
.´¨� ¢�¥� ö�Úþ�¤ �¤�¬ �� ø ü÷�Âþ� ö�¥�õ� Ç÷�¢ üÞÜä ý���� Çþ��ê� ý�Â� ö�õ¥� ßþ� Â�·Ø�.Àª��üõ à�Ô½õ ö�Âþ� üÞÜä ý�û¢��³Þó� ´þ�¨ ø ö�Ôó�b õ ý�Â� ë�Ö� ý��Üî



ñø� ¥ø¤ ����¨.´¨� Âµõüµ÷�¨ ×þ ¥� ÂµÞî Í¡ �� ��Àî Âû Â¨ �bÜ¬�ê �î À÷��µêÂð ¤�Âì ý¤�Ï ´¨�¤ Í¡ ×þ é�ÂÏ� ¤¢ ß�õ¥ ýø¤ ��¤�õ 1390 (1À��î Âê) .´¨� Âµõ 10 ¥� Ç�� ��¤�õ ø¢ Ýî´¨¢ Â¨ �bÜ¬�ê ,Àª�� Âµõüµ÷�¨ ø¢ ¥� Ç�� ��¤�õ ø¢ Âû Â¨ �bÜ¬�ê Âð� À��î ´���(!´¨� �ÎÖ÷ ×þ ��¤�õ Âû Â¨âÎì D ý�ÎÖ÷ ¤¢ �¤ BAC ý�þø�¥ ¥�¨Ý�÷ �� Ý��îüõ Ý¨¤ AB âÜ® Â� ý¢�Þä B §�b¤ ¥� .∠ABC = 60◦ Ýþ¤�¢ ABC ¶Ü·õ ¤¢ (2.∠BED ≤ 30◦ À��î ´��� .À�î âÎì E ý�ÎÖ÷ ¤¢ �¤ ABC ý�þø�¥ ¥�¨Ý�÷ �� Ý��îüõ Ý¨¤ BC âÜ® Â� ý¢�Þä C ¥� ß���Ýû .À�î¢�Àã� � � i + j ý�û��Üä��ÆÖõ ¢�Àã� ,i, j ∈ N Âû ý�Â � �î À� �� � � �¤ üã� ±Ï ¢�Àä� ¥� a1, a2, a3, . . . ý¢�ã¬ ý�û� ó� ± ÷¢ ý�Þû (3(.ai ≤ aj ù�ðö� ,i ≤ j Âð� ü�ãþ �ó�±÷¢ ö¢�� ý¢�ã¬) .Àª�� Â��Â� ai + aj ý�û��Üä��ÆÖõ



ñø� ¥ø¤ ����¨ ¾¨��.´¨� Âµõüµ÷�¨ ×þ ¥� ÂµÞî Í¡ �� ��Àî Âû Â¨ �bÜ¬�ê �î À÷��µêÂð ¤�Âì ý¤�Ï ´¨�¤ Í¡ ×þ é�ÂÏ� ¤¢ ß�õ¥ ýø¤ ��¤�õ 1390 (1À��î Âê) .´¨� Âµõ 10 ¥� Ç�� ��¤�õ ø¢ Ýî´¨¢ Â¨ �bÜ¬�ê ,Àª�� Âµõüµ÷�¨ ø¢ ¥� Ç�� ��¤�õ ø¢ Âû Â¨ �bÜ¬�ê Âð� À��î ´���(!´¨� �ÎÖ÷ ×þ ��¤�õ Âû Â¨ù�Úµ¨¢ ñ�� .À÷¤�¢ ¤�Âì ´¨�¤ Í¡ ßþ� éÂÏ ×þ ¤¢ �û��¤�õ ¥� �� 13902 = 695 Ûì�À� ýÂ��±î �÷� Û¬� Õ±Ï .ñø� Û�ù�¤��e i �b �¤� õ Â ¨ ��Ê µ ¿ õ À � � î Â ê .À ª� � � û x ¤�½ õ ´¨�¤ Í¡ ß þ� � î À þÂ � Ú � Â Ñ ÷ ¤¢ ý¤� Ï �¤ ��Ê µ ¿ õ ¤�½ õ¥� .x1 ≤ x2 ≤ x3 ≤ · · · ≤ x695 ¢Âî Âê ö���üõ ¢¤�¿� ý��ÞÎó �ó�bÆõ ´�Üî �� �Ø�þ� öøÀ� .Àª�� (xi, yi) ,(1 ≤ i ≤ 695)ßþ�Â���� ,0 ≤ yi, yi+1 ≤ 1 ø ´¨� Âµõüµ÷�¨ ø¢ ¥� Ç�� ��¤�õ ø¢ Âû Â¨ �bÜ¬�ê �î üþ�¹÷�
√

