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W Module 'r%

for

The Lin-Bairstow Method

Quadratic Synthetic Division

Let the polynomial r (x) of degree n have coefficients s;17,. Then r (x) has the familiar

form

(1) P(X) = 8% 480 XL 4 eee 8 X5 4 0ue +8X° +@ X0 +81X 48

Let Tx) = x* - rx - s be afixed quadratic term. Then r (x) can be expressed as

(2) P(X) = (x) —rx-3)0(X) + u(x-1) + v,

where rx) = ux-r) + v istheremainder when r x) isdividedby Tx) = ' -rx -3)

. Here 1) isapolynomial of degree n-2z and can be represented by

(3) Q)= by 4 by X" 4 ... +bgx’ + bax + by .

If weset b,-u and b, -+, then

(4) P(x) = (x! —rx-3)0(x) + R(x),
where

(5) R(X) = by (x-1) + by

and equation (4) can be written

(6) P(X) = (¥ —rx -3) (byX™™ + byax™ 4 ...+ bex® + bax + by) + by (x-1) + by.
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The terms in (6) can be expanded so that ¢ (x) is represented in powers of x.

-1

P(X) = bpx" 4 (bpa-tby) X" + (bng-Tbyy-3b) X" 4 ...+ (by - Ebyyy - Shyys) X5+ ...

+ (bs-rhy-35hs) %x° + (bg—rbs-sby) x* + (by-rbhs-5hs) x + (by -t by - 5by)

(7)

The numbers 1, are found by comparing the coefficients of x* in equations (1)and

(7). The coefficients n12, of o) and R (x) and are computed recursively.

(8) Set b, -=a,, and

bpa = 8 + £by and then

by = 8x + Ehyy + Shye,: TOr k=n-2n-3 ...,21,0.

Proof Lin-Bairstow Method Lin-Bairstow Method

Example 1. Use quadratic synthetic division to divide px) = x*+ 6x* - 20x* + 22x + 8
by Twm) = x+2x- 3.

Solution 1.

Heuristics

In the days when 'hand computations® were necessary, the quadratic synthetic division
tableau (or table) was used. The coefficients a7, of the polynomial are entered on the
first row in descending order, the second and third rows are reserved for the intermediate
computation steps (+rby,, and +shy,; ) and the bottom row contains the coefficients b,

s Baa=any+rb, AN ({by = ay + £ by + 9 byys s -
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Input n an.1 8n_g 8n.z oo Ay - ag a ay
r 4 + by +rbn, +rbn: - +rbyg - + b, + rbg +rby
3 4 + 8by, +8bnay - +3by o + 5hy + Sby + 8 bg
A A A A A A A
by, bna bn_s bra - by - b by | by

Example 2. Use the 'quadratic synthetic division tableau’ to divide
Px) =x +6x*-20xt +22x+8 DY Tx) = x* + 2x - 3.

Solution 2.

Using vector coefficients
As mentioned above, it is efficient to store the coefficients (apgipt: of a polynomial

r (x) of degree nin the vector a-= (apy, apyg. ---. app 2y} - NOtice that this is a shift of the

index for agg and the polynomial r xy is written in the form
P(x) = Zam”,l]] Xk .
k=0

Given the quadratic Tx) = x* - rx - 3, the quotient 1) andremainder r x) are

n-i
Q(x) = Z bm(_,,gn Xk
k=0
and
R (xX) = bngn (x-1x) + b[I.l.]] .

The recursive formulas for computing the coefficients (bpginth of 0 x) ad R (x) are

By = &gy aNd

big = 8 + Ebpnug » and then

&m‘n+rhm‘_,1n+sbuk+gn fOF k=n-1, ...,3,2,1.

b
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Example 3. Use the vector form of quadratic synthetic division to divide
Px) =x+6x*-20xt+22x+8 DY T =xP+2x-3.
Solution 3.

The Lin-Bairstow Method

We now build on the previous idea and develop the Lin-Bairstow's method for finding a

quadratic factor «* -rx -s) of p ). Suppose that we start with the initial guess

(9) x - rex - 3

and that r (xy can be expressed as

P(x) = (xz—rgx—so)ﬂ(x) + U (X-Xy) + V.

When u and v are small, the quadratic (9) is close to a factor of » xy. We want to find

new values r, and s, SO that

(10) x' —nx -8

is closer to a factor of r (xy than the quadratic (9).

