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“How Applied Mathematics Became Pure”
The Review of Symbolic Logic, 2008

5D pste baolie 55 sl ol 5550 55 solee o8> (S ISE S8
o2 e e cpl Sl pl 53 3310 e e DLLBL) ol NP CEE N



sl Soslo)s aw (lasly ol 5550 5 (ke slinel 4
.:;\Jq-v.faj\ O S o




SV 51 g3 ldl ol b 5 el 05 pdblei 5 52 (L) bl addllae wLSL,
Bl 03 W5 5l G 60k b e wllae cLdl cpl 51 sl o3l S35 2 Gk
53 ~B 5 oS BB Slslinel s psle 5 ool DLl ran i 215 .l (555150
(29130 S 3 15 1y O _Sools oS ol ol e i ol 51 cdid o goes Olg 5 40

.Jj-::’ OJ.:\AL;



According to Plato’s metaphysics, mathematics is the study of
eternal and unchanging abstract Forms, while science is uncertain
and changeable opinion about the world of mere becoming.

Indeed, in Plato’s lights, of the two, only mathematics deserves to

be called KNOWLEDGE at all!
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| Nature| is written in that great book which ever lies before our eyes — 1
mean the universe — but we cannot understand it if we do not first learn the
language and grasp the symbols in which it 1s written. The book 1s written in
the mathematical language, and the symbols are triangles, circles, and other

geometric figures, without whose help it is impossible to comprehend a

single word of it. (Galileo, 1610)
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For contemporary philosophers, science 1s the best
knowledge we have and the status of mathematics is

problematic.
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Though we now recognize the role of substitution groups and their subgroups in Galois’ work
around 1830, Galois himself never isolated the concept; that was left to Cayley some 20 years
later. The surprise is that Cayley's version passed unnoticed, as did Dedekind’s a decade later still,
simply because there were not enough examples of groups to make the notion useful. It was not
until the ;1870 when many diverse examples of groups had been identified — in Galois theory,
number theory, geometry, and the theory of difterential equations — that the idea of an abstract

group caught on and flourished.
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Mathematical theories are protected from empirical falsification by positing a special

realm of abstracta about which they remain true.
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The atom of the chemist 1s now a reality
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«When a physicist does an experiment, two very distinct representations of the
instrument on which he is working fill his mind: one is the image of the concrete
instrument that he manipulates in reality; the other is a schematic model of the same
instrument, constructed with the aid of symbols supplied by theories; and it is on this
ideal and symbolic instrument that he does his reasoning, and it is to it that he applies

the laws and formulas of physics). (Duhem, 1906)
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We have now viewed the rise of pure mathematics from several vantage points. First, we
have seen how the study of many pure mathematical concepts, structures, and theories arose
simply because mathematicians began to pursue a range of peculiarly mathematical goals with
no immediate connection to applications. Second, we have seen how Euclidean geometry,
once unblushingly regarded as the true theory of physical space, became the study of one

among many abstract mathematical spaces.
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Third and finally, we have seen how our best mathematical accounts of

physical phenomena are not the literal truths Newton took them for but
freestanding abstract models that resemble the world in ways that are
complex and sometimes not fully understood. Paradoxical as it may sound,

it now appears that even applied mathematics is pure.
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We are constructing abstract mathematical models and trying our best to
make true assertions about the ways in which they do and do not correspond

to the physical facts.
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Our physical theories do not pride themselves on being explanations;
our hypotheses are not assumptions about the very nature of material
things. Our theories have as their sole aim the economical
condensation and classification of experimental laws. Agreements

with experiment is the sole criterion of truth for a physical theory.

(Duhem, 1906)
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From this I think it 1s clear that considerations from applications are quite

unlikely to prompt mathematicians to restrict the range of abstract structures

they admit
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This leaves us with the open question of how the methodological decisions

of contemporary mathematics are properly justified, but that, again, is a story

for another day.




