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Lecture 7

State feedback and state
estimators

Topics to be covered include:

Pole placement with state
feedback.

Tracking and regulator problem

Robust tracking and disturbance
rejection

State estimation
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State feedback idea

Pole placement possibility
Pole placement techniques
Output regulating

Robust output regulating

State estimation

State estimation techniques
Reduced order state estimation

Separation theorem
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Pole placement with state feedback
el oo 5l ool b dad bl

X =Ax+bu

y=cx+du

r o+ u X

_.o__,@ )
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State feedback ?

x1 vector

u=r—kx
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Pole placement with state feedback
el oo 5l ool b dad bl

. What are the eigenvalues?
X=Ax+bu

y=cx+du rootsof‘sI-A‘:o

Let u=r-kx where k 1s an 1xn vector

X = Ax+ b(r — kx) x=(A—-bk)x+br
y=cx+d(r—kx) y=(c—dk)x+dr
New eigenvalues? roots of ‘SI -A+ bk‘ =0

Pole placement with state
feedpack . & . st b s e

5 (A, D) gs; 51 ks 5 51 el iy s Ixnaw LK sy o sl (A-DK, D) 5

Lol Jolao 5 el 98 (5 pdy S mus (LS b
X =Ax+bu x=(A-bk)x+br
y=cx+du y=(c—dk)x+dr
C =[b (A-bk)b (A-bk)yb .. (A-bk)"'b]
1 —kb —k(A—bk)b —k(A—bk)'b

7 0 1 —kb —k(A-bk)b
C=[b 4b Ab Ab]
l 0 0 1 —kb
C 0 0 0 1
p(C)=p(C) ‘
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Fole placement with state
feedRACK s jastert b s bl

S ks o 1) blie pdy gy g pdy S el

2] o [ro2] o
= + = —_ X = X r
S T T e Y G - WP A o g B

y=[ 2Jx State feedback y=[1 2]

X

The state feedback equation

0 2
€= L 1- kj ~[C|=-220 is controllable for any k.

1 2 .
0, = {7 ok 4- 2kj - ‘0, ‘ =4k —10- 2k, Observability depends on k.

7

Pole placement with state
feedpack . & . sl | s bl

f=dAx+bu o u=r—kx o i=(4-bhx+br
y= cx + du state feedback y =(c—dk)x+dr

Is it possible to assign the eigenvalues arbitrarily?
oo b ol ol ppdy JysS (I) gomrnt el o¥olas [S1:Y-Y auasd
Oygear Wb Jalizes 059 polie a5 0gad azgi Wb aldl 0ged puad olgds jelay |,
Sg ol ze0 e

el anles aslsl o oLl
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Pole placement With state
feegd»@aggw Sl ooliznl b odad Ll

.5 Lol elyds jolay 35 s oy spolie ol (oo b1 ¥V Jko

00 -85 |l 1 0 -16
x| D0 Sl e 2 — c=[p 4b 4'b]=|2 1 -28
0 1 =7] 10 0 2 -13
1 0 -16
IC|=2 1 -28/=-21 —=> System is controllable
0 2 -13

ol 15 olysds sleilSa y3 1 o polie olgs oo 1

feedback
> a5l eslinl b cdad bl

A0 18 olgsds bl jo 1) ldad Sl &g 10 blie pimmw jo:F-Y Jlo

. 11 1
x(t) = 0o ()+[O]u
Ay=A-BK =] ]“][/q m:[l_“kll;kz]

det(s] —Ay)=(s—14+k)(s—2)=0

s=2 1s a fixed mode.
s=2 1s not controllable. 10
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Pole placement With state
feegd»@ag%@ $oolinl b b Ll

1 0 O 1 w5 8 o 1) blbe s 1PV JL
o b 2 .
X g . (; X+ ) “ = System is not controllable

Sols 1,8 slg3ds sleilSe o 1) o3ng polie g5 o LT

Sals ;1,8 -2, -3, -4 o 1) 054 polie ol o LTI

aly 45 sl il
ols ,1,5 =13, -243] o 1; o%g polie lgs e LTI
gals 1,3 -3, -243], -2-6] 01, 059 polis Ol s LT AV

