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Preface

Mathematical models have been used in solving real-world problems from many
different disciplines. This requires building a suitable mathematical model. Two
different approaches to building mathematical models are as follows:
1. Theory-Based Modeling Here, the modeling is based on theories (from
physical, biological, and social sciences) relevant to the problem. This kind of
model is also called a physics-based model or white-box model.
2. Empirical Modeling Here the data available forms the basis for model
building, and it does not require an understanding of the underlying
mechanisms involved. This kind of model is also called as data-dependent
model or black-box model.
In the black-box approach to modeling, one first carries out an analysis of the
data, and then one determines the type of mathematical formulation appropriate to
model the data.
Many data exhibit a high degree of variability or randomness. These kinds of
data are often best modeled by a suitable probability model (such as a distribution
function) so that the data can be viewed as observed outcomes (values) of random
variables from the distribution.
Black-box modeling is a multistep process. It requires a good understanding of
probability and of statistical inference. In probability, we use the model to make
statements about the nature of the data that may result if the model is correct. This
involves model analysis using analytical and simulation techniques. The principal
objective of statistical inference is to use the available data to make statements
about the probability model, either in terms of probability distribution itself or in
terms of its parameters or some other characteristics. This involves topics such as
model selection, estimation of model parameters, and model validation. As a result,
probability and statistical inference may be thought of as inverses of one another as
indicated below.

xiii

xiv
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Procedures of statistical inference are the basic tools of data analysis. Most are
based on quite specific assumptions regarding the nature of the probabilistic
mechanism that gave rise to the data.
Many standard probability distribution functions (e.g., normal, exponential) have
been used as models to model data exhibiting significant variability. More complex
models are distributions derived from standard distributions (e.g., lognormal). One
distribution of particular significance is the Weibull distribution. It is named after
Professor Waloddi Weibull who was the first to promote the usefulness of this to
model data sets of widely differing characteristics.
Over the last two decades several new models have been proposed that are either
derived from, or in some way related to, the Weibull distributions. We use the term
Weibull models to denote such models. They provide a richness that makes them
appropriate to model complex data sets.
The literature on Weibull models is vast, disjointed, and scattered across many
different journals. There are a couple of books devoted solely to the Weibull
distribution, but these are oriented toward training and/or consulting purposes.
There is no book that deals with the different Weibull models in an integrated
manner. This book fills that gap.
The aims of this book are to:
1. Integrate the disjointed literature on Weibull models by developing a proper
taxonomy for the classification of such models.
2. Review the literature dealing with the analysis and statistical inference
(parameter estimation, goodness of fit) for the different Weibull models.
3. Discuss the usefulness of the Weibull probability paper (WPP) plot in the
model selection to model a given data set.
4. Highlight the use of Weibull models in reliability theory.
The book would be of great interest to practitioners in reliability and other
disciplines in the context of modeling data sets using univariate Weibull models.
Some of the exercises at the end of each chapter define potential topics for future
research. As such, the book would also be of great interest to researchers interested
in Weibull models.
The book is organized into the following seven parts (Parts A to G).
Part A consists of two chapters. Chapter 1 gives an overview of the book.
Chapter 2 deals with the taxonomy for Weibull models and gives the mathematical
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structure of the different models. The taxonomy involves seven different categories
that we denote as Types I to VII.
Part B consists of three chapters. Chapter 3 deals with model analysis and
discusses various model-related properties. Chapter 4 deals with parameter estimation and examines different data structures, estimation methods, and their properties. Chapter 5 deals with model selection and validation, where the focus is on
deciding whether a specific model is appropriate to model a given data set or not. In
these chapters many concepts and techniques are introduced, and these are used in
later chapters. In these three chapters, the analysis, estimation, and validation are
discussed for the standard Weibull model as well as the three-parameter Weibull
model, as the two models are very similar.
Part C consists of two chapters. Chapter 6 deals with Type I models derived from
nonlinear transformations of random variables from the standard Weibull model.
Chapter 7 deals with Type II models, which are obtained by modifications of the
standard Weibull model and in some cases involving one or more additional
parameters.
Part D consists of four chapters and deals with Type III models. Chapter 8 deals
with the mixture models, Chapter 9 with the competing risk models, Chapter 10
with the multiplicative models, and Chapter 11 with the sectional models.
Part E consists of four chapters. Chapter 12 deals with Type IV models,
Chapter 13 with Type V models, Chapter 14 with Type VI models, and
Chapter 15 with Type VII models.
In Parts C to E, for each model we review the available results (analysis,
statistical inference, etc.) relating to the model.
Part F consists of a single chapter (Chapter 16) dealing with model selection to
model a given data set.
Part G deals with the application of Weibull models in reliability theory and
consists of two chapters. Chapter 17 deals with modeling failures. Chapter 18
discusses a variety of reliability-related decision problems in the different phases
(premanufacturing, manufacturing, and postsale) of the product life cycle and
reviews the literature relating to Weibull failure models.
Reliability engineers and applied statisticians involved with reliability and
survival analysis should find this as a valuable reference book. It can be used as
a textbook for a course on probabilistic modeling at the graduate (or advanced
undergraduate) level in industrial engineering, operations research, and statistics.
We would like to thank Professor Wallace Blischke (University of Southern
California) for his comments on several chapters of the book and Dr Michael
Bulmer and Professor John Eccleston (University of Queensland) for their
contributions to Chapter 16. Several reviewers of the book have given detailed
and encouraging comments and we are grateful for their contributions. Special
thanks to Steve Quigley, Heather Bergman, Susanne Steitz, and Christine Punzo at
Wiley for their patience and support.
We would like to thank several funding agencies for their support over the last
few years. In particular, the funding from the National University of Singapore for
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the first author’s appointment as a distinguished visiting professor in 1998 needs a
special mention as it lead to the initiation of this project.
Finally, the encouragement and support of our families are also greatly
appreciated.
D. N. PRABHAKAR MURTHY
Brisbane, Queensland, Australia

MIN XIE
Kent Ridge, Singapore
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Toronto, Canada

PA RT A

Overview

CHAPTER 1

Overview

1.1

INTRODUCTION

In the real world, problems arise in many different contexts. Problem solving is an
activity that has a history as old as the human race. Models have played an important role in problem solving and can be traced back to well beyond the recorded
history of the human race. Many different kinds of models have been used. These
include physical (full or scaled) models, pictorial models, analog models, descriptive models, symbolic models, and mathematical models. The use of mathematical
models is relatively recent (roughly the last 500 years). Initially, mathematical models were used for solving problems from the physical sciences (e.g., predicting
motion of planets, timing of high and low tides), but, over the last few hundred
years, mathematical models have been used extensively in solving problems from
biological and social sciences. There is hardly any discipline where mathematical
models have not been used for solving problems.
Two different approaches to building mathematical models are as follows:
1. Theory-Based Modeling. Here, the modeling is based on the established
theories (from physical, biological, and social sciences) relevant to the
problem. This kind of model is also called physics-based model or whitebox model as the underlying mechanisms form the starting point for the
model building.
2. Empirical Modeling. Here, the data available forms the basis for the model
building, and it does not require an understanding of the underlying
mechanisms involved. As such, these models are used when there is
insufficient understanding to use the earlier approach. This kind of model
is also called data-dependent model or black-box model.
In empirical modeling, the type of mathematical formulations needed for modeling is dictated by a preliminary analysis of data available. If the analysis indicates
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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that there is a high degree of variability, then one needs to use models that can
capture this variability. This requires probabilistic and stochastic models to model
a given data set.
Effective empirical modeling requires good understanding of (i) the methodology
needed for model building, (ii) properties of different models, and (iii) tools and techniques to determine if a particular model is appropriate to model a given data set.
A variety of such models have been developed and studied extensively. One such
class of models is the Weibull models. These are a collection of probabilistic and
stochastic models derived from the Weibull distribution. These can be divided into
univariate and multivariate models and each, in turn, can be further subdivided into
continuous and discrete. Weibull models have been used in many different applications to model complex data sets.
1.1.1

Aims of the Book

This book deals with Weibull models and their applications in reliability. The aims
of the book are as follows:
1. Develop a taxonomy to integrate the different Weibull models.
2. Review the literature for each model to summarize model properties and
other issues.
3. Discuss the use of Weibull probability paper (WPP) plots in model selection.
It allows the model builder to determine whether one or more of the Weibull
models are suitable for modeling a given data set.
4. Highlight issues that need further study.
5. Illustrate the application of Weibull models in reliability theory.
The book provides a good foundation for empirical model building involving
Weibull models. As such, it should be of interest to practitioners from many different disciplines. The book should also be of interest to researchers as some topics for
future research are defined as part of the exercises at the end of several chapters.
1.1.2

Outline of Chapter

The outline of the chapter is as follows. We start with a collection of real-world
problems in Section 1.2 and discuss the data aspects and empirical models to obtain
solutions to the problems. Section 1.3 deals with the modeling methodology, and
we discuss the different issues involved. We highlight the role of statistics, probability theory, and stochastic processes in the context of the link between data and model.
Section 1.4 starts a brief historical perspective and then introduces the standard
Weibull model (involving the two-parameter Weibull distribution). Following
this, a taxonomy to classify the different Weibull models is briefly discussed. Given
a univariate continuous data set, a question of great interest to model builders is
whether one of the Weibull models is suitable for modeling the given data set or
not. This topic is discussed in Section 1.5. Section 1.6 deals with the applications
of Weibull models where we start with a short list of applications to highlight the
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diverse range of applications of the Weibull models in different disciplines. However, in this book we focus on the application of Weibull models in the context of
product reliability from a product life perspective. We discuss this briefly so as to
set the scene for the discussion on Weibull model applications later in the book. We
finally conclude with an outline of the book in Section 1.7.

1.2

ILLUSTRATIVE PROBLEMS

In this section we give a few illustrative problems and the types of data available to
build models to obtain solutions to the problems.
Example 1: Tidal Heights
At a popular tourist beach the cyclone season precedes the tourist season. Very high
tides during the cyclone season cause the erosion of sand on the beach. The erosion
is related to the amplitude of the high tide, and it takes a long time for the beach to
recover naturally from the effect of such erosion. Often, sand needs to be pumped to
restore the loss and to ensure high tourist numbers. A problem of interest to the city
council responsible for the beach is the probability that a high tide during the
cyclone season exceeds some specified height resulting in the council incurring
the sand pumping cost. The data available is the amplitude of high tides over
several years.
Example 2: Efficacy of Treatment
In medical science, a problem of interest is in determining the efficacy of a new
treatment to control the spread of a disease (e.g., cancer). In this case, clinical trials
are carried out for a certain period. The data available are the number entering the
program, the time instants, and the age at death for the patients who died during the
trial period, ages of the patients who survived the test period, and so on. Similar
data for a sample not given the new treatment might also be available. The problem
is to determine if the new treatment increases the life expectancy of the patients.
Example 3: Strength of Components
Due to manufacturing variability, the strength of a component varies significantly.
The component is used in an environment where it fails immediately when put into
use if its strength is below some specified value. The problem is to determine the
probability that a component manufactured will fail under a given environment. If
this probability is high, changing the material, the process of manufacturing, or
redesigning might be the alternatives that the manufacturer might need to explore.
The data available is the laboratory test data. Here items are subjected to increasing
levels of stress and the stress level at failure being recorded.
Example 4: Insurance Claims
Whenever there is a legitimate claim, a car insurance company has to pay out. The
pay out indicates a high degree of variability (since it can vary from a small to a
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very large amount). The insurance company has used the expected value as the
basis for determining the annual premium it should charge its customers. It is planning to change the premium and is interested in assessing the probability of an individual claim exceeding five times the premium charged. The data available is the
insurance claims over the last few years.
Example 5: Growth of Trees
Paper manufacturing requires wood chips. One way of producing wood chips is
through plantations where trees are harvested when the trees reach a certain age.
The height of the tree at the time of the harvesting is critical as the volume of
wood chips obtained is related to this height. The heights of trees vary significantly.
As a result, the output of a plantation can vary significantly, and this has an impact
on the profitability of the operation. The operator of a plantation is faced with the
problem of choosing between two different types of trees. The data available (from
other plantations) are the heights of trees at the time of harvesting for both species.
Example 6: Maintenance of Street Lights
The life of electric bulbs used for street lighting is uncertain and is influenced by a
variety of factors (variability in the material used and in the manufacturing process,
fluctuations in the voltage, etc.). Replacement of an individual failed item is in general expensive. In this case the road authority might decide on some preventive
maintenance action where the bulbs are replaced by new ones at set time instants
t ¼ kT; k ¼ 1; 2; . . . : The cost of replacing a bulb under such a replacement policy
is much cheaper, but it involves discarding the remaining useful life of the bulb.
Any failure in between results in the failed item being replaced by a new one at
a much higher cost. The problem facing the authority is to determine the optimal
T that minimizes the expected cost. The data available is the historical record of
failures and preventive replacements in the past.
Example 7: Stress on Offshore Platform
An offshore platform must be designed to withstand the buffeting of waves. The
impact of each wave on the structure is determined by the energy contained in
the wave. The wave height is an indicator of the energy in a wave. The data available are the heights of successive waves over a certain time interval, and this exhibits a high degree of variability. The problem is to determine the risk of an offshore
platform collapsing if designed to withstand waves up to a certain height.
Example 8: Wind Velocity
Windmills are structures that harness the energy in the wind and convert it into electrical or mechanical energy. The wind velocity fluctuates, and as a result the output
of the windmill fluctuates. The economic viability of a windmill is dependent on
it being capable of generating a certain minimum level of output for a specified
fraction of the day. The problem is to determine the viability of windmills based
on the data for wind speeds measured every 5 minutes over a week.
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Example 9: Rock Blasting
Mining involves blasting ore formation using explosives. The effect of explosion is
that it fragments the ore into different sizes. Ore smaller than the minimum acceptable size is of no value as it are unsuited for processing. Ore lumps bigger than the
maximum acceptable size need to be broken down, which involves additional cost.
The problem of interest to a mine operator is to determine the size distribution
of ore under different blasting strategies so as to decide on the best blasting strategy.
In this case, the data available are the size distribution of ore randomly sampled
after a blast.
Example 10: Spare Part Planning
For commercial equipment (e.g., aircraft, locomotive) downtime implies a loss of
revenue. Downtime occurs due to failure of one or more components of the equipment. Failure of a component is dependent on the reliability of the component. The
downtime is dependent on whether a spare is available or not and the time to get a
spare if one is not available. When the component is expensive, one must manage
the inventory of spare parts properly. Carrying a large inventory implies too much
capital being tied up. On the other hand, having a small inventory can lead to high
downtimes. The problem is to determine the optimal spare part inventory for components. The data available are the failure times for the different components over a
certain period of time.

1.3

EMPIRICAL MODELING METHODOLOGY

The empirical modeling process involves the following five steps:
Step
Step
Step
Step
Step

1:
2:
3:
4:
5:

Collecting data
Analysis of data
Model selection
Parameter estimation
Model validation

In this section we briefly discuss each of these steps.
Step 1: Collecting Data
Data can be either laboratory data or field data. Laboratory data is often obtained
under controlled environment and based on a properly planned experiment. In contrast, field data suffers from variability in the operation environment as well as other
uncontrollable factors.
The form of data can vary. In the case of reliability data, it could be continuous
valued (e.g., life of an individual item) or discrete valued (e.g., number of items
failing in a specified interval). In the former case, it could represent failure
times or censored times (the lives of nonfailed items when data collection was
stopped) for items. We shall discuss this issue in greater detail in Chapter 4.
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Finally, when the data needed for modeling is not available, one needs to collect
data based on a proper experiment on expert judgment in some cases. The experiment, in general, is discipline specific. We will discuss this issue in the context of
product reliability later in the book.
Step 2: Preliminary Analysis of Data
Given a data set, one starts with a preliminary analysis of the data. Suppose that the
data set available is given by ðt1 ; t2 ; . . . ; tn Þ. In the first stage, one computes various
sample statistics (such as max, min, mean, sample variance, median, and first and
third quartiles) based on the data. If the range (¼ max – min) is small relative to the
sample mean, one might ignore the variability in the data and model the data by the
sample mean. However, when this is not the case, then the model needs to mimic
this variability in the data. In the case of time-ordered data, preliminary analysis is
used to determine properties such as trends (increasing or decreasing), correlation
over time, and so forth.
The main aim of the analysis is to assist in determining whether a particular
model is appropriate or not to model a given data set. Many different plots have
been developed to assist in this. Some of these plots (e.g., histogram) are general
and others (e.g., Weibull probability paper plot) were originally developed for a
particular model but have since been used for a broader class of models.
Step 3: Model Selection
Suppose that the data set ðt1 ; t2 ; . . . ; tn Þ exhibits significant variability. In this case
the data set needs to be viewed as an observed value of a set of random variables
ðT1 ; T2 ; . . . ; Tn Þ. If the random variables are statistically independent, then each T
can be modeled by a univariate probability distribution function:
Fðt; yÞ ¼ PðT  tÞ

1<t <1

ð1:1Þ

where y denotes the set of parameters for the distribution. In some cases the range
of t is constrained. For example, if T represents the lifetime of an item, then it is
constrained to be nonnegative so that Fðt; yÞ is zero for t < 0.
Model selection involves choosing an appropriate model formulation (e.g., a distribution function) to model a given data set. In order to execute this step, one needs
to have a good understanding of the properties of different model formulations
suitable for modeling. Some basic concepts are discussed in Chapter 3. Probability
theory deals with such study for a variety of model formulations. An important
feature of modeling is that often there is more than one model formulation that
will adequately model a given data set. In other words, one can have multiple
models for a given data set.
The data source often provides a clue to the selection of an appropriate model. In
the case of failure data, for example, lognormal or Weibull distributions have been
used for modeling failures due to fatigue and exponential distributions for failure of
electronic components. In order to use this knowledge, the model builder must be
familiar with earlier models for failures of different items.
If the data are not independent, one needs to use models involving multivariate
distribution functions. If time is a factor that needs to be included in the model
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explicitly, then the model becomes more complex. The building of such models
requires concepts from stochastic processes.
Step 4: Parameter Estimation
Once a model is selected, one needs to estimate the model parameters. The estimates are obtained using the data available. A variety of techniques have been
developed, and these can be broadly divided into two categories—graphical and
analytical. The accuracy of the estimate is dependent on the size of the data
and the method used. Graphical methods yield crude estimates while analytical methods
yield better estimates and confidence limits for the estimates. The basic concepts are
discussed in in Chapter 4 and in later chapters in the context of specific models.
Step 5: Model Validation
One can always fit a model to a given data set. However, the model might not be
appropriate or adequate. An inappropriate model, in general, will not yield the
desired solution to the problem. Hence, it is necessary to check the validity of
the model selected. There are several methods for doing this. The basic concepts
are discussed in Chapter 5 and in later chapters in the context of specific models.
Comments
1. Steps 2, 4, and 5 deal with statistical inference. In probability theory, one
models the uncertainty (randomness) through a distribution function, and then
makes statements, based on the model, about the nature (e.g., variability) of
the data that may result if the model is correct. The principal objective of
statistical inference is to use data to make statements about the model, either
in terms of probability distribution itself or in terms of its parameters or some
other characteristics. Thus, probability theory and statistical inference may be
thought of as inverse of one another as indicated:
Probability theory: Model ! Data
Statistics: Data ! Model
2. Statistical inference requires concepts, tools, and techniques from the theory
of statistics. Understanding a model requires studying the properties of the
model. This requires concepts, tools, and techniques from the theory of
probability and the theory of stochastic processes.
3. In this book we discuss both model properties and statistical inference for
Weibull models.
1.4
1.4.1

WEIBULL MODELS
Historical Perspective

The three-parameter Weibull distribution is given by the distribution function
 

t  tb
Fðt; yÞ ¼ 1  exp 
tt
ð1:2Þ
a
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The parameters of the distribution are given by the set y ¼ fa; b; tg with
a > 0; b > 0, and t  0. The parameters a; b, and t are the scale, shape, and location parameters of the distribution, respectively. The distribution is named after
Waloddi Weibull who was the first to promote the usefulness of this to model
data sets of widely differing character. The initial study by Weibull (Weibull,
1939) appeared in a Scandinavian journal and dealt with the strength of materials.
A subsequent study in English (Weibull, 1951) was a landmark work in which he
modeled data sets from many different disciplines and promoted the versatility of
the model in terms of its applications in different disciplines.
A similar model was proposed earlier by Rosen and Rammler (1933) in the context of modeling the variability in the diameter of powder particles being greater
than a specific size. The earliest known publication dealing with the Weibull distribution is a work by Fisher and Tippet (1928) where this distribution is obtained as
the limiting distribution of the smallest extremes in a sample. Gumbel (1958) refers
to the Weibull distribution as the third asymptotic distribution of the smallest
extremes.
Although Weibull was not the first person to propose the distribution, he was
instrumental in its promotion as a useful and versatile model with a wide range
of applicability. A report by Weibull (Weibull, 1977) lists over 1000 references
to the applications of the basic Weibull model, and a recent search of various databases indicate that this has increased by a factor of 3 to 4 over the last 30 years.
1.4.2

Taxonomy

The two-parameter Weibull distribution is a special case of (1.2) with t ¼ 0 so that
  b 
t
Fðt; yÞ ¼ 1  exp 
a

t0

ð1:3Þ

We shall refer to this as the standard Weibull model with að> 0Þ and bð> 0Þ being
the scale and shape parameters respectively. The model can be written in alternate
parametric forms as indicated below:
h
i
Fðt; yÞ ¼ 1  exp ðltÞb

ð1:4Þ

with l ¼ 1=a;


tb
Fðt; yÞ ¼ 1  exp  0
a


ð1:5Þ

with a0 ¼ ab ; and
Fðt; yÞ ¼ 1  expðl0 tb Þ

ð1:6Þ
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with l0 ¼ ð1=aÞb . Although they are all equivalent, depending on the context a particular parametric representation might be more appropriate. In the remainder of the
book, the form for the standard Weibull model is (1.3) unless indicated otherwise.
A variety of models have evolved from this standard model. We propose a taxonomy for classifying these models, and it involves seven major categories labeled
Types I to VII. In this section, we briefly discuss the basis for the taxonomy, and the
different models in each category are discussed in Chapter 2.
Let T denote the random variable from the standard Weibull model. Let the distribution function for the derived model be Gðt; yÞ, and let Z denote the random
variable from this distribution. The links between the standard Weibull model
and the seven different categories of Weibull models are as follows:
Type I Models Here Z and T are related by a transformation. The transformation
can be either (i) linear or (ii) nonlinear.
Type II Models
tionship.

Here Gðt; yÞ is related to Fðt; yÞ through some functional rela-

Type III Models These are univariate models derived from two or more distributions with one or more being a standard Weibull distribution. As a result, Gðt; yÞ is a
univariate distribution function involving one or more standard Weibull distributions.
Type IV Models The parameters of the standard Weibull model are constant. For
models belonging to this group, this is not the case. As a result, they are either
a function of the variable t or some other variables (such as stress level) or are
random variables.
Type V Models In the standard Weibull model, the variable t is continuous valued
and can assume any value in the interval ½0; 1Þ. As a result, T is a continuous random variable. In contrast, for Type V models Z can only assume nonnegative integer values, and this defines the support for Gðt; yÞ.
Type VI Models The standard Weibull model is a univariate model. Type VI
models are multivariate extensions of the standard Weibull model. As a result,
Gð Þ is a multivariate function of the form Gðt1 ; t2 ; . . . ; tn Þ and related to the standard Weibull in some manner.
Type VII Models These are stochastic point process models with links to the
standard Weibull model.

1.5

WEIBULL MODEL SELECTION

Model selection tends to be a trial-and-error process. For Types I to III models the
Weibull probability paper plot provides a systematic procedure to determine
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whether one of these models is suitable for modeling a given data set or not. It is
based on the Weibull transformations
y ¼ lnf ln½1  FðtÞg and

x ¼ lnðtÞ

ð1:7Þ

A plot of y versus x is called the Weibull probability plot. In the early 1970s a special paper was developed for plotting the data under this transformation and was
referred to as the Weibull probability paper (WPP) and the plot called the WPP
plot. These days, most reliability software packages contain programs to produce
these plots automatically given a data set. We use the term WPP plot to denote
the plot using computer packages.

1.6

APPLICATIONS OF WEIBULL MODELS

Weibull models have been used in many different applications and for solving a
variety of problems from many different disciplines. Table 1.1 gives a small sample
of the application of Weibull models along with references where interested readers
can find more details.
1.6.1

Reliability Applications

All man-made systems (ranging from simple products to complex systems) are
unreliable in the sense that they degrade with time and/or usage and ultimately
fail. The following material is from Blischke and Murthy (2000).
The reliability of a product (system) is the probability that the product (system)
will perform its intended function for a specified time period when operating under
normal (or stated) environmental conditions.
Product Life Cycle and Reliability
A product life cycle (for a consumer durable or an industrial product), from the
point of view of the manufacturer, is the time from initial concept of the product
to its withdrawal from the marketplace. It involves several stages as indicated in
Figure 1.1.
The process begins with an idea to build a product to meet some customer
requirements regarding performance (including reliability) targets. This is usually
based on a study of the market and the potential demand for the product being
planned. The next step is to carry out a feasibility study. This involves evaluating
whether it is possible to achieve the targets within the specified cost limits. If this
analysis indicates that the project is feasible, an initial product design is undertaken.
A prototype is then developed and tested. It is not unusual at this stage to find that
achieved performance level of the prototype product is below the target value. In
this case, further product development is undertaken to overcome the problem.
Once this is achieved, the next step is to carry out trials to determine performance
of the product in the field and to start a preproduction run. This is required because
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Table 1.1

Sample of Weibull Model Applications

Application

Reference

Yield strength of steel
Size distribution of fly ash
Fiber strength of Indian cotton
Fatigue life of ST-37 steel
Tensile strength of optical fibers
Fineness of coal
Size of droplets in sprays
Particle size
Pitting corrosion in pipe
Time to death following exposure to carcinogens
Strength of fibers from coconut husks
Forecasting technology change
Dielectric breakdown voltage

Weibull (1951)
Weibull (1951)
Weibull (1951)
Weibull (1951)
Phani (1987)
Rosen and Rammler (1933)
Fraser and Eisenklam (1956)
Fang et al. (1993)
Sheikh et al. (1990)
Pike (1966), Peto and Lee (1973)
Kulkarni et al. (1973)
Sharif and Islam (1980)
Nossier et al. (1980)
Mu et al. (2000)
Wang et al. (1997)
Keshvan et al. (1980)
Neshyba (1980)
Tadikamalla (1978)
Henderson and Weber (1978)
Rad and Olson (1974)
Lieblein and Zelen (1956)
Durham and Padgett (1997),
Padgett et al. (1995)
Yazhou et al. (1995)
Chin et al. (1991)
Cacciari et al. (1995)
Boorla and Rotenberger (1997)
Duan et al. (1998)
Quereshi and Sheikh (1997)
Xu and Barr (1995)
Yang et al. (1995)
Kwon and Berner (1994)
Yamada et al. (1993)
Fok et al. (2001)
Pagonis et al. (2001)
Heo et al. (2001)
Talkner et al. (2000)
Seguro and Lambert (2000)
Lun and Lam (2000)
Huillet and Raynaud (1999)
Almeida (1999)
Jiang et al. (1997)
Contin et al. (1994)

Fracture strength of glass
Size of Antarctic icebergs
Inventory lead time
Wave heights in English Channel
Size of rock fragments
Ball bearing failures
Failure of carbon fiber composites
Machining center failures
Traffic conflict in expressway merging
Partial discharge phenomena
Flight load variation in helicopter
Precipitation in Pacific Northwest
Adhesive wear in metals
Fracture in concrete
Latent failures of electronic products
Damage in laminated composites
Software reliability growth
Brittle material
Thermoluminescence glow
Flood frequency
Temperature fluctuations
Wind speed distribution
Earthquakes
Failure of coatings
Rain drop size
Discharge inference
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Figure 1.1 Different stages of product life cycle. (From Blischke and Murthy, 2000.)

the manufacturing process must be fine tuned and quality control procedures established to ensure that the items produced have the same performance characteristics
as those of the final prototype. After this, the production and marketing efforts
begin. The items are produced and sold. Production continues until the product
is removed from the market because of obsolescence and/or the launch of a new
product.
We focus our attention on the reliability of the product over its life cycle.
Although this may vary considerably, a typical scenario is as shown in Figure 1.2.
A feasibility study is carried out using the specified target value for product
reliability. During the design stage, product reliability is assessed in terms of part
and component reliabilities. Product reliability increases as the design is improved.
However, this improvement has an upper limit. If the target value is below this limit,
then the design using available parts and components achieves the desired target
value. If not, then a development program to improve the reliability through
test–fix–test cycles is necessary. Here the prototype is tested until a failure occurs
and the causes of the failure are analyzed. Based on this, design and/or manufacturing changes are introduced to overcome the identified failure causes. This process is
continued until the reliability target is achieved.
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Figure 1.2 Reliability issues over product life cycle. (From Blischke and Murthy, 2000.)

The reliability of the items produced during the preproduction run is usually
below that for the final prototype. This is caused by variations resulting from the
manufacturing process. Through proper process and quality control, these variations are identified and reduced or eliminated, and the reliability of items produced
is increased until it reaches the target value. Once this is achieved, full-scale
production commences and the items are released for sale.
The reliability of an item in use deteriorates with age. This deterioration is
affected by several factors, including environment, operating conditions, and maintenance. The rate of deterioration can be controlled through preventive maintenance
as shown in Figure 1.2.
It is worth noting that if the reliability target values are too high, they might not
be achievable with development. In this case, the manufacturer needs to revise the
target value and start with a new feasibility study before proceeding further.
Weibull models have been used not only to model the reliability of the product
but also to study other issues in the different stages of the product life cycle. We can
group the different stages into two groups: (i) premanufacturing and (ii) postmanufacturing. The former deals with issues such as reliability assessment, accelerated
testing, and reliability growth, and the latter with issues such as maintenance and
warranties.

1.7

OUTLINE OF THE BOOK

The book is structured in seven parts (Parts A to G) with each part containing one or
more chapters.
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Part A consists of two chapters. Chapter 1 gives an overview of the book, and
Chapter 2 deals with a detailed discussion of the taxonomy for Weibull models and
the mathematical structure of these models.
Part B consists of three chapters. Chapter 3 deals with the analysis and presents
various results dealing with model properties. Chapter 4 deals with parameter estimation and examines different data structures and estimation methods and their
properties. Chapter 5 deals with model selection and validation, where the focus
is on deciding whether a specific model is appropriate to model a given data set
or not. In these chapters various concepts and techniques are introduced, and these
are referred to in later chapters. In these three chapters, the analysis, estimation,
and validation issues for the standard Weibull model as well as the three-parameter
Weibull model are discussed as the two models are very similar.
Part C consists of two chapters. Chapter 6 deals with Type I models and Chapter 7
deals with Type II models. Part D consists of four chapters and deals with Type III
models, and each chapter looks at a different family of models. Chapter 8 deals with
mixture models, Chapter 9 with competing risk models, Chapter 10 with the multiplicative models, and Chapter 11 with sectional models. Part E consists of four
chapters. Chapter 12 deals with Type IV models and looks at four different models.
Chapter 13 deals with Type V models, Chapter 14 with Type VI models, and
Chapter 15 with Type VII models. In Chapters 6 to 15, for each model, the model
properties and the statistical inference issues are discussed.
Part F consists of a single chapter (Chapter 16) and deals with model selection.
Here the focus is on deciding whether one or more Type I to III models are suitable
for modeling a given univariate continuous valued data set.
Part G deals with the application of Weibull models in reliability theory. It
consists of three chapters. Chapter 17 deals with modeling failures at system and
component levels. Chapter 18 deals with a variety of reliability-related decision
problems at the premanufacturing, manufacturing, and postsale service stages of
the product life cycle. We briefly review the literature dealing with such problems
with failures modeled by Weibull models.
1.8

NOTES

The notion of random variable and some basic concepts from probability theory can
be found in most textbooks on the probability theory or models. See, for example,
Ross (1983). The four volumes by Johnson and Kotz (1969a, 1969b, 1970a, 1970b)
deal with discrete, univariate, and multivariate distributions. Basic concepts from
the theory of stochastic processes can be found in most texts on the subject. See,
for example, Ross (1980).
EXERCISES
1.1. Define a set of problems from each of the following areas that requires the use
of probability distribution function to model one or more of the variables of
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importance to the problem:
a. Biological sciences
b. Social sciences
c. Health sciences
d. Physical sciences
e. Environmental science
1.2. Carry out a search of computer databases (such as Inspec, Compendex, etc.) to
compile a list of studies dealing with the problems defined in Exercise 1.1.
1.3. A city council operates a fleet of buses. At the workshop level, for each bus the
date of failure and the component that caused the failure are recorded. Discuss
what other data should have been recorded for proper understanding of bus
failures? The recorded data is converted into monthly failures for reporting to
top management. Discuss if this is appropriate or not.
1.4. Discuss why the modeling of a data set is both an art as well as a science.
1.5. The lifetime of a human is a random variable and affected by several factors
that can be grouped into genetic, ethnic, environmental, and lifestyle. One can
model the lifetime by either ignoring these factors or by incorporating them.
Discuss problems when it is appropriate to ignore them and when one needs to
include them in the model building.
1.6. An automobile is a complex system comprised of several components. The
failure of an automobile is due to the failure of one or more components. As
such, one can model the failures either at the system or component level.
Discuss when it is more appropriate to use the modeling at the system level as
opposed to the component level.
1.7. Discuss the different kinds of data that is generated at each stage of the product
life cycle that is relevant for determining the reliability of the product.
1.8. Weibull distribution is one of many probability distributions that have been
proposed and studied. Make a list of distributions that you are familiar with
and can be used to model nonnegative continuous random variable.
1.9. Repeat Exercise 1.8 for nonnegative discrete random variable.

CHAPTER2

Taxonomy for Weibull Models

2.1

INTRODUCTION

In Chapter 1 we proposed a taxonomy to categorize the Weibull models into different categories. In this chapter we give the precise details of the model formulations
and a concise overview of the relationships between the models. Specific details of
the models are discussed in later chapters. We have retained the original terminology as far as possible while the notations have been modified to ensure consistency
in the presentation.
The outline of the chapter is as follows. In Section 2.2 we indicate the basis for
the taxonomy. The taxonomy involves seven categories (labeled Types I to VII).
Sections 2.3 to 2.9 discuss the different models for each of the seven categories.
For some of the models, the authors of the model have proposed a name. We indicate this in our discussion of the model. Because of the lack of a consistent terminology, in some cases the same name has been used for two different models and in
some other cases the same model has been called by more than one name.
2.2

TAXONOMY FOR WEIBULL MODELS

The taxonomy for Weibull models involves seven categories and each category can
be divided into several subcategories as shown in Figure 2.1. In this section, we
discuss the basis for these subgroupings and give the structure of the different
models in each subgrouping.
The starting point is the standard Weibull model given by (1.3). Let Gðt; yÞ
denote the derived Weibull model; T is a random variable from Fðt; yÞ and Z is
a random variable from Gðt; yÞ.
2.2.1

Type I Models: Transformation of Weibull Variable

For these models Z and T are related by a transformation. The transformation can be
either (a) linear or (b) nonlinear. Based on this we have the following two subgroups.
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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Type I(a): Linear Transformation
through Model I(a)-4.
Type I(b): Nonlinear Transformation
through Model I(b)-3.
2.2.2

This yields four models: Model I(a)-1

This yields three models: Model I(b)-1

Type II Models: Modification/Generalization of Weibull Distribution

For these models Gðt; yÞ is related to Fðt; yÞ by some relationship. One can subdivide these into two subgroups.
Type II(a) These involve no additional parameters and hence can be viewed as
modified models. There are two models: Model II(a)-1 and II(a)-2.
Type II(b) These involve one or more additional parameters and hence can be
viewed as generalized models as the standard Weibull model is obtained as special
cases of these models. There are 13 models: Model II(b)-1 through II(b)-13.
2.2.3

Type III Models: Models Involving Two or More Distributions

These models are univariate models derived from two or more distributions with at
least one being either the standard Weibull model or a distribution derived from it.
One can subdivide these into four subgroups as indicated below.
Type III(a)

Mixture models.

Type III(b)

Competing risk models.

Type III(c)

Multiplicative models.

Type III(d)

Sectional models.

Each of these contains several models depending on the number of distributions
involved, whether one or more of the distributions is non-Weibull and the forms
of the non-Weibull distributions.
2.2.4

Type IV Models: Weibull Models with Varying Parameters

The parameters of the standard Weibull model are constant. For models belonging
to this group, this is not the case. As a result, they are either a function of the
independent variable (t) or some other variables (such as stress level), or are
random variables. These lead to the following three subgroups.
Type IV(a) Parameters are functions of the variable t (time-varying parameters if
t represents time).
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Type IV(b–d) Parameters are functions of some other variables (regression
models, proportional hazard models, etc.).
Type IV(e)
2.2.5

Parameters are random variables (Bayesian models).

Type V Models: Discrete Weibull Models

In the standard Weibull model, the variable t is continuous and can assume any
value in the interval ½0; 1Þ. As a result, T is a continuos random variable. In
contrast, for Type V models T can only assume nonnegative integer values, and
this defines the support for Gðt; yÞ.
2.2.6

Type VI Models: Multivariate Weibull Distributions

The standard Weibull model is a univariate model. Type VI models are multivariate
extensions of the standard Weibull model. As a result, GðÞ is a multivariate function of the form Gðt1 ; t2 ; . . . ; tn Þ and related to the basic Weibull in some manner.
These can be divided into two categories:
Type VI(a)

Bivariate Weibull models.

Type VI(b)

Multivariate Weibull models.

Again, there are several models under each subcategory.

2.2.7

Type VII Models: Stochastic Point Process Models

These are stochastic point process models with links to the standard Weibull model.
Three subgroups that have received some attention are the following:
Type VII(a)

Weibull intensity function models.

Type VII(b)

Weibull renewal process models.

Type VII(c)

Power law–Weibull renewal model.

2.2.8

Notation

Often we will suppress the parameter for convenience and write FðtÞ instead
of Fðt; yÞ and similarly for Gðt; yÞ. For a distribution function FðtÞ we have the
following:
 Density function: f ðtÞ ¼ dFðtÞ=dt if the derivative exists.
 ðtÞ ¼ 1  FðtÞ.
 Survivor function: F
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 ðtÞ.
 Hazard function (failure rate): hðtÞ ¼ f ðtÞ=F
Ðt
 Cumulative hazard function: HðtÞ ¼ 0 hðxÞ dx.
 Quantile: QðuÞ : FðQðuÞÞ ¼ u; u 2 ½0; 1 .

2.3
2.3.1

TYPE I MODELS: TRANSFORMATION OF WEIBULL VARIABLE
Linear Transformation

Consider the linear transformation
Z ¼ aT þ b

ð2:1Þ

Model I(a)-1: One-Parameter Weibull
The terms a ¼ 1=a and b ¼ 0 in (2.1) yield
GðtÞ ¼ 1  expðtb Þ

t

ð2:2Þ

0

This is the one-parameter Weibull model. The support for GðtÞ is the same as that
for FðtÞ. Note that this can also be obtained as a special case of the standard Weibull
model with a ¼ 1.
Model I(a)-2
The terms a ¼ 1 and b ¼ t in (2.1) yield
 

t  tb
GðtÞ ¼ 1  exp 
a

t

t

ð2:3Þ

This is the three-parameter Weibull distribution [see (1.2)]. The model is characterized by three parameters and the support for GðtÞ is different from that for FðtÞ.
Some special cases of this model are as follows:
 b ¼ 1: Two-parameter exponential distribution
 b ¼ 2 and t ¼ 0: Rayleigh distribution
Model I(a)-3
The terms a ¼ 1 and b ¼ t in (2.1) yield
 

t  t b
GðtÞ ¼ exp 
a

1<t <t

ð2:4Þ

The supports for GðtÞ and FðtÞ are disjoint. The model can also be viewed as a
reflection of the three-parameter Weibull model [given by (1.2)] with 1  GðtÞ
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being the mirror image of FðtÞ. The model was proposed in Cohen (1973) and
called the reflected Weibull distribution.
Model I(a)-4
This model is a combination of the one-parameter Weibull model [given by (2.2)]
and its reflection about the vertical axis through the origin. As a result, the model is
given by the density function

gðtÞ ¼ b 12 jtjðb1Þ expðjtjb Þ

1<t <1

ð2:5Þ

Note that the support for G(t) is bigger than that for the basic model. This model
was proposed in Balakrishnan and Kocherlakota (1985) and is called the double
Weibull distribution.
2.3.2

Nonlinear Transformation

Model I(b)-1
The model is obtained using the transformation
Zt
¼
Z


T
a

b

ð2:6Þ

and is given by
 

tt
GðtÞ ¼ 1  exp 
Z

t

t

ð2:7Þ

As a result, the support for GðtÞ is smaller than that for FðtÞ. Note that this is the
two-parameter exponential distribution. This can also be obtained as a special case
of the three-parameter Weibull model with the shape parameter b ¼ 1.
If t ¼ 0 in (2.6), then (2.7) is the standard (one-parameter) exponential distribution. This can also be obtained as a special case of the standard Weibull model
with the shape parameter b ¼ 1.
The transformation in (2.6) is often referred to as the power law transformation
that links the Weibull and exponential distributions. This transformation forms the
basis for several multivariate Weibull models discussed in Section 2.8.
Model I(b)-2
The model is obtained using the transformation

Zt
T
¼ b ln
Z
a

ð2:8Þ

MODIFICATION/GENERALIZATION OF WEIBULL DISTRIBUTION
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and is given by



tt
GðtÞ ¼ 1  exp exp
Z

1<t <1

ð2:9Þ

The support for GðtÞ is greater than that for FðtÞ; GðtÞ is a type 1 extreme value
distribution while the basic Weibull distribution itself is related to Gumbel’s
Type II distribution (Gumbel, 1958, p. 157). This model is also commonly called
the log Weibull model.
As with the earlier model, setting t ¼ 0 and/or Z ¼ 1 leads to several special
cases.
Model I(b)-3
The model follows from the transformation
Z¼

a2
T

ð2:10Þ

and is given by
  b 
t
GðtÞ ¼ exp 
a

t

0

ð2:11Þ

This is referred to as the inverse (or reverse) Weibull model. It is also a limiting
distribution of the largest order statistics (Type II asymptotic distribution of the
largest extreme). Drapella (1993) calls it the complementary Weibull distribution.
Mudholkar and Kollia (1994) call it the reciprocal Weibull distribution.

2.4 TYPE II MODELS: MODIFICATION/GENERALIZATION
OF WEIBULL DISTRIBUTION
For several models in this group, the link between the model and the standard
Weibull model is better described in terms of the quantile function. For the standard
Weibull model [given by (1.3)] the quantile function is given by
QðuÞ ¼ a½ lnð1  uÞ 1=b
2.4.1

ð2:12Þ

Modification of Weibull Distribution

Model II(a)-1
The density function is given by
t
gðtÞ ¼ f ðtÞ
m

t

0

ð2:13Þ
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where m is the mean of the random variable from the standard Weibull model. As a
result
gðtÞ ¼

  b 
btb
t
exp

a
abþ1 ð1 þ 1=bÞ

t

0

ð2:14Þ

Note that it is not possible to express GðtÞ analytically. This model was proposed in
Voda (1989) and called the pseudo-Weibull distribution.
Model II(a)-2
The distribution function is given by
(
GðtÞ ¼

1  eðt=aÞ
b
eðt=aÞ

b

b>0
b<0

ð2:15Þ

where b can take either positive or negative values. When b > 0, this reduces to the
standard Weibull model [given by (1.3)] and to the inverse Weibull model [given by
(2.11)] when b < 0: This model is referred to in Fisher and Tippet (1928) and
Gumbel (1958). It was made more explicit in Stacy and Mihram (1965) and called
the generalized Weibull distribution.
2.4.2

Generalization of Weibull Distribution

Model II(b)-1
 ðtÞ is
This model involves an additional parameter n > 0. The survivor function G
given by
 ðtÞ ¼
G

 ðtÞ
nF
 ðtÞ
FðtÞ þ nF

0

ð2:16Þ

b

ð2:17Þ

t

with FðtÞ given by (1.4). As a result
b

GðtÞ ¼ 1 

neðltÞ

1  ð1  nÞeðltÞ

This model was proposed in Marshall and Olkin (1997) and called the extended
Weibull distribution. Note that the model reduces to the standard Weibull model
when n ¼ 1.
Model II(b)-2
This model involves one additional parameter nð
GðtÞ ¼ 1  expðltb ent Þ

0Þ and is as follows:
t

0

ð2:18Þ
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with l ¼ ð1=aÞb . This model was proposed in Lai et al. (2003) and called the
modified Weibull distribution.
Model II(b)-3
The model, described in terms of the quantile function, is given by
QðuÞ ¼ a½ lnð1  uÞ1=n

1=b

ð2:19Þ

and involves one additional parameter n > 0. As a result, model is given by
  b  n
t
n
t 0
ð2:20Þ
GðtÞ ¼ ½FðtÞ ¼ 1  exp 
a
When n ¼ 1, this reduces to the standard Weibull distribution given by (1.3). This
model was proposed in Mudholkar and Srivasatava (1993) and called the exponentiated Weibull distribution.
Model II(b)-4
The quantile function for the model is

1=b
1  ð1  uÞn
QðuÞ ¼ a
n

ð2:21Þ

where the new parameter n is unconstrained so that 1 < n < 1. This implies

 t b 1=n
GðtÞ ¼ 1  1  n
a

t

0

ð2:22Þ

An interesting feature of the model in the support for GðtÞ is ð0; 1Þ for n  0
and ð0; a=n1=b Þ for n > 0. This model was proposed in Mudholkar et al. (1996)
and called the generalized Weibull family. Note that the model reduces to the
standard two-parameter Weibull model when n ! 0.
Model II(b)-5
A different version of (2.21) is

1=b
1  ð1  uÞn
QðuÞ ¼ b
b
n

ð2:23Þ

with n unconstrained so that 1 < n < 1. Here the parameter b can take negative
values so that the inverse Weibull is a special case of this distribution. This yields
"


bþt
GðtÞ ¼ 1  1  n
b

#
b 1=n
ð2:24Þ
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The support for GðtÞ depends on the model parameters and is as follows. For b < 0;
if n < 0, ð1; bÞ; and if n > 0, ð1; ðb=n1=b  bÞÞ; while for b > 0, it is, if
n < 0, ðb; 1Þ and if n > 0, ðb; b=n1=b  bÞ. This model was proposed in
Mudholkar and Kolia (1994) and called a more generalized Weibull family.
Model II(b)-6
The model, defined in terms of the quantile function, is given by
QðuÞ ¼

½ð lnð1  uÞÞb  1 =b
lnð lnð1  uÞÞ

for
for

b 6¼ 0
b¼0

ð2:25Þ

GðtÞ ¼

1  exp½ð1 þ btÞ1=b
1  exp½expðtÞ

for b 6¼ 0
for b ¼ 0

ð2:26Þ

As a result,

The support for GðtÞ depends on the model parameters. It is ð1; 1=bÞ for b < 0,
ð1=b; 1Þ for b > 0, and ð1; 1Þ for b ¼ 0. This model was proposed in
Freimer et al. (1989) and called the extended Weibull distribution.
Model II(b)-7
The model, proposed by Stacy (1962), is best described in terms of the density
function
  b 
abk btbk1
t
gðt; yÞ ¼
exp 
t 0
ð2:27Þ
a
ðkÞ
with k > 0. ðÞ is the gamma function [see Abramowitz and Stegun (1964)]. This is
called the generalized gamma model. Note that when k ¼ 1, this reduces to the standard Weibull model and when b ¼ 1 it gets reduced to a gamma distribution.
An extension to include a location parameter was proposed by Harter (1967) and
has the density function
 

abk bðt  tÞbk1
t  t b
gðt; yÞ ¼
exp 
a
ðkÞ

t

t

ð2:28Þ

where y ¼ fa; b; t; kg and is called the four-parameter generalized gamma model.
Model II(b)-8
Ghitany (1998) suggested an extension to (2.28) and the model has the density
function
gðt; yÞ ¼

  b 
aðm1Þ=bþ1l btmb2 ðn þ tb Þl
t
exp 
a
l ½ðm  1Þ=b; an

ð2:29Þ
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where y ¼ fa; b; l; m; ng and l ð; Þ is the incomplete gamma function [see Abramowitz and Stegun (1964)]. This can be viewed as the extended generalized gamma
model.
Agarwal and Al-Saleh (2001) proposed a model given by
gðt; yÞ ¼

blb tb1
b

l ð1; nÞ½ðltÞ þ n

d

exp½ðltÞb

t

0

ð2:30Þ

where b, n, and l > 0 and d 2 ½1; 0 and call it a Weibull-type distribution. Note
that this reduces to the two-parameter Weibull distribution [given by (1.3)] when
d ¼ 0.
Model II(b)-9
This model was proposed by Kies (1958) and is given by
 

t  a b
GðtÞ ¼ 1  exp l
0atb<1
bt

ð2:31Þ

with l > 0 and b > 0. This implies that the support is a finite interval. This is also
called a four-parameter Weibull distribution. Smith and Hoeppner (1990) also deal
with a similar four-parameter Weibull model.
Model II(b)-10
Phani (1987) extended the model due to Kies and the model is given by
(
GðtÞ ¼ 1  exp l

ðt  aÞb1
ðb  tÞb2

)
0atb<1

ð2:32Þ

with l > 0, b1 > 0, and b2 > 0. This has been called a modified Weibull distribution and also as a five-parameter Weibull distribution.
Model II(b)-11
This model is obtained by a truncation of the standard Weibull model and is given
by
GðtÞ ¼

FðtÞ  FðaÞ
FðbÞ  FðaÞ

0<atb<1

ð2:33Þ

with FðtÞ given by (1.3). This is referred to as the doubly truncated Weibull distribution. Two special cases are as follows:
1. a ¼ 0 and b < 1: Right truncated Weibull distribution
2. a > 0 and b ! 1: Left truncated Weibull distribution
For all three cases, the support for GðtÞ is smaller than that for FðtÞ.
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Model II(b)-12
The Slymen–Lachenbruce (1984) modified Weibull model is given by the following
distribution function:


bðtk  tk Þ
GðtÞ ¼ 1  exp exp a þ
ð2:34Þ
2k
The model is not related to the standard Weibull model but has a close connection
with the Weibull transformation (see Section 1.5).
Model II(b)-13
Xie et al. (2002b) proposed a slight modification to a model first proposed by Chen
(2000), and the model is given by
h 
i
b
GðtÞ ¼ 1  exp la 1  eðt=aÞ
t 0
ð2:35Þ
with a; b; l > 0. They call it the Weibull extension. When a is large, we have
eðt=aÞ  1 þ ðt=aÞ and in this case, (2.35) reduces to a two-parameter Weibull distribution given by (1.3).

2.5 TYPE III MODELS: MODELS INVOLVING TWO OR
MORE DISTRIBUTIONS
These models involve two or more distributions with one or more being Weibull
distributions. The distributions involved are called the subpopulations.
2.5.1

Mixture Models

A general n-fold mixture model involves n subpopulations and is given by
GðtÞ ¼

n
X
i¼1

pi Fi ðtÞ pi > 0

n
X

pi ¼ 1

ð2:36Þ

i¼1

Model III(a)-1
In this case the Fi ðtÞ; i ¼ 1; 2; . . . ; are either two- or three-parameter Weibull distributions. The model is called finite Weibull mixture model. In the literature, the
Weibull mixture model has been referred to by many other names, such as,
additive-mixed Weibull distribution, bimodal-mixed Weibull (for a two fold
mixture), mixed-mode Weibull distribution, Weibull distribution of the mixed
type, multimodal Weibull distribution, and so forth.
Model III(a)-2
This is similar to Model III(a)-1 except that the Fi ðtÞ; i ¼ 1; 2; . . . ; are inverse
Weibull distributions [given by (2.11)].
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Model III(a)-3
This is similar to Model III(a)-2 except that some of the subpopulations are Weibull
distributions and the remaining are non-Weibull distributions.
2.5.2

Competing Risk Models

A general n-fold competing risk model involving n subpopulations is given by
GðtÞ ¼ 1 

n
Y

½1  Fi ðtÞ

ð2:37Þ

i¼1

The competing risk model is also called the compound model, series system model,
multirisk model, and poly-Weibull model (if the subpopulations are Weibull distributions) in the reliability literature.
Model III(b)-1
In this case the Fi ðtÞ; i ¼ 1; 2; . . . ; are all two-parameter Weibull distributions.
When bi ¼ bj ; i 6¼ j, then the two subpopulations can be merged into one subpopulation with shape parameter bi, and as a result, the n-fold model gets reduced to a
(n  1)-fold model. Hence, we assume, without loss of generality, that bi < bj ;
i < j.
Model III(b)-2
This is similar to Model III(b)-1 except that Fi ðtÞ; i ¼ 1; 2; . . . ; are inverse Weibull
distributions.
Model III(b)-3
This is similar to Model III(b)-2 except that some of the subpopulations are Weibull
distributions and the remaining are non-Weibull distributions.
Comments
1. Shooman (1968) proposed a model with the hazard function given by
hðtÞ ¼

n
X

ki t i

t

0

ð2:38Þ

i¼0

When ki > 0, the model is a special case of (2.37) with the shape parameters
being the set of integers from 1 to n þ 1.
2. The additive Weibull model proposed by Xie and Lai (1996) is also a special
case of the competing risk model.
2.5.3

Multiplicative Models

A general n-fold multiplicative model is given by
n
Y
GðtÞ ¼
Fi ðtÞ
i¼1

ð2:39Þ

30

TAXONOMY FOR WEIBULL MODELS

The general model has received very little attention. Basu and Klein (1982) deal
with a general competing risk model and a so-called complementary risk model.
The latter is identical to the multiplicative model defined above.
Model III(c)-1
In this case the Fi ðtÞ; i ¼ 1; 2; . . . ; are either two- or three-parameter Weibull distributions. When the Fi ðtÞ are the same for all i, the model is the same as the case of
the exponentiated Weibull model.
When all the subpopulations are two-parameter Weibull distributions, then we
can assume without loss of generality, b1  b2      bn and when bi ¼ bj ,
i < j, we assume ai aj .
Model III(c)-2
This is similar to Model III(c)-1 except that the Fi ðtÞ; i ¼ 1; 2; . . . ; are inverse
Weibull distributions.
Model III(c)-3
This is similar to Model III(c)-2 except that some of the subpopulations are Weibull
distributions and the remaining are non-Weibull distributions.
2.5.4

Sectional Models

A general n-fold sectional model is given by
8
k1 F1 ðtÞ
>
>
<
 2 ðtÞ
1  k2 F
GðtÞ ¼
>

>
:
 n ðtÞ
1  kn F

0  t  t1
t1 < t  t2

ð2:40Þ

t > tn1

where the subpopulations Fi ðtÞ are two- or three-parameter Weibull distributions
and the ti ’s (called partition points) are an increasing sequence. The distribution
function, density function, and hazard function can be either continuous or discontinuous at the partition points. In the former case the ki ’s are constrained.
The sectional model is also known as composite model, piecewise model, and
step-function model.
2.6 TYPE IV MODELS: WEIBULL MODELS WITH
VARYING PARAMETERS
The parameters of the models discussed so far are fixed constants. This section
deals with models where some of the parameters are (i) functions of the variable
t, (ii) functions of some supplementary variables (denoted by S), and (iii) random
variables. The first category can be divided into two subgroups, and, as a result, we
have four types of models and these are discussed in the remainder of the section.

WEIBULL MODELS WITH VARYING PARAMETERS

2.6.1
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Time-Varying Parameters

In these models the scale parameter (a) and/or the shape parameter (b) of the
standard model given by (1.3) are functions of the variable t.
Model IV(a)-1
Here the scale parameter a is a function of the independent variable t. Shrivasatava
(1974) considers the case aðtÞ is binary valued and changes in a periodic manner.
Zacks (1984) deals with a model where the shape parameter b ¼ 1 for t < t0 and
changes to b > 1 for t > t0.
Model IV(a)-2
Here both a and b are functions of t. Zuo et al. (1999) consider the case where

1 b c=t
0
0
bðtÞ ¼ a 1 þ
e ; aðtÞ ¼ a0 tb ec =t
ð2:41Þ
t

Model IV(a)-3
The model is given by
GðtÞ ¼ 1  eðtÞ

ð2:42Þ

where ðtÞ is a nondecreasing function with ð0Þ ¼ 0 and ð1Þ ¼ 1. Srivastava
(1989) calls this the generalized Weibull distribution and looks at the special case
where
m
X
ðtÞ ¼
li fi ðtÞ
1im
ð2:43Þ
c¼1

The special case
ðtÞ ¼

 t b
a

ð2:44Þ

corresponds to the standard two-parameter Weibull model given by (1.3).
2.6.2

Weibull Accelerated Life Models

In these models the scale parameter a is a function of some supplementary variable
S. In reliability applications, S represents the stress on the item and the life of
the item [a random variable with distribution GðÞ] is a function of S. The shape
parameter is unaffected by S.
Model IV(b)-1
The term aðSÞ has the form
aðsÞ ¼ expðg0 þ g1 SÞ

ð2:45Þ
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so that ln½aðSÞ is linear in S. The model is called the Arrhenius Weibull model. For
the log Weibull model [Model I(b)-2] this implies that scale parameter is linear in S.
Model IV(b)-2
The term aðSÞ has the form
aðsÞ ¼

eg0
Sg1

ð2:46Þ

and the model is called the power Weibull model.
Comment
These types of models have been used extensively in accelerated life testing [see
Nelson (1990)] in reliability theory. As a result, they are referred to as the accelerated failure models. A more general formulation is one where the scale parameter
has the form
aðSÞ ¼ exp b0 þ

k
X

!
ð2:47Þ

b i si

i¼1

where S½ST ¼ ðs1 ; s2 ; . . . ; sk Þ is a k-dimensional vector of supplementary variables.
2.6.3

Weibull Proportional Hazard Models

In Type IV(b) models, the scale parameter is a function of the supplementary
variable S. An alternate approach to modeling the effect of the supplementary
variable on the distribution function FðtÞ is through its hazard function hðtÞ. As
a result, we have
hðtÞ ¼ cðSÞh0 ðtÞ

ð2:48Þ

where h0 ðtÞ is called the baseline hazard. The only restriction on the scalar function
c ( ) is that it be a positive. Many different forms for c ( ) have been proposed. One
such is the following:
cðSÞ ¼ exp b0 þ

k
X

!
bi s i

ð2:49Þ

i¼1

These models are also called the proportional hazard models [see Nelson (1990)].
2.6.4

Model with Time and Parameter Change

This model is a combination of IV(a) and IV(b) type models.
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2.6.5

Random Parameters

Here the scale parameter ðaÞ in the standard Weibull model is a random variable
with distribution function Fa ðÞ. Let Y be a random variable from a distribution
given by (1.3) conditional on a ¼ u. Then, the unconditional distribution of Y is
given by
ð
GðtÞ ¼ Fðtja ¼ uÞ dFa ðuÞ

ð2:50Þ

Note that this is a continuous mixture model and is called as the compound
Weibull model by Dubey (1968). Different forms for Fa ðÞ lead to different forms
for GðtÞ.

2.7

TYPE V MODELS: DISCRETE WEIBULL MODELS

These are discrete versions of the standard Weibull model. As a result, the model
involves a discrete distribution. Three models that have appeared in the literature
are as follows:
Model V-1
The distribution function is given by
(
FðtÞ ¼

1  qt

b

t ¼ 0; 1; 2; 3; . . .
t<0

0

ð2:51Þ

This model is due to Nakagawa and Osaki (1975).
Model V-2
The cumulative hazard function is given by
(
HðtÞ ¼

ctb1

t ¼ 1; 2; . . . ; m

0

t<0

ð2:52Þ

where m is given by
(
m¼

intfc½1=ðb1Þ g
1

if b > 1
if b  1

ð2:53Þ

and int fg represents the integer part of the quantity inside the brackets. This
model is due to Stein and Dattero (1984).
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Model V-3
The distribution function is given by
"
FðtÞ ¼ 1  exp 

t
X

#

"

rðiÞ ¼ 1  exp 

i¼1

t
X

#
cib1

t ¼ 0; 1; 2; . . . ð2:54Þ

i¼1

This model is due to Padgett and Spurrier (1985).

2.8

TYPE VI MODELS: MULTIVARIATE WEIBULL MODELS

This group of models is multivariate extensions of the univariate case so that the
distribution function is given by an n-dimensional distribution function
Fðt1 ; t2 ; . . . ; tn Þ. The models can be grouped into two groups based on basis of
the extension. These are as follows:
Type VI(a) These are transforms of the multivariate exponential distributions
using the power law relationship.
Type VI(b) These are multivariate distributions that have the marginal distributions as univariate Weibull distributions.
We first consider the bivariate case (n ¼ 2) and later on we look at the multivariate case (n > 2). For the models in the remainder of the section, the ranges of the
independent variables are ½0; 1Þ.
2.8.1

Bivariate Models

Model VI(a)-1
This is obtained from the power law transformation of the bivariate exponential
distribution studied in Marshall and Olkin (1967) with the survivor function
n h

io
 ðt1 ; t2 Þ ¼ exp  l1 t1b1 þ l2 t2b2 þ l12 max t1b1 ; t2b2
F

t1

0; t2

0

ð2:55Þ

This reduces to the bivariate exponential distribution when b1 ¼ b2 ¼ 1.
Model VI(a)-2
A related model due to Lee (1979) involves the transformation Zi ¼ Ti =ci and
b1 ¼ b2 ¼ b. The model is given by
n h

io
 ðt1 ; t2 Þ ¼ exp  l1 cb1 t1b þ l2 cb2 t2b þ l12 max cb1 t1b ; cb2 t2b
F

ð2:56Þ
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Model VI(a)-3
Yet another related model due to Lu (1989) has the following survival function:
h
i
 ðt1 ; t2 Þ ¼ exp l1 t1b1  l2 t2b2  l0 maxðt1 ; t2 Þb0
F
ð2:57Þ
This can be seen as a slight modification (or generalisation) of the Marshall and
Olkin’s bivariate exponential distribution due to the exponent in the third term
having a new parameter.
Model VI(a)-4
A general model proposed by Lu and Bhattacharyya (1990) has the following form:
" 
#

t 1 b1
t2 b2

F ðt1 ; t2 Þ ¼ exp 

 dcðt1 ; t2 Þ
ð2:58Þ
a1
a2
Different forms for the function of cðt1 ; t2 Þ yield a family of models. One form for
cðt1 ; t2 Þ is the following:
"
cðt1 ; t2 Þ ¼

t1
a1

b1 =m



t2
þ
a2

#
b2 =m m
ð2:59Þ

This yields the following survival function for the model:
( 
 ðt1 ; t2 Þ ¼ exp  t1
F
a1

b1


t2

a2

"

b2

d

t1
a1



b1 =m

þ

t2
a2

# )
b2 =m m
ð2:60Þ

Model VI(a)-5
This is another case of (2.58) with
(
" 
b1 
b2
t
t
t1
1
2
 ðt1 ; t2 Þ ¼ exp 

d 1  exp 
F
a1
a2
a1
(
" 
#)!
t2 b2
 1  exp 
a2


b1

#)

ð2:61Þ

Model VI(a)-6
Finally, the Morgenstern–Gumbel–Farlie system of distributions (Johnson and
Kotz, 1970b) is given by
 ðt1 ; t2 Þ ¼ F
 1 ðt1 ÞF
 2 ðt2 Þf1 þ g½1  F
 1 ðt1 Þ ½1  F
 2 ðt2 Þ g
F

ð2:62Þ

 i ðti Þ ¼ expftici g, this yields a special case of the model given by (2.58).
With F
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Model VI(a)-7
Sarkar (1987) proposed a new bivariate exponential distribution and mentions that
with simple power transformation, a bivariate Weibull distribution can be obtained.
The survival function is given by
8
h
i
h 
ig h 
i1þg
b1
b
b
>
>
A l2 t2 2
1  A l2 t1 1
< exp ðl1 þ l12 Þt1
 ðt1 ; t2 Þ ¼
F
n
o
h 
ig h 
i1þg
>
b
b
>
: exp ðl2 þ l12 Þt2b2
1  A l1 t2 2
A l1 t1 1

t1

t2 > 0

t2

t1 > 0
ð2:63Þ

where g ¼ l12 =ðl1 þ l2 Þ and AðzÞ ¼ 1  ez ; z > 0.
Model VI(b)-1
A different type of bivariate Weibull distributions due to Lu and Bhattacharyya
(1990) is given by
2

0(

 ðt1 ; t2 Þ ¼ 41 þ @ exp
F

"

t1
a1

b1

#

)1=g

(
þ

1

"
exp

t2
a2

b2

#

)1=g 1g 31
A5
1
ð2:64Þ

Model VI(b)-2
Lee (1979) proposed the following bivariate Weibull distribution:
h 
g i
 ðt1 ; t2 Þ ¼ exp  l1 t1b1 þ l2 t2b2
F

ð2:65Þ

where bi > 0; 0 < g  1; li > 0; ti 0; i ¼ 1; 2:
A similar model has been proposed by Hougaard (1986) and studied in Lu and
Bhattacharyya (1990).
2.8.2

Multivariate Models

We use the following notation: t is a n-dimensional vector with components ti ,
1  i  n.
Model VI(a)-8
This is a multivariate version of Model VI(a)-1 and the survivor function is given by
"
 ðtÞ ¼ exp 
G

X
S

#
lS max ðtia Þ
i2S

t>0

ð2:66Þ
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where S denote the set of vectors ðs1 ; s2 ; . . . sn Þ where each element takes value of
0 or 1, but not all equal to 0.
Model VI(b)-3
Roy and Mukherjee (1998) proposed a general class of multivariate distribution
with Weibull marginals and the survivor function is given by
8 "
#1=n 9
p
< X
=
 ðtÞ ¼ exp 
G
ðlni tian Þ
: i¼1
;

t>0

ð2:67Þ

A similar model can also be found in Hougaard (1986) and Crowder (1989).
Model VI(b)-4
The following model is from Patra and Dey (1999). It is based on the study of rcomponent system for which the lifetime of each component is assumed to be a
mixture of Weibull distribution. The survivor function is given by
 ðtÞ ¼
G

 

y0 t 0
aij
aij exp  yij ti þ
r
i¼1 j¼1
r X
k
Y

t>0

ð2:68Þ

where t0 ¼ maxðt1 ; . . . ; tr Þ.

2.9

TYPE VII MODELS: STOCHASTIC POINT PROCESS MODELS

These are stochastic point process models with some link to the standard Weibull
model.
2.9.1

Weibull Intensity Function Models

Model VII(a)-1: Power Law Process
This is a point process model with the intensity function given by
lðtÞ ¼

b tb1
ab

ð2:69Þ

This is identical to the hazard function for the standard Weibull model. This model
has been called by many different names: power law process (Bassin, 1973; Rigdon
and Basu, 1989; Klefsjo and Kumar, 1992); Rasch–Weibull process (Moller, 1976);
Weibull intensity function (Crow, 1974); Weibull–Poisson process (Bain and
Englehardt, 1980); and Weibull process (Bain, 1978). Ascher and Feingold (1984)
address the confusion and misconception that has resulted from this plethora of
terminology.
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Model VII(a)-2: Modulated Power Law Process
The joint density function for the time instants (t1 < t2 <    < tn Þ of the first n
events for the modulated power law process is given by
(
f ðt1 ; t2 ; . . . ; yn Þ ¼

n
Y

)
lðti Þ½ðti Þ  ðti1 Þ

k1

i¼1

exp½ðtn Þ
½ðkÞ n

ð2:70Þ

0 < t1 < t2 <    < tn < 1
where lðtÞ is given by (2.69) and
ðtÞ ¼

ðt

ð2:71Þ

lðxÞ dx
0

This model is due to Lakey and Rigdon (1993) and is a special case of the
modulated gamma process proposed by Berman (1981).
Model VII(a)-3: Proportional Intensity Model
The intensity function is given by
lðt; SÞ ¼ l0 ðtÞcðSÞ

t

0

ð2:72Þ

where l0 ðtÞ is of the form given by (2.69) and cðSÞ is a function of explanatory
variables S. The only restriction on cðSÞ is that cðSÞ > 0. Various forms of cðSÞ
have been studied; see Cox and Oaks (1984) and Prentice et al. (1981).
2.9.2

Weibull Renewal Process Models

Here we have a variety of models.
Model VII(b)-1: Ordinary Renewal Process
Here the point process is a renewal process with the time between events being
independent and identically distributed with the distribution function given by (2.1).
Model VII(b)-2: Modified Renewal Process
Here the distribution function for the time to first event, F0 ðtÞ, is different from that
for the subsequent interevent times, which are identical and independent random
variables with distribution function FðÞ. Note that F0 ðtÞ and/or FðtÞ are standard
Weibull distributions. When F0 ðtÞ ¼ FðtÞ, this reduces to the ordinary renewal
process.
Model VII(b)-3: Alternating Renewal Process
Here the odd-numbered interevent times are a sequence of independent and identically distributed random variables with a distribution function F1 ðtÞ. The evennumbered interevent times are another sequence of independent and identically
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distributed random variables with a distribution function F2 ðtÞ. As before, either
F1 ðtÞ and/or F2 ðtÞ are standard Weibull distributions. For one such example, see,
for example, Dickey (1991).
2.9.3

Type VII(c) Model: A Generalized Model

This model combines the power law intensity model and the Weibull renewal
model. Let ðt1 < t2 <    < tn Þ be the time instants for the first n events. For
ti  t < tiþ1 , define uðtÞ ¼ t  ti . In this model, the occurrence of events is given
by intensity function
lðtÞ ¼

b þ d  1 b1
t ½uðtÞ d1
abþd1

t

0

ð2:73Þ

with a > 0 and b þ d > 1. Note that when d ¼ 1, the model reduces to the simple
Weibull intensity model [Model VII(a)-1] and when b ¼ 1, it reduces to an
ordinary Weibull renewal process model [Model VII(b)-1]. This model is a special
case of a more general class of processes introduced by Lawless and Thiagarajah
(1996).

EXERCISES
2.1. Is the taxonomy proposed for the Weibull models in Section 2.2 valid for
models based on some distribution other than the Weibull distribution?
2.2. Propose some new nonlinear transformations that will yield new Type I(b)
Weibull models.
2.3. Propose some new Type II(a) and Type II(b) Weibull models. (Hint: Combine
the features of one or more models discussed in Section 2.4 to derive new
models.)
2.4. Propose four different models (involving a Weibull and a non-Weibull
distribution) belonging to Type III(a)-3. Give the details of the model
structure.
2.5. Repeat Exercise 2.4 with Type III(a)-3 replaced by Type III(b)-3.
2.6. Repeat Exercise 2.4 with Type III(a)-3 replaced by Type III(c)-3.
2.7. Can one use a Type IV(b) model to model the lifetime of Exercise 1.5? If so,
indicate the possible relationship between parameters of the model and the
relevant factors.
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BASIC WEIBULL MODEL
TYPE - I: Transformation of Weibull Variable
Type - I (a): Linear Transformation
Type - I (b): Nonlinear Transformation
TYPE -II: Transformation of Weibull Distribution
Type - II (a): No Additional Parameter
Type - II (b): Additional Parameters
TYPE - III: Univariate Models involving Multiple Distributions
Type III (a): Mixture Models
Type III (b): Competing Risk Models
Type III (c): Multiplicative Models
Type III(d): Sectional Models
TYPE - IV: Varying Parameters
Type - IV (a): Time Varying Parameters
Type - IV (b): Accelerated Failure Models
Type IV (c): Proportional Hazard Models
Type IV (d): Random Parameters
TYPE - V: Discrete Models
TYPE -VI: Multivariate Models
Type-VI(a): Transformation of Multivariate Exponentials
Type-VI(b): Univariate Weibull Marginals
TYPE - VII: Stochastic Models
Type VII (a): Weibull Intensity Function
Type VII (b): Weibull Renewal Process
Type VII (c): Power Law - Weibull Renewal
Figure 2.1 Taxonomy for Weibull Models.

EXERCISES
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2.8.

Describe three real-world problems where one or more variables can be
modeled by a Type V model.

2.9.

For many components the degradation and failure is a function of age and
usage. Describe some real-world examples where this is true and discuss how
one can use Type VI bivariate models to model the failures.

2.10. The variables ðt1 ; t2 ; . . . ; tn Þ for Type VI models in Section 2.8 are continuous
valued. How would the formulation change if one or more of them are
discrete valued?
2.11. The cracks in a long pipeline can be viewed as random points along the
length. One can use a Type VII(b) model to model this. Give the details of
your model formulation.

PA RT B

Basic Weibull Model

CHAPTER 3

Model Analysis

3.1

INTRODUCTION

A thorough understanding of model properties is important in deciding on the
appropriateness of a model to model a given data set or for its application in a
particular context. Model analysis deals with this topic. In this chapter we introduce various concepts and techniques needed for model analysis. Following this,
we carry out an analysis of the standard Weibull model [given by (1.3)] and the
three-parameter Weibull model [given by (1.2)]. The techniques and concepts
discussed will be used in later chapters for the analysis of other models derived
from the standard Weibull model.
The outline of the chapter is as follows. In Section 3.2 we discuss some basic
concepts needed for the analysis of models in general. Section 3.3 deals with the
analysis of the standard Weibull model, and Section 3.4 deals with the analysis of
the three-parameter Weibull model. The main focus in these sections is a study of
the density function, hazard function, and Weibull transformation.

