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e Robot Configuration:

S, - 3
»/2 21 /:\..« ) B
K 1 || = vo |-
B / 7
Cartesian: PPP Cylindrical: RPP Spherical: RRP
2] s
oL —
/:./// 3
(Ll
v e |-
e - Hand coordinate:
7 Vs
g - SCARA: RRP n: normal vector; s: sliding vector;
Articulated: RRR (Selective Compliance a: approach vector, normal to the
Assembly Robot Arm) 6

tool mounting plate



Manipulators -

\AJJM Ay @
OBa 5L Cund ga et (g) 0 aS 1 3-1 al b ) saa
g e
DS o 4 gl Cags 6 245164 o 4 e ) e
g
G Cuxdse D) 5 ) 0 aS 1 N7 Sl sla ) e
PR ORISR

Degree of Freedom (DOF) )l 4a )
Workspace s\ slxd

Payload (load capacity) : b <k
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Given joint variabl
0 =(6,6,,6,,0,,6.,6.,---6)

n

Y =(x,Y,z,0, A,T/ X

End-effector position and orientation, -Formula?
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0 =(6,,6,,--6))






Forward kinematics
X, =1cosé
Y, =1sin@

Inverse kinematics
-1
6 =cos (X, /1)

A yO

Y1
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Joint 2
o %
P Joint 3
9 1
Joint 1 O

O Vi

#E ~ _Tool Coordinate Frame

z, Link 1

ZW
" \World (Base) Coordinate Frame

Link Space S rniEre 4 > Tool Space

1 variables < — 6 variables
(o, .. 8) (x),2,6,,0,0,)
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Joint frame

World frame
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The Use of Multiple Coordinate]| ¢3¢
Frames In Robotics
A, |
X\r ioint '/—~ widget

-

A very simple robot arm with one joint and one gripper. The world, camera, joint, and

gripper coordinate frames are indicated
19
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Point represented in OXYZ:

nyz :[px’ py’ pz]T 4

Vector represented in OXYZ:

Py = Pl + 0, ), + P,K,
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Let X and Y be arbitrary vectors in R® and 6 be
the angle from X to Y, then y

Xy =|x|y|cos @
0 X

Where 6 Is the between the vectors and ‘X‘
Is the

XY=0I1f XiIs to.
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Point represented in O'uvw:

—

Pl,IVW — puiu + ijV _I_ kaW

v

Two frames coincide ==> pu — px pv = py pw — pz
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Py = Pl + 0, ), + P,K,

Pl,IVW — puiu _I_ ijV _I_ kaW
nyz — RI:)uvw
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B 0 (P and P, represent the projections of P onto

OX, OY, OZ axes, respectively
Since

P =p,,+ P )+ P.K,
pX:iX.P:iX.iupu_I_iX.ijV_I_iX.

py:jy.P:jy.iupu+jy.jvpv+jy.

pZ :kZ.P:kZ.iUpU_I_kZ.ijV_I_kZ

<W pW

(W pW

.kW pW
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Oy — Jy.IU Jy.JV Jy.
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szRﬂw
Rotation about x-axis with
1 0 0 |
Rot(x,0)=|0 CO& -S6O
_O S Cdo |
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Rotation about x axis with g
[ 1 0 0 |p,|
=0 cos@ -—sind | p, .
i 0 sing coso | “

D

u

p, coséd—p,Siné

n, SIn@+ p,, cosé
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Rotation about x-axis with 0

Rot(x,0) =

Rotation about y-axis with 6
Rot(y, ) =

Rotation about z-axis with 0

Py = RP,w Rot(z,6) =

.J)}‘U.\MJ.)\J

1 0 0
0 CO -S6
0 SO CO |
' CO 0 SO
0 1 0
-S6 0 CO|
CO —-SO 0]
SO CO 0
0 0 1
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Py = RR,w

_JJ}‘

Obtain the coordinate of Rw from the coordinate of P

Pu
Py | =
| Pw_
I:)uvw — QP)Q/Z
Py = RF,w

K

W

Py
Py

P,

X iu°jy Iu°kz
Lol Il Ik,
'ix kw'jy kW'kz

$QR =R'R=R'R= |3<== 3X3 identity matrix
Q _ R—l _ RT
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e A point a,,=(432) is attached to a rotating
frame, the frame rotates 60 degree about the
OZ axis of the reference frame. Find the

Jlia

coordinates of the point relative to the reference

frame after the rotation.

a,, = Rot(z,60)a,,,

0.5
=1 0.866
0

~-0.866 O
05 O
0 1

—0.598
4.964
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e A point a, =(4,3.2) is the coordinate w.r.t. the
reference coordinate system, find the

corresponding point 4w w.r.t. the rotated OU-V-W
coordinate system if it has been rotated 60 degree
about OZ axis.

a,,, = Rot(z,60)" a,,,
05 0.866 0 4] | 4598

=|1-0866 05 O0|3|=|-1.964
0 0 1|2 2
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If rotating coordinate O-U-V-W is rotating about principal
axis of OXYZ frame, then pre-multiply the previous
(resultant) rotation matrix with an appropriate basic
rotation matrix

If rotating coordinate OUVW is rotating about its own
principal axes, then post-multiply the previous
(resultant) rotation matrix with an appropriate basic
rotation matrix
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Rotation ¢ about OY axis
Rotation @ about OW axis

Rotation o about OU axis R =Rot(y.4)I;Rot(w, #)Rot(u, )

