Variable-Reluctance
Machines and Stepping
Motors

ariable-reluctance machines' (often abbreviated as VRMs) are perhaps the

simplest of electrical machines. They consist of a stator with excitation wind-

ings and a magnetic rotor with saliency. Rotor conductors are not required
because torque is produced by the tendency of the rotor to align with the stator-
produced flux wave in such a fashion as to maximize the stator flux linkages that
result from a given applied stator current. Torque production in these machines can
be evaluated by using the techniques of Chapter 3 and the fact that the stator winding
inductances are functions of the angular position of the rotor.

Although the concept of the VRM has been around for a long time, only in the
past few decades have these machines begun to see widespread use in engineering
applications. This is due in large part to the fact that although they are simple in
construction, they are somewhat complicated to control. For example, the position of
the rotor must be known in order to properly energize the phase windings to produce
torque. It is the widespread availability and low cost of micro and power electronics
that has made the VRM competitive with other motor technologies in a wide range
of applications.

By sequentially exciting the phases of a VRM, the rotor will rotate in a step-
wise fashion, rotating through a specific angle per step. Stepper motors are designed
to take advantage of this characteristic. Such motors often combine the use of a
variable-reluctance geometry with permanent magnets to produce increased torque
and precision position accuracy.

1 Variable-reluctance machines are often referred to as switched-reluctance machines (SRMs) to indicate
the combination of a VRM and the switching inverter required to drive it. This term is popular in the
technical literature.
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CHAPTER 8 Variable-Reluctance Machines and Stepping Motors

8.1 BASICS OF VRM ANALYSIS

Common variable-reluctance machines can be categorized into two types: singly-
salient and doubly-salient. In both cases, their most noticeable features are that there
are no windings or permanent magnets on their rotors and that their only source of
excitation consists of stator windings. This can be a significant feature because it
means that all the resistive winding losses in the VRM occur on the stator. Because
the stator can typically be cooled much more effectively and easily than the rotor, the
result is often a smaller motor for a given rating and frame size.

As is discussed in Chapter 3, to produce torque, VRMs must be designed such
that the stator-winding inductances vary with the position of the rotor. Figure 8.1a
shows a cross-sectional view of a singly-salient VRM, which can be seen to consist of
a nonsalient stator and a two-pole salient rotor, both constructed of high-permeability
magnetic material. In the figure, a two-phase stator winding is shown although any
number of phases are possible.

Figure 8.2a shows the form of the variation of the stator inductances as a function
of rotor angle 6, for a singly-salient VRM of the form of Fig. 8.1a. Notice that the
inductance of each stator phase winding varies with rotor position such that the induc-
tance is maximum when the rotor axis is aligned with the magnetic axis of that phase
and minimum when the two axes are perpendicular. The figure also shows that the
mutual inductance between the phase windings is zero when the rotor is aligned with
the magnetic axis of either phase but otherwise varies periodically with rotor position.

Figure 8.1b shows the cross-sectional view of a two-phase doubly-salient VRM
in which both the rotor and stator have salient poles. In this machine, the stator has
four poles, each with a winding. However, the windings on opposite poles are of the
same phase; they may be connected either in series or in parallel. Thus this machine
is quite similar to that of Fig. 8.1a in that there is a two-phase stator winding and
a two-pole salient rotor. Similarly, the phase inductance of this configuration varies
from a maximum value when the rotor axis is aligned with the axis of that phase to a
minimum when they are perpendicular.

Unlike the singly-salient machine of Fig. 8.1a, under the assumption of negligible
iron reluctance the mutual inductances between the phases of the doubly-salient VRM
of Fig. 8.1b will be zero, with the exception of a small, essentially-constant component
associated with leakage flux. In addition, the saliency of the stator enhances the dif-
ference between the maximum and minimum inductances, which in turn enhances the
torque-producing characteristics of the doubly-salient machine. Figure 8.2b shows the
form of the variation of the phase inductances for the doubly-salient VRM of Fig. 8.1b.

The relationship between flux linkage and current for the singly-salient VRM is

of the form
{M} _ {LH(@m) L12(9m)}{i1:| 8.1)
A2 L2(6nm) Lyn@w)] i '
Here L1 (6,) and L1,(0,,) are the self-inductances of phases | and 2, respectively,
and L3(6,,) is the mutual inductances. Note that, by symmetry

L (Om) = L11(6m — 90°) (82)
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Figure 8.1 Basic two-phase VRMSs: (a) singly-salient
and (b) doubly-salient.
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Figure 8.2 Plots of inductance versus 8y, for (a) the singly-salient
VRM of Fig. 8.1a and (b) the doubly-salient VRM of Fig. 8.1b.

Note also that all of these inductances are periodic with a period of 180° because
rotation of the rotor through 180° from any given angular position results in no
change in the magnetic circuit of the machine.

From Eq. 3.68 the electromagnetic torque of this system can be determined from
the coenergy as

dW;y(is, iz, Om)

36, (8.3)

Thech =

where the partial derivative is taken while holding currents {; and i, constant. Here,
the coenergy can be found from Eq. 3.70,

, 1 . o1 .
Wiy = 5Lu(em)z% + L12(Om)itiz + §L22(9m)l% (8.4)

Thus, combining Eqgs. 8.3 and 8.4 gives the torque as

1 ,dLi(6n) .. dL12(Bn) 1 .,dL2%(0n)
=1 + 112 =1

2 dbn dby 2 dby
For the double-salient VRM of Fig. 8.1b, the mutual-inductance term d L 2(6r)/d6n
is zero and the torque expression of Eq. 8.5 simplifies to

12dL116n) | 1,dL2(6n)
T 22 46,

Thech = (85)

(8.6)

Tech =
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Substitution of Eq. 8.2 then gives

1.,dL11(Bn)
Tmechzillz 1

lizdLll(gm - 900)
db,, 27 df,

8.7

Equations 8.6 and 8.7 illustrate an important characteristic of VRMs in which
mutual-inductance effects are negligible. In such machines the torque expression
consists of a sum of terms, each of which is proportional to the square of an individual
phase current. As a result, the torque depends only on the magnitude of the phase
currents and not on their polarity. Thus the electronics which supply the phase currents
to these machines can be unidirectional; i.e., bidirectional currents are not required.

Since the phase currents are typically switched on and off by solid-state switches
such as transistors or thyristors and since each switch need only handle currents in
a single direction, this means that the motor drive requires only half the number
of switches (as well as half the corresponding control electronics) that would be
required in a corresponding bidirectional drive. The result is a drive system which is
less complex and may be less expensive. Typical VRM motor drives are discussed in
Section 11.4.

The assumption of negligible mutual inductance is valid for the doubly-salient
VRM of Fig. 8.1b both due to symmetry of the machine geometry and due to the
assumption of negligible iron reluctance. In practice, even in situations where sym-
metry might suggest that the mutual inductances are zero or can be ignored because
they are independent of rotor position (e.g., the phases are coupled through leakage
fluxes), significant nonlinear and mutual-inductance effects can arise due to saturation
of the machine iron. In such cases, although the techniques of Chapter 3, and indeed
torque expressions of the form of Eq. 8.3, remain valid, analytical expressions are
often difficult to obtain (see Section 8.4).

At the design and analysis stage, the winding flux-current relationships and the
motor torque can be determined by using numerical-analysis packages which can
account for the nonlinearity of the machine magnetic material. Once a machine has
been constructed, measurements can be made, both to validate the various assumptions
and approximations which were made as well as to obtain an accurate measure of
actual machine performance.

From this point on, we shall use the symbol ps to indicate the number of stator
poles and p; to indicate the number of rotor poles, and the corresponding machine is
called a p,/ pr machine. Example 8.1 examines a 4/2 VRM.
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EXAMPLE 8.1

A 4/2 VRM is shown in Fig. 8.3. Its dimensions are
R=38cm o=8=60°=m/3rad
g=254x102cm D=13.0cm

and the poles of each phase winding are connected in series such that there are a total of
N = 100 turns (50 turns per pole) in each phase winding. Assume the rotor and stator to be of
infinite magnetic permeability.
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Figure 8.3 4/2 VRM for Example 8.1.

a. Neglecting leakage and fringing fluxes, plot the phase-1 inductance L () as a function
of 6.

b. Plot the torque, assuming (i) i/, = /; and i, = O and (if)i; = 0and i, = L.

c. Calculate the net torque (in N - m) acting on the rotor when both windings are excited such
thati; = i, = 5 A and at angles (i) 8,, = 0°, (if) 6,, = 45°, (iii) 6,, = 75°.

H Solution

a. Using the magnetic circuit techniques of Chapter 1, we see that the maximum inductance
L ..x for phase 1 occurs when the rotor axis is aligned with the phase-1 magnetic axis.
From Eq. 1.31, we see that L, is equal to

NZ[,L()CYRD

L max —
2g

where a R D is the cross-sectional area of the air gap and 2g is the total gap length in the
magnetic circuit. For the values given,

N2uoaRD

2g
_ (100)* (4 x 1077)(r/3)(3.8 x 1072)(0.13)
- 2 % (2.54 x 10-%)

Lmax =

= 0.128H

Neglecting fringing, the inductance L(8,,) will vary linearly with the air-gap
cross-sectional area as shown in Fig. 8.4a. Note that this idealization predicts that the
inductance is zero when there is no overlap when in fact there will be some small value
of inductance, as shown in Fig. 8.2,
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Figure 8.4 (2) L {1(6n) versus 6, (b) dL11(6m)/d6m versus 6m, and
(c) torque versus 6.

b. From Eq. 8.7, the torque consists of two terms

1.,dLy(Bn) 1.,dL;(0,—90%)
Toeeh = = P iy
vl T Tk 6.,

and dL,,/df,, can be seen to be the stepped waveform of Fig. 8.4b whose maximum

values are given by L. /o (with o expressed in radians!). Thus the torque is as shown
in Fig. 8.4c.
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c. The peak torque due to each of the windings is given by

®

L 0.128
T = | =—— )i’ = 52=153N-
( 2a )’ (2(;:/3)) "

From the plot in Fig. 8.4c, at 8,, = 0°, the torque contribution from phase 2 is clearly
zero. Although the phase-1 contribution appears to be indeterminate, in an actual
machine the torque change from T, t0 —Tiax, at 8, = 0° would have a finite slope
and the torque would be zero at 8 = 0°. Thus the net torque from phases 1 and 2 at
this position is zero.

Notice that the torque at 8,, = 0 is zero independent of the current levels in phases 1

and 2. This is a problem with the 4/2 configuration of Fig. 8.3 since the rotor can get
“stuck” at this position (as well as at ,, = £90°, £180°), and there is no way that
electrical torque can be produced to move it.

()

(iii)

At 8, = 45° both phases are providing torque. That of phase 1 is negative while that
of phase 2 is positive. Because the phase currents are equal, the torques are thus
equal and opposite and the net torque is zero. However, unlike the case of 6,, = 0°,
the torque at this point can be made either positive or negative simply by appropriate
selection of the phase currents.

At 8, = 75° phase 1 produces no torque while phase 2 produces a positive torque of
magnitude T, Thus the net torque at this position is positive and of magnitude
1.53 N - m. Notice that there is no combination of phase currents that will produce a
negative torque at this position since the phase-1 torque is always zero while that of
phase 2 can be only positive (or zero).

Practice Problem 8.1

Repeat the calculation of Example 8.1, part (c), for the case in whicha = 8 = 70°.

Solution
(i) T=0N-m
(i) T=0N-m

(i) T=159N-m

Example 8.1 illustrates a number of important considerations for the design of
VRMs. Clearly these machines must be designed to avoid the occurrence of rotor
positions for which none of the phases can produce torque. This is of concern in the
design of 4/2 machines which will always have such positions if they are constructed
with uniform, symmetric air gaps.

It is also clear that to operate VRMs with specified torque characteristics, the
phase currents must be applied in a fashion consistent with the rotor position. For
example, positive torque production from each phase winding in Example 8.1 can
be seen from Fig. 8.4c to occur only for specific values of 8. Thus operation of
VRMs must include some sort of rotor-position sensing as well as a controller which
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determines both the sequence and the waveform of the phase currents to achieve
the desired operation. This is typically implemented by using electronic switching
devices (transistors, thyristors, gate-turn-off devices, etc.) under the supervision of a
microprocessor-based controller.

Although a 4/2 VRM such as in Example 8.1 can be made to work, as a practical
matter it is not particularly useful because of undesirable characteristics such as its
zero-torque positions and the fact that there are angular locations at which it is not
possible to achieve a positive torque. For example, because of these limitations, this
machine cannot be made to generate a constant torque independent of rotor angle; cer-
tainly nocombination of phase currents can result in torque at the zero-torque positions
or positive torque in the range of angular locations where only negative torque can be
produced. As discussed in Section 8.2, these difficulties can be eliminated by 4/2 de-
signs with asymmetric geometries, and so practical 4/2 machines can be constructed.

As has been seen in this section, the analysis of VRMs is conceptually straightfor-
ward. In the case of linear machine iron (no magnetic saturation), finding the torque
is simply a matter of finding the stator-phase inductances (self and mutual) as a func-
tion of rotor position, expressing the coenergy in terms of these inductances, and then
calculating the derivative of the coenergy with respect to angular position (holding
the phase currents constant when taking the derivative). Similarly, as discussed in
Section 3.8, the electric terminal voltage for each of the phases can be found from the
sum of the time derivative of the phase flux linkage and the i R drop across the phase
resistance.

In the case of nonlinear machine iron (where saturation effects are important)
as is discussed in Section 8.4, the coenergy can be found by appropriate integration
of the phase flux linkages, and the torque can again be found from the derivative
of the coenergy with respect to the angular position of the rotor. In either case,
there are no rotor windings and typically no other rotor currents in a well-designed
variable-reluctance motor; hence, unlike other ac machine types (synchronous and
induction), there are no electrical dynamics associated with the machine rotor. This
greatly simplifies their analysis.

Although VRMs are simple in concept and construction, their operation is some-
what complicated and requires sophisticated control and motor-drive electronics to
achieve useful operating characteristics. These issues and others are discussed in
Sections 8.2 to 8.5.

8.2 PRACTICAL VRM CONFIGURATIONS

Practical VRM drive systems (the motor and its inverter) are designed to meet oper-
ating criteria such as

B Low cost.

Constant torque independent of rotor angular position.
A desired operating speed range.

High efficiency.

A large torque-to-mass ratio.
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As in any engineering situation, the final design for a specific application will involve
a compromise between the variety of options available to the designer. Because VRMs
require some sort of electronics and control to operate, often the designer is concerned
with optimizing a characteristic of the complete drive system, and this will impose
additional constraints on the motor design.

VRMs can be built in a wide variety of configurations. In Fig. 8.1, two forms of
a 4/2 machine are shown: a singly-salient machine in Fig. 8.1a and a doubly-salient
machine in Fig. 8.1b. Although both types of design can be made to work, a doubly-
salient design is often the superior choice because it can generally produce a larger
torque for a given frame size.

This can be seen qualitatively (under the assumption of a high-permeability,
nonsaturating magnetic structure) by reference to Eq. 8.7, which shows that the torque
is a function of d L1 (6m)/d6,,, the derivative of the phase inductance with respect
to angular position of the rotor. Clearly, all else being equal, the machine with the
largest derivative will produce the largest torque.

This derivative can be thought of as being determined by the ratio of the maximum
to minimum phase inductances L ax/ L min. In other words, we can write,

dLll(em) ~ Lmax - Lmin
dé, Ab,,
Lm X Lm'
=0 Jmt (8.8)
Abn L ax

where A8, is the angular displacement of the rotor between the positions of maximum
and minimum phase inductance. From Eq. 8.8, we see that, for a given L ., and Abp,,
the largest value of L,x/Lmin Will give the largest torque. Because of its geometry,
a doubly-salient structure will typically have a lower minimum inductance and thus
a larger value of L,/ Lmin; hence it will produce a larger torque for the same rotor
structure.

For this reason doubly-salient machines are the predominant type of VRM, and
hence for the remainder of this chapter we consider only doubly-salient VRMs. In
general, doubly-salient machines can be constructed with two or more poles on each
of the stator and rotor. It should be pointed out that once the basic structure of a
VRM is determined, L,y is fairly well determined by such quantities as the num-
ber of turns, air-gap length, and basic pole dimensions. The challenge to the VRM
designer is to achieve a small value of L. This is a difficult task because Ly, is
dominated by leakage fluxes and other quantities which are difficult to calculate and
analyze.

As shown in Example 8.1, the geometry of a symmetric 4/2 VRM with a uniform
air gap gives rise to rotor positions for which no torque can be developed for any
combination of excitation of the phase windings. These torque zeros can be seen to
occur at rotor positions where all the stator phases are simultaneously at a position of
either maximum or minimum inductance. Since the torque depends on the derivative of
inductance with respect to angular position, this simultaneous alignment of maximum
and minimum inductance points necessarily results in zero net torque.
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Figure 8.5 Cross-sectional view of a 6/4 three-phase VRM.

Figure 8.5 shows a 6/4 VRM from which we see that a fundamental feature
of the 6/4 machine is that no such simultaneous alignment of phase inductances is
possible. As a result, this machine does not have any zero-torque positions. This is a
significant point because it eliminates the possibility that the rotor might get stuck in
one of these positions at standstill, requiring that it be mechanically moved to a new
position before it can be started. In addition to the fact that there are not positions of
simultaneous alignment for the 6/4 VRM, it can be seen that there also are no rotor
positions at which only a torque of a single sign (either positive or negative) can be
produced. Hence by proper control of the phase currents, it should be possible to
achieve constant-torque, independent of rotor position.

In the case of a symmetric VRM with p; stator poles and p, rotor poles, a
simple test can be used to determine if zero-torque positions exist. If the ratio p,/p;
(or alternatively p./ ps if p; is larger than p;) is an integer, there will be zero-torque
positions. For example, for a 6/4 machine the ratio is 1.5, and there will be no zero-
torque positions. However, the ratio is 2.0 for a 6/3 machine, and there will be zero-
torque positions.

In some instances, design constraints may dictate that a machine with an inte-
gral pole ratio is desirable. In these cases, it is possible to eliminate the zero-torque
positions by constructing a machine with an asymmetric rotor. For example, the ro-
tor radius can be made to vary with angle as shown in grossly exaggerated fashion
in Fig. 8.6a. This design, which also requires that the width of the rotor pole be
wider than that of the stator, will not produce zero torque at positions of alignment

because dL(6n)/db,, is not zero at these points, as can be seen with reference to
Fig. 8.6b.
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Figure 8.6 A 4/2 VRM with nonuniform air gap: (a) exaggerated
schematic view and (b) plots of L(6m) and dL{6n)/d6m versus 6.

An alternative procedure for constructing an integral-pole-ratio VRM without
zero-torque positions is to construct a stack of two or more VRMs in series, aligned
such that each of the VRMs is displaced in angle from the others and with all rotors
sharing a common shaft. In this fashion, the zero-torque positions of the individual
machines will not align, and thus the complete machine will not have any torque zeros.
For example, a series stack of two two-phase, 4/2 VRMs such as that of Example 8.1
(Fig. 8.3) with a 45° angular displacement between the individual VRMs will result
in a four-phase VRM without zero-torque positions.

Generally VRMs are wound with a single coil on each pole. Although it is possible
to control each of these windings separately as individual phases, itis common practice
to combine them into groups of poles which are excited simultaneously. For example,
the 4/2 VRM of Fig. 8.3 is shown connected as a two-phase machine. As shown in
Fig. 8.5, a 6/4 VRM is commonly connected as a three-phase machine with opposite
poles connected to the same phase and in such a fashion that the windings drive flux
in the same direction through the rotor.
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In some cases, VRMs are wound with a parallel set of windings on each phase.
This configuration, known as a bifilar winding, in some cases can result in a simple
inverter configuration and thus a simple, inexpensive motor drive. The use of a bifilar
winding in VRM drives is discussed in Section 11.4.

In general, when a given phase is excited, the torque is such that the rotor is
pulled to the nearest position of maximum flux linkage. As excitation is removed
from that phase and the next phase is excited, the rotor “follows™ as it is then pulled
to a new maximum flux-linkage position. Thus, the rotor speed is determined by the
frequency of the phase currents. However, unlike the case of a synchronous machine,
the relationship between the rotor speed and the frequency and sequence of the phase-
winding excitation can be quite complex, depending on the number of rotor poles and
the number of stator poles and phases. This is illustrated in Example 8.2.

419

EXAMPLE 8.2

Consider a four-phase, 8/6 VRM. If the stator phases are excited sequentially, with a total time
of Ty sec required to excite the four phases (i.e., each phase is excited for a time of T;/4 sec),
find the angular velocity of the stator flux wave and the corresponding angular velocity of the
rotor. Neglect any system dynamics and assume that the rotor will instantaneously track the
stator excitation.

H Solution

Figure 8.7 shows in schematic form an 8/6 VRM. The details of the pole shapes are not of
importance for this example and thus the rotor and stator poles are shown simply as arrows
indicating their locations. The figure shows the rotor aligned with the stator phase-1 poles.
This position corresponds to that which would occur if there were no load on the rotor and the
stator phase-1 windings were excited, since it corresponds to a position of maximum phase-1
flux linkage.
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Figure 8.7 Schematic view of a
four-phase 8/6 VRM. Pole locations
are indicated by arrows.
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Consider next that the excitation on phase 1 is removed and phase 2 is excited. At this
point, the stator flux wave has rotated 45° in the clockwise direction. Similarly, as the excitation
on phase 2 is removed and phase 3 is excited, the stator flux wave will move an additional 45°
clockwise. Thus the angular velocity w; of the stator flux wave can be calculated quite simply
as /4 rad (45°) divided by T,/4 sec, or w, = 7/ T, rad/sec.

Note, however, that this is not the angular velocity of the rotor itself. As the phase-1
excitation is removed and phase 2 is excited, the rotor will move in such a fashion as to
maximize the phase-2 flux linkages. In this case, Fig. 8.7 shows that the rotor will move 15°
counterclockwise since the nearest rotor poles to phase 2 are actually 15° ahead of the phase-2
poles. Thus the angular velocity of the rotor can be calculated as —z /12 rad (15°, with the minus
sign indicating counterclockwise rotation) divided by T /4 sec, or w, = —n/(3T;) rad/sec.

In this case, the rotor travels at one-third the angular velocity of the stator excitation and
in the opposite direction!

Repeat the calculation of Example 8.2 for the case of a four-phase, 8/10 VRM.

Solution

wyn = 1/(5T;) rad/sec

Example 8.2 illustrates the complex relationship that can exist between the exci-
tation frequency of a VRM and the “synchronous” rotor frequency. This relationship
is directly analogous to that between two mechanical gears for which the choice of
different gear shapes and configurations gives rise to a wide range of speed ratios. It
is difficult to derive a single rule which will describe this relationship for the immense
variety of VRM configurations which can be envisioned. Itis, however, a fairly simple
matter to follow a procedure similar to that shown in Example 8.2 to investigate any
particular configuration of interest.

Further variations on VRM configurations are possible if the main stator and rotor
poles are subdivided by the addition of individual teeth (which can be thought of as a
set of small poles excited simultaneously by a single winding). The basic concept is
illustrated in Fig. 8.8, which shows a schematic view of three poles of a three-phase
VRM with a total of six main stator poles. Such a machine, with the stator and rotor
poles subdivided into teeth, is known as a castleated VRM, the name resulting from
the fact that the stator teeth appear much like the towers of a medieval castle.

In Fig. 8.8 each stator pole has been divided into four subpoles by the addition
of four teeth of width 6%0 (indicated by the angle B in the figure), with a slot of the
same width between each tooth. The same tooth/slot spacing is chosen for the rotor,
resulting in a total of 28 teeth on the rotor. Notice that this number of rotor teeth and the
corresponding value of B were chosen so that when the rotor teeth are aligned with
those of the phase- | stator pole, they are not aligned with those of phases 2 and 3. Inthis
fashion, successive excitation of the stator phases will result in a rotation of the rotor.

Castleation further complicates the relationship between the rotor speed and the
frequency and sequence of the stator-winding excitation. For example, from Fig. 8.8
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Figure 8.8 Schematic view of a three-phase castleated VRM with
six stator poles and four teeth per pole and 28 rotor poles.

it can be seen that for this configuration, when the excitation of phase 1 is removed
and phase 2 is excited (corresponding to a rotation of the stator flux wave by 60°
in the clockwise direction), the rotor will rotate by an angle of (28/3) = 4%0 in the
counterclockwise direction.

From the preceding analysis, we see that the technique of castleation can be
used to create VRMs capable of operating at low speeds (and hence producing high
torque for a given stator power input) and with very precise rotor position accuracy.
For example, the machine of Fig. 8.8 can be rotated precisely by angular increments
of (28/3). The use of more teeth can further increase the position resolution of
these machines. Such machines can be found in applications where low speed, high
torque, and precise angular resolution are required. This castleated configuration is
one example of a class of VRMs commonly referred to as stepping motors because
of their capability to produce small steps in angular resolution.

8.3 CURRENT WAVEFORMS FOR
TORQUE PRODUCTION

As is seen in Section 8.1, the torque produced by a VRM in which saturation and
mutual-inductance effects can be neglected is determined by the summation of terms
consisting of the derivatives of the phase inductances with respect to the rotor angular
position, each multiplied by the square of the corresponding phase current. For
example, we see from Eqs. 8.6 and 8.7 that the torque of the two-phase, 4/2 VRM of
Fig. 8.1b is given by

lizdLll(gm) lizdLZZ(gm)
21 46, 272 do,

Tnech =

.2dL11(6n)

1., 2 dL11 (6 —90°)
= Ell

1
do. 2" o,

(8.9)
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Figure 8.9 Idealized inductance and dL/d6y, curves for a three-phase 6/4 VRM with

40° rotor and stator poles.
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For each phase of a VRM, the phase inductance is periodic in rotor angular
position, and thus the area under the curve of dL/d8y, calculated over a complete
period of L(6,,) is zero, i.e.,

2”/ 4
/ Gy dbn = LQ2m/p;) — L(0) =0 (8.10)
0 dem

where p; is the number of rotor poles.

The average torque produced by a VRM can be found by integrating the torque
equation (Eq. 8.9) over a complete period of rotation. Clearly, if the stator currents
are held constant, Eq. 8.10 shows that the average torque will be zero. Thus, to
produce a time-averaged torque, the stator currents must vary with rotor position. The
desired average output torque for a VRM depends on the nature of the application. For
example, motor operation requires a positive time-averaged shaft torque. Similarly,
braking or generator action requires negative time-averaged torque.

Positive torque is produced when a phase is excited at angular positions with
positive dL/d6,, for that phase, and negative torque is produced by excitation at
positions at which d L /d6y, is negative. Consider a three-phase, 6/4 VRM (similar to
that shown in Fig. 8.5) with 40° rotor and stator poles. The inductance versus rotor
position for this machine will be similar to the idealized representation shown in
Fig. 8.9.

Operation of this machine as a motor requires a net positive torque. Alternatively,
it can be operated as a generator under conditions of net negative torque. Noting that
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p Torque
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Figure 8.10 Individual phase torques and total torque for the motor of Fig. 8.9. Each
phase is excited with a constant current /y only at positions where dL/dém > 0.

positive torque is generated when excitation is applied at rotor positions at which
dL/d6y is positive, we see that a control system is required that determines rotor
position and applies the phase-winding excitations at the appropriate time. It is, in
fact, the need for this sort of control that makes VRM drive systems more complex
than might perhaps be thought, considering only the simplicity of the VRM itself.

One of the reasons that VRMs have found application in a wide variety of sit-
uations is because the widespread availability and low cost of microprocessors and
power electronics have brought the cost of the sensing and control required to suc-
cessfully operate VRM drive systems down to a level where these systems can be
competitive with competing technologies. Although the control of VRM drives is
more complex than that required for dc, induction, and permanent-magnet ac motor
systems, in many applications the overall VRM drive system turns out to be less
expensive and more flexible than the competition.

Assuming that the appropriate rotor-position sensor and control system is avail-
able, the question still remains as to how to excite the armature phases. From Fig. 8.9,
one possible excitation scheme would be to apply a constant current to each phase at
those angular positions at which d L /d6,, is positive and zero current otherwise.

If this is done, the resultant torque waveform will be that of Fig. 8.10. Note that
because the torque waveforms of the individual phases overlap, the resultant torque
will not be constant but rather will have a pulsating component on top of its average
value. In general, such pulsating torques are to be avoided both because they may
produce damaging stresses in the VRM and because they may result in the generation
of excessive vibration and noise.

Consideration of Fig. 8.9 shows that there are alternative excitation strategies
which can reduce the torque pulsations of Fig. 8.10. Perhaps the simplest strategy is
to excite each phase for only 30° of angular position instead of the 40° which resulted
in Fig. 8.9. Thus, each phase would simply be turned off as the next phase is turned
on, and there would be no torque overlap between phases.

Although this strategy would be an ideal solution to the problem, as a practical
matter it is not possible to implement. The problem is that because each phase winding
has a self-inductance, it is not possible to instantaneously switch on or off the phase
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currents. Specifically, for a VRM with independent (uncoupled) phases,? the voltage-
current relationship of the jth phase is given by

dA;
vj = Rjij+—~ @8.11)
where
Aj=L;i(Bn)i; 8.12)
Thus,
., d ,
v,-=R,-t,-+d—t[L,-j(9m)z,-] (8.13)
Equation 8.13 can be rewritten as
d . di;
vVj = RI+E[L”(9m)] lj+ij(9m)E (814)
or
dL;;(6n) dby di;
= |R, 4 = TR s L L (0) —2 8.15
vl [ J + d(em) dt ]ll + ]I( m) dt ( )

Although Egs. 8.13 through 8.15 are mathematically complex and often require
numerical solution, they clearly indicate that some time is required to build up cur-
rents in the phase windings following application of voltage to that phase. A similar
analysis can be done for conditions associated with removal of the phase currents. The
delay time associated with current build up can limit the maximum achievable torque
while the current decay time can result in negative torque if current is still flowing
when d L(6,,)/d 6y, reverses sign. These effects are illustrated in Example 8.3 which
also shows that in cases where winding resistance can be neglected, an approximate
solution to these equations can be found.

Consider the idealized 4/2 VRM of Example 8.1. Assume that it has a winding resistance of
R = 1.5 Q/phase and a leakage inductance L, = 5 mH in each phase. For a constant rotor
speed of 4000 r/min, calculate (a) the phase-1 current as a function of time during the interval
—60° < 6, < 0°, assuming that a constant voltage of V, = 100 V is applied to phase 1 just as
dL,,(8,)/d8,, becomes positive (i.e., at 6, = —60° = —m /3 rad), and () the decay of phase-1
current if a negative voltage of —200 V is applied at 6,, = 0° and maintained until the current
reaches zero. (¢) Using MATLAB!, plot these currents as well as the corresponding torque.
Also calculate the integral under the torque-versus-time plot and compare it to the integral
under the torque-versus-time curve for the time period during which the torque is positive.

2 The reader is reminded that in some cases the assumption of independent phases is not justified, and then
a more complex analysis of the VRM is required (see the discussion following the derivation of Eq. 8.5).

T MATLAB is a registered trademark of The MathWorks, Inc.



8.3 Current Waveforms for Torque Production

B Solution

a.

From Eq. 8.15, the differential equation governing the current buildup in phase 1 is given
by

dL(6,) dby | . di
v = {R‘F ;de_t} I+ L[l(gm)d_t1

At 4000 r/min,

Wy = I = 4000 r/min X — rad/sec

30

db, | rad/sec _ 400
t/min |

From Fig. 8.4 (for —60° < 6,, < 0°)

L b4
Li(6n) =L = G —)
11(6n) l+7r/3< +3

=0.005 +0.122(6, + 7/3)

Thus
dL, (6,
% =0.122 H/rad
and
dL(0) dby,
—— =511
dg, dr

which is much greater than the resistance R = 1.5 Q
This will enable us to obtain an approximate solution for the current by neglecting
the Ri term in Eq. 8.13. We must then solve

d(Luiy)
e
for which the solution is
“vidt Vot
oy = St Yo
Ly () L)
Substituting
O = —% + wnt
into the expression for L;,(6,,) then gives
100¢
)=
B0 = 5005 + 5117

which is valid until 6,, = 0° at = 2.5 msec, at which point i, (f) = 1.88 A.

. During the period of current decay the solution proceeds as in part (a). From Fig. 8.4,

for0° <6, <60°,dL,(0,)/dt = —51.1%2 and the Ri term can again be ignored in
Eq. 8.13.

Thus, since the applied voltage is —200 V for this time period (¢ > 2.5 msec until
i1(t) = 0) in an effort to bring the current rapidly to zero, since the current must be
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continuous at time ¢, = 2.5 msec, and since, from Fig. 8.4 (for 0° < 6,, < 60°)

L T
L6, =L i (——9,,,)
11(6n) l+7‘(/3 3

= 0.005 + 0.122(;r/3 — 6,)
we see that the solution becomes

Ly (8)iy (%) + j;; v, dt
Ly (1)

i) =

~0.25—200(t — 2.5 x 107?)
T 0.005+51.1(5x 103 — 1)

From this equation, we see that the current reaches zero at ¢ = 3.75 msec.
¢c. The torque can be found from Eq. 8.9 by setting i, = 0. Thus
1 .2 dL 11
=i
2! dé,

Tmech =

Using MATLAB and the results of parts (a) and (b), the current waveform is plotted
in Fig. 8.11a and the torque in Fig. 8.11b. The integral under the torque curve is 3.35 x
10~* N -m-sec while that under the positive portion of the torque curve corresponding to
positive torque is 4.56 x 107* N-m- sec. Thus we see that the negative torque produces a 27
percent reduction in average torque from that which would otherwise be available if the current
could be reduced instantaneously to zero.

Notice first from the results of part (b) and from Fig. 8.11a that, in spite of applying a
negative voltage of twice the magnitude of the voltage used to build up the current, current con-
tinues to flow in the winding for 1.25 ms after reversal of the applied voltage. From Fig. 8.11b,
we see that the result is a significant period of negative torque production. In practice, this may,
for example, dictate a control scheme which reverses the phase current in advance of the time
that the sign of dL(6,,)/d6,, reverses, achieving a larger average torque by trading off some
reduction in average positive torque against a larger decrease in average negative torque.

This example also illustrates another important aspect of VRM operation. For a system
of resistance of 1.5 € and constant inductance, one would expect a steady-state current of
100/1.5 = 66.7 A. Yet in this system the steady-state current is less than 2 A. The reason for
this is evident from Egs. 8.14 and 8.15 where we see thatdL,,(8,,)/dt = 51.1 Q appears as an
apparent resistance in series with the winding resistance which is much larger than the winding
resistance itself. The corresponding voltage drop (the speed voltage) is of sufficient magnitude
to limit the steady-state current to a value of 100/51.1 = 1.96 A.

Here is the MATLAB script:

clc
clear

% Here are the inductances
Lmax = 0.128;
Lleak = 0.005;

Posintegral = 0;
integral = 0;
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Figure 8.11 Example 8.3: (a) phase-1 current and (b) torque
profile.

N = 500;
tmax = 3.75e-3;
deltat = tmax/N;

% Now do the calculations
for n = 1:(N+1)
t(n) = tmax*(n-1)/N;
thetam(n) = -(pi/3) + (400*pi/3) * t(n);
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if {(thetam(n) <= 0)
i{n) = 100*t(n)/(0.005 + 51.1 *t(n));
dldlldtheta = 0.122;

Torque(n) = 0.5*1(n)"2*dldlldtheta;
Posintegral = Posintegral + Torque(n) *deltat;
integral = Posintegral;

else

i{n) = (0.25-200*(t(n) -2.5e-3))/(0.005+51.1*(5e-3 -t (n)));
dldlldtheta = -0.122;
Torque(n) = 0.5*1{(n)"2*dldlldtheta;
integral = integral + Torgue{n)*deltat;
end

end
fprintf(’\nPositive torque integral = g [N-m-sec]’, Posintegral)
fprintf ('\nTorque integral = %g [N-m-sec]\n’, integral)

plot (£*1000,1)
xlabel (‘time [msec]’)
vlabel (' Phase current [A]’)

pause

plot (£*1000, Torque)
xlabel (‘time [msec]’)
ylabel (' Torque [N-m]’)

Practice Problem 8.3

Reconsider Example 8.3 under the condition that a voltage of —250V is applied to turn off the
phase current. Use MATLAB to calculate the integral under the torque-versus-time plot and
compare it to the integral under the torque-versus-time curve for the time period during which

the torque is positive.

Solution

The current returns to zero at ¢ = 3.5 msec. The integral under the torque curve is 3.67 x
107* N - m - s while that under the positive portion of the torque curve corresponding to positive
torque remains equal to 4.56 x 107 N-m-s. In this case, the negative torque produces a
20 percent reduction in torque from that which would otherwise be available if the current
could be reduced instantaneously to zero.

Example 8.3 illustrates important aspects of VRM performance which do not
appearin an idealized analysis such as that of Example 8.1 but which play an extremely
important role in practical applications. It is clear that it is not possible to readily
apply phase currents of arbitrary waveshapes. Winding inductances (and their time
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derivatives) significantly affect the current waveforms that can be achieved for a given
applied voltage.

In general, the problem becomes more severe as the rotor speed is increased.
Consideration of Example 8.3 shows, for a given applied voltage, (1) that as the
speed is increased, the current will take a larger fraction of the available time during
which dL(6n)/d6y is positive to achieve a given level and (2) that the steady-state
current which can be achieved is progressively lowered. One common method for
maximizing the available torque is to apply the phase voltage somewhat in advance
of the time when d L (6r) /d6y, begins to increase. This gives the current time to build
up to a significant level before torque production begins.

Yet a more significant difficulty (also illustrated in Example 8.3) is that just as the
currents require a significant amount of time to increase at the beginning of a turn-on
cycle, they also require time to decrease at the end. As a result, if the phase excitation
isremoved at or near the end of the positive d L (6r,) /d6y, period, it is highly likely that
there will be phase current remaining as d L (6y,) /dfy, becomes negative, so there will
be a period of negative torque production, reducing the effective torque-producing
capability of the VRM.

One way to avoid such negative torque production would be to turn off the phase
excitation sufficiently early in the cycle that the current will have decayed essentially
to zero by the time that d L (6y,)/d6,, becomes negative. However, there is clearly a
point of diminishing returns, because turning off the phase current while d L(6,,) /d6,
is positive also reduces positive torque production. As a result, it is often necessary
to accept a certain amount of negative torque (to get the required positive torque)
and to compensate for it by the production of additional positive torque from another
phase.

Another possibility is illustrated in Fig. 8.12. Figure 8.12a shows the cross-
sectional view of a 4/2 VRM similar to that of Fig. 8.3 with the exception that the
rotor pole angle has been increased from 60° to 75°, with the result that the rotor
pole overhangs that of the stator by 15°. As can be seen from Fig. 8.12b, this results
in a region of constant inductance separating the positive and negative d L (6,)/d6n
regions, which in turn provides additional time for the phase current to be turned off
before the region of negative torque production is reached.

Although Fig. 8.12 shows an example with 15° of rotor overhang, in any particular
design the amount of overhang would be determined as part of the overall design
process and would depend on such issues as the amount of time required for the
phase current to decay and the operating speed of the VRM. Also included in this
design process must be recognition that the use of wider rotor poles will result in a
larger value of Ly;,, which itself tends to reduce torque production (see the discussion
of Eq. 8.8) and to increase the time for current buildup.

Under conditions of constant-speed operation, it is often desirable to achieve
constant torque independent of rotor position. Such operation will minimize pulsating
torques which may cause excessive noise and vibration and perhaps ultimately lead to
component failure due to material fatigue. This means that as the torque production of
one phase begins to decrease, that of another phase must increase to compensate. As
can be seen from torque waveforms such as those found in Fig. 8.11, this represents a
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Figure 8.12 A 4/2 VRM with 15° rotor overhang: (a) cross-sectional view and (b) plots of
L11(6m) and dL11(6m)/ d6m versus .

complex control problem for the phase excitation, and totally ripple-free torque will
be difficult to achieve in many cases.

8.4 NONLINEAR ANALYSIS

Like most electric machines, VRMs employ magnetic materials both to direct and
shape the magnetic fields in the machine and to increase the magnetic flux density
that can be achieved from a given amplitude of current. To obtain the maximum
benefit from the magnetic material, practical VRMs are operated with the magnetic
flux density high enough so that the magnetic material is in saturation under normal
operating conditions.

As with the synchronous, induction, and dc machines discussed in Chapters 5-7,
the actual operating flux density is determined by trading off such quantities as cost,
efficiency, and torque-to-mass ratio. However, because the VRM and its drive electron-
ics are quite closely interrelated, VRMs design typically involves additional trade-offs
that in turn affect the choice of operating flux density.
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Figure 8.13 Plots of A versus i for a VRM with (a) linear and (b) nonlinear magnetics.

Figure 8.2 shows typical inductance-versus-angle curves for the VRMs of Fig. 8.1.
Such curves are characteristic of all VRMs. It must be recognized that the use of the
concept of inductance is strictly valid only under the condition that the magnetic
circuit in the machine is linear so that the flux density (and hence the winding flux
linkage) is proportional to the winding current. This linear analysis is based on the as-
sumption that the magnetic material in the motor has constant magnetic permeability.
This assumption was used for all the analyses earlier in this chapter.

An alternate representation of the flux-linkage versus current characteristic of a
VRM is shown in Fig. 8.13. This representation consists of a series of plots of the flux
linkage versus current at various rotor angles. In this figure, the curves correspond to
a machine with a two-pole rotor such as in Fig. 8.1, and hence a plot of curves from
0° to 90° is sufficient to completely characterize the machine.

Figure 8.13a shows the set of A-~i characteristics which would be measured in a
machine with linear magnetics, i.e., constant magnetic permeability and no magnetic
saturation. For each rotor angle, the curve is a straight line whose slope corresponds
to the inductance L(6y,) at that angular position. In fact, a plot of L(8,) versus 6y,
such as in Fig. 8.2 is an equivalent representation to that of Fig. 8.13a.

In practice, VRMs do operate with their magnetic material in saturation and their
A-i characteristics take on the form of Fig. 8.13b. Notice that for low current levels, the
curves are linear, corresponding to the assumption of linear magnetics of Fig. 8.13a.
However, for higher current levels, saturation begins to occur and the curves bend
over steeply, with the result that there is significantly less flux linkage for a given
current level. Finally, note that saturation effects are maximum at 6, = 0° (for which
the rotor and stator poles are aligned) and minimal for higher angles as the rotor
approaches the nonaligned position,

Saturation has two important, somewhat contradictory effects on VRM perfor-
mance. On the one hand, saturation limits flux densities for a given current level and
thus tends to limit the amount of torque available from the VRM. On the other hand,
it can be shown that saturation tends to lower the required inverter volt-ampere rating
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Figure 8.14 (a) Flux-linkage-current trajectory for the (a) linear and (b) nonlinear
machines of Fig. 8.13.

for a given VRM output power and thus tends to make the inverter smaller and less
costly. A well-designed VRM system will be based on a trade-off between the two
effects.’

These effects of saturation can be investigated by considering the two machines of
Figs. 8.13a and b operating at the same rotational speed and under the same operating
condition. For the sake of simplicity, we assume a somewhat idealized condition in
which the phase-1 current is instantaneously switched on to a value I at 6, = —90°
(the unaligned position for phase 1) and is instantaneously switched off at 8, = 0°
(the aligned position). This operation is similar to that discussed in Example 8.1 in that
we will neglect the complicating effects of the current buildup and decay transients
which are illustrated in Example 8.3.

Because of rotor symmetry, the flux linkages for negative rotor angles are identical
to those for positive angles. Thus, the flux linkage-current trajectories for one current
cycle can be determined from Figs. 8.13a and b and are shown for the two machines
in Figs. 8.14a and b.

As each trajectory is traversed, the power input to the winding is given by its
volt-ampere product

da
P =iv=i— (8.16)

The net electric energy input to the machine (the energy that is converted to
mechanical work) in a cycle can be determined by integrating Eq. 8.16 around the

3 For a discussion of saturation effects in VRM drive systems, see T. I. E. Miller, “Converter Volt-Ampere
Requirements of the Switched Reluctance Motor,” IEEE Trans. Ind. Appl., 1A-21:1136-1144 (1985).
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trajectory
Net work = /pin dt = 741‘ di 8.17)

This can be seen graphically as the area enclosed by the trajectory, labeled W, in
Figs. 8.14a and b. Note that the saturated machine converts less useful work per cycle
than the unsaturated machine. As a result, to get a machine of the same power output,
the saturated machine will have to be larger than a corresponding (hypothetical)
unsaturated machine. This analysis demonstrates the effects of saturation in lowering
torque and power output.

The peak energy input to the winding from the inverter can also be calculated. It
is equal to the integral of the input power from the start of the trajectory to the point
(IO, )\max):

}‘max
Peak energy = / idi (8.18)
0

This is the total area under the A-i curve, shown in Fig. 8.14a and b as the sum of the
areas labeled W,.. and W.

Since we have seen that the energy represented by the area Wy, corresponds to
useful output energy, itis clear that the energy represented by the area Wi corresponds
to energy input that is required to make the VRM operate (i.e., it goes into creating
the magnetic fields in the VRM). This energy produced no useful work; rather it must
be recycled back into the inverter at the end of the trajectory.

The inverter volt-ampere rating is determined by the average power per phase
processed by the inverter as the motor operates, equal to the peak energy input to the
VRM divided by the time T between cycles. Similarly, the average output power per
phase of the VRM is given by the net energy input per cycle divided by T. Thus the
ratio of the inverter volt-ampere rating to power output is

Inverter volt-ampere rating  area(Wiee + Whet)

_ (8.19)
Net output area area(Whet)

In general, the inverter volt-ampere rating determines its cost and size. Thus, for
a given power output from a VRM, a smaller ratio of inverter volt-ampere rating to
output power means that the inverter will be both smaller and cheaper. Comparison
of Figs. 8.14a and b shows that this ratio is smaller in the machine which saturates;
the effect of saturation is to lower the amount of energy which must be recycled each
cycle and hence the volt-ampere rating of the inverter required to supply the VRM.
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Consider a symmetrical two-phase 4/2 VRM whose A-i characteristic can be represented by
the following A-i expression (for phase 1) as a function of 6, over the range 0 < §,, < 90°

90° —6,\ (80
3 = (0,005 +0.0 i
‘ (000 * 9( 90° )(8.0+i1>>l1
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Phase 2 of this motor is identical to that of phase 1, and there is no significant mutual inductance
between the phases. Assume that the winding resistance is negligible.

a. Using MATLAB, plot a family of A;-~i, curves for this motor as 6,, varies from 0 to 90° in
10° increments and as {; is varied from O to 30 A.

b. Again using MATLAB, use Eq. 8.19 and Fig. 8.14 to calculate the ratio of the inverter
volt-ampere rating to the VRM net power output for the following idealized
operating cycle:

(i) The current is instantaneously raised to 25 A when 6,, = —90°.
(ify The current is then held constant as the rotor rotates to 6, = 0°.
(iiiy At 8, = 0°, the current is reduced to zero.

¢. Assuming the VRM to be operating as a motor using the cycle described in part (b) and
rotating at a constant speed of 2500 r/min, calculate the net electromechanical power
supplied to the rotor.

N Solution
. The A;-i; curves are shown in Fig. 8.15a.
b. Figure 8.15b shows the areas W, and W,.. Note that, as pointed out in the text, the
A-i curves are symmetrical around 6,, = 0° and thus the curves for negative values of 6,,

[

are identical to those for the corresponding positive values. The area W, is bounded by
the X,-i; curves corresponding to 6,, = 0° and 6,, = 90° and the line i/; = 25 A. The
area W, is bounded by the line A, = A, and the X,-i; curve corresponding to 6,, = 0°,
where A, = A(25 A, 0°).

Using MATLAB to integrate the areas, the desired ratio can be calculated from
Eq. 8.19 as

Inverter volt-ampere rating _ area(Wee + Wie) 155
Net output power T area(W,) o

¢. Energy equal to area(W,,,) is supplied by each phase to the rotor twice during each
revolution of the rotor. If area(W,,) is measured in joules, the power in watts supplied
per phase is thus equal to

PPhase =2 (%ﬂlﬂd)) w

where T is the time for one revolution (in seconds).
From MATLAB, area(W,,) = 9.91 joules and for 2500 r/min, T = 60/2500 =
0.024 sec,

9.91
P, ase — 2| ——— =825W
e (0.024) ;

and thus

Pmech = 2Pph:mc = 1650 W
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Figure 8.15 (a) A¢-i; curves for Example 8.4. (b) Areas used in the
calculation of part (b).
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Here is the MATLAB script:

cla

clear

%(a) First plot the lambda i characteristics

form - 1:10

theta(m} = 10*%(m-1};
for n=1;101

i(n) = 30%(n-1)/200;

Lambda (n) = () *(0.00% + 0.09* ((90-theta () ) /90)*(8/(i(n)+8))});
end

plot (1, Lambda)
if m==1

hald
end

end

heold

xlabel ('Current [A]")

ylabel ('Lambda [Wh] ')

title(’'Family of lambda-i curves as theta_m varies from 0 to %0 degrees’)
Lext (17, .7, "Ltheta_m = 0 degroees')

text (20, .06, 'theta_m = 90 degrees’)

%(b) Now integrate to find the areas.

%$Peak larbda at 0 degrees, 25 Amps
lambdamax = 25* (0.005+0.09% (B/ {(25+8)));

AreaWnet = 0;

AreaWrec = 0;

% 100 integrallion soap
deli = 25/100;
for n=1:1C1
i(n) = 25*(n-1}/200;
ArcaWnet = AreaWnet o+ doli*I(m)*(0.08)*(8/(L(n)+8));
AreaWrec - AreaWrec + deli* (lambdamax - 1 (n) *(0.005+0.09*(8/(i(n)+8)}));
end
Ratio - (AreaWrec + AreaWnet)/Areawnet;

fprintf ('\nPart (b) Ratio = %g’,Ratio)

%(c) Calculate the power

rpm - 2500;
rps = 2500/60:
T = 1l/rps;

Pphase = Z*AreaWnet/T:
Ptot = 2*Pphase;
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fprintf (/\n\nPart (c) AreaWnet = %g [Joules]’,AreaWnet)
fprintf (’\n Pphase = %g [W] and Ptot = %g [W]\n’, Pphase, Ptot)

Practice Problem 8.4

Consider a two-phase VRM which is identical to that of Example 8.4 with the exception of

an additional 5 mH of leakage inductance in each phase. (a) Calculate the ratio of the inverter
volt-ampere rating to the VRM net power output for the following idealized operating cycle:

(i) The current is instantaneously raised to 25 A when 6, = —90°.
(ii) The current is then held constant as the rotor rotates to 6,, = 10°.
(iiiy At 8, = 10°, the current is reduced to zero.

(b) Assuming the VRM to be operating as a motor using the cycle described in part (a) and
rotating at a constant speed of 2500 r/min, calculate the net electromechanical power supplied
to the rotor.

Solution

a.

Inverter volt-ampere rating 75

Net output power
b. Precn = 1467 W

Saturation effects clearly play a significant role in the performance of most VRMs
and must be taken into account. In addition, the idealized operating cycle illustrated
in Example 8.4 cannot, of course, be achieved in practice since some rotor motion is
likely to take place over the time scale over which current changes occur. As a result,
it is often necessary to resort to numerical-analysis packages such as finite-element
programs as part of the design process for practical VRM systems. Many of these
programs incorporate the ability to model the nonlinear effects of magnetic saturation
as well as mechanical (e.g., rotor motion) and electrical (e.g., current buildup) dynamic
effects.

As we have seen, the design of a VRM drive system typically requires that a
trade-off be made. On the one hand, saturation tends to increase the size of the VRM
for a given power output. On the other hand, on comparing two VRM systems with
the same power output, the system with the higher level of saturation will typically
require an inverter with a lower volt-ampere rating. Thus the ultimate design will be
determined by a trade-off between the size, cost, and efficiency of the VRM and of
the inverter.

8.5 STEPPING MOTORS

As we have seen, when the phases of a VRM are energized sequentially in an appro-
priate step-wise fashion, the VRM will rotate a specific angle for each step. Motors
designed specifically to take advantage of this characteristic are referred to as stepping
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motors or stepper motors. Frequently stepping motors are designed to produce a large
number of steps per revolution, for example 50, 100, or 200 steps per revolution
(corresponding to a rotation of 7.2°, 3.6° and 1.8° per step).

An important characteristic of the stepping motor is its compatibility with digital-
electronic systems. These systems are common in a wide variety of applications and
continue to become more powerful and less expensive. For example, the stepping
motor is often used in digital control systems where the motor receives open-loop
commands in the form of a train of pulses to turn a shaft or move an object a specific
distance. Typical applications include paper-feed and print-head-positioning motors in
printers and plotters, drive and head-positioning motors in disk drives and CD players,
and worktable and tool positioning in numerically controlled machining equipment.
In many applications, position information can be obtained simply by keeping count
of the pulses sent to the motor, in which case position sensors and feedback control
are not required.

The angular resolution of a VRM is determined by the number of rotor and stator
teeth and can be greatly enhanced by techniques such as castleation, as is discussed in
Section 8.2. Stepping motors come in a wide variety of designs and configurations. In
addition to variable-reluctance configurations, these include permanent-magnet and
hybrid configurations. The use of permanent magnets in combination with a variable-
reluctance geometry can significantly enhance the torque and positional accuracy of
a stepper motor.

The VRM configurations discussed in Sections 8.1 through 8.3 consist of a single
rotor and stator with multiple phases. A stepping motor of this configuration is called
a single-stack, variable-reluctance stepping motor. An alternate form of variable-
reluctance stepping motor is known as a multistack variable-reluctance stepping
motor. In this configuration, the motor can be considered to be made up of a set of
axially displaced, single-phase VRMs mounted on a single shaft.

Figure 8.16 shows a multistack variable-reluctance stepping motor. This type of
motor consists of a series of stacks, each axially displaced, of identical geometry and
each excited by a single phase winding, as shown in Fig. 8.17. The motor of Fig. 8.16
has three stacks and three phases, although motors with additional phases and stacks
are common. For an n,-stack motor, the rotor or stator (but not both) on each stack is
displaced by 1/n, times the pole-pitch angle. In Fig. 8.16, the rotor poles are aligned,
but the stators are offset in angular displacement by one-third of the pole pitch. By
successively exciting the individual phases, the rotor can be turned in increments of
this displacement angle.

A schematic diagram of a two-phase stepping motor with a permanent-magnet,
two-pole rotor is shown in Fig. 8.18. Note that this machine is in fact a two-phase
synchronous machine, similar for example to the three-phase permanent-magnet
ac machine of Fig. 5.29. The distinction between such a stepping motor and a syn-
chronous motor arises not from the construction of the motor but rather from how the
motor is operated. The synchronous motor is typically intended to drive a load at a
specified speed, and the stepping motor is typically intended to control the position
of a load.
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Figure 8.16 Cutaway view of a three-phase, three-stack variable-reluctance stepping
motor. (Warner Electric.)

The rotor of the stepping motor of Fig. 8.18 assumes the angles 8, =0, 45°,
90°, ... as the windings are excited in the sequence:

. Positive current in phase 1 alone.
Equal-magnitude positive currents in phase 1 and phase 2.

Positive current in phase 2 alone.

Equal-magnitude negative current in phase 1 and positive current in phase 2.
Negative current in phase 1 alone.

AU A WLWN =

. And so on.

Note that if a ferromagnetic rotor were substituted for the permanent-magnet rotor,
the rotor would move in a similar fashion.

The stepping motor of Fig. 8.18 can also be used for 90° steps by exciting the
coils singly. In the latter case, only a permanent-magnet rotor can be used. This can
be seen from the torque-angle curves for the two types of rotors shown in Fig. 8.19.
Whereas the permanent-magnet rotor produces peak torque when the excitation is
shifted 90°, the ferromagnetic rotor produces zero torque and may move in either
direction.

The rotor position in the permanent-magnet stepping motor of Fig. 8.18 is defined
by the winding currents with no ambiguity and depends on the direction of the phase

439
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Rotor

Stator

AL

w
Phase winding

Figure 8.17 Diagram of one stack and phase
of a multiphase, multistack variable-reluctance
stepping motor, such as that in Fig. 8.16. For an
ns-stack motor, the rotor or stator (but not both)
on each stack is displaced by 1/n; times the
pole pitch.

Figure 8.18 Schematic diagram of a
two-phase permanent-magnet
stepping motor.
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Figure 8.19 Torque-angle curves for the stepping motor of Fig. 8.18:
(a) permanent-magnet rotor and (b) variable-reluctance rotor.

currents. Reversing the phase currents will cause the rotor to reverse its orientation.
This is in contrast to VRM configuration with a ferromagnetic rotor, in which two
rotor positions are equally stable for any particular set of phase currents, and hence
the rotor position cannot be determined uniquely. Permanent-magnet stepping motors
are also unlike their VRM counterparts in that torque tending to align the rotor with
the stator poles will be generated even when there is no excitation applied to the phase
windings. Thus the rotor will have preferred unexcited rest positions, a fact which
can be used to advantage in some applications.

EXAMPLE 8.5

Using the techniques of Chapter 3 and neglecting saturation effects, the torque of a two-phase,
permanent-magnet stepping motor of the form of Fig. 8.18 can be expressed as

Tmech = TO (ll cos em + iz sin em)

where Tj is a positive constant that depends upon the motor geometry and the properties of the
permanent magnet.
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Calculate the rest (zero-torque) positions which will result if the motor is driven by a drive
such that each phase current can be set equal to three values —1I,, 0, and I,. Using such a drive,
what is the motor step size?

H Solution
In general, the zero-torque positions of the motor can be found by setting the torque expression
to zero and solving for the resultant rotor position. Thus setting

Toeen = Ty (i) sinf, — i cos6,) =0
gives

iy sinf, —iycos6, =0

6, = tan™" <1—2>
i

Note that not all of these zero-torque positions correspond to stable equilibrium positions.

or

For example, operation with i; = I, and i, = 0 gives two zero-torque positions: 6, = 0°
and 6, = 180°. Yet only the position 6,, = 0° is stable. This is directly analogous to the case
of a hanging pendulum which sees zero torque both when it is hanging downward (8 = 0°)
and when it is sitting inverted (¢ = 180°). Yet, it is clear that the slightest perturbation of the
position of the inverted pendulum will cause it to rotate downwards and that it will eventually
come to rest in the stable hanging position.