3.2

BASIC CONCEPTS

3.2.1

Density, Hazard, and Cumulative Hazard Functions

 ðtÞ, the
In Section 2.2.8, we defined the density function f ðtÞ, the survivor function F
hazard function hðtÞ, and the cumulative hazard function HðtÞ associated with a
distribution function FðtÞ. These are related to each another as indicated below:
FðtÞ ¼ 1  eHðtÞ

f ðtÞ ¼ hðtÞeHðtÞ

and

HðtÞ ¼  ln½1  FðtÞ

ð3:1Þ

 ðtÞ is of special importance in reliability theory as it repreThe survivor function F
sents the reliability of a component.
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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The shapes of the density and hazard functions depend on the model parameters.
Weibull models exhibit a wide variety of shapes for the density and hazard
functions. An understanding of these different shapes is part of model analysis
and of critical importance in the context of model selection, and this is discussed
further in Chapter 16.
The different possible shapes for the density function are as follows:







Type
Type
Type
Type
Type
Type

1: Decreasing
2: Unimodal
3: Decreasing followed by unimodal
4: Bimodal
ð2k  1Þ: Decreasing followed by k  1 modal ðk > 2Þ
ð2kÞ: k modal ðk > 2Þ

Figure 3.1 shows types 1 to 4. A further subdivision is possible based on whether
f ð0Þ is zero, finite, or infinite.
The different possible shapes for the hazard function are as follows:





Type
Type
Type
Type

1: Decreasing
2: Constant
3: Increasing
4k: k reverse modal ðk  1Þ

Figure 3.1 Different shapes for the density function.
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[Note: Type 4 ðk ¼ 1Þ is Bathtub shaped and type 8 ðk ¼ 2Þ is W shape]
 Type 4k þ 1: k modal ðk  1Þ
[Note: Type 5 ðk ¼ 1Þ is unimodal and type 9 ðk ¼ 2Þ is bimodal]
 Type 4k þ 2: k modal followed by increasing ðk  1Þ
 Type 4k þ 3: Decreasing followed by k modal ðk  1Þ
Figure 3.2 shows types 1 to 8. A further subdivision is based on whether hð1Þ is
finite or infinite.
The possible shapes for the density and hazard functions will be discussed in
detail for the different Weibull models in the remainder of the book.
A mode of a density or hazard function is the value of t which corresponds to a
local maximum of the function. There can be none, one, or more modes depending
on the model and its parameters.
3.2.2

Moments

The term Mj ðyÞ, the jth moment about the origin, of a continuous random variable
T from a distribution Fðt; yÞ (also called the jth moment of the probability distribution), j  1, is given by Mj ðyÞ ¼ E½T j  (where E½  is the expectation of the random
variable). It is obtained as follows:
Mj ðyÞ ¼

ð1

t j f ðt; yÞ dt:

ð3:2Þ

1

The first moment M1 ðyÞ is also denoted m.
The term mj ðyÞ, the jth central moment of a continuous random variable T, j  1,
is given by mj ðyÞ ¼ E½ðT  mÞj  and is calculated as
mj ðyÞ ¼

ð1

ðt  mÞj f ðt; yÞ dt

ð3:3Þ

1

Note that Mj ðyÞ and mj ðyÞ ð j  1Þ are functions of the parameters of the distribution function Fðt; yÞ. This will be used in Chapter 4 for estimation of model
parameters:
1. The first moment m is called the mean. It is a measure of central tendency.
2. The second central moment, m2 ðyÞ, is called the variance and is also denoted
s2 . The square root of the variance ðsÞ is called the standard deviation. Both
are measures of dispersion or spread of a probability distribution.
3. The expression g1 ¼ m3 ðyÞ=½m2 ðyÞ3=2 is called the coefficient of skewness. It
is measure of departure from symmetry of the density function f ðx; yÞ. If

48

MODEL ANALYSIS

Figure 3.2 Different shapes for the hazard function.
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g1 > 0, it is positively skewed (or skewed right), and if g1 < 0, it is negatively
skewed (or skewed left).
4. The expression g2 ¼ m4 ðyÞ=½m2 ðyÞ2 is called the coefficient of excess or
kurtosis. It is a measure of the degree of the flatness (or peakedness) of
the density function. If g2 ¼ 3, the density function is called mesokurtic.
If g2 > ð<Þ3, it is called leptokurtic (platykurtic).
5. The expression r ¼ s=m is called the coefficient of variation. It is a
standardized (unit free) measure of dispersion.
The moments of a distribution are easily derived from the moment generating
function, which is given by
sT

cðsÞ ¼ Eðe Þ ¼

ð1

est f ðtÞ dt

ð3:4Þ

1

with

d j cðsÞ 
Mj ¼ EðT Þ ¼
ds j s¼0
j

3.2.3

ð3:5Þ

Percentile and Median

For a continuous distribution, the p percentile (also referred to as fractile or quantile), tp , for a given p; 0 < p < 1, is a number such that
PfT

tp g ¼ Fðtp Þ ¼ p

ð3:6Þ

The percentile for p ¼ 0:25 and 0.75 are called first and third quartiles and the
0.50 percentile is called the median.
3.2.4

Order Statistics

Let T1 ; T2 ; . . . ; Tn denote n-independent random variables from a distribution function FðtÞ. The ordered sample is the arrangement of the sample values from the
smallest to the largest and denoted by Tð1Þ ; Tð2Þ ; . . . ; TðnÞ. The kth value of this
ordered sample is then called the kth order statistic of the sample. The joint probability density function of Tð1Þ ; Tð2Þ ; . . . ; TðrÞ ; r n, is given by
"
#
r
Y
n!
f ðtðiÞ Þ ½1  FðtðrÞ Þnr
fr ðtð1Þ ; tð2Þ ; . . . ; tðrÞ Þ ¼
ðn  rÞ! i¼1

ð3:7Þ

Order statistics play an important role in data analysis and are useful in statistical
inference. For further details about order statistics, see Balakrishnan and Rao
(1998) and Harter (1978).
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3.2.5

WPP Plot

The Weibull transformation involves the transformations given in (1.7). A plot of y
versus x is called the WPP plot and, as mentioned in Section 1.5, plays an important
role in model selection. This will be discussed further in the remainder of the book.
3.2.6

TTT Plot

For a distribution FðtÞ, define F 1 ðtÞ ¼ inffx : FðxÞ ¼ tg. The total time on test
(TTT) transform of FðtÞ, denoted by 1
F ðtÞ, is defined (Barlow and Campo,
1975; Bergman and Klefsjo, 1984) as
1
F ðtÞ ¼

ð F 1 ðtÞ

 ðxÞ dx
F

0

t

1

ð3:8Þ

0

The TTT transform and the hazard function are related as indicated below:

d 1 
1
F ðxÞ
ð3:9Þ
¼
dx
hðtÞ
x¼FðtÞ
An important use of the TTT transform is the development of the TTT plot. The
TTT plot provides a useful graphical technique for model identification.

3.3

STANDARD WEIBULL MODEL

The standard Weibull model is given by (1.3). The survivor function is given by
  b
 ðtÞ ¼ 1  FðtÞ ¼ exp  t
F
a
3.3.1

t0

ð3:10Þ

Parametric Study of Density Function

The density function is given by
  b
dFðtÞ btb1
t
¼ b exp 
f ðtÞ ¼
dt
a
a

ð3:11Þ

The shape of the density function depends on the model parameters. The two
possible shapes for the density function are as follows:
 Monotonically decreasing
 Unimodal
A parametric study is a characterization of the shapes in the two-dimensional
parameter plane. It is easily seen that the shape of the density function depends
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only on the shape parameter b and the scale parameter has no effect. The results are
as follows:
 For b 1 the density function is monotonically decreasing (type 1 in Fig. 3.1).
 For b > 1 the density function is unimodal with the mode at tm ¼
a½ðb  1Þ=b1=b (type 2 in Fig. 3.1).
3.3.2

Parametric Study of Hazard Function

The hazard and cumulative hazard functions are given by
hðtÞ ¼

f ðtÞ
btb1
¼ b
1  FðtÞ
a

ð3:12Þ

and
HðtÞ ¼

ðt

hðxÞ dx ¼

0

 t b
a

ð3:13Þ

respectively.
As with the density function, the shape depends only on the shape parameter and
the scale parameter has no effect. The three possible shapes are as follows:
 For b < 1 the hazard function is decreasing (type 1 in Fig. 3.2).
 For b ¼ 1 the hazard function is a constant (type 2 in Fig. 3.2).
 For b > 1 the hazard function is increasing (type 3 in Fig. 3.2).

3.3.3

Moments

The moment generating function is given by
cðsÞ ¼ as ð1 þ s=bÞ

ð3:14Þ

As a result, the kth moment about the origin is given by
Mk ¼ ak ð1 þ k=bÞ

ð3:15Þ

where ð Þ is the gamma function [see, Abramowitz and Stegun (1964) for more
details]. The mean, m, is given by
m ¼ EðTÞ ¼ að1 þ 1=bÞ

ð3:16Þ
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The kth moment of the Weibull distribution about the mean is given by
mk ¼ ak

k
X

ð1Þj


k
j

j¼0



kj
þ1
b




j

1
þ1
b

ð3:17Þ

The variance, s2 , is given by
"


2
1
2
2
s ¼a  1þ
  1þ
b
b

2

#
ð3:18Þ

The third moment, m3 , is given by
(
m3 ¼ a3


3
2
1
1
 1þ
 3 1 þ
 1þ
þ2  1þ
b
b
b
b

3

)
ð3:19Þ

From this, one can derive the skewness. The fourth moment, m4 , is given by

4
3
1
m4 ¼ a  1 þ
 4 1 þ
 1þ
b
b
b


2
1 2
1
þ 6 1 þ
3  1 þ
 1þ
b
b
b
4



4

)
ð3:20Þ

From this, one can derive the kurtosis. Finally, the coefficient of variation is given
by
"
r¼

#1=2

ð1 þ 2=bÞ

½ð1 þ 1=bÞ2

1

ð3:21Þ

When the shape parameter is large, the mean and variance can be approximated
by the following expressions (McEwen and Parresol, 1991):
g p2 =6 þ g2
m1 þ
b
2b2

and s2 

p2
6b2

ð3:22Þ

where g  0:57721566 is the Euler constant.
For b > 3:6, the Weibull distribution has a form very similar to a normal distribution (Dubey, 1967a). The coefficient of skewness is zero for b ¼ 3:6, and the
coefficient of kurtosis has a minimum value of 2.71 for b ¼ 3:35 [see, Mudholkar
and Kollia (1994)].
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3.3.4

Median, Mode, and Percentile

The median, tmedian , is given by
tmedian ¼ aðln 2Þ1=b

ð3:23Þ

When b > 1, there is a single mode, tmode , and it is given by
tmode ¼ að1  1=bÞ1=b

ð3:24Þ

When b 1 the mode is at t ¼ 0.
The p percentile (or p quantile) is given by
tp ¼ a½ lnð1  pÞ1=b
3.3.5

ð3:25Þ

Order Statistics

The distribution function for the kth order statistic is given by (3.7) with FðtÞ given
by (1.3). As indicated in Chapter 2, the standard Weibull model is related to the
extreme-value distribution. Lieblein (1955) gives the expression for the noncentral
moments in terms of gamma functions and for the covariances in terms of gamma
and incomplete beta functions. Tables for these values have been tabulated. For a
related discussion, see Harter (1978).
3.3.6

Weibull Random Variable

Weibull random variables can be generated from the uniform distribution. Let U
be uniform ½0; 1 random variable, then að ln U Þ1=b is Weibull distributed with
parameter ða; bÞ.
3.3.7

WPP Plot

Under the Weibull transformation (1.7), (1.3) gets transformed into
y ¼ bx  b lnðaÞ

ð3:26Þ

This is an equation to a straight line with the slope b (the shape parameter). The
intercept with the y axis is b lnðaÞ and with the x axis is lnðaÞ.
3.3.8

TTT Plot

The TTT plot is a straight line for b ¼ 1. It is convex for b < 1 and concave for
b > 1. For further discussion, see Bergman and Klefsjo (1984).
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Characterization Results

There are several characterization results for the Weibull distribution in the literature. The Notes at the end of the chapter give additional references dealing with this
topic.

3.4

THREE-PARAMETER WEIBULL MODEL

The three-parameter Weibull model is given by (1.2).
3.4.1

Parametric Study of Density Function

The density function for the three-parameter Weibull model is given by
f ðtÞ ¼

 
b t  tb1
t  tb
exp 
a a
a

tt

ð3:27Þ

The shapes of the density function depend only on the shape parameter b and the
parametric characterization is similar to that for the two-parameter case.
3.4.2

Parametric Study of Hazard Function

The hazard function is given by
hðtÞ ¼

b t  tb1
a a

tt

ð3:28Þ

The shapes of the hazard function are dependent only on the shape parameter b, and
the parametric characterization is similar to that for the two-parameter case.
3.4.3

Moments, Median, Mode, and Percentiles

The mean is given by
m ¼ EðTÞ ¼ t þ að1 þ 1=bÞ

ð3:29Þ

and the variance is given by (3.18).
The median is given by
tmedian ¼ t þ aðln 2Þ1=b

ð3:30Þ

When b > 1, there is a single mode and it is given by
tmode ¼ t þ að1  1=bÞ1=b

ð3:31Þ
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WPP plot:
Left asymptote:
Right asymptote:

5

0
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1.8

2

Figure 3.3 WPP plot for three-parameter Weibull model ða ¼ 0:5; b ¼ 3:5; t ¼ 2:0Þ.

The p percentile is given by
tp ¼ t þ a½ lnð1  pÞ1=b

ð3:32Þ

Note that the expressions for the mean, median, mode, and p percentile for the
three-parameter Weibull model depend on the location parameter t. In contrast,
the variance does not depend on location parameter.
3.4.4

WPP Plot

Under the Weibull transformation (1.7), (1.2) gets transformed into
y ¼ b lnðex  tÞ  b lnðaÞ

ð3:33Þ

Note that y is a nonlinear function of x, and as a result the WPP plot is a smooth
curve shown in bold in Figure 3.3. This is in contrast to the standard Weibull model
where the relationship is linear and the WPP plot is a straight line.
The asymptotes of the WPP plot are as follows:
 As x ! 1, the asymptote is a straight line given by (3.26), the WPP plot for
the standard Weibull model.
 As x ! lnðtÞ, the asymptote is a vertical line that intersects the x axis at lnðtÞ.
The two asymptotes are shown (as dotted lines) in Figure 3.3.
3.5

NOTES

Many books on statistical distributions and on reliability (e.g., Bain and Englehardt,
1991; Zacks, 1992; Leemis, 1995) deal with the analysis of the two- and threeparameter Weibull models.
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As mentioned in the text, there are many studies dealing with the characterization of the Weibull distribution.
Scholz (1990) gives the characterization in terms of the quantiles. Gertsbakh
and Kagan (1999) proposed a characterization based on the Fisher information and
censored experiments. For additional results on characterization, see Nigm
and El-Hawary (1996), Mohie El-Din et al. (1991), and Chaudhuri and Chandra
(1990).
Roy and Mukherjee (1986) deal with four miscellaneous characterizations of
the two-parameter Weibull distribution. Khan and Beg (1987) and Khan and
Abu-Salih (1988) study the characterization of Weibull through some conditional
moments. El-Arishy (1993) uses truncated moments for the characterization of
Weibull distribution. Ali (1997) showed that Weibull distributions can be characterized by the product moments of any two order statistics of their respective
distributions.
Other references dealing with the characterization results are Seshadri (1968),
Wang (1976), Shimizu and Davies (1981), Eldin et al. (1991), Yehia (1993),
Janardan and Schaffer (1978), Janardan and Taneja (1979a, 1979b), and Zheng
(2001).
Groeneveld (1986) discusses the skewness of Weibull distribution. Lochner et al.
(1974) study the covariance of order statistics. Makino (1984) studies the mean
hazard rate for the Weibull distribution. Patel (1975) deals with bounds on moments
of order statistics. Patel and Read (1975) present some additional bounds based on
conditional moments, while Rao and Talwalker (1989) derive some bounds on the
life expectancy.
Lieblein (1955) expresses the covariance of order statistics drawn from Weibull
distribution in terms of incomplete beta and gamma distributions. For other
references dealing with this topic, see White (1969), Balakrishnan and Joshi
(1981), Malik and Trudel (1982), Menon and Daghel (1987), Mohie El-Din et al.
(1991), Marohn (1994), Nigm and El-Hawary (1996), and Barakat and Abdelkader
(2000).

EXERCISES
3.1. Derive (3.1).
3.2. Derive (3.5) from (3.4).
3.3. Derive (3.9).
3.4. Derive (3.14) and (3.15).
3.5. Derive expressions for the covariance of order statistics drawn from Weibull
distribution. [See, Lieblein (1955).]
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3.6.

Consider a two-parameter Weibull distribution with a ¼ 10 and b ¼ 1:5.
Compute the percentile tp for p varying from 0.1 to 0.9 in steps of 0.1. How
does the difference between these computed values change with p?

3.7.

For a two-parameter Weibull distribution prove that the TTT plot is convex
for b > 1 and concave for b < 1.

3.8.

Suppose that the lifetime, T, of a component can be adequately modeled by a
two-parameter Weibull distribution with shape parameter b > 1. The component has been operating for a period t1 . Obtain the distribution function for
the residual life ðT  t1 Þ and derive an expression for the mean residual life.
How does this change with t1 and b?

3.9.

The lifetime distribution of a device is known to be Weibull with parameters
ða; bÞ ¼ ð10 years; 1:5Þ. Compute the mean, median, and standard deviation
of the lifetime. What is the probability that the device will survive for
10 years?

3.10. The life of a bearing can be modeled by a three-parameter Weibull distribution with t > 10 (months). Describe the physical basis why this should be so?
3.11. Show that the asymptote for the WPP plot given by (3.33) is given by (3.26)
as x ! 1.
3.12. Consider a Weibull distribution with shape parameter b and scale parameter 1
and a normal distribution with the same mean and variance. Study the
difference between the two density functions as function of the independent
variable. For what value of the independent variable is the difference a
maximum? How does b affect this value?
3.13. Let F1 ðtÞ and F2 ðtÞ be two Weibull distributions with common shape
parameter b and different scale parameters with a1 < a2 . Show that the sign
of fF1 ðtÞ  F2 ðtÞg does not change with t? What is the implication of this in
the reliability context?
3.14. Suppose that in Exercise 3.13 the scale parameters are the same but the shape
parameters are different. Show that F1 ðtÞ and F2 ðtÞ cross each other at least
once.
3.15. Section 3.5 lists studies dealing with alternate characterization of the Weibull
distribution. Review the works and write a report that summarizes the results.

CHAPTER 4

Parameter Estimation

4.1

INTRODUCTION

As indicated in Section 1.3, model building involves five steps with the last three
being the following:
3. Model selection
4. Estimating model parameters
5. Model validation
In this chapter we focus on the estimation of model parameters (step 4) assuming
that the model selected is appropriate. The remaining two steps (steps 3 and 5),
which are related to each other, are discussed in the next chapter.
The estimate obtained depends on the type of data available and the method
used. We first discuss these two topics in a general setting, following which we
look at parameter estimation for the standard Weibull and the three-parameter
Weibull models.
The outline of the chapter is as follows. In Section 4.2 we look at different data
structures. In Section 4.3 we discuss parameter estimation and some related issues.
The aim is to highlight the underlying concepts. Section 4.4 deals with different
estimation methods and some properties of the estimators. Section 4.5 deals with
graphical methods, and Section 4.6 with statistical methods, for estimating the parameters of the standard Weibull model. The estimation of the parameters for the
three-parameter model is discussed in Section 4.7.
4.2

DATA TYPES

Data may be classified as (i) complete and (ii) censored (or incomplete). The latter
can be further subdivided into different categories. In this section we discuss briefly
both these types of data.
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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Let T1 ; T2 ; . . . ; Tn denote a sample of n-independent random variables from a
distribution function Fðt; yÞ, where y ¼ ðy1 ; . . . ; yk Þ is a k-dimensional parameter.
(These correspond to the life times for n different items in the reliability context.)
Let t1 ; t2 ; . . . ; tn denote the actual realized values of the Ti ’s.
4.2.1

Complete Data

The data set available for estimation is the set ft1 ; t2 ; . . . ; tn g. In other words, the
actual realized values are known for each observation in the data set.
4.2.2

Censored Data

In this case the actual realized values for some or all of the variables are not known,
and this depends on the kind of censoring. There are many different kinds of
censoring. These include
 Right, left, or interval censoring
 Type I or type II censoring
 Single or multiply censoring
In reliability context, the following types of censored data are of particular interest.
Right Type I Censoring
Let v denote a variable (deterministic or random). Under type I right censoring the
data available for estimation is as follows: For item i, the actual realized value of Ti
is known only if ti  v. When ti > v the only information available is that Ti > v.
Right Type II Censoring
Let r denote a predetermined number such that r < n. Under type II right censoring
the data available for estimation is given by ti (the actual realized value of Ti ) for r
data and that Ti > tmax for the remaining n  r data where tmax is the maximum of
the r observed ti ’s.
Random Censoring
The general formulation of random censoring is as follows. Let si be a random
variable independent of Ti . The observed value is given by minfti ; si g so that it
is censored if ti > si .
For further details of the different types of censoring, see, for example, Lawless
(1982), Nelson (1982), and Leemis (1995).
Grouped Data: Interval Censoring
Grouped data are data that have been categorized into classes (usually nonoverlapping intervals), with only class frequencies known. As a result, in this case one only
knows that ti is in some interval but its actual value is unknown.
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4.3.1

PARAMETER ESTIMATION

ESTIMATION: AN OVERVIEW
Basic Concepts

The parameter to be estimated is y, and we assume that it is a k-dimensional vector
with components y1 ; y2 ; ; yk . There are two approaches to estimation and several
methods (discussed in the next section) for each of them. The two approaches are
point estimation and interval (or confidence interval) estimation.
In point estimation, a numerical value for y is calculated. In interval estimation,
a k-dimensional region is determined in such a way that the probability that the
region contains the true parameter y is a specified, predetermined value. (If
k ¼ 1, this region is an interval, hence the name.)
In point estimation, ^
y is a function of T1 ; T2 ; . . . ; Tn or t1 ; t2 ; . . . ; tn in the case of
complete data. The expression ^
y¼^
yðT1 ; T2 ; . . . ; Tn Þ is called an estimator and is a
^
^
random variable; y ¼ yðt1 ; t2 ; . . . ; tn Þ is called an estimate and is the numerical
value obtained using the data for estimation. In the case of censored or grouped
data, the estimate is a function of the observed data and the censoring or grouping
values.
4.3.2

Properties of Estimators

Unbiasedness An estimator ^
yi of yi is said to be unbiased if Eð^yi Þ ¼ yi for all
possible values of yi . The term ^
y is an unbiased estimator of y if ^yi is unbiased
for i ¼ 1; . . . ; k. An estimator for which Eð^
yi Þ 6¼ yi is said to be biased. The bias
b(^
yi ) of an estimator ^
yi is given by bð^
yi Þ ¼ Eð^
yi Þ  yi .
Asymptotic Unbiasedness An estimator ^
yi of yi is said to be asymptotically
unbiased if Eð^
yi Þ ! yi as n ! 1 for all possible values of yi . The term ^y is an
asymptotically unbiased estimator of y if ^
yi is asymptotically unbiased for
i ¼ 1; . . . ; k.
Consistency An estimator ^
yi of yi is said to be consistent if for any e > 0 and all
possible values of yi , Pðj^
yi  yi j > eÞ ! 0 as n ! 1. Estimator ^y is a consistent
estimator of y if ^
yi is consistent for i ¼ 1; . . . ; k.
Efficiency Efficiency of an estimator may be assessed relative to another estimator or estimators (relative efficiency) or relative to an absolute standard. The results
given below involve the variance of the estimator, denoted V( ).
Minimum Variance Unbiased Estimators An unbiased estimator ^y of a parameter y is minimum variance unbiased if Vð^
yÞ  Vðy Þ for any other unbiased
*
estimator y and for all possible values of y.
Estimators that are efficient in this sense are also called UMVUE (for uniformly
minimum variance unbiased estimator), and, if ^y is a linear function of the Ti ’s,
BLUE (for best linear unbiased estimator).
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^ ¼ gðT1 ; T2 ; . . . ; Tn Þ is an unbiased estiCramér-Rao Inequality Suppose that c
mator of cðyÞ (a scalar function of the parameter). Then under certain regularity
conditions [see Stuart and Ord (1991)]
2
0
^ Þ   ½c ðyÞ
Vðc
2
1 ;...;Tn ;yÞ
E q ln½LðTqy

ð4:1Þ

where Lð Þ is the likelihood function. The vector case is straightforward and
involves the inverse of the covariance matrix.
The likelihood function Lð Þ is given by
LðyÞ ¼

n
Y

f ðti ; yÞ

ð4:2Þ

i¼1

for the case of complete data. For other kinds of data, the expression for L( ) would
be different and this will be discussed later in this chapter.

4.4

ESTIMATION METHODS AND ESTIMATORS

Many different estimation methods have been developed for estimating model
parameters. They can be broadly grouped into three categories:
 Graphical methods
 Statistical methods
 Combination of the above two methods
In graphical methods, the estimates are obtained from plotting the data. The plot
depends on the model selected, and hence each needs to be treated separately. The
main drawback of these methods is that there is no well-developed statistical theory
for determining the small sample or asymptotic properties. However, they are useful
in providing an initial estimate for statistical methods of estimation. We will discuss
the use of WPP plots to estimate the parameters of the standard Weibull and threeparameter Weibull models later in the chapter.
The statistical methods, in contrast, are more general and applicable to all kinds
of models and data types. The asymptotic properties of the estimators are well
understood. We first discuss some of the common statistical methods for point
estimation and then briefly discuss the interval estimation.
4.4.1

Moment Estimator

In Section 3.2.2, we discussed the relationship between the moments of a random
variable T from a distribution function Fðt; yÞ as a function of the parameters y (of
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dimension k) of the distribution function. The method of moments is based on
expressing k moments in terms of the parameters of the distribution. Using sample
moments (obtained from the data available for estimation) in place of the moments
in these relationships yields k equations containing the k unknown parameters.
Solving these yields the estimates. Note that in most cases, the estimates need to
be obtained using numerical techniques.
One can use the moments Mr ¼ E½T r  [given by (3.2)], the central moments
mr ¼ E½ðT  mÞr  [given by (3.3)] or a combination of the two. In the case of com^ r ðr ¼ 1; 2; 3Þ and sample central
plete data ft1 ; t2 ; . . . ; tn g, the sample moments M
moments are obtained as follows:
^r ¼ 1
M
n

n
X

tir

ð4:3Þ

i¼1

and
^r ¼
m

n
1X
ðti  tÞr
n i¼1

ð4:4Þ

^ 1.
where t ¼ M
For most models, moment estimators are asymptotically consistent and are normally distributed. In general, moment estimators are usually not efficient.

4.4.2

Percentile Estimator

In Section 3.2.3 we discussed the p percentile. The percentile estimator is obtained
by first obtaining the expression for the percentile in terms of the model parameters.
From (3.6) we have
p ¼ Fðtp ; yÞ

ð4:5Þ

Let 0 < p1 < p2 <
pk < 1. Estimates of the corresponding k p-percentiles
are obtained from the empirical distribution function (EDF) using the data. Using
these in (4.5) yields k equations containing the k unknown parameters. Solving
these yields the parameter estimates.
The EDF plot is a plot of the cumulative proportion of the data that lie below t,
^ ð Þ. It is also called the sample cumulaagainst tð1 < t < 1Þ and denoted by F
tive distribution function. There are many different ways of computing this. One
such, for the case of complete data comprising of n data points, is a step function
having steps of height 1=n at each data point xi. This is most easily done by use of
the order statistics tð1Þ ; tð2Þ ; . . . ; tðnÞ with tð0Þ ¼ 0 and tðnþ1Þ ¼ 1 so that
^ ðtðiÞ Þ ¼ i=n.
F
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There are other approaches to computing the EDF for the case of complete data.
^ ðtðiÞ Þ ¼ i=ðn þ 1Þ. Three other alternatives are as
In the mean rank approach, F
follows:




^ ðtðiÞ Þ ¼ ði  0:5Þ=n (called the median rank estimator).
F
^
F ðtðiÞ Þ ¼ ði  0:3Þ=ðn þ 0:4Þ.
^ ðtðiÞ Þ ¼ ði  3Þ=ðn þ 1Þ.
F
8
4

For further discussion on computing the EDF with censored data, see King
(1971), Nelson (1982), and Lawless (1982).
For most models, the percentile estimators are asymptotically consistent and are
normally distributed. However, they are usually not efficient.
4.4.3

Maximum-Likelihood Estimator

For the case of complete data, the likelihood function L is given by (4.2). The
maximum-likelihood estimate (MLE) of y is the value ^y that maximizes the
likelihood function given by (4.2). As a result, the estimate is a function [say,
cðt1 ; t2 ; . . . ; tn Þ] of the data. The expression cðT1 ; T2 ; . . . ; Tn Þ is called the
maximum-likelihood estimator and plays an important role in study of the estimate.
Under certain regularity conditions, maximum-likelihood estimators are consistent, asymptotically unbiased, efficient, and normally distributed. Asymptotic efficiency here means that as n ! 1, the covariance matrix of the estimator achieves
the lower bound of the Cramér–Rao inequality discussed earlier. For a rigorous
treatment of the theory of maximum likelihood, asymptotic results, and
related topics, see Stuart and Ord (1991).
Censored Data
Right Type I Censoring
For right Type I censored data the likelihood function is given by
LðyÞ ¼

n
Y

½ f ðti Þdi ½1  FðvÞ1di

ð4:6Þ

i¼1

where di ¼ 1 if the ith obvervation is uncensored (Ti ¼ ti < vÞ and ¼ 0 if
censored (Ti > vÞ.
Right Type II Censoring
For right Type II censored data (with r failures) likelihood function is given by
"
#
r
Y
LðyÞ ¼
f ðti Þ ½1  Fðtr Þnr
ð4:7Þ
i¼1

where the data has been reordered so that the first r corresponds to uncensored and
the remaining to censored.
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Random Censoring
For random censoring let D denote the set of uncensored observations (ti  vi ) and
C denote the set of censored observations (ti > vi ). The likelihood function is given
by
"
#"
#
Y
Y
LðyÞ ¼
f ðti Þ
½1  Fðvi Þ
ð4:8Þ
i2D

i2C

Grouped Data
Here the time axis is divided into (k þ 1) intervals. The jth interval is given by
½aj ; ajþ1 Þ with a0 ¼ 0 and akþ1 ¼ 1. Let dj denote the number of uncensored observations falling in ½aj1 ; aj Þ and wj denote the number of observations censored at aj .
In this case the likelihood function is given by
LðyÞ ¼

kþ1
Y

½Fðaj Þ  Fðaj1 Þdj ½1  Fðaj Þwj

ð4:9Þ

j¼1

and the maximum-likelihood estimates are obtained by maximizing this function.
For further discussion on the method of maximum likelihood, see Lawless
(1982) or Leemis (1995).
4.4.4

Bayesian Estimator

The Bayesian approach starts with a prior information regarding the parameters,
and estimates of the parameters are updated as new data is obtained. The parameters are assumed to be random variables with a prior density function, which
we denote by gðyÞ. We assume that y is one-dimensional (one can easily extend
the results to the multidimensional case) and gðyÞ a continuous function. Let
f ðtjyÞ be the conditional density function of T given y. The joint density function
for y and fT1 ; T2 ; . . . ; Tn g is given by
"
#
n
Y
f ðti jyÞ gðyÞ
ð4:10Þ
fty ðt1 ; . . . ; tn ; yÞ ¼
i¼1

Note that fty is the product of the likelihood function (given the parameter) and the
prior density function. The marginal density function of fT1 ; T2 ; . . . ; Tn g is given by
ð1
ð1
f ðt1 ; . . . ; tn Þ ¼
fty ðt1 ; . . . ; tn ; yÞ dy ¼
f ðt1 ; . . . ; tn jyÞgðyÞ dy
ð4:11Þ
1

1

Using Bayes’ theorem (Martz and Waller, 1982), the posterior density function of
y, given the data t1 ; t2 ; . . . ; tn , is given by
gðyjt1 ; . . . ; tn Þ ¼

fty ðt1 ; . . . ; tn ; yÞ
f ðt1 ; . . . ; tn Þ

ð4:12Þ
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The Bayesian point estimate ^
yb of a parameter y is the conditional mean and is
given by
ð
^
yb ¼ Eðyjt1 ; . . . ; tn Þ ¼ ygðyjt1 ; . . . ; tn Þ dy

ð4:13Þ

If the prior and posterior distributions belong to the same family, then we have a
conjugate family of distributions. In general, it is difficult to achieve this.
4.4.5

Interval Estimation

In the case where y is scalar, a confidence interval based on a sample of size n,
T1 ; T2 ; . . . ; Tn , is an interval defined by two limits, the lower limit L1 ðT1 ;
T2 ; . . . ; Tn Þ and the upper limit L2 ðT1 ; T2 ; . . . ; Tn Þ having the property that
P½L1 ðT1 ; . . . ; Tn Þ < y < L2 ðT1 ; . . . ; Tn Þ ¼ g

ð4:14Þ

where gð0 < g < 1Þ is called the confidence coefficient.
Confidence is usually expressed in percent, for example, if g ¼ :95, the result is
a ‘‘95% confidence interval’’ for y. Note that the random variables in expression
(4.14) are L1 and L2 , not y, that is, this is not a probability statement about y,
but about L1 and L2 . Hence we use the term confidence rather than probability
when discussing this as a statement about y. The proper interpretation is that the
procedure gives a correct result 100g% of the time.
The confidence interval defined above is a two-sided interval; if a fraction of the
remaining probability, (1  g), is below L1 and the rest above L2 [usually (1  g)/2
on each side]. A lower one-sided confidence interval is obtained by omitting L2 in
the above equation and modifying L1 accordingly; the interpretation is that we are
100g% confident that the true value is at least L1 . Similarly, one can define an upper
one-side confidence interval.
Confidence intervals for functions cðyÞ are defined by replacing y by cðyÞ in
(4.14). If cðyÞ is a monotonic function, the interval is simply (cðL1 Þ, cðL2 Þ). Construction of confidence intervals, that is, derivation of the limits L1 and L2 , may be
done in several ways [see, e.g., Mood et al. (1974)]. Usually the interval is based on
the distribution of the best point estimator, if such exists. If not, it is based on the
distribution of a ‘‘good’’ point estimator. If the distribution is unknown or is mathematically intractable, approximations may be used. Also, asymptotic results are
often used to obtain approximate confidence intervals.

4.5

TWO-PARAMETER WEIBULL MODEL: GRAPHICAL METHODS

In this section we discuss various graphical methods for estimation of the two parameters of the standard Weibull model given by (1.3).
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4.5.1

WPP Plot

As indicated in Section 3.3.1, under the Weibull transformation, the WPP plot for
the model is given by (3.26). This is a linear relationship between y and x.
The approach to estimation involves two parts (denoted as parts A and B, respectively). Part A involves plotting the data to obtain the WPP plot. Part B involves
fitting the straight line to the plot and estimating the parameters from this fit.
Part A depends on the type of data available. Once part A is executed, part B is
the same for all types of data.
Complete Data
In this case the data is given by t1 ; t2 ; . . . ; tn. The estimation method is as follows:
Part A: Plotting
1. Reorder the data from the smallest to the largest so that tð1Þ  tð2Þ 

tðnÞ .
^ ðtðiÞ Þ for 1  i  n. (As indicated in Section 4.4.2, one can use
2. Compute F
many different approaches to compute the EDF.)
^ ðtðiÞ Þg for 1  i  n.
3. Compute yi ¼ lnf ln½1  F
4. Compute xi ¼ lnðtðiÞ Þ for 1  i  n.
5. Plot yi versus xi for 1  i  n.
Part B: Estimation
6. Determine the best straight-line fit using regression or least-squares method.
^, the estimate of b.
7. The slope of this line yields b
^, the estimate of a, is given by
8. Compute y0 , the y intercept of the fitted line; a
^Þ.
^ ¼ expðy0 =b
a
Censored Data
The procedure is essentially the same as that for the complete data case with a modification to step 2 in part A. For further details, see Nelson (1982), Lawless (1982),
and Kececioglu (1991).
Grouped Data
For grouped data, the procedure is similar to the case of complete data with a modification to step 2. See Dodson (1994) for the details of the procedure.
4.5.2

Hazard Plot

The cumulative hazard function, HðtÞ, for the standard Weibull model is given by
(3.13) and is a nonlinear function of t. Under the transformation
x ¼ lnðtÞ and

y ¼ ln½HðtÞ

ð4:15Þ
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the cumulative hazard function gets transformed into a linear relationship
x ¼ lnðaÞ þ ð1=bÞy

ð4:16Þ

The approach to estimation involves two parts (A and B) similar to the WPP
plot. The execution of part A depends on the type of data available for estimation
and of part B is as before. As such, we only discuss part A.
Complete Data
Part A: Plotting
1. Reorder the data from the smallest to the largest so that tð1Þ  tð2Þ 

tðnÞ .
2. Compute a hazard value for each failure as 100/k, where k is its reverse rank
of each failure time.
3. Compute the cumulative hazard by summing up the previous hazard values.
4. Compute xi ¼ lnðtðiÞ Þ for 1  i  n.
5. Plot yi , the logarithm of the cumulative hazard, versus tðiÞ for 1  i  n.
Censored Data and Grouped Data
The procedure is essentially the same as that for the complete data case with a
modification to step 2 in part A. For further details, see Nelson (1982).
4.6

STANDARD WEIBULL MODEL: STATISTICAL METHODS

In this section we discuss a number of common and some specialized statistical
methods for estimating the parameters of the standard Weibull model. We focus
our attention on point estimates and briefly discuss interval estimates toward the
end of the section.
4.6.1

Method of Moments

Since the basic Weibull model has two parameters, estimates of the model parameters can be obtained using the sample mean t and sample variance s2 . In the
case of complete data ft1 ; t2 ; . . . ; tn g these are given by
t ¼

n
X
ti
i¼1

n

ð4:17Þ

and
s2 ¼

n
X
ðti  tÞ2
i¼1

n1

(n  1 is used as it yields an unbiased estimate of the sample variance).

ð4:18Þ
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Using the expressions for the mean and variance [given by (3.16) and (3.18),
^ is obtained as the solution of
respectively], b
^Þ
s2
ð1 þ 2=b
1
¼
t 2 2 ð1 þ 1=b
^Þ

ð4:19Þ

^ is given by
and a
^¼
a

t
^Þ
ð1 þ 1=b

ð4:20Þ

Note that solving (4.19) requires a numerical procedure and involves computing the
gamma function.
4.6.2

Method of Percentiles

From (3.25) the 63.2th percentile is equal to a, and this can be used as a percentile
estimator of a so that
^ ¼ tð1e1 Þ
a

ð4:21Þ

where the percentile is calculated from the empirical plot of the distribution
function.
A percentile estimate of b is given by
^ ¼ ln½ lnð1  pÞ
b
lnðtp =t0:632 Þ

ð4:22Þ

for 0 < tp < t0:632 and it can be obtained from the EDF.
Seki and Yokoyama (1993) suggest p ¼ 0:31 to obtain an estimate of b. Wang
and Keats (1995) suggest (based on simulation studies) that the optimal p for minimum bias in the estimate is p ¼ 0:15. The corresponding tp value is obtained using
the following linear interpolation:
tp ¼

p  FðtðrÞ Þ
ðtðrþ1Þ  tðrÞ Þ þ tðrÞ
Fðtðrþ1Þ Þ  FðtðrÞ Þ

ð4:23Þ

where tðrÞ is the time of the rth ordered failure time and FðtðrÞ Þ is the proportion of
the population that failed by tðrÞ. Different estimators of FðtðrÞ Þ can also be used and
Wang and Keats (1995) compare the results obtained by their method with other
methods such as the method of maximum likelihood.
4.6.3

Method of Maximum Likelihood

The maximum-likelihood estimates (MLEs) depend on the type of data available
and we consider several different cases.
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Complete Data
The likelihood function is given by
!
ðb1Þ
n
t b
Y
bti
i
Lða; bÞ ¼
exp

b
a
a
i¼1

ð4:24Þ

The maximum-likelihood estimates are obtained by solving the equations resulting
^ is obtained
from setting the two partial derivatives of Lða; bÞ to zero. As a result, b
as the solution of
Pn

^

n
ðtib ln ti Þ 1 1 X


ln ti ¼ 0
Pn b^
^ n
b
i¼1
i¼1 ti

i¼1

ð4:25Þ

^ can be easily solved using a comAlthough analytical solution is not available, b
putational approach. Once the shape parameter is estimated, the scale parameter
can then be estimated as follows:

^¼
a

n
1X
^
tib
n i¼1

!1=b^
ð4:26Þ

Right Type I Censoring
The likelihood function is given by
"
# (
"
#)
k
k
bk Y
1 X
b1
b
b
Lða; bÞ ¼ bk
ðti Þ
t þ ðn  kÞv
exp  b
a i¼1 i
a
i¼1

ð4:27Þ

where the data has been reordered so that the first k are uncensored data and the
^ is obtained as
remaining are censored data. The maximum-likelihood estimate b
the solution of
Pn

^
b
i¼1 ti ln ti
Pn b^
i¼1 ti

k
1 1X
 
ln ti ¼ 0
^ k
b
i¼1

ð4:28Þ

^ is given by
and the estimate a
( "
#)1=b^
k
1 X
^
^
b
b
^¼
a
t þ ðn  kÞv
n i¼1 i

ð4:29Þ
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Sirvanci and Yang (1984) discuss the MLEs based on an alternate characterization
of the two-parameter Weibull distribution.
Right Type II Censoring
The likelihood function is given by
br
Lða; bÞ ¼ br
a

r
Y

!

(

"
#)
r
1 X
b
b
t þ ðn  r Þtr
exp  b
a i¼1 i

tib1

i¼1

ð4:30Þ

where the data has been reordered so that the first r in the set are the uncensored
^ is obtained by solving
observations. The maximum-likelihood estimate b
Pr

^
b
i¼1 ti ln ti
Pr b^
i¼1 ti

^

þ ðn  r Þtrb ln tr
^

þ ðn  r Þtrb

r
1 1X
 
ln ti ¼ 0
^ r
b

ð4:31Þ

i¼1

^ is obtained from
and using this, the estimate a
"
#
r
1 X
^
^
b
b
^ ¼
a
t þ ðn  r Þtr
r i¼1 i
^
b

ð4:32Þ

Iterative methods, such as the Newton–Raphson method, need to be used to
obtain the estimates. Qiao and Tsokos (1994) propose an iterative procedure that
is shown to be more effective than the Newton–Raphson method. A FORTRAN
program for point and interval estimates is given in Keats et al. (1997).
Random Censoring
For randomly censored data, the likelihood function is a bit more complicated. Let
ui ¼ minfti ; vi g where ti is actual realized value and vi is the censoring time for Ti.
In this case, the MLEs are given by
n
1 X
^
^ ¼
a
ub
n i¼1 i
^
b

!
ð4:33Þ

and
Pn

^
b
i¼1 ui ln ui
Pn b^
i¼1 ui

1 1X
 
ln ui ¼ 0
^ k i2D
b

For further details, see Leemis (1995).

ð4:34Þ
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Grouped Data
Let dj denote the number of uncensored observations falling in the interval
Ij ¼ ðaj1 ; aj  with a0 ¼ 0 and akþ1 ¼ 1 and let wj denote the number of censored
observations with censoring at aj . The likelihood function is
Lða; bÞ ¼

kþ1 
Y
j¼1

a b
 a  b d j 
a b wj
j1
j
j
exp 
exp 
 exp 
a
a
a

ð4:35Þ

The maximum-likelihood estimates are obtained by maximizing the likelihood
function. For further details, see Nelson, (1982), Cheng and Chen (1988), and
Rao et al. (1994).
Comments
The method of maximum likelihood for the estimation of the Weibull parameters
has received a lot of attention in the literature. Although MLEs have nice asymptotic properties, they are biased for small and censored samples. Corrections to
compensate for the bias have received some attention in the literature. Watkins
(1996), Ross (1996), and Montanari et al. (1997) investigate the bias of the MLE
for the two-parameter Weibull distribution and Hirose (1999) presentes a simple
method to correct the bias.
Fei and Kong (1995) consider the estimation with type II censored data and compare the MLE with some approximate MLE and best linear estimators (discussed
later in the section). See also Seki and Yokoyama (1996) for a comparison between
the MLE and a bootstrap robust estimator.
4.6.4

Bayesian Method

In this case both the scale and shape parameters are assumed to be random variables
and characterized through a prior density function. In this section we review the
relevant literature where interested readers can find the details.
Soland (1968,1969) uses a discrete prior distribution for the shape parameter,
and conditional on this, a gamma distribution is used as the prior distribution for
the scale parameter. This results in the joint posterior distribution to be in the
same family as the joint prior distribution. Papadopoulos and Tsokos (1975a) derive
some Bayesian confidence bounds for the standard Weibull model.
Canavos and Tsokos (1973) and Erto and Rapone (1984) assume an inverse
Gaussian distribution for the scale parameter and a uniform distribution for the
shape parameter. Lamberson and De Souza (1987) use inverse Weibull and beta distributions as the priors for the scale and shape parameters, respectively. De Souza
and Lamberson (1995) use the inverse Weibull as the prior distribution for the scale
parameter and the negative log-Gamma distribution as the prior distribution for the
shape parameter.
Often approximations and/or numerical methods have to be used for obtaining
the posterior distribution. Dellaportas and Wright (1991) discuss this problem in
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detail and propose a numerical approach for the two-parameter Weibull model.
Nigm (1990) deals with Bayesian approach to obtain prediction bounds under
type 1 censoring. Canavos and Tsokos (1973) and Dellaportas and Wright (1991)
discuss some numerical problems associated with the Bayesian estimation of
Weibull parameters.
When the shape parameter is known, Bayesian estimation of the scale parameter
can be reduced to the Bayesian estimation of the parameters of an exponential
distribution by a simple power transformation discussed in Section 2.3.2. This
approach has been studied extensively by Martz and Waller (1982). An early and
interesting reference is Harris and Singpurwalla (1969), which looks at the Bayesian method with the shape parameter treated as a random variable. For exponential
distribution (or the Weibull distribution with shape parameter one) the simplest case
is a gamma prior distribution. Papadopoulos and Tsokos (1975b) consider the case
where the scale parameter has either a uniform distribution or an inverse Gaussian
distribution as the prior distribution.
4.6.5

Linear Estimators

Linear estimators, because of their simplicity, have been studied for both the twoand three-parameter Weibull distributions. Here the estimators are linear combinations of data (for the case of complete data), and the coefficients used need to be
obtained from special tables.
The problem of estimating the parameters for the standard Weibull distribution is
converted into a problem of estimating the parameters of an extreme value distribution [see Model I(b)-2 in Section 2.3.2] with parameters l½ lnðaÞ and dð 1=bÞ.
The best linear unbiased estimators for the parameters of the extreme value distribution are given by
l ¼

r
X

aði; n; rÞXi

ð4:36Þ

bði; n; rÞXi

ð4:37Þ

i¼1

and
d ¼

r
X
i¼1

where Xi ¼ lnðTi Þ and the coefficients in (4.36) and (4.37) are selected so as to yield
unbiased estimators. The variances of the estimators are given by Varðl Þ 
An;r =b2 and Varðd Þ  Bn;r =b2 , respectively, where the coefficients are again available in tabulated form. The covariance of ðl ; d Þ is given by Covðl ; d Þ ¼
Cn;r =b2 .
Tables for aði; n; rÞ, bði; n; rÞ, An;r , Bn;r , and Cn;g can be found in Nelson (1982),
White (1964b), Lieblein and Zelen (1956), and Mann et al. (1974), where references to earlier literature can also be found. See also Johnson et al. (1995).
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Note that a ¼ expðl Þ is only asymptotically unbiased. When r becomes large,
the distribution of a* is approximately normal with variance given by
Varða Þ  An;r ða=bÞ2

ð4:38Þ

Similarly, the estimator b ¼ 1=d is only asymptotically unbiased. When r
becomes large, the distribution of b is approximately normal with variance given
by
Varðb Þ  Bn;r b2
4.6.6

ð4:39Þ

Interval Estimation

The asymptotic results from the theory of maximum-likelihood estimation are used
in the interval estimation of parameters. The common procedure is to use the Fisher
information matrix given by
2
3
q2 L
q2 L
6 2 
7
qbqa 7
6 qa
6
7
I¼6
ð4:40Þ
7
q2 L
q2 L 5
4
 2

qbqa
qb
For the case of complete data the various second derivatives of the log-likelihood
function are given by
n  b  
q2 ln L
b X
tj
b
¼ 2
ð b þ 1Þ
2
qa2
a
a
a
j¼1

ð4:41Þ

n  b h  i2
q2 ln L
1 X
tj
tj
¼


ln
2
2
a
a
qb
b
j¼1

ð4:42Þ

and
n  b  h
t 
i
q2 ln L
1 X
tj
1
j
¼ þ
b ln
þ1
qa qb
a j¼1 a
a
a

ð4:43Þ

The above is the sample estimate of the information matrix I. The actual information matrix is the expected values of the estimator.
The upper confidence limit for the scale parameter a is given by

^ exp
a½UL;1ðd=2Þ ¼ a

k

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
I 1 ð1; 1Þ
^
a

ð4:44Þ
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The lower and upper confidence limits for the shape parameter b are given by

b½LL;1ðd=2Þ ¼

^
b
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
^
exp k I 1 ð2; 2Þ=b

ð4:45Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
I 1 ð2; 2Þ
^
b

ð4:46Þ

and
^ exp
b½UL;1ðd=2Þ ¼ b

k

respectively, where k is the ½100ð1  d=2Þ percentile of a standard normal distribution. For further discussion, see Lawless (1982).
Lawless (1978) presents a review of the interval estimation for Weibull distribution. Some other relevant references are Mann (1968), Mann and Fertig (1975),
Fertig et al. (1980), Schneider and Weissfield (1989), and Kotani et al. (1997).
Stone and Rosen (1984) discuss the use of graphical techniques for the estimation of statistical confidence interval. O’Connor (1997) discusses the confidence
limits in the context of the WPP plot.
Although we have confined our discussion to the case of complete data, the
approach can be extended, with some modification of the likelihood function, to
the censored data case.

4.7

THREE-PARAMETER WEIBULL MODEL

In this section we discuss the graphical and statistical methods for estimating the
parameters of the three-parameter Weibull model given by (1.2).
4.7.1

Graphical Methods

The WPP plot for this model is discussed in Section 3.4.4 and the relationship
between y and x [given by (3.33)] is nonlinear. Five different methods have been
proposed to estimate the parameters from the plot.
The first and simplest method is as follows. As estimate of t is given by ^t ¼ tð1Þ
(a better estimate is tð1Þ  1=n). Using this, the transformed data (given by ti  ^t) is
viewed as data generated from a two-parameter Weibull distribution. The scale and
shape parameters are obtained using the procedure outlined in Section 4.5.2.
O’Connor (1997) suggests an alternate procedure to estimate the location parameter and is given by
^t ¼ tð2Þ 

ðtð3Þ  tð2Þ Þðtð2Þ  tð1Þ Þ
ðtð3Þ  tð2Þ Þ  ðtð2Þ  tð1Þ Þ

ð4:47Þ
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Kececioglu (1991) discusses two other methods to obtain estimates of t.
Another method was proposed by Li (1994). It is a two-step iterative procedure.
In the first step, the location parameter is assumed known, and the scale and shape
parameters are estimated using the traditional graphical method. In the second step,
the shape parameter is assumed known, and the scale and location parameters are
estimated by transforming the data using the power law transformation so that
the transformed data can be modeled by a two-parameter exponential distribution.
The process is iterated until the estimates converge.
Yet another method was proposed by Jiang and Murthy (1997a). It is a modification of the method proposed by Li (1994). We omit the details and interested
readers can find them in the references cited.
In general, it is possible to fit the empirical distribution to a model by minimizing the sum-of-square deviation. Soman and Misra (1992) and Ahmad (1994)
discuss some related issues for the three-parameter Weibull distribution.
4.7.2

Method of Moments

The parameters can be estimated using the equations for the mean [given by (3.29)],
the variance [given by (3.18)], and the third central moment given by


m3 ¼ a3 ð1 þ 3=bÞ  3ð1 þ 1=bÞð1 þ 2=bÞ þ 2½ð1 þ 1=bÞ3

ð4:48Þ

Solving the three equations simultaneously yields the parameter estimates.
Note that this method is applicable only for the case of complete data. Also, the
parameters cannot be expressed explicitly as functions of the moments.
An alternate approach to estimation is as follows. Note that the coefficient of
skewness is a function of the shape parameter alone and is given by

g21 ¼

fð1 þ 3=bÞ  3ð1 þ 1=bÞð1 þ 2=bÞ þ 2½ð1 þ 1=bÞ3 g2
fð1 þ 2=bÞ  ½ð1 þ 1=bÞ2 g3

ð4:49Þ

The sample coefficient of skewness can be computed based on the sample
moments. Using this in (4.51) and solving for b yields an estimate of b. The
remaining two parameters are then obtained using the first two moments.
Menon (1963) proposes a simple formula for estimating the shape parameter. It
is given by

~1
b

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!
pﬃﬃﬃ u
n
n
X
6u
1 X
t
¼
ln ðti Þ 
lnðtj =nÞ
p
n  1 i¼1
j¼1

and is an unbiased estimator of b1.

ð4:50Þ
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Cran (1988) suggestes a method that involves the first four central moments. The
parameter estimates are given by
^¼
b

ln 2
^2 Þ  lnð^
^4 Þ
lnð^
m1  m
m2  m

ð4:51Þ

^22
^1 m
^4 þ m
m
^4  2^
^1 þ m
m2
m

ð4:52Þ

and
^t ¼
^¼
a

^1  ^t
m
^Þ
ð1 þ 1=b

ð4:53Þ

He investigates the statistical properties of the estimator via simulation and proposes a method to decide whether the location parameter is zero.
Modified Moment Method
A modified moment method is given in Cohen et al. (1984). It uses the first and
second moments and another equation involving the mean of the first-order statistic
Tð1Þ instead of the third moment. This is given by
EðTð1Þ Þ ¼ t þ

að1 þ 1=bÞ
n1=b

ð4:54Þ

They derive some simplified expressions for the estimates.
Probability-Weighted Moment Method
Bartolucci et al. (1999) propose a method involving probability-weighted moments.
For a set of real number (r, s, t), the probability-weighted moment function is
defined as
s

r

t

Mr;s;t ¼ EfT ½FðTÞ ½1  FðTÞ g ¼

ð1

"

#r
F 1 ðxÞ xr ð1  xÞt dx

ð4:55Þ

0

For the three-parameter Weibull distribution,
F 1 ðxÞ ¼ t þ a½ lnð1  xÞ1=b

ð4:56Þ

and as a result we have
Mr ¼ M1;t;r ¼

t
ð1 þ 1=bÞ
þa
:
1þr
ð1 þ rÞ1þ1=b

ð4:57Þ
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The model parameters can be expressed in terms of these probability-weighted
moments as indicated below:
t¼

4ðM0 M3  M12 Þ
M0 þ 4M3  4M1

ð4:58Þ

a¼

M0  t
fln½ðM0  2M1 Þ=ðM1  2M3 Þ= ln 2g

ð4:59Þ

ln 2
ln½ðM0  2M1 Þ=ð2M1  4M3 Þ

ð4:60Þ

and
b¼

The parameter estimates are obtained from (4.58) to (4.60), using empirical
probability-weighted moments that are obtained from the data as indicated below:
n
X
ð j  1Þð j  2Þ
^r ¼ 1
M
n j ¼ 1 ðn  1Þðn  2Þ

ð j  rÞ
tðjÞ
ðn  rÞ

ð4:61Þ

where tðjÞ is the jth item in the order sample.
4.7.3

Method of Percentile

Different variants of the percentile method have been proposed for estimating the
parameters. We discuss some of these.
A simple percentile estimator for the location parameter is given in Dubey
(1967a) and that for the shape parameter in Zanakis (1979). Using a similar method,
Schmid (1997) derived a percentile estimator for the scale parameter. These estimators can be used independently or together with other estimation methods such as
the method of maximum likelihood.
For a given uð0 < u < 1Þ, the percentile tu is given by
tu ¼ t þ a½ lnð1  uÞ1=b

ð4:62Þ

In the case of complete data, an estimate of the percentile is given by

su ¼

tðnÞ
tðnþ1Þ

if n is an integer
if n is not an integer

ð4:63Þ

where tðiÞ is the ith ordered sample and [v] is the largest integer less than n.
For three different values of ui ð1  i  3Þ with 0 < u1 < u2 < u3 < 1, let
si ð1  i  3Þ denote the estimated percentiles. Estimates of the parameters are
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given by
^t ¼

^¼
b

s1 s3  s22
s1 þ s3  2s2
h
i
 lnð1u3 Þ
ln 
lnð1u2 Þ
2 ln

s3  s2
s2  s1

ð4:64Þ

ð4:65Þ

and
^¼
a

ðs2  s1 Þ2w13 ðs3  s2 Þ2ð1w13 Þ
s3  2s2 þ s1

ð4:66Þ

ln½ lnð1  u1 Þ
ln½ lnð1  u1 Þ  ln½ lnð1  u3 Þ

ð4:67Þ

where
w13 ¼ 1 

Hassanein (1971) proposes several percentile estimators for the location and
scale parameters assuming that the shape parameter is known. It is based on the
best linear unbiased estimates with two-, four-, and six-sample quantiles. The
optimum spacings of the sample quantiles, the coefficients to be used in computing
the estimates, and their variances and asymptotic efficiencies are discussed.
4.7.4

Method of Maximum Likelihood

The standard maximum-likelihood method for estimating the parameters can have
problems in the context of the three-parameter Weibull model since the regularity
conditions are not met (Blischke, 1974; Zanakis and Kyparisis, 1986). Numerous
approaches have been proposed to overcome the problem and we discuss these
briefly.
Complete Data
In this case the likelihood function is given by
"
# "
#
n
n
bn Y
1 X
b1
b
Lða; b; tÞ ¼ bn
ðti  tÞ
ðti  tÞ
exp  b
a i¼1
a
i¼1

ð4:68Þ

The maximum-likelihood estimates are obtained by setting the partial derivatives to
zero. This implies solving the following set of equations:
n
1X
^
ðti  ^tÞb ¼ 0
n i¼1

ð4:69Þ

n
ðti  ^tÞb lnðti  ^tÞ 1 1 X


lnðti  ^tÞ ¼ 0
Pn
^
b
^ n
b
^
ðt

t
Þ
i¼1
i
i¼1

ð4:70Þ

^

^b 
a
Prn

i¼1

^

79

THREE-PARAMETER WEIBULL MODEL

and
^  1Þ
ðb

n
X

^

^a
^ b
ðti  ^tÞ1  b

i¼1

n
X

^

ðti  ^tÞb1 ¼ 0

ð4:71Þ

i¼1

subject to ^t  tð1Þ .
The existence of solutions to the above set of equations has received considerable attention in the literature as there can be more than one solution or none at all.
For a discussion of this and some related issues, see Zanakis and Kyparisis (1986).
Gourdin et al. (1994) examine the numerical problems associated with the maximum likelihood method. They obtain the estimates by reformulating it as a global
optimization problem and present some algorithms. See also Qiao and Tsokos
(1995) for some further discussions.
Censored Data
For censored data, the maximum-likelihood estimates are obtained in a similar
manner to the standard Weibull model. In the case of Type II censoring with
t1  t2 
 tk , the log-likelihood function is given by
k
X
n!
þ kðln b  b ln ðaÞÞ þ ðb  1Þ
ðti  tÞ
ðn  kÞ!
i¼1
"
#
k
X
b
b
ðti  tÞ þ ðn  kÞðtk  tÞ
 ag

Lða; b; tÞ ¼ ln

ð4:72Þ

i¼1

The maximum-likelihood estimates are given by
"P

k
i¼1

^¼
a

ðti  ^tÞb þ ðn  kÞðtk  ^tÞb
k

#1=b^
ð4:73Þ

^ and ^t obtained from the following two equations:
with b
Pk

^

^

ðti  ^tÞb1 þ ðn  kÞðtk  ^tÞb1
^k
b
k
k
X
^  1Þ
ðti  ^tÞ1 ¼ 0
 ðb
i¼1

$P

k
i¼1

^

^

ðti  ^tÞb þ ðn  kÞðtk  tÞb
k
ð4:74Þ

i¼1

and
"
^þ
k=b
"
k

k
X

# "
lnðti  ^tÞ

i¼1
k
X
i¼1

k
X

^
b

ðti  tÞ þ ðn  kÞðtk  tÞ

i¼1
^
b

^
b

^
b

#
#

ðti  ^tÞ lnðti  ^tÞ þ ðn  kÞðtk  tÞ lnðtk  ^tÞ ¼ 0

ð4:75Þ
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Lemon (1975) develops maximum-likelihood estimators based on various leftand right-censored data situations and studies some iterative algorithms.
Grouped Data
The maximimun-likelihood method can be used for grouped data as discussed for
the standard Weibull model.
When compared with the case of complete data, there is a loss of information
because of the grouping. As a result, the variances of the estimates are larger.
Some discussion on this can be found in Hirose and Lai (1997). For the case of
irregular interval group failure data, Kabir (1998) presents three methods for estimating the Weibull distribution parameters. Simulation results indicate that a
sequential updating of the distribution function method produces good estimates
for all types of failure patterns.
Some Modified Maximum-Likelihood Estimators
To overcome the problem resulting due to the nonregularity discussed earlier, several modifications have been proposed by different authors. Cohen and Whitten
(1982) suggest several modified maximum-likelihood estimators. One of these is
to replace (4.71) by
!
^
a
1
^t þ 1=b  1 þ
ð4:76Þ
¼ tð1Þ
^
n
b
Another alternative proposed is
^


ðtð1Þ  ^tÞb
n
 ln
¼
nþ1
^b^
a

ð4:77Þ

Yet another alternative is
!
1
^ 1 þ
^t þ a
^1
¼m
^
b

ð4:78Þ

Wyckoff and Engelhardt (1980) suggest the following method. The minimum
value of the observed data yields the initial estimate ^t0 . Based on this, an initial
estimate of the shape parameter [obtained using the estimator proposed by Dubey
(1967b)] is given by
^ ¼
b
0

2:989
lnðTðkÞ  tð1Þ Þ  lnðTðhÞ  tð1Þ Þ

ð4:79Þ

where TðkÞ ¼ t0:94 and TðhÞ ¼ t0:17 are the 94th and 17th percentiles, respectively. An
initial estimate of the scale parameter is obtained as follows:
^0 ¼
a

t  ^t0
^ Þ
ð1 þ 1=b
0

ð4:80Þ
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A refined estimate of the location parameter is given by


^0
a
1
^t1 ¼ tð1Þ  ^  1 þ
b0
n1=b0

ð4:81Þ

and the procedure is repeated.
For the three-parameter Weibull distribution, the estimation of the location parameter poses a challenge. Zanakis and Kyparisis (1986) provide an interesting
review of the problems and compare the different methods with the maximumlikelihood method. Kudlayev (1987) discusses the methods for estimating the parameters of a so-called Weibull–Gnedenko distribution and focuses on the case with
three unknown parameters.
4.7.5

Bayesian Estimation

In contrast to the standard Weibull model, there is very little literature on the Bayesian estimation for the three-parameter Weibull model. This is mainly due to computational complexity involved. A method using a rather crude numerical algorithm
can be found in Reilly (1976).
Smith and Naylor (1987) compare the Bayesian and maximum-likelihood estimators. Kuo and Yiannoutsos (1993) examine some empirical Bayes estimators for
the scale parameter of a Weibull distribution with type II censored data. Under a
similar setting, Bayes estimator of the reliability function for a hierarchical Weibull
failure model and the robustness issues are discussed in Papadopoulos and Hoekstra
(1995). Recently, Tsionas (2000) examines Bayesian analysis in the context of
samples from three-parameter Weibull distribution.
4.7.6

Hybrid Method

In theory, it is possible to use one method to estimate one or two parameters and
another to estimate the remaining parameters. Because of the problems with the
method of maximum likelihood, many hybrid estimation methods have been proposed and studied. We discuss some of them.
McCool (1998) considers the problem of estimating the location parameter.
Because
d
1
b
ln ln
¼
x
d ln x
1  FðxÞ x  t

ð4:82Þ

the slope of the Weibull transformation tends to increase when the data is truncated,
and it approaches infinity as x approaches t from above. A test is suggested based
on the estimates of the shape parameter for two truncated samples to determine if
the location parameter t ¼ 0 or not. The following equation
Pr

b
i¼1 ti ln ti
Pr b
i¼1 ti

þ ðn  r Þtrb ln tr
þ ðn  r Þtrb

r
1 1X
 
ln ti ¼ 0
b r i¼1

ð4:83Þ
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^
is solved for two values of r to obtain two estimates of the shape parameter. Let b
A
^ denote these two estimates. The hypothesis that t ¼ 0 is rejected at 100d%
and b
L
^ =b
^ > w1d . A table for 50th, 90th, and 95th percentage points of w1d
level if b
L
A
for different n, r, and r1 are provided in McCool (1998). It is recommended that a
truncation number between 5 and 9 gives nearly maximum power over a sample of
size 10 to 100.
Gallagher and Moore (1990) compare the maximum-likelihood and minimumdistance estimates based on testing six combinations of these methods. The
minimum-distance methods using both Anderson–Daring and Cramér–Von Mises
goodness-of-fit statistics are considered. The minimum distance estimate using
Anderson–Daring and Cramer–Von Mises goodness-of-fit statistic on the location
parameter (based on the maximum-likelihood estimates of the shape and scale parameters) is recommended as it gives the best results in terms of precision and
robustness.

EXERCISES
Date Set 4.1
11.24
11.50
30.42
38.14

Data Set 4.2
0.80
2.47
4.65
5.39
6.38
8.46
a

Complete Data: Twenty Items Tested Till Failure
1.92
8.86
9.17
2.99

12.74
7.75
10.20
16.58

22.48
5.73
5.52
18.92

9.60
9.37
5.85
13.36

Type I Censored Data: Fifty Items Tested with Test Stopped after the 12 ha
1.26
2.76
4.83
5.53
7.02
8.69

1.29
3.35
5.21
5.64
7.18
10.52

1.85
3.68
5.26
5.80
7.60
11.25

2.41
4.46
5.36
6.08
8.13
11.90

The data is the failure times.

Data Set 4.3 Type II Censored Data: Thirty Items Tested with Test Stopped after the
20th Failurea
2.45
7.52
8.37
11.60
a

3.74
7.73
9.75
11.96

The data is the failure times.

3.92
7.85
10.86
12.20

4.99
7.94
11.17
13.24

6.73
8.25
11.37
13.50
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Data Set 4.4 Random Censored Data: Plus (þ) Denoted Right Censoring
9
31þ

14
35

18
40

25
48

27
50þ

Data Set 4.5 Grouped Data: Failures Times Grouped into Different Intervalsa
j

tj1 (days)

1
2
3
4
5
6
7
8
9
10

0
5
10
15
20
25
30
35
40
45

a

tj (days)

nj

5
10
15
20
25
30
35
40
45
50

7
12
8
3
7
3
5
2
1
1

nj denotes the number of items with lifetimes in the interval ½tj ; tjþ1 Þ with t0 ¼ 0.

Data Set 4.6 Complete Data: Failure Times of 24 Mechanical Components
30.94
17.12
27.98

18.51
10.67
36.02

16.62
25.43
19.40

51.56
10.24
14.97

22.85
27.47
22.57

22.38
14.70
12.26

19.08
14.10
18.14

49.56
29.93
18.84

4.1. Carry out the WPP plot of Data Set 4.1. Can the data be modeled by a
two-parameter Weibull distribution? Estimate the parameters based on the
plot assuming that the data can be modeled by a two-parameter Weibull
distribution.
4.2. Repeat Exercise 4.1 for Data Set 4.2.
4.3. Repeat Exercise 4.1 for Data Set 4.3.
4.4. Repeat Exercise 4.1 for Data Set 4.4.
4.5. Repeat Exercise 4.1 for Data Set 4.5.
4.6. Carry out a TTT plot of Data Set 4.1. What does this suggest?
4.7. In Section 4.4.1 we derived the parameter estimates using the first two sample
moments. Derive expressions for the estimates based on the second and third
sample moments.

84

PARAMETER ESTIMATION

4.8.

Derive (4.49).

4.9.

Derive expressions for the mean and variance for the estimators of the first
two moments for the two-parameter Weibull distribution.

4.10. Show that the estimators of the moments in Exercise 4.7 are asymptotically
unbiased and consistent. From this, show that the moment estimators of the
model parameters also have the same properties.
4.11. Suppose that Data Set 4.1 can be adequately modeled by a two-parameter
Weibull distribution. Estimate the model parameters using (i) the method of
moments, (ii) the method of percentiles, and (iii) the method of maximum
likelihood. Compare the three estimates.
4.12. Suppose that Data Set 4.2 can be adequately modeled by a two-parameter
Weibull distribution. Estimate the model parameter using (i) the method of
percentile and (ii) the method of maximum likelihood. Compare the two
estimates.
4.13. Repeat Exercise 4.11 using Data Set 4.3.
4.14. Repeat Exercise 4.11 using Data Set 4.4.
4.15. Derive (4.35).
4.16. Suppose that Data Set 4.5 can be adequately modeled by a two-parameter
Weibull distribution. Estimate the model parameter using the method of
maximum likelihood.
4.17. The Bayesian approach requires specifying the prior distribution for the
parameters to be estimated. Review the studies cited in Section 4.6.4 and
comment on the computational aspects for the different prior distributions
that have been used.
4.18. Derive (4.41) to (4.43).
4.19. Consider Data Set 4.6. Carry out the WPP plot and discuss whether it can be
modeled by a three-parameter Weibull distribution.
4.20. Assume that Data Set 4.6 can be adequately modeled by a three-parameter
Weibull distribution. Obtain estimates of the parameter using (i) the method
of moments and (ii) the method of maximum likelihood assuming that the
location parameter t ¼ 10.
4.21. Derive (4.72) to (4.75).

CHAPTER 5

Model Selection and Validation

5.1

INTRODUCTION

In this chapter we focus our attention on step 3 (model selection) and step 5 (model
validation) of the modeling process discussed in Section 1.3.
Model selection is a difficult task and the choice of a suitable model ½Fðt; yÞ
is made on the basis of whatever knowledge is available and with the use of
well-considered judgment. It is important that the model selected be flexible
enough to model the data adequately, taking into account the compromise between
ease of analysis and the complexity of the model. Also, due attention must be paid
to model behavior for small and large values of the independent variable t.
Graphical methods of model selection involve preparation of probability plots or
other graphs and checking visually to determine whether or not the plots appear to
show certain characteristics indicative of a particular model. A side benefit of this
analysis is that one can often also estimate parameters from the plots as discussed in
the previous chapter. Nelson (1982) and O’Connor (1997) discuss this issue in more
detail.
The last step in the modeling process involves validating the model. This
involves a goodness-of-fit test. Goodness-of-fit tests are statistical procedures for
testing hypothesised models. A poor fit (either graphical or analytical) may occur
for two reasons: (1) the model is incorrect, or (2) the model is correct, but the parameter values specified or estimated may differ from the true values by too great an
amount. In general, validation requires further testing, additional data and other
information, and careful evaluation of the results.
In both the selection and validation processes, particularly when graphical methods are employed, both science and art are involved. The science aspect will be
emphasized in this book while the art aspect is widely accepted and used in engineering where the model selection is done through visual fitting of the data and the
model. Furthermore, there are many partly subjective decisions that must be made
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during the modeling process. This includes selection of the family of models to
be considered, the level of significance in statistical testing, the statistical procedures to be used, and so forth. In this chapter we deal with these issues.
The outline of the chapter is as follows. Graphical methods are discussed in
Section 5.2. Section 5.3 deals with goodness-of-fit tests. In both sections, complete
and censored data are considered. Sections 5.4 and 5.5 deal with model selection
and validation for the two- and three-parameter Weibull models. In Sections 5.6
we discuss model discrimination where we look at choosing the best model
from a selection of several appropriate models (that include the standard Weibull
model) to model a given data set. Finally, we look briefly at model validation in
Section 5.7.
5.2

GRAPHICAL METHODS

The main aim of graphical methods is to ‘‘fit’’ data to one or more of the models
(or, conversely, to ‘‘fit’’ the model to data) by plotting the data. Visual fits provided
by graphical methods are quite useful. The benefits of the graphical approach are
the visual insights obtained and (usually) ease of application.
The problems with the graphical approach are (a) it is, to some extent, subjective
and (b) there is no well-developed statistical theory for determining the small sample or asymptotic properties of the procedures. The first problem is not serious; it
means that different analysts are likely to arrive at somewhat different results if the
plotting is done by hand or by using different algorithms, but they usually will
arrive at the same conclusions. The second problem is more serious; it means
that standard errors and distributions of estimators are not known, even asymptotically, and that test statistics based on these cannot be obtained. As a result, a proper
analysis of a set of data cannot be based exclusively on graphical procedures, and
one needs to use statistical and analytical methods as well. As such, the graphical
approach must be viewed as providing a good starting point for model selection and
validation.
5.2.1

Empirical Distribution Function

The empirical distribution function (EDF) is a plot of the cumulative proportion of
^. The plotting
the data that lie below t, against tð1 < t < 1Þ and denoted by F
of the EDF for complete data was discussed in Section 4.4.2.
The plotting needs to be modified when the data is censored. For further discussion on this see for example, King (1971), Nelson (1982), Lawless (1982), and
Meeker and Escobar (1998). Computer packages vary with regard to the type of
plot provided, and some have options for various plots.
5.2.2

Transformed Plots

Transformed plots have been developed as an alternative method of plotting data.
As opposed to the sample EDF, which is a nonparametric procedure, transformed
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plots assume a particular underlying distribution. The idea is to transform the data
and/or probability scales so that the plot on the transformed scale is linear (within
chance fluctuations). These lead to different kinds of plots. Also, the plotting
depends on the type of data (complete, censored, grouped, etc.) available.
Probability Plot
^ ðtðiÞ Þ versus tðiÞ with F
^ ðtðiÞ Þ
The EDF plot, for complete data, involves plotting F
computed as indicated earlier. Without loss of generality, assume that T is a standardized random variable and FðtÞ a standardized distribution. [If not, one needs to
deal with a random variable Z given by Z ¼ ðT  tÞ=a, where t is the location parameter and a is the scale parameter. This is a standardized random variable with
distribution function GðzÞ that is easily derived from FðtÞ.]
^ ðtðiÞ ÞÞ versus tðiÞ . If F is the true cumulative
A probability plot is a plot of zi ¼ F 1 ðF
distribution function (CDF), the probability plot is approximately a straight line.
Weibull Plot
This is the empirical counterpart of the Weibull transformation discussed in
Chapter 3. The plotting depends on the type of data. It involves plotting of yi versus
xi given by


^ ðtðiÞ Þ
and xi ¼ ln ðtðiÞ Þ
ð5:1Þ
yi ¼ ln ln½1  F
The plotting is outlined in Part A of Section 4.5.1 for the case of complete data.
(The computing of EDF for other kinds of data will be discussed later in the chapter.) If the plotted data is roughly along a straight line, then one can model the data
by the standard Weibull model. If the plot is not a straight line, then depending on
the shape one or more models derived from the standard Weibull model might adequately model the given data set. This issue is discussed further in later chapters.
P–P Plot
A P–P plot is a plot of percentages of one distribution versus that of a second distribution. For further details, see Wilk and Gnanadesikan (1968) where they state
that while the P–P plots are limited in their usefulness, they are useful for detecting
discrepancies in the middle of the distribution (about the median).
Q–Q Plot
A Q–Q plot is a plot of the quantiles (or percentiles) of one distribution versus the
quantiles of a second distribution. For further details, see Wilk and Gnanadesikan
(1968). If one of these distributions is a hypothesized theoretical distribution, then a
Q–Q plot is just a probability plot discussed earlier.
5.2.3

Histogram

A histogram is a normalized plot of the numerical frequency distribution and
involves grouping of data into distinct categories or classes. This involves determining an appropriate number k of classes with appropriate class boundaries and simply
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counting to determine the frequency in each class. Usually k is chosen to be
between 5 and 20. A rule of thumb is Sturge’s rule, which gives k as the nearest
integer to 1 þ 3:322 lnðnÞ, where n is the sample size. Usually a value of k close
to this choice will lead to a good representation of the data set. A rule of thumb for
class boundaries is to use classes of equal width unless the data appear to be highly
skewed, tailing off substantially on one or both ends, in which case open-ended end
intervals may be preferable. Division of the previous counts by the sample size n
gives the ordinates of the histogram. It gives the proportion of values in a given
class and often expressed as percentages.
Based on an examination of the shape of the histogram, one can select a model
that has a density function that roughly matches it. This can involve examining
whether the shape of the histogram is (i) decreasing, unimodal, bimodal, and so
forth (ii) symmetric, skewed to left or right, and (iii) heavy or light tails.
5.2.4

Hazard Plots

Hazard plots are plots of the sample (or empirical) hazard function or cumulative
hazard function. Traditionally, cumulative hazard is plotted as the abscissa and
time to failure as the ordinate (both transformed as appropriate so that the plot
under the assumed distribution is linear), but the scales may be reversed if desired,
and the untransformed data may be plotted instead.
The plot should be linear on suitably transformed paper if the assumed distribution provides a good fit to the data. The information obtained from interpretation of
a hazard plot is basically the same as for a probability plot. (In fact, hazard plotting
paper often includes the probability scale as well.) In particular, from a hazard plot
one can estimate the percentiles of the distribution, the failure rate as a function of
time, and a number of related quantities. See Nelson (1982) for more details.
Hazard plot for complete data is discussed in part A of Section 4.5.2. The plotting can be done either on ordinary graph papers or special cumulative hazard plot
papers. Most computer packages provide several options for plotting.
5.2.5

Incomplete Data

When the data is incomplete (e.g., as in the case of censored or grouped data) the
plotting needs to be modified.
Censored Data
In the case of censored data the procedure is as follows:
1. Order the observations from the smallest to the largest.
2. For each uncensored observation, compute Ij and Nj as follows:
Ij ¼

ðn þ 1Þ  Np
1þc

Nj ¼ Np þ Ij

ð5:2Þ
ð5:3Þ
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where Ij is the increment for the jth uncensored dataum, Np is the order of the
previous uncensored observation, and c is the number of data points remaining in the data set, including the current data point. Np ¼ 0 for the first
uncensored data.
3. For each uncensored observation ðtð jÞ Þ compute the estimator given by
^ ðtð jÞ Þ ¼ ðNj  0:3Þ=ðn þ 0:4Þ
F

ð5:4Þ

^ ðtð jÞ Þg versus lnðtð jÞ Þ for each uncensored data.
4. Plot lnfln½F
For further details, see Dodson (1994).
Grouped Data
In this case let the number of observations in interval jð1 j JÞ be dj with the
interval given by ½aj1 ; aj Þ with a0 ¼ 0 and aJþ1 ¼ 1. The EDF is estimated as
^ ðtj Þ ¼
F

Pj

i¼1

di

n

ð5:5Þ

P
^ ðtj Þg versus
with n ¼ Jj¼1 dj . The WPP plot is obtained by plotting lnf ln½1  F
ln ðaj Þ for ð1 j JÞ.

