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Introduction

Linear Programs can be used to model a large number of problems arising in
practice. A standard form of a Linear Program is

(1.1a) (LP) max c'x
(1.1b) Ax<Db
(1.1¢) x>0,

where c € R™, b € R™ are given vectors and A € R™*™ is a matrix. The focus
of these lecture notes is to study extensions of Linear Programs where we are
given additional integrality conditions on all or some of the variables.

Problems with integrality constraints on the variables arise in a variety of ap-
plications. For instance, if we want to place facilities, it makes sense to require
the number of facilites to be an integer (it is not clear what it means to build
2.28 fire stations). Also, frequently, one can model decisions as 0-1-variables:
the variable is zero if we make a negative decision and one otherwise.

1.1 Integer Linear Programs

We first state the general form of a Mixed Integer Program as it will be used
throughout these notes:

Definition 1.1 (Mixed Integer Linear Program (MIP))
A Mixed Integer Linear Program (MIP) is given by vectors c € R™, b € R™, a
matrix A € R™*™ and a number p € {0,...,n}. The goal of the problem is to find a
vector x € R™ solving the following optimization problem:

(1.2a) (MIP) max c'x

(1.2b) Ax <b

(1.2¢) x>0

(1.2d) x €ZP x R"P,

If p = O, then then there are no integrality constraints at all, so we obtain the Linear
Program ([LID. On the other hand, if p = n, then all variables are required to be
integral. In this case, we speak of an Integer Linear Program (IP): we note again for
later reference:

(1.3a) (IP) max c'x
(1.3b) Ax <D
(1.3¢) x>0

(1.3d) x €L
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If in an (IP) all variables are restricted to values from the set B = {0, 1}, we have a
0-1-Integer Linear Program or Binary Linear Integer Program:

(1.4a) (BIP) max c'x
(1.4b) Ax < b
(1.4¢) x>0
(1.4d) x € B"

Most of the time we will be concerned with Integer Programs (IP) and Binary
Integer Programs (BIP).

Example 1.2
Consider the following Integer Linear Program:

(1.5a) max x+yYy

(1.5b) 2y —3x <2
(1.5¢) x+y<5
(1.5d) 1<x<3
(1.5e) 1<y<3
(1.5f) X,y €Z

The feasible region S of the problem is depicted in Figure [Tl It consists of the
integral points emphasized in red, namely

S={(1,1),(2,1),(3,1),(1,2),(2,2),(3,2),(2,3)}.

S\t (1] [ ] 0 [ [ ]

® (L) [/] 0 [ [ ]

0

v
(4]
(1]

Figure 1.1: Example of the feasible region of an integer program.

Example 1.3 (Knapsack Problem)

A climber is preparing for an expedition to Mount Optimization. His equip-
ment consists of n items, where each item i has a profit p; € Z,; and a
weight w; € Z,. The climber knows that he will be able to carry items of
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total weight at most b € Z,. He would like to pack his knapsack in such a
way that he gets the largest possible profit without exceeding the weight limit.

We can formulate the KNAPSACK problem as a (BIP). Define a decision vari-
able xi, i =1,...,n with the following meaning;:

. 1 if item 1 gets packed into the knapsack
" 10 otherwise

Then, KNAPSACK becomes the (BIP)

(1.6a) max Z PiXi
i=1

(1.6b) > wixi<b
i=1

(1.6¢) x € B"

In the preceeding example we have essentially identified a subset of the pos-
sible items with a 0-1-vector. Given a ground set E, we can associate with each
subset F C E an incidence vector x" € RF by setting

- 1 ifeeF
Xe = .
0 ife¢tF.

Then, we can identify the vector x" with the set F and vice versa. We will see
numerous examples of this identification in the rest of these lecture notes. This
identification appears frequently in the context of combinatorial optimization
problems.

Definition 1.4 (Combinatorial Optimization Problem)
A combinatorial optimization problem is given by a finite ground set N, a weight
function c: N — Rand a family F C 2N of feasible subsets of N. The goal is to solve

(1.7) (COP) min{ Y ¢;:SeF

jes

Thus, we can write KNAPSACK also as (COP) by using;:

N:={1,...,n}
]-":—{SQN:Zwigb},
i€s
and c(i) := —w;. We will see later that there is a close connection between

combinatorial optimization problems (as stated in (7)) and Integer Linear
Programs.
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Figure 1.2: An IP without optimal solution.

1.2 Notes of Caution

Integer Linear Programs are qualitatively different from Linear Programs in a
number of aspects. Recall that from the Fundamental Theorem of Linear Pro-
gramming we know that, if the Linear Program () is feasible and bounded,
it has an optimal solution.

Now, consider the following Integer Linear Program:

(1.8a) max —V2x+vy

(1.8b) —V2x+y <0
(1.8¢c) x> 1
(1.8d) y=>0
(1.8e) X,y € Z

The feasible region S of the IP ([[L8) is depicted in Figure[L2l The set of feasible
solutions is nonempty (for instance (1,0) is a feasible point) and by the con-
straint —v2x+y < 0 the objective is also bounded from above on S. However,
the IP does not have an optimal solution!

To see this, observe that from the constraint —v/2x +y < 0 we have y/x < v/2
and, since we know that /2 is irrational, —v/2x + y < 0 for any x,y € Z. On
the other hand, for integral x, the function —v/2x + | v/2x| gets arbitrarily close
to 0.

Remark 1.5 An IP with irrational input data can be feasible and bounded but
may still not have an optimal solution.
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The reason why the IP (I.8) does not have an optimal solution lies in the fact
that we have used irrational data to specify the problem. We will see later that
under the assumption of rational data any feasible and bounded MIP must
have an optimal solution. We stress again that for standard Linear Programs
no assumption about the input data is needed.

At first sight it might sound like a reasonable idea to simply drop the inte-
grality constraints in an IP and to “round the corresponding” solution. But, in
general, this is not a good idea for the following reasons:

e The rounded solution may be infeasible (see Figure[[L3(a)), or

e the rounded solution may be feasible but far from the optimum solution
(see Figure[[L3(b)).

(a) (b)

Figure 1.3: Simply rounding a solution of the LP-relaxation to an IP may give
infeasible or very bad solutions.

1.3 Examples

In this section we give various examples of integer programming problems.

Example 1.6 (Assignment Problem)

Suppose that we are given n tasks and n people which are available for car-
rying out the tasks. Each person can carry out exactly one job, and there is a
cost cyj if person i serves job j. How should we assign the jobs to the persons
in order to minimize the overall cost?

We first introduce binary decision variables xi; with the following meaning:

1 if person i carrys out job j
ij = .
0 otherwise.

Given such a binary vector x, the number of persons assigned to job j is ex-
actly Y i* ; xi;. Thus, the requirement that each job gets served by exactly one
person can be enforced by the following constraint:

n
ZXU =1, forj=1,...,n.
i=1

Similarly, we can ensure that each person does exactly one job by having the
following constraint:

n
in,- =1, fori=1,...,n.
j=1
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We obtain the following BIP:

n o n
min E E CijXij

i=1j=1

n

ZXU:] forj=1,...,n
i=1

n

ZXU:] fori=1,...,n
j=1
x € BV

Example 1.7 (Uncapacitated Facility Location Problem)

In the uncapacitated facility location problem (UFL) we are given a set of potential
depots M ={1,...,m}and aset N ={1,..., 1} of clients. Opening a depot at
site j involves a fixed cost f;. Serving client i by a depot at location j costs ci;
units of money. The goal of the UFL is to decide at which positions to open
depots and how to serve all clients such as to minimize the overall cost.

We can model the cost ci; which arises if client i is served by a facility at j with
the help of binary variables x;; similar to the assignment problem:

)1 ifclientiis served by a facility at
Y10 otherwise.

The fixed cost f; which arises if we open a facility at j can be handled by binary
variables y; where

1 if a facility at j is opened
Yj = .
0 otherwise.

Following the ideas of the assighment problem, we obtain the following BIP:

m m mn
(1.9a) min Z fiy; + Z Z CijXij
=1

j=11i=1

(1.9b) ZXU:] fori=1,...,n
=1
(1.9¢) x € B"™ yeB™

As in the assignment problem, constraint (L9B) enforces that each client is
served. But our formulation is not complete yet! The current constraints allow
a client i to be served by a facility at j which is not opened, that is, where
y; = 0. How can we ensure that clients are only served by open facilities?

One option is to add the nm constraints xi; < y; for all 1,j to (LI). Then, if
y; = 0, we must have x4; = 0 for all i. This is what we want. Hence, the UFL
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can be formulated as follows:

m m n
(1.10a) min Z f5y; + Z Z CijXij
j=1

j=1 i=1

m
(1.10b) D xiy =1 fori=1,...,n

=1
(1.10¢) xij < Yj fori=1,...,nandj=1,...,m
(1.10d) x € B*"™ yeB™

A potential drawback of the formulation (LI0) is that it contains a large num-
ber of constraints. We can formulate the condition that clients are served only
by open facilities in another way. Observe that } ;" xyj is the number of
clients assigned to facility j. Since this number is an integer between 0 and n,
the condition ) ;" ; x4; < nyj; can also be used to prohibit clients being served
by a facility which is not open. If y; = 0, then Y ' ; xi; must also be zero. If
y; = 1, we have the constraint ) [" ; xi; < n which is always satisfied since
there is a total of n clients. This gives us the alternative formulation of the
UFL:

m m n
(1.11a) min Z fjy; + Z Z CijXij
=1

j=1 i=1

m

(1.11b) D xi =1 fori=1,...,n
j=1
n

(1.11¢) ZXU < ny;j forj=1,...,m
i=1

(1.114d) x € B"™ yeB™

Are there any differences between the two formulations as far as solvability is
concerned? We will explore this question later in greater detail. <

Example 1.8 (Traveling Salesman Problem)

In the traveling salesman problem (TSP) a salesman must visit each of n given
cities V = {1,...,n} exactly once and then return to his starting point. The
distance between city i and j is cij. The salesman wants to find a tour of
minimum length.

The TSP can be modeled as a graph problem by considering a complete di-
rected graph G = (V, A), that is, a graph with A =V x V, and assigning a cost
c(i,j) to every arc a = (i,j). A tour is then a cycle in G which touches every
node in V exactly once.

We formulate the TSP as a BIP. We have binary variables x;; with the following
meaning;:

)1 ifthe salesman goes from city i directly to city j
Y )0 otherwise.

Then, the total length of the tour taken by the salesman is } ; ; cijxij. Ina
feasible tour, the salesman enters each city exactly once and also leaves each
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city exactly once. Thus, we have the constraints:

Zin=1 fori=1,...,n
jiAL
ZXU:] fori=1,...,n.
ji#AL

However, the constraints specified so far do not ensure that a binary solution
forms indeed a tour.

Figure 1.4: Subtours are possible in the TSP if no additional constraints are
added.

Consider the situation depicted in Figure[L4l We are given five cities and for
each city there is exactly one incoming and one outgoing arc. However, the
solution is not a tour but a collection of directed cycles called subtours.

To elminimate subtours we have to add more constraints. One possible way of
doing so is to use the so-called subtour elimination constraints. The underlying
idea is as follows. Let @ # S C V be a subset of the cities. A feasible tour
(on the whole set of cities) must leave S for some vertex outside of S. Hence,
the number of arcs that have both endpoints in S can be at most [S| — 1. On
the other hand, a subtour which is a directed cycle for a set @ # S C V, has
exactly |S| arcs with both endpoints in S. We obtain the following BIP for the
Tsp:

(1.12a) min Z i CijXij

(1.12b) D xiy=1 fori=1,...,n
jriA

(1.12¢) inj:1 forj=1,...,n
i)

(1.12d) PR TEINES forall@ Cc SC V.
i€S jES

(1.12e) x € Br(n=1

As mentioned before, the constraints (LI2d) are called subtour elimination con-
straints. <

Example 1.9 (Set-Covering, Set-Packing and Set-Partitioning Problem)
Let U be a finite ground set and F C 2! be a collection of subsets of U. There
is a cost/benefit ¢ associated with every set f € F. In the the set covering
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(set packing, set partitioning) problem we wish to find a subcollection of the
sets in F such that each element in U is covered at least once (at most once,
exactly once). The goal in the set covering and set partitioning problem is to
minimize the cost of the chosen sets, whereas in the set packing problem we
wish to maximize the benefit.

We can formulate each of these problems as a BIP by the following approach.
We choose binary variables y¢, f € F with the meaning that

. — 1 if set f is chosen to be in the selection
f 0 otherwise.

Let A = (ayy) be the [U| x |F|-matrix which reflects the element-set containment
relations, that is
1 if element u is contained in set f
Quf = .
0 otherwise.
Then, the constraint that every element is covered at least once (at most once,

exactly once) can be expressed by the linear constraints Ax > 1 (Ax < 1,
Ax =1),where 1 = (1,...,1) € RY is the vector consisting of all ones. <

Example 1.10 (Minimum Spanning Tree Problem)

A spanning tree in an undirected graph G = (V,E) is a subgraph T = (V| F)
of G which is connected and does not contain cycles. Given a cost function
c: E — R4 on the edges of G the minimum spanning tree problem (MST-Problem)
asks to find a spanning tree T of minimum weight c(F).

We choose binary indicator variables x. for the edges in E with the meaning
that x. = 1 if and only if e is included in the spanning tree. The objective
function ZeeE CeXe 15 now clear. But how can we formulate the requirement
that the set of edges chosen forms a spanning tree?

A cut in an undirected graph G is a partition SUS =V, SNS = & of the vertex
set. We denote by 5(S) the set of edges in the cut, that is, the set of edges which
have exactly one endpoint in S. It is easy to see that a subset F C E of the edges
forms a connected spanning subgraph (V, F) if and only if F N §(S) # @ for all
subsets S with @ C S C V. Hence, we can formulate the requirement that the
subset of edges chosen forms a connected spanning subgraph by having the
constraint Zeeé(s) xe > 1 for each such subset. This gives the following BIP:

(1.13a) min Z CeXe
eck

(1.13b) > xe>1 foralg c ScV
ecd(S)

(1.13¢) x € BF

How do we incorporate the requirement that the edge set chosen should be
without cycles? The answer is that we do not need to, as far as optimality is
concerned! The reason behind that is the following: if X is a feasible solution
for (LI3) and F contains a cycle, we can remove one edge e from the cycle and
F \ {e} is still feasible. Since c is nonnegative, the vector x"Mel is a feasible
solution for (CI3) of cost at most that of x". <
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1.4 Literature

These notes are a revised version of [Kru04], which followed more closely
the book by Laurence Wolsey [Wol98]. Classical books about Linear and
Integer Programming are the books of George Nemhauser and Laurence
Wolsey [NW99] and Alexander Schrijver [Sch86]. You can also find a lot
of useful stuff in the books [CCT98| Sch03| [GLS88] which are mainly about
combinatorial optimization. Section discusses issues of complexity. A
classical book about the theory of computation is the book by Garey and
Johnson [[GJ79]. More books from this area are [Pap94, BDGS8S, BDGI0].
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Basics

In this chapter we introduce some of the basic concepts that will be useful for
the study of integer programming problems.

2.1 Notation

Let A € R™*™ be a matrix with row index set M = {1,..., m} and column
index set N ={1,...,n}. We write

A:(aij)i_:l] ..... m
j=1,.

aj

A= : :jth column of A
Amj

Ai. = (ai1,...,an7) : ith row of A.

For subsets I C M and ] C N we denote by

A1y = (aijlier
j€]

the submatrix of A formed by the corresponding indices. We also set

A.,] = AM,]
AI'. = AI,N-

For a subset X C R™ we denote by

k
lin(X) ::{X:ZAivi:)\iERandw,...,vkeX}

i=1

the linear hull of X.

2.2 Convex Hulls

Definition 2.1 (Convex Hull)
Given a set X C R™, the convex hull of X, denoted by conv(X) is defined to be the
set of all convex combinations of vectors from X, that is,

K K
conv(X) ::{X:ZNW:M EO,ZN =Tlandvy,...,vk € X}
i=1 i=1
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Suppose that X C R™ is some set, for instance X is the set of incidence vectors
of all spanning trees of a given graph (cf. Example[[.T0). Suppose that we wish
to find a vector x € X maximizing c"x.

If x = Zle Aivi € conv(X) is a convex combination of the vectors vi,..., vy,
then
K
c’x = Z Aic'vi <max{cTvi:i=1,... k.

i=1

Hence, we have that
max{c'x:x € X} =max{c"x:x € conv(X)}
for any set X C R™.

Observation 2.2 Let X C R™ be any set and ¢ € R™ be any vector. Then

(2.1) max{c'x:x € X} =max{c"x:x € conv(X)}.
Proof: See above. g

ObservationZ2may seem of little use, since we have replaced a discrete finite
problem (left hand side of Z1)) by a continuous one (right hand side of 1)).
However, in many cases conv(X) has a nice structure that we can exploit in
order to solve the problem. It turns out that “most of the time” conv(X) is a
polyhedron { x : Ax < b} (see SectionZ3) and that the problem max{c'x: x €
conv(X) }is a Linear Program.

Example 2.3
We return to the IP given in Example 2

max XxX-+vy
2y—3x <2
x+y <5
1<x<3
1<y<3
X,y €Z

We have already noted that the set X of feasible solutions for the IP is

X={1,1,(2,1),3,1),01,2),(2,2),(3,2),(2,3)}.

Observe that the constraint y < 3 is actually superfluous, but that is not our
main concern right now. What is more important is the fact that we obtain the
same feasible set if we add the constraint x —y > —1 as shown in Figure 2Tl
Moreover, we have that the convex hull conv(X) of all feasible solutions for
the IP is described by the following inequalities:

2y—3x<2
x+y<5
—x+y <1
1<x<3
T<y<3
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Figure 2.1: The addition of a the new constraint x —y > —1 (shown as the red
line) leads to the same set feasible set.

ObservationZZ2lnow implies that instead of solving the original IP we can also
solve the Linear Program
max Xx-+Yy
2y—3x <2
x+y<5
—x+y <1
1<x<3
1<y<3

that is, a standard Linear Program without integrality constraints. <

In the above example we reduced the solution of an IP to solving a standard
Linear Program. We will see later that in principle this reduction is always
possible (provided the data of the IP is rational). However, there is a catch!
The mentioned reduction might lead to an exponential increase in the problem
size. Sometimes we might still overcome this problem (see Section B.4).

2.3 Polyhedra and Formulations

Definition 2.4 (Polyhedron, polytope)
A polyhedron is a subset of R™ described by a finite set of linear inequalities, that is,
a polyhedron is of the form

(2.2) P(A,b):={xeR":Ax < b},

where A is an m X n-matrix and b € R™ is a vector. The polyhedron P is a rational
polyhedron if A and b can be chosen to be rational. A bounded polyhedron is called

polytope.

In Section [[L3 we have seen a number of examples of Integer Linear Programs
and we have spoken rather informally of a formulation of a problem. We now
formalize the term formulation:
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Definition 2.5 (Formulation)
A polyhedron P C R™ is a formulation for aset X CZP x R P, if X =P N (ZP x
R™7P).

It is clear, that in general there is an infinite number of formulations for a set X.
This naturally raises the question about “good” and “not so good” formula-
tions.

We start with an easy example which provides the intuition how to judge for-

mulations. Consider again the set X = {(1,1),(2,1),(3,1),(1,2),(2,2),(3,2),(2,3)} C

R? from Examples and Figure shows our known two formula-
tions P and P, together with a third one P3.

2y—3x <2

P — (X)_erySS
1= y) 1<x<3
T<y<3

2y—3x <2

X x+y<5

Py = () —x+y <1
Y 1<x<3

1<y <3

4

¢ © o o o o
3

¢ o . 3. e o o
2

8- @ o W, e o
1 § §

¢ @eoeeSrensey ° °
0

Figure 2.2:  Different formulations for the integral set X =
{(1,1,(2,1),(3,1),(1,2),(2,2),(3,2),(2,3)}

Intuitively, we would rate P, much higher than P; or P3. In fact, P, is an
ideal formulation since, as we have seen in Example 23 we can simply solve a
Linear Program over P;, the optimal solution will be an extreme point which
is a point from X.

Definition 2.6 (Better and ideal formulations)
Given a set X C R™ and two formulations Py and P, for X, we say that Py is better
than Py, if P1 C Pa.

A formulation P for X is called ideal, if P = conv(X).

We will see later that the above definition is one of the keys to solving IPs.
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Example 2.7
In Example[LZAwe have seen two possibilities to formulate the Uncapacitated
Facility Location Problem (UFL):

n m n m n
min ) fjy; + Z CijXij minZ fiy; + Z Z CijXij
j=1 j=11i=1 j=1 j=11=1
x € Py x € Py
xeB"™ yeB™ x € B"™ y € B™,

where
P, = X :Zjn;Xij:].fori:L...,n.
Y xi5 <y; fori=1,...,mandj=1,...,m
P, — X\, Zjn;]xij:] fori=1,...,n
27\ Yt axy<ny; forj=1,...,m

We claim that Py is a better formulation than P,. If x € Py, then x4; < y; for all
iand j. Summing these constraints over i givesus ) - ; xij; < nyj, so x € P,.
Hence we have P; C P,. We now show that P; # P, thus proving that P; is a
better formulation.

We assume for simplicity that n/m = k is an integer. The argument can be
extended to the case that m does not divide n by some technicalities. We
partition the clients into m groups, each of which contains exactly k clients.
The first group will be served by a (fractional) facility at y1, the second group
by a (fractional) facility at y, and so on. More precisely, we set

xij=1fori=k(j—1)+1,...,k(Gj—1)+kandj=1,...,m

and xi; = 0 otherwise. We also sety; =k/nforj=1,...,m.
Fix j. By construction > I ; xij =k = n% = nyj;. Hence, the point (x,y) just
constructed is contained in P,. On the other hand, (x,y) ¢ P;. <

2.4 Linear Programming

We briefly recall the following fundamental results from Linear Programming
which we will use in these notes. For proofs, we refer to standard books about
Linear Programming such as [Sch86, (Chv83].

Theorem 2.8 (Duality Theorem of Linear Programming) Let A be an m x n-
matrix, b € R™ and ¢ € R™. Define the polyhedra P = {x : Ax <b}and Q =
{y:ATy=cy=>0}.
(i) Ifx €ePandy € Qthenc™x <bTy. (weak duality)
(ii) In fact, we have

(2.3) max{c'x:x €Pl=min{bTy:y e Q},

provided that both sets P and Q are nonempty. (strong duality) O
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Theorem 2.9 (Complementary Slackness Theorem) Let x* be a feasible solu-
tion of max{c'x : Ax < b}and y* be a feasible solution of min{b'y : ATy =
c,y > 0}. Then x* and y* are optimal solutions for the maximization problem and
minimization problem, respectively, if and only if they satisfy the complementary
slackness conditions:

(2.4) foreachi=1,... ,m, either y; =0or Ay .x{ =bj.

|

Theorem 2.10 (Farkas’ Lemma) The set {x : Ax =b,x > 0} is nonempty if and
only if there is no vector y such that ATy > 0and bTy < 0. O

2.5 Agenda

These lecture notes are consist of two main parts. The goal of Part[ll are as
follows:

1. Prove that for any rational polyhedron P(A,b) = {x: Ax <b}and X =
P N Z™ the set conv(X) is again a rational polyhedron.

2. Use the fact max {c¢"x:x € X} = max{c'x:x € conv(X)} (see Obser-
vationZ72) and [l to show that the latter problem can be solved by means
of Linear Programming by showing that an optimum solution will al-
ways be found at an extreme point of the polyhedron conv(X) (which
we show to be a point in X).

3. Give tools to derive good formulations.



Part1

Polyhedral Theory






Polyhedra and Integer
Programs

3.1 Valid Inequalities and Faces of Polyhedra

Definition 3.1 (Valid Inequality)
Letw € R™ and t € R. We say that the inequality wx < tis valid foraset S C R™

if

SCi{x:whx <t}

We usually write briefly (%) for the inequality w'x < t. The set

SY .= { (V:> :w'x < tis valid for S}

Definition 3.2 (Face)
Let P C R™ be a polyhedron. The set F C P is called a face of P, if there is a be a valid
inequality () for P such that

is called y-polar of S.

F={xeP:wix=t}.
IfF + @ we say that (%) supports the face F and call {x : w'x = t} the correspond-

ing supporting hyperplane. If F # @& and F # P, then we call F a nontrivial or
proper face.

Observe that any face of P(A, b) has the form
F= {x tAx < b,wa < t,—wa < —t}

which shows that any face of a polyhedron is again a polyhedron.

Example 3.3

We consider the polyhedron P C R2, which is defined by the inequalities
(3.1a) X1 +x2 <2

(3.1b) x1 <1

(3.10) x1,%2 > 0.
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31 +x2=4

X1 :5/2

LNX X =2
. N

—_
w

\ 5\ }
'-,42X1 +x,=3

Figure 3.1: Polyhedron for Example

We have P = P(A, b) with

und b=

S O =N

The line segment F; from ((2)) to (}) is a face of P, since x1 + x2 < 2 is a valid
inequality and
Fi=Pn{xeR?:x;+x2=2}.

The singleton F, = {(})} is another face of P, since
F2 =PN{xeR?:2x +x; =3}
FzzPﬂ{xeRz:.%m +x2 =4}.

Both inequalities 2x; + x2 < 3 and 3x7 + x2 < 4 induce the same face of P. In
particular, this shows that the same face can be induced by completely differ-
ent inequalities.

The inequalities x1 +x2 < 2, 2x7 +x2 < 3 and 3x7 + x2 < 4 induce nonempty
faces of P. They support P In contrast, the valid inequality x; < 5/2 has

F3=Pn{xeR?:x; =5/2} =9,
and thus x; = 5/2 is not a supporting hyperplane of P. <

Remark 3.4 (i) Any polyhedron P C R™ is a face of itself, since P = P N
{x e R™: 0Tx =0}.
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ii) @ is a face of any polyhedron P C R™, since @ =PN{x € 0'x =11%.
(ii) @isaf f any polyhed R™, si { R™: 0T 1}

(iii) If F=P N {x € R™:c'x =} is a nontrivial face of P C R™, then ¢ # 0,
since otherwise we are either in case (i) or (ii) above.

Let us consider Example B3 once more. Face F; can be obtained by turning
inequality () into an equality: machen:

X1 +x2 = 2
F = x € R?: X1 < 1
x1,x2 > 0

Likewise F, can be obtained by making @Ia) and B.1D) equalities

X1 +x = 2
Fo=<{xecR?: x = 1
x1,x2 > 0

Let P = P(A,b) C R™ be a polyhedron and M be the index set of the rows
of A. For a subset I C M we consider the set

(3.2) fa(I) :=={x € P: A;.x = by}.
Since any x € P satisfies Aj.x < by, we get by summing up the rows of 32)
for
el = Z Ar. and vy:= Z b;
i€l i€l

a valid inequality c"x < vy for P. For all x € P\ fa(I) there is at least one i € 1,
such that A; .x < b;. Thus c¢"x <y forall x € P\ Fand

fa() = {x e P:c"x =7}
is a face of P.

Definition 3.5 (Face induced by index set)
The set fa(1) defined in B2 is called the face of P induced by L

In ExampleB3we have F; = fa({1}) and F, = fa({1, 2}). The following theorem
shows that in fact all faces of a polyhedron can be obtained this way.

Theorem 3.6 Let P = P(A,b) C R™ be a nonempty polyhedron and M be the
index set of the rows of A. The set F C R™ with F # @& is a face of P if and only if
F=fa(I) ={x € P: Ar,.x = by} forasubset ] C M.

Proof: We have already seen that fa(I) is a face of P for any I C M. Assume
conversely that F = PN {x € R™: ¢c"x =t} is a face of P. Then, F is precisely
the set of optimal solutions of the Linear Program

(3.3) max {c"x: Ax < b}.

(here we need the assumption that P # @). By the Duality Theorem of Linear
Programming (Theorem 2.8), the dual Linear Program for (8.3)

min {b'y: ATy =c,y >0}

also has an optimal solution y* which satisfies bTy* = t. Let I := {i: y > 0}.
The by complementary slackness (Theorem [Z9) the optimal solutions of 3.3)
are precisely those x € P with A; .x = b; fori € I. This givesus F =fa(I). O
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This result implies the following consequence:

Corollary 3.7 Every polyhedron has only a finite number of faces.
Proof: There is only a finite number of subsets I C M ={1,..., m}. a

We can also look at the binding equations for subsets of polyhedra.

Definition 3.8 (Equality set) Let P = P(A,b) C R™ be a polyhedron. For S C P
we call
eq(S):={ie M: Ay x =D forallx € S},

the equality set of S.

Clearly, for subsets S,S’ of a polyhedron P = P(A,b) with S C S’ we have
eq(S) D eq(S’). Thus, if S C P is a nonempty subset of S, then any face F of P
which contains S must satisfy eq(F) C eq(S). On the other hand, fa(eq(S)) isa
face of P containing S. Thus, we have the following observation:

Observation 3.9 Let P = P(A,b) C R™ be a polyhedron and S C P be a nonempty
subset of P. The smallest face of P which contains S is fa(eq(S)).

Corollary 3.10 (1) The polyhedron P = P(A,b) does not have any proper face
if and only if eq(P) = M, that is, if and only if P is an affine subspace P =
{x:Ax =Db}.

(ii) If AX <'b, then X is not contained in any proper face of P.
Proof:

(i) Immediately from the characterization of faces in Theorem 3.8

(ii) If AXx < b, then eq({X}) = @ and fa(@) = P.

3.2 Dimension

Intuitively the notion of dimension seems clear by considering the degrees of
freedom we have in moving within a given polyhedron (cf. Figure B.2).

Definition 3.11 (Affine Combination, affine independence, affine hull)
An affine combination of the vectors v', ... ,vF € R™ is a linear combination x =

S X  Awtsuchthat Y A =1

Given a set X C R™, the affine hull of X, denoted by aff(X) is defined to be the set of
all affine combinations of vectors from X, that is

k k
aff(X) :=={x = Z?\ivi : Z)‘i =Tlandvq,...,vk € X}
i=1 i=1

The vectors V', ... ,v* € R™ are called affinely independent, if 3 | \iv' = 0 and
Zfﬁ Ai = O implies that A\ =Xy = -+ = A\ = 0.
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6T z
5T .PO
4 +
Qs
3T Py Q2 @
2 +
T Qo
X ° Yy
R ~G
4 5 6

1T 2 3
(a) Polyhedra in R?

(b) Polyhedra in R3

Figure 3.2: Examples of polyhedra with various dimensions

Lemma 3.12 The following statements are equivalent

(i) The vectorsv',...,v¥ € R™ are affinely independent.
(ii) The vectorsv? — V1 ... vk —v! € R™ are linearly independent.
(iii) The vectors (Vl]),..., (V1k) € R+ are linearly independent.

Proof:

()& Gi) If X, Ai(vi —v') = 0 and we set Ay := — Y &, A;, this gives us
ZL] Avt = 0 and ZL] Ay = 0. Thus, from the affine independence it
follows that A =--- = A = 0.

Assume conversely that v —v' ... vk — ! are linearly independent

and Y ¥, Apvi = 0with X Ay = 0. Then A = — Y&, A which gives

S ¥, Ai(vt —v') = 0. The linear independence of v — v, ... vk — v
implies A, = - - - = Ax = 0 which in turn also gives A1 = 0.
(ii)&(iii) This follows immediately from
i K ;
v 27 A-\)‘L =
)\i< ) =0& IE] 1

; 1 { Zi:] Ai=0

]

Definition 3.13 (Dimension of a polyhedron, full-dimensional polyhedron)
The dimension dim P of a polyhedron P C R™ is one less than the maximum number
of affinely independent vectors in P. We set dim @ = —1. If dim P = n, then we call
P full-dimensional.

Example 3.14
Consider the polyhedron P C R? defined by the following inequalities (see
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Figure B3):

(3.4a) x<2
(3.4b) x+y<4
(3.4¢) x+2y <10
(3.4d) x+2y<6
(3.4e) x+y>2
(3.4f) x,y >0

Figure 3.3: A fulldimensional polyhedron in R2.

The polyhedron P is full dimensional, since (2,0), (1,1) and (2,2) are three
affinely independent vectors. <

Example 3.15

A stable set (or independent set) in an undirected graph G = (V,E) is a subset
S C V of the vertices such that none of the vertices in S are joined by an edge.
We can formulate the problem of finding a stable set of maximum cardinality
as an IP:

(3.5a) max Z Xy

vev
(3.5b) Xu + X%y <1 for all edges (u,v) € E
(3.5¢) Xy >0 for all verticesv € V
(3.5d) Xy <1 for all verticesv € V
(3.5€) Xy €7 for all verticesv € V

Let P be the polytope determined by the inequalities in (B5). We claim
that P is full dimensional. To see this, consider the n unit vectors e; =
0,...,1,0,...,0)7,1i = 1,...,nand ey := (0,...,0)7. Then ep,e1,...,en
are affinely independent and thus dim P = n. <

Definition 3.16 (Inner point, interior point)
The vector x € P = P(A,b) is called an inner point, if it is not contained in any
proper face of P. We call X € P an interior point, if AX < D.
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By Corollary B.I{(ii) an interior point x is not contained in any proper face.

Lemma 3.17 Let F be a face of the polyhedron P(A,b) and x € F. Then X is an inner
point of F if and only if eq({x}) = eq(F).

Proof: Let G be an inclusionwise smallest face of F containing X. Then, X is
an inner point of F if and only if F = G. By Observation B9 we have G =
fa(eq({x})). And thus, x is an inner point of F if and only if fa(eq({X})) = F as
claimed. a

Thus, Definition B.If can be restated equivalently as: x € P = P(A,b) is an
innner point of P if eq({X}) = eq(P).

Lemma 3.18 Let P = P(A,b) be a nonempty polyhedron. Then, the set of inner
points of P is nonempty.

Proof: Let M = {1,..., m} be the index set of the rows of A, I := eq(P) and
J:=M\IL If] = @, thatis, if I = M, then by Corollary B.I0(i) the polyhedron P
does not have any proper face and any point in P is an inner point.

If ] # @, then for any j € ] we can find an X € P such that AX¥) < b and
A;j %) < bj. Since P is convex, the vector y, defined as

1 .

== x)
vl
je]

(which is a convex combination of the X/, j € ]) is contained in P. Then, Aj .y <
byand A;.y = b1. So, eq({y}) = eq(P) and the claim follows. ]

Theorem 3.19 (Dimension Theorem) Let F # @ be a face of the polyhedron
P(A,b) C R™. Then we have

dimF =n —rank Agq(F), .-

Proof: By Linear Algebra we know that
dimR™ =n =rank A¢qr),. + dimkern Agq(. ..

Thus, the theorem follows, if we can show that dim kern(A
abbreviate I := eq(F) and set r := dimkernA; ., s :== dimF.

eq(F),») =dim F. We

“r > s"”: Select s 4 1 affinely independent vectors x%,x',...,x% € F. Then, by
Lemma BT x' — x°,...,x* — x° are linearly independent vectors and
Ar.(}x) —x°) = by —b; = 0forj = 1,...,s. Thus, the dimension of

kern Aj,. is at least s.

“s > 1r”: Since we have assumed that F # &, we have s = dim F > 0. Thus, in
the sequel we can assume that v > 0 since otherwise there is nothing left
to prove.

By Lemma there exists an inner point x of F which by Lemma
satisfies eq({x}) = eq(F) = I. Thus, for ] := M \ I we have

AI‘J_(:bI and A],J_(<b].
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Let{x',...,x"} be a basis of kern Ag,.. Then, since Aj .x < by we can find
¢ >0suchthat Aj .(x+ex*) <bjand Aj.(x+ex¥) =bfork=1,...,m.
Thus, X +ex* € Ffork=1,...,r.

The vectors ex!, ..., ex" are linearly independent and, by Lemma
X, ex! +%,...,ex" + % form a set of r+ 1 affinely independent vectors in F
which implies dim F > r.
O
Corollary 3.20 Let P = P(A,b) C R™ be a nonempty polyhedron. Then:
(i) dimP =mn —rank A¢q(p),.
(ii) P is full dimensional if eq(P) = @.
(iii) P is full dimensional if and only if P contains an interior point.
(iv) If ¥ is a proper face of P, then dim F < dim P — 1.
O

Proof:
(i) Use Theorem BI9with F = P.
(ii)) Immediate from (i).

(iii) P has an interior point if and only if eq(P) = @.

72}

(iv) LetI:=eq(P)andj € eq(F) \ I and ] := eq(P) U {j}. We show that A; . i
linearly independent of the rows in Aj .. This shows that rank Aeq(F) .
rank Aj . > rank Ay . and by the Dimension Theorem we have dimF
dimP — 1.

Assume that A; . =} ;. AiAy .. Take X € F arbitrary, then

bj = Aj‘,fc = Z 7\1Ai‘. = Z Aibi.

i€l iel

IN IV

Since j ¢ eq(P), there is x € P such that A; .x < b;. But by the above we
have
bj > Aj‘.X = Z AiAi‘.X = Z Aibi = bj,
iel i€l

which is a contradiction.

Example 3.21

Let G = (V,R) be a directed graph and s,t € V be two distinct vertices. We
call a subset A C R of the arcs of R an s-t-connector if the subgraph (V,A)
contains an s-t-path. It is easy to see that A is an s-t-connector if and only
if AN dT(S) # @ for each s-t-cut (S, T), that is for each partition V = SUT,
SN T = o of the vertex set V such that s € Sand t € T (cf. [KNO05| Satz 3.19]).
Here, we denote by 57 (S) the subset of the arcs (u,v) € R such that u € S and
veT.
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Thus, the s-t-connectors are precisely the solutions of the following system:

(3.6a) > x> for all s-t-cuts (S, T)
TedH(S)

(3.6b) xr <1 for allarcsr € R

(3.60) Xy >0 for all arcs r € R

(3.6d) Xr €7 for all arcs r € R.

Let P be the polyhedron determined by the inequalities in @.6). It can be
shown (we will do this later, but you can also find a proof in [Sch03]) that P is
in fact the convex hull of the s-t-connectors in G. For the moment, we will not
need this result.

Let R’ C Rbe the set of arcs v € R such that there is an s-t-path in G —r (that is,
there is an s-t-path which does not use r). We claim that dim P = |R’|. By the
Dimension Theorem this is equivalent to showing that rank Aeq(p), = R|—|R’|.

None of the inequalities x, > 0 is in eq(P), since any superset of an s-t-
connector is again an s-t-connector, so it can not be the case that x2* = 0 for
all s-t-connectors A with incidence vector x* € RR (which are a subset of P).
Thus we note:

o None of the inequalities x, > 0 is in eq(P).

