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¢12-1. An A-36steel strap having a thickness of 10 mm and
a width of 20 mm is bent into a circular arc of radius p = 10 m.
Determine the maximum bending stress in the strap.

Moment-Curvature Relationship:

% = El however, M = Z(r
1 o
p EI
¢ 0.005 o
o= E= <T>[200(10 )] = 100 MPa

12-2. A picture is taken of a man performing a pole vault,
and the minimum radius of curvature of the pole is
estimated by measurement to be 4.5 m. If the pole is 40 mm
in diameter and it is made of a glass-reinforced plastic for
which E, = 131 GPa, determine the maximum bending
stress in the pole.

Moment-Curvature Relationship:

1_M 1
- -7 h M ==
o El owever, ca'
1 lo
p EI
c 0.02 0
o= E= (4.5 )[131(10 )] = 582 MPa Ans.
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diver. The board is made of material having a modulus of

12-3. When the diver stands at end C of the diving board,
it deflects downward 3.5 in. Determine the weight of the
elasticity of E = 1.5(10%) ksi.

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Functions. Referring to the free-body diagrams of the diving board’s cut
segments, Fig. b, M(xl) is

C+3IMy = 0; M(x;) +3Wx; = 0 M(x)) = =3Wx,
and M(xz) is
C+IMy = 0; ~M(x,) = Wx, = 0 M(x;) = =W,

Equations of Slope and Elastic Curve.

d*v
Elﬁ = M(x)

For coordinate x,,

d2V1
El— = —3Wx,
dx;
d? 3
Eld—;l1 = S Wx+ )
1 3
Elv, = - Wxi° + Cix; + Gy (2)

For coordinate x,

d*v,
EI = —Wx,
dx,
dv 1
EIT);: *5WX22+C3 (3)
1
Elv, = ——Wx,? + Cyx, + Cy 4)

6
Boundary Conditions. At x; = 0,v; = 0.Then, Eq. (2) gives

EI(0) = —% w(0°) + Cy(0) + G, G =0

At x; = 3 ft,v; = 0.Then, Eq. (2) gives

EI(0) = —% w(3*) + C(3) + 0 C, = 45W

884



12 Solutions 46060 6/11/10 11:52 AM Page 885 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-3. Continued
At x, = 91ft,v, = 0.Then, Eq. (4) gives

EI(0) = —~ W(9) + G0 + G

6
9C; + C4 = 121.5W )
- . dvy dv,
Continuity Conditions. At x; = 3 ft and x, = 9 ft, — = ———. Thus, Egs. (1) and
dx dx,
(3) give
3 W(3?) + 45W = {—1w(92) +C } C; = 49.5W
2 ‘ 2 ’ A
Substituting the value of C; into Eq. (5),
C, = —324W
Substituting the values of C; and C, into Eq. (4),
= L(—1W 3+ 49.5Wx, — 324W>
V) = El 6 X 8 Xy
At x, = 0,v, = —3.5in.Then,
—324W (1728)
-35= 1
6 3
1.5(10 )[E 18)(2 )}
W =112.531b = 113 1b Ans.

Vix)
|M - ML) ViXz)

=T
A -
= - —
‘\s_ o %:3' 5min xl x'b
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*12-4. Determine the equations of the elastic curve using
the x; and x, coordinates. EI is constant.

By (x)
dxlz_ .
My(x) = 0; S B
11X 5 dx]2
e
dxl_ !

Elvi=Cix + G
My(x) = Px, — P(L — a)

d*v,

El
dX22

Px, — P(L — a)

de P
Eld—x2 = Exzz - P(L —a)x, + C3

P P(L — a)x}
e

E1v2:6

+ Cxy + Cy

Boundary conditions:

dV2
AtszO’T)Q:O

From Eq.(3), 0 = C;
Atx, =0,v, =0
0=20Cy

Continuity condition:

Atxi—ax=L—a D1__9
= e & dx,  dx,
From Egs. (1) and (3),
P(L — a)?
Q:{jggi,
2

P(L — a)?

P(L — a)*|; C]:u
2

Atxy=a,x, =L —a,vi =
From Egs. (2) and (4),
P(L — a)? P(L —a)® P(L-a)
(FLmP), g, - P P~

2 6 2

Pa(L —a)*  P(L —a)’

27 2 3
From Eq. (2),
v = . [B(L = a)*x; — 3a(L — a)* — 2(L — a)’]
6E1
For Eq. (4),
P
V2 [x3 = 3(L — a)xi]

T GEI

=~

)

@

®)

4)

Ans.

Ans.
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¢12-5. Determine the equations of the elastic curve for

P
the beam using the x; and x, coordinates. EI is constant.
u :
’7 X ‘ B —%_ 22 W
L
L =
2 |

Moment Functions. Referring to the FBDs of the beam’s cut segments shown in
Fig. b and c,

1 P
C+EMy = 0; M(XL)“‘EP(xl):O M(x1)=—5x1

And
C+EIMy = 0; —Px, — M(x;) =0  M(x;) = —Px,
d?v
EI W = M(x)
For coordinate x,,
El d?v, P
dx,? T
dvy P
El—=—x2+C 1
dx, 4 X1 1 1)
P
Elv, = 75)513 +Cix + G, 2)
For coordinate x,,
d*v,
EI 5= —Px,
d)CZ
dV2 P
E]TXZ = —E x22 + C3 (3)
P
Elv, = s X2+ Gy, + Gy (4)

At x; = 0,v; = 0.Then, Eq (2) gives

EI0) = —%(0) + C1(0) + G, G, =0

At x; = L,v; = 0.Then, Eq (2) gives

P PIL?
EI(0)=—E(L3)+C1L+0 ="
L )
At x, =0 = 0.Then Eq (4) gives
EI(0 ——£<£>3+c<£>+c
O =—=5135 35 4
rL’
CiL +2C, = —— 5
3 4= o (5)
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¢12-5. Continued

Atx = Landx, = 20— 92 moc Fas (1) and (3) gi
x; = Land x, = 2 d, = dx, us, Egs. an gives
P PL? P(L\? }
— () +—==—--FF) +C
4< ) 12 { 2<2> 3
_7PL?
T

Substitute the result of C; into Eq. (5)

_PL?
8

Substitute the values of C; and C, into Eq. (2) and C; and C, into Eq (4),

C4 =

e 12121 (=3 + Lx) Ans.
v, = % (*4){23 + 7L2x2 — 3L3) Ans.
P
———— L
— X, Xz,
\A L %
/
zF 2p

@)

—

4
4 X, Vex) MCJCA)Q m—— |

(b)
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=~

12-6. Determine the equations of the elastic curve for the
beam using the x; and x3 coordinates. Specify the beam’s
maximum deflection. E1 is constant. A

Support Reactions and Elastic Curve: As shown on FBD(a). ’: =

Moment Function: As shown on FBD(b) and (c).

Slope and Elastic Curve:

d*v
Elﬁ = M(x)

P
For M(x,) = 5

d2U1 P
EI ==
g 2
d'Ul P
El— =——xi+ 1
dx, 4 xi + G (1]
P 3
EI v = —E)C] + Clxl + C2 [2]
3PL
For M(X3) = PX3 - T
d? 3PL
EI1S2 = pyy - 25
dx; 2

dv; P , 3PL
— =—x3- x4+
IdX3 ) X3 B} X3 C3 [3]

P 3PL
E1v3=gx§—Tx§+C3X3+C4 [4]

Boundary Conditions:
vy = 0atx; = 0. From Eq.[2],C, = 0
vy = 0at x; = L. From Eq.[2].

PL? PL?
= — + -
0 o CL o

vz = 0 at x3 = L.From Eq. [4].

3 3
o PL* _3PL

5 2 + CG3L + Cy
7PL?
=5 tGL+G [5]
Continuity Condition:
Atxy = xs = L D b Fas [1] and [3]
X = X3 = Cdx = dxs rom Eqgs. [1] an s
_PL? PL?_PL?_ 3PL? c. 5P
4 12 2 2 3 6
PL?
From Eq. [5],Cy = 1
889



12 Solutions 46060 6/11/10 11:52 AM Page 890 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-6. Continued
The Slope: Substitute the value of C, into Eq. [1],
dU1 _ P 2 2
dx, 12EI (27 = 3x0)
dvy P L
Slo0=2 (1234 ==
dx, DEI ( x9) RV
The Elastic Curve: Substitute the values of C,, C,, C;,and C, into Egs. [2] and [4],
respectively.
PXl > )
v = 2EI (—xl + L ) Ans.
L
vo = vl 1 = P(%)(fﬁ . L2> _ 00321PL}
¢ TTTE T Er\ 3 EI
vy = P (203 — 9Lx% + 10L2x; — 3L7) Ans.
° 12EI1 : : :
Ve = V3 |x;,:%
P 3.)? 3 \? 2(3 ) 3}
= = — = + = —
12EI {2<2L> 9L<2 L> 10L 2 L 3L
__re
8EI
Hence,
rL’
Vmax — @ Ans.
P
SR
p Z
- 3P
@)
Vi)
£
+ %
P (€}
z
MOy = PR, - 2
7e3)
t |
L AL
£ b2
«)
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12-7. The beam is made of two rods and is subjected to
the concentrated load P. Determine the maximum
deflection of the beam if the moments of inertia of the rods
are I 4p and [ 3¢, and the modulus of elasticity is E.

d*v
Elﬁ = M(x)
M(x) = — Px;
L P
BC dx12 X1
YL B e
BC g, 5 1
x
Elgcv, = + Cixy + G
My(x) = — Px,
o pe P
AB dx22 X2
dv, P
Elyg——= —7=x> + C
AB dx, sz 3

P
El gv, = 75)523 + C3xy + Cy

Boundary conditions:

dv,
Atx, =L,— =0
dXz
PL? PL?
0=—"-+Cy; Cy3=—-

PL?  PL} PL?
0= —"—"-+"+Cyg = —
6 2 TG G 3
Continuity Conditions:
At =g, = T _dn
A Ydx,  dx,

Y

)

(@)

(©)

4)
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12-7. Continued

From Egs. (1) and (3),

1 {,Pj },;[Jlﬂfﬁ}
Elge| 2 YU ELlL 2 2

Igc[ P> PL*] PP
c, = e {,7 L PL

T Ll 2 2 2
Atxy = x, =Lv = v,

From Egs. (2) and (4),

3 I 2 2 2
1 {_ﬂ + {ﬂ(_ﬂ + PL ) + ﬂ:|l + CZ}
Elye L 6 L\ 2 2 2

_ 1 {_P713 L P PL3]
Ell 6 2 3

¢, = Isc PP Ipc PL’ PP

2 Iy 3 Ly 3 3

Therefore,

1 { Px? {IBC( PI2 PL2> Plz]
v = - + | = = |x
Elpc 6 Iup 2 2 2

Ipc P _ Ipc PL? ,Pl}

At X1 = 0,‘U1 |x=0 = Umax

v = ! {Iﬁiiﬁ_ﬁﬁ_ﬂ}}: P {13—L3—(1Af3>l3}
M Elge Uap 3 Iy 3 3 3El,p Igc

P IAB) 3 3}
= (1-2)p-L Ans.
3E1AB{< 1) e

P
() = =PX, ,l:l_l]
M { =

Mix)=-PX,

k( 1

B
JR X
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#12-8. Determine the equations of the elastic curve for
the beam using the x; and x, coordinates. E/ is constant.

—"

Referring to the FBDs of the beam’s cut segments shown in Fig. b and c,

PL PL
C+EMp =0,  M(xy) +77Px1 =0  M(x) = Px T — x— ‘ ‘
X |
And L ‘ L
2 ! 2
C+EIMy = 0; M(x;) =0
d*v
Elﬁ = M(x) P

For coordinate x;,

141 PL S
EI-2 = py, - 12 | P
2 pL C
dv P PL B & <
“ah_ L2 &
EI ax ~ 2N S TG 1) (a )
Elv, = %xﬁ - %xf +Cxy + Gy () P M(a{f)
/
For coordinate x,, c
d2V2 L
Bl =0 P> va)
e _ ¢ 3
praile @ (b)
Elvy, = C3xy = Cy * V(X;,)
_o M _ :
Atx; =0, o 0.Then, Eq.(1) gives g
P PL Ma,;,
EI(0) = 5(02) — 7(o) +C € =0 Z -_;fz’

At x; = 0,v; = 0.Then, Eq(2) gives CC_)
P PL
EI(0) = 2(03) - 7(02) +0+C, G =0

L dVl dVZ

A = = —,—— = —.Thus, Egs.(1 i
tx; = X, 2y, d, us, Egs.(1) and (3) gives
P(L\ PL(L PL?
5(5) ‘7<5>—C3 STy
L .
Also,at x| = x, = = v,. Thus, Egs, (2) and (4) gives

£<£>3 _ E(é)z _ (_E)(A) rC C = PL?
6 \2 4\2) 8 J\2 4 AT

Substitute the values of C; and C, into Eq. (2) and C; and C, into Eq (4),

P

" (53 2
vy = 12EI (2x1 3Lx1) Ans.
rPL?
= — + .
V) 48El( 6x, + L) Ans
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¢12-9. Determine the equations of the elastic curve using
the x; and x, coordinates. EI is constant.

d* A Esz B
Elﬁ = M(x) | (o]

<

M, = PTbxl XIH‘ a b
EI ”Z’% = bexl ) . |
513—)’::%x12+cl ¢y

Elvy = %xﬁ + Cixy + Gy (2)

M2=%bxz—P(x2—a)

Butb = L — a.Thus

M*P<1 ﬁ)
2= ra I

d2
E1 2 Pa<1 —3>

dx,? L
Elﬂ—P< L%>+c 3
dxz_ a\ xp oL 3 (3)
X3 X3
Elv,=Pa| > = 7 )+ G+ Gy “4)

Applying the boundary conditions:
vy =0atx; =0

Therefore,C, = 0,

v, =0atx, =L

_Pal?
3

Applying the continuity conditions:

+ GL + Gy )

U1 |x|:a =V |xz:a

Pb 5 a? a3>

d = — )+ +

oL Cia = Pa < 2 T 6L Cia + Cy (6)

o | _dvn

dxl x1=a B de X,=a

Pb , _ a2>

T +C1—Pa<a 2L + Cs (7)
894
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¢12-9. Continued

Solving Egs. (5), (6) and (7) simultaneously yields,

Pb Pa

C=— (P=0) G=— 202+ )

="

Thus,

Elv, = %x% - % (L2 - »)x,

or

vy = 6gfL (xf — (L2 - bz)xl) Ans.
and

2 3 3
X5 X5 Pa 5 ) Pa
= e + +—

Elv, = Pa < > 6L> 6L(2L a)x; .

vy = 61}5)% {3x% L—x3— (2L2 + az)xz + a2L] Ans.

M

LIS "V,
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12-10. Determine the maximum slope and maximum
deflection of the simply supported beam which is subjected
to the couple moment M. EI is constant.

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b).

Slope and Elastic Curve:
EI % = M(x)
EI % %x
EI % = %ﬁ + C

Elv =%x3 + Cix + Gy
6L

Boundary Conditions:

v = 0atx = 0.From Eq. [2].

0=0+0+G G, =0
v = 0atx = L.From Eq.[2].
My, s ML
o=a(L~)+cl(L) a=-

The Slope: Substitute the value of C, into Eq. [1],

dl — My 2 2
dx  6LEI (3x* = 12)
dv My (., o, V3
o= 3x2 - [ =2
dx 6LEI (3x ) *T73

dv M,L
03 = = -

dx |0 6EI

v ML

Omax = 04 = —— =
max A dx L 3E]

The Elastic Curve: Substituting the values of C, and C, into Eq. [2],

VT SLEI

(x3 - sz)

Umax OCCUTS at X = EN L,

V3M,L?
Ymas = "7 0]

The negative sign indicates downward displacement.

Ans

=

e

—

Ix.

o,

(1]

(2]

Ans.

L
(a)

Morlx ¢
NS
) ‘%

o
T
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12-11. Determine the equations of the elastic curve for the P
beam using the x; and x, coordinates. Specify the beam’s
maximum deflection. E7 is constant.
Referring to the FBDs of the beam’s cut segments shown in Fig. b and c, Alg d‘
2 2P X ——] ‘B
CH+EM, = 0; M(xl)_gpxlzo M(xl):Txl " ‘ | 2a |
And 2 !
1 P
C+EMy=0;  SPBa—1x) ~ M(x) =0 M(x)=Pa~-=x, P
2
EI % = M(x) X
* - --——-a"’"
For coordinate x;, e Za
dv, 2P 2 L
LT 2p 3P
)
d
EIG = n e € M M)
X1
(|
P
El v, :3x13:C1x1 + G, 2) l ,
For coordinate x,, < 1 VCX_])
I
d? P
E1°2 = pa-"x, 2
dx, 3 B_P
E[&—Pax—£x2+c (3) ('b)
dx, 27 g2 3 v
P P X
Elv, = lxzz - =X+ Gy + Gy 4) MC z,)
2 18
At x; = 0,v; = 0.Then, Eq (2) gives
P
EI0) =5 (0°) + GO + & G =0 3a-X,
At x, = 3a,v, = 0.Then Eq (4) gives -é—P
_Pa . P
EI(0) = - (a) = £ (3a)’ + C5(3a) + C; (c )
C5(3a) + C, = —3Pa® 5)
Atz = 5 = 0, = D2 g Bq. (1) and (3) g
X=X, = a, A, dv, us, Eq. (1) and (3) gives
P P
—a* + C, = Pa(a) — —a* + C;
3 6
Pa?
G -G= N (6)
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12-11. Continued
Also,At x; = x, = a,v; = v,.Thus, Egs, (2) and (4) gives.

P P P
—a*+ Cia :7[1(512) - —d+ Cua+ C

9 18
Pa®
Cia— Gy —Cy = 3 (7)
Solving Egs. (5), (6) and (7),
Pa’ 19 Pa’ 5Pd*
Cy=— C; = C =
Y6 } 18 ! 9
Substitute the values of C; into Eq. (1) and C; into Eq. (3),
dUl P 2 2
dx,  9EI (35, = sa?)
d'Ul P 2 2 5 .
0= — — =./-a > \%
dx, 0 SEI (3x1 Sa ) X1 1/3 a > a (Not Valid)
And
(lvz P
@ Ly _ 2 _ 1942
dx, _ 18EI ( 8ax, — 3x; 9a )
dv, P ) )
P 0= @(Baxz — 3x,2 — 194%)
X, = 4.633a > 3a (Not Valid) x; = 1.367a
Substitute the values of C; and C, into Eq. (2) and C; and C, into Eq.(4),
s 3 2
Vi = 5F] (xl - 5a xl) Ans.
v, = L(7)523 + 9ax,% — 19a%x, + 3a3) Ans.
18E1
V hax OCcurs at x, = 1.367a. Thus.
0.484 Pa® _ 0.484 Pa’
= ‘- a4 J Ans.

Umax = EI EI
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#12-12. Determine the equations of the elastic curve for P P
the beam using the x; and x, coordinates. Specify the slope at ‘ a SE—
A and the maximum displacement of the shaft. £/ is constant.

Alg | B
Referring to the FBDs of the beam’s cut segments shown in Fig. b and c, ‘ 2
C+SMy=0; M(x))—Px;=0  M(x;) = Px, T
X2
And L ‘
C+IM, = 0; M(x;) — Pa=0  M(x;) = Pa
d*v
El W = M(x)
For coordinate x;,
d*v,
El —5 = Px;
dxi
dvy, P
El—=—=x>+C 1
dx, ) X 1 1)
L
Elv, = gxl + Cixy + G, 2)
For coordinate x,,
d*v,
EI > = Pa
d)CZ
dv
EI—2 = Pax, + C; 3)
dXZ
P
Elv, = TL’xZ2 + Coxy + C ()

At x; = 0,v; = 0.Then, Eq. (2) gives

EI(0) = %(03) +CG0)+C G =0

L dv
Due to symmetry, at x, = E’Tz = 0.Then, Eq. (3) gives
X2

EI(0) = Pa<£> o =Pk
2 2
At = 5 = a0 2 s Bas(1) and (3) g
X=X, = a, A, dv, us, Eqs(1) and (3) give
P Pal
5112 + C] = Pa (a) + <*T>
c - Pd*  PaL
72 2
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*12-12. Continued

Also, at x; = x, = a,v; = v,.Thus, Eq. (2) and (4) give

P Pa®>  PaL Pa PaL
€a3+<77 2>a=7(a2)+<72>a+C4

Pa®
“T7

Substituting the value of C; and C, into Eq. (2) and C; and C, into Eq.(4),

_ 3
Vi = ] [xl + a(3a — 3L)x1} Ans.
Pa ) )
v = (3x,2 = 3Lx, + a?) Ans.

L
Due to symmetry, vy, Occurs at x, = 5 Thus

_ Pa 2 2y _ Pa 2 2
Unax = 257 (400 = 3L7) = 2= (317 — 4a?) | Ans.
Substitute the value C, into Eq (1),
dv P 2, 2
TM = 2E1 (xl +a” - aL)
At point A, x; = 0.Then
dv, Pa Pa
0= — =" (@a-L)=-— (L~ Ans.
o Y- A T A l ns

M, )

n - Vix,)
it X ‘ Vix,)

4 3

N a

@) ©)
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12-13. The bar is supported by a roller constraint at B, which
allows vertical displacement but resists axial load and moment.
If the bar is subjected to the loading shown, determine the

—
a

slope at A and the deflection at C. ET is constant AL B
_1_;._;
d*v
EI == M, = Px, L L |
dx? ! 2 ! 2 !
dv, Px}
I—=—+(C

d*v; w2 PL
dx, % 2 [ )
dv2 PL

EI—2=""x + -——l —
a2 2tG o : 7

PL
EI vy = Tx% + C3X2 + C4
Boundary conditions:
Atx; = 0,v; =0

0=0+0+Cy; C=0

dv,
Atx, = O,TXZ =0

0+C=0; C3=0

L L dv, dv,
Alx) =50 = v = Vo e, T dny
P(3)’ L PL(3)
+ =) = +
6 i (2) 4 Ca
P(5) PL(5) 3
+ = - _= 2
5 C > G s PL
11
T pPL?
At X = 0
dv, 3 PL?
dx, =0, = 3 EI Ans.
L
At X1 = 5
_ PP (éﬁ)(é) o
V¢ T T6EI 8 EI )\2
—PI?
Ve = eEr Ans.
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12-14. The simply supported shaft has a moment of inertia
of 21 for region BC and a moment of inertia / for regions
AB and CD. Determine the maximum deflection of the
beam due to the load P.

P
M (x) = P

P
My(x) = 5 %

Elastic curve and slope:

d%v
El— = M(x
I (x)
El d?v, P
=—x
d)C12 2 !
prdn P o
dx, 4 !
Px?
EIVl = F + Clxl + Cz
dv, P
2E1 =—x
dXZZ 2 2
dv,  Px;
2E] — =—+ C
dx; 4 3

Px3
ZEIVZ = F + C3X2 + C4

Boundary Conditions:
vy = 0 at X = 0
From Eq. (2),C, = 0
dv, L
— L = 0 t r—
dx, at %2 2
From Eq. (3),

=—+
0="16 16

PL?
C:= —
16
Continuity conditions:

dn _dv o _L
dy, dg 1T RTY

l—=

)

@)

®)

4)

EN[ g

N
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12-14. Continued

From Egs. (1) and (3),

PL? . _PL’_ 1<PL2>
64 17128 2\ 16
—5PL?
C, =
! 128

L
v1=v2atx1=x2=1

From Egs. (2) and (4)

PL* 5PL? <L> _prL’ 1<PL2><£> Ll
768 128 \4/) 1536 2\ 16 J\4/) 2

-PL?
€= 33
— p 3 2 3
V= e (32x3 — 2412 x, — L?)
B _ -3pL*  3pL? A
Ymax T V2| T 2S6EI - 256E1 "
xt
':‘f) Mi2)= %x,
P,'L
== n£n
Xy

75
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12-15. Determine the equations of the elastic curve for the P
shaft using the x; and x; coordinates. Specify the slope at A
and the deflection at the center of the shaft. £/ is constant.

