other low switching frequency control algorithms for nine-
level inverter like model predictive control (fs = 425 to 500
Hz) [16] and adaptive duty-cycle modulation algorithm (fs=
285 to 785 Hz) [17], the switching frequency of operation has
been reduced more than five times without compromising on
THD of current waveforms.

(a) m=.9216, N=4

(b) m=.5804, N=6

(c) m=.4706, N=8

(d) m=.3059, N=13

Fig. 15. FFT plots for phase A stator current
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