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Preface

With advantages in high strength, good ductility and fast fabrication and erection, steel frames are widely
used for industrial, commercial and residential buildings. Currently, the common procedures for the
structural design of steel frames worldwide are: (1) to conduct linearly elastic structural analysis to
determine the resultants of structural members under various actions; and (2) to check the resultants against
the limit states of structural members specified in the codes, based on the reliability theory for the limit state
of structural members. However, drawbacks of the current approach exist in the following two aspects.
Firstly, the normal elastic analysis of steel frames takes account of only typical flexural, shear and axial
deformations of frame components, and cannot consider effects such as shear deformation of joint-panels,
flexibility of beam-to-column connections, brace buckling and nonprismatic sections (tapered members).
Also, material and geometric nonlinearities and imperfection (residual stress and initial geometric imper-
fection) cannot be involved in linearly elastic analysis. Secondly, the structural members of a frame is
generally in an elasto-plastic state when they approach limit states, whereas the member resultants used in
limit state check are taken from the linearly elastic analysis of the frame. The incompatibility of the member
resultants obtained in structural analysis for limit state check and those in real limit state results in uncertain
member reliability.

To overcome the drawback mentioned above, the concept of Advanced Design has been proposed.
Second-order inelastic analysis is used in Advanced Design of steel frames to determine the structural
ultimate capacities, which considers all the effects significant for structural nonlinear behavior and is termed
as advanced analysis.

A large amount of achievements have been made in the past two decades on advanced analysis of steel
frames. However, in the view of structural design, the reliability evaluation of structural systems should be
incorporated into advanced analysis to make the steel frames designed have certain system reliability. Such
structural design with definite system reliability is termed as advanced design. Unfortunately, little progress
was reported in this area. In this book, a concept of reliability-based advanced design is developed and
proposed for steel frames.

The first author of this book began to study the theory of structural reliability design in 1982 when he was
in Chongqing Institute of Architecture and Engineering for his Master degree and began to study the theory
of advanced analysis for steel frames in 1985 when he was in Tongji University for his PhD degree. The main
contents of this book are actually the summarization of our research achievements in structural reliability
design and advanced analysis of steel frames for over 20 years, including the contribution from Ms. Yushu
Liu and Ms. Xing Zhao, who are the former PhD students of the first author.

Two parts are included in this book. Part One is advanced analysis for beam (prismatic beam, tapered
beam and composite beam), column, joint-panel, connection, brace, and shear beam elements in steel
frames, and methods for stability analysis, nonlinear analysis and seismic analysis of steel frames. Part Two
is reliability-based advanced design for steel portal frames and multi-storey frames.

We are grateful for the advice from Prof. Jihua Li and Prof. Zuyan Shen who supervised the first author’s
Master and PhD degree study and guide him to an attractive field in structural engineering.
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Symbols

Unless the additional specification appears in the text, the physical or mathematical definitions of the
symbols in this book are as follows:

1 Variable
Sectional area
Flange area of H- or box-shape sections
Web area of H- or box-shape sections
Displacement
Sway stiffness of frame columns (also termed to as the D-value of frame columns)
Elastic tensile modulus
Load, force
Force
Yielding stress
Elastic shear modulus
Structural height
Height of the ith story
Sectional height of column
Sectional height of beam
Inertial moment ( I)
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Linear stiffness

Stiffness

Stiffness, element of stiffness matrix

Length of beam, column or brace

Moment

Ultimate yielding moment (plastic moment)

Ultimate yielding moment accounting effect of axial force
Initial yielding moment

Initial yielding moment accounting effect of axial force
Shear moment

Shear yielding moment

Axial force (positive in tension and negative in compression)
Buckling load in axial compression

Euler load

Yielding load in axial compression

Load

Shear force
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xiv SYMBOLS
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Xp

Py
Pu

2 Superscript
T

3 Subscript

~ome Qo o o

Uniformly distributed load, hardening factor
Amplitude of distributed triangle load
Recovery force parameter

Time, duration

Flange thickness of H- or box-shape sections
Thickness of joint panel

Web thickness of H- or box-shape sections
Horizontal displacement of frame floor
Horizontal ground movement

Shear force between floors

Sectional modulus

Vertical displacement of nodes

Deflection

Yielding function

Shear strain, shear deformation of joint panel
Displacement

Story drift

Effective length factor

Rotation

Slenderness

Shear shape factor of sections

Mean value of failure probability

Damp ratio

Normal stress

Yielding stress

Deviation of failure probability

Normal strain

Yielding strain

Shear stress

Shear yielding stress

Rotation of beam-to-column connection (relative rotation between adjacent
beam and column)
Curvature parameter
Curvature

. . M,
The elastic curvature corresponding to M, ¢, = P

El
Myx
El

The elastic curvature corresponding to MpN ¢pn =
Vector of vibration modes

Plastic shape factor of sections

Circular frequency

Correlation factor of material yielding strength
Correlation factor of member section modulus

Transfer of vector or matrix

Brace

Column

Elastic

Geometrical nonlinearity
Beam

Horizontal

Number of frame floor



o Reference point of frame floor

p Plastic, elasto-plastic, ultimate yielding
S Yielding, initial yielding

t In tension

u Unloading

U, v, w Global coordinate axis

X,),2 Local coordinate axis

Y Joint panel

1,2 Elemental ends without joint panel

i,j Elemental ends with joint panel

4 Arithmetic operator

d Differential, incremental
A Incremental

> Summation
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1 Introduction

1.1 TYPE OF STEEL FRAMES

Steel frames have been widely used in single-storey, low-rise industrial buildings (Figure 1.1(a)), power
plants (Figure 1.1(b)), ore mines (Figure 1.1(c)), oil and gas offshore platforms (Figure 1.1(d)) and multi-
storey, high-rise buildings (Figure 1.1(e)). The discussions contained in this book will be mainly on, but not
limited to, the steel frames used in buildings. According to the elevation view, steel frames used in low-rise
and high-rise buildings can be categorized into (1) pure frame (Figure 1.2), (2) concentrically braced frame
(Figure 1.3), (3) eccentrically braced frame (Figure 1.4) and (4) frame tube (Figure 1.5).

A pure frame has good ductility with not so good sway stiffness for multi-storey buildings. Strengthened
with braces to pure frame, the sway stiffness of a concentrically braced frame is much improved. However,
its capacity against lateral loading will be easily reduced if braces in compression are buckled, which is
unfavourable under conditions such as earthquakes. An eccentrically braced frame is a compromise in sway
stiffness and capacity between the pure frame and the concentrically braced frame. Buckling of braces in
compression can be prevented by introducing shear yielding of an eccentric shear beam, which provides
good energy-consuming performance to the eccentrically braced frame (Li, 2004). A frame tube is actually a
frame group with very close columns, where because of small span and relatively large stiffness of steel
beams, columns in the peripheral bend as a thin-walled tube to resist sway loads. Because it has good sway
stiffness and load capacity, the frame tube is generally used in high-rise buildings (Council on Tall
Buildings, 1979).

1.2 TYPE OF COMPONENTS FOR STEEL FRAMES

For convenience of fabrication, the prismatic components with uniform section (Figure 1.6(a)) are usually
used for steel frames. However, to reduce steel consumption, tapered beams and columns (Figure 1.6(b))
are normally employed for steel portal frames (Figure 1.7) to keep relatively uniform strength to resist
the dominant vertical loads (Li, 2001). In multi-storey steel buildings, the cast in-site concrete is widely used
for floor slabs (Figure 1.8). To utilize the capacity of concrete slabs, a composite beam can be designed, and
with headed shear studs, the composite action between concrete slabs and steel beams can be obtained
(Nethercot, 2003), as shown in Figure 1.9.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5



4 INTRODUCTION

Figure 1.1 Application of steel frames: (a) single-storey industrial building; (b) power plant; (c) ore miners tower;
(d) oil and gas offshore platform; (e) high-rise building
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Figure 1.6 (a) Prismatic and (b) tapered members in steel frames

Figure 1.7 Steel portal frame with tapered members
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Figure 1.10 Forces and deformations of beam—column connections
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Figure 1.11 Typical configurations of beam—column connections in steel frames

1.3 TYPE OF BEAM-COLUMN CONNECTIONS

According to the moment—curvature characteristic, connections of beam to column in steel frames can be
categorized into (Chen, Goto and Liew, 1996)

(1) rigid connection, where no relative rotation occurs between adjacent beams and columns and bending
moment can be transferred fully from a beam to the neighbouring column (Figure 1.10(a));

(2) pinned connection, where relative rotation occurs and bending moment cannot be transferred at all
(Figure 1.10(b));

(3) semi-rigid connection, where relative rotation occurs and bending moment can be transferred partially
(Figure 1.10(c)).

Some typical beam-to-column connection configurations are illustrated in Figure 1.11(a)—(c) for rigid,
pinned and semi-rigid connections, respectively. Semi-rigid connections are often engineering options in the
application of steel frames.

1.4 DEFORMATION OF JOINT PANEL

Joint panel is the connection zone of beam and column members in steel frames, as shown in Figure 1.12.
Subjected to reaction forces of the beam and column ends adjacent to a joint panel, three possible
deformations can occur in the joint panel (Figure 1.13): (1) stretch/contract, (2) bending and (3) shear
deformations.

Due to restraint of adjacent beams, stretch/contract and bending deformations of the joint panel are very
small and can be ignored. Shear deformation is therefore dominant for the joint panel and an experimental
deformation of the joint panel is shown in Figure 1.14 (Li and Shen, 1998).

4
4

Figure 1.12 Joint panel in steel frames
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Figure 1.13 Deformations of the joint panel
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Figure 1.14 Joint panel in the experiment

1.5 ANALYSIS TASKS AND METHOD FOR STEEL FRAME DESIGN

The analysis tasks for the steel frame design include (1) linearly elastic frame analysis to determine resultant
forces and deformation of frame members, (2) elastic stability analysis of the frame under vertical loads, (3)
nonlinear frame analysis to determine the load-bearing capacity, and (4) elastic and elasto-plastic seismic
frame analysis (Liu and Ge, 2005). The first analysis task is the most common practice in structural design,
and the latter three analyses will be discussed in this book.

Traditional structure analysis methods such as the force method, displacement method and moment
distribution method can be used in linearly elastic analysis of steel frames. However, for the frames with
many storeys and bays when nonlinear analysis is performed, traditional analysis methods are not applic-
able. With the development of computer hardware and software, the matrix analysis method based on finite
elements has been widely employed in structural engineering. For the analysis of steel frames, the
procedures of the matrix analysis method based on finite component elements are (Bath, 1996)

(1) Discretizing frame. Generally, the whole beam, column or brace component can be represented with
one element. In elasto-plastic analysis, subdivision is necessary if the plastic deformation occurs within
two ends of beams. If effects of the joint panel are necessarily considered in the analysis, the joint panel
should be represented with an independent element.

(2) Establishing elemental stiffness equations. Elemental stiffness equation is the relationship between
nodal forces and deformations of the element, which can be expressed with the matrix and vector
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equation as [k]{6} = {f}, where [k] is the elemental stiffness matrix, and {6} and {f} are nodal
deformation and force vectors. In linearly elastic analysis, [k] is a constant matrix, whereas in nonlinear
analysis it relates to the history of elemental force and deformation.

(3) Assembling the global stiffness equation. Elemental stiffness equations can be assembled into a global
stiffness equation through incidence between the local node number of the elements and the global node
number of the frame for the analysis, and with nodal force equilibrium.

(4) Calculating nodal deformation. With consideration of boundary conditions, nodal deformation in
global coordinates can be solved from the global stiffness equation.

(5) Determining elemental resultant. Nodal deformation in global coordinates can be transformed to that in
local coordinates, namely elemental deformation. Then the elemental resultant can be calculated using
the elemental stiffness equation with the given elemental deformation.

It can be found from the above procedures that the key step in finite element analysis of steel frames is the
development of the elemental stiffness equation because other steps are standard and commonplace in the
finite element method.

1.6 DEFINITION OF ELEMENTS IN STEEL FRAMES

The following elements are defined in this book for the analysis of steel frames (Li and Shen, 1998):

(1) Beam element. A beam element is often subjected to uniaxial bending moment and minor axial force
with negligible axial deformation. Generally, beam members in steel frames can be represented with the
beam element due to restraints of floor slabs or floor braces. In addition, column members in steel frames
can also be represented with the beam element if the axial deformation can be ignored. It should be noted
that, although axial deformation is excluded, effects of axial force on bending stiffness can be involved
in the beam element.

(2) Column element. A column element is usually subjected to uniaxial or biaxial bending moment and
significant axial force. Column members in steel frames can be represented with the column element,
and the beam in steel frames can also be represented with the column element if effects of axial
deformation are considered. In addition, braces, for example eccentric braces, can be treated as column
elements if buckling is precluded.

(3) Brace element. A brace element is subjected to no more than axial force. Brace members in steel frames
are dominated by axial forces and can be represented with the brace element.

(4) Shear beam element. Itis a special beam element where shear deformation and shear yielding failure are
dominant. An eccentric beam in eccentrically braced frames should be represented with the shear beam
element.

(5) Joint-panel element. It is a special element to represent the shear deformation of the joint panel in the
beam—column connection zone.



2 Elastic Stiffness Equation
of Prismatic Beam Element

2.1 GENERAL FORM OF EQUATION

Beam element is one of the basic element types in finite element analysis of frame systems, the elastic
stiffness of which in commonplace can be found in many textbooks on structural analysis (McGuire,
Gallagher and Ziemian, 1999; Norris, Wilbur and Utku, 1976). However, the effects of shear deformation
and axial force on the stiffness of beam elements were seldom considered simultaneously in previous
investigations (Tranberg, Meek and Swannell, 1976).

For steel-framed systems, simultaneous effects of shear deformation and axial force on the behaviour of
beam elements cannot be ignored in certain cases (Li and Shen, 1995). This section describes the derivation
of elastic stiffness equations from the differential equilibrium equation, for the beam elements including the
above two effects.

2.1.1 Beam Element in Tension
The nodal forces and displacements of beam elements in tension are illustrated in Figure 2.1. Under the
simultaneous action of moment, shear force and axial tension force, element deflection y consists of the
portion induced by bending deformation y,, and that by shear deformation yy, i.e.

y=ym+Yo. (2.1)
The curvature of the element caused by bending is

-2 (22)

where E is the elastic modulus, 7 is the moment of inertia of the cross section and M is the cross-sectional
moment given by

M =M, — Qiz — Ny. (2.3)

The work done by shear in the differential element is (see Figure 2.2; Timoshenko and Gere, 1961)

1
dWQ = E Q dyQ. (24&)

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 2.1 Forces and deformations of a beam element
and the shear strain energy is
2
pQ
dUp = —d 2.4b
7264 (2.4)

where G is the elastic shear modulus, A is the area of the cross section, Q is the shear force of the cross
section and p is the shear shape factor of the cross section, considering effects of uneven distribution of shear
deformation over the cross section, as shown in Figure 2.3.

By energy theory, dWy = dU,y, one can derive from Equation (2.4) that

kO pdM
_=_r= 2.5
70T GA T GA & 25)
Substituting Equation (2.3) into Equation (2.5) yields
Yo = ga (=01 = NY), (2.6)
and differentiating Equation (2.6) once gives
" /J‘N "
=——y". 2.7
Yo GA y (2.7)
Combining Equations (2.2) and (2.7), one has
M, — -N N
n_ M 01z y :“_y//. (28)

El GA

dz

of X
[

Figure 2.2 Shear and shear deformation on beam sections
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Figure 2.3 Shear shape factor of various beam sections

Let
uN
=14+ 2.
n=1+c (2.9)
N
o =—, (2.10)
nEl
and then rewrite Equation (2.8) as
My — Q12
" 2 1 1
— = 2.11
yi—aty DB (2.11)
The solution of Equation (2.11) is
M —
y = a cosh oz + b sinh otz—i—'—QlZ, (2.12)

where a and b are the unknown coefficients depending on boundary conditions. Boundary conditions of the
beam element are

o forz=0:
y=0, (2.13a)
Y =y vy =0+ (0 — W) =y =+ (6, - E2L); (2.13b)
MTIe T T ga n\'"GA ) '
o forz =1
y=25 — 6, (2.13¢)

1
y’:y’M+y’Q:(92+i(—Q1—Ny’)ﬂy’:%(ez—”—Ql). (2.13d)
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Substituting Equation (2.12) into Equations (2.13a)—(2.13d) yields four simultaneous linear equations in

terms of a, b, 0, and 6,, i.e.

M,
1o
a+N )
1
ba _%:_(HI_LQ')’
n GA
M, — Ol .
acoshal+bsinhal+lTQl=52*ély

1
ao. sinh ol + bo cosh ol — g = (92 — LQl)
n

Then, a and b are obtained from Equations (2.14a) and (2.14c) as

M,
a=——,
N
1 M, 01l
Sll’lh0d|: (coshocl—l)—O—W—}—(&z 51)}.

Substituting Equations (2.15a) and (2.15b) into Equations (2.14b) and (2.14d) yields

?70([ M1 ’f]O(l Q] 17(11 62 — (51
- sh ol — 1 1)
O = Gan g Cosh el =D+ (sinh o )N Tsimhad 1
0 ol %1 — cosh al nod cosh ol | Q1 , nol cosh ol b — Oy
2= VNI sinh od sinh o/ N simhal 1

The equilibrium of elemental moments can be written as
My +M; — Qi1 -=N(6—6)=0

by which one obtains

M + M, N(ngts‘

Or=—7—"- ]
From Equation (2.10), axial force can be expressed as
al)?
N—oanI—nEI(l2 .

Substituting Equation (2.17) into Equations (2.16a) and (2.16b) yields

o, — 6 — 61 _ _sinh ol — nol cosh oclMll sinh ol — r]oclM_zl
l n(ad)* sinh ol EI n(al)? sinh of EI’

6, 6 — 6 _ sinh ol — nol M_ll B sinh o/ — nol cosh alM_zl.
l n(al)* sinh al EI n(al)* sinh ol EI

From the above two equations, one obtains

EI )
M, = T (47/)391 + 2940, — 6¢2 ])

EI 6 —06
MZ:T(Z«M. + 436y — 61py = l 1).

(2.14a)

(2.14b)

(2.14c)

(2.14d)

(2.15a)

(2.15b)

(2.16a)

(2.16b)

(2.17)

(2.18)

(2.19a)

(2.19b)

(2.20a)

(2.20b)



GENERAL FORM OF EQUATION 15

Substituting Equations (2.20a), (2.20b) and (2.18) into Equation (2.17) yields

El 0 0 b —6
Q=== (6’1/127] + 61, 72 — 129 212 )7 (2:20c)
where
P = ! ?(al)® sinh ol (2.21a)
1 127/)1 n ) .
Py = L77(0(1)2(cosh al — 1), (2.21b)
61
1
13 = —ad(nal cosh al — sinh o), (2.21c)
44
1
= —od(sinh ol — nal 2.21d
= 5l o) (2214)
and
1 = 2 — 2 cosh al + nal sinh ol. (2.21e)

Equations (2.20a)—(2.20c) are factually the elastic stiffness equations for beam elements considering effects
of shear deformation and axial force simultaneously, which can be expressed in matrix form as

- 12 6 12 6 1
1—21/’1 71/)2 —1—2’1/11 77/12
6 6 0 0
= [ T (2.22a)
! ,Ew ,ﬁw Ed, ,?w & 0>
2 17 F 17| | o M,
6 6
| 7¢2 2ty —7¢2 dibs |
or
keel{6e} = {fe} (2.22b)
where
{8} = {61,061, 62,02},
{f.} = {01, My, 02, M3},
- 12 6 12 6 1
l—2¢1 7¢2 —l—2¢1 7%
gl T s w2 (2.23)
kel =71 12 6 12 6
_1—27/1 _77/)2 l_2¢ _77!)2
6 6
L 7% 2% —gte Ay

and [k,.] is the elastic stiffness matrix of beam elements in tension.
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2.1.2 Beam Element in Compression

The nodal forces and displacements of beam elements in compression are the same as those shown in
Figure 2.1, but N < 0. The differential equilibrium equation can be established in the similar way as

Y oty = —Ln;?lz, (2.24)
where 7 is defined by Equation (2.9) as well, but
2=-N (2.25)
nEl
The solution of Equation (2.24) becomes
M, - le‘

=a cos oz + b sin oz +
Y N

With the same boundary conditions as adopted in Equation (2.13) and the similar derivation in Section 2.1.1
for beam elements in tension, the elastic stiffness equation of beam elements in compression can be
developed and has the same form as that in Equation (2.22), but

1

2003
= s 2.2

P 12%7) (o) sin o, (2.26a)

1
Py = 61/% n(al)*(1 — cos al), (2.26b)
Py = 41/1 al(sin ol — nod cos al), (2.26¢)

1
Py = 0 al(nod — sin o) (2.26d)

and

e =2 —2 cos al — nal sin al. (2.26e)

2.1.3 Series Expansion of Stiffness Equations

It can be found from Equations (2.21e) and (2.26e) that if o — 0 due to N — 0, then ¢, or ¥, — 0.
Numerical instability may thus occur when axial forces of beam elements are zero or very small in the frame
analysis using Equation (2.21) or (2.26) directly. Employment of a series expansion of sinha /, cosha /, sino
and cosa [ functions in the definitions of ¢/, — 14 can avoid numerical instability due to zero or small axial
force. No matter the beam element is in tension or compression, ©; — 14 can be expressed uniformly in
series expansions as

P = 121¢[ + B(al)’ { +; " } (2.27a)
Py = [1 + B(ad)? {2 + > i) 2]”}, (2.27b)
neg {; ¥ i% D + ﬂ(l " fj o [<a1>21"> } (2.270)

b= o {; + f;% ()" ﬁ} (2.27d)
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Table 2.1 The relative errors resulting from term number of series

m 10 12 14 16 18
Upper bound of R 3.49 x 107* 1.48 x 107° 3.47x107° 481 x 1072 420 x 107"
and
=— —[(ad)7]" 2.27
5 Z DT+ B+ >y T (2.27¢)
where
wEI
B=Gam (2.28)
NP
(al)* = —. (2.29)
nEl

It should be noted that N is positive for axial tension force and negative for compression force.

If N— 0, then ¢» — 1/12+ f from Equation (2.27¢) and numerical difficulty is avoided in the
calculation of 11 — 4. In practical calculation, the first m terms of the series expansion can be used, where
the truncation error can be estimated from Equation (2.27) as

k< s [(al)Z}n _ (dl)Z(erl) N i (2 (Od)Zi
i=1

I (2n)! ~ 2m+2)! m+3)2i

(11)2(m+1)
~ 2m+2)!

(2m+3)?
2m +3)* - (al)z} - (230

The upper boundary value of (/) is limited by the tensile yielding load for elements in tension and by the
squash load or the Euler load for elements in compression. If the Euler load of the beam element is less than
the squash load for the element in compression, the upper boundary value of (/) is equal to 27 and the
relationship between m and the truncation error is tabulated in Table 2.1. It can be concluded from Table 2.1
that a good accuracy can be obtained when m = 10.

2.1.4 Beam Element with Initial Geometric Imperfection

The initial imperfection of a steel member is random and of arbitrary shape in reality (McNamee and Lu,
1972). In design codes or researches, initial geometric imperfection is typically assumed to be in a half-sine
curve, as shown in Figure 2.4. Therefore, the imperfection function along the element length z is adopted as

Z

Y0 = Yom SinT>

where yon is the maximum imperfection at mid-span of the member.

(2.31)

L l L
1 1
5//\%
N 0‘-—«-%/@ ---------- -- -7 _5_»2
2|
0 )
l Mz
2
e — e e
yl Ql

Figure 2.4 A beam element with initial geometric imperfection



18 ELASTIC STIFFNESS EQUATION OF PRISMATIC BEAM ELEMENT

As for the beam element in tension and with initial geometric imperfection defined in Equation (2.31),
Equations (2.2), (2.3) and (2.7) become

M

Vv =5 (2.32)

M =M, — Q12— N(y1 + o), (2.33)
uN

Yig =~ ga O +0)- (2.34)

The governing equation to determine the curvature of the deflection of the element can then be obtained as

Yl = Y + ¥l
__Mi—0iz—N(y +y1)7ﬂ(y,,+y,,) (2.35)
EI GA 0 1/

Substituting Equation (2.31) into Equation (2.35) gives

M, — 0z . T2
Y=oy = *% +7sin—r, (2.36)
where
1 u ™\ N
Y= E+a17 EYOm (2.37)
The solution of Equation (2.36) is
M, — )
y1 = a cosh oz + b sinh oz + — Qiz _ i sinE7 (2.38)
v
1

where a and b share the definitions expressed in Equations (2.15a) and (2.15b). Boundary conditions in
Equations (2.13b) and (2.13d) become

1 woy T
=0 / = - == — —Yor 2.3
1 1 + [ 0 — (y] +Y())} -1 n |: 1 GA + ly0m:| lYOna ( 93)
1 uwoy m 7r
=0, + [ 01— (yll +Yf))} - )"1 =7—] {92 oA 7y0m:| +7y0m~ (2.39b)

Following the same procedures as described in Section 2.1.1, one can develop the elastic stiffness equation
for the beam element in tension and with initial geometric imperfection as

EI é -
M, = (4’(!}';01 + 2’[/)402 — 61/)2 ! + s yO_) (2403)

EI m
My == (2w491 gy — Gy 20 20 ) (2.40b)

— 6
Or=-0=— (6¢27+ 6w27 - 121#1 2 )7 (2.40¢c)

where 1) — 14 and 1), are defined in Equation (2.21) and
1 7/l o 3

hs = wm A EI — 1|n(ad)’[2 sinh ol — nod cosh ol — nod]. (2.41)

For beam elements in compression and with initial geometric imperfection, a similar derivation can be given
and the stiffness equation has the same form as that in Equation (2.40) but replacing 1); — 14 with those in
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Equations (2.26a)—(2.26d), replacing ), with v, in Equation (2.26e) and replacing 1’5 in Equation (2.41)
with the following expression:

Ys

1 w/l o
GA

= W(xz——(w/l)z ——FEI + 1} n(al)*[2 sinh ol — nal cosh ol — nal). (2.42)

2.2 SPECIAL FORMS OF ELEMENTAL EQUATIONS

The general form of the elastic stiffness equation for the beam element considering effects of shear
deformation, axial force and initial geometric imperfection is given in Equation (2.40). It can be found
that Equation (2.40) may simply regress to Equation (2.20) when yy = 0, i.e. initial geometric imperfection
is neglected. In this section, special forms of elemental stiffness equations neglecting shear deformation or/
and axial force are presented based on Equation (2.20).

2.2.1 Neglecting Effect of Shear Deformation

If the effect of shear deformation is neglected, i.e. GA — oo, then 7 = 1 from Equation (2.9). Hence,
11 — 14 in Equation (2.22) become

e for the element in tension:

1 3 .
P = 20, (eed)” sinh o, (2.43a)
L2
=—(al h ol —1 2.43b
v =g (o) (cosh ol — 1), (2430)
1
13 =——ol(ol cosh ol — sinh ol), (2.43¢c)
dar
1
=—aol(sinh ol — al), 2.43d
v = 5ol ) (2430)
in which
1, =2 — 2 cosh al + ol sinh ol; (2.43e)
e for the element in compression:
P = ! (a)* sin ol (2.44a)
iy T '
1
Yy = 6—%( 1)*(1 — cos al), (2.44b)
1
Py = al(sin ol — ol cos o), (2.44c¢)
g = ! I(ol — sin al) (2.444)
4 = 22/}Coc ol — sin al), .

in which

e =2 —2 cos al — ol sin ol (2.44¢)
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From Equation (2.28), § = 0 when the effect of shear deformation is neglected (GA — o0). The series
expansions of i — 14 in Equation (2.27) become

) = ﬁ {1 + ;m [(ocl)z]"}, (2.45a)

Vs = ﬁ {; + i% [(al)zl”}, (2.45¢)
{ + i% [(11)21”}7 (2.45d)
in which

KR 2(n+1) n
V=1t Zm [(ad)?]". (2.45¢)

n=1

If only the first term in series expansions of (ocl)2 is adopted, 1/12¢) can be expressed as

O G
12¢ 15
and then ; — 14 in Equation (2.45) become
i 27T 27 2
b~ |1+ (“61) - (°1‘15) ~ 1+ (0;2 : (2.46a)
i 21T 27 2
][ )] (a)®
Py [ 1+——| |1 - |~ +-—, (2.46¢)
10 15 30
][, )] ()
~ |1 1-— ~1— 2.4
vs BT 15 60 (246d)

Substituting Equation (2.46) into Equation (2.23) and considering Equation (2.29) can yield the stiffness
matrix of beam elements neglecting effects of shear deformation as

[kge} = [kg()] + [kgGL (2~47)
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Table 2.2 The relative error R; versus (a/)’

(al)? 1 15 2 2.5 3
R, 0.85% 1.93% 3.48% 5.49% 7.99%
where
ro12 6 12 6 T
2 l 2o
6 6
ol = 22| 1 e (2.48)
0l = 2 6 12 6| '
P I P l
6 6
- 2 ——= 4
L ] l .
r 6 1 6 1 7
51 10 51 10
1 2 6 1
10 15 l 30
k =N . 2.49
51 l 51 10
1 l 1 21
L 10 30 10 15 4

[kgo] is the elastic stiffness matrix of beam elements neglecting effects of both shear deformation and axial
forces and [kqg] is the geometric stiffness matrix of beam elements due to axial force.

The effect of axial force on the stiffness of beam elements is reflected directly in Equation (2.47), where
tension axial force (N > 0) can increase the bending stiffness of beam elements whereas compression axial
force (N < 0) can reduce it. It should be noted that Equation (2.47) is the linear approximation of the
stiffness matrix of beam elements considering effects of axial force. The maximum relative error R, in the

elements of the matrix may be estimated with

2}!1 (Otl

;Zn—l— 1=

The relationship between R; and (ocl)2 is listed in Table 2.2. It can be found from Equation (2.50) that when
(ocl)2 > 3, relatively large error can be produced by Equation (2.47) in the calculation of the stiffness matrix

of beam elements.

a3 "] (a)* 49 (250)

Z 120 49 — (1)

2.2.2 Neglecting Effect of Axial Force

When the effect of axial force is neglected, one may let N = 0 and then (od)2 = NI’ /nEI = 0. Expressions
of 1) — 14 may be simplified from Equation (2.27) as

1
’(/Jl = 1 +r7 (2513)
1
=1 (2.51b)
_L+r/4
b=, (2.51¢)
by =112 (2.51d)
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where

(2.51e)

Substituting Equation (2.51) into Equation (2.23), one can derive the stiffness matrix of beam elements
including only the effect of shear deformation:

r12 6 12 6 7
- ]
EI ? 44r —? 2—r
[kee] 1+ 12 6 12 6 |- (2.52)
_61_2 1l 1_26 1
L 7 2—r —7 4+r_

2.2.3 Neglecting Effects of Shear Deformation and Axial Force

If N = 0 and GA — oo(r — 0), the stiffness matrix of beam elements is simplified from Equation (2.52) as
kee] = [keol, (2.53)
where [ky] is defined by Equation (2.48). Obviously, one has

Y=Yy =13 =1y =1 (2.54)

2.3 EXAMPLES
2.3.1 Bent Frame

In order to illustrate the effects of shear deformation and axial force on the elastic stiffness equation of beam
elements, a simple bent frame is considered (see Figure 2.5). The cross-sectional area of the flange plate is
equal to that of the web plate, i.e. Ay = Ay, for the columns in this bent frame. By employing the stiffness
equation of beam elements to the columns of the bent frame and introducing the boundary conditions
considering symmetry of the frame, the elastic stiffness equation of the bent frame in terms of the drift and
rotation at the top of the columns can be expressed as

12 6
>t S £y F
EL ! - (2.55)
116 0 o’
71&2 41
p p
—— <
oF
Ay Af
- Aw
| i s
277, 7. -

Figure 2.5 A bent frame and its column section
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where / is the moment of inertia of the cross section of the column and / is the length of the column.
The solution of Equation (2.55) is

3 FP
b= 2.56
12¢p14p5 — 93 EI (2.36)
Let &y be the column drift neglecting effects of axial force and shear deformation, i.e.
FB
b =—= 2.57
0 ElL’ ( )
then
6 Y3
—=—. 2.58
bo 129193 — 993 (258)
Introduce a parameter C and the slenderness of the cantilever column 4 as
P
C=— 2.59
= (2.59)
21
A=—, (2.60)
1/A
where Ng = 72EI/(21)* is the Euler load.
Noticing E/G = 2.6 for steel, one can obtain
uP 76.983C
=l-—=1-— 2.61
GA FER (2.61)
PE 7w |C
D)= 4| — == [— 2.62
@)=\ =3\ (2:62)

When C # 0, ¥, — 13 in Equation (2.58) are calculated with Equation (2.26), and when C = 0 with
Equation (2.51), where
e 12pE1 3744
- GAR 2

. (2.63)

Table 2.3 lists the relationship between ¢/ with C and A. It can be concluded from Table 2.3 that

(1) Both shear deformation and axial force affect the stiffness of beam elements, where the effect of shear
deformation relates to the slenderness and the effect of axial force relates to the ratio of axial force to the
Euler load, C. As C is inversely proportional to the square of slenderness, the smaller the beam
slenderness, the larger the effect of shear deformation and the smaller the effect of axial force on the

Table 2.3 The relationship between /1 and C

6/60
C A=15 A=20 A=730 A=50 =280 A=120
0 1.416 1.234 1.104 1.037 1.015 1.007
0.05 1.513 1.308 1.166 1.091 1.067 1.060
0.1 1.625 1.394 1.234 1.155 1.127 1.118
0.3 2.320 1.893 1.622 1.493 1.450 1.436

0.6 6.920 4.200 3.105 2.685 2.555 2514
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Figure 2.6 A simply supported steel beam

Table 2.4 Rotations at the left end of the beam subjected to different effects

C=0.007 Cc=02
Rotation Relative Rotation Relative

Effects considered (rad) x 10> error (%) (rad) x 1073 error (%)
Idealized beam 1.416 — 1.416 —
Effect of axial force (1) 1.421 0.353 1.645 16.172
Effect of shear deformation (2) 1.496 5.650 1.496 5.650
Effect of initial Yo = 3 mm (3) 1.419 0.212 1.419 0.212
geometric

imperfection  yom = 10 mm (4) 1.425 0.636 1.425 0.636
(H+(©) 1.502 6.073 1.737 22.670
H+2)+Q3) 1.524 7.627 2.561 80.862
MH+2)+@) 1.575 11.229 4.485 216.737

“Idealized beam means that effects of axial force, shear deformation and initial geometric imperfection
are neglected.

bending stiffness of beam elements. Conversely, the larger the beam slenderness, the smaller the effect of
shear deformation and the larger the effect of axial force.

(2) Effects of shear deformation and axial force interact on beam stiffness. The joint effects are larger than
the superposition of individual effect of shear deformation and axial force, respectively.

(3) When 4 < 30, the effect of shear deformation on the stiffness of beam elements cannot be neglected, but
when / > 50 it can be neglected approximately.

(4) When C > 0.1, the effect of axial force on the stiffness of beam elements cannot be neglected, but when
C < 0.05 it can be neglected approximately.

2.3.2 Simply Supported Beam

The rotation at the left end of a simply supported steel beam is examined as shown in Figure 2.6. The elastic
and shear modulus of the steel material, E and G, are 206 GPa and 80 GPa, respectively. Only one element is
used to represent the entire beam.

The effects of initial geometric imperfection (yo,, = 3 mm and yp,, = 10 mm) are involved in the analysis
of the beam considering two values of C, C = 0.007 and C = 0.2. The rotations at the left end of the beam
subjected to different effects are listed in Table 2.4. The following observations can be found:

(1) The larger the axial compression force, the smaller the bending stiffness of the beam element.

(2) The initial geometric imperfection may significantly reduce the bending stiffness of the beam subjected
to axial compression.

(3) The joint effects of shear deformation, axial force and initial geometric imperfection on stiftness of
beam elements are larger than the superposition of their individual effect.



3 Elastic Stiffness Equation
of Tapered Beam Element

3.1 TAPERED BEAM ELEMENT

Shear deformation has been verified to significantly influence the structural behaviour of prismatic steel
members with I-section under certain conditions, and this conclusion should be true for tapered members as
well. It is possible that effects of axial force and shear deformation will act simultaneously on tapered
members and influence the stiffness of structures consisting of tapered members. Although there are some
works on this topic (Banerjee, 1986; Cleghorn and Tabarrok, 1992; Just, 1977), the aim of this chapter is to
derive, for the first time according to the authors’ knowledge, the governing equilibrium differential
equation of tapered beam elements, including the joint effects, and to propose a method using the Chebyshev
polynomial approach to obtain the elemental stiffness matrix.

3.1.1 Differential Equilibrium Equation

The cross section of steel tapered members is usually I-shaped, hot-rolled or welded by three plates. The
height of the web is frequently linearly varied, whereas the flanges are symmetric and kept uniform in width
along the length direction, as shown in Figure 3.1. For the tapered element described above, the axis of the
element remains straight, and the applied forces as well as the corresponding deformations of the element
can thus be modelled in the same manner as that shown in Figure 2.1. Following the same procedure as in
Section 2.1.1, the equilibrium differential equation of the tapered beam element can be established.

Under the simultaneous action of moment, shear force and axial force (positive for tension and negative
for compression), the element deflection consists of two portions. One is induced by the bending deforma-
tion and the other by the shear deformation, namely

Yy =yu+Yo- (3.1)

The curvature of the element caused by bending is

(3:2)

where (z) is the moment of inertia of the cross section at distance z from the left end of the element, E is the
elastic modulus and M is the cross-sectional moment which can be expressed by

M=M; —Q;-z—N-y. (3.3)

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 3.1 A steel tapered member

The slope of the element caused by shearing is

: (3.4)

where A(z) is the area of the cross section at distance z, Q is the cross-sectional shear force, G is the shear
modulus and g is the shear shape factor varying with the shape of the cross section. For the I-shaped section,
1 can be approximately calculated by

Az)
- , 3.5
v (3:5)
where Ay, (z) is the cross-sectional area of the web at the same cross section for A(z).
Substituting Equation (3.5) into Equation (3.4) gives
1 aM
- Rt 3.6
0T G AR (3.6)
and substituting Equation (3.3) into Equation (3.6) leads to
! 1 /
yQ=GT(Z)'(—Q|*N'y)~ (3.7)
Differentiating Equation (3.7) gives
1 Al (2) }
Z w ! /"
= . +N-y)-N-Y'|. 3.8

Differentiating Equation (3.1) twice and associating Equation (3.2) with Equation (3.8), we obtain

Mi—Q1-z—N- 1 Al (z
y//:yx[+yg:7 1 Ql y [w()

EI(Z) +GAW(Z) AW(Z)(QI +Ny,)7Ny”:| (39)

Equation (3.9) can be simplified as

a(z) -y = Bz) N-y =N-y=p(z)- Q1 — (M — Qi -2), (3.10)
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where

Equation (3.10) is the governing equation for the equilibrium of tapered beam elements. It should be
noted significantly that Equation (3.10) has a general form for any solid or latticed nonprismatic members,
other than the forenamed I-shaped sectional tapered members, as long as an appropriate expression is
replaced for shear factor y in Equation (3.5).

3.1.2 Stiffness Equation
Let £ = £; Equation (3.10) is converted to nondimensional form by

(€ y' =B -L-N-y —L* N-y=p(&) L*- Q1 —=L*- (M — Q1 - L-&). (3.11)

By using the Chebyshev polynomial, the functions y(€),«(§) and (&) can be approached by

YO =D ¢, (3.12a)
n=0
M

() = &, (3.12b)
n=0

BE&) =Y B¢ (3.12¢)

n=0
Substituting Equation. (3.12) into Equation (3.11) leads to

M n
Z {Z an+2—-i)n+1- i)yn+2i:| €

n=0 | i=0

M n M
—L-N-Y {Zﬁi(w 1 z‘)ynﬂ_,} &=L N v (3.13)

n=0 | i=0 =0

M
:LZ‘QI'Zﬁn' "2 M +L0 &
n=0

According to the principle that the factors at the two sides of Equation (3.13) for the same exponent of
¢ should be equal (Eisenberger, 1995), we have

e forn=0:
200 y2 = L-N-Bo-yr =L N-yo =L Q1 - fy — L* - My; (3.14)

o forn=1:

60 - y3 + 200 Y2 — L-N(2By-y2 + By -y1) —L* N - y;

3.15
=1* Q- +L* Qy; G.13)
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o forn > 2:

=

ZO{,‘(I’! +2— l)(i’l +1- i)yr1+2—i —L-N

i=0

I

D B+ 1 —=iyui = L2 Ny, = L2 Q1 - .
i=0

(3.16a)

Rewrite Equation (3.16a) as

OC,‘(}’I +2— l) (l’l +1-— i)yn+2—i

1

[)’ —

n n
= |L-N- ) 1—i 4+ I%.N- 2.

Yn+2 ;ﬁl(i’l'i‘ l)yn+1 i+ Y+ 0 Oto(n+2)(l’l+1)

(3.16b)

As a(z) and B(z) are functions known ahead, the series {«,} and {f3,} are determinate. Hence, it can be
found from Equation (3.16b) that any y, in series {y,}(n > 4) can be expressed by one of the linear
combinations of yg, y1,y2,y3 and Qy, and series {y, } may be determined when the values of yo, y1, 2, y3 and
(0, are obtained.

Consider the following boundary conditions:

e for{ =0:
¥(0) =y =0, (3.17a)
L 9]
"(0) =y = O — —— |3 3.17b
Y(0) =y J0) { i G~AW(O)}’ (3.17b)
o foré =1:
M
y(1) = Z)’n =ciy1 + Y2+ e3y3 +caQr = 6 — by, (3.18a)
n=0
- L O
! — . = = — _—_—
y(1) = ;n Yn = ¢s5y1 + cey2 + c7y3 + ¢80 20 {92 G~AW(1)} (3.18b)

The reason that y(1) and y'(1) in Equation (3.18) are expressed as the linear combinations of y;, y,, y3 and
Q) is the conclusion obtained from Equation (3.16b) and yo = 0 from Equation (3.17a).
Letting yy = 1 and y, = y3 = Q1 = 0, ¢; and c¢5 can be determined from Equation (3.18) by

co=1+Y W, (3.19a)
cs =1 +Zn -y, (3.19b)

where {y(l'} is the series of {y,} determined under the initial condition y; = 1, y, = y3 = Q; = 0.
Ify, =landy, =y3 = Q) = 0, ¢; and ¢g can be determined in the same way. So do ¢3 and ¢7, ¢4 and cg.
So far yy, y2, y3, Q1 and M, are yet unknown variables. If the boundary deformations of the elements 6y,
62, 0 and 60, are known, the five equations numbered (3.14), (3.15), (3.17b), (3.18a) and (3.18b) can be
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combined for solving Q; and M,. The applied forces at the other end of the elements, Q> and M», may be
expressed as a function of QO and M; by considering the following equilibrium conditions:

0+ 01 =0, (3.20)
My +M; —Q, L—N-(8—6)=0. (3.21)

Then, the stiffness equation of the element is obtained as

[k] - {6} = {f}, (3:22)
where
{6} = [617 917 627 92]T7
{f} = (01, M1, 0, M),
_¢l ¢2 ¢1 ¢3 (323)
] = —ds  ¢s b4 b
o~ —P1 —3
-7 s P1 Py
The expressions of ¢;(i = 1,2,...,9) are given in Section 3.3.2.

In theory, the approach described above is accurate. The unique possible error comes computationally
from the representation of the realistic deflection y and functions o and § by the Chebyshev polynomial with
definite terms, which affects directly not more than the coefficients ¢; — cg. So long as the number of terms
for the Chebyshev polynomial, i.e. M, is suitably chosen to make the coefficients ¢; — cg accurate enough,
the satisfactory accuracy of the stiffness matrix of the element can be achieved.

3.2 NUMERICAL VERIFICATION
3.2.1 Symmetry of Stiffness Matrix

The stiffness matrix expressed in Equation (3.23) is of unsymmetrical form. To verify it is actually
symmetrical in numerical values, take a steel tapered fixed-hinged beam, shown in Figure 3.2, as an
example. The height of the cross section of the beam is varied linearly from 400 to 200 mm. The values
of the elements in the stiffness matrix for this beam obtained by the approach proposed hereinbefore
considering effects of axial force and shear deformation have the following relations:

¢r =3.390034 x 10" = —¢, = 3.390029 x 107,
3 =2.018891 x 10" = —¢p; = 2.018 896 x 107,
b6 = 2.308029 x 10" = ¢g = 2.308043 x 10.

Obviously, the stiffness matrix is perfectly symmetric.
E=206 GPa G=80 GPa

J1ookn

| 1500 | 1500 |

Figure 3.2 A steel tapered fixed-hinged beam (mm)
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Table 3.1 Deflection at mid-span § of a fixed-hinged beam (mm)

Method Case 1 Case 2 Case 3 Case 4
Proposed (1) 0.4078 0.4091 0.6687 0.6716
FEM (2) 0.4097 0.4110 0.6705 0.6733
[(2) = (1)]/(2) (%) 0.46 0.46 0.27 0.25

Note: Case 1: neither N nor S; case 2: only N; case 3: only S; case 4: both N and S; N = axial
force effects; S = shear deformation effects.

3.2.2 Static Deflection

Take the same tapered beam, shown in Figure 3.2, as an example for calculating the deflection at mid-span of
the member induced by a lateral point force. The results obtained through representing the whole beam by
two tapered Timoshenko—Euler beam elements proposed are compared with those obtained by FEM with
stepped representation of the beam in Table 3.1. The beam is divided into 10 segments in FEM. Each
segment is modelled by one uniform Timoshenko—Euler beam element (Li and Shen 1995) with the cross
section at mid-length of the segment. A compressive axial load with a value of 400 kN is applied at the
hinged end of the beam when considering the effect of axial force.

3.2.3 Elastic Critical Load

Figure 3.3 gives a steel tapered cantilever column used by Karabalis (1983) as a numerical example for
calculating the elastic critical axial load. The results obtained by Karabalis are compared with those obtained
by the approach proposed, using a single tapered Timoshenko—Euler beam element, as in Table 3.2. As
approximate geometrical stiffness matrix was employed by Karabalis, the result obtained by the approach
proposed is more believable. Moreover, it is reasonable that the elastic critical axial load is reduced when
including effects of shear deformation on member stiffness.

3.2.4 Frequency of Free Vibration

The frequencies of the first and second modes of the tapered cantilever beam shown in Figure 3.4 are
determined by a single tapered Timoshenko—Euler beam element representation and compared with the
results reported by Gupta (1986) and Wekezer (1989) in Table 3.3. The mass matrix used in the computation
proposed is cited from Karabalis (1983). As expected, the results obtained by the approach proposed agree
very with the values by Gupta (1986) when effects of shear deformation are excluded, but depart slightly on

E=206.85 GPa
G=80 GPa

254

254

o

2.032}

N
£
50.8-10.16

|

Figure 3.3 A steel tapered cantilever column (mm)
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Table 3.2 Elastic critical axial load P, of the tapered cantilever column (kN)

P
Case Proposed (1) Karabalis (2) [(2) = (1)]/(1) (%)
1 238.04 241.08 1.28
2 216.62 No result No comparison

Note: Case 1: without effect of shear deformation; case 2: with effect of shear deformation.

the first frequency and significantly on the second frequency when effects of shear deformation are included.
Also, it is important to emphasize that the utilization of approximate shape functions in FEM or stepped
representations of the tapered beams yield poor results, as given by Wekezer (1989).

3.2.5 Effect of Term Number Truncated in Polynomial Series

As mentioned above, the number of terms for the Chebyshev polynomial M is the unique factor affecting the
accuracy of elemental stiffness computation. Generally, the larger the number M, the more accurate the
computation. But a larger M will consume more computation time and thus reduce the advantage of the
proposed technique. So making efforts to choose a suitable M, meeting the needs of computational
efficiency and accuracy simultaneously, is worthwhile for practical applications. The relative errors of
the results of the analyses obtained hereinbefore in Sections 3.2.2-3.2.4 with varying M are shown in
Figure 3.5. It is found that a suitable M of around 13 will produce satisfactory results (Li, 2001).

3.2.6 Steel Portal Frame

A gable frame, as shown in Figure 3.6, is analysed as a comprehensive utilization of the proposed method (Li
and Li, 2002). This three-bay pitched-roof gable frame comprises tapered external columns (EC), tapered
roof beams (RB1, RB2 and RB3) and prismatic internal sway columns (ISC), which have the same sectional
dimensions but the height of webs. Table 3.4 lists the section heights of two ends for all the members with
linear variation of the section height along the length direction.

The planar behaviour of this gable frame, such as static deflection, natural frequency and elastic critical
load, is obtained by both the stepped representation of tapered frame members using general structural
analysis software STAAD III and the tapered beam element proposed assuming that failures of out-of-plane
and local buckling are prevented. STAAD III can conduct only linear analyses and cannot be used to obtain
elastic critical load. Table 3.5 summarizes these results.

A comparison of results in Table 3.5 indicates a general coincidence between the proposed method and
STAAD III. It can be found that nonlinearity due to axial force in structural members and shear deformation

E=206.85 GPa G=80 GPa p=7997 kg/m3

203
:ﬁ”m.
Sl 8
o
11.4 &
== I
Te)
———

4572

Figure 3.4 A steel tapered cantilever beam (mm)
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Table 3.3 First and second frequencies, f; and f,, of the tapered cantilever beam

Source fi1 (Hz) f> (Hz)
Proposed 30.15 (29.27) 149.11 (131.06)
Gupta (1986) 30.533 152.20
Wekezer (1989) 39 233

Note: The values in the parentheses include the effect of shear deformation.

Table 3.4 Linear variation of section height along the length direction for all the members (mm)

Members
EC ISC RB1 RB2 RB3
Section height of two ends  dj 200 300 400 400 300
d 600 300 600 600 600
Table 3.5 Results of the gable frame analysis
Item Response Description
Joint O—— Oll [J— — Vertical loads applied at each
Static deflection (mm) STAAD III  10.38 1144  10.62 purlin position with 20 kN,
Proposed 10.50 11.54  10.71 except at loads eava positions
(11.21) (12.08) (11.45) with 15 kN; horizontal applied
rightly at the top of left EC
with 12 kN and right EC
with 6 kN
Order First Second Third
Natural frequency (Hz) @ STAADIII  2.04 4.71 8.21 No additional mass considered
Proposed 1.92 5.03 8.30 but the gable frame’s self-mass
(1.76) (5.23) (8.18)
Elastic critical load (kN) Proposed (2160) Vertical concentrated loads

equally applied at the top of
each EC and ISC

Note: The values in the parentheses include effects of axial forces in members (namely geometrical nonlinearity) and shear

deformation.

Error(%)

Figure 3.5 Relative errors in computation of é, f1, f> and P, versus number of terms for the Chebyshev polynomial M
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Figure 3.6 A gable frame with tapered components (mm)

leads to significant deviation from linear analysis. Approximately, static deflection deviates about 5 %, and
natural frequencies and critical load deviate about 10 %.

3.3 APPENDIX
3.3.1 Chebyshev Polynomial Approach (Rice, 1992)

A function f(x) defined in the range [—1, 1] can be approached approximately by
1 M
f)=5Co+ > CT(x), (3.24)
=

where C; are the Chebyshev factors being formulated by

T CTE) I T

(3.25)

M

2 2
G = M;f(xk)Tj(xk) =u

For any function defined in the range [a, b], it can be converted to a function in the range [—1, 1] by
translating x with

[2x — (a +b)]

) (3.26)

y:

If x € [a, b] and the corresponding converted variable y € [—1, 1], the Chebyshev polynomial expression
for f(x) can be obtained by the Chebyshev iteration formula. It is to find a series of p; to make

1 M

M M
2c0+chTj(y) =gy => p¥, (3.27)
j=0 j=0

j=1

fx) =

where ¢; are temporary variables for determining p;.
From the Clenshaw formula, we have

M
S gy = W)y~ Wal) +5Co (3.28)
=0

where W;(y) and W,(y) are polynomials with M — 1 and M — 2 exponents, respectively, which can be
obtained by the following iterative formula:

Wir2(y) = Wara (y) = 0, (3.29)
Wi(y) = 2Wia(y) = Wia() + G (/=0,1,...,M.). (3.30)
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When all the factors in W(y) and W>(y) are determined, g; can be obtained and further used for
determining p;.

3.3.2 Expression of Elements in Equation (3.23)

b = P15 " _ Yuistis — Pietin b = — Y12h1a 4 _1=%nd
LT nts — Yt 0 dntis — dutn buhis — b’ P
os =w, ¢6=*w11¢37¢7=¢1L+N*¢47 ¢3 = ol — b5, P9 = $3L — ¢,
Y12 Y12
~ g(0)-L _ L _ ()L _
Mo N T TR N T TN T TR
_L-By(N -9y + L) o _L-N-By-»
ws—z—, Y= —7—, U1 =—F—,
o 20(() 20(()
" _2(L-N-By—o)ps+L- (B +L)(N-t +L) ” _2(L-N- By —o)vs
3 = 60(() » Y9 — 60{0 )
Y10 ZZ(L.N‘%?“])QZXJL-N(B] +L)z/12’ P11 = 11 + s + 3y + ¢y,

P12 = 2t + C3tho,

Y13 = —(c192 + cath7 + c3thio), Y14 = csthr + ceths + cathy + cg — 3,
P15 = cee + €70,

16 = —(cs592 + ceth7 + c7910).



4 Elastic Stiffness Equation
of Composite Beam Element

4.1 CHARACTERISTICS AND CLASSIFICATION OF COMPOSITE BEAM

Concrete slabs are generally laid on the steel beams in multi-storey, high-rise steel buildings. A slab on a
beam will bend independently due to vertical floor loads, and a relative shear slip occurs on the interface if
there is no connection between them (Figure 4.1). In this case, the concrete slab and the steel beam resist
vertical loads jointly but as individual components.

A shear connector can be designed and laid on the slab—beam interface to restrain the relative shear slip
(see Figures 4.2 and 4.3), in which case the beam is a concrete—steel composite one and resists vertical floor
loads as an integrity (Viest et al., 1997).

Composite beams can be categorized into the following two types according to the performance of shear
studs connecting concrete slabs and steel beams:

o Composite beams with full composite action (Figure 4.2). Sufficient shear connectors are designed for the
fully composite beams so that they can resist the shear force on the interface between concrete slabs and
steel beams, and the relative slip is small. The full bending capacity of the composite beams can be
ensured in this case.

o Composite beams with partial composite action (Figure 4.3). Insufficient shear connectors are designed
for the partially composite beams so that they cannot fully resist the shear force on the interface between
concrete slabs and steel beams, and the relative slip is relatively large. The full bending capacity of the
partially composite beams cannot be achieved. When the number of shear connectors is less than 50 % of
that required for fully composite beams, the composite action between concrete slabs and steel beams is
actually small, and it is negligible in engineering practice.

A partially composite beam may be a practical option in structural design for the consideration of
construction economy, under the condition that the relative slip between the concrete—slab flange and the
steel beam is taken into account in the design.

The most efficient and effective way for the analysis of steel frames is the finite element method (FEM)
with beam—column members. Inconsistency of degree of freedom (DOF) will occur in finite element
analysis of composite frames if two independent axial DOFs are introduced at the two ends of composite
beams to consider effects of the relative shear slip (Dissanayeke, Burgess and Davidson, 1995; Faella,
Martinelli and Nigro, 2001). To avoid such inconsistency, the elastic stiffness equation of a composite beam
element, considering effects of relative slip, is derived based on elastic interaction theory proposed by
Newmark, Siess and Viest (1951) through the solution of the governing differential equilibrium equation of
the composite element.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Relative dip Concreteslab

@ (b)

Figure 4.1 Beam without composite action: (a) force and deformation of steel beam and concrete slab; (b) stress
distribution along section height

Shear connectors
Concreteslab

@ (b)

Figure 4.2 Beam with full composite action: (a) force and deformation of steel beam and concrete slab; (b) stress
distribution along section height

Relative dip Shear connectors
Concreteslab

ho

@ (b)

Figure 4.3 Beam with partial composite action: (a) force and deformation of steel beam and concrete slab; (b) stress
distribution along section height
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4.2 EFFECTS OF COMPOSITE ACTION ON ELASTIC STIFFNESS
OF COMPOSITE BEAM

A typical section of a steel-concrete composite beam is illustrated in Figure 4.4. Effects of composite action
on the elastic stiffness of composite beams are studied in the following. The plane section is assumed to
remain plane in the deformed beam, and an identical elastic modulus for concrete in compression and in
tension within elastic scope, namely under the condition of no crushing in compression and no crack in
tension, is adopted.

4.2.1 Beam without Composite Action
If there is no composite action between the steel beam and the concrete slab, they will deform individually

and have, in the scope of elastic small deformation, the same deflection curves. The strain distribution along
the section height of the beam is given in Figure 4.5. The internal moments in steel and concrete sections are

M, = KE, (4.1a)
M, = KkE.IL, (4.1b)

where & is the curvature of the common deflection, and E/ and E./, are the bending stiffnesses of steel and
concrete sections, respectively.
With the equilibrium of internal and external moments, one has

M=M.+M,= /‘C(Eclc +Esls)7 (4'2)

where M is the external moment applied on the composite section.

Figure 4.4 A steel-concrete composite beam

i‘_
M
K C
D Oc_|_ N N I Oc L - +_ =
r ya
Geometric centre r K

of concrete dab Ms
d Os - - — 4 0Os = — %_ =

Geometric centre
of sted beam

@ (b) ©

Figure 4.5 Composite beam without composite action: (a) no composite action section; (b) strain distribution along
sectional height; (c) internal forces
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0 .

By Equation (4.2), the bending stiffness of the composite beam without composite action (EI )Comp is

equal to the algebraic sum of the bending stiffnesses of the steel and concrete components, namely

0
(ED) oy = Z El = E.I, + E.I,. (4.3)
A strain difference can be seen along the steel—concrete interface, as shown in Figure 4.1, which is defined as
slip strain as

ds D d D d M
5slip:£:5c_fs:/€5+l€§:l€ 54—5 :ﬁw, (44)

where D and d are the thicknesses of the concrete slab and the height of the steel beam, respectively, and
r=D/2 + d/2 is the distance from the central axis of the concrete slab to that of the steel beam.

Obviously, a composite beam without composite action behaves, in elastic state, actually as an ordinary
beam with a bending stiffness of Y EI = E.I. + EI;.

4.2.2 Beam with Full Composite Action

In the case of full composite action, strain is continuous at the steel-concrete interface and linearly
distributed along the total section height of the beam, as shown in Figure 4.6, where C, », is the distance
from the central axis of the total section to that of the concrete slab. The internal moments in steel and
concrete are the same as in Equations (4.1a) and (4.1b). Due to the existence of shear on the steel-concrete
interface, the following internal axial compression in concrete, N, and axial tension in steel, T, are produced:

N=¢c¢EA.=k- Ca,ooEcAC7 (4’5)
T =¢eEA; =k - (r - Ca‘oc)EsAs’ (4’6)

where E A and E A, are the axial stiffnesses of the steel and concrete components, respectively.
With view of N = T, the height of the neutral axial C, ~, of the total section can be solved as

EAr

Coo =5 4.7
" EAc + EA; #7)
The equilibrium of internal and external moments leads to
M=M.+M,+N-r
¢ (4.8)

=k (Ede + Eds) + k- CyoEcAcr.

Geometric centre
of concrete dab

Oc . . | OC_ - 7_ M01 . =
P l 1 A ) | N -
O

Cae O K

. r I "
d Os '_'—'_'Sﬁ' Os S I =
7_ T%

Geometric centre of

Geometric centre ; ;
entire composite beam
of steel beam I . P

+

@ (b) ©

Figure 4.6 Composite beam with full composite action: (a) full composite action section; (b) strain distribution along
sectional height; (c) internal forces
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Substituting Equation (4.7) into the above equation yields

EcAc : EsAs 2
M=k-|El +EJs+———— . 4.9
R <cc+ ss+ECAC+ESASr ( )
Let
1 1 1

= + , 4.10
EA EA. EA; ( )

then Equation (4.9) becomes
M = k- (Ecle + Edy + EA - 1*) = - (ED) 3o (4.11)

where (EI).,

comp 18 the bending stiffness of the composite beam with full composite action and is given by

(ED)cy

oomp = O _EI+EA - . (4.12)
From Equations (4.8) and (4.12), it can be found that the additional axial forces in the steel and concrete
components due to composite action lead to an evident increase of bending stiffness EA - r*> from Y EI

(bending stiffness without composite action).

4.2.3 Beam with Partial Composite Action

Restrained slip occurs in partial composite action. The strain diagram is given in Figure 4.7. Denote C, and
C; as the distances from the neutral axes of concrete and steel components to their top surfaces, respectively;
the slip strain at the steel-concrete interface can then be expressed as

glip=¢€c—&=D—-C) - k+Cs-k=(D—C.+Cs) - k. (4.13)

The compression in the concrete slab and the tension in the steel beam are given by

D
N=k- (CC - E)ECAC7 (4.14)
d
T=k- E_CS EA. (4.15)
The equilibrium of N and 7, i.e. N = T, results in
D d

EA.C. + EACs = E A, > + EJA 5 (4.16)
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Figure 4.7 Composite beam with partial composite action: (a) partial composite action section; (b) strain distribution
along sectional height; (c) internal forces
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Combining Equations (4.13) and (4.16), C. and C can be expressed with e, and &:

1 d D eqip
C. = EA. {ESAS (2 +D) + EA. > ESAS}7 (4.17)
1 d D Esli
Co=——|EA =+ D) — EAc=+ (E.Ac — EAg)—2|. 4.18
o @9
Substituting Equation (4.17) back into Equation (4.14) yields
N =EAr - k — EAcgip. (4.19)

The equilibrium of internal and external moments gives

M=M.+M,+N-r
= K(Ecl. + Ey) + EAr* - k — EA - regpp

‘ — (4.20)
= (El)zzmp -k —EA - raslip
= (El)comp K,
where (EI )Comp is the bending stiffness of the composite beam with partial composite action and is given by
——  FEgli
(El)comp = (El)c?gmp —EA T“p (421)

Obviously, the relationship between moment and curvature of the composite beam with partial composite
action is no longer linear. In addition to sectional and material parameters, the bending stiffness of the
partially composite beam depends also on the slip strain. In Section 4.3, the elastic stiffness equation of the
partially composite beam, based on Newmark partial interaction theory, will be derived.

4.3 ELASTIC STIFFNESS EQUATION OF STEEL-CONCRETE
COMPOSITE BEAM ELEMENT

4.3.1 Basic Assumptions
The following assumptions are employed in this section:

(1) Both steel and concrete are in elastic state.

(2) The shear stud is also in elastic state, and the shear—slip relationship for single shear stud is

Q0=K-s, (4.22)

where K is the shear stiffness of a stud with unit N/mm.
(3) The composite action is smeared uniformly on the steel-concrete interface, although the actual shear
studs providing composite action are discretely distributed.

(4) The plane section of the concrete slab and the steel beam remains plane independently, which indicates
that the strains are linearly distributed along steel and concrete section heights, respectively.

(5) Lift-up of shear studs, namely pull-out of shear studs form the concrete slab, is prevented. The deflection
of the steel beam and the concrete slab at the same position along the length is identical, or the steel and
concrete components of the composite beam are subjected to the same curvature in deformation.
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4.3.2 Differential Equilibrium Equation of Partially Composite Beam

The strains of the concrete and steel components at the interface can be expressed with internal
forces as

N M. D
- =2 423
= TpaA TEL 2 (4.232)
N M d
_N M d 4.23b
STEA. EL 2 (4.230)

and the slip strain at the steel-concrete interface can then be expressed as

ds 1 1 M. D M, d
=S — e =-N- Rt 4. 424
Slip =gy T TS (ECAC +E5AS) + (EI 2 TEL 2 (4.24)

By Equation (4.22), the slip on the interface can be determined with

s==. (4.25)

By assumption (3), the shear density transferred by single shear stud on the interface is

q=0/a (4.26)

where a is the spacing of shear studs.
Consider a differential unit of the concrete flange (see Figure 4.8), and the force equilibrium of the unit in
horizontal is

dN
g 4.27
dx 4 (4.27)
Combining Equations (4.25)-(4.27) gives
a dN
=———. 4.28
S= -2 4 (4.28)
Then, the slip strain at the steel-concrete interface can also be expressed as
ds a d&°N
Slip = T TR AR (4.29)
Equalling Equation (4.24) to Equation (4.29) results in
a &N 1 1 M. D M, d
—— - N C—= —.—=0. 4.30
K dx? (ECAC +ESAS> +ECIC 2 JrESIS 2 (4.30)
I dx
N —>»1 Concrete slab — N+ dN

O
<« € << < Shear connector

Figure 4.8 Horizontal balance of the concrete unit
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By assumptions (4) and (5), the moment—curvature relationship of the steel and concrete components is

241 = 11;[1 =k=-y, (4.31)
and it leads to

Etdlc 111‘541 =Kk=-y. (4.32)
By Equation (4.20), one has

N=(M—-M.+M,)/r. (4.33)

Substituting Equations (4.31)—(4.33) into Equation (4.30) leads to the following fourth-order differential
equilibrium equation of the partially composite beam:

dy K/ 1 N 1 N P d?y N 1 d’m

A a \EA.  EA, EJd,+EJ)d?  El, +EJ, dx (434)
K( 1 1 1 '

—= ) ———M=0.
a \EA:. EA) E.l.+ Eg;
Employing the definition of (EI )Somp and (El)fgmp, we can simplify the above equation as

dty k- (Bl & 1 &M k

_2: _ = ( )C((y)mp _)2) 5 = o M =0, (435)

dx EA - (E])comp dx (El)comp dx EA - (E])comp

where k = K /a is the shear modulus of the steel-concrete interface (unit: N/mm?). When k = oo, namely
there is no slip on the interface, Equation (4.35) returns to the equation for the composite beam with full
composite action, i.e.