Now consider the inequalities x, < 1. If r ¢ R/, then any s-t-path must use r,
so we find an (S, T)-cut with 57 (S) = {r} (choose S to be all vertices reachable
fromsin G —rand T := V\ S). By @.&a) we have } ;. (s)Xr = 1 for all
x € P. Since 6 (S) = {r}, we have x, = 1 for any x € P. On the other hand, if
T € R/, there is an s-t-path which misses r and thus there is an s-t-connector A
(formed by the arc set of this path) with x* = 0. Thus, we have

o The inequality x, < 1isineq(P) if and only if r € R\ R’.

Finally, let us look at the inequalities (B.6a). Assume that that there exists and
s-t-cut (S, T) such that ZTG 5+(s) Xr = 1 for all x € P. Then, this equality
must also hold for all incidence vectors of s-t-connectors. Then, it follows that
167 (S)| = 1 (since any superset of an s-t-connector is again an s-t-connector).
This implies that r € R\ R’. Conversely, as we have seen above, if [ (S)| = 1
for an s-t-cut, the corresponding inequality (.6a) must hold with equality.

e The inequality } ;. (s, %+ > 1isin eq(P) if and only if 5*(S) = {r} for
some r € R\ R’ in which case it collapses to x, > 1.

Thus, the rows corresponding to the inequalities x, < 1, r € R\ R’ are a max-
imum size set of linearly vectors with indices in eq(P). Thus, rank Aq(p),. =
IR\ R’| = |R| — [R’] as needed. <

We derive another important consequence of the Dimesion Theorem about the
facial structure of polyhedra:

Theorem 3.22 (Hoffman and Kruskal) Let P = P(A,b) C R™ be a polyhedron.
Then a nonempty set F C P is an inclusionwise minimal face of P if and only if
F ={x: Ar,.x = by} for some index set ] C M and rank A1 . = rank A.
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Proof: “=": Let F be a minimal nonempty face of P. Then, by Theorem B.d
and Observation B9 we have F = fa(I), where I = eq(F). Thus, for ] :== M\ I
we have

(37) F= {X : AL.X = bI,A],.X S b]}.
We claim that F = G, where
(3.8) G={x:Ar.x=Dbi}.

By B we have F C G. Suppose that there exists y € G \ F. Then, there exists
jel

(39) AL.y = bI,Aj‘.y > bj.

Let x be any inner point of F which exists by Lemma BI8 We consider for
T € R the point
z(t) =x+1(y —%) = (1 = 1)x + V.

Observe that Aj.z(T) = (1 — T)A1.X + TA1.y = (1 — T)b1 + Tb; = by, since
% € Fand y satisfies (B9). Moreover, Ay .z(0) = Aj X < by, since ] C M\ L

Since A; .y > b; we can find T € R and jo € ] such that Aj, .z(t) = bj, and
Aj,.z(1) < bj. Then, T # 0 and

F/::{XEP:AI‘.X:bI)A X:blo}

jo,
is a face which is properly contained in F (note that x € F\ F’). This contra-
dicts the choice of F as inclusionwise minimal. Hence, we have that F can be
represented as @3.8).

It remains to prove that rank A;. = rank A. If rank A;. < rank A, then there
exists an index j € ] = M\ [, such that A; . is not a linear combination of the
rows in Ag,.. Then, we can find a vector w # O such that A; .w = 0and A; .w >
0. For © > 0 appropriately chosen the vector y := X + 6w satifies (39) and as
above we can construct a proper face F’ of F contradicting the minimality of F.

“&” If F = {x: Aj,. = by}, then F is an affine subspace and Corollary B.I0(i)
shows that F does not have any proper face. By assumption F C P and thus
F={x:A.=br,Aj.x <by}is a minimal face of P. O

Corollary 3.23 All minimal nonempty faces of a polyhedron P = P(A,b) have the
same dimension, namely n — rank A. O

Corollary 3.24 Let P = P(A,b) C R™ be a nonempty polyhedron and rank(A) =
n — k. Then P has a face of dimension k and does not have a proper face of lower
dimension.

Proof: Let F be any nonempty face of P. Then, rank Aqr),. < rankA =n —k
and thus by the Dimension Theorem (Theorem B.19) it follows that dim(F) >
n — (n — k) = k. Thus, any nonempty face of P has dimension at least k.

On the other hand, by Corollary BZ3 any inclusionwise minimal nonempty
face of P has dimension n —rank A = n— (n—k) = k. Thus, P has in fact faces
of dimension k. O

There will be certain types of faces which are of particular interest:
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e extreme points (vertices),
e extreme rays, and

e facets.

In the next section we discuss extreme points and their meaning for optimiza-
tion. Section B4l deals with facets and their importance in describing polyhe-
dra by means of inequalities. Section B3 shows how we can describe polyhe-
dra by their extreme points and extreme rays. The two descriptions of poly-
hedra will be important later on.

3.3 Extreme Points

Definition 3.25 (Extreme point, pointed polyhedron)
The point x € P = P(A,b) is called an extreme point of P, if x = Ax + (1 — A)y for
some x,y € Pand 0 < A < 1implies that x =y = X.

A polyhedron P = P(A,b) is pointed, if it has at least one extreme point.

Example 3.26
Consider the polyhedron from Example B14 The point (2,2) is an extreme
point of the polyhedron. <

Theorem 3.27 (Characterization of extreme points) Let P = P(A,b) C R™ be
a polyhedron and X € P. Then, the following statements are equivalent:

(i) {x} is a zero-dimensional face of P.

(ii) There exists a vector c € R™ such that X is the unique optimal solution of the
Linear Program max {c'x : x € P}.

(iii) X is an extreme point of P.

(10) rankAeq({ﬂ),. =n.

Proof: “(i)=>(ii)”: Since {X} is a face of P, there exists a valid inequality w'x < t
such that{x} = {x € P: w'x = t}. Thus, X is the unique optimum of the Linear
Program with objective ¢ := w.

“(ii)=>(iii)”: Let X be the unique optimum solution of max {c"x:x € P}. If
X =Ax + (1 —A)y for some x,y € Pand 0 < A < 1, then we have

c'x=A"x+(T=AcTy<AcTx+(1-A)c"x=c"x.

T

Thus, we can conclude that c"x = ¢"x = ¢’y which contradicts the unique-

ness of X as optimal solution.

“(iii)=(@1v)”: Let I := eq({x}). If rank A;. < m, there exists y € R™ \ {0} such
that Ay .y = 0. Then, for sufficiently small ¢ > 0 we have x := X + ey € P and
y:=%X—e¢ey € P (since A;.X < b; for all j ¢ I). But then, x = %x + %y which
contradicts the assumption that X is an extreme point.

“(iv)=(1)": Let I := eq({x}). By (iv), the system Aj.x = b; has a unique solu-
tion which must be X (since Aj.Xx = b by construction of I). Hence

Kl=x:Arx=b}={xe€P:A; x=Dby}

and by Theorem B.@{x} is a zero-dimensional face of P. m]
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The result of the previous theorem has interesting consequences for optimiza-
tion. Consider the Linear Program

(3.10) max {c"x:x € P},

where P is a pointed polyhedron (that is, it has extreme points). Since by
Corollary B.Z3 on page Z§ all minimal proper faces of P have the same dimen-
sion, it follows that the minimal proper faces of P are of the form {X}, where x
is an extreme point of P. Suppose that P # @ and ¢'x is bounded on P. We
know that there exists an optimal solution x* € P. The set of optimal solutions

of @I0) is a face

F:{XEP:CTXZCTX*}

which contains a minimal nonempty face F’ C F. Thus, we have the following
corollary:

Corollary 3.28 If the polyhedron P is pointed and the Linear Program BID) has
optimal solutions, it has an optimal solution which is also an extreme point of P.

Another important consequence of the characterization of extreme points in
Theorem on the previous page is the following:

Corollary 3.29 Every polyhedron has only a finite number of extreme points.

Proof: By the preceeding theorem, every extreme point is a face. By Corol-
lary BZ there is only a finite number of faces. O

Let us now return to the Linear Program @.I0) which we assume to have an
optimal solution. We also assume that P is pointed, so that the assumptions of
Corollary are satisfied. By the Theorem of Hoffman and Kruskal (Theo-
rem .22 on page P7) every extreme point % of is the solution of a subsystem

A1.x =br, where rankA;. =n.

Thus, we could obtain an optimal solution of EI0) by “brute force”, if we
simply consider all subsets I C M with [I] = n, test if rank A . = n (this can
be done by Gaussian elimination) and solve Aj.x = b;. We then choose the
best of the feasible solutions obtained this way. This gives us a finite algorithm
for @I0). Of course, the Simplex Method provides a more sophisticated way
to or solving @G.I0).

Let us now derive conditions which ensure that a given polyhedron is pointed.

Corollary 3.30 A nonempty polyhedron P = P(A,b) C R™ is pointed if and only if
rank A =n.

Proof: By Corollary B.Z3 the minimal nonempty faces of P are of dimension 0
if and only if rank A =mn. O

Corollary 3.31 Any nonempty polytope is pointed.

Proof: Let P = P(A,b) and x € P be arbitrary. By Corollary B30 it suffices to
show that rank A = n. If rank A < n, then we can find y € R™ withy # 0
such that Ay = 0. But then x + 0y € P for all 8 € R which contradicts the
assumption that P is bounded. O
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Corollary 3.32 Any nonempty polyhedron P C R is pointed.

Proof: If P = P(A,b) C R}, we can write P alternatively as

e ()< ) rae

Since rank A = rank <i\1> = n, we see again that the minimal faces of P are

extreme points. a

On the other hand, Theorem B27(ii) is is a formal statement of the intuition
that by optimizing with the help of a suitable vector over a polyhedron we
can “single out” every extreme point. We now derive a stronger result for
rational polyhedra:

Theorem 3.33 Let P = P(A,b) be a rational polyhedron and let X € P be an extreme
point of P. There exists an integral vector ¢ € Z™ such that X is the unique solution
of max {c"x:x € P}.

Proof: Let I := eq({x}) and M := {1,..., m} be the index set of the rows of A.
Consider the vector ¢ = } ;. Ai,.. Sinceall the A; . are rational, we can find a
® > 0 such that ¢ := 6¢ € Z" is integral. Since fa(I) = {x} (cf. Observation B.9),
for every x € P with x # X there is atleast one i € I such that A; .x < b;. Thus,
for all x € P\ {x} we have

c™x=0 Z AiT‘_x<9 Z bi:6ch°.
ieM ieM

This proves the claim. 0

Consider the polyhedron
P=(A,b):={x: Ax =b,x > 0},

where A is an m x n matrix. A basis of A is an index set B C {1,...,n} with
IB| = m such that the square matrix A. g formed by the columns from B is
nonsingular. The basic solution corresponding to B is the vector (xp,xn) with
X = Aféb, xn = 0. The basic solution is called feasible, if it is contained
in P=(A,b).

The following theorem is a well-known result from Linear Programming:

Theorem 3.34 Let P = P=(A,b) ={x: Ax =b,x > 0} and x € P, where A is an
m x n matrix of rank m. Then, X is an extreme point of P if and only if X is a basic
feasible solution for some basis B.

Proof: Suppose that  is a basic solution for B and X = Ax + (1 — A)y for some
x,y € P. It follows that xny = yn = 0. Thus xg = yp = Ajéb = %. Thus, x is
an extreme point of P.

Assume now conversely that X is an extreme point of P. Let B := {i:v; > 0}.
We claim that the matrix A. g consists of linearly independent colums. Indeed,
if A. gy = 0 for some yg # 0, then for small ¢ > 0 we have xg &+ eyg > 0.
Hence, if weset N .= {1,..., m}\Bandy = (yg,yg) we have x + ¢y € P
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and hence we can write x as a convex combination x = %(72 +ey) + %(72 —¢ey)
contradicting the fact that x is an extreme point.

Since Ap has linearly independent columns, it follows that [B|] < m. Since
rank A = m we can augment B to a basis B’. Then, X is the basic solution
for B'. O

We close this section by deriving structural results for polytopes. We need one
auxiliary result:

Lemma 3.35 Let X C R™ be a finite set and v € R™ \ conv(X). There exists an
inequality that separates v from conv (X), that is, there exist w € R™ and t € R such
that wTx < t for all x € conv(X) and w'v > t.

Proof: Let X = {x1,...,xk}. Since v ¢ conv(X), the system
k
Z )\ka =V

A >0 fori=1,...,k

does not have a solution. By Farkas’ Lemma (Theorem 2.0 on page[I6), there
exists a vector (¥) € R™! such that

ulxi+2z<0, fori=1,...,k

yv42z>0.

If we choose w:= —y and t := —zwe have w'x; < tfori=1,... k.

If x = Z]f:] Aixi is a convex combination of the x;, then as in Section we
have:

k
wlix = Z?\iWTXi <max{w'xi:i=1,...,k} <t
i=1
Thus, w'x < t for all x € conv(X). O

Theorem 3.36 A polytope is equal to the convex hull of its extreme points.

Proof: The claim is trivial, if the polytope is empty. Thus, let P = P(A, D)

be a nonempty polytope. Let X = {x1,...,xx} be the extreme points of P
(which exist by CorollaryB3Ton pageBlland whose number is finite by Corol-
lary B.2Z9). Since P is convex and x1,...,xx € P, we have conv(X) C P. We

must show that conv(X) = P. Assume that there exists v € P\ conv(X). Then,
by Lemma @35) we can find an inequality w'x < t such that w'x < t for
all x € conv(X) but w'v > t. Since P is bounded and nonempty, the Linear
Program max {w'x : x € P} has a finite solution value t* € R. Since v € P
we have t* > t. Thus, none of the extreme points of P is an optimal solution,
which is impossible by Corollary BZ8 on page 0

Theorem 3.37 A set P C R™ is a polytope if and only if P = conv(X) for a finite
set X C R™.
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Proof: By Theorem for any polytope P, we have P = conv(X), where
X is the finite set of extreme points. Thus, we only need to prove the other
direction.

Let X = {x1,...,xx} € R™" be a finite set and P = conv(X). We define the set
Q C R+1 by

Q:= {(2) cae[-1,11Mte [—1,1],aTx§tforallx€X.}

Since Q is bounded by construction, Q is a polytope. Let A :={({/),..., ({")}

be the set of extreme points of Q. By Theorem B3@we have Q = conv(A). Set
P’/ = {xeR“:aijgtj,j =1,...,p}.
We show that P = P’ which completes the proof.

“PCP":Letx € P=conv(X),x = Zle Aixi be a convex combination of the
points in X. Fixj € {1,...,p}. Since ({/) € Q we have ax; < t; for all i and

thus
k k
ajTi = Z AL (1;_7(1'L < Z )\itj =1.
i=1 7 =]
<tj

So alx < t; forallj and % € P’. This shows P C P'.

“P’ C P”: Assume that there exists a vector v € P’ \ P. Then, by Lemma B35
there exists an inequality w'x < t such thatw'x < tforallx € Pbutw'v > t.
Let ® > 0 be such that w := w/0 € [-1,1]™ and t := t/0 € [-1,1]. Then, still
WwTv>tand w'x < tforallx € P, and thus (}) € Q.

Since Q is the convex hull of its extreme points, we can represent (%) as a
convex combination (7) = 37 ; Aj({’) of the the extreme points of Q. Since
v € P’ we have af < t; for all j. This gives us

P P
why = Z)\jaij < Z)\jt]‘ =1,
i1 i1

which is a contradiction to the assumption that w'v > t. O

Example 3.38
As an application of Theorem B371we consider the so-called stable-set polytope
STAB(G), which is defined as the convex hull of the incidence vectors of stable
sets in an undirected graph G (cf. Example B.I5):
(3.11)

STAB(G) = conv( {x € BV : xis an incidence vector of a stable set in G }).

By Theorem B37 STAB(G) is a polytope whose extreme points are all (inci-
dence vectors of) stable sets in G.

The n unit vectors e; = (0,...,1,0,...,0)7,i =1,...,n and the vector ey :=
(0,...,0)7 are all contained in STAB(G). Thus, dimSTAB(G) = n and the
polytope is full-dimensional. <

The result of Theorem B.37 is one of the major driving forces behind polyhe-
dral combinatorics. Let X C R™ be a nonempty finite set, for instance, let X be
the set of incidence vectors of stable sets of a given graph G as in the above
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example. Then, by the preceeding theorem we can represent conv(X) as a
pointed polytope:

conv(X) =P =P(A,b) ={x: Ax < b}.
Since P is bounded and nonempty, for any given ¢ € R™ the Linear Program
(3.12) max {c'x:x € P} =max{c'x:x € conv(X)}

has a finite value which by Observation 2 coincides with max {c¢"x : x € X}.
By Corollary an optimal solution of BI2) will always be obtained at an
extreme point of P, which must be a point in X itself. So, if we solve the Linear
Program @I2) we can also solve the problem of maximizing c'x over the
discrete set X.

3.4 Facets

In the preceeding section we proved that for a finite set X C R™ its convex hull
conv(X) is always a polytope and thus has a representation

conv(X) =P(A,b) ={x: Ax < b}.

This motivates the questions which inequalities are actually needed in order
to describe a polytope, or more general, to describe a polyhedron.

Definition 3.39 (Facet)
A nontrivial face F of the polyhedron P = P(A,b) is called a facet of P, if F is not
strictly contained in any proper face of P.

Example 3.40

Consider again the polyhedron from Example BI4 The inequality x < 3 is
valid for P. Of course, also all inequalities from @.4) are also valid. Moreover,
the inequality x + 2y < 6 defines a facet, since (3,3) and (2,2) are affinely
independent. On the other hand, the inequality x +1y < 4 defines a face that
consists only of the point (2,2). <

Theorem 3.41 (Characterization of facets) Let P = P(A,b) C R™ be a polyhe-
dron and F be a face of P. Then, the following statements are equivalent:

(i) Fis a facet of P.
(ii) Tank Aeq(F),. = rank Agq(p),. + 1
(iii) diimF = dimP — 1.

Proof: The equivalence of (ii) and (iii) is an immediate consequence of the
Dimension Theorem (Theorem B.19).

“(i)=(iii)”: Suppose that F is a facet but k = dim F < dim P — 1. By the equiv-
alence of (ii) and (iii) we have rank A1 . > A¢q(p),. + 1, where I = eq(F). Chose
i € Isuch that for ] :== I\ {i} we haverank Aj . =rank A;. — 1. Then fa(]) is a
face which contains F and which has dimension k + 1 < dim P — 1. So fa(]) is
a proper face of P containing F which contradicts the maximality of F.

“(iif)=(i)”: Suppose that G is any proper face of P which strictly contains F.
Then F is a proper face of G and by Corollary B20(iv) applied to F and P’ =
G we get dimF < dim G — 1 which together with dimF = dim P — 1 gives
dim G = dim P. But then, again by Corollary BZ0iv), G can not be a proper
face of P. O
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Example 3.42
As an application of Theorem B4T we consider again the stable-set polytope,
which we have seen to bee full-dimensional in Example

For any v € V, the inequality x, > 0 defines a facet of STAB(G), since the
n—1 unit vectors with ones at places other than position v and the zero vector
form a set of n affinely independent vectors from STAB(G) which all satisfy
the inequality as equality. <

As a consequence of the previous theorem we show that for any facet of a
polyhedron P = P(A, b) there is at least one inequality in Ax < b inducing the
facet:

Corollary 3.43 Let P = P(A,b) C R™ be a polyhedron and F be a facet of P. Then,
there exists an j € M\ eq(P) such that

(313) F:{XEPIA]',.X:b]‘}.

Proof: Let I = eq(P). Choose any j € eq(F)\Iand set ] := IU{j}. Still ] C eq(F),
since I C eq(F) and j € eq(F). Thus, F C fa(J) C P (we have fa(]J) # P since
any inner point X of P has A;j .x < bj since j € eq(F) \ I) and by the maximality
of F we have F = fa(]). So,

F=fa(]) ={x e P: Ay x <Dy}
Z{X eP: A[“X = b[,Aj‘.X = b]}
={x € P: Aj .x = b5},

where the last equality follows from I = eq(P). 0

The above corollary shows that, if for a polyhedron P we know A and b such
that P = P(A, b), then all facets of P are of the form @.I3).

Definition 3.44 (Redundant constraint, irredundant system)

Let P = P(A,b) be a polyhedron and 1 = eq(P). The constraint A; . < by is called
redundant with respect to Ax < b, if P(A,b) = P(Am\(i),., Dm(iy), that is, if we
can remove the inequality without changing the solution set.

We call Ax < b irredundant or minimal, if it does not contain a redundant con-
straint.

Observe that removing a redundant constraint may make other redundant
constraints irredundant.

The following theorem shows that in order to describe a polyhedron we need
an inequality for each of its facets and that, conversely, a list of all facet defin-
ing inequalities suffices.

Theorem 3.45 (Facets are necessary and sufficient to describe a polyhedron)
Let P = P(A,b) be a polyhedron with equality set 1 = eq(P) and ] := M\ L. Sup-
pose that no inequality in Ay .x < by is redundant. Then, there is a one-to-one
correspondence between the facets of P and the inequalities in Ay .x < by:

For each row Aj;. of Ay, the inequality A; .x < b; defines a distinct facet of P.
Conwversely, for each facet F of P there exists exactly one inequality in Ay .x < by
which induces F.
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Proof: Let F be a facet of P. Then, by Corollary B.:43 on the previous page there
exists j € J such that

(314) F:{XEPZAj‘.X:b]‘}.

Thus, each facet is represented by an inequality in Ay .x < by.

Moreover, if F; and F, are facets induced by rows j; € J and j» € ] with
j1 # j2, then we must have Fy # F;, since eq(Fi) = eq(P) U {ji} fori =1,2 by
Corollary BZ3 Thus, each facet is induced by exactly one row of Aj ..

Conversely, consider any inequality A; .x < b; where j € J. We must show
that the face F given in (BI4) is a facet. Clearly, F # P, since j € eq(F) \ eq(P).
So dimF < dim P — 1. We are done, if we can show that eq(F) = eq(P) U {j},
since then rank A¢q(r),. < Aeq(p),. + 1 which gives dimF > dimP — 1 and
Theorem BA]l proves that F is a facet.

Take any inner point X of P. This point satisfies
AI‘A_( =Dbrand A],J_( < bi.

Let ]’ :=J\{j}. Since A; .x < bj is not redundant in Ax < b, there exists y such
that

Ar.y=">br,A; .y <bj and Aj.y > bj.

Consider z = Ay + (1 — A)x. Then for an appropriate choice of A € (0,1) we
have

Ar.z=>b1, Ay, .z <by, and Aj .z =bj.

Thus, z € Fand eq(F) = eq(P) U {j} as required. O

Corollary 3.46 Each face of a polyhedron P, except for P itself, is the intersection of
facets of P.

Proof: Let K := eq(P). By Theorem B.g for each face F, there is an I C M such
that

F={xeP:Apx=bi}={xeP:Apk . x=bpnk}

= ﬂ {x e P: Aj x =b;},
JET\K

where by Theorem .45 on the preceding page each of the sets in the intersec-
tion above defines a facet. O

Corollary 3.47 Any defining system for a polyhedron must contain a distinct facet-
inducing inequality for each of its facets. O

Lemma 3.48 Let P = P(A,b) with = eq(P) and let F = {x e P:w'x =t} bea
proper face of P. Then, the following statements are equivalent:

(i) Fis afacet of P.

(i) If c"x =y for all x € F, then ¢ is a linear combination of w' and the rows
n AI‘..
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Proof: “(i)=(ii)”: We can write F = {x € P:w'x =t,c"x =y}, so we have
for ] := eq(F) by Theorem BZTland the Dimension Theorem

Al
dimP =n —rankA;. =1 +dimF <n —rank ( wT ) )

T
Thus
Al
rank | w' | <rankA;. +1.

CT

Since F is a proper face, we have rank (éVIT") = rank Aj,. + 1 which means

Al
that rank | wT'
T

the vectors in Ag,..

Ar. . . s
= rank (WIT‘ . So, c is a linear combination of w' and

“(ii)=(@)": Let ] = eq(F). By assumption, rank A} . = rank ('3\}") =rank A .+

1. So dim F = dim P — 1 by the Dimension Theorem and by Theorem B:4T we
get that F is a facet. O

Suppose that the polyhedron P = P(A, b) is of full dimension. Then, for I :=
eq(P) we have rank A;. = 0 and we obtain the following corollary:

Corollary 3.49 Let P = P(A,b) be full-dimensional let F = {x € P:w'x =t} be
a proper face of P. Then, the following statements are equivalent:

(i) Fis a facet of P.

(i) Ifc"x = for all x € F, then (3) is a scalar multiple of ().
Proof: The fact that (ii) implies (i) is trivial. Conversely, if F is a facet, then
by Lemma B.48 above, ¢’ is a “linear combination” of w', thatis, ¢ = Aw

is a scalar multiple of w. Now, since for all x € F we have w'x = t and
v =c'x = Aw'x = At, the claim follows. ]

Example 3.50

In Examplewe saw that each inequality x, > 0 defines a facet of the stable
set polytope STAB(G). We now use Corollary to provide an alternative
proof.

Let F = {x € STAB(G) : x, = 0}. We want to prove that F is a facet of STAB(G).
Assume that ¢c'x = vy for all x € F. Since (0,...,0)7 € F, we conclude
that y = 0. Using the n — T unit vectors with ones at position other than
at v we obtain that ¢, = 0 for all u # v. Thus, ¢' = (0,...,A,0,...,0)T =
A(0,...,1,0,...,0)" and by Corollary B9, F is a facet. <

Corollary 3.51 A full-dimensional polyhedron has a unique (up to positive scalar
multiples) irredundant defining system.

Proof: Let Ax < b be an irredundant defining system. Since P is full-
dimensional, we have Aqp),. = 0. By Theorem there is a one-to-one
correspondence between the inequalities in Ax < b and the facets of P. By
Corollary two valid inequalities for P which induce the same facet are
scalar multiples of each other. 0
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3.5 Minkowski’s Theorem

In the previous section we have learned that each polyhedron can be repre-
sented by its facets. In this section we learn another representation of a poly-
hedron which is via its extreme points and extreme rays.

Definition 3.52 (Characteristic cone, (extreme) ray)
Let P be a polyhedron. Then, its characteristic cone or recession cone char. cone(P)
is defined to be:

char.cone(P) :={r:x+r € P forall x € P}.

We call any r € char. cone(P) a ray of P. Aray r of P is called an extreme ray if there
do not exist rays v, 12 of P, v # 0r% for any © € R such that v = Ar' + (1 — A)r?
for some A € [0, 1].

In other words, char. cone(P) is the set of all directions y in which we can go
from all x € P without leaving P. This justifies the name “ray” for all vectors
in char. cone(P). Since P # 0 implies that 0 € char. cone(P) and P = @ implies
char. cone(P) = @, we have that char. cone(P) = @ if and only if P # @.

Lemma 3.53 Let P = P(A, b) be a nonempty polyhedron. Then

char. cone(P) ={x: Ax < 0}.

Proof: If Ay <0, then forall x € Pwehave A(x +y) = Ax+ Ay < Ax < b, so
x+y € P. Thus y € char. cone(P).

Conversely, if y € char.cone(P) we have A; .y < 0 if there exists an x € P
such that A; .x = b;. Let ] :={j : Aj .x < bj for all x € P} be the set of all other
indices. We are done, if we can show that Ay .y < 0.

If A; .y > 0 for some j € J, take an interior point X € P and consider z = X +Ay
for A > 0. Then, by choosing A > 0 appropriately, we can find j’ € ] such
that Aj/ .z = bj/, Aj.z < by and A1 .z < by which contradicts the fact that
ji"e . O

The characteristic cone of a polyhedron P(A, b) is itself a polyhedron char. cone(P) =

P(A,0), albeit a very special one. For instance, char. cone(P) has at most one
extreme point, namely the vector 0. To see this, assume that r # 0 is an ex-
treme point of char. cone(P). Then, Ar < 0 and from r # 0 we have we have
T £ %1‘ € char. cone(P) and r # %1‘ € char. cone(P). Butthenr = %(%r)Jr%(%r)
is a convex combination of two distinct points in char. cone(P) contradicting
the assumption that r an extreme point of char. cone(P).

Together with Corollary B30 on page BOlwe have:
Observation 3.54 Let P = P(A,b) # &. Then, 0 € char.cone(P) and 0 is the
only potential extreme point of char. cone(P). The zero vector is an extreme point

of char. cone(P) if and only if rank A = n.

Theorem 3.55 (Characterization of extreme rays) points] Let P = P(A,b) C
R™ be a nonempty polyhedron. Then, the following statements are equivalent:

(i) v is an extreme ray of P.
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(ii) {0r: 0 € Ry} is a one-dimensional face of char. cone(P) = {x : Ax < 0}.

(iii) v € char.cone(P)\{0}and for I :={i: A;.r =0} we haverank A;. =n—1.

Proof: Let I:={i: A; v =0}.

“(i)=>(ii)": Let F be the smallest face of char. cone(P) containing the set{6r: 0 € R }.
By Observation B9 on page 22 we have

F ={x € char. cone(P) : A;.x =01}

and eq(F) = 1. If dimF > 1, then the Dimension Theorem tells us that
rankAj. < n — 1. Thus, the solution set of A;.x = 07 contains a vector r!
which is linearly independent from r. For sufficently small ¢ > 0 we have
r+er! € char.cone(P), since Aj .t =01, A1,.7" =0y and Ay 1.7 < 0. But then
r=1(r+er')+ I(r— er') contradicting the fact that r is an extreme ray.

So dim F = 1. Since r # 0, the unbounded set {61 : 6 € R } which is contained
in F has also dimension 1, thence F = {0r: 0 € R, } is a one-dimensional face
of char. cone(P).

“(if)=>(iii)”: The Dimension Theorem applied to char.cone(P) implies that
rank Aj. =n— 1. Since {0r: 6 € R, } has dimension 1 it follows that r # 0.
“(iii)=(1)”: By Linear Algebra, the solution set of A .x = 0; is one-dimensional.
Since Aj,.r =01 and r # 0, for any y with A .y = 0; we have y = 0r for some
0 eR.

Suppose that 1 = Ar! + (1 — A)r? for some 1!

, 12 € char. cone(P). Then

O =Ar.r= }\AI“T‘1 +(1—=A) A[“T‘z < 0

SOI SOI

implies that A;.77 = 0 forj = 1,2. So v/ = 0;r; for appropriate scalars, and
both rays r! and 2 must be scalar multiples of each other. O

Corollary 3.56 Every polyhedron has only a finite number of extreme rays.

Proof: By the preceeding theorem, every extreme point is a face. By Corol-
lary B7 there is only a finite number of faces. ]

Combining this result with Corollary B.Z9 on page Bllwe have:

Corollary 3.57 Every polyhedron has only a finite number of extreme points and
rays.

Consider once more the Linear Program
(3.15) max {c'x:x € P},

where P is a pointed polyhedron. We showed in Corollary on page
that if the Linear Program (B.I0) has optimal solutions, it has an optimal so-
lution which is also an extreme point of P. What happens, if the Linear Pro-
gram @.I5) is unbounded?

Theorem 3.58 Let P = P(A,b) be a pointed nonempty polyhedron.

(i) If the Linear Program B3 has optimal solutions, it has an optimal solution
which is also an extreme point of P.



Polyhedra and Integer Programs

(ii) If the Linear Program BI3) is unbounded, then there exists an extreme ray v
of P such that c"r > 0.

Proof: Statement (i) is a restatement of Corollary B2Z8 on page So, we only
need to prove (ii). By the Duality Theorem of Linear Programming (Theo-
rem [Z8 on page D) the set

{U:ATUZC)U ZO}

(which is the feasible set for the dual to G.I0)) must be empty. By Farkas’
Lemma (TheoremZI0on page[[d), there exists r such that Ar > 0Oand ¢'r < 0.
Letr’:= —, then Ar’ < 0and c¢"r’ > 0. In particular, r is a ray of P.

We now consider the Linear Program
(3.16) max {c"'x: Ax <0,c¢"x <1} =max{c"x:x € P'}.

Since rank A = n, it follows that P’ is pointed. Moreover, P/ # @ since
v//cTr’ € P. Finally, the constraint ¢'x < 1 ensures that (8I6) is bounded.
In fact, the optimum value of @.I6) is 1, since this value is achieved for the
vector v/ /cTr’.

By (i) an optimal solution of (.I6) is attained at an extreme point of P’ C
char. cone(P), say at r* € char. cone(P). So

(3.17) T =1.

Let I = {i: A;.r* = 0}. By the Dimension Theorem we have rank /tIT =n

(since {r*} is a zero-dimensional face of the polyhedron P’ by TheoremB.Z4on
page29).
If rankA;. = n — 1, then by Theorem on page B8 we have that v* is

an extreme ray of P as needed. If rank A;. = n, then r* # 0 is an extreme
point of char. cone(P) by Theorem B2 on page 29 which is a contradiction to
Observation B.54 on page O

The following theorem states a fundamental result on the representation of
polyhedra:

Theorem 3.59 (Minkowski’s Theorem) Let P = P(A, b) be nonempty and rank(A) =
n (observe that by Corollary on page BA this implies that the polyhedron P is
pointed). Then

(3.18)

P= XGRT‘:X:Z)\kxk+Zujrj,Z)\k:1,)\kZOforkEK,uj >0forje]y,
kekK je] kekK

where x¥, k € K are the extreme points of P and v, j € ] are the extreme rays of P.

Proof: Let Q be the set on the right hand side of @I8). Since x* € P for k € K
and P is convex, we have that any convex combination x = ZkeK AxK of the
extreme points of P is also in P. Moreover, since the 1 are rays of P, we have
thatx + 3 ;. w1 € P forany yj > 0. Thus, Q C P.
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Assume for the sake of a contradiction that there exists v € P\ Q. By assump-
tion, there is no A, p solving the following linear system:

(3.19a) Z AMex® + Z ujrj =v
keK i€l
(3.19b) =) Ae=-1
keK
(3.19¢) Ap >0

We can write the solution set of (B19) in the form {x : A(ﬁ) -5} > O},
where

By Farkas’ Lemma (see Theorem 210 on page [[@), there exists (y,t) € R™*!
such that AT(Y) <0and b (Y) > 0. This is equivalent to:

(3.20a) yxk—t<o0 forallk € K
(3.20b) y' <0 forallj €]
(3.20¢) ylv—t>0.

Consider the Linear Program
(3.21) max {y'x:x € P}.

Recall that, since rank A = n we have that P is pointed.

If @ZI) has an optimal solution, then by Theorem on page BY(i) there
exists an optimal solution of (B.Z]) which is also an extreme point. However,
y'x* <tandy'v > t for the vector v € P\ Q by @20d) and B2Z0d)which is a
contradiction to this fact.

On the other hand, if B.Z) is unbounded, then by TheoremB.58 on page BY(ii),
there must be an extreme ray 1 with y'r/ > 0 which is a contradiction

to (B20D). o

The above theorem tells us that we can represent each polyhedron by its ex-
treme points and extreme rays.

Now let P = P(A,b) be a rational pointed polyhedron where A and b are al-
ready choosen to have rational entries. By Theorem the extreme points
of P are the 0-dimensional faces. By the Theorem of Hoffmann and Kruskal
(Theorem on page 7)) each extreme point {x} is the unique solution of a
subsystem A .x = by. Since A and b are rational, it follows that each extreme
point has also rational entries (Gaussian elimination applied to the linear sys-
tem Ap.x = by does not leave the rationals). Similarly, by Theorem an
extreme ray 1 is determined by a system A .r = 0, where rank A =n — 1. So
again, r must be rational. This gives us the following observation:

Observation 3.60 The extreme points and extreme rays of a rational polyhedron are
rational vectors.
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3.6 Most IPs are Linear Programs

This section is dedicated to establishing the important fact that if
X={xeR:Ax<b,x>0NZ"

is nonempty, then conv(X) is a rational polyhedron. In order to do so, we need
a few auxiliary results.

Consider the two Linear Programs

max {c'x:x € P} min {b'y:y € Q}
P={x€R":Ax < b} Q={yeR™:ATy=c,y>0}.

Observe that Q is pointed (see Corollary on page[BI). From Linear Pro-
gramming duality we know that if P and Q are nonempty, then the maximum
and the minimum both exist and their values coincide.

Lemma 3.61 Let P and Q be defined as above. Then P # @ if and only if b™vt > 0
forall t € T, wherev', t € T are the extreme rays of Q.

Proof: We have
P={x:Ax<bl=0 & {(x",x,s) e RA""™: Ax" —Ax" +s=b} =02.

By Farkas’ Lemma (Theorem on page [[6) the set on the right hand side
AT
above is nonempty, if and only if for all y such that | —AT | y > 0 we have
I
b'y > 0. In other words, P # & if and only if for ally > 0 such that ATy = 0
we have b’y > 0.

Observe that

AT
char. cone(Q) = {y : (—AT) y < O} ={y:ATy=0,y>0}.

—I

So we have that P # @ if and only if b"v > 0 for all v € char. cone(Q).

In particular, if P # &, then bTv > 0 for all extreme rays v of Q (since each
extreme ray of Q is a vector in char.cone(Q)). Conversely, since any ray
in char. cone(Q) is a convex combination of extreme rays, the condition b™v >
0 for all extreme rays v of Q implies that b™v > 0 for all v € char. cone(Q)
which implies that P # @. O

Definition 3.62 (Projection of a polyhedron)
Given a polyhedron Q C R™* we define the projection of Q onto the subspace R™
as:

proj, Q :={x € R™: (x,w) € Q for somew € R* ).

Theorem 3.63 Let P = {(x,y) ER" xRP : Ax + Gy < b}and vt, t € T be the
extreme rays of Q = {y € R : Gy = 0}. Then

proj, (P) = {x e R™: (v*)T(b—Ax) > 0 forall t € T}
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Proof: We have that proj, (P) = U, cgn.m, 2o} where
(3.22) My :={y € RP: Gy < b— Ax}.

We apply Lemma B.6Tl to the polyhedron M, from B22). The lemma shows
that M, # @ if and only if (v*)T(b — Ax) > 0 for all extreme rays v of Q =
{veRT:G"v=0}. Hence, we have

proj (P) = {x e R™: (v')T(b—Ax) >0 forallt € T}

as claimed. O

We immediately obtain the following corollary:
Corollary 3.64 The projection of a polyhedron is a polyhedron.

Another important consequence of Theorem B.63is the following converse of
Minkowski’s Theorem:

Theorem 3.65 (Weyl’s Theorem) If A is a rational mq x n matrix, B is a rational
my X N matrix and

my
P:{xeRi:x:ATerBTZ,Zyk:LyERT‘,ZERTZ},
k=1

then P is a rational polyhedron.

Proof: Observe that P = proj, Q, where

m
Q{(x,y,z) € R™ x R x R :X—ATy—BTZO,Zyk1}.
k=1

We now apply Theorem B.63 to get another description of P = proj, Q. Ob-
serve that we can write Q = {(x,7) : Ax+ Gg < b}, where A, G are rational
matrices, b is a rational vector and § = (y,z) € R™ x R™2. By Theorem B.63
we have

(3.23) proj, Q= {x e R™: (v})T(b—Ax) > Oforallt e T},

where v* are the finitely many extreme rays of the rational polyhedron {§ : G'g = 0}.