S
L
1
=

Support Reactions and Elastic Curve: As shown on FBD(a). . XLA : i
Moment Function: As shown on FBD(b) and (c). >>XS

Slope and Elastic Curve:

d*v
EIW = M(x)

For M(x,) = —Px,

EI

d2U1 _ P
dx} N

du P,
—=—=x+
ElI dxl 2 X1 C1 [1]

P
Elv, = 6 X+ Cixy + G, 2]
For M(x3) = —Pa,

d2U3
Elﬁ = —Pa
x3

d'U3
E1d7x3 = —Pax; + C3 [3]

P
Elv, = —7“ 2+ Coxs + G [4]

Boundary Conditions:
v; = 0 at x; = a. From Eq. [2],
3

Py
0=—?‘l+c1a+c2 (5]

dvs b
Due to symmetry, o Oatx; = > From Eq. [3]
3

0= fPa<Z> +Cs c, =t

vy = 0atx3 = 0 From Eq.[4].C, = 0

Continuity Condition:

dv1 dU3
Atx; = aand x; = O,TXI = s From Egs. [1] and [3],
Pa’ Pab Pa
——+( = =—(a+
) G 2 G ) (a+Db)
Pa?
From Eq. [5] C, = r (2a + 3b)
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12-15. Continued

The Slope: Either Eq. [1] or [3] can be used. Substitute the value of C, into Eq. [1],

dv, P )
ax =5El [—xl + a(a + b)]
dl)] P 2 Pab
=—— =—[-a+aa+b)|=— .
AT dx) |y 2EI [~a* +a@+ 0] =55 Ans

The Elastic Curve: Substitute the values of C,, C,, C;,and C, into Egs. [2] and [4],

respectively,
v = P [—x% + 3a(a + b)x; — a®(2b + 3b)} Ans.
6E1
Pax®
= (—x1 + .
Vs T SoET (=x3 + D) Ans.

Ans.

T [f—"
h\
{
e

a b a
F
@)
Vy)
Y meg)-PX,
% ®)
P
IM)=Fa
a i3
p 2
()
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fixed posts. If the posts remain along the same line, determine
the maximum bending stress in the board. The board has a
width of 6 in. and a thickness of 0.5 in. E = 1.60(10%) ksi.
Assume the displacement of each end of the board relative
to its center is 3 in.

#12-16. The fence board weaves between the three smooth i 4 ft | 4 ft |

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b).

Slope and Elastic Curve: S——
d’ B £
EI2 = M(x) = @) >
dx
dv P Y
v
“ar_ 2 T o~
EF m=7> .Tf__—_jlj)mm-,, x
dv P ]
EIS>=~x+ 1 ¥ )
x4 TG (1]
P M C1bein )
Elv = EX3 + Cix + G, [2] 390625
Boundary Conditions: Due t t ﬂ—O t _L i X(in)
oundary Conditions: Due to symmetry, = O atx = —. 5 + -
Also,v = 0atx = 0.
P (LY PL?
Fi Eq.[1 =—= + - =
rom Eq. [1] 0 4<2> C Cy 16
FromEq.[2]0 =0+ 0 + C, G =0

The Elastic Curve: Substitute the values of C, and C, into Eq. [2],

~ Px
48E1

Require at x = 48 in.,v = —3 in. From Eq.[1],

(4x = 3L2) (1]

v

) o
T 48(1.60)(1()6)(1) ©)(05°) [4(457) = 3(06%)]

P =16.281b

Maximum Bending Stress: From the moment diagram, the maximum moment is
M ax = 390.625 1b - in. Applying the flexure formula,

390.625(0.25
Me 390625025 = 1562.5 psi = 1.56 ksi Ans.

5 (6)(0.5%)

Omax = Ji
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*12-17. Determine the equations of the elastic curve for M,
the shaft using the x; and x, coordinates. Specify the slope A mB C
. . { | | |
at A and the deflection at C. EI is constant. j; — ‘
Referring to the FBDs of the shaft’s cut segments shown in Fig. b and c, ’»xl 7 ‘ 2
L
Mo Mo | L I
C+EIMp=0; M) ——x=0  M(x)=—x

L L
And

C+EMy = 0; Mo — M(x;) =0 M(x;) = Mo

d*v
EI ﬁ = M(X)
For coordinate x;,
dv_ Mo
dx,? T L "
dv1 MO 2
1_790 + 1
dx, oL X1 G (1)
Mo
Elv, = 6—Lx13 + Cixy + G, )
For coordinate x,,
d*v, B
EI == Mo
2
dv,
EIT = Mopx, + C; 3)
X2
M,
Elv, = 70x22 + Gy, + Cy )

At x; = 0,v; = 0.Then, Eq. (2) gives

Mo 5
EI(0) = oL ©) +C(0)+C, C,=0
At x; = L,v; = 0.Then, Eq. (2) gives

-ML
Cl = T

L
Also,at x, = P 0.Then Eq. (4) gives.

b0 =21 1 6 (L)

 Mpl?
GL +2C, = ——, ©)
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¢12-17. Continued

_ _Ldvy  dvy X
Atx; = Land x, = 2y, dxz.Then, Eq. (1) and (3) give
Mo, , MopL L SMoL
o B) - =g =Ml 5) G| G
Substitute the result of C; into Eq. (5),
o TMyL?
Y24
Substitute the value of C, into Eq. (1),
dvy M,
av _ 3.2 — 12
dx,  6LEI (31 )
At A, x; = 0.Thus
_dw|  _ Mo _ Mol e
A dxy [0 6EI  6EI :
Substitute the values of C; and C, into Eq (2) and C; and C, into Eq. (4),
Mo 3 2
U1=6E1L (Xl‘ _LX1> Ans.
MO 2 2
v = (12x,% = 20 Lx, + 7L?) Ans.
At C,x; = 0.Thus
TMoL? ! A
ve=v = ns.
P 24EI

M, Vix)
. MC’C, MCXJJ MD
/) : ) ) C ‘
- z vx,) %

Z ‘xl

@) e €
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12-18. Determine the equation of the elastic curve for the
beam using the x coordinate. Specify the slope at A and the
maximum deflection. £7 is constant.

Referring to the FBD of the beam’s cut segment shown in Fig. b,

C+3Mo=0;  M(x) + = %x = Mo =0

d*v
Elﬁ = M(X)

d*v 2M,
Elﬁ = Mo~ — %

dv Mo
El— = Mox — —x* +
dx oX L X Cl

Mo Mo
Elv=7x2—§x3+clx+cz

Atx = 0,v = 0.Then Eq (2) gives

Mo

M(x) = M() -

G =
A’—xﬁ»‘

\ L \

L X

(&)

(@)

EI(0) = =7 (0%) - % () +aO+c =0

Also,at x = L,v = 0.Then Eq (2) gives

Mo

EI(0) = %(Lz) -3

(L) +aL+o
Substitute the value of C; into Eq (1),

dv _ Mo
dx O6EIL

(6Lx — 6x? — L)

dv_ Mo
dx 6EIL

(6Lx - 6x% — L2)

x=02113 L and 0.7887 L

At A, x = 0.Thus
MpL
6E1
Substitute the values of C; and C, into Eq (2)

04 =

" 6EIL

v (3Lx% — 24% — L%x)

Clz_

MoL
6

Ans.

Ans.
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12-18. Continued

Vimax OCCUTSs at x = 021132 L or 0.7887 L. Thus,

_ Mo 2 3 2 }
Umas = gprT {3L(0.2113L) 2(0.2113L)* — L*(0.2113L)
0.0160 MpL?>  0.0160 MyL?
= = ! Ans.
EI EI
and
Mo
= 3L(0.7887L)% — 2(0.7887L)*> — L*(0.7887L }
Ymax = GpIL { ( ) ( ) ( )
~0.0160 MpL?
= £ 1 Ans.
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12-19. Determine the deflection at the center of the beam M,
and the slope at B. EI is constant.

A ’7)(*»‘ ‘B
\ L \
Referring to FBD of the beam’s cut segment shown in Fig. b,
2M, 2M,
C+AM, = 0; M(x) + x—-M,=0 M(x)=M, -
L L ) 2
d2
EISY = M(x) ueede g
dx v ! *
d2V ZMO (b ‘L’Lh
Elﬁ = Ma - L
dv M
EIE:M{,x —T”xhc1 (1)
Mr) 2 M{) 3
E]V:Tx —Sfo‘+C1x+C2 (2)

Atx = 0,v = 0.Then Eq. (2) gives

M, ) M, 5
E](O)ZT(O)—E(O)+C1(O)+C2 G =0

Also,at x = L,v = 0.Then Eq. (2) gives

M, M, M,L
— o 2 o 3 o
EI©) = (L) =3/ (L) + QL+ 0 €=
Substitute the value of C, into Eq. (1),
dv M,
= 6Lx — 6x* — L?
dx = 6E1T (6Lx ~ 6x )
AtB,x = L.Thus
dv M,L  M,L
O0p = — = - = Ans.
B™ Ux |, 6EI  6EI ns
Substitute the values of C; and C, into Eq. (2),
M,
_ 0 Lx2 — 23— 12
v GEIL (3 X X x)
L
At the center of the beam, x = 5 Thus
Vet = 0 Ans.
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#12-20. Determine the equations of the elastic curve

using the x; and x, coordinates, and specify the slope at A
and the deflection at C. EI is constant.

8 kip
B C
=
‘ ‘ 20 kip-ft
X ‘ —xy ——|
20 1t 101t

Referring to the FBDs of the beam’s cut segments shown in Fig. b, and c,

C+2M, = 0; M(xy) +5x; =0 M(xy) = (=5x;) kip - ft
And
C+2M, = 0; —M(xy) — 8x, —20 =0 M(x;) = (—8x, — 20) kip - ft
d*v
EI W = M(x)

For coordinate x;,

d?v, .
El i (=5x;) kip - ft
1

dv 5 .
Eld—xll: (—Exhcl)klp-ﬁz (1)
5 3 : 3
Elv, = o x1° + Cixy + G, | kip - ft (2)
For coordinate x,,
d?v
EI——2 = (—8x, — 20) kip- ft
dXz
dV2 > 5 5
Eld—x2 = (—4x,% = 20x, + C3) kip- ft 3)
4 2 . 3
Elv, = 3 X7 — 10x,” + Cyxy + Cy | kip - ft 4)

At x; = 0,v; = 0.Then, Eq (2) gives

EI0) = —% (0%) + 1 (0) + G,

C2 =0
Also, at x; = 20 ft,v; = 0.Then, Eq (2) gives

EI0) = —% (20°) + ¢, (20) + 0

C, = 33333 kip - ft
Also, at x, = 10 ft, v, = 0.Then, Eq. (4) gives

EI0) = — (10°) — 10(10%) + C5(10) + C4

10C; + C, = 233333

®)
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#12-20. Continued

dvy dav, .
At x; = 20 ft and x, = 10 ft,—— = ———.Then Eq. (1) and (3) gives
dx, dx,

—% (20%) + 333.33 = —[—4(10%) — 20(10) + C;]

C; = 1266.67 kip - ft?

Substitute the value of C; into Eq (5),

C, = —10333.33 kip - ft>

Substitute the value of C, into Eq. (1),

dVl 1 5 2 ) . 2
—=—\-= + . kip - fi
dx,  EI < ) X1 333.33 | kip - ft

At A, x; = 0.Thus,

v

333 kip-ft’
-0 =

04
x1=0 EI

A Ans.

Substitute the values of C, and C, into Eq. (2) and C; and C, into Eq (4),

1 (.5 5 L
vy = £l ( 6 x1° + 333 x1> kip - ft Ans.
1 4 3 2 : 3
v, = EI\ 3 X,° — 10x,” + 1267x, — 10333 |kip - ft Ans.

At C, x, = 0.Thus

10333 kip-ft* 10333 kip - ft’

Ve = V2 x=0 = El El ! Ans.
8 kijp
A | ;o Kip-ft
zoft | Ioft f

5kip 13kip

@)

& kip

M@,) MC?% VO
[ y— 1
| Ve ES

) )
913
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¢12-21. Determine the elastic curve in terms of the and w
coordinates and the deflection of end C of the overhang
beam. EI is constant.
Support Reactions and Elastic Curve. As shown in Fig. a.
Moment Functions. Referring to the free-body diagrams of the beam’s cut X1
segments, Fig. b, M (x;) is
L L L
C+3Mp = 0; M) + 7 x = 0 M(x) =~
and M(x,) is
X
CH+3M, = 0; ~M(x,) — wx2<72> -0 M(x) = =3 22
Equations of Slope and Elastic Curve.
d%v
El— = M(x
dx? )
For coordinate x;,
dzvl wL
EI ==
dx,? g M
dv, wlL
El—=——x°+ 1
dx, 16 X1 G (1)
L
Elv, = 223+ Cxy + G, @)
48
For coordinate x,,
d*v, w
EI =—x’
dx,? 2 2
dv, w3
— = +C 3
dx, 6 X2 3 3)
W o4
Elvy = —x," + C3x, + Cy 4
24
Boundary Conditions. At x; = 0,v; = 0.Then, Eq. (2) gives
EI(0) = —W—L(()S) +C0) + C G =0
48 1 2 2
At x; = L,v; = 0.Then, Eq. (2) gives
wL/ wL?
EI0) = — (L) + QL + 0 C="
L .
Atx, = = 0.Then, Eq. (4) gives
EI(0) = — <£>4 e <£> +C
C24\2 \2 4
L wL*
— + - —
2 Gt G T 5y )
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¢12-21. Continued

Continuity Conditions. At x, = L Land x, = = %0 = ~%2 106 Fas. (1) and
ontinuity Conditions. x| = and x, = 2 dx, = dx, us, Egs. (1) an
(3) give
wL, , wl3 w<L>3 wl?
== = - =) +cC Cy = —
16< ) 48 6\2 3 > 16

Substituting the value of C; into Eq. (5),

_1wL!
384

4=

Substituting the values of C; and C, into Eq. (4),

vy = w
27 384E1

At C, x, = 0.Thus,

(—16x,* + 2413, — 11L%)

_UwL*  1iwlL?
384E1  384EI

W(E)

Ve = v2|X2:0 = Ans.

o - ———— 1 Y

—— w\

P
|~

WL SWL
8 8

(®

Vix,) |:fi
M) M),

) (=
'_x,—" Vi)l %

(b))

|
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12-22. Determine the elastic curve for the cantilevered 3 kip/ft
beam using the x coordinate. Specify the maximum slope and
maximum deflection. E = 29(10%) ksi.

Referring to the FBD of the beam’s cut segment shown in Fig. b, B

l x —

C+3M,=0; M(x)+81+3(3x)()(5) —135x =0 91t |

M(x) = (13.5x — 0.05556x> — 81) kip - ft.

d*
Elﬁ = M(X)

2
ETY — (1350 — 0055562 — 81) kip-ft
dx?

EI% = (6.75x> — 0.01389x* — 81x + C;) kip- ft? (1)
X

Elv = (225x% = 0.002778x% — 40.5x> + Cyx + G,) kip- € (2) Loy 5=

dx N B
== x

EI(0) = 6.75(0%) — 0.01388(0%) — 81(0) + ¢, €, =0 ( 1 7M /

Also,at x = 0,v = 0.Then Eq. (2) gives BIKlP'Jot x g VC)C)

d 4 N
Atx =0, dV = 0.Then, Eq (1) gives l5-5l6ip 1 - ’W’zéx

EI(0) = 2.25(0°) — 0.002778(0°) — 40.5(0?) + 0 + C, G, =0 (b)
Substitute the value of C, into Eq (1) gives.

dv _ 1 2 4 : 2
o = g (675x7 = 0.01389x" — 8Lx) kip - ft
The Maximum Slope occurs at x = 9 ft. Thus,

dv 273.375 kip - ft?

L N El
_273.375kip - ft?
- Er
For W14 x 30,7 = 291 in*. Thus
6 = 273375 (122) = 0.00466 rad Ans.

Substitute the values of C; and C, into Eq (2),

- 1 3 5 VAR 3
v =27 (225x° = 0.002778x° — 40.5:%) kip - ft

The maximum deflection occurs at x = 9 ft, Thus,

1804.275 kip - ft3
Vmax = V|x:9 ft = _T

~ 1804.275 kip - ft’ |
B EI

1804.275 (12°)
29.0(10°) (291)

0.369 in | Ans.
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12-23. The beam is subjected to the linearly varying wo
distributed load. Determine the maximum slope of the
beam. EI is constant.

i . |

El%: M(x)

EI% = (125 - 2)

EI%::—L[)(LZXZ —%) + G )
Elv::—z<L26x3 —2‘—3) +Cx + G )

Boundary conditions:
Atx =0,v=0.
From Eq. (2),C, = 0
Atx=L,v=20

From Egq. (2),
wy (L° L ) Twol?
= — | == + = —
6L ( 6 )0k G 360
The slope:
From Eq.(1),

dv _ wy <L2x2 x 7L4)

dx  6EIL\ 2 4 60
dv wol?
g Al _ Ans.
max = x|l 45EL ns
ZHpL
Lo
T |
f - F
ZL/3 0
Wi = A
3 =
(2 x
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*12-24. The beam is subjected to the linearly varying
distributed load. Determine the maximum deflection of the
beam. EI is constant.

d*v
Elﬁ = M(x)
dz‘U woy
av _Wo (a3
prERaTACEAES.
dv  wy <L2x2 x4>
—=— -= )+
B =6\ 2 4 G

Boundary conditions:
v=_0atx =0.
From Eq. (2),C, = 0

v=_0atx = L.

From Eq. (2),
wo [ L2 L5> TwoL3
=2 (= _=)+qL = -
6L<6 w0) OB G 360
do_ o (L5 TLY)
dx 6EIL\ 2 4 60
do_g_ (L2 _x
dx 2 4 60

15x* = 30L%x> + 7L* = 0;  x = 0.5193L

_ WoX
Y T 360EIL
Substitute x = 0.5193L into v,

(10L2x2 — 3x* = 7L%)

0.00652w,L*
Umax - 7T

Wo

ﬁ
-

xX—

)

@)

Ans.

Al
3
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°12-25. Determine the equation of the elastic curve 12 kN/m

for the simply supported beam using the x coordinate.

Determine the slope at A and the maximum deflection. E/ /m m
is constant.

A [° | B
== |
| 6m 6m ‘

Referring to the FBD of the beam’s cut segment shown in Fig. b,
C+=M, =0; M(x)+ %(2){)(}:)(%) —-36x=0 M(x)= <36x - %x3>kN-m g’zkﬁ,
el S~
2 ’_,—"’ \\\~..4
B = M@ 1
dx I
2
EILZ = <36x - lx3> kN -m
dx
Eldl:<18x2—ix4+c>kN-m2 1)
dx 12 !
- 5 L5 3
Elv = | 6x “w + Cix + C, | kKN m (2)
dv .
Due to the Symmetry, i 0atx = 6 m.Then, Eq (1) gives
1
_ 2 4 _ 2
EI(0) = 18(6°) = 5 (6') + C €= ~540kN-m
Also,at x = 0,v = 0.Then, Eq (2) gives
1/«
— (3 _
EI(0) = 6(0°) = - (0°) + Ci(0) + C; G =0
Substitute the value of C, into Eq. (1),
dv 1 1
— =18 - — 4—540>kN- 2
dx  EI ( T m
At A, x = 0. Then
g — v _ 540kN-m? _ 540kN-m? Ans
A7 dx | EI EI
Substitute the values of C; and C, into Eq (2)
v = L <6x3 - ix5 - 540x> kN -m? Ans
El 60 ’
Due to Symmetry, v,,,x occurs at mind span x = 6 m. Thus,
_ 1 3 L (s
Viax = L7 {6(6 ) - = (6°) - 540(6)}
2073.6kN-m*> 2074 kN-m’ | An
El El >
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12-26. Determine the equations of the elastic curve using
the coordinates x| and x,, and specify the slope and deflection
at B. El is constant.

d*
EIW = M(x)

[S)

For M,(x) = 7% X7+ wax; — ——

d*v wo, wa?
EI A = _EXI + wax; — TN

dv, w wa wa?
EITXIZ —Ex% +7x% —Txl + Cl

2
w wa wa
EIUI = *ﬁx? + ?X‘I’ - TX% + Clxl + Cz
dz‘Uz

dx,?

For My(x) = 0; El =0

El—=C
dX2 3

El vy, = Cyx, + Cy
Boundary conditions:
Atx; = 0.@ =0
dx,
From Eq.(1),C; = 0
Atx; =0.v, =0
From Eq. (2):C, = 0
Continuity conditions:

oy _ dvy

Atx; =a Xy =a; =
’ ’ dx, dx,

From Egs. (1) and (3),

wa3 W(l3 wa3 3 WLZ3
e = G=t

+
6 2 2
From Egs. (2) and (4),

Atx;=a, x,=a v = vy

W[l4 wa4 Wll4 Wll4 wa4

T e T4 T e T

)

2

®)

4)
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12-26. Continued

The slope, from Eq. (3).

dv, wa’
0y = 2 _ _wa Ans,
B~ dx,  GEI s
The elastic curve:
v = v (7):‘11 + 4ax% — 64° x%) Ans.
24E1
3
wa
= —_—— —_ + .,
vy 2AE] < 4)Cz ll> Ans
= = wa <74L + a) Ans
VBTV T 24EI :
a

F

(Il*a?‘-h‘f;""?-.—'*

Wa

WA,
‘9: £*q -1l o
(llé Y M= -5y ey, - wa®
wa %
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12-27. Wooden posts used for a retaining wall have a A
diameter of 3 in. If the soil pressure along a post varies g
uniformly from zero at the top A to a maximum of 300 1b/ft
at the bottom B, determine the slope and displacement at
the top of the post. E,, = 1.6(10°) ksi.

Moment Function: As shown on FBD. \HHH‘”

Slope and Elastic Curve:
p— ) B 300 Ib/ft
d*
EI=—=M
4y )
d*v A
EI%Y = —8333y3 \ 2tent
4y y 't . fisoy)yr25cy
d'U \_,.. ““Lg;}
EI == = —2.0833y* + C, (1] ? ¥
dy Mople-gany?
Elv = —04167y° + C;y + G, 2]

d
Boundary Conditions:dfv =0aty=6ftandv=0aty =61t
y

From Eq.[1],0 = —2.0833(6*) + ¢; €, = 2700
From Eq. [2],0 = —0.4167(6°) + 2700(6) + C,  C, = —12960

The Slope: Substituting the value of C, into Eq. [1],

dv 1
—=—1(-2 42 Ib- ft?
i El{( 0833y 700)} b-ft
g v _27001b - f?
A dy | =0 EI

_2700(144)

1.6(10°)(%)(1.5%)
= 0.0611 rad Ans.

The Elastic Curve: Substituting the values of C; C, into Eq. [2],

v = —{(—0.4167y" + 2700y — 12960)} Ib- ft*

12960 Ib - ft?
Va = U|y:o = _7E1

3 12960(1728)
16{10%)(3)(15)
= —3.52in. Ans.

The negative sign indicates leftward displacement.
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#]12-28. Determine the slope at end B and the maximum
deflection of the cantilevered triangular plate of constant 2
thickness ¢. The plate is made of material having a modulus
of elasticity E.

Section Properties. Referring to the geometry shown in Fig. a,

b _ b,

b
. Ik b(x)—zx

Thus, the moment of the plate as a function of x is

b

I(x) = % (b)) =57 =

Moment Functions. Referring to the free-body diagram of the plate’s cut
segments, Fig. b,

+>XMy = 0; —M(x) — w(x)(%) =0 M(x) = —%xz , s\
Equations of Slope and Elastic Curve. iy e
d>v _ M(x)
dx*  I(x) b b@c)
w2
d*v 2 6wL ¥
== x —
dx b . bt \
12L ¢
dv_ Lo 1) x
dx  bo !
L a
Ev = —%ﬂ +Cx + G @) C )

d
Boundary Conditions. At x = L, 7; = 0.Then Eq. (1) gives

l‘ =
E0) = —22E(17) 1 ¢, _ L Ml

= - ]
b LS ¥
Atx = L,v = 0.Then Eq. (2) gives
L 2wl >
E(0) = _:?(LS) + (L) + G C, = — :[3 v xX
x
Substituting the value of C, into Eq. (1), ‘) Cb
dv_wL_ oy ) /
dx  EbP
At B, x = 0.Thus,
g, — 4V _ 3wl?
B dx |y EbS
Substituting the values of C, and C, into Eq. (2),
L
v == (=x3 + 312 — 2L3)
Ebt
Vmax Occurs at x = 0.Thus,
2wl 2wl
Vmax = V|x:0 = _Ebt3 = Ebe J/ Ans.
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¢12-29. The beam is made of a material having a specific
weight y. Determine the displacement and slope at its end

A due to its weight. The modulus of elasticity for the A
material is E. L \/
Section Properties: }? ?