5.3

GOODNESS-OF-FIT TESTS

A general test of fit is a test of a null hypothesis:
H0: the given data comes from a CDF Fðt; yÞ
with the form of the CDF specified. One needs to consider the following two cases:
Case 1: The parameter y is fully specified (or known).
Case 2: The parameter y is not fully specified (or known) and the unspecified
parameters need to be estimated from the given data.
For case 1 the theory is well developed and we consider it first. We confine our
attention to the case where the given data set is complete and give appropriate references where interested readers can find the tests for incomplete data. Later we consider case 2.
The basic idea in testing H0 is to look at the data obtained and evaluate the likelihood of occurrence of this sample given that H0 is true. If the conclusion is that
this is a highly unlikely sample under H0, H0 is rejected. It follows that there are
two types of errors that can be made: rejecting H0 when it is true, and failing to
reject it when it is not true. These are called type I and type II errors. The level
of significance (denoted by a) is the maximum probability of making a type I error
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and the power of the test is the probability of not making a type II error. The
test statistic is a summary of the given data, and the test is usually based on
some such statistics. The test involves comparing the computed values of the test
statistic with some critical values (which depend on the level of significance),
which are usually available in tabulated form. The hypothesis is rejected if the
statistics exceeds the critical value.
A test is said to be nonparametric if the distribution of the test statistic does not
depend on the CDF FðtÞ. For case 1 many different nonparametric tests have been
developed, and we consider some of them in this section. Modifications of these
tests when parameters are not specified have been developed for a few distributions.
In this case the nonparametric property no longer holds.
In applying goodness-of-fit tests one encounters two types of problems:
1. A specific distribution is suggested by theoretical considerations, past
experience, and so forth, and we wish to determine whether or not a set of
data is from this distribution.
2. We have only a vague idea of the correct distribution (for example, that it is
skewed right) and want to do some screening of possible candidate distributions.
In the former case, it is usually appropriate to test at a low level of significance,
say a ¼ :01, the idea being that we do not want to reject the theoretical distribution
unless there is strong evidence against it. In the second case, it may be more appropriate to test at a much higher level of significance, say a ¼ :1 or :2, in order to
narrow the list of candidates somewhat. The choice is to a great extent subjective
and depends on the particular application.
5.3.1

Case 1: Parameters of CDF Specified (Complete Data)

We consider four tests. The first test is the well-known chi-square test, and it
involves grouping the observed data into intervals. The next three are tests based
on EDF and hence are often referred to as EDF tests.
Chi-Square Test
The classic chi-square test, due to Karl Pearson, may be applied to test the fit of
data to any specified distribution (discrete or continuous). We confine our attention
to the continuous case.
The data is grouped into k intervals; ½ai1 ; ai Þ is the ith interval, with a0 ¼ 1
and ak ¼ 1. In the goodness-of-fit application of the test, one assumes a sample of
size n, with each observation falling into one of k possible classes. The observed
frequency in interval i is Oi and is calculated as in the plotting of the histogram; ei is
the frequency that would be expected if the specified distribution were the correct
one and is calculated as ei ¼ npi , where
ð ai
pi ¼
f ðxÞ dx ¼ Fðai Þ  Fðai1 Þ
ð5:6Þ
ai1
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and f is the density function associated with the specified distribution
function F.
The test statistic is
w2 ¼

k
X
ðOi  ei Þ2
i¼1

ei

ð5:7Þ

Under the null hypothesis of a completely specified distribution (including parameter values), the test statistic has approximately a chi-square distribution with
ðk  1Þ degrees of freedom df ). If r parameters are estimated from the data, the
distribution of the test statistic (given by 5.7) is approximately a chi-square with
ðk  r  1Þ df. The test is an upper-tail test—large values of w2 result when
observed and expected frequencies differ significantly, so these lead to rejection
of the hypothesized distribution.
In calculating w2 , it is necessary to assure that expected frequencies are not too
small; if they are, this may greatly distort the result. A rule of thumb is that if ei < 1
for some i, combine that class with either the previous or the succeeding class,
repeating the process until ei 1 for all i. A more conservative rule is to combine
classes if ei < 5.
The w2 test has the advantages of being easy to apply and being applicable even
when parameters are unknown. However, it is not a very powerful test and is not of
much use in small or sometimes even modest size samples.
Kolmogorov–Smirnov (K–S) Test
The test statistic Dn is simply the maximum distance between the hypothesized
CDF and EDF. This is most easily calculated as

Dn ¼ maxfDþ
n ; Dn g

ð5:8Þ

where
Dþ
n ¼ max

i¼1;:::;n



i
 FðtðiÞ Þ
n





i1
D
¼
max
Fðt
Þ

ðiÞ
n
i¼1;:::;n
n

ð5:9Þ

Percentiles of the distribution of Dn were given in Massey (1951). A very close
approximation to these percentiles that is a function only of n and tabulated constants da is given in Stephens (1974). The critical value of Dn is calculated as
da =ðn1=2 þ 0:11n1=2 þ 0:12Þ. Values of Dn in excess of the critical value lead to
rejection of the hypothesized distribution.
Anderson–Darling (A–D) Test
The Anderson–Darling test is also based on the difference between the hypothesized CDF and EDF. The test statistic is
A2 ¼ A2n ¼

n


1 X
ð2i  1Þ lnðFðtðiÞ Þ þ ln½1  Fðtðniþ1Þ Þ  n
n i¼1

ð5:10Þ
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Percentile wa of the distribution of A2n can be found in Stephens (1974) and Pearson
and Hartley (1972). If the calculated value of A2n exceeds aa , the hypothesized
distribution is rejected at a level of significance a.
Cramér–von Mises Test
The Cramér–von Mises test is also based on the difference between the hypothesized CDF and EDF. The test statistic is

W 2 ¼ Wn2 ¼

n 
X
i¼1

FðtðiÞ Þ 

i  0:5
n

2
þ

1
12n

ð5:11Þ

As in the earlier case, percentiles wa of the distribution of Wn2 can be found in
Stephens (1974) and Pearson and Hartley (1972). If the calculated value of Wn2
exceeds wa , the hypothesized distribution is rejected at a level of significance a.
Relative Comparison
According to D’Agostino and Stephens (1986):
1. The EDF tests are more powerful than the chi-square test.
2. The Kolmogrov–Smirnov test is the most well-known EDF test, but it is often
much less powerful than the other EDF tests (Anderson–Darling and Cramér–
von Mises tests).
Further discussion can be found in D’Agostino and Stephens (1986).
5.3.2

Case 1: Parameters of CDF Specified (Incomplete Data)

Censored Data
In this case the EDF tests discussed earlier can still be used for all kinds of censoring (left, right, random, type I, type II, etc.) and the EDF statistics need to be
adapted accordingly. For further discussion, see Lawless (1982) and D’Agostino
and Stephens (1986).
Grouped Data
In the case of grouped data, the chi-square test is the most appropriate test.
5.3.3

Case 2: Parameters Not Fully Specified (Complete Data)

The goodness-of-fit problem is much more difficult when the parameters of the
distribution are not specified in the null hypothesis, unless the sample size is large
and the chi-square test is used. In this case, incidentally, minimum chi-square estimators, that is, those that minimize the joint distribution expressed in terms of the
pi, given in (5.2), should be used rather than the moment or maximum-likelihood
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estimators. If the MLEs are used, the resulting statistic is not distributed as w2 . For
further details, see Li and Doss (1993).
A natural approach when H0 specifies only the form of the distribution would be
to use some method of estimating the parameters (e.g., maximum likelihood) and then
apply the test statistics of the previous section (or others given in the references).
The problem is that the tests are no longer nonparametric in this case, and the
distribution of the test statistic is very complicated, depending on the statistic,
the estimation procedures used, the hypothesized distribution, and the true distribution.
As indicated in Blischke and Murthy (2000), three basic approaches to the
problem are as follows:
1. Embed the distribution in question in a larger family of distributions and test
the null hypothesis that the parameter values are those that reduce the
distribution to the one in question. For example, the Weibull distribution
reduces to the exponential when the shape parameter b ¼ 1; so a test for the
exponential can be done by estimating the Weibull parameters and testing for
the null hypothesis H0 : b ¼ 1. A difficulty that has been encountered in using
this approach is that the test may be powerful only against alternatives in the
same family (e.g., other Weibull distributions).
2. Determine the asymptotic distribution of the test statistic and use these results
to obtain critical points. This has been accomplished for only a few
distributions and has the added disadvantage that the results may not be
appropriate for small samples.
3. Use the tests discussed in the previous section, but use estimates of the
unknown parameters and modify the critical values accordingly. This leads to
some very difficult analytical problems, and the modified critical values are
usually determined by means of simulation studies. A number of published
tables of the results are given or cited in the references previously cited. Quite
simple modifications are provided for a number of distributions, and these
have been found in many cases to be very good approximations, even for
quite small samples.
See Lawless (1982), Liao and Shimokawa (1979) and D’Agostino and Stephens
(1986) for additional details and references.
5.4

MODEL DISCRIMINATION

In this section we look at the problem of choosing a model from a set of two or more
models. It can be viewed as deciding on which model(s) fits the data better than the
others. A special case is one where all the models belong to a particular family (so
that the models can be viewed as a submodel of one model).
The simplest case is where the choice is between two models. In the general case
the two come from two separate families so that one is not a submodel of the other.
This can also be viewed as an hypotheses testing problem.
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Let T denote a random variable. The basic problem is to choose between the
following:
H1 : T has probability density function f1 ðt; y1 Þ, y1 2 1
H2 : T has probability density function f2 ðt; y2 Þ, y2 2 2
One criterion for choosing between the two is the likelihood ratio given by
sup L ðy Þ
1 1
1 21
R12 ¼ ysup
L ðy Þ
y2 22 2 2

ð5:12Þ

where L1 ðy1 Þ and L2 ðy2 Þ are the likelihood functions under models H1 and H2 ,
respectively. For complete data set t1 ; t2 ; . . . ; tn ,
Li ðyi Þ ¼

n
Y

fi ðtj ; yi Þ

i ¼ 1; 2

ð5:13Þ

j¼1

The decision rule based on the statistics R12 is to choose H1 if R12 c and choose
H2 if R12 < c. The parameter c is selected to make the probability of type I error
small and hopefully the power of the test as large as possible.
The problem of choosing between a two-parameter Weibull model and an
alternate model has received some attention in the literature. Quesenberry and
Kent (1982) and Kappenman (1982, 1989) deal with the choice between Weibull
and lognormal based on sample data.

5.5

MODEL VALIDATION

A basic principle in validating a model is through an assessment of the predictive
power of the model as it provides a basis for generalization. Assessment of the
predictive power of a model is basically a statistical problem. The idea is to
use an estimated model to predict outcomes of other observations, which may be
data set aside for this purpose or future observations, and to evaluate the closeness
of the predictions to observed values. A key requirement for credibility is that
data used for validation not be a part of the data set used in model selection and
estimation.
The goodness-of-fit test discussed in Section 5.3 can be used for model validation. The approach is as follows:
Step 1: Divide the data into two sets (S1 and S2 ).
Step 2: Carry out model selection (as indicated earlier in this chapter) and
estimate the model parameter (using methods discussed in Chapter 4) based
on data set S1 .
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Step 3: Use K–S or A–D or some other procedure with the selected model as
the null hypothesized distribution. The test is applied to data set S2 . Since the
hypothesized distribution is completely specified, conditional on the independently estimated parameters, the test is distribution free. This avoids the
use of the special tables for each distribution required when the parameters
are estimated from the same data that are used in fitting. Another advantage is
that the procedure is easily applied if the validation data are incomplete.

5.6
5.6.1

TWO-PARAMETER WEIBULL MODEL
Graphical Approaches

Weibull Probability Plot
The Weibull probability plot involves transforming the data using the Weibull transformation discussed in Chapter 3. The plot involves computing yi and xi using (5.1).
^ ðtðiÞ Þ.
This depends on the type of data available and the method used to estimate F
Complete Data
The plotting procedure is as indicated in part A of Section 4.5.2. If the plotted data
is scattered close to the fitted straight line, then the two-parameter Weibull model
can be accepted (or more correctly, not rejected). If not, the model is rejected.
(Note: The parameter estimates can be obtained using the slope of the line and
its intercept with the vertical axis as discussed in Chapter 4.)
Since yi can be viewed as a nonlinear transformation of the estimates of the
model parameter, confidence limits for it can be obtained from the confidence limits
for the parameter estimates. However, some care needs to be taken in plotting
this—see Dodson (1994) for further details. Most computer packages for WPP plots
provide these confidence limits.
Censored Data
The procedure is as indicated in Section 5.2.5. As before, if the plotted data is scattered close to the fitted straight line, then the two-parameter Weibull model can be
accepted. If not, the model is rejected. The judgment can be subjective or objective
based on some goodness-of-fit tests.
Grouped Data
The procedure is similar to the censored case discussed earlier.
TTT Plot
This is the empirical counterpart of the scale TTT transformation discussed in
Chapter 3. Let ftðiÞ ; i ¼ 1; 2; :::; ng be an ordered sample from F with finite
mean; the total time on test to the ith failure is defined as
xi ¼

i
X
j¼1

tð jÞ þ ðn  iÞtðiÞ

i ¼ 1; 2; :::; n

ð5:14Þ
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Plotting ui ¼ xi =xn , against i/n and connecting the plotted points by straight lines,
we have the so-called empirical TTT plot. If this plot is close to the graph of the
scaled TTT transform based on the standard Weibull model, then the model can be
accepted as an adequate model.
Hazard Plot
For the case of complete data, the plotting procedure is as indicated in part A of
Section 4.5.2. If the plotted data is close to the fitted straight line, then the twoparameter model is accepted (or more correctly, not rejected). If not, it is rejected.
5.6.2

Goodness-of-Fit Tests

Some of the tests are based on the close relationship between the two-parameter
Weibull distribution and the exponential and extreme value distribution in the sense
that the associated random variables are related. Let T be distributed according to a
two-parameter Weibull distribution given by (1.3).
1. Power Transformation
distribution given by

Let Z ¼ T b . Then the CDF for Z is an exponential

GðzÞ ¼ 1  ez=m

ð5:15Þ

with m ¼ ab .
2. Log Transformation
distribution given by

Let Z ¼ ln T. Then the CDF for Z is an extreme value

GðzÞ ¼ 1  expfexp½ðz  ZÞ=fg

ð5:16Þ

with Z ¼  lnðaÞ (the location parameter) and f ¼ 1=b (the scale parameter).
Most tests specific to the two-parameter Weibull distribution are based on these
two transformations.
As before, we need to consider two cases.
Case 1: Parameters Completely Specified
In this one case use the tests discussed in Section 5.3.1 to test for the goodness of fit.
An alternate approach is to transform the data using power (log) transformation and
then carrying out the goodness-of-fit test for an exponential (extreme value) distribution using the transformed data. We discuss three specific tests and they are as
follows:
S Test (Mann et al., 1974)
This test is based on the log transformation. The test statistic is based on the
normalized sample spacings (calculated as differences between successive order

97

TWO-PARAMETER WEIBULL MODEL

statistics) and is given by
n
2
M¼

n1
X

Li

i¼½ n=2þ1

ð5:17Þ

½n=2
n1 X
Li
2
i¼1

where ½x is the smallest integer less than or equal to x, and
Li ¼

lnðtðiþ1Þ Þ  lnðtðiÞ Þ
Miþ1  Mi

ð5:18Þ

The Mi are expected sample spacings and have been extensively tabulated by Mann
et al. (1974). An approximation, good for n 10, is given by
0
1
B
Mi  lnB
@ln

C
1
C
i  0:5 A
1þ
n þ 0:25

ð5:19Þ

[See also Lawless (1982).] For small n and for censored samples, critical values are
given in Mann et al. (1974). For n 20, the distribution of M is approximately an F
distribution with the df for the numerator and denominator given by n1 ¼
2½ðn  1Þ=2 and n2 ¼ 2½n=2, respectively (where [ ] indicates integer part, as before).
Ratio-Type Test (Thiagrajan and Harris, 1976)
This test is based on the power transformation. Let zi ¼ tib and let ðzð1Þ ;
zð2Þ ; . . . ; zðnÞ Þ be the ordered sample. The statistics (with 1 < r < n) is given by
r
P

nr
Qðr; n  rÞ ¼
r

Si

i¼1
n
P

ð5:20Þ
Si

i ¼ rþ1

where Si is the ith normalized spacing given by
Si ¼ ðn  i þ 1ÞðzðiÞ  zði1Þ Þ

ð5:21Þ

where Qðr; n  rÞ is distributed as an F distribution with 2r and 2ðn  rÞ degrees of
freedom. The goodness-of-fit test can be based on it falling within an appropriate
rejection region based on the F distribution.
Test Based on Stabilized Plot (Coles, 1989)
This test is for a CDF of the form G½ðz  fÞ=Z. The log transformation results in
this being satisfied so that one is dealing with the transformed data set
fz1 ; z2 ; . . . ; zn g with zi ¼ lnðti Þ and testing the CDF given by (1.3).
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The stabilized plot is a plot of si versus ri (for 1

i

n) computed as follows:

si ¼ ð2=pÞsin1 ½G1=2 ðzðiÞ Þ

ð5:22Þ

ri ¼ ð2=pÞsin1 ð½ði  0:5Þ=n1=2 Þ

ð5:23Þ

and

The properties of the plot are:
1. Deviations from the line joining the points (0,0) and (1,1) indicates departures
from the extreme value distribution.
2. The plotted points have approximately equal variances due to asymptotic
properties of the si .
Michael (1983) suggests the following statistics for goodness-of-fit test:
Dsp ¼ maxjri  si j

ð5:24Þ

The critical points for D can be found in Michael (1983) and for further details, see
Coles (1989).
Case 2: Parameters Not Completely Specified
Here one needs to consider the following threes subcases:
1. b known and a unknown
2. b unknown and a known
3. Both b and a unknown
For the first subcase, under the power law transformation, goodness-of-fit test for
the two-parameter Weibull gets reduced to a goodness-of-fit test for an exponential
distribution using the transformed data (Yang et al., 2002).
Littell et al. (1979) discuss the Kolmogorov–Smirnov, Cramer–von Mises, and
Anderson–Darling statistics for testing the goodness of fit of the two-parameter
Weibull distribution, and they consider the case when the MLEs are used as the
estimators of the model parameters. Chandra et al. (1981) consider Kolmogorov
statistics for tests of fit for Weibull distributions. Through simulation, Evans et al.
(1997) obtained the critical values for the two- and three-parameter Weibull distributions for Kolmogorov–Smirnov, Anderson–Darling, and Shapiro–Walk types of
correlation statistics and presented some approximate formulas. See also Shapiro
and Brain (1987). D’Agostino and Stephens (1986) deal with EDF tests for the
above three subcases by using the log transformation and carrying out the tests
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for the extreme value distribution. Mann et al. (1974) deal with the S test and give
the percentile values for the S statistics for the extreme value distribution with
unknown parameters. Thiagarajan and Harris (1979) examine the ratio-type test
for the exponential distribution where the power transformation uses the MLE
for the shape parameter. Kimber (1985) deals with tests based on stabilized probability plot and presents critical values of the test statistics Dsp using estimates that
are simple approximations to the best linear unbiased estimates. Coles (1989)
extends this by using more refined linear estimation procedure. Shimokawa and
Liao (1999) deal with various EDF tests with the parameters estimated using graphical plotting techniques and least-squares method for estimation of the unknown
parameters. Many of the above works carry out a study of the power of various tests
with different specified distributions as the alternate hypothesis.

5.7
5.7.1

THREE-PARAMETER WEIBULL MODEL
Graphical Approaches

Weibull Probability Plot
The plotting of data depends on the type of data and is the same as for the twoparameter Weibull model. The procedure (involving five steps) is identical to the
two-parameter model for the first three steps. The remaining two steps are modified
as follows:
4. Fit a smooth curve to the plotted data.
5. If the smooth curve has a shape similar to that in Figure 3.3, then the twoparameter model is accepted (or more correctly, not rejected). If not, it is
rejected.
5.7.2

Goodness-of-Fit Tests

We need to consider two cases.
Case 1: Parameters Completely Specified
In this case, by a linear transformation of data ðzi ¼ ti  tÞ the goodness-of-fit test
for the three-parameter Weibull model is reduced to that for the two-parameter
Weibull model using the transformed data.
Case 2: Parameters Not Completely Specified
Here one needs to consider the several subcases: If t is known and either b and/or a
unknown, then the goodness-of-fit test for the three-parameter Weibull model is
reduced to that for the two-parameter Weibull model under the linear transformation discussed above. Khamis (1997a) suggests a delta-corrected Kolmogorov–
Smirnov statistic, which is a simple modification of the Kolmogorov–Smirnov statistic, for the three-parameter Weibull distribution assuming a known location parameter and unknown shape and scale parameters.
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If t is unknown, then the problem is more difficult. Lockhart and Stephens
(1994) discuss this topic and give critical values for three different EDF tests.

EXERCISES
Data Set 5.1 Complete Data: Failure Times of 20 Electric Bulbs
1.32
10.56
5.36
0.39

12.37
21.82
7.71
21.35

6.56
3.60
3.53
7.22

5.05
1.33
19.61
12.42

11.58
12.62
36.63
8.92

Data Set 5.2 Complete Data: Failure Times of 20 Identical Components
15.32
5.46

8.29
2.87

8.09
11.12

11.89
11.23

11.03
3.58

10.54
9.74

4.51
8.45

1.79
2.99

7.93
3.14

6.29
1.80

Data Set 5.3 Distance Between Cracks in a Pipe
30.94
17.12
27.98

18.51
10.67
36.02

16.62
25.43
19.40

51.56
10.24
14.97

22.85
27.47
22.57

22.38
14.70
12.26

19.08
14.10
18.14

49.56
29.93
18.84

Data Set 5.4 Complete Data: Lifetimes of 20 Electronic Components
0.03
1.80

0.12
1.94

0.22
2.38

0.35
2.40

0.73
2.87

0.79
2.99

1.25
3.14

1.41
3.17

1.52
4.72

1.79
5.09

5.1. It is hypothesized that the lifetimes of bulbs (given by Data Set 5.1) are given
by a two-parameter Weibull distribution with a ¼ 20 and b ¼ 1:5. Use P–P
and Q–Q plots to determine whether the hypothesis is true or not.
5.2. Use the K–S test to test the hypothesis of Exercise 5.1 at the following three
levels of significance: 0:05, 0.1, and 0.2.
5.3. Repeat Exercise 5.2 using the A–D test.
5.4. Repeat Exercise 5.3 using the Cramer–von Mises test.
5.5. Repeat Exercise 5.1 with the hypothesis a ¼ 10 and b ¼ 1:5.
5.6. Repeat Exercises 5.2 to 5.4 based on the hypothesis in Exercise 5.5.
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5.7. Suppose that the data in Data Set 5.2 can be modeled by a two-parameter
Weibull model. How would you test whether the hypothesis b ¼ 1 is true or
not.
5.8. Use A–D test to decide whether the distance between cracks of Data Set 5.3
can be modeled by a two-parameter Weibull model or not?
5.9. Generate a total time on test plot for the failure data in Data Set 5.4. Discuss
the aging property of the electronic component based on the plot.

PA RT C

Types I and II Models

CHAPTER 6

Type I Weibull Models

6.1

INTRODUCTION

Type I models are derived from the transformation of the standard Weibull variable.
The transformation can be either linear or nonlinear. The linear transformation
results in four models [Model I(a)1–4]. Model 1(a)-1 is a special case of the standard Weibull model and hence will not be discussed. Model I(a)-2 is the threeparameter Weibull model and is discussed in Chapter 4. The remaining two models
[Model I(a)-3 and -4] are discussed in this chapter. The nonlinear transformation
results in three models [Model I(b)1–3] and these are also discussed in this chapter.
Let T denote the random variable from the standard Weibull model and Z denote
the transformed variable. For some models, it can take negative values. The models
and their underlying transformation are as follows:
1. Model I(a)-3: Linear transformation
Z ¼ T þ t
2. Model I(a)-4: Linear transformation

T=2 þ t
Z¼
T=2 þ t

for Z  0
for Z < 0

3. Model I(b)-1: Power transformation
 b
Zt
T
¼
Z
a

ð6:1Þ

ð6:2Þ

ð6:3Þ

4. Model I(b)-2: Log transformation
 
Zt
T
¼ b ln
Z
a

ð6:4Þ

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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5. Model I(b)-3: Inverse transformation
Z¼

a2
T

ð6:5Þ

For the above models, let Gðt; yÞ denote the distribution function for Z; Gðt; yÞ is
obtained easily from the distribution function for the standard Weibull model given
by (1.3). For each model, we first discuss the form of Gðt; yÞ and its properties. Following this, we present the results of model analysis and then discuss the estimation
of model parameters.
The outline of the chapter is as follows. Section 6.2 deals with Model I(a)-3
(reflected Weibull model), Section 6.3 with Model I(a)-4 (double Weibull model),
Section 6.4 with Model I(b)-1 (two-parameter exponential model), Section 6.5 with
Model I(b)-2 (log Weibull model), and Section 6.6 with Model I(b)-3 (inverse
Weibull model).
6.2

MODEL I(a)-3: REFLECTED WEIBULL DISTRIBUTION

The random variables Z and T are related by (6.1).
6.2.1

Model Structure

Distribution Function
The distribution function for Z is given by
 

t  t b
GðtÞ ¼ exp 
a

1<t <t

ð6:6Þ

Note that the support for G(t) is different from that for F(t) and the two are disjoint.
The model was first proposed in Cohen (1973). It is obtained by a reflection of
the standard three-parameter Weibull model about a vertical axis at t ¼ t and hence
called the reflected Weibull distribution.
Density Function
The density function is given by
 
 

b t  tb1
t  t b
gðtÞ ¼
exp 
a
a
a

ð6:7Þ

Hazard Function
The hazard function is given by
h 
i
 
tt b
b t  tb1 exp  a
h 
i
hðtÞ ¼
b
a
a
1  exp  tt
a

ð6:8Þ

MODEL I(a)-3: REFLECTED WEIBULL DISTRIBUTION
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The reflected Weibull distribution can also be viewed as the third asymptotic
distribution of largest values, or the Fisher–Trippet Type III distribution of largest
values (Cohen, 1973).
6.2.2

Model Properties

Moments
From (6.1) the jth moment of Z is given by
Mj ðyÞ ¼ EðZ j Þ ¼ E½ðt  TÞj

ð6:9Þ

As a result, the moments can be expressed in terms of the moments of the threeparameter Weibull model. The mean and variance are given by
m ¼ t  að1 þ 1=bÞ

ð6:10Þ

s2 ¼ m2 ¼ a2 fð1 þ 2=bÞ  ½ð1 þ 1=bÞ 2 g

ð6:11Þ

and

respectively.
The coefficient of skewness and the coefficient of kurtosis are given by
g21 ¼

ð3  32 1 þ 231 Þ2
ð2  21 Þ3

ð6:12Þ

and
g2 ¼

4  43 1 þ 62 1  241
ð2  21 Þ2

ð6:13Þ

with

 ð1
k
sk=b es ds
k ¼  1 þ
¼
b
0

ð6:14Þ

Both g1 and g2 are functions of the shape parameter only. In the interval
b < b0 ¼ 3:60235, g1 is a decreasing function of b, and it is an increasing function
after that. In the interval b < b1 ¼ 3:35, g2 is a decreasing function of b, whereas it
becomes an increasing function after that. The minimum values of g1 and g2 are
g1 ðb0 Þ ¼ 0 and g2 ðb1 Þ 2:72.
The reflected Weibull distribution is positively skewed for b < b0 and negatively
skewed for b > b0.
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Median and Mode
The median is given by
tmedian ¼ t  aðln 2Þ1=b

ð6:15Þ

There is a single mode when b > 1 and is given by
tmode ¼ t  að1  1=bÞ1=b
6.2.3

ð6:16Þ

Parameter Estimation

By reversing the sign of the data, it can be viewed as data from the three-parameter
Weibull model. The parameters can be estimated using the methods discussed in
Section 4.7.
Method of Moments
Cohen (1973) discusses this. The first three sample moments are used to obtain the
estimates.

6.3

MODEL I(a)-4: DOUBLE WEIBULL DISTRIBUTION

The random variables Z and T are related by (6.2).
6.3.1

Model Structure

Distribution Function
The distribution function is given by

GðtÞ ¼

0:5 expf½ðt  tÞ=a b g
1  0:5 expf½ðt  tÞ=a b g

for t < t
for t  t

ð6:17Þ

Note that the support is 1 < t < 1. For t  t the distribution is similar to the
three-parameter Weibull distribution, and for t < t it is similar to the reflected
Weibull distribution.
This model is a combination of the standard three-parameter Weibull model and
its reflection about the vertical line through t ¼ t and hence called the double
Weibull distribution. When b ¼ 1, it is called the double exponential distribution.
Special Case
Balakrishnan and Kocherlakota (1985) studied a special case where a ¼ 1 and
t ¼ 0. In this case, the density function is given by
b
gðtÞ ¼ jtjb1 expðjtjb Þ
2

 1 < t < 1; b > 0

ð6:18Þ
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6.3.2

Model Analysis

Moments
For the special case, the r th moment is zero when r is odd, and when r is even it is
given by


r
EðZ r Þ ¼  1 þ
b

ð6:19Þ

The moment generating function of lnj xj is given by


s
ðsÞ ¼  1 þ
b

ð6:20Þ

which is the same as that for the log transformation of the standard Weibull
(Balakrishnan and Kocherlakota, 1985). From this, we have


r
E½jZj ¼  1 þ
b
r

6.3.3


ð6:21Þ

Parameter Estimation

Balakrishnan and Kocherlakota (1985) also considered the estimation problem. In
particular, the best linear unbiased estimators are provided for the more general
class of double Weibull distribution (with location and scale parameter).
Define X0 ¼ ðXð1Þ ; Xð2Þ ; . . . ; XðnÞ Þ. The best linear unbiased estimators of ðt; aÞ
are given by
t ¼

10 X
10 1

and a ¼

a0 X
a0 a

ð6:22Þ

where 10 ¼ ð1; . . . ; nÞ, a ¼ ða1:n ; a2:n ; . . . ; an:n Þ, and  is the inverse of the covariance matrix of the vector X. Tables for the coefficient of the best linear unbiased
estimator of ðt; aÞ are provided in Balakrishnan and Kocherlakota (1985).
Rao et al. (1991) studied an optimum unbiased estimation of the scale parameter
with the shape parameter known. The new estimator, which makes use of the
expected values, variance, and covariance of order statistics from Balakrishnan
and Kocherlakota (1985), is generally more efficient than the corresponding best
linear unbiased estimator.

6.4

MODEL I(b)-1: POWER LAW TRANSFORMATION

The random variables Z and T are related by (6.3).
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Model Structure

The distribution function for Z is given by
GðtÞ ¼ 1  exp½ðt  tÞ=a

tt

ð6:23Þ

This is the two-parameter exponential distribution and can be viewed as a threeparameter Weibull distribution with b ¼ 1. The density function is given by
 t  t
1
gðtÞ ¼ exp 
a
a

tt

ð6:24Þ

The hazard function is
hðtÞ ¼

1
a

tt

ð6:25Þ

Note that the support for a two-parameter exponential distribution is smaller than
that for the standard Weibull model when t > 0. When t ¼ 0, GðtÞ reduces to the
standard (one-parameter) exponential distribution. Finally, GðtÞ can be viewed as a
special case of (1.2) with the shape parameter b ¼ 1.
6.4.2

Model Analysis

Since the two-parameter exponential model is a special case of the three-parameter
Weibull model, the model analysis is given by the results of Section 3.4 with b ¼ 1.
Additional results can be found in Balakrishnan and Basu (1996), which deals with
this model in great detail.
Graphical Plots
Under the Weibull transformation [given by (1.7)], (6.23) gets transformed into
(3.33) with b ¼ 1. When t ¼ 0, this is a straight line with a slope of 45 .
Define
y ¼ ln½1  GðtÞ

and

x¼t

ð6:26Þ

This is different from the Weibull transformation. Under this transformation, (6.23)
reduces to
y ¼ ðx  tÞ=a

ð6:27Þ

This is a linear relationship. A plot of y versus x is called the exponential probability plot.
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6.4.3

Parameter Estimation

The estimation of model parameters has also received considerable attention.
Chapter 3 of Bain and Engelhardt (1991) deals with different methods of estimation, for different data structures, in great detail.
6.4.4

Modeling Data Set

Given a set of data (complete, censored, or grouped), one can plot the transformed
data using the transformation given by (6.26) in a manner similar to the WPP plotting discussed in Section 4.5.1. This yields the exponential probability plot of the
data. If the data is scattered along a straight line, then the two-parameter exponential distribution is an appropriate model to model the data set. In this case, the slope
yields an estimate of a and the intercept with the y axis yields an estimate of t.
More refined statistical tests for model selection can be found in Bain and Engelhardt (1991) and Balakrishnan and Basu (1996).
6.5

MODEL I(b)-2: LOG WEIBULL TRANSFORMATION

The variables Z and T are related by (6.4).
6.5.1

Model Structure

The distribution function for Z is given by
h
t  ai
GðtÞ ¼ 1  exp exp
b

1<t <1

ð6:28Þ

with a ¼ ln a and b ¼ 1=b. This is an extreme value distribution and also called as
the log Weibull distribution.
The extreme value distribution has received a lot of attention in statistics because
of the location-scale interpretation of the model parameters. In fact, many statistical
results for the standard Weibull model are given in terms of the results for the
extreme value distribution using the transformation given by (6.4). Fisher and
Tippett (1928) carried out a study of the limiting distributions for the extreme
values, and they showed that they can only be one of three types, with (6.28) being
one of them.
The density and hazard functions are given by
 t  a n
t  ao
1
gðtÞ ¼ exp
exp exp
b
b
b

ð6:29Þ

and
hðtÞ ¼
respectively.

t  a
gðtÞ
1
¼ exp
1  GðtÞ b
b

ð6:30Þ
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Special Case
Let T be a random variable from the Weibull distribution. Consider the transformation
Z ¼ bðln ðTÞ  ln ðaÞÞ

ð6:31Þ

Then the distribution for Z is given by
GðzÞ ¼ 1  expðez Þ

ð6:32Þ

This is a special case of (6.28) with a ¼ 0 and b ¼ 1. White (1969) calls this the
reduced log Weibull distribution.
6.5.2

Model Analysis

Moments
The moment generating function for the reduced log Weibull model is given by
ðsÞ ¼

ð1

ets expðt  et Þ dt ¼ ð1 þ sÞ

s > 1

ð6:33Þ

1

From this the mean and variance are given by
m ¼ g and

s2 ¼ p2 =6

ð6:34Þ

where g ¼ 0:5772 . . . is the Euler constant.
The moments for the log Weibull model can be expressed in terms of the
moments for the reduced log Weibull model as the random variables from the
two distributions are related to each other through a simple linear relationship.
As a result, the mean and variance for log Weibull model are given by
m ¼ a  gb and

s2 ¼ p2 b2 =6

ð6:35Þ

respectively.
Percentiles
The pth percentile for the log Weibull model is given by
zp ¼ a þ b ln½ lnð1  pÞ

ð6:36Þ

Order Statistics
White (1969) deals with moments of ordered statistics for the log Weibull and
reduced log Weibull model. In particular, the distribution function of the first-order
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statistic in a sample of size n from the reduced log Weibull distribution is
PðXð1Þ < tÞ ¼ 1  ½1  FðtÞ n ¼ 1  expðnet Þ ¼ Fðt þ ln ðnÞÞ

ð6:37Þ

which implies that Xð1Þ has the same distribution as X  ln n, and hence
EðXð1Þ Þ ¼ EðXÞ  ln ðnÞ ¼ g  ln ðnÞ

ð6:38Þ

2

VarðXð1Þ Þ ¼ VarðXÞ ¼

p
6

ð6:39Þ

and
2
EðXð1Þ
Þ¼

p2
þ ðg þ ln ðnÞÞ2
6

ð6:40Þ

The moments of XðiÞ may be expressed in terms of the moments of the first-order
statistic of sample size j, for j  n, so that
EðXðiÞ Þ ¼ g 

i1
X
j¼0

 
n
j lnðn  jÞ
ð1Þ
j
j

ð6:41Þ

where  is the difference operator.
For the second moment, it can be shown (White, 1969) that
2
EðXðiÞ
Þ

and

 
i1
X
p2
j n
2
¼ þ g þ 2g
ð1Þ
j lnðn  jÞ
6
j
j¼0
 
i1
X
n
þ
ð1Þj
j ½lnðn  jÞ 2
j
j¼0

!
i1
n
p2 X
j
ð1Þ
j ½lnðn  jÞ 2
VarðXðiÞ Þ ¼ þ
6
j
j¼0
!
"
#2
i1
X
n
j
j lnðn  jÞ

ð1Þ
j
j¼0

ð6:42Þ

ð6:43Þ

Graphical Plots
Define
y ¼ lnf ln½1  GðtÞ g

and x ¼ t

ð6:44Þ
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Then under this transformation (6.28) gets reduced to
y ¼ ðx  aÞ=b

ð6:45Þ

which is a straight-line relationship. Note that (6.44) is identical to the WPP transformation due to the log transformation (6.4).
Characterization
Bain and Engelhardt (1991) summarize a number of characterization results for the
extreme value distribution. Many of them are in fact a modified version of that for
the Weibull distribution because of the close relationship between the two.
6.5.3

Parameter Estimation

The estimation of parameters for the log Weibull distribution can be viewed as a
special case of the estimation for extreme value distributions. Maximum-likelihood
estimation can be carried out in the usual way. The moment estimation has been
studied in Dekkers (1989) and Christopeit (1994). See Harter (1978), Lawless
(1982), and Johnson et al. (1995) for more information about statistical inference
on extreme value distribution. Kotz and Nadarajah (2000) provide an excellent
coverage of this important statistical distribution.
6.5.4

Modeling Data Sets

Given a data set (complete, censored, or grouped), one can plot the transformed
data using the transformation given by (6.44) in a manner similar to the WPP plotting discussed in 4.5.1. If the data is scattered along a straight line, then the log
Weibull model is an appropriate model to model the data set. In this case, the slope
yields an estimate of b and the intercept with the y axis yields an estimate of a.

6.6

MODEL I(b)-3: INVERSE WEIBULL DISTRIBUTION

The variables Z and T are related by (6.5).
6.6.1

Model Structure

The distribution function for Z is given by
GðtÞ ¼ exp½ðt=aÞb

t0

ð6:46Þ

The inverse Weibull is also a limiting distribution of the largest order statistics
(Type II asymptotic distribution of the largest extreme). Drapella (1993) calls
it the complementary Weibull distribution, and Mudholkar and Kollia (1994) call
it the reciprocal Weibull distribution.
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The density function is given by
gðtÞ ¼ bab tb1 exp½ðt=aÞb

t0

ð6:47Þ

The hazard function is given by
hðtÞ ¼
6.6.2

bab tb1 exp½ðt=aÞb
1  exp½ðt=aÞb

ð6:48Þ

Model Analysis

Moments
The kth moment of Z is given by
ð1
ð1
Mk ¼
tk gðtÞ dt ¼
Zbtðkb1Þ ezðtÞ dt
0

0



ð 1  k=b
z
k
¼
ez dz ¼ ak  1 
Z
b
0

ð6:49Þ

The integral does not have a finite value for k  b. As such, when b  2 the
variance is not finite.
The inverse Weibull distribution generally exhibits a long right tail, and its
hazard function is similar to that of the log normal and inverse Gaussian distributions. Johnson et al. (1995) provide some further information on the inverse Weibull
distribution.
Parametric Study of Density Function
Jiang et al. (2001a) show that the density function is unimodal (Type 2) with mode
at tmode given by
tmode ¼ að1 þ 1=bÞ1=b

ð6:50Þ

This is in contrast to the Weibull model for which the density function is either
monotonically decreasing (for b  1) or unimodal (for b > 1).
Parametric Study of Hazard Function
Jiang et al. (2001a) show that the hazard function is unimodal (Type 5) with the
mode at t ¼ tM given by the solution of the following equation:
zðtM Þ
1
¼1þ
zðt
Þ
M
b
1e

ð6:51Þ

lim hðtÞ ¼ lim hðtÞ ¼ 0

ð6:52Þ

where zðtÞ ¼ ða=tÞb and
t!0

t!1
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This is in contrast to the standard Weibull model for which the failure rate is
decreasing (for b < 1), constant (for b ¼ 1), or increasing (for b > 1).
Graphical Plots
WPP Plot

The WPP plot is given by
y ¼ ln½ lnð1  ez Þ

ð6:53Þ

z ¼ ða=tÞb ¼ expðb ln ðaÞ  bxÞ

ð6:54Þ

where

Note that y is a highly nonlinear function of x. Jiang et al. (2001a) show that the
WPP plot is concave and the two asymptotes are as follows.
 Left asymptote: For small t (or large z) we have
y ¼ ln½ lnð1  ez Þ

lnðez Þ ¼ z ¼ ebðxln ðaÞÞ

ð6:55Þ

 Right asymptote: For large t (or small z) we have
y ¼ ln½ lnð1  ez Þ

lnð ln ðzÞÞ ¼ ln½bðx  ln ðaÞÞ

ð6:56Þ

The WPP plot and the two asymptotes are shown in Figure 6.1. Note that the left
(right) asymptote matches the WPP plot very closely for small (large) t.
Inverse Weibull Transform
mation:

Drapella (1993) proposed the following transfor-

y ¼  ln½ ln FðtÞ

and

x ¼ ln ðtÞ

2
WPP Plot:
Left Asymptote:
Right Asymptote:

0
−2
−4
−6
−8
1

1.5

2

2.5

3

3.5

Figure 6.1 WPP plot for the inverse Weibull model (a ¼ 5:0; b ¼ 3:5).

ð6:57Þ
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which he defined as the inverse Weibull transform. Applying this transform to
(6.46) yields the following relationship:
y ¼ bðx  ln ðaÞÞ

ð6:58Þ

The plot y vs. x is called the IWPP (inverse Weibull probability paper) plot. The
interesting feature is that the IWWP plot for the inverse Weibull model is a straight
line as opposed to the WPP plot [given by (6.53)] is highly nonlinear.
Comparison of WPP and IWPP Plots
The standard Weibull model gets transformed into
y ¼  ln½ lnð1  e1=z Þ

ð6:59Þ

under the inverse Weibull transform. This is convex in shape and the two asymptotes are as follows:
 Left asymptote: For small t (or small z) we have
y ¼  ln½ lnð1  ez Þ

 lnð ln ðzÞÞ ¼  ln½bðx  ln ðaÞÞ

ð6:60Þ

 Right asymptote: For large t (or large z) we have
y ¼  ln½ lnð1  ez Þ

 ln ðez Þ ¼ z ¼ exp½bðx  ln ðaÞÞ

ð6:61Þ

This is in contrast to the Weibull transform, which results in a linear relationship for
the standard Weibull model.
Figure 6.2 shows the IWPP plot for the two-parameter Weibull model. The WPP
plot for the inverse Weibull model and the IWPP plot for the Weibull model are
mirror images of each other.
6.6.3

Parameter Estimation

Graphical Estimation
The graphical method for estimation based on the IWPP plot is the same as that for
the standard Weibull model based on the WPP plot discussed in Section 4.5.1.
Maximum-Likelihood Estimation
Calabria and Pulcini (1989, 1994) carry out a study of the maximum-likelihood
method. With a change of variables x ¼ 1=t, the inverse Weibull distribution can
be transformed to standard Weibull distribution with shape parameter c ¼ b and
scale parameter b ¼ a. The maximum-likelihood estimates of the parameters of
the inverse Weibull distribution can be obtained by using the same two equations
^; a
^Þ have the same statistiderived for the Weibull distribution. Hence, the MLE ðb
^
cal properties of the corresponding estimator ð^c; bÞ. In particular, we have that
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4
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Figure 6.2 IWPP plots for the two-parameter Weibull model (a ¼ 5:0; b ¼ 3:5).

^ ¼b
^=b and a
^s ¼ a
^=a are pivotal quantities, as well as ^cs ¼ ^c=c and
1. b
s
^ and a
^
^
bs ¼ ^
b=b; b
have
the same distributions as ^cs and ^bs , respectively.
s
s
^; a
^Þ are equal to
2. The elements from the asymptotic covariance matrix of ðb
^
those from the matrix of ð^c; bÞ. As a result,
^ ¼ 0:608b2 =n
Var½b

^Þ ¼ 0:257a=n
Covð^
a; b

Var½^
a ¼ 1:109a2 =ðb2 nÞ

Bayesian Estimation
Calabria and Pulcini (1994) studied a Bayesian approach of predicting the ordered
lifetimes in a future sample when samples are assumed to follow the inverse
Weibull distribution. The Bayesian approach allows both Type I and Type II data
to be analyzed in the same manner. Under Type I or Type II censoring, denote by
T the time the testing is stopped, and m is the number of failures, the likelihood
function is
Lðdata j a; bÞ / bm amb

m
X

!b1
exp ab

ti

i¼1

m
X

!
tib

n
onm
1  exp½ðaT Þb

i¼1

ð6:62Þ
Let gða; bÞ be the joint prior density on the distribution parameters, measuring
the uncertainty about the true values. The joint posterior density for ða; bÞ is
Lðdata j a; bÞ  gða; bÞ
Lðdata
j a; bÞ  gða; bÞ da db
a;b

hða; b j dataÞ ¼ Ð Ð

and the denominator is independent of ða; bÞ.

ð6:63Þ
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For a second ordered sample of future observation from the same distribution,
the conditional joint density of jth ordered observation, yj , of ða; bÞ is obtained from
hðyj ; a; b j dataÞ ¼ hðyj j a; bÞ  hða; b j dataÞ

ð6:64Þ

and the statistical inference can be carried out. Calabria and Pulcini (1994) studied
two procedures: (i) no prior information is available and (ii) prior information on
the unreliability level at a fixed time is introduced in the predictive procedure. They
demonstrate via simulation that under Type II censoring, the informative procedure
outperforms the noninformative one, not only when the prior information is correct
but also when a wrong choice of the prior information is made.
6.6.4

Modeling Data Set

The IWPP plot of a given data set can be used to determine if it can be modeled by
an inverse Weibull distribution or not. The procedure is identical to that for the standard Weibull model discussed in Section 5.2.
6.6.5

Applications

The inverse Weibull distribution has been derived as a suitable model for describing
degradation phenomena of mechanical components such as the dynamic components of diesel engines. The physical failure process given by Erto and Rapone
(1984) also leads to this model. They show that the inverse Weibull distribution
provides a good fit to several data sets such as the times to breakdown of an insulating fluid subject to the action of a constant tension (Nelson, 1982). Calabria and
Pulcini (1994) provide an interpretation of the inverse Weibull in the context of the
load–strength relationship for a component.

EXERCISES
Data Set 6.1 Complete Data: Failure Times of 20 Components
0.481
1.831
2.282
2.447

1.196
1.885
2.322
2.511

1.438
2.104
2.334
2.593

1.797
2.133
2.341
2.715

1.811
2.144
2.428
3.218

Data Set 6.2 Complete Data: Failure Times of 20 Components
0.067
0.085
0.098
0.125

0.068
0.085
0.114
0.131

0.076
0.086
0.114
0.149

0.081
0.089
0.115
0.160

0.084
0.098
0.121
0.485
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Data Set 6.3 Censored Data: 50 Items Tested and the Test Stopped after the
40th Failure
0.602
0.663
0.868
0.918
1.040
1.343
1.752
2.040

0.603
0.688
0.884
0.935
1.097
1.422
1.885
2.123

0.603
0.705
0.898
0.953
1.097
1.540
2.015
2.175

0.615
0.761
0.901
0.983
1.148
1.555
2.015
2.443

0.652
0.770
0.911
1.009
1.296
1.653
2.030
2.548

6.1. Derive (6.10) to (6.15).
6.2. Consider Data Set 6.1. Plot the data using the transformations given by (1.7),
(6.44), and (6.57). What can you infer from these three plots?
6.3. Assume that Data Set 6.1 can be modeled by a log Weibull distribution.
Estimate the model parameters using (i) the method of moments and (ii) the
method of maximum likelihood. Compare the two estimates.
6.4. Show that the WPP plot for the inverse Weibull model is concave.
6.5. Repeat Exercise 6.2 with Data Set 6.2.
6.6. Assume that Data Set 6.2 can be adequately modeled by an inverse Weibull
distribution. Estimate the parameters based on the IWPP plot.
6.7. Assume that Data Set 6.2 can be modeled by an inverse Weibull distribution.
Estimate the model parameters using (i) the method of moments and (ii) the
method of maximum likelihood. Compare these estimates with the estimates
obtained in Exercise 6.6.
6.8. Repeat Exercise 6.2 with Data Set 6.3.
6.9. Assume that Data Set 6.3 can be adequately modeled by an inverse Weibull
distribution. Estimate the parameters based on the IWPP plot.
6.10. Assume that Data Set 6.3 can be modeled by an inverse Weibull distribution.
Estimate the model parameters using (i) the method of moments and (ii) the
method of maximum likelihood. Compare these estimates with the estimates
obtained in Exercise 6.9

CHAPTER7

Type II Weibull Models

7.1

INTRODUCTION

Type II models are derived from the standard Weibull model. One can classify
Type II models into two categories [Type II(a) and II(b)]. Type II(a) models involve
no additional parameters, whereas Type II(b) models involve one or more additional
parameters. Some of the Type I models can also be viewed as Type II models, for
example, the three-parameter Weibull model viewed as a Type II(b) model.
Let Gðt; yÞ denote the distribution function for the derived model, and it is
related to the distribution function Fðt; yÞ for the standard Weibull model given
by (2.1). The Type II(a) and Type II(b) models that we discuss are as follows:
Model II(a)-1 Pseudo-Weibull distribution (Voda, 1989)
Model II(a)-2 Stacy and Mihram (1965) model
Model II(b)-1 Extended Weibull distribution (Marshall and Olkin, 1997)
Model II(b)-2 Exponentiated Weibull distribution (Mudholkar and Srivastava,
1993)
Model II(b)-3 Modified Weibull distribution (Lai et al., 2003)
Model II(b)-4–6 Generalized Weibull family (Mudholkar et al., 1996)
Model II(b)-7–8 Generalized gamma distribution
Model II(b)-9–10 Four-parameter generalized Weibull distribution (Kies,
1958; Phani, 1987)
Model II(b)-11 Truncated Weibull distributions
Model II(b)-12 Slymen–Lachenbruch (1984) modified Weibull distribution
Model II(b)-13 Modified Weibull extension (Xie et al., 2002b)
For each of these we discuss model analysis, parameter estimation, and model
applications. As in Chapter 6, we review the relevant literature and present the main
results for each model.
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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The outline of the chapter is as follows. Sections 7.2 and 7.3 deal with Model
II(a)-1 (pseudo-Weibull distribution) and Model II(a)-2 (Stacy and Mihram Weibull
model). Sections 7.4 to 7.6 deal with Model II(b)-1 (extended Weibull distribution),
Model II(b)-2 (modified Weibull model), and Model II(b)-3 (exponentiated Weibull
model), respectively. Section 7.7 deals with Model II(b)-4–6 (generalized Weibull
family), and they are combined because of their close relationship via quartile function. Sections 7.8 and 7.9 deal with Model II(b)-7 (three-parameter generalized
gamma) and Model II(b)-8 (four-parameter generalized gamma), respectively.
Section 7.10 considers the four-parameter Weibull distribution [Model II(b)-9],
and we also briefly discuss a five-parameter Weibull [Model II(b)-10].
Section 7.11 deals with Model II(b)-11 (general truncated Weibull) and some
special cases. In Section 7.12 we discuss Model II(b)-12 (Slymen–Lachenbruch
modified Weibull distribution). Finally, in Section 7.13 we consider Model II(b)-13.
7.2
7.2.1

MODEL II(a)-1: PSEUDO-WEIBULL DISTRIBUTION
Model Structure

Density Function
The density function is given by
gðtÞ ¼ ktk ½y1þ1=k ð1 þ 1=kÞ1 expðtk =yÞ

y; k > 0

ð7:1Þ

The relationship between this model and the standard Weibull model is as follows.
Let
g1 ðtÞ ¼

t
f ðtÞ
m

ð7:2Þ

t>0

where f ðtÞ is the density function for the standard Weibull [given by (3.11)], and m
is the mean of the standard Weibull random variable and given by (3.16). As a
result, (7.2) can be written as
  b 
btb
t
g1 ðtÞ ¼ bþ1
exp 
ð7:3Þ
a
a ð1 þ 1=bÞ
With y ¼ ab and k ¼ b, (7.3) is the same as (7.1).
Distribution Function
The distribution function associated with (7.1) has the following form:
Gðt; y; kÞ ¼

pﬃﬃﬃ
yt ð1 þ 1=kÞ
ð1 þ 1=kÞ

t

0

where  ð Þ is the incomplete gamma function (Pearson, 1965).

ð7:4Þ
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Special Case
When k ¼ 1, the model reduces to the gamma distribution with parameter ða; 2Þ,
and the density function given by
gðtÞ ¼ a2 t expðt=aÞ

ð7:5Þ

t>0

The distribution and hazard functions are given by

t  t
FðtÞ ¼ 1  1 þ exp 
a
a

ð7:6Þ

t>0

and
1

hðtÞ ¼ a



1
1
1 þ t=a


ð7:7Þ

respectively.
The pseudo-Weibull distribution is neither a generalization of the gamma
distribution nor of the Weibull distribution.
7.2.2

Model Analysis

Moments
The jth moment is given by
Mj ¼

aj=k ½1 þ ð1 þ jÞ=k
ð1 þ 1=kÞ

ð7:8Þ

As a result, the mean and variance are given by
m¼

a1=k ð1 þ 2=kÞ
ð1 þ 1=kÞ

ð7:9Þ

and
2

s ¼a

2=k



ð1 þ 3=kÞ 2 ð1 þ 2=kÞ

ð1 þ 1=kÞ 2 ð1 þ 1=kÞ

ð7:10Þ

respectively. The coefficient of variation is given by
1=2

½ð1 þ 3=kÞ ð1 þ 1=kÞ  2 ð1 þ 2=kÞ
r¼
ð1 þ 2=kÞ

ð7:11Þ
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Finally, Voda (1989) proves the following result. If Y is a pseudo-Weibull
variable, then the variable Y k belongs to the class of gamma distribution,
Gðx; a; 1 þ 1=kÞ.
Special Case
2
2
When k ¼ 1, we have m ¼p2a
ﬃﬃﬃ and s ¼ 2=a . As a result, the coefficient of
variation is given by r ¼ 1= 2 and is independent of the model parameters.
7.2.3

Parameter Estimation

Method of Moments
For complete data, estimates of the model parameters ðk; aÞ can be obtained from
(7.9) and (7.10) using the first two sample moments.
Method of Maximum Likelihood
Voda (1989) considers the estimation of a with k known and complete data given by
ðt1 ; t2 ; . . . ; tn Þ. The likelihood function is given by
"
#
n
k
X
t
1
tk
LðaÞ ¼ nþn=k i¼1 i
exp 
a i¼1 i
a
ð1 þ 1=kÞ
kn

Qn

ð7:12Þ

and the maximum-likelihood estimate is given by
 

1
^ ¼ n 1þ
a
k

1 X
n

tik

ð7:13Þ

i¼1

This is an unbiased estimator of a.

7.3

MODEL II(a)-2: STACY–MIHRAM MODEL

The standard Weibull model requires that the shape parameter b be positive. In this
model, it can be either positive or negative. The density function is given by
gðtÞ ¼

jbjtb1
exp½ðt=aÞb 
ab

t>0

ð7:14Þ

b>0
b<0

ð7:15Þ

The distribution function is given by

GðtÞ ¼

1  exp½ðt=aÞb 
exp½ðt=aÞb 

The model reduces to the standard Weibull model when b > 0 and to the inverse
Weibull distribution (see Section 6.6) when b < 0.
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This model is referred to in Fisher and Tippet (1928) and Gumbel (1958). It was
studied by Stacy and Mihram (1965) and they called it a generalized gamma.

7.4
7.4.1

MODEL II(b)-1: EXTENDED WEIBULL DISTRIBUTION
Model Structure

Marshall and Olkin (1997) proposed a modification to the standard Weibull model
through the introduction of an additional parameter nð0 < n < 1Þ. The model is
given by
 ðtÞ ¼
G

 ðtÞ
 ðtÞ
nF
nF
¼
 ðtÞ FðtÞ þ nF
 ðtÞ
1  ð1  nÞF

t

0

ð7:16Þ

 ðtÞ ¼
where FðtÞ is the two-parameter Weibull distribution given by (1.3) and G
1  GðtÞ.
Distribution Function
 ðtÞ ¼ F
 ðtÞ the model reduces to the standard Weibull model. Using
When n ¼ 1, G
(3.16) in (7.16), the distribution function is given by
GðtÞ ¼ 1 

v exp½ðt=aÞb 
1  ð1  vÞexp½ðt=aÞb 

ð7:17Þ

Marshall and Olkin call this the extended Weibull distribution.
Density Function
The density associated with (7.17) is given by
ðvb=aÞðt=aÞb1 exp½ðt=aÞb 
gðtÞ ¼ n
o2
1  ð1  vÞexp½ðt=aÞb 

ð7:18Þ

Hazard Function
The corresponding hazard function is

hðtÞ ¼
7.4.2

ðb=aÞðt=aÞb1
1  ð1  vÞexp½ðt=aÞb 

ð7:19Þ

Model Analysis

The family of distributions given by (7.16) has the following interesting property. It
is geometric-minimum (maximum) stable. That is, if Xi ; i  N is a sequence of
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independent identically distributed random variables with distribution from this
family, and N is geometrically distributed, then the minimum (maximum) of
Xi ; i  N also has a distribution in the family.
Moments
For j1  vj  1, the kth moment of the random variable from this distribution is
given by
 
1
k X
ð1  vÞj
k
Mk ¼

ð7:20Þ
k=b
ab j¼0 ðj þ 1Þ
b
When j1  vj > 1, the moments cannot be obtained in closed form and have to be
computed numerically.
It can be shown that
lim EðX k Þ ¼ ak

s>0

b!1

ð7:21Þ

The first moment for various combinations of b and n are tabulated in Marshall and
Olkin (1997). For the special case b ¼ 1, we have the mean given by
m¼

an lnðnÞ
1n

ð7:22Þ

When j1  nj  1, the moments can also be expressed as infinite series given by
Mk ¼ rar n

1
X
ð1  nÞj ðkÞ
j¼1

ðj þ 1Þk

ð7:23Þ

Hazard Function
Marshall and Olkin (1997) carried out a partial study of the hazard function. It is
increasing when n 1; b 1 and decreasing when n  1; b  1. If b > 1, then the
hazard function is initially increasing and eventually increasing, but there may be
an interval where it is decreasing. Similarly, when b < 1, the hazard function is
initially decreasing and eventually decreasing, but there may be an interval where
it is increasing. In summary, the results are as follows:





n 1 and b 1: Type 3 (increasing)
n  1 and b  1: Type 1 (decreasing)
b > 1: Type 6
b < 1: Type 7

WPP Plot
There has been no study of the WPP plot for the extended Weibull distribution.
Simulation results indicate that the plot is concave for n < 1, straight line for
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Figure 7.1 WPP plot for the extended Weibull distribution (a ¼ 5:0; b ¼ 3:5).

n ¼ 1 and convex for n > 1. Figure 7.1 shows the WPP plots for two different
values of n.
7.5

MODEL II(b)-2: EXPONENTIATED WEIBULL DISTRIBUTION

Mudholkar and Srivastava (1993) proposed a modification to the standard Weibull
model through the introduction of an additional parameter n ð0 < n < 1Þ.
7.5.1

Model Structure

Distribution Function
The distribution function is given by
GðtÞ ¼ ½FðtÞn ¼ f1  exp½ðt=aÞb gn

t

0

ð7:24Þ
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where F(t) is the standard two-parameter Weibull distribution given by (3.10). The
support for G( ) is ½0; 1Þ.
When n ¼ 1, the model reduces to the standard two-parameter Weibull model.
When n is an integer, the model is a special case of the multiplicative model
discussed in Chapter 10.
Density Function
The density function is given by
gðtÞ ¼ nfFðtÞgn1 f ðtÞ

ð7:25Þ

where f (t) is the density function of the standard two-parameter Weibull distribution and given by (3.11).
Hazard Function
The hazard function, after some simplification, is given by
"
hðtÞ ¼ n
7.5.2

fFðtÞgn  fFðtÞgnþ1
FðtÞ  fFðtÞgnþ1

# 
b  t b1
a a

ð7:26Þ

Model Analysis

From (7.24), we see that GðtÞ > FðtÞ when n < 1, GðtÞ ¼ FðtÞ when n ¼ 1 and
 ðtÞ ¼ 1  GðtÞ increases with n.
GðtÞ < FðtÞ when n > 1. This implies that G
Moments
In general, the moments for this model are intractable. If n is a positive integer, then


 n1
k X
1
j n1
mk ¼ a n 1 þ
ð1Þ
j
b j¼0
ðj þ iÞ1þk=b
k



ð7:27Þ

If k=b is a positive integer (m), then the moments can be expressed in terms of the
derivatives of the beta function Bðs; nÞ and are given by
mk ¼ ak nð1Þm



dm
Bðs; nÞ
dsm

s¼1

which can be simplified by expressing the derivatives of the beta function in terms
of the di-gamma function and its derivatives [see Abromowitz and Stegun (1964),
pp. 258–260].
Mudholkar and Hutson (1996) carry out a detailed numerical study of the coefficient of skewness (g1 ) and coefficient of kurtosis (g2 ). They give surface and
contour plots of these on the two-dimensional ðb; nÞ plane and discuss the exponentiated Weibull aliases of some common distributions.
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Percentiles
The percentile, or quantile function, QðuÞ, is given by
QðuÞ ¼ a½ lnð1  u1=n Þ1=b
Order Statistics
Let YðiÞ , i ¼ 1, 2, . . ., n, denote the sample order statistics from the exponentiated
model. Let Sn ¼ YðnÞ  Yðn1Þ and S2 ¼ Yð2Þ  Yð1Þ . The following results are from
Mudholkar and Hutson (1996).
Theorem 7.1. Let Z be the standard exponential random variable with distribution function FðzÞ ¼ 1  ez , z 0. Then as n ! 1,
L

n1=ðbnÞ Yð1Þ ! Z 1=ðbnÞ
and
L

b½lnðnÞ11=b YðnÞ  b lnðnÞ  lnðnÞ !  lnðZÞ
L

where ! indicates the convergence in distribution.
Theorem 7.2. For a random sample of size n from the exponentiated Weibull
distribution and (Z, X) distributed with joint density function

fZ;X ¼

ez ; if 0  x  z
0;
otherwise

As n ! 1,
L

n1=ðbnÞ Sð1Þ ! Z 1=ðbnÞ  X 1=ðbnÞ
and
L

½lnðnÞ11=b SðnÞ !

1
½lnðZÞ  lnðXÞ
b

Density Function
Mudholkar and Hutson (1996) and Jiang and Murthy (1999a) have studied the
shapes of g(t) and its characterization in the parameter space. The shape of g(t)
does not depend on a but changes with b and n. The parametric characterization
on the (b; n) plane is as follows:
 bn  1: Type 1 (monotonically decreasing)
 bn > 1: Type 2 (unimodal)
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Also note that gð0Þ ¼ 1 when bn < 1, gð0Þ ¼ 1=a when bn ¼ 1, and gð0Þ ¼ 0
when bn > 1.
When bn > 1, g(t) is unimodal and let tmode denote the mode of g(t). It is not
possible to obtain an analytical expression for tmode. Mudholkar and Hutson
(1996) propose an analytical approximation that is given by

tmode

( "pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
# )n
bðb  8n þ 2bn þ 9bn2 Þ
1
1
1
¼a
2
n
bn

ð7:28Þ

It is interesting to note that the effect of the product (bn) on the shape of the
density function for the exponentiated Weibull distribution is similar to the influence of the shape parameter b in the case of two-parameter Weibull distribution.
Mudholkar and Hutson (1996) classify the density function into three major
classes based on the shapes and tails of the density function and the results of
the extreme value distributions. Their classification is as follows:
 Class I (bn < 1) Monotone decreasing densities, becoming unbounded in
the left tail and having medium right tail.
 Class II (bn ¼ 1) Monotone decreasing densities with left tail ordinate equal
to 1 and medium right tail.
 Class III (bn > 1) Unimodal densities with short left tail and medium right
tail.
They subdivide each of these into three subclasses as indicated below:
 Subclass a (b > 1) Right tail is classified as medium short.
 Subclass b (b ¼ 1) Right tail is classified as medium medium.
 Subclass c (b < 1) Right tail is classified as medium long.
For the precise details of light, medium, and heavy tails, see Mudholkar and Hutson
(1996).
Hazard Function
The hazard function is given by
hðtÞ ¼

bnðt=aÞb1 ½1  expððt=aÞb Þn1 expððt=aÞb Þ
1  ½1  expððt=aÞb Þn

ð7:29Þ

It can be shown that for small t, we have
hðtÞ 

  bn1
bn t
a
a

ð7:30Þ
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In other words, for small t, h(t) can be approximated by the failure rate of a twoparameter Weibull distribution with shape parameter (bn) and scale parameter a.
For large t (limiting case t ! 1), the first square bracket in (7.29) ! ð1=nÞ. Using
this in (7.29) yields
  b1
b t
hðtÞ 
ð7:31Þ
a a
In other words, for large t, hðtÞ can be approximated by the failure rate of a twoparameter Weibull distribution with shape parameter b and scale parameter a.
Mudholkar et al. (1996), Mudholkar and Hutson (1996), and Jiang and Murthy
(1999a) deal with the shapes of hðtÞ and its characterization in the parameter space.
The shape of hðtÞ does not depend on a but changes with b and n. The characterization on the (b; n) plane is as follows:





b1
b 1
b<1
b>1

and
and
and
and

bn  1:
bn 1:
bn > 1:
bn < 1:

Type
Type
Type
Type

1
3
5
4

(monotonically decreasing)
(monotonically increasing)
(unimodal)
(bathtub shape)

The monotonicities are strict except for the case b ¼ n ¼ 1.
WPP Plot
Under the Weibull transformations [given by (3.13)], (7.24) gets transformed into
y ¼ ln½ lnð1  expf½expðxÞ=ab gÞn 

ð7:32Þ

Jiang and Murthy (1999a) carry out a detailed study of the WPP plot and the results
are as follows:
 The WPP plot is concave for n > 1 and convex for n < 1.
 Right asymptote: As x ! 1 (or t ! 1) the asymptote is a straight line (Lw )
given by
y  bðx  ln ðaÞÞ

ð7:33Þ

 Left asymptote: As x ! 1 (or t ! 0) the asymptote is a straight line (La )
given by
y  bnðx  ln ðaÞÞ

ð7:34Þ

The left and right asymptotes intersect the x axis at ðln ðaÞÞ, but the slopes are
different unless n ¼ 1 in which case they collapse into a single line, which is the
WPP plot for the two-parameter Weibull distribution.
Typical WPP plots are shown in Figure 7.2 (for n > 1) and in Figure 7.3 (for
n < 1). Also shown are the left and right asymptotes.
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WPP Plot:
Left Asymptote:
Right Asymptote:
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Figure 7.2 WPP plot for the exponentiated Weibull model (a ¼ 5:0; b ¼ 2:5; n ¼ 2).

TTT Plot
Mudholkar and Srivastava (1993) discuss the TTT transform plot. Its shape depends
on the shape of the failure rate function and is convex (for decreasing failure rate),
concave (for increasing failure rate), and S-shaped (for bathtub-shaped failure rate).
7.5.3

Parameter Estimation

Based on WPP Plot
This is discussed in Section 7.5.4.
Method of Percentile
Analytical expressions for the percentiles as a function of the model parameters are
easily derived using (7.24). The method yields parameter estimates based on three
sample percentiles.
3
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Figure 7.3 WPP plot for the exponentiated Weibull model (a ¼ 5:0; b ¼ 2:5; n ¼ 0:2).
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Method of Maximum Likelihood
Mudholkar and Srivastava (1993) deal with estimating the model parameters with
complete data. Mudholkar et al. (1995) deal with estimating the model parameters
with grouped data.
Bayesian Approach
Cancho et al. (1999) deal with a Bayesian analysis for parameter estimation.
7.5.4

Modeling Data Set

The modeling based on WPP plot involves two stages.
Stage 1: Plotting Data
This depends on the type of data and is done as indicated in Section 5.5.2. If a
smooth fit to the plotted data has a shape similar to that in Figure 7.1 or 7.2, the
data can be modeled by an exponentiated Weibull family. If not, then the exponentiated Weibull family is not an appropriate model.
Stage 2: Parameter Estimation
If stage 1 indicates that the exponentiated Weibull family is an appropriate model,
then the model parameters (b; n, and a) can be estimated using the following steps:
Step 1: The asymptotic fit to the right side of the plot yields Lw . The slope
^ and the intercept yields a
^.
yields b
Step 2: The asymptotic fit to the left side of the plot yields La . The slope yields
^ from step 1 yields ^n.
an estimate of (bn). Using b
(Note: In drawing the asymptotes, it is important to ensure that the two asymptotes
intersect the x axis at ln ðaÞ. This might require an iterative approach based on trial
and error.)
Goodness-of-Fit Test
Mudholkar and Srivastava (1993) and Mudholkar et al. (1995) use the likelihood
ratio goodness-of-fit test where the null hypothesis is the exponentiated Weibull
model (with three parameters), and the alternate hypotheses are submodels obtained
by setting either n ¼ 1 (so that the model reduces to the standard two-parameter
Weibull distribution) or n ¼ 1 and b ¼ 1 (so that the model reduces to an exponential distribution).
7.5.5

Applications

Mudholkar and Srivastava (1993) consider the modeling of failure data obtained
from Aarset (1987) and estimate the parameters using the method of maximum
likelihood. They compare the fit between the model and the data using TTT transform plot.
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Mudholkar and Srivastava (1993) dealt with the modeling of two data sets. The
first is the bus-motor failure data from Davis (1952), and the second deals with survival time data (of head-and-neck cancer patients) from Efron (2000). The model
parameters are estimated using the method of maximum likelihood and goodnessof-fit based on likelihood ratio test is studied. They also compare the exponentiated
Weibull model against two submodels (by setting either n ¼ 1 or b ¼ 1). Jiang and
Murthy (1999a) used the same two data sets but carried out the modeling based on
the WPP plot.
Mudholkar and Hutson (1996) model flood data and estimate the model parameters using the method of maximum likelihood. They compare the fit between
the model and the data using TTT transform plot.

7.6

MODEL II(b)-3: MODIFIED WEIBULL DISTRIBUTION

Lai et al. (2003) proposed a new modification to the standard Weibull model involving an additional parameter.
7.6.1

Model Structure

Distribution Function
The distribution function is given by
GðtÞ ¼ 1  expðltb ent Þ
where the parameters l > 0, b 0, and n
two-parameter model when n ¼ 0.

t

0

ð7:35Þ

0. The model reduces to the standard

Density Function
The density function is given by
gðtÞ ¼ lðb þ ntÞtb1 ent expðltb ent Þ

ð7:36Þ

hðtÞ ¼ lðb þ ntÞtb1 ent

ð7:37Þ

Hazard Function
The hazard function is

Relationship to Other Models
The distribution given by (7.35) is related to some well-known distributions as indicated below.
1. When n ¼ 0, the model gets reduced to the standard Weibull model given by
(1.3).
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2. When b ¼ 0, the model gets reduced to a log Weibull model (Type I extremevalue distribution) Weibull discussed in Section 6.5.
3. The beta-integrated model (Lai et al., Ð 1998), specified in terms of the
t
cumulative failure rate function, HðtÞ ¼ 0 hðxÞ dx, is given by
HðtÞ ¼ atb ð1  dtÞc

0 < t < 1=d

ð7:38Þ

and a, b, d > 0, and c < 0. The distribution function is given by
GðtÞ ¼ 1  exp½HðtÞ

ð7:39Þ

Set d ¼ 1=n, b ¼ b, and c ¼ nn. In the limit n ! 1, we have
ð1  t=nÞnn ! ent and this yields
HðtÞ ¼ ltb ent

ð7:40Þ

The derivative of HðtÞ is (7.37). Hence, this model can be viewed as the
limiting case of the beta-integrated model.
7.6.2

Model Analysis

Hazard Function
The shape of the hazard function depends only on b because of the factor tb1, and
the remaining two parameters have no effect. For b 1:
1. h(t) is increasing in t, implying an increasing failure rate (type 3).
2. hð0Þ ¼ 0 if b > 1 and hð0Þ ¼ lb if b ¼ 1.
3. hðtÞ ! 1 as t ! 1.
For 0 < b < 1:
1. h(t) initially decreases and then increases in t, implying a bathtub shape
(type 4).
2. hðtÞ ! 1 as t ! 0 and hðtÞ ! 1 as t ! 1.
3. The change point t (where the derivative of the hazard function changes
sign) is given by
pﬃﬃﬃ
bb
ð7:41Þ
t ¼
n
The interesting feature is that t increases as n decreases. The limiting case
n ¼ 0 reduces the model to the standard Weibull model for which the hazard
function can be increasing, decreasing, or constant.
WPP Plot
Under the Weibull transformations [given by (1.7)], (7.35) gets transformed into
y ¼ lnðlÞ þ bx þ nex

ð7:42Þ
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WPP Plot:
Left Asymptote:
Right Asymptote:
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Figure 7.4 WPP plot for the modified Weibull distribution (l ¼ 0:1; b ¼ 0:2; n ¼ 0:1).

The WPP plot is convex and the two asymptotes are as follows:
 Left asymptote: As x ! 1 (or t ! 0Þ, it is given by y  bx.
 Right asymptote: As x ! 1 (or t ! 1Þ, it is given by y  nex.
Let x0 and y0 denote the coordinates of the WPP plot intersecting the x (corresponding to y ¼ 0) and y (corresponding to x ¼ 0) axes. That is, x0 and y0 are
the x intercept and y intercept, respectively. Then, we have
lnðlÞ þ bx0 þ nex0 ¼ 0

and

y0 ¼ lnðlÞ þ n

ð7:43Þ

It is easily seen that either x0 < 0 and y0 > 0 or vice versa and that bjx0 j < jy0 j.
Figure 7.4 shows a typical WPP plot along with the left and right asymptotes.
An Alternate Plot
An alternate plot is the following:
 ðtÞÞ
y ¼ ln½ lnðF

and

x¼t

ð7:44Þ

Using (7.44) in (7.35) yields the following:
y ¼ lnðlÞ þ b lnðxÞ þ nx
The plot is concave and the two asymptotes are as follows:
 Left asymptote: As x ! 0 (or t ! 0), it is given by y  b lnðxÞ.
 Right asymptote: As x ! 1 (or t ! 1Þ, it is given by y  nx.