(xi+1 − xi)2 + (yi+1 − yi)2 > 2 ⇒ xi+1 − xi >
√3

⇒ x695 − x1 > 694√3.´¨� Âµõ 10 ¥� Ç�� �� 695 ø ñø� �b�¤�õ Â¨ �bÜ¬�ê ßþ�Â����À��î Âê ß��»Þû .Àª�� �û x ¤�½õ ´¨�¤ Í¡ ßþ� �î ÀþÂ�Ú� ÂÑ÷ ¤¢ ý¤�Ï �¤ ��Êµ¿õ ¤�½õ ù�Úµ¨¢ ¥� � .�ø¢ Û�ù�¤¢Âî Âê ö�� �üõ ¢¤�¿ � ý��ÞÎ ó � ó�bÆõ ´� Ü î � � �Ø � þ� öøÀ � .Àª� � (xi, yi) ,(1 ≤ i ≤ 1390) �� i �b �¤�õ Â¨ ��Êµ¿õ�b Ü¬�ê �î üþ�¹÷� ¥� .À��î Ý¨¤ 1 á�ãª �� ø �û��¤�õ ßþ� ¥� ×þ Âû Â¨ �îÂõ �� ùÂþ�¢ 1390 ñ�� .x1 ≤ x2 ≤ x3 ≤ · · · ≤ x1390Í¡ ßþ� ý¥��õ ö� ñ�Ï �î üÜ�ÎµÆõ ñ�� .À÷¤�À÷ üî�Âµª� º�û Ýû �� �ûùÂþ�¢ ßþ� Å� ,´¨� Âµõüµ÷�¨ ø¢ ¥� Ç�� ��¤�õ ø¢ Âû Â¨Âð� ß � �»Þû ?�Â� .Àª� �üõ 4 Â · î�À� Û�Î µÆõ ßþ� Âä .À þÂ �Ú � ÂÑ ÷ ¤¢ À ÷¤�¢ ¤�Â ì ö� Û¡�¢ �ûùÂ þ�¢ ß þ� �Þû ø ´¨�¤´��Æõ ¥� ÂµÞî �ûÛ�ÎµÆõ ´��Æõ á�Þ¹õ Å� ?�Â� .Àª��üõ Âµõüµ÷�¨ m + 2 Â��Â� Â·î�À� ö� ñ�Ï ,Àª�� x1390 − x1 = mü�ãþ .´¨� Û�ÎµÆõ ßþ�1390π ≤ 4(m + 2) ⇒ m ≥ 1390π4 − 2 > 1089.´¨� Âµõ 10 ¥� Ç�� ø¢ ö� �bÜ¬�ê Å� ,´¨� Âµõ 10 ¥� Ç�� Â¡� ø ñø� �b�¤�õ üÖê� �bÜ¬�ê ü�ãþ�b Ü¬�ê �� �ÎÖ÷ ø¢ ¢��ø �� ÝØ� �¤�¬ßþ� ¤¢ .À��î Û� À÷¤�¢ ¤�Âì �Ìê ¤¢ �û��¤�õ �î üµó�� ¤¢ �¤ ë�ê ñ��b¨ À��î üã¨ .������ üÜþ�¢ �� ��� �î ´¨� ù¢�� ñ��b¨ ßþ� �µ�Þî �� ý¢�ú�È�� ñ��b¨ Û¬� À¨¤üõ ÂÑ÷ �� .À�îüõ Â��ç� ÂÚþÀØþ ¥� Âµõüµ÷�¨ 461 Ûì�À�.´¨� ù¢Âî Â��ç� ë�ê ñ��b¨



âÎì D ý�ÎÖ÷ ¤¢ �¤ BAC ý�þø�¥ ¥�¨Ý�÷ �� Ý��îüõ Ý¨¤ AB âÜ® Â� ý¢�Þä B §�b¤ ¥� .∠ABC = 60◦ Ýþ¤�¢ ABC ¶Ü·õ ¤¢ (2.∠BED ≤ 30◦ À��î ´��� .À�î âÎì E ý�ÎÖ÷ ¤¢ �¤ ABC ý�þø�¥ ¥�¨Ý�÷ �� Ý��îüõ Ý¨¤ BC âÜ® Â� ý¢�Þä C ¥� ß���Ýû .À�î.Û�ù�¤
BC Í¡ù¤�� ÓÊ�õ ¢�Þä éÂÏ ×þ ¤¢ B ø A Âð� ÍÖê ø Âð� AB < AC �¤�¬ ßþ� ¤¢ .À�®øÂÔõ �½Ô¬ ¤¢ A, B, C ¯�Ö÷ .Ýó.À�ª��.¢�ªüõ ¤�Áð�ø ùÀ�÷��¡ �� Ýó ��±��¤¢ .BD �� ´¨� Â��Â� AC Í¡ ¥� D ý�ÎÖ÷ ý�Ü¬�ê ßþ�Â���� .´¨� ∠BAC ý�þø�¥ ¥�¨Ý�÷ ýø¤ ý��ÎÖ÷ D Ý�÷�¢üõ .�ÜÿÆõ ��±��¢�Þä éÂÏ ×þ ¤¢ D ø B ¯�Ö÷ ,Ýó Õ±Ï Å� .(Àª�� �Þ��ì DCA ý�þø�¥ �î ¢�ªüõ ¤�ÂìÂ� ü÷�õ¥ �ú�� ýø�Æ�) CD ≥ BD �¹�µ÷.À�î âÎì M ý�ÎÖ÷ ¤¢ �¤ BC Í¡ù¤�� ÓÊ�õ ¢�Þä �� Ý�û¢üõ ¢�Àµõ� D éÂÏ ¥� �¤ BD Í¡ù¤�� .À÷¤�¢ ¤�Âì BC Í¡ù¤�� ÓÊ�õÝþ¤�¢

MB = MC

∠MCB = ∠MBC = 30◦







⇒ ∠BMC = 120◦

ø ´¨� üÏ�½õ EBMC üãÜ®¤�ú� ü�ãþ ,∠BMC + ∠BEC = 120◦ + 60◦ = 180◦ Å�
∠BED ≤ ∠BEM = ∠BCM = 30◦.Àª�� á�®��ýø�Æµõ ABC ¶Ü·õ �î ¢�ªüõ ¤�ÂìÂ� ü÷�õ¥ �ú�� ýø�Æ�



¢�Àã� � � i + j ý�û��Üä��ÆÖõ ¢�Àã� ,i, j ∈ N Âû ý�Â � �î À� �� � � �¤ üã� ±Ï ¢�Àä� ¥� a1, a2, a3, . . . ý¢�ã¬ ý�û� ó� ± ÷¢ ý�Þû (3(.ai ≤ aj ù�ðö� ,i ≤ j Âð� ü�ãþ �ó�±÷¢ ö¢�� ý¢�ã¬) .Àª�� Â��Â� ai + aj ý�û��Üä��ÆÖõý�Â� Ý�û¢ ö�È÷ ´¨�üê�î ,â��� ö¢�� ý¢�ã¬ �� ���� �� ¤�Ñ�õ ßþ� ý�Â� .´¨� ý¢�ã¬ �À�î� â��� Ý�û¢üõ ö�È÷ �Àµ�� .ñø� Û�ù�¤¥� �¤�¬ ßþ� ¤¢ .f(n) = f(n + 1) �î ¢¤�¢ ¢��ø n À�÷�õ üã�±Ï ý¢Àä À��î Âê ¤�Ñ�õ ßþ� ý�Â� .f(n) 6= f(n + 1) ,n Âû�î Ý��îüõ ��¿µ÷� ý¤�Ï �¤ k ñ�� .d(n + k) = d(n + 1 + k) ,k ù��¿ó¢ ø üã�±Ï ¢Àä Âû ý�Â� ÝþÂ�ðüõ �¹�µ÷ �ÜÿÆõÂê�î 2 = d(n + k) = d(n + k + 1) > 2 �Áó ø ´¨� °îÂõ �ãÎì n + k + 1�¤�¬ ßþ� ¤¢ .¢�ª 2 ¥� Â�ï¤�� ø ñø� ý¢Àä n + k.´¨� ý¢�ã¬ �fÀ�î� ,â��� ßþ�Â���� .´¨� Ëì���
p = d(2p−1) = d(2a2p−2) ÝþÂ�ðüõ �¹�µ÷ �ÜÿÆõ ¤¢ (i, j) = (2p−2,2p−2) ý¤�ÁÚþ�� �� .´¨� ù��¿ó¢ ø ñø� ý¢Àä p À��î Âêñø� ¢�Àä� üû��µõ�÷ ý�ä�Þ¹õ .a2p−2 = 2p−2 ,�¤�¬ ßþ� ¤¢ �î ´¨� ¼®�ø .Àª�� ñø� ý¢Àä �� p−1 ö��� Àþ�� 2a2p−2 ßþ�Â����ø pi ñø� ¢�Àä� �¤�¬ ßþ� ¤¢ .´¨� ù��¿ó¢ ø üã�±Ï ý¢Àä n À��î Âê .ÀþÂ�Ú� ÂÑ÷ ¤¢ {p1, p2, p3, . . .} ý¢�ã¬ °��Â� �� �¤,â��� ö¢�� ý¢�ã¬ �fÀ�î� �� ���� �� �îßþ� ßÞ® .2pi−2 ≤ n ≤ 2pi+1−2 �î À÷¤�¢ ¢��ø pi+12pi−2 = a2pi−2 < a2pi−2+1 < . . . < an−1 < an < an+1 < · · · < a2p

i+1−2 = 2pi+1−2,â��� ø f(n) = n ÝþÂ�ðüõ �¹�µ÷ �Ü¬�ê�� [2pi−2,2pi+1−2] ýù¥�� ¤¢ ai Âþ¢�Öõ ø i ¢�Àä� ¢�Àã� ö¢�� Â��Â� �� ���� �� ßþ�Â����.´¨� ü÷�Þû¢Àä ý�û��Üä��ÆÖõ ¢�Àã� �¤ d(i) ,ai = f(i) Ý��îüõÂê ¤�î üµ��¤ ý�Â� .(�ó�±÷¢ ö¢�� ý¢�ã¬ ¥� ù¢�Ôµ¨� öøÀ�) .�ø¢ Û�ù�¤:Ýþ¤ø�üõ ´¨¢�� �¤ f(1), f(2), . . . , f(17) Âþ¢�Öõ �Àµ�� .Ý�õ�÷üõ P �¤ ñø� ¢�Àä� ý�ä�Þ¹õ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ i üã�±Ï.i = j = 1 Ý�û¢ ¤�Âì (1 ý�Î��¤) d(i + j) = d(f(i) + f(j)) ý�Î��¤ ¤¢ ´¨�üê�î :f(1) = 1 •.i = j = 2 Ý�û¢üõ ¤�Âì (1) ý�Î��¤ ¤¢ :f(2) = 2 •,d(f(3) + 1) = 3 �îßþ� ßÞ® .(i = j = p À�û¢ ¤�Âì) ´¨� ñø� ��÷ f(p) ,Àª�� ñø� ý¢Àä p Âð� �î À��î ´ì¢ :f(3) = 3 •.f(3) = 3 ÝþÂ�ðüõ �¹�µ÷ üµ��¤ �� �ó¢�ãõ ßþ� ¥� .p, q ∈ P ¢Àä ø¢ ý�¥��� ,f(3) = q2 − 1 = p ü�ãþ�¹�µ÷ (i, j) = (4,2) ý¤�ÁÚþ�� �� �î ßþ� ßÞ® .p ∈ P �î ,f(4) = 2p ÝþÂ�ðüõ �¹�µ÷ i = j = 4 ý¤�ÁÚþ�� ¥� :f(4) = 4 •Â�è ((i, j) = (4,3)) 2p + 3 ∈ P �îßþ� �� ���� �� ñø� ´ó�� .p + 1 ∈ P �þ ø p + 1 = 4 ü�ãþ ,d(2(p + 1)) = 4 ÝþÂ�ðüõ.p = 2 �Áó ø p + 1 ∈ P ßþ�Â���� .´¨� ßØÞõÝþÂ�ðüõ �¹�µ÷ (i, j) = (5,4) ý¤�ÁÚþ�� �� :f(5) = 5 •