PJM‘ 6;05‘3 i

Pole placement with state
feedpack . & st b s e

1- Direct method. e (05, =)
2- Use of similarity transformation.
Goiler DA Sl solaiwl -Y

3- Use of Lyapunov Equation
Bl doles 5l eolaiwl =Y
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feedback
el SGad leslanl b dad oL

lekad Joro (sl podlins (29 )

X =Ax+bu
Letu=r—[k k, ..k ]x
y=cx+du
Find : ‘SI -A+ bk‘ = Desired characteristic equation
Polynomial of Polynomial of
Degree n Degree n
Then determine k,, k,, ... , k, from above equation
13

Fole placement with state
feedRack . & . sui | s e
(Y=Y aad Oldl) Ladad Jore opnd )0 (gl ODLAS 5l eolazwl -Y
0 1 0 0 0
x=Ax+bu w=Px 0 0 1 .. 0 0
W= et v e e e wH| .. |u
=[q gAd - qA,H] g=[0 0---1]C 0 0 0 1 0
-a, —a -—a, -a, 1
Characteristic equation of systemis: s" +a, s" +a +..+as+a,
K 1 0 . 0 |
0 0 1 0
Al =] oo
Desired characterlstlc equatlon is:s +b *4..+bs+b, 14




Pole placement With state
feegd»@ag%@ Sl oolil b odad Ll

??? =

k= [0 a b-a b,—-a, ... b ,— anl]

41—
sl o e
A
P[P R %
u=r—kw =r—kPx =r—kx —_— k=kp "

Fole placement with state
feedpack . ; . sui | s e
a2 3 2 o Lkt ISl g0 0 i itaees 50 10—V Lo
C[1o-17 i 10 Cl=~120 :Jg s,
0 -1 1 1 -1
So it is possible to assign the poles on -2+ .

1 1] [1 -k, —1-k
A-bk = - [k, k1=
0 -1] |1 —k, —1-k
s—=1+k, 1+k

k, s+1+k

s+ (ky+hk)s—1—k =(s+2+j)(s+2—j) =5 +4s+5 — k=[10 —6]

System is controllable

sl — A+ bk|=

=5 +(k,+k)s—1-k,
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Fole placement with state
feedpack . & . sui | s bl
s L3 24 o 1) lpdad el &gy bl g 3 10—V Jlio
1 -1 1 1 0 _
x:{ }x—{ }u C:{ } Cl=-1=0
0 -1 1 -1 System is controllable

So it is possible to assign the poles on -2+ .
RIS M9

q B y |-l
P:LA} g=[0 1]C P—L O}

System characteristic equation: s?+0s-1
Desired characteristic equation: (s+2+j)(s+2-j)=s>+4s+5

k=[p,—a, b-al]=[5-(-1) 4-0]=[6 4 —  k=kP=[10 —6]

place(A,b,[-2+i -2-i]) 7

Pole placement With state
feegd»@ag%@ Sl ooliznl b odad Ll

LS Joeo Gmad 55 Bl alalas 5l oolinul -Y

Consider controllable (A, b). Find alxn real k such that (A-bk)
has any set of desired eigenvalues that contains no eigenvalues of A.

2) Select an arbitrary (n-1)x1 vector k such that (F,E) is observable.
3) Solve the unique T in the Lyapunov equation 47 — TF = bk.

4) Compute the feedback gain k = k7"

Theorem 7-3:

If A and F have no eigenvalues in common, then the unique solution T
of AT —TF =bk is nonsingular if and only if (A , b) is controllable
and (F,k) is observable. "

1) Select an nxn orbitrary matrix F that has the set of desired eigenvalues.
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Pole placement With state
feegd»@ag%@ Sl oolizl b odad Ll

Selection of F and /; ek e (e )0 Bgilled alolas jleslin] Y

If the desired eigenvalues are all distinct, we can use the modal form.
For example
If n=5 and the five distinct desired eigenvalues are selected as

Aot jB and a, £ jf, , then we can select Fas |4, 0 0 0 0
0 o p 0 0
F={0 =B « 0 0
0 0 0 «a 5B
0 0 0 -8 a
For this F, if & Has at least one nonzero entry associate with each
diagonal block suchas: % =[11010],k=[1100 ],ork =[11111]