Stable rest positions of the rotor are determined by the requirement that a restoring torque
is produced as the rotor moves from that position. Thus, a negative torque should result if
the rotor moves in the +6,, direction, and a positive torque should result for motion in the —6,,
direction. Mathematically, this can be expressed as an additional constraint on the torque at the
rest position

8 Tmech
30y

g

where the partial derivative is evaluated at the zero-torque position and is taken with the phase
currents held constant. Thus, in this case, the rest position must satisfy the additional constraint
that

aTmech . . .
—_— =Ty (i, cosb, + isinf,) <0
36, |
iy.ip
From this equation, we see for example that with i{; = I, and i, = 0, at 6, = 0°,

0T een/ 36, < Oandthus 8, = 0 is a stable rest position. Similarly, at 6, = 180°, 8 Tect,/ 36 >
0 and thus 6,, = 180" is not a stable rest position.

Using these relationships, Table 8.1 lists the stable rest positions of the rotor for the various
combinations of phase currents.

From this table we see that this drive results in a step size of 45°.
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Table 8.1 Rotor rest positions for Example 8.5.

i iz O
0 0 -
0 —Iy 270°
0 Iy 90°
—1I 0 180°
-1 —1I 225°
—1I Iy 135°
10 0 o°
I -1 315°
Iy I 45°

Practice Problem 8.5

In order to achieve a step size of 22.5°, the motor drive of Example 8.5 is modified so that each
phase can be driven by currents of magnitude 0, =k I,, and % I,. Find the required value of the
constant k.

Solution

k=tan"! (22.5°) = 0.4142

In Example 8.5 we see that stable equilibrium positions of an unloaded stepping
motor satisfy the conditions that there is zero torque, i.e.,

Tmech =0 (820)
and that there is positive restoring torque, i.e.,
d Tmech
—_— 0 8.21
30, < (8.21)

i1,

In practice, there will of course be a finite load torque tending to perturb the stepping
motor from these idealized positions. For open-loop control systems (i.e., control
systems in which there is no mechanism for position feedback), a high-degree of
position control can be achieved by designing the stepping motor to produce large
restoring torque (i.e., a large magnitude of 87 pech/00m). In such a stepping motor,
load torques will result in only a small movement of the rotor from the idealized
positions which satisfies Egs. 8.20 and 8.21.

Example 8.5 also shows how carefully controlled combinations of phase cur-
rents can enhance the resolution of a stepper motor. This technique, referred to as
microstepping, can be used to achieve increased step resolution of a wide variety
of stepper motors. As the following example shows, microstepping can be used to
produce extremely fine position resolution. The increased resolution comes, however,
at the expense of an increase in complexity of the stepping-motor drive electronics
and control algorithms, which must accurately control the distribution of current to
multiple phases simultaneously.



444 CHAPTER 8 Variable-Reluctance Machines and Stepping Motors

EXAMPLE 8.6

Consider again the two-phase, permanent-magnet stepping motor of Example 8.5. Calculate
the rotor position which will result if the phase currents are controlled to be sinusoidal functions
of a reference angle 8, in the form

il = IOCOSOref
i, = IysinB.¢

H Solution
Substitution of the current expressions into the torque expression of Example 8.5 gives

Toee = Ty (i1 €08 0, + i3 8in 0) = Ty Iy (COS By COS By, + 8in Ber 5in O;)
Use of the trigonometric identity cos (¢ — 8) = cos @ cos 8 + sin sin 8 gives
Tmech = TOIO cos (Oref - Om)

From this expression and using the analysis of Example 8.5, we see that the rotor equilib-
rium position will be equal to the reference angle, i.e., 6, = .. In a practical implementation,
a digital controller is likely to be used to increment 8, in finite steps, which will result in finite
steps in the position of the stepping-motor.

The hybrid stepping motor combines characteristics of the variable-reluctance
and permanent-magnet stepping motors. A photo of a hybrid stepping motor is shown
in Fig. 8.20, and a schematic view of a hybrid stepping motor is shown in Fig. 8.21.
The hybrid-stepping-motor rotor configuration appears much like that of a multistack
variable-reluctance stepping motor. In the rotor of Fig. 8.21a, two identical rotor stacks
are displaced axially along the rotor and displaced in angle by one-half the rotor pole
pitch, while the stator pole structure is continuous along the length of the rotor. Unlike
the multistack variable-reluctance stepping motor, in the hybrid stepping motor, the
rotor stacks are separated by an axially-directed permanent magnet. As a result, in
Fig. 8.21a one end of the rotor can be considered to have a north magnetic pole and

Figure 8.20 Disassembled 1.8°/step hybrid stepping motor. (Oriental Motor.)
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Figure 8.21 Schematic view of a hybrid stepping motor. (a) Two-stack rotor showing
the axially-directed permanent magnet and the pole pieces displaced by one-half the
pole pitch. (b) End view from the rotor north poles and showing the rotor south poles at
the far end (shown crosshatched). Phase 1 of the stator is energized to align the rotor as
shown.

the other end a south magnetic pole. Figure 8.21b shows a schematic end view of a
hybrid stepping motor. The stator has four poles with the phase-1 winding wound on
the vertical poles and the phase-2 winding wound on the horizontal poles. The rotor
is shown with its north-pole end at the near end of the motor and the south-pole end
(shown crosshatched) at the far end.

In Fig. 8.21b, phase 1 is shown excited such that the top stator pole is a south
pole while the bottom pole is a north pole. This stator excitation interacts with the
permanent-magnet flux of the rotor to align the rotor with a pole on its north-pole end
vertically upward and a pole on its south-pole end vertically downward, as shown in
the figure. Note that if the stator excitation is removed, there will still be a permanent-
magnet torque tending to maintain the rotor in the position shown.

To turn the rotor, excitation is removed from phase 1, and phase 2 is excited. If
phase 2 is excited such that the right-hand stator pole is a south pole and the left-
hand one is a north pole, the rotor will rotate 30° counterclockwise. Similarly, if the
opposite excitation is applied to the phase-2 winding, a 30° rotation in the clockwise
direction will occur. Thus, by alternately applying phase-1 and phase-2 excitation
of the appropriate polarity, the rotor can be made to rotate in either direction by a
specified angular increment.

Practical hybrid stepping motors are generally built with more rotor poles than
are indicated in the schematic motor of Fig. 8.21, in order to give much better angular
resolution. Correspondingly, the stator poles are often castleated (see Fig. 8.8) to
further increase the angular resolution. In addition, they may be built with more than
two stacks per rotor.

The hybrid stepping motor design offers advantages over the permanent-magnet
design discussed earlier. It can achieve small step sizes easily and with a simple
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magnet structure while a purely permanent-magnet motor would require a multipole
permanent magnet. In comparison with the variable-reluctance stepping motor, the
hybrid design may require less excitation to achieve a given torque because some of
the excitation is supplied by the permanent magnet. In addition, the hybrid stepping
motor will tend to maintain its position when the stator excitation is removed, as does
the permanent-magnet design.

The actual choice of a stepping-motor design for a particular application is de-
termined based on the desired operating characteristics, availability, size, and cost.
In addition to the three classifications of stepping motors discussed in this chapter,
a number of other different and often quite clever designs have been developed. Al-
though these encompass a wide range of configurations and construction techniques,
the operating principles remain the same.

Stepping motors may be driven by electronic drive components similar to those
discussed in Section 11.4 in the context of VRM drives. Note that the issue of con-
trolling a stepping motor to obtain the desired response under dynamic, transient
conditions is quite complex and remains the subject of considerable investigation.*

8.6 SUMMARY

Variable-reluctance machines are perhaps the simplest of electrical machines. They
consist of a stator with excitation windings and a magnetic rotor with saliency. Torque
is produced by the tendency of the salient-pole rotor to align with excited magnetic
poles on the stator.

VRMs are synchronous machines in that they produce net torque only when
the rotor motion is in some sense synchronous with the applied stator mmf. This
synchronous relationship may be complex, with the rotor speed being some specific
fraction of the applied electrical frequency as determined not only by the number of
stator and rotor poles but also by the number of stator and rotor teeth on these poles.
In fact, in some cases, the rotor will be found to rotate in the direction opposite to the
rotation direction of the applied stator mmf.

Successful operation of a VRM depends on exciting the stator phase windings
in a specific fashion correlated to the instantaneous position of the rotor. Thus, rotor
position must be measured, and a controller must be employed to determine the
appropriate excitation waveforms and to control the output of the inverter. Typically
chopping is required to obtain these waveforms. The net result is that although the
VRM is itself a simple device, somewhat complex electronics are typically required
to make a complete drive system.

The significance of VRMs in engineering applications stems from their low cost,
reliability, and controllability. Because their torque depends only on the square of the
applied stator currents and not on their direction, these machines can be operated from

4 For further information on stepping motors, see P. Acarnley, Stepping Motors: A Guide to Modern
Theory and Practice, 2nd ed., Peter Peregrinus Ltd.. London, 1982; Takashi Kenjo, Stepping Motors and
Their Microprocessor Controls, Clarendon Press, Oxford, 1984; and Benjamin C. Kuo, Theory and
Applications of Step Motors, West Publishing Co., St. Paul, Minnesota, 1974.
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unidirectional drive systems, reducing the cost of the power electronics. However, it
is only recently, with the advent of low-cost, flexible power electronic circuitry and
microprocessor-based control systems, that VRMs have begun to see widespread
application in systems ranging from traction drives to high-torque, precision position
control systems for robotics applications.

Practical experience with VRMs has shown that they have the potential for high
reliability. This is due in part to the simplicity of their construction and to the fact
that there are no windings on their rotors. In addition, VRM drives can be operated
successfully (at a somewhat reduced rating) following the failure of one or more
phases, either in the machine or in the inverter. VRMs typically have a large number
of stator phases (four or more), and significant output can be achieved even if some of
these phases are out of service. Because there is no rotor excitation, there will be no
voltage generated in a phase winding which fails open-circuited or current generated
in a phase winding which fails short-circuited, and thus the machine can continue to
be operated without risk of further damage or additional losses and heating.

Because VRMs can be readily manufactured with a large number of rotor and
stator teeth (resulting in large inductance changes for small changes in rotor angle),
they can be constructed to produce very large torque per unit volume. There is,
however, a trade-off between torque and velocity, and such machines will have a low
rotational velocity (consistent with the fact that only so much power can be produced
by a given machine frame size). On the opposite extreme, the simple configuration
of a VRM rotor and the fact that it contains no windings suggest that it is possible
to build extremely rugged VRM rotors. These rotors can withstand high speeds, and
motors which operate in excess of 200,000 r/min have been built.

Finally, we have seen that saturation plays a large role in VRM performance.
As recent advances in power electronic and microelectronic circuitry have brought
VRM drive systems into the realm of practicality, so have advances in computer-
based analytical techniques for magnetic-field analysis. Use of these techniques now
makes it practical to perform optimized designs of VRM drive systems which are
competitive with alternative technologies in many applications.

Stepping motors are closely related to VRMs in that excitation of each succes-
sive phase of the stator results in a specific angular rotation of the rotor. Stepping
motors come in a wide variety of designs and configurations. These include variable-
reluctance, permanent-magnet, and hybrid configurations. The rotor position of a
variable-reluctance stepper motor is not uniquely determined by the phase currents
since the phase inductances are not unique functions of the rotor angle. The addition
of a permanent magnet changes this situation and the rotor position of a permanent-
magnet stepper motor is a unique function of the phase currents.

Stepping motors are the electromechanical companions to digital electronics. By
proper application of phase currents to the stator windings, these motors can be made
torotate in well-defined steps ranging down to a fraction of a degree per pulse. They are
thus essential components of digitally controlled electromechanical systems where a
high degree of precision is required. They are found in a wide range of applications
including numerically controlled machine tools, in printers and plotters, and in disk
drives.
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8.7 PROBLEMS

8.1

8.2

8.3

84

Repeat Example 8.1 for a machine identical to that considered in the example
except that the stator pole-face angle is 8 = 45°.

In the paragraph preceeding Eq. 8.1, the text states that “under the
assumption of negligible iron reluctance the mutual inductances between the
phases of the doubly-salient VRM of Fig. 8.1b will be zero, with the
exception of a small, essentially constant component associated with leakage
flux.” Neglect any leakage flux effects and use magnetic circuit techniques to
show that this statement is true.

Use magnetic-circuit techniques to show that the phase-to-phase mutual
inductance in the 6/4 VRM of Fig. 8.5 is zero under the assumption of infinite
rotor- and stator-iron permeability. Neglect any contributions of leakage flux.
A 6/4 VRM of the form of Fig. 8.5 has the following properties:

Stator pole angle 8 = 30°
Rotor pole angle « = 30°
Air-gap length g = 0.35 mm
Rotor outer radius R = 5.1 cm
Active length D =7 cm

This machine is connected as a three-phase motor with opposite poles
connected in series to form each phase winding. There are 40 turns per pole
(80 turns per phase). The rotor and stator iron can be considered to be of
infinite permeability and hence mutual-inductance effects can be neglected.

a. Defining the zero of rotor angle 8, at the position when the phase-1
inductance is maximum, plot and label the inductance of phase | as a
function of rotor angle.

b. On the plot of part (a), plot the inductances of phases 2 and 3.

c. Find the phase-1 current /y which results in a magnetic flux density of
1.0 T in the air gap under the phase-1 pole face when the rotor isin a
position of maximum phase-1 inductance.

d. Assuming that the phase-1 current is held constant at the value found in
part (c) and that there is no current in phases 2 and 3, plot the torque as a
function of rotor position.

The motor is to be driven from a three-phase current-source inverter
which can be switched on or off to supply either zero current or a constant
current of magnitude I, in phases 2 and 3; plot the torque as a function of
rotor position.

e. Under the idealized assumption that the currents can be instantaneously
switched, determine the sequence of phase currents (as a function of rotor
position) that will result in constant positive motor torque, independent of
rotor position.

f. If the frequency of the stator excitation is such that a time Ty = 35 msec is
required to sequence through all three phases under the excitation
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8.6

8.7

8.8

8.9
8.10

8.11

8.7 Problems

conditions of part (e), find the rotor angular velocity and its direction of
rotation.

In Section 8.2, when discussing Fig. 8.5, the text states: “In addition to the

fact that there are not positions of simultaneous alignment for the 6/4 VRM,

it can be seen that there also are no rotor positions at which only a torque of a

single sign (either positive or negative) can be produced.” Show that this

statement is true.

Consider a three-phase 6/8 VRM. The stator phases are excited sequentially,

requiring a total time of 15 msec. Find the angular velocity of the rotor in

r/min.

The phase windings of the castleated machine of Fig. 8.8 are to be excited by

turning the phases on and off individually (i.e., only one phase can be on at

any given time).

a. Describe the sequence of phase excitations required to move the rotor to
the right (clockwise) by an angle of approximately 21.4°.

b. The stator phases are to be excited as a regular sequence of pulses.
Calculate the phase order and the time between pulses required to
produce a steady-state rotor rotation of 125 r/min in the counterclockwise
direction.

Replace the 28-tooth rotor of Problem 8.7 with a rotor with 26 teeth.

a. Phase 1 is excited, and the rotor is allowed to come to rest. If the
excitation on phase 1 is removed and excitation is applied to phase 2,
calculate the resultant direction and magnitude (in degrees) of rotor
rotation.

b. The stator phases are to be excited as a regular sequence of pulses.
Calculate the phase order and the time between pulses required to
produce a steady-state rotor rotation of 80 r/min in the counterclockwise
direction.

Repeat Example 8.3 for a rotor speed of 4500 r/min.

Repeat Example 8.3 under the condition that the rotor speed is 4500 r/min

and that a negative voltage of —250 V is used to turn off the phase current.

The three-phase 6/4 VRM of Problem 8.4 has a winding resistance of

0.15 Q/phase and a leakage inductance of 4.5 mH in each phase. Assume that

the rotor is rotating at a constant angular velocity of 1750 r/min.

a. Plot the phase-1 inductance as a function of the rotor angle 6y,.

b. A voltage of 75 V is applied to phase 1 as the rotor reaches the position
6 = —30° and is maintained constant until 8, = 0°. Calculate and plot
the phase-1 current as a function of time during this period.

c. When the rotor reaches 8 = 0°, the applied voltage is reversed so that a
voltage of —75 V is applied to the winding. This voltage is maintained
until the winding current reaches zero, at which point the winding is
open-circuited. Calculate and plot the current decay during the time until
the current decays to zero.

d. Calculate and plot the torque during the time periods investigated in parts
(b) and (c).
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8.12

8.14

8.15

Assume that the VRM of Examples 8.1 and 8.3 is modified by replacing its
rotor with a rotor with 75° pole-face angles as shown in Fig. 8.12a. All other
dimensions and parameters of the VRM are unchanged.

a. Calculate and plot L(6,,) for this machine.

b. Repeat Example 8.3 except that the constant voltage 100 V is first
applied at 6, = —67.5° when dL(8,,)/d8,, becomes positive and the
constant voltage of —100 V is then applied at 6, = —7.5° (i.e., when
dL(6n)/d6y, becomes zero) and is maintained until the winding current
reaches zero.

c. Plot the corresponding torque.
Repeat Example 8.4 for a symmetrical two-phase 4/2 VRM whose A-i

characteristic can be represented by the following expression (for phase 1) as
a function of 8, over the range 0 < 6, < 90°:

0.01 +0.15 90" ~ O 120\
= . . 4
90° 12.0 + iy !

Consider a two-phase stepper motor with a permanent-magnet rotor such as
shown in Fig. 8.18 and whose torque-angle curve is as shown in Fig. 8.19a.
This machine is to be excited by a four-bit digital sequence corresponding to
the following winding excitation:

bit bit
1 2 i 3 4 i
0 0 0 0 0 0
0 1 —1y 0 1 -1
1 0 Iy 1 0 Iy
I 1 0 1 I 0

a. Make a table of 4-bit patterns which will produce rotor angular positions
of 0,45°,...,315°.

b. By sequencing through the bit pattern found in part (a) the motor can be
made to rotate. What time interval (in milliseconds) between bit-pattern
changes will result in a rotor speed of 1200 r/min?

Figure 8.22 shows a two-phase hybrid stepping motor with castleated poles

on the stator. The rotor is shown in the position it occupies when current is

flowing into the positive lead of phase 1.

a. [f phase one is turned off and phase 2 is excited with current flowing into
its positive lead, calculate the corresponding angular rotation of the rotor.
Is it in the clockwise or counterclockwise direction?

b. Describe an excitation sequence for the phase windings which will result
in a steady rotation of the rotor in the clockwise direction.
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South poles
at far end ot

North poles
at near end of

the rotor

Phase 2

Figure 8.22 Castleated hybrid stepping motor for
Problem 8.15.

c. Determine the frequency of the phase currents required to achieve a rotor
speed of 8 r/min.

8.16 Consider a multistack, multiphase variable-reluctance stepping motor, such
as that shown schematically in Fig. 8.17, with 14 poles on each of the rotor
and stator stacks and three stacks with one phase winding per stack. The
motor is built such that the stator poles of each stack are aligned.

a. Calculate the angular displacement between the rotor stacks.

b. Determine the frequency of phase currents required to achieve a rotor
speed of 900 r/min.
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CHAPTER

Single- and Two-Phase
Motors

his chapter discusses single-phase motors. While focusing on induction motors,

synchronous-reluctance, hysteresis, and shaded-pole induction motors are also

discussed. Note that another common single-phase motor, the series universal
motor, is discussed in Section 7.10. Most induction motors of fractional-kilowatt
(fractional horsepower) rating are single-phase motors. In residential and commercial
applications, they are found in a wide range of equipment including refrigerators, air
conditioners and heat pumps, fans, pumps, washers, and dryers.

In this chapter, we will describe these motors qualitatively in terms of rotating-
field theory and will begin with a rigorous analysis of a single-phase motor operating
off of a single winding. However, most single-phase induction motors are actually
two-phase motors with unsymmetrical windings; the two windings are typically quite
different, with different numbers of turns and/or winding distributions. Thus this
chapter also discusses two-phase motors and includes a development of a quantitative
theory for the analysis of single-phase induction motors when operating off both their
main and auxiliary windings.

9.1 SINGLE-PHASE INDUCTION MOTORS:
QUALITATIVE EXAMINATION

Structurally, the most common types of single-phase induction motors resemble
polyphase squirrel-cage motors except for the arrangement of the stator windings.
An induction motor with a squirrel-cage rotor and a single-phase stator winding is
represented schematically in Fig. 9.1. Instead of being a concentrated coil, the actual
stator winding is distributed in slots to produce an approximately sinusoidal space
distribution of mmf. As we saw in Section 4.5.1, a single-phase winding produces
equal forward- and backward-rotating mmf waves. By symmetry, it is clear that such
a motor inherently will produce no starting torque since at standstill, it will produce
equal torque in both directions. However, we will show that if it is started by auxiliary
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Figure 9.1 Schematic view of a
single-phase induction motor.

means, the result will be a net torque in the direction in which 1t is started, and hence
the motor will continue to run.

Before we consider auxiliary starting methods, we will discuss the basic proper-
ties of the schematic motor of Fig. 9.1. If the stator current is a cosinusoidal function
of time, the resultant air-gap mmf is given by Eq. 4.18

Fagl = Finax €08 (B0) COS et 9.1
which, as shown in Section 4.5.1, can be written as the sum of positive- and negative-
traveling mmf waves of equal magnitude. The positive-traveling wave is given by

1
‘7:2:;1 = EFmaX cos (eae - a)et) (92)

and the negative-traveling wave is given by
_ I
Fogt = 5 Fimax c08 (O + wet) 9.3)

Each of these component mmf waves produces induction-motor action, but the
corresponding torques are in opposite directions. With the rotor at rest, the forward
and backward air-gap flux waves created by the combined mmf’s of the stator and
rotor currents are equal, the component torques are equal, and no starting torque
is produced. If the forward and backward air-gap flux waves were to remain equal
when the rotor revolves, each of the component fields would produce a torque-speed
characteristic similar to that of a polyphase motor with negligible stator leakage
impedance, as illustrated by the dashed curves f and b in Fig. 9.2a. The resultant
torque-speed characteristic, which is the algebraic sum of the two component curves,
shows that if the motor were started by auxiliary means, it would produce torque in
whatever direction it was started.

The assumption that the air-gap flux waves remain equal when the rotor is in
motion is a rather drastic simplification of the actual state of affairs. First, the effects
of stator leakage impedance are ignored. Second, the effects of induced rotor currents
are not properly accounted for. Both these effects will ultimately be included in the
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Figure 9.2 Torque-speed characteristic of a single-phase
induction motor (a) on the basis of constant forward and

backward flux waves, (b) taking into account changes in the
flux waves.

detailed quantitative theory of Section 9.3. The following qualitative explanation
shows that the performance of a single-phase induction motor is considerably better
than would be predicted on the basis of equal forward and backward flux waves.
When the rotor is in motion, the component rotor currents induced by the back-
ward field are greater than at standstill, and their power factor is lower. Their mmf,
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which opposes that of the stator current, results in a reduction of the backward
flux wave. Conversely, the magnetic effect of the component currents induced by
the forward field is less than at standstill because the rotor currents are less and their
power factor is higher. As speed increases, therefore, the forward flux wave increases
while the backward flux wave decreases. The sum of these flux waves must remain
roughly constant since it must induce the stator counter emf, which is approximately
constant if the stator leakage-impedance voltage drop is small.

Hence, with the rotor in motion, the torque of the forward field is greater and
that of the backward field less than in Fig. 9.2a, the true situation being about that
shown in Fig. 9.2b. In the normal running region at a few percent slip, the forward
field is several times greater than the backward field, and the flux wave does not
differ greatly from the constant-amplitude revolving field in the air gap of a bal-
anced polyphase motor. In the normal running region, therefore, the torque-speed
characteristic of a single-phase motor is not too greatly inferior to that of a polyphase
motor having the same rotor and operating with the same maximum air-gap flux
density.

In addition to the torques shown in Fig. 9.2, double-stator-frequency torque
pulsations are produced by the interactions of the oppositely rotating flux and mmf
waves which rotate past each other at twice synchronous speed. These interactions
produce no average torque, but they tend to make the motor noisier than a polyphase
motor. Such torque pulsations are unavoidable in a single-phase motor because of the
pulsations in instantaneous power input inherent in a single-phase circuit. The effects
of the pulsating torque can be minimized by using an elastic mounting for the motor.
The torque referred to on the torque-speed curves of a single-phase motor is the time
average of the instantaneous torque.

9.2 STARTING AND RUNNING
PERFORMANCE OF SINGLE-PHASE
INDUCTION AND SYNCHRONOUS
MOTORS

Single-phase induction motors are classified in accordance with their starting methods
and are usually referred to by names descriptive of these methods. Selection of the
appropriate motor is based on the starting- and running-torque requirements of the
load, the duty cycle of the load, and the limitations on starting and running current
from the supply line for the motor. The cost of single-phase motors increases with
their rating and with their performance characteristics such as starting-torque-to-
current ratio. Typically, in order to minimize cost, an application engineer will select
the motor with the lowest rating and performance that can meet the specifications
of the application. Where a large number of motors are to be used for a specific
purpose, a special motor may be designed in order to ensure the least cost. In the
fractional-kilowatt motor business, small differences in cost are important.

Starting methods and the resulting torque-speed characteristics are considered
qualitatively in this section. A quantitative theory for analyzing these motors is de-
veloped in Section 9.4.2.
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Figure 9.3 Split-phase motor: {(a) connections, (b) phasor diagram at starting, and (c) typical torque-speed

characteristic.

9.2.1 Split-Phase Motors

Split-phase motors have two stator windings, a main winding (also referred to as
the run winding) which we will refer to with the subscript ‘main’ and an auxiliary
winding (also referred to as the start winding) which we will refer to with the subscript
‘aux’. As in a two-phase motor, the axes of these windings are displaced 90 electrical
degrees in space, and they are connected as shown in Fig. 9.3a. The auxiliary winding
has a higher resistance-to-reactance ratio than the main winding, with the result that
the two currents will be out of phase, as indicated in the phasor diagram of Fig. 9.3b,
which is representative of conditions at starting. Since the auxiliary-winding current
i aux leads the main-winding current i main» the stator field first reaches a maximum
along the axis of the auxiliary winding and then somewhat later in time reaches a
maximum along the axis of the main winding.

The winding currents are equivalent to unbalanced two-phase currents, and the
motor is equivalent to an unbalanced two-phase motor. The result is a rotating stator
field which causes the motor to start. After the motor starts, the auxiliary winding is
disconnected, usually by means of a centrifugal switch that operates at about 75 per-
cent of synchronous speed. The simple way to obtain the high resistance-to-reactance
ratio for the auxiliary winding is to wind it with smaller wire than the main wind-
ing, a permissible procedure because this winding operates only during starting. Its
reactance can be reduced somewhat by placing it in the tops of the slots. A typical
torque-speed characteristic for such a motor is shown in Fig. 9.3c.

Split-phase motors have moderate starting torque with low starting current. Typi-
cal applications include fans, blowers, centrifugal pumps, and office equipment. Typi-
cal ratings are 50 to 500 watts; in this range they are the lowest-cost motors available.

9.2.2 Capacitor-Type Motors

Capacitors can be used to improve motor starting performance, running performance,
or both, depending on the size and connection of the capacitor. The capacitor-start
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Figure 9.4 Capacitor-start motor: (a) connections, (b) phasor diagram at starting, and (c) typical torque-speed

characteristic.

motor is also a split-phase motor, but the time-phase displacement between the two
currents is obtained by means of a capacitor in series with the auxiliary winding,
as shown in Fig. 9.4a. Again the auxiliary winding is disconnected after the motor
has started, and consequently the auxiliary winding and capacitor can be designed at
minimum cost for intermittent service.

By using a starting capacitor of appropriate value, the auxiliary-winding current
I ,ux at standstill can be made to lead the main-winding current I main DY 90 electrical
degrees, as it would in a balanced two-phase motor (see Fig. 9.4b). In practice, the
best compromise between starting torque, starting current, and cost typically results
with a phase angle somewhat less than 90°. A typical torque-speed characteristic is
shown in Fig. 9.4c, high starting torque being an outstanding feature. These motors are
used for compressors, pumps, refrigeration and air-conditioning equipment, and other
hard-to-start loads. A cutaway view of a capacitor-start motor is shown in Fig. 9.5.

In the permanent-split-capacitor motor, the capacitor and auxiliary winding are
not cut out after starting; the construction can be simplified by omission of the switch,
and the power factor, efficiency, and torque pulsations improved. For example, the
capacitor and auxiliary winding could be designed for perfect two-phase operation
(i.e., no backwards flux wave) at any one desired load. The losses due to the backward
field at this operating point would then be eliminated, with resulting improvement
in efficiency. The double-stator-frequency torque pulsations would also be elimi-
nated, with the capacitor serving as an energy storage reservoir for smoothing out the
pulsations in power input from the single-phase line, resulting in quieter operation.
Starting torque must be sacrificed because the choice of capacitance is necessarily a
compromise between the best starting and running values. The resulting torque-speed
characteristic and a schematic diagram are given in Fig. 9.6.

If two capacitors are used, one for starting and one for running, theoretically
optimum starting and running performance can both be obtained. One way of accom-
plishing this result is shown in Fig. 9.7a. The small value of capacitance required for
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Figure 9.5 Cutaway view of a capacitor-start induction motor.
The starting switch is at the right of the rotor. The motor is of
drip-proof construction. (General Electric Company.)
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Figure 9.6 Permanent-split-capacitor motor and typical torque-speed
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optimum running conditions is permanently connected in series with the auxiliary
winding, and the much larger value required for starting is obtained by a capacitor
connected in parallel with the running capacitor via a switch with opens as the motor
comes up to speed. Such a motor is known as a capacitor-start, capacitor-run motor.

The capacitor for a capacitor-start motor has a typical value of 300 uF for a
500-W motor. Since it must carry current for just the starting time, the capacitor is
a special compact ac electrolytic type made for motor-starting duty. The capacitor
for the same motor permanently connected has a typical rating of 40 uF, and since it
operates continuously, the capacitor is an ac paper, foil, and oil type. The cost of the
various motor types is related to performance: the capacitor-start motor has the lowest
cost, the permanent-split-capacitor motor next, and the capacitor-start, capacitor-run
motor the highest cost.

A 2.5-kW 120-V 60-Hz capacitor-start motor has the following impedances for the main and
auxiliary windings (at starting):

Zoain = 454+ j3.7Q main winding
Zux =95+ j35Q auxiliary winding

Find the value of starting capacitance that will place the main and auxiliary winding
currents in quadrature at starting.

M Solution
The currents I, and [, are shown in Fig. 9.4a and b. The impedance angle of the main

3.7
¢main = tan’l <E> =39.6°

To produce currents in time quadrature with the main winding, the impedance angle of the

winding is

auxiliary winding circuit (including the starting capacitor) must be
¢ =39.6° — 90.0° = -50.4°
The combined impedance of the auxiliary winding and starting capacitor is equal to

Ziow = Zo + jX. =954+ 35+ X)Q

where X, = — ch is the reactance of the capacitor and w = 2760 =~ 377 rad/sec. Thus
35+ X,
tan™' | —— )} = —50.4°
o ( 95 )
35+ X _

= tan (=50.4°) = —1.21
95 an ( )

and hence

X, =—-121%x95-35=-150Q
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Practice Problem 9.1

CHAPTER 9 Single- and Two-Phase Motors

The capacitance C is then
s -1
T wX. 377 x(=15.0)

= 177 uF

Consider the motor of Example 9.1. Find the phase angle between the main- and auxiliary-
winding currents if the 177-uF capacitor is replaced by a 200-uF capacitor.

Solution
85.2°

9.2.3 Shaded-Pole Induction Motors

As illustrated schematically in Fig. 9.8a, the shaded-pole induction motor usually has
salient poles with one portion of each pole surrounded by a short-circuited turn of
copper called a shading coil. Induced currents in the shading coil cause the flux in
the shaded portion of the pole to lag the flux in the other portion. The result is similar
to a rotating field moving in the direction from the unshaded to the shaded portion of
the pole; currents are induced in the squirrel-cage rotor and a low starting torque is
produced. A typical torque-speed characteristic is shown in Fig. 9.8b. Their efficiency
is low, but shaded-pole motors are the least expensive type of subfractional-kilowatt
motor. They are found in ratings up to about 50 watts.

9.2.4 Self-Starting Synchronous-Reluctance Motors

Any one of the induction-motor types described above can be made into a self-starting
synchronous-reluctance motor. Anything which makes the reluctance of the air gap
a function of the angular position of the rotor with respect to the stator coil axis
will produce reluctance torque when the rotor is revolving at synchronous speed. For

Squirrel-cage rotor

g

Main
winding

1 AN

20 40 60 80 100
Percent synchronous speed

Percent torque
=

(=)
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Figure 9.8 Shaded-pole induction motor and typical torque-speed characteristic.
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example, suppose some of the teeth are removed from a squirrel-cage rotor, leaving the
bars and end rings intact, as in an ordinary squirrel-cage induction motor. Figure 9.9a
shows a lamination for such a rotor designed for use with a four-pole stator. The stator
may be polyphase or any one of the single-phase types described above.

The motor will start as an induction motor and at light loads will speed up to a
small value of slip. The reluctance torque arises from the tendency of the rotor to try
to align itself in the minimum-reluctance position with respect to the synchronously
revolving forward air-gap flux wave, in accordance with the principles discussed
in Chapter 3. At a small slip, this torque alternates slowly in direction; the rotor
is accelerated during a positive half cycle of the torque variation and decelerated
during the succeeding negative half cycle. If the moment of inertia of the rotor and its
mechanical load are sufficiently small, the rotor will be accelerated from slip speed
up to synchronous speed during an accelerating half cycle of the reluctance torque.
The rotor will then pull into synchronism and continue to run at synchronous speed.
The presence of any backward-revolving stator flux wave will produce torque ripple
and additional losses, but synchronous operation will be maintained provided the load
torque is not excessive.

A typical torque-speed characteristic for a split-phase-start synchronous-
reluctance motor is shown in Fig. 9.9b. Notice the high values of induction-motor
torque. The reason for this is that in order to obtain satisfactory synchronous-motor
characteristics, it has been found necessary to build synchronous-reluctance motors
in frames which would be suitable for induction motors of two or three times their
synchronous-motor rating. Also notice that the principal effect of the salient-pole rotor
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on the induction-motor characteristic is at standstill, where considerable “cogging”
is evident; i.e., the torque varies considerably with rotor position.

9.2.5 Hysteresis Motors

The phenomenon of hysteresis can be used to produce mechanical torque. In its
simplest form, the rotor of a hysteresis motor is a smooth cylinder of magnetically
hard steel, without windings or teeth. It is placed inside a slotted stator carrying
distributed windings designed to produce as nearly as possible a sinusoidal space
distribution of flux, since undulations in the flux wave greatly increase the losses. In
single-phase motors, the stator windings usually are of the permanent-split-capacitor
type, as in Fig. 9.6. The capacitor is chosen so as to result in approximately balanced
two-phase conditions within the motor windings. The stator then produces a primarily
space-fundamental air-gap field revolving at synchronous speed.

Instantaneous magnetic conditions in the air gap and rotor are indicated in
Fig. 9.10a for a two-pole stator. The axis S’ of the stator-mmf wave revolves at
synchronous speed. Because of hysteresis, the magnetization of the rotor lags behind
the inducing mmf wave, and therefore the axis R R’ of the rotor flux wave lags behind
the axis of the stator-mmf wave by the hysteretic lag angle § (Fig. 9.10a). If the rotor is
stationary, starting torque is produced proportional to the product of the fundamental
components of the stator mmf and rotor flux and the sine of the torque angle §. The rotor
then accelerates if the torque of the load is less than the developed torque of the motor.

As long as the rotor is turning at less than synchronous speed, each region of the
rotor is subjected to a repetitive hysteresis cycle at slip frequency. While the rotor
accelerates, the lag angle § remains constant if the flux is constant, since the angle é

Torque

2 i 0 100
S Percent synchronous speed

R
@) (b)

Figure 9.10 (a) General nature of the magnetic field in the air gap and rotor
of a hysteresis motor; (b) idealized torque-speed characteristic.
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depends merely on the hysteresis loop of the rotor material and is independent of
the rate at which the loop is traversed. The motor therefore develops constant torque
right up to synchronous speed, as shown in the idealized torque-speed characteristic
of Fig. 9.10b. This feature is one of the advantages of the hysteresis motor. In con-
trast with a reluctance motor, which must “snap” its load into synchronism from an
induction-motor torque-speed characteristic, a hysteresis motor can synchronize any
load which it can accelerate, no matter how great the inertia. After reaching synchro-
nism, the motor continues to run at synchronous speed and adjusts its torque angle so
as to develop the torque required by the load.

The hysteresis motor is inherently quiet and produces smooth rotation of its load.
Furthermore, the rotor takes on the same number of poles as the stator field. The
motor lends itself to multispeed synchronous operation when the stator is wound with
several sets of windings and utilizes pole-changing connections. The hysteresis motor
can accelerate and synchronize high-inertia loads because its torque is uniform from
standstill to synchronous speed.

9.3 REVOLVING-FIELD THEORY OF
SINGLE-PHASE INDUCTION MOTORS

As discussed in Section 9.1, the stator-mmf wave of a single-phase induction motor
can be shown to be equivalent to two constant-amplitude mmf waves revolving at
synchronous speed in opposite directions. Each of these component stator-mmf waves
induces its own component rotor currents and produces induction-motor action just
as in a balanced polyphase motor. This double-revolving-field concept not only is
useful for qualitative visualization but also can be developed into a quantitative theory
applicable to a wide variety of induction-motor types. We will not discuss the full
quantitative theory here.! However, we will consider the simpler, but important case
of a single-phase induction motor running on only its main winding.

Consider conditions with the rotor stationary and only the main stator wind-
ing excited. The motor then is equivalent to a transformer with its secondary short-
circuited. The equivalent circuit is shown in Fig. 9.11a, where R1 main and X1 main are,
respectively, the resistance and leakage reactance of the main winding, X main iS the
magnetizing reactance, and Ry main and X, main are the standstill values of the rotor
resistance and leakage reactance referred to the main stator winding by use of the
appropriate turns ratio. Core loss, which is omitted here, will be accounted for later
as if it were a rotational loss. The applied voltage is V, and the main-winding current
is f main. The voltage E ryain is the counter emf generated in the main winding by the
stationary pulsating air-gap flux wave produced by the combined action of the stator
and rotor currents.

In accordance with the double-revolving-field concept of Section 9.1, the stator
mmf can be resolved into half-amplitude forward and backward rotating fields. At

1 For an extensive treatment of single-phase motors, see, for example, C. B. Veinott, Fractional- and
Subfractional-Horsepower Electric Motors, McGraw-Hill, New York, 1970.
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Figure 9.11 Equivalent circuits for a single-phase induction motor: (a) rotor blocked;
(b) rotor blocked, showing effects of forward and backward fields; (c) running
conditions.

standstill the amplitudes of the forward and backward resultant air-gap flux waves
both equal half the amplitude of the pulsating field. In Fig. 9.11b the portion of the
equivalent circuit representing the effects of the air-gap flux is split into two equal
portions, representing the effects of the forward and backward fields, respectively.

Now consider conditions after the motor has been brought up to speed by some
auxiliary means and is running on only its main winding in the direction of the
forward field at a per-unit slip s. The rotor currents induced by the forward field are
of slip frequency sf., where f, is the stator applied electrical frequency. Just as in
any polyphase motor with a symmetric polyphase or squirrel-cage rotor, these rotor
currents produce an mmf wave traveling forward at slip speed with respect to the
rotor and therefore at synchronous speed with respect to the stator. The resultant of
the forward waves of stator and rotor mmf creates a resultant forward wave of air-gap
flux, which generates a counter emf EA‘main'f in the main winding of the stator. The
reflected effect of the rotor as viewed from the stator is like that in a polyphase motor
and can be represented by an impedance 0.5R; main/s + j0.5X 5 main in parallel with
J0.5X 1 main @s in the portion of the equivalent circuit of Fig. 9.11c labeled ‘f*. The
factors of 0.5 come from the resolution of the pulsating stator mmf into forward and
backward components.

Now consider conditions with respect to the backward field. The rotor is still
turning at a slip s with respect to the forward field, and its per-unit speed » in the
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direction of the forward field is n = 1 — 5. The relative speed of the rotor with respect
to the backward field is 1 + n, or its slip with respect to the backward fieldis 1 +»n =
2 — 5. The backward field then induces rotor currents whose frequency is (2 — s) fe.
For small slips, these rotor currents are of almost twice stator frequency.

At a small slip, an oscilloscope trace of rotor current will therefore show a
high-frequency component from the backward field superposed on a low-frequency
component from the forward field. As viewed from the stator, the rotor-mmf wave
of the backward-field induced rotor current travels at synchronous speed but in the
backward direction. The equivalent-circuit representing these internal reactions from
the viewpoint of the stator is like that of a polyphase motor whose slip is 2 — s and
is shown in the portion of the equivalent circuit (Fig. 9.11c) labeled ‘b’. As with
the forward field, the factors of 0.5 come from the resolution of the pulsating stator
mmf into forward and backward components. The voltage E main,b across the parallel
combination representing the backward field is the counter emf generated in the main
winding of the stator by the resultant backward field.

By use of the equivalent circuit of Fig. 9.11c, the stator current, power input, and
power factor can be computed for any assumed value of slip when the applied voltage
and the motor impedances are known. To simplify the notation, let

R main . . . .
Zi=Ri+ jXs= (L + ]X2,main> in parallel with j X main 9.4
s

and

_ . _ R2,main . . . .
Zy=Ry+ jXp = (ﬁ + ]Xz,main> in parallel with j X, main 9.5)

The impedances representing the reactions of the forward and backward fields
from the viewpoint of the single-phase main stator winding are 0.5Z; and 0.5Zy,
respectively, in Fig. 9.11c.

Examination of the equivalent circuit (Fig. 9.11c) confirms the conclusion,
reached by qualitative reasoning in Section 9.1 (Fig. 9.2b), that the forward air-
gap flux wave increases and the backward wave decreases when the rotor is set in
motion. When the motor is running at a small slip, the reflected effect of the rotor
resistance in the forward field, 0.5R; main/s, is much larger than its standstill value,
while the corresponding effect in the backward field, 0.5R2 main/(2 — ), is smaller.
The forward-field impedance therefore is larger than its standstill value, while that
of the backward field is smaller. The forward-field counter emf EA'main’f therefore
is larger than its standstill value, while the backward-field counter emf l:?main,b is
smaller; i.e., the forward air-gap flux wave increases, while the backward flux wave
decreases.

Mechanical power and torque can be computed by application of the torque and
power relations developed for polyphase motors in Chapter 6. The torques produced
by the forward and backward fields can each be treated in this manner. The interactions
of the oppositely rotating flux and mmf waves cause torque pulsations at twice stator
frequency but produce no average torque.
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As in Eq. 6.25, the electromagnetic torque Tiain ¢ Of the forward field in newton-
meters equals 1/w; times the power Py, ¢ in watts delivered by the stator winding to
the forward field, where w; is the synchronous angular velocity in mechanical radians
per second; thus

1
Tonaint = — Py 9.6
main,f o gap,f ( )

S
When the magnetizing impedance is treated as purely inductive, Pg,p s is the power
absorbed by the impedance 0.5Z¢; that is,

Pyp.s = 12(0.5Ry) 9.7

where Ry is the resistive component of the forward-field impedance defined in Eq. 9.4.
Similarly, the internal torque Tmain 1 of the backward field is

1
Tmain,b = Epgap,b (98)

s
where Py, is the power delivered by the stator winding to the backward field, or
Peapp = 12(0.5Ry) (9.9)

where Ry, is the resistive component of the backward-field impedance Zj, defined in
Eq. 9.5.

The torque of the backward field is in the opposite direction to that of the forward
field, and therefore the net internal torque Tieeh is

1
Tnech = Taint — Tmain.b = ;‘(Pgup.f - Pgup,b) (910)

Since the rotor currents produced by the two component air-gap fields are of
different frequencies, the total rotor I%R loss is the numerical sum of the losses
caused by each field. In general, as shown by comparison of Egs. 6.17 and 6.19, the
rotor /2R loss caused by a rotating field equals the slip of the field times the power
absorbed from the stator. Thus

Forward-field rotor /2R = 5 Pgyp 9.1D
Backward-field rotor /2R = (2 — $) Pyup b 9.12)
Total rotor /2R = s Poapt + (2= 5) Pgapy 9.13)

Since power is torque times angular velocity and the angular velocity of the rotor
is (1 — s)wy, using Eq. 9.10, the internal power Ppe., converted to mechanical form,
in watts, is

Preeh = (1 — $)wyTrneen = (1 — S)(Pgup.f - Pgup,b) 9.14)

As in the polyphase motor, the internal torque Tpn.cn and internal power Ppech
are not the output values because rotational losses remain to be accounted for. It is
obviously correct to subtract friction and windage losses from Tee, OF Prec and it
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is usually assumed that core losses can be treated in the same manner. For the small
changes in speed encountered in normal operation, the rotational losses are often
assumed to be constant.?

467

A %-hp, 110-V, 60-Hz, four-pole, capacitor-start motor has the following equivalent circuit
parameter values (in £2) and losses:

Rl,main = 202 Xl,main = 279 Rl.main = 412
X2,main =2.12 Xm.main = 66.8

Core loss =24 W Friction and windage loss = 13 W

For a slip of 0.05, determine the stator current, power factor, power output, speed, torque, and
efficiency when this motor is running as a single-phase motor at rated voltage and frequency
with its starting winding open.

H Solution

The first step is to determine the values of the forward- and backward-field impedances at the
assigned value of slip. The following relations, derived from Eq. 9.4, simplify the computations
of the forward-field impedance Z;:

X 2 . 1 X mai X m,main R
Rf — m, main Xf — 2,main . + f
Xn 8§ Q2 main + 1/(5 Q2 main) X2 § Q2. main
where
Xn

X22 = X2,main + Xm.main and QZ,main =

R2,main

Substitution of numerical values gives, for s = 0.05,
Zi= R+ jX; =319+ j403Q

Corresponding relations for the backward-field impedance Z,, are obtained by substituting
2 — s for s in these equations. When (2 — 5) @ main is greater than 10, as is usually the case,
less than 1 percent error results from use of the following approximate forms:

2
R = R2,main Xm,main X, = X2.mainXm,main Rb
y = —— | —/— =
2—s Xn ’ Xn (2 = ) Q2 main

Substitution of numerical values gives, for s = 0.05,

Zy=Ry+ jXo =198+ j2.12Q

2 For a treatment of the experimental determination of motor constants and losses, see Veinott, op. cit.,
Chapter 18.
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Addition of the series elements in the equivalent circuit of Fig. 9.11c gives
Rimain + 7 X1main = 2.02 4+ j2.79
0.5(R¢+ jX;) = 15.95+ j20.15
0.5(Ry, + jX,) =0.99 4 j1.06

Total Input Z = 18.96 4 j24.00 = 30.6 £51.7°

1% 110
Stator current / = Z =306 359A
Power factor = cos (51.7°) = 0.620
Power input = P, = VI x power factor = 110 x 3.59 x 0.620 = 244 W

The power absorbed by the forward field (Eq. 9.7) is

P = I*(0.5R;) = 3.59* x 15.95 =206 W
The power absorbed by the backward field (Eq. 9.9) is

Pepo = 1*(0.5R,) =3.59° x 0.99 = 12.8 W
The internal mechanical power (Eq. 9.14) is

Precn = (1 — 5)(Pyapt — Papp) = 0.95(206 — 13) = 184 W

Assuming that the core loss can be combined with the friction and windage loss, the
rotational loss becomes 24 + 13 = 37 W and the shaft output power is the difference. Thus

Ppun = 184 —37=147W =0.197 hp

From Eq. 4.40, the synchronous speed in rad/sec is given by

2 2
W, = ( ) W, = (—) 120 = 188.5 rad/sec
poles 4

or in terms of r/min from Eq. 4.41

120 120
n, = fe = —— ) 60 = 1800 r/min
poles 4

Rotor speed = (1 — 5)(synchronous speed)

= 0.95 x 1800 = 1710 r/min
and
wn = 0.95 x 188.5 = 179 rad/sec

The torque can be found from Eq. 9.14.

Pos 147
o . =082IN-m
wn 179

Tshaﬂ =



9.3 Revolving-Field Theory of Single-Phase Induction Motors

and the efficiency is

Pshaft 147
= = — =0.602 = 60.2%
P. 244 ’

As a check on the power bookkeeping, compute the losses:
I*Ry e = (3.59)%(2.02) = 26.0
Forward-field rotor I2R (Eq. 9.11) = 0.05 x 206 = 10.3
Backward-field rotor I°R (Eq. 9.12) = 1.95 x 12.8 = 25.0

Rotational losses = 37.0
98.3W

From P,, — Pi.s, the total losses = 97 W which checks within accuracy of computations.

Assume the motor of Example 9.2 to be operating at a slip of 0.065 and at rated voltage and
frequency. Determine () the stator current and power factor and () the power output.

Solution

a. 4.0 A, power factor = 0.70 lagging
b. 190 W

Examination of the order of magnitude of the numerical values in Example 9.2
suggests approximations which usually can be made. These approximations pertain
particularly to the backward-field impedance. Note that the impedance 0.5(Ry +
Jj X&) is only about 5 percent of the total motor impedance for a slip near full load.
Consequently, an approximation as large as 20 percent of this impedance would
cause only about 1 percent error in the motor current. Although, strictly speaking,
the backward-field impedance is a function of slip, very little error usually results
from computing its value at any convenient slip in the normal running region, e.g.,
5 percent, and then assuming Ry, and X, to be constants.

Corresponding to a slightly greater approximation, the shunting effect of j X main
on the backward-field impedance can often be neglected, whence

R mai ,
2main + ]X2,main (915)
2—5

This equation gives values of the backward-field resistance that are a few percent
high, as can be seen by comparison with the exact expression given in Example 9.2.
Neglecting s in Eq. 9.15 would tend to give values of the backward-field resistance
that would be too low, and therefore such an approximation would tend to counteract
the error in Eq. 9.15. Consequently, for small slips

Zy &~

R2,mai .
Zy & —2? + J X2, main 9.16)
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In a polyphase motor (Section 6.5), the maximum internal torque and the slip at
which it occurs can easily be expressed in terms of the motor parameters; the maximum
internal torque is independent of rotor resistance. No such simple expressions exist
for a single-phase motor. The single-phase problem is much more involved because
of the presence of the backward field, the effect of which is twofold: (1) it absorbs
some of the applied voltage, thus reducing the voltage available for the forward field
and decreasing the forward torque developed; and (2) the backward field produces
negative torque, reducing the effective developed torque. Both of these effects depend
on rotor resistance as well as leakage reactance. Consequently, unlike the polyphase
motor, the maximum internal torque of a single-phase motor is influenced by rotor re-
sistance; increasing the rotor resistance decreases the maximum torque and increases
the slip at which maximum torque occurs.

Principally because of the effects of the backward field, a single-phase induction
motor is somewhat inferior to a polyphase motor using the same rotor and the same
stator core. The single-phase motor has a lower maximum torque which occurs at a
lower slip. For the same torque, the single-phase motor has a higher slip and greater
losses, largely because of the backward-field rotor /°R loss. The volt-ampere input
to the single-phase motor is greater, principally because of the power and reactive
volt-amperes consumed by the backward field. The stator /2R loss also is somewhat
higher in the single-phase motor, because one phase, rather than several, must carry all
the current. Because of the greater losses, the efficiency is lower, and the temperature
rise for the same torque is higher. A larger frame size must be used for a single-phase
motor than for a polyphase motor of the same power and speed rating. Because of
the larger frame size, the maximum torque can be made comparable with that of a
physically smaller but equally rated polyphase motor. In spite of the larger frame
size and the necessity for auxiliary starting arrangements, general-purpose single-
phase motors in the standard fractional-kilowatt ratings cost approximately the same
as correspondingly rated polyphase motors because of the much greater volume of
production of the former.

9.4 TWO-PHASE INDUCTION MOTORS

As we have seen, most single-phase induction motors are actually constructed in the
form of two-phase motors, with two stator windings in space quadrature. The main
and auxiliary windings are typically quite different, with a different number of turns,
wire size, and turns distribution. This difference, in combination with the capacitor
that is typically used in series with the auxiliary winding, guarantees that the mmfs
produced by the two winding currents will be quite unbalanced; at best they may
be balanced at one specific operating point. We will thus discuss various analytical
techniques for two-phase motors, both to expand our understanding and insight into
machine performance and also to develop techniques for the analysis of single- and
two-phase motors.

Under balanced operating conditions, a symmetrical two-phase motor can be
analyzed using techniques developed in Chapter 6 for three-phase motors, modified
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only slightly to take into account the fact that there are two phases rather than three.
In this section, we will first discuss one technique that can be used to analyze a
symmetrical two-phase motor operating under unbalanced operating conditions. We
will then formally derive an analytical model for an unsymmetrical two-phase motor
that can be applied to the general case single-phase motors operating off both their
main and auxiliary windings.

9.4.1 Unbalanced Operation of Symmetrical
Two-Phase Machines; The
Symmetrical-Component Concept

When operating from the main winding alone, the single-phase motor is the extreme
case of a motor operating under unbalanced stator-current conditions. In some cases,
unbalanced voltages or currents are produced in the supply network to a motor,
e.g., when a line fuse is blown. In other cases, unbalanced voltages are produced
by the starting impedances of single-phase motors, as described in Section 9.2. The
purpose of this section is to develop the symmetrical-component theory of two-phase
induction motors from the double-revolving-field concept and to show how the theory
can be applied to a variety of problems involving induction motors having two stator
windings in space quadrature.

First consider in review what happens when balanced two-phase voltages are
applied to the stator terminals of a two-phase machine having a uniform air gap, a
symmetrical polyphase or cage rotor, and two identical stator windings « and 8 in
space quadrature. The stator currents are equal in magnitude and in time quadrature.
When the current in winding « is at its instantaneous maximum, the current in winding
B is zero and the stator-mmf wave is centered on the axis of winding «. Similarly, the
stator-mmf wave is centered on the axis of winding § at the instant when the current
in winding B is at its instantaneous maximum. The stator-mmf wave therefore travels
90 electrical degrees in space in a time interval corresponding to a 90° phase change
of the applied voltage, with the direction of its travel depending on the phase sequence
of the currents. A more complete analysis in the manner of Section 4.5 shows that the
traveling wave has constant amplitude and constant angular velocity. This fact is, of
course, the basis for the theory of the balanced operation of induction machines.

The behavior of the motor for balanced two-phase applied voltages of either
phase sequence can be readily determined. Thus, if the rotor is turning at a slip s in
the direction from winding « toward winding B, the terminal impedance per phase
is given by the equivalent circuit of Fig. 9.12a when the applied voltage Vﬂ lags the
applied voltage V,, by 90°. Throughout the rest of this treatment, this phase sequence
is called positive sequence and is designated by the subscript ‘f* since positive-
sequence currents result in a forward field. With the rotor running at the same speed
and in the same direction, the terminal impedance per phase is given by the equivalent
circuit of Fig. 9.12b when Vﬂ leads V,, by 90°. This phase sequence is called negative
sequence and is designated by subscript ‘b’, since negative-sequence currents produce
a backward field.
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(b)

Figure 9.12 Single-phase equivalent circuits for a two-phase
motor under unbalanced conditions: (a) forward field and
(b) backward field.

Suppose now that rwo balanced two-phase voltage sources of opposite phase
sequence are connected in series and applied simultaneously to the motor, as indicated
in Fig. 9.13a, where phasor voltages V; and j V; applied, respectively, to windings
and B form a balanced system of positive sequence, and phasor voltages ¥, and —j V4,
form another balanced system but of negative sequence.

The resultant voltage V,, applied to winding « is, as a phasor,

Vo=Ve+ ¥ (9.17)
and that applied to winding 8 is
Ve =jVi—j% 9.18)

Fig. 9.13b shows a generalized phasor diagram in which the forward, or positive-
sequence, system is given by the phasors V; and j Vi and the backward, or negative-
sequence, system is given by the phasors V, and — j V. The resultant voltages, given
by the phasors V, and Vﬂ are not, in general, either equal in magnitude or in time

(a) (b)

Figure 9.13 Synthesis of an unbalanced two-phase system from the sum of two
balanced systems of opposite phase sequence.
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quadrature. From this discussion we see that an unbalanced two-phase system of
applied voltages V,, and Vg can be synthesized by combining two balanced voltage
sets of opposite phase sequence.

The symmetrical-component systems are, however, much easier to work with than
their unbalanced resultant system. Thus, it is easy to compute the component currents
produced by each symmetrical-component system of applied voltages because the
induction motor operates as a balanced two-phase motor for each component system.
By superposition, the actual current in a winding then is the sum of its components.
Thus, if ¢ and [}, are, respectively, the positive- and negative-sequence component
phasor currents in winding «, then the corresponding positive- and negative-sequence
component phasor currents in winding B are, respectively, jl¢ and —jTy, and the
actual winding currents [, and 4 are

I,=1+1, (9.19)
Ig=jli—jly (9.20)

The inverse operation of finding the symmetrical components of specified volt-
ages or currents must be performed often. Solution of Eqgs. 9.17 and 9.18 for the
phasor components V¢ and V;, in terms of known phasor voltages V,, and V,g gives

N A X

Ve =5V — V) 9.21)
1. .

Vo = 5 (Ve + V) (9.22)

These operations are illustrated in the phasor diagram of Fig. 9.14. Obviously,
similar relations give the phasor symmetrical components /¢ and [, of the current in
winding « in terms of specified phasor currents /, and /I, in the two phases; thus

(Io—jlp) (9:23)

(Lo +ilp) (9.24)

+iV

Figure 9.14 Resolution of unbalanced two-phase
voltages into symmetrical components.
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The equivalent-circuit parameters of a 5-hp 220-V 60-Hz four-pole two-phase squirrel-cage
induction motor in ohms per phase are

R, =0.534 X, =245 X, =701 R, = 0.956 X, =296

This motor is operated from an unbalanced two-phase 60-Hz source whose phase voltages
are, respectively, 230 and 210 V, the smaller voltage leading the larger by 80°. For a slip of
0.05, find (a) the positive- and negative-sequence components of the applied voltages, (») the
positive- and negative-sequence components of the stator-phase currents, (¢) the effective values
of the phase currents, and (d) the internal mechanical power.