AT
h(x) = %x V(x) = %(%x)(x)(b) = %xz

1 h N bR "
1) =1 (b)<Lx> Tnrt _ ' ) |
)
Moment Function: As shown on FBD. h_[l)k/
| x |
}.__x__I

Slope and Elastic Curve:

Py _ M)
dx*>  1(x) m.-%xic
Vi
Py WY §Frure
dx* w3 R
121
dv 2yL?
E = — h2 x + C] [1]
yL?
EU:—7)€2+C1X+C2 [2]

d
Boundary Conditions:dfz =0atx=Landv=0atx = L.

2yL? 2yL?
From Eq.[1],0 = — e (L) + ¢, C = pE
L? 2yL3 I
From Eq.[2],0 = *7}7 (Lz) + %(L) +C G = 77}7

The Slope: Substituting the value of C; into Eq. [1],

du 2’yL2
— = -x+ L
dx = wg T
dv 2yL?
0, = — = Ans.
A dx o WE s
The Elastic Curve: Substituting the values of C, and C, into Eq. [2],
12
v= 2" (—x + 2Lx — I?)
WE
yL*!
Vg le=o = “WE Ans.

The negative sign indicates downward displacement.
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12-30. The beam is made of a material having a specific
weight of y. Determine the displacement and slope at its
end A due to its weight. The modulus of elasticity for the
material is E.

Section Properties:

r a(r ar?
r(x):zx V(x):§<Lx>x:Ex3
4

am(r \* _ art
I(x)—z(zx) —mx

Moment Function: As shown on FBD.

Slope and Elastic Curve:
v _ MW
dx*  I(x)
rZ
d*v _ _% x?t _ _LLZ
dx? %ﬁx“ 3r?
dv yL?
—=—x+C
dx 3r? * !
LZ
Ev= —%xz +Cx + G

d
Boundary Conditions: i =0atx=Landv=0atx = L.

From Eq. [1],0 = 7L2(L)+c L
romEq.[1],0 = ——5 1 1= 32

yL? yL? yL*
From Eq.[2],0 = fﬁ(Lz) + <¥ L+C GC-= -z

The Slope: Substituting the value of C, into Eq. [1],

dv yL?
ax 32 YD
4 dx x=0 3}’2E

The Elastic Curve: Substituting the values of C, and C, into Eq. [2],

2

L
v = yz <7x2 + 2Lx — L2)
6r°'E
yL*
Vg |x:O = _6r2E

The negative sign indicates downward displacement.

(1]

(2]

Ans.

Ans.

M)
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12-31. The tapered beam has a rectangular cross section.
Determine the deflection of its free end in terms of the load b
P, length L, modulus of elasticity E, and the moment of ]
inertia [, of its fixed end.

P A
Moment function: )\
M(x) = —Px I
Moment of inertia:

Slope and elastic curve: [ YM(x)

T

d*v
EI(x) e = M(x)

I 2 2
E(ﬁ>xd—’; — px; ELYY-_pL
dx

£

L dx?
dv
EZOE = —PLx + C; 1)
— L 2
Elyv = X"+ Cix + G 2)

Boundary conditions:

dv
—=0,x=1L
dx x

From Eq.(1),0 = =PL>+ C;; C; = PL?

v=0,x=1L
From Eq. (2),
pPL? PL?
0=——"F-+PL°+C;; Cy=—7-
2 2 2 2
PL ) )
=——(—x*+Lx— L
v 3£, (—x X )
PL?
x =0, v, =v = - Ans.
e 6=0 2Ely

The negative sign indicates downward displacement.
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*12-32. The beam is made from a plate that has a constant
thickness 7 and a width that varies linearly. The plate is cut
into strips to form a series of leaves that are stacked to
make a leaf spring consisting of n leaves. Determine the
deflection at its end when loaded. Neglect friction between

the leaves.

Use the triangular plate for the calculation.

M = Px
LB oy
1—12<Lx>(t)
dv _ M Px

ax’ ~ EL E(L)(5)x?

d* _ 12PL

dx*>  Ebr

dv 12PL

dx  EbP G

6PL

v = Ebt3xz + Cix + G
d
di)‘; =0atx =L

-12PL?
C=——
Ebt

v=0atx =L

_ 6PL?
2 Eb?
When x = 0
_ 6P}
Vmax = Eb[3

Ans.

>
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¢12-33. The tapered beam has a rectangular cross section.

Determine the deflection of its center in terms of the load P
P, length L, modulus of elasticity E, and the moment of /l
inertia /. of its center. < b\ .
> “n
Moment of inertia: < 2
L
2b 2
w=—x
L

-0 o) - ()

Elastic curve and slope:

d>v
EI(X)E = M(X)
21 d>v P
E( L >(x)dx3 7

PL
—=—x+cC
chx 4)C !

PL
Elcvy = ?xz + Cix + Gy

Boundary condition:
Due to symmetry:

dv L
E =0 at X = z
From Eq. (1),

0=—"-+C
8 1

_PL?
8

v=0atx =20

Cl =

G =0

_ PLx
Y T 8ElL

(x - 1L)

Ve =V = — PL%
¢ et 32EI.

The negative sign indicates downward displacement.

E)Muu £x

Mo

M

@)

Ans.
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12-34. The leaf spring assembly is designed so that it is
subjected to the same maximum stress throughout its length.
If the plates of each leaf have a thickness ¢ and can slide
freely between each other, show that the spring must be in
the form of a circular arc in order that the entire spring
becomes flat when a large enough load P is applied. What
is the maximum normal stress in the spring? Consider
the spring to be made by cutting the n strips from the
diamond-shaped plate of thickness # and width . The modulus
of elasticity for the material is E. Hint: Show that the radius
of curvature of the spring is constant.

|~
NI

Section Properties: Since the plates can slide freely relative to each other, the plates

resist the moment individually. At an arbitrary distance x from the support, the

. nx  2nx
numbers, of plates is 7— = . Hence,
2

I(x) = 11—2 (%)(b)(ﬁ) - %x

Moment Function: As shown on FBD.
Bending Stress: Applying the flexure formula,

M@ 56) seL

oo = =
" I(x) mey 2nbt?

Moment - Curvature Relationship:

1 M o PL
- = ) = 21 _ 3 5 = Constant (Q.E.D.)
p EIl(x) E(%x) nbt’E

y{x)

)nu)-‘f'l

X
£
FA
f
A
>
F
= 3

Ans.
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12-35. The shaft is made of steel and has a diameter of Hmm
15 mm. Determine its maximum deflection. The bearings at
A and B exert only vertical reactions on the shaft.
Ey = 200 GPa.
L2OO mm l 300 mm 200 mm*—‘
250 N 80N
M=—(-20143) <x—-0>-250<x—-02>-80<x—05> IS - 8
M =20143x —250 < x — 02> -80<x — 05> 4 {
Elastic curve and slope: A
. 208 mm Tbp ma M’I i
d
Eld—v3 = M =20143x —250 < x — 02> —80 < x — 0.5 > 201937 25N &N 1857
X
dv

Eld—— 100.71x% — 125 < x — 02>2 — 40 < x — 0.5>2 + (4

Elv=3357x— 4167 < x —02>3 - 1333 < x — 05>+ Cx + C, (1)
Boundary conditions:
v=0 at x=0
From Eq. (1)
G =0

v=20 at x =0.7m

0 = 11.515 — 52083 — 0.1067 + 0.7C;

C) = —8.857
v _1 —[100.712% = 125 < x = 02>% = 40 < x — 0.5>% — 8.857]
dx ~ EI

Assume vy, occurs at 0.2 m < x < 0.5m

dv
a0 El[

100.71x% — 125(x — 0.2)> — 8857}
24.28x% — 50x + 13.857 = 0

x = 0.3300 m OK.

1
v =27 [335707 — 41,67 < x - 02>7 — 1333 < x = 05> — 8.857x]
Substitute x = 0.3300 m into the elastic curve:

L3
Vg = — L SONmE 1.808 = —0.00364 = —3.64mm Ans.

El 200(10%)7 (0.0075)*

The negative sign indicates downward displacement.

930




12 Solutions 46060 6/11/10 11:52 AM Page 931 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*12-36. The beam is subjected to the loads shown. . 4 kip
. . . . 2 kip
Determine the equation of the elastic curve. EI is constant.

A -)4kip-ft
B =
- |

8 ft 8t 81t —»‘

M=—(25<x-0>-2<x-8>-4<x-16>
M=25x-2<x—-8>-4<x-16>
Elastic curve and slope:

d*v
Elﬁ:M:Z.S){*2<X*8>*4<X*16>
X

d
Eld—v=1.25x2— <x-8>2-2<x-16>2+C,
X

Elv=0417x> — 0333 < x — 8>% - 0667 < x — 16>>+ Cix + G, (1)
Boundary conditions:
v=20 at x=0
From Eq.(1),C, = 0
v=20 at x =241t
0 = 5760 — 1365.33 — 341.33 + 24C,

C, = —169

v = é [0.417x> = 0333 < x — 8>% = 0.667 < x — 16> — 169x| kip- {t> Ans.

& up
zl 4 4] S
[ )
¥
X ]I‘ 1|__
- 3 7
25 kl’& g 3 sl{p
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¢12-37. Determine the deflection at each of the pulleys C E
C, D, and E. The shaft is made of steel and has a diameter A B
of 30 mm. The bearings at A and B exert only vertical

|& if
reactions on the shaft. E; = 200 GPa. i i

PZSO mm —}~— 250 mm—f=—250 mm 250 mmﬂ‘

M=—(-180) <x—-0>—-150 < x — 025 >

150N 60 N 150N
-60<x—05>-150 < x —0.75 >
M =180x — 150 < x — 025> —-60 < x — 0.5> —150 < x — 0.75 > [ 3 3
*
Elastic curve and slope: ‘ 3
42 2 & }
EI ‘; =M =180x — 150 < x — 025> —-60 < x — 0.5 > N 25G0n| “Pmm | 255mn | 250 ma]
dx /80" iso” Gon IS0 180N
-150 < x = 0.75 >
dv 2 2 2
Elaz 90x° — 75 < x — 025> —30 < x — 050>

75 <x—075>2+ C (1)
Elv=30x =25 < x — 025> - 10 < x — 0.50>
—25<x—075>3+ Cix + x, (2)
Boundary conditions:
v=20 at x=0
From Eq. (2)
C =0
v=20 at x=10m
0 =30 - 1055 - 125 - 039 + C;

C, = —17.8125

dv 1 > 2 2
= = — < x —025>%— <x—-05>
T = Fp 90 =75 < x - 025 30 < x — 05
- 75 < x = 0.75>? — 17.8125 3)
1 3 3 3
= —25<x—025>"-10<x — 05>
v =7 (308 - 25 < x - 025 0<x-05

—25 < x —075>% — 17.8125x]

ve =v T 9 ,000501 m

woasm EL200(10°)5(0.015)

= —0.501 mm Ans.

vy = v = T 000698 m = —0.698 mm Ans.

«=0sm  200(10°)%(0.015)*

~3.984

VE =V = £l = —0.501 mm Ans. (symmetry check !)

x=0.75m

The negative signs indicate downward displacement.
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12-38. The shaft supports the two pulley loads shown. A B
Determine the equation of the elastic curve. The bearings at A K ]| ] | |
and B exert only vertical reactions on the shaft. £/ is constant. !]

X —
’: 20 in.—=f=— 20 in‘a‘e 20 in.—
401b 60 Ib

M=-10<x-0>-40<x—20> —(-110) < x — 40 >
M=—-10x —40 < x — 20> + 110 < x — 40 >

Elastic curve and slope:

2
El%zM
X
d*v
Elﬁ —10x —40 < x —20> +110 < x — 40 >
X
dv 2 2 2
EIE——&C —20<x—20>"+55<x—40>"+ (C;

Elv = —1.667x> — 6.667 < x —20>3 + 1833 < x — 40> + Cjx + G, (1)
Boundary conditions:

v=0atx=0

From Eq. (1):
G =0
v =0 atx = 40in.

0 = —106,666.67 — 53,333.33 + 0 + 40C;.

C, = 4000

1
v =27 [~L676° = 667 < x = 20> + 183 < x — 40>7 + 4000x]lb-in®  Ams.

A B

X
(I U L
o 1o®
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12-39. Determine the maximum deflection of the simply 30 kN
supported beam. E = 200 GPa and I = 65.0(10°) mm*.

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. a, we obtain

M

—(=25)(x — 0) — 30(x — 2) — 15(x — 4)

= 25x — 30(x — 2) — 15(x — 4)

Equations of Slope and Elastic Curve.

2
e - v
dx
d*v
El—— = 25x — 30(x — 2) — 15(x — 4)
dx
dv 2 2 2
El - =125¢ ~ 15(x — 2)> — 7.5(x — 4 + C 1)
X
Elv = 41667x° — 5(x — 2)> = 2.5(x — 4> + Cix + G, )

Boundary Conditions. At x = 0,v = 0.Then, Eq. (2) gives
0=0-0-0+C(0)+C, G =0
At x = 6m,v = 0.Then Eq. (2) gives
0 = 4.1667(6%) — 5(6 — 2)° — 2.5(6 — 4)* + C1(6) + G
C; = —93333kN-m’

Substituting the value of C; into Eq. (1),

dv _ 1 2 N e }
o El{u.s)c 15(x — 2)% — 7.5(x — 4)> — 93333

. dv . .
Assuming that e 0 occurs in the region 2m < x < 4 m.Then
X

dv

— = 12.5x% — 15(x — 2)> — 93. }
o, 0 5x 5(x — 2) 3.333

- 5l
12.5x% = 15(x — 2)> — 93.333 = 0
2.5x% — 60x + 153333 =0

Solving for the root 2m < x < 4m,

x = 29079 ft O.K.
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12-39. Continued
Substituting the values of C, and C, into Eq. (2),

1

YT E

{4.1667):3 —5(x — 2)° — 2.5(x — 4)° - 93.3334 Ans.

dv
Vmax OCcUrs at x = 2.9079 m, where i = 0. Thus,
X
Vmax = V]x=29079 1t

1
= {4.1667(2.90793) —5(2.9079 — 23 — 0 — 93.333(2.9079)}

EI

_ 172.69%N-m® _ 172.69(10°)

B EI - 200(10°)[65.0(107°)]

= —0.01328m = 133 mm | Ans.

30kl |5KN
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*12-40. Determine the eqution of the elastic curve, the M, M,
slope at A, and the deflection at B of the simply supported 2
beam. EI is constant. A } L (70 7\ D
C =0
Support Reactions and Elastic Curve. As shown in Fig. a. L ‘ L ‘ L 4.‘
3 3 3
Moment Function.
L\° 2 \°
M= —(—MO)<x - 5) - Mo<x - §L>
L\° 2 \°
=Molx—Z) — Mol x — =L
°<x 3> 0<x 3 >
Equations of Slope and Elastic Curve.
2
e - v
dx
d%v 0 2 \0
EIW = M()(X - > - M()(X - gL)
dv L 2
E]?— MO<X—§> - MO<X—§L>+C1 (1)
M, L\> M, 2 \?
Elv7<x—§> —7 X—gL +C1X+C2 (2)
. dv L .
Boundary Conditions. Due to symmetry,a =0atx = Px Then Eq. (1) gives
L L MoL
= Z =) -0+ = -
EI1(0) MO<2 3> 0+ G Cy 6
Atx = 0,v = 0.Then, Eq. (2) gives
EI(0)=0—-0+ Ci(0) + G, C,=0
Substituting the value of C; into Eq. (1),
dv Mo < L) ( 2 )2
—=—|6lx——=)—-6{x—ZL) — L
dx ~ 6EI [ T3 i
At A, x = 0.Thus,
dv M, MpL MyL
== =—2[600) - 6(0) - L| = — = Ans.
04 =0l 6EI[ (0) = 60) - L] 6EI  6EI ns
Substituting the values of C; and C, into Eq. (2),
MO L 2 2 2
=2 -=] - -ZL) - L Ans.
v 6E] |:3(x 3> 3(x 3 > X ns
L
AtB,x = g.Thus,
Mo L
=v|or=—7|3(0) = 3(0) — L|
v = -t 6EI|: (0) ~ 300) (3)}
MoL?> MyL?
= - = Ans.
18E1 18E1
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*12-41. Determine the equation of the elastic curve and M, M,
the maximum deflection of the simply supported beam. E/ 3
is constant. A 5&_ (Vo 7\ b
B C o Ny
Support Reactions and Elastic Curve. As shown in Fig. a. L 1 L 1 L ‘
3 3 3
Moment Function.
L\’ 2
M = —(—Mo)<x - g) - Mo<x - §L> Mo MD
0 d N
B L 2 > | -
= M0<x - §> - M0<x - §L> M-._m“---“-—-‘ -
Equations of Slope and Elastic Curve. % +
L T L
> 5
BTy 3 8
dx
d* L\’ (a)
EI 4 B M()(X - g) M()<X 3L>
Elﬂ = M0<x - £> - Mo<x - L>+C1 1
d 3
Mo L\?> Mo 2 \?
E1V7<X—§> —T x—gL + C1X+C2 (2)
. dv L .
Boundary Conditions. Due to symmetry, e Oatx = X Then Eq. (1) gives
L L MoL
EI0)=Mo| - —=5) -0+ = —
O=mo(k-L)-0+c, oM
Atx = 0,v = 0.Then, Eq. (2) gives
EI(0) =0—0+ Ci(0) + G, G =0
Substituting the values of C; and C, into Eq. (2),
M, LY’ 2 \?
v = 67(}[3<x - §> - 3<x - §L> - Lx:| Ans.
L d
Vmax OCCUTrs at x = —, where LA 0.Then,
2 dx
Mo| (L LY L
Vs = V-t = @HE -5) -o- L(Sﬂ
5MoLl?  5MyL?
= - = l Ans.

T2E1 T2E1
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slope at A, and the maximum deflection of the simply

12-42. Determine the equation of the elastic curve, the P
supported beam. EI is constant. l

=~

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. ‘ L L ‘
3 3 ‘

M = —(-P)(x - 0) - P<x - %) - P<x - %L)

—pe-p(e-L)-p(x-21)

Equations of Slope and Elastic Curve. N

|

d> <
EI1Y = m i .

dx?

o o

&
~
.
QN
Il
~
=
|
~
—~
=
|
\‘_/
|
~
—~
=
|
|
[‘
~
(»'r—
|

Elﬂ=£x2—£<x—£)2—£<x —§L>2+c1 (1) @)

3 3
EIV:£x3—£<x—£> —E(x—zL> + Cix + G, )

dv
dx

P(L\> P(L LY PL?
= —| — R [ — —_ =+ = —_——
EI(0) 2<2> 2<2 3> 0+ ¢ C 9

L
Boundary Conditions. Due to symmetry, =0atx = Px Then Eq. (1) gives

Atx = 0,v = 0.Then, Eq. (2) gives
EI0)=0-0—-0+ C(0) + G, G =0

Substituting the value of C; into Eq. (1),

v P g LY < E)z 2
dx  18EI |:9x 9<x 3> 9 x 3L 2L

At A, x = 0.Thus,

dv P PL? PL?
=—| =—=0-0-0-21%=——"F=—"= Ans.
04 =0l 18E1[ } 9EI ~ 9EI ns
SubStituting the values of C, and C, into Eq. (2),
— P 3 L } 2 )3 2
v = 18EI |:3x 3<x 3> 3<x 3L 2L°x Ans.
L
Vmax OCCUrs at x = —, where dv = (.Then,
2 dx
P L\? L LY (L
Vmax = Ve 4 :@[3@ B 3(5*5) S0-2
23pPL*  23PL°
= 3 _B Ans.

T G48EI  GASEI
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12-43. Determine the maximum deflection of the
cantilevered beam. The beam is made of material having an
E =200 GPaand I = 65.0(10°) mm®.

Support Reactions and Elastic Curve. As shown in Fig. a.
Moment Function. From Fig. b, we obtain
0o_20 3
M = —(=375)(x = 0) — 67.5(x — 0)" — Z(x = 0)
2
- <—ZO>(X - 1.5 - <—?)(x - 1.5)?
10 10
=37.5x — 675 — ?xS + ?(x —1.5)° + 15(x — 1.5)
Equations of Slope and Elastic Curve.
2
E1Y — iy
dx
d*v 10 10
Elﬁ =375x — 675 — ?x3 + ?(x — 1.5) + 15(x — 1.5)?
d 5 5
Eld—; = 187527 — 67.5¢ — “x' 4 2 (x — 1)+ 5(x — 15 + (1)

1 1
Elv = 6.25x% — 33.75x% — ng + g(x — 15 + %(x — 15+ Cix + G, (2)

d
Boundary Conditions. At x = 0, d; = 0Then Eq. (1) gives
0=0-0-0+0+0+C C;=0
At x = 0,v = 0.Then Eq. (2) gives
0=0-0-0+0+0+0+GC, C=0

Substituting the values of C; and C, into Eq. (2),

1 3 »_Lls 1 5.9 4}
=—6.25x" — 33. -~ + —(x = 1.5 + S (x — L. .
V=F1 {6 25x° — 33.75x PR 6(x 1.5) 4(x 1.5) Ans
Vmax Occurs at x = 3 m Thus
Vmax = V|x=3m
— 1 3 2 1 5 1 5 5 4
= 5{6.25(3 ) = 3375(37) = £(3°) + G - 15 + 3G - 1)
 16791KN-m’ 167.91(10°)
EI
200(109){65.0(10’6)}
= —0.01292m = 129 mm | Ans.

A

30 kN/m 13kN
F |
| 1.5m 1.5m
Lrao)is) knl
Z @GS ki 15KkA
st |
a-‘"'-’ a 1l 3
Grsanl| e
I /m 2m ™~
)
15EN
mz= %’ 20k4fm* L 4ok
375kN T
9 J
GrskIm 1 30KNm
mpé.ﬁ.\ T~ z0mmjm
e
=20 kullm
I'&5m IE5m

(b)
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*12-44. The beam is subjected to the load shown. Determine 50 kN
the equation of the elastic curve. EI is constant.

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using discontinuity function,

A
M=246<x-0>-15<x-0>2—(-15) <x—4>2 }*x
\

-50<x-—-7>
=246x — 1522 +15<x—4>2-50<x-7>
Slope and Elastic Curve:
2
ETLY — oy
dx
d*v 5 s
E1F=24.6x—1.5x +15<x—-4>-50<x-7>
X
El%:12.3x270.5x3+0.5<x74>3725<xf7>2+C1 [1]
Elv=410x> — 0.125x* + 0.125 < x — 4>* - 8333 < x — 7>3
+ Cix + Gy (2]
Boundary Conditions:
v =0atx = 0.From Eq.[2],C;, = 0
v = 0atx = 10 m. From Eq.[2],
0 = 4.10(10%) — 0.125(10%) + 0.125(10 — 4)* — 8.333(10 — 7)* + C; (10)
C, = —278.7
The Elastic Curve: Substituting the values of C; and C, into Eq.[2],
1 3 4 4
v = E{4.10x = 0.125x" + 0125 < x — 4>
— 833 <x —7>%—279x} kN-m? Ans.

3¢4)ui2o ka Eokd

246 KA e
7o 50 kA
3 knifrn
| 3 kn/m
Py iy “m apann

940
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e12-45. The beam is subjected to the load shown.
Determine the displacement at x = 7 m and the slope at A.
El is constant.

Support Reactions and Elastic Curve: As shown on FBD.
Moment Function: Using the discontinuity function.
M=246<x-0>-15<x—-0>2—(-15) <x—4>2
-50<x-7>

=246x —15x> +15<x—4>2-50<x—7>

Slope and Elastic Curve:

2
EILZ:M
dx
d*v 5 2
E1F=24.6x—1.5x +15<x—4>-50<x-7>
X
dv 2 3 3 2
EIE=12.3x =05 +05<x—4>-25<x—-7>+(C,

Elv=410x> — 0.125x* + 0.125 < x — 4>* — 8333 < x — 7>3
+ Clx + C2

Boundary Conditions:

v =0atx = 0.From Eq.[2],C;, = 0

v = 0atx = 10 m. From Eq.[2],

C, = —278.7
The Slope: Substituting the value of C, into Eq.[1],

The Elastic Curve: Substituting the values of C, and C, into Eq.[2],
1
v {4.10x3 — 0.125x% + 0125 < x — 4>% — 833 < x — 7>3

— 278.7x} KN-m®

_ 835kN-m’
EI

50 kN

0 = 4.10(10%) — 0.125(10%) + 0.125(10 — 4)* — 8.333(10 — 7)* + C; (10)

Vlyerm = % {410(7°) = 0.125(7*) + 0.125(7 — 4)* — 0 — 278.7(7)} kN -m’

X
3m-—-r
34) =120 kN SokA
H 1
]
i
am | 2m 3Am | am
244 1 e
T 50 kal
3 kaifm
|IRERNRNN! LllI
[1] | 8 Ewim
zw.gim s e SP$ &N

(2]

Ans.

dv 1 2 3 3 2 2
= . — 0. + 05 < — 4> — < — 7> = . -m
i El {123x 0.5x 05<x-—4 25<x-—17 2787} kN
dv 1 279kN - m?
= — = — — + — — Ty = =2
04 dx | oy 7 {0-—0+0—-0—2787} I

Ans.
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12-46. Determine the maximum deflection of the simply 20kN  15kN/m
supported beam. E = 200 GPa and I = 65.0(10°) mm*.