2

d
(ED) comp a{ +M=0. (4.36)

And when k = 0, Equation (4.35) can also return to the equation for the composite beam with none of
composite action, i.e.

dZ
0 Y
(E])comp @

+M =0. (4.37)
4.3.3 Stiffness Equation of Composite Beam Element

The typical forces and deformations of the beam element are as in Figure 4.9. The moment at an arbitrary
location distance x away from end 1 can be expressed with the end moment M, and the end shear Q; as

M = M1 - le. (438)
The force balance also determines

01 =~ (M, + M), (4.39)
01 =—-0,. (4.40)
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0, y "
Qll > 2

Figure 4.9 The typical forces and deformations of the beam element

Substituting Equation (4.38) into Equation (4.35) yields

dy  ady

dx4 o dx2 — (M] — Q]X) = 07 (441)

where o and f§ are parameters relevant to material properties and section dimensions and are defined as

k(ED)
o2 = H (4.42)
EA - (EI)comp
k o?
f=— - r (4.43)
EA - (El)gomp (EI)ComP

The solution of the above fourth-order differential equation (4.41) is

n 1
z=y = C; cosh ax + C; sinhox — ——~— (M; — Q1x), (4.44)
(El)comp

where C; and C, are integration constants.
Integrating Equation (4.44) twice results in the deflection of the composite beam element with slip as

C1 C2 . 1 1 2 1 3
y:?COSh M‘FE sinh Oﬂx—m(EMlx _ngx +C3X+C4, (445)
where C; and C4 are also integration constants.
Consider the following boundary conditions:
e forx=0:
y=0, (4.46a)
Y =0 (4.46b)
o forx=10:
y= 52 — 6], (447&)

Y = 0. (4.47b)
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Introducing the above boundary conditions into Equation (4.45) yields four simultaneous algebra equations:

C
017 + C4 = 07 (4483)
c
72 +C3 =04, (4.48b)
C G . 1 1 1
a—zl cosh al +O(_22 sinh ol — m (EMllz — gQ]F) + C3l + C4 = 62 — 51, (448C)
C c 1 1
;1 sinh ol + ;2 cosh ol — 5 (Mll - 5Qllz) +C5= 6. (4.484)

Solving Equations (4.48a)—(4.48d), one has

o .
C = 12+ 6ol sinh ol — 12 cosh o {6oc(cosh ol —1)(6, — 61) — 6 sinh al(0, — 0;)
3 2 :
_ (l?[l)ogémp (2 + cosh al) + éﬂf)lgrlnp (1 4 cosh al) + 6a(6, — 6, cosh ocl)fg(lE%%g]zl oM, — Qll)} ,
(4.49a)
o .
G = 12+ 6al sinh ol — 12 cosh o {7605 sinh al(6, — 61) 4+ 6(cosh al — 1)(6, — 6y)
30, 6M,1 2 sinh al
=3O coshar— 1y — ML ogh gy — 2SN 5 000 + 616, sinh ocl} :
(El)comp (El)comp (El)comp
(4.49b)
1
- 1 — cosh inh -
C; 27 6l sinh of = 12 cosh ol {6( cosh al) (6, + 61) + 60 sinh al(6; — 61)

6 3 1
+———MI(1 — cosh al) — ———=—0,2(1 — cosh al) + ———ai? sinh «l(3M, — 0,1 }7
@, ) g, 2 N @y ( :
(4.49¢)
1 .
Cy = 2(12 1 61 sinh 2l — 12 cosh o) {60:(1 — cosh al)(6, — 61) + 602 (sinh ol — al)
+ 66, (o cosh al — sinh al) — 37?;M1 P(1 + cosh al) (4.49d)
(ED) comp
o 3/ sinh al
+ e O01F(2 4 cosh al) + —ms— (2M; — Q11)].
(El)comp (EI)Comp

In most cases, steel beams are connected to columns fixedly, and when the anchor-hold of negative
reinforcement bars in concrete slabs has good performance, it is reasonable to assume that the slip between
the steel beams and concrete slabs at the ends of composite beams is negligible, namely

Slk=0 =0 (4.50a)

and

Sy = 0. (4.50b)
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Substituting Equation (4.50) into Equation (4.28) leads to

dN
™ le=0 =0, (4.51a)
dN
E |x=l - O (45]b)

Combing Equations (4.20), (4.33), (4.38) and (4.44), one has

v _1 (EN° _ (Cyo sinh ol + Cyo cosh al) + (ED)comy -1)0 (4.52)
dx r compt =1 ? (ED) comp i '

Substituting Equation (4.52) into Equation (4.51) and considering Equations (4.49), (4.39) and (4.40)
yields

(EI)Sompoc3 sinh o/ 31(EI)20mpot3 sinh ol (EI) o,
MI—T‘6(51_ 2) + X +t— 0,
BI(ET) oy’ sinh al - (EI)G5y,
— 0 4.
< Kg i 2 ( 533)
(EN° o sinh ol 3U(EDN° % sinh ol (EI
M, — comp . _ comp comp
1 —Ks 6((51 (52) + K. + 7 01
3IEI, 0 sinh ol (EI)
< ( )Lomp +( )LOll‘lp)027 (453b)
K
M+ M EI gom o3 sinh ol
Ql = —Q2 = 1 ] 2 = ( ) [p( W] [12(62 — 6]) + 6[(0] + 62)]7 (453C)
where
l . 2 ~ .
K, = e (EI)gqmpe*1 sinh ol + 7 (EDGomy = (ED)gymp) (12 + 60l sinh ol — 12 cosh al)|. (4.54)

Equation (4.53) can also be expressed with the standard form as

EDZ 5 —6
M, = ()f" (4<p201 + 2036, + 60, %) (4.55a)

ED 8 — 6
M, = ()% (2¢391 + 40,0, + 6, = ; 2)7 (4.55b)

01=-0=

ENS (4p, +2 4, +2 b =4
( )1 p( wzJIr ZP wzJIr %3, + 120, 112 2)7 (4.55¢)
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where
o1 = (EI)(C)(,mp(ocl)3 sinh al (4.562)
0 3 . 00 0 . ) .
(ET) gopmp ()™ sinh ol + 2((ET) oy — (ED)gomp) (12 + 60l sinh ol — 12 cosh o)
oy =2 (EI)Somp(ocl)3 sinh o/ +1 (4.56b)
24 (BN, () sinh ol + 2((ED)%,, — (EN)y,) (12 + 60l sinh ol — 12 cosh al) - 47
or = 3 (El)i)mp(ocl)3 sinh o/ 1 (4.56¢)
375" 0 3 o0 0 : 5 :
2 (ED)gomp (o)™ sinh ol + 2((ET) oy — (EI) o) (12 + 60l sinh ol — 12 cosh o) 2
The matrix expression of Equation (4.55) is
[ 12 4, + 204 12 49, + 205
R4l — Y "
l l l l
6 6 o1 0,
(E[)ggmp 7(/’1 4y —7(/)1 20, 0, M (4.57)
l 12 49y +2¢; 12 40, +205 | )1 6 [ ] O .
e T e T
02 M,
6 6
7% 20, 7 49,
or
[keel{0c} = {fc}, (4.58)
where
{6} = [61,61,62,65]", (4.59a)
{f:} = (01, M1, 05, M), (4.59b)
[ 12 4, + 204 12 40, +2¢5 ]
0 T T e T
6 6
(E[)OO @1 49, — 79 205
) = —come | ! . (4.60)
l 12 40, +2¢5; 12 4, + 2¢;
2 T 2 Y B
6 6
7% 205 7% 40,

Equation (4.57) or (4.58) is the elastic stiffness equation for the steel-concrete composite beam element with
partial composite action and [k,,]| is the corresponding elastic stiffness matrix of the element.
The parameters in [k,,] satisfy

60, =4, +2¢5, (4.61)

which indicates that [k,.] is exactly symmetric.

4.3.4 Equivalent Nodal Load Vector

When a composite beam element is subjected to non-nodal loads, the equivalent nodal load vector of the
element is necessary for structural analysis using FEM. The equivalent nodal load vectors for three types of
non-nodal loads on the composite beam element are to be discussed in this section.
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Figure 4.10 A two-end fixed composite beam subject to a uniformly distributed load

The first non-nodal load is the uniformly distributed load applied on a two-end fixed composite beam, as
shown in Figure 4.10. By force balance and symmetry, one has

1
O1=0= 511127 (4.62)
M, = —M,. (4.63)
And the moment along elemental length is
1
M=Qx—M — qu? (4.64)

Substituting Equation (4.64) into Equation (4.35) results in the differential equilibrium equation of the two-
end fixed composite beam element subjected to the uniform load as

dty  ,d% 1 o? ( 1 2)
— o= q— = Oix—M, —-qgx” | =0. (4.65)
dxt dx? (El)gomp (EI)ComP 2

The solution of Equation (4.65) is

. , q 1 1 1 1,
y = C) cosh ax 4 C, sinh oax — = - - ‘ (le —M; —=gx"). (4.66)
2 \ED¢omp  EDeomp)  (EDcomp 2

The deflection and rotation can be obtained by integrating Equation (4.66) as

C C 1 1
0 y’:—lsinhocx+—2cosh(xx—q—)2€ —— — e
o o as \ (EI) (EI)

comp comp
S 1sz—Mx—l x| +C (4.67)
(EI)EE,,, 5 1 1 67 3 .
p
C C 1 gx? 1 1
y:—zlcosh ocx—i——zz sinh ocx——in — 0~ Torx
o o 20 (E[)comp (EI)CUmP
S 1Qx3—1Mx2—i ) + Cix+ C. (4.68)
ENz \e<™ "M Togf T '
comp
where C,—Cy are integration parameters.
C5 and Cy4 can be determined with the deflection boundary condition, y|,—o = y|x—; = 0, as
C G . 1 gl 1 1
C3 = ——- cosh ol — — sinh o/ + —— —
o2l o2l 202 (El)gf)mp (El)gf,mp (4.69)
1 1 1 1 C
— (=0 =Ml ——¢gP —
+ (EDmy <6 QI =3 Ml =54 ) T
C
Cy=——. (4.70)
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C; and C; can be determined with the slip boundary condition, Equation (4.50), as

ol ) ) e
o (El)comp (El)comp 20 (EI)Comp (EI)Comp
ql(1 + cosh al) 1 1
C = ( . . _ - . (4.72)
20 sinh ol (El)comp ( I)comp

Finally, with the rotation boundary condition 6|,_¢ = 0, one has

C

o +C3=0. (4.73)
Substituting Equations (4.69), (4.71) and (4.72) into Equation (4.73) leads to
1
M, =-M, = ﬁqlz. (4.74)

Equations (4.62) and (4.74) are the equivalent nodal forces for the uniformly distributed load applied on the
composite beam element, which is obviously independent of the composite action of the beam.

As for the other two cases, a concentrated load at mid-span of the beam (see Figure 4.11) and the
triangularly distributed load (see Figure 4.12), the equivalent nodal forces can also be determined by a
similar procedure as presented hereinabove.

For a concentrated load at mid-span, it can be obtained that

1

01=0, =3P, (4.75)
1

My = ~My = PL (4.76)

And for distributed triangle loads, it can be obtained that

1 3
0= 55101 - = TOQOI

(EDomp = (EDgomp [1 — cosh ol ( 40 101) 1 (101 L 20 )} P .
(EDomp (El)gomp o3l sinh o \3c2] 3 wr\ 9 342l 12(EI) ooy (4.77)
(EI)(?Zmp - (El)gomp |:2(1 — cosh O(l) _ i:| T l3 7
(EDgomp - (El)gomp o3 sinh al 22| 12(El) o,
My =2 Qi1 - gol? (4.78a)
=54 24 qol™, :
1
My, =0\l —M — gl]012~ (4.78b)
y
JP
M
M ! \ :
C )
Q
/2 Yz N

Figure 4.11 A composite beam subjected to a concentrated load at mid-span
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M, M\Mz
< Q Q. )

Figure 4.12 A composite beam subjected to a triangularly distributed load

From the above results, it can be found that the equivalent nodal forces of the composite beam element
are independent of the shear stiffness on the steel-concrete interface for symmetric load cases (such as
uniformly distributed load shown in Figure 4.10 and concentrated load at mid-span shown in Figure 4.11)
and have the same form as that of an ordinary beam element. However, for the asymmetric load case (such as
distributed triangular loads shown in Figure 4.12), the equivalent nodal forces rely on the shear stiffness on
the steel-concrete interface of the composite beam element.

4.4 EXAMPLE

A five-storey steel frame (Baotou Steel & Iron Design and Research Institute, 2000) is selected to illustrate
the effectiveness of the stiffness equation of composite beams derived above. The plan and elevation views
of the frame are shown in Figure 4.13. The cross-sectional sizes of the frame beams and columns are also
given in Figure 4.13, and the material for all the beams and columns is Q235 according to the Chinese
standard. This frame was analysed as a pure steel frame, and the composite action from the concrete slab was
neglected, under dead and live floor loads, wind and earthquake actions, by Baotou Steel & Iron Design and
Research Institute (2000).

The composite beam element developed hereinabove, with various values of steel-concrete interface
shear stiffness k, is used to investigate the effects of composite action on resultants and deformations of the
steel frame. The effective width of the concrete—slab flange for the composite beams of the frame is
determined based on Chinese code GB50017-2003. Alternatively, it is recommended in Chinese code
JGJ99-98 that the moment of inertia of the composite beam can be approximately adopted as 1.5 times that
of the pure steel beam in high-rise steel buildings when the full composite action between the cast-in-site
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Figure 4.13 The steel frame for example
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Figure 4.14 Effects of composite action on frame stiffness

concrete slab and the steel beam is considered. The results of various considerations on the composite
actions of the frame will be compared as follows.

The values of the steel-concrete interface shear stiffness k are taken as 0.01, 0.1, 0.5 and 1.0 % of the
elastic modulus of steel, Es, and k = oo represents the fully composite case. It is revealed by numerical
analyses that the effect of composite action from the concrete slab is small and can be negligible on internal
forces of the frame under vertical and horizontal loads, but this effect is evident on the global lateral stiffness
of the frame under horizontal loads and relates to the steel-concrete interface shear stiffness. The effect of
composite action on the lateral deflection of the frame subjected to a horizontal earthquake load is given in
Figure 4.14, and the relationship between the storey drift and the steel-concrete interface shear stiffness is
shown in Figure 4.15.

It can be found from Figure 4.14 that the global frame sway is the greatest when the contribution of
concrete slabs is waived and it is the least when the full composite action is considered between concrete
slabs and steel beams (the deflection gap between these two extreme cases in this example is 34 %). The
deflection curves for partial composite actions are fallen in between these two extreme cases. The results of
the approximate consideration of the composite action according to Chinese code JGJ99-98 agree with those
of the frame with partially composite beams with a kvalue of 0.1 % E;.

Figure 4.15 Effect of composite action on frame storey drifts
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It can be found from Figure 4.15 that the effect of the steel-concrete interface shear stiffness on frame
lateral stiffness is significant when k/E; is less than 1.0 %, otherwise it has little significance. It can also be
found that the effect of kon the drifts of the storeys at higher levels is more evident.

4.5 PROBLEMS IN PRESENT WORK

In the derivation of the stiffness equation of the composite beam element with relative slip, an important
assumption is made that there is no slip between the concrete slab and the steel beam at the two ends of the
element. This assumption is to enhance the stiffness of the composite beam element because there will
always be, more or less, a relative slip at the beam ends.

Equation (4.60) can be regressed into

o for k = oo:

e fork =0:

(ko] =

EDNY
o = O
D O (1
FED (3D 4 0
TE (B
Ry (F D~ 1 (B

~lo B3

12
lZ

~|

6 1267
l 2 l
s %
l
6 12 6|
I P [
6
2 -2 4
) .
- l_3 (El)comp 1_2 (El)comp
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(4.79)

o0
comp

(4.80)

Obviously, Equation (4.60) can be regressed into that for the fully composite beam element, whereas it
cannot be regressed into that for the element without any composite action. This error results from the slip
boundary condition on the steel-concrete interface assumed in Equation (4.50). By further analysis, when
beam bends in asymmetric form (Figure 4.16(a)), it can be derived from Equation (4.80) that

(?ZEI)G:M7

@

Figure 4.16 Two typical deformations of the beam element: (a) asymmetric deformation; (b) symmetric deformation

(b)

(4.81)
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and when beam bends in symmetric form (Figure 4.16(b)), it can be

<%E7)0 M. (4.82)

Equation (4.80) is consistent but Equation (4.81) is not with the bending stiffness relationship of the beam
without any composite action. Therefore, good accuracy can be obtained when Equation (4.60) is used for
the analysis of frames subjected to horizontal loads because frame beams bend in asymmetric form under
horizontal loads. However, error will occur when Equation (4.60) is used for the analysis of frames subjected
to vertical loads when beams bend in symmetric form. This is a problem in present research and needs
further study.



5 Sectional Yielding and
Hysteretic Model of Steel
Beam Columns

5.1 YIELDING OF BEAM SECTION SUBJECTED
TO UNIAXIAL BENDING

The different states in the yielding process of the beam section subjected to uniaxial bending are shown in
Figure 5.1, where oy is the steel yielding stress, M is the moment at yielding of the sectional edge (termed as
initial yielding moment) and M,, is the moment at yielding of the full section (termed as plastic or ultimate
yielding moment). My and M), can be calculated as

M = WeJSs (51)
M, = Wyos,

where W, is the elastic section modulus and W, is the plastic section modulus.
Let

: (5.3)

=|E

MP
® =,
€

which is relevant only to sectional shape and thus can be called as the section plastic shape factor. The values
of x, for normal symmetric sections are given in Figure 5.2.

5.2 YIELDING OF COLUMN SECTION SUBJECTED
TO UNIAXIAL BENDING

Axial forces generally exist in frame columns, and Figure 5.3 illustrates the yielding process of a column
section, where My and My are, respectively, the initial and ultimate yielding moments of the section
including the contribution of axial force.

The condition of initial yielding for a section of any shape can be expressed as

My N
N_ ., 54
w. A= (54)
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Figure 5.1 Yielding process and moment—curvature relationship of a beam section subjected to uniaxial bending
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Figure 5.2 Values of plastic shape factors for various symmetric sections
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Figure 5.3 Yielding process and moment—curvature relationship of a column section subjected to uniaxial bending
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Rewriting it results in

N
My = (1-——)M, 55
sN ( Np) E ( )

where A is the sectional area, N is the axial force and N, = Ao is the yielding load of the section when single
axial force is applied.

The ultimate yielding moment can be derived from the equilibrium between sectional internal and
external forces on a section in the ultimate state. Considering the ultimate yielding state of a rectangular
section (Figure 4), one obtains the equilibrium equations as

N = ZO'Sby(),

osb
MPN = T (/’l2 — 4}%)

Eliminating y, from the above two equations and noting that M, = osbh? /4 for the rectangular section lead
to the expression of MyN as
2
N
MnNx=|1—-(—
m [ (N p)

Following the similar procedures as described above, one can calculate My of frame columns with
biaxial symmetric H sections as follows:

M,. (5.6)

(1) when bending in the major axis:

— for the neutral axis within the web plate, i.e. 0 < N/N, < a/(2 + ),
2+4a)? [N\?

My=|1-""2 (=

PN |: (4 +o)a \N,

— for the neutral axis within the flange plate, i.e. a/(2 + o) < N/N, < 1,

My = [1 - (lﬂ 02+m),,. (5.7b)

N, 44+

My; (5.7a)

(2) when bending in the minor axis:
— for the neutral axis within the web plate, i.e. 0 < N/N, < o/2 +«,

MPN = Mp; (583)

— for the neutral axis within the flange plate, i.e. /(2 + o) < N/N, < 1,

4 —o? 20 [N\ 2+a/N\>
My = 1— A =
4 2—a Np 2—ua Np

where « is the cross-sectional area ratio of the web to one flange.

M,, (5.8b)
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The above expressions for H sections bending in the major axis can be used to calculate My of box
sections except that « is replaced with the cross-sectional area ratio of two web plates to one flange.

For circular or annular sections, Mpy is determined by

3 1
My = ) (sin ©— gsin 3¢)MP, (5.9a)

(i)
l——|p—zsin2p | =
T 2

where ¢ is solved from

(5.9b)

<] =

5.3 YIELDING OF COLUMN SECTION SUBJECTED
TO BIAXIAL BENDING

5.3.1 Equation of Initial Yielding Surface
The cross section of frame columns is usually biaxial symmetric because frame columns are often subjected
to biaxial bending. The initial yielding surface of a column section can be determined by linear super-

imposition of normal stresses within elastic scope and can be written as

M,
M,

N

Ny

+

'MX _ 1, (5.10)

MSX

"

where M, and M, are the bending moments applied about the orthotropic x-axis and y-axis, respectively, N is
the axial force applied, and M, and M;, are the initial yielding moments of the section when M, and M, are
applied alone, respectively.

Equation (5.10) is the equation of the initial yielding surface for the column section subjected to biaxial
bending, which can also be rewritten as

Xpxttx + Xpyty + 1 =1, (5.11)
in which m, = |M, /M|, my = |My/Mpy|, n = |N/Np|, My, and M,,, are the ultimate yielding moments of

the section when M, and M, are applied alone, respectivley, and X, and xp, are the plastic shape factors
about the x-axis and y-axis of the section, respectively.

5.3.2 Equation of Ultimate Yielding Surface

The ultimate yielding surface of a column section subjected to biaxial bending moments and axial force can
also be defined with m,, m, and n. The following describes the derivation of the ultimate yielding surface
equation for the rectangular section.

As shown in Figure 5.4, lety = f(x) be the neutral curve in the ultimate state, which indicates that the part
of the section above y =f(x) is yielding in tension and that below is yielding in compression. The
equilibrium conditions of the section in this ultimate state are governed by

"b/2

N=—- / 20, (x) dx, (5.12a)
J-b/2
b/2

M, = — lb/z oy [Z—z —fz(x)} dx, (5.12b)
b/2

M, = — / 20,f(x) dx, (5.12¢)
—b/2



YIELDING OF COLUMN SECTION SUBJECTED TO BIAXIAL BENDING 57

i_ff(x)
o

h
18}

h

Figure 5.4 Ultimate yielding state of the rectangular section

where f(x) is an undetermined function and can be determined with functional extremum theory. Assume
that N and M, are constant and then f(x) should make M, maximum. This problem is actually a definite
integral inflexion problem with restrain of the definite integral. According to the Lagrange multiplicator
method, the functional of the problem can be expressed as

H = o[h? /4 — f2(x)] = /1 [206xf (x)] — Ja 204 (x)]. (5.13)

From the Euler equation,

OH d [ OH
a7y~ & L] =° 514
one obtains
f(x)==Aix — 2. (5.15)

Equation (5.15) indicates that the neutral curve of the rectangular section is a straight line (see
Figure 5.5). Substituting Equation (5.15) into Equation (5.12) yields

N = 20,bls, (5.16a)
bh: 22 (b\°® b
M, =20, |——2L(Z) =22(= .16b
A6 #0)] 5165
1
M, = gasb%.. (5.16¢)
y y y
\
0| X (o] X 0 X
@ (b) ()

Figure 5.5 Neutral axial positions of the rectangular section
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For the rectangular section, the ultimate yielding axial force and ultimate yielding moments are,
respectively, obtained by

N = o,bh, (5.17a)
1

M, = Zcrsbhz, (5.17b)
1

M, = Zasth. (5.17¢)

Combining Equations (5.16) and (5.17) leads to

22

n:%: ’ (5.18a)
M, 8 |bh2 2 (b\’ (b
oM. 8 bl (DN s (b 5.18b
"™ My b2 { 8§ 3 (2) 2(2) ’ (5.18)
M, 2b
=2 22 5.18
"™ M,y 30 (5.18¢)

Eliminating Z; and A, from Equation (5.18) results in the explicit equation of the ultimate yielding
surface for rectangular sections as

3
n2+mx+zm§ =1. (5.19a)

It should be noted that Equation (5.19a) is correct only for the layout of the neutral axis as shown in
Figure 5.5(a), and the condition is

W

my < = (1 —n) < my. (5.20a)

For the layout of the neutral axis as shown in Figure 5.5(b), the equation of the ultimate yielding surface
is

3
n2+2m§+my= 1, (5.19b)
and the corresponding condition is
2
my, < 3(1 —n) < my. (5.20p)

For the layout of the neutral axis as shown in Figure 5.5(c), the equation of the ultimate yielding surface is

9 my my _
n+Z[1—2(1_n)} {1—2(1_’1)]—17 (5.19¢)
and the condition is
2 2
my zg(lfn), my 25(1 —n). (5.20¢)

It can be seen from the above derivation that the equation of the ultimate yielding surface is not unique
and depends on the position of the neutral axis.

Following the similar derivation, one can obtain the equations of the ultimate yielding surfaces of biaxial
symmetric H and box sections, which are listed in Tables 5.1 and 5.2, respectively. The parameters in such
equations are defined in Figures 5.6 and 5.7 for H and box sections, respectively.
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Table 5.1 Yielding surface equation for the H section

Position of the

Order neutral axis Yielding surface equation Condition
2
=— ) 2
AN n PR 2 (B +241)
| 0< 1, <1/2
1 my = WHM +af(1 —443)
: 0=/ <y
— my = g (F =73~ 4453)
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Figure 5.6 Definition of parameters in Table 5.1
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Table 5.2 Yielding surface function for the box section

Position of the

Figure 5.7 Definition of parameters in Table 5.2
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Figure 5.8 Definition of parameters in Equation (5.21)
The similar equations for circular and annular sections in parametric form are
2 1
=1——(p—=sin2p|, 5.21
n - (gp 5 sin gp) (5.21a)
3 . 1.
my = c08 0| sin p — 3sin 3¢, (5.21b)
3. . L.
my = sin 0| sin ¢ — 3sin 3¢, (5.21¢)

where the parameters  and 6 are defined in Figure 5.8.

5.3.3 Approximate Expression of Ultimate Yielding Surface

It can be seen from Section 5.3.2 that the exact expression of the ultimate yielding surface for either
rectangular, circular sections or H and box sections needs a group of equations, and in some cases the
explicit expression cannot be derived. For the sake of convenient application, an approximate expression of
the ultimate yielding surface uniformly to all kinds of sections is proposed as

s mfv
T 4 0 4=, (5.22)

1—nt 1—n

where s, 7, u, v and w are indeterminate parameters and can be determined through the exact equations of the
ultimate yielding surface.

Considering the five groups of the control points on the ultimate yielding surface from the exact
equations, one can solve the five indeterminate parameters. For example, the five control points may be

e for H section:

o 16 + 3a
n=m7 mx:mv my = 0,
14+ a 2
"Toaxa ™ Taxa my =0,
1+o 3
n:2+oc7 m, =0, my:é—t,
_ 2+« 3
n=yu, mx_4+0(’ my_Z7
1+ 20 3 7
n=-————= my =——, mMy=_——;

42+ o)’
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Figure 5.9 Comparison of accurate and approximate ultimate yielding surfaces: (a) box section; (b) H section

e for box section:

" 1 _ B +3 —0
2(1+a)’ T 8u+4’ Y7
o 8+ 3
ity ™ M Tgay
n=0. m 8+ 3 1
’ 8+4a’ 7 240’
n=0. m — o 7 m,,—8+3a,
20+ 1 7 8+ 4a
1 1 1
n:? mx:E, myzz;

e for circular or annular sections:

s=t=2, u=v,
n=0215, m, =095, m, =0,
n=0.609, m,=0.650, m, =0,

where o is defined in Figures 5.6 and 5.7.
A comparison between the approximate and exact equations of the ultimate yielding surfaces for H and
box sections is provided in Figure 5.9, where a good coincidence can be found.

5.3.4 Effects of Torsion Moment

Frame columns are possibly subjected to torsion moment, which produces shear stresses to reduce the
yielding strength of sections. Therefore, torsion moment affects the equations of the initial and ultimate
yielding surfaces for column sections.

Normally, shear stresses resulting from torsion are unevenly distributed over a section, and it is difficult
to evaluate the effects of shear stresses on the yielding surfaces of the section. For the sake of simplification,
it is assumed that the ratio of the average shear stress over the section, 7, to yielding shear stress, 7, is equal
to the magnitude of the ratio of the torque applied on the section, M., to the ultimate yielding torque, M., i.e.

- ’
Ts M,,

(5.23)
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Figure 5.10 Values of plastic torsional section modulus

and
T =m,T, (5.24)
in which
M.
m; = ‘MZN s (525)
Mpz = Wp:Ts, (5.26)

where W is the plastic torsional section modulus and its expression for various sections is given in
Figure 5.10.
According to Mises yielding criteria,

o? + 37 =0 =372, (5.27)

which leads to

o 372 72
%:\/102:\/172=,/1m§. (5.28)

It indicates that the section yielding stresses decrease due to the existence of torsion moment, and n, m,
and m, should be replaced with nt, m,r and myr, respectively, as

nr = ————, 5.29a

i (5.29)
ny

My = —— 5.29b

i (5-290)

myp =~ (5.29¢)



64 SECTIONAL YIELDING AND HYSTERETIC MODEL OF STEEL BEAM COLUMNS

The equation of the initial yielding surface including effects of torque becomes
XpxIhT + XpyMyT +nr = 1, (530)

and the approximate equation of the ultimate yielding surface including effects of torque becomes

s t
SN myr
u v
1—nt 1—ny

+a =1 (5.31)

5.4 HYSTERETIC MODEL
5.4.1 Cyclic Loading and Hysteretic Behaviour

Frames are possibly subjected to cyclic loads under earthquake and other dynamic loads. Experiments have
shown that after yielding at one loading step, assuming that it is the nth loading, the initial yielding stress of
steel in the next unloading and reversal loading, the (n + 1)th loading, will be lower than before (see
Figure 5.11), i.e. 05,41 < 0y, Which is known as the Bauschinger effect. If the reversal loading continues,
the stress in steel continues to increase till it meets the ultimate yielding stress being higher than before, i.e.
Opnt1 > Opy, Which is known as the strain-hardening effect. Let oy, be the stress at the commence of
unloading at the nth loading and o, > 0p,; the ultimate yielding stress at the (n + 1)th loading, opu1, can
then be approximately equal to oy, i.€. Oppi1 = Ouy. For the first loading, o5 = op1 = 0.

When a steel beam is subjected to cyclic moments, the Bauschinger effect will reflect similarly in the
M — ¢ relationship (see Figure 5.12), where M, 11 < Mj,. In the same way and due to the strain-hardening
effect, My, 1 > My, and M, 1 = My,. For the first loading, M, = M, and My, = M.

Oun

—Oun+1

Figure 5.11 Stress—strain curve of steel under cyclic loading
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Mo ===

Msnk
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——————— M

Figure 5.12 Moment—curvature curve under cyclic loading

un+l
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Figure 5.13 Measured versus predicted hysteretic load—deflection curves of a cantilever beam

The solid line in Figure 5.13 is the measured hysteretic load—deflection curve of a cantilever beam subjected
to a cyclic load at the free end, where the Bauschinger effect and the strain-hardening effect are evident. The
unloading of the beam behaving in elastic stiffness can also be found.

5.4.2 Hysteretic Model of Beam Section

A hysteretic model is the one that describes the relationship between force and displacement of structural
members under cyclic loading conditions. A simple model for the hysteretic M — ¢ relationship of steel
beam sections is a bilinear model, as shown in Figure 5.14, where ¢ is the hardening factor and ¢ = 0.015
usually.

The dashed line in Figure 5.13 is the prediction to the hysteretic load—deflection curves of the cantilever
beam by the bilinear M — ¢ model. Clearly, the bilinear model can represent the basic hysteretic behaviour
of a steel beam under cyclic loading, but cannot reflect the nonlinear phase from initial yielding to ultimate
yielding very well.

To overcome the above deficit, a nonlinear hysteretic model can be adopted. For this purpose, define the
yielding function of a beam section as

r— '% (5.32)

gEl

Mp]..
o
El P

Figure 5.14 Bilinear hysteretic model
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Figure 5.15 Hysteretic I' — ¢ curve

and the curvature parameter as

¢

= |=
Pp

; (5.33)

where ¢, is the elastic curvature corresponding to Mp.

Figure 5.15 gives the nonlinear model to describe the hysteretic M — ¢ relationship of beam sections,
where Iy, and I'y, are the initial and ultimate yielding functions at the nth loading, respectively, I, is the
yielding function at the nth unloading, and I's, ;1 and I, 1 are the initial and ultimate yielding functions at
the (n + 1)th loading, respectively. Considering the Bauschinger effect and the strain-hardening effect, one
can define

an+1 = Fs - (rbn+1 - 1)7 (534)
Fpn+] = an+17 (535)
in which
_ 1—‘um l_‘un > Fbm
Pops1 = {an7 Ty < o, (5.36)

where Ty, and ', are the characteristic values of the yielding function at the nth and the (n+ 1)th
loading, respectively. For the first loading, I'y; = 1.
T's is the initial yielding function at the first loading and is defined as

M, 1
Tg=—=—. (5.37)

My, Xp

Further, define the recovery force parameter of beam sections as
dr
R=—. 5.38
i (5.38)
Then, for the nth loading, one has
R=1, I' <Tg, (5.39a)
R=gq, I'> T, (5.39b)
r— an
R=1-——"-(1-¢q), Ly, < T < Tpy, (5.39¢)
I‘pn - F%n
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Figure 5.16 Hysteretic I' — ¢ curve

and for any unloading

R=1. (5.40)

Equations (5.34)—(5.40) construct the nonlinear model for the hysteretic M — ¢ relationship of beam
sections. The hysteretic behaviour between the yielding function and the recovery force parameter is
governed by Equations (5.39) and (5.40), as shown in Figure 5.16.

5.4.3 Hysteretic Model of Column Section Subjected
to Uniaxial Bending

If the variation of axial forces in a column is small under cyclic loading, the bilinear hysteretic model
illustrated in Figure 5.14 can also be used to represent the hysteretic M — ¢ relationship of column sections
subjected to uniaxial bending except that M, should be replaced with M,y. The value of M,y can be
determined with Equations (5.6)— (5.9) using the average of axial forces in the process of cyclic loading.

Generally, models in Figure 5.15 or 5.16 can be used to predict the hysteretic I' — ® or I' — R relationship
of column sections subjected to uniaxial bending, but modify

M

I'= ‘— , (5.41)
MpN
¢

b — 5.42
P (5.42)

and

M@N

I'y=——, 5.43
T (5.43)

where Mg and My are the initial and ultimate yielding moments, respectively, varying with the axial force
in the column in the process of loading and ¢y is the elastic curvature corresponding to MpN.

5.4.4 Hysteretic Model of Column Section Subjected to Biaxial Bending

The moment—curvature relationship about one axis will be influenced by the bending moment about the
other axis for column sections subjected to biaxial bending, which makes it much complex to simply use the
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Figure 5.17 Initial yielding surface and the force state point

hysteretic moment—curvature relationship based on uniaxial bending, and the models given in Figure 5.14 or
5.15 become unapplicable.

However, the value of the yielding function I' can be regarded as an index indicating to what extent
the section yields under loads, and the value of the recovery force factor R as an index indicating the
sectional stiffness after deformation. The hysteretic model shown in Figure 5.16 can therefore be used to
depict the hysteretic I' — R relationship of column sections subjected to biaxial bending. The left-hand side
of the ultimate yielding equation in the form of I'(m,r, myr, nr) =1 can be defined as the yielding
function as

FZF(I’I’IXT, m_vT, n'[). (544)

If the approximate equation for the ultimate yielding, Equation (5.31), is adopted, the yielding function
becomes

s 3

m Mir
F:ﬁﬂ_’%ﬂf;. (5.45)

The recovery force factor R is calculated with Equations (5.39) and (5.40) as well, where I, and T, are
determined according to the recurrence formulae, Equation (5.34)—(5.36), in which I'y becomes

Uy =T(my, miyg, ny), (5.46)

where (mlp, mlp, nf) is the intersection of the line from the origin to the force state point
(myr, myr, n{) with the initial yielding surface in the orthotropic coordinate m,r — myr — nrt, as shown
in Figure 5.17.

The validity of the hysteretic model for columns subjected to biaxial bending is obtained with experi-
ments, which will be presented in Chapter 8.

5.5 DETERMINATION OF LOADING AND DEFORMATION STATES
OF BEAM-COLUMN SECTIONS

The yielding function can be used to identify the state of beam and column sections loaded as follows:

o if I, A, > Iy, it is a loading state,

o if I', A, < T, it is an unloading state,
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o if I, A, = I';, it is a constant load state retaining certain loads,

where I'; and ', A, are the values of the yielding function at times ¢ and ¢ + At, respectively.
Three deformation states corresponding to the above three loading states are

(1) loading state: if I';1a; < I'y,, the section is in elastic state and the recovery force factor R = 1, and if
I'iiar > Ty, the section is in elasto-plastic state and the recovery force factor R can be determined with
Equations (5.39b) and (5.39c¢);

(2) unloading state: the section is in elastic state and the recovery force factor R = 1;

(3) constant load state: the deformation state of the section at time ¢ + A¢ is the same as that at time z.



6 Hysteretic Behaviour
of Composite Beams

6.1 HYSTERETIC MODEL OF STEEL AND CONCRETE MATERIAL
UNDER CYCLIC LOADING

6.1.1 Hysteretic Model of Steel Stress—Strain Relationship

A large amount of effort has been made worldwide to the stress—strain relationship of the steel material
under cyclic loading. Several hysteretic models have been developed, where the simplest one is the perfectly
elastic—plastic model (see Figure 6.1(a)) ignoring the strain-hardening effect and the Bauschinger effect.
The models given in Figure 6.1(b)—(d) can consider both the strain-hardening effect and the Bauschinger
effect. The model in Figure 6.1(b) is a bilinear model and the other two are trilinear models with,
respectively, softening phase and yielding plateau.

The bilinear model is employed in this chapter because it can capture the principal characteristics of the
steel material under cyclic loadings and is convenient to programming. In the bilinear model, ¢ is the
hardening factor and generally ¢ = 0.01-0.02. If unloading before hardening, the initial elastic modulus Ej
is used as loading or unloading stiffness and the Bauschinger effect is ignored, but if unloading after
hardening, E is used as unloading stiffness and the Bauschinger effect is considered.

6.1.2 Hysteretic Model of Concrete Stress—Strain Relationship

As concrete is a mixture of different materials and there is microcrack in nature, the damage mechanism of
concrete is inherently initiated from microcrack developing to macrocrack, and eventually from macrocrack
developing to material failure. In the past experiments, it has been found that the skeletal of the hysteretic
stress—strain curve of concrete is very close to its uniaxial stress—strain curve. In this chapter, the uniaxial
stress—strain curves, well accepted both in compression and in tension, are adopted as the skeletal of the
hysteretic curve of the concrete material under cyclic loading. Additionally, unloading and reloading parts
are involved in the hysteretic curve constructed to consider the effects of cracking and softening of concrete
under cyclic loading.

6.1.2.1 Skeletal curve

Unconfined concrete is considered herein due to little restrains of reinforcement bars to the concrete block in
composite beams.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 6.1 Hysteretic stress—strain relationships of the steel material: (a) perfectly elastic—plastic model; (b) bilinear
model; (c) trilinear model with softening; (d) trilinear model with yielding

Uniaxial compressive constitution

The uniaxial compressive stress—strain curve of concrete includes stiffening (upward) and softening
(downward) phases. The well-known Hognestad formula (Jiang, 1998) is used to construct the stiffening
curve and the equations recommended in the Chinese code (GB50010, 2002) for the softening one, i.e.

e fore < g:

o_fc[zi— (;—O)z] (6.1)

e fore > e:

_ 5/500
U_fcf/ﬁcoJra(s/eco— 1% (6.2)

where f; is the ultimate compressive strength of concrete in uniaxial loading, € is the corresponding strain
to f. and o is a softening parameter relating to material strength, generally ranging from 0.4 to 2.0.

Uniaxial tensile constitution

The following stress—strain relationship is used for uniaxial tension of concrete:

e fore < gy:

o = Egg; (6.3)
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e fore > gy:

o =09f, exp<70,l(£f 1>) +0.1f,, (6.4)

3]

where f; is the ultimate tensile strength of concrete in uniaxial loading, € is the corresponding strain to f; and
E is the tensile modulus of concrete, Ey = f;/c-

6.1.2.2 Loading and unloading rule

Unloading in compression and reloading
In the compression state, the unloading and reloading rule (see Figure 6.2) is

(a) when € < 0.55¢, the stress—strain unloading and reloading path is determined according to elastic
stiffness;

(b) when € > 0.55¢, the stress—strain unloading and reloading path is determined according the focal
point method described below.

The focal points F;, F,, F; and F, are located at the tangent of the skeletal stress—strain curve at origin
and their stress coordinates are —3f., —f., —0.75f. and —0.2f., respectively. Assume that unloading is
from an arbitrary point A (€4, 04), as shown in Figure 6.2. The unloading path is along A-D—B, where point
B (e, 0) is the intersection of line AF, with the e-axis, point D (ep, op) is the intersection of line CF; and

T

Figure 6.2 Hysteretic stress—strain relationships of the concrete material
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line BF,, and point C (ec,o¢) is that in BF; and with a strain value of €. By the rule described above, the
coordinates of points B, C and D can be calculated as

- :% (6.5)
7= 0.72;:71% e A B (6
e = 3€1D2D—i; E_BID); -3 6.7)
op = (ep —eB)Dy, (6.3)
pio 0% 99
D, = % (6.9b)

where ep is the residual strain after unloading and &, = £./2.

When reloading to compression from point B, the reloading path is along B—C—E, where point E is in the
skeletal curve and with a strain value of 1.15¢4, and when reloading in reverse to tension from B, the
reloading path depends on the maximum of tensile strain in history, ;. If €] < £, namely concrete in
tension never cracking, the reloading is along BF, where F (f;, €y) is the point in the skeletal curve
corresponding to the maximum tensile stress. However, if €/ > ¢y, the reloading is along B-G, where G
(G, 0g) is the point corresponding to the maximum tensile stain.

Unloading in tension and reloading
In the tension state, the unloading and reloading rule (see Figure 6.2) is
(a) whene < gy, the stress—strain unloading and reloading path is determined according to elastic stiffness;

(b) when € > gy, the stress—strain unloading and reloading path is determined by the equations given
below.

Assume that unloading is from point G in the softening part of the skeletal curve, as shown in Figure 6.2. The
unloading path is along BH and H is the initial point from which the cracking effect is produced, and the
strain at point H, ey, is

0.980()
= 0.1+———|. 6.10
o EG( €e0 + |€G|) (6.10)

The path of reloading in reverse depends on the maximum of compressive strain in history, 7. If €7 < e,
namely concrete in compression never crushing, the reloading is along H-1-J, but if € > &9, the reloading
is along H-I'-C-E.

Point I or I is the intersection of reloading path with the o-axis, and the contact stress corresponding to
e=0is

(6.11)

—4
Feon = 0.30% [2 1 lenl/eo =4 } :

lenl/eco +2
where or = f; for €] < eqo or or = o for € > ec.

Equation for HI or HI' is

2.1 )
oc=0cn|l ———— g <e<0). 6.12
( ENERE S ) (6.12)
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Equation for 1J is

2e
= Ocon 1- c - _Je OS c0)- 6.13
0 = Ocon( 5/50)+£0+Ef (0<e<ew) (6.13)

Equation for I'C is

2
J:acon(l—e/aA)JrEAig(rc (0<e<ec). (6.14)

If unloading occurs at any point of GI, the unloading path is the direct line from that point to G.

6.2 NUMERICAL METHOD FOR MOMENT-CURVATURE
HYSTERETIC CURVES

6.2.1 Assumptions

(1) A plane section of composite beams remains plane when subjected to bending.

(2) The stress—strain relationship for steel and concrete material can be determined according to Figures 6.1(b)
and 6.2.

(3) The effect of shear lag in the concrete slab flange of composite beams can be neglected.
(4) No slip occurs at the steel—concrete interface of composite beams, namely full composite action is
considered.

6.2.2 Sectional Division

Fibre model is used to analyse the sectional hysteretic behaviour. Strip fibre is divided along the sectional
width, as shown in Figure 6.3. Each strip is distributed with uniform normal stress, and the longitudinal
reinforcement bar is dealt with as an independent strip.

For the sake of calculation convenience, take the central axis of the steel section as the reference axis.
Suppose the strain at the reference axis to be €5y and the sectional curvature ¢; the strain of each strip can
then be expressed as

gi=¢e0+o ¥, (6.15)

where y; is the distance from the central point of each strip to the reference axis.

N £p

Figure 6.3 Fibre division and strain distribution of the composite section
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The stress of each strip can be calculated from the strain given in Equation (6.15) and according to the
material constitution of steel and concrete presented in Section 6.1, following which the axial force on each
strip can be obtained with

Nei = AACiUCia (6163)
Ngp = AgpOsp, (6.16b)
Ny = AAgio, (6.16¢)

where AA.;, AAg, and AA; are the cross-sectional areas of the concrete strip, longitudinal reinforcement bar
and steel strip, respectively, and o;, oy, and oy; are strip stresses, respectively.

Then, the axial force N and bending moment M carried by the total section are

ne ng

N = Zl AAg oo + Zl AAgog + ApOsp, (6.17)
i= i=

ne ns
M= Z AAoyei + Y AAgiogiysi + AgpOsbYsp- (6.18)
=1 =1

= =

6.2.3 Calculation Procedure of Moment—Curvature Relationship

In general, a set of values about the bending moment, curvature and strain at the reference axis (reference
strain) may be determined for each point in the moment—curvature curve, which satisfy strain compatibility
and internal force equilibrium in the section considered. The numerical procedure for determining the
moment—curvature curve of composite sections is given in Figure 6.4. To capture the softening (downward)
phase in the moment—curvature curve, a curvature-incremental strain-iterative strategy is employed, and the
iteration convergence criterion for each incremental analysis is that the axial force on the section considered
vanishes, namely

N(ex) = 0. (6.19)

In strain iteration, a linear interpolation technique is used to speed up the calculation. For this purpose, a
convergence function is defined as

¢ = N(z’:‘so). (620)

If two trial values of reference strain, 530 and sfo, are obtained, the next trial value of reference strain is
determined with linear interpolation as

A | 63078!0 6.21
5507650_1/]27#)1 ¢17 ( . )

where 11 = N(el)) and 1, = N(g2,).

It should be noted that the double precision format is necessary to set up the variables to preclude the
numerical difficulty in iterative calculation. The convergent rate is very good in the iterative procedure
proposed, and generally, convergence will be achieved within 10 runs.
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Input section parameters
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Set initial values for the strain of each strip, ¢p=0, I=0
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Figure 6.4 Flow chart of moment—curvature calculation

6.3 HYSTERETIC CHARACTERISTICS OF MOMENT-CURVATURE
RELATIONSHIPS

A typical hysteretic moment—curvature curve of the composite section is illustrated in Figure 6.5. The
characteristics and typical phases of this curve are discussed in this section.

6.3.1 Characteristics of Hysteretic Curves

(1) The hysteretic hoop of the composite beam is plump and stable, without strength or stiffness
regression.
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Moment

Curvature

Figure 6.5 Hysteretic curve of the composite section

(2) Asymmetry exists between the positive (sagging) moment zone and the negative (hogging) moment

zone in the hysteretic hoop (see Figure 6.5), which results from the asymmetric distribution of the
material over the section (see Figure 6.3).

(3) A concrete flange is in compression by positive moment and the hysteretic curve has the characteristics

of reinforced concrete beams, whereas the concrete flange is in tension and can be negligible by negative
moment and the hysteretic curve has the characteristics of steel beams.

(4) The Bauschinger effect and the strain-hardening effect can be observed in the hysteretic M—¢ curves of

composite beam sections.

6.3.2 Typical Phases

()]

(@)

3)

@

(&)

(6)

Phase OA. The moment—curvature relationship in this phase is linear. The steel beam and concrete slab
flange are in elastic states. Point A is the initial yielding of the lower steel flange.

Phase AB. The moment—curvature relationship in this phase is nonlinear, and the section is in elasto-
plastic state. Yielding spreads upwards with the increase of moment, and the neutral axis lifts to keep
force balance. The compressive ultimate strength of concrete has not been reached in this phase. The
global stiffness of the composite section reduces gradually.

Phase BC. Unloading occurs at point B, and the moment—curvature relationship in this phase is
linear again. Unloading stiffness is the same as that of initial loading (phase OA). The moment
reduces to zero at point C, but the residual positive curvature remains unchanged due to plastic
strain.

Phase CD. Negative moment is applied in reverse, and the moment—curvature relationship in this
phase is linear. The loading stiffness in this phase is equal to the unloading stiffness in phase BC. The
concrete in compression is in unloading and at point D, compression in concrete reduces to zero.

Phase DE. The moment—curvature relationship in this phase is nonlinear. Tension zone spreads in
the concrete flange of the section with the increase of moment, and the contribution of concrete to
the stiffness of the composite beam becomes small. The sectional moment resistance is mainly
provided by the steel beam and rebar in concrete. Yielding occurs in the compressive lower steel
flange at point E.

Phase EF. The moment—curvature relationship in this phase is nonlinear. As the plastic zone spreads in
the steel beam, the stiffness reduces significantly compared to that in phase DE. At point F, the rebar in
tension yields.
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(7) Phase FG. The moment—curvature relationship in this phase is approximately linear and the slope is
small. The section enters the strain-hardening phase. Plastic zones of steel in tension and compression
increase.

(8) Phase GH. Unloading is from point G, and the moment—curvature relationship in this phase is linear.
The unloading stiffness is equal to the loading stiffness in phase DE. Rebars in tension are in elastic
unloading. Aggregate locking occurs in the concrete flange of the section at point E.

(9) Phase HI. The moment—curvature relationship in this phase is linear. The concrete flange is assumed
to come again into compression due to aggregate locking, which gives sectional stiffness an
increase so that an antiflexural point appears at H. The unloading stiffness is equal to the loading
stiffness in phase OA. The lower part of the steel beam comes in tension after the moment unloads to
Zero.

(10) Phase 1J. Yielding occurs on the outer fibre of the lower steel flange. Even though concrete in
compression again can increase sectional stiffness, the entire stiffness reduces with the increase of
moment because the plastic zone spreads in the steel beam.

(11) Phase JK. The moment—curvature relationship in this phase is linear, but the slope is small. The section
enters strain hardening, and the concrete flange crushes when the ultimate compressive strength
exceeds.

6.4 PARAMETRIC STUDIES

The skeletal curve of the hysteretic moment—curvature relationship of composite beams is an envelope of
many hysteretic hoops. A large amount of numerical studies indicate that the skeletal curve coincides well
with the moment—curvature curve of the beam subjected to monotonic loading. Comparisons are given in
Figure 6.6 between the hysteretic moment—curvature curve and the monotonic moment—curvature curve for
three composite beams.

In this section, parametric studies are given for both skeletal curve and hysteretic curve of composite
sections. The typical parameters investigated include height of concrete flange h., width of concrete
flange B., height of steel beam h;, strength ratio y, yielding strength of steel f, and compressive strength
of concrete fi.

6.4.1 Height of Concrete Flange h.

Five skeletal curves are obtained in Figure 6.7, where results from four different values of 4. as well as from
a pure steel beam (4, = 0) are compared. The comparisons reveal that in the positive bending (sagging)
moment zone, the initial and ultimate yielding moments increase evidently with the increase of concrete
flange height, but in the negative bending (hogging) moment zone, such an increase is small. The bending
stiffness and ultimate moment of a composite section are greater than those of the corresponding pure steel
section, especially in the positive bending moment zone.

Studies are also conducted on the hysteretic curves of the composite beams with concrete flange heights
he of 60 and 120 mm. The hysteretic moment—curvature curves, shown in Figure 6.8, demonstrate that the
stiffness degradation of composite sections is evident in the positive moment zone, especially in the case of
large concrete flange height.

6.4.2 Width of Concrete Flange B,

The skeletal curves and hysteresis hoops for various widths of concrete flange are shown in Figures 6.9 and
6.10. The effects of concrete flange width on skeletal curves and hysteresis hoops are very similar to those of



80 HYSTERETIC BEHAVIOUR OF COMPOSITE BEAMS

800
600 r
400
200

w SN

Moment (KN m)

-50 -30 -10 10 30 50
Curvature (1/mm x 10-6)

@)

Moment (KN m)
o

Curvature (/mm x 10-5)
(b)

Moment (kN m)
o

]

Curvature (/mm x 10-5)
(©
Figure 6.6 Comparison between hysteretic curve and uniaxial moment—curvature curves: (a) B, x h. = 1400 mmx
100mm, hs =450mm, y = 0.15, fy =235MPa, fq =20MPa; (b) B. X h. = 1400mm x 100 mm, /s = 450 mm,

7 =0.25, f, = 235MPa, fy = 20MPa; (c) Be x he = 1400mm x 100mm, A, =450mm, 7 = 0.5, f, = 235MPa,
fox = 20MPa

concrete flange height. It can be seen from Figure 6.9 that the elastic stiffness and initial yielding moment of
composite sections with concrete flange width greater than 1000 mm do not vary much, in both positive and
negative moment zones.

6.4.3 Height of Steel Beam h,

The height of steel beam has great influence on the stiftness and bending strength of composite sections, as
shown in Figures 6.11 and 6.12, no matter they are in the positive or negative zone. The results reveal that the
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Figure 6.9 Effects of concrete flange width on skeletal curves
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Figure 6.13 Effects of strength ratio on skeletal curves

height of steel beams is a crucial dimension factor to influence the stiffness and strength of composite
sections.

6.4.4 Strength Ratio y

The strength ratio y is defined as the ratio of longitudinal reinforcement bar strength to steel beam strength,
ie.
_Agpfo

y="me, (6.22)

where Ay, and fy, are the sectional area and design tensile strength of the longitudinal reinforcement bar
within the effective breadth of the concrete flange, and A and f are the sectional area and design tensile
strength of the steel beam, respectively.

The skeletal curves and hysteresis hoops with different strength ratios are given in Figures 6.13 and 6.14.
In contrast to the observation above, the effects of strength ratio on skeletal curves in the negative moment
zone are greater than those in the positive moment zone. By the results in Figure 6.13, the skeletal curves
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Figure 6.14 Effect of strength ratio on hysteresis hoops
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Figure 6.15 Effects of steel yielding strength on skeletal curves

tend to be symmetric with an increase of the strength ratio, namely the stiffness and strength behaviour in the
negative moment zone become close to those in the positive zone.

In Figure 6.14, the effects of strength ratio on the hysteretic behaviour in the positive moment zone are
evident when the strength ratio is small. But for large strength ratios, the hysteresis hoops of composite
sections are close to those of pure steel beams because the concrete contribution is small.

6.4.5 Yielding Strength of Steel f,

The yielding strength of steel beams has great influence on the bending strength of the corresponding
composite beams, as shown in Figures 6.15 and 6.16, no matter they are in the positive or negative zone.
However, it does not affect the elastic stiffness because elastic stiffness relates to the elastic modulus of the
material, not to the yielding strength.

6.4.6 Compressive Strength of Concrete £,

By the results illustrated in Figures 6.17 and 6.18, it can be concluded that the compressive strength of
concrete has a small effect on the skeletal curves and hysteresis hoops of composite sections.
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Figure 6.16 Effect of steel yielding strength on hysteresis hoops
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Figure 6.17 Effects of concrete compressive strength on skeletal curves

By parametric studies, the following conclusions can be drawn:
(1) Width and thickness of the concrete flange have an evident influence on the elastic bending stiffness,
yielding moment and limit moment of composite beams in positive moment, but have a negligible
influence on them when composite beams are in negative moment.

@
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85

Height of steel beams is the dominant factor to determine the values of bending stiffness and capacity of
composite beams, no matter they are in positive or negative bending. But it does not influence the shape

of the hysteretic moment—curvature curves much.

Strength ratio is a significant factor relevant to hysteretic behaviour of composite beams. When
composite beams are in negative rather than positive moment, the effect of strength ratio is evident.
Elastic stiffness, yielding moment and limit moment of composite beams in negative moment increase
with strength ratio. The elastic stiffness and yielding moment of composite beams in positive moment
are nearly the same, but limit moment increases with the increase of strength ratio.

Strength ratio also affects the shape of hysteretic curves of composite beams. When the strength ratio is
small, the effect of concrete on hysteretic curves of composite beams becomes relatively large.
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Figure 6.18 Effect of concrete compressive strength on hysteresis hoops
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However, the effect of concrete becomes small when the strength ratio increases, and the hysteretic
curves of composite beams will become similar to those of steel beams.

(5) Yielding strength of steel and compression strength of concrete have an influence on the bending
capacity of composite beams, not on elastic stiffness. The values of such material properties also have a
minor influence on the hysteretic shape of composite beams.

6.5 SIMPLIFIED HYSTERETIC MODEL

The numerical method can produce a large amount of skeletal curves and hysteresis hoops for composite
sections, but it has low feasibility to be incorporated into a dynamic analysis of steel frames with composite
beams, for example, in the appraisal of earthquake resistance of steel frames. A simplified hysteretic model
is therefore necessary and can be derived rationally based on the numerical results, which is the task in this
section.

6.5.1 Skeletal Curve

A simplified bilinear model is used for the skeletal curve of composite beams, in both positive and negative
moment zones, as shown in Figure 6.19. Six parameters are needed to describe the complete bilinear model,
which include elastic stiffness K", yielding moment My+ and hardening stiffness K; in positive moment and
elastic stiffness K., yielding moment M, and hardening stiffness K, in negative moment.

6.5.1.1 Positive elastic stiffness K

It has been known from the parametric studies that the effect of longitudinal reinforcement bars on the elastic
stiffness of composite beams can be negligible. So Equation (5.13), the expression for the elastic bending
stiffness of composite sections with full composite action, can be used to define the positive elastic stiffness,
ie.

K = (EI’, +EA-r. (6.23)

comp

6.5.1.2 Positive yielding moment M,

The positive ultimate moment corresponds to the load making the top compressive concrete fibre achieve the
maximum compressive strain. Such ultimate moment defined can be calculated by the block-stress
assumption over the composite section as shown in Figure 6.20 (for the plastic neutral axis within the
concrete flange) and Figure 6.21 (for the plastic neutral axis within the steel beam).

ML e
My
:Ké
i
Ke| ®
-
Ke Y

Figure 6.19 Moment—curvature skeletal curve model of the composite section
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Figure 6.20 Stress distribution in complete yielding state of the section (plastic neutral axis in the concrete flange)

When the plastic neutral axis is located within the concrete flange (see Figure 6.20), namely
Asfy < behe fek +Asbfysb, one has

M:r = bexfery +Asbfysbysb7 (624)
X = (Asf;/ - Asbfysb)/(beﬁ:k),

where Ag and Ay, are the cross-sectional areas of the steel beam and the longitudinal reinforcement bars in
the concrete flange, respectively, fy and fiq, are the yielding strength of the steel beam and longitudinal bars,
respectively, f.x is the compressive strength of the concrete material, x is the height of the concrete flange in
compression, y is the distance from the centre of the compressive concrete to that of the steel beam and yy, is
the distance of the longitudinal bars to the centre of the steel beam.

When the plastic neutral axis is located within the steel beam (see Figure 6.21), namely
Asfy > behe fek +Ashfysb, one has

M:r - behcfck)’I +Asbysbl +Acfyy27 (625)
A= O-S(As - bethck/fy 7Asbfysb/fy)a (6~26)

where A, is the cross-sectional area of the steel beam in compression, y; is the distance from the centre of the
compressive concrete to that of the steel beam in tension, yg,; is the distance of the longitudinal bars to the
centre of the steel beam in tension and y; is the distance from the centre of the steel beam in compression to
that of the steel beam in tension.

be
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W " g i
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(AsAY) Ty
As A
| I

Figure 6.21 Stress distribution in complete yielding state of the section (plastic neutral axis in the steel beam)
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¢

Figure 6.22 The definition of yielding moment

The positive yielding moment is defined as the moment at the intersection of extension lines of the M—¢
elastic curve and hardening curve, as shown in Figure 6.22. Based on numerical results, M;" can be expressed
with M as

My+ =0.95M], (6.27)
6.5.1.3 Positive hardening stiffness Kj,
The positive hardening stiffness K; can be expressed with the elastic stiffness K as
K; =o-K, (6.28)

where « is a hardening factor.

From parametric studies hereinbefore, there is no factor of significance to the hardening stiffness of
composite sections. To preserve sufficient strength and ductility, the hardening effect is only considered on
the positive moment-resistance of composite sections and the maximum strain of the tensile fibre in the steel
beam is limited to 10 000ue. Under such conditions, o can be taken as constant (0.025).

6.5.1.4 Negative elastic stiffness K,

In the negative moment zone, concrete cracks at a very early stage and its contribution to elastic stiffness is
small and can be neglected. The elastic stiffness of composite sections can then be determined by ignoring
concrete and considering the contribution only from the steel beam and longitudinal bars, as shown in
Figure 6.23, i.e.

K, = Es(ls +AS y421 +Asby§)7 (629)

€

where E; is the elastic modulus of steel and I is the inertial moment of the steel beam about its centre.

be |
Ao |
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Figure 6.23 The composite section under negative moment
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Figure 6.24 Illustration of y5 and yg
6.5.1.5 Negative yielding moment M,

In the negative moment zone, the behaviour of composite sections is similar to that of pure steel sections.
With reference to the method used for the hysteretic model of steel beams presented in Chapter 5, M, can be
expressed as

My = —Mys — Ags fysn (¥s + v6/2), (6.30)
where My, is the ultimate moment of the steel beam section, My, = W, f,, W, and f; are the plastic section
resistant modulus and yielding strength of steel, respectively, fyq, is the yielding strength of longitudinal
bars, and ys and ye are denoted in Figure 6.24.
6.5.1.6 Negative hardening stiffness K,

The negative hardening stiffness K can be expressed with the elastic stiffness K as

K, =q-K;, (6.31)

where ¢ is a hardening factor, the value of which can be same as that for steel sections, generally
g =0.01-0.02.

6.5.2 Hysteresis Model

The model for the moment—curvature hysteresis hoops of composite sections may be developed on the basis
of numerical studies, as illustrated in Figure 6.25.

Figure 6.25 Model for moment—curvature hysteresis hoops of the composite section
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Figure 6.26 Comparisons of skeletal curves and hysteresis hoops between the results of the simplified model and those

obtained with the numeri

cal method
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6.5.2.1 Loading

The loading path of the hysteresis hoop is determined through the skeletal curves with elastic stiffness in
both positive and negative moment zones.

6.5.2.2 Unloading in positive moment zone

In the positive moment zone, the unloading path is along the elastic stiffness K. After the moment enters
the negative zone, loading in reverse is along elastic stiffness K.~ up to the negative yielding moment. The
determination of the negative yielding moment in reverse loading, M, should account for the Bauschinger
effect, where M_* depends on whether the positive moment applied on the composite section was greater
than the positive yielding moment or not in history. If the positive moment has never reached the positive
yielding moment, M, " is calculated with Equation (6.30) (actually equal to M), but if the positive moment
has reached the positive yielding moment, M, ™ is that at the intersection of reversal loading path (2) with
negative hardening path (4) (see Figure 6.25) passing through the point (—M; — ), where —¢, is the
curvature corresponding to the negative yielding moment and is given by

b, =M, /K, . (6.32)

6.5.2.3 Unloading in negative moment zone

When the negative moment on the section has never reached the negative yielding moment, the unloading
path is along the skeletal curve. If the negative moment has reached the negative yielding moment, the
unloading of the moment is according to the elastic stiffness K, and when the moment enters the positive
zone, loading in reverse is also along the elastic stiffness K.~ up to the positive yielding moment.