H Solution
We will solve this example using MATLAB.!

a. Let ¥, and \75 denote the voltages applied to the two phases, respectively. Then
V, = 2300° =230+ jOV
Vy = 210/80° =36.4 + j207 V

From Eqgs. 9.21 and 9.22 the forward and backward components of voltages are,
respectively,

Vi =2184~ j182=2192, 48V
V, = 11.6+ j18.2 = 21.6:57.5°V

b. Because of the ease with which MATLAB handles complex numbers, there is no need to
use approximations such as are derived in Example 9.2. Rather, the forward- and
backward-field input impedances of the motor can be calculated from the equivalent
circuits of Figs. 9.12a and b. Dividing the forward-field voltage by the forward-field input
impedance gives

, V; .

ly= ————— =93—-j63=112.-342°A
R +jX,+Z

Similarly, dividing the backward-field voltage by the backward-field input
impedance gives

. v,

fh=—— 2 =37-j15=40.-219°A
Ri+jX + 2,

¢. The winding currents can be calculated from Eqs. 9.19 and 9.20

[,=0+1,=130~78=152:-31.0"A

~—

g=jli—jl, =48+ j56=74/49.1"A

Note that the winding currents are much more unbalanced than the applied voltages.
Even though the motor is not overloaded insofar as shaft load is concerned, the losses are

t MATLAB is a registered trademark of The MathWorks, Inc.



9.4 Two-Phase Induction Motors

appreciably increased by the current unbalance, and the stator winding with the greatest
current may overheat.

. The power delivered across the air gap by the forward field is equal to the forward-field

equivalent-circuit input power minus the corresponding stator loss

Pyt = 2(Re[Vel;1 — IZR)) = 4149 W
where the factor of 2 accounts for the fact that this is a two-phase motor. Similarly, the
power delivered to the backward field is

Peps = 2(Re[Vo ;1 — I2R,) = 145 W

Here, the symbol Re[ ] indicates the real part of a complex number, and the superscript *
indicates the complex conjugate.

Finally, from Eq. 9.14, the internal mechanical power developed is equal to (1 — )
times the total air-gap power or

Pmech = (1 - S)(Pgap,f - Pgap,b) = 3927 w

If the core losses, friction and windage, and stray load losses are known, the shaft
output can be found by subtracting them from the internal power. The friction and
windage losses depend solely on the speed and are the same as they would be for balanced
operation at the same speed. The core and stray load losses, however, are somewhat
greater than they would be for balanced operation with the same positive-sequence
voltage and current. The increase is caused principally by the (2 — s)-frequency core and
stray losses in the rotor caused by the backward field.

Here is the MATLAB script:

clc

clear

% Useful constants

£

= 60; %60 Hz system

omega = 2*pi*f;

S

g

RrR1
X1
Xm
R2
X2

)

= 0.05; % slip

Parameters

= 0.534;
= 2.45;
= 70.1;
= 0.956;
= 2.96;

% Winding voltages

Valpha = 230;
Vbeta = 210 * exp(j*80*%pi/180);

% (a) Calculate VI and Vb from Equations and 9-21 and 9-22

Vi
Vb

= 0.5* (Valpha - j*Vbeta);
= 0.5* (Valpha + Jj*Vbeta);

475



476 CHAPTER 9 Single- and Two-Phase Motors

magVf = abs (VE);

angleVf = angle(Vf)*180/pi;

magVb = abs(Vb);

anglevb = angle({Vb)*180/pi;

fprintf('\n(a)’)

fprintf(’\n Vf = %.1f + j %.1f = %.1f at angle %.1f degrees V',
real (Vi) ,imag (VL) ,magVf,anglevt);

fprintf(/‘\n Vb = %.1f + j %.1f = %.1f at angle %.1f degrees V\n’,
real (Vb), imag (Vb) ,magVb, angleVb) ;

%(b) First calculate the forward-field input impedance of the motor from

% the equivalent circuit of Fig. 9-12(a).

Zforward = R1 + j*X1 + j*Xm*(R2/8+J*X2)/(R2/s+J*{X2+Xm));
gNow calculate the forward-field current.
I1f = vi/zforward;

maglf = abs(If);

anglelf = angle(If)*180/pi;

% Next calculate the backward-field input impedance of the motor from
% Fig. 9-12(b).

Zback = R1 + Jj*X1 + J*Xm*(R2/(2-8)+3j*X2)/(R2/{2-8)+J*(X2+Xm));
$Now calculate the backward-field current.

Ib = Vb/Zback;

maglb = abs({Ib);

anglelb = angle(Ib)*180/pi;

fprintf('\n(b) ")

fprintf(’\n If = %.1f + j %.1f = %.1f at angle %.1f degrees A’,
real (If),imag(If),magIlf,anglelf) ;

fprintf(’‘\n Ib = %.1f + j %.1f = %.1f at angle %.1f degrees A\n’,
real (Ib}, imag (Ib) ,magIb,anglelb) ;

%(c) Calculate the winding currents from Egs. 9-19 and 9-20
Ialpha = If + Ib;

Ibeta = j*(If - Ib);

maglalpha = abs(Ialpha);

anglelalpha = angle(Ialpha)*180/pi;

magIbeta = abs(Ibeta);

anglelbeta = angle({Ibeta)*180/pi;

fprintf ('\n(c)’)

fprintf(’\n Talpha = %.1f + j %.1f = %.1f at angle %.1f degrees A’, ...
real{Ialpha), imag(Ialpha),magIlalpha,anglelalpha);

fprintf (‘\n Ibeta=%.1f + j %.1f = %.1f at angle %.1f degrees A\n’, ...
real (Ibeta), imag (Ibeta),maglbeta,anglelIbeta);
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%{d) Power delivered to the forward field is egual to the

% forward-field input power less the stator-winding I"2R loss
Pgf = 2*(real (Vi*conj(If)) - Rl*magIlf’2);

% Power delivered to the backward field is egqual to the

% backward-field input power less the stator-winding I"2R loss
Pgb = 2*(real (Vb*conj (Ib)) - Rl*magib”2);

% The electromagnetic power i1s equal to {(l-s) times the

% net air-gap power

Pmech = (1-s)*(Pgf - Pgb);

fprintf (‘\n(d)’)

fprintf (‘\n Power to forward field = %.1f W', Pgf)

fprintf (‘\n Power to backward field = %.1f W', Pgb)

fprintf (‘\n Pmech = %.1f W\n', Pmech)
fporintf(’\n’)

For the motor of Example 9.3, use MATLAB to produce a plot of the internal mechanical power
as a function of slip as the slip varies from s = 0.04 to s = 0.05 for the unbalanced voltages
assumed in the example. On the same axes (using dashed lines), plot the internal mechanical
power for balanced two-phase voltages of 220-V magnitude and 90° phase shift.

Solution
4000 T T T T — T ~—741
3900 sﬁ'j *
3800+
3700 e E
£ .
§ 36001 Dashed line: balanced voltages B
£
o Solid line: unbalanced voltages

3500 - e B
3a00f- 7 -

3300 4

3200 I I 1 L L L
0.04 0.042 0.044 0.046 0.048 0.08 0.052 0.054

slip

Figure 9.15 MATLAB plot for Practice Problem 9.3.
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9.4.2 The General Case: Unsymmetrical Two-Phase
Induction Machines

As we have discussed, a single-phase induction motor with a main and auxiliary
winding is an example of an unsymmetrical two-phase induction motor. In this section
we will develop a model for such a two-phase motor, using notation appropriate to the
single-phase motor. We will assume, as is commonly the case, that the windings are
in space quadrature but that they are unsymmetrical in that they may have a different
number of turns, a different winding distribution, and so on.

Our analytical approach is to represent the rotor by an equivalent two-phase
winding as shown in schematic form in Fig. 9.16 and to start with flux-linkage/current
relationships for the rotor and stator of the form

)\main Lmain 0 [fmain,rl (eme) ['main,rZ (eme) imain
Aqux . 0 Laux ['aux,rl (eme) ﬁaux,rz (eme) iaux
)\rl - ['main.rl (eme) ['aux.rl (eme) Lr 0 irl
Ar2 ['main.rZ (Ome) ﬁaux,rZ(eme) 0 L, in
(9.25)

where 6, is the rotor angle measured in electrical radians.

L nain = Self-inductance of the main winding

%D

L4 o~ Ll !
00 -

Rotor

Figure 9.16 Schematic representation of
a two-phase induction motor with an equivalent
two-phase rotor.
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Laux = Self-inductance of the auxiliary winding
L. = Self-inductance of the equivalent rotor windings

Lmain 11 (Ome) = Mutual inductance between the main winding and equivalent
rotor winding 1

Linain 2 (Bme) = Mutual inductance between the main winding and equivalent
rotor winding 2

Laux r1(fme) = Mutual inductance between the auxiliary winding and rotor
winding 1

Laux,12(6me) = Mutual inductance between the auxiliary winding and rotor
winding 2

Assuming a sinusoidal distribution of air-gap flux, the mutual inductances be-
tween the main winding and the rotor will be of the form

Lmain,rl (Bme) = Lmain,r COS Ope (9.26)
and
Lmain,rZ (Gme) = _Lmain,r sin 9me (927)

where L .0 ; is the amplitude of the mutual inductance.

The mutual inductances between the auxiliary winding will be of the same form
with the exception that the auxiliary winding is displaced by 90 electrical degrees in
space from the main winding. Hence we can write

Laux,rl (Gme) = Laux,r sin 9me (928)
and
Laux,rZ (Bme) = Laux,r COS Ope (929)

Note that the auxiliary winding will typically have a different number of turns
(and perhaps a different winding distribution) from that of the main winding. Thus,
for modeling purposes, it is often convenient to write

Laux,r = @ Ligain,e 9.30)
where

Effective turns of auxiliary winding

(9.31)

a = Turns ratio = - —
Effective turns of main winding

Similarly, if we write the self-inductance of the magnetizing branch as the sum of a
leakage inductance Lmain; and a magnetizing inductance L,

Liain = Lmain,l + Ly (932)
then the self-inductance of the auxiliary winding can be written in the form

Lax = Loy +a* Ly (9.33)
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The voltage equations for this machine can be written in terms of the winding
currents and flux linkages as

d Amai

Vmain = {main Rmain dn;an 9.34)
. dAaux

Vaux = Laux Raux + diu 9.35)
. dx

vl =0 =i R + dt” (9.36)
dx

v =0 =inR + dt’z (9.37)

where Rpain, Raux and R; are the resistances of the main, auxiliary, and rotor windings,
respectively. Note that the rotor-winding voltages are set equal to zero because the
rotor windings of an induction motor are internally shorted.

When modeling a split-phase induction motor (Section 9.2.1) the main and aux-
iliary windings are simply connected in parallel, and thus v, and v,y are both set
equal to the single-phase supply voltage when the motor is started. Following the
time that the auxiliary winding is disconnected, the auxiliary-winding current is zero,
and the motor is represented by a reduced-order model which includes only the main
winding and the two equivalent rotor windings.

When modeling the various capacitor motors of Section 9.2.2, the circuit equa-
tions must take into account the fact that, while the main winding is connected di-
rectly to the single-phase supply, a capacitor is connected between the supply and the
auxiliary-winding terminals. Depending upon the type of motor being modeled, the
auxiliary winding may or may not be switched out as the motor comes up to speed.

Finally, the techniques of Section 3.5 can be used to show that the electro-
magnetic torque of this motor can be written as

T — o dﬁmain,rl(gme) +i i dﬁmain,rZ(Ome)
mech = ‘mainir{ d9m main‘r2 d9m
o ALy 1 Ome) | .. dLaux2(Ome)
+ Lauxir] aud;m i + lLauxir aud;n i

poles .. .
= 5 [_Lmain,r (imainiri 81N Bme + imainir2 COS Ome)

+ Laux,r (fauxir €OS Bme — lauxir2 SiNGpe)] (9.38)

where 6, = (2/poles)fy, is the rotor angle in radians.

Analogous to the development of the equivalent circuits derived in Chapter 6 for
polyphase induction machines and earlier in this chapter for single-phase machines,
the equations derived in this section can be further developed by assuming steady-state
operation, with constant mechanical speed wn., corresponding to aslip s, and constant
electrical supply frequency w,. Consistent with this assumption the rotor currents
will be at frequencies w; = @, — wpe = s, (produced by the stator positive-sequence
field) and &, = we + wpe = (2 —5)we (produced by the stator negative-sequence field).
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After considerable algebraic manipulation, which includes using Eqs. 9.36 and 9.37
to eliminate the rotor currents, the main- and auxiliary-winding flux-linkage/current
relationships of Eq. 9.25 can be written as phasor equations

jLmain = [Lmain mam r(K + K )] main T Lmain,rLaux,r(Ie+ - Ie )iaux
(9.39)

and

N ~ 4 IS

Aaux = _Lmain,rLaux,r(K - K»)imain + [Laux - aux r(K + K ):f aux (940)

where
4 SWe

= 941

2(R + jsweLy) ( )
and
N 2 —
+_ ( . 5)we (9.42)
2(Re +j2 — s)w.Ly)
Similarly, the voltage equations, Eqgs. 9.34 and 9.35 become

‘A/mam imam Rmain + ]a)ekmam (9.43)
‘A/aux = IauxRaux + jwekaux (9.44)

The rotor currents will each consist of positive- and negative-sequence compo-
nents. The complex amplitudes of the positive sequence components (at frequency
sw,) are given by

i+ _ _jsa)e[Lmain,rimain + jLaux,riaux]

— 9.45
f 2(R: + jsocLy) ©.49)

and
Ih=—ji (9.46)

while the complex amplitudes of the negative sequence components (at frequency
(2 — s)we) are given by

ir_l — _](2 - S)a)e[Lmefin,rimain - jLaux,riaux] (947)
2(Re 4+ j(2 — s)weLy)
and
I,=jl; (9.48)

Finally, again after careful algebraic manipulation, the time-averaged electro-
magnetic torque can be shown to be given by

ok a4 P

poles N N .
<TmeCh> - ( 2 )R [(L%namrlmamlmam+L§uxrlauxlaux)(K -K )

. 2k 2 2 % >+ o=
+ ]Lmain,rLaux,r(ImainIaux - Imain IZUX)(K + K )*] (949)
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where the symbol Re[ ] again indicates the real part of a complex number and the
superscript * indicates the complex conjugate. Note that Eq. 9.49 is derived based
upon the assumption that the various currents are expressed as rms quantities.

EXAMPLE 9.4

Consider the case of a symmetrical two-phase motor such as is discussed in Section 9.4.1. In this
case, Egs. 9.25 through 9.37 simplify with equal self and mutual inductances and resistances
for the two windings. Using the notation of Section 9.4.1, ‘e’ and ‘B’ replacing ‘main’ and
‘aux’, the flux-linkage/current relationships of Eq. 9.39 and 9.40 become

AAa [La_jLi_r(Ie++Ieg)Jia+Lz‘r(le+_Ie_)iﬂ

Ao

—L2 (K" = R+ [La— jL2, (K" + D)1,
and the voltage equations (Egs. 9.43 and 9.44) become

Ve = LRy + joci

Vs = I4R. + joehs

Show that when operated from a positive sequence set of voltages such that Vﬂ =—jV,
the single-phase equivalent circuit is that of the forward-field (positive-sequence) equivalent
circuit of Fig. 9.12a.

A Solution
Substitution of the positive-sequence voltages in the above equations and solution for the
impedance Z, = V, /1, gives

(@eLa)?
(R/s + jwL;)
2

X
=Ri+jXat
P2 Rs + X))

Zy =R, + jow.L, +

This equation can be rewritten as

JXoilj (Xe — Xoo) + R /5]

Za=Ra+j(Xa_Xa,r)+ .
(Re/s + jX.)

Setting R, = Ry, (Xo — Xor) = X1, Xaw = Xoo (X, — Xo) = X,, and R, = R, we see
that this equation does indeed represent an equivalent circuit of the form of Fig. 9.12a.

Practice Problem 9.4

Analogous to the calculation of Example 9.4, show that when operated from a negative sequence
set of voltages such that Vs = jV, the single-phase equivalent circuit is that of the backward-
field (negative-sequence) equivalent circuit of Fig. 9.12b.
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Solution
Under negative-sequence conditions, the impedance Z, is equal to
(@Lo,)?
(Re/(2—35) + jweLy)
XZ
(Re/(2—s)+ X))

Z, =Ry + jw.L, +

=Ra+an+

As in Example 9.4, this can be shown to correspond to an equivalent circuit of the form of
Fig. 9.12b.

A two-pole, single-phase induction motor has the following parameters
L i = 80.6 mH Riin = 0.58
L,x =196 mH Rux = 3.37 82
L. =47 uH R, =37.6 u$2
L in = 0.588 mH Lo = 0.909 mH

It is operated from a single-phase, 230-V rms, 60-Hz source as a permanent-split-capacitor
motor with a 35 uF capacitor connected in series with the auxiliary winding. In order to achieve
the required phase shift of the auxiliary-winding current, the windings must be connected with
the polarities shown in Fig. 9.17. The motor has a rotational losses of 40 W and 105 W of
core loss.

Consider motor operation at 3500 r/min.

a. Find the main-winding, auxiliary-winding and source currents and the magnitude of the
capacitor voltage.
b. Find the time-averaged electromagnetic torque and shaft output power,

_— o
7 Auxiliary

winding

Figure 9.17 Permanent-split-capagcitor induction-motor
connections for Example 9.5.
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c. Calculate the motor input power and its electrical efficiency. Note that since core loss isn’t
explicitly accounted for in the model derived in this section, you may simply consider it as
an additional component of the input power.

d. Plot the motor time-averaged electromagnetic torque as a function of speed from standstiil
to synchronous speed.

B Solution
MATLAB, with its ease of handling complex numbers, is ideal for the solution of this problem.

a. The main winding of this motor is directly connected to the single-phase source. Thus we
directly set Viwin = V.. However, the auxiliary winding is connected to the single-phase
source through a capacitor and its polarity is reversed. Thus we must write

Vaux + VC = _Vs

where the capacitor voltage is given by

Here the capacitor impedance X is equal to

! : =-758Q

XC=— = — =
(0. C) (1207 x 35 x 107%)

Setting V.=V, =230V and substituting these expressions into Egs. 9.43 and 9.44
and using Egs. 9.39 and 9.40 then gives the following matrix equation for the main- and
auxiliary-winding currents.

(Reain + jweAl) jweAZ imain Vo
—jwehy  (Runt jXo+ jweAs)} [ P } - [—VJ
where
A= Lugn — jL2 0 (KT + K)
Ar = LynsLun (KT = K)
and

Ay=Low—jL3 (RT+K)

aux.r

The parameters K7 and K~ can be found from Eqgs. 9.41 and 9.42 once the slip is
found using Eq. 6.1
ng—n 3600 — 3500

S = =

n, - 3600

=0.278

This matrix equation can be readily solved using MATLAB with the result

Ioain = 15.92 =37.6° A

L =5.200-150.7° A
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and
I,=185.-227°A
The magnitude of the capacitor voltage is
Vel = | fanXcl = 374V
Using MATLAB the time-averaged electromagnetic torque can be found from Eq. 9.49
to be
<Te> =974 N-m

The shaft power can then be found by subtracting the rotational losses P, from the
air-gap power

Pshaft = Wy < Tmech> - Prot

poles

2
= ( )(1 - S)w€(<Tmech>) - Pml
= 3532 W

The power input to the main winding can be found as

*

Prai = Re[Vol . | = 2893 W

main

and that into the auxiliary winding, including the capacitor (which dissipates no power)

ax

Pux =Re[ = Vol ] = 1043W
The total input power, including the core loss power P, is found as
Pin= Pmain+Paux+Pcore=4041W

Finally, the efficiency can be determined

Pshafl
n= 5 == 0.874 = 87.4%

The plot of <T,..,> versus speed generated by MATLAB is found in Fig. 9.18.
Here is the MATLAB script:

cle

clear

% Source parameters

Vo

= 230;

omegae = 120%*pi;

%

Motor parameters

poles = 2;
Lmain = .0806;
Rmain = 0.58;
Laux = 0.196;
Raux = 3.37;

Lr

= 4.7¢e-6;
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<Tmech> [N-m)
3 R

Lo

0 . 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000
speed [r/min]

Figure 9.18 Time-averaged electromagnetic torque versus speed for the
single-phase induction motor of Example 9.5.

Rr = 37.6e-6;
Lmainr = 5.88e-4;
Lauxr = 9.09e-4;

C = 35e-6;
Xc = -1/{omegae*C);
Prot = 40;

Pcore = 105;

% Run through program twice. If calcswitch = 1, then
% calculate at speed of 3500 r/min only. The second time
% program will produce the plot for part (4).

for calcswitch = 1:2

if calcswitch == 1
mmax = 1;
else

mmax = 101;
end

for m = 1:mmax

if calecswitch == 1
speed(m) = 3500;
else

speed (m) 3599* (m-1)/100;

end
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% Calculate the slip
ns = (2/poles)*3600;
s = (ns-speed{m))/ns;

o

part (a)

% Calculate the various complex constants

Kplus = s*omegae/(2*{Rr + Jj*s*omegae*Lr));

Kminus = (2-8)*omegae/ (2* (Rr + j*(2-s) *omegae*Lr)) ;
Al = Lmain - j*Lmainr”2* (Kplus+Kminus) ;

A2 = Lmainr*Lauxr* (Kplus-Kminus) ;

A3 = Laux - j*Lauxr”2* (Kplus+Kminus) ;

% Set up the matrix

M{1,1}) = Rmain + j*omegae*Al;
M(1,2) = j*omegae*A2;

M(2,1) = -j*omegae*A2;

M(2,2) = Raux + j*Xc+ j*omegae*A3;
% Here is the voltage vector

v = [VO ; -VOI;

o

% Now find the current matrix
I = M\V;

Imain = I{(1);
Taux = I(2);

Is = Imain-Iaux;

magImain = abs(Imain);

angleImain = angle{Imain)*180/pi;
maglaux = abs(Ilaux);

anglefaux = angle{Iaux)*180/pi;
magls = abs(Is);

anglels = angle(Is)*180/pi;

%$Capacitor voltage
Vecap = Taux*Xc;
magVcap = abs(Vcap);

% part (b)

Tmechl = conj{Kplus-Kminus);

Tmechl = Tmechl* (Lmainr”"2*Imain*conj (Imain)+Lauxr " 2*Taux*conj (Iaux));
Tmech2 = j*Lmainr*Lauxr*conj{Kplus+Kminus);

Tmech2 = Tmech2* (conj (Imain)*Iaux-Imain*conj{Iaux));

Tmech (m) = (poles/2) *real {Tmechl+Tmech2) ;
Pshaft = (2/poles)* (1l-s)*omegae*Tmech (m)-Prot;
gpart (c)

Pmain = real(VO0*conj(Imain));
Paux = real {-VO*conj{Iaux));
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Pin = Pmain+Paux+Pcore;
eta = Pshaft/Pin;
if calcswitch == 1

fprintf (’'part (a):’)
fprintf ('\n Imain = %g A at angle %g degrees’,maglmain,angleImain)
fprintf ('\n Taux = %g A at angle %g degrees’,maglaux,anglelaux)
fprintf{’\n Is = %$g A at angle %g degrees’,magls,anglels)
fprintf(’\n Vcap = %g V\n’,magVcap)
fprintf (’\npart (b):’)
fprintf{(’\n Tmech = %g N-m’, Tmech)
fprintf(’\n Pshaft = %g W\n’, Pshaft)
fprintf {’\npart {(c):’)
fprintf(’\n Pmain = %g W’,Pmain)
fprintf(’\n Paux = %g W’, Paux)
fprintf(’\n Pin = %g W’,Pin)
fprintf(’\n eta = %g percent\n\n’,100*eta)
else
plot (speed, Tmech)
xlabel (’speed [r/min])’)
ylabel (' <Tmech> [N-m]’)

end

end %end of for m loop
end %$end of for calcswitch loop

Practice Problem 9.5

(a) Calculate the efficiency of the single-phase induction motor of Example 9.5 operating at a
speed of 3475 r/min. (b) Search over the range of capacitor values from 25 uF to 45 uF to find
the capacitor value which will give the maximum efficiency at this speed and the corresponding

efficiency.

Solution

a. 86.4%
b. 41.8 uF, 86.6%

9.5 SUMMARY

One theme of this chapter is a continuation of the induction-machine theory of Chap-
ter 6 and its application to the single-phase induction motor. This theory is expanded
by a step-by-step reasoning process from the simple revolving-field theory of the sym-
metrical polyphase induction motor. The basic concept is the resolution of the stator-
mmf wave into two constant-amplitude traveling waves revolving around the air gap
at synchronous speed in opposite directions. If the slip for the forward field is s,



9.6 Problems

then that for the backward field is (2 — s). Each of these component fields produces
induction-motor action, just as in a symmetrical polyphase motor. From the view-
point of the stator, the reflected effects of the rotor can be visualized and expressed
quantitatively in terms of simple equivalent circuits. The ease with which the internal
reactions can be accounted for in this manner is the essential reason for the usefulness
of the double-revolving-field theory.

For a single-phase winding, the forward- and backward-component mmf waves
are equal, and their amplitude is half the maximum value of the peak of the stationary
pulsating mmf produced by the winding. The resolution of the stator mmf into its
forward and backward components then leads to the physical concept of the single-
phase motor described in Section 9.1 and finally to the quantitative theory developed
in Section 9.3 and to the equivalent circuits of Fig. 9.11.

In most cases, single-phase induction motors are actually two-phase motors with
unsymmetrical windings operated off of a single phase source. Thus to complete
our understanding of single-phase induction motors, it is necessary to examine the
performance of two-phase motors. Hence, the next step is the application of the
double-revolving-field picture to a symmetrical two-phase motor with unbalanced
applied voltages, as in Section 9.4.1. This investigation leads to the symmetrical-
component concept, whereby an unbalanced two-phase system of currents or volt-
ages can be resolved into the sum of two balanced two-phase component systems
of opposite phase sequence. Resolution of the currents into symmetrical-component
systems is equivalent to resolving the stator-mmf wave into its forward and backward
components, and therefore the internal reactions of the rotor for each symmetrical-
component system are the same as those which we have already investigated. A very
similar reasoning process, not considered here, leads to the well-known three-phase
symmetrical-component method for treating problems involving unbalanced opera-
tion of three-phase rotating machines. The ease with which the rotating machine can
be analyzed in terms of revolving-field theory is the chief reason for the usefulness
of the symmetrical-component method.

Finally, the chapter ends in Section 9.4.2 with the development of an analytical
theory for the general case of a two-phase induction motor with unsymmetrical wind-
ings. This theory permits us to analyze the operation of single-phase motors running
off both their main and auxiliary windings.

9.6 PROBLEMS

9.1 A 1-kW, 120-V, 60-Hz capacitor-start motor has the following parameters for
the main and auxiliary windings (at starting):
Znain = 4.82 + j7.25Q  main winding
Zax =795+ j9.21Q  auxiliary winding
a. Find the magnitude and the phase angles of the currents in the two

windings when rated voltage is applied to the motor under starting
conditions.
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9.2
9.3

9.4
9.5

9.6

9.7

9.8

9.9

b. Find the value of starting capacitance that will place the main- and
auxiliary-winding currents in time quadrature at starting.

c. Repeat part (a) when the capacitance of part (b) is inserted in series with
the auxiliary winding.

Repeat Problem 9.1 if the motor is operated from a 120-V, 50-Hz source.

Given the applied electrical frequency and the corresponding impedances

Zmain and Z,,, of the main and auxiliary windings at starting, write a

MATLAB script to calculate the value of the capacitance, which, when

connected in series with the starting winding, will produce a starting winding

current which will lead that of the main winding by 90°.

Repeat Example 9.2 for slip of 0.045.

A 500-W, four-pole, 115-V, 60-Hz single-phase induction motor has the

following parameters (resistances and reactances in Q/phase):

Rl,main =1.68 R2,main =2.96
Ximain = 1.87  Xmmain = 60.6 X3 nain = 1.72
Core loss =38 W Friction and windage = 11.8 W

Find the speed, stator current, torque, power output, and efficiency when the

motor is operating at rated voltage and a slip of 4.2 percent.

Write a MATLAB script to produce plots of the speed and efficiency of the

single-phase motor of Problem 9.5 as a function of output power over the

range 0 < Py < 500 W.

At standstill the rms currents in the main and auxiliary windings of a

four-pole, capacitor-start induction motor are I, = 20.7 A and

Lux = 1.1 A respectively. The auxiliary-winding current leads the

main-winding current by 53°. The effective turns per pole (i.e., the number of

turns corrected for the effects of winding distribution) are Np,;, = 42 and

Nax = 68. The windings are in space quadrature.

a. Determine the peak amplitudes of the forward and backward stator-mmf
waves.

b. Suppose it were possible to adjust the magnitude and phase of the
auxiliary-winding current. What magnitude and phase would produce a
purely forward mmf wave?

Derive an expression in terms of Q7 main for the nonzero speed of a

single-phase induction motor at which the internal torque is zero. (See

Example 9.2.)

The equivalent-circuit parameters of an 8-kW, 230-V, 60-Hz, four-pole,

two-phase, squirrel-cage induction motor in ohms per phase are

R =0253 X, =114 X,=327 R;=0446 X,=1.30

This motor is operated from an unbalanced two-phase, 60-Hz source
whose phase voltages are, respectively, 223 and 190 V, the smaller voltage
leading the larger by 73°. For a slip of 0.045, find

a. the phase currents in each of the windings and
b. the internal mechanical power.
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9.6 Problems

Consider the two-phase motor of Example 9.3.
a. Find the starting torque for the conditions specified in the example.

b. Compare the result of part (a) with the starting torque which the motor
would produce if 220-V, balanced two-phase voltages were applied to
the motor.

¢. Show that if the stator voltages V, and Ve of 2 two-phase induction
motor are in time quadrature but unequal in magnitude, the starting
torque is the same as that developed when balanced two-phase voltages
of magnitude ./V,, Vg are applied.

The induction motor of Problem 9.9 is supplied from an unbalanced two-

phase source by a four-wire feeder having an impedance Z = 0.32 +

Jj1.5 Q/phase. The source voltages can be expressed as

V, =235/0° V, =212/78°

For a slip of 5 percent, show that the induction-motor terminal voltages
correspond more nearly to a balanced two-phase set than do those of the
source.

The equivalent-circuit parameters in ohms per phase referred to the stator for
a two-phase, 1.0 kW, 220-V, four-pole, 60-Hz, squirrel-cage induction motor
are given below. The no-load rotational loss is 65 W.

Ri=078 Ry=42 X1 =X,=53 Xn=93
a. The voltage applied to phase « is 220/0° V and that applied to phase S is
220/65° V. Find the net air-gap torque at a slip s = 0.035.

b. What is the starting torque with the applied voltages of part (a)?
The applied voltages are readjusted so that V,, = 220/65° V and
Vg = 220/90° V. Full load on the machine occurs at s = 0.048. At what
slip does maximum internal torque occur? What is the value of the
maximum torque?

d. While the motor is running as in part (c), phase $ is open-circuited. What
is the power output of the machine at a slip s = 0.04?

e. What voltage appears across the open phase-$ terminals under the
conditions of part (d)?

A 120-V, 60-Hz, capacitor-run, two-pole, single-phase induction motor has

the following parameters:

Lmain = 47.2 mH Rmain =0.38Q
Lax = 102 mH Rux =178 Q
L, =235uH R =172

Lmgine = 0.342mH Loy = 0.530 mH

You may assume that the motor has 48 W of core loss and 23 W of rotational
losses. The motor windings are connected with the polarity shown in Fig. 9.17
with a 40 uF run capacitor.
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a. Calculate the motor starting torque.

With the motor operating at a speed of 3490 r/min, calculate

b. the main and auxiliary-winding currents,

c. the total line current and the motor power factor,

d. the output power and

e. the electrical input power and the efficiency.

Note that this problem is most easily solved using MATLAB.

Consider the single-phase motor of Problem 9.13. Write a MATLAB script

to search over the range of capacitor values from 25 uF to 75 pF to find

the value which will maximize the motor efficiency at a motor speed of

3490 r/min. What is the corresponding maximum efficiency?

In order to raise the starting torque, the single-phase induction motor of

Problem 9.13 is to be converted to a capacitor-start, capacitor-run motor.

Write a MATLAB script to find the minimum value of starting capacitance

required to raise the starting torque to 0.5 N - m.

Consider the single-phase induction motor of Example 9.5 operating over the

speed range 3350 r/min to 3580 r/min.

a. Use MATLAB to plot the output power over the given speed range.

b. Plot the efficiency of the motor over this speed range.

c. On the same plot as that of part (b), plot the motor efficiency if the run
capacitor is increased to 45 uF.



Introduction to Power
Electronics

ployed primarily as single-speed devices. Typically they were operated from

fixed-frequency sources (in most cases this was the 50- or 60-Hz power grid).
In the case of motors, control of motor speed requires a variable-frequency source,
and such sources were not readily available. Thus, applications requiring variable
speed were serviced by dc machines, which can provide highly flexible speed con-
trol, although at some cost since they are more complex, more expensive, and require
more maintenance than their ac counterparts.

The availability of solid-state power switches changed this picture immensely.
It is now possible to build power electronics capable of supplying the variable-
voltage/current, variable-frequency drive required to achieve variable-speed per-
formance from ac machines. Ac machines have now replaced dc machines in
many traditional applications, and a wide range of new applications have been
developed.

As is the case with electromechanics and electric machinery, power electronics
is a discipline which can be mastered only through significant study. Many books
have been written on this subject, a few of which are listed in the bibliography at the
end of this chapter. It is clear that a single chapter in a book on electric machinery
cannot begin to do justice to this topic. Thus our objectives here are limited. Our goal
is to provide an overview of power electronics and to show how the basic building
blocks can be assembled into drive systems for ac and dc machines. We will not focus
much attention on the detailed characteristics of particular devices or on the many
details required to design practical drive systems. In Chapter 11, we will build on
the discussion of this chapter to examine the characteristics of some common drive
systems.

l | ntil the last few decades of the twentieth century, ac machines tended to be em-
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10.1 POWER SWITCHES

Common to all power-electronic systems are switching devices. Ideally, these devices
control current much like valves control the flow of fluids: turn them “ON,” and they
present no resistances to the flow of current; turn them “OFFE,” and no current flow is
possible. Of course, practical switches are not ideal, and their specific characteristics
significantly affect their applicability in any given situation. Fortunately, the essen-
tial performance of most power-electronic circuits can be understood assuming the
switches to be ideal. This is the approach which we will adopt in this book. In this
section we will briefly discuss some of the common switching devices and present
simplified, idealized models for them.

10.1.1 Diodes

Diodes constitute the simplest of power switches. The general form of the v-i char-
acteristics of a diode is shown in Fig. 10.1.

The essential features of a diode are captured in the idealized v-i characteristic
of Fig. 10.2a. The symbol used to represent a diode is shown in Fig. 10.2b along
with the reference directions for the current i and voltage v. Based upon terminology
developed when rectifier diodes were electron tubes, diode current flows into the
anode and flows out of the cathode.

1

1

VrB i

) S 1
W

<Y

Figure 10.1 -/ characteristic of a diode.

ik
Diode ON
Anode Cathode

«Y

Diode OFF

(a) (b)

Figure 10.2 (a) v~/ characteristic of an ideal diode.
(b) Diode symbol.
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We can see that the ideal diode blocks current flow when the voltage is negative
(i = 0for v < 0) and passes positive current without voltage drop (v = 0 for i > 0).
We will refer to the negative-voltage region as the diode’s OFF state and the positive-
current region as the diode’s ON state. Comparison with the v-i characteristic shows
that a practical diode varies from an ideal diode in that:

B There is a finite forward voltage drop, labeled Vi in Fig. 10.1, for positive
current flow. For low-power devices, this voltage range is typically on the order
of 0.6-0.7 V while for high-power devices it can exceed 3 V.

B Corresponding to this voltage drop is a power dissipation. Practical diodes have
a maximum power dissipation (and a corresponding maximum current) which
must not be exceeded.

B A practical diode is limited in the negative voltage it can withstand. Known
as the reverse-breakdown voltage and labeled Vgg in Fig. 10.1, this is the
maximum reverse voltage that can be applied to the diode before it starts to
conduct reverse current.

The diode is the simplest power switch in that it cannot be controlled; it simply
turns ON when positive current begins to flow and turns OFF when the current attempts
to reverse. In spite of this simple behavior, it is used in a wide variety of applications,
the most common of which is as a rectifier to convert ac to dc.

The basic performance of a diode can be illustrated by the simple example shown
in Example 10.1.

Consider the half-wave rectifier circuit of Fig. 10.3a in which a resistor R is supplied by
a voltage source v(¢) = Vysinwt through a diode. Assume the diode to be ideal. (@) Find
the resistor voltage vr(r) and current ix(¢). (b) Find the dc average resistor voltage V. and
current 4.

A
Vo L vg(f)
ir()
+ +
w0 () R B0 ;.
- - % TA s wt
s \ V4
\ '
\ Vs
vs(t)\ /
N
\\\ ,//
(a) ()

Figure 10.3 (a) Half-wave rectifier circuit for Example 10.1. (b) Resistor voltage.
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H Solution

a. This is a nonlinear problem in that it is not possible to write an analytic expression for
the v-i characteristic of the ideal diode. However, it can readily be solved using the
method-of-assumed-states in which, for any given value of the source voltage, the diode is
alternately assumed to be ON (a short-circuit) or OFF (an open-circuit) and the current is
found. One of the two solutions will violate the v-i characteristic of the diode (i.e., there
will be negative current flow through the short-circuit or positive voltage across the
open-circuit) and must be discarded; the remaining solution will be the correct one.

Following the above procedure, we find that the solution is given by

v,(t) = Vysinwt  v,(¢) >0
vr(t) = {
0 v(t) <0

This voltage is plotted in Fig. 10.3b. The current is identical in form and is found simply
as ig(t) = vp(t)/R. The terminology half-wave rectification is applied to this system
because voltage is applied to the resistor during only the half cycle for which the supply
voltage waveform is positive.

b. The dc or average value of the voltage waveform is equal to

& v,
Vi = 9/ V, sin (wt) df = 2>
b4 b4

0

and hence the dc current through the resistor is equal to

Vo
Iy = —
d TR

Practice Problem 10.1

Calculate the average voltage across the resistor of Fig. 10.3 if the sinusoidal voltage source

of Example 10.1 is replaced by a source of the same frequency but which produces a square
wave of zero average value and peak-peak amplitude 2V

Solution

10.1.2 Silicon Controlled Rectifiers and TRIACs

The characteristics of a silicon controlled rectifier, or SCR, also referred to as a
thyristor, are similar to those of a diode. However, in addition to an anode and a
cathode, the SCR has a third terminal known as the gate. Figure 10.4 shows the form
of the v-i characteristics of a typical SCR.

As is the case with a diode, the SCR will turn ON only if the anode is positive
with respect to the cathode. Unlike a diode, the SCR also requires a pulse of current
i into the gate to turn ON. Note however that once the SCR turns ON, the gate signal
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ik
ON state OFF state
|
Vre | ]
i z( | 1)1 I
Ve Ve v
Figure 10.4 - characteristic of an SCR.
A
Anode Cathode

(a) (b)

Figure 10.5 (a) Idealized SCR v-i characteristic.
(b) SCR symbol.

can be removed and the SCR will remain ON until the SCR current drops below a
small value referred to as the kolding current, at which point it will turn OFF just as
a diode does.

As can be seen from Fig. 10.4, the ON-state characteristic of an SCR is similar to
that of a diode, with a forward voltage drop Vi and a reverse-breakdown voltage Vgg.
When the SCR is OFF, it does not conduct current over its normal operating range
of positive voltage. However it will conduct if this voltage exceeds a characteristic
voltage, labeled Vg in the figure and known as the forward-breakdown voltage. As
is the case for a diode, a practical SCR is limited in its current-carrying capability.

For our purposes, we will simplify these characteristics and assume the SCR
to have the idealized characteristics of Fig. 10.5a. Our idealized SCR appears as an
open-circuit when it is OFF and a short-circuit when it is ON. It also has a holding
current of zero; i.e., it will remain ON until the current drops to zero and attempts to
go negative. The symbol used to represent an SCR is shown in Fig. 10.5b.

Care must be taken in the design of gate-drive circuitry to insure that an SCR
turns on properly; e.g., the gate pulse must inject enough charge to fully turn on the
SCR, and so forth. Similarly, an additional circuit, typically referred to as a snubber
circuit, may be required to protect an SCR from being turned on inadvertently, such as
might occur if the rate of rise of the anode-to-cathode voltage is excessive. Although
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these details must be properly accounted for to achieve successful SCR performance
in practical circuits, they are not essential for the present discussion.
The basic performance of an SCR can be understood from the following example.

Consider the half-wave rectifier circuit of Fig. 10.6 in which a resistor R is supplied by a
voltage source v,(t) = V;sinwt through an SCR. Note that this is identical to the circuit of
Example 10.1, with the exception that the diode has been replaced by an SCR.

Assume that a pulse of gate current is applied to the SCR at time £, (0 < 8, < 7/w)
following each zero-crossing of the source voltage, as shown in Fig. 10.7a. It is common to
describe this firing-delay time in terms of a firing-delay angle, 0y = wt,. Find the resistor
voltage vg () as a function of oy. Assume the SCR to be ideal and that the gate pulses supply
sufficient charge to properly turn ON the SCR.

M Solution
The solution follows that of Example 10.1 with the exception that, independent of the polarity
of the voltage across it, once the SCR turns OFF, it will remain OFF until both the SCR voltage
becomes positive and a pulse of gate current is applied. Once a gate pulse has been applied,
the method-of-assumed-states can be used to solve for the state of the SCR.

Following the above procedure, we find the solution is given by

0 vs(t) = 0 (prior to the gate pulse)
vr(?) = { v, (1) = Vysinwt  v,(t) = 0 (following the gate pulse)
0 v () <0

This voltage is plotted in Fig. 10.7b. Note that this system produces a half-wave rectified
voltage similar to that of the diode system of Example 10.1. However, in this case, the dc value
of the rectified voltage can be controlled by controlling the timing of the gate pulse. Specifically,
it is given by

\%
Vie = ~—(1 + cosap)
2

Note that when there is no delay in firing the SCR (o = 0), this system produces a dc
voltage of V, /7, equal to that of the diode rectifier system of Example 10.1. However, as the
gate pulse of the SCR is delayed (i.e., by increasing o), the dc voltage can be reduced. In
fact, by delaying the gate pulse a full half cycle (o = 7) the dc voltage can be reduced to

Dy

+
() C) RS v

Figure 10.6 Half-wave SCR
rectifier circuit for Exampte 10.2.
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I
Gate pulses
VoL vy(1)
——
0 ay T\ + o 2n 2m + g 3n ot
@
vr(®) A
VO —
T ol —
0 ag b4 27 + ag 3r

®
Figure 10.7 (a) Gate pulses for Example 10.2. (b) Resistor voltage.
zero. This system is known as a phase-controlled rectifier because the dc output voltage can

be varied by controlling the phase angle of the gate pulse relative to the zero crossing of the
source voltage.

Practice Problem 10.2

Calculate the resistor average voltage as a function of the delay angle o if the sinusoidal source
of Example 10.2 is replaced by a source of the same frequency, but which produces a square
wave of zero average value and peak-peak amplitude 2V,,.

Solution

Vo Oy
Vi=—11—-—
d 2( n)

Example 10.2 shows that the SCR provides a significant advantage over the
diode in systems where voltage control is desired. However, this advantage comes at
the additional expense of the SCR as well as the circuitry required to produce the gate
pulses used to fire the SCR.



500

CHAPTER 10 Introduction to Power Electronics

ON state

- > %
V / v |<}h\ ti
OFF state G

(@ (®)

Figure 10.8 (a) Idealized TRIAC v-i characteristic.
(b) TRIAC symbaol.

Another phase-controlled device is the TRIAC, which behaves much like two
back-to-back SCRs sharing a common gate. The idealized v-i characteristic of a
TRIAC is shown in Fig. 10.8a and its symbol in Fig. 10.8b. As with an SCR, TRIACs
can be turned ON by the application of a pulse of current at their gate. Unlike an SCR,
provided the current pulses inject sufficient charge, both positive and negative gate
current pulses can be used to turn ON a TRIAC.

The use of a TRIAC is illustrated in the following example.

Consider the circuit of Fig. 10.9 in which the SCR of Example 10.2 has been replaced by a
TRIAC.

Assume again that a short gate pulse is applied to the SCR ata delay angle ap (0 < oy < )
following each zero-crossing of the source voltage, as shown in Fig. 10.10a. Find the resistor
voltage vg(?) and its rms value Vx ., as a function of a,. Assume the TRIAC to be ideal and
that the gate pulses inject sufficient charge to properly turn it ON.

B Solution

The solution to this example is similar to that of Example 10.2 with the exception that the
TRIAC, which will permit current to flow in both directions, turns on each half cycle of the
source-voltage waveform.

() = (prior to the gate pulse)
Y7 | n0) = Vpsinwr  (following the gate pulse)

Unlike the rectification of Example 10.2, in this case the resistor voltage, shown in
Fig. 10.10b, has no dc component. However, its rms value varies with ay:

VR.rms = VO <8 / Si[‘l2 (Cl)t) dt)
TS
1 o |
= Vo \/(5 - ﬁ + E sin (2&0))
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Figure 10.9 Circuit for

Example 10.3.
Gate pulses
VO 1 vs(t)
Al >
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Figure 10.10 (a) Gate pulses for Example 10.3. (b) Resistor voltage.

Notice that when ¢, = 0, the TRIAC is ON all the time and it appears that the resistor
is connected directly to the voltage source. In this case, Vg ms = Vo/ /2 as expected. As « is
increased to 7, the rms voltage decreases towards zero.

This simple type of controller can be applied to an electric light bulb (in which case it

serves as light dimmer) as well

as to a resistive heater. It is also used to vary the speed of a
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universal motor and finds widespread application as a speed-controller in small ac hand tools,
such as hand drills, as well as in small appliances, such as electric mixers, where continuous
speed variation is desired.

Practice Problem 10.3

Find the rms resistor voltage for the system of Example 10.3 if the sinusoidal source has been
replaced by a source of the same frequency but which produces a square wave of zero average
value and peak-peak amplitude 2V,

Solution

Qg
VR,rms =W (1 - —)
T

10.1.3 Transistors

For power-electronic circuits where control of voltages and currents is required,
power transistors have become a common choice for the controllable switch. Al-
though a number of types are available, we will consider only two: the metal-
oxide-semiconductor field effect transistor (MOSFET ) and the insulated-gate bipolar
transistor (IGBT).

MOSFETs and IGBTs are both three-terminal devices. Figure 10.11a shows the
symbols for n- and p-channel MOSFETs, while Fig. 10.11b shows the symbol for
n- and p-channel IGBTs. In the case of the MOSFET, the three terminals are referred
to as the source, drain, and gate, while in the case of the IGBT the corresponding

Drain Drain Collector Collector

Gate }—— Gate ’— Gate Gate
- ~

= s

Source Source Emitter Emitter
n-channel p-channel n-channel p-channel

(@ (b)

Figure 10.11 (a) Symbols for n- and p-channel MOSFETs.
(b) Symbols for n- and p-channel IGBTs.
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terminals are the emitter, collector, and gate. For the MOSFET, the control signal
1s the gate-source voltage, vgs. For the IGBT, it is the gate-emitter voltage, vge. In
both the MOSFET and the IGBT, the gate electrode 1s capacitively coupled to the
remainder of the device and appears as an open circuit at dc, drawing no current, and
drawing only a small capacitive current under ac operation.

Figure 10.12a shows the v-i characteristic of a typical n-channel MOSFET. The
characteristic of the corresponding p-channel device looks the same, with the ex-
ception that the signs of the voltages and the currents are reversed. Thus, in an
n-channel device, current flows from the drain to the source when the drain-source and

oA L/ (vgs— V1) = vps
Active
VUGs
(Vpsra ———/
] b} N 1 —
1 W W 1
( 1 ’ N vgs =< Vr (Vps)es VDS
(@)
ic A
VGE /
(Vep)rp ._/
1 JL —_ 1
T LAY 9 1
)
( 0 (Vepa N vgg < Vr (Vepps  F

(d)

Figure 10.12 (a) Typical v-i characteristic for an n-channel MOSFET.
(b) Typical v-i characteristic for an n-channel IGBT.
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gate-source voltages are positive, while in a p-channel device current flows from the
source to the drain when the drain-source and gate-source voltages are negative.
Note the following features of the MOSFET and IGBT characteristics:

B In the case of the MOSFET, for positive drain-source voltage vpg, no drain
current will flow for values of vgs less than a threshold voltage which we will
refer to by the symbol V1. Once vgs exceeds Vr, the drain current ip increases
as vgs is increased.

In the case of the IGBT, for positive collector-emitter voltage vcg, no
collector current will flow for values of vgg less than a threshold voltage Vr.
Once vgg exceeds Vr, the collector current i increases as vgg is increased.

B In the case of the MOSFET, no drain current flows for negative drain-source
voltage.

In the case of the IGBT, no collector current flows for negative collector-
emitter voltage.

B Finally, the MOSFET will fail if the drain-source voltage exceeds its
breakdown limits; in Fig. 10.12a, the forward breakdown voltage is indicated
by the symbol (Vps)rs while the reverse breakdown voltage is indicated by the
symbol (Vps)rs.

Similarly, the IGBT will fail if the collector-emitter voltage exceeds its
breakdown values; in Fig. 10.12b, the forward breakdown voltage is indicated
by the symbol (Vcg)rs while the reverse breakdown voltage is indicated by the
symbol (VCE)RB .

B Although not shown in the figure, a MOSFET will fail due to excessive
gate-source voltage as well as excessive drain current which leads to excessive
power dissipation in the device. Similarly an IGBT will fail due to excessive
gate-emitter voltage and excessive collector current.

Note that for small values of vcg, the IGBT voltage approaches a constant value,
independent of the drain current. This saturation voltage, 1abeled (Vcg)sy in the figure,
is on the order of a volt or less in small devices and a few volts in high-power devices.
Correspondingly, in the MOSFET, for small values of vps, vps is proportional to the
drain current and the MOSFET behaves as a small resistance whose value decreases
with increasing vgs.

Fortunately, for our purposes, the details of these characteristics are not impor-
tant. As we will see in the following example, with a sufficient large gate signal, the
voltage drop across both the MOSFET and the IGBT can be made quite small. In this
case, these devices can be modeled as a short circuit between the drain and the source
in the case of the MOSFET and between the collector and the emitter in the case
of the IGBT. Note, however, these “switches” when closed carry only unidirectional
current, and hence we will model them as a switch in series with an ideal diode. This
ideal-switch model is shown in Fig. 10.13a.

In many cases, these devices are commonly protected by reverse-biased protec-
tion diodes connected between the drain and the source (in the case of a MOSFET)
or between the collector and emitter (in the case of an IGBT). These protection
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D,C D,C
°
G, B G,B
~
o
S,E S,E
(@) ®)

Figure 10.13 (a) ideal-switch model for a MOSFET or
an IGBT showing the series ideal diode which represents
the unidirectional-current device characteristic.

(b) Ideal-switch model for devices which include a
reverse-biased protection diode. The symbols G, D, and
S apply to the MOSFET while the symbols B, C, and E
apply to the IBGT.

devices are often included as integral components within the device package. If these
protection diodes are included, there is actually no need to include the series diode,
in which case the model can be reduced to that of Fig. 10.13b.

EXAMPLE 10.4

Consider the circuit of Fig. 10.14a. Here we see an IGBT which is to be used to control
the current through the resistor R as supplied from a dc source V;,. Assume that the IGBT
characteristics are those of Fig. 10.12b and that V} is significantly greater than the saturation
voltage. Show a graphical procedure that can be used to find vcg as a function of vgg.

iC A
~ . Vo— v
KO Load line lc=( 0 R CE)
it R C
R
+ UGE
Yo + .
- + o—{ UCE \
UGE - A
J— J \¢\ v=
(VCE)sat VO CE
@ (b)

Figure 10.14 (a) Circuit for Example 10.4. (b) IGBT characteristic showing load line
and operating point.
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H Solution
Writing KVL for the circuit of Fig. 10.14a gives

V0=iCR+UCE

Solving for ic gives

io = (Vo — vce)

R

Note that this linear relationship, referred to as the load line, represents a constraint
imposed by the external circuit on the relationship between the IGBT terminal variables ic and
vce. The corresponding constraint imposed by the IGBT itself is given by the v-i characteristic
of Fig. 10.12b.

The operating point of the circuit is that point at which both these constraints are simulta-
neously satisfied. It can be found most easily by plotting the load line on the v-i relationship of
the IGBT. This is done in Fig. 10.14b. The operating point is then found from the intersection
of the load line with the v-i characteristic of the IGBT.

Consider the operating point labeled A in Fig. 10.14b. This is the operating point corre-
sponding to values of vgg less than or equal to the threshold voltage V;. Under these conditions,
the IGBT is OFF, there is no collector current, and hence vcg = V;. As vgg is increased past
Vi1, collector current begins to flow, the operating point begins to climb up the load line, and
vcg decreases; the operating point labeled B is a typical example.

Note however that as vgg is further increased, the operating point approaches that portion
of the IGBT characteristic for which the curves crowd together (see the operating point labeled
C in Fig. 10.14b). Once this point is reached, any further increase in vgg will result in only a
minimal decrease in vcg. Under this condition, the voltage across the IGBT is approximately
equal to the saturation voltage (Vcg)sa.

If the IGBT of this example were to be replaced by a MOSFET the result would be similar.
As the gate-source voltage vgs is increased, a point is reached where the voltage drop across
approaches a small constant value. This can be seen by plotting the load line on the MOSFET
characteristic of Fig. 10.12a.

The load line intersects the vertical axis at a collector current of i = V,;/R. Note that the
larger the resistance, the lower this intersection and hence the smaller the value of vgg required
to saturate the transistor. Thus, in systems where the transistor is to be used as a switch, it
is necessary to insure that the device is capable of carrying the required current and that the
gate-drive circuit is capable of supplying sufficient drive to the gate.

Example 10.4 shows that when a sufficiently large gate voltage is applied, the
voltage drop across a power transistor can be reduced to a small value. Under these
conditions, the IGBT will look like a constant voltage while the MOSFET will appear
as a small resistance. In either case, the voltage drop will be small, and it is sufficient
to approximate it as a closed switch (i.e., the transistor will be ON). When the gate
drive is removed (i.e., reduced below V7), the switch will open and the transistor will
turn OFF.
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10.2 RECTIFICATION: CONVERSION
OF AC TO DC

The power input to many motor-drive systems comes from a constant-voltage,
constant-frequency source (e.g., a 50- or 60-Hz power system), while the output must
provide variable-voltage and/or variable-frequency power to the motor. Typically such
systems convert power in two stages: the input ac is first rectified to dc, and the dc
is then converted to the desired ac output waveform. We will thus begin with a dis-
cussion of rectifier circuits. We will then discuss inverters, which convert dc to ac, in
Section 10.3.

10.2.1 Single-Phase, Full-Wave Diode Bridge

Example 10.1 illustrates a half-wave rectifier circuit. Such rectification is typically
used only in small, low-cost, low-power applications. Full-wave rectifiers are much
more common. Consider the full-wave rectifier circuit of Fig. 10.15a. Here the resis-
tor R is supplied from a voltage source vs(¢) = Vj sin wt through four diodes connected
in a full-wave bridge configuration.

If we assume the diodes to be ideal, we can use the method-of-assumed states to
show that the allowable diode states are:

Diodes D1 and D3 ON, diodes D2 and D4 OFF for v,(¢t) > 0
Diodes D2 and D4 ON, diodes D1 and D3 OFF for vs(¢) < O

The resistor voltage, plotted in Fig. 10.15b, is then given by

_ vs(t) = Vpsinwt wvs(t) >0

vR(f) = {——vs(t) — —Vpsinwr vy(f) <0 (10.1)
Now notice that the resistor voltage is positive for both polarities of the source volt-
age, hence the terminology full-wave rectification. The dc or average value of this
waveform can be seen to be twice that of the half-wave rectified waveform of
Example 10.1.
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Vie = (—) Vo (10.2)
b4
oTl in(®) 1
+ D1 D4 + Vo T vR(?)
vi(?) C) R gvk(t)
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— - D3 — 710 e \\\ I/ 2 370 wt
7
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(a) (b)

Figure 10.15 (a) Full-wave bridge rectifier. (b) Resistor voltage.
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The rectified waveforms of Figs. 10.3b and 10.15b are clearly not the sort of
“d¢” waveforms that are considered desirable for most applications. Rather, to be
most useful, the rectified dc should be relatively constant and ripple free. Such a
waveform can be achieved using a filter capacitor, as illustrated in Example 10.5.

As shown in Fig. 10.16, a filter capacitor has been added in parallel with the load resistor
in the full-wave rectifier system of Fig. 10.15. For the purposes of this example, assume that
v,(t) = Vysinwt with Vy = V2 (120) V, w = (2)60 = 377 rad/sec and that R = 10 Q and
C = 10* uF. Plot the resistor voltage, vg(¢), current, iz (¢), and the total bridge current, iz (¢).

ig()
—

D1 D4 l’R(')
+ +
vs(®) c= R RO
D2 D3

Figure 10.16 Full-wave bridge rectifier with capacitive
filter for Example 10.5.

H Solution

The addition of the filter capacitor will tend to maintain the resistor voltage vz (¢) as the source
voltage drops. The diodes will remain ON as long as the bridge output current remains positive
and will switch OFF when this current starts to reverse.

This example can be readily solved using MATLAB.! Figure 10.17a shows the resistor
voltage vr () plotted along with the rectified source voltage. During the time that the bridge is
ON, i.e., one pair of diodes is conducting, the resistor voltage is equal to the rectified source
voltage. When the bridge is OFF, the resistor voltage decays exponentially.

Notice that because the capacitor is relatively large (the RC time constant is 100 msec
as compared to the period of the rectified source voltage, which is slightly over 8.3 msec) the
diodes conduct only for a short amount of time around the peak of the rectified-source-voltage
waveform. This can be readily seen from the expanded plots of the resistor current and the
bridge current in Fig. 10.17b. Although the resistor current remains continuous and relatively
constant, varying between 15.8 and 17 A, the bridge output current consists essentially of a

t MATLAB is a registered trademark of The MathWorks, Inc.
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Figure 10.17 Example 10.5. (a) Resistor voitage and rectified

source voltage (dashed). (b) Resistor current and total bridge current
(dashed).
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current pulse which flows for less than 0.9 msec near the peak of the rectified voltage waveform
and has a peak value of 250 A. It should be pointed out that the peak current in a practical
circuit will be smaller than 250 A, being limited by circuit impedances, diode drops, and so on.

Using MATLAB, it is possible to calculate the rms value of the resistor current to be
16.4 A while that of the bridge current is 51.8 A. We see therefore that the bridge diodes in
such a system must be rated for rms currents significantly in excess of that of the load. The data
sheets for power-supply diodes typically indicate their rms current ratings, specifically with
these sorts of applications in mind. Such peaked supply currents are characteristic of rectifier
circuits with capacitive loads and can significantly affect the voltage waveforms on ac power
systems when they become a significant fraction of the overall system load.