Observe that u and v are functions of r and s, thatis

u(r, 3), and

=
]

<
]

v(x, 3).

The new values r, and s, Ssatisfy the relations

¥y = ry + Ar, and
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31 = 5y + A3,
The differentials of the functions u and v are used to produce the approximations
V (X1, 31) = V (Yo, S¢) +Vr (Xg, 5¢) AL + WV, (Xg, 39) AS

and

u(ry, 31) = WU (Xo, 3¢) +Ur (Eg, 3¢) AL + U, (Eg, 39) AS

The new values r, and s, are to satisfy

v (£, ) =0, and

0.

u(ry, s1)

When the quantities ar and 4s are small, we replace the above approximations with

equations and obtain the linear system:

o
L}

v (Lo, 39) +Vr (Lo, 39) AL + Vv, (Lo, 39) AS

(1)

o
n

u (g, 3¢) +WUr (X, 3¢) AL + U, (Xg, 3¢) AS

All we need to do is find the values of the partial derivatives v, (x4, =), v. (ro, s0) » Uz (o, 30)
and u, (x,, s,) and then use Cramer's rule to compute ar and as. Let us announce that the

values of the partial derivatives are

Vr (o, S9) = C1
v, (o, 39) = C
Ur (g, 39) = C
u; (g, 39) = Ca

where the coefficients (c,} are built upon the coefficients b, givenin (8)and are

calculated recursively using the formulas

(12) Set ¢,-b,, and

Cnl = by + XCp and then
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ck=bk+rck+1+sck+z f0r k=n-2,n-3, ...,2, 1.

The formulas in (12) use the coefficients (n,} in (8). Since

by = v (x, 39) , and

by u (g, So) and

the linear system in (11) can be written as

CrAr + CczAs = - by
CzgAY + C2 A3 = -b)

Cramer's rule can be used to solve this linear system. The required determinants are

-by c;

cy -by |
-by c;

I’ 4 = | c; -by

|, and a = |

and the new values r, and s, are computed using the formulas

ry =Xy + —,

and

[}

L]
=

+

S1

Proof Lin-Bairstow Method Lin-Bairstow Method

The iterative process is continued until good approximationsto r and s have been
found. If the initial guesses r, and s, are chosen small, the iteration does not tend to
wander for a long time before converging. When x .o, the larger powers of x can be

neglected in equation (1) and we have the approximation
0= P(X) = agx2 +8) X + 3.

Hence the initial guesses for r, and s, could be & = -:—: and s = -:—:, provided that

azg # 0.
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If hand calculations are done, then the quadratic synthetic division tableau can be

extended to form an easy way to calculate the coefficients ic: .

Input n an.1 an_g 8n_2 ay ag a ay
r 4 + by +rboy + Ebns + Lbhya + b, +rhb; + by
3 4 + 3 by +3bn + S by, + 3hy + 3h, + 3 b;
A A A A A A A
b, bna | bn_z by b; by by
4 + L Cp +XCn1 + ¥ Cp_g + L Cpq1 +LCs +rC;
4 + 3 Cp, +38Cph + 8 Cpys +3Cq +30C»
Cn Cnal Cn-2 Cn-2 Cx Cy =31

Bairstow's method is a special case of Newton's method in two dimensions.

Algorithm (Lin-Bairstow Iteration). To find a quadratic factor of r (x) given an initial

approximation x*-r,x-s,.

Computer Programs Lin-Bairstow Method Lin-Bairstow Method

Mathematica Subroutine (Lin-Bairstow Iteration).
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Bairstow[r00_, s00_, max ] :=
Module[{j = 0, k, n= Length[a] - 1, r0 = N[r00], s0 = N[s00]},
c=b=Table[0, {i, n+1}];
Print['x’ - ", "r";, " x - ", "s";, " = ", PaddedForm[x "’ - r0x - s0, {16, 15}] ]:
While[ j < max,
by = agnag’
by = agny + ¥0bpaay?
For[k=n-1, 1=k, k--,
bpy = apxy + *0bp.ay + s0bp2gt 10
Cn.y = Pnags
Crn3 = Prny + ¥0Cpnay?
For[k=n-1, 2 =zk, k--,
cmy = by + ¥r0cpay + s0cp.2y: 16

C C
ao = Det[[ =1 m]]:
CE1 Crl
a1 - pet[[ T2 °B1Yp,
-hry cpg
C -b
a2 = Det[[ =1 Il11']]:
cE1 -bPra
rl =1r0+ —;
do
a2
sl = 50 + —;
do
j=3+1
Print[“x2 -, "l’.‘"j, "y -, "S"j, L Pa-d-dedfom[x“z" ~rix - s1, {16, 15}] ]:
r0 = rl;
s0 = s1; |:

Rxaturn[x2 - rix - s1]: ]

Example 4. Given p ) = x*+x*+3x*+ax+6. Startwith r, - -2.1 and s,--1.9 and use the
Lin-Bairstow method to find a quadratic factor of r (x).

Solution 4.

Research Experience for Undergraduates

Lin-Bairstow Method Lin-Bairstow Method Internet hyperlinks to web sites and a

bibliography of articles.

Download this Mathematica Notebook Lin-Bairstow Method
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Example 1. Use quadratic synthetic division to divide »x) = x*+ 6x* - 20x* + 22x + 8 by T =x*+2x-3.
Solution 1.

First, construct the polynomial r x).

as=1; a3 =6;: az =0; a; =-20; a; = 22; ap = 8;

n=>5;

P[x ] = 2 akxk;

k=0
Print["P[x] = ", P[x]1:

P[x] = 8+22x-20x"+6x*+x°

Second,given T(x) = x'-rx - s construct the polynomials q (x) and R (x) .

r=-2;
s = 3;
'l‘[x_]:xz-rx-s:
by, = an:

boa = aga + rbhg:
For[k=n-2, 0=k, k--,

by = ax + rbya + shy2i 1t
n-2

0% 1 = ) by X'
k=0

R[x ] = by{x-r) + by:
Print["P[x] = ", P[x]1:
Print["T[x] = ", T[x]1:

Print[" r =",r]:
Print [" s =",s8];
Print[""]:
Print["a",, " = ",a,," and ","b",," =","a",," =", b,];
Print['a'na, " = ", axa, " and ', th'ag, " =, tatna,t e r ', UBUaa, o= s, e (L ) by, ") = bl
For[k=n-2, 0=k, k--,
Print['a"y, " = ", &, " and ', 'BY, M o=t tat, M e r Bk, e s, B, o= At e (U, M, b,
Y+ ("es, "I B2, ") = k] TG
Print[""]:
n2

Print["Q[x] = ", Z "hiy o X 1:

Print ["R[x]
Print[""];

Print ["Q[x]
Print ["R[x]

k=0
= by {(x-r) + hy" 1:

=", 0[x]1:
=", R[x]1]:

10/21/2013 06:24 PM
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Px] = 8+22

T[x] = -3+2
r = -2
3 =3

as = 1 and
ag = 6 and
a; = 0 and

@; = -20 and by = @; + r by + 3 by = =20 + (=2) (=5) + (3) (4

a) = 22 and
ay = 8§ and

http://math.fullerton.edusmathews/n2003/bairstowmetho...

x-20x"+6xtex’

)'(+)(z

bg = ag =1

by = a3 + £ hy = 6 + (-2)(1) = 4

by = a, + x by + 3 by =0+ (-2)(4) + (3)(1) = -5
=2

by =a + r by + 3by = 22 + (-2)(2) + (3(-5) =3

by =@ + by + 3hy =8+ (-2)(3) + (3)(2) =8

Q[x] = by +Xby+x by +x° bs
R[x] = by (x-1x) + by

0[x] = 2-5x+4x"+%°
R[x] = 8+3 (2+x%)

Third, verify that p ) = ! —rx-3) 0 (x) + by (x-1) + by .

Print["P[x] = ", P[x]1:
Print['r = ", r]:

Print["s = ", s];

Print['T(x) = (& - r x - s)"]:
Print["T[x] = ", T[x]1:
Print[""]:

Print["Q[x] = ", Q[x] 1:
Print["b; = ", b1]:

Print["hy = ", hyl:

Print[""]:

Print ["P({x)
Print["P(x)
Print[""];

Print ["P (x)
Print["P(x)
Print ["P{x)
Print ["P(x)
Print["P(x)
Print ["P({x)

= T{x)Q{x) + R{x)"]:
= TEA(x) + ba(x - r) + bo"]:

= (€ -rx-8)0x) +bi(x-1)+b"]:
= (", TIx], "){(", Q[x1, ") + (", by, "I(", x -2, ") + (", b, ")']:

= (", TIx1, ") (", QIx1, ") + (", Expand[by (x - )1, ") + (", bo, "}"]:

=", ba(x -r) + by, " + ", T[x]1Q[x]]:
=", Expand[ by (x - r) + bo]," + (", Expand[T[x]Q[x]1], "}"]1:
=", Expand[T[x] Q[x] + by {(x - r) + bgl]:

Print["Is this the original polynomial ?"];
Print [ExpandR11[ P[x] == T[x]Q[x]+ by {x - r) + byl ]:

2 0f 4
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P[x] = 8+22x-20x"+ 6xt4x’

r = -2

3 =3

T(x):(xz—rx—s)

T(x] = -3+2%x +x°

Q[x] = 2-5x+4x’+%°

by =3

by = 8

Px) =Tx)Q(X) + R(x)

P(x) =TX)Q(X) + by (x -1x) + by

P(x) = (x - rx-3)Q(x) + by (x - £) + by

P(X) = (-3+2xX+xX)(2-5x+4x"+x*) + (D (2+x) + (8)
P(x) = (-3+2%x+xX)(2-5x+4x +x*) + (6+3%) + (8)
P(x) = 843 (2+%) + (-3+2x+x9) (2-5x+4x* +x%)
P(x) = 14+3x + (-6+19x-20x"+6x*+x)

P(x) = 8+22x-20x"+6x*+x°

Is this the original polynomial ?

True

We are done.

Aside. We can have Mathematica compute the quotient and remainder using the built in

procedures PolynomialQuotient and PolynomialRemainder. This is just for fum

Q[x_] = PolynomialQuotient [P[x], T[x], x]:
R[x_] = PolynomialRemainder [P[x], T[x], x]:
Print["P[x] = ", P[x]1:

Print["T[x] = ", T[x]1:

Print[""]:

Print["Q[x] = ", O[x] 1:

Print["R[x] = ", R[x]1:

Print[""]:

Print["P[x] = T[x]Q[x] + R[x]" 1:

Print["P[x] = ", T[x]1Q[x1, " + (", R[x1, ")" 1:
Print["P[x] = (", Expand[T[x]Q[x11, ") + (", R[x]1, ")"1:
Print["P[x] = ", Expand[T[x] Q[x] + R[x]1]1:

P[x] = 8+22x-20x"+ 6xt4x’
T[x] = -3+2x+x°

Qx] = 2-Sx+4x"+%°
R(x] = l4+3x

P[x] = T[x] Q[x] + R[x]

PIX] = (-3+2x+x") (2-5x+4x’ +x’) + (14+3x)
Px] = (-6+19x-20x" +6x*+x™) + (14+3x)
P[x] = 8+22x-20x" +6x*+x’
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Example 2. Use the 'quadratic synthetic division tableau" to divide

Px) =x +6x*-20x" +22x+8 DY Tx) = x* + 2x - 3.

Solution 2.

Use the "quadratic synthetic division tableau"

Input ag ag a, ay a) ap
r 4 + rbg + by + by + by + by
3 4 + S bg + S hy + Shy + S hg
A A A A A
bs by b, b; by | by
Output Output
Sincé Tx) =x*-rx-s WeUSe r--z2ands=3.

Input 1 ] 0 - 20 22 8
r=-2 4 +(-2)1 +(-2) 4 +(=2) (-5) +(-2) 2 +(-2) 3
s=3 4 +(3) 1 +(3) (4) +(3) (-5) +(3) 2

1 4 -5 2 3 g

bg by by by by | by

Output Output
Then simplify and get.

Input 1 6 0 -20 22 8
r=-2 4 -2 -8 +10 - 4 -6
s=3 4 + 3 +12 - 15 + 6

1 4 -5 2 3 g

bs by b, by by | by

Output Output

Thus we have

Q(X) = bsxg +b4Xt +ng +bg

Q(x) = ¥ +axt - 5x +2
and

R(xX) = by (x-1x) + by

R(x) =3 (x+2) +8

10f3
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This agrees with our previous computation in Example 1.

We are done.

We can let Mathematica verify the result.

P[x ] =3 +6x" - 20 + 22x + 8;
T[x ] =% +2x- 3;

0[x ] =X +4% - 5%+ 2;

R[x ] = 3(2+%) + 8;

Print["P[x] = ", P[x]1:

Print["T[x] = ", T[x]11:

Print[""]:

Print["Q[x] = ", Q[x]1:

Print["R[x] = ", R[x] 1:

Print[""]:

Print["P[x] = T[x]0[x] + R[x]" 1:

Print["P[x] = ", T[x]1Q[x], " + (", R[x], ")" 1:
Print["P[x] = (", Expand[T[x]Q[x]]1, ") + (", R[x], ")" 1:
Print["P[x] = ", Expand[T[x] Q[x] + R[x]111:

P[x] = 8+22x-20x" +6x* 4+ x°

T[X] = -3+2x+x°
Q[x] = 2-5x+4x" +x°
R[xX] = 8+3 (2+%)

P[x] = T[x] Q[x] + R[x]
PIX] = (-3+2x+x") (2-5x+4x"+x%) + (B8+3 (2+x))
PIX] = (-6+19x-20x" +6x*+x%) + (8+3(2+x))
P[x] = 8+22x-20x"+6xt+x’
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Example 3. Use the vector form of quadratic synthetic division to divide

Px) =x +6x*-20x+22x+8 DY T =xP+2x-3.
Solution 3.

First, construct the polynomial r x).

{8, 22, -20, 0, 6, 1};
Length[a] - 1;

P[x ] = Z a[k.l]]xk?
k=0

n

Print["P[x] = ", P[x]]:

Px] = 8+22x-20x" +6x*+x°

Second,given Tx) = x*-rx - s construct the polynomials q (x) and R (x) .

r = -2;

s = 3;

T[x ] = ¥ -rx - s;

b = Table[0, {i, n+ 1}]:

brn.ay = agnags

bray = agag + T bpnag?
For[k=n-1, 1=k, k--,

bog = apg + rbhpay + sbpaey: 16

n-2
O[X_] = Zh":k@]]xk:
k=0

R[x_] = h[[z:u {x-r) + h[]_j_]]:
Print["P[x] = ", P[x]]:

Print["T[x] = ", T[x]1:
Print[""]:

Print["Q[x] = ", Q[x]1:
Print["R[x] = ", R[x] 1:

P[x] = 8+22x-20x" + 6x* 4+ x°
T[x] = 342X 4%

Q[X] = 2-5x+4x" +x°

R[x] = 8+3 (2+x)

10f3 10/21/2013 06:23 PM
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Third, verify that p ) = x* —rx-3) Q0 (x) + by (x-1) + bpy .

Print["P[x] = ", P[x]1:

Print["r = ", r]:

Print["s = ", s]:

Print["'T(x) = (€ - r x - 5)"]:
Print["T[x] = ", T[x]11:
Print[""]:

Print["Q[x] = ", Q[x]1:
Print["bpg = ", bpgl:

Print["bpg = ", bpyl:
Print[""]:

Print ["P(x)
Print ["P(x)

T(x)Q(x) + R{x)"]:
T{x)Q{x) + h|[2]](X-r) + hmnlll;

Print[""];

Print["P(x)

( - r x - 8)0(x) + bpy(x-r) + bpy']:

Print["P(x) = (", T[x], ")(", Q[x1, ") + (", by, "I(", x-x, ") + (", bpy, ")']:
Print["P(x) = (", T[x1, "){(", Q[x]1, ") + (", Expand[bpy (x - ¥)1, ") + (", bpy, ")"1:

Print ["P(x)
Print ["P(x)

LI hﬂ:g]] (x -r) + hlf-l-]]’ "o ", TIx]10[x]1]:
", Expand[ by (x - r) + bpgl, " + (", Expand[T[x]0Q[x1]1, ")"1:

Print["P(x) = ", Expand[T[x] Q[x] + by (x - ¥} + bpyll:
Print["Is this the original polynomial ?2"]:;
Print [ExpandR11[ P[x] == T[x]Q[x]+bpy (x - r) + bpyl 1:

P[x] = 8+22x-20x"+6xt+x

s

r = -2

8 =3

Tx) = (xz-rx-s)

T[X] = -3+2x+x%°

Q[x] = 2-5x+4x° +%°

bpg = 3

bpy = 8

P(x) =Tx)Q(x) + R (x)

P(x) =T(x)Q(x) + by (X-1) + bpy

P(x) = (x - rx-3)Q(x) +bpy (x-xr) + bpy

P(X) = (-3+2%X+x)(2-5x+4x"+x°) + (3 (2+x) + (8)
P(X) = (-3+2x+X)(2-5x+4dx" +x’) + (6+3%x) + (8)
P(X) = 8+3(2+%X) + (-3+2x+x) (2-5x+4x’ +x9
P(x) = 14+3% + (-6+19x-20x"+6x*+x")

P(x) = 8+22x-20x" +6x* 4%

Is this the original polynomial 2

True
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Example 4. Given px) = x*+x*+3x'+ax+6. Startwith r, - -2.1 and s,--1.9 and use the

Lin-Bairstow method to find a quadratic factor of r (x).
Solution 4.

Enter the coefficients of the polynomial.

a={6,4, 3, 1, 1}:

Length[a] - 1;

P[x ] = Z a[k.l]]xk?
k=0

n

Print["P[x] = ", P[x]]:

P[x] = 6+4x+3x +x° +x*

Enter the starting values r, - -z.1 and s,--1.9 and call the subroutine Bairstow.

r0 = -2.1;
s0 = -1.9;

Bairstow[r0, s0, 5];

x* - rg X - 8 = 1.900000000000000 + 2.100000000000000 X + x*
xt - ry ¥ - 8 = 1.94993838192338374+ 1.989302820836306 X + x°
xt - r; X - 8z = 2.000150979221003 + 1.999992769904759 X + x°
xt - ry X - 8p = 1.999999991124103 + 1.999999996545100 X + x°
x* - ry X - 84 = 2.000000000000000 + 2.000000000000000 X + x*
x* - rs X - 85 = 2.000000000000000 + 2.000000000000000 X + x°

Verify that a quadratic factor has been found.

Tx ] ¥ -rix - s1;

n-2
Q[x_1 = D' bpag X'
k=0

R[x_] = hu:z:n {x-rl) + hn:]_]]:

Print["P[x] = ", P[x]1:

Print["T[x] = ", T[x]1:

Print[""]:

Print["Q[x] = ", Q[x]1:

Print["R[x] = ", R[x], " = ", Expand[R[x]] 1:
Print[""]:

Print ["P[x]
Print ["P[x]

&

Q[x] TI[x1" 1:
", 0[x1, "){", T[x1, ")" 1:

@
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P[x] = 6+4x+3x +x° +x*

TX] = 2. +2. X +x%°

Q[x] = 3.-1l.x+x"

R[x] = 0.+0. (2. +%) = 0. +0. %

P[x] = Q[x] T[x]
P[X] # (3.-l.%x+x)(2. +2.%x+x%)

We are done.

We can let Mathematica find the factors too. This is just for fun.

Print["P[x] = ", P[x]1]:
Print["P[x] ", Factor[P[x]] ]:

6+ dx+3x +x° +x?

(3-%X+%x5) (2+2x+x5)

Plx]
P[x]

We can let Mathematica find the roots too. This is just for fun.

Print[P[x]:=-01]:
Solve[P[x] == 0, x]

B+dx+3x +x +xt==0

{{x—>—l—]‘1}, (X —=-1+1}, {xa% (1-nm)}, {xﬁ% (1+1m)}}

Print[P[x]:=-01]:
HSolve[P[x] == 0, x]

B+ax+3x +x axt==
{fx=s-1.-1.2}, {x—>-1.+1. 2}, {x-0.5-1.658311}, {x—-0.5+1.658311}}
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//**********************************************

1

2| // Programmer : Naser . Bagheri (9016393)

3 //**********************************************
4| #include

5| #include

6| using namespace std;

7| #define ESP 0.001

8| #define F(x) (x)*(x)*(x) + (x) + 10

9| #define a3 1

10| #define a2 0

11| #define al 1

12| #define a0 10

13| //#define c3 0Ovoid main()

14| int main()

15| {

16 double u,v,ul,vl,u2,v2,b3,b2,p,bl,b0,c2,cl,cO,U,V;
17 int i=1;

18 float c3=0;

19 cout<< ;
20 scanf( ,&u) ;

21 cout<< ;
22 scanf ( ,&v);

23 b3=a3;

24 b2=a2+u*b3;

25 bl=al+u*b2+v*b3;

26 b0=a0+u*bl+v*b2;

