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• Finite and Boundary Element Methods in Engineering 
O. P. Gupta Bal kewa Rotterdam 1999. 

• Direct and indirect Boundary integral Equation 
Methods Christian Constanda Chapman & Hall/CRC
Boca Raton London 2000. 

• Finite Strip Method Y. K. Cheung & L. G. tham Boca 
Raton London CRC Press 1998.  

• Free Boundary Problems Theory and applications I. A 
thanasopoulos G. makrakis Chapman & Hall/CRC Boca 
Ranta I. F. Rodrigues 1999. 

• Finite Element Analysis in geotechnical engineering D.
M. Potts & L. Zdravkovic Thomas teleford 1999.  

• Introduction to Finite Element Vibration analysis 
Mavrice Petyt. Cambridge University press 1990.  
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 مسايل در موجود مرزي شرايط و ماده پيچيده رفتار هندسي، پيچيدگي 
 .است ساخته روبرو دشواري با را دقيق حل به رسيدن واقعي،

 مي دست به محدود زمان در كه قبول قابل تقريبي هايحل از استفاده 
 .است هاانتخاب اين از يکي محدود اجزاي روش است ناپذير اجتناب آيد

در تقريبي حل به رسيدن براي عددي روش يک محدود اجزاي روش 
 توسط آنها بر حاكم رفتار كه است مهندسي و فيزيکي مسايل از بسياري

 از روش اين در .شود مي بيان ديفرانسيل معادله (دستگاه يک يا و) يک
سود نظر مورد مجهول كميت تقريب براي هموار و ايتکه چند پيوسته توابع
 .شود مي برده
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  از پيچيده مسئله يک حل يافتن محدود، اجزاي روش در اصلي هدف 
 محدود اجزاي روش در .است ساده تر مدل يک با آن جايگزيني طريق
به هم، به متصل كوچک ناحيه هاي زير از مجموعه اي صورت به حل ناحيه

 يا قطعه هر براي ادامه در .مي شود گرفته نظر در محدود اجزاي يا و المان نام
  ... و اجزاء اين نمودن سوار با .شود مي فرض مناسب تقريبي حل يک المان

 اين ارضاي با .شودمي استخراج (سازه مانند) سيستم كلي تعادل شرايط
 .آيد مي دست به (مکانها تغيير) نظر مورد كميت براي تقريبي جواب شرايط
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   تقريب گسسته سازيDiscretized approximation 

Rayleigh-Ritz principle 

• Approximation in the whole domain

• Higher-order continuous function

• Fewer base functions
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       تقريب گسسته سازي            Discretized approximation 

 

Another method 

• Pieces function approximation in sub-domain 

• Linear or polynomial function 

• More base functions 
 ايده اساسي روش اجزاي محدود
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FINITE 

Finite Number 

There is only 

finite number of 

elements in your 

analysis model, 

not infinite. 

Finite Accuracy 

The accuracy of 

your analysis is 

finite. Even for 

very fine model, it 

is not accurate 

solution. 
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 سازي روش اجزاي محدود سازي و شبيه مدل
بر مبناي مدل رياضي   







 

FEM

 



مدل رياضي

سيستم فيزيکي  
ال ايده   مدل گسسته   حل گسسته
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 مدل سازي و شبيه سازي روش اجزاي محدود
 بر مبناي مدل فيزيکي   








FEM 

 

مدل رياضي 
ال ايده

سيستم فيزيکي  
  مدل گسسته   حل گسسته
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بهنگام نمودن روش اجزاي محدود با مدل فيزيکي  


 سيستم
فيزيکي    

 اطلاعات
تجربي  

مدل 
گسسته

حل مدل 
گسسته

FEM آزمايش

خطاي شبيه سازي
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تركيب دو مدل فيزيکي و رياضي در روش اجزاي محدود
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 روش هاي گسسته سازي جهت شبيه سازي عددي
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 روش اجزاي محدودFinite Element method             

    روش تفاضل محدود        Finite Difference method 

        روش اجزاي مرزي    Boundary Element method 

         روش حجم  محدود         Finite Volume method 

     روش بدون المان                    Mesh Free method 

                              روش طيفي              Spectral method 
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 Direct Methodروش مستقيم                                             -1

 Variational   روش  حساب تغييرات                  -2

Method 

 Method Weightedهاي وزني روش باقيمانده-3

Residuals 

 روش گالركين   -3-1             

 روش حداقل مجذورات -3-2             

           Method Stiffnessروش سختي                                       -4

 ...و 



 روش هاي استخراج معادلات روش اجزاي محدود 
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   .هاي ساده قابل اجراست اين روش براي المان -الف:        روش مستقيم -1

         مطالعه جهت فيزيکي، مفاهيم بردن بالا به توجه با -ب                                  
  .است ارزش با بسيار     

اين روش براي مسايلي قابل پياده سازي است كه  :   روش  حساب تغييرات-2
 .رفتار حاكم بر آن به فرم انتگرالي بيان شود

 :هاي وزني روش باقيمانده-3

اين روش براي مسايلي كه رفتار حاكم بر آن به فرم معادلات ديفرانسيل باشد و 
.شود بيان انتگرالي آن در دسترس نباشد استفاده مي



توصيف عمومي روش اجزاي محدود 
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سازه سازي (مجزا) گسسته : (I)  مرحله

كوچکتر هاي بخش به نظر مورد حل ناحيه يا مکانيکي سازه مرحله اين در
 در .شود مي شناخته گره نام به المان مرز در مشترک نقاط .شود مي تقسيم (المان)

.نمود گيري تصميم بايد المان ترتيب و تعداد نوع، مورد

كمّي صورت به المان بر حاكم فيزيکي رفتار ارائه : (II)  مرحله

به مکانيکي سازه المانهاي بر حاكم فيزيکي رفتار است لازم مرحله اين در
.شود بيان معادله (چند يا و) يک صورت
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 مناسب جابجايي مدل يا ياب درون مدل يک انتخاب : (III)  مرحله

 يا فشار دما، تنش، جابجايي، مانند) ميدان متغير واقعي تغييرات كه آنجا از
 داخل در ميدان متغير تغييرات است، مجهول پيوسته محيط اين داخل در (سرعت

 حسب بر و شوند مي زده تقريب ساده تابع يک وسيله به محدود المان يک
  تابع) ياب درون مدل معمولاً .شوند مي بيان ها گره در ميدان متغيرهاي مقادير

  .گيرند مي نظر در اي جمله چند شکل به را (شکل توابع تقريب،

 توصيف عمومي روش اجزاي محدود 
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 توصيف عمومي روش اجزاي محدود 

      المان نيروي بردارهاي و سختي  ماتريس آوردن دست به : ((IVمرحله

  شد، نوشته المان يک براي (تعادل معادلات مانند) ميدان معادلات كه هنگامي
  ماتريس مرحله اين در .بود خواهند ها گره در ميدان متغير مسئله، مجهولات

 .شود مي محاسبه المان نيروي بردار و سختي

  معادلات آوردن دست به براي المانها معادلات كردن (جمع) سوار : ((Vمرحله
       تعادل كلي

  بردارهاي و سختي  ماتريس است، شده تشکيل المان چندين از سازه كه آنجا از
 .شوند مي جمع يکديگر با مناسب روش يک با را منفرد المانهاي نيروي
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 توصيف عمومي روش اجزاي محدود 

      ها گره در (ها جابجايي) ميدان متغيرهاي آوردن دست به : ((VIمرحله

 شوند اصلاح مرزي شرايط براي بايد (تعادل معادلات مانند) ميدان كلي معادلات
 ميدان متغيرهاي مقادير مناسب عددي روش يک از استفاده با آن از پس و

 .شوند استخراج

 (المان كرنشهاي و تنشها نظير ) وابسته متغيرهاي محاسبه : ((VIIمرحله

  متغيرهاي ميتوان (ها جابجايي نظير) ميدان متغيرهاي از استفاده با نياز صورت در
  حاكم لزوم مورد معادلات از استفاده با را (المان كرنشهاي و تنشها نظير ) وابسته

   .نمود محاسبه (جامدات مکانيک معادلات نظير) مسئله بر
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 پياده سازي روش اجزاي محدود

 پردازش پيش : ((Iمرحله

 سپس .شود مي ساخته مسئله شده بندي شبکه مدل و هندسي مدل مرحله اين در
 .گردد مي اعمال مدل به مرزي شرايط و بارگذاري

 محدود اجزاي مدل حل : ((IIمرحله

  .ذيردپ مي انجام مرحله اين در كلي معادلات حل و سيستم معادلات كردن سوار

 پردازش پس : ((IIIمرحله

نتايج نمايش و نمودن آماده



22 

 بندي مسايل مکانيک جامداتتقسيم

Analysis of solids 

Static Dynamics 

Behavior of Solids 

Linear Nonlinear 

Geometric 

Contact 

Material 

Plasticity 

Viscoplasticity 

Stress Stiffening 

Large Displacement 

Instability 

Geometric 

Classification of solids 

Skeletal Systems 

1D Elements 

Plates and Shells 

2D Elements 

Solid Blocks 

3D Elements 

Trusses 

Cables 

Pipes 

Plane Stress, Plane Strain 

Axisymmetric 

Plate Bending 

Shells with flat elements 

Shells with curved elements 

Brick Elements 

Tetrahedral Elements 

General Elements 

Elementary Advanced 



تاريخچه روش اجزاي محدود

Trial function

Engineering Mathematics 

Finite difference 

method 
Variational 

method 

Method of Weighted 

Residuals 

Continuous trial 

function Variable finite 

difference method 

Direct continuum 

elements 
Present Finite 

Element Method 

Similar structure 

replacement 

Richardson 1910 

Liebman 1918 

Southwell 1946 Gauss 1795 

Galerkin 1915 

Biezeno-Koch 1923 

Rayleigh 1870 

Ritz 1909 

Hrenikoff 1941 

Mchenry 1943 

Newmark 1949 

Argyris 1955 

Turner et al. 1956 

Courant 1943 

Prager-Synge 1947 

Zienkiewicz 1964 Varga 1962 

First coined by Clough 1960 
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  1943 ............ Courant  : اجزاي روش مشابه روش بار اولين براي وي
 مثلثي نواحي در كه اي تکه پيوستگي داراي توابع از آن در كه كرد ارائه محدود

  .كرد استفاده شوندمي ريفتع

  1956 ............ Turner, Clough, Martin and Topp: يک در آنان 
 سازه تحليل براي (شده مفصل هايميله شامل) ساده محدود اجزاي كاربرد مقاله

 روش توسعه در كليدي پيشرفت يک عنوان به تحليل اين .نمودند استفاده هواپيما
.آمد مي حساب به محدود اجزاي

تاريخچه روش اجزاي محدود
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  1960 ............ Clough : تحليل مثلثي المانهاي از استفاده با توانست وي 
.دهد انجام يا صفحه تنش شرايط در را هواپيما ي سازه بال يک

(مركزي پردازنده با) ديجيتال كامپيوترهاي ورود با دهه اين در : 1970 دهه، 
 بطور و گرديد فراهم محدود اجزاي در نياز مورد محاسبات براي نيرومندي ابزار

 .داد توسعه را روش اين عملي

روش پردازش پس و پردازش پيش مراحل انجام زمينه دهه اين در : 1980 دهه 
 .شد فراهم شخصي كامپيوترهاي در محدود اجزاي

محدود اجزاي روش كمک به بزرگ هاي سازه تحليل دهه اين در : 1990 دهه 
 .گرفت انجام

تاريخچه روش اجزاي محدود
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 :محدود اجزاي روش در آزادي درجات

 آزادي درجه 100 تا تحليل :1950 دهه

 آزادي درجه 1000 تا تحليل :1960 دهه

 آزادي درجه 10000 تا تحليل :1980 دهه

 آزادي درجه 100000 تا تحليل :1990 دهه

آزادي درجه ميليون چندين تا 500000 از تحليل :2000 دهه

تاريخچه روش اجزاي محدود
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 :محدود اجزاي روش زمينه در شده منتشر مقالات

 مقاله 10 :1961 تا

 مقاله 134 :1966 تا

 مقاله 844 :1971 تا

 مقاله 7000 :1976 تا

 مقاله 20000 :1986 تا

...................... 

تاريخچه روش اجزاي محدود
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نرم افزارهاي اجزاي محدود  

Year Software Company Website 

1965 ASKA (PERMAS) IKOSS GmbH, 

(INTES),Germany 

www.intes.de 

1966 NASTRAN MacNeal-Schwendler Corp., 

USA 

www.macsch.com 

1967 ASAS Atkins Res.&Devel., UK www.wsasoft.com 

1970 ANSYS Swanson Anal. Syst., USA www.ansys.com 

SAP NISEE, Univ. of California, 

Berkeley, USA 

www.eerc.berkeley.

edu 

1975 ADINA ADINA R&D, Inc., USA www.adina.com 
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Year Software Company Website 

1976 NISA  Eng. Mech. Res. Corp., 

USA 

www.emrc.com 

1978 DYNA2D, DYNA3D Livermore Softw. Tech. 

Corp., USA  

www.lstc.com 

1979 ABAQUS Hibbit, Karlsson & 

Sorensen, Inc., USA 

www.abaqus.com 

1980 LUSAS FEA Ltd., UK www.lusas.com 

1982 COSMOS/M Structural Res. & Anal. 

Corp., USA  

www.cosmosm.com 

1984 ALGOR Algor Inc., USA www.algor.com 

نرم افزارهاي اجزاي محدود  
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•ANSYS (General purpose, PC and workstations)

•NISA (PC and workstation)

• SDRC/I-DEAS (Complete CAD/CAM/CAE package)

• NASTRAN (General purpose FEA on mainframes)

• ABAQUS (Nonlinear and dynamic analyses)

• COSMOS (General purpose FEA)

• ALGOR (PC and workstations)

• PATRAN (Pre/Post Processor)

• HyperMesh (Pre/Post Processor)

• Dyna-3D (Crash/impact analysis)

• ......

نرم افزارهاي اجزاي محدود  
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 كاربرد روش اجزاي محدود 

  Static analysis 

 Deflection 

 Stresses 

 Strains 

 Forces 

 Energies 

  Dynamic analysis 

 Frequencies 

 Deflection (mode shape) 

 Stresses 

 Strains 

 Forces 

 Energies 

 Temperature 

 Heat fluxes 

 Thermal gradients 

 Heat flow from 

convection faces 

  Heat transfer analysis 

 Pressures 

 Gas temperatures 

 Convection coefficients 

 Velocities 

  Fluid analysis 
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كاربرد روش اجزاي محدود 

 Automotive industry

 Static analyses

 Modal analyses

 Transient dynamics

 Heat transfer

 Mechanisms

 Fracture mechanics

 Metal forming

 Crashworthiness

 Static analyses

 Modal analyses

Aerodynamics

 Transient dynamics

 Heat transfer

 Fracture mechanics

 Creep and plasticity analyses

 Composite materials

Aeroelasticity

 Metal forming

 Crashworthiness

 Aerospace industry

 Architectural

 Soil mechanics

 Rock mechanics

 Hydraulics

 Fracture mechanics



ABAQUS

















ANSYS





















OPENSYS
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Finite Element Trusses 
 
3.0 Trusses Using FEA 
 
 We started this series of lectures looking at truss problems.  We limited the 
discussion to statically determinate structures and solved for the forces in elements and 
reactions at supports using basic concepts from statics. 
 In this section, we will apply basic finite element techniques to solve general two 
dimensional truss problems.  The technique is a little more complex than that originally 
used to solve truss problems, but it allows us to solve problems involving statically 
indeterminate structures. 
 
3.1 Local and Global Coordinates 
 
 We start by looking at the beam or element shown in the diagram below.  This  
element attaches to two nodes, 1 and 2.  In the Figure we are showing two coordinate 
systems.  One is a one dimensional coordinate system that aligns with the length of the 
element.  We will call this the local coordinate system.  The other is a two dimensional 
coordinate system that does not align with the element.  We will call this the global 
coordinate system.  The 〉′′〈 yx , coordinates are the local coordinates for the element and 

〉〈 yx, are the global coordinates. 

 
We can convert the displacements shown in the local coordinate system by 

looking at the following diagram.  We will let 1q′  and 2q′  represent displacements in the 
local coordinate system and q1, q2, q3, and q4 represent displacements in the x-y (global) 
coordinate system.  Note that the odd subscripted displacements are in the x direction and 
the even ones are in the y direction as shown in the following diagram. 

 

1

2

x’ 

y’ 
Local coordinate 
system 

x 

y 

Global coordinate 
System 

Figure 1 - Local and global coordinate systems
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We know that for small deformations in tension or compression a beam, acts like 

a spring.  The amount of deformation is linearly proportional to the force applied to the 
beam.  As the beam is stretched or compressed, we are added potential energy to the 
beam.  This energy is called strain energy and it can be modeled with Hook’s law.  The 
law states that the force is directly proportional to the deformation.  

 
xkF Δ=        (3.1) 

 
We can compute the energy by integrating over the deformation 
 

2

0 2
1 kQxdxku

Q

== ∫       (3.2) 

 

where 
L

AEk =  the element stiffness, A = the cross sectional area of the element, 

E = Young’s modulus for the material, and L = the length of the element.  Q is the total 
change in length of the element.  Note that we are assuming the deformation is linear 
over the element.  All equal length segments of the element will deform the same 
amount.  We call this a constant strain deformation of the element. 

We can rewrite this change in length as 
 

)( '
1

'
2 qqQ −=        (3.3) 

 
Substituting this into equation (3.2) gives us 
 

2
12 )(

2
1 qqku ′−′=       (3.4) 

q1’ 

q2’ 

Ө 

Deformed element 

θsin2q

q1 

q2 

q4 

q3

θcos1q

Un-deformed element 

Figure 2 - The deformation of an element in both local and global coordinate systems. 



Chapter 3 - Finite Element Trusses Page 3 of 15

 
or expanding 

)2(
2
1 2

112
2

2 qqqqku ′+′′−′=      (3.5) 

 
Rewriting this in vector form we let 
 

⎭
⎬
⎫

⎩
⎨
⎧
′
′

=′
2

1

q
q

q        (3.6) 

 
and 

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=′

11
11

L
AEk       (3.7) 

 
With this we can rewrite equation (3.5) as: 

 

qkqu T ′′′=
2
1        (3.8) 

 
We can do the indicated operations in (3.8) to see how the vector notation works.  

We do this by first expanding the terms then doing the multiplication. 
 

{ }
⎭
⎬
⎫

⎩
⎨
⎧
′
′

⎭
⎬
⎫

⎩
⎨
⎧
−

−
′′=

2

1
21 11

11
2 q

q
qq

L
AEu     (3.9) 

 

{ }
⎭
⎬
⎫

⎩
⎨
⎧
′
′

′+′−′−′=
2

1
21212 q

q
qqqq

L
AEu     (3.10) 

 

( ))()(
2 122211 qqqqqq
L

AEu ′−′′+′−′′=     (3.11) 

 

( )21
2

221
2

12
qqqqqq

L
AEu ′′−′+′′−′=     (3.12) 

 

)2(
2

2
221

2
1 qqqq

L
AEu ′+′′−′=      (3.13) 

 
Which is the same as equation (3.5). 
 
Equation (3.7) is the stiffness matrix for a one dimensional problem. 
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6.2 Two Dimensional Stiffness Matrix 
 

We know for local coordinates that 
 

⎭
⎬
⎫

⎩
⎨
⎧
′
′

=′
2

1

q
q

q        (3.6) 

 
and for global coordinates (See Figure 2) 
 

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

4

3

2

1

q
q
q
q

q        (3.14) 

 
We can transform the global coordinates to local coordinates with the equations 
 

θθ sincos 211 qqq +=′       (3.15) 
and 
 

θθ sincos 432 qqq +=′      (3.16) 
 

This can be rewritten in vector notation as: 
 

Mqq =′        (3.17) 
 

where 
 

⎥
⎦

⎤
⎢
⎣

⎡
=

sc
sc

M
00

00
,      (3.18) 

 
θcos=c , and θsin=s . 

 
Using 

qkqu T ′′′=
2
1        (3.8) 

 
we can substitute in equation (3.17) 
 

[ ]qMkMqu TT ′=
2
1       (3.19) 

 
Now we will let 
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MkMk T ′=        (3.20) 

 
and doing the multiplication, k our stiffness matrix for global two dimensional 
coordinates becomes 
 

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−
−−

−−
−−

=

22

22

22

22

scsscs
csccsc
scsscs
csccsc

L
AEk     (3.21) 

 
where: 
 

E = Young’s modulus for the element material 
A = the cross sectional area of the element 
L = the length of the element 

θcos=c  
θsin=s  

 
3.3 Stress Computations 
 

The stress can be written as 
 

εσ E=       (3.22) 
 

where ε is the strain, the change in length per unit of length.  We can rewrite this as: 
 
 

 

L
qqE 12 ′−′

=σ        (3.23) 

 
 
 
In vector form we can write the equation as 
 

{ }
⎭
⎬
⎫

⎩
⎨
⎧
′
′

−=
2

111
q
q

L
Eσ      (3.24) 

 
From our previous discussion, we know that in local coordinates 
 

⎭
⎬
⎫

⎩
⎨
⎧
′
′

=′
2

1

q
q

q       (3.6) 

total deformation 

length of element 
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and in global coordinates 
 

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

4

3

2

1

q
q
q
q

q       (3.14) 

 
From equation (3.17) we know that 
 

Mqq =′       (3.17) 
 

where 
 

⎥
⎦

⎤
⎢
⎣

⎡
=

sc
sc

M
00

00
     (3.18) 

 
Substituting this in to the equation (3.24) yields 
 

{ }Mq
L
E 11−=σ      (3.25) 

 
Now we multiply M by the vector 
 

{ }qscsc
L
E

−−=σ     (3.26) 
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3.4 Truss Example 
 

We can now use the techniques we have developed to compute the stresses in a 
truss.  Consider 

 

 
 
Computing Displacements 

 
There are 4 nodes and 4 elements making up the truss.  We are going to do a two 

dimensional analysis so each node is constrained to move in only the X or Y direction.  
We call these directions of motion degrees of freedom or dof for short.  There are 4 nodes 
and 8 degrees of freedom (two degrees of freedom for each node).  We can number the 
degrees of freedom with the formulas: 

 
Vertical degree of freedom  nodedof *2=    (3.27) 
Horizontal degree of freedom  1*2 −= nodedof    (3.28) 
 

where node is the node number. 
We can locate each node by its coordinates.  The table below shows the 

coordinates of the nodes in the problem we are solving.  We can use these coordinates to 
determine the lengths and angles of the elements. 

 
Node X Y 

1 0 0 
2 40 0 
3 40 30
4 0 30

Table 1 - Coordinates of the nodes in the truss. 

q1 

q2 

q3 

q4 

q5 

q6 

q7 

q8 

1 

2 

3 

4 

1 

2 3 

4 

25,000 lbs 

20,000 lbs 

E = 29.5x106 
Area = 1.0 in2 

30” 

40” 
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Each element can be described as extending from one node to another.  This also 
can be defined in a table below. 

 
Element From Node To Node

1 1 2 
2 3 2 
3 1 3 
4 4 3 

Table 2 - The elements and the nodes they connect in the truss. 
 

From these two tables we can derive the lengths of each element and the cosine 
and sine of their orientation.  This is shown in the table below. 

 
Element Length Cosine Sine

1 40 1 0 
2 30 0 -1 
3 50 0.8 0.6 
4 40 1 0 

Table 3 - Elements with sines and cosines to be used in the stiffness matrix. 
 

In the previous sections we developed the stiffness matrix for an element.  This is 
shown in equation (3.21) below. 

 

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−
−−

−−
−−

=

22

22

22

22

scsscs
csccsc
scsscs
csccsc

L
AEk     (3.21) 

 
This stiffness matrix is for an element.  The element attaches to two nodes and 

each of these nodes has two degrees of freedom.  The rows and columns of the stiffness 
matrix correlate to those degrees of freedom. 

Using the equation shown in (3.21) we can construct that stiffness matrix for 
element 1 defined in the table above.  The stiffness matrix is: 

 
 
                  1     2      3   4 

4
3
2
1

0000
0101
0000
0101

40
105.29 6

1

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

=
xk      (3.29) 

 
 
 
 

Global dof 
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Element 2 

 
       5    6      3    4 

4
3
6
5

1010
0000
1010

0000

30
105.29 6

2

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−
=

xk      (3.30) 

Element 3 
 
                 1         2           5         6 

6
5
2
1

36.48.36.48.
48.64.48.64.
36.48.36.48.
48.64.48.64.

50
105.29 6

3

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−
−−

−−
−−

= xk
   (3.31) 

 
Element 4 
         7     8     5    6 

6
5
8
7

0000
0101
0000
0101

40
105.29 6

4

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

=
xk      (3.32) 

 
The next step is to add the stiffness matrices for the elements to create a matrix 

for the entire structure.  We can facilitate this by creating a common factor for Young’s 
modulus and the length of the elements. 

For element 1, we divide the outside by 15 and multiply each element of the 
matrix by 15.  Multiplying and dividing by the same number is the same as multiplying 
and dividing by 1. 

    
           1      2      3     4 

4
3
2
1

0000
015015
0000
015015

600
105.29 6

1

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

=
xk      (3.33) 
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We multiply and divide element 2 by 20. 
 
        5      6       3      4 

4
3
6
5

200200
0000
200200
0000

600
105.29 6

2

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−
=

xk      (3.34) 

 
Multiply and divide element 3 by 12. 
 
                  1           2             5            6 

6
5
2
1

32.476.532.476.5
76.568.776.568.7
32.476.532.476.5
76.568.776.568.7

600
105.29 6

3

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−

−−
−−

=
xk    (3.35) 

 
We do the same for element 4 by multiplying and dividing it by 15. 
 
         7     8       5     6 

6
5
8
7

0000
015015
0000
015015

600
105.29 6

4

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

=
xk      (3.36) 

 
The coefficient for each stiffness matrix is the same so we can easily add the 

matrices.  We add the degree of freedom for each element stiffness matrix into the same 
degree of freedom in the structural matrix.  The resulting structural stiffness matrix is 
shown below. 

 
         1           2            3           4            5           6          7      8 

8
7
6
5
4
3
2
1

00000000
00.1500.150000
0032.2476.50.20032.476.5
01576.568.220076.568.7
000.2000.20000
000000.1500.15
0032.476.50032.476.5
0076.568.700.1576.568.22

600
105.29 6

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−−

−−−
−

−
−−
−−−

×
=K  (3.37) 
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Remembering our basic equation 
 

FKQ =        (3.38) 
 

where K is the structural or global stiffness matrix, Q is the displacement of each node, 
and F is the external force matrix.  This results in 
 

⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

−

=

⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−−

−−−
−

−
−−
−−−

×

0
0
000,25

0
0
000,20
0
0

00000000
00.1500.150000
0032.2476.50.20032.476.5
01576.568.220076.568.7
000.2000.20000
000000.1500.15
0032.476.50032.476.5
0076.568.700.1576.568.22

600
105.29

8

7

6

5

4

3

2

1

6

q
q
q
q
q
q
q
q

(3.39) 

 
We have boundary conditions at the fixed supports.  Our assumption is that these 

joints will not move in the constrained direction.  We remove these from our matrix.  The 
constrained displacements are dof 1, 2, 4, 7, and 8.  The lines in equation (3.40) show the 
rows and columns that are removed. 

 

⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

−

=

⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−−

−−−
−

−
−−
−−−

×

0
0
000,25

0
0
000,20
0
0

00000000
00.1500.150000
0032.2476.50.20032.476.5
01576.568.220076.568.7
000.2000.20000
000000.1500.15
0032.476.50032.476.5
0076.568.700.1576.568.22

600
105.29

8

7

6

5

4

3

2

1

6

q
q
q
q
q
q
q
q

(3.40) 

 
 
The resulting matrix is: 
 

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

−
=

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
×

000,25
0
000,20

32.2476.50
76.568.220
0015

600
105.29

6

5

36

q
q
q

   (3.41) 
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We can use Gaussian elimination or any number of other solution techniques to 
solve the system of equations shown above.  Doing so yields 

 

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

×−
×
×

=
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

−

−

−

3

3

3

6

5

3

1025.22
1065.5
1012.27

q
q
q

 inches     (3.42) 

 
Computing Stresses 
 

Previously we showed that  
 

{ }qscsc
L
E

−−=σ       (3.26) 

 
We use this equation to compute the stress in each element. 
 

{ }

4
3
2
1

0
1012.27

0
0

0101
40

105.29
3

6

1

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

×
−

×
= −σ    (3.43) 

 
or 
 

psi000,201 =σ        (3.44) 
 
 
 

{ }

4
3
6
5

0
1012.27
1025.22

1065.5

1010
30

105.29
3

3

3

6

2

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

×−
×−

×

−
×

=
−

−

−

σ
   (3.45) 

 
psi875,212 −=σ        (3.46) 

 
Using a similar technique we get 
 

psi208,53 −=σ        (3.47) 
and 
 

psi167,44 =σ         (3.48) 
 

dof
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Computing the Reactions 
 

The last step is to compute the support reactions.  We need to determine the 
reaction forces along dof 1, 2, 3, 7, and 8 which correspond to the fixed supports.  These 
are obtained by substituting Q into the original finite element equation. 

 
FKQR −=         (3.48) 

 
We only need to use those rows of the structural stiffness matrix that correspond 

to the fixed supports.  At these supports, we are not supplying an external force so F=0.  
Our equation becomes 

 
KQR =          (3.50) 

 
or 
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 (3.51) 

 
We multiply the stiffness matrix K and the deformation vector Q to get the reactions.  
They are shown in the following equation. 
 

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−

−

=

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

0
167,4
879,21

126,3
3.833,15

8

7

4

2

1

R
R
R
R
R

     (3.52) 
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Problems 
 

1. Element area = 1.5 in2  E=30,000,000 
  
 Element length = 5 feet 
 
 Write the stiffness matrix for the structure.  The 
bar is vertical.  Show all work. 
 
 
 
 
2. Using a different load, the element shown in 
Problem 1 deforms by 0.02 inches in length.  What is the stress in the material?  Use a 
finite element approach to solve the problem.  Show all work. 
 
 
3. Use a finite element approach, solve for the stress, joint displacement, and 
reaction force on the element shown in Problem 1.  Use the 8,000 lbs force as shown in 
the diagram.  Show all work. 
 
 
4. The structure shown in the diagram results in the stiffness matrix shown in the 
table.  Manually solve for the displacement of node 4.  Show all work. 
 
  
 
 
 
 
1.0e+006 * 
 
 
 
 
  
 
     
 
      
 
 
 
 

   0.6293  0.4720    0 0 0 0 -0.6293  -0.4720
0.4720     0.3540    0 0 0 0 -0.4720  -0.3540
0 0 0.6146    0 0 0 -0.6146  0 
0 0 0 0 0 0 0 0 
0 0 0 0 0.6293   -0.4720  -0.6293  0.4720 
0 0 0 0 -0.4720  0.3540    0.4720    -0.3540
-0.6293    -0.4720  -0.6146  0 -0.6293 0.4720 1.8733 0 
-0.4720 -0.3540 0 0 0.4720 -0.3540 0 0.7080 

Element Area E 
1 2 in2 29.5e6
2 1 in2 29.5e6
3 2 in2 29.5e6
Node X feet Y feet 
1 0 0 
2 0 3 
3 0 6 
4 4 3 

1 

2 

8,000 lbs 

3 

1 

2 

1 

2 

3 

4 

10,000 lbs 
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5. Element area = 1 in2  Material = steel 
 
 

Node X Y 
1 0 40 
2 30 0 
3 60 40 

 
A. Find the joint displacements 
B. Find the stress in the elements 
C. Find the reactions 

 
 
6. Element area = 1 in2  Material = steel 

 
 

D. Find the joint displacements 
E. Find the stress in the elements 
F. Find the reactions 

 
 
 
Write a Matlab program that uses the finite element technique discussed in class to solve 
for the displacements, stresses, and reactions in a finite element truss.  You may want to 
modify the static stress program you wrote earlier to create this new program.  The two 
programs should be able to use the same input file.   
 
Solve the problem shown above to turn in.  Use both this new program and the static truss 
program to run the data file.  Compare the results.   
 
 
 

Node X Y 
1 0 0 
2 4 3 
3 8 0 
4 12 3 

Element From 
Node 

To 
Node 

1 1 2 
2 2 3 
3 2 4 
4 3 4 

1 3 

2 

10,000 lbs 

1 

2 

3 

4 

5,000 lbs 
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