The ripple voltage in the resistor voltage is defined as the difference between its maximum
and minimum values. In this example, the maximum value is equal to the peak value of the source
voltage, or 169.7 V. The minimum value can be found from the MATLAB solutiontobe 157.8 V.
Thus the ripple voltage is 11.9 V. Clearly the ripple voltage can be decreased by increasing the
value of the filter capacitor. Note however that this comes at the expense of increased cost as
well as shorter current pulses and higher rms current through the rectifier diodes.

Here is the MATLAB script for Example 10.5.

clc
clear

%parameters
omega = 2*pi*60;
R = 10;

C = 0.01;

VO = 120*sgrt{2);
tau = R*C;

Nmax = 800;

% diode = 1 when rectifier bridge is conducting
diode = 1;

%Here is the loop that does the work.
for n = 1l:Nmax+1l
t{n) = (2.5*pi/omega)*{n-1)/Nmax; %time
vs(n) = VO*cos(omega*t(n)); %source voltage
vrect(n) = abs{vs(n)); %full-wave rectified source voltage

%Calculations if the rectifier bridge is ON
if diode ==

%If the bridge is ON, the resistor voltage is equal to the rectified
gsource voltage.

vR(n) = vrect(nj;

%Check the total current out of rectifiers

if (omega*t(n)) <= pi/2.

iB(n) = vR{(n)/R - VO0*C*omega*sin(omega*t (n));

elseif (omega*t(n)) <= 3.*pi/2.
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iB(n) = vR(n)/R + V0*C*omega*sin(omega*t (n));
else
iB(n) = vR{(n)/R - VO0*C*omega*sin(omega*t(n)});
end

$If the current tries to go negative, the diodes will switch QOFF
1if iB(n) < Q;

dicde - 0;
toff = t(n);
vaff = vrect (n);
end

clse

gZWhen the diodes are off, the resistor/capacitor valtage decays

$exponentially.
vR(n) = Voft*exp(-(t(n)-tott)/tau);
iB(n) = 0;
if (vrect(n) - vR(n)}) > 0;
dicde = 1;
end
end
end

%Calculate the resistor current

iR = VR/R;

FNow plot vR as a solid line and vrect as a dashed line
plot (1000*t, vR)

xlabel ("time [msec]’)

ylabel (*Voltage [V]")

axig ([0 22 0 1801)
hold

plot (L000*L, vrecl, " )
hold

Lprinlf ("\nHiL any key to conlinue\n’)
pause

gNow plot iR azs a s0lid linc and iL as a dashed linec
plot (1000*t, iR)

xlabel ('time |[msec]’)

vilabel ('Source current [A]")

axis ([0 22 -50 2501])

heold

plot (1000*t, iR, "—-")

hold
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Use MATLAB to calculate the ripple voltage and rms diode current for the system of Exam-
ple 10.5 for (@) C =5 x 10* uFand (b) C =5 x 10° uF. (Hint: Note that the rms current must
be calculated over an integral number of cycles of the current waveform).

Solution

a. 2.64 Vand 79.6 A rms
b. 21.6 Vand 42.8 A rms

In Example 10.5 we have seen that a capacitor can significantly decrease the
ripple voltage across a resistive load. However, this comes at the cost of large bridge
current pulses since the current must be delivered to the capacitor in the short time
period during which the rectified source voltage is near its peak value.

Figure 10.18 shows the addition of an inductor L at the output of the bridge, in
series with the filter capacitor and its load. If the impedance of the inductor is chosen
to be large compared to that of the capacitor/load combination at the frequency of
the rectified source voltage, very little of the ac component of the rectified source
voltage will appear across the capacitor, and thus the resultant L-C filter will pro-
duce low voltage ripple while drawing a relatively constant current from the diode
bridge.

We have seen how the addition of a filter capacitor across a dc load can signifi-
cantly reduce the ripple voltage seen by the load. In fact, the addition of significant
capacitance can “stiffen” the rectified voltage to the point that it appears as a constant-
voltage dc source to a load. In an analogous fashion, an inductor in series with a load
will reduce the current ripple out of a rectifier. Under these conditions, the rectified
source will appear as a constant-current dc source to a load.

The combination of a rectifier and an inductor at the output to supply a constant
dc current to a load is of significant importance in power-electronic applications. It
can be used, for example, as the front end of a current-source inverter which can be
used to supply ac current waveforms to a load. We will investigate the behavior of
such rectifier systems in the next section.

ig(f)
—_—
— YTYTYTL .
DI D4 L l’*‘(')
+ +
v (1) () cC= R§ vR(?)
D2 D3

Figure 10.18 Full-wave bridge rectifier with an L-C fiiter
supplying a resistive load.
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10.2,2 Single-Phase Rectifier with Inductive Load

In this section we will examine the performance of a single-phase rectifier driving an
inductive load. This situation covers both the case where the inductor is included as
part of the rectifier system as a filter to smooth out current pulses as well as the case
where the load itself is primarily inductive.

Let us examine first the half-wave rectifier circuit of Fig. 10.19. Here, the load
consists of an inductor L in series with a resistor R. The source voltage is equal to
vs(t) = Vycos wt.

Consider first the case where L is small (wl. <« R). In this case, the load looks
essentially resistive and the load current iy (¢) will vary only slightly from the current
for a purely resistive load as seen in Example 10.1. This current, obtained from a
detailed analytical solution, is plotted in Fig. 10.20a, along with the current for a
purely resistive load.

Note that the effect of the inductance is to decrease both the initial rate of rise
of the current and the peak current. More significantly, the diode conduction angle
increases; current flows for longer than the half-period that is the case for a purely
resistive load. As can be seen in Fig. 10.20a, this effect increases as the inductance
is increased; current flows for a greater fraction of the cycle, and the peak current as
well as the current ripple is reduced.

Figure 10.20b, which shows the inductor voltage, illustrates an important point
that applies to all situations in which an inductor is subjected to steady-state, periodic
conditions: the time-averaged voltage across the inductor must equal zero. This can
be readily seen from the basic v-i relationship for an inductor

di
v= Ldt (10.3)

If we consider the operation of an inductor over a period of the excitation fre-
quency and recognize that, under steady-state conditions, the change in the inductor
current over that period must equal zero (i.e., it must have the same value at time ¢ at
the beginning of the period as it does one period later at time ¢ 4+ T'), then we can write

1 t+7T
it+T)—i(T) = =Z/ vdt (10.4)
t
i
P
+
+ R
vs(9) C) v (9
- L

Figure 10.19 Half-wave rectifier with
an inductive load.
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Figure 10.20 Effect of increasing the series inductance in the circuit
of Fig. 10.19 on (a) the load current and (b) the inductor voltage.

from which we can see that the net volt-seconds (and correspondingly the average
voltage) across the inductor during a cycle must equal zero

t+T
/ vdt =0 (10.5)
!

For this half-wave rectifier, note that as the inductance increases both the ripple
current and the dc current will decrease. In fact, for large inductance (wL > R) the
dc load current will tend towards zero. This can be easily seen by the following
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argument:

As the inductance increases, the conduction angle of the diode will increase
from 180° and approach 360° for large values of L.

In the limit of a 360° conduction angle, the diode can be replaced by a
continuous short circuit, in which case the circuit reduces to the ac voltage
source connected directly across the series combination of the resistor and the
inductor.

Under this situation, no dc current will flow since the source is purely ac. In
addition, since the impedance Z = R + jwL becomes large with large L, the
ac (ripple) current will also tend to zero.

Figure 10.21a shows a simple modification which can be made to the half-wave
rectifier circuit of Fig. 10.19. The free-wheeling diode D2 serves as an alternate path
for inductor current.

To understand the behavior of this circuit, consider the condition when the source
voltage is positive, and the rectifier diode D1 is ON. The equivalent circuit for this
operating condition is shown in Fig. 10.21b. Note that under this condition, the volt-
age across diode D2 is equal to the negative of the source voltage and diode D2 is
turned OFF.

This operating condition will remain in effect as long as the source voltage is
positive. However, as soon as the source voltage begins to go negative, the voltage
across diode D2 will begin to go positive and it will turn ON. Since the load is

+ vp; — i(n i)
—_— o
T
D1 + +
+ — R + — R
XG) D2 28 VD2 (D) v (1) Upy vL(t)
- + L - + L
(@) (b)
+ vpy —
+
+ lio *
v(#) v(t)
- L

()

Figure 10.21 (a) Half-wave rectifier with an inductive load and a free-wheeling diode.
(b) Equivalent circuit when vg(t) > 0 and diode D1 is conducting. (c) Equivalent circuit
when v(t) < 0 and the free-wheeling diode D2 is conducting.



516

CHAPTER 10 |[ntroduction to Power Electronics

inductive, a positive load current will be flowing at this time, and that load current
will immediately transfer to the short circuit corresponding to diode D2. At the same
time, the current through diode D1 will immediately drop to zero, diode D1 will be
reverse biased by the source voltage, and it will turn OFF. This operating condition is
shown in Fig. 10.21c. Thus, the diodes in this circuit alternately switch ON and OFF
each half cycle: D1 is ON when v,(z) is positive, and D2 is ON when it is negative.

Based upon this discussion, we see that the voltage v (¢) across the load (equal
to the negative of the voltage across diode D2) is a half-wave rectified version of
vs(2) as seen in Fig. 10.22a. As shown in Example 10.1, the average of this voltage is
Ve = Vo/m. Furthermore, the average of the steady-state voltage across the inductor
must equal zero, and hence the average of the voltage vy (¢) will appear across the
resistor. Thus the dc load current will equal Vy/(r R). This value is independent of
the inductor value and hence does not approach zero as the inductance is increased.

Figure 10.22b shows the diode and load currents for a relatively small value of
inductance (wL < R),and Fig. 10.22c shows these same currents for a large inductance
wL > R. In each case we see the load current, which must be continuous due to the
presence of the inductor, instantaneously switching between the diodes depending
on the polarity of the source voltage. We also see that during the time diode D1 is
ON, the load current increases due to the application of the sinusoidal source voltage,
while during the time diode D2 is ON, the load current simply decays with the L/R
time constant of the load itself.

As expected, in each case the average current through the load is equal to
Vo/( R). In fact, the presence of a large inductor can be seen to reduce the ripple
current to the point that the load current is essentially a dc current equal to this value.

Let us now consider the case where the half-wave bridge of Fig. 10.19 is replaced
by a full-wave bridge as in Fig. 10.23a. In this circuit, the voltage applied to the load
is the full-wave-rectified source voltage as shown in Fig. 10.15 and the average (dc)
voltage applied to the load will equal 2V; /7. Here again, the presence of the inductor
will tend to reduce the ac ripple. Figure 10.24, again obtained from a detailed analytical
solution, shows the current through the resistor as the inductance is increased.

If we assume a large inductor (wL > R), the load current will be relatively ripple
free and constant. It is therefore common practice to analyze the performance of this
circuit by replacing the inductor by a dc current source Iq. as shown in Fig. 10.23b,
where I3, = 2Vy/ (7 R). This is a commonly used technique in the analysis of power-
electronic circuits which greatly simplifies their analysis.

Under this assumption, we can easily show that the diode and source currents of
this circuit are given by waveforms of Fig. 10.25. Figure 10.25a shows the current
through one pair of diodes (e.g., diodes D1 and D3), and Fig. 10.25b shows the source
current i (¢). The essentially constant load current I4. flows through each pair of diodes
for one half cycle and appears as a square wave of amplitude /4 at the source.

In a fashion similar to that which we saw in the half-wave rectifier circuit with
the free-wheeling diode, here a pair of diodes (e.g., diodes D1 and D3) are carrying
current when the source voltage reverses, turning ON the other pair of diodes and
switching OFF the pair that were previously conducting. In this fashion, the load
current remains continuous and simply switches between the diode pairs.



10.2 Rectification: Conversion of AC o DC 517

vy (1) r
Vo -
0 k4 2r 37 wt
(a)
A

wi

H H 1i

: i I

. i, i I

ip) E I} I}

i F I

I I I

1 1} 1
............................... T | L U TTTTg | S — »
0 bid 2 3n wt

(<)

Figure 10.22 (a) Voltage applied to the load by the circuit of
Fig. 10.21. (b) Load and diode currents for small L. (c) Load and diode
currents for large L.
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Figure 10.23 (a) Full-wave rectifier with an inductive load. (b) Full-wave rectifier with the inductor replaced

by a dc current source.
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Figure 10.24 Effect of increasing the series inductance
in the circuit of Fig. 10.23a on the load current.

10.2.3 Effects of Commutating Inductance

Our analysis and the current waveforms of Fig. 10.25 show that the current commutes
instantaneously from one diode pair to the next. In practical circuits, due to the
presence of source inductance, commutation of the current between the diode pairs
does not occur instantaneously. The effect of source inductance, typically referred to
as commutating inductance, will be examined by studying the circuit of Fig. 10.26
in which a source inductance L has been added in series with the voltage source in
the full-wave rectifier circuit of Fig. 10.23b. We have again assumed that the load
time constant is large (wL /R >> 1) and have replaced the inductor with a dc current
source Iqc.

Figure 10.27a shows the situation which occurs when diodes D2 and D4 are ON
and carrying current I4. and when vs < 0. Commutation begins when v reaches zero
and begins to go positive, turning ON diodes D1 and D3. Note that because the current
in the source inductance Ly cannot change instantaneously, the circuit condition at
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Figure 10.25 (a) Current through diodes D1 and D3 and
(b) source current for the circuit of Fig. 10.23, both in the [imit
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Figure 10.26 Full-wave bridge rectifier with source inductance.

Dc load current assumed.

this time is described by Fig. 10.27b: the current through L is equal to —I4, the
current through diodes D2 and D4 is equal to Iy, while the current through diodes

D1 and D3 is zero.

Under this condition with all four diodes ON, the source voltage vs(f) appears
directly across the source inductance L. Noting that commutation starts at the time
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Figure 10.27 (a) Condition of the full-wave circuit of Fig. 10.26
immediately before diodes D1 and D3 turn ON. (b) Condition immediately
after diodes D1 and D3 turn ON.

when vs(¢) = 0, the current through L can be written as

1 '
(1) = —Iyc + — / vs(2) dt
Ls 0

= Iy + ( Yo ) (1 —cosawt) (10.6)

wlg

Noting that iy = ip; — ip4, that ip, +ip2 = I, and, that by symmetry, ips = ipy,
we can write that

Ige — is(2

ipg = 2~ 10 (10.7)
2

Diode D2 (and similarly diode D4) will turn OFF when ip, reaches zero, which will
occur when is(t) = I4c. In other words, commutation will be completed at time ¢,
when the current through L, has completely reversed polarity and when all of the

load current is flowing through diodes D1 and D3.
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Figure 10.28 (a) Currents through diodes D1 and D2 showing
the finite commutation interval. (b) Load voltage showing the
commutation notches due to the finite commutation time.

Setting i5(f,) = I4. and solving Eq. 10.6 gives an expression for the commutation
interval ¢, as a function of Iy

to = ! cos™! {1 - <M>} (10.8)

w Vo

Figure 10.28a shows the currents through diodes D1 and D2 as the current com-
mutates between them. The finite commutation time ¢, can clearly be seen. There is a
second effect of commutation which can be clearly seen in Fig. 10.28b which shows
the rectified load voltage vz (¢). Note that during the time of commutation, with all
the diodes on, the rectified load voltage is zero. These intervals of zero voltage on the
rectified voltage waveform are known as commutation notches.

Comparing the ideal full-wave rectified voltage of Fig. 10.15b to the waveform
of Fig. 10.28b, we see that the effect of the commutation notches is to reduce the dc
output of the rectifier. Specifically, the dc voltage in this case is given by

<8> /w Vo sin wt dt
2 t

<

Vdc

v,
= ;" (1 + cos wt.) (10.9)

where ¢. is the commutation interval as calculated by Eq. 10.8.
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Finally, the dc load current can be calculated as function of #

Vi Vo
Idc = TC = ﬁ (1 + COSCl)tc) (1010)

Substituting Eq. 10.8 into Eq. 10.10 gives a closed-form solution for /4

2Vs
Ijg = ———— 10.11
de TR+ 2wl ( )
and hence
2Vs
VdC = Ich = ”—W (1012)

We have seen that commutating inductance (which is to a great extent unavoidable
in practical circuits) gives rise to a finite commutation time and produces commutation
notches in the rectified-voltage waveform which reduces the dc voltage applied to
the load.

Consider a full-wave rectifier driving an inductive load as shown in Fig. 10.29. For a 60-Hz,
230-V rms source voltage, R = 5.6 2 and large L (wL > R), plot the dc current through the
load I, and the commutation time ¢, as the source inductance L, varies from 1 to 100 mH.

H Solution

The solution can be obtained by substitution into Eqs. 10.8 and 10.11. This is easily done using
MATLAB, and the plots of /4. and f, are shown in Figs. 10.30a and b respectively. Note that
the maximum achievable dc current, corresponding to L, = 0, is equal to 2V, /(7 R) = 37 A.
Thus, commutating inductances on the order of 1 mH can be seen to have little effect on the
performance of the rectifier and can be ignored. On the other hand, a commutating inductance
of 100 mH can be seen to reduce the dc current to approximately 7 A, significantly reducing
the capability of the rectifier circuit.

Ly
Y
l ] de
DI D4
+ R
e
— L
D2 D3

Figure 10.29 Full-wave bridge rectifier with source inductance
for Example 10.6.
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Figure 10.30 (a) Dc current /4. and (b) commutation time t.
for Example 10.6.
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Here is the MATLAB script for Example 10.6.

clc

clear
%parameters
omega = 2*pi*60;
R = 5.6;

V0O = 230*sqgrti{2);

for n = 1:100

Ls(n) = n*le-3;

Idc{n) = 2*V0/(pi*R + 2*omega*Ls{n));

tc{n) = (1l/omega)*acos{l-{2*Idc{n)*omega*Ls(n))/VQ0);
end

plot (Ls*1000, Idc)

xlabel ('Commutating inductance Ls [mH]')
ylabel (‘Idc’)

fprintf ('\nHit any key to continue\n’)
pause

plot {Ls*1000,tc*1000)

xlabel (‘Commutating inductance Ls [mH] ')
ylabel (‘tc [msec]’)

Practice Problem 10.5

Calculate the commutating inductance and the corresponding commutation time for the circuit
of Example 10.6 if the dc load current is observed to be 29.7 A.

Solution
L, =5.7mH and t. = 2.4 msec

10.2.4 Single-Phase, Full-Wave,
Phase-Controlled Bridge

Figure 10.31 shows a full-wave bridge in which the diodes of Fig. 10.15 have been
replaced by SCRs. We will assume that the load inductance L is sufficiently large
that the load current is essentially constant at a dc value /4.. We will also ignore any
effects of commutating inductance, although they clearly would play the same role
in a phase-controlled rectifier system as they do in a diode-rectifier system.

Figure 10.32 shows the source voltage and the timing of the SCR gate pulses
under a typical operating condition for this circuit. Here we see that the firing pulses
are delayed by an angle a4 after the zero-crossing of the source-voltage waveform,
with the firing pulses for SCRs T1 and T3 occuring after the positive-going transition
of vy(¢) and those for SCRs T2 and T4 occuring after the negative-going transition.
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Figure 10.31 Full-wave, phase-controlled SCR bridge.
A Firing pulse,
T1& T3
Vo T vy(H)
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T2 & T4
0 o4 T\ 7+ ag o 2oy
Vo Jr

Figure 10.32 Source voltage and firing pulses for the
phase-controlled SCR bridge of Fig. 10.31.

Figure 10.33a shows the current through SCRs T1 and T3. Note that these SCRs
do not turn ON until they receive firing pulses at angle a4 after they are forward biased
following positive-going zero crossing of the source voltage. Furthermore, note that
SCRs T2 and T4 do not turn ON following the next zero crossing of the source voltage.
Hence, SCRs T1 and T3 remain ON, carrying current until SCRs T2 and T4 are turned
ON by gate pulses. Rather, T2 and T4 turn ON only after they receive their respective
gate pulses (for example, at angle 7 + ¢4 in Fig. 10.33). This is an example of forced
commutation, in that one pair of SCRs does not naturally commutate OFF but rather
must be forcibly commutated when the other pair is turned ON.

Figure 10.33b shows the resultant load voltage v (¢). We see that the load voltage
now has a negative component, which will increase as the firing-delay angle «q is
increased. The dc value of this waveform is equal to

2V,
Vie = (—0) cosag (0 <ag<m) (10.13)
T
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Figure 10.33 Waveforms for the phase-controlled SCR bridge
of Fig. 10.31. (a) Current through SCRs T1 and T3. (b) Load
voltage. (c) Source voltage and current.
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from which the firing-delay angle corresponding to a given value of dc voltage can
be seen to be

V.
g = cos™! (’;7‘:) (10.14)

From Eq. 10.13 we see that the dc voltage applied to the load can vary from 2V, /7
to —2Vy/m. This is a rather surprising result in that it is hard to understand how a
rectifier bridge can supply negative voltage. However, in this case, it is necessary to
recognize that this result applies to an inductive load which maintains positive current
flow through the SCRs in spite of the reversal of polarity of the source voltage. If
the load were purely resistive, the current through the conducting SCRs would go
to zero as the source-voltage reversed polarity, and they would simply turn OFF; no
load current would flow until the next pair of SCRs is turned ON.

Figure 10.33c shows the source voltage and current waveforms for the phase-
controlled SCR-bridge. We see that the square-wave source current is out of phase
with the source voltage. Its fundamental-harmonic is given by

4
is,l(t) = (—) Iy sin (wt — aq) (10.15)
i
and thus the real power supplied to the load is given by

2
P = Vchdc = ;V()Idc COS g (1016)

and the reactive power supplied is
2
Q = ——; V()Idc sinad (1017)

Under steady-state operation at a load current Iy, Vgc = I4c R and the steady-state
firing-delay angle can be found from Eq. 10.14 to be atgs = cos™! (%{505). Under this
condition, the real power simply supplies the losses in the resistor and hence P = IZ,R.
It may seem strange to be supplying reactive power to a “dc” load. However, careful
analysis will show that this reactive power supplies the energy associated with the
small but finite ripple current through the inductor.

If the delay angle is suddenly reduced (¢q < o), the dc voltage applied to
the load will increase (see Eq. 10.13) as will the power supplied to the load (see
Eq. 10.16). As aresult, I, will begin to increase and the increased power will increase
the energy storage in the inductor. Similarly, if the delay time is suddenly increased
(tq > tao), Vac will decrease (it may even go negative) and the power into the load
will decrease, corresponding to a decrease in /4. and a decrease in the energy storage
in the inductor.

Note that if ¢g > 7 /2, V4. will be negative, a condition which will continue until
Iy reaches zero at which time the SCR bridge will turn OFF. Under this condition,
the real power P will also be negative. Under this condition, power is being supplied
from the load to the source and the system is said to be regenerating.
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A small superconducting magnet has an inductance L = 1.2 H. Although the resistance of
the magnet itself is essentially zero, the resistance of the external leads is 12.5 m<2. Current
is supplied to the magnet from a 60-Hz, 15-V peak, single-phase source through a phase-
controlled SCR bridge as in Fig. 10.31.

a. The magnet is initially operating in the steady state at a dc current of 35 A. Calculate the
dc voltage applied to the magnet, the power supplied to the magnet, and the delay angle a4
in msec. Plot the magnet voltage vy (t).

b. In order to quickly discharge the magnet, the delay angle is suddenly increased to oy =
0.9 = 162°. Plot the corresponding magnet voltage. Calculate the time required to
discharge the magnet and the maximum power regenerated to the source.

W Solution
The example is most easily solved using MATLAB, which can easily produce the required
plots.

a. Under this steady-state condition, V4. = I4c R = 35 x 0.0125 = 0.438 V. The power
supplied to the magnet is equal to P = V, [, = 0.438 x 35 = 15.3 W, all of which is
going into supplying losses in the lead resistance. The delay angle can be found from

Eq. 10.14.
cos—! 7RI cos-! m x 0.0125 x 35
ay = CO = R
¢ 2V, © 2x 15

= 1.52rad = 87.4°

A plot of v (1) for this condition is given in Fig. 10.34a.
b. For a delay angle of 0.9, the dc load voltage will be

2V, 2x15
Vie = <—0) cos oy = (X—) cos (0.97) =-9.1V
4 4

A plot of v, (1) for this condition is given in Fig. 10.34b.
The magnet current i,, can be calculated from the differential equation

din
Vee = inR+L—
d InR+ ar

subject to the initial condition that i;,(0) = 35 A. Thus

+ <im(0) - v;) e (1)

From this equation we find that the magnet current will reach zero at time ¢ = 4.5

Vdc
R

im(t) =

seconds, at which time the bridge will shut off. The power regenerated to the source will
be given by — Vi, (#). It has a maximum value of 9.1 x 35 = 318 W at time t = 0.
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Here is the MATLAB script for Example 10.7.

clc
clear

oe

system parameters
12.5e-3;

1.2;

v0o = 15;

omega = 120*pi;

R
L

% part (a)

% dc current
Idc = 35;

)

% dc voltage
Vdc_.a = R*Idc;

% Power
P = Vdc_a*Idc;

%Calculate the delay angle
alpha_da = acos{pi*R*Idc/(2*V0));

gNow calculate the load voltage
for n = 1:1300
theta(n) = 2*pi*(n-1)/1000;
t(n) = theta(n)/omega;
vs{n) = VO0*sin(theta(n));

if theta(n) < alpha_da
vL{n) = -vs(n);

elseif (theta(n) < pi + alpha-da)
vL(n) = vs(n);

elseif theta(n) < 2*pil + alpha_da
vL{n) = -vs(n);

elseif theta({n) < 3*pi + alpha_da
vL{n) = vs(n);

elseif theta(n) < 4*pi + alpha-da

vL(n) = -vs(n);
else

vL{n) = vs{(n);
end

end

plot (1000*t,vL)
xlabel ('time [msecl’)
yvlabel ('Load voltage [V]')

pause

% part (b)
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% delay angle
alpha_db = 0.9*pi;

% Find the new dc voltage

Vdc.b = (2*V0/pi)*cos(alpha_db);

% Time constants

tau = L/R;

% Initial current

im0 = Idc;

% Calculate the time at which the current reaches zero

tzero = -tau*log({(-Vdc-Db/R)/{(im0-Vdc_b/R));

% Now plot the load voltage
for n = 1:1300

theta(n) = 2*pi*(n-1)/1000;
t{n) = theta(n)/omega;
vs({n) = VO0*sin(theta(n)):;

if theta(n) < alpha-db
vL{n) = -vs(n);

elseif (theta(n) < pi + alpha-db)
vL(n) = vs(n);

elseif theta(n) < 2*pi + alpha_db
vL(n) = -vs(n);

elseif theta(n) < 3*pi + alpha-db
vL{(n) = vs{n);

elseif theta(n) < 4*pi + alpha_db

vL{(n) = -vs(n);
else

vL(n) = vs(n);
end

end

plot {1000*t,vL)
xlabel(’'time [msec]’)
yvliabel ('Load voltage [V]')

fprintf('part (a):’)

fprintf(’\n vdc_a = %g [mV]’,1000*vdc_a)

fprintf('\n Power = %g [W]’,P);

fprintf(’'\n alpha_-d=3%g [rad] = %g [degrees]’,alpha_da,180*alpha_.da/pi)
fprintf {’\npart (b):’)

fprintf ('\n alpha_d=%g [rad] =%g [degrees]’,alpha_db,180*alpha_db/pi)
fprintf(’\n Vdc_b = %g [V]’,Vdc_b)

fprintf (’\n Current will reach zero at %g [sec]’,tzero)

fprintf (7\n")
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Practice Problem 10.6

The field winding of a small synchronous generator has a resistance of 0.3 € and an inductance
of 250 mH. It is fed from a 24-V peak, single-phase 60-Hz source through a full-wave phase-
controlled SCR bridge. (a) Calculate the dc voltage required to achieve a dc current of 18 A
through the field winding and the corresponding firing-delay angle. (b) Calculate the field
current corresponding to a delay angle of 45°.

Solution

a. 54V, 69
b. 36.0 A

10.2.5 Inductive Load with a Series DC Source

As we have seen in Chapter 9, dc motors can be modeled as dc voltage sources in
series with an inductor and a resistor. Thus, it would be useful to briefly investigate
the case of a dc voltage source in series with an inductive load.

Let us examine the full-wave, phase-controlled SCR rectifier system of Fig. 10.35.
Here we have added a dc source E4c in series with the load. Again assuming that
oL > R so that the load current is essentially dc, we see that the load voltage v (¢)
depends solely on the timing of the SCR gate pulses and hence is unchanged by the
presence of the dc voltage source Eg4c. Thus the dc value of v (¢) is given by Eq. 10.13
as before.

In the steady-state, the dc current through the load can be found from the net dc
voltage across the resistor as

o= "EEE (Ve z Ba (10.18)
where V. is found from Eq. 10.13. Under transient conditions, it is the difference
voltage, V4. — Egc, that drives a change in the dc current through the series R-L
combination, in a fashion similar to that illustrated in Example 10.7.

1 dec

T1 T4

v (N

+
e

T2 T3

Figure 10.35 Full-wave, phase-controlled SCR bridge with an
inductive load including a dc voltage source.
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EXAMPLE 10.8

A small permanent-magnet dc motor is to be operated from a phase-controlled bridge. The
60-Hz ac waveform has an rms voltage of 35 volts. The dc motor has an armature resistance
of 3.5 © and an armature inductance of 17.5 mH. It achieves a no-load speed of 8000 r/min at
an armature voltage of 50 V.

Calculate the no-load speed in r/min of the motor as a function of the firing delay angle cy.

H Solution
In Section 7.7 we see that the equivalent circuit for a permanent-magnet dc motor consists of
a dc source (proportional to motor speed) in series with an inductance and a resistance. Thus,
the equivalent circuit of Fig. 10.35 applies directly to the situation of this problem.

From Eq. 7.26, the generated voltage from the dc motor (Ey in Fig. 10.35) is proportional
to the speed of the dc motor. Thus,

8000
n=— | E4 = 160E, r/min
50

Under steady state operation, the dc voltage drop across the armature inductance will be
zero. In addition, at no load, the armature current will be sufficiently small that the voltage
drop across the armature resistance can be neglected. Thus, setting Eq. = V. and substituting
the expression for V. from Eq. 10.13 give,

2V,
Ey = Vo= — Jcosay
T

=(2ﬁ35

) cosag = 31.5 cosay
T

Note that because the bridge can only supply positive current to the dc motor (and hence, in the
steady-state, the dc voltage must be positive), this expression is valid only for 0 < a4 < 7 /2.
Finally, substituting the expression for the speed n in terms of E4 gives

n =160 x (31.5 cos ag) = 5040 cosagr/min (0 < @y < 7/2)

Practice Problem 10.7

The dc-motor of Example 10.8 is observed to be operating at a speed of 3530 r/min and drawing

a dc current of 1.75 ampere. Calculate the corresponding firing delay angle «y.

Solution

oy = 0.157 rad = 27°

10.2.6 Three-Phase Bridges

Although many systems with ratings ranging up to five or more kilowatts run off
single-phase power, most large systems are supplied from three-phase sources. In
general, all of the issues which we have discussed with regard to single-phase,
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DI D2 D3 +
CAG)
oD R § vR(®)
v (t)
D4 D5 D6 % -
(@)
A UR(t)
‘/5 Vl——l. rms +
]
} 1 —
0 /2 " 3n/2 m
\
V2V ms T
(b

Figure 10.36 (a) Three-phase, six-pulse diode bridge with resistive load.
(b) Line-to-line voltages and resistor voltage.

full-wave bridges apply directly to situations with three-phase bridges. As a result,
we will discuss three-phase bridges only briefly.

Figure 10.36a shows a system in which a resistor R is supplied from a three-phase
source through a three-phase, six-pulse diode bridge. Figure 10.36b shows the three-
phase line-to-line voltages (peak value «/EVI_L”,,S where V|_| ms is the rms value of
the line-to-line voltage) and the resistor voltage vg(?), found using the method-of-
assumed-states and assuming that the diodes are ideal.

Note that vg has six pulses per cycle. Unlike the single-phase, full-wave bridge
of Fig. 10.15a, the resistor voltage does not go to zero. Rather, the three-phase diode
bridge produces an output voltage equal to the instantaneous maximum of the abso-
lute value of the three line-to-line voltages. The dc average of this voltage (which can
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be obtained by integrating over 1/6 of a cycle) is given by

3w [
Vie = — —vpe(t) dt
T Jo

3w [ 2
e V2Vi_| s sin <a)t — —n> dt
b4 o 3

<3n£> Vit eme (10.19)

where Vi_| ms is the rms value of the line-to-line voltage.

Table 10.1 shows the diode-switching sequence for the three-phase bridge of
Fig. 10.36a corresponding to a single period of the three-phase voltage of waveforms
of Fig. 10.36b. Note that only two diodes are on at any given time and that each diode
is on for 1/3 of a cycle (120°).

Analogous to the single-phase, full-wave, phase-controlled SCR bridge of
Figs. 10.31 and 10.35, Fig. 10.37 shows a three-phase, phase-controlled SCR bridge.
Assuming continuous load current, corresponding for example to the condition
wL > R, in which case the load current will be essentially a constant dc current /4,
this bridge is capable of applying a negative voltage to the load and of regenerating
power in a fashion directly analogous to the single-phase, full-wave, phase-controlled
SCR bridge which we discussed in Section 10.2.4.

Table 10.1 Diode conduction times for the three-phase diode bridge of Fig. 10.36a.
Qg 0-7/3 n/3-27/3 27/3~m n-47/3 47/3-57/3 Sn/3-2n

DI OFF ON ON OFF OFF OFF
D2 OFF OFF OFF ON ON OFF
D3 ON OFF OFF OFF OFF ON
D4 OFF OFF OFF OFF ON ON
D5 ON ON OFF OFF OFF OFF
D6 OFF OFF ON ON OFF OFF
Idc
—_—
+
T1 T2 T3
R

vy(8)
up(0) u ()

v (1) L
T4 TS TG%

Figure 10.37 Three-phase, phase-controlled SCR
bridge circuit with an inductive load.
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It is a relatively straightforward matter to show that maximum output voltage of
this bridge configuration will occur when the SCRs are turned ON at the times when
the diodes in a diode bridge would naturally turn ON. These times can be found from
Table 10.1. For example, we see that SCR T5 must be turned ON at angle ¢y =0
(i.e., at the positive zero crossing of vy, (¢)). Similarly, SCR T1 must be turned ON at
time «g = /3, and so on.

Thus, one possible scheme for generating the SCR gate pulses is to use the
positive-going zero crossing of va,(¢) as a reference from which to synchronize a
pulse train running at six times the fundamental frequency (i.e., there will be six
uniformly-spaced pulses in each cycle of the applied voltage). SCR TS would be fired
first, followed by SCRs T1, T6, T2, T4, and T3 in that order, each separated by 60°
in phase delay.

If the firing pulses are timed to begin immediately following the zero crossing
of v, (¢) the load voltage waveform vy (t) will be that of Fig. 10.36b. If the firing
pulses are delayed by an angle a4, then the load-voltage waveforms will appear as in
Fig. 10.38a (for ¢g = 0.17) and Fig. 10.38b (for g = 0.97).

‘/7V1—l, ms -

ag=0.1r
/6
[———» i ] i i
T 1 T H T T e
0 wt
()
0 } ] i } 1 1 P
fe————— T T T T
/6 wt
ay =097

Y v (9)

()

Figure 10.38 Typical load voltages for delayed firing of the SCRs in
the three-phase, phase-controlled rectifier of Fig. 10.37; (a) ag = 0.1,
(b) eg = 0.97.
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The dc average of the output voltage of the phase-controlled bridge can be
found as

ad+n/3
o

3w
Vic = —/ —Upe(t) dt
7 Ja
3 adt)ﬂﬂ 2
= W22 / \/§V1—1,rms sin (wt - l) dt
T oJu 3
342
= (_71'_\/_> Vimscosag (0 <aq <7) (10.20)

where V|_| s is the rms value of the line-to-line voltage.

EXAMPLE 10.9

A large magnet with an inductance of 14.7 H and resistance of 68 €2 is to be supplied from
a 60-Hz, 460-V, three-phase source through a phase-controlled SCR bridge as in Fig. 10.37.
Calculate (@) the maximum dc voltage Ve s, and current Iy n.x Which can be supplied from
this source and (b) the delay angle ¢4 required to achieve a magnet current of 2.5 A.

H Solution

a. From Eq. 10.20, the maximum voltage (corresponding to oy = 0) is equal to

342 342
Vieumax = (—f—> Vietms = (i> 460 = 621V
1

11

and Idc,max = Vdc,max/R = 91 A
b. The delay angle for a current of 2.5 A, corresponding to Vi, = IR = 170 V, can be
found from inverting Eq. 10.20 as

-1 s Vdc o
g = COS [(—) ( >] =1.29rad = 74.1
3\/§ Vl—l,nns

Practice Problem 10.8

Repeat Example 10.9 for the case in which the 60-Hz source is replaced by a 50-Hz, 400-V,
three-phase source.

Solution

a. Vdc,max =540 \I, Idc,max =794V
b. g = 1.25rad =71.6°

The derivations for three-phase bridges presented here have ignored issues such as
the effect of commutating inductance, which we considered during our examination
of single-phase rectifiers. Although the limited scope of our presentation does not
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permit us to specifically discuss them here, the effects in three-phase rectifiers are
similar to those for single-phase systems and must be considered in the design and
analysis of practical three-phase rectifier systems.

10.3 INVERSION: CONVERSION OF DC TO AC

In Section 10.2 we discussed various rectifier configurations that can be used to
convert ac to dc. In this section, we will discuss some circuit configurations, referred
to as inverters, which can be used to convert dc to the variable-frequency, variable-
voltage power required for many motor-drive applications. Many such configurations
and techniques are available, and we will not attempt to discuss them all. Rather,
consistent with the aims of this chapter, we will review some of the common inverter
configurations and highlight their basic features and characteristics.

For the purposes of this discussion, we will assume the inverter is preceded by a
“stiff”” dc source. For example, in Section 10.2, we saw how an LC filter can be used
to produce a relatively constant dc output voltage from a rectifier. Thus, as shown
in Fig. 10.39a, for our study of inverters we will represent such rectifier systems by
a constant dc voltage source Vy, known as the dc bus voltage at the inverter input.
We will refer to such a system, with a constant-dc input voltage, as a voltage-source
inverter.

Similarly, we saw that a “large” inductor in series with the rectifier output pro-
duces a relatively constant dc current, known as the dc link current. We will therefore

L
—rY Y Y\ o
+ + +
ui(t) — c== Vo = Vo—
- ; _
@
L )
Yy Yy Yy —>
+
00 D = 1]
- 0

()]

Figure 10.39 Inverter-input representations. (a) Voltage source.
(b) Current source.
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represent such a rectifier system by a current source Iy at the inverter input. We will
refer to this type of inverter as a current-source inverter.

Note that, as we have seen in Section 10.2, the values of these dc sources can be
varied by appropriate controls applied to the rectifier stage, such as the timing of gate
pulses to SCRs in the rectifier bridge. Control of the magnitude of these sources in
conjunction with controls applied to the inverter stage provides the flexibility required
to produce a wide variety of output waveforms for various motor-drive applications.

10.3.1 Single-Phase, H-bridge Step-Waveform Inverters

Figure 10.40a shows a single-phase inverter configuration in which a load (consisting
here of a series RL combination) is fed from a dc voltage source V; through a set of
four IGBTs in what is referred to as an H-bridge configuration. MOSFETs or other
switching devices are equally applicable to this configuration. As we discussed in
Section 10.1.3, the IGBTs in this system are used simply as switches. Because the
IGBTs in this H-bridge include protection diodes, we can analyze the performance
of this circuit by replacing the IGBTs by the ideal-switch model of Fig. 10.13b as
shown in Fig. 10.40b.

For our analysis of this inverter, we will assume that the switching times of this
inverter (i.e., the length of time the switches remain in a constant state) are much longer
than the load time constant L/R. Hence, on the time scale of interest, the load current
will simply be equal to VL/ R, with V1 being determined by the state of the switches.

Letus begin our investigation of this inverter configuration assuming that switches
S1and S3 are ON and that iy, is positive, as shown in Fig. 10.41a. Under this condition
the load voltage is equal to V} and the load current is thus equal to Vp/R.

Let us next assume that switch S1 is turned OFF, while S3 remains ON. This
will cause the load current, which cannot change instantaneously due to the presence
of the inductor, to commutate from switch S1 to diode D2, as shown in Fig. 10.41b.
Note that under this condition, the load voltage is zero and hence there will be zero
load current. Note also that this same condition could have been reached by turning
switch 83 OFF with S1 remaining ON.

I

(@) ®)
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Figure 10.40 Single-phase H-bridge inverter configuration. (a) Typical configuration using IGBTs. (b) Generic

configuration using ideal switches.
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B
1l

@ ®

Figure 10.41 Analysis of the H-bridge inverter of Fig. 10.40b. (a) Switches S1 and S3 ON.
(b) Switch S3 ON.

v () A

AT A,T AT A,T

~Y

—_ VO

Figure 10.42 Typical output-voltage waveform for the
H-bridge of Fig. 10.40.

At this point, it is possible to reverse the load voltage and current by turning ON
switches S2 and S4, in which case Vi =—V and ip = —Vj/R. Finally, the current
can be again brought to zero by turning OFF either switch S2 or switch S4. At this
point, one cycle of an applied load-voltage waveform of the form of Fig. 10.42 has
been completed.

A typical waveform produced by the switching sequence described above is
shown in Fig. 10.42, with an ON time of A;T and OFF time of A;T (A, = 0.5— A1)
for both the positive and negative portions of the cycle. Such a waveform con-
sists of a fundamental ac component of frequency fy =1/T, where T is the period
of the switching sequence, and components at odd-harmonics frequencies of that
fundamental.

The waveform of Fig. 10.42 can be considered a simple one-step approximation to
a sinusoidal waveform. Fourier analysis can be used to show that it has a fundamental
component of peak amplitude

4
VL,l = (—) Vo sin (Alﬂ) (1021)
V1



10.3 Inversion: Conversion of DC to AC 541

and n’th-harmonic components (n = 3, 5, 7, . . .) of peak amplitude

Vin = (i) Vosin(n Aym) (10.22)
nm

Although this stepped waveform appears to be a rather crude approximation to
a sinusoid, it clearly contains a significant fundamental component. In many appli-
cations it is perfectly adequate as the output voltage of a motor-drive. For example,
three-such waveforms, separated by 120° in time phase, could be used to drive a three-
phase motor. The fundamental components would combine to produce a rotating flux
wave as discussed in Chapter 4. In some motor-drive systems, LC filters, consisting
of shunt capacitors operating in conjunction with the motor phase inductances, are
used to reduce the harmonic voltages applied to the motor phase windings.

In general, the higher-order harmonics, whose amplitudes vary inversely with
their harmonic number, as seen from Eq. 10.22, will produce additional core loss in
the stator as well as dissipation in the rotor. Provided that these additional losses are
acceptable both from the point of view of motor heating as well as motor efficiency, a
drive based upon this switching scheme will be quite adequate for many applications.

EXAMPLE 10.10

A three-phase, H-bridge, voltage-source, step-waveform inverter will be built from three
H-bridge inverter stages of the type shown in Fig. 10.40b. Each phase will be identical, with the
exception that the switching pattern of each phase will be displaced by 1/3 of a period in time
phase. This system will be used to drive a three-phase, four-pole motor with N, = 34 turns
per phase and winding factor k,, = 0.94. The motor is Y-connected, and the inverters are each
connected phase-to-neutral.

For a dc supply voltage of 125 V, a switching period T of 20 msec and with A, = 0.44,
calculate (a) the frequency and synchronous speed in rpm of the resultant air-gap flux wave
and (b) the rms amplitude of the line-to-line voltage applied to the motor.

B Solution

a. The frequency f, of the fundamental component of the drive voltage will equal
f. =1/T = 50 Hz. From Eq. 4.41 this will produce an air-gap flux wave which rotates at

120 120
n, = < ) fo= <—) 50 = 1500 t/min
poles 4

b. The peak of the fundamental component of the applied line-to-neutral voltage can be
found from Eq. 10.21.

4 4
Vipeak = (5) V, sin (A7) = (?{) 1255sin (0.44 ) = 156 V

The resultant rms, line-to-line voltage is thus given by

3
Vl—l,n-ns = \/; Va,peak =191V
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Figure 10.43 (a) H-bridge inverter configuration fed by a current source. (b) Typical stepped
load-current waveform.

For the three-phase inverter system of Example 10.10, (a) find the ON-time fraction A, for
which the 5’th-harmonic component of the applied voltage will be zero. (b) Calculate the
corresponding peak amplitude of the fundamental-component of the line-to-neutral voltage.

Solution

a. 0.2
b. 93V

Figure 10.43a shows an H-bridge current-source inverter. This inverter config-
uration is analogous to the voltage-source configuration of Fig. 10.40. In fact, the
discussion of the voltage-source inverter applies directly to the current-source con-
figuration with the exception that the switches control the load current instead of the
load voltage. Thus, again assuming that the load time constant (L/R) is much shorter
than the switching time, a typical load current waveform would be similar to that
shown in Fig. 10.43b.

Determine a switching sequence for the inverter of Fig. 10.43a that will produce the stepped
waveform of Fig. 10.43b.

H Solution
Table 10.2 shows one such switching sequence, starting at time 1 = 0 at which point the load
current iy (t) = —I,.

Note that zero load current is achieved by turning on two switches so as to bypass the load
and to directly short the current source. When this is done, the load current will quickly decay
to zero, flowing through one of the switches and one of the reverse-polarity diodes. In general,
one would not apply such a direct short across the voltage source in a voltage-source inverter
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Table 10.2 Switching sequence used to produce
the load current waveform of Fig. 10.43b.

i,(® St S2 S3 S4
—1Iy OFF ON OFF ON
0 ON ON OFF OFF
Iy ON OFF ON OFF
0 OFF OFF ON ON
=1y OFF ON OFF ON

because the resultant current would most likely greatly exceed the ratings of the switches.
However, in the case of a current-source inverter, the switch current cannot exceed that of the
current source, and hence the direct short can be (and, in fact, must be) maintained for as long
as it is desired to maintain zero load current.

Consider the current-source inverter of Fig. 10.44a. Here the load consists of a sinusoidal
voltage source V, cos wt. Assume the inverter switches are controlled such that the load cur-
rent is a square-wave, also at frequency f=w/(2m), as shown in Fig. 10.44b. Calculate
the time-average power delivered to the load as a function of the delay angle a4 as defined

in Fig. 10.44b.

B Solution

Because the load voltage is sinusoidal, time-average power will only be produced by the
fundamental component of the load current. By analogy to Eq. 10.21, with [, replacing V; and
with A; = 0.5, the amplitude of the fundamental-component of the load current is

IL,I = (
4

4

)10

1wt

3
S1 v (f) =V, cos(wt)

LIV

D4
S4

—

i(®
E
S2

D3
S3

(@)

A
Va T~
/ i (1)
0 A—
\ 72+ o 3m2 + a4
f ; >
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_Va —_
()]

Figure 10.44 (a) Current-source inverter for Example 10.12. (b) Load-current waveform.
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and therefore the fundamental component of the load current is equal to
. 4
i (&) = I cos(wt —ay) = | — | Iycos (wt — ay)
b4

The complex amplitude of the load voltage is thus given by Vi = V, and that of the load
current is [, = ILvle_j @4, Thus the time average power is equal to

1 5 A 2
P = _Re[l.V]]= <——) Valo cos ay
2 /4

By varying the firing-delay angle oy, the power transferred from the source to the load
can be varied. In fact, as a4 is varied over the range 0 < a4 < 7, the power will vary over the

range
2 2
<—> VaIO > P > —‘<—'> VaIO
T T

Note that this inverter can regenerate; i.e., for 7/2 < ¢y < m, P < 0 and hence power will
flow from the load back into the inverter.

The inverter of Example 10.12 is operated with a fixed delay angle @y = 0 but with a variable
ON-time fraction A,. Find an expression for the time-average power delivered to the load as a
function of A;.

Solution

2
P = <—) Volg sin (A ()
T

10.3.2 Pulse-Width-Modulated Voltage-Source
Inverters

Let us again consider the H-bridge configuration of Fig. 10.40b, repeated again in
Fig. 10.45. Again, an RL load is fed from a voltage source through the H-bridge.
However, in this case, let us assume that the switching time of the inverter is much
shorter than the load time constant (L/R).

Consider a typical operating condition as shown in Fig. 10.46. Under this con-
dition, the switches are operated with a period T and a duty cycle D (0 < D < 1).
As can be seen from Fig. 10.46a, for a time DT switches S1 and S3 are ON, and the
load voltage is V;. This is followed by a time (1 — D)T during which switches S1
and S3 are OFF, and the current is transferred to diodes D2 and D4, setting the load
voltage equal to —V;. The duty cycle D is thus a fraction of the total period, in this
case the fraction of the period during which the load voltage is Vj.
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Figure 10.45 Single-phase H-bridge inverter
configuration.

Note that although switches S2 and S4 would normally be turned ON after
switches S1 and S3 are turned OFF (but not before they are turned OFF, to avoid
a direct short across the voltage source) because they are actually semiconductor
devices, they will not carry any current unless the load current goes negative. Rather,
the current will flow through the protection diodes D1 and D3. Alternatively, if the
load current is negative, then the current will be controlled by the operation of switches
S2 and S4 in conjunction with diodes D1 and D3. Under this condition, switches S1
and S3 will not carry current.

This type of control is referred to as pulse-width modulation, or PWM, because
it is implemented by varying the width of the voltage pulses applied to the load. As
can be seen from Fig. 10.46a, the average voltage applied to the load is equal to

(vL)avg =(2D -1V (10.23)

As we will now show, varying the duty cycle under PWM control can produce a
continuously varying load current.

A typical load-current waveform is shown in Fig. 10.46b. In the steady state,
the average current through the inductor will be constant and hence voltage across
the inductor must equal zero. Thus, the average load current will equal the average

ir(H4

v (DA e

Vo

(iL)avg T

(iL)min\
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Figure 10.46 Typical (a) voltage and (b) current waveform under PWM operation.
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voltage divided by the resistance or

_ (vL)avg _ [2D - 1]VO

(iL)avg = R = R (1024)

Thus we see that by varying the duty cycle D over the range of O to 1, we can vary
the load current over the range —V/R < (iL)avg < Vo/R.

Because the current waveform is periodic, the maximum and minimum current,
and hence the current ripple, can be easily calculated. Assigning time # = O to the
time switches S1 and S3 are first turned ON and the load current is minimum, the
current during this time period will be given by

Vo

i) = % + <(iL)min - ?> et (0<t<DT) (10.25)

where T = L/R. The maximum load current (i )max is reached at time DT

Vi ) Vi _DT
(iL)max = ?0 + <(lL)min - %) e T (1026)

After switches S1 and S3 are turned OFF, the load voltage is — Vj and the current
is given by

Vi Vi (t-DT
iL(r) = —?" + <(iL)max + %’) 2 (DT <1 <T) (10.27)

Because the current is periodic with period 7', i1 (¢) again will be equal to (iL)mpn at
time T. Thus

(iL)min = —% + <(iL)max + %) =0 (10.28)
Solving Eqs. 10.26 and 10.28 gives
(L)min = — <?> - e_%) (10.29)
and
) Vo [1 - 2e_TDT +e‘ﬂ
(iL)max = <f> (- e_;) (10.30)

The current ripple AiL can be calculated as the difference between the maximum
and minimum current.

AiL = (iL)max - (iL)min (1031)
In the limit that T « 7, this can be written as

Al ~ <%> <Z> D(1 - D) (10.32)
R T
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A PWM inverter such as that of Fig. 10.45 is operating from a dc voltage of 48 V and driving
a load with L =320 mH and R = 3.7 Q. For a switching frequency of 1 kHz, calculate the
average load current, the minimum and maximum current, and the current ripple for a duty
cycle D = 0.8.

H Solution
From Eq. 10.24, the average load current will equal

, 2D — 1]V, 0.6 x 48
= - =778A
(2 )avg R 37

For a frequency of 1 kHz, the period 7 = | msec. The time constant T = L /R = 86.5 msec.
(i) min and (§1)max can then be found from Egs. 10.29 and 10.30 to be (i ), = 7.76 A and
(iL)max = 7.81 A. Thus the current ripple, calculated from Eq. 10.31, is 0.05 A, which is equal
to 0.6 percent of the average load current. Alternatively, using the fact that 7/r = 0.012 « 1,
the current ripple could have been calculated directly from Eq. 10.32

2V, T 2 x 48 1
Al = | — — | D(l—-D) = — 0.8x02=005A
' (R)(r) =D ( 37 ><86.5>X )
Practice Problem 10.11

Calculate (a) the average current and () the current ripple for the PWM inverter of Exam-
ple 10.13 if the switching frequency is reduced to 250 Hz.

Solution

a. 7.78 A (unchanged from Example 10.13)
b. 0.19 A

Now let us consider the situation for which the duty cycle is varied with time,
ie., D = D(¢t). If D(¢) varies slowly in comparison to the period T of the switching
frequency, from Eq. 10.23, the average load voltage will be equal to

(UL)an =[2D@) - 11V (10.33)
and the average load current will be

(e = 2200 (10.34)

Figure 10.47a illustrates a method for producing the variable duty cycle for this
system. Here we see a saw-tooth waveform which varies between —1 and 1. Also
shown is a reference waveform W(z) which is constrained to lie within the range —1
and 1. The switches will be controlled in pairs. During the time that W(¢) is greater
than the saw-tooth waveform, switches S1 and S3 will be ON and the load voltage
will be Vy. Similarly, when Wi.s(¢) is less than the saw-tooth waveform, switches S2
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Figure 10.47 (a) Method for producing a variable duty cycle
from a reference waveform W(t). (b) Load voltage and average
load voltage for Wies(t) = 0.9 sin wt.

and S4 will be ON and the load voltage will be — ;. Thus,

Doy = (L W) 035

and thus

1 + Weer(1)
(VL)avg = [2 (%) - 1} Vo = Weer() Vo (10.36)

Figure 10.47b shows the load voltage vi(¢) for a sinusoidal reference waveform
Wrer(t) = 0.9 sinwt. The average voltage across the load, (v )avg = Wrer(r) Vo, is also
shown.
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Figure 10.48 Three-phase inverter configurations. (a) Voltage-source. (b) Current-source.

Note that the H-bridge inverter configuration of Fig. 10.43 can be used to produce
a PWM current-source inverter. In a fashion directly analogous to the derivation of
Eq. 10.36, one can show that such an inverter would produce an average current of
the form

(iL)avg = Weet(t) Ip (10.37)

where I is the magnitude of the dc link current feeding the H-bridge. Note, however,
that the sudden current swings between [y and — Iy associated with such an inverter
will produce large voltages should the load have any inductive component. As a
result, practical inverters of this type require large capacitive filters to absorb the
harmonic components of the PWM current and to protect the load against damage
due to voltage-induced insulation failure.

10.3.3 Three-Phase Inverters

Although the single-phase motor drives of Section 10.3.2 demonstrate the impor-
tant characteristics of inverters, most variable-frequency drives are three phase. Fig-
ures 10.48a and 10.48b show the basic configuration of three-phase motor inverters
(voltage- and current-source respectively). Here we have shown the switches as ideal
switches, recognizing that in a practical implementation, bidirectional capability will
be achieved by a combination of a semiconductor switching device, such as an IGBT
and a MOSFET, and a reverse-polarity diode.

These configurations can be used to produce both stepped waveforms (either
voltage-source or current-source) as well as pulse-width-modulated waveforms. This
will be illustrated in the following example.

EXAMPLE 10.14

The three-phase current-source inverter configuration of Fig. 10.48b is to be used to produce
a three-phase stepped current waveform of the form shown in Fig 10.49. (a) Determine the
switch sequence over the period O < ¢ < T and (b) calculate the fundamental, third, fifth, and
seventh harmonics of the phase-a current waveform.
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Figure 10.49 Three-phase stepped current waveform for
Example 10.14.

B Solution

a. By observing that switch S1 is ON when the phase-a current is positive, switch $4 is ON
when it is negative, and so forth, the following table of switching operations can be
produced.

t 0-(T/6) (T/6)~(T/3) (T/3)~(T/2) (T/2)-2T/3) (2T/3)~(5T/6) (5T/6)}-T

S1  ON OFF OFF OFF OFF ON
52  OFF ON ON OFF OFF OFF
S3  OFF OFF OFF ON ON OFF
S4 OFF OFF ON ON OFF OFF
S5 OFF OFF OFF OFF ON ON
S6 ON ON OFF OFF OFF OFF

b. The amplitudes of the harmonic components of the phase current can be determined from
Eqgs. 10.21 and 10.22 by setting A, = 1/3. Thus,

2v3
Ia,l = (%) 10 Ia.3 =0
2V3 23
Ia,S = (5—”> 10 Ia.7 = (7) 10

10.4 SUMMARY

The goal of this chapter is relatively modest. Our focus has been to introduce some
basic principles of power electronics and to illustrate how they can be applied to
the design of various power-conditioning circuits that are commonly found in motor
drives. Although the discussion in this chapter is neither complete nor extensive, it
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is intended to provide the background required to support the various discussions of
motor control which are presented in this book.

We began with a brief overview of a few of the available solid-state switching
devices: diodes, SCRs, IGBTs and MOSFETs, and so on. We showed that, for the
purposes of a preliminary analysis, it is quite sufficient to represent these devices as
ideal switches. To emphasize the fact that they typically can pass only unidirectional
current, we included ideal diodes in series with these switches. The simplest of these
devices is the diode, which has only two terminals and is turned ON and OFF simply
by the conditions of the external circuit. The remainder have a third terminal which
can be used to turn the device ON and, in the case of transistors such as MOSFETS
and IGBTs, OFF again.

A typical variable-frequency, variable-voltage motor-drive system can be con-
sidered to consist of three sections. The input section rectifies the power-frequency,
fixed-voltage ac input and produces a dc voltage or current. The middle section filters
the rectifier output, producing a relatively constant dc current or voltage, depending
upon the type of drive under consideration. The output inverter section converts the dc
to variable-frequency, variable-voltage ac voltages or currents which can be applied
to the terminals of a motor.

The simplest inverters we investigated produce stepped voltage or current wave-
forms whose amplitude is equal to that of the dc source and whose frequency can
be controlled by the timing of the inverter switches. To produce a variable-amplitude
output waveform, it is necessary to apply additional control to the rectifier stage to
vary the amplitude of the dc bus voltage or link current supplied to the inverter.

We also discussed pulse-width-modulated voltage-source inverters. In this type
of inverter, the voltage to the load is switched between V and —V; such that the
average load voltage is determined by the duty cycle of the switching waveform.
Loads whose time constant is long compared to the switching time of the inverter
will act as filters, and the load current will then be determined by the average load
voltage. Pulse-width modulated current-source inverters were also discussed briefly.