The positive yielding moment in reverse loading M;r* is that at the intersection of reverse loading path
(2) with the positive hardening path (4), symmetric and parallel to the negative hardening path (4) (see
Figure 6.25). After yielding, the moment increases with the hardening stiffness K, till the negative
curvature vanishes. After the curvature is positive, the moment—curvature path follows the link line (5),
which is from the point with zero curvature, the intersection of path (4) in the positive moment zone and

ouUuU
400 e
00F S A
€ b
= /:
<3 f
g 1
5
= 4

Test results
(Lee & Lu, 1989)

-800r L Simplified model

=400
Curvature (1/mmx10-5)

Figure 6.27 Comparison of hysteresis hoops between the results of the simplified model and those obtained by test
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the axis of M, to the unloading point of positive moment last time on the skeletal curve. If the unloading
positive moment last time did not exceed the positive yielding moment, the link line (5) is from the zero-
curvature point to the point (M7, ¢;"), where ¢ is determined by

o) =M /K] (6.33)

The comparisons of skeletal curves and hysteresis hoops of composite sections between the results of the
simplified model presented hereinabove and those obtained with the numerical method are plotted in
Figure 6.26(a)—(d). Good agreement can be found in those figures.

The comparison of hysteresis hoops between the results of the simplified model and those obtained by
test (Lee and Lu, 1989) is given in Figure 6.27, where good coincidence can be observed as well.



[ Elasto-Plastic Stiffness
Equation of Beam Element

When a beam element is in elasto-plastic state, the relationship between the nodal forces and displacements
of the element depends on the elemental displacement history. As the elemental displacement history is
relevant to the loading history, which is arbitrary, there is no way to establish the stiffness equation with
total-quantity form for nodal forces and displacements. However, there is a certain stiffness relationship
between incremental nodal forces and displacements with minor step, and it is known as the elasto-plastic
incremental stiffness equation.

Assume that equilibrium has been obtained with nodal rotations ¢; and 6, and translations §; and 6,
corresponding to nodal moments M; and M, and shears Q; and Q», as shown in Figure 2.1. If incremental
moments dM; and dM; and shears dQ, and dQ; are applied, the corresponding incremental rotations df; and
d#, and translations dé; and dé, will occur, as shown Figure 7.1. The incremental forces and displacements
can be expressed with vector forms as

{dé,} = {d6y,d0;,dé,d6, ), (7.1)
{dfe} = {dQ1,dM,,dQ>, dM5}". (7.2)

The elasto-plastic incremental stiffness equation of beam elements can then be expressed as

[kep]{dbg} = {dfe}, (7.3)

where [kgp| is the elasto-plastic tangent stiffness matrix of beam elements.

7.1 PLASTIC HINGE THEORY

The simple or original plastic hinge theory is a straightforward way to establish the elasto-plastic incre-
mental stiffness equation of beam elements, where the following assumptions are raised:
(1) the plastic deformation is concentrated on the two ends of elements;

(2) plastic hinge forms at a section of elements once the moment applied at the section equals to the plastic
moment of elements.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 7.1 Nodal forces and deformations of the beam element

Assumption (1) is the concentrated plastic assumption, which is commonly accepted in the elasto-plastic
analysis of frame structures, whereas assumption (2) is based on the ideal elasto-plastic M — ¢ relationship,
as shown in Figure 7.2.

7.1.1 Hinge Formed at One End of Element

Equation (2.22) can be used for the incremental stiffness equation of a beam element as well, i.e.

F12 6 26 7
7 (1 7 Y - 7 {1 7 ()
6 6 dé; do,
Er| ¥ 4 gt 2 o, | am, 7.4
! —Bw —§¢2 L2¢ —ng doy () 40 (7 .
612 ! 126 ! b, dM,
| ?1&2 24 —71/)2 dibs |

where 1, — 14 are determined with the axial force in the beam element before the incremental axial force is
applied.

AM

.
o @

Figure 7.2 Ideal moment—rotation curve of the beam element
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Assume that a plastic hinge forms at element end 1, i.e. M} = M}, which will lead to dM; = 0. With
static condensation, Equation (7.4) can be rewritten as

12 12 6
40, 7 (A 7 iy 7 ()
El 12 12 6
do» =7 *1—21/11 1—22111 *71/)2
“th —or 4y
[ l
6
71/]2 d(S]
1|6 6
—| 6 | (4s3) | S — 52 déy
- 7¢2 l 1
de,
294
3 3 3
A —a¥s v a6,
EI 3 3 3
=T rYs p¥s v déy o, (7.5)
3 3 d02
“ts  —=v%s 3ty
I l
where
1
s = — (4h1s — 3¢3), (7.6a)
3
_
Y6 = —— (243 — ), (7.6b)
¥3
1
P = 30, (45 — 7). (7.6¢)
As
243 +
wZ = M’ (77)
substituting it into Equation (7.6b) and noting Equation (7.6c) yields
e = 7. (7.8)

With Equation (7.8), the incremental stiffness equation of the beam element with a plastic hinge formed at
end 1 can be written as

lkep1]{dbs } = {df}, (7.9)
where
r3 3 3 T
a¥s 0 —gus e
0 0 0 0
EI
keet] =—1| 3 3 3 (7.10)
D gt 0 ps
L %1/)6 O _%1/}6 3’[/)6
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A similar stiffness equation of the element when a plastic hinge forms at end 2 can be

kep2]{dég } = {dfe}, (7.11)
where
3 3 3
1—21/}5 7% —l—zws 0
EI éqp 3 _§¢ 0
kger) == | 1°° 6 17° (7.12)
Ll 3 3
—l—zws —71/}6 1—21115
0 0 0 0

1s and v in Equations (7.10) and (7.12) are calculated according to Equations (7.6a) and (7.6b),
respectively. If the effects of axial force are neglected, substituting Equation (2.40) into Equation (7.6)
results in

4

. 7.1
4+r (7.13)

s = 1hg =

If the effects of shear deformation are neglected, and only the first term of (ocl)2 in series expansions of s
and 1) is reserved, substituting Equation (2.27) into Equation (7.6) leads to

B 6, o2 6 NI
s=1+5@) =1+357r, (7.14a)
1 > 1 NP
e =1 +E(0d) =1 +EE (7.14b)
Substituting Equation (7.14) into Equations (7.10) and (7.12) yields
[kgpl] = [kgel} + [kgGlL (7.153)
[kgp2] = [kgeZ} + [kgG2]7 (715b)
where
r 3 3 37
2 Y e g
o 0 O 0
EI
kge1] = T 3 3 3], (7.16a)
= 0 Z 7
3 3
- 0 —= 3
L ] i J
-3 3 -
- - —= 0
2 l 2
3 3
El| - -
keea] = — | 1 ’ Y ) (7.16b)
3 3 3
2 18 °
L O 0 0 0]
M6 6 1]
si 0 75 s
o 0 O 0
k] =N} 6 6 1], (7.17a)
51 51 5
1 1 l
0 —-- =
L 5 5 5
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6 1 6
— - ——= 0
505 5
11 Ly
k2] =N| 5 5 5 . (7.17b)
6 1 6
5 75 5
Lo 0 o0 o]

In the above equations, [kee1] and [keeo] are the elastic stiffness matrices for the beam element with hinge at
end 1 and end 2, respectively, which exclude effects of both shear deformation and axial forces, and [kgcl]
and [kgcz} are the geometrical stiffness matrices for the beam element with hinge at end 1 and end 2,
respectively.

If effects of both shear deformation and axial force are neglected, Equation (7.15) is simplified to

[kept] = [keet], (7.18a)
[kep2] = [keea]. (7.18b)

7.1.2 Hinge Formed at Both Ends of Element

If plastic hinges form at both end 1 and end 2 of the element, the equilibrium conditions before and after
incremental forces applied are (see Figures 2.1 and 7.1)

by — 6

l b)
0: 440y = (0, +dQ)) = (N +an) 2T 4% . (61 +d6) (7.19b)

0 =-01=N (7.192)

Substituting Equation (7.19a) into Equation (7.19b) and omitting high-order minor quantities lead to

N
dQ, = —dQ, = 7(d62 —déy). (7.20)
Equation (7.20) can be rewritten in matrix form as
[kgpa]{ddg} = {df}. (7.21)
where
1 1
7 0 7 0
00 0O
[kee3] = N | 1 (7.22)
1°07°
00 0O

7.2 CLOUGH MODEL

Clough, Benuska and Wilson (1965) proposed a model based on plastic hinge theory and bilinear M — ¢
relationship of beam sections, which actually introduces the hardening effect of material to the simple
plastic hinge model. The beam element of the Clough model is assumed to be superpositioned with two
parallel components working together, as shown in Figure 7.3, where one is an idealized elasto-plastic
component and the other an infinitely elastic component.
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Figure 7.3 Clough model

When the bending moment at one end of the beam element is equal to or larger than the sectional plastic
moment M), and the element is at the same time in loading state, plastic hinge will form at the same end of the
idealized elasto-plastic component. As the two components of the element work together, the stiffness of the
beam element can be the summation of these two components assumed. That is if end 1 of the element is
yielding (M > M, and M;dM, > 0):

[kgp] = (1 - q) [kgpl} + q[kge]; (7.233.)
e if end 2 of the element is yielding (M, > M, and M,dM, > 0):

[kgp] = (1 = q)lkgp2] + qlkee]; (7.23b)

e if both ends of the element are yielding:

[kgp] = (1 - q) [kgpﬂ + q[kge]y (7.23C)

where [kgp1], [kgp2] and [kgp3] are the stiffness matrices of the beam element, determined with plastic hinge
theory; [ke] is the elastic stiffness matrix of the beam element and ¢ is the hardening factor in the bilinear
M — ¢ model.

When the beam element is subjected to cyclic loading, the stiffness matrices of the beam element can be
calculated by combining the Clough model with the bilinear M — ¢ hysteretic model.

7.3 GENERALIZED CLOUGH MODEL

The realistic M — ¢ relationship of steel beams can be represented with the curve shown in Figure 7.4, which
is different from the bilinear model, and nonlinearity occurs in the phase from initial yielding to ultimate
yielding. To determine the nonlinear M — ¢ relationship of beam elements, the authors proposed a general-
ized Clough model in 1990.

o ¢

Figure 7.4 Realistic moment—curvature curve of the steel beam
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Figure 7.5 Generalized Clough model (R; > R»)

In the generalized Clough model, a beam element is assumed to be superpositioned with three parallel
components working together, as shown in Figure 7.5. The first is a two-end clamped component, the second
is a hinged-clamped component and the third is a two-end hinged component. It can be seen from Figure 7.5
that the generalized Clough model is a transient one and corresponds to the loading state of the beam element
at the time considered.

The tangent stiffness matrices of the beam element can be expressed with the generalized Clough
model as

[kep] = Rolkge] + (R1 — R)[kgpo) + (1 — Ry)[kgp3]), for Ry >R, (7.24a)
lkep] = Rilke] + (Ro — Ri)[kgp1] + (1 — Ro)[kgp3], for Ry <Ry, (7.24b)

where R; and R, are the recovery force parameters for end 1 and end 2 of the element, respectively, which are
relevant to the moments at the both ends of the element, M, and M>, and the deformation state of the element,
and can be calculated according to Equations (5.39) and (5.40).

7.4 ELASTO-PLASTIC HINGE MODEL

Giberson (1969) proposed an end-spring model (see Figure 7.6) to establish the elasto-plastic stiffness
equation of a beam element after its ends yield. Based on the model by Giberson, Li (1988) proposed the
elasto-plastic hinge model. The principal assumptions involved in the elasto-plastic hinge model are as
follows:

(1) The rotation of the elemental end section always includes elastic and plastic portions, namely the
elemental end is constantly an elasto-plastic hinge.

(2) The plastic rotation of the elemental end can be represented by a virtual rotating spring, which is
dependent only on the bending moment at the same end.
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Figure 7.6 Elasto-plastic spring model

By assumption (1), the incremental deformations of the elements can be written as

{dﬁg} = {d§gc} + {d5gp}v (7-25)

where {dé,.} and {ddgp } are the elastic and plastic deformation components.
Dividing the incremental deformations by the two ends results in

{46} = [{a5}" {a8p}] (7.26)
where
{dgi} = [dé1,d61]", (7.27a)
{dép} = [d63,d05]". (7.27b)
Note that
{dgp1} = [0,d0p]" = [g]{1}dO, (7.28a)
{d8gp} = [0, d0p]" = [g]{1}dO, (7.28b)
where
[g] = [g ﬂ : (7.29)
[1]=[1]". (7.30)
Dividing the incremental forces with two components {df,} and {df,n}, one has
{dfe} = {dfa} + {dfen}, (7.31)
where
{dfu} = [{dfer }", {dfan} "], (7.32a)
{dfur} = [d01,0]", (7.32b)
{dfuc)} = [d05,0]", (7.32¢)
{dfen} = [{dfeu " {dfen2} '], (7.33a)
{dfun } = [0,a,]", (7.33b)

{dfenc} = [0,dM,]". (7.33¢)
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Evidently, {dfy } and {dfg, } are the components of {df, } orthotropic to each other. The relationship between
the incremental forces {df,n} and incremental elastic deformations {dé, }isconstantly

{dfe} = [kge]{dbge}. (7.34)

Rewrite Equation (7.34) in partitioned matrix form as

{dfer} | _ | [Kgevn]  [Kgent] | [ {dger}
{pd b= L) e [Tt} 039
or
{dfgl} = [kgebb]{dégel} + [kgebt]{dégez}y (7.3621)
{dng} = [kgetb}{dégel} + [kgebb]{dégeZ}‘ (736b)
By assumption (2), one has
{dfen} = [ka]{dbgp}, (7.37)
where
_ [knb] 0
[kn] = { 0 [km]]' (7.38)

Then, {dfgn} can be partitioned as

{dfgﬂl} = [kﬂb}{dégpl}: (7.398.)
{dngZ} = [km]{déng}v (739b)
where
0 0 0 0
] = { ’ BJ? ] = { 0 Bt] (7.40)
By = otikgerz, By = tokgeas. (7.41)

kger2 and kgeqs are the elements of the second row and second column and fourth row and fourth column,
respectively, in the stiffness matrix [kge], and o; and «, are the elasto-plastic hinge factors for the two ends of
the beam element.

The elasto-plastic hinge factor can be understood as the stiffness factor of the virtual rotating spring and
should satisfy the following two conditions:

(1)If the section considered is in elastic state, o = oo and the plastic incremental rotation of the section is
zero.

(2)If the section considered is in ideal plastic state (without hardening), & = 0 and the plastic incremental
rotation of the section is arbitrary.

To satisfy the above conditions, o can be defined as

R;

o=,
T 1—R;

i=1,2, (7.42)

where R, and R, are the recovery force parameters defined in Equation (5.38) and can be calculated
according to Equations (5.39) and (5.40).
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From Equations (7.25), (7.31), (7.36) and (7.39), one has

{dfgtl} = {dfgl} - {dfgnl} = [kgebb]{dégl} + [kgebt]{dégZ} - ([kgebb} + [knb]){d(sgpl} - [kgebt]{dfsglﬁ}v

= [kngb}{dé‘gl} + [kngt]{d6g2} - ([kgcbb] + [knb]){dégpl} - [kgcbt}{déng}U (7433)
{dfth} = {dng} - {dfgnZ}
= [kgctb]{d‘sgl} + [kgctt]{d‘ng} - [kgctb}{d‘sgpl} - ([kgctt} + [kmD{d‘SgPZ}‘ (7~43b)

As vectors {ddgp; fand {ddgp, } are orthotropic with {dfy; } and {dfyo }, which can be known from Equations
(7.28) and (7.32), one has

{dbgp1 } {dfon } = A0 {1} [g] {dfeur} = O, (7.44a)
{dbgp0} {dfpn} = A0 {1} [¢]" {dfera} = 0. (7.44b)

The solutions of df,; and df,; and the expressions of the stiffness matrix of the element will be relevant to
the state of the elemental ends, which is discussed in the following.

7.4.1 Both Ends Yielding

When both ends of the element yield, df,; # 0 and df, # 0, with which Equation (7.44) becomes

{1} e {dfen} =0, (7.452)
{1} e {dfe} = 0. (7.45b)

Substituting Equation (7.43) into Equation (7.45) yields

{13181 ([kgewn] + [kno])[g1{13d0p1 + {1} [g]" [keenr] [g] {1} b2

= {1} [g]" [kgetn] {d6g1 } + {1}"[g]" [keetn] {dS¢2 (7.46a)
{1} 8] Theew] [€]{1 101 + {137 [g]" (kger] + [knd])[g]{1}d0p2
= {1} (8] kgeww) {61 } + {1} [g]" [kpeu] {62 }- (7.46b)

The solution of the above equations about dfy,; and df,; is
{d9p1 } _ |:kbb kbt:| - {[be] [Hbt]:| { ddg } (7.47)
d0p2 ktb kn [th] [Hlt} d§g2 ’ '
where

ko = {137 [g]" ([Kkgetw] + [kno]) [g] {1}, (7.48a)
ke = {13 [g]" (ege] + [ka)) (8] {1}, (7.48b)
ko = {13 8] lkgenr] [g]{1}, (7.48¢)
ki, = {137 [g]" [keen][g] {1}, (7.484)
[Hoo] = {1}"[g]" [kern)], (7.49a)
[Ha) = {1} [¢]" [kgeu; (7.49b)
[Ho) = {137 [g]" [kgeni], (7.49¢)

(7.494)

[Hu) = {1} [g]" [keew.
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Let
6] = :[f)} [z} } (7.50)
[E] = _{(1)} {(1)} } (7.51)
= k] 7s
From Equations (7.28), (7.47) and (7.49), one has

{dbep} = [G)[E][Lut] [E]T[G]" ke {d6 }, (7.53)

and substituting Equations (7.25) and (7.53) into Equation (7.34) yields
{dfe} = (kee] — kel [GI[E][Lun] [E]T[G] ege] ) {6, }- (7.54)

Thus, the stiffness matrix when both ends of the element are yielding is
[kep] = [kee] = [kee] [G][E][Ln][E]" [G]" [kee]. (7.55)

7.4.2 Only End 1 Yielding

When only end 1 of the element yields, dfp; # 0 and df; = 0, with which Equations (7.43a), (7.44a) and
(7.45a) become

{137 181" ([kgewn] + [kan]) [g]{13d6p1 = {1} (8] [kgern}{dbe1 } + {137 (8] [keetn] {d62 ) (7.56)

Solution of Equation (7.56) about dfj,; gives

dfp1 = é({l}T[g]T[kgebb}{dagl} + {1} [g) [keebi] {d652 }) (7.57)

or
{am =11 o[l ) s

Let
o] = [l/gbb 8}' (7.59)

Then, the stiffness matrix of the element when end 1 yields can be expressed as

[kgp] = kge] — kee] [GI[EI[Lo][E]" [G] [kee]. (7.60)

7.4.3 Only End 2 Yielding

When only end 2 of the element yields, df,; = 0 and df,, # 0. Similar to the discussion in Section 7.4.2, let

L] = [8 l/okJ. (7.61)
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Then, the stiffness matrix of the element when end 2 yields can be expressed similarly as
lkep] = kge] — ke [GIIETILAE]" [G] [kee]. (7.62)

7.4.4 Summary

As a summary, the form of the stiffness matrix of the beam element obtained with the elasto-plastic hinge
model can be expressed in the following unified form as

lkgp] = kge] — ke [GIETILIE]" [G]' [kee], (7.63)
where matrix [L] can be determined with

(a) when no yielding occurring at both ends of the element:

(L] = [8 8}; (7.64a)

(b) when yielding occurring at only end 1 of the element:

L] = [1/gbb 8}; (7.64b)

(c) when yielding occurring at only end 2 of the element:

L] = [8 1/0/%} ; (7.64c)

(d) when yielding occurring at both ends of the element:

1
kob ki
L = . 7.64d
=[] (7.640)

7.5 COMPARISON BETWEEN ELASTO-PLASTIC HINGE MODEL
AND GENERALIZED CLOUGH MODEL

For the sake of comparison, let / = 1 and EI = 1 for the beam element, and ignore the effects of axial force
and shear deformation in the following discussion.

7.5.1 Only End 1 Yielding

The stiffness matrix of the element based on the elasto-plastic hinge model can be determined with
Equations (7.63) and (7.64b) as

3+9R, 6R, —3-9R, 3+3R,
ol = 6R; 4R, —6R, 2R,
el —3-9R —6R; 3+9R, -3-9R
34+3R, 2R, -3-9R 4R,

(7.65)
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From Equation (7.65), we may find that when end 1 of the element is in elastic state, i.e. Ry — 1, then
[keplg; — [kee), and when end 1 yields fully and the element is perfectly elasto-plastic, then [kgplg, is
absolutely equal to the result from the simple plastic hinge theory. The above agreements indicate that
[kep]; satisfies the continuity condition on the yielding at one end of the element.

The stiffness matrix from the generalized Clough model when only end 1 yields is

12 6 —12 0 -3 0

keplcr = Ry ot 02 +(1-Ry) 000 (7.66)
-12 -6 12 -6 -3 0 3 -3
6 2 -6 4 3 0 -3 3

Comparison of Equations (7.65) and (7.66) shows coincidence between the elasto-plastic hinge model and
the generalized Clough model.

7.5.2 Both Ends Yielding

The stiffness matrix of the element based on the elasto-plastic hinge model can be determined with
Equations (7.63) and (7.64d) as

1

[keplps = D

12R; + 12R, + 24R R, 12R; + 12R1R,  —12R; — 12R, — 24R\R,  12R, + 12R iR,
12R, + 12R\R, 12R; +4R|R; —12R, — 12R\R, 8RR,

—12R; — 12R, — 24R\R, —12R; — 12R\R,  12R; + 12R, + 24R/R,  —12R; — 12R|R;

12R, + 24R R, 8RR, —Ry — 12R\R, 12R, + 4R R,
(7.67)

where D = 3 + R] + R2 — R]RQ.

It can be seen from Equation (7.67) that when end 2 of the element is elastic, i.e. R, — 1, then
[keplgs — [keplg,; When both ends are elastic, i.e. Ry — 1, Ry — 1, then [kgp|g; — [kee); and when both
ends enter the same plastic state, namely R; = R, = R, then

24 4 24R 124+ 12R 24, —24R 124 12R

R 12+ 12R  124+4R  —12—12R 8R
keplps = 5% 72 (7.68)
3+2R—R*| —24 —24R —12—12R 24 +24R —12—12R
12+ 12R 8R —12—12R  12+4R

If both ends are fully yielding and the element is perfectly elasto-plastic, i.e. R = 0, then with Equation
(7.68), [keplg; = 0. It can be found from the above discussions that the stiffness of the beam element by the
elasto-plastic hinge model can be continuous along with arbitrary deformation states.

The significant limitation of the Clough model is that there is a stiffness break when beam elements enter
elasto-plastic state from elastic state. On the contrary, the generalized Clough model overcomes this point
and keeps the stiffness of beam elements changing smoothly between elastic and elasto-plastic states.
However, comparison of Equations (7.67) and (7.24) indicates disagreement between the stiffness of the
beam element by elasto-plastic hinge model and that by the generalized Clough model. For the sake of
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convenient comparison, assume the plastic states at both ends of the element are the same, namely
R; = Ry = R, then the stiffness of the beam element by the generalized Clough model is

12 -6 —-12 6
6 4 -6 2
[kg ]CS =R —-12 -6 12 —6|" (769)

6 2 -6 4
The following reasons may cause the difference between Equations (7.68) and (7.69):

(1) Two or three parallel components are assumed to be working together in the Clough and generalized
Clough models. However, compatibility between deformations of the idealized elastic component and
those of the idealized elasto-plastic component is hardly satisfied. On the contrary, the elasto-plastic
hinge model is deformation compatible.

(2) When one end (end 1) is elastic and the other end yields, the moment transfer factor from the elastic end
to the yielding end is 2R, /(3 + R;) in the beam element. This value can be considered as the capability
to accept moment at the yielding end from the other end, which is regardless with the other end being
elastic or plastic. The moment transfer factor by the Clough model for both ends yielding is 0.5, whereas
that by the generalized Clough model depends on the yielding extent at the other end and is
2R /(34 Ry) (if R, > R;) or 0.5 (if R; > R,). In the elasto-plastic hinge model, however, this moment
transfer factor is constantly equal to 2R; /(3 + R;), which indicates its advantage over the Clough or
generalized Clough model.

7.5.3 Numerical Example

Consider the frame as shown in Figure 7.7, where the moment—curvature relationship of the frame column is
assumed to be

M=1-¢°, (7.70)
and , M, =1, ¢, = M,/EI = 1. So, the recovery force parameter of the column section is

Ay M
R_d(¢/¢p) 3 1-M. (7.71)

Noting that the yielding extent at both column ends is constantly equal and the structure is symmetric, the
relationship between the drift and the horizontal force at the top of the frame column can be determined by
the elasto-plastic hinge model as

R
———— (24 + 24R)dég = dF
37 oR R (24T 24R)AG
or
1 1
El=w
2F
—
E1=1 E1=1 4

7. 7.

Figure 7.7 Rigid frame with a beam of infinite stiffness
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Table 7.1  (6g/6c) — M relationship
M 0 0.1 0.3 0.5 0.7 0.9 1
b8 /bc 1.000 1.025 1.079 1.139 1.209 1.304 1.500

As the moment at the top of the column is M = %F, substituting Equation (7.71) into Equation (7.72) results
in

1 1 1
dég = — (— — —) dm. (7.73)
The solution for ép of the above equation is

1 1 M

Similarly, the relationship between the drift and the horizontal force at the top of the column can also be
obtained with the generalized Clough model as

12Rdéc = dF (7.75)
or
1/ dM
dbc =-(—). 7.7
“76 (1 - M) (7.76)
The solution for éc of the above equation is
1 1
=—1 . .
bc 6 n .Y (7.77)
Dividing ép by éc yields
og 1 M
—=— |3+ —]. 7.78
5 z{ +111(1—114)} (7.78)

Table 7.1 lists the values of 6g /dc varying with M, where it can be found that when both ends of the beam
element yield, the stiffness determined by the elasto-plastic hinge model is smaller than that by the
generalized Clough model.

7.6 EFFECTS OF RESIDUAL STRESSES AND TREATMENT
OF TAPERED ELEMENT

7.6.1 Effects of Residual Stresses on Plasticity Spread Along
Element Section

No matter hot-rolled or welded steel members, residual stresses with significant magnitude exist (see Figure
7.8) in beam and column members with the shape of H or box in section for multi-storey, high-rise steel
buildings because the flange and web plates are normally quite thick. Generally, tensile stresses will be
produced at the cross of flange and web plates or where cooling speed is relatively slow after welding or hot
rolling, and self-balanced compression stresses will be produced at other area of sections. Due to the
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: :

N . A A
¢ 1
(a) (b) (c)

Figure 7.8 Typical distribution of residual stresses for steel members: (a) hot-rolled H-type section; (b) welded H-type
section; (c¢) welded box section

-+

existence of initially compressive stresses, the part of a section in compression may go into plasticity in
advance although the ultimate plastic strength of the section is the same. The effects of residual stresses on
M — ¢ relationship of steel sections in bending are given in Figure 7.9, where OCB and ODB curves
correspond to those without and with effects of residual stresses, respectively, and OEB is a simplified one of
OCB. The material property of steel in Figure 7.9 is assumed to be idealized elasto-plastic.

The realistic distribution of residual stresses along the section of steel members is complicated, which
relates not only to the processes of cutting, welding and rolling but also to the plate thickness and sectional
shape. It is deemed to be difficult to exactly consider the effects of residual stresses on the plastic spread over
the section. In practice, a more straightforward and efficient way is to modify the equation of the initial
yielding surface of sections.

The typical equations for the initial yielding surfaces of wide flange H sections are

e without residual stresses:

N M
TIPS L (7.79)
Ny M,
e with residual stresses:
N XpM
=1.0 7.80
0.8Ny  0.9M, ’ ( )

where Y, is the plastic shape factor of sections. The corresponding curves for Equations (7.79) and (7.80) are
shown in Figure 7.10.

S
~

A B

9l¢,

o

Figure 7.9 Effect of residual stresses on the moment—curvature relationship of steel sections
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02 04 06 08 10

M /Mp

Figure 7.10 Initial and ultimate yielding curves of the H section

7.6.2 Effects of Residual Stresses on Plasticity Spread
Along Element Length

When the ratio of axial force to squash load is large for a member in compression, residual stresses can
influence the plasticity distribution along element length. A transient elastic modulus concept, namely the
concept of tangent modulus, is proposed to take this effect into account.

Two types of tangent modulus based on different column strength equations have been proposed.
The CRC column strength equations (Galambos, 1988) can be employed in deriving the tangent modulus.
The ratio of the tangent modulus to the elastic modulus E;/E is proposed to be (Galambos, 1988)

E

Et =10, for N <0.5N;, (7.81a)
E, 4N N

—=—(1-=), for N>0.5N,. (7.81b)
E N, Ny

Figure 7.11 Tangent modulus with and without consideration of initial geometric imperfection
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The LRFD column strength equation can also be used to derive the tangent modulus, where the effects of
residual stresses and the initial geometric deflection of the compressive member are included. The ratio of
the tangent modulus to the elastic modulus, E;/E, is given by (AISC, 1994)

E
E[ =10, for N <0.39N,, (7.82a)
E N [N
—=-27243 —In|—|, for N >0.39N,. (7.82b)
E Ny N,

As the LRFD equation includes the effect of initial geometric deflection, the tangent modulus by LRFD is
less than that by CRC, at the same axial force. A comparison of these two tangent modulus proposals is given
in Figure 7.11.

7.6.3 Treatment of Tapered Element

Plastic hinge theory, Clough model, generalized Clough model and elasto-plastic hinge model based on
centralized plasticity at the ends of elements can be used to establish the elasto-plastic stiffness equation for
tapered elements. Because the elasto-plastic hinge model is the most generalized one for the elasto-plastic
beam element, Equation (7.63) can be used in practice to calculate the elasto-plastic stiffness matrix [kgp] of
the tapered element where the elastic stiffness matrix [ky| can be obtained with the methods proposed in
Chapter 3.

The ratio of the axial force to the squash load is different at the two ends of a tapered element with the
same axial force. If the effects of residual stresses should be involved, the following equations can be used to
determine the modified tangent modulus E;:

E,

A As
- Eu + Eo, 7.83
Al+A A AR (7.83)

where A| and A, are sectional areas of the two ends of the tapered element, and E;; and E, are the tangent
moduli determined by Equation (7.81) or (7.82).

7.7 BEAM ELEMENT WITH PLASTIC HINGE BETWEEN TWO ENDS

To eliminate the needs to divide a frame member into two or more elements to model the effects of
distributed loads on the member in the second-order inelastic analysis of the frame, Chen and Chan (1995)
proposed an elemental stiffness equation for a beam element with mid-span plastic hinge. This method is
refined in this section to consider a possible plastic hinge at any position between the elemental ends.
Referring to Figure 7.12, an internal node C between elemental ends is inserted so that the element is
divided into two parts, the lengths of which are L, and Ly, respectively. Assume the maximum bending

AT T Tres
$ AO
Oll 7 loz

0 2c

L,

Figure 7.12 A beam element with plastic hinge within two ends
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Figure 7.13 Position of the maximum moment within two ends

moment M) at time ¢ is at position C’ and the maximum bending moment M®) at time  + dr is at position C
(see Figure 7.13). For derivation of incremental stiffness matrix of the element during t — ¢t +dt, a
virtual state of moment M® is conceived, which is the bending moment at the same position of M) at
the time 7. The incremental stiffness relationship of each part of the element can be expressed in the standard
form as

o for the part of L,:

do; do, a;p ap a3 ay dé;
dM do deo
1 _ [Kpa] 1 _ azy a3 A 1 : (7.8 4a)
dQic doy, as as doye
dM,. doy. asg | | doyc
o for the part of Ly:
dQ». doae by b biz by doe
dM,. dfy. b b b dfy.
2 | _ K] 1 2 by by | (7.84b)
dQ, dé, biz bz do,
sz d92 b44 d92

where [Kp,] and [Kjy] are the elasto-plastic stiffness matrices for the parts of L, and Ly, of the element,
respectively, and a;; and b;; (i,j = 1,2, 3,4) are the corresponding elements in such matrices.

It can be seen from Figure 7.12 that the two parts of the elements share the same deformation components
at their junction, namely dé;. = dép. = dé. and df,. = df,. = df.. Combining Equations (7.84a) and
(7.84b), one has

dQ, a  dap 0 0 as a4 do,
dM, ap 0 0 ax axy do,
do, _ by Dby b3 ba3 dé, , (785)
dM, by by by do,
dQic + d0x ay +byy az+bp | | dée
dM,c + dMy. ass + by do.

For the purpose of static condensation to eliminate the freedom degree of the displacements of internal node,
the above stiffness matrix is partitioned into internal and external degrees of freedom as

e kee kei 59,
(- [ )



112 ELASTO-PLASTIC STIFFNESS EQUATION OF BEAM ELEMENT

where {df } and {df} are the elemental end and internal force vectors, respectively, and {dé. } and {dé; } are
the elemental end and internal deformation vectors, respectively. Their expressions are as follows:

{df.} = [dQ1,dM,dQy, dM,]",
{dé.} = [d5],d9|,d62,d92} ,

{dfi} = [dQ1c + dQsc, dM,c + dMa.]",
{df.} = [dQ; dM, dQ, sz] ,
{dé.} = [dé; do; do, d02} ,

{dfi} = [dQic + dQse dM . + dMy]",

(a8} = [d6. do.]T,

fap ap 0 0

fo = |2 00 (7.87a)
0 0 bxz by

0 0 by bu

aiz  ai4
a» a
ka= | 0 P (7.87b)
b1z b
Lbia by
[ass + by as + b
kii = . (787C)

| a3 + D12 asu + by

As no external forces are applied at internal node C, namely {df;} = {0}, {d6;} in Equation (7.86) can be
expressed with {d6. }. The stiffness equation condensed off the internal displacement vector is

(kee - keikglk;ri){d5e} = {dfe} (7~88)

In the above derivation, it is assumed that the internal plastic hinge occurs at position of C at time , and the
moment increases from M® at rto M® at r 4 dr. But actually in the duration r — 7 + d, the moment change
should have been from M) at position of C’ to M®) at position of C. A stiffness matrix modification
(Tkee — keiki'kX]cp — [kee — keik'k3]r,) may be superimposed to approximately take the effect from
position change of internal plastic hinge into account. The subscripts in the stiffness matrix modification
indicate the position and the time of maximum bending moment.

Assume that the internal plastic hinge occurs at the position of maximum bending moment between the
two ends. The position of the maximum bending moment between the two ends of the element, position C,
varies in the loading process. Hence, the rational way to trace the internal plastic hinge is to calculate the
position of the maximum bending moment at each loading step after elemental yielding. Two common
internal loading patterns for beam elements are concentrated load and uniformly distributed load, as shown
in Figure 7.14.

If one concentrated load is applied within the beam span, the position of the maximum moment within
span is certainly the loading position. But if a uniformly distributed load is applied, the position of the
maximum moment within span is changeable. The condition of the maximum moment within the beam span
is

dM (x)
dx

=0 or Qx)=0. (7.89)
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(@ (b)

Figure 7.14 Load patterns within beam span: (a) concentrated load case; (b) uniformly distributed load case

The shear at end 1 can be expressed as

My My 1

~qL. 7.
0, 54 (7.90)

And letting the shear be equal to zero yields the position of the maximum moment desired:

M, — M,
xX=—->"

L L. (7.91)

| —

+

As for the beam element with both concentrated load and uniformly distributed load within span, one can
divide this element into two segments at the position where the concentrated load is applied. The maximum
moment position of each segment can be determined according the method for the uniformly distributed
load case as mentioned above. With comparison of the maximum moments of two segments of the element
induced by the uniformly distributed load and the bending moment where the concentrated load is applied,
the real maximum moment of this beam element can be obtained with the maximum of the above three
moments.

7.8 SUBDIVIDED MODEL WITH VARIABLE STIFFNESS
FOR COMPOSITE BEAM ELEMENT

7.8.1 Subdivided Model

The composite beams in steel frames resist vertical loads not only from frame slabs, but also subjected to
several types of horizontal loads. Figure 7.15 gives typical bending moment diagrams of the steel frame
storeys under three different loading conditions, i.e. vertical loads, horizontal loads and combination of
vertical and horizontal loads. It can be seen from Figure 7.15 that the positive (sagging) and negative
(hogging) moments will apply at the ends of composite beams repeatedly when horizontal loads induced by
earthquakes occur. This gives new challenges to elasto-plastic analysis of steel frames comprising composite
beams.

A subdivided model with variable stiffness is proposed in this section to construct a practical analysis
model for elasto-plastic analysis of composite beams. The following assumptions are adopted:

Figure 7.15 Typical moment diagrams of frame storeys: (a) subjected to vertical load; (b) subjected to horizontal load;
(c) subjected to both vertical and horizontal loads
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Figure 7.16 Subdivided model with variable stiffness for composite beams

(1) ignore the tensile strength of concrete, namely f;, = 0;
(2) involve contribution of rebars within effective width of concrete flange of composite beams;
(3) the portion of a beam in the positive moment zone is considered as a composite beam;

(4) the portion of a beam in the negative moment zone is regarded as a pure steel beam.

Figure 7.16 illustrates four cases of the composite beam divided into subelements with different stiffness.
The positive moment is in the clockwise direction.

In Figure 7.16(a), the moments at the left and right ends of the element are positive, which indicates a
linear variation of moment within the span of the beam. Concrete flange is in compression in the part of the
beam close to the left end and in tension in the part of the beam close to the right end.

In Figure 7.16(b), the moment at the left end is positive and that at the right end is negative (in sagging
bending). The concrete flange of the beam is always in compression.

The moments at the left and right ends of the beam, as shown in Figure 7.16(c), are negative, and the
curvature reverses within the span. The concrete flange of the beam is in tension in the part close to the left
end and in compression in the part close to the right end.

In Figure 7.16(d), the moment at the left end is negative and that at the right end is positive (in hogging
bending). The concrete flange of the composite beam is therefore always in tension.

7.8.2 Stiffness Equation of Composite Beam Element

To use the stiffness equations of prismatic beam elements for establishing the stiffness equation of a
composite beam element, an internal node A is inserted at the position where curvature reverses. The
composite beam with two segments of different curvatures is shown in Figure 7.17, where the force and
deformation of the two segments are also illustrated.

The stiffness equation of subelement 1 with the concrete flange in compression is

hiy hiy hiz hig 01 01
hia hyp hy hy 0 M,

= 7.92a
hiz hosy haz g | ) 0a Oa ( )

his has hag has | | Oa My
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Figure 7.17 Subdivided composite beam element

or

KM = 4y,

The stiffness equation of subelement 2 with the concrete flange in tension and out of action is

g &2 813 &4 Oar On
g2 8n 8n gu|)On | _ | Mu
813 83 &3 &34 N O
814 814 834 8&u Oa M,
or
[K]P {6} = {1},

115

(7.92b)

(7.93a)

(7.93b)

It should be noted that the elemental stiffness matrices [K]" and [K]® can denote the elastic stiffness

matrices or incremental elasto-plastic stiffness matrices of subelements 1 and 2.

To condense the degree of freedom of the internal node A, employ the deformation compatibility at

node A as
oa = bar,
Oa = On
and the equilibrium condition as
Oa+0n =0,
Mp+Mp =0,

By Equations (7.92) and (7.93), one has

Oa = 1361 + hp301 + h330A + h3a0A,
On = g116A + g120A + g1302 + g146s,
Ma = h1461 + hpa01 + h340A + hysOA,
Mp = g120A + g00A + g2307 + g240>.

Substituting Equation (7.96) into Equation (7.95) yields

(h33 + g11)0a + (h3a + g12)0a = —h1361 — ho36) — g1362 — 81462,
(h3a + 812)0a + (has + 822)0a = —h1461 — h2s8) — 8236 — g2465.

(7.94a)
(7.94b)
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Solving Equation (7.97), one obtains

o1
{6A} _ {h33+g11 h3g +glz}_l{—h|3 —hys  —gi3 —glﬂ 0 (7.98)
0A his + 812 has +g» —hiy —hy —g3 —gn 0 .
0>
Let
hys + g1 has + g2
G = det . 7.99
¢ ({h34+812 hag + g2 (7.99)
The nodal forces of node 1 can be expressed with the nodal deformations with Equation (7.92a) as
o1
hiy hp 0 0]) 6 hiz hig | [ 0a )
+ = . 7.100
|:h12 hy 0 0} ) haz  hog | | Oa M, ( )
0,
Substituting Equation (7.98) into Equation (7.100) yields
1 b
hit hi2 0 0 " hiz hig || hsz+gi has+gn —hiz —hx —g13 —gus O\ _ [ O
hiz hyp 00 hys hog | | haa 4812 has + 82 —hiy —hy —g3 —gn ) M, |
0>
(7.101)
The nodal forces of node 2 can be expressed with the nodal deformations with Equation (7.92b) as
1
813 83|/ Oa 0 0 g3 g34} 0 { 0> }
+ = . 7.102
{814 824}{9,4/} {0 0 g gu]) b M, ( )
0,
Substituting Equation (7.98) into Equation (7.102) yields
o1
{0 0 g3 834} n {813 823} {h% +8u h34+g|2}1 {*hm —h —g13 *814} 2 7{Q2}
0 0 g34 gas g4 | |ha+gn hatgm —hs —hy —gn —gu 03 M, |
0>
(7.103)
Combining Equations (7.101) and (7.103) leads to the elemental stiffness equation as
kiy ki ks k| 6 0O
k k k 0 M
22 ka3 kog L e (7.104a)
ki3 ks | | 62 )
Symm k44 92 M2

or

[KI{6} = {f}, (7.104b)
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where [K] is the stiffness matrix of the composite beam element and the elements in the matrix are obtained
with

1

ki = hy + e [—hi3(has + €22) + 2hi3hia(has + g12) — hiy(h3s + g11)),
1

kay = hyp + G (1135 (has + 822) + 2ha3haa(hzs + g12) — 3, (haz + g11)],

1
k3 = g33 +6[—g%3(h44 + 822) + 2813823 (h3s + g12) — &35 (has + g11)],

kas = gua + é [—g14(has + g22) + 2814824 (haa + g12) — 834 (k33 + gn1)],

kio =hip + é [—h13ha3(has + 822) + hishoa(M3a + g12) + hiahos (haa + g12) — hiahaa(has + gu1)],
ki3 = é [~h13g13(has + 822) + h13gas (Mg + g12) + hiagiz(hza + g12) — hagas(has + gu1)),

kia = é [—h13814(h44 + 82) + hi3goa(hza + g12) + hiagia(hza + g12) — hiagaa(haz + 811)]7

ko = é [—h23813(has + g20) + h23gas(haa + g12) + hoagi3(hag + g12) — hoagos (a3 + g11)],

kg = é [—h23g1a(has + g22) + h23gaa (Mg + g12) + h2agra(hza + g12) — h2agaa(haz + gu1)],

1
k3s = g34 + G [—g13814(has + 822) + 813824 (h3a + g12) + 823814 (34 + 12) — 823824 (h33 + g11)]-

7.9 EXAMPLES
7.9.1 A Steel Portal Frame with Prismatic Members

The steel portal frame with prismatic members shown in Figure 7.18 is taken as a benchmark example for the
plastic analysis of steel frames, the plastic zone and plastic hinge solution of which can be found in
references (Chen, Li and Xia, 1985; Toma and Chen, 1992; Vogel, 1985). For verification purpose, this frame
is also analysed using the prismatic beam element proposed in this chapter. The material properties of steel
are E = 205kN/mm? and o = 235N /mm?>.

When the effects of initial geometric imperfection and strain hardening are neglected, the ultimate load
factor (the ratio of the limit load-bearing capacity to the reference load shown in Figure 7.18) obtained with
the elasto-plastic hinge model proposed in this chapter is 4 = 0.96, whereas the result by the plastic zone
method (Chen, 1993) is 4 = 0.97. When the effects of initial geometric imperfection and strain hardening

g=11 kN/m
TEEEEEEE R EEE R

— —
~
15° 80 [Y

20m | 170
|

4m
360

T

Figure 7.18 A steel portal frame with prismatic members
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Figure 7.19 Load—deflection curves of the prismatic portal frame

are considered in the analysis, the result from this chapter is 2 = 1.10, whereas 4 = 1.07 by the plastic zone
method. The load—deflection curves are plotted in Figure 7.19.

Considering moment resistance is the dominant factor for the load-bearing capacity of steel portal
frames, all of the members used in this example frame have compact sections so that their plastic rotation
capacity is very good, which makes the effect of strain hardening significant on the ultimate capacity of the
frame. As the strain-hardening model used in this chapter neglects the yielding plateau and that used in
reference (Chen, 1993) considers it, it is rational that the result obtained by the method proposed in this
chapter is slightly greater than that in reference when the strain-hardening effect is considered.

7.9.2 A Steel Portal Frame with Tapered Members

A steel portal frame with tapered members, as shown in Figure 7.20, is analysed in reference with the
plastic zone method (Chen, 2000b). Such an analysis is repeated with the tapered beam element proposed in

16.0
8.7 183
o7 87 | |12 | 18.3
935 | = L2
3
®
5.4 22
E=200 GP:
12 2 32 g
£,=260 MPa S

171
L 8x3000=24 000 L
1 7

d]_:120, d2:360, d3:240, d4:360

Load unit: kN, size unit: mm

Figure 7.20 A steel portal frame with tapered members
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Figure 7.21 Load—displacement curves of the tapered steel portal frame

this chapter, where each tapered column and beam of the frame is represented with a tapered beam element.
The load—displacement curves are plotted and compared in Figure 7.21.

As the tapered element model proposed can consider the effects of strain hardening, shear deformation,
residual stresses and initial geometric imperfection, the ultimate load factors obtained with consideration of
such individual and joint effects are listed in Table 7.2. The hardening factor ¢ = 0.02 and shear modulus
G = 80 GPa are adopted for the analysis.

It can be seen from Table 7.2 that the effects of shear deformation, residual stresses and initial geometric
imperfection are negligible on the load-bearing capacity of normal single-storey steel portal frames. But the
effect of strain hardening is significant if the plastic deformation capacity of the frame members can be
ensured.

7.9.3 Vogel Portal Frame

Vogel portal frame (Vogel, 1985) had received a wide study as a benchmark frame (Avery and
Mahendran, 2000a, 2000b, 2000c, 2000d; Chen, 1993; Chen and Kim, 1997; Kim and Lii, 1992;
Toma and Chen, 1992). The frame size, material properties and load information are illustrated in
Figure 7.22, and the frame member sizes are listed in Table 7.3. The horizontal displacement of
rightupper corner (node A) versus load factor curve by the elasto-plastic hinge model presented in
this chapter is compared with that by Toma and Chen (1992) with the plastic zone method in Figure 7.23.
The ultimate load factor obtained by the method proposed is 4 = 1.03, whereas that by Toma and Chen
(1992) is 4 = 1.022.

Table 7.2 Load factors of the steel portal frame obtained by the method proposed

Without effects of initial geometric imperfection, strain hardening and shear deformation 1.306
With the effect of residual stresses 1.300
With the effect of initial geometric imperfection 1.298
With the effect of shear deformation 1.306
With the effect of strain hardening 1.402

With the effect of initial geometric imperfection, strain hardening and shear deformation 1.380
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Figure 7.22 Vogel portal frame

Table 7.3 Member sizes and sectional properties of the Vogel portal frame

Section properties d (mm) by (mm) fy (mm) & (mm) A@@mm?)  1(x10°mm*) S (x10° mm?)
HEA340 330 300 9.5 16.5 13 300 276.9 1850
HEB300 300 300 11.0 19.0 14 900 251.7 1869

7.9.4 Vogel Six-Storey Frame

Vogel six-storey frame (Vogel, 1985) usually appears in benchmark study of planar steel frames (Avery and
Mahendran, 2000a, 2000b, 2000c, 2000d; Chan and Chui, 1997; Chen, 1993; Chen and Kim, 1997; Kim and
Li, 1992; Morteza, Torkamani and Sonmez, 2001; Toma and Chen, 1992). The frame size, material
properties and load information are illustrated in Figure 7.24, and the frame member sizes are listed in
Table 7.4. The horizontal displacement of rightupper corner (node A) versus load factor curve by the elasto-
plastic hinge model presented in this chapter is compared with that by Toma and Chen (1992) with the
plastic zone method in Figure 7.25. The ultimate load factor obtained by the method proposed is 1 = 1.15,

—&— By Tomaand Chen (1992)

Load factor
o
[e)]

04
0.3 —&— By the method proposed
0.2
0.1
0 1 1 1 1 J
0 5 10 15 20 25

Horizontal displacement of node A

Figure 7.23 Displacement—load factor curve of the Vogel portal frame
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Figure 7.24 Vogel six-storey frame

whereas that by Toma and Chen (1992) is /4 = 1.18. The axial force and moment diagrams in the ultimate
state are shown in Figure 7.26, where the final plastic hinge distribution is dotted in the moment diagram.

7.9.5 A Single-Storey Frame with Mid-Span Concentrated Load

A simple portal frame with mid-span concentrated load at the beam is selected as an example. Figure 7.27
gives the frame size and load information. The elastic modulus and yielding strength of the material for the

Table 7.4 Member sizes and sectional properties of the Vogel six-storey frame

Section properties d (mm) by (mm) ty (mm) ty (mm) A (mm?) I (x10°mm®*) S (x10° mm®)
HEA340 330 300 9.5 16.5 13300 276.9 1850
HEB160 160 160 8.0 13.0 5430 24.92 354
HEB200 200 200 9.0 15.0 7810 56.96 643
HEB220 220 220 9.5 16.0 9100 80.91 827
HEB240 240 240 10.0 17.0 10600 112.6 1053
HEB260 260 260 10.0 17.5 11 800 149.2 1283
HEB300 300 300 11.0 19.0 14900 251.7 1869
IPE240 240 120 6.2 9.8 3910 38.92 367
IPE300 300 150 7.1 10.7 5380 83.56 628
IPE330 330 160 75 11.5 6260 117.7 804
IPE360 360 170 8.0 12.7 7270 162.7 1019

IPE400 400 180 8.6 135 8450 231.3 1307
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Figure 7.28 Rotation-load factor curves

frame are E = 206 GPa and f, = 235 MPa, respectively. USA wide flange sections W18 x 50 and W12 x 65
are selected for the beam and column of the frame, respectively. The rotation versus load factor curves by
different element strategies are shown in Figure 7.28. In conventional element treatment where the beam is
represented with one common element (without consideration of possible plastic hinge between ends) and
the equivalent force and moment of the mid-span concentrated load are enforced at the two end nodes of the
element, redistribution of internal forces due to formation of the mid-span plastic hinge within the beam is
ignored, and large error occurs for the rotation at node A as shown in Figure 7.28.

To consider the effect of the mid-span plastic hinge, two common beam elements may be used with a
common node set at the location of the concentrated load. Alternatively, the beam with mid-span concen-
trated load can be represented by a single beam element with plastic hinge within span, which is obviously
good for computational efficiency in the analysis of the frames.

7.9.6 A Single-Storey Frame with Distributed Load

A simple portal frame with distributed load at the beam is analysed. Figure 7.29 gives the frame size and load
information. The elastic modulus and yielding strength of the material for the frame are £ = 206 GPa and
fy = 345 MPa, respectively. USA wide flange section W18 x 31 is selected for all the members of the frame.
The horizontal displacement versus load factor curve obtained with a single element with plastic hinge
between two ends of the beam of the frame is given in Figure 7.30. The results by representation with two
elements for the beam (Chen and Chan, 1995) are also shown in Figure 7.30 for comparison. The change of
position of the maximum moment in the beam is checked and tabulated in Table 7.5. It can be found from
Table 7.5 that the position of the maximum moment in the beam of the single-storey frame does not change
much during loading.

0=41.6 KN/m
P=10 kN
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A
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©
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3526 m

L }
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Figure 7.29 Single-storey frame with a distributed load at the beam



124 ELASTO-PLASTIC STIFFNESS EQUATION OF BEAM ELEMENT

Table 7.5 Variation of the location (away from the left end of the beam) of the maximum moment with load factors

Load factor 0.3
Location (m) 1.6611
Load factor 3.0
Location (m) 1.6595

0.6 0.9 1.2 1.5 1.8 2.1 2.4
1.6608 1.6606 1.6604 1.6602 1.6600 1.6597  1.6595
3.1 32 33 34 35 3.6 3.7
1.6666 1.6825 1.6975 1.7115 1.7243 1.7350  1.7440

2.7
1.6592
3.8
1.7524

7.9.7 A Four-Storey Frame with Mid-Span Concentrated Load

The structure examined is a four-storey frame with mid-span concentrated loads as shown in Figure 7.31.
Table 7.6 gives the frame member size. The horizontal displacement versus load factor curves obtained both
by analysis with the elements with internal hinge proposed in this chapter and with the normal elements
through dividing the frame beam into two elements (Shu and Shen 1993) are shown in Figure 7.32.
The ultimate load factor obtained with the proposed elements is 4 = 1.03, whereas that with normal
elements (Shu and Shen, 1993) is 2 = 0.99. The sequence of plastic hinges formed in the frame is illustrated

in Figure 7.33.
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—8&— By two elements for beam (Chen and Chan,1995)

—&— By single element with internal hinge for beam
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Figure 7.30 Displacement—load factor curve of the single-storey frame
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Figure 7.31 Four-storey frame with concentrated loads at beams
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Table 7.6 Member sizes of the four-storey frame

Member section H (mm) B (mm) tw (mm) tr (mm) A (mm?) I (x10° mm*)
W16 x 40 406.7 177.5 7.9 12.7 7610 215
W10 x 60 259.6 256 10.7 17.3 11400 142
W12 x 79 314.5 306.8 11.9 18.8 15000 276
Table 7.7 Member sizes of the composite frame
Member section H (mm) B (mm) ty (mm) t; (mm) A (mm?) 1 (x10°® mm*)
W12 x 27 304 165 6.02 10.16 5062 84.0
W12 x 50 310 205 9 16 8484 157.9
12
10
08 r
S
g 06 r —&— With normal elements (Shu and Shen,1993)
S o04 —a— With proposed elements
0.2
OO 1 1 1 1 J
0 50 100 150 200 250

Horizontal displacement at node A

Figure 7.32 Displacement—load factor curve of the four-storey frame

Figure 7.33 Sequence of plastic hinges



126 ELASTO-PLASTIC STIFFNESS EQUATION OF BEAM ELEMENT

5kN/m
P:Gly&HyH 'EEEERE'R' 4
W12x27 W12x27
Q Q
5 & 2 8
10 kN/m
P ' FEEEEREE FIEEEEER’ 4
W12x27 W12x27
3 3 3
& & & 8l 1 1219 L
g S g 8 W
R 10 KN/m | — ; - | g
P 'HZ EEEEE IEEEERER' 4 ST Tt 2
Al W12x27 W12x27
3 g 2 3 =S
g g S S
= = 2 ™
1165 |
A-A

A

5000 .,L 5000 qL

@ (b)

Figure 7.34 A two-span three-storey composite frame: (a) geometry and loading; (b) steel-concrete composite beam

7.9.8 A Two-Span Three-Storey Composite Frame

Consider a two-span three-storey frame (Figure 7.34(a)) with steel columns and steel-concrete composite
beams (Figure 7.34(b)). The sizes of steel beams (W12 x 27) and steel columns (W12 x 50) are given in
Table 7.7, and the elastic modulus of steel, E; = 200 GPa, steel yielding strength, f, = 252.4 MPa, concrete
compressive strength, f. = 16 MPa, and concrete—steel interface shear stiffness k = 0.1 % E are adopted
for the analysis of the frame.

Effects of concrete flange cracking of the composite beam in action of negative bending moment on
the behaviour of the frame may be considered with the composite beam element presented here-
inabove. A comparison of the horizontal load versus lateral deflection curves obtained with different
elemental strategies is given in Figure 7.35. From the results in Figure 7.35, it is clear that the
composite action coming from concrete slabs can enhance the sway stiffness and ultimate capacity
of steel frames.

200
z
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g
o
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g 100
-g —e— Without composite action
T 50 —m— With composite action excluding concrete cracking effect
—A— With composite action including concrete cracking effect

1 1 J
0 50 100 150
Latera deflection at top (mm)

Figure 7.35 Load—deflections curves of the composite frame



8 Elastic and Elasto-Plastic
Stiffness Equations of Column
Element

8.1 FORCE AND DEFORMATION OF COLUMN ELEMENT

Generally, three forces N, Oy and Q, and three moments M, M, and M. are applied at each end of a column
element, as shown in Figure 8.1, where all the directions of the forces and moments are positive. Correspond-
ingly, the deformation components of the column element include three translations, ¢, 6, and ¢., and three
rotations, 6y, 6 and 6. Denote the force and deformation vectors of the column element as {f. } and {é. }, then

= [t)" ] (8.1)
{8 = [sa)™ {8} (82)
where
{fu} = [Na, Qu. My, On, Mg, M|, (8.3a)
{fo} = [Nay Qo My, 0p, Mo, My, (8.3b)
(6} = [60, b6u, O, 81y Oa, 0a], (8.4a)
(6} = [62, b0, O, b2, 0o, 02 (8.4b)

8.2 ELASTIC STIFFNESS EQUATION OF COLUMN ELEMENT
SUBJECTED TO BIAXIAL BENDING

Under the precondition of small deflection, it is independent between the lateral deflections with axial and
torsional deformations for column elements. The elastic stiffness equation of a column element is therefore
obtained by combining the stiffness equation of the corresponding beam element with axial and torsional

stiffness relationship, i.e.
{fc} = [kce}{éc} (8.521)

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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z

Figure 8.1 Forces on the column element

or

c kce kce 60

Verb | | Keew]  [keend] | | {01} 7 (8.5b)
{fc2 } [kcetb] [kcen} {6c2 }

in which [kc.] is the elastic stiffness matrix of the spatial column element and [kcebb), [Kcebt]» [kcetb] and [keeu]

are the partitioned matrices of [k.] given by

- EA ;
e 0 0 0 0 0
12EI 6FEI,
0 iy iy 0 0 0
6EI, 4EI,
0 T l//Zy 1—3\ lﬁ’jy 0 0 0
[kcebb] = 5 (863-)
12EI 6EI,
0 0 0 V¥ ¥ 0
6EI 4EI
0 0 0 U
i
0 0 0 0 0 %
- EA -
e 0 0 0 0 0
12EI , T,
0 iy 2 =y 0 0 0
y Iy
0 lpZy 11/3\ 0 0 0
keett] = y 8.6b
e 12EI \ (8.60)
0 0 0 AT UZTY
6EI>
0 0 e Y3 0
1,
0 0 0 0 0 Gl =
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- EA -

- 0 0 0 0 0
o 12EI % Yy 0 0 0
[keets] = fkeenr]” = 0 6EI} Vo %M ’ " ’ (8.6¢)
cetb] = [Keebt] = 0 0 0 12EI !//u _%wb o ) .
0 0 0 6EI) Wox 45:%‘//% 0
o 0 0 0 o -

where I, and I, are the inertial moments about the x and y axes of the element section, respectively, I is the
torsional inertial moment of the section, and ¥, — Y4, and ;.. It should be noted that for opened sections,
such as the H section, the torsional stiffness, 1//4y are the factors defined in Equation (2.21) or (2.26),
calculated with the inertial GI,//, in Equation (8.5) is relatively small due to warping action. In the analysis
of steel moment of section and the shear shape factors about the x and y axes, respectively. frames, the
structural torsional stiffness is provided in majority not by that of frame columns themselves, but by the
‘planar frame action’ (see Equation (15.64)). So the error from the torsional stiffness in the column stiffness
equation can be neglected in the frame analysis.

8.3 ELASTO-PLASTIC STIFFNESS EQUATIONS OF COLUMN
ELEMENT SUBJECTED TO BIAXIAL BENDING

When the column element is in elasto-plastic state, its stiffness will change continuously. The incremental
method can be used to develop the elasto-plastic tangent stiffness equation based on the elasto-plastic hinge
model.

Similarly, the deformations at the element ends may be divided into elastic and plastic portions as

{déc} = {dbee} + {décp} (8.7)
where
7T
{d5ce} = |:{d6cel} {d6c52} :| 5 (88)
T
{dog} = [{dbem}", {db2}"] . (8.9)
{docer} = [d8ute, e, dOyie, Aoy, dOue, dOurc]’, (8.10a)
{déecr} = [d8e,  dBie, dByoe, dSoe, b, dbc]”, (8.10b)
{(d6epr} = [d6ip,  d6urp,  Byrp,  dSyrp,  dByp,  dBup]”, (8.11a)
{d6cp2} = [d‘szZpa déprv d€y2p7 ddepv d9x2p7 dazZp}T (8'11b)
Also, the forces at the element ends can be divided into two portions as
{dfe} = {dfei} + {dfen}, (8.12)
where
{dfe} = [}/ {dea}"]", (8.13)
{dfen} = [{Wfen}"/, {dfer}"]" (8.14)
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{dfw} = [0, dQu, 0, dQy, O, O}T, (8.15a)
{dfo} = [0, dQ., 0, dOyp, O,O]T, (8.15b)
{dfon} = [dNa, 0, dMyy, 0, dMy, dM.]", (8.16a)
{dfor} = [dN2, 0, dMy, 0, dMo, dMo)'. (8.16b)
According to the rule of plasticity flow, one has
{dbepi} = [g1[{1}41, (8.17a)
{déepa} = [g2]{1} 2, (8.17b)
in which
ar aF] 6F] 8F1
=di 0 0, 8.18
lg1] = diag Lf)zvﬂ C oMy My 8MZ1]’ (8.182)
aFZ an 8F2 8F2
= di 0 0 8.18b
[82] 1ag |:8sz 3 aMyZ ) ) BMXZ ) 8M22 5 ( )
[ =[L11111" (8.19)

where I'; and I'; are the yielding functions at the two ends of the column element, defined in Equation (5.45),
and A, and /, are the proportional factors of the plastic deformations at the two ends of the element.

The relationship between incremental forces {df.} and incremental elastic deformations {dé.} is
constantly

{df;%’} = [kce}{dége} (820)

Rewriting Equation (8.20) in partitioned form leads to

{dfe1} = [keebb) {dbce1 } + [keevt) {dbee2 }, (8.21a)
{dfCZ} = [kcetb]{dﬁcel} + [kcebb]{d§ce2}~ (821b)

According to the elasto-plastic hinge model, the plastic deformation at the end of the element is merely
relevant to the forces at the same end of the element. Then,

{dfen } = [kup]{ddcp1 }, (8.22a)
{dﬂHZ} = [knt]{d(SCpZ} (822b)
or
{dﬂn} = [kn]{décp}» (8.23)
where

k] O
SR

ko] = diag[By1, Br2, Bvs, Bos, Bus, Bug),
[km]:diag[Btlv Bp, By, Bu, Bis, Bt6]~

(8.24)
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Equation (8.17) indicates that the plastic deformation components of a plastic hinge are proportional to the
same factor so that, noting Equation (8.22), the force components corresponding to the plastic deformation
components should also be proportional to the same factor. Hence,

Bbi *Oflkceih lf 1,2,3,4,5,6 (825)
By = tpkeejj, j=17,8,9,10,11,12,
where, o) and o are the elasto-plastic hinge factors for the two ends of the element, and k; is the element of
the ith row and the ith column of the stiffness matrix [kce].
When the elemental section is in elastic state, all the plastic deformation components of the section are zero,
and then it is required that &« = oo, and when the section is in idealized plastic state, these plastic deformation
components can be arbitrary in value and then « = 0. To satisty the above conditions, o can be defined as

i=1,2, (8.26)

where R and R; are the recovery force factors defined in Equation (5.38) for the two ends of the element and
can be calculated according to Equations (5.39) and (5.40).
From Equations (8.12), (8.21) and (8.22), one has

{dfctl} = {dﬁ:l} - {dfcnl} = [kcebb]{décl} + [kcebt]{déd}
—([keevb] + [kav])[g1]1{1} 41 — [keewn][g2]{1} /2, (8.27a)

{dfct2} = {dfc2} - {dfan} = [kcetb]{décl} + [kcett}{d(sd}
= lkeeww][81]{ 1} 41 = ([keeu] + [kne])[g2]{1} 22 (8:27b)

It is known from Equations (8.11) and (8.15) that vectors {ddp; } and {dé,} are orthotropic with {dfe }
and {dt., }, respectively. Hence,

{d6epr } {dfer } = A1 (kop At + koo — [H11]{d8e1 } — [Hi2]{dée2}) = 0, (8.28a)
{déep2} {dfer} = A2 (kidi + kida — [H2]{d6c1 } — [Hn]{db:2}) = 0, (8.28b)
where

koo = {137 [g1]" ([keend) + ko)) [g1] {1} (8.29a)

ke = {1} [&1]" [keem [82] {1} (8.29b)

ey = {1} [ga]" [keew][g1]{1}, (8.29¢)

Je = {1} [2]" ([keea] + [kn)[22{1}, (8.29d)

[Hi] = {1} [&1]" [keewn), (8.30a)

[Hiz] = {13 [g1]" [keend, (8.30b)

[Ho1] = {1} (2] [keers); (8.30c)

[Hx] = {1} [g2]" [keeu- (8.30d)

8.3.1 Both Ends Yielding

Solutions of 4; and 4, and further formulations of the elasto-plastic stiffness equation of the element are
related to the deformation condition of the element ends, which are discussed as follows.
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When both ends of the element yield, {dép1 } # 0 and {ddcp2} # 0, then 4, # 0 and A, # 0, with which
Equation (8.28) becomes

koo koo | [ A\ | [Hul [Hiz]| [ dée
{k}:: kt:t ] { Ao } - {[Hzﬂ [sz]:| { déer } (8.31)
The solution of 4; and 4, with the above equation is
Tk ko] [[Hu] [Hio) ] déer
(o= k] i Bal{it 6
Substituting Equation (8.32) into Equation (8.17) leads to
{déepr} | _ [les] O 1[40} 0 (ks ku| ' [[Hu] [Hio]] [ déer
{{décil}} - { 0 [gz]]{ 0 {1}} l:klb kn} |:[H21] [HZZ}:|{d602}- (8.33)
Equation (8.30) can be rewritten in partitioned matrix form as
Hy] [Hel] [ 0 ] [l 0 ) [k ku]”
I:[HZI} [HUJ B { 0 {1}:| |: 0 [gzd |:ktb klt:| ' (8'34)
Let
-[gl] 0
G| = ) 8.35
< L O [82]] (839
{1}y o
[E] = o {1}], (8.36)
[lkw] ke ]
L] = . 8.37
: | k] [kn]} (837
Equation (8.33) can then be rewritten as
{déep} = [GI[ENLI[E)[G]" [kec ) {déc}. (8.38)
Noting Equation (8.7), one has
{dbee} = {db.} — {dbep} = ([1) - [GIEILI[E]"[G]" [kee] ) {déc (8.39)

where [[] is the unit matrix.
Substituting Equation (8.39) into Equation (8.20) yields

{dfe} = (lkee] — [kee] [GIEIILIET [G]' kee] ) {d6e ) (8.40)

The above is the elemental stiffness equation for the column element whose both ends are in plastic state.

