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Preface

This book surveys the current research frontiers in Bayesian statistics. Over the
last decades we have seen an unprecedented explosion of exciting Bayesian work.
The explosion is in sheer number of researchers and publications, as well as in the
diversity of application areas and research directions. Over the past few years sev-
eral excellent new introductory texts on Bayesian inference have appeared, as well
as specialized monographs that focus on specific aspects of Bayesian inference, in-
cluding dynamic models, multilevel data, non-parametric Bayes, bioinformatics and
many others. Thus this is a natural time for a book that can pull all these diverse areas
together and present a snapshot of current research frontiers in Bayesian inference
and decision making. The intention of this volume is to provide such a snapshot.

Many of the research frontiers that are discussed in this volume have a close
connection to the life and career of Jim Berger, thus the subtitle of this book. Not
coincidentally, many authors are former students, collaborators, and friends of Jim
Berger. Like few others Jim has been instrumental in shaping the recent expansion
of Bayesian research. Jim’s early work in admissibility, shrinkage estimation, and
on conditioning established some of the foundations that current work builds on.
Working on admissibility naturally leads to later work on robustness, an issue that
is again becoming a paramount concern as we move to increasingly more complex
models. Work on robustness and admissibility also reflects Jim’s lifelong interest
in the Bayesian-frequentist interface. This interest led him to study Bayesian p-
values and objective Bayes methodology, two other important research directions
in Jim’s work. Reflecting a general trend in Bayesian statistics research, Jim also
became increasingly involved with substantial applications and practical aspects of
Bayesian inference, starting with work on fuel efficiency in the 90’s, and continuing
with work on astronomy, computer experiments, and more.

Besides his own research, Jim’s close association with Bayesian research and
statistics research in general arises from his long record of service in the profes-
sion, including serving as president of IMS, ISBA and ASA/SBSS, as co-editor of
the Annals of Statistics and as organizer of countless conferences and as a member
of the US National Academy of Science as well as the Spanish Real Academia de
Ciencias. Over the last eight years Jim has shaped statistics research also by his
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leadership as the founding director for the new Statistical and Applied Mathemati-
cal Sciences Institute (SAMSI). Many researchers who participated in the exciting
programs at SAMSI over the last 10 years greatly appreciate Jim’s hard work to
create and maintain the unique research environment at SAMSI. Most importantly
to us and many authors of the chapters in this volume, Jim has substantially con-
tributed to the development of statistics research as an outstanding advisor, mentor
and colleague. Jim has been advisor to over 30 Ph.D. students. We truly appreciate
the privilege of Jim’s guidance and help, which often went way beyond our years
as graduate students. Here we need to also acknowledge Ann Berger as the super
lurking variable behind Jim’s extraordinary career and the success of many of his
students. Thanks!

The chapters in this book were chosen to provide a broad survey of current re-
search frontiers in Bayesian analysis, ranging from foundations, to methodology
issues, to computational themes and applications. It is an amazing feature of Jim’s
life and research that the chapters in this book happen to simultaneously also almost
be an inventory of his many research interests.

Ming-Hui Chen, Dipak K. Dey, Peter Miiller,
March 2010 Dongchu Sun, and Keying Ye
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Chapter 1
Introduction

In the years since the 1985 publication of Statistical Decision Theory and Bayesian
Analysis by James Berger, there has been an enormous increase in the use of
Bayesian analysis and decision theory in statistics and science. The rapid expansion
in the use of Bayesian methods is due in part to substantial advances in compu-
tational and modeling techniques, and Bayesian methods are now central in many
branches of science. The aim of this book is to review current research frontiers
in Bayesian analysis and decision theory. It is impossible to provide an exhaustive
discussion of all current research in Bayesian statistics, so the book instead sum-
marizes current research frontiers by providing representative examples of research
challenges chosen from a wide variety of areas.

In this first chapter, Section 1.1 is a short biography of James Berger. One of
the many important aspects of James Berger’s contributions to statistics and applied
mathematics is his leadership of the Statistical and Applied Mathematical Science
Institute (SAMSI). The exciting research themes that defined SAMSI programs over
the last eight years are reviewed in Section 1.2. The last section of this chapter
contains an overview of the book.

1.1 Biography of James O. Berger

James Berger was born on April 6, 1950 in Minneapolis, Minnesota, to Orvis and
Thelma Berger. He received his PhD in Mathematics from Cornell University in
1974, five years after he graduated from high school. He then joined the depart-
ment of statistics at Purdue University, receiving tenure two years later, and was
promoted to full professor in 1980. In 1985, he became Richard M. Brumfield Dis-
tinguish Professor of Statistics at Purdue University. Since 1997, he has been Arts
and Science Distinguished Professor of Statistics at Duke University. Currently he
is also the director of the Statistical and Applied Mathematical Science Institute
(SAMSI), located in Research Triangle Park, North Carolina, USA.

M.-H. Chen et al. (eds.), Frontiers of Statistical Decision Making 1
and Bayesian Analysis, DOI 10.1007/978-1-4419-6944-6_1,
© Springer Science+Business Media, LLC 2010
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Berger was president of the Institute of Mathematical Statistics from 1995 to
1996, chair of the Section on Bayesian Statistical Science of the American Statis-
tical Association in 1995, and president of the International Society for Bayesian
Analysis during 2004. He has been involved with numerous editorial activities, in-
cluding co-editorship of the Annals of Statistics (the landmark journal in the statis-
tical society) during the period 1998-2000, and has organized or participated in the
organization of over 39 conferences, including the Purdue Symposiums on Statisti-
cal Decision Theory and Related Topics and the Valencia International Meetings on
Bayesian Statistics. He has also served on numerous statistical administrative and
program committees, including the Committee on Applied and Theoretical Statis-
tics of the National Research Council. Berger has also been on various university
and NSF site visit teams and panels, and NSF advisory committees.

Among the awards and honors Berger has received are Guggenheim and Sloan
Fellowships, the 1985 COPSS President’s Award (an award given to a researcher
no more than 40, in recognition of outstanding contributions to the statistics pro-
fession), the Sigma Xi Research Award at Purdue University for contribution of the
year to science in 1993, the Fisher Lectureship in 2001, election as foreign member
of the Spanish Real Academia de Ciencias in 2002, election to the U.S. National
Academy of Sciences in 2003, award of an honorary Doctor of Science degree from
Purdue University in 2004, and the Wald Lectureship in 2007.

Berger’s research has primarily been in Bayesian statistics, foundations of statis-
tics, statistical decision theory, simulation, model selection, and various interdis-
ciplinary areas of science and industry, especially astronomy and the interface be-
tween computer modeling and statistics. He has supervised over 30 PhD disserta-
tions, published over 170 articles, and has written or edited 14 books or special
volumes.

Berger married Ann Louise Duer (whom he first met when they were in the sev-
enth grade together) in 1970, and they have two children, Jill Berger who is married
to Sascha Hallstein and works as optical scientist in Silicon Valley, and Julie Gish
who is married to Ryan Gish and works as a consultant in Chicago. The Berger’s
have three grandchildren, Charles and Alexander Gish and Sophia Hallstein.

1.2 The Frontiers of Research at SAMSI

James Berger was the founding Director of the Statistical and Applied Mathemat-
ical Sciences Institute (SAMSI, http://www.samsi.info) in 2002. Created as part of
the Mathematical Sciences Institutes program at the National Science Foundation,
SAMSTI’s vision is to forge a new synthesis of the statistical sciences and the ap-
plied mathematical sciences with disciplinary science to confront the very hardest
and most important data- and model-driven scientific challenges. Each year, more
than 100 researchers have participated in SAMSI research working groups through
extended visits, and SAMSI workshops have drawn over 1000 national and interna-
tional participants annually.
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In over eight years of stewardship of SAMSI, Berger has overseen the develop-
ment and implementation of 24 major scientific programs (see http://www.samsi.info
/programs/index.shtml), with others still under development. These programs pro-
vide a snapshot of the views of Berger and other leaders in the statistical community
concerning which topics are of central importance to statistics and its interaction
with other disciplines. We can thus summarize this view of the frontiers of statistics
by briefly reviewing the past, current, and future programs of SAMSI. Details of
each of the programs and references can be found at the SAMSI website.

1.2.1 Research Topics from Past SAMSI Programs

1.2.1.1 Stochastic Computation, 2002-2003

Stochastic computation explored the use of methods of stochastic computation in
the following key areas of statistical modeling:

Stochastic computation in problems of model and variable selection: (i) com-
puting hard likelihoods and Bayes’ factors for model comparison and selection; and
(ii) synthesis of existing stochastic computational approaches to model uncertainty
and selection.

Stochastic computation in inference and imputation in contingency tables anal-
ysis: (i) perfect simulation approaches to “missing data” problems; (ii) synthesis
of existing Markov chain simulation methods — “local” and “global” move ap-
proaches; (iii) experiments with approaches in large, sparse tables; and (iv) applica-
tions in genetics and other areas.

Stochastic computation in analysis of large-scale graphical models: (i) Monte
Carlo and related stochastic search methods for sparse, large-scale graphical models;
(i) model definition and specification for sparse models; and (iii) applications in
genomics (large-scale gene expression studies).

Stochastic computation in financial mathematics, especially in options pricing
models: (i) Monte Carlo methods in specific options pricing models; and (ii) se-
quential Monte Carlo methods and particle filtering in stochastic volatility models.

The core research focuses included studies of the performance characteristics of
current stochastic computational methods, refinements and extensions of existing
approaches, and development of innovative new approaches. In two of the areas, in
particular, there was an explicit focus on the development of interactions between
statisticians (coming from methodological and applied perspectives) and theoreti-
cal probabilists and mathematicians working on related problems. One key example
was the component on imputation in contingency tables, with an interest in con-
necting Markov chain methods from statistics with perfect sampling from probabil-
ity and algebraic approaches from mathematics. Another example was in modeling
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in financial pricing studies where statistical and mathematical “schools” have had
limited interactions.

1.2.1.2 Inverse Problem Methodology in Complex Stochastic Models,
2002-2003

In a diverse range of fields, including engineering, biology, physical sciences, ma-
terial sciences, and medicine, there is heightening interest in the use of complex
dynamical systems to characterize underlying features of physical and biological
processes. For example, a critical problem in the study of HIV disease is elucida-
tion of mechanisms governing the evolution of patient resistance to antiretroviral
therapy, and there is growing consensus that progress may be made by representing
the interaction between virus and host immune system by nonlinear dynamical sys-
tems whose parameters describe these mechanisms. Similarly, recovery of molec-
ular information for polymers via light beam interrogation may be characterized
by a dynamical system approach. Risk assessment is increasingly focused on deriv-
ing insights from physiologically based pharmacokinetic dynamical systems models
describing underlying processes following exposure to potential carcinogens.

In all of these applications, a main objective is to use complex systems to uncover
such mechanisms based on experimental findings; that is, in applied mathematical
parlance, to solve the relevant inverse problem based on observations of the system
(data), or, in statistical terminology, to make inference on underlying parameters
and model components that characterize the mechanisms from the data. In many
settings, there is a realization that dynamical systems should incorporate stochas-
tic components to take account of heterogeneity in underlying mechanisms, e.g.,
inter-cell variation in viral production delays in within-host HIV dynamics. In addi-
tion, heterogeneity may arise from data structure in which observations are collected
from several individuals or samples with the broader focus on understanding not just
individual-level dynamics but variation in mechanistic behavior across the popula-
tion. In both cases, it is natural to treat unknown, unobservable system parameters
as random quantities whose distribution is to be estimated. There is a large inverse
problem literature for systems without such stochastic components; even here, for-
ward solutions (i.e., solutions of the dynamics when parameters are specified) for
complex systems often necessitate sophisticated techniques, so that inverse prob-
lem methodologies pose considerable challenges. Similarly, there is a vast statistical
literature devoted to estimation and accounting for uncertainty in highly nonlinear
models with random components, involving hierarchical specifications and complex
computational issues.

With the potential overlap and emerging challenges, there has been interaction
between applied mathematicians and statisticians to develop relevant inverse prob-
lem/statistical inferential methodologies. When combined, the computational and
theoretical hurdles posed by both mathematical and statistical issues are substantial,
and their resolution requires an integrated effort. The research from Inverse Prob-
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lem Methodology in Complex Stochastic Models entailed facilitating the essential
cooperative effort required to catalyze collaborative research in this direction.

1.2.1.3 Large-scale Computer Models for Environmental Systems, 2002-2003

Modeling of complex environmental systems is a major area of involvement of
statisticians and applied mathematicians with disciplinary scientists. Yet it is also
a prime example of the differing emphases of the two groups, applied mathemati-
cians focusing on deterministic modeling of the systems and statisticians on utilizing
the (often extensive) data for development and analysis of more generic stochastic
models. There are two major areas of particular interest and scientific importance.

Large-scale atmospheric models. Much contemporary work in atmospheric sci-
ence revolves around large-scale models such as NCAR’s Community Climate Sys-
tem Model (which includes atmosphere, ocean, land, and ice), mesoscale models
such as the Penn-State/NCAR MMS5 model, and the multi-scale air quality model
(Models-3) developed by the EPA. Such models are generally deterministic, but
their formulation and use involve a variety of sources of uncertainty, such as un-
known initial and boundary conditions; “model parameterizations” (the treatment
of relevant physical phenomena varying at scales smaller than the grid size of the
model, e.g., clouds); and numerical stability issues. Some climatologists have begun
work on “stochastic parameterizations.” Other basic issues central to these models
include the need for an improved scientific understanding of unresolvable, subgrid-
scale phenomena, and large-scale (chaotic) non-determinism.

Flows in porous media. Porous medium dynamics is an active and increasingly in-
terdisciplinary research area with applications from a diverse set of fields including
applied sciences (such as environmental studies, geology, hydrology, petroleum en-
gineering, civil engineering, and soil physics), and basic sciences (such as physics,
chemistry, and mathematics). However, there were few collaborative efforts that
have equal footing in mathematics, disciplinary science, and statistics. The SAMSI
program was built around four major themes: model formulation, parameter estima-
tion, numerical methods, and design and optimization.

1.2.1.4 Data Mining and Machine Learning (DMML), 2003-2004

Data mining and machine learning — the discovery of patterns, information, and
knowledge in what are almost always large, complex (and, often, unstructured) data
sets — have seen a proliferation of techniques over the past decade. Yet, there re-
mains incomplete understanding of fundamental statistical and computational issues
in data mining, machine learning and large (sample size or dimension) data sets.
The goals of the DMML program were to advance significantly the understand-
ing of fundamental statistical and computational issues in data mining, machine
learning, and large data sets, to articulate future research needs for DMML, espe-
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cially from the perspective of the statistical sciences, and to catalyze the formation
of collaborations among statistical, mathematical, and computer scientists to pursue
the research agenda.

By almost every measure, the program was a strong success. The high points
are (i) a deeper understanding of the points of connection between data mining and
statistical theory and methodologys; (ii) effective analyses of a large, extremely com-
plex testbed database provided by General Motors (GM), an affiliate of NISS and
SAMSI, thus also strengthening SAMSI’s industrial connections; (iii) a strong and
continuing collaboration in the area of metabolomics, involving chemists, computer
scientists, and statistical scientists; and (iv) a range of specific progress on issues
ranging from false discovery rates to overcompleteness to support vector machines.

1.2.1.5 Network Modeling for the Internet, 2003-2004

Because of the size and complexity of the internet, and the nature of the protocols,
internet traffic has proved to be very challenging to model effectively. Yet modeling
is critical to improving quality of service and efficiency. The main research goal
of this program was to address these issues by bringing together researchers from
three communities: (a) applied probabilists studying heavy traffic queueing theory
and fluid flow models; (b) mainstream internet traffic measurers/modelers and hard-
ware/software architects; and (c) statisticians.

The timing was right for simultaneous interaction among all three communities,
because of the trend away from dealing with quality of service issues through over-
provisioning of equipment. This trend suggested that heavy traffic models would
be ideally situated to play a leading role in future modeling of internet traffic, and
in attaining deeper understanding of the complex drivers behind quality of service.
The following topics were of particular interest.

Changepoints and extremes: To explore approaches in which the transitions be-
tween bursty and non-bursty internet traffic are considered changepoints, with mod-
els and methods from extreme value theory used to characterize the bursty periods.

Formulation of suite of models: To develop useful statistical models for internet
traffic flow that are simple to analyze and simulate, and can capture the character-
istics of actual traffic data that are important to electronics engineers and computer
scientists.

Multifractional Brownian and stable motion: To capture two major characteristic
features of the network traffic: time scale invariance (statistical self-similarity) and
long-range dependence.

Structural breaks: To explore structural breaks in the context of internet traffic
modeling where evidence of long-range dependence is also ubiquitous.
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1.2.1.6 Multiscale Model Development and Control Design, 2003-2004

Multiscale analysis is ubiquitous in the modeling, design, and control of high per-
formance systems utilizing novel material architectures. In applications including
quantum computing, nanopositioning, granular flows, artificial muscle design, flow
control, liquid crystal polymers, and actuator implants to stimulate tissue and bone
growth, it is necessary to develop multiscale modeling hierarchies ranging from
quantum to system levels for time scales ranging from nanoseconds to hours. Con-
trol techniques must be designed in concert with the models to guarantee the sym-
biosis required to achieve the novel design specifications. A crucial component of
multiscale analysis is the development of homogenization techniques to bridge dis-
parate temporal and spatial scales. This is necessitated by the fact that even with
projected computing capabilities, monoscale models are prohibitively large to per-
mit feasible system design or control implementation.

A number of these issues can be illustrated in the context of two prototypical
materials, piezoceramics and ionic polymers, which are being considered for appli-
cations ranging from quantum storage to artificial muscle design. In both cases, the
unique transducer properties provided by the compounds are inherently coupled to
highly nonlinear dynamics which must be accommodated in material characteriza-
tion, numerical approximation, device design, and control implementation.

The real-time approximation of comprehensive material models for device de-
sign and model-based control implementation is a significant challenge which must
be addressed before novel material constructs and device architectures can achieve
their full potential. The realization of these goals requires the development of
reduced-order models which retain fundamental physics but are sufficiently low-
order to permit real-time implementation.

Other components include control design, a crucial aspect of which is robustness
with regard to disturbance and unmodeled dynamics. Deterministic robust control
designs often provide uncertainty bounds which are overly conservative and hence
provide limited control authority. Alternatively, one can provide statistical bounds
on uncertainties.

1.2.1.7 Computational Biology of Infectious Diseases, 2004-2005

Infectious disease remains a major cause of suffering and mortality among people
in the developing world, and a constant threat worldwide. The advent of genome
science and the continuing rapid growth of computational resources together her-
alded an opportunity for the mathematical and statistical sciences to play a key
role in the elucidation of pathogenesis and immunity and in the development of the
next generation of therapies and global strategies. The program encompassed both
genomic and population-level studies, including microbial and immunological ge-
nomics, vaccine design and proteomics, drug target identification, gene expression
modeling and analysis, molecular evolution of host-microbe systems, drug resis-
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tance, epidemiology and public health, systems immunology, and microbial ecol-
ogy.

1.2.1.8 Latent Variable Models in the Social Sciences, 2004-2005

Latent variables are widespread in the social sciences. Whether it is intelligence or
socioeconomic status, many variables cannot be directly measured. Factor analy-
sis, latent class analysis, structural equation models, error-in-variable models, and
item response theory illustrate models that incorporate latent variables. Issues of
causality, multilevel models, longitudinal data, measurement error and categorical
variables in latent variable models were examined.

Categorical variables. Many categorical observed variables in the social sciences
are imperfect measures of underlying latent variables. Statistical issues emerge
when categorical observed variables are part of a model with latent variables or with
measurement error. There were mainly two approaches to models with categorical
outcomes: James Hardin’s recent advances in models that correct for measurement
error in nonlinear models within the GLM framework, and Ken Bollen’s two-stage
least squares approach to latent variable models.

Complex surveys. A range of issues arise from survey data. Among these, two
issues were of particular interest: (i) latent class analysis (LCA) of measurement
error in surveys; and (ii) weighting and estimation for complex sample designs.

1.2.1.9 Data Assimilation for Geophysical Systems, 2004-2005

Data assimilation aims at accurate re-analysis, estimation and prediction of an un-
known, true state by merging observed information into a model. This issue arises
in all scientific areas that enjoy a profusion of data.

The problem of assimilating data into a geophysical system, such as the one
related to the atmosphere or oceans, is both fundamental in that it aims at the esti-
mation and prediction of an unknown true state, and challenging as it does not nat-
urally afford a clean solution. It has two equally important elements: observations
and computational models. Observations measured by instruments provide direct
information of the true state. Such observations are heterogeneous, inhomogeneous
in space, irregular in time, and subject to differing accuracies. In contrast, computa-
tional models use knowledge of the underlying physics and dynamics to provide a
description of state evolution in time. Models are also far from perfect: due to model
error, uncertainty in the initial conditions and computational limitations, model evo-
lution cannot accurately generate the true state.

In its broadest sense, data assimilation (henceforth referred to as DA) arises in
all scientific areas that enjoy a profusion of data. By its very nature, DA is a com-
plex interdisciplinary subject that involves statistics, applied mathematics, and the
relevant domain science. Driven by operational demands for numerical weather pre-
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diction, however, the development of DA so far has been predominantly led by the
geophysical community. In order to further DA beyond the current state-of-art, the
development of effective methods must now be viewed as one of the fundamental
challenges in scientific prediction.

1.2.1.10 Financial Mathematics, Statistics and Econometrics, 2005-2006

The goal of the study on Financial Mathematics, Statistics and Econometrics (FMSE)
was to identify short and long term research directions deemed necessary to achieve
both fundamental and practical advances in this rapidly growing field and to ini-
tiate collaborative research programs — among mathematicians, statisticians, and
economists — focused on the multi-disciplinary and overlapping set of fields which
involves disciplines such as: Applied Mathematics, Economics and Finance, Econo-
metrics, and Statistics. A prominent theme throughout both the workshop and pro-
gram was the necessity of exploiting the natural synergy between areas of financial
mathematics, statistics, and econometrics. The goal of the SAMSI program in Fi-
nancial Mathematics and Econometrics was to bring together these disciplines and
initiate a discussion regarding what is really important and what is missing in three
essential tasks.

Modeling. Model development was considered in domains ranging from financial
and energy derivatives to real options.

Data. The size of financial data can be considerable when looking at high frequency
data for large numbers of stocks for example.

Computation. Once a model has been written and calibrated to data, it remains nec-
essary to compute quantities of interest. These three key themes transpired through
the entire program and all its activities, including workshops, courses, and the di-
versity of visitors and participants.

1.2.1.11 National Defense and Homeland Security, 2005-2006

For several years, groups of researchers have been seeking to define appropriate
roles for the statistical sciences, applied mathematical sciences, and decision sci-
ences in problems of National Defense and Homeland Security (NDHS). Many ef-
forts have focused on short-term applicability of existing methods and tools, rather
than articulating or initiating a longer-term research agenda. Moreover, none of them
has really spanned the statistical sciences, the applied mathematical sciences, and
the decision sciences. Perhaps most important point is that, despite progress, these
efforts have not “jelled” to produce a self-sustaining research momentum in the sta-
tistical sciences, applied mathematical sciences, and decision sciences on problems
of NDHS. The NDHS program was meant fill this gap, in part by providing proof
of concept that the necessary collaborations are feasible.
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Research in the NDHS program was cross-disciplinary, and many of the efforts
it catalyzed were addressable only by multi-institution teams of researchers. Some
of the research needed to address problems in NDHS is technology-oriented; for
example, development of sensors or biometric identification devices, but it is clear
that data (statistical sciences), models (applied mathematics), and decisions (deci-
sion sciences) are essential components of the effort. Theory and methodology foci
of the program included:

Biointelligence. It intersects planned development of a CDC Biointelligence Center.
Such a center would need to analyze data from a variety of sources, which have
differing characteristics in terms of temporal and spatial resolution, seasonal and
regional variation, accuracy, completeness, and complexity.

Real-time inference, also known as data streams. Clearly many of these prob-
lems present deep questions of estimation and control, and so naturally require col-
laboration of statistical and applied mathematical scientists. These are also decision
problems, leading naturally to engagement of the decision sciences and operations
research.

Anomaly detection. The particular attention is paid to multivariate (possibly very
high-dimensional) data, extremely rare events and false positives.

Data integration. It focuses on attendant problems of privacy, confidentiality and
“new forms” of data such as images or biometric identifications.

Dynamics of massive databases. It focuses in part on a fundamental issue of data
quality. How long is it before an accumulating database (e.g., one containing facial
images) becomes hopelessly contaminated? Is the contamination global or local?
What strategies can retard or reverse the process?

1.2.1.12 Astrostatistics, 2006

Historically, astronomy has served as fertile ground for stimulating the growth of
new statistical and mathematical methodologies. Conversely, coping with the cur-
rent and future needs of astronomy missions requires concerted efforts by cross-
disciplinary collaborations involving astronomers, computer scientists, mathemati-
cians, and statisticians. The following areas were of particular interest in the pro-
gram.

Exoplanets: Including work on individual systems, populations studies, and opti-
mal scheduling of observations; and in particular, statistical inference with small
samples and nonlinear models, MCMC algorithms for nonlinear/multimodel prob-
lems, hierarchical/empirical Bayesian methods, and experimental design.

Surveys and population studies: Including work on small or moderate scale sur-
veys (exoplanets, Kuiper belt objects, GRBs), large-scale surveys (galaxy surveys,
AGN surveys), modeling “Number-Size” or “Size-Frequency” distributions (power-
law models, nonparametric models, comparison with large-scale numerical sim-
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ulations), selection effects and source uncertainties (Malmquist-Eddington/Lutz-
Kelker biases, handling upper limits, etc.), and coincidences between surveys.
Statistics areas include survey sampling, regression and measurement error mod-
els/EVM, nonparametric modeling, survival analysis, and multiple testing.

Gravitational lensing: Including work on the determination of basic statistics for
random number of micro-images due to stars across a smooth dark matter back-
ground with external shear, computation of magnification probability distributions
due to dark matter substructures, development of a statistical model of substructure
population on galaxy-cluster scales, and exploration of the solution space for mass
reconstruction.

Source detection and feature detection: Including work on detecting point sources
and extended sources in images, classification of detections, and anomaly detection.

1.2.1.13 High Dimensional Inference and Random Matrices, 20062007

Random matrix theory lies at the confluence of several areas of mathematics, espe-
cially number theory, combinatorics, dynamical systems, diffusion processes, prob-
ability, and statistics. At the same time random matrix theory may hold the key to
solving critical problems for a broad range of complex systems from biophysics to
quantum chaos to signals and communication theory to machine learning to finance
to geoscience modeling.

The following areas were of particular interest in the program.

Direct problems: Understanding the spectral properties of random matrices under
various models and assumptions. The follows topics are included.

Extreme eigenvalues of random covariance matrices: Asymptotic and non-asymptotic
distributions, in the Gaussian setting; Robustness of results to Gaussian assumption;
Non-diagonal covariance matrices.

Dynamic behavior of eigenvalues of matrix processes: Matrices whose elements un-
dergo diffusion (Dyson Processes); Stochastic differential equations for their eigen-
values; Scaling limits (Airy processes) and descriptions via partial differential equa-
tions.

Limiting theory for eigenvectors: Using free probability techniques.

Spectral properties of other random matrices arising in multivariate statistics:
Techniques such as canonical correlation analysis and related random matrix prob-
lems; and Covariance matrices with covariance in space and time.

Inverse problems: Recovering from an observed random matrix information about
the process from which it was generated. The following were of interest.

Estimation of large covariance matrices: Regularization techniques by banding, fil-
tering, and using L1 penalties; and their theoretical and practical properties.
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Consistency and estimability problems: Consistency of sample eigenvectors in co-
variance estimation problems; and Estimability issues for eigenvectors and eigen-
values.

Applications: Use of newly gained understanding of random matrices to advance
research in a wide array of scientific disciplines. It includes the following applica-
tions.

Climatology: Empirical orthogonal functions and related techniques; and Summa-
rization of evolving geophysical fields via spectral techniques.

Dynamical systems: Design of snapshots, i.e., finding a minimal number of func-
tions, tailored to a specific problem, that accurately represent the problem’s dynam-
ics.

Data assimilation: Combination of numerical models and observations; Ensemble
Kalman filtering: impact of sample information on propagation of covariance, effect
of ensemble size, and tapering and inflation methods.

Graphical Gaussian models: Consistent estimation of the model structure; and
Study of the rates of convergence.

Computation and connection: Computation of moments of large random Wishart
matrices; Connection to graph theory; and Connection to methods in free probabil-
ity.

General statistical inference: Consistency of regression functions dependent upon
the behavior of certain large random matrices; and Problems arising in estimation,
testing and model selection.

1.2.1.14 Development, Assessment and Utilization of Complex Computer
Models, 2006-2007

Mathematical models intended for computational simulation of complex real-world
processes are a crucial ingredient in virtually every field of science, engineering,
medicine, and business, and in everyday life as well. Cellular telephones attempt
to meet a caller’s needs by optimizing a network model that adapts to local data,
and people threatened by hurricanes decide whether to stay or flee depending on the
predictions of a continuously updated computational model.

Two related but independent phenomena have led to the near-ubiquity of models:
the remarkable growth in computing power and the matching gains in algorithmic
speed and accuracy. Together, these factors have vastly increased the applicability
and reliability of simulation—not only by drastically reducing simulation time, thus
permitting solution of larger and larger problems, but also by allowing simulation
of previously intractable problems.

The intellectual content of computational modeling comes from a variety of dis-
ciplines, including statistics and probability, applied mathematics, operations re-
search, and computer science, and the application areas are remarkably diverse. De-
spite this diversity of methodology and application, there are a variety of common
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challenges, detailed below, in developing, evaluating, and using complex computer
models of processes.

Engineering subprogram. The engineering subprogram studied three frequently
occurring problem areas in finite-element and other engineering models. These
problems are those of validation, calibration, and combining data from physical
experiments and computer experiments. The emphasis was on applications where
the computer models require substantial running times and the physical models are
difficult or expensive, so that, in some cases, physical experiments can be conducted
for only subcomponents of the desired system or a physical simulator may only be
possible for the desired system. Issues of combining codes from system components
to produce valid codes for the entire system can then arise.

Two types of biological modeling. (a) To explore the impact of drug therapy and
resistance on acute viral infections, these models are based on a multi-scale ap-
proach, integrating within-host models (i.e., ones that describe infection within
a given individual) with between-host (epidemiological) models that describe the
spread of infection at the population level. (b) The system biological models range
from small biochemical networks corresponding to sets of coupled ODEs to large
spatio-temporal models requiring advanced numerical methods.

Methodology subprogram. The subprogram engaged in an in-depth treatment of
methodological issues that arise in the design, analysis, and utilization of computer
models across many fields of application. The subprogram also evolved in close
collaboration with the four disciplinary subprograms, engaging them in an overall
research umbrella.

1.2.1.15 Multiplicity and Reproducibility in Scientific Studies, 2006

Concerns over multiplicities in statistical analysis and reproducibility of scientific
experiments are becoming increasingly prominent in almost every scientific disci-
pline, as experimental and computational capabilities have vastly increased in recent
years. The following key issues were of interest.

Reproducibility. Scientists use statistical methods to help them judge if something
has happened beyond chance. They expect that if others replicate their work, that
a similar finding will happen. To clear a drug the FDA requires two studies, each
significant at 0.05. Ioannidis (2005) showed startling and disconcerting lack of re-
producibility of influential statistical studies published in major medical journals. It
found that about 30% of randomized, double-blinded medical trials failed to repli-
cate and that 5 out of 6 non-randomized studies failed to replicate — about an 80%
failure rate. It is necessary to explore and clarify the causes of failures to reproduce
and, more broadly, to identify commonalities that lead to these problems, and at-
tempting to estimate its prevalence. Multiplicities (both obvious and hidden) need
be considered, along with selection biases and regression to the mean.



14 1 Introduction

Subgroup analysis. Large, complex data sets are becoming more commonplace
and people want to know which subgroups are responding differently to one another
and why. The overall sample is often quite large, but subgroups may be very small
and there are often many questions. Genetic data are being collected on clinical
trials. Which patients will respond better to a drug and which will have more severe
side effects? Disease, drug, or side effects can result from different mechanisms.
Identification of subgroups of people where there is a common mechanism is useful
for diagnosis and prescribing of treatment. Large educational surveys involve groups
with different demographics, different educational resources and subject to different
educational practices. What groups are different and how are differences related to
resources and practices? What really works and why? Is the finding the result of
chance? There is a need for effective statistical methods for finding subgroups that
are responding differently. There is a need to be able to identify complex patterns of
response and not be fooled by false positive results that come about from multiple
testing.

Massive multiple testing. The routine use of massively multiple comparisons in
inference for large-scale genomic data has generated a controversy and discussion
about appropriate ways to adjust for multiplicities. There are different approaches
to formally describe and address the multiplicity problem, including the control of
various error rates, decision theoretic approaches, hierarchical modeling, probabil-
ity models on the space of multiplicities, and model selection techniques. Besides
applications in inference for genomic data, similar problems occured in clinical trial
design and analysis, record matching problems, classification in spatial inference,
anomaly discovery, and syndrome surveillance. It is interesting to identify the rel-
ative merits and limitations of the competing approaches for diverse applications,
and to understand which features of reproducibility are addressed.

1.2.1.16 Risk Analysis, Extreme Events, and Decision Theory, 2007-2008

Over the past several years, there has been a wealth of scientific progress on risk
analysis. As the set of underlying problems has become increasingly diverse, draw-
ing from areas ranging from national defense and homeland security to genetically
modified organisms to animal disease epidemics and public health to critical infras-
tructure, much research has become narrowly focused on a single area. It has also
become clear, however, that the need is urgent and compelling for research on risk
analysis, extreme events (such as major hurricanes), and decision theory in a broader
context. Availability of past information, expert opinion, complex system models,
and financial or other cost implications as well as the space of possible decisions
may be used to characterize the risks in different settings.

Risk analysis and extreme events also carry a significant public policy compo-
nent, which is driven in part by the increasing stakes and the multiplicity of stake-
holders. In particular, policy concerns direct attention not only to the dramatic risks
for huge numbers of people associated, for example, with events of the magnitude
of Hurricane Katrina or bioterrorism, but also to “small-scale” risks such as drug in-
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teractions driven by rare combinations of genetic factors. The following key issues
were of interest in the program.

Extreme values: Theory for multidimensional extremes. Probability theory and
statistical methodology for one-dimensional distributions of extreme values have
been developed over the past half-century, but these do not extend easily to higher
dimensions.

Financial risk: Risk assessment and risk management for critical resources,
infrastructure, and energy markets. Prediction of financial consequences of ex-
treme events is formulated differently in actuarial science, in operations research, in
financial mathematics, and in risk management and decision sciences.

Experts and decisions: Prior elicitation and modeling with expert opinion. Elic-
itation is the process of formulating a person’s knowledge and beliefs about one
or more unknowns (parameters) into a (joint) probability distribution for those un-
knowns in a decision-making setting.

Adpversarial risk: Formalizing analysis of risk from intelligent opponents. Tra-
ditional methodology is based on the canonical risk equation: (Likelihood of Attack)
X (Consequence) x (1-System Effectiveness) = Risk. However, new business and
government scenarios require considering risk analysis that takes into account oppo-
nents’ intelligence, possible willingness to cooperate, and transfer of risk following
decisions and actions.

Environmental risk analysis: Ecological risk assessment and risks associated
with extreme climatic events. The occurrence of extreme environmental disrup-
tions depends jointly on the highly unstable occurrence of these events and the lo-
cally, at least, highly variable consequences.

Industrial risk: Pharmaceutical and health risk. Statistical issues include infer-
ence from non-randomized clinical trials, multiplicity and asymmetries between null
and alternative hypotheses, analysis of rare events, and competing risks.

1.2.1.17 Random Media, 2007-2008

The field of random media is a classical one which is presently receiving widespread
attention as new theory, approximation techniques, and computational capabilities
are applied to emerging applications. Due to the breadth of the field, the inherent
deterministic, stochastic, and applied components have typically been investigated
in isolation. However, it is increasingly recognized that these components are inex-
orably coupled and that synergistic investigations are necessary to provide signifi-
cant fundamental and technological advances in the field. The following key issues
were of interest.

Time reversal. The component on time reversal built on recent analysis and exper-
imental observations that time reversal of waves propagating in disordered media
permit refocusing. This somewhat unexpected property has profound ramifications
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in domains such as wireless communications, medical imaging, nondestructive eval-
uation, and underwater acoustics. Whereas the behavior of one-dimensional acoustic
waves is mathematically and statistically understood, questions regarding multidi-
mensional media remain wide open with the exception of the baraxial wave equa-
tion.

Interface problems. Interface problems arise in a diverse range of applications,
including multiphase flows and phase transitions in fluid mechanics, thin film and
crystal growth simulations in material science, and mathematical biology problems
modeled by partial differential equations involving moving fronts.

Imaging problems. Imaging problems in random media arise in a number of appli-
cations, including biomedical imaging and seismic analysis. In the latter category,
a detailed knowledge of earth medium heterogeneities is necessary for oil and gas
recovery, earthquake and volcanic predictions, and environmental analysis.

Scattering theory. Whereas mathematical scattering theory for one-dimensional
regimes is fairly mature, it was of interest to extend to multidimensional media with
the exception of the baraxial wave equation.

Porous media. It includes topics pertaining to stochastic transport processes and
physics associated with porous media.

1.2.1.18 Environmental Sensor Networks, 2007-2008

Environmental sensor networks have the capability of capturing local and broadly
dispersed information simultaneously; they also have the capacity to respond to sud-
den change in one location by triggering observations selectively across the network
while simultaneously updating the underlying complex system model and/or recon-
figuring the network. Data gathered by wireless sensor networks, either fixed or
mobile, pose unique challenges for environmental modeling: a complex system is
being observed by a dynamical network. Technical challenges in statistics (sampling
design to prediction and prediction uncertainty), in mathematics (computational ge-
ometry to data fusion to robotics), and in computers science (self-organizing net-
works to algorithm analysis) combine with the technical challenges of the models
themselves and the sciences that underlie them. The following key issues were of
interest.

Sampling from wireless networks. Cost of spatio-temporal data in terms of both
energy and delay: Each sample has a footprint in power in space and time, some
value to one or more process models (e.g., importance of parameters in space and
time, sensitivity of estimates to the observation), and some cost (e.g., data transmis-
sion). One wants to know if it is possible to derive frameworks such that the utility
of each sample exceeds its cost.

Environmental modeling from sensor networks. Model complexity and ade-
quacy: In the trade-off of dimensionality and predictive accuracy, what are the diag-
nostics for excessive vs. insufficient parametrization? Can models be developed so
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that reduced forms (e.g., deleting submodels, subsets of parameters, or reducing res-
olution of observations and/or parameter specification) still function simultaneously
with near-optimality at several scales?

Networks, forests, and global change. Process level understanding of how forested
ecosystems respond to global change is critical for anticipating consequences of
human impacts on landscapes. To be successful an approach will entail integrated
models of a complex system and will involve heterogeneous data and analyses that
directly address uncertainty and model selection issues.

1.2.1.19 Challenges in Dynamic Treatment Regimes and Multistage Decision
Making, Summer 2007

The management of chronic disorders, such as mental illness, substance depen-
dence, cancer, and HIV infection, presents considerable challenges. In particular
the heterogeneity in response, the potential for relapse, burdensome treatments, and
problems with adherence demand that treatment of these disorders involve a series
of clinical decisions made over time. Decisions need to be made about when to
change treatment dose or type and regarding which treatment should be used next.
Indeed, clinicians routinely and freely tailor treatment to the characteristics of the
individual patient with a goal of maximizing favorable outcomes for that patient. To
a large extent the tailoring of sequences of treatments is based on clinical judgment
and instinct rather than a formal, evidence-based process.

These realities have led to great interest in the development of so-called “dy-
namic treatment regimes” or “adaptive treatment strategies.” A dynamic treatment
regime is an explicit, operationalized series of decision rules specifying how treat-
ment level and type should vary over time. The rule at each stage uses time-varying
measurements of response, adherence, and other patient characteristics up to that
point to determine the next treatment level and type to be administered, thereby
tailoring treatment decisions to the patient. The objective in developing such multi-
stage decision-making strategies is to improve patient outcomes over time.

Methodology for designing dynamic treatment regimes is an emerging area that
presents challenges in two areas. First, experimental designs for collecting suitable
data that can be used efficiently to develop dynamic regimes are required. Second,
techniques for using these and other data to deduce the decision-making rules in-
volved in a dynamic regime must be developed. In both areas, input from researchers
in a variety of disciplines and collaborations among them will be critical.

1.2.1.20 Geometry and Statistics of Shape Spaces, Summer 2007

Shapes are prevalent in the outside world and in science. They manifest themselves
in live animals, plants, landscapes, or in man-made materials, like cars, planes,
building, bridges, and they are designed from aesthetic as well as efficacy consider-
ations. Internal organs of humans or other animals also have a commonly accepted,
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well-defined shape, and their study is an old science called anatomy. For the human
mind, there is an intuitive notion of what shapes are, why they differ or look alike,
or when they present abnormalities with respect to ordinary observations. Sculp-
ture is the art of rendering existing shapes, or creating new ones, and the fact that
artists are still able to provide unambiguous instances of subjects through distorted
or schematic representations is a strong indication of the robustness of the human
shape recognition engine.

However, an analytical description of a shape is much less obvious, and humans
are much less efficient for this task, as if the understanding and recognition of forms
works without an accurate extraction of their constituting components, which is
probably the case. We can recognize a squash from an eggplant or a pepper using
a simple outline, and even provide a series of discriminative features we can dis-
tinguish, but it is much harder to instantiate a verbal description of any of them,
accurate enough, say for a painter to reproduce it. It is therefore not surprising that,
for mathematics, shape description remains mostly a challenge. The last fifty years
of research in computer vision has shown an amazingly large variety of points of
view and techniques designed for this purpose: 2D or 3D sets they delineate (via
either volume or boundary), moment-based features, medial axes or surfaces, null
sets of polynomials, and configurations of points of interest (landmarks), to name
but a few.

But beyond the shape characterization issue, the more ambitious program which
has interested a large group of researchers during the last two decades, starting with
the seminal work of David Kendall, is the study of shapes spaces and their statis-
tics. Here shapes are not only considered individually, but they are seen as variables,
belonging to some generally infinite dimensional space which possesses a specific
geometry. The theoretical study of such spaces, the definition of computationally
feasible algorithmic and statistical procedures has been the subject of a still-growing
line of work. For example, Kendall’s original contribution focused on collections of
landmarks modulo the action of rotation and scale. It has since been extended to
the actions of other groups and to plane curves instead of points. Other examples
build shape spaces using the medial axis representation. The last few years have
seen the emergence and the development of several new techniques, building in-
finite dimensional Riemannian metrics on curves and other shape representations,
involving several groups over the world. Within applied mathematics, the analysis
of shape spaces arises at a nodal point in which geometry, statistics, and numerical
analysis each have a fundamental contribution.

1.2.1.21 Meta-analysis: Synthesis and Appraisal of Multiple Sources of
Empirical Evidence, Summer 2008

Seldom is there only a single empirical research study relevant to a question of
scientific interest. However, both experimental and observational studies have tra-
ditionally been analyzed in isolation, without regard for previous similar or other
closely related studies. A new research area has arisen to address the location, ap-
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praisal, reconstruction, quantification, contrast, and possible combination of similar
sources of evidence. Variously called meta-analysis, systematic reviewing, research
synthesis or evidence synthesis, this new field is gaining popularity in diverse fields
including medicine, psychology, epidemiology, education, genetics, ecology, and
criminology.

The combination of results from similar studies is often known simply as meta-
analysis. Common examples are combining results of randomized controlled trials
of the same intervention in evidence-based medicine; similarly across studies in so-
cial science; or of odds ratios measuring association between an exposure and an
outcome in epidemiology. More complex syntheses of multiple sources of evidence
have developed recently, including combined analyses of clinical trials of different
interventions, and combined analysis of data from multiple microarray experiments
(sometimes called cross-study analysis). For straightforward meta-analyses, general
least-squares methods may be used, but for complex meta-analyses, the technical
statistical approach is not so obvious. Often likelihood and Bayesian approaches
provide very different perspectives; and in practice the possible benefits of more
complex approaches may be hard to discern as many meta-analyses are compro-
mised by limited or biased availability of data from studies as well as by varying
methodological limitations of the studies themselves.

The presence of multiple sources of evidence has long been a recognized chal-
lenge in the development and appraisal of statistical methods, from Laplace and
Gauss to Fisher and Lindley. In the 1980s Richard Peto argued that a combined
analysis would be more important than the individual analyses, a view taken still fur-
ther by Greenland, who has suggested that that individual study publications should
not attempt to draw conclusions at all, but should instead only describe and report
results, so that a later meta-analysis can more appropriately assess the study’s ev-
idence fully informed by other study designs and results. Will combined analyses
actually replace individual analyses (or at least decrease their impact)? If so, it is
time to re-examine the perennial problems of statistical inference in this context.

There are three challenges: (i) to substantiate and clarify how existing statistical
methodology can effectively combine multiple sources of evidence, given perfect
conduct and reporting of all studies; (ii) to identify statistical areas in need of de-
velopment or improvement, both in theory and application, for the practical situa-
tions of studies having methodological limitations and studies providing biased or
incomplete data; and (iii) To identify and develop material and pedagogy for un-
dergraduate and graduate programs in statistics, to allow future statisticians to deal
effectively with multiple sources of evidence, and to motivate further development
of new methodology.

1.2.1.22 Sequential Monte Carlo Methods, 2008-2009

Monte Carlo (MC) methods are central to modern numerical modeling and compu-
tation in complex systems. Markov chain Monte Carlo (MCMC) methods provide
enormous scope for realistic statistical modeling and have attracted much attention
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from disciplinary scientists as well as research statisticians. Many scientific prob-
lems are not, however, naturally posed in a form accessible to evaluation via MCMC,
and many are inaccessible to such methods in any practical sense. For example, for
real-time, fast data processing problems that inherently involve sequential analy-
sis, MCMC methods are often not obviously appropriate at all due to their inherent
“batch” nature. The recent emergence of sequential MC concepts and techniques
has led to a swift uptake of basic forms of sequential methods across several areas,
including communications engineering and signal processing, robotics, computer
vision, and financial time series. This adoption by practitioners reflects the need
for new methods and the early successes and attractiveness of SMC methods. In
such, probability distributions of interest are approximated by large clouds of ran-
dom samples that evolve as data are processed using a combination of sequential
importance sampling and resampling ideas. Variants of particle filtering, sequential
importance sampling, sequential and adaptive Metropolis MC and stochastic search,
and others have emerged and are becoming popular for solving variants of “filter-
ing” problems; i.e. sequentially revising sequences of probability distributions for
complex state-space models.

Many problems and existing simulation methods can be formulated for analysis
via SMC: sequential and batch Bayesian inference, computation of p-values, infer-
ence in contingency tables, rare event probabilities, optimization, counting the num-
ber of objects with a certain property for combinatorial structures, computation of
eigenvalues and eigenmeasures of positive operators, PDEs admitting a Feynman-
Kac representation, and so on. This research area is poised to explode, as witnessed
by this major growth in adoption of the methods. The following key issues were of
interest.

Continuous time modeling and parameter estimation. Modeling and parame-
ter estimation for continuous time stochastic processes includes exact simulation
methods for inference in partially observed diffusions, jump diffusions and Levy
processes. Both batch-based and on-line strategies were studied, as were both pa-
rameter estimation and state estimation.

Tracking and large-scale dynamical systems. There is much interest in tracking
and inference for large groups of objects, with applications in medical imaging,
dynamic object tracking in robotic control in industrial, commercial, and military
areas, and tracking in media applications. Particular focus areas were drawn from
representations of many interacting objects using random fields, graphical models,
and automated inference about group structures, types of interaction, intentionali-
ties, etc.

Decision making, econometrics, and finance. SMC methods are under-explored
and appear to have a great deal of potential in problems of numerical solution of
decision problems under uncertainty. Research areas included: (i) applications in
policy-oriented macro-economic modeling; and (ii) state and parameter estimation
leading into prediction financial time series models, together with numerical ap-
proaches to the coupled portfolio decision problem.
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Population Monte Carlo. MCMC can easily get stuck for high-dimensional multi-
modal distributions. This has led, in part, to the development of adaptive and popu-
lation Monte Carlo algorithms, which can provide promising alternatives for these
problems. Some of these methods are inherently SMC methods, and there was in-
terest in developing new adaptive methods to sample from high-dimensional distri-
butions.

1.2.1.23 Algebraic Methods in Systems Biology and Statistics, 2008-2009

In recent years, methods from algebra, algebraic geometry, and discrete mathemat-
ics have found new and unexpected applications in systems biology as well as in
statistics, leading to the emerging new fields of “algebraic biology” and “algebraic
statistics.” Furthermore, there are emerging applications of algebraic statistics to
problems in biology. There has been development and maturation of these two ar-
eas of research as well as their interconnections. The common mathematical tool
set as well as the increasingly close interaction between biology and statistics al-
lows researchers working in algebra, algebraic geometry, discrete mathematics, and
mathematical logic to interact with statisticians and biologists and make fundamen-
tal advances in the development and application of algebraic methods to systems
biology and statistics. The following key issues were of interest.

Systems biology. The development of revolutionary new technologies for high-
throughput data generation in molecular biology in the last decades has made it pos-
sible for the first time to obtain a system-level view of the molecular networks that
govern cellular and organismal function. Whole genome sequencing is now com-
monplace, gene transcription can be observed at the system level, and large-scale
protein and metabolite measurements are maturing into a quantitative methodology.
The field of systems biology has evolved to take advantage of this new type of data
for the construction of large-scale mathematical models. System-level approaches
to biochemical network analysis and modeling promise to have a major impact on
biomedicine, in particular drug discovery.

Statistics. It has long been recognized that the geometry of the parameter spaces of
statistical models determines in fundamental ways the behavior of procedures for
statistical inference. This connection has in particular been the object of study in the
field of information geometry, where differential geometric techniques are applied
to obtain an improved understanding of inference procedures in smooth models.
Many statistical models, however, have parameter spaces that are not smooth but
have singularities. Typical examples include hidden variables models such as the
phylogenetic tree models and the hidden Markov models that are ubiquitous in the
analysis of biological data. Algebraic geometry provides the necessary mathemati-
cal tools to study non-smooth models and is likely to be an influential ingredient in
a general statistical theory for non-smooth models.

Algebraic methods. Algebraic biology is emerging as a new approach to model-
ing and analysis of biological systems using tools from algebra, algebraic geometry,
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discrete mathematics, and mathematical logic. Application areas cover a wide range
of molecular biology, from the analysis of DNA and protein sequence data to the
study of secondary RNA structures, assembly of viruses, modeling of cellular bio-
chemical networks, and algebraic model checking for metabolic networks, to name
a few.

1.2.1.24 Psychometrics, Summer 2009

Much of current psychometric research involves the development of novel statistical
methodology to model educational and psychological processes, and a wide variety
of new psychometric models have appeared over the last quarter century. Such mod-
els include (but are not limited to) extensions of item response theory (IRT) models,
cognitive diagnosis models, and generalized linear latent and mixed models. The
development of several of these models has been spearheaded by quantitative psy-
chologists, a group of researchers who find their academic homes primarily in psy-
chology and education departments. During the same period, very similar models
and methodologies were developed, often independently, by academic statisticians
residing in mathematics and statistics departments. The interaction between these
two groups has made a substantial effort to develop methodology crucial to both
fields.

The following statistical models are of interest: IRT models, cognitive diagnos-
tic models, and variations of generalized linear latent and mixed models. Practical
applications of methodology include (i) the analysis of patient reported outcomes
(PROy), (i1) journal and grant peer review, and (iii) cognitive diagnostic models.

1.2.2 Research Topics from Current SAMSI Programs

1.2.2.1 Stochastic Dynamics, 2009-2010

The broad topic of stochastic dynamics includes analysis, computational methods,
and applications of systems governed by stochastic differential equations. Two ap-
plication areas are being emphasized: problems in biological sciences and dynamics
of networks.

Stochastic analysis and numerical methods. In recent years it has become increas-
ingly clear that to effectively understand complex stochastic systems, a combination
of modern numerical analysis, estimation and sampling techniques, and rigorous
analysis of stochastic dynamics is required. Whether one speaks of path sampling
techniques, estimation in complex non-linear dynamics, or simulation of rare events
it is important to bring both sophisticated analytic tools and an understanding of
what one can compute efficiently.
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Multi-scale and multi-physics computing. The classical continuum equations aris-
ing in fluid flow, elasticity, or electromagnetic propagation in materials require con-
stitutive laws to derive a closed-form system. In such cases, Gaussian statistics are
well verified at the microscopic level and the moments of Gaussian distributions
can be computed analytically. However, many physical processes exhibit significant
localized departure from Gaussian statistics. For example, when a solid breaks, the
motion of the atoms in the crystalline lattice along the crack propagation path is
no longer governed by a Maxwell-Boltzmann distribution. An interesting character-
istic is that macroscopic features impose the departure from local thermodynamic
equilibrium and macroscopic quantities of are practical interest. the solid deforms
before it breaks. New statistical methods are needed for the complicated situations.

Stochastic modeling and computation in biology. The explosion of interest in
mathematical and statistical modeling and computation in the biological and medi-
cal sciences, where stochasticity is present at nearly every scale, has been one of the
most exciting trends in the biosciences in the last ten years. Math biology has grown
from a niche area to a major research group in many US math departments, and
graduate programs in mathematics are scrambling to cope with a wave of students
seeking to do graduate work in interdisciplinary research areas. Programs in bio-
statistics, bio-informatics, and bio-medical engineering are also seeing increased
growth.

Dynamics of social networks. Social network data are distinguished by the inher-
ent dependencies among units. These dependencies, usually represented by binary
or more general links, are a primary focus of many analyses. To date, however, both
models of, and techniques for inference for, social networks, have focused on static
networks. Virtually no extant models address the appearance or disappearance of
nodes, the evolution of link existence or strength, or the characteristics of nodes.
One SAMSI-generated exception is Banks et al. (2008), which uses stochastic dif-
ferential equations to model joint evolution of the edge set and node characteristics,
with a focus on characterizing the role of stochastic variability. Indeed, at an NSF
workshop in October 2007 on “Discovery in Complex or Massive Data: Common
Statistical Themes,” there was consensus about urgent need for models of the dy-
namics of networks and associated tools for inference.

1.2.2.2 Space-Time Analysis for Environmental Mapping, Epidemiology, and
Climate Change, 2009-2010

It is challenging to deal with problems encountered in dealing with random space-
time fields, both those that arise in nature and those that are used as statistical rep-
resentations of other processes. The sub-themes of environmental mapping, spatial
epidemiology, and climate change are interrelated both in terms of key issues in
underlying science and in the statistical and mathematical methodologies needed
to address the science. Researchers from statistics, applied mathematics, environ-
mental sciences, epidemiology, and meteorology are involved, and the program is
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promoting the opportunity for interdisciplinary, methodological, and theoretical re-
search. The following key issues are of interest.

Environmental mapping. Spatial or spatial-temporal statistical analysis in environ-
metrics often entails the prediction of unobserved random fields over a dense grid
of sites in a geographical domain, based on observational data from a limited num-
ber of sites and possibly simulated data generated by deterministic physical models.
In important special cases, spatial prediction requires statisticians to estimate spa-
tial covariance functions and generalized regression tools (also called geostatistical
methods). Methods for spherical data, especially appropriate for climate research,
are currently being developed, but they need to address complications similar to
those that occur for multivariate random fields.

Spatial epidemiology. Many studies during the past two decades have demonstrated
a statistical association between exposure to air pollutants (principally, particulate
matter and ozone) with various (mostly acute) human health outcomes, including
mortality, hospital admissions, and incidences of specific diseases such as asthma.
While a number of different study designs have been used, two dominate. The first,
the time series studies, relate variations in daily counts of these adverse health out-
comes with variations in ambient air pollution concentrations through multiple re-
gression models that include air pollution concentrations while removing the effects
of long-term trends, day of week effects, as well as possible confounders such as
meteorology. However, the relative health risks of air pollution are small say com-
pared to smoking. Thus some studies have through Bayesian hierarchical modeling
combined the estimated air pollution coefficients for various urban areas to borrow
strength.

Climate change. Much of the case for climate change and the estimation of its dele-
terious effects has relied on deterministic climate models that embrace physical and
chemical modeling. The GCM (General Climate (or Circulation) Model) yields sim-
ulated climate data at fairly coarse spatial scales that serves as input to the RGCM
(regional GCM) that runs at finer spatial scales.

The results of climate models are extremely multi-dimensional. It is very difficult
to present all of this information concisely in a manner that can be understood by
decision makers. Dimension reduction and data presentation techniques are needed
for contrasting spatial data, explaining what is being presented, and determining
how to describe the confidence of projections from non-random samples.

1.2.3 Research Topics in Future Programs

1.2.3.1 Semiparametric Bayesian Inference: Applications in
Pharmacokinetics and Pharmacodynamics, Summer 2010

Pharmacokinetics (PK) is the study of the time course of drug concentration re-
sulting from a particular dosing regimen. PK is often studied in conjunction with
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pharmacodynamics (PD). PD explores what the drug does to the body, i.e., the re-
lationship of drug concentrations and a resulting pharmacological effect. Pharma-
cogenetics (PGx) studies the genetic variation that determines differing response to
drugs. Understanding the PK, PD, and PGx of a drug is important for evaluating
efficacy and determining how best to use such agents clinically.

Hierarchical models have allowed great progress in statistical inference in many
application areas. Hierarchical models for PK and PD data that allow borrowing of
strength across a patient population are known as population PK/PD models. These
models have allowed investigators to learn about important sources of variation in
drug absorption, disposition, metabolism, and excretion, allowing the researchers
to begin to tailor drug therapy to individuals. Newer Bayesian non-parametric pop-
ulation models and semi-parametric models offer the promise of individualizing
therapy and discovering subgroups among patients even further, by freeing model-
ers from restrictive assumptions about underlying distributions of key parameters
across the population. The purpose of this program is to bring together a mix of ex-
perts in PK and PD modeling, non-parametric Bayesian inference, and computation.

The aims of the study are (i) to identify the critical new developments of in-
ference methods for PK and PD data; (ii) to determine open challenges; and (iii)
to establish inference for PK and PD as an important motivating application area
of non-parametric Bayes. Among these, (iii) is particularly important for new and
promising researchers.

1.2.3.2 Complex Networks, 2010-2011

Network science is highly interdisciplinary field and is characterized by novel inter-
actions in the mathematical sciences occurring at the interface of applied mathemat-
ics, statistics, computer science, and statistical physics, as well as those areas with
network-oriented thrusts in biology, computer networks, engineering, and the social
sciences. Four research areas are as follows.

Network modeling and inference. The analysis of network data has become a ma-
jor endeavor across the sciences, and network modeling plays a key role. Frequently,
there is an inferential component to the process of network modeling, i.e., inference
of network model parameters, of network summary measures, or of the network
topology itself. For most standard types of data (e.g., independent and identically
distributed, time series, spatial, etc.), there is a well-developed mathematical infras-
tructure guiding modeling and inference in practice.

Flows on networks. In their simplest form, network flows are defined on directed
graphs. Each edge receives a flow in an amount that cannot exceed the capacity of
the edge. Many transport applications correspond to network flows: hydraulics and
pipeline flows, rivers, sewer and water systems, traffics and roads, supply chains and
cardiovascular systems, to name but a few. Several by now classical problems for
network flows such as maximum flow have been solved for static flow. These results
only partially carry over to dynamic flows (time extended networks) and much re-
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mains to be done. Some applications such as communication systems typically split
data into packages. There are obvious technical limitations regarding the fineness
of such decompositions that have to be taken into account when seeking (quasi-)
optimal solutions. Several of the relevant open questions fall under the umbrella of
combinatorial optimization.

Network models for disease transmission. Network models provide a natural way
to model many infectious diseases. Many diseases, such as sexually transmitted in-
fections (STIs), have long been studied in terms of networks, but in recent years
the approach has been adopted in a wider range of disease settings, including acute
rapidly spreading infections. Disease transmission networks are highly dependent
on the infection of interest: the sexual partnership network across which an STI
spreads has a quite different structure from the social network on which a respiratory
infection (such as influenza) would spread. Even in the same population, different
diseases “see” different networks.

Dynamics of networks. The changing structure of networks over time is inherent
in the study of a broad array of phenomena. Examples for which a static transmis-
sion network is inadequate abound: from disease transmission to communications
networks with changing landscape of connections to political networks where asso-
ciations and voting similarities vary from one legislative session to the next. While
the nature of the underlying processes differs, the flow of generalized information,
for all three examples, depends in a nontrivial way on the changes in the node roles,
in the structure of communities and in other coarse structural units. The importance
of dynamics in networks has been long recognized. The increasing accessibility of
network data has led to renewed interest in this area; examples of data include lon-
gitudinal data waves and financial correlations with strengths of connection defined
over moving windows in time.

1.2.3.3 Analysis of Object Data, 2010-2011

Analysis of Object Data extends the very active research area of functional data
analysis and generalizes the fundamental FDA concept of curves as data points, to
the more general concept of objects as data points. Examples include images, shapes
of objects in 3D, points on a manifold, tree structured objects, and various types of
movies. Specific AOOD contexts can be grouped in a number of interesting ways.

Euclidean, i.e., (constant length) vectors of real numbers. There are two inter-
esting areas. One area is on Functional Data Analysis (FDA), viewing curves as
data. These curves are commonly either simply digitized, or else decomposed by
a basis expansion, which gives a vector that represents each data curve. A second
area is Time Dynamics Data, with an emphasis on differential equations and dy-
namic systems as drivers of fully or incompletely observed samples of stochastic
processes. Various applications include engineering, biological modeling of growth
or cell kinetics in control, the analysis of auction dynamics in e-commerce, repeated
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events such as child births of a woman in the social sciences, the dynamics of HIV
infections, and the dynamics of gene expression in medical studies.

Mildly non-Euclidean, i.e., points on a manifold and shapes. Shape Analysis and
Manifold Data, where for example 2 or 3 dimensional locations of a set of com-
mon landmarks are collected into vectors that represent shapes. While these vectors
are just standard multivariate data, they frequently violate standard multivariate as-
sumptions, such as the sample size being (usually much) larger than the dimension.
Research in the direction of High Dimension Low Sample Size (HDLSS) issues will
be a major emphasis of the proposed SAMSI program. In addition, the landmarks
may be invariant to certain transformations such as location, rotation, and scale,
and Kendall’s shape analysis of such objects leads to non-Euclidean distances being
the most natural. Further recent examples include analysis of shapes of unlabeled
points, especially on curves, surfaces, and images. The closely related manifold data
also are based on non-Euclidean distances.

Strongly non-Euclidean, i.e., tree or graph structured objects. The data space
admits no tangent plane approximation. Thus, there is no apparent approach to
adapting even approximate Euclidean methodologies, and statistical analysis must
be invented from the ground up.

1.3 Overview of the Book

The book is organized as follows. There are a total of 14 chapters. Each chapter
consists of 2 to 4 sections reviewing research challenges related to a common theme.
All cited references, author indices, and subject indices are placed at the end of the
book.

Chapters 2 through 4 deal with the basic framework of Bayesian inference, in-
cluding a discussion of prior choices in Chapter 2, some aspects of posterior infer-
ence in Chapter 3 and model comparison and testing in Chapter 4. Objective priors
play a crucial role, both in classical and Bayesian inference. Chapter 2 discusses the
constructions, the properties, and applications of reference priors. In Section 2.1,
Bernardo and Tomazella use the classic hypothesis of the Hardy-Weinberg equilib-
rium to introduce objective Bayesian testing. In Section 2.2, Liseo, Tancredi, and
Barbieri discuss and illustrate a novel approach for deriving reference priors when
the statistical model can be expressed via a stochastic representation or a latent
structure. In Section 2.3, Clarke and Yuan derive asymptotic expansions for prior-
to-posterior distance under an empirical likelihood and use the results to propose a
corresponding reference prior.

Chapter 3 reviews shrinkage estimation in Bayesian analysis and demonstrates
that this long-standing research area still remains an active frontier with many
open problems and new applications. In Section 3.1, Strawderman gives a deci-
sion theoretic account of Bayesian shrinkage estimation, focusing on inference in
multivariate normal location models under quadratic loss. He emphasizes Stein-
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type shrinkage and minimaxity in higher dimensions. In Section 3.2, George and
Xu describe a variety of recent results that use a decision theoretic framework
based on expected Kullback-Leibler loss to evaluate the long run performance of
Bayesian predictive estimators. In particular, they focus on high dimensional pre-
diction under a multivariate normal model and extensions to normal linear regres-
sion. In Section 3.3, Meng provides a spirited discussion of a recently published pa-
per on shrinkage estimation for a study in gene-environment interaction. Please see
http://www.stat.uconn.edu/bergerbook.html for a rejoinder from
the authors of the original paper.

Chapter 4 reviews current research frontiers in model comparison and Bayesian
testing. In Section 4.1, Steele and Raftery discuss Bayesian model selection for
Gaussian mixture models. They report a simulation study to compare six methods
for choosing the number of components in a mixture model. The design of the sim-
ulation study is based on a survey of literature on the estimation of mixture model
parameters. In Section 4.2, Pericchi discusses alternative approaches for choosing
an optimal training sample size. In Section 4.3, Johnson demonstrates that misspec-
ification of the prior distribution used to define the alternative hypothesis always
results in a decrease in the expected weight of evidence collected against the null
hypothesis. In Section 4.4, Lipkovich, Ye, and Smith use simulation to evaluate the
performance of Bayesian model averaging in linear regression models. They com-
pare performance over different subsets of models and evaluate the importance of
correlation among predictors on efficiency.

Chapters 5 and 6 introduce extensions of basic parametric Bayesian inference
that give rise to challenging current research areas. Chapter 5 reviews Bayesian in-
ference for large, complex and highly structured computer models, introducing the
notions of simulation models and more efficient emulation models. In Section 5.1,
Bayarri provides a review of Bayesian inference for deterministic computer models.
She highlights the unavoidable non-identifiability issue and its consequences and
discusses a partial solution to it. The calibration of computer models involves com-
bining information from simulations of a complex computer model with physical
observations of the process being simulated by the model. In Section 5.2, Bhat, Ha-
ran, and Goes study an approach for computer model calibration with multivariate
spatial data. They demonstrate the application of this approach to the problem of
inferring parameters in a climate model.

Chapter 6 deals with non-parametric and semi-parametric Bayesian inference.
This is one of the currently fastest growing research areas in Bayesian inference.
In Section 6.1, Tokdar, Chakrabarti, and Ghosh survey the literature on Bayes non-
parametric testing. The discussion concentrates on Bayesian testing of goodness of
fit for a parametric null with nonparametric alternatives. In Section 6.2, Lee reviews
the species sampling model and issues that arise in statistical inference with species
sampling model. In Section 6.3, Jordan discusses hierarchical and nested modeling
concepts within the framework of Bayesian nonparametrics.

Chapter 7 reports on research challenges related to taking a critical second look
at Bayesian inference, by questioning and critiquing the influence of the various
elements of a Bayesian inference model. The investigation includes the evaluation
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and consideration of frequentist summaries. In Section 7.1, Zhu, Ibrahim, Cho, and
Tang provide a comparative review of three primary classes of Bayesian influence
methods including Bayesian case influence measures, Bayesian global robustness,
and Bayesian local robustness. They elaborate on the advantages and disadvantages
of each class of Bayesian influence methods. In Section 7.2. Datta and Rao review
the choice of hyperpriors in hierarchical models. They choose an approach based on
frequentist validation, i.e., considering frequentist summaries of the implied infer-
ence to determine a prior choice. In Section 7.3, Dai and Sun discuss the objective
inference of parameters in a multivariate normal model based on a class of objective
priors on normal means and variance. They derive the exact frequentist matching
priors for multivariate normal parameters and their related functions.

The next few chapters discuss research frontiers in Bayesian analysis that arise
from important application areas. Chapter 8 discusses the rapidly expanding re-
search area of Bayesian inference in clinical trial design. Many current problems are
related to adaptive clinical trial design and hierarchical models to borrow strength
across related subpopulations and studies. In Section 8.1, Wathen and Thall review
a recently developed Bayesian sequential design and illustrate it with an application
to a trial with non small cell lung cancer patients. In Section 8.2, Weiss and Wang
develop Bayesian methodology to choose the sample size and experimental design
for normal longitudinal models and apply the methodology to designing a follow-up
longitudinal study with a predictive prior based on an earlier study. In Section 8.3,
Miiller, Sivaganesan, and Laud discuss a Bayesian approach to subgroup analysis.
The underlying research challenge is the correct adjustment for multiplicities when
considering results in a clinical study specific to many possible subpopulations.

Chapter 9 reports on the rapidly expanding area of Bayesian inference for high
throughput genomic data and related challenges. In Section 9.1, Shen and West
present a Bayesian approach for inference on multiple gene expression signatures.
Their discussion includes a Monte Carlo variational method for estimating marginal
likelihoods for model comparisons. In Section 9.2, Monni and Li present a Bayesian
variable selection procedure when covariates are measured on a graph. The motivat-
ing application is the incorporation of known molecular pathways in inference for
genomic data. One of the strengths of Bayesian analysis that gives rise to many re-
search opportunities is the natural and principled approach to simultaneously mod-
eling multiple related processes. In Section 9.3, Bloomquist and Suchard review
how this feature is exploited in Bayesian inference for phylogenetics.

Bayesian data mining and machine learning involves many challenging research
problems related to the exploration of redundant and high-dimensional data. This
is the focus of Chapter 10. In Section 10.1, Mallick, Ray, and Dhavala address au-
tomatic model selection of the ideal number of principal components using exact
inference with reversible jump MCMC. In Section 10.2, Balakrishnan and Madigan
explore the use of proper priors for variance parameters of certain sparse Bayesian
regression models that can be defined as generalizations of the popular Bayesian
Lasso. In Section 10.3, Airoldi, Fienberg, Joutard, and Love utilize hierarchical
Bayesian mixed-membership models and present several examples of model specifi-
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cation and variations, both parametric and nonparametric, in the context of learning
the number of latent groups and associated patterns for clustering units.

Chapter 11 presents current research challenges and applications of Bayesian
analysis in political science, finance, and marketing research. In Section 11.1, Gel-
man discusses the role of prior constructions in political science applications. The
importance of subjective priors in political science examples contrasts the semi-
automatic approaches implemented in machine learning methods discussed in the
previous chapter. In Section 11.2, Hore, Johannes, Lopes, McCulloch, and Polson
describe computationally challenging inference problems in Finance. In Section
11.3, Jacquier and Polson consider a simulation-based approach to optimal port-
folio selection. In Section 11.4, Fong reviews recent development of Bayesian mul-
tidimensional scaling models for multiple choice data in marketing research.