Cp 0 Sg[CO -SO 01 0 0
-l 0 1 0S¢ CO 0|0 Ca -Sa

Answer ... -S¢ 0 Cg| 0 0 1|0 Sa Ca |
[ CgCO S#Sa-CdSéCa C¢SHSa+S¢Ca
=| SO ClCa —ClS«a

|—SgCO SCa+Cfsa Cola—Sea

Pre-multiply if rotate about the OXYZ axes
Post-multiply if rotate about the OUVW axes

36
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e Two special cases

ArP:ARB Br.P_I_ArO'

1. Translation only
Axes of {B} and {A} are
arallel
p ARB _ 1

2. Rotation only
Origins of {5} and {A} are
coincident
r° =0

0
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GEa slal
 Coordinate transformation from {5} to { A}

ArP :ARB B rP _I_Aro'
T VY
ArP - ARB Aro' BrP
1 0., 1 1 S5 o () siga | An
- - T ol G il
» Homogeneous transformation matrix
— —_ —
A A0 B ] Rotation
A-I- . RB ro . R3><3 P3><1 \\ matrix
B - Position
0, 1 0 1

i L ‘ L vector i



1. Translation

2. Rotation

GEa slal

U"B SN o
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Trans(z,h) =

o O +—» O

o rr O O

o O O -

o o —» O

o +» O O

, S5 O O

Py
Py
Pw

P,
p, +h
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e Rotation about the x-axis by

Rot(x,0) =

1

o

0 0
0 C -S6 0
0 S Co O
0 O 0 1

o O O B+

000
[ X X )
[ X ]
o
Jlia
0O 0 Ofp,]
Cod -S6 0| p,
S CO 0] p,
0 0 1] 1]
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e Rules:

Transformation (rotation/translation) w.r.t (X,Y,Z)
(OLD FRAME), using pre-multiplication

Transformation (rotation/translation) w.r.t (U,V,W)
(NEW FRAME), using post-multiplication
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e Find the homogeneous transformation matrix (T)
for the following operation:

Rotation « about OX axis
Translation of aalong OX axis
Translation of d along OZ axis
Rotation of & about OZ axis
T=T,,1, ¢Tal.|

X,a X, " 4x4

Answer: [CO -so 0 o1 0 0 01 0 0 aft 0 O O]
SO CO 0 0|0 10 0[0 1 0 0[0 Ca -Sa 0
o 0 10[001d[oo010[0 S¢ Ca O
0 0 01000 1j0o 00 1j0 0 0 1]
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e For the figure shown below, find the 4x4 homogeneous transformation

matrices i‘1Ai and °A fori=1,2,3,4,5

_nx Sy &y
= ny S, 4,
r"z Sz az
| 0
—
Z2
VA
_________ - 1 2
VA
v *0.: Y1

Py
Py

P,
1

Can you find the answer by observation

OA2=

based on the geometric interpretation of
homogeneous transformation matrix?

-1 0 O 0 |
0 0 -1 e+c
0O -1 0 a-d
0 0 O 1 |
(0 -1 O b |
0O 0 -1 a-d
1 0 O 0
0 0 O 1 |
(0 1 0 -b
-1 0 0 e+c
0 01 O
' 0 0 0 14
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e Any easy way?

Euler Angles Representation
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o
Orientation Representation
e Euler Angles Representation (¢, 9, v )
Many different types
Description of Euler angle representations
Euler Angle | Euler Angle Il Roll-Pitch-Yaw
Sequence| ¢ about OZ axis @ about OZ axis ¥ about OX axis
of & about OU axis @ about OV axis 0 about OY axis
Rotations |y about OW axis ¥ about OW axis @ about OZ axis

49



Euler Angle |
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Orientation Representation

e Euler Angle |

(cosg —sing
R,;,=|sing  cos¢
L0 0

. 0

(cosp —sing
R. =|sSing COS@

0

0)
0

Ly
0)
0

1

’Ru'é’ =

1 0
0O cosé

0 sin @

0 )
—siné@ |,
cosej
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Euler Angle |

Resultant eulerian rotation matrix:

R — Rz¢ Ru'@ Rw”(p

COS ¢ COS — oS @sin )
( _¢ _¢ _ psing sinpsin @

—SIing@sin@cosed —sSin ¢ Ccos ¢ cos b

Sin @ CoS @ —singsin g —Ccosgsiné
+COS@SIN@COSH + COS ¢ COoS ¢ Ccos b

. Singsind cos@siné cosd )
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Euler Angle Il +

Note the opposite
(clockwise) sense of the X
third rotation, ¢.
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Orientation Representation
e Matrix with Euler Angle Il

(—sin ¢sin —sin ¢ cos
psing _¢ i cos¢sing
+C0S@PCOS@COSEH —SIng@CcoS@Ccosd
COS @Sin @ COS ¢ COS @ sinpsing
+SINgcosepcosd —sin ¢ cos e Ccosb
: : . cosd
. —Cosgsing sinpsiné )
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Orientation Representation :
e Description of Roll Pitch Yaw

Az

AN

P

Yaw

A vaw is a counterclockwise rotation of ¢ about the z-axis. The rotation matrix is given by

cosax —s=na 0
R.(e) = | sinae  cosax 0
0 0 1

A pitch is a counterclockwise rotation of (3 about the g -axis. The rotation matrix is given by

Holl

ﬂ cosd 0 smnfj
P_rlt.{‘h]l\_, U —sing 0 cosgd

A »ollis a counterclockswise rotation of v about the T -axis. The rotation matrix is given by

1 0 0
R.(v)= 0 cosy —sinvy
0 smm~ cosq
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