8.3.2 Only End 1 Yielding

When only end 1 of the element yields, {décpi } 7 0 and {dép2 } = 0, then 4; # 0 and A, = 0, with which
Equation (8.28a) becomes

kbb}~1 = [H”]{décl} + [H|2]{d6cz}. (841)
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Solving 4; with the above equation, one has
A1 = (1/kev ) ([H11[{d0c1} + [Hi2[{dbc2 }). (8.42)
Equation (8.42) can also be written in matrix form as
A1 1 /kp 0} [[Hu] [H12]:|{d6c1 }
= . 8.43
{ PR } { 0 0||[Hx] [Ha] || déo (8.43)

Combining Equations (8.34) and (8.17) with the above equation, one has

{déep} = [G[E] (Lo [E)[G]" [kee]{dbc }, (8.44)
where
[Lo] = [1/(1)%]3 8}. (8.45)

Substituting Equation (8.44) into Equation (8.7) yields {dé.. } and then substituting {dé..} into Equation
(8.20) yields the stiffness equation of the element with end 1 yielding as

{dfe} = (k] — kee] [GIEN Lo [E]"[G]" [kee] {dbe }- (8.46)

8.3.3 Only End 2 Yielding

When only end 2 of the element yields, {déc,1 } = 0 and {déc2} # 0, then 4; = 0 and 4, # 0, with which
Equation (8.28b) becomes

kA2 = [Hy1){dbc1} + [H2z]{dbc2 } (8.47)

With a similar procedure for end 1 yielding, the stiffness equation of the element when plasticity yields at
end 2 can be derived as

{dfe} = (fkee] — kel [G)[EI[LJIE]"[G] [kee] ) {dOc}, (8.48)
where

L] = [8 1/0%} : (8.49)

8.3.4 Summary

In summary, the stiffness equation of the column element based on the elasto-plastic hinge model can be
expressed in the uniform equation as

{dfe} = [kepl{déc}, (8.50)

where [kp) is the tangent elasto-plastic stiffness matrix of the element, given by

[kep) = [kee] — [kee] [G)[E][L]E]"[G]" [kee, (8.51)
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where matrix [L] can be determined according to the following four cases:

(a) no yielding occurring at both ends of the element:

= [8 8} (8.52a)

(b) yielding occurring at only end 1 of the element:

L] = {l/gbb 8} (8.52b)

(c) yielding occurring at only end 2 of the element:

L] = [g 1/01%} ; (8.52¢)

(d) yielding occurring at both ends of the element:

i
kob kot
L = . 8.52d
=k (8.520)

Noting Equations (8.29), (8.35) and (8.36), [L] for the above four cases can also be uniformly expressed as

(L] = (E]'[G)" ([kee] + [ka])[G][E]) " (8.52¢)

8.4 ELASTIC AND ELASTO-PLASTIC STIFFNESS EQUATIONS
OF COLUMN ELEMENT SUBJECTED TO UNIAXIAL BENDING

The force and deformation components for the column element subjected to uniaxial bending (about y-axis
assumed) are

{f;l}:[NZh Qx17 My17 Nz2a QxZ: M)’2]T7 (853)
{§c}:[5zla 6):17 9)'17 6127 6)(27 eyZ]T~ (854)

The elastic stiffness equation of the element has the same form as Equation (8.5), but the stiffness matrix
becomes

— 0 0 - 0 0
l l
12E1 6EI, IZEI 6EI,
0 yl//n l—z)l//2y 0 lp]x Z—Q}WZy
6EI 4E[ 6EI, 2EI,
0 2 lpZy — l//3\) 0 - lz) l//Zy i z l//44\7
[kee] = EA EA (8.55)
- 0 0 — 0 0
[ 1
12E] 6EI, 12EI , 6EI,
0 yl//ly 2 WZy 0 : l//l) _l—z)l//Zy
6E , 6EI\, 4EI
i 0 l—zy Way T} Yay 0 - Way Ty 7%
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Similarly, the elasto-plastic stiffness equation of the element has the same form as Equation (8.50), and
the stiffness matrix of the element has the same form as Equation (8.51), but the matrices in the expression of
the stiffness matrix become

. ory ol or, o'y

Gl=d S e— P — 8.56
[ } 128 aNzl ) ’ aMyl ’ aszv ) 6My2 ’ ( )

‘10

1 0

1 0
E|l = s 8.57
CE . 85)

0 1

L0 1]
[kﬂ} = diag[alkcelh keens, Oikee3s, Ookeeas, Onkeess, Ookeess ], (858)

where, o) and a, are the elasto-plastic hinge factors for the two ends of the element; k.;; is the ith row and
the ith column element in the stiffness matrix [kee).

8.5 AXIAL STIFFNESS OF TAPERED COLUMN ELEMENT

The discussions in Sections 8.2—8.4 are for prismatic column elements. The axial stiffness in the stiffness
equations presented hereinabove for prismatic column elements is not suitable to tapered column elements.
The axial stiffness of tapered column elements can be determined with the following method.

8.5.1 Elastic Stiffness

For a tapered column element, axial force is given by N = EA(du/dx), where the sectional area A is a
function of the axial coordinate (see Figure 3.1). The differential equilibrium equation of the element in the

axial direction is
dN d®u  [dA)\ du
— =E|lAQ)—=+[—)—| = .
m { (2) i ( dz) dz} 0, (8.59)

where A(z) is the sectional area varying with the axial coordinate z and u(z) is the corresponding axial
deformation. Solving the above equation leads to the axial stiffness

ke =———. (8.60)

/ﬁdz

0

8.5.2 Elasto-Plastic Stiffness

If the effects of residual stresses and initial deflection are considered, the axial force—deformation relation-
ship of the tapered column element can be obtained from Equations (7.81) and (7.82). For CRC tangent
modulus (Galambos, 1988), the axial deformation of the element can be expressed as

N

0.5N,L L

— —dN f N > 0.5N,. 8.61

uEA+/AEt,or \ (8.61)
0.5N,
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Figure 8.2 Nondimensionalized axial force—strain relationship of the tapered column element

Substituting Equation (7.81) into Equation (8.61) and integrating it gives the expression for the nondimen-
sionalized axial force—deformation relationship of the element as

N 1

—_—— fi N > 0.5N, 8.62
N, 1l+exp(2—4eg/ey)’ or V> P (8.62)

where ¢ and ¢y are the axial strain and the yielding strain, respectively. Then ¢ /e, = Eu/(oyL), where oy is
the yielding strength of material and L is the element length.

With the same approach, the similar axial force—deformation relationships of the tapered column
element based on LRFD tangent modulus (AISC, 1994) can be obtained as

N
0.39N,L L
= —dN f N > 0.39N,, 8.6
u EA + / a5 N or > 0.39N,, (8.63)
0.39N,
N €
N exp [—0.94l6exp (2.7243 |:0.39 — E—:| )} , for N > 0.39N,. (8.64)
p y

The curves corresponding to Equations (8.62) and (8.64) are given in Figure 8.2. The axial stiffness of the
tapered column element can be obtained from the differential operation of dN /du.

8.6 EXPERIMENT VERIFICATION

To verify the elastic and elasto-plastic stiffness equations of column elements, and the hysteretic model
proposed in Chapter 5 for the column section subjected to biaxial bending, five box-section columns and
four H-section columns were tested in Tongji University (Li, Huang and Shen , 1993; Li, Shen and Huang,
1999). The cyclic behaviour of these columns was investigated under a constant vertical load and repeated
and reversed horizontal loads in two principal directions, by which the stiffness equations for column
elements proposed have been validated.

8.6.1 Experiment Specimen

The box-section columns and H-section columns tested are shown in Figures 8.3 and 8.4, respectively. The
steel material for the specimens is Chinese Q235 and material properties are as follows:
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Figure 8.3 Specimen of the box-section column
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Figure 8.4 Specimen of the H-section column
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(1) For box-section columns:
— yielding strength o, = 261.97 MPa,
— ultimate tensile strength o, = 415.61 MPa,
— elastic modulus £ = 1.915 MPa.

(2) For H-section columns:
— yielding strength oy = 290.08 MPa,
— ultimate tensile strength oy, = 440.37 MPa,
— elastic modulus E = 1.972 MPa.

The specimens are designed as cantilever columns to model the half of the frame columns with consideration
that the point of contraflexure is at mid-height.

8.6.2 Set-Up and Instrumentation

The test set-up is shown in Figure 8.5. Because horizontal displacements at the top of the column specimen
in two directions will be produced during test, the two horizontal orthotropic push—pull jacks should have
some degree of freedom to certain extent in the horizontal plane. To achieve it, the jack base is connected
with a hinge to its support frame. The sequence of loading devices in the horizontal direction from column
top is column, horizontal hinge, loading sensor, jack, hinge and support frame (see Figure 8.5(a)).

The difficulty of vertical loading is that a large axial force should be applied and kept constant at the top
of the column, whereas the nature of the free end of the cantilever column should be ensured. For the purpose
of meeting the above requirements, two rows of roll shafts orthotropic to each other, separated by a steel
plate, are placed against the vertical support frame. Beneath the roll shafts, a ball hinge is used to connect to
the column specimen. The vertical support frame is a steel beam supported by two portal frames. The
sequence of loading devices in the vertical direction from column top is column, jack, ball hinge, two rows of
roll shafts and support frame (see Figure 8.5(b)).

One cable from the two horizontal force sensors is linked to the monitor for convenience of test control,
and the other is linked to the computer for data acquisition.

Six displacement transducers are placed in two horizontal directions (each three), as shown in Figure 8.5(a).
A glass piece is glued on the interface of the column and transducer to reduce friction. The central

(b)

Figure 8.5 Horizontal loading diagram of the box-section column: (a) plan ; (b) elevation. Notes: (1) specimen; (2)
hinge; (3) loading sensor; (4) horizontal jack; (5) displacement transducer; (6) vertical jack; (7) ball hinge; (8) roll shafts;
(9) support frame; (10) support wall
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transducer in each direction is linked to the monitor to control test, and the others are linked to the auto-
acquisition computer.

8.6.3 Horizontal Loading Scheme
8.6.3.1 For box-section column

First, a vertical load of 600 kN is applied, and the ratio of axial force to squash load of the columnisn = 0.3.
Then, cyclic horizontal loads are applied at the column top. Five horizontal loading schemes are selected for
five specimens, four of which are as follows:

e Scheme 1: Two horizontal jacks keep the same pace to completely simulate earthquake forces in two
orthotropic directions in the same frequency and the same phase (see Figure 8.6(a)).

e Scheme 2: One jack keeps constant force, whereas the other produces cyclic force. Then, gradually
increase the constant force and the cyclic force until the specimen fails (see Figure 8.6(b)).

e Scheme 3: Always keep force of one jack constant, whereas increase that of the other and make the jacks
in two directions change the nature of loading alternatively until the specimen fails (see Figure 8.6(c)).

e Scheme 4: Simulate earthquake forces in two directions in the same period but with a phase difference of
7/2 and gradually increase the forces of two jacks until the specimen fails (see Figure 8.6(d)).

The loading history for the four loading schemes measured is given in Figure 8.7.

8.6.3.2 For H-section column

First the vertical load is applied and then cyclic horizontal loads are applied in two horizontal orthotropic
directions. Four horizontal loading schemes are selected for four specimens, three of which are as follows:

e Scheme 1: The jack in the sectional weak axis keeps constant force, whereas the other exerts
cyclic force. Then gradually increase the constant force and the cyclic force until the specimen fails

PyT R

O B R,
@ (b)
i ’
=1 . AN
o f P V R
© (d

Figure 8.6 Horizontal loading schemes for box-section column specimens: (a) scheme 1; (b) scheme 2; (c) scheme 3;
(d) scheme 4
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Figure 8.7 Loading history measured for box-section column specimens: (a) scheme 1; (b) scheme 2; (c) scheme 3;
(d) scheme 4

(see Figure 8.8(a)). The axial force applied for this plan is 300 kN and the ratio of the axial force to
squash load of the column is n = 0.265.

e Scheme 2: This plan is same as plan 3 for the box-section column specimen except that no axial force is
applied , namely n = O (see Figure 8.8(b)).

e Scheme 3: This plan is same as plan 3 for the box-section column specimen except that the axial force
applied is 300 kN, namely n = 0.265 (see Figure 8.8(c)).

The loading history for the three loading schemes measured is given in Figure 8.9.

8.6.4 Theoretical Predictions of Experiments

The column specimen tested can be regarded as a structure with only one column. Representing the column
with one column element results in the global stiffness equation of the structure as

[ke]{doc} = {dfc}, (8.65)
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Figure 8.8 Horizontal loading schemes for H-section column specimens: (a) scheme 1 (n = 0.265); (b) scheme 2
(n = 0); (c) scheme 3 (n = 0.265)

Figure 8.9 Loading history measured for H-section column specimens: (a) scheme 1; (b) scheme 2; (c) scheme 3



EXPERIMENT VERIFICATION 143

Figure 8.10 Predicted versus measured displacement curves of box-section column specimens: (a) scheme 1; (b)
scheme 2; (c¢) scheme 3; (d) scheme 4
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Figure 8.11 Predicted versus measured displacement curves of H-section column specimens: (a) scheme 1; (b) scheme
2; (c) scheme 3

where [kc| is the elemental stiffness matrix of the column element. If the column is in elastic state, [k] is
determined by Equation (8.6), whereas if it is elasto-plastic, [k.] can be determined by Equation (8.52).
Equation (8.65) can be partitioned as

{[kcbb} [kcbt]:| { {décl} } _ { {dfcl} } (866)
[kclb] [kctl} {d(SCQ } {dfCZ }

Introducing boundary conditions to the above equation yields the equation for the lateral displacements at
the top of the column as

{dbe2} = [keu) ' {dfiz}- (8.67)

8.6.5 Comparison of Analytical and Tested Results

The predicted and measured horizontal displacements for box-section and H-section column specimens are
compared in Figures 8.10 and 8.11, respectively, where D, and D, are the displacements at the top of the
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columns corresponding to the horizontal forces P, and P,. Good agreement can be found between analytical
and experimental results.

Both analytical and experimental results indicate that interaction effects exist in steel columns subjected
to biaxial bending. The interaction is that after yielding in columns under biaxial bending, incremental force
in one horizontal direction produces the displacement not only in the same direction but also in the other
horizontal orthotropic direction. It also includes that the displacement in the direction with smaller
horizontal force is more evidently influenced by the larger horizontal force in the other direction. In
addition, for the H-section column, the effect of horizontal force in the strong axis on the displacement
in the weak axis is much more evident than that of the force in the weak axis on the displacement in the
strong axis.



9 Effects of Joint Panel and
Beam—-Column Connection

9.1 BEHAVIOUR OF JOINT PANEL
9.1.1 Elastic Stiffness of Joint Panel

The four edges of a beam—column joint panel are subjected to the reaction forces from beams and columns
connected to the joint panel, as shown in Figure 9.1, in which M1, Qg1, Mgr Mgr and Qgr are, respectively,
the moments and shears from the left and right beam ends, whereas M., Qct, Nct, M, Ocp and Ncp are,
respectively, the moments, shears and thrusts from the top and bottom column ends. All the directions of
actions shown in Figure 9.1 are positive. All these actions make the joint panel in a shear state, which can be
equalized to that indicated in Figure 9.2, in which Qy and Qv are, respectively, the equivalent horizontal and
vertical shear forces and can be written as

My +Mgr 1
On = — =55 42 (Qen — o), (9-1a)
g
Mg+ Mg 1
Ov === 45 (O~ Ou) (0.1b)

The horizontal and vertical shear stresses in the joint panel can then be obtained by

Ou
= 2
TH hclp N (9 a)
Ov
== 9.2b
v hg[p ) ( )

where h. and hg are sectional heights of columns and beams, respectively, and #, is the thickness of the joint
panel.

The determination of the thickness of various joint panels is given in Figure 9.3.

According to the symmetry of shear stresses, the horizontal and vertical shear stresses in the joint panel
are equal, i.e.

Qu _ Qv
hety  hgty

(9.3a)

Qth = Qth . (93b)

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 9.1 Forces applied on a joint panel

The shear moment of the joint panel can be defined as
1
(Qth + thc)'

M}‘ = Qth = Qth = E

Substituting Equation (9.1) into Equation (9.4) yields
hy

1
MV:E

Then, the shear stress of the joint panel may be expressed as

M,
Y= ,
Ghghet,

and the shear strain of the joint panel may be expressed as

where G is the shear elastic modulus.
The elastic stiffness of the joint panel is therefore defined as
kje = Ghghct,.

P —

Figure 9.2 Equivalent shears on a joint panel

h
Mcr +Mcp — Mg — Mgr +?(QCB —Ocr) + =

zc(QgR - QgL) .

(9.5)

(9.6)

(9.7)
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Figure 9.3 Values of #, for various joint panels

9.1.2 Elasto-Plastic Stiffness of Joint Panel

An experimental curve for the relationship between shear deformation and shear moment of a joint panel is
shown in Figure 9.4, which indicates that the bilinear model can be used to simulate the hysteretic and
elasto-plastic behaviour of joint panels, as shown in Figure 9.5. In Figure 9.5, ¢ is the hardening factor of
joint panels and generally g = 0.015, and y, and M,; are the shear yielding strain and shear yielding moment
of joint panels, respectively. In view of the existence of axial forces in columns and with application of the
Mises yielding rule, 7, and M,;, can be determined with

=\ 2
(oS N
I 1— (= 9.9
= 56 (Ps) ; (9.9)
M, = k”y'eypv (9.10)
in which

o N\?
= 1—(— 11
"= AG (Ps) ; (9.11)

P, = Acos, (9.12)
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Figure 9.4 Hysteretic M—y curves of the joint panel from test

My
Figure 9.5 Hysteretic model for the M,—y relationship of the joint panel

where oy is the yielding stress of joint panels and A, is the cross-sectional area of the column at the position
of joint panels.

9.2 EFFECT OF SHEAR DEFORMATION OF JOINT PANEL ON
BEAM/COLUMN STIFFNESS

Inequality occurs on the end deformations of the beam and the column connected to the same joint due to
shear deformation of the joint panel even if the connection is rigid. This discontinuity of deformation leads
to difficulty in the assembly of global stiffness for the structure of frames using beam and column elements.
For this purpose, the deformations of joint panels can be adopted as basic variables for frame structures,
which include the horizontal displacement u, vertical displacement v, rotation 6 and shear deformation y, as
shown in Figure 9.6. Based on these variables, the stiffness equation for beam or column elements with joint
panels can be established.

9.2.1 Stiffness Equation of Beam Element with Joint Panel

As illustrated in Figure 9.7, the relationship between the deformations of a beam element and those of the
adjacent joint panels is

01 =5i+%9i*%?n (9.13a)
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Figure 9.6 The basic variables of a frame involving joint-panel shear deformation

1

0 =0+ 37 (9.13b)
he hej

62 = éj j 0 —+ 4] i (913C)
1

92 :9j+§})j. (913(1)

Let the deformation vector of the beam element and the deformation vector of the two adjacent joint panels be
{6g} = {617 013 623 02}Ta (914a)
{6g'y} = {51'7 9i7 Vis 5j7 9j7 Vj}T' (914b)

Equation (9.13) can then be rewritten in matrix form as

{5?;} = [Ag}{‘sgr}v (9~15)
where
I hci hcz i
] =« _Td
2 14 0 0 0
0 1 3 0 0 0
[Ag] = . by (9.16)

Figure 9.7 Deformation of the frame beam
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Transition of the actions at the beam ends to those at the centres of the adjacent joint panels results in the
following equations :

Qi =0, (9.17a)
1
M; = EhCiQI + M, (9.17b)
Qj =0, (9.17¢)
1
M; = _EhchZ + M,. (9.17d)
Rewrite Equation (9.5) as
M, = 1M +1hQ + 1M th + 1M +1hQ + 1M +1hQ
Yy = 2(:T 4gcT 2cB 4ch 2gL 4ch 2gR 4ch~
(9.18)

The terms in each parentheses on the right-hand side of the above equation are the contributions of the
actions at the beam end or column end connected with the joint panel to the minus of shear moment, —M,.
Note that Mg, Qgr, Mg My and Qg applied on the joint panels correspond to M1, Q1, M> and O, applied
on the two beam ends connected to the joint panels and define

1 1

M'v/-i = EM] — ZhCin, (9193)
1 1

My =My + 4 heOs, (9.19b)

where M,; and M,; are the contributions of the beam end actions to the minus of shear moments of the left and
right adjacent joint panels.
Let

{f={01, M, 0 M}, (9.20a)
{fo} =10, M, M, 0, M;, M} (9.20b)

Combining Equations (9.17) and (9.19) results in

{for} = (A {)- (9.21)

Express the incremental stiffness relation of the beam element as

{dfe} = [ke]{d}, (9-22)

where [k,] is the stiffness matrix of the pure beam element. If the beam is in elastic state, [k,] is determined
according to the method presented in Chapter 2 and [ks| = [kgc|, Whereas if it is in elasto-plastic state, [k] is
determined according to the method presented in Chapter 5 and [ky] = [kgp)-

By Equations (9.15), (9.21) and (9.22), the incremental stiffness relation between {dfy, } and {dd,, } can
be derived as

{dfyy} = kgyl{dég, }- (9.23)

The above is the incremental stiffness equation of the beam element with joint panels, where [k,;,] is the
stiffness matrix of the beam element including shear deformation of the joint panel given by

[kgr} = [Ag}T [kg] [Ag]~ (9‘24)



EFFECT OF SHEAR DEFORMATION OF JOINT PANEL ON BEAM/COLUMN STIFFNESS 153

!

.
L

: Iﬁxi

Figure 9.8 Deformation of the frame column

9.2.2 Stiffness Equation of Column Element with Joint Panel Subjected
to Uniaxial Bending

The deformation of a frame column subjected to uniaxial bending is given in Figure 9.8. Let

9.25a
9.25b

{6c}:{6zlv a1, 9.»'17 5227 b2, 0)'2}T7 ( )
{6} = {64y bu O s O30 Gy Oys ) (9.25b)
{f} ={Na, Qu, My, Na, Qo, My}, (9.26a)
{fcy}:{Nziv Qi Myi’ Myiv sz Qva Mw’v Myj}Tv (9~26b)

where {{. } is the vector of deformations at the column ends, {{, } is the deformation vector of the two joint
panels adjacent to the column, {f } is the vector of forces at the column ends and {f;, } is the force vector of
the two joint panels adjacent to the column.

Let M,,; and M,,; represent, respectively, the contributions of the actions at the column ends to the minus
of shear moment in the adjacent top and bottom joint panels as

1 1

My = 5 Mn A+ ZhgiQxlu (9.27a)
1 1

M,y = _EMyz - ZhgiQx2~ (9.27b)

Similar to that discussed for the beam element with joint panels, through the geometry relationship the
deformations of the column ends are related to those of the adjacent joint panels with

{6c} = [Ac]{écy}- (928)

Similarly, by equilibrium relationship of forces, the forces of the joint panels can be expressed with those of
the adjacent column ends as

{fe} = [AJ{:3, (9.29)
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where
(1 0 0 0 00 0 0
0 1 %hgi ihg, 00 0 0
Ac] = ) % ’ ’ (9.30)
0 0 1 0 0
0 0 0 1 - %hg,- - ihg/
1
_O 0 0 0 00 1 3
Assume the incremental stiffness equation of the column element be expressed as
{dfe} = [keJ{dsc), (931)

where [k] is the stiffness matrix of the pure column element and can be determined according to the
deformation state of the element by the method presented in Chapter 6. If the column is in elastic state,
[ke] = [kee], whereas if it is in elasto-plastic state, [ke] = [kcp)-

By Equations (9.28), (9.29) and (9.31), the incremental stiffness equation of the column element with
joint panels subjected to uniaxial bending can be derived as

(e} = ke {8}, (9.32)

where [k,] is the stiffness matrix of the column element subjected to uniaxial bending including shear
deformation of the joint panel given by

[kc}'] = [AC}TU{C}[AC]' (933)

9.2.3 Stiffness Equation of Column Element with Joint Panel Subjected
to Biaxial Bending

The deformation and force vector of the two joint panels connected to the column subjected to biaxial
bending may be expressed as

{6} = [{bei}"s {6}, (9-34a)
{6si} = {6z, 6w Oyis v Oyiv Oy ar 0u}, (9.35a)
{6y} = {8 bys Oys 7y Bs Oy vyr O3, (9.35b)
{fo} = W}, Ui}, (9.36)
it = {Naty Oxiv My, Moi, Oy, My, My, M}, (9.37a)
{foit = {Ny, Qg. My, My, Oy, My, My, M}, (9.37b)

where y,;, 7, 7); and y,; are, respectively, the shear deformations of the two joint panels about the x-axis and
y-axis of the column section, M,; and M,; are the contributions of the actions at the column ends to the minus
of shear moment in the joint panels about the y-axis of the column section and determined by Equation
(9.27), and M,; and M,; are the contributions of the actions at the column ends to the minus of shear moment
in the joint panels about the x- axis of the column section and determined by

1 1

Myxi = _E x1 +Zhgile7 (9383)
1 1

My = —5 M — Q. (9.38b)
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Noting that the deformation and force vectors of the column element subjected to biaxial bending are those
expressed in Equations (8.2), (8.4) and (8.1), (8.3), the stiffness equation of the column element in biaxial
bending with joint panels can be derived in the similar way as that for the column element in uniaxial
bending with joint panels. The incremental stiffness equation obtained has the same form as Equation (9.32)
and the expression of the corresponding stiffness matrix for the column element in biaxial bending with joint
panels is the same as Equation (9.33), but

[Aq] O
A = , 9.39
ma= % 39
where
10 0 0 0 0 1
1 1
0 1 Shy hy
1
00 1 -5 0 0 0 0
[Ad] = | | (9.40a)
00 0 0 1 Shy zhy 0
!
2
L 0o 0 1]
and
10 0 0 1
1 1
0 1 Shy hy
1
00 1 -5 0 0 0 0
[Ag] = 11 : (9.40b)
00 0 0 1 Shy yhy O
1
1 __
2
L 0 0 0 1]

9.3 BEHAVIOUR OF BEAM-COLUMN CONNECTIONS

Beams and columns in steel frames are generally connected with welding or bolting (usually using high-
strength bolts). Subjected to the bending moments at beam ends, deformation of connections occurs more or
less and is dominant by relative rotations as shown in Figure 9.9. For the connection with the top and bottom
flanges of the beam welded to the column while the web of the beam connected to the column with high-
strength bolts or also welding (see Figure 9.9(e)), rigid connection assumption with no relative rotation
between the beam and the column can be adopted in frame analysis because of the sufficient rotation stiffness
of the connection. For the connection where only the web of the beam is connected to the column (especially
with bolts, see Figure 9.9(a)), pinned connection assumption allowing for arbitrary relative rotation between
the beam and the column can be used in frame analysis because of lack of enough rotation stiffness.
Rigid beam—column connections have good moment-resistance behaviour, but the difficulty in
fabrication and erection for such connections is high. Configuration of pinned connections is relatively
simple, but their stiffness and energy-absorption capacity are low, which is disadvantageous to aseismic
design. Semi-rigid beam—column connections, however, are the compromise of rigid and pinned connec-
tions, and when used in steel frames, good comprehensive technique-economy index is hoped to achieve.
As the behaviour of semi-rigid connections evidently affects the stiffness and load-carrying capacity of
steel frames, clarifying the moment-rotation relationship and hysteretic behaviour of semi-rigid beam—
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Figure 9.9 Connection configurations and the corresponding moment—rotation curves
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column connections is a key point to static and dynamic analysis and design of steel frames involving such
connections.

This section is to summarize, based on previous investigations, the moment—curvature relationship and
hysteretic behaviour of some types of semi-rigid connections.

9.3.1 Moment-Rotation Relationship
9.3.1.1 Top- and seat-angle connection

The connection configuration is shown in Figure 9.10 and its moment-rotation relationship was given by
Maxwell, Jenkins and Howlett (1981) as

M = ko, when ¢ < ¢, (9.41a)
M =M, when ¢ > ¢, (9.41b)
4 /

Tk o ==

1

Figure 9.10 Top- and seat-angle connection
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where Ay, is the effective cross-sectional area of a bolt, /,, is the effective length of the bolt, as shown in
Figure 9.11, ny, is the number of bolts in the first row at the vertical leg of the angle in tension, / and #; are the
length and thickness of the angle, respectively, by, and b are the distances from the bolt centre to the back of
the angle and to the arc edge of the angle, respectively, d is the diameter of the bolt, /4 is the height of the
beam, E is the elastic modulus and oy is the yielding strength of the angle steel.

A similar moment—rotation relationship was also given by Frye and Morris (1975) as

@ =749 x 107°(kM) +7.00 x 10~ (kM)* + 6.37 x 10" (kM)?, (9.42)
in which

k=214 % 1074t(1)A5h71.5d71A1l*(),7’

where ¢ is the relative rotation between the beam and the column of the connection. The units of the
variables in Equation (9.42) are as follows: ¢ is in rad, M is in Nm and all units of dimension in the
calculation of k are in m.

9.3.1.2 Top- and seat-angle connection with double web angles

The connection configuration is shown in Figure 9.12 and its moment-rotation relationship was given by
Frye and Morris (1975) as

@ =1.976 x 1077 (kM) + 1.283 x 10~ (kM)? + 1.732 x 1072 (kM)°, (9.43)
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L
N

Figure 9.12 Top- and seat-angle connection with double web angles
in which
A\
—4.—1.128 ;—1.287 —0.4145;-0.6941
k=341x10""1 d t, I (a—§> ,

where 7, and 1, are the thicknesses of the angles at the flange and web of the beam and a is the length of the
vertical leg of top and seat angles. The units of the variables in Equation (9.43) are same as those in Equation
(9.42).

9.3.1.3 Flange- and web-plate connection

The configuration of the connection is shown in Figure 9.13 and its moment-rotation relationship was given
by Ackroyd (1987) as

ke
M Gty T -

in which

k = 0.5Ebth® /1,
M, = bthoy,

where [, b and ¢ are the length, width and thickness of the flange-connection plate, respectively, % is the
height of the beam and oy is the yielding strength of the connection plate.

4
T F—b—t
— — =~
N |

0

Figure 9.13 Flange- and web-plate connection
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Figure 9.14 Flush end-plate connection

9.3.1.4 Flush end-plate connection

The connection configuration is shown in Figure 9.14 and its moment—rotation relationship was given by
Kukreti, Murray and Abolmaali (1987) as

@ =5.695 x 107> (cM)"°, (9.45)

in which

~10,2.2277 ~2.616,~0.501 ,—0.038 ;—~0.849 | ~0.519 ~0.218 ,—1.539
¢ =1.230x 10" "p;='h ty "t d 8 ~ by L ;
_ Lok Ay

&b —50—577

A similar moment-rotation relationship was given by Kishi and Chen (1986) as

@ =1.62x 1073 (kM) +7.21 x 10-" (kM) 4 3.47 x 107'°(kM)°, (9.46)

in which
k=1383 x 1077 h >4 04013,

where f; and ¢, are the thicknesses of the flange and web of the beam, respectively, # is the thickness of
the column flange, b, and #, are the width and thickness of the end plate, respectively, Ay, is the cross-
sectional area of a bolt, pr is the minimum distance from the bolt centre to the outer edge of the beam
flange, and o1, and oy are the yielding strengths of bolts and end plate, respectively. The units of length,
moment and rotation in above equations are same as those in Equation (9.42), and the unit of strength
is Pa.

9.3.1.5 Extended end-plate connection

The connection configuration is shown in Figure 9.15 and its moment-rotation relationship was given by
Krishnamurthy et al. (1979) as

CM1.58

¢ =7.076 x 107 =, (9.47)

P



160 EFFECTS OF JOINT PANEL AND BEAM-COLUMN CONNECTION

l‘pH

Figure 9.15 Extended end-plate connection

in which
¢ = 172.1Bupy P A0,
B = 2.267 x 1075p06! (103 41.30,-0.26,,-1.58
p=6.38 x 10",

A similar moment—rotation relationship was given by Frey and Morris (1975) as

e for unstiffened connection:

@ = 1.62 x 1075 (kM) +7.21 x 1071 (kM)* 4 3.47 x 107" (kM)?, (9.48)

in which

k= 1.383 x 1077 (h +2p) 241, 0412

c )

e for stiffened connection:

@ =158 x 1075 (kM) + 1.21 x 107 °(kM)* + 1.11 x 10" (kM)?, (9.49)
in which

k= 1.639 x 107 (h + 2p;) **1:0¢

p k]

where 1, is the thickness of the end plate, by and #; are the width and thickness of the beam flange,
respectively, #, is the thickness of the beam web, f¢. is the thickness of the column flange, w is the bending
resistance moment of the beam, Ay, is the total cross-sectional area of the connection bolts in one row and py
is the distance from the centre of outside bolts to the edge of the beam flange. All units of above quantities
are same with those used in Equation (9.42).

Yee and Melchers (1986) and Boswell and O’Conner (1988) proposed another moment-rotation
relationship (as shown in Figure 9.16) for the extended end-plate connection as

—(ke — K,
M= Mp{l —exp [(M—pj_cq))(p} } + kp, (9.50)



BEHAVIOUR OF BEAM-COLUMN CONNECTIONS 161

M

4
Figure 9.16 Moment-rotation curve expressed in Equation (9.50)

where M, is the plastic moment of the connection, k. is the initial stiffness of the connection, k; is the
hardening stiffness of the connection and c is a factor with a value of 3.5 for the stiffened connection and 1.5
for the unstiffened connection.

A method to calculate M, k. and k, was proposed in detail by Yee and Melchers (1986).

9.3.2 Hysteretic Behaviour

The hysteretic behaviour of semi-rigid connections is actually the moment—rotation relationship of con-
nections in the process of loading—unloading-reloading. It has been verified from experiments that the
connection stiffness in unloading is equal to the initial stiffness (see Figure 9.17), by which a hysteretic
moment—rotation relationship of semi-rigid connections was proposed as shown in Figure 9.18 (Ackroyd

Figure 9.18 Hysteretic M—¢ relationship of a semi-rigid connection
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M

Figure 9.19 Trilinear hysteretic M—¢ model of a semi-rigid connection

and Gerstle, 1982; Azizinamini, Bradburn and Radziminski, 1987), in which the definitions of the variables
are same as those in Equation (9.50) except that M is defined as the initial yielding moment of the
connection.

A triple-linear model was used to approximately predict the hysteretic behaviour of semi-rigid connec-
tions by Moncarz and Gerstle (1981) and Stelmack, Marley and Gerstle (1986), as shown in Figure 9.19. In
the triple-linear model, k, is the average stiffness between the initial stiffness k. and the hardening stiffness
kp of connections.

For sake of application convenience, a hysteretic model as shown in Figure 9.20 was proposed by Li
and Shen (1990) with consideration of nonlinearity of the moment-rotation relationship of semi-rigid
connections. In this model, ¢, is the rotation corresponding to the plastic moment of connections. The
tangent stiffness of connections under arbitrary moment M can be determined as

o for loading:

ke
k= M| < M,, (9.51a)

1+ L %ﬂ?
k— 1)\ M,

k=ky, M| =My (9.51b)

e for unloading:

k = ke, (9.52)

Figure 9.20 Curvilinear hysteretic M—¢ model of a semi-rigid connection governed by Equations (9.51) and (9.52)
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where
ke |
kp M,
= -1 =B,
n & 1 ) q)e ke
Pp

The model illustrated in Figure 9.20 uses four parameters, namely initial stiffness k., hardening stiffness k;,
plastic moment M, and the corresponding ¢,, to determine the hysteretic moment-rotation relationship of
semi-rigid connections. If the M—¢ relationship is

M =f(o), (9.53)
then
dm
ke = — =f'(p), 9.54
=G0, @ (9.54)
dmM
ky = — =f'(o,), 9.55
P d([) oo, ( p) ( )
or
@ =gM), (9.56)
then
1 1
ke =—7—= , 9.57
& g0 537)
dM|,,_,
1 1
k= —— = . 9.58
P d_(/) g’(Mp) ( )
dM M=M,

4M,
Pp =40 = (9.59)
and M, can be solved from
M
s(My) =470 (9.60)

9.4 EFFECT OF DEFORMATION OF BEAM-COLUMN CONNECTION
ON BEAM STIFFNESS

Due to the deformation of the beam—column connection, the rotation of the beam end is not compatible with
that of the edge of the beam—column joint panel. To overcome this incompatibility, the stiffness equation of
the beam element with beam—column connections can be developed by regarding the vertical translation and
rotation of the edge of the two adjacent joint panels as unknown variables.
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Figure 9.21 Deformation of a beam with connection

9.4.1 Stiffness Equation of Beam Element with Beam—Column
Connections

The deformations of the beam element with beam—column connections are given in Figure 9.21, where 6,
and 6, are vertical displacements at both element ends (namely the displacements of the edges of the joint
panels adjacent to the two ends of the beam ), 6, and 8, are rotations of the edges of the joint panels, ¢, and
¢, are relative rotations due to flexible connections between the beam ends and the corresponding edges of
the joint panels, and ¢, and 6, are the real rotations of the beam ends.

Let
{6} = {61, 01, &, 62}, (9.61)
{5ga}:{5la Oa1, 62, 932}T7 (9.62)
{63 =10, ¢, 0, ¢}". (9.63)

Then
{6} = {0e} + {6} (9.64)

Assuming that the shear forces at both beam ends are, respectively, Q; and Q,, and the moments are M, and
Mz, let

{f}=1{01, M\, O, M}, (9.65)
{ful ={Q1, 0, @, 0}, (9.66)
{fm} =10, My, 0, My}", (9.67)
and then
{fe} = {fu} + {fen}- (9.68)

By the incremental stiffness equation of the pure beam element, the increments of {f, } and {6, } are related
by Equation (9.22). The incremental equation for the moment at the end of the beam and the relative rotation
between the beam and the column of the connection adjacent to the beam end can be obtained with the
tangent stiffness of the beam-to-column connection as

{dfgn} = [ku}{d(sa}v (969)
in which

[k'd} = dlag [05 k17 07 kz}a (970)
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where k; and k; are tangent stiffnesses of the beam-to-column connection corresponding to the moments at
the two ends of the beam, M; and M, respectively, which can be determined with the moment—rotation

relationship or hysteretic model of the connections, such as given by Equations (9.51) and (9.52).
With Equation (9.68), one has

{dfu} = {dfe} — {dfn}- (9.71)
Substituting Equations (9.22) and (9.69) into Equation (9.71) leads to

{dfu} = [keJ{dée} — [ku]{dés} = [ke|({déga} — {db;}) — [ka]{dé0}

(9.72)
= [kel{déga} — ([ke] + [ka]){dba}.
Express {dé,} as
{d‘sa} = [H]T{d(/)}> (973)
where
{do} = [do;, dp,", (9.74)
0100
[H] = { ] (9.75)
0 0 0 1
It is known from Equations (9.63) and (9.66) that {dé,} is orthotropic with {dfy }, namely
{d6.} {dfu} = {do}' [H{dfu} = 0. (9.76)
Due to the connection flexibility, {d¢} # {0} and then
[H]{dfu} = 0. (9.77)
Substituting Equation (9.73) into Equation (9.72) and then into Equation (9.77) results in
[H][ke]{d6sa} — [H]([ke] + [ka])[H]" {dg} = 0. (9.78)
Solution of {d¢} from the above equation is obtained as
{do} = ([H]([ke) + k) [H]") ™" [H]ke] {d8ga }- (9.79)
Substituting Equation (9.79) into Equation (9.73) leads to
{d6,} = [H]" ([H) (ko] + (k) [H]") ™" [H] ke {dbea} (9.80)
and then
{d6,} = {6} — {d6.}
(9.81)

= (1] = [H]" ([H] (k] + k][H]") ™ [H][ke]) {dEga}-
Finally, substituting Equation (9.81) into Equation (9.22) yields

{dfe} = [kea]{dga}, (9-82)
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in which
[kea] = [ke] — g (E] () ([Ke) + k] [H]") ™ [H ke, (9.83)

where [kg,| is the stiffness matrix of the beam element including flexibility of beam-to-column connections.

9.4.2 Stiffness Equation of Beam Element with Connections
and Joint Panels

When effects of connection flexibility and joint-panel shear deformation are considered simultaneously, the
stiffness equation of the beam element with connections and joint panels can be established. In this case, the
basic variables include vertical displacement of the centres of joint panels adjacent to the beam, and rotation
and shear deformations of the joint panels. With the similar derivation as in Sections 9.2.1 and 9.4.1, the
expression of the stiffness equation desired for the beam element with connections and joint panels can be
obtained as

{dfg}'} = [Agf{dfg} = [Ag]T[kga]{déga} = [Ag}T[kga} [Ag]{d‘sg'y} (9~84a)
or
{dfgv} - [kgav}{d‘sgv}v (9-84b)
in which
[kgav} = [Ag}TV‘ga} [AgL (9-85)

where [kgy,| is the stiffness matrix of the beam element including flexibility of beam-to-column connections
and joint-panel shear deformations.

9.5 EXAMPLES
9.5.1 Effect of Joint Panel

To examine the effect of joint panels on the lateral displacement of steel frames, consider a simple frame as
shown in Figure 9.22. This frame is actually a substructure of realistic frames (see Figure 9.23) and can

Joint panel <,

F— f |
Beam 1 I

Beam section

I

H
bty A1y T" [ ]

Column section

Figure 9.22 A subframe structure with the joint panel
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Figure 9.23 Typical bending moment distribution of the sway frame

reflect the characteristics of the lateral displacement behaviour of realistic frames. The geometries of the
structure size are as follows:

Ly =6m,L. =3.5m,h;, =0.6m,h. = 0.5m,
by =0.3m,t, =0.02m, b, = 0.4m, . = 0.02m.

The column and beam of the example frame are both symmetric H sections. For sake of simplification, omit
the web plate in the calculation of inertial moments of the beam, I, and the column, .. Then

hz
@::2bgg<§)::108x10*3mﬂ

h-2
Iczzmk(i) =1.00 x 107> m*.

Assume the thickness of the joint panel to be
t, = ct. = 0.02c,

where c is a factor greater than zero, on the value of which the thickness and stiffness of the joint panel
depend. The relationship between the elastic lateral displacement of the frame and the value of ¢ is discussed
in the following.

To stand out the effect of the joint panel, effects of axial force and shear deformation are ignored in
the elemental stiffness, and axial deformations of the structural components are also excluded. The basic
variables of the structure are horizontal displacement u, rotation 6 and shear deformation y of the joint
panel.

Subjected to the above assumption, each of the beams and columns is represented with a clamped-hinged
beam element (see Figure 9.24), and the elemental lengths are

L
@:f—

hy
2

| =

€ =275m, I = = 1.45m

[\
| &~

By introducing boundary conditions, elemental stiffness equations for each member of the structure are as
follows:
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Figure 9.24 Element division

e for beam 1:
Qo | _EL[ 3/ —3/I,][6u | _[ 01558 —0.4284 w103 b |
Mg [ 1, [ -3/, 3 Oy [ — | —0.4284 1.1782 O [
e for beam 2:
Qpn | _EL [3/I 3/I,][6n) _ [0.1558 0.4284 w103l %2\
Mg [~ 1, [3/l, 3 ||0nf  |04284 1.1782 0 [

e for column:
O | _ % 3/12 =3/I.|[oc | _ | 09841 —1.4269 < 103 bc
M. [ I -3/1, 3 0. [ | —1.4269 2.0690 0. [’

where 6,1, 0,1, 02, 052 6. and 6. are the displacement components corresponding to the force components
Qg1, Mgy, Op, Mg, Q. and M., respectively, and E is the elastic modulus.

Considering the effect of the joint panel, the stiffness equations of the beam and the column with the joint
panel are (referring to Sections 9.2.1 and 9.2.2)

e for beam 1:

, R
Qg 0.1558 —0.4284 1 —he/2 he/4
My b= | —he/2 1 x 103E
04284 1.1782 0o 1 12

Mg | he/d 12 y

[ 0.1558 —0.4674 —0.1947 y

— | —04674 14021 05842 | x 103E{ ¢},
| -0.1947  0.5842  0.2435 y

e for beam 2:

ngZ 1 v
0.1558 0.4284 3 [1 —he/2 h/4
My » = | —h/2 x 107°F 0
0.4284 1.1782 0 1 1/2
Mg, | he/4 1/2 y
[0.1558 0.4674 0.1947 v
= 04674 1.4021 0.5842| x 107°E{ 60 »;
| 0.1947 0.5842 0.2435 Y




EXAMPLES 169

e for column:

ch 1 u
0.9841 —1.4296 [l —hg/2 hy/4
My 3= |—hg/2 1 x 107°E 0
—1.4296  2.0690 0 1 1/2
M., | he/4 1)2 y
[ 09841 —1.7221 0.5658 u
= | —1.7221 3.0137 —0.9902 | x 1073E{ 6 3,
| 05658  —0.9902  0.3254 y

where Qg,1, Mgo1, Mgy1, Qgv2, Mgg and My, are the vertical shear, bending moment and shear moment
(negative) at the joint panels adjacent to beams 1 and 2, respectively, O, Mg and M., are the horizontal
shear, bending moment and shear moment (negative) at the joint panels adjacent to the column, respectively,
and u, v, 0 and y are the horizontal displacement, vertical displacement, rotation and shear deformation of the
panel of the example frame, respectively.

The elemental stiffness equation of the joint panel is

M, = Ghghctyy = (E/2.6) x 0.6 x 0.5 x 0.02cy = 2.3077cy.

The relationship G = E/2.6 is used in the above equation.
Force equilibrium of the structure includes

ch = F7
Mgy + Mggo + My =0,
My + Mgy + My = —M,.

Ignoring the axial deformation of the column, namely v = 0, results in the global stiffness equation of the
structure as

F [ 0.9841 —1.7221 0.5658 u
0 p=|-17221 3.0137 42 x 1.4021 —0.9902 + 2 x 0.5842 x 107°E{ 0
0 | 0.5658  —0.9902 + 2 x 0.5842 0.3254 + 2 x 0.2435 + 2.3077¢ Y

[ 09841 —1.7221 0.5658 u

= | —-1.7221 5.8179 0.1782 x 1073E{ 0

| 0.5658  0.1782  0.8124 4 2.3077c¢ Y

The solution of u from the above equation is
0.737 F
u= (2.108 +—) x 10°—.
c E

To specify the effect of the joint panel on the lateral displacement of the frame, two simplified
approaches neglecting the effect of joint-panel shear deformation are used to analyse the structure
additionally. They are

e approach I: neglecting the shear deformation of joint panels and treating joint panels as rigid bodies;

e approach II: neglecting the size of joint panels and extending the lengths of frame beams and columns to
the distances between the central lines of the frame members. For this example, let l; = L,/2 = 3.00m
and [, = L./2 =1.75m.
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Table 9.1 Variation of u/u; and u/uy with ¢

c 0.25 0.5 0.75 1 2 4 10
u/up 2.400 1.700 1.467 1.350 1.175 1.088 1.035
u/up 1.578 1.118 0.965 0.888 0.773 0.716 0.681

The lateral displacements by the above two simplified approaches are

u1:2.108><103f,
E

F
up = 3.204 x 10° =,
E

and then
u 0.350
i i)
Uy C
2
065842230
uy Cc

The relationship of u/u; and u/uy with ¢ is listed in Table 9.1, from which the following conclusions can be
drawn:

(1) The value of u/u; is always more than 1, which indicates that the neglect of joint-panel shear
deformation overestimates the frame stiffness.

(2) In approach II, the extension of beam and column lengths to the distances between the central lines of
the frame members underestimates frame stiffness, which partially counteracts the overestimation from
the neglect of joint-panel shear deformation. The value of u/u;; depends on the strength of the above two
factors. When the effect of the former is evident, u/uj; < 1, and when the effect of the latter is dominant,
ufug > 1. Ifu/uy = 1, these two effects kill each other.

(3) For general H-section columns, the range of ¢ is 0.5-1.0. Obviously, good estimation can be obtained in
elastic analysis of steel frames with approach II strategy if frame columns are H sections.

(4) Generally ¢ =2 for box-section columns, which underestimates frame stiffness in approach II. As
approach I will overestimate frame stiffness, a trade-off method is needed to approximately analyse the
frame with box-section columns. This trade-off method can be that neglect shear deformation of joint
panels and treat joint panels as rigid bodies, but the half size of a real panel is assigned to the
corresponding rigid body.

(5) Number of degrees of freedom reduces if joint-panel shear deformation is neglected in frame analysis.
However, if yielding of joint panels is possible in elasto-plastic analysis, the effect of joint-panel shear
deformation should be included, otherwise the analysis cannot catch the frame stiffness change due to
panel yielding.

9.5.2 Effect of Beam—Column Connection

To examine the effect of beam-to-column connection flexibility on lateral displacement of steel frames,
consider a single-storey frame with semi-rigid connections as shown in Figure 9.25, where I, and I. are the
inertial moments of beams and columns, respectively, [, and [ are the lengths of beams and columns,
respectively and k. is the elastic stiffness of the beam-to-column connection. The relationship between the
elastic lateral displacement of the frame and the k. value is discussed as follows.
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Figure 9.25 A single-storey frame with semi-rigid connections

To stand out the effect of connection flexibility, effects of axial force and shear deformation are ignored
in the elemental stiffness, and axial deformations of the beams and column and shear deformation of the
joint panels are also excluded. For sake of simplification, let

~

I EI EI
:£7 ke:icvkezicca

[ le le

where c is a non-negative factor and ¢ = 0 indicates a hinged beam-to-column connection, whereas ¢ = oo
is a fixed connection. The elemental stiffness equation of the beam is

My _% 4 2104 _& 4 210y
Mgz - lg 2 4 9g2 o . |12 4 ng ’
and those of the two columns are
12/13 —6/1, { u }
—6/1, 4 0 )’

{ ch } o %

Mcl B lC
12/ —6/I, {u}
—6/l, 4 b )’

{ Qc2 } o %
MC2 lC
where My and My, are the bending moments at the ends of the beam, Q.1, M, O, and M, are the shears
and bending moments at the top of the two columns, as shown in Figure 9.26, 5| and 6, are the rotations of
the beam at the ends, and 6., and 6., are the rotations of the two columns at the top.

As the connection is flexible, inequality occurs between the rotation of the beam end and that of the
adjacent column top, namely 61 # 6.1 and 0,5 # 0. The elemental stiffness equation of the column with

connection is
{Mg2 } B [kga]{ Og |7

o

A
Q
SR

M d M, c2
VRN VRN
—_— —

ch QCZ

Figure 9.26 Element division and elemental forces
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where
[kea] = [ke] — [k [H]" ([H]([Ke] + [ka])[H]") ™" [H][ke]-
Knowing
El. |4 2 ke O El.|¢c 0O

kel =~ {2 4}’ [kal = {o ke] =7 {0 c]

and
1 0
gives
2c 6+ 2c c
[kga}:12+80+cz{ c 6+2C:|.

The force equilibrium of the frame includes

My + M =0,
MgZ + M = 07
Oct + Q02 =F.

Then the global stiffness equation of the frame may be established as

r24 6 6 7
» 2 I I "
EI - 2
o\ _E| 6, 2c(16+2) 2¢ o
lc I 12 + 8¢+ ¢ 12 4 8¢ + 2
0 0
6 2¢? 4 26(16+2¢) <
L L 12 + 8¢ + 2 12 + 8¢ + 2]
The solution of u from the above is
24 +22¢ +5¢*  FL
U=———————— ¢
12(12 + 20c + 7¢?) El,
Table 9.2 Variation of u/ug and u/us with R
R 0 0.05 0.1 0.2 0.5 0.8 0.9 0.95 1.0
c 0 0.053 0.111 0.25 1.0 4.0 9.0 19.0 o0
u/ug 1.000 0.963 0.926 0.855 0.654 0.471 0.413 0.385 0.357
u/uoo 2.800 2.696 2.593 2.394 1.831 1.318 1.157 1.078 1.000
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If the beam-to-column connection is hinged, i.e. ¢ = 0, one has

FE
6EI

Uy =

If the beam-to-column connection is fixed, i.e. ¢ = oo, one has

SFP
Uso = .
84EI.
Let
R c
c=—- or R = R
1-R 1+¢

then R = 0 indicates a hinged connection, whereas R = 1 represents a fixed connection.
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The relationship of u/ug and u/u, with R is listed in Table 9.2, from which the following conclusions can

be drawn:

(1) Stiftness of the beam-to-column connection significantly affects the behaviour of steel frames.

(2) When the stiffness factor R < 0.1, the connection acts as a hinged one, whereas when R > 0.9, it acts as

a fixed one.



1 1 Shear Beam and its Elastic
and Elasto-Plastic Stiffness
Equations

11.1 ECCENTRICALLY BRACED FRAME AND SHEAR BEAM
11.1.1 Eccentrically Braced Frame

Eccentrically braced frames (see Figure 1.4) were proposed based on the requirement of seismic resistance
of structures. The building structures of good aseismic performance should have a balance among strength,
stiffness and energy-absorption capacity. It is true that concentrically braced frames have good strength and
stiffness behaviour, but their energy-absorption capacity is suspicious to satisfy aseismic requirement due to
the possible buckling of braces in compression. Meanwhile, although pure steel frames have good elasto-
plastic hysteretic behaviour and energy-absorption capacity, their stiffness is generally insufficient against
lateral loads due to winds or earthquakes, otherwise the design with sufficient stiffness will sometimes lose
economy. To satisfy the requirements of strength, stiffness and energy-absorption capacity simultaneously,
eccentrically braced frames are proposed as a compromise of concentrically braced frames and pure steel
frames for a better seismic resistance.

The working mechanism of eccentrically braced frames is different for different intensities of earth-
quakes. For small or moderate intensity of earthquakes, the contribution of the lateral stiffness of structures
mainly comes from eccentric braces, which act as braces in concentrically braced frames. For large intensity
of earthquakes, however, shear yielding occurs in eccentric beams to consume earthquake energy, and
eccentric braces are prevented from compressive instability. Hence, eccentrically braced frames act
similarly as pure frames for large intensity of earthquakes. So, the following two points should be noted
in the design of eccentrically braced frames: (1) the brace should be strong enough to ensure the adjacent
eccentric beam yielding taking place in advance; (2) the eccentric beam cannot be too long to ensure shear
yielding rather than other failure modes to maximize the load-carrying capacity of the eccentric beam, while
simultaneously keeping large lateral stiffness, and good ductility and energy-consumption capacity of the
structure.

11.1.2 Condition of Shear Beam

The beam yielding mainly due to shear is termed as shear beam in this book.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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-~

Figure 11.1 H-section beam

Generally, the beams of steel frames are of H sections (see Figure 11.1). It has three possible ways to form
plastic hinges for H-sectional beams: (1) the hinge forms when the bending moment reaches the sectional
plastic bending moment M,,, which is called the bending plastic hinge; (2) the hinge forms when the bending
moment reaches the flange-yielding moment M (M; < M;) and the section of the beam is subjected to large
shear force, which is called the bending-shear plastic hinge; (3) the hinge forms when the shear force reaches
web-yielding shear of the section Q,, although the bending moment is less than M, which is called the shear
plastic hinge. My and O, can be determined as

M, = (hg — 1) (br — tw)tos, (11.1)

Qp = (hy — 17)1w0/ V3, (11.2)

where oy is the yielding strength of the beam.
The curve of the moment—shear interaction and zones for the three types of plastic hinges are illustrated
in Figure 11.2. The moment—shear interaction curve can be expressed as

M-M)° 0 _
(M, — Mz)* O
0~ Q, for M<M. (11.3b)

I, for M > M, (11.3a)

Obviously, the shear plastic hinge has the largest shear-carrying capacity.
The force applied on the eccentric beam segment of eccentrically brace frames is given in Figure 11.3,
where the relationship of the moment and shear is

Ol =2M. (11.4)
QA
Shear plastic hinge
Qp* ******
| \Bending-shear plastic hinge
Zonelll \
\
Zonell
\ Bending plastic hinge
Zonel |
M, M, M

Figure 11.2 Conditions to form a plastic hinge in the beam section
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Figure 11.3 Forces in the eccentric beam

The critical length of the eccentric beam to form a shear plastic hinge can be derived from
Equations (11.3b) and (11.4) as

I ZM; (11.5)
= 0, .
Substituting Equations (11.1) and (11.2) into Equation (11.5) leads to
3.5b¢t,
po= (11.6)
ty
Then the condition of shear beam is
[ <. (11.7)

11.2 HYSTERETIC MODEL OF SHEAR BEAM

Many specimens were tested to investigate the elasto-plastic hysteretic relationship between the shear and
shear deformation of shear beams (Kasai and Popov, 1986; Roeder and Popov, 1978; Wyllie and Degenkolb,
1977; Yang, 1982, 1984). The cyclic test set-up and specimen of a shear beam is given in Figure 11.4(a), and
the hysteretic shear versus shear deformation curves obtained are given in Figure 11.4(b). The following
findings can be drawn from the test results:

(1) Shear beams have stable hysteretic performance and very good ductility. The ductility factor of shear
beams (ratio of maximum shear strain to shear yielding strain) may be larger than 100.

(2) The dominant failure mode of shear beams is the local buckling of beam webs. This failure can be
restrained or delayed by adding stiffeners to beam webs (see Figure 11.4(a)).

A bilinear model (see Figure 11.5) can be adopted to predict the hysteretic behaviour of a shear
beam. In Figure 11.5, Q is the shear force of the beam, § is the relative displacement at the two ends
of the beam, and k. and k, are the elastic and elasto-plastic shear stiffnesses of the beam, respectively,
given by

ke:77 kp:qkea (118)

where [ is the length of the beam, A is the cross-sectional area, y is the sectional shear shape factor and ¢ is
the hardening factor of the beam.
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Figure 11.4 Experiment of a shear beam under cyclic loading: (a) test set-up (1 in. =25.4 mm); (b) forces in shear
beam; (c) hysteretic curves

// ke ke

Figure 11.5 Hysteretic model of the shear beam

11.3 STIFFNESS EQUATION OF SHEAR BEAM

The stiffness equation of a shear beam can be derived from that of a general beam element involving the
effect of shear deformation as (neglecting the effect of axial force)

{dfe} = lkeo] {dég}, (11.9)
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in which
{d} =[dQ1, dMy, dQ,, dM,
{d6;} = [déy, oy, dby, d6y]",
- ! ] -
1 - 1 i
2 2
P l I
S @t D) —2 (2F— 1)
[ Wb —3 &=V (11.10)
(RN 1 ' N ’ :
2 2
l P l P
S -1 — (4P 1)—
L2 Ui 3 Wl
kB
F=— 11.11
" Er (11.11)
k = k. for the beam in elastic state, (11.12a)
or
k =k, for the beam in elasto-plastic state, (11.12b)

where Q, My, Q,, M, 61, 0y, by, are 01, are, respectively, the shear forces and moments at the two ends
of the shear beam and the corresponding deformations.

According to the method presented in Section 7.2.1, the stiffness equation of the shear beam with joint
panel (only one end of shear beam with joint panel) can be derived as

{dfey} = lkooy{dég; }, (11.13)
in which

{dfy} =[d0:, dM;, dQ;, dMj, dM,U]T7

{d6g} = [d&[, d@l, d&, dgj d"/_i]T,

ko] = [Agal" [keal [Aeal, (11.14)
[1 0 0 0 O]
010 0 O
[Agq] = | e By (11.15)
00 2 4
1
_0 0 0 1 3

where 6, 0;, 7;, Qj, M;and M,; are, respectively, the deflection, rotation and shear deformation of the joint
panel adjacent to the shear beam and the corresponding forces.



10 Brace Element and its
Elastic and Elasto-Plastic
Stiffness Equations

10.1 HYSTERETIC BEHAVIOUR OF BRACES

Braces are important members in steel frames to resist lateral loads. A brace is dominantly subjected to axial
force and then can be represented with a truss element (see Figure 10.1). The force in braces is simple, but
they are possibly buckled in compression, and elastic or elasto-plastic bending deformations take place
(Figure 10.2), which makes the relationship between the axial force and the axial deformation of braces
complex (Higginbotham and Hanson, 1976; Kahn and Hanson, 1976). A hysteretic curve of force versus
deformation of a brace obtained by test is illustrated in Figure 10.3.

The following hysteretic characteristics of braces are found by tests:
(1) The critical load of the second time buckling of a brace is evidently lower than that of the first time

buckling. And the buckling load thereafter is gradually reduced, but this trend is finally convergent.

(2) Bending deflection occurs in the brace buckled so that the axial stiffness of the buckled brace is small till
it becomes straight again.

10.2 THEORETICAL ANALYSIS OF ELASTIC AND ELASTO-PLASTIC
STIFFNESSES OF BRACE ELEMENT

A brace subjected to repeated and reversed loads (see Figure 10.4) can be categorized into seven states ( Jain
et al., 1980):
o State I: The brace is straight in elastic state (see 0—1 and 2—3 segments in Figure 10.4).

o State II: The brace buckles elastically in compression and bending deflection occurs (see 3—4 segment in
Figure 10.4).

e State III: The plastic hinge is formed at the mid-span of the brace under the actions of compression and
moment (see 4—5 segment in Figure 10.4).

e State IV: The brace is unloaded elastically but still in compression (see 5—6 segment in Figure 10.4).