ð7:45Þ
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7.6.3

Parameter Estimation

Based on WPP Plot
The procedure involves the following steps:
Step 1: Fit a smooth curve to the transformed data.
Step 2: Estimate n from the slope of the straight-line asymptote.
Step 3: Estimate the remaining two parameters from the two intercepts given
by (7.43).
A possible approach is simple regression analysis using (7.42) and estimating the
parameters by least-squares fit. An alternate is a multiple linear regression using
x1 ¼ x and x2 ¼ ex so that the WPP plot can be represented as a linear equation:
y ¼ lnðlÞ þ bx1 þ nx2

ð7:46Þ

noting that x1 and x2 are not independent. The parameter estimates are obtained by
solving a system of linear equations.
Method of Percentiles
Expressions for the percentiles are analytically tractable, and, using the estimates of
the two quartiles and median, one can obtain the parameter estimates.
Method of Maximum Likelihood
For the case of complete data, the log likelihood is given by
Lðl; b; nÞ ¼ n lnðlÞ þ

n
X

lnðb þ nti Þ þ ðb  1Þ ln

i¼1

þn

n
X
i¼1

!
ti

i¼1

!
ti

n
X

l

n
X

tib enti

ð7:47Þ

i¼1

^ and ^
The estimates b
n are obtained by solving the following three equations:
n
n
X
qL X
1
¼
þ ln
ti
^þ^
qb i ¼ 1 b
nti
i¼1

!
^b
^
l

n
n
X
qL X
ti
¼
þ
ti  n^
n¼0
^þ^
qn i ¼ 1 b
nti i ¼ 1

n
X

^
tib1 e^nti

!
¼0

ð7:48Þ

i¼1

ð7:49Þ

and
n
^¼
l
P

^
b
n
n^ti
i ¼ 1 ti e

ð7:50Þ
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Modeling Data Set

The procedure based on the WPP plot is similar to that discussed in Section 7.5.4
with the parameters estimated as indicated in Section 7.6.3.

7.7

MODELS II(b)4–6: GENERALIZED WEIBULL FAMILY

Mudholkar and associates (Mudholkar and Srivastava, 1993; Mudholkar et al.,
1995) developed three different models that we discuss together in this section.
The link between these models and the standard Weibull is best seen through
the quantile function. For the standard Weibull model, the quantile function is
given by
QðUÞ ¼ a½ lnð1  UÞ1=b

ð7:51Þ

and this forms the starting point.
7.7.1

Model Structure

Model II(b)-4: Generalized Weibull Family
Quantile Function
The quantile function for this model is given by (Mudholkar et al., 1996)

1  ð1  UÞn
QðUÞ ¼ a
n

1=b

ð7:52Þ

where the new parameter n is unconstrained so that 1 < n < 1.
Distribution Function
The distribution function is

 t b
GðtÞ ¼ 1  1  n
a

1=n

t

0

ð7:53Þ

An interesting feature of the model is the support for G(t) is ð0; 1Þ for n  0 and
ð0; a=n1=b Þ for n > 0.
Density Function
The density function is given by
gðtÞ ¼

ðt=aÞb1
ða=bÞ½1  nðt=aÞb 


1n

 t b
a

1=n

ð7:54Þ
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Hazard Function
The hazard function is given by
hðtÞ ¼

ðt=aÞb1

ð7:55Þ

ða=bÞ½1  nðt=aÞb 

Note that the model reduces to the basic two-parameter Weibull when n ! 0.
Model II(b)-5: More Generalized Weibull Family
Quantile Function
A different version of the Weibull family can be obtained with a ¼ 0, and it is given
by (Mudholkar and Kollia, 1994)
QðUÞ ¼ b


1  ð1  UÞn
n

1=b

b

ð7:56Þ

with n unconstrained so that 1 < n < 1. Here the parameter b can take negative
values so that the inverse Weibull is a special case of this distribution.
Distribution Function
The distribution function is given by
GðtÞ ¼ 1  ½1  nð1 þ t=bÞb 1=n

ð7:57Þ

Note that the support for G(t) depends on the model parameters and is as
follows. For b < 0: if n < 0, ð1; bÞ and if n > 0, ½1; ðb=n1=b  b, while
for b > 0 it is if n < 0, ðb; 1Þ and if n > 0, ðb; b=n1=b  bÞ. This model was
proposed in Mudholkar and Kolia (1994) and called a more generalized Weibull family.
Model II(b)-6: Extended Weibull Distribution
Quantile Function
The quantile function for the model is related to (7.51) and is given by

QðUÞ ¼

b½ð lnðð1  UÞ1=b ÞÞ  1
ln½ lnð1  UÞ

for b 6¼ 0
for b ¼ 0

ð7:58Þ

Distribution Function
The distribution function for this model is given by

GðtÞ ¼

1  exp½ð1 þ t=bÞb 
1  expðexp ðtÞÞ

for b 6¼ 0
for b ¼ 0

ð7:59Þ
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The support for G(t) depends on the model parameters. It is ð1; bÞ for b < 0,
ðb; 1Þ for b > 0, and ð1; 1Þ for b ¼ 0. This model was proposed in Freimer
et al. (1989) and called the extended Weibull distribution.
7.7.2

Model Analysis

Model II(b)-4
Moments
The kth moment can be shown to be (Mudholkar and Kollia, 1994)
E½X k  ¼

Bð1=n; k=b þ 1Þ
nk=bþ1

ð7:60Þ

where B( ) is the beta function.
Characterization of Hazard Function
The following result is from Mudholkar et al. (1996). The shape of the hazard
function depends on model parameters and is as follows:






b<1
b1
b>1
b 1
b¼1

and
and
and
and
and

n > 0:
n  0:
n < 0:
n 0:
n ¼ 0:

Type
Type
Type
Type
Type

4
1
5
3
2

Model II(b)-5
Moment
Mudholkar and Kollia (1994) discuss the moments, skewness, kurtosis, and
extremes of the distribution. The kth moment, for n > 0, is given by
E½Y k  ¼

k  
X
Bð1=n; k=b þ 1Þ
k
ð1Þki bk
i
nk=bþ1
i¼0

ð7:61Þ

Model II(b)-6
Freimer et al. (1989) give a characterization of the extremes and extreme spacings.

7.8

MODEL II(b)-7: THREE-PARAMETER GENERALIZED GAMMA

Stacy (1962) first introduced a generalization of the gamma distribution, which is
also a generalization of the Weibull distribution. In this section we discuss this
model.
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7.8.1

Model Structure

Density Function
The density function is given by

gðtÞ ¼

abk btbk1
exp½ðt=aÞb 
ðkÞ

a; b > 0; t

0

ð7:62Þ

and the new additional parameter k > 0. When k ¼ 1, it reduces to the standard
Weibull model, and when b ¼ 1 it reduces to gamma distribution.
Distribution Function
The distribution function does not have a closed analytical form. Define

z ðkÞ ¼

ðz

sk1 es ds

ð7:63Þ

0

Then the distribution function is given by

GðtÞ ¼

ðt=aÞb ðkÞ

ð7:64Þ

ðkÞ

Hazard Function
The hazard function is given by

hðtÞ ¼

abk btbk1 exp½ðt=aÞb 
ðkÞ  z ðkÞ

ð7:65Þ

with z ¼ ðt=aÞb .
The generalized gamma distribution is considered in a number of other contexts
in the statistics and engineering literature.
The three-parameter generalized gamma distribution contains no location
parameter. A straightforward extension of this model is to introduce a location parameter and the model can be viewed as a generalization of the three-parameter
Weibull distribution as well. Harter (1967) first mentioned this and the model is
given by

f ðt; a; b; t; kÞ ¼

 
abk bðt  tÞbk1
t  t b
exp 
a
ðkÞ

t>t

ð7:66Þ
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Model Analysis

Moment Generating Function
The moment generating function is given by
 

1
X
ðsaÞr
bk þ r

cðsÞ ¼
ðkÞ
b
r!
r¼0

s

0

ð7:67Þ

The mean, variance, and the rth moment are given by
aðk þ 1=bÞ
ðkÞ
(
)

ðk þ 1=bÞ 2
2
2 ðk þ 2=bÞ

s ¼a
ðkÞ
ðkÞ
m¼

ð7:68Þ
ð7:69Þ

and
E½X r  ¼

ak ðk þ r=bÞ
ðkÞ

Shapes of Density and Hazard Functions
Pham and Almhana (1995) studied the shapes of the density and hazard function for
three-parameter generalized gamma distribution and presented some characterization results. They show that if ð1  kbÞ=½bðb  1Þ > 0, then the hazard function is
 Type 4: (bathtub) if b > 1.
 Type 5: (upside-down bathtub) if 0 < b < 1.
Otherwise, the hazard function is increasing for b > 1 and decreasing for 0 <
b < 1 and constant when b ¼ 1.
7.8.3

Parameter Estimation

Maximum-Likelihood Estimation
For the case of complete data, the estimates are obtained by solving the following
equations:
n  b
X
ti ^

n^k ¼ 0

ð7:70Þ

n
n  ^b  
t  X
n ^X
ti
ti
i
þk
ln
ln

¼0
^
^
^
^
a
a
a
b

ð7:71Þ

n
t 
X
i
ln
 nfð^kÞ ¼ 0
^
a
i¼1

ð7:72Þ

i¼1

i¼1

^
a

i¼1

^
b
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where fð^kÞ ¼ d ln ðyÞ=dy. Hager and Bain (1970) showed some independence
properties of the estimators and discuss numerical algorithms for obtaining
the estimates of the parameters. Wingo (1987) and Hirose (2000) also discuss
some numerical problems associated with the maximum-likelihood estimation.
In an earlier work, Stancy and Mihram (1965) studied some estimation procedures with the focus on estimating the scale parameter. Bain and Weeks (1965)
developed one-sided tolerance limits and confidence limits with one parameter at
time being unknown. Parr and Webster (1965) presented the asymptotic density
of the maximum likelihood estimators.
Bell (1988) considers the problem of parameter estimation via reparameterization. Agarwal and Kalla (1996) present some results related to reliability applications and a modification to the generalized gamma. Rao et al. (1991) considered the
linear estimation of location and scale parameters, and Wong (1993) discusses the
problems of simultaneous estimation of all three parameters. Hirose (2000)
discusses the MLE for a generalized four-parameter gamma distribution.
7.9

MODEL II(b)-8: EXTENDED GENERALIZED GAMMA

A number of modified or generalized versions of the generalized gamma distribution have been studied. These include Ghitany (1998), Kalla et al. (2001), and
others. In this section we consider the model proposed by Ghitany (1998).
7.9.1

Model Structure

Density Function
The density function is given by
  b 
aðm1Þ=bþ1l btmb2 ðn þ tb Þl
t
f ðt; a; b; l; nÞ ¼
exp 
a
l ½ðm  1Þ=b; an
defined for t
by (7.63).

ð7:73Þ

0, and the model parameters are positive valued and l ð ; Þ is given

Hazard Function
The hazard function is given by
hðtÞ ¼

amk tm1 eat
l ðm; anÞ ðt þ nÞl

t

0

ð7:74Þ

Here ð ; ; Þ is given by
l ðm; anÞ ¼

ð1

ym1 ey

at

ðy þ anÞl

dy

ð7:75Þ
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Model Analysis

Moment Generating Function
The moment generating function is given by

s lm l ½m; anð1  s=aÞ
cðsÞ ¼ 1 
a
l ðm; anÞ

ð7:76Þ

The rth derivative with respect to t is

s lmr l ½m þ r; anð1  s=aÞ
cðrÞ ðsÞ ¼ ar 1 
a
l ðm; anÞ

ð7:77Þ

and as a result, the rth moment about the origin is given by
cðrÞ ð0Þ ¼ ar

l ðm þ r; anÞ
l ðm; anÞ

ð7:78Þ

Hazard Function
It can be shown by the L’Hopital rule (Ghitany,1998) that hð1Þ ¼ a. Ghitany
(1998) shows that the shapes for the hazard function can be one of four types,
and this depends only on the values of l and m. They are as follows:





Type 1: if l ¼ 0 and m < 1, or l > 0 and m  1.
Type 2: if and only if l ¼ 0 and m ¼ 1.
Type 3: if l ¼ 0 and m > 1, or 0 < l  m.
Type 5 (upside-down bathtub shaped) with a unique change point xh 2 ð0; x0 Þ
where
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m  1 þ ðm  1Þl
n
ð7:79Þ
x0 ¼
l  ðm  1Þ
if l > m  1 > 0.

If l ¼ 0, the above results reduce to that of a gamma distribution. That is,
8
< decreasing
hðtÞ constant
:
increasing

if m < 1
if m ¼ 1
if m > 1

ð7:80Þ

Mean Residual Life
The mean residual life is given by
mðtÞ ¼ EðT  tjT

1
tÞ ¼
1  FðtÞ

ð1
t

ðy  tÞf ðyÞ dy

ð7:81Þ
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Increasing (decreasing) mean residual life functions represent beneficial (adverse)
aging. Mean residual life functions that first decrease (increase) and then increase
(decrease) are usually termed bathtub (upside-down bathtub) shaped.
For the generalized gamma distribution, we have that
mðtÞ ¼ a1

l ðm þ 1; anÞ
t
l ðm; anÞ

t

0

ð7:82Þ

where ð ; ; Þ is given by (7.75). From this, we have
1.
2.
3.
4.

mðtÞ ¼ 1=a if and only if l ¼ 0 and m ¼ 1.
mðtÞ is increasing if l ¼ 0 and m < 1, or l > 0 and  1.
mðtÞ is decreasing if l ¼ 0 and m > 1, or 0 < l  m.
mðtÞ is bathtub shaped with a unique change point if l > m  1 > 0.

If l ¼ 0, the above results reduce to that of a gamma distribution. That is, for
l ¼ 0,
8
if m < 1
< increasing
ð7:83Þ
mðtÞ is constant
if m ¼ 1
:
decreasing
if m > 1
7.10

MODELS II(b)9–10: FOUR- AND FIVE-PARAMETER WEIBULLS

Kies (1958) proposed a four-parameter Weibull distribution, and it was further
studied by Phani (1987). The results are briefly discussed in this section.
7.10.1

Model II(b)–9: Four-Parameter Weibull

Distribution Function
The four-parameter Weibull distribution has the following distribution function:
GðtÞ ¼ 1  expfl½ðt  aÞ=ðb  tÞb g

0atb<1

ð7:84Þ

This implies that the support is a finite interval.
WPP Plot
Under the Weibull transformation [given by (3.13)], (7.84) gets transformed into
y ¼ lnðlÞ  b½lnðex  aÞ  lnðb  ex Þ

lnðaÞ  x  lnðbÞ

ð7:85Þ

The WPP plot is S-shaped with the left asymptote a vertical line through x ¼ lnðaÞ
and the right asymptote a vertical line through x ¼ lnðbÞ. Figure 7.5 shows a typical
WPP plot along with the two asymptotes.
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WPP Plot:
Right Asymptote:
Left Asymptote:

10
0
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Figure 7.5 WPP plot for the four-parameter Weibull distribution (l ¼ 0:1; b ¼ 0:2; n ¼ 0:1).

For further details, see Smith and Hoeppner (1990) and Phani (1987), who also
discusses the modeling based on the WPP plot.
7.10.2

Model II(b)-10: Five-Parameter Weibull

Distribution Function
The four-parameter Weibull model has been extended by Kies (1958), and the new
model is given by
GðtÞ ¼ 1  expfl½ðt  aÞb1 =ðb  tÞb2 g

ð7:86Þ

and called it a modified Weibull distribution. This has also been called a fiveparameter Weibull distribution.
7.11

MODEL II(b)-11: TRUNCATED WEIBULL DISTRIBUTION

By restricting the support of a two- or three-parameter Weibull distribution to a
smaller range, truncated Weibull distributions are obtained. Since a truncation point
can be viewed as an additional parameter, this model is classified under this group.
The general formulation includes two truncation points, one to the left and the other
to the right, so that it can be viewed as a four- or five-parameter model.
7.11.1

Model Structure

Distribution Function
The general truncated Weibull model is given by the distribution function
GðtÞ ¼

FðtÞ  FðaÞ
FðbÞ  FðaÞ

0atb<1

ð7:87Þ
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where FðtÞ is given by (1.3). This is also referred to as the doubly truncated Weibull
distribution.
Density Function
The density function is given by
gðtÞ ¼

f ðtÞ
FðbÞ  FðaÞ

ð7:88Þ

Using (1.3), the density function is given by
gðtÞ ¼

ðb=aÞðt=aÞb1 expfðt=aÞb g
expfðb=aÞb g  expfða=aÞb g

ð7:89Þ

Special Cases
Case (i): When a ¼ 0 and b < 1, the model is called the right truncated
Weibull distribution.
Case (ii): When a > 0 and b ! 1, the model is called the left truncated
Weibull distribution.
7.11.2

Model Analysis

Moments
McEwen and Parresol (1991) derive expressions for the moments. For the general
case, the kth moment is given by
"

b !#
b
k  
X
k
expf½ðb

tÞ=a
g
k

n
b

t
þ 1;
EðX k Þ ¼
akn tn 
b
a
1  expf½ða  tÞ=ab g n ¼ 0 n


 a  t b
kn
þ 1;

ð7:90Þ
b
a
The mean, variance, skewness, and kurtosis can be obtained from this. See also
Sugiura and Gomi (1995) for related discussions.
Density Function
The shape of gðtÞ is determined by the shape of f ðtÞ over the interval a  t  b. As
a result we have the following results:
 b < 1 or b > 1 and a > tmode : Type 1 (decreasing)
 b > 1 and b < tmode : (increasing)
 b > 1 and a < tmode < b: Type 3 (unimodal)
where tmode is the mode for the standard Weibull model and given by (3.24).
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Hazard Function
The hazard function is given by


f ðtÞ
f ðtÞ
1  FðtÞ
¼
hðtÞ ¼
FðbÞ  FðtÞ
1  FðtÞ FðbÞ  FðtÞ

ð7:91Þ

The first bracket is the failure rate for F(t). The second bracket is a monotonically
increasing function, approaching infinity as t ! b. This implies that the failure rate
can be either type 1 [decreasing], type 3 [increasing], or bathtub shaped [type 4].
Finally, Wingo (1989b) discusses some other issues and Wingo (1988a) deals
with model fitting.
7.11.3

Parameter Estimation

Mittal and Dahiya (1989) discuss the maximum-likelihood estimators for the
truncated Weibull distribution. They propose a modified likelihood estimator and
compare it with the maximum-likelihood estimator.
Further results concerning parameter estimation for this model can be found in
Martinez and Quintana (1991), Shalaby (1993), Shalaby and Elyousef (1993), and
Hwang (1996), among others.

7.12

MODEL II(b)-12: SLYMEN–LACHENBRUCH DISTRIBUTIONS

One can derive a family of distributions such that
ln½ lnð1  GðtÞ ¼ a þ bwðtÞ

ð7:92Þ

which can be viewed as a kind of generalization of Weibull transformation, where
wðtÞ satisfies some regularity conditions. Slymen and Lachenbruch (1984) introduced two families of distributions. The families were derived from a general linear
form by specifying a form for the survival function with certain restrictions. They
study a specific distribution and called it modified Weibull distribution.
7.12.1

Model Structure

The Slymen–Lachenbruch modified Weibull has the following distribution
function:



bðtk  tk Þ
GðtÞ ¼ 1  exp exp a þ
t 0
ð7:93Þ
2k
The model is based on the transformation
 ðtÞ ¼ a þ bwðtÞ
c½F

ð7:94Þ
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where wðtÞ is a monotonically increasing function, which may contain one or more
parameters, that satisfies the following condition:
lim wðtÞ ¼ 1
t!0

lim wðtÞ ¼ 1

and

t!1

For the Slymen–Lachenbruch model
 ðtÞ ¼ lnf ln½F
 ðtÞg
c½F

ð7:95Þ

and
wðtÞ ¼

tk  tk
2k

t; k

ð7:96Þ

0

In fact, one can recognise c ( ) in (7.94) as the Weibull transformation.
The hazard function is given by
1
hðtÞ ¼ bðtk1  tk1 Þ exp
2
7.12.2


aþ

bðtk  tk Þ
2k


ð7:97Þ

Model Analysis

Moments
It is not possible to obtain closed-form expressions for the moments. On the other
hand, expressions using the probability integral transformation can be derived.
Let U ¼ SðTÞ where S denotes the survival function, U is distributed uniformly
over (0,1), so that T ¼ S1 ðUÞ. The mean of T; E½T can be written as
m ¼ EðTÞ ¼

ð1

S1 ðUÞ dU

ð7:98Þ

0

and the rth moment about the mean is given by
E½ðT  mÞr  ¼

ð1

½S1 ðUÞ  mr dU

ð7:99Þ

0

Percentile
The (1  p)th percentile is given by
t1p ¼ ðC þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C 2 þ 1Þ1=k

ð7:100Þ
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where
C¼

kfln½ lnð1  pÞ  ag
b

ð7:101Þ

Hazard Function
When k > 0, it can be seen that as t approaches infinity, the hazard function, hðtÞ,
also approaches infinity. This implies that the hazard function can never be a monotonically decreasing function. However, over a limited range of t, the hazard function could be decreasing, and, in fact, it may have this property except in the
extreme right tail of the distribution. Slymen and Lachenbruch (1984) derive the
following result.
The hazard function hðtÞ is monotonically increasing when
b>

2½ðk þ 1Þtk2  ðk  1Þtk2 
ðtk1 þ tk1 Þ2

¼ b1 ðtÞ

for

0<t<1

ð7:102Þ

It is of interest to find the maximum value of b1 if it exists. By taking the derivative
of the above expression and making it equal to zero, this value can be found.
The hazard function is increasing for small values of t. If b1 < 1, the hazard
function is decreasing followed by increasing. This implies that the model can
have a general bathtub or the roller-coast-shaped hazard function.
7.12.3

Parameter Estimation

Least-Squares Estimation
Slymen and Lachenbruch (1984) discuss the least-squares estimation method for
estimating the model parameters. The sum-of-square errors of the empirical survival function and the model survival function are minimized with respect to the parameters. The product limit estimate is used for obtaining the empirical survival
function.
Since 7.95 is the Weibull transformation, Slymen and Lachenbruch (1984) use
this to simplify the procedure. As a result, the estimates are obtained by solving the
following equations:
n
P

^Þ
ðgi  ^
gÞðwi  w
^ ¼ i¼1
b
n
P
^ Þ2
ðwi  w

^w
^ ¼ ^g  b
^
a

ð7:103Þ

i¼1

where
^
g¼

n
X
gi
i¼1

n

and

^¼
w

n
X
wi
i¼1

n

ð7:104Þ
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This is easily solved using a simple linear regression program. However, this is only
possible when k is specified. When k is an unknown parameter, a simple expression
for k is not available, and it has to be solved numerically.
Maximum-Likelihood Estimation
General results for randomly censored data are presented in Slymen and
Lachenbruch (1984).
7.12.4

Model Validation

Slymen and Lachenbruch (1984) discuss testing the null hypothesis k ¼ 0 versus
the alternative hypothesis k > 0 to choose between these two models.

7.13

MODEL II(b)-13: WEIBULL EXTENSION

This model was proposed by Xie et al. (2002b). It is an extension of a twoparameter model proposed by Chen (2000).
7.13.1

Model Structure

Distribution Function
The distribution function is given by
h 
i
b
GðtÞ ¼ 1  exp la 1  eðt=aÞ

t

0

ð7:105Þ

with l; a; b > 0.
Density Function
The density function is given by
h
i h 
i
b
gðtÞ ¼ lbðt=aÞb1 exp ðt=aÞb exp la 1  eðt=aÞ

ð7:106Þ

Hazard Function
The hazard function is given by
h
i
hðtÞ ¼ lbðt=aÞb1 exp ðt=aÞb

ð7:107Þ

Relation to Other Models
The model reduces to the model of Chen (2000) when a ¼ 1. When the scale parameter a is large, then 1  expðt=aÞb  ðt=aÞb , and in this case the distribution can
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be approximated by a Weibull distribution. When la ¼ 1, the model is related to
the exponential power model proposed by Smith and Bain (1975). Finally the
model can be related to the extreme value distribution. Let T be a random variable
from (7.105). Let Z be a random variable defined as Z ¼ tb and let Z ¼ la. Then T
follows the extreme value distribution with scale parameter ab and location
parameter [ab lnðZÞ].
7.13.2

Model Analysis

Hazard Function
The shape of the hazard function depends only on the shape parameter b. For b

1:

1. h(t) is an increasing function (type 3).
2. hð0Þ ¼ 0 if b > 1 and hð0Þ ¼ l, if b ¼ 1.
3. hðtÞ ! þ1 as t ! þ1.
For 0 < b < 1:
1. hðtÞ is decreasing for t < t and increasing for t > t where
t ¼ að1=b  1Þ1=b

ð7:108Þ

This implies that the hazard function has a bathtub shape (type 4).
2. hðtÞ ! þ1 for t ! 0 or t ! þ1.
3. t increases as the shape parameter b decreases.

WPP Plot
Under the Weibull transformation given by (1.7), (7.105) gets transformed into
h
i
y ¼ lnðlaÞ þ ln expðt=aÞb  1

ð7:109Þ

with t ¼ ex . For small t, expðt=aÞb  1  ðt=aÞb so that (7.109) can be approximated by a straight line given by
y ¼ bx þ lnðla1b Þ

ð7:110Þ

For large t, the second term in the right-hand side of (7.109) can be approximated as
n
o
ln exp½ðt=aÞb   1  ðt=aÞb

ð7:111Þ
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WPP Plot:
Left Asymptote:
Right Asymptote:
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Figure 7.6 WPP plot for the Weibull extension (a ¼ 100; b ¼ 0:6; l ¼ 2).

As a result, y (as a function of t) can be approximated by the curve ðt=aÞb so that
lnðyÞ is asymptotically a linear function of t, that is, for large t,
lnðyÞ ¼ b lnðtÞ  b lnðaÞ

ð7:112Þ

A typical plot of WPP along with the above approximations is as shown in
Figure 7.6.
7.13.3

Parameter Estimation

Based on WPP Plot
The procedure is the same as discussed in Section 7.5.4. If the plot indicates that the
Weibull extension is an appropriate model, then the parameters are obtained as
follows:
Step 1: The asymptotic fit to the right side yields the line given by (7.112). The
^ and from the intercept we obtain a
^.
slope yields b
^ can be obtained from the intercept using
Step 2: From the left side of the plot, l
(7.110).
Method of Maximum Likelihood
For the Type II censored case let tð1Þ ; tð2Þ ; . . . ; tðkÞ be the ordered data. The likelihood function is given by
(  
"

 b #
k 
k
k
Y
X
tðiÞ b1
tðiÞ b X
tðiÞ
k k
Lðl; a; bÞ ¼ l b
exp
þ
la 1  exp
a
a
a
i¼1
i¼1
i¼1
"
 b #)
tðkÞ
þ ðn  kÞla 1  exp
ð7:113Þ
a
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The estimates are obtained by solving the following three equations simultaneously:
k
^¼
l
ð7:114Þ


^
^
Pk
b
b
^ i ¼ 1 exp tðiÞ =^
a
a þ ðn  kÞ^
a exp tðkÞ =^
a  n^
a
"  ^
#
"    ^  #
k
k
k
X
tðiÞ X
tðiÞ b tðiÞ
tðiÞ b tðiÞ b
tðiÞ
k X
þ
ln þ
ln
exp
ln
 la
^
^
^
^
^
^
^
a
a
a
a
a
a
b
i¼1
i¼1
i¼1
^a
^eðtðkÞ =aÞ
 ðn  kÞl

^
b



tðkÞ
^
a

b^

 
tðkÞ
ln
¼0
^
a

ð7:115Þ

and
(
"
^
 b^ #)
k 
k
^
^  1Þ
X
b
tðiÞ b
tðiÞ
kðb
1X
t
=^
a
þ nl 
l
eð ðiÞ Þ 1 

^
^ i¼1 a
^
^
a
a
a
i¼1
"
 b^ #
^
b
tðkÞ
tðkÞ =^
aÞ
ð
 ðn  kÞle
1
¼0
^
a

7.13.4

ð7:116Þ

Hypothesis Testing

Xie et al. (2002) discuss testing the hypothesis a ¼ 1 (Chen’s model) versus a 6¼ 1
based on the likelihood ratio test.

EXERCISES
Data Set 7.1 Complete Data: Failure Times of 20 Components
0.072
4.763
8.663
12.089

0.477
5.284
9.511
13.036

1.592
7.709
10.636
13.949

2.475
7.867
10.729
16.169

3.597
8.661
11.501
19.809

Data Set 7.2 Censored Data: 30 Items Tested with Test Stopped after 20th Failurea
0.0014
2.8221
5.8714
9.0442
a

0.0623
3.1544
7.4710
9.1153

The data is the failure times.

1.3826
4.9835
7.5080
9.6477

2.0130
5.5462
7.6667
10.1547

2.5274
5.8196
8.6122
10.7582
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Data Set 7.3 Complete Data: Failure Times of 20 Components
2.968
8.608
19.136
57.337

4.229
8.851
30.112
57.637

6.560
9.763
37.386
70.175

6.662
9.773
48.442
79.333

7.110
10.578
54.145
85.283

Data Set 7.4 Complete Data: Failure Times of 20 Components
0.0003
0.5712
1.2228
3.0916

0.0298
0.5808
1.2773
3.4999

0.1648
0.7607
1.9115
3.7744

0.3529
0.8188
2.2333
7.4339

0.4044
1.1296
2.3791
13.6866

7.1.

Derive (7.8) to (7.11).

7.2.

Derive (7.20).

7.3.

Derive (7.27).

7.4.

Carry out a WPP plot of Data Set 7.1. Based on the WPP plot, determine
which of the Type II models discussed in Chapter 7 are not suitable for
modeling the data set.

7.5.

Assume that Data Set 1 can be modeled by the modified Weibull distribution.
Estimate the model parameters based on the WPP plot and using (i) the
method of moments (if possible) and (ii) the method of maximum likelihood.
Compare the estimates obtained.

7.6.

Suppose that the data in Data Set 7.1 can be adequately modeled by the
modified Weibull distribution with the following parameter values: a ¼ 0:1,
b ¼ 0:5, and l ¼ 0:1. Plot the P–P and Q–Q plots and discuss whether the
hypothesis should be accepted or not?

7.7.

How would you test the hypothesis of Exercise 7.3 based on A–D and K–S
tests for goodness of fit?

7.8.

Repeat Exercises 7.4 to 7.7 with Data Set 7.2.

7.9.

Repeat Exercise 7.4 with Data Set 7.3.

7.10. Assume that Data Set 7.3 can be modeled by the exponentiated Weibull
distribution. Estimate the model parameters based on the WPP plot and using
(i) the method of moments (if possible) and (ii) the method of maximum
likelihood. Compare the estimates obtained.
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7.11. Suppose that the data in Data Set 7.3 can be adequately modeled by the
exponentiated Weibull distribution with the following parameter values:
b ¼ 5, n ¼ 0:1, and a ¼ 100. Plot the P–P and Q–Q plots and discuss
whether the hypothesis should be accepted or not?
7.12. How would you test the hypothesis of Exercise 7.11 based on A–D and K–S
tests for goodness of fit.
7.13. Repeat Exercise 7.1 with Data Set 7.4.
7.14. Assume that Data Set 7.4 can be modeled by the Weibull extension model.
Estimate the model parameters based on the WPP plot and using (i) the
method of moments (if possible) and (ii) the method of maximum likelihood.
Compare the estimates obtained.
7.15. Suppose that the data in Data Set 7.4 can be adequately modeled by the
Weibull extension model with the following parameter values: a ¼ 10,
b ¼ 0:5, and l ¼ 0:2. Plot the P–P and Q–Q plots and discuss whether the
hypothesis should be accepted or not?
7.16. How would you test the hypothesis of Exercise 7.15 based on A–D and, K–S
tests for goodness of fit.
7.17. Show that the hazard function for Model II(b)-1 is increasing for n
b 1.

1 and

7.18. Derive (7.31).
7.19. Show that the hazard function for Model II(b)-2 is of bathtub shape for b > 1
and bn < 1.
7.20. The mean residual life is defined as E½T  tjT > t. Compute the mean
residual life for the various Type II models discussed in this chapter.

PA RT D

Type III Models

CHAPTER8

Type III(a) Weibull Models

8.1

INTRODUCTION

Type III models involve more than one distribution with one or more of them being
the Weibull or the inverse Weibull model. As indicated in Chapter 2, these models
can be categorised into four groups [Type III(a) to (d)]. Type III(a) models are
referred to as mixture models and are discussed in this chapter.
A general n-fold (or finite) mixture model is given by (2.36). Mixture models
also arise in a different context. Let Fðt; yÞ be a distribution function with a random
parameter y. Let HðaÞ denote the distribution function for y. Then, the distribution
function G(t) given by
ð
GðtÞ ¼ Fðt; aÞ dHðaÞ

ð8:1Þ

is also a mixture distribution. When Fðt; yÞ is a Weibull distribution, then this is the
Type IV(d) model and is discussed in Chapter 12.
Titterington et al. (1985) mention that mixture distribution models have been
used for a long time and give a comprehensive reference list of the applications
of such models. The earliest reference (dating to 1886) involves a normal mixture.
Earliest Weibull mixture models can be traced to the late 1950s [see, Mendenhall
and Hader (1958) and Kao (1959)]. Since then, the literature on Weibull mixture
models has grown at an increasing pace and with many different applications of
the model.
As indicated in Chapter 2, the three mixture models are the following:
Model III(a)-1: Weibull Mixture
Here the n subpopulations are either the standard two- or the three-parameter
Weibull distributions. As a result, subpopulation i; 1  i  n, is given by either
"   #
t bi
Fi ðtÞ ¼ 1  exp 
t>0
ð8:2Þ
ai
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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or
Fi ðtÞ ¼

8
<0

  
bi
tt
: 1  exp  ai i

t < ti
t  ti

ð8:3Þ

where ti ; ai and bi are the location (or shift), scale, and shape parameters for the
subpopulation i. The Weibull mixture model has been referred to by many other
names, such as, additive-mixed Weibull distribution, bimodal-mixed Weibull (for
a twofold mixture), mixed-mode Weibull distribution, Weibull distribution of the
mixed type, multimodal Weibull distribution, and so forth.
Model III(a)-2: Inverse Weibull Mixture
Here all the subpopulations are inverse Weibull distributions with subpopulation
i; 1  i  n, given by
  
ai bi
Fi ðtÞ ¼ exp 
t0
ð8:4Þ
t
Model III(a)-3: Hybrid Mixtures
Here only some subpopulations are either two- or three-parameter Weibull distributions and others are non-Weibull distributions.
The outline of the chapter is as follows: Section 8.2 deals with the Weibull
mixture model. The results for the general case are limited. In contrast, the special
case n ¼ 2 has been studied more thoroughly. Section 8.3 deals with the twofold
inverse Weibull model. In each of these sections we discuss the model structure,
analysis, and estimation of parameters. We conclude with a brief discussion of
hybrid Weibull mixture models in Section 8.4.
8.2
8.2.1

MODEL III(a)-1: WEIBULL MIXTURE MODEL
Model Structure

The n subpopulations are given either by (8.2) or by (8.3). When all the subpopulations are given by (8.2), we can assume, without loss of generality, that bi 
bj ; i < j, and ai > aj when bi ¼ bj .
The density function is given by
gðtÞ ¼

n
X

pi fi ðtÞ

ð8:5Þ

i¼1

where fi ðtÞ is the density function associated with Fi ðtÞ.
The hazard function hðtÞ is given by
hðtÞ ¼

n
X
gðtÞ
¼
wi ðtÞhi ðtÞ
1  GðtÞ i ¼ 1

ð8:6Þ
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where hi ðtÞ is the hazard function associated with subpopulation i, and
pi Ri ðtÞ
wi ðtÞ ¼ Pn
i ¼ 1 pi Ri ðtÞ

n
X

wi ðtÞ ¼ 1

ð8:7Þ

i¼1

with
Ri ðtÞ ¼ 1  Fi ðtÞ

ð8:8Þ

for 1  i  n. From (8.7) we see that the failure rate for the model is a weighted
mean of the failure rates for the subpopulations with the weights varying with t.
Special Case: Twofold Weibull Mixture Model
The twofold Weibull mixture model is given by
GðtÞ ¼ pF1 ðtÞ þ ð1  pÞF2 ðtÞ

ð8:9Þ

with F1 ðtÞ and F2 ðtÞ given by either (8.2) or (8.3). As a result, when the two subpopulations are given by (8.2), the model is characterized by five parameters—the
shape and scale parameters for the two subpopulations and the mixing parameter
pð0 < p < 1Þ.
The density and hazard functions are given by
gðtÞ ¼ pf1 ðtÞ þ ð1  pÞf2 ðtÞ

ð8:10Þ

pR1 ðtÞ
ð1  pÞR2 ðtÞ
h1 ðtÞ þ
h2 ðtÞ
pR1 ðtÞ þ ð1  pÞR2 ðtÞ
pR1 ðtÞ þ ð1  pÞR2 ðtÞ

ð8:11Þ

and
hðtÞ ¼

Mixture with Negative Weights
A basic feature of the finite mixture models discussed so far is that the mixing
weights are all positive. However, Titterington et al. (1985) suggest that it is possible to have mixture models with negative weights as long as the density function
for the model is a valid density function. Jiang, et al. (1999a) discuss a multicomponent system (with series, parallel, or k-out-of-n structure) where the component
failures are given by either the Weibull or inverse Weibull distributions with
common shape parameters, and the system failure is given by a Weibull or inverse
Weibull mixture model allowing negative weights.
8.2.2

Model Analysis

Moments
The jth moment about the origin for the model is given by
Mj ¼

n
X
i¼1

pi Mji

ð8:12Þ
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where Mji is jth moment associated with the distribution Fi ðtÞ. If Fi ðtÞ is given by
(8.2), then from (3.15) we have
Mji ¼



j

þ1
bi

aji


ð8:13Þ

When Fi ðtÞ is given by (8.3), the expressions are slightly more complicated.
Approximations to Distribution Function
Denote zi ¼ ðt=ai Þbi . Then it can be shown [see Jiang and Murthy (1995a)] that
  
zi
0
lim
¼
t!0 z1
ða1 =ai Þb1

if bi > b1
if bi ¼ b1

ð8:14Þ

and
  
zi
1
¼
t!1 z1
ða1 =ai Þb1 > 1
lim

if bi > b1
if bi ¼ b1

ð8:15Þ

From this we have the following result:
1. For small t (very close to zero) GðtÞ can be approximated by
GðtÞ

cF1 ðtÞ

ð8:16Þ

where
c¼

 b1
k
X
a1
pi
ai
i¼1

ð8:17Þ

and k is the number of the subpopulations with the common shape parameter
b1 . When k ¼ 1, then c ¼ p1 .
2. For large t, GðtÞ can be approximated by
GðtÞ

1  p1 ½1  F1 ðtÞ

ð8:18Þ

These will be used to derive the asymptotes of the WPP plot and to discuss
the behavior of the hazard and density functions for very small and large t.
Density Function
From (8.14) and (8.15) the density function can be approximated by
gðtÞ

cf1 ðtÞ

ð8:19Þ

p1 f1 ðtÞ

ð8:20Þ

for small t, and by
gðtÞ
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for large t. This implies that the density function is increasing (decreasing) for small
t if b1 > 1 (b1  1).
The shape of the density function depends on the model parameters, and the
different possible shapes are as follows:
Type (2k  1): Decreasing followed by k  1 modal (k ¼ 1; . . . ; n  1)
Type (2k): k Modal (k ¼ 1; 2; . . . ; n)

Special Case: Twofold Weibull Mixture Model
The shape of the density function depends on the parameter values. The possible
shapes (see Fig. 3.1) are as follows:
Type
Type
Type
Type

1:
2:
3:
4:

Decreasing
Unimodal
Decreasing followed by unimodal
Bimodal

Although the twofold mixture model is characterized by five parameters, the
shape of the density function is only a function of the two shape parameters, the
ratio of the two scale parameters, and the mixing parameter. Jiang and Murthy
(1998) give a parametric characterization of the density function in this fourdimensional parameter space. The boundaries separating the different shapes are
fairly complex.
Hazard Function
From (8.14) and (8.15) the hazard function can be approximated by
hðtÞ

ch1 ðtÞ

ð8:21Þ

hðtÞ

h1 ðtÞ

ð8:22Þ

for small t, and by

for large t, where c is given by (8.17). This implies that the hazard function is
increasing (decreasing) for small t if b1 > 1 (b1 < 1).
The shape of the hazard function depends on the model parameters and different
possible shapes are as follows:
Type
Type
Type
Type

1: Decreasing
3: Increasing
4k þ 3: Decreasing followed by k modal (k ¼ 1; . . . ; n  1)
4k þ 2: k Modal followed by increasing (k ¼ 1; 2; . . . ; n)
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Special Case: Twofold Weibull Mixture Model
The hazard function is given by (8.11). As indicated earlier, we assume b1  b2 .
Jiang and Murthy (1998) prove the following asymptotic result:
For large t, hðtÞ ! h1 ðtÞ.
For small t, hðtÞ ! ch1 ðtÞ with c ¼ p for b1 < b2 and c ¼ p þ ð1  pÞ=k for
b1 ¼ b2 .
The implication of this is that for both small and large t the shape of hðtÞ is similar
to that for h1 ðtÞ. As a result, if h1 ðtÞ has an increasing (decreasing) failure rate, then
hðtÞ is increasing (decreasing) for small and large t. This implies that hðtÞ can never
have a bathtub shape.
Some authors (e.g., Krohn, 1969) suggest that when one of the shape parameters
is less than one and the other greater than one, the hazard function has a bathtub
shape (type 4 in Fig. 3.2). This is not possible since the shape of the hazard function
hðtÞ is the same for small and large values of t. The results of Glaser (1980) also
show that a twofold Weibull mixture can never have a bathtub-shaped failure rate.
The shape of the hazard function depends on the parameter values. The possible
shapes (see, Figure 3.2) include, but not limited to the following:
Type 1: Decreasing
Type3: Increasing
Type 6: Uni-modal followed by increasing
Type 7: Decreasing followed by uni-modal
Type 10: Bi-modal followed by increasing
Jiang and Murthy (1998) give a complete parametric characterization of the different shapes in the four dimensional parameter space. The boundaries separating
the different regions have complex shapes.
WPP Plot
Under the Weibull transform (see Section 3.2.5) the WPP plot for the general model
is a complex curve that is difficult to study analytically. However, from (8.16) and
(8.18) we have the following asymptotic result:
Left asymptote: The asymptote, as x ! 1, is given by the straight line
y ¼ b1 ½x  lnða1 Þ þ lnðcÞ

ð8:23Þ

Right asymptote: The asymptote, as x ! 1, is given by the straight line
y ¼ b1 ½x  lnða1 Þ

ð8:24Þ

Note that the two asymptotes are parallel to each other, and the vertical separation is
lnðcÞ where c is given by (8.17).
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Special Case: Twofold Weibull Mixture Model
The WPP plot is a smooth curve in the x–y plane. The shape of the plot is significantly influenced by the two shape parameters of the subpopulations. We need to
consider the following two cases separately:
Case 1: Different shape parameters (b1 < b2 )
Case 2: Same shape parameters (b1 ¼ b2 )
The WPP plot for subpopulation 1 is a straight line L1 given by (8.24), and for the
subpopulation 2 is another straight line L2 given by
y ¼ b2 ½x  lnða2 Þ

ð8:25Þ

When b1 6¼ b2 , L1 and L2 intersect and the coordinates of this point (denoted as I)
in the x–y plane are given by
b

xI ¼

b

lnða1 1 =a2 2 Þ
b1  b2

yI ¼

b1 b2 lnða1 =a2 Þ
b1  b2

ð8:26Þ

When b1 ¼ b2 , the two lines are parallel to each other.
Case 1: b1 < b2 A typical plot of the curve for the case when 0 < p < 1 is shown
in Figure 8.1 along with the asymptotes. Jiang and Murthy (1995a) show that the
curve has the following properties:
Left asymptote: As x ! 1, the asymptote is the straight line given by (8.23)
with c ¼ p.
Right asymptote: As x ! 1, the asymptote is the straight line L1 given by
(8.24).
3
WPP Plot:
Left Asymptote:
Right Asymptote:

2
1
0
−1
−2
−1

0

1

2

3

4

5

6

Figure 8.1 WPP plot for Weibull mixture model (n ¼ 2; a1 ¼ 2; b1 ¼ 0:5; a2 ¼ 10; b2 ¼ 4:3; p ¼ 0:4).
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WPP Plot:
Left Asymptote:
Right Asymptote:

4
2
0
−2
−4
0

1

2

3

4

Figure 8.2 WPP plot for Weibull mixture model (n ¼ 2; a1 ¼ 2; a2 ¼ 10; b1 ¼ b2 ¼ 2; p ¼ 0:4).

The curve passes through the intersection of L1 and L2 and the slope of the
curve at this point is given by
 ¼ pb þ ð1  pÞb
b
1
2

ð8:27Þ

The curve has three inflection points.
Case 2: b1 ¼ b2 Let b0 ¼ b1 ¼ b2 and define x ¼ ða2 =a1 Þb0 < 1. The two
straight lines, L1 and L2 , are parallel to each other. A typical plot of the curve is
shown in Figure 8.2. Jiang and Murthy (1995a) show that the curve has the following properties:
Left asymptote: As x ! 1, the asymptote is the straight line:


1p
y ¼ b1 ½x  lnða1 Þ þ ln p þ
x


ð8:28Þ

Right asymptote: As x ! 1, the asymptote is the straight line L1 .
The curve has only one inflection point.
Special Case: Threefold Weibull Mixture Model
Jensen and Petersen (1982) and Moltoft (1983) consider a mixture of three Weibull
distributions and use the terms strong, freak, and infant mortality for the three subpopulations. They discuss the use of WPP plots for the special case where the three
scale parameters and three mixing proportions differ by orders of magnitude.
Jiang and Murthy (1996) study a special case where the shape parameters are
different and the scale and mixing parameters differ significantly so that
aI  aF  aS

and

pI  pF  pS
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where the subscripts I, F, and S denote the subpopulations corresponding to infant
mortality, freak, and strong. They examine six different combinations resulting
from the ranking of the shape parameters for the three subpopulations. The cases
studied by Jensen and Petersen (1982) and Moltoft (1983) are two special cases of
these six combinations. According to Jiang and Murthy (1996), the WPP plot for
the model has the following properties:
As x ! 1, the asymptote is a straight line given by (8.23) with c ¼ p1 .
As x ! 1, the asymptote is a straight line given by (8.24).
The plot has two plateaus that correspond to y ¼ lnð pI Þ and y ¼ ln½ lnð pS Þ ,
respectively.

8.2.3

Parameter Estimation

The literature on parameter estimation for the mixture model is vast. Both graphical
and analytical approaches have been used. Because the principles and procedure
of analytical methods are the same (except some details) as those discussed in
Chapter 4, we only present a chronological review of the literature and omit giving
any results. However, we will discuss the graphical method based on the WPP plot
in more detail.
Graphical Method
Kao (1959) was the first to use the graphical method for parameter estimation in the
Weibull mixture model. His analysis is based on the observation that there are two
types of failure—sudden catastrophic failures (modeled by a two-parameter
Weibull distribution with shape parameter < 1) and wear-out failures (modeled
by a three-parameter Weibull distribution with shape parameter > 1). He first
estimates the mixing parameter p and then the location parameter t (for the subpopulation characterizing wear-out failure). He then separates the two subpopulations
and estimates the remaining four parameters (scale and shape parameters for the
two subpopulations) separately. This approach has been cited by several
authors—for example, Everitt and Hand (1981), Mann et al. (1974), and Falls
(1970). The shortcomings of the approach are discussed in Jiang (1996).
Cran (1976) basically follows Kao’s method with some minor modifications. It
does not lead to any significant improvement on the original method proposed by
Kao (1959).
Lawless (1982) assumes that the mixing parameter p is known and separates the
data into two groups. The first group corresponds to the data from subpopulation 1.
It is given by the initial p fraction of the ordered data for the WPP plotting. The
remaining data is viewed as coming from subpopulation 2.
Jensen and Petersen (1982) introduce an approximation to graphically estimate
the parameters of a twofold mixture. Their approximation is valid only when the
scale parameters differ significantly, and the shape parameter for subpopulation 1
is bigger than that for subpopulation 2.
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Jensen and Petersen (1982) and Moltoft (1983) deal with a mixture of three
Weibull distributions. They discuss the use of WPP plots to estimate the model
parameters for the special case where the three scale parameters and three mixing
proportions differ by orders of magnitude.
Natesan and Jardine (1986) propose yet another approach to segregate the mixed
population into subpopulations and then estimate the parameters for each population separately.
Jiang and Kececioglu (1992a) study the WPP plot for a twofold Weibull mixture
model. They give a characterization of the asymptotic behavior of the plots and
estimate the parameters based on this. As indicated in Jiang and Murthy (1995a)
their characterization is not correct and hence the method is not correct.
Kececioglu and Sun (1994) propose a method to separate subpopulations of a
mixture, which is similar to that of Lawless (1982), and the method does not discuss
the estimation of the mixing parameter.
Jiang and Murthy (1995a) deal with the special case n ¼ 2 and propose a method
for estimation. The steps involved are discussed later in the section.
Jiang and Murthy (1996) deal with a special case of the threefold Weibull
mixture model where the three scale parameters and the three mixture proportions
differ by orders of magnitude. Using the asymptotes and some approximations to
these plots, they first obtain estimates of the parameters of one subpopulation and
its mixing proportion. Once this is done, the original data is transformed so that it
effectively removes the data from this subpopulation. The new data is viewed as
coming from a mixture of two Weibull distributions, and the parameters are estimated using the approach outlined in Jiang and Murthy (1995a).
In summary, the graphical method has been used widely to estimate the parameters of the Weibull mixture model. The bulk of the literature deals with the
well-separated case (i.e., a1  a2 or a1  a2 in the case of the twofold model)
and uses various approximations for plotting and the characterization of the asymptotes. Unfortunately, many of them are not valid due to incorrect approximations.
As mentioned earlier, the graphical method has two serious limitations. These
are as follows:
1. They yield very crude estimates unless repeated iteration and visional
evaluation. As such, they should be used as starting points for more
sophisticated statistical methods.
2. The graphical method does not provide any statistical confidence limits for
the estimates.
Special Case ðn ¼ 2Þ
Jiang and Murthy (1995a) carry out a thorough study of the WPP plot and discuss
parameter estimation based on the WPP plot. Of particular significance are the
inflection points of the WPP plot and approximations to the coordinates of these
points in terms of the model parameters. It involves two parts (parts A and B) as
discussed in Section 4.5.1. Part A (involving five steps) deals with plotting the data
and is dependent on the type of data available. The steps involved are the same as
in Section 4.5.1. If a smooth fit to the plotted data has a shape similar to that in
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Figure 8.1 or 8.2, then one can proceed to part B to estimate the model parameters.
We outline the steps involved in part B and need to consider the following three
cases separately:******
Case 1: Well-mixed case (b1 6¼ b2 and a1 a2 )
Case 2: Well-separated case (b1 6¼ b2 and a1  a2 or a1  a2 )
Case 3: Common shape parameter (b1 ¼ b2 )
Note: The WPP plot of the data allows one to determine which of the above three
cases is appropriate for a given data.
Case 1 The two asymptotes yield estimates of the scale and shape parameters for
the two subpopulations, and the intersection coordinates are used to obtain an estimate of the mixing parameter. As a result, the steps for part B are as follows:
Step 6: Draw the asymptotes L1 and La ensuring that they are parallel to each
other.
Step 7: Obtain estimates b1 and a1 from the slope and intercept of L1 .
Step 8: Obtain an estimate of p from the vertical separation [¼ lnð pÞ] between
the two lines.
Step 9: Determine the point I where L1 and the WPP plot intersect.
Step 10: Obtain the slope to the WPP at this intersection point. This provides an
. Using this in (8.27) yields an estimate of b .
estimate of b
2
Step 11: Draw line L2 (with a slope given by the estimate of b2 and passing
through the intersection point I). The intercept of this line with the x or y axis
yields an estimate of a2 .
Case 2 The approximation at t ¼ a1 (for a1  a2 ) or t ¼ a2 (for a1  a2 ) is used
to estimate the mixing parameter. The asymptotes and the intersection coordinates
are used to obtain estimates of the parameters of the two subpopulations. As a
result, the steps for part B are as follows:
When a1  a2 (a1  a2 ) most of the data points are to the left (right) of intersection point I. As a result, the procedure is different for the two cases.
Step 6: Determine visually whether most of the data is scattered along the
bottom (or top) of the WPP plot. This determines whether a1  a2
(a1  a2 ).
Step 7: If a1  a2 (a1  a2 ), then locate the inflection and this is to the left
(right) of intersection point I. From Jiang and Murthy (1995a) its y coordinate
(denoted by ya ) is given by ya ﬃ ln½ lnð1  pÞ or fya ﬃ ln½ lnð pÞ g. The
estimate of this coordinate yields an estimate for p.
Step 8: If a1  a2 , then estimates of a1 and a2 are obtained as follows. Compute
y1 ¼ ln½ lnð1  p þ p=eÞ or ðy2 ¼ lnf ln½ð1  pÞ=e g). Draw a horizontal
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line with y intercept given by y1 ( y2 ). Let x1 (x2 ) be the x coordinate of the
intersection of this line with the fitted WPP plot. Then an estimate of a1 (a2 )
is obtained from x1 ¼ lnða1 Þ [x2 ¼ lnða2 Þ].
If a1  a2 , then estimates of a1 and a2 are obtained as follows. Compute
y1 ¼ ln½ lnð p=eÞ (or y2 ¼ lnf ln½ p þ ð1  pÞ=e g). Draw a horizontal line
with y intercept given by y1 (y2 ). Let x1 (x2 ) be the x coordinate of the intersection
of this line with the fitted WPP plot. Then an estimate of a1 (a2 ) is obtained from
x1 ¼ lnða1 Þ [x2 ¼ lnða2 Þ].
Step 9: If a1  a2 , then draw the tangent to the end of the fitted WPP plot to
approximate La and obtain an estimate of b1 from its slope.
If a1  a2 , then draw the tangent to the right end of the fitted WPP plot to
approximate L1 [ensuring that it intersects the x axis at lnða1 Þ] and obtain an
estimate of b1 from its slope.
Step 10: Determine the intersection point I and compute its x coordinate. Using
this in (8.26) yields an estimate of b2 .
Case 3 Define x ¼ ða2 =a1 Þb0 . We need to consider the following two subcases
x 1 and x  1 separately. As a result, the steps for part B are as follows:
We first consider the case x 1.
Step 6: Draw the two asymptotes L1 and La .
Step 7: Obtain estimates of b0 and a1 from the slope and intercept of L1 .
Step 8: From the vertical separation between the L1 and La one can obtain an
estimate of p þ ð1  pÞ=x.
Step 9: Draw a vertical line through x ¼ lnða1 Þ and let this intersect with the
WPP plot with the y coordinate given by y1. This yields an estimate of
ð p=eÞ þ ð1  pÞ=e1=x .
Step 10: From the estimates obtained in steps 8 and 9, one can obtain estimates
of p and x. This then yields an estimate of a2 from x ¼ ða2 =a1 Þb0 .
When x  1, the steps are as follows:
Step 6: Locate the inflection point for the fitted WPP plot. Let yT denote the
estimated y coordinate of this point. An estimate of p is obtained from
yT ﬃ ln½ lnð pÞ .
Step 7: Obtain a1 and a2 from step 8 for Case 2.
Step 8: Depending on the plot, fit either the right or the left asymptote to the plot.
If it is the right asymptote, one needs to ensure that it intersects the x axis at
lnða1 Þ. No such restriction applies if it is the left asymptote. The slope of this
yields an estimate of b0 .
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For further details of the approximation and the application to model real data,
see Jiang and Murthy (1995a) and Jiang (1996).
Method of Moments
Rider (1961) discusses the method of moments for estimating the parameters of
a twofold Weibull mixture model involving two-parameter Weibull distributions
with a known common shape parameter. Estimates of the two scale parameters
and mixing parameter are obtained using the first three sample moments.
Maximum-Likelihood Method
Maximum-likelihood estimation can be carried out in the traditional way. Many
studies deal with this topic, and we briefly review this literature.
Mendenhall and Hader (1958) consider an n-fold Weibull mixture model. They
derive the maximum-likelihood estimates for the scale and mixing parameters
assuming that the shape parameters are known. Beetz (1982) estimates the parameters of a mixed Weibull distribution by fitting the mixed probability density to
the experimental histogram using the maximum-likelihood method. Ashour (1987)
considers the problem of maximum-likelihood estimation with five unknown parameters of the mixed Weibull distribution for a multistage censored type I sample.
Chen et al. (1989) discuss a twofold Weibull mixture and derive the maximum
likelihood and Bayes estimators for the model parameters. A comparison of these
two estimators is done using the Monte Carlo simulation.
Chou and Tang (1992) consider a Weibull mixture model with one shape parameter less than one and the other equal to one (implying an exponential distribution
for one of the subpopulations). They use the model to describe two modes of failure—one due to infant mortality and the other represents failure under normal
mode. The change point (where the failure rate changes from decreasing to a constant) is estimated using the method of maximum likelihood. They also study the
effect of sample size on the estimation error and carry out a sensitivity analysis of
the model with respect to parameter variations.
Jiang and Kececioglu (1992b) present an algorithm for estimating the parameters
of a Weibull mixture model with right censored data using the method of maximum
likelihood. Numerical examples involving two, three, and five subpopulations are
presented. Ahmad and Abdelrahman (1994) present a procedure for finding maximumlikelihood estimates of the parameters of a mixture of two Weibull distributions.
Estimation of a nonlinear discriminant function on the basis of small sample size
is studied via simulation experiments.
Several authors have discussed the problems associated with the MLE method.
The main difficulty with the method is the lack of analytical tractability and the
need for iterative computational methods.
General Curve Fitting Method
General curve fitting can be used to fit the density function to the histogram, the
distribution function to the empirical distribution plot, or the hazard function to
the empirical hazard function. In some instances, the fit is done to transformed
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data (as in the case of the WPP plot). This has been widely used to estimate the
parameters of the Weibull mixture models.
Cheng and Fu (1982) deal with estimating the parameters of a twofold Weibull
mixture model using the weighted least-squares method. They develop the method
in the context of life testing with grouped and censored data. Woodward and Gunst
(1987) consider a twofold Weibull mixture model with each subpopulation a threeparameter Weibull distribution. They use a minimum distance estimation method to
estimate the mixing parameter. Several simulated data sets are used to evaluate the
effectiveness of the estimation method.
Contin et al. (1996) use a Weibull mixture model to fit experimental data for
partial discharge phenomena. They use nonparametric kernel regression technique
to preprocess the data in order to determine the number of subpopulations and basic
characteristics of the mixture distribution. Ling and Pan (1998) consider a twofold
mixture model involving three-parameter Weibull distributions. The model parameters are obtained by minimizing the maximum absolute difference between
the observed probability of failure and the expected probability of failure.
Schifani and Candela (1999) present a heuristic algorithm for the evaluation of
the parameters of additive Weibull distributions having more than two elementary
functions with application in partial discharge analysis. The algorithm makes use of
a linear combination of three quality functions (representing the distance or error
between the fitted CDF and empirical CDF) that work well in three different intervals of partial discharge: for example, low, middle, and high variable values. The
model parameters are estimated by minimizing the overall quality function using an
iterative evolutionary procedure.
Nagode and Fajdiga (2000) also present an algorithm for parameter estimation of
an n-fold Weibull mixture model by minimizing a kind of absolute relative deviation. The algorithm starts with a plot of the histogram using all the data. It assumes
that the highest peak of the histogram corresponds to a subpopulation, whose parameters can be approximately estimated from the magnitude and location of the
mode. Once the parameters of this subpopulation are numerically determined, a
new histogram, corresponding to a (n  1)-fold model, can be obtained. The process is repeated till only one subpolpulation is left. As a result, the number and
the parameters of subpopulations are estimated successively. Limitations with
this approach are (1) it requires a large sample, (2) complete data, and (3) wellseparated mixture with the shape parameters > 1.
Bayesian Method
When the model builder has some intuitive assessment of the parameters that can be
described through an appropriate prior distribution, the Bayesian method is more
appropriate than any other method. Due to mathematical intractability, the bulk
of the studies on the Bayesian approach deal with exponential mixture models
and very few with the Weibull mixture. The Bayesian approach involves obtaining
the posterior distribution for the unknown parameters using the prior distribution
and the data collected. As such, the prior distribution has a significant impact on
the estimator.
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Jensen and Petersen (1982) consider a Bayesian approach to estimating the parameters of a Weibull mixture model in the context of burn-in problem. Sinha (1987)
obtains Bayes estimators of the parameters and the reliability function for a mixture
of two time-censored Weibull distributions. Uniform prior distributions are used for
the two shape parameters, while the mixing parameter is also assumed to have a
uniform prior. Jeffreys’ ‘‘vague priors’’ are used for the two scale parameters.
The estimators obtained are compared with their maximum-likelihood counterparts
using a numerical example. Pandey and Upadhyay (1988) derive the Bayes estimator for the scale parameters for a twofold exponential mixture with mixing parameter known. Salem (1988) deals with the Bayesian estimation of the four
parameters in a mixed Weibull distribution with equal shape parameters under multistage censored type I sampling. Using a Bayesian approach, Sinha and Sloan
(1989) study the predictive distribution and predictive interval of a future observation from a mixture of two Weibull distributions. Chen et al. (1989) derive a method
for the Bayes’ estimator for a twofold Weibull mixture.
Attia (1993) considers a mixture of two Rayleigh distributions and obtains
estimates of model parameters using the method of maximum likelihood and the
Bayesian approach with censored sampling. Perlstein and Welch (1993) develop
a Bayesian methodology for burn-in of manufactured items to differentiate items
from a mixture involving two subpopulations. The life distribution of items is
assumed to be a twofold exponential mixture. Singh and Bhattacharya (1993) carry
out a Bayesian reliability analysis for a mixture of two exponential distributions.
Attia (1993) obtains an estimate of model parameters using the Bayesian approach
for a mixture of two Rayleigh distributions. Leonard et al. (1994) consider both
Bayesian and likelihood estimation for equally weighted Weibull mixtures.
Kececioglu and Sun (1994) discuss parameter estimation for a twofold Weibull
mixture. They present a Bayesian approach for both grouped and ungrouped burnin test data. A numerical comparison is made by conducting the Kolmogorov–
Smirnov goodness-of-fit test on the parameter estimates obtained using the
Jensen graphical method and the Bayesian approach based on the conventional
separation plotting method and the fractional rank plotting method, respectively.
The Bayesian approach with the fractional rank plotting method yields better
results. Ahmad et al. (1997) study approximate Bayes estimation by considering
a five-dimensional vector of parameters for a mixture of two Weibull distributions
under type 2 censoring.
Hybrid Methods
Hybrid methods are methods that combine different methods to obtain estimates of
the model parameters.
Falls (1970) uses a compound method that combines the method of moments and
the graphical method to estimate the five parameters of a twofold Weibull mixture.
Yuan and Shih (1991) consider a twofold Weibull mixture with the two subpopulations well separated. They consider the maximum-likelihood method and the
graphical method aided by the Bayesian approach. The methods are illustrated with
an application to CMOS component failure data. Zhao and Zhang (1997) model
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the reliability of gears using a Weibull mixture model. The model parameters are
estimated using regression and maximum-likelihood methods.
Kececioglu and Wang (1998) develop a compound approach to estimate the
parameters of a Weibull mixture model. The population sample data is split into
different subpopulation data sets using the posterior probability (based on concepts
from fracture failure, mean order number, and the Bayes theorem). The parameters
of each subpopulation are estimated using the corresponding divided data set. The
approach is applicable for complete, censored, and grouped data samples. Its

Table 8.1

Applications in Reliability

Application

Reference

Radio transmitter receivers
Electronic tubes
Air-conditioning system
Optical waveguides aged in different environments
Motor vehicle degradation and safety inspection
Solid lubricant coatings
Optimum repair limit policies
Electrical appliances
Burn-in data
CMOS 4007 test
Shipboard gas generator failure data
Tensile strength of fibers/metal matrix composites
Strength parameters of dental materials
Stress corrosion cracking of Zircaloy-4 alloy
Ceramic reliability
Instrument cluster
Microcrack initiation distribution of carbon steel
Mechanical components
Planar SiO2 breakdown data
CMOS components
Burn-in data
Load-carrying vehicles
Environmental stress screening strategy to
multicomponent electronic system
Space-use traveling-wave tubes
Burn-in and stress screening of electronic products
Failure time for oral irrigators
Gears reliability
Accelerated aging tests on solid polymeric
dielectric insulation
Optimal burn-in procedure applied to integrated
circuit testing
Fatigue life testing
Fatigue cracks in medium carbon steel

Mendenhall and Hader (1958)
Kao (1959)
Proschan (1963)
Liertz etc. (1977)
Parker (1977)
Radcliffe and Parry (1979)
Kaio et al. (1982)
Lawless (1982)
Jensen and Petersen (1982)
Moltoft (1983)
Natesan and Jardine (1986)
Ochiai et al. (1987)
de Rijk et al. (1988)
Hirao et al. (1988)
Lamon (1988, 1990)
Kerscher III et al. (1989)
Goto (1989, 1991)
Vannoy (1990)
Sichart and Vollertsen (1991)
Yuan and Shih (1991)
Perlstein and Welch (1993)
Jiang and Murthy (1995a)
Pohl and Dietrich (1995)
Mita (1995)
Yan et al. (1995)
Jiang and Murthy (1997a)
Zhao and Zhang (1997)
Grzbowski et al. (1998)
Kim (1998)
Ling and Pan (1998)
Wu and Sun (1998)
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superiority is particularly significant when the sample size is relatively small and
the subpopulations are well mixed.
8.2.4

Modeling Data Set

The WPP plot serves as a good starting point to determine if a Weibull mixture
model is appropriate to model a given data set. The plotting depends on the type
of data available and is discussed in Section 4.5.2. If a smooth fit to the plotted data
has a shape similar to that shown in Figure 8.1 or 8.2, one can tentatively assume
that the twofold Weibull mixture model can be an appropriate model.
The model parameters can be estimated from the WPP plot as indicated in
Section 8.2.3. These are crude estimates and suffer from the usual limitations discussed in Chapter 4. When the subpopulations are well separated and/or the size of
the data set is not large, then fitting the left or right asymptotes might be difficult
and hence seriously affect the parameter estimates. For further discussion of this,
see Jiang and Murthy (1995a).
Goodness-of-Fit Tests
Kececioglu and Sun (1994) and Ling and Pan (1998) deal with Kolmogorov–
Smirnov goodness-of-fit test and Schifani and Candela (1999) discuss the
Cramer–Von Mises test.
8.2.5

Applications

Two- and threefold mixture models have been extensively used in reliability theory
and in many other areas. Table 8.1 gives a list of applications in reliability and
Table 8.2 gives a list of applications in other disciplines.

Table 8.2

Applications in Other Fields

Application

Reference

Atmospheric data
Molecular weight distribution of cellulose
Wind speed distribution
Time of death for irradiated mice
Stationary waiting time of queue system
Occupational injury analysis
Crops
Traffic conflicts (accidents)
Time of death for irradiated mice
Partial discharge in insulation system
of rotating machines
Daily rainfall amounts
AC superconducting wires and quench current
Loading spectra

Falls (1970)
Broido et al. (1977a, b)
Mau and Chow (1980)
Elandt-Johnson and Johnson (1980)
Harris (1985)
Chung (1986)
Woodward and Gunst (1987)
Chin et al. (1991)
Jiang and Murthy (1995a)
Contin et al. (1996)
Schifani and Candela (1999)
Chapman (1997)
Hayakawa et al. (1997a, b)
Nagode and Fajdiga (1999)
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MODEL III(a)-2: INVERSE WEIBULL MIXTURE MODEL

Jiang et al. (1999a) is the first study dealing with the inverse Weibull mixture
model. They deal with a multicomponent system where the individual components
have inverse Weibull failure distributions with a common shape parameter and show
that the system failure distribution is given by an inverse Weibull mixture allowing
negative weights. Jiang et al. (2001a) deal with a twofold inverse Weibull mixture
model and we discuss this in this section.
8.3.1

Model Structure

The model is given by
GðtÞ ¼ pF1 ðtÞ þ ð1  pÞF2 ðtÞ

t0

ð8:29Þ

where F1 ðtÞ and F2 ðtÞ are two inverse Weibull distributions with scale and shape
parameters (a1 ; b1 ) and (a2 ; b2 ), respectively, and p is the mixing parameter.
8.3.2

Model Analysis

Density Function
The different possible shapes (see Fig. 3.1) for the density function are as follows:
Type 2: Unimodal
Type 4: Bimodal
Hazard Function
The different possible shapes (see Fig. 3.2) for the hazard function are as follows:
Type 5: Unimodal
Type 9: Bimodal
IWPP Plot
The IWPP plot is discussed in Section 6.6.2. Let L1 and L2 denote the IWPP plots
for the two subpopulations. They are two different straight lines given by (8.24) and
(8.25), respectively. The IWPP plot for the mixture model is a complex curve. The
shape of it depends on the two shape parameters. We need to consider the following
two cases separately.
Case (i) The shape parameters are different and we can assume, without loss of
generality, that b1 < b2 . The lines L1 and L2 intersect and the IWPP plot has the
following properties:
Let I denote the intersection of L1 and L2 . The IWPP plot passes through I and
is always within the cone defined by L1 and L2 .
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IWPP Plot:
Right Asymptote:
Left Asymptote:

4
2
0
−2
−4
0

1

2

3

4

Figure 8.3 IWPP plot for inverse Weibull mixture model (n ¼ 2; a1 ¼ 3; b1 ¼ 1:5; a2 ¼ 5; b2 ¼
3:5; p ¼ 0:4).

Let (xI ; yI ) denote the coordinates of I. These are given by (8.26). The slope of the
IWPP at I is given by (8.27).
The left asymptote is given by L1, and the right asymptote is a straight line LR
given by
y ¼ b1 ½x  lnða1 Þ  lnð pÞ

ð8:30Þ

This is parallel to L1 but is displaced vertically by lnð1=pÞ.
One needs to consider the following two subcases: (a) well-mixed case
(a1 a2 ) and (b) well-separated case (a1  a2 or a1  a2 ). A typical IWPP
plot for the well-mixed case is as shown in Figure 8.3 along with the asymptotes.
This is a mirror image of the WPP plot in Figure 8.1 for the Weibull mixture. For
the well-separated case, the IWPP plot is slightly different from that in Figure 8.3.
This is due to the fact that the part to the right (left) of the intersection probably
disappears or the corresponding feature becomes indistinct (e.g., the slope to the
left (right) of the intersection point becomes flatter).
Case (ii) The two shape parameters are the same so that b1 ¼ b2 ð¼ bÞ and without loss of generality we assume that a1 < a2 . In this case L1 and L2 are parallel to
each other.
The left asymptote is given by L1 and the right asymptote is a straight line LR
given by
y ¼ b½x  lnða1 Þ  ln½ p þ ð1  pÞða2 =a1 Þb

ð8:31Þ

This is parallel to L1 but is displaced vertically by the second term in the right-hand
side of (8.31). A typical IWPP plot, along with the asymptotes, is shown in
Figure 8.4.
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IWPP Plot:
Left Asymptote:
Right Asymptote:

4
2
0
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Figure 8.4 IWPP plot for inverse Weibull mixture model (n ¼ 2; a1 ¼ 3; a2 ¼ 5; b1 ¼ b2 ¼ 3:5;
p ¼ 0:4).

8.3.3

Parameter Estimation

Graphical Method
This involves two parts (parts A and B) as discussed in Section 4.5.1. Part A (involving five steps) deals with plotting the data and is dependent on the type of data
available. The steps involved are the same as in Section 4.5.1. If a smooth fit to
the plotted data has a shape similar to that in Figure 8.3, then one can proceed
to part B for estimation of model parameters. We outline the steps involved in
part B and need to consider the following three cases separately:
Case 1: Well-Mixed Case (b1 6¼ b2 and a1 a2 ) Fit the left and right asymptotes, and from these one can obtain estimates of b1 , a1 , and p. Locate point I,
the intersection of L1 with the fitted IWPP plot, and obtain its coordinates. Using
this in (8.26) yields estimates of b2 and a2 .
Case 2: Well-Separated Case (b1 6¼ b2 and a1  a2 or a1  a2 ) When
a1  a2 , fit the left asymptote, and this yields estimates of b1 and a1 . Locate the
intersection of L1 with the fitted IWPP plot and obtain the coordinates of the point.
Using this in (8.26) yields estimates of b2 and a2 . Locate the left (or first) inflection
of the plot and obtain y coordinate of the point, say y1, then an estimate of p is given
by exp½expðy1 Þ .
When a1  a2 , locate the right (or third) inflection of the plot and obtain y
coordinate of the point, say y2, then an estimate of (1  p) is given by
exp½expðy2 Þ . Fit the right asymptote, and this yields estimates of b1 and a1
using the estimate of p. Locate the intersection of L1 ½¼ LR  lnð ^pÞ with the fitted
IWPP plot and obtain the coordinates of the point. Using this in (8.26) yields estimates of b2 and a2 .
Case 3: Common Shape Parameter (b1 ¼ b2 ) If a smooth fit to the plot of a
given data set has a shape indicated in Figure 8.4, then the data set can be modeled
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by a mixture model with the same shape parameter. The model parameters can be
estimated from the plot using the following procedure:
From the left and right asymptotes, estimates of b1 , a1 , and p þ ð1  pÞk [where
k ¼ ða2 =a1 Þb ] can be obtained. Denote p þ ð1  pÞk as c1 . Locate the intersection
of the IWPP plot and x axis, and this yields an estimate of x0 , the x coordinate of
this point. Define c2 ¼ exp½ða1 =ex0 Þb . Then
yðx0 Þ ¼  lnf ln½pc2 þ ð1  pÞck2 g ¼ 0
Then p and k can be obtained by solving the following equations:


p þ ð1  pÞk ¼ c1
pc2 þ ð1  pÞck2 ¼ e1

ð8:32Þ

Estimate of a2 is then obtained from the estimate of k.
Discussion If a1  a2 , it may be hard to fit the right asymptote LR and, hence the
parameter p cannot be estimated by the above method. In this case, one can locate
the inflection of the plot and obtain y coordinate of the point, say y3, then estimate
of p is given by exp½expðy3 Þ .

8.4

MODEL III(a)-3: HYBRID WEIBULL MIXTURE MODELS

There are a number of hybrid mixture models involving Weibull and non-Weibull
distributions for the subpopulations. Majeske and Herrin (1995) consider a twofold
mixture model involving a Weibull distribution and a uniform distribution for
predicting automobile warranty claims. Chang (1998) deals with an analysis of
the changing pattern of mortality and models it by a threefold mixture model
involving Weibull, inverse Weibull, and Gompertz distributions to model three
different age ranges. Landes (1993) deals with a mixture of normal and Weibull
distributions. Goda and Hamada (1995) consider time-dependent Weibull distribution. Yan et al. (1995) and English et al. (1995) deal with truncated and
mixed Weibull distributions. Hirose (1997) deals with a mixture Weibull power
law model.

8.5

NOTES

Yehia (1993) and McNolty et al. (1980) deal with some characterization results.
The former deals with a twofold Weibull mixture model with a common shape
parameter and the characterization is given in terms of the residual moment and
the hazard function. The latter deals mainly with the exponential mixture models
and briefly discusses the mixed Weibull case.
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EXERCISES
Data Set 8.1 Complete Data: All 50 Items Put into Use at t ¼ 0 and Failure Times
Are in Weeks
0.013
0.997
4.520
6.572
13.006

0.065
1.284
4.789
7.023
13.388

0.111
1.304
4.849
7.087
13.842

0.111
1.647
5.202
7.291
17.152

0.163
1.829
5.291
7.787
17.283

0.309
2.336
5.349
8.596
19.418

0.426
2.838
5.911
9.388
23.471

0.535
3.269
6.018
10.261
24.777

0.684
3.977
6.427
10.713
32.795

0.747
3.981
6.456
11.658
48.105

0.114
0.570
2.804
4.893
14.73

0.116
0.574
3.058
6.274
15.08

Data Set 8.2 Complete Data: Failure Times of 50 Componentsa
0.036
0.148
0.590
3.076
6.816
a

0.058
0.183
0.618
3.147
7.896

0.061
0.192
0.645
3.625
7.904

0.074
0.254
0.961
3.704
8.022

0.078
0.262
1.228
3.931
9.337

0.086
0.379
1.600
4.073
10.94

0.102
0.381
2.006
4.393
11.02

0.103
0.538
2.054
4.534
13.88

Unit: 1000 h.