The reader should approach the presentation here with great caution. It is impor-
tant to recognize that a complete treatment of power electronics and motor drives is
typically the topic of a multiple-course sequence of study. Although the basic prin-
ciples discussed here apply to a wide range of motor drives, there are many details
which must be included in the design of practical motor drives. Drive circuitry to turn
ON the “switches” (gate drives for SCRs, MOSFETs, IGBTs, etc.) must be carefully
designed to provide sufficient drive to fully turn on the devices and to provide the
proper switching sequences. The typical inverter includes a controller and a protection
system which is quite elaborate. Typically, the design of a specific drive is dominated
by the current and voltage ratings of available switches devices. This is especially true
in the case of high-power drive systems in which switches must be connected in series
and/or parallel to achieve the desired power rating. The reader is referred to references
in the bibliography for a much more complete discussion of power electronics and
inverter systems than has been presented here.

Motor drives based upon the configurations discussed here can be used to con-
trol motor speed and motor torque. In the case of ac machines, the application of
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power-electronic based motor drives has resulted in performance that was previously
available only with dc machines and has led to widespread use of these machines in
most applications.
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10.6 PROBLEMS

10.1 Consider the half-wave rectifier circuit of Fig. 10.3a. The circuit is driven by
a triangular voltage source v,(¢) of amplitude V, = 9 V as shown in
Fig. 10.50. Assuming the diode to be ideal and for a resistor R = 1.5 kQ:
a. Plot the resistor voltage vr(?).

b. Calculate the rms value of the resistor voltage.
c. Calculate the time-averaged power dissipation in the resistor.

10.2 Repeat Problem 10.1 assuming the diode to have a fixed 0.6 V voltage
drop when it is ON but to be otherwise ideal. In addition, calculate the
time-averaged power dissipation in the diode.

10.3 Consider the half-wave SCR rectifier circuit of Fig. 10.6 supplied from the
triangular voltage source of Fig. 10.50. Assuming the SCR to be ideal,
calculate the rms resistor voltage as a function of the firing-delay time
W0 =<14=<T/2).

10.4 Consider the rectifier system of Example 10.5. Write a MATLAB script to
plot the ripple voltage as a function of filter capacitance as the filter
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Figure 10.50 Triangular voltage waveform.

capacitance is varied over the range 3000 uF < C < 10° WF. Assume the
diode to be ideal. Use a log-scale for the capacitance.

Consider the full-wave rectifier system of Fig. 10.16 with R = 500 2 and

C = 200 uF. Assume each diode to have a constant voltage drop of 0.7 V
when it is ON but to be otherwise ideal. For a 220 V rms, 50 Hz sinusoidal
source, write a MATLAB script to calculate

a. the peak voltage across the load resistor.

b. the magnitude of the ripple voltage.

c. the time-averaged power supplied to the load resistor.

d. the time-averaged power dissipation in the diode bridge.

Consider the half-wave rectifier system of Fig. 10.51. The voltage source

is vs(2) = Vp sinwt where Vy = 15V, and the frequency is 100 Hz. For

L = 1mH and R = 1 £, plot the inductor current iy (¢) for the first 1-1/2
cycles of the applied waveform assuming the switch closes at time ¢ = 0.
Repeat Problem 10.6, using MATLAB to plot the inductor current for the first
10 cycles following the switch closing at time ¢ = 0. (Hint: This problem
can be easily solved, using simple Euler integration to solve for the current.)

Switch
—o/ o—]{i— liL ©
+ R
0 C) D2 A
- L

Figure 10.51 Half-wave rectifier system for
Problem 10.6.
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Figure 10.52 Half-wave rectifier system
for Problem 10.8.

Consider the half-wave rectifier system of Fig. 10.52 as L becomes

sufficiently large such that w(L/R) >> 1, where w is the supply frequency. In

this case, the inductor current will be essentially constant. For R = 5 Q and

v5(t) = Vp sinwt where Vy = 45 V and o = 1007 rad/sec. Assume the

diodes to be ideal.

a. Calculate the average (dc) value Vy. of the voltage v/ () across the series
resistor/inductor combination.

b. Using the fact that, in the steady state, there will be zero average voltage
across the inductor, calculate the dc inductor current /4.

¢. Plot the instantaneous inductor voltage v(¢) over one cycle of the supply
voltage.

d. Plot the instantaneous source current is(¢).

Consider the half-wave, phase-controlled rectifier system of Fig. 10.53. This

is essentially the same circuit as that of Problem 10.8 with the exception that

diode D1 of Fig. 10.52 has been replaced by an SCR, which you can consider

to be ideal. Let R = 5 Q and v,(¢) = Vj sin wt, where Vo = 45 V and

o = 1007 rad/sec. Assume that the inductor L is sufficiently large such that

w(L/R) > 1 and that the SCR is triggered ON at time 14 (0 < 14 < 7/ w).

a. Find an expression for the average (dc) value Vy. of the voltage v;(?)
across the series resistor/inductor combination as a function of the delay
time 4.

+
0,00 C) D2 K V0

Figure 10.53 Half-wave, phase-controlled
rectifier system for Problem 10.9.



10.6 Problems

+
e

D2 D3

Figure 10.54 Full-wave, phase-controlled rectifier system for
Problem 10.10.

b. Using the fact that, in the steady state, there will be zero average voltage
across the inductor, find an expression for the dc inductor current Iy,
again as a function of the delay time #4.

c. Plot I as a function of 74 for (0 < t4 < 7/w).

10.10 The half-wave, phase-controlled rectifier system of Problem 10.9 and

10.11

Fig. 10.53 is to be replaced by the full-wave, phase-controlled system of
Fig. 10.54. SCR T1 will be triggered ON at time #4 (0 < f4 < 7 /w), and SCR
T4 will be triggered on exactly one half cycle later.

a. Find an expression for the average (dc) value V. of the voltage v (r)
across the series resistor/inductor combination as a function of the delay
time 4.

b. Using the fact that, in the steady state, there will be zero average voltage
across the inductor, find an expression for the dc inductor current Iy,
again as a function of the delay time #4.

c. Plot I as a function of 75 for (0 < 13 < 7m/w).

d. Plot the source current i;(¢) for one cycle of the source voltage for

t4 = 3 msec.
The full-wave, phase-controlled rectifier of Fig. 10.55 is supplying a highly
inductive load such that the load current can be assumed to be purely dc, as
represented by the current source I in the figure. The source voltage is a

T1 TQS
+ + v
A6 d) @
_ —-

™ Lac ™ j{

Figure 10.55 Full-wave, phase-controlied
rectifier for Problem 10.11.
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10.12
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10.14
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sinusoid, vs(f) = Vj sinwt. As shown in Fig. 10.31, SCRs T1 and T3 are
triggered together at delay angle oy (0 < g < 7), and SCRs T2 and T4 are
triggered exactly one-half cycle later.
a. Forayg=m/4:
(i) Sketch the load voltage v (7).

(ii) Calculate the average (dc) value V. of v (¢).

(iii) Calculate the time-averaged power supplied to the load.
b. Repeat part (a) for oy = 37 /4.
A full-wave diode rectifier is fed from a 50-Hz, 220-V rms source whose
series inductance is 12 mH. It drives a load with a resistance 8.4 Q which
is sufficiently inductive that the load current can be considered to be
essentially dc.

a. Calculate the dc load current I and the commutation time ¢.

b. Compare the dc current of part (a) with the dc current which would result
if the commutating inductance could be eliminated from the system.
A 1-kW, 85-V, permanent-magnet dc motor is to be driven from a full-wave,
phase-controlled bridge such as is shown in Fig. 10.56. When operating at its
rated voltage, the dc-motor has a no-load speed of 1725 r/min and an
armature resistance R, = 0.82 Q. A large inductor (L. = 580 mH) with
resistance Ry, = 0.39 Q2 has been inserted in series with the output of the
rectifier bridge to reduce the ripple current applied to the motor. The source
voltage is a 115-V rms, 60-Hz sinusoid.
With the motor operating at a speed of 1650 r/min, the motor current is
measured to be 7.6 A.

a. Calculate the motor input power.
b. Calculate the firing delay angle g of the SCR bridge.

Consider the dc-motor drive system of Problem 10.13. To limit the starting
current of the dc motor to twice its rated value, a controller will be used

to adjust the initial firing-delay angle of the SCR bridge. Calculate the
required firing-delay angle og.

Inductor

T1 T4
Ra

Figure 10.56 Dc motor driven from a fuill-wave, phase-controlled rectifier.
Problem 10.13.



10.6 Problems

10.15 A three-phase diode bridge is supplied by a three-phase autotransformer
such that the line-to-line input voltage to the bridge can be varied from zero
to 230 V. The output of the bridge is connected to the shunt field winding of
a dc motor. The resistance of this winding is 158 Q. The autotransformer is
adjusted to produce a field current of 1.75 A. Calculate the rms output
voltage of the autotransformer.

10.16 A dc-motor shunt field winding of resistance 210 €2 is to be supplied from
a 220-V rms, 50-Hz, three-phase source through a three-phase, phase-
controlled rectifier. Calculate the delay angle ag which will result in a field
current of 1.1 A.

10.17 A superconducting magnet has an inductance of 4.9 H, a resistance of
3.6 mS2, and a rated operating current of 80 A. It will be supplied from a
15-V rms, three-phase source through a three-phase, phase-controlled
bridge. It is desired to “charge” the magnet at a constant rate to achieve rated
current in 25 seconds.

a. Calculate the firing-delay angle «q required to achieve this objective.
b. Calculate the firing-delay angle required to maintain a constant current
of 80 A.
10.18 A voltage-source H-bridge inverter is used to produce the stepped waveform
v(t) shown in Fig. 10.57. For V =50V, T = 10 msec and D = 0.3:
a. Using Fourier analysis, find the amplitude of the fundamental time-
harmonic component of v(z).
b. Use the MATLAB ‘fft()’ function to find the amplitudes of the first 10
time harmonics of v().
10.19 Consider the stepped voltage waveform of Problem 10.18 and Fig. 10.57.
a. Using Fourier analysis, find the value of D (0 < D < 0.5) such that the
amplitude of the third-harmonic component of the voltage waveform

is zero.
v(t) A
Vo
fe—— DT —>1
1 |
T T :
0 bpr T T
2 2
fe—— DT —>1
_VO 4

Figure 10.57 Stepped voltage waveform for Problem 10.18.
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Figure 10.58 Stepped current waveform for Problem 10.20.

b. Use the MATLAB ‘fft()’ function to find the amplitudes of the first 10
time harmonics of the resulting waveform.

10.20 Consider Example 10.12 in which a current-source inverter is driving a load
consisting of a sinusoidal voltage. The inverter is controlled to produce the
stepped current waveform shown in Fig. 10.58.

a. Create a table showing the switching sequence required to produce the
specified waveform and the time period during which each switch is
either ON or OFF.

b. Express the fundamental component of the current waveform in the form
i1(t) = I cos (wt + ¢1)

where I; and ¢, are functions of Iy, D and the delay angle «y.
¢. Derive an expression for the time-averaged power delivered to the
voltage source vy () = V, cos wt.

10.21 A PWM inverter such as that of Fig. 10.45 is operating from a dc voltage of
75 V and driving a load with L = 53 mH and R = 1.7 Q. For a switching
frequency of 1500 Hz, calculate the average load current, the minimum and
maximum current, and the current ripple for a duty cycle D = 0.7.



Speed and Torque
Control

he objective of this chapter is to discuss various techniques for the control of

electric machines. Since an in-depth discussion of this topic is both too exten-

sive for a single chapter and beyond the scope of this book, the presentation
here will necessarily be introductory in nature. We will present basic techniques for
speed and torque control and will illustrate typical configurations of drive electronics
that are used to implement the control algorithms. This chapter will build upon the
discussion of power electronics in Chapter 10.

Note that the discussion of this chapter is limited to steady-state operation. The
steady-state picture presented here is quite adequate for a wide variety of electric-
machine applications. However, the reader is cautioned that system dynamics can play
a critical role in some applications, with concerns ranging from speed of response to
overall system stability. Although the techniques presented here form the basis for
dynamic analyses, the constraints of an introductory textbook are such that a more
extensive discussion, including transient and dynamic behavior, is not possible.

In the discussion of torque control for synchronous and induction machines,
the techniques of field-oriented or vector control are introduced and the analogy is
made with torque control in dc motors. This material is somewhat more sophisticated
mathematically than the speed-control discussion and requires application of the
dqO transformations developed in Appendix C. The chapter is written such that this
material can be omitted at the discretion of the instructor without detracting from the
discussion of speed control.

11.1 CONTROL OF DC MOTORS

Before the widespread application of power-electronic drives to control ac machines,
dc motors were by far the machines of choice in applications requiring flexibility of
control. Although in recent years ac drives have become quite common, the ease of
control of dc machines insure their continued use in many applications.
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11.1.1 Speed Control

The three most common speed-control methods for dc motors are adjustment of the
flux, usually by means of field-current control, adjustment of the resistance associated
with the armature circuit, and adjustment of the armature terminal voltage.

Field-Current Control In part because it involves control at a relatively low power
level (the power into the field winding is typically a small fraction of the power into
the armature of a dc machine), field-current control is frequently used to control the
speed of a dc motor with separately excited or shunt field windings. The equivalent
circuit for a separately excited dc machine is found in Fig. 7.4a and is repeated in
Fig. 11.1. The method is, of course, also applicable to compound motors. The shunt
field current can be adjusted by means of a variable resistance in series with the shunt
field. Alternatively, the field current can be supplied by power-electronic circuits
which can be used to rapidly change the field current in response to a wide variety of
control signals.

Figure 11.2a shows in schematic form a switching scheme for pulse-width modu-
lation of the field voltage. This system closely resembles the pulse-width modulation
system discussed in Section 10.3.2. It consists of a rectifier which rectifies the ac
input voltage, a dc-link capacitor which filters the rectified voltage, producing a dc
voltage V., and a pulse-width modulator.

In this system, because only a unidirectional field current is required, the pulse-
width modulator consists of a single switch and a free-wheeling diode rather than the
more complex four-switch arrangement of Fig. 10.45. Assuming both the switch and
diode to be ideal, the average voltage across the field winding will be equal to

Vi = DV (11.1)

where D is the duty cycle of the switching waveform; i.e., D is the fraction of time
that the switch S is on.

Figure 11.2b shows the resultant field current. Because in the steady-state the
average voltage across the inductor must equal zero, the average field current /r will
thus be equal to

Vf Vdc
lf=—=D[— 11.2
=R ( R; (11.2)
iy s
—_— -—
T W AR
v, e, Ly vr
o — o

Armature  Field

Figure 11.1 Equivalent circuit for a separately
excited dc motor.
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Figure 11.2 (a) Pulse-width modulation system for a dc-machine field
winding. (b) Field-current waveform.

Thus, the field current can be controlled simply by controlling the duty cycle of the
pulse-width modulator. If the field-winding time constant L¢/ Ry is long compared
to the switching time, the ripple current Air will be small compared to the average
current Iz.

A 25-kW, 3600 r/min, 240-V dc motor has an armature resistance of 47 mS2 and a shunt-field
with a resistance of 187 2 and an inductance of 4.2 H. Calculate (a) the average field current I;
and (b) the magnitude of the current ripple Air when the field winding is supplied from a 240 V
dc source by pulse-width modulation with a duty cycle D = 0.75 and a switching period
of 1 msec.

H Solution

a. The average field current is readily found from Eq. 11.2

Vie 240
L=D|2)=075{22]) =09 A
f (Rf> (187>



562

Practice Problem 11.1
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b. The field time constant T = L¢/R; = 22.5 msec is much longer that the switching period
of 1 msec. Thus, the ripple current can be calculated using Eq. 10.32 as

I
TN

()
— X
0

()
SR

[=}
N—
TN
H

—

25) 0.75 x (1 - 0.75)

The duty-cycle D of the dc-motor controller of Example 11.1 is suddenly switched from 0.75
to 1.0. Calculate (a) the resultant steady-state field current and (b) the time constant for the
change from the initial value of 1.08 A to the new final value.

Solution

a. 1.28 A
b. 22.5 msec

To examine the effect of field-current control, let us begin with the case of a dc
motor driving a load of constant torque Tjoaq. From Eqs. 7.9 and 7.14, the generated
voltage of a dc motor can be written as

E, = K¢ltwy, (11.3)

where Ir is the average field current, wy, is the angular velocity in rad/sec, and K¢ =
K. P4Nt is a geometric constant which depends upon the dimensions of the motor,
the properties of the magnetic material used to construct the motor, as well as the
number of turns in the field winding. Note that strictly speaking, K¢ is not constant
since it is proportional to the direct-axis permeance, which typicaily varies as the
flux-level in the motor increases to the point that the effects of magnetic saturation
become significant.
The electromagnetic torque is given by Eq. 7.16 as

E.l
A2 = Kelsl, (11.4)

Tmech =
m

and the armature current can be seen from the equivalent circuit of Fig. 11.1 to be
given by
(Va — Ey)

L=—"_"% 11.5
a R, (11.5)
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Setting the motor torque equal to Tjoag, Eqgs. 11.3 through 11.5 can be solved
for wy,

Toa Ra
_(Va-LR)  (Vam )
o = = (11.6)
Kele Kels

From Eq. 11.6, recognizing that the armature resistance voltage drop I R, is
generally quite small in comparison to the armature voltage V,, we see that for a given
load torque, the motor speed will increase with decreasing field current and decrease
as the field current is increased. The lowest speed obtainable is that corresponding
to maximum field current (the field current is limited by heating considerations); the
highest speed is limited mechanically by the mechanical integrity of the rotor and
electrically by the effects of armature reaction under weak-field conditions giving
rise to poor commutation.

Armature current is typically limited by motor cooling capability. In many dc
motors, cooling is aided by a shaft-driven fan whose cooling capacity is a function
of motor speed. To examine in an approximate fashion the limitations on the allow-
able continuous motor output as the speed is changed, we will neglect the influence
of changing ventilation and assume that the armature current /, cannot exceed its
rated value, in order to insure that the motor will not overheat. In addition, in our
approximate argument we will neglect the effect of rotational losses (which of course
also change with motor speed). Because the voltage drop across the armature resis-
tance is relatively small, the speed voltage E, will remain essentially constant at a
value slightly below the applied armature voltage; any change in field current will be
compenstated for by a change in motor speed.

Thus under constant-terminal-voltage operation with varying field current, the
E, I, product, and hence the allowable motor output power, remain substantially
constant as the speed is varied. A dc motor controlled in this fashion is referred to as
a constant-power drive. Torque, however, varies directly with field flux and therefore
has its highest allowable value at the highest field current and hence lowest speed.
Field-current control is thus best suited to drives requiring increased torque at low
speeds. When a motor so controlled is used with a load requiring constant torque over
the speed range, the rating and size of the machine are determined by the product of
the torque and the highest speed. Such a drive is inherently oversized at the lower
speeds, which is the principal economic factor limiting the practical speed range of
large motors.

With an armature terminal voltage of 240 V and with a shunt-field current 0f 0.34 A, the no-load
speed of the dc motor of Example 11.1 is found to be 3600 r/min. In this example, the motor
is assumed to be driving a load which varies with speed as
Piws = 22.4 (-"—)3 KW
3600
where n is the motor speed in r/min. A rheostat is to be installed in series with the shunt field to
vary the speed. Assuming the armature terminal voltage to remain constant at 240 V, calculate
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the required resistance range if the speed is to be varied between 1800 and 3600 r/min. The
effect of rotational losses can be ignored.

H Solution
The load torque is equal to the load power divided by the motor speed w,, expressed in rad/sec.
First expressing the power in terms of w,

w, 3
Pog =224 ——] kW
foad (1207:)

The load torque is then given by

Tows = Plow =22.4< © ) =4.18 x 10™w? N-m
(1207)3 "

Thus, at 1800 r/min, w,, =607 and T,,q = 14.9 N-m. At 3600 r/min, w, = 1207 and Tigq =
59.4 N-m.

Before solving for I, we must find the value of K;, which can be found from the no-
load data. Specifically, we see that with a terminal voltage of 240-V and at a no-load speed
of 3600 r/min (w, = 1207), the corresponding field current is 0.34 A. Since under no-load
conditions E, & V,, we can find K; from Eq. 11.3 as

E, 240

K = = ——
7 Twn  0.34 x 1207

= 1.87 V/(A - rad/sec)

To find the required field current, we can solve Eq.11.6 for [

V. 4wy T R,
I = 1+£./1— Fm Lioad e
2Kfa)m %%

a

Recognizing that R, is small and hence that I; = V, /(Kw,,) we see that the positive sign should

be used and thus
Va 4meloadRa
Iy = 1 - —
"7 2K, ( * V2 )

a

Once the field current has been found, the total field resistance can be found as

V, 240
(Ro)ow = T = A
and the required added rheostat resistance can be found by subtracting the resistance of the
shunt-field winding (187 £2) from (R¢) -

This leads to the following table:

r/min Tioas [N - m] I; [A} (Re)eotar [$2] R neostar [$2]

1800 14.9 0.678 354 167
3600 59.4 0334 719 532

Thus, the rheostat must be able to cover the range from 166 2 to 532 §2.
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Practice Problem 11.2

The rheostat of Example 11.2 is to be replaced by a duty cycle controller operating from the
240-V dc supply. Calculate the duty-cycle range required to achieve operation over the speed
range of 1800-3600 r/min as specified in Example 11.2.

Solution
026 <D <053

Armature-Circuit Resistance Control Armature-circuit resistance control pro-
vides a means of obtaining reduced speed by the insertion of external series resistance
in the armature circuit. It can be used with series, shunt, and compound motors; for the
last two types, the series resistor must be connected between the shunt field and the
armature, not between the line and the motor. It is a common method of speed control
for series motors and is generally analogous in action to wound-rotor-induction-motor
control by the addition of external series rotor resistance.

Depending upon the value of the series armature resistance, the speed may vary
significantly with load, since the speed depends on the voltage drop in this resistance
and hence on the armature current demanded by the load. For example, a 1200-r/min
shunt motor whose speed under load is reduced to 750 r/min by series armature re-
sistance will return to almost 1200-r/min operation if the load is removed because
the no-load current produces a voltage drop across the series resistance which is in-
significant. The disadvantage of poor speed regulation may not be important in a series
motor, which is used only where varying-speed service is required or can be tolerated.

A significant disadvantage of this method of speed control is that the power loss
in the external resistor is large, especially when the speed is greatly reduced. In fact,
for a constant-torque load, the power input to the motor plus resistor remains constant,
while the power output to the load decreases in proportion to the speed. Operating
costs are therefore comparatively high for lengthy operation at reduced speeds. Be-
cause of its low initial cost however, the series-resistance method (or the variation of it
discussed in the next paragraph) will often be attractive economically for applications
which require only short-time or intermittent speed reduction. Unlike field-current
control, armature-resistance control results in a constant-torque drive because both
the field-flux and, to a first approximation, the allowable armature current remain
constant as speed changes.

A variation of this control scheme is given by the shunted-armature method,
which may be applied to a series motor, as in Fig. 11.3a, or a shunt motor, as in
Fig. 11.3b. In effect, resistors R; and R; act as a voltage divider applying a reduced
voltage to the armature. Greater flexibility is possible because two resistors can now
be adjusted to provide the desired performance. For series motors, the no-load speed
can be adjusted to a finite, reasonable value, and the scheme is therefore applicable to
the production of slow speeds at light loads. For shunt motors, the speed regulation in
the low-speed range is appreciably improved because the no-load speed is definitely
lower than the value with no controlling resistors.
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Series
field

(a) ®

Figure 11.3 Shunted-armature method of speed control applied
to (a) a series motor and (b) a shunt motor.

Armature-Terminal Voltage Control Armature-terminal voltage control can be
readily accomplished with the use of power-electronic systems such as those dis-
cussed in Chapter 10. Figure 11.4 shows in somewhat schematic form three possible
configurations. In Fig. 11.4a, a phase-controlled rectifier in combination with a dc-
link filter capacitor can be used to produce a variable dc-link voltage which can be
applied directly to the armature terminals of the dc motor.

In Fig. 11.4b, a constant dc-link voltage is produced by a diode rectifier in combi-
nation with a dc-link filter capacitor. The armature terminal voltage is then varied by
a pulse-width modulation scheme in which switch S is alternately opened and closed.
When switch S is closed, the armature voltage is equal to the dc-link voltage V., and
when the switch is opened, current transfers to the freewheeling diode, essentially
setting the armature voltage to zero. Thus the average armature voltage under this
condition is equal to

V, = DV (11.7)

()] (©)

Figure 11.4 Three typical configurations for armature-voltage control. (a) Variable dc-link voltage (produced
by a phase-controlled rectifier) applied directly to the dc-motor armature terminals. (b) Constant dc-link voltage
with single-polarity pulse-width modulation. (¢) Constant dec-link voltage with a full H-bridge.
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where

V. = average armature voltage (V)
Vae = de-link voltage (V)
D = PWM duty cycle (fraction of time that switch S is closed)

Figure 11.4c shows an H-bridge configuration as is discussed in the context of
inverters in Section 10.3.3. Note that if switch S3 is held closed while switch S4
remains open, this configuration reduces to that of Fig. 11.4b. However, the H-bridge
configuration is more flexible because it can produce both positive- and negative-
polarity armature voltage. For example, with switches S1 and S3 closed, the armature
voltage is equal to V. while with switches S2 and S4 closed, the armature voltage
is equal to — Vy.. Clearly, using such an H-bridge configuration in combination with
an appropriate choice of control signals to the switches allows this PWM system to
achieve any desired armature voltage in the range — V4. < V, < V.

Armature-voltage control takes advantage of the fact that, because the voltage
drop across the armature resistance is relatively small, a change in the armature
terminal voltage of a shunt motor is accompanied in the steady state by a substantially
equal change in the speed voltage. With constant shunt field current and hence field
flux, this change in speed voltage must be accompanied by a proportional change in
motor speed. Thus, motor speed can be controlled directly by means of the armature
terminal voltage.

A 500-V, 100-hp, 2500 r/min, separately excited dc motor has the following parameters:

Field resistance: R; =109 Q
Rated field voltage: Vo =300V
Armature resistance: R, =0.084 Q

Geometric constant: K: =0.694 V/(A - rad/sec)

Assuming the field voltage to be held constant at 300 V, use MATLAB! to plot the motor
speed as a function of armature voltage with the motor operating under no-load and also under
rated full-load torque as the armature voltage is varied from 250 V to 500 V.

B Solution
From Eq. 11.4

Tmech
I, =
KfIf

and from Eq. 11.5
Vo—E, V.- Ko

I, =
R, R,

' MATLAB is a registered trademark of The MathWorks, Inc.
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Hence we can solve for wp,

V _ (ngcnRa)

Kelp

Wy =
Kf]f
and the speed in r/min as
n=|— |y
V4
Finally, the field current is
Vi 300
=—=—=275A
TR 109
and the rated full-load torque is given by
P, 100 x 746
Tra!ed = = x =285N-m

(wm)rated - 2500 x (l)

30

Figure 11.5 is the desired plot. Notice that the speed drops approximately 63 r/min as the
torque is increased from zero to full-load, independent of the armature voltage and machine
speed.

2500 T T T T

+ = Zero torque

o = Full-load torque
2000 _
1500 —
1000 1 . . :

Armature voltage [V]

Figure 11.5 A plot of speed versus armature voltage for the dc motor of Example 11.3.
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Here is the MATLAB script:
clc
clear

[

% Motor parameters

Rf = 109;
Ra = 0.084;
Kf = 0.694;

% Constant field voltage
viE = 300;

% Resulting field current
If = VE/RE;

% Rated speed in rad/sec
omegarated = 2500* (pi/30);

% Rated power in Watts
Prated = 100*746;

% Rated torque in N-m
Trated = Prated/omegarated;

% Vary the armature voltage from 250 to 500 V
% and calculate speed.

for n=1:101
Va(n) = 250 * (1 + (n-1)/100);

% Zero torque

T = 0;
omega = (Va(n)- T*Ra/(KE*If))/(KE*If);
NoLoadRPM(n) = omega*30/pi;

% Full-load torque
T = Trated;

omega = (Va(n)- T*Ra/(Kf*If))/(KRE*If);
Fulll.oadRPM(n) = omega*30/pi;
end

plot (Va, NoLoadRPM)

hold

plot (Va(20),NoLoadRPM(20), "+")
plot(va(50),NoLoadRPM(50), "+")
plot (va(80),NoLoadRPM(80), '+")

plot(va(20),FulllLoadRPM(20),'0")
plot (Va(50),FullLoadRPM(50), '0")
plot (Va(80),FullLoadRPM(80),'0")
hold

xlabel ('Armature voltage [V]')
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ylabel {'Speed [r/min]'’)
text (270,2300,'+ = Zero torque’)
text (270,2100,’0 = Full-load torgue’)

Calculate the change in armature voltage required to maintain the motor of Example 11.3 at a
speed of 2000 r/min as the load is changed from zero to full-load torque.

Solution
125V

Frequently the control of motor voltage is combined with field-current control
in order to achieve the widest possible speed range. With such dual control, base
speed can be defined as the normal-armature-voltage, full-field speed of the motor.
Speeds above base speed are obtained by reducing the field current; speeds below
base speed are obtained by armature-voltage control. As discussed in connection with
field-current control, the range above base speed is that of a constant-power drive.
The range below base speed is that of a constant-torque drive because, as in armature-
resistance control, the flux and the allowable armature current remain approximately
constant. The overall output limitations are therefore as shown in Fig. 11.6a for
approximate allowable torque and in Fig. 11.6b for approximate allowable power.
The constant-torque characteristic is well suited to many applications in the machine-
tool industry, where many loads consist largely of overcoming the friction of moving
parts and hence have essentially constant torque requirements.

The speed regulation and the limitations on the speed range above base speed are
those already presented with reference to field-current control; the maximum speed
thus does not ordinarily exceed four times base speed and preferably not twice base
speed. For conventional machines, the lower limit for reliable and stable operation is

Constant power
© Constant torque 5
= o ¥ 3 1 I
S | 9 & i I
£ o [ Constant power .= o o“ | |
£3 | 23| & |
&z : & 2 & /Armature-, |
< = |Armature-voltage| Field-current : < = voltage | Field-current 1
control ! control [ control | control :
A A |
e ~ —"
0 Base Maximum 0 Base Maximum
speed speed speed speed
Speed Speed

(a) ®

Figure 11.6 (a) Torque and (b) power limitations of combined armature-voltage and
field-current methods of speed control.
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l Tload

Dc
motor

Speed

@ref ———.1 controller

Figure 11.7 Block diagram for a
speed-control system for a separately
excited or shunt-connected dc motor.

about one-tenth of base speed, corresponding to a total maximum-to-minimum range
not exceeding 40:1.

With armature reaction ignored, the decrease in speed from no-load to full-load
torque is caused entirely by the full-load armature-resistance voltage drop in the
dc generator and motor. This full-load armature-resistance voltage drop is constant
over the voltage-control range, since full-load torque and hence full-load current
are usually regarded as constant in that range. When measured in r/min, therefore,
the speed decrease from no-load to full-load torque is a constant, independent of the
no-load speed, as we saw in Example 11.3. The torque-speed curves accordingly are
closely approximated by a series of parallel straight lines for the various motor-field
adjustments. Note that a speed decrease of, say, 40 r/min from a no-load speed of
1200 r/min is often of little importance; a decrease of 40 r/min from a no-load speed
of 120 r/min, however, may at times be of critical importance and require corrective
steps in the layout of the system.

Figure 11.7 shows a block diagram of a feedback-control system that can be used
to regulate the speed of a separately excited or shunt-connected dc motor. The inputs
to the dc-motor block include the armature voltage and the field current as well as
the load torque Tig.q- The resultant motor speed wy, is fed back to a controller block
which represents both the control logic and power electronics and which controls the
armature voltage and field current applied to the dc motor, based upon a reference
speed signal wys. Depending upon the design of the controller, with such a scheme
it is possible to control the steady-state motor speed to a high degree of accuracy
independent of the variations in the load torque.

Figure 11.8 shows the block diagram for a simple speed control system to be applied to the dc
motor of Example 11.3. In this controller, the field voltage is held constant (not shown) at its
rated value of 300 V. Thus, the control is applied only to the armature voltage and takes the form

Va = VaO + G((‘oref - (‘om)

where V,, is the armature voltage when w,, = w,¢ and G is a multiplicative constant.
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Figure 11.8 Simple dc-motor speed
controller for Example 11.4.

With the reference speed set to 2000 r/min (@ = 2000 x 7/30), calculate V,5 and G so
that the motor speed is 2000 r/min at no load and drops only by 25 r/min when the torque is

increased to its rated full-load value.

M Solution

As was found in Example 11.3, the field current under this condition will be 2.75 A. At no

load, 2000 r/min,
V.~ E, = KiLw, = 0.694 x 2.75 x 2000 (:—0)

and thus V,; = 400 V.
The full load torque was found in Example 11.3 to be Tjeq =

285 N-m and thus the

armature current required to achieve rated full-load torque can be found from Eq. 11.4

= Tues _ 285 149 A
Kf[f 0.694 x 2.75

At a speed of 1975 r/min, E, will be given by

E, = K¢y, = 0.694 x 2.75 x 1975 (;—0) =395V

and thus
V.=E,+ LR, =395+ 149 x 0.084 = 408 V
Solving for G gives

V.= Vo 408 —400

G = =
Wt = 0 (2000 — 1975) (%)

= 3.06 V - sec/rad

Practice Problem 11.4

If the load torque in Example 11.4 is equal to half of the rated full-load torque, calculate (a) the

speed of the motor and (b) the corresponding load power.

Solution

a. 1988 r/min
b. 29.6 kW




11.1  Control of DC Motors 573

In the case of permanent-magnet dc motors, the field flux is, of course, fixed
by the permanent magnet (with the possible exception of any effects of temperature
changes on the magnet properties as the motor heats up). From Eqs. 11.3 and 11.4,
we see that the voltage generated voltage can be written in the form

E, = Knnom (11.8)
and that the electromagnetic torque can be written as
Tinech = Kinla (119)

Comparison of Eqs. 11.8 and 11.9 with Egs. 11.3 and 11.4 show that the analysis
of a permanent-magnet dc motor is identical to that of a shunt or separately excited
dc motor with the exception that the torque-constant K, must be substituted for the
term Krls.

The permanent-magnet dc motor of Example 7.9 has an armature resistance of 1.03 €2 and a
torque constant K, = 0.22 V/(rad/sec). Assume the motor to be driving a constant power load
of 800 W (including rotational losses), and calculate the motor speed as the armature voltage
is varied from 40 to 50 V.

H Solution
The motor power output (including rotational losses) is given by the product E,I, and thus we
can write

Pload = EaIa = Knwnl,

Solving for w,, gives

Pload
Wy = ——
K1

The armature current can be written as

_ (Va - Ea) _ (Va - mem)
-~ R, R,

I,

These two equations can be combined to give an equation for w,, of the form

v, PR
2 a load a
‘”m‘(Km)‘"“T—O

Va 4PloadRa
= T[] — de
“n = 2k, [ Z }

a

from which we can find

Recognizing that, if the voltage drop across the armature resistance is small, V, = E, =
K@y, we pick the positive sign and thus

Va 4PloadRa
= 1 | - e
“n =2k, [ * V2 ]
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(a)

CHAPTER 11 Speed and Torque Control

Substituting values, we find that for V, = 40 V, w, = 169.2 rad/sec (1616 r/min) and for
V. =50V, w, = 217.5 rad/sec (2077 t/min).

Calculate the speed variation (in r/min) of the permanent-magnet dc motor of Example 11.5 if
the armature voltage is held constant at 50 V and the load power varies from 100 W to 500 W.

Solution
2077 r/min to 1540 r/min

11.1.2 Torque Control

As we have seen, the electromagnetic torque of a dc motor is proportional to the
armature current /; and is given by

Theeh = Kslsl, (11.10)
in the case of a separately excited or shunt motor and
Trech = Kl (11.11)

in the case of a permanent-magnet motor.

From these equations we see that torque can be controlled directly by controlling
the armature current. Fig. 11.9 shows three possible configurations. In Fig. 11.9a, a
phase-controlled rectifier, in combination with a dc-link filter inductor, can be used
to create a variable dc-link current which can be applied directly to the armature
terminals of the dc motor.

In Fig. 11.9b, a constant dc-link current is produced by a diode rectifier. The
armature terminal voltage is then varied by a pulse-width modulation scheme in
which switch S is alternately opened and closed. When switch S is opened, the current
I4. flows into the dc-motor armature while when switch S is closed, the armature is

@D s T i

(b) ©

Figure 11.9 Three typical configurations for armature-current control. (a) Variable dc-link current
(produced by a phase-controlled rectifier) applied directly to the dc-motor armature terminals. (b) Constant
de-link current with single-polarity pulse-width modulation. (¢) Constant dc-link current with a full H-bridge.
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Tload
Torque A Dc w
controller motor m
It

Speed

Wref — 5| controller

Figure 11.10 Block diagram of a dc-motor
speed-control system using direct-control
of motor torque.

shorted and I, decays. Thus, the duty cycle of switch S will control the average current
into the armature.

Finally, Fig 11.9c shows an H-bridge configuration as is discussed in the context
of inverters in Section 10.3.2. Appropriate control of the four switches S1 through
S4 allows this PWM system to achieve any desired armature average current in the
range —l4c < I < Iy

Note that in each of the PWM configurations of Fig. 11.9b and ¢, rapid changes in
instantaneous current through the dc machine armature can give rise to large voltage
spikes, which can damage the machine insulation as well as give rise to flashover and
voltage breakdown of the commutator. In order to eliminate these effects, a practical
system must include some sort of filter across the armature terminals (such as a
large capacitor) to limit the voltage rise and to provide a low-impedance path for the
high-frequency components of the drive current.

Figure 11.10 shows a typical configuration in which the torque control is sur-
rounded by a speed-feedback loop. This looks similar to the speed control of Fig. 11.7.
However, instead of controlling the armature voltage, in this case the output of the
speed controller is a torque reference signal Ty which in turn serves as the input to
the torque controller. One advantage of such a system is that it automatically limits
the dc-motor armature current to acceptable levels under all operating conditions, as
is shown in Example 11.6.

Consider the 100-hp dc motor of Examples 11.3 and 11.4 to be driving a load whose torque
varies linearly with speed such that it equals rated full-load torque (285 N-m) at a speed of
2500 r/min. We will assume the combined moment of inertia of the motor and load to equal
0.92 kg-m?. The field voltage is to be held constant at 300 V.

a. Calculate the armature voltage and current required to achieve speeds of 2000 and
2500 r/min.

b. Assume that the motor is operated from an armature-voltage controller and that the
armature voltage is suddenly switched from its 2000 r/min to its 2500 r/min value.
Calculate the resultant motor speed and armature current as a function of time.
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c. Assume that the motor is operated from an armature-current controller and that the
armature current is suddenly switched from its 2000 r/min to its 2500 r/min value.
Calculate the resultant motor speed as a function of time.

B Solution

a. Neglecting any rotational losses, the armature current can be found from Eq. 11.4 by
Setting Tmcch = Tioad

Toa
Ia — load
Kl

n
Tioad = <_) Tfl
ng

where n is the motor speed in r/min, n; = 2500 r/min and T; = 285 N-m gives

_ nTy
T anfIf

Substituting

Solving for V, = E, + I, R, then allows us to complete the following table:

r/min Wm [rad/sec] Va [V] Ia [A] Tload [N * m]
2000 209 410 119 228
2500 262 513 149 285

b. The dynamic equation governing the speed of the motor is

dw,
dt
Substituting w,,, = (7/30)n and w, = (7r/30)n; we can write

J

= Tmcch - Tioad

Under armature-voltage control,

V, - E,
Tmech = KfIfIa = KfIf (T)

( V, — KiLw, )
=KL |
R,

and thus the governing differential equation is
dwn, V. — Kilho, T;

j&em _ Kl Yo T Bela \ Lt wWry
dt Ra Wy

dwy, 1 [T K:IL)? KV,
N (i+(“)>m i,

or

dt T\ R, JR,

dowy
=IO | 484w, — 247V, =0
dt
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From this differential equation, we see that with the motor initially at w, = w; =
209 rad/sec, if the armature voltage V, is suddenly switched from V; = 413 V to
V; = 513V, the speed will rise exponentially to w, = w; = 262 rad/sec as

o = o+ (@ — oe

262 — 53¢ /" rad/sec

where T = 1/48.4 = 20.7 msec. Expressed in terms of r/min
n = 2500 — 50¢™"/* t/min

The armature current will decrease exponentially with the same 20.7 msec time
constant from an initial value of (V; — V;)/R, = 1190 A to its final value of 149 A.
Thus,

I, =149 + 1041e7*" A

Notice that it is unlikely that the supply to the dc motor can supply this large initial
current (eight times the rated full-load armature current) and, in addition, the high
current and corresponding high torque could potentially cause damage to the dc motor
commutator, brushes, and armature winding. Hence, as a practical matter, a practical
controller would undoubtedly limit the rate of change of the armature voltage to avoid
such sudden steps in voltage, with the result that the speed change would not occur as
rapidly as calculated here.
. The dynamic equation governing the speed of the motor remains the same as that in
part (b) as does the equation for the load torque. However, in this case, because the motor
is being operated from a current controller, the electromagnetic torque will remain
constant at 7., = Tr = 285 N-m after the current is switched from its initial value of
119 A to its final value of 149 A.

Thus

Jd T = Toua = T i
4 _ o — =T- L),
dt h load f .

or

d
=% 118w, —310=0
dt

In this case, the speed will rise exponentially to w,, = w; = 262 rad/sec as
1/t

Wy = wr + (w; — w)e”

= 262 — 53¢™"/" rad/sec

where now the time constant 7 = 1/1.18 = 845 msec.
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Practice Problem 11.6
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Clearly, the change in motor speed under the current controller is much slower.
However, at no point during this transient do either the motor current or the motor torque
exceed their rated value. In addition, should faster response be desired, the armature
current (and hence motor torque) could be set temporarily to a fixed value higher than the
rated value (e.g., two or three times rated as compared to the factor of 8 found in part (b)),
thus limiting the potential for damage to the motor.

Consider the dc motor/load combination of Example 11.6 operating under current (torque)
control to be operating in the steady-state at a speed of 2000 r/min at an armature current of
119 A. If the armature current is suddenly switched to 250 A, calculate the time required for
the motor to reach a speed of 2500 r/min.

Solution
0.22 sec

11.2 CONTROL OF SYNCHRONOUS MOTORS
11.2.1 Speed Control

As discussed in Chapters 4 and 5, synchronous motors are essentially constant-speed
machines, with their speed being determined by the frequency of the armature currents
as described by Eqs. 4.40 and 4.41. Specifically, Eq. 4.40 shows that the synchronous
angular velocity is proportional to the electrical frequency of the applied armature
voltage and inversely proportional to the number of poles in the machine

2
ws = < ) We (11.12)
poles

w, = synchronous spatial angular velocity of the air-gap mmf wave [rad/sec]

where

w, = 271 f, = angular frequency of the applied electrical excitation [rad/sec]
f- = applied electrical frequency [Hz]

Clearly, the simplest means of synchronous motor control is speed control via con-
trol of the frequency of the applied armature voltage, driving the motor by a polyphase
voltage-source inverter such as the three-phase inverter shown in Fig. 11.11. As is dis-
cussed in Section 10.3.3, this inverter can either be used to supply stepped ac voltage
waveforms of amplitude V. or the switches can be controlled to produce pulse-width-
modulated ac voltage waveforms of variable amplitude. The dc-link voltage Vg can
itself be varied, for example, through the use of a phase-controlled rectifier.
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Figure 11.11 Three-phase voltage-source inverter.

The frequency of the inverter output waveforms can of course be varied by con-
trolling the switching frequency of the inverter switches. For ac-machine applications,
coupled with this frequency control must be control of the amplitude of the applied
voltage, as we will now see.

From Faraday’s Law, we know that the air-gap component of the armature voltage
in an ac machine is proportional to the peak flux density in the machine and the
electrical frequency. Thus, if we neglect the voltage drop across the armature resistance
and leakage reactance, we can write

fe > ( Bpeak >
Vo= = 1% (11.13)
¢ ( f rated Brated rated

where V, is the amplitude of the armature voltage, f; is the operating frequency, and
By is the peak air-gap flux density. Viaed, frawd, and Braeq are the corresponding
rated-operating-point values.

Consider a situation in which the frequency of the armature voltage is varied while
its amplitude is maintained at its rated value (V, = Viaeq). Under these conditions,
from Eq. 11.13 we see that

Bpeak = (M> Braed (1114)
fe

Equation 11.14 clearly demonstrates the problem with constant-voltage, variable-
frequency operation. Specifically, for a given armature voltage, the machine flux
density is inversely proportional to frequency and thus as the frequency is reduced,
the flux density will increase. Thus for a typical machine which operates in saturation
at rated voltage and frequency, any reduction in frequency will further increase the
flux density in the machine. In fact, a significant drop in frequency will increase
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the flux density to the point of potential machine damage due both to increased
core loss and to the increased machine currents required to support the higher flux
density.

As a result, for frequencies less than or equal to rated frequency, it is typical to
operate a machine at constant flux density. From Eq. 11.13, with Byeak = Braed

Vo= < fe > Viated (11.15)
frated
which can be rewritten as
\% Vi
2 e (11.16)
fe frated

From Eq. 11.16, we see that constant-flux operation can be achieved by maintain-
ing a constant ratio of armature voltage to frequency. This is referred to as constant-
volts-per-hertz (constant V/Hz) operation. It is typically maintained from rated fre-
quency down to the low frequency at which the armature resistance voltage drop
becomes a significant component of the applied voltage.

Similarly, we see from Eq. 11.13 that if the machine is operated at frequencies in
excess of rated frequency with the voltage at its rated value, the air-gap flux density
will drop below its rated value. Thus, in order to maintain the flux density at its
rated value, it would be necessary to increase the terminal voltage for frequencies
in excess of rated frequency. In order to avoid insulation damage, it is common to
maintain the machine terminal voltage at its rated value for frequencies in excess of
rated frequency.

The machine terminal current is typically limited by thermal constraints. Thus,
provided the machine cooling is not affected by rotor speed, the maximum permissible
terminal current will remain constant at its rated value /rued, independent of the applied
frequency. As a result, for frequencies below rated frequency, with V, proportional to
fe, the maximum machine power will be proportional to fe Viaed Iraed- The maximum
torque under these conditions can be found by dividing the power by the rotor speed w;,
which is also proportional to f, as can be seen from Eq. 11.12. Thus, we see that
the maximum torque is proportional to Viyed/raed, and hence it is constant at its
rated-operating-point value.

Similarly, for frequencies in excess of rated frequency, the maximum power will
be constant and equal to Viaied /rated- The corresponding maximum torque will then
vary inversely with machine speed as Viaed Irated/@s. The maximum operating speed
for this operating regime will be determined either by the maximum frequency which
can be supplied by the drive electronics or by the maximum speed at which the rotor
can be operated without risk of damage due to mechanical concerns such as excessive
centrifugal force or to the presence of a resonance in the shaft system.

Figure 11.12 shows a plot of maximum power and maximum torque versus speed
for a synchronous motor under variable-frequency operation. The operating regime
below rated frequency and speed is referred to as the constant-torque regime and that
above rated speed is referred to as the constant-power regime.
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Figure 11.12 Variable-speed operating regimes for a synchronous motor.
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EXAMPLE 11.7

The 45-kVA, 220-V, 60-Hz, six-pole, three-phase synchronous machine of Example 5.4 is
to be operated as a motor and driven from a variable-frequency, three-phase voltage-source
inverter which provides 220 V at 60 Hz and which maintains constant V/Hz as the frequency
is reduced. The machine has a saturated synchronous reactance of 0.836 per unit and achieves
rated open-circuit voltage at a field current of 2.84 A. For the purposes of this example, assume
that the motor losses are negligible.

a. With the motor operating at 60 Hz, 220 V and at rated power, unity power factor, calculate
(¢) the motor speed in r/min and (i7) the motor field current.

b. If the inverter frequency is reduced to 50 Hz and the motor load adjusted to rated torque,
calculate the (i) the resulting motor speed and (i) and the motor field current required to
again achieve unity power factor.

H Solution
a. (i) The motor will operate at its synchronous speed which can be found from Eq. 4.41

120 120
ny = f. = — ] 60 = 1200 r/min
poles 6

(if) Asseen in Chapter 5, the field current can be determined from the generated voltage.

For motor operation,
Es=V,— jXf,=10-j0.836 x1.0=1307-39.9°
where V, has been chosen as the reference phasor. Thus the field current is
I=130x284=3.69A

Note that we have chosen to solve for E, in per unit. A solution in real units would have
of course produced the same result.
b. (i) When the frequency is reduced from 60 Hz to 50 Hz, the motor speed will drop from
1200 r/min to 1000 r/min.
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(ii) Let us again consider the equation for the generated voltage
Es=V, —szla
where here we will assume that the equation is written in real units.
As the inverter frequency is reduced from 60 Hz, the inverter voltage will drop
proportionally since the inverter maintains constant V/Hz. Thus we can write
,
Vo= (_m) Vao
Wro
where the subscript 0 is used to indicate a 60-Hz value as found in part (a). Reactance
is also proportional to frequency and thus

Xs = (&) XsO

Wmo

The generated voltage is proportional to both the motor speed (and hence the
frequency) and the field current, and thus we can write

17 If
bem (22) (1)
Wmg 1 fo
Finally, if we recognize that, to operate at rated torque and unity power factor under

this reduced frequency condition, the motor armature current will have to be equal to the
value found in part (a), i.e., I, = I, we can write the generated voltage equation as

m I\ 4 m ) o L On .
(2) (£)am (22) e (22)
Wmo I Wmo Wi

or
I\ - N RN
(1—) Eg = Vo — jXolo
o
Since the subscripted quantities correspond to the solution of part (a), they must
satisfy

Eam = VaO - szOia()
and thus we see that we must have I; = Iy. In other words, the field current for this
operating condition is equal to that found in part (a), or I; = 3.69 A.

Consider 50-Hz operation of the synchronous motor of Example 11.7, part (b). If the load
torque is reduced to 75 percent of rated torque, calculate the field current required to achieve
unity power factor.

Solution
335A

Although during steady-state operation the speed of a synchronous motor is
determined by the frequency of the drive, speed control by means of frequency control
is of limited use in practice. This is due in most part to the fact that it is difficult
for the rotor of a synchronous machine to track arbitrary changes in the frequency
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of the applied armature voltage. In addition, starting is a major problem, and, as
a result, the rotors of synchronous motors are often equipped with a squirrel-cage
winding known as an amortisseur or damper winding similar to the squirrel-cage
winding in an induction motor, as shown in Fig. 5.3. Following the application of
a polyphase voltage to the armature, the rotor will come up almost to synchronous
speed by induction-motor action with the field winding unexcited. If the load and
inertia are not too great, the motor will pull into synchronism when the field winding
is subsequently energized.

Problems with changing speed result from the fact that, in order to develop torque,
the rotor of a synchronous motor must remain in synchronism with the stator flux.
Control of synchronous motors can be greatly enhanced by control algorithms in
which the stator flux and its relationship to the rotor flux are controlled directly. Such
control, which amounts to direct control of torque, is discussed in Section 11.2.2.

11.2.2 Torque Control

Direct torque control in an ac machine, which can be implemented in a number of
different ways, is commonly referred to as field-oriented control or vector control. To
facilitate our discussion of field-oriented control, it is helpful to return to the discussion
of Section 5.6.1. Under this viewpoint, which is formalized in Appendix C, stator
quantities (flux, current, voltage, etc.) are resolved into components which rotate in
synchronism with the rotor. Direct-axis quantities represent those components which
are aligned with the field-winding axis, and quadrature-axis components are aligned
perpendicular to the field-winding axis.

Section C.2 of Appendix C derives the basic machine relations in dq0 variables
for a synchronous machine consisting of a field winding and a three-phase stator
winding. The transformed flux-current relationships are found to be

Ad = Lgig + Laris (11.17)
Aq = Lygiqg (11.18)

3
Af = '7:Laf ig + Lyis (11.19)

where the subscripts d, q, and f refer to armature direct-, quadrature-axis, and field-
winding quantities respectively. Note that throughout this chapter we will assume
balanced operating conditions, in which case zero-sequence quantities will be zero
and hence will be ignored.

The corresponding transformed voltage equations are

dx
va = Raig + d—: — Wmelq (11.20)
dx
Vg = Raiq + —qu + @Wmehd (11.21)
dx
v = Reig + — (11.22)

dt

where @y, = (poles/2)wy, is the electrical angular velocity of the rotor.
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Finally, the electromagnetic torque acting on the rotor of a synchronous motor is
shown to be (Eq. C.31)

3 oles
Tmech = E (p 5

Under steady-state, balanced-three-phase operating conditions, wme = w, Where
we is the electrical frequency of the armature voltage and current in rad/sec. Because
the armature-produced mmf and flux waves rotate in synchronism with the rotor and
hence with respect to the dq reference frame, under these conditions an observer in
the dq reference frame will see constant fluxes, and hence one can set d/dt = 0.!

Letting the subscripts F, D, and Q indicate the corresponding constant values of
field-, direct- and quadrature-axis quantities respectively, the flux-current relation-
ships of Egs. 11.17 through 11.19 then become

) (haigq — Agia) (11.23)

Ap = Lgip + Laig (11.24)
Ag = Lqu (11.25)

3
A = E Lasip + Leir (11.26)

Armature resistance is typically quite small, and, if we neglect it, the steady-state
voltage equations (Egs. 11.20 through 11.22) then become

Up = —WeAqQ (11.27)
vQ = WeAp (11.28)
Up = Ryip (11.29)
Finally, we can write Eq. 11.23 as
Thnech = % (pozles> (Apig — Agip) (11.30)

From this point on, we will focus our attention on machines in which the effects
of saliency can be neglected. In this case, the direct- and quadrature-axis synchronous
inductances are equal and we can write

Ly=Lq=L, (11.31)

where L, is the synchronous inductance. Substitution into Eqs. 11.24 and 11.25 and
then into Eq. 11.30 gives

_ 3 (poles
mech = 5 5

) [(Lsip + Lagir)iq — Lsigip]

3 [poles .
= E ( ) ) LalelQ (1132)

! This can easily be derived formally by substituting expressions for the balanced-three-phase armature
currents and voltages into the transformation equations.
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Equation 11.32 shows that torque is produced by the interaction of the field flux
(proportional to the field current) and the quadrature-axis component of the armature
current, in other words the component of armature current that is orthogonal to the
field flux. By analogy, we see that the direct-axis component of armature current,
which is aligned with the field flux, produces no torque.

This result is fully consistent with the generalized torque expressions which are
derived in Chapter 4. Consider for example Eq. 4.73 which expresses the torque in
terms of the product of the stator and rotor mmfs (Fs and F; respectively) and the sine
of the angle between them.

1 DI
T = — (P2 (B2 b F sins,, (11.33)
2 2g

where &, is the electrical space angle between the stator and rotor mmfs. This shows
clearly that no torque will be produced by the direct-axis component of the armature
mmf which, by definition, is that component of the stator mmf which is aligned with
that of the field winding on the rotor.

Equation 11.32 shows the torque in a nonsalient synchronous motor is propor-
tional to the product of the field current and the quadrature-axis component of the
armature current. This is directly analogous to torque production in a dc machine for
which Eqgs. 7.10 and 7.13 can be combined to show that the torque is proportional to
the product of the field current and the armature current.

The analogy between a nonsalient synchronous machine and dc machine can be
further reinforced. Consider Eq. 5.21, which expresses the rms value of the line-to-
neutral generated voltage of a synchronous generator as

We Lofip

Eaf = 75— (1134)

Substitution into Eq. 11.32 gives

3 pOICS EafiQ
Tmech = = — 11.35
mech ) ( \/5 ) % ( )

This is directly analogous to Eq. 7.16 (Teech = Eala/wn) for a dc machine in which
the torque is proportional to the product of the generated voltage and the armature
current.

The brushes and commutator of a dc machine force the commutated armature
current and armature flux along the quadrature axis such that Iy = 0 and it is the
interaction of this quadrature-axis current with the direct-axis field flux that produces
the torque.” A field-oriented controller which senses the position of the rotor and
controls the quadrature-axis component of armature current produces the same effect
in a synchronous machine.

2 In a practical dc motor, the brushes may be adjusted away from this ideal condition somewhat to
improve commutation. In this case, some direct-axis flux will be produced, corresponding to a small
direct-axis component of armature current.
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Although the direct-axis component of the armature current does not play a role
in torque production, it does play a role in determining the resultant stator flux and
hence the machine terminal voltage, as can be readily shown. Specifically, from the
transformation equations of Appendix C,

Vs = Up COS (we?) — vq SN (wet) (11.36)

and thus the rms amplitude of the armature voltage is equal to>

y _\ﬁgﬂg_w\/xgﬂg
a — - €
2 2

\/ (Lgip + Latig)? + (Lsiq)?
= a)e 2

(11.37)

Dividing V, by the electrical frequency w,, we get an expression for rms armature

flux linkages
/ XDZ + XQZ Liip + Ly 2 + (Lgi 2
()\a)rms = 2 = \/V( siD afle) ( sl()) (115 .)

Similarly, the transformation equations of Appendix C can be used to show that
the rms amplitude of the armature current is equal to

i2 +i2
I, = ,/—02—9 (11.39)

From Eq. 11.32 we see that torque is controlled by the product igig of the field
current and the quadrature-axis component of the armature current. Thus, simply
specifying a desired torque is not sufficient to uniquely determine either ig or ig.
In fact, under the field-oriented-control viewpoint presented here, there are actually
three indpendent variables, ig, ig and ip, and, in general, three constraints will be
required to uniquely determine them. In addition to specifying the desired torque, a
typical controller will implement additional constraints on terminal flux-linkages and
current using the basic relationships found in Egs. 11.38 and 11.39.

Figure 11.13a shows a typical field-oriented torque-control system in block-
diagram form. The torque-controller block has two inputs, Ty, the reference value or
set point for torque and (ip)rf, the reference value or set point for the field current,
which is also supplied to the power supply which supplies the current ig to the motor
field winding. (ig)rr is determined by an auxiliary controller which also determines

3 Strictly speaking, armature resistance should be included in the voltage expression, in which case the
rms amplitude of the armature voltage would be given by the expression

2 2 . .
. vD+vQ_\/(Razofwexo>2+<RazQ+wexD>2
=1/ -
2 2
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Figure 11.13 (a) Block diagram of a field-oriented torque-control system for
a synchronous motor. (b) Block diagram of a synchronous-motor speed-control
loop built around a field-oriented torque control system.

the reference value (ip).r of the direct-axis current, based upon desired values for the
armature current and voltage. The torque controller calculates the desired quadrature-
axis current from Eq. 11.32 based upon Tier and (ip)ref

2 2 Tref
[ Qref = = | —— | —— 11.40
(lQ) f 3 (pOlCS) Laf(lF)ref ( )

Note that a position sensor is required to determine the angular position of the rotor
in order to implement the dq0 to abc transformation.