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
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Figure 10.1 Force in a brace

Figure 10.2 Deformation of a brace
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Figure 10.3 Hysteretic force versus displacement curve of a brace by test

e State V: The brace is loaded reversibly in tension and in elastic state (see 6—7 segment in Figure 10.4).

o State VI: The plastic hinge is formed at the mid-span of the brace under the actions of tension and moment
(see 7-2 segment in Figure 10.4).

o State VII: The brace yields in tension and is straight (see 1-2 segment in Figure 10.4).
To obtain the axial stiffness of the brace in each of the above states, the following assumptions are made:

(1) the brace is subjected to only axial force, and the two ends are pinned;
(2) the stress—strain relationship of the brace is perfectly elasto-plastic;
(3) the brace is straight before loading and after yielding in tension;

(4) when the axial compression force of the brace reaches critical load N, global lateral buckling occurs,
but local buckling is precluded;
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NI N,

516,

Figure 10.4 Force—deformation states of a brace

(5) if'the axial force N (positive in tension) and bending moment M = Ny, (yn, is the lateral deflection at the
mid-span of the brace, see Figure 10.5) of the brace satisfy the following yielding function, a
concentrated plastic hinge is assumed to form at the mid-span of the brace:

T(M,N) =1, (10.1)

in which

. (E)Z, (102)

M
(M. N) = ’17 N
P P

where M, is the plastic bending moment of the brace about the axis of buckling and N, is the axial yielding
load of the brace;

112 12

Figure 10.5 Bending deflection of a brace
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(6) the rotation, stretch and contraction of the concentrated plastic hinge are assumed to be rigid plastic, and
plastic axial deformation and plastic rotation of the plastic hinge are associated with plastic flow rules;

(7) the axial deformation of the brace is composed of three parts:
6 = 0c + Op + 0p, (10.3)

where 6. is the elastic axial deformation of the brace, 8, is the axial deformation due to lateral deflection of
the brace and 4, is the plastic axial deformation of the brace.
For the sake of derivation convenience, define the following nondimensional parameters:

N Ner M _SEA 2x

- L= e N -
Np? nLr Np7 m Mp7 le? £ l

2 9
pe=Ne Ny JAMMY 2o
N, M, I \N, 2\ ne n\ E

where A and I are the cross-sectional area and moment of inertia of the brace, respectively, 4 is the
slenderness of the brace, /is the length of the brace, E and o are the elastic modulus and yielding strength of
the brace material, respectively, y is the lateral deflection of the brace and N, is the Euler critical load of the
brace, given by

n—=

(10.4)

Ne=22=. (10.5)

In view of the equilibrium of the brace after buckling, the differential equation is

7' 4 w’n=0. (10.6)
Introducing the boundary conditions 7| ¢=0 = Tim and | ¢=1 = 0, one can solve 7 from the above equation

as
1 = Nm[cos(wE) — ctgw sin(w)]. (10.7)

Then the axial deformation due to the lateral deflection is

1
2a 2 —an?,o* 1 ctghw
Bb=——73 / (n)°dé = —37%5 5—+ : (10.8)

sin” @ w

When the axial force of the brace is in tension (see 6—7 and 7-2 segments in Figure 10.4), the differential
equilibrium equation of the brace becomes

7' —w'n=0, (10.9)

and the contraction of the brace due to lateral deflection is

2 2
_ —anpo 1 ctghw
Ap = =y (sinh2 5 + ) (10.10)

In view of the parameters defined in Equation (10.4), the yielding function expressed in Equation (10.2)
can be rewritten as

I = |m| 4+ n* = |nun| +n* (10.11)
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The axial stiffness of the brace ki, can be expressed with the stiffness parameter ky as

dN _EA

kb:E_ka’ (10.12)
where
- dn 1
b =JA T dA, dA, A, (10.13)
dn dn dn
dA,
—=1. 10.14
T (10.14)

Summarizing the above assumptions and derivations, one can obtain the stiffness parameters of the brace
in different states:
e State I:

The identifying condition is —n,, <n <1, |m|=0.
In this state, A, = A, = 0, so that

ky = 1. (10.15)
e State II:
The identifying condition is n,, = n = constant, I' <0, |m| > 0.
Then
ky = 0. (10.16)
o State III:
The identifying conditionisI' =1, n <O.

In this state, a plastic hinge is formed at the mid-span of the brace. According to the plastic flow rule, the
plastic axial deformation and rotation components of the plastic hinge, 6, and 6, respectively, are

15[,:02—11;, OPZCS—AI/;, (10.17)
where c is the proportional factor and
0y = —2'|s=0. (10.18)
Equation (10.17) can be rewritten as
p:c%g—z, gopzczM—Né)g—’l;, (10.19)
where
@, = =21 |e=0 = —21mw ctgo. (10.20)
Eliminating ¢ from Equation (10.19) yields
dA, 2 8F/8n%: 2a OT'/On (%% %d_w) (1021)
dn  7wA29T/0m dn  @w?A2 9T /Om \Ony dn  Ow dn
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It can be known from Equation (10.4) that

do o
— = 10.22
dn 2n ( )
Noting that
T = fln| +n* =1, (10.23)
one has
dr dnm
il % + sgn(n)nm +2n =0, (10.24)
where sgn (-) is the signal function.
Solving dn,,, /dn from Equations (10.23) and (10.24) results in
dnm 1 1
—_— = — . 10.25
dn |n| (n + n) ( )
From Equation (10.11), one has
or' /o 2 2
on 2o (10.26)
or'/om sgn (m) sgn (n)
Substituting Equations (10.20), (10.22), (10.25) and (10.26) into Equation (10.21) leads to
dA,  8a|n| 1 1 ) )
— = tgw — — | =M | ctgo ——— | —|. 10.27
dn  7wA? wcgw‘n‘ nn) T m(cee sin® @/ 2n ( )
From Equation (10.8), one has
dAb - BAb d?]m + 8Ab dw
dn Oy dn | o dn
o O dn " (10.28)

2 2
an,w 1 ctgho 1 1 ctgw 1 2 cosw) @
= 2 - ) I (T — )
T2 A2 { (SiH2 w - w || " n flm ? + wsinfo  sin*ow /2n

The stiffness parameter k;, can then be determined by substituting Equations (10.14), (10.27) and (10.28)
into Equation (10.13).

e State IV:

The identifying conditionisI' <0, n <0, |m|>0.
This state is elastic and the plastic rotation ¢, at the end of state III remains unchanged, which yields
from Equation (10.21),

dA,
=P _
dn

Combining Equations (10.8) and (10.20), one has

2
ap 1 tgw
Ap=——2 (—4+ = 10.29

b 4m2\? (cos2 ® T ) ( )

and

dn ~ do dn 4mAZ

dA,  dA, do ap? (2 sinw  tgw 1 w) o (1030)
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e State V:
The identifying conditionisI' <0, n>0, |m|>0.
Compared to state IV, only the axial force changes its sign in this state. Note that ¢, can be
expressed as

@y = =21 |¢=g = —21mo ctgho, (10.31)

and from Equation (10.10), one has

da, a(pg 2 sinhw tghw 1 w (10.32)
dn ~— 472A2 cosh®w @  ®cosh’®w/ 2n .
In this state, it remains
as, _
dn
e State VI:
The identifying conditionis I' =1, n > 0.
Taking a similar derivation as in state III yields
dA,  8aln| 1 1 0\ o
s tghoo - (4 ) = (ctgho - ) 2 10.33
dn  7wA2 c0ng|}1| n+n T\ ™ Ginhw/ 20’ ( )

dAy anﬁjwz[ < 1 ctghw) 1 ( 1) (ctghw 1 2 coshm\ w
_ 5 . R A n - ){ 10.34
dn w2 A? sinh? @ o Jln| 1) "™\ T o sinfo  sinhw /20 ( )
e State VII:

The identifying condition is n = 1.
Then

ky = 0. (10.35)

10.3 HYSTERETIC MODEL OF ORDINARY BRACES

The hysteretic model of braces is a mathematical approach for describing the hysteretic relationship between
the axial force and the axial deformation of braces. The hysteretic model can be used to determine the axial
stiffness of braces subjected to repeated and reversed loading.

It is found from experimental investigations and theoretical analysis that the hysteretic behaviour of
braces is very complicated. For the purpose of engineering application, the hysteretic model of braces can be
simplified by reserving the principle characteristics, as shown in Figure 10.6.

In Figure 10.6, point A is the yielding strength in tension, B is the positive (in tension) unloading point, C
(C’) is the first critical load in compression, C” is the subsequent critical load in compression, D (D’) is the
load-carrying point after the first compressive instability, E is the negative (in compression) unloading point,
G is the intersection point of line BE and the horizontal line, N = N,,/2, H is the intersection point of line
BC and the horizontal line, N = N,/2, and F the mid-point of GH.

The relation of the axial force and deformation of braces is divided into five phases in this model : (1)
elastic deformation phase, AOC’, BHC; (2) yielding in tension, AB; (3) instability in compression, DE; (4)
disappearing of bending deformation and stretching, EF; (5) recovery to straightness in tension, FB.
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Figure 10.6 Simplified hysteretic model of ordinary braces

The hysteretic phase of braces depends on the cyclic state of the axial force and deformation of braces in
the loading process. Let N be the axial force of braces and dé the incremental of the axial deformation
(stretch is positive). The identifications of the different phases of a brace are as follows:

(1) If the brace is in elastic state 1 and not subjected to first compressive instability:
— when —N; < N < N, the brace retains elastic state (1);
— when N > N, the brace enters yielding in tension (2);
— when N < N, the brace enters instability in compression (3).
(2) If the brace is in elastic state 1, but subjected to first compressive instability:
— when —%Ncr < N < N, the brace retains elastic state (1);
— when N > N, the brace enters yielding in tension (2);
— when N < —%NC,, the brace enters instability in compression (3).
(3) If the brace is in yielding in tension phase (2):
— when dé > 0, the brace retains phase (2);
— when dé < 0, the brace enters elastic state (1).
(4) If the brace is in compression instability phase (3):
— when dé < 0, the brace retains phase (3);
— when dé > 0, the brace enters stretching phase (4).
(5) If the brace is in stretching phase (4):
— when —%NC, <N < %Nc,, the brace retains phase (4);
— when N > %Ncr, the brace enters recovery to straightness phase (5);

— when N < —%Nc,, the brace enters instability in compression phase (3).
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(6) If the brace is in recovery to straightness phase (5):
— when —%Ncr < N < N, the brace retains phase (5);
— when N > N, the brace enters yielding in tension phase (2);

— when N < f%Ncr, the brace enters instability in compression phase (3).

The axial stiffness of the brace in different phases is

e in phase (1):
EA
ky = T; (10.36)
e in phases (2) and (3):
ky, = 0; (10.37)
e in phase (4):
NC]"
= : 10.
by = 5 (10.38)
e in phase (5):
N, — Net/2
fp = 2= 10.3
b 6B — 6]-7 ) ( 9)

where g, 0 and Jf are the axial deformations at points B, E and F, respectively.

10.4 HYSTERETIC CHARACTERISTICS AND MODEL
OF BUCKLING-RESTRAINED BRACE

A buckling-restrained brace is based on an ordinary brace through coating a steel tube to restrain
buckling of the brace to induce the strength and stiffness reduction. A free—slip interface is ensured
between the inner steel brace and the outer steel tube without bonding (see Figure 10.7), or between the

Figure 10.7 Buckling-restrained brace coated with the outer steel tube
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Figure 10.8 Axial force—deformation relationship of the buckling-restrained brace

inner steel brace and the outer reinforced concrete or plain concrete filled in steel tube with bonding-
proof painting. Only the inner steel brace is connected with steel frame structures so that only the inner
brace is loaded. The outer steel tube or concrete is to restrain the lateral deflection of the inner steel
brace and to prevent it from local or global buckling. Therefore, the full strength and good ductility of
the buckling-restrained brace can be achieved (Higgins and Newell, 2004; Lopez, 2001; Wada et al.,
1998; Watanabe et al. 1988). The hysteretic behaviour of such buckling-restrained braces is clearly
superior to that of ordinary braces (Figure 10.8).

The hysteretic model in Figure 10.9 can be used for buckling-restrained braces for practical convenience,
where N, is the axial yielding capacity of braces in tension and compression, ky is the axial stiffness of
braces and ¢ is the hardening stiffness, normally g = 0.015. The following equations can be used to
determine N, and ky:

Np = Ao, (10.40)

ko = —. (10.41)

Figure 10.9 Hysteretic model of buckling-restrained bracing
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do, dd,
-—
M he
dM  Eng1 End2 d\z

Figure 10.10 Force and deformation of the brace element

10.5 STIFFNESS EQUATION OF BRACE ELEMENT

With the stiffness k,, the incremental stiffness equation of a brace in local coordinates as shown in
Figure 10.10 can be expressed as

dN1 = kb(d61 — d&z), (10.4221)
dN, = ky(d6, — dé). (10.42b)

It can also be expressed in matrix form as

{ﬂi}:kb[—ll _11}{22} (10.43)

If the effect of joint panels needs to be considered in structural analysis, the displacement, rotation and
shear deformation of joint panels should be included in the deformation vector, and the stiffness equation of
the brace element with joint panels should be established (Figure 10.11).

By the geometric relation, the deformations of brace end 1 and end 2 due to the displacement of joint
panels i and j are

doy = [Ap|{dbbz}, (10.44a)
déy = [Apj]{dévs}, (10.44b)
in which
o for upwardly inclined brace:
hyi hei . hyi hei .
[An] = {cos o, —sina, 7g cos o — 5 sin a, Tg cos o + T sin a} , (10.45a)
[Ay] = |cosa, —sina, —— coso+—Lsino, —- cosa——Lsinal; (10.45b)
2 2 4 4
h,

Inclined downwards

Inclined upwards

Figure 10.11 Braces in frame with joint-panel deformations
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e for downwardly inclined brace:

Ngi hei Ngi hei
[Ani] = {cos o, sino, —% cos o + % sino, —% cos o — f sin a} , (10.46a)
hyj he; hyj hej
Ay = {cos o, sina, Tg/ cos o — % sino, Tg/ cos o + f sin oc} , (10.46b)

where hg;, hei, hyj and he; are the height and width of joint panels i and j, respectively, and 6y;, 0z, Oyi, 7y
and é;, 6, 0y, 7,, are the horizontal displacement, vertical displacement, rotation and shear deformation
of joint panels i and j, respectively.

The forces to joint panels i and j from the axial forces of brace end 1 and end 2 are

{dfyyi} = [Au] N, (10.47a)
{dfins} = [Ay]"dNs, (10.47b)
in which
{dfii} = [dQu, dNu, dMy, dM,y]", (10.48a)
{dfiy} = [dQy, ANy, dM;, dM,]", (10.48b)

where Qy;, N, My;, M,y; and Q,;, N, M,;, M,,; are the horizontal force, vertical force, bending moment
and shear moment at joint panels i and j due to the axial force of the brace.

Combining Equations (10.43), (10.44) and (10.47) leads to the incremental stiffness equation of the brace
element with joint panels as

{dfiy} = Tkoy]{dény }, (10.49)
in which
{dfiy} = [{dfbyi}Tv {dbe»}Tr, (10.50)
{dooy} = [{d65,)", {d(sb«,y}T}T, (10.51)
An]"[Ab]  —[Ab]" [Ay]
[key] = ko : (10.52)

—[Ay] TAn]  [Ay]" [Ay]

where [ky,] is the stiffness matrix of the brace with joint panel.



12 Elastic Stability Analysis
of Planar Steel Frames

12.1 GENERAL ANALYTICAL METHOD

The elastic stability, which will be discussed in this chapter, is a classic eigenvalue (i.e. critical load) problem
in structural analysis. The following conditions are required in elastic stability analysis (Figure 12.1):

(1) Only concentrated loads in the vertical direction are applied on the nodes (intersections of two or more
frame members) of the steel frames considered.

(2) The frame is absolutely elastic.

(3) The axial deformation of frame columns is small and can be neglected.

(4) The frame is proportionally loaded.

The vertical concentrated loads applied to the frame can be expressed with vector {P}, and according to

condition (4) it can be written as {P} = a{Py} ({Po} is a reference load vector and « is the load factor). The

global stiffness equation of the frame, an assembly of the elemental stiffness equations of all the beams,
columns, bracings and joint panels of the steel frame, is

[kl{D} = {F}, (12.1)
in which
{u} {Fu}
{Dy=q 10} p.  {F}=q{F} ¢, (12.2)
{7} {F;}

where {u} is the horizontal deflection vector involving the deflections of all the floors of the frame, {6} and
{7} are, respectively, the rotation vector and shear deformation vector of the frame joint panels, and {F,},
{Fy} and {F,} are the force vectors corresponding to the deformation vectors {u}, {6} and {F,},
respectively. For the loading case described in Figure 12.1, {F} = 0 because {F,} =0, {Fy} =0 and
{F,} =0.

As the elemental stiffness matrix of the frame columns depends on the axial forces in them due to the
effect of geometrical nonlinearity and the axial forces are related to the vertical load {P}, the global stiffness

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Pl P2 P3 Pl P2 l P3

. N E S

Figure 12.1 Frame subjected to vertical loads on nodes

matrix of the frame [K] should be a function of {P} and finally a function of the load factor o under the
condition of proportional loading, namely

(k] = [k({P})] = [k(e{Po})] = [k(2)]. (12.3)

Before the frame buckles, the global stiffness matrix of the frame is positive definite, and it can be solved
from Equation (12.1) that {D} = 0. When structural instability occurs, {D} # 0, which means that Equation
(12.1) has nonzero solution and the global stiffness matrix satisfies

k()] = 0. (12.4)

Solving the above equation can yield a series of o and the minimum positive one, o, is desired. And the
critical load of the frame is

{Pcr} = o‘cr{PO}~ (125)

12.2 EFFECTIVE LENGTH OF PRISMATIC FRAME COLUMN
12.2.1 Concept of Effective Length

Analytical investigations indicate that there are two possible buckling modes for steel frames under vertical
loads applied at nodes: non-sway mode and sway mode (see Figure 12.2). Generally, sway instability of
frames is more possible because the critical load is lower. However, if frames are restrained in the lateral
direction, for example, with braces or concrete shear wall or tube (see Figure 12.1), the non-sway buckling
mode will occur.

Economical and rational design of a steel frame should ensure all of the frame columns buckling
simultaneously, which means that the stability of the frame is equivalent to the stability of an arbitrary
column in the frame, and the frame stability analysis can then be transferred to the analysis of the elastic
critical load of the arbitrary column. Express the critical load of the frame column, the axial force in the
frame column when the frame buckles, as the Euler load of a column with the same section of the frame
column as

T2 El

Ncr = 1727 (126)
0

where [y is called as the effective length of the frame column, given by

EI
e 12.7
0 ™ Ncr7 ( )
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@ (b)

Figure 12.2 Buckling modes of steel frames: (a) non-sway buckling; (b) sway buckling

and define 7 as the effective length factor of the frame column, expressed by

lo m EI
_o_" /= 12.
n=7 l\/Na7 (12.8)

where [ is the realistic length of the frame column.

A physical explanation of the effective length of a frame column is the distance between two antiflexural
points of the frame column in the buckling mode, as shown in Figure 12.3.

It can be seen that if instability occurs in all of the columns in a frame, exactly or approximately
simultaneously, the frame stability problem is actually that of the effective length determination of the frame
columns.

12.2.2 Assumption and Analytical Model
To simplify the calculation of effective length of frame columns, the following assumptions are adopted:

(1) Ignore the size and shear deformation effect of joint panels; the lengths of frame beams and columns are
treated as the distances between the intersections of the axes of beams and columns.

(2) Ignore the effect of shear deformation in frame beams and columns.

Anti flexural point

Figure 12.3 Instability of the portal frame
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(3) When instability of a frame occurs, the restrain moment provided by the beam is distributed to the
columns adjacent to the beam according to the linear stiffness ratio of the columns.

(4) The inter-storey sway-resistant stiffness provided by braces, shear walls and so on is distributed to the
frame columns on the same storey according to the sway stiffness ratio of the columns.

(5) In non-sway instability of a frame, the rotations at the two ends of a frame beam are of the same
magnitude in reverse directions, whereas in sway instability, the rotations at the two ends of the beam are
not only of the same magnitude but also in the same direction.

To determine the effective length of one arbitrary column in the frame with sway-resisting stiffness, as
shown in Figure 12.1, only the effect of the beams directly connected with the column is considered, whereas
that of other beams is ignored. For example, in the analysis of the effective length of column 1-2 in Figure
12.2, only subframe 1-2-3-4-5-6 is considered. Furthermore, a simple model as shown in Figure 12.4 can
be used to calculate the effective length of the column, where C; and C; are the rotational restrain stiffnesses
to the top and bottom of the column from the adjacent beams, B is the sway-restrained stiffness to the column
from the braces, shear walls and so on. Based on assumptions (3) and (4), C;, C; and B can be determined by

D,
B= By (12.9)
S0,
e for non-sway instability: )
Cl=2e=—Y i, (12.10)

czzzziczzz'zg; (12.10)

e for sway instability:

Cr=6e=—Y i (12.10)

_ c ,
G —62i02212g, (12.10)

where D, is the sway stiffness of the column, which can be determined with the D-value method (Long and
Bao, 1981; Yang, 1979), 3 D, is the sum of the sway stiffness of all the columns at the same storey as the
column considered, By, is the inter-storey sway stiffness to the column, provided by the braces or shear walls,
which can be calculated as the inverse of the inter-storey drift of the braces or shear walls when a unit load is
applied at the location of the top of the column considered to the braces or shear walls, i is the linear
stiffness of the column considered, which is equal to the ratio of the inertial moment to the length of the
column, Y ijc and Y iy, are the sum of the linear stiffnesses of the columns intersected at the top and the

lN
oo

N ) @§¢
wf

Figure 12.4 Analytical model of the effective length of the frame column
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bottom of the column considered, respectively, and > i1g and > izg are the sums of the linear stiffnesses of
the beams intersected at the top and the bottom of the column considered, respectively.

12.2.3 Formulations of Effective Length

Based on the elemental stiffness equation of columns, the approach for determining the effective length of a
frame column with arbitrary sway-restrain stiffness can be established. Let §; and 6, be the rotations at the
top and bottom ends of the frame column and u the relative drift between the two ends of the column; the
equilibrium equation at buckling of the subframe shown in Figure 12.4 is

k1101 + k1202 + kizu = 0,
k2101 + ka0 + kozu = 0, (]2.]1)
k3101 + k3z05 + kazu = 0,

in which
ki = 4ic¢3(061) + Cy,
kia = ky1 = 2icapa(d),

6i.
kiz = k31 = T’l/)z(ﬁ%l)»

kpo = 4icyp3(ad) + Cy,

6i.
koz = k3p = 77/)2(061)»

12,

ks ==~

77/11 (Od) + By

where [ is the length of the column and 1, (a/) — 14(ol) are the modification factors to stiffness of elements
in compression. When the effects of shear deformation are neglected, v (o) — 4 (al) are determined by
Equation (2.44). The factor « is determined by Equations (2.10) and (12.8) as

al =1 , (12.12)

gl =

s
n

where N is the axial force applied to the column and 7 is the effective length factor of the column.
In view of Equation (12.4), the instability condition of the subframe shown in Figure 12.4 is

ki kiz ks
kot kyp kxz | =0. (]2.]3)
ka1 ks ka3

Equation (12.13) is suitable not only to sway instability of frames, but also to non-sway instability of frames.

For the case of non-sway instability, let B = oo, whereas for the case of sway instability, B should be
calculated with Equation (12.9). The effective length factor of the frame column can then be determined as

n=max(n;, "), (12.14)

where 7, is the effective length factor of the frame column in the non-sway instability mode and 7, is that in
the sway instability mode.
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Solving n; and 7, from Equation (12.13), respectively, leads to

2
{(1) 12k + ko) — 4k1k2} T sin—
m m

m
(12.15)
m 2 ™
-2 (k] + kz) (7) +4k|k2 cos— + 8k|k2 = O7
m m
7T 3 ™ 7T m 2 ™
(—) {6(/(1 +k2)—COS—+ 36k ky — (—) :| sin—}
up Uy 2 2 Uy
m 2 ™ m
+k{ (7) +6(k; + k) — 36k1k2} = sin— (12.16)
R M
7T 2 7T
—6 (k1 + k2) (—) —|—12k|k2:| COS — + 72]{1]{2} =0,
Yy mn

in which

kl:zilg’ ,Q:Zizg k=B (12.17)
Zilc ZiZC le

From Equations (12.14)—(12.16), the effective length factor of the frame columns can be calculated. Let
k=0, k=1 and k = oo; the effective length factors 7y , 71 and 7, for different values of k; and k, are
calculated and tabulated in Tables 12.1-12.3, respectively, where 7 is the effective length factor of the
columns in pure frames under the condition of sway instability without any sway-restrain stiffness,
whereas 7, is that in frames under the condition of non-sway instability with infinitely large sway-
restrain stiffness.

When the beam-to-column connection is pinned, rigid or semi-rigid, k; and k, in Equations (12.15) and
(12.16) and Tables 12.1-12.3 should be modified as follows:

(1) For the column of single-storey frames, or the column of the first storey in multi-storey frames, k, = 0 if
the column base is pinned and k, = oo if the column base is fixed to the foundation.

(2) If the connection at the immediate end of the beam to the column considered is pinned, the linear
stiffness of the beam is taken as iy = Ig/lg = 0 for calculating k; or k; in Equation (12.17).

(3) If the connection at the far end of the beam to the column considered is pinned, the linear stiffness of the
beam i should be multiplied with the factors a as
e for non-sway instability: a = 1.5;
o for sway instability: a = 0.5.
These two factors are determined by the ratio of the moments induced by unit rotation at the immediate end
of the beam. For non-sway instability (see Figure 12.5(a) and (c)), the ratio of the two moments is

a=3/2=1.5; for sway instability (see Figure 12.5(b) and (d)), the ratio of the two moments is
a=3/6=0.5.

(4) If the connection at the far end of the beam to the column considered is fixed, the linear stiffness of the
beam i, should be multiplied with the factors a as
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Figure 12.5 Moment of the beam with unit end rotation

NS

e for non-sway instability: a = 2;

e for sway instability: a = 2/3.

These two factors are obtained by the ratio of the moments in Figure 12.5(d) to that in Figure 12.5(a) and to
that Figure 12.5(b), respectively.

(5) If the connections at both ends of the beam are semi-rigid, i, should be multiplied with the factor
a as

o for non-sway instability: a = 2b/(2 + b);
e for sway instability: a = 6b/(6 + b),

where b is the factor of the rotational stiffness of the semi-rigid connections, ke, i.e. ko = big or b = ke /i,.

The calculation of a in this case is obtained according to the total rotational stiffness of the beam at both
ends with semi-rigid connections depending on the serial relation of the rotational stiffness of the beam itself
and that of the semi-rigid connections.

12.2.4 Simplified Formula of Effective Length

Equations (12.15) and (12.16) are transcendental equations, and it is not convenient to calculate the effective
length factors of frame columns with them. Three special solutions of Equations (12.15) and (12.16) when
k =0,k = 1 and k = oo for the effective length of columns varying with k; and k; are listed in Tables 12.1—
12.3. For practical purpose, the values of the effective length of columns in Tables 12.1-12.3 can be fitted by
the formula with variables k; and k,.

It can be found by checking Equation (12.16) that if k = BI? /i, = 60, namely B = 60i./I?, the effective
length factor of the column in the laterally restrained frame is nearly equal to that of the column in the non-
sway instability frame. It can therefore be justified that the instability of the frame column with B = 60i. />
belongs to the non-sway instability type. Because the sway-restrain stiffness of the column itself is
S. = 12i. /1>, so when the external sway-restrained stiffness to the column is five times the sway-restrained
stiffness of the column itself, instability of the frame column is generally non-sway.
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16 - ---e---By Equation (12.16)  k;=k;=10

15 r —— By Equation (12.18b) k;=k,=10
14

---a---By Equation (12.16)  k;=k;=5

13
12 | ——— By Equation (12.18b)  k,=k,=5
11 ---e--- By Equation (12.16)  k;=0.2, k,=5
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—— By Equation (12.180) k,=0.2, k=5

Figure 12.6 Effective length factor of the frame column versus sway-restrain stiffness

Through statistical study, the effective length factor of frame columns with arbitrary sway-restrain
stiffness can be calculated with the following formula:

1.6 + 4(ki +ka) +7.5kik>
_ for k=0 12.18
" \/ ki + ky + 7.5k ky 7 . 7 ( !
e = 2’70 —.  for 0<k<60, (12.18b)
14 (o k)
2 60
34 LA(k + k) + 0.64k ky for k> 60, (12.18¢)

T30 + k) + 1.28kks

where 7 is the effective length factor of the frame column with arbitrary sway-restrain stiffness, 7 is that of
the frame column with none of the restrain stiffness in sway instability and 7, is that of the frame column in
non-sway instability.

The values of the effective length factor for frame columns with sway restrain obtained with Equation
(12.16) through numerical analysis and with Equation (12.18b) are compared in Figure 12.6. Good
agreement can be seen in that comparison.

12.2.5 Modification of Effective Length

The premise of using effective length of columns to the elastic stability analysis of a steel frame is that the
instabilities of all of the frame columns occur simultaneously. Otherwise, the critical load by the effective
length method will not agree the realistic one, and the effective length should be modified.

12.2.5.1 Sway instability frame

Analysis indicates that the total load supported by the columns on one storey of a frame does not vary much
with various load distributions on the frame with sway instability, by which the effective length of the
columns on the same storey can be modified.

Assume the forces and inertial moments of the columns on a certain storey of the frame are N; and I;
(i=1,2,...,m, where m is the sum of the columns in the storey), respectively, and the effective lengths and
then the critical loads of these columns can be calculated according to the methods in Section 12.2.3 or 12.2.4 as

2
Ncﬁ:WEi’, i=1,2,....m, (12.19)
(mil)

where [ is the height of the storey.
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If
Ne N Ny

=2 —...= (12.20)
Ncrl Ncr2 NCl'm

the instabilities of all of the frame columns occur simultaneously, and thus the effective length in Equation
(12.19) need not be modified.
If Equation (12.20) is not satisfied, modification of the effective length should be conducted. For this, let

m

m m m
DONG=D (@N)=a) (N)=) N (12.21)
Jj=1 j=1 j=1 j=1
Then, the critical load modified is
N; M
Ny =aNi = ——>  Neg. (12.22)

cri
(Nj) !
=1

So, the modified effective length factor of the frame column becomes

EI;
W = ; = (12.23)
cre
Combining Equations (12.19), (12.22) and (12.23), one has
m
(N) ;
h= | (12.24)

12.2.5.2 Non-sway instability frame

Analysis also indicates that the total load supported by the columns in the same vertical line of a frame does
not change with various load distributions on the frame with non-sway instability, by which the effective
length of the columns at different storeys but in the same vertical line can be modified.

Assume the forces and inertial moments of the columns in the same vertical line of the frame are,
respectively, N; and [; (i = 1,2,...,n, where n is the total storey number of the frame in the vertical line).
The critical load represented by the effective length without modification is

w2 El
(mili)*’

With the similar derivation as that for the sway instability frame, the modified effective length factor for the
non-sway instability frame is obtained with

Newi = i=1,2,....n (12.25)

m=5 | : S— (12.26)
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12.2.6 Effect of Shear Deformation on Effective Length of Column

The effects of shear deformation of frame beams and columns are neglected in the above derivations. When
the slenderness of the beams and the columns is small, it is necessary to include the shear deformation effect
in the stability analysis of frames. In this section, a simplified method will be introduced.

The calculation of the effective length of the column remains as described above, but the linear stiffness
ig of the beam adjacent to the column is modified to involve the shear deformation effects as

e for non-sway instability:
i’g = ig; (12.27a)

o for sway instability:
1
!

L= e (12.27b)

i
where i’g is the modified linear stiffness of the beam with shear deformation and r is the impact factor of shear
deformation, given by

12 /LbEI b

r= ,

GApl2

(12.28)

where E and G are the stretch and shear elastic modulus, respectively, A, and [, are the sectional area and
inertial moment of the beam, respectively, /, is the length of the beam and p, is the shear shape factor of the
beam as illustrated in Figure 2.3.

After the determination of the effective length factor 7 of the column involving shear deformation effects
of all relevant beams, 77 can be modified further to involve the shear deformation effect of the column itself as

2 El,
A P (12.29)
GA.(nl.)

where 7/ is the modified effective length factor of the column with shear deformation, A, and I, are the
sectional area and inertial moment of the column, respectively, /. is the height of the column and g is the
shear shape factor of the column.

It should be noted that 7, /Ap/2 and I /Ac(nlc)2 in Equations (12.28) and (12.29) are, respectively, the
inverse of square of slenderness of beams and columns, which indicates that the smaller the slenderness of
beams and columns, the larger the effects of shear deformation on the effective length of columns.
Analytical investigations demonstrate that when the slenderness of frame beams and columns is larger
than 35, the shear deformation eftect can be ignored.

12.2.7 Examples
12.2.7.1 Effect of sway-restrain stiffness on effective length of columns

To examine the effect of sway-restrain stiffness on the effective length of frame columns, a symmetric
single-storey frame as shown in Figure 12.7 is investigated using the general analysis method. In Figure
12.7, i represents the linear stiffness of the frame columns, and f§ and k are parameters with arbitrary values.

There are three degree of freedoms in this frame, namely two rotations at the beam ends, 6, and 6,, and
the lateral storey drift of the frame, u. As axial forces are applied to the frame columns, the stiffness
equations of the two columns are established as beam elements in compression as

G 11—22%(11) *%ﬁz(al) { u } :{ch }
—?1/}2(11) () | L0 Me:
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Vi

7 T

Figure 12.7 A symmetric single-storey frame

12 6
. 7 Wi(ed) = Sa(ad) {u} {ch}
A =
6 y
v s (a) 02 Mz
and the stiffness equation of the frame beam without the axial force is

4 2[00 _ | Mg
ey Sl {mt- )
where Qc1, M. and Q.», M. are the shears and bending moments at the top of the two columns, respectively,

and My and My, are the bending moments at the two beam ends.
The equilibrium equations of the frame include

Mcl + Mgl = 07
My + Mg2 = 07
Qc1 + Q2 = Byt = ~2k 5 Eu.
So, the global stiffness equation of the frame is obtained as
24 2k 6 6
171/11 (o) ta —71/12(051) —71/)2(061)
u 0
. 6
Ei|  —gua(al)  4s(od) + 4P 28 b p =40
6 0, 0
—7¥ (ad) 2 43 (o) + 4B
and the instability condition of the frame is
24 2k 6 6
1—21/11 (o) t —71/12(061) —71/&(061)
6
—ba(al) A +4p 26 =0
6
—sz(ocl) 28 4p3(al) + 4P

Substituting Equation (2.44) into the above equation one can obtain the positive minimum root of (o/),
denoted as (/). And the effective length factor of the frame columns according to Equation (12.12) is

obtained as
T

e

cr

The ratio, a, of the sway-restrain stiffness B, to the frame lateral stiffness and the effective length factor n of
the frame column with various values of 5 and k are listed in Table 12.4, from which one can find that
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Table 12.4 Variation of 7 and a with f and k

k p=04 p=1.0 =50 f =00
a n a n a Ul a n
0 0 1.329 0 1.157 0 1.033 0 1.000
0.5 0.098 1.281 0.073 1.124 0.049 1.011 0.042 0.980
1.0 0.197 0.237 0.146 1.094 0.099 0.990 0.083 0.962
2.0 0.394 1.162 0.292 1.041 0.198 0.951 0.167 0.927
3.0 0.591 1.099 0.438 0.995 0.297 0.917 0.250 0.896
5.0 0.985 1.000 0.729 0.929 0.495 0.859 0.417 0.843
8.0 1.576 0.893 1.167 0.832 0.792 0.790 0.667 0.779
10 1.970 0.840 1.458 0.787 0.990 0.752 0.833 0.744
20 3.939 0.683 2917 0.641 1.979 0.624 1.667 0.621
30 5.909 0.663 4.375 0.626 2.969 0.548 2.500 0.548
50 9.848 0.663 7.292 0.626 4,948 0.546 4.167 0.500
00 9] 0.663 00 0.626 00 0.546 o0 0.500

(1) the sway-restrain stiffness of frames affects the effective length of frame columns significantly;

(2) when ratio a of the sway-restrain stiffness to the corresponding frame lateral stiffness is more than 5, the
effective length of the frame column is equal to that with a = oo, which indicates thatif a > 5, the frame
buckles generally in the non-sway mode.

12.2.7.2 Calculation of effective length of frame columns

To demonstrate the determination of the effective length of frame columns, study a symmetric two-storey
frame as shown in Figure 12.8.

In this frame, k; = 3.0 and k, = 1.0 for upper storey columns, and k; = 1.0 and k, = oo for lower storey
columns. The ratio of the axial force applied to the inertial moment of all the frame columns is P/I, which
implies that the critical loads of the upper storey columns are less than those of the lower storey ones.
Evidently, the effective lengths of all the frame columns are of the same value, and the instability will occur

P 2P P o
2l 2l 4k —
IS
| 2l |
P 2P p
i Wik E
8k —
21 2 B
_ 2 41 2

g 2 Vd ”
—I

R

A A A

Figure 12.8 A symmetric two-storey frame
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simultaneously to all the upper storey columns of the frame. Checking with Tables 12.1 and 12.3, the
effective length factors of the frame columns for k = 0 and k = oo are

n = 1210, 7. =0.704.

Or, the effective length factors can be obtained with Equations (12.18a) and (12.18c) as

_\/1.6+4x(3+1)+7.5x3x1_1230
N 34+1+75x3x1 S
3414x(34+1)+064x3x1
o = S 1AXBHDF064x3xT 500

342x(B+1)+1.28x3x1

Good agreement between the table-listed and the formulated results indicates that the simplified formulae
have satisfactory accuracy.

The sway-restrain stiffness factor of the upper storey column is &, and when k£ = 1.0, the effective length
factor of the frame column can be calculated by Equation (12.18b) as

1.21
- 12\ (1 03
0.7042 60
When k = 3.6, the effective length factor of the column becomes
1.21
= 0.995.

M =
( (128 Y36\
0.7042 60

If the exact method, i.e. the general analysis method presented in Section 12.1, is used to analyse this frame,
the effective length factors of the columns for k = 1.0 and k = 3.6 are, respectively, taken as

n, = 1.156, 1, = 0.964.
The relative errors between the above two methods are —6.5 and 3.2 %, which indicates a good accuracy of
the formulae for calculating the effective length of frame columns.
12.2.7.3 Modification of effective length of frame columns
Example 1
Figure 12.9 gives a single-storey frame with hinged column bases, the column parameters of which are

e for column A:

lq:%:ls and k= 0;
e for column B:
30 303
k=210 _ 5333 and k=0

4.5
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P 6.5P 2.5P
§r
301 301
- | 45| 3l
b A B
10, c
2 ] 3

Figure 12.9 A single-storey frame

e for column C:
30 x 3
ky =
! 10

/3=3 and k, =0.

Checking with Table 12.1, the effective length factors of the above columns are
na = 2.04, ng =2.07, nc = 2.13,

and the elastic critical loads of the columns are

o for column A, Ny = nEI/(2.04])* = 0.240Ng;
e for column B, Ng = 7E(4.51)/(2.071)* = 1.050Ng;
e for column C, Ny = 7E(3I)/(2.131)* = 0.661Ng.
Although the actual axial forces applied on the columns are
Po =P, Py =65P, Pc =25P,
obviously
Py

Pg , Pc
—F—F
Na’ Ng’ Ne

209

As the precondition that instability occurs to all the columns of the frame simultaneously is not satisfied in
this case, Equation (12.24) should be used to modify the effective length factor of the columns. The modified

values are
10P i
/ — —_ =
W= \"p 1 L ASL 2.26,
2042 2072 2122
10P 451
! — _ =
™= lesp T st 3l 1.88,
20422072 2122
10P 31
;o el _
e = |25p 1 asl 3l 2.48.
2042 2072 2122

The values modified coincide with those obtained by the exact analysis method.
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Example 2
Figure 12.10 is a symmetric two-storey non-sway frame, the column information of which is as follows:

e for upper columns:

ki =1, ky = 0.5 and then 1 = 0.813;

e for lower columns:

ki = 0.5, ko = 0o and then n = 0.656.
So, the critical load capacities of the frame columns are

e for upper columns: Ny = wEI/(0.813[)* = 1.51Ng;
o for lower columns: Ny = wEI/(0.6561)* = 2.32Ng.

The actual axial forces applied on the upper and lower columns are, respectively,
Pr =P, Py = 2P.
Obviously,

Pr , Pg
Nt '’ Ng’
Then, the modification of effective length factors is necessary. For such purpose, let

Pt + Pg = Nt + Ng.

The critical value of P when instability of the frame occurs is then obtained as

1.51+2.32
= """ Ng = 1.28Ng.
‘P P
)r I
[ |
i i
EP
[ |
)r —t —t

L |

Figure 12.10 A symmetric two-storey non-sway frame
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And the effective length factors modified are

e for upper columns: 7' = /1/1.28 = 0.884;

e for lower columns: ' = /1/(2 x 1.28) = 0.628.

The values of the effective length factors modified above can also be calculated with Equation (12.26),
which coincide with those obtained by the exact analysis method.

12.3 EFFECTIVE LENGTH OF TAPERED STEEL COLUMNS
12.3.1 Tapered Columns Under Different Boundary Conditions

Examine four types of common boundary conditions, as shown in Figure 12.11, for tapered columns. Define
taper ratio as o = (dy/dz) — 1, where d; and d are the cross-sectional height at large and small ends of
tapered columns, respectively. After obtaining the elastic critical load of a tapered column with a definite
value of taper ratio, P, one can obtain the effective length factor of the column with the reference of the
parameter of the column at the small end as

/1 E2 7 /EIZ
= = —4/— 12.30
i Pcr L Pcr7 ( )

where I, is the inertial moment of the small end of the column, £ is the elastic modulus and L is the length of
the column.

If the effect of shear deformation is excluded, the effective length factor of tapered columns can be
determined with the methods presented in Sections 12.2.2 and 12.2.3, which can be fitted by

o
179(:c—Q—(Ko—c)-exp(—R>7 (12.31)

where K is the effective length factor of the corresponding prismatic columns with the same boundary
conditions and c is a constant relevant to the boundary conditions. The values of K and c are

Ky = 2.0, ¢ =0.3800 for boundary condition a,
Ko = 1.0, ¢ =0.3155 for boundary condition b,
Ky = 0.7, ¢ =0.2218 for boundary condition c,
Ky = 0.5, ¢ =0.1656 for boundary condition d.

\\X\\]\\

ja—
(b)

—~
QD
=

e B —
—

Figure 12.11 Four boundary conditions of tapered columns: (a) large end fixed and small end free; (b) both ends hinged;
(c) large end fixed and small end hinged; (d) both ends fixed
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s Theoretical results

1.6 — Fitted formulation results

. . . . . . . o

0 05 1 15 2 25 3 35 4

Figure 12.12 Effective length factor of tapered columns versus taper ratio under four boundary conditions (neglecting
shear deformation effects)

The comparison of the values of 7, obtained with the exact analytical method and with Equation (12.31) is
given in Figure 12.12.

Generally, the effect of shear deformation on column stiffness relates to the column slenderness. The
slenderness of tapered columns can be defined using small end parameters as A = L/+/I>/A,. When the
value of 4 is small, the effect of shear deformation is large and otherwise it is small. For tapered columns, the
effect of shear deformation increases with the taper ratio a. So, the effective length factor of tapered
columns, 77, considering the effect of shear deformation can generally be expressed as

My = Ble, ), (12.32)

where f3 is the magnification factor of the effective length factor due to reduction of column stiffness caused
by shear deformation, which is a function of slenderness 4 and taper ratio o of tapered columns simulta-
neously. The relationship of § with A and o obtained by numerical study is given in Figure 12.13.

20 40 60 80 100 120 140 20 40 60 80 100 120 140
(b)

20 40 60 8 100 120 140 20 40 60 80 100 120 140
© ()

Figure 12.13 Magnification factor of the effective length factor under four boundary conditions: (a) condition a;
(b) condition b; (¢) condition c; (d) condition d
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From Figure 12.13, it can be found that among the four boundary conditions shown in Figure 12.11, the
effect of shear deformation is more evident on the value  under conditions ¢ and d, and for the same
boundary conditions, the greater the taper ratio with smaller slenderness, the greater the effect of shear
deformation. So, when the taper ratio of tapered columns is small and at the same time the slenderness is
relatively large, the effect of shear deformation on the effective length factor is negligible and this condition,
to make f§ < 1.05, can be expressed as

2> +€10(+€20€2 -i-e;;f)637 (12.33)
where the parameters are

Ao =20, e; =21.30, e; = —7.50, e3 = 1.17 for boundary condition a,
Ao =139, ey = 12.17, e; = 1.00, e3 = —0.167 for boundary condition b,
Ao = 65, ey =32.85, e = —14.36, e3 = 2.58 for boundary condition c,

Ao = 80, ey =24.76, e; = —7.86, e3 = 1.67 for boundary condition d.

If the condition in Equation (12.33) is not satisfied, the effect of shear deformation is proposed to be
considered. Through numerical studies, the magnification factor § can be expressed as

B = fole) +fi(e) 'eXP<—/1T—520> > 1.0, (12.34)

where fy(o) and f; («) are given by

e for boundary condition a:

fo(2) = 1.0003 — 0.0009770x + 0.001142,
fi(2) = 0.048 37 4 0.056 58a + 0.006 090;

e for boundary condition b:
fo(e) = 1.0058 — 0.002 5300 4 0.000 857102,
fi(e) = 0.1720 4 0.095 730 + 0.011 860%;

e for boundary condition c:
fo(a) = 1.0150 — 0.008 1600 + 0.000 69294
fi(e) = 0.3527 4+ 0.17350 + 0.018 894%;

e for boundary condition d:

fo(2) = 1.0254 — 0.009 220¢ + 0.005 41062,
fi(e) = 0.5589 4 0.3153x + 0.026 8202

12.3.2 Tapered Column in Steel Portal Frame

The steel portal frame with tapered columns as shown in Figure 12.14 is widely used for industrial buildings.
Effective length factors of such tapered columns are given in the Chinese specification (CECS, 2002) for
simplifying safety check on the stability of tapered columns. But the specification values do not involve the
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Figure 12.14 A flat steel portal frame

effect of shear deformation. In reality, tapered columns employ, in most cases, H sections with linearly
varying web height and constant flange width.

12.3.2.1 Effective length factor excluding effects of shear deformation

Define the effective length factor of the tapered columns in a steel portal frame as

m2El
e 12.35
"l P H?’ ( )

where P, is the elastic critical load of the steel portal frame, /.o is the inertial moment of the small end of the
tapered column in the frame and E is the elastic modulus.
Introduce two parameters

Icl

n="=2L 12.36
Ic() ( )

k=D (12.37)
TaL

where I is the inertial moment of the large end of the tapered column, j, is the inertial moment of the frame
girder, and H and L are the height and span of the portal frame, respectively.

After the numerical results of the elastic critical loads of steel portal frames are obtained, the effective
length factors of tapered columns in steel portal frames can be calculated with Equation (12.35). These
numerical values are compared with the specification values (CECS, 2002), as listed in Table 12.5. Good
agreement between them can be noted.

12.3.2.2 Effect of shear deformation

Define the slenderness of tapered columns in steel portal frames as

do = (12.38)

\V4 Ic()/ACO 7

where A is the sectional area of the small end of tapered columns.
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Table 12.5 Values of 7, for tapered columns excluding effect of shear deformation

K
n 0.1 0.2 0.5 1.0 2.0 10.0
50 Given in CECS (2002) 0.706 0.591 0.518 0.494 0.484 0.475
Calculated with Equation (12.35) 0.704 0.588 0.516 0.493 0.481 0.473
20 Given in CECS (2002) 1.095 0.889 0.758 0.713 0.693 0.682
Calculated with Equation (12.35) 1.077 0.881 0.751 0.708 0.687 0.670
10 Given in CECS (2002) 1.473 1.208 1.008 0.942 0.929 0.869
Calculated with Equation (12.35) 1.495 1.201 1.002 0.933 0.918 0.871
5 Given in CECS (2002) 2.053 1.641 1.341 1.229 1.176 1.140
Calculated with Equation (12.35) 2.065 1.644 1.337 1.228 1.173 1.129
1 Given in CECS (2002) — 3.420 2.630 2.330 2.170 2.000
Calculated with Equation (12.35) 4.405 3.404 2.627 2.327 2.164 2.033

It is found that the effective length factor of tapered columns varies with only » and K if the effect of shear
deformation is neglected (Li and Li, 2000). However, when the effect of shear deformation is considered, the
slenderness of tapered columns A, has significant influence on the effective length factor 7,. In general, the
larger the slenderness, the smaller the effect of shear deformation on the effective length factor of tapered
columns in steel portal frames.

In a similar way with that in Section 12.3.1, define the magnification factor as

/
B :%, (12.39)
o

where 1), and 7, are the effective length factors including and excluding the effect of shear deformation,
respectively. It is very clear that the magnification factor f indicates the severity of the shear deformation
effect on the stability of tapered columns in steel portal frames. If § is obtained, 7/, can easily be calculated
with Equation (12.39) and the previously known values of 7,.

Table 12.6 gives the values of the magnification factor f§ varying with n and K when 4. = 23.67. It can be
found that the magnification factor reduces with n when K is constant. However, when » is constant, the
magnification factor varies slightly with K. For the purpose of simplification, g can be used to represent all
the values of f# with K ranging from 0.1 to 10.0. The even value of the maximum and minimum values of f§
for each n can be used for fi, as listed in Table 12.6.

12.3.2.3 Modification to specification values
By using fi, the magnification factor becomes a function of A. and n. Figure 12.15 plots a group of curves

for fig versus A under five values of n, by which one can quickly estimate the magnification factor of the
effective length factors for tapered columns in practice.

Table 12.6 Values of ff when 4. = 23.67

K
n 0.1 0.2 0.5 1.0 2.0 10.0 PE
50 1.278 1.330 1.365 1.372 1.360 1.358 1.325
20 1.177 1.215 1.227 1.226 1.208 1.182 1.202
10 1.161 1.159 1.168 1.158 1.119 1.142 1.144
5 1.124 1.126 1.128 1.125 1.115 1.091 1.110

1 1.064 1.064 1.071 1.067 1.059 1.066 1.065
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Figure 12.15 Magnification factor versus slenderness of tapered columns

After a careful examination of Figure 12.15, it can be found that when

Je = 361/0.02n + 26, (12.40)

the magnification factor is less than 1.05, so that the effect of shear deformation on the stability of tapered
columns in steel portal frames is negligible.
The values of fig in Figure 12.15 can be further expressed with the following equation:

Be = Be(n, 2e) = L0+ fi(n) - e 7T 4 fy () - e Uem17790/22, (12.41)

where
fi(n) = 0.02903 + 0.00991 — 0.000 34161> + 0.000 004 1551° (12.42)
f(n) =0.06523 4 0.011 201 — 0.000 1056n°. (12.43)

The fitted values in Equation (12.41) are compared with the original f; values in Table 12.7.

Table 12.7 The analytical and fitted values of fig

n

Ae 50 20 10 5 1
17.750 Analytical value 1.550 1.364 1.267 1.200 1.105
Fitted value 1.550 1.371 1.265 1.189 1.115
23.670 Analytical value 1.328 1.218 1.157 1.117 1.061
Fitted value 1.319 1.217 1.150 1.107 1.067
35.505 Analytical value 1.157 1.102 1.072 1.054 1.028
Fitted value 1.163 1.112 1.076 1.054 1.035
47.340 Analytical value 1.092 1.059 1.042 1.031 1.016
Fitted value 1.094 1.064 1.044 1.031 1.020
59.175 Analytical value 1.056 1.038 1.027 1.020 1.010
Fitted value 1.055 1.038 1.025 1.018 1.012
71.010 Analytical value 1.041 1.027 1.019 1.014 1.007
Fitted value 1.032 1.022 1.015 1.011 1.007
82.845 Analytical value 1.031 1.020 1.015 1.010 1.005

Fitted value 1.019 1.013 1.009 1.006 1.004
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12.3.2.4 Example

To explain the modification process of the effective length factor of the tapered columns in steel portal
frames due to shear deformation, take an example from the case shown in Table 12.6 for 4. = 23.67. When
n =50 and K = 0.1, it can be checked out that f = 1.278 and fip = 1.325 from Table 12.6 and that
1, = 0.706 from Table 12.5. Hence, the accurate effective length factor considering the shear deformation
effect is ), = fn, = 1.278 x 0.706 = 0.902, whereas the corresponding approximate value is
My = Pene = 1.325 x 0.706 = 0.935. The relative error between 7, and 17, is only 3.7 %, which indicates
that S gives a good approximation of f.



13 Nonlinear Analysis of Planar
Steel Frames

The structural nonlinearities include geometric and material nonlinearities. The geometric nonlinearity is
due to the additional actions which result from the structural displacements and the position changes of loads
applied on the structure considered. The geometric nonlinearity is generally associated with the second-
order effect. For steel frames, the geometric nonlinearity is mainly due to the P— A effect, which on the
resultant and deflection of a cantilevered column is illustrated in Figure 13.1.

The material nonlinearity is that the structural material exhibits nonlinear stress—strain relationship after
the stresses of frame members exceed the linearly elastic limit. The structural resultants and displacements
are influenced by the material nonlinearity.

The structural analysis methods can be divided into four types, according to whether the geometric or
material nonlinearity is considered, as

(1) the first-order elastic analysis (neither nonlinearity considered);
(2) the second-order elastic analysis (geometric nonlinearity considered);
(3) the first-order elasto-plastic analysis (material nonlinearity considered);
(4) the second-order elasto-plastic analysis (both nonlinearities considered).
The tasks in structural nonlinear analysis include structural nonlinear response analysis (static and
dynamic displacement and resultant analysis), ultimate load-carrying capacity analysis and structural

dynamic stability (or collapse) analysis. The static nonlinear response analysis and ultimate load-carrying
capacity analysis of planer steel frames will be discussed in this chapter.

13.1 GENERAL ANALYSIS METHOD
13.1.1 Loading Types

Two loading types can be categorized for the loading of steel frames used for buildings or other engineering
structures. One loading type is that only vertical loads are applied (see Figure 13.2(a)), corresponding to the
load combination of vertical dead load and vertical live load. The other is that both vertical and horizontal
loads are applied (see Figure 13.2(b)), corresponding to the load combination of vertical dead load plus
vertical live load plus horizontal loads induced by wind or earthquakes. Generally, the loading sequence of
the second loading type is that first the vertical loads are applied and then the horizontal loads are applied.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 13.1 Effect of geometry nonlinearity: (a) loading condition; (b) excluding P— Aeffect; (c) including P— A effect
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Figure 13.2 Loading of frame structures: (a) vertical loading; (b) vertical and horizontal loading

13.1.2 Criteria for the Limit State of Ultimate Load-Carrying Capacity

Due to the geometric and material nonlinearities, the structural stiffness relates to the structural resultants
and displacements. Assume at one moment the vector of forces applied to the structure considered to be {F}
and the displacement vector to be {D}, so that the transient state of the structure can be defined as

Q= ({F}, {D}). (13.1)

Based on the state €2, let the incremental force vector be {dF} and the corresponding incremental
displacement vector be {dD}, which should satisfy the incremental stiffness equation as

{dF} = [K(Q)){dD}, (13.2)

where [K(2)] is the structural tangent stiffness matrix in the state €.
If the structure is in stability state (see Figure 13.3), the work done by {dF} must be positive, namely
{dD}'{dF} = {dD}"[K(Q)]{dD} > 0 and [K(f2)] is a positive definite matrix. If the structure is in
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Figure 13.3 States of the frame loaded

instability state, the work done by {dF} must not be positive, namely {dD}" {dF} = {dD}"[K(©)]{dD} < 0
and [K(€2)] should be a nonpositive definite matrix. It can be seen that whether [K(£2)] is a positive definite
matrix or not is a criterion for the limit state of the structural ultimate load-carrying capacity. Actually, the force
vector {dF'} corresponding to the state 2 when [K(€2)] becomes a nonpositive definite matrix is the structural
load-carrying capacity.

According to theory of linear algebra, the necessary and sufficient condition of [K] being positive definite
is

ki>0, i=12,....n, (13.3)
and
kiy ki ki
k k e ko
e >0, i=1,2,...,n, (13.4)

where k;; is the element of the ith row and the ith column in the matrix [K].
If one of the above conditions is dissatisfied, [K] is nonpositive definite.

13.1.3 Analysis Procedure
In the structural nonlinear analysis, the loading process can be divided into many load increments

{dF:}, {dF,} and so on. The loading process should meet the realistic loading condition, and it is not neces-
sary to take a proportional loading. The calculation when the mth incremental loading is processed can be

m—1

{Fu1} => {dF}, (13.52)
i=0

{Dm—l} :’i{le}7 (135b)
i=0

Qm—l = ({Fm—l}7 {Dm—l})7 (135C)

{dDm} = [K(mel)]il{dFm}a (136)

where {Fo} = {dFo}, {Do} = {dDo} for m =1 is the initial loading and displacement state. In the
calculation of the mth incremental loading, if [K(£2,—1)] is nonpositive definite, there can be surety that
the ultimate load-bearing capacity of the structure is between {F,,_,} and {F,_,}. For the sake of
conservation, {F,,_} can be taken as the ultimate load-bearing capacity of the structure.
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To enhance the accuracy, the following can be referred in the calculation:

(1) Increase the number of loading increments, namely reduce the value of loading incremental, but this will
also increase the computational cost.

(2) With the same number of loading increments, adopt larger loading incremental when the structure is in
elastic state and smaller one when in elasto-plastic state.

(3) If [K(£2,—1)] being nonpositive definite has been detected, more refined loading incrementals to represent
{dF,,—1} can be employed and the accuracy of the ultimate loads of the structures can be improved.

It should be noted that the geometric nonlinearity enlarges with the development of material nonlinearity
in structures. Second-order elasto-plastic analysis, therefore, should be used for structural elasto-plastic
response or ultimate load-carrying capacity analysis. Large error will be introduced if the first-order elasto-
plastic analysis is used for that purpose.

13.1.4 Basic Elements and Unknown Variables

In the nonlinear analysis of planar steel frames, basic elements include beams, columns, braces and joint
panels. Effects of shear deformation of beams and columns, axial deformation of columns, shear deforma-
tion of joint panels and relative rotations of beam-to-column connections need to be considered, whereas the
effect of axial deformation of beams can be excluded. The basic unknown variables are the horizontal
displacements on each frame storey, the vertical displacements at the centres of joint panels and the rotations
and shear deformations of joint panels (see Figure 9.6).

When relatively large concentrated loads or distributed loads are applied within the span of frame beams,
plastic hinges may occur within the beam spans, so that the beam elements with internal plastic hinges must
be used, or the frame beam should be subdivided into two or more beam elements and the additional nodes
are inserted at the possible positions to form plastic hinges. The vertical displacements and rotations of such
nodes added are also the basic variables.

13.1.5 Structural Analysis of the First Loading Type

For the analysis of the planar steel frame, as shown in Figure 13.2(a), applied with only vertical loads,
the actions of all the loads should be first equalized to vertical forces, moments and shear moments at
the nodes or joint panels of the frame, and then the incremental global stiffness equation of the frame can
be established by assembling the elemental stiffness equations of the beams, columns, braces and joint
panels as

[ Rl -] v

where {dD, } is the incremental vector of horizontal displacements at each floor of the frame, {dD,} is the
incremental vector of vertical displacements, rotations of joint panels and nodes added within beam spans,
and shear deformations of joint panels, {dF,} is the incremental vector of horizontal forces at each floor of
the frame and {dF.} is the incremental vector of vertical forces, moments at joint panels and nodes added
within beam spans and shear moments at joint panels.

For the first loading type, {dF,} = 0. By static condensation, Equation (13.7) becomes

[K:]{dD.} = {dF.}, (13.8)

where

(K] = [Ke] = (Ko [Ka] ' [Ked]- (13.9)
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Based on Equation (13.8), using calculation procedures proposed above as in Equations (13.5) and (13.6),
one can obtain the force—displacement relationship of the structure analyzed. Once [K;] is nonpositive
definite, the structure reaches its limit state for supporting the vertical loads.

The difference between the structural elasto-plastic load-bearing capacity analysis of the first loading
type mentioned above and the structural elastic critical load analysis given in Chapter 10 is that (1) loads
applied within the beam spans and axial deformations of columns can be considered in the former, but not in
the latter; (2) with the same vertical loads, the solution of the latter is the upper boundary of that of the
former; (3) in mathematics, the former is the nonlinear simultaneous equations problem, whereas the latter is
the eigenvalue problem.

13.1.6 Structural Analysis of the Second Loading Type

For the planar steel frame, as shown in Figure 13.2(b), applied with both vertical and horizontal loads, the
analysis of the frame subjected to the vertical loads can be conducted at first as in Section 13.1.5. After that,
the structure should be stable and then the horizontal loads are added in the following analysis.

In the analysis of the frame subjected to the horizontal loads, the structural state obtained in the analysis
with only vertical loads is taken as its initial state. As {dF,} = 0 in the analysis of applying horizontal loads,
by static condensation, Equation (13.7) becomes

[KJ{dD.} = {dF.}, (13.10)

where
(K] = [Ku] — [sz][Kzzrl (K- (13.11)
Based on Equation (13.10), using calculation procedures proposed above as in Equations (13.5) and (13.6),

one can obtain the force—displacement relationship of the structure analysed. Once [K,] is nonpositive
definite, the structure reaches its limit state for supporting the horizontal loads with constant vertical loads.

13.1.7 Numerical Examples
Example 1

Four three-storey single-bay steel frames were tested and their elasto-plastic deformations and load-carrying
capacities were obtained (Ding, 1987). Three of the frames tested are analysed here using the second-order
elasto-plastic method with beam elements.

The geometric sizes of the frames tested are given in Figure 13.4, and the arrangement of the loads for the
tests is shown in Figure 13.5. The loading sequence is that first the vertical loads are applied and kept
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Figure 13.4 Geometrical sizes of the frame tested
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constant, and then the horizontal loads are applied and increased until frame failure. The horizontal load
versus horizontal displacement relationship results obtained through theoretical analysis and test measure-
ments are both illustrated in Figure 13.6, and the values of the load-carrying capacities are compared in
Table 13.1. Good agreement is found in those comparisons which indicates that the second-order elasto-
plastic analysis can provide satisfactory prediction of the elasto-plastic behaviour and load-carrying
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Figure 13.6 Horizontal load—displacement curves of the frame tested

capacity of steel frames.

Table 13.1 Horizontal load-carrying capacity of the frame tested (kIN)

Number of specimens H; (tested) H, (analysed) HH;'H‘ x 100%
Specimen 1 0.570 0.579 1.58
Specimen 2 0.650 0.665 2.31
Specimen 3 0.490 0.485 —1.02




GENERAL ANALYSIS METHOD 225

_ F_
350% 10 230 16
— Y
N 220% 20
e - Column of 6th story /
o and above 600x 10
@ ——
1S .
j(f 450% 10
& — \ 360% 20
N Beam
Column of 5th story
Eff - and below
© Unit :mm

Figure 13.7 Frame and member sizes of Example 2

Example 2

A 10-storey three-bay semi-rigid steel frame is illustrated in Figure 13.7. The distributed vertical load on
each storey (including roof) is 16 KN/m, the initial stiffness and plastic moment of the beam-to-column
connections are, respectively, k. = 1.4 X 10°kNm /rad and M, =95 x 10° kN 'm, and the moment-rota-
tion relationship of the connections as shown in Figure 9.20 is assumed. Let F denote the horizontal loads on
each floor of the frame and D denote the horizontal displacement at the top of the frame. The complete F —D
curves obtained with six different considerations are illustrated in Figure 13.8, where

o | represents considering F1-F5 effects;

o Il represents considering F2—F5 effects;

III represents considering F3—F5 effects;
e [V represents considering F4 and F5 effects;

e V represents considering F5 effect;

VI represents considering F3—F5 effects and using the conventional structural analysis model.

The conventional structural analysis model is that the effect of joint panels is neglected and the lengths
of frame beams and columns are calculated according to the distances between their central axes. Effects
F1-F5 are defined as follows:

e F1: effect of beam-to-column connection flexibility;
o F2: effect of joint-panel shear deformation;
e F3: effect of geometric nonlinearity;
e F4: effect of beam and column shear deformation;
e F5: effect of material nonlinearity.
The results of analyses with considerations I-V show that the effects such as connection flexibility,

joint-panel shear deformation, geometric nonlinearity, and beam and column shear deformations are
significant for the performance of steel frames. A comparison between II and VI analyses indicates that
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Figure 13.8 Horizontal load—displacement curves of Example 2 frame with various considerations

it is possible for the conventional structural analysis model to produce large error in elasto-plastic analysis of
steel frames.

13.2 APPROXIMATE ANALYSIS CONSIDERING P— A EFFECT
13.2.1 Formulation

As the pure steel frame is relatively weak in lateral stiffness, the second-order effect (P— A effect) has large
impact on the horizontal displacements and internal forces of the frame. It is therefore necessary to consider
the P— A effect in the analysis of the frame of the second loading type. The numerical cost increases when
the second-order elasto-plastic analysis is pursued for the P—A effect. In this section, an approximate
approach for elastic analysis of steel frames considering the P— A effect is introduced for the purpose of
engineering application.

Assume that the horizontal displacement at the ith floor of the frame by the first-order elastic analysis is
u;. The inter-storey drift A; at the ith storey is then

A,‘ = U — Uj_1. (1312)
As shown in Figure 13.9, the additional shear force at the ith storey due to the P— A effect is

hi

dv, = (13.13)
where V; is the shear force at the ith storey, P; is the total gravity load above the ith storey and 4; is the height
of the ith storey.