f(5) = q2 − 4 = p ⇒ p = 5⇒ f(5) = 5ÝþÂ�ðüõ �¹�µ÷ (i, j) = (6,1), (6,5) ý�ûý¤�ÁÚþ�� �� :f(6) = 6 •

f(6) = p1 − 5 = p22 − 3, p1, p2 ∈ P.f(6) = 6 �Áó ø p2 = 3 ÝþÂ�ðüõ �¹�µ÷ 3 Â� p1, p2 ý�ûùÀ÷�õüì�� ü¨¤Â� ��ÝþÂ�ðüõ �¹�µ÷ (i, j) = (6,1), (6,5) ý�ûý¤�ÁÚþ�� �� :f(7) = 7 •

f(7) = p1 = p32 − 1, p1, p2 ∈ P .f(7) = p1 = 7 ø p2 = 2 ßþ�Â����.f(8) = 8 ü�ãþ ,d(2f(8)) = 5 ÝþÂ�ðüõ �¹�µ÷ (i, j) = (8,8) ý¤�ÁÚþ�� �� :f(8) = 8 •



�¹�µ ÷ (i, j) = (9,2) ý¤�ÁÚþ�� � � �îßþ� ßÞ® .d(2f(9)) = 6 ÝþÂ�ðüõ �¹�µ ÷ (i, j) = (9,9) ý¤�ÁÚþ�� � � :f(9) = 9 •ÝþÂ�ðüõ
f(9) = p1 − 2 = p22, p,p2 ∈ P.f(9) = 9 ü�ãþ ,p2 = 3 ÝþÂ�ðüõ �¹�µ÷ �Ü¬�ê�� 3 Â� �ó¢�ãõ ßþ� ýùÀ÷�õüì�� ü¨¤Â� ��Ý þÂ � ðü õ � ¹ � µ ÷ (i, j) = (10,6) ý� ûý¤�Á Ú þ� � ø ((i, j) = (10,1)) f(10) ö¢� � �ø¥ � � � �� � � � :f(10) = 10 •.f(10) = 24 − 6 = 10 �Áó ø d(f(10) + 6) = 5ý� ûý¤�Á Ú þ� � � � ñ� � .Ý þ�ù¢¤ø� ´ ¨¢ � � f(11) � � ¥� � ÷ öøÀ � � õ�¢� ¤¢ �¤ f(16) � î À � � î ´ ì¢ :f(11) = 11 •ÝþÂ�ðüõ �¹�µ÷ (i, j) = (11,16), (11,8)

f(11) = p31 − 16 = p2 − 8, (p1 − 2)(p21 + 2p1 + 4) = p2, p1, p2 ∈ P.f(11) = 11 �Áó ø (p1, p2) = (3,19) ÝþÂ�ðüõ �¹�µ÷ �Ü¬�ê�� �ó¢�ãõ ßþ� ¥�.(?�Â�) ´¨� �ø¥ f(12) �î ßþ� ßÞ® .f(12) + 4 = x2 ÝþÂ�ðüõ �¹�µ÷ (i, j) = (12,4) ý�ûý¤�ÁÚþ�� �� :f(12) = 12 •ßþ�Â���� .d(2f(12)) = 8 ÝþÂ�ðüõ �¹�µ÷ (i, j) = (12,12) ý¤�ÁÚþ�� ¥� ß���Ýû .4 | f(12) Å�
x2 − 4 = (x − 2)(x + 2) = 4p �þ 27, p ∈ P .f(12) = 12 �fµ¹�µ÷ ø p = 3 ßþ�Â����ÝþÂ�ðüõ �¹�µ÷ (i, j) = (13,3), (13,12) ý�ûý¤�ÁÚþ�� �� :f(13) = 13 •

f(13) = x2 − 3 = y2 − 12⇒ y2 − x2 = 9⇒ (x, y) = (4,5) ⇒ f(13) = 13ÝþÂ�ðüõ �¹�µ÷ (i, j) = (14,2), (14,11) ý�ûý¤�ÁÚþ�� �� :f(14) = 14 •

f(14) = x2 − 2 = y2 − 11⇒ y2 − x2 = 9⇒ (x, y) = (4,5) ⇒ f(14) = 14ÝþÂ�ðüõ �¹�µ÷ (i, j) = (15,1), (15,10) ý�ûý¤�ÁÚþ�� �� :f(15) = 15 •

f(14) = x2 − 1 = y2 − 10⇒ y2 − x2 = 9⇒ (x, y) = (4,5) ⇒ f(15) = 15ÝþÂ�ðüõ �¹�µ÷ ÝþÂ�ðüõ �¹�µ÷ f(16) ö¢�� �ø¥ �� ���� �� ø (i, j) = (16,9), (16,16) ý�ûý¤�ÁÚþ�� �� :f(16) = 16 •

f(16) = x2 − 9 = (x − 3)(x + 3) = 2p �þ p2 �þ 16, p ∈ P.f(16) = 16 ßþ�Â���� .À÷�ªüõ ¢¤ �Ü¬�ê�� 8 | x2 − 9 �îßþ� �� ���� �� ñø� ´ó�� ø¢ÝþÂ�ðüõ �¹�µ÷ (i, j) = (17,2), (17,10) ý�ûý¤�ÁÚþ�� �� :f(17) = 17 •