Data Set 8.3 The data is the censored data from Data Set 8.1 with the data
collection stopped after 15 weeks.
Data Set 8.4 The data is the censored data from Data Set 8.2 with the data
collection stopped after 1000 hours.
8.1. Carry out WPP and IWPP plots of Data Set 8.1. Can the data be modeled by a
Weibull mixture or an inverse Weibull mixture model?
8.2. Suppose that Data Set 8.1 can be modeled by a Weibull mixture model.
Estimate the model parameters based on (i) the WPP plot, (ii) the method of
moments, and (iii) the method of maximum likelihood. Compare the
estimates.
8.3. Consider the hypothesis that Data Set 8.1 can be adequately modeled by a
Weibull mixture model with the following parameter values: a1 ¼ 4:0,
b1 ¼ 0:8, a2 ¼ 8:0, b2 ¼ 1:6, and p ¼ 0:6. Plot the P–P and Q–Q plots and
discuss whether the hypothesis should be accepted or not?
8.4. How would you test the hypothesis of Exercise 8.3 based on A–D and, K–S
tests for goodness of fit?
8.5. Repeat Exercise 8.1 with Data Set 8.2.
8.6. Suppose that Data Set 8.2 can be modeled by an inverse Weibull mixture
model. Estimate the model parameters based on (i) the IWPP plot, (ii) the
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method of moments, and (iii) the method of maximum likelihood. Compare
the estimates.
8.7.

Repeat Exercises 8.1 to 8.4 with Data Set 8.3.

8.8.

Repeat Exercises 8.5 to 8.6 with Data Set 8.4.

8.9.

How would you generate a set of simulated data from a twofold Weibull
mixture model? Can the method be used for a general n-fold Weibull mixture
model?

8.10. Consider a twofold mixture model involving a two-parameter Weibull
distribution and an inverse Weibull distribution. Study the WPP and IWPP
plots for the model.*
8.11. For the model in Exercise 8.10 derive expressions for the various moments.
8.12. For the model in Exercise 8.10 derive the maximum-likelihood estimator for
(i) complete data and (ii) censored data.
8.13. Consider a twofold mixture model involving a two-parameter Weibull
distribution and an exponentiated Weibull distribution. Study the WPP plots
for the model.*

* Research problem.

CHAPTER9

Type III(b) Weibull Models

9.1

INTRODUCTION

A Type III(b) model involves n distributions and is derived as follows. Let Ti denote
an independent random variable with a distribution function Fi ðtÞ, 1  i  n, and
let Z ¼ minfT1 ; T2 ; . . . ; Tn g. Then the distribution function for Z is given by
GðtÞ ¼ 1 

n
Y

½1  Fi ðtÞ

ð9:1Þ

i¼1

This model is commonly referred to as the competing risk model and is discussed in
this chapter. It has also been called the compound model, series system model, and
multirisk model. The risk model has a long history and Nelson (1982, pp. 162–163)
traces its origin to 200 years ago.
In the reliability context, the model characterizes an n-component series system
with Ti and Z representing the lifetime of component i, and of the system, respectively. The system fails at the first instance a component fails.
Note that (9.1) can be rewritten as
 ðtÞ ¼
G

n
Y

 i ðtÞ
F

ð9:2Þ

i¼1

 ðtÞ ¼ 1  GðtÞ and F
 i ðtÞ ¼ 1  Fi ðtÞ for 1  i  n.
where G
The competing risk model given by (9.1) is characterized by n (the number of
subpopulations) and the form of the distribution function for each of the subpopulations. Some special cases of the model are as follows:
Model III(b)-1 Here the n subpopulations are either the standard two-parameter
Weibull distributions given by (8.2) or the three-parameter Weibull distributions
given by (8.3).
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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Model III(b)-2
given by (8.4).

Here all the n subpopulations are the inverse Weibull distributions

Model III(b)-3 Here only some of subpopulations are either the two- or threeparameter Weibull distributions and the remaining are non-Weibull distributions.
A more generalized competing risk model is given by
Model III(b)-4
GðxÞ ¼ 1 

n
Y

½1  pi Fi ðxÞ

ð9:3Þ

i¼1

with 0 < pi  1, 1  i  n. Note that if all the pi ’s are one, then (9.3) gets reduced
to (9.1). We can have many different models depending on the forms for the subpopulations.
The outline of the chapter is as follows. Section 9.2 deals with Model III(b)-1.
The results for the general case are limited. In contrast, the special case n ¼ 2 has
been studied more thoroughly. Section 9.3 deals with Model III(b)-2 and examines
the special case of n ¼ 2. Section 9.4 deals with Model III(b)-3 with n ¼ 2 and one
subpopulation being a Weibull distribution and the other an inverse Weibull distribution. Section 9.5 looks at the generalized competing risk model.

9.2
9.2.1

MODEL III(b)-1: WEIBULL COMPETING RISK MODEL
Model Structure

Here Fi ðtÞ, i ¼ 1; 2; . . . ; n, are either two- or three-parameter Weibull distributions.
When two of the subpopulations are two-parameter Weibull distributions with
bi ¼ bj ¼ b, then Fi ðtÞ, i 6¼ j; can be merged into one subpopulation with shape
b 1=b
parameter b and scale parameter ðab
. As a result, the model can be
i þ aj Þ
reduced to a (n  1)-fold Weibull competing risk model. Hence, we assume, without loss of generality, that bi < bj for i < j.
When two of the subpopulations are three-parameter Weibull distributions with
bi ¼ bj ¼ b and ti ¼ tj ¼ t, then they can be merged into one subpopulation with a
common location parameter t, shape parameter b, and scale parameter ðab
i þ
1=b
ab
Þ
.
As
a
result,
n
can
be
reduced
to
n

1.
Hence,
we
can
assume,
without
j
loss of generality, that ti < tj for i < j, and bi < bj for i < j if ti ¼ tj . Note that we
allow bi ¼ bj as long as ti 6¼ tj .
The density function is given by

gðtÞ ¼

8
>
<Y
n >
n
X
>

i¼1 >
:j ¼ 1
j 6¼ i

½1  Fj ðtÞ

9
>
>
=

fi ðtÞ
>
>
;

ð9:4Þ
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and can be rewritten as
(
 ðtÞ
gðtÞ ¼ G

n
X
fi ðtÞ
 i ðtÞ
F
i¼1

ð9:5Þ

From (9.5) it follows that the hazard function is given by
hðtÞ ¼

n
X

hi ðtÞ

ð9:6Þ

i¼1

where hi ðtÞ is the hazard function associated with the ith subpopulation.
Shooman (1968) and Lawless (1982, pp. 254–255) discuss a model with hazard
function given by
hðtÞ ¼

n1
X

ki t i

ð9:7Þ

i¼0

When ki > 0, the model is an n-fold Weibull competing risk model with the shape
parameters being the set of positive integers 1 through n. Note that when one or
more ki < 0, the model is no longer a Weibull competing risk model.
Special Case ðn ¼ 2Þ
In this case, the model is given by
GðtÞ ¼ F1 ðtÞ þ F2 ðtÞ  F1 ðtÞF2 ðtÞ

t

0

ð9:8Þ

This model has received considerable attention in the literature and has been
studied extensively.
9.2.2

Model Analysis

Density Function
The density function is given by (9.4). When all the subpopulations are the twoparameter Weibull distributions, Jiang and Murthy (1999b) show that there are
2n different shapes for the density function. These are as follows:
Type 2k  1 (decreasing followed by k  1 modal), 0 < k  ðn  1Þ
Type 2k, (k modal), 0 < k  n
Special Case ðn ¼ 2Þ
In this case, the different possible shapes are as follows:
Type 1: Decreasing
Type 2: Unimodal
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Type 3: Decreasing followed by unimodal
Type 4: Bimodal
Jiang and Murthy (1997c) give a complete parametric characterization of the
density function in the three-dimensional parameter space.
Hazard Function
The hazard function is given by (9.6). Jiang and Murthy (1999b) show that the
hazard rate has the following asymptotic properties:
hðtÞ  h1 ðtÞ as t ! 0

hðtÞ  hn ðtÞ

as t ! 1

ð9:9Þ

This implies that for small t, the hazard rate is the same as the hazard function for
the subpopulation with the smallest shape parameter and for large t, it is the same
as the hazard function for subpopulation with largest shape parameter.
Jiang and Murthy (1999b) also show that the hazard rate can have only three
possible shapes:
Type 1: Decreasing when b1 < b2 <    < bn < 1
Type 3: Increasing when 1 < b1 < b2 <    < bn
Type 4: Bathtub-shaped when b1 <    < bj1 < 1 < bj    < bn
Special Case ðn ¼ 2Þ
Jiang and Murthy (1997c) give a complete parametric characterization of the hazard
function in the three-dimensional parameter space.
WPP Plot
Under the Weibull transformation given by (1.7), (9.1) with Fi ðtÞ given by (8.2) gets
transformed into
!
n
X
x
zi e
y ¼ ln
ð9:10Þ
i¼1

where
zi ðex Þ ¼ ðt=ai Þbi ¼ ðex =ai Þbi ¼ exp½bi ðx  ln ðai ÞÞ

ð9:11Þ

Jiang and Murthy (1999b) show that the WPP plot is convex. The left asymptote,
L1, is a straight line given by
y ¼ b1 ðx  ln ða1 ÞÞ

ð9:12Þ

and the right asymptote, Ln , is another straight line given by
y ¼ bn ðx  ln ðan ÞÞ

ð9:13Þ
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2.5

WPP Plot:
Left Asymptote:
Right Asymptote:

2
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1

1.5

2

Figure 9.1 WPP plot for the Weibull competing risk model ða1 ¼ 2:0; b1 ¼ 0:7; a2 ¼ 3:0; b2 ¼ 2:5Þ.

Note that these are the WPP plots for the subpopulations with the smallest and the
largest shape parameters.
Special Case ðn ¼ 2Þ
The left asymptote of the WPP plot is given by (9.12). The right asymptote is a
straight line L2 given by (9.13) with n ¼ 2. Let ðxI ; yI Þ denote the coordinates of
the intersection of L1 and L2. Then we have
yðxÞjx¼xI ¼ yI þ ln ð2Þ


dyðxÞ 
b 1 þ b2
x¼xI ¼

dx
2

ð9:14Þ

Figure 9.1 shows the WPP plot along with the two asymptotes.
9.2.3

Parameter Estimation

Graphical Method
For the general case, Jiang and Murthy (1999b) propose an iterative approach to
estimating the parameters of the model, which is applicable when the subpopulations are well separated and the data set is large. It involves separating the subpopulations and estimating the parameters of one subpopulation during each stage of
the iteration.
The basic idea is that the parameters of subpopulation with the smallest (largest)
shape parameter are determined by fitting the left (or right) asymptote to the WPP
plot of the data set. Then the data from this subpopulation is eliminated from the
population, and the remaining data is viewed as coming from a new model with one
less number of subpopulations.
We indicate the procedure for the first stage of the iteration process for the case
of complete data.
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Step 1: Let mn denote the number of data points in the set and RN ðtÞ ¼ 1  FN ðtÞ
with FN ðtÞ being the empirical distribution function obtained using the data.
Carry out the WPP plot for the data as indicated in part A of Section 4.5.2.
Step 2: If the WPP plot is convex, then fit a straight line to the left (right)
asymptote and estimate the parameters of the corresponding subpopulation.
Step 3: The data not deleted from the set [and modeled by a (n  1)-fold model]
is based on the following transformation:
^ 1 ðtÞ
RN1 ðtÞ ¼ RN ðtÞ=R

ð9:15Þ

^ n ðtÞ
RN1 ðtÞ ¼ RN ðtÞ=R

ð9:16Þ

or

depending on whether the parameters estimated are for subpopulation 1 or n
^ 1 ðtÞ or R
^ n ðtÞ are computed using the
with Ri ðtÞ ¼ 1  Fi ðtÞ; 1  i  n. Then R
estimated parameter values.
Let mn1 denote the number of data not deleted from the set, and these data must
satisfy the following conditions:


RN1 ðti Þ 2 mn11 þ1 ; mmn1n1þ1 ; i ¼ 1; 2; . . . ; mn1 , and
RN1 ðti Þ is roughly monotonic
The procedure is repeated with the number of subpopulations in the model
reduced by one at each stage of the iteration and is stopped when the final WPP
plot is approximately a straight line. This allows one to obtain (a) a rough estimate
^
n (of n) and (b) rough estimates of the model parameters. Note that the estimate ^n is
informative, though it may not be accurate. As such, one might look at models with
n ¼ ð^
n  1, ^
n, ^
n þ 1) to determine their suitability for modeling the given data set.
Special Case ðCommon Shape ParameterÞ
Nelson (1982, Chapter 5) considers the case where shape parameters are the same
for all subpopulations. He discusses parameter estimation based on a Weibull
hazard plot. Since the shape parameters are the same, this model can be reduced
to a single Weibull distribution.
Special Case ðn ¼ 2Þ
Jiang and Murthy (1995b) discuss the estimation for this case. It involves the
following steps:
Steps 1–5: As in Section 4.5.2 to obtain the WPP plot of the data.
Step 6: Fit the left asymptote to the WPP plot. The slope and intercept of this
line yields estimates of b1 and a1 .
Step 7: Fit the right asymptote to the WPP plot. The slope and intercept of this
line yields the estimates of b2 and a2 .
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Step 8: Obtain the coordinates ðxI ; yI Þ of the intersection of the two asymptotes.
Check to see if the first equation in (9.14) is roughly satisfied. If not, modify
the fits to one or both of the asymptotes and repeat steps 6–8.
Method of Maximum Likelihood
Several authors have discussed the use of the maximum-likelihood estimation
approach. Herman and Patell (1971) study the maximum-likelihood estimation
for a model with a common shape parameter b (¼ 1). McCool (1976) discusses
the maximum-likelihood estimation for a model with a common shape parameter
b, and subpopulations are well separated. Friedman and Gertsbakh (1980) study the
existence and properties of the maximum-likelihood estimators (MLEs) for a twofold competing risk model with exponential and Weibull subpopulations.
The competing risk model can be viewed as a model of an unreliable serial system. An interesting problem is to estimate component reliability and the parameter
of the component lifetime distribution when only system-level failure is observed.
This is called the ‘‘masked-data’’ problem. Usher et al. (1991) and Usher (1996)
derive the likelihood function for the masked-data case and present an iterative procedure for obtaining maximum-likelihood estimates and confidence intervals for the
component life distribution parameters. This topic has received considerable attention, and several Bayesian estimation procedures have been proposed and will be
discussed later in the section.
Doganaksoy (1991) deals with confidence interval estimation where the data is
singly time-censored and partially masked. He considers a three-component series
system with exponentially distributed component failure times. The maximumlikelihood method is used to estimate the model parameters. The approximate confidence intervals are developed, illustrated, and assessed. Ishioka and Nonaka
(1991) present a stable technique for obtaining the maximum-likelihood estimates
of the parameters for a twofold model with b1 6¼ b2 and illustrate their method
through simulation studies. Cacciari et al. (1993) deal with a model with n ¼ 2
and b1 6¼ b2 and estimate the parameters using the maximum-likelihood approach.
Bayesian Method
Sinha and Kale (1980) deal with the case where the subpopulations are exponentially distributed. They discuss bounds for the parameter estimates using classical
and Bayesian approaches and the data separation.
Badarinathi and Tiwari (1992) study the competing risk model with exponential
distributions. They present a hierarchical Bayesian approach for parameter estimation and evaluate their approach through simulation studies. Basu et al. (1999) carry
out a Bayesian analysis for a general n-component Weibull competing risk model.
The n Weibulls are allowed to have different scale and shape parameters, and three
different prior models are proposed. Kuo and Tae (2000) consider the Bayesian analysis of masked system failure data with Weibull component lifetimes.
General Curve Fitting Method
Here one matches the empirical distribution, density function, or hazard function
with the corresponding curves from the competing risk Weibull family to determine
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the appropriateness of the models to model a given data set. The parameters are
estimated by minimizing the sum of squared deviation or maximum absolute
deviation.
Ling and Pan (1998) consider a twofold model involving three-parameter
Weibull distributions. The model parameters are obtained by minimizing the maximum absolute difference between the observed probability of failure and the
expected probability of failure. The Minimax algorithm in Matlab Toolbox Optimization is used to obtain the estimates.
Hybrid Method
Kanie and Nonaka (1985) consider a model with n ¼ 2 and b1 6¼ b2 . They present
an analytical technique for estimating the two shape parameters based on cumulative hazard functions. They fit two straight lines with slopes b1 and b2 to the WPP
plot. The intercepts of the fitted straight lines yield estimates of the two scale parameters. Spivey and Gross (1991) consider a competing risk model with one risk
following a Weibull distribution and the other a Rayleigh distribution.
Kundu and Basu (2000) extend an earlier study on exponential distribution to the
case when the failure distributions are Weibull. Davison and Louzada-Neto (2000)
study the problem of statistical inference for the poly-Weibull model. See also
Berger and Sun (1993).
9.2.4

Modeling Data Set

If a smooth fit to the WPP plot of the data has a shape similar to that shown in
Figure 9.1 (roughly convex), then one can tentatively assume that an n-fold Weibull
competing risk model can be used to model the data set. The model parameters can
be estimated from the WPP plot as indicated in Section 9.2.3.
9.2.5

Applications

Twofold competing risk models have been extensively used in the modeling of
product reliability. Table 9.1 gives a list of the applications in reliability.

Table 9.1

Applications of Weibull Competing Risk Model

Applications

Reference

Radio transmitters
Bearing fatigue
Electron tubes
Hydromechanical systems
Three-component series system
Insulation systems
Naval main propulsion diesel engines
System/component reliability prediction

Herman and Patell (1971)
McCool (1978)
Kanie and Nonaka (1985)
Clark (1991)
Doganaksoy (1991)
Cacciari et al. (1993)
Jiang and Murthy (1995b)
Usher et al. (1991), Usher (1996)
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MODEL III(b)-2: INVERSE WEIBULL COMPETING RISK MODEL
Model Structure

Only n ¼ 2 has been studied by Jiang et al. (2001a) and we confine our discussion
to this special case.
Special Case ðn ¼ 2Þ
The distribution function is given by (9.8) with F1 ðtÞ and F2 ðtÞ given by (8.4).
Unlike the twofold Weibull competing risk model, we can allow F1 ðtÞ  F2 ðtÞ.
Therefore, we can assume without loss of generality that b1  b2 and a1  a2
when b1 ¼ b2 .
9.3.2

Model Analysis

Density Function
The possible shapes for the density function are as follows:
Type 2: Unimodal
Type 4: Bimodal
Hazard Function
The two possible shapes for hazard function are as follows:
Type 5: Unimodal
Type 9: Bimodal
IWPP Plot
Under the inverse Weibull transformation given by (6.57), the IWPP plot for the
model is a smooth curve.
Jiang et al. (2001a) show that the IWPP plot is convex. The left asymptote, L1, is
a straight line given by (9.12) and the right asymptote, LR , is given by the following
straight line:


b ln a1 þ b2 ln a2
y ¼ ðb1 þ b2 Þ x  1
ð9:17Þ
b1 þ b2
The two asymptotes intersect and the coordinates of this point are (lnða2 Þ,
b1 lnða2 =a1 ÞÞ. A typical IWPP plot is shown in Figure 9.2. Note that the shape
is similar to Figure 9.1.
9.3.3

Parameter Estimation

Graphical Approach
Once the IWPP plot of data set has been carried out, the model parameters are
estimated as follows:
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WPP Plot:
Right Asymptote:
Left Asymptote:
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Figure 9.2 WPP plot for the inverse Weibull competing risk model ða1 ¼ 3:0; b1 ¼ 1:5; a2 ¼ 5:0;
b2 ¼ 3:5Þ.

Step 1: Fit the left asymptote and its slope, and intercept yields estimates of b1
and a1 .
Step 2: Fit the right asymptote, and using its slope and intercept in (9.17) yields
the estimates of b2 and a2 .
Step 3: Determine the coordinates of the intersection point of the two asymptotes. Check to see if they are approximately close to (lnða2 Þ, b1 lnða2 =a1 )),
which are computed using the estimated values. If not, the asymptotes need to
be adjusted until this is achieved.

9.4
9.4.1

MODEL III(b)-3: HYBRID WEIBULL COMPETING RISK MODEL
Model Structure

Gera (1995) proposes the following model:
h
i
GðtÞ ¼ ½expðstc Þ 1  expða=tÞb

t

0

ð9:18Þ

with a; b; s; c > 0: This can be viewed as a competing risk model involving a twoparameter Weibull and a two-parameter inverse Weibull distribution.
The motivation for this model was to use it as a tool to evaluate the mean for the
inverse Weibull distribution when the shape parameter b  1. The parameter s is
called the convergence factor and is chosen sufficiently small so that expðstðrÞ Þ >
0:99 where tðrÞ is the largest value in the ordered data set. The parameter c is assumed
1. As a result, the Weibull subpopulation can be viewed as a weighting function, and
hence the estimated mean is the weighted mean.
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MODEL III(b)-4: GENERALIZED COMPETING RISK MODEL

The generalized competing risk model given by (9.3) was first proposed in Hoel
(1972) in the context of modeling cohort mortality by a probabilistic combination
of competing risks.
Chan and Meeker (1999) consider a similar model, and it can be viewed as a
special case of (9.3) with n ¼ 2 in the context of the reliability of a component.
The two subpopulations correspond to two different modes of failures (which are
statistically independent of each other). As a result, their model is given by
GðtÞ ¼ 1  ½1  pF1 ðtÞ ½1  F2 ðtÞ

ð9:19Þ

They call the model a general limited failure population model as one mode of
failure is common to all components and the other only to a fraction p of the
population.
From (9.19) we have
 ðtÞ ¼ pF
 1 ðtÞF
 2 ðtÞ þ qF
 2 ðtÞ
G
ð9:20Þ
where q ¼ 1  p 2 ð0; 1Þ. This can be viewed as a mixture model. A possible physical interpretation for the model is as follows. The population can be divided into
two subpopulations. The first (comprising of a fraction p of the total population) is
subject to the influence of two competing risks and second (comprising of the
remaining population) is only subject to the influence of one of the two risks.
Consider the case where both F1 ðtÞ and F2 ðtÞ are two-parameter Weibull distributions. Three special cases of (9.20) are as follows:
1. When p ¼ 0, the model reduces to a simple Weibull distribution.
2. When p ¼ 1, the model reduces to a twofold Weibull competing risk model.
3. When the two shape parameters are identical, that is, b1 ¼ b2 ¼ b, we have
 1 ðtÞF
 2 ðtÞ ¼ exp½ðt=a0 Þb
F


1=b
b
a0 ¼ ab
þ
a
1
2

ð9:21Þ

As a result, the model reduces to a twofold Weibull mixture model with a common
shape parameter.
9.5.1

Model Analysis

The following results are for the model given by (9.20) and are from Jiang and Ji
(2001).
Density Function
The shape of the density function depends on the four parameters: b1 , b2 , k
[¼ ða2 =a1 Þb ], and p. For a set of given parameter combinations, the different
possible shapes (for both b1 < b2 and b1 > b2 ) are as follows:
Type 1: Decreasing
Type 2: Unimodal
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Type 3: Decreasing followed by unimodal
Type 4: Bimodal
Hazard Function
The different possible shapes are as follows:
Type
Type
Type
Type
Type
Type
Type

1:
3:
4:
5:
6:
7:
8:

Decreasing
Increasing
Bathtub shaped
Unimodal
Unimodal followed by increasing
Decreasing followed by unimodal
W shaped

WPP Plot
The left asymptote of the WPP plot is a straight line La given by
y ¼ b1 ½x  lnða1 Þ þ lnðpÞ

ð9:22Þ

when b1 < b2 and by L2 (which is the WPP plot of subpopulation 2) when b1 > b2 .
The right asymptote of the WPP plot is always L2 . Note that when b1 > b2 , the two
asymptotes are overlapping.
Generally speaking, the WPP plot has three different shapes depending on the
parameter combination. They are as follows:
Convex: As in Figure 9.1.
S shaped: A typical plot is shown in Figure 9.3.
Bell shaped: A typical plot is shown in Figure 9.4.

15
10
5
0
−5

−2

0

2

4

Figure 9.3 WPP plot for the generalized Weibull competing risk model ða1 ¼ 3:0; b1 ¼ 2:5; a2 ¼
8:0; b2 ¼ 4:5; p ¼ 0:3Þ.
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Figure 9.4 WPP plot for the generalized Weibull competing risk model ða1 ¼ 5:0; b1 ¼ 5:0; a2 ¼
5:0; b2 ¼ 1:5; p ¼ 0:9Þ.

9.5.2

Parameter Estimation

Graphical Parameter Estimation
The WPP plot of the data indicates whether b1 < b2 or b1 > b2. As a result, the
parameter estimation based on the WPP plot is as follows:
Case 1: b1 < b2
Step 1: Plot the WPP plot of the data. The left asymptote of the WPP plot yields
b
the estimates of b1 and a1 1 =p, and the right asymptote yields the estimates of
b2 and a2 .
Step 2: Estimate the parameter p (or q) by one of the following three approaches:
Approach 1 If the failure causes are known for the failed units and the data set is
complete data, then p can be estimated by n1 =n, where n1 and n are the numbers of
the data corresponding to the first failure mode and all failure modes, respectively.
Approach 2

^ ðti Þ; R
^ 2 ðtÞ .
If data is masked, then q can be estimated by min½R

Approach 3 If data is masked and the WPP plot of the data is S shaped, then the y
coordinate of the inflection point, yI , can be used to obtain an estimate of q since
ln½ lnðqÞ  yI

ð9:23Þ

b

Step 3: From estimates of b1 , a1 1 =p (obtained in step 1) and q (obtained in
step 2), one can obtain estimates of p and a1 .
Case 2: b1 > b2
Step 1: Plot the WPP plot of the data. The right asymptote yields the estimates of
b2 and a2 .
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Step 2: Estimate the parameter p (or q) by one of the three approaches discussed
above.
Step 3: Transform the data set by the following transformation:
R1 ðtÞ 

^ ðtÞ  qR
^ 2 ðtÞ
R
^ 2 ðtÞ
^
pR

ð9:24Þ

Delete some of the transformed data so that the remaining data set satisfies
R1 ðti Þ 2 ð0; 1Þ, and
R1 ðti Þ vs. ti is roughly monotonically decreasing.
Plot the WPP plot using the remaining data and fit a straight line. The slope and
intercept yield estimates of b1 and a1 .
Method of Maximum Likelihood
Hoel (1972) discusses the estimation of the parameters for the model given by (9.3).
Chan and Meeker (1999) discuss the maximum-likelihood method to estimate the
parameters for the model given by (9.19) and use it to construct statistical
confidence intervals.
EXERCISES
Data Set 9.1 Complete Data: All 50 Items Put into Use at t ¼ 0 and Failure Times
Are in Years
0.008
0.374
1.022
1.892
2.598

0.017
0.480
1.092
1.921
2.808

0.058
0.495
1.260
1.926
2.971

0.061
0.535
1.284
1.933
3.087

0.084
0.564
1.295
2.135
3.492

0.090
0.681
1.373
2.169
3.669

0.134
0.686
1.395
2.301
3.926

0.238
0.688
1.414
2.320
4.446

0.245
0.921
1.760
2.405
5.119

0.353
0.959
1.858
2.506
8.596

0.089
0.143
0.257
0.330
0.909

0.089
0.168
0.258
0.374
1.286

Data Set 9.2 Complete Data: Failure Times of 50 Componentsa
0.061
0.099
0.183
0.275
0.388
a

0.073
0.102
0.185
0.297
0.403

0.075
0.117
0.191
0.297
0.497

0.084
0.118
0.192
0.298
0.714

0.086
0.119
0.199
0.299
0.790

0.087
0.120
0.203
0.308
0.815

0.088
0.123
0.213
0.314
0.817

0.089
0.135
0.215
0.315
0.859

Unit: 1000 h.

Data Set 9.3 The data is the censored data from Data Set 9.1 with the data
collection stopped after 3 years.
Data Set 9.4 The data is the censored data from Data Set 9.2 with the data
collection stopped after 400 h.
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9.1.

Carry out WPP and IWPP plots of Data Set 9.1. Can the data be modeled by
one of Type III(a) or Type III(b) models involving either two Weibull or two
inverse Weibull distributions?

9.2.

Suppose that Data Set 9.1 can be modeled by a twofold Weibull competing
risk model. Estimate the model parameters based on (i) the WPP plot, (ii) the
method of moments, and (iii) the method of maximum likelihood. Compare
the estimates.

9.3.

Suppose Data Set 9.1 can be adequately modeled by the Weibull competing
risk model with the following parameter values: a1 ¼ 2:0, b1 ¼ 0:6,
a2 ¼ 10:0, and b2 ¼ 1:8. Plot the P–P and Q–Q plots and discuss whether
the hypothesis should be accepted or not?

9.4.

How would you test the hypothesis of Exercise 9.3 based on A–D and K–S
tests for goodness of fit?

9.5.

Repeat Exercise 9.1 with Data Set 9.2.

9.6.

Suppose that Data Set 9.2 can be modeled by an inverse Weibull competing
risk model. Estimate the model parameters based on (i) the IWPP plot, (ii) the
method of moments, and (iii) the method of maximum likelihood. Compare
the estimates.

9.7.

Repeat Exercises 9.1 to 9.4 with Data Set 9.3.

9.8.

Repeat Exercises 9.5 and 9.6 with Data Set 9.4.

9.9.

How would you generate a set of simulated data from a twofold Weibull
competing risk model? Can the method be used for a general n-fold Weibull
competing risk model?

9.10. Consider a twofold competing risk model involving a two-parameter Weibull
distribution and an inverse Weibull distribution. Study the WPP and IWPP
plots for the model.*
9.11. For the model in Exercise 9.10 derive the maximum-likelihood estimator for
(i) complete data and (ii) censored data.
9.12. Consider a twofold competing risk model involving a two-parameter Weibull
distribution and an exponentiated Weibull distribution. Study the WPP plots
for the model.*

* Research problem.

C H A P T E R 10

Type III(c) Weibull Models

10.1

INTRODUCTION

A Type III(c) model involves n distributions and is derived as follows. Let Ti denote
an independent random variable with a distribution function Fi ðtÞ, 1  i  n and let
Z ¼ maxfT1 ; T2 ; . . . ; Tn g. Then the distribution function for Z is given by
GðtÞ ¼

n
Y

Fi ðtÞ

ð10:1Þ

i¼1

This model is commonly referred to as the multiplicative model for obvious
reasons. In contrast to the competing risk model, this model has received very little
attention. The model has received some attention in the reliability literature where it
arises in the context of modeling a functionally parallel system with independent
components [see, for example, Shooman (1968, p. 206) and Elandt-Johnson and
Johnson (1980)]. Basu and Klein (1982) call this the complementary risk model.
The multiplicative risk model given by (10.1) is characterized by n (the number
of subpopulations) and the form of the distribution function for each of the subpopulations. Some special cases of the model are as follows:
Model III(c)-1
Here the n subpopulations are either the two-parameter Weibull distributions given
by (8.2) or the three-parameter Weibull distributions given by (8.3).
Model III(c)-2
Here all the subpopulations are inverse Weibull distributions given by (8.4).
The outline of the chapter is as follows. Section 10.2 deals with Model III(c)-1.
The results for the general case are limited. In contrast, the special case n ¼ 2 has

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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been studied thoroughly. Section 10.3 deals with Model III(b)-2 and examines the
special case n ¼ 2.
10.2

MODEL III(c)-1: MULTIPLICATIVE WEIBULL MODEL

10.2.1

Model Structure

For the general n-fold Weibull multiplicative model, when all the subpopulations
are two-parameter Weibull distributions, we can assume, without loss of generality,
that b1  b2      bn , and ai  aj for i < j if bi ¼ bj . Finally, when all the
Fi ðtÞ’s are identical, the multiplicative model gets reduced to an exponentiated
Weibull model given by (7.24) and discussed in Section 7.5 with n ¼ n.
In this section we consider the general n with all the subpopulations being twoparameter Weibull distributions. The results presented are from Jiang et al. (2001b).
Later, we look at the special case n ¼ 2.
10.2.2

Model Analysis

Distribution Function
For small t, GðtÞ can be approximated by
F0 ðtÞ

GðtÞ

ð10:2Þ

where F0 ðtÞ is a two-parameter Weibull distribution with parameters b0 and a0
given by
n
n
X
Y
b =b
bi
a0 ¼
ai i 0
ð10:3Þ
b0 ¼
i¼1

i¼1

For large t, GðtÞ can be approximated by
GðtÞ

ð1

kÞ þ kF1 ðtÞ

ð10:4Þ

where k is the number of subpopulations with distribution identical to F1 ðtÞ.
These results are used in establishing the asymptotic properties of the density
and hazard functions and the WPP plot.
Density Function
The density function is given by
gðtÞ ¼ GðtÞ

n
X
fi ðtÞ
F
ðtÞ
i¼1 i

The density function can be one of the following (n þ 1) shapes:
Type 1: Decreasing
Type (2k): k Modal (1  k  n)

ð10:5Þ
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Special Case ðn ¼ 2Þ
Jiang and Murthy (1997d) carry out a detailed parametric study in the threedimensional parameter space.
Hazard Function
The hazard function is given by
hðtÞ ¼

n
GðtÞ X
fi ðtÞ
1 GðtÞ i¼1 Fi ðtÞ

ð10:6Þ

The asymptotes of the hazard function are given by

hðtÞ

8
  b0
>
< h0 ðtÞ ¼ b0 t
a0 a0
 b
>
: h1 ðtÞ ¼ b1 t 1
a1 a1

1
1

as t ! 0

ð10:7Þ

as t ! 1

where h0 ðtÞ and h1 ðtÞ are the hazard functions associated with F0 ðtÞ and F1 ðtÞ,
respectively.
The different possible shapes for the hazard function can be grouped into four
groups:
Type
Type
Type
Type

1: Monotonically decreasing
3: Monotonically increasing
(4k þ 2): k modal followed by increasing (1  k  n 1Þ
(4k þ 3): Decreasing followed by k modal (1  k  n 1)

It is worth noting that failure rate can never be decreasing for small t if it is
increasing for large t, hence ruling out the possibility for the failure rate to have
a bathtub shape.
Special Case ðn ¼ 2Þ
Jiang and Murthy (1997d) carry out a detailed parametric study in the threedimensional parameter space. The boundaries separating the regions with different
shapes are complex.
WPP Plot
Under the Weibull transformation given by (1.7) and Fi ðtÞ given by (8.2), (10.1)
gets transformed into
y ¼ lnf ln½1

Gðex Þg

ð10:8Þ

The WPP plot is analytically intractable. Jiang et al. (2001b) propose an approximation (see Section 10.2.4 for more details), which makes the WPP analytically
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tractable. Based on this approximation, they show that the WPP plot is concave and
verify this through extensive numerical studies.
Based on this approximation, we have the following asymptotic results for the
WPP plot. As x ! 1 (or t ! 0), the left asymptote is a straight-line yL given by
yL ¼ b0 ðx

ln ða0 ÞÞ

ð10:9Þ

where b0 and a0 given by (10.3). As x ! 1 (or t ! 1), the right asymptote is
given by another straight line L1, which is the WPP plot for subpopulation 1, and
is given by
y ¼ b1 ðx

ln ða1 ÞÞ

ð10:10Þ

Special Case ðn ¼ 2Þ
The WPP plot is discussed in detail in Jiang and Murthy (1995b). In this case
b0 ¼ b1 þ b2

a0 ¼ ða1 Þb1 =b0 ða2 Þb2 =b0

and

ð10:11Þ

As a result, the left asymptote has a slope ðb1 þ b2 Þ and the right asymptote has a
slope b1 . Figure 10.1 shows a typical WPP plot along with the two asymptotes.
10.2.3

Parameter Estimation

Graphical Method
If n is specified (see Section 10.2.4 regarding how to estimate n based on the data),
then Jiang et al. (2001b) propose a method for estimating the model parameters
based on the WPP plot. It involves estimating the parameters of one subpopulation
based on the fit to the right (or left) asymptote. The data set is modified to remove

WPP Plot:
Right Asymptote:
Left Asymptote:

4
2
0
−2
−4
−6
0.5

1

1.5

2

2.5

3

Figure 10.1 WPP plot for the Weibull multiplicative model ða1 ¼ 3:0; b1 ¼ 1:5; a2 ¼ 5:0; b2 ¼ 2:5Þ.
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the data from this subpopulation following a procedure similar to that used in Section 9.2.3. The WPP plot of the modified data is carried out and the process is
repeated. The parameters of the last subpopulation are estimated by fitting a straight
line to the WPP plot of the last modified data.
Note that this procedure only yields crude estimates. These are useful as they can
be used as initial values for parameter estimation using more refined methods.
Special Case ðn ¼ 2Þ
Jiang and Murthy (1995b) discuss the estimation for this case. It involves the
following steps:
Steps 1–5: As in Section 4.5.1 to obtain the WPP plot of the data.
Step 6: Fit the left asymptote to the WPP plot. The slope and intercept of this
line yields estimates of b0 and a0 .
Step 7: Fit the right asymptote to the WPP plot. The slope and intercept of this
line yields the estimates of b1 and a1 .
Step 8: Obtain estimates of b2 and a2 from (10.11).
Optimization Method
Ling and Pan (1998) consider a twofold multiplicative model involving threeparameter Weibull distributions. The model parameters are obtained by minimizing
the maximum absolute difference between the observed probability of failure and
the expected probability of failure. The Minimax algorithm in the Matlab Toolbox
Optimization is used to obtain the estimates.
10.2.4

Modeling Data Set

Given a data set, one plots the data on the WPP plot. The plotting procedure
depends on the type of data (complete, censored, grouped, etc.) as discussed in
Chapter 5. If the WPP plot of the data is roughly concave, then an n-fold Weibull
multiplicative model can be considered a potential model for the data set. Jiang et al.
(2001b) suggest a two-part method, based on the WPP plot, as indicated below.
Part 1: Estimation of n
The basis for this is that for small t (and applicable for intermediate values) the
Weibull multplicative model can be approximated by an exponentiated Weibull
model with parameters a, b, and n ¼ n. The WPP plot for the exponentiated
Weibull model has the left asymptote given by
yE ¼ nbðx

ln ðaÞÞ

ð10:12Þ

The WPP plot of the multplicative Weibull model has the left asymptote given by
(10.9). If the selected value of n is appropriate, then the two straight lines should be
close to each other.
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Note that a0 and b0 in (10.9) can be estimated from the slope and intercept of the
fit to the left asymptote of the WPP plot. For a given n, b and a in (10.12) can be
obtained from the following linear regression equation using the data set:
lnð lnf1

½FðtÞ1=n gÞ ¼ bðx

ln ðaÞÞ

ð10:13Þ

The following quantity measures the closeness between the lines yL and yE :
DðnÞ ¼

ð x2

½yL ðxÞ

yE ðxÞ2 dx

ð10:14Þ

x1

The term D(n) is evaluated for small values of x1 and x2. Jiang et al. (2001b) suggest
x1 ¼ lnðtð1Þ Þ 0:5 and x2 ¼ lnðtð1Þ Þ þ 0:5, where t(1) is the smallest value in the
order data set. Using (10.9) and (10.12) in (10.14) yields
DðnÞ ¼ A2 =12 þ ðA ln ðtð1Þ Þ þ BÞ2

ð10:15Þ

where
A ¼ b0

nb

b

B ¼ lnðanb =a0 0 Þ

ð10:16Þ

The term DðnÞ is small if the selected value of n is close to the true value of n. As
such, we can use the following procedure to determine n:
Step 1: Fit a tangent line to the left end of the WPP plot of the data and obtain
estimates of a0 and b0 using (10.9).
Step 2: For a specified value of n (¼ 2, 3, 4, . . .) and using data points (ti , F(ti ))
^), which are functions of n,
such that F(ti )  0.8 obtain the estimates (^
a, b
from the following regression:
yðiÞ ¼ bðxðiÞ

ln ðaÞÞ

ð10:17Þ

^ ðti Þ1=n gÞ.
where xðiÞ ¼ ln ðti Þ; yðiÞ ¼ lnð lnf1 ½F
Step 3: Compute the DðnÞ from (10.16) for n ¼ 2, 3, 4, . . . , using the estimates
from steps 1 and 2. The value of n that yields the minimum for D(n) is the
estimate of n.
Part 2: Estimation of Subpopulation Parameters
This is done using the approach discussed in Section 10.2.3.
Ling and Pan (1998) propose another approach for model selection. They tentatively assume several models as candidate models and estimate the model parameters. Then they use a goodness-of-fit test to choose the most appropriate
model from the set of models.

MODEL III(c)-2: INVERSE WEIBULL MULTIPLICATIVE MODEL

10.2.5
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Applications

Jiang and Murthy (1995b) use a twofold Weibull multiplicative model to model
several different data sets. These include failure times for transistors, shear strength
of brass rivets, and pull strength of welds.

10.3
10.3.1

MODEL III(c)-2: INVERSE WEIBULL MULTIPLICATIVE MODEL
Model Structure

For the general n-fold inverse Weibull multiplicative model, if bi ¼ bj ¼ b; i 6¼ j,
then the two subpopulations can be merged into one subpopulation with the common shape parameter b and with a new scale parameter ðabi þ abj Þ1=b. Hence, we
can assume, without loss of generality, that bi < bj for i < j. Note that this differs
from the n-fold Weibull multiplicative model where the parameters are not so
constrained.
The general case is yet to be studied. The special case n ¼ 2 has been studied
by Jiang et al. (2001a), and we discuss this model in this section. The model is
given by
FðtÞ ¼ F1 ðtÞF2 ðtÞ

t0

ð10:18Þ

with the two subpopulations are the two-parameter inverse Weibull distribution
given by (8.4).
10.3.2

Model Analysis

Distribution Function
For small t we have
FðtÞ

F2 ðtÞ

ð10:19Þ

FðtÞ

F1 ðtÞ

ð10:20Þ

and for large t we have

Density Function
The density function is given by
f ðtÞ ¼ f1 ðtÞF2 ðtÞ þ f2 ðtÞF1 ðtÞ

ð10:21Þ

Since the density functions for the two subpopulations are unimodal, one should
expect the possible shapes of the density function to be (i) unimodal and (ii) bimodal. However, computer plotting of the density function for a range of parameter
values show that the shape is always unimodal.
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An explanation for this is as follows. For the density function to be bimodal, the
two subpopulations must be well separated. Without loss of generality, assume that
tm1  tm2 , where tm1 and tm2 are the modes for the two subpopulations. Over the
interval t  tm1 and in the region close to t ¼ tm1 , F2 ðtÞ 0 and f2 ðtÞ 0, and as
a result f ðtÞ 0. Thus, the density function cannot have a peak in a region close to
t ¼ tm1 . This implies that f ðtÞ is unimodal.
The above results are in contrast to the twofold Weibull multiplicative model,
which exhibits bimodal shape for the density function. This is because the Weibull
model does not have a light left tail so that the condition F2 ðtÞ 0 and f2 ðtÞ 0 for
t  tm1 do hold.
Hazard Function
The failure rate function is given by
rðtÞ ¼ r1 ðtÞpðtÞ þ r2 ðtÞqðtÞ

ð10:22Þ

where
pðtÞ ¼

F2 ðtÞ½1 F1 ðtÞ
1 F1 ðtÞF2 ðtÞ

ð10:23Þ

F1 ðtÞ½1 F2 ðtÞ
qðtÞ ¼
1 F1 ðtÞF2 ðtÞ

Since the failure rates of two subpopulations are unimodal, the possible shapes of
the hazard functions are expected to be unimodal and bimodal. However, computer
analysis indicate that the hazard function shape is always unimodal (type 5).
IWPP Plot
Under the inverse Weibull transform given by (6.57), the IWPP plot is given by
y¼

ln½z1 ðxÞ þ z2 ðxÞ

ð10:24Þ

where
zi ðxÞ ¼ ðt=ai Þ

bi

¼ ðex =ai Þ

bi

¼ exp½ bi ðx

lnðai ÞÞ

ð10:25Þ

It is easily shown that
y0 ðxÞ ¼

b1 z1 þ b2 z2
z1 þ z2

so that the IWPP plot is concave.

y00 ¼

ðb1

b 2 Þ2 z1 z2

ðz1 þ z2 Þ2

<0

ð10:26Þ

MODEL III(c)-2: INVERSE WEIBULL MULTIPLICATIVE MODEL
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WPP Plot:
Left Asymptote:
Right Asymptote:

4
3
2
1
0
−1
1.5

2

2.5

3

3.5

4

Figure 10.2 IWPP plot inverse Weibull for multiplicative model ða1 ¼ 3:0; b1 ¼ 1:5; a2 ¼ 5:0;
b2 ¼ 3:5Þ.

The two asymptotes for the IWPP plot are given by L2 as x ! 1 (or t ! 0)
and by L1 as x ! 1 (or t ! 1) where L2 and L1 are the IWPP plots for the two
subpopulations. Let (xI , yI ) denote the coordinates of the intersection of L1 and L2 .
Then we have
yðxI Þ ¼ yI

ln ð2Þ

y0 ðxI Þ ¼

b1 þ b2
2

ð10:27Þ

Figure 10.2 shows a typical IWPP plot along with the two asymptotes.
An important observation is that the IWPP plot for the inverse Weibull multiplicative model is similar to the WPP plot for the twofold Weibull multiplicative
model. Also, the left (right) asymptote for IWPP plot for the inverse Weibull
multiplicative model is the same as the right (left) asymptote for the WPP plot
for the Weibull competing risk model.
10.3.3

Parameter Estimation

Graphical Approach
The estimation based on the IWPP plot involves the following steps:
Steps 1–5: Use data to plot the IWPP plot.
Step 6: Fit the left asymptote to the IWPP plot. The slope and intercept of this
line yields estimates of b2 and a2 .
Step 7: Fit the right asymptote to the IWPP plot. The slope and intercept of this
line yields the estimates of b1 and a1 .
Note: One should ensure that the two asymptotes are selected so as to satisfy
(10.27).
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Modeling Data Set

If the IWPP plot of a given data set has a shape similar to that shown in Figure 10.2,
then one can model the data by a twofold inverse Weibull multiplicative model. The
parameters can be estimated following the procedure outlined in Section 10.3.3.

EXERCISES
Data Set 10.1
in Weeks
1.578
4.740
7.187
9.172
14.369

1.582
4.848
7.262
9.229
14.812

Data Set 10.2
0.061
0.099
0.183
0.275
0.388
a

0.073
0.102
0.185
0.297
0.403

Complete Data: All 50 Items Put into Use at t ¼ 0 and Failure Times Are
1.858
5.170
7.466
9.352
15.662

2.595
5.783
7.479
10.046
16.296

2.710
5.866
7.481
11.182
16.410

2.899
5.872
8.292
11.270
17.181

2.940
6.152
8.443
11.490
17.675

3.087
6.406
8.475
11.623
19.742

3.669 3.848
6.839 7.042
8.587 9.053
11.848 12.695
29.022 29.047

0.087
0.120
0.203
0.308
0.815

0.088
0.123
0.213
0.314
0.817

0.089
0.135
0.215
0.315
0.859

0.089
0.143
0.257
0.330
0.909

Failure Times of 50 Itemsa
0.075
0.117
0.191
0.297
0.497

0.084
0.118
0.192
0.298
0.714

0.086
0.119
0.199
0.299
0.790

0.089
0.168
0.258
0.374
1.286

Unit: 1000 h.

Data Set 10.3 The data is the censored data from Data Set 9.2 with the data
collection stopped after 15 weeks.
Data Set 10.4 The data is the censored data from Data Set 9.2 with the data
collection stopped after 300 h.

10.1.

Carry out WPP and IWPP plots of Data Set 10.1. Can the data be modeled
by one of Type III(a), Type III(b), or Type III(c) models involving either two
Weibull or two inverse Weibull distributions?

10.2.

Suppose that Data Set 10.1 can be modeled by a twofold Weibull multiplicative model. Estimate the model parameters based on (i) the WPP plot,
(ii) the method of moments, and (iii) the method of maximum likelihood.
Compare the estimates.

10.3.

Suppose that the data in Data Set 10.1 can be adequately modeled by the
Weibull multiplicative model with the following parameter values:

EXERCISES
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a1 ¼ 2:0, b1 ¼ 0:6, a2 ¼ 8:0, and b2 ¼ 1:6. Plot the P–P and Q–Q plots and
discuss whether the hypothesis should be accepted or not?
10.4.

How would you test the hypothesis of Exercise 10.3 based on A–D and K–S
tests for goodness of fit?

10.5.

Repeat Exercise 10.1 with Data Set 10.2.

10.6.

Suppose that Data Set 10.2 can be modeled by an inverse Weibull multiplicative model. Estimate the model parameters based on (i) the IWPP plot,
(ii) the method of moments, and (iii) the method of maximum likelihood.
Compare the estimates.

10.7.

Repeat Exercises 10.1 to 10.4 with Data Set 10.3.

10.8.

Repeat Exercises 10.5 and 10.6 with Data Set 10.4.

10.9.

How would you generate a set of simulated data from a twofold Weibull
multiplicative model? Can the method be used for a general n-fold Weibull
multiplicative model?

10.10. Consider a twofold multiplicative model involving a two-parameter Weibull
distribution and an inverse Weibull distribution. Study the WPP and IWPP
plots for the model.*
10.11. For the model in Exercise 10.10 derive the maximum-likelihood estimator
for (i) complete data and (ii) censored data.
10.12. Consider a twofold multiplicative model involving a two-parameter Weibull
distribution and an exponentiated Weibull distribution. Study the WPP plots
for the model.*

* Research problem.

C H A P T E R 11

Type III(d) Weibull Models

11.1

INTRODUCTION

In a sectional model (also known as composite model, piecewise model, and stepfunction model), the failure distributions over different time intervals are given by
different distribution functions. As a result, a general n-fold sectional model can be
 ðtÞ as
defined in terms of F
8
 1 ðtÞ
ð1  k1 Þ þ k1 F
>
>
>
<k F

2 2 ðtÞ
 ðtÞ ¼
F
>

>
>
:

kn Fn ðtÞ

t 2 ð0; t1 Þ
t 2 ðt1 ; t2 Þ

ð11:1Þ

t 2 ðtn1 ; 1Þ

or in terms of FðtÞ as

FðtÞ ¼

8
k1 F1 ðtÞ
>
>
<

t 2 ð0; t1 Þ


k F ðtÞ
>
>
: n1 n1
ð1  kn Þ þ kn Fn ðtÞ

t 2 ðtn2 ; tn1 Þ
t 2 ðtn1 ; 1Þ

ð11:2Þ

where Fi ðtÞ, 1 i n, are the n subpopulations. The time instants ti ,
1 i ðn  1Þ, are referred to as the break (partition) points, and they form an
increasing sequence. The ki’s are all >0 and they define a family of models.
Table 11.1 shows the six Weibull sectional models that have been studied in detail.
For the distribution and density functions to be continuous at the break points, the
parameters need to be constrained. We discuss this for the six models in later
sections of this chapter.

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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Six Weibull Sectional Modelsa

Table 11.1
Model

n

k1

k2

k3

SP-1

SP-2

SP-3

Form

1
2
3
4
5
6

2
2
2
2
3
3

1
1
k
k
1
1

1
k
1
k
1
k2

—
—
—
—
1
k3

2PW
2PW
2PW
2PW
2PW
2PW

3PW
2PW
2PW
2PW
3PW
2PW

—
—
—
—
3PW
2PW

(11.1)
(11.1)
(11.2)
(11.2)
(11.1)
(11.1)

a

SP, subpopulation; 2PW, two-parameter Weibull; 3PW, three-parameter Weibull.

Some reasons for the use of sectional models are as follows:
1. They are mathematically more tractable than other Type III models.
2. They exhibit a diverse range of shapes for the density and hazard functions.
As such, they provide the flexibility to model complex data sets.
The sectional model can be broadly grouped into the following two categories:
Type III(d)-1: Weibull Sectional Models
In this case the n subpopulations are either the two-parameter Weibull distributions
given by (8.2) or the three-parameter Weibull distributions given by (8.3).
Kao (1959), Mann et al. (1974), and Elandt-Johnson and Johnson (1980) discuss
the sectional model involving two Weibull distributions. In these models the density
function and the failure rate function are discontinuous at each partition point.
Jiang and Murthy (1995b, 1997b) and Jiang et al. (1999) deal with six models
(labeled Models 1–6) with n ¼ 2 for Models 1–4 and n ¼ 3 for Models 5 and 6.
Aroian and Robinson (1966) and Colvert and Boardman (1976) discuss the sectional exponential model, which is a special case of the Weibull sectional
model.
Type III(d)-2: Hybrid Sectional Models
Here some of the subpopulations are either the two- or three-parameter Weibull
distributions [given by either (8.2) or (8.3)] and the remaining are non-Weibull
distributions.
Geist et al. (1990) deal with a sectional model involving a normal and an exponential distribution. Ananda and Singh (1993) and Mukherjee and Roy (1993)
propose sectional hazard rate models. Griffith (1982) and Kunitz (1989) propose
sectional models to model the bathtub failure rate function.
The outline of the chapter is as follows. The analysis and parameter estimation
for the six models are discussed in Sections 11.2 and 11.3, respectively. In Section
11.4, we discuss modeling of data sets based on WPP plots, and in Section 11.5 we
give a list of applications of the Weibull sectional models.
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11.2

ANALYSIS OF WEIBULL SECTIONAL MODELS

The results presented in this section for Models 1 and 2 are from Jiang and Murthy
(1995b), for Models 3 and 4 are from Jiang et al. (1999b), and for Models 5 and 6
are from Jiang and Murthy (1997b).
The shape and scale parameter are b1 and a1 for F1 ðtÞ and b2 and a2 for F2 ðtÞ
when they are two-parameter Weibill distributions. When one or both are threeparameter distributions, we have the additional location parameter, which we indicate when required. Define x1 ¼ lnðt1 Þ for the first four models.
11.2.1

Model 1

This model is given by (11.1) with n ¼ 2, k1 ¼ k2 ¼ 1, F1 ðtÞ is a two-parameter
Weibull distribution and F2 ðtÞ is a three-parameter Weibull distribution with location parameter t. The continuity conditions at t1 require
F1 ðt1 Þ ¼ F2 ðt1þ Þ

f1 ðt1 Þ ¼ f2 ðt1þ Þ

ð11:3Þ

From (11.3) we have
"

#1=ðb1 b2 Þ
b  
a1 1 b2 b2
t1 ¼ b
a2 2 b1


t¼


b2
1
t1
b1

ð11:4Þ

Although the model has six parameters, (11.4) implies that the number of independent parameters is four.
If b1 ¼ b2 , then either t ¼ 0 (and this leads to a1 ¼ a2 ) or t1 ¼ 1. In either
case, the model reduces to a single Weibull distribution. Hence, we need b1 6¼ b2 .
Thus, there are two different cases: b1 < b2 (or t < 0) and b1 > b2 (or t > 0).
Density Function
The possible shapes (see Fig. 3.1) for the density function are as follows:
Type
Type
Type
Type

1:
2:
3:
4:

Decreasing
Unimodal
Decreasing followed by unimodal
Bimodal.

Murthy and Jiang (1997) present a complete parametric study of the density
function.
Hazard Function
The possible shapes (see Fig. 3.2) for the hazard function are as follows:
Type 1: Decreasing (which also includes nonincreasing)
Type 3: Increasing (which also includes nondecreasing)
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Type 4: Bathtub shape
Type 5: Unimodal
Murthy and Jiang (1997) present a complete parametric study of the hazard
function.
WPP Plot
Under the Weibull transformation given by (1.7), the model gets transformed into
(
 1 < x x1
b1 ðx  ln ða1 ÞÞ
y¼
ð11:5Þ
x
b2 ½lnðe  tÞ  ln ða2 Þ
x1 < x < 1
where x1 ¼ ln t1 . The WPP plot is the straight line L1 (the WPP plot for subpopulation 1) to the left of x1 . To the right of x1 , it is concave for b1 > b2 and convex
curve for b1 < b2. Typical WPP plots for the two cases are shown in Figures
11.1 and 11.2, respectively.
The right asymptote (as x ! 1) is the straight line L2 (the WPP plot for a twoparameter Weibull distribution with the parameters b2 and a2 ). The left asymptote
is given by L1. Let xI denote the x coordinate of the intersection point of L1 and L2 .
Then it satisfies the following relationship:
xI  x1 ¼
11.2.2

b2 lnðb2 =b1 Þ
b 2  b1

ð11:6Þ

Model 2

This model is given by (11.1) with n ¼ 2, k1 ¼ 1, k2 ¼ k > 0, and F1 ðtÞ and F2 ðtÞ
are two-parameter Weibull distributions. The continuity conditions at t1 require
 1 ðt1 Þ ¼ kF
 2 ðt1þ Þ
F

f1 ðt1 Þ ¼ kf2 ðt1þ Þ

3
WPP Plot:
Left Asymptote:
Right Asymptote:

2
1
0
−1
−2

2.2

2.4

2.6

2.8

3

3.2

3.4

Figure 11.1 WPP plot for the Weibull sectional model 1 ðb1 > b2 Þ.

ð11:7Þ
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WPP Plot:
Right Asymptote:
Left Asymptote:

3
2
1
0
−1
−2
2.2

2.4

2.6

2.8

3

3.2

3.4

Figure 11.2 WPP plot for the Weibull sectional model 1 ðb1 < b2 Þ.

From (11.7) we have
b

t1 ¼

b2 a1 1
b

b1 a2 2

!1=ðb1 b2 Þ

"
k ¼ exp

b
1 2
b1

 b2 #
t1
a2

ð11:8Þ

This implies that the number of independent parameters is four.
If b1 ¼ b2 , then k ¼ 1, and either a1 ¼ a2 or t1 ¼ 0. In either case, the model
reduces to a single Weibull distribution. Hence, we need b1 6¼ b2 .
Density Function
The different possible shapes are similar to that for Model 1. Murthy and Jiang
(1997) present a complete parametric study of the density function.
Hazard Function
The different possible shapes are similar to that for Model 1. Murthy and Jiang
(1997) present a complete parametric study of the density function.
WPP Plot
The WPP plot is convex, but the asymptotes are the same as in Model 1. The coordinates of the intersection point satisfy the relationship given by
xI  x1 ¼

lnðb2 =b1 Þ
b 2  b1

ð11:9Þ

which is different from (11.6). This difference is useful in discriminating between
the two models in the context of modeling a given data set.
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11.2.3

Model 3

The model is given by (11.2) with n ¼ 2, k1 ¼ k > 0, k2 ¼ 1, and F1 ðtÞ and F2 ðtÞ
are two-parameter Weibull distributions. The continuity conditions at t1 require
kF1 ðt1 Þ ¼ F2 ðt1þ Þ

kf1 ðt1 Þ ¼ f2 ðt1þ Þ

ð11:10Þ

From (11.10), one can obtain t1 and k as functions of independent parameters a1 ,
b1 , a2 , and b2 , and this is given by the solution of the following equation:
expðczb Þ  cbzb1 ðez  1Þ  1 ¼ 0

ð11:11Þ

where c ¼ ða1 =a2 Þb2 , b ¼ b2 =b1 , and z  z1 ¼ ðt=a1 Þb1 . Let g0 ¼ ðt1 =a1 Þb1 , then k
can be expressed as a function of g0 and is given by
k¼

1  expðcgb0 Þ
1  expðg0 Þ

ð11:12Þ

If b1 ¼ b2 , then either t1 ¼ 0 or c ¼ 1. In either case, F(t) reduces to a single
Weibull distribution. Thus, we need b1 6¼ b2 . When b1 < b2 , (11.11) has a nonzero
solution and k > 1. When b1 > b2 , (11.11) has a nonzero solution and k < 1.
Density Function
The different possible shapes are similar to that for Model 1.
Hazard Function
The shapes for the hazard function include those for Model 1 as well as the
following two additional shapes:
Type 6: Unimodal followed by increasing
Type 7: Decreasing followed by unimodal
WPP Plot
The WPP plot is concave and the shape is similar to that for Model 1. However, the
asymptotes are slightly different. To the left of x1 ð¼ ln ðt1 ÞÞ, the WPP plot is a
smooth curve with the left asymptote (as x ! 1) given by the straight line
b

y ¼ ln k þ b1 ðx  ln ða1 ÞÞ ¼ b1 x þ lnðk=a1 1 Þ

ð11:13Þ

This is parallel to L1 (the WPP plot of subpopulation 1) but displaced vertically
by jlnðkÞj. To the right of x1 , the WPP is a straight line given by the WPP plot
of subpopulation 2.
11.2.4

Model 4

The model is given by (11.2) with n ¼ 2, k1 ¼ k2 ¼ k > 0, and F1 ðtÞ and F2 ðtÞ are
two-parameter Weibull distributions. The continuity conditions at t1 require
f1 ðt1 Þ ¼ f2 ðt1 Þ

k ¼ 1=½F1 ðt1 Þ þ R2 ðt1 Þ

ð11:14Þ

214

TYPE III(d) WEIBULL MODELS

Unlike the earlier three models, here we do not require b1 6¼ b2 . However, when
b1 ¼ b2 , we need to have a1 6¼ a2 ; otherwise the model reduces to a single Weibull
model. Note also that (11.14) has a unique solution if b1 ¼ b2 and a1 6¼ a2 . When
b1 6¼ b2 , it results in two solutions for the independent model parameters.
Density Function
The different possible shapes are the same as that for Model 3.
Hazard Function
The different possible shapes are the same as that for Model 3.
WPP Plot
The WPP plot is slightly different from the earlier models. To the left of
x1 ½¼ lnðt1 Þ , it is a curve with the left asymptote (as x ! 1) given by (11.13).
The curve is concave when b1 < b2 and convex when b1 > b2 . To the right of
x1 , the WPP plot is also a curve with the right asymptote (as x ! 1) given by
L2 . The curve is concave when b1 > b2 and convex when b1 < b2 .
As a result, the WPP plot is S shaped with an inflection at x ¼ x1 (or t ¼ t1 ).
Figure 11.3 shows the possible shapes depending on the shape parameters of the
two subpopulations. For the first case, the WPP is concave for x < x1 and convex
for x > x1. For the second case, it is the reverse.
11.2.5

Model 5

This model is given by (11.1) with n ¼ 3 with k1 ¼ k2 ¼ k3 ¼ 1. The term F1 ðtÞ is
a two-parameter Weibull distribution and F2 ðtÞ and F3 ðtÞ are three-parameter
Weibull distributions with parameters (b2 , a2 , t2 ) and (b3 , a3 , t3 ), respectively.
The continuity conditions are given by:
F1 ðt1 Þ ¼ F2 ðt1þ Þ
F2 ðt2 Þ ¼ F3 ðt2þ Þ

f1 ðt1 Þ ¼ f2 ðt1þ Þ
f2 ðt2 Þ ¼ f3 ðt2þ Þ

ð11:15Þ
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Figure 11.3 Different shapes for the WPP plot for Weibull sectional model 4.
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From (11.15), we obtain ti and tiþ1 , i ¼ 1, 2, as follows:
"

 #1=ðbi biþ1 Þ
biþ1 biþ1
t i ¼ ti þ b
iþ1
bi
aiþ1


biþ1
tiþ1 ¼ ti þ 1 
ðti  ti Þ
bi
b

ai i



ð11:16Þ

with t1 ¼ 0. We need b1 6¼ b2 , b2 6¼ b3 , and t1 < t2 or else the number of subpopulations gets reduced from three to two.
Density Function
The possible different shapes for the density function are as follows:
Type 2k (k ¼ 1  3) so that we have unimodal, bimodal, and trimodal shapes
Type 2k  1 ðk ¼ 1  3Þ so that we have decreasing, decreasing followed by
unimodal, and decreasing followed by bimodal
Hazard Function
The possible different shapes for the hazard function are as follows:
Type 1: Nonincreasing
Type 3: Nondecreasing
Type 5: Unimodal
Type 4: Bathtub shape
Types 6 and 7: Roller-coaster shapes
WPP Plot
The WPP plot can be any one of the many different shapes for Models 1–4 (shown
in Figs. 11.1–11.3). To the left of x1 ð¼ ln ðt1 ÞÞ, the WPP plot is a straight line L1 . To
the right of x2 ð¼ ln ðt2 ÞÞ, the WPP plot is a curve and has an asymptote given by L3
(the WPP plot of the Weibull distribution with the parameters b3 and a3 ). Over the
interval (x1 , x2 ), the WPP plot can either be convex on the left and concave on the
right or the reverse.
11.2.6

Model 6

This model differs from Model 5 in the sense that only k1 ¼ 1 and all three subpopulations are two-parameter Weibull distributions. The continuity conditions are
given by
R1 ðt1 Þ ¼ k2 R2 ðt1þ Þ

r1 ðt1 Þ ¼ r2 ðt1þ Þ

k2 R2 ðt2 Þ ¼ k3 R3 ðt2þ Þ

r2 ðt2 Þ ¼ r3 ðt2þ Þ

ð11:17Þ
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From (11.17), we obtain ti and kiþ1 , i ¼ 1, 2, as follows:
b

ti ¼

kiþ1

ai i
b

iþ1
aiþ1

b
 iþ1
bi

!1=ðbi biþ1 Þ
ð11:18Þ

ki Ri ðti Þ
¼
Riþ1 ðti Þ

where k1 ¼ 1. We need b1 6¼ b2 , b2 6¼ b3 , and t1 < t2 or else the number of subpopulations reduce from three to two.
Density Function
The different possible shapes are the same as that for Model 5.
Hazard Function
The different possible shapes are the same as that for Model 5.
WPP Plot
The different possible shapes for the WPP plot are the same as that for Model 5.

11.3

PARAMETER ESTIMATION

The two main methods that have been used for estimating the model parameters
are the graphical method (based on the WPP plot) and the method of maximum
likelihood. In this section we carry out a review of the two methods.
11.3.1

Methods Based on WPP

Kao (1959) uses a twofold two-parameter Weibull sectional model to approximate a
twofold Weibull mixture model. The distribution function for the model is continuous, but the density and failure rate functions are discontinuous. The method
involves WPP plotting of the data and fitting two straight lines—one for each subpopulation. The WPP plot for a twofold Weibull mixture is S shaped (with three
inflections) whereas for the Weibull sectional model it is either concave or convex.
Hence, Kao’s approximation is not appropriate.
Elandt-Johnson and Johnson (1980) deal with a sectional model with the
distribution function continuous at all the partition points. They discuss the use
of Weibull hazard plot to model the data set.
Models 1 and 2
Jiang and Murthy (1995b) propose a method to estimate the parameters of Models 1
and 2. The basic idea is to fit straight lines to the left and right asymptotes. The
slope and intercepts of these lines yield the estimates for the four independent
parameters.
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The procedure for Model 1 is as follows:
Steps 1–5: Use the data to plot the WPP plot. See, Section 4.5.1.
Step 6: Fit a straight line to the left part of the WPP plot. From its slope and
intercept obtain estimates of b1 and a1 .
Step 7: Fit the right asymptote. From its slope and intercept obtain estimates of
b2 and a2 .
Step 8: Obtain estimates of t1 and t from (11.4).
Step 9: Test whether (11.6) is satisfied. If not, adjust the location of the
asymptote in step 7 and repeat steps 7 and 8.
The procedure for Model 2 is as follows:
Steps 1–7: Same as for Model 1.
Step 8: Obtain estimates of t1 and k from (11.8).
Step 9: Test whether (11.9) is satisfied. If not, adjust the location of the
asymptote in step 7 and repeat steps 7 and 8.
Models 3 and 4
Jiang et al. (1999b) propose a method to estimate the parameters of Models 3 and 4.
The procedure for Model 3 is as follows:
Steps 1–5: Same as for Models 1 and 2.
Step 6: Draw a tangent line to the left end of the WPP plot. The slope and
b
intercept yield estimates of b1 and lnðk=a1 1 Þ.
Step 7: Fit a straight line at the right end of the plot, and using its slope and
intercept yields the estimates of b2 and a2 .
Step 8: Locate the partition point x1 where the fitted WPP curve starts deviating
from the right asymptote. This is done through visual inspection. An estimate
of t1 is obtained from x1.
Step 9: Define 0 ¼ ðt1 =a2 Þb2 . An estimate of 0 can be obtained from the
estimates of t1, b2 , and a2 . From (11.10), we have
expðg0 Þ  1 expð0 Þ  1
¼
g0
b0

ð11:19Þ

and this yields an estimate of g0.
Step 10: Since 0 ¼ cgb0 , this yields an estimate of c. Using this, one can obtain
an estimate of a1 from the relation c ¼ ða1 =a2 Þb2 and an estimate of k using
(11.12).
Step 11: Compute k from the estimate of the intercept of the tangent line
obtained in step 6. Compare it with the one obtained in step 5 to determine if
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they are close to each other or not. If not, go to step 8 to adjust x1, reestimate
t1 and 0 , and repeat steps 9 through 11.
The procedure for Model 4 is as follows:
Steps 1–5: Same as for Models 1 and 2.
Step 6: Draw a tangent line to the left end of the WPP plot. The slope and
b
intercept yield estimates of b1 and lnðk=a1 1 Þ. Compute
^ ¼ lnðk=ab1 1 Þ
Z

ð11:20Þ

Step 7: Draw a tangent line to the right end of the plot. Its slope and intercept
yield the estimates of b2 and a2 .
Step 8: Locate the partition point x1, which is the inflection point of the fitted
WPP curve. This is done through visual inspection; t1 can be obtained from
the estimate of x1.
Step 9: Estimates of k and a1 are obtained from (11.14) and (11.20).
Models 5 and 6
Jiang and Murthy (1997b) propose graphical estimation methods for estimating the
parameters of Models 5 and 6. The procedure for Model 5 is follows:
Steps 1–5: Same as for Models 1 and 2.
Step 6: Fit a straight line at the left end of the WPP plot of the data. From its
slope and intercept obtain estimates of b1 and a1 .
Step 7: Fit the asymptote to the right end of the WPP plot. From its slope and
intercept obtain estimates of b3 and a3 .
Step 8: Draw a tangent to the WPP plot in the region close to the middle. This is
an approximation to the WPP plot of subpopulation 2. As a result, its slope
and intercept yield estimates for b2 and a2 .
Step 9: Estimate t1, t2, t2, and t3 using (11.16).
Step 10: Test whether the following relations are satisfied:
y1 ¼ b2 ðx1  ln ða2 ÞÞ þ b2 lnðb2 =b1 Þ

ð11:21Þ

y2 ¼ b2 ðx2  ln ða2 ÞÞ þ b2 lnð1  t2 =t2 Þ

ð11:22Þ

and

If not, adjust the location of the line in step 4 and repeat steps 4 and 5 until
these equations are satisfied.
The procedure for Model 6 is as follows:
Steps 1–8: The same as for Model 5.
Step 9: Estimate t1, t2, k2, and k3 using (11.18).
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Step 10: Test whether the following relations are satisfied:
y1 ¼ b2 ðx1  ln ða2 ÞÞ þ lnðb2 =b1 Þ

ð11:23Þ

and
y2 ¼ b2 ðx2  ln ða2 ÞÞ þ ln½1  ð1  b2 =b1 Þðt1 =t2 Þb2

ð11:24Þ

If not, adjust the location of the line in step 4 and repeat steps 4 and 5 until
these equations are satisfied.
11.3.2

Maximum-Likelihood Method

Aroian and Robison (1966) deal with an exponential distribution with changing
scale parameter and estimate the parameters using the method of maximum likelihood. Colvert and Boardman (1976) also deal with a similar model.

11.4

MODELING DATA SET

If a smooth fit to the WPP plot of the data has a shape similar to one of those shown
in Figures 11.1–11.3, then one can assume that one of the Weibull sectional models
can be used to model the data set. The model parameters can be estimated from the
WPP plot as indicated in Section 11.3.

11.5

APPLICATIONS

The Weibull sectional models have been used in reliability modeling of products,
and Table 11.2 gives a list of the applications.

Table 11.2

Applications of Weibull Sectional Models

Applications

Reference

Electron tubes
Life tests
Oral irrigators
Life data for white males
Pull strength of welds
Reanalysis of oral irrigators data
Shear strength of brass rivets, failure times
in solid tantalum capacitors

Kao (1959)
Aroian and Robison (1966)
Colvert and Boardman (1976)
Elandt-Johnson and Johnson (1980)
Jiang and Murthy (1995b)
Jiang and Murthy (1997b)
Jiang, Zuo and Murthy (1999b)
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EXERCISES
Data Set 11.1
0.032
0.543
0.882
2.835
4.396
7.560

0.035
0.544
1.005
2.940
4.744
8.901

Data Set 11.2
0.032
0.543
0.882
2.531
5.825

0.035
0.544
1.138
2.994
5.847

Complete Data
0.104
0.577
1.025
3.002
5.346
9.000

0.169
0.648
1.472
3.158
5.479
10.482

0.196
0.666
1.916
3.430
5.716
11.133

0.260
0.742
2.313
3.459
5.825

0.326
0.757
2.457
3.502
5.847

0.445
0.808
2.530
3.691
6.084

0.449
0.857
2.543
3.861
6.127

0.496
0.858
2.617
3.952
7.241

0.196
0.666
1.283
4.097
7.241

0.260
0.742
1.484
4.100
7.560

0.326
0.757
1.897
4.744
8.901

0.445
0.808
1.944
5.346
9.000

0.449 0.496
0.857 0.858
2.201 2.365
5.479 5.716
10.482 11.133

Complete Data
0.104
0.577
1.163
3.118
6.084

0.169
0.648
1.256
3.424
6.127

11.1. Carry out WPP and IWPP plots of Data Set 11.1. Can the data be modeled by
one of Type III models involving either two Weibull or two inverse Weibull
distributions?
11.2. Suppose that Data Set 11.1 can be modeled by a Type III(d)-1 model.
Determine which one from Models 1 to 6 is appropriate to model the data
based on the WPP plot?
11.3. Suppose that the data can be adequately modeled by Model 1 of Section 11.2.
Estimate the model parameters based on (i) the WPP plot, (ii) the method of
moments, and (iii) the method of maximum likelihood. Compare the estimates.
11.4. Suppose that the data in Data Set 11.1 can be adequately modeled by Model 2
of Section 11.2. Estimate the model parameters based on (i) the WPP plot,
(ii) the method of moments, and (iii) the method of maximum likelihood.
11.5. Suppose that the data in Data Set 11.1 can be adequately modeled by Model 3
of Section 11.2. Estimate the model parameters based on (i) the WPP plot,
(ii) the method of moments, and (iii) the method of maximum likelihood.
11.6. Suppose that the data in Data Set 11.1 can be adequately modeled by Model 4
of Section 11.2. Estimate the model parameters based on (i) the WPP plot,
(ii) the method of moments, and (iii) the method of maximum likelihood.
11.7. How would you test the hypothesis that Data Set 11.1 is from Model 1 with
t1 ¼ 1:0?
11.8. Repeat Exercises 11.1 to 11.6 with Data Set 11.2.
11.9. Test the hypothesis that Data Set 11.2 is from Model 1 with t1 ¼ 5:0.
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Type IV Weibull Models

12.1

INTRODUCTION

The parameters of the standard Weibull model are usually assumed to be constant.
For models belonging to Type IV, this is not the case. The parameters are either a
function of the independent variable (t) or some other variables (such as stress
level) or are random variables. Type IV models can be divided into five subgroups—Types IV(a) to (e).
Type IV(a) models are models with time-varying parameters. Here either the
scale and/or the shape parameter of two-parameter Weibull distribution are
functions of the independent variable (t), which in most cases represents time.
Types IV(b) to (d) are models where the parameters are functions of some other
auxiliary (variables such as electrical, mechanical, thermal stresses), and these are
often called covariates. Type IV(b) is the accelerated life model where the auxiliary
variable appears as a coefficient of the independent variable ðtÞ of the model. Type
IV(c) is the proportional hazard model where the auxiliary variables appear as the
coefficients of base hazard function. Type IV(d) model is a general model that
combines both IV(b) and IV(c).
In Type IV(e) models the model parameters are random variables. This implies
that they need to be modeled probabilistically.
The outline of the chapter is as follows. Section 12.2 deals with Type IV(a) models, and we discuss five different models. Sections 12.3 to 12.5 discusses Types
IV(b) to (d) models. Section 12.6 looks at Types IV(e) models and reviews the
literature as there are many different such models that have been studied. Finally,
in Section 12.7 we briefly discuss the Bayesian approach to parameter estimation as
it is closely linked to the models in the previous section.