The additional inter-storey drift due to the additional shear force dV;; is

dA,‘ = A,‘ = A,‘. 13.14
7 Vih; (13.14)
In turn, dA;; will lead to the additional shear force dV;, as
PidAy  P2A?
vy = R (13.15)

h; Vih? '’
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and dV;, will also further result in the additional inter-storey drift dA;, as

_dVp o (PA :
ddp =520 = (Vihi) A (13.16)

Repeating the above procedures, the final storey drift A considering the P— A effect can be obtained as

A=A+ dAy +dAp +dAs + - -

A (13.17)
=A(+og+d+ad+-)= ,
1- o
where
;= . 13.18
%= (13.18)

So, to consider the P— A effect, the resultant of columns and braces at the ith storey of the frame by the first-
order elastic analysis should be multiplied with the magnification factor 1/(1 — «;), whereas the resultant of
the beams with the magnification factor 1/(1 — &;), where &; is given by

o; = a;, for the top storey, (13.19)

;= M%, for other storeys. (13.20)
Obviously, presented above is the approximate approach for considering the P— A effect on steel frames,
based on the results of the first-order elastic analysis.

13.2.2 Example

To specify the procedure and validity of the above simplified method considering the P— A effect, a five-
storey frame is illustrated in Figure 13.10. The vertical loads and the horizontal loads on each floor of the
frame are assumed to be the same. The horizontal displacements at each floor of the frame obtained with the
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Figure 13.10 A five-storey frame. Bending stiffness of beams: EI, = 2.11 x 10’ kN m; bending stiffness of columns:
El. =122 x 10°kNm

Table 13.2 The analytical results of a five-storey frame with the P— A effect

First-order analysis Second-order analysis Relative error(%)
Number Al A7 ., .
of floor wem A =u; —uy; Vi(KN) P;(KN) o 171% (approximated)  (exact) = ;,,Ai A"AT,A'
Fifth 3.909 0.261 50 1593 0.0185 1.019 0.266 0271  3.69 1.85
Fourth 3.648 0.491 100 3186  0.0348  1.036 0.509 0.524  6.30 2.86
Third 3.157 0.736 150 4779  0.0521  1.055 0.776 0.804  8.46 3.48
Second 2421 0.987 200 6372 0.0699 1.075 1.061 1.110 11.08 441
First 1.434 1.434 250 7965  0.0761 1.082 1.552 1.639 1251 5.31

approximate and exact analysis methods are listed and compared in Table 13.2. By this comparison, it is
shown that Equation (13.17) can be validly used to modify the results of the first-order elastic analysis.

13.3 SIMPLIFIED ANALYSIS MODEL CONSIDERING P—A EFFECT
13.3.1 Development of Simplified Model

To involve the P— A effect, a geometry stiffness matrix can be added to the elemental stiffness matrix of
frame columns (see Equation (2.49)). As the geometry stiffness matrix relates to the axial force in columns
and the axial force of columns is variable under the loads applied, the elastic stiffness matrix of column
elements in frames is not constant, but is variable with horizontal loads in the second loading type. The
global stiffness equation of a frame is no longer linear, but is nonlinear. To solve it, an iterative strategy is
necessary. Although the iteration method is an exact one to consider the P— A effect, it is complicated in
engineering application. For elastic analysis of steel frames, is it possible to calculate the P— A effect
without iteration? If a positive answer is provided, it is of significance in practice.

As shown in Figure 13.11 for the second loading type, the axial forces of frame columns are produced not
only by the vertical loads, but also by the horizontal loads. For columns at the same storey, some axial forces
due to horizontal loads increase whereas others decrease. Actually, giving a section on all columns in one
storey indicates by equilibrium condition that the axial force summation of all the columns on this storey is
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Figure 13.11 Loads on frame structures

dependent only on the summation of the vertical loads applied above this storey and independent of the
horizontal loads applied. It can therefore be reasonably assumed from this point that P in the P— A effect of
steel frames relates only to vertical loads, based on which a simplified analysis model considering the P— A
effect is proposed as shown in Figure 13.12.

The global stiffness equation of a frame can be obtained by assembling the elemental stiffness equations
of all the beams, columns, braces and joint panels in the frame while neglecting geometric nonlinearity as

(K| [Kuw]  [Kuo]  [Kig] | ( {u} {Fu}

(K] [Kww]  [Kuo]  [Kuy] {w} _ {Fu} (13.21)
(Kou| [Kow] (Kool [Ko] |) {0} {Fo} ( '
[KW] [Kvw} [K*/B] [Kw] {7} {F 2t

where {u} is the vector of the horizontal displacements of all the floors, {w}, {6} and {y} are the vectors of
the vertical displacements, rotations and shear deformations of all joint panels, respectively, {F,} is the
vector of the horizontal loads on all floors, and {F,,}, {Fy} and {F,} are the vectors of the vertical loads,
bending moments and shear moments applied on all joint panels, respectively.

Assume the frame has » storeys and

{uy=[m, w, ..., w], (13.22)
{Fu} = [Fu17 Fqu ceey Fun]T~ (1323)
Rigid link|p_
Frn—e \ Y -
P s
Fri— 4 N
P, =
Fro—s ' —~
Py o
Frir— '~ L
Rigid mast
/ =
L =L [ pOR N

Figure 13.12 The simplified model to consider the P— A effect of the frame
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In the second loading type, the vertical and horizontal loads are applied separately and then the results can be
superimposed on each other. When only horizontal loads are applied, {F,,} = {Fy} = {F,} = {0}. Then,
the lateral deflection stiffness equation of the frame can be obtained with static condensation as

(K {u} = {Fu}, (13.24)
where
[va} [Kv(?} [Kw] - [Kvu]
[Kuf} = [Kuu] - ([KW][KW} [KuvD [KH\'} [K%] [KH)’] [Kﬁu} . (13-25)
[K;'V] [K)’(/} [Kw} [Kvu]
The two parts are included in {F,} as
{Fu} = {Fu} +{Fc}, (13.26)
{Fu} =[Fm. Fuo, .-, Ful', (13.27)
{Fo} =[Fa1, Foa, ..., Faul', (13.28)

where {Fy;} are the horizontal loads on the floor and {Fg;} are the additional horizontal forces on the ith
floor due to the P— A effect.
By the model illustrated in Figure 13.12, one has

U — Uj— U; — U;
{Fai} = Ni=——1 — Ny ——~
I; liv1
(13.29)
N; N; N; N;
= (—’+ ’“)u,-— (—’ui,1+’—+1>ui+l (i=1,2,....n),
I L l; liv1
in which
n
N=YP, (13.30)
=

where P; is the summation of all the vertical loads applied on the ith floor, &; is the summation of all the
vertical loads applied on and above the ith floor and /; is the height of the ith storey.
In Equation (13.29), up = 0, u,+; = 0 and N,+; = 0. It can then be derived by Equation (13.29) that

{Fs} = [Kc{u}, (13.31)

where

rN; Ny N> T
L b I
N, N, +& N3

15} L L I

[Kg] = -= , (13.32)

Sk

==z o+
=&
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Figure 13.13 A 20-storey steel frame. Bending stiffness of beams: El, = 1.22 x 103 kNm; bending stiffness of
columns: EI, = 0.61 x 10° kN m (11th and upper storeys), EI. = 0.61 x 10° kNm (10th and lower storeys)

Combining Equations (13.24), (13.26) and (13.31) leads to
(K] = [K]){u} = {Fu}. (13.33)

As the matrix [Kg] is constant, the elastic analysis of frames considering the P— A effect can be completed
with Equation (13.33) without iteration.

It should be noted that the above simplified model can be used not only in elastic analysis, but also in
second-order elasto-plastic analysis of steel frames.

13.3.2 Example

To verify the validity of the above simplified model considering the P— A effect, a 20-storey frame as shown
in Figure 13.13 is investigated. The vertical and horizontal loads on each floor are identical. The elastic
horizontal displacements involving the P—A effect obtained with the simplified model proposed are
compared with those obtained by the exact method in Table 13.3, from which it can be seen that the
simplified model can be used for making satisfactory prediction on the behaviour of frames with the P— A
effect.

Table 13.3 Effect of P—A effect on the 20-storey frame

Lateral displacement of floors (cm) Relative errors

With P— A effect

Without Exact Simplified 2)—(3) (2) - (1)
Number of floor P—A effect (1) analysis (2) analysis (3) ) )
20th 22.024 24.564 24.270 1.197 10.340
15th 20.256 22.733 22.440 1.289 10.896
10th 15.552 17.650 17.368 1.598 11.887
5th 9.330 10.762 10.487 2.555 13.306

Ist 2.596 3.032 2.882 4.947 14.380




14 seismic Response Analysis
of Planar Steel Frames

14.1 GENERAL ANALYSIS METHOD
14.1.1 Kinetic Differential Equation
14.1.1.1 Kinetic differential equation in elastic state

A planar steel frame is shown in Figure 14.1. Let m; be the mass at the ith floor, u; be the lateral displacement
of the ith floor relative to ground (i = 1,2, ..., n, where n is the total storey number of the frame) and u, the
ground movement excited by earthquakes. The ground movement will arouse the dynamic movement of the
frame, due to which the inertial forces take place to the mass at each floor of the frame. In elastic state, by
regarding the inertial forces as static loads, the stiffness equation of the frame is obtained as

[KeJ{u} = {fi}, (14.1)

in which
{0y ={ur, wa, ..., uy} (14.2)
{i} = [=min +iig), —mo(in +itg), ..., —my(in +it)]" = —[M]({i} + {1}it,), ~ (14.3)
M) = diagmy, my, ..., my), (14.4)
(y=n, 1, ..., 1%, (14.5)

where [K.] is the elastic stiffness matrix of the frame, corresponding to {u}, [M] is the structural mass matrix,
and i and iz, are, respectively, the second derivatives of u and u, with respect to time ¢.

With substitution of Equation (14.3) into Equation (14.1), the kinetic differential equation for the
undamped frame can be obtained as

(M]{ii} + [Kel{u} = —[M]{1}ig. (14.6)
If damping is considered, Equation (14.6) becomes

[KeJ{u} = {fi} + {fc}, (14.7)

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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w

Figure 14.1 A planar frame subjected to action of ground movement

where {f. } is the vector of damping forces at each floor of the frame. If the viscous damping assumption that
the damping force is proportional to the velocity of the structural motion is adopted, {f; } can be expressed as

{fe} = —[Cl{a}, (14.8)

where [C] is the structural damping matrix. With substitution of Equations (14.8) and (14.3) into Equation
(14.7), the kinetic differential equation for the damped frame can be obtained as

(M{i} + [CH{a} + [KeJ{u} = —[M]{1}itg. (14.9)

14.1.1.2 Kinetic differential equation in elasto-plastic state

In Equation (14.9), [K.]{u} is actually the elastic recovery force vector with the structural deformation {u}.
When the frame enters the elasto-plastic state, however, the recovery forces of the frame are not equal to
[K.]{u}, but depend on the structural motion history {u(7)}. The kinetic differential equation of the frame in
elasto-plastic state is therefore

(M]{i(0)} + [Cla(0)} + {f(u(0)} = —[M]{1}iig (1), (14.10)

where {ii(t)}, {i(r)}, {u(r)} and {iiy(1)} are, respectively, the values of {ii}, {it}, {u} and {ii,} at time 7.
The same kinetic equation at time 7 + At is

M{ii(t + Ar)} + [Cl{i(t + An} + {f(u(t + Ar)} = —[M]{1}ig(1 + A1), (14.11)

where At is the time incremental.
Subtracting Equation (14.10) from Equation (14.11), one has

M{Ait} + [CH{ A} + {AF} = —[M){1} A, (14.12)
where
{AF} = {f(ult + A0)} = {f (u(®)}, (14.13)
Aty = ity (1 + Al) — ity (1), (14.14)
{Ai} = {i(t + A} - {u(n)}, (14.15a)
{Au} = {u(t+ Ar)} — {u(r)}. (14.15b)
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Figure 14.2 Relationship between structural force and displacement incremental

If Atz is small, the change of structural displacement,
{Au} = {u(t+ A1)} — {u(r)}, (14.15¢)

is also small and then {Af} can be calculated approximately based on the tangent stiffness matrix of the
frame at time #, [K(#)], namely (see Figure 14.2)

{AF} = [K(){Au}. (14.16)

Substituting Equation (14.16) into Equation (14.12) leads to the incremental elasto-plastic kinetic differ-
ential equation for the damped frame as

M]{Aii} + [C/{ Ait} + [K(£)]{Au} = —[M]{1}Aii,. (14.17)

14.1.2 Solution of Kinetic Differential Equation
14.1.2.1 Seismic response in elastic state

The seismic displacement response of the frame in elastic state can be obtained by solving Equation (14.9).
Substituting displacement response into elemental stiffness equations can yield the seismic resultant
response.

Equation (14.9) represents a second-order linear simultaneous differential equation in mathematics. For
the sake of convenience, the following orthotropic relationships can be used:

{6} M){¢;} =0, (14.18a)
{6} [KJ{8;} =0, (14.18b)
{6} [Cl{e;} =0, (14.18c¢)

where {¢;} and {¢;} are, respectively, the ith and jth modes of vibration of the frame.

It is known from the knowledge of structural dynamic mechanism that Equations (14.18a) and (14.18b)
are unconditionally correct, whereas Equation (14.18c) is conditionally correct. To satisfy Equation
(14.18c¢), the Rayleigh damping matrix is generally used which will be introduced in the third part of this
section.
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The vectors of structural vibration modes are independent of each other due to the orthotropic relation-
ships as given in Equation (14.18). The displacement vector can therefore be represented with the linear
combination of the vectors of vibration modes, according to theory of linear algebra as

n
{wy =Y afel, (14.19)
=1
where a;(j = 1,2, ..., n) are the normalized coordinates of structural displacement vector in the coordinate

of vibration modes.
Substituting Equation (14.19) into Equation (14.9) yields

> Mg} + > [CH{Ya + > [Kel{di}a; = —[M]{1}iig. (14.20)

j=1 j=1 j=1
Left-multiplying the above equation with {qﬁ,-}T and noting the relationships in Equation (14.18), one has
Mid; + Ci; + Kia; = —{ ¢} [M]{1}ilg, (14.21)

in which

M = {6} [M){:}, (14.22a)
K = {6} [K {1}, (14.22b)
Ci = {&} [CHanl, (14.22¢)

where M;, K; and C; are, respectively, the ith generalized mass, stiffness and damping of the frame, mutually
related with

Ki = WIM;, (14.23a)
C,‘ = 2§,~w,-M,~, (1423]3)

where w; and & are the circular frequency and damping ratio for the ith vibration mode of the frame,
respectively.
Substituting Equation (14.23) into Equation (14.21) yields
a; + 2&wia; + UJl~2(1i = _V[ug, (1424)

where y; is the vibration participating factor for the ith vibration mode, given by

.= {sz};[;/[}{l} (14.25)

Equation (14.24) is actually the kinetic differential equation for a single-degree-of-freedom (SDOF) system,
the solution of which is the Duhanel integration expressed as

a;(t) = i J ity (1) €507 sin wip (1 — 7)dT, (14.26)

where w;p is the damped circular frequency for the ith vibration mode of the frame obtained with

WiD = Wiy/ 1 - 5,-2~ (14~27)
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The seismic displacement response of the frame in elastic state can be obtained by substituting Equation
(14.26) into Equation (14.19).

Generally, the elastic seismic response of structures is significantly dependent on the first several
vibration modes so that the structural seismic displacements can be represented with the linear combination
of the first several vibration modes.

14.1.2.2 Seismic response in elasto-plastic state

The kinetic differential equation of the frame in elasto-plastic state, Equation (14.10), is a nonlinear
differential equation, the analytical solution of which in theory does not exist. Generally, the incremental
kinetic differential equation, Equation (14.17), is used and the integration is performed with respect to time
to obtain the numerical results of the structural elasto-plastic time- dependent response.

A Taylor series expansion technique can be used to solve Equation (14.17) by representing the
displacement and velocity at time 7 + At with displacement ¢, velocity {i(f)} and acceleration {ii(¢)} at
time ¢ as

2 3
{u(t+ A0} = {u(®)} + {u(®)}Ar + {ii(t)}ATt + {ii(t)}% +- (14.28a)

{a(t+ Ar)} = {a(e)} + {u(r) }Ar + {ii(t)}ATt2 4 (14.28b)

It can be assumed that the change of structural acceleration is linear during the incremental time Af (termed
as linear acceleration assumption), i.e.

{0} = (e + A0} ~ (1)) = . {83}, (14.292)
{drd”lst)} -0, for r=4,5,... (14.29b)

Substituting Equation (14.29) into Equation (14.28) yields

2 3
(A} = (YA + (i) 5+ 0} (14300
{Aidy = {ii(t)} Ar + {Ail}%. (14.30b)

The solutions of {Ad} and {Aii} from the above equations are

i) = 0 (A} — - {a(0) - 30}, (1431a)
[ = 2 (o) - 340 - 5 o). (1431b)
Substituting Equation (14.31) into Equation (14.17) leads to
KA = {F), (14.32)
where

i 6 3
(K] = [K ()] + 5 5 M)+ €], (14.33)

A
(F') = =00 8+ ) (5, G0} + 3000} ) +1] (30000} + 5400} ). (1439)
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t=0

Input{u(0)}, {u(0)}, {u(0)}
v

> Calculate[K*], {F* } with Equations (14.33)and(14.34)
v
Calculate{au}= {u(t +At )} ={u(t) }+{Au} with Equation(14.32)

v

Calculate{Au} = {u(t+At )} ={u(t)} +{Au} with Equation(14.31b)

<«

Calculate{ At} = {ui(t+At )} ={u(t)}+{Au}with Equation(14.31a)

Figure 14.3 Flow chart for the analysis of structural elasto-plastic seismic response

Based on the equations derived above, the flow chart of calculating seismic displacement response of the
frame in elasto-plastic state is given in Figure 14.3.

14.1.3 Determination of Mass, Stiffness and Damping Matrices
14.1.3.1 Mass matrix

The mass matrix of frame structures can be determined according to Equation (14.4), where the mass m; is
lumped at the level of the ith floor and is a sum of all the masses within the scope between half-storeys
upwards and downwards of the floor.

14.1.3.2 Stiffness matrix

For planar steel frames, the basic variables are the horizontal displacements of floors and the vertical
displacements, rotations and shear deformations of joint panels. Based on the incremental stiffness
equations at time ¢ for the elements of all the beams, columns, braces and joint panels in a frame, the
global incremental stiffness equation of the frame can be assembled as

{ Au } { AF, }
= , (14.35)
Ar AF,

[Kuae(0)] [Kur (1))
[Knu(1)] [Krr(1)]
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t=0

| Input initial internal forces and deformation in elements |

v
44 Judge deformation state of elements (elastic or elasto-plastic?) |
v

Determine elemental stiffness matrix according to elemental deformation
state and elemental recovery force model

v
Form global structural stiffness matrix

v

| Calculate structural deformation incremental according to flow chart in Figure.14.3|

v

| Calculate elemental deformation incremental from structural deformation incremental |

v

Determine elemental forceincremental according to elemental stiffness matrix anc
elemental deformation incremental

v

| Replace elemental force with sum of previous elemental force and elemental force incremental ‘

No

Figure 14.4 Flow chart of elemental and global stiffness matrix formation

where

{Au} is the vector of horizontal displacements of all the floors, {Ar} is the vector of other basic
variables, and { AF, } and {AF,} are the force vectors corresponding to the displacement vectors { Au} and
{Ar}, respectively.

Under the action of horizontal earthquakes, { AF,} = 0. And the lateral stiffness matrix of the frame at
time ¢ can be derived with static condensation as

[K(6)] = [Kua (1)) = [Kur(][Kor (1)) ™" [Kru (1)) (14.36)
If the frame is in elastic state, i.e. all of the structural members are elastic, at time ¢, one has
[K(1)] = [Ke]- (14.37)
In assembling the global stiffness matrix, the elemental stiffness matrix can be determined according to the
flow chart given in Figure 14.4.
14.1.3.3 Damping matrix
To satisfy the orthotropic condition in Equation (14.18c), Rayleigh damping matrix can be adopted as

[C] = a[M] + DIK], (14.38)

where a and b are undetermined parameters.
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As the mass matrix [M] and stiffness matrix [K,] satisfy the orthotropic condition, the Rayleigh damping
condition defined above must satisfy it as well.

To calculate the parameters a and b taking any two vibration modes to Equation (14.38) results in

{8} [Cl{ i} = a{di} [MI{ i} + b} [Ke {6}, (14.39a)
{8} [ClH o} = a{d;} MI{ &} + b{oy} [Ke]{o)}- (14.39b)

Dividing the above two equations with {¢;}" [M]{¢:} and {¢;}" [M]{¢;}, respectively, and noting Equations
(14.22) and (14.23), one has

2wi&i = a+ bu?, (14.40a)
2 = a+buy. (14.40b)

And the solutions of @ and b are

Dby — 1)
a= —sz —sz il (14.41a)
J i

2(&)6 — (.U,'f,‘)
b= "YU 14.41b
W~ (14410)

In practice, usually let i = 1, j = 2 and & = §;.

14.1.4 Numerical Example

Seismic tests on a steel frame were conducted on a 4 m x 4 m shaking table in Tongji University. The frame
tested is illustrated in Figure 14.5. The record of EI Centro North—South earthquake waves in 1940 was input
along the lateral direction of the frame, and the maximum acceleration of the excitation was modified to
9.6m/ s*. To examine the effect of joint-panel shear deformation on the seismic response of steel frames, the
following three models are analysed for the frame tested:

e Model I: Treat the joint panel as an isolated element with shear deformation.

e Model II: Treat the joint panel as a rigid body without shear deformation.

2360 kg
nkzzzag Nz Ay
2360kg || 8
i g n
i <+
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N <O’_ o
1 = g8 I+ 8§ A
3 N —
S | 70 | ~
60
2100 1800 © @
@ (b)

Figure 14.5 Frame tested on the shaking table: (a) front elevation; (b) lateral elevation; (c) section of column;
(d) section of beam
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Figure 14.6 Maximum seismic response of the frame tested

e Model III: Neglect the joint panels and extend the lengths of the frame beam and column to the distance
between the central lines of the frame components.

The seismic response of the frame, horizontal displacements of the floors and relative inter-storey drifts,
obtained with measurements in tests and analyses are compared in Figure 14.6, from which it can be seen
that model I (directly considering the joint-panel shear deformation) produces the closest results to test data
and model III (the conventional model neglecting joint panels) also predicts the seismic response of H-
section frames with good accuracy.

14.2 HALF-FRAME MODEL

The seismic response of structures is dependent on loading history, and the exact analysis should be
conducted step by step with respect to time incremental, in each of which the global stiffness matrix of
structures must be re-formed if it is in elasto-plastic state. Total computation costs will therefore be huge in
such an exact analysis, which appeals that a simplified model with reduced degree of freedoms and
economic computation is necessary for the purpose of engineering design and analysis in practice.

A simplified half-frame model is to be introduced in this section for elastic and elasto-plastic response
analyses of planar steel frames subjected to earthquakes.

14.2.1 Assumption and Principle of Half-Frame
For the pure steel frames with rigid beam-to-column connections, the following assumptions are made:

(1) neglect axial deformation of frame columns;

(2) the size, rotation and shear deformation of each joint panel at the level of the same floor of the frame
applied with horizontal forces are same.

With the above assumptions, any frame can be transformed to a half-frame, as shown in Figure 14.7, to
perform simplified seismic analysis.

For a steel frame without any stagger storey, the elastic and elasto-plastic parameters of the correspond-
ing half-frame (see Figure 14.7) at an arbitrary storey with n bays can be determined as follows.
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Figure 14.7 An equivalent half-frame of a complete frame

14.2.1.1 Elastic parameters

The bending stiftness of the column is

n+l
(ED, =Y (EI),. (14.42)
i=1
The length of the column is
Ie = lg. (14.43)
The shear impact factor of the column section is
n+1
Z (El)cirC[
e = iil . (14.44)

Z (El)ci

i=1

The bending stiffness of the beam is

i=1
The length of the beam is
— (El)gt
ly="S—. 14.46
8 n (El)gi ( )
i=1 lgi

— . (14.47)
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The elastic stiffness of the joint panel is
ke = (kre);- (14.48)

All the parameters on the right-hand side of Equations (14.42) —(14.48) are those in the original frame, and
the parameters on the left-hand side of the equations are those for the simplified half-frame model. The shear
impact factor of beam or column section is defined as

_ 12EIp
"TGar

(14.49)

where E and G are the stretch and shear elastic modulus, 7 and A are the inertial moment and area of the beam
or column section, respectively, / is the length of the beam or column and  is the shear shape factor of the
beam or column section.

14.2.1.2 Elasto-plastic parameters

The initial yielding moment of the column is

n+1
(M), =B (M), (14.50)
i=1
The ultimate yielding moment of the column is
n+l1
(Mp)c = Z (MP)ci‘ (14.51)
i=1
The initial yielding moment of the beam is
n
(M), =28 (M), (14.52)
i=1
The ultimate yielding moment of the beam is
n
(Mp)g =2 Z (Mp)gr (14.53)
i=1
The shear yielding moment of the joint panel is
n+l
My, = Z (Mip);. (14.54)

All the parameters on the right-hand side of Equations (14.50) — (14.54) are those in the original frame, and
the parameters on the left-hand side of the equations are those for the simplified half-frame model. The
factor f§ is the reduction factor of the initial yielding of beams and columns to include the effects due to
nonuniform internal forces in the original frame and asynchronous initial yielding of beams and columns.
Generally, f = 0.7 — 0.9, where if the ratios of the internal forces of frame beams and columns on the storey
considered to their yielding capacities are uniform, the upper values can be selected and otherwise lower
values are used.
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Figure 14.8 Analytical model of the half-frame beam element

14.2.2 Stiffness Equation of Beam Element in Half-Frame

One end of the beam element in a half-frame is pinned and the other is rigid. The stiffness equation of the
beam element in the half-frame can be developed as follows.

The corresponding complete-frame beam element to that in the half-frame model can be obtained by
elongating the half-frame beam antisymmetrically, as shown in Figure 14.8. From the symmetry, it can be
known that M; = M,. With analysis of the common beam element, the incremental stiffness equation for the
complete-frame beam element is

do; dé;
dMm, de,
= [k] , (14.55)
do, dé,
dMm, do,

where the elemental stiffness matrix [k] is determined according to the approaches presented in Chapter 2 or
4. Assume that

K] = : (14.56)

As df, = df, and d6, = —ddy, it can be derived from Equation (14.55) that

Wil 14.57
{dMl}—m{déZ}, (1457)

where [k,] is the elemental stiffness matrix of the half-frame beam element, given by

ki —kiz ko +kig
(k] = : (14.58)

kot —kaz  kop + kg

14.2.3 Numerical Examples

To verify the reliability and validity of the simplified half-frame method, a comparative study is conducted
between non-simplified and simplified seismic analyses of the steel frames subjected to horizontal earth-
quakes. Three examples are illustrated where EI Centro North—South wave in 1940 is adopted for seismic
ground movement.
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Figure 14.9 A 14-storey regular frame for Example 1

Example 1

This is a 14-storey regular frame as shown in Figure 14.9. The mass on each floor is 6.0 x 10*kg, and the
other parameters are given in Table 14.1.

The maximum elasto-plastic lateral floor deflections, inter-storey drifts and inter-storey shears of the
frame in this example obtained with both non-simplified and simplified analytical models are compared in
Figure 14.10.

Table 14.1 Frame parameters in Example 1

Frame components Elastic parameter Elasto-plastic parameter
Perimeter columns (1st-7th storey) 2.92 x 108 1.52 x 10°
Perimeter columns (8th—14th storey) 2.40 x 108 1.32 x 10°
Inside columns (1st-7th storey) 3.51 x 108 1.75 x 10°
Inside columns (8th—14th storey) 2.92 x 108 1.52 x 10°
Outside beams (1st-7th storey) 2.92 x 108 1.39 x 10°
Outside beams (8th—14th storey) 2.40 x 108 1.20 x 10°
Inside beams (1st-7th storey) 3.51 x 108 1.60 x 10°
Inside beams (8th—14th storey) 2.92 x 108 1.39 x 10°

Notes: (1) The elastic parameter in the table represents the bending stiffness E in unit of N-m?.
(2) The elasto-plastic parameter in the table represents the ultimate yielding moment M, in unit
of N'm. (3) The meanings of the parameters in the following tables are same as above.

Floor Floor Floor
14+ 14 14
3 /
10} 10 10
5t 5 5
8 1216 2 016 048 08 5001800 3000
4 81216 20, (om) 032 064 %R (%) 1200 2400V (kN)
(@ (b) ()
Non-simplified model —--—-—— Simplified model

Figure 14.10 Maximum elasto-plastic seismic response in Example 1: (a) lateral deflection; (b) relative inter-storey
drift; (c) inter-storey shear
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Figure 14.11 An 11-storey irregular frame for Example 2

Example 2

As shown in Figure 14.11, an 11-storey irregular frame is studied in this example. The mass on the floors
from the Ist to the 5this 9.0 x 10*kg, that from the 6th to the 8this 5.5 x 10* kg and from the 9th to the 11th
is 2.5 x 10*kg. The other information of the frame is listed in Table 14.2.

Similarly, the maximum lateral floor deflections, inter-storey drifts and inter-storey shears of the frame
in this example obtained with both non-simplified and simplified analytical models are compared in
Figure 14.12.

Table 14.2 Frame parameters in Example 2

Frame components Elastic parameter Elasto-plastic parameter
Columns at axis 1 2.40 x 108 1.25 x 10*
Columns at axes 24 4.98 x 108 2.16 x 10*
Beams at left span 4.98 x 108 1.73 x 10*
Beams at middle and right spans 2.40 x 108 1.00 x 10*
Floor Floor
11+ / 11
= i
i
r !
8t I 8
4
- )
4
N 4
4
51 5

1 1 1 1 1 1 1 1 1 1 1 1 1 Il
25 9 720
5.0 750 5u (Gm) 0.1 ;03 05 R() 240, 720, 11200

@ (b) ©
Figure 14.12 Maximum elasto-plastic seismic response of Example 2 frame: (a) lateral deflection; (b) relative inter-
storey drift; (c) inter-storey shear
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Figure 14.13 A 10-storey irregular frame for Example 3

Example 3

A 10-storey irregular frame in Figure 14.13 is studied as the third example. The mass on the floors from the
Ist to the 6th is 3.5 x 10*kg, that from the 7th to the 8th is 2.6 x 10*kg and from the 9th to the 10th
is1.3 x 10* kg. The other information of the frame is listed in Table 14.3.

The maximum lateral floor deflections, inter-storey drifts and inter-storey shears of the frame in this
example obtained with both non-simplified and simplified analytical models are compared in Figure 14.14.

Table 14.3 Frame parameters in Example 3

Frame components Elastic parameter Elasto-plastic parameter
Columns at axes 1-3 2.40 x 108 8.75 x 10°
Columns at axis 4 1.57 x 108 6.37 x 10°
Beams 2.40 x 108 7.00 x 10°
Floor Floor
10
5 -
-/
4 I
1 1 1 1 1 1 1 1 1 il L 1 | 1 1
2 46 8 10u(cm) 0.1__03 05 R(%) 250 750 1250V (kN
(cm) 02 04 R(*) 500 1000 (kN
@ (b) (©
Non-simplified model ——————— Simplified model

Figure 14.14 Maximum elasto-plastic seismic response of Example 3 frame: (a) lateral deflection; (b) relative inter-
storey drift; (c) inter-storey shear
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The above examples indicate that the half-frame model has good adaptability because it retains the
characteristics of the component-representing frame system. This simplified model is applicable to strong-
beam-weak-column frames or weak-beam—strong-column frames and to regular or irregular frames.
Satisfactory results can be obtained by the simplified model in elastic and elasto-plastic analyses of the
steel frames subjected to earthquakes. Generally, the relative error of the maximum lateral floor deflections
and inter-storey shears is under 10 % whereas that of inter-storey drifts is under 15 %.

14.3 SHEAR-BENDING STOREY MODEL

As axial deformation of frame columns is ignored in the half-frame model, it may be suspicious when the
half-frame model is used for seismic analysis of high-rise frame buildings. Another simplified model, the
shear-bending storey model (see Figure 14.15), is proposed especially for considering the characteristics of
high-rise frames. Equivalent storey-type structure is used in the shear-bending storey model, where lateral
displacement of the original frame is decoupled into the bending deflection and shear deformation of the
storey-type structure. The bending stiffness of the equivalent structure is determined by the axial stiffness of
the original frame columns, whereas the shear stiffness of the storey-type structure by the characteristics of
inter-storey recovery shear force of the original frame. For the sake of convenient application, the following
assumptions are made:

(1) Yielding of joint panels is not earlier than that of beams or columns;

(2) Effects of joint-panel shear deformations are approximately considered by neglecting joint-panel sizes
and adopting the length of beams and columns as the distance between their central lines.

14.3.1 Equivalent Stiffness
14.3.1.1 Equivalent bending stiffness

The global bending stiffness of the high-rise frame is due to the axial deformation of the frame columns,
which can be assumed to be always in elastic state.

The axial deformation lags of the frame columns will happen due to the finite stiffness of the frame
beams, which leads to a nonlinear distribution of axial deformations in the frame columns at the same storey
as shown in Figure 14.16. Based on this, the equivalent inter-storey bending stiffness can be expressed
approximately as

El). = Elj+ouy EA;Z, 14.59
i by yrij
J J

Elasto-plastic
shear deformation

- =
= o«
Elasicbending ~ °°
77777
Original frame Simplified model

Figure 14.15 Diagram for the bending-shear storey model
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Axial deformation lag |

Figure 14.16 Distribution of axial deformation of frame columns

20x35m

6mxn

Figure 14.17 Standard frame

where [;;, A; and [;; are, respectively, the inertial moment, section area and the distance to the neutral axis
(see Figure 14.16) of the jth column on the ith storey of the frame and «; is the convert parameter considering
the axial deformation lag in the frame columns.

The values of o; can be calculated with trial. The horizontal displacement of the original frame, x, due to
axial deformation under different ratios of beam to column linear stiffness is calculated at first, and then a
single cantilever model with equivalent bending stiffness is used to simulate the horizontal displacement of
the frame under the same loads. When the horizontal displacement of the equivalent cantilever, X/, is equal to
X, o; is obtained. A standard regular frame, the size of which is shown in Figure 14.17, is used in such trial
calculations. A certain ratio of beam to column linear stiffness is adopted in the trial calculations for all the
beams and columns in the frame. The values of «; in different conditions are listed in Table 14.4.

In the calculation of Equation (14.59), if the linear stiffness ratios of the beams to the columns on one
storey of the frame are not the same, the average of the linear bending stiffnesses, iy and i, of the beams and

Table 14.4 Values of o; in Equation (14.59)

ig /ic

Number of spans 0.1 0.3 0.5 0.7 0.9 1.0 2.0 3.0 5.0 8.0 10.0

0956 0960 0963 0963 0965 0965 0968 0970 0975 0.980 0.983
0900 0903 0903 0905 0910 0910 0915 0915 0920 0925 0.925
0.800 0.803 0.805 0.810 0.815 0820 0.825 0.825 0.830 0.835 0.840
0.700 0.725 0.735 0.735 0.740 0.745 0.750 0.750 0.760 0.765 0.785

(=)W, IE SON)
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the columns on the storey can be used to check out ¢; in Table 14.4. For one-bay or two-bay symmetric
frames, it simply takes o;; = 1, whereas for two-bay asymmetric frames, o; can be calculated according to the
condition of the three-bay frame.

14.3.1.2 Equivalent shear stiffness

The shear recovery force model for an arbitrary storey of a steel frame with the inter-storey shear
deformation under cyclic loading is given in Figure 14.18, where V and V, are the shear forces correspond-
ing to initial and ultimate yielding states of the frame storey, respectively, d; and &, are the corresponding
inter-storey drifts, and V,, and 6, are the inter-storey shear and inter-storey drift at the time of unloading,
respectively.

When the storey is in loading state, if storey shear |V| < Vi, the storey is in elastic, and its shear stiffness
can be calculated with the ‘D-value method” (Long and Bao, 1981; Yang, 1979); if |V| > V,,, the storey is in
hardening state; and if Vy < |V| < Vp, the storey is in elasto-plastic state, and its shear stiffness can be
calculated with linear interpolation between those in elastic and hardening states. The equivalent shear
stiffness of the storey in loading state can be expressed as

av;
(GA), = 5. Hi = RH; > D, (14.60)

in which

R=1, for [V|<V,,
R=gq, for [V|>V,, (14.61)
VI = Vs

R=1-(1-g—1—=
( ®%7K7

for V< |V| <V,

where Y D; is the total inter-storey sway stiffness of the storey, determined as the sum of the D-values of
every column at the storey of the frame (Long and Bao, 1981; Yang, 1979), H; is height of the storey and ¢ is
the hardening factor and generally g = 0.025.

When the storey is in unloading state, it is always elastic, and its shear stiffness can be obtained by

(GA), = H; Y _D;. (14.62)

Figure 14.18 Inter-storey shear recovery force model of frame
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14.3.2 Inter-Storey Shear Yielding Parameters
To determine the equivalent shear stiffness in the simplified model, the inter-storey shear forces Vi and V,,
corresponding to the initial and ultimate yielding states of the frame storey are needed.
14.3.2.1 Calculation of V
Assume that the horizontal load under horizontal earthquakes applied on the frame is converse-triangular
distributed (see Figure 14.19). The end moments of the frame beams and columns, M, and M., can be

calculated with the ‘D-value method’ under this load. Denote the initial yielding moments of the beams and
columns with M, and M., then

Mg M
V, = min (min £ min °S> V; (14.63)
M, M,

where V; is the inter-storey shear force induced by the converse-triangular distributed load, min(Mgs /M) is
the minimum value of M, /M, in the beams on the ith storey and min(M/M,) is the minimum value of
M5 /M. in the columns on the ith storey.

14.3.2.2 Calculation of V,
For the frame where columns yield in advance of beams, V), is the summation of the shear forces resisted by

all the columns on the storey when the end moments of the columns approach ultimate yielding moment
M.p, namely

2 M
Vo= =G <. (14.64)

For the frame where beams yield in advance of columns and if the yielding is as shown in Figure 14.19(a), by
the virtual work principle one has

(m + 1)Mep8 + 2nmMg, = PoH\0 + 2Py(H, + H2)0 + - - -+ iPo(Hi + Hy + - - + H;)0 + - -

+nPy(Hy +Hy + -+ Hy,)0,+ - +iPo(Hi + Hy + -+ H)0+ - -

+nPo(Hy + Hy +---+ H,)0 (14.64)
NPy H, T nPy
iPo Ho T iPg
Po H, | Po
(@ (b)

Figure 14.19 Frame where beams yield in advance of columns
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where m is the number of frame bays, n is the number of frame storeys, 6 is the rotation of plastic hinges, and
Mgpand M., are the ultimate yielding moments of frame beams and columns, respectively.
Equation (14.64) can be solved as

(m+ 1)Mcp + 2nmM,p

Py =
0 Hi

(14.65)

where
Hy=H, +2H, +H)+ - +iPof(Hi+ Hy+--+H)+ - +nH +H+--+H,). (14.66)
If the yielding of the frame is as shown in Figure 14.19(b), the expression for Py by similar derivation is

2(m+ )My +2(n — )M,
py = 2m+ 1) PF;; (n = DMy (14.67)

For the frame of arbitrary yielding type, i.e. the frame can be irregular and the ultimate yielding moments of
the frame beams and columns can be arbitrary, if the distribution of the plastic hinges of the frame is
determined, one has

2 Moy +3 Mgy
) E— 14.68
: - (14.68)
where > M., and > My, are the summation of the moment resistances by all the beam and column plastic
J J

hinges, respectively.
The ultimate shear capacity of the ith storey of the frame can be expressed with Py as

Vo= _JjPo. (14.69)
j=1

14.3.3 Examples

A two-bay 20-storey weak-beam—strong-column regular frame, as shown in Figure 14.20, is selected as an
illustrative example to the application of the shear-bending storey model for elastic and elasto-plastic

19x3.6m

6m 8m

Figure 14.20 A 20-storey two-bay frame



Table 14.5 Major parameters in the example structure
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Components
Columns Columns at Columns at Beams at Beams at
Parameters at axis 1 axis 2 axis 3 left span right span
Compression stiffness EA (N) 2.975 x 10° 4.45 x 10° 3.42 x 10° — —
Bending stiffness £ (N m?) 1.57 x 108 4.83 x 108 2.40 x 108 1.57 x 108 2.40 x 108
Initial yielding moment M (N m) 0.77 x 10° 1.84 x 10° 1.06 x 10° 0.62 x 10°  0.85 x 10°
Ultimate bending moment M, (Nm)  0.91 x 10° 2.16 x 10° 1.25 x 10° 0.73 x 10° 1.00 x 10°

seismic analyses. The mass on each floor of the frame is constantly 2.7 x 10* kg, and other parameters are
listed in Table 14.5. The input earthquake movement is the EI Centro North—South wave of 1940.

14.3.3.1 Calculation of (El);

The average linear stiffness of the frame beams is

o g tip 157 x10%/6 +2.40 x 10%/8

e 2 2

The average linear stiffness of the columns is

o for the first storey:

ico =

3

e for the other storeys:

. fel +ic2 +ic3

C

3

The ratio of beam to column linear stiffness is

2.8 x 107
=22 04
6.5 x 107 0.43,

. 28x107
b/l = g 107

ig/ico =

=0.35,

ic10 + Ec20 + ic30

by Table 14.4,

by Table 14.4,

=6.5 x 107 (Nm);

=8.1 x 10’ (Nm).

7.8 x 107 (N'm).

o = 0.962;

o =0.961.

Assume the neutral axis of the global bending of the frame is at the middle of overall span, and then the

equivalent bending stiffness by Equation (14.59) is

o for the first storey:

(EI), = 8.8 x 10° +0.962 x 3.18 x 10"" = 3.07 x 10'" (Nm);

e for the other storeys:

(EI); = Elj+ o EAsl; = (1.57 x 10° + 4.83 x 10° +2.40 x 10°)

+0.961(2.975 x 108 x 7% +4.45 x 10° x 12 4+ 3.42 x 10° x 7?)

=8.8 x 10® +0.961 x 3.18 x 10"

=3.06 x 10! (Nm).
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14.3.3.2 Calculation of (GA);

The ‘D-value method’ is first used to calculate the D-value, i.e. the lateral stiffness of the frame columns,
which is not repeated here. And then

o for the first storey: > Do = 4.46 x 10’ (N/m);

o for the other storeys: > D, = 4.02 x 107(N/m).

By Equation (14.60), the equivalent inter-storey shear stiffness of the frame is obtained as

o for the first storey: (GA), = R x 4.5 x 4.46 x 10" = 2.01 x 103R(N);
e for the other storeys: (GA), = R x 3.6 x 4.02 x 107 = 1.45 x 10°R(N),

where R is determined according to Equation (14.61) for loading state on the basis of the inter-storey shear
force at different time under earthquake action, whereas R = 1 for unloading state.

In the calculation of R with Equation (14.61), the initial inter-storey yielding shear Vi is determined by
Equation (14.63) and the ultimate yielding shear V}, by Equation (14.69). (Note that this example is the case
that frame beams yield in advance of frame columns.) Then, Py is obtained as

Py = [2 %20 x (0.73 x 10° 4 1.00 x 10%) + (0.91 x 10° +2.16 x 10° + 1.25 x 10°)]

+[45%x2043.6 X (2x3x2+4x3+---+20x 19)]
= 7606 N.

14.3.3.3 Analysis and results

After the equivalent inter-storey bending stiffness and equivalent shear stiffness are obtained, the frame can
be simplified to a bending-shear cantilever where only two degrees of freedom, horizontal displacement and
rotation, exist at the location of each floor. Computation effort decreases dramatically due to the largely
reduced structural degrees of freedom. The maximum horizontal displacement, inter-storey drift and inter-
storey shear results of the frame under seismic excitation determined by non-simplified and simplified
models are compared in elastic scope (Figure 14.21) and elasto-plastic scope (Figure 14.22).

Floor Floor Floor
20 / 20 20
Z
15 15 '15 15
b
y
4 /
10 / 10 | 10
4 I
5 2 5 5 5
/ I
4
1 2 3 4 5(m) 1 2 3 4 (cm) 1 2 3 4 (cm)
@ (b) (©
Non-simplified model ——————— Simplified model

Figure 14.21 Maximum elastic seismic response of the frame: (a) lateral deflection; (b) relative inter-storey drift;
(c) inter-storey drift
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Floor Floor
20 20 N
N\
15 - 15
10 10
5 E

0 10 2030 40 50 60 70(cm) 0 1 2 3 4 5 (cm) O 5 10 x10°N
@ (b) ©

Non-simplified model ——————— Simplified model

Figure 14.22 Maximum elasto-plastic seismic response of the frame: (a) lateral deflection; (b) relative inter-storey drift;
(c) inter-storey drift

The above comparisons indicate good agreement between the elastic results of the simplified bending-
shear storey model and the non-simplified complete component-representing frame model, and the max-
imum relative error is less than 10 %. The relative error of the elasto-plastic results is larger than that of
elastic ones, but within 20 %. However, usage of the simplified model reduces hugely the computation effort
and facilitates data input. Moreover, the maximum relative error happens generally at the storey where the
inter-storey drift is small, which will not play a controllable role in the practical design of frames against
earthquakes. As an approximate approach, therefore, the bending-shear storey model is applicable to the
seismic analysis of high-rise frames in practice.

14.4 SIMPLIFIED MODEL FOR BRACED FRAME

Large error is possibly produced by the half-frame model to high-rise frame seismic analysis because of
neglecting axial deformation of frame columns. Meanwhile, the bending-shear storey model may not be
satisfactory in the elasto-plastic seismic analysis of steel frames because it departs far from the component-
representing frame system. Combining the advantages of the half-frame model and the bending-shear storey
model may produce a more general and efficient simplified model for seismic analysis of arbitrary steel
frames, including braced frames.

14.4.1 Decomposition and Simplification of Braced Frame

Decompose a braced frame into two parts working together, a pure frame and a pure bracing system, as
shown in Figure 14.23. The pure frame part can be simplified with the half-frame model to reduce
structural degrees of freedom, whereas the pure bracing system can be transferred to a truss system for the
sake of analysis convenience. The geometric nonlinearity and P — A effect can be simulated with the
model of a series of hinged rigid masts (see Section 13.3 ), where the vertical loads P; (i = 1,2, ...,n)
applied at hinged nodes are the total gravity loads (dead load plus live load) on the ith floor of the frame.
For the simplified model in Figure 14.23, the stiffness matrix of the frame corresponding to the lateral floor
deflections can be

(K] = [Ki] + [Ko] — [Ka], (14.70)
where [K¢] is the stiffness matrix of the pure frame, [Kp) the stiffness matrix of the pure bracing system and

[KG] the geometric matrix of the frame, determined by Equation (13.32).
The calculation of [K¢] and [K}] is described in the following.
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Figure 14.23 Diagram of the simplified model for

14.4.2 Stiffness Matrix of Pure Frame

The elastic and elasto-plastic stiffness matrices of the pure frame can be obtained by the half-frame model.
But it should be noted that the half-frame model is based on the assumption that the axial deformations of
frame columns are neglected. To involve the effect of axial deformation of columns, an elastic stepped
e global flexure due to axial deformation of
frame columns. This equivalent bending bar works together with the half-frame in a serial manner, and the

bending bar (see Figure 14.24) can be used to approximate th

stiffness matrix of the pure frame can be expressed as

the analysis of the braced frame

K] = ([Kns] "+ [Kat] )"

where [Kjy] is the elastic or elasto-plastic stiffness matrix of the

axial deformation of frame columns is always in elastic state.

—
I

half-frame and is determined by the method
in Section 14.2, and K] is the elastic stiffness matrix of the equivalent bending bar, considering that the

Figure 14.24 An equivalent bending bar
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By the elemental stiffness equations of the equivalent bending bar for each storey of the frame, the
incremental global stiffness equation of the equivalent bending bar can be assembled as

{dF,} {du}
= ) (14.72)
{dFy} {6}
where {du}and {d6} are the incremental vectors of the horizontal displacements and rotations of the nodes

at the level of all the floors, respectively, and {dF,} and {dF,} are the incremental vectors of the nodal

horizontal forces and moments, respectively.
Under the action of horizontal earthquakes, {dFy} = 0, the stiffness matrix of the equivalent bending bar

can be obtained by static condensation as

[Kauu} [KaMQ]
[Kaou]  [Kaoo)

{dFu} = [Kaf]{du}v (14,73)
where

[Kaf] = [Kauu] - [Kau(?} [Kaf)ﬁ]il [Kaﬁu}- (1474)

14.4.3 Stiffness Matrix of Pure Bracing System

The elastic and elasto-plastic stiffness matrices of the pure bracing system can be determined according to
the model of the hinged truss system, where the axial deformation of truss columns is considered but that of
truss beams is neglected. The axial stiffness of truss columns remains elastic, whereas the analysis of the
bracing element can be referred to in Chapter 10. By the elemental axial stiffness equations of truss columns
and braces, the incremental global stiffness equation of the pure bracing system can be assembled as

{dF,} {du}
= : (14.75)
{dF,} {dv}
where {du} is the incremental vector of horizontal displacements of all the floors, {dv} is the incremental

vector of vertical displacements of the nodes in the bracing system, and {dF,, } and {dF, } are the incremental
vectors corresponding to {du} and {dv}, respectively.

[Kbuu] [Kbuv]

[Kbvu] [Kbvv}

€
©
[o)]
™
1"
€
©
[32]
X
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A L —— < —%
1 2 3
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Figure 14.25 A 12-storey two-bay braced frame
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Figure 14.26
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(c) inter-storey drift

Table 14.6 Beam and column parameters in the example structure

Maximum elasto-plastic seismic response of the frame: (a) lateral deflection; (b) relative inter-storey drift;

Columns at Columns at Columns at Beams at Beams at
Components axis 1 axis 2 axis 3 left span right span
Bending stiffness EI (N m?) 1.39 x 108 333 x 108 1.93 x 108 2.03 x 108 2.83 x 108
Plastic moment (N m) 0.73 x 10° 1.30 x 10°  0.90 x 10° 0.87 x 10° 1.08 x 10°

Under the action of horizontal earthquakes, {dF,} = 0, the stiffness matrix of the pure bracing system can
be obtained by static condensation as

{dF,} = [Kp]{du}, (14.76)

where

[Kb] = [Kbuu] - [Kbuv] [Kbvv]_l [Kbvu}' (1477)

14.4.4 Example

To illustrate the validity of the simplified model proposed above, a 12-storey two-bay braced frame is
studied. The non-simplified complete component-representing model and the simplified model are com-
parably used in this example for elasto-plastic seismic analysis.

The frame for this example study is shown in Figure 14.25, and the mass on each floor is constantly
4.0 x 10*kg. Along the whole frame height of the first bay, the X-type braces are placed. The sectional area
of the brace on the first storey is 36.24 X 10~* m? and the slenderness ratio is 44.5, whereas the sectional
area and slenderness ratio for braces on all the other storeys are 29.29 x 10~* m? and 51.1, respectively. The
other necessary parameters of the frame beams and columns are listed in Table 14.6. EI Centro North—South
wave in 1940 is also selected as the earthquake input. The maximum seismic response results by both
simplified and non-simplified models are given in Figure 14.26, where the comparison indicates a good
coincidence.



15 Analysis Model for Space
Steel Frames

No matter what kind of structural analysis is performed, such as elastic stability analysis, nonlinear analysis
and seismic response analysis of steel frames as described in Chapters 12, 13 and 14, the important task is to
develop the global structural stiffness equation based on the analysis model of frames.

Space steel frames generally have the following characteristics (Figure 15.1):

(1) Frame columns are perpendicular to the horizontal (ground) plane, whereas frame beams are parallel to
the horizontal plane.

(2) The in-plane stiffness of each floor in the frames is very large and can be idealized to be infinite, due to
the existence of floor slabs and/or horizontal floor bracing.

Several analysis models considering the above characteristics are to be introduced in this chapter.

15.1 SPACE BAR MODEL

In the space bar model, the columns, beams, braces and joint panels in a steel frame are treated directly as
basic elements.

15.1.1 Transformation from Local to Global Coordinates

The elemental stiffness equations of the beams, columns, braces and joint panels can be established in their
own local coordinates . The first step in the analysis of a space frame is to transform force and displacement
vectors in the local coordinates to those in the global coordinates of the frame and establish the stiffness
matrix of the frame in the global coordinates.

In the following discussion, x — y — z denote the local coordinates and u — v — w the global coordinates,
where x, y and u, v are the axes in the horizontal plane, whereas z and w are the axes perpendicular to the
horizontal plane, as shown in Figure 15.2.

15.1.1.1 Coordinate transformation of beam element

An arbitrary beam element in the global coordinates is shown in Figure 15.3, where ¢, is the angle between
the length axis of the beam element and the global axis ou. In the local coordinates, the displacement vectors

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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|

Figure 15.1 A space steel frame

O u

Figure 15.2 The global and local coordinate systems

at ends i and j of the beam element with the joint panels are
T
{5g'yi} = [‘511‘, Oyis V_vi} ) (15.1a)
T
{6} = (64 Oy 2yl (15.1b)
The displacement vectors at ends i and j of the element in the global coordinates are

{Dgyi}:[éwh 0vi7 9ui7 Vvis yui]Tv (1528.)
{Dg‘yj}:[‘sw' 0vj, 0., Pvjs Vuj]T~ (15,2b)

By geometric derivation, the relationship between the displacement vectors of the beam element in the local
and global coordinates is obtained as

{0g:s} = [B{Dg}, s =1isJ, (15.3)

Pg

(e} u

Figure 15.3 Beam element and global coordinates
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where
1 0 0 0 0
[By]= |0 cos ¢, sin g, 0 0 . (15.4)
0 0 0 cos @, sin @,

Combining the displacement vectors at ends i and j of the element leads to the transformation equation as

w= {5 m{Gol}-mea 159

By a similar derivation, the transformation equation for the force vectors from the local to the global
coordinates is

{For} = [T {fir} (15.6)
where {fy,} and {Fy,} are the force vectors corresponding to {g,} and {Dy, }, respectively.

Assume that the incremental stiffness equation of the beam element with joint panels in the local
coordinates is

{dfgv} = [kgv]{d‘sgy} (15-7)

Substituting Equations (15.5) and (15.6) into Equation (15.7) yields the incremental stiffness equation of the
beam element with joint panels in the global coordinates as

{dFy} = [Ky[{dDy,}, (15.8)
where [K,,] is the stiffness matrix of the beam element with joint panels in the global coordinates, given by

[Kg“/} - [Tg]T[kgv} [Tg}~ (15-9)

15.1.1.2 Coordinate transformation of column element
An arbitrary column element in the global coordinates is shown in Figure 15.4, where ¢, is the angle
between the first principal axis of the column section, ox, and the global axis ou.

In the local coordinates, the displacement vectors at ends i and j of the column element with joint panels
are

{507.;} = [61\*7 6}(3‘, eyu Vy_ya 6y.h ex.w Pxss ezs]Tv § = l,] (1510)

Pc

o u

Figure 15.4 Column element and global coordinates
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The displacement vectors at ends i and j of the element in the global coordinates are

{DC)’S} = [6wm 5m': 0”7 Vvs? 6\/5‘7 eusa "/Yuy-, GWX}T7 § = l7./ (15 1 1 )

The transformation equation of the displacement vectors from the local to the global coordinates is

Seri} B 0 ][ {Dci}
5.1 = { y } — |: c / = [T.|{D¢}, 15.12
{ C}} {{5037} 0 [BC] {D0>zi} [ C]{ C’} ( )
where
M1 0 0 0 0 0 0 07
0 cos ¢, 0 0 sin @, 0 0 0
0 0 cos @, 0 0 sin ¢, 0 0
|0 0 0 cos @, 0 0 sin g, 0
[Bc} - 0 —sin @ 0 0 COS @, 0 0 0 (1513)
0 0 —sin ¢, 0 0 coS @, 0 0
0 0 0 —sin @, 0 0 cos o, 0
LO 0 0 0 0 0 0 1]

The transformation equation for the force vectors from the local to the global coordinates is

T
{Foo} = [Te] { e}, (15.14)
where {f.,} and {F,} are the force vectors corresponding to {éc,} and {D.,}, respectively.

Assume that the incremental stiffness equation of the column element with joint panels in the local
coordinates is

(e} = lhey {8 ). (15.15)

Substituting Equations (15.12) and (15.14) into Equation (15.15) yields the incremental stiffness equation of
the column element with joint panels in the global coordinates as

{dFe} = (Ko {dD }, (15.16)
where [K,] is the stiffness matrix of the column element with joint panels in the global coordinates, given by

[Key] = (1] ke [T (15.17)

15.1.1.3 Coordinate transformation of brace element
An arbitrary brace element in the global coordinates is shown in Figure 15.5, where ¢, is the angle between

the projection of the brace element into the horizontal plane and the global axis ou.
In the local coordinates, the displacement vectors at ends 7 and j of the brace element with joint panels are

{80} =[xy Oy Oy 7]’y =1, (15.18)
The displacement vectors at ends i and j of the element in the global coordinates are

(Do} = [Buss Suss Owsy Ouss Ousy Vo Tus)'s S = i) (15.19)
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Figure 15.5 Brace element and global coordinates

By the geometric derivation, the relationship between the displacement vectors of the beam element in the
local and global coordinates is obtained as

{80} = [Bol{Dwys}, s =1.j, (15.20)
where
cos ¢, sing@, O 0 0 0 0
0 0 1 0 0 0 0
[Bv] = 0 0 0 coseq, sin gy, 0 0 (15.21)
0 0 0 0 0 cos @y sin @y

Combining the displacement vectors at ends i and j of the element leads to the transformation equation as

S (S B I 17 T

In a similar manner, the transformation equation for the force vectors from the local to the global coordinates
is obtained as

{Fo} = [T]" {fn} (15.23)
where {fi,,} and {Fy,} are the force vectors corresponding to {6y, } and {Dy,}, respectively.

Assume that the incremental stiffness equation of the brace element with joint panels in the local
coordinates is

{dfbv} - [kbv]{déby}- (]5~24)

Substituting Equations (15.22) and (15.23) into Equation (15.24) yields the incremental stiffness equation of
the brace element with joint panels in the global coordinates as

{dFy,} = [Ki,}{dDy, }, (15.25)
where [Kiy,] is the stiffness matrix of the brace element with joint panels in the global coordinates, given by

[Kvy] = [To]" vy [T (15.26)

15.1.1.4 Coordinate transformation of joint-panel element

An arbitrary joint-panel element in the global coordinates is shown in Figure 15.6, where ¢, is the angle
between the joint-panel plane and the global axis ou.
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Py

O u

Figure 15.6 Joint-panel element and global coordinates

Assume that the incremental stiffness equation of the joint-panel element in the local coordinates is
M,y =k, dy,. (15.27)

And by the relationship between the force and the deformation vector of the joint-panel element in the local
and global coordinates,

dm.,, cos ¢,
{ ’ } — | P lam,,, (15.28a)
dm,, sin ¢, ‘“
dy,
dy, = [cos @, sin go},]{ d/L }, (15.28b)
: ’ylvl

one can obtain the incremental stiffness equation of the joint-panel element in the global coordinates as

{dF,} = [K;{dD;}, (15.29)

where
{dF,} = [dM,, dM,,]", (15.30a)
{dD,} = [dy, dy,]", (15.30b)

and [K;] is the stiffness matrix of the joint-panel element in the global coordinates, given by

cos? @, sin ¢, cos ¢,

cos @, .
K, = { '}ka’ [cos ¢, sin @] =k

: y| . e (15.31)
sm @, " sin @, cos @, sin” ¢,

15.1.2 Requirement of Rigid Floor

Considering the infinite stiffness of the floors in a steel frame building, which are denoted as rigid floors, the
horizontal displacements and rotations about the vertical axis of the nodes for structural analysis on an
arbitrary floor relate to each other and can be represented with the horizontal displacements 6, 6yox and
rotation 6, of a reference node on the floor (see Figure 15.7), namely

6141' = 6uok - bikewokv

6vi = 6vok + aikowok» (1532)
ewi = 0Wl)k7
where a; and b are the global coordinates of node i relative to the reference node O, of the kth floor.

Horizontal displacements and rotations about the vertical axis of all the columns and braces on a floor are
therefore no longer independent . And such horizontal displacements and rotations can be incorporated and
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Figure 15.7 Horizontal displacements of a floor and node on the floor

represented with displacements d,,.x, O,0x and rotation 6,,,, by which the total structural degrees of freedom
are greatly reduced.

15.1.2.1 Stiffness equation of column element considering rigid floor

Assume that the ends i and j of an arbitrary column element are located on the (k — 1)th and kth floors,
respectively, and the global coordinates of these two ends relative to the reference nodes of the two floors are
aik—1, by—1 and ay, by, respectively. Denote the displacements of the column element in the global
coordinates with the floor displacements as

{Dcyik—l}:[é‘wia 6u0k—17 eviv Vvis 6vuk—l7 guh Vuis 91¢0k711T7 (15333«)
{DCTjk}:[(suW 6Lmk7 0vj7 Pvjs 6vuk7 ouju Vujs euok}—r- (1533b)

By Equation (15.32), the relationship between the displacement vector of the column element itself in the
global coordinates and that considering the rigid floor can be expressed as

De,; Beir— 0 Deyr—1i
where

1000000 0 7
01 0000 0 —by,
0010000 0
0001000 O

Bl =10 6 0 01 0 0 P (15.352)
0000010 0
00000O0T 0
0000000 1 |
1000000 07
0100000 —b
0010000 0
0001000 0

[Bejt] = (15.35b)
0000100 a
0000010 0
00000O0T1 0
00 0000O0 1 |
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In a similar manner, the horizontal forces and moments about the vertical axis can be represented with the
force vector of the column element in the global coordinates as

{Feu} = [Tl {Fe} (15.36)
where {F,} is the force vector corresponding to {Dc}.

Substituting Equations (15.34) and (15.36) into Equation (15.16) leads to the incremental stiffness
equation of the column element in the global coordinates with consideration of the rigid floor as

{dFC"/k} = [Tck}T[Kcy][Tck]{chyk}- (15.37)

15.1.2.2 Stiffness equation of brace element considering rigid floor

By similar derivation of the column element above, the incremental stiffness equation of a brace element in
the global coordinates with consideration of the rigid floor can be obtained as

{dFyyu} = [Tor]" [Koy][Tor] {dDiy }, (15.38)
where
{ {Doyp-1i} }
{Do} = ; (15.39)
{wa'k}
{Doyit—1} = [Ouok—1,  Ovok—1,  Owok—1, Owi, Oviy Ouiy 7y, Vui]Tv (15.40a)
{Doi} = [Buoks  Soks Ouwoks O iy Ous 7 Tl (15.40b)
[[Box—1] 0 }
[Tin] = 7 (15.41)
0 [Bu
1 0 —by—y 0 0 O O O
01 ap; O 0 O O O
0 0 0 1 0 00O
[Bhix-1]= |0 0 0 0 1.0 0 Of, (15.42a)
0 0 0 00100
0 0 0 00 0 1 0
L0 O 0 00 0 0 1]
10 bz 0 0 0 0 0
01 a 00000
00 O 1 00 0O
Byl =0 0 0 0100 0 (15.42b)
00 0 O0O0T1TO00O0
00 0O O0O0O0OT1O0
L0 O 0 0 0 0 0 1]
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15.1.3 Global Stiffness Equation of Frame and Static Condensation

The incremental global stiffness equation of a space frame with rigid floors can be obtained by assembling
all the incremental stiffness equations of the beam and joint-panel elements in the frame and all the
incremental stiffness equations of the column and brace elements considering the rigid floor as

{{dFH}} _ {[KHH] [KHR]} { {dDy} } (15.43)

{dFr} [Krn] [Kry]] | {dDr}

where {dDy } is the incremental vector of the horizontal displacements and rotations about the vertical axis
of all the reference nodes of floors, {dDg } is the incremental vector of the vertical displacements, rotations
about the horizontal axis and joint-panel shear deformation of all the nodes in the frame for structural
analysis, and {dFy} and {dFg} are the force vectors corresponding to {dDy} and {dDg}, respectively.