f(17) = p31 − 10 = p2 − 2⇒ (p1 − 2)(p21 + 2p1 + 4) = p2, p1, p2 ∈ P.f(17) = 17 �¹�µ÷ ¤¢ ø (p1, p2) = (3,19) ßþ�Â����



n + a = 25 �î À÷¤�¢ ¢��ø 1 ≤ a < b ≤ n ¢�Àä� �î ¢Âî ü¨¤Â� ö���üõ üµ��¤ �� ,18 ≤ n ≤ 24 Âð� .n ≥ 18 À��î Âê ñ��ÝþÂ�ðüõ �¹�µ÷ (i, j) = (n, a), (n, b) ý¤�ÁÚþ�� ¥� ßþ�Â���� .n + b = 36 ø11 = (f(n) + b) − (f(n) + a) = x2 − y2 = (x − y)(x + y).f(n) = 36− b = n �Áó ø (x, y) = (6,5) ßþÂ����,b ø a À�÷�õ �þ�Þµõ üã�±Ï ¢Àä ø¢ ý�¥� �� Âð� �î À��î ���� .Ý��îüõ ´��� �¤ â��� ö¢�� ×þ��×þ �Àµ�� ,n ≥ 25 Âð� ß���Ýû¤¢ ý¢Àä �¤ k ,�¹�µ÷ ßþ� ¢¤ ý�Â� ´Æ�ê�î ñ�� .d(k + a) = d(k + b) ,k À�÷�õ üã�±Ï ¢Àä Âû ý�Â� �¤�¬ ßþ� ¤¢ ,f(a) = f(b)üó��µõ üã�±Ï ¢�Àä� ¥ b − a Ûì�À� ñ�Ï �� ý��Ü¬�ê ¤�Ñ�õ ßþ� ý�Â� .Àª�� °îÂõ ý¢Àä k + a üóø ¢�ª ñø� k + b �î ÝþÂ�Ú� ÂÑ÷�¤ �Ü¬�ê ßþ� ¥� Àã� ñø� ¢Àä ß�óø� ø (a(b− a +1)! +2, . . . , a(b− a +1)! + b− a +1 �·õ) Ý��îüõ ��¿µ÷� a ¥� Â�ï¤�� °îÂõ.´¨� Ëì��� ¤¢ d(k + a) = d(k + b) ý�Î��¤ �� �î ,¢�ªüõ °îÂõ k + a ,�¤�¬ ßþ� ¤¢ �î ´¨� ¼®�ø .Ý�û¢üõ ¤�Âì k + b Â��Â�ø f(i) = i ,i = 1,2, . . . , n − 1 Âû ý�Â� À��î Âê .f(n) = n Ý�û¢üõ ö�È÷ �ÂÖµ¨� �� �õ�¢� ¤¢ .´¨� ×þ��×þ ,â��� ßþ�Â����ø k ≥ 5 �îüþ��ö� ¥� �¤�¬ ßþ� ¤¢ .k2 ≤ n < (k + 1)2
(k + 2)2 − n ≤ (k + 2)2 − k2 = 4k + 4 ≤ k2�î À÷¤�¢ ¢��ø 1 ≤ a < b ≤ n ¢�Àä� Å�

n + a = (k + 1)2 ø n + b = (k + 2)2,f(n) + b = x2 �î À ÷¤�¢ ¢��ø y ø x À � ÷� õ üã � ± Ï ý¢�Àä� Ý þÂ � ðüõ �¹ � µ ÷ (i, j) = (n, a), (n, b) ý¤�ÁÚ þ�� ¥� �¹ � µ ÷ ¤¢�Áó ø f(n) + a = y22k + 3 = (f(n) + b) − (f(n) + a) = x2 − y2 ≥ 2y + 1Ý�ª�� �µª�¢ Àþ�� ,â��� ö¢�� ×þ��×þ �� ���� �� éÂÏ ¥� .f(n) = y2 − a ≤ (k + 1)2 − a = n �¹�µ÷¤¢ ø y ≤ k + 1 ü�ãþ.´¨� ü÷�Þû ,â��� ø f(n) = n ßþ�Â���� .f(n) ≥ n