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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TYPE IV(a) MODELS

In these models the scale parameter (a) and/or the shape parameter (b) of the
standard Weibull model are functions of the independent variable t.
12.2.1

Model IV(a)-1

Model Formulation
Srivasatava (1974) considers the case where aðtÞ alternates between two values. As
a result, at any given time t it can be either a1 or a2. The hazard function hðtÞ is
given by
hðtÞ ¼

b½t1 ðtÞb1
ab1

þ

b½t2 ðtÞb1
ab2

ð12:1Þ

where t1 ðtÞ and t2 ðtÞ are the cumulative times (since t ¼ 0) for which aðtÞ ¼ a1
and aðtÞ ¼ a2 .
Note that the model can be viewed as a competing risk model with two subpopulations with independent variables t1 ðtÞ and t2 ðtÞ rather than t.
Parameter Estimation
Srivastava (1974) discusses the estimation of model parameters based on the
method of maximum likelihood with censored data.
12.2.2

Model IV(a)-2

Model Formulation
Zuo et al. (1999) consider a model where


1 b c=t
bðtÞ ¼ a 1 þ
e
t

ð12:2Þ

aðtÞ ¼ atb ec=t

ð12:3Þ

and

As a result, the cumulative hazard function is given by

HðtÞ ¼


D bðtÞ
aðtÞ

ð12:4Þ

where D is a constant. Note that aðtÞ and bðtÞ need to be constrained so that HðtÞ is
a nondecreasing function that goes to infinity as t ! 1.
From (12.4) one can derive the distribution and density function using (3.1).

TYPE IV(b) MODELS: ACCELERATED FAILURE TIME (AFT) MODELS
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Parameter Estimation
Zuo et al. (1999) examine parameter estimation based on regression.
12.2.3

Model IV(a)-3

Model Formulation
Zacks (1984) considers a model where the shape parameter b ¼ 1 for t < t0 and
changes to b > 1 for t > t0. The model is called the exponential Weibull distribution. Note that this can also be viewed as a sectional model discussed in Chapter 11.
Parameter Estimation
Zacks (1984) deals with Bayesian estimation of the change point t0 .
12.2.4

Model IV(a)-4

Model Formulation
The distribution function has the following general form:
FðtÞ ¼ 1  eðtÞ

ð12:5Þ

where ðtÞ is a nondecreasing function with ð0Þ ¼ 0 and ð1Þ ¼ 1. Srivastava
(1989) calls this the generalized Weibull distribution and deals with the case where
ðtÞ ¼ li fðtÞ

ð12:6Þ

for 1 i m, to model the cumulative hazard functions for m different machines.
Note (12.5) yields the two-parameter Weibull distribution when
 t b
ðtÞ ¼
ð12:7Þ
a
12.3 TYPE IV(b) MODELS: ACCELERATED FAILURE
TIME (AFT) MODELS
In AFT models the scale parameter a is a function of some supplementary variables
S, which are often called explanatory variables or covariates. In reliability applications S represents the stress (electrical, mechanical, thermal, etc.) on an item and
the life of the item (a random variable) is a function of S. This model has also been
called parametric regression models [see Lawless (1982)]. Note that S can be either
scalar or vector.
12.3.1

Model Formulations

Model IV(b)-1: Weibull AFT Models
The distribution function, for a given S, is given by
" 
b #
t
FðtjSÞ ¼ 1  exp 
aðSÞa

t

0

ð12:8Þ
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where aðSÞ is called the acceleration factor, which decreases with S increasing.
Depending on the form of aðSÞ, we have a family of models. The following three
(with S scalar) have been used extensively in reliability theory:
1. Arrhenius–Weibull Model: aðsÞ ¼ expðg0 þ g1 =S).
2. Power Weibull Model: aðSÞ ¼ g0 =S g1 .
3. Eyring Model: aðsÞ ¼ g0 S g2 expðg2 SÞ.
In the reliability context the g’s need to be constrained so as to ensure that aðSÞ
decreases as S increases so as to model the accelerated failure resulting from higher
stress.
Jensen (1995) discusses several accelerated life models for electronic components, in particular models involving the Arrhenius model for temperature and other
stress factors.
Other AFT Weibull Models
These can be any of the Weibull models discussed in Chapters 5 to 11 with the scale
parameter aðSÞ a function of the supplementary variable and having the different
forms as indicated above. Nelson (1990) discusses the competing risk AFT model.
Townson (2002) deals with AFT models for the Weibull mixture and the Weibull
competing risk models with two subpopulations.
12.3.2

Model Analysis

Model IV(b)-1: Weibull AFT Models
From (12.8), the hazard function is given by

b1
b
t
hðtjSÞ ¼
aðSÞa aðSÞa

ð12:9Þ

Note that this increases as S increases.
Expressions for the moments are the same as for the two-parameter Weibull
distribution (see Chapter 3) with the scale parameter a replaced by aaðSÞ.
Under the Weibull transformation (1.7), (12.8) gets transformed into
y ¼ bx  b lnðaÞ  b ln½aðSÞ

ð12:10Þ

As a result, the WPP plot is a straight line for a given S. Different values for S result
in straight lines that are parallel to each other.
For two different S1 and S2 we have the following results:
FðtjS1 Þ ¼ F



aðS1 Þ
tjS2
aðS2 Þ

ð12:11Þ
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The implication of this in the reliability context is as follows. If the life of a component has a life T1 when S ¼ S1 , then the same component at S ¼ S2 has a life T2
given by
aðS2 Þ
T1
T2 ¼
ð12:12Þ
aðS1 Þ
If S2 > S1 , then T2 < T1 implying that the time to failure decreases as S increases.
Expressions of moments are the same as that for the standartd Weibull model
except that the scale parameter contains aðSÞ.
Other AFT Models
A study of the mean, variance, and percentiles as function of S and the WPP plots
for the Weibull mixture and the Weibull competing risk models, with two subpopulations and different acceleration factors for each, can be found in Townson (2002).
12.3.3

Parameter Estimation

Model IV(b)-1: Weibull AFT Models
The parameter estimation for the Weibull AFT model has received a lot of attention
in the literature.
Graphical Approach (WPP Plot)
At each stress level, a Weibull plot can be generated. If the plots are roughly
straight lines, and parallel to each other, then the Weibull AFT model is appropriate
to model the data under consideration. The slope (common to all) yields the shape
parameter, and the intercept for different lines yields estimates of the scale parameters for different stress levels.
Method of Maximum Likelihood
This method has been studied extensively for the different cases (Arrhenius, power
law, and Eyring models discussed earlier) and for both complete and censored data.
Nelson (1990) deals with both graphical as well as other statistical approaches
for estimating the model parameters and illustrates with applications in many different areas. See also Lawless (1982) and Watkins (1994).
12.3.4

Model Selection and Validation

Model IV(b)-1: Weibull AFT Models
Graphical Approach (WPP Plot)
This has been discussed briefly in Section 12.3.3. Further discussion can be found
in Lawless (1982).
Statistical Method
Some goodness-of-fit tests (based on the residuals) are discussed in Lawless (1982)
and in Gertsbakh (1989) where readers can find other relevant references. See also
Nelson (1990).
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Varying-Stress Model

So far we have assumed that the supplementary variable S does not change with the
independent variable t of the distribution function. In many cases, S can change
with t, and one such is in accelerated life testing of unreliable components as
indicated below.
The accelerated life testing reduces the time needed to complete the test to
estimate the model parameters. The optimal stress level depends on the unknown
model parameters. In this case one uses a multiple-step stress-accelerated testing
where items are tested at an initial stress level S1 . After a predetermined time t1 ,
the items that are still working are subjected to a higher stress level S2 . This is
continued for a time t2 , and items that have survived are subjected to still higher
stress level S3 , and the process continues on.
Step-stress modeling requires taking into account the cumulative effect of different stress levels on the failure of an item. A common approach used is the following. If a component has survived for a period t1 at a constant stress S1 and is
subjected to stress S2 at time t1 , then it is treated as having survived for a period
~t1 under a constant stress S2 . The relationship linking ~t1 with t1 is given by
Fð~t1 jS2 Þ ¼ Fðt1 jS1 Þ

ð12:13Þ

Based on this interpretation, the distribution function for the Weibull ALT model
under multiple-step stress-accelerated life testing [see Gouno and Balkrishnan
(2001)] is given by
8
   
b
>
>
1

exp
 at1
0 t t1
>
>
>
>
>
>
 
>
b 
>
>
> 1  exp  t1 þ tt1
<
t1 t t2
a1
a2
ð12:14Þ
FðtÞ ¼
...
...
>
>
>
>
2
>
!b 3
>
>
iP
1
>
>
>
ti1 t ti
1  exp4 ttaii1 þ ti ati1i1 5
>
>
:
j¼1
where aj is the scale parameter corresponding to stress Sj , 1 j ði  1Þ. Note
that this can be viewed as an n-fold sectional Weibull model similar to models 1
and 5 in Chapter 11.
For the special case of two-step accelerated life testing with simple power acceleration function ai ¼ CSpi , 1 i 2, the probability density function is given by
   
8  
b1
b
>
b
t
>
exp
 at1
0 t t
>
< a1 a1
f ðtÞ ¼


b1  
b 
>
>
b
t
tt
t
tt
>
: a2 a1 þ a2
exp  a1 þ a2
t

where t is the change point for the stress level.

ð12:15Þ

t<1
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The estimation of parameters for the step-stress model has received considerable
attention. See, for example, Nelson (1990).
We consider the testing of n items with Type II censoring. The testing is stopped
when the number of failures reaches some prespecified value r. Let the number of
failures at each of two stress levels be n1 and n2 , respectively. The log-likelihood
[based on (12.15)] is given by
ln LðC; p; bÞ ¼ r ln b  n1 bð ln C þ p ln S1 Þ  n2 ðln C þ p ln S2 Þ
"

#
n1
n2
X
X
t2;j  t t
þ ðb  1Þ
ln ðt1;j Þ  n2 ln C þ
ln
Sp2
Sp1
j¼1
j¼1
"

n1
n2 
1 X
t1; j X
t2; j  t t b
 b
þ
þ
C j¼1 s p1
Sp2
Sp1
j¼1
 #
n2 
X
t2;n2  t t b
þ n  rÞ
þ p
Sp2
S1
j¼1

ð12:16Þ

where ti; j is the failure time of unit i operating under stress sj . Gouno and
Balakrishnan (2001) discuss the simplification of the likelihood equations so that
the estimates can be obtained easily.
Nelson (1990) considers the estimation problem with Type I censoring and derives
the confidence limits for the model parameters and for the reliability function.

12.4

TYPE IV(c) MODELS: PROPORTIONAL HAZARD (PH) MODELS

An alternate approach to modeling the effect of the supplementary variable on the
distribution function is through its hazard function.
12.4.1

Model Formulations

In the PH model,
hðtjSÞ ¼ cðSÞh0 ðtÞ

ð12:17Þ

where h0 ðtÞ is called the baseline hazard function. The only restriction on the scalar
function cðSÞ is that it be a positive nondecreasing function. Depending on the form
of cðSÞ, one has a family of different models associated with a particular base
hazard function. This model is also called as the multiplicative model by Fahrmeir
and Klinger (1998). A review of the literature on PH models up to 1994 can be
found in Kumar and Klefsjo (1994).
The case where the baseline hazard function is the hazard function associated
with a two-parameter Weibull distribution has received considerable attention. In
contrast, the study of PH models for other forms of baseline hazard function has
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not received much attention. The only exception is the competing risk model discussed in Kalbefleisch and Prentice (1980).
Many different forms for c ( ) have been proposed. One such is the following:
!
k
X
cðSÞ ¼ exp b0 þ
b i Si
ð12:18Þ
i¼1

Model IV(c)-1: Weibull PH Model
The Weibull PH model is given by
hðtjSÞ ¼ cðSÞ

b  t b1
a a

ð12:19Þ

and the distribution function is given by

 t b 
FðtjSÞ ¼ 1  exp cðSÞ
a

ð12:20Þ

Note that this is identical to (12.8) when ½aðSÞb ¼ 1=cðSÞ. As a result, the
Weibull PH model and the Weibull AFT model are identical. In fact, it can be
shown (Cox and Oakes, 1984) that Weibull distribution is the only distribution for
which the AFT and the proportional hazard models coincide. See also Newby (1994).
12.4.2

Model Analysis

The survivor functions at two stress levels S1 and S2 are related as follows:
 ðtjS2 Þ ¼ ½F
 ðtjS1 ÞcðS2 Þ=cðS1 Þ
F

ð12:21Þ

The ratio of the hazard functions is
hðtjS1 Þ cðS1 Þ
¼
hðtjS2 Þ cðS2 Þ

ð12:22Þ

which is independent of t.
Since the Weibull PH model is identical to the Weibull ATF model, the analysis
of Model IV(b)-1 is applicable here.
12.4.3

Parameter Estimation

Graphical Approach
Under the transformation given by (1.7), for a given S, (12.22) gets transformed into
y ¼ bx  b lnðaÞ þ ln½cðSÞ

ð12:23Þ

231

MODEL IV(d)-1

This implies that the plots for different values of S are straight lines parallel to each
other. If the data is roughly scattered along parallel straight lines, then the model
parameters can be estimated from the plots in the usual way ensuring that the fitted
lines are parallel to each other.
Method of Maximum Likelihood
The parameters of cðSÞ (also called the regression parameters) need to be estimated
in addition to the parameters of the baseline hazard function h0 ðtÞ, which in the case
of the Weibull PH model are a and b.
Cox (1975) suggests an approach to estimate the regression parameters without
the knowledge of the baseline hazard function based on partial likelihood, which is
not a likelihood in the normal sense [see Kalbafleisch and Prentice (1980) for
further discussion].
The literature on the estimation of parameters with different types of censoring
has received a lot of attention. They can be found in many books such as
Kalbafleisch and Prentice (1980), Lawless (1982), and Cox and Oakes (1984).
See also Cox and Oakes (1984) and Kalbfleisch and Prentice (1980). Love and
Guo (1991) and Newby (1994) discuss the problem of model fitting. Gertsbakh
(1989) provides a detailed discussion of estimation for proportional hazard models
involving Weibull and exponential distributions.

12.5
12.5.1

MODEL IV(d)-1
Model Formulation

Distribution Function
The distribution function is given by




g1 ðaT SÞ 
T
FðtjSÞ ¼ 1  exp
ln 1  F0 g2 ðb SÞt
g2 ðbT SÞ

ð12:24Þ

where S is the vector of covariates, a and b are vectors of regression coefficients,
g1 ð Þ; g2 ð Þ are general positive function with g1 ð0Þ ¼ g2 ð0Þ ¼ 1, and F0 ðtÞ is the
baseline distribution function. Note that when a ¼ 0 the model reduces to the
AFT model, and when b ¼ 0 it reduces to the PH model.
The hazard function is given by
hðtjSÞ ¼ g1 ðaT SÞ h0 ½g2 ðbT SÞt

ð12:25Þ

where h0 ðtÞ is the hazard function associated with F0 ðtÞ.
Special Case Shyur et al. (1999) deal with the special case g1 ðaT SÞ ¼ expðaT SÞ
and g2 ðbT SÞ ¼ expðbT SÞ.
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12.5.2

Model Analysis

Moments
For the special case, the MTTF can be computed as
MTTF ¼

1
expðbT SÞ

ð1

T

RðuÞexpððabÞ

SÞ

du

ð12:26Þ

0

 Ðu

with u ¼ expðbT SÞt and R0 ðtÞ ¼ exp  0 h0 ðsÞ ds .
12.5.3

Parameter Estimation

Maximum-Likelihood Estimation
Since the baseline hazard function is not independent of the covariates, the advantage of applying a partial-likelihood function does not exist in this model. A
general-likelihood function is used in Shyur et al. (1999). For the special case,
the log-likelihood function is given by
L¼



ð
N
N
X

 X
expðaT SÞ ui
di aT S þ ln ðh0 ðui ; ÞÞ 
exp
h
ðtjSÞ
dt
0
expðbT SÞ 0
i¼1
i¼1

ð12:27Þ

where N is the number of items tested, ti is the observation time, di ¼ 1 if the data i
is a failure time and 0 otherwise, ui ¼ ti expðbT SÞ, and  denotes the vector of parameters defining h0 ð Þ when a spline function is used for the estimation of the
baseline hazard function.
When F0 ðtÞ is a two-parameter Weibull distribution, then one does not need to
use a spline function to approximate h0 ð Þ, the baseline hazard function.

12.6

TYPE IV(e) MODELS: RANDOM PARAMETERS

Here the one or both of the parameters ðy  a; bÞ in the standard two-parameter
Weibull model are random variables. If y can assume only a finite set of values,
then

FðtÞ ¼

K
X

F0 ðtjy ¼ uÞpi ðuÞ

ð12:28Þ

i

is the distribution function of a variable T, which, conditional on y ¼ u, has a
distribution F0 ðtjy ¼ uÞ. The expression F0 ðtjy ¼ uÞ is a two-parameter Weibull
distribution, and pi is the probability y ¼ yi, 1 i K. As a result, the model is
a finite mixture model discussed in Chapter 8. Here we consider the case where
the parameters are continuous valued random variables.
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Harris and Singpurwalla (1968) consider the following cases:
1. The shape parameter b has a two-point prior and the scale parameter is
constant.
2. The scale parameter a has a two-point prior and the shape parameter is
constant.
They discuss the Bayesian approach to estimate the model parameters.
In this section we focus our attention on the case where y is a continuous valued
random variable. Let Fy ð Þ denote the distribution function for the parameters. Then
the model is given by
ð
FðtÞ ¼ F0 ðtjy ¼ uÞ dFy ðuÞ

ð12:29Þ

and the model is also referred to as a continuous mixture or compound model.
12.6.1

Model Formulations

Model IV(e): Compound Weibull Model
Here only the scale parameter is a random variable with a distribution function
Fa ð Þ and the shape parameter is a constant. It is called a compound Weibull model
[see Dubey (1968)]. Different forms for Fa ð Þ lead to different models.
Model IV(e)-1: Gamma Prior
Dubey (1968) considers the case where the probability density function for
l ¼ 1=ab is a gamma density function given by
dg ag1 eda
ðgÞ

0

ð12:30Þ


F0 ðtl ¼ aÞ ¼ 1  expðatb Þ

ð12:31Þ

fa ðaÞ ¼

a

with g; d > 0. Let

Then
f ðtÞ ¼

ð1
0

f0 ðtja ¼ aÞfa ðaÞ da ¼

bgdg tb1
ðtb þ dÞgþ1

ð12:32Þ

When d ¼ 1, the compound Weibull distribution reduces to the Burr distribution,
and hence the compound Weibull distribution can be considered as a generalized
Burr distribution.
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Model IV(e)-2: Uniform Prior
Harris and Singpurwalla (1968) consider the case where the probability density
function for l ¼ 1=ab is a uniform density function [over ðb1 ; b2 Þ] given by

Fa ðaÞ ¼

8
<

0
ða  b1 Þ=ðb2  b1 Þ
:
1

a b1
b1 < a
a > b2

b2

ð12:33Þ

Using (12.33) and (12.31) in (12.29) yields
FðtÞ ¼ 1 

12.6.2

expðb1 tb Þ  expðb2 tb Þ
ðb2  b1 Þtb

ð12:34Þ

Model Analysis

Model IV(e)-1: Gamma Prior
Moments
The kth moment is given by


k k
EðT k Þ ¼ gdk=b B g  ; þ 1
b b

ð12:35Þ

when bg > k Bð; Þ is the beta function [see Abramowitz and Stegun (1964)].
Specifically, the mean and variance are given by

EðTÞ ¼
and
VarðTÞ ¼

d1=b ðg  1=bÞð1=b þ 1Þ
ðgÞ

h 


i
 

 
d2=b  g  b2  b2 þ 1  2 g  b1 2 b1 þ 1 =ðgÞ
ðgÞ

ð12:36Þ

ð12:37Þ

Order Statistics
The following result is from Dubey (1968). Let X1 ; X2 ; . . . ; Xn be n independent
and identically distributed (i.i.d.) random variables from the compound distribution with parameters ðb; l; g; dÞ. Then Yn ¼ min(X1 ; X2 ; . . . ; Xn Þ; then Yn obeys
the compound Weibull law with parameters ðb; l; ng; dÞ. Conversely, if Yn has the
compound Weibull distribution with the parameters ðb; l; ng; dÞ, then each Xi obeys
the compound Weibull law with the parameters ðb; l; g; dÞ.
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Model IV(e)-2: Uniform Prior
Moments
The first and second moments are given by





1
b
11=b
11=b
þ1
b2
 b1
b
ðb2  b1 Þðb  1Þ




2
b
12=b
12=b
þ1
b2
E½T 2  ¼ 
 b1
b
ðb2  b1 Þðb  1Þ
E½T ¼ 

ð12:38Þ

ð12:39Þ

and the variance is given by





2
b
12=b
12=b
þ1
b2
 b1
Var½T ¼ 
b
ðb2  b1 Þðb  1Þ



2
b2
11=b
11=b
2 1
þ1

b

b
2
1
b
ðb2  b1 Þ2 ðb  1Þ2

12.6.3

ð12:40Þ

Parameter Estimation

Model IV(e)-1: Gamma Prior
For the complete data given by ðt1 ; t2 ; . . . ; tn Þ, Harris and Singpurwalla (1968)
suggest estimating the parameters (other than l) by the method of moments and
then using a Bayesian approach to estimating l, which is given by
gþ1
^ ¼ nþ^
l
Pn b^
^
i ¼ 1 ti þ 1=d

ð12:41Þ

with estimates of other parameters obtained from the method of moments.
Model IV(e)-2: Uniform Prior
Harris and Singpurwalla (1968) suggest the following approach for the case of complete data given by ðt1 ; t2 ; . . . ; tn Þ. An estimate of b is obtained from the conditional
skewness and is given by the solution of the following equation:
ð3=b þ 1Þ  3ð3=b þ 1Þð1=b þ 1Þ þ 23 ð1=b þ 1Þ
½ð2=b þ 1Þ  2 ð1=b þ 1Þ3=2

¼

P
ðti  tÞ2
s3

ð12:42Þ

where t is the sample mean and s is the sample standard deviation. The estimates of
b1 and b2 are obtained from (12.38) and (12.29) using sample estimates for the first
two moments and a Bayesian approach is used to obtain the estimate of l, which is
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given by





P
P
 n þ 2; b2 ni¼ 1 tib   n þ 2; b1 ni¼ 1 tib
^¼

l
Pn b 
Pn b 
Pn b 
t

n
þ
1;
b
t


n
þ
1;
b
2
1
i¼1 i
i¼1 i
i ¼ 1 ti

ð12:43Þ

using the estimates of b1 , b2 , and b instead of the true values.
12.7

BAYESIAN APPROACH TO PARAMETER ESTIMATION

In the Bayesian approach, the unknown parameters of the model is viewed as random variables and characterized by an appropriate prior distribution function.
Based on the data (censored and/or uncensored), one computes the posterior distribution, which is the conditional distribution for the parameters conditional on the
observed data. As a result, the estimation uses random parameter models discussed
in the previous section. Depending on the form of the prior distribution, one has a
family of different estimators.
The Bayesian approach to estimating the parameters of the standard Weibull
model has received a lot of attention. Some deal with one parameter where the
shape parameter is known, and others deal with the case where both the shape
and scale parameters are unknown. Some use discrete distributions, whereas others
use continuous distributions to characterize the unknown parameters.
Bayesian point estimator for the parameters can be computed as the expected
value of the posterior distribution in a traditional manner. Bayesian prediction interval can also be computed. For further details, see Mann et al. (1974), Martz and
Waller (1982), Singpurwalla (1988), and Berger and Sun (1993).
EXERCISES
Data Set 12.1 Failure Times of Eight Components at Three Different
Temperatures
Temp.
100
120
140

Lifetimes
14.712
8.610
2.998

32.644
11.741
5.016

61.979
54.535
15.628

65.521
55.047
23.040

105.50
58.928
27.851

114.60
63.391
37.843

120.40 138.50
105.18 113.02
38.050 48.226

Data Set 12.2 Accelerated Life Testing of 40 Items with Change in Stress
from 100 to 150 at t ¼ 15
0.13
4.50
9.61
17.25

0.62
4.61
9.84
17.37

0.75
4.79
10.58
18.69

0.87
7.17
11.18
18.78

1.56
7.31
11.84
19.88

2.28
7.43
13.28
20.06

3.15
7.84
14.47
20.10

3.25
8.49
14.79
20.95

3.55
8.94
15.54
21.72

4.49
9.40
16.90
23.87

EXERCISES
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12.1.

For each of the three different temperatures in Data Set 12.1, plot the WPP
plot. Discuss if the Weibull AFT model is appropriate to model the effect of
temperature on the lifetime of the item.

12.2.

Suppose that the data in Data Set 12.1 can be modeled by the Weibull AFT
model. Estimate the model parameters using the WPP plot and the method
of maximum likelihood. Compare the two estimates.

12.3.

Using the Weibull AFT model of Exercise 12.2, estimate the mean and
median of the time to failure at T ¼ 160.

12.4.

Carry out a WPP plot of the data in Data Set 12.2. Interpret the plot and
discuss if one of the models discussed in Chapter 11 can be used to model
the data.

12.5.

For the Arrhenius–Weibull model, derive expression for the hazard function
as function of the stress s. Obtain the mean and variance of the time to
failure as a function of s.

12.6.

Repeat Exercise 12.5 for the power Weibull model.

12.7.

Repeat Exercise 12.5 for the power Weibull model.

12.8.

Prove that the PH and AFT models are equivalent for Weibull baseline
hazard function.

12.9.

Derive (12.35) to (12.37).

12.10. An item with two failure modes can be modeled by a Weibull mixture
model [Model III(a)-1] with two subpopulations. The effect of stress on the
two scale parameters is given by the power law relationship with different
exponents. Discuss the shape of the WPP plot.*
12.11. Show that a Weibull mixture PH model is not equivalent to a Weibull
mixture AFT model.*
12.12. Section 12.3 deals with the analysis of the Weibull distribution where the
parameters are functions of stress. Carry out a similar analysis for the
inverse Weibull distribution.*

* Research problem.

C H A P T E R 13

Type V Weibull Models

13.1

INTRODUCTION

The models studied so far are appropriate for modeling a continuous random variable that can assume any value over the interval [0, 1). In this chapter we look at
Weibull models for modeling discrete random variables that only assume nonnegative integer values. Such models are useful, for example, for modeling the number
of cycles to failure when components are subjected to cyclical loading.
Discrete Weibull models can be obtained as the discrete counterparts of either
the distribution function or the failure rate function of the standard Weibull model.
These lead to different models, and in this chapter we discuss four discrete models that are the counterparts of the standard two-parameter Weibull distribution.
The outline of the chapter is as follows. In Section 13.2 we introduce some concepts and notations that will be used later in the chapter. The next four sections
(Sections 13.3 to 13.6) deal with the four different discrete Weibull models.
13.2

CONCEPTS AND NOTATION

In this section we discuss some basic concepts needed for modeling a random
variable X that can assume any nonnegative integer value:
Probability mass function: pðxÞ ¼ PðX ¼ xÞ for 0  x (integer) < 1.
Probability distribution function: FðxÞ ¼ PðX  xÞ for 0  x (integer) < 1.
 ðxÞ ¼ 1  FðxÞ ¼ PðX > xÞ for 0  x
Survivor (reliability) function: F
(integer) < 1.
Hazard (failure rate) function:
 ðx  1Þ  F
 ðxÞ
PrðX ¼ xÞ F
lðxÞ ¼ PrðX ¼ xjX  xÞ ¼
¼

F ðx  1Þ
PrðX  xÞ

x ¼ 1; 2; . . .
ð13:1Þ

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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Define
ðxÞ ¼

x
X

lðiÞ

ð13:2Þ

i¼0

 ðxÞ 6¼ expððxÞÞ. This is in contrast to the continuous case [see (3.1)].
Note that F
Roy and Gupta (1992) propose an alternate discrete failure rate function r(x)
defined as follows:


 ðx  1Þ
F
rðxÞ ¼ ln 
x ¼ 1; 2; . . .
ð13:3Þ
F ðxÞ
and called it the second ‘‘rate of failure.’’ Define
RðxÞ ¼

x
X

rðiÞ

ð13:4Þ

i¼1

Then it is easily seen that
 ðxÞ ¼ exp½RðxÞ
F

ð13:5Þ

Note that this is similar to the relationship between the cumulative hazard function
and the survivor function for the continuous case given in (3.1). Xie et al. (2002a)
advocate that rðxÞ be called the discrete failure rate because of this similarity with
the continuous case. However, it is important to note that rðxÞ is not a conditional
probability whereas l(x) is a conditional probability. Hence, we shall use the term
pseudo-hazard function for rðxÞ so as to differentiate it from the hazard function
l(x).
13.3

MODEL V-1

This model is due to Nakagawa and Osaki (1975).
13.3.1

Model Structure

The distribution function is given by

xb
FðxÞ ¼ 1  q
0

x ¼ 0; 1; 2; 3 . . .
x<0

ð13:6Þ

where the parameters 0 < q < 1 and b > 0. Note that it is similar to the twoparameter Weibull distribution given by (1.3).
The probability mass function is given by
b

pðxÞ ¼ qðx1Þ  q x

b

x ¼ 0; 1; 2; 3 . . .

ð13:7Þ
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The hazard function is given by
lðxÞ ¼ 1  q x

b

ðx1Þb

ð13:8Þ

From (13.3) we have
qðx1Þ
rðxÞ ¼ ln
q xb

b

!
¼ ln ðq½ðx  1Þb  xb Þ

ð13:9Þ

Consider a geometric random variable Y with PðY  xÞ ¼ qk (i.e., Y is distributed according to the geometric distribution). Then the random variable
b
X ¼ Y 1=b , b > 0, has the property PðX  xÞ ¼ q x , implying that X is distributed
according the discrete Weibull distribution. When b ¼ 1, the discrete Weibull
distribution reduces to the geometric distribution. This is the counterpart of the
power law relationship linking the exponential and the Weibull distribution in the
continuous case.
13.3.2

Model Analysis

Moments
The kth moment is given by
EðX k Þ ¼

1


X
b
b
xk qðx1Þ  qx

ð13:10Þ

x¼1

It is difficult to get closed-form analytical expressions for the moments. One needs
to evaluate this numerically, given specific parameter values.
Khan et al. (1989) compare the means for the discrete and the continuous case.
For the continuous case, let the distribution be given by (1.6). Let q ¼ expfl0 g
and md and mc denote the means for the discrete and continuous case. Then Khan
et al. (1989) show that md  1 < mc < md using the following result:
1
X
x¼1

xb

ð1

q <
0

0 b

el x dx <

1
X

qx

b

ð13:11Þ

x¼0

Hazard Function
The hazard function can be increasing, decreasing, or constant depending on
whether b is greater than, equal to, or less than 1. This is similar to the continuous
distribution.
The pseudo-hazard function can be increasing or decreasing depending on the
value of b. Note that when b ¼ 2, it increases linearly, which is similar to the
continuous case.
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13.3.3

Parameter Estimation

Method of Moments
Moment estimators for the discrete Weibull distribution can be obtained as follows
for the case of complete data given by ðx1 ; x2 ; . . . ; xn Þ. The first and second
moments about the origin, m1 and m2 , are given by
m1 ¼

1
X

qx

b

x¼0

1
X

b

xqx  m21

ð13:12Þ

n
1X
^ Þ2
ðxi  m
n i¼0

ð13:13Þ

m2 ¼ 2

x¼0

The sample moments are given by
^1 ¼
m

n
1X
xi
n i¼0

^2 ¼
m

Khan et al. (1989) propose a method to estimate the parameters by minimizing
Jðq; bÞ ¼ ð^
m1  m1 Þ2 þ ð^
m2  m2 Þ2

ð13:14Þ

with respect to ðq; bÞ.
Another simple estimation method proposed by Khan et al. (1989) is as follows.
Let y be the number of 1’s in the sample. The ratio y/n is an estimate of the probability Fð1Þ ¼ 1  q. Hence
^
q ¼ 1  y=n

ð13:15Þ

is an estimate of q. Similarly, let the number of 2’s in the sample be denoted by z.
Then, from Fð2Þ ¼ q  q2 we have the estimate
^ ¼ ln½lnðq  z=nÞ= ln ðqÞ
b
ln 2

ð13:16Þ

Method of Maximum Likelihood
For complete data set, ðx1 ; x2 ; . . . ; xn Þ, the log-likelihood function is
ln ðLÞ ¼

1


X
b
b
ln qðxk 1Þ  qxk

ð13:17Þ

k¼1

The estimates can be obtained from the usual first-order conditions (setting the
partial derivatives to zero).
Kulasekera (1994) investigates the case with right censored data. Let

1
if xi ¼ x0i
di ¼
ð13:18Þ
0
otherwise
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where xi ¼ minðx0i ; Li Þ; i ¼ 1; 2; . . . ; n; and xi is the ith failure time, Li is the ith
censoring time, and x0i is the failure time. The estimates are obtained as the solution
of the following set of equations that need to be solved numerically:
n
n
n
X
X
X
ðxi  1Þb  xbi
ð1  di Þxbi þ
di ðxi  1Þb þ
di
¼0
b
b
qðxi 1Þ xi  1
i¼1
i¼1
i¼1

ð13:19Þ

and
n
X

ð1  di Þxbi ln xii þ

i¼1

þ

n
X

di ðxi  1Þb lnðxi  1Þ

Xi 6¼ 1
n
X

ðxi  1Þ lnðxi  1Þ  xbi ln ðxi Þ
b

di

qðxi 1Þ

i¼1

b

xbi

1

¼0

ð13:20Þ

Kulasekera (1994) suggests an approximation that involves the simple estimator of
Khan et al. (1989).

13.4

MODEL V-2

The model is due to Stein and Dattero (1984).
13.4.1

Model Structure

The distribution function is given by
FðxÞ ¼

x1
X

ckb1

k1
Y

ð1  cjb1 Þ

x ¼ 1; 2; . . . ; m

ð13:21Þ

j¼1

k¼1

where m is a truncation value, given by

m¼

intfc½1=ðb1Þ g
1

if b > 1
if b  1

ð13:22Þ

and intfg represents the integer part of the quantity inside the brackets.
The hazard function has a form similar to that of continuous Weibull distribution, and it is given by

lðxÞ ¼

cxb1
0

x ¼ 1; 2; . . . ; m
x0

Note that the constraint on m ensures that lðxÞ  1.

ð13:23Þ
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The probability mass function is given by
pðxÞ ¼ cxb1

x1
Y

ð1  cjb1 Þ

x ¼ 1; 2; . . . ; m

ð13:24Þ

j¼1

When b ¼ 1, the distribution reduces to the geometric distribution that can be
viewed as the discrete counterpart of the exponential distribution.
The pseudo-failure rate function is given by
rðxÞ ¼ lnf1=ð1  cxb1 Þg

x ¼ 1; 2; . . . ; m

ð13:25Þ

Note that this is similar to the hazard function. Both of these can be increasing,
decreasing, or constant, depending on the value of b. Also, they are a power function of ðb  1Þ, which is similar to the continuous case except that x is constrained
by an upper limit m.
13.5

MODEL V-3

Padgett and Spurrier (1985) proposed this model.
13.5.1

Model Structure

The distribution function is given by
FðxÞ ¼ 1  exp 

x
X

!
ci

b1

x ¼ 0; 1; 2; . . .

ð13:26Þ

i¼1

The probability mass function is given by
!
!
x
x1
X
X
b1
b1
pðxÞ ¼ exp c
i
i
 exp c
i¼1

¼ exp c

x1
X

i¼1

!
ib1

1  expðcxb1 Þ

ð13:27Þ

i¼1

The hazard function is given by
lðxÞ ¼ exp c

x
X

!
b1

i

ð13:28Þ

i¼1

and the pseudo-hazard rate function is given by
rðxÞ ¼ cxb1

x ¼ 1; 2; . . .

ð13:29Þ
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Again, the hazard and the psuedo-hazard functions can be increasing, decreasing, or
constant depending on b.
13.5.2

Model Analysis

Moments
The mean is given by
EðXÞ ¼

1
X

exp c

k
X

!
jb1

ð13:30Þ

j¼1

k¼1

and this exists if b > 0, or b ¼ 0 and c > 1.
13.5.3

Parameter Estimation

When the data is complete, the log-likelihood function is given by

ln L ¼

xi
n
n X
n
h
io
X
X
ln 1  exp cðxi þ 1Þb1  c
jb1

ð13:31Þ

i¼1 j¼1

i¼1

However, this has to be solved numerically. Padgett and Spurrier (1985) discuss this
further. For example, when all xi ¼ 0, the log-likelihood function (13.31) is an
increasing function of c, and it does not involve b. If at least one xi > 0, then
the estimates can be found numerically.

13.6

MODEL V-4

This model is briefly mentioned in Salvia (1996) and the hazard function is given
by
b

lk ¼ 1  ecðkþ1Þ

k ¼ 0; 1; . . .

ð13:32Þ

and c > 0 and b > 1 are the model parameter.
For small c, it can be seen that lk  cðk þ 1Þb , and this model is hence reminiscent of the Weibull model. The hazard function is increasing when b > 0 and
decreasing when b < 0.
For b > 0; the mean residual life, nk , is bounded by
b

efcðkþ1Þ

g

 nk 

ec

1
1

ð13:32Þ
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and by
1
 nk  expfcgnk1
ec  1

nk  expfcgE½X

ð13:33Þ

for b < 0.

EXERCISES
Data Set 13.1
2
12

3
12

Complete Data: Number of Shocks before Failure
6
12

6
13

7
13

9
13

9
15

10
16

10
16

11
18

Data Set 13.2 Censored Data: 20 Items Subjected to Shocks and
Testing Stopped after 14 Shocksa
1
5
a

3
6

3
6

4
7

4
10

4
11

4
12

5
14

The data comprises of the number of shocks to failure for failed items.

13.1. Discuss if one or more of the models of Chapter 13 are suitable for
modeling Data Set 13.1.
13.2. Suppose that Data Set 13.1 can be modeled by Model V-1. Estimate
parameters using the method of moments and the method of maximum
likelihood.
13.3. Suppose that Data Set 13.1 can be modeled by Model V-3. Estimate
parameters using the method of moments and the method of maximum
likelihood.
13.4. Repeat Exercise 13.1 with Data Set 13.2.
13.5. Suppose that Data Set 13.2 can be modeled by Model V-1. Estimate
parameters using the method of maximum likelihood.
13.6. Develop a graphical procedure to estimate the parameters in the Nakagawa–
Osaki discrete Weibull distribution.*
13.7. Develop a goodness-of-fit test that can be used for validating the discrete
Weibull models discussed in Chapter 13.*
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13.8.

Show that the hazard function defined in (13.1) satisfies 0  lðxÞ  1.

13.9.

Show that the pseudo-hazard function rðxÞ defined in (13.3) has the same
monotonicity property as the hazard function defined in (13.1). That is, if
one is increasing (decreasing) the other is also increasing (decreasing).

13.10. For Model V-3 plot (13.28) and (13.29) and compare the results.
13.11. Discuss possible generalization of discrete Weibull for some three- and
four-parameter model such as those discussed in previous chapters.*

* Research problem.

C H A P T E R 14

Type VI Weibull Models
(Multivariate Models)

14.1

INTRODUCTION

This group is comprised of models that are extensions of the univariate Weibull distribution to bivariate (n ¼ 2) and multivariate (n > 2) cases so that the model is
given by an n-dimensional distribution function Fðt1 ; t2 ; . . . ; tn Þ. This is useful
for modeling failures in a multicomponent system where the failure times are
statistically dependent. (When component failures are independent, they can be
analyzed separately by looking at the marginal univariate distributions.) In this
chapter, we discuss a variety of multivariate Weibull models that are related to
the standard Weibull distribution.
There are many different approaches to develop multivariate extensions of the
one-dimensional Weibull distribution. One simple approach is to transform the
bivariate or multivariate exponential distribution through power transformation.
Another approach is to specify the dependence between two or more univariate
Weibull variables so that bivariate or multivariate distribution has Weibull marginals. Yet another approach involves the transformation of multivariate extreme value
distributions.
Many different bivariate and multivariate Weibull models have been proposed
and studied. We confine our attention to those models that have been studied in
detail.
The outline of this chapter is as follows. We start with some preliminary discussion where we introduce the notation and discuss alternate approaches to classify
the different multivariate distributions in Section 14.2. Section 14.3 deals with the
bivariate Weibull models and Section 14.4 with the multivariate models. In contrast
to the univariate models, the results for the bivariate and multivariate models are

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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rather limited. For the models discussed, we review the results relating to model
analysis and parameter estimation.

14.2
14.2.1

SOME PRELIMINARIES AND MODEL CLASSIFICATION
Preliminaries

A general multivariate model involves n random variables (T1 ; T2 ; . . . ; Tn ) with a
distribution function Fðt1 ; t2 ; . . . ; tn Þ so that
Fðt1 ; t2 ; . . . ; tn Þ ¼ PðT1  t1 ; T2  t2 ; . . . ; Tn  tn Þ

ð14:1Þ

 ðt1 ; t2 ; . . . ; tn Þ is given by
The survivor function, F
 ðt1 ; t2 ; . . . ; tn Þ ¼ PðT1 > t1 ; T2 > t2 ; . . . ; Tn > tn Þ
F

ð14:2Þ

Note that in contrast to the univariate case, we have
 ðt1 ; t2 ; . . . ; tn Þ  1
Fðt1 ; t2 ; . . . ; tn Þ þ F

ð14:3Þ

If Fðt1 ; t2 ; . . . ; tn Þ is differentiable, then the n-dimensional density function is
given by
f ðt1 ; t2 ; . . . ; tn Þ ¼

qn Fðt1 ; t2 ; . . . ; tn Þ
qt1 qt2    qtn

ð14:4Þ

The n-marginal distributions are given by
Fi ðti Þ ¼ Fð1; . . . ; 1; ti ; 1; . . . ; 1Þ

1in

ð14:5Þ

One can define several conditional density and distribution functions. Let I and
J denote two disjoint sets such that J \ I ¼ ; and J [ I ¼ f1; 2; . . . ; ng. Then the
conditional density function is given by
f ðti ; i 2 Ijtj ; j 2 JÞ ¼

f ðt1 ; t2 ; . . . ; tn Þ
f ðtj ; j 2 JÞ

ð14:6Þ

For the general case one can define several different hazard functions, and the
details can be found in Shaked and Shanthikumar (1994). We confine our discussion to the bivariate case where we have the two marginal distribution functions
[F1 ðt1 Þ and F2 ðt2 Þ] and the two conditional distribution functions [F1 ðt1 jt2 Þ and
F2 ðt2 jt1 Þ]. These are all univariate distributions and result in four different hazard
functions associated with the bivariate distribution function. These notions are
appropriate in the reliability context where the two random variables (T1 and T2 )
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represent the lifetimes of the two components. Yang and Nachlas (2001) define the
bivariate hazard function as
hðt1 ; t2 Þ ¼

f ðt1 ; t2 Þ
Fðt1 ; t2 Þ

ð14:7Þ

where the two random variables denote the age and usage of a component at failure.
This notion can be extended to the more general case. For further discussion on the
hazard functions, see Block and Savits (1981), Zahedi (1985), and Roy and
Mukherjee (1988).
14.2.2

Classification of Multivariate Distributions

Several different classification schemes have been proposed by classifying the different multivariate distributions. Since multivariate distributions are useful for the
modeling of dependent random variables, a classification that has received some
attention is the one based on the dependence structure between the random variables. Hougaard (1980) and Lu and Bhattacharyya (1990) have studied the dependence structure of some bivariate Weibull models. In reliability and survival
analysis, multivariate distributions have been classified based on their aging properties. Various classes are discussed in Roy (1994). Hutchinson and Lai (1990) discuss various continuous distributions based on dependence and aging properties.
Lee (1979) comments that although there are several multivariate Weibull models that have been suggested, most of them appear to have little in common with the
univariate Weibull except that the marginal distributions are Weibull. He then presents a detailed classification for a class of multivariate distributions having Weibull
minimums after arbitrary scaling. Random variables T1 ; T2 ; . . . ; Tn are said to have
such a distribution if for arbitrary constants ai > 0; i ¼ 1; 2; . . . ; n; mini ðai Ti ) has a
one-dimensional Weibull distribution given by


P minðai Ti Þ > t ¼ exp½kðaÞtb 
i

t0

ð14:8Þ

for some b > 0 and k(a) is a scalar function of the vector a ¼ (a1 ; a2 ; . . . ; an ).
The hierarchy of classes of multivariate Weibull distributions presented in Lee
(1979) is as follows:
A. T1 ; T2 ; . . . ; Tn are independent and each has a Weibull distribution of the
 i ðtÞ ¼ expðli tb Þ, t  0; i ¼ 1; 2; . . . ; n.
form F
B. T1 ; T2 ; . . . ; Tn have a multivariate Weibull distribution generated from
independent Weibull distributions by letting
Ti ¼ minðZi ; i 2 JÞ; i ¼ 1; 2; . . . ; n
where the sets J are elements of a class = of nonempty subsets of
f1; 2; . . . ; ng having the property that for each i; i 2 J for some J 2 =, and
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the random variables ZJ ; J 2 =, are independent having Weibull distributions
 j ðtÞ ¼ expðlJ tb Þ.
of the form F
C. T1 ; T2 ; . . . ; Tn have a joint distribution satisfying (14.8).
D. T1 ; T2 ; . . . ; Tn have a joint distribution with Weibull minimums, that is,


P min Ti > t ¼ expðlS tb Þ
i2S

for some lS > 0 and all nonempty subsets S of f1; 2; . . . ; ng.
 i ðtÞ ¼
E. Each Ti ; i ¼ 1; 2; . . . ; n has a Weibull distribution of the form F
bi
expðli t Þ with bi > 0; i ¼ 1; 2; . . . ; n.
As noted in Lee (1979), classes A to E are distinct since each class is seen to contain distributions not belonging to the class preceding it. He illustrates this by
giving several examples of distributions proposed by other researchers.
14.3
14.3.1

BIVARIATE MODELS
Model VI(a)-1

This model was proposed by Marshall and Olkin (1967) and derived as an extension
of bivariate exponential distribution. The model is given by

 

 ðt1 ; t2 Þ ¼ exp  l1 t1b1 þ l2 t2b2 þ l12 max t1b1 ; t2b2
F

ð14:9Þ

It reduces to a simple bivariate exponential distribution when b1 ¼ b2 ¼ 1.
b
b
Furthermore, with the transformation Y1 ¼ T1 1 and Y2 ¼ T2 2 , ðY1 ; Y2 Þ follows the
bivariate exponential distribution.
When b1 6¼ b2 , the distribution satisfies class E, but not class D of the Lee classification scheme given in Section 14.2.2. On the other hand, when b1 ¼ b2 and
l12 > 0, this distribution belongs to class B but not class A.
Model Analysis
The marginal distributions of (14.9) are given by

b 
F1 ðt1 Þ ¼ 1  exp  ðl1 þ l12 Þt1 1

ð14:10Þ


b 
F2 ðt2 Þ ¼ 1  exp  ðl2 þ l12 Þt2 2

ð14:11Þ

and

The bivariate distribution contains an absolutely continuous part and a singular
b
b
part. The singular part is seen from the fact that PðT1 1 ¼ T2 2 Þ > 0: In fact, when
b1 ¼ b2 ¼ b, then the event T1 ¼ T2 has positive probability. In the reliability
context, this corresponds to both components failing at the same time due to a
common cause.
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It can be shown that
 b
b 
P T1 1 > T2 2 ¼

ð14:12Þ

 b
P T1 1

ð14:13Þ

l2
l1 þ l2 þ l12
l1
b2 
< T2 ¼
l1 þ l2 þ l12

and
 b
b 
P T1 1 ¼ T2 2 ¼

l12
l1 þ l2 þ l12

ð14:14Þ

When b1 ¼ b2 ¼ b, the following results are due to Moeschberger (1974):
1. (T1 ; T2 ) is bivariate Weibull if and only if there exist independent Weibull
random variables X1 ; X2 ; X3 such that T1 ¼ minðX1 ; X3 Þ and T2 ¼
minðX2 ; X3 Þ.
2. minðT1 ; T2 Þ is Weibull if ðT1 ; T2 Þ is bivariate Weibull.
3. If ðT1 ; T2 Þ is bivariate Weibull, then the distribution function has an increasing hazard rate according to Harris (1970).
Parameter Estimation
Moeschberger (1974) deals with the maximum-likelihood estimation. When the
marginals have the same shape parameter, the problem gets reduced to estimating
the scale parameters of three independent Weibull distributions with common shape
parameters. When the marginals have different shape parameters, Moeschberger
(1974) proposes a conditional-likelihood approach to estimating the parameter by
conditioning on b1 > b2 or b1 < b2.
14.3.2

Model VI(a)-2

This model can be viewed as a slight modification of Model VI(a)-1 and was
proposed by Lee and Thompson (1974) and studied in more detail by Lu (1989).
The model is given by the distribution function


 ðt1 ; t2 Þ ¼ exp  l1 t1b1  l2 t2b2  l0 maxðt1 ; t2 Þb0
F

ð14:15Þ

Note that it differs from the earlier model with the exponent in the third term being
the new additional parameter.
Model Analysis
The two marginal distributions are given by

b 
b
F1 ðt1 Þ ¼ 1  exp  l1 t1 1  l0 t1 0

ð14:16Þ
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and

b 
b
F2 ðt2 Þ ¼ 1  exp  l2 t2 2  l0 t2 0

ð14:17Þ

respectively. As can be seen, they are different from the standard Weibull distribution. Note that the two marginals are each competing risk Weibull models.
The model is also mentioned in David (1974) and in Lee and Thompson (1974).
Lee and Thompson show that when l1 6¼ l2 , the distribution does not belong to
class E in the classification of Section 14.2.2. However, when l1 ¼ l2 , it belongs
to class B but not to class A.
Special Cases
Lu (1989) studies some interesting special cases. One of them involves marginal
distribution functions with linear hazard function so that they are of the form
F1 ðt1 Þ ¼ 1  expðl1 t12  l0 t1 Þ

ð14:18Þ

A bivariate extension of the univariate linear hazard rate distribution is obtained
with b1 ¼ b2 ¼ 2 and b0 ¼ 1, that is,
 ðt1 ; t2 Þ ¼ exp½l1 t12  l2 t22  l0 maxðt1 ; t2 Þ
F

ð14:19Þ

Note that this model can also be obtained from (14.15) with b1 ¼ b2 ¼ 2 and
b0 ¼ 1.
Two special cases of (14.15) are as follows. With b1 ¼ b2 ¼ 1, we have
 ðt1 ; t2 Þ ¼ exp½l1 t1  l2 t2  l0 maxðt1 ; t2 Þb 
F

ð14:20Þ

and with b0 ¼ 1, we have
 ðt1 ; t2 Þ ¼ exp½l1 t1b1  l2 t2b2  l0 maxðt1 ; t2 Þ
F

ð14:21Þ

Both can be seen as bivariate extension to the univariate model of the form
F1 ðt1 Þ ¼ 1  expðl1 t1b  l0 t1 Þ

14.3.3

ð14:22Þ

Model VI(a)-3

A general bivariate model, due to Lu and Bhattacharyya (1990), is as follows:
"  
#
b1   b2
t
t
1
2
 ðt1 ; t2 Þ ¼ exp 
F

 dcðt1 ; t2 Þ
a1
a2

ð14:23Þ
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Different forms for the function of cðt1 ; t2 Þ, which may even depend on other
model parameters, yield a family of models.
Special Cases
Several interesting special cases are described in Lu and Bhattacharyya (1990).
When
b b
cðt1 ; t2 Þ ¼ max t1 1 ; t2 2

ð14:24Þ

the model reduces to Model VI(a)-1. When
" 
 b2 =m #m
t1 b1 =m
t2
þ
cðt1 ; t2 Þ ¼
a1
a2

ð14:25Þ

then
(  
" 
# )
b1  b2
b1 =m  b2 =m m
t
t
t
t
1
2
1
2
 ðt1 ; t2 Þ ¼ exp 
F

d
þ
a1
a2
a1
a2

ð14:26Þ

By introducing the transformation Y1 ¼ ðT1 =a1 Þb1 and Y2 ¼ ðT2 =a2 Þb2 , the joint
survivor function of ðY1 ; Y2 Þ is given by
m 


 ðy1 ; y2 Þ ¼ exp  y1  y2  d y11=m þ y1=m
F
2

ð14:27Þ

and it can be shown that the allowable range for the parameters are d  0 and
0 < m  1.
Another specific formulation studied in Lu and Bhattacharyya (1990) is the following:
"   #)
 b1  b2 (
t
t
t1 b 1
1
2
 ðt1 ; t2 Þ ¼ exp 
F

d 1  exp 
a1
a2
a1
(
"   #)!
t2 b2
 1  exp 
a2

ð14:28Þ

A model proposed by Lee (1979) is given by
 


 ðt1 ; t2 Þ ¼ exp  l1 cb1 t1b þ l2 cb2 t2b þ l12 max cb1 t1b ; cb2 t2b
F

ð14:29Þ

and it also belongs to this category with b1 ¼ b2 ¼ b. When c1 6¼ c2 and l12 > 0,
the distribution belongs to class C but not class B in the classification of Section
14.2.2.
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14.3.4

Model VI(a)-4

A different type model presented in Lu and Bhattacharyya (1990) is as follows:
2

0(

"  #
)1=g ( "  #
)1=g 1g 31
b1
b2
t
t
1
2
A5
 ðt1 ; t2 Þ ¼ 41 þ @ exp
F
þ exp
1
1
a1
a2
ð14:30Þ
This model has an interesting random hazard interpretation due to dependence
between component lifetimes resulting from the effect of some common uncertain
environmental stresses.
Model Analysis
Lu and Bhattacharyya (1990) show that
 ðt1 ; t2 Þ1  1g1=g ¼ f½ F
 1 ðt1 Þ1  1g1=g þ f½ F
 2 ðt2 Þ1  1g1=g
f½ F

ð14:31Þ

which leads to the following result:
 1 ðt1 ÞF
 2 ðt2 Þ
F
 1 ðt1 ÞF
 2 ðt2 Þ  1
1F

F ðt1 ; t2 Þ

ð14:32Þ

This implies that for no value of g, the two random lifetimes are independent.
14.3.5

Model VI(a)-5

This model was proposed by Lee (1979) and is as follows:
 ðt1 ; t2 Þ ¼ exp½ðl1 t1b1 þ l2 t2b2 Þg 
F

ð14:33Þ

where bi > 0; 0 < g  1, li > 0; ti  0; i ¼ 1; 2:
Model Analysis
When b1 ¼ b2 ¼ b and bg ¼ 1, the above distribution reduces to the third of the
three distributions studied by Gumbel (1958). It has exponential marginals and
exponential minimum after arbitrary scaling.
There is an alternative derivation of this model based on an accelerated life
model. Consider the random variables defined as Tj ¼ Xj Z 1=b where Z and
Xj ; j ¼ 1; 2, are independent random variables with Z following PðzÞ and Xj is Weibull ðl; bÞ. Then ðT2 ; T2 Þ follow the bivariate Weibull distribution given by (14.33).
Lu and Bhattacharyya (1990) have studied this model in detail where they provide a physical basis for the model based on a general random hazards approach.
They show that the distribution function is absolutely continuous and has Weibull
marginals and minimum.
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An interesting feature of this model is the following. Let ðY1 ; Y2 Þ be random
variables from (14.33). Define

b
b 
ðZ1 ; Z2 Þ ¼ l1 Y1 1 ; l2 Y2 2
ð14:34Þ
Then the joint distribution of ðZ1 ; Z2 Þ is given by
 ðz1 ; z2 Þ ¼ 1  exp½ðz1 þ z2 Þg 
G

ð14:35Þ

and the joint density function by
gðz1 ; z2 Þ ¼ ½gð1  gÞðz1 þ z2 Þg2 þ g2 ðz1 þ z2 Þ2g2 exp½ðz1 þ z2 Þg 

ð14:36Þ

Furthermore, the covariance is given by
Covðz1 ; z2 Þ ¼ ð1=gÞð2=gÞ  ð1=g2 Þ2 ð2=gÞ
Define


ðU1 ; U2 Þ ¼

Z1
; ðZ1 þ Z2 Þg
Z1 þ Z2

ð14:37Þ


ð14:38Þ

The joint density function of ðU1 ; U2 Þ is given by
hðu1 ; u2 Þ ¼ ½ð1  gÞ þ gu2 eu2

0 < u1 < 1

0 < u2 < 1

ð14:39Þ

This implies ðU1 ; U2 Þ are independent random variables. The distribution of U1 is
uniform on the interval (0,1), and the distribution of U2 is a mixture of gamma
distribution with the density function given by
hðu2 Þ ¼ ½ð1  gÞ þ gu2 eu2

ð14:40Þ

u2 > 0

Parameter Estimation
Hougaard (1986) discusses the estimation problem for the symmetric bivariate case,
that is, l1 ¼ l2 ¼ l. Define Wi ¼ Ti1b þ Ti2b . The log-likelihood function is given
by
X
Lðl; b; gÞ ¼
Dij lnðglg bTijb1 Wig1 Þ
i;j

þ

X
i

Di1 Di2 lnf1 þ ðg1  1Þlg Wig g 

X

lg Wig

ð14:41Þ

i

where Dij is binary valued variable assuming 0 or 1 depending on whether the data
is censored or not. The maximum-likelihood estimates are obtained by differentiating with respect to the parameters and equating to zero. One needs to use an iterative approach to obtain the estimates.
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MULTIVARIATE MODELS

Many of the bivariate models discussed in the last section can be extended to yield
more general multivariate Weibull models. We describe a few of these.
14.4.1

Model VI(b)-1

The model, as stated in Lee (1979), is given by
"
 ðtÞ ¼ exp 
F

X
J

#
lJ max
i2J

ðtia Þ

t>0

ð14:42Þ

with a > 0 and lJ > 0 for J 2 = where the sets J are elements of the class = of
nonempty subsets of f1; 2; . . . ; ng having the property that for each i; i 2 J for some
J 2 =.
This is an extension of the bivariate model of Marshall and Olkin (1967). The
model has the property that the marginal distributions are all Weibull.
14.4.2

Model VI(b)-2

The model was proposed by Roy and Mukherjee (1988) and is given by
8 "
#1=n 9
p
< X
=
 ðtÞ ¼ exp 
F
ðlni tian Þ
:
;
i¼1

t>0

ð14:43Þ

This model also has the property that all its marginal distributions are Weibull. A
similar model can also be found in Hougaard (1986) and Crowder (1989). This
distribution has been referred to as the multivariate extension of Weibull distribution (MEWD).
Model Analysis
The so-called ith crude hazard rate, defined for ti ¼ t, is given by
hi ðtÞ ¼ ri ðt; t; . . . ; tÞ ¼ al1n lni ta1

ð14:44Þ

The following results are from Roy and Mukherjee (1998).
1. If T follows MEWD (a; n; l1 ; . . . ; lp ), then Z ¼ min1i<p Ti follows Weibull
P
with parameters ða; lÞ where l ¼ ð pi¼1 lni Þ1=n .
2. If T follows MEWD (a; n; l1 ; . . . ; lp ) with a > 1, then ½h1 ðT1 Þ; . . . ; hp ðTp Þ
follows MEWD (a0 ; n; b1 ; . . . ; bp ) with a0 > 1 , where 1=a0 þ 1=a ¼ 1 and
0
0
bi ¼ la ðn1Þ li1a n aa .
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3. If T follows MEWD, then, for all t  0 and c  0, we have that
 ð1; . . . ; 1Þ ¼ F
 ðc; . . . ; cÞF
 ðt1 ; . . . ; tp Þ.
 ðct1 ; . . . ; ctp ÞF
F
Conversely, if the above condition is valid, then T follows the Weibull minimum
property, with each marginal distribution being Weibull.
14.4.3

Model VI(b)-3

This model was proposed by Crowder (1989) and is given by
 ðtÞ ¼ exp½k1=n  ðk þ sÞ1=n 
F
k > 0 and s ¼

Pp

fi
i¼1 ðxi ti Þ.

ð14:45Þ

This is an extended version of the model given by
 ðtÞ ¼ expðs1=n Þ
F

ð14:46Þ

which is a similar to (14.43) with Weibull marginals.
Model Analysis
Crowder (1989) gives a detailed analysis of the density function and the hazard
functions and some interesting results for the case fj ¼ f for all j. The expressions
for the density function are cumbersome. The vector hazard rate defined as
hðtÞ ¼ r½ln ðFðtÞÞ has as the ith component

hi ðti jT > tÞ ¼

ðk þ sÞ1=n
f 1
f i xi y i i
n

ð14:47Þ

It can be seen that if n  1 and fi > 1, then hi ðti jT > tÞ is increasing in ti . For the
 i ðti ÞÞ=qti , we have that
marginal hazard rate, hi ðti Þ ¼ q½ln ðF
hi ðti jT > tÞ
¼
hi ðti Þ

kþs

!1=n1

f

k þ xi ti i

ð14:48Þ

and it is greater than (less than) unity for n < 1 (n > 1).
The multivariate distribution given by (14.45) has a number of interesting
properties relating to the minima. Let U ¼ minfYj : j ¼ 1; . . . ; pg. Then U has
the survival function
 u ðuÞ ¼ exp½k1=n  ðk þ su Þ1=n 
F
with su ¼

Pp

i¼1 ðxi u

fi

ð14:49Þ

Þ, which strongly resembles the distribution given in (14.45).
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Parameter Estimation
Crowder (1989) briefly discusses the method of likelihood for estimating the model
parameters. This involves expressions for the density function, and as mentioned
earlier these are cumbersome to derive.
14.4.4

Model VI(b)-4

This model involves multivariate mixtures of Weibull distribution and was
proposed by Patra and Dey (1999) in the context of a r-component system with
each component failure modeled by a mixture of Weibull distributions. The model
is given by
 ðtÞ ¼
F

r X
k
Y
i¼1 j¼1

 

y0 t0
bij exp  aij tiaij þ
r

ð14:50Þ

t>0

with t0 ¼ maxðt1 ; . . . ; tr Þ and aij ; yij > 0; for all i; j:
Model Analysis
Patra and Dey (1999) carry out the analysis of this model. They point out that the
presence t0 makes it difficult to calculate the multivariate density of ðT1 ; T2 ; . . . ; Tr Þ
as it involves taking mixed derivatives over all possible partitions of the sample
space. They discuss the special case with r ¼ k ¼ 2 (bivariate model involving
two components and the failure of each modeled by a twofold Weibull mixture)
in detail and also the more general competing risk model involving Weibull and
exponential mixtures.

14.5

OTHER MODELS

Our discussion in this chapter has been very brief. As mentioned earlier, most multivariate models have little in common with the univariate Weibull model except
that the marginal distributions are Weibull. Jaisingh et al. (1993) deal with a multivariate model generated by a Weibull and an inverse Gaussian mixture. Bjarnason
and Hougaard (2000) deal with gamma frailty models involving Weibull hazards.
Finally, the close link between the Weibull and extreme value distributions for the
univariate also holds for the multivariate case. For more discussion on some earlier
studies, see Johnson and Kotz (1970b).
EXERCISES
Data Set 14.1
T1
T2

77.2
156.6

Failure Times of Components for Two-Component System
74.3
108.0

9.6
12.4

251.6
108.0

134.9
84.1

115.7
51.2

195.7
289.8

42.2
59.1

27.8
35.5
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EXERCISES

14.1. Derive (14.10) and (14.11).
14.2. Show that Model VI(a)-2 belongs to class B but not to class A when l1 ¼ l2 .
14.3. Consider a system with two components with lifetimes T1 and T2 , respectively. The joint distribution of ðT1 ; T2 Þ is given by the Marshall–Olkin
bivariate Weibull distribution with parameters l1 ¼ l2 ¼ 10, l12 ¼ 5, and
b1 ¼ b2 ¼ 1:1. Compute the probability that both components fail before
t ¼ 5.
14.4. A system consists of two modules. The joint distribution can be assumed to
follow the bivariate Weibull distribution:
 ðt1 ; t2 Þ ¼ exp½2t1  3t21:2  maxðt1 ; t2 Þ1:2 
F
Compute the probability that module 1 will fail before module 2. What is the
probability of system failure if the modules are connected in parallel? What
is the probability of system failure if the modules are connected in series?
14.5. A system consists of two components connected in parallel so that the
system fails when both components fail. The failure times of components
1 and 2 for nine system failures are given in Data Set 14.1. How would you
test whether the component failure times are statistically independent or not?
14.6. Assume that the component failure times in Exercise 14.5 are statistically
independent and given by two Weibull distributions. Based on the WPP plots
of the data, estimate the model parameters.
14.7. Derive for the maximum-likelihood estimator for Models VI(a)-1 to VI(a)-4.
14.8. Suppose that Data Set 14.1 can be modeled by Model VI(a)-4. How would
you estimate the parameters using the method of maximum likelihood?
14.9. For Model VI(a)–1, derive interval estimators for the model parameters.
14.10. For a univariate distribution function, the hazard function characterizes the
notion of aging. How can one extend this concept to a multivariate
distribution function?
14.11. A system is comprised of two components. The failure times are dependent
and influenced by a set of covariates. Discuss alternate approaches to
modeling the effect of covariates on the failure times.
14.12. The Weibull transformation for the one-dimensional case is given by (1.7).
An extension of this concept to the two-dimensional case is as follows:
 ðt1 ; t2 Þ
yðx1 ; x2 Þ ¼ ln½ lnðF

x1 ¼ lnðt1 Þ

and x2 ¼ lnðt2 Þ

Carry out a study of yðx1 ; x2 Þ versus x1 and x2 for Model VI(a)-1.*
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14.13. Let (T; X) denote the age and usage of a nonrepairable component at failure.
It can be modeled by a bivariate distribution function Fðt; xÞ; t  0; x  0.
The failed components are replaced immediately by a new one, and the time
for replacement is negligible. In this case, failures occur according to a twodimensional renewal process. The item is sold with a warranty that requires
the manufacturer to replace all failures occurring with the warranty period
characterized by a rectangle ½0; WÞ  ½0; UÞ) so that the warranty expires
when the total time exceeds W or the total usage exceeds U. Show that the
expected number of replacements under warranty is given by the following
renewal equation:
ðU ðW
MðW; UÞ ¼ FðW; UÞ þ
MðW  t; U  xÞf ðt; xÞ dt dx
0

0

[see Hunter (1984) for more on two-dimensional renewal processes.]

* Research problem.

C H A P T E R 15

Type VII Weibull Models

15.1

INTRODUCTION

A stochastic point process is a continuous time stochastic process characterized by
events that occur randomly along the time continuum (or a one-dimensional spatial
coordinate). A counting process is a special case of point process where the focus is
on the number of events over a time interval, and this is a random variable and
depends on the interval. In this chapter we discuss three groups of counting process
models that are related to the standard Weibull model. They are as follows:
Type VII(a) models: Weibull intensity models
Type VII(b) models: Weibull renewal process models
Type VII(c) model: Power law–Weibull renewal process
The outline of the chapter is as follows. Section 15.2 deals with model formulations. We start with a general discussion of counting process and discuss different
approaches to modeling a counting process. Sections 15.3 to 15.5 deal with the
Weibull intensity models. In Sections 15.6 to 15.8 we discuss the Weibull renewal
process models, and Section 15.9 deals with the power law–Weibull renewal process.

15.2
15.2.1

MODEL FORMULATIONS
Counting Process

A point process fNðtÞ; t  0g is a counting process if it represents the number of
events that have occurred until time t. It must satisfy:
1. NðtÞ  0.
2. NðtÞ is integer valued.
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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3. If s < t, then NðsÞ  NðtÞ.
4. For s < t, fNðtÞ  NðsÞg is the number of events in the interval ðs; t.
We shall confine ourselves to t  0. The behavior of NðtÞ, for t  0, depends on
whether or not t ¼ 0 corresponds to the occurrence of an event. The analysis of
the case with t ¼ 0 corresponding to the occurrence of an event is simpler than
the alternate case. Also, we assume that Nð0Þ ¼ 0.
15.2.2

Alternate Approaches to Modeling Counting Process

Let Ti denote the time at which the ith (i  1) event occurs. This is a random variable, and Ti ¼ ti implies that NðtÞ  i for t > ti. Let Xi ¼ Ti  Ti1 with T0 ¼ 0.
This is a continuous random variable and represents the time between events
(i  1) and i.
The three different approaches to modeling are as follows:
Approach 1 This involves specifying the probability distribution for the discrete
random variable ½NðtÞ  NðsÞ as a function of t and s. In the simplest case this is
given by
pn ðt; sÞ ¼ P½NðtÞ  NðsÞ ¼ n

ð15:1Þ

for 0  s < t < 1 and n ¼ 0; 1; . . . .
Approach 2 This involves specifying the probability distribution functions for
continuous random variable Xi for i  1. In the simplest case this is given by
Fi ðxÞ ¼ PðXi  xÞ

ð15:2Þ

for i  1.
Approach 3 This involves specifying the probability of an event occurring in
a small interval ½t; t þ dtÞ as a function of t. In the simplest case this is given by
P½Nðt þ dtÞ  NðtÞ ¼ 1 ¼ lðtÞdt þ oðdtÞ

ð15:3Þ

P½Nðt þ dtÞ  NðtÞ  2 ¼ oðdtÞ

ð15:4Þ

P½Nðt þ dtÞ  NðtÞ ¼ 0 ¼ 1  lðtÞdt þ oðdtÞ

ð15:5Þ

with

This implies that
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Comment
1. The three model formulations are equivalent in the sense that one can be
derived (in principle) in terms of the others. However, depending on the
context, a particular formulation might be more suited as it results in either a
simpler description of the model or easier for analysis.
2. If pn ðt; sÞ (in approach 1), Fi ðxÞ (in approach 2), and lðtÞ (in approach 3) are
functions of the past history of the counting process, then these are the
conditional probabilities. At time t, let Ht denote the history of the process up
to t. In general, the behavior of NðtÞ depends on Ht . As a result, we have
pn ðt; s j Hs Þ, Fi ðx j Hti 1 Þ, and lðt j Ht Þ.
15.2.3

Model VII(a): Weibull Intensity Models

Model VII(a)-1: Power Law Process
The occurrence of events is given by an intensity function
lðtÞ ¼

btb1
ab

t0

ð15:6Þ

with a; b > 0. Note that the intensity function is a function of only t and not of the
history of events up to t.
This model has been called by many different names: Power law process—Bassin
(1973), Rigdon and Basu (1989), and Klefsjo and Kumar (1992); Rasch–Weibull
process—Moller (1976); Weibull intensity function—Crow (1974); Weibull–
Poisson process—Bain and Engelhardt (1986); and Weibull process—Bain
(1978). Ascher and Feingold (1984) address the confusion and misconception
that has resulted from this plethora of terminology.
Note that lðtÞ given by (15.6) is identical to the hazard function for the standard
Weibull distribution [given by (3.12)] and hence the name Weibull intensity function.
Model VII(a)-2: Modulated Power Law Process
This can be viewed as a thinning of the power law process where only every kth
event of the power law process is recorded as an event. As a result, the joint density
function for the time instants (t1 < t2 <    < tn Þ of the first n events for the modulated power law process is given by
(
)
n
Y
exp½ðtn Þ
f ðt1 ; t2 ; . . . ; yn Þ ¼
lðti Þ½ðti Þ  ðti1 Þk1
½ðkÞn
ð15:7Þ
i¼1
0 < t1 < t2 <    < tn < 1
where lðtÞ is given by (15.6) and
ðtÞ ¼

ðt
0

lðxÞ dx ¼

 t b
a

is the integrated intensity up to t for the power law process.

ð15:8Þ
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This model is due to Lakey and Rigdon (1993) and is a special case of the modulated gamma process proposed by Berman (1981).
Model VII(a)-3: Proportional Intensity Model
This is an extension of an earlier model along the lines of Model IV(c). As such, the
model is given by
lðt; SÞ ¼ l0 ðtÞcðSÞ

t0

ð15:9Þ

where l0 ðtÞ is of the form given by (15.6) and cðSÞ is a function of explanatory
variables S. The only restriction on cðSÞ is that cðSÞ > 0. Various forms of cðSÞ
have been studied; see Cox and Oaks (1984) and Prentice et al. (1981).
15.2.4

Model VII(b): Weibull Renewal Process Models

Model VII(b)-1: Ordinary Renewal Process
In this model the occurrence of events is as follows. The interevent times
Xi ; i ¼ 1; 2 . . . , are independent and identically distributed according to the twoparameter Weibull distribution given by (1.3) or the three-parameter Weibull distribution given by (1.1).
Note that for ti  t < tiþ1 the intensity function lðtÞ is given by lðtÞ ¼ hðt  ti Þ,
where hðxÞ is the hazard function associated with the distribution function FðxÞ.
Model VII(b)-2: Modified Renewal Process
Here the distribution function for the time to first event, F1 ðxÞ, is different from that
for the subsequent interevent times, which are identical and independent random
variables with distribution function FðxÞ. Here either F1 ðxÞ and/or FðxÞ are twoor three-parameter Weibull distributions. Note that when F1 ðxÞ ¼ FðxÞ, the model
reduces to the ordinary renewal process model.
Model VII(b)-3: Alternating Renewal Process
Here the odd-numbered interevent times are a sequence of independent and identically distributed random variables with a distribution function F1 ðxÞ. The evennumbered interevent times are another sequence of independent and identically
distributed random variables with a distribution function F2 ðxÞ. As before, either
F1 ðxÞ and/or F2 ðxÞ are the two- or three-parameter Weibull distributions.
15.2.5

Model VII(c): Power Law–Weibull Renewal Process

For ti  t < tiþ1, define uðtÞ ¼ t  ti . The occurrence of events is given by intensity
function
lðtÞ ¼

b þ d  1 b1
t ½uðtÞd1
abþd1

t0

ð15:10Þ
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with a > 0 and b þ d > 1. Note that when d ¼ 1, the model reduces to the simple
Weibull intensity model [Model VII(a)-1], and, when b ¼ 1, it reduces to an ordinary Weibull renewal process model [Model VII(b)-1].
This model was proposed and studied by Calabria and Pulcini (2000). It is a
special case of a more general class of processes introduced by Lawless and
Thiagarajah (1996).

15.3
15.3.1

MODEL VII(a)-1: POWER LAW PROCESS
Model Analysis

Using (15.6) in (15.8) we have
ðtÞ ¼

 t b
a

ð15:11Þ

We present various results without proofs, and they can be found in either Ross
(1980) or Rigdon and Basu (2000).
1. The probability of i events in the interval (s, t] is given by
P½Nðt þ sÞ  NðtÞ ¼ i ¼

e½ðtþsÞðtÞ ½ðt þ sÞ  ðtÞi
i!