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. b, we obtain

—(=22.5)(x — 0) — 20(x — 1.5) — g(x -3) - (—%)(x -3y LLS m*Ll-S mJ

M

5
22.5x — 20(x — 1.5) — 7.5(x — 3)* + g(x - 3)

Equations of Slope and Elastic Curve.

2
El% =M

X

d*v 5, S 3
El—— =225x — 20(x — 1.5) — 7.5(x — 3)* + —(x — 3)°

dx 6

dv 2 2 3,0 4
EIE = 11.25x" — 10(X - 15) - 25(X - 3) + ﬁ(x - 3) + Cl (1)

1 1
Elv = 3.75x% — ?O(x —1.5)> — 0.625(x — 3)* + a(x -3+ Cix + G (2)
Boundary Conditions. At x = 0,v = 0.Then, Eq. (2) gives

0=0-0-0+0+C(0) +C C,=0
Atx = 6 m,v = 0.Then Eq. (2) gives

=}
Il

3.75(6° —Es—1.53—0.6256—34+l6—35+cl6 + G,
3 24

C, = —77.625kN - m?

Substituting the value of C; into Eq. (1),

ﬂ = i 2 _ _ 2 a3 i i }
A E1{11.25x 10(x — 1.5) 2.5(x — 3)* + 24(x 3) 77.625

. dv . .
Assuming that — = 0 occurs in the region 1.5 m < x < 3 m, then

dv 1 ) ) ]
— =0=— Rk - — 152 -0+0—177.

e 0 £l {11 25x 10(x — 1.5) 0+ 0— 77.625
Solving for the root 1.5 m < x < 3m,

x =2970m OXK.
Substituting the values of C, and C, into Eq. (2),

1

=57 3.75x% — %(x —1.5)% = 0.625(x — 3)* + i (x — 3)° — 77.625x | Ans.

v

d
Vimax OCcUrs at x = 2.970 m, where LT; = 0.Thus,
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12-46. Continued

Vmax = V ‘ x=2.970m

1 510 ,
T e\ - 5 (2970 = 1.5)* = 0 + 0 — 77.625(2.
7 {3 75(2.970%) 5 (2970 = 1.5)° = 0 + 0 = 77.625(2.970)
14280kN-md 14289(10°)
EI

200(109){65.0(10’6)}

—0.01099 m = 11.0 mm | Auns.

20k L05)(3) kA

me=i<
22:5 kN =5 ilm* - 20KN

l/.sm !/-5m l 3m I

&)
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12-47. The wooden beam is subjected to the load AKN 6 kN
shown. Determine the equation of the elastic curve. If 2kN/m
E,, = 12 GPa, determine the deflection and the slope at I I I I I I I l y
end B. A | B
2 —x ‘
M=-63<x—-0>"—(-16)<x—-0>—-=<x—0>?
2 | 3m —15m——1.5m—
—(—g><x—3>2—4<x—45> [ 1400mm
2 | JE
M=-63+16x — x>+ <x—-3>2—-4<x—-45> 200 mm
Elastic curve and Slope:
" 17
d? [T TR o Lo
EIT‘;:M:—63+16x—x2+ <x-3>2-4<x-45> B(l
X
1= Z kN o
o a— +82—x—3+l< -3>3-2<x-45>2+C (1)
dx | rTeSr Ty Ty sS o !

8 xt 1 2
Elv=-315x>+-x - =+ —<x—3>-Z < x—45>3
v S TR T 357

+ C]X + Cz (2)
Boundary condition:

dv
dx
From Eq.(1),C; = 0

=0 at x=0

v=0 at x=0

From Eq. (2),C, = 0

v 1 , x 1 5 )
— == + -+ <x-3>-2<x-45>
i El{ 63x + 8x 3 T3<* 3 X S 3)
8 X1
= | -315x*+ -x* - =+ — < x - 3>*
v El[ T3 T Tt
2 3 3
—§<x—4.5>‘ kN-m”’ (4) Ans.

— 1 3 -3 4
1 =5 (020)(0.40)" = 1.067(10%)m
At point B, x = 6m

dv 175 —1575(10%)

= = = —0.0123rad = —0.705° Amns.
EL 12(10%)(1.067)(1073) - "

0, = —
’ dx x=6m

The negative sign indicates clockwise rotation.

6615 —661.5(103)

= —0.0517m = —51.7 Ans.
OEL 12(100)(1.067)(107%) " o "

944




12 Solutions 46060 6/11/10 11:52 AM Page 945 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*12-48. The beam is subjected to the load shown.
Determine the slopes at A and B and the displacement at
C. El is constant.

The negative sign indicates downward displacement.

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

M=6675<x—-0>-6<x-0>2-30<x—3>

=66.75x —6x2 —30 < x — 3 >

Slope and Elastic Curve:

dZ
EI“2 =M
dx

d* 5
Elﬁ:66.75X*6X*30<X*3>
X

d
Eld—z =333752 - 283 — 15 < x — 3>2 +

Elv=11125x = 05x* =5 < x = 3>+ Cix + G,
Boundary Conditions:
v =0atx = 0.From Eq.[2],C; = 0
v = 0atx = 8 m. From Eq.[2],
0 = 11.125(8%) — 0.5(8*) — 5(8 — 3)* + €, (8)
C, = —371.875
The Slope: Substituting the value of C, into Eq.[1],

dv 1 2 3 2 2
—_— = — . — — < —_ > —_ . .
I p 3 — 2 15 <x -3 377.875} kN-m
dv 1 378 kN - m’
64= x|, = Fri0 00377875 = = —
g, =4
i dx x=8m

- é {33.375(82) — 2(83) — 1508 — 3 — 377.875}

_ 359 kN -m?
EI

The Elastic Curve: Substituting the values of C; and C, into Eq.[2],

— 1 3 4 3 3
v = {11125x° = 05x* = 5 < x = 357 — 377875 x} KN'm

ve = lioam = 5{11.125(33) - 0.5(3%) — 0 - 377.875(3)}

_ 874kN-m’
EI

30 kN
12 kN/m
Al N e 1
0 C B
X
3m i 5m
30;1210)'96-0 kA
r 5
3m  liml
s T seasml

(1]
(2]
Ans.
Ans.
Ans.
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¢12-49. Determine the equation of the elastic curve of the 600 Ib
simply supported beam and then find the maximum 500 Ib /ft

deflection. The beam is made of wood having a modulus of l 3in.
elasticity £ = 1.5(10%) ksi. g Hi

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. b, we obtain
M = —(—2400)(x — 0) — 600(x — 9) — 5%(x - 0)* - (—@>(x - 6)

= 2400x — 600(x — 9) — 250x% + 250(x — 6)?
Equations of Slope and Elastic Curve.

2
Er oy
dx

&y
dx?
dv 250 250

El = 1200x? — 300(x — 9)> — Tx3 + T(x -6)P +C 1)

125 125
Elv = 400x* — 100(x — 9)* — 7)(4 +

Boundary Conditions. At x = 0,v = 0.Then Eq.(2) gives

EIl = 2400x — 600(x — 9) — 250x? + 250(x — 6)?

(x —6)*+ Cix + G, )

C2 =0
At x = 12ft,v = 0.Then Eq.(2) gives

= 400(12%) - 100(12 — 9)* — %(12)4 + %(12 - 6)* + C,(12)

=)
|

C; = —236251b- ft?

Substituting the value of C, into Eq.(1),

v 1 2 , 250 5 250 ,
—_— = — — — _— + — — —
dr _ EI |:1200x 300(x — 9) 3 " 3 (x — 6)° — 23625

d
Assuming that i = 0 occurs in the region 0 < x < 6 ft. Then

v _ o _ 1 2250 5
e 0= 7 {1200;: 3 X 23625
1200x% — ?;ﬁ — 23625 =0

Solving

x = 5.7126ft O.K.
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¢12-49. Continued

Substituting the values of C, and C, into Eq.(2),

1 s , 125 , 125 . }
== 3 - 9P — —x'+ —(x - 6)* - .
V=F7 {400)( 100(x — 9) 6 6 (x — 6)" — 23625x Ans
dv
Vmax OCcUrs at x = 5.7126ft, where dx = (. Thus,
ax
Vmax = Vl=s7126 1
-1 {400(5 7126%) — 0 — 2 (5.7126*) + 0 — 23625(5 7126)}
o . . (5 .
_ sTalbefe 8257741(12°)
EI 1
6 3
1.5(10 ){5(3)(6 )}
= —-1.76in = 1.76 in | Ans.

500(6)1b Goolb

~ "’/,-T
I3 T 2ft  Tap

24001h 2001b

Goolb
L 9
| 500 ke
(NN EE
500 Ibjft
Gft

2400 /b 2001k
(&)
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12-50. The beam is subjected to the load shown. 2kN/m 8kN'm
Determine the equations of the slope and elastic curve. EI l l l l l l l l l l l l

is constant.

Support Reactions and Elastic Curve: As shown on FBD. ‘ B ==
Moment Function: Using the discontinuity function, *

1 1
M:0.200<x—0>—5(2)<x—0>2—5(—2)<x—5>2

—(-178) <x-5> T (el

2=

=0200x — x>+ <x—5>2+178<x—5>

Slope and Elastic Curve: Fzam T 28m| 3m
020 kA 7848

d*
EIE:M A
zku/m
o T

E1ﬁ=0.200x—x2+ <x-5>2+178<x-5>
X

3

2 2N
dv -

Ela = 0.100x> — 0.3333x% + 03333 < x — 5>+ 890 < x — 5> + C, [1] ozop 2" jgkd” 2

EIv = 0.03333x> — 0.08333x* + 0.08333 < x — 5>*

+29667 < x — 5>+ Cix + G, [2]
Boundary Conditions:
v =0atx = 0.From Eq.[2],C, = 0
v = 0atx = 5m.From Eq.[2],

0 = 0.03333(5%) — 0.08333(5%) + 0 + 0 + C; (5)

C, = 9.5833
The Slope: Substituting the value of C, into Eq.[1],

dv _ 1 2 3 3 2
Eiﬁ{o.m()x —0.333x° +0333<x—5>+890<x—5>

+ 9.58}kN - m? Ans.
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12-51. The beam is subjected to the load shown. Determine 6 kN/m 20 kN
the equation of the elastic curve. EI is constant.
. . . . . i . @ |
The Elastic Curve: Substituting the values of C, and C, into Eq.[2], - i X\A—lB
! | |
V=g {0.0333x% — 0.0833x* + 0.0833 < x — 5> +2.97 < x — 5> —15m— 3m 1.5 m—
+9.58x} kN-m® Ans. -
6 6 & & fon
M=—2<x- 0>2—(-125) < x — 1.5 > —(—E) <x-15>2
G &l :
—(<2775) < x — 45 > ras*™ z775*

M=-3>+125<x—-15>43<x—15>2+2775< x — 45 >

Elastic curve and slope:

2
dx

=32+ 125<x—-15>+3<x—15>2+2775<x—45>

d
Eld—:z 3 10625 <x— 1552+ <x— 153

+ 13875 < x — 45> +
Elv = —025x* + 0208 < x — 1.5>% + 025 < x — 1.5>*
+4625<x—45>3+Cx + G, (1)

Boundary conditions:

v=0 at x=15m
From Eq.(1)

0 =-1266 + 1.5C, + C,

1.5C; + C, = 1.266 ?2)

v=20 at x=45m
From Eq.(1)

0 = —102.516 + 5.625 + 20.25 + 4.5C; + C,

45C, + C, = 76.641 (3)
Solving Egs. (2) and (3) yields:

C, =2512

C, = —36.42 Ans.

1
v =7 [-025x" + 0208 < x = 15> + 025 < x - 15>

+4.625 < x — 45>% + 25.1x — 36.4| kN-m’
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*12-52. The wooden beam is subjected to the load shown. 0.8 kip /ft 1.5 kip
Determine the equation of the elastic curve. Specify the
deflection at the end C. E,, = 1.6(10%) ksi. -
4l | [ T2
O B C 4‘ ‘7
e -
’» 61in.
‘ 9 ft 9 ft |

1/16 iy
M=—0.3<x—0>—g<§)<x—0>3—(—5,4)<x—9> I&
7(7%><x79>271<7%><xf9>3 i
2 6 9 0_5 KI,O 5-4"}' I"f'é‘

M = —03x — 0.0148x> + 54 < x — 9 > +04 < x — 9>2

+0.0148 < x — 9>3

Elastic curve and slope:

d2
EL D= M = —03x — 001483 + 54 < x — 9> +0.4 < x — 9>
X
+0.0148 < x — 9>3
d
Eld—v = —0.15x% — 0.003704x* + 2.7 < x — 9>% + 0.1333 < x — 9>3
X

+0.003704 < x — 9>* +
ElIv = —0.05x> + 0.0007407x° + 0.9 < x — 9>3 + 0.03333 < x — 9>*
+0.0007407 < x — 9> + Cyx + C, 1)

Boundary conditions:

v=20 at x=0
From Eq.(1)

C,=0

v=20 at x =9ft
From Eq.(1)

0=-3645—-4374+0+ 0+ 0 + 9C,

C, = 891

1
V= [—0.05x% — 0.000741x" + 0.9 < x — 9> + 0.0333 < x — 9>*

+0.000741 < x — 9> + 8.91x| kip - {t* Ans.

At point C, x = 18 ft

—612.29kip - ft* -612.29(12%)
Ve = =
‘ El 16(10°)(5)(6)(12%)

The negative sign indicates downward displacement.

= —0.765 in. Ans.
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12-53. Determine the displacement at C and the slope at 8 kip/ft
A of the beam.
Support Reactions and Elastic Curve: As shown on FBD. C °\ B
A
Moment Function: Using the discontinuity function, . ‘
1 1 8 ‘
M:75(8)<X70>276<7§><x76>37(788)<xf6> ! 6ft ‘ 9 ft |
. Hejdgakip §eaxa)sdéorp
=—4x2+E<x—6>3+88<x—6> =]
L =
Slope and Elastic Curve: .
BTG
2 : 40K
El LUZ =M 880 kp P
dx
8 split
d? 4
El—z:—4x2+—<x—6>3+88<x—6> |
dx 27
- 8iply
dv 4 3 1 4 2 ;
El—=—Zx+ -<x—-6>"+44<x-6>+( [1] oft 97t
dx 3 27 8’(," 4 oz.‘r
1, 1 - 3
=——xt+—<x-6>+—<x-6>+ +
Elv 3* 35 < * 6 3 x—6 Cix +C, [2]

Boundary Conditions:

v = 0atx = 6ft. From Eq.[2],
1
0=—§(6)+0+0+C1(6)+C2

432 = 6C, + C, [3]
v = 0atx = 15 ft. From Eq.[2],

B S O L ..
0= 3(15)+135(15 6) + 5 (15 6)° + €, (15) + G,

5745.6 = 15C; + C, [4]
Solving Egs. [3] and [4] yields,
C, = 5904 C, = =31104
The Slope: Substitute the value of C; into Eq.[1],

dv_ 1 {—ix3+i<x—6>4+44<x—6>2+590.4} kip - ft?

dx EI| 3 27
dv 1] 4, 302 kip - ft?
=— =—1-—2(6)+0+0+59%4p =———— .
04 = 0l El{ 2(6%) + 0+ 0+ 5% 4} I Ans

The Elastic Curve: Substitute the values of C; and C, into Eq. [2],

L1, 1 s ,
=———xtt——<x-6>+—-<x-6>
v EI{ 37 T35 3 -

+ 590.4x — 3110.4} kip - ft®

3110kip - ft3

1
Ve = Ul = E{_O +0+0+0—31104}kip- ft> = £l

ns.

951

—p—




12 Solutions 46060 6/11/10 11:52 AM Page 952 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-54. The beam is subjected to the load shown. Determine /*/L/l/l l l l l l l l 16 kip /ft
the equation of the elastic curve. EI is constant. .
&
1 A

9 ft ‘ 154t !

\
__1(10 P _ _1)(10 g3
M=—- 6(24><x 0> —(=774) <x -9 > < 6><15><x 9>

M= —-01111x° + 774 < x — 9 > +0.1111 < x — 9>3

Elastic curve and slope:

dZ
Elﬁ= = —01111x° + 774 < x — 9 > +0.1111 < x — 9>3

EI% = —0.02778x* + 38.7 < x — 9>2 + 0.02778 < x — 9>* + C,

Elv = —0.005556x> + 12.9 < x — 9>3 + 0.005556 < x — 9>° + Cix + G, (1)
Boundary conditions:

v=20 at x =9ft
From Eq.(1)

0

—32805 + 0 + 0 + 9C, + C,
9C, + C, = 328.05 ©)

v=20 at x =241t

=}
Il

—44236.8 + 43537.5 + 4218.75 + 24C, + G,

24C, + C, = —3519.45 3)
Solving Egs. (2) and (3) yields,

C) = —256.5 C, = 2637
1
v = 270005562 +129 < x — 9> + 000556 < x — 9>°

— 265.5x + 2637 kip - ft’ Ans.

;u)"
n"?‘l

77-4.5F 2945 id
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12-55. Determine the slope and deflection at C. EI is

15 kip
constant.
Q) | C
B_=9-
30 ft } 15 ft—|
0. - ltp/al
4730
1/-225 —-33750
Ig/a = 5< El )(30)(10) = El
1125
A7 FEI
1/ 225 1(-225 —-5062.5  5062.5
Oca :E( El )GO) +5( El >(15) T El O EI
fc = 6c/a + 04
_5062.5 1125 _ 3937.5 Ans
¢ EI El EI .

45
Ac = ltc/al — %'tB/A‘

=322 Janes) + (-3 Jasiao) - ~15 20

101250 45<33 750) ~ 50625
c= -

EI 30\ EI ) EI Ans.

(s

]
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*12-56. Determine the slope and deflection at C. EI is 10 kN
constant.
A
= | c
B =2
6 m } 3m ——
Referring to Fig. b, 1DkN
1(30 135 kN - m?
. = | = == b 4
ocial =3 <E1><9) EI u(
6[1/30 180 kN - m* 2
_o01i 2y _ m 3m
ial =3 {2 <El>(6)] EI

o = (323 ()]« o 5(E o)
_ 540 zr}lm*

From the geometry shown in Fig. b,

Al 180/EI 30 kN-m?
A6 6 EI

Here,
+20c = 0,4 + 0c/a

30 135

= _7+7
Oc EI ' EI

_ 105kN-m’
EI ¢

()
6
,ﬂ_@G)
T EI  EI\6

_ 270kN-m’ |
EI

0c Ans.

Ve =

Ic/a Ig/a

Ans.
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¢12-57. Determine the deflection of end B of the P P
cantilever beam. E is constant.

M
Support Reactions and EI Diagram. As shown in Fig. a.

Moment Area Theorem. Since A is a fixed support, 6, = 0. Referring to the
geometry of the elastic curve, Fig. b,

0 = 16 ‘_13PL+PL LY, 1 PL(L
B UBAL Tl 2T T 2ET |\ 2 2| 21 |\ 2

5PL?

- Ans.
Ao — (BEN(PLA(LY [ SL|L(PLY(LY | L 1fPLY(L
5 = lig/al 4 J\2EI )\ 2 6|2\ EI)\2 3 2\2E1 )\ 2

7PL?

T 16E] Ane

P P
2P

&l
&
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12-58. Determine the slope at A and the maximum 20 kip-ft 20 kip-ft
deflection. EI is constant. i )
C

(i N |
AEg §£ B =9
Lm 126t l 6 ft J

Point D is located at the mid span of the beam. Due to symmetry, the slope at D is
zero. Referring to Fig. b,

20 120 kip - ft?
604l = <E1>(6 = VoT;

20 360 kip - £
ltpal = 3<El>(6) = El

20 1440 kip - ft3
ltc/pl = 6(5)(12) = E

From the geomtry shown in Fig. b

120 kip - ft
(9,4 = ‘91)//.\| = T GA Ans.

vp = 0,4(6) — tp/al

120 360
w9 E
360 kip - ft* !
- EI

ve = lte/pl — 4D

1440 360

EI EI

1080 kip - ft
- El

f ==’='|2
Z.ok:p-jgt}: 7 T Y a}é—ﬁa‘ZO kipft
0

| (max) Ans.

o)
M
Ex
6 57 J/ 24
2 | : P XCft)
_2okph
EL
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12-59. Determine the slope and deflection at C. EI is 20 kip-ft 20 kip-ft
constant. . )
| o |C
Referring to Fig. b, L é,-_L\'_.._; B_%_
0 360 kip - ¢ 61t ‘ 121t 6t J
l0c/al = (E>(18) =
(20 (1) - M0Kip-ie
105/l = 6<E1)(12) == ZI
20 3240 kip - ft®
ltc/al = 9<E>(18> =&
From the geometry shown in Fig. b
ltsal  1440/E1
AT 1
120 kip- ft*
- EI A
Here,
+20c =04+ 0csa
y 120360
¢~ EI " EI
240 kip - ft?
N Ans.
18
ve = lteal — |[B/A|<E>
_ 3240 1440 <1§)
T EI EI \12
1080 kip - ft?
= El l Ans.
gr — tanA
20kpdtl f _J 20 k. e o
e | z7e | ok S
0 0 tanB -
33 Oa Gy L
=) /A
= —1
6 27 /@ 24 . '
0 ! ‘
: } 1 X(ft) Ue
_30kl£'ﬁ‘ 7 2
EL (4
(b) tanc
@)
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*#12-60. If the bearings at A and B exert only vertical 50 Ib-ft 50 Ib-ft
reactions on the shaft, determine the slope at A and the A /. B

maximum deflection of the shaft. ET is constant. K 4 @' O '
i S C D i.
P 2ft 1 4t 1 2t H‘

Point E is located at the mid span of the shaft. Due to symmetry, the slope at E is
zero. Referring to Fig. b,

50 100 Ib - ft?
05 4l = I (2) = T E
50 100 Ib - ft3
=) =)@ =————
= (37 @ = 100
Here,
6, = gl = 100 Ib - ft? 0 A
A = 0g/al = 7E1 A ns.

Umax = 04 (4) - |tE/A‘

_ 100, 100
EI EI
300 1b - ft3
_ Ans.
El ! ns

50 Ibpt BOIb.ft ey Tanh

] [ — tep
Z 1 y S Y tanE
2t £t Tzfe a RN ‘?TM
o 0 = o E—F|
M “E %
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¢12-61. Determine the maximum slope and the maximum M, M,
deflection of the beam. ET is constant. ( 5
AL 3B
b= Mo (L Mol
AT EI\2)  2EI ‘ ‘
O0c = OC/A + 04 I L |
0= ML,
C2E1 A
o g ML _ ML A
max = YA T OEr T 2EI s
M,/ L\/L M,L?
Amax = ‘tB/C| = E(E)(Z) = SEI Ans.
12-62. Determine the deflection and slope at C. EI is
constant. LA B C
0 | ) M,
wa =3 (oo - -5 e |
wa =3\ er J\5)B) = “ggr | I | I |
Ac = ltcyal — 2ltgyal
1/ =M, L 7M0> (L) TM,L?
A== + =)+ ===
fe/a 2( EI >(L)<L 3> ( e ) P\5 6EI
A TM,L? <M0L2> _ 5M,L? A
€~ T6EI 6EI ) ~ GEI s
o - lt5)4l ML
AT L 6EI
1 M0> ( M0> 3MyL  3M,L
a= o J) + |~ J(L) = - =
c/a 2( £1) £r) D 2EI  2EI
ac = OC/A + 0/1
C3MyL MoL  4ML A
€T 2EI  6EI _ 3EI s
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12-63. Determine the slope at A of the overhang beam. 30 kN
E =200 GPaand I = 45.5(10%) mm®.
30 kN'm
Support Reactions and EI Diagram. As shown in Fig. a. @ c
B
Moment Area Theorem. Referring to Fig. b, ‘
4m 2m
1 130 1 30
= | = == + | = -
- {3<4>}[2<E,>(4)J [2(4)}[15,(4)]
_ 320kN-m’
EI

From the geometry of the elastic curve, Fig. b,

ltgal  320/ET 8OKN - m?
T L. 4 EI
80(10%)
= = 0.00879 rad Ans.
200(10%)[45.5(10°)]

30KA tanA
P —

/ Tong T N

(b) tancC

2 6
2 l +—X(m)
J0KN-M
EL
60 KA'm
ET

(@)
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#]12-64. Determine the deflection at C of the overhang 30 kN
beam. E = 200 GPa and I = 45.5(10°) mm*.

il =[30] 5 (3 ) |+ [3] 5| s

_ 320kN-m’ 4m —2m-—
EI

el =[S + 4[5 (%)(4)} + 2 + 2}[% (4)}
Bol:(ep]

~ 760 kN -m’
EI

L
Ac = ltcjal = It (—)
c C/A B/A Lan
_ 760 _320(6
EI  EI\4

_ 280kN-m’ _ 280(10°)
El 200(10°)[45.5(107°)]

= 0.03077 m = 30.8 mm | Ans.