Since all of the extreme rays have rational coordinates it follows that (.23) is
a rational polyhedron. 0

Suppose now that we are given P = {x € R™ : Ax < b,x > 0}, where A, b are
integral and let X = P N Z™. If P is bounded, then X contains a finite number
of points, say X ={a', ..., a*}. We already know by Theorem B:37 on page B2
that conv(X) is a polytope. We now know more!

Any point v in conv(X) is of the form v = Z];:] yjat with y; > 0 and
> ¥ ,yi = 1. Thus, if AT is the matrix whose columns are the a', then conv(X)
is of the form

Kk
conv(X) = {xe RY :x:ATy,Zyi =1l,ye Ri}

i=1
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Thus, by Weyl’s theorem conv(X) is a rational polyhedron . In the remainder
of this section we are going to show the analogous result, when X contains
an infinite number of points. The idea behind the proof is to find a finite set
Q C X and to show that every point in X can be generated by taking a point
in Q plus a nonnegative integer linear combination of the extreme rays of P.

Lemma 3.66 Let P = P(A,b) # @ and X = P N Z™ where A, b are integral. There
exists a finite set of points q' € X, 1 € Land a finite set of rays v/, j € ] of P such that

X=(SxeR}:x=q"'+) Bjr,lel,peZ,
je]

Proof: Let x¥, k € K be the extreme points and 11,j € ] be the extreme rays of P.
Since P is a rational polyhedron, all of these vectors have rational coordinates.
By Minkowski’s Theorem we have:

P= xem:x:Zxkxk+zu,-ri,zw<:1,>\k20forkel<,u,- >0forje]y,
keK jeJ keK

Thus, without loss of generality we can assume that the 1’ have integral en-
tries. We define the set Q C S by

Q=(xeZT:x=) Mx*+) wr, Y M=1 A >0forkeK,0< < 1forje]
kekK je] keK

Then, Q is a finite set, since Q is bounded and contains only integral points.
Suppose that Q = {q' : 1 € L} C Z™. Observe that we can write any point x* €
P as

(3.24) =D N D (= DY |+ L),

keK j€] j€]

=:q'ieQifx’ € z"

where Y, . A¥ =1, A > 0fork € Kand y; > 0 forj € J. Hence, x* € X if
any only x' € Z? and x' is of the form (824). Observe that, if x* € Z", then
the first term in (24) is a point q't € Q (it is integral, since the second term
> jeyluj 1) is integral). Hence, we have have

(3.25) xt=qlv+ ) Bl Bl=|ui]forje]
je]

where B; = | ;] is integral. Thus,

X eri:x:q+ZBjrj,B€ZI+,anquL

S
= xeRi:x:q—l—ZBjTj,BEZh,anquL ,
je]

where the equality of the two sets follows from the fact that we use only inte-
gral linear combinations of integral vectors. This shows the claim. O
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We are now ready to establish the main result of this chapter.

Theorem 3.67 (Most IPs are LPs) Let P = {x € R} : Ax < b} with integral A
and b and X = P NZ". Then conv(X) is a rational polyhedron.

Proof: In the proof of the previous lemma we have shown that any point x' €
X can be written in the form 8.2Z5). Thus, any point x € conv(X) can be written
as a convex combination of points of the form B.25):

X = Z?\ixi

iel

=) Aclat+) Byr
i€l je]

=> ( > m) '+ (ZMB}) v
lel \iell;=1 jel \iel

= Z qu1 + Z BjTj,
leL jel

where o = )i . Aiand B5 = 3~ ;. Aip. Observe that

Yo=Y M=1

leL i€l
and .
;= A >0.
S22
This shows that

conv(X) = XER“ZX:Z(qul‘FZBjTj,Z(Xl:1)0(1)[3]' >0forlel,je],,
el el el

where the g' and the 1/ are all integral. By Weyl’s Theorem, it now follows
that conv(X) is a rational polyhedron. O

It should be noted that the above result can be extended rather easily to mixed
integer programs. Moreover, as a byproduct of the proof we obtain the follow-
ing observation:

Observation 3.68 Let P = {x € R" : Ax < b} with integral A and b and X =
PNZ™. If X # @, then the extreme rays of P and conv(X) coincide.

Theorem 3.69 Let P = {x € R} : Ax < b} and X = P N Z" where X # &. Let
c € R™ be arbitrary. We consider the two optimization problems:

(IP) z” =max{c'x:x € X}

(LP) 2" =max{c"'x:x € conv(X)}.
Then, the following statements hold:

(i) The objective value of IP is bounded from above if and only if the objective value
of LP is bounded from above.
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(ii) If LP has a bounded optimal value, then it has an optimal solution (namely, an
extreme point of conv (X)), that is an optimal solution to IP.

(ii1) If x* is an optimal solution to IP, then x* is also an optimal solution to LP.

Proof: Since X C conv(X) it trivially follows that zI* > z'F.

(i) If ¥ = +oo it follows that z'¥ = +o00. on the other hand, if z'¥ = +o0,
there is an integral extreme point x° € conv(X) and an integral extreme
ray 1 of conv(X) such that ¢"x° + pur € conv(X) forallp > 0Oand ¢"r > 0.
Thus, x° + ur € X for all u € N. Thus, we also have zI¥ = +co.

(ii) By TheoremB.6Awe know that conv(X) is a rational polyhedron. Hence,
if LP has an optimal solution, there exists also an optimal solution which
is an extreme point of conv(X), say x°. But then x° € Xand zI" > ¢"x° =
z"? > 2z’ Hence, x° is also an optimal solution for IP.

(iif) Since x* € X C conv(X), the point x* is also feasible for LP. The claim
now follow from (ii).

d

Theorems and are particularly interesting in conjunction with the
polynomial time equivalence of the separation and optimization (see Theo-
rem B.24 on page 78 later on). A general method for showing that an Integer
Linear Program max {c¢'x : x € X} with X = P(A,b) N Z" can be solved in
polynomial time is as follows:

1. Find a description of conv(X), that is, conv(X) =P’ ={x: A'x < b’}
2. Give a polynomial time separation algorithm for P’.

3. Apply Theorem B.2Z4

Although this procedure does usually not yield algorithms that appear to be
the most efficient in practice, the equivalence of optimization and separation
should be viewed as a guide for searching for more efficient algorithms. In
fact, for the vast majority of problems that were first shown to be solvable in
polynomial time by the method outlined above, later algorithms were devel-
oped that are faster both in theory and practice.
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In this chapter we study properties of polyhedra P which ensure that the Lin-
ear Program max {c'x : x € P} has optimal integral solutions.

Definition 4.1 (Integral Polyhedron)
A polyhedron P is called integral if every face of P contains an integral point.

Informally speaking, if we are optimizing over an integral polyhedron we get
integrality for free: the set of optimal solutions of z = max {c'x:x € P} is a
face F = {x € P:c"x =z} of P, and, if each face contains an integral point,
then there is also an optimal solution which is also integral. In other words,
for integral polyhedra we have

4.1) max {c'x:x € P} =max{c'x:x e PNZ"}.

Thus, the IP on the right hand side of @) can be solved by solving the Linear
Program on the left hand side of EI).

A large part of the study of polyhedral methods for combinatorial optimiza-
tion problems was motivated by a theorem of Edmonds on matchings in
graphs. A matching in an undirected graph G = (V,E) is a set M C E of
edges such that none of the edges in M share a common endpoint. Given a
matching M we say that a vertex v € V is M-covered if some edge in M is
incident with v. Otherwise, we call v M-exposed. Observe that the number of
M-exposed nodes is precisely [V| — 2|M|. We define:

4.2) PM(G) := {x™ € B* : Mis a perfect matching in G}

to be the set of incidence vectors of perfect matchings in G.

We will show in the next section that a polyhedron P is integral if and only if
P = conv(P N Z"). Edmonds’ Theorem can be stated as follows:

Theorem 4.2 (Perfect Matching Polytope Theorem) For any graph G = (V,E),
the convex hull conv(PM(G)) of the perfect matchings in G is identical to the set of
solutions of the following linear system:

(4.3a) x(6(v)) =1 forallveV
(4.3b) x(8(S)) > 1 forall S CV,|S| > 3 o0dd
(4.30) Xe >0 foralle € E.

Proof: See Theorem on page m]
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Observe that any integral solution of @3) is a perfect matching. Thus, if P
denotes the polyhedron defined by @3), then by the equivalence shown in the
next section the Perfect Matching Polytope Theorem states that P is integral
and P = conv(PM(G)). Edmond’s results is very strong, since it gives us an
explicit description of conv(PM(G)).

4.1 Equivalent Definitions of Integrality

We are now going to give some equivalent definitions of integrality which will
turn out to be quite useful later.

Theorem 4.3 Let P = P(A,b) be a pointed rational polyhedron. Then, the following
statements are equivalent:

(i) P is an integral polyhedron.

(ii) The LP max {c"x :x € P} has an optimal integral solution for all ¢ € R™
where the value is finite.

(iii) The LP max {c"x :x € P} has an optimal integral solution for all ¢ € Z™
where the value is finite.

(iv) The value z** = max {c"x : x € P} is integral for all ¢ € Z™ where the value
is finite.
(v) P=conv(PNZ").

Proof: We first show the equivalence of statements (i)-(iv):

()=(@i) The set of optimal solutions of the LP is a face of P. Since every face
contains an integral point, there is an integral optimal solution.

(iD)=(iii) trivial.

(iii)=(@v) trivial.

(iv)=() Suppose that (i) is false and let x° be an extreme point which by
assumption is not integral, say component x? is fractional. By Theo-
rem B33 there exists a vector ¢ € Z" such that x° is the unique solution
of max {c¢"x : x € P}. Since x° is the unique solution, we can find a large
w € N such that x° is also optimal for the objective vector ¢ := ¢ + Le;,
where e is the jth unit vector. Clearly, x° must then also be optimal for
the objective vector & := w¢ = wc + e;. Now we have

eTx% — we™x® = (wex° + e]-Txo) —we'x = eijO = x?.

T

Hence, at least one of the two values ¢"x° and ¢"x° must be fractional,

which contradicts (iv).
We complete the proof of the theorem by showing two implications:

(i)=(v) Since P is convex, we have conv(P NZ") C P. Thus, the claim follows
if we can show that P C conv(PNZ™). Letv € P, thenv = ZkeK Arx® +
> iy W1, where the x* are the extreme points of P and the 1’ are the
extreme rays of P. By (i) every x* is integral, thus }_, ., Akx* € conv (PN
Z"™). Since by Observation B.68 the extreme rays of P and conv(P NZ")
are the same, we get thatv € conv(P N Z™).
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(v)=(iv) Let ¢ € Z™ be an integral vector. Since by assumption conv(P N
Z™) = P, the LP max {c"x : x € P} has an optimal solution in P N Z™ (If
x =) ;x' € conv(PNZ") is a convex combination of points in P N Z",
then c"x < max; ¢"x' (cf. ObservationZ2)). Thus, the LP has an integral
value for every integral c € Z™ where the value is finite.

This shows the theorem. O

Recall that each minimal nonempty face of P(A,b) is an extreme point if and
only if rank(A) = n (Corollary B.Z3 on page 28). Thus, we have the following
result:

Observation 4.4 A nonempty polyhedron P = P(A,b) with rank(A) = n is inte-
gral if and only if all of its extreme points are integral. O

Moreover, if P(A,b) C R% is nonempty, then rank(A) = n. Hence, we also
have the following corollary:

Corollary 4.5 A nonempty polyhedron P C RY is integral if and only if all of its
extreme points are integral. |

4.2 Matchings and Integral Polyhedra I

As mentioned before, a lot of the interest about integral polyhedra and their
applications in combinatorial optimization was fueled by results on the match-
ing polytope. As a warmup we are going to prove a weaker form of the perfect
matching polytope due to Birkhoff.

A graph G = (V, E) is called bipartite, if there is a partition V = AUB, ANB =&
of the vertex set such that every edge e is of the form e = (a,b) witha € A
and b € B.

Lemma 4.6 A graph G = (V, E) is bipartite if and only if it does not contain an odd
cycle.

Proof: Let G = (V, E) be bipartite with bipartition V = A U B. Assume for the
sake of a contradiction that C = (vq,v2,...,V2k—1,V2k = V1) is an odd cycle
in G. We can assume that vi € A. Then (v1,v;) € E implies that v, € B. Now
(v2,v3) € E implies v3 € A. Continuing we get that vo;_1 € A and vo; € B
fori = 1,2,.... Butsince vi = vy, we have vi € AN B = &, which is a
contradiction.

Assume conversely that G = (V, E) does not contain an odd cycle. Since it suf-
fices to show that any connected component of G is bipartite, we can assume
without loss of generality that G is connected.

Choose v € V arbitrary. Since G is connected, the shortest path distances
fromv to all v € V are finite. We let

A ={veV:d(v)iseven}

B={veV:d(v)isodd}

This gives us a partition of V with r € A. We claim that all edges are between
A and B. Let (u,v) € E and suppose that u,v € A. Clearly, |[d(u) — d(v)| < 1
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which gives us that d(u) = d(v) = 2k. Letp = 1,vi,...,vox = vand q =
T,U1,...,Usx = U be shortest paths from r to v and u, respectively. The paths
might share some common parts. Let v; and u; be maximal with the prop-
erty that vi = u; and the paths vi41,...,v and uj41,...,u are node disjoint.
Observe that we must have that i = j since otherwise one of the paths could
not be shortest. But then vi, vit1,...,V2rk =V, L = Uok, U2k _1,..., Uy = Viisa
cycle of odd length, which is a contradiction. o

Theorem 4.7 (Birkhoff’s Theorem) Let G be a bipartite graph. Then, conv(PM(G)) =

P, where P is the polytope described by the following linear system:

(4.4a) x(6(v)) =1 forallveV
(4.4b) Xe >0 foralle € E.

In particular, P is integral.

Proof: Clearly conv(PM(G)) C P. To show that conv(PM(G)) = P let x be any
extreme point of P. Assume for the sake of a contradiction that x is fractional.
Define E:={e € E: 0 < x. < 1} to be set of “fractional edges”. Since x(8(v)) =
1 for any v € V, we can conclude that any vertex that has an edge from E
incident with it, in fact is incident to at least two such edges from E. Thus, E
contains an even cycle C (by Lemma[@the graph G does not contain any odd
cycle). Let y be a vector which is alternatingly +1 for the edges in C and zero
for all other edges. For small ¢ > 0 we have x £ ey € P. But then, x can not be
an extreme point. O

Observe that we can view the assignment problem (see Example[[.6lon page[)
as the problem of finding a minimum cost perfect matching on a complete bi-
partite graph. Thus, Birkhoff’s theorem shows that we can solve the assign-
ment problem by solving a Linear Program.

Remark 4.8 The concept of total unimodularity derived in the next section
will enable us to give an alternative proof of Birkhoff’s Theorem.

4.3 Total Unimodularity

Proving that a given polyhedron is integral is usually a difficult task. In this
section we derive some conditions under which the polyhedron

P=(A,b)={x:Ax=Db,x >0}

is integral for every integral right hand side b.

As a motivation for the following definition of total unimodularity, consider
the Linear Program

(4.5) (LP)max {c"x: Ax =b,x > 0},

where rank A = m. From Linear Programming theory, we know that if @3)
has a feasible (optimal) solution, it also has a feasible (optimal) basic solution,
that is, a solution of the form x = (xg,xn), where xg = Ajéb and xny = 0
and A. g is an m x m nonsingular submatrix of A indexed by the columns in
B C{1,...,n},|B| = m. Here, N ={1,...,n}\ B.
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Given such a basic solution x = (xg, xn) we have by Cramer’s rule:

det(Bi) .
i= 5 f B,
X det(Ap) orie

where B is the matrix obtained from Ag by replacing the ith column by the
vector b. Hence, we conclude that if det(Ag) = %1, then each entry of xg will
be integral (provided b is integral as well).

Definition 4.9 (Unimodular matrix, total unimodular matrix)

Let A be an m x n-matrix with full row rank. The matrix A is called unimodular
if all entries of A are integral and each nonsingular m x m-submatrix of A has de-
terminant £1. The matrix A is called totally unimodular, if each square submatrix
of A has determinant £1 or 0.

Since every entry of a matrix forms itself a square submatrix, it follows that
for a totally unimodular matrix A every entry must be either +1 or 0.

Observation 4.10 (i) A is totally unimodular, if and only if AT is totally uni-
modular.

(ii) A is totally unimodular, if and only if (A, 1) is unimodular.

A

_AI is totally unimodular.
—I

(iii) A is totally unimodular, if and only if

We now show that a Linear Program with a (totally) unimodular matrix has
always an integral optimal solution provided the optimum is finite. Thus, by
Theorem B3 we get that the corresponding polyhedron must be integral.

Theorem 4.11 Let A be an m X n matrix with integer entries and linearly indepen-
dent rows. The polyhedron {x € R™ : Ax =b,x > 0} is integral for all b € Z™ if
and only if A is unimodular.

Proof: Suppose that A is unimodular and b € Z™ be an integral vector. By
Corollary 5 it suffices to show that all extreme points of {x : Ax = b,x > 0}
are integral. Let X be such an extreme point. Since A has full row rank, there
existsabasis B C {1,...,n}, |B| = msuch that xg = Ajéb and xn = 0. Since A
is unimodular, we have det(A. g) = 1 and by Cramer’s rule we can conclude
that % is integral.

Assume conversely that {x : Ax =b,x > 0} is integral for every integral vec-
tor b. Let B be a basis of A. We must show that det(A. g) = £1. Let X be
the extreme point corresponding to the basis B. By assumption xg = Ajéb
is integral for all integral b. In particular we can choose b to be the unit vec-
tors e; = (0,...,1,0,...,0). Then, we get that Afé must be integral. Thus,
it follows that det(A_’é) = 1/det(A. g) is integraf. On the other hand, also
det(A. g) is also integral by the integrality of A. Hence, det(A.g) = +1 as
required. 0

We use the result of the previous theorem to show the corresponding result
for the polyhedron {x : Ax < b,x > 0}.
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Corollary 4.12 (Integrality-Theorem of Hoffmann and Kruskal) Let A be an
m X n matrix with integer entries. The matrix A is totally unimodular if and only if
the polyhedron {x : Ax < b,x > 0} is integral for all b € Z™.

Proof: From Observation E10 we know that A is totally unimodular if and
only if (A,I) is unimodular. Moreover, the polyhedron {x : Ax < b,x > 0} is
integral if and only if the polyhedron {z: (A,I)z =b,z > 0} is integral. The
result now follows from Theorem EET11 O

The Integrality-Theorem of Hoffmann and Kruskal in conjunction with Ob-
servation L I0 yields more characterizations of totally unimodular matrices.

Corollary 4.13 Let A be an integral matrix. Then the following statements hold:

(a) A s totally unimodular, if and only if the polyhedron{x : a < Ax <b,1 <x <u}
is integral for all integral a,b,1,u.

(b) A is totally unimodular, if and only if the polyhedron {x : Ax =b,0 < x < u}
is integral for all integral b, u.

|

4.4 Conditions for Total Unimodularity

In this section we derive sufficient conditions for a matrix to be totally uni-
modular.

Theorem 4.14 Let A be any m x n matrix with entries taken from {0, +1, —1} with
the property that any column contains at most two nonzero entries. Suppose also
that there exists a partition My U My = {1,..., m} of the rows of A such that every
column j with two nonzero entries satisfies: y i, Qij = 3 _icm, Qij- Then, Ais
totally unimodular.

Proof: Suppose for the sake of a contradiction that A is not totally unimodular.
Let B be a smallest square submatrix such that det(B) ¢ {0, +1, —1}. Obviously,
B can not contain any column with at most one nonzero entry, since otherwise
B would not be smallest. Thus, any column of B contains exactly two nonzero
entries. By the assumptions of the theorem, adding the rows in B that are
in M; and subtracting those that are in M, gives the zero vector, thus det(B) =
0, a contradiction! O

Example 4.15
Consider the LP-relaxation of the assignment problem.

n n
(4.6a) min Z Z CijXij

i=1j=1

(4.6b) D xiy=1 forj=1,...,n
i=1

(4.6¢) D xiy=1 fori=1,...,n
j=1

(4.6d) 0<x<1,
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We can write the constraints (.6B) and @.6d) as Ax = 1, where A is the node-
edge incidence matrix of the complete bipartite graph G = (V, E) (Figure BTl
shows the situation for n = 3). The rows of A correspond to the vertices and
the columns to the edges. The row corresponding to edge (u,v) has exactly
two ones, one at the row for u and one at the row for v. The fact that G is
bipartite V. = A U B, gives us a partition A U B of the rows such that the
conditions of Theorem EET4 are satisfied. Hence, A is totally unimodular.

X117/

111 x12/
111 x13/

1 1 X217/

1 1 T L
1 1 1 X23/
X317
X327
X337

—_ o o o

(b) Complete bipar-
(a) Constraint system tite graph

Figure 4.1: The matrix of the assignment problem as the node-edge incidence
matrix of a complete bipartite graph.

We derive some other useful consequences of Theorem ET4

Theorem 4.16 Let A be any m x n matrix with entries taken from {0, +1, —1} with
the property that any column contains at most one +1 and at most one —1. Then A
is totally unimodular.

Proof: First, assume that A contains exactly two nonzero entries per column.
The fact that A is totally unimodular for this case follows from Theorem ET4
with My = {1,...,m} and M, = @. For the general case, observe that a
column with at most one nonzero from {—1,+1} can not destroy unimodu-
larity, since we can develop the determinant (of a square submatrix) by that
column. a

The node-arc incidence matrix of a directed network G = (V, A) is the n x m-
Matrix M(A) = (m,y ) such that
+1 ifa=(i,j)and x =j
Myy =< —1 ifa=(i,j)andy =1
0  otherwise

The minimum cost flow problem can be stated as the following Linear Pro-
gram:

@7a)  min Y c(i,j)x(i,j)

(i,j)eA
(4.7b) > x(,i— ) x(i,j) =b(i) forallieV
i,V EA j:(1,j)EA

(4.7¢) 0 <x(1,j) <uli,j) forall (i,j) € A
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By using the node-arc incidence matrix M = M(A), we can rewrite [Z) as:
(4.8) min {c¢"x: Mx =b,0 <x <u},
where b is the vector of all required demands.

Corollary 4.17 The node-arc incidence matrix of a directed network is totally uni-
modular.

Proof: The claim follows immediately from TheoremE.Tfland Corollary LT3
We close this section by one more sufficient condition for total unimodularity.

Theorem 4.18 (Consecutive ones Theorem) Let A be any m x n-matrix with
entries from {0, 1} and the property that the rows of A can be permutated in such a
way that all 1s appear consecutively. Then, A is totally unimodular.

Proof: Let B be a square submatrix of A. Without loss of generality we can
assume that the rows of A (and thus also of B) are already permuted in such
a way that the ones appear consecutively. Let b],..., b} be the rows of B.
Consider the matrix B’ with rows b] —bJ, b — bl ... /bl ; —b] by. The
determinant of B’ is the same as of B.

Any column of B’ contains at most two nonzero entries, one of which is a —1
(one before the row where the ones in this column start) and a +1 (at the row
where the ones in this column end). By TheoremH.Td B’ is totally unimodular,
in particular det(B’) = det(B) € {0,+1,—1}. O

4.5 Applications of Unimodularity: Network Flows

We have seen above that if M is the node-arc incidence matrix of a directed
graph, then the polyhedron {x : Mx =b,0 < x < u} is integral for all integral
b and u. In particular, for integral b and u we have strong duality between
the IP

(4.9) max {c'x:Mx=b,0<x <u,x€Z"}
and the dual of the LP-relaxation

(4.10) min{b'z+u'y:M'z+y >c,y >0}.

Moreover, if the vector c is integral, then by total unimodularity the LP @I0)
has always an integral optimal solution value.

4.5.1 The Max-Flow-Min-Cut-Theorem

As an application of the strong duality of the problems @9) and EI0) we will
establish the Max-Flow-Min-Cut-Theorem.

Definition 4.19 (Cut in a directed graph, forward and backward part)
Let G = (V, A) be a directed graph and S U T = V a partition of the node set V. We
call (S,T) the cut induced by S and T. We also denote by
3T(S:=={(i,j)€eA:i€SundjeT)}
37 (S)={(,i)eA:je€TundieS}
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the forward part and the backward part of the cut. The cut (S, T) is an (s, t)-cut
ifseSandteT.

Ifu: A — Ro>o is a capacity function defined on the arcs of the network G = (V, A)
and (S,T) is a cut, then the capacity of the cut is defined to be the sum of the
capacities of its forward part:

u(dt(S)) == u(uw,v).
(u,v)e(s,T)

Figure E21shows an example of a cut and its forward and backward part.

(a) An (s,t)-cut (S, T) in a directed (b) The forward part 5" (S) of the cut:
graph. The arcs in 8 (S) U &6 (S) are Arcs in 8T (S) are shown as dashed arcs.

shown as dashed arcs.
s @) Ok
&<©

(c) The backward part &~ (S) of the cut:
arcs in &~ (S) are shown as dashed arcs.

Figure 4.2: A cut (S,T) in a directed graph and its forward part 6 (S) and
backward part 6~ (S).

Let f be an (s,t)-flow and [S, T] be an (s,t)-cut in G. For a node i € V we
define by

(4.11) excess¢ (i) = Z f(a) — Z f(a)

aed—(v) aedt(v)



56

Integrality of Polyhedra

the excess of i with respect to f. The first term in @IT) corresponds to the
inflow into 1, the second term is the outflow out of i. Then we have:

val(f) = —excess¢(s Z excesss (1
ie$S
(4.12) => | X fan— > fG,1].
iesS \ (i,j)eA (Gi1)eA

If for an arc (x,y) both nodes x and y are contained in S, then the term f(x,y)
appears twice in the sum ([I2), once with a positive and once with a negative
sign. Hence, @I2) reduces to

(4.13) val(fyj= ) f(a > fla)

acdt(S) (a)ed—(S)

Using that f is feasible, that is, 0 < f(i,j) < u(i,j) for all arcs (i,j), we get

from @I3):
val(f) = Z Z f(a Z a) =u(6(S)).

(a)ed*(S) acd— acdt (S

Thus, the value val(f) of the flow is bounded from above by the capac-
ity u(87(S))) of the cut. We have proved the following lemma:

Lemma 4.20 Let f be an (s, t)-flow and [S, T] an (s, t)-cut. Then:
val(f) < u(8%(S)).
Since f and [S, T] are arbitrary we deduce that:

(4.14) max val(f) < min u(61(S)).
fisan (s, t)-flowin G (S, T)isan (s, t)-cutin G

d

We are now ready to prove the famous Max-Flow-Min-Cut-Theorem of Ford
and Fulkerson:

Theorem 4.21 (Max-Flow-Min-Cut-Theorem) Let G = (V, A) be a network with
capacities u: A — R, then the value of a maximum (s, t)-flow equals the minimum
capacity of an (s, t)-cut.

Proof: We add a backward arc (t, s) to G. Call the resulting graph G’ = (V, A’),
where A’ = A U{(t,s)}. Then, we can write the maximum problem as the
Linear Program

(4.15) z=max{x¢s : Mx =0,0 < x < u},

where M is the node-arc incidence matrix of G’ and u(t,s) = +o0o. We know
that M is totally unimodular from Corollary ETZ4 So, @&I5) has an optimal
integral solution value for all integral capacities u. By Linear Programming
duality we have:

max{x¢s : Mx =0,0 <x < u}:min{uTy MTz4y>xbs) y> O},
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where x (V%) is the vector in R* which has a one at entry (t, s) and zero at all
other entries. We unfold the dual which gives:

(4.16a) W = min Z UijYij
(i,j)eA
(4.16b) zi —zj+ Yy >0 forall (i,j) € A
(4.16¢) zy —zg > 1
(4.16d) Yy >0 forall (i,j) € A

There are various ways to see that @I6) has an optimum solution which is
also integral, for instance:

e The constraint matrix of @I@) is of the form (M'I) and, from the total
unimodularity of M it follows that (M 1) is also totally unimodular. In
particular, @.I6) has an integral optimal solution for every integral right
hand side (and our right hand side is integral!).

e The polyhedron of the LP @I5) is integral by total unimodularity. Thus,
it has an optimum integer value for all integral capacities (the objective
is also integral). Hence, by LP-duality I6) has an optimum integral
value for all integral objectives (which are the capacities). Hence, by
Theorem B3 the polyhedron of @I8) is integral and has an optimum
integer solution.

Let (y*, z*) be such an integral optimal solution of @.I6). Observe that replac-
ing z* by z* — o for some « € R does not change anything, so we may assume
without loss of generality that z§{ = 0.

Since (y*, z*) is integral, the sets S and T defined by

S={veV:z <0}
T:=MeV:zi>1}

induce an (S, T)-cut. Then,

w= Z uijyi; = Z uijyi; > Z wi( 2z — zf ) > u(8's)).

(Li)EA (Lj)€5+(3) wests) 7 Y
Thus, the optimum value w of the dual @I6) which by strong duality equals
the maximum flow value is at least the capacity u(6*(S)) of the cut (S, T). By
Lemma it now follows that (S, T) must be a minimum cut and the claim
of the theorem is proved. O

4.6 Matchings and Integral Polyhedra II

Birkhoff’s theorem provided a complete description of conv(PM(G)) in the
case where the graph G = (V,E) was bipartite. In general, the conditions in
#3) do not suffice to ensure integrality of every extreme point of the corre-
sponding polytope. Let FPM(G) (the fractional matching polytope) denote the
polytope defined by @4). Consider the case where the graph G contains an
odd cycle of length 3 (cf. Figure E.3).

The vector X with X¢, = Xe, = Rey, = Ky = XKep, = Xe, = 1/2and X, =01is
contained in FPM(G). However, X is not a convex combination of incidence
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Figure 4.3: In an odd cycle, the blossom inequalities are necessary to ensure
integrality of all extreme points.

vectors of perfect matchings of G, since {e3, e4, es} is the only perfect matching
in G. However, the fractional matching polytope FPM(G) still has an interest-
ing structure, as the following theorem shows:

Theorem 4.22 (Fractional Matching Polytope Theorem) Let G = (V,E) be a
graph and x € FPM(G). Then, x is an extreme point of FPM(G) if and only if
xe € {0,1/2,1} for all e € E and the edges e for which x. = 1/2 form node disjoint
odd cycles.

Proof: Suppose that % is a half-integral solution satisfying the conditions
stated in the theorem. Define the vector w € R™ by w, = —1if X, = 0
and we = 0if %, > 0. Consider the face F = {x € FPM(G) : w'x = 0}. Clearly,
% € F. We claim that F = {X} which shows that X is an extreme point.

For every x € F we have

O=w'x=— Z \Xi/

ecE:x.=0 >0

Thus xe = 0 for all edges such that X. = 0. Now consider an edge e where
%e = 1/2. By assumption, this edge lies on an odd cycle C. It is now easy to
see that the values of x on the cycle must be alternatingly 6 and 1 — 0 since
x(8(v)) =1 forallv € V (see Figure E4). The only chance that x € FPM(G) is
0 = 1/2 and thus x = X.

%51 =1/2,%x12 =0 %12=1/2,%12 =96

Ra5=1/2,%x12=1-0 %23 =1/2,%12=1-96

X23=1/2,x12 =

Figure 4.4: If X satisfies the conditions of Theorem it is the only member
of the face F = {x € FPM(G) : w'x = 0}.



4.6 Matchings and Integral Polyhedra II

59

Assume conversely that X is an extreme point of FPM(G). We first show that
X is half-integral. By Theorem there is an integral vector c such that X is
the unique solution of max {c¢"x : x € FPM(G)}.

Construct a bipartite graph H = (Vy,Eyy) from G by replacing each node
v € V by two nodes v/,v" and replacing each edge e = (u,v) by two edges
e’ = (u/,v”)and e” = (v/,u”) (see Figure LY for an illustration). We extend
the weight function c: E — R to Ey by setting c(u/,v”) = c(v/,u”) = c(u,v).

X Fhd Agginal graph G.

(b) The bipartite graph H.
Figure 4.5: Construction of the bipartite graph G in the proof of Theorem EEZ2

Observe that, if x € FPM(G), then x" defined by x|, ,»» = X}, v = Xuy i8
a vector in FPM(H) of twice the objective function value of x. Conversely, if
x' € FPM(H), then x,, = %(X{L,v,, +x/, ,,) is a vector in FPM(G) of half of the
objective function value of x’.

By Birkhoff’s Theorem (Theorem EZlon pageBl), the problem
max {chH :xn € FPM(H)}

has an integral optimal solution xj;. Using the correspondence x.,,, = % (X5t
X, /) we obtain a half-integral optimal solution to

max {c"x:x € FPM(G)} .
Since % was the unique optimal solution to this problem, it follows that X must
be half-integral.

If X is half-integral, it follows that the edges {e : X = 1/2} must form node
disjoint cycles (every node that meets a half-integral edge, meets exactly two
of them). As in the proof of Birkhoff’s Theorem, none of these cycles can be
even, since otherwise X is no extreme point. O

With the help of the previous result, we can now prove the Perfect Matching
Polytope Theorem, which we restate here for convenience.

Theorem 4.23 (Perfect Matching Polytope Theorem) Forany graph G = (V,E),
the convex hull conv(PM(G)) of the perfect matchings in G is identical to the set of
solutions of the following linear system:

(4.17a) x(6(v)) =1 forallveV

(4.17b) x(d(S)) > 1 forall S CV,|S| > 3 odd

(4.17¢) Xe >0 foralle € E.
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The inequalities are called blossom inequalities.

Proof: We show the claim by induction on the number |V| of vertices of the
graph G = (V,E). If |[V| = 2, then the claim is trivial. So, assume that V| > 2
and the claim holds for all graphs with fewer vertices.

Let P be the polyhedron defined by the inequalities &I2) and let x” € P be any
extreme point of P. Since conv(PM(G)) C P, the claim of the theorem follows
if we can show that x’ € PM(G). Since {x'} is a minimal face of conv(PM(G)),
by Theorem [B.f there exist a subset E’ C E of the edges and a family S’ of odd
subsets S C V such that x’ is the unique solution to:

(4.18a) x(0(v)) =1 forallveV

(4.18b) x(8(8)) =1 forallSec S’
(4.18¢) Xe =0 foralle € E'.
Case1l: S’ = @.

In this case, x’ is a vertex of FPM(G). By Theorem x’ is half-integral
and the fractional edges form node-disjoint odd cycles. On the other hand, x’
satisfies the blossom inequalities @I7ZB) which is a contradiction.

Case 2: S’ # @.

Fix S € &', by definition we have x’(5(S)) = 1. Notice that |S| is odd. The
complement S := V'\ S need not be of odd cardinality, but observe that, if S is
of odd cardinality, then G does not contain a perfect matching (since the total
number of vertices is odd in this case). Let G° and G® be the graphs obtained
from G by shrinking S and S = V '\ S to a single node (see Figure [£6). Let
x% and x° be the restriction of x’ to the edges of G5 and G¥, respectively. By
construction, x*(5(S)) =x*(8(5§) =1fori=S§,S.

S

shrink S

shrink S =V\ S

GS

Figure 4.6: Graphs G° and G* obtained from G by shrinking the odd set S and
V\ S in the proof of Theorem E.23

It is easy to see that x° and x5 satisfy the constraints @IZ) with respect
to G5 and G°, respectively. Thus, by the induction hypothesis, we have
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x' € conv(PM(G!)) for i = S,S. Hence, we can write x' as convex combi-
nations of perfect matchings of G*:

(4.19) xS =
(4.20) x> =

Here, we have assumed without loss of generality that in both convex com-
binations the number of vectors used is the same, namely k. Also, we have
assumed a special form of the convex combination which can be justified as
follows: x’ is an extreme point of P and thus is rational. This implies that
x',1 =S, S are also rational. Since all A;j are rational, any convex combination
>_; A7y’ can be written by using common denominator kas y_; £1y’, where all

u; are integral. Repeating vector y’ exactly p; times, we get the form § 2 7.

For e € 5(S) the number of j such that e € M5 is kx§ = kx/ = kx3. This is
the same number of j such that e € MJS Again: for every e € 5(S) the number
of j such that e € MjS is the same as the number of j with e € MJS Thus, we

can order the M} so that MjS and 7\/ljS share an edge in §(S) (any M}, 1 =§,S
has exactly one edge from 5(S)). Then, M; = MjS U 7\/ljS is a perfect matching
of G since every vertex in G is matched and no vertex has more than one edge

incident with it.

Let M; := M§ UMS. Then we have:

=1

k
1
(4.21) x'== ) XM
i=1

Since M; is a perfect matching of G we see from @Z]) that x’ is a convex
combination of perfect matchings of G. Since x’ is an extreme point, it follows
that x’ must be a perfect matching itself. O

4.7 Total Dual Integrality

Another concept for proving integrality of a polyhedron is that of total dual
integrality.

Definition 4.24 (Totally dual integral system)
A rational linear system Ax < b is totally dual integral (TDI), if for each integral
vector c such that

2"’ = max {ch :Ax < b}

is finite, the dual
min {b'y: ATy =c,y >0}

has an integral optimal solution.

Theorem 4.25 If Ax < b is TDI and b is integral, then the polyhedron P =
{x : Ax < b}is integral.
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Proof: If Ax < bis TDI and b is integral, then the dual Linear Program
min {b'y: ATy =c,y >0}

has an optimal integral objective value if it is finite (the optimal vector y* is
integral and b is integral by assumption, so b'y* is also integral). By LP-
duality, we see that the value

2" =max {c"x: Ax < b}

is integral for all ¢ € Z™ where the value is finite. By Theorem E3(iv), the
polyhedron P is integral. O

Example 4.26

Let G = (A U B, E) be a complete bipartite graph. Suppose we wish to solve a
generalized form of STABLESET on G in which we are allowed to pick a vertex
more than once. Given weights cq1, for the edges (a,b) we want to solve the
following Linear Program:

(4.22a) max Z Wy Xy
vev
(4.22b) Xa +x%p < Cab forall (a,b) € E

We claim that the system of ineqalities xq +xp < cab (a,b) € A is TDI The
dual of @Z2) is given by:

(4.23a) min Z CabYab
(a,b)eE
(4.23b) Z Xab = Wq foralla € A
beB
(4.23¢) Z Xab = Wp forallb e B
aca
(4.23d) Yab > 0 for all (a,b) € A.

The constraint matrix of @Z3) is the constraint matrix of the assignment
problem, which we have already shown to be totally unimodular (see Ex-
ample E15). Thus, if the weight vector w is integral, then the dual @Z3) has
an optimal integral solution (if it is feasible). <

It should be noted that the condition “and b is integral” in the previous the-
orem is crucial. It can be shown that for any rational system Ax < b there
is an integer w such that (1/w)Ax < (1/w)b is TDIL. Hence, the fact that a
system is TDI does not yet tell us anything useful about the structure of the
corresponding polyhedron.