�ø¢ ¥ø¤ ����¨á�Þ¹õ ø ÂÔ¬ Â��Â� �ûö� á�Þ¹õ �î À�ª�� �µª�¢ ¢��ø (−1,1) ýù¥�� ¤¢ üÖ�Ö� ¢Àä n �î À����� �¤ n üã�±Ï ¢Àä ßþÂ�×��î (1.Àª�� 20 �ûö� ��ã�Âõ.¢¤�¢ Û±ì ¥ø¤ ¥� �ø�Ôµõ üÚ÷¤ ¥ø¤ Âû ø Àþ�¤¢ ÓÜµ¿õ Ù÷¤ n �� À÷���üõ �±þ¥ ùÀ÷Â� ßþ� .´¨� ���Þî ý�ùÀ÷Â� ��÷ ö�Þîß�Ú÷¤ (2,��e i ý�û¥ø¤ Û·õ ¢¤�À÷ ¢��ø ùÀ÷Â� ßþ� ÂÞä ñ�Ï ¤¢ ý¥ø¤ ¤�ú� º�û :À÷�ù¢Âî ÓÈî ùÀ÷Â� ßþ� ùb¤��¤¢ ýÀþÀ� ´Ö�Ö� ö�À�ÞÈ÷�¢�� ø Ù÷ÂÞû �� ÷ ��e l ø ��e j ý�û¥ø¤ ¤¢ ø Àª�� Ù÷ÂÞû ��e k ø ��e i ý�û¥ø¤ ¤¢ ùÀ÷Â� ßþ� ø ,l > k > j > i �î ,��e l ø ��e k ,��e j?´¨� ¥ø¤ ¤À�� n °Æ�Â� ùÀ÷Â� ßþ� ÂÞä ñ�Ï Â·î�À� .Àª�� ��e k ø ��e i ý�û¥ø¤ ¥� �ø�Ôµõ üÚ÷¤âÎì E ø D ¯�Ö÷ ¤¢ °��Â� �� �¤ l ýùÀª ù¢�¢ Í¡ �� Ýþ�ù¢�¢ ¢�Àµõ� C ø B éÂÏ ¥� °��Â� �� �¤ ABC ¶Ü·õ ¥� AC ø AB á�®� (3Âð� À��î ´��� .À�î âÎì E′ ø D′ ¯�Ö÷ ¤¢ °��Â� �� �¤ ¤�îÁõ ý�û¢�Àµõ� ��÷ BC ÓÊ�õ ¢�Þä �� ´±Æ÷ l ý��þÂì À��î Âê .À�î.BD′ + CE′ = D′E′ ù�ðö� ,BD + CE = DE



�ø¢ ¥ø¤ ����¨ ¾¨��á�Þ¹õ ø ÂÔ¬ Â��Â� �ûö� á�Þ¹õ �î À�ª�� �µª�¢ ¢��ø (−1,1) ýù¥�� ¤¢ üÖ�Ö� ¢Àä n �î À����� �¤ n üã�±Ï ¢Àä ßþÂ�×��î (1.Àª�� 20 �ûö� ��ã�Âõ¥� öøÀ� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ x1, x2, . . . , xn �¤ ¢�Àä� .Àª�� �µª�¢ ¢��ø �ÜÿÆõ üðÄþø �� ¢Àä 21 Â·î�À� À��î Âê .ñø� Û�ù�¤�¤�¬ ßþ� ¤¢ .À÷�üÔ�õ ¢�Àä� ý��Ö� ø x1, x2, . . . , xk ≥ 0 Ý��îüõ Âê ,�ÜÿÆõ ´�Üî ö¢�¢ ´¨¢
x21 + x22 + · · · + x2k ≤ x1 + x2 + · · · + xk = |xk+1| + · · · + |xn| < n − k�¹�µ÷ ¤¢ .x21 + x22 + · · · + x220 < 2k ,°��Â� ß�Þû �� .x21 + x22 + · · · + x220 < 2(n − k) ßþ�Â����

x21 + x22 + · · · + x220 < min{2k,2(n − k)} ≤ 2× 10 = 20À�û¢ ¤�Âì ñ�·õ ö���ä �� ,´¨� ÂþÁ�ö�Øõ� ´ó�� ßþ� .n ≥ 22 ßþ�Â����
x1 = x2 = · · · = x11 = −

√1011 ø x11 = x12 = · · · = x20 =

√1011�¤�±ä ¤�ÀÖõ ßþÂ�Ç�� Ý�û¢üõ ö�È÷ ,n = 21 Âð� .n ≥ 21 ßþ�Â���� ,n > x21 + · · · + x2n = 20 �î üþ��ö� ¥� .�ø¢ Û�ù�¤Âê �� x21 + · · · + x221
x1 + x2 + · · · + x21 = 0, xi ∈ [−1,1].À÷�ª 1 Â��Â� �� ù¢ ø −1 Â��Â� �û xi ¥� �� 10 �Ö�ì¢ �î Àµê�üõ ë�Ô�� ü÷�õ¥ �ú�� ,Â·î�À� ßþ� ø ´¨� 20 Â��Â��î À�ª� � � µª�¢ ¢��ø ý� i 6= j ý�ûÅþÀ÷� Âð� .´¨� ùÀª Â·î�À� ,�¤� ±ä y1, . . . , y21 ý�¥�� � À � � î Âê ¤�Ñ�õ ßþ� ý�Â ��î À��î ´ì¢ .t < min{1− yj , yi + 1} �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ ý¤�Ï �¤ t ´±·õ ¢Àä �¤�¬ ßþ� ¤¢ ,−1 < yi ≤ yj < 1

(yi − t)2 + (yj + t)2 = y2i + y2j + 2(yj − yi) + 2t2 > y2i + y2j�� �� ¢�Àä� ý�Þû ßþ�Â���� .´¨�õ Âê é�¡ �î À��þüõ Çþ��ê� ��ã�Âõ á�Þ¹õ ,yi − t, yj + t �� yi, yj ö¢Âî ßþ�Úþ�� �� ü�ãþ�û 1 ¥� ×þÂû ¢�Àã� ,21 ö¢�� ¢Âê ø á�Þ¹õ ö¢�� ÂÔ¬ �� ���� �� ��®ø �� ,´ó�� ßþ� ¤¢ .À÷�ª 1 �þ −1 Â��Â� Àþ�� ,üØþ Â·î�À�,ýø�Æ� ´ó�� ö¢�� �µØþ �� ���� �� ,x1, x2, . . . , x21 ∈ (−1,1) Âð� �Áó ø ´¨� ÂÔ¬ Â��Â� ÂÚþ¢ ¢Àä ø ´¨�� 10 �û −1 ø
x21 + x22 + · · · + x221 < y21 + y22 + · · · + y221 = 20À�û¢ ¤�Âì ñ�·õ ö���ä �� ,´¨� ÂþÁ�ö�Øõ� ´ó�� ßþ� .n ≥ 22 ßþ�Â����

x1 = x2 = · · · = x11 = −
√1011 ø x11 = x12 = · · · = x20 =

√1011



.¢¤�¢ Û±ì ¥ø¤ ¥� �ø�Ôµõ üÚ÷¤ ¥ø¤ Âû ø Àþ�¤¢ ÓÜµ¿õ Ù÷¤ n �� À÷���üõ �±þ¥ ùÀ÷Â� ßþ� .´¨� ���Þî ý�ùÀ÷Â� ��÷ ö�Þîß�Ú÷¤ (2,��e i ý�û¥ø¤ Û·õ ¢¤�À÷ ¢��ø ùÀ÷Â� ßþ� ÂÞä ñ�Ï ¤¢ ý¥ø¤ ¤�ú� º�û :À÷�ù¢Âî ÓÈî ùÀ÷Â� ßþ� ùb¤��¤¢ ýÀþÀ� ´Ö�Ö� ö�À�ÞÈ÷�¢�� ø Ù÷ÂÞû �� ÷ ��e l ø ��e j ý�û¥ø¤ ¤¢ ø Àª�� Ù÷ÂÞû ��e k ø ��e i ý�û¥ø¤ ¤¢ ùÀ÷Â� ßþ� ø ,l > k > j > i �î ,��e l ø ��e k ,��e j?´¨� ¥ø¤ ¤À�� n °Æ�Â� ùÀ÷Â� ßþ� ÂÞä ñ�Ï Â·î�À� .Àª�� ��e k ø ��e i ý�û¥ø¤ ¥� �ø�Ôµõ üÚ÷¤.´¨� ¤�ÂìÂ� �î (�ÂÖµ¨� ý�þ��) n = 1 ý�Â� ÝØ� .´¨� ¥ø¤ 2n − 1 Â·î�À� ùÀ÷Â� ßþ� ÂÞä ñ�Ï �î Ý��îüõ ´��� n ýø¤ �ÂÖµ¨� ����e i ¥ø¤ Àþ�üõ ¤¢ ü�� Ù÷¤ �� ùÀ÷Â� ßþ� ù¤��ø¢ �î ý¥ø¤ ß�óø� ø Àª�� ü�� Ù÷¤ �� ñø� ¥ø¤ ¤¢ ö�Þîß�Ú÷¤ À��î Âê .ñø� Û�ù�¤À÷���üõ ÓÜµ¿õ Ù÷¤ n − 1 Â·î�À� �� ùÀ÷�Þ�ì�� ý�û¥ø¤ ¤¢ ùÀ÷Â� ßþ� �î üþ�¹÷� ¥� ,Àª�� �µª�À÷ ¢��ø ý¥ø¤ ß��� Âð� .Àª��!¥ø¤ 2n − 2 á�Þ¹õ ¤¢ ü�ãþ .¢Âî Àû��¡ ÂÞä ÂÚþ¢ ¥ø¤ 2(n − 1) − 1 = 2n − 3 Â·î�À� �ÂÖµ¨� Âê Õ±Ï Å� ,Àþ���¤¢¤¢ ¥ø¤ 2m − 1 Â·î�À� �ÂÖµ¨� Âê Õ±Ï Å� .Àþ���¤¢ ÓÜµ¿õ Ù÷¤ m �� ùÀ÷Â� ßþ� ��e i − 1 �� �ø¢ ý�û¥ø¤ ¤¢ À��î Âê ñ��Ù÷¤ m ßþ� �� Àã� �� ��e i ý�û¥ø¤ ¤¢ À÷���üÞ÷ ùÀ÷Â� ßþ� ß��»Þû .i − 1 ≤ 2m − 1+ 1 = 2m ü�ãþ .À�îüõ üðÀ÷¥ ù¤ø¢ ßþ�ßþ� ÂÞä ñ�Ï Å� ?�Â� .À�î üðÀ÷¥ ��e i − 1 ¥ø¤ ¥� Àã� ÂÚþ¢ ¥ø¤ 2(n − m) − 1 Â·î�À� �ÂÖµ¨� Âê Õ±Ï Å� ?�Â� .Àþ���¤¢.´¨� ¥ø¤ 2(n − m) − 1+ 2m = 2n − 1 Â·î�À� ùÀ÷Â��¤ ¢�¡ ÂÞä ñ�Ï ßþÂµÈ�� ùÀ÷Â� ßþ� �î ü÷�õ¥ ¤¢ .Àþ�üõ¤¢ Ù÷¤ ö� �� ùÀ÷Â� ßþ� �î Àª�� üÚ÷¤ ß�óø� ü�� À��î Âê .�ø¢ Û�ù�¤��÷ ÂÚþ¢ ¥ø¤ ×þ Âð� ,Àª�±÷ ü�� Ù÷¤ �� ¢�¡ ÂÞä ¥ø¤ ßþÂ¡� Âð� �Âþ¥ .´¨� ù¢�� ü�� Ù÷¤ �� ��÷ ¢�¡ ÂÞä ¥ø¤ ßþÂ¡� ¤¢ ,¢¤�¢ý�û¥ø¤ Û·õ ¢¤�À÷ ¢��ø ùÀ÷Â� ßþ� ÂÞä ñ�Ï ¤¢ ý¥ø¤ ¤�ú� º�û ø ¢�� Àû��¡ ýÂµÈ�� ÂÞä ñ�Ï ý�¤�¢ ,À�î üðÀ÷¥ ü�� Ù÷¤ ���� ø Ù÷ÂÞû ��÷ ��e l ø ��e j ý�û¥ø¤ ¤¢ ø Àª�� Ù÷ÂÞû ��e k ø ��e i ý�û¥ø¤ ¤¢ ùÀ÷Â� ßþ� ø ,l > k > j > i �î ,��e l ø ��e k ,��e j ,��e i?�Â� .Àª�� ��e k ø ��e i ý�û¥ø¤ ¥� �ø�Ôµõ üÚ÷¤¢¤�¿� ý��ÞÎó �ó�bÆõ ´�Üî �� �Ø�þ� öøÀ� .Àþ�¤¢ ü�� Ù÷¤ �� i1, i2, . . . , ik ý�û¥ø¤ ¤¢ ¢�¡ ÂÞä ñ�Ï ¤¢ ùÀ÷Â� ßþ� À��î ÂêÙ÷¤ aj �� (1 ≤ j ≤ k − 1) ��e ij+1 − 1 �� ��e ij + 1 ý�û¥ø¤ ¤¢ ùÀ÷Â� ßþ� À��î Âê ß��»Þû .i1 < i2 < · · · < ik À��î Âêßþ�Â���� ?�Â� .À÷�þ�Þµõ Ýû ¥� �ûÙ÷¤ ßþ� �ó�bÆõ Âê Õ±Ï .Àª�� ù¢Âî ÂÞä ¥ø¤ bj �Àõ ßþ� ¤¢ ø Àª�� ÓÜµ¿õ
a1 + a2 + · · · + ak−1 ≤ n − 1 (1)�� ´¨� Â��Â� Â·î�À� ùÀ÷Â� ßþ� ÂÞä ñ�Ï Å� .bj ≤ 2aj − 1 �ÂÖµ¨� Âê Õ±Ï ßþ�Â����

b1 + b2 + · · · + bk−1 + k ≤ 2(a1 + a2 + · · · + ak−1) − (k − 1) + k

≤ 2(n − 1) + 1 = 2n − 1¥� �÷�Þ÷ ×þ Âþ¥ ñ�·õ .Àª�� ¥ø¤ 2n − 1 ö�Þî ß�Ú÷¤ ÂÞä ñ�Ï �î Ý�÷�� ñ�·õ ×þ ´¨� üê�î Û�ù�¤ ø¢ Âû öÀª Ûõ�î ý�Â� ñ��.´¨� ùÀ÷Â� ßþ� ù¥ø¤ 2n − 1 ÂÞä ñ�Ï
Tn = 1,2,3, . . . , n − 2, n − 1, n, n − 1, n − 2, . . . ,3,2,1 :�ø¢ ñ�·õ

Tn = 1,2,1,3,1, . . . ,1, n − 1,1, n,1



âÎì E ø D ¯�Ö÷ ¤¢ °��Â� �� �¤ l ýùÀª ù¢�¢ Í¡ �� Ýþ�ù¢�¢ ¢�Àµõ� C ø B éÂÏ ¥� °��Â� �� �¤ ABC ¶Ü·õ ¥� AC ø AB á�®� (3Âð� À��î ´��� .À�î âÎì E′ ø D′ ¯�Ö÷ ¤¢ °��Â� �� �¤ ¤�îÁõ ý�û¢�Àµõ� ��÷ BC ÓÊ�õ ¢�Þä �� ´±Æ÷ l ý��þÂì À��î Âê .À�î.BD′ + CE′ = D′E′ ù�ðö� ,BD + CE = DE,DE á�®� Â� °��Â��� Z ø Y ,X ¯�Ö÷ ¤¢ ùÂþ�¢ ßþ� ø Àª�� ADE ¶Ü·õ üÜ¡�¢ üÏ�½õ ýùÂþ�¢ �îÂõ O Ý��îüõÂê .Û�ù�¤Ýþ¤�¢ .´¨� §�Þõ AD ø EA

DX = DZ

EX = EY







⇒ DE = DZ + EY ⇒ DB + EC = DZ + EY ⇒ BZ = CY

ß���Ýû
BZ = CY

OZ = OY = r

∠OZB = ∠OY C = 90◦







⇒ OB = OC.¢¤�¢ ¤�Âì BC Í¡ù¤�� ÓÊ�õ ¢�Þä ýø¤ O ý�ÎÖ÷ �¹�µ÷ ¤¢¢�Þä ø À÷�§ÂÞû K Û·õ �ÎÖ÷ ×þ ¤¢ Í¡ �¨ ßþ� ßþ�Â���� ,À÷�ö¤�Öµõ BC Í¡ù¤�� ÓÊ�õ ¢�Þä �� ´±Æ÷ l′ ø l Í¡ ø¢ ö��,Àª�� BC Í¡ù¤�� ÓÊ�õ ¢�Þä �� ´±Æ÷ X ý�ÎÖ÷ ý��þÂì X ′ Âð� .´¨� l′ ø l Í¡ ø¢ ß�� ý�þø�¥ ¥�¨Ý�÷ BC Í¡ù¤�� ÓÊ�õ�¹�µ÷ ¤¢ .´¨� §�Þõ ¤���õ ýùÂþ�¢ Â� X ′ ý�ÎÖ÷ ¤¢ l′ Í¡ �¹�µ÷ ¤¢
D′E′ = D′X ′ + E′X ′ = D′Z + E′Y = (D′B − BZ) + (E′C + CY ) = D′B + E′C