Chapter 12 discusses research challenges and recent development of Bayesian
inference for binary and categorical data. In Section 12.1, Albert presents a Good
(1967) Bayesian approach to inference for sparse contingency tables. In Section
12.2, Ghosh and Mukherjee consider the analysis of data with matched pairs, mainly
in the context of case-control studies. In Section 12.3, Chen, Kim, Kuo, and Xie dis-
cuss critical issues involved in modeling binary response data and present a recently
developed Stepping-Stone method for computing marginal likelihoods.

Chapter 13 focuses on Bayesian modeling and inference for spatial and/or time
series data. In Section 13.1, Banerjee and Gelfand develop inference for spatial gra-
dients. The method is illustrated through an analysis of urban land value gradients
using a portion of Olcott’s classic Chicago land value data. In Section 13.2, Wang,
Dey, and Banerjee apply a new flexible skewed link function in the binomial model
for the point-level spatial data based on the generalized extreme value distribution.
In Section 13.3, De Oliveira provides a review of the main results obtained in the
last decade on objective (default) Bayesian methods for the analysis of spatial data
using Gaussian random fields.

A review of frontiers in Bayesian analysis would be incomplete without a discus-
sion of ever-evolving computational methods, including posterior simulation, vari-
able selection and model comparison. Chapter 14 discusses related research prob-
lems. In Section 14.1, Marin and Robert review alternative approaches to evaluate
Bayes factors for model comparison, including brute-force evaluation of marginal
probabilities, importance sampling methods, bridge sampling, and the use of candi-
dates formula. In Section 14.2, Heaton and Scott discuss an important special case of
model comparison. They summarize several recently proposed methods for variable
selection in linear models. Heaton and Scott convincingly argue that this venerable
topic is still and again a very active research area. Finally, in Section 14.3, Liechty,
Liechty, and Miiller focus on another specific research challenge related to posterior
simulation. They consider problems that arise from the use of constrained parameter
and sample spaces.



Chapter 2
Objective Bayesian Inference with Applications

It is natural to start a review of research frontiers in Bayesian analysis with a dis-
cussion of research challenges related to prior choices. In particular, in this chapter
we discuss the definition of reference priors in some non-standard settings as well
as the use of reference priors to define objective Bayesian testing.

2.1 Bayesian Reference Analysis of the Hardy-Weinberg
Equilibrium

José M. Bernardo and Vera Tomazella

An important problem in genetics, testing whether or not a trinomial population
is in Hardy-Weinberg equilibrium, is analyzed from an objective Bayesian per-
spective. The corresponding precise hypothesis testing problem is considered from
a decision-theoretical viewpoint, where the null hypothesis is rejected if the null
model is expected to be too far from the true model in the logarithmic divergence
(Kullback-Leibler) sense. The quantity of interest in this problem is the divergence
of the null model from the true model; as a consequence, the analysis is made using
the reference prior for the trinomial model which corresponds to that divergence
being the parameter of interest. The results are illustrated using examples both with
simulated data and with data previously analyzed in the relevant literature.

M.-H. Chen et al. (eds.), Frontiers of Statistical Decision Making 31
and Bayesian Analysis, DOI 10.1007/978-1-4419-6944-6_2,
© Springer Science+Business Media, LLC 2010
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2.1.1 Problem Statement

2.1.1.1 The Hardy-Weinberg (HW) Equilibrium in Genetics

At a single autosomal locus with two alleles, a diploid individual has three possible
genotypes, typically denoted {AA,aa,Aa}, with (unknown) population frequencies
{og,00,03}, where 0 < o < 1and 33, 0y = 1.

The population is said to be in HW equilibrium if there exists a probability p =
P(A), 0 < p < 1, such that {0, 00,05} = {p?, (1 —p)*,2p(1 — p)}. To determine
whether or not a population is in HW equilibrium, which is often the case when
random mating takes place, is an important problem in biology.

Given a random sample of size n from the population, and observed {n,ns,n3}
individuals (with n = nj 4+ ny + n3) from each of the three possible genotypes
{AA,aa,Aa}, the question is whether or not these data support the hypothesis of
HW equilibrium.

This is an important example of precise hypothesis in the sciences, for HW equi-
librium corresponds to a zero measure set within the original parameter space.

2.1.1.2 Statistical Formulation
Since 2?:1 a; = 1, there are only two independent parameters. In terms of the pop-

ulation frequencies ¢ and o of the two pure genotypes AA and aa, the relevant
statistical model is the trinomial

n!
Tri(ny,mln, 0, 00) = ool (1 —oy — o) ™M
( 1y 2| s U1, 2) nllnz!(n—nl—ng)! 1 2 ( 1 2)
with0 <o) <1,0< p < 1,and 0 < ¢t + 0 < 1 and, in conventional language, it
is required to test the null hypothesis

Ho={(on,0); oy = p*,op=(1—p)>, 0< p<1}.

This is the parametric form of the equation of the line \/a; + /0 = 1, represented
with a solid line in Figure 2.1, and it is a set of zero measure within the parameter
space, the simplex & = {(0a1,00); 0< o <1, 0< o<1, 0<o+ap <1}.
Testing a trinomial population for HW equilibrium is a problem that has re-
ceived a fair amount of attention in the statistical literature. Main pointers include
the frequentist analysis of Haldane (1954), an “exact” test based on the distri-
bution p(ny,nz|Hy,n; —na,n), and the Bayesian analysis of Lindley (1988) who
reparametrizes to
401 0

(01, 00) = 2 log — 102
Yo, 0p) = g(l_al_az)zv

2

so that v = 0 when Hy is true, and then obtains approximations to the posterior
density of y, m(y|ny,na,n3) for a range of different prior choices.
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FIGURE 2.1. Precise null (solid line) within the parameter space (shaded region).

2.1.2 Objective Precise Bayesian Testing

2.1.2.1 The Decision Problem and the Intrinsic Loss Function

If data z are assumed to have been generated from the probability model .#Z =
{p:("]90,0),2€ Z, ¢ € D, < Q}, then testing whether of not the observed data z
are compatible with the precise hypothesis Hy = {¢ = ¢} may be seen as a simple
decision problem with only two alternatives:

1. ap: To accept Hy, and work as if data were generated from the reduced model
My ={ps(-|¢0,®), z€ Z, ® € Q}; and
2. ap: To reject Hy, and keep working with the assumed model ./ .

Foundations then dictate (see, e.g., Bernardo and Smith, 1994, Chapter 2 and refer-
ences therein) that one must

1. Specify a loss function ¢{a;, (¢, ®)},i=0,1.
2. Specify a prior function p(¢,®), on @ x Q, and use Bayes to obtain

p(d),a)\z) < p(z|¢,0)p(¢,®).

3. Reject Hy if, and only if, /(ag|z) > I(a;|z), where

laln) = [, |, Han(9.0)}p(9. 0lz)dodo.

One should then reject Hy if, and only if, /(ag|z) > I(a;|z), hence if, and only if,

[y Joy a0 (6.0)} ~ fan. (6.0)} 1 (0. 0l2)d0do >0,
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which only depends on the loss increase from rejecting Hy, given by

A(Q),O)) = Z{a()’ ((]),(D)} _é{ah(q)’w)}'

Without loss of generality, the loss increase A (¢, ®) may be written in the form
{0, (¢, )} — dp, where

1. 6{¢o,(¢,m)} is the non-negative terminal loss to be suffered by accepting ¢ = ¢
as a function of (¢, ®); and
2. dy is the strictly positive utility of accepting Hy when it is true.

With this notation, one should reject the null if, and only if,

[ [, 8100, (0,0)1 p(6,010) dodor > do,

that is, if (and only if) the null model is expected to be too divergent from the true
model.

For any one-to-one function ¥ = y(¢) the conditions to reject ¢ = ¢y should
certainly be precisely the same as the conditions to reject ¥ = y(¢p) (a property
unfortunately not satisfied by many published hypothesis testing procedures). This
requires the use of an invariant loss function.

Model-based loss functions are loss functions defined in terms of the discrepancy
measures between probability models. Within a family % = {p,(:|v), v € ¥}, the
loss suffered from using an estimate V is of the form

W, y) = 6{p.(-|¥), p. (W)},

defined in terms of the discrepancy of p,(-|¥) from p,(-|y), rather than on the
discrepancy of {/ from y. Model-based loss functions are obviously invariant under
one-to-one reparametrization.

A model-based loss function with unique additive properties and built in calibra-
tion, is the intrinsic loss function, defined as the minimum expected log-likelihood
ratio against the null:

. pz¢,0)
8{¢0,(¢,0)} = w(l)?.c(z g}p(z\%a)) logp(z|¢0’w0) dz

This may be also be described as the minimum (Kullback-Leibler) logarithmic di-
vergence of .#( from the assumed model.

2.1.2.2 Reference Analysis and Precise Hypothesis Testing
Given a model #Z = {p,(-|¢,w),z€ Z, ¢ € O, w € Q}, the O-reference prior

function g (¢, ®) (see Bernardo, 2005, and references therein) is that which max-
imizes the missing information about 8 = 6(¢,®). The corresponding marginal
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reference posterior 7(6|z) summarizes inferential statements about a quantity of
interest O which only depend on the model assumed and the data obtained.

The Bayesian Reference Criterion (BRC) to test Hy = {¢ = ¢o} is the solution
to the hypothesis testing decision problem corresponding to the intrinsic loss and
the relevant reference prior. It only requires computing the intrinsic test statistic,
defined as the reference posterior expectation,

d(Holz) = /:5 7(8]2)d8,

of the intrinsic discrepancy loss 6 (¢, ®) = 8{¢o, (¢, ®)}, which is in this case of
the quantity of interest.

The intrinsic test statistic is a direct measure of evidence against Hy, in a log-
likelihood ratio scale, which is independent of the sample size, the dimensionality of
the problem, and the parametrization used. For further details and many examples,
see Bernardo (2005) and references therein.

2.1.3 Testing for Hardy-Weinberg Equilibrium

2.1.3.1 The Quantity of Interest

Within the trinomial model,

n!

Tri{nl,n2|n, alvaZ} - O(Tl (ng (1 —oy — az)n—nl—nz’

m!ny! (n—ny—ny)!

the logarithmic divergence of a member Tri{ny,n|n, p3, (1 — po)?} of the null
Ho={(oq,m); oy =p*,on=(1—p)*>, 0<p<l1}

from the assumed model Tri{n;,nz|n, 04, 0} is

oz Tri{ni,na|n, o1, 00}
Tri{n1,na|n, p3, (1 — po)?}

k{p0|a17a2} = E(n|,n2\a1,a2) l

which, after some algebra, reduces to
n[(0r — o —1)log(po) + (o1 — 0 — 1) log(1 — po) — (1 — a1 — o) log(2) —H{er}],
where H{ot} = —oy logoy — aplogon — (1 — o — o) log(1 — o — o) is the en-

tropy of a = {a, 00,1 — o — o }. The last expression is minimized, for 0 < pg < 1,
when po = (1 4+ oy — 02)/2, and substitution yields the intrinsic loss function,

0{Ho, (a1, )} = 0<i]§10f<1 k{polou, 00} =nb (o, ),
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where
0(ay,00) =2H{w,1 — o} —H{o, 00,1 —0; — 0} — (1 — oy — o) log(2),

and ® = o(oy,00) = (1 + 0y — 0p)/2 is the value of p for a trinomial popula-
tion Tri{n;,nz|n, p?, (1 — p)?} in HW equilibrium which is closest, in the logarith-
mic divergence sense, to the trinomial population Tri{n,nz|n, 0, o }. The func-
tion 8{H, (01, 0) } measures the discrepancy of the null from the trinomial model
Tri{- \n, ar, 062}.

10
FIGURE 2.2. The quantity of interest, 8 = 0(o, ).

The quantity of interest in this problem is clearly the function 6 = 6(c;, o)
since 6 {Hy, (o1, 0)} =n 0( 04, o) precisely measures how far the null Hy is from
the assumed model. In particular, the population is in HW equilibrium if, and only
if, 8 = 0, in which case, /&1 + /0 = 1 or 0 = (1 — \/0)?. Figure 2.2 provides
a 3D plot of the surface 0 (o, 0n). It is zero for all HW equilibrium values and
achieves its maximum value, log(2), at both (0,0) and (1/2,1/2). Hence, in this
problem, the intrinsic loss is a bounded function.

2.1.3.2 The Reference Prior

To obtain the joint reference prior g (01, 02) when 6 = 6(a, 0) is the quantity of
interest, a complementary parameter @ = ® (0, &) must be chosen, so that (6, ®)
is a one-to-one transformation of (o, 0n). A convenient choice is the function
o(oy,00) = (1+ a; — an)/2, which occurs in the expression of 6{Hy, (o, 0n)}
obtained above. The reference prior in this parametrization when 6 is the param-
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eter of interest is then obtained as 7m9(0, ) = mw(®|0) 7(0). Finally, the required
reference prior in the original parametrization is obtained as

mp (0, 00) = |I(o,00)| m (O (01, 00), ®(0, 02)),

00 dw
aOtl (9062

The required transformation, represented in Figure 2.6, is delicate. Indeed, the
Jacobian determinant |J(o,05)| = log(1 — o — o) — 3 log(40y o) is null at the
HW line, positive below, negative above, and diverges at the simplex borders. A one-
to-one transformation is only obtained in each of the two separate regions defined by
the equilibrium line. Thus a one-to-one transformation is {c, 00} <= {0,0,1}
where A € {1,2} indicates region, with A = 1 when /0 + /0 < 1, and A =2
when /0 + /0 > 1. Formally,

where J(oy, 00) = ( ) is the corresponding Jacobian matrix.

7'C9(O(1,0CQ) = ﬂg((xl,azll = 1)+ﬂ9(0€1,a2|/1 = 2).

The joint reference priors in each of the two regions must be be separately computed.

This model is regular. Hence, the reference prior w(|0)7(6) may be found in
terms of the relevant Fisher information matrix. In the original parametrization, the
inverse of Fisher matrix Fy is

1 _foa(l—on) —or o
Fl (OC],OCQ)—( —0 O Otz(l—OQ) ’

so that, in the new parametrization, Fisher matrix is F, such that
F;'(0,0) =J(a1, ) F ' (on,00) -V (o1, ),

evaluated with the inverse functions ¢ (6, ®) and o (0, @). Fisher matrix F, has a
complex, but analytical expression, in terms of o and oy, but the inverse functions
0;(0, ) must be numerically computed.

The reference prior 71(®|6) (6) may be found in terms of H=F, and V = F, !
(Berger and Bernardo, 1992a), from

1/2
(0]6) < h)*(6, o)
and

7(6) o< exp Ug(e) 7(]6)loglv, (6, 0)} da)} .

Lower region: R; = {(a,0); /01 ++/0% < 1}. The reference conditional priors
are numerically found to be approximate the Beta densities (see Figure 2.3)

1 (Q)Be< ©—my(6) ’11

7(]6) ~ ) (0) < & < w0 (6),

®1(8) — 1 (6) —(6) |22

where @ (6) and o) (0) are respectively the inverse functions of
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01(0) =2w—1)log2w—1) —2wlog(w), 1/2<w<1,

o(®) = (1 —2w)log(1 —20) —2(1 — w)log(1 — ®), 0<w<1/2.

35
30; m(wl6) 4
25; E
20; E

15t ]

oL oy

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2.3. Conditional reference priors of @ € (y(0),;(0)), in the lower region of the pa-
rameter space, for 8 = 0.05,0.20 and 0.40.

Using the analytical approximation for the conditional reference priors, the
marginal reference prior for the quantity of interest results

1 06 11
~ B R | 2).
m(0)~ 0@ e(log@)’z’z)’ 0<0<log(2)

0.5

6

O' 1 1 1 1 1
0 0.2 0.4 0.6 log(2)

FIGURE 2.4. Contour plot of the joint reference prior m; (6, ®) in the lower region.
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The joint reference prior for this region is then 71 (6,®) = m (®|0) 1 (6). The
contour plot of this joint refernce prior is shown in Figure 2.4. Notice that these
reference priors are all proper.

Upper region: R, = {(o, ;); /o + /0 < 1}. Similarly, in the region over the
HW equilibrium line, the reference conditional priors are numerically found to be

1 o—m(0) |11
1(8) —an(8) ¢ <w1(9) — () ’2’2

where o (6) and wy(0) are respectively the inverse functions of

m(w|0) = ), wp(0) < 0 < w(0),

01(0) =—owlog(w)— (1 —w)log(l—w), 12<w<1

0y(w) = —wlog(w) — (1 —w)log(l —w), 0<w<1/2.
The marginal reference prior for 6 in the upper region is

1

7 (0) ~ log(2) Be(loge(Z) ‘%’ %)’

0< 6 <log(2).

The joint reference prior for the upper region is then m, (0, ) = m(@|0) m(6).
Again, all these reference priors are all proper.

1.0 o  LOfC T T

08| Ty ;,@;z)

081 Tai(@,a2) ]
0.6 1 ]
0.4} i

0.2} ]

2) e ==
1.0 00 02 04 06 08 10

FIGURE 2.5. Contour plots of the joint reference prior in the original parametrization and a Dirich-
let density with parameter (1/3,1/3,1/3).

Joint reference prior in the original parametrization. Returning to the orig-
inal parametrization and combining the results from the two regions produces
7y (01, 0), whose contour plot is represented in the left panel of Figure 2.5. For
comparison, the right panel represents the contour plot of a Dirichlet density with
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parameter vector (1/3,1/3,1/3). This could be used as an approximation if exact
computation is not needed.

2.1.3.3 Posterior Inference: Estimation and Testing

Joint reference posterior. For any data set, {n,ny,n3}, where n; and n, are re-
spectively the number of observed pure genotypes AA and aa, and n3 is the number
of observed mixed genotypes Aa, the joint reference posterior is

o (0, 0 [ny,ma,m3) = ¢~ (ny,mo|n) Tri{ny, na|n, ou, 00} me (11, 0),

where n = ny +ny +n3 and

1 1—0{1
c(ny,na|n) :/0 {/0 Tri{n,m|n, 0,00} mg(ay, o) daz}dal,

a delicate numerical integral given the prior shape.
The posterior probabilities of the two non-equilibrium regions are

1 (1—y/an)?
P[R1|n1,n2,n3]:/0 /0 mo (0, |ni,na,n3) don »doy,

and P[Ry|n;,np,n3] = 1 — PR} |ny,ny,n3).

0. 0.5 1. 0. 0.2 0.4 log(2)

FIGURE 2.6. Original and transformed parameter spaces.

Since the transformation between (01, 0,) and (6, ®) is not one-to-one, com-
puting the joint posterior density in terms of the (6, ®) requires identification of
the two possible inverse values (6, ®) and 0,(6,®). This is done in terms of
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S1 =Image(R;), where R is the region below Hy, and S, = Image(R,), where R; is
the region above Hy. Thus, if (8, ®) € S, which is contained in S,), then there are
two diffferent pairs of (o, oz) values which map into (6, @) (see Figure 2.6).

It follows that, for any data z = {n;,na,n3},

7(0,0|z) = n(0,w|z,5)P(R|z) + ©(6,0|z,S,)P(R;|z)

_ 77:(0617(12|Z,R1')

7[(9,60|Z,Sl‘) |J(O£] a2)|

s ocj—>ocji(97a)), i:1,2,
where {0y;, 0p;} is the inverse function mapping S; into R;.
The required marginal reference posterior for the quantity of interest 0 is then

ﬂ(9|z):/g(e)7r(9,co|z) do.

This will concentrate on its extreme value 6 = 0 if, and only if, the population is in
approximate HW equilibrium.

Intrinsic test statistic. As described in Section 2.1.2, the intrinsic test statistic
d(Hp|z) is the reference posterior expectation of 0{Ho, (0, 0)}, defined as the
minimum logarithmic divergence of the null model from the true model. Since
O0{Hy, (o, 00)} =n (o, ), the intrinsic statistic is simply

log(2)
d(Holz) = n/ 0 7(0]z) d6 = n E[6]2],
0

the reference posterior expectation of the quantity of interest times the sample
size. This is precisely the reference posterior expectation of the log-likelihood ratio
against the null and, therefore, d(Hp|z) has an immediate meaning as an objective
measure of the evidence against the null provided by the data.

2.1.4 Examples

2.1.4.1 Simulations

Data simulated under HW equilibrium. A trinomial sample of size n = 30
from a population in HW equilibrium was simulated with P[A] = p = 0.3, so that
{o, 0} = {p*,(1—p)?} ={0.09,0.49}, ® = p = 0.3, and O = 0. The simulation
yielded {n,nz,n3} = {2,15,13}.

Figure 2.7 represents the marginal reference posterior of § = n6 which, as
expected, concentrates around the null value 6 = 0, with d(Hp|z) = n, E[0|z] =
0.321 =1log(1.38), so that the likelihood ratio against the null is expected to be only
about 1.38, and the null is accepted: one may safely proceed as if the population
where in HW equilibrium, suggesting random mating.
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w612, 15 13)

0 1 2 3

FIGURE 2.7. Reference posterior distribution of § = n 0 with data simulated from a population in
HW equilibrium.

Data simulated under non-HW equilibrium. A trinomial sample of size n = 30
was simulated with {a, 00} = {0.45,0.40}, so that 0 = 0.525, 6 = 0.269, and the
population is not in HW equilibrium. The simulation then yielded {n;,ny,n3} =
{12,12,6}.

u - (6112, 12, 6)

0 5 10 15
FIGURE 2.8. Reference posterior distribution of § = n 6 with data simulated from a population not

in HW equilibrium.

As Figure 2.8 illustrates, the marginal reference posterior of § = n 6 has an inte-
rior mode, d(Hyp|z) = n, and E[0|z] = 5.84 ~ log(344), so that the likelihood ratio
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against the null is expected to be about 344. Thus, the null should certainly be re-
Jjected, and one should work under the assumption that the population is not in HW
equilibrium, thus suggesting non random mating.

2.1.4.2 An Example from the Literature

Lindley data. Lindley (1988) analyzed the data z = {0,90, 10} from a Bayesian
viewpoint, noting that asymptotic results are scarcely satisfactory in this case, and
performing an analysis of the clear dependence of the results on the prior chosen.
This could be expected, for these data are somewhat extreme due to the fact that
there are no observations from the pure AA genotype. Conclusions from extreme
data are often very sensitive to the prior, and they cannot be usually be well approx-
imated with asymptotic arguments.

(610,90, 10)

T T T

0 1 2 3
FIGURE 2.9. Marginal reference posterior distribution of 8 = n 0 for Lindley (1988) data.

Reference analysis has been known to perform fine in many other problems with
extreme data. This provides yet another example. As Figure 2.9 illustrates, it is
found that 7(5|z), the reference posterior density of the expected discrepancy from
the null is again very concentrated around the null value 6§ = 0. Indeed, the test
statistic is d(Hop|z) = nE[0z] = 0.51 = log(1.66) and, hence, the likelihood ratio
against the null may the expected to be just about 1.66.

We must therefore conclude that the HW equilibrium hypothesis is compatible
with these data.
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2.2 Approximate Reference Priors in the Presence of Latent
Structure

Brunero Liseo, Andrea Tancredi, and Maria M. Barbieri

Objective priors play a crucial role both in classical and Bayesian inference. For a
subjective Bayesian they represent, at the very least, the formalization of the vague
idea of absence of prior information and they are a particularly useful tool in appli-
cations; from a frequentist perspective, objective priors can be seen as a black box
to produce statistical procedures with excellent repeated sampling properties; for a
remarkable example of this phenomenon see Berger and Sun (2008). The Jeffreys’
and the reference prior approaches are nowadays the most popular in applications
and both of them rely upon the explicit calculation of the expected Fisher informa-
tion matrix I(0) (but see Berger, Bernardo, and Sun (2009) for a different and more
general route to derive reference priors).

It may happen that the direct calculation of I(0) is too difficult or sometimes
impossible to obtain in closed form. In some of these cases one can try to express
the model into a more general way, based on the introduction of a vector of latent
quantities, say z. The idea of model completion has been already well exploited in
Bayesian computation (Robert, 2001), since it is at the core of the data augmentation
strategies (Tanner and Wong, 1987) or for extensions of the use of Gibbs sampling
in non-conjugate settings (Damien, Wakefield, and Walker, 1999).

Suppose that the generic sampling distribution of our model, say p(-;6), can be
written as

p(:0) = [ gl:2.0)h(z:6)dz @2.1)

where z is a suitable vector of latent or auxiliary variables. One can pretend, then,
that the working model is actually

g(';Z,G),

where 6 is the vector of unknown parameters and z can be considered either an
additional parameter to be estimated or an additional vector of observations. In both
cases the extended Fisher information matrix can be calculated for the new model; in
many practical cases (see Section 2.2.2 below) it turns out that the extended Fisher
matrix will have a simpler expression.

Sun and Berger (1998) propose a method of deriving reference prior in the pres-
ence of partial information. In particular they consider two cases of interest for our
development: assume that the parameter vector 6 can be split into (61, 6-), for in-
ferential reasons. Then one can be interested in deriving

(A) the reference conditional prior for 6 given 6, when the marginal prior for 8,
is available from subjective information sources.

(B) the reference marginal prior for 8 given that the conditional prior for 8, given
0 is available from subjective information sources.
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These contexts resemble in several aspects our enlarged model after we pretend
that the latent structure z is a parameter of the model. As we see in the next sec-
tion, we consider separately the case where h(z; 6) actually depends on 6 from the
case where h(z;0) does not really depend on 6. Section 2.2.1 is devoted to the il-
lustration of our approach. In Section 2.2.2, we illustrate the method via several
examples. In particular we derive the reference prior for the Warner model (Warner,
1965) for dealing with sensible questions, the general scale mixture model, and the
probit model, for which no previous formal objective priors have been proposed. We
also discuss, for pedagogical reasons, an example where our method cannot be used,
namely the Student  model with an unknown number of degrees of freedom. In Sec-
tion 2.2.3, we discuss a possible extension to situations where nuisance parameters
are present.

The reference priors which we obtain in this section need not be equal to the
“orthodox” ones. This happens because we are actually considering a “different
model.” However, in terms of frequentist coverage, they always show a similar and
reasonable behavior. In some specific examples, such as the Warner model, our prior
seems more natural than the “orthodox” Jeffreys prior; see the next section for de-
tails. Also, in complicated models, where there is no closed form reference prior,
this method, when applicable, provides easy-to-handle solutions.

2.2.1 The Method

First we briefly recall, in our notation, the approach proposed in Sun and Berger
(1998, Sections 2.2 and 2.3). First consider case A: suppose one knows the marginal
prior for z, say 7°(z) and wants to derive the reference conditional prior () (6 | z).
Following the reference prior approach, one must find that conditional prior that
asymptotically maximizes the expected value of the Kullback-Leibler divergence
between the conditional posterior density of 6, given z and the data, say X,,, and the
conditional prior of 0, given z.

From an asymptotic expansion of the distance and using a result in Ghosh and
Mukerjee (1992), one can argue that the maximizing conditional prior is

a0 |z) | Igg |2 (2.2.2)

where Ig g = 1979(6,z) is the Fisher information for 6, given that z is held fix, and
| Ip,¢ | denote the determinant of /g g.

If the above conditional prior is proper, then (2.2.2) is the conditional refer-
ence prior. Otherwise one should consider normalization concerns, following the
approach in Sun and Berger (1998) or Berger, Liseo, and Wolpert (1999). Choose a
nested sequence A1 C A, C ... of compact subsets of the enlarged parameter space
O x Z such that U;A; = © x Z. For each i, define G;(0 : (0,z) € 4;). Also, let

Ki(2) = [ 11o.(0.2)["* do.
Gi
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Sun and Berger (1998) show that the conditional reference prior is given by

*
(R) . Ki(z") 1/2
(0 | z) o< lim Iy (0,2
( | ) oo Ki(Z) | 9,9( ) )| y
where z* is any fixed value in the interior of Z. It is also easy to see that, when
Ip.0(0,z) factorizes into the product of two functions, one depending on 6 and the
other depending on z, and the sequence of compact sets A; are chosen to be the
Cartesian product of intervals in 6 and z dimensions, then

7R (0| z) <[ Ig0(0,2) |'/*.

In this procedure the subjective input is concentrated on the choice of the sequence
of the A;’s: however, in many practical examples, there will be a natural, objective
way of choosing them.

In case B, one needs to derive the marginal prior of 6 in the presence of “con-
ditional” prior information about (z | 6). Following Sun and Berger (1998), the
marginal reference prior is then

7R (0) = n(0),

where

1(6) = exp (; /p(z 1 0)log (||1;| | ) dz) , (2.23)

and I, represents the lower right corner block of the Fisher matrix. In the special
case that the quantity | I |/| Iz | does not depend on z, then

a® (@) o< (1] /|1 )" (2.2.4)

Note that, in this case, since the distribution of z depends on 0, it will be necessary
to include this part of the model into the likelihood.

The transposition of the Sun and Berger approach into our framework would
not be complete before considering the problem of the sample size. In fact, the
completion formula (2.2.1) is almost always used at unit level: this implies that,
for a sample of 7 i.i.d. observations, the vector length of latent variables z would
depend on the sample size. Thus the conditional or the marginal reference prior for
6 would depend on the sample size. However, in practical uses of the method, we
will see that the dependence is rather weak. Alternatively one can argue that the Sun
and Berger method is essentially asymptotic; therefore one can directly compute the
conditional prior for 6 by letting n — . We will discuss these alternative routes
in the Examples section. Notice that all the examples related to case B which are
discussed in this section share the common fact that the explicit introduction of
the latent vector z into the likelihood makes the observed vector y conditionally
independent of 6. However, more complex situations can be considered.
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2.2.2 Examples

2.2.2.1 Sensible Answers

In order to protect confidentiality, questionnaires which contain sensitive questions
may use some form of counfoundness: the following is a very simple example
(Warner, 1965). Suppose we are interested in the fraction of regular drug users in
a given population. In order to avoid non-responses, one can ask the person to be
interviewed to toss a coin: if the coin gives H, he/she should answer the real ques-
tion: “Do you make regular use of drugs?”; if the coin gives T, then he/she should
answer to a more innocuous question (e.g., “Are you born in the first semester of
the year?”). The interviewer, of course, does not know which question has been an-
swered. The statistical model is then easily set up. Let Y;, j = 1,...,n be the binary
answer of the jth unit. Let 6 be the true fraction of drug users in the population and
let p be the fraction in the population which would answer YES to the innocuous
question; p is assumed to be known. Then,

) y ) 1=y
Pr(Yi—y;O,p)—(;rp) <1J2rp) ) y=0,1; i=1,....n

Straightforward calculations lead to the Fisher information quantity for 6 which is

1) = ((0+p)2—0-p))~".

The Jeffreys prior for the model is then proportional to
a)(8) o< (8 +p)(2—6—p)~ /2. (2.2.5)

This prior clearly depends on p and it is symmetric only when p = 0.5. Note that
p is supposed to be a known quantity and it represents the probability of answering
YES to a completely instrumental question, which is not the object of our interest.
That the prior distribution of 6 would depend on p is obviously disturbing.

Consider now our alternative approach and, for each observation Y}, introduce a
Bernoulli latent variable Z; representing the result of the coin toss for individual i,
i=1,...,n. Also, treat the vector z = (Zi,...,Z,) as an unknown parameter. Then,
for each observation,

"7 (2.2.6)

Pr(Y;=y|Z,0) = [0°(1—0)' ] [p(1— p)'™

This is an example where we know the marginal distribution of the latent variables
z and we look for the conditional reference prior for 6 | z. From Section 2.2.1 we
know that this is proportional to the square root of Igg, the diagonal element of
the Fisher matrix corresponding to . Now we show that Iy = n.(6(1—8))"",
where n, is the number of Z; equals to 1. With the augmented model (2.2.6), the

log-likelihood function is
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0(60,z) o< Y yizilog 0+ Y zilog(1—6) — Y yizilog(1 — 6);
i i i

then
d0(0,z) _ 2 ViZi 4 Xi(1—yi)zi
002 02 (1-6)2 °

Since E (Y; | Z; = z) = 6%p' %, then

N (zY’ | z) B zzieziplizi =n0.
i i

Finally,

n, n,(1—0) 1 1
o=l =0 (L, 13
00=9 " —er "\a "1 9

This means that the conditional reference prior for 8 given z is

R)(Q (7)o 1 22.7
(6| z) ) (2.2.7)

Since the marginal distribution of the vector z does not depend on 6, (2.2.7) is also
the marginal reference prior for the actual parameter of interest. The prior (2.2.7)
is then the usual Jeffreys or reference prior for the binomial model and, contrary to
(2.2.5), it does not depend on p. This is a simple example where the new approach
does not provide the same result as the orthodox Jeffreys prior. We have compared
priors (2.2.7) and (2.2.5) in terms of frequentist coverage of one tail credible inter-
vals. In Tables 2.1 and 2.2, for three different values of n, we report the frequentist
coverage at level 0.95 for the two priors, for different values of the parameters 6 and
p. Simulations are based on 10000 samples for each combination of true parameter
values and sample sizes. The performances are definitely comparable.

TABLE 2.1. Frequentist coverage at level 0.95 of n(®) for different values of 6 and p.

n=10 n=30 n=100
0.10 0.50 0.90{0.10 0.50 0.90/0.10 0.50 0.90
p=0.1] 1 1 097\ 1 097 098|094 095 0.97

p=.2 1 1 094 1 092 098/0.97 095 0.98

p=5 |1 1 094 1 095 096/0.98 095 097
p=0.75] 1 1 09| 1 094 097[0.98 095 0.96
p=09]| 1 1 095 1 092 0.97[0.98 094 0.96

Beyond the simplicity of this example, we must notice that there exist several
generalizations of this model for which the “orthodox” derivation of the reference
prior can be quite involved (see, for example, van den Hout and van der Heijden,
2002; or Bockenholt, Barlas, and der Heijden, 2009). Our method, in a sense, de-
convolves the problem and provides a reasonable “objective” prior.
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TABLE 2.2. Frequentist coverage at level 0.95 of 7’ for different values of 8 and p.

n=10 n=30 n=100
0.10 0.50 0.90{0.10 0.50 0.90/0.10 0.50 0.90
p=0.1[1 1 097( 1 093 0.95/098 095 0.95

p=25|1 1 194/ 1 097 092(0.99 095 0.95

p=5 |1 1 094 1 09 0921 1 095 095
p=0.75] 1 1 096/ 1 094 094 1 095 0.94
p=09]| 1 1 095/ 1 09 093 1 094 096

2.2.2.2 Scale Mixtures

Suppose X is a random variable with density fx(x; 6) which depends on some un-
known parameter 6 € R?. Let Iyg be the corresponding Fisher matrix for the model.
Let Y = X /Z be a scale mixture arising from the above model; here X and Z are in-
dependent and Z is a positive random variable with some given density g(z), which
does not depend on 6. If we consider Z as an unknown parameter, the density of ¥
can be obviously written as

fr(v;0) =zfx(zy;0). (2.2.8)

The most popular example of this set up is the Student ¢ distribution with (known) v
degrees of freedom; it is a scale mixture of Gaussian distributions and, in this case
7* ~ Gamma(v/2,v/2). Another example is the scalar skew ¢ distribution which
can be seen as a scale mixture of skew normal random variables. The following
result allows to directly derive the reference prior for scale mixture models.

Theorem 2.1. Suppose Y1, ...,Y, is a random sample from the density (2.2.8), and
write each Yj as X;/Z; with L. = (Zy,...,Z,) unknown parameters. Then the upper
left corner of the Fisher matrix related to 0 does not depend on Z, and the condi-
tional reference prior for 0 in the model (2.2.8) is the same as the reference prior
for 0 in the model fx(x;0).

Proof. Without loss of generality, assume that d = 1, so 0 is a scalar parameter. The
log-likelihood function for (6,Z) is

n

0(0,2) =Y [logZ; +log fx(zy;;0)].
=

Straightforward algebra shows that

LR S B A (CICL)V {E5 7))
_‘9926(97Z)_j§'1 fx(zjy;:0) { fx(zjy;0) +392fx(zjyj’e)}'

Then
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[((2/d ;0)> 92

0= 3 L e o)} 2 -
[(0/0 Wijs 92

= 3 [ (LB | 2 o) |y =t

The obvious consequence of this theorem is that the reference prior for the loca-
tion and scale parameters of a Student ¢ distribution with a known number of degrees
of freedom is the same as the reference prior for the parameters of a Gaussian model.
This results was already known. However it is not known what is the exact reference
prior for the parameters of a skew ¢ distribution (Azzalini and Capitanio, 2003). The
above result suggests that this reference prior can be the same as the one derived in
Liseo and Loperfido (2006) for the scalar skew normal model (see also Bayes and
Branco, 2007, for a useful approximation).

2.2.2.3 The Degrees of Freedom of a Student ¢ Density

Here we consider an example of type B, where the distribution of the vector z actu-

ally depends on 0 and the conditional distribution of ¥ given z does not.
iid

Suppose Y1,...,Y, "~ St(0,1,v), that is for the sake of simplicity we assume
the location and scale parameters of the ¢ distribution are known and the object of
interest is the value of the degrees of freedom. It is well known that, in this case, Y;
can be represented as Y¥; = X;/\/Z; where X; is independent of Z;, X; ~N(0,1) and
Z; ~Ga(v/2,v/2). Using this representation, one can say that, fori=1,...,n,

Yi|Zi ~N(0,1/Z).

The augmented log-likelihood for the model is then

£(z,v)c+( )ZlogZ ZZYZJr—logEfnlogF( ) ZZ,,

where c is constant with respect to z and v. Now we consider the Fisher information
matrix with respect to the enlarged model, where the expected values will be taken
with respect the joint distribution of (¥,Z). Standard calculations show that

() -2 (v (2)-2)

2
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where y/'() is the Trigamma function, defined as the second derivative of the loga-
rithm of the Eulero Gamma function.

Following the approach in Section 2.2.1, the marginal reference prior for v is
then given by

a®Wyoe (111 /L))",

where 1, 5 is the lower right corner of the matrix /, relative to the vector parameter z.
The ratio of the two determinants can be evaluated as a special case of the following
theorem, which is stated without proof.

Theorem 2.2. Let (ay,az,...,a,), (by,ba,...,by) and c be all real numbers not
equal to zero. Suppose D is a symmetric (n+ 1) X (n+ 1) matrix with the following
structure

dy=c dj=dj=aj, j=2,....n+1,
dij=bj, j=2,...,n+1,

dij = 0, otherwise.
Then

|D|= cﬁb,- — 2 <a§]'[bk> : (2.2.9)
i=1

Jj=1 k#j
When aj = aand bj = b for all j, (2.2.9) simplifies to

| D |=b""(be —na?).

Then the ratio is equal to

1/|Iz,z|_n{y/’ (;)H vz(i”_(vl)(j)_z). (2.2.10)

The reference prior 7% (v) is then defined as the square root of the above quantity.
Now we study the asymptotic behavior of 7% (V). To this end, we recall one property
of the Trigamma function: for a — oo,

v(a)=a '+ 2a*) "+ (6a°) " +o(a ).

Then, for large values of v, (2.2.10) can be approximated by

v+2  2(v—4) >:0(v2),

I|/|Iz,z%n< vz vi(v=2)(v—1)

and the reference prior obtained in this way is improper. This result differs from the
one obtained, in the orthodox way, by Fonseca, Ferreira, and Migon (2008). Since
it is known that the likelihood function arising from an i.i.d. sample of ¢ observa-
tion approaches a constant as v — oo, our prior cannot be used. Although this is
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a negative result, we include it in this section as an example of a conjecture: our
approximate reference prior tends to be more diffuse than the orthodox ones. As a
consequence, when dealing with improper priors, one should always check whether
the use of the prior may lead to improper posterior distributions, as in this example.

2.2.2.4 Probit Model

Consider the standard probit model, where n independent Bernoulli r.v.’s (Y1,...,Y,)
are observed and, fori=1,...,n,
L[ o).
C0 1-@(xiB),

where x; and 3 are p-dimensional vectors of covariates and parameters.

Textbook Bayesian analysis (Rossi, Allenby, and McCulloch, 2005) of this model
is performed via the introduction of a latent variable Z; for each observation, in such
a way that

Zi:xgﬂ + &, & ~N(0,1),

1 Z>0
7= i >0,
0 Z<o0.

and

The augmented likelihood function f(y,z; 3) then factorizes into

fy.z| B)=f(yl2z)f(z]B) (2.2.11)
with

f(z| B) =T o(xp. 1),
i=1

where @(x;b,c) denotes the density of a normal random variable with mean b and
variance c, evaluated at x. The relation between the y;’s and the z;’s is then deter-
ministic:

n

v 12z,B) =TTl >0)(y;=1)+1(z <0)I(y;=0)].

i=1

From equation (2.2.11), this model belongs to case B and the reference prior for f3 is
given by (2.2.4). Simple calculations show that the extended Fisher matrix for (3, z)
is given by
X'X 2X’
I(ﬁ,Z) - ( 2X In > )

where X is the design matrix and I,, is the n-dimensional diagonal matrix. Since the
above matrix does not depend on f3 it is clear that the reference prior for 8 is then
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the flat prior
7 ) (B) e 1.

This prior has been used for many years, although it has not been derived as “the”
objective prior for the probit model.

2.2.3 The Case with Nuisance Parameters

In practice, one often use models with many nuisance parameters and our method
should be generalized to these situations. Suppose that 0 can be split into a vector
of parameters of interest and a vector A, consisting of nuisance parameters. In this
case, starting from the general expression of the model

Pz W, A) = g(viz, W, A)h(zsw, A),

different special situations can arise. In particular, we will discuss the following two
cases:

(C) g depends on y and & depends on A, that is

P,z W, A) =gz, W)h(zA); (2.2.12)

(D) g depends on A and & depends on v, that is
pn3 Y, A) =812, A)h(z ).

Consider first case C. Following in spirit the reference prior algorithm, one should
first derive the conditional prior for A | w and then the marginal prior for y. In
this case one starts taking ¥ as known. From (2.2.12) it is clear that, conditionally
on Y, we are back to case B of Section 2.2.1. Then it is possible to derive the
approximate reference prior for A (notice that this a marginal prior with respect to z
and a conditional prior with respect to y!), say £(®) (A | y). Now, one could ideally
integrate out A and obtain

7(z:9) = /hz?L J(A | w)dA

and use again the approach for case B in 2.2.1. However the above integral rarely
has a closed and simple form: then it might be preferable to consider z as a vector
of observations and derive the marginal prior for y as in the usual reference prior
algorithm. In this case one could start from the model p(y,z;A,y) and from the
conditional reference prior 7(®)(A | ), and directly apply the approach described
in Sun and Berger (1998).

Consider now case D: here the augmented model can be written as p(y,z; y,A) =
g(y;z,A)h(z; y). Taking v as fixed, one falls again in case A of Section 2.2.1; it is
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then easy to derive the conditional (on y and z) reference prior for A as

DA w) e [ 5 o).

In this case the use of the latent variables makes the observations y independent of
v (conditionally on z). Then the marginal reference prior for ¥ can be derived using
h(z; ) as the likelihood and the conditional reference prior for A as our partial prior
information.

Negative binomial regression example. The negative binomial regression model is
very popular when overdispersion is suspected in regression analysis for count data.
It is often expressed in hierarchical terms as follows: let (Y1, ...,Y,) be independent
Poisson r.v. with

E(Y,) =Ziexp{xj}, i=1,...n

For simplicity set u; = exp{x/f}. The overdispersion is introduced by assuming
that B
Zy,. . Zy A Gamma(9,9).
This way, while the unconditional mean of Y; is still 1;, the unconditional variance
is
Var(¥;) = p; (1 + 18 7").

The latent variable Z; will be then included in the augmented log-likelihood which
is then, up to an additive constant, equal to
n
0(1,8) =Y [—zi(1i+ 8) +yilog(zitt;) + 810g 8 —logI'(8) + (8 — 1)logz].
i=1

Simple calculations show that the Fisher matrix for (8, i) is of the form

with

and
c=n(y(8)-67");  a=—(8-1)"

Using Theorem 2.2, one can see that the conditional (on ) reference prior for J is

0—-2

1/2
R)(5|u)°<{nw’(5)— 5051y S (M5 -2)+5(6 - >}1} .

0’):
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Under the assumption of no covariates (1; = it = eP) the above expression simplifies
to

B 1/2
w3 ) {W(0) - 5 - 55y (W(B-2) 186 -1} |

Now we derive the marginal prior for  (or 8) under the simplifying assumption
of no covariates. To this end it is easier to work with the negative binomial model
with parameters (0, ) and directly apply the Sun and Berger approach, which is
based on (2.2.3) and (2.2.4). The log-likelihood is then

0o,u) = c:onst.—}-Zi [yilog‘ulj_a +510guig +logI'(yi+0) —logF(S)] .

Standard calculations show that the Fisher matrix in (8, i) is diagonal and

which depends on 8. Then the marginal prior for gt is

7®) (1) = exp (;/n(é | u)log{n“(ﬁré)}dé), (2.2.13)

which must be evaluated numerically for each value of 1. Notice that the use of this
approach avoids the explicit evaluation of the expected value of y'(Y + §) which
would be necessary under the regular reference prior algorithm for this model.

2.2.4 Conclusions

We have discussed a simple method to derive (approximate) reference priors when
the statistical model is expressed in terms of a latent structure. In many situations
the method produces the “orthodox” reference priors. In some cases, however, the
result is different and our conjecture is that the “true” reference prior is never more
vague than the one we obtain.

We start from the basic simple idea that the latent variables are turned into un-
known parameters and the Fisher information matrix has then the dimension of
(0,z). Consequently, the expected values of the likelihood function should be calcu-
lated with respected to the conditional distribution of Y given (6,z). In the Student ¢
example with an unknown number of degrees of freedom, we calculated the Fisher
matrix by taking expectation also with respect to Z. We did that just for computa-
tional reasons, since taking expectation only with respect to ¥ would produce messy
results.
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Our future work will be to establish, in terms of some probability metrics, a
distance between the proposed prior and the true reference prior. For example it will
be interesting to explore whether the priors we obtained are still matching priors.

2.3 Reference Priors for Empirical Likelihoods

Bertrand Clarke and Ao Yuan

Since Owen (1988, 1990, 1991), empirical likelihood (EL) techniques have gained
popularity largely because they incorporate information for parameter estimation
into a non-parametric context by constrained optimization. Despite extensive use
in the Frequentist context, EL has only recently come into use in Bayesian analy-
sis. Lazar (2003) observed that the properties of EL are in many respects similar to
those of parametric likelihoods and proposed ways they could be used in Bayesian
inference. She presented several simulations under different conditions to show the
effect of prior selection in ELs was much the same as in independence likelihoods.
Further similarities between ELs and parametric likelihoods have been delineated
in Yuan, Zheng, and Xu (2009). The implication of this is that reference priors for
ELs may behave similarly to the way reference priors in independence likelihoods
do. Specifically, they may give slightly narrower credibility sets than the normal
priors with large variances as studied in Lazar (2003). In econometrics, Moon and
Schorfheide (2004) used ELs for a Bayesian analysis by choosing priors that put
most of their mass on parameter values for which the moment constraint was ap-
proximately satisfied. Recently, Grendar and Judge (2009) established that ELs can
be regarded as a posterior mode in an asymptotic sense.

Here, our main contribution is the identification of reference priors for empirical
likelihood. This is important because, in principle, once a model and prior have been
chosen, the posterior is determined and Bayesian analysis can proceed computation-
ally. Indeed, automating prior selection — regardless of whether the resulting priors
are used to form credibility sets — can help with posterior exploration. We recall
that reference priors are merely one class of objective priors, see Liu and Ghosh
(2009) for a recent survey.

In the next section we briefly review the formulation of empirical likelihoods.
Then, in Section 2.3.2, we review the concept of reference priors for IID likeli-
hoods, set up the corresponding optimization problem for the EL, and quote a result
that will help us solve it. In Sections 2.3.3-2.3.5, we state our main results giving
asymptotic expansions for three distances between priors and posteriors obtained
from ELs and identify the reference priors they generate. In Section 2.3.6, we dis-
cuss the implications of our work.
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2.3.1 Empirical Likelihood

The basic formulation of EL as given by Owen (1988) can be expressed as in
Qin and Lawless (1994) and stated as follows. Let X" = (Xi,...,X,) be IID d-
dimensional random vectors with unknown distribution function F' and suppose the
g-dimensional parameter 0 = (91,...,64)’ is a functional value of F, i.e., there
is a function T so that T(F) = 6. Write x" = (x1,...,x,) to denote outcomes
of X" and x to denote outcomes of an individual random variable X. Suppose
that additional information linking 6 and F is available from a set of functions
2(x,0) = (g1(x,0),...,g-(x,0))" where r > g and E[g(X, 0)] = 0. The expectation
is taken in the distribution F = Fr taken to be true and it is assumed that the true 0,
Or satisfies T (Fr) = Or. Indeed, here we assume that 0 is identifiable with respect
to g, i.e., 0% # 0 implies E[g(X,0%)] # 0.

An expression for the EL can be given as follows. Let F' be a distribution function
varying over a class and consider the likelihood

L(F) = ﬁF({xl-}). 23.1)
i=1

Now, write w; = F({x;}) and w = (wy,...,w,). The EL is subject to the auxilliary
information constraints from g and achieves

n
max [ [wi subject to
w i—1 i

14

wi=1 and Zwig(xi, 0)=0.
- i=1

Lett = (11, ...,1,)" be the Lagrange multipliers corresponding to the constriant with
g(x, 0), then one can derive

I
B n l+t/g(xiae)

wi
and that 7 =1, (xy, ..., x,, 0) is determined by

C g(x,-76) _
2 14+7g(xi,8) " (32

i=1
Note that 7 = 0 satisfies (2.3.2), but then w; = 1 /n and the side information from g
does not enter the EL. So, we henceforth require ¢ # 0 to avoid trivality. Thus, the
empirical likelihood assumes the form

L 1

P (0 =T-———— =T [w:. 233

Note that even though the data is IID F, (2.3.3) does not in general factor into
a product of terms each depending on only one of the x;s. Thus, ELs are not in
general independence likelihoods (unlike (2.3.1) ) even though they may be regarded
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as identical. They are a generalization of IID to permit the dependence structure
induced by the constraint. Indeed, the data enter the constraint symmetrically so we
expect that they will remain symmetric in the empirical likelihood itself. Because of
this dependence, it is difficult to assign priors to ELs and so Bayesian analysis has
been limited. Our main contribution is the extension of objective Bayes methods to
the EL context by deriving reference priors for them.

2.3.2 Reference Priors

In a pair of seminal papers, Shannon (1948a, 1948b) gave an outline of the general
theory of communication. One of the basic ideas was to reinterpret the conditional
density given a parameter, or likelihood, as an “information theoretic channel.” The
idea is that 6 is a message drawn from a source distribution of messages, say IT
with density 7, and the sender wants to send a randomly chosen message 6 to a col-
lection of receivers. The receivers, however, do not receive 6 exactly. Each receiver
fori=1,...,n receives a noisy version of 0, say X; = x;, from which they want to
decode 6. The relationship between the 6 sent and the x received is given by p(x|6);
the difference between a channel and likelihood is that the channel is a conditional
density that will be used repeatedly (with both arguments redrawn), whereas a like-
lihood is a function of 0 for fixed x". Now, assume each of the n receivers receives
an x; independently of the rest, but they pool their x;s to decode 6. If this process
occurs many times, Shannon showed the rate of information transmission is

(X” 16)
1(0;X") // p(x"16)1 dx")u(de), 234
0)1og? T S ulariu@o). 34
(in nats per symbol sent) where 1 generically denotes a dominating measure for its
argument. The quantity in (2.3.4) is the (Shannon) mutual information. The natural
question is how large it can be. This is answered by maximizing over W to find the
maximal rate, the capacity of the channel p(:|-). The result is

Ieap(-) = arg max 1(0;X"),

the capacity achieving source distribution. Asymptotically in 7, Ibragimov and Has-
minsky (1973) showed Il.,, was Jeffreys prior for regular finite-dimensional para-
metric families.

Bernardo (1979) wrote

1(0,X") = EpD(n(-)[|7(-[X")),

where, for densities p and g with respect to a common dominating measure, the
relative entropy is

Dlplla) = | plo)tog ().
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That is, the capacity achieving source distribution is the prior that makes the asymp-
totic distance between a prior and its corresponding posterior as far apart as possible,
on average, in relative entropy. Bernardo (1979) also called I, a reference prior
on the grounds that it could be used as a prior, or more typically, used as a way to
assess the amount of information in a subjective prior.

We comment that reference prior results are asymptotic in n and we assume this
without further comment apart from noting that reference priors obtained for fixed
n are usually discrete, see Berger, Bernardo, and Mendoza (1989). Even so, Zhang
(1994) provided a convergence result ensuring the discrete priors converge to Jef-
freys prior for many regular parametric families.

Berger and Bernardo (1989) examined a conditional form of the Shannon mutual
information to identify

p(x"|6,y)
aremax/(0;X"|W) =ar max/rc 0ly)p(x*|0,y)lo
B[ (OXTRY) Zaremgx | HOWIPCEIO VI8 7o Calg yn(Bly (o)

p(dx")u(do)m(y)u(dy),

where (0,%¥) = (0y,...,0,,¥,...,'¥) and ¥ is a nuisance parameter. A proof for
regular finite-dimensional families can be found in Ghosh and Mukerjee (1992).
Further treatment of the multiparameter case can be found in Berger and Bernardo
(1992a, 1992b, 1992c). Sun and Berger (1998) examined conditional mutual infor-
mation further, and Clarke and Yuan (2004) gave a complete treatment.

Of recent interest is the work done by Ghosh, Mergel, and Liu (2009) and Liu
and Ghosh (2009) to obtain reference priors under alternative measures of distance.
They establish that Jeffreys prior is the reference prior for almost all members of
the power divergence family. The exception is the Chi-square distance for which the
prior turns out to be proportional to the fourth root of the determinant of the Fisher
information.

To be precise about the quantities we examine for the EL, write

() =m(x") = [ p(x'|6)(8)do,
where p(x"|0) is an in (2.3.3), giving posterior

0 "0
m(x")
Then, the relative entropy between 7(6|x") and 7(6) is

(6]
(6)

D(r(-]x")[|m(-)) = /E(GIX”)IOg de;

the Hellinger distance between 7(6|x") and 7(0) is

H(r( ), 1) = [(/7(6) ~ /x(6l))de:
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and the Chi-square distance between 7(0|x") and 7 (0) is

' - 2
2(m(-x"), = () :'/ (”(Gx”n)(e)n(e)) .

Here, we examine the expectation of the above three quantities, namely

En, D(r(-")[|7 (), Ew,H(x(x"),7(), and  En,x*(m(-"),7(-)).

These three distance measures have interpretations that may make them more or
less useful in a given setting. The relative entropy occurs in probabilistic coding
theory and usually represents an amount of information (in nats). The Chi-square
distance is familiar from goodness-of-fit testing (see Clarke and Sun, 1997; Hervé,
2007). The Hellinger distance originates from geometry in which the square root
converts a great circle on the unit sphere to a line segment in a plane. It can be
verified that as distances, ¥%(p,q) > D(p||q) > H(p,q) for any two densities p, ¢
for which they are defined.

Observe that m(x") is the Bayes action for estimating Py under relative entropy
ie.,

m(x") = argmin [ w(6)D(F5||Q)u(d6).

and the chain rule for relative entropy gives

n

6 11M,) 2 D(Po||Mi(-]X*1Y). (2.3.5)

However, under Hellinger distance the Bayes action for estimating of Py is
mn() = { [ w(0)p(10)"2u(a6)}” = argmin [ wl0)H (Pl [Qu(ao),
and under Chi-square distance the Bayes action for estimating Py is
mya() = [ w(8)p(]6)u(d6) = argmin [ w(6)1*(P5|Q)u(d6).

It is seen that neither is a probability (unless additional constraints are imposed) and
neither satisfies an additive risk condition like (2.3.5). This means that the reference
priors under Hellinger or Chi-square distance are not for the Bayes action and so
need not be least favorable. However, they do provide priors maximally changed on
average by the data.

Note that, to date, almost all reference prior work has been in the regular para-
metric family context. However, there are cases, such as EL, in which we do not
have a well-defined IID parametric likelihood. Indeed, as can be seen from (2.3.3),
the EL is stationary but not independent. However, the stationarity is close enough
to independence that MLEs are consistent and Laws of Large Numbers and Central
Limit Theorems hold.
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To see this more formally, define the following notation. Let 6 be the “true” pa-
rameter value for the observed data and assume 6 is in an open set whose closure is

compact. Write /;(0) = logw;(8) with first derivative denoted ll-(l)(O) =01;(0)/0d0

and second derivative denoted ll@ (6) =91;(0)/[0000’]. Next, consider the follow-
ing regularity conditions.

e RI. The constraint function has bounded moments, i.e., E||g(X,0)]|* < oo for
some o > 2.

e R2. The outer product matrix = E[g(X,0)g' (X, 0)] is positive definite.

e R3. The Jacobian matrix D = E[dg(X,0)/d0] is of rank r.

e R4. The norms ||g(x,0)|| and ||g’(x,0)g(x,0)|| are bounded by an integrable
function function G(x), in each neighborhood of 6.

e RS5. The prior 7(-) is continuous and the matrix A (8) = D'(8)Q~'(8)D(8) is
invertible.

e R6. The prior 7(-) and the ll.(z)(') fori=1,...,n are bounded.

Let 6, = argsup, log p(x"|6) denote the maximum empirical likelihood estimate
of 0. Then, we have the following asymptotic results which parallel the correspond-
ing results for regular IID likelihoods.

Theorem 2.3. Assume RI-R4. Then 0 is consistent and asymptotically normal with
asymptotic variance matrix A~'(0). That is,

0,— 0 as. and /n(6,—0) 2 N(O,AY).

Proof. See Yuan, Zheng, and Xu (2009).

2.3.3 Relative Entropy Reference Priors

Equipped with the EL setting of Section 2.3.1 and the reference prior formulation
of Section 2.3.2, we can now state the first of our main results.
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Theorem 2.4. Assume R1-R6. Then

E,, D(r(-|X")| |7 () = %logi — /n(@)log Mjrléz;|l/2d0+0(l)'

So, the reference prior for the EL under relative entropy is mi; (0) o< |[A~1(0)|'/%.

We comment that the proof of the asymptotic expression is a sequence of asymp-
totically valid approximations whose convergence identifies the leading terms. The
highest-order term depending on the prior is optimized in the usual way to give the
reference prior. The same comment applies to Theorems 2.5 and 2.6 below.

Proof. Recall /;(6) = logw;(0) and li(2)(0) = 0%1;(0)/(9006’') and consider the

limit of the mean of the ll-(z)

and Xu (2009), we have

s. As in the proofs of Theorem 1 and 2 in Yuan, Zheng,

1 1

wl0) = g - %{1 {8(6.0) + ¢ (1. 0)(x1,0)0(n " (loglogn)) }

0B, 0) +[lg(x, )l o(n Y/ (loglog(n)
+¢'(x1,0)g(xi,0)0(n~ ! (loglogn)) } (2.3.6)

-1
where B, = {%2?:1 8(xi,0)g (xi, 9)} i1 8(xi,0).
By using the Taylor expansion log(1+x) & x on (2.3.6) we get

1 1
=2 1i(6) = —logn—B, 3 (xi,0) + - leg xi,0)|[o(n~ "1/ (loglog(n))
i i=1
l n
- Y &' (xi,0)g(x:,0)0(n ! (loglogn)) + O(n™ ' loglogn). (2.3.7)
i=1

Taking second derivatives in (2.3.7) by using the product rule gives
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g {a:aze/(li“” w0) "}, et
Sl o) (it o)

1< ’ (1-1/e)
+ X 55g 180 O)llola (/) loglog(n)

1

1 82 ’ -1
+{;Z{mg (xi,G)g(xi,G)Jrl}O(n (loglogn))} (2.3.8)
By the strong law of large numbers, - Y>"  ¢(x;,0) — Eg(X,0) = 0 a.s., thus

for any 6, — 6 (P or a.s.), only the fourth term on the right of (2.3.8) above is
asymptotically non-zero. This gives

7211'(2)(6n)
ni=
01 | L 1 d 1
= ip{ g, 2w}, Semo o} {55, Tetno)
= —D'(0)Q71(6)D(0) =—A(8), (P or a.s.). (2.3.9)

We use (2.3.9) in the following Laplace expansion argument.
By a second order Taylor expansion in Lagrange form, we have

1 n
p(x"]6) —exp[Zl 0){ zl 0,) 1 ( e,,—e)}, (2.3.10)
where 6, is betwen é,, and 6. Similarly,

m(x") = / exp[Zl )+ n6 79){

So,

z ll<2>(en)}(én - 6)} de
(2.3.11)

p(x"|6) exp[ 0) {2t ( ) } (6 —9)]
g m(x") =log 1 A ‘
fn(a)exp[z o/ {4 51117(0)}(6, ~ o) do
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Let ¢(:|8,,A) be the g-dimensional normal density with mean 6, and covariance
matrix A. Now, for any 6 > 0,

[ st (106 (1 3 110)}6, - o]
_ L. L ) A
a Aa*éﬂ“ﬁan(a) P [En(en_a) {; Zliz (en)}(en — (X)] do
. 2
+'/Hafé,,\|>5 (o )Xp[ { Zl 6.) } (6, — )}doc. (2.3.12)

Write A,(6,)"! = —13n ) (6,), with 6, and 6, in the ball B(,,8) = {c :
lloe—6,|| < 8}. Then, the ﬁrst term on the right in (2.3.12) is

7(61,) /Hocfé s exp{ — %n(én _ a)’An—l(On)(én - a)}da

= 701w P A0 [ g(a0.1,)de
llf[<8v/n

7(0)(2m)?>n~ 92 A1 (0)]'/2, (2.3.13)

since 6 > 0 is arbitrary, by R6. To deal with the second term in (2.3.12), note that it
admits the bound

<fn/4)52HAnH/ i L XS @ nelae (23.14
B le/||>8/n () exp {4’1 {nzl (n)} ] ( )

i=1

with probability going to one, where o' = 6, — a, since A, converges to A. Doing
the normal integral in (2.3.14) gives a factor of order & (n"’/ 2) which is multiplied
by a factor of order exp[(—n82)||A,(6,)||]. The result is of lower order than the first
term in (2.3.12).

By Theorem 2.3, observe that ¥, = n(6, — 6)'A(0)(6, — 6) A xqz under p(x"|6).
Since Ey = q for & > 0, we can find M > 0 such that |E[}2I(x? < M)] —q| < .
Weak convergence gives E[Y,I(Y, < M)] — E[x71(x7 < M)]. Provided n(@—0)is
uniformly integrable in Py, uniformly for 6, we have E(Y,) — E( xqz) =gase—0.

Using (2.3.13) and (2.3.14) in (2.3.12) and the result from Theorem 2.3, we have

EnD(CX () = [ [ w(0)p(16) 10250 B d(o)ae

~ —/ x,,‘e{ (6, 0)'A(6)(6,~0) }ao
qlog——/ (6)log (6 )d@—f/n(9)10g|A_1(9)|d9

q 1/ —1
~ —f—i— loe— — [ w(0)logm(0)dO — = [ m(6)log|A do.
) og2 / (6)logm(0)dO 2 (6)log| (0)|d6
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2.3.4 Hellinger Reference Prior

Next, we state and prove the analogous result for the Hellinger distance.

Theorem 2.5. Assume R1-R6. Then

Ey,H(m(-[x"), ”('))
= u/mE[exn (322)] [14710)]Vx2(0 )d9+0(#).

So, the reference prior for the EL under the Hellinger metric is 7tj;(6) o< |A(8)|'/%.

Note that the reference prior under the Hellinger distance is the inverse of the
reference prior under the relative entropy.

Proof. It is easy to see that

EmnH(n(~|x"),7t(-)):2{l—/ n(@)\/m(x")p(x"\e)d/.t(x”)de}. (2.3.15)

Recalling (2.3.10) and (2.3.11) from the proof of Theorem 2.4, we set up a slight ex-

tension of Laplace’s method by expanding the prior to second order. Let (! (a) =
dn(a)/da and n?) (a)) = 9*w(at) /[doed '] and recall that [ o’ Acep (ex|0,1,)d o =
tr(A). Then, taking convergences in p(x"|0), we have

[r(@)ex En(én - oc)’{% gz,@(e,,)}(én ~a)|da
e
x [ {70+ (@ 8w (8) + 5 (0= 6,7 (02 (@~ 6,
* 9(0t]6,, A1 (8,) /n)dox
= r/m 1A @) [ {m(0)+ oA (072 (6002 6,)cr)
x ¢(a|0,1,)do

~ A (018 1+ e {A 1 (6) 5 O A 126

7(0)
~ r/n) A7 (6)] P r(6,) |1 + Zlntr{A'/”(e)”:zﬁj)A'/z(e)}}
~ (27 /n)9?|A71(0)]' 1 (6). (2.3.16)

The key term in (2.3.15) is

// 0)/m() p(]0)du (x")d6 — //,/ p(x"(0)du (¥")d6.
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So, using the square root of the ratio of (2.3.10) to (2.3.11), and (2.3.16) we have
that

[ [ =@ /mapriolaneyde ~ @x/m [ [1a )4 (0)
X exp{%n(én —0)A(6)(6,— 9)}p(x"|9)du(x")} de.

By Theorem 2.3, 6, — 6 a.s. and n(6, — 6)'A(6,)(6, — ) 2 x; under p(x"|0).
So, if the convergence of the exponent to xqz is uniform over 0, we get

| [w©)/mG)pCe0)au e do
1 _
~ r/mE [exp (322)] [ 1A71(6)]Vx2(0)de,
as claimed and
7*(0) :argmgn{/|A*1(e)\1/4n3/2(9)d9 subject to /n(e)de =1},
Using Lagrange multipliers and taking derivatives of [|A~1(0)|'/*7%/2(0)d6 —
A [ m(0)d6 with respect to 7(0) for fixed 6, we get

2 M@ #7'2(0)~ A =0, or n(6) = |A(6)]'"

2.3.5 Chi-square Reference Prior

The following result under the Chi-square distance is analogous to Clarke and Sun
(1997) and Ghosh, Mergel, and Liu (2009), however, the solution is hard to obtain
explicitly.

Theorem 2.6. Assume R1I-R6. Then
Emnxz(n(.“xn)7n<.)>
_ ()P 1 2 12 (4-2)/25(a+2)/2 a2
_(E> E[exp( E}@)]/M(G)\ d6 —n 2 T
7'[(2)(9)
n(6)

<E[exp (= 522)] [1a@) 2 {a" 0)

+0(n<Q*2)/2).

A’l/z(e)}d()

So, the reference prior for the EL under the Chi-square distance is
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() = agmin [ |A<e>|'/2rr[A'/2’<e>’ﬁ(§;°)ﬂ2<e>]de7

subject to [w(0)dO = 1.
Proof. As in Theorem 2.5, let 7(1)(8) = 97(0) /96 and n*) () = 9°7(6)/[062 6]

and recall that [ 6’A6¢(00,1,)d6 = tr(A). Now, when p(x"|0) defines the mode
of convergence, Taylor expanding gives

/n(a)exp En(énfa)'{
~ (2m/n)??|A71 (0)]'/
< [ {78+ (@ 8708 + 5 (0~ )2 (0r) (0~ )}
X ¢(0t|6,,A~1(0)/n)do
= (2r/n)?*|A71(0)]'/2
x /{ﬂ(én)-l—%a’/&"/z (B)E(I)(An)+Zl—noc’A*'/zl(0)ﬂ(2>(627,,)/\*'/2(6)a}
X ¢(a|0,1,)da
~ (27 /n)*| A1 (0)]'r(6) [1 + Zlntr{Al/zl(e)mAl/z(e)}]
2.3.17)

Using the inverse of (2.3.17), we have that E,, x*((-|x"), z(-)) equals

// xn|9 dp(x")de — 1

, exp[ { py 1l ( ) } (6, _9)]
= [ [=©®ie) : ~
(o) exp [jn G, —a)y{izn 1 (Bn)}(en—oc)}doc

X dpt (x")d6 — 1

n\q/2 1 s 71:<2>(0) _
~ G [ JROM[1- S o) Taran o)

3 1(6)}(8, ~ 0)| p(a" 0)dpa(v")d6 1
i=1

e
x/|A(6)\1/2{1—%tr{A‘1/2 (e)”n(g)/rlﬂ(e)}}de.
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2.3.6 Discussion

It is seen that the reference prior for ELs under Hellinger is based on the recip-
rocal of the reference prior under relative entropy and that these differ from the
reference prior under x> which is hard to obtain explicitly. This is somewhat dif-
ferent from the treatment given in Ghosh, Mergel, and Liu (2009) who obtained
the Jeffreys prior for all members of the power divergence family except the Chi-
square distance. Here, it is only in the relative entropy case that the reference
prior is based on the transformation that makes an efficient CAN estimator con-
verge to N(0,1,). Nevertheless, the role of Jeffreys prior is roughly analogous to
ATH(6) = (D'(0)27(0)D(6)) "

An examination of the proof of all three theorems reveals a common structure:
Approximate the ratio p(x"|0)/m(x") by a Laplace’s method argument, take a func-
tion of the density ratio, and examine its limiting expectation using standard results
and assumptions. Consequently, we conjecture that our basic technique extends to
any Csiszdr f-divergence, see Csiszar (1967), defined as D¢(p||q) = E,f(p/q) for
some convex f where p and ¢ are densities. The power divergence family (whose
members often play a role in goodness-of-fit testing) is contained in this class. Many
reference priors with different interpretations can be generated this way. Their di-
vergence from the least favorable priors outside the relative entropy case means
reference priors reflect a notion of minimal information rather than any decision-
theoretic concept.

Acknowledgments: Yuan’s works is partly supported by the National Center for Re-
search Resources by NIH grant 2G12RR003048.



Chapter 3

Bayesian Decision Based Estimation and
Predictive Inference

Shrinkage estimation is a traditional research topic in Bayesian analysis. The three
sections in this chapter convincingly argue that this venerable topic remains a cur-
rent research frontier with many open problems. The chapter starts with a review
of the current state of research and concludes with an insightful discussion of a
very specific form of shrinkage estimation arising in recent work on inference in
gene-environment interaction studies.

3.1 Bayesian Shrinkage Estimation

William E. Strawderman

This section gives a decision theoretic account of Bayesian shrinkage estima-
tion largely concentrating on multivariate normal location models with respect to
squared error loss. There is considerable emphasis on Stein-type shrinkage and
minimaxity in three and higher dimensions. Specifically, consider the problem of
estimating the mean, 0 of a p-dimensional multivariate normal distribution with
covariance matrix equal to a multiple of the identity,

X ~N,(8,0°1), (3.1.1)
and loss equal to the sum of squared errors loss
(0,d)=||d—6|> = Z(d;— 6,)°. (3.1.2)

Much of the paper will deal with this most simple version of the problem.

