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Net and Prune:
A Linear Time Algorithm for Euclidean

Distance Problems

Sariel Har-Peled, Benjamin Raichel
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Task: Return kth smallest number in X = {x1,...,X%,}. ]

Randomly select a value:

X]_’xz,o.o,.Xi,o-o,x"

i

Pivot on x;:

All Values < x; || Xj || All Values > x;

i

rank of x; = size of this set +1
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Cases:

(1) If rank of x; = k: Your done!

(2) If rank of x; > k: Recurse on values < x;
(3) If rank of x; < k: Recurse on values > x;

Linear in expectation
e x; randomly sampled = |< x;| = |> x| = |X]| /2.

@ |X| decreases geometrically:
= Run time = Y. |X]| /2" = O(|X])
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Linear time decider D(r) s.t. for r € IR*, D(r) returns:
(1) r = f(P) (2) r < f(P) (3) r > f(P)
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Guess, Check, Zoom!

]

Case 1: r =~ f(P) Case 2: r < f(P) Case 3: r > f(P)

Bullseye! Congratulations your done! Can't see forest for the trees. Head is in Magellenic clouds.
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ZOOM OUT! 200M IN!

¢ s> . 4uiS o pus La-N€t & 1, Ll :Zoom

/




(-

bla 40,5 laws

Dt v bl ol il Jlode ladd b ob-K paie 0,5 o jo @
2 0 599 Ju)‘dw/).».oj d.LadeGL:LO.a :J.‘> o‘) o

The algorithm we want

1)
2)
3)
4)

Sample a distance r.

If r =~ f(P) — done.

If r < f(P) — throw out 1/2 of points by zooming out.
If r > f(P) — throw out 1/2 of points by zooming in.

Running time:

e In ith round |P;| < |P]| /2
o Total run time: > . [P;| < > . |P| /2i = O(|P])
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Lonely Friendly
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In Expectation

r randomly sampled = E[|Lonely|] = E[|Friendly|] = |P| /2 .

/ooming out:
@ Throw out most of Friendly.

/ooming in:
@ Throw out most of Lonely.

(-

Throw out constant fraction in O(|P|) time
=> geometric series => linear run time.




r-net
N C P is an r-net if

A > o gloswils bl

e Balls of radius r centered at N cover the point set.

@ For any two p,q € N, we have d(p,q) > r.
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o E[[Lonely|] = |P| /2
@ Can remove Lonely in O(|P|) time.
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Friendly
> 1/2

Barely Friendly Lonely
1/2 N.A
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@ Half of Friendly removed by r-net
@ r randomly sampled = E[|Friendly|] = |P| /2
@ = 1/4 of P removed by r-net.

LS

How much do r-nets throw away?

r-nets: Running Time
@ r-net easily computable in O(|P|) time.
e = O(|P|) time to throw out constant fraction.
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The Technique in 3 steps

(1) Call D(r) on randomly sampled value from NN(P).
(2) r too small: net points together.
(3) r too large: prune away isolated points.

Trash removal

How much do we remove:
(i) Net removes |P| /4
(i) Prune removes |P| /2

Running time:
o In ith round |P;| < (3/4)'|P]
o Total run time: > . |Pi| < Y °.(3/4)'|P| = O(|P])
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Prune and Search:
@ Randomized median selection

o Low dim LP: [Megiddo, 1984]

@ Searching sorted matrices:
[Frederickson and Johnson, 1984]

® many others (see paper)

Grids and nets:
e CP, Grids, randomization: [Rabin, 1976]
@ k-center, grids: [Har-Peled, 2004]

@ nets: [Krauthgamer and Lee, 2004]
[Har-Peled and Mendel, 2006]

@ many others (see paper)
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e Net & Prune!
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