27 c2=b3;

28 cl=b2+u*c2+v*c3;

29 cO=bl+u*cl+v*c2;

30 p=cl*cl-cO*c2;

31 U=((-(bl*cl-b0*c2))/(p))
32 V=((-(b0*cl-c0*bl))/(p))
33 ul=u+U;

34 vi=v+V;

’
’

35 cout<< <<b0;
36 cout<< <<bl;
37 cout<< <<b2;
38 cout<< <<b3;
39 cout<< <<c0;
40 cout<< <<cl;
41 cout<< <<(Cc2;
42 cout<< <<(C3;
43 cout<< <<ul;
44 cout<< <<vl;
45

46 do

47 {

48 u=ul;

49 v=vl;

50 b3=a3;

51 b2=a2+u*b3;

52 bl=al+u*b2+v*b3;

53 bO0=a0+u*bl+v*b2;

54 c2=b3;

55 cl=b2+u*c2+v*c3;

56 cO=bl+u*cl+v*c2;

57 p=cl*cl-c0O*c2;

58 U=((-(bl*cl-b0*c2))/(p));
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59 V=((-(b0*cl-cO*bl))/(p));

60 u2=u+U;

61 v2=v+V;

62 cout<< <<b0;

63 cout<< <<bl;

64 cout<< <<b2;

65 cout<< <<b3;

66 cout<< <<c0;

67 cout<< <<cl;

68 cout<< <<Cc2;

69 cout<< <<(C3;

70 cout<< <<u2;
71 cout<< <<Vv2;
72

73

74 if(fabs(ul - u2) < ESP && fabs(vl-v2) < ESP)
75 {

76 cout<< <<u?2;
77 cout<x< <<v2;
78 i=0;

79 }

80 else

81 {

82 ul = u2;

83 vl = v2;

84 }

85 }while(i!=0);

86| }

87

88| /*

8O | - - - m e e

90 oOuUT PUT

S R R I e

92| Enter the value of u: 1.8

93| Enter the value of v: -4

R B T T I
95| b0 = 3.232000

96| bl = 0.240000

97| b2 = 1.800000

98| b3 = 1.000000

99

100, cO = 2.720000

101| cl1 = 3.600000

102 c2 = 1.000000

103| ¢c3 = 0.000000

104

105 u = 2.031250

106 v = -5.072500

107

108, b0 = -0.194891

109| bl = 0.053477

110, b2 = 2.031250

111| b3 = 1.000000

112

113 cO0 = 3.656953

114, cl1 = 4.271250

115| c2 = 1.000000

116 c3 = 0.000000
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117

118 u = 2.002230
119 v = -5.002025
120

121| bO = -0.001389
122 bl = 0.006900
123| b2 = 2.002230
124| b3 = 1.000000
125

126 | cO0 = 6.121717
127| cl1 = 5.552230
128| c2 = 1.000000
129 c3 = 0.000000
130

131 u = 2.000623
132 v = -5,000003
133

134| b0 = 0.001859
135| bl = 0.002490
136| b2 = 2.000623
137| b3 = 1.000000
138

139| cO0 = 11.224619
140 cl1l = 8.108540
141| c2 = 1.000000
142 c3 = 0.000000
143

144 u = 2.000287
145 v = -4,999767
146

147 | REAL ROOT = 2.000
148 | REAL ROOT = -5.000
149 | */

150
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A procedure for finding the quadratic factors for the complex conjugate roots of a polynomial P (x) with real coefficients.

[x=(@+ib)][x-(@-ib)] =x +Za,t+[az+b2)sxl+Bx+C.

Now write the original polynomial as

PR)=(*+Bx+C)Q)+Rx+S

dR

dR
R(B+6B,C+6C)=R(B,C)+6deB+ — g C

ac
as

as
S(B+6B,C+66)=S(B.C)+a—8d5+ —dC

ac

6P—0—(3+B +CaQ+ + 0R+6S
ac=0= W HBxHC)Go oW x 5ot 5
@=(*+B sq)22, 0RO

~Q)=(* +Bx+C) 5o +x Fo+ 5n
P aip o2 R3S
3B —(x +Bx )38 +.rQ(.t)+.YaB+aB
dR dS

QW= +Bx+0) 2 4 RO

dB JdB OB

Now use the two-dimensional Newton's method to find the simultaneous solutions.
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