Section 3.1.1 is devoted to giving intuition into why shrinkage seems desirable
from both a frequentist and a Bayesian perspective. In particular, we show that a par-
ticular form of shrinkage estimator (the James-Stein estimator) (James and Stein,
1961) arises quite naturally from both frequentist and Bayesian perspectives and

M.-H. Chen et al. (eds.), Frontiers of Statistical Decision Making 69
and Bayesian Analysis, DOI 10.1007/978-1-4419-6944-6_3,
© Springer Science+Business Media, LLC 2010
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does not rely on normality of the underlying population. Section 3.1.2 is devoted to
the theory of minimax Bayesian shrinkage for the simplest model mentioned above
and lays the groundwork for results in more complex models. We give conditions
under which various forms of (empirical, generalized, hierarchical, and pseudo-)
Bayes estimators improve on the “usual” estimator X, which already has a nice col-
lection of associated optimality properties (such as minimaxity, best equivariance,
and best unbiasedness). Section 3.1.3 studies some of the details for the more com-
plex case of a general covariance matrix and general quadratic loss, and section
3.1.4 gives some concluding remarks. Much of the development follows Strawder-
man (2003).

3.1.1 Some Intuition into Shrinkage Estimation

Suppose we have a p-dimensional vector of data, X = (Xi,...,X,)’, such that
E[Xi] = 6;, and cov(X) = 61, where 6 is known. Suppose also that X has a known
density, f(x), with respect to Lebesgue measure (f(+) is not necessarily assumed to
be normal). Assume we want to estimate the mean vector, 6 = (6y,...,6,)" and that
the loss is equal to the sum of squared errors loss (L(6,d) = ||d — 0|[*).

The vector X is an obvious unbiased estimator of 6 that we will occasionally
refer to as the “usual” estimator. As a first frequentist pass at understanding why we
might want to shrink X, consider the class of linear estimators of the form bX. Is
there a best value for b? A simple calculation shows that the risk,

R(6,bX) = E[L(6,0X)] = E[|[bX — 6|]*) = pp*0” + (b 1)[|6]|,
and that the value which minimizes this expression is
b([[611%) = 11611/ (po? +16]*) = (1 - po/(po®+][6]]%).

Unfortunately this optimizing b depends on the unknown mean, so it does not seem
particularly useful. However, upon realizing that E[||X||?] = po? +|0||?, it appears
that we may estimate the optimal b by the quantity (1 — po?/||X||?), and hence the
optimal “estimator,” bX, by

8(X)=(1-pa?/|IX||)X. (3.1.3)

If “p” is replaced by “p —2” in (3.1.3), the resulting estimator is known as the
James-Stein estimator. One striking aspect of the above intuitive argument is that it
does not depend on an underlying assumption of normality.

There is an equally general empirical Bayes argument (see Strawderman, 1992)
that arrives at the same estimator. We assume the above model for X with density
f(x). Also assume that the prior distribution of 0 is given by (6) = f*(6), the n
fold convolution of f(-) with itself. Hence the prior distribution of 6 can be repre-
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sented as the distribution of a sum of # iid variables u;,i = 1,...,n, where each u is
distributed as f(u).

Also, the distribution of up = (X — ) has this same distribution and is indepen-
dent of each of the other u’s. Then the Bayes estimator can be represented as

ol

S(X)=E[6|X] = E[6|X — 6+ 0] = [zu

=l =0
and hence by exchangeability,
E|: n ) n_ j|
300 =t [u| ] = i O, 2 S
= n u; u,| = = =
& n+1 n+1 n+1’

or equivalently,
1
5(X) = E[6]X] = (1——)){
(%) = EloW] -
To find an empirical Bayes version of this estimator, suppose that n is unknown.
We may estimate it from the marginal distribution of X, which has the same dis-
tribution as X — 6 4+ 0 = ¥ u;. In particular, since E[u;] = 0 and cov(u;) = 6?1,

Elljul ) = po® and Eo[|IX|] = E || % Um o |Ju]]*] = (a+ 1)po?.

Therefore, n+ 1 can be estimated by ||X||?/po?. Substituting this estimator of n+ 1
in the expression for the Bayes estimator, we have an empirical Bayes estimator

§(X) = (1-pa®/|IX|1*)x

which is again (3.1.3), the James-Stein estimator save for the substitution of p for
p—2.

Recall again, that in both of the above developments, the only assumptions were
that Eg(X) = 6, and Cov(X)=0?1 (the assumption of a density, f(-), was just a
notational convenience to give the prior density as a convolution).

It seems worth remarking also that the above development is closely related to
a standard argument giving the James-Stein estimator as an Empirical Bayes esti-
mator in the normal case, except that in the above development, the variance of the
prior distribution is restricted to be an integer multiple of variance of the individ-
ual X’s. In the case of a normal distribution, the prior distribution has covariance
matrix 721, the resulting Bayes estimator is (1 — 62/(0? + 72))X. The marginal
distribution of X is p-variate normal with mean vector 0 and covariance matrix
(62 4+ 7%)I. Hence (based on the marginal distribution of X) the best unbiased esti-
mator of 1/(6? 4 12) is (p—2)/||X||*, and an empirical Bayes estimator is given
by (1 —(p—2)c?/||X||*)X, which is the classical James-Stein estimator.

The Stein-type estimator thus appears intuitively, at least, to be a reasonable es-
timator in a general location problem, as an approximation either to the best lin-
ear estimator or a conjugate prior Bayes estimator. We’ll show, in the next sec-
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tion, that the James-Stein estimator of the form (1 —ac?/||X||?>)X, is minimax for
0<a<2(p-—2),provided p > 3.

3.1.2 Some Theory for the Normal Case with Covariance 1

3.1.2.1 Minimaxity and Unbiased Estimators of Risk

In this section we indicate basic developments for the relatively simple case of a
normal distribution with covariance matrix equal to 61. We will develop this further
for more complex covariance structures in Section 4. We use the following notation,

Vig= 2V,~g,~, where V; =

ox;’

Consider model (3.1.1) with loss (3.1.2). Stein’s Lemma (Lemma 3.2) is a basic
tool in evaluating the risk function of a (nearly) general estimator when the loss
function is quadratic. A simple one dimensional version of the lemma is the follow-
ing whose proof is trivial by using integration by parts.

Lemma 3.1. Let X ~ N(6,0?) and let h(X) be a continuously differentiable func-
tion such that E[i' (X)) is finite. Then E[(X — 0)h(X)] = 6*E[l (X)].

The multivariate extension given next follows from a one variable at a time applica-
tion of Lemma 3.1 if stringent conditions are placed on h(-), but it follows under the
much weaker stated conditions using Stoke’s theorem. Stein’s (1981) development
does not use Stokes theorem but is essentially equivalent.

Lemma 3.2. Suppose X has distribution (3.1.1). If h : R — R? is an almost differ-
entiable function with Eg[V'h(X)] < s, then

Eol(X — 8)'h(X)] = 6°Eg[V'h(X)].

An expression for the risk function follows easily from this result.

Theorem 3.1. Suppose X ~ N,(0,02I), and consider the estimator §(X) = X +
ng(X) of 0 under loss (3.1.2). Assume g : R’ — RP is an almost differentiable
Sunction for which Eg[V'g(X)] < s, then

R(6,8) = po”+ 6*Eel||g(X)|* +2V'g(X)].

Proof. R(6,8) = Eo|[||X +0°g(X) — 0]]*] = Ep[||X — 0[] + 0*[|g(X) || + 20 (X —
0)'g(X)], and so, by using Lemma 3.2 on the final term,

R(6.8) = po’ + 0 Eol||(X)||> +2V'g(X)],

which completes the proof. )
The next result also follows immediately from the Theorem 3.1.
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Corollary 3.1. Under the conditions of Theorem 3.1,

(a)po? +o*(||g(X)||? +2V'g(X)) is the UMVUE of the risk function of (X), and

(b)A sufficient condition for 6(X), to dominate X (and hence be minimax) is that
llg(X)||> +2V'g(X) < 0 a.e., and that strict inequality hold on a set of positive
measure.

A very useful version of the result follows easily for estimators of Baranchik’s
(1964) form, which include the James-Stein class.

Corollary 3.2. Let X ~ N,(8,0°1)(p > 3), and §(X) = X + 02g(X) where g(X) =
2

- <r(||;(||2)> X, for r(-) a non-decreasing function such that 0 < r(-) <2(p—2), and

assume there is strict inequality on a set of positive measure. Then, for quadratic

loss (3.1.2), 6(X) has smaller risk than X and is thus minimax.

Proof. To prove this result, from Corollary 3.1, we need only show that [||g(X)]|* +

2V’g(X)] < 0. Notice that

8GO +2v"g(x) = |~ (- |;f(||2 )x|f ”V'(W)

Now

(X)X XD (X A(XIP)
¥ (S ) =2 -2 () 4 (T ) 220 28| T

since r(+) is a nondecreasing function. Further, since 0 < r(-) <2(p —2),

}’2 2 r 2
R - )

Thus

9

r 2 r 2
o)1 +2V'50x) < 20~ 280 (") 20— 2080 "] -

and the result follows, since the inequality is strict on a set of positive measure. O
If we take the function r(¢) = a, then the estimator is a James-Stein type estimator
and is seen to be minimax for 0 < a < 2(p —2). A closer look at the proof for this
case also gives the risk (since 7 (¢) is 0) as po? +a(a—2(p—2))c*Eg[1/]|X|[?], and
hence a = (p — 2) is the uniformly best choice (since a = (p —2) minimizes a(a —
2(p—2))). Further, a simple calculation, shows that the risk at 8 = 0, is equal to
26 (compared to po? for the estimator X) regardless of the dimension, p, provided
that p > 3. Hence a substantial savings in risk is possible in a neighborhood of 0.
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3.1.2.2 Bayes Minimax Shrinkage Estimators

Under the model (3.1.1) and loss (3.1.2), a (generalized) Bayes estimator with re-
spect to a prior distribution 7(6) on 6 is given by the posterior expectation of
0,E[0]X], which has the following representation:

8(X) =E[0]X] =X +0”E[(6 — X)/0?(X] = X + 07g(X),
where g(X) is given by

_ J{(6=X)/0?}exp{—(x—6)*/26°}7(6)d6

(%) Texp{—(x— 012/202}7(0)d0

= Vm(X)/m(X),

and m(X) = [exp{—(x—0)?/206%}7(0)d6/(2mc)P/? is the marginal distribution
of X.
We will variously refer to such estimators of the form

5(X) =X+ 0*Vm(X)/m(X) (3.1.4)

as (proper) Bayes, or generalized Bayes according as m(X) arises from a proper or
generalized prior 77(6). We will use the term Pseudo-Bayes (see, e.g., Bock, 1988)
if the function m(X) is (weakly) differentiable, but may not be the marginal corre-
sponding to any (proper or generalized) prior distribution. For example, the James-
Stein type estimators are Pseudo-Bayes in this sense, corresponding to m(X) =
|X||~2¢, where a = (p —2)/2 corresponds to the James-Stein estimator itself.

The next result is a basic minimaxity result for such estimators.

Theorem 3.2. Suppose X ~ N,(0,02I), and consider the estimator (3.1.4) of 6
under loss (3.1.2). The risk function (provided E|[||g(X)||?] < o) is given by

2m(X)V2m(X) —|[Vm(X)||*
(m(X))?

V2 (m(X))'/?

= pol+46°E
R Y PTOVITE:

R(0,8)=po*+c'E

The proof of the first expression is a straightforward application of Theorem 3.1 to
the estimator of the form (3.1.4). The second expression follows from the first by
direct calculation.

An immediate and useful corollary is the following.

Corollary 3.3. An estimator of finite risk of the form (3.1.4) is minimax (and domi-
nates X ) provided either

(a)m(X) is superharmonic (i.e., V>m(X) < 0) (and strictly superharmonic on a set
of positive measure),

(b)m(X) 12 s superharmonic (and strictly superharmonic on a set of positive mea-
sure), or

(c)If the estimator is generalized Bayes and m(0) is superharmonic (and strictly
superharmonic on a set of positive measure).
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Further, (c) implies (a) implies (D).

Proof. The proof of (a) and (b), as well as the implication that (a) implies (b), is
immediate from Theorem 3.2. Also the proof of (c), and that (c) implies (a), follows
from the fact that the average of superharmonic functions is superharmonic (m(X)
is the average of 7(6) with respect to a N,,(X, 6%I) distribution). O

It is interesting to note that estimators of the James-Stein type (corresponding to
m(X) = ||X||72) are shown to be minimax for 0 < a < (p —2) using part (a), and
for 0 < a < 2(p—2) using part (b). This follows since, as can easily be checked,
m(X) = ||X||72“ is superharmonic for 0 < a < (p —2). Hence part (b), although
more complicated, is substantially more powerful than part (a).

Incidentally, the inclusion of @ = 0 in the range of values for minimaxity is jus-
tified since a = O corresponds to the estimator X itself, which is minimax, but of
course does not (strictly) dominate itself. Interestingly, the same holds true of the
inclusion of @ = 2(p —2) for minimaxity, but not domination over X. This is so since
X and the James-Stein estimator with a = 2(p — 2) have the same risk function (e.g.,
see the discussion after Corollary 3.2).

While Theorem 3.2 gives a quite general result for minimaxity of Bayes estima-
tors, it is sometimes (often) more convenient to use Corollary 3.2 directly to prove
minimaxity of (generalized, proper, or pseudo-) Bayes estimators. As an example,
consider the following class of hierarchical generalized and proper Bayes minimax
estimators.

Example 3.1. (Strawderman, 1971). Suppose the prior distribution has the two
stage prior.

First stage: 0|4 ~ N,(0,{(1—21)/A}o?I);
Second stage: A ~ (14+b)AY for0 < A < 1.

The proper (if b > —1) or generalized Bayes estimator is given by
8x(X) = E(6]X) = E[E(0]X, 2)|X] = {1 — E(AX)}X.

The second equality follows since the first stage conditional distribution of 6
given X and A is N,,((1 —2)X, (1 — A)o?I) by a standard conjugate Bayes calcula-
tion. A direct way to calculate the Bayes estimator 0, (X) is to use the expression
(3.1.4).

Note that the distribution of X conditional on A is equal to the distribution of (X —

2
6) + 6 conditional on A or N, (0(c2/A)I). Hence m(x) o< [, A b exp{—%}dl,
and so
1,2 Allx]?
Vm(x) [ oo E+0+ exp(— 21 )dA X GLS)
m(X) szolngrbexp(—le!z)d?L

20

onX)=X+o0

The following result gives the conditions under which the above Bayes estimator is
minimax.
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Theorem 3.3. (a) For p > 3 the estimator (3.1.5) is generalized Bayes and minimax
provided 7@ <b< (P—;(’). (b) For p > 5 the estimator (3.1.5) is proper Bayes
and minimax provided —1 < b < @.

Proof. The estimator (3.1.5) is of the Baranchik form as in Corollary 3.2 with

I ATt exp (- —/12”;!2 )dA
fol A5+b exp ( - —g“ﬂz )dl

r(1XI1?) = (||X|2/62){

Note that p/2+b > —1 is required for the integrals to exist, and that this is the first
inequality in part (a), i.e., is a condition for the estimator to be generalized Bayes.
Note too, that the first inequality in part (b) is the condition for the estimator to be
proper Bayes.

Integration by parts in the numerator gives

Zexp(f M)

202
4 2
Jo A5 Pexp (—22F)an
2
1 A5t exp { % +da

r(||IX|*)=p+2+2b—

— p+2+2b—

It is apparent that »(¢) < (p+ 2+ 2b) and is non increasing. Hence the estimator
(3.1.5) is minimax by Corollary 3.2 provided 0 < p+2+2b < 2(p —2), which is
equivalent to the second inequality in both (a) and (b). Also, the inequality in (a)
requires that p > 3 and in (b), that p > 5. This completes the proof. O

Strawderman (1972) showed that no proper Bayes minimax estimators exist for
p < 5. The following result extends the above class of Bayes minimax estimators to
include shrinkage functions that are not necessarily monotone. It is essentially the
main result in Fourdrinier, Strawderman, and Wells (1998) (FSW).

Theorem 3.4. Suppose 0 has a prior distribution with the following hierarchical
structure: 0| ~ N,(0,0%(1 —A)A ") and, A ~ h(1),0 < A < 1. Then \/m(X)

is superharmonic (and hence 6r1(X) is minimax) provided h(A) satisfies ’l:(%”) =

01 (L) + (), where £y (A) < A is nonincreasing in A, 0 < £(A) < B, 1A+B <
("]4;6), limy g AP/2h(A) =0, andlim;__ h (1) < oo. Further, the estimator is proper
Bayes if h() is integrable.

An interesting and useful class of priors to which this result applies are certain
scaled multivariate-¢ priors. See FSW for the proof and further examples.

George (1986a) studied multiple shrinkage estimators, for example, estimators
for which there are several possible points v;,i = 1,2, ...k, towards which to shrink.
The goal is to shrink “adaptively” toward one of the points so that the resulting
procedure will be minimax. Again, using the fact that mixtures of superharmonic
functions are superharmonic the following version of one of George’s results follows

immediately from Corollary 3.3.
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Theorem 3.5. Suppose 1y (0), o € A, is a collection of superharmonic (general-
ized) priors with corresponding marginals my(X). Let A(a) be any finite mixing
distribution on o € A. Then

(a)m(0) = [ 7 (0)h(at)do is superharmonic with corresponding superharmonic
marginal m(x) = [mq(X)h(ct)do.

(b)The resulting generalized (or pseudo-, if my(X) are given but don’t correspond
to a prior) Bayes estimator is minimax.

Example 3.2. Suppose v;,i = 1,2,...k are vectors in R”, and m;(X) = ﬁ for

X —vi
k

0<b<(p—2)/2. Let m(X) = % > m;(X). Then m;(X) and m(X) are superhar-
i=1

monic and the resulting pseudo-Bayes estimator given by

260255 {(X =) /IIX — vil )
5 (/1% —vilP?)

is minimax. This estimator “adaptively” shrinks X toward the “closest” v; or alter-
natively, 8,,(X) is a weighted combination of James-Stein like estimators shrinking
toward the v; with greater weights 1/||X — v;||*” put on the v; closest to X. While
this estimator is pseudo-Bayes, a similar generalized Bayes is easily given whereby
7(60) = TX(1/[10 — vil®) and 0 < b < (p—2) /2.

It is interesting to note that the result as given is confined to priors or marginals
which are superharmonic (0 < b < (p—2)/2), and not “square-root” superharmonic
(0 < b < p—2). This is because it need not be that a mixture of square-root super-
harmonic functions is itself square root superharmonic. As FSW show, a superhar-
monic marginal or prior cannot be proper, and hence the above result doesn’t apply
to mixtures of proper priors.

Su(X) =X

3.1.3 Results for Known X and General Quadratic Loss

3.1.3.1 Results for the Diagonal Case

Much of this section is based on the discussion in Strawderman (2003). We begin
with a discussion of the multivariate normal case where X is diagonal. Let

X ~N,(6,%), (3.1.6)

where X is diagonal, X = diag(c?,...,03

) and loss equal to a weighted sum of
squared errors loss

L(6,8)=(6—0)D(5—0)=X(5—6,)%d; (3.1.7)
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The results of the previous section extend by the use of Stein’s Lemma in a straight-
forward way to give the following basic theorem.
Theorem 3.6. Let X have the distribution (3.1.6) and let the loss be given by (3.1.7).

()If 8(X) =X + Xg(X), where g(X) is weakly differentiable and E||g||> < o, then
the risk of & is

R(8,0) = Eq[(5 — 0)/0(5 — 0)] = tr(ED) + Eo [i ot di{ 2 (X) +28§§f) H
=1 i

(b)If 0 ~ 1t(0), then the Bayes estimator of 0 is opp(X) =X+ X ang(x))
is the marginal distribution of X.
(c)If 0 ~ 1(0), then the risk of a proper (generalized, pseudo-) Bayes estimator of

the form 6,,(X) =X —|—ZV’11"<'%> is given by

, where m(X)

i 92X; B
m*(X) m?(X)

Ele O';‘d,'azy/ m(X)/&zX,}

2
m(0XL ot 3 ot (L)
R(0n,0) =tr(XD)+Ey 1

— tr(ED) +4Eq {

p 4792 / 2y,
(d)If 221 d%(x)/ IX; is non-positive, the proper (generalized, pseudo-) Bayes
m

Om(X) is minimax.

The proof follows closely that of corresponding results in Section 3. The result
is basically from Stein (1981).

A key observation that allows us to construct Bayes minimax procedures for this
situation, based on the procedures for the case ¥ = D = I, is the following.
Lemma 3.3. Suppose 1(X) is such that V’1n(X) = 37 ,9°1(X)/9*X? <0 (i.e.
N(X) is superharmonic) then n*(X) = n(Z~'D~1/2X) is such that

P
Y o}did*n*(X)/9°X; < 0.
i=1

The proof is a straightforward calculation. Details can be found in Strawderman
(2003).

Note, also, that for any scalar, a, if 1(X) is superharmonic, then so is 1(aX).
This all leads to the following main result.

Theorem 3.7. Suppose X has distribution (3.1.6) and loss is given by (3.1.7).

(a)Suppose \/m(X) is superharmonic (m(X) is a proper, generalized, or pseudo-
marginal for the case ¥ = D =1). Then
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BulX) =X+ 5 (V’"(Z“D_” 2X>>

m(Z-1D"1/2X)

is a minimax estimator.

(b)If \/m(||X||?) is spherically symmetric and superharmonic, then

2m/ (X' 27D 11 X) D1 21X
m(X'E-1D-1x-1X)

Su(X) =X +

is minimax.

(c)Suppose m(0) has the hierarchical structure 0|\ ~ N,(0,A; ) for A ~h(A), 0 <
A <1, where A = (¢/A)XDX — X and c is such that A, is positive definite and
h(A) satisfies the conditions Theorem 3.3. Then

Vm(X)

Si(X)=X+3X

is minimax.
(d)Suppose m;(X), i = 1,2,...,k, are superharmonic, then the multiple shrinkage
estimator

>k Vm(Z7'D71/2X) }
S mi(E2-1D712X)

is a minimax multiple shrinkage estimator.

5m(x):x+z{

Proof.

(a) This follows directly from Theorem 3.6 parts (c) and (d) and Lemma 3.3.

(b)This follows from part (a) and Theorem 3.6 part (b) with a straightforward cal-
culation.

(c)First note that 6|4 ~ N,(0,A;) and X — 6|1 ~ N,(0,X). Thus, X — 6 and 6
are therefore conditionally independent given A. Hence X|A ~ N, (0,4, +X). It
follows that

1

m(X) e /0 ArPexp{ - %(X’E’ID*‘Z"X)}h(k)dk
but m(X) = n(X’Z-'D7'X71X /c), where \/n(X'X) is superharmonic by The-
orem 3.4. Hence by part (b) 0, (X) is minimax (and proper or generalized Bayes
depending on whether k(A1) is integrable or not).

(d)Since superharmonicity of 17(X) implies that of /1 (X), part (d) follows from
part (a) and superharmonicity of mixtures of superharmonic functions. O

Example 3.3. Pseudo-Bayes minimax estimators. When X = D = ¢/, we saw in
Section 3.1.2 that by choosing m(X) = W, the pseudo-Bayes estimator was the

|

_ 2bo?
2

X1

of Theorem 3.7 that m(X’X~'D~'2~1X) = (1/X’Z~'D~'2~1X)? has associated

James-Stein estimator &,,(X) = ( )X. It now follows from this and part (b)
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2bD" 13!

— WX . This estimator is

with it the pseudo-Bayes estimator 6, (X) = (1
minimax for 0 < b <2(p—2).

Example 3.4. Hierarchical proper Bayes minimax estimator. As suggested by
Berger (1976) suppose the prior distribution has the hierarchical structure 6|4 ~
N,(0,A;), where A; = cEDX — X, ¢ > 1/min(0?d;) and h(1) = (1+b)A>, 0 <
A<lfor—1<b< @2;6). The resulting proper Bayes estimator will be minimax
for p > 5 by Theorem 3.7 part (c) and Example 3.1. For p > 3 the estimator 0z (X)

. . . . .. . (p+2)
given in part (c) of Theorem 3.7 is a generalized Bayes minimax provided — FT <

b< 228
="
It can be shown to be admissible if the lower bound is replaced by —2, by the
results of Brown (1971) (See also Berger and Strawderman (1996) and Kubokawa
and Strawderman (2007)).

Example 3.5. Multiple shrinkage minimax estimator. It follows from Example
b

3.3 and Theorem 3.7 that m(X) = Y%, { (va,-)/zflblflzfl e }" satisfies the con-

ditions of Theorem 3.7 (d) for 0 < b < (p —2)/2 and hence that

w35 (D72 X)X vy D E (X - v

S {11 —vyz D2 (X - v}

Su(X) =X

is a minimax multiple shrinkage (pseudo-Bayes) estimator.
If, as in Example 3.2, we used the generalized prior
L 1

b
ZOEDY { (0—v,)’Z-'D-1X-1(6 —v;) } ’

i=1

the resulting generalized Bayes (as opposed to pseudo-Bayes) estimators would be
minimax for 0 < b < (p—2)/2.

3.1.3.2 General X and General Quadratic Loss

Here we generalize the above results to the case of
X ~N,(6,2), (3.1.8)
where X is a general positive definite covariance matrix, and
L(6,6)=(6—-6)0(56-9), (3.1.9)

where Q is a general positive definite matrix. We will see that this case can be
reduced to the canonical form ¥ =1 and Q = diag(di,d> . ....d,) = D. We continue
to follow the development in Strawderman (2003).
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The following well known fact will be used repeatedly to obtain the desired gen-
eralization.

Lemma 3.4. For any pair of positive definite matrices, X and Q, there exits a non-
singular matrix A such that AXA" = I and (A")~'QA~! = D where D is diagonal.

Using this fact we can now present the canonical form of the estimation problem.

Theorem 3.8. Let X ~ N,(0,X) and suppose that the loss is L1(8,0) = (0 —
0)'Q(6 — 6). Let A and D be as in Lemma 3.4, and let Y = AX ~ N, (v,I), where
v=A0, and L,(8,v) = (6 —v)'D(8 — ).

(a)If 01(X) is an estimator with risk function R1(8,0) = EgL,(0,(X),0), then
the estimator &(Y) = A8 (A'Y) has risk function Ry(&,v) = R1(81,0) =
EgLy(6,(Y),v).

(b)81(X) is proper or generalized Bayes with respect to the proper prior distribu-
tion 1 (0) (or pseudo-Bayes with respect to the pseudo-marginal m) (X)) under
loss Ly if and only if 8,(Y) = A8 (A~'Y) is proper or generalized Bayes with re-
spect to m(v) = w1 (A~'v) (or pseudo-Bayes with respect to the pseudo-marginal
my(Y) =m(A7'Y)).

(c)01(X) is admissible (or minimax or dominates 6; (X)) under Ly if and only if
8 (Y)=A81(A™Y) is admissible (or minimax or dominates 85 (Y) =A8; (A~'Y)
under L, ).

Proof.

(a) The risk function

Ry(62,v) = EgLa[63(Y),v] = Ep[(82(Y) —v)'D(8:(Y) —v)]
= Eg[{A1(A™' (AX)) — A6} D{AS (A™' (AX)) —A6}]
= Eg[(61(X) — 6)'A’DA(81(X) - 6)]
= Eg[(8:(X) — 0)'Q(81(X) — 0)] =R, (61,6).

(b)The Bayes estimator for any quadratic loss is the posterior mean. Hence, since
0 ~ m(6)and v=A0 ~ m(v) = m; (A~'v) (ignoring constants) then

&(Y) = E[|Y] = E[A0]Y] = E[AQ]AX] = AE[0]X] = A 8 (X) = A8, (A"'Y).

(c) This follows directly from part (a). O

Note: If X1/2 is the positive definite square root of £ and A = PX~'/2 where P is
orthogonal and diagonalizes £'/2QX!/2, then this A and D = PX'/2QX'/2P’ satisfy
the requirements of the theorem.

Example 3.6. Proceeding as we did in Example 3.3 and applying Theorem 3.8,
m(XIZ_lQ_IE_IX) — (X/Z_IQ_IE_IX)_b

has associated with it, for 0 < b < 2(p —2), the pseudo-Bayes minimax James-Stein
estimators is
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26071z
a0~ f1- 2221y

( ) X/ElelefIX
Generalizations of Example 3.4 to hierarchical Bayes minimax estimators and

Example 3.5 to multiple shrinkage estimators are straightforward. We omit the de-
tails.

3.1.4 Conclusion and Extensions

I have attempted to present a development of much of what is known regarding
Bayes minimax estimation of the mean vector of a multivariate normal mean vector
under quadratic loss when the covariance is known. The presentation is designed to
highlight the essential fact that the basic case is that of the identity covariance matrix
and diagonal loss, and that general results flow with relative ease from that case. The
approach has been more decision theoretic than purely Bayesian and puts substantial
emphasis on minimaxity and Stein estimation. It has followed fairly closely the
development in Strawderman (2003) (see also Brandwein and Strawderman, 2005).

Below are some of the areas we have not covered together with a few references
that contain additional related references so that the interested reader may learn
more.

The unknown covariance case. Strawderman (1973) found proper Bayes minimax
estimators for the multivariate normal case when X~ = 62/ (62 unknown) and the
loss is scaled squared error loss. Berger et al. (1977), Gleser (1979), and Lin and Tsai
(1973) found minimax Stein-like estimators for the case of completely unknown X
and general quadratic loss. See also Maruyama and Strawderman (2005).

The non-normal location vector case. Strawderman (1974) developed Baranchik-
type and also generalized Bayes minimax estimators of the mean vector of a scale
mixture of multivariate normal distributions under squared error loss. Brandwein
and Strawderman (1978) and Brandwein (1979) gave Baranchik-type minimax esti-
mators for spherically symmetric unimodal and spherically symmetric distributions
respectively under squared error loss. Berger (1975) also gave similar results but
with different methods of proof in the spherically symmetric case. See also Shi-
nozaki (1984), Brandwein and Strawderman (1991), Cellier and Fourdrinier (1995),
Fourdrinier and Strawderman (1996), Maruyama (2003a and 2003b), Fourdrinier,
Kortbi, and Strawderman (2008), and Fourdrinier and Strawderman (2008).

Non-quadratic loss. Brandwein and Strawderman (1978) gave minimax Baranchik-
type estimators for spherically symmetric distributions when the loss function is
a concave function of quadratic loss. Hwang and Casella (1982) and Casella and
Hwang (1983) gave shrinkage based confidence sets.

Admissibility. Brown (1966) establishes admissibility (for p < 3) and inadmissibil-
ity conditions (for p > 3), for the best equivariant estimator of a location parameter
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under a very general loss function. Brown (1971) gave conditions on the prior dis-
tribution under which a Bayes estimator is admissible or inadmissible for the known
covariance, quadratic loss case. See also Berger and Strawderman (1996), Berger,
Strawderman, and Tang (2005), and Kubokawa and Strawderman (2007).

Non-location problems. See Clevensen and Zidek (1975) for Bayes minimax
shrinkage estimators for several Poisson parameters, Berger (1980) for estimation of
multiple Gamma scale parameters, and Tsui (1979) and Hwang (1982) for discrete
exponential families.

3.2 Bayesian Predictive Density Estimation

Edward 1. George and Xinyi Xu

Predictive analysis, which extracts information from historical and current data to
predict future trends and behavior patterns, is one of the most fundamental and
important areas in statistics. Of the many possible forms a prediction can take, the
richest is a predictive density, a probability distribution over all possible outcomes.
Such a comprehensive description of future uncertainty opens the door to sharper
risk assessment and better decision making. The statistical challenge of course is
how to estimate an unknown predictive density from historical or current data. For
this purpose, the Bayesian approach of introducing a prior on the unknowns provides
a natural and immediate answer. For example, suppose we observe data X ~ p(x|0)
with unknown parameter 6 and wish to predict Y ~ p(y|0). Given a prior 7 on 0, it
follows from purely probabilistic considerations that a natural estimate of p(y|0) is
the predictive density

prlrl0) = [ p(r16)x(6lx)db. (321)

where 7(6|x) is the posterior distribution of 6. The sheer generality of this formula-
tion provides a systematic approach to estimating p(y|0) in a wide variety of setups.
For instance, in subsequent sections we will illustrate how such predictive density
estimates can borrow strength by combining information across dimensions in a
multivariate setting and how they can adapt under model uncertainty in a regression
setup. Furthermore, modern developments in numerical and simulation methods,
such as Markov Chain Monte Carlo, and the rapid growth in computing power have
unleashed the potential of these Bayesian predictive methods even in rather compli-
cated settings.

Although a subjective Bayesian would find the predictive formulation above to
be compelling, a skeptical frequentist might wonder how one should go about se-
lecting a “good” prior or, for that matter, why should one even restrict attention to
a Bayesian predictive density in the first place. At it turns out, these questions can
be answered within a statistical decision theory framework, at least for certain for-
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mulations. In such a framework, the performance potential of a density estimator
p(y|x) of p(y|0) is evaluated by a loss L(p, p) which is typically averaged over x or
0 or both (Berger, 1985). An appealing loss function here is the Kullback-Leibler
(KL) or entropy loss,

N p(y0)
L(p.p) = [ plyi0)log R (3.22)

which when averaged with respect to p(x|0) leads to a measure of average long run
performance, the KL risk criterion

Re(p.p) = [ pIOIL(p, ). (323)

Aitchison (1990) noted that the KL loss is coherent here in the sense that for a
given 7(0), the Bayes rule under Rgz(p, p) is pr(y|x), a property not shared for
example by the symmetrized KL loss. For further discussion of the many attractive
properties of KL loss, including considerations of information theory, proper local
scoring and invariance, see Bernardo and Smith (1994) and the references therein.
A more general class of loss functions, the divergence losses, have been considered
for prediction in Ghosh, Mergel, and Datta (2008).

A traditional approach to predictive density estimation has been to substitute an
estimator 6 for 6 and then use p(y|x) = p(y|6). Although appealing in its simplic-
ity, this commonly used “plug-in” approach has been shown by many to often lead
to inferior predictive density estimators (Aitchison, 1975; Levy and Perng, 1986;
Geisser, 1993; Komaki, 1996; Barberis, 2000; Tanaka and Komaki, 2005; Tanaka,
2006). In particular, Aitchison (1975) showed that maximum likelihood plug-in den-
sity estimators for Gamma models and for normal models are uniformly dominated
under Rk (p, p) by Bayesian predictive estimators based on flat priors (7(6) = 1).
Intuitively, the problem with plug-in estimators is that they ignore the uncertainty
about 0 by treating it as if were known and equal to 6. In contrast, the Bayesian
approach directly addresses this parameter uncertainty by margining out 6 with re-
spect to a prior distribution, thereby incorporating it into the density estimator.

We note in passing that for plug-in estimators, KL predictive risk is closely re-
lated to squared error estimation risk since by a Taylor expansion

Rke(p(v]0),p(3160)) ~ —~E(6 — 6)*, (3.2.4)

where 1(6) is the Fisher information. However, for Bayesian predictive estimators,
this simple relationship does not hold. In fact, a Bayes rule does not necessarily
belong to the class {p(y|0) : 6 € RP}, i.e., pr(y]x) does not correspond to a “plug-
in” estimator for 6, although under suitable conditions on 7, pr(y|x) — p(y|0) as
the sample size n — oo. Interestingly, as will be described in the next section, for
Bayesian predictive densities under the multivariate normal model, there is a direct
relationship between the KL predictive risk and the squared error estimation risk, a
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connection that was established using Stein’s unbiased estimate of risk in George,
Liang, and Xu (2006).

The main challenge for the implementation of the Bayesian predictive approach
is the choice of an appropriate prior &. Ideally, such a choice would be guided by
meaningful subjective information. However, such information is often not avail-
able, especially in complicated problems with many unknown parameters. As noted
by Liang et al. (2008), “Subjective elicitation of priors for model-specific coeffi-
cients is often precluded, particularly in high-dimensional model spaces, such as in
nonparametric regression using spline and wavelet bases. Thus, it is often necessary
to resort to specification of priors using some formal method (Kass and Wasserman,
1995; Berger and Pericchi, 2001).” Perhaps the simplest such “objective” approach
is to attempt to reduce prior influence by using a diffuse prior such as a flat prior.
Although such priors may yield reasonable procedures in low dimensional settings,
such priors can also lead to inadequate predictive estimators, especially in high di-
mensional settings (see, e.g., Jeffreys, 1961; Berger and Bernardo, 1989).

Ultimately, a criterion such as the KL risk function described above provides
a statistical decision theory framework in which the performance properties of
Bayesian predictive densities can be compared and evaluated. Recent work using
this approach has been fruitful for a number of high dimensional problems. In par-
ticular, work by Komaki (2001), Liang and Barron (2004), George, Liang, and Xu
(2006), and Brown, George, and Xu (2008) has established conditions for minimax-
ity and admissibility as well as complete class results for Bayesian predictive density
estimators in the fundamental multivariate normal setup. For distributions beyond
the normal, new KL risk results for Bayesian predictive densities have been devel-
oped by Aslan (2006), Hartigan (1998), Komaki (1996, 2001, 2004), and Sweeting,
Datta, and Ghosh (2006). In the following sections, we begin by describing the
multivariate normal results in more detail, showing how they lead to uniformly im-
proved Bayesian predictive density estimators over those based on uniform priors.
We then proceed to describe how these results can be extended to the linear regres-
sion setting. After a simulated illustration of the potential of some of these Bayesian
predictive estimators, we conclude with a discussion of directions for future research
in this area.

3.2.1 Prediction for the Multivariate Normal Distribution

We now focus exclusively on predictive density estimation for the multivariate
normal distribution, the centerpiece of parametric models. For this setup, we ob-
serve X|u ~ Ny,(u,v,I) and wish to predict Y|u ~ N,(u,vyI), two independent
p-dimensional multivariate normal vectors with common unknown mean u. Here
vy > 0 and vy > 0 are assumed to be known. By a sufficiency and transformation
reduction, this problem is equivalent to estimating the predictive density of X
based on observing Xi,---,X, where Xi,---,X,|0 i.i.d. ~ N,(0,X) with unknown
6 and known X.
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The Bayesian predictive density py under the uniform prior 7y (6) = 1, namely

A 1 HY_XHZ }
B Ml B 325
Pulv) {27r(vX+vy)}§ eXp{ 2(ve+vy) ( )

dominates the plug-in rule p(y|@y.x), which substitutes the maximum likelihood
estimate éMLE = x for 6 (Aitchison, 1975). Moreover, it is best invariant and min-
imax with constant risk (Murray, 1977; Ng, 1980; Liang and Barron, 2004), and is
admissible when the model dimension p = 1 or 2 (Liang and Barron, 2004; Brown,
George, and Xu, 2008). However, when p > 3, it turns out that py (y|x) can be fur-
ther dominated by other predictive estimators. Indeed, Komaki (2001) showed that
P the Bayesian predictive density under the Harmonic prior () o< ||B]|~(7~2
dominates py when the number of potential predictors p > 3. Similarly, Liang and
Barron (2004) showed that proper Bayes rules p, under Strawderman priors 7,(3),
which are defined hierarchically as B|s ~ N, (0,svol),s ~ (1+5)~2, also dominate
pu when p > 5.

It is interesting to note that these results closely parallel some key developments
concerning minimax estimation of a multivariate normal mean under quadratic loss.
Based on observing X|6 ~ N,(0,), that problem is to estimate 6 under

Ro(6,0) =E|6 06| (3.2.6)

The maximum likelihood estimator éMLE, which is best invariant, minimax and ad-
missible when p = 1 or 2, is dominated by the Bayes rules 6; = [ 6 7(6|x)d6 under
the Harmonic prior (Stein, 1974) and under the Strawderman prior (Strawderman,
1971) in high dimensions. Note that in the predictive density estimation problem,
pu plays the same “straw man” role as 6y in the point estimation problem. A
further connection between éMLE and py is revealed by the fact that éMLE can also
be motivated as the Bayes rule under the uniform prior 7y (6) = 1.

George, Liang, and Xu (2006) drew out these parallels by establishing a unifying
theory that not only subsumes the specialized results of Komaki (2001) and Liang
and Barron (2004), but can also be used to construct large new classes of improved
minimax Bayesian predictive densities. Their developments began by showing that
any Bayes predictive density pr can be represented in terms of the uniform prior
estimator py and the corresponding marginal m;, namely

mz(wivy)
m pu(y|x), (3.2.7)

Pr(ylx) =
VX +vyY
Vxtvy
representation (3.2.7) is that it reduces the KL risk difference between p and py to
a simple functional of the marginal mz(z;v)

where W = is a weighted average of X and Y. The principal benefit of the
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RKL(evﬁU) _RKL(GaﬁTL') = Ee,vw logmﬂ(W;vW) _EG,VX logmn’(X;Vx)
Vy a

= —Eg ,logmyg(Z;v)dv. (3.2.8)
Vw av ’

Using the heat equation, Brown’s representation (Brown, 1971) and Stein’s identity
(Stein, 1981), this risk difference can be represented by

Vemg(Z;v)
mp(Z;v)
= /V.XEQN [ZVZ\/mn(Z;v)/\/mﬂ(Z;v)} dv. (3.2.9)

V

Yy 1
Riw(6,pu) —~Ree(8:x) = [ o ( — 51 Viogma(Z:v)|?) v

It is easy to see from (3.2.9) that a sufficient condition for a Bayes predictive density
Pr to be minimax is that my(z;v) or y/my(z;v) is superharmonic, or as a direct col-
lary, that the prior 7 is superharmonic. These conditions are essentially the same as
the minimax condition for the quadratic risk estimation problem. In both problems,
that the Bayes rules under the harmonic prior and the Strawderman prior are min-
imax in high dimensions now follows easily from the fact that their corresponding
marginals or square rooted marginals are superharmonic.

Comparing (3.2.9) with Stein’s unbiased estimate of risk (Stein, 1974, 1981),
George, Liang, and Xu (2006) reveals a fascinating identity that provides a connec-
tion between KL risk reduction to quadratic risk reduction

1

R1(0,pu) = Riw(0,px) = 5 | 5 [Ro(8,0)) — Ry (6,67)] dv. (3:2.10)
Vi

Ultimately, it is this connection identity that yields similar sufficient conditions for
minimaxity and domination in these two problems.

Brown, George, and Xu (2008) used the connection identity (3.2.10) to in-
vestigate the admissibility of Bayesian predictive density estimators. As proper
Bayes rules are easily shown to be admissible in the KL risk setting, see Berger
(1985), the focus was on formal Bayes rules. They showed that under essentially

the same tail conditions for 7 as in Brown and Hwang (1982), there exists a se-
quence of densities {7,} such that [jq - 7,(0)d6 = [ <, 7(6)d6 > 0 and that

Bo(m,,0) — Bo(m,, Bz,) — 0, which using (3.2.10) leads to

N . I > 1 A A
Bk1(7n, Pr) — BkL(Ton, Pr,) = 5 7z [BVQ(”m Or) _BVQ(”m 67:,,)} dv—0.

Then by a variant of Blyth’s method, the corresponding Bayes predictive estimator
Pr 1s admissible. The admissibility of pyy when p = 1 or 2, and the admissibility of
the Bayes rule under the harmonic prior when p > 3 follow directly from these tail
conditions.

Going beyond obtaining prior tail conditions for admissibility, Brown, George,
and Xu (2008) established a compelling justification for restricting attention to
Bayesian predictive density estimators for the multivariate normal setup. They



88 3 Bayesian Decision Based Estimation and Predictive Inference

showed that for this setup, the class of all generalized Bayes rules forms a com-
plete class under the KL risk criterion. Thus, any predictive estimator, including any
plug-in estimator, can at least be matched if not dominated in risk, by some Bayesian
predictive density estimator.

These recent results for the multivariate normal model have laid the foundations
for the development of new predictive methods for more complicated settings. In
particular, the connection identity (3.2.10) provides a bridge between the predictive
density estimation problem and the classic point estimation problem, providing a
tool to borrow strength from some important, beautiful, and fundamental results in
the latter area.

3.2.2 Predictive Density Estimation for Linear Regression

Linear regression models are the mainstay of statistical modeling, in many scenarios
at least providing useful approximations to the relationship between explanatory
variables and the future outcome of interest (Gelman et al., 2003). George and Xu
(2008) and Kobayashi and Komaki (2008) both independently studied the problem
of predictive density estimation under KL loss in a linear regression setting where
they successfully extended a variety of the results discussed in the previous section.

The predictive density estimation problem in this context begins with the canon-
ical normal linear model

Yix1 :anpﬁpxl+8n><1, (3211)

where € ~ N, (0, 62I) and X is a full rank, fixed n x p matrix of p potential predictors
where n > p. Based on observing X = x, the goal is to estimate the density of a future
vector ¥ where

Y1 :mepﬁpxl + Tx1-

Here T ~ N,,(0,071) is independent of € and X is a fixed m x p matrix of the same
p potential predictors in X with possibly different values. Assume that 62 is known,
and without loss of generality set 6> = 1 throughout.

Letting By be the traditional maximum likelihood estimate of 3 based on the ob-
served data, it is tempting to consider the plug-in predictive estimate p,7,q—in (J| By),
which simply substitutes By for B in p(§|B). However, as shown by George and Xu
(2008), it can be dominated by the Bayesian predictive density py (F]y) under the
uniform prior 7(f) = 1, namely,

N 1 (y_Xﬁy)“Pil(y_Xﬁy)
po(ly) = 2o TP eXp{ 552 . (3212
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where ¥ =1+ X (X'X)~'X’. Moreover, p5 has constant risk and is minimax under
the KL loss (Liang and Barron, 2004). Thus, like py in (3.2.5), it plays the role of
straw man in this linear regression setup and is a good default predictive estimator.
But not surprisingly, it can be improved upon by other Bayesian predictive densities
when p > 3.

Analogous to the development in the multivariate normal case, the key marginal
representation for Bayesian predictive estimator p in linear regression can be ex-
pressed as

_ mn(ByA,y”>(W/W)7])
mx(By, (X'X)~1)
where W = (X", X")/, ﬁy = (X'X)"'X'y ~N,(B,(X'X)""), and

pLGly) B Gly), (3.2.13)

Brs = (W'W)"'W'( ) ~ Ny(B,(W'W) ™).

The representation (3.2.13) facilitates the the KL risk comparison of p% and pk,
where the difference takes the form

Rir(B.py) — Rko(B, ply)
= Ep o)1 ogma (Byss (W'W) ™) = Eg oy -1 logmz (By: (X'X) 1),

Since (W'W)~! and (X'X)~! are both symmetric and positive definite, there exists
an invertible p X p matrix P such that

X'X)"'=pPP  and (WW)!=PIpP, (3.2.14)

where Xp = diag(dy,...,d,). Moreover, d; € (0,1] for all 1 <i < p with at least
one d; < 1, because (W'W)~! = (X’X +X'X)~! and X’X is nonnegative definite.
Therefore, the KL risk difference between py and p; can then be represented by

)4 1 a
RkL(B.py) — Rk (B, py) = Z(l—d,») /d 3y, Epv1ogmz, (Z,V)dvi(3.2.15)

i=1

where 7p(B) = n(PPB) and V = diag(vy,---,v,). Paralleling the development of
(3.2.9), unbiased estimates of the components in (3.2.15) can be obtained. By com-
bining the above results, George and Xu (2008) established that a sufficient con-
dition for p% to be minimax is trace { H (my(z; PV,,P'))[(X'X) "1 = (W'W)~1]} <0
or trace {H( mz(z; PV, P))[(X'X) ! — (W’W)’l]} <O0forall 0 <w < 1, where
H(f(z1,---,zp)) is the Hessian matrix of a function f(zi,-- - ,z,). These results pro-
vide substantial generalizations of those in George, Liang, and Xu (2006), and can
be used to construct improved predictive predictive estimators for linear regression
models using scaled harmonic priors, shifted inverted gamma priors, and general-

ized t-priors, following the development in Fourdrinier, Strawderman, and Wells
(1998).
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3.2.3 Multiple Shrinkage Predictive Density Estimation

As will be illustrated in the simulation examples of the next section, Bayesian pre-
dictive density estimators can achieve dramatic risk reduction, but only in relatively
small neighborhoods of prior modes. Thus, a desirable prior will not only satisfy
the minimax and domination conditions above, but will also concentrate prior prob-
ability in a neighborhood of . Now although 8 will almost always be unknown,
there will sometimes be good reason to believe that § may be close to a particu-
lar subspace. For example, in large regression problems, it will often be suspected
that at least some subset of the predictors is irrelevant in the sense that their coeffi-
cients, the corresponding components of 3, are very small or zero. In this case, this
suspicion would translate into the belief that B might be close to a subspace of
values for which a subset of components is identically zero. To exploit this possi-
bility, George and Xu (2008) proposed the following minimax multiple shrinkage
predictive estimators that adaptively shrink f towards the subspace most favored by
the data.

First consider the construction of a predictive density estimator that shrinks a
particular subset of the B components towards 0. Let S be the subset of {1,...,p}
corresponding to the indices of the irrelevant predictors, and let Bg be the subvector
of B corresponding to the columns of X indexed by S. If the components of s were
in fact small or zero, it would be have been effective to have used a prior, such as
the harmonic prior, that was centered around 0 on g and was uniform on 35, where
S denotes the complement of S. Denoting such a prior by 7g and letting g be the
restriction of 7g to fs, i.e., 7§ (Bs) = ms(B) is a function of g only, the Bayesian
predictive density ﬁfzs (y]x) can be expressed as

M (Bs.y.5, (WsWs) ")
mz (s, (XsXs)~")

This shrinkage predictive density estimator offers substantial risk reduction when
the components of g are all very small or zero by shrinking the posterior on the
corresponding coefficients of 3 towards 0.

As was mentioned above, there will typically be uncertainty about which subset
of the p predictors in X should be included in the model. Rather than arbitrarily se-
lecting S, an attractive alternative is to use a multiple shrinkage predictive estimator
which uses the data to emulate the most effective pr,. Let £2 be the set of all po-
tentially irrelevant subsets S, possibly even the set of all possible subsets. For each
S € Q, let mg be a shrinkage prior constructed as above, and assign it probability
ws € [0,1] such that Y,¢c o ws = 1. Then the mixture prior

n'(B) = Y, wsms(B)

SeQ

P (Oly) = pu(Fly).

will yield a multiple shrinkage predictive estimator
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PO =D, P(SIY)Prs (Fly), (3.2.16)
SeQ

where p(S|y) is the model posterior probability of the form

ws Mz (Bsy, (XsXs)™')

p(Sly) = x :
Sseqwsmag (Bsy, (XsXs)~')

The expression (3.2.16) shows that p*(y|y) is an adaptive convex combination of
the individual shrinkage predictive estimates py,. Note that through p(S|y), p* dou-
bly shrinks py (9]y) by putting more weight on the pr, for which my is largest and
P, shrinks most. Thus p* is adaptive in the sense that it automatically adjusts to
the subset index S for which fs corresponds exactly to the zero or very small com-
ponents of 3. We expect p* to offer meaningful risk reduction whenever any Sy is
small for S € Q, and so the potential for risk reduction using p* is far greater than
the risk reduction obtained by using an arbitrarily chosen pr.

It should be pointed out that the allocation of risk reduction by p* is in part
determined by the wg weights in p(S|x). Because each p(S|y) is so sensitive, through
My, to the value of ﬁg)y, choosing the weights to be uniform should be adequate.
However, one may also want to consider some of the more refined suggestions in
George (1986b) for choosing such weights.

3.2.4 Simulation Studies

In this section, we demonstrate the shrinkage properties of some Bayesian predictive
densities and their risk improvements over the default procedure under the uniform
prior. To make the illustration simple and easy to understand, we use the multivariate
normal setup from Section 3.2.1 for our simulations. Similar results can be obtained
for linear regression models through direct extensions.

Figure 3.1 illustrates the shrinkage property of the Bayesian predictive density
Pr(y|x) under the harmonic prior when v, = 1,v, = 0.2 and p = 5. Analogous to
Bayes estimators E;(0|x) of @ that “shrink” @y = x, the marginal representa-
tion (3.2.7) reveals that Bayes predictive densities pr(y|x) “shrink” py(y|x) by a
multiplicative factor of the form my(w;v,,)/mz(x;vy). However, the nature of the
shrinkage by pr(y|x) is different than that by Er(6|x). To insure that pr(y|x) re-
mains a proper probability distribution, the factor cannot be strictly less than 1. In
contrast to simply shifting Gy7 = x towards the mean of 7, p(y|x) adjusts py (y|x)
to concentrate more on the higher probability regions of 7.

To study the potential risk improvements provided by Bayesian predictive den-
sities, we illustrate the risk differences of py(y|x) with the Bayes rules under the
harmonic prior gy or the Strawderman prior 7, with a = 0.5. Because py and p, are
unimodal at 0, it intuitively seems that the risk functions Rg; (0, pr) and Rk (0, p,)
should take on their minima at @ = 0, and then asymptote up to Rk (0,py) as
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p.U given x=c(2,0,0,0,0) p.H given x=c(2,0,0,0,0)

0

p-U given x=c(3,0,0,0,0) p-H given x=c(3,0,0,0,0)

0 2

y1

p.U given x=c(4,0,0,0,0) p-H given x=c(4,0,0,0,0)

FIGURE 3.1. Shrinkage of py (y|x) to obtain py(y|x) when v, = 1,v, =0.2 and p=5. Here y =
(y17y2707070)'

||6]] — e<. That this is exactly what happens for these priors is illustrated in Fig-
ures 3.2 and 3.3, which display the difference at 8 = (c,...,c)’, 0 < ¢ < 4 when
vy = 1 and vy, = 0.2 for dimensions p = 3,5,7,9. The largest risk reduction in all
cases occurs close to 0 = 0 and decreases rapidly to 0 as ||0| increases. (Recall that
Rk1.(6, py) is constant as a function of 8). At the same time, risk reduction by py
and p,, is larger for larger p at each fixed ||6||. Note that p, offers more risk reduction
than py, apparently because it more sharply “shrinks py (y|x) towards 0.” Note also
that when p = 3, [Rx(0, pu) — Rk1(6, Pa)] is negative for large 6, a manifestation
of the non minimaxity of p, when a = 0.5 and p = 3.

As we have seen in Section 3.2.3, the underlying priors and marginals of the
Bayesian predictive densities can be readily modified to obtain minimax shrinkage
towards subspaces, and linear combinations of superharmonic priors and marginals
can be constructed to obtain minimax multiple shrinkage predictive densities p* as
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FIGURE 3.2. The risk difference between py and py when 6 = (c,--- ,c), vy = 1,v, =0.2.
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FIGURE 3.3. The risk difference between py and p, witha =0.5, v, =1,v, = 0.2, and
0=(c,-,c).
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in (3.2.16), which are analogues of the minimax multiple shrinkage estimators of
George (1986abc). As a result of the shrinkage behavior of p*, we would expect
the risk reduction of Rk (0, p*) over Rk (0, py) to be greatest wherever any fg is
small for § € Q.
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FIGURE 3.4. The risk difference between py and multiple shrinkage py+, with
0=(c,-,c),vy=1,vy=02,a; =2,ap = —2, and w; = wp =0.5.

To see that this is precisely what would happen with pg+, a multiple shrinkage
version of py in the multivariate normal setting of Section 3.2.1, we consider py+
obtained analogously to (3.2.16) but using harmonic priors recentered at s1, s, € R”,
namely 7z, (B) o< ||B —s1]|~?~%) and 7y, (B) o< ||B — s2||~P~?). Figure 3.4 illus-
trates the risk reduction [Rg. (6, py) — Rkr(0, pu+)] at various 6 = (c,...,c)’ ob-
tained by py+, which adaptively shrinks py (y|x) towards the closer of the two points
s1=1(2,...,2) and s, = (—2,...,—2) using equal weights w; = wp = 0.5. As in
Figures 3.2 and 3.3, we considered the case vy = 1,v, = 0.2 for p = 3,5,7,9. As the
plot shows, maximum risk reduction occurs when 6 is close to either s; or s,, and
goes to 0 when 6 moves away from these points. At the same time, for each fixed
||6]|, risk reduction by pg~ is larger for larger p. It is impressive that the size of the
risk improvement offered by pg+ is nearly the same as each of its single target coun-
terparts. The cost of multiple shrinkage enhancement seems negligible, especially
compared to the benefits.
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3.2.5 Concluding Remarks

Bayesian predictive densities have been widely used in many research areas. Be-
sides predicting future trends and behavior patterns (Taylor and Buizza, 2004; Lewis
and Whiteman, 2006; Weinberg, Brown, and Stroud, 2007), they have also been
used in model checking and model diagnostics (Pardoe, 2001; Gelman et al., 2003;
Sinharay, Johnson, and Stern, 2006), missing data analysis (Rubin, 1996; Gelman,
King, Liu, 1998; Schafer, 1999; Gelman and Raghunathan, 2001; Little and Rubin,
2002), and data compression and information theory (Barron, Rissanen, and Yu,
1998; Clarke and Yuan, 1999; Liang and Barron, 2004).

Recent developments in Bayesian predictive density estimation for
high-dimensional models provide valuable guidance for the construction of predic-
tive estimators for particular setups. However, there are many open directions with
much more to be done, especially for more general model setups. In this vein, Kato
(2009) considered the predictive density estimation problem for a multivariate nor-
mal distribution where both the means and the variances are unknown. The Bayesian
predictive estimator under an improper shrinkage prior was shown to dominate the
default one under the right invariant prior when p > 3 and therefore be minimax. In
another new direction, Xu and Liang (2010) explored the problem of estimating the
predictive density of future observations from a nonparametric regression model.
To evaluate the exact asymptotics of the minimax risk, they derived the convergence
rate and constant for minimax risk among Bayesian predictive densities under Gaus-
sian priors, and then showed that this minimax risk is asymptotically equivalent to
that among all the density estimators. Such results provide not only powerful theo-
retical tools, but also easily implementable prior selection strategies for predictive
analysis.

Acknowledgments: This work was supported by NSF grants DMS-0605102 and
DMS-0907070.

3.3 Automated Bias-variance Trade-off: Intuitive Inadmissibility
or Inadmissible Intuition?

Xiao-Li Meng

Prologue

Seeking an appropriate bias-variance trade-off is a common challenge for any
sensible statistician, especially those at the forefront of statistical applications. Re-
cently, addressing a class of bias-variance trade-off problems for studying gene-
environment interactions, Mukherjee and Chatterjee (2008) adopted an approximate
empirical partially Bayes approach to derive an estimator that amounts to using the
following weighted estimator as a compromise:
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s (BB . var(B) 4
P vAar<B>+<B—Bo>2ﬁ +V£r<B>+<BfBo>2ﬂ "

Here B and \/gr( B) are respectively our point estimator and its variance estimate of
a parameter 3 under a model, and ﬁo is a more efficient estimator of 8 under a sub-
model via fixing a nuisance parameter. The intuition here appears to be that since

= By — B is an estimate of the bias in By when the sub-model fails, . should au-
t0mat1cally give more Welght to the robust [3 or the efficient [30 depending whether
or not B? is larger than Var( ﬁ) The implication here seems to be that the original ﬁ
is inadmissible in terms of Mean-Squared Error (MSE) because it is dominated by
Bc, which appears to possess this magic self-adjusting mechanism for bias-variance
trade-off without needing any assumption beyond those that guarantee the validity
of the original 3. But is this intuition itself admissible? This question was posed as
a Ph.D. qualifying exam problem at Harvard, in the context of a bivariate normal
model. This section documents this examination, and concludes with a suggestion
of revisiting the classic theory of admissibility, to which Professor Jim Berger has
made fundamental contributions. The investigation also reveals a partial shrinkage
phenomenon of the partially Bayes method, as well as a misguided insight in the lit-
erature of gene-environment interaction studies. Parts of this section adopt an inter-
lacing style interweaving research investigations with pedagogical probes, honoring
Berger’s prolific contributions in both endeavors.

3.3.1 Always a Good Question ...

To many students, job candidates, and even some seasoned seminar speakers, a few
faculty members are known to be “intimidating.” We pose tough questions, demand
intuitive explanations, challenge superficial answers, and we do so almost indiscrim-
inately. A few students have expressed their surprise to me: “How could you guys be
able to pick on almost any topic, and ask those penetrating questions even for things
you apparently have never worked on?” I cannot speak for my fellow challengers,
but the students are certainly correct that I have never worked on many of these
topics, some of which I heard for the first time before I posed a question. If there is
any secret—or bragging—here, it is the one that many senior statisticians work hard
to pass on to our future generations. That is, there are only a very few fundamental
principles in statistics, and the bias-variance trade-off is one of them. It is so deeply
rooted in almost any statistical analysis, whether the investigator/speaker realizes it
or not. Equipped with a few such powerful weapons, one can fire essentially in any
situation, and almost surely not miss the target by too much.

The story I am about to tell is squarely a case of understanding bias-variance
trade-off. In the context of a genetic study, a speaker mentioned a recent proposal
by Mukherjee and Chatterjee (2008; hereafter M&C) for automatically achieving
an appropriate bias-variance trade-off. The moment I saw the proposed formula, as
given in the prologue, I knew silence would not be golden in this case. The method,
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if it has the properties it was designed for, would have profound general implica-
tions given its simplicity and the practical demand for such “automated” methods.
For the very same reason, however, it could do serious damage if it is applied indis-
criminately but without its advertised properties in real terms.

As it happened, shortly after the seminar I needed to submit a problem for our
Ph.D. qualifying examination. What could be more appropriate to test students’ un-
derstanding of bias-variance trade-off, and at the same time their ability to carry
out a rigorous investigation of a seemingly intuitive idea? The resulting qualifying
exam problem is reproduced in Section 3.3.5 below, and the annotated solution is
given in Section 3.3.6. Before presenting these materials in verbatim, which doc-
ument an effort of integrating research investigation with pedagogical exploration,
obviously the stage needs to be set. This is accomplished by Section 3.3.2, which
discusses a gene-environment interaction study that motivates M&C; and by Sec-
tion 3.3.3, which illustrates M&C'’s partially empirical Bayes approach via a bi-
variate normal example. Sections 3.3.2 and Section 3.3.3 also reveal, respectively,
a misguided approximation in the literature of gene-environment interactions, and a
partial shrinkage phenomenon of partially Bayes methods, and therefore they may
be of independent interest. Indeed, Section 3.3.7 concludes with a suggestion of re-
visiting the classic theory of admissibility but with partially Bayes risk, which is
also hoped to be a piece of admissible cake to the birthday-cake tasting (testing?)
event for Jim Berger, an amazingly prolific scholar and Ph.D. adviser.

3.3.2 Gene-Environment Interaction and a Misguided Insight

3.3.2.1 Estimating Multiplicative Interaction Parameter

The motivation for M&C’s proposal appears to be the need to address a bias-
variance trade-off in studying gene-environment interactions. Following their setup,
let E and G be respectively a binary environmental factor and a binary genetic fac-
tor, and D be the binary disease indicator; value “1” of any these binary variables
indicates the presence (e.g., exposed, carrier, or with disease). One key interest here
is to assess if there is a gene-environment (G-E) interaction in their impact on the
odds of developing the disease. Let

Pr(D = 1|G,E)

OGE)= ———F—=
(CE) = 5D =0G.E)’

that is, the odds of disease in the sub-population defined by the pair {G,E}. Then
the so-called multiplicative interaction parameter y is defined as
_0(0,000(1,1)

Y= 0(1.000.1) oy
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which can be remembered as “odds ratio of odds,” by analogy with the well-known
ratio of cross-product expression of an odds ratio (OR), namely, the OR for a bivari-
ate binary distribution P(i, j) = Pr(X =i,Y = j), expressed as

P(0,0)P(1,1)

ORer) = B0, 1)P(1,0)

This analogy also helps us to see why v is useful for assessing whether the fac-
tors G and E contribute to the odds of disease in a multiplicative fashion, that is,
whether we can write O(G,E) = g(G)e(E) for some functions g and e. This is be-
cause the mathematical reasoning behind the theorem “ORx y) = 1 if and only if
P(i, j) factors” is identical to that for “y = 1 if and only if O(G, E) factors.”

Consequently, by assessing whether B = log(y) = 0, we can infer whether the
effects of G and E are additive on the logit scale of the disease rate Pr(D = 1|G,E).
In general, to estimate 3 directly (and therefore to assess it) would require a repre-
sentative sample of {D,G,E}, as hinted by its expression in (3.3.1). Note however,
by Bayes’ Theorem,

P(GE[D=1)Pr(D=1) P(G,E|D=1)

O E) =BG ED=0)P(D=0) " P(G.ED=0)

It is then easy to verify that ¥ = OR;/ORy, and hence
B =log(y) =log(ORy) —log(ORy) = fo — 6, (3.3.2)

where OR; = OR G g|p—) is the odds ratio for the conditional bivariate binary dis-
tribution P(G,E|D = i),i = 0,1. Consequently, if G and E are conditionally in-
dependent given D = 0, an assumption that will be labeled Assumption (0), then
0 =1log(ORy) = 0. This means that under Assumption (0), estimating 3 would be
the same as estimating Sy = log(OR; ), the log odds ratio of the diseased population
(ak.a., the “cases”). This suggests the use of methods from retrospective sampling
design, which typically is more effective, in terms of sampling cost and/or statistical
efficiency, than prospective designs, especially when the disease prevalence is low;
see Section 3.3.1 of M&C and the references therein.

3.3.2.2 A Potentially Misleading Insight

There is, of course, no free lunch. From a statistical inference perspective, the in-
creased precision comes at the expense of possible serious bias when the assump-
tion O = 0 fails. Incidently, in M&C, following an argument in Schmidt and Schaid
(1999), this assumption is made as a consequence of another two assumptions: As-
sumption (1) G and E are independent in the general population (that is, not condi-
tioning on the disease status) and Assumption (2) the disease is rare. Whereas these
two assumptions do imply Assumption (0) hold approximately because when the
diseased population is very small, the odds ratio between G and E for the disease-
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free population can be approximated by that of the general population, these two
assumptions were needed by Schmidt and Schaid (1999) apparently because they
did not recognize that the second factor in their equation (1) is simply OR; ! us-
ing our notation above. Consequently, instead of invoking the theoretically more
insightful Assumption (0), they had to invoke the assumption that “the disease risk
is small at all levels of both study variables” (“both study variables” here means the
gene variable and environmental variable) in order to justify that the aforementioned
second factor is (approximately) 1 (and hence 6 ~ 0). This unnecessary assumption
apparently was inherited from Piegorsch, Weinberg, and Taylor (1994), who cor-
rectly pointed out the usefulness of the case-only studies.

This is a good demonstration of the value of precise theoretical derivation, be-
cause identity (3.3.2) shows clearly that § = fy if and only if & = 0, a condition
that has little to do with the disease being rare. That is, it would be quite unfor-
tunate if the quote above is interpreted as declaring that the so-called “case-only”
approach for estimating y is useful only for rare diseases. Indeed, the only ratio-
nale for relying on Assumption (1) (and hence Assumption (2)) I can think of is if
checking the independence of G and E in the general population is easier than that
in the disease-free population. This could be a case when we do not trust the disease
diagnosis, because the former does not require knowing each individual’s disease
status. But this advantage seems rather inconsequential in gene-environment inter-
action studies—if we do not have the disease status or do not trust them, then we
have much more to worry about than assessing the independence between G and E.

Indeed, M&C'’s approach did not actually use Assumption (1) or Assumption (2).
Instead, they directly use (3.3.2) by writing 8 = 3(6) = By — 6 and then re-express
(3.3.2) as

B(6)=p(0)—6. (3.3.3)

This re-expression allows M&C to invoke a partially Bayes approach (Cox, 1975;
McCullagh, 1990), which puts a prior on the nuisance parameter 6 only. Since
B(0) =log(OR;) is a characteristic of the diseased population (i.e., D = 1), its in-
ference does not involve 6 = log(ORy), which is a characteristic of the disease-free
population (i.e, D = 0). This separation allows M&C to first infer $(0) via maximum
likelihood estimation, and once [3(0) is replaced by its MLE, to infer 8 = B(6) as
a Bayesian inference problem of a function of the nuisance parameter 0. This is the
essence of M&C’s method, though their derivation contains a couple of theoretical
complications that do not seem necessary (see Section 3.3.4).

Of course, for a pure Bayesian, such a hybrid “two-stage” method is neither
necessary nor justifiable. However, as I argued in Meng (1994) in the context of
a posterior predictive p-value (which is a posterior mean of a classic p-value as
a function of a nuisance parameter under a prior on the nuisance parameter only,
and hence a squarely partially Bayes entity), the value of such partially Bayesian
methods should not be underestimated. Minimally, they allow some Bayesian perks
to be enjoyed by those who do not wish to join the full B-club. For example, in the
current setting, it allows the use of the prior knowledge/belief that the dependence
between G and E is weak in the disease-free population. To see more clearly the
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pros and cons of the partially Bayes framework, the next section will examine it in
detail—and compare it with the fully Bayes approach—in the context of a normal
regression model with one predictor.

3.3.3 Understanding Partially Bayes Methods

3.3.3.1 A Partially Bayes Approach for Bivariate Normal

M&C presented their general approach via a heuristic argument, which essentially
amounts to assuming normality whenever needed, with variances treated as known.
To avoid the distractions of the heuristics, which cannot be made precise in general
because a Taylor expansion was invoked for approximating a prior distribution, let
us assume directly that we have an i.i.d. sample {y;,...,y,} from the following
bivariate normal model:

OG0

where p is a known constant. Our interest here is to estimate 3, with o being treated
as a nuisance parameter.

As is well-known, without any prior knowledge, the MLE of f is BMLE =7, =
Y Z;/n, and the MLE for o is &ME = X, = ¥, X; /n. On the other hand, if we happen
to know o, then the MLE of 3 is the regression estimator

B(a) =Z,+p(a—X,). (3.3.5)

N

Note that this definition of the () function allows us to reexpress (3.3.5) as

A

B(a) = B(0)+por. (3.3.6)

Clearly, given the data, the only unknown quantity in B(a) is a (recall p is
known here). Suppose we are willing to put down the prior N (0, 72) for o, where 72
represents our prior belief about how close « is to zero. Under this prior, the partially
Bayes approach combines it with the (partial) likelihood from X,,|oc ~ N(o,n~ 1) to
arrive at the usual “shrinkage” posterior (e.g., Efron and Morris, 1973)

o|X, ~ N (weXy, (n+73)7"), (3.3.7)

where w; = n/(n+1~2). Given this posterior of ¢, we can infer any of its functions,
such as B(a) of (3.3.5). In particular, M&C suggested to replace the ¢ in (3.3.6)
by the posterior mean in (3.3.7), which results in, after noting from (3.3.5) that
BMLE _ B(0) = pX,, their estimator

31 = B(0) 4 we(BUE - B0) =wef M (1-w0BO) (3
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Therefore, for a given hyperparameter 72, the partially Bayes estimator pr art for B
is a compromise between the MLE under the restrictive model with o = 0, (0),
and the MLE of 8 under the full model, BMLE = B(&MLE), as weighted by the usual
shrinkage factor wy.

3.3.3.2 Comparing Full Bayes with Simultaneous Partially Bayes

Before we discuss the issue of choosing 72, it is informative to compare the above
partially Bayes solution to a full Bayes one, which of course would require a joint
prior for {o, }. To simplify the algebra, let us assume that a priori § and o are
independent, and B ~ N(0,¢?), with ¢ given. Under this setup, the joint posterior
of {o, B} obviously follows the usual regression calculation:

)] (&) (o () ez, o

2
where X, = % ([1) ’;) and Q = z(.) g()z .
To understand the difference between the full Bayes and the partially Bayes
methods, however, it is more informative to invoke the following indirect deriva-
tion. Following the partially Bayes argument, we first treat o as a known constant.

Then it is easy to see that the ﬁ (a) of (3.3.5) is a sufficient statistic for § and
B ~n(B.n,").

where n, =n/(1 - p?) (larger than n due to gained information via regressing on
o). Together with the prior B ~ N(0, ¢?), the identical calculation for (3.3.7) yields

BIB(e) ~ N (wepB(a). (57 +np) ). (33.10)

where w , =n, /(n, +¢~2). The sufficiency of B (o) for B for given o implies that
E[B|X,,Zy, ] = E[B|B ()], and hence, by iterated expectations and (3.3.6),

E[B|Xn,Zn) = we pE[B(0)| %, Z) = we p (B(0) + pE[et|X, Z4]).  (3.3.11)

At first glance, (3.3.11) achieves nothing because it simply transfers the cal-
culation of E[B|X,,Z,] to the equally difficult (or easy) problem of calculating
E[oat|X,,Z,). But this observation should also remind us that we can simply switch
B with @ (and accordingly ¢ with 7 and Z, with X,,) to arrive at its dual identity

E[0|%0, Z4] = wep (0(0) + pE[B|X,, Z4]), (3.3.12)

where wep, =n,/(np+17%) and &(B) =X, + p(B —Z,).



102 3 Bayesian Decision Based Estimation and Predictive Inference

It is now a simple matter to solve (3.3.11)-(3.3.12) to arrive at

A

S __ we 0)+weppo(0
o= p[pIx,.z,) = Ve lPO) E P a0l (33.13)
1=p2wepwep

where the superscript “full” highlights the fact that it is identical to the fully Bayes
answer from (3.3.9), as can be verified directly.

To express (3.3.13) in a more insightful way, we can use the fact that p&(0) =
pX, — p2Z, = BPMLE _ B(0) — p2BMLE (0 arrive at

Afull Apart
r?g :wwﬁ? , (3.3.14)
where B?m is from (3.3.8),
2
Werp = o — P WepWrp _ Mpr
=P 1=p2wepwrp npr+g 2
and n
Npr=——5——
P —p2(1—wq)’

with w; =n/(n+1772), as in (3.3.7). This means that, as far as point estimator goes,

the full Bayes estimator ﬁgf“%l can be viewed as a further shrinkage of the partially

Bayes estimator B? “ towards zero. In particular, we notice that regardless of the
value of p, lim;_.np ; = n and hence lim;wwerp = n/(n+¢~2) = w.. This
means that when T = oo, the fully Bayes estimator for 3 would reduce to the usual
shrinkage estimator w.Z, based on the Z, margin alone. Intuitively, when 7 = e,
there is no information to borrow from the prior knowledge of o for estimating 3
even if p # 0, and hence all the information is in the {Z, } margin.

3.3.3.3 Sequential Partially Bayes Methods and Partial Shrinkage

Intuitively, the fully Bayes method takes into account the prior information 3 ~
N(0,¢2), which was not used by BP*". The above derivation shows how one can
achieve the full Bayes efficiency by performing two partially Bayes steps simulta-
neously, namely, by solving (3.3.11)-(3.3.12) as a pair, which is a special case of
applying the “self-consistency” principle (Meng, Lee, and Li, 2009). In contrast, if
we have carried out the partially Bayes method sequentially, that is, in two stages,
then the full efficiency is not guaranteed even if priors for both § and o are used.

To see this more clearly, suppose we follow M&C’s general argument and first
treat the nuisance parameter o as known. Then conditioning on ¢, but taking into
account the prior information on 8 via N(0,¢?), our Bayes estimator for  is as
given in (3.3.10),

B(e) = EIBIB(e)] = we,pB(c)) = we,p (B(0) +pr). (33.15)



3.3 Automated Bias-variance Trade-off: Intuitive Inadmissibility or Inadmissible Intuition? 103

Now, unlike in the simultaneou§ method described above, if we follow the general
argument as in M&C to treat B(o) as the objective of our inference, we would
replace o in the right most side of (3.3.15) by its (partial) posterior mean E (| X,,) =
wzX,,. This substitution then will lead to the sequential partially Bayes estimator

B = wep (B(O) +welpX,) ) = we pBP". (33.16)

Comparing (3.3.16) to (3.3.14), we see that although both of them are further shrink-
ages of the same BP"" of (3.3.8) and both shrinkage factors depend on g, Bz
full

cr,p- This is because

shrinks less towards zero than the full Bayes estimator B

fp,t np

Wer, — < — =W,
ST,p np,r+€2 np+Q2 G.p>»

(3.3.17)

provided that
n n

T T2 (T T 1p?

which is the case as long as p # 0 because wy = n/(n+1772) > 0.

Intuitively, ﬁgerqg only achieves partial shrinkage compared to ﬁgf‘;“p because it
fails to take into account the prior information 8 ~ N(0,¢?) when estimating o.
Even when 8 and « are a priori independent, as long as X and Z are correlated con-
ditional on the model parameter, X and Z are correlated with respect to the predictive
distribution, that is, with the model parameter integrated out according to the prior.
In our current setting, the correlation between (X, Z) with respect to their predictive
distribution is p;c = p/+/(1+72)(1+¢?). As long as p; ¢ # 0, the information
on the marginal distribution of Z via ¢ will have an impact on the marginal distri-
bution of X (and vice versa). However, as ¢ — oo, pr . — 0 and hence this impact
disappears as the prior information for 8 becomes diffuse. This can also be seen
from (3.3.17), which becomes equality and hence B, = BLY}, whenever ¢ = oo,
regardless of the value of p or 7.

3.3.4 Completing M&C’s Argument

For a given value of 72, M&C’s general approach is essentially an approximate
version of what is presented in Section 3.3.3.1, resulting in the same partially Bayes
estimator general expression as in (3.3.8). I say essentially because M&C apparently
introduced a technical complication that is not necessary. The derivation in Section
3.3.3.1relies on treating 3 () of (3.3.5) as our estimand. Note 3 (o) actually depend
on data, but from the Bayesian perspective, treating it as a known function of the
unknown ¢ only presents no conceptual or technical complication. However, M&C
introduced B(0) (using their generic notation 6, which is the same as o for the
bivariate normal example), the limit of 3(6), as the data-free estimand, and then
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derive a partially Bayes estimator for 3(0) via the delta method (6) — 3(0) ~
B'(0)6 and the (partially Bayes) posterior on 6.

In the example of the gene-environment interaction, this definition of 3(0)
worked well, because (3.3.3) holds for both the population version and sample ver-
sion. However, for the bivariate normal example, although the sample version B(Oc )
of (3.3.5) is a linear function of ¢, the limit version, according to M&C'’s defini-
tion, would be a constant function because (o) = 3 for all o and hence §'(0) =
Consequently, in general, the aforementioned delta method can be meaningless. For-
tunately, this complication is really unnecessary, as we can work directly with 3 (o)
as the estimand for the partially Bayes method.

Another unnecessary complication is in M&C'’s treatment of estimating the prior
variance as a hyperparameter. Given the prior 8 ~ N(0,7?), M&C first approxi-
mated the prior for ¢ = B(8) by N(¢o, 7;), where ¢ = B(0) and 7, = [B'(0)]*.
(Perhaps this is where M&C felt the need to introduce the population version
B(6) because it might seem odd to put a prior on a data-dependent quantity 3(0);
but there is actually nothing incoherent in the partially Bayes framework for the
latter operation.) To estimate 7y, M&C invoked an empirical Bayes argument,
which estimates the hyperparameter 7> by max{é2 $>,0} when the approximation
v 1(6—-0)6 ~N (0,1) holds for some statistic ¥. A critical ingredient of M&C’s
proposal is to use 62 as a conservative estimate of 72, Wthh then leads to a conser-
vative estimator of the corresponding hyperparameter rd, as rq, = [ﬁ (0)]?62. Substi-
tuting this estimator for the hyperparameter in a general version of (3.3.8) leads to
M&C’s general proposal But B 0 )é is nothing but the first-term Taylor expansion
of B(6) — B(0) = B — B (though note the hidden assumption that 3(8) = B). This
suggests that we can bypass the calculation of /(0) and directly use ( — fo)? as
a conservative estimator of 72. Indeed, with this modification, M&C’s proposal has
the simpler expression as given in the prologue.

What is necessary is that once the hyperparameter is estimated from the data,
the operating characteristics of the resulting estimator must be evaluated specifi-
cally according to the estimation method used. That is, we can no longer rely on
the established general properties of the (fully) Bayesian estimators to justify their
corresponding empirical counterparts. We do tend to believe that such empirical esti-
mators are reasonably accurate in a variety of situations in practice, as demonstrated
in M&C via simulations. But the same belief sometimes can get us into deep trouble
when we put too much faith on simulations, which are necessarily limited. Indeed,
intuitively speaking, the idea that we can achieve a good universal compromise be-
tween f3 and f3y only using themselves plus an estimate of Var(f3) (see the formula
in prologue or (3.3.18) below) is just too good to be true. It is true that when [3 is an
unbiased estimator of 8, B = [30 — [3 provides an unbiased estimator of the bias in
[30 But it would be illogical for us to worry about [3 having too large a variance—
and hence the need to seek a reduction by brlngmg in a more efficient estimator
ﬁo—but not to worry about the large variability in B, which depends on [3 critically.
How can we be sure that the large error in the estimated weight w1, = Wi, which
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in turn depends critically on B, would not offset the gain in mean-squared error due
to the (correct) weighting via we, ?

Indeed, we are not sure at all, as demonstrated in the following Ph.D. qualify-
ing exam problem. (Again, both Section 3.3.5 and Section 3.3.6 are reproduced in
verbatim from the actual exam, other than correcting a few typographical errors.)

3.3.5 Learning through Exam: The Actual Qualifying Exam
Problem

During a recent departmental seminar, our speaker made an assertion along the fol-
lowing lines: “I have two estimators, ﬁ and Py for the same parameter . The former
is more robust because it is derived under a more general model, and the second is
more efficient because it is obtained assuming a more restrictive model. The follow-
ing is a compromise between the two:

A

B = — (B—Po)® B+ — Var(B) By, (33.18)

Var(B)+ (B — o) Var(B)+ (B — po)?

where @r(ﬁ) is a consistent estimate of the variance of ﬁ This should work better
because when the more restrictive model is true, ,Bc tends to give more weight to the
more efficient ﬁo, and at the same time, ﬁc remains consistent because asymptoti-
cally it is the same as ﬁ

As some of you might recall, I was both intrigued by and skeptical about this
assertion. This problem asks you to help me to understand and investigate the
speaker’s assertion. To do so, let’s first formalize the meaning of a general model
and a more restrictive one.

Suppose we have i.i.d. data Y = {yj,...,y,} from a model f(y|0), where 6 =
{o,B}, both of which are scalar quantities, with § the parameter of interest, &
the nuisance parameter, and the meaning of B does not depend on the value of o.
Suppose the restrictive model takes the form fy(y|3) = f(y|oc =0, ), i.e., under the
restrictive model we know the true value of e is zero. Let 6 = {a, ﬁ} be a consistent
estimator of 6 under the general model f(y|0), and let BO be a consistent estimator
of By, which is guaranteed to be 3 only when the restrictive model fj(y|f) holds.
We further assume all the necessary regularity conditions to guarantee their joint
asymptotic normality, that is,

Ao (25) e

For simplicity of derivation, we will assume ¥ > 0 (i.e., a semi-positive definite
matrix) is known, and the convergence in (3.3.19) is in the L2 sense (i.e., X, — X
means lim, ... E||X, — X||*> =0
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(A)  The speaker clearly was considering a variance-bias trade-off, assuming that
Bo is more efficient than [5 when the more restrictive model is true. Under the setup
above, prove this is true asymptotically when 6 and ﬁo are maximum likelihood es-
timators (MLE, as in the superscript below) under the general model and restrictive
model respectively and when we use the Mean-Squared Error (MSE) criterion (we
can then assume Xg and o7 are given by the inverse of the corresponding Fisher
information). That is, prove that if the restrictive model holds, the (asymptotic) rel-
ative efficiency (RE) of ﬁo to that of [5 is no less than 1:

MLE
RE = lim M >1 (3.3.20)

and give a necessary and sufficient condition for equality to hold. Provide an in-
tuitive statistical explanation of this result, including the condition for equality to
hold.

(B) Give a counterexample to show that (3.3.20) no longer holds if we drop the
MLE requirement. What is the key implication of this result on the speaker’s desire
to improve 3 via fy?

(C) Since we assume X is known, we can replace ﬁr(ﬁ) in (3.3.18) by Gé/n’
where Gﬁz is an appropriate entry of Xg. We can therefore re-express (3.3.18) as

2
_ %
o; +n(B — Po)?
Prove that, under our basic setup (3.3.19), lim, ... E(W,) = 0 if and only if 8 # 3.
(D) Using Part (C) to prove that whenever 8 # S,

(3.3.21)

Be=(1-W,)B+W,By, where W,=

lim [ﬁc il =1. (3.3.22)
'H“’E[ﬁ B

Which aspect of the speaker’s assertion this result helps to establish?

(E) To show that the condition 8 # By cannot be dropped in Part (D), let us
consider that our data {y;,...,y,} are ii.d. samples from the following bivariate

normal model: |
_ (X o p
= (2)-((5)(1) R

where p is known. Show that under this model, when we use MLEs for B and Bo,
/n(B. — B) has exactly the same distribution as

§ =Zo—p(Xo+Vna)W, = (Zo— pXo) + p[(1 — Wu)Xo — Wyv/ne],  (3.3.24)

where (Xo,Z) " has the same distribution as in (3.3.23) but with both & and f3 set
to zero, and
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- - 1
ml = Wi’l 7a - .
P, %) = T 7o 1 yma)?
Use the right-most expression in (3.3.24) to then show that
nE(B.— B> =1-p*+p*Galp, ), (3.3.25)
where
Gu(p, ) = E[(1=Wa(p, )Xo — Wu(p, ot)v/nat]*. (3.3.26)

(F) Continuing the setting of Part (E), use (3.3.25) to prove that when o = 0, for
all n,

E[B)"™* — B < E[B. — B)* < E[BM* —BJ*,

as long as p # 0. Why does this result imply that 8 # By cannot be dropped in Part
(D)? What happens when p = 0?

(G)  Still under the setting of Parts (E) and (F), verify that G,(0,a) = no?, and
then use this fact to prove that as long as na> > 1, there exists a Py > 0 such that
forall 0 < [p| < py, o

nE[B. — B> > 1 = nE[pMF — B2,

Does this contradict Part (D)? Why or why not?

(H)  What do all the results above tell you about the speaker’s proposed estimator
B.? Does it have the desired property as the speaker hoped for? Would you or when
would you recommend it? Give reasons for any conclusion you draw.

3.3.6 Interweaving Research and Pedagogy: The Actual Annotated
Solution

(A) This part tests a student’s understanding of the most basic theory of likelihood
inference, especially the calculation of Fisher information, and the fact that the MLE
approach is efficient/coherent in the sense that when more assumptions are made its
efficiency is guaranteed to be non-decreasing.

The result (3.3.20) is easily established using the fact that if we write the expected
Fisher information under the general model (with n = 1) as

1(0) = faa lap and notationally 1~'(6) = i i
iap ipp )’ ’ i“P PP )

then iPP = [igg —i2 pliao) - The Fisher information under the restrictive model of

course is given by igg with a = 0. Consequently, under our basic setup, when o =0,
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BB 21!
RE=""—|1-—% | >4, (3.3.27)
i3p laalpp

where equality holds if and only if i, = 0 when o = 0, that is, when 8 and o
are orthogonal (asymptotically) under the restrictive model. Intuitively, the gain

of efficiency of B)E over BME is due to BMLE’s covariance adjustment via

&MLE _ o when o = 0. However, this adjustment can take place if and only if [3 MLE
is correlated with &ME when a = 0, which is the same as igp 7 0.

(B) This part in a sense is completely trivial, but it carries an important message.
That is, the common notation/intuition that “the more information (e.g., via model
assumptions) or the more data, the more efficiency” can be true only when the pro-
cedure we use processes information/data in an efficient way (e.g., as with MLE).

There are many trivial and “absurd” counterexamples. For example, in Part (A),
if we use the same MLE under the general model, but only use 1/2 our samples
when applying the MLE under the restrictive model, then the RE ratio in (3.3.27)
obviously will be deflated by a factor 2, and hence it can easily be made to be less
than one.

[A much less trivial or absurd example is when we want to estimate the correla-
tion parameter p with bivariate normal data {(x;,y;),i = 1,...,n}. Without mak-
ing any restriction on other model parameters, we know the sample correlation
is asymptotically efficient with asymptotic variance (1 — p?)?/n (see Ferguson,
1996, Chapter 8). Now suppose our restrictive model is that both X and Y have
mean zero and variance 1. The Fisher information for this restrictive model is
(1+p2)/(1 = p?)?, therefore RE = 1+ p? > 1, which confirms Part (A). How-
ever, since E(XY) = p under the restrictive model, someone might be tempted to
use the obvious moment estimator 7, = Y, x;y;/n for p. But one can easily calculate
that the variance (and hence MSE) of #, is (1 + p?)/n for any n. Consequently, the
RE of #, compared to the sample correlation is (asymptotically) (1 —p?)?/(1+p?),
which is always less than one and actually approaches zero when p? approaches 1.
So the additional assumption can hurt tremendously if one is not using an efficient
estimator! (Students may recall that my qualifying exam problem from a previous
year was about this problem.) Moments estimators are used frequently in practice
because of their simplicity and robustness (to model assumptions), but this example
shows that one must exercise great caution when using moment estimators, espe-
cially when making claims about their relative efficiency when adding assumptions
or data.]

(C) Intuitively this result is obvious, because when B # Bo, the denominator in W,
can be made arbitrarily large as n increases, and hence its expectation should go to
zero. But this part tests a student’s ability to make such “hand-waving” argument
rigorous without invoking excessive technical details, which is an essential skill for
theoretical research.

Let A, = /n(B — Po— 6), where 6 = 8 — o. Then by (3.3.19), A, converges
in L? to N(0,7%), where 7> = a' Xa, with a = (0,1,—1)T. Therefore, there exists a
ng such that for all n > ng, Var(A,) < 27%. Consequently, for any £ > 0, if we let
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Mg = /272 /€, and A, = {|A,| > M.}, then by Chebyshev’s inequality, we have

Var(A
Pr(A,) = Pr(|Ay| > M) < alr‘;z”) <e. (3.3.28)
€
%
Now if & # 0, then as long as n > 52 , we have, noting 0 < W, = W <1,
2
N

0 < E(W,) = E(W,1a,) + E(W,14c) < Pr(4,) + (3.3.29)

o7+ (Val3| —Me)?

where in deriving the last inequality we have used the fact that (u+v)? > (|u| — |v])?.
That E(W,)) — 0 then follows from (3.3.28) and (3.3.29) by first letting n — oo in
(3.3.29), and then letting € — 0 in (3.3.28).

2

To prove the converse, we note that when 6 = 0, W, = Therefore, by

2+A2
%
(Jensen’s) inequality E(X ') > [E(X)]~!, we have

2
O' O,
P F_~o.

E(W,) >
(Wn) = §+E(A2) G§+rz

(D) This part is rather straightforward, as long as the student is familiar with the
Cauchy-Schwarz inequality (which is a must!) .
From (3.3.21), we have /n(B. — B) = v/n(B — B) — W,D,, where D, =

V(B — Bo). It follows then
nE(Be — B)* = nE(B — B)>+E(W;D}) = 2E[v/n(B — B)(WuDy)].  (3.3.30)

Under our assumptions, the first term on the right hand side of (3.3.30) converges
to 62 > 0, so (3.3.22) follows if we can establish that the second term on the right
hand side of (3.3.30) converges to zero. This is because, by the Cauchy-Schwarz
inequality, the third term on the right hand side of (3.3.30) is bounded above in

magnitude by 2\/ nE(B — B)2E(W2D?), and hence it must then converge to zero as
well if the second term does so. But by the definition of W, in (3.3.21),

(722

E(WD}) =E [Wo P | < GFE(W,),

which converges to zero by Part (C) when 6 = 8 — By # 0. The implication of this
result is that the speaker’s assertion that 3, is asymptotically the same as 3 is correct,
as long as 8 # By. [Note there is a subtle difference between 3 = By and o = 0. The
latter implies the former, but the reverse may not be true because one can always
choose [ to be [3 even if the restrictive model is not true.]
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(E) This part tests a student’s understanding of multi-variate normal models and
the basic regression concepts, with which one can complete this part without any
tedious algebra.

The most important first step is to recoganize/realize that under the general
model, BMLEon, and under the restrictive model, ﬁ MLE_7 pX,,, where X,, and Z,
are the sample averages; hence D,=p/nX,,. The first expression in (3.3.24) then fol-
lows from (3.3.21) when we re-write it as f3, =Z, — W, (pX,,) and let Xo =/n(X,, — )
and Zy = \/n(Z, — B), and the fact that (Xo,Zo) has the same bivariate normal dis-
tribution as in (3.3.4) but with zero means. The second expression is there to hint
at the independence of the two terms, because the first term (Zy — pXp) is the resid-
ual after regressing out Xy, and the second term is a function of X, only. With this

observation, (3.3.25) follows immediately because the residual variance is 1 — p2.

(F) Again, this part does not require any algebra if a student understands the most
basic calculations with bivariate normal and regression.

When o = 0, W, (p,0) = and
2
YR
0 22
1+ p=X;

where the constant C, > 0O is free of n and it is clearly less than E (XOZ) = 1. Therefore
the identity (3.3.25) immediately leads to nE[fB. — B]> = 1 — (1 —C,)p?, which is
strictly larger than nE [B(I)VILE — B2 =1—p? and smaller than nE[BMLE — B]2 =1, as
long as p # 0. Clearly in this case (3.3.22) of Part (D) will not hold because the ratio
there will be 1 — (1 —C,)p? < 1, hence the condition f3 # fy cannot be dropped in
Part (D) — note when p # 0, B # By is equivalent to a # 0.

When p = 0, BME = BMLE and hence regardless of the value of o, Part (D)
holds trivially even though the condition 3 # By is violated. This also provides
another (trivial) example that § = fy does not imply o = 0, as we discussed at the
end of the solution to Part (D) above.

1+p2X2’

Gu(p,0) = E[Xo(1 —Wa(p,0))]* = =G,

(G) This part demonstrates the need of some basic mathematical skills in order to
derive important statistical results (that cannot be just “hand-waved”!).

When p = 0, W,(0,c) = 1, and hence G,(0, ) = no®. From its expression
(3.3.26), the (random) function under expectation is continuous in p and bounded
above by XO2 + no?, which has the expectation 1+ no®. Hence, by the Dominated
Convergence Theorem, G,(p, ¢) is a continuous function of p for any given o and
n. Consequently, whenever G,(0, ) = no? > 1, there must exist a P o >0, such
that for any |p| < p;: 5. Ga(p, @) > 1 as well. It follows then, when 0 < [p| < p; ;.
from (3.3.25), '

nE[B.— B> =1-p>+p*Gu(p, ) > 1 —p*+p*> =1 = nE[MF — p*.

This inequality, however, does not contradict Part (D) because the choice of p,
depends on n, so Part (D) implies that as n increases, p;"a — 0.
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(H) Parts (A) and (B) demonstrate that in order for the proposed estimator (3.3.18)
to achieve the desired compromise, a minimal requirement is that there should be
some “efficiency” requirement on the estimation procedures, especially the one un-
der the more restrictive model. Otherwise it would not be wise in general to bring
in BO to contaminate an already more efficient and more robust estimator B

Parts (C) and (D) proved that under quite mild conditions, the proposed 36 is
equivalent asymptotically to the estimator under the general model, as long as the es-
timator under the more restrictive model is inconsistent, that is, as long as By # . So
in that sense the speaker’s proposal is not harmful but not helpful either asymptot-
ically, and therefore any possible improvement must be a finite-sample one (which
apparently is what the speaker intended and indeed the only possible way if one uses
MLE to start with).

Parts (E)-(G) give an example to show that when the restrictive model is true, the
speaker’s proposal can achieve the desired compromise, that is, 3. beats BMLE in
terms of MSE for all #, but it is not as good as 3(1)\““'5 The latter is not surprising at
all because in this case ﬁMLE is the most efficient estimator (asymptotically, but also
in finite sample given its asymptotic variance is also the exact variance). However,
when the restrictive model is not true, then there is no longer any guarantee that ﬁc
will dominate ﬁ (indeed this is not possible in general whenever [3 is admissible).
The result in Part (G) also hinted that in order for [3‘ to beat B the “regression
effect” of B on & must be strong enough (e.g., expressed in this case via |p| > Pra)

in order to have enough borrowed efficiency from 30 to make it happen.

In summary, the speaker’s proposal can provide the desired compromise when the
restricted model is close to being true and the original two estimators are efficient in
their own right, but it cannot achieve this unconditionally. In general, it is not clear
at all as when one should use such a procedure, especially when the original two
estimators are not efficient to start with.

3.3.7 A Piece of Inadmissible Cake?

M&C’s BC evidently was proposed as an improvement on the original ﬁ, with MSE
as the intended criterion. Adopting the classic framework of decision theory (Berger,
1985), the hope is that 3. is R-better than f3 in terms of the squared loss:

R(B: (01, B)) = / (B(y) — B)2F (vl e, B)e(dy),

where f(y|B, ) is the sampling density and u is its corresponding baseline mea-
sure. But for R(Be; (o, B)) < R(B;(x,B)) to hold for all B and o (and with strict
inequality for at least one (¢, 3)) means ﬁ is not admissible under the squared loss.
The simple normal problem investigated in Section 3.3.5 and Section 3.3.6 demon-
strates clearly that this would be wishful thinking in general. The question then is:
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How do we quantify the apparently good properties of ﬁc, as suggested by the em-
pirical evidences in M&C?

If we have a joint prior on {a, B}, of course we can compare the Bayesian risks
of Bc and B But the partially Bayes approach precisely wants to avoid any prior
specification about . This leads to the notion of partially Bayes risk

ra(B:B) = [ R(B:(et.p)m(der).

If we adopt such a measure, then one fundamental question is: Under which prior
7(cr) the original B is dominated by f, that i, rn(ﬁc,ﬁ) <rp(B;B) forall B?

Intuitively, it is possible for [3C to dominate [3 in terms of r; when 7 puts enough
mass on or near o = 0, as suggested by Part (F) of Section 3.3.5. The trouble is that
in practice we will not know how close the restrictive model is to the truth when we
wish for an automated bias-variance trade-off, because if we knew, then we surely
should have included the information in our model to improve our estimator (e.g.,
via an informative prior), just as if we know o = O for sure, then we should just use
B() (assuming it is an efficient estimator under the sub-model). We therefore seem to
run into a circular situation. The information we need to evaluate 3. meaningfully
makes . unnecessary, but without it, there does not seem to exist a meaningful way
to establish the superiority of f3..

This was the main reason that I suspected that Bc was more a craving than a
creation. I of course hope my suspicion is groundless and that M&C'’s proposal can
lead to a real advancement at the frontier of methods for accomplishing appropriate
bias-variance tradeoff. But this is a case where only hard theory, not simulations nor
intuitions, can settle the matter. After all, the whole industry of shrinkage estimation
came out of the counter-intuitive—at least initially—Stein’s paradox established
by rigorous theory (Stein, 1956; James and Stein, 1961; Efron and Morris, 1977).
There might be an empirical partially Bayes theory in parallel to the elegant one
established by Efron and Morris (1973) for shrinkage via empirical Bayes, but the
key ingredient in M&C, that is, estimating the prior variance via the conservative
(Bo — B)? is likely to be fatal to this line of exploration because the performance of
[36 depends critically on the reliability of this estimation.

Evidently, there is a lot to be learned from the classic theory of admissibility
before we can settle this matter, because this is squarely a problem of comparing
estimators under the squared loss. Professor Berger has done much to build this
field, so it is only fitting for me to present the problem of comparing [i. and B in
general as a piece of cake to him on the occasion of his 60th birthday.

Happy Birthday, Jim, even if the cake turns out to be inadmissible!

Acknowledgments: The author thanks Alan Agresti, Joe Blitzstein, and Xianchao
Xie for constructive comments, Bhramar Mukherjee and Nilanjan Chatterjee for
their truly inspirational article, and NSF for partial financial support.



Chapter 4
Bayesian Model Selection and Hypothesis Tests

Model comparison remains an active research frontier in Bayesian analysis. The
chapter introduces related specific research problems, including the selection of a
number of components in a mixture model and the choice of a training sample size
when using virtual simulated training samples. The chapter also discusses an in-
triguing general property that sets Bayesian testing apart from frequentist testing,
by effectively rewarding honest choice of an alternative hypothesis. Cheating does
not pay.

4.1 Performance of Bayesian Model Selection Criteria for
Gaussian Mixture Models

Russell J. Steele and Adrian E. Raftery

It is a great pleasure to congratulate James O. Berger on his 60th birthday. Jim is
one of the giants of the Bayesian renaissance of the past few decades, and one area
on which he has had an overwhelming impact is Bayesian model selection. In this
section we discuss Bayesian model selection for Gaussian mixture models.

Throughout his career, Jim has built a strong case for using Bayesian methods
for model selection, particularly as opposed to standard frequentist methods based
on p values (Berger and Delampady, 1987; Berger and Sellke, 1987; Barbieri and
Berger, 2004). The case is especially strong for the problem of choosing the num-
ber of components in mixture models, where frequentist methods have difficulties.
There is an elegant but rather complicated theory for frequentist testing of one mix-
ture component versus two, or one versus more than one (Lindsay, 1995), but we
do not know of a fully satisfactory frequentist theory for selecting the number of
components more generally.

Here we compare some of the Bayesianly motivated or justifiable methods for
choosing the number of components in a mixture. We consider posterior probabili-
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ties for a widely used proper prior, BIC, ICL, DIC, and AIC. We also introduce an
explicit unit-information prior for mixture models, analogous to the prior to which
BIC corresponds in regular models.

We compare these criteria via a simulation study. The design of the simulation
study is critical, as it is easy to design a simulation study to favor one criterion
or another. As a result, we based the design on the scientific literature rather than
just specifying values ourselves, as is often done. We extracted 43 published esti-
mates of mixture model parameters from the literature across a range of disciplines,
achieving broad coverage of the literature prior to 2000. Using cluster analysis after
appropriate normalization, we identified six representative sets of parameter values
for our study.

The results were perhaps surprising: BIC outperformed the other criteria, includ-
ing posterior probabilities based on proper priors. This does confirm the informal
experience of workers in the area, particularly those using mixture models for clus-
tering, who have been using BIC widely for this purpose for the past decade.

In Section 4.1.1 we review the existing Bayesian model selection criteria for
mixture models that we include in our comparison. In Section 4.1.2 we describe our
new unit information prior for mixture models. In Section 4.1.3 we give results for
a simulated example and a real data example. Then in Section 4.1.4 we describe
our simulation study and give the results. In Section 4.1.5 we discuss some other
methods and issues in this area.

4.1.1 Bayesian Model Selection for Mixture Models

4.1.1.1 Priors for Mixture Models

We consider the univariate Gaussian mixture model with G components where ob-
servations yi,...,Y, are independently and identically distributed with the density

G
p(y,-|,LL,Gz,7L) = Z lgf(yi|.ug7ng)v
g=1

where f is the univariate normal density with mean and variance parameters [, and
0. A€ (0,1),and 37 A = 1.

Initially the most used prior was a semi-conjugate specification for the parame-
ters of the mixture model, which was conjugate conditional on the unknown mixture
component memberships (West, 1992; Diebolt and Robert, 1994; Chib, 1995). This
assumes a Gaussian prior for each of the u; with prior mean &; and prior vari-
ance sz 7;. The priors for the variances are scaled inverse %% random variables, i.e.,
6]72 ~ ﬁ xzza, where o and B are fixed hyperparameters. With this prior, full con-
ditional posterior distribution conditional on the unknown cluster memberships can

be found in closed form. Nobile and Fearnside (2007) used a similar structure, but
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they placed an additional level of hierarchical, uniform prior distributions on 7; and
Bj-

Another commonly used approach is the conditionally semi-conjugate prior of
Richardson and Green (1997). This differs from the conditionally conjugate prior
in that the priors for the component density means are assumed to be independent
of the component density variance parameters. It has been used as for finite Gaus-
sian mixture models (Robert, Ryden, and Titterington, 2000; Stephens, 2000a), and
also more recently for Gaussian hidden Markov Models (Spezia, 2009) and image
segmentation (Ferreira da Silva, 2009).

Richardson and Green (1997), and subsequent authors, also assigned an addi-
tional hierarchical prior to the scaling constant of the prior for the variances, as-
suming that 3 ~ ﬁ )szg. The prior proposed by Stephens (2000a) differs slightly
from that of Richardson and Green in that x and £ are also allowed to vary, namely
& ~ Uniffes, 0], and k! ~ {7 where [ = 0.0001. Stephens suggested this prior
because he found that the posterior for the number of components G was sensitive
to the the prior on t (and thus to the value of «).

The choice of prior hyperparameters can have a big effect on the estimation of
the mixture parameters (Jasra, Holmes, and Stephens, 2005). In general, the hy-
perparameters for the component density priors have been chosen to be the same
for each component density (Frihwirth-Schnatter, 2006). Data-dependent choices
of the hyperparameters have been proposed by Raftery (1996a), Wasserman (2000),
and Richardson and Green (1997) to achieve weakly informative priors. Richardson
and Green (1997) chose & to be the overall mean of the data, the prior variance of the
component means to be proportional to the square of the range of the data, the prior
distribution of the variances to have scale parameters proportional to the square of
the range, and o = 2. Richardson and Green (1997) used a uniform Dirichlet prior
for the mixture proportions, A,, although this choice can cause difficulties in conver-
gence of Markov Chain Monte Carlo algorithms (Plummer, 2008). In our reading
of the literature, we have found that these choices have been regularly used in both
methodological and applied work.

4.1.1.2 Criteria for Choosing the Number of Mixture Components

Fully Bayesian MAP estimate. The obvious Bayesian choice of the number of mix-
ture components is the posterior mode, or maximum a posteriori (MAP) estimate of
G. This can be evaluated by reversible jump MCMC (Richardson and Green, 1997),
or by the marked point process method of Stephens (2000b). Here we use Stephen’s
hierarchical modification of Richardson and Green’s prior; his paper provides some
evidence that it performs similarly to theirs, but is less sensitive to prior specifica-
tion. We also use his marked point process algorithm, as implemented in his soft-
ware, available at http://www.stat.washington.edu/stephens/papers/software.tar.

BIC. The BIC (Schwarz, 1978) provides a widely used approximation to the inte-
grated likelihood (integrated over the model parameters) for regular models. It was
used for mixtures by Roeder and Wasserman (1997) and has been widely used for
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mixture models since, particularly for clustering (Dasgupta and Raftery, 1998; Fra-
ley and Raftery, 2002), with good results in practice. It is defined as

BIC(G) = 2p(y|#,G) — dlog(n),

where d is the number of free parameters in the mixture model. For regular models,
BIC is derived as an approximation to twice the log integrated likelihood using the
Laplace method (Tierney and Kadane, 1986), but the necessary regularity condi-
tions do not hold for mixture models in general (Aitkin and Rubin, 1985). However,
Roeder and Wasserman (1997) showed that BIC leads to to a consistent estimator of
the mixture density, and Keribin (2000) showed that BIC is consistent for choosing
the number of components in a mixture model.

DIC. The DIC (Spiegelhalter et al., 2002) is an AIC-like likelihood penalization
criterion, where the number of effective model parameters is used instead of the
actual number of free parameters in the model. One stated objective of the DIC for
model comparison is to minimize predictive error of the selected model. It has the
form

DIC(G) = —2log p(¥/,G) +2ps,

where 1 is a “good” estimate of T with respect to the posterior distribution of the
data (often a posterior mean, median, or mode) and p,; can be written as:

pp = Eqy(log p(y[T)) —log p(y[?).

One can thus estimate pp (and possibly 7) via 7y, = 1,..., T where the 7, are draws
from a posterior sampling algorithm. This gives the following empirical estimate of
the effective number of parameters for a particular model to be used in the above
DIC calculation:

T
Z og p(y|%) —log p(y|%).

The choice of 7 can have a large influence on the estimated number of param-
eters. Although Spiegelhalter et al. (2002) used the posterior mean in most cases,
here we will use the largest posterior mode. The posterior mean (and the posterior
median as well) can give poor results (e.g., negative numbers of parameters) because
of the multimodality of the mixture density.

Celeux, et al. (2006) discussed several alternative choices for 7, although they
did not come to a definitive conclusion as to which would perform the best for
choosing the order of a mixture. Plummer (2008) proposed a modification of the
DIC to adjust for the complications with respect to estimating the effective number
of parameters derived through a view of the DIC as an approximate penalized loss
function. McGrory and Titterington (2007) used a variational Bayes approach to
derive a version of the DIC that they found to perform well for choosing the number
of components.

ICL. Biernacki, Celeux, and Govaert (1998) suggested an information criterion
based on the complete data likelihood. They noted that although integrating over
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the parameters of the observed is difficult, the following integral

p(21G) = [ plvale.G)p(e)de

is sometimes available in closed form. Even if it is not, one can rewrite the integral
as

Pz, G)p(z|G) = /p(ylza 7,G)p(z|G, T)p(T)dT.

Biernacki, Celeux, and Govaert (1998) noted that Laplace approximations to p(y|z, T,
G) are often valid and that the remaining integral of p(z|7,G) over p(7) are often
available in closed form, as long as p(7) = p(t)p(A) and the prior distribution of
zis independent of 7. Therefore, they proposed approximating log(p(y|z, G)) using
the BIC approximation

toelp(, ,6))) — & log(n),

where % = argmax,p(y|z, T, G), which will not necessarily be the same as % from
maximizing the observed data likelihood.

This leads to approximating twice the negative integrated classification likeli-
hood by

ICL = —2xlog(p(y|',#*,G))) + (d — (G — 1)) xlog(n) — 2% K ('),

where K(z) = [ p(z|]A,G)p(A|G) depends on the prior for A, d is the number of
total free parameters in the mixture model as before, and #’ is the MAP estimate of
z given T, i.e

g { 1if argmax, 2, = j,

" 0 otherwise.

If one specifies a Dirichlet(¢y, ..., c) distribution for the mixing parameters, then
K (z) can be obtained in closed form as

G
K(z)=log(I'(=))+ z log(I" (ng(z)+0tg)) 2 log(I"(0tg)) —log(I"(n+ Y a))
g=1

where n(z), is the number of observations assigned to the g-th group by the alloca-
tion matrix z.

Biernacki, Celeux, and Govaert (1998) noted that if the ng(z) are far from zero,
an additional approximation for K(z) can be made using a Stirling’s approximation
(dropping O(1) terms) as
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which gives us the following BIC approximation to the integrated complete-data
likelihood
ICL-BIC = —2xlog(p(y,2'|t*,G))) +d xlog(n).

Biernacki, Celeux, and Govaert (2000) presented just the ICL-BIC, with the addi-
tional suggestion to use 7 instead of £*. This is the form of ICL that we use in our
experiments.

AIC. The best known of the information criteria used for determining the number
of components is Akaike’s Information Criterion (AIC). The AIC is calculated for
mixtures as:

AIC(G) = —2logp(y|t,G) +2d,

where d is the number of free parameters in the mixture (e.g., for one-dimensional
normal mixtures with unconstrained variances, d = 3 * G — 1). The theoretical jus-
tification for AIC is that choosing the minimum value of the AIC asymptotically
minimizes the mean Kullback-Leibler information for discrimination between the
proposed distribution and the true distribution, i.e., the model with the minimum
value value of the AIC should be asymptotically closest in Kullback-Leibler dis-
tance to the true model. However, several studies (Koehler and Murphree, 1988;
Celeux and Soromenho, 1996) have found that the AIC overestimates the number
of components for mixtures, most likely due to violations of the regularity condi-
tions required for the approximation to hold. Compared to BIC, the AIC penalizes
models with larger numbers of parameters less, leading to the choice of more mix-
ture components.

AIC also has a Bayesian interpretation, leading to the MAP estimate in regular
models when the amount of the information in the prior is of the same order as
the amount of information in the data (Akaike, 1983). This is a highly informative
prior, and will not be plausible in most cases, so the Bayesian interpretation of AIC
is questionable in many situations.

4.1.2 A Unit Information Prior for Mixture Models

Kass and Wasserman (1995) showed that for regular models, the BIC provides an
approximation to Bayes factors (posterior odds for one model against another when
prior odds are equal to 1, in turn equal to ratios of integrated likelihoods) under a
certain prior for the parameters. This is the so-called unit information prior (UIP),
equal to a multivariate normal prior distribution with mean equal to the maximum
likelihood estimates for the parameters and covariance matrix equal to the inverse
information matrix scaled by the number of observations, i.e. the observed informa-
tion matrix for a single observation. Raftery (1995) extended this result to show that
BIC approximates the integrated likelihood for a single model under the UIP.
However, these results do not hold for mixture models because the required reg-
ularity conditions are not satisfied. As a result, we propose here an analogy to the
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UIP for mixture models. We subsequently use the resulting MAP of G as another
Bayesian estimator of G and assess its performance.

Let z be a matrix of indicator variables, such that z;; = 1 if observation i is sam-
pled from component j and 0 otherwise. Then one can write:

n G
p(zli, 6% 2) = TTTT A" f(vilkg, 07 ).
i=1g=1

Conditional on z, the complete-data information matrix for the parameters y and
o2 becomes block diagonal by component:

=
L~

2
N

L0 0 0
Hi i
of | 0 5 0 0
ic(u,0%) = : 0O 0 0 0 0 |,
ug | 0 0 ”E%G 0
%l o o 0 2(2?0

where n(z), is equal to the number of observations assigned to group g according to
the matrix z.

We now propose a data-dependent prior for mixture models based on the ob-
served information for the complete data likelihood and n(z), = 1 forallg=1,...,G.
We use the following conjugate form for the priors for the component parameters:

e A ~ Dirichlet (o, ..., 0tG);
e [y ~ Normal (ug,c;/lfg); and
o 0]~ 0O Inv-y} .

Each of the priors would be conjugate for the likelihoods in question if the group
memberships were known and, hence, p(y,z) has an analytic form.

One approach for specifying values for the prior’s hyperparameters is to set the
prior covariance matrix for the prior parameters equal to the scaled inverse of the
observed information matrix for a single observation. Kass and Wasserman (1995)
suggested this approach, but in the context of multivariate normal distributions for
the parameters, rather than for the conjugate priors above. The prior variance matrix
for the parameters L, and 0'; is

52(0) 0
2\ Kg(Vg—2)
Vary (Ug, 05) = 0 2(c20y2

(ngz)z(vg —4)

Setting the prior variance matrix equal to i, 1([13.,6';), it is necessary to solve a
system of two equations in three variables:
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G2(0) R 2(520)y2
7 and 2(67)* = —7(23'2 ) —
Ke(Ve—2) (Ve—2)*(vg—4)

which has the following set of solutions:

A2
. =

(ve—4)= K’; and (v, —2)6‘5 = qg?(o).

We choose v; =5 and &, = 1, yielding ng 0 _ 365, because v, = 5 is the small-
est integer number of degrees of freedom that guarantees a finite variance for the
variance parameters. This also has the very appealing feature of yielding a marginal
unit-information prior for the component means. Figure 4.1 shows plots of the pri-
ors for the component means for a simulated data set of 400 observations where the
true G = 3 (a histogram of the data is shown in Figure 4.2).
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FIGURE 4.1. Plots of marginal priors for means for 1-4 components for the trimodal data set using
the standard approximate unit information prior.

Note that we do not assume that the mean and variance parameters have the same
prior distribution for each mixture component, and so we impose a prior labeling on
the parameters of the mixture. One would need to take this into account when mak-
ing inference about any of the parameters of the mixture model with the exception
of G. In the absence of prior knowledge about the group labelings, the methods of
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Simulated three component example
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FIGURE 4.2. Histogram of 400 simulated data points.

Stephens (2000b) could be applied in order to make inference about all parameters
of the distribution.

In the case of G, relabeling is not necessary, as the suggested prior yields poste-
rior inference about G equivalent to the posterior inference using an exchangeable
mixture prior with G! components with each component corresponding to a differ-
ent labeling for the components of the prior above. This is shown by the following
theorem.

Theorem 4.1. Posterior inference for the number of components based on a non-
exchangeable prior distribution for the component parameters is equivalent to in-
ference based on an exchangeable mixture prior that contains all G! label-permuted
versions of the non-exchangeable prior.

Proof. Let p; (7) be the non-exchangeable prior distribution of interest. Let py(7),s =
1,...,G! be the the G! label-permuted versions of the non-exchangeable prior. Let
m*(7) be the exchangeable mixture of p,(7). Then p(y|G) = [ p(y|7)pi(7)d7 is the
same for i = 1, ..., G! because the likelihood is symmetric with respect to permuta-
tions of the labels. Thus, we have
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pI016) = 26! [ pbI7.Gm (21G)dT 2 [r61.Gpi(eIG)ar

- [rbin6{g S rfar= [ rol50m was .00

Because posterior inference about G depends on T only through p(y|G), any poste-
rior inference about G using p;(7) as a prior will be equivalent to inference using
m*(t) as a prior. O

Theorem 4.1 shows that the simpler non-exchangeable prior provides the same
posterior inference about G as the computationally more expensive exchangeable
mixture prior with G! components. The exchangeable prior has the appealing char-
acteristic that it does not assign substantial prior mass to values of the (L,’s far from
the likelihood modes.

‘We compute the posterior probabilities of different values of G with this prior us-
ing the incremental mixture importance sampling (IMIS) method of Steele, Raftery,
and Emond (2006).

4.1.3 Examples

We now compare the results of choosing the number of mixture components from
the methods described above for one simulated example and one real data example.

4.1.3.1 Simulated Example

Figure 4.3 shows the posterior probabilities of different values of G for the trimodal
dataset in Figure 4.2 using the different methods discussed above. In Figure 4.3, IL
indicates estimated posterior probabilities from the unit information prior of Section
4.1.2, and Step-MPP indicates estimated posterior probabilities using the prior and
methods of Stephens (2000a). For AIC, the posterior probabilities are derived from
the Bayesian interpretation of AIC as minus twice the log integrated likelihood for a
highly informative prior, as p(G|y) «< exp(—AIC/2). DIC is computed using the unit
information prior in Section 4.1.2 and is also viewed as an approximation to minus
twice the log integrated likelihood. The prior for G was uniform over the integers
1,2,...,7 for each of the component density priors. The true number of components
in this case is G = 3, and BIC and ICL both put almost all the posterior mass on this
value. The other methods put some posterior mass on bigger values.
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FIGURE 4.3. Posterior probabilities of G for trimodal data in Figure 4.2.

4.1.3.2 Galaxy Data

Figure 4.4 shows the posterior probabilities of G for the canonical galaxy velocity
data set (Postman, Huchra, and Geller, 1986) analyzed by Roeder (1990) and several
others since.

The methods give very different results. The fully Bayesian approach of Stephens
(2000a) (which is similar to that of Richardson and Green, 1997) puts the most mass
on the largest value considered, G = 7. AIC, DIC and the Bayesian approach using
our unit information prior put most of the mass on G = 6 and G = 7. BIC shares the
mass between G = 3 (25%) and G = 6 (75%), while ICL puts almost all the mass
on G = 3.

We do not know the “correct” answer for this famous dataset, and so we can-
not say which methods are “right” or “wrong.” However, exploratory analysis of
this dataset by Fraley and Raftery (2007) sheds some light. If one looks at the full
dataset using standard goodness-of-fit assessment methods (the empirical cumula-
tive distribution function and Kolmogorov-Smirnov tests), it is clear that it is not
well fit by a single normal. This is in line with the fact that all methods give essen-
tially zero posterior probability to G = 1.

There are two clear small “clusters,” one at the left and one at the right of the
dataset. When a mixture model with G = 3 is fit, these are clearly separated out, with
one component corresponding to each of these small clusters, and the remaining
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FIGURE 4.4. Posterior probabilities of G for galaxy example.

components corresponding to the majority of points in the middle (72 of the 82
points).

When one looks at this majority group of points in the middle, there are no strong
deviations from normality apparent (Fraley and Raftery, 2007, Figure 4), and stan-
dard goodness of fit tests do not reject normality. For example, the P-value from a
Kolmogorov-Smirnov test of normal is 0.254.

This suggests that no reasonable statistical analysis based on the data alone
should categorically exclude G = 3 in favor of larger values of G. Yet, AIC, DIC,
and the fully Bayesian analyses based on both priors considered do just that. ICL
goes to the other extreme: it overwhelmingly favors G = 3 over all other possibil-
ities. That leaves BIC, which gives mass to both G = 3 and G = 6, which seems
scientifically reasonable.

We attach two caveats to these results. First, the DIC is based on the unit in-
formation prior in Section 4.1.2, and the results might be different for other priors,
including the (very similar) priors of Richardson and Green (1997) and Stephens
(2000a). Second, only BIC, the fully Bayesian methods and, arguably, AIC, can be
interpreted as yielding posterior probabilities, but we put DIC and ICL on the same
probabilistic evidence scale for comparison purposes.
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4.1.4 Simulation Study

We now describe our simulation study to compare the different methods for choos-
ing the number of components.

4.1.4.1 Study Design

The results of a simulation study for comparing methods can depend critically on
the study design. Often the simulation study is designed by the researcher in a fairly
arbitrary way. Given this, we tried to ground our study explicitly on the published
experience with mixture models.

We searched the literature for published parameter estimates to be used as the
basis for our design. In order to choose examples in a fair, comprehensive, but rea-
sonable fashion, we looked at all papers published before July 1999 listed in the
Science Citation Index/Web of Science that referenced one of three textbooks on
mixture models:

e Everitt and Hand, Finite Mixture Distributions (1981);

e Titterington, Smith, and Makov, Statistical Analysis of Mixture Distributions
(1985); and

e McLachlan and Basford, Mixture Models: Inference and Applications to Clus-
tering (1987).

We also included a set of examples that were listed in the Titterington, Smith, and
Makov book. In all, we looked at over 200 papers published between 1936 and 1999.
Of these, we found 22 papers that listed 43 parameter estimates for two-component
models. (There were very few reported estimates for mixture models with more than
two components.)

The 43 two-component examples and references are listed in Tables 4 and 5 of
Steele and Raftery (2009), along with the mixture parameter estimates. We stan-
dardized each example’s parameters such that the group with the larger estimated
component membership had mean 0 and variance 1. The smaller group’s mean was

2
then normalized to |ty — t;| and the variance to %. The standardized values are

shown in Table 6 of Steele and Raftery (2009).

From an experimental design perspective, one would like the simulation study
to “cover” the space of the mixture examples in the literature. Using the model-
based clustering R package mclust (Fraley and Raftery, 1998), we fit a mixture
of multivariate normal distributions to the literature parameter estimates, restrict-
ing the component densities to have equal, diagonal covariance matrices, using the
BIC to choose the “optimal” number of components. Similar experimental design
approaches for computer experiments can be found in texts on number theoretic
methods (see for example Fang and Wang, 1994).

The BIC suggested 5 components, and we therefore used 5 settings of the mixture
parameters for the two-component mixture model in our experiment. For balance we
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TABLE 4.1. Parameters for the simulation study, as suggested by the 43 parameter estimates from
the literature.

G=1: (Experiments 1-5) n=400, 300, 200, 150, 100
u; = 0,07 = 1, for all experiments
G=2: u; = 0,07 =1 for all experiments
Experiment Wl ol A n
6 1.0 | 05 | .25 400
7 20|20 | .25 300
8 30 | 1.0 | .25 200
9 40| 25| .25 150
10 60 | 15| .25 100
Simulation Experiments 1-5 Simulation Experiment 6 Simulation Experiment 7
o : ] \ |/
g J g J 8 // \A

FIGURE 4.5. Simulation study: The densities used. The top left plot shows the one-component
normal density which was the basis for experiments 1-5. The remaining plots show the two-
component mixture of normals used for experiments 6-10.
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also included 5 experiments with one component, and different sample sizes. The
final simulation study design is shown in Table 4.1, and the mixture densities used
are shown in Figure 4.5.

We generated 50 data sets for each of the 10 experiments. For each of the 500
simulated datasets, we then found the selected number of components for each of
the six selection methods compared, as described in Section 4.1.3.

4.1.4.2 Results

The average number of components selected by each method in each experiment
is shown in Figure 4.6. In Figure 4.6, the experiments are listed in Table 4.1, ICLB
refers to the ICL-BIC criterion, IL is the integrated from the unit information prior in
Section 4.1.2, and Steph refers to the MAP estimate from Stephens’s fully Bayesian
method. For experiments 1-5 for which the true number of components was 1, BIC
and ICL were very accurate, Stephens’s fully Bayesian method was almost as accu-
rate, while AIC, our new UIP, and, most strikingly, DIC, overestimated the number
of components considerably.

For experiments 6—10, for which the true number of components was 2, BIC
was highly accurate on average for experiments 7—10 but less so for experiment 6.
Stephens’s method was also accurate on average. AIC overestimated the number
somewhat on average for experiments 9 and 10. The other methods, ICL, the UIP
and DIC, were much more variable and inaccurate.

TABLE 4.2. Simulation study: the number of times each of the six model selection criteria chose
the correct number of components for the ten experiments in Table 4.1.

Experiment| BIC | Stephens | AIC | ICL | UIP | DIC

1 50 49 45 50 44 20

2 50 48 38 50 39 17

3 50 50 42 50 40 22

4 49 48 34 50 30 14

5 49 46 33 49 19 16

6 23 29 35 0 40 20

7 50 42 46 19 34 23

8 47 45 45 16 33 14

9 50 41 37 39 22 10

10 50 43 39 50 7 20
Total 468 441 394 | 373 | 308 | 176

% Correct | 94 88 79 75 62 35

The number of times each method chose the correct number of components is
shown in Table 4.2. In Table 4.2, UIP refers to the MAP estimate from the fully
Bayesian analysis with the unit information prior in Section 4.1.2. BIC performed
best overall, achieving almost perfect accuracy for each experiment except experi-
ment 6. This may be because experiment 6, while a two-component mixture, is very
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FIGURE 4.6. Average selected number of mixture components by method and experiment. (a)
Experiments 1-5, for which the true G = 1. (b) Experiments 6—10, for which the true G = 2.

close to a single Gaussian, and BIC chose G = 1 a relatively high proportion of the
time. Stephens’s method was second best overall, clearly outperforming the other
methods. It also did worse for experiment 6 than for the other experiments.

DIC performed particularly poorly, uniformly across all experiments. This may
be due to the fact that it used our unit information prior, but the fully Bayesian
method using the UIP performed much better, so this is doubtful.

Mixture modeling is often done to estimate the density rather than to assess the
number of components. We therefore compared the performance of the six methods
for density estimation. To do this in a comparable way, we chose the value of G
selected by each method and then found the MLE of the parameters for that value of
G and the corresponding density, and computed its mean integrated squared error.
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TABLE 4.3. The average Mean Integrated Squared Error (MISE) for the 10 experiments in Table
4.1. The values in the table are multiplied by 1000.

Experiment| BIC | Stephens | AIC | ICL | UIP | DIC
0.19 0.21 022 1 0.19 | 0.23 | 0.67
0.21 0.24 0.33 ] 0.21 | 0.31 | 0.65
0.35 0.35 041 ] 035 | 050 | 1.32
0.48 0.51 1.30 | 0.48 | 1.35 | 2.24
0.60 1.00 1.58 | 0.60 | 2.75 | 3.20
1.53 1.13 0.86 | 2.31 | 0.77 | 0.76
0.23 0.24 023 ] 218 | 025 | 0.28
0.55 0.39 0.37 | 245 | 042 | 0.61
0.37 0.75 0.47 | 0.61 | 0.58 | 0.77
0.34 0.44 0.39 | 034 | 0.75 | 0.58
Mean 0.48 0.53 0.62 |1 097 | 0.79 | 1.11

S 00NV A W —

The results are shown in Table 4.3. Again, BIC did best, followed by the fully
Bayesian Stephens’s method, and DIC did worst by far.

4.1.5 Discussion

We have considered five established Bayesianly motivated methods for choosing the
number of components in a mixture model, and introduced an additional one based
on a new unit information prior for mixture models. We compared all six methods
using a simulation study whose design was based on a broad survey of mixture
model parameter estimates published in the literature before 2000. BIC performed
best, quite decisively, with the fully Bayesian method of Stephens (2000a) (similar
to that of Richardson and Green 1997) outperforming the other methods. AIC, ICL
and DIC performed poorly. So did our own new proposed prior in this context,
unfortunately.

There are other Bayesian approaches to choosing the number of components that
we have not considered here. Steele (2002) proposed a modification of BIC, defined
as follows:

G
BIC; = 2log(p(y|%,G) +2 Y, log(fig +0.0001) + (G — 1) log(n). 4.1.1)
g=1

BIC,; penalizes the parameters of the mixture components by the logarithm of the
estimated sample size of their component rather than of the entire sample size, which
seems more in line with the derivation of BIC for regular models. However, BIC;
performed less well than the raw BIC in Steele’s (2002, chapter 3) simulation study,
and so we did not include it here.

Fraley and Raftery (2007) proposed a regularized version of BIC. This addressed
the problem with BIC that it depends on the maximum likelihood estimator, which
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can sometimes be degenerate in mixture models, particularly if there are ties in the
data. It replaced the MLE by the posterior mode with a very weakly informative
prior, crafted so that the posterior mode hardly differs from the MLE except when
the MLE is degenerate. This is implemented in the mclust R package. We did
not include this in the current comparison, and we conjecture that it would perform
similarly to BIC, but perhaps slightly better because of the regularization.

We have addressed only one aspect of the prior specification, namely the prior
for the component density parameters. Analysts also have the flexibility to specify
different priors on the mixing parameters (for example, a choice between the often
used uniform Dirichlet and the Jeffrey’s prior (Robert, 2001)), but this has been rela-
tively unexplored in the mixture literature. Stephens (2000a) uses a Poisson prior on
the number of components, and it would be interesting to examine how the interplay
between the three priors (on the component densities, mixing parameters, and the
number of components, respectively) affects inference and can be used by analysts
in a constructive way.

We did not consider the class of Dirichlet process mixture priors (Escobar and
West, 1995), mostly for reasons of brevity and relevance. The motivation behind the
use of the Dirichlet process mixture approach to finite mixture models is mostly to
model the underlying population density, rather than to make inference about the
number of components. For further discussion of this issue, see Green and Richard-
son (2001) on the choice between parametric and non-parametric modeling for mix-
tures and the effect on choosing the number of components.

Gaussian mixture models are often used for clustering, particularly in more than
one dimension. Choosing the number of mixture components is not necessarily the
same as choosing the number of clusters. This is because a cluster may arise from a
non-Gaussian distribution, which is itself approximated by a mixture of Gaussians.
Methods for combining mixture components to form clusters have been proposed
by Wang and Raftery (2002, Section 4.5), Tantrum, Murua, and Stuetzle (2003), Li
(2005), Jornsten and Keleg (2008), and Baudry et al. (2008).

Acknowledgments: Raftery’s research was supported by NICHD grant HD-054511,
NIH grant GM-084163 and NSF grant ATM-0724721. Steele’s research was sup-
ported by a Discovery Grant from the National Resources and Engineering Council
of Canada. The authors are grateful to Matthew Stephens for helpful discussions.

4.2 How Large Should the Training Sample Be?

Luis Pericchi

The original approach taken by Berger and Pericchi (1996a,b), the “Empirical In-
trinsic Bayes Factor,” was based on taking (several) real minimal (in size) training
samples, and then forming the arithmetic average of Bayes factors. Minimal Train-
ing Samples were the most natural, since each training sample used for training
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was lost for discrimination of models, and furthermore under several points of view
minimality of training samples encapsulates the concept of Unit Information Priors
(Kass and Wasserman, 1995), and Matching Predictive Priors (Berger and Pericchi,
2001). The Empirical Intrinsic approach besides solving a problem, that of finding
a proper scaling of a Bayes factor, opened up a host of new possibilities for ob-
jective hypothesis testing and model selection. Among them: 1) the possibility of
using longer than minimal real training samples; 2) the possibility of using Intrinsic
Priors directly, without any real training sample (when Intrinsic Priors can be cal-
culated); and 3) the possibility of using simulated training samples, of virtually any
size smaller than the sample size M < n. The third possibility offers a “wonderland”
or “free lunch” situation, on which the use of training samples does not “waste” real
samples. The usual situation in Cross-Validation or in the framework of Chakrabarti
and Ghosh (2007) is not in Wonderland, since they use real training samples, but
Casella and Moreno (2009) for example, are in situation 3, that is in Wonderland.
Now the question we address is: How can we decide an optimal training sample
size M* in Wondeland? For different purposes of the analysis, does the optimal size
change?
For simple null hypotheses, we explore two perspectives.

1. The first is the identification perspective when the correct identification of the
hypothesis is the central focus. We explore rules like “The Type I Error Rule” for
selecting the (simulated) training sample size or minimizing the sum of Type I and
Type Error II. We conclude in favor for extremely small training samples if not
minimal. This validates the original suggestion by Berger and Pericchi (1996a)
of using minimal training samples.

2. On the other hand, if prediction of future observations with square loss by
model averaging is the primary goal, that is, the prediction perspective, then very
large training samples may reduce the error of prediction. For purely prediction
purposes, this opens up a window of exciting new methods.

These opposing answers leave us in a drama when the purpose of analysis is not ab-
solutely either identification or prediction. We suggest then a compromise solution
on which the errors of identification are kept small, assuring large sample consis-
tency and the error of prediction is drastically diminished. We call it the 5% cubic
root rule on which the compromise training sample M* is taken as a simple function
of the sample size n: M* = Min[O.OSn,nl/S]. More general null hypotheses will be
addressed elsewhere.

4.2.1 General Methodology

In this section, for simplicity and ease of exposition, we assume that we have a point
simple null hypothesis, that is,

Hy: 6 = 6 versus H;: 6 # 0.
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The more general situation is a subject of current research (see Pericchi, 2009).
Our starting point is The Intrinsic Prior Equation, which for exchangeable
observations (for the sake of simplicity) is (Berger and Pericchi, 1996a,b):

)|90)
/ Flx o] O 4.2.1)

where x(/) is a random training sample of size (length) M and

= [ £vio)" (©)ae.

Exponential Distribution Example. Assume the data comes from an exponential
likelihood:

f(ilB) = Bexp(—Bxi), xi >0, B > 0.

In this illustration, the hypotheses are:

Ho: B = By =2 versus Hy: B # Po.

It turns out, using the moment generating function of an exponential distribution,
that for a training sample of length M, in terms of the sufficient statistics Xy =
% 2{11 Xis

(mp™ g1
rim) ="

The Jeffreys prior for  is 7'V(B) = 1/, and it follows that m (Xy) = ﬁ There-
fore, using expressions (4.2.1) and (4.2.2), the Intrinsic Prior (IPrior) for a training
sample of length M is

F(XulB) = Jexp(~MPXy). (42.2)

7(0) = (0) [ £(RulB)MBoKur]" exp[—MBoXud o
It turns out that this integral is

pM-1)
“ (Bo+ B)@

This is a very interesting distribution. In fact,
ﬁ/ﬁo ~ Betag(M,M).
Definition: Beta Distribution of the Second Kind.

T(p+q) yr!
r(p)l(q)  (1+y)lpra)’

pOIp.q) = y>0,
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denoted by y ~ Beta,(p,q), and to generate samples from Betay(p,q), we can use
the following algorithm: (a) z ~ Beta(p,q) and (b) y = 1%1
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FIGURE 4.7. (a) Intrinsic priors for the exponential example with minimal training sample M = 1
(points) and M =5, M = 10 and Hy = By = 2; and (b) Type I errors for the exponential example as
a function of M.

In Figure 4.7(a), the IPrior is plotted for M = 1, minimal training sample, and
also for M = 5 and 10. All three priors are sensible since apart from being proper,
their medians are all equal to By = 2, so it is balanced and the null hypothesis is in
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the “center” of the prior. However, it can be argued that for M > 1, the prior is more
concentrated around the null hypothesis, which is “more pleasant to the mind.” Fine,
but...now we have opened a “Pandora Box,” how to assign M? One possibility is
to consider the class of IPriors for 1 < M < n, where n is the sample size, this is
the approach taken by Casella and Moreno (2009). This is fine if there is robustness
with respect to the decision. But this is the exception rather than the rule, since there
is an enormous variation in that class of priors. Decision robustness can only be
obtained when there is an overwhelming support for one of the hypotheses. It is the
intermediate cases which are the most interesting, particularly when the data tend to
favor the null hypothesis. This can not be addressed by the whole class of [Priors.

We explore different ways to assign M on a non-trivial set of training samples
1 <M < M. In order to compute the Bayes factor in this example, we need to
calculate:

n(2) = [ B exp(~Bno)w (B)ap.

Since this is an involved integral, we resort to the following general approximation
(Berger and Pericchi, 1996a)

m' (%) = m" (5)[n (B)/x"(B) +o(1/n)].

Using this approximation, it follows that the Bayes factor satisfies approximately
the following expression:

n" 2
B = B exp(—Punsy) (5) " (Bo-+ <) ¥ m

We may try to explore here a rule like Type I Error Rule as follows. We compute
Pr(BY; <1|Hy: B = o) = a(M,n),

by simulation from Hy and the range to be considered for M is such that oc(M,n) <
0.05.

We performed extensive simulations in Figure 4.7(b), and we conclude that Type
I Error is increasing with M, and thus the optimal is the minimal training sample
My = 1, although small values of M above M = 1 lead to small type I error. An
interesting curiosity is that a 5% type I error corresponds to a M = 0.05n. This
curiosity will be confirmed in our next important example. Tentatively we consider
the class of IPriors:

Five PerCent Class: {rn/(B|M),M = Max[1,Min[0.05n,5]]}.

Remark: It is advisable to avoid letting M be a proportion of the sample size n, since
then consistency will be lost when sampling from the null hypothesis, as will be
clearly seen in the next example. By bounding the class by 5 as above, consistency,
under the null hypothesis, is guaranteed. To continue the exploration of different
routes to choose M in a non-trivial manner, we move to a normal example.
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4.2.2 An Exact Calculation

135

We now explore in depth a case amenable to all calculations for a normal mean with

known variance.

Y~ N(M,Gg), with hypotheses: Hy: u = g versus Hy: i # L.

Using the intrinsic prior equation (4.2.1), for a training sample of size M we find

7 (1) = N(Ho, 203 /M).
Using this prior we get the marginal under H; given by

_ M+2n
i (51M) = N (s, 0B (-

)

and using the intrinsic prior (4.2.3), the Bayes factor is given by

n(y—po)* 2n
2log(Boyy) =log(1 +2n/M) — .
og(Bo1) = log(1+2n/M) 2 M+2n
Then, under Hy
n(y— o)* pr.
~ Al
S

and under H; according to the marginal density (4.2.4),

(7 — Ho)? ~ 2
ke

4.2.2.1 The Identification Route

(4.2.3)

(4.2.4)

(4.2.5)

We begin setting the problem as an Identification Problem, and we compare pro-

cedures by (Bayesian versions) of Type I and Type II errors.

Definition: Bayesian Type I Error.

og(M,n) = Pr[210gB()1 < 0|H0].

: : : n(F—p)*

In the example of this section, since under Hy, 7
0

os(M.n) = Pr(xi > (1+ f/2)log(1+2/f)),

~ )512, it turns out that

where f = M /n is the fraction of the sample, which is the training sample, and, for

example, f = 0.05 is that the training sample is 5% of the sample n.
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Exact Type 1 Error for One Dimensional Normal Model
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FIGURE 4.8. Bayesian Type I Error as function of M. Spercent proportion produces Spercent type
I error.

Definition: Bayesian Type II Error.
Be(M,n) = Pr(2log(Bo1) > 0|H;),

where the probability is calculated from m; (y|M). In the Normal mean example it
turns out that
Bs(M,n) = Pr(xi < (f/2)log(1+2/)),

nM(3—po)*
Gg (M+2n)
Type I and Type II Bayesian errors are increasing with f, see Figures 4.8-4.12. In
fact, it is very interesting that 5 percent as training sample leads to a near 5 percent
of Bayesian Type 1 error, a curiosity already noted in the previous example.

since under m; it is the case that ~ ){12. The surprising fact is that both

Conclusion. To reduce both types of error, we should reduce training samples, that
is take Minimal Training Samples, in this case M = 1 is optimal in that sense. If a
compromise has to be reached still the training sample sizes should be rather smaller
than large. Alternatively, instead of a fraction we may like to use a power of sample
size. The fact is that if we use any fraction f > 0 of sample size, then under Hy the
2log(Bo1) is bounded for all sample sizes, an so it is not consistent under Hy. This
fact can be easily deduced for example from (4.2.5), for M/n = f =constant. For
f =0.05, Figure 4.9 tells us that a power of 0.7 approximates for a long range, so
if this power is assumed the 5 percent rule is approximately obeyed. Sample size to
the power of 0.7 will yield a consistent procedure, but with a high Bayesian Type 11
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$nrpow$ exponent of sample size for 5 percent rule
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FIGURE 4.10. Bayesian Type II Error as function of M, growing steady.
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Typell Error
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FIGURE 4.11. Bayesian Type II Error as function of M. Spercent proportion produces 25percent
type II error.
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FIGURE 4.12. Bayesian Type I and Type II Error as function of M.
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error of about Bg = 0.25, see Figure 4.10, and with a non-negligible Type I Error of
0.05 even for very large sample sizes. This seems to be unacceptably large. Thus,
if we are going to envisage a “power rule” that power should be much smaller than
0.7. Next, we turn to a radically different criterion.

4.2.2.2 The Prediction Route

We now take a completely different route: We focus on the Bayesian Risk of pre-
dicting the observations, but NOT by one single model but by the fully Bayesian
route of Model Averaging, which is the most widely justifiable procedure under
a Bayesian point of view. For which training sample size M will be the Bayesian
risk minimized? First of all notice that typically the variance of the log of the Bayes
factor decreases with M.

variance
1.4 1.6 1.8 2.0

12

1.0

FIGURE 4.13. Variance of 2LogB01 as function of fraction f = M /n to minimize variance increase
fraction f.

Normal Example Continued. From the expression (4.2.5), we get that under Hy
the Var(210g:(Bo71).) is 2(%)2 or.(%)? Undgr m .the factor turns to be (%)2
both decreasing with M as seen in Figure 4.13. This variance reduction may antici-

pate an effect in the reduction of error of prediction.

Prediction Criteria. We use square error loss, the most used (over-used?) loss func-
tion.
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Definition: The Prediction Risk as a function of M.
Risk(M) = [ (5" = 9*p(5IM)d5,
where
p(3[M) = P(Holy, M) f (§|to) + P(Hily,M)m1(5|M),
and
§* = P(Holy,M) [ 57(5|to)d5+P(Hily, ) [ 5m (51M)ds
Lengthy algebra yields that

Risk(M) = (55 —v})*P(Holy, M) P(H, |y, M) + Varo (3)P(Holy, M)
+ Var; ()7|M)P(H1 |y7M)a

where Vary(7) = 62 /n, Var|(5|M) = o2 (1/n+2/M).
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FIGURE 4.14. Effects on the relative risk of the training sample size M, showing rapid decrease
with M.

Figure 4.14 shows the reduction of the risk as the training sample size grows.
Note however an important phenomenon: the decrease in risk is quite fast. So al-
lowing slightly bigger than minimal training samples permits a drastic reduction of
the prediction risk. On the other hand, we see in Figure 4.15 that the change in the
Probability of the null may be sizeable with M. Taking into consideration all these
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Change in Pr(HO) with M
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FIGURE 4.15. Effects on the probability of the alternative and the relative risk of the training
sample size M.
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FIGURE 4.16. The five percent-cubic root rule as a function of sample size n.
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facts we finally propose the rule:
M = min[0.05n; (n)'/3].

The Spercent-cubic root rule is depicted in Figure 4.16.

4.2.3 Discussion of the FivePercent-Cubic-Root Rule

Limitations. It should first be noted that we considered situations on which the
Null Hypothesis is simple and the alternative is one-dimensional. Generalizations
are being worked out.

Versions. Apart from the continuous version, we may take integer versions, by tak-
ing the function “ceiling” in the rule above. There is nothing to prevent the use of
fractional M though, like M = 0.25 for n = 5. The ceiling version would lead to
M = 1. This seems fine, but smaller type I errors seems preferable.

Pure Cubic Root Rule? Setting the rule simply as: M = (n)]/ 3, achieve most of
the desiderata of a sensible procedure. Nevertheless the simple cubic root will allow
higher values of type I error for very small sample sizes, so our preference for M =
Min[0.05n; (n)'/3].

Different Thresholds. It may be argued that the rule depends on the threshold (on
the log Bayes factor) of O in the definitions of Bayesian Type I and II Errors. How-
ever the value of zero is a natural one, and does not seem esential in our arguments
which involve type II error. On the other hand, Type I error seems to be fairly flat
with respect to the training sample size for thresholds which are smaller than one.

Tentative Nature of the Rule. Still the rule should be contrasted with practical
experiences, for fine tuning. However a compromise between minimal and maximal
training samples seems useful to be considered.

Acknowledgments: This work was supported in part by NIH Grant P20-RR016470.

4.3 A Conservative Property of Bayesian Hypothesis Tests

Valen E. Johnson

Statistical hypothesis tests can be conducted for a variety of purposes. As Marden
(2000) notes, the two (or more) hypotheses under consideration may be on equal
footing, or one hypothesis may represent a simplification of a larger model and
interest may lie in determining whether the simpler model provides an adequate
representation of the data. In classical statistical tests, the null hypothesis occasion-
ally represents a theory that one believes is true, but more often it represents a straw
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man that one hopes to reject. In this article, I restrict attention to the latter case and
assume that a null hypothesis has been completely specified and that the goal of an
investigation is to reject it. If a Bayesian test is used for this purpose, I demonstrate
that the expected weight of evidence against the null hypothesis is maximized when
the “true” alternative hypothesis has been specified. I discuss the implications of this
fact from several perspectives, and demonstrate that it implies, among other things,
that a Bayesian cannot skew the results of a hypothesis test in favor of the alternative
hypothesis by specifying an overly optimistic (or pessimist) prior distribution on the
parameters of interest.

4.3.1 An Inequality

In parametric settings, if x denotes data collected during a study and 6 denotes a
parameter of interest, then a classical test of a point null hypothesis is often stated
as a test of

Hy: 6 =0, VErsus Hy: 06 +# 0. “4.3.1)

The specification of Bayesian tests is more complex, requiring that (proper) prior
densities be specified on 6 under both the null and alternative hypotheses. A
Bayesian hypothesis test corresponding to (4.3.1) might thus be written

Hy: 6 ~ m(0) versus Hy: 0 ~m(6), (4.3.2)

where my(0) assigns unit mass to 6, and 7;(6) represents any other probability
density function. For purposes of this article, I assume that m(6) is known and that
there is no ambiguity regarding its functional form. It need not, however, represent
a density function that assigns unit mass to a single point—any probability density
function will do.

In contrast to the specification of m(6), there is often controversy surrounding
the specification of m;(0). For example, in testing whether two variables are cor-
related, the null hypothesis is usually specified as a statement that the correlation
coefficient is 0. What to assume about the correlation coefficient under the alterna-
tive hypothesis is generally less clear.

To complete the specification of the hypothesis test indicated in (4.3.2), let
f(x|6) denote the sampling density of x given 0. I assume that 7;(0) is specified
before x is observed.

In a Bayesian hypothesis test, the posterior odds in favor of the alternative hy-
pothesis are obtained by multiplying the prior odds in favor of the alternative hy-
pothesis by the Bayes factor. This relation can be expressed mathematically as

Pr(H|x) m(x) o

= X
PI'(HU |X) m()(X) l—a’

(4.3.3)
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where o is the prior probability assigned to the alternative hypothesis and o¢/(1 —
o) are the prior odds in favor of the alternative hypothesis. The quantities m(x)
and mg(x) denote the marginal densities of the data under the alternative and null
hypotheses, respectively, and their ratio is called the Bayes factor. The marginal
density of the data under the alternative hypothesis is defined to be

mi(x) = /@f(x| 0)m1(6) d6, (4.3.4)

which is just a weighted average of the sampling density of the data, weighted with
respect to the prior density on the unknown parameter vector. A similar expression
provides the marginal density of the data under the null hypothesis. The Bayes fac-
tor, mj (x)/mo(x), may thus be regarded as a ratio of integrated likelihood functions.

Often, the null and alternative hypotheses are assumed to be equally likely a
priori, which means that o = 0.5 and o//(1 — o) = 1. In this case, the Bayes factor
equals the posterior odds in favor of the alternative hypothesis.

The logarithm of the Bayes factor is called the weight of evidence and is used by
Bayesians to summarize the result of a hypothesis test.

The expected weight of evidence in a hypothesis test has the following property.
Suppose that the prior density 7r; (6) assumed for the parameter vector 6 under the
alternative hypothesis is “incorrect,” and that the “true” prior density for 6 is m;(6).
The meanings of “incorrect” and “true” in this context are discussed below. Let
my(x) denote the marginal density of x obtained from (4.3.4) with 7,(6) substituted
for 71 (6). Then from Gibbs’ inequality, it follows that

[, motog {m’(x) } ax— [ m(oog {’"1 (")} ix

n’l()(X)
— 0/7 my (x)log [Zi((i))} dx
>

That is,

[, oo {m’ (X)} ax= [ mi(x)log {ml (X)} dx. (435

mo(X) mo(X)
The last inequality states that the expected weight of evidence in favor of the alter-
native hypothesis is always greater if the true prior is used in its definition. This is a
slightly different way of stating that the expected weight of evidence always favors
the true hypothesis (e.g., Good, 1950), but the introduction of the device of a “true”
prior is useful for examining the effects of misspecifying the prior density used to
define the alternative hypothesis is (4.3.2).
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4.3.2 Discussion

Equation (4.3.5) can be interpreted in a number of ways. From a frequentist per-
spective, the true value of a model parameter is assumed to be an unknown constant.
The true prior density is then the density function that places unit mass on this value.
The more mass that 7;(0) assigns away from this value, the higher the penalty the
Bayesian pays for not concentrating his prior on it. In other words, the posterior
odds computed in favor of the alternative hypothesis using any prior that does not
concentrate its mass on the true (but unknown) parameter value are very likely to be
smaller than the posterior odds that would be achieved by using the correct prior.

The interpretation of (4.3.5) from a Bayesian perspective is more direct. When
planning an experiment with the goal of rejecting a null hypothesis, it is in the inves-
tigator’s best interest to define the alternative hypothesis using the prior distribution
that most accurately represents available prior information.

It is worth noting that many objective Bayesian testing procedures use non-
informative prior densities to define alternative hypotheses. Presumably this is done
in an effort to avoid “biasing” test results in favor of the alternative hypothesis. In
fact, however, (4.3.5) demonstrates that the use of such priors inevitably results in
a decrease in the expected weight of evidence that would be collected in favor of a
true alternative hypothesis. The prior density used to define the alternative hypoth-
esis should be based on the most accurate information available regarding the value
of the parameter of interest, under the assumption that the null hypothesis is false.
That is, the prior density used to define the alternative hypothesis should represent
the alternative hypothesis being tested, not a disperse version of the null hypothesis.

Equation (4.3.5) cannot be extended to obtain a similar inequality on posterior
model probabilities. Nonetheless, for an accepted value of the prior odds, (4.3.5)
might be interpreted to mean that the posterior probability assigned (by another
Bayesian) to the alternative hypothesis represents (for you) a conservative estimate
of the true posterior probability of the alternative hypothesis. In fact, a plausible rule
of thumb is to assume that the true posterior probability of the alternative hypothesis
will usually lie between the posterior probability reported by another Bayesian and
the posterior probability obtained by setting the Bayes factor equal to the likelihood
ratio statistic (i.e., by letting 7 (0) concentrate its mass on the maximum likelihood
estimate of ).

As a final comment, it is worth contrasting Bayesian testing procedures to
Bayesian inferential procedures used in testing contexts. Because Bayesian test-
ing procedures require the specification of proper prior distributions on parameters
of interest under both null and alternative hypotheses, it is common practice to use
Bayesian inferential procedures in place of formal hypothesis tests even in what are
inherently testing problems. For example, instead of testing whether a new medical
treatment has a higher efficacy rate than a standard treatment, many scientists will
instead report the posterior probability that the new treatment’s efficacy rate exceeds
the rate assumed for the standard treatment. Such posterior probabilities are often
calculated using a non-informative prior density on the new therapy’s efficacy rate.
Equation (4.3.5), however, reveals an important distinction between Bayesian test-
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ing procedures and Bayesian inferential procedures. A simple example illustrates
this difference.

Suppose that an (unscrupulous) investigator wishes to reject a null hypothesis
that a success probability p is equal to, say, 0.2. To this end, he imposes a prior
distribution on p that concentrates all of its mass on the interval (0.8, 1.0), and then
collects a binomial observation x with denominator n and success probability p.
Because the investigator assigned no prior mass outside of the interval (0.8,1.0),
his posterior distribution on p will also concentrate all of its mass on the interval
(0.8,1.0). The posterior probability that p < 0.8 is then 0, no matter what the value
of x is.

The situation is fundamentally different when viewed as a statistical test. Sup-
pose, for instance, that x = 40 and n = 100. Assuming that the prior odds between
null and alternative hypotheses are 1.0 and using the same prior distribution on p
as before, a simple calculation shows that the posterior probability assigned to the
alternative hypothesis is less than 9 x 10~!3, which for practical purposes is 0. Thus,
while the inferential procedure concludes that the probability that p > 0.8 is 1, the
testing procedure concludes that the probability p > 0.8 is essentially 0.

Taking this example a bit further, suppose that the investigator had defined the
alternative hypothesis by instead assuming that p had a uniform distribution on the
unit interval. With this prior, the posterior probability assigned to the alternative
hypothesis would have been 0.9998, or very close to 1. By attempting to bias the
result of the test against the null hypothesis, the investigator increased the weight of
evidence collected in its favor.

4.4 An Assessment of the Performance of Bayesian Model
Averaging in the Linear Model

llya Lipkovich, Keying Ye, and Eric P. Smith

Bayesian model averaging (BMA) is an approach in modern applied statistics that
provides data analysts with an efficient tool for discovering promising models and
obtaining estimates of their posterior probabilities via Markov chain Monte Carlo
(MCMC) (see Hoeting et al., 1999). These probabilities can be further used as
weights for model averaged predictions and estimates of the parameters of inter-
est. As a result, variance components due to model selection are estimated and ac-
counted for, contrary to the practice of conventional data analysis (such as, for ex-
ample, stepwise model selection). In addition, variable activation probabilities can
be obtained for each variable of interest.

BMA (and the frequentist counterpart) is becoming an increasingly popular data
analysis tool which allows the data analyst to account for uncertainty associated
with the model selection process. An interesting application of BMA methodology
in the context of linear regression is a method of simultaneous variable selection and
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outlier detection presented in Hoeting, Raftery, and Madigan (1996) and Hoeting et
al. (1999).

Prior to model averaging, variable selection has been recognized as “one of the
most pervasive model selection problems in statistical applications” (George, 2000),
and a lot of different methods emerged during the last 30 years, especially in the
context of linear regression (see Miller, 2002; McQuarrie and Tsai, 1998). Many
researchers focused on developing an appropriate model selection criterion assum-
ing that few reasonable models are available. Such methods include PRESS (Allen,
1971), Mallows’ C,, (Mallows, 1973), Akaike’s AIC (Akaike, 1973), Schwarz’s BIC
(Schwarz, 1978), RIC (Foster and George, 1994), bootstrap model selection (Shao,
1996), and others. In reality, however, the researchers often have to choose a single
or few best models from the enormous amount of potential models using techniques
such as stepwise regression of Efroymson (1960) and its different variations, or, for
example, the leaps-and-bounds algorithm of Furnival and Wilson (1974).

Typically researchers use both approaches, first trying to generate several best
models for different numbers of variables, and then select the best dimensional-
ity according to one of the criteria listed. Any combination of these approaches to
model selection, however, do not seem to take into account the uncertainty associ-
ated with model selection and therefore in practice tend to produce overoptimistic
and biased prediction intervals, as will be discussed later. In addition, the statisti-
cal validity of various variable selection and elimination techniques (stepwise and
forward selection, backward elimination) is suspect. The computations are typically
organized in “one variable at a time” fashion seemingly employing the statistical
theory of comparing two nested hypotheses, however ignoring the fact that the true
null distributions of the widely used “F statistics” (such as F-to-enter) are unknown
and can be far from the assumed F distribution (see Miller, 2002).

The two elements of the model selection problem (model search and model se-
lection criterion) are naturally integrated in model averaging. This overcomes the
inherent deficiency of the deterministic model selection approach by combining
(averaging) information on all or a subset of models when estimating parameters,
making inferences, or predicting new observations, instead of using a single model.

The technical approach to BMA is relative straightforward and involves updating
information across a set of possible models. Following Madigan and Raftery (1994),
if A is the quantity of interest, such as a parameter of the regression model or a future
observation, then its posterior distribution given data D and a set of K models is a
mixture of posterior distributions (see also Leamer, 1978):

K
P(AD) =Y P(A|My,D)P(My|D),
i=1

the posterior probability for model M is given by

P(Mk|D) — KP(D|Mk)P(Mk) 7

3. P(D|M,)P(M)

=
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where

P(DIMY) = [ P(DIBL. M) (B M)aB,

is the predictive distribution for model M.

The standard Bayesian approach to quantifying uncertainty is by incorporating it
as an extra layer in the hierarchical model. In BMA we assume an extension of the
Bayesian hierarchical model, as explained in George (1999), “By using individual
model prior probabilities to describe model uncertainty, the class of models under
consideration is replaced by a single large mixture model. Under this mixture model,
a single model is drawn from the prior, the prior parameters are then drawn from the
corresponding parameters’ priors and finally the data is drawn from the identified
model.”

In this section, we will try to think about models in a broad context when appro-
priate since different researchers have applied BMA within quite different classes
of models. In many cases however the model space will be reduced to the subsets
of predictors in the linear regression model. The objective of this research is to use
simulation to assess BMA. Using a basic multiple regression model, we evaluate
the efficiency of BMA relative to a “true” model and a single selected model. We
use simulation experiments to evaluate the performance of the Bayesian Model Av-
eraging method by comparing averaged linear models against a single model. We
compare performance over different subsets of models and evaluate the importance
of correlation among predictors on efficiency.

4.4.1 Assessment of BMA Performance

One of the main arguments for using the BMA is based on its ability to improve
our predictions, as measured by the out-of-sample prediction error. Summarizing
the experience of several studies, Raftery (1995) state that “in most cases BMA im-
proves predictive performance over the single best model by about the same amount
as would be achieved by increasing the sample size by 4%.”

Hoeting et al. (1999) present several examples of BMA applications that use
out-of-sample validation methods to illustrate its predictive performance. The cross-
validation was performed by splitting each data set into two parts: training set, D7
and prediction set, D¥. The training set is used for model selection and the second
set for prediction. Using several models turned out better than using a single model
in most of the cases.

Two measures of predictive ability were used, the coverage for a 90% predictive
interval, measured by the proportion of observations of the second set falling within
the 90% of the corresponding posterior prediction interval (see Hoeting et al., 1999).
The second measure is the logarithmic scoring rule of Good (1952). Specifically
they measure the predictive ability of a single model M as

— Y log{P(AIM,D")},
AeDP
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and compare it with predictive ability of BMA as measured by

-y {log[§ (A|M,,DT)P (Mk|DT)]}.

AcgP

The smaller the predictive log score for a given model or model average, the better
the predictive performance.

An intuitive explanation of the superior performance of BMA was given in
George (1999), who noted that BMA-based prediction can be viewed as an ap-
plication of averaging of several approximately unbiased estimates with weights
adaptively accounting for their different variance, hence better prediction. A more
analytical argument was used in Madigan and Raftery (1994), which follows from
the non-negativity of the Kullback-Leibler information divergence:

“E [mg{ i P(A \Mk,DT)P(Mk|DT)H < —E[log{P(A|M;,D)}]
k=1

for j =1,...,K. See also Chickering and Heckerman (2000) who used Bayesian
networks and found that the predictive ability of model averaging is better than
using a single model.

4.4.2 A Simulation Study of BMA Performance

4.4.2.1 Out-of-Sample Performance of BMA

To assess the performance of BMA in the case of a multiple linear regression, we
conducted a simulation study. The idea of simulation was to use some “true” model
to generate the data and then compare the out-of-sample prediction for the averaged
model to that of various candidate models (full model, top selected model, and true
model). Of course, the usefulness of the results is limited because the simulation is
based on the assumption that a “true” model exists, which may not be the case in a
real-life situation. However, the simulation study can be used as a way of validating
the BMA procedure.

The simulation procedure started at generating training and prediction data, de-
noted by DT and D", respectively under the same generation scheme. The number
of explanatory variables was taken to be 20 and the number of cases in both train-
ing and prediction data sets was set to 100, and 500. Both fixed and random design
matrices (X) were considered in the simulation experiment. For the fixed design
the same (generated from a multivariate normal distribution) values of explanatory
variables for both training and prediction data sets were used; for the random design
different X matrices for the two data sets were generated. The design matrix had one
of three correlation patterns: high (» = 0.8), medium (r = 0.5), and uncorrelated. For
this purpose, variables were divided into 4 groups (x| — x5), (x¢ — X10), (x11 — X15),
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(x16 — x20), with equal correlations within each group and uncorrelated across the
groups. All x’s were standardized to have zero means and unit variances. The val-
ues for response variable, y’s, were generated by applying the same coefficients for
those variables in the same group, B € (0.1,0.2,0.3,0.0) and adding normal errors
with zero means and unit variances. Notice that the coefficients in the last group
are set to zero, which means that the full model is not the true model. To ensure
that different data sets are comparable (have similar R?), the 8 coefficients were
adjusted by the appropriate factor, ¢ so as to make the R? for the simulated data to
be 0.5 when the true coefficients are applied. This factor is data-dependent and it is

computed as
N 20 2y —1/2
C:{N12< ﬁjx,j) } 5
i=1 1

j=
where N is the sample size, B’s are the assumed model coefficients and the x’s are
simulated. This can be motivated as follows: for a regression model with random
design, unit variance of standard error, and true coefficients, 3, the expected R? is
computed as

E (é B,/’xj) ’

o
R = —
1 + E ( Z ﬁ jx j)
j=1
(see Breiman, 1996), and hence the correction factor needed to achieve a certain

target R? can be estimated as

R,

JrE (Epe)u

Cc =

i=1

Next we ran 20,000 iterations of the Markov chain Monte Carlo model composi-
tion (MC?, see Madigan and York, 1995) algorithm on the training data and obtain
a list of models and associated values of the Bayesian Information Criterion (BIC)
(Schwarz, 1978). Then Occam’s window was applied to reduce the model set by
dropping the models whose BIC were worse by a certain amount than that of the
model with highest BIC (see Raftery, 1995, p. 31 for guidelines about interpreting
differences in BICs). For this simulation the size of the window was varied from 5
to 25 units of BIC.

In the next step, we estimated the regression coefficients for the model from
the model set using training data (DT). Prediction error measures, based on the
differences between actual and fitted values were computed. Let

N A\ 2
PEy(A.B) =3, (y? - xﬁ-ﬁf) : (4.4.1)

i=1 JEM



4.4 An Assessment of the Performance of Bayesian Model Averaging in the Linear Model 151

be a measure of prediction error for model M fitted to data A and applied to predict
y’s in data B. This means that the coefficients for a model M are first estimated on
data set A and further applied to the explanatory variables in the data B. This quan-
tity can be computed for the top model (model with highest BIC found by our MC?
algorithm), full model and the “BMA model.” The fitted vales for the “BMA mod-
els” are the weighted averages of predictions obtained by using individual models,
Z//[ ( > xﬁB}“)ﬁ(M |D), where . is the set of active models after applying Oc-
Me. jeM
cam’s v{/indow. The model weights were computed using the BIC approximation to
posterior model probabilities (see Raftery, 1995).

Once we have all of the above, for the top, full, BMA and the true models, we
computed PE;,,(D", D), PE (D", D), PEgya (D" ,D"), and PE;,e (D™ ,D”) re-
spectively as defined in (4.4.1). These quantities are used to compute the relative
efficiency of the averaged model when applied to the new observations. Of course,
we hope that BMA will be efficient when applied not only to the data used for es-
timation but also to a new data. Finally, we express the relative efficiency of BMA
with respect to the top, full, and true models as the ratios

PEt()p(DT7DP) PEfull(DT7DP)
PEgya (DT,DP)7 PEgya (DT,DP)’

PE,.(DT,DP)

and .
PEgya(DT,DP)

For example, a relative efficiency of 1.07 means that using BMA is equivalent to a
7% increase in sample size.

TABLE 4.4. Summary for BMA out-of-sample performance (relative efficiency) against top, full
and true models. Occam’s window for computing BMA was set to 25 units. The ratios are
averages over 200 iterations, standard errors are in parentheses.

Relative Efficiency of BMA

X-Design|Correlation among X’s|PE;,,/ PEpya |PE 11/ PEpya |PEirue | PEpya
High (0.8) 1.054 (0.009) | 1.057 (0.014) | 0.979 (0.008)

Random Medium (0.5) 1.083 (0.014)| 1.007 (0.014) | 0.909 (0.012)
Low (0.0) 1.085 (0.008) | 1.075 (0.017) | 0.937 (0.015)

High (0.8) 1.083 (0.037)| 1.007 (0.014) | 0.909 (0.012)

Fixed Medium (0.5) 1.059 (0.024)| 0.993 (0.009) | 0.918 (0.007)
Low (0.0) 1.071 (0.022)| 1.028 (0.012) | 0.953 (0.008)

The described procedure was repeated 200 times for each scenario, the results are
summarized in the series of tables which contain the averages based on 200 repli-
cates and the estimates of associated Monte Carlo standard errors in parentheses.
Table 4.4 gives the relative efficiencies for BMA approach compared to the top, full
and true models. For this part of the experiment, Occam’s window was set to 25
units which, on average, translated into about 4,000 models captured. We see that
BMA tends to outperform both full and top models in terms of the out-of-sample
prediction.
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Of course, BMA fails to outperform the true model. However, in real life we
never know the true model, if such exists, and that is why we are using BMA in
the first place. The fact that BMA outperforms the full model is of course due to a
relatively small number of observations in the sample, N = 100. When we tried the
same experiment with N = 500 (the results are not reported here), the advantage of
BMA vanished. This is because with a large sample the coefficients of the irrelevant
variables can be estimated accurately in the full model. In our results, there does
not seem to be a difference between the correlated and independent designs, which
seems to be counterintuitive. When the predictor variables are correlated, there is
some overlap between them and, consequently, there is an overlap between differ-
ent models so we would expect to see an increased efficiency of BMA. In other
simulations, we tried to introduce some x’s which were unrelated to y (the regres-
sion coefficients were set to zero), while they could maintain high correlations with
other x’s related to y via their non-zero coefficients, and therefore affect y indirectly.
We wanted to see if BMA would prove more efficient in the situation of corre-
lated design, picking on this extra information about y that could be provided by
“irrelevant” x’s. However, as in the present simulation, the efficiencies of BMA for
both correlated and uncorrelated design matrices were about the same. Interestingly,
BMA appeared more efficient compared to using the full model when the design is
random.

TABLE 4.5. Summary of BMA out-of-sample performance when using different size of Occam’s
window (random design and high correlations, standard errors are in parentheses).

Average number of models| Relative Efficiency of BMA

Occam’s window size

contained in model set

PE;,,/PEpya

PE 11/ PEgma

5
10
15
20
25

106.60
1014.5
2586.2
3902.3
4551.2

1.033 (0.006)
1.035 (0.007)
1.048 (0.009)
1.051 (0.010)
1.054 (0.009)

1.039 (0.016)
1.037 (0.011)
1.067 (0.013)
1.079 (0.013)
1.057 (0.014)

Table 4.5 shows the simulation summaries for the case of random design, high
correlations, and with different widths of Occam’s window (the difference in BIC
between the best and the worst model included in the model set). The second col-
umn contains the number of models captured with the Occam’s window, averaged
over 200 runs. As one can see, increasing the size of the window somewhat im-
proves the performance of BMA. There is some evidence that after the number of
models in the set exceeds some optimum level, the performance begins to decrease.
In summary, our experiment supports the claim made in Raftery (1995, p. 147) that
“taking account of model selection uncertainty yields better out-of-sample predic-
tive performance than any one model that might reasonably have been selected. This
is true whether one averages across all models or used Occam’s window.” As our
study shows, averaging across only 100 models with top BIC gives about the same
improvement in terms of predicting power, as using thousands of available models.
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4.4.2.2 The Limits of BMA

Some authors (Hoeting et al., 1999) made a point that averaging across a large set of
models is better than using a single model because a single model is always condi-
tional on a single data set which may reflect the idiosyncrasy of this particular data
that may not be seen in new replications. They also suggested that the “averaged”
model would allow a researcher to overcome this limitation. It appears, however,
that since the model weights computed in BMA are also based on a single data set,
they would be more suitable to this particular data and therefore may not perform as
well when applied to some new data. To show that the “averaged model” is giving
a false sense of performance when applied to the same data that was used to se-
lect the set of models and determine their posterior weights, we designed a special
procedure as follows.

First we construct the model weights by running the MC? procedure on the train-
ing data, as in the previous simulation experiment. Then we observe that if the av-
erage of all these models were used to predict the same training data, its apparently
good performance could be explained by the fact that (i) the model coefficients
were estimated using the same data set as the one used for prediction and (ii) the
model weights were obtained using the same data set as the one used for predic-
tion. To remove the first source of overfitting, (i), from our analysis and evaluate
the role of the second source, (ii), we developed the following procedure. First we
estimate each model in the model set using an independent data set (the predic-
tion set, D) and then apply these coefficients to the original training set, using the
same model weights as were obtained on that training data. The prediction error,
PEgy4(D”,DT), has to be compared with our previous estimate of “out-of-sample”
prediction error, PEgya (DT, D). Now we argue that if the former is systematically
smaller than the latter, the only explanation would be that the model weights were
somehow adapted to the idiosyncrasies of the training data and therefore may not
generalize well to the new data. For example, it may happen that some variable
which has a large coefficient in the “true” model did not come out very significant
when estimated in the training sample. This would affect the estimate of its activa-
tion probability (sum of weights for the models where this variable was included)
obtained from that same sample. Hence, the composition of model weights may be
not optimal for predicting observations from another sample of the same population.

To put it more technically, we compute the “backward” prediction errors:

PEue(DP,DT), PE g, (D”,DT), and PEgya(DP,DT)
and use them to obtain the following ratios,

PEpya(DT,D?) PE,,,(DT,DP) PE (DT, DP)
, ,and ——————=.
PEgya(DP,DT)’ PE,,,(DP,DT PE,(DP,DT)

Notice that the PEs in both numerator and denominator use different data sets for
estimating model parameters and prediction, the only asymmetry being that the pre-
diction error in the denominator is computed when the same data are used for model
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selection and prediction (note that D7 is always used for model(s) selection). There-
fore, ratios higher than 1.0 for BMA would indicate that it is “working better” when
the same data are used for prediction and model selection. This difference should
obviously vanish for the full or true models (since there is no model selection here),
hence we expect the corresponding ratio to be centered around 1.0. Our hope is that
BMA would also produce a ratio close to 1.0, or at least lower than that produced
by the top model.

TABLE 4.6. Summary of BMA performance against the top, full, and true models when the same
data are used for model selection and prediction, standard errors are in parentheses.

Relative Efficiency of BMA

X-Design|Correlation among X’s|PE;,, /PEgua |PE fui1 / PEya | PEirue / PEBua
High (0.8) 1.072 (0.010) | 1.451 (0.027) | 1.343 (0.020)

Random Medium (0.5) 1.132 (0.013) | 1.533 (0.033) | 1.403 (0.026)
Low (0.0) 1.030 (0.007) | 1.129 (0.016) | 1.006 (0.011)

High (0.8) 1.132 (0.013) | 1.533 (0.033) | 1.403 (0.026)

Fixed Medium (0.5) 1.125 (0.009) | 1.463 (0.024) | 1.355 (0.021)
Low (0.0) 1.027 (0.005) | 1.096 (0.014) | 1.027 (0.010)

TABLE 4.7. Summary of over-optimism for BMA and the top model when predicting the same
data that were used for model selection. Occam’s window for BMA set to 25 BIC units. The ratios
are averaged over 200 runs, standard errors are in parentheses.

Measure of over-optimism due to model selection,
Correlation ratio of PE(D” ,DP)/PE(D",DT)
X-Design| among X’s BMA Top Model | Full Model | True Model
High (0.8) [1.432(0.036)|1.394 (0.037)|1.033 (0.024)|1.031 (0.022)
Random [Medium (0.5)|1.593 (0.040)|1.512 (0.039)|1.042 (0.028){1.026 (0.027)
Low (0.0) |1.046 (0.026)|1.075 (0.024)|0.969 (0.018){0.949 (0.020)
High (0.8) [1.593 (0.040)|1.512 (0.039)|1.042 (0.028)|1.026 (0.027)
Fixed |Medium (0.5)[1.513 (0.038)(1.424 (0.037)|1.023 (0.019)(1.024 (0.022)
Low (0.0) |1.056 (0.032)|1.083 (0.030)|0.969 (0.021){0.962 (0.024)

The simulation results are summarized in Tables 4.6 and 4.7. Table 4.6 is analo-
gous to the Table 4.4, showing the out-of-sample prediction error for BMA against
prediction errors for the other methods. The only difference is that now the set of
models used for BMA is determined with the same data set that is used for predic-
tion. Similarly, we let the top model predict the data that were used in selecting this
model. There should be no special advantage for the full and true models in switch-
ing the two data sets. The size of Occam’s window was set to the highest value,
25, which on average corresponded to 4,600 models. Interestingly, the performance
of BMA against that of the true and full models has improved dramatically when
compared to the results shown in Table 4.4. This “improvement” is an artifact, since
the “BMA model” is now put in the advantageous position. Surprisingly, the ratio
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PE1,p/PEgua is also higher now (for most of the scenarios), though one would ex-
pect that it is the top model that should receive the greatest advantage when using
the using the same data for prediction and model selection.

Table 4.7 shows that, as we expected, the ratio for the full model is around unity
and the ratio for the model with top BIC is higher when it is applied to the training
set. Observe, however, that our measure of BMA over-optimism is still rather high,
and in most of the cases is even higher than that for the top model. This means that
our model weights based on the top BIC that were found in the training data and
included in the Occam’s window, may still contain selection bias and probably can
be improved by using cross-validation or bootstrap in conjunction with the MC? ap-
proach. The summaries in Table 4.7 were computed for the size of Occam’s window
set to 25 units and similar ratios of over-performance (not reported here) were ob-
served when using windows of smaller sizes (from 5 to 20). Therefore, increasing
the size of Occam’s window does not remove the effect of the over-fitting due to
model selection.

4.4.3 Summary

Our simulation has confirmed earlier work that indicates an improvement in predic-
tion error from BMA. The improvement is sample size dependent and is smaller for
larger sample sizes. We did not find an effect due to correlation between the design
variables on the BMA performance. The fact that there appear to be substantial over-
fitting in BMA due to model selection suggests that an improved procedure may be
constructed by making the model selection process to be less driven by the training
data. This can be accomplished by using resampling or subsampling of training data
when navigating through model space and computing associated BICs and model
weights.



Chapter 5

Bayesian Inference for Complex Computer
Models

One of the big success stories of Bayesian inference is inference in large complex
and highly structured models. A typical example is inference for computer models.
Scientists use complex computer models to study the behavior of complex physical
processes such as weather forecasting, disease dynamics, hydrology, traffic models,
etc. Inference involves three related models, the true system, the complex simulation
model and possibly a computationally more efficient emulation model. Appropriate
propagation of uncertainties, good choice of emulation models, and calibration of
parameters for the emulation model pose challenging inference problems reviewed
in this chapter.

5.1 A Methodological Review of Computer Models

M.J. Bayarri

Statistical analyses combining computer models and field data pose new and im-
portant challenges for statisticians. Jim Berger has made important contributions to
address many of these challenges, and has provided the field with very valuable in-
sights. Space is too limited here to give an adequate summary of all his contributions
in the area, so the focus will be narrow and very methodological, highlighting some
few key methodological contributions that, even if covered in other papers, can go
unnoticed by the complexity of the particular analysis at hand. Other methodological
contributions are briefly mentioned. No effort is made to summarize other aspects
of the analyses, such as important issues arising in MCMC implementations. Ref-
erences to very relevant work by other authors are avoided, not because they are
not important or less influential, but because of the unique emphasis of this review
(summarizing some of Jim Berger’s contributions to the world of computer model-
ing) and the severe lack of space. The work discussed is mostly Bayesian, which is
a particularly relevant methodology in this area because of the need to handle and
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combine the disparate sources of uncertainties present, and to deal with confound-
ing. Likelihood-based simplifications are often required, however. When possible,
objective priors (proper and improper) are used, but the special characteristics of the
problem might require extensive use of (quite) informative priors for some parame-
ters.

5.1.1 Computer Models and Emulators

Numerical (computer) solvers of complex mathematical/physical models, known as
simulators or computer models, are ubiquitous in all areas of application, science
and everyday life; they are created to ‘simulate’ real processes. They have been
used for multiple purposes (sensitivity analysis, optimization, understanding of the
underlying physical processes, etc.), but their main role is increasingly becoming
that of prediction at untried situations (extrapolation), when physical data are lack-
ing or very scarce.

Analysis of computer model experiments involve both runs of the computer
model at various inputs and field data. Most common computer models are deter-
ministic, that is, if the computer model is run more than once at the same set of
inputs, it produces the same output, and we will assume so in this section. Typical
computer models have two types of inputs, denoted by x and u. Inputs x occur in
both the computer model and the field runs, whereas u are calibration/tuning pa-
rameters that are only needed to run the computer model. The inputs x are usually
controllable by the experimenter, and are known for the field data (but see Section
5.1.5).

The outputs of computer models are usually extremely complex, but in applica-
tion, the main interest is typically in a much simpler function, y¥ (x,u), which we
assume (for the moment) to be scalar, and refer to it as ‘the output’ of the simulator.

Computer models never reproduce reality perfectly. This is explicitly modeled
by introducing a discrepancy (or bias) function between the real process y?(x) and
the model, so that

Y x) = M (x,0.) + b, (x), (5.1.1)

where u, is the (unknown) true value of a calibration parameter (or the ‘best fit’ of a
tuning parameter), and by, (X) is the discrepancy between the best model prediction
and reality at input x. Field data are assumed to be noisy observations of the real
process, so that

Y (%) =y (x) + &, (5.1.2)

where y‘; (x) denotes the jth field replication at input X, and &,; are measurement
errors, & ~ N(0,1/AF).

For fast simulators, that is, when y¥ (x, u) is readily available as often as required,
Bayesian analysis proceeds by assessing priors for all the unknowns and obtaining
simulations (via MCMC) from their posterior distributions given field data y*', the
vector of all n; replications ij» (x) at inputs x € D, Bayesian analysis can thus si-
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multaneously assess the accuracy of the computer model (learning about by, (X))
and provide predictions of the real process y* (x) incorporating all sources of uncer-
tainty. Calibration (learning about u, ) is a byproduct of this analysis (but see Section
5.1.3).

Many computer models however are very slow, some requiring hours or days
to produce a single run yM (x,u). Analysis then proceeds by developing a fast sur-
rogate — an emulator — to the expensive-to-run computer code. Gaussian pro-
cess response-surface methodology (GASP) has been consistently effective for con-
structing such emulators. The idea is to recognize the computer y¥(-) as an effec-
tively unknown function (known only at some few inputs) and assign it a Gaussian
stochastic process prior distribution,

1
() ~GP (I-‘lecM('y')>> (5.1.3)
M

where (s, Ay and cp(-,-) are the mean, precision, and correlation function that
characterize the Gaussian process. The most commonly used correlation function
for emulators is the exponential correlation function

en (VM (x,w), " (%, 8)) = exp{*%ﬁk | e — % | %} % exp{*;ﬁi‘ g — iy |},

(5.1.4)
The separability of this correlation function (each factors is itself a correlation func-
tion in one-dimension) greatly simplifies computation and allows for scalability to
high dimensional inputs while still producing a sensible approximation to the simu-
lator.

The computer model is run at some designed set of inputs DV yielding the com-
puter model data y™, that is, the vector of runs y”(x,u) for (x,u) € DM. At any
(untried) input (x,u) ¢ DY, the emulator predicts the corresponding output using
the posterior predictive distribution of y¥(-), £(y¥ (x,u) | data), where ‘data’ refers
to both field data y* and computer model runs y™. The posterior predictive mean of
yM(-) passes through the simulator runs y¥, and interpolates in between, a conve-
nient property for emulators.

5.1.2 The Discrepancy (Bias) Function

There are several distinctive issues in the statistical analysis of computer model
data. Perhaps the most important is the need to explicitly consider and adequately
model the discrepancy term, by, (X), when relating computer model to reality in
(5.1.1). This term is crucial to avoid overtuning of u, to appropriately incorporate
uncertainty about computer model output, to assess model adequacy, and to allow
improved use of simulator-based predictions (see Bayarri et al., 2007b). From now
on, we drop the implicit dependence of b on u, from the notation; we will also
denote u, simply by u.
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A somewhat common approach to calibration of computer models (estimation
of u) is to model the bias function (discrepancy, offset, sometimes called ‘error in
the model’) as additive random error. In such analyses, it is assumed that the real
process is related to the computer model by

YR (x) =y (x,u) + by, (5.1.5)

where by is (non-observable) random noise; field data is still modeled as given by
(5.1.2). This approach is generally not appropriate. The reasons why a necessarily
simplified computer model does not match reality are complex; the assumption that
random variation can adequately model this mismatch is unrealistic. It is useful to
study some of these issues through a simple pedagogical example.

Toy Example. This example was produced by engineers to help them understand
the ‘nuts and bolts’ of our methodology as applied to complex, real examples (see
Bayarri et al., 2007b; and Liu, Bayarri, and Berger, 2009 for details of the analy-
sis). It builds on the kinetics of chemical reaction S;Hy — S; + 2H,. Let y(t) denote
concentration of S;Hy at time ¢. The entertained model is:

dy(t)
- —uy(t), ¥(0) = yo,
where yy is initial concentration, and « is an unknown rate (an unknown calibration

parameter). Therefore, at inputs (u,#) the computer model output is

M (t,u) = yo exp(—ut). (5.1.6)

Suppose further that, in reality, a residual concentration c is left unreacted, so the
real kinetics is

YR (t,u) = (yo — ¢) exp(—ut) +c.

Assume that yo = 5.0 is known to the experimenter, but not y¥(-), and hence neither
u nor ¢, taken to be u = 1.7 and ¢ = 1.5. Data are simulated at a grid of ¢-values,
adding i.i.d. mean zero Gaussian error to the real process y at these values. Note
that, in this example, b(¢) = 1.5{1 —exp(—1.71)}.

Simulated field data and the ‘best fit" computer model (that is, y¥ (¢, ), for the
MSE or MLE estimate i = 0.63) are displayed in Figure 5.1, First notice that ignor-
ing the bias term entirely (like using i to estimate u) produces a significant ‘over-
tuning’ of the calibration parameter u: the fit tries to ‘make up’ for the model inad-
equacy by over-shifting u to compensate, resulting in # = 0.63, quite far from the
‘true’ value u = 1.7.

A similarly severe overtuning occurs when assuming that the discrepancy be-
tween reality and the computer model can be represented by random error, which
is clearly revealed by a formal (Bayesian) analysis. The analysis is based on use of
a uniform prior for u, over the known possible range (0,3), and exponential priors
for the precisions of the model error b, and the field error; the priors are centered at
moderate multiples of their respective MLEs (specifically at 5 times the MLEs). For
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FIGURE 5.1. Maximum likelihood fit of model (5.1.6), and data for the toy example.
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FIGURE 5.2. Toy example with the bias modeled as random error. Left Panel: Posterior distribu-
tion of u. Right Panel: The solid line is the mean prediction of reality, the dashed lines are 90%
confidence bands. The dash-dotted and dotted lines correspond, respectively, to the strictly model
prediction (no bias) associated to the posterior mean and to the least-squares estimate of u. The
white circles are the true values of the real process, whereas the black ones represent the observed
field data.
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further details and discussion of these priors see Bayarri et al. (2005). The analysis
yields entirely unreliable values of the calibration parameter u, and then compen-
sates by producing very wide confidence bands for y®(.). This can clearly be seen
in Figure 5.2; the left panel displays the posterior distribution of #, which curiously
gives essentially no mass near the true value u = 1.7. The right panel shows the
prediction of y®(-) along with 90% confidence bands; not only does the predictive
mean have a curiously rough shape, but the confidence bands are forced to be very
wide to accommodate the discrepancy between the model and the field data.

An alternative standard statistical strategy for dealing with this situation would
be to consider the residuals from model (5.1.5), to try to learn about the discrepancy
between model and data. This has the difficulty that the overfitting gives ‘false’
residuals, so that it would be problematical to believe any structure found in the
residuals.

To see why the modeling in (5.1.1) is superior to simply assuming that the bias
is additive noise, let us return to the toy example, using GASP modeling for b(-).
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FIGURE 5.3. Toy example with GASP bias. Left Panel: Posterior distribution of u. Right Panel:
The solid line is the mean prediction of reality, the dashed lines are 90% confidence bands. The
dash-dotted and dotted lines correspond, respectively, to the strictly model prediction (no bias)
associated to the posterior mean and to the least-squares estimate of u. The white circles are the
true values of the real process, whereas the black ones represent the observed field data.

Toy Example (continued). We repeat the analysis of the Toy Example data but now
using the modeling in (5.1.1), with a GASP prior for the bias with mean u, = 0, pre-
cision A, and correlation function ¢, (b(t),b(f)) = exp{—By(t —7)'*}. The prior for
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u and for the field and bias precisions are identical to the ones in the previous anal-
ysis; B is fixed at its MLE (for details, see Bayarri et al., 2005 and 2007b). Results
are shown in Figure 5.3. In contrast to the previous analysis, the non-parametric
modeling of the bias term dramatically improves both calibration and prediction of
reality; the posterior distribution of u is much more sensible, and the confidence
bands for the prediction of reality are much tighter (and still include reality).

Notice, however, that one does not really learn the value of the calibration param-
eter u; its posterior distribution is only modestly tighter than its prior distribution.
This is not a flaw; there simply is not sufficient information available to learn pre-
cisely about u (see also Section 5.1.3). The point is that the analysis does not rule
out the correct value of u, as happened with the overtuning when the bias was in-
correctly modeled as additive noise, and instead allows the bias to adjust to the
discrepancy between model and data. Avoiding the overtuning allows the prediction
to be done more accurately, with tighter confidence bands.

Modeling the discrepancy outside the computer model, as in (5.1.1) (or using a
multiplicative bias version, as in Bayarri et al. (2007a), is most common when the
model is very expensive to run and is treated as a ‘black box.” For simple determin-
istic models, in which access to the equations defining the model is possible and
their solution is not too complex, the bias term can be taken inside the model itself
so that it can be evolved according to the dynamics that govern the computer model.

5.1.3 Confounding of Tuning and Bias

Because of the nature of computer models, it is usually best to allow b(-) to be
modeled noparametrically, as opposed to assuming that it has a specific parametric
form or (worst) simply treating it as random error. This causes a major difficulty,
however: there is then a severe confounding between u and the bias function; they
are not identifiable. To see this, suppose that one observes a huge amount of field
data so that reality y® (x) becomes effectively known. Suppose also that we can view
yM(x,u) as a completely known function. Then — even in this most favorable situ-
ation — for each u, there is a b(x) = y®(x) — y(x,u) that gives back reality y*(x);
they cannot separately be identified. Note that this happens because the support of
the prior for b(x) is any (appropriately smooth) function but, again, this flexibility
is usually required for appropriate modeling.

This non-identifiability between u and the bias was not recognized in the origi-
nal literature in this area, so its profound implications for the analysis of computer
models has only been highlighted in recent years. Bayesian analysis is still tenable,
of course, but the following considerations are a result of this understanding:

e A fairly informative prior on u is highly desirable, and is often available when u
has physical meaning (or physical limitations). In contrast, it is highly unlikely to
have enough information about b(-) to produce a tight prior; common strategies
to ‘tighten’ the prior on b(-) are to ‘encourage’ the bias to be 0 (by taking the
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GASP prior to be y, = 0) and to make it smooth (by taking all components of
oy to be 2 or 1.9 in the GASP correlation function).

e Because of the confounding, separate inference on u and b(x) is usually very
sensitive to the priors. In fact, since the bias function is a priori quite uncertain,
one can not typically learn much about u by only comparing computer model
and field data. Careful Bayesian analysis clearly reveals this issue; small changes
in the highly uncertain prior for b(-) usually have an appreciable impact on the
posterior distribution of u. If calibration (learning about u) is a primary goal, it
is crucial to incorporate good prior information about u.

e Sometimes it is of specific interest to modelers to learn about the bias function
and how it behaves in different parts of the input space. For this purpose, a good
prior on u would be extremely useful. In any case, modelers could be presented
with the marginal posterior of b(-) along with conditional posteriors for the bias
functions corresponding to specific values u of interest. Useful information as to
the nature of the bias and its inherent uncertainty can still be obtained from the
analysis.

e Perhaps surprisingly, prediction (and attached uncertainties) remain very stable
over different priors specifications; u and the bias compensate for each other in
a fashion that leaves prediction quite stable. For the typical real goal, which is
prediction beyond the range of the data, it is crucial to thus use this joint posterior
distribution of u and the bias (as in Bayarri et al., 2007a).

Some of the consequences of the confounding between bias and calibration pa-
rameters seem unsettling, in particular the difficulty of learning about the calibration
parameters. It should be kept in mind, however, that this is just the reality of the sit-
uation; avoiding the confounding by overly restrictive modeling of the bias function
(the most restrictive being ignoring it or treating it as random error) is likely to
produce severe over-tuning of u rendering the results even less useful. Note, also,
that it is unclear how one would approach this crucial issue of confounding from a
non-Bayesian perspective.

5.1.4 Modularization

Modularization refers to partially keeping ‘good modules’ (or components) of an
overall model separate from uncertain ones in Bayesian learning. Modularization is
discussed at length in Liu, Bayarri, and Berger (2009), where it is methodologically
motivated as a reasonable ‘quick and dirty’ method for preventing a misspecified
module from “contaminating” correctly specified modules. The motivation is to im-
prove modeling in very complex situations (as in computer models) in which use of
more standard statistical model validation strategies are not possible. Note that not
any modularization is deemed reasonable; indeed, it is argued in Liu, Bayarri, and
Berger (2009), that modularization ideally should be justified from a modeling per-
spective, and not simply be viewed as a trick to improve computation (e.g., mixing
in MCMC).
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The idea of modularization is sketched next in a simple example, followed by
indicating how and why it can usefully be applied to analysis of computer models.
For further details, a thorough discussion of the method, and references to related
ideas, see Liu, Bayarri, and Berger (2009).

Random Effects Example. Consider a simple random effects model in which we
have n independent observations on each of N groups:

ij | bi = bi+ €ij, J=Ll..n i=1...N,
&l 067 ~N(0,67),  bi| T ~N(0,7%). (5.1.7)

Assume here that our ‘suspect’ module is the distribution of the random effects,
about which we are not very confident, while the ‘good’ module is the distribution
of the observables y;;. We also assume that the number of groups N is very large,
while the number of replications 7 is very small in comparison, but large enough for
reasonable estimation of the 6. This is an extremely simplified version of a situa-
tion encountered in Bayarri et al. (2007a), in which functional data (both computer
model and field data) were represented in terms of a large number of basis elements,
with the modeling (5.1.1) and (5.1.2) applied to each coefficient, and the coefficients
of the bias functions were modeled hierarchically.

Let 62,¥,s> denote N-vectors with components respectively 67,y; and s? =
Y_1(yij — §i)?/n. With objective priors (c}) o (07)~! and 7(7? | %) o< (7% +
62 /n)~!, the marginal posterior for 72 and 62 is

1 N ntl ns?

2 2o 2 2y~ .
(1% o §)oc —— O; 2 -
( ) ‘y7 ) 12_’_6-2/”}:![( ! ) exp( 2(7[-2)

I V7
8 (124 6?7 /n)'/2 eXp{_ 2(12+6i2/n)H' (5-1.8)

Suppose now that one of the random effects, say by, happens to be very large while
the others are small. (In this simple setting, this would suggest a violation of the nor-
mality assumption for the b;, and point to the need for modeling with, say, heavier
tails but, in the world of complex computer models, neither the cause nor the im-
proved modeling are usually clear.) One might imagine that the unusually large by
would cause 72 to be large, resulting in little shrinkage; then, while the hierarchical
analysis would be ‘wasted,” no real harm would result. However, a careful inspec-
tion of the posterior (5.1.8) reveals that (because N is large) the Bayesian analysis
will, instead, force sz /n to be large while keeping 72 small. The consequence of
having sz /n large and 7> small will result in a dramatic — and very incorrect —
shrinkage of by from the large y; towards O (see Liu, Bayarri, and Berger, 2009).
The modular approach in this example is simply to insist that the posterior for
0?2 be based only on the replicate observations, which contain almost all of the
real information about sz (and which would say that sz is not large), effectively
replacing (o2 | §,5%) by (o | s?). Note that the conditional posterior distributions
for 72 and b are unchanged in terms of their mathematical expressions, but will
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change very considerably in terms of their location: with O'k2 no longer being able to
accommodate the outlier, 72 will become large, and the posterior for by will remain
near the large y; (and not 0).

In this simple example, it is easy to point to the culprit of the deceiving analy-
sis: a normal distribution for the random effects is not good when a very big by is
possible. The solution is equally simple: use a heavy tail distribution instead. The
appeal of modularization is that it can be much easier to identify a useful restriction
of the Bayesian analysis, than to develop a better model for suspect modules. In the
previous example, deciding that the G,-z will be determined only from the replica-
tions is much simpler than attempting to infer a good model for the random effects
(which are not directly observed). In more complicated scenarios, as with complex
computer models, this difference in difficulty is much more pronounced, and (smart)
modularization can be the only feasible way to protect the information from ‘good’
modules from being unduly altered by uncertain modules.

Computer models have three modules: the computer model itself, the field data,
and the bias or discrepancy term. Modularization has been explored and imple-
mented for each of them (for details see Liu, Bayarri, and Berger, 2009):

e In the computer model. A most useful modularization consists in using only
computer model runs data (and no field data) in learning about the correlation
parameters in the GASP approximation. This is a very intuitive simplification,
since usually the computer model runs have been carefully designed and there are
enough of them to approximate the output of interest to a reasonable accuracy.
This modularization is indeed explicitly or implicitly done by many researchers
in practice. In both our previous analyses of the Toy Example data, the computer
model was assumed to be unknown with a GASP prior as in (5.1.3) and (5.1.4),
with the usual objective priors for s, and Ay, exponential priors for the 3’s cen-
tered at 10 times their respective MLE’s, and the o’s been fixed at their MLE’s.
Whenever the analysis required posterior draws from these parameters, they were
generated from their posterior distribution given only the computer model runs.

e In the field data. When there are enough replications, it might be advisable to
learn about field error based only on field residuals. This is the situation in the
previous random effects model, and has been shown to prevent severe underesti-
mation of important components of bias (see Bayarri et al., 2007a).

e In the bias function. In challenging situations with over parameterization and
random inputs, Liu et al. (2008) proposes learning about correlation parame-
ters of the bias function based on discrepancies. Several possible modularization
schemes are entertained and critically compared.

Appropriate modularization in the computer models world is generally benefi-
cial; indeed, the unavoidable confounding and uncertainties present increase the
danger of a poor module wrongly ‘contaminating’ a good one. Modularization of
influential hyperparameters (such as the mean and precision of the GASP for the
bias function) is generally not advisable, however.
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5.1.5 Additional Issues

Statisticians who have not been involved with computer models are often curious as
to why computer model validation/checking can not be dealt with in the same way as
one deals with standard statistical model validation/checking. This is an interesting
question and is explicitly addressed in Bayarri et al. (2007a, 2007b).

Although we have taken the output of interest from the computer model y¥ (x,u)
to be a scalar in this review, it is usually a function, say of time ¢. If the function is
smooth, one can recover it from relatively few 7-values, so that 7 can then simply be
considered another input in the analysis; simplifying assumptions on the correlation
function are usually needed to efficiently handle the resulting correlation matrices
(Bayarri et al., 2009b; Liu et al., 2008).

If the output function is not smooth, a common approach is to represent the un-
known model and bias functions in terms of common basis elements and apply the
methodology to each of the (unknown) coefficients; a hierarchical structure for the
coefficients of the bias is often required (see Bayarri et al., 2007a and references
there).

Often, the inputs contain both categorical and numerical components, so an over-
all GASP analysis is not appropriate. A possibility is to have a GASP over the nu-
merical components for each value of the categorical inputs which are then related
hierarchically (as in Bayarri et al., 2009b).

Sometimes the inputs x which enter both field data and computer model are not
known precisely in the field: maybe only a ‘nominal’ value (that is, subject to error)
is known (Bayarri et al., 2007a), or they vary from replication to replication (Liu et
al., 2008), or maybe the field data are themselves random occurrences, at random in-
puts x, and these distributions have to be ascertained based on relevant experiments
(Bayarri et al., 2009a).

Computer models are increasingly being used for extrapolation past the range of
the data; see Bayarri et al. (2007a) for such an analysis and the delicate method-
ological issues involved. In particular, they are often used to help assess the risk of
catastrophic events; in Bayarri et al. (2009a) a combination of statistical modeling
for extremes, utilization of data related to the geophysical process and computer
model simulations allows for such an extrapolation.

In this section we have concentrated on deterministic computer models. There
are large classes of stochastic computer models. One such class adds randomness
to the differential equations defining the model; we do not comment on those here.
Network models are a different class of stochastic models in which individual agents
move (and interact) in a pre-defined network according to probability distributions
and deterministic rules. In Molina, Bayarri, and Berger (2005) and Bayarri et al.
(2004), one such simulator was used to model Chicago downtown traffic in rush
hours. These models pose new methodological issues. First, ignoring uncertainty
in the inputs not only results in severe underestimation of the prediction errors of
measures of congestion, but can actually seriously bias the predictions themselves
(Bayarri et al., 2004). Bayesian analysis takes care of and combines uncertainties in
stochastic networks, but it is not easy. Implementation typically requires the use of
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probabilistic networks to partially reproduce the movement of agents in the network
(although not their interaction). Also, direct data on the system often consists of
observing some measures of congestions in some of the links. This results in highly
constrained parameter spaces, which are extremely difficult to handle; a solution is
proposed in Molina, Bayarri, and Berger (2005). The technique should be applicable
to many other discrete networks, such as telecommunications networks and certain
agent-based models.

5.1.6 Summary

This very brief review highlights some key methodological contributions of Jim
Berger to the analysis of computer model data; these often go unnoticed, hidden in
part by the complexity of the applications themselves. They are however crucial in
choosing and interpreting the appropriate analysis for computer models. Particular
emphasis has been placed on (i) demonstrating the requirement of including a flexi-
ble discrepancy term in the analysis; (ii) highlighting the resulting unavoidable non-
identifiability issue and its consequences; and (iii) discussing a partial solution to
the frequent problem that one has varying confidence in different components of the
overall analysis model and wants the analysis to be robust to ill-understood compo-
nents. These issues arise in virtually all computer model analyses. Other important
methodological issues were also briefly mentioned. Key references to previous work
on these issues can be found in the references.
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5.2 Computer Model Calibration with Multivariate Spatial
Output

K. Sham Bhat, Murali Haran, and Marlos Goes

Complex computer models are widely used by scientists to understand and predict
the behavior of complex physical processes. Examples of applications include cli-
mate science, weather forecasting, disease dynamics, and hydrology. Inference on
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these complex systems often combines information from simulations of the com-
plex computer model with field data collected from experiments or observations on
the real physical system. The computer model simulations are frequently very com-
putationally expensive, with each simulation taking minutes, days, or even weeks
to complete, which makes Monte Carlo-based approaches to inference infeasible.
Computer model emulation is a powerful approach pioneered by Sacks et al. (1989)
to approximate the expensive computer model by a Gaussian process. Emulation
allows approximate output at any parameter setting to be obtained from a compu-
tationally tractable Gaussian process fit to the output from the computer model at
several parameter settings. This approach can then be used in a larger framework that
includes a model for physical observations in order to do computer model calibra-
tion. Computer model calibration finds the value of the computer model parameters
or ‘inputs’ most compatible with the observations of the process. Here we follow
the general framework described in Kennedy and O’Hagan (2001) and further de-
veloped by many others (cf. Bayarri et al., 2007a; Sans6, Forest, and Zantedeschi,
2008).

Increasingly, computer model output is multivariate (cf. Bayarri et al., 2007a;
Higdon et al., 2008). Of particular interest are models where the output is in the form
of multivariate spatial data. We consider as a case study the problem of inferring the
value of a climate parameter based on climate model output and physical observa-
tions that are in the form of multivariate spatial data sets. This problem is motivated
by the goal of assessing the risks of future climate change. Specifically, we focus
on the problem of learning about the climate parameter ‘background ocean vertical
diffusivity’ (K,), which determines the strength of the heat and salt diffusion in the
ocean component of the climate model, and is a key parameter in climate model pre-
dictions of the Atlantic Meridional Overturning Circulation (AMOC). The AMOC,
part of the global ocean circulation system, plays an important role in global cli-
mate. A weakening or possible collapse of the AMOC can potentially result in major
temperature and precipitation changes and a shift in terrestrial ecosystems. AMOC
predictions may be obtained from climate models, which include several parame-
terizations in order to mimic real physical processes. Of the model parameters, K,
is particularly important for predictions of AMOC. Reducing the uncertainty about
the value of K, will also reduce the uncertainty of other key model parameters like
climate sensitivity (Forest et al., 2002). While the value of the parameter K, may not
resemble the observed ocean diffusivity, because it is intended to represent several
mechanisms that generate turbulent mixing in the ocean, ocean tracers can provide
information about large scale ocean patterns. Such information can be used to in-
fer K, in the model, since observed tracers are strongly affected by this parameter.
For example, larger observed values of the tracer A'*C in the deep ocean suggest a
higher intensity of vertical mixing. These tracer data are in the form of spatial fields.
Hence, the computer model calibration problem here involves climate parameter in-
ference based on multivariate spatial data. In this section, we consider inference
based on three oceanic tracers, all in the form of relatively small one-dimensional
spatial fields. We present a simple framework for combining information from mul-
tiple spatial fields from model simulations and physical observations in the context
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of inferring the climate parameter K. We study the impact of including a Gaussian
process model for the discrepancy between the model and the true system. In addi-
tion, we study the impact of model assumptions by holding out model output at a
particular parameter setting and treating noisy versions of this output as ‘real data.’
We consider two statistical models, one that combines observation error and model
discrepancy into a single independent error term, the second where model discrep-
ancy is modeled separately using a Gaussian process. We are particularly interested
in studying the impact of the discrepancy term on climate parameter inference. We
also then examine the effect of estimating emulator spatial variance in a Bayesian
framework versus using a plug-in approach.

The rest of this section is organized as follows. In Section 5.2.1, we discuss
our approach for calibration with spatial output. We build upon this framework to
perform parameter inference with multiple spatial fields in Section 5.2.2, paying
special attention to model discrepancy and emulator variances. In Section 5.2.3, we
describe our case study, discussing both the data set and modeling and implementa-
tion details. We describe the results of our study in Section 5.2.4 and conclude with
a summary and discussion in Section 5.2.5.

5.2.1 Computer Model Calibration with Spatial Output

In this section, we describe our model for inferring calibration parameters from
the observations and model output of a single spatial field. We use the two-stage
approach described below for model calibration. We will also discuss the importance
of various modeling assumptions.

In the first stage of our approach, we emulate the computer model by fitting a
Gaussian process to the spatial computer model output. In the second stage, we
connect the calibration parameters to the observations using the emulator, while al-
lowing for other sources of uncertainty, such as model discrepancy and observation
error. This allows us to use a Bayesian approach to obtain a posterior distribution
for the parameters. Our approach of splitting inference into two stages has several
advantages over fitting a single model in one inferential step including separating
the parts of the statistical model that are known to be correct from the parts of the
model that are questionable, improved diagnostics, and computational advantages
(see Bayarri et al., 2007b; Liu, Bayarri, and Berger, 2009; Rougier, 2008a).

We begin with some notation. Let Z(s) be the observation of the spatial field
at location s, where s € D with D € R?. For simplicity, and given the case study
in Section 5.2.3, we assume that d = 1, i.e., we have a one-dimensional spatial
field. Let 6 be the calibration or model parameter of interest; our framework may
easily be expanded to allow for vectors of parameters. Y (s, 0) denotes the computer
model output at the location s, and at the calibration parameter setting 6. In general,
the spatial data from the computer model grid may or may not coincide with the
locations of the observations. The objective here is to infer a posterior distribution
of 0 given the observed data and computer model output.
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Let Y= (Yi1,- -, Yu, Y12, . Y2, ,Yip, -+, Yp)', obtained by stacking com-
puter model output at all calibration parameter settings, denote the computer model
output for a single spatial field. Yj; corresponds to the model output for location s;
and calibration parameter setting 6y, n is the number of model output locations, and
p is the number of calibration parameter settings. Similarly, Z = (Z;,--- ,Zy)’ are
the observations for the spatial field, where N is the total number of observations.

5.2.1.1 Computer Model Emulation

We model the computer model output Y using a Gaussian process:

Y | ﬁa 975;11 NN(,LLﬂ(G),ZM(gm)),

where we assume a linear mean function, Ug (6) = XB, with X a covariate matrix
of dimension np x b, where there are (b — 1) covariates. The covariates we use are
location and the calibration parameter. £, is a vector of covariance parameters that
specify the covariance matrix Xy (&,,) and B is a vector of regression coefficients.
We use a Gaussian covariance function as described below:

i—sill>  [6—6
(Zm)ij(9,x) = CI(i = j)+ xexp <—|S ¢;s| —| ¢;]| ), (5.2.1)

where ¢ = (¢, 9.), K, &, d5, ¢ > 0. The covariance function is separable over space
and calibration parameters, although a nonseparable covariance could be chosen if
appropriate (see Gneiting, 2002). Note that this function can be easily adapted to
models for multiple calibration parameters, as well as multiple spatial dimensions.
Let the maximum likelihood estimate of (&,,,B) be (&,,,). Let S be the set
of locations where the observations were collected. Following the standard kriging
framework (Cressie, 1993; Stein, 1999), the multinormal predictive distribAution for
the computer model output at a new 6 at S is obtained by substituting (&,,,, B) in
place of (&,,,) and conditioning on Y. We denote the random variable with this
predictive distribution by 1(Y, 0) in the second stage of our inference below.

5.2.1.2 Computer Model Parameter Inference

In order to infer 6 based on the observations Z, we need a probability model con-
necting 0 and Z. The predictive distribution from Section 5.2.1.1 provides a model
for computer model output at any 6 and any set of new locations. We now model the
observations Z as realizations from a stochastic process obtained by accounting for
additional error to the computer model emulator from Section 5.2.1.1. Our model
for the observations Z is therefore

Z=n(Y,0)+d(S)+e,
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where (Y, 0) is as described in Section 5.2.1.1, € ~ N (0, yl), and € = (g1, - ,&x)’
is the observation error with y > 0 as the observation error variance. The model
discrepancy, 8(S), is modeled as a zero-mean Gaussian process. Hence, 6(S) ~
N(0,%2,(&,)), where &, is a vector of covariance parameters that specify the co-
variance matrix X;(€ ;). We have in essence ‘inferred a likelihood” for use in our
Bayesian framework, since for any fixed Z, we can obtain a value of the likelihood
for any value of 6. We will discuss the merits of including a model discrepancy term
in Section 5.2.2.3.

We may allow the emulator spatial variance scale parameter from the first stage,
K, to vary, rather than plugging in the MLE &. We can now perform inference on 6,
v, K, and & ; by specifying a prior for these parameters. Using Markov chain Monte
Carlo (MCMC), we can estimate a posterior distribution for 6. It should be noted
that the computational complexity of the matrix operations involved in the second
stage of our approach is solely dependent on N, the size of Z, and not M = np, where
M is the size of the ensemble of model output Y. We will discuss prior selection for
0, v, x, and &, in Section 5.2.3.2.

5.2.2 Calibration with Multivariate Spatial Output

In this section, we discuss how our approach can be used to combine informa-
tion from multiple spatial fields. We use a separable covariance model (see for
instance, Banerjee, Carlin, and Gelfand, 2004) to model the relationship of the com-
puter model output from the three spatial fields. The similar shape of the empiri-
cal variograms of the model output from three spatial fields in our case study in
Section 5.2.3 justify the use of a separable covariance model. We extend our nota-
tion to allow for multiple spatial fields. Let Y1 = (Y11 -+ Y1,p)"s Yo = (Ya1 -+ - Yaup)'s
and Y; = (Y3 ~~-Y3,,p)’ denote the computer model output for three spatial fields.
Similarly, Zl = (Z“---ZIN)/, Z2 = (221"'Y2N)l7 and Z3 = (Z31--~Y3N)/ are the
observations for the same three spatial fields. For convenience, we write Y =
Y1, Y21,Y31, Y12 - Yip, Yonp, Yanp)', and Z = (Zy 7, Z3).

5.2.2.1 Stage 1: Emulation for Multivariate Data

The computer model output for the spatial fields are modeled using using a separable
cross-covariance function as described below:

Y | Ba eaém NN(Hﬂ(G)aZM(ém))a
Hp = (.uﬁl 7“[327“[33)/3
Iu(Em) =P(E)+H($) DT (x,p),

where (g, is a function of the calibration parameters, and By, 3, B3 are the coeffi-
cient vectors for Y1,Y>,Y3 respectively. We note that we are implicitly assuming
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a linear relationship among the spatial fields. For an approach based on a flexible
hierarchical model allowing for non-linear relationships among spatial fields, see
Bhat et al. (2009). A computationally inexpensive approach that avoids computer
model emulation and hence utilizes several simplifying assumptions is described in
Goes et al. (2009).

We now assume g (6) = Xf3; (for i=1,2) where X is the covariate matrix of
dimension M x b, with covariates (depth and calibration parameters) as specified
in Section 5.2.1.1. &, is a vector of covariance parameters that specify the cross-
covariance matrix Xy (€,,). H(¢) explains spatial dependence, while T(k, p) is in-
terpreted as the cross-covariance between spatial fields. P({) is a matrix that de-
scribes microscale variance of the process. The covariance matrices are defined as
follows:

_ Isi—sill* 6 — 6,
Hij(9) =exp (— = - =),
Ki p12VKI K2 P13VEKIKS GIy 0 0
T=|pnyKiKa Kk pa/ss|, P=| 0 LIy 0 |,
PI3VEKIK P23/KoK3 K3 0 0 &Gly

where ¢ = (¢, @), and &5, §;, ¢5, ¢ > 0, —1 < p;; < 1. We reduce parameters and
ensure that Xy is positive definite and symmetric by letting p; = 1 and p;; = pj;.
We estimate MLEs for the following parameters using the computer model out-
put: Y: §1,8, 85, %1, K0, K3, 05, @ In principle, By, B2, B3 and p may be estimated
using maximum likelihood, but in the case study in Section 5.2.3, we estimate
B1, B2, B3 using least squares regression and p using empirical sample correlations.
As in Section 5.2.1.1, we obtain a multinormal predictive distribution 11(Y, ) each
0 at S by plugging in the MLEs and conditioning on Y. For ease of computa-
tion, we order the model output by depth and calibration parameter, and we write
Y = (Y11,Y21, Y31, Y12 - Yinp, Yonp, Yanp)-

5.2.2.2 Stage 2: Inference for Multiple Spatial Fields

We write the model for the observed data as follows:

Z=1(Y,0)+5(S)+e,

where 1(Y,0) is as described earlier in Section 5.2.2.1, and € = (&1,---,&n1,
€12, ,EN2, €13, ,EN3) is the observation error. We assume that € ~ N(0,X¢)
with
yily 0 0
Ze=| 0 wly 0 |,
0 0 wly

where Y1, Y, Y3 > 0 are the observation error variances for the three spatial fields.
The model error or discrepancy 6(S) is modeled as a vector of three indepen-
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dent zero-mean Gaussian processes. The model for discrepancy is given in Section
5.2.2.3, and includes covariance parameters & ;;, & ;», and & 3.

Using the observations Z, we obtain the posterior distribution of 0, i, y», y3,
& 41> € 4o and € ;5 using MCMC as discussed in Section 5.2.1.2. We may also allow
the emulator spatial variance parameters from the first stage, k], k», and k3 to be
reestimated, rather than using plug-in MLEs. This can be done using by estimating
the matrix 7" using an inverse Wishart prior. More details about prior selection are
discussed in Section 5.2.3.2.

5.2.2.3 Model Discrepancy

An important concern in the process of calibration is whether the model is an ade-
quate representation of the true phenomena in the system. When this is not the case,
there is a need to consider ways to incorporate the difference between the computer
model and reality. The latter is usually referred to as model discrepancy.

A framework to account for model discrepancy is introduced in Kennedy and
O’Hagan (2001), and strong arguments in favor of inclusion of a model discrepancy
term in any calibration approach is made in Bayarri et al. (2007b). Specifically, the
argument is made that neglecting to account for the model discrepancy results in
overfitting, resulting in potentially biased and incorrect inference of the calibration
parameters. A test is introduced for whether model discrepancy is needed in Ba-
yarri et al. (2009b), which almost always results in rejecting the hypothesis that the
model represents the truth. However, O’Hagan (2009) suggests that the inclusion
of a model discrepancy does not always result in a less biased estimates of calibra-
tion parameters, rather more biased estimates are possible. A further difficulty in
including a model discrepancy term in our statistical model is the high dependence
between the calibration parameter and model discrepancy term (Liu, Bayarri, and
Berger, 2009). Previous work has shown that attempting to separate observation er-
ror and model error can impose nontrivial computation and conceptual problems
(Kennedy and O’Hagan, 2001; Sansd, Forest, and Zantedeschi, 2008). An approach
that combines observation error and model error into a single term, rather than es-
timate them separately is described in Sansd, Forest, and Zantedeschi (2008). Even
this approach requires substantial compromises in computing techniques in order to
fit the model. In our case study, we consider the two different approaches to incor-
porate the error into our statistical model as follows:

Approach 1: No model discrepancy term (model discrepancy and observation
error combined).
Z=n(Y,0)+e¢,

where 11(Y, 0) is the predictive distribution as described earlier in Section 5.2.2.1,
and € = (€11, ,€n1,€12, " ,EN2, €13, -+ ,En3) is the observation error, and € ~
N(0,%2¢), with
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yily 0 0
Ze=| 0 wly 0 |,
0 0 wyly
where Y1, Y, Y3 > 0 are the observation error variances for the three spatial fields.
In the univariate case, € ~ N(0, wI), where € = (€, - - ,&y)’ is the observation error

with y > 0 as the observation error variance.

Approach 2: Model discrepancy modeled as a zero-mean Gaussian process.
Z=n(Y,0)+0(S)+e,

where 1(Y,0) and € are the same as in Approach 1 above. The model error or
discrepancy 0(S) is modeled as a vector of three independent zero mean Gaussian
processes below:

o] [Za(Ea) 0 0
8(S)~N| |0], 0 Zp@p) 0 ,
0 0 0 Zpp)

where & ;,=((duk)i, Kar) covariance matrix Xy (& 4;.) is as follows:

llsi—sjlP?
2
Dax
In the univariate case, 6(S) ~ N(0,Zp(&,)), where the covariance matrix Xp(& ;)
is the same form as equation (5.2.2). While it can be argued that the model discrep-
ancy should not be assumed to have zero mean, in practice it may be too hard to
identify a non-zero mean. The Gaussian process is flexible enough to correct for an

incorrect mean structure. Further, additional parameters to model the mean of the
model discrepancy would be confounded with the climate calibration parameter.

(Zax)ij(Dax, Kar) = deexp( ) s Kdks (@ax) > 0. (5.2.2)

5.2.2.4 Estimation of Emulator Spatial Variance Parameters

Bayarri et al. (2007b) discusses the issue of estimating emulator spatial parame-
ters in a modularization framework; specifically the question of whether to estimate
these parameters in a full Bayesian approach as opposed to a plug-in MLE approach.
Bayarri et al. (2007b) argues that while a full Bayesian approach would be more in-
formative because uncertainty in the emulator parameters is taken into account, such
uncertainties are often small compared to the uncertainties due to the model discrep-
ancy resulting in little difference in the final results. Further, using a full Bayesian
approach often leads to a significant increase in computation time. The full Bayesian
approach also results in identifiability issues. For example, attempting to estimate
the microscale variation (emulator nugget) in the second stage is difficult because it
is clearly confounded with the observation error variance. We have therefore used a
plug-in approach so far.
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We now study the estimation of the emulator spatial variance in a Bayesian
framework in the second stage for Model 2, where a model discrepancy term is
included. For the univariate case, this consists of estimating k, in the multivariate
case, we need to estimate the cross-covariance matrix 7' (x,p) in the second stage.

5.2.3 Application to Climate Parameter Inference

5.2.3.1 Ocean Tracer Data

In this study, we focus on three tracers that have previously been shown to be in-
formative about K, in ocean models: A'*C, trichlorofluoromethane (CFC11), and
ocean temperature (T) (cf. Schmittner et al., 2009). 14C (radiocarbon) is a radioac-
tive isotope of carbon, which may be produced naturally and by detonation of ther-
monuclear devices. '“C and CEC11 enter the oceans from the atmosphere by air-sea
gas exchange and are transported from the ocean by advection, diffusion, and to a
lesser degree by biological processes (McCarthy, Bower, and Jesson, 1977; Key et
al., 2004.)

A*C, CEC11, and ocean temperature (T) measurements were collected for all
oceanic basins in the 1990s, with locations denoted by a latitude, longitude, and
depth. The data have been controlled for quality and gridded by Key et al. (2004).
We use the observations from the data synthesis project by Key et al. (2004), which
are then aggregated globally (i.e., aggregated over latitude and longitudes), resulting
in a data set with N = 13 depths. In addition, model output at p = 10 different values
of K,, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, and 0.5 cm?/s, on a grid of
locations of latitude, longitude, and ocean depth were evaluated from University
of Victoria (UVic) Earth System Climate Model as described in Schmittner et al.
(2009). The model output were also aggregated globally, providing a ‘depth profile’
representing an average between 1990-2000 (cf. Goes et al., 2009). The total number
of depths in the model output is n = 13, resulting in M=np=130 model output values
per tracer. Depths below 3000 m are excluded to minimize problems due to sparse
sampling (Key et al., 2004) and model artifacts (Schmittner et al., 2009).

To perform statistical inference on climate parameters, we need to establish a re-
lationship between the observations and the climate parameters. We accomplish this
by using an earth system model, which simulates the complex phenomenon of the
atmosphere and the oceans under specific input parameter settings to obtain output.
The climate models are complex computer codes representing the solution to a large
set of differential equations that approximate physical, chemical, and biological pro-
cesses (Weaver et al., 2001). These climate models often take weeks to months to
execute for any given calibration parameter setting, making it very computationally
expensive to obtain output at a large number of parameter settings. This provides a
compelling argument for using emulation.
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5.2.3.2 Implementation Details

In this section, we discuss some of the details of the application of our approach
to the ocean tracer data. We verify the emulator using a leave one out cross-
validation approach, where we leave out the model output for one calibration pa-
rameter (Rougier, 2008b) and predict at all locations for that calibration parameter
setting. Plots for the model output and predictions using this cross-validation ap-
proach for K,=0.2 and 0.4 are shown in Figure 5.4. The predictions for the removed
locations using cross-validation appear to be visually similar to the original model
output (Figure 5.4).

In the second stage, we use MCMC to obtain the posterior distributions of 6.
We use a Lognormal (-1.55, 0.59) on 8 which reflects the geoscientists’ prior un-
certainty about K, based on previous research (Bhat et al., 2009). We use a wide
inverse gamma prior for the observation error and model discrepancy variances,
specifically y; ~ IG(2,10) and k41 ~ IG(2,1000) for A™C, y, ~ IG(2,0.1) and
Kz ~1G(2,0.6) for CFC11, and y3 ~ IG(2,0.1) and k43 ~ IG(2,15) for T. We use
wide uniform priors for the model discrepancy range parameter. For the emulator
spatial variances, we use k] ~ IG(5,24000), k, ~ IG(5,2.4), and x3 ~ IG(5,60).
When combining multiple spatial fields we can instead place an inverse Wishart
prior on the cross covariance matrix T, specifically, T ~ IW (10,8Ty k). Here Ty g
is matrix for 7 obtained by plugging in the MLE from the first stage. The other
parameters for the Inverse Wishart were determined using formulae from Anderson
(2003) to ensure that the distribution is centered around Ty;; g and variances of indi-
vidual matrix elements are relatively small. Specifically, the variances of individual
matrix elements decrease as the first parameter of the Inverse Wishart distribution
is increased. These priors were obtained after an exploratory analysis of the data
suggested the approximate scale of these parameters. While we understand that one
needs to be careful about using the data in any way to determine priors, our pri-
ors are fairly wide with infinite variance (except for the emulator spatial variance
terms), and are not strongly informative.

To ensure convergence of our MCMC based estimates in the second stage, we
obtained Monte Carlo standard errors for the posterior mean estimates of 6 and
other parameters computed by consistent batch means (Jones et al., 2006; Flegal,
Haran, and Jones, 2008). The posterior mean estimates of & had MCMC standard
errors below 10~* for both the univariate and bivariate approaches. The MCMC
standard errors for the other parameters were less than 103 for both the univariate
and bivariate approaches.
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FIGURE 5.4. Cross-validation plots of predictions at K,=0.2 and 0.4 with model output at K,
value held out. Black dots: model output, solid black lines: predictions, dotted black lines: 95%
confidence regions. Left: K,=0.2, Right: K, = 0.4. Top row: A4C, Middle row: CFC11, Bottom
row: T.
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5.2.4 Results

5.2.4.1 Ocean Tracer Data

In this section we present the results from our analyses using the tracers A'4C,
CFCl11, and T. While there is substantial overlap among the posterior distributions
of K, (with model discrepancy is included) obtained by using A 14C, CEC11, and
T separately and then jointly, there are also clear differences (Figure 5.5). We cal-
culated credible regions using the Highest Posterior Density (HPD) method (Chen,
Shao, and Ibrahim, 2000). The 90% credible region for K, using the single tracer
A'C is between 0.057 and 0.352 cm?/s, the 90% credible region for K, using the
single tracer CFC11 is between 0.170 and 0.407 cm?/s, the 90% credible region for
K, using the single tracer T is between 0.156 and 0.420 cm?/s, and the 90% credible
region for K, using the tracers jointly is between 0.164 and 0.313 cm?/s. Combining
the information from all three tracers results in a sharper posterior distribution of K,
when model discrepancy is included (Figure 5.5).

10
1

.-+ CFC11
-~ Delta4C

- - Temp
Tracers Jointly
Prior

Density

0.0 02 0.4 06 0.8
Kv [cmA2/s]

FIGURE 5.5. Log Normal Prior (dotted black line) and posterior of K, with model discrepancy
term included using (i) CFC11 tracer (dotted black line), (ii) A 14C tracer (dotted-dashed black
line), (iii) T tracer (dotted-dashed black line), and (iv) all three tracers jointly (solid black line).

Inclusion of the model discrepancy term appears to shift the posterior probability
distribution to the left when we combine the three tracers (Figure 5.6) and when we
use the CFC and T tracers individually (Figure 5.7), suggesting that an approach
without taking model discrepancy into account results in a bias. The 90% credi-
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FIGURE 5.6. Posterior for K, for all three tracers jointly: (i) excluding model error (dotted black
line), (ii) including model error (solid black line), and (iii) including model error and estimation of
emulator spatial variances (dotted-dashed black line).

ble region for K, using the tracers jointly is between 0.194 and 0.390 cm?/s when
model discrepancy is not included, between 0.164 and 0.313 cm?/s when model
discrepancy is included, and between 0.130 and 0.395 cm?/s, when emulator spatial
variance is also estimated in a fully Bayesian approach. There is little difference
when the tracer A'*C is used, however, between the approach including model dis-
crepancy and the approach that does not do so. Further, it appears that estimating
emulator spatial variance in a fully Bayesian approach results in wider posterior
probability distributions, likely due to the additional uncertainty contributed by the
emulator. It appears that the posterior distribution for K, for the tracers jointly is
clearly sharper than for the tracers individually for all of the approaches (Figures
5.6 and 5.7).

5.2.4.2 Simulation Study

We investigated the impact of including a model discrepancy term as described in
Section 5.2.2.3. Our goal in this study is to determine whether the inclusion of model
discrepancy and estimation of emulator spatial variance actually results in better in-
ference of the calibration parameter under different error situations. We hold out a
calibration parameter setting, say K,=0.35, and treat the model output (for all the
tracers) for that parameter setting as the observations. We then apply our two stage
approach as described earlier to the remainder of the model output and the synthetic
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FIGURE 5.7. Posterior for K, for the three tracers: (i) excluding model error (dotted black line), (ii)
including model error (solid black line), and (iii) including model error and estimation of emulator
spatial variances (dotted-dashed black line).

observations for all three modeling approaches; exclusion of the model discrep-
ancy term, inclusion of the model discrepancy term, and inclusion of the model
discrepancy term plus estimation of the emulator spatial variance. This procedure is
executed for all three scenarios below:

Scenario 1: No error. In this scenario, we simply define the observations as
the model output at the held out calibration parameter setting. That is, Z;(s;) =
Y (s;,0%) fori =1,--- N, where 0% is the held out calibration parameter setting

and k = 1,2, 3 denotes the tracer of interest.
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Scenario 2: Independent and identically distributed (i.i.d.) error. In this sce-
nario, we add N (0,0'kz) to the model output at the calibration parameter setting
for each location for tracer i. Specifically, Z;(s;) = Y (s;,0%) + &, where g; ~
N(0, sz). Since the scale of the three tracers are different, we must select different
values for Gk2.

Scenario 3: Model discrepancy plus i.i.d. error. In this scenario, we add a
GP(uy,Xy) to the observations in Scenario 2. Specifically, Z;(s;) = Yi(s;, 0%) +
0 + €5, where 83 ~ GP(l;,%;). Again since the scale of the three tracers are dif-
ferent, so are the parameters of the Gaussian processes.

The results of this experiment suggest that adding a model discrepancy term re-
sults in more accurate inference and less overfitting for all three scenarios (Figure
5.8(a)-(c)). Estimation of the emulator spatial variance term results in much wider
posterior probability distributions for all three scenarios (Figure 5.8(a)-(c)). In Sce-
nario 1, both approaches of excluding and including the model discrepancy term re-
sult in having a posterior distribution centered near the held out parameter K,=0.35.
However the posterior distribution is sharper and slightly more accurate when the
model parameter is included (Figure 5.8(a)). Estimation of the emulator spatial vari-
ance term results in a wider posterior probability distribution, but correctly centered
around the held out parameter K,=0.35 (Figure 5.8(a)). In Scenario 2, excluding the
model discrepancy term results in a bias to the left (smaller values of K,,), while in-
cluding the model discrepancy results in more accurate inference and a sharper pos-
terior for the calibration parameter (Figure 5.8(b)). Estimating the emulator spatial
variance results in a slightly biased and wider posterior for the calibration parame-
ter (Figure 5.8(b)). In Scenario 3, excluding the model discrepancy term results in
a clearly biased distribution that has a wide bimodal posterior, while including the
model discrepancy term results in a posterior distribution that has much less bias, is
unimodal, and is sharper (Figure 5.8(c)). Estimating the emulator spatial variance re-
sults in a wider posterior distribution that is biased slightly to the left (Figure 5.8(c)).
It is important to stress that obtaining such results required much experimentation in
determining instructive parameters for o and X;. Simulating observations with too
much noise would clearly result in the signal being too weak, and thus the inabil-
ity to obtain reasonable inference about the calibration parameter, while adding too
little error would result in virtually the same inference as in the case with no added
error.

Inspired by the suggestion from O’Hagan (2009) that the inclusion of a model
discrepancy term may actually result in more biased estimates of the calibration pa-
rameter, we attempted to find a situation where the inclusion of the model discrep-
ancy term ‘makes the situation worse.” To do so we added a function proportional
to 1/depth or 1/depth? as ‘error’ to the model output at K,=0.35, and we obtained a
situation where the inference was more biased and less accurate by including model
discrepancy than without model discrepancy (see Figure 5.8(d)). Hence, in some
situations, adding model discrepancy may make inference about calibration param-
eters worse.
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FIGURE 5.8. Posterior for K, for the three tracers jointly: (i) excluding model error (dotted black
line), (ii) including model error (solid black line), and (iii) including model error and estimation
of emulator spatial variances (dotted-dashed black line) for simulation experiments. Top left: ‘Ob-
servations’ as model output at K,=0.35 with no error, Top right: simulated iid error added, Bottom
left: simulated model discrepancy. Bottom right: error function proportional to 1/depth? added.
True parameter value of K,=0.35 denoted by thick black line.
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5.2.5 Summary

We develop and apply an approach for inferring calibration parameters by com-
bining information from observations and climate model output for multiple trac-
ers while taking into account multiple sources of uncertainty. We find that, as one
would expect, combining information from multiple spatial fields results in tighter
posterior distributions for the climate model parameter. We studied the impact of
modeling the model discrepancy and observation error. Based on our study, we find
that it is important to include a model discrepancy term, and modeling the discrep-
ancy via a zero mean Gaussian process seems to be the safest approach to guard
against bias and overfitting. These results corroborate, in the spatial output setting,
the conclusions of Bayarri et al. (2007b). We note, however, that when the computer
model is a poor representation of reality, the resulting inference may be more biased
when model discrepancy is included. Our study suggests that estimating the emu-
lator spatial variance in a fully Bayesian framework appears to simply reflect the
uncertainty from the prior distribution of the emulator spatial variance to the poste-
rior distribution of the calibration parameter. Hence, we recommend using a plug-in
estimate of the emulator spatial variance unless there is clear prior information for
these parameters.

A possible issue with calibration in general is the known confounding between
the calibration parameters and the model discrepancy parameters. We also note that
the climate parameter inference obtained here is based on heavily aggregated data,
which neglects local spatial effects and small-scale behavior across the ocean, and
uses a simple covariance function. Hence, computationally tractable approaches,
for large datasets, such as those explored in Bhat et al. (2009), may provide more
scientifically rigorous conclusions than those reported here.
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Chapter 6
Bayesian Nonparametrics and Semi-parametrics

One of the fastest growing research areas in Bayesian inference is the study of prior
probability models for random distributions, also known as nonparametric Bayesian
models. While the literature goes back to the 1970s, nonparametric Bayes remained
a highly specialized field until the 1990s when new computational methods facili-
tated the use of such models for actual data analysis. This eventually led to a barrage
of new nonparametric Bayesian literature over the last 10 years. In this chapter we
highlight some of the current research challenges in nonparametric Bayes.

6.1 Bayesian Nonparametric Goodness of Fit Tests

Surya T. Tokdar, Arijit Chakrabarti, and Jayanta K. Ghosh

In goodness of fit problems we test a parametric null against a nonparametric al-
ternative. For example, we may wish to test the accuracy of an algorithm that is
supposed to generate standard normal variates, from n independent observations
X1 = (X1,X5, -+, X,) produced by it. We will test for goodness of fit to standard
normal against a rather general class of alternatives, which will typically be non-
parametric. More generally, it is common to test the normality assumption of a given
data set before processing it further. In this case one would test the null hypothesis
that the true density is N(u,5) against a rich nonparametric class of densities. The
Bayesian will either put a prior on the null and alternative and calculate the Bayes
factor or put an overarching prior on both null and alternative and compute the pos-
terior probability of the null.

The Bayesian literature on these testing problems is still rather meagre, unlike the
case of nonparametric estimation on which elegant theory, algorithms, and applica-
tions exist; see the review papers by Miiller and Quintana (2004) and Choudhuri,
Ghosal, and Roy (2005), more references are provided in the following sections.
In this section we survey what has been done by way of Bayesian nonparametric
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testing of goodness of fit problems involving both simple and composite parametric
nulls and nonparametric classes of alternatives. We take up the papers in roughly
the same sequence they have been published. We also include some unpublished
material being written for submission to a journal.

Our survey begins with a review of Rubin and Sethuraman (1965) in Section
6.1.1. Rubin and Sethuraman (1965) use neither a Bayes factor, nor the posterior
probability of the null. Instead they start with a classical goodness of fit test and
evaluate it asymptotically from a Bayesian point of view.

We next consider in Section 6.1.2 a paper by Dass and Lee (2004) presenting a
theoretical treatment of consistency of posterior for testing a simple null hypothesis
Hy : f = fo, where fy is a fully specified density like N(0,1) and the alternative is
a nonparametric class of densities. Invoking Doob’s theorem on consistency (see
for example Ghosh and Ramamoorthi, 2003), Dass and Lee (2004) prove that if the
prior assigns a positive prior probability to the null and the null is actually true, then
the posterior probability of the null will tend to one and hence the Bayesian will
accept the null with probability tending to one as sample size n tends to infinity.
Dass and Lee (2004) also present consistency theorems for the alternative. The use
of Doob’s theorem reduces a hard problem to one where we have an answer almost
without any technical work.

If the null is composite as in the case of Hy : f = N(l,07%), —o0 < i < o0, 62 >0,
Doob’s theorem cannot be used to settle the question of consistency under the null.
This case has to be treated by other methods, due to Ghosal, Lember, and van der
Vaart (2008) and McVinish, Rousseau, and Mengersen (2009). We discuss these in
Section 6.1.3.

Possibly the most important paper for our survey is Berger and Guglielmi (2001)
who consider a composite null as described above and embed it into an alternative
model constructed with a Polya Tree prior. They argue how such an embedding lets
the null parameters carry their identity over to the alternative and discuss choice
of objective prior distributions for these parameters. They show how to calculate
the Bayes Factor efficiently. Most importantly, they also examine in detail how the
test accepts and rejects the null for different data sets and then discuss carefully if
such a decision is indeed consistent with our intuitive notions of normality or lack
of it for a finite data set. We survey the test and the above facts in Section 6.1.4.
We also include in this section a brief discussion of earlier attempts at Bayesian
nonparametric testings based on Dirichlet processes and a recent, yet unpublished
work that uses Dirichlet mixture priors.

We end this introduction by drawing attention to a closely related problem of
Bayesian cluster analysis via Dirichlet mixtures, as developed in Bhattacharya,
Ghosh, and Samanta (2009). We may treat each clustering of parameters as related to
a partitioning of the X;’s in such a way that all X;’s in the partition are iid N (L, 01»2).
In particular the case of a single cluster containing all X;’s would correspond to the
null hypothesis. Other clusterings will correspond to other models that are part of
the alternative.
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6.1.1 An Early Application of Bayesian Ideas in Goodness of Fit
Problems

One of the earliest applications of Bayesian ideas to a nonparametric goodness of
fit problem is due to Rubin and Sethuraman (1965). They don’t use a nonparametric
prior, in fact their paper predates that of Ferguson’s (1973) seminal contribution by
nearly a decade. We include it because it is a pioneering Bayesian contribution to
a goodness of fit problem with a nonparametric flavor. We will avoid the involved
notations in the original paper but simply summarize some relevant facts in our own
notation.

Suppose Xi,...,X, are iid with a normal distribution. Rubin and Sethuraman
(1965, Section 3) test

Hy: true density is N(0, 1) against H, : true density is N(u, 62),

where (u,0?) is arbitrary, and assume that the critical region is given by large val-
ues of the Kolmogorov-Smirnov test statistic. They determine the cut-off point by
varying critical regions of this kind and finding the one which minimizes the Bayes
risk with respect to their assumed product of loss function and prior probability of

(i, 0?) under the alternative. The “optimal” threshold is of the form a 1"%, where

a (possibly dependent on n) is essentially determined by the product of loss function
and prior. They also determine the region in the parameter space for high acceptance
of the null and observe that when u ~ 0 and ¢ = 1, this region is approximately the
region where the Kolmogorov-Smirnov distance between N(0,1) and N(u,c?) is
less than the cut-off point. It is unclear if this test has any other good nonparametric
property.

There is an interesting discussion in the last paragraph of Section 2 of Rubin and
Sethuraman (1965) about the effect of an “incorrect” use of the constant a, instead
of the optimal one for the critical region, which seems to be applicable beyond the
example treated in that section. They show that type I error can be highly sensitive
to even a small deviation from the optimal a while type II error is not.

6.1.2 Testing a Point Null versus Non-parametric Alternatives

In this section we focus on the issue of consistency in Bayesian testing of a point
null hypothesis versus a nonparametric alternative. Operationally a Bayes test is per-
formed through the evaluation of a Bayes factor and consistency (or lack of it) of a
test is determined by the behavior of the same as the sample size grows. Our discus-
sion is based on Dass and Lee (2004) and we will usually adhere to the notations
adopted by them. We start with the basic definitions first before discussing the main
results in their paper.
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Consider a complete separable metric space 2 with the corresponding Borel
sigma field <. Let u be a o-finite measure on (2°,.%) and .% the space of all
probability densities with respect to u with support 2". Let Py be the probability
measure having density f. Up to an equivalence class (whereby two densities f and
g belong to the same equivalence class if and only if f = g a.e. i), the correspon-
dence between f and Py is unique. In what follows 2™ and Py will denote usual
infinite products of 2~ and Py respectively.

Let X be a random variable taking values in 2~ with a distribution having density
f € Z. We are interested in testing Hy : f = fy versus H; : f # fo, where fy is
completely specified. In the Bayesian approach to this testing problem, one first puts
prior probabilities pg > 0 and p; = (1 — pg) for Hy and H; to be true and also puts
a nonparametric prior 7ty on the space H;. This amounts to defining an overall prior
m*(f) = pols, (f) + (1 — po)mi (f) on HyUH;. The Bayes factor based on sample
X1 = (X1,X2,- -+, X)), where X;’s are independent copies of X, is defined as

B H?=1f0(xi)
BFo1 (X1:n) = Ju, Ty f(x)mi (df)

Taking the usual choice of py = 1/2, the Bayes factor exactly equals the posterior
odds ratio of Hy with respect to Hj, given by n*(Hp | X1.,)/7*(H) | Xi:n). Thus the
Bayes factor is a measure of the relative odds of Hp in comparison to Hj in the light
of the observed data. As the data size grows quite large, ideally the Bayes factor
should be such that either Hy or H; is favored very strongly (through their posterior
odds ratio), depending on the true data generating density. Thus the Bayes factor is
defined to be consistent if

lim BFg; (X1:a) = o, a.s. P}, and

n—oo

lim BFy; (X;.,) = 0 a.s. PJ‘T’ for any f # fo.
n—oo
Trivially, consistency of Bayes factor implies and is implied by posterior consistency
of the testing procedure.
We are now in a position to state the main results about consistency of Bayes
factors in Dass and Lee (2004).

Theorem 6.1. lim,,_,.. BFy; (X|.;) = oo, a.s. Py

Theorem 6.2. Let © = {f € H : BFy;(X;.,) — O a.s. PJT’} Then m (0) = 1.
Before stating the last result we need a definition. Given f € %, define K¢ (f) =
{g€ F:K(f,g) < e} fore >0, where K(f,g) is the Kullback-Leibler divergence
between f and g. Say that f is in the Kullback-Leibler support of a prior on .% if
the prior puts positive probability to the neighborhood K¢ (f) of f, for each £ > 0.

Theorem 6.3. Suppose f € Hy and f is in the Kullback-Leibler support of mi. Then,
limnﬂw BF()] (X];n) =0 a.s. P;o.

Remark 6.1. Theorem 6.1 establishes consistency of Bayes factor under the null
for any arbitrary nonparametric prior on Hj, while Theorem 6.2 says that the con-
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sistency holds under the alternative for a class of densities that has 7; probability
1. But Theorem 6.2 is not of much practical use since given a non-null density, one
is not sure whether consistency holds or not if the true data were coming from this
density. Theorem 6.3 specifies an explicit condition that takes care of this lacuna and
can tell us definitively whether the Bayes factor is consistent for any given non-null
density. For certain nonparametric priors 7, sufficient conditions ensuring that a
density indeed belongs to its Kullback-Leibler support are available in the literature
(Ghosal, Ghosh, and Samanta, 1995; Ghosal, Ghosh, and Ramamoorthi, 1999ab;
Barron, Schervish, and Wasserman, 1999; Petrone and Wasserman, 2002; Tokdar,
2006; Tokdar and Ghosh, 2007; Choi and Ramamoorthi, 2008; Wu and Ghosal,
2008ab). See also the next section for a general sketch of proof of this result.

We will not give the details of the proofs of the above results, but just sketch
the main idea of the proof of Theorem 6.1. This is based on a clever applica-
tion of Doob’s theorem (Ghosh and Ramamoorthi, 2003, pp. 22-24) about poste-
rior consistency. Doob’s theorem says that the posterior is consistent for almost
all f’s under the prior 7% on HyU H;. Since the prior probability of the (simple)
null is positive, this implies that conditionally on the null being true, the posterior
probability of the null will tend to 1 for almost all sequences under the null den-
sity fo. This, in turn, implies that the Bayes factor BFy; (X}.,) — oo a.s. Py, since

_ " ({fo}lFn)
BFo1 (X1:0) = %Of}o‘}m)

6.1.3 Posterior Consistency for a Composite Goodness of Fit Test

When the null hypothesis is composite, i.e., Hy = {f € %o}, where % is not sin-
gleton, the study of posterior consistency gets a lot more involved than the elegant
treatment of Dass and Lee (2004) discussed in the previous section. We shall denote
a Bayesian testing procedure for the composite case by the triplet (po, 7, 7)) with
the understanding: Pr(Hy) = po = 1 — Pr(H,), (f | Ho) ~ my and (f | H;) ~ m;.
We call (po,mo,m) consistent if Pr(Hy | X;.,) — 1 when the null is true, and
Pr(Hy | Xi.n) — O otherwise. As noted in the previous section, consistency of the
testing procedure is equivalent to requiring that the Bayes factor

SR, f(X)dmo(f)
BFo1(X1on) = [ 1 7k )dm ()

of the null hypothesis to the alternative converges asymptotically to infinity when
the null is true, and to zero otherwise.

For testing a parametric null against nonparametric alternatives, it is relatively
easy to establish BFy;(Xj.,) — 0 when X;’s arise from a density f which is not
a member of the null parametric family. A common requirement is that density
estimation based on 7; is consistent at the true f in some topology whereas the
closure of %, determined by the same topology, leaves out f. For example, if f
belongs to the Kullback-Leibler support of 7j, then density estimation based on
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m; is weakly consistent at f, due to Schwartz’s theorem (see Schwartz, 1965 or
Chapter 4.4 of Ghosh and Ramamoorthi, 2003). For any such f that is outside the
weak closure of %y, BFy;(X).,) — 0 asymptotically. This result can be formally
proved by arguing that the composite prior 7* = 0.5 + 0.5 has f in its Kullback-
Leibler support and hence %, lying entirely outside a weak neighborhood of f,
receives vanishing mass from the posterior distribution 7*(- | Xj.,). Consequently,
BFo; (Xl:n) = ﬂ*(fo\Xlzn)/[l - n*(tgblxl:n)] — 0.

It is much more difficult to prove BFy; (X.,) — o= when f € .%y. This is because
the usual choices of m; contain .% in their support and can recover an f € .% from
data nearly as efficiently as the parametric model itself. See, for example, the almost-
parametric rate of convergence of Dirichlet mixture of normal priors discussed in
Ghosal and van der Vaart (2001). The special case of a simple null hypothesis Hy :
f = fo as discussed in Section 6.1.2, eschews this difficulty because no estimation
is required for the null model. For the composite null case, one needs a careful
comparison of how m; concentrates around an f € %y in comparison to 7. Both
Ghosal, Lember, and van der Vaart (2008) and McVinish, Rousseau, and Mengersen
(2009) discuss formal ways to make this comparison based on neighborhoods of f &
Fo, shrinking at the same rate at which 7} can recover an f in a density estimation
setting. Ghosal, Lember, and van der Vaart (2008) discuss goodness of fit tests as
a special case of the more general problem of adaptive selection of nested models.
For this review, we summarize the more direct treatment of McVinish, Rousseau,
and Mengersen (2009).

To fix notations, let Zy = {fp : 0 € O} where O is a d-dimensional Euclidean
subspace. Fix an f* = fg+« for some 6" € O and let P* denote the product measure
of X]... under this density. Assume that for some universal constants ¢ > 0,C > 0
the following conditions hold.

Al. Density estimation based on 7 is consistent at fp« with rate &, (see Ghosal,
Ghosh, and van der Vaart, 2000 and Shen and Wasserman, 2001). That is, there
exists a metric d(-,-) on the densities and positive numbers €, | 0 such that

ﬂl({f : d(f7f6*) < Sn} |X1:n) —1
in P* probability.

A2. (K, := {0 : K(f*, fo) < cn™ " V(f*, fo) < en'}) > Cn=9/2, where for any
two densities p and ¢, K(p,q) = [ plog(p/q) and V(p,q) = [ p(log(p/q))*. One
could replace K, with a simpler definition: K,, = {0 : [ f*(log(f*/fe))+ < cn™'},
where x; = max(x,0).

A3. (A, = {f :d(f, for) < &}) = 0o(n=9/?).

A2 is a natural support condition which holds for many standard parametric models.
Conditions Al and A3 maintain a fine balance with respect to the rate g,. Slowing
down this rate favors A1 but may lead to a violation of A3, speeding up has the oppo-
site effect. The main result of McVinish, Rousseau, and Mengersen (2009, Theorem
1) and its elegant proof offered by these authors are reproduced below.
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Theorem 6.4. [BF; (X1.,)]~! — 0 in P* probability.

Proof. Express the inverse of the Bayes factor as

a, ?lﬁ(?))”(df) I

JoITi lf* ;ﬂo(dﬂ) T (An | X1n)
n'? [, Ty f*(( L (df) 1
oni an Hi:l 7'50( 0)T 1 (An | Xi:n)

[BFo1 (X10)] ' =

From Al, [m (A, | X1:)] "' = Op+(1). Define L,(0) = 1 37 llogf E ; 0 € O and

take 7 g, to be the restriction of 7y to Kj,. Then for small 0 >0,

< 4/
gP*(/Ln(G)ﬂo,Kn(d )= log g = d/2>

SP*(/[L”( )= K(f*. fo)lmo,(d6) = 1[ g;rz(ljg_cb

n[V(f*, fo)mok,(d0)
~ (logmy(Ky) + (d/2)logn —log & — c)?

= {log(C/8)— )2’

where the first inequality follows from Jensen’s inequality, the third from Cheby-
shev’s inequality, and the second and the fourth from A2. Therefore,

d/2
‘/Krl 1]1

An application of Markov’s inequality shows

<d/2/
Anzl

and hence, by A3, n?/? Ja, TTEZ lf*(( )) m (dO) = op+(1). Combining these we get
BFo1 (X1:0) ' = 0p+(1).

A number of recent papers give sharp rates of convergence for popular non-
parametric priors on densities, including the Dirichlet mixture priors (Ghosal and
van der Vaart, 2007) and the logistic Gaussian process priors (van der Vaart and
van Zanten, 2008). However, a rigorous demonstration of A3 is currently available
for only a handful of cases, such as the Dirichlet mixture of Bernstein polynomi-
als, log spline densities (Ghosal, Lember, and van der Vaart, 2008), and mixtures
of triangular densities (McVinish, Rousseau, and Mengersen, 2009). It is not yet

7o (dO) <6>

Kﬂtl

)] = 0p-(1).

7 (d8) > 5) <8 'nm (A,)
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clear whether A3 is a natural condition that is going to be automatically satisfied
by many nonparametric priors, as it requires the prior distribution not to sit too
tightly around elements of .%,. Some insight into A3 may be gained by considering
ayn~ 12 < g, < ayn="/*Be for some Bea € (0,1/2), aj,a; > 0. In this case one
can replace A3 with

A3 i ({f:d(f, f*) < €}) = O(eP) for some D > d/(1/2— ).

The above gives a sharp lower bound on the effective dimensionality of the non-
parametric prior m; around f*. Deeper investigations of the popular choices of
will reveal whether such conditions hold, possibly for well chosen values of hyper-
parameters. McVinish, Rousseau, and Mengersen (2009), however, argue the ne-
cessity of AI1-A3 via an example where a violation of these conditions leads to
inconsistency of the testing procedure.

If it turns out that use of popular nonparametric priors like Dirichlet mixtures of
normals may lead to inconsistency in goodness of fit tests, one should explore the
possibility of introducing an indifference zone to separate the null and the alterna-
tive. This would make the consistency problem easier to resolve but specification of
the indifference zone cannot be done without some subjective input from the user.

6.1.4 Bayesian Goodness of Fit Tests

The earliest papers, for example Florens, Richard, and Rolin (1996) and Carota and
Parmigiani (1996), use a mixture of Dirichlet process prior (Antoniak, 1974; Ghosh
and Ramamoorthi, 2003, p 113) on the alternative hypotheses. Letting 6 denote
the parameter underlying the null model, these authors use the following hierar-
chical formulation of the alternative: the alternative distribution given 0 follows a
Dirichlet process (DP) prior with precision constant o and base measure 0 and
0 is modeled by a parametric prior that may match with the prior used on the null
model. As the authors of these papers and also Berger and Guglielmi (2001) point
out, this approach is flawed as the prior on the alternative sits on the discrete dis-
tributions, whereas in goodness of fit problems, we want it to sit on densities. Both
these papers run into serious difficulties caused by this. A more promising paper,
also mentioned and discussed in more detail by Berger and Guglielmi (2001), is
Verdinelli and Wasserman (1998) which assigns a mixture of Gaussian processes as
the prior on the alternative. The prior is constructed quite ingeniously and allows
calculation of the Bayes factor.

Why are the priors on the alternatives mixtures? This is done so that the com-
posite null like N(i,6?) can have a natural embedding, i.e., nesting in some sense
in the alternative space. For example, Florens, Richard, and Rolin (1996) ensure
that for every 6, the conditional predictive distribution of a single observation is the
same under both hypotheses. In the same vein, but avoiding a prior like the mixture
of Dirichlet or the ingenious construction used by Verdinelli and Wasserman (1998),
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Berger and Guglielmi (2001) take resort to a mixture of Polya tree priors (Lavine,
1992, 1994; Mauldin, Sudderth, and Williams, 1992).

Suppose the parametric null is 6 € © and the distribution of X corresponding to
0 is ug. Berger and Guglielmi (2001) require

EPy = g, forall @ €O,

where Py is the random distribution of X under the nonparametric alternative and 0
on the left is a hyperparameter of the Polya tree prior under the alternative.

There are many advantages of the Polya tree priors. A Polya tree process defines
a random measure by assigning random conditional probabilities to sets within a
nested dyadic partition of an infinite depth. For each dyadic set its random con-
ditional probability given the parent in the previous partition is assigned a beta
distribution with two shape parameters, namely, ¢’s, which function like the two
parameters of the Dirichlet process. They specify the mean and precision. Unlike
the Dirichlet process, the use of infinitely many precision constants offers a greater
control over the smoothness of the random measure defined by a Polya tree process.
Indeed, by choosing a common value r,, for the precision constants at depth m of the
partition, such that ,, r,ﬁl/ 2 < oo, one ensures that the Polya tree sits on densities
and obtains posterior consistency for estimating a large class densities (Ghosh and
Ramamoorthi, 2003, pp. 186, 190; Walker, 2003, 2004; see also an earlier weaker
result in Barron, Schervish, and Wasserman, 1999). Berger and Guglielmi (2001)
discuss two constructions of a Polya tree prior, one where only the partition de-
pends on 6 and another where only the beta shape parameters depend on 6. Either
choice embeds as prior mean the conditional predictive density under the null model
with parameter 6. Berger and Guglielmi (2001) use the second approach in their ex-
amples, as a fixed partition offers significant computational advantages, as detailed
in their Section 5. This flexible embedding of the null model within the alternative
appears to be a key motivation for Berger and Guglielmi (2001) to use mixtures of
Polya tree priors for the alternative model. We quote

...as we were striving for a nonsubjective approach, we wished to utilize (typically im-
proper) noninformative prior distributions for 6 in the models. Although 6 occurs under
both Hyp and H , it could have very different meanings under each and could, therefore,
require different noninformative priors. We felt that use of the mixture Polya tree process
could solve this problem, in the sense that we could use results from Berger and Pericchi
(1996¢) and Berger, Pericchi, and Varshavsky (1998) to show that the usual noninforma-
tive priors for 6 are appropriately calibrated between Hy and H; when the alternative is a
suitable mixture of Polya tree processes.

We refer the reader to Berger and Guglielmi (2001) for the details of their subtle
justification for using the same noninformative prior for 8 under both null and al-
ternative.

Berger and Guglielmi (2001) also introduce an additional scaling factor & for 7,
free of the partition depth m. They use different values of & to see the robustness
of the Bayes factor with respect to 4. They minimize over & to make a conservative
choice of the Bayes Factor in their Table 1. This is another innovative contribution of
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Berger and Guglielmi (2001), for which the reader needs to go back to the original
paper to appreciate its full significance.

Berger and Guglielmi (2001) examine the results of the test for three examples.
We consider only the first one with data being 100 stress rupture life times of Kevlar
vessels, taken from Andrews and Herzberg (1985, p 183). In the log scale the data
are claimed to be N(u, 62) under the null.

Table 1 of Berger and Guglielmi (2001) gives the minimum of the Bayes factor
with respect to the constant £ for the two different choices of the Polya tree mixture
mentioned above. The values of the minimized Bayes factor are very close to each
other (in the range 0.0072 to 0.00180) and to the value of the Bayes factor based on
the prior of Verdinelli and Wasserman (1998). This is a pleasant fact that provides
support to both the Bayes factor tests and shows that the introduction of /4 seems to
ameliorate the problem of the proper choice of r,, by reporting the minimized Bayes
factor.

All these nice properties of the Polya tree priors notwithstanding, the random
densities chosen by the prior have discontinuities on the countable dense set formed
by the boundaries of the sets in the partition. This is at least one reason why
there has been a lot of interest in priors sitting on smooth densities like Gaus-
sian process priors, vide Tokdar and Ghosh (2007), Tokdar (2007), Lenk (1988,
1991) and the Dirichlet process mixture of normals, vide Lo (1984), Ferguson
(1983), Escobar and West (1995), Miiller, Erkanli, and West (1996), MacEach-
ern and Miiller (1998, 2000) and MacEachern (1998). Recently, for testing Hy:
f=N(u,o?) for some y,c?, Tokdar (2009) has proposed the following alternative
model: H: f = [N(¢,po?)P(d¢,dp) where the mixing distribution P is modeled
as p(P| u,02) =DP(a,Go(- | u,0?%)) with

Go(¢,p | 1,0%) =N(¢ | u,(1—p)o?)Be(p | 1, ).

This alternative ensures E[f | 4,02, H;] = N(u,0?) and thus provides an embed-
ding similar to the one in Berger and Guglielmi (2001). Tokdar (2009) also discuss
efficient computation of the Bayes factor via a variation of the sequential importance
sampling algorithm of Liu (1996).

6.2 Species Sampling Model and Its Application to Bayesian
Statistics

Jaeyong Lee

Since its introduction, the Dirichlet process (Ferguson, 1973) has been a central
model in Bayesian nonparametric statistics. From the beginning, two important
properties of the Dirichlet process have been known: discreteness and marginaliza-
tion property of the Dirichlet process. The discreteness is often considered problem-
atic in statistical modeling, for most statistical models deal with continous densities.
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An easy remedy for this is the use of mixtures of Dirichlet processes, a convolu-
tion of a Dirichlet process with a continuous density (Lo, 1984; Escobar and West,
1995; Miiller, Erkanli, and West, 1996). It is ironic that the problematic feature and
its remedy turn out a great success in Bayesian nonparametric modeling, because
it has found vast applications covering unexpected areas. For recent applications of
Dirichlet mixtures, see Teh et al. (2006) and Fox, Sudderth, and Willsky (2007), for
examples.

The marginalization property of the Dirichlet process, discussed in Blackwell
and MacQueen (1973), is that a random sample from a random distribution with
a Dirichlet process prior forms a Polya urn sequence. The Polya urn sequence has
a predictive distribution of a very simple form and has been the main computa-
tional tool for implementation of posterior inference in Dirichlet mixture models.
The computational effort for posterior simulation in Dirichlet mixture models re-
duces to essentially the same as posterior simulation for a related parametric model.
Posterior computation can be done without sampling random probability measure
unlike other nonparametric priors (Lavine, 1992; Lee, 2007).

The marginalization property of the Dirichlet process has also found important
applications in population genetics, ecology, number theory, and combinatorics. See
Kingman (1975), Aldous (1985), Pitman (1996, 2003) and references therein. In
this connection, a new class of random probability measures, called species sam-
pling models (SSM), has emerged. The SSM is the directing (or de Finetti) mea-
sure of the species sampling sequence (SSS) which is an exchangeable sequence of
random variables with a certain form of predictive distribution. SSM and SSS are
generalizations of the Dirichlet process and the Polya urn sequence, respectively.
This literature has been largely neglected by the Bayesian community until recently.
Only recently inference with SSM’s has become an active research area in Bayesian
statistics. On one side, the SSM is defined by a predictive distribution, and thus po-
tentially shares the simplicity of posterior simulation with the Dirichlet process. On
the other side, the SSM provides a large family of predictive distributions, allow-
ing data analysts greater flexibility. Research on applications of SSM’s to statistical
inference includes Ishwaran and James (2003), Lijoi, Mena, and Prinster (2005),
Navarrete, Quintana, and Miiller (2008), Lijoi, Priinster, and Walker (2008), and
Jang, Lee, and Lee (2010), to name just a few.

In this section, we review the basic theory of the SSM and applications. In Sec-
tion 6.2.1, we introduce the exchangeable random partition and the SSS. In Sec-
tion 6.2.2, we discuss three methods to construct the SSS, a generalization of the
Chinese restaurant process, Poisson-Kingman partitions, and Gibbs partitions. In
Section 6.2.3, we discuss the application of SSM’s mixture models to statistical
inference and some asymptotic results. The section concludes with a discussion.
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6.2.1 Basic Theory

A SSM is characterized by the distribution of the exchangeable random partition
and a diffuse probability measure. In this section, we review the basic theory of the
SSM, and introduce the exchangeable random partition and SSS.

6.2.1.1 Exchangeable Random Partitions

We first introduce basic concepts of the exchangeable random partition. This is
an important concept in the theory of SSM’s. For a positive integer n, let [n] =

{1,2,...,n}. Any ordered finite sequence n = (ny,na,...,n;) is called a composi-
tion of n if
k
ni>1,1<i<k and Y ni=n (6.2.1)
i=1
and an unordered finite sequence {nj,ny,...,n;} with the same property (6.2.1) is

called a partition of n. For any partition {A,A,,...,A;} and permutation o of [n],
let 6({A1,Az,...,Ar}) ={0(A1),0(A2),...,0(Ar)} where 6(A) = {o(a):a € A}.
A random partition IT, = {A;,A,,..., A} of [n] is called exchangeable if IT, and
o (I1,) has the same distribution for any permutation ¢ of [n], i.e., for any partition
{A1,Az,...,A¢} and permutation ¢ of [n],

P(IT, = {A1,Az,...,Ar}) = P(6(IT,) = {A1,Az, ..., Ar}).

It is not hard to see that IT, is an exchangeable random partition of [n] if and only if
for any partition {A,Ay,..., A} of [n],

P(Hn = {Al,Az, . ,Ak}) = p(|A1‘, |A2‘,...,‘Ak‘) (622)

for some symmetric function p defined on %, where |A| is the cardinality of a set
A and %), is the set of all compositions of n. The function p in (6.2.2) is called an
exchangeable partition probability function (EPPF) of I1,.

The distribution of an exchangeable random partition can be characterized by a

distribution of exchangeable random variables. Let (xj,x,...,x,) be an ordered list
of n elements. Define an equivalence relation on [n] from (x,x2,...,x,) as follows:
for any i, j € [n], i ~ j if and only if x; = x;. (6.2.3)

The equivalence classes of the equivalence relation (6.2.3) induces a partition of
[n]. Let IT(xy,...,x,) be the partition of [n] defined by equivalence classes of
(6.2.3). If (X;,X2, ..., X,) is an exchangeable sequence of random variables, then
(X,,X5,...,X,) is an exchangeable random partition. The following theorem as-
serts that in fact any exchangeable random partition can be obtained by exchange-
able random variables.
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Theorem 6.5. Let II, be an exchangeable random partition of [n] and m, =

(Nrf1 7Ni27 . ’Nik) be a partition of n defined by decreasing arrangement of block

sizes of I1,. Then,
d

Hn‘ﬂn = H(Xl,XQ, - ,Xn)‘ﬂ:,,7
where (X1,Xa,...,X,)|m, 4 (X(1)sXa(2)s+ - - »X5(n))» O Is a uniform random permu-

tation of [n] and (x1,x3,...,X,) is the sequence ofN,f1 1s, Nia 2’s,..., Nik k’s.

We now consider exchangeable random partition defined on the set of positive
integers N. Suppose IT, is an exchangeable random partition of [n]. For I <m <
n, let IT,, , be the restriction of IT, to [m], i.e., the partition of [m] obtained from
IT, by removing {m+1,...,n}. If I, is an exchangeable random partition of [n],
then IT,, , is an exchangeable random partition of [m], 1 < m < n. A sequence of
random partition I'l. = (IT,),> is called an infinite exchangeable random partition
(or exchangeable random partition on N), if

(i) I, is an exchangeable random partition of [n] for all n; and
@) [IL,=1II,,as.foralll1 <m<n< oo,

The notion of the EPPF can be also extended to N. Let ¢’ = U,,_,%,. For n =
(n1,...,n) €6, let /™t = (ny,...;nj_y,nj+1,nj41,...,n) for j=1,2,... .k and
n* D+ = (n, ... m,1). A function p : € — [0,1] is called an (infinite) EPPF of
(I,) if

(@ p(1)=1, ,
(b) (addition rule) for all n € %, p(n) = z’;;} p(n/*); and
(c¢) ple, is the EPPF of IT, for all n.

The characterization of the exchangeable random partition through exchangeable
random variables still holds. The infinite exchangeable random partition IT.. = (IT,)
is said to be an exchangeable random partition of N generated by (X;),>; if
IT, = I[1(Xy,...,X,) for all n. For a given IL., let (Nl

n,i’

i > 1) be the decreasing
arrangement of block sizes of I1,, where Nii = 0 if I, has fewer than i blocks.
Theorem 6.6. (Kingman’s representation) Let I, = (I,) be an exchangeable
random partition of N and (Nil-,
of IT, for n > 1. Then, nk+

N
n,i 1) .
(a) —= — P as. foralli>1.
n

i > 1) be the decreasing arrangement of block sizes

(b) TL.|(P',i > 1) L [1(X),Xa,...), where X1,Xa,... follow iid F and F has
ranked atoms (Pil,i >1).

Remark 6.1. A consequence of Theorem 6.6 is that Il is an exchangeable random
partition of N if and only if there exists a random probability distribution F' such

that IT. = I1(X),Xs,...) where X;,X>,...|F " F.
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Remark 6.2. The random distribution F' is used as a nonparametric prior in the
nonparametric Bayesian context. Thus, for each exchangeable random partition of
N, there is a corresponding random probability measure F'.

6.2.1.2 Species Sampling Sequences

In this subsubsection, we take a closer look at the sequence of exchangeable ran-
dom variables which induces an exchangeable random partition and consequently a
random probability measure. We form a sequence of random variables (X;,X,...)
in the following way. Suppose we land on an unknown planet with infinitely many
species. As we explore the planet, we encounter species and give a name X; to the
ith species encountered. We record whether the ith and jth species encountered are
the same, X; = X;. For convenience, we pick a point in a complete separable metric
space 2" randomly and use it as a name whenever we need a new name.

For a mathematical treatment, we introduce some notation. Let M; be the index
of the first appearance of the jth species, i.e., let My =1 and M; = inf{n : n >
M 1, X, ¢ {X1,...,X,—1}} for j > 2, where inf@ = . Let X; = Xjy; be the jth
distinct species to appear which is defined on the event M; < eo. Let n; = nj, be the
number of times the jth species X; appears in (Xj,...,X,)

n
nm= > 1Xyn=X;), j=12,...
m=1
n= nn = (nlﬂanzna' . ) or (nlnan2}’l7' N 'ankn,n)7

where k = k, = max{j : nj, > 0} be the number of different species to appear in
(X1,....X).

Let v be a diffuse (or atomless) probability measure on 2°. We now give the
definition of the SSS. An exchangeable sequence (X;,X>,...) is called a species
sampling sequence if X ~ v and

kn
Xn+1 |X17 o 7Xn ~ 2 pj(nn)a)z/ “"Pk,ﬂrl (nn)va

Jj=1

where 0, is the degenerate probability measure at x. Here v is called the base prob-
ability measure and the sequence of functions (p1,ps,...) is called a sequence of
predictive probability functions (PPF). Each p; is a positive real-valued function

defined on € and satisfies 2’;";{1 pj(m) =1foralln € €. Note that
pj(n) = P(Xy+1 ZXj|X1,...,Xn), j=1,...k,
Pk, +1 (n) = IP)()(}'Hrl ¢ {Xla e 7Xn}|X1 P 7Xn)~

The SSS defines an exchangeable random partition by (IT,) = (IT(X),...,X,)) and
its EPPF p and PPF (p;) have the following relation:
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pm'")

p(n)
It is clear from the definition that the distribution of the SSS is characterized by the
PPF (or EPPF) and base measure.

The following theorem (Pitman, 1996) characterizes the directing measure of a
SSS.

Theorem 6.7. Let (X,,),>1 be a SSS with PPF (p;) and the base probability measure
v. Then,

pj(n) = ,forallme @, 1< j<k+1.

nj - ~
(i) 2 P; a.s. for some positive random variable P; for all j > 0.

n
(ii) ||F,—F|| — 0a.s., as n — oo, where || -|| is the total variation norm, and

kl‘l
by = 2 pj(nn)(s)?]— + Py r1(0) v,

=
F = Zf’jé,?j—s-(l—ZPj)v. (6.2.4)
J J

(iii)  (X;) are independent of (P;) and follow iid v.
(iv)  Conditionally on F, (X;) are iid F.

Remark 6.3. A sequence of random variables (X, ) is a SSS if and only if X1, X5, ...|F
is random sample from F where

F =Y P&z +Rv (6.2.5)

i=1

for some sequence of positive random variables (P;) and R such that 1 — R =
¥, P <1, (X;) is a random sample from v, and (P) and (X;) are independent.

Remark 6.4. The random probability distribution (6.2.4) is the directing measure
of the species sampling sequence (X;) and it is called the species sampling model of
(X;). We will also sometimes call it the species sampling process (or prior). Since it
is characterized by the EPPF p (or PPF (p;)) and a diffuse probability measure v,
we will denote it by SSM(p,v) or SSM((p;),v). Similarly, the distribution of the
SSS is denoted by SSS(p, v) or SSS((p;), V).

Example 6.1. Dirichlet process. The celebrated Dirichlet process (Ferguson, 1973)
is a special case of the SSM. Suppose (X},X>,...) is a sample from F which follows
DP(6v), the Dirichlet process with parameter 6v with 6 > 0. Then, marginally
(X1,Xa2,...) is a Pélya urn sequence with distribution X; ~ v and

Xp1|X1, .o X %'W 2y
n+1[ALy---yAn j:1n+9 Xj n+9 .

Thus, (X1,Xa,...) is a SSS with the base probability measure v and PPF
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njn

I1<j<k
n+0 (I=js< n)+n—|—9

pj(n,) = 1(j=ko+1). (6.2.6)

Sethuraman (1994) showed that the Dirichlet process can be represented in form
(6.2.5). Let W}, W, ... be an iid sequence from Beta(1,0). From (W;), discrete prob-
ability masses (P;) are constructed by the stick breaking process. In particular,

P =W,

-1 (6.2.7)
Pi=w;JJ1-w), j=23,....
i=1

Suppose X;,X;, ... is an iid sequence from v, and (P;) and (X;) are independent.
Then,

F=Y P;8g ~DP(0V).
j=1

Example 6.2. Pitman-Yor process. Pitman and Yor (1997) introduced an interest-
ing class of discrete random measures which includes the Dirichlet process. Let a
and b be real numbers with either 0 < a < 1 and b > —a or a < 0 and b = —ma for
some m = 1,2,... and let v be a diffuse probability measure. For j = 1,2,..., let

W; ~ Beta(l —a,b+ ja).

Construct (P;) from (W) by the stick breaking process as in (6.2.7). Let (X;) be an
iid sequence from v independent of (P;). We call the random probability measure
F=37,P; 5}21, the Pitman-Yor process and denote it by PY (a,b,v). The distribu-
tion of (P;) is called Griffiths-Engen-McClosky distribution with parameter (a,b)
or GEM(a,b) and the ranked frequency (P}) of (P;) is called Poisson-Dirichlet dis-
tribution with parameter (a,b) or PD(a,b), where le is the jth largest value among
P;’s. Note PY(0,0,v) is DP(6v). Sometimes Poisson-Dirichlet distribution is re-
ferred with only one parameter 6 > 0, in this case PD(0) = PD(0, 0).

The following theorem of Pitman (1996) characterizes the posterior distribution
of the SSM.
iid

Theorem 6.8. Suppose X|,Xs,...,X,|F ~ F and

F= ]3]5)?

1 j=1

™

<

1

Then, the conditional distribution of F given X1,Xa,...,X, are determined as fol-
lows.

(a) Xi,Xa,...,Xx, are measurable functions of (X1,X2,...,Xn).
() X%, for j> k.
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(c) (P;) and (X;) are independent and for all nonnegative measurable functions

f’ =~ ~
E(f(ﬁ)|X1,X2,...,Xn,N:n) — E(f(Pp)(lz)(n’P)),

where IT(n,P) = (TIZ} B (1= 5, P))) B and p(n) = ETI(n, P)

Corollary 6.1. Suppose F ~ PY (o, 0,V) anXm,Xz,...,X,,|Fii51F, where X, ..., Xy
are distinct values of X1,X,..., X, and n; = [{j : X; = X;}|. Then,

4

M=

FlXy,....X, 13,-5)?/. + RF,

i=1

where (Py,P,,... P, Ry) ~ Dirichlet(n) — ot,ny — ot,...,ng — @, 0 + ko) and Fy, ~
PY(a,0+ka,v).

6.2.2 Construction Methods for EPPF's

A SSM is characterized by an EPPF (or PPF) and a diffuse base probability measure
v. Thus, to obtain different SSM, we need to have methods to construct an EPPF. In
this subsection, we review three commonly used methods.

6.2.2.1 Generalization of Chinese Restaurant Process

Consider a restaurant which has infinite number of circular tables 1,2,... and each
table can accommodate an infinite number of customers. Entering the restaurant,
customers are seated according to the following seating plan.

e Customer 1 sits at table 1.

e Suppose n customers entered the restaurant and they are seated at tables 1,2, ...,k
with n; > 1 customers at table j for 1 < j < k with 2];:1 nj = n. Upon entering
the restaurant, customer n + 1 is seated at table j with probability p j(n) for 1 <
J <k, or alone at table k + 1 with probability py(n), where Z’J‘i{ pj(n)=1and

pj(n) >0, wheren = (ny,...,n).

Let A; = {1 < j <n: customer j is seated at table i}. Then IT, = {A|,As,..., A}
defines a partition of [n]. Note that not every p; results in an exchangeable random
partition. For a more detailed discussion on this issue, see Pitman (1995).

Example 6.3. For 6 > 0, let

mooj=1,2,... .k

piln, .. om) =9 "% 7
) {fe j=k+1.
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In this case, the PPF results in an symmetric EPPF which is

_ 0N (i — 1)

, 6.2.8
(e)nT ( )

p("la”Za"'?”k)
where (0),; =0(0+1)---(6+n—1).

Example 6.4. For either o = —k < 0,0 = mk forsome m=1,2,...or0< a <1
and 0 > —q, let

Ul S N NN

_ 0>
pj("lv"';”k) - {gik .
n+9a’ ]:k+]'

The above PPF also results in an EPPF and it is

(9>kTo¢ Hf:l (1 — a)m—lT
(e)nT ’

p(l’l1,n27...,l’lk) =

where (0)k1q =0(0+0)--- (04 (k—1)x).

6.2.2.2 Poisson-Kingman Partitions

In Section 6.2.1, we have seen that an exchangeable random partition can be ob-
tained by a random sample (X,,) from a random distribution with atoms (P;). In
this subsubsection, we review a method to construct (P;) using the jump times of a
non-homogeneous Poisson process on (0,c) and its EPPF.

Suppose (N(t),z > 0) is the Poisson process on (0,e) with intensity measure
A(dx) = p(x)dx such that

1
/ XA (dx) < eoand A[l,00) < oo,
0

Let Jll > le > ... be the ordered jump times of N(¢) and T =Y, Jl.l. For the fol-
lowing discussion, we assume that the random variable T has density f(¢) that is

strictly positive and continuous on (0,). Let Pil = Jl.l /T for i > 1. The distribution
of (Pll) is called the Poisson-Kingman distribution with Levy density p and denoted

by PK(p). The conditional distribution of (Pll ) given T =t is denoted by PK(p|t).
We denote the distribution of PK(p|t) with mixing distribution y(df) by

PK(p.7) = [ PK(plt)y(an).

Define a random permutation (7(i),i € N) of N as follows: (1) = i with proba-
bility Pil, i > 1. After 7(1),...,7(j— 1) are determined, 7(j) = i with probability



6.2 Species Sampling Model and Its Application to Bayesian Statistics 203

p
! , forie N—{7(1),...,7(j—1)}.
L=Pr(1y = Pro) = = Pr(j e b=l

Let P, = Pl( ) for i > 1. The sequence (B) is called the size-biased permutation of

1
(B

The EPPF of an exchangeable random partition (IT(X;,X>,...,X,),n > 1) is ob-
tained in the following theorem (Pitman, 2003), where X1,X>, ... are a random sam-
ple from a random distribution F with atoms (Pll)

Theorem 6.9. The EPPF of the partition induced by a driving measure with PK(p|t)
prior is given by

l ~
p(nl,nz,...,nk|t):tk7]/0 p"Jrk*zI(nl,nz,...7nk;tp)f(p\t)dp7

where n = 2;‘:1 ni, I(ny,na,...,ng;v) is defined as follows: for k =1 and ny = n,
I(n;v) =1 and

n
I(ny,...,m;v) = /s witduy ...dug_1,
k

i=

S ={(ur,...,u) :u; > 0,uy + ... +up = 1}, and f(plt) is the conditional density

of Py given T =t, which is given by

R f((A=p))
Fplt) = prp(p) === 0<p < 1.
The EPPF of PK(p) partition is given by
f V)AVTTE, p(x;)xlidx;
. . 6.2.9
p(ni,na,...,n / 135 ) (6.2.9)

Example 6.5. If p(x) = 6x~'e™, 6,b > 0, then T ~ Gamma(,b) with mean
0/b. One can compute the EPPF using (6.2.9) and it is the same as (6.2.8). Thus,
PK(p) =PD(0).

6.2.2.3 Gibbs Partitions

Motivated by the form of the EPPF of the Dirichlet process, Gnedin and Pitman
(2006) study the EPPF of Gibbs form. The exchangeable random partition IT on N
is said to be of Gibbs form if there exists sequences random variables (W;,j > 1)
and (V, x,n,k > 1) such that the EPPF of IT is given by
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k
p(ng,...,mg) = Vg HW,,J..
j=1

There are redundancies in the representation of the EPPF of Gibbs form. In fact, for
any y > 0, if we change W; to }/jo and V, ;. to Y "V, x, or W; to yW; and V,; to
}/’kV,,,k, the EPPF does not change. The following proposition (Gnedin and Pitman,
2006) characterizes the EPPF of Gibbs form.

Proposition 6.1. The sequences of random variables (W;, j > 1) and (V, ,n,k > 1)
define a partition of Gibbs form if and only if there exist b > 0 and a < b such that
(a) Wj:(bfa)j,”b,j:1,2,...;and

(b)  Vug= (bn—ak)Vyi1x+Var1he1, 1 <k <n.

This proposition motivates the following definition. For & < 1, an exchangeable
random partition IT is said to follow Gibbs of type « if

(I—0)j_q7, —e < <1,
W/:{l’ ! Ta:—oo,

Vax = YaoxVor1k + Vs gr1,

with V171 =1and
_n—ok, —e < <1,
Tk = k, o = —oo,

6.2.3 Statistical Applications

6.2.3.1 Mixture Modeling with SSM

The realization of a SSM is with positive probability a discrete probability measure.
A simple way to remedy this is to convolute the SSM with a family of distributions
with continuous density 4(x|@) for 8 € ©. Suppose G is a realization of SSM(p, V)
where p is an EPPF and v is a diffuse probability measure. Define a probability
measure F with continuous density by

Flx) = / h(x|0)G(d6). (6.2.10)

There are many choices for /. Popular choices of / are the densities of the normal
distribution N(u,02) with g € R and ¢ > 0, and the uniform distribution U (u —
0,1+ o) with € R and 6 > 0. In both cases, 8 = (U, 0).

The SSM mixture model has the following structure. For an EPPF p and a diffuse
probability measure Vv,

G ~ SSM(p,v),

X1, X, Xo|F 2 F, (6.2.11)
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where F' has density of form (6.2.10). Model (6.2.11) is equivalent to

G ~ SSM(p,v),

61,6s,...,0,G X G, (6.2.12)

Xi6;: " h(x|6), i=1,2,....n

By integrating out G from (6.2.12), the sequence 6y, 65, ..., 8, becomes the species
sampling sequence, i.e.,

01,65,...,0, ~ SSS(p, V).

In a Markov chain Monte Carlo (MCMC) simulation of the posterior, one uses the
following structure:

61,65,...,6, ~ SSS(p,v),
X,'|9i ~ h(x|9,»), i= 1,2,...,]1

Since the conditional distribution of 6; given 6_;, the vector obtained by remov-

ing 6; from (6y,0,...,6,), is well known for the species sampling sequence, the
conditional posterior distribution of 6; given 6_;, X, ..., X, is easily obtained and is
k_i
n(d6;|0_;,X1,...,Xy) o< h(x;|6;) { Z pj(n-i)8g-, (d6;) +Pk+1(lLi)V(d@i)},
(6.2.13)

where n; is the composition of n — 1 generated by 0_;, k_; is the number of blocks in
6,,and 67, ; is the jth distinct value in 6_;. The Gibbs sampling can be done by sam-
pling 6; from the distribution (6.2.13). For more elaborate computation algorithms,
see Navarrete, Quintana, and Miiller (2008).

6.2.3.2 Large Sample Properties

Jang, Lee, and Lee (2010) consider a simple nonparametric model
Xy, Xp|F ~F, F~SSM(p,v), (6.2.14)

and obtain necessary and sufficient conditions for posterior consistency under quite
general assumptions. Let
Fo=Y 46+ Al (6.2.15)
J

be the true distribution from which Xi,X5,...,X,, are sampled, where z; € 2, q >
0,4 =1-%;q; < land p is a diffuse probability measure. Let n = (n1,n,...,m)
be the composition of n generated by the block sizes of IT(X;,X>,...,X,), let Xj,
1 < j <k, be the distinct values of X,X>,...,X,, and 2 = {z1,22,...}.
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Suppose the predictive probability function of SSM(p, V) satisfies the smooth-
ness condition:

Sy =Su(n) = max Y ‘pj(n)—pj(n”) —0, Fp—a.s., asn— oo, (6.2.16)

and the support of the discrete part of F satisfies the separability condition: there
exists € > 0 such that for all i # j

d(zi,zj) > €, (6.2.17)

where d is the metric of .2". Under these assumptions, Jang, Lee, and Lee (2010)
obtained the following theorem.

Theorem 6.10. Suppose X1,Xz, ... is an iid sequence from Fy of form (6.2.15) with
separability condition (6.2.17). Under the model (6.2.14) with prior SSM(p,V)
which satisfies the smoothness condition (6.2.16), the posterior given Xi,...,X, is
weakly consistent at Py if and only if the predictive probability function satisfies

k
lim Y |pj(m) —n;/nll(X;€ Z)=0, Fy—as.,
n—co
=1

and one of the following holds

(i) pie1(n) —0asn— oo, Fy—a.s.
(ii)  Fy is a mixture of a discrete probability measure and the diffuse measure v.

The message of the theorem is that unless the predictive distribution behaves sim-
ilar to the empirical distribution, posterior consistency is not granted. This restricts
the class of SSM(p, v) priors with posterior consistency to essentially the Dirichlet
process. This point becomes clearer if one considers PY (a,b, V). If the prior class is
the Pitman- Yor process, the only priors which give rise to consistent posteriors under
all true probability measures are Dirichlet processes. This fact has also been proved
independently by James (2008). Also, Jang, Lee, and Lee (2010) show that some
popular sub-classes of SSM’s include no prior with consistent posteriors. If one
considers the mixture models with SSM, however, the posterior consistency holds
for much wider class of SSM. See Jang, Lee, and Lee (2010) and Lijoi, Prunster,
and Walker (2005).

6.2.4 Discussion

In this section, we have reviewed the basic theory of SSMs and their statistical ap-
plications. An SSM is defined through the predictive distribution. Since the success
of the Dirichlet process relies greatly on the simplicity of its predictive probabil-
ity function, the SSM would seem to be a promising alternative for non-parametric
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Bayesian inference. However, real success remains to be seen. From the outset, the
SSM overcomes a shortcoming of Dirichlet process mixture models. Suppose in
the mixture model (6.2.12), instead of SSM(p, V) the Dirichlet proces DP(cvy) is
used, where o > 0 and vy belongs to a parametric family of distribution with pa-
rameter 0. The parameter ¢ is often called the prior sample size, because it controls
the amount of information the prior has. In many applications, one wishes to set
a =~ 0 to represent little prior knowledge. But, this has the unexpected effect that
the mixture model becomes essentially the parametric model ¢tg. This can be seen
from Sethuraman’s representation (6.2.7). It is due to the fact that a controls both
the amount of the prior information and the distribution of the cluster size. It can be
overcome by separating parameters for these two effects, for example, by adopting
Pitman-Yor process. Thus, the flexibility of the general SSM does enhance Bayesian
nonparametric modeling.

We have added a new tool to the Bayesian toolbox which is quite versatile and
flexible. However, we need to hone this tool more to deploy in action. Some com-
ments are in order. First, although in theory the SSM frees data analysts from the
rigid restriction on the form of the PPF, practical use of wide class of PPFs seems to
be limited currently, and computational methodology for general PPFs needs to be
developed. Second, from the asymptotic point of view, it is not clear yet to what ex-
tent SSM’s can be recommended, although there are some indications as discussed
in Section 6.2.3. Thirdly, more freedom may confuse the data analysts even more.
Practical guidelines for the choice of PPFs in actual data analysis will be beneficial
to data analysts. Finally, examples of real data analysis with SSM’s would convince
more data analysts to use SSM.