We have seen that if we find a TDI system with integral right hand side, then
the corresponding polyhedron is integral. The next theorem shows that the
converse is also true: if our polyhedron is integral, then we can also find a TDI
system with integral right hand side defining it.

Theorem 4.27 Let P be a rational polyhedron. Then, there exists a TDI system Ax <
b with A integral such that P = P(A,b). Moreover, if P is an integral polyhedron,
then b can be chosen to be integral.



4.7 Total Dual Integrality

63

Proof: Let P = {x € R™ : Mx < d} be a rational polyhedron. If P = &, then the
claim is trivial. Thus, we assume from now on that P is nonempty. Since we
can scale the rows of M by multiplying with arbitrary scalars, we can assume
without loss of generality that M has integer entries. We also assume that the
system Mx < d does not contain any redundant rows. Thus, for any row miT
of M there is an x € P with m{x = d;.

Let S = {s€Z™:s=MTy,0 <y < 1} be the set of integral vectors which
can be written as nonnegative linear combinations of the rows of M where no
coefficient is larger than one. Since y comes from a bounded domain and S
contains only integral points, it follows that S is finite. For s € S we define

z(s) :==max {s'x:x € P}.

Observe that, if s € S, say s = Zln; 1Yimy, and x € P, then miTx < d; which
means y;m] x < yid; fori=1,..., m, from which we get that

m m m
sTx = ZyimiTx < Zyidi < Z |dyl.
e e e

Thus, s"x is bounded on P and z(s) < 4oo for all s € S. Moreover, the in-
equality sTx < z(s) is valid for P. We define the system Ax < b to consist of
all inequalities s"x < z(s) with s € S.

Every row m/ of M is a vector in S (by assumption M is integral and m/ is
a degenerated linear combination of the rows, namely with coefficient one for
itself and zero for all other rows). Since m{x < d; for all x € P, the inequality
miTx < dj is contained in Ax < b. Furthermore, since we have only added
valid inequalities to the system, it follows that

(4.24) P={x:Ax <b}.

If P is integral, then by Theorem .3 the value z(s) is integral for each s € S,
so the system Ax < b has an integral right hand side. The only thing that
remains to show is that Ax < b is TDI.

Let ¢ be an integral vector such that z'* = max {c¢"x: Ax < b} is finite. We
have to construct an optimal integral solution to the dual

(4.25) min {b'y: ATy =c,y >0}.
We have

2 =max {c"x: Ax < b}

:max{ch:xe P} (by @&Z23)
= max {ch : Mx < d}
(4.26) =min{d"y:M'y =c,y >0} (by LP-duality).

Let y* be an optimal solution for the problem in Z6) and consider the vector
§ = MT(y* — |y*]). Observe thaty — |y*| has entries in [0, 1]. Morever 5 is
integral, since s = MTy* —MT|y*] =c—MT|y*| and ¢, MT and |y*| are all
integral. Thus, 5§ € S. Now,

z(3) =max {s'x:x € P}

(4.27) =min{d'y:M'y =5,y >0} (by LP-duality).
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The vector y* — |y*| is feasible for 27 by construction. If v is feasible
for @272), then v+ |y* | is feasible for @.26). Thus, it follows easily thaty—|y*|
is optimal for @22). Thus, z(5) = d" (y* — |y*]), or

(4.28) 2P =adTy* =z(5) +d"|y*).

Consider the integral vector § defined as |y*| for the dual variables corre-
sponding to rows in M, one for the dual variable corresponding to the con-
straint §"x < z(5) and zero everywhere else. Clearly, § > 0. Moreover,

ATg=) Ges=M"[y"[+1T-5=M"[y" |+ M (v" - [y ) =M'y" =c.
s€eS

Hence, { is feasible for @.25). Furthermore,
by =2z(5)+d"[y*] P

Thus, § is an optimal integral solution for the dual @&Z5). 0

4.8 Submodularity and Matroids

In this section we apply our results about TDI systems to prove integrality for
a class of important polyhedra.

Definition 4.28 (Submodular function)
Let N be a finite set. A function f: 2N — R is called submodular, if

(4.29) f(A) +f(B) > f(ANB) +f(AUB) forall A,B C N.
The function is called nondecreasing if

(4.30) f(A) < f(B) forall A,B C N with A C B.

Usually we will not be given f “explicitly”, that is, by a listing of all the 2/N!
pairs (N, f(N)). Rather, we will have access to f via an “oracle”, that is, given
N we can compute f(N) by a call to the oracle.

Example 4.29
(i) The function f(A) = |A| is nondecreasing and submodular.

(ii) Let G = (V,E) be an undirected graph with edge weights u: E — R,.
The function f: 2V — R defined by f(A) := Zeeé(A) u(e) is submodu-
lar but not necessarily nondecreasing.

<

Definition 4.30 (Submodular polyhedron, submodular optimization problem)
Let f be submodular and nondecreasing. The submodular polyhedron associated
with f is

(4.31) P(f):={x €RT: Y x5 <f(S)forall S C N.
jES
The submodular optimization problem is to optimize a linear objective function
over P(f):
max {c'x:x € P(f)}.
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Observe that by the polynomial time equivalence of optimization and sepa-
ration (see Section B.4) we can solve the submodular optimization problem
in polynomial time if we can solve the corresponding separation problem in
polynomial time: We index the polyhedra by the finite sets N, and it is easy to
see that this class is proper.

We now consider the simple Greedy algorithm for the submodular optimiza-
tion problem described in Algorithm BTl The surprising result proved in the
following theorem is that the Greedy algorithm in fact solves the submodular
optimization problem. But the result is even stronger:

Algorithm 4.1 Greedy algorithm for the submodular optimization problem.

GREEDY-SUBMODULAR
1 Sort the variables such thatc; > ¢ > --- > ¢k > 0> cxp1 >
2 Setxi := f(S) —f(St"") fori=1,...,kand x; = O fori =
where St ={1,...,i}and S° = @.

...ch.
k+1,...,n,

Theorem 4.31 Let f be a submodular and nondecreasing function, c: N — R be an
arbitrary weight vector.

(i) The Greedy algorithm solves the submodular optimization problem for maxi-
mizing c'x over P(f).

(ii) The system is TDL
(iii) For integral valued f, the polyhedron P(f) is integral.

Proof:

> 0fori =
1,...,k. Let S C N. We have to show that Z)‘ES x; < f(S). By the
submodularity of f we have forj € S:

(i) Since f is nondecreasing, we have x; = f(S') — f(S*"1) >

=A =B =AUB =ANB
f(SSNS)+f(S ") >f S )+f(S NS
(4.32) Sf(S9) —f(S") <f(SNS)—f(S'"nS)
Thus,
Y =) (fIS)—f(S)
jeSs jeSNSk
< ) (f(Sns)—f(s$"'ns))  (by E3D)
jeSNSk
< Z (f(S9 NS)—f(S"NS)) (f nondecreasing)
jeSk
=f(S*NS)—f(v)
< f(S).

Thus, the vector x computed by the Greedy algorithm is in fact contained
in P(f). Its solution value is

(4.33) cTx =) ci(f(SH—f(S').

i=1
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(ii)

We now consider the Linear Programming dual of the submodular opti-
mization problem:

wP = min Z f(S)ys

SCN
ZUSZCj forallj e N
Sjes

ys >0 forall S C N.

If we can show that ¢"x = wP, then it follows that x is optimal. Con-
struct a vector y by ysi =ci —cip1 fori =1,... k=1, ysx = cx and
ys = O for all other sets S C N. Since we have sorted the sets such
thatcy > c2 > cx > 0 > cxqp1 > -+ > cp, it follows that y has only
nonnegative entries.

Forj=1,...,kwehave
k k—1
Z ys > Zysi = Z(Ci —Cip1) Fck =¢j.
S:jes i=j i=j

On the other hand, forj =k+1,...,n

Z ys >0 >cj.
Sjes

Hence, y is feasible for the dual. The objective function value for y is:

k k—1
D f(Sys =D f(SHys: = ) f(SH)(ei —civr) +F(S¥)ex
SCN i=1 i=1

where the last equality stems from @33). Thus, y must be optimal for
the dual and x optimal for the primal.

The proof of statement (ii) follows from the observation that, if c is inte-
gral, then the optimal vector y constructed is integral.

(iii) Follows from (ii) and Theorem E.25

d

An important class of submodular optimization problems are induced by spe-
cial submodular functions, namely the rank functions of matroids.

Definition 4.32 (Independence system, matroid)
Let N be a finite set and T C 2N. The pair (N, ) is called an independence system,
if A€ Tand B C A implies that B € Z. The sets in T are called independent sets.

The independence system is a matroid if for each A € T and B € T with |B| > |A]
there exists a € B\ A with A U{a} € 7.

Given a matroid (N, T), its rank function v: 2N — N is defined by

r(A):=max{|I|:IC Aand 1 € I}.
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Observe that r(A) < |A| for any A C N and r(A) = |A]if any only if A € Z.
Thus, we could alternatively specify a matroid (N, Z) also by (N, r).

Lemma 4.33 The rank function of a matroid is submodular and nondecreasing.

Proof: The fact that r is nondecreasing is trivial. Let A, B C N. We must prove
that
r(A)+71(B) >r(AUB)+Tr(ANB).

Let X C AUBwith [X| =r(AUB)and Y C AN B with |Y] = r(A N B). Let
X’ :=Y. Since X’ is independent and X is independent, if [X'| < |X| we can
add an element from X to X’ without loosing independence. Continuing this
procedure, we find X’ with [X’| = |X] and Y C X’ by construction. Hence, we
can assume that Y C X. Now,

r(A)+1(B) > [XNA|+|XNB|
=XN(ANB)[+|XN(AUB)|
> Y+ X
=r(ANB)+r(AUB).

This shows the claim. O

Example 4.34 (Matric matroid)

Let A be an m x n-matrix with columns ai,...,an. Set N:={1,...,n}and the
family 7 by the condition that S € Z if and only if the vectors {a; : 1 € S} are
linearly independent. Then (N, Z) is an independendence system. By Steinitz’
Theorem (basis exchange) from Linear algebra, we know that (N, Z) is in fact
also a matroid. <

Example 4.35
Let E = {1,3,5,9,11}and F := {ACE:)Y . ,e<20}. Then, (E, F)isan
independence system but not a matroid.

The fact that (E, F) is an independence system follows from the property that,
ifBCAcF,then) . .pe<) . .,e<20

Now consider B := {9,11} € F and A := {1,3,5,9} € F where |B| < |A].
However, there is no element in A \ B that can be added to B without losing
independence. <

Definition 4.36 (Tree, forest)

Let G = (V,E) a graph. A forest in G is a subgraph (V,€') which does not contain
a cycle. A tree is a forest which is connected (i.e., which contains a path between any
two vertices).

Example 4.37 (Graphic matroid)
Let G = (V, E) be a graph. We consider the pair (E, F), where

F={TCE: (V,T)isa forest}.

Clearly, (E, F) is an independence system, since by deleting edges from a for-
est, we obtain again a forest. We show that the system is also a matroid. If
(V,T) is a forest, then it follow easily by induction on [T| that (V, T) has ex-
actly [V| — |T| connected components. Let A € Z and B € Z with |B| > |A|.
Let Cq,...,Ck be the connected components of (V,A) where k = [V| — |A|.
Since (V, B) has fewer connected components, there must be anedge e € B\ A
whose endpoints are in different components of (V, A). Thus A U {e} is also a
forest. <
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Lemma 4.38 Let G = (V, E) be a graph and (N, Z) be the associated graphic matroid.
Then the rank function v is given by v(A) = [V| — comp(V, A), where comp(V, A)
denotes the number of connected components of the graph (V, A).

Proof: Let A C E. It is easy to see that in a matroid all maximal indepen-
dent subsets of A have the same cardinality. Let Cy, ..., Cx be the connected
components of (V,A). Fori =1,...,k we can find a spanning tree of C;. The
union of these spanning trees is a forest with ZL] (ICi[ = 1) = V| — k edges,
all of which are in A. Thus, r(A) > [V| — k.

Assume now that F C A is an independent set. Then, F can contain only edges

of the components Cy, ..., Ck. Since F is a forest, the restriction of F to any C;
is also a forest, which implies that [FN C;| < |Ci|—1. Thus, we have [F| < [V|—k
and hence r(A) < |V|— k. O

Definition 4.39 (Matroid optimization problem)
Given a matroid (N, Z) and a weight function c: N — R, the matroid optimization
problem is to find a set A € T maximizing c(A) = 3_ . cla).

By Lemma 33 the polyhedron

P(N,I):= {x eRY: ij < r(S)forall S C N}

jes

is a submodular polyhedron. Moreover, by the integrality of the rank function
and Theorem E31[(iii) P(N, Z) is integral. Finally, since v({j}) < 1forallj € N,
it follows that 0 < x < 1 for all x € P(N, Z). Thus, in fact we have:

(4.34) P(N,Z) = conv ({x cB™: ij <7r(S)forall S C N})

jes

With @33) it is easy to see that the matroid optimization problem reduces to
the submodular optimization problem. By Theorem E31i) the Greedy algo-
rithm finds an optimal (integral) solution and thus solves the matroid opti-
mization problem.

It is worthwhile to have a closer look at the Greedy algorithm in the special
case of a submodular polyhedron induced by a matroid. Let again be S' =
{1,...,i}, S® = @. Since 1(S') — 7(S*"") € {0,1} and the algorithm works as
follows:

1. Sort the variables such thatcy >c¢c; > -+ > ¢ > 0> cry1 > -+ > Cn.
2. Startwith S = @.

3. Fori=1,...,k,if SU{i} € Z, thenset S := SU{i}.
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Basics about Problems and
Complexity

5.1 Encoding Schemes, Problems and Instances

We briefly review the basics from the theory of computation as far as they are
relevant in our context. Details can be found for instance in the book of Garey
and Johnson [G]79].

Informally, a decision problem is a problem that can be answered by “yes”
or “no”. As an example consider the problem of asking whether a given
graph G = (V,E) has a Hamiltonian Tour. Such a problem is characterized
by the inputs for which the answer is “yes”. To make this statement more for-
mal we need to define exactly what we mean by “input”, in particular if we
speak about complexity in a few moments.

Figure 5.1: Example of an undirected graph.

Let X be a finite set of cardinality at least two. The set X is called the alphabet.
By X* we denote the set of all finite strings with letters from X. The size |x| of
a string x € X* is defined to be the number of characters in it. For example,
the undirected graph depicted in Figure Bl can be encoded as the following
string over an appropriate alphabet which contains all the necessary letters:

({001,010,011,100}, {(001,010), (001,011), (010,011), (011,100)})

Here, we have encoded the vertices as binary numbers.

A (decision) problem is a subset IT C X*. To decide TT means, given x € X* to
decide whether x € TT or not. The string x is called the input of the problem.
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One speaks of an instance of the problem if one asks for a concrete input x
whether x belongs to IT or not.

Example 5.1 (Stable Set Problem)

A stable set (or independent set) in an undirected graph G = (V,E) is a subset
S C V of the vertices such that none of the vertices in S are joined by an edge.
The set of instances of the stable set problem (STABLESET) consists of all words
(a,b) such that:

e a encodes an undirected graph G = (V, E)
e b encodes an integer k with 0 <k < [V]

e G contains a stable set of size at least k.

Alternatively we could also say that an instance of STABLESET is given by an
undirected graph G(V, E) and an integer k and the problem is to decide wether
G has a stable set of size at least k. <

Classical complexity theory expresses the running time of an algorithm in
terms of the size of the input, which is intended to measure the amount of
data necessary to describe an instance of a problem. Naturally, there are many
ways to encode a problem as words over an alphabet . We assume the fol-
lowing standard encoding;:

o Integers are encoded in binary. The standard binary representation of an
integer n uses [log, n| + 1 bits. We need an additional bit to encode the
sign. Hence, the encoding length of an integer n is (n) = [log, n| + 2.

o Any rational number 1 has a unique representation = p/q wherep € Z,
g € N and p and q do not have a common divisor other than 1. The
encoding length of ris (r) := (p) + (q).

e The encoding length of a vector x = (x1,...,xn)" € Q™is > I, (xi).
e The encoding length of a matrix A = (ay;) € QM ™is }_; ;(ay;).

o Graphs are encoded by means of their adjacency matrices, incidence ma-
trices or adjacency lists.

The adjacency matrix of a graph G = (V,E) with n := |V| nodes is the
n x n matrix A(G) € B™*™ with ay; = 1if (vi,vj;) € Eand a3 = 0
if (vi,v5) ¢ E. The incidence matrix of G is the m x n matrix I(G) with
rows corresponding to the vertices of G and columns representing the
arcs/edges of G. The column corresponding to arc (vi,v;) has a —1 at
row iand a +1 at row j. All other entries are zero. Since we have already
specified the encoding lengths of matrices, the size of a graph encoding
is now defined if one of the matrix represenations is used.

The adjacency list representation consists of the number n of vertices and
the number m of edges plus a vector Adj of n lists, one for each vertex.
The list Adj[u] contains all v € V such that (u,v) € E. Figure 5.2 shows
an example of such a representation for a directed graph. The size of the
adjacency list representation of a graph is (n) + (m) + m+ n for directed
graphs and (n) + (m) + 2m + n for undirected graphs.

One might wonder why we have allowed different types of encodings
for graphs. The answer is that for the question of polynomial time solv-
ability it does in fact not matter which representation we use, since they
are all polynomially related in size.
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v Adjv]
1 2]7] +{a]4] |
2 [af1] {5]1] |

5]5] |

4 [5]2] |
® 5 NULL

6 NULL

W

Figure 5.2: Adjacency list representation of a directed graph.

Example 5.2
Aninstance (G = (V, E), k) of STABLESET has size (n) 4+ (m) +n + 2m + (k) if
we use the adjacency list representation. <
Example 5.3

Suppose we are given a MIP

(MIP) max c'x
Ax <D
x>0
x €ZP x R"7P,

where all data A, b, c is integral. Then, the encoding size of an instance of
the decision version of the MIP which asks whether there exists a feasible
solution x with ¢"x > k is given by

(A) + (b) + {c) + (k) + n +p.

The running time of an algorithm on a specific input is defined to be the sum
of times taken by each instruction executed. The worst case time complexity
or simply time complexity of an algorithm is the function T(n) which is the
maximum running time taken over all inputs of size n (cf. [AHUZ4, [GJ79,
GLS88]). An algorithm is a polynomial time algorithm if T(n) < p(n) for some
polynomial p.

5.2 The Classes P and NP

Definition 5.4 (Complexity Class P)
The class P consists of all problems which can be decided in polynomial time on a
deterministic Turing machine.
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Example 5.5
The decision version of the maximum flow problem, that is, decide whether
the following IP has a solution of value greater than a given flow value F,

mafolt th)

(i,t)eA (t,j)EA

Z f(j,1) — Z f(i,3) = forallie V\({s,t}
(5,L)EA (i,j)EA
0 <f(i,j) <u(i,j) forall (i,j) € A

is in P, since for instance the Edmonds-Karp-Algorithm solves it in time O(nm?)
which is polynomial in the input sizell <

Definition 5.6 (Complexity Class NP)
The class NP consists of all problems TT C L* such that there is a problem T1' € P and
a polynomial p such that for each x € L* the following property holds:

x € TTifand only if there existsy € Z* withy| < p(|x]) and (x,y) € TT".
The word vy is called a certificate for x.

It is clear from the definition of NP and P that P C NP.

Example 5.7 (Stable Set Problem (continued))

STABLESET is in NP, since if a graph G = (V, E) has a stable set S of size k we
can simply use S as a certificate. Clearly it can be checked in polynomial time
that S is in fact a stable set in G of size at least k. <

To obtain a classification of “easy” and “difficult” problems we introduce the
concept of a polynomial time reduction:

Definition 5.8 (Polynomial Time Reduction)
A polynomial time reduction of a problem T to a problem 11" is a polynomial time
computable function f with the property that x € T1 if and only if f(x) € TT".

We say that TT is polynomial time reducible to T’ if there exists a polynomial time
reduction from T1 to T1. In this case we write TT oc TT”.

Intuitively, if TT o< TT/, then TT could be called “easier” than TT’, since we can re-
duce the solvability of TT to that of TT’. In fact, we have the following important
observation:

Observation 5.9 IfTT o< TT" and T1' € P, then TT € P.

Definition 5.10 (Vertex Cover)
Let G = (V, E) be an undirected graph. A vertex cover in G is a subset C C V of the
vertices of G such that for each edge e € M at least one endpoint is in C.

IThere are actually faster algorithms such as the FIFO-Preflow-Push Algorithm of Goldberg
and Tarjan which runs in time O (n3). This time can even be reduced to O (nmlog - ) by the
use of sophisticated data structures.
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Example 5.11

An instance of the vertex cover problem (VC) consists of a graph G and an in-
teger k. The question posed is whether there exists a vertex cover of size at
most kin G.

We claim that VC o« STABLESET. To see this observe that C is a vertex cover
in G if and only if V'\ C is a stable set. This immediately leads to a polynomial
time reduction. <

Example 5.12

A clique C in a graph G = (V, E) is a subset of the nodes such that every pair of
nodes in C is connected by an edge. The clique problem (CLIQUE) asks whether
a given graph G contains a clique of size at least a given number k.

Since C is a clique in G if and only if C is a stable set in the complement
graph G, a polynomial time reduction from CLIQUE to STABLESET is obtained
by computing G. <

We are now ready to define “hard” problems:

Definition 5.13 (NP-complete problem)
A problem T1" € NP is called NP-complete if TT o< T1' for every problem TT € NP.

By the fact that the composition of polynomial time reductions is again a poly-
nomial time reduction, we have the following useful observation:

Observation 5.14 Suppose that TT is NP-complete. Let TI' € NP with the property
that TT o TT'. Then, TT' is also NP-complete.

From Observation B9 we also have the following important fact:
Observation 5.15 Suppose that T1 is NP-complete and also TT € P. Then, P = NP.

Most problems encountered in these lecture notes are optimization problems
rather than decision problems. Clearly, to any minimization problem (max-
imization problem) we can associate a corresponding decision problem that
asks whether there exists a feasible solution of cost at most (at least) a given
value.

Definition 5.16 (NP-hard optimiziation problem)
An optimization problem whose corresponding decision problem is NP-complete is
called NP-hard.

Definition raises the question whether there exist NP-complete prob-
lems. This question was settled in the affirmative in the seminal work by
Cook [CooZ1]] and Karp [Kar72)]. An instance of the Satisfiability Problem (SAT)
is given by a finite number n of Boolean variables Xj,...,X, and a finite
number m of clauses

C =L, VL, V.-V,

where Li, € {Xi,,Xi,} is a literal, that is, a variable or its negation. Given an
instance of SAT the question posed is whether there exists an assignment of
truth values to the variables such that all clauses are satisfied.

Theorem 5.17 (Cook [Coo71]) SAT is NP-complete.
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Karp [Kar72] showed a number of elementary graph problems to be NP-
complete, among them STABLESET, CLIQUE, VC and the TsP. Since then
the list of NP-complete problems has been growing enormously (see the book
Garey and Johnson [G]79] for an extensive list of NP-complete problems).

Theorem 5.18 (Karp [Kar72]) The following problems are all NP-complete:

STABLESET

CLIQUE
e VC
e Tsp

KNAPSACK

d

We have already remarked above that P C NP. By ObservationB. I8 we would
have P = NP if we find a polynomial time algorithm for a single NP-complete
problem. Despite great efforts to date no one has succeeded in doing so. It
is widely believed that NP-completeness, or, more general, NP-hardness of a
problem is a certificate of intractability.

5.3 The Complexity of Integer Programming

We now consider the complexity of Integer Linear Programming. To this end
we first address the case of binary variables.

(BIP) max c'x
Ax<Db
x>0
x € B"

Theorem 5.19 Binary Integer Programming (BIP) is NP-hard.

Proof: In order to show that the decision version of BIP (here also called BIP
for simplicity) is NP-complete we have to prove two things:

1. BIP is in NP.

2. There is an NP-complete problem IT such that IT is polynomial time red-
ucable to BIP.

The fact that BIP is contained in NP is easy to see. Suppose that the in-
stance (A, b, ¢, k) has a feasible solution x* with c"x > k. The encoding size
of x* € B™ is n (since x* is a binary vector with n entries). Since we can
check in polynomial time that in fact x* is a feasible solution by checking all
the contraints and the objective function value, this gives us a certificate that
(A,b,c, k) is a “yes”-instance.

In order to prove the completeness of BIP, we reduce the satisfiability problem
SAT to BIP. Suppose that we are given an instance (X1,...,Xn,C1,...,Cn) of
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SAT. For a clause C; we denote by C” and C; the index sets of positive and
negative literals in C;, respectively. We now formulate the following BIP:

max 0

(5.1) Y it ) (T=x)>1

iecj+ ieCy

xi €{0,1} fori=1,...,n

It is easy to see that the BIP can be set up in polynomial time given the instance
of SAT. Consider a clause Cj. If we have a truth assignment to the variables
in Cj that satisfies Cj, then the corresponding setting of binary values to the
variables in the BIP will satisfy the constraint () and vice versa. Hence it
follows that the BIP has a feasible solution if and only if the given instance of
SAT is satisfiable. O

Integer Linear Programming and Mixed Integer Programming are generaliza-
tions of Binary Integer Programming. Hence, Binary Integer Programming
can be reduced to both problems in polynomial time. Can we conclude now
that both IP and MIP are NP-complete? We can not, since we still have to
show that in case of a “yes”-instance there exists a certificate of polynomial
size. This was not a problem for the BIP since the certificate just involved
n binary values, but for general IP and MIP we have to bound the entries of
a solution vector x by a polynomial in (A), (b) and (c). This is somewhat
technical and we refer the reader to [Sch86, NW99].

Theorem 5.20 Solving MIP and IP is NP-hard. 0

Thus, solving general Integer Linear Programs is a hard job. Nevertheless,
proving a problem to be hard does not make the problem disappear. Thus, in
the remainder of these notes we seek to explore the structure of specific prob-
lems which sometimes makes it possible to solve them in polynomial time or
at least much more efficiently than brute-force enumeration.

5.4 Optimization and Separation

We have seen a number of problems which had an exponential number of
constraints (e.g. the formulation of the TSP in Example[[.§ the formulation of
the minimum spanning tree problem in Example [[T0). Having such a large
number of constraints in a Linear Programming problem does not defeat the
existence of a polynomial time algorithm, at least not if we do not write down
the LP explicitly. We will now make this statement precise.

To this end, we need a framework for describing linear systems that may be
very large (relative to the size of the combinatorial problem that we want to
solve). For instance, we do not want to list all the 2™ inequalities for the LP-
relaxation of the MST-problem.

Definition 5.21 (Separation problem over an implicitly given polyhedron)
Given a bounded rational polyhedron P C R™ and a rational vector v.€ R™, either
conclude that v € P or, if not, find a rational vector w € R™ such that wix < wly
forallx € P.
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Definition 5.22 (Optimization problem over an implicitly given polyhedron)
Given a bounded rational polyhedron P C R™ and a rational objective vector c, either

find x* € P maximizing c"x over P or conclude that P is empty.

A famous theorem of Grotschel, Lovasz and Schrijver [GLS88] says that the
separation problem is polynomial time solvable if and only if the correspond-
ing optimization problem is. To make this statement more precise, we need a
bit of notation.

We consider classes of polyhedra P = {P, : 0 € O}, where O is some collection
of objects. For instance, O can be the collection of all graphs, and for a fixed
o € O, P, is the convex hull of all incidence vectors of spanning trees of o.
The class P of polyhedra is called proper, if for each o € O we can compute
in polynomial time (with respect to the size of o) positive integers n, and s,
such that P, C R™° and P, can be described by a linear system of inequalities
each of which has encoding size at most s,.

Example 5.23
We consider the LP-relaxation of the IP-formulation for the MST-problem from
Example[[I0 that is, the LP obtained by dropping the integrality constraints:

(5.2a) min Z CeXe
eckE

(5.2b) Y xe>1 forallg c ScCV
ecd(S)

(5.2¢) 0<x<1

The class of polyhedra associated with (E2) MST-problem is proper. Given the
graph (object) o = G = (V, E), the dimension where the polytope P, lives in
is m = |E|, the number of edges of G. Clearly, m can be computed in polyno-
mial time. Moreover each of the inequalities (B.2B) has encoding size at most
m + 1, since we need to specify at most m variables to sum up. Each of the
inequalities (B.Zd) has also size at most m + 1. <

We say that the separation problem is polynomial time solvable for a proper class
of polyhedra P, if there exists an algorithm that solves the separation problem
for each P, € P in time polynomial in the size of o and the given rational
vector v € R™°. The optimiziation problem over P is polynomial time solvable,
if there exists a polynomial time algorithm for solving any instance (P, c) of
the optimization problem, where o € O and c is a rational vector in R™°.

The exact statement of the theorem of Grotschel, Lovasz and Schrijver [GLS88]
is as follows:

Theorem 5.24 For any proper class of polyhedra, the optimization problem is poly-
nomial time solvable if and only if the separation problem is polynomial time solvable.

The proof is beyond the scope of these lecture notes, and we refer the reader
to [GLS88, INW99] for details. We close this section with an example to give a
flavor of the application of this result.

Example 5.25
Consider again the LP-relaxation of the IP-formulation for the MST-problem.
We have already seen that the class of polytopes associate with this problem
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is proper. We show that we can solve the separation problem in polynomial
time. To this end, let v € RE be a vector. We have to check whether x € P, and
if not, find a violated inequality.

As a first step, we check the 2n constraints 0 < v, < 1forall e € E. Clearly, we
can do this in polynomial time. If we find a violated inequality, we are already
done. The more difficult part is to check the 2™ —2 constraints Zee 5(5) Ve = 1.

Consider the graph G = (V, E) with edge weights given by v, that is, edge e has
weight ve. Then, the constraints 3 . 55y Ve > 1for @ C S C V say that with
respect to this weighing, G must not have a cut of weight less than 1. Thus,
we solve a minimum cut problem in G with edge weights v. If the minimum
cut has weight at least 1, we know that v satisfies all constraints. In the other
case, if S is one side of the minimum cut, which has weight less than 1, then
2 ccs(s)Ve = 11is a violated inequality. Since we can solve the minimum
cut problem in polynomial time, we can now solve the separation problem in
polynomial time, too.

By the result in Theorem B.24] it now follows that we can solve the optimiza-
tion problem (E2) in polynomial time. <






Relaxations and Bounds

6.1 Optimality and Relaxations

Suppose that we are given an IP
z=max{c'x:x € X},

where X = {x: Ax < b,x € Z"} and a vector x* € X which is a candidate for
optimality. Is there a way we can prove that x* is optimal? In the realm of
Linear Programming the Duality Theorem provides a nice characterization of
optimality. Similarly, the concept of complementary slackness is useful for
(continuous) Linear Programs.

Unfortunately, there a no such nice characterizations of optimality for Integer
Linear Programs. However, there is a simple concept that sometimes suffices
to prove optimality, namely the concept of bounding with the help of upper
and lower bounds. If we are given a lower bound z < z and an upper bound
z < z and we know that Z — z < ¢ for some ¢ > 0, then we have enclosed the
optimal function value within an accuracy of ¢. Moreover, if Z = z, then we
have found an optimal solution.

In particular, consider the case mentioned at the beginning of this section, we
had a candidate x* for optimality. Then, z = ¢'x* is a lower bound for the
optimal solution value z. If we are able to find an upper bound z such that
c'x* =z, we have shown that x* is an optimal solution.

In the case of maximization (minimization) problems lower (upper) bounds
are usually called primal bounds, whereas upper (lower) bounds are referred to
as dual bounds.

In the sequel we consider the case of a maximization problem
max{ch:xe XCR"},
the case of a minimization problem is analogous.
Primal bounds Every feasible solution x € X provides a lower bound z = ¢"x
for the optimal objective function value z. This is the only known way to

establish primal bounds and the reason behind the name: every primal
bound goes with a feasible solution for the (primal) problem.

Sometimes, it is hard to find a feasible solution. However, sometimes
we can find a feasible solution (and thus a lower bound) almost trivially.
For instance, in the traveling salesman problem (see Example [L8), any
permutation of the cities gives a feasible solution.
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Dual bounds In order to find upper bounds one usually replaces the opti-
mization problem by a simpler problem, whose optimization value is at
least as large as z. For the “easier” problem one either optimizes over a
larger set or one replaces the objective function by a version with larger
value everywhere.

The most useful concept for proving dual bounds is that of a relaxation:

Definition 6.1 (Relaxation)
Consider the following two optimization problems:

(IP) z=max{c'x:x € XCR"}
(RP) zRP = max{f(x):x e TC R"}

The problem RP is called a relaxation of IP if X C T and f(x) > c¢"x for all x € X.

Clearly, if RP is a relaxation of IP, then ZRP > 7. We collect this property and a
few more easy but useful observations:

Observation 6.2 Let RP be a relaxation of IP. Then, the following properties hold:

(i) zRP > 2z
(ii) If RP is infeasible, then IP is also infeasible.

(iii) Suppose that x* is a feasible solution to RP. If x* € X and f(x*) = c"x*, then
x* is also optimal for IP.

One of the most useful relaxations of integer programs are the linear program-
ming relaxations:

Definition 6.3 (Linear Programming relaxation)
The Linear Programming relaxation of the IP max {c"x:x € PNZ} with for-
mulation P = {x : Ax < b} is the Linear Program z' = max {c¢"x : x € P}.

Example 6.4
Consider the following slight modification of the IP from Example (the
only modification is in the objective function):

z=max — 2x1+5x2
2xo —3x1 <2
X1 +x2 <5
1<x1<3
1<x;<3
X1,X2 €7Z

A primal bound is obtained by observing that (2, 3) is feasible for the IP which
givesz = —2-2+5-3 =11 < z. We obtain a dual bound by solving the LP
relaxation. This relaxation has an optimal solution (4/3,3) with value z** =
37/3. Hence, we have an upper bound z = 37/3 > z. But we can improve this
upper bound slightly. Observe that for integral x;,x2 the objective function
value is also integral. Hence, if z < 37/3 we also have z < |37/3] = 12 (in fact

we have z = 11). <
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Figure 6.1: Feasible region for the LP-relaxation in Example [o.4 and feasible
set of the IP.

Example 6.5 (Knapsack Problem)

Consider the Linear Programming relaxation of the Knapsack Problem (KNAPSACK)

from Example
mn
max Z CiXi
i=1
mn
Z aiXi S b
i=1

0<x <1 fori=1,...,n.

In this relaxation we are not required to either pack an item i or not pack it,
but we are allowed to pack an arbitrary fraction 0 < x; < 1 of the item into
the knapsack. Although we could solve the LP-relaxation by standard Linear
Programming methods, this is in fact overkill! Suppose that we sort the items
into nonincreasing order according to their “bang-for-the-buck-ratio” c;/a;.
Without loss of generality we assume now thatc;/a; > c2/a; > -+ > cn/an.
Let ig be the largest index such that 21021 ai <b. Wepackallitems 1,..., 1
completely (xi = 1fori =1,...,10) and fill the remaining empty space s =
b — Y %, a; with s/ai, 41 units of item ip + 1 (xig41 = s/aiz4+1). All other
items stay completely out of the knapsack. It is easy to see that this in fact
yields an optimal (fractional) packing. <

We turn to the relation between formulations and the quality of Linear Pro-
gramming relaxations:

Lemma 6.6 Let Py and P, be formulations for the set X C R™, where Py is bet-
ter than P,. Consider the integer program z'¥ = max {c¢"x : x € X} and denote by
zt? = max {c"x : x € P} for i = 1,2 the values of the associated Linear Program-

ming relaxations. Then we have
2P < ZIP < AP

for all vectors ¢ € R™.
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Proof: The result immediately follows from the fact that X C Py C P,. O

Example 6.7
By using the formulation given in Example .4l we obtained an upper bound
of 12 for the optimal value of the IP. If we use the ideal formulation

z=max 2x7+5%x;
x1+x2 <5
—x71+x2 <1
1<% <3
1<x;,<3

X1,X2 cZ

then we obtain the optimal solution for the relaxation (2,3) with objective
function value 11. Thus, (2, 3) is an optimal solution for the original IP. <

6.2 Combinatorial Relaxations

Sometimes the relaxation of a problem is a combinatorial optimization prob-
lem. In this case we speak of a combinatorial relaxation. We have already seen an
example of such a problem in Example[e.3 where the LP-relaxation of KNAP-
SACK turned out to be solvable by combinatorial methods. Combinatorial
relaxations are particularly nice if we can solve them in polynomial time.

Example 6.8 (Traveling Salesman Problem)
Consider the TSP from Example[[.§

n n

min ZZcﬁxii
i=1j=1
in]-:1 fori=1,...,n
oAl
in]-:1 forj=1,...,n
nes

6.1) PR TEINES forall c S cC V.

ieS jes
x € 1)

Observe that if we drop the subtour elimination constraints ) we have in
fact an assignment problem. An assignment in a directed graph G = (V,;A) isa
subset T C A of the arcs such that for each vertex v € V we have either exactly
one outgoing arc or exactly one incoming arc. If we interprete the TSP in the
graph theoretic setting as we already did in Example L8 we get:

z'> = min Z cij : T forms a tour
(Li)eT

> min Z cij : T forms an assignment
(i,j)eT
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Assignments in directed graphs are an analogon to matchings in undirected
graphs. Matchings will play an important role througout our lecture notes,
one reason being that a theorem by Edmonds about perfect matching polyhe-
dra sparked the interest in polyhedral combinatorics.

Definition 6.9 (Matching, perfect matching)

Let G = (V,E) be an undirected graph. A matching in G is a subset M C E of
the edges of G such that no two edges in M share an endpoint. A matching is called
petfect, if for each v € V there is one edge in M that is incident to v.

We remark here that we can decide in polynomial time whether a given graph
has a perfect matching. We can also compute a perfect matching of minimum
weight in polynomial time.

Example 6.10 (Symmetric Traveling Salesman Problem)

If in the Tsp all distances are symmetric, that is ci; = cj; for all i,j, one speaks
of a symmetric traveling salesman problem. This problem is best modelled on a
complete undirected graph G = (V| E). Each tour corresponds to a Hamilto-
nian cycle in G, that is, a cycle which touches each vertex exactly once.

Observe that every TsP-tour (i.e., a Hamiltonian cycle) also contains a span-
ning tree: If we remove one edge of the tour we obtain a path, a somewhat
degenerated spanning tree. Hence, the problem of finding a minimum span-
ning tree in G = (V, E) with edge weights ci; is a relaxation of the symmetric

Tsp:
ZTSP Z ZMST.