ð15:12Þ

for i  0 with ðtÞ given by (15.8).
2. The probability density function (pdf) for Tn, the time of nth event to occur, is
given by
  b 
1 b  t nb1
t
gn ðtÞ ¼
exp 
ðnÞ a a
a

ð15:13Þ

which is the pdf of the generalized gamma distribution. When n ¼ 1, this
becomes the pdf for the standard two-parameter Weibull distribution.
3. The event times T1 ; T2 ; . . . ; Tn1 conditioned on Tn ¼ tn are distributed as
ðn  1Þ order statistics from the distribution with CDF:
8
0
y0
<
GðyÞ ¼ ðyÞ=ðtn Þ
ð15:14Þ
0 < y  tn
:
1
y > tn
4. The expected number of events in ½0; tÞ is given by
 t b
MðtÞ ¼ E½NðtÞ ¼ ðtÞ ¼
a

ð15:15Þ
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Parameter Estimation

The estimation of parameter depends on the type of data available and the method
used. We consider the following three different cases:
Case 1: Event Truncation: The data is said to be event truncated when the data
collection stops after a predetermined number (n) of events.
Case 2: Time Truncation: The data is said to be time truncated when the data
collection stops at a predetermined time t.
Case 3: Grouped Data: Let aj j  0, denote an increasing sequence with a0 ¼ 0.
The jth ( j  1) interval is given by ½aj1 ; aj Þ, and let Nj denote the number of
events in interval j. The data available for estimation is the number of events
Nj ¼ nj in interval j, 1  j  J.
The results are presented without the details of the derivations. Interested readers
can find them in Rigdon and Basu (2000).
Comment We confine our attention to the case where the data is generated from a
single power law process. The results for the case of multiple processes (which are
independent and identical) can be found in Rigdon and Basu (2000).
Graphical Approach
From (15.15) we have

E


NðtÞ
tb1
¼ b
t
a

ð15:16Þ

On taking the logarithm of both sides, we have the following linear equation:
y ¼ ðb  1Þx  b lnðaÞ

ð15:17Þ

where


NðtÞ
y ¼ ln E
t


and x ¼ lnðtÞ

ð15:18Þ

Duane (1964) suggests plotting yi ¼ ln½Nðti Þ=ti  versus xi ¼ lnðti Þ (commonly
referred to as the Duane plot) and fitting a straight line to the plotted data. The slope
of the line yields an estimate for ðb  1Þ and the intercept as an estimate for
b lnðaÞ. Molitor and Rigdon (1993) study the efficiency of this estimator and
find that this least-squares estimator is almost as efficient as the maximumlikelihood estimator of b.
Rigdon and Basu (2000) discuss this approach more critically and show that
Efln½NðTi Þ=Ti g versus E½lnðTi Þ is not linear.
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Recently, Akersten et al. (2001) study some graphical techniques based on the
total time on test (TTT) plot for data from repairable systems. Instead of using the
time between failures, the actual failure times since the beginning are used in generating the TTT plot (see Section 3.2.6). Different test statistics can then be used for
the testing of the Duane model versus the homogeneous Poisson process.
Method of Maximum Likelihood (Point Estimates)
Case 1: Event Truncation
The likelihood function is given by
"
Lðt1 ; t2 ; . . . ; tn ; yÞ ¼

n
Y

#

 ð tn

lðti Þ exp  lðxÞ dx

ð15:19Þ

0

i¼1

Point estimates are given by
n
^¼P
b
n1
i¼1 lnðtn =ti Þ

^¼
a

and

tn
n1=b^

ð15:20Þ

^ given by (15.20) is biased. The estimator
The estimate b
 ¼P n2
b
N
i¼1 lnðTn =Ti Þ

ð15:21Þ

is an unbiased estimator for b.
Case 2: Time Truncation
Let NðtÞ denote the number of events observed in ½0; tÞ. The likelihood function,
conditional on NðtÞ ¼ n, is given by
L½t1 ; t2 ; . . . ; tn ; y j NðtÞ ¼ n ¼ n!

n
Y
lðti Þ
i¼1

ðtÞ

ð15:22Þ

Point estimates are given by
^¼P N
b
N
i¼1 lnðt=ti Þ

and

^¼
a

t
N 1=b^

ð15:23Þ

^ (conditional on N ¼ n  1) given by (15.23) is biased. The
The estimate b
estimator
 ¼P N 1
b
N
i¼1 lnðT=Ti Þ
is the conditionally unbiased estimator for b.

ð15:24Þ
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Case 3: Grouped Data
The likelihood function is given by
Lðn1 ; . . . ; nJ ; yÞ ¼

J
Y

Lj ðnj Þ

ð15:25Þ

j¼1

where
Lj ðnj Þ ¼

e½ðaj Þðaj1 Þ ½ðaj Þ  ðaj1 Þnj
nj !

ð15:26Þ

Point estimates are obtained by minimizing (15.26) using a computational scheme.
Method of Maximum Likelihood: Interval Estimates
Case 1: Event Truncation
^ has a chi-square distribution with 2(n  1) degrees of freedom.
In this case, 2nb=b
Using this, the 100  ð1  gÞ% two-sided confidence interval is given by
^
w21g=2 ½2ðn  1Þb
2n

<b<

^
w2g=2 ½2ðn  1Þb
2n

ð15:27Þ
^

A confidence interval for a can be obtained from the test statistic W ¼ ð^
a=aÞb .
Finkelstein (1976) gives the percentage points for this statistics based on simulation
studies. A 100  ð1  gÞ% two-sided confidence interval for a is given by
^
a
a1=b^

<a<

^
a

ð15:28Þ

b1=b^

where a and b are obtained from the tables given in Finkelstein (1976).
Case 2: Time Truncation
^ has a chi-square distribution with 2n degrees of
Conditional on NðtÞ ¼ n, 2nb=b
freedom. From this, the 100  ð1  gÞ% two-sided confidence interval is given by
^
w21g=2 ð2nÞb
2n

<b<

^
w2g=2 ð2nÞb
2n

ð15:29Þ

There appears to be no method for obtaining exact confidence intervals for a. Bain
and Engelhardt (1980) suggest an approximate method that uses the tables from
Finkelstein (1976).
Bayesian Method
Let pða; bÞ denote the prior distribution of the unknown parameters and
t  ½t1 ; t2 ; . . . ; tn  denote the observed data. Let f ðtja; bÞ denote the likelihood
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function. Then, the posterior distribution is
pða; bjtÞ ¼ cpða; bÞf ðtja; bÞ

ð15:30Þ

where c, the normalizing constant, is given by

c¼

 ð1 ð1
0

1
pða; bÞf ðtja; bÞ da db

ð15:31Þ

0

Noninformative Prior
Guida et al. (1989) suggest the following improper prior density function (which
does not integrate to 1):
pða; bÞ ¼

1
ab

ð15:32Þ

a; b > 0

For event-truncated data,
pða; b j tÞ ¼

nb1
cbn1 Pb1
exp
n a

  b 
tn

a

ð15:33Þ

where
Pn ¼

n
Y

ð15:34Þ

ti

i¼1

The marginal posterior density function for b is given by

pðb j tÞ ¼ c

ð1
0

  b 
tn
Pn
nb1
bn1 Pb1
a
exp

da ¼ c1 bn2 n
n
a
tn

b

ð15:35Þ

The posterior mean of b yields the Baye’s estimate and is given by
^ ¼ E½b j t ¼ P n  1
b
B
n1
i¼1 lnðtn =ti Þ

ð15:36Þ

The posterior mean of a is a more complicated function and can be found in Rigdon
and Basu (2000).
Informative Prior Distribution
Guida et al. (1989) suggest choosing a time T and then specifying a gamma prior
distribution hðZÞ for Z ¼ ðT=aÞb rather than for a. Let gðbÞ be the prior distribution

270

TYPE VII WEIBULL MODELS

for b. This yields the prior distribution for ðZ; bÞ given by
pðZ; bÞ ¼ gðbÞhðZÞ

ð15:37Þ

Expressions for the Bayes estimate can be found in Rigdon and Basu (2000).
For further details of the Bayesian approach, see Guida et al. (1989), Calabria
et al. (1990), Bar-Lev et al. (1992), and Rigdon and Basu (2000).
15.3.3

Model Selection and Validation

Graphical Approach
Klefsjo and Kumar (1992) propose a test based on a TTT plot to determine whether
a given event-truncated data t1 < t2 <    < tn1 < tn can be adequately modeled
by the Weibull intensity model or not. This is based on the following result.
If the event times T1 < T2 <    < Tn1 < Tn are from a Weibull intensity model
with parameters a and b, then the log-ratio transformed variables
Wj ¼  ln

Tn
Tnj

j ¼ 1; 2; . . . ; n  1

ð15:38Þ

are distributed as (n  1) order statistics from the exponential distribution with
mean 1=b [see Moller (1976)].
The test involves the TTT plot (see Section 3.2.6) of the log-ratio transformed
variables. If the plotted data lies close to the diagonal line in the unit square, then
the Weibull intensity model may be an acceptable model for the data.
Goodness-of-Fit Test
For goodness-of-fit tests discussed in this section, the null hypothesis is that the
Weibull intensity model with a and b is the correct model. The alternative hypothesis is that the Weibull model is not the correct model. The goodness-of-fit tests
involve the transformation of the event times. Two types of transformation (for
event-truncated data) are as follows:
1. Log-ratio transformation was discussed earlier and is given by (15.38).
2. Ratio-power transformation is defined by

b

Ri ¼

Ti
Tn

Ri ¼

ðTi Þ
ðTn Þ

i ¼ 1; 2; . . . ; n  1

ð15:39Þ

i ¼ 1; 2; . . . ; n  1

ð15:40Þ

Note that
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are distributed as (n  1) order statistics from a uniform distribution over the
interval [0, 1].
The goodness-of-fit test depends on the type of data available and whether or not
the parameters (of the model in the null hypothesis) are completely specified or not.
Case 1: Event-Truncated Data
Tests Based on Ratio-Power Transformation When the parameters are completely specified, then b is known and any goodness-of-fit test for the uniform distribution could be applied to the Ri ’s given by (15.39). For a discussion of such tests,
see for example, D’Agostino and Stephens (1986) and Park and Seoh (1994).
When b is unknown and needs to be estimated from the given (or observed) data,
. In this case, one computes
(15.21) provides an unbiased estimate b
^i ¼
R

ti
tn


b

ð15:41Þ

and the test statistics for the Cramér–von Mises test is given by
CR2


n1 
X
1
2i  1 2
^
þ
Ri 
¼
12ðn  1Þ i¼1
2ðn  1Þ

ð15:42Þ

Critical values of CR2 for different values of (n  1) are given in Rigdon and Basu
(2000) and are used to determine whether the null hypothesis is to be accepted or
rejected. Large values of CR2 indicate evidence of departure from the Weibull intensity model.
Tests Based on Log-Ratio Transformation When the parameters are specified
(so that b is known), then from (15.38) we have
Ui ¼ b ln

Tn
Tni

i ¼ 1; 2; . . . ; ðn  1Þ

ð15:43Þ

distributed as order statistics from the exponential distribution with mean ¼ 1. Any
goodness-of-fit test for the exponential distribution could be applied to the ui ’s
obtained from (15.56) using ti in place of Ti .
When the parameter b is not specified, then any goodness-of-fit test for the exponential distribution with unknown mean can be applied using the transformed data
given by (15.38). Rigdon and Basu (2000) list several different tests and provide
references where further details can be found. Rigdon (1989) investigates the power
of these tests.
Case 2: Time-Truncated Data
The tests are similar to the event-truncated case.
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Tests Based on Ratio-Power Transformation
by

The ratio transformation is given

 b
^ i ¼ ti
R
t

ð15:44Þ

 given by (15.24). The test statistics for the Cramér–von Mises test is given
with b
by
CR2 ¼

n1
X
1
^ i  2i  1
þ
R
12n i¼1
2n

2

ð15:45Þ

Critical values of CR2 for different values of (n  1) are given in Rigdon and Basu
(2000) and are used to determine whether the null hypothesis is to be accepted or
rejected.
Tests Based on Log-Ratio Transformation
Wi ¼ ln

t
Tniþ1

In this case

i ¼ 1; 2; . . . ; ðn  1Þ

ð15:46Þ

are distributed as n-order statistics from an exponential distribution with mean
1=b. Any goodness-of-fit test for the exponential distribution could be applied to
the wi ’s obtained from (15.46) using tniþ1 . For more details and the goodnessof-fit tests for the case where the parameters are not specified, see Rigdon and
Basu (2000).

15.4
15.4.1

MODEL VII(a)-2: MODULATED POWER LAW PROCESS
Model Analysis

The distribution function of the nth event depends only on the time of the (n  1)st
event and as a result, following Black and Rigdon (1996), the intensity function is
given by
b
tb1 aðtÞb1 exp½aðtÞ
ab ðkÞ
b
b1 exp½aðxÞ dx
t ab ðkÞ x

lðt j tn1 Þ ¼ Ð 1

ð15:47Þ

where
aðtÞ ¼

 t b t b
n1

a
a

ð15:48Þ
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15.4.2

Parameter Estimation

Method of Maximum Likelihood
The likelihood function is given by
(
)
n
Y
k1 exp½ðtn Þ
Lða; b; k j t1 ; t2 ; . . . ; tn Þ ¼
lðti Þ½ðti Þ  ðti1 Þ
½ðkÞn
i¼1

ð15:49Þ

Using (15.6) and (15.11) in (15.49) yields the following expression for the loglikelihood function:
t b
n
þn lnðbÞ  n ln½ðkÞ  nbk lnðaÞ
ln½Lða; b; k j t1 ; t2 ; . . . ; tn Þ ¼ 
a
n
n
X
X
b
þ ðb  1Þ
lnðti Þ þ ðk  1Þ
lnðtib  ti1
Þ
i¼1

i¼1

ð15:50Þ
and the estimates are obtained by using a computational approach. Black and
Rigdon (1996) and Rigdon and Basu (2000) give more details as well as the
confidence limits for the parameters.
15.4.3

Hypothesis Tests

The testing of the following hypothesis
1. H0: k ¼ 1 versus H1: k 6¼ 1,
2. H0: b ¼ 1 versus H1: b 6¼ 1, and
3. H0: b ¼ 1 and k ¼ 1 versus H1: b 6¼ 1 or k 6¼ 1,
based on the likelihood ratio test is discussed in Black and Rigdon (1996).

15.5

MODEL VII(a)-3: PROPORTIONAL INTENSITY MODEL

The baseline intensity function is the same as the power law process model (15.6),
and the scale parameter a is a function of explanatory variables, S, which could be a
vector. A common model is
cðSÞ ¼ expð T SÞ
and the overall intensity function is
lðt; SÞ ¼ l0 ðtÞexp½ð T SÞ
where l0 ðtÞ ¼ bl0 tb1 is the baseline intensity function.
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The distribution for the time to first failure is identical to the proportional
Weibull hazard model discussed in Section 12.4.
Landers and Soroudi (1991) study this and other proportional intensity models
with reliability applications. The plots of lðt; SÞ vs. lnðtÞ are linear and parallel,
with the spacing determined by the regression coefficients. Hence graphical model
validation and parameter estimation can be carried out in a traditional matter.
The maximum-likelihood estimators can also be obtained using standard algorithms. Lawless (1987) discusses this in detail.

15.6

MODEL VII(b)-1: ORDINARY WEIBULL RENEWAL PROCESS

15.6.1

Model Analysis

The number of events until time t, NðtÞ, is given by
(i) Nð0Þ ¼ 0; and
(ii) NðtÞ ¼ supðn : Sn  tÞ; where
S0 ¼ 0; Sn ¼

n
X

Xi

n 1

ð15:51Þ

i¼1

Note that Sn is the time instant for the nth event (or renewal) and is the sum of n
independent and identically distributed random variables. Since the Xi ’s are distributed with distribution function FðxÞ, the distribution of Sn is given by the n-fold
convolution of FðxÞ with itself, that is,
PðSn  xÞ ¼ F ðnÞ ðxÞ ¼ FðxÞ FðxÞ     FðxÞ
where



ð15:52Þ

is the convolution operator.

Distribution of N(t)
NðtÞ  n if and only if Sn  t. This implies that
P½NðtÞ ¼ n ¼ P½NðtÞ  n  P½NðtÞ  ðn þ 1Þ
¼ PðSn  tÞ  PðSnþ1  tÞ

ð15:53Þ

for n ¼ 0; 1; . . . , with S0 ¼ 0. Since
PðSn  tÞ ¼ F ðnÞ ðtÞ

ð15:54Þ

PðNðtÞ ¼ nÞ ¼ F ðnÞ ðtÞ  F ðnþ1Þ ðtÞ

ð15:55Þ

where F 0 ðtÞ  1, we have
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Moments of N(t)
From (15.55), expressions for the moments of NðtÞ can be obtained. Of particular
interest is the first moment MðtÞ, the expected number of renewals in [0; t). This is
given by the following integral equation:
MðtÞ ¼ FðtÞ þ

ðt

Mðt  xÞf ðxÞ dx

ð15:56Þ

0

and is referred to as the renewal function associated with the distribution function
FðxÞ. A direct and simpler derivation of (15.56), based on conditional expectation,
can be found in Ross (1970).
In general, it is not possible to obtain MðtÞ analytically for most FðxÞ (including
the Weibull distribution). Many different approaches to obtaining the renewal function numerically for the Weibull distribution have been proposed. For further
details, see Smith and Leadbetter (1963), White (1964a), Lomnicki (1966), Baxter
et al. (1982), Spearman (1989), Xie (1989), Constantine and Robinson (1997), and
Xie et al. (2001).
For large t we have the following asymptotic result:
MðtÞ ¼

t s 2  m2
þ
þ oð1Þ
m
2m2

ð15:57Þ

where m ¼ EðXi Þ and s2 ¼ E½ðXi  mÞ2 , and
lim P½NðtÞ < aðtÞ ¼ ðyÞ

t!1

ð15:58Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where aðtÞ ¼ t=m þ ys t=m3 for all y, and ðÞ is the cumulative distribution function for the standard normal distribution (with mean ¼ 0 and variance ¼ 1). For a
proof, see Rigdon and Basu (2000).
The renewal density function, mðtÞ, is given by
mðtÞ ¼

dMðtÞ
dt

ð15:59Þ

mðt  xÞf ðxÞ dx

ð15:60Þ

and satisfies the equation
mðtÞ ¼ f ðtÞ þ

ðt
0

where f ðxÞ is the density function associated with FðxÞ.
The variance of NðtÞ is given by
Var½NðtÞ ¼

1
X
n¼1

ð2n  1ÞF ðnÞ ðtÞ  ½MðtÞ2

ð15:61Þ

276

TYPE VII WEIBULL MODELS

Excess (or Residual) Life at Time t
Let BðtÞ denote the time from t until the next event, that is,
BðtÞ ¼ SNðtÞþ1  t

ð15:62Þ

where BðtÞ is the excess or residual life at t. The distribution function for BðtÞ is
given by
ðt
P½BðtÞ  x ¼ Fðt þ xÞ  ½1  Fðt þ x  yÞ dMðyÞ
x0
ð15:63Þ
0

where MðxÞ is the renewal function associated with the distribution FðxÞ. In
general, it is difficult to solve (15.63) analytically. In the limit as t ! 1, this
becomes
Ðx
½1  FðyÞ dy
ð15:64Þ
lim PfBðtÞ  xg ¼ 0
t!1
m
where m ¼ EðXi Þ. The details of the derivations of (15.63) and (15.64) can be found
in Ross (1970).
Age at Time t
Let AðtÞ denote the time from t since the last event, that is,
AðtÞ ¼ t  SNðtÞ

ð15:65Þ

where AðtÞ is the age of the item in use at time t and hence is called the age at t. The
distribution function for AðtÞ is given by

Ð tx
0xt
FðtÞ  0 ½1  Fðt  yÞ dMðyÞ
P½AðtÞ  x ¼
ð15:66Þ
1
x>t
where MðtÞ is the renewal function associated with the interevent distribution
function FðxÞ. The derivation of (15.66) can be found in Ross (1970).
Renewal-Type Equation
A renewal-type equation is an equation of the form
gðtÞ ¼ hðtÞ þ

ðt

gðt  xÞ dFðxÞ

ð15:67Þ

0

where hðÞ and FðÞ are known functions, and gðÞ is the unknown function to be
obtained as a solution to the integral equation. Then gðtÞ given by
gðtÞ ¼ hðtÞ þ

ðt

hðt  xÞ dMðxÞ

0

where MðxÞ is the renewal function associated with FðxÞ.

ð15:68Þ
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Renewal Reward Theorem
Suppose that a reward of Zi is earned at the time of the ith renewal. Then the total
reward earned by time t is given by
ZðtÞ ¼

NðtÞ
X

Zi

ð15:69Þ

i¼1

where NðtÞ is the number of events in ½0; tÞ; ZðtÞ is called the cumulative process.
If EjZi j and EðXi Þ are finite, then [see Ross (1970)]
ð1Þ with probability 1;

lim

t!1

ZðtÞ
EðZi Þ
!
t
EðXi Þ

and
ð2Þ

15.6.2

lim E

t!1



ZðtÞ
EðZi Þ
!
t
EðXi Þ

Parameter Estimation

As with the power law process, we need to consider different cases.
Case 1: Event Truncation
The data for estimation is the set of event times ft1 ; t2 ; . . . ; tn g. Then
xi ¼ ti  ti1 ; 1  i  n, with t0 ¼ 0 can be viewed as n-independent observed
values from the distribution function Fðx; yÞ, and the parameters can be obtained
from the methods discussed in Chapter 4.
Case 2: Time Truncation
Let the data for estimation be the set of n event times ft1 ; t2 ; . . . ; tn g. Then in this
case xi ¼ ti  ti1 ; 1  i  n, with t0 ¼ 0 can be viewed as n-independent observed
values and ðt  tn Þ as the censored data from distribution function Fðx; yÞ. Again,
the parameters can be obtained from the methods discussed in Chapter 4.
15.7
15.7.1

MODEL VII(b)-2: DELAYED RENEWAL PROCESS
Model Analysis

Expected Number of Renewals in [0, t)
Let Md ðtÞ denote the expected number of renewals over ½0; tÞ. It is given by
ðt
Md ðtÞ ¼ F1 ðtÞ þ ðt  xÞ f1 ðxÞ dx
ð15:70Þ
0

where MðtÞ is the renewal function associated with FðtÞ.
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Excess (or Residual) Life at Time t
Let Bd ðtÞ denote the time from t until the next renewal. The distribution function for
Bd ðtÞ is given by
ðt
x  0 ð15:71Þ
PfBd ðtÞ  xg ¼ F1 ðt þ xÞ  ½1  F1 ðt þ x  yÞ dMd ðyÞ
0

For a proof of this, see Cinlar (1975).
15.8
15.8.1

MODEL VII(b)-3: ALTERNATING RENEWAL PROCESS
Model Analysis

In an ordinary renewal process, the interevent times are independent and identically
distributed. In an alternating renewal process, the interevent times are all independent but not identically distributed. More specifically, the odd-numbered interevent
times X1 ; X3 ; X5 ; . . . have a common distribution function F1 ðxÞ, and the evennumbered ones X2 ; X4 ; X6 ; . . . have a common distribution function F2 ðxÞ.
State of Item at Given Time
At any given time the item can be either in its working state or in a failed state and
undergoing repair. A variable of interest is the probability PðtÞ that the item is in its
working state at time t. PðtÞ is given by
ðt
PðtÞ ¼ 1  F1 ðtÞ þ Pðt  xÞ dHðxÞ
ð15:72Þ
0

where HðxÞ is the convolution of F1 ðxÞ and F2 ðxÞ, and given by
HðxÞ ¼ F1 ðxÞ F2 ðxÞ

15.9

ð15:73Þ

MODEL VII(c): POWER LAW–WEIBULL RENEWAL PROCESS

Calabria and Pulcini (2000) deal with the statistical inference and testing for this
model. They derive expressions for the maximum-likelihood estimator and discuss
the likelihood ratio tests to test several different hypotheses. Several applications of
the model to model real data are also presented.
EXERCISES
Data Set 15.1
1.43
1.23
1.46

0.11
0.94
0.30

Time Between Failures for Repairable Item
0.71
4.36
1.82

0.77
0.40
2.37

2.63
1.74
0.63

1.49
4.73
1.23

3.46
2.23
1.24

2.46
0.45
1.97

0.59
0.70
1.86

0.74
1.06
1.17
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Data Set 15.2
156.6

Time to Failure in Hours for Nonrepairable Item

108.0

289.8

198.0

84.1

51.2

12.4

59.1

35.5

6.3

15.1.

Show that the three approaches discussed in Section 15.2.2 are equivalent.

15.2.

Derive (15.12) to (15.15).

15.3.

Suppose that Data Set 15.1 can be modeled by Model VII(a)-1 (Weibull
intensity model–power law process). Estimate the model parameters using
the method of maximum likelihood.

15.4.

Discuss whether Data Set 15.1 supports the null hypothesis b ¼ 1 or not.

15.5.

Derive (15.47).

15.6.

How would you simulate a time history of the modulated power law process?

15.7.

Derive (15.56).

15.8.

Derive (15.63) and (15.65).

15.9.

Data Set 15.2 can be modeled as an ordinary renewal process. Estimate the
model parameters assuming that the time between failures can be modeled
by a two-parameter Weibull distribution.

15.10. For the model in Exercise 15.4, calculate the probability that the number of
replacements needed over a 500-h interval.
15.11. Write a program to solve the one-dimensional renewal equation given by
(15.56).
15.12. A component is subjected to a reliability improvement process. It is tested to
failure and the cause of the failure analyzed. Based on this design, changes
are made and the process repeated. Suppose that the failure time of a
component is given by an exponential distribution with the scale parameter
(mean time to failure) changes with n, the number of times the item has been
tested. The data generated by the test are the failure times (xi ; 1  i  n)
with subscript i corresponding to the failure after (i  1) modifications.
The data given below is the order data xðiÞ as opposed to xi :
4.8

5.1

10.2

16.0

27.2

31.4

32.1

38.5

47.2

47.6

Is it possible to draw any inference from this to state that the reliability of
the component has improved during the development process? Can one
estimate the reliability of the component at the end of testing based on the
above data? If not, what kind of information should have been recorded?

PA RT F

Weibull Modeling of Data

C H A P T E R 16

Weibull Modeling of Data

16.1

INTRODUCTION

The building of a model to solve a problem must take into account all the relevant
information available to the modeler. This can vary from very limited to considerable, and we look at this in the context of reliability theory in the next two chapters.
In this chapter we focus our attention on model building based solely on data comprising failure and censored times. The resulting model is called an empirical model
(or data-dependent model or black-box model) as the data available forms the basis
for the model building. This type of model is also appropriate when there is insufficient understanding so that no other approach can be used to model the data.
The data that we will be looking at are univariate, continuous valued, and statistically independent. The Weibull models that are appropriate for modeling the data
are Types I to III discussed in Chapters 3 to 11. We confine our attention to the
models listed in Table 16.1.
Empirical modeling involves the following steps:
Step 1: Model selection
Step 2: Estimation of model parameters
Step 3: Model validation
We suggest a two-stage approach as indicated below:
Stage 1: Preliminary model selection and parameter estimation based on the
WPP (or IWPP) plot of the data.
Stage 2: Final model selection based on a more rigorous statistical approach.
The outline of the chapter is as follows. We start with a brief discussion relating
to the data aspects. This is done in Section 16.2. Sections 16.3 and 16.4 deal with
Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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Table 16.1

Weibull Models for Modeling

Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model

Name
1
I(a)-2
I(b)-3
II(b)-1
II(b)-2
II(b)-3
II(b)-9
II(b)-13
III(a)-1
III(a)-2
III(b)-1
III(b)-2
III(b)-4
III(c)-1
III(c)-2
III(d)-1
III(d)-2
III(d)-3
III(d)-4
III(d)-5
III(d)-6

Two-parameter Weibull
Three-parameter Weibull
Inverse Weibull
Extended Weibull
Exponentiated Weibull
Modified Weibull
Four-parameter Weibull
Weibull extension
Twofold Weibull mixture
Twofold inverse Weibull mixture
Twofold Weibull competing risk
Twofold inverse Weibull competing risk
Generalized competing risk
Twofold Weibull multiplicative
Twofold inverse Weibull multiplicative
Weibull sectional Model-1
Weibull sectional Model-2
Weibull sectional Model-3
Weibull sectional Model-4
Weibull sectional Model-5
Weibull sectional Model-6

Section
3.3
3.4
6.6
7.4
7.5
7.6
7.10
7.13
8.2
8.3
9.2
9.3
9.5
10.2
10.3
11.2.1
11.2.2
11.2.3
11.2.4
11.2.5
11.2.6

the preliminary and final model selections, respectively. Following this, we illustrate the approach through three case studies in Section 16.5.

16.2
16.2.1

DATA-RELATED ISSUES
Data Size

Let n denote the size of the data. This has implications for the WPP (IWPP) plotting
as indicated below.
Case A Small data set (n < 20). In this case one uses the complete data for the
WPP plot.
Case B Medium data set (20  n  50). In this case one can use either the bootstrap or the jackknife approach. The bootstrap approach involves generating different sets of data by sampling (n data) from the initial data set with replacement in the
bootstrap approach and by deleting one data at a time in the jackknife approach.
The WPP plot of each sampled set results in the selection of a model from the
models under consideration. A statistical analysis of the models (obtained from
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the different sampled sets) forms the basis for the selection of the most appropriate
model.
Case C Large data set (n > 50). In this case the original data set (S) is divided
into two disjointed subsets (S1 and S2 ). Let n1 ð 0:8nÞ and n2 ð¼ n  n1 Þ denote the
number of data in the two subsets. The WPP plot of the data is carried out using the
data from S1 , and the data from S2 is used for model validation.
16.2.2

Nature of Data

As mentioned in Chapter 4, the data can be uncensored or censored. In the latter
case, the censoring can be either right or left censored, single or multiple censored,
or interval censored. These have implications for both WPP plotting as well as for
parameter estimation, as discussed in Chapters 4 and 5.
In the case of censored data, we have an additional issue—the fraction of
censored data. If this is large (> 0:9), then one can have problems with the modeling
of the data.

16.3 PRELIMINARY MODEL SELECTION AND
PARAMETER ESTIMATION
16.3.1

Model Selection

The preliminary model selection is based on the WPP (or IWPP) plot. In Chapters 3
to 11 we discussed the WPP (or IWPP) plots for the models listed in Table 16.1.
Table 16.2 gives a classification scheme for the different shapes for the WPP
plots. Table 16.3 lists the different shapes for the WPP (or IWPP) plot for the
models in Table 16.1.
Table 16.2 Classification of the Shapes for the WPP
and IWPP Plots
Type

Description

A
B
B1
C
C1
D

Straight line
Concave
Concave with left asymptote vertical
Convex
Convex with right asymptote vertical
Single inflection point (S-shaped) with
parallel asymptotes
Single inflection point (S-shaped) with
vertical asymptotes
Bell shaped
Multiple inflection points
(n  1 and odd)

D1
E1
E(n)
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Table 16.3

Shapes of WPP or IWPP Plots for the Models in Table 16.1

Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model

1
I(a)-2
I(b)-3
II(b)-1
II(b)-2
II(b)-3
II(b)-9
II(b)-13
III(a)-1
III(a)-2
III(b)-1
III(b)-2
III(b)-4
III(c)-1
III(c)-2
III(d)-1
III(d)-2
III(d)-3
III(d)-4
III(d)-5
III(d)-6

Shapes

Comments

A
B1
A
B (n < 1Þ; C (n > 1Þ
B (n > 1Þ; C (n < 1Þ
C
D1

WPP
WPP

D (b1 ¼ b2 ); E(3) b1 6¼ b2
Same as Model III(a)-1
C
C
C; E1
B
C
B (b1 > b2 ); C (b1 < b2 )
C
B
E(1)
B; C; E(1)
B, C; E(1)

WPP
WPP
WPP
WPP
WPP
WPP
IWPP
WPP
IWPP
WPP
WPP
IWPP
WPP
WPP
WPP
WPP
WPP
WPP

The model selection process is as follows. The WPP (or IWPP) plot of the data is
carried out as discussed in Chapter 4. A smooth curve is fitted to the plotted data
and its shape is assessed visually. It is compared with the WPP shapes listed in
Table 16.2. If there is no match, then none of the models in Table 16.1 are suitable
for the modeling of the given data. In this case, one needs to look at models derived
from other distributions. On the other hand, if there is a match, then one or more of
the Weibull models might be appropriate for the modeling of the given data. In this
case, Table 16.3 is used to identify the models that have similar shaped WPP plots,
and these are potential candidates for modeling.
16.3.2

Parameter Estimation

For the potential candidates, one needs to estimate the model parameters. In
Chapters 4 to 11 we discussed the estimation based on the WPP plots. They
involve fitting asymptotes, determining intersection and inflection points, and so
forth.
An alternate approach is to estimate the parameters through a least-squares fit.
Let xi and yi , 1  i  n, denote the Weibull transformed values in the WPP plotting
of the data set. Let yðxi ; yÞ, 1  i  n, denote the Weibull transformed values for
the model with parameter y. The parameter estimate is the value of y that minimizes
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the objective function given by
JðyÞ ¼

n
X

½yðti ; yÞ  yi

2

ð16:1Þ

i¼1

The optimization needs to be carried out using a computational algorithm.

16.4 FINAL MODEL SELECTION, PARAMETER ESTIMATION,
AND MODEL VALIDATION
Often the preliminary model selection results in more than one model being
identified as potential candidates for modeling the given data set. In this case one
needs to choose between these alternate models to decide which is most appropriate. Also, the parameter estimates, based on the WPP plot, are crude. They can be
used as the starting point for obtaining more refined estimates. This, however,
depends to a large extent on the size of the data set. In this section we discuss these
issues for the three different cases defined in Section 16.2.1.
16.4.1

Case A: Small Data Set

Model Selection
If one of the potential candidates (from the preliminary selection) has a value for
JðyÞ [given by (16.1)] that is considerably smaller than that for the other models,
then it is selected as the most appropriate model (within the class of Weibull
models) to model the given data set.
An alternate approach is to choose the model based on the principle of parsimony—given several models that fit the data reasonably well, then the model
with the least number of parameters is the preferred one. This can be formalized
through a function Jðy; KÞ, involving JðyÞ given by (16.1) and another function
ðKp Þ that increases with Kp (the number of parameters in the models). The model
parameters are the values that minimize JðyÞ.
Two different forms for ðKp Þ are the following: ðKp Þ ¼ gKp and ðKp Þ ¼ Kpg
with g > 0. As a result, the two different forms for Jðy; Kp Þ are given by
Jðy; Kp Þ ¼ JðyÞ þ gKp and Jðy; Kp Þ ¼ ln JðyÞ þ g ln Kp . The model that yields
the smallest value for Jðy; Kp Þ is the model that is selected as the final model.
The larger the value of g, the greater is the penalty associated with the number
of parameters in the model. This implies that the value for g and the form of
ðKp Þ have a significant impact on the final model selected.
If two or more potential candidates have nearly the same value for Jðy; Kp Þ, then
one can look at additional properties of the WPP plot to decide on the final model.
This would involve comparing the error between some characteristics (such as the
intersection with the x or y axis of the WPP plot based on the model and the smooth
fit to the plot based on the data.
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Table 16.4 Shapes of the Density Function for Different
Models in Table 16.1
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model

Shapes
1
I(a)-2
I(b)-3
II(b)-1
II(b)-2
II(b)-3
II(b)-9
II(b)-13
III(a)-1
III(a)-2
III(b)-1
III(b)-2
III(b)-4
III(c)-1
III(c)-2
III(d)-1
III(d)-2
III(d)-3
III(d)-4
III(d)-5
III(d)-6

Comments

Types 1, 2
Types 1, 2
Type 2
Not yet studied
Types 1, 2
Not yet studied
þ Increasing shape
Not yet studied

Types 1, 2
Types 1, 2,
Types 2, 4
Types 1, 2,
Types 2, 4
Types 1, 2,
Types 1, 2,
Type 2
Types 1, 2,
Types 1, 2,
Types 1, 2,
Types 1, 2,
Types 1, 2,
Types 1, 2,

3, 4
3, 4
3, 4
4
3, 4
3, 4
3, 4
3, 4
3, 4, 5, 6
3, 4, 5, 6

Finally, one can also look at the properties of the model (such as the shapes for
the density function or the hazard function) in deciding on the final model selection.
In Chapter 3 we defined a classification scheme for the different shapes for the density and hazard functions. Tables 16.4 and 16.5 summarize the different shapes for
the density and hazard functions for the models in Table 16.1.
Parameter Estimation
In Chapter 4 we discussed several different statistical methods for estimating the
model parameters, and these included the method of moments, the method of percentile, the method of maximum likelihood, and the Bayesian method. Unfortunately, none of these methods (except the Bayesian) are appropriate for small
data sets. Hence, the estimates obtained from the WPP plot are often the final
estimates.
Model Validation
In Chapter 5 we discussed many different statistical tests for validating a model.
These require data that is different from the data used for model selection and parameter estimation. For small data sets, since all the data is used for model selection
and parameter estimation, there is no data left for validation.
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Table 16.5 Shapes of Hazard Function for Different
Models in Table 16.1
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model
Model

16.4.2

Shapes
1
I(a)-2
I(b)-3
II(b)-1
II(b)-2
II(b)-3
II(b)-9
II(b)-13
III(a)-1
III(a)-2
III(b)-1
III(b)-2
III(b)-4
III(c)-1
III(c)-2
III(d)-1
III(d)-2
III(d)-3
III(d)-4
III(d)-5
III(d)-6

Types 1, 2, 3
Types 1, 2, 3
Type 5
Types 1, 3, 6, 7
Types 1, 3, 4, 5
Types 1, 4
Types 1, 3
Types 3, 4
Types 1, 3, 5, 6, 7,
Types 5, 9
Types 1, 3, 4
Types 5, 9
Types 1, 3, 4, 6, 7,
Types 1, 3, 5, 6
Types 5, 9
Types 1, 3, 4, 5
Types 1, 3, 4, 5
Types 1, 3, 4, 5, 6,
Types 1, 3, 4, 5, 6,
Types 1, 3, 4, 5, 6,
Types 1, 3, 4, 5, 6,

9

8

7
7
7
7

Case B: Medium Data Set

Model Selection
One starts as in case A. The shape of the WPP plot (based on data) indicates which
of the Weibull models are not appropriate. The remaining models are potential candidates. As before one can examine JðyÞ to determine the degree of fit between the
model and the data. If one of the models has a value that is considerably smaller
then the rest, then it is selected as the final model.
When several models have roughly the same value of JðyÞ, then one needs to use
some other approach to model selection. Two such approaches are the bootstrap
approach and the jackknife approach. The bootstrap approach is as follows [see
Efron (2000) for details]. Let Mj ; 1  j  J denote the j models under consideration; n (the size of the original data set) data are sampled from the original data
set with replacement. Based on the WPP plot of the sampled data, JðyÞ is computed
for each model based on the best fit between the data and the model. The process is
repeated K times. Let M k denote the model that yields the smallest value for JðyÞ
during iteration k ð1  k  KÞ. One carries out an analysis of the best fits for the
different runs and, based on this one decides on the final model.
The jackknife approach is similar. Here the different models are fitted to n different data sets, each of size n  1, obtained by deleting one data point at a time
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from the original data set. The best fits for each set are then analyzed to decide on
the final model.
Finally, as discussed in case A, one might examine the shapes of the density and
hazard functions of the different models under consideration before the final selection is made.
Parameter Estimation
In this case one can use one or more of the different statistical methods to estimate
the final model parameters using either all the data available or part of the data.
The method of maximum likelihood is the most preferred because of its desirable
properties.
Model Validation
If the parameters are estimated using a subset of the data, then the remaining data
can be used for model validation as discussed in Chapter 4. If all the data is used in
model selection and parameter estimation, then one can still use the tests indicated
in Chapter 4, taking into account the loss in the degree of freedom. Further details
can be found in many books; see, for example, Blischke and Murthy (2000) and
Meeker and Escobar (1998b).
6.4.3

Case C: Large Data Set

Model Selection
The initial selection is based on the data from subset S1 . The final model selection is
based on using the approach outlined in either case A (i.e., the model with the smallest value for JðyÞ [or Jðy; Kp Þ] is the model selected) or in case B (based on the
bootstrap and/or jackknife approaches).
Model Parameters
The parameters can be estimated using statistical methods as in case B using the
subset of the original data set.
Model Validation
In this case the final model selected in stage 1 is viewed as the true model, and
the remaining data (data not used for model selection and parameter estimation)
is used to test the validity of the model using one or more of the tests discussed
in Chapter 5.
16.5

CASE STUDIES*

In this section we discuss three case studies involving real data to illustrate the
modeling approach discussed earlier. The data for the three cases are as follows:

*

The WPP plotting and model fitting were carried out by Dr Michael Bulmer.
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Case 1: Small (19 data points, comprised of failure times)
Case 2: Medium (50 data points comprised of failure and censored times)
Case 3: Large (153 data points comprised of failure and censored times)
16.5.1

Case 1: Cleaning Web Failures

Modern photocopiers are complex system involving several components. The
‘‘cleaning web’’ is one such component. Whenever it fails, it needs to be replaced
by a new one.
The data recorded from a 4 12-year service history of a photocopier is given in
Table 16.6. The first and third columns give the number of copies made at the
time of replacement and the second and fourth columns give the corresponding
day (subsequent to the machine being put into operation).
The difference between two successive values in a column gives the age at failure, and the number of copies produced before failure, for the different cleaning
webs over the time period. The days and copies between failures of the cleaning
web were strongly correlated (r ¼ 0:916). The mean number of days between failures was 115.1 and the mean number of copies between failures was 72,670.
A smooth fit to the WPP plot (based on age between failures) is shown in
Figure 16.1. On comparing it with the shapes indicated in Table 16.2, we see
that it is shape B. From Table 16.3 we see that Models II(b)-1 (extended Weibull),
II(b)-2 (exponentiated Weibull), III(c)-1 (Weibull multiplicative model), and III(d)-1
[also III(d)-3, III(d)-5, and III(d)-6] (Weibull sectional model) are potential candidates for modeling the data and that the remaining models need to be rejected.
Table 16.7 shows the parameter estimates and the corresponding JðyÞ based on
the WPP plot for these models and for some of the rejected models. A genetic algorithm was used in the optimization. For details, see Bulmer and Eccleston (1998).
An important thing to note is that, in general, JðyÞ for the rejected models are much
bigger than that for the potential candidates. Among the possible models listed
above, it is clearly seen that JðyÞ is the smallest for Model III(c)-1. This implies
that this model yields the best fit, and this can be seen from Figure 16.1 where
the WPP plot for the model is shown as a continuous line and the Weibull

Table 16.6
Copies
60,152
132,079
365,075
427,056
501,550
597,739
675,841
716,636

Cleaning Web Data (Case Study 1)
Age (days)
29
128
397
563
722
916
1016
1111

Copies
900,362
933,785
938,100
994,597
1,045,893
1,068,124
1,077,537

Age (days)
1356
1412
1448
1514
1583
1609
1640
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Figure 16.1 WPP plots for Weibull multiplicative model (Case Study 1); based on days between
failures.

transformed data as dots. Model III(d)-1 has the second smallest value for JðyÞ, and
the values for the remaining potential candidates are much higher. As a result, one
should accept Model III(c)-1 as the most appropriate model to model cleaning web
failures based on age at failure.
A similar study based on the number of copies produced before failure yields a
slightly different outcome. Figure 16.2 shows the WPP plot of the data. It indicates
that the shape is D (see Table 16.2) and that the only potential candidate is Model
III(a)-1 (Weibull mixture model with different shape parameters), and all others
need to be rejected.
Table 16.8 shows the parameter estimates obtained by best fit and the corresponding JðyÞ based on the WPP plot for this model and for some of the rejected
Table 16.7

Parameter Estimates Based on Days between Failures

Model

JðyÞ

Parameter Estimates

Model 1
Model I(a)-2
Model I(b)-3
Model II(b)-1
Model II(b)-2
Model II(b)-3
Model III(a)-1
Model III(a)-1
(b1 ¼ b2 ¼ b)
Model III(b)-1
Model III(c)-1
Model III(d)-1

0.752
0.314
0.660
0.544
0.752
0.480
0.424
0.424

^ ¼ 1:48
^ ¼ 129, b
a
^
^ ¼ 101, b ¼ 0:953, ^t ¼ 21:1
a
^ ¼ 1:23
^ ¼ 61:8, b
a
^ ¼ 1:96, ^n ¼ 0:078
^ ¼ 345, b
a
^ ¼ 0:000744, b
^ ¼ 1:48, ^n ¼ 0:0
l
^
^ ¼ 7:74, b ¼ 0:449, ^n ¼ 13:7
a
^ ¼ 2:4, b
^ ¼ 2:2, ^p ¼ 0:39
^1 ¼ 55, a
^ 2 ¼ 184, b
a
1
2
^ ¼ 2:34, p^ ¼ 0:421
^1 ¼ 56:8, a
^2 ¼ 189, b
a

0.752
0.173
0.314

^ ¼ 1:48, b
^ ¼ 1:48
^1 ¼ 203, a
^ 2 ¼ 210, b
a
1
2
^
^ ¼ 1:29
^1 ¼ 28:8, a
^2 ¼ 128, b1 ¼ 6:62, b
a
2
^ ¼ 5:06, b
^ ¼ 0:954,
^1 ¼ 46, a
^ 2 ¼ 101, b
a
1
2
^t ¼ 21:6, ^t1 ¼ 26
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Figure 16.2 WPP plots for Weibull mixture model (Case Study 1); based on number of copies between
failures.

models. As can be seen JðyÞ for the all other models are very much larger than that
for Model III(a)-1. This implies that Model III(a)-1 yields the best fit, and this can
be seen from Figure 16.2 where the WPP plot for the model is shown as a continuous line and the Weibull transformed data as dots. As a result, one should accept
Model III(a)-1 as the most appropriate model to model cleaning web failures based
on number of copies produced before failure.
16.5.2

Case 2: Throttle Failures

The ‘‘throttle’’ is a component of a vehicle. The data presented in Table 16.9 is
from Carter (1986) and gives distance traveled (in thousands of kilometers) before
Table 16.8

Parameter Estimates Based on Number of Copies between Failures

Model

JðyÞ

Parameter Estimates

Model 1
Model I(a)-2
Model I(b)-3
Model II(b)-1
Model II(b)-2
Model II(b)-3
Model III(a)-1
Model III(a)-1
(b1 ¼ b2 ¼ b)
Model III(b)-1
Model III(c)-1
Model III(d)-1

0.543
0.543
2.32
0.394
0.539
0.527
0.0924
0.543

^ ¼ 1:06
^ ¼ 80000, b
a
^ ¼ 1:06, ^t ¼ 0:0279
^ ¼ 80100, b
a
^ ¼ 0:651
^ ¼ 27800, b
a
^
^ ¼ 2820, b ¼ 0:442, ^
a
n ¼ 43:2
^ ¼ 0:00000803, b
^ ¼ 1:03, ^n ¼ 0:0000005
l
^ ¼ 1:26, ^
^ ¼ 95200, b
a
n ¼ 0:785
^ ¼ 0:851, b
^ ¼ 5:23, ^p ¼ 0:674
^1 ¼ 79400, a
^2 ¼ 67900, b
a
1
2
^
^1 ¼ 80000, a
^2 ¼ 80300, b ¼ 1:06, ^p ¼ 0:902
a

0.502
0.543
0.531

^ ¼ 1:27, b
^ ¼ 0:63
^1 ¼ 96100, a
^2 ¼ 1050000, b
a
1
2
^ ¼ ??, b
^ ¼ 1:06
^1 ¼ 39100, a
^2 ¼ 80100, b
a
1
2
^ ¼ 1:08, b
^ ¼ 0:753,
^1 ¼ 78200, a
^2 ¼ 50600, b
a
1
2
^t ¼ 28200, ^t1 ¼ 92800
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Table 16.9
0.478
0.484þ
0.583
0.626þ
0.753
0.753
0.801
0.834
0.850þ
0.944

Throttle Failure Data (Case Study 2)a
0.959
1.071þ
1.318þ
1.377
1.472þ
1.534
1.579þ
1.610þ
1.729þ
1.792þ

1.847þ
2.400
2.550þ
2.568þ
2.639
2.944
2.981
3.392
3.393
3.791þ

3.904
4.443þ
4.829
5.328
5.562
5.900þ
6.122
6.226þ
6.331
6.531

6.711þ
6.835þ
6.947þ
7.878þ
7.884þ
10.263þ
11.019
12.986
13.103þ
23.245þ

a

Distance traveled before failure or censoring (denoted by þ); unit,
1000 km.

failure, or the item being suspended before failure, for a preproduction generalpurpose load-carrying vehicle. Hence, the independent variable is the distance
traveled with 1000 km being the unit of measurement.
A smooth fit to the WPP plot (based on age between failures) is shown in
Figure 16.3. On comparing with the shapes listed in Table 16.2, we see that it is
type B. From Table 16.3 we see that Models II(b)-1 (extended Weibull), II(b)-2
(exponentiated Weibull), III(c)-1 (Weibull multiplicative model), and III(d)-1
[also III(d)-3, III(d)-5, and III(d)-6] (Weibull sectional model) are potential candidates for modeling the data, and the remaining models are to be rejected.
Table 16.10 shows the parameter estimates and the corresponding JðyÞ based on
the WPP plot for these models and for some of the rejected models. Among the
possible models listed above it is clearly seen that JðyÞ is the smallest for Model
III(c)-1. From Table 16.10 we see that JðyÞ for Models II(b)-1 and II(b)-2 are much
larger than that for Model III(c)-1, and hence these models can be rejected. An
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8.5
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x
Figure 16.3 WPP plots for Weibull multiplicative model (Case Study 2).
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Table 16.10

Parameter Estimates for Case Study 2

Model

JðyÞ

Parameter Estimates

Model 1
Model I(a)-2
Model I(b)-3
Model II(b)-1
Model II(b)-2
Model II(b)-3
Model III(a)-1
Model III(a)-1
(b1 ¼ b2 ¼ b)
Model III(b)-1
Model III(c)-1
Model III(d)-1

2.77
0.633
1.36
2.31
2.77
1.86
0.412
1.55

^ ¼ 1:13
^ ¼ 7470, b
a
^
^
a ¼ 8370, b ¼ 0:755, ^t ¼ 450
^ ¼ 0:706
^ ¼ 3110, b
a
^ ¼ 1:35, ^n ¼ 0:025
^ ¼ 80800, b
a
^
^ ¼ 1:13, ^n ¼ 0:0
l ¼ 0:0000407, b
^ ¼ 0:292, ^n ¼ 13:8
^ ¼ 117, b
a
^ ¼ 6:86, b
^ ¼ 1:38, ^p ¼ 0:136
^1 ¼ 865, a
^2 ¼ 9160, b
a
1
2
^ ¼ 2:46, ^p ¼ 0:305
^1 ¼ 1320, a
^ 2 ¼ 10500, b
a

2.77
0.37
0.573

^ ¼ 1:13, b
^ ¼ 1:13
^1 ¼ 13400, a
^2 ¼ 14100, b
a
1
2
^ ¼ 0:87, b
^ ¼ 3:93
^1 ¼ 8700, a
^ 2 ¼ 723, b
a
1
2
^ ¼ 4:68, b
^ ¼ 0:699
^1 ¼ 1190, a
^ 2 ¼ 8720, b
a
1
2
^t ¼ 511, ^t1 ¼ 601

interesting feature is that JðyÞ for Model III(a)-1 is comparable to that for Model
III(c)-1 and Models I(a)-2 and III(d)-1. Figure 16.3 shows the fit between the data
and Model III(c)-1 while Figure 16.4 shows the fit with Model III(a)-1. As can be
seen, both indicate a reasonable fit. This suggests that these models need to be
explored further before the final decision is made.
The bootstrap approach was used to decide on the final model based on 200 independent runs (the data for each run generated through random sampling of the
original data set 50 times with replacement) and yielded the following results.
For 42% of the runs Model III(a)-1 had the smallest JðyÞ, for 24% it was Model
III(d)-1, for 18% it was Model III(c)-1, and for 13% it was Model I(a)-2. This
indicates that a Weibull mixture model might be the most appropriate one to model
the data.
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Figure 16.4 WPP plots for Weibull mixture model (Case Study 2).
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The jackknife approach (based on 50 runs with 49 data in each run obtained by
deleting one data at a time) yielded the following results. For 60% of the runs Model
III(c)-1 had the smallest JðyÞ, and for the remaining 40% it was Model III(a)-1.
This suggests that Model III(c)-1 be accepted as the most appropriate one to model
the data.
In both the bootstrap and jackknife approaches all the models listed in Table
16.10 were fitted to the data generated for each run. An interesting thing to note
is that the jackknife approach selected either Model III(a)-1 or Model III(c)-1 in
each run. This is in contrast to the bootstrap approach where, for some runs, other
models provided better fits. This is to be expected as sampling with replacement can
produce data sets that differ significantly (in a probabilistic sense) from the original
data set.
Based on the above analysis, Model III(c)-1 is the final model selected.
The parameter estimates based on the method of maximum likelihood are as
follows:
^1 ¼ 8920
a

16.5.3

^2 ¼ 779
a

^ ¼ 0:836
b
1

^ ¼ 2:42
b
2

lnð^yÞ ¼ 246:1

Case 3: Aircraft Windshield

The windshield on a large aircraft is a complex piece of equipment, comprised basically of several layers of material, including a very strong outer skin with a heated
layer just beneath it, all laminated under high temperature and pressure. Failures of
these items are not structural failures. Instead, they typically involve damage or
delamination of the nonstructural outer ply or failure of the heating system. These
failures do not result in damage to the aircraft but do result in replacement of the
windshield.
Data on all windshields are routinely collected and analyzed. At any specific
point in time, these data will include failures to date of a particular model as
well as service times of all items that have not failed. Data of this type are incomplete in that not all failure times have as yet been observed.
Data on failure and service times for a particular model windshield are given in
Table 16.11 from Blischke and Murthy (2000). The data consist of 153 observations, of which 88 are classified as failed windshields, and the remaining 65 are
service times of windshields that had not failed at the time of observation. The
unit for measurement is 1000 h.
A smooth fit to the WPP plot (based on all the data) is shown in Figure 16.5.
On comparing with the shapes listed in Table 16.2, we see that it is type C.
From Table 16.3 we see that Model II(b)-1 (extended Weibull), Model II(b)-2
(exponentiated Weibull), Model II(b)-3 (modified Weibull), Model III(b)-1
(Weibull competing risk), Model III(b)-2 (inverse Weibull competing risk), Model
III(b)-4 and Model III(c)-2 (inverse Weibull multiplicative), and Model III(d)-2
have similar shapes and qualify as potential models while the remaining are
rejected.
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Table 16.11

Windshield Failure Data (Case Study 3)a
Failure Times

0.040
0.301
0.309
0.557
0.943
1.070
1.124
1.248
1.281
1.281
1.303
1.432
1.480
1.505
1.506
1.568
1.615
1.619
1.652
1.652
1.757
a

1.866
1.876
1.899
1.911
1.912
1.914
1.981
2.010
2.038
2.085
2.089
2.097
2.135
2.154
2.190
2.194
2.223
2.224
2.229
2.300
2.324

Service Times

2.385
2.481
2.610
2.625
2.632
2.646
2.661
2.688
2.823
2.890
2.902
2.934
2.962
2.964
3.000
3.103
3.114
3.117
3.166
3.344
3.376

3.443
3.467
3.478
3.578
3.595
3.699
3.779
3.924
4.035
4.121
4.167
4.240
4.255
4.278
4.305
4.376
4.449
4.485
4.570
4.602
4.663

0.046
0.140
0.150
0.248
0.280
0.313
0.389
0.487
0.622
0.900
0.952
0.996
1.003
1.010
1.085
1.092
1.152
1.183
1.244
1.249
1.262

1.436
1.492
1.580
1.719
1.794
1.915
1.920
1.963
1.978
2.053
2.065
2.117
2.137
2.141
2.163
2.183
2.240
2.341
2.435
2.464
2.543

2.592
2.600
2.670
2.717
2.819
2.820
2.878
2.950
3.003
3.102
3.304
3.483
3.500
3.622
3.665
3.695
4.015
4.628
4.806
4.881
5.140

Failure times and service times (unfailed items); unit, thousands hours.

Table 16.12 shows the parameter estimates and the corresponding JðyÞ based on
the WPP plot for some of these models (as well as for some of the rejected models).
Among the possible models listed above it is clearly seen that JðyÞ is the smallest
for Model III(a)-1 (Weibull mixture). The WPP plot for the Weibull mixture has an
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Figure 16.5 WPP plot for mixture model (windshield data).
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Table 16.12

Parameter Estimates (Based on WPP Plot) for Case Study 3

Model

JðyÞ

Parameter Estimates

Model 1
Model I(a)-2
Model I(b)-3
Model II(b)-1
Model II(b)-2
Model II(b)-3
Model III(a)-1
Model III(a)-1
(b1 ¼ b2 ¼ b)
Model III(b)-1
Model III(c)-1
Model III(d)-1

18.0
18.0
62.9
3.01
4.12
11.3
1.3
18.0

^ ¼ 1:74
^ ¼ 3980, b
a
^
^
a ¼ 3980, b ¼ 1:74, ^t ¼ 0:00
^ ¼ 0:458
^ ¼ 3140, b
a
^ ¼ 0:699, ^
^ ¼ 293, b
a
n ¼ 164
^ ¼ 0:000138, b
^ ¼ 0:794, ^n ¼ 0:000678
l
^ ¼ 7:54, ^
^ ¼ 4910, b
a
n ¼ 0:206
^ ¼ 0:429, b
^ ¼ 2:99, ^p ¼ 0:136
^1 ¼ 82300, a
^2 ¼ 3210, b
a
1
2
^ ¼ 1:74, ^p ¼ 0:0578
^1 ¼ 4010, a
^ 2 ¼ 3980, b
a

1.79
18.0
2.05

^ ¼ 0:632, b
^ ¼ 2:9
^1 ¼ 286000, a
^2 ¼ 3540, b
a
1
2
^ ¼ 0:323, b
^ ¼ 1:74
^1 ¼ 0:006, a
^2 ¼ 3980, b
a
1
2
^ ¼ 0:527, b
^ ¼ 3:67
^1 ¼ 1470000, a
^2 ¼ 4560, b
a
1
2
^
^t ¼ 1070, t1 ¼ 180

inflection point that is not to be seen from the WPP plot. This is due to most of the
data coming from one subpopulation (as indicated by a small value for the mixing
parameter p). From Table 16.12 we see that JðyÞ for Model III(b)-1 is close to that
for Model III(a)-1. This suggests that we need to look at these two models before a
final decision is made.
If the smallest failure data (0.04) is viewed as an outlier, then one needs to delete
it from the data set. Since the data set is large, the model selection can be done
using 80% of the data so that the remaining 20% can be used for model validation.
This division of data into two subsets (S1 and S2 ) was done by random selection
from the original set after the outlier was deleted. Model III(a)-1 had the smallest
value for JðyÞ (implying the best fit among all the models considered) based on S1 .
The parameter estimates (based on WPP plot) are as follows:
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Figure 16.6 WPP plot for mixture model (Case Study 3); 80% of data, excluding outlier.
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Figure 16.7 WPP plot for mixture model (Case Study 3); remaining 20% of data, excluding outlier.
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Figure 16.6 shows the WPP plot of model as a continuous line and the WPP transformed data as dots. As can be see, the model fits the data reasonably well. The
model validation using the data in S2 was done as follows. Since the data comprised
of both failure and censor times, it was not possible to use the various statistical
tests discussed in Chapter 5. Instead, the data for validation was plotted on the
WPP paper and compared with the WPP plot for Model III(a)-1.
The two plots are shown in Figure 16.7. The fit can be viewed as being acceptable in a qualitative sense. One would need to repeat stages 1 and 2 of the modeling
K times. Each run would first involve dividing the data into two subsets (comprising
80 and 20% of the original data) using random sampling. This would generate
different data sets for each run of the K runs. The model validation is based on
comparing the fits for the K runs.

16.6

CONCLUSIONS

In this chapter we discussed model selection based solely on data. The process
involves a two-stage approach. The role of WPP plots for model selection in the
first stage and the different issues involved the second stage leading to a final model
were highlighted. There are several topics that need further study and some of these
are listed under the Exercises.

EXERCISES
Data Set 16.1: Helicopter Failures A helicopter consists of several components
and some of these are critical (in the sense that any failure of such components

300

WEIBULL MODELING OF DATA

during operation leads to a crash) and others not. Luxhoj and Shyur (1995) report
on failures of three different components of a helicopter. The data includes aircraft
flight hours as well as operational time to failure of each component. The data can
also be found in Table 2.15 of Blischke and Murthy (2000).
Data Set 16.2: Compressor Failures For compressors located near a seacoast,
salt in the air is recognized as a major cause for compressor failures. Abernathy
et al. (1983) reports on 202 such units. The data consists of 10 failures (over the
observation period) and the failure times are given. The data for the remaining
192 units (nonfailed items) is interval censored. The data can also be found in Table
2.16 of Blischke and Murthy (2000).
Data Set 16.3: Aircraft Air-conditioner Failures Proschan (1963) reports on the
time between failures of air-conditioning units on aircraft. The data can also be
found in Table 2.10 of Blischke and Murthy (2000).
Data Set 16.4: Diesel Generator Fan Failure Table 1.1 of Chapter 4 of Nelson
(1982) gives data on failures for 70 fans of diesel generator sets. The fans were put
into operation at different time instants. Over the observation period, 12 fans failed.
The data consists of the failure times for these and the censoring (right censoring)
for the remaining fans. The data can also be found in Appendix Table C.1 of Meeker and Escobar (1998).
Data Set 16.5: Vehicle Shock Absorber Failures O’Connor (1995, p. 85) reports
on distance to failure and the failure modes for the failure of 38 vehicle shock
absorbers. The data can also be found in Table C.2 of Meeker and Escobar (1998b).
16.1. Use the methodology outlined in Chapter 16 to determine whether one or
more of the Type I to III models discussed in Chapters 3 to 11 are appropriate
to model Data Set 16.1.
16.2. Repeat Exercise 16.1 for Data Set 16.2.
16.3. Repeat Exercise 16.1 for Data Set 16.3.
16.4. Repeat Exercise 16.1 for Data Set 16.4.
16.5. Repeat Exercise 16.1 for Data Set 16.5.
16.6. Failure data can be found in many books on reliability and life testing; see,
for example, Kalbfleisch and Prentice (1980), Meeker and Escobar (1998b),
and Blischke and Murthy (2000) to name a few. Compile a list of these data
sets and categorize them based on the area of application.
16.7. Carry out a search of databases to collect data sets from the real world.
Discuss critically the limitations of the data sets and what additional
information would have been useful from the modeling point of view.
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Modeling Product Failures

17.1

INTRODUCTION

All products are unreliable in the sense that they degrade with age and/or usage and
ultimately fail. The reliability of a product depends on technical decisions made
during the design and manufacturing of the product. Product failures, in turn,
have an impact on the commercial aspect of business as frequent failures affect
warranty and maintenance costs as well as new sales. This implies that product
reliability decisions must be done in a framework that integrates the technical
and commercial issues in an effective manner. We discuss this in the next section
and the role of Weibull models to assist in the decision-making process. The models
for decision making require modeling product failures, and in this chapter we focus
our attention on this topic.
The failure of a product is influenced by several factors. These include the usage
mode (continuous or intermittent), usage intensity (high, medium, or low), operating
environment (normal or abnormal), and operator skills (for certain types of products). In general, a product is complex and comprised of many components.
The failure of a product is due to the failure of one or more of its components.
For a nonrepairable product, there is only one failure. In contrast, for a repairable
product, there can be several failures over its useful life. These failures are influenced by maintenance (preventive and corrective) actions. As a result, the modeling
can be done at either system level or component level or anywhere in between.
Also, the modeling depends on the information available. The information can relate
to the degradation processes at the component level, the interconnections between
the different components at the system level, the usage environment, and so forth.
This information can vary from very minimal (or none) to complete or anywhere
in between. In this chapter we look at all these issues in the context of modeling
product failures and highlight the use of the Weibull models discussed in earlier
chapters.

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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The outline of the chapter is as follows. We start with a brief discussion of some
basic concepts in Section 17.2. In general, most products consist of several components, and in Section 17.3 we indicate the decomposition of a product into various
levels. The modeling of product failure can be done at any level, and this is discussed in Section 17.4 along with different approaches to modeling. The different
approaches to modeling at the component level are discussed in Sections 17.5
to 17.7 and Sections 17.8 and 17.9 deal with modeling at the system level. We
illustrate the modeling through some cases involving real data. Our presentation
is terse based to a large extent on Blischke and Murthy (2000) where interested
readers can get more details.
17.2
17.2.1

SOME BASIC CONCEPTS
Failures

A dictionary definition of failure is ‘‘falling short in something expected, attempted,
or desired, or in some way deficient or lacking.’’ From an engineering point of view,
it is useful to define failure in a broader sense. Witherell (1994) elaborates as
follows: ‘‘It [failure] can be any incident or condition that causes an industrial plant,
manufactured product, process, material, or service to degrade or become unsuitable or unable to perform its intended function or purpose safely, reliably, and costeffectively.’’ Accordingly, ‘‘the definition of failure should include operations,
behaviour, or product applications that lead to dissatisfaction, or undesirable,
unexpected side effects.’’ More formal definitions of failure are as follows:
 ‘‘Failure is the termination of the ability of an item to perform a required
function’’ [International Electronic Commission, IEC 50(191)].
 ‘‘Equipment fails, if it is no longer able to carry out its intended function
under the specified operational conditions for which it was designed’’
(Nieuwhof, 1984).
 ‘‘Failure is an event when machinery/equipment is not available to produce
parts at specified conditions when scheduled or is not capable of producing
parts or perform scheduled operations to specification. For every failure, an
action is required’’ (Society of Automotive Engineers, ‘‘Reliability and
Maintainability Guideline for Manufacturing Machinery and Equipment’’).
 ‘‘Recent developments in products-liability law has given special emphasis to
expectations of those who will ultimately come in direct contact with what we
will do, make or say or be indirectly affected by it. Failure, then, is any
missing of the mark or falling short of achieving these goals, meeting
standards, satisfying specifications, fulfilling expectations, and hitting the
target’’ (Witherell, 1994).
17.2.2

Faults and Failure Modes

A fault is the state of the product characterized by its inability to perform its
required function. (Note that this excludes situations arising from preventive
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maintenance or any other intentional shutdown period during which the product is
unable to perform its required function.) A fault is hence a state resulting from a
failure.
A failure mode is a description of a fault. It is sometimes referred to as fault
mode [e.g., IEC 50(191)]. Failure modes are identified by studying the (performance) function of a product. Blache and Shrivastava (1994) suggest a classification scheme for failure modes. A brief description of the different failure
modes is as follows:
1. Intermittent failures: Failures that last only for a short time. A good example
of this is software faults that occur intermittently.
2. Extended failures: Failures that continue until some corrective action rectifies
the failure. They can be divided into the following two categories:
a. Complete failure: This results in total loss of function.
b. Partial failure: This results in partial loss of function.
Each of these can be further subdivided into the following:
a. Sudden failures: Failures that occur without any warning.
b. Gradual failures: Failures that occur with signals to warn of the occurrence of a failure.
A complete and sudden failure is called a catastrophic failure, and a gradual and
partial failure is designated a degraded failure.

17.2.3

Failure Mechanisms

The failure of a component (of a product) occurs due to a complex set of interactions between the material properties and other physical properties of the part
and the stresses that act on the part. The process through which these interact and
lead to a component failure is complex and is different for different types of parts
(e.g., failure mechanisms that lead to failure of mechanical parts are different from
those that lead to failure of electrical parts).
According to Dasgupta and Pecht (1991), one can divide the mechanisms of failure into two broad categories: (i) overstress mechanisms and (ii) wear-out mechanisms. In the former case, an item fails only if the stress to which the item is
subjected exceeds the strength of the item. If the stress is below the strength, the
stress has no permanent effect on the item. In the latter case, however, the stress
causes damage (e.g., crack length) that usually accumulates irreversibly. The
accumulated damage does not disappear when the stress is removed, although
sometimes annealing is possible. The cumulative damage does not cause any performance degradation as long as is it below the endurance limit. Once this limit is
reached, the item fails. The effects of stresses are influenced by several factors—
geometry of the part, constitutive and damage properties of the materials, manufacturing, and operational environment.

306
17.3

MODELING PRODUCT FAILURES

PRODUCT STRUCTURE

Products can vary from simple (such as light bulbs, tires, or toasters) to complex
(such as bridges, power generating systems, or communications networks). A product can be viewed as a system consisting of several parts and can be decomposed
into a hierarchy of levels, with the system at the top level and components at the
lowest level. Various intermediate levels are as indicated follows:
Level

Characterization

1
2
3
4
5
6

System
Subsystem
Major assembly
Assembly
Subassembly
Component

————————————————————

17.4

MODELING FAILURES

The modeling of failures can be done at any level ranging from system to component level. We confine our attention to modeling at component and system levels.
Modeling of failures depends on the kind of information available and the goal (or
purpose) that the model builder has in mind. For example, if the goal is to determine
the spare parts needed for nonrepairable components, then the modeling of failure
needs to be done at the component level. On the other hand, if one is interested in
determining the expected warranty servicing cost, one might model failures at the
system level.
As mentioned earlier, the information available for modeling can vary. At the
component level, a good understanding of the different mechanisms of failure at
work will allow building a physics-based model. In contrast, when no such understanding exists, one might need to model the failures based solely on failure (and
possibly censored) data. In this case the modeling is empirical or data driven. These
are the two extreme situations and are referred to as the white-box and black-box
approaches to modeling. In between, we have different degrees of understanding or
information. For example, an engineer, through fault tree analysis, might identify
several modes of failure so that the modeling needs to take this into account. In this
case, we have a gray-box approach to modeling. A similar situation arises at the
system level. In the white-box approach, the different components of the systems
and their interrelationships are known, whereas in the black-box approach this
information is not known.
17.5

COMPONENT-LEVEL MODELING (BLACK-BOX APPROACH)

Here the component is characterized as being in one of two states—working or
failed.

COMPONENT-LEVEL MODELING (BLACK-BOX APPROACH)

17.5.1
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Modeling First Failure

We need to consider two cases—static and dynamic. In the static case, because of
manufacturing defects, a part produced can initially be in a failed state. When such
a part is put into operation, its (failed) state is detected immediately. In the dynamic
case, the part is in its working state to start with and fails after a certain length of
time (called the time to first failure). Note that the static case can be viewed as a
special case of the dynamic case with the time to first failure being zero.
Since the time to failure is uncertain, it needs to be modeled by a distribution
function Fðt; yÞ. The form of the distribution function and the appropriate parameter values are decided based on the failure and censored data. As indicated in
Chapters 3 to 11, many different Weibull models have been used for modeling
failure data, and Chapter 16 deals with the methodology for model selection and
parameter estimation.
17.5.2

Modeling Subsequent Failures

This depends on whether the component is repairable or not.
Nonrepairable Component
In this case, the failed component needs to be replaced by either a new or used (but
working) component. The modeling depends on whether the failure is detected
immediately or not and on the time needed for replacement.
The simplest case is where (i) the failures are detected immediately; (ii) the
replacement times are small relative to the mean life of component so that they
can be ignored; (iii) the items used are statistically similar [with failure distribution
Fðt; yÞ]; and (iv) the failures are statistically independent. In this case the failures
over time occur according to a renewal process (discussed in Chapter 15) associated
with Fðt; yÞ. If the replacement times are random variables with a distribution function Fr ðtÞ, then failures over time occur according to an alternating renewal process
(discussed in Chapter 15).
Repairable Component
In this case the modeling of subsequent failures depends on the type of repair.
Various kinds of repairs have been studied. Let ti denote the time of failure and
Gðt; yÞ, t > ti denote the time to failure for the repaired item. The following two
types have been used extensively in modeling:
1. Repair as Good as New Here, after each repair, the condition of the repaired
item is assumed to be as good as that of a new item. In other words, the failure
distribution of repaired items is the same as that of a new item, so that
Gðt; yÞ ¼ Fðt  ti ; yÞ

t > ti

ð17:1Þ

Note that this case is identical to the earlier nonrepairable case. Also, this is
seldom true in real life.
2. Minimal Repair When a failed item is subjected to a minimal repair
(Barlow and Hunter, 1961), the hazard function of the item after repair is
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the same as just before it failed. In this case
Gðt; yÞ ¼

Fðt; yÞ  Fðti ; yÞ
1  Fðti ; yÞ

t > ti

ð17:2Þ

If the failures are repaired immediately and the repair times are negligible,
then failures over time are given by a point process with intensity function
(see Chapter 15), which is the same as the hazard function associated with
Fðt; yÞ (see Chapter 3).
The details of several other kinds of repair can be found in Blischke and Murthy
(2000).

17.6

COMPONENT-LEVEL MODELING (WHITE-BOX APPROACH)

Here one models component failure based on the underlying degradation mechanism. We first consider failure due to overstress, following which we look at failure
due to wear.
17.6.1

Overstress Failure (Stress–Strength Models)

Static Case
Because of manufacturing variability, the strength of a component, X, may vary
significantly and must be modeled as a random variable with distribution function
FX ðxÞ [ fX ðxÞ]. When the component is put into use, it is subjected to a stress Y. If X
is smaller than Y, then the part fails immediately (time to failure is negligible)
because its strength is not sufficient to withstand the stress to which it is subjected.
If Y is smaller than X, then the strength of the part is sufficient to withstand the
stress, and the part is functional.
Let Y be a random variable with distribution (density) function FY ðyÞ [ fY ðyÞ] and
X and Y are independent. Then the reliability R that the component will not fail
when put into operation can be obtained using a conditional approach. Conditional
on Y ¼ y, we have
ð1
PðX > YjY ¼ yÞ ¼
fX ðxÞ dx
ð17:3Þ
y

On removing the conditioning,
R ¼ PðX > YÞ ¼

ð1

fY ðyÞ

1

ð 1


fX ðxÞ dx dy

ð17:4Þ

y

which can also be written as
R ¼ PðY < XÞ ¼

ð1
1

fX ðxÞ

ð x
1


fY ðyÞ dy dx

ð17:5Þ
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Example 17.1: Weibull Stress and Strength
Let FX ðxÞ be a three-parameter Weibull distribution [given by 1.2)] with scale parameter a1, shape parameter b1, and location parameter t1. Let FY ðyÞ also be a threeparameter Weibull distribution with scale parameter a2, shape parameter b2, and
location parameter t2. Then we have [see Kapur and Lamberson (1997) for details]
R¼1

ð1
0

( 

b2 )
a
t

t
1
1
2
dz
ez exp 
z1=b1 þ
a2
a2

where
z¼



x  t 1 b1
a1

and

dz ¼



b1 x  t1 b1 1
dx
a1
a1

One needs to use numerical methods to evaluate the integral in (17.6). For the
special case when the two location parameters are zero and the two shape parameters are 1 (so that both distributions are exponential), then we have an analytical
expression for R given by R ¼ a1 =ða1 þ a2 Þ:
Kapur and Lamberson (1977) discuss the case where the strength and stress have
different distributions that include one of them being the Weibull and the other
being non-Weibull such as the normal, extreme value, and so forth.
Dynamic Case
Here strength and stress are functions of time. The strength XðtÞ degrades with time
so that it is nonincreasing. The stress YðtÞ can change with time in an uncertain
manner (e.g., the stress on a tall structure induced by wind or stress on the legs
of an offshore platform due to waves). In this case, the time to failure (T) is the
first instant XðtÞ falls below YðtÞ. In other words,
T ¼ min½tj XðtÞ  YðtÞ < 0

ð17:6Þ

Alternate characterization of XðtÞ and YðtÞ lead to different models.
Example 17.2: Shock-Induced Stress
Stresses occur at random points in time due to external shocks. Let the shocks occur
according to a point process NðtÞ modeled by a Weibull intensity function (see
Chapter 15) with parameters ða; bÞ. The stresses resulting from shocks are random
variables with distribution GðyÞ, and let XðtÞ ¼ x, which is a constant. Let T denote
the time to failure and FðtÞ denote its distribution function. Then, conditional on
NðtÞ ¼ n, we have no failure only when each of n shocks causes a stress that is
below the item strength x. As a result,
P½T > tjNðtÞ ¼ n ¼ ½GðxÞ n
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On removing the conditioning, we have
 ðtÞ ¼ PðT > tÞ ¼
F

1
X

½GðxÞ n P½NðtÞ ¼ n

n¼0

One can model NðtÞ in different ways.
1. NðtÞ is modeled by a renewal process of the time intervals between shocks
distributed according to the two-parameter Weibull distribution.
2. NðtÞ is modeled by a Weibull intensity model given by (15.6).
Similarly GðyÞ can be modeled by any of the different distributions from the
Weibull family discussed in Chapters 3, 6, and 7.
A special case is when NðtÞ is modeled by a Weibull intensity model with b ¼ 1
(so that is a Poisson process) and define # ¼ GðxÞ. Note that # < 1. Then we have
FðtÞ ¼ 1  expf½ð1  #Þ=a tg
In other words, the time to failure is given by an exponential distribution. The mean
time to failure is
EðTÞ ¼

a
1#

Note that as x increases (i.e., the component becomes stronger), # increases; and, as
a result, the mean time to failure also increases as would be expected. Similarly, as
a increases (shocks occur less frequently), the mean time to failure increases, as to
be expected.
17.6.2

Wear-Out Failures

Wear is a phenomenon whereby the effect of damage accumulates with time,
ultimately leading to item failure. Typical examples are crack growth in a mechanical part, a tear in a conveyor belt, or bearings wearing out. These can be modeled
by a variable ZðtÞ that increases with time in an uncertain manner, and failure
occurs when the value of ZðtÞ reaches some threshold level z .
Let T denote the time to failure, and it is given
T ¼ minðt : ZðtÞ > z Þ

ð17:7Þ

Let FðtÞ denote the distribution function of T.
The changes in ZðtÞ can either occur at discrete points in time as a result of some
external shocks or occur continuously over time (appropriate for corrosion or
fatigue-type failures). In the former case, ZðtÞ is a jump process where the jumps

COMPONENT-LEVEL MODELING (WHITE-BOX APPROACH)

311

coincide with the occurrence of shocks. Again, alternate formulations for ZðtÞ lead
to different models for failure.
Example 17.3: Cumulative Shock Damage Model
Here damage is done because of shocks that occur randomly over time. The damage
from each shock is uncertain and the damage is cumulative. Let Zi ; i ¼ 1; 2; . . .
denote the damage caused by shock i. These are assumed to be independent and
identically distributed random variables with distribution GðzÞ. Let NðtÞ denote
the number of shocks received in ½0; tÞ. Then the total damage at time t (assuming
PNðtÞ
that the item has not failed) is given by ZðtÞ ¼ 0 if NðtÞ ¼ 0 and by ZðtÞ ¼ i ¼ 1 Zi
for NðtÞ ¼ 1; 2; . . . . Note that ZðtÞ is a cumulative process.
The item will not have failed up to time t if the total damage ZðtÞ < z . In other
words,
PðT > tÞ ¼ 1  FðtÞ ¼ PðZðtÞ  z Þ
We obtain P½ZðtÞ < z

by conditioning on NðtÞ. The result is

P½ZðtÞ  z ¼

1
X

P½ZðtÞ  z jNðtÞ ¼ n P½NðtÞ ¼ n

n¼0

Since ZðtÞ, conditional on NðtÞ ¼ n, is a sum on n-independent variables, we have
P½ZðtÞ  z NðtÞ ¼ n ¼ GðnÞ ðz Þ
where GðnÞ ðzÞ is the n-fold convolution of GðzÞ with itself.
If the shocks occur according to a renewal process associated with a distribution
function HðtÞ, then
P½NðtÞ ¼ n ¼ H ðnÞ ðtÞ  H ðnþ1Þ ðtÞ
where H ðnÞ ðtÞ is the n-fold convolution of HðtÞ with itself. In this case we have
FðtÞ ¼ 1 

1
X

GðnÞ ðz Þ ½H ðnÞ ðtÞ  H ðnþ1Þ ðtÞ

n¼0

[with Gð0Þ ðxÞ ¼ H ð0Þ ðxÞ ¼ 1 for all x]. This can be rewritten as
FðtÞ ¼

1
X

H ðnþ1Þ ðtÞ ½GðnÞ ðz Þ  Gðnþ1Þ ðz Þ

n¼0

For the special case HðtÞ ¼ 1  elt and GðzÞ ¼ 1  ez , we have from Cox
(1962),
lt

FðtÞ ¼ 1  e

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð z z 1=2
½1 þ ltz
e z
I1 ð2 ltzÞ dz
0
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where I1 ðxÞ is the Bessel function of order 1 [see Abromowitz and Stegun (1964)].
The associated hazard function is given by

rðtÞ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l eltz I0 ð2 ltz Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Ð z
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ ltz 0 ez z1=2 I1 ð2 ltzÞ dz

This model has been extended in several ways. Nakagawa and Osaki (1974) deal
with two other models. In the first, each shock does damage with probability p and
no damage with probability (1  p). The second looks at z as a random variable.
Hameed and Proschan (1973) consider the case where shocks occur according to a
nonstationary Poisson process.

17.7

COMPONENT-LEVEL MODELING (GRAY-BOX APPROACH)

The black-box approach and the white-box approach can be viewed as the two extremes in modeling. In the black-box approach we have no information (or understanding) regarding the mechanism of failure, and the modeling is based solely on
the failure (and censored) data. In contrast, in the white-box approach we have complete understanding of the underlying failure mechanisms. Gray-box approach can
be viewed as something in between the two extremes. Here we incorporate other
relevant information in the selection of an appropriate model to model failures.
The kind of extra information that can be used in modeling can vary. We briefly
discuss some scenarios to indicate this.
1. If there are several modes of failure at work, then one might choose a
competing risk model (see Chapter 9) to model the data.
2. Often there is wide variability in manufacturing of components. In this case,
one might choose a mixture model (see Chapter 8) to model the data.
3. Suppose that the components used are bought from different suppliers. If the
failure data does not include the manufacturer for each component, then the
components need to be treated as the pooling of all the components. In this
case, the mixture model is again appropriate to model the data.
4. For consumer durables (such as cars, washing machines, etc.) the usage mode
and environment can vary significantly across the consuming population. In
this case, the modeling of failures under warranty need to take this into
account. In this case, models with random parameters (see Chapter 12) are
more appropriate to model failures.
5. During the design and development of new products, prototypes are tested
under different stress (or load). Here, failure at each stress level is modeled by
a suitable distribution (e.g., Weibull) and the parameters modeled as functions
of the stress (see Chapter 12).
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6. Finally, sectional models (see Chapter 11) might be appropriate if the degradation mechanism changes after a certain age.

17.8

SYSTEM-LEVEL MODELING (BLACK BOX APPROACH)

The failure of a system is often due to the failure of one or more of its components.
At each system failure, the number of failed components that must be restored back
to their working state is usually small relative to the total number of components in
the system. The system is made operational by either repairing or replacing these
failed components. If the time to restore the failed system to its operational state is
very small relative to the mean time between failures, then it can effectively be
ignored. For practical purposes, this situation is equivalent to minimal repair (see
Chapter 6) and system failures can be modeled as follows.
The system failures are modeled by a point process formulation with a cumulative intensity function ðt; yÞ, where t represents the age of the system. ðt; yÞ is an
increasing function of t, reflecting the effect of age. In general, it is necessary to
specify a form for ðt; yÞ and estimate its parameters using failure data. One
form for ðt; yÞ is given by (15.11) where failures occur according to the power
law process.
Systems often undergo a major overhaul (a preventive maintenance action) or a
major repair (due to a major failure), which alters the failure rate of the system
significantly. The failure rate after such an action is smaller than the failure rate
just before failure or overhaul. In the case of an automobile, this would correspond
to actions such as the reconditioning of the engine, a new coat of paint, and so on.
The time instants at which these actions are carried out can be either deterministic
(as in the case of preventive maintenance based on age) or random (as, e.g., in the
case of a major repair subsequent to an accident). An approach to modeling this
situation is as follows.
Let t ¼ 0 correspond to the time when a new system is put into use. Suppose that
the system is subjected to K  1 overhauls at time instants tk ; k ¼ 1  k  ðK  1Þ,
and discarded at time tK . The failure rate of the system after the kth action,
1  k  ðK  1Þ, is given by k ðt  tk ; yÞ for t > tk. The failure rate of the system
when it is new is given by 0 ðt; yÞ. All failures between tk1 and tk , 1 
k  ðK  1Þ (with t0 ¼ 0), are repaired minimally. The functions k ðx; yÞ,
1  k  ðK  1Þ, have the following properties:
1. For a fixed k, k ðx; yÞ is an increasing function in x for 0  k  ðK  1Þ.
2. For a fixed x, k ðx; yÞ  k1 ðx; yÞ > 0 for 1  k  ðK  1Þ.
Property 1 implies that the failure rate is always increasing with x (the time lapsed
subsequent to an overhaul) and property 2 implies that after each overhaul
the failure rate decreases and the decrease becomes smaller as k (the number of
overhauls) increases.
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It is necessary to determine the form for k ðx; yÞ, 0  k  ðK  1Þ, based on
either failure data or some other basis (either theoretical or intuitive) and estimate
the parameters using failure data.
17.8.1

Case 4: Photocopier Failures

The photocopier can be viewed as a system involving several components. In case 1
(see Chapter 16) we looked at the modeling of one component (cleaning web) of the
photocopier. Here we focus on modeling failures at the system level. Whenever a
failure occurs, it is rectified by a qualified service agent under a service contract.
The motivation for the modeling is to determine the expected number of failures
over the next several years so as to assist the service agent in pricing the service
contact. The results presented are based on Bulmer and Eccleston (2002).
The failure data for a particular photocopier over its first 4 12 years is given in
Table 17.1. For each of the 42 failures over this period, the table shows the cumulative number of copies made and the age of the photocopier (measured in days) at
failure. As to be expect, the number of days (time) and the number of copies
between system failures, denoted ni and ti , 1  i  42, respectively, are positively
correlated (r ¼ 0:753). A further variable of interest is the usage rate, defined as the
number of copies between failures divided by the number of days between failures.
The mean usage between failures was 670.2 copies per day with a standard
deviation of 409.8 copies per day.
Modeling Failures over Time
Figure 17.1 shows a plot of the cumulative number of failures against time and
against the total copies made. It suggests that a power law process with ðtÞ given
by (15.11) is an appropriate model to model failures over time. One can either use
Table 17.1

Photocopier Failure Data

Copies

Days

Copies

60,152
132,079
220,832
252,491
365,075
370,070
378,223
390,459
427,056
449,928
472,320
501,550
533,634
583,981

29
128
227
276
397
468
492
516
563
609
677
722
810
853

597,739
624,578
660,958
675,841
684,186
716,636
769,384
787,106
840,494
851,657
872,523
900,362
933,637
933,785

Days
916
956
996
1,016
1,074
1,111
1,165
1,217
1,266
1,281
1,312
1,356
1,410
1,412

Copies

Days

936,597
938,100
944,235
984,244
994,597
1,005,842
1,014,550
1,045,893
1,057,844
1,068,124
1,072,760
1,077,537
1,099,369
1,099,369

1,436
1,448
1,460
1,493
1,514
1,551
1,560
1,583
1,597
1,609
1,625
1,640
1,650
1,650
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Figure 17.1 Cumulative failures (number of copies, above, and days, below) with Weibull power
law fits.

the age or the number of copies made as the independent variable (t) of the formulation. The two parameters can be determined using least-squares fitting or by
maximum-likelihood estimation. Figure 17.1 shows the fitted power functions
obtained by the method of least squares. The parameter estimates are as follows:
^ ¼ 1:55 and a
^ ¼ 157:5 (days)
 Based on age: b
^
^ ¼ 118400
 Based on number of copies: b ¼ 1:64 and a
As can be seen, the fits look reasonable and one can view the model as an adequate
model based on this.
We confine our attention to the case where the independent variable is the age of
the photocopier. The expected number of failures in year j; j ¼ 1; 2; . . . , is given by
the difference between ð j365Þ and ½ð j  1Þ365 . The values, based on the above
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Table 17.2
Year
Expected
number of
failures

Estimated Service Calls for 10 Years
1
3.7

2
7.1

3
9.4

4
11.3

5
13.0

6
14.6

7
16.0

8
17.3

9
18.5

10
19.7

estimates, are given in Table 17.2. Note that the estimated number of service calls
is increasing each year, there will come a time where it will be cheaper to replace
the copier rather than paying the servicing costs. Correspondingly, the age of
the machine will be an important factor when entering into a service contract. The
precise details will depend on the particular service costs.
17.9

SYSTEM-LEVEL MODELING (WHITE-BOX APPROACH)

In the white-box approach, system failure is modeled in terms of the failures of the
components of the system. We discussed the modeling of component failures in
Section 17.5. The linking of component failures to system failures can be done
using two different approaches. The first is called the forward (or bottom-up)
approach and the second is called the backward (top-down) approach.
In the forward approach, one starts with failure events at the part level and then
proceeds forward to the system level to evaluate the consequences of such failures
on system performance. Failure mode and effects analysis (FMEA) uses this
approach. In the backward approach, one starts at the system level and then
proceeds downward to the part level to link system performance to failures at the
part level. Fault tree analysis (FTA) uses this approach.
Instead of the fault tree, one can use a network representation to model the links
between different components, and the system failure is obtained in terms of component failures based on the linking between components. In either case, the state of
the system (a binary-valued variable) can be expressed in terms of the component
states (each of which is also binary valued) through the structure function.
17.9.1

Structure Function

Let Xi ðtÞ, 1  i  n, denote the state of component i, at time t, with
Xi ðtÞ ¼

1
0

if component i is in working state at time t
if component i is in failed state at time t

ð17:8Þ

Let XðtÞ ¼ ½X1 ðtÞ; X2 ðtÞ; . . . ; Xn ðtÞ denote the state of the n components at time t.
The state of the system, XS ðtÞ, at time t is given by a function f½XðtÞ , which is
called the structure function with
f½XðtÞ ¼

1
0

if the system is in working state at time t
if the system is in a failed state at time t

ð17:9Þ
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The form of fðXÞ depends on the fault tree structure (or the equivalent network
structure). Most systems can be represented as a network involving series and
parallel connections, and in this case it is not too difficult to obtain f½XðtÞ . The
details can be found in most books on reliability; see, for example, Blischke and
Murthy (2000) and Hoyland and Rausand (1994).
1. System with Series Structure
fails. As a result,

Here the system fails whenever a component

fðXÞ ¼ X1 ; X2 ; . . . ; Xn ¼

n
Y

Xi

ð17:10Þ

i¼1

2. System with Parallel Structure
components fail. As a result,
fðXÞ ¼ 1 

Here the system fails only when all the
n
n
Y
a
ð1  Xi Þ ¼
Xi
i¼1

ð17:11Þ

i¼1

3. k-out-of-n System Here the system is functioning if at least k of the n
components are functioning. The structure function is given by
P
1
if ni¼1 Xi  k
P
fðXÞ ¼
ð17:12Þ
0
if ni¼1 Xi < k
For n ¼ 3 and k ¼ 2 we have
fðXÞ ¼ X1 X2 þ X1 X3 þ X2 X3  2X1 X2 X3

ð17:13Þ

Finally, a component is said to be irrelevant if the system state is not affected by
the state of the component. A system is said to be coherent if it has no irrelevant
components.

17.9.2

System Reliability

We assume the following:
1. Component failures are statistically independent.
2. Components are new and in working state at t ¼ 0.
3. Components and the system are nonrepairable.
Let
pi ðtÞ ¼ P½Xi ðtÞ ¼ 1

ð17:14Þ
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for 1  i  n and
pS ðtÞ ¼ P½XS ðtÞ ¼ 1

ð17:15Þ

Note these represent the survivor functions for the n components and for the
system. In other words, pS ðtÞ ¼ 1  FS ðtÞ and pi ðtÞ ¼ 1  Fi ðtÞ where FS ðtÞ and
Fi ðtÞ are the failure distributions for the system and component i. Since the
component and system states are binary valued, we have
pS ðtÞ ¼ Pff½XðtÞ ¼ 1g ¼ Eff½XðtÞ g

ð17:16Þ

This can be written as
pS ðtÞ ¼ Eff½XðtÞ g ¼ ffE½XðtÞ g ¼ f½ pðtÞ

ð17:17Þ

where pðtÞ is the vector ½ p1 ðtÞ; p2 ðtÞ; . . . ; pn ðtÞ . As a result, we have
FS ðtÞ ¼ 1  f½ pðtÞ

ð17:18Þ

with pi ðtÞ ¼ 1  Fi ðtÞ, 1  i  n.
1. System with Series Structure

From (17.18) and (17.10) we have
 S ðtÞ ¼
F

n
Y

 i ðtÞ
F

ð17:19Þ

i¼1

This is the competing risk model discussed in Chapter 9.
2. System with Parallel Structure From (17.18) and (17.11) we have
FS ðtÞ ¼

n
Y

Fi ðtÞ

ð17:20Þ

i¼1

This is the multiplicative model discussed in Chapter 10.

17.9.3

Case 5: Dragline Optimization

A dragline is a moving crane with a bucket at the end of a boom. It is used primarily
in coal mining for removing the dirt to expose the coal. The bucket volume varies
around 90 to 120 m3 and the dragline is operated continuously (24 h/day and
365 days/year) except when it is down undergoing either corrective or preventive
maintenance actions. A performance indicator of great importance to a mining business is the yield (annual output) of a dragline. This is a function of the dragline
(bucket) load, speed of operation, and availability. Availability depends on two
factors: (i) degradation of the components over time and (ii) maintenance (corrective and preventive) actions used. Degradation depends on the stresses on different
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components, and these in turn are functions of the dragline load. As a result, availability is a function of the dragline load and the maintenance effort. Availability
decreases as the dragline load increases and increases as the maintenance effort
increases. This implies that the annual total output is a complex function of dragline
load. The problem of interest to the mine operators is the optimum dragline load to
maximize the yield.
Decomposition of Dragline
A dragline is a complex system. It can be broken down into many subsystems. Each
subsystem in turn can be decomposed into assemblies, and these in turn can be broken down still further into modules and modules into parts. Townson et al. (2002)
model the dragline as a series structure comprising of 25 components, as indicated
in Table 17.3.

Table 17.3
i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
a

Decomposition of Draglinea
Component
Generator (hoist)
Generator (drag)
Generator (swing)
Generator (synchronous)
Motor (hoist)
Motor (drag)
Motor (swing)
Motor (propel)
Machinery (hoist)
Machinery (drag)
Machinery (swing)
Machinery (propel)
Ropes (hoist)
Ropes (drag)
Ropes (dump)
Ropes (suspension)
Ropes (fairleads)
Ropes (deflection sheaves)
Bucket and rigging
Frame (boom)
Frame (tub)
Frame (revolving)
Frame (A frame)
Frame (mast)
Others

‘‘Others’’ include the following: lube system, air system,
transformers, brakes, blowers, fans, cranes, winches, communication equipment, air conditioning, and safety equipment.
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Table 17.4
Component i

Estimates of Failure Model Parameters
Component

Scale

Shape

Method
Maximum
likelihood
Maximum
likelihood
Maximum
likelihood
Maximum
likelihood
Maximum
likelihood
Least squares
Least squares
Least squares
Least squares
Least squares
Least squares
Maximum
likelihood
Maximum
likelihood
Maximum
likelihood
Not fitted
(used hoist
rope shape)
Maximum
likelihood
Maximum
likelihood
Maximum
likelihood
Least squares
Least squares
Maximum
likelihood
Least squares
Maximum
likelihood
Least squares
Least squares

1

Hoist generator

1:1076  103

1.1904

2

Drag generator

1:4852  103

1.3232

3

Swing generator

5:3328  103

2.1095

4

Synchronous motor

9:2290  103

1.5852

5

Hoist motor

2:0674  103

1.1365

6
7
8
9
10
11
12

Drag motor
Swing motor
Propel motor
Hoist machinery
Drag machinery
Swing machinery
Propel machinery

3:8743  103
1:2466  103
6:2218  103
565.7741
769.7037
565.7506
1:9862  103

1.2330
1.1367
1.3211
1.1010
1.1153
1.1010
1.5889

13

Hoist rope

423.3406

1.0455

14

Drag rope

302.2390

1.3213

15

Dump rope

188.0395

1.0455

16

Suspension ropes

8:9572  103

3.4450

17

Fairlead

2:8608  103

1.3660

18

Deflection sheaves

3:0781  103

1.6706

19
20
21

Bucket and rigging
Boom
Tub

64.6218
789.9312
3:4554  103

1.0661
1.1117
1.4647

22
23

Revolving frame
A frame

372.5864
3:0607  103

1.0938
1.2628

24
25

Mast
Other

2:7577  103
47.5795

1.1827
1.0625
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Data for Modeling
The dragline is subject to a major shutdown once every 5 years and completely
reassembled so that it can be viewed as being as good as new. The failure data
was collected over a 2-year period subsequent to a major shutdown. For further
details of the failure data, see Townson (2002).
Modeling of Component Failures
For each component, failures over time were modeled by the Weibull power law
process given by (15.11). This is justifiable as failures are rectified through minimal
repair, and the time to rectify a failure is relatively small in relation to the mean
time between failures for a component. As a result, the model for each component
involves two parameters—a scale parameter a and a shape parameter b .
Estimation of Model Parameters
The estimates for the parameters (ai ; bi ; 1  i  25) were obtained using the field
data and the method of maximum likelihood or the method of least squares. The
final estimates for ai ; bi ; 1  i  25 are as shown in Table 17.4.

Figure 17.2 Cumulative failure plots of data and fitted model: (a) hoist generator, (b) drag generator,
(c) boom, and (d ) A frame.
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Table 17.5 Acceleration Factors ci for
Different Components
i
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

Component

gi

Generator (hoist)
Generator (drag)
Generator (swing)
Generator (synchronous)
Motor (hoist)
Motor (drag)
Motor (swing)
Motor (propel)
Machinery (hoist)
Machinery (drag)
Machinery (swing)
Machinery (propel)
Ropes (hoist)
Ropes (drag)
Ropes (dump)
Ropes (suspension)
Ropes (Fairleads)
Ropes (Deflection sheaves)
Bucket and rigging
Frame (boom)
Frame (tub)
Frame (revolving)
Frame (A frame)
Frame (mast)
Others

7.0
1.0
1.0
1.0
7.0
1.0
1.0
1.0
9.0
1.0
1.0
1.0
5.7
1.0
5.7
5.7
1.0
1.0
1.0
3.1
3.1
3.1
3.1
3.1
1.0

Model Validation
Proper validation of the model requires data different from that used in parameter
estimation to compare model output with data. This was not possible since the sample size for each component was small, and all of the data were required for
parameter estimation. Instead, a plot of the expected number of failures (based
on the model) versus time for the model was prepared and visually compared
with the failure data. For some of the components, the two plots were in reasonable
agreement as shown in Figure 17.2, and hence one can accept with some moderate
degree of confidence that the Weibull model is a reasonable model. For the remaining, the match between the two plots was poor. These could be either due to lack of
data and/or the Weibull model not being appropriate.
Modeling the Effect of Bucket Load
The effect of bucket load deviating from the nominal load was modeled through an
accelerated failure model (see Section 12.3.1) that affects the scale parameters for
some of the components. As a result, for these components, the scale parameter
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Figure 17.3 Yield versus n.

aðVÞ at bucket load V is related to the scale parameter aðV0 Þ at the base load V0 by
the relationship
 g
V0
aðV0 Þ
aðVÞ ¼
V

ð17:21Þ

Typical values of g are indicated in Table 17.5. Note that g ¼ 1 implies that the
corresponding component is not affected by bucket load whereas g > 1 implies
the reverse.
Optimal Bucket Load
Define n ¼ V=V0 . The yield is a complicated function of the load and the preventive
and corrective maintenance actions employed. We omit giving the details and they
can be found in Townson et al. (2002). A plot of the yield versus n is shown in
Figure 17.3. As can be seen from the plot of yield versus n, the maximum yield
occurs at n  1:3.

C H A P T E R 18

Product Reliability and
Weibull Models

18.1

INTRODUCTION

In Chapter 1 we defined the reliability of a product as the probability that the
product will perform its intended function for a specified time period when operating under normal environmental conditions. The inherent reliability of a product is
determined by the decisions made during the design and development and in the
manufacturing stages of the product development. Better design and quality control
will ensure higher reliability, and this in turn results in higher unit manufacturing
cost. The actual reliability, however, depends on the inherent reliability and on the
environment and the mode of usage.
Product reliability is an important issue in the purchase decisions of customers
as it impacts product performance. This in turn affects customer satisfaction in the
case of consumer durables (such as washing machines, televisions, cars, etc.) and
profits in the case of commercial and industrial products (such as trucks, pumps,
computers, etc.). Manufacturers can signal reliability of a product through warranty.
In the simplest form, a warranty is a contract that requires the manufacturer to
either rectify (through repair or replacement) or compensate through refund should
the purchased item fail within the warranty period specified in the contract. Longer
warranty periods signal greater reliability. Hence, warranties not only serve as
an assurance to customers but also serve as a promotional tool for manufacturers
to promote their products. This implies that product reliability is important in the
context of marketing a new product.
The cost of operating the product subsequent to its sale is of interest to both the
manufacturer and the customer. For the manufacturer it is the cost of servicing the
warranty offered with the product. The warranty-servicing cost depends on product
reliability. For the customer it is the cost associated with the maintenance of an item

Weibull Models, by D.N.P. Murthy, Min Xie, and Renyan Jiang.
ISBN 0-471-36092-9 # 2004 John Wiley & Sons, Inc.
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over its useful life. This cost is comprised of two elements—preventive and corrective maintenance cost—and they in turn depend on reliability of the product.
As a result, effective management of product reliability is very important for
manufacturers. This requires making proper reliability-related decisions using a
product life-cycle framework discussed in Chapter 1. It involves the following
three phases: (i) premanufacturing phase, (ii) manufacturing phase, and (iii) postsale phase. Decisions at each of these phases must take into account the interaction
between product reliability and many other variables such as costs, performance,
and the like. In this chapter our focus is on the use of models to solve a variety
of reliability-related decision problems at each of the three phases. The solutions
to these problems require building appropriate models, and this, in turn, requires
failure models (from component through to product levels) discussed in the last
chapter.
The outline of the chapter is as follows. Sections 18.2 to 18.4 discuss a range of
topics for each of the above three phases. These lead to a variety of reliabilityrelated decision problems. These are discussed in Section 18.5 where we review
the literature dealing with such decision problems for failures modeled by Weibull
models.

18.2

PREMANUFACTURING PHASE

The premanufacturing phase deals with the design and development activities that
result in a prototype of the product. The process of design involves two stages (conceptual and detail). These two and the development stages are sequentially linked
with a number of reliability-related decision problems that need to be solved at each
stage.
18.2.1

Design Process

During the conceptual design stage, the capabilities of different design approaches
and technologies are evaluated. The goal is to ensure that a product that embodies
these design features is capable of meeting all the stated requirements with regard
to product performance (which includes different reliability measures) taking into
account manufacturing implications and cost constraints. The objective is to decide
on the best design approach in fairly general terms—the structure for the product,
the materials and technologies to be used, and so on.
An important factor is cost analysis, an important role in optimal decision making. Two commonly used analyses are design to cost (DTC) and life-cycle cost
(LCC). In the design-to-cost methodology, the aim is to minimize the unit manufacturing cost. This cost includes the cost of design and development, testing, and
manufacturing. DTC is used to achieve the business strategy of a higher market
share through increased sales. It is used for most consumer durables and many
industrial and commercial products. In the life-cycle cost methodology, the
cost under consideration includes the total cost of acquisition, operation, and
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maintenance over the life of the item as well as the cost associated with discarding
the item at the end of its useful life. LCC is used for expensive defense and industrial products. Buyers of such products often require a cost analysis from the
manufacturer as a part of the acquisition process.
The detailed design stage begins with an initial design that is subjected to
detailed analysis. Based on this analysis, the design is improved and the process
is repeated until analysis of the design indicates that the performance requirements
are met.
A product can be viewed as a system comprising of several components and can
be decomposed into a hierarchy of levels, with the product (or system) at the top
level and components at the lowest level. There are many ways of describing this
hierarchy, and Blischke and Murthy (2000) describe an eight-level decomposition
where the system is decomposed into subsystems that in turn are decomposed into
assemblies, subassemblies, and the like. In the remainder of the chapter we shall
use the concept of ‘‘system’’ to indicate the highest level and component to indicate
the lowest level in the decomposition.
Reliability Allocation
The process of determining subsystem and component reliability goals based on the
system reliability goal is called reliability allocation or reliability apportionment.
The reliability allocation to each subsystem must be compatible with its current
state of development, expected improvement, and the amount of testing effort (in
terms of time and money) needed for the development process.
Suppose that the system is composed of n components, indexed by subscript
i; 1  i  n, and the focus is on satisfactory performance of the product for a period of time T. This is given by a reliability goal that RðTÞ  R , where R is the
specified minimum target value. Let Ri ðTÞ denote the reliability allocated to component i. Then, depending on the configuration of the product (i.e., the linking
between the different components), the state of the final product (working or failed)
can be described in terms of the states of the n components through a structure function as discussed in Section 17.9. Using this one can express the system reliability
in terms of the component reliabilities.
The cost of a component depends on its reliability and increases in a highly nonlinear manner as the reliability increases. Let Ci ½Ri ðtÞ denote the cost (design and
development) of component i with reliability Ri ðTÞ. The objective is to find the optimal allocation so as to minimize the total cost to achieve the desired reliability. This
results in the following optimization problem:
min

Ri ðTÞ;1in

n
X

Ci ½Ri ðTÞ

ð18:1Þ

i¼1

subject to
RðTÞ ¼ fðR1 ðTÞ; R2 ðTÞ; . . . Rn ðTÞÞ  R

ð18:2Þ
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Note: A related optimization problem is to maximize the system reliability subject
to a cost constraint.
Reliability Prediction
Reliability prediction may be interpreted in two ways. First, it may mean prediction
of system reliability in the design stage, where little or no ‘‘hard’’ information is
available for many of the parts and components of the system. Second, predictions
may be made later in the development stage in situations where test data and other
information are available on components and on the system as a whole.
Reliability prediction at the design stage is concerned with systems not yet built
and is heavily model oriented using nominal values of parameters as inputs. It is
important to use all available information. Reliability prediction provides a basis
for evaluating reliability growth during the development stage.
Typical examples of predictions are:
1. Prediction of the reliability of a system for a given design and selected set of
components. This involves linking component reliability to system reliability
through the structure function as mentioned earlier.
2. Prediction of the reliability of a system in a different environment from those
for which data are available (especially environmental factors).
3. Prediction of the reliability of the system at the end of the development program.
This topic is related to reliability growth and is discussed later in this section.
18.2.2

Development Process

The development process involves transforming the design into a physical product.
It starts at component level and proceeds through a series of operations (such as
fabrication, assembly) to yield the prototype.
Reliability Assessment
Reliability assessment is basically concerned with evaluation of the current reliability during the development process. It can be at any level—system down to component. The assessment is based on the data obtained from the tests carried out.
From a statistical point of view, this involves estimation based on available information and data at the point in time when the assessment is being made.
Development Tests
Developmental tests are carried out during the development phase to assess and
improve product reliability. A test can be defined as the application of some
form of stimulation to a unit (system, component, or any other intermediate level)
so that the resulting performance can be measured and compared to design requirements. Some of the development tests are as follows.
Testing to Failure Tests to failure can be performed at any level (component to
system). The test involves subjecting the item to stress until a failure occurs. Each
failure is analyzed and fixed.
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Tests Involving Progressive Censoring Here a fraction of the surviving items
are removed at several time instants to carry out detailed studies relating to the
degradation mechanisms responsible for causing failure.
Progressive Type I Right Censoring Scheme This involves putting n items on
life test at time zero. Then m censoring times, T1 ; T2 ; . . . ; Tm 1 , are fixed such that
at these times K1 ; K2 ; . . . ; Km 1 surviving units are randomly removed (censored)
from the test provided the number of surviving items is greater than the number to
be removed. The test terminates at Tm if there are still some items that have
survived. This is an extension of the conventional type I censoring discussed in
Chapter 4.
Progressive Type II Censoring Scheme This involves putting n items on life
test at time zero. Immediately following the first failure, K1 surviving units are
removed (censored) from the test at random. This process is repeated with Ki
surviving units removed at the ith failure. The test terminates at the mth failure.
This is an extension of the conventional type II censoring discussed in Chapter 4.
For more on progressing censoring see, Mann (1969, 1971), Yuen and Tse
(1969), Gibbons and Vance (1983), Cacciari and Montannari (1987), Balakrishnan
and Aggarwala (2000), Balasooriya (2001) and Aggarwala (2001).
Environmental and Design Limit Testing This can be done at any level and
should include worst-case operating conditions, including operations at the maximum and minimum specified limits. Test conditions can include temperature,
shock, vibration, and so forth. All failures resulting from the test are analyzed
(through root cause analysis) and fixed through design changes. These tests are
to assure that the product performs at the extreme conditions of its operating environment.
Accelerated Life Testing When a product is very reliable, it is necessary to use
accelerated life tests to reduce the time required for testing. This involves putting
items on test under environmental conditions that are far more severe than
those normally encountered. Models for accelerated life testing are discussed in
Chapter 12.
Reliability assessment requires the following:
1. Test data at one or more levels from carefully designed experiments.
2. Statistical estimation and hypothesis testing (discussed in Chapters 4 and 5).
3. This in turn may require model selection and validation (discussed in
Chapter 5).
Both classical and Bayesian statistical analysis have been used in reliability
assessment. If prior information is available, the Bayesian approach is preferable
because it is a methodology for incorporating this information into the assessment
process and provides a well-developed means for updating as more information,
primarily from tests, becomes available. Problems are that modeling of information
from many sources may be difficult, subjective information may not be reliable or
may not be agreed upon, and analytical difficulties are encountered. The classical
method would lead to assessments based primarily on the likelihood function
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and hence would be ‘‘objective,’’ although many decisions that are at least partially
subjective, for example, choice of the life distribution of a part or item, are involved
here as well. It is important, whichever approach is used, to provide interval estimates of system reliability (confidence intervals or Bayesian intervals) at each stage.
Testing involves additional costs that depend on the type of tests, number of
items tested and the duration of the tests and results in better estimates of reliability.
This in turn leads to better decision making. As a result, the optimal testing effort
must be based on a trade-off between the testing costs and the benefits derived
through better assessment of reliability.
For more on accelerated testing, see Meeker and Nelson (1975), Nelson
and Meeker (1978), Glasser (1984), Meeker (1984), Khamis and Higgins (1996),
Meeker and Escobar (1993, 1998a).
Reliability Improvement
Achieving a desired reliability at the component or subsystem level often requires
further development to improve reliability at that level. This is also known as reliability growth. Development involves time and money, and analysis of the process
requires models that relate reliability improvement to the time and effort expended.
A complicating factor is that the outcome of the development process is often
uncertain.
There are basically two approaches to improving product reliability. These are
(i) using redundancy and (ii) reliability growth through a development program.
Redundancy
Here one or more components are replicated to improve the reliability of the
product. As such, for a component that is replicated, we use a module of k ( 2)
components instead of a single component. The three different types of redundancy
that have been used are (i) hot standby, (ii) cold standby, and (iii) warm standby. Let
HðxÞ and FðxÞ denote the failure distribution for the module and component,
respectively.
Hot Standby In hot standby all k replicates are connected in parallel and in use so
that the module failure time is the largest of the k-component failure times. As a
result, HðxÞ is given by
HðxÞ ¼ ½FðxÞk

ð18:3Þ

Note that this is a special case of the multiplicative model discussed in Chapter 10.
Cold Standby In cold standby, only one component is in use at any given time.
When it fails, it is replaced by a working component (if available) through a switching mechanism. If the switch is perfect and components do not degrade when not in
use, then the module failure time is the sum of the k-component failure times. As a
result, HðxÞ is given by
HðxÞ ¼ FðxÞ FðxÞ . . .  FðxÞ
where



is the convolution operator.

ð18:4Þ
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Warm Standby In warm standby, the component in use has a failure distribution
FðxÞ and the remaining nonfailed components (in partially energized state as
opposed to fully energized state when put into operation) have a failure distribution
Fs ðxÞ [< FðxÞ for x  0]. As a result, a component can fail before it is put into use.
This implies that the failure distribution of a component put into use is a complicated function of FðxÞ, Fs ðxÞ, and the duration for which it was partially loaded
before being put into use. In the case k ¼ 2, the distribution function for the module
is given by
HðxÞ ¼ FðxÞ

ðx

 fx
F

 1 ½F
 s ðyÞg f ðyÞ dy
yþF

ð18:5Þ

0

For general k, the expressions for HðxÞ are more complex and can be found in
Hussain (1997).
For all three types of redundancy, HðxÞ < FðxÞ, implying that a module is more
reliable than a single component. The reliability increases with k, the number of
replicates in a module. If the switch is not perfect, then HðxÞ [given by (18.4)
for cold standby and by (18.5) for warm standby] gets modified. For further details,
see Hussain (1997).
Note that cost of a module depends on k (the number of replication) and the type
of redundancy (as both cold and warm standby redundancies involve a switching
mechanism). The cost of a module is kCm in the case of hot standby and
Cm ðk þ cÞ, 0  c  1, in the case of cold and warm standby, where cCm is the
additional cost of the switching mechanism.
Reliability Growth
This involves research and development (R&D) effort where the product is subjected to an iterative process of test, analyze, and fix cycles. During this process,
an item is tested for a certain period of time or until a failure occurs. Based on
the analysis of the test run and failure mode, design and/or engineering modifications are made to improve the reliability. The process is repeated, resulting in reliability improvement (or growth) of the product. The reliability growth models can be
broadly categorized into two groups: continuous and discrete models. Fries and Sen
(1996) give a comprehensive review of the discrete models, and a discussion of
continuous time models can be found in Hussain (1997).
In continuous time models, the improvement in reliability can be modeled
through a parameter (l) of the distribution, which decreases with development.
Usually, l is the inverse of the scale parameter so that in the case where FðxÞ is
exponential, it is the failure rate associated with FðxÞ.
In one of the well-known continuous time models, developed by Duane (1964),
the parameter corresponds to the failure rate for an exponential distribution. After
development for a period t, the failure rate lðtÞ is given by
lðtÞ ¼ l0 btb

1

ð18:6Þ

331

PREMANUFACTURING PHASE

where l0 is the failure rate before the development program is initiated, and
0 < b < 1. Note that this is a deterministic function that decreases with t increasing. In the case of the Weibull distribution one often assumes that reliability
improvement affects the scale parameter but not the shape parameter. In this case
the change in the scale parameter can be modeled by aðtÞ ¼ 1=lðtÞ with lðtÞ given
by (18.6).
The number of modifications, NðtÞ, carried out during the development period
is, in general, a random variable. Crow (1974) modeled it as a nonhomogeneous
Poisson process with the intensity function given by (18.6) and t replaced by t.
The failure rate lðtÞ, after development for a period t, is given by (18.6), and
the expected number of design modification is given by
E½NðtÞ ¼

ðt
lðtÞ dt

ð18:7Þ

0

In real life, the reliability improvement achieved at the end of the development
period is uncertain. Murthy and Nguyen (1987) build on the Crow model and treat
changes in the failure rate after each modification as random variables. As a result,
the failure rate at the end of the development period is uncertain.
Hussain and Murthy (1999) propose another model where the outcome of the
development process is uncertain. Their model is as follows. As the development
program continues, l decreases, thereby improving the reliability of the product.
~ðtÞ, after a development (testing) period of t, is uncertain.
However, the outcome l
Let l0 denote the initial value of l, that is, the value before the development program is initiated, and let lm be the limiting minimum value after development for
~ðtÞ is given by
an infinite time; l
~ðtÞ ¼ l0
l

ðl0

lm ÞZt

ð18:8Þ

where Zt is a random variable that is a function of the development time t and is
modeled as
Zt ¼ ½1

expð rtÞY

ð18:9Þ

where Y 2 ð0; 1Þ is a random variable distributed according to a beta distribution
~ðtÞ decreases as
and r > 0. Note that conditional on Y, EðZt Þ increases and E½l
t increases.
The cost of development, Cd ðtÞ, is an increasing function of the development
period t, and this increases the unit manufacturing cost. Let S denote the total sales.
Then the effect of reliability growth is to increase the unit manufacturing cost given
by Cd ðtÞ=S.
Reliability improvement results in an increase in the unit manufacturing cost
and is worthwhile only if the benefits derived from improvement (such as lower
warranty costs, increased revenue through greater sales, etc.) exceed the cost of
improvement.
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MANUFACTURING PHASE

The manufacturing phase deals with the process of producing items in bulk in such
a way that all items conform to the stated design performance specifications and
doing so in the most economical manner.
The process used for manufacturing a product depends on the demand for the
product and is determined by economic considerations. If the demand is high,
then it is economical to use a continuous production process. If the demand is
low to medium, then it is more economical to use a batch production process, where
items are produced in lots (or batches).

18.3.1

Quality Variations

Due to variability in the manufacturing process, some of the items do not conform
to design specifications, and these are termed nonconforming in contrast to the
remaining, which are termed conforming. The characteristics (e.g., reliability) of
a nonconforming item are inferior to a conforming item. We call this manufacturing
quality, and higher quality implies fewer nonconforming items being produced in a
probabilistic sense.
Let Fc ðxÞ and Fn ðxÞ denote the failure distributions of conforming and nonconforming items, where Fc ðxÞ < Fn ðxÞ implying that the reliability of a nonconforming item is smaller than that for a conforming item. One needs to differentiate two
types—types A and B—of nonconforming items.
A type A nonconforming item occurs where Fn ðxÞ ¼ 1 for x > 0. This implies
that the item is nonfunctional and is detected immediately after it is put in use. This
type of nonconformance is usually due to defects in assembly (e.g., a dry solder
joint). For a type B nonconforming item, the mean to first failure (m) is greater
than zero and hence cannot be detected easily as a type A nonconforming item.
The probability that an item produced is nonconforming depends on the state of
the manufacturing process. In the simplest characterization, the state can be modeled as being either in control or out of control. When the state is in control, all the
assignable causes are under control, and, although nonconformance cannot be
avoided entirely, the probability that an item produced is nonconforming is very
small. When the state changes to out of control, this probability increases significantly. The process starts in control and changes to out of control after a certain
(random) number of items are produced, and it stays there until some action is
initiated to change it back to in control.
Modeling Occurrence of Nonconforming Items
Let pi (p0 ) denote the probability that an item produced is conforming when the
process is in control (out of control) and pi  p0 . In the extreme cases, pi ¼ 1,
implying that all items produced are conforming when the state is in control, and
p0 ¼ 0, implying that all items produced are nonconforming when the process is out
of control.
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Continuous Production Here the manufacturing process starts in control, and,
after a random length of time, it changes to out of control. Since the failure distributions of the two types of items are Fc ðxÞ and Fn ðxÞ, respectively, the failure
distribution of an item produced, with the process in control, is given by
Fi ðxÞ ¼ pi Fc ðxÞ þ ð1

pi ÞFn ðxÞ

ð18:10Þ

Note that this mixture model was discussed in Chapter 8. Similarly, given that
the process is out of control, the item failure distribution is given by the mixture
distribution
F0 ðxÞ ¼ p0 Fc ðxÞ þ ð1

p0 ÞFn ðxÞ

ð18:11Þ

Once the process state changes from in control to out of control, it remains in that
state until it is brought back to an in control state through some corrective action.
Batch Production Here the items are produced in lots of size Q. At the start of
each lot production, the state of the process is checked to ensure that it is in control.
If the process is in control at the start of the production of an item, it can change to
out of control with probability 1 q or continue to be in control with probability q.
Once the state changes to out of control, it remains there until completion of the lot.
As mentioned previously, an item produced with the state in control (out of control)
is conforming with probability pi ðp0 Þ where pi  p0 .
~ c denote the number of conforming items in a lot. The expected value of
Let N
this [for details see Djamaludin (1993)] is given by
~cÞ ¼
EðN

qðpi

p0 Þð1
1 q

qQ Þ

þ p0 Q

ð18:12Þ

and the expected fraction of conforming items in a lot of size Q, fðQÞ, is given by
fðQÞ ¼

qðpi

p0 Þð1 qQ Þ
þ p0
ð1 qÞQ

ð18:13Þ

It is easily seen that fðQÞ is a decreasing sequence in Q. This implies that the
expected fraction of conforming items in a batch decreases as the batch size Q
increases.
18.3.2

Quality Control

Quality control refers to the set of actions to ensure that the items produced conform to the specification.
Acceptance Sampling
The quality of input material (raw material, components, subassemblies, etc.) has a
significant impact on the conformance quality of items produced. The input material
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is obtained from external suppliers in batches. The quality of input material can
vary from batch to batch. One way of ensuring high input quality is to test for
the quality and based on the outcome of the test a batch is either accepted or
rejected. The test is based on a small sample from the batch. This is known as
acceptance sampling. Many different acceptance sampling schemes have been proposed and studied in detail and these can be found in most books on quality control;
for example, see Schilling (1982).
The cost associated with testing depends on the sample size and the type and
duration of tests.
Output Inspection and Testing
The aim of output inspection and testing is to detect nonconforming items and to
weed them out before items are released for sale. For type A nonconformance, testing takes very little time since a nonconforming item is detected immediately after
it is put into operation. In contrast, the detection of nonconforming items for type B
nonconformance involves testing for a significant length of time. In either case, testing involves additional costs.
Another issue that needs to be addressed is the level of testing. One can either
test 100% or less than 100%. Again, cost becomes an important factor in deciding
on the level of inspection. The quality of testing is still another variable that must be
considered. If testing is perfect, then every nonconforming item tested is detected.
With imperfect testing, not only are nonconforming items not detected but also a
conforming item may be classified as nonconforming. As a result, the outgoing
quality (the fraction of conforming items) depends on the level of testing and the
quality of testing.
The cost of testing per unit is an increasing function of the testing period.
Control Charts
As mentioned earlier, the occurrence of nonconforming items increases when the
state of the process changes from in control to out of control. The reason for the
change is due to one or more of the controllable factors deviating significantly
from its nominal values.
In the case of continuous production, the process starts in control and changes to
out of control with the passage of time. If the change is detected immediately, then
it can be brought back into control at once, and the high occurrence of nonconforming items, when the state is out of control, would thereby be avoided. This is
achieved through the use of control charts. This involves taking small samples of
the output periodically and plotting the sample statistics (such as the mean, the
spread, the number or fraction of defective items) on a chart. A significant deviation
in the statistics is more likely to be the result of a change in the state of the process.
When this occurs, the process is stopped and controllable factors that have deviated
are restored back to their nominal values before the process is put into operation. A
variety of charts have been proposed and studied in detail and these can be found
in most books on quality control; see, for example, Grant and Leavenworth (1988)
and Del Castillo (2002). The cost of quality control depends on the frequency of
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sampling, the number of items sampled each time, and the nature and duration of
the testing involved.
Lot Sizing
In the case of batch production, the process can change from in control to out of
control during the production of a lot. As mentioned earlier, this affects the fraction
of nonconforming items in a lot, and the expected fraction of nonconforming
items in a lot increases with the lot size Q. This implies that the outgoing quality
increases as Q decreases. However, this is achieved at a cost as smaller batch
size implies more frequent setups, and this increases the unit manufacturing cost.
18.3.3

Quality Improvement

The design of the manufacturing process has a significant impact on pi , the probability that an item is conforming when the process is in control. Ideally, one would
like to have this probability equal to one so that no item produced is nonconforming. One way of ensuring a high value for pi is through optimal choice for the
nominal values for the different controllable factors. This is achieved through
proper design of experiments. Details can be found in many books; see, for
example, Dehnad (1989) and Moen et al. (1991).
Burn-In
Due to quality variations, the failure distribution of an item produced is given by a
mixture distribution
FðxÞ ¼ pFc ðxÞ þ ð1

pÞFn ðxÞ

ð18:14Þ

where p is the probability that the item is conforming and Fc ðxÞ and Fn ðxÞ are
the failure distributions of conforming and nonconforming items, respectively,
 n ðxÞ < F
 c ðxÞ. Burn-in is used to improve the reliability of the item released
with F
for sale.
Burn-in involves testing items for a period t. Those that fail during testing are
scrapped so as to get rid of the manufacturing defect. The probability that a conforming (nonconforming) item will fail during testing for a period t is given by
Fc ðtÞ½Fn ðtÞ. As a result, the probability that an item that survives the test is
conforming is given by
 c ðtÞ
pF
p1 ¼ 
 n ðtÞ
pFc ðtÞ þ ð1 pÞF

ð18:15Þ

 n ðtÞ < F
 c ðtÞ, we have p1 > p. The failure distribution of an item that
Since F
survives the test and is released for sale is given by
GðxÞ ¼ p1 Fc1 ðxÞ þ ð1

p1 ÞFn1 ðxÞ

ð18:16Þ
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where Fc1 ðxÞ and Fn1 ðxÞ are given by
Fc1 ðxÞ ¼

Fc ðx þ tÞ Fc ðtÞ
1 Fc ðtÞ

ð18:17Þ

Fn1 ðxÞ ¼

Fn ðx þ tÞ Fn ðtÞ
1 Fn ðtÞ

ð18:18Þ

and

for x  0. Note that as t increases, p1 (the probability that an item released is conforming) increases, and, hence, the reliability of the items is improved. However,
this is achieved at the expense of the useful life of conforming items released being
reduced by an amount t and the burn-in cost.

18.4

POSTSALE PHASE

As the name implies this phase deals with topics related to postsale. The two topics
are warranties and maintenance.
18.4.1

Warranties

Warranty Concept
A warranty is a manufacturer’s assurance to a buyer that a product or service is or
shall be as represented. It may be considered to be a contractual agreement between
buyer and manufacturer (or seller), which is entered into upon sale of the product or
service. A warranty may be implicit or it may be explicitly stated.
The purpose of a warranty is to establish liability of the manufacturer in the
event that an item fails or is unable to perform its intended function when properly
used. The contract specifies both the performance that is to be expected and the
redress available to the buyer if a failure occurs or the performance is unsatisfactory. The warranty is intended to assure the buyer that the product will perform its
intended function under normal conditions of use for a specified period of time. In
very simple terms, the warranty assures the buyer that the manufacturer will either
repair or replace items that do not perform satisfactorily or refund a fraction or the
whole of the sale price.
Warranty Policies
Many different warranty policies have been proposed and studied in detail. The
type of warranty offered depends on the product (consumer durable, industrial or
commercial, and special custom-built products). For a classification of the different
types of warranty policies, see Blischke and Murthy (1994, 1996). Two warranties
that are commonly offered with consumer durables are the following:
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Free Replacement Warranty (FRW) Policy
Under a FRW policy the manufacturer agrees to repair or provide replacements for
failed items free of charge up to a time W from the time of the initial purchase. The
warranty expires at time W (the warranty period) after purchase. In the case of nonrepairable items, should a failure occur at age X (with X < W), under this policy the
replaced item has a warranty for a period ðW XÞ, the remaining duration of
the original warranty. Should additional failures occur, this process is repeated until
the total service time of the original item and its replacements is at least W. In the
case of repairable items, repairs are made free of charge until the total service time
of the item is at least W.
Pro-Rata Warranty (PRW) Policy
Under a PRW policy the manufacturer agrees to refund a fraction of the purchase
price should the item fail before time W (warranty period) from the time of the
initial purchase. The buyer is not constrained to buy a replacement item. The refund
depends on the age of the item at failure (X), and it can be either linear or a nonlinear function of W X, the remaining time in the warranty period. Let &ðxÞ
denote this function. This defines a family of pro-rata policies characterized by
the form of the refund function. Two forms commonly offered are as follows:
1. Linear function: &ðxÞ ¼ ½ðW xÞ=WCb .
2. Proportional function: &ðxÞ ¼ ½gðW xÞ=WCb , where 0 < g < 1.
where Cb is the sale price.
Warranty Cost per Unit Sale
Whenever an item is returned for rectification action under warranty, the manufacturer incurs various costs (handling, material, labor, facilities, etc.). These costs can
also be random variables. The total warranty cost (i.e., the cost of servicing all warranty claims for an item over the warranty period) is thus a sum of a random number of such individual costs, since the number of claims over the warranty period is
also a random variable.
Cost Analysis of FRW Policy
Nonrepairable Product In this case any failures during warranty require the
replacement of the failed item by a new item. Let Cs denote the cost of replacing
a failed item by a new item. If failures result in instantaneous claims and the time to
replace is small relative to the time between failures, then failures over the warranty
period occur according to a renewal process discussed in Section 15.6. As a result,
the cost Cm ðWÞ to the manufacturer over the warranty period W is a random variable given by
Cm ðWÞ ¼ Cs NðWÞ
ð18:19Þ
where NðWÞ is the number of failures over the warranty period. Let FðxÞ denote the
failure distribution, then the expected number of failures during warranty, E½NðWÞ

338

PRODUCT RELIABILITY AND WEIBULL MODELS

is given by
E½NðWÞ ¼ MðWÞ
where MðÞ is the renewal function given by
ðt
MðtÞ ¼ FðtÞ þ Mðt

xÞf ðxÞ dx

ð18:20Þ

ð18:21Þ

0

As a result, the expected warranty cost per unit to the manufacturer is given by
E½Cm ðWÞ ¼ Cs MðWÞ

ð18:22Þ

Repairable Product In this case, the cost depends on the nature of the repair. If
all failures over the warranty period are minimally repaired and the repair times are
small in relation to the mean time between failures, then failures over the warranty
period occur according to a nonhomogeneous Poisson process with intensity function equal to the hazard function rðxÞ associated with FðxÞ. Let Cr denote the cost
of each repair. Then the expected warranty cost to the manufacturer is given by
E½Cm ðWÞ ¼ Cr

ðW
rðxÞ dx

ð18:23Þ

0

Cost Analysis of PRW Policy
Let the rebate function be given by

ð1 x=WÞCb
&ðxÞ ¼
0

0x<W
otherwise

ð18:24Þ

where Cb is the sale price.
The cost per unit to the manufacturer is given by Cm ðWÞ ¼ &ðXÞ, where X is the
lifetime of the item supplied and is a random variable with distribution function
FðxÞ. As a result, the expected cost per unit to manufacturer is given by
ðW
E½Cm ðWÞ ¼
&ðxÞf ðxÞ dx
ð18:25Þ
0

Using (18.24) in (18.25) and carrying out the integration, we have
h
mW i
E½Cm ðWÞ ¼ Cb FðWÞ
W
where
mW ¼

ðW
0

is the partial expectation of X.

xf ðxÞ dx

ð18:26Þ

ð18:27Þ
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The expected cost per unit to the buyer is given by
Cb ðWÞ ¼ Cb

ð18:28Þ

&ðXÞ

where X is the item failure time and &ðÞ is given by (18.24). As a result, the
expected per unit cost to the buyer is given by
E½Cb ðWÞ ¼ Cb
18.4.2

hm
W
þ1
W

FðWÞ

i

ð18:29Þ

Maintenance

Maintenance can be defined as actions to (i) control the deterioration process leading to failure of a system and (ii) restore the system to its operational state through
corrective actions after a failure. The former is called preventive maintenance (PM)
and the latter corrective maintenance (CM). Carrying out maintenance involves
additional costs to the buyer and is worthwhile only if the benefits derived from
such actions exceed the costs. From the buyer’s viewpoint, this implies that maintenance must be examined in terms of its impact on the system performance.
Preventive maintenance actions are divided into the following categories:
1. Clock-based maintenance: Here PM actions are carried out at set times. An
example of this is the block replacement policy.
2. Age-based maintenance: Here PM actions are based on the age of the
component. An example of this is the age replacement policy.
3. Usage-based maintenance: Here PM actions are based on usage of the
product.
4. Condition-based maintenance: Here PM actions are based on the condition of
the component being maintained. This involves monitoring of one or more
variables characterizing the wear process (e.g., crack growth in a mechanical
component).
5. Opportunity-based maintenance: This is applicable for multicomponent
systems, where maintenance actions (PM or CM) for a component provide
an opportunity for carrying out PM actions on one or more of the remaining
components of the system.
6. Design-out maintenance: This involves carrying out modifications through
redesign of the component. As a result, the new component has better
reliability characteristics.
Component-Level Maintenance
When a component fails in operation, it can have serious implications with a high
cost of rectifying the failure. Many different preventive maintenance policies have
been proposed where the item is replaced before failure at a much cheaper cost.
Preventive maintenance involves sacrificing the useful life of an item. Frequent
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PM actions reduce the likelihood of failure (and the resulting costs) but result in
increased PM costs. This implies that the parameters characterizing the preventive
maintenance policy needs to be selected properly to achieve a sensible trade-off
between preventive and corrective maintenance costs.
The optimal PM depends on the item failure distribution [FðxÞ], the costs of each
corrective maintenance replacement (Cf ) and each preventive maintenance replacement Cp ð Cf Þ, the time horizon, and the objective function for optimization.
Often the time horizon is very large relative to the mean time to failure for the
item. In this case, the time horizon can be treated as being infinite. The objective
function can be the some performance measure such as the asymptotic availability
or the asymptotic cost per unit time. Expressions for the objective can be obtained
using the renewal reward theorem (see Section 15.6).
Two policies that have been used extensively are the age and block policies. We
present the results for these policies without presenting the details. They can be
found in many books on reliability. See, for example, Blischke and Murthy (2000).
Age Policy
Under this policy a component is replaced (preventive maintenance) when it
reaches age T or on failure (corrective maintenance) should it fail earlier. The policy is characterized by a single parameter T that needs to be selected optimally.
The asymptotic cost per unit time is given by
 ðTÞ
Cf FðTÞ þ Cp F
Jc ðTÞ ¼ Ð T

0 xf ðxÞ dx þ T F ðTÞ

ð18:30Þ

where T  , the optimal T to minimize the asymptotic cost per unit time, is the value
that yields a minimum for Jc ðTÞ.
Block Policy
Under this policy, the component is replaced (preventive maintenance) by a new
one at set times t ¼ kT; k ¼ 1; 2; . . . . Any failures in between these times are rectified through replacement (corrective maintenance) of the failed item by a new one.
The asymptotic cost per unit time is given by
Jc ðTÞ ¼

Cp þ Cf MðTÞ
T

ð18:31Þ

where MðÞ is the renewal function associated with FðÞ. As with the age policy, T  ,
the optimal T, is the value that yields a minimum for Jc ðTÞ given by (18.31).
System-Level Maintenance
Here the system is subjected to major preventive maintenance (called shutdown
maintenance), which rejuvenates the system. Any failures in between two consecutive preventive maintenance actions are rectified through minimal repair. If the time
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for minimal repair is small relative to the mean time between failures, then it can be
ignored. In this case, failures between two preventive maintenance actions occur
according to a point process. Let the intensity function, for the occurrence of
failures subsequent to the jth PM action, be given by j ðtÞ, j  1, with t ¼ 0
corresponding to instant the system was put into operation subsequent to the PM
action. Let 0 ðtÞ denote the intensity function for a new system. Then we have
1. For a given j, j  0, j ðtÞ is an increasing function of t. This implies that the
rate of occurrence of failures increases with t.
2. For a given t, j ðtÞ < jþ1 ðtÞ for j  0. This implies that PM actions
rejuvenate the system, but the performance decreases as the number of PM
actions carried out increases.
The parameters of the policy are (i) the number of times PM actions should be
carried out and (ii) the time interval between successive PM actions.

18.5

DECISION MODELS INVOLVING WEIBULL FAILURE MODELS

In the last three sections we discussed a variety of topics at the premanufacturing,
manufacturing, and postsale phases for a product. Associated with each topic are
several decision problems. The solutions to these problems involve building suitable models. In this section we carry out a limited review of the literature (as the
literature is vast) where the models for decision making involve Weibull failure
models.
18.5.1

Premanufacturing Phase

Reliability Allocation
Tillman et al. (1980) deal with a range of reliability allocation issues with failures
given by a general distribution function. More recent references are Aggarwal and
Shaswati (1993) dealing with a practical approach to reliability allocation, Majety
et al. (1999), who deal with a series–parallel structure for the system, and Mettas
(2000) dealing with reliability allocation with component failures given by Weibull
distribution.
Reliability Prediction
Lawless (1973) examines predicting the smallest value for a future sample of k
observations based on an observed sample and presents conditional confidence
interval. Hsieh (1996) considers the case where n items are put on test and the first
r failures observed (type II censoring). He derives prediction intervals for the life of
the remaining components. Nelson (2000) derives simple prediction limits for the
number of failures that will be observed in a future inspection of a sample of items
based on past data, which is the cumulative number of failures in a previous inspection of the same sample of units with the shape parameter known.
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Usher (1996) deals with the prediction of reliability of a component based on
masked data. The component under consideration is an element of a system with
a serial configuration. The exact cause (which component failed) is often not known
or known partially and hence the masked data. The prediction involves maximumlikelihood estimates and confidence intervals for component life distribution based
on masked data. Lin et al. (1996) deal with Bayes’s estimation of component reliability based on masked data.
The prediction of the future number of failures in an interval is discussed in
Nordman and Meeker (2002).
Singpurwalla and Song (1988) deal with a model where the prediction involves
the incorporation of expert opinion. A Bayesian framework is used for the elicitation
of expert opinion on the median life and the codification of the expert’s opinion on
the Weibull shape parameter.
Reliability Assessment
Nelson (1985) considers the case where the shape parameter is known and derives
confidence limits for the scale parameter, percentiles, and reliabilities based on few
or no failures.
McCool (1970a) looks at several inference problems in the context of reliability
assessment. More specifically, he looks at tests for the following hypothesis:
1.
2.
3.
4.

Weibull shape parameter is equal to a specified value.
Weibull percentile is equal to a specified value.
The shape parameters of two Weibull populations are equal.
The specified percentile of two Weibull distributions are equal given that the
shape parameters are different.

McCool (1970b) deals with the sudden death test, which is a special case of multiply censored life test wherein an equal number of randomly selected surviving
items are removed from testing following the occurrence of each failure. See
also Ferdous et al. (1995).
Tseng and Chang (1989) deal with selecting the best design based on type II
censored data. This problem is similar to the subset selection problem discussed
in the next section.
Testing
Meeker and Escobar (1993) review accelerated testing and research needed to improve
accelerated test planning and methods. Meeker and Escobar (1998) deal with the
pitfalls in accelerated testing. Nelson (1990) and Meeker and Escobar (1998b) deal
with accelerated testing in depth. The test plan involves the number to be tested, the
termination of the test, and the stress levels in the case of accelerated testing.
A small sample of the more recent literature on accelerated testing in the context
of Weibull failure models is as follows:
 Seo and Yum (1991): Accelerated life test plans under intermittent inspection
and type I censoring
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Bai et al. (1992): Simple ramp tests with type I censoring
Achar and Louzada-Neto (1992): Bayesian approach to accelerated life tests
Yang and Jin (1994): Three-level constant-stress accelerated life test plans
Tang et al. (1996): Step-stress accelerated life test with linear cumulative
exposure model and multiple censoring
 Khamis (1997b): Comparison between constant and step-stress tests
 McSorely et al. (2002): Accelerated life tests with various sample plans
Most models assume that the shape parameter is constant and the scale parameter is a function of the stress level. Wang and Kececioglu (2000) consider models
where both the shape and scale parameters are functions of stress level. As mentioned earlier, most of the test plans assume standard Weibull failure model. Klein
and Basu (1981, 1982) deal with accelerated life tests with competing causes of
failures.
Reliability Improvement
Murthy and Hussain (1994) and Murthy (1996) examine optimal hot and cold
standby redundancy to achieve an optimal trade-off between manufacturing cost
and expected warranty cost. Hussain and Murthy (1998, 1999, 2000) deal with
redundancy decisions when there are variations in the quality of components and
examine testing at component and module level for weeding out nonconforming
items. Pan (1998) examines reliability prediction with imperfect switching. Pham
and Phan (1992) look at the mean life of k-out-of-n system. Hasanuddin (1985)
looks at cold redundancy.
Yamada and Osaki (1983) review nonhomogeneous Poisson process models in
the context of reliability growth for both hardware and software. Yamada et al.
(1993) deal with software reliability growth models with Weibull test effort. Miller
(1984) deals with predicting future reliability parameters for a Weibull process
model.
Lakey and Rigdon (1993) use experimental design approach to improve reliability with the scale parameter of the failure distribution being a function of the independent variables under the control of the designer.
18.5.2

Manufacturing Phase

Quality Variations and Control
For items produced using a continuous production line, the process can switch from
in control to out of control. When this occurs, the process needs to be brought back
to in control. The detection of a switch from in control to out of control is done
using control charts. This involves testing a sample of items at regular intervals
 (mean),
to determine the quality. The sample statistics are plotted using some X
R (range), p (fraction nonconforming), or some other chart to determine if a switch
has occurred or not. The design of charts requires modeling the in-control time
 charts based on Weibull
intervals. Rahim (1993) deals with economic design of X
 and R
distribution for in-control times. Costa and Rahim (2000) consider both X
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charts with the process changing from in control to out of control modeled by a
Weibull shock model. Chen and Yang (2002) consider the case with multiple
assignable causes for the change in the state of the process and in-control times
are modeled by a Weibull distribution.
Nelson (1979) looks at the case where the observed samples are the lifetimes
modeled by a Weibull distribution. The sample statistics used in the plotting of
the charts are the sample median, sample range, and first-order statistics. Here,
the change from in control to out of control results in a change in scale parameter
for the item failure distribution.
Murthy et al. (1993) assume that the process is in steady state with the occurrence of nonconforming items purely due to variations in the uncontrollable factors.
The items produced are tested for a period T, and any item that fails is scrapped (as
it is more likely to be a nonconforming item). The optimal T * is obtained by minimizing the total asymptotic cost per item sold, which is the sum of the asymptotic
manufacturing and inspection costs and the asymptotic warranty cost per item sold.
They consider three different warranty policies and determine conditions to determine whether testing is the optimal strategy or not.
For items produced using batch production, Djamaludin et al. (1994) looks at
quality control through lot sizing. The optimal lot size is obtained by minimizing
the total cost given by the sum of the asymptotic manufacturing cost and the asymptotic warranty cost. Djamaludin et al. (1995) deal with a model similar to that in
Djamaludin et al. (1994), except that it also involves testing a fraction of items
in some lots. At the end of each lot production of Q items, the state of the process
is assessed. If it is found to be in-control, then the lot is released without testing.
However, if the state is found to be out of control, the last K items in the lot are
tested for a period T. Items that fail during testing are scrapped, and the others that
are not tested and that survive the test are released for sale. An item released for
sale can be one of the four types: type A (conforming and not tested), type B (nonconforming and not tested), type C (conforming and tested), and type D (nonconforming and tested). The optimal values for Q, K, and T are obtained by minimizing
the asymptotic total cost per item, which is the sum of the asymptotic manufacturing cost per item and the asymptotic warranty cost per item. Djamaludin et al.
(1997) deal with a model similar to that in Djamaludin et al. (1995), except that
at the end of production of a lot, the process state is not known. The testing scheme
is as follows. Items are numbered sequentially (1 through Q) in the order in which
they are produced in a lot. Item Q (last item produced in a lot) is life tested for a
period of time T. If it survives, then it and the remaining items in the lot are
released with no further testing. If it fails, then it is scrapped and item K is tested
for a period of time T. If item K survives, then it and the remaining items in the
batch are released with no further testing. However, if it fails, then items (K þ 1) to
(Q 1) are life tested for a period of time T. Those that survive the test are released
along with the first (K 1) items, which are released with no testing. An item
released for sale can be one of the four types (types A, B, C, and D) as Djamaludin
et al. (1995). They consider three different warranty policies (i) FRW for repairable
product, (ii) PRW for nonrepairable product, and (iii) FRW for nonrepairable
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product. The optimal Q, K, and T are obtained by minimizing the asymptotic total
cost per item released, which is the sum of the asymptotic manufacturing cost per
item and the asymptotic warranty servicing cost per item.
Yeh and Lo (1998) use both lot size and burn-in to control quality for products
sold with free replacement policy. The optimal burn-in and lot size achieve a balance between quality control and warranty costs. Yeh et al. (2000) extend the results
of Djamaludin et al. (1994) to include inventory holding costs under the assumption
that the demand rate and production rates are constants. For a different model formulation, see Chen et al. (1998).
Acceptance Sampling
In manufacturing, components are often bought from external suppliers. Acceptance sampling involves testing a small number of items from each lot to determine
whether the quality of items is acceptable or not. If the quality is acceptable, the lot
is accepted; if not, it is rejected.
Schneider (1989) looks at acceptance sampling where the quality is determined
by the lifetimes of items in a lot. An item with lifetime Y < L (a prespecified value)
is deemed as nonconforming and conforming otherwise. A sample of n items are
drawn from each lot and tested until r fail (type II censoring). Based on data from
the test, a decision is made either to accept or reject the lot. Under the transformation the Weibull model is transformed into the log Weibull model with location
^ and s
^ be the estimates based on the
parameter m and scale parameter s. Let m
^ ks
^ ) are compared with lnðLÞ
test data, and the test statistics ^t (given by ^t ¼ m
where k is the acceptability constant. If ^t  lnðLÞ, then the lot is accepted and
rejected if not. The optimal n and k are derived taking into account the buyer
and seller risks.
Kwon (1996) deals with a method to find the optimal sampling plans that minimize the expected average cost per lot. The accepted lots are sold under pro-rata
warranty (PRW). The item failure distribution is Weibull with a known shape parameter and an unknown scale parameter. A sample of n items is drawn at random and
life tested simultaneously. The test is terminated when r (r  n) items have failed.
The optimal sampling plan is the plan that minimizes the expected average cost per
lot of size Q.
In most acceptance sampling schemes one uses point estimates for the failure
distribution. Hisada and Arizino (2002) consider the acceptance sampling schemes
with shape parameters specified as interval estimates. Finally, Huei (1999) deals
with sampling plans for verification of vehicle component reliability. Fertwig and
Mann (1980) deals with sampling plan for life testing.
Subset Selection
Often, a manufacturer has a choice to select the component supplier from several
component manufacturers. The reliability of the components differs across component manufacturers, and the problem facing the manufacturer is to select the best
component supplier. This problem can be posed as selecting the best population
from a collection of populations and is called the subset selection problem. In order
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to do this, one needs to define more precisely the notion of ‘‘best,’’ and several
different notions have been proposed and studied.
The earliest study is by Rademaker and Antle (1975), who looked at the optimal
sample size to decide on which of the two populations has the larger reliability.
Kingston and Patel (1980a, 1980b) focus on selecting the population with the largest reliability based on type II censoring. The shape parameter can be the same or
different and needs to be estimated. Hsu (1982) assumes that the shape parameter is
the same for all populations and ranks them based on the scale parameters. This is
equivalent to ranking based on the mean life of components. Sivanci (1986) also
uses the scale parameter for comparing two populations with random censoring.
Gupta and Miescke (1987) also rank the population based on the scale parameter
but based on a two-stage test involving censoring. Tseng and Wu (1990) look at the
case where the shape parameters are known as well as the case where they are
unknown. In the latter case, they assume a common beta prior distribution for
the shape parameter. Gill and Mehta (1994) examine selecting the populations
whose shape parameters are at least that of the control population. See also, Kingston and Patel (1980b) and Tseng and Wu (1990).
Burn-In
When the failure rate of a product exhibits a bathtub shape, then burn-in is an effective way to improve product reliability. Burn-in involves testing the item for a
period t, called the burn-in period. Any item that survives the burn-in has a higher
reliability than before burn in. If the product is repairable, then failures during burnin are rectified minimally so that reliability after burn-in is effectively the same as
those that survive the burn-in.
Burn-in costs money and the optimal burn-in achieves a trade-off between the
burn-in cost and the resulting reduction in the expected warranty cost. Blischke
and Murthy (1994), Murthy (1996), and Mi (1997) discuss the optimal burn-in
period for different warranty policies. Kar and Nachlas (1997) study a net-profit
model to optimally select the warranty period, burn-in, and stress variables to
maximize the expected net-profit subject to constraints that reflect the extent to
which the system components can endure various stress variables.
18.5.3

Postsale Phase

Warranties
The warranty-servicing cost for an item sold with a warranty is a random variable
that depends on the reliability of the product and the warranty-servicing strategy. A
detailed study of warranty cost analysis can be found in Blischke and Murthy
(1994, 1996), where they derive expressions for various expected costs. Sahin
and Polatoglu (1998) and Polatoglu and Sahin (1998) derive the probability distribution for the warranty cost and some related variables. When a repairable item is
returned to the manufacturer for repair under free replacement warranty, the manufacturer has the option of either repairing it or replacing it by a new one. The optimal strategy is one that minimizes the expected cost of servicing the warranty over
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the warranty period. Blischke and Murthy (1994) and Murthy (1996) discuss two
suboptimal strategies for one-dimensional warranties, and Iskandar and Murthy
(1999) look at the two-dimensional case. See also Yeh and Lo (2000).
Jack and Schouten (2000) deal with the optimal repair–replace strategies. Here
the decision to repair or replace is based on the age of the item at failure. Jack and
Murthy (2001) examine a suboptimal policy that is very close to the optimal strategy and involves at most one replacement over the warranty period. Iskandar et al.
(2003) study a similar strategy in the context of two-dimensional warranties.
In general, the cost to repair a failed item is a random variable that can be characterized by a distribution function HðzÞ. Analogous to the notion of a failure rate,
 ðzÞ, where hðzÞ is the derivative of
one can define a repair cost rate given by hðzÞ=H
HðzÞ. Depending on the form of HðzÞ, the repair cost rate can increase, decrease, or
remain constant with z. A decreasing repair cost rate is usually an appropriate characterization for the repair cost distribution (Mahon and Bailey, 1975). Optimal
repair limit strategy is discussed in Blischke and Murthy (1994), Chung (1994),
Murthy (1996), and Zuo et al. (2000).
Maintenance
The literature on maintenance is very large. There are several review studies that
have appeared over the last 30 years. These include McCall (1965), Pierskalla
and Voelker (1976), Monahan (1982), Jardine and Buzzacot (1985), Sherif and
Smith (1986), Thomas (1986), Gits (1986), Valdez-Flores and Feldman (1989),
Pintelton and Gelders (1992), and Scarf (1997). Cho and Parlar (1991) and Dekker
et al. (1997) and Archibald and Dekker (1996) deal with the maintenance of mutlicomponent systems. Many of the works cited deal with failures modeled by Weibull
distribution. Tadikmalla (1980) deals with age policy at the component level, and a
similar study for the block and periodic policies can be found in Blischke and
Murthy (2000). See also Huang et al. (1995). Mine and Nakagawa (1978) consider
the case where the failure distribition involves a mixture model. Dagpunar (1996)
examines optimal maintenance policies with opportunities and interrupt replacement options. Love and Guo (1996) examines repair limit policies. Mazzuchi and
Soyer (1996), Percy and Kobbacy (1996), and Percy et al. (1998) deal with the
Bayesian approach to preventive maintenance.
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CHILÈS and DELFINER  Geostatistics: Modeling Spatial Uncertainty
CHOW and LIU  Design and Analysis of Clinical Trials: Concepts and Methodologies,
Second Edition
CLARKE and DISNEY  Probability and Random Processes: A First Course with
Applications, Second Edition
*COCHRAN and COX  Experimental Designs, Second Edition
CONGDON  Applied Bayesian Modelling
CONGDON  Bayesian Statistical Modelling
CONOVER  Practical Nonparametric Statistics, Second Edition
COOK  Regression Graphics
COOK and WEISBERG  Applied Regression Including Computing and Graphics
COOK and WEISBERG  An Introduction to Regression Graphics
CORNELL  Experiments with Mixtures, Designs, Models, and the Analysis of Mixture
Data, Third Edition
COVER and THOMAS  Elements of Information Theory
*Now available in a lower priced paperback edition in the Wiley Classics Library.

COX  A Handbook of Introductory Statistical Methods
*COX  Planning of Experiments
CRESSIE  Statistics for Spatial Data, Revised Edition
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