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Chapter 1

Vector Analysis

Problem 1.1

(a) From the diagram, |B + C| cosf3 = |B| cos8, + |C|cosf2. Multiply by |A|.
|A||B + C|cosf3 = |A||B] cos6, + |A||C| cosb2.
So: A:(B+ C) = A-B + A-C. (Dot product is distributive.)

Similarly: |B + C|sinf; = [B|sin 6, + |C|sinf,. Mulitply by |A|#A.
|A||B + Clsinf; 11 = |A||B|sin 6, i + |A||C|sin 6, f. : E}IBISin 6
If f1 is the unit vector pointing out of the page, it follows that £ . i

AX(B + C) = (AxB) + (AXC). (Cross product is distributive.) IBlcosf;  |C]cos b

i }IClsin g2

(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and
Section 8 (cross product).

Problem 1.2

The triple cross-product is not in general associative. For example,
suppose A = B and C is perpendicular to A, as in the diagram.

Then (BxC) points out-of-the-page, and A x(BxC) points down, A=B
and has magnitude ABC. But (AXxB) = 0, so (AXB)xC =0 #
Ax(BxC). . _ BXxC ;Ax(BxC)
Problem 1.3 7 'z
A=+1%+19-13;A=vV3B=1%+19+1%; B=+3. 4
A¥B=+1+-1—1=1=ABcos€=\/§\/§cos0=>cos¢9=%. b
- Y

6 = cos™! (}) ~ 70.5288°

, A

Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,
we might pick the base (A) and the left side (B): :

A=-1%+27+0% B=-1%+07 +33.
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y Z
AxB-:l -1 2 0{=6%x+3y+2%2.
-1 0 3
This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its
length:

|AXB|=v36+9+4=". ﬁ:lg;§g|= Sx+ 3y + 23|
Problem 1.5
x . y Z
Ax(BxC) = Az Ay A,
(ByC, — B,Cy) (B.Cz— B:C.) (BzCy— ByCy)

= %[Ay(BsCy = ByCz) — A:(B.Cz — B:C)] + ¥() + 2()
(711 just check the x-component; the others go the same way.)
=X(AyB;Cy — AyByCr — A.B,Cy + A.B;C;) + §() + 2().
=X(AyB;Cy + A, B:C, — AyB,C; — A,B,Cz) + §() + Z(). They agree.

Problem 1.6

Ax(BxC)+Bx(CxA)+Cx(AxB) = B(A:C)—-C(A-B)+C(A-B)-A(C-B)+A(B-C)-B(C-A) =
So: AX(BXC) - (AxB)XxC =-~BX(CxA)=A(B-C) - C(A-B).
If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or
one is zero), or else B:C = B-A =0, in which case B is perpendicular to A and C (including the case B = 0).

Conclusion: [Ax (BXC) = (AxB)XxC <= either A is parallel to C, or B is perpendicular to A and C. '
Problem 1.7
2=(4X+67+8%) - (2x+8y+7%) =|2x—-27+ 2

=VITi+1=[3]
i=g=[r-prie
Problem 1.8

(a) 4, B, +A B, = (cos Ay, +sinpA,)(cos ¢ B, +sm¢B )+ (= sm¢A,, + cos pA;)(~ sin ¢B, + cos ¢ B;)
= cos? pAyBy + sin pcos $(Ay B, + A,B,) + sin® ¢A, B, + sin® $A,B, — singcosp(AyB, + A, By) +
cos? pA,B,
= (cos? ¢ + sin® ¢)Ay B, + (sin® ¢ + cos® $)4, B, = AyB, + A;B,. v

(b) (A2)? + (Ay)? + (A.)? = T8, AiAi = B, (S5, Rij4)) (Z3o, RicAr) = Zjk (SiRijRur) AjAs.

. , 1 if =k}
This equals A2 + A2 + A? provided | T3, R;; Ry, = { 0 if j £k }
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then Z; (X; Rij Rix) AjAx = Z; Riy Ri1, and this must equal 1 (since we
want A+ 74, + A = 1). Likewise, 53, R Riy = B, RigRig = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = X;; (X; RijRix) AjAx = i Ru Ry + E; RioRis + I, Riy Ris + ¥ RioR;;. But we already
know that the first two sums are both 1; the third and fourth are equal, so T; Ri1 Ri» = X; RipR;; =0, and so
on for other unequal combinations of 7, k v In matrix notation: RR = 1, where R is the transpose of R.




Problem 1.9 y

z Looking down the axis:

z

A 120° rotation carries the z axis into the y (= Z) axis, y mt.o z (=7%), a.nd z into z (= ). So A; = A;,
A, = A, A, = Ay

001
R={1 00
010

Problem 1.10

0 [0 ] 1. = ey = 2 = 1)
(b) in the sense (A, = ~Az, 4y, = —Ay, 4, = —A;) -

(c) (AxB) — (-A)x(-B) = (AxB). That is, if C = AxB, . No.minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (A xB) — (A)Xx(B) =
(AxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a wvector.
Angular momentum (L = rxp) and torque (N = rxF) are pseudovectors.

(d) A:(BXC) — (—A)-((-B)X(~C)) = —A+(BxC). So, ifa = A-(BxC), then a pseudoscalar
changes sign under inversion of coordinates. '
Problem 1.11

(@)Vf=2z%+3y%y +4232

(BVf =2zy824 % + 302y%2t § + 42293232

(c)Vf =e"sinylnzk +e“cosylnzy + e siny(1/2) 2

Problem 1.12
(a) VA =10[(2y - 6z — 18) X + (2r — 8y + 28) ¥]. Vh = 0 at summit, so

2y -6z —-18=0
2c -8y +28=0=6x — 24y + 84 =0 }'231 18 - 24y +84=0.

2y =66=>y=8=>2r-24+28=0=z=-2
Top is Bmiles north, 2 miles west, of South Hadley. I

(b) Puttinginz = -2,y =38:
h=10(—12—12 ~ 36 + 36 + 84 + 12) = | 720 ft.
(c) Puttinginz=1,y=1: VA=10[(2-6 - 18) X + (2 — 8 + 28) y] = 10(—22% + 22§) = 220(- %X + §).

|Vh| = 220v/2 ~ | 311 ft/mile}; direction:
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Problem 1.13

r=@-2)k+W-y)F+(z-2)% 2=E-TP+ Y-V +(z-2)
(8) V() = 2@+ (y=9)2 + (2= )8+ Z0F+ 202 = 2z —2) K+ 2y ) § + 22— )% = 2a.
® VG = &lz-3)+ @y -y)+(z-2)% x+§—> by+ 20t

=-10"$20@-2)x - 10 ¥y -v) 9 - 2032z - 22
=-(" é[-’ﬂ—z)x+(y y)y+(z—z’)z] —(1/0,3)4::—(1/42)&.

() &) =namt & = nan-1(1124;) = nanla,, solV('J‘) = na"_li.}

Problem 1.14

7 = +y cos ¢ + z sin ¢; multiply by sin ¢: Fsin¢ = +y singcos ¢ + z sin? ¢.
Z = —y sin ¢ + 2 cos ¢; multiply by cos¢: Zcos¢ = —y sin pcos @ + 2z cos? ¢.

Add: ysing +Zcos¢ = z(sin2 ¢ + cos? ¢) = 2. Likewise, Jcos¢ —Zsing = y.
So %% = cos ¢; %% —sin ¢; 2 5 = sin ¢, %= = cos¢. Therefore
V), = %{5 = %ig_i + %ig—; = +cos §(V f)y +sing(Vf),
(V. =% =508+ 5L § = —sing(Vf)y +cosg(Vf),
Problem 1.15
(@) V-vy = £ (2?) + 5 (3:1:z2) + 2 (-2z2) =2z +0 -2z =0.

} So V f transforms as a vector. qed

d)V-vp = %(zy) + 3%(21;2:) + %(39:2) =y+ 2z +3z.

() V-v, = %(y2) + -és—y(hy + 22) +‘3%(2yz) =0+ (2z) + (2y) = 2(z + y).

Problem 1.16
Vv = ZEIGEHE(E) = &[5+ + )]+ 4 [y + 2 + )]+ £ [2(22 + 42 + 2]
=(0"% +2(-3/2)) 22+ ()7F +y(-3/2)0 "2 + ()“ +2(-3/2))$22
=333 322+ +22) =3r3-3r3=0.
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V.v = 07 The answer is that V.v = 0 everywhere except at the origin, but at the

origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.

Problem 1.17

cos vy, +sinpv;; U, = —singv, + cospv,.

By

y=
ov Ov Ovy By , Ovy 82 Ou; Oy  8u: 0z o : .
=52 cosg+ G sing= (Gt + 58 cosp+ (9% + % §) sing. Use result in Prob. 1.14:

== (%‘;l cos ¢ + =5 931 smd)) cos¢ + (% cos¢+ u: sm¢) sin ¢.
ottty e (B B 0) ant

cos¢. So

N’

—_—-—( %’; sm¢+931cos¢) sm¢+( %‘ n¢+a—”‘cos¢

%"+%‘_’§= %3; cos ¢+gflsm¢cos¢+g’—’lsm¢cos¢+@‘sm ¢+ sin® ¢ — -—lsm¢cos¢



—&% singcos g + G2 cos? ¢
%';”—(cos ¢ + sin® ¢)+%(sm ¢ + cos? ¢)=%?'+%‘- v

Problem 1.18 -

£ § &
@ Vxve=| & & & |=%0-622)+9(0+22)+2(32 -0)=|-6zz% + 229 + 3272 [

z? 322 22z '

£ ¥ 2
(b) VXvp = —5’—: a% 3% =%(0-2y) + §(0 - 32) + 2(0 a:)—l 2yx 3zy—a:z—|

-l zy 2yz 3z2

X ¥y Z
) Vxve=| & = Z | =%(2z - 22) + $(0 - 0) + 2(2y - 2y) = [0.]

v (2zy+2%) 2yz

- Problem 1.19
v=yR+zF;orv=yzR+zz§+ayz;orv= (32— 23) X+ 3§ + (2 - 372%) 2;
or v = (sinz)(coshy) X — (cosz)(sinh y) ¥; etc. ‘

Problem 1.20

() V(fg) =& % + +—(—12z—(f—1+ggl;-)x+(f +g§5)5'+(f%§+g%£)i
=.f(a,,x+5§y+ 8) +9(%x+ 89+ 85) = (Vo) +9(VSf). aed
(iv) V-(AXB) = & (A4yB; — A.By) + & (A:Bz — A:B:) + & (A. By — AyB,)
=A% +B. o - A5G — B8 + A% 4+ B, % — A% B, %
+A.008 + B, O — 4,0 ~ B,

- 5 () 5y = ) 4 5. (- ) - (- )

—Ay (%= - 2B) - A,(a_liz %&)= B-(VXA)— A.(VxB). qed

(v) Vx (fA) = (M _ a(fA,,)) % (a(fA.), a(fA, ) ” (JMQ _(%ﬂ) 3

= (fo%e + A5 - 1% - Aygf)x+ (fiét+Azaz - 1o - 485

(fgél-'-AVOz f_OA; Az-sé)
) -
f(VXA)[(Ang V‘;)l) ’;"’ (AZ'éf -Azsf) y+ (Aa”9 Avsﬁ) ]
= ' }

Problem 1.21
) (TIB = (4. + 4+ ASE) o (4.5 B0 4 152)
(A BB +Ay'8_§"+Az‘Tz")z-

Z 9z

(b)f==t= %‘% Let’s just do the z component.
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= H{o[J= +al-Dghye] s [ge] + 2 [hghea])
=HE- 3 (@ o +a)) = %{%—%(w2+y2+z2)}=%(%—%)=0-
Same goes for the other components Hence: .

() (Va-V)vp = (z2% + 3z2? T -~ 2:cz8z) (zyx +2yzy + 3z2%)

=22 (YR +0F +328) +3z2% (z %+ 229 +08) — 222 (0% + 2y § + 3z %)
= (z?y + 3222%) X + (622% — 4zyz) § + (3272 — 62%2) 2

=22 (y + 32%) % + 222 (32% — 2y) § — 3222
Problem 1.22

(ii) [V(AB)], = £ (A:By + AyBy + A,B,) = %B, + A, %2> + 2B, + A, % + 2B, 1 4,28

[AX(VXB)], = 4,(VXB); - A,(VXB), = A, (% — 28} - 4, (%8s - 2&+)
[Bx(va>1,=B(%’ll 84) _ B, (%= - %’i‘)

[(A-V)B], = (A& + Ay & + A, £)By = A %8 + A, %2 + A, %=
[(B-V)A], —Bm%t + By i%wB,@—agt
S0 [AX(VXB) + BX(VxA) +(A:V)B + (B-V)Al,
= 4, az —-A 3’; ~ A% + A% +B,%» - B 8—*;; B.%= + B, %
+A %0 + A% + A% + B, —541+By§41+3, 9le
o Bl A B (Y e o) 1, (% e 4
+B, (~ e + 0 + o) 4 4, (- —%+Q&+—§l
= [V(A:B)], (same for y and z)
(vi) [Vx(AxB), = T(AxB)z——(AxB)y—F(AB ~ AyB,) - £(A,B, — A.B;)
: "A &B, +A;%8 8!, —6—13 Ay%—%&, A,%82 4 %4:B, + A, 2B
[(B-V)A —~ mvm+uvm B(V-A)l,

8A 8A 9A 8B, 8B 8By 8B 8B 8B BA 84 8A
‘Bsz"*'Bv—ay""Bz'a—z“Am o — Ayt — A + A (T + T" %) - B (%2 + 5 + %)

=B, % ¢ %+7§1+8—Bl+8—31)+3 %ﬂ 7?4* ~%h o4
+A(—@t)+Az( 8B:) + B, (%4=)
[VX(AXB)]z (same for y and 2)
Problem 1.23
V(fle) = & / )X+ 2(f/9)7 + % gf'/-g)ai
X+ —"-——;—“L 5 g —ﬁ—g—ﬁ;f Zz
f (gx+ —Ly+—‘f-z) £+ B9+ §22)] = 5%, g
V-(Alg) = Z(4:/9)+F (Ay/9)+ > (A2/9)
— yﬁ—Azﬁ 9;5_41 Au yﬁaA E%

P [9 (M‘ + Tyl-'-%) (Azb‘:% + 4,3 +Azaz)] = TAGAY. qed

Il
©, Fo
‘Eﬁa

'“ul"‘

Q J



(Vx(A/9)l, = 1é(A /g) - 5:(4y/9)

_ OAfE —A, g_

P 2A
e ) (w2
= ovXaA )'HAXVQ—L (same for y and z). qed
Problem 1.24
X y Z
(a) AxB=] z 2y 3z |==%(6x2)+ §(9zy)+ z(—2z> — 6y?)
3y -2z O :

V.(AxB) = 8::: 2 (6z2) + y(gzy) + 2 (-22% — 6y%) =62+ 92+ 0 =152
VxA=%(Z&32) - az(2y)) +9 (£() - £39) +2 (L&) - £(2)) =0; B(VxA) =
VXB =% (£(0) - £(-22)) +¥ (£Gv) - £©0) + (&(-22) - £(3p)) = -85 A-(VXB) = ~152
V:(AxB) £ B:(VXA) - A(VXB) =0~ (-152) = 162.v
(b) A-B=3zy —4dzy = —zy ; V(AB) =V(-zy) = xaz (—zy) +y-a%(—a:y)'= —-yX—-z§y

AA

- a

x z
Tz 2y 3z
0 0 -5

AX(VXB) = = %(—10y) + §(5z); BX(VXA) =

(A-V)B = (£ + 2y +32£ ) (By% — 229) = X(69) + (~22)
(B-V)A = (3y2 - 204 ) (% + 2§ +328) = R(3y) + $(—42)
AX(VXB)+Bx(VxA)+(A-V)B + (B-V)A
=—-10yXx+5z9 + 6y — 229 +3yx—4dzy = -yX—-zy=V-(A-B). V¥
(c) VX(AXB) =% (& (-2 - 64) - g;(gzy)) +9 (&(622) - £ (-2 - 64)) +2 (£ (9zy) - & (622))
= %(-12y — 9y) + §(6z + 4z) + £(0) = -21y % + 10z §
VA= Z(@)+Z(2)+£0B2)=1+2+3=6; V.B=£Z3y)+ & (-2) =

. (B-V)A - (A V)B+A(V ‘B) - B(V-A) =3y% —4z§ —6yk +2z§ — 18y % + 122y = —21y%k + 10z §
= VX(AXB). V.

Problem 1.25
(b) %257;“ = %7} = %2?7;“ =-Tp = IVZTb =-3T) = —3sina:sinysinﬂ

(d) %f 2’7,,2‘ B—zf—0=>V2'vz—2
31" -5"} 0; T’} 6z = Vv, =6z .I—Vzv=2:‘c+6:r:j‘v.|
'3“5‘ '5!7.“ '5;} =0 = Vy,=0
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Problem 1.26
.8 (@ 8 8 (9 i) 8 (o
V(Vxv) =£ (G - )+ 55 (B - 50+ & (3 - %)
9%y,

_ [ 8% 8%v _ 8%y 8%y vy \ _ . N
= (mf‘; - m‘;) + \5y0s ~ 9zoy) T \o:05 — Bs05) = 0, by equality of cross-derivatives.

From Prob. 1.18: Vv = =2y% ~ 329 - 22 = V-(Vxp) = 5-(~-2y) + £ (=32) + £&(-z) =
Problem 1.27 :

X 9 2
-1 & & & 2(_ 0% 8%t S( 8% _ 8% 5(_ 0%t 8%t
VX(Vt) - gf gg ?)i x(ayaz - 8z8y) +y(8261 - 8262) +z(6:6y - 8y8:c)
8y 8z ‘

bz
=0, by equallty of cross-derivatives.
In Prob. 1.11(b), Vf = 2zy%2* x + 32222 § + 42%¢y°2% 2, s0
X z

Foe

vx(VH=| & |
2ry32t 3z%y%2t 4zt
= %(3-4z%y?2% — 4- 32%%23) + §(4 - 22y%2% — 2- dzy32%) + 3(2- 3zy%2* - 3. 23y%2Y) = 0. v
Problem 1.28
(a) (0,0,0) — (1,0,0).z:0—» 1L,y =2=0;dl=deX;v-dl=zdz; [v-dl = fo z?dz = (z3/3)|) = 1/3.
(1,0,0) — (1,1,0). 2=1,y: 0> 1,2 =0;dl =dy §;v-dl = 2yzdy = 0; [ v-dl = 0.
(1,1,00 = (1,1,1). 2 =y=1,2: 0> Lidl=dz&;v-dl = y?dz =dz; [v-dl = fo dz=z|§ = 1.

Total: fv-dl=(1/3)+0+1=

(b) (0,0,0) — (0,0,1). z =y =0,2:0— L;dl =d2%;v-dl=y?dz=0; [v-dl = 0.
0,0,1) — (0,1,1). 2=0,y: 0> 1,2=1;dl=dy§;v-dl = 2yzdy = 2ydy,fvdl fo2ydy y2d =1
(0,1,1) — (1,1,1). z : 0—)1y—z—1d1 dz;v-dl=z%dz; [v-dl= fo de (=3/3)|8 = 1/3.
Total: fv-dl=0+1+(1/3) =

(©z=y=2:0- l;dr =dy =dz;v- dl—z2d2:+2yzdy+y2dz—z’d$+2w2dz+x2dz-4z2dz
Jv-di= [y 4z dz = (423/3)|} =

(d) §v-dl =(4/3) - (4/3) = [0.]

Problem 1.29

10 > 1,z = G;da = dzdy#;v-da = y(:? ~ 3)dvdy = ~3ydady; [v-da = -3 [ dz [Zydy =

—3(:1:[0)(1’—[0) = -3(2)(2) = m In Ex. 1.7 we got 20, for the same boundary line (the square in the zy-
plane), so the answer is [no:] the surface lntegral does not depend only on the boundary line. The total flux

for the cube is 20 + 12 = @
Problem 1.30
J T dr = [ 2z*dzdydz. You can do the integrals in any order—here it is simplest to save z for last:

21/ ()]

Th.e sloping surface is £+ y + 2 = 1, so the z integral is fo(l—y_’) dz = 1-y—2z. For a given z, y ranges from 0 to
1— 2,50 the y integral is [ ™?(1—y—z)dy = [(1-2)y— @2/ = (1-2)2—[(1~2)/2) = (1-2)?/2 =

L
8z




(=]

4

(1/2)—z+(z2/2) F1na.lly, thezmtegral is fy 22(3 — 2+ 2)dz—f0 LB+ )= (5 -+ )=

Problem 1.31
T(b)=1+4+2=7; T(a)=0. =[T(b)-T(a) = 7.|

= (22 + )% + (42 + 223)§ + (6y22)2; VT-dl = (2z + 4y)dz + (42 + 22%)dy + (6y22)dz

(a) Segment 1: z:0—1, y=z=dy=dz=0.[VT.dl= f0(2z)dz—32|0—1
Segment 2: y:0-1,z=1,z=0,de=ds = 0. [VI-dl = [f(4)dy = gl = 4. RVT-d=1v

Segment 3: 2:01,z=y=1,dz=dy=0. VTdl= fo(ﬁzz)dz—2z3|0—2.

(b) Segment 1: 2:031, z=y=dz=dy=0.[VT.dl= fo(O)dz— .
Segment 2: y:0~1, z=0, z=1, dz = dz=0.[VT.dl= f°(2)dy—2y|o—2. fbVT-dl—7 v
Segment 3: z:0-1, y-z—l dy=dz=0. {VT.dl= fo(2:r+4)da: a -

(=2 +4:c)| =1+4=>5.
()z:0-1, y==z, z=122, dy = dzdz = 2zdz.
| VT.dl = (2z + 42)dz + (42 + 22%)dz + (622%)2z dz = (10z + 142%)dz.

JEVTdl = [§(10z + 142%)dz = (52 + 227)|; = 5+2="7.
Problem 1.32

Viw=y+22+3z

f(Vv)dr = f(y+2z+3x)dzdydz—ff{fo(y+2z+3z)dz}dydz
— [y +22)z + 3z 2]0-—2(y+2z)+6

f{fo 2y +4z+ G)dy} dz
[+ (4z+6)y]0 =4+2(42 +6) =82+ 16

= [2(8z+16)dz= (422 +162)[} = 16+ 32 =48]
Numbering the surfaces as in Fig. 1.29:

- (i) da = dydz%,z = 2. v-da = 2ydydz. [v-da = [[2ydyde = 27| = 8.
(ii) da = —~dydz X,z = 0. v-da = 0. fv-da = 0.
(iii) da = dzdz §,y = 2. v-da = 4zdz dz. [v.da = [[4zdzdz = 16.
(iv) da = ~dzdz§,y = 0. veda = 0. fv-da = 0.
(v) da=dzdy%,2 =2. vida = 6zdzdy. [v-da = 24,
(vi) da = —dzdy%,z=0.v-da=0. f[vida=0. -
= [vda=8+16+24=48 v -

‘Problem 1.33

VXv=%(0-2y)+§(0-32)+2(0—-z)=-2y%x— 32y — z2.
da = dy dz %, if we agree that the path integral shall gun counterclockwise. So
(Vxv)-da = —2ydydz.
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[(Vxv)da = H{IE -29)dy} de
. g__) 2|2—z --—(2"'2)2
= - [-t+2)ds= - (42-2+ ;—’)l:

= -@e-8+9=[3 \
Meanwhile, v-dl = (zy)dz + (2yz)dy + (32z)dz. There are three segments. y
2z
‘Q)
(3)1
@ Y

Nz=2=0de=dz=0.y:0>2. [v.dl=0,
2)z=0; 2=2-y; dr =0, dz = —dy, y:2— 0. v.dl = 2yzdy.
» 2

Jvedl= [ (2~ y)dy = - [ (4y - 29%)dy = - (2* - }®)[;=- (8~ %

B)z=y=0;dr=dy=0; 2:2—0.v.dl=0. [vedl=0. So §v-dl=-%. v
Problem 1.34

By Corollary 1, [(Vxv)-da should equal §. Vxv = (42? - 22)% + 22 2.
(i) da =dydz%k, z=1; y,2:0 > 1. (VXv)-da = (422 — 2)dydz; [(Vxv)-da= fol(4z2 - 2)dz

=42 -2 =4-2=-2

(ii) da = —dz dy &, z =0; 2,y:0—> 1. (VXv)da=0; f(Vxv)da=0.
(iii) da = dzdz ¥, y=1; z,2:0 > 1. (VXv)-da=0; [(Vxv)da=0.
(iv) da = ~dzdz§, y=0; 2,2: 0> 1. (Vxv).-da=0; f(Vxv)-da=0.
(v) da =dzdyz, 2=1; z,y: 0 1. (VXv)-da =2dzdy; f[(VXv)-da=2
> f(Vxv)da=-24+2=1 v

Problem 1.35

(a) Use the product rule VX(fA) = f(VXA)-Ax (Vf):

/ F(VXA)-da = / Vx(fA)-da+/[A x (V)] da= ){ FA-dl+ /[A x (Vf)]-da. qed.
s : s s P s

(T used Stokes’ theorem in the last step.)
. (b) Use the product rule V-(A xB)=B-(VxA)—A-(VxB):

fB (VxA)dr_/V(AxB)d1-+/A (VxB)dr_f(AxB) da-l-/A (VxB)dr. qed.

. (1 used the divergence theorem in the last step.)




Problem 1.36 |r = /22 + y2 + 22, 0 =cos” (m) ; ¢=tan~! (L),

S —

Il

Problem 1.37

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry

from Fig. 1.36. The most systematic approach is to study the expression:

r=zX+yy+22Z=rsinfcosdX +rsinfsingy + rcosfd 2.

If I only vary r slightly, then dr = %(r)dr is a short vector pointing in the direction of increase in . To make

it a unit vector, I must divide by its length. Thus:

or or or
a_ _Or b‘e 7 3¢
= Tor7 o] Y= o
le R

g = sinfcos¢ % +sinfsin g § + cosf 2; |8 % = sin?@cos? ¢ + sin? fsin? ¢ + cos? 0 = 1.

o . o 2 ) . .
& =rcosfcospk + reosfsingy — rsinfz; |&|° =r2cos® 6 cos? ¢ + 2 cos? sin ¢ + r?sin? § = r2.

. pe . R 2 . . . .
& — _rsinfsingR + rsinfcosd§; g—;l = r?sin’ §sin® ¢ + r? sin?  cos? ¢ = rZsin’ 4.

©

f=sinfcos¢pX +sinfsingy + cos z.
=cosfcos@Xk +cosfsing ¥y —sinf z.
¢ =—singX +cos¢y.

Check: #+ = sin® 0(cos? ¢ +sin’ @) + cos?f = sin’@ + cos? 6 = 1, v
6-¢ = — cosfsingdcos¢ + cosfsingcosg =0, v etc.

=

)Q)

sin 6 = sin® 6 cos ¢ X+ sin® fsin @ § + sin O cos § 2.
cos8 6 = cos® G cos p & + cos?fsing § —sm0c080z

Add these:
1) sinff +cos§f = +cospR+singdy;
)] ¢ = -—-singX+cosgy.

Multiply (1) by cos ¢, (2) by sin ¢, and subtract:

% =sinfcos¢# + cosfcospf —sinp .

Multiply (1) by sin ¢, (2) by cos ¢, and add:

¥ = sinfsin ¢ £ + cosfsin ¢ 0 + cos ¢ P.

- cos@f = sinfcosfcos ¢k + sinf cosfsin 9§ + cos® 0 .
8in@ @ = sinf cosf cos ¢ & + sinf cosfsinp§ — sin 0 2.
Subtract these:

3= cosOF —sin00.]
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Problem 1.38

(8) Vovi = 5 2(r%r?) = L4rd = 4r
J(Vvi)dr = [(4r)(r* sin 0 dr do dg) = (4) [, ridr [ sin0dd [3rdg = (4) (&) (2)(2m) <[4 R"]
[vida= [(r*8)-(r?sin0didpt) =r* [ sin 0 df f:" d¢ = 4nR* v (Note: at surface of sphere r = R.)

() Vva = 58 (7%) =0 = [[(Vva)dr =0

1‘

fva-da = [(%F) (r2sinfdddp+) = [sin6df dp =
They don’t agree! The point is that this divergence is zero ezcept at the origin, where it blows up, so our .
calculation of [(V+vs) is incorrect. The right answer is 4.

Problem 1.39
V.v L2 (r?rcos 0) —1 2 (sinfrsin 0) + 3 o (r sm9 cos )

= 137‘ cosf + —— r2sinfcosf + i rsinb(—sin¢)
= 3cos9+2cos0—sm¢ 5cos0—sm¢

J(Vv)dr = [(5 cosd — sin ¢) r2 sin O dr df dp = INES dr-fog [f:"(S cosf — sin ¢) d¢] dfsin @
: <—>2m(5 cosf) '

(%3) (107) fo% sjn0cos€ ,df
T
g

0

1
2

— | 5«
= [5xme

Two surfaces—one the hemisphere: da = R?sinfdfd¢#; r=R; ¢:0—2m, 6:0 > & z.
Jv-da = [(rcosf)R?sinfdf dp = R® fo sinfcosfdf [7" dp = RS (1) (2m) = 1rR3. .

other the flat bottom: da = (dr)(r sin 8 dg)(+8) = r dr dp 6 (here 6 = 2).7:0=R, ¢:0— 2m.
Jv-da= [(rsing)(rdrdg) = [ r2dr [*" dp = 2n &2

Total: [v-da=nR%+ 2xR%=3rR%. v

Problem 1.40 | V¢t = (cos@ + sinf cos §)f + (~sinf + cos 8 cos $)0 + ﬁ?(— siff fsin b

Vit = V.(Vt) :
= 42 (r*(cosf + sinf cos§)) + —3— 2 (sinf(— s1n0+cos0cos¢))+ma¢( sin ¢)
& 2r r(cos @ + sin 0 cos @) + =5 (— 2sm6cos0+c0320cos¢—sm20cos¢) 737 COS ¢

Il

,sm,,psmo/oso + 2sin®fcos¢ — 2sm9/os€ + cos® 8 cos ¢ — sin® O cos ¢ — cos¢]
= 5 [(sin® 6 + cos? 0) cos ¢ — cos @] =
=

Check: rcosf = z, rsinfcos¢d = z = in Cartesian coordinates t = z + z. Obviously, Laplacian is zero.
Gradient Theorem: f: Vi-dl = t(b) — t(a) : :

Segment 1: 0 =%, ¢ =0, r:0— 2. dl = dr#; Vt-dl = (cosf + sinfcos@)dr = (0 + 1)dr = dr.

[vtd = [dr =2.

Segment 2: 0 =%, r=2, ¢:0—> Z. dl=rsinfdpd =2dp . A

Vt.dl = (~sin $)(2dg) = ~2singdp. [Vt-dl=— [F2singdp = 2cosg| = ~2.



Segment 3: r =2, ¢=% 6:%—0.
dl=rdff = 2d00 Vidl = (- sm0+cos0cos¢)(2d€)——2s1n0d0
thdl_—-f 2s1n0d0—2c080[x =2,

Total: Pvta=2- 2+2_@ Meanwhile, t(b)-—t(a) [2(1 +o)]-[0( )]_2 v
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Problem 1.41 From Fig. 1.42,{8 = cos¢:‘c+sm¢y, é= _sln¢i+cos¢y =%

Multlply first by cos ¢, second by sin ¢, and subtract
~ 8cos¢ — ¢sing = cos? p% + cos¢sm ¢ +sin® ¢k — sin pcos @ § = %(sin® ¢ + cos? ¢) = %.

So|% = cos¢ps —sing .

Multiply first by sin ¢, second by cos¢, and add:
3sing + pcosd =sinpcosPpR +sin’ ¢ § — sinpcos PR + cos? § = $(sin® ¢ + cos? ¢) =

So|§ =sings +cosé .

Problem 1.42
(a) V-v 12 (ss(2 + sin ¢)) A 1 Sill¢°05¢) + £(32)
12s(2+sin’¢) + 1 s(cos2 —sin? ¢) + 3
4+2s1n ¢ + cos? ¢—sm $+3

. 4+sin’¢p+cos?p+3= - _ ,
(b) [(V-v)dr = [(8)sdsdpdz =8 [ sds [f do [y dz = 8(2) (Z) (5) =

Meanwhile, the surface integral has five parts:

top: z =5, da = sdsd¢p%; v-da =32sdsdp = 15sdsd¢. [v-da= 15[0 3dsf0’ d¢ = 157.
bottom: 2 =0, da = —sdsd¢2; v.da=-323dsdp=0. [v-da=0

back: ¢ = Z, da = dsdz P; v-da = ssingcospdsdz =0. [v.da= 0

left: ¢ =0, da = —~dsdz ¢; v-da = —ssingcospdsdz = 0. [v.da=0.

front: s = 2, da = sd¢dz5; v-da = 38(2 + sin® ¢)sdgdz = 4(2 + sin® ¢)d¢ dz.

Jv-da=4[%2+sin® ¢)ds [ dz = (4)(x + £)(5) = 25m.
So §v.da = 157 + 257 = 40%. ¥
() Vxv = (‘7 25 (32) — £ (ssin g cos ¢)) 8+ (£ (s(2+sin®¢)) — £(32))
+1 (;;(s sm¢oos¢) —--53 (s(2 + sin? ¢))) 2
= 1(2ssingcos¢ —s2singcosg) =

o

Problem 1.43

(a) 3(3%) - 2(3) — 1 = 27 — 6—1—
(b) cosw =

(c)

(@) In(-2+3) =Inl=

Problem 1.44
(a) 2,22 + 9)}8(z) dz = §(0+3) =
(b) By Eq. 1.94,6(1 - z) = §(z — 1), s0 1 + 3 + 2 =[6.]
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© 1195} 6@ + Do =9(-1)7} =
(d)[1(fa>),0 (fa<b)]
Problem 1.45

(a) 2o F(2) [24:0(2)] dz = @ f(2)6(2)| 2, — ffooo 7z (z f(2)) () dz
The first term is zero, since §(z) =0 at +o0; & (z f(z)) = 2L + Lf =24 + 1.

So the integral is — [ ("’% + f) 8(z)dz =0— f(0) = —f(0) = = [ f(z)d(z) dz.

So, zL4(x) = —6(z). qed

0 [ H0 e = [N, I, £0(e = 1009~ 7 e = )~ (09~ 10
f_ z)dz. So £ =§(z). qed

Problem 1.46 :

(@) | p(r) = qé3(r - r’).1 Check: [p(r)dr =q [3(x-r)dr=q. V

b) |p(r) = ¢(r ~ ) - ¢°(r).
(c) Evidently p(r) = Aé(r — R). To determine the constant A, we require
Q = [pdr = [AS(r — R)4rr?dr = A4wR®. So A= 4—"981-. o(r) = #55(7'
Problem 1.47
(a) a®> +ara+a® =

(b) fr —b)2&%63(x) dr = b = L (42 + 3?) =
(c) ® =25+ 9+4 =238 > 36 =62, s0 c is outside V, so the integral is
() (e~ (2% +29 +22))* = (1% +09+ (-1)2)’ =141 =2 < (1.5)% = 2.25, 50 e is inside V,
and hence the integral is e«(d — e) = (3,2,1)-(-2,0,2) = -6+0+2 =

Problem 1.48
First method: use Eq. 1.99 to write J = [e~" (4m6%(r)) dr = 4me™® =
Second method: integrating by parts (use Eq. 1.59).

£ —-r —ri; -r 2 ~r}a —ra
J = —/r—z--V(e )dr+fe T—z-da. But V(e )=(Ee )r:—e f.
v s

o0

= /T%e"47rr2dr+/e—’ri2-r2sin0d0d¢i‘=47r/e"'dr+e"R/sin0d9d¢
0
v

Il

4r (~e7")|3 +4me R =4 (—e" +e7%) =4n.v (Here R=00, soe R =0)

Problem 1.49 (&) V-F1 = 20+ 2(0) + 2 (z*) =[0} VFo=8£+Z +%Z=1+1+1=3]
a8 - =),
VxF; = % 0oy 5;- =—y5:;'_-(:c2):, VxF; = 3z DBy 58; =@..
0 0 = T Yy =z
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) [fg is a gradient; Fy is a curll U = % (x2 + 4%+ 2%)| would do (F2 = VU,).

8A 84 3 .
ForAl,wewant(#—%ﬂ):(%ﬂ—%‘)=0; v 08 g2 A, =%, A, = A, =0 would do it.

2] Ty 3
Ay =122y (Fa = VXA;). (But these are not unique.)
X ¥y z
(b) V-Fs = Z(y2)+ Z(z2) + &(wy) =0 VxFs=|& £ & |=%@-2)+3@y-y)+2(z~2)=0
Yz TZ TY

So F3 can be written as the gradient of a scalar (Fg = VU3) and as the curl of a vector (F3 = VX A3). In

fact, does the job. For the vector potential, we have

3—3:%1 — % — 2, which suggests A, = 1y?z + f(z,2); 4, ;il-yz2 +9(z,y)
%}1 — 84 = gz, suggesting A; = ;2% + h(z,y); A = —322” +j(y,2)
G — %=1y, so Ay = ;2% + k(y, 2); Az = — 3z’ +l(w )

Putting this all together: | Ag = 1 {z (22 —?) % + y (2% — z2) § + z (y* — 2?) 2} | (again, not unique).

Problem 1.50
(d) = (a): VXF =VX(~VU)=0 (Eq. 1.44 - curl of gradient is always zero).
(a) = (c): §F dl f(VxF) da =0 (Eq. 1.57-Stokes’ theorem).

() = (b): f7,F-di— [P F-dl= [’ F-dl+ [ F-dl=§F-dl=0,s0

b b
/ F~dl:/ F-dl
a ] a Il

(b) = (c): same as (c) = (b), only in reverse; (c) = (a): same as (a)= (c).
Problem 1.51

(d) = (a): V- F=V-(VXxW) =0 (Eq 1.46—divergence of curl is always zero).
(a) = (c): $§F-da= [(V.F)dr =0 (Eq. 1.56—divergence theorem).

()= (b): [[F-da—[,,F-da=¢F-da=0,s0

/F»da:/ F -da.
I Ir

(Note: sign change because for § F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (c) = (b), in reverse; (c)=> (a): same as (a)= (c) .
Problem 1.52
In Prob. 1.15 we found that V-v, = 0; in Prob. 1.18 we found that Vxv, = 0. So
E’C can be written as the gradient of a scalar; v, can be written as the curl of a vector.J

(a) To find ¢
(1) & =y*=>t=y’z+ f(y,2)
(2)% (2zy + 2?) ®
(3) & =2yz
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From (1) & (3) we get 2L = 2yz = f = y22 + g(y) =>t:y23:+y22+g(y), $0 g!% :2my+zz+g§ =
2zy + 22 (from (2)) = gﬁ = 0. We may as well pick g = 0; then
(b) To find W: %—%:zz; Wy _ OW: 3,2y, Wu Wi 94,

Oz Oz 8z By
Pick W, = 0; then

oW, 3
B:z:z = -3zl W,= ——2-a:2z2 + f(y,2)

oW,

—&L_—” = -2zz= W, = —z%2 + ¢(y, 2).
%—%‘L=—g§+x2—g§=z2¢%—g§=0. May as well pick f = g = 0.
W =—z2zy - 322222

£ ¥ 2
Check: VxW=|Z£ £ £ =% (2%) +9 (3z22) + & (~2z2).v
0. —z?z —322;2

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =z23% — 2229,
W = (2zyz + z2%) X + 2%y %;

W =zyzk — 2?29 + 122 (y — 32%) 2.

Probelm 1.53

1 a 2 2 1 6 . 2 1 2 .
o= _— = 6 =2 (-
V.v = 61‘( r cosg)+rsin960 (sinfr? cos ¢) rsin08¢( r* cos @ sin @)
_ L,.3 2 I
= gir’cosf+ ——jcosfr cos¢+rsin0( 72 cos 6 cos ¢)
= 7.?OSH[45int9+cosq$—-cosd)]=41~cos€.
sin§
R x/2 x/2
/(V-v)dr = /(4rcost9)r2sint9drd0d¢=4/r3dr/cosOsinOdt‘)/d¢
0 0 0

1 ™ 4
N{Z)(Z)=|=zR
() (2) (2) 4
Surface consists of four parts:

(1) Curved: da = R*sinfdfd¢®; r=R. v-da= (R?cosf) (R*sinfdfd¢).

n/2 m/2

‘da=R' ; (L) () -’
/v da=R /cost951n€d€/d¢—R (2 (2)_ =
0 0



(2) Left: da=—rdrdf¢; ¢ =0. v-da=(r’cosfsing)(rdrdf)=0. [v-da=0.
3) Back: da=rdrdf¢; ¢ =n/2. v-da= (—r?cosfsing) (rdrdf) = —r3 cosfdr df.

R /2

/v-da:/r3dr/cosBd9=—(%R4> (+1):—%R4.

0
(4) Bottom: da = rsin drd¢0; 6 =7/2. v-da= (r?cos ¢) (rdrdg).

o

n/2

R
/v-da:/rsdr/cos¢d¢=§}2“.
0

[0}

Total:fv-da:TrR4/4+0_%R4+%R4=£R_4. v
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4
Problem 1.54

Xy oz
Vxv=| & & & |=2(b-0a). So [(Vxv)-da=(b—a)rR.
ay bz O ‘

v-dl=(ayx +bz¥) (dzk +dy¥ +dz%) = aydzr + bz dy; 22 +y%? = R? = 2zdz + 2ydy =0,
so dy = —(z/y)dz. So v -dl = aydz + bz(~z/y) dz = ; (ay® — bz?) dz.
a.!Rz—:?!—bz2

«® 3 ] - 2 2 . —
For the “upper” semicircle, y = vVR? —z%,s0v-dl = TRt dx.

—R ' —
/v -dl = k/ %ﬁw = {aR"’sin“l (%) —(a+b) [—g- R? — 2?2 + -}Z—zsin‘1 (—;—;—)]} +:
- %Rz(a — b)sin™(z/R) :: = %Rz(a —b) (sin~!(~1) — sin~!(+1)) = %Rz(a ~b) (-g - g)

= %TrRZ(b—a).

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
§v-dl=nR*b—a). v

Problem 1.55
WVz=2=0dr=dz=0; y:0—=1. v-dl=(y+3zx)dy =ydy.

1 1 )
/v-dl:/ydy:-i.
0 0

(2z=0; 2=2-2y; dz=-2dy; y:1 0. v-dl=(y+3z)dy+6dz=ydy —12dy = (y — 12) dy.

0
/v-dl:/(y—m)dy:—(%—m)=—%+12.
1

3)z=y=0;dr=dy=0; 2:2—20. v-dl=6dz;

0
/v-dlz/b‘dz:—lfl.
2
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Total: §v-dl=1%-1+12-12=[0.] _ ,
Meanwhile, Stokes’ thereom says $ v-dl = [(V Xv)-da. Here da = dydz %, so all we need is’

(VXV), = £-(6) - £(y+3z) =0. Therefore [(VXv)-da=0.V

Problem 1.56
Start at the origin.

(1)0=3%,¢=0;r:021. v-dl=(rcos’d)(dr)=0. [v-dl=0.

. n/2
@) r=1,0=2%6:07/2 v-di=(r)(rsinfdg)=3dg. [v-dl=3 | dp=3r.
0

()qS—",rsm9=y=1,sor—5m9,dr—m—cowde B I
2 -
v.dl = (rcos®8) (dr) — (rcosfsinf)(rdf) = c;i: (ﬁscl(:%) d theta fgssi_i;l;_gdﬁ
cos®d  cosf cosf [cos? 8 +sin’ @ cos @
- (sin30 + sin0) db = " sinf ( sin’ @ ) df = _sinsada'
Therefore
/4 /4
/v-dl—-—/cosgdﬁ— 1 _ 1 1 _1_1_1
- sin®f 2sin?0l,,, 2-(1/2) 2-(1) 2 2
wf2
(4 0=%,¢=%7:v20. v-dl=(rcos?6) (dr) = irdr.
0
/v dl:l/rdr=lr =—-1--2=—1.
2 s 4 2
o)
Total:
3= 1 1 137
fvdl 0+—2—+§—5— > |
Stokes’ theorem says this should equal [(VXv)-da
_ 1 13} 8 171 @ 2 a
VXxv = ey {aa(sm03r) 56 rsm0cost9)]r+ [—5%(7‘003 0)—5;(1'31')
10 . 0
+- [é—r—(—rrcosé)sme)— %(rcos 0)] é
= rsl 8[3rcos€]r+ [ 6r]0 + - [ 2r cos @sin @ + 2r cos O sin 6]
= 3cotfi—60.

(1) Back face: da = ~rdrdf $; (Vxv)-da=0. [(VxvV)-da=0.
(2) Bottom: da = —rsinfdrd¢8; (Vxv)-da=6rsinfdrdg. 6 = 2,50 (VXv)-da=6rdrd¢

1 /2

1 m 3«
/(VXV)-da—/Grdr/d¢_6.§._2___5__ v
0 0
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Problem 1.57
v-dl=ydz.

(1) Left side: z =a —x; dz = —dx; y=0. Therefore [v-dl=0.
(2) Bottom: dz =0. Therefore [ v-dl=0.

0
1y
)

- =[]
= =1a”.

: 0
(3) Back: z=a— }y; dz=-1/2dy; y:2a = 0. fv~d1=fy(——-21-d)

Nlr—‘

24

Meanwhile, VXv =%, so [(V xv) - da is the projection of this surface on the zy plane = 2 -a-2a=a? v
Problem 1.58

10, 19 19
Vv o= S5 (r*r*sin6) + R (sin@4r? cos§) + 7099 (r? ta.n0)
- Y,s __}___2 29 _ 2y = AT 29 2
= Firsind+ ——dr (cos® 6 — sin®§) = e (sm 6 + cos” 8 — sin” §)
cos® §
= 4 sinf

R n/6 2
. w/6
/(V-v)dr = /(4 c‘)lsg) (r2 sin 0 dr df d) :/4r3dr/c0529d0/d¢= (RY) (2r) [g+ 5"229]
0 0 0

0
o 4
= 21rR4< sm60 ) = cia (7r+3§> = !1%4 (27 + 3V/3).

12 4 6

. Surface consists of two parts:

(1) Theicecream: v =R; ¢:0 — 2m; §:0 — n/6; da = R?sin0df dét; v-da = (R?sin@) (R?sinfdf dp) =
R*sin?0dfd¢.

n/6

2w
n/6
da =R [ sin?0di _ (Rt Lo L —orrt (F 1L _ R v3
/vda—R /sm 9d9/d¢—(R)(27r)[2¢9 4sm290 = 27R D 4sm60 5 ™ -3
0 ,

0

(2) The cone: 6=%; ¢:0~ 2m; r:0— R, da =rsinfdgdrd = Lrdrds6; v-da=+3rddrdp
/v da—\/_/r dr/dd) V3 — 21r—\/2§1rR4.

Thereforefv-da:lgﬁ(g—%-§+\/§) (21r+3\/_) v

Problem 1.59 _ 2
(a) Corollary 2 says §(VT)-dl = 0. Stokes’ theorem says §(VT)-dl = [[V x(VT)]-da. So [[Vx(VT)]-da =0,
and since this is true for any surface, the integrand must vanish: V x(VT) = 0, confirming Eq. 1.44.
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(b) Corollary 2 says §(V x v)-da = 0. Divergence theorem says §(V xv)-da = [ V-(VXxv)dr.So [ V-(Vxv)dr
= 0, and since this is true for any volume, the integrand must vanish: V(¥ xv) = 0, confirming Eq. 1.46.
Problem 1.60 ‘

(a) Divergence theorem: §v -da = [(V-v)dr. Let v = cT, where c is a constant vector. Using product
rule #5 in front cover: V.v = V+(cT) = T(V:c)+c:(VT). But c is constant so V-c = 0. Therefore we have:
Jc-(VT)dr = [Tc- da. Since c is constant, take it outside the integrals: ¢- [ VI'dr =c- [T da. But c
is any constant vector—in particular, it could be be %, or ¥, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTdT:/Tda. qed

(b) Let v = (v x c) in divergence theorem. Then [ V-(v x c¢)dr = [(v x c) - da. Product rule #6 =>
V. (vxe)=c-(VXxv)=—v-(Vxc)=c-(VXvV). (Note: VXec =0, since ¢ is constant.) Meanwhile vector
identity (1) saysda- (v xc) =c-(dax v) = —c- (v x da). Thus [c- (VXV)dr =~ [c- (v x da). Take ¢
outside, and again let ¢ be %X, ¥, Z then:

/(VXV)dT::—/vxda. qed

(c) Let v = TVU in divergence theorem: [ V-(I'VU)dr = [TVU-da. Product rule #(5) = V-(TVU) =
TV-(VU) + (VU) - (VT) = TV2U + (VU) - (VT). Therefore

/ (TV2U + (VU) - (VT)) dr = / (TVU)-da. qed

(d) Rewrite (¢) with T «» U : [ (UV?T + (VT)-(VU)) dr = [(UVT)-da. Subtract this from (c), noting
that the (VU) - (VT) terms cancel:

/ (TV2U - UVT) dr = / (TVU -~ UVT)-da. qed
(e) Stoke’s theorem: [(Vxv)-da=§v-dl Let v =cT. By Product Rule #(7): Vx(cT) = T(V Xc) —

¢ x (VT) = —c x (VT) (since c is constant). Therefore, — f(c x (VT))-da = § Tc-dl. Use vector indentity
#1 to rewrite the first term (¢ x (VT))-da=c¢-(VT xda). So — [c- (VT xda) = §c-Tdl. Pull c outside,

and let ¢ — %, ¥, and 2 to prove:
/VTxda:-—?{le. qed
Problem 1.61

(a) da = R?sin 8 dd d¢ . Let the surface be the northern hemisphere. The % and ¥ components clearly integrate
to zero, and the Z component of t is cosf, so

/2

' T e 2
a = /R2sin0c056d9d¢2=27rR22/ sin @ cos§df = 2rR? 350 7
0

n/2
=|rR?%.
0

(b) Let T = 1 in Prob. 1.60(a). Then VT =0,s0 §da =0.  qed.

(c) This follows from (b). For suppose a; # az; then if you put them together to make a closed surface,
fda:al - a 7’-‘0

(d) For one such triangle, da = }(r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a = % $rxdl
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(e) Let T = c-r, and use prdduct rule #4: VT = V(c-r) = ¢ x (Vxr) + (¢- V)r. But VXr = 0, and
(c-V)r= (cz% +cy-§—y +cza%)(:vi tyy=z2)=c:X+cyy+c.i= c. So Prob. 1.60(e) says

del:f(c-r)dl:—/(VT)xda:—/cxda:—cx/da:—cxa:axc. qed

Problem 1.62
(1)

1 190
(7'2 ';) = ”-737(7‘): 1—'1!-.

Pl

1
V-V:;;

For a sphere of radius R:
fv-da = [(%F)-(R?sin0dfd¢t) =R [sin6dfd¢ = 4rR.

1

R R So divergence
J(Vvydr = [(%) (r’sinfdrdfdg) = (f dr) ([sinfdfdp) = 4nR. [ theorem checks.
0

Evidently there is no delta function at the origin.

18 .. 18, 1 . —
VX (" 8) = 5o (P717) = 55 () = 5+ 9 ={(n 4+ 2

(except for n = ~2, for which we already know (Eq. 1.99) that the divergence is 4né%(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives

To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.60(b): If VX(r"f) = 0, then [(VXv)dr = 0 L ~¢vxda. But v = r*f and da =

R?sinf df dp+ are both in the # directions, so v x da = 0. v/




Chapter 2

Electrostatics

Problem 2.1

(2)

_ 1 qQ
(b) F—47reo r2’

Ezplanation: by superposition, this is equivalent to (a), with an extra —¢q at 6 o’clock—since the force of all
twelve is zero, the net force is that of —¢g only.

(©)

1 qQ
(d) ?471'6_0 2’

a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired g
doing the job, then you’ll need a different explanation for (d). '
Problem 2.2 B

where r is the distance from center to each numeral. F points toward the missing q.

pointing toward the missing ¢g. Same reason as (b). Note, however, that if you explained (b) as

(2) “Horizontal” components cancel. Net vertical field is: E; = 57—25% cosé.

: 1 29z g
Here¢2=z2+(%)2-c039=§ so|E = Z. 2
; ’ 2,372 z
e (2 + (£))
>
When z 3> d you’re so far away it just looks like a single charge 2¢; the field 9 % I % q
should reduce to E = 47360 %‘% Z. And it does (just set d — 0 in the formula).
(b) This time the “vertical” components cancel, leaving E
E = 7-2%sin6%, or , /8
1 qd % z
- 4 dy2y3/2 7 :
Teo (22 + (-f) ) q ._'q z

From far away, (z > d), the field goes like E ~ 4‘7::_0%? 2, which, as we shall see, is the field of a dipole. (If we
set d = 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge
from far away, the net charge is zero, so E — 0.)

22



23

Problem 2.3

L -
E, = = Jy 3% cost; (0® = 2% + 1% cosb = )
= 41rco fo z+32)37 7dz
L
— = 1 1A L
dq = Az —  4weg Az [7 ;7;34.35] = 41rco z V22 +L2"
— 1L ,\d . d
L Ez — T Iweo JO = Slne - 41re° ety f 2:_22?)37
T = =L aj-—1 g =1 )]|i_ 1
4meg W 0 dmep z m :

1 A z L
=—= -1+ = | X+ | == ] Z] .
4meg z [( \/z2+L2) (VZ2+L2> }
For z > L you expect it to look like a point charge ¢ = AL: E — 41:60 ?Ii It checks, for with z > L the %
term — 0, and the Z term — 4"1‘0 2Ly,
Problem 2.4

From Ex. 2.1, with L — § and z = /2% + (%)2 (distance from center of edge to P), field of one edge is:

E

1 Aa
47r€°\/z2+543 z2+943+“72'

There are 4 sides, and we want vertical components only, so multiply by 4 cos§ = 47=== :

E, =

2242
1 4haz .
= Z.
dmeo (22+2) 22+ 2
Problem 2.5
\ “Horizontal” components cancel, leaving: E = 4MO {f3% 24 cosf} 3.

Here, 4% = r? + 2%, cosf = £ (both constants), while fdl = 2rr. So

1 A(2nr)z
"~ dmeg (r? + 22)3/2

Problem 2.6
Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total
charge of a ring is 0 - 27 - dr = X - 277, s0 A = odr is the “line charge” of each ring.

1 (odr)2rnrz 1 R T
ing = ke = — T _ar
Ering = dmeo (12 + 22)3/2» Eaisie pr— 210z /0 e r

Eioke = ——2107 |~ L |;
disk = 4dreq oz = F_R2+Z2 :
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o~ o
For R >> z the second term — 0, s0 Epjane = 1#3271'02 =52
€0

-1/2 ,

_ R? ~ 1R? ~1l 1 R? _ R?

Forz» R g =1 (14 %) T nl(1-4%), so(lni-1+i% = 5
and E = L 2mRle — _1 &, where @ = TR%. v

4meg 22 — 4mep

Problem 2.7 z

E is clearly in the z direction. From the diagram,
dq = oda = o R?sin 0 df d¢,
2?2 = R? + 22 — 2Rz cos#,
_ 2—Rcosd
costh = EF=TE0RE,

So

1 /’ oR?sin0df dg(z — Rcos )

= 2r.
(R? + 22 — 2Rz cos 6)3/2 Jap =2

- 47r£0

= L(27rRzU) /" (2 — Reosf)sinf df Letu—cost?-zdu— —sinf déd; 0=0=u=+]
47 o (R?+2%2—2Rzcosf)3/2 " - ’ - ’ =rt=>u=-1 [~

1 1 -
= 47eo (2 R*0) /_ N ; —];T;lzu)3 73 du. Integral can be done by partial fractions—or look it up.
_ L nprgy (Lo e R ) L 2R (oK) (cz-R)]
4req 22 /RZF¥ 22 “9Rzu _, Ame 22 |z - R| 2+ R|
i rR30 __ _ 1 q .
For z > R (outside the sphere), E, = 4ﬂlm 4 Ro - 4;{0 4. 50|E= s N

For z < R (inside), E, = 0, so
Problem 2.8

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

1 Qint -
E(r) = — ,
(r) 4mweg 12 T ‘
where Qin¢ is the total charge interior to the point. Qutside the sphere, all the charge is interior, so
1 Q.
= — f.
4mep 72

Inside the sphere, only that fraction of the total which is interior to the point counts:

4,..3 3 3
NN AP 1 rol. | 1 e
Qine = %wR"Q_ R3Q’ so B = 4reg R3Qr2r_ 4meg T

Problem 2.9

() p=e V-E=€ 3 (r? - kr®) = e k(5r) =



- (b) By Gauss’s law: Qenc = €0 § E - da = €o(kR’)(47R?) =

By direct integration: Qenc = [pdr = fOR(Seokrz)(Ll‘/rrzdr) = 20meok fOR ridr = dwegkR.v
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Problem 2.10

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface
of this larger cube gets the same flux as every other one, so:

1
fE-da_ﬁ /E-da.

one
face

The latter is iq, by Gauss’s law. Therefore

whole
large
cube

one -
face

/E-dé:

a2
2460.

Problem 2.11

Gaussian surface: Inside: § E-da = E(4n7?) = +Qenc =0 =
ocR?

—— Gaussian surface: Qutside: E(4nr?) = %(a47rR2) = > F.
(1A

E=

} (As in Prob. 2.7.)

Problem 2.12 ‘

(D

Gaussian surface

fE-da:E-47rr2::—ernc:

Since Qtot

14

€0 3

1
360

E = _—prt.

%nRzp, E=

1

4meg

nr3p. So

£t (as in Prob. 2.8).

Problem 2.13
Gaussian surface

N
0

l

fE-da:E'fZ?rs-l:%Qenc:%)\l. So

A
_-2W€0$

5 | (same as Ex. 2.1).

Problem 2.14

Gaussian surface §E.da = E -dnr® = :—OQenc
=L kdr [[ FPdr =

4rk
€0

1
- 4W€0

wkr?t.

1

€o

r
1

fpdr =
= Zkpd
)

1

€0

J(k7)(7% sin 6 dF df d¢)
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P_roblem 2.15

(i) Qenc =0, s0

(ii) § E-da = E(4nr?) = LQenc = - [pdr = L [ £ 72sin6drdod phi

oV,

. k [r—a).
ST TR R (L B B

Cleenmesonconncanans.

Problem 2.16

i pPs .
19 E = —8S.
2€0S

(i) @) ) O:)*—— Gaussian surface fE -da=FE-2ns- l = iQenc = épﬂ’szl;

\ TN\~ Gaussian surface
(ii) ) i_) ) §E-da=E-2rs 1= Qenc = pma’l;
pa’
/ —Z__/ E=—3s
t 2€p8
RN

\ s \ <+— Gaussian surface '
(lli) ()) A ) fE'da:E'27|’S'l: éQenczO;
“ ' -

I ‘ IEI-_

|
J
]
I
L
a b s

Problem 2.17

On the z z plane F = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane and the
other at y.

Gaussian pillbox JE:da=FE-A= LQenc = Ayp;

: E-= -p—yy (for |y| < d).
0 :

—>y<—
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Qenc = ;s Adp = |E = édy (for y > d).
E
2d
g - d
—d H .
: d Y

Problem 2.18
From Prob. 2.12; the field inside the positive sphere is E; = §%r+, where r; is the vector from the positive
center to the point in question. Likewise, the field of the negative sphere is —z2-r_. So the total field is

E= ggg(m, -r.) LN
l‘+f ;
d

B
’ +

But (see diagram) ry ~r_ =d. So

Problem 2.19
2 1
Zodr = ——
,/»pzp 4 4meg

=0 (since VX (%) = 0, from Prob. 1.62).

[ X (—:—)] pdr (since p depends on r', not r)

VXE = —LVX
4W60

Problem 2.20

X Yy z
(1) VXE1 =k|& & £ |=kX0-2y)+§(0-32)+20-2)]#0,
Ty 2yz 32z

so B, is an impossible electrostatic field.

% ¥y Z _
(2) VXEy = k& > 2| =k[x(2z-22) +y(0 - 0) + 3(2y — 2y)] = 0,
y? 2zy+ 22 2z .
vz

so E; is a possible electrostatic field.

Let’s go by the indicated path:
E.dl = (y?*dz + (2zy + 2%)dy + 2yzdz2)k R(zo, Y0, 20)
Step I y=z = 0; dy = dz = 0. E - dl = ky? dz = 0. -
Step II: x = 29, y: 0 = yg, 2= 0. dz =dz = 0. I y
E - dl = k(2zy + 2%)dy = 2kzoy dy. :
I

J1p B dl = 2kz [° y dy = kzoyd.
Step IIl: t =zp, y =90, 2: 0 > 205 dz =dy =0. z
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E - dl = 2kyzdz = 2kyez dz.
S E-dl= 2y0kfoz° zdz = kyoz.

(z0,%0,20)

V(zo,y0,20) = — f E - dl = —k(zoyd + y023), or | V(z,y,2) = —k(zy® + y2?).

Check: —VV=k[£ (xy?+y2?) 2+ & (2y+y2?) 9+ & (ey?+y2?) &]=k[y? R+(2zy+27) §+2yz 8]=E. V'
Problem 2.21

Outside the sphere (r > R)y: E= 4,3(0 L.
Vir)=-[_E-dl
Inside the sphere (r < R): E = g7—#srf.
SUN O B LS I
So for r > R: V(r) = — [ (4m° )dr_ 4”‘°q(F)oo— i

and forr < R: V(r) = f (4”60 )d?_ ;(r;;hqgf)d,:zﬂq;[%_ﬁlg(r_’_gﬂi)]

4meg Or 4meo 4mep T
g 2\a_ _q 1 2r\ s q _ — a
Whenr < R, VV = eoﬁ—r (3—%7)1'- 4”0ﬁ(—ﬁ§)r——4no}z 550 E=-VV = hso—%rr.\/
Problem 2.22
E = -225 (Prob. 2.13). In this case we cannot set the reference point at 0o, since the charge itself

extends to o0o. Let’s set it at s = a. Then

V(s)=—~[’ (41150 2 ) ds = —21—2)\In (2—) .

TEQ

(In this form it is clear why a = 0o would be no good—likewise the other “natural” point, a = 0.)
VV =—-22Z (In(2))s= -2 2)\18=-E.v
Problem 2.23

VO) = ~ LB -dt = - [0 (5 dr - [ (ECE)dr - [JO)dr = EC — E(n(§) +a (i - 1)
b
—t-g-m(g -1 g =| S (D).

€0

47r60

Problem 2.24
Using Eq. 2.22 and the fields from Prob. 2.16:

V) -V(0) =~ [PE-dl=~ [{E-dl- [CE-dl =~ [*sds— £ [ Lds

260 Ja s
b PG b
= (&) [+ g msl = -2 (142m (2)).

Problem 2.25

(a) V=47:6 29 .
V)
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Ad = i
( 41I’€o f— z -:3 41r€o ln x + 22 +$2 l

2 2
| A | EEVEEL In (L6/ZEE)
dmeo | -L+ V22 + L2 meo z

N
b - e - - e - - -

©V = g Iy % = ghtmo (TFA = | = (VR - 2).

2¢0
In each case, by symmetry %% =8 =0. ~E=-%3.
(8) E= -k 2g(-}) 2 pnd=] 292 | (agrees with Prob. 2.2a),
@) Ao (22 4 ()
(b)E= _Ztho_ {(L+\/;3+L2) % \/z’l+L22 (- L+\/1z2+L2) ; \/z’+L2 22}
-~ 7 | S = j::, ﬁ # | (agrees with Ex. 2.1).

- g z ” .
(C) E = 260 {2 WZZ } z = 260 [1 d —}-z\/_ﬁ———z_?] Z (agrees with Prob. 26)

If the right-hand charge in (a) is —gq, then , which, naively, suggests E = —VV = 0, in contradiction
with the answer to Prob. 2.2b. The pomt is that we only know V' on the z aris, and from this we cannot
hope to compute E, = —g— or E, = ———5— That was OK in part (a), because we knew from symmetry that
E; = Ey = 0. But now E points in the dlrectlon so knowing V on the z axis is insufficient to determine E.

Problem 2.26 1 Vah /o 5 ; L
Vi) = —— (a 1rr) g o 2o (V3h) = <_T__.
0

dmeg 2 4meq \/_ 2¢9
(where r = 2/V/?)

V2h
V(b) — __1__ (0’2—7|'7') d/[,, where 5 = h2 +¢2 _ \/ihﬂ«.
0

4meg i

270 1 v2h 2

=2 a
dreov2Jo VR 422 - V2m
7_ [ Vot + inay/ Vo v i)
= h? 422 — V2ha + —In(2\/ h2 + 22 — V2 + 22 — 2h]
2\/—2-60[ > \/En( > )

[ln 2h+\/_ 2h) — In(2h— V2. h)]

A PN VAR — h— P nan-
= 575 [h+ \/iln(2h+2\/2_h V2h) — h ﬁln(2h \@h)}

_oh (2+V2\ _oh [(2+v2)?) _
ghn(E0) () v,

2\/560 \/—

Av() -Vb) = ;’—:g [1 ~In(1+ \/5)} .
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Problem 2.27

L
Cut the cylinder into slabs, as shown in the figure, and V= 7 ~
use result of Prob. 2.25¢, with z — z and o — pdz: -% \ \\ \
VZE% f (\/R2+z2—.’1:)d:c \
z2—L/2 =N
= &3 [zVR? + 2% + R*In(z + VRT+2?) —z ]Etig T dz

- z%{(Z+£2")\/R2+(z+!§')2—(z—%)\/R2+(z—~§)2+}12ln{‘izi :::E'tgi]—zzl,}

(Note: —(z+§)2+(Z—%)Zz—zz—zL—L—ﬁ+z2—zL+L—2=—2zL.)

E:~VV:—~z— {” z+ ,_.._._.___.._Rz y VRQ z—— ,___________Rz _

2+ L
+R2[ ;;R2+(z+ 1+ ;;R2+(z-— ? J 2L}
z+L+/R2+ z+§ z—£+\/R2+ %

1
\/R‘2+(z+§)2 \/R2+ z— L

Problem 2.28

Orient axes so P is on z axis.

. — 2 .
V= fgd‘r. Here p is constant, d7 = r* sin § dr df d¢, z
41'reo 2 2= z2 + 12 - 2rzcosé. "
r2sinfdrdfdgy . 27 _
- 4‘11'50 22+7r2—32rzcosf ® fo d = 2m.
0 2 7 _ T_ 1 2 2 ) 2
Ir 'ﬁi&ﬁ' L (VP +22 = 2rzcosb) |, = & (VPP + 22 + 2rz — V12 + 2% - 2r2)

2/z ,ifr < z,
:TI_Z(T+Z_IT_ZI)={ 2§r,ifr>z. }
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4reo

z R )
= tpama{ [irtars firtard < £ (18 0222} (- 5).

2
q z z . _ q T
But p= IxR% so V(z) = m—g—H:R (Rz“"‘g—) = ﬁgﬁ (3——1—2«;), Vir) = Sreoll (3—-R—2~) v

Problem 2.29

[p(r')(V?})dr (since p is a function of r, not r)

V'ZV = 41r(o v2f( )dT =
= g JP() 48 — )] dr = =5 p(r).
Problem 2.30.

1
47!'(0

(a) Ex. 2.4: Eavove = 57,1; Epelow = — 57,11 (fi always pointing up); Eavove — Evelow = Z11. v/

2¢0

CEx. 2.5: At each surface, E = 0 one side and E = -e‘—;- other side, so AE = 203 v

Prob. 2.11: Eout = —;—Rr;f' = %f'; Ein = O’ so AE = %f- v

(b) O l lR) Outside: §E - da = E(2ns)l = L Qenc = L(2nR)l = E = £ 85 = =5 (at surface).

Inside: Qenc =0,50 E=0. . AE = Z3.V
l

(€) Vout = for = R" (at surface); Via = £2

;80 Vour = Vin. v/

v, R3g o 8V av, v o
2¥out — . = -2 . in — () - out . —
or T T el T e (at surface); 5 = 0380 52 T T v

Problem 2.31

— i - q = — q 1
(a) V= 47"€0 ;‘q: 47r£o {_a.q- + V2a + —Ell} — 4meoa (—2+ 75) .
2

2 ! (1) (4)

. W = V =] —2 —= . ) Y

4 7 47l'€00. ( + ﬁ) ’ — +

.+ T

—a2 2 2 o
() W =0, W = g3 () W = el (= £)s W = oo () @) @

tot Ireo { 1 + ‘/_ 2+ ‘/_} = l 2 Qa ( + \/‘_> .
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Problem 2.32
(a) W = § [pVdr. From Prob. 2.21 (or Prob. 2.28): V = 5{—0 (R2 - 533) = 41560 3R

178
R2 5

qp

Wiy L q/'R ™\ gmr?d
= —fp——— r = 1
2’42k )y °TR? "= TR

1 3q
- 41r60 5R

_ 90 p2
—560R

_ 1R g
- 560 %ﬂRs

3
]
[3? B

B o
— 3
0 - 460R (R

(b) W = 2 [E%dr. Outside (r > R) E = 4”0 &% ; Inside (r <R)E = 41“0 o eTE

_¢ 1 & *®1 , /’R T \2 2

= Y 4
=3 (41r€0)2 {/R r4(r dmdr) + A (R3) (4nr dr)
R D A0 AT e 6 Y i QR Y 6 S S DU W ')

dres 2 e TE\F )|, (T2 \R"5E) T trq5 R’

(c) W = £{ §sVE-da+ [, E%dr}, where V is large enough to enclose all the charge, but otherwise
arbitrary. Let’s use a sphere of radius a > R. Here V = ; ﬂlm 1

q)r sm0d9d¢+/
0

_& 1 9 (1 q 2 2
{ 41reo r 41reo Edr + /,; (41reo r2) (4mrdr)

P odr 1 (1))

(47r€o)2 (4meg)? 5B (4 ) /iR
1 g2 (1 1 1 1 1 3
s “trRT ot - 13¢
47!'602 5R, a R 4meo 5 R’

2
As a — o0, the.contribution from the surface integral ( g—) goes to zero, while the volume integral

2 .
(4—,-5;%,;(5%‘; - 1)) picks up the slack.

Problem 2.33

dweg

1\ g
dW =dqV =dq (—7—;;) ;!_, (g = charge on sphere of radius r).

4me
di 7 — 3, ré — 1
/ §=3mp =05 (g = total charge on sphere).
anr? 3q
— 2 — r2
dj = 4nrdrp = % Wqudr R3 dr.
1 qr 3q , 1 3q o
dw = 4req (R3> (R3 dr ~ 4reo R6 dr
1 3q2 R 4

__L 3R _ 1 (3¢
47!'60 R6 5 4‘1r60 5R )




Problem 2.34

(a) W=% [E*dr. E =% (a<r <b), zero elsewhere.

47r€o

. 2 4 ¢ /1 1
W=-z“(:535) Jo (&) amrrdr = 5 [0 = ——(——g>~

87!‘60 a

(b) Wi = Wo=gt%, E1=%f(>a), E, 4m~}§f~(r>b). So

33

81reo a’ 81reo b
E1 By = (4,“0) —3— (r > b), and hence [E; - Epdr = ( e0) 2fb°° Ldmrldr = —47:05-
Mot—Wl+W2+€0fE1 E2dT—smq ( +b ) 81r250 (%_ )
Problem 2.35
-9 . _ -9 _ _ 9
(@) | TR = gr Rz %0 = rgz s 90 = T
_ — _ _ 1 0= | (1,2 ¢
(®) V(O) = = [LE-dl =~ [_ (sl &)dr = [ O)dr = [ (g &)dr = [q0)dr =| o= (F+ 5 - 2).

(c) m (the charge “drains off”); V(0) = — [ (0)dr — f (g7 %)dr — fg(O)dr =

Problem 2.36

(a) o =._.._.q_a..~ Ved =_.._qb_- O‘qua'+qb
¢ 4ra?’ || 4mh?’ dnR? ’
1 qg+aq .
(b) | Eout = 5—————F, | where r = vector from center of large sphere.
4dreg T .
(c)|Ea = ! % fo, Ep= 1 2 B |wherer (rp) is the vector from center of cavity a (b)
. 41r€0 7'2 a b — 47['60 T'? by a y .

()

(e) or changes (but not g4 or gp); Eoutside changes (but not E, or E,;); force on g, and gj still zero.

Problem 2.37
Between the plates, E = 0; outside the plates E = o/eg = Q/€pA. So

SgEz_CO Q2 Q2

P= 27 T 24?7 |2¢A%

Problem 2.38
Inside, E_ 0 outside, E = 9 ¢ s0

47re r2 5

Eave = 2gi- % 85 fo = 0(Bave)si 0 = 557
F, = [f.da= f(33%2)1 (2 5%) cos8 R?sing df dg

47eo

2
2 . w/2 2 »
= Ti;(ﬁﬁ)zzﬂ’fo sinf cosfdf = (%) (% SlIl2 0) 0 = -2‘-1;—0(49}7) = mﬁ-{;—.
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Problem 2.39
Say the charge on the inner cylinder is @, for a length L. The field is given by Gauss’s law:
JE-da=FE -2ns-L= ngnc = clo Q=>E= ﬁf §. Potential differénce between the cylinders is

V(b)—v(a)=—/abE-d1_ moL/l = 2W60L1n(9>.

As set up here, a is at the higher potential, so V = V(a) - V()= iﬁo—L In (g)

2mweg

In(2)

C= %,2 = ﬁﬂ%’ so capacitance per unit length is

Problem 2.40

(a) W = (force) x (distance) = (pressure) x (area) x (distance) = %Eer.

b) W = (energy per unit volume)Xx(decrease in volume) = €02 ) (Ae). Same as (a), confirming that the
2

energy lost is equal to the work done.

Problem 2.41

From Prob. 2.4, the field at height z above the center of a square loop (side a) is

1 4Alaz 2
dmeo (22 + ‘f) 22+ & 2 .

Here A — o 2 (see figure), and we integrate over a from 0 to a:

I,

<—-—-—--a+a-——-——-—>

d 2
ada Letu:a—,soada=2du.

a
E = —20’2/ .
471'60 0 (22+ %) ,2'2 + 223 4
2 a?/4
1 4 /“ /4 - du oz Qtan_l Vou + 22
= oz =— |- —_—
dmeg 0 (u+22)V2u+ 22 7e |2 . z o

ja2 4 2
-2 {tam_1 (——2—+———) - tan_l(l)};

z

a — co (infinite plane): E = 2Z [tan™!(c0) = ] = 22 (5 - ) = % v

mEQ

2 > a (point charge): Let f(z) =tan!'y/1+7z - 2, and expand as a Taylor series:

(@) = £(0) + 2f'(0) + %ﬁfﬂ(o) e
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1

\Heref(O):tan"l(l)—%=—}—%=0;f(a:) T(l—_m27==== m SOf(O) e

f(z)=§x+()a:2+()a:3+-~-

. a? __ ~ 20 (14 _ 1 _ega® _ 1
Thus (since 5o =2 K1), ER 7= (157 ) S mrey 57 = g ¥

Problem 2.42

1.0 1 0 (Bsinfcosg
p:eOV-E=eo{ r2 6r ( )+rsin958< r >}

1 1 Bsin®8 . €0 .
€0 L—z +rsin9 - (—smd))}— ﬁ(A—Bsmd)).

Problem 2.43
From Prob. 2.12, the field inside a uniformly charged sphere is: E = 41" %r. So the force per unit volume

isf=pE = (—4%) (Eei%)r = %(4—1%3)21‘, and the force in the z direction on dr is:

3

e 3( QY 2.
dF, = f,dr = ” (47rR3> rcos8(r” sinf dr df d¢).

The total force on the “northern” hemisphere is:

3 ) 27
F, = /fzdr: = (47rR3> / / cosesmedo/o dé
3 Rt sin? 9|/ 3Q?
T a (4«1%3) ( ) ( ) () =

0 647‘(’60 R? ’

Problem 2.44

o 1 o 1 o ocR
center = - =7 da = ——(2 )= —
te 4meg /,Lda 4reg R @ 4meg R( R 2¢g
d 2w R? sin 8 df "
1 g a = 27w R*sin
Voole = —— | —d ith ’
pole = o /a @ {2 = R?+ R? — 2R? cos § = 2R*(1 ~ cos). R
1 of 27rR2) sin 8 df R m/2
_ = 2v/1 = cosf
4Teg / VI=cosh 2v2¢ ( cos6) 0
R oR
=R gk . Voole— Veenter = V2-1
\/560 ( ) \/-2-60 pole ente 2¢0 ( )

Problem 2.45
First let’s determine the electric field inside and outside the sphere, using Gauss’s law:

Pt fmht (< B),
€90 fE .da= 6047TT2E = Qenc = /PdT = ‘/(k"_‘)"72 sin 6 dF df d¢= 47TkA Fsdf = {:k;‘i g" i R;



36 CHAPTER 2. ELECTROSTATICS

So E = £rf (r < R); E——“r £ (r > R).

Method I:

R 2\ 2 oo 4\ 2
W = E 4 —_ + &
/ dr (Eq. 2.45) = 2 ( 1 0) anridr + 3 /R ( de? ) daridr

2 R 00 2 (pT 0 2 7
dr— | — dr+ R d —<—+ R —= = — [ —
) (460) {/; roer+ R 860 7 + T/r 8¢ \ 7 +R
wk?R7
760 )

I

Method II:

= l/pV dr (Eq. 2.43).

R 4 r 2

kR kr k 1

2 == — [ (3= )dr=-=3R (-2

orr< R, V(r)= /E dl / (4601‘2) dr /H (460)dr o {R ( r)

k r® R® k g 1°
—‘a(‘ﬂ ?‘?)—3—5(3 ‘z)'
k . mk? [(Ry .. 1,
2/ (kT‘ ["3—( )]471’ dT—EO—/O (R’I"—ZT dr

_ 2nk? {Rslj_“__i_RT}_ Tk?R" (_(i)___wk2R7“/

3eo 4 - 2-3¢p \ 7 - Teo

R
r3
+ —

r
3R}

o0

Problem 2.46

—Ar _ —Ar __ ,=Ar A
Ex-Ve-ad () eo o a{TENTT 2 o he 142 L
or r2

T r2

p=c V-E=cA{e 1+ M) Ve (&) + 5 -V (e (1+Ar)}. But V- (&) = 476%(r) (Eq. 1.99), and
e (14 Ar)é(r) = 63(r) (Eq. 1.88). Meanwhlle
V(e 1+ ) =& (e (1 +Ar)) =& {=Ae™ (1 + Ar) + e7MA} = #(—A?re™>").

2
So & -V (e (1 +Ar)) = =2 and|p = A {4%63(r) - '\Te""] .

: —AT oo
Q= / pdr = eoA-{47r / 83(r)dr — N? / -E—r—47rr2dr} = €A (41r - X247 / re"\'dr) .
. . 0

But fo re~2dr = -—A , 80 Q = 4mweg A (1 - ) =
Problem 2.47

(a) Potential of +Ais V. =
Potential of =X\ is V_ = +

2,“0 In (2£), where s is distance from A, (Prob. 2.22).

)
In (£=), where s_ is distance from A

27reo



. Total |V = —/\- In <s_) .

N 27eg :9:
Now s4 = /(y —a)? + 2%, and s_ = \/(y + a)% + 22, s0
. z A (y +a)? + 22 ¥
— A (yta)?+z2 ) _ ] i -
V(z,y,2) Treg 1 V(y—a)2+22 d7eg n (y—a)? + 22

(b) Equipotentials are given by g—f{:—%;%i = (7«0 Vo/A) = k = constant. That is:
Y +2ay+a?+22 =k(y? —2ay+a’+22) = y2 (k- 1) +22(k—1)+a*(k—1)—2ay(k+1) =0, or
y2 + 2% +a% - 2ay (:_i}) = 0. The equation for a circle, with center at (yo,0) and radius R, is
(y —yo)? + 2% = R%, or y* + 2° + (y§ — R®) — 2yyo = 0.

Evidently the equipotentials are circles, with yo = a (%) and

2 2 2
2 2 2 __ 2 2 _ 2 {k+1 2 _ o (k*+2k+1—k242k—1) __ o 4k
vo-R=R=y-a=a (k—f—l) - a? = PUEREEEEE < @t or

a2
R= % ; or, in terms of Vj:

37

e47‘reoV0/A + 1 627"50‘/0/’\ -+ 8_27"50‘/0/’\ 27(60‘/0
Y0 = ae4,,50v0/,\ -1 = ae27reoVo/,\ — e—2meoVo/A =|acoth ( /\ ) )
emm,vo/,\ 2 a 2megVp
R= 2ae41reoV0/A -1 = a(821r(0V0/)\ — e—21reoV0/z\) = sinh (.2_’5_55‘0.!(1) =|acsch ( A ) ’
z
LN
=~ X Yo Y
Problem 2.48
da*v 1
2y, — _p - = =
(a) V3V = £ (Eq. 2.24), so ol GOP-
2V
(b) qV:%mv2-—-) v= q_~
m Ed

(c) dg = Apdz ; %% = ap‘;—f = (constant). (Note: p, hence also I, is negative.)
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d2V — _1 I _ I sz_ —1/2 : _ I/
(d) dz _—a;p TewAr T T @A 2(1V:> dz? —ﬂv / ’Whereﬂ_—eoA ;_T(;_.

(Note: I is negative, so 8 is positive; q is positive.)

(e) Multiply by V' = ¢~ :

1
V"fiV 1% 128V :>/V’dV’ ﬁ/ V1247 = v2 28V1Y/? + constant.

But V(O) V'(0) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and

= %‘;— =2\/BVY4 5 VGV = 2\/Bdx;

/V—l/4 dv = 2\/5/,13; = §V3/4 = 2y/B z + constant.

V2 =4pvi/?

But V(0) = 0, so this constant is also zero.

‘V3/4—§\/E:z: soV(z)= §\/ﬁ 4/32:4/3 or V(z) = gﬂ 2/3:1:“/3 81%m ) /? 4/3
T aViT ~\2 ’ ~\1 32eAzg) T

z 4/3
Interms of Vy (instead of I): {V(z) = Vo (—-) (see graph).

d
Without space-charge, V would increase linearly: V(z) =V, (3). 1Z
d2V 1 4 1 2 4ea Vi Vb ..............................
= gt = oV — - —p—2/3 | __ZE0Y0
p= =gy =~y 3T 9(d2z)?/3 -

_ [2q _ z\2/3 <
v= VW = | Vadh/m (3) "

1/3 . ]
() V(d) = Vo= (Sh.) a0 = Vg = Spdp; 1 = Ry

AT s3)2 _ pris3/2 _ 4eA
—g—}i—daﬁv = KV,"?, where | K = <%

Problem 2.49

_ 1 P" -2/
(a) | E = dmey | 22 (1 + A) dr.

(b) The field of a point charge at the origin is radial and symmetric, so VXE = 0, and hence this is also
true (by superposition) for any collection of charges.

r T
1% (Bd=—p | 5 (1+ /\) dr

1 b 1 —T/A q. *® 1 —r/A 1 001
- . Ze=t/Ag = 2 o—r/A .
47regq/r rZ (1 + /\) dr dweg /r z¢ ¥ A /r ¢ dr
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Now [Le ™/ Adr= -2 _ 1 [T < dr «— exactly right to kill the last term. Therefore -
'—r/A ©o =r/A
Vi) = ——{ - =L
4meg T, 4meg T

(d) }{ vda— L 1 RY —r/ R\ _m;
sE da zyfequ/z 1+)\ MR = +)\ e .
R —'r/,\ __r/,\ R
q € 2 —r/X q € T
Vdr = A = = Pdr = 2 | (= _
/v ar zyfeo/o i 60/0 re""d eoli(l/,\)Z( ) 1)]0
=,\21{—e—‘*/A (1+§) +1}.
€0 A
1 q R\ _p R\ _
* . - 1% = — — /A _ g R/
jliE da+/\2/v dr €o{<1+/\>e <1+/\>e +1}

(e) Does the result in (d) hold for a nonspherical surface? Suppose we )
make a “dent” in the sphere—pushing a patch (area R?sin 8 df d¢)
from radius R out to radius S (area S%sin 6 df dg).

qed

S\ _s/aic2 1 R\ —riape g
A}{E da=-—" 47r€0 {52 <1+ /\) (S 31n9d9d¢) 1+~ 3 (R?sin 0 dd d¢)

__4q § -S/x _ _13 ~R/M| o
= Tre [(1+/\>e <1+/\ e sin 6 df d¢.

A= /vd _Ll g e s ,drd dp = —
A2 M2 47eg r in /\2

y— 51n0d0d¢/ re” "/ Adr

- _msinGdeﬁ‘b (e—r/'\ (1 + %))IZ

-9 SN -sn R\ —ria g
= T Ie [(1+A)e (l—l—/\ e sinf df d¢.

So the change in f V dr exactly compensates for the change in §E - da, and we get —q for the total using
the dented sphere just as we did with the perfect sphere. Any closed surface can be built up by successive
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside,

the total is ;%Qenc. Charges outside do not contribute (in the argument above we found that® for this

volume §E - da+ ’\%- [V dr = 0—and, again, the sum is not changed by distortions of the surface, as long as ¢
remains outside). So the new “Gauss’s Law” holds for any charge configuration.

1. 1 .
(f) In differential form, “Gauss’s law” reads: | V-E + P—V = —p|or, putting it all in terms of E:
0 ,

1 o 1
V.E - 1 /E -dl = —p. Since E = — VYV, this also yields “Poisson’s equation”: —V?V + — V = —p.
A2 €0 A2 €
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Problem 2.50 e uroeg

STEVE

p=6V-E=efaz)= (constant everywhere). '

The same charge density would be compatible (as far as Gauss’s law is concerned) with E = ayy, for
instance, or E = (§)r, etc. The point is that Gauss’s law (and VXE = 0) by themselves do not determine
the field—like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“£ must go to zero far from
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law

(E =gt p,{';dr) —the integral is hopelessly indefinite, in this case.)

Problem 2.51

Compare Newton’s law of universal gravitation to Coulomb’s law:

__amame _ 1 qge,
F=-G rz2 F—47reo rz "
Evidently 5 “‘Eo — G and ¢ - m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore
3 M2
Wgrav = EG—R—

Now, G = 6.67 x 1071 N m?/kg?, and for the sun M = 1.99 x 10°® kg, R = 6.96 x 108 m, so the sun’s
gravitational energy is W = 2.28 x 10%! J. At the current rate, this energy would be dissipated in a time

W 2.28x10%

= —P- = m = 5.90 x 10148 =11.87 x 107 years.
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DProblem 2.52 .
First eliminate z, using the formula for the ellipsoid:

Q 1

_ drab \/c?(z?/a?) + c2(y?/b%) + 1 — (22/a?) — (42/0%)

Now (for parts (a) and (b)) set ¢ — 0, “squashing” the ellipsoid down to an ellipse in the zy plane:
Q 1

2nab \/T= (&/a) — (4/OF

o(z,y) =

U(x7y) =

(I multiplied by 2 to count both sﬁrfa.ces.)
(a) For the circular disk, set a =b= R and let r = /12 + ¢2. |o(r) = _Q_ 1

(b) For the ribbon, let @/b = A, and then take the limit b & oo: {o(z) = —

(c) Let b= ¢, r = \/y? + 2%, making an ellipsoid of revolution:

z
— =1, witho = - .
2 dmac? \ /22 [at + rZ]ct

Zta
The charge on a ring of width dx is

dg = o2ards, where ds = \/dz® + dr? = do\/1+ (dr/da)e.

2xdr 2rdr dr 2z ciz? 2
Now —a—z"‘ + P =0= E = —E{;, sods =dzy/1+ (_z{:—? = dz%\/ﬁ/a“ +7‘2/C4. Thus
dg Q 1 c? e
=4 _, STl at v 12/t = .. !
Alz) pr KLy T A vzifat+71%/c o (Constant!)
; o(r) ;
a(n) ' ! !
{ 1 1
] 1} I
] | 1
i 1 t
1 1 |
I | |
! | {
| R o remed
(a) ' (b)
\z)
] '
ds
/_7?“%\ z z

\_ ! 1 b ¢

(C) (d) S




Chapter 3

Special Techniques

Problem 3.1 _
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, V22 + R?2 - 2zR = (R - z),

1 ¢
4 €9 E

1
inside the sphere, the average potential due to interior charges is 4T-Q;'c
€

instead of (z — R). Hence Vyye = 2 [(z+R)-(R-2)]= If there is more than one charge

47re 2zR

, and the average due to exterior

charges is Veenters S0 Vave = Veenter + 32225 v/

Problem 3.2

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is qV.
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the box “leaks” through the center of each face.

Problem 3.3
Laplace’s equation in spherical coordinates, for V dependent only on r, reads:

1d dav dV. ¢ c
2 — 2_ — —_— = — _— — -
Vv i (r = ) =0=>r 7 = ¢ (constant) = i V s k.

Ezxample: potential of a uniformly charged sphere.
: 1 av .
In cylindrical coordinates: V2V = —i (sﬂ) =0= S?l; =c=> %—‘si = S =

Ezample: potential of a long wire.

Problem 3.4
Same as proof of second uniqueness theorem, up to the equation §5V3E; - da = — fv(Eg) dr. But on
each surface, either V3 = 0 (if V' is specified on the surface), or else E3, =0 (1f —E, is specified). So

J,(E3)® =0, and hence E; = E;. qed
Problem 3.5
Putting U = T = V3 into Green’s identity:
P

/[V3V2V3+VV3-VV3] dr:fvavwda. But V2V; = - V2V - V2Vz=-£-+€—'=0,andVV3=—E3-.
v s € €

So / Eg dr = — f V2E; - da, and the rest is the same as before.
A S .

42
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Problem 3.6
Place image charges +2q at z = —d and —q at 2 = —3d. Total force on +¢ is

g [ -2 2q -q 1. ' 1 1. 1Y\, 1 (29¢%\ .,
F= =2 (4= I L P
dreo [(2d)2 taaEt (6d)2] 2T Trad ( 2t3 36) S e (72d2 z

Problem 3.7 '
(a) From Fig. 3.13: 2= /12 +a% —2racosf; + = /r2+ b2 —2rbcosf. Therefore:

g R g9

. R?

- — Eq. 3.15), while b= — . 3.16).

2 a /72 + b2 — 2rbcosé (Eq )» while a (Eq )
q q

O N (O ]

Therefore:

1 (g q’) g 1 1
V(r#8 -+ )= - .
(r.6) = 4mey (4 ’y 4meg {\/r2 +a? —2racos§ /R?+(ra/R)? — 2racos€}

Clearly, when r = R, V — (.
(b) o= —eog: (Eq. 2.49). In this case, g: = ‘r’ at the point r = R. Therefore,

o(f) = —eo ( g ) {—%(1‘2 +a? - 2raéos 6)~3/2(2r — 2a cosb)

47!'60

+ - (R2 + (ra/R)? — 2racosf) s/ (Tﬁflr - 2a cosﬁ)}

r=R

a2
= 4‘;{ —(R® +a® — 2Racos8)"%/*(R — acosb) + (R® + a® — 2Ra cos6) ~*/* (—E—acose)}

- : 2
= :lq—(R2 + a? — 2Ra cos6)~3/? [R —acosf — % + acosﬂ]

= |=—=(R? - a®)(R? + a® ~ 2Racosf) %2,

47rR
Qinduced = /ada=a£I—{(R2—a2) /(R2+a2—2Racbs€)‘3/2stin0d0d¢

= _L_ 2 _ 2 2 __1_ 2 2 _ -1/2 "

47rR(R a’)2nR [ Ra(R +a° ~ 2Racosb) ]0

9,2 _ p2 1 1 }
= L@-kr - .

2G(a ) [\/R"’ +a>+2Ra  VR?+a?2-2Ra

But @ > R (else ¢ would be inside), so VR?+ a2 -2Ra=a—-R
— 9.2_p2 11 _ 9 __
= £@-B) - | m &l -+ R = o)
_ |_9eB _ ,
= " a =q.




44 CHAPTER 3. SPECIAL TECHNIQUES

(c) The force on g, due to the sphere, is the same as the force of the image charge ¢', to wit:
P 1 qq' 1 (_5 2) 1 1 ¢*Ra

- 4meq (a — b)% - 4meg a? -

(a—R?/a)? ~  4meo (a® — R2)?”
To bring ¢ in from infinity to a, then, we do work

@ 1 R

T | 4me 2(a® — R?)”

W_qua a q2R[1 1 }

" 4mey J (@ - R?)? e |2 (@ - R?)

[e0]

oo

Problem 3.8 ,
Place a second image charge, ¢, at the center of the sphere;

this will not alter the fact that the sphere is an equipotential, a—b
1 qll
but merely increase that potential from zero to Vy = RE; é\,, b .
q" = 4mweg Vo R at center of sphere.l a
For a neutral sphere, ¢' + ¢ = 0. 7
1 q" q qq’ 1 1
F = - = _—— —————
47reoq (a"’ + (a —b)2 4meg \, a? + (a —b)?
g¢" b(2a—b)  g(—Rg/a) (R*/a)(2a —~ R*/a)
dmeg at(a—b)2 4meg a?(a— R%/a)?
_ |2 (R - R
- dmeg \a / (a? — R2)?’

(Drop the minus sign, because the problem asks for the force of attraction.)
Problem 3.9

(a) Image problem: A above, —\ below. Potential was found in Prob. 2.47:

z 2\ A z
|4 = ——In(s_ = ———In(s2 /52
/Y A 2) dmeo nlo~/s+) 4meo nls=/ss) Ll s a:2)
A y> + (z +d)? . d 5
x = In y
4meg v?+ (2 —d)? d+/
ov v v
(b) o = —€o5 - Here B = B2 evaluated at z = 0.
A 1 1
= - 2 -———2(z~d
o(v) €0 4meg {y2 + (2 + d)? (z+4d) Y2+ (z — d)? (2 )} 20
- A f 4 —d 1| Ad
T 4w 2+ d2 2+ @2 | w4 d?)’
Check: Total charge induced on a strip of width ! parallel to the y axis:
oo 1, nd[l on® L Dt o
Gind - = T / y2+d2dy_ ™ {dtan (d)”~oo— T [2 (—5)]

—Al. Therefore A\jng = —, as it should be.
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'‘roblem 3.10 -

1 1

Vz+a)2+ (y+b)?+22
A 1
VE-a)+y+t)2+22]

- q
4meg

V(z,y)

The image configuration is as shown.
+
V(E-a?+{y-b)°+22

{ 1

- \/_(a: +a)+ (y—-b)2+2° B

For this to work, | # must be and integer divisor of 180°.
others. It works for 45°, say, with the charges as-shown.

(Note the strategy: to make the z axis an equipotential (V = 0),
you place the image charge (1) in the reflection point. To make the
45° line an equipotential, you place charge (2) at the image point.
But that screws up the x axis, so you must now insert image (3) to
balance (2). Moreover, to make the 45° line V = 0 you also need (4),
to balance (1). But now, to restore the z axis to V' = 0 you need (5)
to balance (4), and so on.

The reason this doesn’t work for arbitrary angles is that you are even-
tually forced to place an image charge within the original region of
interest, and that's not allowed—all images must go outside the re-
gion, or you’re no longer dealing with the same problem at all.)

4)
ps

T
LAY
e

.
5

(

)
why it doesn’t work for 6 = 135°

Thus 180°, 90°,"60°, 45°, etc., are OK, but no

45° line

2roblem 3.11
" From Prob. 2.47 (with yo — d): |V =

{

(z+a)+y°
(z—a)’ +y?

dl

21r€0 Vo
A

41reo [

and
acoth(2mepVpfA) =d
acsch(2meoVo/A) = R

} = (dividing) % = cosh (

where a2 = yo2 - R? =

d?

—RZ,

_ 27!'60 VO
cosh™(d/R)’

Problem 3.12

a

2
V(z,y) = ZC e " */osin(nwy/a) (Eq.3.30), where Cp = ;/Vo(y)sin(mry/a) dy (Eq. 3.34).

n=1

0

+V, for0<y<a/f2

In this case Vo(y) = { -Vo, fore/2<y<a

} . Therefore,

af2 a
2 . . 2V cos(nmy/a)|**  cos(nm /a)|*
Cn = =V nw dy — in(n dy $ =22 V09T cos\nny/a)
. 2V 0/sm( y/a)dy a./{ sin(nmy/a) dy a { wrja) |y © " wala) |,
= 2oy cos (n%) + cos(0) + cos(nm) — cos (712—”)} i {1 + (1) — 2cos ( ;) } .

nm
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The term in curly brackets is:

n=1 : 1-1-2cos(r/2)=0,
n=2 : 1+1-2cos(r) =4,
n=3 : 1—1-—2cos(3w/2)=0,
n=4 : 14+1-2cos(27)=0,

etc. (Zero if n is odd or divisible by 4, otherwise 4.).

Therefore :
C. = 8Wy/nm, n = 2,6, 10,14, etc. (in general, 4 + 2, for 7 = 0,1,2,...),
710, otherwise. '
So
Viz.y) = 8% E e~""z/e sin(nmy/a) _ g‘é e—(45+2)rz/a sm[(4J +2)7ry/a]
n=2,6,10,... n T = (47 + 2)
Problem 3.13
V(z,y) = 4;_,0 Z rlle"“"/“ sin(nry/a) (Eq.3.36); o= —eog—n‘{ (Eq. 2.49).
n=1,3,5,.
So
S 0 4V0 ~nnz/a — 4% 1‘_ nm —nnzfa :
o(y) = —e =— 52 { Z e sin(nry/a) - € — Z n( 2 Je sin(nmy/a) D
= |fab z sin{nmry/a).
a n=1,35,...
Or, using the closed form 3.37:
Vo, ( sin(my/a) ) 2Vp 1 (—sm(ﬂ'y/a))
V(z, = — A V3 0== sh
(z,y) - an sinh(rz/a) o €0 - fg}&—ﬂ%‘ smh2(1r:z:/a) — cosh(mz/a) e=0

260% 1
a sin(my/a)’

2e0Vo  sin(my/a) cosh(nz/a)
a sin®(my/a) + sinh*(wz/a)

z=0

Summation of series Eq. 3.36

_ 4V0 — 1 —nrz/a o; .
Viz,y) = -ﬂ_—I, where I = Z e sin(nmy/a).
=1,3,5,...
Now sinw = Im (e**), so
1 -7 inty/a 1
I=Imzﬁe :::/aen v/ -—Zmz—ﬁZ"a

where Z = e~"(==#)/e_ Now

Z 1z = f: (2j+1);/z iuza‘ du
— (27 +1) 0 A
Z

1,3,5,. §=0

(InR +i6),

Il
\
P
|
154
&
|
[T
Ve
|
I+
NN
N—’
1l
N =
——~
X
mﬂ
Y
e
i
N =
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. where Ret? = 1XZ_ Therefore

142 1ieme-il/e (14 e mE-i/e) (] - e-rlatin/o)
1—2Z 1 —e*(z=ig)/a ~ (1 - e—n(z—iy)/a) (1 - e-—u’(z—i—iy)/a)
1+ e—7z/a (eiwy/a — e—iny/a) - e—27ra:/a 1+ 2ie—-7ra:/a sin(wy/a) — e~ 27z/a

? - 1 - e-m(z~iw)/a[* ’

I = Im{%(lnR+i9)}:%9. But

|1 — e~m(z—iy)/a

SO

tand — 2¢~"*/%sin(my/a) _ 2sin(ny/a) _ sin(ny/a)
PSS T Temama/a T gnaja _g-msja sinh(rz/a)’
Therefore :
_1 [ sin(ry/a) ) , _ 2V _, ( sin(ny/a)
I= 3 tan (sinh(vr:z/a) » and | Viz,y) = __— sinh(rz/a) )

Problem 3.14
2 2
(a) %}:— + %y—‘: = 0, with boundary conditions
(i) V(z,0)=0,
(i) V(z,a)=0,
(iii) V(0,y) =0,
(iv) V(b,y) = Voly)-

As in Ex. 3.4, separation of variables yields

N

V(z,y) = (Ae*® + Be™*%) (C'sinky + D cosky).
Here (i)=> D =0, (iii)= B = —A, (ii)= ka is an integer multiple of =:
V(z,y) = AC (e""’/“ - e‘""/“) sin(nwy/a) = (2AC) sinh(nnz/a) sin(nry/a).

But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i),

(i), (i) is

V(z,y) = i C, sinh(nwrz/a) sin(nny/a).

n=1

It remains to determine the coefficients C, so as to fit boundary condition (iv):

2 a
Z Cp sinh(n7b/a) sin(nny/a) = Vo(y). Fourier’s trick = Cy, sinh(nwb/a) = " f Vo(y) sin(nmy/a) dy.
J »

Therefore

Cn = a—-s—m—h(%m—a—) O/VO(IU) sin(nry/a) dy.
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a
_ 2 . _ 2V, { 0, ifniseven,
(0) Cn = asinh(nmb/a) Vo/ sin(nmy/a) dy = asinh(nwb/a) X { 22 " if n is odd. }

nn?
0

V(x,y):ﬁ Z sinh(mr:z:/a)sin(mry/a)‘

n=1,35,... nsinh(nwb/a)

Problem 3.15
Same format as Ex. 3.5, only the boundary conditions are:

i) V=0 when z=0,
(ii) V=0 when z=aq,
(iii) V=0 when y=0,
(iv) V=0 when y=a,
(v) V=0 when 2z=0,
(vij V=Vp when z=a.

This time we want sinusoidal functions in z and y, exponential in z:
X(z) = Asin(kz) + Bceos(kz), Y(y) = Csin(ly) + Dcos(ly), Z(z)= EeVF+lz 4 Ge—VRTFTz,
(i)= B =0; (ii)= k = nn/a; (iii)=> D = 0; (iv)=> | = mn/a; (v)=> E + G = 0. Therefore
Z(z) =2E sinh(wmz/a).

Putting this all together, and combining the constants, we have:

V(z,y,2) = f: i Cpmsin(nwz/a) sin(m-;ry/a) sinh(wmz/a)_

n=1m=1

It remains to evaluate the constants Cn m, by ifnposing boundary condition (vi):
Vo = Z Z [C',.,m sinh(rv/n? + mz)] sin(nrz/a) sin(mny/a).
According to Eqgs. 3.50 and 3.51:

0 if n or m is even, }

2 a a
Cn,m sinh (1r\/ n? + m2) = (%) Vo//sin(mrm/a) sin(mny/a) dz dy = { 16V4
00 ' w2n

o if both are odd.

Therefore

6V; 1 . . inh v 2 + m?2
V(z,y,2) = _7r2° Z Z — sin(nwz/a) sin(mny/a) 2 Zin}(:r(mn/;ltn%a) .

n=1,3,5,... m=1,3,5,...
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Problem 3.16

1 & N1 & 2 1 & 2
P3(z) = é._é(};;_s(xz_l) 25@3(1’2—1) 2z=g@-z(ax2 1)
| = li[(a: —1) +2:1:(:1:2-—1)23;] -l_d_[(z _1) (I2_1+4z2)]
8dx T 8dz
= o[ =) (522 = 1)) = L 2z (52 ~1) + (a2 ~ 1) 204]
1 1 55 3
= (s —z+52° —57) = 2 (102° ~ 62) = 52° - 7w

We need to show that P;(cos @) satisfies

1 d (. dP .
el (sm0;17> = —l{l+1)P, with [ =3,

where P3(cos6) = 4 cosf (5cos? 6 — 3).

d_dlgg_ = % [—sing (5 cos? 6 — 3) + cos6(10cos (~sin §)] = —% sin@ (5cos? § — 3 + 10 cos? §)

i

—%sin@ (5c0s*6 ~1).

i} dP; 3d 3. . . .
9 (smﬂzq—> = 3% [sin® 6 (5cos® 6 — 1)) = -3 [2sinf cosd (5cos® § — 1) + sin® § (—10cosfsin )]

= —3sinfcosf [5c0520 — 1~ 5sin? 6].

1 d (. .dP ; :
peay i (sm035> = ~3cosf[5cos’ ~1~5 (1~ cos®8)] = —~3cosf (10cos® 6 — 6)
= -3-4- %cos@ (5cos®9—3) = ~l(l +1)Ps. qed

[P@r@E= [@} (s -30) ts= } (&~ ), =301+ 1-D=0.¢

Problem 3.17

(a) Inside: V(r,6) ZA['I‘ Py(cosf) (Eq. 3.66) where
1=0

20+ 1)

A=

[%@Hmwmww(mawy
)
In this case V4(8) = Vo comes outside the integral, so

@+1)V [ .
A= ————2—R—[———/P[(cos¢9) sin§ df.
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But Py(cos8) = 1, so the integral can be written

. .

Py(cosb)P(cosf)sinf df = 0, %f : f 0 (Eq. 3.68).
2, ifl=0
0

Therefore
[0, ifl#0
Y2 Ve, ifl=0 -

Plugging this into the general form:

V(r,8) = Agr°Py(cos8) = :

The potential is constant throughout the sphere.

Outside: V(r,0) = By B(cos 8) (Eq. 3.72), where
e
1=0

n
B = Q_l_;.l)nlﬂ / Vo(8)Pi(cosB)sinfdd (Eq. 3.73).
0
= @l gy /P,(cose)sinedaz{ e i1l }
O 3
: R, ey 1
Therefore | V(r,6) = Vo7 (i.e. equals Vp at r = R, then falls off like ;)
(b)
o0
ZA[rng(cos 6), forr< R (Eq.3.78)
Vir,g) =4 =9 B ,
Z ;H_—llP[(cos 8), forr>R (Eq 3.79)
=0
where
By =R¥*14, (Eq. 3.81)
and
4 = '2?11?'—‘1 / 00(8)Pi(cosB)sin6df  (Eq. 3.84)
o 0
_ {0, 10
il = 100/P;(cosB)smOd@ { Raofeo, if 1= }
Therefore
' :R_U_o, forr<R
€0
V(r,0) =
R200




Note: in terms of the total charge Q = 4wR%0y,

V(r,8) =

51

Problem 3.18

SO

Therefore

‘Now

~here

Therefore

or

Vo(8) = kcos(30) = k [4cos® § — 3cosb)] = k [aPs(cosb) + BP(cosh)].

(I know that any 3" order polynomial can be expressed as a linear combination of the first four Legendre
polynomials; in this case, since the polynomial is odd, I only need P, and P;.)

4cos*8 —3cosf=a % (5cos’® 8 — 3cosH)

8 3
i=gmasg d=hoge=h-

S
+Bcosf =2 cos30 +

(ﬂ - g—a) cos@,

2
3 8 12 12 3
25 P ThEg 3T

Vo(8) = g [8P3(cos @) — 3Py (cos8)].

(o o]
> Air'Pi(cosf), forr <R (Eq.3.66)
V(e =4 '2 B
Z o Py(cosf), forr>R (Eq.3.71)
1=0
4 = (212;,1) /Vo(0)Pz(COSO) sin6df (Eq. 3.69)
0
= (212;‘1).’5‘_’ {8/P3(cos0)P,(cosﬁ) sin6d0—3/P1(cos6)P[(cos6)sin6d6}
. 0 0
- k@+1) 2 2 k1
T 5 2R {8(2z+1) R CTI 5“} =g 8ds =38
TS
{ 8_1:3/ :;;I%’ 1? ; — :: } (zero otherwise).

V(r,0) = ~3—krP1 (cos@) + Sk 3P3(cos 0) =

R

)

SR

|

R

[s (."_)3 Ps(cosf) — 3 (%) Pi(cos 0)] ,

) % {5 cos® 6 — 3cos6] -—3(%) cosﬂ}

R

,-)2 [5cos? 6 — 3] .—3}

V(r,0) = Rcose{ (
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(for r < R). Meanwhile, B; = A R¥+! (Eq. 3.81—this follows from the continuity of V at R). Therefore

b= { ~3kR?/5, fl=1 } (zero otherwise).

So

-3kR? 1 8kR* 1 k| (R R\’
5 —P1(0 9)+T;‘—4‘P3(C080)= ’5‘{8(7) P3(COSO)—3(7) Pl(Cosg) :

V(r,6) = Zsc- (§>2cose {4 (g)z [5cos®8 — 3] — 3}

(for r > R). Finally, using Eq. 3.83:

V(r,0) =

or

o0
o(6) = €Y (2 +1)AR T P(cosb) = e [34, Py + TA;R*P3)
=0

= ¢ [3 ( 3k) P+ 7( 8k ) R2P3] Cok [ —9P; (cos ) + 56 P3(cos 8))

SR 5R3
€k 56 3 _eok 2
= SR[ 9cosf + (5cos® 8 3c030)} = 5Rcosé’[.9+28 5cos®  — 28 - 3]
Cok

= |3 cost [140cos? 6 — 93] .

Problem 3.19

A+1 [
+1 / Vo(6) Py (cos 8) sinf db.

[s o]
Use Eq.3.83: o(8) = ¢ Z(2l+1)A,R"‘1 Py(cos8). But Eq. 3.69 says: A; = SR
°

=0
Putting them together:
€0 7
a(8) = -2% 2(21 +1)2C1P(cosf), with C; = /VO(G)B(COSO) sinfdf. qed
1=0 0

Problem 3.20 : ‘
Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:
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Problem 3.21
N e By °° By o
(a) V(r,0) Z l+1 Pi(cosf) (r > R), so V(r, 0) = Z;ﬂ_—l.ﬁ(l) = TS 5 [\/1’2 + R? —1_'] .

=0 . 1=0 =0 2¢0

Since r > R in this region, /72 + R2 =r\/14+ (R/r)?2 =7 {1 + ~(R/r)? - %(R,{r)4 +.. } , SO

iB,_a y4 1B 1R 1 o (R?ORY
r’+1—2eor 2r2 804 7 T2 \2r 83 )

=0
R4
Comparing like powers of r, I see that By = % By =0, B, = —%6—— . Therefore
€0
oR?[1 R?
V(T,e) = E[;—FPQ(Cosg)'{'...],

(for r > R).

oR? 1 (R\? )
= m{l—g(;—) (3COS 9—1)‘1‘...],

(b) V(r,8) = ZA[T Py(cosf) (r < R). In the northern hemispere, 0 < 8 < /2,
=0 .

V(r,O):iAn": 2160 [m—r].

=0

Since r < R in this region, /72 + R? = R\/1+ (r/R)? =R [1 + %(r/R)2 - %(T/R)4 ¥ } . Therefore

[o 5] 2 4
-9 Irm 1
Z;AIT—-?EO [R+2R 8R3+“' r}.

o o o
—R, Ay =———), Ay =
’ ! 260’

Comparing like powers: A4¢ =
’ 260

o 1 '
2 [R— TPy (cosf) + §§P2(C050) +] .

= Bl (Reeos (7 Genro-n+ ],

In the southern hemisphere we’ll have to go for 6 = =, using Py(—1) = (=1)".

V(r,x) Z( VA4t = 2e [\/m—r}
=0

V(r,0)

1l

(for r < R, northern hemisphere).
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g put an overbar on A, to distinguish it from the northern A;). The only difference is the sign of 4.
A1 = +(0/2¢), Ao = Ag, Az = Az. So:

1
V() = — [R+ TP (cosf) + ﬁT2P2(COSG) +.. ] ,
(for 7 < R, southern hemisphere).

R 4\R

= B () eoso+; (5) Gooro-1)+...],

Problem 3.22

- |
S ArtPi(cosb), (r < R) (Eq. 3.78),
Ve =4 2 o
)y —yr fi(cost), (r > R) (Eq. 3.79),

=0

where B; = A, R?*! (Eq. 3.81) and

K

A = 5&)—}—;—_1- /ao (0)Pi(cosf)sinfdéd (Eq. 3.84)
0
n/2 .
= Z#ao / P(cosf)sinf df — / Py(cos8)sinbdf (let z = cosf)
0 /2

1 0
= ——ﬂ—_— P(z)dz — [ P(z) da:} .
2€0R[ 1 {Z /

-1

Now P(—z) = (—1)'P(z), since P(z) is even, for even I, and odd, for odd {. Therefore

0 0 1
P(z)dz = [ P(-z)d(-2) = (-1)' | P()dsz,
[ [

and hence

0, if { is even

1
Al = O-—O [1 — (_1)1] B(m) dx - g9 r
26 RI-1 /Pz(m) dz, if lis odd
0
0

oRI-1



So Ag = A2 = Ag. = As =0, and all we need are A;, A3, and As.

1

1
O/Pl(x)dz =/ =
1

0/‘P;;(:c)d:c: = './I
/

(52 — 3z)

DNOf =t

1

1 1 z8 zt 2\ |!
Pi(z)dz = < [ (632° —702% +15z) dz = < (63— — 70— + 15—
8 g8\""6 4 AR
0 0
1/21 35 15 1 1
= 5(3-F+9) - mue-m =5
Therefore
_0’0 1 . _ J9 _1 _ go l
A= (2) A = O R ( 8)’ A = R (16)’ ete.
and
_%0p3 (1 _Gopsf 1 _ oo 71
B eoR (2),33—€0R ( 8>,Bs CQR (16>,etc
Thus
Jor .P (cos6?)—1(1)2P(cosﬂ)+l(1)4P(cost9)+ (r<R
V0 20 | a\R/) ** 8\R/ °° r<R),
r,8) = 3 2 4
’ ooR 1 /R 1 /R
%er? [Pl(cosﬂ) ~1 (—T—) Ps(cosf) + 3 (r) Ps(cos8) + ] , (r>R)

Problem 3.23

l_q. 6_‘{. + _1_._6_2K =0

595 \°Bs s2.0¢2
Look for solutions of the form V (s, ¢) = S(s)®(¢):

1_d [/ dS 1 .d%%
Multiply by s% and divide by V = S&:

s_d [ dS 1d%%

g@d—s (s-‘i;) + 6285‘ =0.

Since the first term involves s only, and the second ¢ only, each is a constant:

ds 1d%®
Sds( ) G g =

with C; + Cy = 0
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Now C; must be negative (else we get exponentials for ®, which do not return to their original value—as
geometrically they must— when ¢ is increased by 2x).

i
Cy = —k®. Then % = —k®® = & = Acosk¢ + Bsinkg.
Moreover, since ®(¢ + 21) = ®(¢), k must be an integer: k = 0,1,2,3,... (negative integers are just repeats,
but k = 0 must be included, since & = A4 (a constant) is OK).
d ([ dS
s-d—s (s—l—g> = k%S can be solved by S = s, provided n is chosen right:

d n—1 d n 2 ,.n—1 2.n 2
s— (sns" ") = ns— (s") =n°ss"T =n’s" =k°S = n = Lk.
ds ( ) ds (%)
Evidently the general solution is S(s) = Cs* + Ds™*, unless k = 0, in which case we have only one solution
to a second-order equation—namely, S = constant. So we must treat k = 0 separately. One solution is a
constant—but what’s the other? Go back to the differential equation for S, and put in k = 0:

d (d
§— s—S :0=>s(—1§ = constant = C' = §=€ :>dS=C§:>S:CIns+D (another constant).
ds \ ds ds ds s s

So the second solution in this case is Ins. [How about ®7 That too reduces to a single solution, & = A, in the
case k = 0. What’s the second solution here? Well, putting k£ = 0 into the & equation:

d*® o
d—¢?=0:> Z—¢=constant=B:>fI>=B¢+A.
But a term of the form B¢ is unacceptable, since it does not return to its initial value when ¢ is augmented
by 27.] Conclusion: The general solution with cylindrical symmetry is

o0
Vis,$) =ap +bolns+ Z [s"(ak cos k¢ + by sinkg) + s“k(ck cos k¢ + d sin k¢)].
k=1 .

Yes: the potential of a line charge goes like In s, which is included.
Problem 3.24

Picking V' = 0 on the yz plane, with E; in the z direction, we have (Eq. 3.74): y
i) v=0, when s = R, R e
(ii) V — —Epx = —Epscos¢, for s> R.

. S
Evidently ag = by = by = di, = 0, and ax = cx = 0 except for k = 1: Q:/- i z
|+
_ a /t
Vs, @) = (als + S ) cos ¢.

(i)=> c1 = —a1R?; (ii)— a1 = —Eo. Therefore Y,

8

' 2
V(s,¢) = (—E()S + EoR?) cosd, or |V(s,¢)=—Eps {(?) - 1:! cos ¢.
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S PYeT

o= —€ =

2
55 = —€oFy (—-R—- - 1) cos ¢

s=R s=R

Problem 3.25

oo}
Inside: V(s,¢) = ag+ Y _ s* (ak coskg + by sinkg) . (In this region Ins and s~* are no good—they blow
k=1
up at s = 0.)

Outside: V(s,¢) =ao + Z = (cx cos k¢ + d. sin k). (Here Ins and's* are no good at s -5 00).

k=1
o= — aVctu!: _ an
=T\ os Os

(Eq. 2.36).

s=R
Thus
o0
asin5¢ = —eo z;l { TET (ck cos ke + d;C sin k¢) — kR*! (a), cos k¢ + by sin k¢)} .

Evidently ar, = cx = 0; by = di, = 0 except k = §; a = 5¢q (R“ ds + R4b5) Also, V is continuous at s = R:

. 1 . .
ao+R%bs sin5¢ = o+ ﬁd"’ sin 5¢. So ao = @o (might as well choose both zero); Rbs = R=5dg, or ds = R0b;.
a aR®
3 ds = .
10eo R4 10¢q

Combining these results: a = 5¢; (R*bs + R*bs) = 10€q R*bs; bs = Therefore

V(s,¢) = M{ s*/R%, fors <R, }

10¢p R8/s®, for s> R.

;oblem 3.26
Monopole term:

Q= /pd'r-kR/[ (R—2r) smg}r sin @ dr df d¢.
But the r integral is
/(R—2r)dr= (Rr—r?)|¥ =R?—R*=0. SoQ=0.
Dipole term:
/r cosfpdr = kR/(r cosf) [T%(R — 2r)sin 0} r?sin @ dr df d¢.
But the 8 integral is

sin30"_l
37 ],” 3

T
/sin20w50d0= (0-0)=0.

0

So the dipole contribution is likewise zero.
Quadrupole term:

»

/1'2 (g cos? g — —;—) pdr = %kR//r2 (3 cos®8—1) {r%(R — 2r)sin 0} r2sinfdr dd.
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T integral: ‘
R 3 4\ |BR 4 4 4
2(R — = (Cr_-T"\| _E_F__K
/or(R 2r)dr—(3R 2)0._3 =T
0 integral:
. Ls T ™
/ (3cos?6 - 1) sin2ade=2/sin29da-3/sin4ade '
N —
0 3(1-gin2 8)—1=2—3sin? 0 0
T 3n 9 T
=2(5)-3(%) ==(1-5) =%
¢ integral: ’

2r
/d¢ = 2.
]

1 Rt | T kn?R®
3R (-5 ) (-5) e =TT

For point P on the z axis (r — z in Eq. 3.95) the approximate potential is

The whole integral is:

1 kn®RS

V(e &

(Quadrupole.)

Problem 3.27 :
p = (3ga — ga) z + (—2qa — 2q(—a)) § = 2qa . Therefore

1 p-¢
yx_ 21
4meg 12

2gacosd, so

e 3
1

™

and p-f =2ga

1 2gacosd
dreg 12

.| (Dipole.)

Problem 3.28
(a) By symmetry, p is cleatly in the z direction: p = p%; p= [ 2pdr = [ 20 da.

Lt ) 3 x

p = / (R cos 8)(k cos 0)R® sin § df dp = 2m Rk / cos? §sin § df = 2R3k (_,°°Z 9)
0
.0

4rR%% | _ 4xR%

3 ¢ |PT73

5
= 3TR%[1-(-1)]=

(b)

1 4rR3kcosf | kR3 cosd

~ 4drey 3 12 3 12 (Dipole.)
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This is also the ezact potential. Conclusion: all multiple moments of this distribution (except the dipole) are
*exactly zero.

“Problem 3.29
Using Eq. 3.94 with v/ = d/2:

for 4., we let 8§ — 180° 4+ 0, so cos@® — — cos6:

— = —Z ( ) Pp(—cosb).

n=0

But P,,(—a:) = (—=1)*P,(z), so

1 1 1 1 d
V= 47r€0q (— B ’T:) 41reoq1-: Z (2_> [Pn(COS 0) P ( COSB 47T€07‘

> (%)nPn(cose).

* n=1,3,5,.
Therefore %0 14 oot
2 _ qdcos ) —
Vaip = ;1———5;131 cosf) = Do’ while | Vgyaa = 0.
2 (d\° 2¢ d®1 3 g
— 1 P = —__ -
Voct = S Treor (2r) 3(cos 8) dre B3 (5¢cos® @ — 3cosf) = dmeo B4 (5cos® @ — 3cos¥) .

Problem 3.30
. .. P . 1 [2¢ 3gacosé
— — o _1 Q L) [ ==
(a) (1)Q— (i) p=|3gaz,| (iii) V = - [T + B ]—- v [r + = ]

6 Q=[] G)p= (i) v | = |2 4 220,

. - 1 in@si
()@ = (i) p= () vV ={-—— [?2 + E]E—Sl%ﬂ] (from Eq. 1.64, - = sin 6 sin ¢).

ey | T

Problem 3.31

. o . _ T — — 7 = = Py

(a) This pointisat r =@, =%, ¢ =0,s0 E= 41reoa3 0= 47reoa3( 2); F=qE= " 4mepad’ z
. 2pq
b) Here r = a, 6 = = = - '
(b) Herer =@, 6 =0,50 E = a3( f) = 41r & a3 z. |F dmegad

(C) W= QIV(Oi 0,(1) - V(aa 0= 0)] = 4,’:2)7(12 [COS(O) —cos (12[)] = 47:::(12 '

Problem 3.32
1 —q. 1 gacosf

Q= —4,50 Vmono = —— —3; p=gqaz, so Vyp= 5

; . Therefore
dmeg T 4mey T

1
V(r,e)Eﬁa(_l_yacozsg). E(r,0) &= — g [ = I+ — (2cos€r~&sm€9)]

r T 47!'6()
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Problem 3.33 o . a
=(p-#)F+(P-6)0 = pcosff — psin# @ (Fig. 3.36). So 3(p-f)f ~p = 3pcosff — pcosff + psinff =

2pcosf@f + psind 8. So Eq. 3.104 = Eq. 3.103. v

Problem 3.34

At height z above fhe plane, the force on g is given by Eq. 3.12: F = -

1 ¢ _ Lz da

! dmegdz2  dr’  diE

where A= — 3 Multiply by v = E . vd—v =___4_d__:£ = i -l-v2 d A = 1 2= é-&- constant.
16megm

dt dt x2dt  dt T dt 2"
But v = 0 when z = d, so constant = —A/d, and hence v = 24 (— - 3), - = V24 % % =

%d—x
Vd z

0 ¢
VT _ 2A/ /
/\/(T__;d:v—- dodt dt

d

o 0
N / u? { u d,_,(u)}
dr=2 [ du=2{——vd—u2+ =sin —_— =
.d/\/d-_x * S VA= “ gVeT T Va) v

Therefore

Problem 3.35

+ - +
xr \ 4 g

T® Y

JCCCC NN
.+..
DO
&
*+

The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net
force of the negative image charges is:

1 1 1 ' 1
F = 2{ + +

dmeg [2(a-2))® [2a+20a-2)} [4a+2(a-1)) *

1 1 1
T (@222 (2a+2z)? (4a + 22)? - }

= 47:50%{[@—1:;)2 + (2aiz)2 + (3a-1—:r:)2 +] - [.?12* (a+1m)2 + (2aiz)2 +]}

2

1 ¢

Z&—W v (same as for only one plane—
0 .

1
When a — oo (i.e. a > z) only the = term survives: F = —

Eq. 3.12). When z = a/2,

1 g 1 1 1 1 1 1 - 3
= ET{[(aﬂ)? * Gaj2r * Gaj2 *] - [(a/2>2 * Baj2r  Baj2e +]} =0.v
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Problem 3.36

Following Prob. 2.47, we place image line charges —A at y = b and +) at y = —b (here y is the horizontal
axis, z vertical).

2

P
S1

b b
Y +A —',\Z-\: — =) y
R = =
Yo .
a

In the solution to Prob. 2.47 substitute:

a_}a—b —+a+bso a—-b\> _ [a+b)\’ R2:>b~R2
2 T T 2 ) "\ 2 T

2 2 2,2
¢ - 2ol (@) 2o ()
dmeg S3 $3 4meg s2sl
+ 2° }

= A [+ e + 2%y - ) + 27 N e

= e In { (v =a) + 2)[(y + )% + 2] or, using y = scos¢, z = ssing,
I (82 + a® + 2as cos ¢)[(as/R)? + R? — 2as cos ¢]

T | 4w " (a? + a? — 2ascos ¢)[(as/R)? + R? + 2as cos ¢

Problem 3.37

Since the configuration is azimuthally symmetric, V (r,8) = Z (An‘ + %) Pi(cos ).
B,
= Z l+1P‘(C059)

Dy
a<r<b: V(r,ﬂ)-——Z(C[r +—,;;;>Pt(0050) r<a: V(8 =V.
We need to determine B;,C;, Dy, and Vg

ayr>b A =0for all l, since V — 0 at co. Therefore V (r,6)

. To do this, invoke boundary conditions as follows
17)%
continuous at a, (ii) V is continuous at b, (ili) A (

1
_(;) = ——;—(;0'(0) at b.
. B D, B
(i) = 2 :#H(COSO) = E (Clb’ bH—l) Fy(cos 8); AT =Cib' + b =>,B VG + D!']( )

c () Vs

D
C[a + —= ——-O if 1 #0, D, =—-a?tC. 140
) = E (Ca +-m—>P,(cosﬂ) Vo; D D’ v ~aé’ # 2)
COG +a—1=%, if 1 =0; 0— v 0

Putting (2) into (1) gives By = b¥+1C; — a®t1Cy, 1#0, Bg=bCy+ aVy — aCy. Therefore

— (b2l+1 2l+l) 175 Q, (1’)
=(b—a)Co + aVj.
1 —k
(iii) = ZB, (t+1)] bl+2 Pi(cos8) — ( Clb'~! + Dy (bl,:; ))PI(COS9)= '6—P1(C089)- So
0
1
(lb::j ( Gl + D, Ef,j; ))zo, if 14 1;
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or
—(+1)B ~ 10" + (1+1)Dy = 0; (L+1)(B, - D;) = ~16*+'C,.
1 2 k 2
Bl(+2)b2 (CI+D1 b2> :g, forl =1, Cl+b_3(Bl—D1):k'
Therefore :
(1 +1)(B; — Dy) + 0¥ +1C, = 0,for [ # 1,
2 k (3)
+ b—3(31 —_ Dl) = g
Plug (2) and (1') into (3):
Forl#0orl:
(1+1) [(b** - 2‘+1) Ci + a2‘+lc]+zb2’+lc, 0;  (+DP*C+*Cr =0, U+1)C =0= C =0.
Therefore (1) and (2) = |B; = C; = D; =0for [ > 1.]

Forl = 1: C; + b%[(b3—a)01+a C’l] =k C+2C =k = D1 = -d®C, =
| D1 = ~a%k/3e;| B1= (t° —a®) C1 = | By = (1° — a®) k/3e0.
For | = 0: By~ Do = 0= Bo = Do = (b—a)Co+aVo = aVp—aCs, 50 Co = 0 = [Co = 0; Dy = aVp = Bo,
aVo (¥ -d)k

k 3
Conclusion: |V (r,8) = cosf,|r>b. | V(r,6) = a%o + — (r - a_) cosf,| a<r<hb

3rieg - T 3eo r2
1% Vi k
(b)oi(8) = —eo v = —¢ [-—2‘? k (1-1-2 >cos€} = —€p (-—-—9+—cos9) = —kcos{9+VoE-0-
or |, a 360 a € a
Voe \% 1 1 Ve
(g = _/Uz da = —47ra = [47raeoVo = Qtot- lAt large r: V =~ a% 2 Q— = 4macoVo = u. v
T 4meg T 4meg T T

Problem 3.38 _ 0
Use multipole expansion (Eq. 3.95): pdr = Adz = o dz,and r'" — z:

47reo Z e / cosﬁ)— dz.

The integral is

a n+l

zntl Q 2a
= —P, )
—a  2a (cos6) n+1

for n even, zero for n odd.

2 Pafcost) [ o dz = L Pa(coso)

—-a

Therefore

V= 47?«50; Z {n-li—l (g)nPn(cosﬁ)] . qed

n=0,24,...

Problem 3.39
Use separation of variables in cylindrical coordinates (Prob. 3.23):

V(s,¢) =ag+bplns + Z [s*(ax cos k¢ + be sinkg) + s™*(ck cos ke + di sinkg)] .
k=1
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s<R: V(s,¢) =3 e, s¥(arcoskd +brsinkg) (Insand s7* blow up at s = 0);
s>R: V(s,¢) =Y, 5 ¥(ckcoske + di sinkg) (Ins and s* blow up as s = o).

(We may as well pick constants so V' — 0 as s — oo, and hence ag = 0.) Continuity at s = R =
ZR"(ak coske + by sinke) = ZR"‘(ck cosk¢ + dy sink@), so cx = R?*ay, di = R?*b;. Eq. 2.36 says:

%}-:- - %—Z = -ela. Therefore
R+ R~ 0
—k . - . 1
Z -ﬁm(ck cos ke + dy sinkd) — Z kR*!(ak cos k¢ + by sin k¢) = —g(;a,
or:

> 2kR*(ak cos kg + by sin k) = { 2{:760 E'(/)r Z fs i 72r2r) } '

Fourier’s trick: multiply by (cosl¢) d¢ and integrate from 0 to 2, using

27

2n
/sink¢>cosl¢d¢=0; /cos k¢cosl¢d¢={ ?r’ :if }
0

0

Then ,
n T . T . 2n
AR 7 = 20 / cos L dgp — / coslpdg| = 20 SmIel _smlofTl o =
€o €0 l 0 l x
0 m
. . . LA . 0, k#l
Multiply by (sinl¢) d¢ and integrate, using [ sin k¢sinlgpdp = r kel [}
0 » RBE
1 oo r T oo cosl|™  coslp|*™ 0o
AR xhy = =2 /sinl¢d¢—/sinl¢d¢ =220 = 2%(2 - 2cosln)
€9 €0 l 0 l - lEo
0 w
_ o, if  is even o b = 0, if [ is even
- 4go/leo, if lis odd 7\ 200/7el?R7Y, if Lis odd
Conclusion:

_ 204R 1. (s/R)* (s<R)
V=22t 5 e (0 (SH T

€
0 k=135,

Problem 3.40

Use Eq. 3.95, in the form V/(r) = — ZP ”ffﬁfa) I, In= / 2"A(2) dz.

-a

(@) Iy = k]cos (?2—2) dz=k [27? sin %)] ‘: = -2-:—k [sin (-g—) —sin (—g)] = 4:k. Therefore:

—a

A
l (2) V(r,8) = L (éa_k_) l (Monopole.)
41eq s T
2
—a a
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(b) I = 0.
e (O R
NP k—{a (2" fin(r) = sin(-m) - £ costa) - Z cos(-m) | = K22
S e i (2) Sase) o)
(c) Ih = =0
= o () e (PO S ()
4a3k

2k (%)2 [acos() + acos(—7)] = — o

1 4a3k\ 1
V(r,0) Tre (—?) 53 (3cos?d —1).| (Quadrupole.)

Problem 3.41

(a) The average field due to a point charge q at r is

1 1 gq.
Ewe= ———— | Edr, where E = —— 14,
= e = Toraggy | Bn whore B 0
q 1 1 2
dr 50 Egye = e — —dr.
ave (§WGOR3) 47eg /'042

(Here r is the source point, dr is the field point, so 2 goes from r to dr.) The field at r due to uniform

1 2
charge p over the sphere is E;, = e / r3 dr. This time d7 is the source point and r is the field point,

€Y
so 2 goes from dr to r, and hence carries the opposite sign. So with p = —¢ / (§WR3), the two expressions
agree: E e = E,.

(b) From Prob. 2.12:
[ g F p
E, = — — ————— = ———,
7 3¢ p 4dmeg R3 4megR3

(c) If there are many charges inside the sphere, E,,. is the sum of the individual averages, and pyo; is the
P

sum of the individual dipole moments. So Eyye = —————.
4megR3

qed

(d) The same argument, only with ¢ placed at r outside the sphere, gives

1 (37R%p)
4meg T2

~q.
Teg T2

P

Eave = E, = (field at r due to uniformly charged sphere) =
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But this is precisely the field produced by ¢ (at r) at the center of the sphere. So the average field (over
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces
at the center. And by superposition, this holds for any collection of exterior charges.

Problem 3.42
(a)

D
Bap = 4megrs
_ p . o . ., N .
= ——_47reor3 [2cos@(sinf cos g% + sinfsin ¢ § + cosf z)

+ sinf(cos § cos pX + cosGsin @ § — sin 6 Z)]

(2cos O + sind 6)

= P 3sin0cos€cos4n‘&+3sin0cos€sin¢)"+(2cos20—sin20)i .
4meqrd . 2,

=3co::20—1
1
Eae = W/EdipdT
= —}——- P -1— 3sin@cosf(cospk +singy) + (3cos?§ — 1) z] r?sin b dr df do.
(37R3) \4reo 3
27 2n

2%
But /cos¢d¢ = /sin ¢d¢ = 0, so the X and y terms drop out, and f do = 2m, so
0
0 0

R .
1 P 1 9 .
Eave = _(_%—w—RL*)— (H) 21r0/-1:dr 0/‘(Iicos 6 —1)sinédo

~ vl

(— cos® 6+cos B)|5 =1-1+1—-1=0

R
Evidently which contradicts the result of Prob. 3.41. [Note, however, that the r integral, / -::dr,

blows up, since Inr = —o0 as r — 0. If, as suggested, we truncate the r integral at » = ¢, then it is ﬁn(';te, and
the 6 integral gives Eaye = 0.]
(b) We want E within the e-sphere to be a delta function: E = A§3(r), with A selected so that the average
field is consistent with the general theorem in Prob. 3.41:
A P

Eave = __——(%TrR:*) /Aé' (r)dr = (%TrR") Ry = A= 3e” and hence |E = 3606 (r).

Problem 3.43 P
(@) I= /(VV),) -(VWa)dr. But V- (1VV,) = (VW) - (VV2) + V1(V2V2), S0

I=/V-(V1VV2)dT—/V1(V2V2) =f V,(VVg)~da+€l/le2dT.
S 0

1
But the surface integral is over a huge sphere “at infinity”, where V; and V2 = 0. So I= p. / Vipadr. By
0

' 1
the same argument, with 1 and 2 reversed, I = = / Vapy dr. So / Vip2dr = / Vaprdr. qed
0
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. Situation (1): Qq = fa pdr=Q; Q= fb p1dr =0; Vi = V.
(b)
Situation (2) : Qo = [, padr =0; Qp = [, p2dr = Q; Vau = Vsa.
{ f‘/1p2d7—= I/].afapzd’l"-FVlbf(,pZd"-: VabQ- }

[ Vaprdr = Vag [, prd7 + Vay f, p1d7 = VbaQ.
Green'’s reciprocity theorem says QV,p = QVha, 50 Vyp = Ve  qed
Problem 3.44

(a) Situation (1): actual. Situation (2): right plate at Vjy, left plate at V = 0, no charge at z.
V=0 V=0
st [ Viendr = Vi Qe + Ve, Qus + V1,
But Vi, = V;, =0 and Q,, =0, so [ Vipsdr =0.

/Vzpl dr = Vlell + szQ:n + Vr‘fo‘l'

But Vi, =0Q;, =¢, Vi, =V, Qr, = Q2, and V;, = Vo(z/d). So 0 = Vo(z/d)g + V@2, and hence

Situation (1): actual. Situation (2): left plate at Vp, right plate at V' = 0, no charge at z.

/me=o=/WmM=wmh+nmm+w&ﬁ:%@+w@+a

But %2=%(1;§),so

LQI = —q(l - ﬂf/d)J

(b) Situation (1): actual. Situation (2): inner sphere at Vp, outer sphere at zero, no charge at r.

[ Vindr = Ve, Quy + VirQry + V5, Qs
But Vo, = Vb, =0, @r, =0. So [ Vipadr =0.
[ Vabrdr = VesQoy + VeaQr, + Vou@o: = QoY + Vs, +0.
But V,, is the potential at r in configuration 2: V(r) = A + B/r, with V(a) = Vo = A+ B/a = W, or

aA+ B = aVp, and V(b)) = 0 = A+ B/b =0, or b4 + B = 0. Subtract: (b—a)d = —aVy = A =
—aVo/(b—a); B(L—1)=Vo =B = B=ablo/(b—a). So V(r) = £ (¢ —1). Therefore

. aVp b s ___ga é_
aboragy (-1) =0 |e= 525 (F-1)
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Now let Situation (2) be: inner sphere at zero, outer at Vp, no charge at r.
/leg dr =0= /Vgpl dr = Vu,Qay + Ve, Qry + Vi, Qb, =04+ qV3, + QuVh.

This time isplaystyleV(r) = A + £ with V(a) =0=> A+ B/a=0; V(b)) =Vo = A+ B/b=Vp, so

(bbifoa) (1 —— g) Therefore, q(bb—ia) (1 - g) +QVo=0; |Qs= ~(b(f_ba) (1 - g)

Problem 3. 45

3 3
(a) Z BiFjQuy = = / {3 Zf‘,’rﬁZf'jr} — ()2 Zfifjaij}pdff

V()=

1]_
But E fir;=1-t' =1 cosd' —E 73 E PiF; 1_7—-5 P;f; =f-F=1. So

1 1 1 1 1 .
Vauad = mr_‘"‘ / 5 (r' cos 9’ -7 )pdr Trea r'*Py(cos6')pdr' (the n = 2 term in Eq. 3.95).

(b) Because z? = y? = (a/2)? for all four charges, Qm =Qyy = [3 a/2)? - (V2a/2) ] (g-g—qg+4q)=0.
Because z = 0 for all four charges, @, = —(v2a/2) (¢ —q¢—q¢+¢q) =0and Q;; = Q,; = Q:z = Q,, = 0.
This leaves only

Q=0 =3((2) )0+ () (-2) 0+ (-2) (D) o+ (-2) (-2) -

Qy = / [3(r; — d;)(r; —d;) — (r —d)?6;;] pdr (Il drop the primes, for simplicity.)

/ [3rir; — r%6i;] pdr — 3di/ijdT - 3dj/ripdr + 3d;d; /pdT +2d- /rpdr i

- d®8; | pdr = Qij — 3(dip; + djpi) + 3did;Q + 26;;d - p — d°6;;Q.

il

Soif p=0and @ =0 then @;; = Q;;. qed
(d) Eq. 3.95 with n = 3:

1 1

Voo = 4meq T4

(r')3Ps(cos§')pdr'; Ps(cos8) = % (5cos® 6 — 3cosf) .

1 (% ik f‘if‘jf‘injk)

V t —
T 4reg rd

3

Define the “octopole moment” as

Qijk = / (57‘ 1‘ I: ( ) (T‘i(sj‘k + rg.é,-k + ’I‘;:(sij) p(l") dT'.
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Problem 3.46

1 1 1)\, (/1 1
V= 47!'60 {q (4«1 42) +a (43 4«4)}

21 = Vr?+a?-2racosb,
29 = Vri4a?+ 2racosf,
23 = V12 +b2 - 2rbcosb,
2 = \/r"’ + b% + 2rbcosf. ~ p1 7 — s
a
1 1 2
Expanding as in Ex. 3.10: (; - ;) = E; cosf (we want a > r, not 7 > a, this time).
1
1 1 2b )
o = = cosf (here we want b < r, because b = R°/a, Eq. 3.16)
3 4
2 R?
= -——cosé.
ar

But ¢ = —gq (Eq. 3.15), so

o1 2r R 2R? 1 [2q R
V(r,&) = ZE; [ (—170089— Eq;r—zcow] = '4—71_-(;)- (-07') (7‘— -13-) cosé.

1 2
Set Eg = -Zy—;—q (field in the vicinity of the sphere produced by *q):
0 a

3
V(r,0)=—-E (r - I:;) cosf| (agrees with Eq. 3.76).

Problem 3.47
The boundary conditions are

(i) V=0wheny=0,
(ii) V =V, wheny =aq,
(iii) V=0whenz =",
(iv) V =0whenz=-b.

Go back to Eq. 3.26 and examine the case k = 0: d2X/dz? = d*Y/dy® =0, so X(z) = Az+B, Y (y) = Cy+D.

But this configuration is symmetric in z, so A = 0, and hence the k = 0 solution is V(z,y) = Cy + D. Pick
=0, C = Vy/a, and subtract off this part:

V(z,p) = %L + V().

The remainder (V(z,y)) satisfies boundary conditions similar to Ex. 3.4:

(i) V =0wheny=0,

(ii) V =0 when y =g,

(iii) V = ~Vp(y/a) when z =,
(iv) V = —Vy(y/a) when z = —b.
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(The point of peeling off V5(y/a) was to recover (ii), on which the constraint k = nr/a depends.)
The solution (following Ex. 3.4) is

V(z,y) = f: C,, cosh(nmz/a)sin(nry/a),

n=1

and it remains to fit condition (iii):

V(by) = EC,. cosh(nwb/a) sin(nry/a) = —Vs(y/a).

Invoke Fourier’s trick:

ZC" cosh(mrb/a)/ sin(nry/a)sin(n'ny/a) dy = —%g / ysin(n'my/a) dy,
0 0

a Vo [* .
56’“ cosh(nrb/a) = — - | v sin(nry/a) dy
0

_ 2V a2, ay ¢
Cn = a2 cosh(nzb/a) [(mr) sin(nry/a) (mr) cos(mry/a)} 0
_ AL a2 cos(nm) = 2Vo ————-——(—1),1
~  a?cosh(nwb/a) \n7 nn cosh(nmb/a)’
(=1)" cosh(nrz/a)
V(z,y) = { Z cosh(nmb/a) sin(nmy/a)| .
Problem 3.48
(a) Using Prob. 3.14b (with b = a):
4V sinh(nmz/a)sin(nry/a)
14 - .
(z,9) = ™ nzo;d nsinh(nnr)
_ ov _ 4V nw\ cosh(nwz/a)sin(nry/a)
oW = T8z e T nzod:d (T) nsinh(nr) 220
__4aVo sin(nmy/a)
- Zd sinh(nw)
a 460% 1 /a .
/\=/0' dy = — - sin(nwy/a) dy.
| oWy - n%d:d st J, Sn(nmy/a)
But /a sin{(nmry/a)dy = —icos(mr /a)la = i{1 - cos(nw)] = 2—a(since n is odd)
0 e Ay Y% = ox T onm '

8V 1 _| eV
- Z nsinh(nw) m In 2.

[T have not found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434,
which agrees precisely with In2/8.]
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Using Prob. 3.47 (with b = a/2):

(—1)" cosh(nmz/a) sin(nwy/a)
Vizy) =% {_ Z ncosh(nm/2) ] ’
_ oV _ 1.2 nm\ (=1)"cosh(nmz/a) cos(nry/a)
o) = - Oy L:o = <V [a t Z( a ) n cosh(nr/2) jll,,:o

= —¢ (=1)" cosh(nmz/a) 60Vo (=1)" cosh(nnz/a)
= v [ ta Z cosh(nm/2) ji { 22 cosh(nw/2) ] :

af n a
A= / 2‘J’(”C)d. = COVO[ +2 Zcos(h 113”/2) _:/22cosh(n7r:v/a)dz].

—af2
af2 a a/2 2
But / cosh(nrz/a)de = — sinh(nwz/a) = — sinh(nn/2).
—af2 nmw —a/2 nmw
_ _eoVO 4a (=1)" tanh(nw/2) | _ 4 (=1)" tanh(nx/2)
= - [a+w; — = —eoVo 1+”§n: -
il

[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees
with the expected value (In 2 — 7)/4.]
(b) From Prob. 3.23:

V(s,¢) =ao +bolns + Z (aks + b~ k) [ck cos(k¢) + di sin(k¢)].
k=1

In the interior (s < R) by and by must be zero (Ins and 1/s blow up at the origin). Symmetry = di = 0. So
Y

V(s,¢) =ao + Zaks"’ cos(k@)-

k=1

.. At the surface:
T V) = DRt costhy) = { g B ofe < o<l

otherwise.
k=0

Fourier’s trick: multiply by cos(k'@) and integrate from —x to =

/4
/4 Vo sin(k'd) /K| o= (Vo/k)sin(k'n/4), it k' £0,

ZakRk/ cos(k¢) cos(k'¢) dp = VO/ Ven/2, it K =0
0/ 4, 1 =u.

—-n/4

cos(k'@) dop = {

But
x 0, ifk#k
/ cos(kg) cos(k'¢)dgp = { 2w, if k=K =0,
- w, ifk=k#0.
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S0 2mag = Vom/2 = ag = Vo/4; marR* = (2Vo/k) sin(kn/4) = ax = (2Vo/wkR*)sin(kn/4) (k # 0); hence

Vis, ¢ [— %i n(kr/4) (—) cos(k¢)]

Using Eq. 2.49, and noting that in this case i = —&:

v 2 o= sin(kn/4), ., 260V v .
o(¢) = 055 lien = EOVO—TF kgl __}TI_%—E—,CS cos(ko) R TR kglsm(kn/él) cos(ko).

We want the net (line) charge on the segment opposite to Vp (=7 < ¢ < —=37/4 and 3n/4 < ¢ < 7):

A = /a(¢)Rd¢=2R [ o@is= 4E°V° an k7r/4)/ cos(ke) do
_ 4eoVo sin(k¢) _ _4eng sin(kw/4) sin(3kn /4)
- Zs n(kx/4) [ sm] = Z P )
k sin(kn/4) sin{3kn/4) product
1 1/V2 1/v2 1/2
2 1 -1 -1
3 V2 1/V2 1/2
4 0 0 0
5  -1/vV2 -1/V2 1/2
6 -1 1 1
7 -1/V2 -1/V2 1/2
8 0 0 0
o _da¥ [1 g~ 1 1] _ _tab [1 1.1 g 1]
m 2 1,3,5... k 2,6,10,... k T 2 1,3,5... ko2 1,3,5,.. k

Ouch! What went wrong? The problem is that the series 3 (1/k) is divergent, so the “subtraction” oo — 0o
is suspect. One way to avoid this is to go back to V (s, @), calculate €0(0V/8s) at s # R, and save the limit
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8 —+ R until the end:

oV 2V km/4) ks*—1
o(¢,s) = eo4— 55 oo Z sm(,:r/ ) ; cos(ke)
20V
~ iR Z k=1sin(kn/4) cos(k¢) (wherez =s/R -1 at the end).
AMz) = o(é,s)Rdp = - 46;‘/0 Z %zk_l sin(kw /4) sin(3kn /4)

k=1

= _‘ﬁ‘_’e{_l_(z_ $_3+z_5+...)_1(£2.+£f+ﬂ+...)}

T 2z 3 T\ 2 6 10
g ()

T 3 5 5

. -

)os(rg o).
_ —?—G—O—Ié[lln(l-i-z)— l(1+:z: )]:_eoVoln[(lfz) (1+z2)}

rr |2 1-z 1—x2 T 1-=z 1-— 22

+

But (see math tables) :1n (
1
2

2 —
= Vo [A427) s i @) = | T g,
T 1+ z2 z-+1
Problem 3.49
z
~Nd F=¢gE = 47r(i§r3(2cos0f'+sin00).
) l
T
myg
Now consider the pendulum: F = —mg% — T'f, where T — mgcos$¢ = mv?/l and (by conservation of

energy) mgl cos ¢ = (1/2)mv? = v? = 2glcos ¢ (assuming it started from rest at ¢ = 90°, as stipulated). But
cos ¢ = —cosf, so T = mg(—cosf) + (m/l)(—2glcosd) = —3mgcosé, and hence

F = —mg(cos@f — sin#8) + 3mgcos§ & = mg(2cos§ & +sin 9 §).

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on ¢ in the
field of a dipole, with mg +» gp/4meol®. Evidently g also executes semicircular motion, as though it were on a
tether of fixed length I.




Chapter 4

Electrostatic Fields in Matter

Problem 4.1

E =V/z =500/10"3 = 5x 10°. Table 4.1: a/4nep = 0.66 x 1073%, so a = 4 7(8.85 x 10712)(0.66 x 10~30) =
734x 107, p=caE=ed = d=aE/e= (734 x 1074)(5 x 10%)/(1.6 x 10719) = 2.29 x 10~ m

d/R = (2.29 x 10716)/(0.5 x 10~1°) = {4.6 x 10~°. | To ionize, say d = R. Then R = aE/e = aV/ex >V =

Rez/o = (0.5 x 1071°)(1.6 x 10719)(1073)/(7.34 x 10~4!) =
Problem 4.2

First find the field, at radius r, using Gauss’ law: [E-.da = é Qenc, or E = ﬁ;‘ngm.

r

2
- L Y P I % a2, =, &
Qenc / dr = 1\’0.3 dr = (13 [ 28 (1‘ +ar + 3 )] .

2 2 2
_E e—21‘/0 r2+ar+a— -—a— =q l—e_zr/a 1+2£+2L .
a? 2 2 a a?

[Note: Qenc(r — 00) = q.] So the field of the electron cloud is E, = 4"‘0 =1 [1 e~2r/a (1 +2I + 25;)] . The
proton will be shifted from r = 0 to the point d where E, = E (the external field):

Expanding in powers of (d/a):
2 3 2 3
e _ g (24) 1(2\_ L2\ d o d agayt
a 2\a 3 \a a a 3 \a
: 2 3
1—e2a (1498 408} o 1o (1-2%42(®) —24(4) 4o ) (1429422
, a a? a 3\a a a®

&2 8B ad

d
a
/d_ &?
~¥ -2f -2+ 2a+4j-+43l- 24 - 4315+33

3
-g) + higher order terms.

I}
Il e
N

73
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1 q [4d® 1 4 1 —

— — —— —_— ——— d = ——1. = J_
dmeq d2 (3 a3) 4reg 3a3 (gd) 37reoa3p a = 3meoa

[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts

La = 3¢ = 3(0.5x 10_10)3 = 0.09 x 1073 m?®, compared with an experimental value (Table 4.1) of

4meg 4
0.66 x 10739 m3. Ironically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.]

Problem 4.3 .

p(r) = Ar. Electric field (by Gauss’s Law): § E-da = E (4n7?) = X Qenc = o [y AT4n7’dr, or E =
1 4rArt  Ar?

AT _ 4 This “internal” field balances the external field E when nucleus is “off-center” an amount

4nr? g 4 4eq A

d: ad’/4ep = E = d = \/4epE/A. So the induced dipole moment is p = ed = 2e+/eo/AVE. Evidently

(p is proportional to E1/2,
For Eq. 4.1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p

must go to a constant (not zero) at the origin: | p(0) # 0| (nor infinite).

Problem 4.4
r Field of ¢: 2-4 . Induced dipole moment of atom: p = aE =
o o " TEQ T _
q dmeor? T.
Field of this dipole, at location of g (8 = r, in Eq. 3.108): B = ——~ [ 229 (4o the i ht)
pole, at location of g (§ =, Q-3103): E= e { 3 e right).

2.
1
Force on g due to this field: | FF = 2« (—q-) — | (attractive).
dmeg T4 glxw(r_f. be. 5 _/55@— 2e7cs gl fron 7 \

Problem 4.5

Field of p; at p2 (8 = n/2 in Eq. 3.103): E;, = g (points down).
4regrd
Torque on p2: N2 = ps X E; = poE;sin90° = po ) = ﬁr—le?% (points into the page).
0
Field of ps at p; (8 = 7 in Eq. 3.103): Es = —22— (~2§) (points to the right).
4megrd
2 . .
Torque on p1: N; =p; x E; = " : 61:;2 5 | (points into the page).
Problem 4.6
® |
_ /%4‘ Use image dipole as shown in Fig. (a). Redraw, placing p; at the origin, Fig. (b).
z . R
,,,,, z, Ei:aaéz—)g(2cos0f'+sin00); p=pcosff + psind 6.
RN
pi >0\ - 2 ,
| N = p"E":IEEf(‘zz?)—a [(cos0i'+sin0'0) x (2cos€i"+sin00)]
(b) e D i
[ = W [COSGSIH9¢+2Sln6C059(—¢)]

2 .
p°sinfcosf, -
g /% = W(—qﬁ) (out of the page).
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p?sin 26
4mep(1623)
For 0 < 8 < 7/2, N tends to rotate p counterclockwise; for 7/2 < 8 < 7, N rotates p clockwise. Thus the
{;table orientation is perpendicular to the surface—either 1 or i]

Problem 4.7

But sinfcosd = (1/2)sin26, so| N = (out of the page).

y Say the field is uniform and points in the y direction. First slide p

in from infinity along the z axis—this takes no work, since F is 1 dl.

tE (If E is not uniform, slide p in along a trajectory L the field.) Now

9 rotate (counterclockwise) into final position. The torque exerted by

I P Eis N = pXE = pEsinf8%. The torque we exert is N = pEsinf

p z  clockwise, and df is counterclockwise, so the net work done by us is
negatwe'

U= f:/szsingdg = pE (- cosf) ] 2= —~pE {cosf — cos§) = —pEcos = —p-E. qed
Problem 4.8

U= —-pi1-Ez, but E; =
Problem 4.9

T 5 3(P2+F)F ~ p2]. So U = f7=5 [P1P2 — 3(P1°F) (P2F)]. qed

1 q. q zTX+yy+z2
E E=—2Ls= :
(a) F = (p- V)E (Eq. 4.5); 5 T Imeo (22 + 42 + 22)°72

= —_— it Y q T
Fz - (pxax +pyay +p28z) 47[60 (x2 + yz + 22)3/2

- q 1 §-r o s _§x 2

= Ime \P° (@2 +y2+22)%2 27 (22 +y2 + 22)5/2 Py |~3 TR p

2 2 =1 |P= g [p 3r(p-r)
+ . [ 293(x2 +y2 + zz)s/z}} ~ 4neg {Ts (pza: + pyy + D22 )] e {Ts = z.
1

F = 41re 3 [p 3(p-1)1].

O E= X3l (O)(H-p) = o

are because r points toward p, in this problem.)

[8(p-£) ¥ — p]. (This is from Eq. 3.104; the minus signs

1

F=gb=| 5B Hf-pl

[Note that the forces are equal and opposite, as you would expect from Newton’s third law.]
Problem 4.10

10 1.,
(a) op =P = =-V-P= —-35—(1'2191') = —-;331‘:1‘ .=
(b) Forr < R, E = 5-pr# (Prob. 2.12), so E = | —(k/eo)r.

For r > R, same as if all charge at center; but Qyor = (kR)(4mR?) + (—3k)(37R%) =0, so
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Problem 4.11

po = 0; op = Peit = P (plus sign at one end—the one P points toward; minus sign at the other—the one
P points away from).

(i) L > a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and
charge Pma?. See Fig. (a).

(ii) L < a. Then it’s like a circular parallel;plate capacitor. Field is nearly uniform inside; nonuniform “fringing
field” at the edges. See Fig. (b).

(iti) L ~ a. See Fig. (c).

= 4- 8:;

(a) Like a dipole (b) Like a parallel-plate capacitor

Problem 4.12

V= 47“0 JE2 Adr = P- {;1—7:(—0 J ,—f;dr}. But the term in curly brackets is precisely the field of a uniformly
charged sphere, dlvxded by p. The integral was done explicitly in Prob. 2.7 and 2.8:

3 3
1 (4/3)nR3p . R P R3Pcos8
e @ >R, Ber? | e | TR
y /—— 'r—; , So V(r,8) =
€ 1 (4/3)nR%p 1 Prcosd
P R (r < R). Ep.r =| =5 (r <R).

Problem 4.13

Think of it as two cylinders of opposite uniform charge density +p. Inside, the field at a distance s from
the axis.of a uniformly charge cylinder is given by Gauss's law: E27sl = Lpns?¢ = E = (p/2¢0)s. For
two such cylinders, one plus and one minus, the net field (inside) is E = Ey + E_ = (p/2¢) (s4. —s-). But

sy — 8. = —d, so E =| —pd/(2¢), | where d is the vector from the negative axis to positive axis. In this case

the total dipole moment of a chunk of length £ is P (ra?¢) = (pma®f)d. So pd =P, and ‘ E=-P/ (250),] for
s<a.
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Qutside, Gauss’s law gives E27sl = —p7ra2£ = E = §-3, for one cylinder. For the combination, E =

E; +E_ = §- (—i - ‘:—_) where

54

-1
S+ _ g 2 f . u-l_ g S_S ui f‘_ s-d
Si = (S:F2) (s +4:FS d =2 54:2 1¥ =2 S:F2 1i—s-2—

= siz (s +s (Ss'zd) F g) (keeping only Ist order terms in d).

s, &\ _ 1 (s-d) d (s-d) s 1 (,s(s-d)
(;:-;) = :z[(”ﬁ'z“g “ETre )|t a\le 9
a’ 1

E(s )——————~[2(P 8)§—P],| fors>a.

Problem 4.14

Total charge on the dielectric is Qtot = §s50nda + [, ppdr = §; P -da — [, V-Pdr. But the divergence
theorem says §; P -da = f,, V-Pdr, 50 Qenc =0. qed

Problem 4.15

10 _ k. o [ +P-i=k[b  (atrT =),
(@) po = ‘VP‘_T?F)F(’ ?)‘"r_z' """P'“‘{—P-fz—k/a (at T =a).
Qenc = 0, 50 [E = 0.] For r > b, Qenc = 0 (Prob. 4.14), so [E = 0.]

Fora <7 <b, Qene = (-_-f) (4ma?) + f (2£) 4n7%dF = —4rnka — 4nk(r — a) = —4xkr; soIE = —(k/eor) i‘]

7 —_ enc
Gauss’s law = E = 4"60 -

(b) §D-da=Qy,. =0=>D =0 everywhere. D= ¢E+P=0=E = (-1/¢)P, so
[13:0 (forr <aandr> b);} IE= —(k/eor)® (fora < r <b).l
Problem 4.16

(a) Same as Eq minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14)

is —P/3¢. So E:E0+§—P. D =¢FE =¢gEo+ P =Dg =P+ jP,s0|D = Dg - 2P.
0

(b) Same as Eq minus the field of + charges at the two ends of the “needle”—but these are small, and far

away, so D =¢E = ¢Eg =Dy - P, $0

(c) Same as Eq minus the field of a parallel-plate capacitor with upper plate at o = P. The latter is

~(1/e0)P, s0[E=Eo + AP.| D =eE = ¢Fo+ P, so[D=Dy.] »
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Problem 4.17

\L" . \
@ 4)?

(umform (field of two mrcular plates) (same as E outside, but lines
continuous, since V-D = Q)

Problem 4.18

(a) Apply [ D-da = Qy.,. to the gaussian surface shown. DA =cA4 = (Note: D = 0 inside the
metal plate.) This is true in both slabs; D points down.

== \JI‘*”

(b) D=€¢E = E =0/¢ inslab 1, E = ¢g/e; in slab 2. But € = €g¢,, 50 €1 = 2¢p; €2 = %60-
E2 = 20’/360.

(c) P = egxeE, 50 P = egxed/(c0€r) = (Xe/€r)0; Xe = € =12 P = (1~ ¢;')o. [Pl =0/2, ]er - 0/3’,

(d) V = Eia + Faa = (0a/6e0)(3 +4) =

oy = +P; at bottom of slab (1) = /2, oy = +P» at bottom of slab (2) = ¢/3,

(&) o =0; op = —P, at top of slab (1) = —0/2; gy, = —P, at top of slab (2) = ~0/3.
.| total surface charge above: 0 — (0/2) = 0/2, _a
(£) In slab 1: { total surface charge below: (0/2) — (0/3) + (¢/3) — 0 = —a/2, = By = % v

_ | total surface charge above: 0 — (6/2) + (0/2) — (¢/3) = 20/3, _ 2
In slab 2: { total surface charge below: (0/3) — 0 = —20/3, = B = 3e0 Y
[ 1+o
— —0/2
@
+U;§
@
+0/3

L }~o

Problem 4.19

With no dielectric, Co = Aeg/d (Eq. 2.54).
In configuration (a), with +0 on upper plate, —o on lower, D = o between the plates.
E = 0/¢o (in air) and E = g/e (in dielectric). So V = 22 + "4 = Q4 (1+ ).

602 2¢0A
C 2¢
— — €A 2 a _ r
ca—%—ﬂ’r(m):—:(.)_l =

In configuration (b), with potential difference V: E = V/d, so 0 = ¢oE = ¢V/d (in air).
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P = eoxeE = €ox.V/d (in dielectric), so 0, = —egx.V/d (at top surface of dielectric).
otot = €V/d =05+ 0y =05 —eoxeV/d, s0 05 = €V (1 + xe)/d = e0e-V/d (on top plate above dielectric).

Q@ L( A CAN_A(V V\_Ao(lte) [ _lig
Tv T v\U2 ") Tav \Pd ") T d 2 )G T2
2_ 2
[Which is greater? §& — Ga = 14t — 2o — (1‘;(61'_):;)‘“” = Mo te = %1;22) > 0. So Cy > C..]
If the = axis points down:
[ I E | D | P [ os (top surface) || o (top plate) |
: T, Vg | 2 Vo T,V
(a‘) alr (e +1) d X (67‘3‘1; ﬁz&_ X 0 0 (e:{-li d
: - Vs o Vo | Ha-l eV 3 =1 gV
(a) dielectric (%—H)F X | (2% :r+1) @V g — e =
(b) air vz 9y % 0 0 7 (left)
(b) dielectric L &% | (- DR | —(e, — 1) | ¢, (right)

Problem 4.20

[ D-da = Qy,.. = Danr? = pinr® = D = Lpr = E = (pr/3€) ¢, for r < R; Danr® = pinR® = D =

pR3/3r? = E = (pR®/3¢or?) £, for r > R.

0 3 0 2 2 2
pR° 1 P /' pR p R pR 1
= — . = — —_—— dr = — —_—— B —_ .
v /o.o E-d 36 T 3€ Jr rar 3eg 3e 2 3eg L+ 2¢,
Problem 4.21
Let @ be the charge on a length £ of the inner conductor.
Q Q Q
. = = = —— = b E = 2).
fD da D2rsl=Q = D 5sl’ Smeast (a<s<b), Trest (b<r <)
a b c
Q ds /' Q \ds Q . b €0 c
= —_ . = —_— _—_ = l —_ — - .
v /c. E-d /.. (27r60£> s * » \2mel) s 2megl "\ + € In (b)
g _ Q _ 27r60
¢ Ve |In(b/a) + (1/e,) In(c/b)’

Problem 4.22

Same method as Ex. 4.7: solve Laplace’s equation for Vis(s,¢) (s < a) and Voue(s, @) (s > a), subject to

the boundary conditions

(i) V;n = Vout
(i) eZin = gZpu
(iii) Vout ~— —Epscos¢

From Prob. 3.23 (invoking boundary condition (iii)):

at s = a,
at s =a,
for s > a.

EOI ¢\
y z j

Vin(s, @) = Z s"(a,c coskd + brsinkd), Vour(s,d) = —Epscos¢ + Z s'k(ék cos k¢ + dy sin ko).

k

1

k=

1
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(I eliminated the constant terms by setting V' = 0 on the y z plane.) Condition (i) says
Z a*(ay cos k¢ + by sink¢) = —Egs cos ¢ + Z a~*(cx cos k¢ + di sin k¢),
while (ii) says
€ Z ka*~!(ay cos k¢ + by sink¢) = —Fy cos ¢ — Z ka=*"1(ck cos k¢ + dy, sin k¢).

Evidently by = di, = 0 for all k, a = ¢, = 0 unless k = 1, whereas for k =1,

aa; = —Foa+a~ley, €a; =—FEy—a 2c.
Solving for aj,
Eo EO Ey
ay = —s—————, 50 Vin(s,¢) = ——————<s5cC0S¢) = — 1T,
S e G (e ) T+ /)
and hence E;,(s, ¢) OVin % Eq As in the spherical case (Ex. 4.7), the field inside is unif
n n in(s,¢) = — = . n x. 4.7), eld inside is uniform.
" 0z " | L+ xe/?) P
Problem 4.23
1 Xe €0Xa 1 X
Py = Eo; E; = ——Py = —5Eq; P; = E, = ——%Ep; E; = ——P; = Z£Ep; ....
0 €oXelo; I 3 0 3 0 1 €oXeln 3 0 B2 3 1 g ©
Evidently E,, = (—Zf)n Eg, so
3 7
o0 X n
E=E+E +E;+--- = {Z (——3—)] Eyq.
n=0
The geometric series can be summed explicitly:
= 1 1
"= , 50 |E= ——xEy,
;‘” 1-z 1+ xe/3) °

which agrees with Eq. 4.49. [Curiously, this method formally requires that x. < 3 (else the infinite series
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7

Problem 4.24

Potentials:
Vour(r,0) = —Egrcosf + 3 2 Pi(cosh), (r>0b);
Viea(rn6) = 3 (A,rl + -,%L) P(cosf),  (a<r <b)
Vin(r,0) = 0, (r < a).
Boundary Conditions:
(1) Vout = Vied, (T - b),
(ii) e—mﬂmér = € —“la:;r , (r=0b);
(iil) Vied = 0, (r=a)
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(i) = ~—Eobcos6+) %P,(coso) => (A,b’ bm) Py(cos8);

(i) = ch[lA;b’ ! (l+1)b‘+2] Pi(cosf) = ~Eycosf — Z (+1)7— b‘+2 Py (cos8);

By
(i) = Ala +ﬁ =0 => B ——a2‘+1A

Forl#1:

B 204+1 4
(i) El+—ll = (A[bl - _a_b_l__;_l____l) = B = A (b2l+1 _ a21+1) ;

2041 B l
@ e {m,b’-w(lﬂ)iw—z’} ~(+ Dy > Bl=—erAz[(l+—1) b2‘+1+a2‘“} & A =B =0,

Forl=1:
B 3A
()  —Bob+ 35 = Ab— =5t = By — Eob = 412 (¥ —a*);
. 3A B
(ii) € (A1 + 2%) =-—Fy — 2—b—3L = —2B; — Egb® = €, A; (b3 + 2a3) .
So —3Eob® = A, [2(° -a®) +e (®+24%)]; A= —3E .
T ’ 2[1 — (a/b)%] + €,[1 + 2(a/b)3]
—3E0 613
Vined (7,8 -=
mea(",6) 21— (a/b)*] + &1 + 2(a/b)?] ( r2> cos,
3E0 20,3 " (13 -
) = —VVied = l ~{1-=])si :
E(r,9) VVied = 30 = (/7] + & [1 £ 2(a/b) 3]{<1+ 3 )cosﬂr (1 rs)smﬂﬂ}

Problem 4.25

There are four charges involved: (i) g, (ii) polarization charge surrounding ¢, (iii) surface charge (o;) on
the top surface of the lower dielectric, (iv) surface charge (o) on the lower surface of the upper dielectric.
In view of Eq. 4.39, the bound charge (ii) is gp = —q(xL/(1 + x.), so the total (point) charge at (0,0,d) is
@ =q+ g =q/(1+xc) = q/e;. Asin Ex. 48,

-1 qd/e, o ay, .
- e j—— 2 b h =PhA=+P, = ;
(a) o €0X {47“0 o )% % Ze (here gy = Pt = +P, = eox.E;)
1 qd/e. b gy ,
b _ ! A T 2 b h =P, = - E.).
(b) o}, €0X, [47!'60 = )S e Zeq (here 0p = —P, = —¢oXLE;)

Solve for oy, o}: first divide by x. and X’ (respectively) and subtract:

% o 1_gdfe o oejov, 1 adle 3
Xe Xe 2m(p24q2)} Xe 2 (r2 4 q2)}
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Plug this into (a) and solve for s, using €. = 1 + x.:

-1 qd/G;. ] b ' -1 qd Xe
= o x.(l - = , =— ;
T T eyt U T T e X 0 T e T e /)
o = y i 9 1 1 _qd/g solgr = L 94 €rXe/r
’ N7 (2 4 @)t L+ e +x0)/2 " 2m gz )3 [0 |70 dm (2 @y E 1+ (e +x0)/2]
The total bound surface charge is 0, = 04 + 0} = =~ —3 (Xe=xe) __ (which vanishes, as it should, when

X. = Xe)- The total bound charge is (compare Eq. 4.51):

e (r2+d2)% e [I+(xe+x2}/2]

_ (Xe = Xe)q

"= 2 1+ (e +%0)/2]

!

(6’ n 6’)
1 1
€.+ € ) €

and hence

gt

+
VIt +y? + (2 + d)?

(for z > 0).

}

I~ € 2 1 2q/(e + €,
Meanwhile, since —q,— +q = —‘{— 1+ 6/’ < g , |V(r) = 29/(cr + &) (for 2 < 0).
€l €l € + € € + €, dmeo /22 + y? + (2 ~ d)?
Problem 4.26
From Ex. 4.5:
0, (r <a)
oo O,Q (r<a) _ 4_9_.51;, (a<r<b
s £, (r>a) |’ 7r8 A
dmeqr? i (r>b)
2
W = Q

1 1 Q?
~Z D- -
2/ Edr 5 (47r)247r{

b
—1-/ rdr
€J, T’

(3
+ — [ —
a €0 T

Q2

8meg

-

(o




83

Problem 4.27

Using Eq. 4.55: W = & [ E?dr. From Ex. 4.2 and Eq. 3.103,

“1ps (r<R)
3e
E = RQ , SO
3eg (2cos€r+sm63), (r > R)
e (P\°4 5 2rPRS
Wrcr = 5 <3€0> 37TR A
3o 2
W,srn = EO (R;€P> (4cos 8 + sin® §) r? sin 0 dr df d¢
0
B ™ 71-(R3.ID)2 3 w 1 o0
= 1850 / (1 + 3cos? 0)s1n0d6’/ —-d = T (= cosé — cos 9)]0 (—513) .
_ w(R*P)? _ 4nR3P?
B 9o 3R3 T 2T
27 RS p?
Wit = 9¢o .

This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble
the system,” because it leaves out the mechanical energy involved in polarizing the molecules.

Using Eq. 4.58: W = 1 [D-Edr. Forr < R, D = ¢E, so this contribution is the same as before.
Forr < R,D = E+P = -1P+P = P = —2¢FE, so tD-E = —29E?, and this contribution is

now (—2) (2" P zf3> = —‘;—’;%fz, exactly cancelling the exterior term. Conclusion: This is not

surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as
the “work necessary to assemble the configuration”—the latter would depend entirely on how you assemble it.

Problem 4.28

First find the capacitance, as a function of A:

:}V__

Air part: E =

41reos

In(b/a), '

41r

® L L S
In(b/a)

2A €0 € €0
>V = e

Oil part: D = 22 = E =

47res

Q=XNh+ Xl -h)=eh— A+ X = N(e, — 1)h + €] = Mxeh + £), where £ is the total height.

(xeh +€)

Q _ AMxeht+9)
In(b/a)

C=y= 2XIn(b/a)

4meg = 2meg

The net upward force is given by Eq. 4.64: F = ly2dC = L Vzg;%"ﬁ-‘y } b —a eoxeV? .
The gravitational force down is F = mg = pn(b® — a?)gh. p(b? — a?)gIn(b/a)
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Problem 4.29

‘ z
a
(a) Eq. 4.5 = F2 = (p2- V) E; =P (Ev); p‘L | P2
=P __ P A
Eq. 3.103 = E, Ireqr? 6 Treos® Z. Therefore x/} g
o 2 [d (1\]._ 3mp . _ 3mp: .
F, = dnes [dy (y3)] zZ= ym—— Z, or|Fy = pr—— (upward).
z

To calculate F,, put py at the origin, pointing in the 2 direction; then p;
s is at ~r2, and it points in the —y direction. So F;, = (p;-V)E; =

P2 y OE, .
-y — ; we need E, as a function of z, y, and z.
x ‘-pl ay z=y=0,z=-r
1 1 .
From Eq. 3.104: E;, = — 3(p2 - r)r —pl, wherer = zX +y¥y + z%, p, = —p2¥, and hence
4meg 3 72
P2 - T = —p2y.
E, = P “By(zx+yy+22)+(2® +1> +2°)y] _ po [-Bzyx+ (2 - 242+ 2%)§ - 3yz2
2 T 4rne (z2 + y? + 22)5/2 = 4reg (22 + 42 + 22)5/2
IE, P2 [ 51 e (2 _0n2 2 514 L
=2 - B2 ) _ 2 9.1 -9 v — (=31 % —4uv — 322 L.
By 4“0{ 27_7,21/[ ryx + (z y:+2z°)§y 3yzz]+r5( rx—4yy —32%) ;;
OE; p2 —3z p2 3r. 3p1p2
— z2: Fy = — —_—— =]~ Z.
dy (0.0) 4neg 13 & ! h (41r£0 r3 “ 4megrt z
These results are consistent with Newton’s third law: F; = —F,.

(b) From page 165, N2 = (p2 x E;) + (r x F3). The first term was calculated in Prob. 4.5; the second we
get from (a), using r=ry:

np2 , . - 3pip2 . 3pp2 2p1p2
xE; = —x); Fo = = ; No = .
P2 ! 47reor3( )i rxF;=(ry)x (47reor4 z) 4megrd *; 80112 dmegrs x

This is equal and opposite to the torque on p; due to p2, with respect to the center of p1 (see Prob. 4.5).

Problem 4.30
Net force is| to the right | (see diagram). Note that the field lines must bulge to the right, as shown, because
E is perpendicular to the surface of each conductor.

I E
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Problem 4.31
P=kr=k(zX+yy+22)=>pp=-V-P=—k(1+1+1)=
Total volume bound charge:
op = P-n. At top surface, i = 2, z = a/2; so 0y = ka/2. Clearly, on all six surfaces.

Total surface bound charge: leurf = 6(ka/2)a? = 3ka® ] Total bound charge is zero. v

Problem 4.32

q . 1 : q iy dXe y
D-da = D= i E=-D=|{————:|P = E=|—2%
j{; *= O 4mr? € 47r€o(1 +Xxe) % OXE T a4 x)
aXe T 3 N 9Xe
=-VP=—- V.| = 5 Eq.199); 0y =Pt = | ———=——!
Qsurt = 05(4TR?) = a7 iex .| The compensating negative charge is at the center:
e

Problem 4.33

Ell is continuous (Eq. 4.29); D, is continuous (Eq. 4.26, with o = 0). So E;, = Ei,, D,, = Dy, =
e By, = e2Ey,, and hence

tanf; E;,/E,, FE, €
tany B, /E, By, €
If 1 is air and 2 is dielectric, tanf,/ tan8; = ea/€p > 1, and the field lines bend away from the normal. This is
the opposite of light rays, so a convex “lens” would defocus the field lines.
Problem 4.34

qed

In view of Eq. 4.39, the net dipole moment at the center is p’ = p — X&- P= —p. We want the

+x. P~ 1+><c
potential produced by p’ (at the center) and o}, (at R). Use separation of variables:

[e o]

B,
Qutside: V(r,6) = Z m—lTPl(cos 8) (Eq. 3.72)
=0
1 6
Inside:  V(r,0) = £ P+ S Air'Py(cos8) (Eags. 3.66,3.102)
TE€Q €4T =
B
Rlil = AR, or By =R¥4, (1#1)
V continuous at R =
B _ 1 p

+ AR, or B, = +A1R3

4mweger

R?2 ~ 4mey e R?

ov 1914 B 1 2pcosd 1
= -2 = -Su+1-2L — S IA4,R1 ==
or Ry OTlg Z( +1) Rl+2P,(cosH) + 4meg €,.R3 Z LR Pi(cosf) eo_ob
_ 1 ov _ 1 2pcos8 (-1 :
= —;gP T= (eoer £) = Xe I | = xe{ o + E lA|R" ™" Py(cos8) ;.
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~(l+ V)5 Rl+2 —IAR"T = x AR (1 #£1); or — (2 +1)AR™ =x IAR"™ = A =0(#1).
B, 1 2p 1 2 P A R3 1 Xep AL R3
Fori=1: -2— —A = - _ 4+ A )—-B — R € .
oF R3 Y ires 4meg €, R3 1= Xe ( dmeg €. R3 +4 1+ dmegey 2 4dreg €, 2!
A R3 1 x ¥/ A1R3 A1R3 1 X D
_ — A R3 p _ M - _ XeP e )
4mege, SR 4mege, 2 4dmeq €y Xe 2 = 2 B+ xe) = 47rco €r
1 2Xep 1 2(e.=1)p D 2(er — 1) P 3
=> Al = 3 = 3 H Bl = 1 = .
4meg R3¢, (3 + xe)  4meo R3ep(er +2) 4mege, (er +2) 4Tegey €, + 2

o= () () 22

1 pcoséd 1 prcosf 2(e, — 1)
dmey €772 dreg R3® e (e, +2)

p cosf e —1
=|——|14+2
4rmeorie, [ + (fr ) ] (r R).

Meanwhile, for r < R, V(r,8) =

Problem 4.35

Given two solutions, V; (and E; = —-VV], D; = ¢E;) and V, (E; = —=VV,, D, = €E,), define V3 = Vo -V}
(E3 = E'z ——E], D3 = D2 - Dl)

[y V-(VaD3)dr = [ V3D3-da =0, (V3 =00n S), so [(VV3)-Dsdr + [ V3(V-D3)dr = 0.
But V:D3 = V-D; — V:D, =p; —py = 0,and VV; = VVo — VV; = —E; + E; = —Eg3, so JE;-Djdr =0.
But D3 = Dy — D) = ¢E; — €E; = €E3, 50 [ e(E3)?dr = 0. But € > 0, so E3 =0, so V3 — |} = constant. But
at surface, Vo = W1, so V =V} everywhere. qed
Problem 4.36

(a) Proposed potential: |V (r) = Vo—?. If so, then | E=-VV = Vog f,|in which case |P = eoerorﬂzf-,
. . . R, . €oxeVo - .
in the region 2 < 0. (P = 0 for z > 0, of course.) Then o} = eoxevoﬁ(r-n) =|-—F— (Note: i points out
of dielectric = it = —#.} This o, is on the surface at 7 = R. The flat surface z = 0 carries no bound charge,

since i = Z 1 . Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical

symmetry, the net charge must be uniform:
O40tdm R? = Qo = 4meg RV (since Vg = Qyor/4eg R), 50 0tor = €9Vo/R. Therefore

_ | (eVu/R), on northern hemisphere
7= {€oVo/R)(1 + x.), on southern hemisphere |-

(b) By construction, gy = 05+ 05 = €9V /R is uniform (on the northern hemisphere o, = 0, 05 = ¢gVo/R;
on the southern hemisphere ¢, = —€gx.Vo/R, so oy = €Vp/R). The potential of a uniformly charged sphere is
_ Quot _ 0wt(dmR?) _ eoVo R? R

= = = =V—. Vv
dmegr 4megr R eor o

(c) Since everything is consistent, and the boundary conditions (V = V5 at r = R, V — 0 at co) are met,
Prob. 4.35 guarantees that this is the solution.
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(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to #,

so we'd get bound charge on this surface, spoiling the symmetry.

Problem 4.37
Eext = 2;:03 8. Since the sphere is tiny, this is essentially constant, and hence P = 1T+ 73 :_0;(: 7 Eext (Ex. 4.7).
€oXe A Nd/ a0\, €oXe A \2/1\ /-1) . /
F = —— == - —_—

/ (1 +Xe/3) (27"508) ds (21r€os) §dr (l +xe/3) \27eo s)\5)° dr

- 2 2 p3
= Xe A _1_§"R3~= __( Xe MR 5.
14 x./3 \4n%¢ ) %3 3+ xe/ Teps?

Problem 4.38

The density of atoms is N = m. The macroscopic field E is Egeif + Eejse, where Egey¢ is the average

field over the sphere due to the atom itself.

P =Eese = P = NaEejge.

[Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in

fact equal, as we found in Prob. 3.41d.}] Now

Na

P
Egerr = -.EE;R:?
(Eq. 3.105), so
1 a a
= "Z;e‘;‘R_:,Eelse + Eelse = (1 - m) Eelse = (1 - ':‘3;0—) Eelse-
So N
a
= E =
P = A Nafze) "~ oXeE:
and hence Na/
_ Qaf€g
Xe = 1= Naj3eo)
Solving for a:
Na  Na Na Xe\ _
Xe_s;;xe_ €0 = €0 (1+3)—Xe1
or '
a=£°—-———)—(—e———=§2 Xe But x. =€, — 1 soa=§°—
NQ+x/3) N (B+xe - N

€& —1
(er +2> + qed

Problem 4.39

For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 10%%)/(22.4 x 10~3) = 2.7 x 10*®. Na/e =
(2.7 x 10%%)(4meq x 10730)3/¢p = 3.4 x 10~4f, where B is the number listed in Table 4.1.

H: B =0.667, Nafe = (3.4 x 107%)(0.67) = 2.3 x 1074, x. =2.5x10~*

He: §=0205 Naje = (3.4 x 10-4)(0.21) = 7.1 x 10~5, X, = 6.5 x 10~ L

Ne: A=0396, Najeo=(3.4x10-4)(0.40) = 1.4x 10~4, x, = 1.3x 10-4 ( Spreement is quite good.
Ar: f=164, Najep=(3.4x107%)(1.64) =5.6 x 1074, x.=52x 1074
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Problem 4.40 oE
(a) _ Jhpue /T du  (KT)?em/*T [—(u/kT) - 1]127p

(u)
fffE e—u/kT dy —kTe- u/kT|”E

LT { [e"PE/KT _ opE/KT) 4 [(pE/kT)e PE/XT 4 (pE[kT)ePE/+T] }

I

e—PE/kT _ opE/kT

epE/kT +e—pE/kT E
= kT -pE [epE/kT — e_pE/kT] kT — pE coth (kT)

P = N(p); p = (pcos6)E = (P - E)(E/E) = —(u)(E/E); P = Np (u) =|{Np {coth (Z—?) - 1;%} .

3
oz _z3
=3-—t+t -~

1, so the graph

Lety = P/Np, z = pE/kT. Theny = cothz—1/z. Asz = 0,y = (% +3 - % + - )—
0, so the graph starts at the origin, with an initial slope of 1/3. As ¢ — o0, y — coth(o0)
goes asymptotically to y = 1 (see Figure):

1
z

P
np
Lo e
pe/kT -
N
(b) For small z, y & 3z, so Np ~ g;—:—,;:, or P~ %E = ¢gXeE = P is proportional to E, and | x, = 3 ZT'
€0

o __ . -30 molecules __ molecules moles grams
For water at 20° = 293K, p = 6.1 x 107°° Cm; N = MoE=tes — MO SCes ram X Blams-

N = (6.0 x 10%) x () x (10°) = 0.33 x 10%; X = 73; (8(253:1)(01012:))((;3;gxxli)o—a:gz(Z%) [12.] Table 4.2 gives an
experimental value of 79, so it’s pretty far off.
For water vapor at 100° = 373K, treated as an ideal gas, Y2lume — (22,4 x 1073) x (33) = 2.85 x 102 m®

mole
6.0 x 102 25 (2.11 x 10%%)(6.1 x 10730)2
= —— = 2. . — . 7 -
N = ogsxi0z = FIX107 Xe = g g5 X 10-12)(1.38 < 10-2)(373)

Table 4.2 gives 5.9 x 1073, so this time the agreement is quite good.




Chapter 5

Magnetostatics

Problem 5.1
Since v x B points upward, and that is also the direction of the force, ¢ must be To find R, in
terms of a and d, use the pythagorean theorem:

a® + &2

(R-d?+a’>=R?> = R?-2Rd+d*+a*>=R?> 2 R= 57

The cyclotron formula then gives

(a® + d?)

=gBR =\|gB
quq2d

Problem 5.2
The general solution is (Eq. 5.6):

y(t) = C cos(wt) + Cs sin(wt) + —g—t +Cs3;  2(t) = Cycos(wt) — C sin(wt) + Cy.

(a) ¥(0) = 2(0) = 0; y(0) = E/B; 2(0) = 0. Use these to determine Cy, C3, C3, and Cy.
y0)=0=>C1+C3=0; 9(0) =wCo + E/B=E/B=Cy=0; 2(00)=0=>Co +C4 =0 = C,; = 0;
2(0) =0 = C; =0, and hence also C3 = 0. So [y(t) = Ft/B; z(t) = 0.] Does this make sense? The magnetic

force is ¢(v x B) = —q(E/B)B z = —qE, which exactly cancels the electric force; since there is no net force,
the particle moves in a straight line at constant speed. v’

(b) Assuming it starts from the origin, so C3 = —C, Cy = —Cy, we have 2(0) = 0= C, = 0= C; = 0;

) E E E E . E
y(O)—ﬁ=>02W+§— 55#02— 2w B ~Cq; y (t)—_2wBSln(wt)+§t:
E E E
Z(t) = —-‘2—;-5 COS((IJt) + m' or y(t) 2w B [2“)t_sln wt ]! z ) 2w B [1 _COS(Wt)]'l Let 8 = E/2L‘JB‘

‘Then y(t) = 8 [2wt — sm(wt)] 2(t) = B[1 — cos(wt)]; (y — 2Bwt) = —Bsin(wt), (z — B) = —f cos(wt) =

(y — 2Bwt)? + (z — B)? = 2. This is a circle of radius § whose center moves to the right at constant speed:
Yo = 20wt; 20 =B >

E E

. . E E E
(c) Z(O)=y(0)=-B'=>'"Clw:§:>Cl="‘C3= oB’ Czw+§—§=>02_04»0

89
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y(t) = B cos{wt) + Et + B 2(t) = B sin{wt). {y(t) = B (1+wt — cos(wi)]; z(t) = =5 sin(wt).

Let 8 = E/wB; then [y — B(1 + wt)] = —Bcos(wt), z = Bsin(wt); [y — B(1 + wt)]* + 2* = B2, This is a circle
of radius 8 whose center is at yo = 8(1 + wt), z5 = 0.

Problem 5.3
E
(a) rom Eq. 5.2, F=¢[E+ (vxB)|=0=>E=vB =|v = B

_ a_v _| B
(b) From Eq. 5.3, mv = ¢BR = BRI BR

Problem 5.4

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward
the left) cancels the force on the right side (toward, the right); the force on the top is IaB = Iak(a/2) =
Ika?/2, (pointing upward), and the force on the bottom is IaB = —Ika?/2 (also upward). So the net force is

F=[Ika"2 ]

Problem 5.5
I
(a) | K = 5o because the length-perpendicular-to-flow is the circumference.
L
1 I I
(b)J:g:>1=/Jda=a/—sdsd¢=21ra/ds=27raa:>a:—;J: .
s s 2ma 2mas

Problem 5.6
(a) v = wr, s0 (b) v =wrsinf ¢ = |J = pwrsiné ¢, | where p = Q/(4/3)xR3.

Problem 5.7
dp d Op - .
i N dr = 5 dr = — [(V - J)rdr (by the continuity equation). Now product rule #5

v

says V- (2J) =z(V -J) +J - (Vz). But Vz =%,50 V- (2J) = 2(V - J) + J,.. Thus [,(V -J)zdr =

/ V- (zJ)dr - / Jz d7. The first term is [ 2J - da (by the divergence theorem), and since J is entirely
v v :

inside V, it is zero on the surface S. Therefore [,,(V - J)zdr = — [, J, dr, or, combining this with the y and

z components, [,,(V -J)rdr = — f,, Jdr. Or, referring back to the first line, Z—I; = /Jdr. qed

Problem 5.8

2ol
(a) Use Eq. 5.35, with z = R,8; = —8; = 45°, and four sides: B = ‘/;‘1‘%“ .
_ _ g _T R R Y
(b)z=R, 0 =—-6, = o and n sides: B = 5 sin(w/n).
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npel

(c) For small 8, sinf =~ 6. So asn = 0, B & —— R

I
( ) = % (same as Eq. 5.38, with z = 0).

Problem 5.9

8 \a b

; the half-circle contributes ’Z:

(a) The straight segments produce no field at P. The two quarter-circles give B = pol (l - l) (out).

p,oI

(b) The two half-lines are the same as one infinite line: R

pol 2\ {,.
So B = 1B (1 + ) (into the page).

Problem 5.10 ’ ! I \
(a) The forces on the two sides cancel. At the bottom, B = -’210— = F = (ﬁo__) Ia = I‘OI (up) At the

s 27s 4
pol wol?a | pmol%a? /

=—— =3 F=——(d . Th — . >

top, B 21r(s+a) 5r(s +.a) (down). The net force is 2ms(s + ) (up) shoui e
(b) The force on the bottom is the same as before,(fioI? / 27 (upj On the left side, B = ;to[ z;
Ty
I r
dF = I{(dl x B) = I(dz % + dy ¥ + dz %) x (% 2) l;jry (—dz ¥ + dy %x). But the £ component cancels the
ﬂo12 (s/V3+a/2) 1
corresponding term from the right side, and F, = — / - d:c Here y = \/— 3z, so
2 s/\/§
. (s/V3+a/2 I '
Fy = :&_ﬂ_ In ( /\g}a/ ) = —-2”\9/_“ In{1+ \g—s-a . The force on the right side is the same, so the net
y
I?
arce on the triangle is # 0 Fﬂ—- —In ( \f:_a)] .
gy
o}
- -~
=
z

Problem 5.11
Use Eq. 5.38 for a ring of width dz, with I — nl dz:

) 2
B= """1/ - dz But z = acotf, *M\\ \

2 (a2 + 22)¥/ t - z
sodz = ——x— 1 - sin’d ' \// j

df, and = . o
sin® § (a? + 22)%/? a3 ~ o
So

ﬂonI a®sin® @ _ penl [ _ ponl 0 | ponl
/a3sm 0 —adf) = - 2 /sdeB_ ) cosfl,” = 5 (cosbz — cosfy).

o

For an infinite solenoid, §; =0, §; =, so (cosfs —cos ;) =1—(-1)=2, and B = v
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Problem 5.12

: 2,2
Magnetic attraction per unit length (Eqgs. 5.37 and 5.13): f,, = ;ﬂ_oz\; .
T
A
Electric field of one wire {(Eq. 2.9): E = e Electric repulsion per unit length on the other wire:
' 0
fe= LA . They balance when gov? ! or|v= ! Putting in tl b
= e d y Hov® = = = e utting in the numbers,

1

T /(885 x 10-1%)(dr x 10-7)
never get the wires going fast enough; the electric force always dominates.

Problem 5.13

= [ 3.00 x 108 m/s. | This is precisely the speed of light(!), so in fact you could

0, for s < a;
B-dl = B2ns = pgle, B=< -
(a)?{ 8= Holene = ,u.;[ , fors>a.
27s
@ @ 2rka® 31 : :
(b) J = ks; 1:/ Jda:/ ks(2rs) ds = ”3“ k= Iencz/ Jda:/ k3(275) d5 =
0 0 0 0
pols? -
orkes® o Sl ¢, for s <a;
3 =Ia—§,fors<a; Iene =1, fors>a. So|B =
g%gd@, for s > a.

Problem 5.14
By the right-hand-rule, the field points in the —§ direction for z > 0, and in the +¥ direction for z < 0.
At z =0, B = 0. Use the amperian loop shown:

?{B -dl = Bl = polene = polzJ = (ma<z<a). fz>a,lnc = polad,

wlp = { ~moJay, forz> g ¢ amperian loop
+ppJay, for z> —a. >
AT v
N ——r’
l
Problem 5.15 \\

The field inside a solenoid is ponl, and outside it is zero. The outer solenoid’s field points to the k}kt (-2),
whereas the inner one points to the\l:&-lit (+%). So: (i) l B = pol(n; — noy) 2, ] (ii) [B = “ﬂolnzj (iii) | B = 0. |

Problem 5.16

From Ex. 5.8, the top plate produces a field uoK /2 (aiming out of the page, for points above it, and into
the page, for points below). The bottom plate produces a field poK/2 (aiming into the page, for points above
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates
they add up to poK, pointing in.

(a) | B = poov (in) | betweem the plates, elsewhere.

(b) The Lorentz force law says F = [(K x B)da, so the force per unit area is f = K x B. Here K = ov,
to the right, and B (the field of the lower plate) is poov/2, into the page. So | fm = noo?v?/2 (up). (
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(c) The electric field of the lower plate is 0/2¢q; the electric force per unit area on the upper plate is
= g2 [2¢y (down). |They balance if pov? = 1/eg, or l v=1//eom = J(the speed of light), as in Prob. 5.12.

Problem 5.17
'We might as well orient the axes so the field point r lies on the y axis: r = (0,y,0). Consider a source point
at (z',y',2") on loop #1:

a=-z'X+(y—y)y—2'% d' =d'x +dy' §;
% § 3
dl' xa=| dz' _dy 0 [=(—2'dy)x+(Zdz")§+ [y —-y')dz' + 2’ dy'] 2.
-z (y—-y) -#
pol dl' xa _ pol (— 2y )X+ (Z'de" )y + [(y—y')de' + 2’ dy'] 2

4 23 4r [(2)? + (y — ¥)? + (2') 2]3/2

Now consider the symmetrically placed source element on
loop #2, at (z',y’,—=2"). Since 2’ changes sign, while every-
thing else is the same, the % and ¥ components from dB; and

dB; cancel, leaving only a 2 component. ged \7'0\ loop 1

dB1=

With this, Ampére’s law yields immediately: <
2
B= ponlz, insid'e the solenoid; GI\J v
0, outside

(the same as for a circular solenoid—Ex. 5.9). rd (2

For the toroid, N/27s = n (the number of turns per unit %
length), so Eq. 5.58 yields B = ponl inside, and zero outside,
<consistent with the solenoid. [Note: N/2ws = n applies only N loop 2

the toroid is large in circumference, so that s is essentially I

constant over the cross-section.]

Problem 5.18

IIt doesn’t matter. ]Accordmg to Theorem 2, in Sect. 1.6.2, J J-dais independent of surface, for any given
boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.31).

Problem 5.19
charge  charge atoms moles grams

= = - = d
(2) o volume  atom mole gram volume (e)(N) ( ) (d), where
e = charge of electron = 16x1071°C,
N = Avogadro’s number = 6.0 x 10% mole,
M = atomic mass of copper = 64gm/mole,
d = density of copper = 9.0gm /cm3.
—19 23y (90 4 3
p= (1.6 x 1077)(6.0 x 10*°) o =114 x 10°C/cm?,
(b) J = L =pv>u= ! = 1 =I9.1 x 1073 cm/sw or about 33 cm/hr. This
ns? 7s2p  m(2.5 x 1073)(1.4 x 104) ’
is astonishingly small—Tliterally slower than a snail’s pace. »
_ Mo L _ (4m x 10_7) _ 7
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1 A 1 /\ /\2 1 1 1112 Ho 1112 62
dFEF= —=—: e = = — | — ] = =/ m,
(@) 2meo d’ f 27r60< d ) Teg < > < )2 sz where
3.0 x 1010
¢=1/\/éfo = 3.00 x 108 m/s. Hele = = (91)(10 3> =11.1 x 10%.
fe=(11x10")(2x1077) =|2 x 1018N/cm.

Problem 5.20

Ampére’s law says V x B = p0J. Together with the continuity equation (5.29) this gives V - (V x B) =
oV -J = —podp/Ot, which is inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other
Maxwell equations are OK: VX E =0= V- (V xE) =0 (v), and as for the two divergence equations, there
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence).

Problem 5.21
At this stage I'd expect no changes in Gauss’s law or Ampére’s law. The divergence of B would take the

form where p,, is the density of magnetic charge, and ap is some constant (analogous to ¢

and po). The curl of E becomes {V xE = ﬂoJm,] where J,, is the magnetic current density (representing the
flow of maguetic charge), and fy is another constant. Presumably magnetic charge is conserved, so p,, and J,
satisfy a continuity equation: V -J,, = —9p,,/0t.

As for the Lorentz force law, one might guess something of the form ¢,,[B + (v x E)] (where ¢, is the
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is

wl %

. 1
¢t = 1/copo: |F=¢e[E+ (v X B)] +qn {B - C—2~(v X E)} .| In this form the magnetic analog to Coulomb’s

Q0 gmy9m, ;

4 2
then measure the force between unit charges at a given separation. [For further details, and an explanation of

the minus sign in the force law, see Prob. 7.35.]
Problem 5.22

law reads F = , 80 to determine ag we would first introduce (arbitrarily) a unit of magnetic charge,

Ao IZ /101 /
Tdn ) 2 T ‘/22 +sz P
2 I Ty o2
:Mz[ln(z+ 22+32>] PRy, |2 (z2)" +5 2
4m z 4m z1 +/(21)% + s2
JA - p,o[ 1 S 1 -
B = V X A = — —_— o
5 dm Lz+\/(22)2+32 V()2 +5t 21 +/(21)? + 52 /(=1 2+s2} ¢
_ pols | oz — \/(20)% + 82 1 zl —/(21)? + 52 1 8
dr | (22)% — [(22)% + 5% (22)? + s? —[(21)2+ 5% /(21)% + &2
_ kols < 1 > I S 1| ¢ = pol 2y B 2 é
4m S(2)? + 52 V()2 + = dns | \f(22)2 + 52 JS(z)2 + 82|

21 . z2
and sinfy =

/(21)2 T+ 2 - (22)2 + 52’

7 . .
= %‘;—3 (sin@; ~ siny) ¢ (as in Eq. 5.35).

or, since sinf; =
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- Problem 5.23
k

- = _18 By g Livxm= L1-9 (k\] 5=
A¢=k=>B—VXA—sa(Sk)Z— J—ltO(VXB)—— [ ()}(;b—. uosz(f)

»

Problem 5.24 )
V-A = ———2-V-(r x B) = —E[B'(er)—r-(VxB)] = 0, since V x B = 0 (B is uniform) and

V xr =0 (Prob. 1.62). V x A = —%V x (r x B) = —-;—[(B-V)r- (r-V)B +r(V:-B) - B(V - r)]. But

(r-V)B =0and V-B = 0 (since B is uniform), and V - r = g::: + gz + gz 1+1+41 = 3. Finally,
-0 0 0 e oa Ay B e N - 1
(B'V)I‘ = (Bza'—m +By% +B25;) ($X+yy+~Z) = BI X+Byy+BzZ =B. So VXA = ‘--2‘(B—3B) =

qed
Problem 5.25
-(a) A points in the same direction as I; and is a function only of s (the distance from the wire). In cylindrical

A . I -
coordinates, then, A = A(s)Z,s0 B=V x A = —aa—s ¢ = l;—;; ¢ (the field of an infinite wire). Therefore

%é = —5—7%, and | A(r) = —ﬂ In(s/a) 2| (the constant a is arbitrary; you could use 1, but then the units
1ookﬁshy).v-A=a—Ai=o./vXA= 04: 5 “LI¢ B. v
0z - Js .
(b) Here Ampére’s law gives fB dl = B2ms = piglenc = poJ ms* = pg 1r}[f£2 ms® = “(}%I:
uo Is ; OA ,uoI s ol §2 2\ . . . .
B= w?® BT o 5%2 => A = 4 Rz( ~ b°) 2. Here b is again arbitrary, except that since A
“must be continuous at R, —ﬁ In(R/a) = — b?), which means that we must pick a and b such that

—4;10}; (s = R% %, fors<R;
m
2In(R/b)=1- (b/R)%>. 'l usea = b= R. Then|A =

”“I E-in(s/R)z,  fors> R.

Problem 5.26

K=K}'(=>B=:t%5’(plusforz<0,minusforz>0). z
A is parallel to K, and depends only on z, so A = A(z) %.
X ¥ 0 g4 K
Holt
B=VxA=|98/8z 8/0y 0/0z |=——¥y= .
Alz) 0 0 9z 2 e /
A= —Egz—-fglz[x will do the job—or this plus any constant. ;/)/////

Problem 5.27 P

. N
(a) V-A = Z—;/V. (%) ar'. V- (Z) = ’%(V.J)%—J-V (Z) But the first term is zero, because J(r’)

is a function of the source coordinates, not the field coordinates. And sinces = r—r’ ,V (1) =V (—1-) . So
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1 1 1
V- <%> =-J.V' <;) But V' <%) = —(V'-J)+J~V' (—) and V'-J = 0 in magnetostatics (Eq. 5.31). So

V(‘—l—) =-V' (2) and hence, by the divergence theorem, V-A = —”0 /V' ( ) dr' = 5—0}{%«1&1’,
T

where the integralis now over the surface surrounding all the currents. But J = 0 on this surface,so V-A =0. v

(b)VxA_——w/V ( )d’—ﬁ/[l(VxJ)—JxV(lﬂ dr'. But V xJ =0 (since J is not

J
a function of r), and V ( ) = _4_2 (Eq- 1.101),s0 V x A = x4
2

L
2 [—~d'=B.v

J 1
(c) VA = all /V2 ( ) dr'. But V2 (Z) =JV? (;) (once again, J is a constant, as far as differenti-
. \
ation with respect to r is concerned), and V2 ~) = —476%(2) (Eq. 1.102).

So V2A = —/J(r [— 47r63(/l.] dr’ = —ped(r). v

Problem 5.28 o
ol = %B -dl = -—/ VU -dl = —{U(b) — U(a)] (by the gradient theorem), so U(b) # U(a). qed

pold
2

I.
For an infinite straight wire, B = Eo— qS U=-

_ ﬂ_o{v ﬂoI 19¢ -
-VU = =V (¢) = )

value; it works (say) for 0 < ¢ < 2m, but at 27 it “Jumps back to zero.

Problem 5.29
Use Eq. 5.67, with R — 7 and ¢ — pdF:

would do the job, in the sense that

@ = B. But when ¢ advances by 2r, this function does not return to its initial

. .
A = “0:;‘"’3‘;19(5/ dr+"°§”’rsin9$/ zdr

] 2 2
_ Howp Tp2 2\t 7 Howp R Y 4
= ( ) [ ( >+2(R r)]d)— 2\r51n0<3 5)(1).
_ _Howp [ 1 0 B o\ e 18 e (B2 20V 6
B = VxA= 5 {Tsmaae[smersmﬁ(& 5 - r°sinf 3 3 '9
’ R?2 72 . R 277 Q
= uowp —3——— cos@r — ?——5— .

) But p= ——-—, so
2 , 2
= ‘jf:g [(1—:—;2->c059f—(1—§}%5)sin9

(4/3)mR3’
Problem 5.30

-3

in 6

w

D™

(a') _aav}:z = Fy = Wz(x’yiz) = _fOI Fy(xluyaz) d.’l)l + Cl (y’ z)‘
oW, S '
Oz Fz=>Wy($’I‘I,Z)=+f0 Fi(z',y,2) dz' + Caly, 2)-

These satisfy (ii) and (iii), for any C; and C»; it remains to choose these functions so as to satisfy (i):
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OF; OF,

*oF,(z',y,2) ,, 8Ci / OF.(@'\,7) ac ~ _
—A -?E{sz + '—a—:‘;‘ o 9z F (z Y, )) 9z '5;' 92 - O» so
z 6FZ(SL' Y, 2 B 601 602 _ / aF ,y,l r
/‘; 5 dz’' + -éy— ~ 5 = Fp(z,y,z). Now dz' = Fg(z,y,2) - F;(0,y,%), so
%gy}- - 950;’2- = Fz(())y;z). We may as well pICk Cy = 0: Cl(y’z) = / F; (0) yl! Z) dy" and we’re done, with
(]

x ¥ ) z
W, =0; W,= / Fy(z',y,2)de'; W, = / Fo(0,y,2) dy ~ / Fy(z',y,2) do'.
0 . 0 (4]

_ (0w, OW,\ . oW, oW, Y\ oW, oOW,\.
(b)vxw_(ay - 6z)x+(6z 6:1:) (61: 8y)z

x ! : z ! Y
= [mOyn - [(0C g PO )04 By oy, 25 + (o) 0
0 Y o z

T I

But V- F =0, so the % term is [Fz 0,9,2) + 8FZ(;;,/y’ )
0

soVxW=F. Vv

OWe W,y oW, _ = OF,(z',y,2) ,, /yan(O,y',z) ,_/’ 0Fy(z',y,2) , .
VW= 6y+82—0+/0 5 d:z:+0 5 W | o da' #0,

d:c'] Fo(0,4,2) + Fa(z,3,2) - Fo(0,9,2),

in: general

y?
)W, = /xdz’ ; W = ydy—/ zdz' = 7-z:1:
0

% y Z
d/0z 3/dy 8/0z
0 2/2 (y%/2 - zz)

=yX+zy+zzZz=F. v

2
2. [y R _
W——2y (2 zz)z. VxW=

“Problem 5.31 )
(a) At the surface of the solenoid, Babove = 0, Bueiow = ponl2 = poK2; i = §; so K xh = —K32.
Evidently Eq. 5.74 holds. v’ N
(b) In Eq. 5.67, both expressions reduce to (uoR2wa/3)sinf¢ at the surface, so Eq. 5.75 is satisfied.
4 .
oA _ poRlwo (_25”19) 2o flg OA|  _ toBws .04 So the left side of

Bl =3 = M Ml
Eq. 5.76 is —po Rwo sin@¢. Meanwhile K = ov = o(w X r) = owRsinf ¢, so the right side of Eq. 5.76 is
~100wRsin 6 ¢, and the equation is satisfied.

Problem 5.32

: . oA OA
Because Agpove = Apelow at every point on the surface, it follows that B and 8—y are the same above

and below; any discontinuity is confined to the normal derivative.

0A 0A . 0Az,pov. OAzin )\ - .
Babove — Bhelow = | ~ ;‘;“‘ 5";‘“") X+ ( ;;" —. 8‘;1_ ) ¥. But Eq. 5.74 says this equals
mK(~¥). So aAS‘;"“ = A;’;"" , and 6A5‘;°“ - 5’;""" = —ppK. Thus the normal derivative of the com-
. P . 8Aabove aiqbelmm _
ponent of A pa.fallel to K suffers a discontinuity —puoK, or, more compactly: o Bn - oK.
Problem 5.33 >

(Same idea as Prob. 3.33.) Write m = (m - r)r +(m-0)6 = mcosff — msind (Fig. 5.54). Then
3(m-f)# —m=3mcosfi —mcosOi +msinff = 2mcosf £ +msinf B, and Eq. 5.87 & Eq. 5.86. qed
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Problem 5.34

(a) m=Ja=[IrR?2]

| #o ITR? " . oA
(b) B ~ pPa— (2cos€r+sm99).

pol R?
228
is the same, with |z|® in place of z3). The exact answer (Eq. 5.38) reduces (for z > R) to B ~ uoI R?/2|2[3,

so they agree.

Problem 5.35

. R
For a ring, m = Inr?. Here I — ovdr = owrdr,som = fo rriowrdr =

Problem 5.36
The total charge on the shaded ring is dg = o(2w R sin 6)R df.

The time for one revolution is dt = 27/w. So the current

in the ring is I = ii-% = owR?sinfdf. The area of the ring

(c) On the z axis, # =0,r =2, =% (for z > 0),s0{ B~ Z|(for 2< 0,8 =7, f = —%, so the field

is m(Rsinf)?, so the magnetic moment of the ring is dm = o o Fsing
(cwR?sin § df)wR? sin’ @, and the total dipole moment of the A=K R
shell is \7—/)

m = owrR* [ sin®6df = (4/3)owrR?, or |[m = 4?WawR“ z.

The dipole term in the multipole expansion for A is there-
4 9 - R*sinf -
fore Agip = 22T 5, gt 52 = ¢ = BT S“; &, which is
™ r
also the ezact potential (Eq. 5.67); evidently a spinning sphere
produces a perfect dipole field, with no higher multipole con-
tributions.

Problem 5.37
The field of one side is given by Eq. 5.35, with s —

V2% + (w/2)? and sinf, = —siné, :_—(_1:[_)&.__; .

22 +w?/2
= fo- of To pick off the vertical
dr \/z2+(w2/4)\/z2+(w2/2) Bg
(w/2)
component, multiply by sin ¢ = ———==—— for all four )
p ply by sing¢ 1 w2 )
2 F3
sides, multiply by 4: | B = “—[—)—I e Z. | For
2 ( w?/4)\/2? + w? /2
I / i M
z>»w, Bx “20 :; . The field of a dipole for /2
points on the z axis (Eq. 5.86, with r — z, & — %, § = 0) is Yfy
T 23

Problem 5.38

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on
a mobile charge g balances the magnetic attraction: F = q[E + (v xB)] = 0= E = —(v x B). Say the current
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"is in the 2z direction: J = p_v 2 (where p_ and v are both negative).

?{B~dl:B27rs=u0J7r32=>B=@%ﬂE¢3;

1 1
/E-da =E2nsl = —(py +p_)ws?l > E= —(py +p_)s5.
€0 2¢g

2

1 R . VS = W v
-—(p+ +p-)s8 =~ [(v z) x (ﬂop ¢)] =20 585 py +p_ = p_(eonov’) = p_ - |-
2€0 2 2 c

Evidently p+ = —p_ (1 - -10)—2 = '0—;, or p— = —7?p,. In this naive model, the mobile negative charges fill a
smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v < ¢, the effect
is extremely small.
Problem 5.39

(a) If positive charges flow to the right, they are deflected and the bottom plate acquires a positive
charge.

(b)gvB=gqE=>E=vB=>V=FEt= with the bottom at higher potential.

(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative
charge. The potential difference is still the same, but this time the top plate is at the higher potential.
Problem 5.40

From Eq. 5.17, F = I [(dl x B). But B is constant, in this case, so it comes outside the integral: F =
I(fdl) x B, and [dl = w, the vector displacement from the point at which the wire first enters the field to
the point where it leaves. Since w and B are perpendicular, F = IBw, and F is perpendicular to w.

Problem 5.41

The angular momentum acquired by the particle as it moves out from the center to the edge is

L:/%dt:/th:/(er)dt:/rxq(va)dtzq/rx(dle)=q[/(r‘B)dl—/B(r-dl)].

But r is perpendicular to B, sor-B =0, and r-dl = r-dr = §d(r -1) = §d(r?) = rdr = (1/2n)(2nr dr).

R
SoL = __‘Z_/ B2rrdr = —i/Bda. It follows that | L = ——i‘I’, where ® = [ Bda is the total flux.
27 fo 2m 27

In particular, if ® = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is
going along a radial line.  qed

Problem 5.42 .
From Eq. 5.24, F = [(K X Baye) da. Here K = ov, v = wRsin 6 ¢, da = R?sin' df d¢, and
Bave = %(Bin + Bout)' FI'OITI Eq 5.68,
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B, = %poaRw Z= %poon(cosﬁf' —sinf 9). From Eq. 5.67,
_ _ poR'wosing -\  poR'wo [ 1 8 (sin®8) . 10 (sinf)
Bow = VXA_VX( 3 ) -3 rsngoe \ 2 ) i\ )¢

4 . ' .
= uog‘swa (2cos8f +sinf9) = E(l—?g-@ cosft +sinf 6) (since r = R).
Bive = -lfo—%ﬁ)zmcos&f'—sinﬁé).
K xBae = (owRsing) (uong> {J) X (4cos@ i — sin&é)] = %(awR)z(zi c0s8 8 + sin 6 #) sin 6.

Picking out the z component of @ (namely, —sin8) and of ¥ (namely, cosf), we have
(K x Baye): = —%E(awR)2 sin® 0 cos ¥, so

w2

, or |F = —ﬂ—?II(Usz)z z.
0

. 4
F,= —%g(awR)2R2/sin30cosﬁd9d¢ = —%(asz)z 27 (su; 9)

Problem 5.43

(a)F:ma:qe(va)zii’%g%l(vxf); azﬁ%vxr).

(b)Becausea_Lv,a~v:0.Buta-v:%%(v-v)zégg(vz):v%.So%—zt)zo. qed

(c)%‘%=m(vxv)+m(rxa)—l—t-%’3%(;)=0+-“Z—gr§7g—m[rx(vxr]—%ﬁ(;—:—2%)
R e et Y

(d) (i)Q-&:Q(z-@)=m(rxv)-<i>-’-‘-°§°7"'£(f.$). Butz-d=7-¢=0,5 (rxv) -¢=0 But

| &

r=rf and v =— =7&+rf0 +rsinf¢ d (where dots denote differentiation with respect to time), so

dt
i 0 é o o
rxv=|r 0 0 |= (-r%sin8¢) 0 + (r26) ¢.
7 18 rsinf¢

Therefore (r x v) - @ = 26 = 0, so § is constant.  ged
(ii) Q-f:Q(z~f)=m(rxv).f~-‘-‘-‘%ﬂ(f-f). But %-#=cosf, and (rxv) Lt (r x v)-f =0, s0

Qcosf = —M, orQ = _BoBedm - py4 since 0 is constant, so too is Q. ged

4dr A 41rcosA9 . ) R ) )
(iii) Q-8 = Q(2-6) =m(rXV)-9—"—£—°Z—:—11"—(f‘0). But 2.6 = —sin8, #-0 =0, and (rx v)-6 = —r?sin 64
) . s i @ L Q Hogedm
—_ = - 2 = —= = — = — e———
(from (i)), so —@sinf = —mr®sinf¢ = ¢ 3= with [k = ~ y———
2 2 k* , k%sin%4

. . : .k _
(e) v =72 +720% + r?s5in®0¢%, but § = 0 and ¢ = =t sor? =0 -7 s1n29;;1-=v -
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dr\® 7  v?—(ksin@/r)*  ,[oor\2 5] |dr ur\Z
(d?) _3)-2-_“*-(76—57;)————»—1" {(?) — sin GJ, ikl (—k—) — sin? 6.

ur ur
(f) / (-‘_’~_('Ur/k)2 =, /dgb > —do = (—————ksine), sec[(¢ — ¢o)sinf] = T
_ [0gegm tanf
r(¢) = cos[(¢ — ¢o) sin 6]’ where 4 = drmv

Problem 5.44
Put the field point on the z axis, so r = (s,0,0). Then z

B:@/Mda; da = Rd¢dz; K = K = +L
47 22 5y
K(—singX +cos¢y);4 = (s — Rcos¢p)X — Rsingy — 2Z. —_ R

% y 2 K 7
K x 2 = K —sin¢ cos ¢ 0 = * :

(s —Rcos¢) (—Rsing) (—=z) i ,

K[(—zcos@) X + (—zsing) ¥ + (R — scos ¢) Z]; y N : v
22 = 224+ R*+35*~2Rscos¢. The z and y components integrate e d !
to zero (z integrand is odd, as in Prob. 5.17). ‘ Q

B Ho / » (R — scos ¢)
2 d4n (22 + R? + 52 — 2Rscos ¢)3/2

_ wKR [T o dz
= %, (R—scos¢){1m EXYORE de,

dopdz

dz B 2z o 2
2+ d2)? T @2ty dtle &

d¢; (R — scosd) = 5% [(R* - s + (R* + s* — 2Rscos ¢)] .

o
where d? = R? + s> — 2Rscos ¢. Now / {
— 00

pOKR/ (R — scos ¢)
T2 Jy (R®+s%—2Rscos¢)

_ mE e o . dé ¥
T 4r [(R 8)/0 (R2+s2—2Rsc08¢)+/o dd)}'

/2" do ) /" o _ 4 . {\/af’--b?tan(wz)]“
0 0

a+bcos¢ - a+bcosd Va?— b2 a+b 0

= Here a = R? + 52,

4 tan~! {\/{ﬂ——bftan(wﬂ)} _ 4 (_73) _ 2

prp—s At Va5 T
b= —2Rs, so a® — b® = R* + 2R%s* + s* — 4R%s* = R* — 2R%s* + s* = (R? - §)?; — b2 = |R? - &%
_ MoK [(R? - s) _ mK (R -4
= 2O+ 2T — 4+ 1.
A [|R2—52| + s \[B—a "
Inside the solenoid, s < R,s0 B, = (1+1) oK. Outside the solenoid, s > B, s0 B, = — (=1+1) = 0.

Here K =nl,s0|B = ponfﬁ(inside), and O(outside) [ {as we found more easily using Ampére’s la.w, in Ex. 5.9).
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Problem 5.45
Let the source point be r = Rcos¢kx — Rsingy, and

the field point be r = Rcosfx + Rsinfy; then 2 = .
R[(cosf —cosp) X + (sinf +sind) y] and dl = Rsingpdox +
Rcos¢dpy = Rdg(sin & + cosp§). Bl
€
dixa = R*d¢ sin ¢ cos ¢ 0 I
(cosf — cos¢) (sin@ +sing) 0O r

= R%(sin¢sinf + sin? ¢ — cosf cos ¢ + cos> @) dp 2

= R*(1+sinfdsin¢ — cosfcosd)dpz = R*[1 — cos(d + ¢)] do 2.

pLI‘/’dlxa,:uLIRzi/"' {1 —cos(8 + ¢)] b = ol R? /

4 23 dm o [2R? — 2R?cos(8 + ¢)*/* 4m(2R2)%/2 \/T?m

B wl ™ de ~pol 0+ ¢ " | wol tan (%) |
= 8VarR o \/isin[(9+¢)/2]—16WRZ{2ln{tan( 4 >J}o_ 8le“[ tan (§) ’

Problem 5.46

_ tolR? 1 1
(a) From Eq. 5.38,|B = { + ) ]3/2 :

2 LR+ (d/2+ 277 [R? + (d/2~ 2)°

0B _ polR’ { (—=3/2)2(d/2 + 2) (—3/2)2<d/2—z)(—1)}
0z 2 |[R2+ (d/2+ 2P [R?+(d/2 - 2)2?

3ol R? —(d/2+ =) + (d/2 - 2)
2 (R4 (d/2+ 202 [R2+(d/2- 27 )

3p0l R? —d/2 d/2

OB B
-2 { (72 + (d/25 (1 + (/2 } =

0z |,_,

(b) Differentiating again:

0°B _ 3uolR? { -1 —(d/2 + 2)(~5/2)2(d/2 + 2)
0z% 2 [R? + (d/2 + 2)2]*/* [R2 + (d/2 + 2)2]"/*
+ -1 + (d/2 —z)(—-5/2)2(d/2—z)(—1)}.
[R? + (d/2 - 2)2*/* [R? + (d/2 - 2)2]"
B _ 3uglR? —2 2(5/2)2(d/2)°2 | _ 3uol R? (_ - £+5_dj)
022 o 2 (R (@20 (R4 ][R+ (/22" 44

2
= _ SmIR (> — R?). Zeroif in which case

[R2 + (d/2)2]"/*

/140132 1 1 2 1 8/},0]
= = pol = .
o 2 {[Rz 2 [R2+(R/2)2]3/2} ST
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Problem 5.47
(a) The total charge on the shaded ring is dg = o(27r) dr. The

time for one revolution is dt = 27 /w. So the current in the ring

d
isI= E% = gwr dr. From Eq. 5.38, the magnetic field of this 2cfsw
2

_ Mo r 5
ring (for points on the axis) is dB = ——awrm drz Q( »o

and the total field of the disk is

R 3
_  Hoow r dr . o,
Bo= 2 /o (r? + 22)3/2 2. Letu=r", sodu=2rdr. Then

_ poow /R2 udu _ Hoow |, u+ 222
T4 Jy (w2232 4 Vu + 22

(b) Slice the sphere into slabs of thickness ¢, and use (a). Here

BT pow {(szz?) ) } .
— — 42 Z.
2 R2 +22

0

t = {d(Rcos@)| = Rsind db; ]
o — pt = pRsinfdf; R — Rsinb; z — z — Rcosf. First - _
. . Rsin
rewrite the term in square brackets:
[(R2 +22%) B z] _ 2(R?*+ 2% : R? o,
Vv R? + 22 VRZ + 22  VR? + 22 Reash y
R?/2 ' ]
= 2|{VR?+ 2% — ————=— 2] .
But R? + 2% = R%sin?6 + (2* —2Rzcosf + R*cos’ §) = R* +
22 - 2Rz cosf. So
i R?/2)sin? ¢
B, = M?/ sin 6 df [\/R2+z2—2chose— (R7/2)sin — (2 — Rcos®)
2 o VR? + 22 — 2Rz cos#f
Let u =cosf, sodu=—sinfdf; §:0>r=>u:1— —1; sin?0 =1 — v

1

(R2/2)(1—u2) ]
= Rw VR + 22~ 2Rzu — — 2+ Rul| du
Hob™ |, [ JE? + 22 — 2Rzu

RZ
= /.topr |:I1 - —2—‘(12 - I3) - 14 +I5:l .

1

/ VR?+ 22 -2Rzudu=——— R2 + 22 2Rzu)3/2
-1

3/2

-1

- [(R2 + 22 —2Rz)° - (R2 + 2% +2R2)*] = ‘5‘;5 [(z— R)® — (2 + R)®]

" 3Rz
2
= —-B;T (z° - 32°R + 32R* — R® - 2% — 32°R—-3:R* - R®) = 3-;(322 + R?).
L = [ L du=—— /R 17 2R 11 ———1—[(.’R)~( +R)] =2
2 = = z 2| =gl z =

R?+ 22 — 2Rzu Rz
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1 u?
I = d
§ /_1 VR? 4+ 22 ~2Rz2u v

1 2 2 2 2 2,2 1!
~ SORE [8(R? + 2%)? + 4(R? + 2%)2Rzu + 3(2Rz)*u?] VR? + 22 — 2Rzu .

= "66%?{ [8(R? + 2%)? + 8Rz(R? + 2%) + 12R*2%] (2 — )

— [8(R? +2%)? — 8Rz(R® + 2%) + 12R%:?] (2 + R)}

"601;%3 {2 [16R2(R? + 2)] - R[16(R” + 2%)? + 24R*2*]}

- 1 22 4 _ph_op22_ A_Sp22
= 60R3z316R (Rz +2°-R"—2R*2° — 2 2Rz
4 5 2 2 4 4 [ o, 5, /1 /1
- - D) - =153 s27). L= du=2z; I5= =
15R2z3( g7~ R ) =g (B +3e 1=z du=2; L=R[ udu=o.
2 2 2 R22 R2 4 2 5 2
= = -t 222) -2
- FORW{?»Z(& TR gt s\t ) %
2R* R* 2R' R?
= 2 —_— —_— =9
mew( T : T2 T3 z)
2R’ Q poQWR?
= ILOWI—B‘z—&- BUtP=W, SO B:Wz
Problem 5.48
;LoI dl' x »- R X N . . o , )
= ar S = —Rcos¢%x + (y — Rsing) ¥ + zZ. (For simplicity I'll drop the prime on ¢.)

2 = R%*cos® ¢ + y® — 2Rysin ¢ + R?sin® ¢ + 22 = R? + y? + 22 — 2Rysin ¢. The source coordinates (z',y’, ')
satisfy ' = Rcos¢ = da’ = —Rsingde; ¥’ = Rsing = dy’ = Rcos¢pdg;z' = 0 = dz' = 0. Sodl' =

—~Rsingdp® + Rcosddy.
X v z
dl'xa=| ~Rsingdp Rcospdp 0 |=(Rzcos¢dd)% + (Rzsingdd)§ + (—Rysinpdé + R?de)z.
—Rcos¢ (y— Rsing) =z '

. - IRz /2" cos ¢ do _ polRz 1 1 o 0
: 4m  Jo (R?+y?+ 22 — 2Rysin ¢)*/? 4r Ry ./R*+y? + 22 — 2Rysing o ’

since sin ¢ = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms
of elementary functions.

_ #olRe /‘“ sin ¢ d¢ g _ IR i (R~ ysin¢) d¢
dr  Jo (R?+4? + 22 - 2Rysin ¢)*/*’ ‘ 4m Jo (R?+y? + 22 — 2Rysing)*/?

B, =0; B,

Problem 5.49

From the Biot-Savart law, the field of loop #1 is B =

" dly X 4
poly f 1 X% 4'; the force on loop #2 is
1

47 22

F=12]{d12 x B = a"—;llfszgb—"%ﬂ. Now dly x (dl; x %) = dly (dlz - %) — &(dl; - dly), so
2 1J2
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F=_§7%1112{j{j{%(d11.dlz)—fdllj{@:}a}

The first term is what we want. It remains to show that the second term is zero:

Y - . 0 -
a= (T2 —T1) X+ (y2 —41)F + (22 — 21) £, 50 Vo(1/2) = 6_3:2'[(22 8+ (Y2 — 1) + (22 —2)?] V2 g

-1/2 . 0 -
+ 5‘:— [(z2 — 21)% + (2 = 11)? + (22 — 21)?) "2y+-672 [(z2 ~ 21)% + (2~ 11)* + (22 — 2)2] /% 2
2 .
-z1) . - . (z2=21) . 2 r 2 1
= -(2:243 ) X-— (‘szLS 2 y—( 2,1_3 1) =3 = Sofﬁ'db = —fvz (;) -dly = 0 (by Corollary

2 in Sect. 1.3.3). qed

Problem 5.50 .
Poisson’s equation (Eq. 2.24) says V2V = —=p For dielectrics (with no free charge), pp = -V - P
0 .

1 -2
(Eq. 4.12), and the resulting potential is V(r) = v / P(l;g) 2 dr'. In general, p = 'V - E (Gauss’s law),
0

E(r ) 2

so the analogy is P — —¢yE, and hence V(r) = ——/ dr'. qed

[There are many other ways to obtain this result. For example, using Eq. 1.100:

~

v. (1) =V (fz-) = 4n8%(3) = 4n8(x — 1),

22

Vir) = /V(r')63(r~r’)d'r’ = ~$/V(r’)V'- (—) - —f V'V dr' - —fV(r')— da’

E(r') -4
(rz) 4d‘r’,as

(Eq. 1.59). But V'V(r') = —E(r'), and the surface integral — 0 at 0o, so V(r) = _4—177/
before. You can also check the result, by computing its gradient—but it’s not easy.]

Problem 5.51
(a) For uniform B, [J(Bxdl) =B x [Jdl=[Bxr]#A =-4(Bxr).

(b)B-uLqu,so?{Bxdl (——5-“—"{) ="°I’”(——-) £0.

2ma 27h 27 a

() A:—prf0 AdX =|-1(rx B).

I o 11 I "
(d) B = —¢, B(Ar) = #OI —Eo—(r X ¢)/ A-—d:\ = —”—£—(r x ¢). But r here is the
vector from the origin—in cylmdrlcal coordinates r = s& + zZ. So A = —£°= [s(s x @) + z(z x ¢)] and
§xP) =2 (2xP)=—5 L
Bxp)=2, (2x@)=-8. So|lA = 27rs(;zs sZ. ‘
The examples in (c) and (d) happen to be divergenceless, but this is not the case in general. For (letting
L = fo AB(Ar) dA, for short) V-A = -V - (rxL) = —[L (Vxr)-r-(VxL)] =r-(V xL), and

VxL= fo AV x B(Ar)}dA = fo N[V x B(Ar)jdA = ﬂofo NJ(Ar)dA, so V- A = por- fo AZJ(Ar) dA, and
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct
an explicit counterexample, we need the field at a point where J # 0—say, inside a wire with uniform current.
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Here Ampére’s law gives B 27s = piplenc = poJns® = B = 2Js (f), )

A = ~r></ A "°J),\ dar =T x @) = ”OJs(z§-si).
o 2 6 6
A = M 2+ Les?)] = B0 (Log,) = HoJ2
VA—G[ () z(s)—6523z—37£0.
Conclusion: l(ii) does not automatically yield V- A = O.I
Problem 5.52
(a) Exploit the analogy with the electrical case:
E = —Llpppi- 1 (Eq. 3.104) = ~VV, withV = ——P-F (5o 3102
T 4meord P-fit—Pp -2 - W T 4mep T2 a. 3.102).
_ kol B _
B = 250(m m] (Eq.5.87) = —VU, (Eq. 5.65).

Evidently the prescription is p/eg = pom : |U(r) = Z:: n:_2 r.

(b) Comparing Egs. 5.67 and 5.85, the dipole moment of the shell is m = (47/3)wo R* z (which we also got

4
in Prob. 5.36). Using the result of (a), then, {U(r) = _ﬂ_o_t%f_f_fwci‘ze(& r> R

Inside the shell, the field is uniform (Eq. 5.38): B = £ 2upowRz,s0 U (r) 3poasz + constant. We may

as well pick the constant to be zero, so |U(r) = —§,uoaer cosé|for r < R.

[Notice that U(r) is not continuous at the surface (r = R): Uin(R) = —%uoasz cosf # Uopw(R) =
%poasz cosf. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from

places where there is current!]

(c)

_ powQ _3T2 L ~.—ﬁ . oal __aUA_H?EA_ 1 aU .
B = R [(1 5R2>cos€r (1 32 sinf8@} = -VU = f-- 09 rsin06¢¢'

%% 0=U(r,0,4) =U(r,9).

19U _ (ﬂowQ) (1 6ré>31n9=>U(r0) (M (1—5”’—)rcos0+f(r)-

r 06 4R 5R2 4
U 3r2 w r
o = (7)) o000 == (F7) (- 57) 04500

Equating the two expressions:

r2

- (’:’:}?) (1 §R2>rcos6+f(r) (%%Q_) (1 5R2) rcosf + g(9),

or
(ﬂo Q) r*cosf + f(r) = g(6).

47 R3
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But there is no way to write r3 cosd as the sum of a function of § and a function of r, so we're stuck. The

reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero.

Problem 5.53 3
a)V-B=0,VxB=yyJ,andV-A=0,VxA=B #A:Z—;/;dr’,so

V-A=0,VxA=B,and V- W =0 (we’ll choose it s0), VX W =A = W—4ﬂ_ Bd’

(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I'll
try something of the form W = ar(r - B) + #r?B, and see if I can pick the constants a and 3 in such a way
that V- W =0and Vx W = A,

Jdr Oy 0Oz

V-W=a[(r-B)(V-r)+r-V(rvB)]+ﬂ[r2(V-B)+B-V(r2)].Vr:b—;+6y - =l+1+1=3;
V({r-B)=rx(VxB)+Bx(Vxr)+(r-V)B+(B:V)r; but B is constant, so all derivatives of B vanish,

and V x r =0 (Prob. 1.62), so

V(r-B)=(B-V)r=<B 0 +B;+B 6)(zx+y)’+zz) B, X+ By§ + B.% = B;
V(T2)=(x~(§a——+y:—y+z-?—> (#*+y* +2°) =2z% +2yy + 222 = 2r. So

V-W=a(3(r-B)+ (r-B)] + [0+ 2(r - B)] = 2(r - B)(2a + 8), which is zero if 2a + g = 0.
VxW:a[(r'B)(Vxr)~rxV(r-B)]+,@[r2(VxB)—BxV(rZ)]=a[0—-(r><B)]+B[0—2(B><r)]

= —(rxB)(a—20) = —%(r x B) (Prob. 5.24). So we want a — 20 = 1/2. Evidently a — 2(—2a) = 5a = 1/2,

ora=1/10; = -2a = -1/5. Conclusion: |W = % [r(r-B) — 2r?B] .| (But this is certainly not unique.)
() VxW=A= [(VxW) -da=[A -da. Or §W-dl =

J A - da. Integrate around the amperian loop shown, taking 2
W to point parallel to the axis, and choosing W = 0 on the g
axis:
g I Is 7:

-Wil = / (uon ) I5ds = gol 7 (usmg Eq. 5.70 for A). Z‘/

0 2 2 s

I 2
W= ”OT;s Z|(s < R)
2 2 2
For s > R, -Wl = [l.oTlIR l ( ) ds #OniR ! + ”On;R lln(s/R);'
I
W = ““” L (1 +2In(s/R)] 2| (s > R).

Problem 5.54
Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that
V. [Ux(VxV)]=(VxV) (VxU)-U-[Vx(VxV):

/V-[Ux(Vx.V)] dr:/{(VxV);(VxU)—U-[Vx(VxV)]}dr:f[Ux(VxV)]«da
As always, suppose we have two solutions, B, (and A;) and B, (and A;). Define By = B, — B; (and

A3EA2—A1),SOthatVXA3=B3 and V x Bg =V)<B1A—VXB2 =/LDJ-;‘[LDJ=O. Set U=V = Az
in the above identity:
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A7 % 89)- (9 x A5) = Aa (9 (V x Aa)}} dr = [ {(Ba) - (Ba) = Aa [V x Bul} dr = [(Bar

= ]{[Ag x (V x A3)]-da= f(As x B3) - da. But either A is specified (in which case A3 = 0), or else B is

specified (in which case Bs = 0), at the surface. In either case $(As x B3)-da=0. So /(B3)2 dr =0, and
hence B; = By. qed '

Problem 5.55

From Eq. 5.86, Byot = By — 4‘;’:" (2cos0+sin§6). There-

fore B -t = By(Z - r) #0 02cos€ = (Bo— I;(;::o)cosﬁ

This is zero, for all 8, when r = R, given by By = 27rR3’ or

27!'Bo

( momo /3
= ( —()—E> .| BEvidently no field lines cross this sphere.

Problem 5.56

_ Q _Qw. _ 2. _Qw 2A_Q 2 A _ _ 2.7 _ 2 -
(a)l—(%‘/w) =50 a=7R* m= 27‘_7TR Z= 2wR Z. L=RMv=MwR*;L = MwR*3.

m _Q wR* Q Q . N
T = S MR~ oM m= (-2—M— L, and the gyromagnetic ratiois [ g = M

{b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere
(or any other figure of revolution): [ ¢ = 2—621\7

e B eh _ (1.60x10719)(1.05 x 10734)
T 2m2 dm 4(9.11 x 10-31)

={461x 10~ Am?.]

Problem 5.57

1 3
(a) Bave = W/Bd‘r = W/(VXA)dT

3 - 3 Ho J I} _
—47rR3fA x da = _47rR347rf{/¢dT} x da =

(47?120123 /J {]{ % da} dr'. Note that J depends on the
source point r', not on the field point r. To do the surface
integral, choose the (z,y, z) coordinates so that r’ lies on the z
axis (see diagram). Then 2 = \/R2 + (2')? ~ 2Rz’ cos§, while
da = R?sinfdf d¢t. By symmetry, the z and y components
must integrate to zero; since the z component of T is cosf, we
have




109

1 0 0sin 6
?{ Zda = / cos 25in6df dp = 2nR% 3 / cosfsin do
2 VR? + (2')? — 2Rz’ cos 6 VR + — 2Rz’ cos 6

Let u = cosG, so du = —sinf déf.

- d
2 2 _ ! u
-1 VR? + (') - 2R2'u

B 2, ) 2[2(B*+(2)?) +2R2"y] —
= 2rR%% {- 3R VR + ~ 2Rz’ u}

= 2mR’%

1

= _-32—(’—';;—; { [R? + (z')* + RZ'] V/R? + (2')2 = 2Rz’ — [R* + (') — R'| V/R2 + (/)% + 2Rz’}

— [—3(2;:)2 2] {[R2 + (z’)2 + Rz’] |[R—-2'| —- [Rz + (21)2 _ Rzl] (R+ Z{)}

4 4
?ﬂz'i = —:-;Er’, (r" < R);

47R® . 47 RS
3(2,)2 zZ= ?Wr” (T’ > R)

For now we want ' < R, s0 B,,e = 43’;‘20123 /(Jxr Ydr' = 27% /(Jxr’)dr’. Nowm = 3 [(rxJ)dr

2m
(Eq. 5.91), 50 Bave = Z; = aed

: 4 ! J xa
(b) This time r' > R, s0 Baye = — (4:;;0R3 TR / ( X (1—%5) dr' = Z’“% / ,; % ar , where 2 now goes

from the source point to the center (4 = —r'). Thus Bave = Been.  ged
Problem 5.58 4
(a) Problem 5.51 gives the dipole moment of a shell: m = -?ﬂawR4 Z. Let R = r,0 = pdr, and integrate:

4n R 4r R, Q 1 24
m——g-wpz/(; rdr—-:-;—wp—s—z. BUtp_W’ S0 m—,gQwR Z.
ko 2m | po 2Quw

b) Bave = ——7 =| — —
®) Bave = - 55 = |47 3R °

~ Momsinf . quszsmé’
(C)A_47r r? ¢= ar 5 r? - @

(d) Use Eq. 5.67, with R — 7,0 — pdF, and integrate:

uowp81n9¢/ 4 g . oW 3Q sinfR® . | po QwR’sind ,
3 4nmR® 2 5 7 |41 5 r?

This is identical to (c); evidently the field is pure dipole, for points outside the sphere.

. . Low@ 3r2 . 6r2\ . .
.5. =2 - gt — (1 _
(e) According to Prob. 5.29, the field is B o ‘:(1 5R2) cosO & (1 E sinf @|. The average
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obviously points in the z direction, so take the z component of # (cosd) and @ (~ sin §):

= #_092__1__/ 3 _ 67 nzel 2
By = 1R A [(1 37 cos?f+ (1 SR? sin® 8| r* sin 0 dr dd d¢
™ 3 5 3 5
_  Seow@ o [(r__é_{l_) cos? 6 + (R SR )sm 0] sin 6 d6
0

(A R2)? 3 " 55R3 3 T 55R?

_ Spow@ 3 T /16 7 . . 3pow@ 1 T 9 .

= om R 750 0+7551n 6 |sinfdf = St 75 ), (7 + 9cos?8) sin 9 df
PowQ 3 Pow@ Pow@Q

— - _ = 20) = .
2007rR( 7cos@ — 3 cos 0)|0 2007rR( 0) TorR (same as (b)). v

Problem 5.59

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a
delta-function, A§3(r), with A selected so as to make the average field consistent with Prob. 5.57:

Bave = @—3;71? /A53 (r)dr 47323A o 21;1 A= 2p§m. The added term is 2—ggmés(r).
Problem 5.60
(a) Idl = Jdr, so Z“:) i /(r )" Pr(cos8)J dr.
(b) Amon = / Jd p (Prob. 5.7), where p is the total electr?c dipole moment. In magne-

tostatics, p is constant so dp/ dt 0 and hence Apon = 0. qed
(c)m=Ja= %If(rxdl)—)m: (e xJ)dr. qed

Problem 5.61
For a dipole at the origin and a field point in the z z plane (¢ = 0), we have

B = 4 (2cos€r+sm00) 47rr [2cos€(sm0x+cos€z)+sm0(cos€x—sm0z)]

= Hr—s[3sin9c059i + (2cos? 4 — sin” 6) g].

Here we have a stack of such dipoles, running from z =
—L/2 to z = +L/2. Put the field point at s on the z
axis. The X components cancel (because of symmetrical-
ly placed dipoles above and below z = 0), leaving B =

L/z _
2M / 3—cos—udz, where M is the dipole mo-

73
ment per unit length: m = ITR? = (ovh)7R? = awR7rR2h =
. 1 0
M =" = 7owR?. Now sing = 2, so = = §ln——;
h T 73 3

—scotf =>dz = —u— df. Therefore
sin“ @
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om 3 3 9,"
_ M 3r a 2, 1y Sint 6 s _ poowR® 24 i
B = 27r(7me ) & ” (3cos“ 8~ 1) e sinzedg— ez /2 (83cos® 8 —1)sinf# df

Rs R Om RS . RS

= “O;f; 7 (— cos® 8 + cos 0) o2 = “O;:'; cos O, (1 — cos? 9m) 7= “0‘27(:2 c0s 8, sin% 0,,, 7.
. s —(L/2) poowR3L
But siné,, = —————=——, and c0sf,;, = ————, 50| B = - e B
! J# 1 (L)) /o2t (L/2) a[s? + (L/2)7F “




Chapter 6

Magnetostatic Fields in Matter

Problem 6.1

u|3

1
N= szBl, B, = 4—0—3-[3(1111-?)?—!111]; f':jr;m1=mli; m2=m2$'. B1=—§— i.

Ho T M2
N=_-2
4r 3

(Gowmverd] (-5).

Problem 6.2

dF = Idl x B; dN =1 X dF = It x (dl x B). Now (Prob. 1.6): r X (dl x B) +dl x (B x r) + B X
(rx dl) = 0. But dfr X (r x B)] = dr X (r x B) + r X (dr x B) (since B is constant), and dr = dl, so
dlx(BXxr)=rxXx (dle)—d[rx(pr)]. Hence 2r X (dl x B) = d[r X (r x B)] - B x (r x dl).
dN = 1I{dr><(r><B)] BX (rxd)}. . N=1I{§d[rx (rxB)]-B X §{r x dl)}. But the first term
is zero (fd( 0), and the second mtegral is 2a (Eq. 1.107). SoN = —-I(B xa)=m X B. qed

Problem 6.3

(@) 1—(‘E

Final orientation :

— _HFomama — 2 2 —
(¥xz)=-— i p S . Heremy = wa*I, my = b*I. So N_—T—rg—

According to Eq. 6.2, £ = 2rIRBcos§. But B =
iﬂlmm—‘?}f—ﬂl, and Bcos@ = B -y, so Bcosf =
e [3(m1 F)f-§) — (my - y)] But m; -y = 0 and
- sing, while m; - # = mycosf. . Bcosf =
4

y=
ko L3m, sin ¢ cos ¢.

F =2nIRE 53m,;singcos¢. Now sing = £, cos¢ = vr? — R?/r, so F = 382m, Rzi@;TE.

3
But IR?>r =mg, so F = #mlmzjg:z, while for a dipole, R < r, so 2‘;0 m—:_in—l-z-.
(b) F = V(m; - B) = (my - V)B = (ma L) [§2 55 (3(mu - 2)2 — my)] = §2mimaz f (G5),
2m;y —31
¥
or,since z=r: |F = ~§& mi.
2r 1t

113
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Problem 6.4

dF =1 {(dyy) x B(0,y,0) + (dzZ) X B(0,¢,2) — (dy §) X B(0,y,¢) — (dzZ) x B(0,0,2)}
= I{~(dy3) x [B(0,5,¢) = B(0,4,0)] +(dz2) x [B(0,¢,2) - B(0,0,2)]}

W

JUY: 0B
~ 66—3 N €S m
iB 6B
2 )a -~ 8B oB
= Je {z X 5 7 X 5;} [Note that [dy 2B |0y°~e &2 Iooo and [dz 38 OOZNe o 000.]
x y Z X y z
F=mi|0 0 1|{_-f{0o 1 o =m{yaB’—iaBy—iaBz—iaB”}
98; 8B, 9B, 9B, 8By 8B, dy Oy Oz 0z
Sy 8y dy 8z 8z 8z
0B dB OB, 0B, OB 0B
— A T ~ T P T . v.B = . ] z . _ T )
m [x e +¥y By +2 5 ] (usmg B =0 to write By + 9 9z )
But m-B = mB; (since m = mx, here), so V(m - B) = mV(B;) = (%i + %‘Sr + %i).
Therefore F = V(m-B). qed
Problem 6.5 z

(a) B = poJozy (Prob. 5.14).
m-B =0, so Eq. 6.3 says ‘ T

() - B = mogioo, s0 [F = it |

{c) Use product rule #4: V(p - E) y
= pXx(VXE)+Ex (Vxp)+(p-V)E+ (E-V)p.
But p does not depend on (z,y, z), so the second e
and fourth terms vanish, and V x E = 0, so the z
first term is zero. Hence V(p - E) = (p- V)E. qed

This argument does not apply to the magnetic analog,
since V x B # 0. In fact, V(m-B) = (m- V)B + po(m x J).
(m.V)B, =mop; 8 (B) = mopoJo¥, (m- V)By =my-2 5y & (o Jozy) =0

Problem 6.6

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to
be paramagnetic. The rest (having an even number) should be diamagnetic.

Problem 6.7

TB

Jp=VxM=0;K, =M x = M. TM A
The field is that of a surface current Ky = M@,
but that’s just a solenoid, so the field

outside is zero,] and inside B = poK) = poM. Moreover, it points upward (in the drawing), so
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Problem 6.8

VXM=1J, = %-a%(s ks®)z = %(31&)2 =3ksz, K,=M X =ks?*($ x 8) = —kR?3.
So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should
be zero ... is it? Yes, for [Jyda = fOR(Sks)(Zwsds) = 27kR3, while [Kydl = (-kR*)(2wR) = —2xkR3)

Since these currents have cylindrical symmetry, we can get the field by Ampeére’s law:

B 275 = polenc = ,uo/ Jyda = 2rkpgs® =
0

QOutside the cylinder I, = 0, so

B = poks?¢ | = poM.

Problem 6.9
: K, =Mx h= M.
j,q = 1’ 1 ‘15 ___:—::B (Essentially a long solenoid)

(Essentially a physical dipole)

(Intermediate case)

[The external fields are the same as in the electrical

case; the internal fields (inside the bar) are completely
different—in fact, opposite ih direction.}

Problem 6.10

Ky = M, so the field inside a complete ring would be oM. The field of a square loop, at the center, is
given by Prob. 5.8: Bgq = V2ol /nR. Here I = Mw, and R = a/2, so

2
Bsq _ \/3(;:10/];4)11) _ 2\/5212Mw; net field in gap : B=[L0M (1—. \/§w> .

* nwa
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Problem 6.11

As in Sec. 4.2.3, we want the average of B = By, + Bj,, where By is due to molecules outside a small
sphere around point P, and B;, is due to molecules inside the sphere. The average of B, is same as field at
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in
question:

M><4

out -

outsxde

The average of By, is 42 (28)—Eq. 5.89—where m = 7rR3M. Thus the average B, is 20M/3. But what is
left out of the integral A, is the contribution of a uniformly magnetized sphere, to wit: 2u4,M/3 (Eq. 6.16),
and this is precisely what B;, puts back in. So we’ll get the correct macroscopic field using Eq. 6.10.  qed

Problem 6.12

(a) M = ksz; Jp = VXM = —ké; Ky = M X 11 = kRé.
B is in the z direction (this is essentially a superposition of solenoids). So

Use the amperian loop shown (shaded)—inner side at radius s:
$B-dl = Bl = polenc = po [[Joda + Kyl] = po [-KI(R — 8) + kRI] = pokls.

.| B = poks? inside. |

(b) By symmetry, H points in the z direction. That same amperian loop gives §H - dl = HI = pol;, . =0,

since there is no free current here. So , and hence Outside M = 0, so B = 0; inside

M = ksz, so B = poksz.
Problem 6.13

2
(a) The field of a magnetized sphere is %poM (Eq. 6.16),s0| B = By ~ E'UOM’ with the sphere removed.

' _ ‘ 1
In the cavity, H = LB, so H= ;- (Bo ~ §0oM) =Ho + M - {M = H=Ho + ;M.

(b) The field inside a long solenoid is poK. Here K = M, so the field of the bound current on
the inside surface of the cavity is poM, pointing down. Therefore

K,

]B=m—mM4

= —(Bo - M) = ““Bo —M=>

. .
© (@) K, This time the bound currents are small, and far away from the center, so
while H= LBy =Ho+M =

[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medlum in the
sphere (intermediate ca,se) both B and H are modified.]




1

—

T

Problem 6.14
M: ; B is the same as the field of a short solenoid; H = ;—OB ~ M.

=

\;\ (=
\<
NS

———

jj)f

Problem 6.15
“Potentials”:

{ Win (7‘, 0)
Wout (7'4 )]
Boundary Conditions:

{- (i)  Win(R,6) = Wou(R,6),

(i) —2eus|, +8fn| =ML =Mz §=Mcosé.
(The continuity of W follows from the gradient theorem: W(b) — W(a) = [ : VW .dl= - f: H -dl;
if the two points are infinitesimally separated, this last mtegral - 0.)

() = AR=gl = B=RM4, o0

() = Y+ 1)—-,4—;P,(cos 0) + S IAR- 2P;(cos6?) M cosé.
Combining these:

EAIT'PI(COS 8), (r<R);
) —rL—Pl(cosﬂ), (r > R).

i

$7(26 + 1R AP(cos8) = M cosf, so Ay =0 (1 #1), and 34; = M = A, = .A_;-

/

Thus Win(r,8) = —A{r cosf = 1;42’ and hence Hj, = ~VWjp, = ——2 = —%M, SO

Il

1 2
B =po(H+M)=pg (—EM + M) §”°M' v
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Problem 6.16
1 XmI
H. = = A m = . = = | —Q.
$H-dl=1I; =1I,s0H ¢. B = po(1+ xm)H ﬂo(1+xm)2m¢ M = xn,H s ®

2ns

50s 27s

a3 m -
I =VUxM=1> (X ) =[0]) Ksy=Mxn=

Total enclosed current, for an amperian loop between the cylinders:

I+ %{27ra =(1+xm), so j{B .dl - Holene = to(1 +xm) = B = “0(12::’")1({5. v
Problem 6.17
From Eq. 6.20: §H i = f{(27rs) =1 = {“; (s/a%), EZ ; Z;
n-{ g (53] woemn ™ (1D
2ns? 2ms? .
Jy = xmJs (Eq. 6.33), and J; = =55, s0 | Jp = ’;Laz" (same direction as I).
=MXh=xHxn=|Ky= %:% (opposite direction to I).

Iy = Jy(ma?) + Kp(27a) = Xond — XmI = @ (as it should be, of course).

Problem 6.18

By the method of Prob. 6.15:
For large v, we want B(r,8) - By = ByZ, so H = ;—OB - “LoBoi, and hence W — —RBoz =

1
p Bgrcos8.

“Potentials”:
Wia(r,8) = 3 Ay Pi(cosb), (r <R);
Wout(r,8) = —%Bor cosf + Y ;,B;‘Tﬂ(cos 8), (r > R).

Boundary Conditions:
{ (i) Win(R0) = out(R f),

(i) —po “B,r ’R + p 2 Br IR
(The latter follows from Eq. 6.26. )

B
(ii) = o [——Bo cosf + Z l+1) R!+2 ——P, (cosﬂ)] + uZ‘IAIR’"lP,(cose) = (.

For { # 1, (i) = By = R¥*t1 4}, so [uo(! + 1) + wl]A;R*~! = 0, and hence 4; = 0.
Fort=1,(01) = AR= —u—lo-BoR-i-Bl/RQ, and (ii) = By +2uoB1/R3 + pA; = 0, 50 A = —3Bo/(2u0 + ).

3Bo 3BoZ 3Bo n 3B0
Win(r,0) = ~—20 _rcosf = ——20° _ H,, = -VW,, = 5= )
in(r:6) (2po + ) (2p0 + 1) " T @uo+p) T (Quo+p)

3uBo ( 1+Xm)
B=uH= = Bo.
# (2u0 + ) 1+ xm/3) °
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By the method of Prob. 4.23: '
Step 1: By magnetizes the sphere: My = x,Hg = Tzo_(l‘i—hx:iBo‘ This magnetization sets up a field within
the sphere given by Eq. 6.16:

=3 ———By = —nBo (where x =

31+ Xm 3 T+xm e )

Step 2: B, magnetizes the sphere an additional amount M; = 2=By. This sets up an additional field in
the sphere:

2 2 26\ ?
B, = gﬂoMl = §RB] = (-—:—3—) By, etc.

The total field is:

B =Bo+B, +Ba+:-- = Bo+(2x/3)Bo + (26/3)*Bo +--- = [1 + (26/3) + (2x/3)* + -] By = (—1—:%0;/”5
1 3 3+3xm  _ 3(1+xm) soB—(1+X’")B
1-26/3 " 3—2xm/(+ Xm) _ 3+3Xm — 2Xm 34 Xm T \1+xm/3

Problem 6.12 .

Am = - B- M = —A‘—,“—' = 4m VB where V' is the volume per electron. M = x,,H (Eq. 6.29)
= e B (Eq 6.30). So xm = 4m¢v“°' [Note: xm < 1, so I won’t worry about the (1 + xm)

term; for the same reason we need not distinguish B from B.ise, as we did in deriving the Clausius-Mossotti
equation in Prob. 4.38.] Let’s say V = 3nr®. Then xm = —£ (4m -). TNl use 1 A= 1071° m for r.

Then xm = —(1077) (%) =|~2 x 1073, | which is not bad—Table 6.1 says x,, = —1 x 10~5.

However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital
radius is smaller for the inner electrons, they count for less (Am ~ r2). I have also neglected competing
paramagnetic effects. But never mind ... this is in the right ball park.
Problem 6.20

Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on
a hard surface. If it’s delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it
back and forth many times; each time you reverse the direction, reduce the field slightly.

Problem 6.21

(a) Identical to Prob. 4.7, only starting with Egs. 6.1 and 6.3 instead of Eqs. 4.4 and 4.5.
(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104.

(U= —‘-‘9 75[3cos by cos By — cos(62 — 6))Jmims. Or, using cos(f2 ~ 61) = cosb; cosb; — sinb, sin by,

m m
U= _lt_o L2 (sin 6y sin 6, — 2 cos ) cosby) .
4w
Stable position occurs at minimum energy: au gng- =0

891 4nr

BU — #omima(cog6; sin @, + 2sinfy cosfz) = 0 = 25sin b cosfy = — 'Cos 8, sin B
= o2 (sin 6, cosf; + 2cos b sinfp) = 0 => 2sin 6 cosf; = —4 cos §, sinb;.

803
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. Either sinf; =sinf, =0: —>®—+ or ——)®4——
Thus sinf, cosf; = sinf, cosd, = or coséy=cosbp=0: +1 or 11
®

Which of these is the stable minimum? Certainly not @) or @—for these mj; is not parallel to B, whereas we
know mj; will line up along B;. It remains to compare (@ (with 6, = 6, = 0) and (@ (with 6, = 7/2, 0, = —7/2):
= K2 (-2); U = £oiR2(—1). U, is the lower energy, hence the more stable configuration.

! Conclusion: They line up parallel, along the line joining them: —» —~)l

(d) They’d line up the same way: — — — — — —»
Problem 6.22

F:I}!dnxaﬂ(}fcﬂ)xBo+1j{d1x[(r_.vo)BO]—1(}{ ) [(ro - Vo) Bo] = f!dxx [(r - Vo)Bo]

(because § dl = 0). Now
(d] X Bo Ze,];,dl Bo and (!‘ . Vo) = ZT[(Vo)[, so
]

F, = IZ €ijk [f I dlj} [(Va)i(Bo)k] {Lemma 1: }gr, dl; = Ze,jmam (proof below).}

PN

I Z Eijkeljmam(vo)[(Bo)k {Lemma 2: Z €ijk€ljm = 6il6km - (Sim&k, (prOOf below).}

ok, dm j

Iy (6ubkm — Simbia) am(Vo)i(Bo)x = IZ[ak(Vo) (Bo)k — ai(Vo)i(Bo)i]

k,lm
I[(Vo),’(a v Bo) - a,-(Vo . Bo)] .
But Vi By =0 (Eq. 5.48), and m = Ia (Eq. 5.84), so F = Vo(m- By) (the subscript just reminds us to take
the derivatives at the point where m is located). qed
Proof of Lemma 1: :
Eq. 1.108 says §(c-r)dl = a x ¢ ="~c x a. The jth component is 3> fcyrpdl; = =Y €jpmcpam. Pick
¢p = 0y (i.e. 1 for the [th component, zero for the others). Then §ridlj = — Y, €jimam = Y, €jmam. qed
Proof of Lemma 2:
€ijx€15m = 0 unless ijk and ljm are both permutations of 123. In particular, ¢ must either be ! or m, and k
must be the other, so

D €iikeijm = Abubkm + BSimby.
To determine the constant A, pick i = lJ =1, k =m = 3; the only contribution comes from j = 2:
€123€123 = 1 = Ab11033 + Bé13dzy = A=> A=1.
To determine B, pick i =m=1,k=1=3:
€123€321 = —1 = Ad13031 + Bé11833 = B=> B = —
So
Zéijkeljm = 0ybkm — Simbui. qed
i :
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Problem 6.23

(a) The electric field inside a uniformly polarized sphere, E = — ﬁP (Eq. 4.14) translates to H = — m (£oM) =

—%M. But B = j1o(H+M). So the magnetic field inside a uniformly magnetized sphereis B = po(—3M+M) =
2

gﬂoM (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = T;-TEO
(Eq. 4.49). Now yx. translates to xm, for then Eq. 4.30 (P = eox.E) goes to uoM = poxmH, or M = xmH
(Eq. 6.29). So Eq. 449 = H = ~ﬁ—Ho But B = po(1 + xm)H, and By = poHy (Eqgs. 6.31 and 6.32),
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is

B __ 1 B Ig- (_li_xﬂ..) By | (as in Prob. 6.18).

po(l+xm)  (1+xm/3) po 1+ xm/3
(c) The average electric field over a sphere, due to charges within, is E.ve = — ;2 - . Let’s pretend the charges
are all due to the frozen-in polarization of some medium (whatever p might be, we can solve V- P = —pto find

the appropriate P). In this case there are no free charges, and p = f Pdr,so Eyve = —

B [P dr, which
translates to

471'60

1 1 1
Hove = = ——— Mdr = ———=m.
€ 4dmpy R3 / Ho T 41rR3m
m m Ho 2m :
But B = po(H + M), 50 Bave = =275 + t0Mave, and Maye = Tppss SO B.ve = o in agreement

with Eq. 5.89. (We must assume for this argument that all the currents are bound but again it doesn’t really

matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H.
Goedecke, Am. J. Phys. 66, 1010 (1998).)

Problem 6.24

Eq.2.15: E = p {4—"15 IS ,{% dr' } (for uniform charge density);
Eq.49: V = P. { Z:To I ,—:’; dr'} : (for uniform polarization);
Eq.6.11: A = poeeM x {ﬁo— £ ,—;'9 dr’ } (for uniform magnetization).
: En = »p %r) (Prob. 2.12),
For a uniformly charged sphere (radius R): 1° %
Eout = p '3-36—1]'!') (EX 2 2)
. . . . Vin %‘(P r),
So the scalar potential of a uniformly polarized sphere is: PR3 N
Vout = E?T(P 1‘),
. . . . A, = %Q(M x‘r),
and the vector potential of a uniformly magnetized sphere is: { Aowe = Mo %: (M x 7),

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11).
Problem 6.25

() By = 422m3 (Eq, 5.86, with 6 = 0). Som,-B) = &= F = V(mB)(Eq 63)=> F=2 [#—omz]z=

27 z

—537—2. This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward
(—mqgz):

1/4 >
3pom? 3puom?
- =0= = .
ozt 49 z 2mmgg
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(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet:

3pom? _ 3pem
2wzt 2yt

—mgg = 0.

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

3uom?  3pom?
2yt 2w(z + y)t

~Mgg = 0.

Subtracting: '3'&'—"' [7 ;14’ y%' + m] —mgg+magg =0, 0r —{'+W 0,s0: 2= Gl ly + Gy y1+1 .

Let a = z/y; then 2 = ¢ Za_+11)7 Mathematica gives the numerical solution a = { z/y = 0.850115.. ]

Problem 6.26
At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of

H is continuous (Eq. 6.25 with K = 0). So Bf = Bf, H| = H}. But B = uH (Eq. 6.31), so LBl = L Bl
Now tanf; = Bl/B{, and tan8, = Bl/B£, so

tand; Bl Bf B! 4

tanfy B Bl B.n o

(the same form, though for different reasons, as Eq. 4.68).

Problem 6.27
In view of Eq. 6.33, there is a bound dipole at the center: mp = x,,m. So the net dipole moment at the
center is Mgenter = M+ my = (1 + xpm)m = -‘{‘;m. This produces a field given by Eq. 5.87:

gl va
This accounts for the first term in the field. The remainder must be due to the bound surface current (K,) at
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface

bound current is (for interior points) of the form Bsyrface = Am (i.e. a constant, proportional to m). In that
current

case the magnetization will be:

:Xm

M= me-—-7 an

3 [3(m - £)f —m] + TAm

This will produce bound currents J, = VXM = 0, as it should, for 0 < r < R (no need to calculate this
curl—the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less,
except at r = 0), and

=M(R)Xf'=

A(er) xmm( le A) sinf ¢.

But this is exactly the surface current produced by a spinning sphere: K = ov = owRsin 6 J), with (cwR) ¢
Xm™m (% - 7R ) So the field it produces (for points inside) is (Eq. 5.68):

2 : 2 A 1
Bsurface = §yo(awR) = EIJ'OXmm (_ - 4_7TR—3-) .

current 17
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Everything is consistent, therefore, provided A = Zpoxm (% - G‘—Rg), or A (1 - ngﬁqu) = 24Xy Bug
xm=(£)-LsoAa(1-2+38) =206 or 4 (1+2%e) =20kl 4= £ Mo and hence

B= {i[S(m-i)f—m]+M}. qed

rd R3(2p0 + p)

The ezterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36,
is also a perfect dipole field, of dipole moment

i3
4

(ﬁ_B ) ) _ 2nR° p 2(po —p)m _ p(po ~ p)m
Surrent to 4 R3(2u0 + ) po(Ruo + 1)

4 4
Mgurface = ‘3‘7FR3(U(AJR) = —7R3

current 3 2#0 current

So the total dipole moment is:

- 3
mm=ﬁm+—”—m(”° p) _  3pm
-

o (uo+u) (uo+w)

and hence the field (for r > R) is

ko (38 N1 gy
B= = (2#0 +,#) 3 B(m:£)f — m].

Problem 6.28
The problem is that the field inside a cavity is not the same as the field in the material itself.
(a) Ampére type. The field deep inside the magnet is that of a long solenoid, Bg ~ poM. From Prob. 6.13:
Sphere : B = Bg — 2p0M = LpoM;
Needle: B =Bg - poM =0;
Wafer: B =poM.
(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway
between two distant point charges, Bg 0. From Prob. 4.16 (with E = B, 1/¢g = po, P - M):
Sphere: B =B+ £M = L;oM;
Needle: B =By =0;
Wafer: B =B+ ;L()M = poM.
In the cavities, then, the fields are the same for the two models, and this will be no test at all. Fund it
with $1 M from the Office of Alternative Medicine.




Chapter 7

Electrodynamics

Problem 7.1

(a) Let @ be the charge on the inner shell. Then E =
—Jy Bedr=—g2Q [y dr = 12 (3 - 1),

I—/J.da_U/E d _060—60 (1/0"‘1/17) =14 (1/a_1/b)-

%r in the space between them, and (V, — V3) =

41re

V.-v [ 1 /11
(b) &= I _47rcr(5 Z)

(c) For large b (b > a), the second term is negligible, and R = 1/4nca. Essentially all of the resistance is in
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the

cross-sectional area (4nr2) gets larger and larger. For the two submerged spheres, R = - = hlm (one R as
the current leaves the first, one R as it converges on the second). Therefore I = V/R =
Problem 7.2

(a) V=aQ/ C IR. Because positive ] means the charge on the capacitor is decreasing,
= = Q, s0 Q(t) = Qoe™*/". But Qo = Q(0) = CVh, s0 | Q(t) = CVoe */RC.

d W
Hence I(t) = ——Q— =CVozs c et/RO = | Zemt/RC
- oo V? .
_ (b) W =|}cV#.| The energy delivered to the resistor is / Pdt = / I’Rdt = e 2/RC gt =

0 0 : 0
Ve ( RC _aure\|” _ 1 o
— | ——=e" = =CV;.
R ( 7 € . 2C' o ¥V

(c) Vo = Q/C + IR. This time positive I means Q is increasing: @ _ I= 1 (CVo—Q) > =—Fr— dQ =
—Elc— dt = In(Q — CVp) = Rlct + constant = Q(t) = CVo + ke */FC. But Q(0) =0 = k = —CVU,,so

dQ Vo —ure |
_ _ —t/RC _ 9 1 _~t/RC) _| Y0 —t/RC

Q(t) cvo(1 e ) It = CVO(RCe ) e

125
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Since I(t) is the same as in (a), the energy delivered to the resistor is again | §CV{. | The final energy in

[e ) V2 [oe] V2
(d) Energy from battery: / Vol dt = —0/ e 0t = & (—RC’e_‘/HC)
0 R Jo R

the capacitor is also %C\f"o'l, so | half | the energy from the battery goes to the capacitor, and the other half

to the resistor.
Problem 7.3

(a) I = [J -da, where the integral is taken over a surface enclosing the positively charged conductor. But
J = oE, and Gauss’s law says [E-da = %Q, sol =0 [E:da=2ZQ. But Q =CV,and V = IR, so

o %o
I = aC[R, or| R= E qed

(b)) Q=CV=CIR= % =-T=-1.0Q=|Q(t) = Qe " |, or,since V = Q/C, V(t) = Ve t/RC. The

time constant is 7 = RC =€ /0.

Problem 7.4
I=J(s)2msl = J(s)=1/2rsL. E=J/o=1/2rscl =1/27kL.

@ I b—a
S . l:—- - . = : .
! /b B-dl=-gopla=b). SolR=o07
Problem 7.5
£ . £:R  dP 1 2R
[=—"—; P=PR=-—2"1_. % ¢ = - = =r.
FT R ciRE =t |FTRE Gimp) 07 tR=2R=[R=r]

Problem 7.6

E=¢E-dl = for all electrostatic fields. It looks as though £ = § E - dl = (0/¢g)h, as would indeed
be the case if the field were really just o/¢g inside and zero outside. But in fact there is always a “fringing
field” at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of

the loop. The current is

Problem 7.7

_ Bl
=%
direction of flow: (v X B) is upward, in the bar, so dewnward through the resistor.)

272
(b) F = IIB =l b sz % Tto the A

[,

(a) E= -2 = -Bl& = —Bly; £ =[R=|I]

T - (Never mind the minus sign—it just tells you the

(c) F=1ma m® B = dv (3212) = | v = vpe TRt
=ma=m— = — v — = — v = mR
dt R dt Rm g
(d) The energy goes into heat in the resistor. The power delivered to resistor is I°R, so
dw 2 B2i%y? BY% , ... _B%? 4w o —2at
W=IR: 7P R= 7 Vot "‘,wherea:mR; o = emuge @
, <) —2at |©°
/ 1 1
The total energy delivered to the resistor is W = amu? / e *°tdt = amu] =amvi— = -my;. v
5 0 —2a lo 2cx 2

i
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Problem 7.8

s+a
(a)TheﬁeldoflongwireisB—“°I¢> 50 ® = /B .da = ’;"I/ Z(ads) = ”;Ia1n<s+“).
™ m

S

$§

d® _ polad s+a ds wla {1 ds 1lds uola®v
=—— = —In{| — —_—= —— —_— — —— | =] ——
(b) & = dt Tom dt ( )’ and at =0 T 0 \Graat st 2rs(s+a)’

The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In
the far side it’s also to the right, but here the field is weaker, so the current flows [ counterclockwise.]

(c) This time the flux is constant, so

Problem 7.9
Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that [B-da is the same for all surfaces with a given
boundary line.
Problem 7.10
® =B-a= Ba®cosf
Here 6 = wt, so
£= —% = —Ba?(- sinwt)w;
£ = Bwa®sin wt.]

Problem 7.11

(view from above)

E=Blv=IR=1= 'u = upward magnetic force = IlB = B’y This opposes the gravitational force
downward:
m 321211 ndv dv av, where a = B o 0= g mglt
— =m—: — = q— QU T = . — QU = Vg = — = .
IR dt' a9 mRr 9T ‘T o | Be
dv 1 —at
=dt= ——In(g—av)=t+const. > g—av=Ae *; att=0,v=0, so A=g.

g—au a

av=g(l-e™); w= g(l—e—“% = v, (1— %),

At 90% of terminal velocity, v/v; =0.9=1—e % = 7% =1-0.9 = 0.1; In(0.1) = —at; In10 = at;

t = L1n10, or | teo% = — In 10.
g

Now the numbers: m = 4nAl, where n is the mass density of aluminum, A is the cross-sectional area, and
{ is the length of a side. R = 4i/Ao, where o is the conductivity of aluminum. So

p=28x10"8Qm

_ 4nAlg4l _ 16ng _ 16gnp gl 9= 9.8 m/s?
VS AoBE T oBr . B ) p=27x 10%kg/m®
B=1T

So 3, = LN - [T ] 1y, = L2307 1n(10) = [E ]

If the loop were cut, it would fall freely, with acceleration g.]

-
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Problem 7.12

CHAPTER 7. ELECTRODYNAMICS

a\2 2 d® mwa? . £ 2
=7 (5) B = 7—TZ—BQ cos(wt); € = T —4—Bow sin(wt). I(t) = 7= 7rZRWBO sin(wt).
Problem 7.13
a e 1 d®
d = /Bd:cdy = ktzf d:z:/ v dy = ~kt’a®. €=-— = —|1ktad.
° o 4 dt
Problem 7.14 .
T Suppose the current (I) in the magnet flows counterclockwise (viewed from
\—/ . . -
above), as shown, so its field, near the ends, points upward. A ring of
i e I . . . .
= pipe below the magnet experiences an increasing upward flux, as the magnet
. B approaches, and hence (by Lenz’s law) a current (fin4) will be induced in it
pipe—s- such as to produce a downward flux. Thus Iing must flow clockwise, which is
. - opposite to the current in the magnet. Since opposite currents repel, the force
falling : : : ; ;
magnet 1| —— on the magnet is upward. Meanwhile, a ring above the magnet experiences
1. a decreasing (upward) flux, so its induced current is parallel to I, and it
/ attracts the magnet upward. And the flux through rings nezt to the magnet
) /,__B\ is constant, so no current is induced in them. Conclusion: the delay is due
rng —she to forces exerted on the magnet by induced eddy currents in the pipe.

Problem 7.15

. . . . Iz {8 < ;
In the quasistatic approximation, B = { ponlz, (s<a)

0, (s > a).

Inside: for an “amperian loop” of radius s < a,

dd dI uonsdl -
_ 2 _ 2, Al = - 2% 284 - _ el
® = Bns® = ponlns®; fE dl = E2ns o LonTs o E sz ®
Outside: for an “amperian loop” of radius s > a:
2
pona® dl -
® = Bra® = ponlra?;, E27rs = —,uomraZZE; E=- 023 7 ?

Problem 7.16

(a) The magnetic field (in the quasistatic approximation) is “circumferential”. This is analogous to the current

in a solenoid, and hence the field is | longitudinal.

(b) Use the “amperian loop” shown.

Outside, B = 0, so here E = 0 (like B outside a solenoid).
SofE-dl=El=-%=_4 B.da=-4 [* L4y
L E=-tdn(2) But & = -Lwsinwt,

——

=

_ polow . ay .
so|E = o sm(wt)ln(s)z.

I

2z

==
J )
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Problem 7.17
(a) The field inside the solenoid is B = ponl. So ® = ma’uonl => £ = —ma’ugn(dl/dt).

: 2

i nk

In magnitude, then, £ = ma2ponk. Now € = IR, 30 | Iresistor = ——boiv ’URO .
B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or

to the right, { through the resistor.

aQ ¢ 1d® 1 _ 2malponl

(b) A® = 2ra’ponl; I = i T = AQ RAQ, in magnitude. So |AQ 7
Problem 7.18
poI pola /2“ ds polaln?2 dQ,_ _d® _ pealn2dl
= B'dB— = /- —=_‘_'__“‘£ Too = = e
/ & h = . s o oopRl = R = = = &
_ _boaln2 _ ITpoaln2
R=- g d=|0="55"

The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced
current must point out of page, within the loop, and hence the induced current flows Lcounterclockwise.]

Problem 7.19 7
uoNI 3 (inside toroid);

In th istatic imati B= 2ms . .
n the quasistatic approximation, { 0 (outside toroid)

(Eq. 5.58). The flux around the toroid is therefore

woNI [otv 1 uoNIh w poNhw = d® poNhwdl [L()thk
= —h = —_— ~ I_ —
2m /a ds 27 In (1 + a) 2ma dt 2ra dt  27a
The electric field is the same as the magnetic field of a circular current (Eq. 5.38):
kol a? R
B= S @rapn®

with (Eq. 7.18)

1d® = Nhwk 1io (_ thk) a? R o Nhwka
(

lto dt ~  2na 2 a2 + z2)3/2 z= T 4n (a? + 22)3/2 z

2ra

Problem 7.20
(a) From Eq. 5.38, the field (on the axis) is B = “g—’m,—,— so the flux through the little loop (area ma?)

ponla?b?

i T

(b) The field (Eq. 5.86) is B = £2 %(2cos 0 £ + sin § ), where m = I'ma?. Integrating over the spherical “cap”
(bounded by the big loop and centered at the little loop):

-»

)
21r/ cos@sinf df
0

()Ia

, .
@:/B.dazi_;’rl’;j /(2cose)(r2sineded¢)
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2b2

- 2,18 rla
where r = v/b? + 2% and sinf = b/r. Evidently & = "°Ir’“‘2 s”‘;o =| £ the same as in (a)!!

0 | 2(b2 + 22)3/2°

poma’b?

(C) Dividing off I (q)] = M12I2, (I>2 = leIl)Z M12 = le = W.

Problem 7.21

: a
d® dI .
=-—=-M—==—-Mk. T
¢ dt M% Mk 9 I“
a

I1t’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances,
I'll find the flux through the littie loop when a current I flows in the big loop: ® = M. The field of one long

wire is B = ‘2‘1%:><I> _Mf alads—-“lf—“ln2 so the total flux is

_ poaln2 N 'g_ ptokaln 2

in magnitude.’
T T T

Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced

current in the big loop is such that its field points out of the page: it flows [counterclockwis;]
Problem 7.22 ,
B = ponl = &, = ugnInR? (flux through a single turn). In a length ! there are nl such turns, so the
total flux is & = pon?nwR2I1. The self-inductance is given by ® = LI, so the self-inductance per unit length is
L = pon’nR2. '
Problem 7.23

The field of one wire is By = 221 50 & = 2. %L . [ do — poll)y(d=¢) The ¢ in the numerator is

€
negligible (compared to d), but in the denominator we cannot let € — 0, else the flux is infinite.

L= ﬁ;—l In(d/e€) | . Evidently the size of the wire itself is critical in determining L.

Problem 7.24

. Ih
(a) In the quasistatic approximation B = d) So @, = uo

pol
2 c

This is the flux through one turn; the totel flux is N times &,: & =

hd-

—In(b/a).

h ln(b/a)Io cos(wt). So

£ = -8 LN g0y singur) = LI ADNAOT 1305 2 60) st

- 2.61 x 1074
= l2.61 x 10~* sm(wtj (in volts), where w = 2760 = 377/s. I, = ¢ = ——6——53(&)——-

= [5.22 x 1077 sin(um (amperes).
(b) & = —L%’-; where (Eq. 7.27) L = £k I (p/q) = Unx107(09007%) 1 (9) — 1 39 x 103 (henries).
Therefore £ = —(1.39 x 1073)(5.22 x 10~7 w) cos(wt) = l —2.74 x 1077 cos(wt) ! (volts).

sin{wt)
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. . 2.74 x 1077 —1_ poNZhw ,
Ratio of amplitudes: e 10 = == In(b/a).

Problem 7.25

With I positive clockwise, £ = — Lz’ Q/C, where @ is the charge on the capacitor; I = 7?, SO
%@ = -15Q = -w?Q, where w = v,% The general solution is Q(t) = Acoswt + Bsinwt. At t = 0,

Q=CV,s50 A=CV; I(t) = & = —Awsinwt + Bwsinwt. At t =0,1=0, so B =0, and

. C . t
I(t) = - CVwsinwt = ——VJ;J—'sm (\/T@) .

If you put in a resistor, the oscillation is “damped”. This time —L‘j—{ =2 4+1IR,so L‘%@ +R%?'- + éQ =0.
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch. 8) or any book on oscillations and
waves.

Problem 7.26

() W = LLI% L = pon®nR* (Prob. 7.22) |W = -;—,uonzerle?' .

(b) W = 1 §(A -T)dl. A = (uonI/2)R ¢, at the surface (Eq. 5.70 or 5.71). So Wy = L& R . 27 R, for one
turn. There are nl such turns in length [, so W = pon?xR2I?. v

() W = 2“0 [B?dr. B = uynl, inside, and zero outside; [dr = wR, so W = ﬁugnzl%Rzl =
fuon®wRAUIZ. v

(d) W = 5 [[B*dr — §(A x B) - da]. This time [B?dr = pdn’I’n(R? - a*)l. Meanwhile,

A X B =0 outside (at s = b). Inside, A = £*a @ (at s = a), while B = ponl 2.

A X B = 3puin*I%a(¢ X 2) z .

points inward (“out” of the volume)

s / a z
$(A x B)-da = [(3pdn’I%a8) - [adp dz(-8)] = —Lpin?I%a®2rl. \_)‘ 2
W = ﬁ [#gn2127r(R2 _ a2)l + p%n2127ra2l] — %ﬂon2I2R27rl. v )
7
Problem 7.27 , e s
pond 2 1 pgn’l / 1./ pon’l b 1 50
B= —hrd = Rrln{ - =|— I2hin(b/a).
2ms 2#0 / B d 2,uo 472 2 $ds 872 TG i Hom In(b/a)

L= g—;nzhln (b/a)| (same as Eq. 7.27).

Problem 7.28

Is
%B .dl = B(27r8) = ;UOIenc = ﬂOI(sz/Rz) = B= 2l‘7(r)R2'
T W - s =2=r_--rr.
W= | B0 =g pagm | ¢ @rollds = Tmi (5 )

0 167 2

SQ L= 8%%1, and L =L/l = independent of R! ‘

Problem 7.29 -

(a) Initial current: Iy = &/R. So —Lé£ =IR=> ﬂ = ———}EI = I = I,e Rt/L or I(t) = g—oe"R‘/L.
dt dt L R

aw

dt

&2 1 2
=i?(0+L/2R)= 5L (Eo/R)".

(b) P= I2 (EO/R)Z —2Rt/LR — ig —2Rt/L __

_&8 YR L —2Rt/L)
W—E o e dt— R 2R6 .

o0

0
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(c) Wo = LLIZ = L (&/R)*.

Problem 7.30
(a) By = £ 5 11[3(a; « 4)2 — a], since m; = L a;. The flux through loop 2 is then

to 1 - - - -
@2 = B1 - ag '—"———11[3(31 -4)(a2 '/L) — a 'az] = MIl M= :1%[3(&1 «4)(a2 ~4) —aj - az]’

(b) & =—-M d—‘{}, |1 6L =M I;d—lz (This is the work done per unit time against the mutual emf in
loop l—hence the mmus‘ sign.) So (since I, is constant) W; M1, I,, where I, is the final current in loop 2:

W = 47I"L3 [3(m1 -4)(m2 '4) —1m; m2].

Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole
moments were fized, and we did not worry about the energy necessary to sustain the currents themselves—only
the energy required to move them into position and rotate them into their final orientations. But in this
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited
there.

Problem 7.31
d.The displacement current density (Sect. 7.3.2) is J4 = eo%?— = % = #5 Z. Drawing an “amperian loop” at
radius s,

I 52 pols? wols -
.dl = . — = —_— 2 _ L =
}{B B-2ns = pola,. HoZa? ' ™° ”olaz = 2msa?’ B 2ma? 4
Problem 7.32
a(t) Qw It [ It .
E — = =" .
(2) € o & o0 ma?  wa?' | mwega? z
dE 52 s? pol -
(b) Id.:m: = Jd1rs = 60’3771’5 = I—a?i. B-dl = I‘LOIdenc = B2ns = [l.oIa—2 =2 B= 21ra28¢.

(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle
of radius s. The charge density (at time t) is

{r- I(s)]t‘
ns2

o(t) =

Since we are told this is independent of s, it must be that I — I(s) = Bs?, for some constant 8. But I(a) = 0,
so Ba? = I, or B = I/a®. Therefore I{s) = I(1 — s2/a?).

2

s*T KoL
B27s = polenc = poll ~ I(s)] = Ho 3 = B= 27a?’ ¢ d

Problem 7.33 )
Tyw
(a)Je=eo ﬂ020 cos(wt)In (a/s) z. But Iycos(wt) = I. So|J4 = ”—gi—owﬁln(a/s) Z.

a
(b) Iy = /Jd -da = EQZOWLI—/ In(a/s)(27s ds) = poeow I/ (slna — slns)ds
0 0

‘ 2 2r,2
21[%“—%a+%—]= E(E?.‘Z_IL

2 a
= poeow? ] [(lna)—— - ’ Ins+ ’T] =
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(c) TE—Qa Since poeo = 1/¢2, Iy/I = (wa/2)?. fa=10""m, and & = 105+ S0 that 42 = L,

w= 32 = %?g, orw=06x10"/s =|6x 10" /s;| v = £ ~ 10'°Hz, or 10! megahertz. (This is the
microwave region, way above radio frequencies.)
Problem 7.34 .

Physically, this is the field of a point charge —g¢ at the origin, out to an expanding spherical shell of radius
vt; outside this shell the field is zero. Evidently the shell carries the opposite charge, +¢. Mathematically,
using product rule #5 and Eq. 1.99:

g . 0
(¢ r)—a—T-H(vt—'r).

V-E=0(vt-r)V- (— L 4 f‘) —L—“ V[@(vt—r)]:——%«?(r)@( -r)— 41re Z

4meg T2 4meg T2

But §3(r)8(vt — r) = 63(r)6(t), and 2 5:0(vt —r) = —§(vt — 1) (Prob. 1.45), so

q
p= €0V -E = —q53(r)t9(t) + mts(vt - 'I')‘

(For t < 0 the field and the charge density are zero everywhere.)
Clearly V-B =0, and V x E = 0 (since E has only an r component, and it is independent of § and ¢).
There remains only the Ampére/Maxwell law, V x B = 0 = poJ + poeo0E/0t. Evidently

_ OE _q 0 _ .| q .
J=—¢—— 5= fo{ Treor? c'h:[ (vt r)]} = 4—M2v6(vt T) .

(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv,
as expected—Eq. 5.26.)
Problem 7.35

From V-B = popy, it follows that the field of a point monopole is B = #2424, The force law has the
form F « gm (B — v X E) (see Prob. 5.21—the ¢? is needed on dimensional grounds). The proportionality

constant must be 1 to reproduce “Coulomb’s law” for point charges at rest. So |F = g, (B = %V X E) .
¢

Problem 7.36
Integrate the “generalized Faraday law” (Eq. 7.43iii), V. x E = —upJ,, — a.: , over the surface of the loop:

d
/(VxE)-da:j{Evdl=5=—uo/Jm-da B-da=—pugl, —@.
dt e dt
I dI 1de 1
But £ = —Ld—, 50 — = @Imm + Z%—’ or [ = &AQm + —A®, where AQ, is the total magnetic charge

passing through the surface, and A& is the change in flux through the surface. If we use the flat surface, then
AQm = gm and AP = 0 (when the monopole is far away, & = 0; the flux builds up to pogm/2 just before
it passes through the loop; then it abruptly drops to —pogm/2, and rises back up to zero as the monopole
disappears into the distance). If we use a huge balloon-shaped surface, so that g, remains inside it on the far
side, then AQ,, = 0, but ® rises monotonically from 0 to uog.,- In either case,

_ Hogm
I = 5
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Problen‘lf 7.37 v oD 8 5 v (2mv) "

1 0 cos(2nvt eV .
E=— = = - = —, = — —_— = — |~ I T .
7 =>J.=0E E " Ja E [ d J 7 [~2nvsin(27vt))
The ratio of the amplitudes is therefore:

Jc . V(] d . 1 _ 8 . —12 -1 _
PR T A w—— [27(4 x 108)(81)(8.85 x 10712)(0.23)] " =

5 = m P =g

Problem 7.38
The potential and field in this configuration are identical to those in the upper half of Ex. 3.8. Therefore:

I=/J-da=a/E-da

where the integral is over the hemispherical surface just outside the sphere. ———

But I can with impunity close this surface:
(because E = 0 down there
anyway—inside a conductor).

Sol=¢ JE-da= ;‘%Qenc = % Joe da, where o, is the electric charge density on the surface of the hemisphere—
to wit (Eq. 3.77) 0. = 3€qEq cos¥.

w/2
I = §3EOE0 /cos&a2 sinfdf d¢p = 30an227r/ sinf cos 0 df = 30 Eyra’.
0 0

v

sinzo|™?_ 1
Tl T2
3onVoa?
But in this case Ey'= Vp/d, s0|] = -iﬂ—dy'—.
Problem 7.39 z
Begin with a different problem: two parallel
wires carrying charges +A and —\ as shown. /
b b
Y
Field of one wire: E = ﬁ;é; potential: V = —ﬁ In(s/a). W
Potential of combination: V = 3 7:\(0 In(s—/s4), z
2 2
or V(y,2) = ﬁln {%QL“_*%%}
Find the locus of points of fixed V (i.e. equipotential surfaces):
2, ,2
ameoV/A — =(y+b) T2 0 — b+ b+ 2?) =42 42 bt b2 4 22
e =EE T 2 py” —2y +2%)=y"+2 z%;
. +1
P-4+ -1)+22(u—-1)—2ubp+1) =0=> 3y + 22+ b* — 2ybB =0 (ﬂz li‘:—l)

(y — bB)? + 22 + b7 = b20% = 0 == (y — bf?) + 22 = b*(8% - 1).
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This is a circle, with center at yo = b3 = b(# 1) and radius = by/B2 - 1 = b\/g—q”“ﬂ) %“2 2utl) 2:!1;‘-
This suggests an image solution to the problem at hand. We want yg = d, radius = a, and V = V. These
determine the parameters b, i, and X\ of the image solution:

d_ yw _MEH) _pr1 o d_
a ~ radius 2yu 20 a
o

40’ =(pu+1)? =2 +2u+1= 1+ (2 -4a*)u+1=0;
2 _ / — 2\2 _
a2 42(1 20%) 4=2a2——l:l:\[—4a2+4a4——1=2a2—1:t2a\/a2—1;-

47!'60% —lnpg— )= 47('60V0
. - In (202 - 14 2av/a? — 1)

1 .
:/J-da:a/E.da:a—Qm=3,\1.
€o €0

That’s the line charge in the image problem.

The current per unit length is § = — = 2 dmaty

current per unit len s =>="2== .
P & ! e In(20%-1x2aV0®>-1)

the cylinders are far apart, d > qa, so that o > 1.

Which sign do we want? Suppose

1 1
()=2a2-1:t2a2\/1—1/a2:2a2-—1:l:2a2[1—§§—Q+
1 40 -2 ~1/2a% +--- ~4a? (+ sign),
=20%1%1)—(1+1)F—=+---= '
o ( ) ( >¢ 402 {_1/402 (_ sxgn).

The current must surely decrease with increasing o, so evidently the + sign is correct:

47TO'V0

t= In (2a2—1+2a\/a2— 1)’

where a = —
a

Problem 7.40
(2) The resistance of one disk (Ex. 7.1) is dR = 2% = —£; dz, where r = (23%) 2 + a is the radius of the

-disk. The total resistance is

- ;/:mdz:z@fa){@;a}}

12
_ pL b—a\ iL_
~ wb—a)\ ab /) |wab

(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to
the apex of the cone, since the ends are flat. This is not an easy configuration to solve exactly.)
' p

(c) This time the flow is radial, and we can add the resistances of nested spherical shells: dR = 7 dr, where

6
A=/ r2sin9d0d¢=27rr2(_c059)lg=27rr2(1~c039). /T_/" ;
0
7 18

s

:71‘(1)—(1) (b—a+a)+a

0
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— 4 i _1_ _ P Ty — 7;0 E_ _ _b_ .
Fo= 2m(1 — cosd) -/ra T2 dr = 2m(1 — cos ) ( TaTh ) - Now e Tb sin.
= plb—a) _sind . But sinf = .___._b —a and cosf = L ‘
2mab (1 — cosf) L? 4+ (b—a)? L%+ (b—a)?
p(b—a)? 1

2mab [m_L]'

. 1(6-a)? p(b— a)? 1
t - /12 — o Z o -
[Note that if b — a « L, then /L2 + (b—a)? L[l-i— 2 12 ], and R omab (b V572

PL asin (a)/]

wab’
Problem 7.41

(o]
Via(s,6) = Y s*bisin(kg), (s <a);
k=1
From Prob. 3.23,

o0
Vour(s, @) = Zs—kdk sin{k¢), (s > a).
k=1
(We don't need the cosine terms, because V is clearly an odd function of ¢.) At s =a, Vi, = V,u, = Voo/2m.
Let s start with Vi, and use Fourier’s trick to determine by:

Zakbk sin(k¢) = V"¢ = Za"bk / i sin(k¢) sin(k'@) dp = % [ #sin(k'¢) dg. But

2T
k=1 -

/ sin(k¢) sin(k'@) dp = 7w, and

27 ' __2_77' _1\K
—?’-cos(kq&)— k’( 1)*. So

i dsin(k'@) dp = [( 1) sin(k'¢) — 2cos(ls: ¢)]

—-r

Ve 27 Ve 1 k Vi 1 s\k
ky _ 0 1)k AU V- -—__OE/‘_ - i
wa b, = [ ( 1) } , or b, = ( ) , and hence m(s,¢) : ( ) sm(k¢).

—T

wk
Similarly, Voui(s, ¢) = Z ( —) sin(k¢). Both sums are of the form S = Z ~(-z) sin(k¢) (with
k=1
z=sf/aforr < aandz = a/s for r > a). This series can be summed explicitly, using Euler’s formula
o0
(€ = cosf +isind): S =Im Z —z)keikd = Imz % (—ze ¢
1 1 3 1 io

Butln(1+w)—w-—§w + 3w ——w =~Z (—w)*, s0S=~Im(ln(1+ze*)].

Now In (Reio) =InR + 16, so § = —0, where

Im (1 +xei¢)
tané = Re (1 + 2c9) =

(1+ze?) — (1+ze )]  z(e?—e*)  zsing
(14 zei®) + (1+ ze—9)]  i[2+z(e? +e *?)] 1+ zcos¢’

il
1l
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, _ V.  _,( ssing i
Vin(s,¢) = — tan (a+8cos¢ , (s<a);
Conclusion:
Vo . asin¢
Vou = — H —— .
n,d) = Lo (2, (6> a)
_ aVout. an
(b) From Eq. 2.36, 6(¢) = eo{ 95 |._. =5 .g=a} .
Wour _ Vo 1 (—asing) __h asin¢
os asing )| (s +acos¢)? T 7 |(s+acos¢)? + (asin ¢)?
1 + (s+acoo¢)
_ W ( asin ¢ )
- w \s2+2ascos¢p+a2/’
oV _ W) 1 [(a + scos¢)sin ¢ — ssingcosg] | _ Vo [ asin¢ ]
ds . 2] 2 = 3 —
§ T [1_,_(#3%.%3) ] (a+ scos¢) m |(a+ scos¢)? + (ssing)
_V ( asin ¢
~ 7w \s?+2ascosp+a?/’
0Vin __(?Vout _ W sin ¢ _ Vo sing eV
0s |,ea 05 |,_, 2ma (1 +cos¢)’ s00(9) = ma (1+cos¢) | wa tan(¢/2)-

Problem 7.42

(a) Faraday’s law says VXE = -2 5o E=0= 98 = 0 = B(r) is independent of ¢.

(b) Faraday’s law in integral form (Eq. 7.18) says § E-dl = —d®/dt. In the wire itself E = 0, so ¢ through
the loop is constant.

(c) Ampére-Maxwell= VxB = yoJ + yoeo%, so E=0,B =0=J =0, and hence any current must be
at the surface.

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = %poawai. So to cancel

B - -~
such a field, we need owa = -§—°. Now K = ov = owasinf ¢, so | K = -ﬁ sin 6 ¢.
2 o 2u9

Problem 7.43
(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13

and 2.14), so the image dipole points
(b) From Prob. 6.3 (with r — 22):

2
F=

3 m 3o m? {1 (3ugm2\
o 22| 27 @kt - M9 h= 2( ‘
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{
(c) Using Eq. 5.87, and referring to the figure: m
o 1 A, . e . h
B= yry {B(mz-#) % —mz] + [3(-mZ- ) F2 + mi]}
3/1,0771

—m COSO(f‘] +f‘2) But f‘l +f‘2 = 2sinf§.

Spom sinfcosf . But sinB:L, cosf = E—, and ry = \/r2 + h2.
21r(r1)3 T Ty

3uomh T
2r  (r2 + h2)5/'~’

= Trir s (@ F) P — (R fa]. Butd-fi = —2-f = cosd. ; ?
~ _ S V

Now B = po(K x2) = 2xB = oz x (Kx2) = o [K~2(K-2)] = oK. (I used the BAC-CAB rule,
and noted that K - 2 = 0, because the surface current is in the z y plane.)

1 3mh r . 3mh T

K= o @xB) =~ e 0 =~ ey ¢ 9ed
Problem 7.44 2
Say the angle between the dipole (m;) and the z axis is 6 (see diagram). ;{ +
m
The field of the image dipole (my) is A
|2 1
(2) = 42 oy 18ma - 5) 2~ m] .
for points on the z axis (Eq. 5.87). The torque on m; is (Eq. 6.1) _ h
Nm:
N= m; X B= 4 (2h)3 [3(m2 z)(ml X Z) (ml X m?)] . %\+
But m; = m(sin@ X + cos0z), mg = m(sinf X — cosbz), som, -% = —mcosf, m; x 2 = —msind§, and

m; X mz = 2m?sinf cosdy.

[3m sinfcosf§ — 2m®sin f cos f y)] sinf8cosfy.

_ ke
" 4mw(2h)3 4n (2h)3

Evidently the torque is zero for § = 0, n/2, or 7. But 0 and « are clearly unstable, since the nearby
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is § = x/2:
parallel to the surface] (contrast Prob. 4.6).

In this orientation, B(z) = —-f5x X, and the force on m, is (Eq. 6.3):

2
.| __ Hom

F=v [ 41r(h+z)3]

At equilibrium this force upward balances the weight Mg:

3uom? |1 [ 3uom? 14
In(nyt - Mo=h= 2(41ng '

_ 3pem? 5

_ 3pem?
i=h 41r(?.h)4

son Am(h+2)1 %
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Incidentally, this is (1/2)!/% = 0.84 times the height it would adopt in the orientation perpendicular to the
plane (Prob. 7.43b).

Problem 7.45 ) ) )
f=v xB;v=wasinf¢; f =waBysinf(¢ x2). €= [f-dl,anddl=0adfb.

So & =wa?By [7*sinf(¢ x ) -0df. But 6-(px2)=2-( x $) =2-F = cosé.

s 2
6 1
st ] 3/2 = iwazBo (same as the rotating disk in Ex. 7.4).

w/2
£ = wang/ sinfcosfdf = wazBo[
0

Problem 7.46

mgR
B2|?
“diamond” orientation (<), the magnetic force upward is F = I Bd (Prob. 5.40).

(a) In the “square” orientation (0), it falls at terminal velocity | Usquare = (Prob. 7.11). In the

{ {
The flux is & = B [I2 — (d/2)?], and d/2 = I/V2 - y, ’ by l
so®=B[1>-(I/V2-y)?].
S-“—'—%:-—ZB(I/\/Q-—L/)%% But%‘f:—v. ) <“T’
So£=2Bv(I/V2—y)=IR=1=28(1/\/2~y); F=2-222(1/\/2 - y)" = mg (at terminal velocity).
Udiamond = mgR (This works for negative y as well as positive, if you replace y by |y|.)

4B (VI-9)

2
Usquare __ mgR 4B? (l/\/§ - y) _ _ 2 « 1 » .
Thus o (B2l2> — = (\/5 2y/1) .| At first (y ~ {/v/2) the “diamond” falls faster;

toward the halfway mark (y ~ 0), the “square” falls twice as fast; then the diamond again takes over. The
total time it takes for the square to fall is:

¢ _ { _ B?B
square ™ Usquare B mgR

(assuming it always goes at the terminal velocity, which—as we found in Prob. 7.11—is close to the truth, if
the field is strong). For the diamond, ¢ is

0
dy 8B? 2 8B% [1 3] 0 8B2 1 3 22 B3
- = (V2 —y) dy= == | (1/V2~ = S——= :
/vdiamond mgR '\[_ (/\/— y) Y mgR 3(/\/_ y) vz mgR 3 2./2 3 mgR
V2

S0 tsquare/tdiamond = 3/2\/§ = 1.06. The “square” falls faster, overall. If free to rotate, it would start out
in the “diamond” orientation, switch to “square” for the middle portion, and then switch back to diamond,
always trying to present the minimum chord at the field’s edge. z

(b) F=1IBl; ®=2B (¥ Va>-1z?dz (a = radius of circle).
£=-9 - _9B\/a? - 2% = 2By /a? ~y2 = IR. // }1/2

I=282/a? =y% 1/2 = \/a? =y So F = 482(a? - %) = mg. %/ :

mgR
Vei = e
circle 4B2 ((12 . y2) T

—e gy 4B [*, 4B* ., - 1 ,|°  4B? 4 3
Lo = _— = —— ~ dy = —_— = — |~
circle ‘/H! . mgR —a.(a y*)dy mgR (a®y 3y ) a

—a
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Problem 7.47
(a) In magnetostatics

J(r')x2

/
V.B=0, VxB=pyl = B(r)= 47r/ S dr'.
For Faraday electric fields (with p = 0), therefore,
0B 198 [B{t)xz
V-E=0, VxE————at = E(g,t)-_aa ——— dr
(with the substitution J — —-L. 28,
Ho
(b) From Prob. 5.50a,
B B(r',t) x2 _ 0A
A( t) —7|'/ ) dT,SOE—- at

(Check: V x E = = Z(V x A) = — 2, and we recover Faraday’s law ]

(c) The Coulomb field is zero inside and +— 4"60 r% f= = 1 54—",R— = 1’% t outside. The Faraday field is — Fﬁ
where A is given (in the quasistatic approximation) by Eq 5. 67 with w a function of time. Letting w = dw/dt,

“"’;“"’rsineé (r <R),
E(’I‘, 6,4, t) = )
oR? | poR*wosing -
€or? 3 r2 ¢ (r>R)
Problem 7.48 B J B
gBR = mv (Eq. 5.3). If R is to stay fixed, then qR—dt— = mii— =ma = F = qFE, or E = RE But
de dd 1 d® dB 1/ 1
. = —— E = — - —— — —— . =
j{ E.dl e so E27R e SO T =R— e r B 5 (’}T P ) + constant. If at time t = 0
1

the field is off, then the constant is zero, and B(R) = =

must be half the average field over the cross-section of the orbit. gqed
Problem 7.49

) (in magnitude). Evidently the field at R

Initially, '”T"z =3 "160 9,_—? =T =3mv’ = 5 YQ After the magnetic field is on, the electron circles in a
new orbit, of radius r; and velocity v;:
2
mu? 1 ¢Q 1 »_11 QQ
— = — =+ quB =T = -my; + -qum B.
T dmeg 12 e R " 247mey 1y 2q 1

But ry =r+dr,so () ' =r"t(1+ %):} = =1 (1— &), while v; = v +dv, B = dB. To first order, then,

=199 dy, q(vr) dB, and hence dT =T, — T = @1 qp- 1 1 99,
. 24me T r 2 4meq 12
Now, the induced electric field is E = ;‘ff (Ex. 7.7), so m— =qE=% ‘ft? , or mdv = £.dB. The increase in

kinetic energy is therefore dT' = d(3mv?) = mvdv = 1’—’5dB Comparing the two expressnons I conclude that
dr =0. qed
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Problem 7.50

dd
£ =—— = —a. Sothecurrentin R; and Ry is [ = -—3——; by Lenz’s law, it flows counterclockwise. Now
dt R+ Ry
R
the voltage across R; (which voltmeter #1 measures) is Vi = IR; = ———RQ+IR (Vb is the higher potential),
. 1 2
P2
and Vo = — IRy = E% (V is lower).
Problem 7.51
' d dv v _hBdl _ hB (hB d*v 9 hB
= = Ih = —_— | — —_— = - ith|w = —.
£ =vBh d ; F=I1IhB = mdt’ o a m(L)v’ 7 w’y, | with | w Tt

Problem 7.52
A point on the upper loop: r2 = (acos ¢2, asin ¢, z); a point on the lower loop: r; = (bcos ¢y, bsin ¢, 0).

2% = (r2 —11)? = (acos s — bcos¢y)? + (asingy — bsing;)? + 22
= a? cos? ¢y — 2abcos ¢y cos ¢y + b? cos? é1 + a?sin? ¢y — 2absin ¢y sin ¢ + b2 sin® ¢y + 22
=a?+b%+2% - 2ab(cos ¢2 cos ¢ + sin ¢ sin¢y) = a? +b% + 2% — 2ab cos(¢g — ¢1)

= (a® + 0% + 2%)[1 - 2B cos(¢2 — ¢1)] = aﬁb [1 - 2Bcos(¢s — 1))

dly = bdgy ¢, = bdgy[—sing1 & + cos ¢ §]; dla = adgy P, = adps[— sin ¢y X + cos ¢ §], so
dly - dly = abdg, dda[sin ¢; sin ¢y + cos ¢y cos ¢a] = abcos(gde — ¢ ) dpy dos.

Ho dl - d12 _ ko _ab cos( ¢y 1)
M=t j{ T dn Vab/B //\/I—Qﬁcos ¢2—¢1)d¢2d¢1'

Both integrals run from 0 to 27. Do the ¢- integral first, letting u = ¢o — ¢;:

27— 2
Cosu cosu

—_—
VI=28cosu v= v1-— 227 cosu

—¢1

(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 — 27). Then the

¢, integral is just 27, and

27 27
Lo cosu Lo cosu
M= "—+/abs2 ——————du = —+/ab —

47 abf 2m 0 V1=28cosu “ 2 a,B/O v1=28cosu b

(a) If @ is small, then 8 < 1, so (using the binomial theorem)

2n

1

V1 —=28cosu

cosu,

27
—_—du & cosudu-i-ﬁ/ cos? udu = 0.+ f,
V1 =2FBcosu 0

’ 2w
=1+ fcosu, and /
0

poma’b®

and hence M = (po7r/2)\/abB3. Moreover, § = ab/(b? + 2%), so M = 502 1 2

(same as in Prob. 7.20).
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(b) More generally,

1 3 5 1
1+e)™ /2 =1~ ¢+ - =6 = e =
(1+e) 2°T8C Tt T VI=2Bcosu

SO

' 3
1+ fcosu+ §ﬁ2cos2u+g—ﬂacosau+-~-,

“o 2 2n 3 2T 5 2%
M==— abﬁ{/ cosudu+[3/ cos2udu+§ﬁ2/ cossudu-i—EﬂS/ cos“udu-i-u-}
0 0 0 0

2
= %gx/m[(wﬂ(wngﬂ2(0)+gﬁ3(%ﬂ)+m] =| 55 Vabp (1+~1§5-ﬂ2+()ﬂ4+'")- qed

Problem 7.53
Let @ be the flux of B through a single loop of either coil, so that ®; = N1 ® and ®; = N;®. Then

(91 - _]\71@ & = —NQd@ 82 = N2

a’ & i SOE_F]' qed

Problem 7.54
{a) Suppose current I; flows in coil 1, and I in coil 2. Then (if @ is the flux through one turn):

<I>1-——11L1+M12=N1f1>; by = Lo+ MI; = Ny®, ord= I]L +I2]]:/./[ Iy —= Ly +I1]]:[l
2

In case I; = 0, we have & = *’““ if I, = 0, we have %lL = NM Dividing: MT =L or L1Ly= M2 qed

A=
(b) & =% =1L, ﬂu,Mifz Vicos(wt); —€a = 432 = [,%2 + M4 = LR, qed
(c) Multiply the first equation by L,: L1L2ﬂ’~ + Lgd—IZM LyVi coswt. Plug in L2 =-LR- M’j—LL

L
M”FI{L — MRI, — M?&t = LV, coswt = | I(t) = — 1\/2[R coswt. Ll—d—lJ~ +M (—A-}%stmwt) Vi coswt.

dl 1% L /1
- (cqswt—- —R?—wsinwt) = | L(t) = zlll <—‘;sinwt+ %coswt) .

it I,
. Vout _ IQR _ -% COSWtR L2 _ N2 N
(d) Ve = Vicosor Vieosor = === N, The ratio of the amplitudes is N—l— -qed

v 2
(e) P = Vial1 = (Vi cos wt)(L—ll) (% sinwt + % coswt) (‘21) (; sin wt cos wt + % cos wt)

Lo)? : ‘
Pout = Vourla = (I2)°R = (L21) cos® wt. | Average of cos?wt is 1/2; average of sinwt coswt is zero.

M2R
1 Ly 1 (Ls)? 1 (Lq)? (V1)? Ly
in :—V2 _ ) = — 2 = - 2 . in) = =
So (Fub = 540" (12 )5 (o) = 30007 [S20] = 2002 | 2L ] (b = (P = SR
Problem 7.55
(a) The continuity equation says —ai; = -~ V-J. Here the right side is independent of ¢, so we can integrate:

p(t) = (= V-J)t+ constant. The “constant” may be a function of r—it’s only constant with respect to . So,
putting in the r dependence explicitly, and noting that V-J = —4(r,0), p(r,t) = p(r,0)¢ + p(r,0). qed
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(b) Suppose E = 21— f,%‘é drand B = £¢ f"—,z‘y’:‘ dr. We want to show that V-B = 0, VB = p0J +poeo Z2;
V-E = ip, and VxE = — 23, provided that J is independent of t.

We know from Ch. 2 that Coulomb’s law (E = 4“ f dT) satisfies V-E = —p and VXE = 0. Since B is

constant (in time), the V-E and V X E equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45-5.48) we
know that the Biot-Savart law satisfies V-B = 0. It remains only to check VX B. The argument in Sect. 5.3.2
carries through until the equation following Eq. 5.52, where I invoked V' -J = 0. In its place we now put
v'.J=—p:

VXB = pod — 5—0 (3-V)% dr  (Egs. 5.49-5.51)
™ 2 A
Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is

[ 2 .
EV J = E(—p) So

2 oE
VxB = pd - 20 [ 2 )dT_qumoeo /”"dT = pod + poeo . qed
47 | 22 47r60 ot
Problem 7.56
1 A)d aB
(a) dE, = _L (=Nde sin @

dmeg 22

) -z
sinf = —; 2 =+22 + 52
2

vt

B - A / zdz A -1
T dmeg | (224 s2)3/2 T dmey |22 + 52

vt—e¢

o 1 o
" dmweg Vit—e2+s2  Jwt)2+s? |
(b)

A a 1 1 _ A ST R ews e a
:Hg/o {\/(vt—e)2+32_\/(vt)2+s2}2mds_2eo [\/(t ) st = () 2]Io

= % [\/(vt — € +a? = /(vt)2 + a2 — (e~ vt) + (vt)] '
€0 =
_ s _|A[  wt-9 v
() Is=¢€o i |32 {\/(vt—e)z‘i‘&? V()2 + a? +2v}.

Ase— 0, vt < ealso = 0, 50 Iy = 5(2v) = Av = I. With an infinitesimal gap we attribute the magnetic field
to displacement current, instead of real current, but we get the same answer. ged

Problem 7.57

, :
()VV—sas (88(8z;‘))+3a(zz2f) zgd%( ZJ;) 0= ds(g_f) :0=>SZ—J;:A(aconstant) =

Aé =df = f = Aln(s/sy) (so another constant). But (ii) = f(b) =0, so In(b/s¢) = 0, so s = b, and
s
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_ I 1 _ Ipzlin(s/b)
V(s,z) = AzIn(s/b). But (i) = AzIn(a/b) = —(Ipz)/(ma?),s0 A = _WW’ Vis,z) = _Efln(a/b)'
(b)E_—VV_—_a.KS_QK“_Ipz 1 . Ip In(s/b) Ip .

2 s
Os 9z ° 7 ma? sln(a/b) S ma? In(a/b) E In(a/b) ( §+1n (b) z) )

(©) o2) = 0 [Bula) = Bula)] =0 | oo (2) 0] =| 522

ma? In( ma® In(a/b)’
Problem 7.58 I

YA

h/

t ~—
(a) Parallel-plate capacitor: E = —l—a V=FEh= igh =C= Q = cowl ==Y

€ € wl Vv h h

(b) B = poK = uo—I— ® = Bhl = hl—LI=:>L—p;(L] =>£=’%h.

(c) = (4 x 10~7)(8.85 x 10712) ={1.112 x 10~'7 s?/m?.
(Propagation speed 1/VLC = 1/\/fio€o = 2.999 x 108 m/s = ¢.)
(d) D=0, E=DJe=0]e so just replace ¢ by ¢;

H =K, B =pH = ukK, 0 just replace po by p. } M E}_:—l/_\f—ﬂ

Problem 7.59

(a) I = o(E + v X B); J finite, 0 = co = E + (v x B) = 0. Take the curl: VXE + V x(v x B) = 0. But
OB 1é)

Faraday’s law says VXE = e So i Vx(v X B). qed

(b) V-B=0= § B-da =0 for any closed surface. Apply this at time (¢ + dt) to the surface consisting of
S, &, and R:

B(t+dt)¢da+/ B(t+dt)-da—/B(t+dt)-da=O
S’ R S

(the sign change in the third term comes from switching outward da to inward da).

d® = S,B(t+dt)-da—/SB(t)'da=[$lB(t+dt)—B(t)]‘da—/;zB(t'*'dt)'da

%dt (for infinitesimal dt)

% = { /s %]—:’- da} dt — /R B(t +dt) - [(dl X v)dt] (Figure 7.13).

Since the second term is already first order in dt, we can replace B(t + dt) by B(t) (the distinction would be
second order):

d® =dt oB da—dt?{B (dlxv) = dt/ o8 da—/VXvXB) da

(v X B)-dl
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d® 0B
E_L[W_VX(VXB)]'(M—O' qed

Problem 7.60

(a)

V-E

Vv.-B

V xE

VvV x B’

(b)

FI

1
(V-E)cosa+¢(V-B)sina = —pecose + cligpm Sin
0

1 . 1 1 . 1,
—(pe cosa + cpg€opmsina) = —(pe cosa + —pm sina) = —p,. v
€0 €0 c €

1 1
(V- -B)cosa — E(V-E)sina = [1oPm COS QO — ;pesina
0

Pesina) = po(pm cOsa — cpesina) = pop,. v

1
po(pm cosa —
Cloco

B
(VxE)cosa+c¢(V xB)sina= (—-,ung - ?——) cosa+c (,que + llofo%?) sina

at
1 !
—po(Jmcosa — cJsina) — % (Bcosa— ZEsina‘) = —pody, — aali v

1 . OE 1 oBY\ .
(V xB)cosa — E(V x E)sina = (poJe +”°€°E) cosa — z (—poJm - E) sina

4

1
po(Je cos o + sz sin a) +,uoeoa% (Ecosa + cBsina) = poJ., + .uoeoaa]f Y

1
QB +V x B) + (B’ = 5v x E)
1 1
(qe cosa + i sina) [(Ecosa +cBsina) + v x (B cosa — ZE sina)]

1 1
+ (gm cosa — cge sina) [(B cosa — zEsina) ~ GV X (Ecosa + china)]

Qe [(Ecos2 a+ cBsinacosa — cBsinacosa + Esin® a)

1. 1
+v X (Bcosza—- —Esinacosa+—Esinacosa+Bsin2a>]
c c
1 . .2 2 1 .
+qm[ zEsmacosa+Bsm a+ Bcos®a— EEsmacosa
| 1.5 1 9 1.
+v X —B51nacosa—-—2-E81n a—- —=Ecos°a—- -Bsinacosa ]
c c c? c

ge (E+v xB)+gpn, (B——%vxE) =F. qed
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Conservation Laws

Problem 8.1
Example 7.13.
E= 2/\6 :s'-g A
w
° szi(ExB)=Z—{—l2z;
#ll g Ko Teo?
T or s
r Al f 1 A
P = /S- da:/S?wsds:: — [ =ds = — ln(b/a).
TEY s 2meg
a a
/ A r 1 A
V= =— [ -ds=—1 P=1V.
But / E-dl= 2 [ Zds= 2~ In(b/a), so [P = 1V]
a a
Problem 7.58. 0
E=—-2%
€0 I
s=i(ExB)=E_y;
s _ Mol Ho cow
B= uoK = -
w
P=/8 da:Swh:a—EIﬁ, butV:/E- dl:eih, so[P=1V.]
0 0
Problem 8.2
oc. _ Q _ It
(a) E= gz, 7= Qty=1t = E@) = p— Z.
OF Ins? uols -
2 = rs? = —— = .
B2ms = ppég 5t ] uOEQﬂeoaz = B(s,1) Sra
1 2, 1 0\ 1 It \* 1 (uIs\?| | wl? 2 2
(®) tiem = & (eoE +Lp ) -1 [ (WQ) + L (W = 5L [t + (s/277].
1 1 It pols o It
5= Lo (ExB) = Lo (neoa2) (27ra2) (-8) = SnPegad

146
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Oem  pol? . 5 I’t I*t It Ouem
_ - . _v.§= 1t = - oV
ot o2l - t m2egat’ v-S= 27r2eoa4 V- (s8) = 7r2eoagL ot
Uem = Ursds =2 (ct)? + (s/2))s ds = 2220 [ 4 1
(c) Uem = | Uemw2msds = 7rw224 [c) + (5/2)%]sds = (C)E Z-Zl—
212 2 . 2 20 114H2
= %2- [(ct)2 + %] .| Over a surface at radius b: B, = -/S-da . ﬁWicﬁ b8 (2nbws)} = Iﬂ:zil: .
dUem  powI?b?_ , IPwitb?
g 2 — —_ in- = .
o 5ot 2C t p— P,. v (Set b= a for total.)
Problem 8.3

g d
=fT'da—/loeoa/Sd‘T.

The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need

1
("i" -da), = Tydaz +Tyyday+T,,da, = (B Byda, + B.Byday + B, B, da, — —32 daz>
llo

1
—1— B,(B -da) — 582 daz} .

Now B = g;coasz (inside) and B = — (2 cosfF + sin68) (outside), where m = §WR3(awR). (From

Eq. 5.68, Prob. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere—say a
hemispherical cap just outside r = R plus the equatorial circular disk.

Hemisphere:
Mo . 5 _ HoMm 2 22
B, = Y {2c056( £), +sm6(6)z] = B [2cos? 0 —sin® 6] = 4 R3 (3cos 6-1).
da = R%sinfdfd¢i; B-da= #OR (2cos@)R?sin 6df dg; da. = R*sinfdf d¢ cosb;
2 _ Ho™h . (Mo
B> = (47rR3) (4cos? 6 +sin®§) = (47rR3) (3cos®g +1).
2 1
(T-da), = % (Zro;;) [(300529 — 1) 2cosfR?sindf dp — 5 (3cos® 8+ 1) R2sin0c059d0d¢>]
cwR\*[1
= Mo( s [EstmBCosGdOdd)] (12cos® 6 — 4 — 3cos® 6 — 1)
a2
= ’;_0(”“’3R> (9 cos? 6 — 5) sin 6 cos 6 df d¢
n/2 m/2
2\ 2 2\ 2
(Fhemi), = % (ow3R ) 27r/ (9cos® 6 — 5cosf) sinfdf = pom (aw3R ) [—%cos“ﬁ + gcos2 6]
v 0

o

_ owR?\? 0+g_§ __ oT owR?\?
= KT\ T3 472)7 7 3
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Disk:
B, = %uoaRw; da:r'drdqﬁqsz—rdrda&i;
2 s (2 2
B-da = ~§poaRwra‘rd¢; B = guoaRw ; da, = —rdrdg.
(T - da) L (2,080 [—rdrds+ traras L (2, oh) rdrd
. feend —_— o o — —_ = —— — .
z o 3110 3 Y™ 3uoa rdrd¢
owR\? 7 owR2\?
(Faisk), = =2p0 (T) Qﬂ/TdT=—27fuo( 3 ) .
0
Total:
2\ 2 2\ 2
F = —mpu0 (”“;R ) (2+ %) 3 =|-muo ("“’23 ) % | (agrees with Prob. 5.42).
Problem 8‘;4 2
(a) (T - da). = T.; dag + Tyy day + T, da.
+q4
But for the zy plane da, = da, = 0, and da, = 1
—rdr d¢ (I'll calculate the force on the upper charge). 2
¢ \( /
(% -da), = ¢ (E,Ez - %Ez) (—rdrdg). r/\o/ o
: a
Now E = 23 cosft, and cosf = c, so B, = y‘/ /
4meo ;,2 2 —qd
2
0, E* = 7 ) r 3. Therefore
27T€0 (1'2 + a2)
ty
1 g \° r3dr q
F, = el —] 2 letti = r?
Y, 250 (27reo) T = +a2 41r602/(u+ K (letting u = r?)
0
G O PR S GNP PR SO O B GO S I
T 4mweg 2 (u + a?) 2(u+a2)3 o " 4mey 2 a?  2a%| | 4meo (20)27|
. 1 .q . .. ) a
(b) In this case E = ———2-=-5inf# %, and sinf = —, so
4dmeg 22 2

2 2
drd
E2=E3=( g9 ) (2: 2 and hence (?‘-da),:—fzg( 99 ) rer ¢)3. Therefore
r2 +a

2meg 2re0) (r? + a?)

oo
re-3 () = [ i =4 ], S b ][]
i 2meg (r2+a2 dmeg | 4 (r2 + a2)? o 4meg 4a* dreg (2a)2°
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Problem 8.5
(a) E; = E, =0, E, = —0/e. Therefore

1
Toy=Te: =Ty = =0 TW=Tyy=—%°Ezz—EO-; Tzz:eo(Ef—§E2>:ng2:—.

o g2 f-1 0 0
€0 0 0 +1

(b) F = %’Y‘ -da (S = 0, since B = 0); integrate over the zy plane: da = —dzdy2 (negative because

outward with respect to a surface enclosing the upper plate). Therefore

o? F -
F, = /Tzz da, = —— A, and the force per unit areais f = — = | —-—— 2.
260 A 260

(¢) =Ty, ={0?/2¢ i is the momentum in the z direction crossing a surface perpendicular to z, per unit

area, per unit time (Eq. 8.31).
(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is

f=-—1%| (same as (b)).

Problem 8.6

(8) Pem = €0(EXB) =€EBY; Ppem =|cEBAdY.

(b)I:/ Fdt = I(le)dt:/ IBd(ixfc)dt:(de)/ <_E> dt

0 0 0 0

= —(Bdy)[Q(c0) — Q(0)] = BQdy. But the-original field was E = o/ep = Q /€04, so Q = ¢ E A, and hence
I =|eEBAdY;| as expected, the momentum originally stored in the fields (a} is delivered as a kick to the

capacitor.

( d
(c) %E cdl = —C;—‘f = —d—l:ld (for a length { in the y direction). —IE(d) + [E(0) = —ldfdd—l: =
ab d >0
E(d) - B(0) = d—. F = —0AE(d)3 + 0AE(0)y = -0 A[E(d) - E(0)]§ = —oAdd—f y. 1= / Fdt =
0
> dB
—(aAdy)/o o dt = —(cAd§)[B(c0) — B(0)] = cAdBy. But E :‘fé, so Il =|eEBAdy,|as before.

Problem 8.7
B = ponl z (for a < r < R; outside the solenoid B = 0). The force on a segment dr of spoke is

dF = I'dl x B = I'gonl dr(f x 2) = —I'gonl dr ¢.

The torque on the spoke is

R
" 1 .
N = /r x dF = I'uonl/rdr(—f' X @) = I'ponli (R* - a?) —Z).
a
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Therefore the angular momentum of the cylindersis L = / Ndt = —%uonl (R*—a?)2 / I'dt. But [I'dt = Q,
s0

L= —%uole(R2 —~a*)%| (in agreement with Eq. 8.35).

Problem 8.8
(a)
0, (r <R) 2poM 3, (r < R)
1 i B= (Ex. 6.1)

E%f, (r > R) :——3[2c050f+sin69], (r > R)

E =

(where m = %leraM); p=c{ExB)= Mo Qim(r x @) sin, and (£ x ) = ¢, so

(4m)?
— _ Mo mQ e d
L=rxp= @n)? 7 sinf(f x ¢).
But (f x ¢) = —8, and only the z component will survive integration, so (since (6), = ~ sin 6):
2n g 00
_ pom@Q . [sin?0 , , | o P 1 N® 1
L= @n)? Z p (r sin 6 dr df dg) . /d¢—27r, /sm 6df = 3 /ﬁdr: ~ . =5
0 0 R
nom@ 4 1 2 2 a
= 2 - — | = |{zpeM .
ren (5) () = [gramers
z
(b) Apply Faraday’s law to the ring shown:
%E dl = E(27rrsm0) i;f = —m(rsin§)? (gﬂodd—]‘;[> SR
= |E= —i‘?)—"‘z—ﬂf(rsma) é.
The force on a patch of surface (da) is dF = oEda = —Ag—ai—]\f(r sin 8) da ¢ ( 41rQR2)
The torque on the patch is dN = r x dF = _u_;gdd_ (r?sin6) da (F x @). But (£ x qS) = —6, and we want
only the z component (f, = — siné):
_ oo dM
N = = g ? r? sin® 0 (r? sin 6 d6 d¢) .
r s dM 4 2 M
.. 3 Hoo s 4 10 2 o
= [ = - = = ——— - 2 =j—— —_—
Here r R,/sm 6dog 3,/d¢ 2w, s0 N T ZR (3)(7r) 9 QR g7
0 0

0
2
:/th: -——2—g—OQR2i/dM = gOMQRQ‘ (same as (a)).
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q(t)

(c) Let the charge on the sphere at time ¢ be g(t); the charge density is 0 = iy
s

The charge below
(“south of”) the ring in the figure is
gs = o (27 R?) /sin ' do’ = g (—cos8)|y =

0

(1 + cosb).

l\DI*-Q

. . 1
So the total current crossing the ring (flowing “north”) is I(t) = ~§§—q(1 + cos#), and hence

I N 1 dq(l+cos€)
6. Th .
K(t) = wRend -0) = R snd e force on a patch of area da is dF = (K x B) da
2 R ;10 irR’M o aa L peM L
{EMQM 4;;3 7 (2cosft +sinf ) 5= "% (22 + 2cosf T + sin 6 6);
1 dguoM (14+cosf), .~ . A
KxB= — 2 . .
X TRE 6 e [2(0 x 2) + 2cos 8 (6 x 1))
-
R oM [ dqg\ (1+ cosb) R P R
= = — ) ————) —
dN Rt x dF Y (dt) pe [ #x(8x32) cosd (f x ¢)|R°sin0df dop
O(¢-2) — 2(¢- ) -6
poM ([ dg 2 oM R?
6
19 <dr> (1 + cos@)R%[cos 68 + cos 6 8] df dp = o dt (1 + cos ) cos6 df de 6.
2w
The z and y components integrate to zero; (6), = —sin6, so (using / d¢ = 27):
i)
poMR? [dq /7T . woMR? [dq sin?6  cos36\|”
> = —_ _— y 9 - — _ —
N, o I (2m) [ (1 + cos @) cosf sin 8 df 3 7 5 3 .
0
poMR? (dg 240, 0dg 2uo 2dq
= =—-—MR = R
3 dt ) \3 9 dt” N=-—gM dt °
Therefore

2 2
/th NOMRZ“/dq-— gOMRZQZ (same as (a)).

(I used the average field at the discontmmty—whlch is the correct thing to do—but in this case you’d get the
same answer using either the inside field or the outside field.)

Problem 8.9
dd 1 dI
() €=——5 0= 7a’B; B = ponls; € =ILR. Soll, = -5 (poma’n) —d;.
dl, dls ol b?
2 — = —— S — r a A i
(b) fE dl = :> EQ2ma) = uowa:n 7 = E 5 Hoan— ¢. B > gt z2)3/2 7 (Eq. 5.38)

1 1 poan dls\ [ polr b2 P | L dl,  ab’n |
S—_[L_O(EXB)— 1o < ) dt) < 9 (b2+22)3/2 (d)XZ)”" 4-“0[1‘ dt (b2+22)3/2 T.
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Power:
T a, T 1
_ _ 1 2
P = /S -da = /(S)(Qﬂ'a) dz = “‘57”1/0@ b nil, E— Wdl’
—0oC — 00
. . z 1 2
The lntegral 1S m‘_m = b—z' — <—ﬁ> = b—,z
dI .
= - (nuoazn—df) I. = (RI)I, = I,’R. qed
Problem 8.10
According to Egs. 3.104, 4.14, 5.87, and 6.16, the fields are
~——~P (r < R) 2 M <R
3eo ’ FHoM, (r < R),
1 1 e /lo m Ay o~
ZW—E(;TT[B(pm)r—p}, (r > R), y— B(m-f)r—m], (r>R),

where p = (4/3)7R*P, and m = (4/3)7R*M. Now p = ¢y [(E x B)dr, and there are two contributions, one
from inside the sphere and one from outside.
Inside:

2 2 2 4 8
Pin = eo/ (—ée—P) (§p0M> dr = ——é-po(P x M) /dr = —5Ho(P % M)gwR" = ﬁuowRB(M x P).

Qutside:

Pout = 6047T1€0 Z—; / riﬁ' {B(p-#)f~p] x [3(m-F)F —m]} dr.
Now £ x (pxm) = p(f-m)—m(f-p), so £ x [f X (pxm)] = (f-m)(Fx ) (t-p)(Ff x m), whereas using the BAC-
CAB rule directly gives £ x [f x (pxm)] = £[f-(pxm)]—(pxm)(f-t). So {[3(p-T)f — p] x [3(m - T) m]} =
=3(p-f)(f xm)+3(m-£)(F xp)+(pxm) = 3{F(f - (p x m)] ~ (p x m)} +(pxm) = —2(p><m)+3r[ (pxm)]

Mo [l 2
Pout = 167r2/r6{ 2(p x m) + 37[f - (p x m)]}r°sin 8 dr df d¢.

To evaluate the integral, set the z axis along (p x m); then ¥ (p x m) = |p x m|cosf. Meanwhile, § =
sinfcos¢ X +sinfdsin ¢ y +cosdz. But sin ¢ and cos ¢ integrate to zero, so the X and ¥ terms drop out, leaving

oo 1 vin ) . .
Pous = 12‘;2 (/ T—4dr> { 2(p x m) /sin9d9d¢+3|p X m]i/cos"‘ﬁsin@d&dqﬁ}
0
= _fo L™ -2(p x m)jhr + 3(p x m)~4—7i - _Ho (p X m)
T2 \T3d )|, P P 3| 1eRm P

Ho 3p 4 5 dp0
— - = M x
BETI:E ( 7R ) (37TR M) 7 —R} ( P).

— 8 4 3 3
Ptot = <27 27) /LoR (M X P) /J[)R (M X P).
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Problem 8.11
(a) From Eq. 5.68 and Prob. 5.36,

r<R: E=0, B=§uoaRwi witha:ﬁ;
1 e, Mo M 4
E=—— =——(2 ] == 4
r>R: E pr—— r, B= y ( cos@t + sinf6), with m = 37rawR
The energy stored in the electric field is (Ex. 2.8):
1 ¢?
W ~ 8meg R
The energy density of the internal magnetic field is:
1 1 /2 e pow?e? pow?e? 4 poew?R
— ___B2 |z — %% = 3 = ——
YB = o o (3“°R“’4wm> 72n2Re 2 B T gz 3T 54r
The energy density in the external magnetic field is:
1 /"'0 m? 2R4/"0
0 bkl i)
ug = S 607 76 (4 cos® 8 + sin? §) = 18(16 3 ; (3cos 6+1), so
n
2,2 p4 2,2 p4 2,,2
poe*w*R 12 / / moe’w’R 1 poe“w*R
44 = e 6d _—_— =0 =
Buue (18)(16)7 / dr [ (3cos’8+1)sinfdf [ dop = (18)(16)7% \ 373 (4)(2m) o8
R 0
_ poew? poew?R 1 €  poe?w?R
Wp = Wpg Wy, = ——(2+1 —_— W =W, Wg = — .
B Bin * Woow = g7 e+ = 367 Er B g R T 6r
. 1 2
(b) Same as Prob. 8.8(a), with Q@ — ¢ and m — §ewR2: L= #0168wR Z.
Yis
o€ h 9rh (9)(m)(1.05 x 1073%) 10
e = — = = = .23 1 .
© TgrwR=3 2 wh=2 5 =G« 10-7)(1.60 x 10-19)2 — 023 x 107 m/s

1 e 2 (wR\? . wR 2 (9.23 x 1010\ ?
- ¢ S = me? |1 =1+ (2222 ) =210x 10%
81r€oR[1+9(c>} mc’[+9(c)] +9( 3x108> x 10%
R (2.01 x 10%)(1.6 x 10719)2 9.23x 10710
"~ 8m(8.85 x 10~12)(9.11 x 10—31)(3 x 108)2 T 295 x 10-11

Since wR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly
unrealistic.

={2.95 x 107" m; = 3.13 x 10*' rad/s. |

Problem 8.12 z
— Qe T | r
4dmeq 3"
' - qm|
B = M09m T _ Hogm (r—dz) . 7
4r 3 4w (r? + d? — 2rdcos 6)3/2 dig

Qe z
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Momentum density (Eq. 8.33):

Hodedm ("'d)(r X Z)
(4m)? 3 (r2 4 d2 - 2rd cos§)*/?

EQ(E X B)

Angular momentum density (Eq. 8.34):

Hoqeqmd r x (r x 2)
(4m)% 13 (r2 4+ @2 — 2rdcos6)*/?

But rx (rxz) =r(r-2) —r’z =r?cos 87 — r’ 4.

=(rxp)=-

The z and y components will integrate to zero; using (£), = cos, we have:

_ Kogeqmd 3 / 7'2((3082 8-1)
(4m)? r3 (r2 + @2 — 2rd cos §)*/

I‘OQeQm 5 // r (1 - 'U,2) dudr.
C(4m)? (r2+d? - 2rdu)3/2

Do the r integral first:

L r?sinfdrdddp. Let u=cosh:

o«

/ rdr _ (ru—d) < u + d _u+l 1
O(ﬂ+&—mmfﬂ_du—MWﬂ+m—wmo d(l1-u?)  d(1l-v?)d d(1-u?) dl-u)

Then
1
1
:U'OQede 1 (1 - u ) HoGedm ../ HoQeQm . u? HoGeQm .
L= == — = | FO%eIm 5
o z ) du = 3 1+ u)du ot 'u,+2 . yra
—1 =1
Problem 8.13
(a) The rotating shell at radius b produces a solenoidal magnetic field:
B = oK Z, where K = oywpb, and oy = —i So B = uowa Z (a < s<b).
27bl’ 2rl

The shell at a also produces a magnetic field (uow,@/2x1) 2, in the region s < a, so the total field inside the
inner shell is

— Qi
= o (we — wp) Z, (8 < a).
Meanwhile, the electric field is
E=—1 259 5 (a<s<b)
T 2mep s 2mepls '
_ Q pows@Y o o pows@® o _ pows@?
=e(ExB)=¢ (27(6013 5T | X8 =Tom— 6 b=rxp =" (r X §)

Nowr X ¢ = (s§+ 22) X ¢ = 8% — 28§, and the § term integrates to zero, so

_ pows@? Hows@® 2 o | pows @ (b —a?)
= I /dr-— yRTD w(b* —a®)lZ = o
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by

E27rs=—-d—(Ii #E:—L(ﬂd), and in the region a <s <b
dt 2rs d
HoQ g HoQws (o Ho@ 2 2 1 poQ [ pdwa  pdws -
= £ (wa - SO (2 - 0?) = B2E (waa® - wps?) ; B(s) = —5—EE (@252 520 ) 4
ong (e mw)ma? = ST (57— a) = T (waa® —ws®) s Bls) = g2 mr (g s ) @

In particular,

_ koQa (dws  dwy) 2 k@ s o 0Wr
Ele) = - (dt >¢’ and B(b) = -7 (a il dt>¢

The torque on a shell is N =r x gE = ¢sF %, so

_ _moQa\ (dwa dwy #0Q2 i -
N, = Qa( il ) ( & m ) Z; L, —/ N,dt = (We —wp) Z
_ po@ pdwp .. _ B Q 2. 42\ s
N, = Qb( 47rlb) (a dt -b — ) z: Ly _/0 Ny dt = 47rl (Pws — bPwy) 2.
_ poQ? a2 o Qw0 o
Lise = La.+ L, = anl (a wa — bPwp — a?wy + a wb) 7= o (b* - a®) 2.

Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum
in the fields (a). v

Problem 8.14

N . __9 2 _
B:ﬂonlz, (S<R), E—Zﬂ—eolﬂ,wherea ( —a,y,z).
p = co(E x B) = eolpon]) (1) S(ax2) = 22 [y 5 — (o — 0} 31
4eg ) 23 4m3
Linear Momentum.
I o (Ve
p = / #o(m / T 1_/);)2 ixyz i)z);]?'/z dz dydz. The % term is odd in y; it integrates to zero.
_ pogqnl (z —a) . )
= =9 RS p dzdydz. Do the z integral first :
z s 2

((z - a)® +9y? \/(z~a2+y2+22 oo: ((x —a)?+4?]

= -F anI / 9 dz dy. Switch to polar coordinates :
[(z - a)? +y?]

:v—scosdr y=ssing, dzdy = sdsd¢; [(:z:—a )2 +y%) =s? +a? — 2sacos .

(scos¢ — a)

_ uoan
- / (s2 + a2 — 2sacos¢)3d3d¢

N /ZH' COS¢d¢ _ 2_7T 1— A ) /27\' d¢ B Ar
% |, (A+Bcos¢) B Jii-52) J, (A+Bcos¢) JA-BE
Here A? — B? = (s + a?)? — 45%a® = s + 25%a + a® — 4s%a% = (s> —a®)%; VA2 - B2 =d" -5

R 2
_ poqnd _(d+$ 2a? _ pognl _ lpognlR® |
T 2a y/[l (az—s2 +(a2—52) sds = e 7 0 sds = 2a Y
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Angular Momentum.

nl I
L = rxp= lz):,,s rxyx—(z-a)y]= 5= uoqn {z(z—a)x+zyy [z(z - a) +y°]2}.
The X and ¥ terms are odd in z, and mtegrate to zero, so
2,2
L _toqnd Ty —za dx dydz. The z integral is the same as before.

ar [(z —a)? +y2 + 22]3/2

pognl z? +y% - za pognl /‘ s —acos¢ 5
- dzdy = — :
o Z [(z - a)? + y?] y o - (s? + a? - 2sacos ¢) s"dsdg

"

s “a’+s? Rs?— g2
“ﬂanIi/[a2_32+(1———-——~)]3ds=—ﬂ0‘1"15‘/; a—;:—;3ds=

a? — s? s

Problem 8.15
(a) If we're only interested in the work done on free charges and currents, Eq. 8.6 becomes

—(E—=/(E-J,»)d'r. ButJ;:VxH—a—It) (Eq. 7.55),soE-J,=E-(VxH)—E~%t—. From product
v
rule #6, V- (ExH) =H(V xE) - E-(V x H), whlIerE—'-a—B,so
oB aBat D
E- (VxH)=-H- c,T—V (E x H). Therefore E - J;——H-—a—-——E ¥ -V (ExH),andhence

aw oD OB
_&Z___L(E._57+H._a_t..)dr-fig(ExH)-da

This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per

unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density
OUem oD B

o — P g TH G

1
For linear media, D = ¢E and H = ;B, with € and yu constant (in time); then

Otem _ OE 1 OB 10
o ~C B e e m P
SO Uem = 3(E-D +B-H). qed

(b) If we're only interested in the force on free charges and currents, Eq. 8. 15 becomes f = p;E + J; x B.

-E) + — (B B) = gZ(E-D+B-H),

Ml'—‘

28t

Butpf=V~D,andJ;:VxH—%?—,sof:E(V-D)+(VxH)xB—(%l—t)—) x B. Now
7] oD 0B 6B oD
a(DXB)—T?t_XB+DX(E)’andgi_—_VXE SO — T xB = t(DxB)+Dx(VxE),and

hence f = E(V-D)-D x (VxE)-Bx (V x H) - gE(D x B). As before, we can with impunity add the
term H(V - B), so

f={[E(V-D)—Dx(VxE)]+[H(V-B)—Bx(VxH)]}—gE(DxB).

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.21), and the last
term is (minus) the rate of change of the momentum density, p = D x B.




Chapter 9

Electromagnetic Waves

Problem 9.1
fi — —b(z— vt) & fl ~b(z—vt)? 2 —b(z—vt)?
S1 o= -2Abz—vte S5 = —24b [e — 2b(z — vt)%e ] ,
df _ H? f1 ()2 _ 2 8% f
2L~ 94p - b(z— vt) — b(z—vt) _ 2,—b(z~vt)*| _ 2 1
5t v(z — vt)e T 2Abv[ ve + 2bu(z — vt)“e ] Vi v
df2 32f2 .
- = Abcos[b(z —vt)}; = — Ab? sin[b(z — vt)];
g 022
afz2 282f2 2 2 . 282f2
e — Abv cos[b(z — uvt)]; CTo —Ab“v?sin[b(z — vt)] = v 50
O0fs _  —2Ab(z—wt) fy —2Ab + 8Ab*(z — vt)?
9z  [p(z—vt)2+1]2" 022  [blz—vt)2 + 12 [b(z —vt)2 + 13’
Ofs _  24bu(z~wt)  fy —2Abv? + 8AV vV (z —ut)? L, 0%f /
t  lz—vO)+ 12 B2 [b(z - vt + 12 7 [b(z —vt)2 +13 Va2
0fs = —2Ab2ze 007 +ut). _8 fa = —2A4b% [e"b(b"z*'”') - 2b2226_b<bz2+vt)] ;
Oz 22
%{_4_ — __Ab,ue—-b(bz2+vt); aazt.g‘i _ Ab2 2 —b(bz +ut) # 2aaf24.
Z
bl 2
a—’is = Abcos(bz) cos(bvt)?; 62’25 = — Ab®sin(bz) cos(buvt)?; -5’25 = —3Ab%vt? sin(bz) sin(bvt);
2 : 2
%t% = —6Ab°v*tsin(bz)sin(bvt)® — 94Vt sin(bz) cos(but)® # vzaa '25.
Z
Problem 9.2
0 2 ‘
9f = Akcos(kz) cos(kvt); s = — Ak?®sin(kz) cos(kvt);
0z 0z?
of _ , . o°f 2,2 20%f
5 = —Akvsin(kz) sin(kvt); F = —Ak*v® sin(kz) cos(kvt) = -52—2- v

Use the trig identity sina cos 8 = %[sin(a + B) + sin(a — 8)] to write

f= g {sin[k(z + vt)] + sin[k(z — vt)]},

157
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which is of the form 9.6, with ¢ = (A/2)sin[k(z — vt)] and h = (A/2) sin[k(z + vt)].
Problem 9.3

(A5)? = (A3e™) (Ase ™) = (A1€' + Ape™) (A1e™™ + Ape™?)
= (A1) +(A4)% + A1 A, (ere%2 4 g™ “52) = (A1)? + (A2)* + A} As2 cos(d) — &,);
Az = [V(A1)? + (A2)? + 24, A, cos(8; — 85).
Aze® = Asz(cosds +isinds) = A (cosd, +isindy) + Az(cos by + isin 8y)

. . . Asz sin d3 A sinéd; + A, sin by
= (A 2). tand; = = - .
(A1 cosédy + Ay cosédy) + i(A; sind; + As sin dy) an ds Aycos8s ~ A coss ¥ Ay cosdy’

5 _ Atan? Ajsind; + Assin s
5T Aqcosby + Aycoséy )
Problem 9.4 :
Th E Zf _ 1% luti f the f
e wave equation (Eq. 9.2) says — 522 = I B Look for solutions of the form f(z,t) = Z(2)T(¢). Plug
d*z T . 1d°Z 1 d&*T .
this in: Td,, = U—ZZEZ— Divide by ZT : 72 = T A The left side depends only on z, and the
right side only on ¢, so both must be constant. Call the constant —k2.
2
iz _ -k*Z = Z(z) = Ae** + Be~ikz
dz?
2
%Z: — —-(k"U)ZT = T(t) — Ceikut +De_“‘wt.

(Note that k£ must be real, else Z and T blow up; with no loss of generality we can assume k is positive.)
f(Z,t) — (Aeikz + Be——ikz) (Ceikut +De—ikut) — Alei(kz+kut) + Azei(kz~kvt) +A36i(—kz+kvt) +A4ei(—kz—kvt)‘
The general linear combination of separable solutions is therefore

f(z,t) :/ [Al(k)ei(kz+wt) +A2(k)ei(kz—ut) +A3(k)ei(—k2+wt) +A4(k)ei(—kz—wt) dk,
0

where w = kv. But we can combine the third term with the first, by allowing & to run negative (w = |k|v
remains positive); likewise the second and the fourth:

oo
fz,t) = / [Al(k)ei(k”“") + Az(/c)ei(k"“’t)J dk.

—o00
Because (in the end) we shall only want the the real part of f, it suffices to keep only one of these terms (since
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either
would do). Specifically,

Re(f) = /_00 [Re(A1) cos(kz + wt) — Im(A;) sin(kz + wt) + Re(A,) cos(kz — wt) — Im(Ay) sin(kz — wt)] dk.

The first term, cos(kz + wt) = cos(—kz — wt), combines with the third, cos(kz — wt), since the negative k is
picked up in the other half of the range of integration, and the second, sin(kz+wt) = —sin(—kz —wt), combines
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form

f(z,t) / A(k)e**=9Y) gk ged (the tildes remind us that we want the real part).
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Problem 9.5 5 L 500 oh L ohe 8
) 91 9r Ohp R Ogr 1 dgr

E 26 = gr(— + = gr(—vot). Now 2L = - 2L, 220 = . —
quation 9.26 = g;(—uit) + hr(vit) = gr(—vat). No 97 o 0t B2 I TR e T

1 dgr(—ut 1 0h t 1 9gr(~vat
1 0gr(—wt)  10hp(uit) _ 1 9gr(~vst) 91(=v1t) — hp(vit) = Z—IQT(_Uzt) tk
2 .

ti 9.27 = —
Equation v ot v ot vy Ot

(where & is a constant).
21_)2

Adding these equations, we get 2g;(—v1t) = (1 + U—l) gr(—vat)+k, or gr(—vot) = (
Vo v + v

) gr(—vit)+«'

v . . . .
(where &' = —K : ). Now g;(z,t), 9r(2,t), and hpr(z,t) are each functions of a single variable u (in the
1T U
first case u = z — v1t, in the second u = z — vt, and in the third u = z + v1t). Thus
2’1)2 f
u) = nu/ve) + K.
gT( ) (vl+v2)gl( 1ufve) + K

El) gr(—uit) — (1 + 3) hr(vit) = & =
(% Ug

2
_fva—u B _ Vg _ V2 — U1 _ I}
hrlvit) = (01 +v2) gr{~uvit) — & (——————-vl +v2>’ or | hr(u) (v1 +v2) gr(—u) + &'

[The notation is tricky, so here’s an example: for a sinusoidal wave,

Multiplying the first equation by v; /ve and subtracting, (1 —

gr = Arcos(kiz —wt) = Ajcos[ki(z — vit)] = gr(u) = Ajcos(kiu).
gr = Arcos(kez —wt) = Arcoslky(z — vat)] = gr(u) = At cos(kou).
hr = Agrcos(—kiz—wt) = Agcos[—ki(z+vit)] = hgr(u)= Agrcos(—kju).
. At 22 Ap _v2—u; v
= _ = _— = —— —K1 = K-
Here k' =0, and the boundary conditions say A o g AL oo (same as Eq. 9.32), and 2 ki = ko
(consistent with Eq. 9.24).]
Problem 9.6
. . of of *f
-T _= 2 L = me
(a) T'sinf, sin@ ma =T (Bz > O_) mos .

(b) A + Ar = Ar; TlikeAr — iki(Ar — AR)] = m(~w*Ar), or ki(A; - AR) = (kz -7 ) Ar.

2 -~ -~ -~
Multiply first equation by k; and add: 2k, Ay = (kl + kg — zm;,)—> AT, or Ar = <k1 n k22—k1imw2/T> Ar.
~ - -~ 2}‘71.* (kl + kg - ’mez/T) = kl - kz + imwz/T -
AR =Ar —Ar = Ar = .
R=ar = ky + kg — imw? [T "=\ + by —imw?/T ) 7

- 9 -
If the second string is massless, so vo = \/T'/p2 = o0, then ka/k1 = 0, and we have A7 = (1 'ﬁ) Aj,
—1

~ 14148\ - mw?  m(kin)? mk T ky- 1+48 6
= . = = = —_ = m—. = o h
AR (1 — iﬁ) Ar, where 8 T KT T m or|f mM1 Now 15 Ae*?, wit

(14BN (1—iB\ B i (+iB)? 14247
AQ‘(l—iﬁ)(Hiﬂ)“l;‘A‘l"“de O T

9 , e _ 2
tan ¢ = 1 —ﬁﬂy Thus Ape®® = ¢ A" = | Ap = Ay, ||0p = &y + tan™" (1 —ﬂﬁ2> .
9 ) 2 2 4 > 2
LI — i¢ A2 = = 2 A=
Similarly, (1 ——iﬂ) Ae® = (1 —-iﬂ) (1 +iﬁ) 1+ 32 VIt R
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: 2(1 +10) 2(1+10) 5 2 . :
Ae™® = . = = tang = f. So Are™T = ———¢*® A"
SIS B B ) T T Sodre = Tammgme e
2
AT = —====As; || 67 = é; +tan™! .
Problem 9.7
o f 8f & f o f 32]’ of
@) F=Toahe—nghe=ubegm o\ Toz =rge T
b 7 - L —iwt, —iwt sz _ 2 —iwt —iwt
(b) Let f(z,t) = F(2)e™™*; then Te p = p(-w?)Fe + y(—iw)Fe =
2F ~ % . .
TL = —w(uw + 7)) F, ﬁ = —k*F, where k* = E(pw +iv). Solution : F(z) = eiFr 4 Be—ikz,
dz? dz? T

Resolve k into its real and imaginary parts: k = k + ik = k% = k? — k% + 2ikk = T(Nw + 7).

w7 W ) 2 2 2 Wy 21 /'L('L 4 2 2
2 — k = ke — | — —_ Yy 2 =
ke = T => K Y K k (2T) = ;or k k (pw /T) — (wvy/2T) 0=

1
k2 = = [(uwz/T + /(uw? |T)? + 4(w7/2T)2] = % [1 ++/1+ ('y/uw)2] But & is real, so k? is positive, so
eed the pl k= w21+ VTF (/). 2 [1+ 1+ 5|7
n us sign: k = =
we e plus sig W\ 57 ¥/ pw 2 kT = 7T (v/uw) J

Plugging this in, F = Ae'(k+ir): | pemilktin)s — go—rzgikz | Berze=ikz Byt the B term gives an expo-
nentially increasing function, which we don't want (I assume the waves are propagating in the +z direction),

so B = 0, and the solution is | f(z,t) = Ae™"*¢!*2=wt) | (The actual displacement of the string is the real part

of this, of course.)
(c) The wave is attenuated by the factor e

1 V2T
2= == —#\/1 + /1 + (v/uw)?; | this is the characteristic penetration depth.
Y

~*%, which becomes 1/e when

(d) This is the same as before, except that ky — k + ix. From Eq. 9.29, Ay = <m Ap:
ki +k+ik

_A_R>2_ ki —k—ik ki —k+ix _(kl—k)2+;g2 Ao (kl—k)2+N2A

Ar) T \kitk+ic) \kitk—in)  (m+R2+s |70 k)T +R2

(where k; = w/v; = w+/u1 /T, while k and « are defined in part b). Meanwhile
kl ~k—ik - (kl —k—iﬁ)(k1+k+’il€) _ (k1)2—k2—f€2—27:h',k1 = 5R=tan—1 —2k1K
(k1) — k% — &2

ki +k +ik (ky + k)2 + &2 B (ky + k)? + K2
Problem 9.8
(a) f,(z,t) = Acos(kz — wt)x; f(z,t) = Acos(kz — wt + " at =0
90°)y = —Asin(kz — wt) . Since f2 + f2 = A?, the vector ot t=Tw— |~~~ //
sum f = £, + f, lies on a circle of radius A. At time t = y ! B
0, f = