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JL-Lemma: [Dasgupta et al. 99]
« Pointset Pin RY, n:= #P
« Thereis f:RY— RX, ke O(e?Inn)
(k> 4(€%/2 — €3/3) 1 Inn)

» ...that preserves all inter-point distances
up to a factor of (1+¢)
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Query time |Space Preprocessing
used time

Vornoi 0(2d log n) O(nd/Z) 0(’1(1/2)

Kd-tree | 5(2710gn) | 0(n) O(nlogn)

LSH 0(11/J logn) O(n'“’) O(n”p logn)
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Space Time Comment Norm Ref

dn+n¥e d*logn/e2or1 |c=1+¢ Hamm, |, [KOR'98, IM'98]

nA(1/e?) O(1) [AIP'07?]

dn+n1*e() dne©) p(c)=1/c Hamm, | [IM'98], [Cha'02]
p(c)<1/c l, [DIIM’04]

dn * logs dnot©) o(c)=0(log c/c) Hamm, |, [Ind'01]
o(c)=0(1/c) l, [Pan’'06]

dn+nt*e() dnef©) p(c)=1/cz + o(1) l, [AI'06]

dn * logs dnotc) o(c)=0(1/c?) l, [AlI'06]
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If ue B(g,r)then Pr[h(u) = h(q)] =i
If u¢ B(q,R)then Pr|h(u) =h(q)|< B

r<R, a>>/p S sas

el 00l LGl e a 0olgils SOl Solal Oyse 4 ho

R=r(1+¢)
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A family H of functions h: R® — U is called
(P4,Py,r,cr)-sensitive, if for any p,q:
—if ||[p-ql[ <r then Pr[ h(p)=h(q) | > P,
—if ||p-q|| >cr then Pr[ h(p)=h(q) ] < P,

« Example: Hamming distance
— LSH functions: h(p)=p,, i.e., the i-th bit of p
— Probabilities: Pr[ h(p)=h(q) | = 1-D(p,q)/d

p=10010010
q=11010110
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* Define family F:

Given : Hypercube H d ,point b= (b,,...,b,)
he F: {hl (b)=bl

b=(y.....b, JeH , fori=l,. .,d}

r(l+¢e)
d

r
a=1——, =]-
=

* |ntuition: compare a random coordinate
« Called: (r,r(1+€),a,ﬂ)-sensitive family
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I
 Define family G:

Given:be Hd,F
geG:

{ {0,114 {011k | g(b)=(h1 (b),....hK (b)), for hle F}

, N e r+e)
:1——: ; :1— —.
v=(1-7) =at. #=(1-752) =5

* Intuition: Compare k random coordinates
« Choose k later — logarithmicinn  J-L lemma
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« LSH solves c-approximate NN with:
— Number of hash fun: L=nr, p=log(1/P1)/log(1/P2)
- E.g., for the Hamming distance we have p=1/c
— Constant success probability per query g

 Questions:

— Can we extend this beyond Hamming distance ?
* Yes:
— embed |, into |, (random projections)
— |, into Hamming (discretization)

— Can we reduce the exponent p ?
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- Define hy ,(p)=L(p*X+b)/w.:
— W=T
— X=(X,...Xy) , where X is chosen P X

from:
 Gaussian distribution (for |, norm)

« “s-stable” distribution” (for Ig norm)
— bis a scalar

« Similar to the |, — |, =Hamming
route

" l.e., p*X has same distribution as ||p||. Z, where Z is s-stable



p-stable <l x ;9
I I —

A prob. distribution D is called p-stable <
« Forany vy, ... ,v,e R
* And i.i.d. random variables X, ... ,.X,,~ D
Z v,X; has the same distribution as [Z /v,-/P] VPX
where X~ D
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« Chose p according to metric of the space /,

« Compute vector with entries according to a
p-stable distribution
[for example: Gaussian noise entries]

- Each vector v, yie

« Compute: A, (x) =

ds a hash function h,

<vi ,x> +b4 random value

r

e [0...r]

\— bucket size
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Computing the Locality “Sensitivity” o
Distance ¢ = ||v; - V|, [h (x)-| “
cX-distributed, X from p-stable distr.

Pr(collzswn) I— ( ] (1——)dt fP
- p(c) 4 >

abs densm hit bucket t

r

The constructed family of hash functions is
(ry, I, &, P)-sensitive for

=p(1)’/8 =p(C), r2/r1 =il
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* Instead of projecting onto R,
. P X
project onto R', for constant t e w
 Intervals — lattice of balls \
— Can hit empty space, so hash until %
p

a ball is hit
* Analysis:
— p=1/c?+ O(log t/t'2)
— Time to hash is t° ¢
— Total query time: dn'/c**o(1)
* [Motwani-Naor-Panigrahy'06]:
LSH in I, must have p = 0.45/c?




MinHash

S
o =Min-wise independent permutations
o Let h be a hash function that maps the members
of A and B to distinct integers, and for any set S

define hmin(S) to be the member x of S with the
minimum value of h(x).

o Then hmin(A) = hmin(B) exactly when the
minimum hash value of the union A U B lies in
the intersection A N B. Therefore,

o Pr[hmin(A) = hmin(B)] =](A,B).



Min-Hashing
.00V
o Consider
oS, S,cU
o Pick - random permutation m of U
o Define o = m-1( min{n(S,)} ) and B = m-!( min{m(Sp)} )

o Meaning? - minimal element under permutation T

SAMNS
Pla-p)- 2%
0 Lemma: ENCEN
o Let 6 = min{ m(S,USg) }
o Claim:a=p < nl(8) € S,NS;

o Clearly |S s |
A B

|SAUSs |

P[x*(8)eS, NSs]=



Min-Wise Indep Permutations

o Problem
0 Truly-random m over U = [0 ... N-1] is infeasible
0 But - do we really need true randomness?

o Solution
0 Poly-size family of permutations FCSN over U
o Choosing/representing random TeF is easy

o Min-Wise Independence (MWI) Property:
o For all sets XU, for all xeF,

1
i) =



Nilsimsa similarity hashing
N

- Definition: Nilsimsa Compare Value (NCV) between two
digests is equal to the number of bits at corresponding
positions that are equal, minus 128.

E-mail, “= N=5 characters sliding window

L characters long

1:[Che| 2:|Cha 8 trigrams
Cheagest e
[Cheagest vac /Hash() \'Hash() Nash() Hash: 3073 -> 2178
bo b7 | b7 ... bo
+1 +1, — +1
] _tl [ ] [ ] 7] accumulator
. 0 15 255
Best Regards, | | 1 — _|—_‘ B
John g - — in Accumulator
15 25 After L-N+1 steps
Digest = @ 1l 11 [al 1

0 15 255



Methods

N I —
o Bit sampling for Hamming distance
o Min-wise independent permutations

o Jaccard index

o Nilsimsa Hash

o Random projection
o Cosine distance

o Stable distributions



Conclusion

N T
o Hamming: 1 dimension from d dimensions

0 Jaccard: k dimensions from d dimensions
o Binary values only

o Random Projection (Cosine): k dimensions
(optional)

o Nilsimsa: k consecutive dimensions
o Alphabet

0 Stable Distributions: k dimensions