30KA tanA
P —

| ‘ ton t,
30 Kil-m 1 | ang Al %
4m S 2m = ‘ '
75k 375k &l
M
E1
(b) 'L’?mC
2 6
2 l +—X(m)
30km
EL
60 kA'm
ETL

(@)
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¢12-65. Determine the position a of roller support B in
terms of L so that the deflection at end C is the same as the
maximum deflection of region AB of the overhang beam. L v

El is constant. S—
—
— B

M
Support Reactions and El Diagram. As shown in Fig. a.

\
Moment Area Theorem. Referring to Fig. b,

_a|1(P(L-a) _ Pd(L —a) P
il =31\ )@ | T emr
h 4
2 \[1/P(L ~-a) AL - a)[ 1(P(L - a) !
= - = = + = -
fcal (L 3 ”)[2 ( El )(a)} 3 |2\ e JETY
y a’ L-a'
P(L — o217 - aL) pU-2) PL
— a
6E1 *
M
From the geometry shown in Fig. b, =
x
|t | | a L
Ac = lte/al - 7 L ¢ f + f—a

_PLIL-a)(2L ~a) P& (L - a) (g)

6EI 6EI a
_ PL(L — a)’
T 3EI
Pa*(L — a)
b lsal " 6EI Pa(L - a)
AT g a B 6ET

The maximum deflection in region AB occurs at point D, where the slope of the
elastic curve is zero (6 = 0).

Thus,
0p/al = 04
1| P(L — a) _ Pa(L — a)
2| Bl Y| 6w
=3,
3
Also,

3 a

st (RS2 R[5
It is required that
Ac = Ap

PL(L — a)> V3PdL - a)
3EI 27EI

V3

TaZ+La—L2:0

Solving for the positive root,

a = 0.858L Ans.
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12-66. Determine the slope at A of the simply supported P
beam. £/ is constant. l

——

|
I

M
Support Reactions and Bl Diagram. As shown in Fig. a. A i

nE—
I

Moment Area Theorem.

(GGG

2L
3

L
3

G )5))
9712\ 9EI/J\3
_4rL?
8IEI

Referring to the geometry of the elastic curve, Fig. b,

4PL3
als1ET 4pr? Ans
4 L L 81EI :

P

EI?:— U‘I'D _*..1:
'Y
—
|

[
0 12, L x
< 3tk
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12-67. The beam is subjected to the load P as shown. F
Determine the magnitude of force F that must be applied P
at the end of the overhang C so that the deflection at C is
zero. El is constant. A B \

ta: | C
= 3 Yea@ + 32w (2a) = S - 200 ~aia
BA = 9\ 2E1 Er)"\3“) " 2E1 ~ 3EI | a ! a | a

a>(2a)<a + 23—”) + %(;”

fera = ;<2E1>(2 )@a) +5 <7EFI

_ Pa®  2Fd’
 EI  EI

Jof%)

3
Ac =teja — SlB/a = 0

Pa®  2Fa® g(Pw* 2Fa3> “ o

EI  EI  2\2EI 3EI
P
F=— Ans.
n ns
*12-68. If the bearings at A and B exert only vertical M, = Pa
reactions on the shaft, determine the slope at A and the A /. B

. . C I 1
maximum deflection. 5 S 'iD E
|
\

N | 2a a
1/ Pa a Pa 17Pa l
. +4) 4 (22 +a)=
5 =73 <E1>(”)<3“ 3) <E1>(2")(“ D= 3E M
ltgal  17Pa2
- - Ans. “P
4= 40 = 2E1 s * n ERATe g
Assume A, is at point E located at 0 < x < 2a 4 0 c LV
1(P Pé P R ST
B a a ax P P o
a==— |(a) +
Oa =1 <E1>(a) ( >(x) 2E1 T EI A

Braa ‘_—‘73-
5 = \
0

Pa’>  Pax <—17Pa2> A %
=+ —= 4
261 " EI 2EI - tw
51
. 3
TR 5
Pa (2a - ) 481Pa> } b4
Amax = ltp/el = (E)(Za 1 )[ P T Ans. !
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¢12-69. The beam is subjected to the loading shown. P P P
Determine the slope at A and the displacement at C. Assume
the support at A is a pin and B is a roller. £/ is constant.
= = = —
Support Reactions and Elastic Curve: As shown. A ‘ C ‘ B
M/EI Diagram: As shown. L a —a —a | a
Moment - Area Theorems: Due to symmetry, the slope at midspan (point C) is zero.
Hence the slope at A is
F P p
1 3Pa
04 = Oac = <251>( ) <2E1>(“) <2E1>( ) ]
= ]
A 7 s
:SP(l2 Ans. e %w ‘T-T%:a_
2EI ) 2p 28
< z
The displacement at C'is
tana
s Yo ) (22 o)
¢ ==\ 2Er )N 3 2EI 2 261 )" ] PP
anc be
19Pa’
= Ans.
oEl " #
12-70. The shaft supports the gear at its end C. 4 B
Determine the deflection at C and the slopes at the d [ H c
bearings A and B. EI is constant. = .
| L } L
A 1( PL><L><£> _ -pL? 2 2 ye
B4 =2\ 2E1 )\2)\6/) ~ 48EI
* [ <
en=3 (e Jels) 5
a2\ 2E1 S8EI % %
P P ]
L
Ac = ltcyal — (z>|ZB/A|
2
rPL’ ( PL3> rPL’
= — = Ans.
8EI 48E1 12E1
0. — |fB/A\ B 41;7%3, B PI? A
AT LT LT uEl ns.
M
El
0 1<7PL><£> _—PL*> _PL?
Bia =2\ 2E1 )\ 2 8EI ~ SEI
Op = Op/a + 04
£
2EI
o — PL* PL* _ PL Ans
B 8EI  24EI  12EI ’
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12-71. The shaft supports the gear at its end C. Determine B
its maximum deflection within region AB. EI is constant. ﬂ .A !_‘.B 5 C
The bearings exert only vertical reactions on the shaft. el %
\ L | L
! 2 ! 2 P
Ip/a
0p /A= T tand
(5)
v e
LT - P
2\EI L) ’ ’ L
2 - %
]
Apax = L (P(04288675 L)> 0.288675 L <2> 0.288675 L l
max 2 EI ( . ) 3 ( . ) __% -:—:1
0.00802PL?
Amax = T Ans.
*#12-72. Determine the value of a so that the displacement P P
at Cis equal to zero. £/ is constant.
A C B
Moment-Area Theorems: | i
)
o= J(NNE) - 25 = | -
R = o \aEr)\2)\3) ~ 48EI L \ L L |
2 2

1ol ) -5

,,
o= () EE) - HEEN) e,

= C
L
I a T [
- z 4
1 1(Pal®\ 5Pal? Pal? =+ T
(A¢), = 5\(13/A)2| = |(tc/a)l = 5( 3E1> T REI ~ 16EI S
PL
EL
Require,
+ e
Ac=0=(Ac) — (A ¢ a ark e
P
_ PL’  Pal?
~ 48EI  16EI
8
L [ i
a=— Ans. I a ]’ L
3 Plare) P
& [
++
| 'S ‘",i Ak
T H X
o
&L
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*12-73. The shaft is subjected to the loading shown. If the M, M,
bearings at A and B only exert vertical reactions on the Al - |
shaft, determine the slope at A and the displacement at C. ; Se XlalB

El is constant.

I a T a l

M/EI Diagram: As shown.

Moment-Area Theorems:

e H)ole) oo
_ SMyd®
6E1

. _1( %) (£>_ Mya’
ca =3\ g1 )O\3) T “err

The slope at A is

M
B |t5).] _ eEl _ SMya

= = = Ans.
ATTL T 24 12E1 s
The displacement at C'is,
1
Ac = oAl ~ ltcal
_1(5Myd My a?
T2\ 6EI 6EI
Mya®
= Ans.
iEr s

s M,
i
%L a " %
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12-74. Determine the slope at A and the maximum 12 kip
deflection in the beam. ET is constant.
24 kip-ft
y.4 \
ARG (= | B
\‘ =0
‘e 6 ft — 12 ft 6 ft—

Here,

wn a2 (2]« ] ofi (] - (o)

8064 kip - ft?
EI

From the geometry of the elastic curve diagram, Fig. b,

g, _ B4 _BO64/EL 336 kip - ft*
AL 24 EI

04 Ans.

Assuming that the zero slope of the elastic curve occurs in the region 6ft < x = 18ft
such as point C where the maximum deflection occurs, then

BC/A =04

2o (G2 (E)w -5

x% + 36x — 300 = 0
Solving for the root 0 < x < 12 ft,

x = 6.980 ft O.K.
Thus,

Vonax = Lajc = 4{% (%)(6)} + 9.490{2—61(6.980)} +10.653 {%(13.960)(6.980)}

3048 kip - ft?

£l ! Ans.
12Kj] X
s I' 1 e tan 8
24Kip
¥ ¥ oy
6fc | /IRTE éft
2 kip 10 kip —
# (2xt3e ) kipft &) e
EL okip. E
EL
3ekptt
ET\
[2.4ip-
ET
1
T
Ed
(a)
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12-75. The beam is made of a ceramic material. In order to
obtain its modulus of elasticity, it is subjected to the elastic
loading shown. If the moment of inertia is / and the beam has
a measured maximum deflection A, determine FE. The

supports at A and D exert only vertical reactions on the beam.

Moment-Area Theorems: Due to symmetry, the slope at midspan (point E) is zero.
Hence the maximum displacement is,

s (B 52) Do

Pa
— 12 — 442
257 2 <)
Require, A.x = A, then,
_ Pa 2 2
A= (307 - 4d?)
Pa
— L2 — 442 Ans.
2aag (3L 40 e
4 —x
a L e
*#12-76. The bar is supported by a roller constraint at B, P
which allows vertical displacement but resists axial load and
moment. If the bar is subjected to the loading shown, C
determine the slope at A and the deflection at C. EI is A B
constant. “E
—) L
[ 2 I 2 |
0 _1<PL><£>+ PL <£>_3PL2 P B
A8 2 \2E1)\2) " 2EI\2 8EI A [c )%
— L
e
04 =048 } _k
Az, 1. % |
3pL2 B F &
04 = Ans.
SEI tan 4 Y
1/ PL\/L\/L PL(L\/L L 11PL? s i AD
=A== N5 )t N5 +5)= = £
faj 2<2E1><2>(3) 2E1<2><2 4) WEI 1L‘/:1- \\,\ : e
tan 8 )ty
e 20 - 22 .
/B~ 2E1\2)\4) " 16EI M '
£1 £
A _( _, _upL* PL* PL’ A <L
€T wE T ICB T U8ED T 16EI 6EI e
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¢12-77. The bar is supported by the roller constraint at C,
which allows vertical displacement but resists axial load
and moment. If the bar is subjected to the loading shown,
determine the slope and displacement at A. EI is constant.

Support Reactions and Elastic Curve: As shown.
M/EI Diagram: As shown.

Moment-Area Theorems:

Oac = <—%>(2a) + %<_%>(0) _ _52125112
e = (- 24 )earw = 220

tajc = (f%)@a)(ztz) - %(f%)()@) _

_13Pa’
3EI

Due to the moment constraint, the slope at support C is zero. Hence, the slope at A is

2a

a I

Za

5Pa’
= [l Ans.
04 =104/l BT ns
and the displacement at A is
Ay = ltascl = gl
Ja.
4 .
13Pa®> 2P’ _ 7Pd’
= - = Ans.
3EI EI 3EI Fa
FI
12-78. The rod is constructed from two shafts for which P
the moment of inertia of AB is I and of BC is 2I. Determine
the maximum slope and deflection of the rod due to the B ¢
loading. The modulus of elasticity is E. Al 4
‘ L L
I ) | ) |
1/-PL\/L 1/—-PL\(L -PL\(L -5PL*  5PIL?
Ouc =5\ N5 )+l ) 5 ) + — | = = -
2\ 2EI 2 2\ 4EI J\2 4E1 )\ 2 16E1 16ET1 i s n
*
04 =04c + bc 1e)
5PL? 5PL? tanc
= = + 0= .
Omax = 04 = 167 16E1 Ans =
teo
Arnax = AA = |tA/C| \‘I‘"
B GE)EE) GGG 3)
C2\2E1)\2/\3 2\ 4EI J\2/\2 3
1* a& 'ia
GGG 3 -
T NT+-
4ET J\2/)\2 4
3pPL?
= 16EI Ans.
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12-79. Determine the slope at point D and the deflection
at point C of the simply supported beam. The beam is made
of material having a modulus of elasticity £.The moment of
inertia of segments AB and CD of the beam is /, while the
moment of inertia of segment BC of the beam is 2.

M
Support Reactions and EI Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

wo= ¢ 3 (45)(5)] + 5[ (3)] 65 (
AP 6 |2 \4EI1 )\ 4 2 [8EI\2 6 2
_rr
~ 16EI

o= 1313 (42)(5)]
0= 1 2 \4EI )\ 4
P
 384E1

From the geometry of Fig. b,

PL?
leapl 18E1 P2
b= L 16E1
Ac + ¢ farp
c c/p = Ty
PL?
A PL?  16EI
€ 384E] 4
_srl?
€ 384E7

()

L L L
¥ z 7
P P
£
T L
4EI 4E1
L
%TL
Ans. —+ X
L 3
% =z ¢
@
Ans.
tanA /A.c
7
\“"“-ge.

fA/JJ

Tan p

tanc

(b)
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deflection of the simply supported beam. The beam is made
of material having a modulus of elasticity £.The moment of
inertia of segments AB and CD of the beam is /, while the
moment of inertia of segment BC is 21.

*12-80. Determine the slope at point A and the maximum lP ll’

M
Support Reactions and El Diagram. As shown in Fig. a.

Moment Area Theorem. Due to symmetry, the slope at the midspan of the beam,
i.e., point E, is zero (0 = 0). Thus the maximum deflection occurs here. Referring
to the geometry of the elastic curve, Fig. b,

o= sl = H(ZE)(E) + 22 (1)
AT PAELT 5 \4ET )\ 4 8EI \ 4

PL?
= 16EI Ans.
3 [PL(L\], L[1(PL\(L
o = e = it = 315 (5)] + 613 (35 ()]
13pL
" 768E1 Ans.

1 i

[TTZ 1z
F z P
p P
£
PL pL
4EI 4E1
pL
T
i -+ . — X
F 5 # F

@
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¢12-81. Determine the position a of roller support B in

terms of L so that deflection at end C is the same as the g } M,
maximum deflection of region AB of the simply supported C

1§
()] .1
el = (£~ 2a)[2 (20 )] + (52 Mo ) Mo

B
overhang beam. E/ is constant. a ‘
\
M - |
Support Reactions and £l Diagram. As shown in Fig. a.
Moment Area Theorem. Referring to Fig. b, ] D
'™,

a &
= %(az +3L? - 3La)
6E1 .M-
T
From the geometry shown in Fig. b, EI xX r
[¢3,al 0 L ‘11 L
Ac = ltesl = P i T j. &
My 5 Mod® < L)
= — =+ — —_
opr (@ 317 = 3La) = (G
0 Mg
-~ Mo (a® + 3L - 4La) £ ETL
6E1
2
Moa® (@)
Al 6EI Moa
AT a4 a  6EI Tanh
The maximum deflection in region AB occurs at point D, where the slope of the
elastic curve is zero (6p = 0).
Thus,
B B tonp
|00/A| =04 .
1 (MO >(X)2 _ Moa < > L
2\ Ela 6EI by T x fanc
S (by
3
Also,
Ap =t |_2 ﬁ 1(M0>£ ﬁ _\/f;MOaZ
p =Rt =3\ 37 )| e )\ 3 )\ 37) T 27E1
It is required that
AC = AD
Mo, , V3Mya?
—2 (% + 317 — 4La) = —-2—
o “) = 37E1

0.6151a®> — 4La + 3L*> =0

Solving for the root < L,

a = 0.865L Ans.
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Here,

0p = ‘03/A|

vp = ’tB/A‘

12-82. The W10 X 15 cantilevered beam is made of A-36
steel and is subjected to the loading shown. Determine the
slope and displacement at its end B.

“5(@)o

108 kip - ft*

)
EI ¢

_108(12?)
" 29(10%)(68.9)

= 0.00778 rad 65y

2o 3 (2ol

1134 kip - ft
EI

1134 (12%)
29(10%)(68.9)

=098lin. |

3(6) kip

3 Kip/ft

For W 10 X 15 I = 68.9 in*, and for A36 steel E = 29.0(10°) ksi. Thus

Ans.

Ans.

tanA

®)

2

_r_ﬁ\

(@)

= X(t)

'fB/A

GB
{ang
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12-83. The cantilevered beam is subjected to the loading P
shown. Determine the slope and displacement at C. Assume w
the support at A is fixed. E/ is constant. P
B i
Support Reactions and Elastic Curve: As shown. ’137 A ‘ B ‘ C
M/EI Diagrams: The M/EI diagrams for the uniform distributed load and | a | a |
concentrated load are drawn separately as shown.
Moment-Area Theorems: The slope at support A is zero. The slope at Cis b P
y =i
1( 2Pa 1/ wa® | .
= =\ -—)Qa) + 5| 7= 1
0c = loca 2( EI >( @) 3< 2E1>(”) ]-—'}—-‘r———{& =
S
a 2
(12P + wa) Ans.

T 6EI
The displacement at C is

1( 2Pa 4 1( wa* 3
AC = ‘[C/A‘ = 5<7H>(2a)<§a> + 5 <*E>(d)<[1 + le) tane
N .R
=L _(64P + Twa) | Ans 47
24E1 ( ’ '
o L ; 2a

*12-84. Determine the slope at C and deflection at B. EI w

is constant.
C
A = B
Support Reactions and Elastic Curve: As shown. | Y | B }
M/EI Diagram: As shown.
Moment-Area Theorems: The slope at support A is zero. The slope at C is wa
e, cf
b = o = {2y + (2 ) (] ‘
LR SR S
= %a; Ans. tanA
The displacement at B is g )

Ap = ‘tB/A|
1 wa’ 2 wa2> ( a) 1( wa2> (3 >
== + )+ o)+ == =
2< El >(“)(“ 3”) < 261 )N\ 2) 73\ TaEr ) O\ 4 - -
4wa* ‘%
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¢12-85. Determine the slope at B and the displacement
at C. The member is an A-36 steel structural tee for which
I =768 in*.

quuumrmui’sfpf‘

! 31t 31t |

Support Reactions and Elastic Curve: As shown.
M/EI Diagrams: The M/EIl diagrams for the uniform distributed load and skip
concentrated load are drawn separately as shown. il

| F5L8) 90 kip
Moment-Area Theorems: Due to symmetry, the slope at midspan C is zero. Hence & [ 4 1 P
the slope at B is 1

T

0 =lond = 3 (%)@ + 2(%7 )

_ 24.75kip-ft?

EI
. 24.75(144)
29.0(10°)(76.8) S )
ﬁ%::m
= 0.00160 rad Ans.
The dispacement at C is * ) . ]
1,750 2 2(6.75 5
se=lucl =5 ()5 )o 35 )JolR)e =
L3
_ 47.8125 kip - ft : ; A
El 3 P4
_ 47.8125(1728)
29.0(10%)(76.8)
=0.0371in. | Ans.
12-86. The A-36 steel shaft is used to support a rotor that 5kN/m

exerts a uniform load of 5 kN/m within the region CD of the
shaft. Determine the slope of the shaft at the bearings A and
B.The bearings exert only vertical reactions on the shaft.

1/75 4.6875 2(3.5156 4.805
BE/A = E<E>(Ol) + ( El >(0.15) + g( El >(0.15) = 7E1

b g L4805 4.805
AT VEA TSR] 200 (10°)(0.01)*

= 0.00306rad = 0.175°

< IRREREN <

20 mm ‘ 40 mm ‘ 20 mm
<100 mm - 300 mm i~100 mm*‘
s o,
o
Ans o £ RET @
7" 7504
B E
_—"‘
— Tang
21
i ] Tany
&r
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12-87. The W12 X 45 simply supported beam is made of 12 kip
A-36 steel and is subjected to the loading shown. Determine
the deflection at its center C. 50 kip-ft
A C e B
9 c
| 12t | 12t |

(3ch - PL} 12(24%) 3456
€17 48EI ~ 48EI  EI

A, (x) = % <L2 - xz)

L
Atpoint C, x = 5

Comrr 50(24) 1800
" 16EI ~ 16EI ~ EI

3456 1800 5256

de=(ach+(Ach =T + 5 = T

5256(1728)

= T = 0.895in. | Ans.
29(10%)(350)
g0 Eip-ft A 150t
C Al IS
- =
|
/2 ’ a /2 3 ‘|
L]
iz Eip
E S——— E“l‘-""’=
.'
50 "’f'i‘
(
S~ l’(_s) ‘ﬁ,__j"—_
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*12-88. The W10 X 15 cantilevered beam is made of 6 kip 4 kip
A-36 steel and is subjected to the loading shown. Determine
the displacement at B and the slope at B.
B ‘ A
61t - 61t
Using the table in appendix, the required slopes and deflections for each load case
are computed as follow:
1 .
Ao SPLY 5@)(12°)  720kip-in? . bkip o 4kip e
Ao =4epr = el ~ EI " " >‘I
o P2 4122 mkipin? )
O =pr = 8E1 = EI ©@sh e
Y -
3 'd
oy, o P _6012Y) _ 3as6kip-in’ | 6 o
ok =351 =361 = EI I
&
pr2 6(12%)  432kip-in? 4kjp
05 =57 = = (65)2
2E1 2E1 EI
Then the slope and deflection at B are
O = (0p)1 + (0p): _ ;
72 432 (Ve), " !
= 4 == A4 ol
EI EI
7~
S04 kip- i’ ©), ekips +
- EI
Ap = (Ap) + (Ap) H
720 3456 =
El " EI (Vs), e
_ 4176 kip- in3 (96)0
EI
For A36 steel W10 X 15,1 = 68.9 in" And E = 29.0(10°) ksi )
504
03 =
29.0(10%) (68.9)
= 0.252(107%) rad Ans.
4176
AB =
29.0(10°)(68.9)
Ans.

= 0.00209 in

978




12 Solutions 46060 6/11/10 11:52 AM Page 979 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

¢12-89. Determine the slope and deflection at end C of
the overhang beam. E1 is constant.

Elastic Curves. The uniform distributed load on the beam is equivalent to the sum of w
the seperate loadings shown in Fig.a. The elastic curve for each seperate loading is
shown Fig. a.

Method of Superposition. Using the table in the appendix, the required slopes and
deflections are

wl®  wa)P®  wd
00); = (0p), = —— = =
Och = Onn = 2457 = 24E1 3EI

wa’ wa* “
As), = =L _ e
(Ac) = (0p)i(a) 3ET (a) 3EL 1
wlL? wa’
Ok = ¢gr = k1
wL*  wa*
(Ac) = = !