If only vertical loads are applied on the frame, one has {dFy} = 0. Then, Equation (15.43) can be
rewritten as

{dDy} = —[Kyn) ' [Kur]{dDr } (15.44)
and
{dFgr} = [Kr]{dDg}, (15.45)
where
[KR] = [Krr] — [KRH][KHHTI[KHR}» (15.46)

If only horizontal loads due to wind or horizontal earthquakes loads are applied on the frame, {dFr} = 0.
Then, Equation (15.43) can be condensed as

{dDg} = —[Krr] ' [Kru]{dDx} (15.47)
and
{dFu} = [Ku]{dDu}, (15.48)
where
[Ku] = (K] — [Kur][Krr] ™ [Krnl- (15.49)

It should be noted that as the stiffness equations of column elements and brace elements considering the rigid
floor relate to the position of the reference node on each floor, the global stiffness of a space frame, Equation
(15.43), depends on the selection of the reference node on each floor. Different positions of reference nodes
on floors produce different global stiffness equations of space frames. The horizontal force vector {Fy} in
the global stiffness equation consists of the horizontal forces applied on the reference nodes and the
moments about the vertical axis through the reference nodes, whereas the corresponding displacement
vector {Dy } consists of the horizontal displacements of the reference nodes and the torsion angles about the
vertical axis through the reference nodes. For the sake of convenience in dynamic analysis, it is best to select
the mass centre of each floor as the reference node, i.e. the origin of the floor global coordinates. Despite that
all the reference nodes on the floors of the frame may not be on the same vertical line by such a selection (see
Figure 15.8), the mass matrix of the frame corresponding to the floor horizontal movements, two orthotropic
horizontal displacements and torsion about the vertical axis is diagonal. Otherwise, such a mass matrix will
be nondiagonal.
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Figure 15.8 The global floor coordinate systems

15.2 PLANAR SUBSTRUCTURE MODEL

When the space bar model is used in the analysis of space steel frames, results have high accuracy, but a huge
number of degrees of freedom should be dealt with. Generally, a structural node in the space bar model has
eight deformation variables if joint-panel shear deformation is involved, and even if the rigid floor is
considered, five independent variables still exist for each node. The computation effort is therefore
extremely large especially in nonlinear structural analysis and elasto-plastic seismic response analysis of
space steel frames. A compromised model between accuracy and computation effort for structural analysis
of space steel frames is necessary, and the planar substructure model is one of them. In the planar
substructure model, a space frame is divided into a number of planar subframes (planar substructures)
based on the assumption that loads are applied in the plane of the planar subframes. Meanwhile, the rigid
floor assumption is also adopted, by which all the planar subframes can resist horizontal loads together.
Structural degrees of freedom and computation effort in such a planar substructure model are evidently
reduced, and hence the model is applicable to the analysis of space steel frames subjected to horizontal
forces applied at the frame floors in practice.

15.2.1 Stiffness Equation of Planar Substructure in Global Coordinates

As shown in Figure 15.9, denote the angle between the ith planar frame in a space frame and the ou axis in
the global coordinates with ¢; and denote the coordinates of one point in this planar frame, in the global

X\ Thei™ planar frame

8k \O

Figure 15.9 The kth floor of the space frame and coordinate systems
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coordinate system of the kthfloor, with a; and b, where k = 1,2, ..., n and n is the total number of storeys
of the frame. The sway stiffness equation of the ith planar frame can be established according to the method
described in Chapter 13 and written as

[KX]i{de}i = {dFK}H (15~50)

where {dD,}, and {dF,}, are, respectively, the incremental vector of the horizontal displacements of the
frame floors along the x-axis and the corresponding incremental force vector and [K,],i is the sway stiffness
matrix of the ith planar frame in its own plane.

Expand Equation (15.50) to the spatial sway stiffness equation of the planar frame in its own coordinates

[KJ; 0] [0]7 ({dDs}; {dF.};
O] [0] [0]|{{dDy}; p =4 {0} o, (15.51)
(0] [0] [0]]  {de.}, {o}

where {dD,}; and {df.}, are, respectively, the incremental vectors of the horizontal floor displacements
along they-axis and floor torsions.

By the transition relationship between the global coordinates and the local coordinates of the planar
frame, one has

{dD.}; {dD.};

{dD,}; » =[Ti]q {dD.}; ¢, (15.52)

{do.}, {do};

{dF.}, {dFy}

{dr,}; ¢ =[1]"¢ {0} o, (15.53)
{o} {0}

where {dD,}; {dD,}, and {df,} are, respectively, the incremental vectors of the horizontal floor
displacements along the u-axis and v-axis, and floor torsions in the global coordinates, {dF,}, and
{dF,}; are the incremental vectors corresponding to {dD,}; and {dD,},, respectively, and [T;] is the
coordinate transition matrix of the ith planar frame, which can be expressed as

[ei]  [si] [0]
(Til = |[=s] [a] [0]], (15.54)
[0 [o] [1]
in which
[ci] = cos @[I] = ¢;[l], (15.55a)
[si] = sin @;[1] = s;1], (15.55b)

where [/] is the unit matrix.
Substituting Equations (15.52) and (15.53) into Equation (15.51) leads to

C,‘Z[Kt],‘ Cisi[Kx][ [0} {dDu}i {dFu}t
csilKd; stk [0]] q {dDv}; p =4 {dF}; o (15.56)

i

(0] o [o]] \{dbu}; {0}

i
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Express the displacement vectors at the origin of the subframe coordinates with those at the origin of the
global coordinates in the global coordinate system as

{dD,}; = {dD.}; — [b]{dbyo},
{dD,}; = {dD,}, — [a];{d0u0}, (15.57)

{6y }; = {dbo},

where {dD,o}, {dD,} and {df,0} are, respectively, the incremental vectors of the horizontal floor
displacements at the origin along the u-axis and v-axis, and floor torsions in the global coordinates, [a;]
and [b;] are diagonal matrices given by

a]; = diaglai1, ain,. . . , @inl, (15.58a)
[b]; = diag[bi1, b, ., bin], (15.58b)
and ay and by (k =1,2,...,n) are the coordinates of the origin of the local coordinate system for the ith

subframe in the global coordinate system of the kth floor (see Figure 15.9). Note that each floor has its own
global coordinate system (see Figure 15.8), and the origin of each floor coordinates may not be in the same
vertical line but the directions of the u-axis and v-axis coincide, and the values of a;; and b;, on different
floors may be different.

Substituting Equation (15.57) into Equation (15.56) yields

K cmsiKd; 0] (({dDuo} — [bil{dOuo} {dF.};
csilKd;  sPK; (0] | {dDwo} — [ail{dOuo} ¢ = ¢ {dF\} (15.59)
(0] [0 [o] {dbo} {0}
or
GlK sl (=7 (bl + cisilal) K, {dDwo} {dF.},
asilKd;  sPIK;  (—esib]; + flal)[Kd; | 4 {dDw} p = { {dF}; o (15.60)
[0] [0] (0] {dbo} {0}

Left-multiplying [b]; and [a]; in Equation (15.60), respectively, in the lines corresponding to {dD,} and
{dD,¢}, and then adding them to the line corresponding to {df,0} can result in

{dDu()} {dFuO}i
[Kul;§ {dDw} p = ¢ {dFy}; o, (15.61)
{dgw()} {dMWO}i

in which
{dFuO}i = {dFu}n
{dFVO}i = {dFv}i7 (15.62)
{dMyo}; = —[bl{dF.}; + [a],{dF.},,

where {dF,o}; and {dF}, are, respectively, the incremental horizontal force vectors along the u-axis and
v-axis, which result from the horizontal forces of the ith planar subframe and act in the origin of the floor
global coordinates. {dM,,o}, is the torque moment about the vertical axis through the origin of the floor
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global coordinates, which also results from the horizontal forces of the ith planar subframe, and [Ky] ; is the
incremental stiffness matrix of the ith planar subframe in the global coordinates, given by

[Kllll]i [KuV]i [Ku@}i

(Kul; = | [Kul;  [Knl; [Kud; |, (15.63)
[Kwu]i [Kf/m]i [KWPL‘

where
[Kul; = I [K;, (15.64a)
K, = (Kl = cisilKJ;, (15.64b)
(K], = sTIK;s (15.64c)
[Kuoli = [Kouli = ci(—cilb]; + sila]) K], (15.64d)
Kp); = Kol = si(—cilb); + silal,) (K], (15.64¢)
(Kool = (cilb); — silal,)*[K);- (15.64f)

15.2.2 Global Stiffness Equation of Spatial Frame

Assembling the stiffness equations of all the planar subframes can produce the global stiffness equation for
the whole space frame as

[Kul{dDu} = {dFu}, (15.65)

in which
{dDu} = [{dDuo}", {dDy}", {dDyo}"]", (15.66a)
{dFu} = [{dF.0}", {dF0}", {dMyo}']", (15.66b)

{dFIAO} = Z {dFLIO}i7

i

{dF,o} = Z {dF,0};, (15.67)
{dM,0} = Z {dMy0};,

[Ku] = > K (15.68)

where {dF,} and {dF,o} are the incremental horizontal force vectors, respectively, along the u-axis and
v-axis acting at the origins of each floor global coordinates, {dM,} is the torque moment vector about the
vertical axis through the origins of each floor global coordinates, and [Ky]; and [Ky] are, respectively, the
space stiffness matrices of the planar subframes and the global space frame.
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Figure 15.10 Space frame for example

Obviously, the simplification is achieved in the planar substructure model by transforming the analysis of
a space frame to the analysis of several planar subframes, and the number of degrees of freedom for the
structural analysis is reduced largely. However, it should be noted that the following two approximations
exist in the planar substructure model:

(1) Only consistency of the horizontal displacements of the same nodes in different planar subframes is
considered, and that of the vertical displacements is ignored.

(2) In the elasto-plastic state of the space frame, the sway stiffness of the frame columns along the two
sectional principal axes will become coupled, whereas the planar substructure model neglects this effect.

15.2.3 Numerical Example

Figure 15.10 illustrates a space steel frame, and in the plan view of the frame shown in Figure 15.11, the
member sections are identified (US wide-flange standard section used). Each floor of the frame has slab so
that the rigid floor assumption is adopted. The loading sequence is that vertical loads, the values of which are
given in Figure 15.10, are applied first and then the horizontal loads F (see Figures 15.10 and 15.11) are
applied, keeping the vertical loads constant. With the planar substructure model, the curves shown in
Figure 15.12 can be obtained, which represent the relationship between the horizontal force F and the
horizontal displacement u3, vertical displacement v3 and the slab torsion ¢ of the top floor at the location
where the horizontal force acts. The peak point of the curves corresponds to the ultimate horizontal force
Fmax of the space frame.

W21 x 57 W12 x 65

0,135m

F\

7

13.5m,0 u

Figure 15.11 The plan of the space frame for example
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Figure 15.12 Horizontal load—deformation curves
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Figure 15.13 Relation between Fy,.x and o

The results obtained by the space bar model coincide with those given in Figure 15.12 obtained by the
planar subframe model, which indicates that the inconsistency of the vertical deformation of frame columns
and the coupling effect of sway stiffness of frame columns in different directions are negligible when the
storey number of space frames is large and proportional loading sequence is applied.

Effects of the direction and position of the horizontal loads on the ultimate load-carrying capacity of the
frame Fyn,x are examined. Let the angle o between the horizontal force direction and the v-axis vary from —%
to 7; the corresponding variation of Fi,y is given in Figure 15.13. And let the positions of the horizontal
forces move in scope from —2m to 2m along the u-axis when o = 0; the corresponding variation of Fy,y 1S
shown in Figure 15.14. Obviously, the direction and position of the horizontal forces significantly affect the
ultimate load-carrying capacity of the frame .
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Figure 15.14 Relation between Fp,x and u
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15.3 COMPONENT MODE SYNTHESIS METHOD
15.3.1 Principle of Component Mode Synthesis Method

The component mode synthesis method is a combination of the finite element method and the Ritz method.
This method effectively reduces the number of structural degrees of freedom and makes it possible to use a
microcomputer to analyse large and complex structures. The basic principle of the component mode
synthesis method is that a displacement mode is assigned to each structural node, which may be a linear
combination of functions satisfying structural boundary constrains. In the component mode synthesis
method, the nodal displacement mode in addition to the elemental displacement field for structural analysis
is established based on the finite element method. Similar to the Ritz method, variables with the number of
structural degrees of freedom much less than that needed in the finite element method can be solved in the
component mode synthesis method because the number of independent parameters controlling the dis-
placement field of the global structure is limited. As this method is based on the finite element method, it also
has some advantages of the finite element method.

Using the component mode synthesis method in the analysis of space steel frames requires a series of
functions with undetermined parameters to approach the displacement field along the height of the frame
under analysis. By the viewpoint of function approach theory, the function series {f,,(w)} ensuring
approaching to the real solution should satisfy three conditions: continuity, independence and completeness.
Mathematical investigation indicates that orthotropic function series are advantageous in stability and fast
convergence in addition to satistying the above three conditions . So, the following orthotropic polynomial
function is selected as the displacement mode along the height of the frame:

(m+1)! W
SN (15.69)

G0} = 3 (17

Jj=1

where w is the height of the node considered and H is the total height of the frame.

As for the space steel frame shown in Figure 15.15, the basic variables in the global coordinate system
and considering the rigid floor include the horizontal displacements D,,x and D, at the origin of the global
coordinates along the u-axis and v-axis and torsion 6,,,; on the arbitrary kth floor, the vertical displacement
Dk, rotations 6, and 6,x, and joint-panel shear deformations y,; and y,; of the ith column on the kth floor.
All of the basic variables can be expressed as

Duok = Z azt()mf;n(wk)v
m=1
Dw)/( = Zaw)mfm(wk)7
m=1
awok = Z bwnmfm(wk)>
m=1
D,y = Z awimfm(wk)7
e (15.70)
Quik = Zbuimfm(wk)?
m=1
Hvik - vai m(wk)7
m=1
Yuik = Z CuiMfm (Wk)7
m=1

,
Pvik = Z Crimfn (W)
m=1

where wy is the height of the kth floor.
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Figure 15.15 Space frame and global coordinate system

The relation between the displacements of the node at the ith column on the kth floor and the origin of the
floor global coordinates is (see Figure 15.16)

Dyix = Dyok — Vik9w0k>
Dyix = Dyok + uixbhwor, (15.71)
ewik = ewuln

where u;; are vy are the coordinate values of the node at the ith column on the kth floor in the floor global
coordinate system.
The displacement vector of the node at the ith column on the kth floor can be expressed as

{Dik} = Z [Nk}im{e}im = [Nk]i{e}i’ (1572)
m=1
in which
{Da} = Dur, Dyt Owits Duits Oits Ouits Voits  Vuik] > (15.73)
{e}i = Heths {edn, - A{ehi], (15.74)
{e}im:[auom7 Ayom bwonn Ayim bvinﬁ buhm Cvimy Cuim]T» (1575)
[Nk]i:[[Nk}ih [Nk]m "‘7[Nk}ir]T7 (15.76)
V|
Vikm — — — — -@Columni
|
|
|
Oy dik u

Figure 15.16 The floor global coordinate system
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[ fon (1) —Vikfm (W) 0
TnW)  ifin(we)
Tn(wi)
Tn(Wi)
(Nl = fuome) . (15.77)
Jn(we)
Jn(wi)
| 0 Tn(wi) |

where {Dy} is the nodal displacement vector, {e}; is the vector of undetermined parameters (namely the
generalized displacement vector) and [N, is the transition matrix between the nodal displacement vector
and the generalized displacement vector.

15.3.2 Analysis of Generalized Elements
15.3.2.1 Generalized column element
A generalized column element consists of all the columns on one vertical line, i.e. the columns from bottom

to top storeys, as shown in Figure 15.17. By Equation (15.72), the relation between the end displacements of
the column at the kth floor and the generalized displacements is

o= { Pa b= [ D] e, = i, (15.78)

It is known that the incremental stiffness equation of the column element with joint panels in the global
coordinates is Equation (15.16), and the relation between the elemental displacement vectors {D,} and

{Dci}k is

{Dcy} = [Rc]{Dci}k7 (15.79)
where
[R] = {[[r(;]} [[f}} } (15.80)
Floor k

th
Column at the k™ stlory Floor kel

Figure 15.17 The generalized column element
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By Equations (15.79), (15.78) and (15.16), the incremental relation between the generalized forces and the
generalized displacements of the node at the ith column on the kth floor is obtained as

{dfeit, = [Keili {de};, (15.82)

where
{dfCi}k = [Nkfl,k]iT[RC]T{chvh (15'83)
[Keilie = [Nic1 i [Re] [Key ) [Re] [Ne-1 4] (15.84)

Hence, the incremental stiffness equation of the ith generalized column element can be written as

{dfei} = [Keil{de};, (15.85)
in which
{df} = Z {dfei}es (15.86)
k=1
[Kci} = )ZI [Kci]k7 (15.87)
k=1

where {df;} is the generalized force vector in the generalized column element corresponding to the
generalized displacement vector {e}; and [K,;] is the stiffness matrix of the generalized column element.
15.3.2.2 Generalized beam element

A generalized beam element consists of all the beams between two adjacent column lines, as shown in

Figure 15.18. By Equation (15.72), the relation between the end displacements of the beam at the kth floor
and the generalized displacements is

C 1 T

It is known that the incremental stiffness equation of the beam element with joint panels in the global
coordinates is Equation (15.8), and the relation between the elemental displacement vectors {Dg,} and

{Dyij}y is

{ng} = [RgHDgij}kv (15-89)
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Figure 15.18 The generalized beam element

where

[[r 0

[Re] = rel 0 ; (15.90)
L [O] e
0 0 0 1 O 0 0
00001000

[rel=10 0 0 0 0 1 00 (15.91)
00 0 O0O0O0OT1FP0
LO O OO O 0O 0 1

By Equations (15.89), (15.88) and (15.8), the incremental relation between the generalized forces and the
generalized displacements of the beam within the span of the ith column and the jth column on the kth floor
is obtained as

{dfeij}x = [Kaili{de};, (15.92)

where
{dfei}ie = INGIRe] {dF,}, (15.93)
[Kegli = INGRe]" (K] [Rel [Ne) (15.94)

Hence, the incremental stiffness equation of the generalized beam element within the span of the ith column
and the jth column can be expressed as

{dfei} = [Kgij]{de}ijv (15.95)
in which
{dfgii} = Z {dfgij}k> (1596)
k=1

(Kei] = i (il (15.97)
k=1
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where {dfy;} is the generalized force vector in the generalized beam element corresponding to the
generalized displacement vector {e}ij and [Ky;] is the stiffness matrix of the generalized beam element.
15.3.2.3 Generalized brace element
A generalized brace element consists of all the braces between two adjacent column lines, as shown in

Figure 15.19. By Equation (15.72), the relation between the end displacements of the brace on the kth storey
and the generalized displacements is

(Do}, = {{ﬁ%} } _ [[Nﬁh V[\%J { %/} — Niidlyledy (15.98)

It is known that the incremental stiffness equation of the brace element with joint panels in the global
coordinates is Equation (15.25), and the relation between the elemental displacement vectors {Dy,} and
{Dwij}y i

{Doy} = [Ro}{Dwij}, (15.99)
where
[[re] [0]
[Ro] = ; (15.100)
L[O]  [r]
10 00 0 0 0 0]
01000000
00010000
rl=10 0 00 100 0 (15.101)
0000O0T1 00
00000010
(0000000 1]

Similar to the derivation of the generalized column and beam element, the incremental stiffness equation of
the generalized brace element within the span of the ith column and the jth column is obtained as

{dfeis} = [Koyl{de};, (15.102)

Floor k

| Brace on the k" story

|
Floor k=1 :
I

Columni i

Figure 15.19 The generalized brace element
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in which
{dfo} = Z {dfoii i (15.103)
=
(Kvij] = Z [Kijlis (15.104)
=
{dfiis}i = INi-14];[Ro] " {dFiy }, (15.105)
(Kol = [Nio1 4] [Ro] " [Koy | [Ro) [Nic—1.4] (15.106)

where {dfi;;} is the generalized force vector in the generalized brace element corresponding to the
generalized displacement vector {e};; and [Ky;] is the stiffness matrix of the generalized brace element.

15.3.2.4 Generalized joint-panel element

A generalized joint-panel element consists of all the joint panels along one column line, as shown in
Figure 15.20. By Equation (15.72), the relation between the joint-panel displacements and the generalized
displacements is

{Dyi}y = {Di} = [Nl {e}- (15.107)

It is known that the incremental stiffness equation of the joint-panel element in the global coordinates is
Equation (15.29), and the relation between the elemental displacement vectors {D, } and {D,;}, is

{D,} = [R{Dyi}y (15.108)

where
0

000 00O 1
RJ=10 00000 0 1

7

(15.109)

Similar to the derivation above, the incremental stiffness equation of the generalized joint-panel element
along the ith column can be obtained as

{df} = [K){de},, (15.110)

7
|

:

|
Floor k d] Joint panel at floor k

Figure 15.20 The generalized joint-panel element
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(15.111)

(15.112)

(15.113)

(15.114)

where {df,;} is the generalized force vector in the generalized joint-panel element corresponding to the
generalized displacement vector {e}; and [K.;] is the stiffness matrix of the generalized joint-panel element.

15.3.3 Stiffness Equation of Generalized Structure

Assume that the space frame considered has n storeys and s column lines. Assembly of the incremental
stiffness equations of all the generalized column, beam, brace and joint-panel elements in the frame yields
the incremental stiffness equation for the structural system as

in which

()= [l Bt}

{en} = [{aw}", {aw}", {buwo}'],
{au()} = [aum, a2, -, au()y]Tv
{aw} = [avo1, @2, --., avoy}T,
{bwo} = [Buots w5 buoy]",

{er} = {eri}', {ero}'. -, {erd'],
{eri} = [{awi}", {bu}', {bu}'. {ou}'. {ca}']',

(15.115)

(15.116)

(15.117)

{awi} = [awm Ayidy -y awiy}T7
{bu} =By buzs -y bl
{bu} = bun, buzy ooy buy'
{evi} = [evir, cviy -, cv,-.,}T,
{Cui} = [Cuib Cuizy  +++y Cui*,!}T7

where {dfyy} and {dfg} are the incremental force vectors corresponding to the generalized displacement
vectors {deq } and {deg }, respectively.

The number of degrees of freedom in the original frame is equal to n(3 + 5s) whereas that using the
component mode synthesis method is r(3 + 5s). Generally, the number of terms, r, in the displacement
functions along the frame height may be 3—5, which indicates that for the multi-storey frame (n > r),
especially for the high-rise frame (n > r), the structural degrees of freedom are largely reduced.
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If the frame is subjected to horizontal loads (for example, horizontal earthquakes), {dfg } = 0. Then the
stiffness equation of the structural system after static condensation becomes

{dfu} = [Knl{den}, (15.118)
where
[Ku] = [Kin] — [Kir] [Kre] ™' [Krn- (15.119)
And {deg} can be obtained with
[der] = —[Krr] ™' [Krn] {den }- (15.120)

15.3.4 Structural Analysis Procedure

This subsection describes the structural analysis procedure using the component mode synthesis method,
with the example of frames subjected to horizontal loads.

First, denote the vector of the horizontal displacements at the origin of the floor global coordinate system
as

{Du} = [{Dw0}", {Dw}', {6uo}']", (15.121)
where

{Dwo} = [Duot, Duo2, ..., Duoul',

{Dw} = D1, D, --; Dwl' (15.122)

{6u0} = [Buor, Guoze -y B0l

And then express the floor displacements with the generalized displacements as

{DHO} = [Hr}{au0}7
{Dw} = [H{aw}, (15.123)
{Owo} = [Hi]{0uo},

where

filw) flwi) oo fr(w)
] = |f10v2) fz.(@ f’FfVZ) : (15.124)

fl(Wn) Sfo(wn) fr(W.n)

By Equations (15.121), (15.123) and (15.116), the relation between the floor displacements and the
generalized displacements is obtained as

{Du} = [Rul{en}, (15.125)

where

[Ru] = [Hi] : (15.126)
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By the energy principle, the work by the incremental generalized horizontal forces should be equal to that by
the realistic incremental horizontal forces applied at the frame floors, namely

{den} {dfu} = {dDu}"{dFu}. (15.127)

Substituting Equation (15.125) into the above equation yields

{den}"{dfir} = {den}" {Ru}" {dFu}, (15.128)

which leads to

{dfu} = {Ru}"{dFu}, (15.129)

where {dFy } is the incremental vector consisting of two horizontal orthotropic forces at the origins of all the
floor global coordinates and torque moments about the vertical axis through these origins, and {dfy } is the
generalized horizontal force vector.

Substituting Equation (15.129) into Equation (15.118), one has

[Kul{dey} = [Ru]" {dFy}. (15.130)

As a summary, the structural analysis procedures using the component mode synthesis method can be
concluded as follows:

(1) Calculate the generalized displacement incremental {dey } by Equation (15.130).
(2) Calculate the generalized displacement incremental {deg } by Equation (15.120).

(3) With {den} and {der}, calculate the displacement incremental of structural nodes in the global
coordinate system, {dDy }, by Equation (15.72).

(4) With {dDy}, calculate the elemental displacement incremental in the local coordinate system for all the
beam, column, brace and joint-panel elements, respectively, by Equations (15.3), (15.12), (15.22) and
(15.28).

(5) Substitute the elemental displacement incremental into the corresponding elemental stiffness equations
of beam, column, brace and joint-panel elements to obtain the elemental forces (or the member
resultants).

15.3.5 Numerical Example

Three space steel frame specimens were tested by Ding (1990), the geometries and loading distribution of
which are given in Figure 15.21. One of the specimens is a symmetric structure, and the other two are
asymmetric (the section size of the columns in axis A and axis B are different). All the beams and columns of
the specimens are H sections, sizes of which are listed in Tables 15.1 and 15.2. The yielding strength of the
steel material for the specimens oy = 310N/ mm” and the elastic modulus E = 2.075 x 10° N/ mm?®. In the
experiments, vertical loads were applied at first and then horizontal loads were applied. Nonsymmetric
horizontal forces were applied according to Hx : Hg = 2 : 1. Some measures were adopted to simulate the
rigid floor.

Curves of the horizontal loads versus horizontal displacement at the top of the columns in axis A,
obtained by both the component mode synthesis method and the FEM with the space bar model, are
compared and given in Figure 15.22. Meanwhile, the corresponding horizontal ultimate load-carrying
capacities of the frames are listed in Table 15.3. Obviously, the component mode synthesis method has good
accuracy.
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Figure 15.21 Space frame specimen
Table 15.1 Member sizes of specimen 1
Section sizes (mm)
Components b ho t d
Beams 30 30 4 4.2
Columns 25 25 4 43
Table 15.2 Member sizes of the specimens 2 and 3
Section sizes (mm)
Components b hy t d
Beams 25 25 4 43
Columns in axis A 30 30 4 42
Columns in axis B 25 25 4 4.3

Table 15.3 Comparison of ultimate horizontal loads obtained by numerical analyses and tests

By the space

By the component

f

Hy — H

H, —

H,

Specimen By tests, bar model, mode synthesis ' % 100% 7 x 100%
member H,(kN) He(kN) method, H,(kN) ! '

1 2.10 2.16 2.23 2.86 6.31

2 1.95 2.04 2.06 4.61 5.47

3 2.40 2.48 2.56 3.33 6.67




COMPONENT MODE SYNTHESIS METHOD 285

2.40 2.40
2001 Z e-iTh A 200 / o
4
__ 160 A _. 160r ,(‘
Z
£ | / N € A No.2
£ 12 P, = 9kN T P, =9kN
0.80" P, =18kN 0.80- Pp=2.6 kN
Ha:Hg=1:1 Ha @ Hg=11
0.40[ 0.40
| | | | | | | |
0 2 4 6 8 Ulm 0 2 4 6 8 Ul(m
@ (b)
L vy
2.40 'z
f's
2,00} A .
/ By the component mode synthesis method
A
_. 160 A No. 3
Z L p=
< ol K R R — By the space bar model
= O & P,=26kN
HA : HB =2:1
0.801 A A A Bytests
0.40
| | |

0 2 4 6 8 Wlm
(@]

Figure 15.22 The curves of horizontal loads versus displacements of space frame specimens: (a) specimen 1; (b)
specimen 2; (c) specimen 3

Because the global frame displacement is enforced in the component mode synthesis method, relatively
large structural stiffness (or relatively small structural displacements) and relatively high ultimate load-
carrying capacities are detected in Figure 15.22 and Table 15.3.
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16 Development of Structural
Design Approach

The structural design approaches can be divided according to reliability measurement into deterministic
approach, reliability approach based on limit states of structural members and reliability approach based on
limit states of the structural system. Historically, the deterministic design approach is the earliest used, and
the reliability design approach based on the limit states of structural members prevails in current practice.
However, the reliability design approach will be the evolutional aim in future.

16.1 DETERMINISTIC DESIGN APPROACH
16.1.1 Allowable Stress Design (ASD) (AISC, 1989)

The allowable stress design approach was the earliest proposed after the establishment of structural analysis
theory, the design principle of which is that the stress at arbitrary structural position, o, should not be greater
than the allowable stress [0], namely

o < o], (16.1)
in which [o] is determined by
a5
=1, (162)

where oy is the material yielding strength and k. is the safety factor.
It is assumed to ensure the structure designed keeping in elastic state in ASD so that structural analysis
and design is relatively simple. However, the following drawbacks exist:

(1) The choice of the safety factor is empirical, and the structural design lacks explicit reliability
significance. Although in theory the greater the safety factor the safer the structure designed, in practice
with the same safety factor, different load patterns (e.g. dead or live load is dominant) or different
structural materials (e.g. steel or concrete is used) will evidently result in different structural reliability
levels. This cannot be reflected in ASD.

(2) Even if structural material is same, different sectional shapes of structural members or different
structural forms with the same stress level can also result in different structural reliability levels.
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© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Figure 16.1 Sections of the steel member and stress distribution: (a) H section; (b) rectangular section; (c) elastic limit
stress distribution; (d) plastic limit stress distribution
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Figure 16.2 Elastic and plastic limit load-bearing capacities

For example, the steel H-shaped and rectangular sections shown in Figure 16.1 can have the same elastic
limit bending moments, but their plastic limit capacities may differ from each other up to 1.4 times. Again, it
can be found from comparison of the steel portal frame and the braced frame shown in Figure 16.2 that the
elastic capacity of the braced frame can be same as that of the portal frame, but its plastic capacity is less
because its plastic capacity is equal to its elastic one, whereas the portal frame has much capacity reservation
in plasticity after elastic capacity.

16.1.2 Plastic Design (PD) (AISC, 1978)

The plastic design approach was proposed to overcome the drawback of ASD, the design principle of which
is that the structural load effect S, with a consideration of safety reservation, should not be greater than the
corresponding structural plastic strength Rp, namely

S<R, (16.3a)

or
kpSo < Ry, (16.3b)

where Sy is the nominal value of the structural load effect and k; is the load factor used to consider safety
reservation in PD.

PD is a more rational design approach over ASD because it includes the effects of plastic development on
structural limit load-bearing capacity. But the failure criterion used in PD is more dangerous than that in
ASD so that generally the load factor &, in PD is greater than the safety factor k. used in ASD.

16.2 RELIABILITY DESIGN APPROACH BASED ON LIMIT STATES
OF STRUCTURAL MEMBERS

After ASD and PD, the reliability design approach based on limit states of structural members prevails in the
design of steel frame structures worldwide. This design format is also termed as load and resistance factor



RELIABILITY DESIGN APPROACH BASED ON LIMIT STATES 291

design (LRFD). LRFD is adopted in the codes for the design of steel structures in China (GB50017-2003),
United States (AISC, 1994), United Kingdom (BS5950, 1990), European Union (Eurocode3, 1992) and
Australia (AS4100, 1990). The common procedures of LRFD include the following: (1) to conduct linearly
elastic structural analysis to determine the resultants of structural members under critical load and load
combinations (with load factor and load combination factor); (2) to check member resultants against the
limit states of structural members specified in the codes with resistance factor. If all of the limit state checks
pass, the structural design is satisfactory to code requirement.
The design formula of LRFD can be expressed as

TRR 2 79 Z ViSis (16.4)

where R is the member nominal resistance, being generally the limit load-bearing capacity, calculated with
material and geometric sizes of the member and according to the load form (e.g. bending, axial compression
and eccentric compression) applied on the member, S; is the nominal load effect (resultant) of the member,
7o is the structural importance factor, yy is the resistance factor and y; is the load factor.

In Equation (16.4), i indicates different type of loads, and factors y,, g and y; are determined with
structural reliability analysis so that the structural design by Equation (16.4) has the reliability level
approximately close to the target one pre-assigned. LRFD is therefore a reliability-based structural design
approach.

However, LRFD still has incompatibility in the following aspects:

(1) The member resultants used in design procedures 1 and 2 are incompatible (Chen, 1998). In procedure 1,
linearly elastic analysis is used to obtain structural member resultants, and material nonlinearity is not
taken into account. But in procedure 2, elasto-plastic limit states of structural members are considered,
where material nonlinearity is accounted. Resultants will be generally redistributed in structural
members after yielding occurs because a structure resists loads as an integrity rather than individual
components. This incompatibility indicates that the resultants of structural members used in the limit
state check are not realistic in LRFD.

(2) Instability mode assumed for structures is incompatible with the global instability mode occurring really
(Liew, White and Chen, 1991). The basic assumption in the determination of buckling modes of steel
frames in LRFD is ‘sway or non-sway instabilities happen simultaneously to all the columns on the same
frame storey’, which is not true when compared to the fact that ‘only individual or some columns of a
frame occur elasto-plastic instability at first’. In engineering practice, the effect of structural instability
is considered with an empirical effective length for frame columns in their limit state check in LRFD.
However, the effective length cannot reflect the true inelastic restrain relationship among structural
members.

(3) System reliability level of structures designed is incompatible with the target reliability aimed (Galam-
bos, 1990). What reliability level ensured in LRFD is for individual structural members, not for the
structural system because LRFD is based on the limit state check of structural members. There is an
evident gap between the structural system and member reliability levels because the structural capacity
relates not only to capacities of individual members, but also to structural ductility and redundancy,
structural form and the correlation between loads and structural resistance (Hendawi and Frangopol,
1994).

The above incompatibilities may result in design irrationalities. The first is that the limit load-bearing
capacity of the structural system designed is uncertain, and in majority of the cases, the design value is less
than the realistic one. An examination was done where 16 planar steel frames were studied with the LRFD
code method (member check) and the inelastic system method (structural check) (Ziemian, McGuire and
Deierlein, 1992a). The results obtained are that the limit load-bearing capacities of the overall frames
designed by the current LRFD code method are 1-58 % (average 20 %) greater than those by the inelastic
system method, and the steel consumption of the frames designed by the LRFD code method is 1.5-19 %
(average 12.4 %) greater than that by the inelastic system method. A similar comparison was also made for a
22-storey steel space frame by Ziemian, McGuire and Deierlein (1992b), where it was found that the overall
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limit load-bearing capacities of the frame designed by the LRFD code method are 14.6, 7.7 and 6.7 % greater
than those by the inelastic system method under three typical load patterns, whereas the steel consumption is
13.4 % greater. Other similar results can be found for the braced and unbraced steel frames investigated by
Kim and Chen (1996a, 1996b), the planar steel frames loaded in the weak axis by Ziemian and Miller (1997)
and the steel portal frames by King (1991). Similar results can also be found in the Chinese code based on the
LRFD method (Zhou, Duan and Chen, 1991).

The second irrationality is that the system reliability level of structures designed is ambiguous, and in
majority of the cases, the design value is less than the target one (Galambos, 1990). Although previous
research show that the structural reliability by LRFD is more uniform than that by ASD and PD, it is not
satisfactory yet. The realistic limit load-bearing capacities of 300 concrete—steel composite columns loaded
with concentrated and eccentric compression are examined with experimental tests (Lundberg and Galam-
bos, 1996), which is not consistent with the values in design. Additionally, the reliability level calculated is
also not consistent with the target one in LRFD, and note that those of steel-encased columns are smaller and
those of concrete-filled tubes are greater. The realistic member reliability of three planar steel frames was
checked with the stochastic finite element method (Mahadevan and Haldar, 1991). It is found that the
reliabilities of the members in the same portal frame are not equal to each other, and in majority of the
loading cases, the member reliability is 6-150 % greater than the target reliability. Effects of structural
plasticity on member reliability are studied in reference, and results show that the failure probability of
structural member may be 4.6 times that by linearly elastic analysis if material nonlinearity is considered
(Xiao and Mahadevan, 1994). Similar results were also found by Lin and Corotis (1985). An example was
given that the structural system reliability index reaches 3.5 though the target reliability index is 2.6 when
designing a steel portal frame with LRFD for structural members (Ellingwood, 1994). As the objective is the
simply supported individual member in the derivation of load factor, resistance factor and target reliability
level in current LRFD, the current LRFD code method cannot reflect the realistic reliability of the members
in a structural system and also cannot evaluate the structural system reliability (Moses, 1990).

16.3 STRUCTURAL SYSTEM RELIABILITY DESIGN APPROACH

With rapid development of computer technology and research progresses in the fields of structural analysis
and system reliability assessment, it is possible to propose and establish a more advanced structural design
approach than the current one. The advanced structural design approach should be based on the limit load-
bearing capacity of the structural system and system reliability evaluation. It is a development tendency in
structural engineering to combine advanced structural analysis with system reliability assessment into
reliability-based advanced design (RAD) for the structural system.

The design format of RAD can be

¢'RHZVO'Z"/['SM7 (165)

where S, and R, are the nominal values of a load distribution and the corresponding structural system
resistance (limit load-bearing capacity), respectively, ¢ and y; are factor of structural system resistance and
load factor, respectively, obtained with system reliability assessment and 7y, is the factor relating to structural
ductility, redundancy and importance. Although the design formula of RAD has the same form as that of
LRFD, it is a totally new design approach based on the limit states of the structural system, no longer based
on the limit states of structural members as LRFD.

RAD is an evolution of limit state design approach from member level to structural system level. It can be
foreseen that RAD can not only overcome the deficient problems of the current LRFD method based on the
limit states of structural members, but also produce more rational structural solutions. Furthermore, RAD
can facilitate the design process and give benefits to both owner and practitioner, by waiving limit state
equation check member by member and determination of the ambiguous effective length factor for frame
columns.

Thereafter, the second part of this book will introduce at first the calculation of structural system
reliability (Chapter 17), and then the system reliability assessment method of steel frames (Chapter 18) and
finally the reliability-based advanced design approach for steel frames (Chapter 19).



17 structural System Reliability
Calculation

17.1 FUNDAMENTALS OF STRUCTURAL RELIABILITY THEORY
17.1.1 Performance Requirements of Structures
Four basic performance requirements should be satisfied for building structures:

(1) capability of resisting all kinds of loads in the phase of normal construction and utility;
(2) serviceability in normal utility;
(3) durability with normal maintenance;
(4) structural integrity during and after accidents (e.g. earthquakes and fires).
The first and fourth requirements above relate to structural safety, the second to structural serviceability

and the third to durability. Only when the structure satisfies all of the four requirements, it is reliable. The
structural reliability is therefore a synthesis of structural safety, serviceability and durability.

17.1.2 Performance Function of Structures
A general equation to govern the reliability of a structure can be expressed as
Z=g(R,S)=R-S, (17.1)

where R and S denote structural resistance and load effect, respectively. Due to the uncertainties of structures
and loads, R, S and therefore Z are random variables. Three events will happen to the structure as follows:
(1) The structure is reliable when Z > 0.

(2) The structure fails when Z < 0.

(3) The structure is in limit state when Z = 0.

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
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The value of Z can be used to justify whether the structure satisfies the performance requirements or not. So
Z is termed as the performance function and call the following equation,

Z=R-S=0, (17.2)

as the limit state equation of the structure.

As R and S are dependent on more basic random variables (e.g. geometric sizes of structures, sectional
dimensions of structural members, material properties and so on), the more general expression of structural
performance function becomes

Z:g(X17X2,...,Xn), (173)

where X1, X5, ..., X, are the basic random variables.

17.1.3 Limit State of Structures

The limit state is the critical state in which the structures become disabled from reliable. When the whole
structure or part of the structure in a certain state cannot satisfy a performance requirement specified in the
design for structural reliability, this state is the limit state corresponding to the performance requirements.

There are two types of structural limit states. One is for load-carrying capacity and the other for
serviceability.

17.1.3.1 Load-carrying capacity limit state
Load-carrying capacity limit states for structural system or structural members includes.

(1) losing equilibrium for the overall structure or part of the structure as a rigid body (e.g. overturning);
(2) exceeding material strength of structural members or connections due to static and dynamic loads;
(3) becoming a mechanism from the overall structure or part of the structure;

(4) losing stability as the overall structure or individual members (e.g. buckling in compression).

17.1.3.2 Serviceability limit state
Serviceability limit states for structural system or structural members includes

(1) the structural deformation affecting the normal utility of the structure;
(2) the local damage (e.g. cracking) affecting the normal utility and durability of the structure;
(3) the structural vibration affecting the normal utility of the structure;

(4) the other states specified affecting the normal utility of the structure.

17.1.4 Structural Reliability

Structural reliability is the probabilistic measurement of structural integrity and serviceability, which can be
defined more precisely as the probability that the structure satisfies performance requirements specified in
specified time and under specified conditions.

In the above definition, the specified time generally refers to the benchmark period for structural design.
In the codes of many countries for structural design, the benchmark period or the specified time is taken as
50 years for normal structures. Moreover, the specified conditions actually mean the conditions of normal
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design, normal construction and normal use, excluding the man-made errors in the design, construction and
use of the structure affecting the structural reliability.
If the probabilistic density function of Z is fz(Z), the structural reliability ps can be calculated as

[o¢]
po=P{Z >0} = / f4(2)dz. (17.4)
0
Let p denote the structural failure probability, which can be expressed as
0
pr=P{Z <0} = / £(2)dz. (17.5)
—00
As event {Z < 0} and event {Z > 0} are completely opposite, therefore
ps+pi=1, (17.6)
or

ps=1—pr (17.7)

Structural failure probability is more straightforward and concerned in structural design so that it is
calculated generally in reliability assessment of engineering structures.

If the probabilistic density functions of structural resistance, R, and load effect, S, are fr(R) and f5(S),
respectively, and R, S are independent of each other, fz(Z) becomes

12(Z) = fz(R,S) = fr(R) - f5(S), (17.8)

and the failure probability is obtained as

pr=P{Z<0}=P{R—S<0}= //H OfR(R) - f5(S)dRdS. (17.9)

In Equation (17.7), performing integration along R at first leads to

[ - { R+mfs(5)ds}fR(R)dR

00

_ /:O {1 _ [ifs(s)ds}fR(R)dR (17.10)

= [ - Bl

o0

Performing integration along S at first leads to

[ s

‘ (17.11)
= [ Fr(S)fs(S)dS,

where Fg(-) and Fs(-) are the probabilistic distribution functions of random variables, R and S, respectively.

It can be found from Equation (17.9) that as structural resistance R and load effect S are random variables,
the absolutely reliable structure (py = 0 or ps = 1) does not exist. From the viewpoint of probability, the aim
of structural design is to make p; sufficiently large or make py sufficiently small, to the extent which can be
accepted.
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17.1.5 Reliability Index

Assume that in the structural performance function Z = R — S, R and S are normal random variables
uncorrelated. The mean values and standard variances of R and S are ug, psand og, os, respectively. Based
on the probabilistic theory knowledge, Z is also a normal random variable and its mean and standard
variance are

Hz = HR — Hs, (17.12)

07 = \/0% + 02 (17.13)

Then the structural failure probability is

z zZ-
prP{Z<0}=P{—<O} :P{—"Z<—%}. (17.14)
gz 0z 0z
If
Hz
_hz 17.1
p=tz, (17.15)
7 —
y=2"Ft2 (17.16)
oz
one has
pp = PLY < —B} = B(~), (17.17)

where Y is the standardized normal random variable and @ is the standard normal distribution function.
Substituting Equation (17.15) into Equation (17.14) yields

pr= P{Z < pz — ﬁo'z}. (1718)

Equation (17.18) can be illustrated with Figure 17.1. When f§ reduces, the area of the hatched part in
Figure 17.1 and therefore the failure probability, p, increases, whereas this area and py reduce if f§ increases.
This indicates that f§ is a quantitative index of the structural reliability and is defined as the structural
reliability index.

Substituting Equations (17.12) and (17.13) into Equation (17.14) results in the expression of f§ for the
case that R and S are normal random variables uncorrelated, given by

p=HR_Hs (17.19)

/2 2"
og + 05

A Probabilistic density

-
Y

o M, Z

Figure 17.1 Reliability index versus failure probability
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Table 17.1 Corresponding values of reliability index f with failure probability p¢

g 1.0 15 2.0 2.5 3.0 3.5 4.0 45
pr 1.59x107" 6.68 x 1072 228 x 1072 621 x 107> 1.35x 1072 233 x 10°* 3.17x 107> 340 x 10°°

If R and S are log-normal random variables uncorrelated, Equation (17.14) becomes

pr=P{Z<0} =P{R-S<0}=P{R< S}

R R
_P{§< 1} —P{ln§<ln1} (17.20)

=P{InR —InS < 0}.
As InR and In S are normal random variables, the structural reliability index in this case can be obtained
with
B = HinR — Hins (17.21)

b
[ 2 2
Ok T Tins

where (g, fns are mean values and o, g, ops are standard variances of In R and In S, respectively. It has
been proved that the statistics of In X (assuming that X is the log-normal random variable) are

1
Linx :1nux—§1n(1 +6%), (17.22)

omx = \/In(1 + &%), (17.23)

where 0y is the coefficient of variation of X.
With Equations (17.22) and (17.23), the expression of /5 for the case that R and S are log-normal random
variables uncorrelated is obtained as

lnMR\/l+6§
B= psVIHo (17.24)
VIn[(1+ &) (1 + )]

When the basic random variables are not normal or log-normal distribution or the performance function
is not linear, it is difficult to explicitly express the reliability index with statistics of basic variables. In such a
condition, f§ can be calculated by using the structural failure probability with Equation (17.17), i.e.

B=—2"(pr), (17.25)

where ®~!(+) is the inverse distribution function of the standard normal variable.
A group of corresponding values between f§ and py are listed in Table 17.1.

17.2 THE FIRST-ORDER SECOND-MOMENT (FOSM) METHODS FOR
STRUCTURAL RELIABILITY ASSESSMENT

The definition of the structural reliability index is based on the distribution function of the basic random
variables. If the variables are normally distributed and the performance function of the structure is linear,
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then it has a simple expression with only the statistics of the variables. In reality, however, the problem
becomes much complicated. For example, the structural performance function is usually nonlinear and in
many cases the variables are non-normally distributed. In such conditions, as mentioned above, the exact
reliability index cannot be calculated directly. However, if the reliability index can be approximately
estimated with the statistics of basic random variables, it is useful in engineering practice. The FOSM
method is such a method relying on only the first and second moments of the basic random variables to
estimate the reliability index. Two FOSM methods, the central point method and the design point method,
are to be introduced in this section.

17.2.1 Central Point Method

The central point method was proposed in the early stage of structural reliability study. Its principle is to
expand the structural performance function at the mean values of basic variables, called as the central point,
as Taylor’s series and retain only the first term at first and then calculate the mean and variance of the
performance function approximately. Finally, the reliability index is expressed directly with the mean and
variance of the performance function.

17.2.1.1 Linear performance function

Assume the performance function as

Z=ao+» aXi, (17.26)
i=1

where ag, a; (i =1,2,...,n) are known coefficients and X; is the random variables in the performance
function.
The mean and standard variance of the performance function are

n

Mz = g -+ Eaiﬂxl, (1727)
=1

o7 =D (aiox)’. (17.28)

According to the central limit principle, the distribution of the performance function approaches to the
normal distribution with the increase in the number of the random variables in the performance function. So,
when 7 is a large number, the reliability index can be approximately calculated with

n
aop + Y aifix;
_Hz _ i=1
== (17.29)

(%4 2
(aiox;)
i=1

And the structural failure probability can be determined with Equation (17.17).

17.2.1.2 Nonlinear performance function
Generally, the structural performance function is nonlinear. Assume

Z=g(X1,X2,...,Xy). (17.30)
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Expand the performance function at the mean values of the basic variables as the Taylor’s series and
retain only the first (linear) term as
Og
0X;

Xi — px,), (17.31)

124

Zzg()LLXHHsz”nuXH) +Z
i=1

where the subscribe, py, indicates the assignment of the basic variables with the mean value.
So, the mean and standard variance of performance function become

pz = (x> s - - - 5 X, )5 (17.32)
(17.33)

And the reliability index is approximately obtained with
ﬁzﬂzg(ﬂx.,uxy---,uxﬂ). (17.34)

(4 2": ag
=1\ 90X

In the central point method, the reliability index can be expressed directly and no iteration is needed. But the
following two disadvantages are evident in this method:

(1) It does not consider the distribution type of random variables. Because the central point method is based
on variables normally distributed, for non-normal variables it makes error in predicting the reliability
index.

(2) For the nonlinear structural performance function, only the first linear term in Taylor’s expansion is
retained in the central point method so that its accuracy depends on the extent of discrepancy between
the linearized and the realistic limit state function. Although generally the central point is not at the
realistic limit state surface governed by the limit state equation with the performance function, the error
cannot be avoided.

17.2.2 Design Point Method
The design point method is an improvement over the central point method. The principles are as follows:

(1) For the nonlinear structural performance function, namely the limit state equation, g(X) = 0, being a
nonlinear surface, the linearized approximation is not expanded at the central point but at one point
X* = [X5,X3,...,X:]" satisfying g(X) = 0.

(2) Non-normal variable, X;, is transformed into an equivalent normal variable at point X*, and the effect of

distribution type of the variable is therefore considered.

The point X* is called the design point.
Let

Z=g(X)=g(X1,X,...,X,). (17.35)

Transform X space to X space by

X —
X =t (17.36)

ox;

i
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and the performance function in X space is then

Z=3X) =3X,X,...,X,). (17.37)

Ak Ak

In X space, the tangent plane equation of Z =0 at the point X = X, X5, .. X;]T corresponding to the
design point X* is

* ok * 8g L3 ok

aX, Xy, X)) + % (X, —X)=0. (17.38)

i=1 X

As X* is one of points on the surface of 7= 0, i.e.
2X,,X,,...X) =0, (17.39)
the tangent plane equation is simplified to

0g o ox

Sl (%, —Xx)=o0. (17.40)
= OXilx

Actually the distance from the origin of the coordinates in X space to the tangent plane defined by
Equation (17.40) is the reliability index desired (Li, 1985), i.e.
n g PNES
%) 4
~ oK,
0,

p— izt OXily (17.41)

n o 2.

28

o= OXil (17.42)

n aA 2
> (55 )
i=1 X

X,
It can be proved that o; is the directional cosine from the origin to the design point X* in X space. Hence,
one has

Let

X, = ap. (17.43)
Returning to X space, one has
Xl* = Kx; + OC,'[;O'X,., (1744)
because
dg| _ %8 (17.45)
Xily  OXilx.

Substituting Equation (17.45) into Equation (17.42) leads to

nag

Jx,
Xl
o :%. (17.46)

= (ax, . )
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Non-normal distribution

X
Xy

F(X)=F (X)

Figure 17.2 Conditions of equivalent normal distribution

In addition, the design point X* satisfies
g(X,X5,...X;)=0. (17.47)

There are 2n + 1 simultaneous equations provided by Equations (17.44), (17.46) and (17.47), which can
be used to solve X}, o; (i =1,2,...,n)and f3, a total of [Pallavil]2n + 1 unknowns. As g(-) = 0 is usually
nonlinear, iterative technique is needed to obtain the final results of the unknowns.

If any variable X; is non-normal, it should be transformed to the equivalent normal variable X; at the
design point X* (see Figure 17.2) to estimate the reliability index with Equation (17.41).

According to the condition for the same value of probabilistic distribution functions at the design point
X*, one has

Fi(X) =
(X7) o

X5 —
“X} , (17.48)
from which it can be derived that

1y = X, — 7 [F(X)o. (17.49)

According to the condition for the same value of probabilistic density functions at the design point X*,
one has

(17.50)

JX:

X - HX,}

from which it can be derived that

¥
X — Hx:
Ox = ¢ I
i oy

i

/f,-(X;‘) = p{@7 F(XHAXD), (17.51)

where ®(-) and ®~!(-) are respectively the distribution function of the standard normal variable and its
inverse function; and ¢(-) is the density function of the standard normal variable.

The general calculation procedure of the design point method for determining the structural reliability
index can be summarized as follows:

(1) Express the performance function in the form of g(X;,Xa,...,X,) = 0, and determine the distribution
type and statistics of all the basic random variables.
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(2) Assume the initial values of X; and . Generally, the mean value of X; is taken as the initial value of X}'.

(3) For non-normal random variable X;, calculate the mean, Iy and standard variance, o> of the
equivalent normal variable, X according to Equations (17.49) and (17.51), and replace the correspond-
ing values, ux, and oy,, of the original variable, X;.

(4) Calculate the directional cosine, o;, according to Equation (17.46).

(5) Solve the reliability index, f8, using Equation (17.47) with Equation (17.44).
(6) Update X; with Equation (17.44).

(7) Repeat steps (3)—(6) until the error of the updated X; is allowable.

17.3 EFFECTS OF CORRELATION AMONG RANDOM VARIABLES

The reliability calculation mentioned above is based on the independence among random variables in the

structural performance function considered. In reality, those random variables affecting the structural

reliability are possibly correlated. For example, correlation exists between the earthquake effect and the

gravity effect on internal forces in the structure, and also between structural member sizes and material

properties. It is therefore necessary to consider variable correlation in structural reliability calculation.
Let the structural performance function be

Z= g(X17X27“' aXn)a

and assume the correlation factor between the two arbitrary variables X; and X; to be p; (when
i#£j, | pi/-| < 1;wheni=j, p; =1). The reliability index can be approximately determined with

bz _ g(/g,,ung o b, (17.52)
oy "o (0g| Og )
—— pi,O' ’.O'-. .
£ Gl ol o

It can be proven that only when g(-) is a linear expression and all random variables are normal
distributed, Equation (17.52) is the exact expression for f3, otherwise it is an approximate one.

17.4 STRUCTURAL SYSTEM RELIABILITY AND BOUNDARY THEORY

As the load-bearing limit state of structures corresponds to structural safety and is generally more important
than the limit state of structural serviceability, in the remaining part of this book, the structural reliability is
mainly referred to as the load-bearing limit state.

Structural reliability comprises structural component or member (including connections) reliability and
structural system reliability. Structural member reliability is based on the limit state of member failure, and
structural system reliability is based on the limit state of overall structure failure. As the overall structure
failure must be initiated from member failure, structural system reliability is necessarily related to structural
member reliability. This section will introduce the basic concepts of the system reliability and the upper—
lower boundary method.

17.4.1 Basic Concepts
17.4.1.1 Failure feature of structural member

Due to the material property and feature of load applied, the members (connection can be taken as a
particular member) comprising the structure can be divided into brittle or ductile types.
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Figure 17.3 Static-determinant truss and serial model

A brittle member is the one that loses its function completely once failure occurs. For example, a
reinforced concrete column in compression loses its load-bearing capacity once failure occurs.

A ductile member is the one that still maintains its function even when failure occurs. For example, a
member made of steel with yielding plateau in tension or in bending can still retain load-bearing capacity
even when yielding achieves.

Brittle or ductile members have different effects on structural system reliability.

17.4.1.2 Failure model of structural system

A structure is made of individual members. The different way for the members to form the structure and the
different failure feature that the members possess will lead to different structural failure modes. Three basic
failure models of structural system can be concluded as serial model, parallel model and serial—parallel
model.

(1) Serial model

If any one of the structural members fails, the entire structure fails; the structure can be logically
represented by the serial model.

All of the static-determinant structures can be represented with the serial model. For a static-determinant
truss shown in Figure 17.3, each member can be taken as one component of the serial model and the system
fails once any one of the components consisting of the system fails. No matter whether the members in the
static-determinant structures are brittle or ductile, the structural system reliability is not influenced.

(2) Parallel model

If after one or more than one member failures, the structural function can still be retained by the members
left alone or together with the members failed with ductile failure feature, this structure can be logically
represented with the parallel model. Failure of redundant structures can be represented with the parallel
model. Each column in the multispan bent frame, shown in Figure 17.4, is one component in the parallel
model, and only after all of the columns fail, the structural system fails. As for the steel beam with fixed ends,
shown in Figure 17.5, only after three plastic hinges at the mid-span and the two ends have produced, the
beam fails. If a plastic hinge is regarded as one component in a parallel system, the steel beam can also be
modelled with the parallel model.

1000

077 77777 277 777

Figure 17.4 Bent frame structure and parallel model
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[
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Figure 17.5 Steel beam with fixed ends and parallel model

The structural reliability of a parallel system is influenced by the failure feature (brittle or ductile) of the
members consisting of the structural system. Although brittle members have no contribution after failure,
failure sequence of members should be taken into account in calculation of structural system reliability.
Ductile members, however, sustain their function after failure so that only the final failure mode of the
structure need to be considered in the structural system reliability determination.

(3) Serial—parallel model

If the final failure mode of a redundant structure comprising ductile members is not unique, the structure
can be represented with the serial—parallel model.

Plastic hinge mechanism is the failure mode of the single-span single-storey steel frame shown in Figure
17.6. There are a total of [Pallavi2]three plastic hinge modes possible (see Figure 17.6), and once any one of
the three modes occurs, the frame collapses. So, the frame can be actually represented with a serial model
comprising three subparallel models, namely the serial—parallel model.

In weakly redundant structures comprising brittle members, when one member collapses, the failure
probability of the other members will increase rapidly and the structural redundancy hardly improves the
structural system reliability. So, for this kind of structures, the subparallel components can be simplified to
only one component and structures can be represented with the serial model.

17.4.1.3 Correlation among member failure and failure modes

The reliability of a structural member depends on the load effect on the member and the corresponding
resistance of the member. Within one structure, the load effect of each member is from the same load so that

Figure 17.6 Plastic hinge mechanism of frame and serial—parallel model
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load effects of different structural members are highly correlated. Additionally, all or parts of structural
members are probably made of the same batch of steel so that resistances of different structural members are
also correlated. So, failures of different structural members correlate each other.

As shown in Figure 17.6, different failure modes of a redundant structure generally include the same
member failure. It is therefore necessary to consider the correlation among failures of different members in
the assessment of structural system reliability.

Due to the correlations discussed above, evaluation of structural system reliability becomes very
complicated and difficult.

17.4.2 Upper—-Lower Boundary Method

In particular cases, the structural system reliability can be calculated with the structural member reliability
based on probabilistic theory. Denote the safe state of a structural member with X;, the failure state of the
member with X;, the failure probability of the member with Py; and the failure probability of the structural
system with Py for the following discussion.

17.4.2.1 Serial system

As for a serial structural system, when safe states of components are independent, one has

Pf:17P<l1in) =17ﬁ(1*Pﬁ). (17.53)

i=
When the safe states of components are fully and positively correlated, the failure probability of the system
is
Pr=1—P(minX;) =1 —min(l — Pg) = m?fo,-, (17.54)
i€l,n

i€ln i€ln

where 7 is the number of the components consisting of the system.
Generally, a realistic structural system falls within the above two extreme cases. The failure probability
of a real serial system is therefore between the above two results, namely

n

max Py < Pp < 1— ] (1 - Pg). (17.55)

icl,
ieln i—1

It can be observed that the reliability of static-determinant structures is always less than or equal to the
minimum reliability of structural members.

17.4.2.2 Parallel system

For a parallel structural system, when the safe states of components are independent, one has
n _ n
po=p([%) =T]Pn (17.56)
i=1 i=1

When they are fully and positively correlated, the failure probability of the system becomes

Py = P(minX;) = min Py;. (17.57)

i€l,n i€ln
So, generally

[IPi<pr< min Py (17.58)

- i€ln
i=1
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It can be found from the above analysis that the system reliability of a redundant structure is always
greater than or equal to the maximum member reliability if the failure mode of the structure is unique.
However, if the structure has several failure modes, the reliability of each failure mode is always greater than
or equal to the maximum member reliability whereas the system reliability of the structure is always less
than or equal to the minimum reliability of various structural failure modes.

17.5 SEMI-ANALYTICAL SIMULATION METHOD
FOR SYSTEM RELIABILITY

By the above discussion, there is some relationship between structural system reliability and member
reliability. In the past, many efforts have been made and some methods have been proposed to calculate the
system reliability with the reliabilities of the member consisting of the system. However, such methods are
difficult in practical application, the reasons of which are as follows:

(1) Generally, a realistic structure has many members so that it is hard to correlate all the failure modes of
the structural system with the failure of the structural member;

(2) System reliability is influenced by the correlation among member failure and among failure modes of
the structural system. The calculation of the system reliability may become too complicated to consider
the above correlation;

(3) When the effect of geometric nonlinearity on structural system failure is not negligible (e.g. steel frames
are such systems), the relationship between the system failure mode and the failure of members is hard
to be established explicitly.

To overcome the above difficulties, a semi-analytical simulation method is proposed in this section for
calculating structural system reliability, where the performance function of a structural system is expressed
with the simplest form of load and system resistance, and the random simulation technique, approximate
probability fitting and the design point method are employed.

17.5.1 General Principle

The performance function for the reliability assessment of a structural system can be generally written as
G=R-S, (17.59)

where R and S represent the structural resistance and the corresponding load on the structure, respectively.
As the probabilistic statistics of the load S can be found in the load codes, FOSM methods can be applied to
Equation (17.59), and the failure probability or reliability index of the structural system can be obtained,
provided that the probabilistic feature and statistics of the structural resistance are determined. So, the
structural system reliability assessment can be reduced to sufficiently simulate the probabilistic character-
istics of the structural resistance, R, under the corresponding load S applied.

In this section, the probabilistic characteristics of the structural resistance, R, is determined with random
sampling approach. The Monte Carlo sampling strategy is used to determine the strength of the material and
the geometrical sizes of a sample structure according to the probabilistic characteristics of the strength of the
material and the geometrical sizes of the structure considered, which are normally available. By implement-
ing analysis of the ultimate load-bearing capacity of the sample structure subjected to the load, S, using the
knowledge introduced in Part One of this book, a sample of the structural resistance, R, is obtained. Many
samples of R may result in the statistics of R, which may further lead to the probabilistic density function of
R approximately.

In the following sections are discussed various techniques of random sampling for random variables and
approximation of the probabilistic density function of random variables using their statistics.
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17.5.2 Random Sampling
17.5.2.1 Systematic sampling (SS)

Let {x;}, i=1,2,...,N, denote a set of independent realizations of the random variable, X. Fractile
constraints employed as sampling rule in systematic sampling hold

2i—1 .
F(x;) = N (i=1,2,...,N), (17.60)
where F(-) is the cumulative distribution function of the random variable, X (Melchers, 1987).

For a random vector X = {X1,Xz,...,Xk}, the components of which are independent, let X be the jth
simulated value of the kth component of X. Define P = {py } to be an N x K matrix, each column of which
is an independent random permutation of {1,2,...,N}. Then xj is obtained by

2pi — 1
Fe(x) = pféN L (j=1,2,....N:k=1,2,....K), (17.61)

where Fi(-) is the cumulative distribution function of Xj.

17.5.2.2 Updated system sampling (USS)

Matrix P in system sampling is produced randomly, which makes it possible to introduce statistic correlation
among each column of P and reduce the efficiency of sampling. A method to improve statistic correlation
was proposed by Florian (1992), where Spearman parameter is used to describe such column correlation of
P. The definition is

63 (R — Ry)’
k

K RSy

(k=1,2,...,N:i,j=1,2,...,K), (17.62)

where Tj; is Spearman parameter between the input variables i and j, the value of which is within [-1, 1], and
Ry; and Ry, are the random numbers in column i and column j of row k in matrix R.

Let R be the random number matrix in sampling and 7 the column correlation matrix of R. The element
T; (i, j=1,2,...,K)is the Spearman parameter of column i and column j of R. Evidently, T'is symmetric
and is equal to unit matrix when each column is fully independent. When T is a positive determinant, its
Cholesky partition is

T=0-0", (17.63)
where Q is the lower triangular matrix. Let
S=07", (17.64)
and make transformation
R,=R-S". (17.65)

The correlation between various columns of the matrix, R, can be described with 7. It can be proven that
T, is closer to unit matrix / than 7'. In other words, the difference between the corresponding elements of 7
and / is less than that between the corresponding elements of 7" and /. The column correlation of the random
number produced according to Ry is therefore improved.