6.3 Hierarchical Models, Nested Models, and Completely
Random Measures

Michael 1. Jordan

Statistics has both optimistic and pessimistic faces, with the Bayesian perspective
often associated with the former and the frequentist perspective with the latter, but
with foundational thinkers such as Jim Berger reminding us that statistics is funda-
mentally a Janus-like creature with two faces. In creating one field out of two per-
spectives, one of the unifying ideas emphasized by Berger and others is the Bayesian
hierarchy, a modeling framework that simultaneously allows complex models to be
created and tames their behavior.

Another general tool for creating complex models while controlling their com-
plexity is by nesting simplified models inside of more complex models, an appeal
to the principle of “divide-and-conquer.” An example is the classical finite mixture
model, where each data point is modeled as arising from a single mixture com-
ponent. Note that this appeal to divide-and-conquer is quite different from the re-
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cursive principle underlying hierarchical modeling—the latter strategy provides a
way to share statistical strength among components while the former strategy tends
to isolate components. Of course, many complex models involve a blend of these
strategies.

If the need to exploit hierarchical and nested structures is compelling in paramet-
ric models, it is still more compelling in Bayesian nonparametrics, where the growth
in numbers of degrees of freedom creates significant challenges in controlling model
complexity. The basic idea of Bayesian nonparametrics is to replace classical finite-
dimensional prior distributions with general stochastic processes, thereby allowing
an open-ended number of degrees of freedom in a model. The framework expresses
an essential optimism—only an optimist could hope to fit a model involving an in-
finite number of degrees of freedom based on finite data. But it also expresses the
pessimism that simplified parametric models may be inadequate to capture many
real-world phenomena, particularly in the setting of large data sets in which increas-
ingly subtle aspects of those phenomena may be revealed. From either perspective,
care needs to be taken to exploit and manage the large number of degrees of freedom
available within a nonparametric model.

In this section we discuss hierarchical and nested modeling concepts within the
framework of Bayesian nonparametrics. To keep the discussion focused, we restrict
ourselves to a special class of stochastic processes known as “completely random
measures.” These random measures have the simplifying property that they assign
independent random mass to disjoint regions of a probability space. This property
turns out to imply that these measures are discrete (up to a deterministic component
and a Brownian motion component that are of limited value for Bayesian modeling).
While the discreteness is limiting for some applications, it also has some significant
virtues. In particular it provides a natural tool for focusing on structural aspects of
models, where the effects of hierarchy and nesting have relatively simple interpre-
tations.

6.3.1 Completely Random Measures

Letting €2 denote a measurable space endowed with a sigma algebra <7, a random
measure G is a stochastic process whose index set is <7. That is, G(A) is a random
variable for each set A in the sigma algebra. A completely random measure G is
defined by the additional requirement that whenever A; and A, are disjoint sets in
</, the corresponding random variables G(A;) and G(A;) are independent. This
idea generalizes the notion of “independent increments processes” that is familiar
in the special case in which £ is the real line.

Kingman (1967) presented a way to construct completely random measures
based on the nonhomogeneous Poisson process. This construction has significant
consequences for Bayesian modeling and computation; in particular, it allows con-
nections to be made to the exponential family and to conjugacy. The construction
is as follows (see Figure 6.1 for a graphical depiction). Consider the product space
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\,
— R

FIGURE 6.1. The construction of a completely random measure on £2 from a nonhomogeneous
Poisson process on Q2 @ R.

Q ®R, and place a sigma-finite product measure 7 on this space. Treating 7 as the
rate measure for a nonhomogeneous Poisson process, draw a sample {(®;, p;) } from
this Poisson process. From this sample, form a measure on £2 in the following way:

G="Y piba, (6.3.1)

i=1

We refer to {@;} as the atoms of the measure G and {p;} as the weights.

Clearly the random measure defined in (6.3.1) is completely random because
the Poisson process assigns independent mass to disjoint sets. The interesting fact is
that all completely random processes can be obtained this way (up to a deterministic
component and a Brownian motion).

As an example of a completely random measure, define the rate measure 7 as
a product of an arbitrary sigma-finite measure By on €2 and an “improper” beta
distribution on (0, 1):

n(do,dp) =cp ' (1-p)*'dpBy(dw),

where ¢ > 0. Note that the expression cp~!' (1 — p)°~! integrates to infinity; this has
the consequence that a countably infinite number of points are obtained from the
Poisson process. The resulting completely random measure is known as the beta
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process.! We denote a draw from the beta process as follows:
B~ BP(c,By),

where ¢ > 0 is referred to as a concentration parameter and where B is the base
measure. Note that for the beta process the weights {p;} lie in the interval (0,1).
Their sum is finite (a consequence of Campbell’s theorem), with the magnitude of
the sum controlled by the concentration parameter ¢ and by By (€2). The locations
of the atoms are determined by By.

As a second example, let the rate measure be a product of a base measure Gy and
an improper gamma distribution:

n(dw,dp) = cp e PdpGo(dw). (6.3.2)

Again the density on p integrates to infinity, yielding a countably infinite number of
atoms. The resulting completely random measure is known as the gamma process.
We write:

G ~ GP(c,Gy)

to denote a draw from the gamma proess. Note that the weights {p;} lie in (0,)
and their sum is again finite.

It is also of interest to consider random measures that are obtained from com-
pletely random measures by normalization. For example, returning to the rate mea-
sure defining the gamma process in (6.3.2), let {(w;, p;)} denote the points obtained
from the corresponding Poisson process. Form a random probability measure as
follows: ,

G=) mbu, (6.3.3)
i=1
where m; = p;/ Z;":l p;- This is the famous Dirichlet process (DP) (Ferguson, 1973).
We denote a draw from the DP as G ~ DP (o, Hp), where o = Go(2) and Hy =
Go/ 0. Note that the DP is nor a completely random measure—for disjoint sets A
and A,, the random variables G(A;) and G(A») are negatively correlated due to the
normalization.

6.3.2 Marginal Probabilities

At this point it is useful to recall De Finetti’s theorem, which states that infinitely
exchangeable sequences of random variables are obtained by drawing a random el-
ement G and then drawing the elements of the sequence independently conditional
on G. Given the ubiquity of this conditional independence motif in Bayesian mod-

! For further details on this derivation of the beta process, see Thibaux and Jordan (2007). For an
alternative derivation that does not make use of the framework of completely random measures,
see Hjort (1990).
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eling, it is of interest to ask what kinds of exchangeable sequences are obtained if G
is one of the random measures discussed in the previous section.

In the case of the DP, the answer is classical—one obtains the Polya urn model
(Blackwell and MacQueen, 1973). This model can be described in terms of the
closely related Chinese restaurant process (CRP) (Aldous, 1985). Consider a restau-
rant with an infinite number of tables, listed in some (arbitrary) order. Customers
enter the restaurant sequentially. The first customer sits at the first table. Subsequent
customers choose a table with probability proportional to the number of customers
already sitting at that table. With probability proportional to a parameter ¢ they
start a new table. This defines the CRP as a distribution on partitions of the cus-
tomers. To define the Pélya urn we augment the model to place a parameter ¢ at
the kth table, where the {¢;} are drawn independently from some distribution Gy.
All customers sitting at the kth table are assigned the parameter ¢. Letting 6; denote
the parameter assigned to the ith customer, this defines an exchangeable sequence
(61,6,...).

This connection between the DP and the CRP and Pdlya urn model can be under-
stood by noting that the representation of the DP in (6.3.3) is essentially a mixture
model with a countably infinite number of components. We can view the CRP as
a draw from this mixture model. In particular, let us associate an integer-valued
variable W; to the ith customer as follows:

G ~ DP(ap,Gy),
p(Wi=k|G)=m, i=1,...,n

In the language of the CRP, the event {W; = k} means that the ith customer sits at
the kth table. In essence, the DP defines an infinite collection of random probabil-
ities that, when integrated out according to the De Finetti construction, yield the
CRP. The specific rule underlying the CRP—that customers sit at a table propor-
tional to the number of customers already at that table—reflects classical Dirichlet-
multinomial conjugacy.

Similar connections can be obtained for priors obtained from completely ran-
dom measures. Consider in particular the beta process. Here the weights {p;} lie
in (0,1), and thus it is natural to view the beta process as yielding an infinite col-
lection of coin-tossing probabilities. Moreover, given the definition of a completely
random measure, we are motivated to toss these coins independently. This defines
the following hierarchy:

B ~ BP(c,By),
Z|B ~ BeP(B),

where Z =37 | % 5wk is a completely random measure known as the Bernoulli pro-
cess. The atoms {@y} are the same atoms as in B and the weights {z;} are binary
values that are equal to one with probability p; and equal to zero otherwise.
Returning to the De Finetti conditional independence motif, we can draw repeat-
edly from the Bernoulli process given an underlying draw from the beta process:
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B ~ BP(c,By),
Z;|B~BeP(B), i=1,...,n. (6.3.4)

This defines a binary-valued matrix with n rows and an infinite number of columns.
Campbell’s theorem can again be invoked to show that we obtain a sparse matrix
in which the number of ones in each row is finite with probability one. Viewing
the columns as “latent traits” or “features,” this matrix can be viewed as a sparse
featural representation of objects, or alternatively as a model in which each object
is assigned to a subset of classes. Note that this differs from the Dirichlet process,
where each object is assigned to a single class.

It is also possible to define this probability law directly via a sequential process
that is known as the Indian buffet process (IBP) (Griffiths and Ghahramani, 2006).
In the IBP, customers enter a restaurant sequentially and select dishes in the buf-
fet line. Dishes that have been chosen previously by other customers are selected
with probability proportional to the number of times they have been selected by the
previous customers. Each customer also selects a random number of new dishes ac-
cording to a Poisson distribution (with decreasing rate). As shown by Thibaux and
Jordan (2007), this probability law can be obtained by marginalizing out the beta
process in the hierarchy in (6.3.4). Their argument is the analog of the derivation
of the CRP from the DP. In particular, as alluded to above, the CRP can be derived
as a simple consequence of the fact that a posterior DP is itself a DP (Ferguson,
1973). A similar conjugacy relationship holds for the beta process—a posterior BP
isitself a BP (Kim, 1999). The posterior BP contains atoms in its base measure, and
these are necessarily present in any subsequent draw from the BP. Indeed, these act
like independent coins relative to the rest of the random measure. Posterior updating
of the probabilities associated with these coins is classical beta-Bernoulli updating,
which is the rule underlying the IBP.

6.3.3 Hierarchical Models

Bayesian nonparametric models often incorporate classical finite-dimensional
parameters—e.g., location parameters, scale parameters, regression parameters and
correlation parameters—and it is common to build hierarchies on these parame-
ters. In this section, however, we wish to consider a more thoroughgoing form of
Bayesian hierarchy in which the infinite-dimensional parameters of nonparametric
models are also linked via hierarchies. Specifically, we discuss conditional indepen-
dence hierarchies in which a set of completely random measures, {G1,G2,...,Gu},
are conditionally independent given a base measure Gy, and where Gy is itself a
completely random measure.

To see the value of this kind of construction, let us consider the case of the Dirich-
let process, and consider M groups of data, {x);}, {x2;}, and {xps;}, where each
group is to be modeled as a DP mixture. If we have reason to believe that these
groups are related, then we may wish to couple the underlying random probability
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measures via the following hierarchical Dirichlet process (HDP) construction (Teh
et al., 2006):

Go ~ DP(y,H)
G | Go ~DP(0y,Gy), m=1,....M
Oni | G ~ Gy, m=1,....M,i=1,....N,
Xpi | Omi ~ Fg,;, m=1,....,M,i=1,.... Ny, (6.3.5)

where {Fy } is a parametric family of distributions. The nature of the coupling that is
induced by this hierarchy is easily understood by considering a Chinese restaurant
representation. Each random measure G,, corresponds to a Chinese restaurant where
the atoms forming that random measure correspond to the tables in the restaurant.
Some of these tables tend to have large occupancy—these correspond to the atoms
with particularly large weights. All of the customers sitting around a single table
can be viewed as belonging to a cluster; this is reflected in the fact that the corre-
sponding parameters 8,,; are equal to each other. Now if we have reason to believe
that the M groups are related, we might expect that a cluster discovered in group m
will be useful in modeling the data in the other groups. To achieve this we need to
share atoms not only within groups but also between groups. This is achieved by the
specification in (6.3.5): the fact that Gy is drawn from a DP means that it is atomic,
and each G,, re-draws from among these atoms. Thus, atoms are shared among the
{Gn}-

Note that it is also possible to couple the random measures {G,,} via a clas-
sic parametric hierarchy, but this would not generally achieve the goal of sharing
clusters among the groups. For example, suppose that Gy were a parametric distri-
bution depending on a location parameter (. Bayesian inference for y would share
statistical strength among the groups by centering their base measure at a common
location, but, due to the absolutely continuous nature of Gy, the atoms in G, would
be distinct from those in G,y for m # m'. That is, none of the 6,,; would be equal to
6,;; there would be no sharing of clusters among groups.

The HDP has been used in a wide variety of applications, including social net-
work analysis (Airoldi et al., 2008), genetic analysis (Xing, Jordan, and Sharan,
2007), computational vision (Sudderth, 2006; Kivinen, Sudderth, and Jordan, 2007),
natural language parsing (Liang, Jordan, and Klein, 2010), information retrieval
(Cowans, 2004), and music segmentation (Ren, Dunson, and Carin, 2008).

The sharing of atoms achieved via the hierarchical nature of the HDP is also
useful for the beta process and other members of the family of completely random
measures. Recall that the beta process can be viewed as providing a featural descrip-
tion of a collection of objects, where the weights {p;} are probabilities of the objects
possessing or not possessing a given feature. In the setting of multiple collections of
objects, it may be useful to transfer the features discovered in one collection to other
collections. As an example of this hierarchical beta process construction, Thibaux
and Jordan (2007) presented an application to document modeling, where the groups
correspond to document corpora. Each document is represented as a binary vector
indexed by the vocabulary items, and this probability vector is modeled as a draw
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from a Bernoulli process. The sparseness of word occurrences in documents means
that it is useful to transfer probabilities between corpora.

Similarly, it is useful to consider hierarchies based on the gamma process, where
the data might consist (for example) of counts of items in some open-ended vocab-
ulary and the gamma process encodes the Poisson rates underlying these counts.

6.3.4 Nested Models

Hierarchical models provide a way to share atoms among multiple random mea-
sures, a useful idea when these measures are viewed as related. It can also be worth-
while, however, to consider the opposite end of the spectrum, where atoms are sep-
arated into different, non-interacting groups. From a modeling point of view, this
allows complex models to be built of simpler components. There is also a compu-
tational argument. When atoms are shared, the inferential problem of computing
the posterior distribution becomes a highly coupled problem in which each data
point has an inferential impact on each atom. Such highly coupled problems can be
difficult to solve numerically; in particular, in the MCMC setting the correlations
introduced by the coupling can increase the mixing time of MCMC algorithms. The
coupling also has an effect on the difficulty of implementing inference algorithms;
in particular, it makes it difficult to use divide-and-conquer strategies.

Nesting is a general strategy for building complex models out of simpler compo-
nents. To illustrate, let us consider a nested version of the Chinese restaurant process
(Blei, Griffiths, and Jordan, 2010). In the nested CRP, the restaurant metaphor is ex-
tended to a set of restaurants organized according to a branching structure, where
individuals partake of a sequence of dinners as they proceed down a path in the tree.
All individuals enter a fixed restaurant at the root node of the tree. They select a
table according to the usual CRP rule (i.e., they sit at a table with probability pro-
portional to the number of customers who have previously selected the table). The
table also has a card on it giving the address of a restaurant where the customers will
eat the following night. This construction recurses, yielding an infinitely-branching
tree where each customer follows a particular path down the tree. After n customers
have entered the tree, there will be up to n paths selected in the tree, with some paths
selected by multiple customers. The depth of the tree can be fixed and finite, or it
can be infinite.

The nested CRP defines a sequence of distributions on partitions, one for each
level of the tree. To turn this into a random measure, we introduce atoms drawn from
a base measure G at the tables in the restaurants (one atom per table). One possible
option is to consider a tree of fixed depth and to place atoms only at the tables in
the restaurants at the leaves of the tree, but it can also be useful to place atoms
throughout the tree. In either case, the construction separates atoms into distinct
groups. In particular, having selected a branch at the root node, only the atoms in
the clade below that branch are available.
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This nested construction can also be expressed using random measures directly.
In particular, consider the following specification of a two-level nested Dirichlet
process (nDP) (Rodriguez, Dunson, and Gelfand, 2008):

*
GNkX’lﬂ'k(SGz,

Gy = Dm0, (6.3.6)
J=1

where the weights {m;} and {7} are obtained as in (6.3.3). We see that G is a
draw from a DP that selects among an infinite set of components {G; }, where each
component is itself a DP. Note that the atoms associated with the lower-level DPs are
distinct (assuming a continuous base measure). From the point of view of the nCRP
formalism the specification in (6.3.6) corresponds to a two-level tree in which atoms
are associated only with the tables at the leaves of the tree. The top-level restaurant
implements the choice among the G; and each Gy corresponds to a restaurant at the
second level of the tree. More generally, the nDP can be extended to an arbitrary
number of levels, and a K-level nCRP is obtained by integrating out the Dirichlet
processes in a K-level nDP.

Rodriguez, Dunson, and Gelfand (2008) discussed an application of the two-level
nDP to a problem in health care where the goal is to model an outcome variable for
the hospitals in the fifty US states. The intra-state distribution is generally multi-
modal and thus it is natural to use DP mixtures for each state. Moreover, there are
inter-state similarities as well, and one approach to capturing these similarities is to
cluster the states. This is done at the higher level of the nDP by allowing similar
states to select the same low-level DP. Note the difference between this approach
and an HDP-based approach, where all atoms would be shared among all of the
groups; here, atoms are shared only when states fall in the same cluster.

There are also natural applications of infinite-level nested models. Blei, Grif-
fiths, and Jordan (2010) presented an application of the nCRP to the problem of
discovering topics in document collections. A topic is defined to be a probability
distribution across the words in some vocabulary. The nCRP is augmented to place
a topic at each table at every restaurant in the tree. The generation of the words in
a document is modeled as follows. The first step is to select a path down the (in-
finite) tree according to the nCRP. Fixing that path, we repeatedly pick a level in
the tree using the GEM (“stick-breaking”) distribution and pick a word from the
topic distribution at that level on the selected path.” Given that nodes at the higher
levels in the tree tend to be shared across multiple documents (e.g., the root node
is shared across all documents), there is statistical pressure to force topics at higher
levels in the tree to concentrate on words that are useful across many documents.

2 The GEM distribution is closely related to the Dirichlet process; the GEM probabilities can be
obtained by randomly permuting the weights {7} in the Dirichlet process according to a size-
biased permutation.
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Topics at lower levels can focus on more specialized words. Thus the model yields
an abstraction hierarchy.

It is also of interest to consider nesting for random measures other than the DP.
In particular, we can define a nested beta process in the following way:

B ~ BeP ( Y p;;SB;),
k=1

B = z pkj69kj'
=1

This defines a random measure B that is a collection of atoms, each of which is a beta
process. Instead of picking a single path down a tree as in the nDP, this definition
makes it possible to pick multiple paths down a tree. This construction is quite
natural in applications; indeed, in the setting of document modeling it is a natural
generalization of latent Dirichlet allocation (LDA) (Blei, Ng, and Jordan, 2003).
LDA is a topic model that allow documents to range over arbitrary collections of
topics. In the nCRP model, topics are restricted to lie along a single path of the tree,
differing only in level of abstraction but not in thematic content. A model based on
the nested BP would allow a document to range over both thematic content and level
of abstraction.

Similarly, it is of interest to consider a nested gamma process construction, which
could be used to select multiple branches at each level of a tree, each of which is
associated with a count or a rate.

6.3.5 Discussion

We have reviewed some recent developments in Bayesian nonparametrics. Our dis-
cussion has focused on completely random measures, a broad class of random mea-
sures that have simplifying representational and computational properties. Addi-
tional random measures can be obtained by normalization of such measures; in par-
ticular, the Dirichlet process can be obtained in this way.

The proliferation of parameters (i.e., atoms) in models based on completely ran-
dom measures calls for organizational principles to control these models in statisti-
cally and computationally sound ways. We have focused on two such principles—
hierarchy and nesting. While familiar in the parametric setting, these principles have
only recently begun to be exploited fully and explicitly in the nonparametric setting.
We anticipate many further developments in this vein. We also note that the theory
of Bayesian nonparametrics is in an early stage of development, and in particular we
have not yet seen theoretical results in which hierarchy and nesting play an explicit
role. Given the important role these concepts play in parametric theory, we expect
to see analogous theory emerging in nonparametrics. Finally, we note that hierarchy
and nesting are applicable to a wide range of Bayesian nonparametric models that



6.3 Hierarchical Models, Nested Models, and Completely Random Measures 217

lie outside of the class of completely random measures; indeed, the Pélya tree is one
instance of nesting that is well known in Bayesian nonparametrics.

Acknowledgments: 1 would like to thank Percy Liang, Kurt Miller, Erik Sudderth,
and Yee Whye Teh for helpful comments.



Chapter 7
Bayesian Influence and Frequentist Interface

Under the Bayesian paradigm to statistical inference the posterior probability distri-
bution contains in principle all relevant information. All statistical inference can be
deduced from the posterior distribution by reporting appropriate summaries. This
coherent nature of Bayesian inference can give rise to problems when the implied
posterior summaries are unduly sensitive to some detail choices of the model. This
chapter discusses summaries and diagnostics that highlight such sensitivity and
ways to choose a prior probability model to match some desired (frequentist) sum-
maries of the implied posterior inference.

7.1 Bayesian Influence Methods

Hongtu Zhu, Joseph G. Ibrahim, Hyunsoon Cho, and Niansheng
Tang

A formal Bayesian analysis for analyzing data Y involves the specification of a
sampling distribution for Y, denoted by p(Y|6), and a prior distribution for all pa-
rameters of interest 0, denoted by p(0). The posterior distribution of 6 given Y is

given by
H(6]y) - POP(YI0)

I'p(0)p(Y|6)d6’
which forms a basis for carrying out any formal Bayesian analysis. In practice, how-
ever, posterior quantities such as the Bayes factor can be sensitive to three kinds of
discrepancies: influential observations relative to the fitted model, the prior distribu-
tion, and the sampling distribution. There is a large body of literature on developing
various Bayesian influence methods for detecting these discrepancies.

Three primary classes of Bayesian influence methods, including Bayesian case
influence measures, Bayesian local robustness, and Bayesian global robustness have
been proposed to assess the influence of various discrepancies in a Bayesian analy-
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sis (Kass, Tierney, and Kadane, 1989; McCulloch, 1989; Berger, 1990, 1994; Weiss,
1996; Gustafson, 2000; Sivaganesan, 2000; Oakley and O’Hagan, 2004; Cho, 2009;
Cho et al, 2009; Zhu, Ibrahim, and Tang, 2009; Zhu, Ibrahim, and Cho, 2010).
Bayesian case influence measures primarily assess the influence of individual ob-
servations (or generally, a set of observations) in a Bayesian analysis in order to
identify outliers and high leverage points. Considerable research has been devoted
to developing single case influence measures for various specific statistical models
including generalized linear models, time series models, and survival models (Box
and Tiao, 1973; Geisser, 1975, 1993; Johnson and Geisser, 1983; Johnson, 1985;
Pettit, 1986; Chaloner and Brant, 1988; Kass, Tierney, and Kadane, 1989; McCul-
loch, 1989; Carlin and Polson, 1991a; Gelfand, Dey, and Chang, 1992; Weiss and
Cook, 1992; Blyth, 1994; Peng and Dey, 1995; Weiss, 1996; Bradlow and Zaslavsky,
1997, Christensen, 1997). The influence of individual observations is often assessed
either on the posterior distributions or the predictive distributions through case dele-
tion. The two most popular Bayesian case influence measures are the Conditional
Predictive Ordinate (CPO) (Gelfand, Dey, and Chang, 1992; Geisser, 1993) and
the Kullback-Leibler (KL) divergence (Peng and Dey, 1995). For instance, Pettit
(1986) uses the KL divergence in detecting influential observations in his review
of Bayesian diagnostics, whereas Weiss (1996) and Weiss and Cho (1998) assess
the influence of deleting a single case as well as establishing its relationship to the
KL divergence and CPO. Zhu et al. (2010) introduce three types of Bayesian case
influence measures based on case deletion, namely @-divergence, Cook’s posterior
mode distance, and Cook’s posterior mean distance, and then evaluate the effects of
deleting a set of observations on these three measures in general parametric models.
Another class of simple Bayesian case influence measures is to check whether the
posterior distribution of a checking function, which is a function of Y and/or 0, is
far from an appropriate measure of center (Zellner, 1975; Chaloner and Brant, 1988;
Meng, 1994; Gelman, Meng, and Stern, 1996).

The global robustness (Berger, 1984, 1990, 1994) approach is based on com-
puting a range of posterior quantities in a perturbation set based on perturbations
to Y, p(0) and/or p(Y|0) (Basu, 1999; Moreno, 2000; Sivaganesan, 2000). Global
influence methods, however, are generally computationally intensive even in rel-
atively simple models with several parameters (Berger, Rios Insua, and Ruggeri,
2000; Sivaganesan, 2000). For a given posterior quantity 4(6), one may conclude
that a small range indicates robustness. A serious issue associated with examin-
ing the range is that the value of the range itself might be misleading because it
strongly depends on the appropriate scale chosen for 4(0) and the size of the pertur-
bation set. For instance, for any given set and posterior quantity (6), the range of
E[ch(0)|Y] is c times the range of E[h(0)|Y], where c is any nonzero scalar. To ad-
dress this issue, several scaled versions of the range including a relative sensitivity
have been introduced (Sivaganesan, 1991; Gustafson, 1994; Boratinska, 1996; Rug-
geri and Sivaganesan, 2000). By utilizing the concept of differential geometry, Zhu,
Ibrahim, and Tang (2009) propose several global influence measures to quantify the
degree of various perturbations to statistical models.
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The local robustness approach primarily computes the derivatives of poste-
rior quantities with respect to a small deviation from Y, p(6) and/or p(Y|0)
(Berger, 1994; Gustafson and Wasserman, 1995; Shi and Wei, 1995; Gustafson,
1996a; Berger, Rios Insua, and Ruggeri, 2000; Perez, Martin, and Rufo, 2006; Zhu,
Ibrahim, and Tang, 2009). The local robustness approach has strong connections
with Cook’s (1986) seminal local influence approach for perturbing p(Y|0) for de-
tecting influential observations and assessing model misspecifications (Tsai and Wu,
1992; Poon and Poon, 1999; Zhu and Lee, 2001; Zhu et al., 2003, 2007). McCulloch
(1989) generalizes Cook’s (1986) local influence to assess the effects of perturbing
the prior in a Bayesian analysis. Further research has been developed for carrying
out local robustness utilizing the Frechét derivative of the posterior with respect to
the prior (Berger, 1994; Gustafson and Wasserman, 1995; Gustafson, 1996a; Berger,
Rios Insua, and Ruggeri, 2000). Clarke and Gustafson (1998) consider simultane-
ously perturbing (Y, p(0),p(Y|6)) in the context of independent and identically
distributed data. Zhu, Ibrahim, and Tang (2009) propose several local influence mea-
sures to quantify the degree of simultaneously perturbing (Y, p(0),p(Y|60)) for a
large class of statistical models, while accounting for missing data.

The rest of this section is organized as follows. In Section 7.1.1, we give a thor-
ough review of Bayesian case influence measures. In Section 7.1.2, we provide an
overview of Bayesian global and local robustness approaches. In Section 7.1.3, we
illustrate the existing methodologies with a real data set.

7.1.1 Bayesian Case Influence Measures

Various Bayesian case influence measures have been proposed to identify outliers
and influential points, but we primarily review four major types, including the pos-
terior probability of outlying sets, posterior outlier statistics, predictive diagnostics,
and posterior diagnostics. The first type of Bayesian case influence measures in-
cludes Box and Tiao’s (1968) approach and its extensions. The key idea of Box
and Tiao (1968) is to calculate the posterior probability of an event Ag that a set
of observations, denoted by Yg, is an outlying set, where S denotes a subset of all
observations. This approach requires at least three strong assumptions as follows.
The first one is to specify the prior probability of Ag such that

P(As) >0 and ) P(As)=1.
S
The second assumption is to specify an explicit sampling distribution of Y given the

fact that Ag is true, denoted by p(Y|Ag, 0), for each Ag. The third assumption is that
when Ag is true,
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p(Yslas.0) = [ p(Y|As.0)dY g # p(Ysl0) = [ p(YI0.0)aY,
p(Yisl4s.6) = [ p(¥lAs,6)dXs = p(Yi5|6) = [ p(Y10.0)aY:s,

where @ denotes the empty set, Yg denotes a subsample of Y consisting of all the
observations in S and Y|g denotes a subsample of Y with all observations in S (or
Ys) deleted. Finally, for each set Ag, we calculate the posterior probability of Ag
given Y as follows:
Y|A5)P(Ag
P(As]Y) = M7
Ysp(Y|As)P(As)

where p(Y|As) = [ p(Y|As,0)p(6)d0 is the marginal distribution of Y under Ag.
If P(As|Y) is relatively large for a specific set S, then it is fair to claim that all
observations Y are outlying observations.

Example 7.1. Consider a linear model y; = X3 +¢&; for i = 1,--- ,n, where x; and
B are p x 1 vectors. For a set S, it is assumed that & ~ N(0,0?) for i ¢ S and
& ~ N(0,m>c?) otherwise. Let o be the prior probability that any (x;,y;) is an
outlier. Thus, P(As) = ¥ (1 — )" ¥, where k is the size of S. We consider a Normal-
Gamma prior for (8,0672). Let X = (x},...,x,)’ and Xg contain all x; for i € § and
X(s) is a submatrix of X with all observations x; with i € § deleted. After some
calculations, it has been shown in Box and Tiao (1968) that p(As|Y) is given by

k —(n=p)/2
o kx| /21! iy —1/2 [ RSSw(S)
— XX XX —(1— XX _—
o(725) o IR - (1- 0 2 (R 7

where C is a constant, RSS = (Y — X)'(Y — X3) and

RSS,(S) = (Yi5 — X510 (S)) (Yis) — X[5Bu(S))
+ 0 2 (Ys —XsBo(S)) (Ys — XsBu(S)).

in which B, (S) = (X X5 + 0 X Xs) ! (X{g Y} + 0 X(Y).

While Box and Tiao’s approach is conceptually simple, it is difficult to imple-
ment in many scenarios. The major difficulty is to specify an explicit distribution
p(Y|Asg, 0) for characterizing the outlying observations in As. Another difficulty is
to compute the marginal distribution p(Y|Ag) for a large class of models for missing
data, such as models with missing covariates and generalized linear mixed models
with/without missing data. Yet another difficulty is that the computation of p(As|Y)
is numerically infeasible given the large number of all possible events Ag. Given
these difficulties, this approach is limited to simple models, such as linear regres-
sion with conjugate prior distributions and some models for time series (Abraham
and Box, 1979).

The second type of Bayesian case influence measures include Chaloner and
Brant’s (1988) posterior residual approach and its extensions. The original idea of
Chaloner and Brant (1988) is to use the posterior distribution of the realized error
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terms for residual analysis to define outliers and calculate posterior probabilities of
observations being outliers in a linear model (Zellner, 1975; Zellner and Moulton,
1985). This method has been further extended to generalized linear models, sur-
vival models, latent variable models, state space models, and many others (Chaloner,
1991; Albert and Chib, 1993; Lee and Zhu, 2000). The key idea is summarized as
follows. One first specifies an objective function g(Ys, 0), which may be a function
of the data and unknown parameters, and then calculates the posterior probability of
the event Es = {g(Y5,0) > K, }, called the posterior outlier statistic, which is given
by

P(ESIY) = [1(g(Ys,6) > K)p(6]Y)do,

where K, is a prespecified constant determined by the model assumptions and 1(-)
is an indicator function of an event. Moreover, one may allow for missing data in
g(Ys,0). If one considers all observations Y and sets K, = g(Y"*”,0), then one
obtains the posterior predictive p—value, which was formally introduced by Meng
(1994) and Gelman, Meng, and Stern (1996). The posterior predictive p—value may
be used to assess the plausibility of a proposed statistical model. If P(Es|Y) is rel-
atively small for a given K, then it is fair to claim that all observations in Y are
outlying observations.

Example 7.2. Consider a linear model y; = X3 + & for i = 1,--- ,n, where x; and
B are p x 1 vectors and & ~ N(0,6?) for all i. We consider a Normal-Gamma prior
for (B,072), that is B|o~2 ~ N(mg,0°%;") and 672 ~ I" (0%, 01). It has been
shown in Chaloner and Brant (1988) that &Y ~ t(ei,alblhifil ,2ay), where e; = y; —
xm;, m; = (X + X'X) "' (Zomg + X'Y), h;;; is the (i,i)th element of H = X(Z) +
X’X)*‘X’, ap = op + I’l/2, and b; = o + O.S[(Y — Xml)’Y + (m() — ml)’Eomo].
Thus, it can be shown that the posterior probability that |g;| > mo is given by

P{le| > mo[Y} = [ (1= @)+ @()lp(rV)dr,

where T = 62, @(-) is the distribution function of the standard normal distribution,
z1=(m— éirl/z)hifil/z, and zp = (—m—&7'/2)n 2,

The second class of case influence measures has its merits and limitations. Its
merit is that it is computationally straightforward even for very complicated statis-
tical models, such as hierarchical models with missing response and/or covariate
data. Specifically, the posterior outlier statistic can be directly estimated by using
samples drawn from Markov chain Monte Carlo methods (MCMC) (Chen, Shao,
and Ibrahim, 2000). However, because P(Es|Y) and its associated posterior predic-
tive p—value were criticized for double use of the data, they do not have ‘standard’
probability interpretations, that is, the uniform scale is not appropriate (Bayarri and
Berger, 2000; Robins, van der Vaart, and Ventura, 2000; de la Horra and Rodriguez-
Bernal, 2001; Hjort, Dahl, and Steinbakk, 2006). Hjort, Dahl, and Steinbakk (2006)
propose a calibration of the posterior predictive p (ppp) values, which results in
calibrated ppp values, while the calibrated ppp values are uniform in [0, 1] under a
correct model specification. Computing the calibrated ppp values, however, gener-
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ally involves in a double-simulation scheme and can be computationally intensive.
Further development of the calibrated ppp values for hierarchical models is given in
Steinbakk and Storvik (2009). Instead of calibrating ppp values, several measures
of surprise, such as the p—value and the relative predictive surprise, have been pro-
posed for outlier detection and model assessment in some relatively simple models
(Bayarri and Berger, 2000; Bayarri and Morales, 2003; Bayarri and Castellanos,
2007).

The third type of Bayesian case influence measures include all predictive diag-
nostics (Box, 1980; Geisser, 1993; Gelfand and Dey, 1994; Sinha and Dey, 1997).
The key idea of predictive diagnostics is to assess the discordancy of a set of obser-
vation Yg based on the predictive distribution of Yy using

Elg(Ys. Y[ Yig) = [ ¢(¥s, Y3)p(Y3[Yj9)dYs,

where g(Ys, Y5) is a checking function and Y7 is a future value of Y. A particular
predictive diagnostic is

P(Y € Rs|Y(g) = [ 1(Y; € Rs)p(Y3[Yig)aYs,
where p(Y§|Y[g)) is the predictive distribution of Y given Y(g) given by

o o POYEY) !
PN S) = ) = TIpN§N 5,00 p(OIY;, Vi )0

Moreover, the region Rg can be a region around either the predictive mean, mode,
or median of p(Ys|Y s]) or {Ts(Ys) > Ts(Ys)}, in which Ts(-) is a scalar func-
tion. By setting g(Ys,Ys) = 1(Ys : [|[Ys — Y5|| < €)/V(e,S), the conditional pre-
dictive ordinate statistic p(Ys|Y[g)) for the set S, denoted by CPOy, is the limit
of E[g(Ys,Y5)|Y[g)] as € — 0, where V(g,S) is the volume of a sphere with ra-
dius € in [dim(Ys) + 1]—dimensional Euclidean space (Geisser, 1993; Gelfand and
Dey, 1994; Sinha and Dey, 1997; Chen, Shao, and Ibrahim, 2000). If CPOy is rel-
atively small for a specific set S, then one could reject that Yg is concordant with
Y|5)- These predictive diagnostics have been used to create model selection crite-
ria including pseudo-Bayes factors and posterior Bayes factors for model selection
(Aitkin, 1991; Geisser, 1993; Berger and Pericchi, 1996a; Gelfand and Ghosh, 1998;
Ibrahim, Chen, and Sinha, 2001; Chen, Dey, and Ibrahim, 2004).

Example 7.3. Consider an independent and identically distributed sample Y1, --,Y,
from p(y|0) = @ exp(—6x). Suppose that p(8) o< O8N0~ exp(—BONyy,). First, by set-
ting S = {i} and g(¥;,Y;) =1(Y; > Y;), we have

Noyy +ny )"*M’

P =E[1(Y} 2 Y)Yy = (Noyo+ny+Y
1
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The predictive diagnostic P; is conceptually simple, but it can be computation-
ally difficult for complicated statistical models, such as multilevel models with
missing data. Specifically, except for very simple models, approximating P(Yg €
Rs|Y[g)) involves drawing samples using MCMC methods and the approximation
of [[p(Y§|Y[s),0)] ' p(6]Y5, Y(s)d6 in the denominator is typically numerically
unstable (Chen, Shao, and Ibrahlm, 2000). Moreover, to accurately approximate
P(Y§ € Rs|Y[g)), we must draw many samples from p(6|Y5, Y[g)) for a large num-
ber of different Y§. For complex models, however, it is very challenging to obtain a
suitable and accurate approximation of these model selection criteria based on the
predictive distribution.

The fourth type of Bayesian case influence measures include all posterior diag-
nostics (Csiszar, 1967; Johnson and Geisser, 1985; Pettit and Smith, 1985; Pettit,
1986; Weiss and Cook, 1992; Weiss, 1996). In contrast to predictive diagnostics,
posterior diagnostics compare the posterior distributions of 6 given the complete
data Y and the reduced data Y[g. A well-known example is the ¢ —influence of Yy},

defined by
$)= [ oRis(0))p(6IY)de

where R[5 (0) = p(6|Y[S])/p(9|Y) and ¢(-) is a convex function with ¢(1) =0
(Weiss and Cook, 1992; Weiss, 1996). It has been shown in Cho (2009) and Zhu,
Ibrahim, and Tang (2009) that Dy (S) can be approximated by Cook’s posterior
mode distance, denoted by CP(S), and Cook’s posterior mean distance, denoted
by CM(S). A large value of Dy(S) indicates that S contains an influential set of
observations. These posterior diagnostics can also be used to form model selection
criteria, which have strong connections with the Deviance Information Criterion
(Spiegelhalter et al., 2002; Cho, 2009; Zhu, Ibrahim, and Tang, 2009).

Similar to predictive diagnostics, posterior diagnostics are also conceptually sim-
ple, but can be computationally difficult for complicated statistical models, particu-
larly, hierarchical models with missing data. Let ps(6) be p(Ys|Y[g],0). Then, we
have p(8]Yis)) = [ps(8)] "' p(Y10)p(8)/ [[ps(6)]~' p(¥]6)p(6)d6 and the com-
putational formula for dy (S) can be obtained as

0915 [o (g5, o) |

where Eq)y denotes the expectation taken with respect to the posterior distribu-
tion p(0|Y). It is challenging to accurately calculate dy(S) for all possible sets
S. It has been shown that Dy(S) can be approximated by a quadratic form in
dglog ps(E[6|Y]) even for S with a relatively large number of observations (Cho,
2009; Zhu, Ibrahim, and Tang, 2009). This result provides a one-step approximation
to Dy (S), which is computationally simple.

Example 7.4. We consider the normal linear model as y; = X3 + ¢;, where f3 is
p x | parameter vector, € = (&1, ,&,) ~ N,(0,77'T), and T = 1/6? is assumed
known. Thus, we have Y|B,7 ~ N,(XB,77'T), where X = (x;,...,x,) and Y =
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(1,---,¥n)"- We consider a conjugate prior for 8 as N, (i, T~ 'Zo). The posterior
distributions of  based on the full data, p(8]Y), and with the ith case deleted,

p(B[Yj;). are given by
BIY ~Ny(B, T (XX 251! and BV ~Np(Bg, 7 (XX +21) 1),

where B = (XX + 2 ")~ (XY + 25 o), By = (X[ Xy + 5 )~ (X} Yy + 27
Ho)» X is X with x; deleted, and Y is Y with y; deleted. Note that Xfl.]X[i] =
X'X —x;x} and Xfi]Y[i] =X'Y —x;y;.

For the K-L divergence, we can get an exact theoretical form for dg (i) by apply-
ing the formula for the K-L divergence between two normal distributions (Cook and
Weisberg, 1982) as

dy (i) = 0.5[2(B — By) (X'X+ 25" ) (B = By) — 7(B — Byy)' (xix)) (B — Byy)
—log |1 —x:(X'X+ 2, 1) x| — e {x(X'X+ 2, 1) %}

Let Q = X(X'X + X, 1)~!X’ with ith diagonal element g;; = x,(X'X + X, ')~ 'x;.
Then we have

B—By= (X'X+2,") " xi(yi —xiB)

and therefore, we obtain

1—g;

dy(i) =0.5 {T' %ﬁqii(yi —xiB) (yi — xiB) — log(1 — gi) _qii}~

7.1.2 Bayesian Global and Local Robustness

Bayesian global and local robustness methods assess the degree of sensitivity of the
results obtained from a Bayesian analysis to the data, the prior, and the sampling
distribution (Sivaganesan, 1991; Berger, 1994; Gustafson, 1994; Gustafson and
Wasserman, 1995; Shi and Wei, 1995; Boratinska, 1996; Gustafson, 1996a; Basu,
1999; Berger, Rios Insua, and Ruggeri, 2000; Moreno, 2000; Ruggeri and Siva-
ganesan, 2000; Sivaganesan, 2000; Perez, Martin, and Rufo, 2006; Zhu, Ibrahim,
and Tang, 2009). Bayesian robustness methods are sequentially executed in two
steps: defining a perturbation class, denoted by I", which includes a class of pos-
terior densities representing the uncertainty in the prior and sampling distribution,
and computing global or local influence measures based on I'. For instance, for a
given I" and a target quantity #(6), the most commonly used measure in Bayesian
global robustness is the range of a posterior quantity given by

Ry,=h—h= max E[h(6)Y]— min E[h(0)|Y], (7.1.1)
p(0)Y)eZ p(O)Y)eZ
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where E[h(6)|Y] is a posterior expectation of i(6). The value R, measures the
maximum variation caused by the uncertainty in .%. If R;, is small, then one may
claim that the Bayesian analysis is robust.

7.1.2.1 Perturbation Class

We briefly review different perturbation classes to characterize specific perturbation
schemes to the data, the prior or/and sampling distributions. First, we outline vari-
ous sophisticated perturbation classes of priors in the literature. We refer the reader
to Berger (1994) and Ruggeri and Sivaganesan (2000) for a detailed review. Some
prior classes include parametric classes (Berger, 1990, 1994), classes with a given
shape and smoothness (Bose, 1990, 1994), classes with specified generalized mo-
ments (Goutis, 1994; Betro, Meczarski, and Ruggeri, 1994), contamination classes
(Huber, 1973; Sivaganesan and Berger, 1989, 1993; Gelfand and Dey, 1991), classes
with a topological neighborhood (Fortini and Ruggeri, 1994a,b; Basu, 1995), the
density ratio class (DeRobertis and Hartigan, 1981), mixture classes (Bose, 1994),
and marginal and independence classes (Lavine, Wasserman, and Wolpert, 1991;
Berger and Moreno, 1994). Among them, the parametric classes, the contamination
classes, and the mixture classes are most popular, because they are conceptually
easy and easily generalizable even for commonly used hierarchical models.

We consider the contamination classes as an example. The mixture contamina-
tion classes have the form

Iec ={p(0): p(0) = (1 —¢€)po(0) +£g(0),8 € ¥},

where € € [0, 1], po(0) is a base density, and ¢ is a class of densities. This class has
been widely used in robust statistics (Huber, 1973). Other contamination classes
include the linear and nonlinear perturbation classes (Gustafson, 1996a) and the
general € and geometric contamination classes (Perez, Martin, and Rufo, 2006). The
contamination classes are easy to elicit and can be easily generalized to hierarchical
models with multivariate parameters. There has been extensive research on finding a
suitable ¢ (Sivaganesan, 1988, 1989, 1991; Sivaganesan and Berger, 1989; Moreno
and Gonzalez, 1990). For large ¢, the class I' can be too large, which is common
for high dimensional 8, and thus robustness can be hard to achieve.

Another interesting class is the distribution band class defined as

0
Tose = {p(6) :L(6) < [ pl)dx < U(6)},

where L(0) and U (0) are, respectively, specified cumulative density functions with
L(0) <U(0). This class includes the well known Kolmogorov and Levy neighbor-
hoods (Ruggeri, Rios Insua, and Martin, 2005). Moreover, it is straightforward to
compute the associated influence measures. However, it is hard to choose an appro-
priate L(0) and U (6). We refer the reader to Berger (1994) and Ruggeri, Rios Insua,
and Martin (2005) for further details.
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We consider two types of sampling distribution classes, including single-case
perturbation classes and global perturbation classes. The single-case perturbation
classes are to independently perturb individual observations Y; in order to iden-
tify influential observations (Cook, 1986; Zhu and Lee, 2001, 2003; Zhu et al.,
2007). We consider an independent-type-incomplete-data (ITID) model defined by
p(Y;0) =TI, p(Y;;0), which subsumes most commonly used models, such as
generalized linear models with missing responses and/or covariates (Ibrahim, Chen,
and Lipsitz, 1999, 2005). In this case, a single-case perturbation class can be defined
by

n

Iie = {p(Y;:0,05) = [[ p(¥::0, ws,) : @5 € R"},
i=1
where ws = (ws 1, - , @s,,) and s ; denotes the perturbation to the ith observation.
The global perturbation classes are to introduce a global perturbation to the sam-
pling distribution in order to assess the goodness of fit of the sampling distribution.
A class of commonly used perturbation densities is defined by

Tgp = {p(Y:0)exp{ Y, ag ju;(Y:0) — 0.5 g ju;(Y:0)
j=1 j=1
_C(eawc)} L g S Rm}a

where C(0,wg) is the normalizing constant, ® = (®;) is an m x 1 vector, and
uj(Y;0) is any scalar function having zero mean under p(Y;6). In this case, the
m x 1 vector ®%(Y,0) = (0,---,0)’ represents no perturbation. The number m can
either be as small as one or increase with n (Gustafson, 2000; Troxel, Ma, and Heit-
jan, 2004; Copas and Eguchi, 2005; Zhu et al., 2007). It is also possible to introduce
the additive €—contamination class and the geometric contamination class for the
sampling distribution. For instance, we may consider an additive €—contamination
class defined as

Te = {p(Y:0)'°g(Y:0)% : g(Y:6) € %y},

where @y is a class of densities of Y and € € [0, 1].

Besides individual perturbations to the prior and the sampling distribution, we
can also consider a perturbation class to simultaneously perturb the data, prior and
sampling distribution. Based on the joint perturbation class, we may measure the
amount of perturbation, the extent to which each component of a perturbation model
contributes to, and the degree of orthogonality for the components of the perturba-
tion model. Such a quantification is very useful for rigorously assessing the rela-
tive influence of each component in the Bayesian analysis, which can reveal any
discrepancy among the data, the prior, or the sampling model. To the best of our
knowledge, Clarke and Gustafson (1998) is one of the very few papers on simultane-
ously perturbing the data, prior and sampling distribution in the context of indepen-
dent and identically distributed data. Recently, Zhu, Ibrahim, and Tang (2009) pro-
pose the simultaneous perturbation class in general parametric models. Specifically,
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Zhu, Ibrahim, and Tang (2009) develop a Bayesian perturbation manifold (BPM)
for the perturbation class. Suppose that the perturbation class I" can be written as
{p(Y,0;m) : ® € Q}, where Q can be either a finite dimensional set or an infinite
dimensional set. We assume that C(¢) : py (o(r)) = p(Y, 0; o(¢)) is a differentiable
function mapping from ¢ C I € R to the manifold I" with py(®(0)) = p(Y, 6;®),
where [ is an open interval covering 0. Let py (o(t)) = dpy(w(t))/dt. At each o,
there is a tangent space Ty, I of I” spanned by py(w(0)). The inner product of any
two tangent vectors v;(®) and va(®) in T, I is defined as

\ 4| ((x)) Vz(a))
pr(®) py (o)

g(vi,v2) (o) :/ py(0)dYd6.

Let u(w) = u(p.(®)) and v(®) = v(p.(®)) be two smooth vector fields defined
from I" to .7 T". We can define the covariant derivative for the Levi-Civita connection
Vyu and a geodesic on the manifold between any two densities p(Y,0;c;) and
p(Y,0;0,). The geodesic is a direct extension of the straight line w(¢) = @° +
th in finite dimensional Euclidean space (Amari, 1990; Kass and Vos, 1997). A
Bayesian perturbation manifold (I',g(u,v),Vyu) is the manifold I with an inner
product g(u, v) and a covariant derivative for the Levi-Civita connection denoted by
Vyu. There are several advantages of building the Bayesian perturbation manifold
framework for the perturbation class.

(1) It allows one to quantify the ‘shortest’ distance between any two densities in
the class. Then, we can calculate the maxima of the distances between any two
densities in the class to determine the size of the perturbation class. In addition, we
may measure the amount of perturbation and the extent to which each component
of a perturbation model contributes.

(ii) The Bayesian perturbation manifold is relatively simple even for simultaneous
perturbations to the prior, the data, and the sampling distribution (Zhu, Ibrahim,
and Tang, 2009). Based on the inner product g(v;,v>) of the Bayesian perturbation
manifold for the joint perturbation class, we may measure the degree of orthogo-
nality for the components of the perturbation model. Such a quantification is very
useful for rigorously assessing the relative influence of the data, prior and sampling
distribution in a Bayesian analysis.

The last issue is how to choose the different perturbation classes. Discussions
on the choice of reasonable perturbation classes are given in Berger (1990), Lavine
(1991), Pericchi and Walley (1991), Sivaganesan (1991), Walley (1991), Wasserman
(1992), and Moreno and Pericchi (1993). The consensus from these papers can be
summarized as follows:

(1) The class should be relatively easy to elicit and interpret.

(ii) The class should be relatively easy to compute. Generally, the computational
burden is strongly associated with the dimension of the class and the number of
elicited features of the prior and sampling distribution.
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(iii) The size of the class should be appropriately chosen. For a small class, one
may easily conclude robustness compared with a larger class, whereas for a large
class, one might conclude that robustness is lacking. Thus, one needs to quantify
the size of a specific class by measuring the maximum of the distances between any
two densities in the class. Recently, by using concepts in differential geometry, Zhu,
Ibrahim, and Tang (2009) suggest computing the geodesic distance between any two
densities in the class in order to measure the size of the class.

(iv) The class should be relatively easy and generalizable to a wide range of sta-
tistical models. Many prior classes may be hard to use for models with multiple
parameters.

7.1.2.2 Global Influence Measures

Various global influence measures have been developed for carrying out global ro-
bustness inference (Berger, 1994; Ruggeri, Rios Insua, and Martin, 2005). The most
commonly used measure in Bayesian global robustness is the range of a posterior
quantity in (7.1.1). Its value quantifies the degree of variation caused by the uncer-
tainty in the perturbation class. The range itself, however, can be misleading since it
depends strongly on two quantities: (i) the size of the perturbation class and (ii) the
scale of 1(0). To address this drawback, several scaled versions of the range have
been proposed for the prior perturbation class (Sivaganesan, 1991; Gustafson, 1994;
Ruggeri and Wasserman, 1995; Ruggeri and Sivaganesan, 2000). Let po(6]Y) be the
unperturbed (baseline) posterior density. For a given perturbation class I, Ruggeri
and Sivaganesan (2000) consider a relative sensitivity defined by

{E[(0)|Y,p] — E[h(6)|Y, po]}*
Var[n(6)]Y, p| ’

RS(/’l,p) =

where E[-|Y, p] and Var[-|Y, p], respectively, denote the conditional expectation and
variance with respect to p(0|Y) € I'. The relative sensitivity RS(%, p) is a linear
functional and scale invariant, because RS(%, p) = RS(kh, p) for any k # 0. The rel-
ative sensitivity has its limitations. It also depends on the size of I" because RS(#, p)
does not account for the distance between p(6|Y) and the baseline posterior density.
In addition, the relative sensitivity is defined only for the linear functional, but not
for nonlinear functionals.

Example 7.5: (Ruggeri and Sivaganesan, 2000). We consider a normal prior with
the mean in a range. Suppose that Y is distributed as N(6,62) with I' = {N(u,7?) :
—6 < u < 6} and po(y) = N(0,72) in which 6% = 7> = 32. Also let h(8) = 6
and y = 0. Then, E[h(0)l|y,po] = 0, and for p(y) € I', E[h(0)|Y,p] = 1/2 and
Var[0|Y, p] = 16. Thus, the range E[h(0)|Y, p] is (-3,3), which would probably be
regarded as large, indicating a lack of robustness. But sup RS(k, p) = 1/4, which
means that, for any p(y) € I', the value of E[h(0)|Y, po] is at most one-half of a pos-
terior standard deviation away from E[h(0)|Y, p]. Hence, the value of sup RS(A, p)
is likely to be thought of as small, indicating robustness.
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Based on the Bayesian perturbation manifold, Zhu, Ibrahim, and Tang (2009) in-
troduce several global influence measures to assess the degree of variation caused
by the uncertainty in the perturbation class. Let py (@°) and py () be, respectively,
the baseline and perturbed posterior densities, where ®° and ® belong to Q. Let
C(t) = py(@(t)) : [~8,8] — I be a smooth curve on I joining py (@°) and py (@)
such that C(0) = py(@°) and C(1) = py(w), where § > 1. We consider a function
of the baseline and perturbed posterior distributions as a smooth function of interest
f(o) = f(py(m)): T — R for sensitivity analysis. Some well-known examples in-
clude the ¢-divergence function, Cook’s posterior mean distance, or the logarithm
of the Bayes factor. Thus, f(®(t)) : [-8,8] — R is a real function of z. One can
assess the global influence of perturbing the posterior distribution based on the ob-
jective function f(w(z)). Specifically, Zhu, Ibrahim, and Tang (2009) introduce the
intrinsic global influence measure for comparing py (@) and py (@) given by

161 (0, — L1©0) 1@}’

where d(®°, ®) is the minimal distance between py (®°) and py (). IGI;(0°, ®)
can be interpreted as the ratio of the change of the objective function over the mini-
mal distance between py (®°) and py(w) on T,

The intrinsic global influence measure has its merits and limitations. IGI f(a)o, )
as a sensitivity measure explicitly accounts for the size of a specific perturbation
relative to the baseline density, whereas RS (%, p) does not. The intrinsic global in-
fluence measure allows us to directly compare the degree of a specific perturbation
relative to @°. Moreover, IGI f(a)o, o) is invariant to any diffeomorphism transfor-
mation of @ and can be defined for both linear and nonlinear functionals. For large
classes, however, it can be computationally challenging to compute d(®°, ). The
calibration of the intrinsic global influence measure is also a topic of current re-
search.

7.1.2.3 Local Influence Measures

A variety of local influence measures have been developed to assess the effect of
minor perturbations to the data, prior and sampling distribution (Cook, 1986; Mc-
Culloch, 1989; Birmiwal and Dey, 1993; Ruggeri and Wasserman, 1993; Sivagane-
san, 1993; Basu, 1996; Dey, Ghosh, and Lou, 1996; Gustafson, 1996a,b, 2000; Zhu
et al., 2007; Zhu, Ibrahim, and Tang, 2009). For instance, for the prior perturba-
tion class, almost all local influence measures involve differentiating a posterior
quantity with respect to a changing prior and then evaluating it at a baseline prior.
Diaconis and Freedman (1986) used Fréchet derivatives with respect to the prior
distribution and proposed the use of the norm of the derivative as a sensitivity mea-
sure. Gateaux derivatives are considered in Srinivasan and Truszaczynska (1990),
Ruggeri and Wasserman (1995), Dey, Ghosh, and Lou (1996), Sivaganesan (2000),
Perez, Martin, and Rufo (2006), and among others. These measures differ from each
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other in the ways that the prior distributions are perturbed, and that either the poste-
rior distribution or a scalar posterior summary is used.

As an illustration, we consider the Fréchet derivative of E[h(6)|Y, p] with respect
to the prior p(0). For p(6), we perturb it with a signed measure §(0) with zero mass
and then obtain a posterior distribution ps(6|Y) based on the prior p(0)+ 6(6).
Suppose that there is the Fréchet derivative of E[h(0)|Y, p] in the direction 6(6),
denoted by E[h(8)|Y, p](8), satisfying

|E[h(0)[Y. ps] — E[h(0)]Y, p] — E[n(0)[Y, p](8)| = o(]|8]]),

where [|5]| is a specific norm of 8. A local influence measure is based on the norm
of the linear operator E[h(0)[Y, p](d), given by

: |E[n(6)[Y,p](5)]
IEGR(O) 1Y, pl(3)] | = sup =00 O
5 18]
Furthermore, we may consider d(p(0]Y), ps(0|Y)) as a target of interest and then
we can similarly use a derivative norm given by

sup 4P(OY). P5(81Y)
3 d(p(0),p(0)+5(0))

Computationally, it is relatively straightforward to approximate these local influ-
ence measures using Markov chain Monte Carlo methods (Chen, Shao, and Ibrahim,
2000).

Although the computation of these local influence measures is relatively straight-
forward, they may not have desirable properties as the sample size increases to
oo (Gustafson and Wasserman, 1995; Gustafson, 1996a, 2000). Particularly, it has
been shown that the derivative norm diverges to o as the sample size increases to
oo, leading to the wrong conclusion that prior influence increases with sample size
(Gustafson and Wasserman, 1995) Furthermore, consider posterior means under lin-
ear prior perturbations and the L,, norm for ||§|. It is only when m = 2 that the local
influence measure asymptotically depends jointly on the sample size and the prior
(Gustafson, 1996a).

Example 7.6: (Gustafson and Wasserman, 1995). Let X;,...,X,|60 ~ N(6,1) and
0 ~ N(0,1). Then, we have

o) =virTend (1) 5}~ view {31,

which diverges at rate /n for almost all sample paths, where X = {Xi,...,X,},
Tp=n""! >, x;, and p denotes the prior density of 6.

Based on the Bayesian perturbation manifold, Zhu, Ibrahim, and Tang (2009)
systematically examine local influence measures to assess the effects of perturbing
the posterior distribution. By using a Taylor’s series expansion, they obtain
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f(@(1) = f(@(0) + f(@(0) +0.57(w(0))r* +o(r?),

where f(®(0)) and f(@(0)) denote the first- and second order derivatives of
f(o(t)) with respect to  evaluated at £ = 0. There are two cases: f(@(0)) # 0
for some smooth curves (z) and f(w(0)) = 0 for all smooth curves ®(z). When
F((0)) # 0 holds for some smooth curves o(t), the first-order local influence mea-

sure is given by ,
- LY

which can be regarded as the first-order measure in an infinite-dimensional manifold
and it is invariant with respect to any reparametrizations of the curve ®(z). Further-
more, Zhu, Ibrahim, and Tang (2009) use f(@(0)) to assess the second-order local
influence of w to a statistical model (Wu and Luo, 1993; Zhu et al., 2007; Zhu,
Ibrahim, and Tang, 2009). Specifically, they introduced a second-order influence
measure (SI) in the direction v € T, o) I" given by

Hess(f)(v,v)(®(0))
g(v.v)(0(0)) 7

where Hess(f)(v,v)(®w(0)) = (Expw )(t¥))|i=0 is a covariant (or Riemmanian)
Hessian (Lang, 1995). SI¢[v](®(0)) is 1nvarlant with respect to scalar transforma-
tions. FI[v](@(0)) and SI;[v](w(0)) are defined for finite-dimensional and infinite-
dimensional spaces and have nice geometric interpretations. However, the calibra-
tion of these local influence measures is a current topic of research.

Sky[v[(@(0)) =

7.1.3 An Illustrative Example

We first illustrate the methodology with a logistic regression example. We consid-
ered data on 200 men taken from the Los Angeles Heart Study conducted under the
supervision of John M. Chapman (Dixon and Massey, 1983). The response vari-
able is occurrence or nonoccurrence of a coronary incident in the previous ten
years. Of the 200 cases, 26 had coronary incidents and the dataset contains six
other covariates: Age (x;) (mean= 42.56, sd=11.65), Systolic blood pressure (x»)
(mean=121.64, sd=16.70), Diastolic blood pressure (x3) (mean=81.59, sd=9.99),
Cholesterol (x4) (mean=285.11, sd=65.04), Height (x5) (mean=65.58, sd=2.5) and
Weight (xg) (mean=165.19, sd=24.94). The logistic regression analysis of these data
has been done by Christensen (1997) from a frequentist viewpoint. Here, we illus-
trate the proposed Bayesian diagnostic and model selection statistics under both
uniform improper and normal priors for 3.
The full model is given by

log{pi/(1 = pi)} = Bo+ Bixi1 + Paxiz + B3xiz + Paxia + Psxis + Pexie,  (7.1.2)
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where p; is the probability of the occurrence of coronary incident for the ith case
fori=1,---,200, X = (x1,...,X,)" in which x; = (1,x;,...,x;6)". For the normal
prior for 3, we took B ~ N(0,x(X'X)~!), and considered several values of ¥ in-
cluding k¥ = 1, 3, 10, and 100. The posterior samples were obtained using Adaptive
Rejection Metropolis Sampling (ARMS) (Gilks, Best, and Tan, 1995) Gibbs and
40,000 MCMC posterior samples were used in the analysis after burn-in. For nu-
merical stability in the MCMC sampling, we standardized all of the covariates. The
posterior means (standard deviations) for 8 = (B, B1, B2, B3, B4, Bs, Be) were, re-
spectively, given by: -2.375 (0.289), 0.559 (0.285), 0.113 (0.356), -0.069 (0.400),
0.433 (0.245), -0.196 (0.274), and 0.528 (0.258).

TABLE 7.1. Case influence diagnostics for Chapman data.

Uniform Normal (k=10) Normal (k=100)

Case KL(i) Cal. CM(i)|Case KL(i) Cal. CM(i)|Case KL(i) Cal. CM(i)
86 0.202 0.788 0.404 | 41 0.067 0.677 0.134| 41 0.150 0.754 0.299
151 0.191 0.782 0.382| 5 0.055 0.661 0.110 | 151 0.139 0.747 0.279
192 0.179 0.774 0.358 | 19 0.050 0.654 0.099 | 192 0.122 0.732 0.243
41 0.177 0.773 0.355| 151 0.048 0.651 0.096| 126 0.121 0.732 0.242
126 0.166 0.766 0.331 | 126 0.043 0.644 0.087 | 86 0.121 0.732 0.242
48 0.150 0.755 0.300| 48 0.041 0.641 0.083| 48 0.111 0.724 0.223
129 0.143 0.749 0.286 | 192 0.039 0.637 0.078| 5 0.105 0.718 0.210
5 0.123 0.734 0.246| 113 0.037 0.633 0.073| 129 0.100 0.713 0.200
21 0.108 0.720 0.216| 129 0.034 0.628 0.068 | 19 0.088 0.701 0.177
159 0.106 0.718 0.212 | 111 0.032 0.624 0.064 | 21 0.071 0.682 0.143

Cal. denotes calibration of KL(i), computed by the methods in McCulloch (1989)
and Cho et al. (2009).

To examine the performance of the proposed diagnostic measures, we computed
the K-L divergence (¢ (u) = —log(u)), denoted by KL(i), and CM(i). The changes
in the posterior estimates across the cases were computed as well. Table 7.1 shows
the top ten most influential cases based on the uniform and normal priors. We ob-
serve from Table 7.1 that case 86 (KL=0.202, CM=0.404) is identified as the most
influential case followed by cases 151, 192, and 41 for the uniform prior. Under
the normal prior with k=10 and k=100, case 41 is identified as the most influential,
whereas for the normal prior with k=1 and k=3, essentially no influential cases are
identified. This is due to the fact that the prior is very informative and thus dominates
the likelihood. When « gets large, the normal prior becomes more noninformative
and thus yields similar results to the uniform prior. The changes in the posterior esti-
mates also describe the influence of the identified cases very well (results not shown
for brevity). After an investigation as to the reasons why these identified cases were
more influential than others, we found that one or two of the covariate values are
extreme, or that a coronary incident occurred for the cases having covariate values
corresponding to those of lower risk of a coronary incident. For example, case 86 has
low values of the covariates, corresponding to a low risk of a coronary incident (age
(x1)=34, cholesterol(x4)=214, and weight (x¢)=139), but a coronary incident had oc-
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curred for this case. Case 41 has an exceptionally high cholesterol value (x4=520),
and case 151 has low weight (xg=128), which is the smallest weight among those
who had coronary incidents.
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FIGURE 7.1. Bayesian local-influence measures from Chapman data. Index plots of local influence
measures (a) vf;lax; (b)SIDMI_; (©) Slcamy, e and (d) g;; for simultaneous perturbation.

We use model (7.1.2) to fit the above data under the prior § ~ N (B°, (X'X)~1),
where 3 is taken to be the maximum likelihood estimate of 3. We simultaneously
perturbed the model (7.1.2) and the prior distribution of 3, whose perturbed log-
posterior is given by
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logp(BX,Y, ®)

n

= Z[y,-(xi + o1,) B —log(1.0+exp(x; + wi1,))] + g log(wy)
i—1

- %(ﬁ —B°— w51, X'X(B — B°— w1,) +Constant,  (7.1.3)

where @ = (@, ..., 0, 08,0), n =200, p=7,Y = (y1,...,ys) and 1, =
(1,...,1)". In this case, ®° = (0,...,0,0, 1) represents no perturbation. After some
calculations, we have

G(0°) = diag(g11, - .-, gm, l;X'XIP,p/Z),

where g;; = E{exp(x/8)(1/,8)*/(1.0 +exp(x]B))*} for i = 1,...,n and the expec-
tation is taken with respect with the prior distribution of 3. Then, we chose a new
perturbation scheme & = ®° + G(0°)"/2(w — ®°) and calculated the associated
local influence measures v5 = argmax{FIg[v](®(0))}, SIp b, and Slcp, e; via

40,000 MCMC posterior samples after burn-in, in which ¢ (.) was chosen to be the
Kullback divergence and #(f3) = 8. Examination of Figures 7.1 (a) and 7.1 (b) indi-
cates that cases 21, 86, 151, 159, and 192 were detected to be influential by our local
influence measures; Figure 7.1 (c) shows that cases 19, 86, 108, 111, 113, 151, and
159 were detected to be influential by our local influence measures, and the prior
for B has a large effect on the analysis; Figure 7.1 (d) shows that the metric tensor
gii(@®) for perturbation (7.1.3) changes very little for all individuals, but there is
a large change for the metric tensor g;;(@") corresponding to a perturbation in the
prior mean of 3.

To examine the robustness of the sampling model, we consider the following
global perturbation to p(X,Y|B):

P(X,Y|B,0) = exp{ 3 [yi(xB + ) —log(1.0+exp(x B+ 0))]}.
i=1

In this case, ® = ©° = 0 represents no perturbation. After some calculations, we
have G(@°) = E{3}_, exp(x/8)/(1.0 + exp(x!B3))?}. Three local influence mea-
sures, including the Bayes factor, ¢-divergence and posterior mean with () = f8
for the above Chapman dataset are calculated with the prior § ~ (8%, (X'X)™!),
and are denoted by fz,ty and p, respectively. Let B denote the posterior mean of
B obtained via the Gibbs sampler. For 100 bootstrap datasets which are generated
from the fitted model (7.1.2) with 8 = ﬁ, the three corresponding local influence
measures, denoted by t}’jB, t’lj¢ and tl’jp (k=1,...,100), are calculated using the prior

of f ~N (ﬁ, x X)*l) for each generated bootstrap dataset. The three correspond-

ing p-values are given by 0.70, 0.53, and 0.10, respectively. These results show that
these influences measures are not “significant” and therefore the sampling model
may be correctly specified.
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7.2 The Choice of Nonsubjective Priors on Hyperparameters for
Hierarchical Bayes Models

Gauri S. Datta and J.N.K. Rao

We start with a quote from Berger, Strawderman, and Tang (2005), “Hierarchical
modeling is wonderful and here to stay, ...”. Hierarchical models, which can also
be represented as random effects models, are quite common in statistics. These
models are used for simultaneous estimation of many similar parameters represent-
ing some common characteristic for several subpopulations. Among many appli-
cations of such models, small area estimation is at the forefront. Random effects
models have played a central role in obtaining reliable indirect estimators of small
area means when the traditional area-specific direct estimators are not suitable due
to small area-specific samples. Usefulness of this approach relies heavily on the
availability of suitable external auxiliary information. For a detailed account of the
model-based approach to small area estimation we refer the reader to Rao (2003);
see Datta (2009) for a recent review.

Both Bayesian and frequentist approaches to model fitting are popular in model-
based estimation of small area means. In the Bayesian approach small area means
are assigned a prior distribution, while in the frequentist approach they are expressed
as functions of random effects and regression on some auxiliary variables. The ran-
dom effects attempt to explain possible lack of fit in a regression between the small
area mean of the response and the explanatory variables. While a Bayesian model-
ing is inherently hierarchical, the steps in frequentist modeling are essentially the
same with a hierarchical structure. In the frequentist approach, a sampling model
for the data (or direct estimators) is specified in the first-stage, conditional on the
random effects, and in the second-stage a model for the random effects is specified.
Here all the parameters including the variance components (of the random effects
and/or the sampling error) and the regression parameter(s) are collectively called
model parameters. In the HB approach, the prior distribution of the first-stage pa-
rameters involves other parameters, which are called hyperparameters. Usually, the
hyperparameters and model parameters have a large overlap.

In the frequentist approach, a Bayes predictor of a small area mean is first ob-
tained and the unknown model parameters in the predictor is then replaced by suit-
able estimators, leading to an empirical Bayes (EB) predictor of the small area mean.
On the other hand, in the HB approach some suitable prior distribution (also known
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as hyperprior) is assigned to the hyperparameters. The posterior distribution of the
hyperparameters is used to integrate them out from the Bayes predictor of a small
area mean. The latter approach, which is fully Bayesian, is called the HB approach.