Then (F,k) is observable. o

Pole placement With state
feegd»@ag%@ Sl oolizl b odad Ll

a3 =14 6 -1.540.5] ,o 1, Ledas Ol &ygo o blae g 0=V Jlw

010 O 0 0 1 0o 2
0 -10 1
X= 0 X+ u C= o 20 ‘C‘=36¢0
000 1 0 0 -2 0 10 System is controllable
00 5 0] [-2 -2 0 -10 0
y=[1 0 0 O]x 11 o0 0
We select F in modal form as F = NN R A
0 0-15 05
0 0-05-15

A

[0100;00-10;0001;0050];

b=[0;1;0;-2];

F=[-1100;-1-100,00-1.50.5;00-0.5-1.5];

k_bar=[10 10];

T=lyap(A,-F,-b*k_bar) 2
k=k_bar*iny(T)

12/16/2013
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Tracking and regulator
problems b, s ki Allce

2,5 wals JLis |y aly (25,5 50 i Ll aly Jlosl & jg0 50
fol iz aly (699)5 4 i sl
5 e J s S 58

)= y(s) _ Bs +pBs +Bs+p,

r(s) s'+oas+as +as+a,

g(s

Bl G jlee aly (699,94 2wl

If u(t)=unit step — y(t) =g(0)= g"

4

ISt &) sl
u(t) = pr(t) —kx(1) 2
Tracking and regulator
problems b, g oalats allcs

)| oolaul Q)yo 5o

u(t) = pr(t) - kx(1)
5l s le Jlas! s

y,(8) — Bs’+ Bs + Ps+ P,

r(s) s‘'tas’tas’+tas+a =P8(s)
1 2 3 4

g, (s)=

Bl Gy lee aly (699,54 2wl

If u(t)=unit step — y(@1)| = pg" = pg(0)
4 >
_
P e 2

12/16/2013
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Tracking and regulator
problems b, g palas allcs

:dMs>
as 5,8 Ol gl w50 |, U=T-KX el SGus g asl iy J,u8 (A, b) S
Db pelal Lol Jlaie o gy g a8 T )8 olgsds Ll (o (A-bk) oy yolie

ailas |..\...o 50 LS)‘Q"‘G"“ C(SI-A)_lb ;‘5 053 );\.\.s J).HS (A, b) ;‘ Q]ﬁ03y£5
e 455 S piad (6l S 1P 95 w...;o).efu‘s.ssnu.]l} uS.“Aﬂé).g%)Lcoliﬂ..\.&lg

S s (ilme joha 1) sl Ay 22 0y Az

23
Tracking and regulator
problems (5.,[_10) 5 m—».b.a.’ds.n-ua.n
5,6 53 1) e sl b ISl &g 5 blie s 3 V=Y Jlis
o 1 200l
(0= | 2 (6 + ol System is controllable
y=[1 0] k:[14 57]
u=r-[14 57k — 7
~13 - 1 aperd ‘ | ?
x(t){ ’ ﬂx@{o} e
y=[l ok i s s i s
V) S=2 () =2y e
V(S) Sz +11S +30 r(S) 5=0 30 '1u EI‘S 1‘ 1‘5 ﬁ 2‘5 § 3‘5 4
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Tracking and regulator

problems b, s ki Allce
. -13 -56 p
u=pr—[14 57]x x(1) = 1 ) x(t)+ 0 r
y=[l ok

y(S) _ p(S - 2) ! ‘ Step Re:spnnsg .
r(s) s +11s+30 b v -

|

W) _=2p_,
r(s)l, 30 8
p=-—15

Robust Tracking and Disturbance Rejection

x = Ax+bu+bw

y=cx

w

X X y

b —@

u

J

[ —
R )

ot o] :
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Robust Tracking and Disturbance Rejection

X B A+bk bk || x 0 b
f=derbutbw w5 e 0 Jx ] 1] o)
y=e tate feedb Hk X
state feedbac _ 0 1
S

Y-V auas

5 oK1 wsl aslai I 4o (5,00 g C(SIFA) D S15 000 pdy Ju8 (A, b) 3
i 09 polie (g oo UFKXTK X, cdl> Shaud 5l eolannl b o)lgs (oo (V) s
Sy 18 olgzds bl jo 1) axie