In a typical application, the ultimate control objective is not to control motor
torque but to control speed or position. Figure 11.13b shows how the torque-control
system of Fig. 11.13b can be used as a component of a speed-control loop, with speed
feedback forming an outer control loop around the inner torque-control loop.
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Consider again the 45-kVA, 220-V, six-pole synchronous motor of Example 11.7 operating at
60 Hz with a field current of 2.84 A. If the motor is loaded to rated torque and operating under a
field-oriented control system such that i, = 0, calculate (a) the phase currents i,(¢), i,(¢), and
i.(t) as well as the per-unit value of the armature current and () the motor terminal voltage in
per unit. Assume that 6, = 0 at time ¢+ = O (i.e., the rotor direct axis is aligned with phase a
att =0).

H Solution
a. We must first calculate L,s. From Example 11.7, we see that the motor produces rated
open-circuit voltage (220-V rms, line-to-line) at a field current of 2.84 A. From Eq. 11.34

. ﬁEaf

af .
WelF

where E is the rms, line-to-neutral generated voltage. Thus

2(220//3
o = —f( /V3) =0.168 H
1207 x 2.84
Rated torque for this six-pole motor is equal to
Pra!ed Pra!cd
Tra!ed = =
(wm)rated (we)rawd (2/p0165)
45 x 10°
= X7 _358N-m
1207 (2/6)

Thus, setting Tef = Tryeq = 358 N-m and (ip).r = 2.84 A, we can find ig from

Eq. 11.40 as
2 2 T. 2/(2 358
== | — o =2 (2 ) —— __=167A
3 \poles /] Ly(ip)s 3 \ 6/ 0.168 x 2.84

Using the fact that 6, = w,.t and setting ip = 0, the transformation from dq0
variables to abc variables (Eq. C.2 of Appendix C) gives

i,(t) = ipcos (w.t) — igsin(w.t) = —167 sin (wt) = —«/5(1 18) sin (w.t) A
where w, = 120n ~ 377 rad/sec. Similarly
iy (1) = —+/2(118) sin (w.t — 120°) A
and
i.(£) = —/2(118) sin (we? + 120°) A
The rms armature current is 118 A and the machine base current is equal to

b P _45x10°
base — ﬁvbam - \/5220

Thus the per-unit machine terminal current is equal to 7, = 118/118 = 1.0 per unit.

=118A
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b. The motor terminal voltage can most easily be found from the rms phasor relationship
Vo= jXJI.+ Ey
In part (a) we found that i, = —/2(118) sin {w,t) A and thus
I.=jl118 A
We can find E, from Eq. 11.34 as
weLysir 120 x 0.168 x 2.84

E;= = = 127 V line-to-neutral
f ,\/i ,\/i
and, thus, since (EA;,f)rms lies along the quadrature axis, as does I 2
Es=j127V

The base impedance of the machine is equal to

V2 2207
V4 ase — base =— =1076 Q2
T P 45 x 10° 6

and the synchronous reactance of 0.836 pu is equal to X; = 0.836 x 1.076 = 0.899 Q.
Thus the rms line-to-neutral terminal voltage

V, = jX,I,+ E, = j0.899(;118) + j127
= —106 + j127 = 165 £129.9° V line-to-neutral

or V, = 287 V rms line-to-line = 1.30 per unit.

Note that the terminal voltage for this operating condition is considerably in excess
of the rated voltage of this machine, and hence such operation would not be acceptable.
As we shall now discuss, a control algorithm which takes advantage of the full capability
to vary i, ip, and iq can achieve rated torque while not exceeding rated terminal voltage.

Calculate the per-unit terminal voltage and current of Example 11.8 if the field-oriented con-
troller maintains i, = 0 while reducing i to 2.6 A.

Solution

V. = 1.29 per unit and I, = 1.09 per unit.

As we have discussed, a practical field-oriented control must determine values
for all three currents ir, ip, and ig. In Example 11.8 two of these values were chosen
relatively arbitrarily (ir = 2.84 and ip = 0) and the result was a control that achieved
the desired torque but with a terminal voltage 30 percent in excess of the motor-
rated voltage. In a practical system, additional constraints are required to achieve an
acceptable control algorithm.

One such algorithm would be to require that the motor operate at rated flux and
at unity terminal power factor. Such an algorithm can be derived with reference to the
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IAd = iD/‘[i

JoeL,

X q-axis

Figure 11.14 Phasor diagram for unity-power-
factor field-oriented-control algorithm.

phasor diagram of Fig 11.14 and can be implemented using the following steps:

Step 1. Calculate the line-to-neutral armature voltage corresponding to rated
flux as

Va = (Va)rated ( Pm ) (1141)

(wm )rated

where (V,)raeq 18 the rated line-to-neutral armature voltage at rated motor
speed, wy, is the desired motor speed, and (W, ) ateqd 18 its rated speed.
Step 2. Calculate the rms armature current from the desired torque Tres as
_ Pres _ Tres
T3V, T 3,
where P, is the mechanical power corresponding to the desired torque.

Step 3. Calculate the angle § based upon the phasor diagram of Fig 11.14

L.
8§ = —tan~! (wevs ) (11.43)

a

where w, = wye = (poles/2)wn, is the electrical frequency corresponding to
the desired motor speed.

Step 4. Calculate (ig)rer and (ip)res

(iQ)ret = V21, cos 8 (11.44)
(ip)ret = V21, sin 8 (11.45)
Step 5. Calculate (i)res from Eq. 11.32
. 2 2 Tref
=z\— |7 11.46
(Fe)rer 3 (POICS> Las(ig)ret ( )

This algorithm is illustrated in Example 11.9.

(11.42)
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The 45-kVA, 220-V synchronous motor of Example 11.8 is to be again operated at rated torque
and speed from a field-oriented control system. Calculate the required motor field current and
the per-unit terminal voltage and current if the unity-power-factor algorithm described above
is implemented.

H Solution
We will follow the individual steps outlined above.

Step 1. Since the motor is operating at rated speed, the desired terminal voltage will be
the rated line-to-neutral voltage of the machine.
V. 220 127V=10 it
= = = =1, cr unl
ﬁ p
Step 2. Setting T,y = 358 N-m and w,, = (2/poles)w, = 40x, the rms armature current
can be calculated from Eq. 11.42

Tret O _ 358 x (40m)

I, = =
3(V,) 3x 127

=118A

As calculated in Example 11.8, I,,e = 118 A and thus I, = 1.0 per unit. This is as
expected, since we want the motor to operate at rated torque, speed and terminal voltage,
and at unity power factor.

Step 3. Next calculate § from Eq. 11.43. This calculation requires that we determine the
synchronous inductance L.

X, 0899
B (we)raled - 1207[

p— el
Va

o (1207;2.38 x 107 x 118>

= 2.38 mH

s

Thus

= —0.695 rad = —39.8°

127

Step 4. We can now calculate the desired values of ig and ip from Eqs. 11.44
and 11.45.

(iQ)nt = V2I,cos8 = 128 A
and
(i)t = V21, 5ind = —107 A

Step 5. (ip)es is found from Eq. 11.46

2/ 2 T. 2 (2 358
(8ot = = (2 __—370A
3 \ poles ) LuGig)er 3 \6/ 0.168 x 128
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Repeat Example 11.9 for the motor operating at rated torque and half of rated speed. Calculate
(a) the desired motor field current, (b) the line-to-neutral terminal voltage (in volts), and (c) the
armature current (in amperes).

Solution

a. (iF)ref =370A
b. V, = 63.5 V line-to-neutral
c. [ =118A

The discussion of this section has focused upon synchronous machines with field
windings and the corresponding capability to control the field excitation. The basic
concept, of course, also applies to synchronous machines with permanent magnets
on the rotor. However, in the case of permanent-magnet synchronous machines, the
effective field excitation is fixed and, as a result, there is one less degree of freedom
for the field-oriented control algorithm.

For a permanent-magnet synchronous machine, since the effective equivalent
field current is fixed by the permanent magnet, the quadrature-axis current is de-
termined directly by the desired torque. Consider a three-phase permanent-magnet
motor whose rated rms, line-to-neutral open-circuit voltage is (Eqf)raeq at electrical
frequency (we)raed. From Eq. 11.34 we see that the equivalent L,¢I¢ product for this
motor, which we will refer to by the symbol Apy, is

_ \/E( Eaf)rated

11.47
(@e)rated ( )

Apm

Thus, the direct-axis flux-current relationship for this motor, corresponding to
Eq. 11.24, becomes

Ap = Lgip + Apm (11.48)
and the torque expression of Eq. 11.32 becomes
3 /[ poles
Toecn = 5 (p : ) Apmio (11.49)

From Eq. 11.49 we see that, for a permanent-magnet sychronous machine un-
der field-oriented control, the quadrature-axis current is uniquely determined by the
desired torque and Eq. 11.40 becomes

, 2 2 T;'ef
ref = = 11.50
(lQ) of 3 (pOlCS) ApM ( )

Once (ig)rr has been specified, the only remaining control choice remains to
determine the desired value for the direct-axis current, (ip)rf. One possibility is
simply to set (ip)rr=0. This will clearly result in the lowest possible armature
current for a given torque. However, as we have seen in Example 11.8, this is likely
to result in terminal voltages in excess of the rated voltage of the machine. As a
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Figure 11.15 Bilock diagram of a field-oriented torque-control system
for a permanent-magnet synchronous motor.

result, it is common to supply direct-axis current so as to reduce the direct-axis flux
linkage of Eq. 11.48, which will in turn result in reduced terminal voltage. This
technique is commonly referred to as flux weakening and comes at the expense of
increased armature current.* In practice, the chosen operating point is determined
by a trade-off between reducing the armature voltage and an increase in armature
current. Figure 11.15 shows the block diagram for a field-oriented-control system for
use with a permanent-magnet motor.

A 25-kW, 4000-rpm, 220-V, two-pole, three-phase permanent-magnet synchronous motor pro-
duces rated open-circuit voltage at a rotational speed of 3200 r/min and has a synchronous
inductance of 1.75 mH. Assume the motor is to be operated under field-oriented control at
2800 r/min and 65 percent of rated torque.

a. Calculate the required quadrature-axis current.

b. If the controller is designed to minimize armature current by setting i, = 0, calculate the
resultant armature flux linkage in per-unit.

c. If the controller is designed to maintain the armature flux-linkage at its rated value,
calculate the corresponding value of iy, and the corresponding rms and per-unit values of
the armature current.

W Solution
a. The rated speed of this machine is

(wm)rated = 4000 (%) = 419 rad/sec

4 See T. M. Jahns, “Flux-Weakening Regime Operation of an Interior Permanent Magnet Synchronous
Motor Drive,” IEEE Transactions on Industry Applications, Vol. 23, pp. 681-689.
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and the rated torque is

Puct 25 x 10°

=59.7N-
(wm)rated 419 "

Tra!ed =

This motor achieves its rated-open-circuit voltage of 220/+/3 = 127 V rms at a
speed of n = 3200 r/min. The corresponding electrical frequency is

I
0, = (P°2°S> (%’6) "= (;’-0) 3200 = 335 rad/sec

From Eq. 11.47,

2(E )rate 2127
Apy = V2B e = V2 =0.536 Wb
we 335

Thus, setting T,y = 0.65T . = 38.8 N-m, from Eq. 11.50 we find that

2/ 2 \ Tu _2[388
it = = e S22 ) 24834
(et = 3 (poles) Am 3 (0.536) 8

Ap = Apy = 0.536 Wb

b. With (ip)e = 0,

and
Ag = Liiq = (1.75 x 107%)48.3 = 0.0845 Wb

Thus, the rms line-to-neutral armature flux is equal to

AL+ A2 5367 + 0.0845?
Aa=\/“;r °=\ﬁ) J; = 0.384 Wb

The base rms line-to-neutral armature flux can be determined from the base
line-to-neutral voltage (V,)vase = 127 V and the base frequency (@, )vsse = 419 rad/sec as

( Va )hase
(a)e )hase

(Aa)base = =0.303 Wb

Thus, the per-unit armature flux is equal to 0.384/0.303 = 1.27 per unit. From this
calculation we see that the motor is significantly saturated at this operating condition. In
fact, the calculation is probably not accurate because such a degree of saturation will most
likely give rise to a reduction in the synchronous inductance as well as the magnetic
coupling between the rotor and the stator.

¢. In order to maintain rated armature flux linkage, the control will have to produce a
direct-axis component of armature current to reduce the direct-axis flux linkage such that
the total armature flux linkage is equal to the rated value (A, )y Specifically, we must
have

Ap = /2(A)%e — A3 = +/2 x 0.303% — 0.0844? = 0.420 Wb
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We can now find (ip),s from Eq. 11.48 (setting Ly = L;)

, Ap— Apy  0.420 — 0.536
= = =—663A
(n)er L. 175 x 103

The corresponding rms armature current is

I, = \/(in)fef;‘ (iQ)ns = \/66‘32 +48.3 _ 58.0 A

2
The base rms armature current for this machine is equal to

b P _25x10°
T Ve 43220

and hence the per-unit armature current is equal to 58.0/65.6 = 0.88 per unit.

=656A

Comparing the results of parts (b) and (c) we see how flux weakening by the introduction
of direct-axis current can be used to control the terminal voltage of a permanent-magnet
synchronous motor under field-oriented control.

Consider again the motor of Example 11.10. Repeat the calculations of parts (b) and (c) of
Example 11.10 for the case in which the motor is operating at 80 percent of rated torque at a
speed of 2500 r/min.
Solution

For part (b), A, = 1.27 per unit.

For part (c), I, = 0.98 per unit.

11.3 CONTROL OF INDUCTION MOTORS
11.3.1 Speed Control

Induction motors supplied from a constant-frequency source admirably fulfill the
requirements of substantially constant-speed drives. Many motor applications, how-
ever, require several speeds or even a continuously adjustable range of speeds. From
the earliest days of ac power systems, engineers have been interested in the develop-
ment of adjustable-speed ac motors.

The synchronous speed of an induction motor can be changed by (a) changing
the number of poles or (b) varying the line frequency. The operating slip can be
changed by (c) varying the line voltage, (d) varying the rotor resistance, or (¢) applying
voltages of the appropriate frequency to the rotor circuits. The salient features of
speed-control methods based on these five possibilities are discussed in the following
five sections.
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Rotor

Figure 11.16 Principles of the pole-changing winding.

Pole-Changing Motors In pole-changing motors, the stator winding is designed
so that, by simple changes in coil connections, the number of poles can be changed
in the ratio 2 to 1. Either of two synchronous speeds can then be selected. The rotor
is almost always of the squirrel-cage type, which reacts by producing a rotor field
having the same number of poles as the inducing stator field. With two independent
sets of stator windings, each arranged for pole changing, as many as four synchronous
speeds can be obtained in a squirrel-cage motor, for example, 600, 900, 1200, and
1800 r/min for 60-Hz operation.

The basic principles of the pole-changing winding are shown in Fig. 11.16, in
which aa and a’a’ are two coils comprising part of the phase-a stator winding. An
actual winding would, of course, consist of several coils in each group. The windings
for the other stator phases (not shown in the figure) would be similarly arranged. In
Fig. 11.16a the coils are connected to produce a four-pole field; in Fig. 11.16b the
current in the a’a’ coil has been reversed by means of a controller, the result being a
two-pole field.

Figure 11.17 shows the four possible arrangements of these two coils: they can be
connected in series or in parallel, and with their currents either in the same direction
(four-pole operation) or in the opposite direction (two-pole operation). Additionally,
the machine phases can be connected either in Y or A, resulting in eight possible
combinations.

Note that for a given phase voltage, the different connections will result in differ-
ing levels of air-gap flux density. For example, a change from a A to a Y connection
will reduce the coil voltage (and hence the air-gap flux density) for a given coil ar-
rangement by +/3. Similarly, changing from a connection with two coils in series
to two in parallel will double the voltage across each coil and therefore double the
magnitude of the air-gap flux density. These changes in flux density can, of course,
be compensated for by changes in the applied winding voltage. In any case, they
must be considered, along with corresponding changes in motor torque, when the
configuration to be used in a specific application is considered.

Armature-Frequency Control The synchronous speed of an induction motor can
be controlled by varying the frequency of the applied armature voltage. This method



11.3 Control of Induction Motors

a -—a a -a
A oYY
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a —d —-d a

(©) (d)

Figure 11.17 Four possible arrangements of phase-a stator coils
in a pole-changing induction motor: (a) series-connected, four-pole;
(b) series-connected, two-pole; (c) parallel-connected, four-pole;
(d) parallel-connected, two-pole.

of speed control is identical to that discussed in Section 11.2.1 for synchronous
machines. In fact, the same inverter configurations used for synchronous machines,
such as the three-phase voltage-source inverter of Fig. 11.11, can be used to drive
induction motors. As is the case with any ac motor, to maintain approximately constant
flux density, the armature voltage should also be varied directly with the frequency
(constant-volts-per-hertz).

The torque-speed curve of an induction motor for a given frequency can be calcu-
lated by using the methods of Chapter 6 within the accuracy of the motor parameters
at that frequency. Consider the torque expression of Eq. 6.33 which is repeated here.

Thech =

1 [ npnVieg(R2/5) } (1151)

0 | (Ryeq + (R2/8))? + (X1 + X2)?

where w; = (2/poles)w, and w, is the electrical excitation frequency of the motor in
rad/sec,

. . i Xm
Vieg = V; 11.52
bea = 11 <R1 + (X +xm)) (11.52)

and

. JXm(Ry + jX1)
R Xleq= 11.53
leq +] leq Rl +](X1 +Xm) ( )

To investigate the effect of changing frequency, we will assume that R is negli-
gible. In this case,

. . X
Vieg=W1 (*) (11.54)

Rig=0 (11.55)
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and
X mX 1
X1+ X
Let the subscript () represent rated-frequency values of each of the induction-
motor parameters. As the electrical-excitation frequency is varied, we can then write

Xioq = (11.56)

We

(Xl,eq +X2) = ( ) (Xl.eq + X2)o (11.57)

(g()
Under constant-volts-per-hertz control, we can also write the equivalent source
voltage as

N w N

Vi= (—c) (Vi)o (11.58)

Wep

and hence, since V), ¢q is equal to V| multiplied by a reactance ratio which stays
constant with changing frequency,

. w, .
Vieg = (w_e) (V1,e9)0 (11.39)

c0

Je=12Hz \ fo=24Hz\ fo=36Hz\ f.=48Hz | f,=60Hz

| 1 | | ! ] | 1 I |

—400

—200 0 200 400 600 800 1000 1200 1400 1600 1800
r/min

(a)

Figure 11.18 A family of typical induction-motor speed-torque curves for a four-pole
motor for various values of the electrical supply frequency. (a) R, sufficiently small so that its
effects are negligible. (b} Ay not negligible.
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Finally, we can write the motor slip as
ws — wy _ poles (Awm>

ON 2 We

S =

(11.60)

where Awy, = ws — wy, is the difference between the synchronous and mechanical
angular velocities of the motor.
Substitution of Egs. 11.57 through 11.60 into Eq. 11.51 gives

nph[(Vl,eq)O]z(RZ/Aw)

[(2%2)(Ro/Aw)]” + [(X1.eq + X2)oP?

Tnech = (1161)

Equation 11.61 shows the general trend in which we see that the frequency
dependence of the torque-speed characteristic of an induction motor appears only in
the term R,/Aw. Thus, under the assumption that R, is negligible, as the electrical
supply frequency to an induction motor is changed, the shape of the speed-torque
curve as a function of Aw (the difference between the synchronous speed and the
motor speed) will remain unchanged. As a result, the torque-speed characteristic will
simply shift along the speed axis as w,(f) is varied.

A set of such curves is shown in Fig. 11.18a. Note that as the electrical frequency
(and hence the synchronous speed) is decreased, a given value of Aw corresponds to a
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Figure 11.18 (Continued)
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larger slip. Thus, for example, if the peak torque of a four-pole motor driven at 60 Hz
occurs at 1638 r/min, corresponding to a slip of 9 percent, when driven at 30 Hz, the
peak torque will occur at 738 r/min, corresponding to a slip of 18 percent.

In practice, the effects of Ry may not be fully negligible, especially for large
values of slip. If this is the case, the shape of the speed-torque curves will vary
somewhat with the applied electrical frequency. Figure 11.18b shows a typical family
of curves for this case.

The three-phase, 230-V, 60-Hz, 12-kW, four-pole induction motor of Example 6.4 (with R, =
0.2 Q) is to be operated from a variable-frequency, constant-volts-per-hertz motor drive whose

terminal voltage is 230 V at 60 Hz. The motor is driving a load whose power can be assumed
to vary as

n 3
P = 105 — ) kW
g = 10 (1800)

where n is the load speed in r/min. Motor rotational losses can be assumed to be negligible.

Write a MATLAB script to find the line-to-line terminal voltage, the motor speed in r/min,
the slip and the motor load in kW for (a) a source frequency of 60 Hz and () a source frequency
of 40 Hz.

H Solution
As the electrical frequency f, is varied, the motor reactances given in Example 6.4 must be

varied as
X=X, £
60

where X, s the reactance value at 60 Hz. Similarly, the line-to-neutral armature voltage must

be varied as
22
V, = —0 £ =127 —é A%
/3 \ 60 60

From Eq. 4.40, the synchronous angular velocity of the motor is equal to

4
w, = ( al ) f. = n f, rad/sec

poles

and, at any given motor speed w,, the corresponding slip is given by
Wy — Wp
§=—

ws

Using Egs. 11.51 through 11.53, the motor speed can be found by searching over w,, for
that speed at which P,,q = @, Theen- If this is done, the result is:

a. For f, = 60 Hz:

Terminal voltage = 230 V line-to-line
Speed = 1720 r/min



Slip = 4.4%
Piog = 9.17 kW

b. For f, = 40 Hz:

Terminal voltage = 153 V line-to-line
Speed = 1166 r/min

Slip = 2.8%
Piosd = 2.86 KW
Here is the MATLAB script:
clc
clear

%$Here are the 60-Hz motor parameters

V10 = 230/sqgrt(3);

Nph = 3;
poles = 4;
fed = 60;
R1 = 0.095;
R2 = 0.2;

X10 = 0.680;
X20 = 0.672;
Xm0 = 18.7;

% Two freqguency values

fel = 60;
fe2 = 40;

form=1:2,

ifm==1

fe = fel;
else

fe = fe2;
end

% Calculate the reactances and the voltage

X1 X10* (fe/fe0);
X2 = X20*(fe/fel});
Xm Xm0* (fe/fel) ;
V1 V1i0* (fe/fel);

il

%Calculate the synchronous speed

omegas = 4*pi*fe/poles;
ns = 120*fe/poles;

%$Calculate stator Thevenin equivalent

Vieg = abs(V1*j*Xm/(R1 + j*(X1+Xm)));

Control of Induction Motors
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Repeat Example 11.11 for a source frequency of 50 Hz.

Zleqg
Rleqg
Xleqg = imag(Zleq);

CHAPTER 11 Speed and Torque Control

J*Xm* (R1+3*X1) /(R1 + j*(X1+Xm));
real(zleq);

%$Search over the slip until the Pload = Pmech

slip = 0.;
error = 1;

while error >= 0;

slip = slip + 0.00001;

rpm = ns*(1l-slip);

omegam = omegas*(l-slip);

Tmech = (1l/omegas)*Nph*Vleg™2*(R2/slip);
Tmech = Tmech/ ((R1+R2/slip) "2 + (X1+X2)"2);
Pmech = Tmech*omegam;

Pload = 10.5e3* {rpm/1800)"3;

error = Pload - Pmech;

%End of while loop

fprintf{’\nFor fe = %g [Hz]:’, fe)

fprintf('\n Terminal voltage = %g [V 1-1]’,V1l*sqrt(3))
fprintf (‘\n rpm = %g’,rpm)

fprintf (’\n slip = %g [percent] ’,100*slip)
fprintf('\n Pload = %g [kW]’,Pload/1000)
fprintf('\n\n’)

Solution
Terminal voltage = 192 V line-to-line
Speed = 1447 r/min
Slip = 3.6%
P = 5.45 kW

Line-Voltage Control

The internal torque developed by an induction motor is
proportional to the square of the voltage applied to its primary terminals, as shown
by the two torque-speed characteristics in Fig. 11.19. If the load has the torque-speed
characteristic shown by the dashed line, the speed will be reduced from n; to n;. This
method of speed control is commonly used with small squirrel-cage motors driving
fans, where cost is an issue and the inefficiency of high-slip operation can be tolerated.
It is characterized by a rather limited range of speed control.
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Torque

Speed

Figure 11.19 Speed control by
means of line voltage.

Rotor-Resistance Control The possibility of speed control of a wound-rotor motor
by changing its rotor-circuit resistance has already been pointed out in Section 6.7.1.
The torque-speed characteristics for three different values of rotor resistance are
shown in Fig. 11.20. If the load has the torque-speed characteristic shown by the
dashed line, the speeds corresponding to each of the values of rotor resistance are
ni, ny, and n3. This method of speed control has characteristics similar to those of dc
shunt-motor speed control by means of resistance in series with the armature.

The principal disadvantages of both line-voltage and rotor-resistance control are
low efficiency at reduced speeds and poor speed regulation with respect to change in
load. In addition, the cost and maintenance requirements of wound-rotor induction
motors are sufficiently high that squirrel-cage motors combined with solid-state drives
have become the preferred option in most applications.

11.3.2 Torque Control

In Section 11.2.2 we developed the concept of field-oriented-control for synchronous
machines. Under this viewpoint, the armature flux and current are resolved into two
components which rotate synchronously with the rotor and with the air-gap flux wave.

A

Torque

Figure 11.20 Speed control by
means of rotor resistance.
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The components of armature current and flux which are aligned with the field-winding
are referred to as direct-axis components while those which are perpendicular to this
axis are referred to as quadrature-axis components.

It turns out that the same viewpoint which we applied to synchronous machines
can be applied to induction machines. As is discussed in Section 6.1, in the steady-
state the mmf and flux waves produced by both the rotor and stator windings of an
induction motor rotate at synchronous speed and in synchronism with each other.
Thus, the torque-producing mechanism in an induction machine is equivalent to that
of a synchronous machine. The difference between the two is that, in an induction
machine, the rotor currents are not directly supplied but rather are induced as the
induction-motor rotor slips with respect to the rotating flux wave produced by the
stator currents.

To examine the application of field-oriented control to induction machines, we
begin with the dq0 transformation of Section C.3 of Appendix C. This transformation
transforms both the stator and rotor quantities into a synchronously rotating reference
frame. Under balanced-three-phase, steady-state conditions, zero-sequence quantities
will be zero and the remaining direct- and quadrature-axis quantites will be constant.
Hence the flux-linkage current relationships of Egs. C.52 through C.58 become

Ap = Lsip + Lmipg (11.62)
ho = Lsig + Lmior (11.63)
ApR = Lmip + Lripr (11.64)
Aor = Lmio + Lriog (11.65)

In these equations, the subscripts D, Q, DR, and QR represent the constant
values of the direct- and quadrature-axis components of the stator and rotor quantities
respectively. It is a straight-forward matter to show that the inductance parameters
can be determined from the equivalent-circuit parameters as

Xm
Lp="" (11.66)
We0
X
Ls=Ly+ =2 (11.67)
e0
X
L =Lp+ =2 (11.68)
Weo
where the subscript 0 indicates the rated-frequency value.
The transformed voltage equations Egs. C.63 through C.68 become
Up = RuiD — wekQ (1169)
vQ = RaiQ + wekD (1 170)
0 = Raripr — (We — Wme) AQR (1L.71)

0 = RuriQr + (we — Wme) ADR (11.72)
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where one can show that the resistances are related to those of the equivalent circuit
as

R, =R, (11.73)
and
Rr =R, (11.74)

For the purposes of developing a field-oriented-control scheme, we will begin
with the torque expression of Eq. C.70

3 ([ poles L . .
Teen = <p : ) <Z§) (ApRig — AQRid) (11.75)

For the derivation of the dq0 transformation in Section C.3, the angular velocity
of the reference frame was chosen to the synchronous speed as determined by the
stator electrical frequency we. It was not necessary for the purposes of the derivation
to specify the absolute angular location of the reference frame. It is convenient at this
point to choose the direct axis of the reference frame aligned with the rotor flux.

If this is done

Agr =0 (11.76)

and the torque expression of Eq. 11.75 becomes

3 [ poles L. .
T, = — — 11.77
mech = 5 < > ) < LR) DRIQ ( )

From Eq. 11.71 we see that

iprR =0 (11.78)
and thus
AprR = Lyip (11.79)
and
Ap = Lsip (11.80)

From Egs. 11.79 and 11.80 we see that by choosing set Agr = 0 and thus aligning
the synchronously rotating reference frame with the axis of the rotor flux, the direct-
axis rotor flux (which is, indeed, the total rotor flux) as well as the direct-axis flux are
determined by the direct-axis component of the armature current. Notice the direct
analogy with a dc motor. In a dc motor, the field- and direct-axis armature fluxes are
determined by the field current and in this field-oriented control scheme, the rotor
and direct-axis armature fluxes are determined by the direct-axis armature current.
In other words, in this field-oriented control scheme, the direct-axis component of
armature current serves the same function as the field current in a dc machine.

The torque equation, Eq. 11.77, completes the analogy with the dc motor. We see
that once the rotor direct-axis flux Apg is set by the direct-axis armature current, the
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torque is then determined by the quadrature-axis armature current just as the torque
is determined by the armature current in a dc motor.

In a practical implementation of the technique which we have derived, the direct-
and quadrature-axis currents ip and ig must be transformed into the three motor phase
currents i,(z), iy(t), and i.(¢). This can be done using the inverse dq0 transformation
of Eq. C.48 which requires knowledge of 85, the electrical angle between the axis of
phase a, and the direct-axis of the synchronously rotating reference frame.

Since it is not possible to measure the axis of the rotor flux directly, it is necessary
to calculate 8g, where 85 = wet + 6y as given by Eq. C.46. Solving Eq. 11.72 for w,
gives

We = Wme — Rar (’Q—R> (11.81)
ADR
From Eq. 11.65 with Xor = O we see that
Ly
iorR=—| — | i 11.82
IQR ( Ix ) 1Q ( )
Eq. 11.82 in combination with Eq. 11.79 then gives
R 1 1 /i
We = Wme + R (l—Q> = Wme + — (l—Q> (11.83)
Lr Ip TR \ID

where TR = Lr/R.g is the rotor time constant.
We can now integrate Eq. 11.83 to find

n 1 /i

bs = [wme +— (‘,—Q>] t + 6 (11.84)
TR \ID

where s indicates the calculated value of 65 (often referred to as the estimated value

of 6s). In the more general dynamic sense

. : 1 /i
b =/ [wme+ - (3)] dt’ + 6 (11.85)
0 TR \ID

Note that both Eqgs. 11.84 and 11.85 require knowledge of 6y, the value of 6 at
t = 0. Although we will not prove it here, it turns out that in a practical implementation,
the effects of an error in this initial angle decay to zero with time, and hence it can
be set to zero without any loss of generality.

Figure 11.21a shows a block diagram of a field-oriented torque-control system
for an induction machine. The block labeled “Estimator” represents the calculation
of Eq. 11.85 which calculates the estimate of 85 required by the transformation from
dqO to abc variables.

Note that a speed sensor is required to provide the rotor speed measurement
required by the estimator. Also notice that the estimator requires knowledge of the
rotor time constant tg = Lr/Rar. In general, this will not be known exactly, both
due to uncertainty in the machine parameters as well as due to the fact that the rotor
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Figure 11.21 (a) Block diagram of a field-oriented torque-controt system
for an induction motor. (b) Block diagram of an induction-motor speed-control
loop built around a field-oriented torque control system.

resistance Ryr will undoubtedly change with temperature as the motor is operated. It
can be shown that errors in tg result in an offset in the estimate of 85, which in turn
will result in an error in the estimate for the position of the rotor flux with the result
that the applied armature currents will not be exactly aligned with the direct- and
quadrature-axes. The torque controller will still work basically as expected, although
there will be corresponding errors in the torque and rotor flux.

As with the synchronous motor, the rms armature flux-linkages can be found
from Eq. 11.38 as

AR+ A%

(A-a)rms = )

(11.86)

Combining Egs. 11.63 and 11.82 gives

L2
Aq = Lgig + Lpigr = <LS - _rg) iQ (11.87)
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Substituting Eqgs. 11.80 and 11.87 into Eq. 11.86 gives

) 12\2.
ngé + (L - L—:) zé
2

Finally, as discussed in the footnote to Eq. 11.37, the rms line-to-neutral armature
voltage can be found as

v vh+ vy \/(RaiD — weh)? + (Raiq + wehp)?
=1/ =
2 2

. 2 . 2 - .
(RalD — We (Ls — i—:)lQ) + (RalQ + weLSlD)z
2

()\a)rms = (1188)

(11.89)

These equations show that the armature flux linkages and terminal voltage are
determined by both the direct- and quadrature-axis components of the armature cur-
rent. Thus, the block marked “Auxiliary Controller” in Fig. 11.21a, which calculates
the reference values for the direct- and quadrature-axis currents, must calculate the
reference currents (ip)rer and (ig)rer Which achieve the desired torque subject to con-
straints on armature flux linkages (to avoid saturation in the motor), armature current,
(L) ms = / (ilz) + ié) /2 (to avoid excessive armature heating) and armature voltage
(to avoid potential insulation damage).

Note that, as we discussed withregard to synchronous machines in Section 11.2.2,
the torque-control system of Fig. 11.21a is typically imbedded within a larger control
loop. One such example is the speed-control loop of Fig. 11.21b.

The three-phase, 230-V, 60-Hz, 12-kW, four-pole induction motor of Example 6.7 and Exam-
ple 11.11is to be driven by a field-oriented speed-control system (similar to that of Fig. 11.21b)
at a speed of 1740 r/min. Assuming the controller is programmed to set the rotor flux linkages
Apg to the machine rated peak value, find the rms amplitude of the armature current, the elec-
trical frequency, and the rms terminal voltage, if the electromagnetic power is 9.7 kW and the
motor is operating at a speed of 1680 r/min.

B Solution
We must first determine the parameters for this machine. From Eqs. 11.66 through Eq. 11.74

L Xm() 187 49 6 H
m = = TA~_ — .om
Wep 1207
X 0.680
Li=L,+2% —496mH+ —— =51.41 mH
Wep 1207
X 0.672
Li=L,+ 22 =496 mH+ —= = 51.39 mH
Wey 1207

R. = R, =0.095 Q

Rx=R,=02Q
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The rated rms line-to-neutral terminal voltage for this machine is 230/+/3 = 132.8 V and

thus the peak rated flux for this machine is

TUATR 132.
V2V _ V2 x 1328 _ ) oe v

Avated Jpeak = -
( (d)pak e 1207

For the specified operating condition

b4 b4
Wy, =N <%> = 1680 <%> = 176 rad/sec

and the mechanical torque is

Pmech _ 9.7 x 103

Tmech= o 176 =551N-m

From Eq. 11.77, with Apg = Ameq = 0.498 Wb

. 2 2 LR Tmech
=3 poles L. DR
2 51.39 x 1073 55.1
z =382A
(4) <49.6 x 1073 ) <0.498)

A R
ADR ﬂ —10.0A
L. 49.6 x 103

2
3

From Eq. 11.79,

ip =

The rms armature current is thus

2+ i3 02 +38.22
1@=\/‘D‘2L‘Q=\/100‘2L 82 2794

The electrical frequency can be found from Eq. 11.81
Rz {iq
ws - wms + LR <iD)

With wye = (poles/2)w,, = 2 x 176 = 352 rad/sec

2 38.2
0 ) <——) = 367 rad/sec

=352+ [
0 =3 +(51.39><10—3 10.0

and f, = w./(27) = 58.4 Hz.
Finally, from Eq. 11.89, the rms line-to-neutral terminal voltage

2
(Raio = (Ls = £ i)+ (Ruia + weLsin)®
V, =
2

= 140.6 V line-to-neutral = 243.6 V line-to-line
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Consider again the induction motor and field-oriented-control system of Example 11.12. As-
sume that the speed is readjusted to 1700 r/min and that the electromagnetic power is known to
increase to 10.0 kW. Find the rms amplitude of the armature current, the electrical frequency,
and the rms terminal voltage for this new operating condition.

Solution

Armature current = 284 A
fe=59.1Hz
Terminal voltage = 142.5 V line-to-neutral = 246.9 V line-to-line

The ability to independently control the rotor flux and the torque has important
control implications. Consider, for example, the response of the direct-axis rotor flux
to a change in direct-axis current. Equation C.66, with Aqr = 0, becomes

. dx
0= R,riaqr + —d_(tiR (11.90)
Substituting for i4r in terms of Agg
Adr — L
g = R~ ~mld (11.91)
Lr
gives a differential equation for the rotor flux linkages Apg
d)\dR RaR Lm .
i ( Ly ) MR L) ( )

From Eq. 11.92 we see that the response of the rotor flux to a step change in direct-
axis current iy is relatively slow; Aqr Will change exponentially with the rotor time
constant of 7R = Lr/Rar. Since the torque is proportional to the product Adriq we see
that fast torque response will be obtained from changes in ig. Thus, for example, to
implement a step change in torque, a practical control algorithm might start with a step
change in (ig)rer to achieve the desired torque change, followed by an adjustment in
(ip)ref (and hence A4g) to readjust the armature current or terminal voltage as desired.
This adjustment in (ip)res would be coupled with a compensating adjustment in (i¢)yef
to maintain the torque at its desired value.

Consider again the induction motor of Example 11.12. Assuming the motor speed and electro-
magnetic power remain constant (at 1680 r/min and 9.7 kW), use MATLAB to plot the per-unit
armature current /, and terminal voltage V, as a function of ip as (Apg ). is varied between 0.8
and 1.2 per unit, where 1.0 per unit corresponds to the rated peak value.

A Solution
The desired plot is given in Fig. 11.22, Note that the armature current decreases and the terminal
voltage increases as Apg is increased. This clearly shows how ip, which controls Apg, can be
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Figure 11.22 MATLAB plot for Example 11.13 showing the effect of the direct-axis
current /p on the armature voltage and current for an induction motor at constant speed
and load.

chosen to optimize the tradeoff between such quantities as armature current, armature flux
linkages, and terminal voltage
Here is the MATLAB script:

clc
clear

$Motor rating and characteristics

Prated = 12e3;

Vrated 230;

Varated = 230/sgrt(3);
ferated = 60;

omegaerated = 2*pi*ferated;

i

Lambdarated = sgrt(2)*Varated/omegaerated;
Irated = Prated/ (sgrt(3)*Vrated);
Ipeakbase = sgrt(2)*Irated;

poles = 4;

$Here are the 60-Hz motor parameters
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V10
X10
X20
Xm0
R1
R2

1l

Vrated/sqgrt(3);
0.680;
0.672;

18.7;
0.095;
0.2;

%$Calculate required dg0 parameters
Xm(/omegaerated;

Lm
LS
LR
Ra
RaR

Lm + X10/omegaerated;

Lm + X20/omegaerated;

R1;
R2;

% Operating point

n =

1680;

omegam = n*pi/30;

omegame
Pmech

Tmech

(poles/2) *omegamn;
9.7e3;
Pmech/omegam;

% Loop to plot over lambdaDR
for n = 1:41

Varms

end

gNow plot

lambdaDR

= (0.8 + (n-1)*0.4/40) *Lambdarated;

lambdaDRpu (n) = lambdaDR/Lambdarated;
iQ =

iD

iDpu (n)

iQR

I

a

Iapu(n)

omegae

fe(n)

(2/3)*(2/poles)*{LR/Lm) * (Tmech/lambdaDR) ;
(lambdaDR/Lm) ;

= iD/Ipeakbase;
(Lm/LR) *1Q;

sqrt ((iD"2 + 1iQ"2)/2);

= Ia/Irated;
omegame - (RaR/LR)*(iQ/iD);
cmegae/ (2*pi) ;
sgrt { ( (Ra*iD-omegae* (LS-Lm"~2/LR) *1Q) "2 +

(Ra*iQ+ omegae*LS*iD)"2)/2);
Vapu (n)

= Varms/Varated;

plot (iDpu, Iapu)
hold
plot (iDpu,Vapu, ‘')
hold

xlabel (

'i_D

[per unitl’)

ylabel (‘per unit’)
text (.21,1.06,'Ia’)

text (

.21,.83,'va’)
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11.4 CONTROL OF VARIABLE-RELUCTANCE
MOTORS

Unlike dc and ac (synchronous or induction) machines, VRMs cannot be simply
“plugged in” to a dc or ac source and then be expected to run. As is dicussed in
Chapter 8, the phases must be excited with (typically unipolar) currents, and the
timing of these currents must be carefully correlated with the position of the rotor
poles in order to produce a useful, time-averaged torque. The result is that although
the VRM itself is perhaps the simplest of rotating machines, a practical VRM drive
system is relatively complex.

VRM drive systems are competitive only because this complexity can be realized
easily and inexpensively through power and microelectronic circuitry. These drive
systems require a fairly sophisticated level of controllability for even the simplest
modes of VRM operation. Once the capability to implement this control is available,
fairly sophisticated control features can be added (typically in the form of additional
software) at little additional cost, further increasing the competitive position of VRM
drives.

In addition to the VRM itself, the basic VRM drive system consists of the follow-
ing components: a rotor-position sensor, a controller, and an inverter. The function
of the rotor-position sensor is to provide an indication of shaft position which can be
used to control the timing and waveform of the phase excitation. This is directly anal-
ogous to the timing signal used to control the firing of the cylinders in an automobile
engine.

The controller is typically implemented in software in microelectronic (micro-
processor) circuitry. Its function is to determine the sequence and waveforms of the
phase excitation required to achieve the desired motor speed-torque characteristics. In
addition to set points of desired speed and/or torque and shaft position (from the shaft-
position sensor), sophisticated controllers often employ additional inputs including
shaft-speed and phase-current magnitude. Along with the basic control function of
determining the desired torque for a given speed, the more sophisticated controllers
attempt to provide excitations which are in some sense optimized (for maximum
efficiency, stable transient behavior, etc.).

The control circuitry consists typically of low-level electronics which cannot be
used to directly supply the currents required to excite the motor phases. Rather its
output consists of signals which control an inverter which in turn supplies the phase
currents. Control of the VRM is achieved by the application of an appropriate set of
currents to the VRM phase windings.

Figures 11.23a to ¢ show three common configurations found in inverter systems
for driving VRMs. Note that these are simply H-bridge inverters of the type discussed
in Section 10.3. Each inverter is shown in a two-phase configuration. As is clear from
the figures, extension of each configuration to drive additional phases can be readily
accomplished.

The configuration of Fig. 11.23a is perhaps the simplest. Closing switches Si,
and S;, connects the phase-1 winding across the supply (v; = V;) and causes the
winding current to increase. Opening just one of the switches forces a short across
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Figure 11.23

Phase 1 * \ \ \ Phase 2

R SZ;HDZ

©)

Inverter configurations. (a) Two-phase inverter which uses two switches per phase.

(b) Two-phase inverter which uses a split supply and one switch per phase. (c) Two-phase inverter
with bifilar phase windings and one switch per phase.

the winding and the current will decay, while opening both switches connects the
winding across the supply with negative polarity through the diodes (v = —Vp) and
the winding current will decay more rapidly. Note that this configuration is capable of
regeneration (returning energy to the supply), but not of supplying negative current to
the phase winding. However, since the torque in a VRM is proportional to the square
of the phase current, there is no need for negative winding current.

As discussed in Section 10.3.2, the process of pulse-width modulation, under
which a series of switch configurations alternately charge and discharge a phase
winding, can be used to control the average winding current. Using this technique,
an inverter such as that of Fig. 11.23a can readily be made to supply the range of
waveforms required to drive a VRM.

The inverter configuration of Fig. 11.23a is perhaps the simplest of H-bridge
configurations which provide regeneration capability. Its main disadvantage is that
it requires two switches per phase. In many applications, the cost of the switches
(and their associated drive circuitry) dominates the cost of the inverter, and the result
is that this configuration is less attractive in terms of cost when compared to other
configurations which require one switch per phase.

Figure 11.23b shows one such configuration. This configuration requires a split
supply (i.e., two supplies of voltage V) but only a single switch and diode per phase.
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Closing switch S1 connects the phase-1 winding to the upper dc source. Opening the
switch causes the phase current to transfer to diode D1, connecting the winding to
the bottom dc source. Phase 1 is thus supplied by the upper dc source and regenerates
through the bottom source. Note that to maintain symmetry and to balance the energy
supplied from each source equally, phase 2 is connected oppositely so that it is supplied
from the bottom source and regenerates into the top source.

The major disadvantages of the configuration of Fig. 11.23b are that it requires a
split supply and that when the switch is opened, the switch must withstand a voltage
of 2V;. This can be readily seen by recognizing that when diode D1 is forward-biased,
the switch is connected across the two supplies. Such switches are likely to be more
expensive than the switches required by the configuration of Fig. 11.23a. Both of
these issues will tend to offset some of the economic advantage which can be gained
by the elimination of one switch and one diode as compared with the inverter circuit
of Fig. 11.23a.

A third inverter configuration is shown in Fig. 11.23c. This configuration requires
only a single dc source and uses only a single switch and diode per phase. This
configuration achieves regeneration through the use of bifilar phase windings. In a
bifilar winding, each phase is wound with two separate windings which are closely
coupled magnetically (this can be achieved by winding the two windings at the same
time) and can be thought of as the primary and secondary windings of a transformer.

When switch S1 is closed, the primary winding of phase 1 is energized, exciting
the phase winding. Opening the switch induces a voltage in the secondary winding
(note the polarity indicated by the dots in Fig. 11.23c) in such a direction as to forward-
bias D1. The result is that current is transferred from the primary to the secondary
winding with a polarity such that the current in the phase decays to zero and energy
is returned to the source.

Although this configuration requires only a single dc source, it requires a switch
which must withstand a voltage in excess of 2V} (the degree of excess being deter-
mined by the voltage developed across the primary leakage reactance as current is
switched from the primary to the secondary windings) and requires the more complex
bifilar winding in the machine. In addition, the switches in this configuration must
include snubbing circuitry (typically consisting of a resistor-capacitor combination)
to protect them from transient overvoltages. These overvoltages result from the fact
that although the two windings of the bifilar winding are wound such that they are as
closely coupled as possible, perfect coupling cannot be achieved. As a result, there
will be energy stored in the leakage fields of the primary winding which must be
dissipated when the switch is opened.

As is discussed in Section 10.3, VRM operation requires control of the current
applied to each phase. For example, one control strategy for constant torque production
is to apply constant current to each phase during the time that d L /d8, for that phase
is constant. This results in constant torque proportional to the square of the phase-
current magnitude. The magnitude of the torque can be controlled by changing the
magnitude of the phase current.

The control required to drive the phase windings of a VRM is made more com-
plex because the phase-winding inductances change both with rotor position and
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with current levels due to saturation effects in the magnetic material. As a result,
it is not possible in general to implement an open-loop PWM scheme based on a
precalculated algorithm. Rather, pulse-width-modulation is typically accomplished
through the use of current feedback. The instantaneous phase current can be measured
and a switching scheme can be devised such that the switch can be turned off when
the current has been found to reach a desired maximum value and turned on when
the current decays to a desired minimum value. In this manner the average phase
current is controlled to a predetermined function of the rotor position and desired
torque.

This section has provided a brief introduction to the topic of drive systems for
variable-reluctance machines. In most cases, many additional issues must be con-
sidered before a practical drive system can be implemented. For example, accurate
rotor-position sensing is required for proper control of the phase excitation, and the
control loop must be properly compensated to ensure its stability. In addition, the fi-
nite rise and fall times of current buildup in the motor phase windings will ultimately
limit the maximum achievable rotor torque and speed.

The performance of a complete VRM drive system is intricately tied to the
performance of all its components, including the VRM, its controller, and its inverter.
In this sense, the VRM is quite different from the induction, synchronous, and dc
machines discussed earlier in this chapter. As aresult, itis useful to design the complete
drive system as an integrated package and not to design the individual components
(VRM, inverter, controller, etc.) separately. The inverter configurations of Fig. 11.23
are representative of a number of possible inverter configurations which can be used
in VRM drive systems. The choice of an inverter for a specific application must be
made based on engineering and economic considerations as part of an integrated
VRM drive system design.

11.5 SUMMARY

This chapter introduces various techniques for the control of electric machines. The
broad topic of electric machine control requires a much more extensive discussion
than is possible here so our objectives have been somewhat limited. Most noticeably,
the discussion of this chapter focuses almost exclusively on steady-state behavior,
and the issues of transient and dynamic behavior are not considered.

Much of the control flexibility that is now commonly associated with electric
machinery comes from the capability of the power electronics that is used to drive
these machines. This chapter builds therefore on the discussion of power electronics
in Chapter 10.

The starting point is a discussion of dc motors for which it is convenient to
subdivide the control techniques into two categories: speed and torque control. The
algorithm for speed control in a dc motor is relatively straight forward. With the
exception of a correction for voltage drop across the armature resistance, the steady-
state speed is determined by the condition that the generated voltage must be equal to
the applied armature voltage. Since the generated voltage is proportional to the field
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flux and motor speed, we see that the steady-state motor speed is proportional to the
armature voltage and inversely proportional to the field flux.

An alternative viewpoint is that of torque control. Because the commutator/brush
system maintains a constant angular relationship between the field and armature flux,
the torque in a dc motor is simply proportional to the product of the armature current
and the field flux. As a result, dc motor torque can be controlled directly by controlling
the armature current as well as the field flux.

Because synchronous motors develop torque only at synchronous speed, the
speed of a synchronous motor is simply determined by the electrical frequency of
the applied armature excitation. Thus, steady-state speed control is simply a matter
of armature frequency control. Torque control is also possible. By transforming the
stator quantities into a reference frame rotating synchronously with the rotor (us-
ing the dq0 transformation of Appendix C), we found that torque is proportional to
the field flux and the component of armature current in space quadrature with the
field flux. This is directly analogous to the torque production in a dc motor. Con-
trol schemes which adopt this viewpoint are referred to as vector or field-oriented
control.

Induction machines operate asynchronously; rotor currents are induced by the
relative motion of the rotor with respect to the synchronously rotating stator-produced
flux wave. When supplied by a constant-frequency source applied to the armature
winding, the motor will operate at a speed somewhat lower than synchronous speed,
with the motor speed decreasing as the load torque is increased. As a result, precise
speed regulation is not a simple matter, although in most cases the speed will not vary
from synchronous speed by an excessive amount.

Analogous to the situation in a synchronous motor, in spite of the fact that the
rotor of an induction motor rotates at less than synchronous speed, the interaction
between the rotor and stator flux waves is indeed synchronous. As a result, a trans-
formation into a synchronously rotating reference frame results in rotor and stator
flux waves which are constant. The torque can then be expressed in terms of the
product of the rotor flux linkages and the component of armature current in quadra-
ture with the rotor flux linkages (referred to as the quadrature-axis component of
the armature current) in a fashion directly analogous to the field-oriented viewpoint
of a synchronous motor. Furthermore, it can be shown that the rotor flux linkages
are proportional to the direct-axis component of the armature current, and thus the
direct-axis component of armature current behaves much like the field current in a
synchronous motor. This field-oriented viewpoint of induction machine control, in
combination with the power-electronic and control systems required to implement
it, has led to the widespread applicability of induction machines to a wide range of
variable-speed applications.

Finally, this chapter ends with a brief discussion of the control of variable-
reluctance machines. To produce useful torque, these machines typically require rela-
tively complex, nonsinusoidal current waveforms whose shape must be controlled as
a function of rotor position. Typically, these waveforms are produced by pulse-width
modulation combined with current feedback using an H-bridge inverter of the type
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discussed in Chapter 10. The details of these waveforms depend heavily upon the
geometry and magnetic properties of the VRM and can vary significantly from motor
to motor.
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11.7 PROBLEMS

11.1 When operating at rated voltage, a 3-kW, 120-V, 1725 r/min separately
excited dc motor achieves a no-load speed of 1718 r/min at a field current of
0.70 A. The motor has an armature resistance of 145 mA and a shunt-field
resistance of 104 2. For the purposes of this problem you may assume the
rotational losses to be negligible.

This motor will control the speed of a load whose torque is constant at

15.2 N-m over the speed range of 1500-1800 r/min. The motor will be
operated at a constant armature voltage of 120 V. The field-winding will be
supplied from the 120-V dc armature supply via a pulse-width modulation
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system, and the motor speed will be varied by varying the duty cycle of the

pulse-width modulation.

a. Calculate the field current required to achieve operation at 15.2 N-m
torque and 1800 r/min. Calculate the corresponding PWM duty cycle D.

b. Calculate the field current required to achieve operation at 15.2 N-m
torque and 1500 r/min. Calculate the corresponding PWM duty cycle.

c. Plot the required PWM duty cycle as a function of speed over the desired
speed range of 1500 to 1800 r/min.

Repeat Problem 11.1 for a load whose torque is 15.2 N-m at 1600 r/min and

which varies as the speed to the 1.8 power.

The dc motor of Problem 11.1 has a field-winding inductance L = 3.7 H

and a moment of inertia J = 0.081 kg-m?. The motor is operating at rated

terminal voltage and an initial speed of 1300 r/min.

a. Calculate the initial field current It and duty cycle D.
At time ¢t = 0, the PWM duty cycle is suddenly switched from the value

found in part (a) to D = 0.60.

b. Calculate the final values of the field current and motor speed after the
transient has died out.

c. Write an expression for the field-current transient as a function of time.

d. Write a differential equation for the motor speed as a function of time
during this transient.

A shunt-connected 240-V, 15-kW, 3000 r/min dc motor has the following

parameters

Field resistance: R =132Q
Armature resistance: R, =0.168 Q2
Geometric constant: Ks = 0.422 V/(A-rad/sec)

When operating at rated voltage, no-load, the motor current is 1.56 A.
a. Calculate the no-load speed and rotational loss.

b. Assuming the rotational loss to be constant, use MATLAB to plot
the motor output power as a function of speed. Limit your plot to a
maximum power output of 15 kW.

c. Armature-voltage control is to be used to maintain constant motor speed
as the motor is loaded. For this operating condition, the shunt field
voltage will be held constant at 240-V. Plot the armature voltage as a
function of power output required to maintain the motor at a constant
speed of 2950 r/min.

d. Consider that the situation for armature-voltage control is applied to this
motor while the field winding remains connected in shunt across the
armature terminals. Repeat part (c) for this operating condition. Is such
operation feasible? Why is the motor behavior significantly different
from that in part (c)?
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11.5 The data sheet for a small permanent-magnet dc motor provides the
following parameters:

Rated voltage: Vited =3V

Rated output power: Praea = 0.28 W
No-load speed: ny = 12,400 r/min
Torque constant: K, = 0.218 mV/(r/min)
Stall torque: Tian = 0.094 0z-in

a. Calculate the motor armature resistance.
b. Calculate the no-load rotational loss.

Assume the motor to be connected to a load such that the total shaft
power (actual load plus rotational loss) is equal 0.25 W at a speed of
12,000 r/min. Assuming this load to vary as the square of the motor
speed, write a MATLAB script to plot the motor speed as a function of
terminal voltage for .0V <V, <3.0V.

11.6 The data sheet for a 350-W permanent-magnet dc motor provides the
following parameters:

Rated voltage: Viated = 24 V
Armature resistance: 2 = 97 mQ
No-load speed: ny = 3580 r/min
No-load current: ILm=04TA

a. Calculate the motor torque-constant Ky, in V/(rad/sec).
b. Calculate the no-load rotational loss.
The motor is supplied from a 30-V dc supply through a PWM inverter.
Table 11.1 gives the measured motor current as a function of the PWM
duty cycle D.
Complete the table by calculating the motor speed and the load power for
each value of D. Assume that the rotational losses vary as the square of the
motor speed.

Table 11.1 Motor-performance data
for Problem 11.6.

D I, (A) r/min Pioag (W)
0.80 13.35
0.75 12.70
0.70 12.05
0.65 11.40
0.60 10.70
0.55 10.05

0.50 9.30
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The motor of Problem 11.5 has a moment of inertia of 6.4 x 10~7 oz-in-sec?.

Assuming it is unloaded and neglecting any effects of rotational loss,

calculate the time required to achieve a speed of 12,000 r/min if the motor

is supplied by a constant armature current of 100 mA.

An 1100-W, 150-V, 3000-r/min permanent-magnet dc motor is to

be operated from a current-source inverter so as to provide direct

control of the motor torque. The motor torque constant is Ky, = 0.465

V/(rad/sec); its armature resistance is 1.37 2. The motor rotational loss

at a speed of 3000 r/min is 87 W. Assume that the rotational loss can

be represented by a constant loss torque as the motor speed varies.

a. Calculate the rated armature current of this motor. What is the
corresponding mechanical torque in N-m?

b. The current source supplies a current of 6.2 A to the motor armature, and
the motor speed is measured to be 2670 r/min. Calculate the load torque
and power.

c. Assume the load torque of part (b) to vary linearly with speed and the
motor and load to have a combined inertia of 2.28 x 1073 kg-m?.
Calculate the motor speed as a function of time if the armature current
is suddenly increased to 7.0 A.

The permanent-magnet dc motor of Problem 11.8 is operating at its rated
speed of 3000 r/min and no load. If rated current is suddenly applied to the
motor armature in such a direction as to slow the motor down, how long
will it take the motor to reach zero speed? The inertia of the motor alone is
1.86 x 1073 kg-m?. Ignore the effects of rotational loss.

A 1100-kVA, 4600-V, 60-Hz, three-phase, four-pole synchronous motor is
to be driven from a variable-frequency, three-phase, constant V/Hz inverter
rated at 1250-kVA. The synchronous motor has a synchronous reactance
of 1.18 per unit and achieves rated open-circuit voltage at a field current

of 85 A.

a. Calculate the rated speed of the motor in r/min.
b. Calculate the rated current of the motor.

c. With the motor operating at rated voltage and speed and an input power
of 1000-kW, calculate the field current required to achieve unity-power-
factor operation.