Recall that a minimum spanning tree can be computed in polynomial time for
instance by Kruskal’s algorithm. <

The relaxation in the previous example can actually be used to prove an im-
proved lower bound on the length of the optimal TsP-tour. Suppose that we
are given an instance of the symmetric TSP where the distances satisfy the
triangle inequality, that is, we have

Cij < Cik + Ckj forall i,j, k.

Let T be a minimum spanning tree in G = (V, E) and let O denote the subset of
the vertices which have an odd degree in T. Observe that O contains an even
number of vertices, since the sum of all degreesin T sums up to 2(n—1) which
is even. Build a complete auxiliary graph H = (O, Eg) where the weight of
an edge (u,V) coincides with the corresponding edgeweight in G. Since H
contains an even number of vertices and is complete, there exists a perfect
matching M in H. We can compute a perfect matching with minimum weight
in H in polynomial time.

Lemma 6.11 The total weight c(M) = 3\ Ce of the minimum weight perfect
matching in H is at most 1/2z™".

Proof: Let O = (v1,...,v2k) be the sequence of odd degree vertices in T in the
order as they are visited by the optimum TspP-tour T*. Consider the following
two perfect matchings in H:

My ={(v1,v2), (v3,va),..., (Vax—1,V2x)}
Mz ={(v2,v3), (v4,V5),..., (Vak,v1)}
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Figure[p.2 shows an illustration of the matchings M and M. By the triangle
inequality we have c¢(T*) > ¢(M1) 4+ ¢(M3), so that at least one of the two
matchings has weight at most 1/2¢(T*). Thus, the minimum weight perfect
matching must have weight at most 1/2c(T*). O

(a) The Tsp-tour.

¢ .
¢ A

L4 A
L4 A

(b) The two matchings

Figure 6.2: The two matchings constructed in Lemma from the optimal
Tsp-tour. Matching M contains all the solid edges, M; all the dashed ones.

Consider the graph G = (V, T U M) obtained by adding the edges of the min-
imum weight perfect matching M to the spanning tree T (see Figure B3(c)).
Then, by construction any node in G has even degree. Since G is also con-
nected (by the fact that it contains a spanning tree), it follows that G is Eule-
rian (see e.g. [Har72, [AMQO93]), that is, it contains a cycle W which traverses
every edge exactly once. We have that

(6.2) c(W) = W;Vc(e) =c(T) +c(M) < 2T + %ZTSP = %ZTSP.

In other words, %C(W) < z™" is a lower bound for the optimal TsP-tour.
Moreover, we can convert the cycle W into a feasible tour T’ by “shortcut-
ting” the Eulerian cycle: we start to follow W at node 1. If we have reached
some node i, we continue to the first subsequent node in W which we have
not visited yet. Due to the triangle inequality, the tour obtained this way has
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weight at most that of W which by @2) is at most 3/2z™". The algorithm we
just described is known as Christofides’ algorithm. Figure[e.3 shows an example
of the execution. Let T’ be the tour found by the algorithm. By @.2) we know
that

%c(T’) <z < ¢(T).

We summarize our results:

Theorem 6.12 Given any instance of the symmetric TSP with triangle inequality,
Christofides” algorithm returns a tour of length at most 3/2z'". 0

O—0—=0 ® -0
@ . ®
S :

OR0 ® @

~

®

(a) The minimum spanning tree T. (b) The mimimum weight perfect
matching M on the vertices in T with
odd degree.

®

(c) The Eulerian graph G = (V, TUM). (d) The approximate tour T’ obtained
by shortcutting.

Figure 6.3: Example of the execution of Christofides” algorithm for the sym-
metric TSP with triangle inequality.

Christofides” algorithm falls in the class of approximation algorithms. Those are
algorithms with provable worst-case performance guarantees.

Example 6.13 (1-Tree relaxation for the symmetric TSP)

Another relaxation of the symmetric TSP is obtained by the following obser-
vation: Every tour consists of two edges incident to node 1 and a path through
nodes {2,...,n} (in some order). Observe that every path is also a tree. Call a
subgraph T of G = (V, E) a 1-tree, if T consists of two edges incident on node 1
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and the edges of a tree on nodes {2, ..., n}. We get:

Z'" = min {Z ce:Tisa tour}

ecT

min {Z ce:Tisa 1—tree}
ecT
—. Z1-Tree

(6.3)

Y

The problem in (@.3) is called the 1-tree relaxation of the (symmetric) TSP. Ob-
serve that we can find an optimal 1-tree easily in polynomial time: Let e, f € E
with e # f be the two lightest edges incident with 1 and let H = G \ {1} be
the graph obtained from G by removing vertex 1. Then, the weight of an op-
timal 1-tree is c. + ¢ + MST(H), where MST(H) is the weight of a minimum
spanning tree in H. <

6.3 Lagrangian Relaxation

The shortest path problem consists of finding a path of minimum weight be-
tween given vertices s and t in a directed (or undirected) graph G. Here, we
consider the directed version, that is, we are given a directed graph G = (V, A)
with arc weights c: A — R,. We set up binary variables x(i,j) for (i,j) € A
where x(i,j) = 1 if the path from s to t uses arc (i,j). Then, the shortest path
problem (which is a special case of the minimum cost flow problem) can be
written as the following IP:

min Y c(i,j)x(i,])

(i,j)eA
1 ifi=t
(6.4) > xG,1) - x(1,j) =< =1 ifi=s
j:(G,1) €A (1)) eA 0 otherwise
x € BA

The mass balance constraints (&.4) ensure that any feasible solution contains a
path from s to t. Now, the shortest path problem can be solved very efficiently
by combinatorial algorithms. For instance, Dijkstra’s algorithm implemented
with Fibonacci-heaps runs in time O(m+nlogn), wheren = [V|and m = |A|.
In other words, the above IP is “easy” to solve.

Now, consider the addition of the following constraint to the IP: in addition
to the arc weights c: A — R, we are also given a second set of arc costs
d: A — Ry. Given a budget B we wish to find a shortest (s, t)-path with
respect to the c-weights subject to the constraint that the d-cost of the path
is at most B. This problem is known as the resource constrained shortest path
problem (RCSP).

Lemma 6.14 The RCSP is NP-hard to solve.

Proof: We show the claim by providing a polynomial time reduction from
KNAPSACK, which is known to be NP-complete to solve. Given an instance
of KNAPSACK with items {1,...,n} we construct a directed acyclic graph for
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the RCSP as depicted in Figure 64l Let Z := max{c; : i = 1,...,n}. For each
i=1,...,n there are two arcs ending at node i. One represents the action that
item 1i is packed and has c-weight Z — ¢; > 0 and d-weight a;. The other arc
corresponds to the case when item i is not packed into the knapsack and has
c-weight Z and d-weight 0. We set the budget in the RCSP to be D := b, where
b is the bound specified in the instance of KNAPSACK. It is now easy to see
that there is a path P from s to t of c-weight at most nZ — u and d-weight at
most b, if and only if we can pack items of profit at least u into the knapsack
of size b.

........... ®—0®

Figure 6.4: Graph used in the proof of NP-completeness of the RCSP

O

Apparently, the addition of the constraint ) (ij)eA d(i,7)x(1,j) < B makes our
life much harder! Essentially, we are in the situation, where we are given an
integer program of the following form:

(6.5a) z =maxc'x
(6.5b) Dx<d
(6.5¢) x € X,

with X = {Ax <b,x € Z"} and Dx < d are some “complicating constraints”
(D is a k x n matrix and d € R¥).

Of course, we can easily obtain a relaxation of (6.5) by simply dropping the
complicating constraints Dx < d. However, this might give us very bad
bounds. Consider for instance the RCSP depicted in Figure If we respect
the budget constraint } ., daxa < B, then the length of the shortest path
from s to t is Q. Dropping the constraint allows the shortest path consisting
of arc a; which has length 1.

Cay =1,do, =B+1

@__©®

Ca, =0,dg, =1

Figure 6.5: A simple RCSP where dropping the constraint ) daxqa < B

leads to a weak lower bound.

acA

An alternative to dropping the constraints is to incorporate them into the ob-
jective function with the help of Lagrange multipliers:
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Definition 6.15 (Langrangean Relaxation)
For a vector uw € R the Lagrangean relaxation IP(u) for the IP (&0 is defined as
the following optimization problem:

(6.6a) IP(u) z(u)=max c'x+u'(d—Dx)
(6.6b) x € X

We note that there is no “unique” Lagrangean relaxation, since we are free
to include or exclude some constraints by the definition of the set X. The
relaxation IP(u) as defined above is usually called the relaxation obtained by
relaxing the constraints Dx < d. The vector u > 0 is referred to as the price, dual
variable or Lagrangian multiplier associated with the constraints Dx < d.

Lemma 6.16 For any u > 0, the problem IP(u) is a relaxation of the IP (&0).

Proof: The fact that any feasible solution to the IP is also feasible to IP(u)
is trivial: X D {x:Dx < d,x € X}. If x is feasible for the IP, then Dx < d or
d—Dx > 0. Since u > O we have u' (d—Dx) > 0and thusc"x+u'(d—Dx) >
c"x as required. O

Consider again the RCsp. What happens, if we relax the budget constraint
2 (ij)ea 4(1,3)x(i,j) < B? For u € R, the Lagrangean relaxation is

min Y e(i,ix(,i)+u | Y d{i,i)x(i,j)—B

(i,j)EA (i,j)EA

1 ifi=t
> oxG,0- Y x(i)={-1 ifi=s
i, 1) eA (1)) eA 0 otherwise
x € BA.

If we rearrange the terms in the objective function, we obtain

S (cli,i) +ud(i,j)x(i,) — uB.
(1,j)EA

In other words, IP(u) asks for a path P from s to t minimizing } . p(ca +
udq) —uB. If u > 0 is fixed, this is the same as minimizing ) p(cq +uda).
Hence, IP(u) is a (standard) shortest path problem with weights (c +ud) on
the arcs.

We have seen that IP(u) is a relaxation of IP for every u > 0, in particular
z(u) > zZ". In order to get the best upper bound for z'¥ we can optimize
over u, that is, we solve the Lagrangean Dual Problem:

(6.7) (LD) wrp = min{z(u) : u > 0}.

Lemma 6.17 Let u > 0 and x(u) be an optimal solution for IP(u). Suppose that the
following two conditions hold:

(i) Dx(u) < d (that is, x is feasible for IP);

(i) (Dx(u)); = dj if uy > 0 (that is, x is complementary fo u).
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Then, x(u) is an optimal solution for the original IP.

Proof: Since x(u) is feasible for IP, we have c"x(u) < z. On the other hand

z<c'x(u) +u'(d—Dx(u) (by Lemma [6.T6)
=cx(u) + Z ui (Dx(u) —d); (by assumption (ii))
=c'x(u)
Thus, c"x(u) = z and x(u) is optimal as claimed. ]

Observe that if we dualize some equality constraints Dx = d, then the La-
grange multiplier u is unrestricted in sign. In this case, the Lagrangean dual
becomes:

(6.8) (LD) wip =min{z(u):u e R™}.

Moreover, in this case, assumption (ii) of Lemma is automatically satis-
fied. Hence, if x(u) is feasible for the IP, then x(u) is also optimal.

What kind of bounds can we expect from LD? The following theorem ad-
dresses this question:

Theorem 6.18 Let X = {x: Ax < b,x € Z"} where A and b are rational, and let z
denote the optimal value of the IP (&0):

z:max{cTX: Dx < x,x € X}
Then for the value of the Lagrangean dual as defined in (&) we have:

wWip = max{ch :Dx<d,x e ConV(X)} > z.

Proof: We have:
wrp = min{z(u) : u > 0}
= minmax {c"x +u’(d — Dx) : x € X}
u>0
=minmax {(c —D"u)'x+u'd:x € X}
u>0

=minmax {c'x +u'(d—Dx) : x € conv(X)},
u>0

where the last equality follows from the fact that the objective function is lin-

ear. If X = @, then conv(X) = @ and wp = —oo since the inner maximum is
taken over the empty set for every u. Since z = —oo, the result holds in this
case.

If X # @ by Theorem conv(X) is a rational polyhedron. Let x*, k € K be
the extreme points and 1/, j € ] be the extreme rays of conv(X). Fix u > 0. We
have

z(u) = max {c'x+u' (d —Dx) : x € conv(X)}

RS if (¢" —u"D)r > 0 for somej €]
] eTx*+uT(d—Dx¥) forsome k € K otherwise.
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Since for the minimization of z(u) it suffices to consider the case of finite z(u),
we have

wip = min maxc'x¥+u'(d—Dx¥)
u>0:(cT—uTD)ri<0forj € J keK

We can restate the last problem as follows:

(6.9a) wrp = mint

(6.9b) t+ (Dx*—d)Tu>c"x*fork e K
(6.9¢) (D) Tu>cT forj e
(6.9d) ueRMteR

Observe that the problem (.9) is a Linear Program. Hence by Linear Program-
ming duality (cf. Theorem 8) we get:

WLp =max Z o T XX + Z BicTr

kekK je]
Z Xk = 1
kekK
D o(DxF—d)+ ) By <0
keK j€]

ax,B; >0, forkeK,je]

Rearranging terms this leads to:

WwLp =maxc' Z x4+ Z Bsr’

kekK je]
S =
keK
D Z oxk +Z [?)jTj < d(Z oK)
keK jeJ keK

(Xk,Bj >0, forkekK,je]

Since any point of the form } | ockxk—i-zj e B;1) isin conv(X) (cf. Minkowski’s
Theorem), this gives us:

wip = max {c"x : x € conv(X),Dx < d}.

This completes the proof. O

Theorem [B.I8 tells us exactly how strong the Langrangean dual is. Under
some circumstances, the bounds provided are no better than that of the LP-
relaxation: More precisely, if conv(X) = {x: Ax < b}, then by Theorem
wip = max{c"x: Ax < b,Dx < d} and wyp is exactly the value of the LP-
relaxation of @&H):

2"’ = max {CTX :Ax <b,Dx < d}
However, since

conv(X) =conv{x € Z™ : Ax < b} C {x € R™": Ax < b},
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we always have
z<wp <2

and in most cases we will have wip < z'T. In Chapter Ml we will learn more
about Lagrangean duality. In particular, we will be concerned with the ques-
tion how to solve the Lagrangean dual.

Example 6.19 (Lagrangean relaxation for the symmetric TSP)
The symmetric TSP can be restated as the following Integer Linear Program:

(6.10a) 2 = min Z CeXe
eckE

(6.10b) D> xe=2forallieV
e€d(i)

(6.10¢) > xe<IS|—1, forall 2 <|S| < V| -1
ecE(S)

(6.10d) x € BE

Here 5(i) denotes the set of edges incident with node i and E(S) is the set of
edges that have both endpoints in S.

Let x be any feasible solution to the LP-relaxation of €I0). Let S C V with
2<IS| <|VI—1and S = V\ S. We denote by (S,S) the set of edges which
have one endpoint in S and the other one in S. Due to the constraints (&.J0B)
we have:

S| = Z Z Xe-

165)65
Hence,
‘S‘_ er—_ZZXe_ er
ecE(S ieSjed(i ecE(S
(6.11) :% > e

(6.12) S| — Z Xe =

From @II) and @I2) we conclude that ZeeE(S) Xe < |S| — 1 if and only if
ZeeE (5) Xe < IS| — 1. This calculation shows that in fact half of the subtour
elimination constraints (&.I0D) are redundant. As a consequence, we can drop
all subtour constraints with 1 € S. This gives us the equivalent integer pro-
gram:

(6.13a) 2™ = min Z CeXe

eckE

(6.13b) D> xe=2forallicV
ecd(i)

(6.13¢) D> xe<IS|—1, forall2<|S| < [V|—1,1¢5S
ecE(S)

(6.13d) x € BE
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If we sum up all the constraints (€.I3B) we get 2 Y eck Xe = 2n, since every
edge is counted exactly twice. Now comes our Lagrangean relaxation: We du-
alize all degree constraints (@.I3D) in &I3) but leave the degree constraint for
node 1. We also add the constraint } ¢ xe = n. This gives us the following
relaxation:

(6.14a) z(u) = min Z (cyy —uwg —uy)xe +2 Z uq

(i,j)€E iev
(6.14b) > xe=2
ecd(1)
(6.14¢) D> xe <IS|—1, forall2 <|S|<[V|—1,1¢S
ecE(S)
(6.14d) Y xe=m
eckE
(6.14e) x € BF

Let us have a closer look at the relaxation (&.I4). Every feasible solution T has
two edges incident with node 1 by constraint (¢.14D). By constraint (&.14d),
the solution must consist of exactly n edges and hence has a cycle. By con-
straints (&.J4d), T can not contain a cycle that does not contain node 1. Thus,
if we remove one edge incident to 1, then T is cycle free and must contain a
spanning tree on the vertices {2,...,n}. To summarize, the feasible solutions
for ©I4) are exactly the 1-trees. We have already seen in Example that
we can compute a minimum weight 1-tree in polynomial time. Hence, the
relaxation (.14) is particularly interesting. <

6.4 Duality

As mentioned at the beginning of Chapter [} for Linear Programs the Dual-
ity Theorem is a convenient way of proving optimality or, more general, for
proving upper and lower bounds for an optimization problem. We are now
going to introduce the concept of duality in a more general sense.

Definition 6.20 ((Weak) dual pair of optimization problems)
The two optimization problems:

(IP) z =max{c(x):x € X}
(D) w=min{w(y):y €Y}

for a (weak-) dual pair, if c(x) < w(y) forallx € Xandally € Y. If z=w, then
we say that the problem form a strong-dual pair.

By the Duality Theorem of Linear Programming, the both problems

(P)max{c’x:x € Ax < b}
(D)min{b'y :y € Q}

form a strong-dual pair.
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Example 6.21 (Matching and vertex cover)
Given an undirected graph G = (V,E), the following two problems form a
weak-dual pair:
max{/M|: M C E is a matching in G}
min{|C|: C C Vs a vertex cover in G}

In fact, let M C E be a matching in G and C C V a vertex cover. Since M
is a matching, the edges in M do not share a common endpoint. Thus, since
C must contain at least one endpoint for each e € M (and all of the 2|M|
endpoints are different as we have just seen), we get that |C| > [M|.

Do the two problems form a strong-dual pair? The answer is no: Figure
shows an example of a graph, where the maximum size matching has cardi-
nality 1, but the minimum vertex cover has size 2. After a moment’s thought,
it would be very surprising if the two problems formed a strong-dual pair:
the vertex-cover problem is NP-hard to solve, whereas the matching problem
is solvable in polynomial time. <

€1 €2

€3

Figure 6.6: A graph where the maximum matching has size 1, but the mini-
mum vertex cover has size 2.

Lemma 6.22 The Integer Linear Program max {c'x:Ax <b,x € Z™} and the
Linear Program min {bTy : ATy > ¢,y € RT"} form a weak dual pair. Moreover,
also the two Integer Linear Programs

max {c'x:Ax < b,x € Z"}
min {b'y: ATy >c,y € ZT'}
form a weak dual pair.

Proof: We have
max{ch tAx <b,x€Z"} < max{ch :Ax <b,xeR"}
=min{b'y: ATy >c,y eRT}
<min{b'y: ATy >c,y ez},
where the equality follows from the Duality Theorem of Linear Program-

ming. a

Example 6.23 (Matching and vertex cover (continued))
We formulate the maximum cardinality matching problem as an integer pro-
gram:

(6.15) zZ = max Z Xe
eckE

(6.16) > xe<1, forallveV
e:e€d(v)

(6.17) x € BE
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Let zI¥ be the value of the LP-relaxation of (&I5) obtained by dropping the
integrality constraints. The dual of the LP-relaxation is

(6.18) WP = min Z Yy

vev
(6.19) Xu+x,>1, foralle = (u,v) € E
(6.20) x > 0.

If we put integrality constraints on (&.I8) we obtain the vertex cover problem.
Let w denote the optimal value of this problem. We then have z < zM' =
WP < w. This is an alternative proof for the fact that the matching problem
and the vertex cover problem form a weakly dual pair.

Consider again the graph depicted in Figure We have already seen that
for this graph z = 1 and w = 2. Moreover, the Linear Programming relaxation
is

maxXe; + Xe, + Xey
Xe, +Xe, <1
Xey + Xey <1
Xe, +Xey <1

X21 )XEZ)X23 2 O

The vector x¢, = Xe, = Xe; = 1/2 is feasible for this relaxation with objective
function value 3/2. The dual of the LP is

miny; + Y2 + Y3
y1+yz>1
y2+ys >1
y1+ys>1
Y1,Y2,Y3 > 0

so that y1 = y» = y3 = 1/2 is feasible for the dual. Hence we have z/¥ =

wtl = 3/2. <
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7.1 Shortest Paths Revisited

Suppose that we are given a directed graph G = (V,A) with arc lengths
c: A — R, and we wish to compute a shortest paths from a distinguished
source node s to all other vertices v € V. Let d(v) denote the shortest path
distance from s to v with respect to c.

Suppose the shortest path from s to v passes through some intermediate
node u (see Figure[ZTlfor an illustration). What can we say about the paths Ps,,
and Py, from s to u and from u to v? Clearly, Ps,, must be a shortest (s, u)-
path since otherwise we could replace it by a shorter one which together with
P.» would form a shorter path from s to v. The same arguments show that
P..» must be a shortest (u, v)-path.

The above observations are known as the Bellman principle of optimality: any
subpath (any partial solution) of a shortest path (of an optimal solution) must
be a shortest path (an optimal solution of a subproblem) itself.

Letv € V\ {s}. If we apply the Bellman principle to all predecessors u of v,
that is, to all u such that (u,v) € A we get the following recurrences for the
shortest path distances:

(7.1) div)= min d(u)+ c(u,v).
w:(u,v)EA

Equation (Z]) states that, if we know the shortest path distance d(u) from s
to all predecessors u of v, then we can easily compute the shortest path dis-
tance d(v). Unfortunately, it may be the case that in order to compute d(u) we

/2
e

Figure 7.1: A shortest path from s to v that passes through the intermediate
node u. The subpath from s to u must be a shortest (s, u)-path.
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also need d(v), because v in turn is a predecessor of u. So, for general graphs,
@Z1) does not yet give us a method for solving the shortest path problem.

There is, however, one important class of graphs, where (ZI)) can be used such
as to obtain a very efficient algorithm.

Definition 7.1 (Directed acyclic graph (DAG))
A directed acyclic graph (DAG) is a graph that does not contain a directed cycle.

DAGs allow a special ordering of the vertices defined below:

Definition 7.2 (Topological sorting)

Let G = (V, A) be a directed graph. A bijection f: V. — {1,...,n} is called a topo-
logical sorting of G if for all (u,v) € A we have f(u) < f(v).

The proof of the following fact is left as an exercise:

Theorem 7.3 Let G = (V, A) be a directed graph. Then, G has a topological sorting

if and only if G is acyclic. If G is acyclic, the topological sorting can be computed in
linear time.

Proof: Exercise. O

Suppose that G is a DAG and that f is a topological sorting (which by the
previous theorem can be obtained in linear time O(n + m), where n = V|
and m = |A]). For the sake of a simpler notation we assume that the vertices

are already numbered v1, ..., vy according to the topological sorting, that is,
f(vi) = i. We can now use (ZI) by computing d(vi) = 0 in order of increas-
ingi=1,...,n. Inorder to compute d(vi) we need values d(v;) wherej < i

and these have already been computed. Thus, in case of a DAG (Z]) leads to
an algorithm which can be seen to run in total time O(n + m).

In our algorithm above we have calculated the solution value of a problem re-
cursively from the optimal values of slightly different problems. This method
is known as dynamic programming. We will see in this chapter that this method
can be used to obtain optimal solutions to many problems. As a first step we
go back to the shortest path problem but we now consider the case of general
graphs. As we have already remarked above, the recursion (Z1)) is not directly
useful in this case. We need to somehow enforce an ordering on the vertices
such as to get a usable recursion.

Let di(v) be the length of a shortest path from s to v using at most k arcs.
Then, we have

(7.2) dx(v) = min {dk_1 (v), min dg_q(u)+ c(u,v)} .

w:(u,v)eEA

Now, the recurrence ([Z2) gives us a way to compute the shortest path dis-
tances in time O((n + m)m). We first compute d;(v) for all v which is easy.
Once we know all values di_1, we can use ([Z2) to compute di(v) forallv € V
in time O(n+m) (every arc has to be considered exactly once). Since the range
of kis from 1 to n— 1 (every path with at least n arcs contains a cycle and thus
can not be shortest), we get the promised running time of O(n(n + m)) =
On? +nm).

The general tune of a dynamic programming algorithm is the following: We
compute a solution value recursively from the values of modified problems.
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The problems that we compute solutions for are referred to as states, the or-
dering in which we compute these are usually called stages. We can imagine
a dynamic programming algorithm as filling in the values in a table which is
indexed by the states. In a stage we compute one table entry from other table
entries which have been computed earlier.

7.2 Knapsack Problems

Consider the KNAPSACK problem (see Example [L3 on pageD):

n
(7.3a) z = max Z CiXi
i=1
n
(7.3b) D> axi<b
i=1
(7.3c) x € B"

Let us set up a dynamic programming algorithm for KNAPSACK. The states
are subproblems Py (A) of the form

k
(7.4a) (Pr(A))  fx(A) = max Z CiXi
i=1
k
(7.4b) D axi <A
i=1
(7.4¢) x € B¥

More verbosely, the problem Py(A) consists of getting the maximum profit
from items 1,...,k where the size of the knapsack is A. We have z = f,, (b),
thus we get the optimal value once all fi(A) fork =1,...,n,A =0,... b are
known.

We need a recursion to calculate the fi(A). Consider an optimal solution x*
for Py (A).

o If it does not use item k, then it (x7,...,x;_;) is an optimal solution
for Py _1(A), thatis, fi (A) = fr_1(A).

o If the solution uses k, then it uses weight at most A — ayx from items
1,...,k — 1. By the arguments used for the shortest path problem, we
get that (x7,...,x}_;) must be an optimal solution for Py_1(A—ay), that
is, f(A) = fr_1 (A — ax) + cx.

Combining the above two cases yiels the recursion:
(7.5) fi(A) = max{fxr—1(A), fu1 (A — ax) + cxJ.

Thus, once we know all values fx_1 we can compute each value fi (A) in con-
stant time by just inspecting two states. Figure [Zillustrates the computation
of the values fy(A) is they are imagined to be stored in a b x n-table. The kth
column of the table is computed with the help of the entries in the (k — 1)st
column.
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Figure 7.2: Computation of the values fy(A) in the dynamic programming
algorithm for KNAPSACK.

The recursion (Z5) gives a dynamic programming algorithm for KNAPSACK
which runs in total time O(nb) (it is easy to actually set the binary variables
according to the results of the recusion). Observe that this running time is
not polynomial, since the encoding length of an instance of KNAPSACK is only
O(n + nlog amax + nlog cmax + logb).

Let us now consider a generalized version of KNAPSACK, where we are al-
lowed to pack more than one copy of an item. The Integer Knapsack Problem
(INTEGERKNAPSACK) is:

(7.6a) Z = max Z CiXi
i=1

(7.6b) D> axi<b
i=1

(7.60) x € ZY

Analogous to KNAPSACK we can define

3
(7.7a) (Pk(A)  gk(A) =max ) cixi

i=1

k

(7.7b) D axi <A

i=1
(7.7¢) X € Z'j
As before, gn(b) gives us the optimal solution for the whole problem. We
need a recursion to compute the gx(A), k=1,...,n,A=0,...,b.
Let x* be an optimal solution for Py (A). Suppose that xj; = t for some integer
t € Z4. Then, x* uses space at most A — tay for the items 1,...,k — 1. It
follows that (x7,...,xj_;) must be an optimal solution for Py (A —tay). These

observations give us the following recursion:

(7.8) gk(A) = max  {ckt+ gk 1(A—tax)}.
£=0,..., | A/ay |

Notice that [A/ax| < b, since ax is an integer. Thus (Z8) shows how to com-
pute gk (A) in time O(b). This yields an overall time of O(nb?) for the nb val-
ues gx (A).

Let us now be a bit smarter and get a dynamic programming algorithm with
a better running time. The key is to accomplish the computation of g« (A) by
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inspecting only a constant (namely two) previously computed values instead
of ©(b) as in [Z]).

Again, let x* be an optimal solution for Py (A).

o If xi =0, then gx(A) = grk—1(A).

o If x; =t+1forsomet € Z,, then (xj,...,x§ — 1) must be an optimal
solution for Py (A — ay).

The above two cases can be combined into the new recursion

(7.9) gk (A) = max{gk—1(A), gk (A — ax) + cx}.

Observe that the recursion allows us to compute all gy (A) if we compute them
intheorder k = 1,...,nand A = 0,...,b. The total running time is O(nb)
which is the same as for KNAPSACK.

7.3 Problems on Trees

Problems defined on tree structures are natural candidates for dynamic pro-
gramming algorithms. Suppose that we are given a tree T = (V, E) with root r
(cf. Figure[Z3). The ubiquitous theme for applying dynamic programming al-
gorithms on tree structured problems is to solve the problem on T by solving
problems on T,,, i = 1,...,k, where v; are the children of r and T, is the
subtree of T rooted at v;.

Figure 7.3: Recursive solution of a problem on a rooted tree.

We illustrate the construction by considering a specific problem. Suppose that
we are given a tree T = (V,E) with root r profits/costs p: V. — R for the
vertices. The goal is to find a (possibly empty) subtree T’ rooted at r (which
may correspond to some distribution center) such as to maximize the profit,
that is, maximize

fT)= Y pWv

veVv(T’)
For anode v € V let g(v) denote the optimal net profit of a subtree of T, (the
subtree rooted at v). Thus, the optimal solution (value) is obtained from g(r).

We now show how to build a recursion in order to compute g(v) for all ver-
tices v € V. The recursion scheme is typical for dynamic programming algo-
rithms on trees. We compute the values g(v) “bottom up” starting from the
leaves. If v is a leaf, then

(7.10) g(v) = max{0,p(v)}.

Suppose now that v has the children vy, ..., vi and that we have already com-
puted g(vi),i=1,... k. Any subtree T’ of T, is composed of (possibly empty)
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subtrees of T,,. Consider an optimal subtree T* of T,. Any subtree of T, in-
cluded in T* must be an optimal subtree of T, (by Bellman’s principle). Thus,
we get

k
(7.11) g(v) max{o,p(w +Zg(w)},

i=1

where the 0 in the maximum covers the case that the optimal subtree of T, is
empty. Equations (ZI0) and (ZII) now give us a way to compute all the g(v)
in time O(n), where n = |V| is the number of verticesin T.

We now consider a generalization of the problem. In addition to the prof-
its/costs on the vertices, we are also given costs c: E — R on the edges (the
vertices correspond to customers which may be connected by a network that
has to be built at some cost). The problem is now to select a subtree which
maximizes the net profit:

h(T):= )Y pv)— ) cle

veVv(T’) ecE(T/)

Again, we define h(v) to be the optimal profit obtainable in the subtree rooted
atv € V. The problem once more easy for the leaves:

(7.12) h(v) = max{0,p(v)}.

Now consider a non-leaf v with children vy,...,vx. An optimal subtree T*
of T, is once more composed of optimal subtrees of the T,,. But now the sub-
tree T, may only be nonempty if the edge (v, v;) is contained in T*. This gives
us the recursion:

k
(7.13) h(v) = max {O, max Y (h(vi)— c(v,vi))xi} .

Here, x; € B is a decision variable which indicates whether we should include
the optimal subtree of T, in the solution for T,,. It seems like (ZI3) forces us
to evaluate 2k values in order to compute h(v), if v has k children. However,

the problem
K
max » (h(vi) —c(v,vi))xi

xEBK “
i=1

can be solved easily in time O(k): Set x; = 1, if h(vi) — c(v,vi) > 0 and
xi = 0 otherwise. Let deg+ (v) denote the number of children of v in T. Then,
> ,evdeg(v) = n —1, since every edge is counted exactly once. Thus, the
dynamic programming algorithm for the generalized problem runs in time
Oy oy deg'(v)) =0(n?).
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8.1 Divide and Conquer

Suppose that we would like to solve the problem
z=max{c'x:x€S}.

If the above problem is hard to solve, we might try to break it into smaller
problems which are easier to solve.

Observation 8.1 IfS = S;U---USxand z' =max {c"x:x € St} fori=1,... k
thenz =max {z':i=1,... k}.

Although ObservationB.Jlis (almost) trivial, it is the key to branch and bound
methods which turn out to be effective for many integer programming prob-
lems.

The recursive decomposition of S into smaller problems can be represented
by an enumeration tree. Suppose that S C B>. We first divide S into Sp and Sy,
where

So={x€S:x1 =0}
Si={xeS:x;=1}

The sets Sp and S; will be recursively divided into smaller sets as shown in
the enumeration tree in Figure

As a second example consider the tours of a TSP on four cities. Let S denote
the set of all tours. We first divide S into three pieces, S12, S13 and S14, where
S1i C S is the set of all tours which from city 1 go directly to city i. Set Si3
in turn is divided into two pieces S11ij, j # 1,1, where Sy i; is the set of all
tours in Si; which leave city i for city j. The recursive division is depicted in
the enumeration tree in Figure The leaves of the tree correspond to the
(4 —1)! = 3! = 6 possible permutations of {1,...,4} which have 1 at the first
place.

8.2 Pruning Enumeration Trees

It is clear that a complete enumeration soon becomes hopeless even for prob-
lems of medium size. For instance, in the TSP the complete enumeration tree
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Figure 8.1: Enumeration tree for a set S C B4,

[S1223|  [S1224]  [S1za2|  [S1334]  [Swaaz]|  [S1aas]

Figure 8.2: Enumeration tree for the TSP on four cities.
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would have (n — 1)! leaves and thus for n = 60 would be larger than the
estimated number of atoms in the universdl.

The key to efficient algorithms is to “cut off useless parts” of an enumeration
tree. This is where bounds (cf. Chapter [f) come in. The overall scheme ob-
tained is also referred to as implicit enumeration, since most of the time not all
of the enumeration tree is completely unfolded.

Observation 8.2 Let S = S1U...Sandz' =max {c"x:x € S} fori=1,... k
then z = max {z':i=1,... k}. Suppose that we are given z' and z* for i =
1,..., kwith

Z' <z <z fori=1,... k.

Then for z = max {c"x : x € S} it is true that:

max{z':i=1,...,k} <z<max{z':i=1,... k}

The above observation enables us to deduce rules how to prune the enumeration
tree.

Observation 8.3 (Pruning by optimality) If z' = z' for some i, then the optimal
solution value for the ith subproblem z* = max {c'x : x € S} is known and there is
no need to subdivide S; into smaller pieces.

As an example consider the situation depicted in Figure The set S is di-
vided into S7 and S, with the upper and lower bounds as shown.

z=25
z =20

& &
zZ2 =15
Figure 8.3: Pruning by optimality.

Since z' = z!, there is no need to further explore the branch rooted at S1. So,
this branch can be pruned by optimality. Moreover, Observation B2 allows us
to get new lower and upper bounds for z as shown in the figure.

Observation 8.4 (Pruning by bound) If z' < 2’ for some i # j, then the optimal
solution value for the ith subproblem z* = max {c"x : x € Sy } can never be an opti-
mal solution of the whole problem. Thus, there is no need to subdivide S; into smaller
pieces.

Consider the example in Figure[84l Since z! =20 < 21 = z2, we can conclude
that the branch rooted at S; does not contain an optimal solution: any solution
in this branch has objective function value at most 20, whereas the branch
rooted at S, contains solutions of value at least 21. Again, we can stop to
explore the branch rooted at S;.

We list one more generic reason which makes the exploration of a branch un-
necessary.

Observation 8.5 (Pruning by infeasibility) If Si = @, then there is no need to
subdivide S; into smaller pieces, either.

IThe estimated number of atoms in the universe is 103°.
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72 =125

z2 =21

z z? =21
Figure 8.4: Pruning by bound.

The next section will make clear how the case of infeasibility can occur in
a branch and bound system. We close this section by showing an example
where no pruning is possible. Consider the partial enumeration tree in Fig-
ure[BH where again we have divided the set S into the sets S; and S, with the
bounds as shown.

Figure 8.5: No pruning possible.

Although the lower and upper bounds for the subproblems allow us to get
better bounds for the whole problem, we still have to explore both subtrees.

8.3 LP-Based Branch and Bound: An Example

The most common way to solve integer programs is to use an implicit enu-
meration scheme based on Linear Programming. Lower bounds are provided
by LP-relaxations and branching is done by adding new constraints. We illus-
trate this procedure for a small example. Figure B8 shows the evolution of the
corresponding branch-and-bound-tree.

Consider the integer program

(8.1a) z=max4x; — x2
(8.1b) 3x1 —2x2 +x3 =14
(8.1¢) X2 +x4 =3
(8.1d) 2x1 —2x2 +x5 =3
(8.1e) X € Zi

Bounding The first step is to get upper and lower bounds for the optimal
value z. An upper bound is obtained by solving the LP-relaxation of (&I).
This LP has the optimal solution X = (4.5, 3,6.5,0,0). Hence, we get the upper
bound z = 15. Since we do not have any feasible solution yet, by convention
we use z = —oo as a lower bound.

Branching In the current situation (see Figure B.f(a)) we have z < z, so we
have to branch, that is, we have to split the feasible region S. A common way
to achieve this is to take an integer variable x; that is basic but not integral and
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|N@N|
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(a) Initial tree

z=135
Z=—
\
\
x1 <4 \\x1 >5
\
z' =135
Pruned by infeasibility
1
Z

= TOR) After the LP-relaxation of S,
is solved, we get a new upper
bound.

z=13.5 z=13.5
z=13 z=13
\
\
\\x1 >5 x1 <4 \\x1 >5
\ \
z' =135
a Pruned by infeasibility Pruned by infeasibility
z' =13
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\xy >3 xp<20 A\x2 =3
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z'2 =13 z' =12
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(e) Problem Sj; ha# an:mlé%- z
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prune it by optimality. This
also gives the first finite lower
bound.

Pruned by optimality =~ Pruned by bound
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I

I
|
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\
\

x1 <4 ‘\X1 >5
\

@ Pruned by infeasibility

(b) Node S; is pruned by infea-
sibility.

(d) Branching on variable x;
leads to two new subproblems.

by bound, since 21 =12 <

13=2z

Figure 8.6: Evolution of the branch-and-bound-tree for the example. The ac-

tive nodes are shown in white.

z'2 =13
Pruned by optimality
]

_ 12 _
- 08) Problem S;; can e prune
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set:

S1=Sn{x:x < |%]}
So=Sn{x:x > [%]}

Clearly, S = S1 U Sz and S1 NS, = @. Observe that due to the above choice
of branching, the current optimal basic solution % is not feasible for either
subproblem. If there is no degeneracy (i.e., multiple optimal LP solutions),
then we get max {z',z2?} < z, which means that our upper bound decreases
(improves).

In the concrete example we choose variable x; where X1 = 4.5 and set S1 =
SN{x:x7 <4}and S, =SN{x:x; > 5}.