L'c}:{—c 0}{x}+{0}u+{1}+{0}w s 45 o3 lis b LS 6l
a . a (A, b) o9 f._\_, J)_HS Oy 40 JJLM
- O]M el e J5

AsS ol |) o ool asd V-V 2D yoS

Robust Tracking and Disturbance Rejection

9959 9 JLio ez a0y wilo Sl 0 [, T a0 (63959 25 e 0l (LS b >

D9l oo oo W3ls Sl 0 2g,m W lanél 65,5 4 Al Jlesl &jgo j0 dums s wll anilys
s )0 (5,00 o C(SI—A)'lb Ayl g ooy pdy J S (A, b) FACH S-SR P U IPCOWOWISR R S RN

S e Jlio |y aly ey (29,5 T a0 (6995 4 aly Jloel & j50 j0 apms (LiS “‘“l‘;g-“’lb"
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Robust Tracking and Disturbance Rejection

Sy ) Sogo & IS Sl s g oo |y Loaslen Sy sk oS > aloles A=Y Jlie

-0.0507 -3.861 0 -9.81 0 1
) -0.0017 —0.5164 1 0 -0.717 0
X(t)= x(t)+ u(t)+| (w
—0.000129 1.4168 —0.4932 0 —1.645 0
0 0 1 0 0 0
yo=[1 0 0 0k
X, =Av= Sy )0 s x,=q= P& Q—I)\.\,AS
x=a= e el S =u= b Gl
x=0= e

5 obng polie aF 0iS >Lb IS5l S oKy s ool slowlss Joe (sl
RN (/NP Uy py L

29

Robust Tracking and Disturbance Rejection

U(L) 39,9 4 axly aly Jloel & y50 55 @t Fly

Tracking without Disturbance, state: )(1 Tracking without Disturbance, state: )(2

1 0.0
0
0.5
0.0
0 -0.02
0 5 10 0 Lo} 10

Tracking without Disturbance, state: )(3 Tracking without Disturbance, state: ¥

0.02 ]
] -0.01
002 002
AP 5 0 Mg 5 10

30

12/16/2013
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Robust Tracking and Disturbance Rejection

Tracking with Disturbance, state: )(1

Tracking with Disturbance, state: X2

14 0.05
0.04
1
0.0z
04a
a
0 002
0 5 10 0 ] 1o
Tracking with Disturbance, state: Xa Tracking with Disturbance, state: }{4
015 0z
0.1 015
0.0s 0.1
u] 0.05
-0.05 0
5 10 0 5 10 31
Stabilization
sibwylab
X = Ax+bu e ol o | Llie b SY¥oles

2 asbnl gpdy IS Gw il ad) g esg pdil J S w5145 muus D3

25 dslen hos b &jgad

P—l — [ql qz qnl qn]

owu@bduuqumt&w

T 50 50 325 g @Il e 1o 5l ey 05l 055U P oS st Sl (ol 4isS

[)_Cc:| {Zc "ZIZ_—)_CC:| |:b_:|
<= il N R R PR
x| o 4 |x] o

~
~
p—
N
Il
~
|
)
Il
~
|
K
bl
[}
,L‘
o
| I
v
1
I =l
|
|
r\ml
(=) |
=
=
N
(3]
|
| oI
o) »I
(3]
L 1
1
=l =l
| o
| |
+
1
o o
|
N

555 iy el |y s a3l oy A o oing polis 5]
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Use of state estimation to use in feedback loop
Soawd o 43 o0lazwl gl g b 5 e ) salaul

~
-t
<

;
[=]
D

X y
c —

A 4

X X

(i

Estate
Estimator

States are not available!