An advantage of the Bayesian approach is that the information on a parame-
ter based on data (or likelihood) and a prior distribution, possibly subjective, can
be combined in a probabilistic manner. Unfortunately, in many circumstances no
suitable subjective prior is available. In such situations, to implement the Bayesian
machinery one usually considers some nonsubjective priors. Such priors are usually
diffuse or noninformative, and not unique. Furthermore, not all those choices nec-
essarily lead to “good” Bayesian solutions. There is a large literature devoted to the
development of suitable nonsubjective priors which produce reasonable Bayesian
solutions. Two major developments are based on the reference prior idea of Berger,
Bernardo and others, and the probability matching approach by Welch and Peers
(1963) and others. However, such developments are mostly aimed at standard non-
hierarchical models.

Both the reference prior and the probability matching prior approaches partition
the parameter vector into a vector of interest parameters and a vector of nuisance
parameters. A reference prior is obtained by maximizing certain expected Kullback-
Leibler distance of the prior and the resulting posterior. Derivation of such a prior is
usually very involved. One may find details of this approach in Berger and Bernardo
(1992a), Ghosh and Mukerjee (1992), and Berger, Bernardo, and Sun (2009). The
probability matching approach, on the other hand, imposes the requirement on a
nonsubjective prior to generate a Bayesian solution that also possesses good fre-
quentist property. For a thorough account of this approach, we refer the reader to
Ghosh (1994), Ghosh and Mukerjee (1998), Datta and Mukerjee (2004), and Datta
and Sweeting (2005).

The above mentioned concepts for the development of nonsubjective priors have
been mostly used to propose suitable priors for specified parameters of interest in
non-hierarchical models. They have also been used in such models to derive appro-
priate priors when the interest is not in estimation but in the prediction of a future
observation. Kuboki (1998) developed reference priors and Datta et al. (2000) and
Datta and Mukerjee (2003) developed probability matching priors for prediction of
a future observation in non-hierarchical models. However, the development of suit-
able nonsubjective hyperpriors for the hyperparameters in HB models has been very
sparse. It is worthwhile to point out that in HB models usually at the second-stage of
the hierarchy, proper priors, typically some suitable conjugate priors, are specified
for the parameters appearing in the first-stage, which is usually the likelihood part,
of the model. In small area estimation, the first-stage parameters are related to small
area means. In an HB model in the absence of suitable hyperpriors, hyperparameters
are usually assigned some diffuse or noninformative priors. In this context, we refer
the reader to Berger and Strawderman (1996) and Berger, Strawderman, and Tang
(2005) on the importance on the selection of appropriate hyperpriors. In the context
of normal HB model problems, they noticed that these default hyperpriors can lead
to an inadequate overall prior (for the first-stage parameters) which often leads to
inadmissible Bayes estimates.
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Usually the parameters of interest in an HB model are the first-stage parame-
ters. Conditional on some hyperparameters, the first-stage parameters are assigned
a proper distribution. However, it is necessary to derive suitable nonsubjective priors
on the hyperparameters of the model. Derivation of such priors is usually quite com-
plicated (see Section 7.2.3). Indeed, to the best of our knowledge there is no pub-
lished article on reference hyperpriors. However, based on the probability matching
approach Datta et al. (2000) and Chang, Kim, and Mukerjee (2003) derived non-
subjective hyperpriors in simple hierarchical models. They derived these priors by
treating the unobservable random effects as objects of inferential interest. The ran-
dom effects are actually related to the first-stage parameters or the small area means
in HB models.

In small area estimation usually two types of data are available. In most fre-
quently occurring applications, only area-level summary data are available both for
the response variable and the auxiliary variables. Occasionally, there are also ap-
plications where such data are available at the unit-level within each small area.
Two popular hierarchical models in small area estimation are the model by Fay and
Herriot (1979) for area-level data, and the nested error linear regression model of
Battese, Harter, and Fuller (1988) for unit-level data. The latter model is really an
extension of a one-way ANOVA model for random effects to include explanatory
variables.

In small area estimation the goal is to obtain reliable point estimates of small area
means and accurate estimates of variability of the point estimates. In the frequentist
approach to small area estimation, point estimates are provided by EB predictors,
and nearly unbiased estimates of the mean-squared error (MSE) of the estimates are
provided for the variability of the estimates. Accurate asymptotic estimation of the
MSE of the EB predictor has been extensively discussed in the small area estimation
literature (see for example, Chapters 7 and 9 of Rao, 2003).

In an HB approach to small area estimation, posterior means and posterior vari-
ances provide the necessary inference. To derive these Bayesian estimates, default
noninformative priors on hyperparameters have been routinely used in small area
estimation (see for example, Datta, Fay, and Ghosh, 1991; Datta and Ghosh, 1991;
Nandram and Sedransk, 1993). Even though the resulting posterior means and the
EB predictors are in reasonable agreement, at least for the normal linear model, the
corresponding frequentist and Bayesian measures of uncertainty are not necessar-
ily close. Datta, Rao, and Smith (2005) showed that for the Fay-Herriot area-level
model it is possible to choose a prior for the hyperparameters so that the resulting
posterior variance of a small area mean agrees with the estimated MSE of the corre-
sponding EB predictor in certain asymptotic sense. The underlying principle in this
solution is similar to that in the probability matching approach. In both cases, suit-
able frequentist performance of a Bayesian procedure is evaluated and the priors are
selected in order to ensure good frequentist performance of the resulting Bayes pro-
cedure. While in probability matching context, usually the frequentist validity of a
posterior quantile is sought, Datta, Rao, and Smith (2005) sought frequentist validity
of a posterior variance as a suitably accurate estimator of the MSE of the empirical
best linear unbiased prediction (EBLUP). In both cases these priors are typically
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obtained by solving certain partial differential equations. We present details of this
method in Section 7.2.2. In Section 7.2.1, we present probability matching priors in
small area estimation based on the Fay-Herriot model. This is done by ensuring an
approximate frequentist validity of the posterior quantile of a small area mean. In
Section 7.2.3 we present a discussion outlining the difficulty in developing suitable
reference hyperpriors in an HB model.

7.2.1 Probability Matching in Small Area Estimation

In this section we first briefly review the probability matching equation by Chang,
Kim, and Mukerjee (2003) for prediction of the first-stage parameters in an HB
model. These authors considered random variables Yi,...,Y,, and 60y,...,6,,, with
their joint distribution indexed by an unknown parameter 6 = (Ji,...,9,)’. They
specified

(a) conditional on 6y,...,0,, and 8, the observable random variables Yi,...,Y,, are
independently distributed with a density of ¥; given by f(y;|6;,0); and

(b) conditional on &, the unobservable first-stage parameters 0y, ..., 6,, are indepen-
dent and identically distributed, each with a common density g(+|9). It is assumed
that 6,’s are scalars.

Note that given 0, marginally Y1, ...,Y,, are iid with the joint density

m

[Tvoid) =TT _seil6.8)s(6i8)d8: (721)
=1 e

i=1

Let A(8) denote the average log-likelihood m~! 3 | log w(Y;|8) for & based on the
marginal distribution. We use 8 to denote the MLE of & based on this likelihood.
It is assumed that (), the per unit observation information matrix for & based on
the distribution in (7.2.1), is positive definite. Elements of 7(5)~! are denoted by
I*'(8). We use the notation D; = d/d§;. Suppose c¢j, = —{D;D,;A(8)}5_5. jrs =
{D;D;D;A(8)}5_5- Let C~! with elements ¢/" denote the inverse of the observed
information matrix C. Let a prior 7(8) on the hyperparameter & be positive and
three times continuously differentiable. Let /(6;]Y;, 0) be the conditional density of
0; given ¥; and &, and for 0 < o < 1, let ¢(8, c,y;) be the (1 — ar)—quantile of the
density h(6;]y;,8). Let 7(6;]Y) denote the posterior predictive density of 6; given
the data Y = (Y/,....Y,,)’, under the hyperprior 7(J).

We further define: ;(8) = D;m(0), h;(6;|Y;,0) = D;h(6;|Y;,6) and hj-(6;]Y;, 6)
= D;D,h(6;]Y;,8). Using summation convention, Chang, Kim, and Mukerjee (2003)
showed
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7(6:]Y)

_ v, 8 1 st | jr 2753(6) 1y, 8 Jry, . v, 8
_h(6,|Y,,6)+%[c {c a,m—FW}ht(GAY,,S)Jrc h,,(e,|Y,,6)+o(1)].

Then Chang, Kim, and Mukerjee (2003) showed that a prior 7(0) is probability
matching, in the sense of ensuring frequentist validity of the posterior quantiles of
6;, with a margin of error up to o(m~!), if and only if it solves the partial differential
equation

D{I''V,(8,a)m(8)} =0, (7.2.2)
where, using Es(-) to denote the expectation under the marginal density (7.2.1),
V,(8,0) = Eﬁ{f;g&w h,(Gi\Yi,S)dGi}.

We now focus on developing probability matching hyperprior for the basic Fay-
Herriot small area model. This model is given by

(i) Yi16:,6 ™ N(6,Cy), i=1,....m; (ii) 6|8 " N(x|B,7%), i=1,...,m.

(7.2.3)
Here ¥; is a direct estimator of the small area mean 6;, and C; is the sampling vari-
ance of ¥; assumed to be known. Further, x; is a known p x 1 vector of auxiliary
variables associated with area i and § = (’,7)" with ¢ = p + 1. In practice, the
sampling variances are unknown, but methods have been proposed in the literature
to produce stable estimates of the C;’s which are then treated as if known (see Rao,
2003, Chapter 7 for examples). You and Chapman (2006) studied a fully HB model
by using a prior on the C;, assuming that independent estimators of the sampling
variances C; are available.

Due to the presence of the auxiliary variables x;’s and possibly unequal C;’s, the
Y;’s are not identically distributed marginally, but under suitable conditions on the
x;’s and C;’s (such as max <;<,, C;/ minj <;<,, C; bounded), it can be established that
the matching equation (7.2.2) still holds.

Remark 7.1. Suppose 7> is known. In this case, § = f3. It can be checked that
the elements I* and V; in (7.2.2) are free from 6. Then the flat prior 7(§) = 1
satisfies the differential equation (7.2.2). Indeed in this case it can be shown that the
matching property is exact under the flat prior. For similar exact matching results for
estimation and prediction in non-hierarchical models, we refer the reader to Welch
and Peers (1963), Datta, Ghosh, and Mukerjee (2000), Severini, Mukerjee, and
Ghosh (2002), and Berger and Sun (2008).

Now suppose that both 8 and 72 are unknown. In this case, § = (8,72)". It can
be checked that I(§) is given by

M=

1(B,7%) = diag (ml i(rz—i—c,-)"xixf, (2m)~!

i=1 i=1

(Tz +C,')2> R

depending only on 72. In view of the orthogonality of 8 and 72, and Remark 7.1,
it is compelling to use 7r(8) of the form 7°(7?), depending only on 7. It can also
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be checked that V;’s depend only on 72 and V, = u(z4)Ci/{7*(7* + C;)}, where
u(z¢) is a known function of zq, the or—quantile of standard normal distribution.
The matching prior is given by ©(B,1?) = n°(B)x°(?) with z°(B) = 1 and

2( 72 X
70(7?%) o w N (P +C) 2 (7.2.4)
i i—1

m
i=
While the prior in (7.2.4) is not proper, it can be shown that the resulting posterior
will be proper for m > p+2 where p is the full column rank of the matrix X =
(X1,...,Xp) . An unpleasant feature of this prior is that it depends on the index i of
the small area. However, this is consistent with the idea of a probability matching
prior which is always obtained for a specific parameter or parametric function. If
C;’s are all equal to Cy, thereby leading to the balanced Fay-Herriot model, then the
prior in (7.2.4) simplifies to 1°(7?) o 72/(7? + Cp). Datta, Ghosh, and Mukerjee
(2000), derived this prior earlier through a direct argument. Note that this prior is
different from the uniform prior for 72 on (0,), recommended by Morris (1983)
and Berger (1985).

The area specific prior (7.2.4) is appropriate for making inference on the small
area mean 6;. However, a quantile matching prior for a weighted mean Y" | w;6;
of all areas with specified weights wy,...,wy, >/~ w; = 1, can be derived. In a
somewhat informal way, it can be shown that a matching prior in this case will have

the form 5 5 5 .

T Zﬁ"zlwiCi(r +C,')_ mn 2 )
o< x ) (T7°+C)~.
WG+ Ci) 2 Zi l

(%)

If w; o< C;! then 7°(7?) is proportional to ¥ | 72/{Ci(7> +Ci)}.

7.2.2 Frequentist Evaluation of Posterior Variance

Second-order accurate approximation to the MSE of an EBLUP or EB predictor
of a small area mean and second-order (or nearly) unbiased estimation of the MSE
have played a dominant role in frequentist approach to small area estimation; see for
example Prasad and Rao (1990) for an early development and Rao (2003) for sub-
sequent developments. In the second-order approximation, terms of order smaller
than O(m_l) are neglected. For the Fay-Herriot model in (7.2.3), for known 6, the
best (or Bayes) predictor of ; under squared error loss is given by

G

5B _ )=V,
64(8) = E(OY) =Y~ -

; (Yi —x;B) = {1 - Bi(z*)}Yi + Bi(*)x;P,

where B;(12) = C;/(12+C;). Let § denote an estimator of &. Then an EB predictor
or an EBLUP of 6; is 65(8)(= 6FP). While different estimators of 8 have been
considered in the literature, we will focus here on the maximum likelihood or the
residual maximum likelihood estimator. The MSE of the resulting EBLUP predictor
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is asymptotically smaller than the MSE of other EBLUP predictors resulting from
different choices of estimators of 6 (Datta, Rao, and Smith, 2005; Datta, 2009).
Datta and Lahiri (2000) showed that

MSE(8F?) = g1:(7%) + g2i(7%) + g3i(t*) +o(m™ "), (7.2.5)
where g1/(1%) = Gi(1 = Bi(72), gai(e%) = {Bi(?) x|, (2 + C) ! X 'x
and

-1
gi(1?) =2C7 (" +C)~ {Zr—i—C } :
i=1

In the decomposition of the MSE(@,-EB ) in (7.2.5), the first term is of the order O(1),
while the last two terms are of the order O(m ™). Datta, Rao, and Smith (2005) de-
rived a hyperprior 7(8) by requiring that the posterior variance V (6;|Y) is a second-
order unbiased estimator of MSE(H72) in the sense that

Es{V(6,]Y)} = MSE(6F8) + o(m™"). (7.2.6)

The posterior variance of 6; for such a prior will have a dual justification. Such a
dual justification of a measure of variability of small area estimators is appealing to
survey practitioners.

As in Section 7.2.1, we first assume that 72 known and use a uniform prior on
B. For known 72, the frequentist predictor is the BLUP and is identical with the
hierarchical Bayes (HB) predictor of 6;. Moreover the MSE is known, and exactly
the same as the posterior variance, and it is given by g1;(72) + g2:(7?).

We now turn to the case of unknown 72 and, as in the last section, consider prior
() of the form 7°(7?). The posterior variance of 6; may be written as

V(6,]Y) = E[g1i(7%)|Y] + V[Bi(7*)(¥; — xiB) | Y]. (7.2.7)

To derive an expansion of the posterior variance, given by (7.2.7), we employ the
following lemma, using the notation of Section 7.2.1.

Lemma 7.1. For a smooth function b(8) and prior exp(p(98)),
1 w1 ir Lo ik -1
EB(3)ly] = b(3) + - bpic g g ot

A 1 . N N aia N o
= b(5) + *{bjﬁkl"k—‘r *ajrsbk]”]kx—l— *b'kljk}—l-0<m71),

VIp(8)|y] = —bjbrc™* +o(m™') = —bbklf"+o( h.

1
m
In the above, we use the notation f to denote f (3) Note that up to the order of
o(m™") the posterior variance of b(8) is free from the prior.

Using the second part of Lemma 7.1, after some simplifications it can be shown
that
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Es |VABA(T) (%~ XiB) Y} ] = gai(7) + gai(e2) + o(m™"). (7.2.8)
Now by the first part of Lemma 7.1,
Es[Elan(e)IV)] = Ealen(®)} + L Eslan (2001

1 1
+5-Es{amgus(E)0 T+ Es {1 (8217}
Fo(m™). (7.2.9)
Let £(7%) = diag(t> +C1, ..., 7> +C,). After considerable simplifications we get:
i L B (X’Z’l(rz)X)*l(X’Z’Z(TZ)X)}
E (% — o _
S{gll(T )} gll(T ) :n:](fz—f—ci)*z

—g3i(t?) +o(m™), (7.2.10)

second term on the rhs of (7.2.9) =

2
M o)), (7211

" (TG

B ()| (X' 27 H(?)X) (X' Z72(12)X)
m(t24C)2
4B} ()3, (P +G)
(X (7 +C) 2P

third term on the rhs of (7.2.9) =

+o(m™1),(7.2.12)

and fourth term on the rhs of (7.2.9) = —g3i(12) + o(mfl). (7.2.13)

Equation (7.2.10) follows from equation (7) and Remark 1 of Datta and Lahiri
(2000). Also, in (7.2.11), we write p°(7?) = logz°(7?). From (7.2.9) to (7.2.13),
we get

Es [E{gli(fz)\Y} = g1i(7%) — 2¢3i(7%) + 2B} (7* {i }71

i=1
4B} ()3, (TP +G)
(XL (7 +G) 2}
Now from (7.2.5), (7.2.7), (7.2.8), and (7.2.14), in order to achieve (7.2.6) we need
to solve the following differential equation:

+o(m™h). (7.2.14)

=0.

m - 202V m (2 | =3
72g3,-(172)+23?(r2)p°’(1’2){ ;(T2+Ci)_2} 1+ 4Bi(zr,i)l<zézi£;;rf}lz

A solution of the differential equation is given by
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mo(12) o< (72 +c,»)2{§“(r2 +C) 72 (7.2.15)

i=1

The MSE matching prior (7.2.15) was obtained by Datta, Rao, and Smith (2005).
Note that this prior is usually different from the uniform prior of Morris. Also, it
is dependent on the individual small area we are interested in. If C; = Cy for all
areas i, then (7.2.15) reduces to the uniform prior. Ganesh and Lahiri (2008) made a
slight generalization of the above result. Note that the MSE matching prior (7.2.15)
is different from the probability matching prior (7.2.4).

Suppose as in Section 7.2.1 for some suitable weights w;’s one is interested in
matching prior for the weighted mean Y,/ ; w;6;. Then it can be shown that this prior
is given by 7(7?) o< {37, (12 +C;) " 2H{Z" , wiCH (1> +C;) 2} 1. In the special
case when w; o< C;- ! the above solution simplifies to the uniform prior on (0, ).

We now turn to the MSE matching prior for the nested error regression model.
This model is useful for unit-level data and is given by

/ . .
Yij=x;B+vitej,j=1,...,ni=1,....m,

where v;’s and ¢;;’s are all independent, with v; ~ N(0,7?) and ¢;; ~ N(0,0?) and
unknown variance parameters 7> and ¢2. Auxiliary variables x; ;’s are such that
the design matrix is of full column rank. In small area estimation, the goal is the
prediction of 6; = X!B +v;, where X; is the finite population mean vector of the
auxiliary variables for the ith small area, and is assumed to be known. Based on our
discussion of the Fay-Herriot model, it is clear that the auxiliary variables do not
play any role in determining “matching hyperpriors.” In fact, a uniform prior for
is standard, and our goal is to determine hyperprior for the variance components 7>
and o For this purpose, one can assume f3 = 0. This will simplify the problem to
the prediction of v;, the random effect based on the nested error model given above
without the x; ;8 term.

First, we consider the balanced setup where all n;’s are equal to n. After consid-
erable simplifications, the MSE matching hyperprior for 72 and 62 is given by

7(1%,6%) o< 672 (0? +n1?)¥ 1),

It can be checked that the resulting posterior will be proper. For the balanced nested
error model, Chang, Kim, and Mukerjee (2003) obtained the quantile matching prior
(for predicting v;) given by m(12,02) o 126~ 2(02 4 nt2)3=7/(=1) For the un-
balanced nested error model, the MSE matching equation is very complicated and
apparently there is no explicit solution to the equation.

7.2.3 Discussion

In this section we have discussed some methods for determining nonsubjective pri-
ors for the hyperparameters in hierarchical Bayes (HB) models. We have taken the
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frequentist validation approach to determine such priors. In particular, for HB mod-
els in small area estimation, we have used both the quantile matching and the MSE
matching criteria of a resulting HB procedure to determine suitable nonsubjective
priors. The hyperpriors that we obtained in our examples are less attractive in the
sense that, unlike in non-hierarchical models, these hyperpriors usually depend on
the individual small area under consideration. While this is not a problem for param-
eters in non-hierarchical models, the dependence of the hyperprior on an individual
small area implies that the same hyperprior will not have good frequentist properties
for all the small areas. However, the situation is not really any different from non-
hierarchical models. In non-hierarchical models as well, for different parameters of
interest we usually get different matching priors. While in non-hierarchical mod-
els we may not have more than one interest parameter, in contrast we are usually
interested in all the first-stage parameters in HB models.

While we have presented alternative methods to determine nonsubjective hyper-
priors, the most popular approach in determining nonsubjective priors, at least for
non-hierarchical models, is the reference prior approach by Berger, Bernardo and
their collaborators. According to this approach, for a non-hierarchical model p(y|0)
when 9 is the parameter of interest, determination of a reference prior p(0) for the
parameter vector O considers the Kullback-Leibler divergence between the posterior
p(8|y) and the prior p(8); in particular, the functional

_ p(8]Y)
J{p(8),Y} = EX [ES‘Y{log 5] H (7.2.16)

where the expectation E%Y(-) is with respect to the posterior distribution p(8[Y),
and the expectation E(Y:9)(.) is with respect to the joint distribution of Y and &.
Through suitable technical modifications of the functional in (7.2.16), Bernardo
(1979) showed that Jeffreys’ prior is obtained as the reference prior for 6. When
only a subvector of § is of interest, and the other components of § are nuisance
parameters, appropriate modifications have been proposed by Berger and Bernardo
(1989, 1992a).

To apply the reference prior approach to determine a nonsubjective hyperprior
for the hierarchical model presented in the beginning of Section 7.2.1, we need to
consider the first-stage parameters 6y, ..., 6,, as the vector of interest parameter. A
reasonable functional which is analogous to the functional in (7.2.16) is given by

J{p(8),Y} = EXD [EG‘Y{ log ”;?g{)}} : (7.2.17)

where p(0) (with slight abuse of notation) is a marginal prior density for 6 given by
J'2(6|6)p(6)dS. The hyperprior p(d) appears in the functional indirectly through
p(0). Tt is technically quite challenging to maximize the functional in (7.2.17) to
obtain p(J). As a simple illustration of the method, consider a special case of the
Fay-Herriot model in (7.2.3) with x/3 = u, a scalar, which is treated as unknown but

72 is considered known. Also, if we restrict choosing prior for u from the class of all
normal distributions N (v, r1 ), then it can be shown that the functional in (7.2.17)
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simplifies to

[zlog{ 4G /C}+1og{1+flz (2+¢)7'},

N =

which is maximized with respect to r by taking it to be zero. The resulting hyperprior
for i becomes a uniform prior on the real line. This result is in agreement with the
other solutions that we obtained earlier through other criteria. However, the problem
in its full generality is far from being solved.
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the U.S. National Science Foundation and the U.S. National Security Agency. J.N.K.
Rao’s research was supported by the Natural Sciences and Engineering Research
Council of Canada.

7.3 Exact Matching Inference for a Multivariate Normal Model

Luyan Dai and Dongchu Sun

A p-dimensional multivariate normal population, X = (x1,...,X,)" ~ N,(i,X), has
the probability density function,

f(x|u,2) = 2m) P2 z"1? exp{ - %(x— )= (x— u)}, (7.3.18)

where u = (ly,...,U,)" are the normal means and X is the covariance matrix.

In Bayesian analysis, the most commonly used priors are flat Gaussian priors
for normal means pt and inverse Wishart priors for the covariance matrix . These
priors are used for ease of computation and convenience due to the conjugate proper-
ties. However, Stein (1956) showed that such priors may lead to inferior inferences
and be lack of flexibility. Later, Brown (2001) developed the generalized inverse
Wishart priors to allow more flexibility and overcome the major deficiency of that
distribution whilst retaining much of the ease of the inverted Wishart distribution in
Bayesian analysis for normal sampling.

Another extensively discussed priors require a Cholesky decomposition of preci-
sion matrix, X1,

> loyy,

where ¥ is a p x p lower triangular matrix with positive diagonal elements y;; and
off-diagonal ones y;; for j=1,...i—1and i = 1,...,p. There is a class of such
priors for (i, ¥) that include many famous and popular ones as special cases. Let
a=(ay,...,ap) . Those priors have the form,

Ta(u, ¥)dud¥ = H‘I[adud‘P (7.3.19)
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which suggests a constant prior for y be independent of the prior component for
Y. When a; = p — i, the prior in (7.3.19) corresponds to the Jeffreys (1961) (rule)
prior 7y, one of the earliest objective priors discussed and applied in the Bayesian
literature. A prior closely related to 7y is the independence—Jeffreys prior 7;; when
aj=p—i+1in m,. It is derived using a constant prior for normal mean u and
the Jeffreys (rule) prior separately for ¥ conditioning on u. These two Jeffreys
priors are generally successful for bivariate normal distributions. Nevertheless, they
perform badly when the dimension p goes higher.

Geisser and Cornfield (1963) proposed a prior yielding the exact frequentist
matching inference for all means and variances. It also belongs to the class of priors
defined in (7.3.19) and corresponds to the one with @; = 2 — i. In bivariate normal
models, it agrees with 7y, while it is equivalent to 777 in univariate models. How-
ever, this prior fails to prevail in estimation of correlation parameters, predictions, or
other inferences involving a multivariate normal distribution. Since more desirable
priors were in need, Sun and Berger (2007) derived the reference prior of (u,¥) for

the ordered group {ui,..., 1y, Wi1, (Y21, ¥22), ..., (Wpi,..., Wpp)}, which is given
by
|
TTR1 (u, 'P) o< Hf
i=1 Vii
It corresponds to m, witha; =ifori=1,...,p.

When a; = i, it is the right Haar measure prior 7y introduced by Stein (1956).
It could be used to calculate certain distributions arising in invariant multivariate
situations. According to the discussion by Eaton (1989), the best invariant decision
rule is often the formal Bayes rule for right Haar measure. Recently, Berger and Sun
(2008) considered the objective inference for parameters in bivariate normal distri-
butions with special focus on development of objective confidences or credible sets.
A variety of surprising results were found including the availability of objective pri-
ors that yield exact frequentist inferences for many functions of the bivariate normal
parameters, such as the correlation coefficient. The right Haar measure prior is the
one that yields exact frequentist inference most frequently. Sun and Berger (2007)
generalized part of the results into multivariate normal distributions particularly on
reference priors for many parameters and functions of parameters. Some of the re-
sults about exact matching for the right Haar measure prior are also given in Sun
and Berger (2007). We should point out that general results on probability matching
priors can be found in Datta and Mukerjee (2004).

In this section, we focus on exploring exact matching inferences of the class
of the objective priors 7, for more multivariate normal parameters and their related
functions. We use the tool of constructive posterior distributions (see, e¢.g., Berger
and Sun, 2008) to prove the results. Section 7.3.1 illustrates various key concepts.
Several critical results of the posterior distributions relating to the objective priors
7, are summarized. Whereafter, Section 7.3.2 gives the main results on the objective
inference of the parameters and some functions of the parameters.
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7.3.1 The Background

7.3.1.1 Frequentist Coverage Probability and Exact Matching

Suppose 7(6|x) is the posterior density of parameter 6 provided by data information
x. Let 1 be a function of 6. Define the one-sided interval (1., g;—¢(X)] of parameter
7N, where 1, is the lower bound of 1 and ¢;_(X) is the (1 — o) posterior quantile
(ie., P{N < q1—«(x) | x} = 1 — ox). An appealing objective prior is to yield the
frequentist coverage probability of corresponding confidence interval, i.e.,

P{n <qi-«(X)| 6}

as close as possible to the nominal 1 — a. If it equals 1 — o exactly, we conclude the
prior is the exact matching prior for 1.

The following lemma will be repeatedly utilized in the later context. The proof
is straightforward and omitted here.

Lemma 7.2. Let Y|, denote the 1 — o quantile of random variable Y .
(a) If g(-) is a monotonically increasing function, [g(Y)]1—o = §(Y1—a) for any

o€ (0,1).
(b) IfW is a positive random variable, (WY )1_¢ > 0 if and only if Y1_q > 0.

7.3.1.2 Constructive Posterior Distributions

Let Xj,..., X, be a random sample from multivariate normal distribution N, (u,X)
with the density function as in (7.3.18). It is known that the sufficient statistics are
sample means X,, and sample variance S such that,

Recall that X~ ! = ¥'¥. The likelihood function of (u,%¥) can be uniquely deter-
mined and expressed by the sufficient statistics such that,

L(u, ¥ 1X,,S)

- (2n)*"p/2|'ff|"exp{ - g()'(,, WYX, — ) — %tr(S‘I’/‘I’)}. (7.3.20)

Under the prior m,, the conditional posterior distributions of u are p-variate mul-
tivariate normal with mean X,, and variance %‘P‘l (‘P‘l)’ . The marginal posterior
distribution of ¥, obtained by integrating u, is determined by sample variance S
such that,

L2 1
%] S) e [Tyl exp{ - Ezr(svsalff’)}. (7.3.21)
1

i=
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We would like to express the marginal posteriors (7.3.21) in computational closed
form, allowing direct Monte Carlo simulation. Berger and Sun (2008) called this
representation as the Constructive Posterior Distributions. For instance, a random
variable Z from the Chi-square distribution y2 with n degrees of freedom can be
directly expressed as the way how to sample it, i.e., Z = x2. For simplicity, y, =
\/E . We follow the notation used by Sun and Berger (2007) that * distinguishes the
constructive posterior distribution from later expression involving data randomness.

From (7.3.21), the constructive posterior distributions of ¥ = (W11, Y21, Va2, . . .,
Ypl,---, Wpp) can be formulated based on sample covariance S. First, we consider
the decomposition of S by lower triangular matrix V such that S = VV’, where the
diagonal elements are v; > 0 and off-diagonal elements are v;; for j =1,...,i—1,
i=1,...,p. Second, we write

Vi1 0 Vp,1 0
V1:V117V2: a"'aV[): / 9
V21 V22 prp_l Vp,,

where v;;_| denotes the (i—1) x 1 vector of the last row of V; excluding v,
i=2,...,p. Note that V, = V. Then, the constructive posterior distributions of
(W11, V21, ¥22, ..., Wpl,. .., Wpp) given data information V can be expressed as

*
*_anai ._1
lVii_ , L=1,--,p,

Vii
*
Xn—a,-

Vii

V:ll/vi,iflv = 27 Py (7322)

Vi = Viill/zzi—l - i
where zj-ii_l denotes independent draws from a multivariate normal distribution
Ni-1(0,L;—1), and y,;_,. denotes the positive square root of the independent draws
from a Chi-square distribution with degree of freedom n — a;. The detailed proof of
the results can be found in Section 3.2.1 in Sun and Berger (2007). They showed that
the right Haar measure prior 7y can yield the exact frequentist matching inference
for diagonal elements y;;, the conditional variance d; = 1/ l//l%, and the determinant
of all the upper and left corner blocks in covariance matrix, |X;| = 1'[3-:1 d; in the
multivariate normal model (7.3.20). As a special case, bivariate normal models have
been paid more attention and discussed thoroughly by Berger and Sun (2008) in
terms of the exact matching inference provided by objective priors (e.g., right Haar
measure prior). One of the most important findings is that the right Haar measure
prior yields the exact matching inferences for off diagonal element y»,; in matrix V.
Regardless, it is still unknown if the properties retain for off-diagonal elements v;;

and functions of ¥ = (W11, Y21, Y22, -, Yp1,- .., Wpp) for p > 2.

7.3.1.3 Two Lemmas

Theoretically, we can always adopt the constructive posterior distributions in (7.3.22)
to explore the properties of exact matching inference for off-diagonal elements
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y;j. However, the practical proof is troublesome due to the matrix inverse Vl.__l1
in (7.3.22). The next lemma reveals an explicit form of the constructive posterior
distributions of ¥ in a matrix form.

Lemma 7.3. The constructive posterior distributions of ¥ given V described in
(7.3.22) is equivalent to

E‘ =¥V or ¥ =E'V!, (7.3.23)
where
Xn-a, O 0 0 O
Zy Xna 0 0 0
]'E)k - Z;l Z§2 X;’;fa:,' 0 0 s
Zy Zy Ly o X;{—ap pxp
assuming matrix elements Zi*j 's and y,_,.’s are independent for j =1,....i—1,
i=1,...,p. Zi*j ’s denote independent draws from a standard normal distribution

N(0,1) and Xn—q; S denote positive square root of a Chi-square distribution with
degree of freedom n — a;.

Proof. The results can be verified from (7.3.22) by some tedious derivations.
Note that the constructive posterior distribution of X is simply X* = ¥*~! (y*~ 1),
It is also can be shown that the indicated data distribution of v = (vi1,v21,v22,. ..,

/.
Vpls---sVpp) 8

i—1
Wiivij+ 2, Wik =Zij ~ N(0,1), j=1,-,i—1
k=
(Viillfii)z““%ii» i=1,...p (7.3.24)

given n > p. The detail of the results can be found in Section 3 of Sun and Berger
(2007). Similarly, the above indicated distributions have a matrix form.

Lemma 7.4. The indicated distributions in (7.3.24) can be written into a matrix
form with

E=¥YV or V=¥'E, (7.3.25)
where
Xn—1 O 0O 0 O
L1 a2 0 0 0
E=| %1 Z2 %30 0 |
Zpl Zp2 Zp3 o Xn—p
assuming matrix elements Z;;’s and Yn_q,’s are independent for j =1,...,i—1,

i=1,...,p. Z;’s denote independent draws from a standard normal distribution
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N(0,1) and yn—q,’s denote positive square root of a Chi-square distribution with
degree of freedom n —i.

Proof. The proof follows (7.3.24) and can be verified easily.

In fact, (7.3.23) and (7.3.25) suggest that the multivariate normal model (7.3.20)
marginalizing population mean { belong to the functional models discussed by
Dawid and Stone (1982). Some related discussion can be seen in the next section.

7.3.2 Main Results

7.3.2.1 The Exact Matching Inference of ¥

We now show the properties of exact frequentist matching inferences for any ele-
ment y;; in ¥ under 7, in the following theorem. The proof applies the matrix form
of constructive posterior distributions (7.3.23) and the marginal distribution of V
given ¥ (7.3.25).

Theorem 7.1. For fixed i, i = 1,...,p, denote the (1 — o) posterior quantile of y;;
under the prior t by (Y;)1-a, j=1,...,i. For any o € (0,1),

P{Wi; < (Wi—a | Wijs Wit js- - Wpj} =1 -,
if and only if a; = i.

Proof. Let I; denote a p x 1 vector with entry 1 in the ith location and O elsewhere
fori=1,---,p. Clearly, y;; = I;'1;. It follows from (7.3.25) that ¥ = EV~! and
thus y;; = /EV~'l;. By Lemma 7.3, the (1 — a) posterior quantile of y;; is

(Wi)1-a = 0¥ 1)1-a = GEV )1 g
Let v = (Y11, Y21, Y22, .., Ypl, - -, Ypp). Consequently,
PLw < (W) ol v}
= P{leV”lj <UEV) g W}

= P{UEE "1, < (CE"E™"W1)1 o | Wi Wy goe e Wi |- (7.3.26)
The last equation is true since W1; = (W, Wjtr1,js---, Wpj)
If (7.3.26) equals (1 — o) for any y;; € R, consider the coverage probability of
Vi, i.e., j =i. It is known from (7.3.22) that y}; = X"V;_“" and v;; = %l;‘,;i. Then,

P{yi < (Wi)i—a | v} :P{%. < (Jfa,-

n—i

l[/l-l-) ] y/,»i} =P{yni <y u)i-a}
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equals (1 — o) if @; = i. Then necessity is verified.
In (7.3.26), it is clear that

l;E = (Z,'] yeen ;Zi.ifl s ani)/ and l:E* = (Z,‘] yeen in,iflax;zkfa,-),'

If ¢; = i, 'E and IE* are the same in terms of distributions. Provided by mutu-
ally independent elements in E* and E, it is obvious that a sufficient condition
of coverage probability in (7.3.26) to be (1 — «) is that a¢; = i conditioning on
(l[ljj, Vitl,jye-s lllpj) when ﬁxing i

Since the right Haar measure 7y implies a; = i for all i’s and E* and E are the
same in terms of distributions, 7y is the exact matching prior for every element in ¥
by Theorem 7.1. Furthermore, 7y yields a fiducial model (Dawid and Stone, 1982)
formulated by the functional model. Recall that

V=%"E and ¥ =EV !,

where data information V is uniquely determined by ¥ and E has a known distribu-
tion over the space &, whatever the value of ¥. Thus ¥ is the pivotal statistic. By the
results of Section 4.1 in Dawid and Stone (1982), fix set A C & with P(A) =1 — o
and define

Avl={ev!iecA}={yc¥,:yvecA}

‘We have
Py(y €AV ) =P, (yveA)=PA)=1-a.

Also
[TAv ") =P({e*:e'v'cAv '} =PA)=1-q,
v

where [], denotes the posterior distribution of *¥'. For any ;;, we just need to care-
fully specify the set A to satisfy P(A) = | — ¢. The results hold consequently. It re-
quires that ¢; = i for all the i’s simultaneously, although the same conclusion can be
obtained by using the theory of pivotal simple fiducial models. However, Theorem
7.1 provides a much relaxed condition because it only requires a; = i in 7, for any
fixed i to yield the exact matching inference for y;; for arbitrary j, j=1,...,i—1
in the multivariate normal model (7.3.20).

7.3.2.2 The Exact Matching Inference for Functions of ‘¥
Many critical parameters in mutlivariate normal models can be uniquely determined
by v.

Example 7.7. Consider the decomposition of precision matrix as X' = T’ 'i’zT,
where ¥ = diag(yi1,-- -, ¥pp) and
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0, ifi<]j,
ny=14 1, ifi=j, (7.3.27)
Vi ifi> .

Vii

Pourahmadi (1999) pointed out #;;’s are the negatives of the coefficients of the
best linear predictor of x; based on (xi,---,x;—1), and y’s are the precisions of the
predictive distribution, since

xlNN(.ulleﬁz)a Xi ~ ( ztu II/” >7 i>2.

Theorem 7.2. Lettj = (lz],l‘_g],l‘g,z,...,l‘j],. .. ,ljJ,])l and l[NIj = (l[/]],...,l[/jj)/, J=
2,...,p. For fixed i, i =2,...,p, define (ti*j)l,a be the (1 — a) posterior quantile
of t;j under the prior T, in (7.3.19) for arbitrary j € {1,...,i—1}. Then, for any
€ (0,1), the frequentist coverage probability of the credit interval (—oo, (t};)1-c]
is
Pltij < (i) o |4, W} =1—0
if and only if a; = i.

Proof. From (7.3.22), it is easy to verify the constructive posteriors of t;;_ 1 =
(I,’L7 . 7ti,i—1> to be

* —1 % Vii —1
ti=Vizii1—— Vi Vi1

n—a;
The indicated data distributions of t;;_; are

_1 Vii —1 .
tii 1 :Vi—lzl}i*lr I_Vi—lvisi*“ i=2,...,p.

n—

Let 1;; denotes a i x 1 vector with entry 1 at the kth location and 0 elsewhere. Obvi-

souly, ;j =1 ;t;;—1 and #;; =1, ;t; ;. Then,

* [y 1 Vii / —1
(tij)l*a = (IHJV, 1Zu ]X )1_a— i-1,;Vis1Vii-1

n—a;
_ Vii _
and tjj = l, 1le-711Z,"i_1 ”A ll 1,jV,;11Vi,i—1~
n—il—qo
Therefore,
P{tij < (t)1-a | t, W}
7P{ll 1/ i llzll IXn IS (ll IJV ll lxn a)l 05|t ‘l/} (7328)

Fori=2,...,p, define ¥,, E;, and T; be the upper and left i X i corner of matrices
Y, E, and T, respectively. From (7.3.24), the two sides of the inequality in (7.3.28)
can be written as
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l ‘P, 1T, 12— 1){n i andl El llPl 1Tl 1Z” IXn a (7.3.29)

zl]zl i—1,j

which only involove parameters in matrices ¥ jand T, ie.,
P{tij < (t)1-a | W} = P{tij < (t)1-a | £, ) }.

If a; = i, the two terms in (7.3.29) have the same distribution. Thus, the cover-

age probability in (7.3.28) would be exactly 1 — o.. To prove necessity, choose

t=1(0,...,0) and ¥ = (1,...,1). Then T =T and ¥ = L. Consider j = I, and then
1 gt -

U E NP T = (x,,.0....,0). Clearly,

P{tl] <(ll)] a} P{Xn 1 llxn 1<%n 1 IXn al l OC}
=P{& i< (& u)als (7.3.30)

s

Z . e
—a = anla , representing the constrcutive distributions of
—4i

random variables following the 7-distribution with degree of freedom n —i and n—a;
individually. Note that 1,_; is the unit vector with lenght of i — 1. Because (7.3.30)
equals 1 — o, a; = i.

where &,_; = XZ L

Example 7.8. Consider the parameterization D = diag(d, - -- ,d,) and T defined in
(7.3.27), where d; = 1/y2. We can write X! = T'D~'T.
Theorem 7.3.

(a) Forany o € (0,1), the posterior 1 — o, quantile of d; under the priorin (7.3.19)
Tta has the expression

(d)i-a = (;)la (73.31)

(b) For given i, i =1,...,p, the frequentist coverage probability of the credible
interval (0, (d})1-¢] is

P(d; < (d)1 o | 11, ) :P{X; < (le* )1 a}, (7.3.32)

which does not depend on (W, ) and equals 1 — o if and only if a; = .
Proof. From (7.3.22), part (a) is obvious. Combining (7.3.24), we have

(d)-a = (g*;)lal/i’i.

Clearly,
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P < (A )1 | W) = {l;isl;(gi;_)l_awﬁ}

Pl =)

which equals 1 — ¢ if and only if a; = i.

Example 7.9. Consider n; = |¥;| = H;:l d;, the generalized variance of the upper
and left i x i submatrix of X.

Corollary 7.1.

(a) For any o € (0,1), the posterior 1 — a quantile of M; under the prior my in
(7.3.19) has the expression

e (1) (M),

jllna

(b)  The frequentist coverage probability of the credible interval (0,(N;)1—¢] is

P(mi </ h1-a | W) = {l'[2 ( = )1_a}’

lxl’lj IXna

which equals 1 — o if and only if (ay,...,a;) = (1,...,i).

Proof. The proof is similar to that of Theorem 7.3.



Chapter 8
Bayesian Clinical Trials

Innovative clinical trial design is one of the currently most exciting and high impact
frontiers in a Bayesian analysis. The increasingly complex nature of clinical study
designs and the increasing pressures for efficient and ethical design naturally lead
to Bayesian approaches. In this chapter we discuss some examples of specific re-
search problems, including adaptive and sequential trial design, sample size choice
determination for longitudinal studies, and subgroup analysis.

8.1 Application of a Bayesian Doubly Optimal Group Sequential
Design for Clinical Trials

J. Kyle Wathen and Peter F. Thall

One of the big success stories of Bayesian inference for clinical trial design is the
possibility to construct sophisticated adaptive and sequential designs. The sequen-
tial design proposed in Wathen and Thall (2008) is a typical example of such ap-
proaches. We review their design and illustrate it with an application to a trial with
non-small cell lung cancer patients. A simulation study compares their method to a
standard frequentist approach for sequential clinical trials.

8.1.1 A Non-Small Cell Lung Cancer Trial

Lung cancer is the leading cause of cancer-related death worldwide, with over one
million new cases diagnosed and over 900,000 deaths from this disease each year.
Approximately 75% to 80% of all lung cancers are non-small cell lung cancer
(NSCLC). Patients with NSCLC that is metastatic, where the cancer cells origi-
nating in the lungs have invaded the lymphatic system, bones, or internal organs,

M.-H. Chen et al. (eds.), Frontiers of Statistical Decision Making 257
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have a median progression-free survival (PFS) time of roughly four months. Once
the disease has progressed, death follows very quickly, with reported median overall
survival (OS) time in most studies between 5 and 7 months.

While NSCLC treatment typically involves a combination of chemotherapy, radi-
ation, and localized surgery, the comparative benefits of these therapeutic modalities
remain unclear. To address this issue, a randomized phase III trial for patients with
metastatic NSCLC was organized to compare localized surgery or radiation ther-
apy (LS/RT) to systemic chemotherapy (SC), the standard treatment. The primary
outcome was PFS time, defined as the time from start of therapy to death or dis-
ease progression occurring in sites previously identified or in new sites not seen at
the patient’s baseline evaluation. Initially, a conventional design was planned. This
was a two-sided group-sequential log rank testing procedure with O’Brien-Fleming
(OF) boundaries (O’Brien and Fleming, 1979) up to two interim tests and a third,
final test, overall size 0.05 and power 0.90 to detect a 100% increase (doubling) in
median PES time from 4 to 8 months. Using East version 5 (2007), the test cut-offs
in terms of the standardized logrank statistic Z-score are +3.7103 when 30 events
are observed, +2.5114 at 60 events and +-1.993 at 89 events. The anticipated accrual
rate was 2 to 4 patients per month, since in practice accrual to clinical trials can be
quite variable. Table 8.1 gives trial durations and sample sizes with this design for a
range of possible monthly accrual rates.

TABLE 8.1. Sample size and trial duration as functions of accrual rate for the conventional group
sequential design with O’Brien-Fleming boundaries.

Accrual Rate  Trial Duration (Months) Number of Patients
(Patients/Month) Min Mean Max Min Mean Max
2.0 442 48.6 53.0 89 97 106
2.5 354 39.7 44.1 89 99 110
3.0 29.5 33.8 38.1 89 101 114
3.5 25.3 29.5 33.8 89 103 118
4.0 22.1 264 30.5 89 105 122

At the time the trial was designed, a previous NSCLC study of standard treatment
in metastatic NSCLC had been published containing a Kaplan-Meier (KM) plot of
PFS (Ciuleanu et al., 2008). Since this raised the concern that the assumption of pro-
portional hazards (PH) would not be met, we developed an alternative design using
the Bayesian Doubly Optimal Group Sequential (BDOGS) methodology proposed
by Wathen and Thall (2008).

In this section we provide an overview of the BDOGS design and illustrate it
by application to the lung cancer trial. We also describe how one may utilize infor-
mation from available KM plots when constructing a BDOGS design. In Section
8.1.2 we review the essential features of the BDOGS design. In Section 8.1.3 we
describe the application to the NSCLC trial, including simulation results comparing
BDOGS to the conventional design using OF boundaries. We conclude with a brief
discussion in Section 8.1.4.
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8.1.2 Bayesian Doubly Optimal Group Sequential Designs

8.1.2.1 Hypotheses and Decision Criteria

When the primary outcome of a randomized clinical trial is patient survival or PFS
time, the standard group sequential approach requires that the treatments have event
time distributions satisfying the PH assumption. Under this assumption, interim de-
cision boundaries for stopping and concluding superiority or possibly futility are
constructed, often using the Lan-DeMets o-spending function approach (Lan and
DeMets, 1983). The stopping boundaries are designed to maintain a desired overall
false-positive probability, a*, and power, B*. At each interim analysis, a standard-
ized normal statistic (Z-score), usually based on a log rank statistic, is calculated
using the most recent data and compared to the decision boundaries to determine
whether the trial should stop in favor of one of the treatments, stop for futility, or
continue to enroll more patients and obtain additional information. If the PH as-
sumption is not met, however, the properties of a conventional group sequential
design may be quite different from what is assumed, and in particular the actual
power may differ substantially from the nominal power (Wathen and Thall, 2008).

To simplify notation, we denote the LS/RT treatment by E and the SC treatment
by S. Denote the median PFS times of E and S by 6g and 65, 6 = 0 — 65 with
targeted improvement 6, and the observed data by X. The goal of the trial is to test
Hy : 6 = 0 versus H; : 6 # 0. In contrast with conventional designs, which use Z-
scores as test statistics and a single set of stopping boundaries, the BDOGS approach
uses decision criteria based on posterior probabilities and applies sequentially adap-
tive Bayesian model selection. The BDOGS approach first defines a set of candidate
models. Optimal boundaries are derived under each candidate model, and these are
stored for future use. The candidate models are characterized in terms of the shapes
of their event hazard functions. Under each model, the boundaries are optimal in the
sense that they minimize the expected sample size computed as an equally weighted
average under the null and alternative hypotheses. The trial is monitored group se-
quentially with up to K analyses and a maximum of N patients randomized fairly
between the two treatments. At each interim analysis, BDOGS uses Pr( 6 > 6* | X)
and Pr( § < —6* | X) as decision criteria, which are analogous to, but very different
from, the Z-statistics used in the conventional approach.

Based on the data at each interim decision during the trial, the optimal model,
defined as that having highest posterior probability, is determined. The optimal de-
cision boundaries under that model are used for that interim decision. Because this
computation is repeated at each interim analysis, this allows the possibility that the
optimal model, and consequently the boundaries, may change from one interim
decision to the next as more data are obtained. By using adaptively chosen deci-
sion boundaries in this way, compared to conventional group-sequential methods
the BDOGS design substantially reduces the sample size in most cases, and better
maintains the targeted size and power when the PH assumption is not met.
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8.1.2.2 Bayesian Model Selection

Bayesian model selection and model averaging have been used extensively in many
settings (Madigan and Raftery, 1994; Kass and Raftery, 1995). However, Bayesian
model selection has not been used in clinical trial design. Denote the set of J models
under consideration by M = {4\, #>,....#;}, the prior probability of model .#;
by f(.#;), and the prior odds of .#; to .4 by & = f(Ay)/f( A1), with & = 1.
Let Wy be the parameter vector and (W, | .#;) the prior density of Wy, under ..
For ¢ =1,2,...,J, the posterior probability of .#; given the current data X is

fX | A f(A)
S X | ) f( )

f( M| X) = (8.1.1)

where

S|t = [ G Wt nwe | )y

is the marginal likelihood.

Computing f(X | .#;) can be very time consuming, especially if the dimension
of each yy is large. The BDOGS method is computationally intensive and in particu-
lar requires model selection to be done repeatedly during simulation, hence requires
f(A; | X) to be computed many times. Thus, the method requires a fast method
for calculating the posterior model probabilities in (8.1.1). In addition, during the
design phase when simulations are being run in order to obtain the design’s op-
erating characteristics, the efficiency of the method used to compute the posterior
model probabilities is critical. Consequently, to ensure feasibility BDOGS uses an
approximation of the Bayes factor given in Raftery (1996b) to compute the posterior
probability of each .#, given by (8.1.1). The Bayes factor for model .# versus .#
is the ratio of the posterior to prior odds,

gy, SLA XS0 X)X |.0)
’ f(A)] f( A1) f&X|.21)
with By | = 1. Let Z(X | W, .#;) denote the likelihood, > = 2[log (X | W, .#;) —

log. % (X | y1,.#,)], n the number of observations, W, the MLE of y, under .7,
and py = dim(yy). Raftery (1996b) gives the approximation

(8.1.2)

2logByy = x> — (pe— p1)logn, (8.1.3)

where the notation a, ~ b, means that lim,_..(a,/b,) = 1. To compute f(.#; |
X)), the posterior model probabilities in (8.1.1) can be expressed in terms of Bayes
factors, and the approximation of Raftery (1996b) exploited to obtain B, | for £ =
2,3,...,J. Combining (8.1.1) and (8.1.2), the posterior probability of . is

By x&

S A

(8.1.4)
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Substituting (8.1.3) into (8.1.4) gives an approximate value of f(.#; | X) for
¢ =2,...,J. The main computational requirements are obtaining the MLEs of
V1,2, ..., ¥y under their respective models. While Raftery provides other approx-
imations which are more accurate, BDOGS uses the slightly less accurate approxi-
mation in (8.1.3) to gain speed. Still, as the numerical illustration given below will
show, the advantages afforded by BDOGS compared to the conventional approach
are substantial.

8.1.2.3 Decision Boundaries and Utility Function

The goal of the BDOGS design is to test Hy : 6 = 0 versus H; : & # 0 subject to
size and power constraints without requiring the often incorrect assumption of pro-
portional hazards. The utility function employed by BDOGS is the achieved sample
size, which is random due to the group sequential structure. The expected utility is
computed as the equally weighted average of the sample sizes under the null and al-
ternative hypothesis. For brevity, we omit additional details of the decision-theoretic
framework utilized by BDOGS, which are given in section 2 of Wathen and Thall
(2008).

A standard approach to obtain the optimal decision procedure in a decision-
theoretic design is backward induction (BI) (DeGroot, 1970). However, computa-
tional difficulties in implementing BI impose severe practical limitations on Bayesian
optimal designs. Consequently, most Bayesian optimal designs using BI assume
simple models (Berry and Ho, 1988; Lewis and Berry, 1994).

Alternative approaches to fully sequential BI have been proposed by many au-
thors (Stallard, Thall, and Whitehead, 1999; Kadane and Vlachos, 2002; Stallard,
2003; Christen et al., 2004; Wathen and Christen, 2006). Carlin, Kadane, and
Gelfand (CKG) (1998) proposed forward simulation (FS) as a practical alternative
to BI. With FS, an optimal design is obtained by first simulating the trial repeatedly
and storing the results. A given sequential decision procedure is applied to each sim-
ulated data set, and expected utilities are computed empirically from the simulated
data. Since the simulation results have been stored, different decision procedures
may be evaluated and a suitable search algorithm can be used to find the decision
procedure that maximizes the expected utility. Storing the simulated data and the
results of any time-consuming calculations eliminates the need to re-simulate the
trial. BDOGS utilizes FS to obtain the optimal boundaries under each candidate
model, subject to the size and power constraints. Without employing FS and storing
the results of time consuming calculations it would not be possible to implement
BDOGS. Specific details of the algorithms used in BDOGS are provided in Wathen
and Thall (2008).

To facilitate computation of the optimal boundaries, BDOGS defines the decision
boundaries in terms of two flexible monotone functions, each having three param-
eters. Let ¥ = (ay, bu, ar, br,cy, c) denote the decision boundary parameter
vector, X, the data for the first n patients and let N *(X,,) the number of treatment
failures (events) in X,,. BDOGS defines the boundary functions as
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N*T(X,)\ Y
Py(X,,ay,by,cu) :aU_bU< I(V ")> ,
NH(X,)\“
PL(Xy,ar,bp,cr) =ap+br (z(v)> : (8.1.5)

with the requirement that PL(XnkaaL7 by, CL) <Py (Xnk ;au,by,cy). If PL(X,,,aL, by,
CL) > PU(Xn,aU,bU,CU) then BDOGS sets PL(X,,,aL,bL,CL) = PU(Xn,aU,bu,CU).
In these boundary functions, ay and a;, define the initial decision boundaries before
any patients are enrolled, by and by determine the final boundaries when all events
have been observed, and ¢y and ¢z, determine the rate at which Py decreases and Py,
increases with the number of failure events.

Denote the Bayesian posterior decision criteria pg~s(X,) = Pr(0 > 0* | X,)
and ps~g(X,) = Pr(6 < —8* | X,,). BDOGS uses the decision boundaries and the
two posterior probabilities to determine if a trial should stop, either for futility or
superiority, or continue. The trial is conducted as follows:

1. Superiority: (a) If pg~s(X,,) > Py(X,,au,bu,cuy) > ps>e(X,), then terminate
the trial and select E. (b) If ps~p(X,) > Py(X»,au,bu,cv) > pe>s(Xn), then
stop the trial and select S.

2. Futility: If max{pg~s(X,), ps>£Xn)} < P.(X,,ar,br,cr), then stop the trial
and conclude that neither treatment is superior to the other.

3. Continuation: If either (a) P.(X,,ar,br,cr) < pe=s(Xyn), pe>sXy) < Pu(X,,
ay,by,cy) or (b) min{pE>S(X,,),pE>S(X,,)} > PU<Xn,aU,bU7CU), then con-
tinue enrolling patients.

Part (b) of rule 3 is included to deal with cases where Var($ | X, ) is large and both
ps>e(Xy,) and pp-gs(X,, ) are large, although in practice both values being > Py
rarely occurs. At the final analysis, if the superiority rule does not apply for either
treatment then BDOGS concludes 6 = 0.

BDOGS utilizes an algorithm for calculating and storing calculations in con-
junction with an efficient search algorithm to determine the numerical values of
7 that maximize the expected utility under each model. For example, if there are
J = 5 models under consideration then BDOGS determines optimal boundaries un-
der each of the 5 models, and thus there would be 5 distinct ¥ vectors, one for each
potential model.

8.1.3 Application of BDOGS to the Lung Cancer Trial

In Section 8.1.3.1, we describe how to use an available Kaplan-Meier plot to identify
potential hazard distributions which can be used in a simulation study. In Section
8.1.3.2 we provide specific details for applying BDOGS to the lung cancer trial,
and Section 8.1.3.3 summarizes a simulation study comparing the BDOGS and OF
designs.



8.1 Application of a Bayesian Doubly Optimal Group Sequential Design for Clinical Trials 263

In the original proposal for the lung cancer trial, as in many studies, there was
uncertainty about the patient accrual rate, with the anticipated range from 2 to 4
patients per month. This resulted in a maximum sample size ranging from 106 to 122
patients for the OF design. Since maintaining the targeted power is very important,
we chose to develop a BDOGS design with maximum sample size of 122 patients,
and we evaluated both designs under an assumed accrual of 2 patients per month.

8.1.3.1 Using Kaplan-Meier Plots to Identify Potential Survival Distributions

A previous study provided a KM plot of the PFS time distribution for NSCLC pa-
tients given the standard SC treatment (Ciuleanu et al., 2008). Since the raw PFS
data from this study were not available, we used the published KM plot to identify
potential PES time distributions. The Weibull and Log-Normal (LN) distributions
both were considered to be reasonable possible models since both have flexible haz-
ard functions. The Weibull distribution allows a wide variety of hazards, including
a constant, increasing or decreasing hazard. The Log-Normal allows non-monotone
hazards that may increase and then decrease, or decrease and then increase.

Denote T = PFS time and S(¢) = Pr(T > ). We visually extracted the estimates
§KM(I) = I?r(T > t) from the KM curve at each time point7 € J = {0.5, 1.5, 2, 3,
4,5,6,7,8,9, 10, 12, 18}. The corresponding estimates §KM(t) were {0.975, 0.95,
0.70, 0.60, 0.50, 0.43, 0.375, 0.30, 0.25, 0.20, 0.175, 0.10, 0.05}. The time points
were chosen so that straight lines connecting (¢, Sg(t)) pairs for consecutive t € 7
gave a close fit to the KM plot. To determine numerical values for each distribution
that provided the best fit, we used the sum of squared differences between the sur-
vival probability function for the parametric distribution and the estimated survival
probability function obtained from the KM curves. Denote the survival function at
time ¢ for a LN or Weibull distribution with parameters a and b by S(t|a,b). For
each distribution, we solved for its parameters by minimizing

2
D(a,b) = Y {S(ta,b)—§KM(t)} .

teT

For each parametric distribution, we performed a grid search to determine the values
of a and b minimizing D(a,b). For the LN where log(T) ~ N(u, 62), for a = u and
b = 6* we evaluated D(a,b) over the domain a € [—100,100] and b € (0, 100]
with initial grid size A = 0.50. Once an initial minimum was found we repeated the
search locally with A = 0.10 and finally with A = 0.01. This gave minimizing values
a=1.41and b= 0.95 with D(1.41,0.95) =0.018. For the Weibull distribution given
by S(t|a,b) = exp(—1“/b), performing the grid search in the same way over (a,b)
€ (0, 100]? gave @ = 1.18 and b = 5.94 with minimum value D(1.18,5.94) = 0.024,
a 33% increase over the minimum value achieved by the LN. As a simple alternative
to the Weibull and LN distributions, we also evaluated the Exponential distribution
with mean a. For the exponential, D(a) was minimized at a = 5.99 with minimum
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value D(5.99) = 0.035. Thus, the LN gave the best fit. Plots of the corresponding
survival and hazard functions are displayed in Figure 8.1.
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FIGURE 8.1. Survival functions and hazard functions for the best fitting Log-Normal (LN) distri-
bution (A&B) and Weibull distribution (C&D). The solid lines in A & C represent the estimates
obtained by visually extracting values from the available Kaplan-Meier plots.

8.1.3.2 A BDOGS Trial Design

By construction, BDOGS finds the optimal decision bounds of the form described
in Section 8.1.2.3 under each of a variety of specified potential models, equiva-
lently hazard functions. A key strength of the BDOGS procedure is its ability to
adaptively switch decision boundaries based on the accruing information. In order
to achieve a high degree of flexibility while still allowing implementation of the
BDOGS method to be feasible, to design the NSCLC trial we included 5 potential



8.1 Application of a Bayesian Doubly Optimal Group Sequential Design for Clinical Trials 265

M1 M2
< <
o )
=1 =3
= >
3 5
B o g <
3 S 3 S
@ @
< =
=3 bt =3 bt
& o 2 o
S S
3 3
a =1
o~ o
=] S e
o s T
=3 =3
20 40 60 80 100 120 20 40 60 80 100 120
Number of Events Number of Events
M3 M4
< <
© «
=1 =1
fd Fd
s s
B «© B o
3 ° 3 °
@ @
< =
2 st 2 =
a2 oS 4@ oS
S S
3 3
(=] =]
o o
=1 =1
o o
S =1
20 40 60 80 100 120 20 40 60 80 100 120
Number of Events Number of Events
M5
<
«©
S
g
k=]
£ g Pu
@
T N PL
2 o
S
8
a
o~
=1
=]
S
20 40 60 80 100 120

Number of Events

FIGURE 8.2. Stopping boundaries under the BDOGS design for each of the 5 candidate models,
- increasing hazard, ./, decreasing hazard, .#/3: constant hazard, .#4: initially increasing haz-
ard followed by a slight decrease and .#5: initially increasing hazard followed by a large decrease.
The definitions of P, and Py are given in Section 8.1.2.3.

models, (1) .#: increasing hazard, (2) .#,: decreasing hazard, (3) .#3: constant
hazard, (4) .#4: initially increasing hazard followed by a slight decrease and (5)
s initially increasing hazard followed by a large decrease. If significantly infor-
mative prior data were available, one could specify the prior model probabilities to
reflect such knowledge. However, since we did not have sufficient information to
assign different prior model probabilities, we took the conservative approach of as-
suming that the five models were equally likely, that is, f(.#;) = 0.20 for j = 1,...,5.
Recall that with a BDOGS design the decisions are not based on Z-scores, but rather
posterior probabilities using the decision boundaries given by (8.1.5). Since the de-
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cision boundaries are model specific, we provide a graph of the boundaries under
each model in Figure 8.2.

The initial OF design was proposed with up to two interim analyses and one
final analysis. To accommodate a wider range of potential hazards and reduce the
expected sample size, the BDOGS design was implemented allowing up to 6 interim
analyses plus a final analysis. The analyses are conducted after observing 25, 50, 75,
87, 100, 112, and 122 events. Like the OF design, the BDOGS design has overall
size 0.05 and power 0.90 to detect a 100% increase (doubling) in median PFS time
from 4 to 8§ months.

8.1.3.3 Simulations

To make the comparison of the OF and BDOGS designs fair, we increased the num-
ber of interim tests in the OF design to six in order to match the BDOGS design.
In addition, both approaches monitored the trial at the the same interim numbers of
events and had the same maximum sample size. Also to ensure fairness, for each
iteration of the simulations we first generated the patient arrival times and simulated
the event times under the assumed underlying distribution, and presented the two
methods with the same patient data.

To assess robustness, we simulated the trial assuming seven different true PFS
time distributions, defined in terms of their hazard functions. Aside from the case of
a constant hazard, the hazard functions of the true distributions used in the simula-
tions are plotted in Figure 8.3. The true hazard functions were the Log-Normal that
provided the best fit to the KM plot (LN-Best Fit), the Weibull that provided the sec-
ond best fit to the KM plot (W-Second Best Fit), a Weibull with decreasing hazard
(WD), a Log-Normal with a hazard that increases then decreases slightly (LN-1ID2),
a Log-Normal with a hazard that increases followed by a large decrease (LN-ID3)
and a Weibull with an increasing hazard (WI). The simulation results are summa-
rized in Table 8.2 and 95% confidence intervals of the sample size distributions for
BDOGS and OF under each true hazard are plotted in Figure 8.4.

When the true hazard was constant (Exp), both BDOGS and OF maintained the
targeted false positive rate. However, in the null Exp case the mean sample was 53
for BDOGS compared to 80 for OF, and in the alternative Exp case when 0 = 4 was
65 for BDOGS compared to 87 for OF.

Under the distribution that provided the best fit to the historical KM curve, LN-
BF, BDOGS had actual power 0.88 compared to 0.89 for OF. In terms of median
sample size, BDOGS enrolled 39 patients in the null and 43 in the alternative LN-BF
case, compared to 86 and 91 patients for OF. Thus, BDOGS provided over a 50%
reduction in average sample size with a trivial drop in power. Similar results were
obtained in the W-SBF case, where both BDOGS and OF maintained the desired
false positive rate and power but BDOGS had a much smaller average sample size.

When the true hazard function is increasing followed by a substantial decrease
(LN-ID3), OF has actual power 0.71 compared to 0.89 for BDOGS. The false-
positive rate of BDOGS is 0.07. The average sample size for BDOGS is substantially
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FIGURE 8.3. Hazard functions of the true distributions used in the simulation study: Log-Normal
best fit (LN-Best Fit), Weibull second best fit (W-Second Best Fit), Weibull with a decreasing haz-
ard (WD), Log-Normal with hazard that increases initially then decreases slightly (LN-ID2), Log-
Normal with hazard that increases initially followed by a large decrease (LN-ID3), and Weibull
with an increasing hazard (WI). The standard treatment (solid line) has median PFS 4 months.
Under the alternative, the experimental treatment (dashed line) has median PFS 8 months.

smaller than that of OF, 66 compared to 85 under the null and 71 compared to 95
under the alternative. The main reason that BDOGS fails to maintain the desired
size is that the initial model selection is performed after observing only 25 events.
In general, if the first model selection in BDOGS is performed with a small amount
of data the posterior model probabilities may favor incorrect models, resulting in an
inflated false-positive rate.
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TABLE 8.2. Simulation study to compare the Bayesian doubly optimal group sequential
(BDOGS) design with the O’Brien-Fleming (OF) design. In all cases, the true null median PFS
time is 4 months for the Standard treatment and the alternative PFS time is 8 months.

True False Sample Size, § =0 (6 =4)
Hazard Method Pos. Power Mean 2.5% 25% 50% 75%  97.5%
Proportional Hazards Assumption Met
Exp BDOGS 0.05 0.90 53(65) 30(35) 35(41) 58(63) 63(91) 93(117)
OF 0.05 0.90 80(87) 56(61) 64(70) 85(91) 90(98) 111(118)

Robustness Study - Proportional Hazards Assumption Not Met

LN-BF BDOGS 0.05 0.88 49(54) 31(34) 35(39) 39(43) 62(67) 92(113)
OF 0.05 0.89 81(86) 56(59) 65(69) 86(91) 91(98) 111(118)

W-SBF BDOGS 0.02 0.90 47(44) 30(32) 34(37) 39(40) 60(44) 85(85)
OF 0.05 0.90 79(80) 55(47) 63(64) 84(86) 89(93) 110(114)

WD  BDOGS 0.07 0.90 65(71) 31(36) 56(43) 63(68) 87(96) 114(122)
OF 0.05 0.81 82(94) 58(63) 66(89) 87(96) 92(105) 113(122)

LN-ID2 BDOGS 0.04 0.90 41(46) 29(33) 33(38) 36(40) 41(45) 68(94)
OF 0.05 0.97 80(77) 56(44) 64(64) 85(71) 89(91) 110(110)

LN-ID3 BDOGS 0.07 0.89 66(71) 31(36) 39(43) 64(68) 89(98) 122(122)
OF 0.05 0.71 85(95) 59(63) 68(88) 90(97) 95(108) 116(122)

WI  BDOGS 0.01 0.91 33(39) 28(32) 32(36) 34(38) 36(41) 41(65)
OF 0.01 0.99 78(63) 54(37) 61(60) 82(63) 87(66) 108(90)

When the true hazard is increasing (WI) then both BDOGS and OF maintain the
desired size and power. However, BDOGS has a mean sample size that is less than
half that of OF in the null case, 33 patients for BDOGS compared to 78 for OF.
Under the alternative, BDOGS provides a reduction of 24 patients (39%) in mean
sample size, from 63 to 39. The main reason for this substantial decrease in average
sample size afforded by BDOGS is that, in this case, OF has a greatly inflated actual
power of 0.99.

8.1.3.4 Logistics of Trial Conduct

With a conventional group sequential approach, interim analyses typically are con-
ducted less frequently than with the BDOGS design. As the number of interim anal-
yses increases, however, so does the logistical complexity of actually conducting the
trial. This is an important issue in a multi-center trials. Logistical issues include the
complexity and time involved to collect, clean, and prepare the data for analysis in a
timely fashion. While such issues are a valid concern, the use of available technolo-
gies can greatly mitigate many potential problems. For example, for conducting the
NSCLC trial a secure website has been developed that is similar to the ones utilized
to conduct the adaptive trial described in Maki et al. (2007). The use of such a web-
site greatly decreases the chance of errors in data collection, and also substantially
reduces the logistical burden of collecting and tracking the trial data in real time.
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FIGURE 8.4. Sample size distributions for BDOGS (B) and O’Brien-Fleming (OF) designs un-
der the A) Null case and B) Alternative case. For each line, the dot represents the mean and the
endpoints are the 2.5% and 97.5% percentiles.

8.1.4 Discussion

BDOGS is a computationally intensive Bayesian methodology that provides a very
attractive alternative to conventional group sequential designs for randomized clin-
ical trials. Our simulation study in the context of the NSCLC trial illustrated the
general facts that, compared to a conventional group sequential design using OF
boundaries, BDOGS provides a substantial decrease in expected sample size while
doing a better job of maintaining the targeted power. Under the distribution that best
fit the historical data, BDOGS provided nearly a 40% reduction in expected sample
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size while obtaining actual size and power that were comparable to the standard ap-
proach. A more extensive simulation study given by Wathen and Thall (2008) that
included three different conventional group sequential designs gave very similar re-
sults.

The biggest potential problem with BDOGS arises if the first model selection is
done too early in the trial. With very little data, the performance and accuracy of
the model selection is limited and can increase the false positive rate. Under both
the WD and LN-ID3 distributions,