The load power of part (c) varies as the speed to the 2.5 power. With the
motor field-current held fixed, the inverter frequency is reduced such that the
motor is operating at a speed of 1300 r/min.

d. Calculate the inverter frequency and the motor input power and power
factor.

e. Calculate the field current required to return the motor to unity power
factor.
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11.11

11.13

11.14

Consider a three-phase synchronous motor for which you are given the
following data:

Rated line-to-line voltage (V)

Rated volt-amperes (VA)

Rated frequency (Hz) and speed (r/min)

Synchronous reactance in per unit

Field current at rated open-circuit voltage (AFNL) (A)

The motor is to be operated from a variable-frequency, constant V/Hz

inverter at speeds of up to 120 percent of the motor-rated speed.

a. Under the assumption that the motor terminal voltage and current cannot
exceed their rated values, write a MATLAB script which calculates, for
a given operating speed, the motor terminal voltage, the maximum
possible motor input power, and the corresponding field current required
to achieve this operating condition. You may consider the effects of
saturation and armature resistance to be negligible.

b. Exercise your program on the synchronous motor of Problem 11.10 for
motor speeds of 1500 and 2000 r/min.

For the purposes of performing field-oriented control calculations on
non-salient synchronous motors, write a MATLAB script that will calculate
the synchronous inductance L and armature-to-field mutual inductance Lz,
both in henries, and the rated torque in N-m, given the following data:

Rated line-to-line voltage (V)

Rated (VA)

Rated frequency (Hz)

Number of poles

Synchronous reactance in per unit

Field current at rated open-circuit voltage (AFNL) (A)

A 100-kW, 460-V, 60-Hz, four-pole, three-phase synchronous machine is to
be operated as a synchronous motor under field-oriented torque control using
a system such as that shown in Fig. 11.13a. The machine has a synchronous
reactance of 0.932 per unit and AFNL = 15.8 A. The motor is operating at
rated speed, loaded to 50 percent of its rated torque at a field current of

14.0 A with the field-oriented controller set to maintain ip = 0.

a. Calculate the synchronous inductance L and armature-to-field mutual
inductance L, both in henries.

b. Find the quadrature-axis current i and the corresponding rms
magnitude of the armature current i,.

c. Find the motor line-to-line terminal voltage.

The synchronous motor of Problem 11.13 is operating under field-oriented
torque control such that ip = 0. With the field current set equal to 14.5 A and
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with the torque reference set equal to 0.75 of the motor rated torque, the
motor speed is observed to be 1475 r/min.

a. Calculate the motor output power.

b. Find the quadrature-axis current ig and the corresponding rms
magnitude of the armature current i,.

c. Calculate the stator electrical frequency

d. Find the motor line-to-line terminal voltage.

Consider the case in which the load on the synchronous motor in the field-

oriented torque-control system of Problem 11.13 is increased, and the motor

begins to slow down. Based upon some knowledge of the load characteristic,

it is determined that it will be necessary to raise the torque set point 7;.¢ from

50 percent to 80 percent of the motor-rated torque to return the motor to its

rated speed.

a. If the field current were left unchanged at 14.0 A, calculate the values of
quadrature-axis current, rms armature current, and motor line-to-line
terminal voltage (in V and in per unit) which would result in response to
this change in reference torque.

b. To achieve this operating condition with reasonable armature terminal
voltage, the field-oriented control algorithm is changed to the unity-
power-factor algorithm described in the text prior to Example 11.9.
Based upon that algorithm, calculate

(i) the motor terminal line-to-line terminal voltage (in V and in
per unit).
(ii) the rms armature current.
(iii) the direct- and quadrature-axis currents, ip and iq.
(iv) the motor field current.

Consider a 500-kW, 2300-V, 50-Hz, eight-pole synchronous motor with a

synchronous reactance of 1.18 per unit and AFNL =94 A. It is to be

operated under field-oriented torque control using the unity-power-factor
algorithm described in the text following Example 11.8. It will be used to
drive a load whose torque varies quadratically with speed and whose torque
at a speed of 750 r/min is 5900 N-m. The complete drive system will include

a speed-control loop such as that shown in Fig. 11.13b.

Write a MATLAB script whose input is the desired motor speed (up to

750 r/min) and whose output is the motor torque, the field current, the direct-

and quadrature-axis currents, the armature current, and the line-to-line

terminal voltage. Exercise your script for a motor speed of 650 r/min.

A 2-kVA, 230-V, two-pole, three-phase permanent magnet synchronous

motor achieves rated open-circuit voltage at a speed of 3500 1/min. Its

synchronous inductance is 17.2 mH.

a. Calculate Apy for this motor.

b. If the motor is operating at rated voltage and rated current at a speed of
3600 r/min, calculate the motor power in kW and the peak direct- and
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11.18

11.19

11.21

quadrature-axis components of the armature current, ip and ig
respectively.

Field-oriented torque control is to be applied to the permanent-magnet
synchronous motor of Problem 11.18. If the motor is to be operated at

4000 r/min at rated terminal voltage, calculate the maximum torque and
power which the motor can supply and the corresponding values of ip

and iq.

A 15-kVA, 230-V, two-pole, three-phase permanent-magnet synchronous
motor has a maximum speed of 10,000 r/min and produces rated open-circuit
voltage at a speed of 7620 r/min. It has a synchronous inductance of

1.92 mH. The motor is to be operated under field-oriented torque control.

a. Calculate the maximum torque the motor can produce without exceeding
rated armature current.

b. Assuming the motor to be operated with the torque controller adjusted to
produce maximum torque (as found in part (a)) and ip = 0, calculate the
maximum speed at which it can be operated without exceeding rated
armature voltage.

c. To operate at speeds in excess of that found in part (b), flux weakening
will be employed to maintain the armature voltage at its rated value.
Assuming the motor to be operating at 10,000 r/min with rated armature
voltage and current, calculate

(i) the direct-axis current ip.

(ii) the quadrature-axis current ig.
(ii1)) the motor torque.
(iv) the motor power and power factor.

The permanent magnet motor of Problem 11.17 is to be operated under
vector control using the following algorithm.

Terminal voltage not to exceed rated value
Terminal current not to exceed rated value

ip = O unless flux weakening is required to avoid excessive armature
voltage

Write a MATLAB script to produce plots of the maximum power and
torque which this system can produce as a function of motor speed for
speeds up to 10,000 r/min.

Consider a 460-V, 25-kW, four-pole, 60-Hz induction motor which has the
following equivalent-circuit parameters in ohms per phase referred to the
stator:

R; =0.103 R,=0225 X, =110 X,=1.13 X,=594

The motor is to be operated from a variable frequency, constant-V/Hz drive
whose output is 460-V at 60-Hz. Neglect any effects of rotational loss. The
motor drive is initially adjusted to a frequency of 60 Hz.
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a. Calculate the peak torque and the corresponding slip and motor speed
in r/min.

b. Calculate the motor torque at a slip of 2.9 percent and the corresponding
output power.

c. The drive frequency is now reduced to 35 Hz. If the load torque remains
constant, estimate the resultant motor speed in r/min. Find the resultant
motor slip, speed in r/min, and output power.

Consider the 460-V, 250-kW, four-pole induction motor and drive system of

Problem 11.21.

a. Write a MATLAB script to plot the speed-torque characteristic of the
motor at drive frequencies of 20, 40, and 60 Hz for speeds ranging from
—200 r/min to the synchronous speed at each frequency.

b. Determine the drive frequency required to maximize the starting torque
and calculate the corresponding torque in N-m.

A 550-kW, 2400-V, six-pole, 60-Hz three-phase induction motor has the
following equivalent-circuit parameters in ohms-per-phase-Y referred to the
stator:

Ry =0.108 R;=029 X, =118 X, =132 X, =484

The motor will be driven by a constant-V/Hz drive whose voltage is 2400 V
at a frequency of 60 Hz.

The motor is used to drive a load whose power is 525 kW at a speed of
1138 r/min and which varies as the cube of speed. Using MATLAB, plot the
motor speed as a function of frequency as the drive frequency is varied
between 20 and 60 Hz.

A 150-kW, 60-Hz, six-pole, 460-V three-phase wound-rotor induction motor
develops full-load torque at a speed of 1157 r/min with the rotor short-
circuited. An external noninductive resistance of 870 mS2 is placed in series
with each phase of the rotor, and the motor is observed to develop its rated
torque at a speed of 1072 r/min. Calculate the resistance per phase of the
original motor.

The wound rotor of Problem 11.24 will be used to drive a constant-torque
load equal to the rated full-load torque of the motor. Using the results of
Problem 11.24, calculate the external rotor resistance required to adjust the
motor speed to 850 r/min.

A 75-kW, 460-V, three-phase, four-pole, 60-Hz, wound-rotor induction
motor develops a maximum internal torque of 212 percent at a slip of

16.5 percent when operated at rated voltage and frequency with its rotor
short-circuited directly at the slip rings. Stator resistance and rotational
losses may be neglected, and the rotor resistance may be assumed to be
constant, independent of rotor frequency. Determine

a. the slip at full load in percent.
b. the rotor IR loss at full load in watts.
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11.27

11.28

c. the starting torque at rated voltage and frequency N-m.

If the rotor resistance is now doubled (by inserting external series
resistance at the slip rings), determine
d. the torque in N-m when the stator current is at its full-load value.

e. the corresponding slip.

A 35-kW, three-phase, 440-V, six-pole wound-rotor induction motor

develops its rated full-load output at a speed of 1169 r/min when operated at

rated voltage and frequency with its slip rings short-circuited. The maximum

torque it can develop at rated voltage and frequency is 245 percent of full-

load torque. The resistance of the rotor winding is 0.23 Q/phase Y. Neglect

rotational and stray-load losses and stator resistance.

a. Compute the rotor %R loss at full load.

b. Compute the speed at maximum torque.

c. How much resistance must be inserted in series with the rotor to produce
maximum starting torque?

The motor is now run from a 50-Hz supply with the applied voltage
adjusted so that, for any given torque, the air-gap flux wave has the same
amplitude as it does when operated 60 Hz at the same torque level.

d. Compute the 50-Hz applied voltage.

e. Compute the speed at which the motor will develop a torque equal to its
rated value at 60-Hz with its slip rings short-circuited.

The three-phase, 2400-V, 550-kW, six-pole induction motor of

Problem 11.23 is to be driven from a field-oriented speed-control system

whose controller is programmed to set the rotor flux linkages Apg equal to

the machine rated peak value. The machine is operating at 1148 r/min

driving a load which is known to be 400 kW at this speed. Find:

a. the value of the peak direct- and quadrature-axis components of the
armature currents ip and ig.

b. the rms armature current under this operating condition.

c. the electrical frequency of the drive in Hz.

d. the rms line-to-line armature voltage.

A field-oriented drive system will be applied to a 230-V, 20-kW, four-pole,

60-Hz induction motor which has the following equivalent-circuit

parameters in ohms per phase referred to the stator:

R; =0.0322 R, =0.0703 X, =0344 X,=0.353 X,=186

The motor is connected to a load whose torque can be assumed proportional
to speed as Tjoag = 85(n/1800) N-m, where #n 1s the motor speed in r/min.

The field-oriented controller is adjusted such that the rotor flux linkages
Apr are equal to the machine’s rated peak flux linkages, and the motor speed
is 1300 r/min. Find

a. the electrical frequency in Hz.
b. the rms armature current and line-to-line voltage.
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c. the motor input kVA.

If the field-oriented controller is set to maintain the motor speed at
1300 1/min, write a MATLAB script to plot the rms armature V/Hz as a
percentage of the rated V/Hz as a function of Apg as Apg is varied between
80 and 120 percent of the machine’s rated peak flux linkages.
11.30 The 20-kW induction motor-drive and load of Problem 11.29 is operating at
a speed of 1450 r/min with the field-oriented controller adjusted to maintain
the rotor flux linkages Apg equal to the machine’s rated peak value.

a. Calculate the corresponding values of the direct- and quadrature-axis
components of the armature current, ip and ig, and the rms armature
current.

b. Calculate the corresponding line-to-line terminal voltage drive electrical
frequency.

The quadrature-axis current ig is now increased by 10 percent while the
direct-axis current is held constant.

c. Calculate the resultant motor speed and power output.

d. Calculate the terminal voltage and drive frequency.

e. Calculate the total kVA input into the motor.

f. With the controller set to maintain constant speed, determine the set point
for Apg, as a percentage of rated peak flux linkages, that sets the terminal
V/Hz equal to the rated machine rated V/Hz. (Hint: This solution is most
easily found using a MATLAB script to search for the desired result.)

11.31 A three-phase, eight-pole, 60-Hz, 4160-V, 1250-kW squirrel-cage induction

motor has the following equivalent-circuit parameters in ohms-per-phase-Y
referred to the stator:

R =0212 R, =0348 X; =187 X,=227 X,=446

It is operating from a field-oriented drive system at a speed of 805 r/min and

a power output of 1050 kW. The field-oriented controller is set to maintain

the rotor flux linkages Apg equal to the machine’s rated peak flux linkages.

a. Calculate the motor rms line-to-line terminal voltage, rms armature
current, and electrical frequency.

b. Show that steady-state induction-motor equivalent circuit and
corresponding calculations of Chapter 6 give the same output power and
terminal current when the induction motor speed is 828 r/min and the
terminal voltage and frequency are equal to those found in part (a).
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almost invariably involve a type of system or circuit called a polyphase system

or polyphase circuit. In such a system, each voltage source consists of a group
of voltages having related magnitudes and phase angles. Thus, an n-phase system
employs voltage sources which typically consist of n voltages substantially equal
in magnitude and successively displaced by a phase angle of 360°/n. A three-phase
system employs voltage sources which typically consist of three voltages substantially
equal in magnitude and displaced by phase angles of 120°. Because it possesses
definite economic and operating advantages, the three-phase system is by far the
most common, and consequently emphasis is placed on three-phase circuits in this
appendix.

The three individual voltages of a three-phase source may each be connected to
its own independent circuit. We would then have three separate single-phase systems.
Alternatively, as will be shown in Section A.1, symmetrical electric connections can
be made between the three voltages and the associated circuitry to form a three-phase
system. It is the latter alternative that we are concerned with in this appendix. Note
that the word phase now has two distinct meanings. It may refer to a portion of a
polyphase system or circuit, or, as in the familiar steady-state circuit theory, it may
be used in reference to the angular displacement between voltage or current phasors.
There is very little possibility of confusing the two.

G eneration, transmission, and heavy-power utilization of ac electric energy

A.1 GENERATION OF THREE-PHASE
VOLTAGES

Consider the elementary two-pole, three-phase generator of Fig. A.1. On the armature
are three coils aa’, bb’, and cc’ whose axes are displaced 120° in space from each
other. This winding can be represented schematically as shown in Fig. A.2. When
the field is excited and rotated, voltages will be generated in the three phases in
accordance with Faraday’s law. If the field structure is designed so that the flux is
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in field winding
Figure A.1 Elementary two-pole, three-phase generator.

distributed sinusoidally over the poles, the flux linking any phase will vary sinusoidally
with time, and sinusoidal voltages will be induced in the three phases. As shown in
Fig. A.3, these three voltages will be displaced 120° electrical degrees in time as a
result of the phases being displaced 120° in space. The corresponding phasor diagram
is shown in Fig. A.4. In general, the time origin and the reference axis in diagrams
such as Figs. A.3 and A.4 are chosen on the basis of analytical convenience.

There are two possibilities for the utilization of voltages generated in this manner.
The six terminals a, @', b, b’, ¢, and ¢’ of the three-phase winding may be connected
to three independent single-phase systems, or the three phases of the winding may
be interconnected and used to supply a three-phase system. The latter procedure is
adopted almost universally. The three phases of the winding may be interconnected
in two possible ways, as shown in Fig. A.5. Terminals ', b’, and ¢’ may be joined
to form the neutral o, yielding a Y connection, or terminals a and »’, b and ¢’, and ¢
and a’ may be joined individually, yielding a A connection. In the Y connection, a
neutral conductor, shown dashed in Fig. A.5a, may or may not be brought out. If a
neutral conductor exists, the system is a four-wire, three-phase system; if not, it is
a three-wire, three-phase system. In the A connection (Fig. A.5b), no neutral exists
and only a three-wire, three-phase system can be formed.

bl
a
, b
a
c v 74
(/f@@/ \/?%\b a/
@

<
®

Figure A.2 Schematic representation of the
windings of Fig. A.1.
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Figure A.3 Voltages generated in the windings
of Figs. A.1and A.2.
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diagram of generated
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Figure A.5 Three-phase connections: (a) Y connection and (b) A connection.

The three phase voltages of Figs. A.3 and A 4, are equal and displaced in phase by
120 degrees, a general characteristic of a balanced three-phase system. Furthermore,
in a balanced three-phase system the impedance in any one phase is equal to that in
either of the other two phases, so that the resulting phase currents are also equal and
displaced in phase from each other by 120 degrees. Likewise, equal power and equal
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reactive power flow in each phase. An unbalanced three-phase system, however, may
be unbalanced in one or more of many ways; the source voltages may be unbalanced,
either in magnitude or in phase, or the phase impedances may not be equal. Note that
only balanced systems are treated in this appendix, and none of the methods devel-
oped or conclusions reached apply to unbalanced systems. Most practical analyses are
conducted under the assumption of a balanced system. Many industrial loads are three-
phase loads and therefore inherently balanced, and in supplying single-phase loads
from a three-phase source definite efforts are made to keep the three-phase system
balanced by assigning approximately equal single-phase loads to each of the three
phases.

A.2 THREE-PHASE VOLTAGES, CURRENTS,
AND POWER

When the three phases of the winding in Fig. A.1 are Y-connected, as in Fig. A.5a,
the phasor diagram of voltages is that of Fig. A.6. The phase order or phase sequence
in Fig. A.6 is abc; that is, the voltage of phase a reaches its maximum 120° before
that of phase b.

The three-phase voltages Va, Vb, and VC are called line-to-neutral voltages.
The three voltages Vab, Vbc, and Vca are called line-to-line voltages. The use of

30°

120°
.

Figure A.6 Voltage phasor diagram for a Y-connected system.
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double-subscript notation in Fig. A.6 greatly simplifies the task of drawing the com-
plete diagram. The subscripts indicate the points between which the voltage is deter-
mined; for example, the voltage Vab 1s calculated as Vab = V — Vb

By Kirchhoff’s voltage law, the line-to-line voltage Vi is

Vo = Vo — Wy = V3 V,£30° (A.1)

as shown in Fig. A.6. Similarly,

Vie = /3 W £30° (A2)
and
Vea = V3 V.£30° (A.3)

These equations show that the magnitude of the line-to-line voltage is ~/3 times the
line-to-neutral voltage.

When the three phases are A-connected, the corresponding phasor diagram of
currents is given in Fig. A.7. The A currents are Tab, Toc, and [ ca- By Kirchhoff’s
current law, the line current [ 218

a A

Ta=1Iw—1Tca=~314/-30° (A.4)

cd
_[bc*

c

[
120°

30° \

Figure A.7 Current phasor diagram for A connection.



A.2 Three-Phase Voitages, Currents, and Power

as can be seen from the phasor diagram of Fig. A.7. Similarly,

Iy = V3 Ihet=30° (A.5)
and

Ie=V314/=30° (A.6)

Stated in words, Egs. A.4 to A.6 show that for a A connection, the magnitude of
the line current is </3 times that of the A current. Evidently, the relations between
A currents and line currents of a A connection are similar to those between the
line-to-neutral and line-to-line voltages of a Y connection.

With the time origin taken at the maximum positive point of the phase-a voltage
wave, the instantaneous voltages of the three phases are

Valt) = V2 Vs cOS 00t (A7)
Up(£) = V2 Vs cos (wt — 120°) (A.8)
Ve(t) = V2 Vims C0s (0f + 120°) (A.9)

where Vs is the rms value of the phase-to-neutral voltage. When the phase currents
are displaced from the corresponding phase voltages by the angle 6, the instantaneous
phase currents are

ia(t) = V2 Ims cos (wt + 6) (A.10)
iv (1) = V2 Ims cos (wf + 6 — 120°) (A.11)
ic(t) = V2 Lms cos (ot + 6 + 120°) (A.12)

where I, is the rms value of the phase current.
The instantaneous power in each phase then becomes

Pa(t) = va(£)ia(t) = Vimsrms[cos Qawt + 0) + cos 6] (A.13)
Polt) = vp(D)ip(t) = VimsIrms[cos Qwt + 6 — 240°) + cos 6] (A.14)
Pe(®) = ve(D)ic(t) = Vims Lms[cos Qawt + 6 + 240°) + cos 6] (A.15)
Note that the average power of each phase is equal
<pa(t)> = <pp(t)> = <p(£)> = VimsIrms cOs 6 (A.16)

The phase angle 6 between the voltage and current is referred to as the power-factor

angle and cos @ is referred to as the power factor. If 6 is negative, then the power

factor is said to be lagging; if 6 is power, then the power factor is said to be leading.
The total instantaneous power for all three phases is

p(t) = pa(t) + po(t) + pe(t) = 3Vimslims cos B (A.17)

Notice that the sum of the cosine terms which involve time in Eqgs. A.13 to A.15
(the first terms in the brackets) is zero. We have shown that the fotal of the instanta-
neous power for the three phases of a balanced three-phase circuit is constant and
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P = p(1) = total instantaneous three-phase power

P2 jX0)) P

<p (0>, <pp(t)>,
<p (>

VAVAVAVAVAVAVARS

Figure A.8 [nstantaneous power in a three-phase system.

does not vary with time. This situation is depicted graphically in Fig. A.8. Instanta-
neous powers for the three phases are plotted, together with the total instantaneous
power, which is the sum of the three individual waves. The fotal instantaneous power
for a balanced three-phase system is equal to 3 times the average power per phase.
This is one of the outstanding advantages of polyphase systems. It is of particular
advantage in the operation of polyphase motors since it means that the shaft-power
output is constant and that torque pulsations, with the consequent tendency toward
vibration, do not result.

On the basis of single-phase considerations, the average power per phase P,
for either a Y- or A-connected system connected to a balanced three-phase load of
impedance Z, = R, + j X, Q/phase is

Py = VimsIms cos 6 = IR, (A.18)

Here R, is the resistance per phase. The total three-phase power P is

P =3P (A.19)
Similarly, for reactive power per phase @, and total three-phase reactive power Q,
Qp = VimsIrms $in6 = I2X;, (A.20)
and
0 =30, (A.21)

where X, is the reactance per phase.
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The voltamperes per phase (VA), and total three-phase voltamperes VA are
(VA)p = VimsIms = 12,,Z, (A.22)
VA = 3(VA), (A.23)
In Egs. A.18 and A.20, 8 is the angle between phase voltage and phase current.

As in the single-phase case, it is given by

X R X
f=tan! =2 =cos™! =2 =sin"! =2 (A.24)
R, Z, Z,

The power factor of a balanced three-phase system is therefore equal to that of any
one phase.

A.3 Y- AND A-CONNECTED CIRCUITS

Three specific examples are given to illustrate the computational details of Y- and
A-connected circuits. Explanatory remarks which are generally applicable are incor-
porated into the solutions.

In Fig. A.9 is shown a 60-Hz transmission system consisting of a line having the impedance
Z, = 0.05 + j0.20 €, at the receiving end of which is a load of equivalent impedance Z; =
10.0 + j3.00 2. The impedance of the return conductor should be considered zero.

a. Compute the line current 7; the load voltage Vi ; the power, reactive power, and
voltamperes taken by the load; and the power and reactive-power loss in the line.

Suppose now that three such identical systems are to be constructed to supply three
such identical loads. Instead of drawing the diagrams one below the other, let them be
drawn in the fashion shown in Fig. A.10, which is, of course, the same electrically.

b. For Fig. A.10 give the current in each line; the voltage at each load; the power, reactive
power, and voltamperes supplied to each load; the power and reactive-power loss in each
of the three transmission systems; the total power, reactive power, and voltamperes
supplied to the loads; and the total power and reactive-power loss in the three transmission
systems.

0.05 + j0.20
AMN—TT

120V 10.0 + j3.00

Figure A.9 Circuit for Example A1,
part (a).
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0.05 +,0.20
M\ I —
120V 10.0 +3.00
120V, 120V 10.0 +3.00 10.0 + 3.00
0.05 +j0 20
0.05 +j0 20
AW

Figure A.10 Circuit for Example A.1, part (b).

Next consider that the three return conductors are combined into one and that the
phase relationship of the voltage sources is such that a balanced four-wire, three-phase
system results, as in Fig. A.11.

c. For Fig. A.11 give the line current; the load voltage, both line-to-line and line-to-neutral;
the power, reactive power, and voltamperes taken by each phase of the load; the power and
reactive-power loss in each line; the total three-phase power, reactive power, and
voltamperes taken by the load; and the total power and reactive-power loss in the lines.

d. InFig. A.11 what is the current in the combined return or neutral conductor?

e. Can this conductor be dispensed with in Fig. A.11 if desired?

Assume now that this neutral conductor is omitted. This results in the three-wire,
three-phase system of Fig. A.12.

f. Repeat part (c) for Fig. A.12.

g. On the basis of the results of this example, outline briefly the method of reducing a
balanced three-phase Y-connected circuit problem to its equivalent single-phase problem.
Be careful to distinguish between the use of line-to-line and line-to-neutral voltages.

0.05 +0.20
ANN—TT
120V 10.0 +3.00
120V 120V 10.0 +,3.00 10.0 +3.00
0.05 +,0.20

0.05 +j0.20

Figure A.11 Circuit for Example A.1, parts (¢) to (e).
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0.05 +j0.20
—ANN—TT
10.0 +,3.00
120V 120V 10.0 + j3.00 10.0 +3.00
0.05 +j0.20

0.05 +j0.20

Figure A.12 Circuit for Example A.1 part (f).

H Solution
a.

120
I =
4/(0.05 + 10.0)% + (0.20 + 3.00)?

Vi = 11Zy] = 11.4+/(10.0)2 + (3.00)2 = 119V

P, =I*R, = (11.4)*(3.00) = 1200 W

=114A

Q. = I’X; = (11.4)%(3.00) = 390 VA reactive
(VA), = I*|Z,} = (11.4)1/(10.0)* + (3.00)* = 1360 VA
P =1’R = (114)%0.05 =65W
0 = I’X; = (11.4)%(0.20) = 26 VA reactive
b. The first four obviously have the same values as in part (a).

Total power = 3P, = 3(1300) = 3900 W

Total reactive power = 30, = 3(390) = 1170 VA reactive
Total VA = 3(VA), = 3(1360) = 4080 VA

Total power loss = 3P, = 3(6.5) = 19.5W

Total reactive-power loss = 3Q, = 3(26) = 78 VA reactive

¢. The results obtained in part (b) are unaffected by this change. The voltage in parts (a)
and (b) is now the line-to-neutral voltage. The line-to-line voltage is

V3(119) =206 V

d. By Kirchhoff’s current law, the neutral current is the phasor sum of the three line currents.
These line currents are equal and displaced in phase by 120°. Since the phasor sum of
three equal phasors 120° apart is zero, the neutral current is zero.

e. The neutral current being zero, the neutral conductor can be dispensed with if desired.
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f. Since the presence or absence of the neutral conductor does not affect conditions, the
values are the same as in part (c).

g. A neutral conductor can be assumed, regardless of whether one is physically present.
Since the neutral conductor in a balanced three-phase circuit carries no current and hence
has no voltage drop across it, the neutral conductor should be considered to have zero
impedance. Then one phase of the Y, together with the neutral conductor, can be removed
for study. Since this phase is uprooted at the neutral, line-to-neutral voltages must be
used. This procedure yields the single-phase equivalent circuit, in which all quantities
correspond to those in one phase of the three-phase circuit. Conditions in the other two
phases being the same (except for the 120° phase displacements in the currents and
voltages), there is no need for investigating them individually. Line currents in the
three-phase system are the same as in the single-phase circuit, and total three-phase
power, reactive power, and voltamperes are three times the corresponding quantities in the
single-phase circuit. If line-to-line voltages are desired, they must be obtained by
multiplying voltages in the single-phase circuit by +/3.

Three impedances of value Zy = 4.00 + j3.00 = 5.00/36.9° 2 are connected in Y, as shown
in Fig. A.13. For balanced line-to-line voltages of 208 V, find the line current, the power factor,
and the total power, reactive power, and voltamperes.

B Solution
The rms line-to-neutral voltage V on any one phase, such as phase a, is

208

V=—=120V
V3
Hence, the line current
. 1% 120
= —=—"=240,-369°A
Zy  5.00:36.9°
ao
Zy = 4.00 + j3.00
= 5.00 /36.9°

208V
c o
bo

Figure A.13 Circuit for Example A.2.
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and the power factor is equal to
Power factor = cos@ = cos (—36.9°) = 0.80 lagging
Thus

P = 3I?Ry = 3(24.0)2(4.00) = 6910 W
Q = 31Xy = 3(24.0)%(3.00) = 5180 VA reactive
VA = 3V I = 3(120)(24.0) = 8640 VA

Note that phases a and ¢ (Fig. A.13) do not form a simple series circuit. Consequently, the
current cannot be found by dividing 208 V by the sum of the phase-a and -¢ impedances. To
be sure, an equation can be written for voltage between points a and ¢ by Kirchhoff’s voltage
law, but this must be a phasor equation taking account of the 120° phase displacement between
the phase-a and phase-c currents. As a result, the method of thought outlined in Example A.1
leads to the simplest solution.

Three impedances of value Z, = 12.00+ j9.00 = 15.00236.9° 2 are connected in A, as shown
in Fig. A.14. For balanced line-to-line voltages of 208 V, find the line current, the power factor,
and the total power, reactive power, and voltamperes.

H Solution
The voltage across any one leg of the A, V, is equal to the line-to-line voltage V;_,, which is
equal to +/3 times the line-to-neutral voltage V. Consequently,

SV 2oy
V3V3

and the current in the A is given by the line-to-line voltage divided by the A impedance

Vi 208
Zn  15.00 £36.9°
Power factor = cos @ = cos (—36.9°) = 0.80 lagging

fy=

=13.87.-369°A

a C,LT
208V
Z, = 12.00 + j9.00
¢ = 15.00 /36.9°
bo- '}

Figure A.14 Circuit for Example A.3.
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From Eq. A .4 the phase current is equal to
I =31, =+3(1387) =24.0A
Also
P =3P, =3I2R, = 3(13.87)*(12.00) = 6910 W
Q =30, =3IX, = 3(13.87)*(9.00) = 5180 VA reactive
and
VA = 3(VA), = 3Vi_11, = 3(208)(13.87) = 8640 VA

Note that phases ab and bc do not form a simple series circuit, nor does the path cba form
a simple parallel combination with the direct path through the phase ca. Consequently, the
line current cannot be found by dividing 208 V by the equivalent impedance of Z, in parallel
with Z,, + Z,.. Kirchhoff’s-law equations involving quantities in more than one phase can
be written, but they must be phasor quantities taking account of the 120° phase displacement
between phase currents and phase voltages. As a result, the method outlined above leads to the
simplest solution.

Comparison of the results of Examples A.2 and A.3 leads to a valuable and
interesting conclusion. Note that the line-to-line voltage, line current, power factor,
total power, reactive power, and voltamperes are precisely equal in the two cases; in
other words, conditions viewed from the terminals A, B, and C are identical, and one
cannot distinguish between the two circuits from their terminal quantities. It will also
be seen that the impedance, resistance, and reactance per phase of the Y connection
(Fig. A.13) are exactly one-third of the corresponding values per phase of the A
connection (Fig. A.14). Consequently, a balanced A connection can be replaced by a
balanced Y connection providing that the circuit constants per phase obey the relation

Zy = %Z A (A.25)
Conversely, a Y connection can be replaced by a A connection provided Eq. A.25 is
satisfied. The concept of this Y-A equivalence stems from the general Y-A transfor-
mation and is not the accidental result of a specific numerical case.

Two important corollaries follow from this equivalence: (1) A general computa-
tional scheme for balanced circuits can be based entirely on Y-connected circuits or
entirely on A-connected circuits, whichever one prefers. Since it is frequently more
convenient to handle a Y connection, the former scheme is usually adopted. (2) In
the frequently occurring problems in which the connection is not specified and is not
pertinent to the solution, either a Y or a A connection may be assumed. Again the Y
connection is more commonly selected. In analyzing three-phase motor performance,
for example, the actual winding connections need not be known unless the investi-
gation is to include detailed conditions within the windings themselves. The entire
analysis can then be based on an assumed Y connection.
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A.4 ANALYSIS OF BALANCED THREE-PHASE
CIRCUITS; SINGLE-LINE DIAGRAMS

By combining the principle of A-Y equivalence with the technique revealed by Exam-
ple A.1, a simple method of reducing a balanced three-phase-circuit problem to its
corresponding single-phase problem can be developed. All the methods of single-
phase-circuit analysis thus become available for its solution. The end results of the
single-phase analysis are then translated back into three-phase terms to give the final
results.

In carrying out this procedure, phasor diagrams need be drawn for only one
phase of the Y connection, the diagrams for the other two phases being unnecessary
repetition. Furthermore, circuit diagrams can be simplified by drawing only one phase.
Examples of such single-line diagrams are given in Fig. A.15, showing two three-
phase generators with their associated lines or cables supplying a common substation
load. Specific connections of apparatus can be indicated if desired. Thus, Fig. A.15b
shows that G; is Y-connected and G; is A-connected. Impedances are given in ohms
per phase.

When one is dealing with power, reactive power, and voltamperes, it is some-
times more convenient to deal with the entire three-phase circuit at once instead of
concentrating on one phase. This possibility arises because simple expressions for
three-phase power, reactive power, and voltamperes can be written in terms of line-
to-line voltage and line current regardless of whether the circuit is Y- or A-connected.
Thus, from Egs. A.18 and A.19, three-phase power is

P =3P, =3V,I,cos6 (A.26)
Since Vi_; = J3 Vo, Eq. A.26 becomes

P = /3Vi_,cos 6 (A27)
Similarly,
Q = v3Vi_l,siné (A.28)
and
VA = V3V, (A.29)

Load terminals or Generator terminals
substation bus or bus

@ ®)

Figure A.15 Examples of single-line diagrams.
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It should be borne in mind, howeyver, that the power-factor angle 6, given by Eq. A.24,
is the angle between V), and I, and not that between V;_; and [,.

Figure A.15 is the equivalent circuit of a load supplied from two three-phase generating stations
over lines having the impedances per phase given on the diagram. The load requires 30 kW at
0.80 power factor lagging. Generator G; operates at a terminal voltage of 797 V line-to-line
and supplies 15 kW at 0.80 power factor lagging. Find the load voltage and the terminal voltage
and power and reactive-power output of G,.

R Solution

Let I, P, and Q, respectively, denote line current and three-phase active and reactive power.
The subscripts 1 and 2 denote the respective branches of the system; the subscript r denotes a
quantity measured at the receiving end of the line. We then have

_ P _ 15,000 _

"~ VBEicost;  /3(T97)(0.80)

Py =P, —3I7R, = 15,000 — 3(13.6)%(1 .4) = 14,220 W

1

Q. = Q; — 312X, = 15,000 tan (cos™' 0.80) — 3(13.6)%(1.6) = 10,350 VA reactive

The factor 3 appears before /7R, and 12X, in the last two equations because the current /; is
the phase current. The load voltage is

V= VA _ 4/ (14,220)? + (10,350)2
LT \/§(current) B \/§(13.6)
= 748 V line-to-line

Since the load requires 30,000 W of real power and 30,000 tan (cos™' 0.80) = 22,500 VA
of reactive power,

P, = 30,000 — 14,220 = 15,780 W
and

Q, = 22,500 — 10,350 = 12,150 VA reactive
VA J(15,780)% + (12, 150)?

T AL J/3(748)

P, = P, + 3I}R, = 15,780 + 3(15.4)°(0.80) = 16,350 W

L =154A

Q; = Qo+ 317X, = 12,150 + 3(15.4)%(1.0) = 12,870 VA reactive

VA _ /(16,350)? + (12,870)2
L V3(15.4)
=780V (I-)

V2 =
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A.5 OTHER POLYPHASE SYSTEMS

Although three-phase systems are by far the most common of all polyphase systems,
other numbers of phases are used for specialized purposes. The five-wire, four-phase
system (Fig. A.16) is sometimes used for low-voltage distribution. It has the advantage
that for a phase voltage of 115 V, single-phase voltages of 115 (between a, b, ¢, or
d and o, Fig. A.16) and 230 V (between a and ¢ or b and d) are available as well
as a system of polyphase voltages. Essentially the same advantages are possessed
by four-wire, three-phase systems having a line-to-neutral voltage of 120 V and a
line-to-line voltage of 208 V, however.

Four-phase systems are obtained from three-phase systems by means of special
transformer connections. Half of the four-phase system—the part aob (Fig. A.16),
for example—constitutes a two-phase system. In some rectifier circuits, 6-, 12-, 18-,
and 36-phase connections are used for the conversion of alternating to direct current.
These systems are also obtained by transformation from three-phase systems.

When the loads and voltages are balanced, the methods of analysis for three-
phase systems can be adapted to any of the other polyphase systems by considering
one phase of that polyphase system. Of course, the basic voltage, current, and power
relations must be modified to suit the particular polyphase system.

O a

o

b

o c
od

Figure A.16 A five-wire,
four-phase system.
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Voltages, Magnetic
Fields, and Inductances
of Distributed

AC Windings

in machines are determined by the winding arrangements and general ma-

chine geometry. These configurations in turn are dictated by economic use
of space and materials in the machine and by suitability for the intended service. In
this appendix we supplement the introductory discussion of these considerations in
Chapter 4 by analytical treatment of ac voltages and mmf’s in the balanced steady
state. Attention is confined to the time-fundamental component of voltages and the
space-fundamental component of mmf’s.

B oth amplitude and waveform of the generated voltage and armature mmf’s

B.1 GENERATED VOLTAGES

In accordance with Eq. 4.50, the rms generated voltage per phase for a concentrated
winding having N, turns per phase is

E =V2nfNu® (B.1)

where f is the frequency and ¢ the fundamental flux per pole.

A more complex and practical winding will have coil sides for each phase dis-
tributed in several slots per pole. Equation B.1 can then be used to compute the
voltage distribution of individual coils. To determine the voltage of an entire phase
group, the voltages of the component coils must be added as phasors. Such addition
of fundamental-frequency voltages is the subject of this article.



B.1 Generated Voltages

B.1.1 Distributed Fractional-Pitch Windings

A simple example of a distributed winding is illustrated in Fig. B.1 for a three-phase,
two-pole machine. This case retains all the features of a more general one with any
integral number of phases, poles, and slots per pole per phase. At the same time, a
double-layer winding is shown. Double-layer windings usually lead to simpler end
connections and to a machine which is more economical to manufacture and are found
in all machines except some small motors below 10 kW. Generally, one side of a coil,
such as aj, is placed in the bottom of a slot, and the other side, —ajy, is placed in the
top of another slot. Coil sides such as a; and a3 or a; and a4 which are in adjacent
slots and associated with the same phase constitute a phase belt. All phase belts are
alike when an integral number of slots per pole per phase are used, and for the normal
machine the peripheral angle subtended by a phase belt is 60 electrical degrees for a
three-phase machine and 90 electrical degrees for a two-phase machine.

Individual coils in Fig. B.1 all span a full pole pitch, or 180 electrical degrees;
accordingly, the winding is a full-pitch winding. Suppose now that all coil sides in the
tops of the slots are shifted one slot counterclockwise, as in Fig. B.2. Any coil, such as
aj, —ay, then spans only five-sixths of a pole pitch or %(180) = 150 electrical degrees,
and the winding is a fractional-pitch, or chorded, winding. Similar shifting by two
slots yields a %-pitch winding, and so forth. Phase groupings are now intermingled, for
some slots contain coil sides in phases a and b, a and ¢, and b and c. Individual phase

Figure B.1 Distributed two-pole, three-phase
full-pitch armature winding with voltage phasor
diagram.
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Figure B.2 Distributed two-pole, three-phase
fractional-pitch armature winding with voitage
phasor diagram.

groups, such as that formed by ay, as, as, a4 on one side and —a;, —az, —az, —as on
the other, are still displaced by 120 electrical degrees from the groups in other phases
so that three-phase voltages are produced. Besides the minor feature of shortening the
end connections, fractional-pitch windings can be shown to decrease the harmonic
content of both voltage and mmf waves.

The end connections between the coil sides are normally in a region of negligible
flux density, and hence altering them does not significantly affect the mutual flux
linkages of the winding. Allocation of coil sides in slots is then the factor determining
the generated voltages, and only that allocation need be specified in Figs. B.1 and B.2.
The only requisite is that all coil sides in a phase be included in the interconnection in
such a manner that individual voltages make a positive contribution to the total. The
practical consequence is that end connections can be made according to the dictates
of manufacturing simplicity; the theoretical consequence is that when computational
advantages result, the coil sides in a phase can be combined in an arbitrary fashion to
form equivalent coils.

One sacrifice is made in using the distributed and fractional-pitch windings of
Figs. B.1 and B.2 compared with a concentrated full-pitch winding: for the same
number of turns per phase, the fundamental-frequency generated voltage is lower.
The harmonics are, in general, lowered by an appreciably greater factor, however,
and the total number of turns which can be accommodated on a fixed iron geometry
is increased. The effect of distributing the winding in Fig. B.1 is that the voltages of
coils a; and a; are not in phase with those of coils a3 and a4. Thus, the voltage of
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coils @ and a; can be represented by phasor O X in Fig. B.1, and that of coils a3 and
a4 by the phasor OY . The time-phase displacement between these two voltages is the
same as the electrical angle between adjacent slots, so that O X and OY coincide with
the centerlines of adjacent slots. The resultant phasor O Z for phase a is obviously
smaller than the arithmetic sum of OX and OY.

In addition, the effect of fractional pitch in Fig. B.2 is that a coil links a smaller
portion of the total pole flux than if it were a full-pitch coil. The effect can be super-
imposed on that of distributing the winding by regarding coil sides a; and —a; as an
equivalent coil with the phasor voltage OW (Fig. B.2), coil sides ay, a4, —az, and
—aj as two equivalent coils with the phasor voltage O X (twice the length of OW),
and coil sides a3 and —ay as an equivalent coil with phasor voltage OY . The resultant
phasor O Z for phase a is obviously smaller than the arithmetic sum of OW, OX,
and OY and is also smaller than OZ in Fig. B.1.

The combination of these two effects can be included in a winding factor ky, to
be used as a reduction factor in Eq. B.1. Thus, the generated voltage per phase is

E = 27k f Ny ® (B.2)

where Ny, is the total turns in series per phase and &, accounts for the departure
from the concentrated full-pitch case. For a three-phase machine, Eq. B.2 yields the
line-to-line voltage for a A-connected winding and the line-to-neutral voltage for a
Y-connected winding. As in any balanced Y connection, the line-to-line voltage of
the latter winding is +/3 times the line-to-neutral voltage.

B.1.2 Breadth and Pitch Factors

By separately considering the effects of distributing and of chording the winding,
reduction factors can be obtained in generalized form convenient for quantitative
analysis. The effect of distributing the winding in # slots per phase belt is to yield n
voltage phasors displaced in phase by the electrical angle y between slots, y being
equal to 180 electrical degrees divided by the number of slots per pole. Such a group
of phasors is shown in Fig. B.3a and, in a more convenient form for addition, again
in Fig. B.3b. Each phasor AB, BC, and CD is the chord of a circle with center at
O and subtends the angle y at the center. The phasor sum AD subtends the angle
ny, which, as noted previously, is 60 electrical degrees for the normal, uniformly
distributed three-phase machine and 90 electrical degrees for the corresponding two-
phase machine. From triangles O Aa and O Ad, respectively,

Aa AB

A= = B.
sin(y/2)  2sin(y/2) (B.3)
Ad AD
A= = — (B.4)
sin{ny/2) 2sin(ny/2)
Equating these two values of O A yields
i 2
AD = A Sn¥/2) (B.5)

sin(y/2)
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Figure B.3 (a) Coil voltage phasors and (b) phasor sum.

But the arithmetic sum of the phasors is n(A B). Consequently, the reduction factor
arising from distributing the winding is
AD  sin(ny/2)

ky, = =
®T 4AB  nsin(y/2)

(B.6)

The factor ky, is called the breadth factor of the winding.

The effect of chording on the coil voltage can be obtained by first determining
the flux linkages with the fractional-pitch coil. Since there are n coils per phase and
Ny, total series turns per phase, each coil will have N = Np,/»n turns per coil. From
Fig. B.4 coil side —a is only p electrical degrees from side a instead of the full 180°.
The flux linkages with the N-turn coil are

2 1 4
A = NBpeulr ( ) / sinf d6 (B.7)
pole +a

2
A = N Bpealr (——) [cos (o + p) — cos ] (B.8)
poles

where

| = axial length of coil side
r = coil radius
poles = number of poles

With « replaced by wf to indicate rotation at w electrical radians per second, Eq. B.8
becomes

A = N Bpealr ( ) [cos (wt + p) — cos wt] (B.9)

2
poles
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Figure B.4 Fractional-pitch coil in
sinusoidal field.

The addition of cosine terms required in the brackets of Eq. B.9 may be performed
by a phasor diagram as indicated in Fig. B.5, from which it follows that

cos (wt + p) — cos wt = —2cos (%) cos (a)t — (1;_,0)) (B.10)

aresult which can also be obtained directly from the terms in Eq. B.9 by the appropriate
trigonometric transformations.
The flux linkages are then

4 T—p T =
A= —NBpealr (poles) cos ( 2 ) cos (a)t — ( 3 p)) B.11)

and the instantaneous voltage is

da 4 T—p\ . T—p
e= i N Bpeaxlr poles cos 7 sin | wt — — (B.12)

The phase angle (7 — p)/2 in Eq. B.12 merely indicates that the instantaneous
voltage is no longer zero when « in Fig. B.4 is zero. The factor cos [(w — p)/2] is an

o Phasor representing cos wt

Phasor representing
cos (wt + p)

Phasor representing
difference of other two

Figure B.5 Phasor addition for
fractional-pitch coil.
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amplitude-reduction factor, however, so that the rms voltage of Eq. B.1 is modified to

E = V2rk, f Ny® (B.13)
where the pitch factor k;, is
ky = cos (” ;p> = sin (g) (B.14)
When both the breadth and pitch factors apply, the rms voltage is
E = V2mkpk, f Non® = v/2 wky, f Nyn® (B.15)

which is an alternate form of Eq. B.2; the winding factor k., is seen to be the product
of the pitch and breadth factors.

ke = kykp (B.16)

Calculate the breadth, pitch, and winding factors for the distributed fractional-pitch winding
of Fig. B.2.

H Solution
The winding of Fig. B.2 has two coils per phase belt, separated by an electrical angle of 30°.
From Eq. B.6 the breadth factor is

_sin(ny/2)  sin[2(30°)/2]
* nsin(y/2)  2sin(30°/2)

= 0.966

The fractional-pitch coils span 150° = 57 /6 rad, and from Eq. B.14 pitch factor is
k, = sin (3) —sin{ 2% = 0.966
2 12

ky = kok, = 0.933

The winding factor is

B.2 ARMATURE MMF WAVES

Distribution of a winding in several slots per pole per phase and the use of fractional-
pitch coils influence not only the emf generated in the winding but also the magnetic
field produced by it. Space-fundamental components of the mmf distributions are
examined in this article.

B.2.1 Concentrated Full-Pitch Windings

We have seen in Section 4.3 that a concentrated polyphase winding of Ny, turns in
a multipole machine produces a rectangular mmf wave around the air-gap circum-
ference. With excitation by a sinusoidal current of amplitude 7, the time-maximum
amplitude of the space-fundamental component of the wave is, in accordance
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with Eq. 4.6,

4 Ny

(Fagl)peak = — (v/2I) A - turns/pole (B.17)
poles

where the winding factor ky, of Eq. 4.6 has been set equal to unity since in this case
we are discussing the mmf wave of a concentrated winding.

Each phase of a polyphase concentrated winding creates such a time-varying
standing mmf wave in space. This situation forms the basis of the analysis leading to
Eq. 4.39. For concentrated windings, Eq. 4.39 can be rewritten as

F(Bpe, t) = %%( Non )(«/El)cos (Bpe — wt) = g (N—p};)(ﬁl)cos (B, — )

poles pole:

(B.18)

The amplitude of the resultant mmf wave in a three-phase machine in ampere-
turns per pole is then

6/ N
Fy = __( ph )(«/EI) A - turns/pole (B.19)
7 \ poles
Similarly, for a npy-phase machine, the amplitude is
2 N,
Fy = 2oh (ﬁ) (+/2I) A - turns/pole (B.20)
m \ poles

In Egs. B.19 and B.20, I is the rms current per phase. The equations include
only the fundamental component of the actual distribution and apply to concentrated
full-pitch windings with balanced excitation.

B.2.2 Distributed Fractional-Pitch Winding

When the coils in each phase of a winding are distributed among several slots per
pole, the resultant space-fundamental mmf can be obtained by superposition from the
preceding simpler considerations for aconcentrated winding. The effect of distribution
can be seen from Fig. B.6, which is a reproduction of the two-pole, three-phase, full-
pitch winding with two slots per pole per phase given in Fig. B.1. Coils a; and ay, b,
and by, and ¢; and ¢; by themselves constitute the equivalent of a three-phase, two-
pole concentrated winding because they form three sets of coils excited by polyphase
currents and mechanically displaced 120° from each other. They therefore produce
a rotating space-fundamental mmf; the amplitude of this contribution is given by
Eq. B.19 when Ny is taken as the sum of the series turns in coils a; and a; only.
Similarly, coils a3 and a4, b3 and by, and ¢3 and ¢4 produce another identical mmf
wave, but one which is phase-displaced in space by the slot angle y from the former
wave. The resultant space-fundamental mmf wave for the winding can be obtained
by adding these two sinusoidal contributions.

The mmf contribution from the a;a;b1bscc; coils can be represented by the pha-
sor O X in Fig. B.6. Such phasor representation is appropriate because the waveforms
concerned are sinusoidal, and phasor diagrams are simply convenient means for
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Figure B.6 Distributed two-pole, three-phase, full-pitch
armature winding with mmf phasor diagram.

adding sine waves. These are space sinusoids, however, not time sinusoids. Pha-
sor O X is drawn in the space position of the mmf peak for an instant of time when the
current in phase a is a maximum. The length of O X is proportional to the number of
turns in the associated coils. Similarly, the mmf contribution from the asasb3bscicy
coils may be represented by the phasor OY. Accordingly, the phasor O Z represents
the resultant mmf wave. Just as in the corresponding voltage diagram, the resultant
mmf is seen to be smaller than if the same number of turns per phase were concentrated
in one slot per pole.

In like manner, mmf phasors can be drawn for fractional-pitch windings as illus-
trated in Fig. B.7, which is areproduction of the two-pole, three-phase, fractional-pitch
winding with two slots per pole per phase given in Fig. B.2. Phasor O W represents the
contribution for the equivalent coils formed by conductors a; and —ay, b; and —by,
and ¢; and —c¢;; OX forajas and —as —ay, b1bg and —b3 —b;, and ¢ ¢4 and —c3 —c3;
and OY for a3 and —ay, b3 and —by4, and ¢3 and —c4. The resultant phasor O Z is,
of course, smaller than the algebraic sum of the individual contributions and is also
smaller than OZ in Fig. B.6.

By comparison with Figs. B.1 and B.2, these phasor diagrams can be seen to be
identical with those for generated voltages. It therefore follows that pitch and breadth
factors previously developed can be applied directly to the determination of resultant
mmf. Thus, for a distributed, fractional-pitch, polyphase winding, the amplitude of
the space-fundamental component of mmf can be obtained by using kpk, Nph = ky Npn
instead of simply N, in Eqs. B.19 and B.20. These equations then become

Fo= (M) V2I) = g ("L@) 2 (B.21)

14 poles poles
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Figure B.7 Distributed two-pole, three-phase,
fractional-pitch armature winding with mmf
phasor diagram.

for a three-phase machine and

Fy = 2t (M) 3D = ? <M> 2D  (B22)

T poles poles

for a nyp-phase machine, where Fj is in ampere-turns per pole.

B.3 AIR-GAP INDUCTANCES
OF DISTRIBUTED WINDINGS

Figure B.8a shows an N-turn, full-pitch, concentrated armature winding in a two-pole
magnetic structure with a concentric cylindrical rotor. The mmf of this configuration
is shown in Fig. B.8b. Since the air-gap length g is much smaller than the average
air-gap radius r, the air-gap radial magnetic field can be considered uniform and
equal to the mmf divided by g. From Eq. 4.3 the space-fundamental mmf is given
by

4 Ni
]:agl = _-l cos 0, (B.23)
T 2

and the corresponding air-gap flux density is

]:agl _ 2uoNi c
g

Bagi = 1o 08 0, (B.24)
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Figure B.8 (a) N-turn concentrated coil and (b) resultant mmf.

Equation B.24 can be integrated to find the fundamental air-gap flux per pole
(Eq. 4.44)

/2 4uoNlr

—i

d =1 Baglr dg =
—/2 g

(B.25)

where [ is the axial length of the air gap. The air-gap inductance of the coil can be
found from Eq. 1.29
A_NO dpoN2r

L=_.
I I g

(B.26)

For a distributed multipole winding with Ny, series turns and a winding factor
kw = kpkp, the air-gap inductance can be found from Eq. B.26 by substituting for N
the effective turns per pole pair (2k,, Ny /poles)

duolr [ 2kyNon\?>  16u0lr [ kwNps \>
L = Ko ( P“) = R ( P“) (B.27)
ng poles ng poles

Finally, Fig. B.9 shows schematically two coils (labeled | and 2) with winding
factors k1 and ky, and with 2N, /poles and 2N, /poles turns per pole pair, respec-
tively; their magnetic axes are separated by an electrical angle « (equal to poles/2
times their spatial angular displacement). The mutual inductance between these two
windings is given by

4,[1,0 <2kW1N1) <2kw2N2) Ir
Lyp,=— — cosu

T poles poles / g

_ 16po(kwi N1 (kua No)lr

mg(poles)? (B.28)

Although the figure shows one winding on the rotor and the second on the stator,
Eq. B.28 is equally valid for the case where both windings are on the same member.
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___.--’/ Magnetic

S axis of |

Figure B.9 Two distributed windings
separated by electrical angle .

EXAMPLE B.2

The two-pole stator-winding distribution of Fig. B.2 is found on an induction motor with an
air-gap length of 0.381 mm, an average rotor radius of 6.35 cm, and an axial length of 20.3 cm.
Each stator coil has 15 turns, and the coil phase connections are as shown in Fig. B.10. Calculate
the phase-a air-gap inductance L, and the phase-a to phase-b mutual inductance L.

M Solution
Note that the placement of the coils around the stator is such that the flux linkages of each of
the two parallel paths are equal. In addition, the air-gap flux distribution is unchanged if, rather
than dividing equally between the two legs, as actually occurs, one path were disconnected and
all the current were to flow in the remaining path. Thus, the phase inductances can be found
by calculating the inductances associated with only one of the parallel paths.

This result may appear to be somewhat puzzling because the two paths are connected in
parallel, and thus it would appear that the parallel inductance should be one-half that of the
single-path inductance. However, the inductances share a common magnetic circuit, and their

a; a, by b, c Cy
—a @  Th —b g —c
as ag by by c3 cy
—as —ag  —bs —bs o —Cs
Phase a Phase b Phase ¢

Figure B.10 Coil phase connections of Fig. B.2 for Example B.2.
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combined inductance must reflect this fact. It should be pointed out, however, that the phase
resistance is one-half that of each of the paths.
The winding factor has been calculated in Example B.1. Thus, from Eq. B.27,

2
Loy = 160lr (kwNph>

g poles

_16(4m x 1077) x 0.203 x 0.0635 (0.933 x 30°
B m(3.81 x 104 2

=424 mH

The winding axes are separated by o = 120°, and thus from Eq. B.28

_ 164100k Nyl

b = cosa = —21.2 mH
® 7 g (poles)? *




The dqO Transformation

n this appendix, the direct- and quadrature-axis (dq0) theory introduced in Sec-

tion 5.6 is formalized. The formal mathematical transformation from three-phase

stator quantities to their direct- and quadrature-axis components is presented. These
transformations are then used to express the governing equations for a synchronous
machine in terms of the dq0 quantities.

C.1 TRANSFORMATION TO DIRECT- AND
QUADRATURE-AXIS VARIABLES

In Section 5.6 the concept of resolving synchronous-machine armature quantities
into two rotating components, one aligned with the field-winding axis, the direct-
axis component, and one in quadrature with the field-winding axis, the quadrature-
axis component, was introduced as a means of facilitating analysis of salient-pole
machines. The usefuiness of this concept stems from the fact that although each of
the stator phases sees a time-varying inductance due to the saliency of the rotor, the
transformed quantities rotate with the rotor and hence see constant magnetic paths.
Although not discussed here, additional saliency effects are present under transient
conditions, due to the different conducting paths in the rotor, rendering the concept
of this transformation all the more useful.

Similarly, this transformation is useful from the point of view of analyzing the
interaction of the rotor and stator flux- and mmf-waves, independent of whether or
not saliency effects are present. By transforming the stator quantities into equivalent
quantities which rotate in synchronism with the rotor, under steady-state conditions
these interactions become those of constant mmf- and flux-waves separated by a
constant spatial angle. This indeed is the point of view which corresponds to that of
an observer in the rotor reference frame.

The idea behind the transformation is an old one, stemming from the work of
Andre Blondel in France, and the technique is sometimes referred to as the Blondel
two-reaction method. Much of the development in the form used here was carried out
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Axis of
phase b
Rotor ."
quadrature w_ .
axis

_, winding

Axis of

phase ¢

Figure C.1 Idealized synchronous machine

by R. E. Doherty, C. A. Nickle, R. H. Park, and their associates in the United States.
The transformation itself, known as the dq0 transformation, can be represented in a
straightforward fashion in terms of the electrical angle Gy, (equal to poles/2 times the
spatial angle 6,,) between the rotor direct axis and the stator phase-a axis, as defined
by Eq. 4.1 and shown in Fig. C.1.

Letting S represent a stator quantity to be transformed (current, voltage, or flux),
we can write the transformation in matrix form as

Sq 5 [ €08 (Brme)  €OS (Bme — 120°) €08 (Ome + 120°) (Sa

Sq| =32 | —sin@me) —Sin(Bme — 120°)  —sin(Gme +120°) | [ Sp | (C.1)
3 1 1 1

So 2 2 2 Se

and the inverse transformation as

N

Sa €OS (Ome) —81n(Oe) 1 d
Sp | = | cos (Ope — 120°)  —sin(@pe — 120°) 1 Sq (C.2)
Se €08 (Bme + 120°)  —sin(@pe + 120°) 1 So |

Here the letter S refers to the quantity to be transformed and the subscripts
d and q represent the direct and quadrature axes, respectively. A third component,
the zero-sequence component, indicated by the subscript 0, is also included. This
component is required to yield a unique transformation of the three stator-phase
quantities; it corresponds to components of armature current which produce no net air-
gap flux and hence no net flux linking the rotor circuits. As can be seen from Eq. C.1,
under balanced-three-phase conditions, there are no zero-sequence components. Only
balanced-three-phase conditions are considered in this book, and hence zero-sequence
components are not discussed in any detail.
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Note that the dq0 transformation applies to the instantaneous values of the quan-
tities to be transformed, not rms values. Thus when applying the formal instantaneous
transformations as presented here, one must be careful to avoid the use of rms values,
as are frequently used in phasor analyses such as are found in Chapter 5.