Choosing an active node The list of active problems (nodes) to be examined
isnow S1,S,. Suppose we choose S; to be explored. Again, the first step is to
obtain an upper bound by solving the LP-relaxation:

(8.2a) z=max4x; — Xz
(8.2b) X1 —2x2+x3=14
(8.20) x2+x4 =3
(8.2d) 2x1 —2x2 +x5 =3
(8.2e) X1 >5
(8.2f) x>0

It turns out that (82) is infeasible, so S, can be pruned by infeasibility (see
Figure BA(b)).

Choosing an active node The only active node at the moment is S;. So, we
choose S to be explored. We obtain an upper bound z' by solving the LP-
relaxation

(8.3a) z=max4x; — x2
(83b) 3x1 —2x2 +x3 =14
(8.3c) X2 +x4 =3
(8.3d) 2% —2x2 +x5 =3
(8.3e) x1 <4
(8.3f) x > 0.

An optimal solution for @3) is ¥* = (4,2.5,7,4,0) with objective function
value 13.5. This allows us to update our bounds as shown in Figure B.6(c).

This time we choose to branch on variable x,, since 32% = 2.5. The two subprob-
lems are defined on the sets S11 = S1N{x:x2 <2}and S12 = S1 N{x: x> > 3},

see Figure B6(d).
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Choosing an activenode Thelist of active nodesis Sy, and S;,. We choose S;,
and solve the LP-relaxation

(8.4a) z = max4xj; — x2

(8.4b) 3x1 —2x2+x3 =14

(8.40) X2+x4=3

(8.4d) 2x1 —2x2 +x5 =3

(8.4e) x1 <4

(8.4f) x2 >3

(8.4g) x> 0.

An optimal solution of §3) is 12 = (4,3,8,1,0) with objective function

value 13. As the solution is integer, we can prune S1, by optimality. Moreover,
we can also update our bounds as shown in Figure B.6(e).

Choosing an active node At the moment we only have one active node: S17.
The corresponding LP-relaxation is

(8.5a) z = max4x; — x3

(8.5b) 3x1 —2x2+x3 =14

(8.5¢) X2+Xx4=3

(8.5d) 2x1 —2x2 + x5 =3

(8.5e) x1 <4

(8.5f) xp <2

(8.5g) x>0,

which has %'' = (3.5,2,7.5,1,0) as an optimal solution. Hence, zZIh =12

which is strictly smaller than z = 13. This means that Sq7 can be pruned by
bound.

8.4 Techniques for LP-based Branch and Bound

The previous section contained an example for an execution of an LP-based
branch and bound algorithm. While the basic outline of such an algorithm
should be clear, there are a few issues that need to be taken into account in
order to obtain the best possible efficiency.

8.4.1 Reoptimization

Consider the situation in the example from the previous section when we
wanted to explore node S;. We had already solved the initial LP for S.
The only difference between LP(S) and LP(S) is the presence of the con-
straint x; < 4 in LP(S7). How can we solve LP(S1) without starting from
scratch?

The problem LP(S) is of the form max {¢"x : Ax = b,x > 0}. An optimal basis
for this LP is B = {x1,x2, x3} with solution x}; = (4.5, 3,6.5) and x§, = (0,0).
We can parametrize any solution x = (xg, xn ) for LP(S) by the nonbasic vari-
ables:

xp 1= Ag'b— Az Anxn =X} — Ag'Anxn
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Let AN := Ag'An, &l == cfA5"An — cn and b = Ag'b. Multiplying the
constraints Ax = b by A" gives the optimal basis representation of the LP:

(8.6a) max cgxj — ENXN
(8.6b) xg + ANXN = b
(8.6¢) x>0

Recall that a basis B is called dual feasible, if ¢ > 0. The optimal primal
basis is also dual feasible. We refer to [Sch86, NW99]| for details on Linear
Programming.

In the branch and bound scheme, we add a new constraint x; < t (or x; >
t) for some basic variable x; € B. Let us make this constraint an equality
constraint by adding a slack variable s > 0. The new constraints are x; +s = t,
s > 0. By @8) we can express x; in terms of the nonbasic variables: x; =
(b — Anxn)i. Hence x; + s = t becomes

(—AnxN)i + 5 =t—b;.

Adding this constraint to @.8) gives us the following new LP that we must
solve:

(8.7a) max cpXy — XN

(8.7b) xg + Anxn =D
(8.7¢) (—AnXN)i+s=1—b;
(8.7d) x>0,s>0

The set BU{s} forms a dual feasible basis for [8.7), so we can start to solve (82)
by the dual Simplex method starting with the situation as given.

Let us illustrate the method for the concrete sitation of our example. We have

3 21
Ag=|0 10
2 20

o 1 12

Agl=10 1 0

T -1 =32

and thus B.d) amounts to

max 15 — 3x4 — 2x5

X1 +x4  +3xs
X2 +x4 =

3
X3 —X4 — §X5 =

N|; W0

X1,X2,X3,X4,X5 > 0

If we add a slack variable s, then the new constraint x; < 4 becomes x1+s =4,
s > 0. Since x1 = % — X4 — %X5, we can rewrite this constraint in terms of the
nonbasic variables as:

1 1
(8.8) X4~ X5 +s5 = —5
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This gives us the dual feasible representation of LP(S1):

max 15 — 3x4 — 2x5

X1 +x4 +%X5 = %
X2 +X4 = 3

X3 —X4 —%X5 = %

—X4 — 7X5 +s = —%

X1,X2,X3,X4,%5,8 > 0

We can now do dual Simplex pivots to find the optimal solution of LP(Sy).

8.4.2 Other Issues

Storing the tree In practice we do not need to store the whole branch and
bound tree. It suffices to store the active nodes.

Bounding Upperbounds are obtained by means of the LP-relaxations. Cutting-
planes (see the following chapter) can be used to strengthen bounds.
Lower bounds can be obtained by means of heuristics and approxima-
tion algorithms.

Branching In our example we branched on a variable that was fractional in
the optimal solution for the LP-relaxation. In general, there will be more
than one such variable. A choice that has proved to be efficient in prac-
tice is to branch on the most fractional variable, that is, to choose a variable
which maximizes max; min{f;, 1 — f;}, where f; = x; — |x;]. There are
other rules based on estimating the cost of a variable to become integer.
We refer to [NW99] for more details.

Choosing an active node In our example we just chose an arbitrary active
node to be explored. In practice there are two antagonistic arguments
how to choose an active node:

o The tree can only be pruned significantly if there is a good primal
feasible solution available which gives a good lower bound. This
suggests to apply a depth-first search strategy. Doing so, in each step
a single new constraint is added and we can reoptimize easily as
shown in Section B4l

e On the other hand, one would like to minimize the total number of
nodes evaluated in the tree. This suggests to choose an active node
with the best upper bound. Such a strategy is known as best-first
search.

In practice, one usually employs a mixture of depth-first search and best-
first search. After an initial depth-first search which leads to a feasible
solution one switches to a combined best-first and depth-first strategy.

Preprocessing Animportant technique for obtaining efficient algorithms is to
use preprocessing which includes

e tightening of bounds (e.g. by cutting-planes, see the following
chapter)
e removing of redundant variables

e variable fixing



112

Branch and Bound

We demonstrate preprocessing techniques for a small example. Consider the
LP
max 2x7 +X2 — X3
5x1 —2x2 +8x3 <15
8x1 +3xy —x3>9
x1+x2+%x3<6
0<x1 <3
0<x <1
1<x3

Tightening of constraints

Suppose we take the first constraint and isolate variable x;. Then we get
5x1 < 154 2x5 — 8x3
<15+4+2-1-8-1
-9,
where we have used the bounds on the variables x; and x3. This gives us the

bound 0
X1 S g .
Similarly, taking the first constraint and isolating variable x3 results in:
8x3 < 154 2x, — 5xq

<15+4+2-1-5-0

=17.
Our new bound for x3 is: ]
x3 < 3
By similar operations we get the new bound
X1 > Z
-8
and now using all the new bounds for x3 in the first inequality gives:
101
x3 < 6_4
Plugging the new bounds into the third constraint gives:
X1+X2+X3<2+]+m<6.
-5 64

So, the third constraint is superfluous and can be dropped. Our LP has re-
duced to the following problem:

max 2x7 + X2 — X3
5x1 —2x2 +8x3 <15

8x1+3xy —x3 >9

Z<X]<2
8 — -5
0<x; <1
101
1<x3<



8.4 Techniques for LP-based Branch and Bound 113

Variable Fixing

Consider variable x;. Increasing variable x, makes all constraints less tight.
Since x; has a positive coefficient in the objective function it will be as large as
possible in an optimal solution, that is, it will be equal to its upper bound of 1:

X2:1.

The same conclusion could be obtained by considering the LP dual. One can
see that the dual variable corresponding to the constraint x, < 1 must be pos-
itive in order to achieve feasibility. By complementary slackness this means
that x, = 1 in any optimal solution.

Decreasing the value of x3 makes all constraints less tight, too. The coefficient
of x3 in the objective is negative, so x3 can be set to its lower bound.

After all the preprocessing, our initial problem has reduced to the following
simple LP:

We formalize the ideas from our example above:

Observation 8.6 Consider the set

n
S = X:aOXO+Zanj <b,lj <x; <wy, forj=1,...,n
=1

The following statements hold:

Bounds on variables If ap > 0, then

xo< | b— Z ajlj — Z aju; | /ao.

jra; >0 jra;<0

and, if ap < 0, then

xo> | b— Z ajlj — Z aju; | /ao.

j:aj>0 j:(lj<0

Redundancy The constraint apxo + Z;‘:] ajxj < b is redundant, if

Z a;uy + Z O.jlj <b.

j:(lj>0 j:aj<0

Infeasibility The set S is empty, if

Z O.jlj+ Z ajuj>b.

jra; >0 jra;<0

Variable Fixing Fora maximization problem of the formmax {c'x : Ax < b,1 < x < u},
ifay; > O0foralli=1,...,mandc; <O, then x; =; in an optimal solution.
Conversely, if ai; < O foralli=1,...,mand c; > 0, then x; = w; in an
optimal solution.
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For integer programming problems, the preprocessing can go further. If x; € Z
and the bounds 1; < x; < uj are not integer, then we can tighten them to

1% < lwl.

We will explore this fact in greater depth in the following chapter on cutting-
planes.



Cutting Planes

Let P = {x € R} : Ax < b} be a ratioinal polyhedron and P; = conv(P N Z™").
We have seen in Section B that Py is a rational polyhedron and that we can
solve the integer program

9.1) max {c'x:x € PNZ"}
by solving the Linear Program
9.2) max {c'x:x € P1}.

In this chapter we will be concerned with the question how to find a linear
description of Py (or an adequate superset of P;) which enables us to solve (@.2)

and @.1).

Recall that by Theorem on pageBoin order to describe a polyhedron we
need exactly its facets.

9.1 Cutting-Plane Proofs

Suppose that we are about to solve an integer program
max{ch tAx <b,x€Z"}.

LetP ={x € R": Ax < b}and X = PN Z". If we want to establish optimality
of a solution (or at least provide an upper bound) this task is equivalent to
proving that c"x < t is valid for all points in X. Without the integrality con-

straints we could prove the validity of the inequality by means of a variant of
Farkas’ Lemma (cf. Theorem ZT0):

Lemma 9.1 (Farkas’ Lemma (Variant)) Let P = {x e R": Ax < b} # &. The
following statements are equivalent:

(i) The inequality c"x < t is valid for P.
(iii) There exists y > 0 such that ATy =cand b'y < t.
Proof: By Linear Programming duality, max {c'x: x € P} < t if and only if

min {bTy: ATy =c,y >0} < t. So, c¢'x < tis valid for P # @ if and only if
there exists y > Osuch that ATy =cand b’y < t. O
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As a consequence of the above lemma, if an inequality ¢"x < tis valid for P =
{x : Ax < b}, then we can derive the validity of the inequality. Namely, we can
find y > 0 such that for c = ATy and t’ = y'b the inequality c"x < t’is valid
for P and t’ < t. This clearly implies that c¢Tx < tisvalid.

How can we prove validity in the presence of integrality constraints? Let us
start with an example. Consider the following linear system

(9.3a) 2x71 +3xp <27
(9.3b) 2x1 —2x, <7
(9.3c) —6x7 — 2xp < =9
(9.3d) —2x7 — 6% < —11
(9.3e) —6x71 + 8x2 < 21

Figure B shows the polytope P defined by the inequalities in ([@3) together
with the convex hull of the points from X = P N Z2.

Figure 9.1: Example of a polytope and its integer hull.

As can be seen from Figure @] the inequality x, < 5 is valid for X = P N Z?.
However, we can not use Farkas” Lemma to prove this fact from the linear
system (@.3), since the point (9/2,6) € P has second coordinate 6.

Suppose we multiply the last inequality @.3€) of the system @.3) by 1/2. This
gives us the valid inequality

(9.4) —3x1 +4x, < 21/2.
For any integral vector (x7,x2) € X the left hand side of (@4) will be integral,
so we can round down the right hand side of (@.4) to obtain the valid inequal-

ity (for X):

(9.5) —3x7 + 4% < 10.
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We now multiply the first inequality @.3a) by 3 and @3) by 2 and add those
inequalities. This gives us a new valid inequality:

17x2 < 101.

Dividing this inequality by 17 and rounding down the resulting right hand
side gives us the valid inequality x, <5.

The procedure used in the example above is called a cutting plane proof. Sup-
pose that our system Ax < b is formed by the inequalities

(9.6) alx<by, i=1,...,m

and let P ={x: Ax < b}. Lety € R and set
m
c:=(ATy) =) v
i=1
m
t:=bly= Zyibi.
i=1

As we have already seen, every point in P satisfies ¢'x < t. But we can say
more. If ¢ is integral, then for every integral vector in P the quantity ¢'x is
integral, so it satisfies the stronger inequality

9.7) cTx < |t.

The inequality (@7) is called a Gomory-ChvAjtal cutting plane. The term “cut-
ting plane” stems from the fact that (@7) cuts off part of the polyhedron P but
not any of the integral vectors in P.

Definition 9.2 (Cutting-Plane Proof)
Let Ax < b be a system of linear inequalities and c'x < t be an inequality. A
sequence of linear inequalities

cx <ty eax <t opx <t

is called a cutting-plane proof of c'x < t (from Ax < b), if each of the vectors

C1,...,cx is integral, cx. = ¢, tx = t, and if for each i = 1,...,k the following
statement holds: c¢!x < t! is a nonnegative linear combination of the inequalities
Ax <b, cfx <ty,...,c] x < tiq for some t! with |t!] < t;.

Clearly, if c"x < t has a cutting-plane proof from Ax < b, then ¢"x < tis
valid for each integral solution of Ax < b. Moreover, a cutting plane proof is
a clean way to show that the inequality c"x < t is valid for all integral vectors
in a polyhedron.

Example 9.3 (Matching Polytope)

The matching polytope M(G) of a graph G = (V, E) is defined as the convex
hull of all incidence vectors of matchings in G. It is equal to the set of solutions
of

x(0(v)) <1 forallveV
x € BE

Alternatively, if we let P denote the polytope obtained by replacing x € BF by
0 < x, then M(G) = Py.
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Let T C V be a set of nodes of odd cardinality. As the edges of a matching
do not share an endpoint, the number of edges of a matching having both

endpoints in T is at most \T\T—1 Thus,

T -1
©8) xiy(m) < T
is a valid inequality for M(G) = P;. Here, y(T) denotes the set of edges which

have both endpoints in T. We now give a cutting-plane proof of (@.8).

For v € T take the inequality x(8(v)) < 1 with weight 1/2 and sum up the
resulting |T| inequalities. This gives:

1 T
9.9) x(v(B)) + 5x(8(R)) < >
For each e € 3(E) we take the inequality —x. < 0 with weight 1/2 and add it
to (@9). This gives us:

(9.10) x(y(E)) < —.
Rounding down the right hand side of (@.10) yields the desired result @38). <

In the sequel we are going to show that cutting-plane proofs are always pos-
sible, provided P is a polytope.

Theorem 9.4 Let P = {x : Ax < b} be a rational polytope and let c"x < t be a valid
inequality for X = P N Z™, where c is integral. Then, there exists a cutting-plane
proof of ¢c"x < t’ from Ax < b for some t' < t.

We will prove Theorem @ 4by means of a special case (Theorem B.6). We need
another useful equivalent form of Farkas’” Lemma:

Theorem 9.5 (Farkas’ Lemma for inequalities) The sytem Ax < b has a solu-
tion x if and only if there is no vector y > 0 such that y'A = 0and y'b < 0.

Proof: See standard textbooks about Linear Programming, e.g. [Sch86]. O

From this variant of Farkas” Lemma we see that P = {x : Ax < b} is empty if
and only if we can derive a contradiction 0'x < —1 from the system Ax < b
by means of taking a nonnegative linear combination of the inequalities. The
following theorem gives the analogous statement for integral systems:

Theorem 9.6 Let P = {x : Ax < b} be a rational polytope and X = PNZ™ be empty:
X = @. Then there exists a cutting-plane proof of 0Tx < —1 from Ax < b.

Before we embark upon the proofs (with the help of a technical lemma) let us
derive another look at Gomory-ChvAjtal cutting-planes. By Farkas’ Lemma,
we can derive any valid inequality c'x < t (or a stronger version) for a
polytope P = {x : Ax < b} by using a nonnegative linear combination of the
inequalities. In view of this fact, we can define Gomory-ChvAjtal cutting-
planes also directly in terms of the polyhedron P: we just take a valid inequal-
ity ¢'x < t for P with c integral which induces a nonempty face and round
down t to obtain the cutting plane c"x < [t].

The proof of Theorems @4 and @.f is via induction on the dimension of the
polytope. The following lemma allows us to translate a cutting-plane proof
on a face F to a proof on the entire polytope P.
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Lemma 9.7 Let P = {x: Ax < b} be a rational polytope and F be a face of P. If
cTx < |t] is a Gomory-ChvA tal cutting-plane for F, then there exists a Gomory-
ChvAjtal cutting-plane ¢'x < |t for P such that

(9.11) Fﬂ{x:CTXSL‘EJ}:FQ{X:CTXSHJ}.

Proof: By Theorem B.d we can write P = {x : A’x <b’/A”x <b’}and F =

{x:A’x <b’,A”x =b"}, where A” and b” are integral. Let t* = max {c"x : x € F}.

Since ¢Tx < tis valid for F we must have t > t*. So, the following system
does not have a solution:

A'x<b’
A//X < b//
A ; —p”
x>t
By the Farkas’ Lemma there exist vectors y’ > 0, y” such that
(y')TA’ + (y”)TA” _ CT
(yl)Tbl + (y”)Tb” — i
This looks like a Gomory-ChvAjtal cutting-plane ¢'x < |t*| for P with the
exception that y” is not necessarily nonnegative. However, the vector y” —

|u”] is nonnegative and it turns out that replacing y” by this vector will work.
Let

(—:T — (y/)TAI+ (y// _ I_UHJ)TA” —c— (I_UHJ)TA”
t=(u)"0 + (v = "N =t (ly" )T

Observe that ¢ is integral, since c is integral, A" is integral and |y” | is inte-
gral. The inequality ¢'x < tis a valid inequality for P, since we have taken a
nonnegative linear combination of the constraints. Now, we have

(9-12) [t) = v+ ([y")Te") = [T + (ly"DTp",

where the last equality follows from the fact that |y”| and b” are integral.
This gives us:

Fﬁ{x:(‘:Tx§ L‘EJ}
=Fn{x:¢'x < [f|,A"x=1b"}
=Fn {x: cTx < T, (ly")TA"x = (Ly”J)Tb”}
=Fn {x: cx < |1+ (D™ (ly")TAx = (Ly”J)Tb”}
=Fn{x:c'x < [t]}.
This completes the proof. 0

Proof of Theorem@.6l We use induction on the dimension of P. If dim(P) =0,
then the claim obviously holds. So, let us assume that dim(P) > 1 and that the
claim holds for all polytopes of smaller dimension.

Let c"x < & with ¢ integral be an inequality which induces a proper face of P.
Then, by Farkas” Lemma, we can derive the inequality c’x <& fromAx <b
and c¢"x < |8] is a Gomory-ChvAjtal cutting-plane for P. Let

Pi={xeP:c"x<[5]}
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be the polytope obtained from P by applying the Gomory-ChvAjtal cut ¢"x <
8-

Case1: P = o:

By Farkas’ Lemma we can derive the inequality 0"x < —1 from the inequality
system Ax < b, ¢'x < [8] which defines P. Since ¢"x < || was a Gomory-
ChvAjtal cutting-plane for P (and thus was derived itself from Ax < b) this
means, we can derive the contradiction from Ax < b.

Case 2: P # &
Define the face F of P by

Fi={xeP:c'x=1[8]} ={xeP:c'x=[5]}.

If b is integral, then F is a proper face of P, so dim(F) < dim(P) in this case. If
§ is not integral, then P contains points which do not satisfy ¢"x = |§| and so
also in this case we have dim(F) < dim(P).

By the induction hypothesis, there is a cutting-plane proof of 0"x < —1 for F,
that is, from the system Ax < b, ¢'x = [5]. By Lemma @7 there is a cutting-
plane proof from Ax < b, ¢'x < |8] for an inequality w'x < d such that

g=FN{x:0"x<-1}=Fn{x:w'x < ld]}.
We have
(9.13) g=Fn{x:wix<|d]}=Pn{x:c'x=8),w'x<|d]}.

Let us restate our result so far: We have shown that there is a cutting plane
proof from Ax < b, c"x < [8] for an inequality w'x < d which satisfies (.13).

Thus, the following linear system does not have a solution:

(9.14a) Ax <b
(9.14b) c"x < 18]

(9.14c) —c'x < —3]
(9.14d) wix < |d].

By Farkas” Lemma for inequalities there exist y, A1, A2, u > 0 such that
(9.15a) YA+ A — AT +uw’ =0
(9.15b) Yy b+ A 8] —A2[8] +uld] <oO.

If A, = 0, then @15 means that already the system obtained from @.I5) by
dropping c"x > 8] does not have a solution, that is

g={x:Ax<b,c"x < [§],w'x < [d]}.
So, by Farkas” Lemma we can derive 0Tx < —1 from this system which con-

sists completely of Gomory-ChvAjtal cutting-planes for P.

So, it suffices to handle the case that lambda, > 0. In this case, we can divide
both lines in (@.I5) by A, and get that there existy’ > 0, A’ > 0 and p > 0 such
that

(9.16a) WA+ A )" + (nw' =c

(9.16b) (v o+ (A)[8) + (n)]d] < [8].

Il
DD O
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Now, [@.16) states that we can derive an inequality ¢'x < 0 from Ax < b,
c'x < [8), wix < |d] with 8 < [d]. Since all the inequalities in the system
were Gomory-ChvAjtal cutting-planes this implies that

(9.17) c'x<[8] —1 forsomeT€Z, 1> 1

is a Gomory-ChvAjtal cutting-plane for P.

Since P is bounded, the value z = min {c"x : x € P} is finite. If we continue as
above, starting with P = {x € P: ¢"x < [8] — 7}, at some point we will obtain
a cutting-plane proof of some ¢'x < t wheret <zsothat PN {x:c'x <t} =
@. Then, by Farkas’ Lemma we will be able to derive 0Tx < —1 from Ax < b,
cx <t ]

Proof of Theorem[@4] Case1: PNZ" = o

By Theorem @A there is a cutting-plane proof of 0Tx < —1 from Ax < b.
Since P is bounded, ¢ := max {c"x : x € P} is finite. By Farkas’ Lemma, we
can derive ¢"x < { and thus we have the Gomory—Cth;tal cutting plane
¢"x < [£]. Adding an appropriate multiple of 07x < —1to ¢"x < [{] gives an
inequality ¢"x < t’ for some t’ < t which yields the required cutting-plane
proof.

Case2: PNZ™ # o

Again, let € := max {c"x : x € P} which is finite, and define P := {x e P: cTx < [{]},

that is, P is the polytope obtained by applying the Gomory-ChvAtal cutting-
plane c"x < [¢] to P.

If [{| < t we already have a cutting-plane proof of an inequality with the
desired properties. So, assume that |{] > t. Consider the face

F={xeP:c'x=[{}

of P. Since ¢'x < t is valid for all integral points in P and by assumption
t < |£], the face F can not contain any integral point. By Theorem 0.4 there
is a cutting-plane proof of 0"Tx < —1 from Ax < b, c'x = [{]. We now use
Lemma @7 as in the proof of Theorem@.@ The lemma shows that there exists
a cutting plane proof of some inequality w'x < [d] from Ax < b, c¢"x < [{]
suchthat PN {x:c™x = [{|,w'x < [d]} = 2.

By using the same arguments as in the proof of Theorem B.6 it follows that
there is a cutting-plane proof of an inequality ¢'x < [¢] — T for some T € Z,
T > 1 from Ax < b. Contiuning this way, we finally get an inequality ¢"x < t’
with t/ < t. O

9.2 A Geometric Approach to Cutting Planes: The
ChvAjtal Rank

Let P = {x : Ax < b} be a rational polyhedron and P; := conv(P N Z™). Sup-
pose we want to find a linear description of P;. One approach is to add valid
inequalities step by step, obtaining tighter and tighter approximations of Pr.

We have already seen that, if c'x < disavalid inequality for P with c integral,
then c"x < [§] is valid for Py. If c"x = & was a supporting hyperplane of P,
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that is, PN {x:c"x = §} is a proper face of P, then ¢"x < |§] is a Gomory-
ChvAjtal cutting-plane. Otherwise, the inequality c"x < & is dominated by
that of a supporting hyperplane. Anyway, we have

(9.18) PiC{xeR":c'x < |58}

for any valid inequality c"x < § for P where c is integral. This suggests to take
the intersection of all sets of the form (@.I8) as an approximation to P.

Definition 9.8 Let P be a rational polyhedron. Then, P’ is defined as

(9.19) P’ = ﬂ {xeR™:c"x < [5]}.

c is integral
and
cTx < & is valid for P

Observe that [@I9) is the same as taking the intersection over all Gomory-
ChvAjtal cutting-planes for P. It is not a priori clear that P’ is a polyhedron,
since there is an infinite number of cuts.

Theorem 9.9 Let P be a rational polyhedron. Then P’ as defined in is also a
rational polyhedron.

Proof: If P = & the claim is trivial. So let P # &. By Theorem B2 there is a
TDI-system Ax < b with integral A such that P = {x : Ax < b}. We claim that

(9.20) P'={x eR":Ax < |b]}.

From this the claim follows, since the set on the right hand side of (@.20) is a
rational polyhedron (A and |b] are integral, and there are only finitely many
constraints).

Since every row aiTx < b; of Ax < b is a valid inequality for P it follows that
P’ C{x € R™: Ax < |b]}. So, it suffices to show that the set on the right hand
side of [@.20) is contained in P’.

Let c'x = & be a supporting hyperplane of P with ¢ integral, P C {x: c"x < §}.
By Linear Programming duality we have

(9.21) §=max{c'x:x€P}=min{b'y:ATy=c,y>0}.

Since the system Ax < b is TDI and c is integral, the minimization problem
in (@ZT)) has an optimal solution y* which is integral.

Letx € {x: Ax < |b]}.

cTx = (ATy")Tx (since y* is feasible for the problem in (@.21))
= (y*)T(AX)
< (y")"[b] (since Ax < |[b] and y* > 0)
= (y*)"|b]] (since y* and |b| are integral)
< |(y*)"b] (since |b] < band y* > 0)
=|8] (by the optimality of y* for @.21)).

Thus, we have
{x:Ax < |b]} C {X:CTXS 18]}
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Since c"x = § was an arbitrary supporting hyperplane, we get that

{x: Ax < LbJ}Qﬂ{x:chg 18]} =P’
c,

as required. O

We have obtained P’ from P by taking all Gomory-ChvAjtal cuts for P as a first
wave. Given that P’ is a rational polyhedron, we can take as a second wave all
Gomory-ChvAjtal cuts for P’. Continuing this procedure gives us better and
better approximations of P;. We let

plol .= p
P — (P“—”)/ fori>1.
This gives us a sequence of polyhedra
Pp=pPO 5pM) 5p2) 5. .. > Py,

which are generated by the waves of cuts.

We know that Py is a rational polyhedron (given that P is one) and by The-
orem B4 every valid inequality for P; will be generated by the waves of
Gomory-ChvAjtal cuts. Thus, we can restate the result Theorem B4 in terms
of the polyhedra P(V) as follows:

Theorem 9.10 Let P be a rational polytope. Then we have P'X) = Py for some k €
N. O

Definition 9.11 (ChvAjtal rank) 3
Let P be a rational polytope. The ChvAjtal rank of P is defined to be the smallest
integer k such that P(%) = Py,

9.3 Cutting-Plane Algorithms

Cutting-plane proofs are usually employed to prove the validity of some
classes of inequalities. These valid inequalities can then be used in a cutting-
plane algorithm.

Suppose that we want to solve the integer program
z* =max{c'x:x € PNZ"}

and that we know a family F of valid inequalities for P; = conv(P N Z™).
Usually, F will not contain a complete description of P; since either such a de-
scription is not known or we do not know how to separate over F efficiently.
The general idea of a cutting-plane algorithm is as follows:

e We find an optimal solution x* for the Linear Program max {c"x : x € P}.

This can be done by any Linear Programming algorithm (possibly a
solver that is available only as a black-bock).

o If x* is integral, we already have an optimal solution to the IP and we
can terminate.
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o Otherwise, we search our family (or families) of valid inequalities for
inequalities which are violated by x*, that is, w'x* > d where w'x < d
is valid for Pj.

e We add the inequalities found to our LP-relaxation and resolve to find a
new optimal solution x** of the improved formulation. This procedure
is contiued.

o If we are fortunate (or if F contains a complete description of Py), we
terminate with an optimal integral solution. We say “fortunate”, since
if F is not a complete description of Py, this depends on the objective
function and our family F.

o If we are not so lucky, we still have gained something. Namely, we have
found a new formulation for our initial problem which is better than
the original one (since we have cut off some non-integral points). The
formulation obtained upon termination gives an upper bound z for the
optimal objective function value z* which is no worse than the initial one
(and usually is much better). We can now use Z in a branch and bound
algorithm.

Algorithm BTl gives a generic cutting-plane algorithm along the lines of the
above discussion. The technique of using improved upper bounds from a
cutting-plane algorithm in a branch and bound system is usually referred to
as branch-and-cut (cf. the comments about preprocessing in Section B4.2).

Algorithm 9.1 Generic cutting-plane algorithm

GENERIC-CUTTING-PLANE
Input:  Aninteger program max {c¢'x : x € P,x € Z"}; a family F of
valid inequalities for P; = conv(P N Z")
1 repeat
2 Solve the Linear Program max {c¢"x : x € P}. Let x* be an optimal solu-
tion.
if x* is integral then
An optimal solution to the integer program has been found. stop.
else
Solve the separation problem for F, that is, try to find an inequality
wlx < din F such that wTx* > d.

N U1 = W

7 if such an inequality w'x < d cutting off x* was found then
8 Add the inequality to the system, thatis, set P := PN{x: w'x < d}.
9 else
10 We do not have an optimal solution yet. However, we have a better
formulation for the original problem. stop.
11 end if
12 endif

13 until forever

It is clear that the efficiency of a cutting-plane algorithm depends on the avail-
ability of constraints that give good upper bounds. In view of Theorem B.45
the only inequalities (or cuts) we need are those that induce facets. Thus, one
is usually interested in finding (by means of mathematical methods) as many
facet-inducing inequalities as possible.
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9.4 Gomory’s Cutting-Plane Algorithm

In this section we assume that the integer program which we want to solve is
given in the following form:

(9.22a) maxc ' x
(9.22b) Ax =D
(9.22¢) x>0
(9.22d) x € Z"

where A is an integral m x n-matrix and b is an integral vector in Z™. As
usual weletP ={x € R": Ax = b,x > 0} and P; = conv(P N Z").

Any integer program with rational data can be brought into this form by el-
ementary transformations (see textbooks about Linear Programming [Sch86,
Lue84, NW99] where those methods are used for Linear Programs): if x; is
not sign restricted, we replace x; by two new variables x; = x;” — x;” where

X, % > 0. Any inequality a{x < b; can be transformed into an equality by
introducing a slack variable s > 0 which yields a/x + s = b;. Since A and b

are integral, the new slack variable will also be an integral variable.

Suppose that we solve the LP-relaxation

(9.23a) max c'x
(9.23b) Ax=Db
(9.23¢) x>0

of (@22 by means of the Simplex methodfl

Recall that a basis for (@.23) is an index set B C 1,...,n with [B] = m such
that the corresponding submatrix Ag of A is nonsingular. The basis is termed
feasible if xg := Aglb > 0. Clearly, in this case (xg,xn) with xn = 0 is
a feasible solution of (@.23). It is a well known fact that (2.Z3) has an optimal
solution if and only if there is an optimal basic solution [Lue84, CC798,Sch86].

Suppose that we are given an optimal basis B and a corresponding optimal
basic solution x* for (@.23). As in Section B4 we can parametrize x* by the
nonbasic variables:

(9.24) Xp =Ag'b— A Anxk = b — Anxix
(9.25) x5 =0.

This gives the equivalent statement of the problem (@.23) in the basis represen-
tation:

(9.26a) max cpx} — ChXN
(9.26b) xp + Anxn =D
(9.26¢) x>0

If x* is integral, then x* is an optimal solution for our integer program (@.22).
Otherwise, there is a basic variable x; which has a fractional value, that is,
x} = bi ¢ Z. We will now use the equation in (@.24) which defines x} to derive
a valid inequality for P;. We will then show that the inequality derived is in
fact a Gomory-ChvAjtal cutting-plane.

1Basically, one could also use an interior point method. The key point is that in the sequel we
need an optimal basis.
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Let A = (Gw). Any feasible solution x of the integer program (0.22) satis-
fies (@24). So, we have

(9.27) Xi = Bi — Z aijxy € Z
jEN
(9.28) — U_)IJ cZ
(9.29) D laglx; € Z.
jeEN

Adding @27), @28) and @29) results in:

(9.30) (b — [B:))— ) (ay — ag))x € Z.
————
€(0,1) jen
>0

Since 0 < (b; — |bi]) < 1 and 2 jen(@ij — [@ij])x; > 0, the value on the left
hand side of @30) can only be integral, if it is nonpositive, that is, we must
have
(b — |be)) — D _(ay — ay))x; <0
jEN

for every x € Py. Thus, the following inequality is valid for Py:

(9.31) > (ay — lay))x; > (b — [bi)).
jEN
Moreover, the inequality (@.31) is violated by the current basic solution x*,

since x}, = 0 (which means that the left hand side of (@3])) is zero) and x} =
Bi ¢ Z, so that (61 — LBlJ) = (X;’: — LXTJ) > 0.

As promised, we are now going to show that @3]) is in fact a Gomory-
ChvAjtal cutting-plane. By (@24) the inequality

(9.32) xit+ ) Gy < by

jEN
is valid for P. Since P C R%, we have ZjEN laix; < ZjeN dijx; and the
inequality

(933) Xi + Z I_dijJXj < Bi
jeN

must also be valid for P. In fact, since the basic solution x* for the basis B

satisfies (@32) and ([@33) with equality, the inequalities (©.32) and @33) both
induce supporting hyperplanes. Observe that all coefficients in (@.33) are inte-
gral. Thus,

(9.34) xi+ ) laylx < [bi,
jeN

is a Gomory-ChvAjtal cutting-plane. A We can now use (@24) to rewrite (@34,
that is, to eliminate x; (this corresponds to taking a nonnegative linear com-
bination of (@34) and the appropriate inequality stemming from the equal-

ity @24)). This yields @31), so @3]) is (a scalar multiple of) a Gomory-
ChvAjtal cutting-plane. It is important to notice that the difference between
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the left-hand side and the right-hand side of the Gomory-ChvAjtal cutting-
plane @34), hence also of @3]) is integral, when x is integral. Thus, if (@37))
is rewritten using a slack variable s > 0 as

(9.35) Z(ﬁu — lay))x; —s = (by — [bi)),

JEN

then this slack variable s will also be a nonnegative integer variable. Gomory’s
cutting plane algorithm is summarized in Algorithm 0.2

Algorithm 9.2 Gomory’s cutting-plane algorithm

GOMORY-CUTTING-PLANE
Input:  Aninteger program max {c¢'x: Ax =b,x > 0,x € Z"}
1 repeat
2 Solve the current LP-relaxation max {c¢'x : Ax = b,x > 0}. Let x* be an
optimal basic solution.
if x* is integral then
An optimal solution to the integer program has been found. stop.
else
Choose one of the basis integer variables which is fractional in the
optimal LP-solution, say x; = bi. This variable is parametrized as

follows:
Xi = by — Z aijx;j
JEN

N Ul = W

7 Generate the Gomory-ChvAjtal cut

jeEN

and add it to the LP-formulation by means of a new nonnegative in-
teger slack variable s:

D (@ —lay))x —s = (b — [bi))
JeEN

s>0

sEZ

8 endif
9 until forever

Example 9.12
We consider the following integer program:

max 4xq —X2
7x1 —2x2 < 14
x < 3
2x1 —2x, < 3
x1,%x2 >0
X1,X2 €7Z

The feasible points and the polyhedron P described by the inequalities above
are depicted in Figure 0.2 (a).
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(a) Inequalities leading to the polytope (b) The first cut produced by Gomory’s
shown with thick lines together with the algorithm is x; < 2 (shown in red)
convex hull of the integral points.

(c) The next cut producedis x; —x, <1
(shown in red). After this cut the algo-
rithm terminates with the optimum solu-
tion (2, 1).

Figure 9.2: Example problem for Gomory’s algorithm. Thick solid lines indi-
cate the polytope described by the inequalities, the pink shaded region is the
convex hull of the integral points (red) which are feasible.
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Adding slack variables gives the following LP-problem:

max 4xq —X2
7xX1  —2xX2 +Xx3 = 14
X2 +Xx4 =
2x1 —2x2 +x5 = 3

X1,X2,X3,X4,%5 > 0

X1,X2,X3,X4,X5 € Z

An optimal basis for the corresponding LP-relaxationis B = {1,2,5} with

20/7
7 =20 3
Ag=|0 1 0 = o
2 =21 0
23/7
The optimal basis representation (@.26) is given by:
max59/7 —4/7x3  —1/7x4
X1 +1/7x3 +2/7x4 = 20/7
(9.36a) . iy -~
“2/7x3 +10/7x4 4xs = 23/7
(9.36b) X1,X2,X3,%X4,%5 > 0
(9.36C) X1,X2,X3,X4,X5 € 7

The variable x} is fractional, x} = 20/7. From the first line of (@.36) we have:

LI
X1 7X3 7X4 = 7 .