8EI  8EI

wa?
— |Q2a)
MoL ( 2 > 3
(0c)s = (0p)3 = % N / _wa

El 3EI 3EIl
Wa3 Wa4
(A¢)s = (0p)3 (a) = 3EL (a) = ﬁ !

Then the slope and deflection of C are

0c = (0c)1 + (0c)2 + (0c)s
__wa  owa | wa
3EI  6EI 3EI . 1

% (@)

wa’ ?\\ ?

= okl Ans. C98)5 \J(ec)j~

Ac = (A1 + (Ac) + (Ac)s (A)

4 4 4

wa wa wa
3EI  8EI 3EI

wa4

"~ 8EI

Ans.
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12-90. Determine the slope at A and the deflection at
point D of the overhang beam. ET is constant.

Elastic Curves. The uniform distributed load on the deformation of span AB is
equivalent to the sum of the seperate loadings shown in Fig. a. The elastic curve for
each seperate loading is shown in Fig. a.

Method of Superposition. Using the table in the appendix, the required slope and
deflections are

wlL? _ w(2a)® _ wa’

O = 2451 = 24T " 3EI
(Ap) = swlt  Sw(a)*  Swat
DIV 384ET ~ 384EI  24EI
2
wa
=
0. _MOL_ 2 (a)_wa3
427 6EI ~ 6EI  6EI

Waz
My <T>(ﬂ)

(Mo = g (12 =) = 6E1(2a) (Ga? - @’

4
wa
!

T 8EI
Then the slope and deflection of point D are

04 = (041 + (04)2

_ wa3 wa3 W(l3

T3EI 6EI 6EI Ans.

Ap = (Ap)1 + (Ap),

5wa* wa* wa*
_ _ - l Ans.
24EI  8EI  12EI
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12-91. Determine the slope at B and the deflection at 10 kN 9 kN/m
point C of the simply supported beam. £ = 200 GPa and
I = 45.5(10°) mm*.

Elastic Curves. The loading system on the beam is equivalent to the sum of the
seperate loadings shown in Fig. a. The elastic curves for each loading are shown in
Fig. a.

Method of Superposition. Using the table in the appendix, the required slope and
deflections are

wol?  9(6°)  430kN-m?

Osh = 4551 = 35E1 = EI
(A1 = % (3x4 —10L%x% + 7L4)
9(3)

= m[s(#) - 10(6%)(3%) + 7(6*)]

_ 75.9375kN-m’

a EI
oo o P2 10(8)  22skN-n?
Ok = 1651 ~ T6E1 ~ EI

pr* _10(6°)  45kN-m’®

(Ach = 051 = BEI — EI l

Then the slope at B and deflection at C are

0 = (0p)1 + (0p)2

e m? 65.7(10°
432 225 657kN-m? (10%) oo Ams.

T Bl CEL B 200(10°)[45.5(1079)]

Ac = (Ao + (Do)

_ 759375 45 _ 1209375kN-m? _ 120.9375(10°)
El  El El 200(10%)[45.5(107%)]
=001329m = 133 mm | Ans.
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*12-92. Determine the slope at A and the deflection 3kN 3kN
at point C of the simply supported beam. The modulus of
elasticity of the wood is £ = 10 GPa. 1(’19‘“1
Alee——_t——— 7:7;@ TZOOm
:
‘el,Sm ~—1.5 m—| 3m !
Elastic Curves. The two concentrated forces P are applied seperately on the beam 3 3 KN
and the resulting elastic curves are shown in Fig. a.
Method of Superposition. Using the table in the appendix, the required slopes and QA
deflections are (¥ ¥
| > Y 1
(0, = POL ) 3AES)6 +45) _ 5.90625KN - m? 4 e T
AV 6EIL 6EI1(6) B EI ~ == Che

Pbx 3(4.5)(1.5)
AL = 12— p2 — ) = 2_ 452 _ 152
Aok = g (1P =07 = ) 6E1(6) (6" - 45° 1)

_ 7.594kN - m’ !
EI
0, = P _ 3(6))  675kN-m?
AT 16EL  16EI - EI

Px 3(1.5) ( ) 9.281
Ac)y = (317 — 4x?) = 7 - 415 ) =
(80)2 = 377 (3 <) = Jggr (3O~ 409) EI

Then the slope and deflection at C are

04 = (04)1 + (04)2 3 kA
5.90625  6.75
ST E EL @, e

L 1
.m? 12.6525(10° ¥ =
- 1265 61_5;(1\1 LI 1) . 0.0190 rad Ans. % \__J___g_—:rl" %

10(109){%(0.1)(0.23)}
and
Ac = (Ao + (Ac)

_ 759, 9281 _ 16.88(10%)
EI EI 1
10(109){5(0.1)(0.23)}

= 0.0253 m = 25.3 mm Ans.
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¢12-93. The W8 X 24 simply supported beam is made
of A-36 steel and is subjected to the loading shown.
Determine the deflection at its center C.

I = 82.8in*

(aoyy = WL _ 56)(16%) 2560
VT 968EI - 768EI EI

6 kip /it

5 kip-ft

‘ 8 1t 1 81t |

& Pl stip ft
QI y
| )

Atpoint C,x = — 1"
& /it
M(3) =)
- 2 _ (L)2 Ait) @) __--
(Ac), = @(L - (5P Iz PRICOE
5 K A 5:{,9-,‘:
w2 _s(8) s —
16EI  16EI  EI -—— [_(A(), L\.a' I
- e
2560 80 2640
= + 4+ ==
Ac=@h + Bch =%+ 57~ 5]
2640(1728)
=————=190in. Ans.
29(10%)(82.8)
12-94. Determine the vertical deflection and slope at the —3 in.—]
end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of B
segment AB. EI is constant. -
6in.
Ad N+
_PL3_8(3)3_£ An
AT 3EI T 3EI  EI >
_re_8(3) 36 A
AT 2EI T 2EI T EI s 8 kip

e

8er
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12-95. The simply supported beam is made of A-36 steel
and is subjected to the loading shown. Determine the
deflection at its center C. I = 0.1457(107%) m*.

20 kN

Ag—
|

Using the table in appendix, the required deflections for each load case are
computed as follow:

_swrt | S5@)(10%)
(WO = 268 ET = 768 EI

26042 kN-m’ |
EI

(oo, = PL 20N(10°) 416,67 kN - m’ .
Vel T REI T T REI El

Then the deflection of point C is

ve = (vo)i + (ve)a

_ 26042 41667
- EI El

_ 677.08kN-m’ |
EI

= 0.1457(107)m*
and £ = 200G Pa

A 677.08(10%)
< 200(10°)[0.1457(10°%)]

=0.0232m=232m Ans.
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#12-96. Determine the deflection at end E of beam CDE.
The beams are made of wood having a modulus of elasticity
of E = 10 GPa.

75 mm

H_
ilSO mm

Sectiona —a

Method of Superposition. Referring to the table in the appendix, the deflection of
point D is

Cprr 45(3)  253125KN-m? !
" 48EI  48EI El

Subsequently,

3\ 253125 /3\  3.796875 kN - m>
(Aeh = Ap (5) T EI <E> - EI !

Ap

Also,

(A, = PE 3(P)  1kN-m? .
B2 7 3FE1 ~ 3EI EI
MoL 3(22) 2kN-m?
3EI  3EI EI

(0p); =

2kN-m? |

(Agp)3 = (0p)sL = %(1) = El

Thus, the deflection of end E is
Ap = (Ap) + (Ap) + (Ap);
3796875 1 2 _ 6796875kN-m’ 6.796875(10°)

10(109){%(0.075)(0.153)}

EI EI  EI El

=0.03222m = 322mm | Ans.
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¢12-97. The pipe assembly consists of three equal-sized
pipes with flexibility stiffness £/ and torsional stiffness GJ.
Determine the vertical deflection at point A.

C
A P(E)P  pr?
B 3EI ~ 24EI
A PP pr3
AV 3El T 24E]

o TL_ (PL/2)(5) P12
T JG T JG  4IG

L pPL?
(Ay), = 9(5) =G

Ag=A2p+ (A 1 + (Aa)
PL? rPL* PL®
= + +—
24EI  24EI  8JG

1 1
= pI3 + Ans.
(12E1 8]G> ns

12-98. Determine the vertical deflection at the end A of
the bracket. Assume that the bracket is fixed supported at
its base B and neglect axial deflection. E1 is constant.

G,ML,Pab
 EI  EI

Pa’b
EI

(A = 0(a) =

PL® P&
(A = 3EI  3EI

Pa’b  Pd _ Pa® (3b + a)

EI ' 3EI  3EI Ans.

Ay=(A)1+ (A2 =
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12-99. Determine the vertical deflection and slope at
the end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of
segment AB. EI is constant.

Elastic Curve: The elastic curves for the concentrated load, uniform distibuted load,

and couple moment are drawn separately as shown.

Method of Superposition: Using the table in Appendix C, the required slopes and

displacements are

whiy  20(4°)  213331b-in
6EI ~ 6EI EI

(COVN

MyLge  160(3)  4801b - in®
EI EI EI

(04)2 = (0p)2 =

Py 80(3")  3601b-in?
2EI ~ 2EI EI

(04)3 = (08)3

wiis  20(4') 640 1b-in? .

A = ~gp; SEI EI
480 19201b - in®
(Ap)y, = (08)2 (Lap) = EI 4) = T l
360 14401b - in®
(Ap)y, = (8p)3 (Lap) = E(“) =" Er l

The slope at A is

04 = (04)1 + (04)2 + (04)3

213.33 480 | 360
-+ =
EI El EI

1053 1b - in?
EI

The vertical displacement at A is
(AA)V = (AA)V1 + (AA)vz (AA)I/3
640 1920 1440
=+ —
EI EI El
4000 1b - in’ l
El

T o
4in. },|4_>

Ans.

Ans.
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#12-100. The framework consists of two A-36 steel
cantilevered beams CD and BA and a simply supported
beam CB. If each beam is made of steel and has a moment
of inertia about its principal axis of , = 118 in*, determine
the deflection at the center G of beam CB.

_prd_75(167) 10240 .

=357 - iy
Ac=3E1 T 3l El »
Ao PL 15(16°) 1280 ! 2
G 48El  48EI  EI
15 KiP
Ac = Ac + A |
G c G 3 -
_ 10240 1280 11520 - JA
" EI EI ~ EI

11,520(1728) _
= ————=58in Ans.
29(10%)(118)

¢12-101. The wide-flange beam acts as a cantilever. Due
to an error it is installed at an angle 6 with the vertical.
Determine the ratio of its deflection in the x direction to its Vertical
deflection in the y direction at A when a load P is applied at
this point. The moments of inertia are /, and /,. For the
solution, resolve P into components and use the method of
superposition. Note: The result indicates that large lateral
deflections (x direction) can occur in narrow beams,
I, << I, when they are improperly installed in this
manner. To show this numerically, compute the deflections
in the x and y directions for an A-36 steel W10 X 15, with
P =15kip,6 = 10°, and L = 12 ft.

Pcosl’? P sing L
= X, =
Ymax 3Elx max 3E1y
Psing L} I
X 3 EI,
ﬂ=m=ltan0 Ans.
Ymax 3EL EIY Iy

W10 x 15 I, =689in* I, =2.89in*

_ 1.5(cos10°)(144)*

Viax = 0.736 in. Ans.
3(29)(10%)(68.9)
1.5(sin10°)(144)°
Xpax = o~ = Ans.
3(29)(10%)(2.89)
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12-102. The simply supported beam carries a uniform load 8 kip 8 kip
of 2 kip/ft. Code restrictions, due to a plaster ceiling, require 2 kip/ft

the maximum deflection not to exceed 1/360 of the span l 1 l 1 l l l l l l 1 l l*l l l l 1
length. Select the lightest-weight A-36 steel wide-flange _

beam from Appendix B that will satisfy this requirement
and safely support the load. The allowable bending stress
iS Ouow = 24ksi and the allowable shear stress is 4t 81t ——4ft
Talow = 14 ksi. Assume A is a pin and B a roller support.

My = 96 kip - ft

Strength criterion:

M
Tallow = S7d
req’
96(12
| %6012)
Sreq’d

Sreqrd = 48in’
Choose W14 X 34,5 = 48.6in%,1, = 0.285in.,d = 13.98 in., I = 340 in".

Vv
Tallow =
Aweb

24

4= 13.98)(0.285)

= 6.02 ksi O.K.

Deflection criterion:

Maximum is at center.

wlL* P(4)(8
b = Sy + D i (167 = @7 — ©7)]127

_[s@ae) 117.33(8)] 127

384E1 EI

4.571(10%) i 1 )
= ———— = 0.000464 in. < — (16)(12) = 0.533 in. O.K.
29(10°)(340) 360

Use W14 X 34 Ans.
—J‘[l'IT e Zhp/gr

Y R e
b, 24 oy
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12-103. Determine the reactions at the supports A and B,

then draw the moment diagram. E/ is constant.

Support Reactions: FBD(a).
£ 3F, =0, A, =0
+13F,=0; A,-B,=0
C+IMp =0; My— AL+ Mg=0
Moment Function: FBD(b)
C+EZMy, =0; M(x) + My — Ayx =0
M(x) = Ayx — M

Slope and Elastic Curve:

E1%= M(x)
EI% = Ayx — M,
El% = 2’&2 - Myx + G
EIv=%x3—%x2+C1x+C2

Boundary Conditions:
Atx = 0,v = 0.From Eq.[4],C, = 0

d
Atx = L’aTZ = 0.From Eq. [3],

A, L?
0= 2 - M()L + Cl

Atx = L,v = 0.From Eq. [4],

A y L? M, )
6 2
Solving Egs. [5] and [6] yields,

0

+C L

_ 3M,

Yoo2L

o - ML
1=y

Substituting A , into Egs. [1] and [2] yields:

_3M, M,

= Mz =
Y21 57

M,

E

(3]

(4]

5]

(0]

Ans.

Ans.
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*#12-104. Determine the value of a for which the P
maximum positive moment has the same magnitude as the
maximum negative moment. £/ is constant. |
a
L \
+13SF, =0, A,+B,-P=0 (1] ¢ |1F
My
C+=M,=0; My+B,L—Pa=0 2] = JT —
Moment Functions: FBD(b) and (c). t (a) Py
M(x) = Byxy VX))
Ml
M(x,) = Byx, — Px, + PL — Pa . b—
Slope and Elastic Curve: a}
2 P
Eld—z = M(x)
dx Y(X.)
For M(x;) = B,x,. MeC
d*v A = By
El- > = B,x, )
X1
_ﬂwL Led P
dv, By > gp‘ 3aL s )1
EIT = 7)61 + C; [3] 4
X1 I[ |
B, I o l L-a 1
Elvy = —x} + Cix; + C 4
vy 6xl X7 2 [4] g%(—sufrx'fu‘) %ﬁba
For M(x,) = Byx, — Px, + PL — Pa,
M
d* (31-a)(t-=)
Eldv22=Byx2—Px2+PL—Pa %
X2
- <
dv, By, p ° B ‘
E1S2 - 23 - 23 4 PLx, — Pax, + Cs 5]
dx2 2 2 P
-z_“'-‘-(.;.ut'm')
B
y P PL Pa
EI vy = ?X% - gX% + TX% - TX% + C3x2 + C4 [6]
Boundary Conditions:
v = 0at x; = 0. From Eq.[4],C, = 0
dv,
Fh 0 at x, = L.From Eq.[5]
B},Lz PLZ
0= — ——+ PL>— PaL + G,
2 2
ByL"  pp?
y
=- - —+
Cs 5 5 PalL
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*12-104. Continued

v, = 0at x, = L.From Eq.[6],

B,L  pr> pr}  Pal? ( B,L*  pp2
0= - = - +( -
6 6 2 2

2 *T‘FPLIL)L‘FCA;

B,L> pr3  pal?

+
3 6 2

C, =

Continuity Conditions:

v _ dvy

= .F Eqgs.
a,dx] dx, rom Eqs.[3] and [5],

Atxy =x, =L —

B, B, P
7(L —a’ +C 27(L — a)? 75(14 — a)’> + PL(L — a)

pa* By L

Atx; = x, = L — a,v; = v,. From Egs.[4] and [6],

B 2 B, L?

y 3 Pa y
—_ — - + — —
5 (L — a) (2 2 )(L a)

B

v P PL Pa

=—(L-a-—(L-a)+—=(L-a~—(L-a)
gLy - (L-ay+—(L-a =~ (L-a)

B,1? 2 B,L? 3 2
y PL y PL PalL
+ (- - ==+ PaL )(L — a) + + = -
( 2 2 >( a9t 3 6 2
3 2 B, L*
Pa’  Pa’L L2227
6 2 3
3Pa®> Pd® _ Pd’
T T Ry Ll
2L 2L 2L
Substituting B, into Eqs.[1] and [2], we have
_r 3 2 3
Ay =L - 3d’L + &)
Pa 5 )
My =5 (=3aL + @ +217)
Require |Mpax(+)| = [Mpax(—|. From the moment diagram,

Pa

Pa? 5 )
SOL-a(L—a) =5 (=3aL + a® + 212

203
a* — 4al +2L* =0

a=(27\6)L Ans.
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*12-105.

Support Reactions: FBD(a).
S3F =0

+12F, = 0;

A, =0

A, + B, +C,—2P =0

C+SM,=0; B,L+C,(L) - P(%) - P<

Moment Function: FBD(b) and (c).

M(x;) = Cyxy
PL
M(x;) = Cyx, — Px; + -
Slope and Elastic Curve:
dZ
El dx'; = M(x)
For M(x;) = Cy xy,
d*v,
El dix% = ny]
dv C
Eld—xt = %x% +C
)
Elv, = ?x‘f + Cixy + G,
PL
For M(x;) = Cyx, — Px, + -
d*v, PL
EI dx% = ny2 - PXZ + T
dv, y P
dx2:7x%7?x%+ > Xy + G
S P PL
Elv, = ?Vx% — gx% + Tx% + Cyxy + Cy

Boundary Conditions:

vy = 0atx; = 0. From Eq.[4],C, = 0

d
Due to symmetry,dfz2 = 0at x, = L.From Eq.[5],
2
C,L* pr2 pr? ¢, L
0= - +—+C C;=—
2 2 2 2

Determine the reactions at the supports A, B, and
C; then draw the shear and moment diagrams. £/ is constant.

| |

Al° C
. ‘ LB—*—&'— L ‘ L =
5 —+—5 —
Ans. l? 1 P
(1] A
3L b L L —
—=\)=0 2 213 E”
5 ) (2] I By &
(@)
Mo
X
(&) cr
p
v
M(x.;(‘
¥
F >
©) %z G
v
#r
(3] 14 g
) { ™ |
T -i r
[4] i
M
3P S
2 32
[
- 4 t ?u. Vi £
£ B2
38
76

5]

(6]
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¢12-105. Continued
v, = 0at x, = L. From Eq. [6],

c, L 3 3 C,L?
g _PL PL+<7> >L+C4

6 6 4
CVL3 PL%
C,=—_ =
Y3 12
Continuity Conditions:
L dv;, dv,
Atx) = x; = Ydr,  du From Egs.[3] and [5],
¢, <L>2 Cy<L>2 P(L>2 PL <L> C,L?
—(Z) +a==(Z) -= =) +=—(=) -
2 \2 2 \2 2\2 2 \2 2
> C,L?
PL y
c. - PL_ D
s 2

%, v; = v,. From Eqs.[4] and [6],

Cy /LN /P12 CL\/L

- - + P -

) ()G

B &(5)3 B 5(5)3 N E(é)z ) (ﬁ”)(g) Lo pe
6 \2 6\ 2 4 \2 2 2 3 12

5
C,=— Ans.

Y716

Atx; = x, =

Substituting Cy into Eqs.[1] and [2],

11 5
By = §P Ay = E Ans.
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12-106. Determine the reactions at the supports, then
draw the shear and moment diagram. E7 is constant.

UL le—=

Support Reactions: FBD(a).
S 3F =0 A, =0 Ans.
+15F,=0;, B,-A,-P=0 [1]
C+=Mp =0; A L—-My—PL=0 [2]
Moment Functions: FBD(b) and (c).
M(x1) = —Px
M(xy) = My — Ayxy
Slope and Elastic Curve:

d*v
EIW = M(x)

For M(x,) = —Px,

d2U1
El— = = ~Px,
R

duv P,
—=——x}+
EI dx1 2)C1 C] [3]

P
Elv, = —Zx% + Cixy + G, [4]
For M(x;) = My — Ayx,,

dZ
o) e

=My - Ayx,
v Ay
El—= = Myx, — 7)55 + C3 [5]
2

A A.V
TX% - ?x% + Cyxy + Cy [6]
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12-106. Continued

Boundary Conditions:
v, = 0at x, = 0.From Eq.[6],C4 = 0

d‘U2
— = 0atx, = 0. From Eq.[5],C3 = 0
dx,

v, = 0at x, = L.From Eq. [6],
M,L? AyL3

T2 6

Solving Eqgs.[2] and [7] yields,

0 (7]

PL 3P
MA = T Ay = 7 Ans.
Substituting the value of A y into Eq.[1],
5P
By = 7 Ans.

Note: The other boundary and continuity conditions can be used to determine the
constants C; and C, which are not needed here.

Ay

4

i
My -
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12-107. Determine the moment reactions at the supports P P
A and B. EI is constant. l l
A B

a

Support Reactions: FBD(a).

C+3Mp=0; Pa+P(L—a)+My— A L—Mz=0
PL+My—A,L—Mg=0 1]
Moment Functions: FBD(b) and (c).
M(x)) = Ayx; — My
M(x;) = Ayx; — Px, + Pa— My
Slope and Elastic Curve:

d*v
Elﬁ = M(x)

For M(Xl) = Ayxl - MA,

d2v1
EI i = Ay x; — My
1
dv, Ay >
EITXI:T)Q—MAX]‘FC] [2]
Ay M
Elv, = ?)x% - TAx% + Cix; + G [3]

For M(x,) = Ayx, — Px, + Pa — Ma,

d*v
Elﬁ:Ayxszx2+Pa7MA
2
dv A, P
Eld—xz = b= a3+ Pax, — Myxn, + Gy [4]
vy, P, P M
Elv, = ?‘x% - Ex% + Tax% - TAx% + Cixy + Cy [5]
Boundary Conditions:
dvy
dx, = 0atx; = 0.From Eq.[2],C; = 0

vy = 0at x; = 0. From Eq.[3],C, = 0

dv, L
Due to symmetry, i 0atx, = X From Eq.[4],
X

Ay (LN? P [L\? L L
=—(=) -—=(Z) +Pal =) - )+
0= <2> 2<2> Pa<2> M"<2> C

AL pI2 pal M, L

=- + +
G 8 8 2 2

997



12 Solutions 46060 6/11/10 11:52 AM Page 998 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-107. Continued

dv, dv,

Due to symmetry,—— = ———at x; = a and x, = L — a.From Eqs.[2] and [4],
dx, dx,
A, d? A, P
— — Mya=—(L —a)’ + = (L — a)> — Pa(L — a)
2 2 2
A, L* 2
y PL Pal. MyL
+ My (L —a) + - + - ==
all =)+ =4 8 2 2
34,17 3PL*  3Pal  3Pa® ML
—Ayad® — ———+ Ayal + - + + =
ya ya 3 > 2 5 0 [6]
Continuity Conditions:
At =1 = a0 = D2 B Bgs[2] and [4
X =X, = a, A, dv, rom Egs.[2] and [4],
A, d®
'T - Mya
Aya> pg2 A, L? 2
y a y PL Pal. M,L
= —— 4+ Pd®> — Mya-— +——-—+
2 2 T T aaT Ty 8 2 2
P> AL’ pr2 paL M,L
e ! 7]
2 8 8 2 2
Solving Eqgs.[6] and [7] yields,
P
MA:J(Lfa) Ans.
L
A, =P

Substitute the value of M, and A obtained into Eqs.[1],

P
Mg = Ta(L - a) Ans.