Condition for b

- X
33

Open loop state estimator ,
3kl 2l 5 e

x = Ax+bu

y=cx

X=AX+bu

e(t) = x(t) — x(t)

e=x-x
= Ax+bu— AXx —bu

é(t) = Ae(t)

e(ty=e"e,
ARSI L]
34

12/16/2013
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Close loop state estimator

ais dil> Sl e

u X X y
a “T | | [F—0—
'
| B :‘
: [1]—s¢
!
1

X=AR+bu+l(y—cR) — E=(4-lo)F+bu+ly

35

Estimation error

O et (gl

e(t) = x(t) — x()
é=5%—%= Ax+bu—(A—Ic)% —bu—I(cx)
=(A-lc)x—(A-Ic)x
=(A-Ilc)(x—Xx)
é(t)=(A-Ic)e(t) = e(t)=e""¢,

0,5 Ll olyds j5bo 4 1 0325 ol Bl (oo 50 43 52

36

12/16/2013
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State estimator ‘
Sl ) ez
F-V auas

)‘o).g AS) )I o\)La.H..J‘ l; u‘y ° ‘) (A-IC) o).|3 ).n)l&n ‘DLQJ ..\.s).aj.:fba)\) ‘) (A, C) Cj)

-V aad ol
[“""b <

(A,c) observable < (A',c") controllable

(A’,c") controllable < All eigenvalue of (A’ -c'k) can be assigned
aribitrarily by selecting a constant vector k

(A'-c'k) = A-ck'= 1=K ;

Use of state estimation to use in feedback loop
Soand e 43 ooliiwl gl Sl 5 e ) salau]

=P o] |--—o1-

X X Estate

[k]s :
| D Estimator

/

el

£=A£+bu+l(cx—c£)

38

12/16/2013
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Use of state estimation to use in feedback loop
Soawd o 43 o0liiwl gl Sl 5 e ) salaul

r_’L.&._,@ P j

39

X=AR+bu+l(y—c¥) Estimator

Use of state estimation to use in feedback loop
Soand e 43 o0liiwl gl Sl 5 e ) salaul

U=r—kr X = Ax —bkx + br
state feedback X =(A=10)% +b(r — k%) +Icx

HE PP K,
vl ol

H {A—bk bk }Her solie 81 Sl o) eess (65,
= r

e casls

é 0 A-lIc|e 0 3,138 05 adgl Sl Souud o

y=[e O]H

I L A ) eds oy polie ien

12/16/2013
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Use of state estimation to use in feedback loop
Sowd e 43 o0liiwl gl Sl ) e ) sslaul

\J\/\/R\/\,_I‘VWN_T Zde.)—:ig)ﬁ;)o |)J)L5—ﬂd—\—1MWMJl>‘5LABA_AYQl&Af—V L}.i)‘o.:
o !

-
0 1 0 0
$=[980 0 —208|x+| 0 |u
)
0 0 -100| |100
y=[l 0 ok

255 5810 5 -2H2] 5 aiie s oy polie oS S (b U Soad (Al

WS e olgds Jho o8 adsl byb 4y | et Eb (@

S b o 5 e 3l eolisid b el Soid pies sy (2

AaS ey Sl 5 el eslail b lodore o Chond jao pf adsl b pd 4 1) i ol (0

S oy S8 S 95 2 1) (e Sl g a2y Sl (o
41

Reduced state estimation
asl rels o b b oy ess

g5 45 ool oY L T il V=X e lyins o5 353 oo 558 Cand cal
)18 0925 gy 9955 cnl 6l ey et |y b -1 i oailedly (sloll>

1- Use of similarity transformation.
Goiler DA Sl eolaiwl -

2- Use of Lyapunov Equation
Bl doles sl oolaul -Y

)

12/16/2013

21



Reduced state estimation

wily alS e b Sl o (e
il (mals s b cdls o) opmess 50 Beilld alobes 5 ool

adly Jalf sa b Sl ) e et 53]

olgzds gl O—‘ o5y polie a5 0uS o gl WSS | F sus (n-1)x(n-1) ol =Y
..\.u.vl; A o).s3 ))\)La.o )‘ ).»Lo...a 9

sl iy S (A) zgp 45 0uS pebsss ol g% |, (-1l am b1 oy Y
Awlo 1y el (n-1)xn aws syl a5 TA-FT=Ie Gyl dolas 0,8 pasio wlg> -
5 o D=1 doles o 5l cs le V> e -F
z=Fz+Thu+ly
L[
x=
T| |z
(A,C) g iy S e ohug slaie A g F asiul o900 10 (598 alal) )0 (wgSas 3929
D9 (oo s (6l 4B (b il pdy S5 (B 5 pigacys,