A two-pole synchronous machine is carrying balanced three-phase armature currents
i, = V2L coswr iy =~2Lcos(wt —120°) i, = ~/21,cos (wt + 120°)

The rotor is rotating at synchronous speed w, and the rotor direct axis is aligned with the stator
phase-a axis at time ¢ = 0. Find the direct- and quadrature-axis current components.

H Solution
The angle between the rotor direct axis and the stator phase-a axis can be expressed as

e = W1

From Eq. C.1

2
iqg = _3'[ia cos wt + i, cos (wt — 120°) + i, cos (wt + 120°)]

2
g«/zla[cos2 wt + cos® (wt — 120°) + cos? (wt + 120°)]

Using the trigonometric identity cos” a = (1 4 cos 2a) gives
ie = V21,

Similarly,

2
iy = —g[ia sinwt + iy, sin (wt — 120°) + i, sin (w? + 120°%)]

2
—gﬁla[cos wt sinwt + cos (wt — 120°) sin (wt — 120°)

+ cos (wt + 120°) sin (wt + 120°)]
and using the trigonometric identity cos « sine = % sin 2« gives
iqg=0

This result corresponds directly to our physical picture of the dq0 transformation. From
the discussion of Section 4.5 we recognize that the balanced three-phase currents applied to
this machine produce a synchronously rotating mmf wave which produces flux along the stator
phase-a axis at time ¢+ = 0. This flux wave is thus aligned with the rotor direct axis at t = 0
and remains so since the rotor is rotating at the same speed. Hence the stator current produces
only direct-axis flux and thus consists only of a direct-axis component.
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C.2 BASIC SYNCHRONOUS-MACHINE
RELATIONS IN dqO0 VARIABLES

Equations 5.2 to 5.5 give the flux-linkage current relationships for a synchronous
machine consisting of a field winding and a three-phase stator winding. This simple
machine is sufficient to demonstrate the basic features of the machine representation
in dqO variables; the effects of additional rotor circuits such as damper windings can
be introduced in a straightforward fashion.

The flux-linkage current relationships in terms of phase variables (Egs. 5.2 t0 5.5)
are repeated here for convenience

}\a Eaa Eab Eac Eaf ia
M| 1 Loa Low Lo Lot | | b
Ac - Eca Ecb Ecc ch ic (C3)

A Lia L Lic Li | |

Unlike the analysis of Section 5.2, this analysis will include the effects of saliency,
which causes the stator self and mutual inductances to vary with rotor position.

For the purposes of this analysis the idealized synchronous machine of Fig. C.1
is assumed to satisfy two conditions: (1) the air-gap permeance has a constant com-
ponent as well as a smaller component which varies cosinusoidally with rotor angle
as measured from the direct axis, and (2) the effects of space harmonics in the air-gap
flux can be ignored. Although these approximations may appear somewhat restric-
tive, they form the basis of classical dq0 machine analysis and give excellent results
in a wide variety of applications. Essentially they involve neglecting effects which
result in time-harmonic stator voltages and currents and are thus consistent with our
previous assumptions neglecting harmonics produced by discrete windings.

The various machine inductances can then be written in terms of the electrical
rotor angle 6y, (between the rotor direct axis and the stator phase-a axis), using the
notation of Section 5.2, as follows. For the stator self-inductances

‘Caa =Lyo+ La+ Lg2 Cos 2emc (C4)
‘Cbb =L+ La+ Lg2 cos (20 + 120°) (C.5)
Lee = Loo + La+ Ly o8 (20me — 120°) (C.6)

For the stator-to-stator mutual inductances
l (o]
Lip =L = _ELua() + Ly cos (20ime — 120°) (C.7)
1
Lo = Lep = _ELuaO + Lg2 oS 26, (C.8)

1
Lo =L = —ELaa(, + Lg» cos (20 + 120°) (C.9)
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For the field-winding self-inductance

Lg = Lg (C.10)
and for the stator-to-rotor mutual inductances
Lo = L5 = Lap COS Oppe (C.1D)
Lot = Ly = Lascos (Bpe — 120°) (C.12)
Lot = Lge = Larcos (Bpe + 120°) (C.13)

Comparison with Section 5.2 shows that the effects of saliency appear only in the
stator self- and mutual-inductance terms as an inductance term which varies with 26,,..
This twice-angle variation can be understood with reference to Fig. C.1, where it can
be seen that rotation of the rotor through 180° reproduces the original geometry of the
magnetic circuit. Notice that the self-inductance of each stator phase is a maximum
when the rotor direct axis is aligned with the axis of that phase and that the phase-
phase mutual inductance is maximum when the rotor direct axis is aligned midway
between the two phases. This is the expected result since the rotor direct axis is the
path of lowest reluctance (maximum permeance) for air-gap flux.

The flux-linkage expressions of Eq. C.3 become much simpler when they are
expressed in terms of dq0 variables. This can be done by application of the trans-
formation of Eq. C.1 to both the flux linkages and the currents of Eq. C.3. The
manipulations are somewhat laborious and are omitted here because they are simply
algebraic. The results are

hg = Lgig + Lait (C.14)
Aq = Lqlq (C.15)
3
Af = 3 Lafig + Lis (C.16)
Ao = Loig (C.17)
In these equations, new inductance terms appear:
3
Ly=1Ly+ E(LaaO + Lg2) (Clg)
3
Lq =L+ '2'(LaaO - Lg2) (C19)
Lo =Ly (C.20)

The quantities Lgq and Ly are the direct-axis and quadrature-axis synchronous
inductances, respectively, corresponding directly to the direct- and quadrature-axis
synchronous reactances discussed in Section 5.6 (i.e., Xq = weLq and X4 = weLy).
The inductance Ly is the zero-sequence inductance. Notice that the transformed flux-
linkage current relationships expressed in Egs. C.14 to C.17 no longer contain in-
ductances which are functions of rotor position. This feature is responsible for the
usefulness of the dq0 transformation.
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Transformation of the voltage equations

dhy

Vo= Rada + —- (C.21)
dx
Vo = Rain + d—tb (C.22)
= R, dhe C.23)
Ve = Ryl + dr ( .
dis
= Ryif + — C.24
Vs flr + I ( )
results in
dx
va = Raig + d—td — Omelq (C.25)
dx
Vg = Raiq + —dt“ + Wmehd (C.26)
dis
= Reis + 2 C.27
vf eir + T ( )
. da
vo = Raio + d—t" (C.28)

(algebraic details are again omitted), where wy. =d6y./dt is the rotor electrical
angular velocity.

InEgs. C.25 and C.26 the terms wmeAq and wmeAq are speed-voltage terms which
come as a result of the fact that we have chosen to define our variables in a reference
frame rotating at the electrical angular velocity wp.. These speed voltage terms are
directly analogous to the speed-voltage terms found in the dc machine analysis of
Chapter 9. In a dc machine, the commutator/brush system performs the transformation
which transforms armature (rotor) voltages to the field-winding (stator) reference
frame.

We now have the basic relations for analysis of our simple synchronous ma-
chine. They consist of the flux-linkage current equations C.14 to C.17, the voltage
equations C.25 to C.28, and the transformation equations C.1 and C.2. When the
rotor electrical angular velocity wme is constant, the differential equations are linear
with constant coefficients. In addition, the transformer terms dA4/dt and diq/dt in
Eqgs. C.25 and C.26 are often negligible with respect to the speed-voltage terms wmeAq
and wpeAqg, providing further simplification. Omission of these terms corresponds to
neglecting the harmonics and dc component in the transient solution for stator volt-
ages and currents. In any case, the transformed equations are generally much easier
to solve, both analytically and by computer simulation, than the equations expressed
directly in terms of the phase variables.

In using these equations and the corresponding equations in the machinery liter-
ature, careful note should be made of the sign convention and units employed. Here
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we have chosen the motor-reference convention for armature currents, with positive
armature current flowing into the machine terminals. Also, SI units (volts, amperes,
ohms, henrys, etc.) are used here; often in the literature one of several per-unit systems
is used to provide numerical simplifications.!

To complete the useful set of equations, expressions for power and torque are
needed. The instantaneous power into the three-phase stator is

Ps = vaia + vbib + vcic (C29)

Phase quantities can be eliminated from Eq. C.29 by using Eq. C.2 written for voltages
and currents. The result is

3
ps = 5 (vela + vaiq + 2uoio) (C.30)

The electromagnetic torque, Tiecn, is readily obtained by using the techniques
of Chapter 3 as the power output corresponding to the speed voltages divided by the
shaft speed (in mechanical radians per second). From Eq. C.30 with the speed-voltage
terms from Egs. C.25 and C.26, and by recognizing @y, as the rotor speed in electrical
radians per second, we get

3 oles
Tmech = ( P

s> )(xdiq—xqid) (C.3D)

A word about sign conventions. When, as is the case in the derivation of this
appendix, the motor-reference convention for currents is chosen (i.e., the positive
reference direction for currents is into the machine), the torque of Eq. C.31 is the torque
acting to accelerate the rotor. Alternatively, if the generator-reference convention is
chosen, the torque of Eq. C.31 is the torque acting to decelerate the rotor. This result
is, in general, conformity with torque production from interacting magnetic fields
as expressed in Eq. 4.81. In Eq. C.31 we see the superposition of the interaction of
components: the direct-axis magnetic flux produces torque via its interaction with
the quadrature-axis mmf and the quadrature-axis magnetic flux produces torque via
its interaction with the direct-axis mmf. Note that, for both of these interactions,
the flux and interacting mmf’s are 90 electrical degrees apart; hence the sine of the
interacting angle (see Eq. 4.81) is unity which in turns leads to the simple form of
Eq. C.31.

As a final cautionary note, the reader is again reminded that the currents, fluxes,
and voltages in Eqgs. C.29 through Eq. C.31 are instantaneous values. Thus, the reader
is urged to avoid the use of rms values in these and the other transformation equations
found in this appendix.

1See A. W. Rankin, “Per-Unit Impedances of Synchronous Machines,” Trans. AIEE 64:569-573,
839-841 (1945).
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C.3 BASIC INDUCTION-MACHINE RELATIONS
IN dqO0 VARIABLES

In this derivation we will assume that the induction machine includes three-phase
windings on both the rotor and the stator and that there are no saliency effects. In this
case, the flux-linkage current relationships can be written as

)\a Eaa Eab ‘Cac L:aaR ACabR L:acR ia

Ap Loa  Lob Lo Lpar Lok Louer b

)\c — Eca Ecb ‘Ccc L:caR L:ch L:CCR ic (C 32)
Aar Laa  Laro  Lare LaraR  Laror  Larc [aR '
AbR Lora Loro  Lbre Lbrak  LoroR  LoRer | | IbR

AcR Lera Lero Lere Lerar  LerorR  Lerer | | icr

where the subscripts (a, b, c) refer to stator quantities while the subscripts (aR, bR,
cR) refer to rotor quantities.

The various machine inductances can then be written in terms of the electrical
rotor angle 6., (defined in this case as between the rotor phase-aR and the stator
phase-a axes), as follows. For the stator self-inductances

Eaa = L:bb = Ecc =Ly + La (C.33)
where L,y is the air-gap component of the stator self-inductance and L is the leakage
component.

For the rotor self-inductances

LaraR = Lprbr = LcReR = Lararo + Lari (C.34)

where L,r.ro is the air-gap component of the rotor self-inductance and L,g is the
leakage component.
For the stator-to-stator mutual inductances

1
Eab = L:ba = Eac = Ecu = Ebc = Ecb = _§Lua0 (C35)

For the rotor-to-rotor mutual inductances

1
LarbR = LpraR = LareR = LcRaR = LvreR = LcRbR = _ELaRaRO (C.36)

and for the stator-to-rotor mutual inductances
LR = Lira = LobR = Lorb = Lok = Lere = Lagk €08 Ome (C.37)
Lrar = Larb = LR = Lore = Lack = LeRa = Laar €08 (Gne — 120°%)  (C.38)
Ler = Lare = LR = LbRa = Lok = Lerb = Luar €08 (One +120°)  (C.39)
The corresponding voltage equations become

di.
Va = Ryiy + T; (C.40)
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v = Raip + %’ (C.A1)
Ve = Raic + ‘2° (C.42)
var = 0 = Rurier + d;:“ (C.43)
vbr = 0 = Repivr + %:i (C.44)
ver = 0 = Rupicr + dﬁ:“ (C.45)

where the voltages v,r, vpr, and ver are set equal to zero because the rotor windings
are shorted at their terminals.

In the case of a synchronous machine in which the stator flux wave and rotor
rotate in synchronism (at least in the steady state), the choice of reference frame for the
dqO transformation is relatively obvious. Specifically, the most useful transformation
is to a reference frame fixed to the rotor.

The choice is not so obvious in the case of an induction machine. For example,
one might choose a reference frame fixed to the rotor and apply the transformation
of Egs. C.1 and C.2 directly. If this is done, because the rotor of an induction motor
does not rotate at synchronous speed, the flux linkages seen in the rotor reference
frame will not be constant, and hence the time derivatives in the transformed voltage
equations will not be equal to zero. Correspondingly, the direct- and quadrature-axis
flux linkages, currents, and voltages will be found to be time-varying, with the result
that the transformation turns out to be of little practical value.

An alternative choice is to choose a reference frame rotating at the synchronous
angular velocity. In this case, both the stator and rotor quantities will have to be
transformed. In the case of the stator quantities, the rotor angle 6, in Egs. C.1 and
C.2 would be replaced by 65 where

Bs = wet + 6o (C.46)

is the angle between the axis of phase a and that of the synchronously-rotating dq0
reference frame and 6.
The transformation equations for the stator quantities then become

Sd 5 | €08 (Bs) cos(Bs —120°) cos(Bs + 120°) Sa

Sq| =2 | —sin(@s) —sin(s —120°) —sin(6s +120°) | | Sp |  (C.47)
3 1 1 1
So 3 3 3 Se

and the inverse transformation

S, cos (fs) —sin(fs) 1] ]S4
Sp | = | cos(fs —120°) —sin(fs — 120°) 1| | S (C.48)
Se cos (Bs + 120°) —sin(fs + 120°) 1 So
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Similarly, in the case of the rotor, 65 would be replaced by g where
Or = (We — Wie)t + 60 (C49)

is the angle between the axis of rotor phase aR and that of the synchronously-rotating
dqO reference frame and (we — wme) is the electrical angular velocity of the syn-
chronously rotating reference frame as seen from the rotor frame.

The transformation equations for the rotor quantities then become

Sar 2 cos (6r) cos (6r — 120°) cos (Br + 120°) Sar
S | = = | =sin(6r) —sin(6g — 120°) —sin(6g + 120°) | | Six
S 3 1 1 s
0R 3 2 3 R
(C.50)

and the inverse transformation

SaR Ccos (QR) —SiH(GR) 1 SdR
Ser | = | cos (Br — 120°) —sin(6g — 120°) 1] | Sm (C.51)
Scr cos (Br + 120°) —sin(Bg + 120°) 1 Sor

Using this set of transformations for the rotor and stator quantities, the trans-
formed flux-linkage current relationships become

ha = Lsia + Luniar (C.52)
Ag = Lsiq + Luiqr (C.53)
Ao = Loio (C.54)
for the stator and
AgR = Lmig + Lrigr (C.55)
Mgk = Lumiq + Lrigr (C.56)
Aor = Lorior (C.57)

for the rotor
Here we have defined a set of new inductances

3
Lg = ELaaO + L (C.58)
3
Ln= ELaaRO (C59)
Lo =Ly (C.60)
3
Lg = ELaRaRO + Lari (C.61)

Lor = Lars (C.62)



C.3 Basic Induction-Machine Relations in dg0 Variables

The transformed stator-voltage equations are

. dig
Ug = Rald + _LF - a)ekq (C63)
dA
Vg = Raiq + d—t‘* + wehd (C.64)
. dhg
Vg = Ral() + d—[ (C65)
and those for the rotor are
. Ad
0 = Rupisr + d—f — (@ — Wme) AR (C.66)
di
0= Ragign + — 1 + (@ = 0me)hak (C.67)
dx
0 = Raior + — (C.68)

dt

Finally, using the techniques of Chapter 3, the torque can be expressed in a
number of equivalent ways including

3 { poles .
Tineeh = E (pT> (}»diq — }»qld) (C.69)

and

3 (poles\ /L . .
Tmech = E ( ) ) (‘L—:‘> (}”deq — Aqria) (C.70
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Engineering Aspects
of Practical Electric
Machine Performance
and Operation

this material forms the basis for understanding the behavior of electric machinery of

all types. In this appendix our objective is to introduce practical issues associated
with the engineering implementation of the machinery concepts which have been
developed. Issues common to all electric machine types such as losses, cooling, and
rating are discussed.

D.1 LOSSES

Consideration of machine losses is important for three reasons: (1) Losses determine
the efficiency of the machine and appreciably influence its operating cost; (2) losses
determine the heating of the machine and hence the rating or power output that can be
obtained without undue deterioration of the insulation; and (3) the voltage drops or
current components associated with supplying the losses must be properly accounted
for in a machine representation. Machine efficiency, like that of transformers or any
energy-transforming device, is given by

I n this book the basic essential features of electric machinery have been discussed;

.. output
Efficiency = - (D.1)
mput
which can also be expressed as
input — losses losses
Efficiency = mpu. osses _ | _ .osses D.2)
mnput mnput
tput
Efficiency = ——P" (D.3)

output + losses
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Rotating machines in general operate efficiently except at light loads. For example,
the full-load efficiency of average motors ranges from 80 to 90 percent for motors on
the order of 1 to 10 kW, 90 to 95 percent for motors up to a few hundred kW, and up
to a few percent higher for larger motors.

The forms given by Egs. D.2 and D.3 are often used for electric machines, since
their efficiency is most commonly determined by measurement of losses instead of
by directly measuring the input and output under load. Efficiencies determined from
loss measurements can be used in comparing competing machines if exactly the same
methods of measurement and computation are used in each case. For this reason,
the various losses and the conditions for their measurement are precisely defined
by the American National Standards Institute (ANSI), the Institute of Electrical and
Electronics Engineers (IEEE), and the National Electrical Manufacturers Associa-
tion (NEMA). The following discussion summarizes some of the various commonly
considered loss mechanisms.

Ohmic Losses Ohmic, or I*R losses, are found in all windings of a machine. By
convention, these losses are computed on the basis of the dc resistances of the winding
at 75°C. Actually the 12 R loss depends on the effective resistance of the winding under
the operating frequency and flux conditions. The increment in loss represented by the
difference between dc and effective resistances is included with stray load losses,
discussed below. In the field windings of synchronous and dc machines, only the
losses in the field winding are charged against the machine; the losses in external
sources supplying the excitation are charged against the plant of which the machine
is a part. Closely associated with I°R loss is the brush-contact loss at slip rings
and commutators. By convention, this loss is normally neglected for induction and
synchronous machines. For industrial-type dc machines the voltage drop at the brushes
is regarded as constant at 2 V total when carbon and graphite brushes with shunts
(pigtails) are used.

Mechanical Losses Mechanical losses consist of brush and bearing friction, wind-
age, and the power required to circulate air through the machine and ventilating
system, if one is provided, whether by self-contained or external fans (except for the
power required to force air through long or restricted ducts external to the machine).
Friction and windage losses can be measured by determining the input to the machine
running at the proper speed but unloaded and unexcited. Frequently they are lumped
with core loss and determined at the same time.

Open-Circuit, or No-Load, Core Loss Open-circuit core loss consists of the hys-
teresis and eddy-current losses arising from changing flux densities in the iron of
the machine with only the main exciting winding energized. In dc and synchronous
machines, these losses are confined largely to the armature iron, although the flux
variations arising from slot openings will cause losses in the field iron as well, par-
ticularly in the pole shoes or surfaces of the field iron. In induction machines the
losses are confined largely to the stator iron. Open-circuit core loss can be found by
measuring the input to the machine when it is operating unloaded at rated speed or
frequency and under the appropriate flux or voltage conditions, and then deducting
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the friction and windage loss and, if the machine is self-driven during the test, the
no-load armature 2R loss (no-load stator I*R loss for an induction motor). Usually,
data are taken for a curve of core loss as a function of armature voltage in the neigh-
borhood of rated voltage. The core loss under load is then considered to be the value
at a voltage equal to rated voltage corrected for the armature resistance drop under
load (a phasor correction for an ac machine). For induction motors, however, this
correction is dispensed with, and the core loss at rated voltage is used. For efficiency
determination alone, there is no need to segregate open-circuit core loss and friction
and windage loss; the sum of these two losses is termed the no-load rotational loss.

Eddy-current loss varies with the square of the flux density, the frequency, and
the thickness of laminations. Under normal machine conditions it can be expressed
to a sufficiently close approximation as

Pe = Ke(Bmax f8)* (D4)

where
8 = lamination thickness
Bax = maximum flux density
f = frequency
K. = proportionality constant

The value of K. depends on the units used, volume of iron, and resistivity of the iron.
Variation of hysteresis loss can be expressed in equation form only on an empirical
basis. The most commonly used relation is

P, = K, fB" (D.5)

max

where K, is a proportionality constant dependent on the characteristics and volume
of iron and the units used and the exponent » ranges from 1.5 to 2.5, a value of 2.0
often being used for estimating purposes in machines. In both Eqs. D.4 and D.5,
frequency can be replaced by speed and flux density by the appropriate voltage, with
the proportionality constants changed accordingly.

When the machine is loaded, the space distribution of flux density is significantly
changed by the mmf of the load currents. The actual core losses may increase notice-
ably. For example, mmf harmonics cause appreciable losses in the iron near the air-gap
surfaces. The total increment in core loss is classified as part of the stray load loss.

Stray Load Loss Stray load loss consists of the losses arising from nonuniform
current distribution in the copper and the additional core losses produced in the iron
by distortion of the magnetic flux by the load current. It is a difficult loss to determine
accurately. By convention it is taken as 1.0 percent of the output for dc machines. For
synchronous and induction machines it can be found by test.

D.2 RATING AND HEATING

The rating of electrical devices such as machines and transformers is often deter-
mined by mechanical and thermal considerations. For example, the maximum wind-
ing current is typically determined by the maximum operating temperature which
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the insulation can withstand without damage or excessive loss of life. Similarly the
maximum speed of a motor or generator is typically determined by mechanical con-
siderations related to the structural integrity of the rotor or the performance of the
bearings. The temperature rise resulting from the losses considered in Section D.1 is
therefore a major factor in the rating of a machine.

The operating temperature of a machine is closely associated with its life ex-
pectancy because deterioration of the insulation is a function of both time and tem-
perature. Such deterioration is a chemical phenomenon involving slow oxidation and
brittle hardening and leading to loss of mechanical durability and dielectric strength.
In many cases the deterioration rate is such that the life of the insulation can be
represented as an exponential

Life = AeB/T (D.6)

where A and B are constants and T is the absolute temperature. Thus, according to
Eq. D.6, when life is plotted to a logarithmic scale against the reciprocal of absolute
temperature on a uniform scale, a straight line should result. Such plots form valuable
guides in the thermal evaluation of insulating materials and systems. A very rough
idea of the life-temperature relation can be obtained from the old and more or less
obsolete rule of thumb that the time to failure of organic insulation is halved for each
8 to 10°C rise.

The evaluation of insulating materials and insulation systems (which may in-
clude widely different materials and techniques in combination) is to a large extent
a functional one based on accelerated life tests. Both normal life expectancy and
service conditions will vary widely for different classes of electric equipment. Life
expectancy, for example, may be a matter of minutes in some military and missile
applications, may be 500 to 1000 h in certain aircraft and electronic equipment, and
may range from 10 to 30 years or more in large industrial equipment. The test pro-
cedures will accordingly vary with the type of equipment. Accelerated life tests on
models, called moforettes, are commonly used in insulation evaluation. Such tests,
however, cannot be easily applied to all equipment, especially the insulation systems
of large machines.

Insulation life tests generally attempt to simulate service conditions. They usually
include the following elements:

B Thermal shock resulting from heating to the test temperature.

Sustained heating at that temperature.

Thermal shock resulting from cooling to room temperature or below.
Vibration and mechanical stress such as may be encountered in actual service.
Exposure to moisture.

Dielectric testing to determine the condition of the insulation.

Enough samples must be tested to permit statistical methods to be applied in analyzing
the results. The life-temperature relations obtained from these tests lead to the clas-
sification of the insulation or insulating system in the appropriate temperature class.

For the allowable temperature limits of insulating systems used commercially, the
latest standards of ANSI, IEEE, and NEMA should be consulted. The three NEMA
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insulation-system classes of chief interest for industrial machines are class B, class F,
and class H. Class B insulation includes mica, glass fiber, asbestos, and similar ma-
terials with suitable bonding substances. Class F insulation also includes mica, glass
fiber, and synthetic substances similar to those in class B, but the system must be capa-
ble of withstanding higher temperatures. Class H insulation, intended for still higher
temperatures, may consist of materials such as silicone elastomer and combinations
including mica, glass fiber, asbestos, and so on, with bonding substances such as
appropriate silicone resins. Experience and tests showing the material or system to be
capable of operation at the recommended temperature form the important classifying
criteria.

When the temperature class of the insulation is established, the permissible
observable temperature rises for the various parts of industrial-type machines can
be found by consulting the appropriate standards. Reasonably detailed distinctions
are made with respect to type of machine, method of temperature measurement,
machine part involved, whether the machine is enclosed, and the type of cool-
ing (air-cooled, fan-cooled, hydrogen-cooled, etc.). Distinctions are also made be-
tween general-purpose machines and definite- or special-purpose machines. The term
general-purpose motor refers to one of standard rating “up to 200 hp with standard
operating characteristics and mechanical construction for use under usual service
conditions without restriction to a particular application or type of application.” In
contrast a special-purpose motor is “designed with either operating characteristics or
mechanical construction, or both, for a particular application.” For the same class of
insulation, the permissible rise of temperature is lower for a general-purpose motor
than for a special-purpose motor, largely to allow a greater factor of safety where
service conditions are unknown. Partially compensating the lower rise, however, is
the fact that general-purpose motors are allowed a service factor of 1.15 when op-
erated at rated voltage; the service factor is a multiplier which, applied to the rated
output, indicates a permissible loading which may be carried continuously under the
conditions specified for that service factor.

Examples of allowable temperature rises can be seen from Table D.1. The table
applies to integral-horsepower induction motors, is based on 40°C ambient temper-
ature, and assumes measurement of temperature rise by determining the increase of
winding resistances.

The most common machine rating is the continuous rating defining the output
(in kilowatts for dc generators, kilovoltamperes at a specified power factor for ac
generators, and horsepower or kilowatts for motors) which can be carried indefinitely

Table D.1 Allowable temperature rise, °CT.

Motor type Class B Class F Class H
1.15 service factor 90 115

1.00 service factor, encapsulated windings 85 110

Totally enclosed, fan-cooled 80 105 125
Totally enclosed, nonventilated 85 110 135

fExcerpted from NEMA standards.
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without exceeding established limitations. For intermittent, periodic, or varying duty,
a machine may be given a short-time rating defining the load which can be car-
ried for a specific time. Standard periods for short-time ratings are 5, 15, 30, and
60 minutes. Speeds, voltages, and frequencies are also specified in machine ratings,
and provision is made for possible variations in voltage and frequency. Motors, for
example, must operate successfully at voltages 10 percent above and below rated
voltage and, for ac motors, at frequencies 5 percent above and below rated frequency;
the combined variation of voltage and frequency may not exceed 10 percent. Other
performance conditions are so established that reasonable short-time overloads can
be carried. Thus, the user of a motor can expect to be able to apply for a short time
an overload of, say, 25 percent at 90 percent of normal voltage with an ample margin
of safety.

The converse problem to the rating of machinery, that of choosing the size of
machine for a particular application, is a relatively simple one when the load require-
ments remain substantially constant. For many motor applications, however, the load
requirements vary more or less cyclically and over a wide range. The duty cycle of
a typical crane or hoist motor offers a good example. From the thermal viewpoint,
the average heating of the motor must be found by detailed study of the motor losses
during the various parts of the cycle. Account must be taken of changes in ventilation
with motor speed for open and semiclosed motors. Judicious selection is based on a
large amount of experimental data and considerable experience with the motors in-
volved. For estimating the required size of motors operating at substantially constant
speeds, it is sometimes assumed that the heating of the insulation varies as the square
of the load, an assumption which obviously overemphasizes the role of armature
I?R loss at the expense of the core loss. The rms ordinate of the power-time curve
representing the duty cycle is obtained by the same technique used to find the rms
value of periodically varying currents, and a motor rating is chosen on the basis of
the result; i.e.,

T (kW)? x time
rms kW = — —— D7
running time 4 (standstill time/ k)

where the constant k£ accounts for the poorer ventilation at standstill and equals
approximately 4 for an open motor. The time for a complete cycle must be short
compared with the time for the motor to reach a steady temperature.

Although crude, the rms-kW method is used fairly often. The necessity for
rounding the result to a commercially available motor size! obviates the need for
precise computations. Special consideration must be given to motors that are fre-
quently started or reversed, for such operations are thermally equivalent to heavy
overloads. Consideration must also be given to duty cycles having such high torque

! Commercially available motors are generally found in standard sizes as defined by NEMA. NEMA
Standards on Motors and Generators specify motor rating as well as the type and dimensions of the
motor frame.
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peaks that motors with continuous ratings chosen on purely thermal bases would be
unable to furnish the torques required. It is to such duty cycles that special-purpose
motors with short-time ratings are often applied. Short-time-rated motors in general
have better torque-producing capability than motors rated to produce the same power
output continuously, although, of course, they have a lower thermal capacity. Both
these properties follow from the fact that a short-time-rated motor is designed for
high flux densities in the iron and high current densities in the copper. In general, the
ratio of torque capacity to thermal capacity increases as the period of the short-time
rating decreases. Higher temperature rises are allowed in short-time-rated motors than
for general-purpose motors. A motor with a 150-kW, 1-hr, 50°C rating, for example,
may have the torque ability of a 200-kW continuously rated motor; it will be able
to carry only about 0.8 times its rated output, or 120 kW continuously, however. In
many cases it will be the economical solution for a drive requiring a continuous ther-
mal capacity of 120 kW but having torque peaks which require the capability of a
200-kW continuously rated motor.

D.3 COOLING MEANS FOR ELECTRIC
MACHINES

The cooling problem in electric apparatus in general increases in difficulty with in-
creasing size. The surface area from which the heat must be carried away increases
roughly as the square of the dimensions, whereas the heat developed by the losses
is roughly proportional to the volume and therefore increases approximately as the
cube of the dimensions. This problem is a particularly serious one in large turbine
generators, where economy, mechanical requirements, shipping, and erection all de-
mand compactness, especially for the rotor forging. Even in moderate size machines,
for example, above a few thousand kVA for generators, a closed ventilating system
is commonly used. Rather elaborate systems of cooling ducts must be provided to
ensure that the cooling medium will effectively remove the heat arising from the
losses.

For turbine generators, hydrogen is commonly used as the cooling medium in
the totally enclosed ventilating system. Hydrogen has the following properties which
make it well suited to the purpose:

B [ts density is only about 0.07 times that of air at the same temperature and
pressure, and therefore windage and ventilating losses are much less.

B [ts specific heat on an equal-weight basis is about 14.5 times that of air. This
means that, for the same temperature and pressure, hydrogen and air are about
equally effective in their heat-storing capacity per unit volume, but the heat
transfer by forced convection between the hot parts of the machine and the
cooling gas is considerably greater with hydrogen than with air.

B The life of the insulation is increased and maintenance expenses decreased
because of the absence of dirt, moisture, and oxygen.
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B The fire hazard is minimized. A hydrogen-air mixture will not explode if the
hydrogen content is above about 70 percent.

The result of the first two properties is that for the same operating conditions the heat
which must be dissipated is reduced and at the same time the ease with which it can
be carried off is increased.

The machine and its water-cooled heat exchanger for cooling the hydrogen must
be sealed in a gas-tight envelope. The crux of the problem is in sealing the bearings.
The system is maintained at a slight pressure (at least 0.5 psi) above atmospheric so that
gas leakage is outward and an explosive mixture cannot accumulate in the machine.
At this pressure, the rating of the machine can be increased by about 30 percent above
its aircooled rating, and the full-load efficiency increased by about 0.5 percent. The
trend is toward the use of higher pressures (15 to 60 psi). Increasing the hydrogen
pressure from 0.5 to 15 psi increases the output for the same temperature rise by about
15 percent; a further increase to 30 psi provides about an additional 10 percent.

An important step which has made it possible almost to double the output of
a hydrogen-cooled turbine-generator of given physical size is the development of
conductor cooling, also called inner cooling. Here the coolant (liquid or gas) is forced
through hollow ducts inside the conductor or conductor strands. Examples of such
conductors can be seen in Fig. D.1. Thus, the thermal barrier presented by the electric
insulation is largely circumvented, and the conductor losses can be absorbed directly
by the coolant. Hydrogen is usually the cooling medium for the rotor conductors.
Either gas or liquid cooling may be used for the stator conductors. Hydrogen is the
coolant in the former case, and transit oil or water is commonly used in the latter. A
sectional view of a conductor-cooled turbine generator is given in Fig. D.2. A large
hydroelectric generator in which both stator and rotor are water-cooled is shown in
Figs. 4.1 and 4.9.

(a) (b) (c)

Figure D.1 Cross sections of bars for two-layer stator windings of turbine-generators.
Insulation system consists of synthetic resin with vacuum impregnation. (a) Indirectly
cooled bar with tubular strands; (b) water-cooled bars, two-wire-wide mixed strands,
(c) water-cooled bars, four-wire-wide mixed strands. (Brown Boveri Corporation.)
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Figure D.2 Cutaway view of a two-pole 3600 r/min turbine
rated at 500 MVA, 0.90 power factor, 22 kV, 80 Hz, 45 psig H;
pressure. Stator winding is water-cooled; rotor winding is
hydrogen-cooled. (General Electric Company.)

D.4 EXCITATION

The resultant flux in the magnetic circuit of a machine is established by the combined
mmf of all the windings on the machine. For the conventional dc machine, the bulk
of the effective mmf is furnished by the field windings. For the transformer, the
net excitation may be furnished by either the primary or the secondary winding,
or a portion may be furnished by each. A similar situation exists in ac machines.
Furnishing excitation to ac machines has two different operational aspects which are
of economic importance in the application of the machines.

D.4.1 Power Factor in AC Machines

The power factor at which ac machines operate is an economically important feature
because of the cost of reactive kilovoltamperes. Low power factor adversely affects
system operation in three principal ways. (1) Generators, transformers, and transmis-
sion equipment are rated in terms of kVA rather than kW because their losses and
heating are very nearly determined by voltage and current regardless of power factor.
The physical size and cost of ac apparatus are roughly proportional to kVA rating. The
investment in generators, transformers, and transmission equipment for supplying a
given useful amount of active power therefore is roughly inversely proportional to
the power factor. (2) Low power factor means more current and greater /2R losses in
the generating and transmitting equipment. (3) A further disadvantage is poor voltage
regulation.

Factors influencing reactive-k VA requirements in motors can be visualized read-
ily in terms of the relationship of these requirements to the establishment of magnetic
flux. As in any electromagnetic device, the resultant flux necessary for motor operation
must be established by a magnetizing component of current. It makes no difference
either in the magnetic circuit or in the fundamental energy conversion process whether
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this magnetizing current be carried by the rotor or stator winding, just as it makes
no basic difference in a transformer which winding carries the exciting current. In
some cases, part of it is supplied from each winding. If all or part of the magnetizing
current is supplied by an ac winding, the input to that winding must include lagging
reactive kVA, because magnetizing current lags voltage drop by 90°. In effect, the
lagging reactive kVA set up flux in the motor.

The only possible source of excitation in an induction motor is the statorinput. The
induction motor therefore must operate at a lagging power factor. This power factor is
very low at no load and increases to about 85 to 90 percent at full load, the improvement
being caused by the increased real-power requirements with increasing load.

With a synchronous motor, there are two possible sources of excitation: alternat-
ing current in the armature or direct current in the field winding. If the field current
is just sufficient to supply the necessary mmf, no magnetizing-current component
or reactive kVA are needed in the armature and the motor operates at unity power
factor. If the field current is less, i.e., the motor is underexcited, the deficit in mmf
must be made up by the armature and the motor operates at a lagging power factor.
If the field current is greater, i.e., the motor is overexcited, the excess mmf must be
counterbalanced in the armature and a leading component of current is present; the
motor then operates at a leading power factor.

Because magnetizing current must be supplied to inductive loads such as trans-
formers and induction motors, the ability of overexcited synchronous motors to supply
lagging current is a highly desirable feature which may have considerable economic
importance. In effect, overexcited synchronous motors act as generators of lagging
reactive kilovoltamperes and thereby relieve the power source of the necessity for
supplying this component. They thus may perform the same function as a local ca-
pacitor installation. Sometimes unloaded synchronous machines are installed in power
systems solely for power-factor correction or for control of reactive-kVA flow. Such
machines, called synchronous condensers, may be more economical in the larger sizes
than static capacitors.

Both synchronous and induction machines may become self-excited when a suf-
ficiently heavy capacitive load is present in their stator circuits. The capacitive current
then furnishes the excitation and may cause serious overvoltage or excessive transient
torques. Because of the inherent capacitance of transmission lines, the problem may
arise when synchronous generators are energizing long unloaded or lightly loaded
lines. The use of shunt reactors at the sending end of the line to compensate the ca-
pacitive current is sometimes necessary. For induction motors, it is normal practice
to avoid self-excitation by limiting the size of any parallel capacitor when the motor
and capacitor are switched as a unit.

D.4.2 Turbine-Generator Excitation Systems

As the available ratings of turbine-generators have increased, the problems of sup-
plying the dc field excitation (amounting to 4000 A or more in the larger units) have
grown progressively more difficult. A common excitation source is a shaft-driven
dc generator whose output is supplied to the alternator field through brushes and
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slip rings. Alternatively, excitation may be supplied from a shaft-driven alternator
of conventional design as the main exciter. This alternator has a stationary armature
and a rotating-field winding. Its frequency may be 180 or 240 Hz. Its output is fed
to a stationary solid-state rectifier, which in turn supplies the turbine-generator field
through slip rings.

Cooling and maintenance problems are inevitably associated with slip rings,
commutators, and brushes. Many modern excitation systems have minimized these
problems by minimizing the use of sliding contacts and brushes. As a result, some
excitation systems employ shaft-driven ac alternators whose field windings are sta-
tionary and whose ac windings rotate. By the use of rotating rectifiers, dc excitation
can be applied directly to the generator field winding without the use of slip rings.

Excitation systems of the latest design are being built without any sort of rotating
exciter-alternator. In these systems, the excitation power is obtained from a special
auxiliary transformer fed from the local power system. Alternatively it may be ob-
tained directly from the main generator terminals; in one system a special armature
winding is included in the main generator to supply the excitation power. In each of
these systems the power is rectified using phase-controlled silicon controlled recti-
fiers (SCRs). These types of excitation system, which have been made possible by
the development of reliable, high-power SCRs, are relatively simple in design and
provide the fast response characteristics required in many modern applications.

D.5 ENERGY EFFICIENCY OF ELECTRIC
MACHINERY

With increasing concern for both the supply and cost of energy comes a corresponding
concern for efficiency in its use. Although electric energy can be converted to me-
chanical energy with great efficiency, achieving maximum efficiency requires both
careful design of the electric machinery and proper matching of machine and intended
application.

Clearly, one means to maximize the efficiency of an electric machine is to min-
imize its internal losses, such as those described in Section D.I. For example, the
winding /%R losses can be reduced by increasing the slot area so that more copper
can be used, thus increasing the cross-sectional area of the windings and reducing the
resistance.

Core loss can be reduced by decreasing the magnetic flux density in the iron of
the machine. This can be done by increasing the volume of iron, but although the loss
goes down in terms of watts per pound, the total volume of material (and hence the
mass) is increased; depending on how the machine design is changed, there may be
a point beyond which the losses actually begin to increase. Similarly, for a given flux
density, eddy-current losses can be reduced by using thinner iron laminations.

One can see that there are trade-offs involved here; machines of more efficient
design generally require more material and thus are bigger and more costly. Users
will generally choose the “lowest-cost” solution to a particular requirement; if the
increased capital cost of a high-efficiency motor can be expected to be offset by
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energy savings over the expected lifetime of the machine, they will probably select
the high-efficiency machine. If not, users are very unlikely to select this option in
spite of the increased efficiency.

Similarly, some types of electric machines are inherently more efficient than
others. For example, single-phase capacitor-start induction motors (Section 9.2) are
relatively inexpensive and highly reliable, finding use in all sorts of small appliances,
e.g., refrigerators, air conditioners, and fans. Yet they are inherently less efficient than
their three-phase counterparts. Modifications such as a capacitor-run feature can lead
to greater efficiency in the single-phase induction motor, but they are expensive and
often not economically justifiable.

To optimize the efficiency of use of electric machinery the machine must be
properly matched to the application, both in terms of size and performance. Since
typical induction motors tend to draw nearly constant reactive power, independent
of load, and since this causes resistive losses in the supply lines, it 1s wise to pick
the smallest-rating induction motor which can properly satisfy the requirements of a
specific application. Alternatively, capacitative power-factor correction may be used.
Proper application of modern solid-state control technology can also play an important
role in optimizing both performance and efficiency.

There are, of course, practical limitations which affect the selection of the motor
for any particular application. Chief among them is that motors are generally avail-
able only in certain standard sizes. For example, a typical manufacturer might make
fractional-horsepower ac motors rated at %, %, %, -;—, %, %, and 1 hp (NEMA standard
ratings). This discrete selection thus limits the ability to fine-tune a particular appli-
cation; if the need is 0.8 hp, the user will undoubtedly end up buying a 1-hp device
and settling for a somewhat lower than optimum efficiency. A custom-designed and
manufactured 0.8-hp motor can be economically justified only if it is needed in large
quantities.

It should be pointed out that an extremely common source of inefficiency in
electric motor applications is the mismatch of the motor to its application. Even the
most efficient 50-kW motors will be somewhat inefficient when driving a 20-kW load.
Yet mismatches of this type often occur in practice, due in great extent to the difficulty
in characterizing operating loads and a tendency on the part of application engineers
to be conservative to make sure that the system in question is guaranteed to operate
in the face of design uncertainties. More careful attention to this issue can go a long
way toward increasing the efficiency of energy use in electric machine applications.
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Constants

Table of Constants and
Conversion Factors
for Sl1 Units

Permeability of free space g = 47 x 1077 H/m

Permittivity of free space €y = 8.854 x 1072 F/m

Conversion Factors

Length

Mass

Force

Torque

Pressure

Energy

Power

Moment of intertia
Magnetic flux
Magnetic flux density
Magnetizing force

I m=3.281ft=39.37 in

1 kg = 0.0685 slug = 2.205 Ib (mass) = 35.27 oz

I N =0.225 Ibf = 7.23 poundals

I N-m = 0.738 Ibf-ft = 141.6 0z-in

1 Pa (N/m?) = 1.45 x 10~* Ibf/in? = 9.86 x 10~° atm
1] (W-sec) = 9.48 x 10~* BTU = 0.239 calories

1 W=1.341 x10~2 hp = 3.412 BTU/hr

| kg-m? =0.738 slug-ft> = 23.7 Ib-ft> = 141.6 oz-in-sec?
1 Wb = 108 lines (maxwells)

I T (Wb/m?) = 10,000 gauss = 64.5 kilolines/in?

1 A-turn/m = 0.0254 A-turn/in = 0.0126 oersted
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Magnetomotive force (mmf),[3]
Main winding, [456]
Main-field mmf, Bzdl
Matching machine to application, [679
MATLAB [xxiii]
polyfit, [24]
program code. See MATLAB scripts
spline(),
student version 511
MATLARB scripts
armature-frequency control, [f01-602]
armature-terminal voltage control,
69 0
block-rotor test,
current (current transformers),[54]
determination of magnetic
force/torque,
electromechanical mechanical torque,

328-329
full-wave bridge rectifier,[5T0-511]

inductance, [5]
steady-state power-angle

characteristics,
symmetrical-component systems,
torque control (induction motors),

unsymmetrical two-phase induction
machines,
voltage [97]
VRMs, B26=474, [43q
Maximum electromechanical

torque,



Maximum energy product,

Maxwell’s equations,m

Mechanical losses, @

Metal-oxide-semiconductor field effect
transistor (MOSFET),[502-506]

Microstepping,

Minor hysteresis loop,m

mmf,m

mmf drop, 7Bl

minf waves, armature, [650-653

MOSFET,

Motor reference direction,

Motor size, ,
Motorettes,
Motors

ac machines. See ac machines

capacitor—type

dc machines. See dc machines

general-purpose, B2

hysteresis,[462-463]

induction machines. See Induction
machines

linear machines,

pole-changing, 594

rating,

size, B3, kzd

special-purpose,

split-phase,

stepping,

synchronous machines. See
Synchronous machines

VRMs. See Variable-reluctance
machines (VRMs)

Multicircuit transformers,@

Multiply-excited magnetic field systems,

Multi-stack variable-reluctance stepping

motor, E38
Multiwinding transformers,@
Mutual flux, @
Mutual inductance, [7]

National Electrical Manufacturers
Association (NEMA),
n-channel IGBT,
n-channel MOSFET,
Negative excitation,
Negative sequence,[471
NEMA,
Neodymium-iron-boron, B2,
(3 E21

Newtons per cubic meter, [13

Nickle, C. A.,
No-load conditions,
No-load magnetization
characteristics,
No-load phasor,
No-load rotational loss,
No-load rotational losses,@
No-load test,
Nonoriented electrical steels,
Nonoriented steels,
Nonuniform air gaps,[200
Normal magnetization curve,
N-turn concentrated coil [f34
Numerical-analysis package, [xill See
also MATLAB

(o]

Ohmic losses,[660

Ohm'’s law,

1.8°/step hybrid stepping motor, 44

Open-circuit characteristics, m m,
6 8

Open-circuit core loss,

Open-circuit core-loss curve,

Open-circuit saturation curve,

Open-circuit test,[78=801

Open-circuited secondary,

Open-delta connection,

Operating temperature, B71]

Opposite phase sequence, k2]

Overexcited, m

Overview of book [xil,

P

Park, R. H.,[G38]
p-channel IGBT,502
p-channel MOSFET, B2l
Permanence, direct axis, B&1l
Permanent magnet,30—43]
Permanent-magnet ac motors,
293295
Permanent-magnet dc machines,
84—390
Permanent-magnet stepping motors,
[39=4]]
Permanent-split-capacitor motor,
B33,
Permeability
effective,
magnetic, E
recoil, BRI E2]
Permeance, El

Per-unit system,m

Index 685

Phase,
Phase order,
Phase sequence,
Phase-controlled rectifier,
Phasor diagram,
Pitch factor,|650
Plugging,
Pole-changing motors,
Pole-face winding,
Polyphase induction machines. See
Induction machines
Polyphase mmf,
Polyphase synchronous machines. See
Synchronous machines
Polyphase systems,
Positive sequence,
Pot—core,
Potential transformers (PTs),
Power, m
Power angle,@
Power electronics, m
diodes, |
IGBT,
inversion,[338=350 See also Inversion
MOSFET,
power switches, F94-306]
rectification, See also
Rectification
SCR, 96499
transistors,
TRIAC,
Power factor
ac machines,m
three-phase systems, 633, B33
Power switches, f94-506]
Power-angle characteristic
defined, R67
salient-pole machines, B89—293]
steady-state, [266-275
Power-factor angle, %%
Practical VRM drive systems,
Primary, E
Primary leakage inductance, B8]
Primary leakage reactance,[69]
Primary resistance, m
Prime mover, 246}
Projecting poles, [79]
PTs,[00-93]
Pulling out of step,
Pull-out torque,
Pulse-width-modulated voltage-source
inverters, 344=349]
Pulse-width modulation (PWM), E43
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Q

Quadrature axis,[282, B37]

Quadrature-axis air-gap fluxes, B3]

Quadrature-axis components,[283,
583 604

Quadrature-axis magnetizing
reactances,

Quadrature-axis quantity, B84l

Quadrature-axis synchronous
inductance,m

Quadrature-axis synchronous
reactances, 284]

Quadrature-axis theory,m

Rating of machinery,
Ratio of transformation, m
Reactance
direct/quadrature-axis
magnetizing, 284]
direct/quadrature-axis
synchronous,[284]
equivalent series, [73]
leakage, B9, 1,234
magnetizing,[71,054, BT4]
primary leakage,[69]
secondary leakage, [[T]
synchronous, 253]
unsaturated synchronous,m
Reactance voltage,
Reactive kVA,m
Recoil line, B8]
Recoil permeability, B [42]
Rectification,[507=538]
commutating inductance, [F18=324]
inductive load with series dc source,

single-phase full-wave diode bridge,

single-phase fuil-wave

phase-controlled bddge,m

single-phase rectifier with inductive
load, B13=318]

three-phase bridges,[333-33R]
Reference direction, 233
Referring the impedance, 68
Regenerating, B2
Reluctance, Bl
Remanent magnetization, 21,
Residual flux density,
Residual magnetism, B
Resistance

core-loss, ﬂ, B14

critical field,

equivalent series, 3]

magnetizing,

primary, BT]

secondary, [Z11
Resistance commutation,
Resultant core flux,
Reverse-breakdown voltage,
Revolving-field theory,
Right-hand rule,d [14
Ripple voltage, Eid
Rms,
rms-kW method, B3
Root-mean-square (rms),m
Rotor, [73,
Rotor self inductance, Z49-230]
Rotor-resistance control,
Run winding, B34

)

Salient pole, [76]
Salient-pole synchronous machine,
P8 1293
Salient-pole synchronous machine and
series impedance,
Samarium-cobalt, 3,39,
Saturated, 201
Saturation
magnetic,lm
VRMs, {31437
Saturation curve, P30=231
Saturation voltage,
Sawtooth armature mmf wave,
Sawtooth waveform,
SCR, E62, B96-499
SCR symbol, E97
Secondary, B71
Secondary leakage inductance, 711
Secondary leakage reactance, [T]
Secondary resistance, IT1
Self-excitation, B77]
Self-excited generators, 361]
Self-inductance, I
Self-starting synchronous-reluctance
motors, M
Separately-excited generator, 361]
Separately-excited motors,[363]
Series motor,
Series universal motors, B95-396 |
Series-field diverter, B81]
Service factor, 677
Shading coil,
Shared-pole induction motor,[460

Shell-type transformers, B8]

Short-circuit characteristics,

Short-circuit load loss, 64 ]

Short-circuit ratio (SCR)[262]

Short-circuit test,

Short-circuited secondary,ﬂ

Short-shunt connection, B73]

Short-time ratin gs,m 674

Shunt motor,

Shunted-armature method,m @

ST units,

Silicon controlled rectifier (SCR),
[E96-459]

Simple magnetic circuit, 3]

Simulink, [xiii]

Single-line diagrams, B41-642]

Single-phase full-wave diode bridge,

Single-phase full-wave phase-controlled
bridge, E24=332]

Single-phase H-bridge step-waveform
inverters,[339-344]

Single-phase induction motors,

b

capacitor-type motors, B36-4601
equivalent circuits, E64]
revolving-field theory,m
schematic view,[d33]
shaded-pole induction motors,d60]
split-phase motors, B36]
torque-speed characteristic,[454]
Single-phase rectifier with inductive
load, BT3=318]

Single-phase systems, F28]

Single-phase winding space-fundamental

air-gap mmf,20Z]

Single-stack variable-reluctance stepping

motor,

Singly-excited electromechanical
system, E

Singly-salient VRM,[408—410]

6/4 VRM,[413

660-MVA three-phase 50-Hz
transformer,

Size of machine,[673]

Slip,

Slip frequency,

Stip rings,m, m

Slot-leakage flux, 234

Snubber circuit,[497]

Soft magnetic materials, B3

Software packages. See MATLAB

Source,[S02]



Space-fundamental air-gap flux,
Sparking,[394
Sparkless commutation, @
Special-purpose motor, |672]
Speed control
dc motors,|S60-564]
induction motors,[595-603]
synchronous motors,[578-583
Speed voltage,m, EE%
Squirrel-cage induction motor,
Squirrel-cage rotor, B06=308, B43—347
SRMs. See Variable-reluctance
machines (VRMs)
Stabilized,
Stabilizing winding, |383]
Standard-setting bodies,
Start winding, {59
Starting capacitor, {57
State function, [23]
State variables, [20]
Stator, , m
Stator inductance,m
Stator windings, [Z3]
Stator-to-rotor mutual inductances,
Steady-state power-angle characteristics,

Stepping motors, B37-446
Stray load loss, b&d [670
Switched-reluctance machines. See
Variable-reluctance machines
(VRMs)
Symmetrical-component concept,
Synchronous angular velocity,m
Synchronous condensers,
Synchronous generator capability
curve [276-277]
Synchronous inductance,
Synchronous machines, [76-183]
See also ac machines
direct-axis theory, 282-289]
dqO transformation,[660-663]
effictency, 279
equivalent circuits, B52-256]
flux/mmf waves, 2R2-284]
inductances, B40—257]
open-circuit characteristics, B36=258
permanent-magnet ac motors,

power-angle characteristics,m
quadrature-axis theory, B]2-289
salient-pole machines,[281=293

self-starting reluctance machines,

short-circuit characteristics,[258-265]
speed control,m

steady-state operating characteristics,

steady-state power-angle
characteristics,[266=275]
torque control,
Synchronous reactance, 2331
Synchronous speed, P08, p21]
Synchronous-generator V curves, 278
Synchronous-machine equivalent

circuits, 232-256]

T

Temperature rises,
Teslas,E
Tests
blocked-rotor,[333-340]
induction motors, B30-340]
no-load,
open-circuit, 78=80| P38-267]
short-circuit,[77=78, 256258
stray-load-loss,
Thevenin-equivalent circuit,@
Thevenin-equivalent impedance,m
Thevenin-equivalent stator
impedance, B23)|
Thevenin-equivalent voltage, 322]
Thevenin’s theory,[322]
Three-phase ac machine, [209)
Three-phase bridges, F33-338 |
Three-phase circuits, [F28-643 |
balanced system, B30, [641-642
generation of voltage,[628—631|
instantaneous power, m
other polyphase systems,
schematic view of three-phase
generator,
single-line diagrams,
transformers, [85-90
unbalanced system,
voltages/currents/power,l63 1-635|
Y/delta-connected circuits, 635-640
Three-phase connections, @
Three-phase inverters, 49=550]
Three-phase six-pulse diode bridge,lﬂ
Three-phase system,m
Three-phase three-stack
variable-reluctance stepping
motor, m

Three-phase transformer,lm
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Three-phase transformer bank,
Three-phase transformer connections,
Threshold voltage,

Thyristor,
Time-averaged voltage,
Torque

asynchronous,y
breakdown, B10, B23]
coenergy, and,
coupled-circuit viewpoint, Z13=221]
energy, and, [23-129]
induction machines,m
magnetic field viewpoint, 221-226]
maximum electromechanical,[323]
nonsalient-pole machines, B14224
permanent magnets,
pull-out, 248]
VRM,
Torque angle, B47]
Torque constant, B9
Torque control
dc motors,
induction motors, [603-612]
synchronous motors,
Torque-angle characteristic, 247
Torque-angle curve, b47]
Total ampere-turns, [6]
Transducers, [12]
Transformer equivalent circuit,[68=72]
Transformer reactance,[68=72]
Transformers, F7=111|
autotransformers,[82—84|
core-type,
current,[93-93]
distribution,[59]
engineering aspects,[73-81]
ideal [64=67]
instrumentation,
multiwinding,
no-load conditions,[60-64
open-circuit test,
per-unit system, §5=T03]
potential, P0=03]
reactances, [68=72 |
secondary current,[64=67 |
shell-type,
short-circuit test, F7=1%1
three-phase circuits,[83=001
two-winding, B2]
voltage regulation, K1l
Transistors, F02=306]
TRIAC,
TRIAC symbol,[500]
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Turbine-generator excitation systems,

Two-phase permanent magnet stepping
mo(or

Two-phase systems, @

Two-pole cylindrical-rotor field
winding,

Two-pole dc machine,

Two-pole single-phase synchronous
generator,

Two-pole three-phase generator,

Two-pole three-phase stator winding,

Two-pole 3600r/min turbine
generator, m

Two-winding transformer,[82]

200-M VA, three-phase, 50-Hz,
three-winding, 210/80/10.2-kV
transformer,

2400-V winding, P2Z]

U

Unbatanced operation of symmetrical
two-phase machines,

Unbalanced three-phase system, [631]
Undercommutation,
Underexcited,
Uniform air gaps,
Universal motor, B95|
Unsaturated synchronous reactance, @

Unsymmetrical two-phase induction
machines,

\'4

\" connec(ion,
V curves,
Variable-frequency solid-state motor
drives, B48]
Variable-reluctance machines (VRMs),
(4074311
bifilar winding, EI9]
castleation,
comrol,
doubly-salient VRM, [B08=411] ET&]
4/2 machines, 414416 [F1R]
nonlinear analysis,
practical configurations,[d13]
saturation effects, §#3 ;4ﬂ
singly-salient VRM, f08~410
stepping motors, §37-44¢
6/4 machines, ET7]
torque, B21=430
Vector control, 3831
Ventilating system, 6741
v-i characteristic
ideal diodes,[ @941
idealized SCR,[@97]
idealized TRIAC,
inductor, 3131
n-channel IGBT, B03]
n-channel MOSFET,
SCR,E97]
Voltage behind leakage
reactance, [254]

Voltage commutation,[392]
Voltage, generated,
Voltage ratio,
Voltage regulation,m
Voltage-regulating
system,[276
Voltage-source inverter,
VRMs. See Variable-reluctance
machines (VRMs)

w
Water-cooled bar, 75

Water-cooled rotor,|179

Watts (W),

Webers per ampere-turn-meter[4]
Webers per square meter,[d ]
Weber-turns per ampere, [Z]
Winding factor,

Windings (distributed ac windings),
Wound rotor, 306 |

Wound-rotor motors,

Y

Y-delta connec(ion,m
Y-Y connection,[8g]

Zero-sequence component,
Zero-sequence inductance,
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