The Gomory-ChvAjtal cut (@31) generated for x; is

1 1 2 2 20 20

-t G- 52 - 15])
1 2 S 6
@)?m + 7% 2 3

Thus, the following new constraint will be added to the LP-formulation:

1 2

?X3+?X4_S:?a

where s > 0, s € Z is a new integer nonnegative slack variable. Before we
continue, let us look at the inequality in terms of the original variables, that
is, without the slack variables. We have x3 = 14 — 7x7 + 2x> and x4 = 3 — x».
Substituting we get the cutting-plane

NI

1 2
?(14—7x1 +2x2) + ?(3—7(2) >
Exy <2

The cutting-plane x; < 2 is shown in Figure Q.2(b).
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Reoptimization of the new LP leads to the following optimal basis representa-
tion:

max 15/2 —1/5x5 —3s
X1 +s = 2
X2 —1/2x5 +s = 1/2
X3 —x5 —s = 1
xq4 +1/2x5 +6s = 5/2
X1,X2,X3,X4,%X5,8 > 0
X1,X2,X3,X4,X5,8 € Z
The optimal solution x* = (2, %, 1, %, 0) is still fractional. We choose basic

variable x, which is fractional to generate a new cut. We have

X —lx +s—l
2 25 _2’

and so the new cut is

—_

1
—xe >
(:)zxs =5
(observe that (—3 — [—1]) = 1, since [—1] = —1). We introduce a new slack
variable t > 0, t € Z and add the following constraint:

tf]
2X5 = .

N

Again, we can translate the new cut %X5 > % in terms of the original variables.
It amounts to

1 1
§(2X1 —2x2) > 3
Ex) —x2 < 1.

The new cutting-plane x; — x, < 1 is shown in Figure @.2(c).

After reoptimization we obtain the following situation:

max 7 —3s -t
X1 +s = 2
X2 +s —t = 1
X3 —5s -2t = 2
X4 +6s +t = 2
X5 —t = 1

X1,X2,X3,X4,X%5,8,t > 0
X1,X2,X3,X4,X5,8,t € Y/

The optimal basic solution is integral, thus it is also an optimal solution for
the original integer program: (x1,x;) = (2, 1) constitutes an optimal solution
of our original integer program. <

One can show that Gomory’s cutting-plane algorithm always terminates after
a finite number of steps, provided the cuts are chosen appropriately. The proof
of the following theorem is beyond the scope of these lecture notes. We refer
the reader to [Sch86, NW99].
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Theorem 9.13 Suppose that Gomory’s algorithm is implemented in the following
way:

(i) We use the lexicographic Simplex algorithm for solving the LPs.

(ii) We always derive the Gomory-ChvAjtal cut from the first Simplex row in which
the basic variable is fractional.

Then, Gomory's cutting-plane algorithm terminates after a finite number of steps with
an optimal integer solution. O

9.5 Mixed Integer Cuts

In this section we consider the situation of mixed integer programs

(9.37a) (MIP) max c'x

(9.37b) Ax=b

(9.37¢) x>0

(9.37d) x €ZP x R"P,

In this case, the approach taken so far does not work: In a nutshell, the basis
of the Gomory—Cth;tal cuts was the fact that, if X = {y € Z:y < b}, then
y < |b] is valid for X. More precisely, we saw that all Gomory-ChvAjtal cuts
for Py = PN Z" are of the form ¢"x < |§] where ¢'x < § is a supporting
hyperplane of P with integral c. If x is not required to be integral, we may not
round down the right hand side of cTx < & to obtain a valid inequality for P;.

The approach taken in Gomory’s cutting-plane algorithm from Section B4
does not work either, since for instance

1 1
g + gX] — ZXZ cZ
with x; € Z and x, € R, has a larger solution set than

1 1
-+ = 7.
3+3X1 IS

Thus, we can not derive the validity of @.3])) (since we can not assume that the
coefficients of the fractional variables are nonnegative) which forms the basis
of Gomory’s algorithm.

The key to obtaining cuts for mixed integer programs is the following disjunc-
tive argument:

Lemma 9.14 Let Py and P be polyhedra in R™ and (a'V)Tx < oy be valid for Py,
i=1,2. Then, for any vector ¢ € R™ satisfying ¢ < min(a'"), al?)) componentwise
and & > max(xy, x2) the inequality

c™x <6

is valid for X = Py U P, and conv(X).

Proof: Let x € X, then x € Py or x € P,. If x € Py, then
mn n .
cT'x = chxj < Z a;l)xj <o <5,
i=1 i=1

where the first inequality follows from ¢ < a/") and x > 0. o
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Let us go back to the situation in Gomory’s algorithm. We solve the LP-

relaxation

(9.38a) (LP) max c'x
(9.38b) Ax=b
(9.38¢) x>0

of (@.37) and obtain an optimal basic solution x*. As in Section@.lwe parametrize
the solutions of ([@.38) by means of the nonbasic variables:
X5 =Ag'b— Az AnxE = b — AnXy
Let x; be an integer variable. Then, any feasible solution to the MIP ([@.37)
satisfies:
(9.39) bi — Z aixj € Z,
jEN

since the quantity on the left hand side of (@.39) is the value of variable x;. Let
Nt :={jeN:ay >0}, N~ := N\ NF. Also, for a shorter notation we set
fo := (bi — [bi]) € [0,1). Equation (@39) is equivalent to

(9.40) Z aijxj =fo+k forsomek € Z.
jeN

If, k > 0, then the quantity on the left hand side of (240) is at least fo, if k < —1,
then it is at most fo — 1. Accordingly, we distinguish between two cases:

Case 1: ZieN aijxj > fo > 0: In this case, we get from ZjeN P Qijxj > ZjeN aijX;
the inequality:

(9.41) Z aijxj > fo.

jEN

Case 2: ZjGN aijx; < fo —1 < 0: Then, ZjeN* aijx; < ZjGN aijx; < fo— 1
which is equivalent to

fo _
(942) —1 N .27 aijX; > fo.
jeN

We split P; into two parts, P1 = Py U P2, where

Py =P1N XIZﬁinjZO
jeEN

P, =PrN X:Zﬁinj<O
JEN

Inequality (@.4]) is valid for Py, while inequality (@.42) is valid for P,. We
apply Lemma P14 to get an inequality 'x > mo. If j € N, the coefficient
for x; is m; = max{ai;,0} = ay. If j € N7, the coefficient for x; is m; =

max {O, —1i—0fodij} = — 1i°f0 dij. Thus, we obtain the following inequality

which is valid for Py:

_ fo _
(9.43) Z aijxy — m Z aix; > fo.

JENT jJEN—
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We can strengthen ([@.43) by the following technique: The derivation of @.43)
remains valid even if we add integer multiples of integer variables to the left
hand side of (@40): if 7t is an integral vector, then

@) Z TTX; +Zdinj =fo+k forsomek € Z.

j:x;j is an integer variable jeEN

Thus, we can achieve that every integer variable is in one of the two sets M* =
{j:aiy+m >0tor M~ :={j:ay +m < 0) If j € M, then the coefficient ;
of x; in the new version 7t'x > 7o of @A) is @i;+7;, so the best we can achieve
is 71; = f; := (@ij — |@ij]). If j € M, then the coefficient 71; is — 12— (a; + 7;)

T—fo
and the smallest value we can achieve is — 1—i°f—0 (f;—1) = %;:’) In summary,
the smallest coefficient we can achieve for an integer variable is
fo(1 — f;
(9.44) min { fj, foll =15
1—fo

The minimum in @.44) is f; if and only if f; < fo. This leads to Gomory's mixed
integer cut:

fo(1—1;
Z fix; + Z 01(_7%”)‘)"

j:f,'gfo j:f,'>f()
x; integer variable j: x;j integer variable
(9.45) .
_ 0 _
+ E aixy — T—¢ E aijx; > fo.
—To
JENT JENT
X;j no integer variable X;j no integer variable

Similar to Theorem @.T3it can be shown that an appropriate choice of cutting-
planes (@:49) leads to an algorithm which solves the MIP (@.37) in a finite num-
ber of steps.

9.6 Structured Inequalities

In the previous sections of this chapter we have derived valid inequalities for
general integer and mixed-integer programs. Sometimes focussing on a single
constraint (or a small subset of the constraints) can reveal that a particular
problem has a useful “local structure”. In this section we will explore such
local structures in order to derive strong inequalities.

9.6.1 Knapsack and Cover Inequalities

We consider the 0/1-Knapsack polytope

. . N .
Pxnarsack = Pxnapsack (N, @, b) :=conv ¢ x € B™ : Z ajxj < b
jEN

which we have seen a couple of times in these lecture notes (for instance in
Example [[J). Here, the a; are nonnegative coefficients and b > 0. We use
the general index set N instead of N = {1,...,n} to emphasize that a knap-
sack constraint } ;.\ ajx; < b might occur as a constraint in a larger integer
program and might not involve all variables.
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In all what follows, we assume that a; < b for j € N since a; > b implies that
xj = 0 for all x € Pgnarsack (N, @, b). Under this assumption Pxyapsack (N, a, b)
is full-dimensional, since x? and x' (j € N) form a set of n + 1 affinely
independent vectors in Pknapsack (N, a, b).

Each inequality x; > 0 for j € N is valid for Pknarsack (N, a,b). Moreover,
each of these nonnegativity constraints defines a facet of Pxnarsack (N, a,b),
since X2 and x'V (i € N\ {j}) form a set of n affinely independent vectors that
satisfy the inequality at equality. In the sequel we will search for more facets
of Pxnarsack (N, a, b) and, less ambitious, for more valid inequalities.

Definition 9.15 (Cover, minimal cover)
A set C C N is called a cover, if

Z aj; > b.
jeC
The cover is called a minimal cover, if C \ {j} is not a cover for all j € C.

Each cover C gives us a valid inequality Zj ccXj < [C] =1 for Pxnapsack (if
you do not see this immediately, the proof will be given in the following the-
orem). It turns out that this inequality is quite strong, provided that the cover
is minimal.

Example 9.16
Consider the knapsack set

X={x€B :11x; + 6x2 + 6x3 + 5%4 + 5x5 + 4x6 +x7 < 19}

Three covers are C; ={1,2,6}, C; ={3,4,5,6} and C3 ={1,2,5, 6} so we have
the cover inequalities:

X1 +x2 +xg < 2
X3 +x4 +x5 +x¢ < 3
X1 +x2 +x5 +x5 < 3
The cover Cj3 is not minimal, since C; C C3 is also a cover. <

Theorem 9.17 Let C C N be a cover. Then, the cover inequality

Y x<icl—1

jeC

is valid for Pxnarsack (N, a, b). Moreover, if C is minimal, then the cover inequality
defines a facet of Pxnarsack (C, a, b).

Proof: By ObservationZ2it suffices to show that the inequality is valid for the
knapsack set

X:= XGBN:Zajxj <b
jEN
Suppose that x € X does not satisfy the cover inequality. We have that x = x°

is the incidence vector of a set S C N. By assumption we have

IC—1<) =Y x =[CnS|.

jeC jecns ]
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So [CN S| =|C| and consequently C C S. Thus,
ZanjZZanj: Z Clj:ZO.j>b,
JEN jeC jeCns jeC

which contradicts the fact that x € X.

It remains to show that the cover inequality defines a facet of Pknapsack (C, a, b),
if the cover is minimal. Suppose that there is a facet-defining inequality
c¢Tx < & such that

X € Pxnarsack (C, a,b) ij =[C[—1
jeC
CFe.:= {X € Piaarsack (C, a,b) 1 c'x = 5} .

(9.46)

We will show that ¢'x < § is a nonnegative scalar multiple of the cover in-
equality.

For 1 € C consider the set C; := C \ {i}. Since, C is minimal, C; is not a cover.
Consequently, each of the |C| incidence vectors X € B is contained in the
set on the left hand side of (@48), so x* € F. for i € C. Thus, for i # j we
have

0=cTxC —cTxC =T (xC —xS) = ci — ;.

Hence we have ¢; =y fori € C and c'x < 8 is of the form
(9.47) v) x5 <8
jec
Fix i € C. Then, by @47) we have
cTxCi=vy Z x; =0
jeCy
and by (@.28) we have

Y x5 =Icl-1,

jeCy

sod = v(|C|—1)and ¢"x < & must be a nonnegative scalar multiple of the
cover inequality. O

The proof technique above is a general tool to show that an inequality defines
a facet of a full-dimensional polyhedron:

Observation 9.18 (Proof technique 1 for facets) Suppose that P = conv(X) C
R™ is a full dimensional polyhedron and 7t"x < m is a valid inequality for P. In order
to show that T'x < o defines a facet of P, it suffices to accomplish the following steps:

(i) Select t > npointsx',...,x* € X with n'x' = 1o and suppose that all these
points lie on a generic hyperplane c"x = 8.

(ii) Solve the linear equation system
(9.48) D ogxp=38 fori=1,...,t
j=1

in the n 4+ 1 unknowns (c, d).
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(iii) If the only solution of @48) is (c,d) = y(m, o) for some y # O, then the
inequality 0" x < 7o defines a faceet of P.

In the proof of TheoremB. I we were dealing with a polytope Pknapsack (C, a,b) C
R€ and we choose |C| points x“¢ (i € C) satisfying the cover inequality with
equality.

Let us return to the cover inequalities. We have shown that for a minimal
cover C the cover inequality Zj cc Xj < [C|—1defines a facet of Pxnarsack (C, a, b).
However, this does not necessarily mean that the inequality is also facet-

defining for Pxnarsack (N, a, b). Observe that there is a simple way to strengthen
the basic cover inequalities:

Lemma 9.19 Let C be a cover for X = {x €BN: 2 ien @% < b}. We define the
extended cover E(C) by

E(C):=CU{jeN:a; > ayforallie C}.

The extended cover inequality

> x5 <IC-T

JEE(C)

is valid for Pxxapsack (N, @, b).

Proof: Along the same lines as the validity of the cover inequality in Theo-

remPB.17 O

Example 9.20 (Continued)
In the knapsack set of Example B.T6 the extended cover inequality for C =
{3,4,5,6}is

X3+ %4 + x5 + x5 < 3.

So, the cover inequality x3 + x4 + x5 4+ x¢ < 3 is dominated by the extended
cover inequality. On the other hand, the extended cover inequality in turn is
dominatd by the inequality 2x; + x2 + x3 + x4 + X5 + X6 < 3, so0 it can not be
facet-defining (cf. Theorem B.45). <

We have just seen that even extended cover inequalities might not give us a
facet of the knapsack polytope. Nevertheless, under some circumstances they
are facet-defining;:

Theorem 9.21 Let a; > az > --- > anand C ={1,...,jrfwithj; <j2 < --- <
jr be a minimal cover. Suppose that at least one of the following conditions is satisfied:

(i) C=N
(ii) E(C) = Nand (C\ {j1,j2}) U{1} is not a cover.
(iii) C=E(C)and (C\{j1}) U{p}isa cover, wherep = min{j:j € N\ E(C)}.

(iv) C C E(C) € Nand (C\{j1,52}) U{1}is a cover and (C\ {j1}) U{p}is a cover,
wherep =min{j:j € N\ E(C)L
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Proof: We construct n affinely independent vectors in X that satisfy the ex-
tended cover inequality at equality. Then, it follows that the proper face in-
duced by the inequality has dimension at least n — 1, which means that is
constitutes a facet.

We use the incidence vectors of the following subsets of N:

1. the |C| sets C; := C\ {j;} forj; € C.

2. the [E(C)\ C|sets C; :=(C\ {j1,j2}) U{k} for k € E(C) \ C. Observe that
|IC. NE(C)| = |C|—1 and that C;, is not a cover by the assumptions of the
theorem.

3. the [N\ E(C)|sets C; := C\{ji}U{j} forj € N\ E(C); again [E(C) N C;| =
|C| — 1 and C; is not a cover by the assumptions of the theorem.

It is straightforward to verify that the n vectors constructed above are in fact
affinely independent. 0

On the way to proving Theorem @.2T| we saw another technique to prove that
an inequality is facet defining, which for obvious reasons is called the direct
method:

Observation 9.22 (Proof technique 2 for facets) In order to show that n'x < 710
defines a facet of P, it suffices to present dim(P) — 1 affinely independent vectors in P
that satisfy 7' x = 7o at equality.

Usually we are in the situation that P = conv(X) and we will be able to exploit
the combinatorial structure of X. Let us diverge for a moment and illustrate
this one more time for the matching polytope.

Example 9.23

Let G = (V,E) be an undirected graph and M(G) be the convex hull of the
incidence vectors of all matchings of G. Then, all vectors in M(G) satisfy the
following inequalities:

(9.49a) x(6(v)) <1 forallveV

(9.49b) x(y(T)) <
(9.49¢) Xe >0 foralle € E.

forall TC V,|T| > 3 odd

Inequalities (@493 and (@.49d) are obvious and the inequalities (0.490) have
been shown to be valid in Example @3

The polytope M(G) is clearly full-dimensional. Moreover, each inequality
xer > 0 defines a facet of M(G). To see this, take the [E| incidence vectors
of the matchings @ and {e} where e € E \ {e’} which are clearly independent
and satisfy the inequality at equality. <

9.6.2 Lifting of Cover Inequalities

We return from our short excursion to matchings to the extended cover in-
equalities. In Example@.20we saw that the extended cover inequality x; +x,+
x3+X4+%x5+x¢ < 3 is dominated by the inequality 2x7 4+x, +x3+%4+x5+x¢ <
3. How could we possibly derive the latter inequality?
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Consider the cover inequality for the cover C = {3,4,5, 6}
X3+ x4 +x5+%x6 <3
which is valid for our knapsack set
X ={x€B’ :11x1 + 6x2 + 6x3 + 5x4 + 5x5 + 4x6 + x7 < 19}

from Example 0.1 We may also say that the cover inequality is valid for the
set
X' = {XGB4 1 6%3 + 5x4 + 5x5 + 4xg < 19},

which is formed by the variables in C. Since the cover is minimal, by The-
orem B.17 the cover inequality defines a facet of conv(X’), so it is as strong
as possible. We would like to transfer the inequality and its strength to the
higher dimensional set conv(X).

As a first step, let us determine the coefficients 37 such that the inequality
(9.50) B1x1+x3+%x4+%x5+%x5 <3
is valid for
X":={xe B> : 11x7 + 6x3 4 5x4 4 5x5 + 4xg < 19}.
In a second step, we will choose 31 as large as possible, making the inequality
as strong as possible.
For all x € X” with x; = 0, the inequality (@.50) is valid for all values of ;. If
x1 = 1, then (@X30) is valid if and only if
B1+x3+x4+x5+x5 <3
is valid for all x € B* satisfying
6X3 +5%x4 +5x5 +4xg <19 —11 =8.

Thus, (@50) is valid if and only if

B1 -+ max {x3 + x4 + x5 + X6 : x € B* and 6x3 + 5x4 + 5x5 + 4x6 < 8} < 3.
This is equivalent to saying that 31 < 3 — z, where
(9.51) z1 =max {x3 + x4 + x5 + X6 : x € B* and 6x3 + 5x4 + 5x5 + 4x6 < 8}

The problem in @5]) is itself a KNAPSACK problem. However, the objective
function is particularly simple and in our example we can see easily that z; =
1 (wehave z; > 2since (1,0, 0, 0) is feasible for the problem; on the other hand
not two items fit into the knapsack of size 8). Thus, (@20) is valid for all values
B <3 —1=2. Setting 1 = 2 gives the strongest inequality.

The technique that we have seen above is called lifting: we “lift” a lower-
dimensional (facet-defining) inequality to a higher-dimensional polyhedron.
The fact that this lifting is possible gives another justification for studying
“local structures” in integer programs such as knapsack inequalities.

In our example we have lifted the cover inequality one dimension. In order to
lift the inequality to the whole polyhedron, we need to solve a more general
problem. Namely, we wish to find the best possible values 3; for j € N\ C

such that the inequality
Z Bix; +ZXj <ICl—1

jEN\C jeC

is valid for X = {x €BMN : Y jon g% < b}. The procedure in Algorithm B3
accomplishes this task.
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Algorithm 9.3 Algorithm to lift cover inequalities.

LIFT-COVER
Input: The data N, a, b for a knapsack set

X = {x €BN: Djen @% < b}, a minimal cover C
Output: Values B35 forj € N \ C such that

> B +Y x<IC-1

jENNC jeC

is valid for X
1 Letji,...,jr be an ordering of N \ C.
2 fort=1,...,rdo
3 The valid inequality

t—1
Z Bjini +ZXj <|C|—-1
i=1

jeC

has been obtained so far.
4 To calculate the largest value (3;, for which

t—1
By, + ) Bixj + ) x5 <ICl—1
i=1

jeC

is valid, solve the following KNAPSACK problem:

t—1
Z¢ =max E Bjini + E Xj
i=1

jec
t—1
§ aj; Xj; + § a;x; <b—aj,
i=1 jeC
x € B\C\thf]

5 Setfj, :=ICl—1—z.
6 end for
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Example 9.24 (Continued)
We return to the knapsack set of Example @.16 and Take the minimal
cover C ={3,4,5,6}

X3+ X4 + x5 +%x6 <3

and setj; =1,j2 =2and j3 = 7. We have already calculated the value 31 = 2.
For B, = B2, the coefficient for x; in the lifted inequality we need to solve the
following instance of KNAPSACK:

zp =max 2X] + X3 + X4 + Xg + Xg
11x7 +6%x3 +5%4 +5%x5 +4x6 <19 -6 =13
x € B>
It is easy to see that z; =2, sowehave 35, =, =3—-2=1.

Finally, for 3;, = 37, we must solve

z7 =max 2x71 +X2 +x%x3+x4 +Xg+ x6+ X7
T1x7 4+ 6x2 + 6X3 +5%4 +5x5 +4x6 < 19—-1=18

x € B®

Here, the problem gets a little bit more involved. It can be seen that z; = 3,
so the coefficient (37 for x7 in the lifted cover inequality is 7 =3 —3 = 0. We
finish with the inequality:

2x1 +x2 +x3+ x4 + x5 +x6 < 3.

<

We prove that the lifting technique in a more general setting provides us with
a tool to derive facet-defining inequalities:

Theorem 9.25 Suppose that X C B™ and let X = X N{x € B":xy =0} for § €

{0,1}.
(i) Suppose that the inequality
(9.52) D mx; < mo
j=2
is valid for X°. If X! = @, then x1 < 0is valid for X. If X' # @, then the
inequality
(9.53) Bixi+ ) 7y < 7o

j=2

is valid for X if 31 < 1o — z, where

n
z:max{mej:XEXI}.

i=2

Moreover, if p1 = mo — zand defines a face of dimension k of conv(X°),
then the lifted inequality defines a face of dimension k+1 of conv(X). In
particular, if is facet-defining for conv(X®), then is facet-defining
for conv(X).
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(ii) Suppose that the inequality is valid for X1. If X° = @, then x; > 11is
valid for X. If X° # &, then

n
(9.54) Yixi + Z X5 < o + Y1
j=2

is valid for X if y1 > 2z’ — mo, where

n
z' :max{mej IX € XO} .

i=2
Moreover, if y1 = mo—2" and defines a face of dimension k of conv(X"),
then the lifted inequality defines a face of dimension k41 of conv(X). In
particular, if is facet-defining for conv(X'), then is facet-defining
for conv(X).

Proof: We only prove the first part of the theorem. The second part can be
proved along the same lines.

We first show that the lifted inequality (@.53) is valid for X for all B < mp — z.
We have X = X° U X'. If x € X9, then

n n
B1x1 +Z7Tij = Zﬂijj < 7.
j=2

j=2

If x € X', then

n n
Bix1 +Z7T1Xj =B +Z7zji <Br+z<(mo—2z)+z="m0
j=2 j=2

by definition of z. Thus, the validity follows.

If (@22) defines a k-dimensional face of conv(X°), then there are k + 1 affinely
independent vectors x*,i = 1,...,k+1 that satisfy (@.52) at equality. Everyone
of those vectors has x1 = 0 and also satisfies (.53) at equality. Choose x* € X'
such that z = Z?:z ;x5 If B1 = 7o — z, then x* satsifies (.53) also at equality.
Moreover, x* must be affinely independent from all the vectors %', since the
first component of x* is 1 while all the vectors %' have first component 0. Thus,
we have found k + 2 affinely independent vectors satisfying (.53) at equality
and it follows that the face induced has dimension k + 1. O

Theorem@.2Z5can be used iteratively as in our lifting procedure (Algorithm@.3):

Given Ny € N ={1,...,n}and an inequality }_
for

jen, 5% < 7o which is valid

XN{x€B":xj=0forje N\ Ny}
we can lift one variable at a time to obtain a valid inequality
(9.55) > Bt Y x<IC-1

JENAN, JENT

for X. The coefficients f; in ([@.50) are independent of the order in which the
variables are lifted. The corresponding lifting procedure is a straightforward
generalization of our lifting procedure for the cover inequalities. From Theo-
rem [0.2Z8 we obtain the following corollary:

Corollary 9.26 Let C be a minimal cover for X = {x €BN: 2en 4% < b}. The
lifting procedure in Algorithm@.3|determines a facet-defining inequality for conv(X).

O
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9.6.3 The Set-Packing Polytope

Integer and mixed integer programs often contain inequalities that have all
coefficients from B = {0, 1}. In particular, many applications require logical
inequalities of the form } ;_\ x; < 1 (packing constraint: at most one of the js
is chosen) or Z]. en Xj > 1 (covering constraint: at least one of the js is picked).
This motivates the study of packing, covering problems, cf. Example [L9 on

pageB®

Definition 9.27 (Set-Packing Polytope and Set Covering Polytope)
Let A € B™*™ be an m x n-matrix with entries from B = {0, 1} and ¢ € R™. The
integer problems

max {c'x:Ax <1,x € B"}
max {c'x:Ax > 1,x € B"}
max {c'x: Ax=1,x € B"}

are called the set-packing problem, the set-covering problem and the set-covering
partitioning problem, respectively.

In this section we restrict ourselves to the set-packing problem and the set-
packing polytope:

Ppacking (A) :=conv {x € B™ : Ax < 1}.

For the set-packing problem, there is a nice graph-theoretic interpretation of
feasible solutions. Given the matrix A, define an undirected graph G(A) as
follows: the vertices of G(A) correspond to the columns of A. There is an edge
between i and j if there is a common nonzero entry in columns i and j. The
graph G(A) is called the conflict graph or intersection graph.

Obviously, each feasible binary vector for the set-packing problem corre-
sponds to a stable set in G(A). Conversely, each stable set in G(A) gives a
feasible solution for the set-packing problem. Thus, we have a one-to-one
correspondence and it follows that

Pracking (A) = conv{x € B™ : x; + x; < 1 forall (i,j) € G(A)}.

In other words, Ppsciing (A) is the stable-set polytope STAB(G(A)) of G(A). If
G is a graph, then incidence vectors of the n + 1 sets @ and {v}, wherev € V
are all affinely independent and contained in STAB(G) whence STAB(G) has
full dimension.

We know from Theorem ELT4 that the node-edge incidende matrix of a bi-
partite graph is totally unimodular (see also Example EET5). Thus, if G(A) is
bipartite, then by the Theorem of Hoffmann and Kruskal (Corollary .12 on
page B2) we have that Ppycxing (A) is completely described by the linear sys-
tem:

(9.56a) xi+x; < 1forall (i,j) € G(A)
(9.56b) x> 0.

We also know that for a general graph, the system (@.56) does not suffice to
describe the convex hull of its stable sets, here Ppsciing (A). A graph is bipartite
if and only if it does not contain an odd cycle (see Lemma E8). Odd cycles
gives us new valid inequalities:
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Theorem 9.28 Let C be an odd cycle in G. The odd-cycle inequality

Y s

ieC

is valid for STAB(G). The above inequality defines a facet of STAB(V(C), E(C)) if
and only if C is an odd hole, that is, a cycle without chords.

Proof: Any stable set x can contain at most every second vertex from C, thus
x(C) < (IC] — 1)/2 since |C| is odd. So, the odd-cycle inequality is valid
for STAB(G).

Suppose the C is an odd hole with V(C) ={0,1,...,k — 1}, k € Neven and let
cTx < § be a facet-defining inequality with

Fc = {X € STAB(V(C),E(C)) : ) xi = %}

C Fe = {x € STAB(V(C),E(C)) : ¢"x = 6}

(@) The stable set S = (b) The stable set S, =
{i+2,i+4,...,i—3,i} in the odd cy {i+2,i+4,...,i—3,i—1} in the odd
cle C. cycle C.

Figure 9.3: Construction of the stable sets S; and S, in the proof of Theo-
rem Here, node i = 0 is the anchor point of the stable sets. The stable
sets are indicated by the black nodes.

Fix 1 € C and consider the two stable sets

Sy ={i+2,i+4,...,i—3,i}
Sy ={i+2,i+4,...,i—3,i—1)

where all indices are taken modulo k (see Figure B3 for an illustration). Then,
XS‘ € Fc C F., so we have

s s
=X =ci—ci.

Since we can choose i € C arbitrarily, this implies that ¢; =y foralli € C
for some y € R. As in the proof of Theorem .17 on page [[34 we can now
conclude that ¢"x < § is a positive scalar multiple of the odd-hole inequality
(observe that we used proof technique 1 for facets).
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Figure 9.4: If C is an odd cycle with choords, then there is an odd hole H
contained in C (indicated by the thick lines).

Finally, suppose that C is a cycle with at least one chord. We can find an odd
hole H that is contained in C (see Figure @.4). There are |C| — [H| vertices in
C\ H, and we can find (|C| — [H|)/2 edges (ix,Vvk) € C where both endpoints
are in C\ H. Consider the following valid inequalities:

T < \le—l

ieH

€l —H]

Xy, %5, <lfork=1,..., >

Summing up those inequalities yields } ;.-xi < ‘C‘2_1 , which is the odd-
cycle inequality for C. Hence, C is redundant and can not induce a facet
of STAB(V(C), E(C)). This completes the proof. O

The final class of inequalities we consider here are the so-called clique-inequalities:

Theorem 9.29 Let Q be a clique in G. The clique inequality

ZXiS]

ieQ

is valid for STAB(G). The above inequality defines a facet of STAB(G) if and only if
Q is a maximal clique, that is, a clique which is maximal with respect to inclusion.

Proof: The validity of the inequality is immediate. Assume that Q is maximal.
We find n affinely independent vectors that satisfy x(Q) = 1. For v € Q, we
take the incidence vector of {v}. For u ¢ Q, we choose a node v € Q which is
adjacent to u. Such a node exists, since Q is maximal. We add the incidence
vector of {u, v} to our set. In total we have n vectors which satisfy x(Q) < 1
with equality. They are clearly affinely independent.

Assume conversely that Q is not maximal. So, there is a clique Q' D Q, Q' #
Q. The clique inequality x(Q’) < 1 dominates x(Q) < 1, so x(Q) < 11is
not necessary in the description of STAB(G) and x(Q) < 1 can not define a
facet. O
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One of the recurring ideas in optimization is that of decomposition. The idea of a
decomposition method is to remove some of the variables from a problem and
handle them in a master problem. The resulting subproblems are often easier
and more efficient to solve. The decomosition method iterates back and forth
between the master problem and the subproblem(s), exchanging information
in order to solve the overall problem to optimality.

10.1 Dantzig-Wolfe Decomposition

We start with the Dantzig-Wolfe Decomposition for Linear Programs. Sup-
pose that we are given the following Linear Program:

(10.1a) max c¢'x
(10.1b) Alx <b'
(10.1¢) AZx < b?

where A'is an m; x n-matrix. Consider the polyhedron
P2 = {x:A%x < b?}.

From Minkowski’s Theorem (Theorem on page B0J) we know that any
point x € P? is of the form

(10.2) X = Z 7\ka + Z pjrj

kekK je]

with Y, .y A =1,A > 0fork € K, uj > 0forj € J. The vectors x* and 1/ are
the extreme points and extreme rays of P?. Using ([0.2) in (I0T) yields:

(10.3a) max c' (Z Aex® + Z ujrj)

keK je]

keK je]

(10.3b) Al (Z M+ Y W]’) <b'
(10.3¢) > Ae=1

kekK
(10.3d) AeRE, neR)L
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Rearranging terms, we see that ([0.3) is equivalent to the following Linear
Program:

(10.4a) max Z (c"x*) Ak + Z(CT )17
keK S

(10.4b) > (A N+ D (AT < b!
kekK i€)

(10.4c) > =1
keK

(10.4d) AeRE LeR)

Let us compare the initial formulation [[0.]) and the equivalent one ([[0.4):

Formulation | number of variables | number of constraints

0.1 n my +my

@3 K+ 171 m
In the transition from [Q.T) to [{L4) we have decreased the number of con-
tstraints by m,, but we have increased the number of variables from n to
[K| + [J| which is usually much larger than n (as an example that [K| + []|
can be exponentially larger than n consider the unit cube {x € R™ : 0 < x < 1}
which has 2n constraints and 2™ extreme points). Thus, the reformulation may
seem like a bad move. The crucial point is that we can still apply the Simplex
method to ([.4) without actually writing down the huge formulation.

Let us abbreviate (I04) (after the introduction of slack variables) by

(10.5) max {w'n:Dn=b,n>0},

where D € RIMi+1x(KI+JD g ¢ Rmi+1,

The Simplex method iterates from basis to basis in order to find an optimal
solution. A basis of [[LY) is a set B C {1,...,|K|+ |J|} with |B| = m; + 1 such
that the corresponding square submatrix Dg of B is nonsingular. Observe that
such a basis is smaller (namely by m; variables) than a basis of the original
formulation Q). In particular, the matrix Dg € R(M1+1x(mi+1) gy
smaller than a basic matrix for (I0.I) which is an (my + my) x (Mg + my)-
matrix. In any basic solution ng = Dg1 d of (I0) and nn := 0 only a very
small number of variables (m; + 1 out of |K| + |J|) can be nonzero.

It is easy to see that a basic solution (ng,nn) of (I1LY) is optimal if and only if
the vector y defined by y' Dg = w}, satisfies wn —y"Dn < 0. We only outline
the basics and refer to standard textbooks on Linear Programming for details,
e.g. [Lue84, ICCT98]. The key observation is that in the Simplex method the
only operation that uses all columns of the system [[LD) is this pricing oper-
ation, which checks whether the reduced costs of the nonbasic variables are
nonnegative.

10.1.1 A Quick Review of Simplex Pricing
Recall that the Linear Programming dual to (I0D) is given by:
(10.6) min {b'y: D'y >w}.

The pricing step works as follows. Given a basis B and correspondig basic
solutionn = (g, nn) = (D' d,0) the Simplex method solves y' Dg = w}, to
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obtainy. If wy —y'Dn < 0, then y is feasible for the dual (I0LA) and we have
an optimal solution for (ILT), since

win=wing =y Dgng =y b=b'y,

and for any pair (n’,y’) of feasible solutions for (P) and (D), respectively, we
have
win<(D'y)'n’'=(y)'Dn’ =b'y".

If on the other hand, w; — diTy > 0 for some i € N, we can improve the
solution by adding variable 1; to the basis and throwing out another index.
We first express the new variable in terms of the old basis, that is, we solve
Dgz = di. Letn(¢) be defined by g (¢) := N — €z, ni(e) := ¢ and zero for all
other variables. Then,

win(e) =whmp — ez) + wie

= wgne + £(wi —wpz)

=wgne + e(wi —y' Dpz)

=wgne + & (wi —y'di)

————
>0

Thus, for ¢ > 0 the new solution 1(¢) is better than the old one 1. The Simplex
method now chooses the largest possible value of ¢, such that n(¢) is feasible,
thatis(e) > 0. This operation will make one of the old basic variables j in B
become zero. The selection of j is usually called the ratio test, since j is any

index in B such that z; > 0 and j minimizes the ratio ni/z; over all i € B
having z; > 0.

10.1.2 Pricing in the Dantzig-Wolfe Decomposition

In our particular situation we do not want to explicitly iterate over all entries
of the vector wn — y"Dy in order to check for nonnegativity. Rather, the
pricing can be accomplished by solving the following Linear Program:

(10.7a) C=max (c'—g"AN)x—ym, 41
(10.7b) A%x < b?

where § is the vector composed of the first m; components of y and y satisfies
y"Dg = wg. The following cases can occur:

Case 1: We have ¢ > 0 in [[0.7).

Then, the problem ([{lZ) has an optimal solution x* with (cT—gTA")x* >
Um, +1- In this case, x* = x¥ for some k € K is an extreme point. Let Dy .
be the kth row of D. The reduced cost of x* is given by

Alxk
Wi — 9D, =c'xF —gT< | ) =c"x* —gTAIX* —Gm, 41 >0.

Thus, x* will be the variable entering the basis in the Simplex step (or in

other words, (A1]"k) will be the column entering the Simplex tableau).

Case 2: The problem ([0.7) is unbounded.
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Then, there is an extreme ray 1/ for some j € J with (¢" —gTA")Y > 0.
The reduced cost of 1/ is given by

T T (AT T Tallj
Wi+ —8 D k45 =¢c' 7 =1 0o )=¢T T AT >0.

So, v will be the variable entering the basis, or (A;ri) will be the column
entering the Simplex tableau.

Case 3: We have ¢ < 0 in (T07).

Then, the problem ([L7) has an optimal solution x* with (¢T—gTA")x* <
Um,+1. By the same arguments as in Case 1 and Case 2 it follows that
wi — QTD.,;L < 0 for all i € K U J which shows that the current basic
solution is an optimal solution solution of ([[0.4).

We have decomposed the original problem ([[(LT) into two problems: the mas-
ter problem ([[0.4) and the pricing problem ([[0.7). The method works with a
feasible solution for the master problem ([[(.) and generates columns of the
constraint matrix on demand. Thus, the method is also called column generation
method.

10.2 Dantzig-Wolfe Reformulation of Integer Pro-
grams

We now turn to integer programs. Decomposition methods are particularly
promising if the solution set of the IP which we want to solve has a “decom-
posable structure”. In particular, we will be interested in integer programs
where the constraints take on the following form:

Alxl +AZxZ 4+... A%k = b

D'x! < d

(10.8) D?x? < &
DKxK < gk

If the IP has the form above, then the sets
Xk = {xk SAE D*xk < dk}

are independent except for the linking constraint ZE:] AKx* = b. Our integer
program which we want to solve is:

K K
(10.9) z =max {Z(ck)Txk : Z Akxk =b xk e Xrfork=1,... ,k} .
k=1 k=1
In the sequel we assume that each set X* contains a large but finite number of
points:
(10.10) XE=Mtt=1,000 T}

An extension of the method also works for unbounded sets X* but the presen-
tation is even more technical since we also need to handle extreme rays. In the



10.2 Dantzig-Wolfe Reformulation of Integer Programs 149

Dantzig-Wolfe decomposition in Section [0.J]we reformulated the problem to
be solved by writing every point as a convex combination of its extreme points
(in case of bounded sets there are no extreme rays). We will adopt this idea to
the integer case.