Reduced Dimension estimation error
Ay RalS Gl oy eesd sl

- B

oS LS a5 Ceul S canl y=OX oSl 4y Sl >

z=Fz+Thu+ly
xX=
T| |z

z—>Tx
) s le Uas
e=z—-Tx

é=:—Ti=Fz+Thu+ly—TAx—Thu

=Fz+lcx—TAx
Seibld alal) 4 azgi L
e=Fz—FTx
e=Fe *

12/16/2013
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Reduced state estimation

asily el s b Sl 5 et

X, 0 1 0 | x 1 1 S5 s o 1) bl sl Sl (glad SYolee (DY (9 wod
X =10 0 T o[ x, [+| -8 u

X, 0 -24 -10|x,| |106

s 0539 p0lae a5 S b Sl Shaud (!

x, .
S 135 4-142
y:[l 0 O] X, S IBU R ) 5o dxie
X S ey 053 jao il adyl byt 4 ) s ks (o

205 ez Glekd a5 0 ST Sk JelS 4 e Sl 5 e Sl eoliil b el Soad i 1 (7
w34 -104-10 4 -10

AaS ey Sl 5 el eslaiil b lodore o o jao pf adsl b pd 4 1) i by (0
DS ey JS8 S5 (595 2 1y (e Sl 5 e (2Bly Sl (o

S (Sl 4 08 ol iy 2l amy b Sl o a5 eslitl b Sl Sod s sl (s
S S5 5 1, e g 70 e il 10 4210 5 o

45

EXErcises L pod

DS LS Y-V a8 V-V oy el

3 G0 b C(SI'A)_lb Sl g oog iy S8 (A, D) asul (531 iy SISO s )0 :Y=V (2 yod
D9 o0 oo W38 Cl 0 29, m W Blanél 60555 4 aly Jleel Djao jo aies lad all 4l lae

D
—
)

2 o gt O(SI-A) ' aSul 5 005 ndy S8 (A, b) aSial (5,5 L 398 JS witaeas ;3 2F=V (9 0
S oo s |y aly Ll g3 (29 ST gz se (53,5 4 4l Jlesl D50 po dpes las wnl m':; lase
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EXErcises L, pos

AN 10y S0 Sl yo 1) blie Bl picenw <l (glad O¥olae (F-V o g
o I

- |
0 1 0 0
Y =980 0 —208[x+| 0
©® 0 0 —100| [100
y=[t 0 o)

258 )13 =10 5 -282] o azcis ghapes oy polie &5 05 (b Sl Koo (L

S oy olg2do jho i adgl byl a | s sy (0

S Ll Sl 5 e 5l eslial b el i g sl (@

S sy S (5 e S ool b oazme o Connd o pif adgl byd a0 ) g gy (0

S oy S S 695 2 1) (e Sl g ptns (ABly LA (o

47
EXErCISES L pod
X, 0 1 0 | x 1 10 S o 1) bl el Sl (glad SYolee :O-Y (9 wod

X (=10 0 o[ x, [+| -8 u

%] |0 —24 —10] x| |106

X s 0519 polae a5 9S>l Sl Shaud (!

v=[l 0 0] xl 258 585 g - 1E2) 0wz
- 2

X, WS e olgls Jao o8 adsl byd 4l et b (@

205 ez Glekd a5 0 ST Sk JelS 4 e Sl 5 resd Sl eolil b el Soad s (1 (7
w54 -104-104-10

DS ey Sl 5 el eolainl b loaore o o jao pf adsl b pd 4 1) i ol (0
DS ey S8 S5 (595 2 1y (e Sl 5 s (2Bly Sl (o

e (slgalsh &S 08 ok asily lS e b Sl ) e 5l ool b Sl Kb e sl G5
S S5 5 1, 76 5 7o s sl <10 5210 5 o

48
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EXErcises L pos
{xl}_{z 1}{%}{1}” 2005 50 1) blie pitee b slad o¥slas (Y oy yod
o[- 1x] [2

anH

255 8-l g2 jo aziis i oy polie oS wiS (b Al Shud aslen s ooy (@
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