An example with random number and sample size is given in Table 17.2. The matrix of T for the random
numbers sampled as shown in Table 17.2 is listed in Table 17.3, which shows improvement of the column
correlation after modifications.
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Table 17.2 Random number matrix for K =5 and N =10

Number of Non-modified Modified, 1st iteration Modified, 2nd iteration
samples Variables Variables Variables

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
1 4 1 2 5 8 4 1 3 2 10 4 1 3 2 10
2 1 9 10 1 9 1 10 8 3 7 1 10 8 3 7
3 5 6 9 3 7 5 6 9 5 2 5 6 9 5 2
4 7 3 4 7 1 7 2 6 6 1 7 2 6 6 1
5 10 5 8 4 10 10 4 10 4 9 10 4 10 4 9
6 6 8 6 10 4 6 8 5 10 8 6 8 5 10 8
7 9 10 3 2 6 9 9 2 1 4 9 9 2 1 3
8 2 2 7 6 5 2 3 7 7 3 2 3 7 7 4
9 8 7 5 9 3 8 7 4 9 6 8 7 4 9 6
10 3 4 1 8 2 3 5 1 8 5 3 5 1 8 5

17.5.2.3 Antithetic variates (AV)

In AV, negative correlation between different cycles of simulation is induced in order to improve the
simulation efficiency (Ayyub and Haldar, 1984). If r is the random number uniformly distributed in the
interval [0, 1] and is used to determine the estimator, Z;, the random number 1 — r can be used in another run
to obtain Z, and an improved estimator for the random variable, Z, could be given as AV by

1

ZZE(ZI +Zz). (1766)

17.5.2.4 Combined sampling technique

Simulation of AV simulation is very easy to combine with direct Monte Carlo simulation or other variance-
reduction techniques. In this chapter, the Monte Carlo simulation by combining updated systemic sampling
with AV is employed to sample the structural resistance of structural systems. Numerical examples will show
that this combination can improve the efficiency of the Monte Carlo simulation.

17.5.2.5 Treatment of correlated random variables

The effects of possible correlation between random variables in structural reliability analysis should be
considered in certain cases. Generally, the correlated variables can be transformed to a set of uncorrelated
variables by using an orthogonal matrix consisting of eigenvectors of the covariance matrix of the basic
random vectors. In this method, series of independent random numbers need be converted to dependent ones
in Monte Carlo simulation, and the transformation for a standard normal vector with covariance was
provided by Melchers (1987).

Table 17.3 Correlation matrix of random numbers10

Non-modified Modified, 1st iteration Modified, 2nd iteration
Variables Variables Variables Variables
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

1.00 026 -0.14 0.10 -0.02 1.00 0.02 0.02 -0.07 0.05 1.00 0.02 0.02 -0.07 -0.03
026 1.00 032 -0.27 0.15 0.02 1.00 -0.02 001 0.04 0.02 1.00 -0.02 0.01 -0.03
-0.14 0.32 1.00 -042 0.54 0.02 -0.02 1.00 -0.08 -0.05 0.02 -0.02 1.00 -0.08 0.01
0.10 -0.27 -0.42 1.00 -0.73 -0.07 0.01 -0.08 1.00 -0.13 -0.07 0.01 -0.08 1.00 -0.05
-0.02 0.15 0.54 -0.73 1.00 0.05 0.04 -0.05 -0.13 1.00 -0.03 -0.03 0.01 -0.05 1.00

(O S R
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If the desired dependent variables are non-normal, the treatment of approximate transformation to
equivalent variables with normal distribution (Hohenbichler and Rackwitz, 1981) can be made at first and
then the linear transformation aforementioned can be done.

17.5.3 Exponential Polynomial Method (EPM)

The EPM (Er, 1998) is employed in this chapter to fit the probability density function (PDF) of the structural
resistance, R. EPM is, in fact, a method based on the principle of approximating a numerically specified
probability distribution with maximum entropy probability distribution (Kapur, 1994).

For a standardized random variable X, its PDF, f(x), could be written by the truncated form of
exponential polynomial as

fx) =c-e®0, (17.67)
where
Qn(x) _ IZZIaixl (X € [% D 7
—oo  (x &fa, B])
1
€=
J e - dx

Experience shows that the contribution of () to the normalizing constant, ¢, becomes negligible as the
value of x is greater than 40 or less than —40, where o denotes the standard deviation of X. Hence, the values
of o and f§ can be set to —40 and 40, respectively, in the numerical practice.

In Equation (17.67), a; (i = 1,2, ..., n) are progressive coefficients and can be determined by using the
first 2(n — 1)th moments of the random variable by

fo  2f - Rfly—y aj 0
A 2 o Ry a -1
. . . .= . , (17.68)
Pn—1 2fn - R ay —(n = 1)fin—2
where [i; denotes the ith moment of X and fip = 1. Equation (17.71) indicates that the number of moments of

X needed for unique determination of the n unknown parameters a; is 2(n — 1).

Numerical examples (Er, 1998) showed that the EPM-estimated PDF with n = 4 has sufficient accuracy.
Those examples demonstrated as well that EPM-estimated PDF has satisfactory tail behaviour, which is very
important in structural reliability assessment due to the small failure probability of structural systems.

17.6 EXAMPLE
17.6.1 A Steel Beam Section

Consider the elastic limit state in bending of a steel beam to study the efficiency of different sampling
techniques. The structural performance function is

Z=fS—M, (17.69)

where fy is the steel yielding strength, S is the elastic section modulus and M is the bending moment applied.
The statistics of each random variable are listed in Table 17.4.

The failure probability of the beam for distribution type I is 1.183 x 1073 by direct Monte Carlo
simulation (DMCS) with sample size of 2 x 10°, and that for the distribution type II is 3.196 x 10~3 by
DMCS with sample size of 1 x 103. The DMCS results will be used as exact solution in this chapter.
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Table 17.4 Statistics of random variables of the steel beam

Coefficient of Distribution Distribution
Variables Mean variation type I type II
Yielding strength (fy) 275.52 (MPa) 0.125 Normal Log-normal
Elastic section module (S) 8.19 x 107* (rn3) 0.05 Normal Log-normal
Moment (M) 113 (kN m) 0.20 Normal Extreme type I

Four sampling techniques are used to compare the efficiency of sampling. They are SS, USS, SS+AV and
USS-+AV. Ten times of calculations are conducted for each sampling technique with a sampling size of 500
for distribution type I and 300 for distribution type II, the results of which are given in Tables 17.5 and 17.6,
respectively. With the comparison listed, it can be found that combination of variance-reduction techniques
(the last three sampling methods) can improve the sampling efficiency and the best one is USS4AV.
Generally, the accuracy of sampling simulation increases with the sampling size. The results of sampling
size study for distribution types I and II, with the USS+AV sampling technique, are plotted in Figures 17.7
and 17.8. It can be observed that when sampling size achieves 300, the failure probability of the steel beam is

Table 17.5 Failure probability of the steel beam with sampling size of 500 for distribution type I case (x1077)

Number of calculation SS method USS method SS + AV method  USS + AV method

1 0.898 0.970 1.159 1.172

2 1.174 0.895 1.166 1.042%
3 1.276 1.043 1.041 1.185
4 1.186 1.138 1.169 1.187
5 1.700 1.275 1.144 1.173
6 1.253 0.994 1.158 1.182

7 1.023 1.236 1.251 1.326%
8 1.297 1.071 1.211 1.196
9 1.053 1.133 1.003 1.203
10 1.053 1.108 0.999 1.170
Mean 1.191 1.086 1.130 1.184
Standard variance 0.220 0.117 0.086 0.068
Coefficient of variation 0.184 0.108 0.076 0.057

Note: The values marked with * are maximum or minimum failure probability of the steel beam numerically obtained.

Table 17.6 Failure probability of the steel beam with sampling size of 300 for distribution type II case (x1072)

Number of calculation SS method USS method SS + AV method ~ USS + AV method

1 3.076 3.131 3.165 3.081
2 3212 3.111 3.032 3.052
3 3.133 3.057 3.008 3.061

4 2.985 3.081 3.190 3.150%
5 3.075 3.040 3.055 3.109
6 2.995 3.092 3.014 3.037

7 3.048 3.153 3.150 3.031%*
8 3.048 3.055 3.058 3.115
9 3.267 3.030 3.051 3.082
10 3.113 3.086 3.213 3.073
Mean 3.095 3.083 3.094 3.079
Standard variance 0.090 0.040 0.077 0.037
Coefficient of variation 0.029 0.013 0.025 0.012

Note: The values marked with * are maximum or minimum failure probability of the steel beam numerically obtained.



EXAMPLE 311

x107
1.4r
1.2r
Z 17
5
g 087
S Tl N
g 0.6 B T
'z
S 04F Mean of failure probability
o2+ o Four times standard variance of failure probability
0 . . . . )
0 100 200 300 400 500

Number of samples

Figure 17.7 Statistics of failure probability versus sampling size (distribution type I case)
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Figure 17.8 Statistics of failure probability versus sampling size (distribution type II case)
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Figure 17.9 Probabilistic density function, PDF, of moment resistance, R, of the steel beam (distribution type I case):
(a) for minimum failure probability; (b ) for maximum failure probability
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Table 17.7 The mean value, variance and parameters in EPM for distribution type I case

Parameters For minimum failure probability For maximum failure probability
pr (x10° N m) 2.2561 2.2568
or (x10°N m) 0.3007 0.3057
a; —0.047 36 —0.048 03
as —0.4607 —0.5566
as 0.016 55 0.014 59
N 0.004 412 0.008 139
C 2.5541 24311

Table 17.8 The mean value, variance and parameters in EPM for distribution type II case

Parameters For minimum failure probability For maximum failure probability
ug (x10° N m) 2.2560 2.2566
or (x10° N m) 0.2998 0.3041
a —0.2202 —0.2376
a —0.4732 —0.4194
as 0.079 24 0.089 30
ay —0.011 48 —0.021 60
C 2.5266 2.5959

to be convergent. So, it is possible to use relatively small sampling size to achieve satisfactory accuracy in
estimating structural reliability, when the suitable sampling technique, such as USS + AV, is used.

The PDF of the moment resistance of the beam, R = f,§, is given in Figures 17.9 and 17.10 for
distribution types I and II, respectively, where the maximum and minimum failure probabilities are
corresponding to the values in Tables 17.5 and 17.6 marked with asterisk. At the same time, the PDF of
log-normal distribution with the same mean value and variance as those by EPM are also plotted in
Figures 17.9 and 17.10. It can be observed that PDF by EMP is very close to that of log-normal distribution,
which agrees with the general assumption that the distribution of structural member resistance satisfies log-
normal type. The mean value and variance, and undeterminated parameters and integration (normalizing)
constant in EPM are listed in Tables 17.7 and 17.8.

The effect of correlation between material property and elastic section modulus on the failure probability
of the beam is demonstrated in Figure 17.11. It can be observed that positive correlation increases the failure
probability whereas negative correlation reduces failure probability in this study.

PDF ) PDF ———— Exponential

1.6E-05 Exponential  gg o5 -
------- Log-normal
1.4E-05 | e Log-normal  1.4E—05 | g
1.2E-05 1.2E-05
1.0E-05 1.0E-05
8.0E-06 8.0E-06
6.0E-06 6.0E-06
4.0E-06 4.0E-06
2.0E-06 2.0E-06
R (N m)
0.0E+00 0.0E+00
5.0E+04 1.5E+05 2. 5E+05 3.5E+05 5.0E+04 1.5E+05 2. 5E+05 3. 5E+05

(a) (b)

Figure 17.10 Probabilistic density function, PDF, of moment resistance, R, of the steel beam (distribution type II case):
(a ) for minimum failure probability; (b ) for maximum failure probability
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Figure 17.11 Effect of correlation of variables on failure probability of the steel beam

17.6.2 A Steel Portal Frame

In this example a steel portal frame, as shown in Figure 17.12, is investigated. Uncertainties of the frame are
represented by the limit yielding moments M. and My, respectively for the columns and the beam employed
in the portal frame. The statistics of M. and M} and those of the load, P, are given in Table 17.9, with
assumed normal distribution.

The limit state function of the portal frame can be expressed as

G=R-S=7-5-8, (17.70)

where R = / - Sis the structural resistance (i.e. limit load-bearing capacity), S is the load effect including the
actions of the two concentrated loads, P and 2P, and 4 is the load factor.

Two different models for structural analysis are used to determine the structural resistance. One is the
second-order inelastic structural analysis and the other is the rigid-plastic structural analysis. Failure
probabilities of this frame with DMCS are Py, = 2.548 x 103 (by second-order inelastic analysis model,

lZP
P

M,

M.

h=5m

L [=5m 4 | =5m

v
* g

Figure 17.12 A simple steel portal frame

Table 17.9 Statistics of the variable in the portal frame

Variables M, M, P
Mean value 75 kN m 150 kN m 20 kN
Coefficient of 0.05 0.05 0.3

variation
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Figure 17.13 Statistics of failure probability versus sampling size of the portal frame: (a) rigid-plastic analysis;
(b) second-order inelastic analysis
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Figure 17.15 Effect of correlation on the system reliability of the portal frame

Table 17.10 The mean, standard deviation and parameters in EPM-
estimated PDF for structural resistance of the portal frame

Parameters h b
1 (KN) 37.25 40.00
or (kN) 1.40 1.41
a 0.015 90 0.0000
a, —0.5182 —0.5001
az —0.0053 0.0000
ay 0.0007 0.0029

C 2.5007 2.4833
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with 10° samples) and Pj, = 5.920 x 10~ (by rigid-plastic analysis model, with 107 samples). The
reliability index corresponding to Py, and Py, are ; = 2.800 and 3, = 3.245, respectively. By comparing
the results of these two analysis models, one can find that large error may result from rigid-plastic analysis
(the failure probability is one power smaller than second-order inelastic analysis in this case) because it does
not consider material inelasticity and geometric nonlinearity. For steel frames, limit load-bearing capacities
are generally influenced by material and geometric nonlinearities. It is therefore necessary to adopt second-
order inelastic analysis model in reliability calculation of steel frames.

The variations of the mean and standard deviation of the failure probability of the portal frame with the
number of trials, obtained by simulations of SS with AV, are shown in Figure 17.13. It can be found that the
calculation is to be convergent from sampling size 400.

The EPM-based PDF curves of the structural resistance of the portal frame obtained by second-order
inelastic analysis (f;) and rigid-plastic analysis (f>) are given in Figure 17.14. The mean and standard
deviation of the structural resistance simulation and the parameters in the expression of EPM-estimated PDF
for the portal frame are listed in Table 17.10, and the corresponding curves f; and f> in Figure 17.14.

The effects of correlation, p, between M. and M,, on the reliability index of the portal frame for the above-
mentioned two models of structural analysis are shown in Figure 17.15.



18 System Reliability
Assessment of Steel
Frames

Significant random variables with existing statistics are used in this chapter to evaluate the system reliability
of steel frames, by the semi-analytical simulation method given in the last chapter, under two typical load
cases.

18.1 RANDOMNESS OF STEEL FRAME RESISTANCE

The randomness of the sectional resistance in the structural component is due to the randomness of material
properties, geometric dimension and analysis model. As for the randomness of the structural resistance for
steel frames, it becomes very complicated. In addition to the above three factors, structural imperfection
(both geometrical and mechanical imperfections) in the process of manufacture and instalment also produces
uncertainties to the structural resistance. For steel frame structures, it is recognized that the uncertainty of the
yielding strength of steel is the most principal factor contributing to the randomness of the structural
resistance. In this section, uncertainties of the sectional dimension and analysis model will also be involved
and other factors are ignored because little knowledge can be used in a practical assessment currently.
To clarify the basis of investigation, the following assumptions are made:

(1) The uncertainties of material properties are simplified and represented with no more than the uncertainty
of the yielding strength of steel. Other property parameters are treated as deterministic.

(2) The uncertainties of sectional dimensions are expressed only with that of section resisting modulus. In
other words, the uncertainties of sectional dimensions are considered to affect only bending stiffness,
not axial and shear stiffness, of frame members.

(3) A special random factor is introduced to consider the effect of the uncertainty of the analysis model on
the system reliability of steel frames.

(4) All random factors mentioned above, i.e. yielding strength of steel, section resisting modulus and
analysis model factor, are assumed to be satisfied with normal distribution.

By the initial and ultimate yielding equations introduced in Chapter 5, the initial yielding moment Mgy and
ultimate yielding moment My of frame members coupled with the axial force depend on those moments in
pure bending, M and M, provided that the axial capacity of this member is deterministic. Furthermore,
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Table 18.1 Statistics of the fundamental variables influencing structural resistance of the steel frame

Mean/normal Coefficient of
Variables values variation
Geometric size Breadth 1.000 0.0135
Thickness 1.000 0.0350
Yielding strength Q235 steel t < 16 mm 1.070 0.081
16 mm < ¢t < 40 mm 1.074 0.077
40mm < t < 60 mm 1.118 0.066
60mm < ¢ < 100 mm 1.087 0.066
t < 16 mm 1.040 0.066
Q345 steel 16 mm < ¢t < 35mm 1.025 0.076
35mm < ¢t < 50mm 1.125 0.057
50mm < ¢t < 100 mm 1.184 0.083
Factor of structural Vertical load 1.000 0.075
analysis model Vertical plus horizontal loads 1.000 0.075

precluding randomness of the sectional plastic factor, xp, indicates that the uncertainty of M, is actually
same as that of Mg because M, = x,M;. As M; = W, - o, it comprises two random factors, sectional
resisting modulus and yielding strength of steel, and becomes the unique random variable in the sampling of
the structural resistance for steel frames according to the assumption mentioned above.

The elastic resisting modulus W, is a function of sectional dimensions, including breadth and thickness
of the section. The statistics of the dimensions of steel sections are listed in Table 18.1, and all of these
random variables are assumed to be satisfied with normal distribution. Based on the information in Table
18.1, the mean value and standard variance of elastic resisting modulus W, can be calculated with the
function method. And the distribution of W, can also be assumed to be normal because

(1) by x? verification, W, does not refuse the normal distribution and the D-value, which actually indicates
the discrepancy between realistic and analytical frequencies, is very small;

(2) the mean value and standard variance of W, obtained with the quasi-normalization principle are very
close to those obtained with the function method.

In the reliability evaluation of steel frames with tapered members, a beam or column within one taper ratio is
assumed to be one ‘member’, and the randomness of each ‘member’ depends on elastic section modulus at
the two ends. For the tapered member generally used, with linearly varying web height and constant flange
breadth, the distribution of elastic section modulus along member length is a second-order function. If more
than one element is subdivided within one such ‘member’, the elastic section modulus of internal elements
can be calculated with the second-order interpolation.

The statistics of Q235 and Q345 steel are given in Table 18.1 according to different plate thicknesses
(Chen, Li and Xia, 1985; Dai et al., 2000). The yielding strength is assumed to be normally distributed.

The uncertainty parameters of the analysis model factor are also listed in Table 18.1 (Val, Bljuger and
Yankelevsky, 1997) and assumed to be normally distributed too.

18.2 RANDOMNESS OF LOADS

Consider two load cases, respectively, for steel portal frames and multi-storey steel frames, as shown in
Figure 18.1(a)—(d). In load cases (a) and (c), the incremental vertical loads are the dead and live loads; in
load case (b), the constant vertical load is the dead load and the incremental vertical and horizontal load is
the wind load; in load case (d), the constant vertical loads are dead and live loads, and the incremental
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D — dead load
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Figure 18.1 Loading cases of steel frames considered: (a) steel portal frame subjected to vertical loads; (b) steel portal
frame subjected to horizontal and vertical loads; (c) multi-storey steel frame subjected to vertical loads; (d) multi-storey
steel frame subjected to horizontal and vertical loads

horizontal load is the wind load. The statistics of loads considered in the above load cases are listed in
Table 18.2 (Ellingwood and Galambos, 1981; Li, 1985).

18.3 SYSTEM RELIABILITY EVALUATION OF TYPICAL STEEL
FRAMES

Based on the information given in Tables 18.1 and 18.2, a practical evaluation on the system reliability of
steel portal frames and multi-storey frames can be made.

18.3.1 Effect of Correlation Among Random Variables
To determine the appropriate correlation parameters of random variables used in system reliability evalua-
tion, examine the effect of correlation parameters of random variables on the system reliability of steel

frames.

Table 18.2 Statistics of various loads

Mean/normal value Coefficient of variation Distribution type
Deal load 1.06 0.07 Normal
Live load 1.00 0.25 Extreme, type I

Wind load 1.00 0.193 Extreme, type I
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Figure 18.2 A steel frame used to study the correlation effect

Evaluate the system reliability of a steel portal frame under vertical (dead and live) loads, as shown in
Figure 18.2, with the semi-analytical simulation method. The nominal values of yielding strength, dead load
and live load are 235 MPa, 50 kN/m and 50 kN/m, respectively. The sections of beams and columns are all
W8X31, and the elastic modulus of the material is 206 GPa. In the calculation of the structural system
resistance (structural limit load-bearing capacity), vertical dead and live loads are both incremental up to
system failure.

It is assumed that the yielding strength of steel is completely independent of elastic section modulus of
frame members, but correlation among yielding strengths or elastic section moduli of the different frame
members exists. The effects of such correlation on the system reliability of the steel portal frame are given in
Table 18.3, where p, denotes correlation among yielding strength of different steel members and py, denotes
correlation among elastic section modulus of different members.

The results in Table 18.3 show that p_ has more impact on the system reliability index of steel portal
frames than pyy, and the system reliability reduces with the increase of the correlation of yielding strength.
As in reality the material of the members for the same steel frame is generally from the same steel
production, the strong correlation of yielding strength can be accepted easily. Additionally, for the purpose
of conservative consideration, p, = 1.00 will be adopted in the following investigations. Considering that
the deviation coefficient of the elastic section modulus of normal steel frame members ranges from 0.043 to
0.045, which is much less than that of the yielding strength of steel being 0.081, the effect of the correlation
of the elastic section modulus on the structural system reliability is small. Hence, the following values are
recommended for py in evaluating the system reliability of steel frames, i.e. py = 0.0 for steel portal
frames and py, = 0.5 for multi-storey steel frames.

18.3.2 Evaluation of Structural System Reliability Under Vertical Loads
18.3.2.1 Steel portal frame
Consider the load case as in Figure 18.1(a) and a steel portal frame with tapered beams and columns as

shown in Figure 18.3. The cross-sectional dimension of the flange of all the frame members is constantly
150 mm x 6 mm, and the thickness of the web is 4 mm. The web height of the frame members varies linearly

Table 18.3 Effect of correlation of fundamental variables on the system reliability index of the steel portal frame

Po
Pw 1.000 0.500 0.000
1.000 2.7231 2.8287 2.9274
0.500 2.7629 2.8728 2.9689

0.000 2.8178 2.9001 3.0150
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Figure 18.4 PDF of the ultimate load factor of the steel portal frame under vertical loads

along the member length, and the governing values are given in Figure 18.3. In this steel portal frame
building, the column spacing is 6 m, and the nominal values of the vertical dead and live loads on the roof of
the building are 0.40 and 0.30 kN/m?, respectively. In the calculation of the structural system resistance (i.e.
structural limit load-bearing capacity) of the frame, the vertical dead and live loads are both gradually
increased up to the system failure of the frame.

Take the reference load as the sum of the nominal dead and live loads. As the ultimate load of the frame
can be expressed as the ultimate load factor multiplied with the reference load, the randomness of the frame
resistance can then be expressed as that of the ultimate load factor. By sampling the elastic resisting modulus
and yielding strength of the members comprising the frame, the mean value and standard variance of the
ultimate load factor of the frame are obtained through structural nonlinear analysis. The statistics and the
parameters for the EPM-estimated PDF curve of the ultimate load factor (see Figure 18.4) are given in
Table 18.4. The log-normal distribution curve with the same mean and variance values of the EPM-estimated
PDF is also plotted, both of which agree well in Figure 18.4.

Table 18.4 Statistics and parameters for the PDF curve of ultimate load factor of the steel portal frame under vertical
loads

M o a a ajs ag c

1.9967 0.2224 —0.1112 —0.4592 0.03929 -0.008 880 2.5535
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Figure 18.5 A multi-storey steel frame

Simply applying the first-order second-moment (FOSM) design point method to performance function
Z =R — D — L, the system reliability of the steel portal frame under vertical dead and live loads can be
determined. The reliability index and failure probability of the frame are equal to 3.8027 and 7.1562 x 107>,
respectively.

18.3.2.2 Steel multi-storey frame

Check a two-span three-storey steel frame, as shown in Figure 18.5, under vertical (dead and live) loads as
shown in Figure 18.1(c). The nominal value of steel yielding strength is 235 MPa. The values of the nominal
dead and live loads are both 60 kN/m on the first and second floors and 30 kN/m on the top floor (roof).
W16X50 is used for the frame beams and W16X67 is used for the columns. The steel elastic modulus is
206 GPa. In the calculation of the structural system resistance (structural limit load-bearing capacity) of the
frame, the vertical dead and live loads are both gradually increased up to the system failure of the frame.

Take the reference load as the sum of the nominal dead and live loads. By sampling, the mean value and
standard variance of the ultimate load factor of the frame are obtained to be 2.2209 and 0.2567, respectively.
The statistics and the parameters for the EPM-estimated PDF curve of the ultimate load factor (see Figure
18.6) are given in Table 18.5. The log-normal distribution curve with the same mean and variance values of
the EPM-estimated PDF is also plotted, both of which agree well in Figure 18.6.

As the performance function of the frame is Z = R — D — L, the system reliability index of the frame
under the vertical dead and live loads can be easily obtained using the FOSM design point method. The
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Figure 18.6 PDF of the ultimate load factor of the multi-storey steel frame under vertical loads



SYSTEM RELIABILITY EVALUATION OF TYPICAL STEEL FRAMES 323

Table 18.5 Statistics and parameters for the PDF curve of ultimate load factor of the multi-storey steel frame under
vertical loads

M ) ai a, as ay c

2.2209 0.2567 —0.0182 —0.5002 0.0061 0.0008 2.5061

reliability index and the corresponding failure probability of the frame are f = 3.8069 and
P; = 7.0366 x 1073, respectively.

18.3.3 Evaluation of Structural System Reliability Under Horizontal
and Vertical Loads

18.3.3.1 Steel portal frame

Consider the load case shown in Figure 18.1(b) and the steel portal frame shown in Figure 18.3. Wind
load is involved in the assessment of the system reliability of the frame. The nominal value of the basic
wind pressure is 0.50 kN/m?. The wind shape factor is determined according to the Chinese code (CECS,
2002). In the analysis of the ultimate load-bearing capacity of the frame, the vertical dead load remains
constant (equal to its nominal value) and the wind load keeps increasing up to the frame failure.

By sampling, the mean value and standard variance of the ultimate wind load factor of the frame are
4.0247 and 0.4420, respectively. The statistics and the parameters for the EPM-estimated PDF curve of the
ultimate load factor (see Figure 18.7) are given in Table 18.6. The log-normal distribution curve with the
same mean and variance values of the EPM-estimated PDF is also plotted, both of which agree well in
Figure 18.7.

Simply applying the FOSM design point method to the performance function Z = R — W, the system
reliability of the frame under wind loads can be determined. The reliability index and failure probability of
the frame are equal to 5.3543 and 4.2944 x 1073, respectively.

Table 18.6 Statistics and parameters for the PDF curve of the ultimate wind load factor of the steel portal frame

M ¥ ay ay as ay C
4.0247 0.4420 —0.076 09 —0.4952 0.02571 —0.001 738 2.5101
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Figure 18.7 PDF of the ultimate wind load factor of the steel portal frame
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Figure 18.8 PDF of the ultimate wind load factor of the multi-storey steel frame

Table 18.7 Statistics and parameters for the PDF curve of the ultimate wind load factor of the multi-storey steel frame

1 o ai a as ag C
2.7121 0.2903 —0.0627 —0.5019 0.0209 0.0007 2.5053

18.3.3.2 Steel multi-storey frame

Check the load case in Figure 18.1(d) and the steel frame in Figure 18.5. Wind load, which is assumed to be
applied at beam—column joints of the frame, is to be introduced in the structural system reliability
evaluation. The nominal value of the wind load at the level of the first and second floors is 100 and
50 kN at the third floor. In the calculation of the structural system resistance (structural limit load-bearing
capacity), the vertical dead and live loads remain constant, whereas wind load is gradually increased up to
the system failure of the frame.

By sampling, the mean value and standard variance of the ultimate wind load factor of the frame are
2.7121 and 0.2903, respectively. The statistics and the parameters for the EPM-estimated PDF curve of the
ultimate wind load factor (see Figure 18.8) are given in Table 18.7. The log-normal distribution curve with
the same mean and variance values of the EPM-estimated PDF is also plotted, both of which agree well in
Figure 18.8.

As the performance function of the frame is Z = R — W, the system reliability index of the frame under
both the horizontal and vertical loads can be obtained with the FOSM design point method. The reliability

l

h=5m

[=10m

*
-~

Figure 18.9 A steel portal frame
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Table 18.8 Statistics of member resistance and loads of the portal frame

Mean value Coefficient of variation Distribution type
Load V 80 kN 0.2 Normal
Load H S0kN 0.3 Extreme, type 1
Ultimate yielding moment of 180 kN m 0.1 Log-normal

frame components

index and the corresponding failure probability of the frame are f = 3.9813 and Py = 3.4272 x 107> =,
respectively.

18.4 COMPARISON OF SYSTEM RELIABILITY EVALUATION

Currently, the failure mode method is used in majority for structural system reliability evaluations. In the
failure mode method, the dominant system failure modes of a structure are first identified with some
particular techniques and then the failure probability of each failure mode is calculated by establishing the
performance function of the failure mode based on the virtual work of mechanism. The system reliability of
the structure can be obtained finally with a consideration of correlation among all of the dominant failure
modes.

For the sake of comparing the failure mode method with the semi-analytical simulation method proposed
in the last chapter, the system reliability of a steel portal frame (see Figure 18.9) is analysed with such two
methods. The statistics of the member resistance and loads used in the analysis are given in Table 18.8.

The reliability index obtained by the failure mode method ranges from 2.91 to 2.93 (Li, 1985) and that by
the semi-analytical simulation method is 2.6980. It is revealed by this comparison that as the failure mode
method cannot consider the effects of material and geometric nonlinearities, it may overestimate the system
reliability of steel frames.



19 Reliability-Based Advanced
Design of Steel Frames

Research efforts have been made for the advanced design of steel frames recently. The advanced design of
structures is the structural design based on advanced analysis. Currently, the advanced design of steel frames
is proposed by simply substituting the limit load-bearing capacity of the structural system obtained with
advanced analysis into the existing design formula based on structural member reliability (Kim and Chen,
1996a, 1996b), which avoids structural system reliability evaluation. This kind of advanced design is called
the preliminary advanced design (PAD), which cannot produce the design of steel frames with certain
structural system reliability (Buonopane and Schafer, 2006). With the viewpoint of structural reliability, the
difference is tangible between the design formula based on structural member reliability and the structural
system reliability as discussed in Chapter 16. The uncertainty of the design objective and the ambiguity of
the target reliability of the design may be obtained if such a difference is neglected in the advanced design. It
is absolutely necessary to establish the advanced design approach for steel frames based on the structural
system limit state and system reliability evaluation. This design may be called the reliability-based advanced
design (RAD), which is able to produce the design of steel frames with certain structural system reliability.

There are two methods in the structural reliability design, i.e. complete probabilistic method and
approximate probabilistic method. The complete probabilistic method is based on direct evaluation of
structural system reliability, and the system reliability is accurate. However, it is not practical or it is very
difficult to present a direct evaluation of system reliability in practice, especially for engineering structures
widely used. Currently, the complete probabilistic method is used only in the design of some special and
costive structures such as nuclear power shells and offshore platforms. In contrast, the approximate
probabilistic method is a simplified reliability design method, which has a form familiar to structural
engineers with nominal values of loads and material yielding strengths, and load and resistance factors. As
the values of load and resistance factors are constant, the structural reliability by the design is not accurate
and uniform, but within a limited scope accepted. Generally, the approximate probabilistic design method is
accepted as routine work due to its ease of application.

In this chapter, the practical design formula of the reliability-based advanced design is to be established
for steel portal frames and multi-storey steel frames with the approximate probabilistic method, based on
advanced analysis and evaluation of structural system reliability.

19.1 STRUCTURAL DESIGN BASED ON SYSTEM RELIABILITY
19.1.1 Target Reliability of Design

The target reliability of the structural design largely affects the results of the design. An excessively high
target reliability will result in an unexpectedly strong structure and an unreasonable construction cost,

Advanced Analysis and Design of Steel Frames  Guo-Qiang Li and Jin-Jun Li
© 2007 John Wiley & Sons, Ltd. ISBN: 978-0-470-03061-5
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Table 19.1 Annual death rate of some events

Accident Annual fatal rate Accident Annual fatal rate
Climbing, car racing 5.0 x 1073 Travel by car 2.5 x 1073
Air travel 1x107* Swimming 3x107°
Mining 7x 1074 Construction 3x 1073
Building fire 2x 1073 Electric shot 6x 107
Thunder 5x 1077 Storm 4 x10°°

whereas a structure with an inadequate target reliability will not satisfy the performance requirements
relating to its safety, serviceability and durability. So, the selection of the target reliability for the design
of a structure should be based on the optimum balance between structural reliability and economy. Four
aspects are necessarily considered for this purpose, which are (1) public psychology, (2) structural
importance, (3) nature of structural damage and (4) endurance of society and economy to structural
failure.

One might attempt to establish reliability targets by considering risks that arise from other exposures and
human activities. Table 19.1 lists the annual death rates due to some events. General public think that
climbing and car racing are somewhat dangerous, air travel is relatively safe, travel by car is safe and death
due to electric or lightning shock is nearly impossible. From the analysis of public psychology, the
dangerous rate accepted by bold people is about 103 per year, whereas this value for cautious people is
10~* per year. Such an analysis indicates furthermore that if the annual death rate is 107> per year or less,
normal people will not consider fatalness anymore, which may be adopted as the reference of the reliability
target for a safe structure. So, the engineering structure with annual failure rate less than 1 x 10~ can be
regarded to have less safety, that less than 1 x 107> will be safe whereas that less than 1 x 107° will
be extremely safe. As the design life for general structures is usually 50 years, the structures with failure
probabilities of 5 x 1073, 5 x 10™* and 5 x 107 in the design life are accordingly thought to be less safe,
safe and extremely safe, respectively. The corresponding reliability index ranges from 2.5 to 4.0.

The target reliability of the structural design is also relevant to structural importance. For very important
structures (e.g. nuclear power station and national broadcast emitting tower), the reliability of design should
be targeted higher, whereas for temporary or secondary structures (e.g. temporary warehouse and bicycle
shed), it may be reduced proportionally. Three classes of structural importance are employed in many
countries, namely important, general and less important. The fundamental target reliability is often based on
general structures, and then the target reliability of important structures decreases by one power and that of
less important structures increases by one power.

As the damage of brittle structures (e.g. masonry structures) is nearly unpredictable, its sequence is more
serious than that of ductile structures (e.g. steel structures). The general treatment on the design of brittle
structures is to raise the target reliability properly.

One increasingly effective factor for the selection of the target reliability for structural design is the
endurance of society and economy to structural failure. Generally speaking, the more developed the
economy, the more the concern paid by public to structural failure which leads to higher target structural
reliability.

Calibration is also a compromised method to determine the target reliability used in the probability-based
structural design, especially in the early stage from the empirical design to the probabilistic design. The

Table 19.2 Target reliability indices in the current Chinese code for components of
building structures

Structural importance

Important General Less important

Ductile structure 3.7 32 2.7
Brittle structure 4.2 3.7 3.2




STRUCTURAL DESIGN BASED ON SYSTEM RELIABILITY 329

Table 19.3 Target reliability indices and corresponding failure reliability for the
reliability-based advanced design of steel frames

Important structure General structure Less important structure
B Py B Py B Py
4.2 1.3 x 1073 3.7 1.1x107* 3.2 6.9 x 1074

reliability in the traditional structural design is calibrated and succeeded in the new probabilistic design. As
an example, the target reliability of structural members adopted in the current probabilistic design code for
building structures in China is calibrated from that in the previous semi-empirical and semi-probabilistic
design methods. The target reliability indices are listed in Table 19.2.

The reliability-based advanced design aims at the limit states of the structural system, and its target
reliability index can be rationally higher than that aiming at the limit states of structural components because
of the failure severity of the structural system. The values of target reliability indices proposed for the
reliability-based advanced design of steel frames are listed in Table 19.3.

19.1.2 Load and Load Combination

As discussed in Chapter 18, three types of loads (dead, live and wind loads) and two load combinations are
considered for steel portal frames and multi-storey steel frames. The statistics of such loads have been given
in Chapter 18.

For multi-storey steel frames, denote load case I as a combination of dead and live loads and load case II as
that of dead plus live loads and wind loads. As for steel portal frames, it is not necessary to combine live and wind
loads because roof suction produced by wind load is offset by live load. So for steel portal frames, denote load
case Il as a combination of dead and wind loads. In low-rise steel portal frames, load case I (vertical load case)
generally controls the structural design, as the effect of the horizontal action induced by wind is less dominant.

19.1.3 Practical Design Formula

The practical design formula of RAD can be written as

¢'Rn2V0'ZVi'Sni7 (19'1)

where R, and S, are the nominal values of structural system resistance (limit load-bearing capacity) and load
effects, respectively, ¢ and 7; are, respectively, the factor of the structural system resistance and the load
factor, obtained with system reliability assessment, and 7, is the factor relating to structural ductility,
redundancy and importance. Although the design formula of RAD has the same form as that of LRFD (load
and resistance factor design), RAD is a totally new design approach based on the limit states of structural
systems, no longer based on the limit states of structural components as LRFD.

19.1.3.1 Factor of structural importance

Referring the following values of structural importance factor for the member reliability design (GB 50068,
2001):

(1) not less than 1.1, for important structures;

(2) not less than 1.0, for general structures;

(3) not less than 0.9, for less important structures,
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the values of structural importance factor for the system reliability design or RAD are recommended as

(1) not less than 1.1, for important structures;
(2) not less than 1.0, for general structures;

(3) not less than 0.9, for less important structures.

19.1.3.2 Load and resistance factors

The principle to calculate the load and resistance factors is to make the nominal system resistance Ry
determined by satisfying the design target reliability index as close as possible to the nominal system
resistance Ry by the following design formula:

Rk = r(76Gx + 7L )- (19.2)

With the above principle, the realistic reliability index of the structure designed by the above formula may be
close to the target one. Such a principle can therefore be transferred to minimize ¢, given by

2
s:gz (1 —22) , (19.3)

i=1 j=1

where Ry ; is the nominal system resistance by the complete probabilistic method aiming at the design target
reliability index, under the ith group of values of yg and 7y, and the jth dead/live load ratio, R;; is the
nominal system resistance by design formula (19.2), under the same conditions as above, m is the total
number of groups of yg and y; , and n is the number of dead/live load ratios.

The flow chart to calculate the load and resistance factors is given in Figure 19.1, which is similar to that
used for the member reliability design except the statistics herein are from system reliability evaluation. The
main processes are assigning the values of resistance factors, satisfying Equation (19.3), and finally
obtaining load factors.

The statistics used for determining the design formula of RAD of steel portal frames are tabulated in
Table 19.4 and those for RAD of multi-storey steel frames in Table 19.5.

19.1.3.3 Design formula

Aiming at the target reliability index to be 3.7, the design formulae can be determined, respectively, for steel
portal frames and multi-storey steel frames made from Q235 or Q345 steel as follows.

(1) Steel portal frames
— Under load case I:

0.80R, > 1.00G, + 1.80L, for Q235 steel, (19.4a)
0.80R, > 1.05G,, + 2.20L, for Q345 steel, (19.4b)

where R, is the nominal value of structural resistance under load case I determined by advanced analysis,
and G, and L, are, respectively, the nominal values of the vertical dead load and live load.

— Under load case II:
0.80R, (G = 1.00G,) > 1.60W, for Q235 steel, (19.5a)
0.80R,(G = 1.00G,) > 1.85W, for Q345 steel, (19.5b)

where R, is the nominal value of structural resistance under load case II determined by advanced analysis
when the dead load adopts its nominal values and W, is the nominal value of the wind load.



STRUCTURAL DESIGN BASED ON SYSTEM RELIABILITY 331

Given resistance factor yr
I

v

Given a series of combination of dead and
live load factors (Xg X, );j=1,2,3,....N

[
v

Given a series of live-to-dead load
ratio (L / Gk);j=1,2,3,...M

!

Structural resistance by: Rg;j = %r( ¥ai Gk + Milk;)

v

Structural resistance by R'y; = tig; / K (see Note 1)

Relative error between Ry;; and R'g;
£ =2(L0-R; / R';)?1=1.2.3.....N

Desired load factors (v v ) is that makes g minimum

.

Optimal resistance factor under (v v*) is
Y'R=ER'; Rqi/ (Rq;)? (see Note 2)

No

Isy*r closetoyg ?

Note 1. pg; is determined by the FOSM design point method with the statistics listed in Table 19.3.
Note 2. Ry; is obtained by Rg; = yx(v5Gk; + y1Lxj)-
Note 3. Subscript K means the nominal value.

Figure 19.1 Flow chart for calculation of resistance and load factors
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Table 19.4 Statistics for the design formula of RAD of steel portal frames

Resistance Load factor Statistics of

Steel grade  Load case factor (given) (to be determined) Load ratio resistance
Q235 1 1.25 Deal load Live load  Live load/dead load COoVv KR
1.00-1.40"  1.00-2.50" 0.50-1.10° 0.115 1.20
I 1.25 Dead load’  Wind load — cov Ki
1.0 1.00-2.00" — 0.100 1.25
Q345 1 1.25 Dead load Live load  Live load/dead load Cov KR
1.00-1.40"  1.40-2.95° 0.50-1.10° 0.110 1.03
I 1.25 Dead load’  Wind load — cov Ki
1.0 1.10-2.65" — 0.112 1.08

“Kgr denotes the ratio of mean value to nominal value.

® Let the incremental be 0.05.

¢ Let the incremental be 0.15.

4 The value of dead load is assumed to be constant, which is equal to the nominal value in load case II.

Table 19.5 Statistics for the design formula of RAD of multi-storey steel frames

Resistance Load factor Statistics of
Steel grade  Load case factor (given) (to be determined) Load ratio resistance

Q235 I 1.20 Deal load Live load  Live load/dead load cov Kg
1.00-1.60"  1.40-3.00" 0.50-1.10¢ 0.110 1.035

I 1.20 Dead load” ~ Wind load — Ccov KR
1.0 1.10-2.65" — 0.108 1.065

Q345 I 1.20 Dead load Live load  Live load/dead load Ccov KR
1.00-1.60"  1.40-3.00° 0.50-1.10¢ 0.110 1.046

I 1.20 Dead load”  Wind load — cov K3
1.0 1.10-2.65" — 0.121 1.103

“ Kgr denotes the ratio of mean value to nominal value.

® Let the incremental be 0.05.

¢ Let the incremental be 0.15.

4 The value of dead load is assumed to be constant, which is equal to the nominal value in load case II.

The comparison of the relative error given by Equation (19.3) among different load factors and target
reliability indices is plotted in Figure 19.2, and the numerical results are also given in Table 19.6.

(2) Multi-storey steel frames
— Under load case I:
0.83R, > 1.10G, + 2.25L, for Q235 steel, (19.6a)
0.83R, > 1.10G, + 2.20L, for Q345 steel, (19.6b)

where R, is the nominal value of structural resistance under load case I determined by advanced analysis,
and G, and L, are, respectively, the nominal values of the vertical dead load and live load.

- Under load case II:

0.83R,((G + L) = 1.00(G, + Ly)) > 1.95W, for Q235 steel, (19.7a)
0.83R,((G + L) = 1.00(G, + Ly)) > 1.90W,  for Q345 steel, (19.7b)
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Figure 19.2 Relative error of structural system resistance of steel portal frames with fixed yr = 1.25: (a) variation of
relative error with dead and live load factors for Q235 steel under load case I; (b) variation of relative error with target
reliability and wind load factors for Q235 steel under load case II; (c) variation of relative error with dead and live load
factors for Q345 steel under load case I; (d) variation of relative error with target reliability and wind load factors for Q345
steel under load case II

where R, is the nominal value of structural resistance under load case II determined by advanced analysis
when dead and live loads adopt their nominal values and W, is the nominal value of the wind load.

The comparison of the relative error given by Equation. (19.3) among different load factors and target
reliability indices is plotted in Figure 19.3, and the numerical results are also given in Table 19.7.

Table 19.6 Numerical results of € varying with target reliability and load factors for the steel portal frame (given
g = 1.25)
Load case I Load case II

Steel grade B VG L € Yw €

Q235 2.7 1.00 1.20 0.1612 x 1072 1.20 0.2141 x 107*
32 1.00 1.50 0.7238 x 1073 1.35 0.2353 x 1073
3.7 1.00 1.80 0.2835 x 1073 1.60 0.2672 x 1073
42 1.00 2.15 0.1022 x 1072 1.80 0.3340 x 10~*

Q345 2.7 1.05 1.55 0.7999 x 1073 1.40 0.1038 x 1073
32 1.05 1.85 0.7703 x 10~* 1.60 0.5415 x 107*
3.7 1.05 2.20 0.4822 x 107* 1.85 0.1268 x 10~*
42 1.05 2.60 0.7879 x 10~* 2.15 0.3049 x 10~*
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Figure 19.3 Relative error of structural system resistance of multi-storey steel frames with fixed y; = 1.20: (a) variation
of relative error with dead and live load factors for Q235 steel under load case I; (b) variation of relative error with target
reliability and wind load factors for Q235 steel under load case IT; (c¢) variation of relative error with dead and live load factors
for Q345 steel under load case I; (d) variation of relative error with target reliability and wind load factors for Q345 steel

under load case 1T

Table 19.7 Numerical results of ¢ varying with target reliability and load factors for multi-storey steel frames (given

7 = 1.20)
Load case I Load case II

Steel grade By Y6 L & Yw €

Q235 2.7 1.10 1.60 5.08398 x 1074 1.45 2.53647 x 1074
3.2 1.10 1.90 7.09022 x 1073 1.70 1.46003 x 107>
3.7 1.10 225 2.55264 x 1073 1.95 1.61455 x 1077
42 1.10 2.70 221763 x 107* 2.25 9.66120 x 10~°

Q345 2.7 1.10 1.55 2.80723 x 1074 1.45 1.07029 x 103
3.2 1.10 1.85 1.02353 x 107 1.65 8.15408 x 107>
3.7 1.10 2.20 1.40213 x 10~ 1.90 1.22249 x 10~
42 1.10 2.65 1.13074 x 10~ 2.20 5.76273 x 1073




EFFECT OF CORRELATION ON LOAD AND RESISTANCE FACTORS 335

19.2 EFFECT OF CORRELATION ON LOAD
AND RESISTANCE FACTORS

If correlation exists among the random variables in the structural performance function, it will influence the
nominal values of the structural system resistance Ry determined by targeting a definite reliability index and
then influence the calculation of the load and resistance factors. In this section, such an effect is examined
with an example of a multi-storey frame using Q345 steel under load case I and aiming at a target reliability
index of 3.7. The effects of correlation on the relative error of the structural system resistance are given in
Figures 19.4—-19.6, and the numerical values are listed in Tables 19.8—19.10.

From the observation of Figures 19.4 and 19.5 and Tables 19.8 and 19.9, it can be found that at the level of
the same target reliability index, the load factor decreases with the increase of positive correlation between
the system resistance R and the dead load G or the live load L, whereas the load factor increases with the
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Figure 19.4 Effect of correlation of structural system resistance and dead load on relative error of the structural system
resistance with fixed yg = 1.20
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Figure 19.5 Effect of correlation of structural system resistance and live load on relative error of the structural system
resistance with fixed yg = 1.20
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Figure 19.6 Effect of correlation of dead and live loads on relative error of the structural system resistance with fixed
yr = 1.20

Table 19.8 Effect of correlation of structural system resistance and dead load
on load factors with fixed yr = 1.20

PRG VG L TR €

0.8 1.00 2.20 1.2009 238192 x 1074
0.4 1.05 2.20 1.2034 1.17839 x 10~
0.0 1.10 2.20 1.2061 1.40213 x 1074
—-04 1.15 2.20 1.2092 3.19424 x 10~
—-0.8 1.20 2.20 1.2125 6.63761 x 107

Table 19.9 Effect of correlation of structural system resistance and live load
on load factors with fixed yr = 1.20

PrL )¢ L 7R €

0.8 1.10 1.20 1.1923 2.33222 x 1073
0.4 1.10 1.70 1.2042 8.43900 x 10~
0.0 1.10 2.20 1.2061 1.40213 x 107*
—-0.4 1.10 2.70 1.2030 271523 x 107*
—0.8 1.10 3.20 1.2001 7.97594 x 1074

Table 19.10 Effect of correlation of dead and live loads on load factors with

fixed yg = 1.20

PaL il L 7R €

—0.8 0.90 2.20 1.2092 3.00753 x 1074
-0.4 1.00 2.20 1.2090 2.86100 x 107*
0.0 1.10 2.20 1.2061 1.40213 x 107*
0.4 1.20 2.20 1.2014 5.40652 x 107

0.8 1.30 2.20 1.1952 221674 x 107
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increase of negative correlation between the system resistance R and the dead load G or the live load L. In
other words, such positive correlation reduces structural reliability, and the negative one increases it. As the
coefficient of variation of live loads is greater than that of dead loads, correlation between R and L is more
significant.

From Figure 19.6 and Table 19.10, it can be seen that at the level of the same target reliability index, the
load factor decreases with the increase of negative correlation between G and L, whereas it increases with the
increase of positive correlation between G and L. In other words, such negative correlation reduces structural
reliability, and the positive one increases it.

19.3 COMPARISON OF DIFFERENT DESIGN METHODS
19.3.1 For Steel Portal Frames

19.3.1.1 Example frames

Three typical steel portal frames with tapered members, as shown in Figures 19.7 (frame I), 19.8 (frame II)
and 19.9 (frame III), are used to compare the design results of RAD, PAD and LRFD, respectively.

The nominal values of loads are given in Figures 19.7-19.9. The dead/live load ratios of the three frames
are selected as 0.60, 0.80 and 1.00, respectively, to consider the effects of different load ratios on the design

results of the frames. The building shape factor to calculate wind pressure in load case II is determined
according to MBMA (1996).

d,
o
5 § Dead load=3 kN/m
§ Liveload=1.8 kN/m
§ Wind load=3 kN/m
N

| 9x2000=18 000

Figure 19.7 Steel portal frame I
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8 | Dead load=3 kN/m L L 8
g L Live load=3 kN/m \ ©
8 g | Wind load=3 kN/m | 3
Ire] ‘ ‘ ™
N
d1 d7 - A

i 10x3000=30 000

Figure 19.8 Steel portal frame II



338 RELIABILITY-BASED ADVANCED DESIGN OF STEEL FRAMES

Dead load=3 kN/m
Liveload=2.4 KN/m
Wind load=3 kN/m

5000
2500 , 2500

L 6x3000=18 000 6x3000=18 000 6x3000=18 000

A 54 000

Figure 19.9 Steel portal frame III

If the load and resistance factors in AISC (1994) are used for PAD, the design formulae of PAD are

e Under load case I:
0.90R, > 1.20G, + 1.60L, for Q235 and Q345 steel, (19.8a)

where R, is the nominal value of the structural resistance under load case I determined by advanced
analysis, and G, and L, are, respectively, the nominal values of the dead load and the live load.

e Under load case II:
0.90R, (G = 1.20G,) > 1.30W, for Q235 and Q345 steel, (19.8b)

where R, is the nominal value of the structural resistance under load case I determined by advanced analysis
when the dead load adopts its nominal values and W, is the nominal value of the wind load.

19.3.1.2 Design results

The sectional sizes and steel consumptions of the example frames designed, respectively, by RAD, PAD and
LRFD are listed in Table 19.11, where Q345 steel is used for all cases. For the sake of comparison, all
structural members in the same frame have the same flange and identical web thickness, but different web
heights.

The frames are designed by checking member by member in LRFD for both load case I and load case II.
In RAD and PAD, the limit load-bearing capacity of the frames is first obtained with advanced analysis for
load case I, and it is used to check Equation (19.4b) in RAD and Equation (19.8a) in PAD. If they are

Table 19.11 Results of the example frames designed with various methods

Flange = Web thickness Web height (mm) Steel consumption
Design method (mm?) (mm) d, d, d3 dy ds dy dy (10*kg)
Framel LRFD 135 x 6.5 4.0 200 700 200 305 0.724
PAD 120 x 5.6 32 200 600 200 @ 252 0.537
RAD 125 x 6.0 3.6 200 600 200 252 0.601
Frame I LRFD 210 x 9.8 54 300 900 300 600 300 1080 300 2.344
PAD 170 x 8.4 4.8 300 800 300 600 300 900 300 1.757
RAD 170 x 8.6 5.4 300 900 300 600 300 1080 300 1.952
Frame III LRFD 165 x 7.8 4.4 200 600 200 630 300 400 2.640
PAD 130 x 6.6 3.4 200 600 200 630 300 400 1.879

RAD 155 x 7.4 3.8 200 600 200 630 300 400 2.325
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Steel consumption (10%)

Framel Framell Framelll

Figure 19.10 Steel consumption of LRFD, RAD and PAD for the portal frames

satisfied, the same procedures are further used to check Equation (19.5b) in RAD and Equation (19.8b) in
PAD for load case II.

Due to asymmetry of frame II, structural analysis and structural safety check of load case II should
consider left and right winds.

The comparison of steel consumptions of different designs for the frames is also illustrated in Figure 19.10.

19.3.1.3 Reliability calibration

To further study the difference among RAD, PAD and LRFD, the structural system reliability of the above
designs is calibrated. The reliability indices and failure probabilities are listed in Table 19.12. Two values of
those in frame II under load case II correspond to the wind loads from left and right sides, respectively.

By reliability calibration, it can be seen that the design of low-rise steel portal frames is controlled by
vertical loads (load case I) rather than horizontal loads (load case II). In load case I, the system reliability of
the frames designed with LRFD can reach about 4.6 and is greater than the target one. The system reliability
index of the frames by PAD is about 2.7, which is expected to be relatively low. For the frames designed with
RAD, the system reliability index is about 3.7, which is consistent with the target one.

Table 19.12  Structural system reliability of the example portal frames by LRFD, PAD and RAD

Load case I Load case 1T
Design method p Py p Py

Frame I LRFD 4.5941 0.2173 x 107> 7.7788 0.3662 x 10714
PAD 2.5356 0.5613 x 1072 5.5898 0.1137 x 1077

RAD 3.5500 0.1928 x 1073 5.9339 0.1480 x 1078

Frame II LRFD 4.9795 0.3187 x 107 7.9186 0.1201 x 10~14
8.1890 0.1317 x 10715

PAD 2.8938 0.1903 x 1072 6.8842 0.2907 x 10~

7.1897 0.3246 x 10712

RAD 3.9914 0.3284 x 107* 7.2965 0.1477 x 1012

7.4158 0.6045 x 10713

Frame IIT LRFD 4.4110 0.5144 x 1073 7.3979 0.6918 x 1013
PAD 2.8339 0.2299 x 1072 6.1091 0.5009 x 10~°

RAD 3.9389 0.4094 x 10~ 6.8728 0.3148 x 10711
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Figure 19.11 Multi-storey steel frames: (a) asymmetric frame; (b) symmetric frame

19.3.2 For Multi-Storey Steel Frames
19.3.2.1 Introduction of the frames studied

Four two-storey two-span steel frames (Zhou, 2000) are given in Figure 19.11, which are an asymmetric
frame with hinge base (U-P), a symmetric frame with hinge base (S-P), an asymmetric frame with clamp
base (U-F) and a symmetric frame with clamp base (S-F). The sectional sizes of the four frames are given in
Table 19.13 and the statistics for structural reliability evaluation are listed in Table 19.14. The nominal value
of steel yielding strength is 248 MPa and the elastic modulus is 206 GPa. The loads given in Figure 19.11 are
the sum of nominal dead and live loads.

19.3.2.2 Structural reliability evaluation

It is assumed in structural reliability evaluation that

(1) all members are bending about the strong axis;

(2) out-of-plane restrain of all members is sufficient;

(3) the dead to live load ratio is 1.0.
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Table 19.13 Cross section of the multi-storey steel frames

Frame
Component U-P U-F S-P S-F
Cl WI2 x 19 WI2 x 14 W14 x 53 W14 x 53
C2 W14 x 159 W14 x 145 W14 x 99 W14 x 74
C3 W14 x 145 W14 x 145 W14 x 53 W14 x 53
C4 W6 x 9 W6 x 9 W14 x 43 W14 x 53
C5 W14 x 145 W14 x 145 W14 x 26 W12 x 22
C6 W14 x 145 W14 x 145 W14 x 43 W14 x 53
Bl W30 x 116 W33 x 118 W36 x 135 W33 x 130
B2 W36 x 182 W36 x 182 W36 x 135 W33 x 130
B3 W24 x 55 W24 x 55 W27 x 84 W24 x 76
B4 W30 x 116 W30 x 108 W27 x 84 W24 x 76
Table 19.14 Statistics of the multi-storey steel frames
Mean/standard Coefficient of Distribution
deviation variation type
Dead load 1.00 0.08 Normal
Live load 1.00 0.25 Extreme, type I
Yield strength 1.05 0.10 Log-normal

The four steel frames are designed with AISC (1994) and load case I with combination of 1.2D + 1.6L
governs the design results. The reliability of each member, based on the load combination of 1.2D +
1.6L, is listed in Table 19.15. At the same time, the system reliability of these four frames is evaluated
with the semi-analytical simulation method presented in Chapter 17 and the statistics given in Table
19.14, the results of which are given in Table 19.16. A comparison of member and system reliability is
listed in Table 19.17.

The results in Tables 19.15-19.17 show that the system reliability of a steel frame is always greater than
the reliability of the critical member in the frame because the steel frame is generally redundant and the force
redistribution effect is considered in the system reliability evaluation but ignored in the member reliability

Table 19.15 Reliability of each member in the multi-storey steel frames
Frame
U-P U-F S-P S-F
Component p P; p Ps p P¢ p Py
Cl 428 9.4 x 107 4.15 1.7x107° 331 46x107* 333 43 % 1074
C2 3.21 6.6 x 1074 333 44x107*  3.67 1.2x 1074 3.26 5.6 x 1074
C3 4.09 2.1 x 1073 4.00 3.2 x 107 3.28 52x 1074 3.33 44 %1074
Cc4 5.36 4.1x10°8 5.48 22 %1078 2.97 1.5%x 1073 2.63 43 %1073
C5 3.00 1.4 %1073 3.14 84x107* 383 6.5x1075 320 6.8 x 1074
C6 3.07 1.1 x 1073 3.28 53x107* 298 1.5x 1073 263 43 %1073
Bl 2.59 48 x 1073 2.81 25x1073 277 29x1073 253 5.8 x 1073
B2 2.60 47 %1073 2.53 5.7 %1073 2.77 29 %1073 2.53 58 %1073
B3 2.71 34x1073 2.62 44%1073 311 93 x107* 241 8.0 x 1073
B4 2.96 1.5%x 1073 2.51 6.0 x 1073 3.11 93 x107* 241 8.0 x 1073
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Table 19.16 Structural system reliability of the multi-storey steel frames

U-P U-F S-P S-F

p Py B Py B Py B Py

3.2047 6.7599 x 10~* 34121 32232 x 107  3.3794 3.6322x 107* 33026  4.7896 x 10+

Table 19.17 Comparison of structural system reliability with member reliability for the multi-storey steel frames

U-P U-F S-P S-F
Critical component(s) Bl B4 B1 and B2 B3 and B4
Failure probability of member Py, 4.8 x 1073 6.0 x 1073 2.9 x 1073 8.0 x 1073
Failure probability of system P 6.76 x 107 3.22 x 107 3.63 x 107* 4.79 x 1074
me/Pfs 7 19 8 17

calculation. In addition, the ratio of the failure probability of the critical member against the structural
system, Py, /Py, relates to the redundancy of steel frames and those values of Py, /Py, for the two clamped
frames are greater than those of the two hinged ones. In other words, the higher the structural redundancy, the
more evident the effect of force redistribution on the structural system reliability.

The member reliability is not uniformly distributed in frame, as illustrated in Table 19.15, and ranges
from 2.41 to 5.48, which indicates that the structural design with only member by member checking cannot
retain certain system reliability. However, the structural design based on the limit state of the structural
system can provide the structure a definite reliability at system level, as shown in Table 19.16.

19.3.2.3 Effect of dead/live load ratios

The member and system reliabilities of the frames above are obtained under the condition that the dead/live
load ratio be 1.0. In this subsection, the dead/live load ratios 0.75 and 1.25 are used to analyse the effect of
this load ratio on the reliability results of the U-P frame. The member reliability and system reliability results
of the U-P frame are given in Tables 19.18 and 19.19, respectively. The ratio Py /Py, is listed in Table 19.20.

As the variance of live load is generally greater than that of dead load, member and system reliability
increases with the dead/live load ratio, which can be seen from Tables 19.18 and 19.19. From Table 19.20, it
can be found that the system reliability is more sensitive to the dead/live load ratio.

Table 19.18 Variation of member reliabilities of the U-P frame with dead/live load ratio

Dead/live load ratio

0.75 1.0 1.25
Component B P p Py p Py

Cl1 4.08 22 %1073 4.28 9.4 x10°° 4.46 4.1x%10°°
C2 3.08 1.0 x 1073 3.21 6.6 x 1074 3.33 4.4 %107
Cc3 3.92 4.5 % 1073 4.09 2.1 %1073 4.26 1.0 x 1073
C4 5.13 1.5%x 1077 5.36 4.1x%x10°8 5.58 1.2x 1078
C5 2.89 1.9 x 1073 3.00 1.4 x 1073 3.09 1.0x 1073
Cc6 2.96 1.5x 1073 3.07 1.1x1073 3.17 7.8 x 1074
Bl 2.52 5.8 x 1073 2.59 4.8 %1073 2.66 4.0 x 1073
B2 2.53 5.6 x 1073 2.60 47 %1073 2.67 3.8 %1073
B3 2.63 43 %1073 2.71 3.4 %1073 2.79 2.7 %1073

B4 2.86 2.1 %1073 2.96 1.5%x 1073 3.05 1.2x1073
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Table 19.19 Variation of system reliability of the U-P frames with dead/live load ratio

Dead/live load ratio 0.75 1.0 1.25

B Py B Py B Pr

Reliability index and 2.9681 1.4981 x 1073 3.2047 6.7599 x 107* 34264  3.0588 x 107*
failure probability

Table 19.20 Comparison of system reliability with reliability of the critical member in the U-P frame

Dead/live load ratio 0.75 1.0 1.25
Critical member Bl B1 BI
Failure probability of critical member Py, 5.8 x 1073 4.8 x 1073 4.0 x 1073
System reliability P 1.50 x 1073 6.76 x 107* 3.06 x 107
P/ Pss 4 7 13

19.3.2.4 Comparison of different design approaches

Select the U-P frame as an example to compare the results by different design approaches, RAD, PAD and
LRFD, as above for steel portal frames. The design formula for load case I in PAD, adopting the load and
resistance factors as in AISC LRFD, can be

0.90R, > 1.20G, + 1.60L, for Q235 and Q345 steel, (19.9)

where R, is the nominal value of the structural resistance under load case I determined by advanced analysis,
and G, and L, are, respectively, the nominal values of the dead load and live load.

Assume that Q345 steel is used for the U-P frame and a comparison of the steel consumption is given in
Table 19.21, for design results by RAD, PAD and LRFD.

Table 19.21 Sectional sizes and steel consumption of the U-P frame

Design method

LRFD PAD RAD
Cl W12 x 19 W12 x 14 W12 x 16
Cc2 W14 x 132 W14 x 99 W14 x 109
C3 W14 x 109 W14 x 82 W14 x 99
C4 W10 x 12 W10 x 12 W10 x 12
(e8] W14 x 109 W14 x 99 W14 x 109
Co6 W14 x 109 W14 x 99 W14 x 109
Bl W27 x 84 W27 x 84 W27 x 84
B2 W36 x 135 W30 x 108 W30 x 108
B3 W18 x 40 W18 x 40 W18 x 40
B4 W27 x 94 W27 x 84 W27 x 94

Steel consumption ( x 10° kg) 9.59 8.51 9.12

Table 19.22 Structural system reliability calibration of the U-P frame

Design method p Ps
LRFD 4.4591 4.1148 x 107°
PAD 3.2033 6.7923 x 1074

RAD 3.8427 6.0856 x 103
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In the above three approaches, the frame is designed by checking member by member in LRFD. In RAD
and PAD, the limit load-bearing capacity of the frame is first obtained with advanced analysis, and then it is
used to check the design requirement, Equation (19.6b) in RAD or Equation (19.9) in PAD.

Reliability of the frames designed by the three different approaches is calibrated, as given in Table 19.22.
It is noted that the system reliability index of the frame designed with LRFD is about 4.46, which is higher
than the target one. However, the system reliability index of the frame by PAD is about 3.2, which is
expected to be relatively low. For the frame designed with RAD, the system reliability index is about 3.8427,
which is consistent with the target one.
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