Using [[0.10) we can write:

Xk = {x € R™ :x —Z)\ktx Z?\kt—l Ak €{0,1} fort=1,. T}.

t=1 t=1

Substituting into (IL9) gives an equivalent integer program, the IP master prob-
lem:

(10.11a)
K Tk
(IPM) z = max ZZ ) Txkot)
k=1 t=1
K T
(10.11b) > ) (AR A =D
k=1 t=1
(10.11c¢) D M =1 fork=1,...,K
(10.114) Ax,t €1{0,1} fork=1,..., Kandt=1,..., Tk

10.2.1 Solving the Master Linear Program

In order to solve the IP master problem ([0.IT) we first solve its Linear Pro-
gramming relaxation which is given by

(10.12a)

K T
LPM - T kt

(LPM) z="" = max Z Z
k=1 t=1
K Tk

(10.12b) > ) (AN =D
k=1 t=1
Tk

(10.12¢) D> M =1 fork=1,...,K
t=1

(10.12d) At >0 fork=1,...,Kandt=1,..., Tx

The method to solve [0.I2) is the same we used for the reformulation in Sec-
tion [0.Tk a column generation technique allows us to solve ([[0.12) without
writing down the whole Linear Program at once. We always work with a
small subset of the columns.

Observe that ([0.I2) has a column

c*x
Akx with ex =
€x

T
~

SRR
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for every x € X*. The constraint matrix of ([[0.I2) is of the form:

Alxbl 0 AlxDTr A2y A2 T ARKKT o AR T T
1 1
1 1

while the right hand side has the form

5(?).

Let m;, i = 1,..., m be the dual variables associated with the linking con-
straints ([0.I20) and px, k = 1,...,K be the dual variables corresponding
to the constraints (I0.I2d). Constraints (I0LI2d) are also called convexity con-
straints. The Linear Programming dual of (I0.) is given by:

(10.13a)

m K
(DLPM) min Y m+ Y
i=1 k=1

(10.13b) T (ARXK) 4+ e > ¢ forallx® e X<, k=1,...,K
Suppose that we have a subset of the columns which contains at least one
column for each k = 1,. .., K such that the following Restricted Linear Program-
ming Master Problem is feasible:

(10.14a) (RLPM) zRMPM —max  ¢™A

(10.14b) AN=Db

(10.14c¢) A>0

The matrix A is a submatrix of the constraint matrix, A denotes the restricted
set of variables and ¢ is the corresponding restriction of the cost vector to those
variables. Let A* be an optimal solution of ([.T4) and (7, ) € R™ x RX be
a corresponding dual solution (which is optimal for the Linear Programming

dual to 0.14)).

Clearly, any feasible solution to the (RLPM) ([ 1) is feasible for (LPM) (I0.T2),
so we get

m K
ZRLPM — (—:Tj\* — Zﬂibi + Z My < ZLPM <z
i=1 k=1

The pricing step is essentially the same as in Section [[0.Tl We need to check
whether for each x € X¥ the reduced cost is nonpositive, that is whether
(c®)Tx — T Akx — py < 0 (equivalently, this means to check whether (7, p)
is feasible for the Linear Programming dual (DLPM) (T0.I3) of (LPM) (T0.12).
Instead of going through the reduced costs one by one, we solve K optimiza-
tion problems. While in Section the corresponding optimization prob-
lem was a Linear Program ([[(0.7), here we have to solve an integer program for
eachk=1,... K:

(10.15a) (e =max  ((c)Tx — T AR)x — py
(1015b) x € Xk — {Xk c Zik - D*xk < dk}



10.2 Dantzig-Wolfe Reformulation of Integer Programs

151

Two cases can occur, (. < 0 and (i > 0 (the case that (I0.I5) is unbounded is
impossible since we have assumed that X* is a bounded set).

Case1: (x >0forsomek e {1,...,K}

Let %* be the optimal solution of (IILIH) for this value of k. As in Sec-
tion [0.TAit follows that X* is an extreme point of X¥, say &% = x**. The
column corresponding to the variable x** has a positive reduced price.

Ky tk
cxb

We introduce a new column [ A*x"* | . This leads to a new Restricted
(9

Linear Programming Master Problem which can be reoptimized easily

by Simplex steps.

Case2: (x <Ofork=1,...,K

In this case, the dual solution (7, u) which we obtained for the dual of
(RLPM) [{0.T4) is also feasible for the Linear Programming dual (DLPM)

@013 of (LPM) [TI.I2) and we have

m K
zLPM < Zﬂibi + Z W = (—:Tj\* _ sRLPM < zLPM.
i=1 k=1

Thus A* is optimal for (LPM) (II.T2) and we can terminate.

We can derive an upper bound for z"™ during the run of the algorithm by
using Linear Programming duality. By definition, we have

G > ()T —mTAR)XR — e forallx* e K, k=1,... K.

Let ¢ = (¢1,...,Ck). Then, it follows that (7, + () is feasible for the dual
(DLPM) (TI0.T3). Thus, by Linear Programming duality we get

m K K
(10.16) MY b+ ) e+ ) G
i=1 k=1 k=1

Finally, we note that there is an alternative stopping criterion to the one we
have already derived in Case 2 above. Let (x',...,%%) be the K solutions
of (ILI9), so that (. = ((c*)Tx* — T AX%)x* — . Then

K K K K
(10.17) ()& =) mTASE+ Y e+ ) -

k=1 k=1 k=1 k=1
So, if (%', ..., %K) satisfies the linking constraint ZE:1 Akxk = b, then we get
from (I0.17) that

K K K
(10.18) ()% =n"o+ ) we+ ) -
k=1 k=1 k=1

The quantity on the right hand side of (I0.I8) is exactly the upper bound (I0.16)
for the optimal value z"™ of the Linear Programming Master. Thus, we can
conclude that (x',...,%*) is optimal for (LPM).
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10.2.2 Strength of the Master Linear Program and Relations to
Lagrangean Duality

We first investigate what kind of bounds the Master Linear Program will pro-
vide us with.

Theorem 10.1 The optimal value z-"M of the Master Linear Program [[012) satis-
fies:

K K
ZtPM _max{Z(ck)Txk : ZAk k= b,x* € conv(X¥) for k = 1,...,K} .
k=1

k=1

Proof: We obtain the Master Linear Program ([0.12) by substituting x* =
Ztk1 Ak X Ztk1 7\k ¢t =1land Ay > Ofort = 1,...,Tx. This is equiv-
alent to subst1tut1ng x¥ € conv(X¥). |

The form of the integer program ([[0.9) under study suggests an alternative
approach to solving the problem. We could dualize the linking constraints to
obtain the Lagrangean dual (see Section [£.3)

wrp = min L(u),

ueRn’L
where

K

max{ Txk 4 ul b—Akxk):xkeka:L...,K}
k=1
K

max{z —uAR)X  +uTp): xkEkazl,...,K}
k=1

Observe that the calculation of L(u) decomposes automatically into K inde-
pendent subproblems:

K
I_(LL) :U.Tb + Zmax{((ck)T —uTAk)xk ZXk c Xk} )

Theorem tells us that

K
WLD = max{Z((ck)T —uTAR)XE +uTb) i x* e conv(X¥) k=1,... ,K} .
k=1

Comparing this result with Theorem [[0.]| gives us the following corollary:
Corollary 10.2 The value of the Linear Programming Master and the Lagrangean
dual obtained by dualizing the linking constraints coincide:

APM
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10.2.3 Getting an Integral Solution

We have shown how to solve the Linear Programming Master and also shown
that it provides the same bounds as a Lagrangean dual. If at the end of the col-
umn generation process the optimal solution A* of (LPM) (I0.ID) is integral,
we have an optimal solution for the integer program ([I.TT) which was our
original problem. However, if A* is fractional, then {[0.IT) is not yet solved.
We know that z'"™ = w;p > z. This gives us at least an upper bound for
the optimal value and suggests using this bound in a branch-and-bound algo-
rithm.

Recall that in Section 0.3l we combined a branch-and-bound algorithm with
a cutting-plane approach. The result was a branch-and-cut algorithm. Simi-
larly, we will now combine branch-and-bound methods and column gener-
ation which gives us what is known as a branch-and-price algorithm. In this
section we restrict the presentation to 0-1-problems (“binary problems”).

The integer program which we want to solve is:
K K
(10.19) z:max{Z(ck)TXk : ZAk k—b,x* e X" fork = 1,...,k} ,
k=T k=1
where
X< = {x* e B}*: D*x* < d*}

fork =1,...,K. As in Section [[0.2 we reformulate the problem. Observe that
in the blnary case each set X* is automatically bounded, X* = {x*t: t =1,.
so that

Xk = {x cR™ :x _Zxktx Zxkt_1 A €{0,1) fort=1,.

t=1 t=1

and substituting into (I0.19) gives the IP master problem:

(10.20a)
K Tk
(IPM) z = max ZZ )TN
k=1 t=1
K Tk
(10.20b) > ) (AR =D
k=1 t=1
Ty
(10.20c) D Aer=1 fork=1,...,K
(10.20d) Mt €{0,1} fork=1,...,Kandt=1,..., Ty

Let A be an optimal solution to the LP-relaxation of [[I.20), so that z}™ =



154

Column Generation

K T .
Yy 2 ((eF) TR YAk ¢, where

(10.21a)
K T
(LPM) zM™ — max Z ()% Ak ¢
k=1 t=1
K T
(10.21b) > D (AN =D
k=11t=1
Tw
(10.21¢) Mee =1 fork=1,...,K
t=1
(10.21d) Akt >0 fork=1,..., Kandt=1,...,Tx
Let ¢ = ZIL Aeox®tand x = (x',...,%5). Since all the x*t € X¥ are

different binary vectors, it follows that X* € B™* if and only if all Ay ; are
integers.

So, if A is integral, then % is an optimal solution for (II.I9). Otherwise, there
is ko such that % ¢ B™ko, i.e, there is ty such that i}fg ¢ B. So, like in
the branch-and-bound scheme in Chapter [l we can branch on the fractional
variable ilt‘(f : We split the feasible set S of all feasible solutions into S = SoUSj,
where

So:Sﬂ{x:x;‘O":O}
S1:Sﬂ{x:xk°: }

Jo
This is illustrated in Figure [[0.T(a). We could also branch on the column vari-
ables and split S into S = S§ U S| where

Sp=SnN{A:Ak0t =0}
Si=Sn{A:Akt =1},

where Af ! is a fractional varialbe in the optimal solution A of the Linear Pro-
gramming Master (see Figure [0.1(b)). However, branching on the column
variables leads to a highly unbalanced tree for the following reason: the
branch with Ay, ¢, = 0 exludes just one column, namely the t;th feasible
solution of the kjst subproblem. Hence, usually branching on the original
variables is more desirable, since it leads to more balanced enumeration trees.

(a) Branching on the original variables (b) Branching on the column variables
Figure 10.1: Branching for 0-1 column generation.

We return to the situation where we branch on an original variable xi". We
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have

ko = E )\ko thoy .

Recall that x!“”t € B, since each vector xko:t € B™o.

If we require that xk" = 0, this implies that Ay, + = 0 for all t with x}‘o‘)’t > 0.
Put in Similarly, if we require that x}‘o‘) =1, this implies that Ay, + = 0 for all t
with x}‘o"’t > 0.

In summary, if we require in the process of branching that x}‘o‘) = o for some
fixed 6 € {0, 1}, then Ay, + > O only for those t such that x}“)'t = §. Thus, the

Master Problem at node S5 = So = SN {x : x;‘(f = } is given by:

(10.22a)
(IPM)(Ss) max Z Z )TNt + Z ko) kot
k#ko t=1 t.x. t_s
Jo
(10.22b) > Z AN+ ) (ARxRO N =D
k£ko t=1 xR0t
jo
Tk
(10.22¢) > Mer=1 fork#ko
t=1
(10.22d) At €{0,1} fork=1,...,Kandt=1,...,Tx

The new problems ([(.Z2) have the same form as the original Master Prob-
lem (]m» The only difference is that some columns, namely all those where

xlo Y £ 5, are excluded. This means in particular that for k # ko each sub-
problem

(10.23a) e =max () Tx — " AR)x — e

(10.23b) x € Xk = {x* e BI* : D*x* < d*}

remains unchanged. For k = k¢ and 6 = {0, 1} the koth subproblem is

(10.244a) Ck, = max ((c®0)Tx — " Ake)x — Wio
(10.24b) xe X N{x:x; =98}.






More About Lagrangean
Duality

Consider the integer program:

(11.1) z=max {c'x:Dx < d,x € X}
with
(11.2) X = {Ax < b,x € Z"

and Dx < d are some “complicating constraints” (D is a k x n matrix and
d € R¥). In Section &3 we introduced the Lagrangean Relaxation

(11.3) IP(u) z(u) =max{c'x+u'(d—Dx):x e X}

for fixed u > 0 and showed that IP(u) is a relaxation for 1) (Lemma R.16).
We then considered the Lagrangean Dual for ([[1)

(11.4) (LD) wrp = min{z(u) : u > 0}.

Clerly, wip > z, and Theorem gave us precise information about the
relation between wip and z, namely,

wip =max {c"x: Dx < d,x € conv(X)} .

In this chapter we will learn more about Lagrangean duality. We will investi-
gate how we can use information from a Lagrangean Relaxation to determine
values for the variables in the original problem (variable fixing) and we will
also sketch how to actually solve the Lagrangean Dual.

11.1 Convexity and Subgradient Optimization

In the proof of Theorem we derived two Linear Programming formula-
tion for solving the Lagrangean dual (TT4):

(11.5a) wLp = mint
(11.5b) t4 (Dx* —d)Tu>c"™x* fork € K
(11.5¢) (DY)Tu>c™ forje]

(11.5d) ueRMteR



158

More About Lagrangean Duality

and

(11.6a) Wip =maxc' Z ofxk + Z Bjrj
keK j€]

(11.6b) > =1

(11.60) D) a4+ gy | <dd o)

keK

keK

(11.6d) o, Bj >0, fork € K,j € J.

Here, x¥, k € K are the extreme points and 17, j € | are the extreme rays
of conv(X), where X is defined in (IT2). Formulation (TL5) contains a huge
number of constraints, so a practially efficient solution method will have to
use a cutting-plane algorithm. Formulation (TI.6) contains a huge number of
constraints, in fact, it is a Dantzig-Wolfe reformulation and we may solve it by

column generation (see Chapter [[0).

In this section we describe an alternative approach to solve the Lagrangean
dual. This approach is comparatively simple, easy to implement and exploits
the fact that the function z(u), defined in (TI.3) is convex and piecewise linear

(we will prove this fact in a minute).

Definition 11.1 (Convex Function)

A function f: R™ — R is convex, if

f(Ax 4+ (T —A)y) < Af(x) + (1 —A)f(y)

forall x,y € R"and all A € [0,1].

The definition above simply states that for any point Ax + (T — A)Jy on the
segment joining x and y the function value f(Ax + (1 — A)y) lies below the
segment connecting f(x) and f(y). Figure [Tl provides an illustration for the

one-dimensional case.

( Ax+(1—=A)y
f(Ax+(1—-A)y)

Figure 11.1: A convex function.
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Convex functions have a the nice property that local minimal are also global
minima:

Definition 11.2 (Local and global minimum)

The point x* € R™ is a local minimum of f: R™ — R if there is & > 0 such that
f(x) > f(x*) forall |x —x*|| < &. The point x* is a global minimum if f(x) > f(x*)
forallx € R™

Lemma 11.3 Let x* be a local minimum of the convex function f: R™ — R. Then,
x* is also a global minimum.

Proof: Let 6 > 0 be such that f(x) > f(x*) for all ||x — x*|| < 6. Suppose that
x € R™ with f(x) < f(x*). Lety := x* 4+ 6(x —x*)/||x — x*||. Then, ||y —x*|| = 5.

5 5
fly) =f((1 — ="+ —d
[[% — %] % — %]
) )
< —)f(x") + —f(%)
% — x| % — %]
) )
< (1 —)f(x") + —f(x")
% — x| % — x|
= f(x*).
This contradicts the fact that x* is a local minimum. O

It can be shown that a differentiable function f: R™ — R is convex if and only
if
f(x) > f(x*) + VI(x*)(x —x¥)

for all x,x* € R™, see e.g. [Lue84]. Here, Vf(x*) is the gradient of f at x*.
So x* is a local (and by Lemma also a global) minimizer of a convex dif-
ferentiable function f: R™ — R if and only if Vf(x*) = 0. The notion of a
subgradient is meant as an extension to the nondifferentiable (and possibly
non-smooth) case:

Definition 11.4 (Subgradient, subdifferential)
Let f: R™ — R be convex. The vector s € R™ is a subgradient of f at x* if

f(x) > f(x*) +s'(x —x*)

for all x € R™. The subdifferential 0f(x) of f at x is the set of all subgradients of
at x.

Lemma 11.5 Lef f: R™ — R be convex. Then, x* is an optimal solution of min {f(x) : x € R™}

if and only if 0 € of(x*).

Proof: We have

0 € of(x*) & f(x) (x*) 4+ 0T (x —x*) for all x € R™

> f
> f(x*) for all x € R™
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Algorithm 11.1 Subgradient algorithm for minimizing a convex function
f:R™ =5 R.
SUBGRADIENT-ALG(f)

1 Choose a starting point x° € R™ and set k := 0.

2 Choose any subgradient s € 9f(x*).

3 while s # 0 do

4 Setx**t1 .= x* —0ys for some 0 > 0.
5 Setk=k+1.

6 end while

7 x*~1 is an optimal solution. stop.

The subgradient algorithm (see Algorithm [TT)) is designed to solve problems
of the form

min{f(x) : x € R"},

where f is convex. At any step, it chooses an arbitrary subgradient and moves
into that direction. Of course, the question arises how to get a subgradient,
which subgradient to choose and how to select the steplengths 6x.

We will not elaborate on this in the general setting and restrict ourselves to the
special case of the Lagrangean dual.

11.2 Subgradient Optimization for the Lagrangean
Dual

Before we start to apply subgradient descent methods to the Lagrangean dual,
we will first prove that the function we wish to minimize actually possesses
the desired structural properties.

Lemma 11.6 Let fq,...,fm: R™ — R be convex functions and
f(x) = max{fi(x):i=1,...,m}
be the pointwise maximum of the f;. Then, f is convex.
Proof: Letx,y € R"and A € [0,1]. Fori=1,..., m we have from the convex-

ityOffi
fi(Ax + (1 = A)y) < Afi(x) + (1 = A)fi(y).

Thus,

fAx + (1 —A)y) =max{fi(Ax+ (1 —A)y) :i=1,...,m}
<max{Afi(x)+ (1 —=A)fi(y):i=1,...,m}
< Amax{fi(x):1=1,...,m}+ (1 = A)max{fi(y):i=1,...,m}
=A(x) + (1 = A)f(y).

Thus, f is convex. O

Theorem 11.7 The function z(u) defined in [[I3) is piecewise linear and convex on
the domain over which it is finite.
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Proof: Let x¥, k € K be the extreme points and 1,j € ] be the extreme rays
of conv(X). Fix u > 0. We have (see also Theorem [c.18):

z(u) = max {c"x +u'(d — Dx) : x € conv(X)}
B {—i—oo if (¢cT —u"D)r) > 0 for somej €]

c"xk¥+uT(d—Dx*) forsome k € K otherwise.
So, z(u) is finite if and only if u is contained in the polyhedron
Q:={yeRT:u'Dr' >c" foralljeJ}
Ifu e Q, then
z(u) =u'd+max{(c" —u'D)x*:k € K}

is the maximum of a finite set of affine functions f (u) = u'd+ (c" —u'D)xk,
(k € K). Since affine functions are convex, the convexity of z(u) follows from
LemmallT4 O

The above theorem shows that the function occuring in the Lagrangean dual
is a particular convex function: it is piecewise linear. This property enables us
to derive subgradients easily:

Lemma 11.8 Let w > Oand x (1) be an optimal solution of the Lagrangean relaxation
IP(u) given in (LL3). Then, the vector d — Dx (i) is a subgradient of z(u) at 1.

Proof: For any u > 0 we have

z(u) =max{c'x+u'(d—Dx):x € X}
> c¢'x() +u'(d — Dx(q)
=c'x(u)+u"(d—Dx() + (u—1u)"(d — Dx(w))
=z(u) + (u—1)"(d — Dx(@))
)+

=z(u) + (d—Dx() " (u—1)

This proves the claim. O

Algorithm 11.2 Subgradient algorithm for solving the Lagrangean dual.

SUBGRADIENT-LD

1 Choose a starting dual vector u® € R and set k := 0.
2 repeat
3 Solve the Lagrangean Problem:

IP(u) z(u*) =max{c'x+ (u¥)"(d—Dx):x € X}

and let x(u*) be its optimal solution.
4 Sets:=d—Dx(u¥), then s' is a subgradient of z(u) at u* (Lemma[TJ).
5  Setu**t! := max{uk — 0ys, 0! for some 0y > 0.
6 Setk:=k-+1.
7 untils =0
8 uk~1 is an optimal solution. stop.

We state the following theorem without proof:
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Theorem 11.9 Let 0 be the sequence of set lengths chosen by Algorithm T2
(i) Iflimy 0o Ok =0and Y}, 0 = oo, then limy_, o z(uX) = wip.

(ii) If O = 0op* for some 0 < p < 1, then limy_, o z(uX) = wyp if 00 and p are
sufficiently large.

. _ K _1 . .
(i) If W > wip and Oy = 8“% with 0 < ey < 2, then limy_, o0 z(u¥) =
wyp, or the algorithm finds u* with w > z(u®) > wyp for some finite k.

d

11.3 Lagrangean Heuristics and Variable Fixing

Suppose that we solve the Lagrangean dual by some algorithm, e.g. by the
subgradient method described in the previous section. It makes sense to hope
that once the multipliers u* approach the optimal solution (of the dual), we
may possibly extract some information about the original IP (ITJ)). In partic-
ular, we would hope that x(uk), the optimal solution of the problem is
«close » to an optimal solution of ([[T.).

In this section we examine this idea for a particular example, the set-covering
problem (see also Example on page ). In this problem we are given a
finite ground set U and a collection F C 2N of subsets of N. There is a cost c¢
associated with every set f € F. We wish to find a subcollection of the sets in F
of minimum cost such that each element in U is covered at least once:

(11.7) min{Zcfxf:Zaifxfz1f0ri€N,x€IB§F}.

feF feF

Here, as in Example[[L9on pageB)

1 if element 1is contained in set f
aif := .
0 otherwise.

Let us consider the Lagrangean relaxation of (I.Z) where we dualize all cov-
ering constraints. For u > 0 we have:

z(u) :min{z cexe + Zui (1 —Z aifo> ,X € ]B%F}

feFr ieN feF
(11.8) _min{Zui—l—Z <cf—Zuiaif> X¢ :XGIB%F}
ieN feF ieN

Observe that the problem ([T.§) is trivial to solve. Let

Fr .= {fEF:Cf—Zuiaif>O}

ieN

F_:_{fEF:cf—Zuiaif<O}

ieN

FO .= {fEF:Cf—Zuiaif:O}

ieN
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Weset x = 1if f € F~ and x¢ := 0 if f € F* U F°. otherwise. So, givenu > 0,
we can easily calculate x(u) and the corresponding optimal value z(u).

Given x(u) € BF, we can use this vector to obtain a feasible solution x"

of IZ): We drop all rows i € N where ) f € Fai¢x¢ > 1 and solve the re-
maining smaller set-covering problem by a greedy-heuristic (always choose a
set such that the ratio of the cost over the number of elements newly covered
is minimized). If y* is the heuristic solution, then x" := x (1) + y* is a feasible

solution to (TT2).

Once we are given x™ we can use the dual information in the multipliers u for
variable fixing. Suppose that X is a feasible solution for ([T.2) with ¢"x < cTxH.
Since we are dealing with a relaxation, we have

(11.9) Z u; + Z <Cf — Z uiaif> x¢ <clx <c'xM.

ieN feF ieN
Let f € F' and suppose that Y ;Wi + 2 ser- (6 — X jen Witif) = c'xM.
Then, (TT.9) can only hold if x¢ = 0.

Similarly, let f € F~ and suppose that } ;. wit2 ¢cr\(f) (cF— Y jen Witif) =
c"x". Then, for (TI9) to hold we must have x¢ = 1.






Notation

This chapter is intended mainly as a reference for the notation used in these
lecture notes and the foundations this work relies on. We assume that the
reader is familiar with elementary graph theory, graph algorithmic concepts,
and combinatorial optimization as well as with basic results from complexity
theory. For detailed reviews we refer the reader to monographs and textbooks
which are listed at the end of this chapter.

A.1 Basics

By R (Q, Z, N) we denote the set of real (rational, integral, natural) numbers.
The set N of natural numbers does not contain zero. R} (Q, Z}) denotes the
nonnegative real (rational, integral) numbers.

The rounding of real numbers x € R, is denoted by the notation |x| :=
max{n e NU{0}:n <x}and [x] :=min{n e N:n>x}.

By 2% we denote the power set of a set S, which is the set of all subsets of set S
(including the empty set @ and S itself).

A.2 Sets and Multisets

A multiset Y over a ground set U, denoted by Y T U, can be defined as a
mapping Y: U — N, where for u € U the number Y(u) denotes the multiplicity
ofuinY. We writeuw € Yif Y(u) > 1. If Y C U then X C Y denotes a multiset
over the ground set {u e W: Y(u) > 0}.

If Y C Uand Z C U are multisets over the same ground set U, then we denote
by Y+ Z their multiset union, by Y — Z their multiset difference and by YN Z their
multiset intersection, defined for u € U by

(Y+Z)(u) =Y(u) + Z(u)
(Y—=2Z)(uw) = max{Y(u) — Z(u),0}
(YN Z)(u) = min{Y(u), Z(u)}.

The multiset Y T U is a subset of the multiset Z T U, denoted by Y C Z,
if Y(u) < Z(u) for all u € U. For a weight function c: U — R the weight
of a multiset Y C U is defined by c(Y) := > | . c(uw)Y(u). We denote the
cardinality of a multiset Y — U by [Y] := }_ Y(u).

Any (standard) set can be viewed as a multiset with elements of multiplicity 0
and 1. If Xand Y are two standard sets with X C Y and X # Y, then X is a proper

uelu
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subset of Y, denoted by X C Y. Two subsets X1 C Y, X; C Y of a standard set Y
form a partition of Y, if Y = X; UX; and X1 N X; = @.

A.3 Analysis and Linear Algebra
Reference books: [RudZ6]]

A metric space (X, d) consists of a nonempty set X and a distance function or
metric d: X x X — R, which satisfies the following three conditions:

(i) d(x,y) >0ifx #y; d(x,x) =0;
(i) d(x,y) = d(y,x);
(iii) d(x,y) < d(x,z) 4+ d(z,y) forall z € X.
Inequality (iii) is called the triangle inequality. An example of a metric space

is the set RP endowed with the Euclidean metric which for vectors x =
(x1,...,%p) € RPand y = (y1,...,Yp) € RP is defined by

o 172
d(x,y) = <Z(Xi _yi)2> :

i=1
This metric space is usually referred to as the Euclidean space.
A path in a metric space (X, d) is a continuous function y: [0,1] — X. The

path v is called rectifiable, if for all dissections 0 = tp < t; < --- < tx = 1 of
the interval [0, 1] the sum

k

D dly(t),v(ti)

i=1

is bounded from above. The supremum of the sums, taken over all dissections,
is then referred to as the length of the path y.

A.4 Growth of Functions
Reference books: [CLR9U, [ AHUZ4]

Let g be a function from N to N. The set O(g(n)) contains all those functions
f: N — N with the property that there exist constants ¢ > 0 and np € N
such that f(n) < c - g(n) for all n > ny. A function f belongs to the set
Q(g(n)), if and only if g(n) € O(f(n)). The notation f(n) € ©(g(n)) means
that f(n) € O(g(n)) and f(n) € Q(g(n)). Finally, we write f(n) € o(g(n)), if
Jim f(n)/g(n) =0.

A.5 Particular Functions

We use log to denote the logarithm function to the basis of a. We omit the
basis in the case of a = 2 for the sake of convenience. By Inn we denote the
natural logarithm of a positive number n, that is, Inn := log_ n.



A.6 Probability Theory 167

A.6 Probability Theory

Reference books: [[Fel68, [Fel71], IMRI5]

A probability space (), F, Pr) consists of a o-field (Q), F) with a probability mea-
sure Pr defined on it. When specifying a probability space, F may be omitted
which means that the o-field referred to is (Q, 22).

In this thesis we are mainly concerned with the case that Q is either the the
set of real numbers R or an interval contained in R. In this context a density
function is a non-negative function p: R — R} whose integral, extended over
the real numbers, is unity, that is fiz p(x) dx = 1. The density corresponds to
the probability measure Pr, which satisfies

t
Pr[] x € (—oo, 1] :J p(x) dx.

A.7 Graph Theory

Reference books: [Har72, [AMO93]

A mixed graph G = (V, E,R) consists of a set V of vertices (or nodes), a set E of
undirected edges, and a multiset R of directed arcs. We usually denote by n :=
V], mg := |E| and mgr := |R| the number of vertices, edges and arcs, in G
respectively. Throughout the thesis we assume that V, E, and R are all finite.
If R = &, we briefly write G = (V, E) and call G an undirected graph (or simply
graph) with vertex set V and edge set E. If E = &, we refer to G = (V,R) as a
directed graph with vertex set V and arc (multi-) set R.



168

Notation

Each undirected edge is an unordered pair [u, v] of distinct vertices u # v. The
edge [u, V] is said to be incident to the vertices u and v. Each arc is an ordered
pair (u,v) of vertices which is incident to both u and v. We refer to vertex u as
the source of arc (u,v) and to vertex v as its target. The arc (u,v) emanates from
vertex u and terminates at vertex v. An arc (u,v) is incident to both vertices u
and v. The arc (u, v) is an outgoing arc of node u and an incoming arc of vertex v.
We call two vertices adjacent, if there is an edge or an arc which is incident with
both of them.

Two arcs are called parallel arcs if they refer to copies of the same element (u, v)
in the multiset R. Arcs (u,v) and (v, u) are termed anti-parallel or inverse. We
write (u,v) ! := (v, u) to denote an inverse arc to (u,v). For a set R of arcs we
denote by R™! theset R™! :={r~T: 7 € R}.

Let G = (V,E,R) be a mixed graph. A graph H = (Vy, En, Ru) is a subgraph
of Gif V4 C V, Ey C E and Ry C R. For a multiset X — E + R we denote
by G[X] the subgraph of G induced by X, that is, the subgraph of G consisting of
the arcs and edges in X together with their incident vertices. A subgraph of G
induced by vertex set X C V is a subgraph with node set X and containing all
those edges and arcs from G which have both endpoints in X.

For v € V we let R, be the set of arcs in R emanating from v. The outdegree of
a vertex v in G, denoted by deg(, (v), equals the number of arcs in G leaving v.
Similarly, the indegree deg (v) is defined to be the number of arcs entering v.
If X T R, we briefly write deg; (v) and deg, (v) instead of degg X] (v) and
degg[x] (v). The degree of a vertex v in an undirected graph G = (V,E) is de-
fined to be the number of edges incident with v.

A subset C of the vertices of an undirected graph G = (V, E) such that every
pair of vertices is adjacent s called a cligue of size |C| in the graph G. A graph G
whose vertex set forms a clique is said to be a complete graph.

A path P in an undirected graph G = (V,E) is defined to be an alternating

sequence p = (vi,e1,V2,...,ex,Vk+1) of nodes v; € V and edges e; € E,
where for each triple (vi, ei, vi+1) we have e; = (vi,vi41). We use equivalently
the alternative notation P = (vy,v2,...,vk4+1) and P = (e, ez,...,ex) when

the meaning is clear. For directed graphs G = (V,R), edges are replaced by
arcs, and we require 1y = (vi,viy1)and 1y € RU R~ for each triple. If the
stronger condition r; € R holds, the path is called directed.

For mixed graphs, we define a walk which traverses arbitrarily edges and di-
rected arcs. An oriented walk is a “directed version” of a walk in the sense that
for any two consecutive vertices v; and vi;1 we require that either x; is an
undirected edge [vi, vi11] between vi and vi ;1 or a directed arc (vi, vi41) from
vi toviyg.

If all nodes of the path or walk are pairwise different (without considering the
pair vq,vk41), the path or walk is called simple. A path or walk with coincident
start and endpoint is closed. A closed and simple path or walk is a cycle. An
Eulerian cycle in a directed graph G = (V,R) is a directed cycle which contains
(traverses) every arc from R exactly once. The directed graph G is called Eu-
lerian if it contains an Eulerian cycle. A Hamiltonian path Hamiltonian cycle) is
a simple path (cycle) which touches every vertex in a directed (or undirected)
graph.

A mixed graph G = (V, E,R) is connected (strongly connected), if for every pair
of vertices u,v € V with u # v there is an walk (oriented walk) from u to v
in G. A (strongly) connected subgraph of G which is maximal with respect to
set inclusion is called (strongly) connected component of G.
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A tree is a connected graph that contains no cycle. A node in a tree is called
a leaf if its degree equals 1, and an inner node otherwise. A spanning tree of a
graph G is a tree which has the same vertex set as G.

A Steiner tree with respect to a subset K of the vertices of an undirected
graph G, is a tree which is a subgraph of G and whose vertex set includes K.
The vertices in K are called terminals.

A directed in-tree rooted at o € V is a subgraph of a directed graph H = (V, A)
which is a tree and which has the property that for each v € V it contains a
directed path from v to o.

Additional definitions to the basic ones presented above will be given in the
respective contexts.

A.8 Theory of Computation

Reference books: [G]79, [Pap94, IGLS8S| ICLRI0]

Model of Computation

The Turing machine [[G]79)] is the classical model of computation that was used
to define the computational complexity of algorithms. However, for practical
purposes it is fairly more convenient to use a different model. In the random
access machine or RAM model [Pap94, IMR95] we have a machine which con-
sists of an infinite array of registers, each capable of containing an arbitrarily
large integer, possibly negative. The machine is capable of performing the
following types of operations involving registers and main memory: input-
output operations, memory-register transfers, indirect addressing, arithmetic
operations and branching. The arithmetic operations permitted are addition,
subtraction, multiplication and division of numbers. Moreover, the RAM can
compare two numbers and evaluate the square root of a positive number.

There are two types of RAM models used in literature. In the log-cost RAM
the execution time of each instruction takes time proportional to the encoding
length, i.e. proportional to the logarithm of the size of its operands, whereas
in the unit-cost RAM each instruction can be accomplished in one time step. A
log-cost RAM is equivalent to the Turing machine under a polynomial time
simulation [Pap94]. In contrast, in general there is no polynomial simula-
tion for a unit-cost RAM, since in this model we can compute large integers
too quickly by using multiplication. However, if the encoding lengths of the
operands occurring during the run of an algorithm on a unit-cost RAM are
bounded by a polynomial in the encoding length of the input, a polynomial
time algorithm on the unit-cost RAM will transform into a polynomial time
algorithm on a Turing machine [GLS88, [Pap94]]. This argument remains valid
in the case of nondeterministic programs.

For convenience, we will use the general unit-cost RAM to analyze the run-
ning time of our algorithms. This does not change the essence of our results,
because the algorithms in which we are interested involve only operations on
numbers that are not significantly larger than those in the input.
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Computational Complexity

Classical complexity theory expresses the running time of an algorithm in
terms of the “size” of the input, which is intended to measure the amount
of data necessary to describe an instance of a problem. The running time of an
algorithm on a specific input is defined to be the sum of times taken by each
instruction executed. The worst case time complexity or simply time complexity of
an algorithm is the function T(n) which is the maximum running time taken
over all inputs of size n (cf. [AHUZ4), [GJ79, [GLS88]).

An alphabet ¥ is a nonempty set of characters. By ~* we denote the set of all
strings over X including the empty word. We will assume that every prob-
lem IT has an (encoding independent) associated function length : Dy — N,
which is polynomially related to the input lengths that would result from a
“reasonable encoding scheme”. Here, Diy C L* is the set of instances of the
problem TT, expressed as words over the alphabet X. For a more formal treat-
ment of the input length and also of the notion of a “reasonable encoding
scheme” we refer to [GJ79].

A decision problem is a problem where each instance has only one of two out-
comes from the set {yes,no}. For a nondecreasing function f: N — N the de-
terministic time complexity class DTIME(f(n)) consists of the decision problems
for which there exists a deterministic Turing machine deciding the problem in
O(f(n)) time. Its nondeterministic counterpart NTIME(f(n)) is defined analo-
gously. The most important complexity classes with respect to this thesis are

P:=|JDTIME(m*) and NP:= | JNTIME(n").
k=1 k=1

Suppose we are given two decision problems TT and T1". A polynomial time
transformation is an algorithm t which, given an encoded instance I of TT, pro-
duces in polynomial time an encoded instance t(I) of TT’ such that the follow-
ing holds: For every instance I of T1, the answer to T is “yes” if and only if the
answer to the transformation t(I) (as an instance of TT’) is “yes”. A decision
problem IT is called NP-complete if TT € NP and every other decision problem
in NP can be transformed to IT in polynomial time.

To tackle also optimization problems rather than just decision problems it is
useful to extend the notion of a transformation between problems. Informally,
a polynomial time Turing reduction (or just Turing reduction) from a problem TT
to a problem T’ is an algorithm ALG, which solves IT by using a hypothetical
subroutine ALG’ for solving TT" such that if ALG” were a polynomial time al-
gorithm for TT/, then ALG would be a polynomial time algorithm for TT. More
precisely, a polynomial time Turing reduction from TT to TT’ is a deterministic
polynomial time oracle Turing machine (with oracle TT’) solving TT.

An optimization problem ITis called NP-hard (“at least as difficult as any prob-
lem in NP”), if there is an NP-complete decision problem TT’ such that TT’ can
be Turing reduced to TT. Results from complexity theory (see e.g. [GJ79]) show
that such an NP-hard optimization problem can not be solved in polynomial
time unless P = NP.
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the empty set

the set of integers, thatis, Z ={...,—2,-1,0,1,2,...}
the set of nonnegative integers Z, ={0,1,2,...}
the set of natural numbers, N =7

the set of rational numbers

the set of nonnegative rational numbers

the set of real numbers

the set of nonnegative real numbers

the set of subsets of the set A

the cardinality of the (multi-) set A

A is a (not necessarily proper) subset of B

A is a proper (multi-) subset of B

Y is a multiset over the ground set U

f grows at most as fast as g (see page [[66)

f grows at least as fast as g (see page [[66)

f grows exactly as fast as g (see page[[66)

f grows more slowly than g (see page [[66)
logarithm to the basis of a

logarithm to the basis of 2

natural logarithm (basis e)

undirected graph with vertex set V and edge set E
directed graph with vertex set V and edge set E
set of edges that have exactly one endpoint in S

x(S) = ZSES Xs
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