VL)

[

©)
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#12-108. Determine the reactions at roller support A and w
fedsupport 1 L
Equations of Equilibrium. Referring to the free-body diagram of the entire beam, Fig. a, | ki)
A9 B‘iq
B IF =0; B, =0 Ans.
L
+13F, = 0; A, + B, —wL=0 ) 5 1 z 1
L 2
atSMp = 0; wL| =)= ANZL)—Mz=0 WL L
2 3 5
wl? 2 84/
== _= m————
Mg 2 3AyL ) ] \ \ B,
Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b, N A
L L £ £l "
atIMgy = 0; M(x) + wx<£> + w<7> x+—]—-Ax=0 3 d
2 3 6 ’ A%
W wL o owL
M(x) = Ax 7 3 ¥ 13 W(-L)

E
dv _ Ay, w oy wL, wL?
E1572x o~ o 18x+C1 3) g% V{x,)
3

Ay w wL wlL?
s Wa Whs WE o +
Elv 6" a* B 26~ Cix + G 4) AH’
Boundary Conditions. At x = 0,v = 0.Then Eq. (4) gives
2 d
0=0-0-0-0+0+0GC, C2=0Atx=§L,£=O.ThenEq.(3)gives (b)
Ay 2 N w2\ wL(2 \* wL(2 v
0=—|(%L) - (L) -=H{sL) - =(5L) +C WL
2<3> 6<3> 6<3> 18<3> ! l &
oy L
Bwld 24,17 l\r iy
= — 0 N
C, Sl 5 ) 3 '\l
2 Wk Iwt
Atx = EL’ v = 0.Then Eq. (4) gives 3 <4
©)
A 3 4 3 2 2
v(2 w (2 wlL (2 wlL” (2 2
=—(%L) -5 (5L) - sL) -=—(5L) +alsL
0=7% (3 ) 24(3 ) 18<3 > 36 (3 ) C1<3 ) M
[TWk*
wl3 24,17 l L ey
R TR © -‘i /;T\ x
Solving Egs. (5) and (6), zt WLt
_17wL _wL o . Wi B3
A, = o Ans.C| = 0 4Substltutlng the result of Ay into Egs. (1) and (2), 8
_TwL Mo wl? A @
» T B~ 36 e

The shear and moment diagrams are shown in Figs. ¢ and d, respectively.
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¢12-109. Use discontinuity functions and determine the
reactions at the supports, then draw the shear and moment
diagrams. E1 is constant.

BSF =0 C, =0

+15F,=0 A, +B,+C,—24=0
C+=M,=0 18C,+ 8B, —24(4) =0
Bending Moment M (x):

M(x) = ~(-C) <x— 0> —(—By)<x—1o>%<x—1o>2

3
=ny+By<x—lO>—5<x—1O>2

Elastic curve and slope:

dv B 3 )

EIE—M(x)—ny+B},<x—1O>—§<x—10>
2

dv  Cx" B, 1
El— = +—<x-10>2 - <x—-10>3+

i ) X 0 2 X 0 (&)

ny3 B, 1

Elv = +—<x—10>°——<x—-10>*+Cx + G,

Boundary conditions:

v=20 at x=0
From Eq. (4)
G, =0
v=0 at x =10 ft
From Eq. (4)

0 =166.67 C, + 10C;
v=0 at x = 18 ft

0 =972C, + 85.33B, — 512 + 18C,
Solving Egs. (2),(5) and (6) yields:

B, = 14.4kip

C, = —1.07kip = 1.07 kip |

C, =17.78
From Eq. (1):
A, = 10.7 kip

3 Kip /ft
<4
| G
Ag— 5O \U
8 ft | 10 ft |
Ans. 24 5if
fi et Cx
@ " 4 g
7
v(kip)
/07
\ /07
1 T
3.;*\
-/33
ip-ft)
M (kip-f 9.0
? T
-v0-7
)
6))
(6)
Ans.
Ans.
Ans.
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12-110. Determine the reactions at the supports, then Wo
draw the shear and moment diagrams. E/ is constant.

AP lc
B =2 =2
. l L \ L l
Support Reaction: FBD(b).
S3F =0 A, =0 Ans.
+15F, =0, A, +B,+C,—wL=0 [1]
C+=ZIM, = 0; B,L+ Cy,(2L) = wyL(L) =0 [2]
Moment Function: FBD(b).
1 wWoy X
+ =0, - -—(— =)+ =
C+ SMya = 0; M(x) 5 < Lx)x <3> Cyx =0
Wo
M(x) = Cyx — ax3
Slope and Elastic Curve:
d*v
Elﬁ = M(x)
d*v _ wWo 5
El o Cyx oL X
dv Cy ) Wo 4
@w_ Voo 04y
Bl =2~ TG Bl
Flo= 20— s o 4
VU6 ot TR TR 4]

Boundary Conditions:

Atx = 0,v = 0.From Eq.[4],C;, = 0
dv
Due to symmetry,a = 0atx = L.From Eq. [3],

Cy LZ WOL3
= - +
0 2 u TG

C},L2 woL?
= - +
2 24
At x = L,v = 0.From Eq. [4],

- +
0 2 24

S Lyt +< C, L2 W0L3>
6 120

woL

Y= 0 Ans.
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12-110. Continued
Substituting C, into Eqs. [1] and [2] yields:
_ 4W4)L _ W()L
VT s T Ans.
Shear and Moment diagrams: The maximum span (positive) moment occurs when
the shear force V = 0. From FBD(c),
wol 1 (WO >
+ =0 —— == =
13F, = 0; 0 o\ f)
Vs
=1L
TS
1/ wy > <x> woL
4 -0 + (22 ) =
SMyy, =0 M 2<Lx (x) 3 10 (x)
_ ol W s
10 6L
Vs V5wL?
Atx =—L M=——
SR 75
Atx =L L
T IRT
L 18
M
5 7
- t 4 //:\\ﬁ 33
Et' l?al
el
=
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12-111. Determine the reactions at pin support A and
roller supports B and C. EI is constant.

Equations of Equilibrium. Referring to the free-body diagram of the entire beam,
Fig. a,

B SF = 0; A, =0 Ans.
+13F, = 0; A, + B, +C,—wL=0 )
L
C+=Myz =0, Cy (L) +wL{ ) = A(L) =0
wlL
Ay— CYZT (2)

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,
M(xy)is

X1
C+=My = 0; M(x)) + wx1<?> —Ax =0

M(x)) = Ayxy — %Xlz
and M (x,) is given by

C+=ZM, = 0; Cyxy — M(x;) =0

M(x,) = Cyx,
Equations of Slope and Elastic Curves.

d*v
Elﬁ = M(x)

For coordinate x;,

d*v W,
Eldix% = Ayxl - 5){1
dv Ay w
El—=—x%——x°+
dx, ) X1 6 X1 ¢ (3)
y w
EIv:?x13fax14+C1x1+Cz (4)
For coordinate x,,
dZ
EId—V2 = Cyx
X2
dv ¢y
El—=—x>+C 5
dx, B X2 3 (5)
C,
Elv = ?xf + Cyxy + Cy (6)

w
B C
L L ‘
Wl
PO
L3 1
N
'L L
zZ 2
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12-111. Continued

Boundary Conditions. At x; = 0,v; = 0.Then Eq.(4) gives
0=0-0+0+0GC G =0
At x; = L,v; = 0.Then Eq. (4) gives

Ay w wid AL
— V(73 4 _
0_?(L)_§(L)+C1L Cl_j_ 6
At x, = 0,v, = 0.Then Eq. (6) gives
0=0+0+C, Cy=0
At x, = L,v, = 0.Then Eq. (6) gives
¢ 3 CyL2
0=?(L~)+C3L = —¢
P ope dVl de .
Continuity Conditions. At x; = x, = L,—— = ———.Then Egs.(3) and (5) give
dx, dx,
A 3 AL C, C,L?
S ) (- ) =R -
2 6 24 6 2 6
3wL
A6 =g ()
Solving Egs. (2) and (7),
TwL wL
YT 16 C, = TS Ans.

The negative sign indicates that C, acts in the opposite sense to that shown on free-
body diagram. Substituting these results into Eq. (1),

B =5WL

) 3 Ans.

The shear and moment diagrams are shown in Figs. ¢ and d, respectively.

v

ZZIL
L

L ¥ 2Lx

T

gt
3
<
M
wi* )
LiP)
L 2L
S/ - W — x
I{-L
L
)
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*12-112. Determine the moment reactions at fixed wo
supports A and B. EI is constant. M m
Equations of Equilibrium. Due to symmetry, A, = B, = Rand My = Mg = M. & g
Referring to the free-body diagram of the entire beam, Fig. a, ’WA ‘B%l
1 - L
+13F, =0 2R = 5wyl = 0 ‘ 5 > |
W()L /
=4 ZHL
Moment Function. Referring to the free-body diagram of the beam’s segment, Fig. b, '4’,‘ P 31}
AJL - 9 TS~ \\_\&
M(x) + {1<%x>(x)}<£> +M7w[7)Lx*0 ‘-
2\ L 3 4 My My
L L
L < <
_ M Mo 3 (@)
M) 4 3L M

Equations of Slope and Elastic Curves.

d*v
IS5 = M(x)
d>  wyL wy
El—=—1x——x—-M
A’ 4 3"
d woL W
EIS" = =5t = 2t = Mx + €y (1)
woL W M
Elv = 2.¥4x3 - ﬁxs - 7,\:2 + Cix + G 2)

d
Boundary Conditions. At x = 0, di,: = 0.Then Eq. (1) gives

0=0-0-0+C C, =0
L
Due to symmetry, % =0atx = X Then Eq. (1) gives
- &L(£>2 _ m(é)“ _ M(A)
8 \2 12L\ 2 2
M= Ma— M = Swol?
ATTE T 96

Note. The boundary condition v = 0 at x = 0 can be used to determine C, using
Eq.(2).
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¢12-113. The beam has a constant £/, and is supported
by the fixed wall at B and the rod AC. If the rod has a
cross-sectional area A, and the material has a modulus of
elasticity E,, determine the force in the rod.

+15F, =0 Tyc+ B, —wL =0

2

WLl
C+ EMg=0 Tac(Ly) + Mp — 2 =0
Wle
Mp = T TacLy
Bending Moment M (x):
2
M(X) = TACx - %
Elastic curve and slope:
d*v wx?
Elﬁ = M(X) = TAcx - T
dv  Tycx wx3
El— = -—+
dx 2 6 TG
Tyex®  wx?
Elv = Ag *ﬂ‘i‘C]X‘FCZ
Boundary conditions:
y = Lacks =0
AsE,
From Eq. (4)
TACL2>
—E> =0-0+0+C
? 1( AyE, :
_ *E111Lz>
= < AyEy fac
v=20 at x =1,
From Eq. (4)
TACL13 WL14 E\L L,
= - L, —
0 6 2a TG A,E, A€
dv
dx =0 at x =1
From Eq. (3)
TACL12 WLl3
=S +
0 2 6 G

Solving Egs. (5) and (6) yields:

3A,E,wL,*
8(AEoL,> + 3E L L)

Tac =

% Wl

o  AREREEs fomae
!
@ b

W
B

‘& &
Y Mo« T A= 55

(©)

4)

®)

(6)

Ans.
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12-114. The beam is supported by a pin at A, a roller at B,
and a post having a diameter of 50 mm at C. Determine the
support reactions at A, B, and C. The post and the beam are
made of the same material having a modulus of elasticity
E = 200 GPa, and the beam has a constant moment of
inertia I = 255(10°) mm*.

15kN/m

Ulllllllllllllll
AR “‘Iﬁ a8

6m

Equations of Equilibrium. Referring to the free-body diagram of the entire beam, Fig. a,

L SF =0; A, =0
+13F, =0 A, + B, + Fo —15(12) = 0
atIMp = 0; 15(12)(6) — F(6) — Ay(12) =0

24, + Fo = 180

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,

X

atEMy = 0; M(x) + 15x<2> —Ax=0

M(x) = Ayx — 7557

Equations of Slope and Elastic Curves.

d?v
Elﬁ = M(X)
2.
El% = Ayx - 7522
X
dv A
Eldf: = 7‘/)(2 - 258+ ¢

A
Elv = ?'Vf —0.625x* + Cyx + G,

Boundary Conditions. At x = 0,v = 0.Then Eq. (4) gives

0=0-0+0+C C, =0
FcL Fe(1 1600 F
Atx=6m,v = —Ac = ACEC: c® EC
c T 2 T
L (005°)E
5[255(10*6)}<—%> = ﬁ(63) - 0.625(6%) + €,(6)
7E 6 ' !
C; =135 - 6A, — 0.02165F¢
dv .

Due to symmetry, i 0 at x = 6 m.Then Eq. (3) gives

4y
0= —(6?) = 2.5(6°) + 135 — 64, — 0.02165F
12A, — 0.02165F; = 405
Solving Egs. (2) and (5),
Fe = 112.096 kN = 112 kN A, = 33.95kN = 340kN
Substituting these results into Eq. (1),

By, = 33.95kN = 34.0 kN

6m
Ans. /5(2) kN
(1)
A,x, lr A j:]
@) T 1 1
r oem éem

©)

A
@ ¢ (b)

= -.Then Eq. (4) gives

®)

Ans.

Ans.
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12-115. Determine the moment reactions at the supports

constant.

|

A and B, then draw the shear and moment diagrams. E7 is A F
\
\

Support Reaction: FBD(a).

B SF, =0, A, =0 Ans.
+13F, =0, B, —A4,=0 (1]
C+EM,=0; BL—-My—M;=0 2]

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for B, and M,, acting on a cantilever beam are shown.

Moment-Area Theorems: From the elastic curve, t5/4 = 0.

ta = 0 = %(Bgf)(m(%L) N <—%>(L)<%)

_3M, A
YT L ns.
Substituting the value of By into Egs.[1] and [2] yields,
A = 3M, M, = % Ans
YU ooL ) )
Ay
E )
Ax L My
L

L {m‘O
~
'(tm A £
EL
e
Er L
x
]
(33
v
o L
T X
-3t
72
M
M.
T L
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*12-116. The rod is fixed at A, and the connection at B

consists of a roller constraint which allows vertical w

displacement but resists axial load and moment. Determine l l l l l l l l l l l

the moment reactions at these supports. £/ is constant. a1 B E
L

Support Reaction: FBD(a).
C+=M, = 0; MB+MAwa<—> =0 [1]

Elastic Curve: As shown.

MV/EI Diagrams: M/EI diagrams for M and the uniform distributed load acting on
a cantilever beam are shown.

Moment-Area Theorems: Since both tangents at A and B are horizontal
(parallel), 05,4 = 0.

Op/a=0= <%>(L) + %(—%)(L)

12
My = WT Ans.

Substituting M into Eq.[1],

My = v Ans.

%
TanA
------
tan B
ET
Hy
CF3
! X
=
s
2EL
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¢12-117. Determine the value of a for which the P
maximum positive moment has the same magnitude as the
maximum negative moment. £/ is constant.

1 (—P(L - a) 2(L —a)\ —P(L-a)’QL + a)
(tap) = 5( El >(L - “)(‘l + 3 > = 6EI

(tap)2 = 5 (%)(L)<%> B /31;:?L13

tap = 0= (tap)1 + (tasp)2

—_

_ =P(L — a)’CL + a) . AL

0 6EI 3E1
4, - P(L — az)zgzL + a)
Require:
M| = [M,)]

Pa(L — a)*QL + a) _ Pa(L — a)(L + a)
213 - 212

a*+2La— L*>=0

a = 0414L Ans.

bar | tme
(o i
0] in A
oma |P (ﬁng
(éﬁ Im A
ton 4 :
ﬁ| ﬁl _*
Bl

r &M(“'J

ETEs

L-0)%zLiA) By
ZL_W wm )

"o M ﬁ’“""“"‘)
/;‘\ i
I = 3

<
H,ﬂé‘:‘? (i)
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12-118. Determine the reactions at the supports, then M, M,
draw the shear and moment diagrams. E/ is constant.

Require:

o (oft) ol

_ MyL? AL My

2E1 3EI’ YT 2L

Equilibrium:

Ans.

3M,
a+EMB:0; Z(L) *Cy(L) =0

C, = % Ans.
Y 2L

B, = —— Ans.

B5SF, =0, C,=0 Ans.

ol
0
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12-119. Determine the reactions at the supports, then P
draw the shear and moment diagrams. E/ is constant. A B i c
Support B is a thrust bearing. E 7 =y E

| Sl |

\ L 1 2 1 5
Support Reactions: FBD(a).
B IF =0 B, =0 Ans.
+1%F,=0; -A,+B,+C,—P=0 (1]

3L
at>M, = 0; B, (L) +C,(2L) — P - =0 [2]
Elastic Curve: As shown. P
M/EI Diagrams: M/EI diagrams for P and B, acting on a simply supported beam L T:J
are drawn separately. L7 13 + ra |
U] TA e

Moment-Area Theorems: + + 3 l’ =

o3 (G ()G 2G5+ €) =
veh =53 smr \ 2 )G\ 2\8E1)\2/\2 "6

7P ty

" 16EI

1/ B/L B, L’
(tasc)r = 5<_2E1 >(2L)(L) T TOEl

o =3 ) ()ENE) - () et

+1<3PL><£><£ N £> tong (t)
2\ 8EI 2 2 6 (t‘k)

_s5rL?

T 48EI tanc

3 2
oo = l<_BYL>(L)<£> oL i 35 &
02 =5\ Topy 3 12E1 /‘%/m\
i L I
7pL? B L - o } i
tae = (tajch + (taje)r = 16EI  2EI [ N
Byt
e = (o + )_SPL3 B, L’ 2
Bie = VO T VBCR T A8El  12E1
From the elastic curve, " _515 M
3Pt
7
Lajc = 2pc
3 3 < T 4 -5 'y l. - g
7P} B L’ (SPL3 _BL > % 7 B =
16E1 2E1 48E1 12E1 7 3z
3z

11P

B, = 16 Ans.

Substituting B, into Egs. [1] and [2] yields,

13P P
_13 P

VTR ) Ans.

1012




12 Solutions 46060 6/11/10 11:53 AM Page 1013 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

#12-120. Determine the moment reactions at the supports
A and B. El is constant.

0= LBy (P YY)
A, L wl?
0= - My - O

48
L ONCIROR 00

AL M, wlL?

"7 T2 T @
Solving Egs. (1) and (2) yields:
~ 3wL
Y]
Swil?
= Ans.
T s
3wl SwL?  wL (L
n — 0 n _ L e
CHIMy =0 My + (L) — s 5 <4> 0
1wl
B= o) Ans.
tan A &g

M
I
: [
: -
—\ i L&
el
Wy,
o Ty
Iz )
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¢12-121. Determine the reactions at the bearing supports
A, B, and C of the shaft, then draw the shear and moment A

B
diagrams. EI is constant. Each bearing exerts only vertical 5; ! E

reactions on the shaft.
P 1m 1m *"

400

Z

400N
Support Reactions: FBD(a).

+13F,=0; A, + B, +C, —800=0 (1]
C+EM,=0; B, (2) + C,(4) — 400(1) — 400(3) = 0 [2]

Method of superposition: Using the table in Appendix C, the required
displacements are

+ ‘ 4- /,;\:f.n'ni
vy = L2 (12 g2 22) ‘ \/

6EIL -ra0
400(1)(2)
= 7 42 _ 12 _ 22 .
6EI(4) ( ) i (
_ 366.67 N-m? | LA Iu.- 0
El l

pr3 B, (4°) 1333B,m’
"~ 48EI  48EI EI

The compatibility condition requires

Up

(+) 0=2vy" + vy"
1.3333B,
0 2(366.67) N ( y)
EI EI
B, = 550N Ans.

Substituting By into Egs. [1] and [2] yields,

A, =125N C, = 125N Ans.
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12-122. Determine the reactions at the supports A and B.
El is constant.

A B-=2—
L
L L
Referring to the FBD of the beam, Fig. a
B3F, =0; A, =0 Ans. P
+1SF,=0;, B,-P-A,=0
4
A, =B, — P (1) AKMA jﬁ'c’
3 &
+3My=0; ~-My+ B,L - P(=L)=0 L
a A > A y (2 ) A%r L )
B
3
MA=B},L—5PL 2) 7
@
Referring to Fig. b and the table in appendix, the necessary deflections are computed
as follow: P
Px?
=== (3L 4 —
VP T GEI (BLac — x)
————— y
P2 [ (3 ~a
= 3(\-L)— L
6EI ["\2 Ny
7PL? - N ™
- - L
e | L | z
3
) _PLyy _BL ) ]
B 3EI T 3EI P
The compatibility condition at support B requires that

(+1)  0=vp+ vy

4
&y
& -
0 7PL3 <*By1,3>

\\\
= vP
12E1 3EI o
~,
7P ™
B, = T Ans. _

Substitute this result into Eq (1) and (2) +

3P PL -
Ay = T A= T Ans.
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12-123. Determine the reactions at the supports A, B, and 12 kip 3 kip /it
C, then draw the shear and moment diagrams. £1 is constant. l ip/
= A\
Y S —Y } 121t |
Support Reaction: FBD(D). MCkipfe) 4
35
5 SF, =0, C,=0 Ans. 55
+13F, =0, A, +B,+C,—12-360=0 1] S H )
C+=M, = 0; B, (12) + C, (24) — 12(6) — 36.0(18) = 0 [2] \
o5
Method of superposition: Using the table in Appendix C, the required
displacements are
249 302)= 3L »‘:zp
swit 5(3)(24%) 6480 kip - t° |
vy = = = l ; Ca
T68E1 T68E1 EI
“it T kp & t
. _ Pbx (Lz 2 xz) Ay e <3
v = - - <
B 6EIL ZXP s mplp
12(6)(12 2376 kip - ft* = —L - ]%
= ity (24 - 6 -2 = PRI |  SR530k, PWL
(24) PRET @f
]
pr3 B, (24°) 288B,ft° ) 3 kli
VBT W8EI - 48EI  EI E =
- e~ 1% _-
The compatibility condition requires T
2xp 4+
(+) 0 =wvp' +vg" + vg"
288B b@-ﬂ
o 6480 2376 (7 y) S
EI EI EI =N
B, = 30.75 kip Ans. P
¥ o ——
Substituting B, into Eqs.[1] and [2] yiclds, F9 I Jﬂn
A, = 2.625kip C, = 14.625 kip Ans. (Kip) By
20375
“‘2’: 1 - 2 k()
~93s
o 615
1016
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*12-124. The assembly consists of a steel and an aluminum c 801b
bar, each of which is 1 in. thick, fixed at its ends A and B, and f
pin connected to the rigid short link CD. If a horizontal
force of 80 Ib is applied to the link as shown, determine
the moments created at A and B. Egy = 29(10%) ksi, Steel—| )
E, = 10(10%) ksi. 30 in.

lin—~ —

0.5 in— — —Aluminum

< 3F,=0 Py+P,—8=0 (1)

Compatibility condition:

Py

al

_ <E.Y,1.y,>(P _ @)(10°)()1)(05)
CO\Eaa )T (10)(10%) () () (P)(v)

P, = 03625 P, )
Solving Egs. (1) and (2) yields:

P, =58721b P, =21281b

M, = Py (30) = 6391b+in. = 0.639 kip *in. Ans.

My = P,;(30) = 1761 Ib-in. = 1.76 kip - in. Ans.
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*12-125. Determine the reactions at the supports A, B, 10 kN 10 kN
and C, then draw the shear and moment diagrams. EI is
constant.

“73[11 | 3m } 3m | 3m‘—‘

Referring to the FBD of the beam, Fig. a,

ESF =0, C,=0 Ans. /O kN 10 kN
atZIMc =0; A,(12) + By(16) — 10(3) — 10(9) = 0 3 JL I
f sa - X
2A,+ B, =20 (1) )
3m | 3m | am | sm ]
+15F,=0;, A, +B,+C,—10-10=0 C
A? By Y
A, + B, +C, =20 @ @
Referring to Fig. b and table in appendix, the necessary deflections are: JO kN 10 kN

Pbx
(vp)1 = (vp)2 = 6E71LAC (Liac - - xz)

Y g
10(3)(6) Eﬁ
= SEI(3) (122 -3 - ¢?) 1 %

_ 2475kN-m’ |
- EIl 1l

pPLy. BJ(12%) 36B,
el = 4sEr = asEI © EI

1

The compatibility condition at support B requires that

(+1) 0= (vp) + (vp)y + (vB)y

36 B
0 2475 2475 ( y)

El El El
B, = 13.75kN Ans.

Substitute this result into Eq. (1) and (2) and solve,

A, =Cy,=3125kN Ans.
. - . Y
The shear And moment diagrams are shown in Fig. b and ¢ respectively. PP -<f7/ 51,
I,T 2~ S
T
%
(b)
6875 9575 9375

125

| fxam 7 ?/]'r\i Xm)
] N R R E 3 V 9 ®
~3125

1018



12 Solutions 46060 6/11/10 11:53 AM Page 1019

—p—

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-126. Determine the reactions at the supports A and B.
El is constant.

Referring to the FBD of the beam, Fig. a,
B SF =0 A, =0

+1%F,=0; B, —A,=0
atIM,=0; By(L)— M,— M,=0

M, = B,L - M,

Ans.

M

(@)

Referring to Fig. b and the table in the appendix, the necessary deflections are:

M,L?*
oy
pL? BL

Ve, =351 = 3E1 |

Compatibility condition at roller support B requires

(+l) 0=y, + (vp),

M. L2 B},L3
0 N ; + <_ >
2ET1 3EI

3M,

B
Y21

Substitute this result into Eq. (1) and (2)

Ans.

Ans.
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12-127. Determine the reactions at support C. EI is
constant for both beams. L
D

o_€&—~

|~

Support Reactions: FBD (a).
BIF, =0, C,=0 Ans.

C+=M,=0; C,L)- B, (%) =0 (1]

Method of superposition: Using the table in Appendix C, the required
displacements are
pL? B L

T WEI 48EI

Up

’

_ Pl PGP _ P
VBT 3R T 3EI | 24EI
, _PLy, BL

v = 3pr T apr |

The compatibility condition requires

(+l) vg = vg' + vg”

B,L* pp3 <ByL3>

= +
48EI ~ 24EI 24E1

2P
vT 3

Substituting B, into Eq. [1] yields,

B

C, :g Ans.
ﬁ’ P
| EE-:.—.._i"
e %
l ~ T
i T .,_7? | S
Ay c}
& I+
ABo “‘ c ¥
~ IW
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#12-128. The compound beam segments meet in the P
center using a smooth contact (roller). Determine the
reactions at the fixed supports A and B when the load P is

applied. EI is constant. A
I C2 B
‘ |
\ L 1 L |
(P - RL* RL? Ay L R
Ae=—F—7—=771
3EI 3EI AK =10 - ’ l __.-#) B
x
_ P Ma R’ - My
R== l!
Member AC:
P
3F, = 0; Ay, = ) Ans.
2F, =0 A, =0 Ans.
PL
XMy =0; MA=7 Ans.
Member BC:
P
3F, = 0; B, = > Ans.
SF, =0 B, =0 Ans.
PL
Mg =0; Mg = BN Ans.

¢12-129. The beam has a constant £,/ and is supported
by the fixed wall at B and the rod AC. If the rod has a cross-
sectional area A, and the material has a modulus of
elasticity E,, determine the force in the rod.

w
. wL{ Taclo
Ay = ; AT
8EL ArEy B
5. — Ty L} L, |
AT 3R]

By superposition:

w
() A=A -8, - STCETTTTTE

W= 4
TucLy _ wLi  TucLi *'_'L—__T

AE,  8EI, 3E]

L L3 wL}
TAC ( 2 + 1 > _ 1 w
AE, 3Eq,) T SEL HIITITILL)
|4

3wALE, LY “;A'— "
Tyc = Ans.

8[3EL L, + AEL7) +
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12-130. Determine the reactions at A and B. Assume the P
support at A only exerts a moment on the beam. EI is
constant.
A B
PL? M,L
01 = 3EL 042 =% | . .
\ 3 \ B
By superposition: 2 2
0= (041 = (04)2 2 s .
_rr _MuL ¢ % - %
SEI  EI “
PL k [
My=— Ans. -
8 » = L
Equilibrium: -
PL PL X
C+IMp=0, ——+——Mz=0 E
8 2
QY ot
3PL & ..
My = Ans. 7 =l
B=TQ ns +
N
B3IF,=0; B, =0 Ans. L
M (—
+T2Fy:0; B, =P Ans.
12-131. The beam is supported by the bolted supports at its P
ends. When loaded these supports do not provide an actual
fixed connection, but instead allow a slight rotation « before
becoming fixed. Determine the moment at the connections o g
and the maximum deflection of the beam.
0—0 =«
L L |
PI> ML ML 2 2
\6EI ~ 3EI  6EI
P
ML = (LLZ - >(2EI) 2
“\16er s —=
PL 2EI TRy
M=|—F—-— Ans. e ey
( 8 L a) e M wé/ o —‘Dm
PL} M) }
Apax = A — A = -2 L2 — (L/2)?
max 48E1 {6E1L[ ( /)}
L S o <ﬂ B 2Ela>
M 48EI 8EI\ 8 L
__PL oL An
LT 7 Yo B! >
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#12-132. The beam is supported by a pin at A, a spring w

having a stiffness k at B, and a roller at C. Determine the l l l l l l l l l l l l l l

force the spring exerts on the beam. E/ is constant. " I
Z: -

Method of Superposition: Using the table in appendix C, the required I3 l L !

displacements are
SwLie  SwL)*  swL?
vy = = = l W
384E1 384E1 24E1
A c
,_PLyc _FpQL) F,L T il %
vp' = = = -
48E1 48E1 6E1 = T o |
. . Eyp
Using the spring formula, vy, = s of
The compatibility condition requires E‘L'LLLJ_‘J‘LLLLi
g [
(+l) v, = v + vg”

F, _ SwL* +< FSPL3>

kK 24El 6E1 T i e —
. 75w
SwkL
Fy, = L Ans. ]
4(6EI + kL?) Fap
¢12-133. The beam is made from a soft linear elastic
material having a constant E/. If it is originally a distance wo

A from the surface of its end support, determine the
distance a at which it rests on this support when it is
subjected to the uniform load wy, which is great enough to ’

HDA.‘

cause this to happen.

The curvature of the beam in region BC is zero, therefore there is no bending
moment in the region BC, The reaction F is at B where it touches the support. The
slope is zero at this point and the deflection is A where

wo(L — a)* 3 R(L — a)?

A =
8EI 3E1
0 ~ owo(L — a®  R(L - a)?
! ~ 6EI 2FE1
Thus,
AET
R = (8 3 >4 Ans.
9W0
T2AEI
e ()
wo
1
a=1— <72AE1>4 Ans.
wo
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12-134. Before the uniform distributed load is applied on
the beam, there is a small gap of 0.2 mm between the beam
and the post at B. Determine the support reactions at A, B,
and C. The post at B has a diameter of 40 mm, and the
moment of inertia of the beam is I = 875(10°) mm*. The
post and the beam are made of material having a modulus
of elasticity of £ = 200 GPa.

Equations of Equilibrium. Referring to the free-body diagram of the beam, Fig. a,

Method of superposition: Referring to Fig. b and the table in the Appendix, the
necessary deflections are

swLt  SG0)(12°)  8100kN - m? .
384EI ~ 384EI EI

(vph =

pr®  Fs(12°)  36F,
48EI  48EI  EI
The deflection of point B is

)

(vp) =

vp = 02(107%) + % = 02(107%) + F:(;) |

The compatibility condition at support B requires

(“‘l) vg = (vphi T (vB)a

N Fg(1) 8100 < 36FB>
) 3) 4 - + (=
0 2<10 ) AE EI EI

0.2(10’3)E n % — @ _ 36IFB
Fy  _36F; _ 8100 0.2(107%)[200(10%)]
7 (0.042) 875(107¢)  875(107%) 1000
;0.
Fy = 219.78 kN = 220 kN Ans.

Substituting the result of F into Egs. (1) and (2),

A, =C,=T7011kN = 70.1 kN Ans.

BIF, =0, A, =0 Ans.
+13F, =0 A, + Fp +C, —30(12) = 0 (1)
C+EM, =0; F(6) + C,(12) — 30(12)(6) = 0 )

30 kN/m

llllllllllllllul

"

C

1 mL B f02mm ==
\

‘ 6m
3002) kn
AL | —
T F N A
r em 6m
Ay R C’y
@)
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12-135. The 1-in.-diameter A-36 steel shaft is supported by
unyielding bearings at A and C. The bearing at B rests on a
simply supported steel wide-flange beam having a moment
of inertia of I = 500 in*. If the belt loads on the pulley are
400 1b each, determine the vertical reactions at A, B, and C.

For the shaft:

C8003)(5) ;o 4y ooy 13200
(A = 6EI,(10) (-5 -3 +10%) = EI,
B, (10°)  20.833B,
(Ap), = =-—

48EI, ~  EI,
For the beam:
B, (10°)  20.833B,
b 48EI, ~  EI,
Compeatibility condition:
+ A, = (A1 — (Ay):
20.833B, 13200 20.833B,

El,  EI EI,
- 4 _ 4
Iy = 7 (0.5)" = 0.04909 in
20.833B, (0.04909)
—— = 13200 — 20.833B
500 Y
B, = 6341b Ans.

Form the free-body digram,

A, =2431b Ans.
C, =7681b Ans.
-~ % ﬂ‘
o
" @‘
)
0 ( st
b 5_4__11___-»' .3
8oo
+ (4,
e}
/i)
]
] 37 F Y 5
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*#12-136. If the temperature of the 75-mm-diameter post
CD is increased by 60°C, determine the force developed in
the post. The post and the beam are made of A-36 steel, and
the moment of inertia of the beam is / = 255(10°) mm*.

Method of Superposition. Referring to Fig. a and the table in the Appendix, the

necessary deflections are

— PLgc® _ FCD(33) _ 9Fcp 1
Ol =35 T 3B T EI

_ _ MoLp _3Fcp(3),..  9Fcp
(ve)2 = (0p)2Lpc = 35T (Lc) = 3E] ) = El 1

The compatibility condition at end C requires

(+1)  ve= (o + (o)

_ 9Fp . 9Fcp  18Fcp !
©EI EI ~ EI

Referring to Fig. b, the compatibility condition of post CD requires that

BFm + ve = Or

~_ FepLep _ Fep (3)
AE AE

8 = aATL = 12(107°)(60)(3) = 2.16(10 %) m
Thus, Eq. (1) becomes

3F¢ 18F¢
co cD

5 T g~ 216(107)

3F¢ 18F
o cp

255(10-7 = 2.16(1073)[200(10°)]

w
% (0075%)

Fep = 6061.69N = 6.06 kN

|
|
A I

1)
@)
55, J{Ep
JT L Final
f 7/5_ |——initiak
14
Ans.

1026




12 Solutions 46060 6/11/10 11:53 AM Page 1027 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Using discontinuity functions, determine the equation of
the elastic curve. The bearings at A and B exert only vertical
reactions on the shaft. E/ is constant.

*12-137. The shaft supports the two pulley loads shown. kxa‘

—
=

1
] [

i

36 in. !

-

=12 in-
01lb
180 1b
M=-180<x-0> —(-2775) <x—-12> =70 <x — 24> A,
M=—180x +277.5<x — 12> —70 < x — 24 > 3
2" 15" 36"
Elastic curve and slope: l;"' nr:r" ! o' e;'s"
d*v
Elﬁ:M:7180x+277.5<x712> -70 < x —24>
X
dv

Eld =-90x* + 13875 <x - 12>2-35(x —24 > 2+ C;
X

Elv=-30x+4625<x—-12>3-1167<x—-24>3+ Cx + G, (1)
Boundary conditions:

v=20 at x = 12in,
From Eq. (1)

0 = —51,840 + 12C, + G,

12C; + C, = 51 840 2)

v=20 at x = 60in.
From Eq.(1)

0= —-6480000 + 5114 880 — 544 320 + 60C; + C,

60C; + C, = 1909440 (3)
Solving Egs. (2) and (3) yields:

C; = 38700 C, = —412 560

1
V:E[730x3+46.25<x*12>3711.7<X724>3

+ 38700x — 412 560] Ans.
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12-138. The shaft is supported by a journal bearing at A,
which exerts only vertical reactions on the shaft, and by a
thrust bearing at B, which exerts both horizontal and

80 1b
I

4‘in. B

vertical reactions on the shaft. Draw the bending-moment
diagram for the shaft and then, from this diagram, sketch
the deflection or elastic curve for the shaft’s centerline.
Determine the equations of the elastic curve using the

—p
4 in
80 Ib |

ST

A
’»)ﬂ
coordinates x; and x,. EI is constant. !

For M] (.X) = 26.67 X1

d2v1
Elﬁ = 26.67)(1
R

dv )
El— =1333x71 + (4 1)

dxl

Elv, = 444x} + Cyx; + G, ()

For M, (x) = —26.67x,

d?v,
El=— = —26.67x,
dXz

dv,
El—2=—
dXZ

®)

13.33x3 + G4

Elv, = —4.44x3 + C3x, + C4 )
Boundary conditions:
vi=0 at x; =0
From Eq.(2)
G =0
v, =0 at x, =0
C,=0
Continuity conditions:

i)

an
dxl B

From Egs. (1) and (3)

at X1:X2:12

dXZ

1920 + €, = —(—1920 + C3)

G = )

_C3

vy =V at Xl:)C2:12

7680 + 12C, = —7680 + 12C;

Gy — €, = 1280 ()

Solving Egs. (5) and (6) yields:

Cy= 640  C, = —640

v 4.44x3 — 640x, ) Ib - in® Ans

:E(

1
vy = 27 (—444x3 + 640x,) Ib-in® Ans.

. ﬂ
12in. |

12in. l

TREO  glestic curve

-
- Bk

Rl -4 TK,

%,
2647 M) 247K, ¥ Zier
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12-139. The W8 X 24 simply supported beam is subjected 6 kip/ft
to the loading shown. Using the method of superposition, 5 kip-ft
determine the deflection at its center C. The beam is made ‘)
of A-36 steel. A ~ /B
- —£
| 8 ft ‘ 8t |

Elastic Curves: The elastic curves for the uniform distributed load and couple
moment are drawn separately as shown.

Method of superposition: Using the table in Appendix C, the required
displacements are

—swrt  —5(6)(16) 2560 kip- it

768EI  T68EI El l

(Ach =
Myx
6EIL

5(8)
6EI(16)

(Ac) = (L2 =)

[(16)? — (8)?]

_ 80 kip-ff® !
- EI

The displacement at C is

Ac = (Ao + (Do)

2560 80

==+
EI El

2640 kip - ft®
- EI

2640(1728) )
= "7 =190in. | Ans.

- 29(10°)(82.8)
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*12-140. Using the moment-area method, determine the
slope and deflection at end C of the shaft. The 75-mm- W,
diameter shaft is made of material having £ = 200 GPa. B C
L N |
Support Reactions and EI Diagram. As shown in Fig. a. e 1m | 1m
Moment Area Theorem. Referring to Fig. b, l 3kN
15 kN
1,75 1 1 3
= —_ = + | = | =
/4] m[z (E,><2)J [3(2)}[2 ( E,)@)J
_ 55kN-m’ i
EI
f ¢
m im Im
eal =@+ 3 () [+ [for+ 1] (-2 g g
c/a El 3 2\ EI 3k
B z50m
o2 g I
3 2\ EI
9kN-m? 2 F]
- = = } +—xX(m)
1,75 1 3 3Kam
‘BC/A| =3 <E>(2) + E( _E>(3) FI
@
_ 3kN- m?
El

Referring to the geometry of the elastic curve, Fig. b,

55
3 /4] _EI _275kN-m’
T Lu. 2 El
3275
Oc =bc/a = 0a="pr = pr
_025kN-m? _ 025(10°)
EI T
200(109){1(0.03754)}
= 0.805(1073)rad Ans.

and

e =brd = s (£22)

_9 335 <3>
EI  EI\2
L 075KN-m® 0.75(10°)

£l = 0.002414m = 2.41 mm T Ans.
200(109)&(0.03754)}
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e12-141. Determine the reactions at the supports. EI is w
constant. Use the method of superposition. l l l l l l l l l l l l l
L Lo po. o g
Ap=Ac =13 - 2B3L)L + (L)) B ¢
24E1 | | | |
\ L \ L \ L \
~ wL?
T 12EI ]
Due to symmetry, B, = C,
w
App = A —M[Z’»LZ 2LV Lz} = e = P
BB = Acc T 6EI(3L) (L) (L) . ~Z(1_‘____EFE:'?=#
L3
4B, L? 4
9EI dse Les
_ _ B, (L)(L) 2 2 2 I ,--_I‘—‘k-l/“ ]
ABC—ACB—W[—L - 1>+ (3LY] = ' =1
7B, L* o 1N
©I8EI doe A
At eC
By superposition: = -—;?”' P
+l 0=Ap— Agg— Ay I
4 4B,I> 7B, L} “
11wl y y
0=k 9E] 18E1 L
11wL " o
B,=C,=—— Ans. .""""} """""
y Cy 10 s L 3 ‘Dx
e 1 ! ) 4
Equilibrium: e EACANSE
‘; Hwk YL Dz
3L\  llwL 11wL /e e
TS M = 0: L) - —"=(@) - —=@2L) - A,(3L) =
arsity =0 3w () - ) M Gry gy -0
2wL
y = ? Ans.
2wl 1lwL  1lwL
+3F, =0, “—+——+-——+D,— =
T+3F, =0 s o o FDm3wL=0
2wL
Dy = ? Ans.
E3F=0 D=0 Ans.
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12-142. Determine the moment reactions at the supports wy
A and B. Use the method of integration. £/ is constant.

Support Reactions: FBD(a).

woL
+13F, = 0; Ay + By ——==0 (1]
L (L
C+SM, = 0: ByL+MA—MB—%<§>:0 2]
Moment Function: FBD(b).
1 ) X
+ SMya =0;  —M(x) — = — =) - Mg+ Byx =
a NA = 0; (x) 2<Lx>x(3> B =0

_ "o 3
M(x) = Byx — T My

Slope and Elastic Curve:

EI% = M(x)
Elj—j; = Byx — :—L‘Jf - My
EI%:iyxzfz‘ZfoLx“fMBerC] [3]
Elv:%x371;;]Lxsf%x2+Clx+C2 [4]

Boundary Conditions:

v _
dx
Atx =0,v=0. From Eq.[4], G =0

Atx =0, 0 From Eq.[3], Ci=0

Atx = L,@ =0. From Eq. [3].

dx
O:B'VLZfWOL}fML
2 24 B
0=12B, L — wyL? — 24My [5]

Atx = L,v=0. From Eq. [4],

o By L w L' MyL?
T 6 120 2

0 =20B, L — wyL> — 60Mp [6]
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Solving Egs. [5] and [6] yields,

Y%
T30

Ans.
~ 3wL
20

y

Substituting B, and M, into Egs. [1] and [2] yields,

wol? A
A= ns.
_TwmyL
Y20
i
T
1 TR
A {’ By
R~
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12-143. 1If the cantilever beam has a constant thickness ¢,
determine the deflection at end A. The beam is made of
material having a modulus of elasticity E.

Section Properties: Referring to the geometry shown in Fig. a,

h(x)iﬂ. _h
R he) =

0.
L

Thus, the moment of inertia of the tapered beam as a function of x is

1 1 (hy V¥ thy?
I(x) = Et[h(x)}3 = Et(fx) = 120L3 x

Moment Function. Referring to the free-body diagram of the beam’s segment, Fig. b,

C+SMy =0, M) + B (%O;:JG) -0

Equations of slope and Elastic Curve.

Wo
_ ¥

M) =~

M(x)
1(x)

v
dx?

Mo
6L

3
2w, L?

thy®

= — =
thy 3
1213

W()L2

Ev =— 3x2+C1x+C2
thy

@)

d
Boundary conditions. At x = L,l = 0.Then Eq. (1) gives

dx

2w,L?
thy?
Atx = L,v = 0.Then Eq. (2) gives

2woL?
0= _ "

(L) + ¢ C,

wol.?
0= [203 (Lz) +

2woL?
h03 \L) + CZ

Substituting the results of C; and C, into Eq. (2),

woL?
V= 3
Etho )

(7)52 + 2Lx — Lz)
At A, x = 0. Then

W()L4 B woL*
Ethy*  Ethy’

vy = v|X:0 = Ans.

—
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#12-144. Beam ABC is supported by beam DBE and 1001b/it 4
fixed at C. Determine the reactions at B and C. The beams
are made of the same material having a modulus of 1 1 1 1 1 1 l 1 1 1 l 1 1

] S —;

elasticity £ = 200 GPa, and the moment of inertia of both
beams is = 25.0(10°) mm*.

16 in.

Sectiona—a

Equation of Equilibrium. Referring to the free-body diagram of the beam, Fig. a,

B IF =0; C, =0 Ans.
+15F, =0; B, +C, —9(6) =0 1)
atSMc = 0; 9(6)(3) — By(4) — Mc = 0

M¢ =162 — 4B, )

Method of superposition: Referring to Fig. b and the table in the appendix, the
deflections are

_ PLy  BJ(6Y) 45B, !
VBT 48EI  48EI | EI
9(4%

(vg); = %(xz — 4Lx + 6L%) = ngE (47 = 46)4) + 6(6°)]

_ 816kN-m’ |

- EI

PLy®  BJ(4°) 213333B,

(vp)2 = 3E] = 3E] = EI

The compatibility condition at support B requires that

("‘i) vg = (vp)1 + (vp)

45B, _s16 < 21.33333},>

EI ~ EI EI
B, = 31.59kN = 31.6 kN Ans.
Substituting the result of B, into Egs. (1) and (2),
Mc = 3565kN-m = 35.7kN-m Ans.
Cy = 2241 kN = 224 kN Ans.
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¢12-145. Using the method of superposition, determine 1001b/it 4
the deflection at C of beam AB. The beams are made of
wood having a modulus of elasticity of £ = 1.5(10°) ksi. 11 l 11111111
ragl____—— e | A
o C —
J— | T
—a
el
6 ft ‘ 6 ft |
3in.
M_
d lein
Sectiona —a
Support Reactions: The reaction at B is shown on the free-body diagram of beam
AB, Fig. a.
Method of superposition. Referring to Fig. b and the table in the appendix, the
deflection of point B is
100¢12) 1b
LT 600(8°)  64001b - f° .
P O48EI T 48EI EI
Subsequently, referring to Fig. c, .r_.............-_..._ R e
1
y L
6 6400 [ 6 3200 Ib - ft? !
A = Apl =) =2 (=) =22 L
(o) B<12> EI (12) TR K
swLt  S(100)(12') 27000 1b - f° ¢
(A = 3e4p7 = 3841(51 ) TR bft 24
Thus, the deflection of point C is =600 ’b A? =£700 , b
@)
(+~L) Ac = (Ach + (Ac)
3200 +27000
EI EI
302000b-f°  30200(12°)
EI o 1 N
1.5(10 )[E(s)(a )}
=0.644in | Ans.
f}fboolb
h 4
—Z.
-,
i3 \"'--- — jA
1 x
41t 4t

100 Ib/Ft

b) & -
T~k C
~=,

P
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12-146. The rim on the flywheel has a thickness ¢, width b,
and specific weight y. If the flywheel is rotating at a
constant rate of w, determine the maximum moment
developed in the rim. Assume that the spokes do not
deform. Hint: Due to symmetry of the loading, the slope of
the rim at each spoke is zero. Consider the radius to be
sufficiently large so that the segment AB can be considered
as a straight beam fixed at both ends and loaded with a
uniform centrifugal force per unit length. Show that this
force is w = btyw’r/g.

Centrifugal Force: The centrifugal force action on a unit length of the rim rotating
at a constant rate of w is

& L
btyw’r ML |, = —2 L
W= mo’r = bt<z>w2r = 2er (Q.E.D.) " II L 1%
g g i 2 5
L. . ) WL [. ..................... Y
Elastic Curve: Member AB of the rim is modeled as a straight beam with both of ¢ Tz
its ends fixed and subjected to a uniform centrifigal force w. L
Method of Superposition: Using the table in Appendix C, the required M

displacements are /> ni¥
e Iz

2

,_wL? . _ MsL . Bl
0g' = 0" = —— 05" = x

13
= . 3
2EI ] \:/ L

6EI EI
" 2 B,L} -nLy
vy = wL vy — MpyL 1 vy = | prE
8EI 2EI 3EI
Computibility requires,
0=0z + 05" + 05"
_wL | Myl ( ByL2>
" 6EI  EI 2EI
0=wL?+ 6Mz — 3B, L [1]
(+T) 0=vg +vg" + vp"
wL*  MpglL? ( B, L3>
0=——+ + | -
8EI  2EI 3EI
0 =3wL? + 12My — 8B, L [2]

Solving Egs. [1] and [2] yields,

wL wL?
B, = My ="
) P12
wL wlL?
Due t try, A, = — My=———
ue to symmetry, A, > A 12
Maximum Moment: From the moment diagram, the maximum moment occurs at
. . btyw’r wr
the two fixed end supports. With w = and L = rf = 3
btyw?r ()
Mo — wL? B tg ,(7,)2 B wbtyw’r’ A
mx T T T 12 108g s
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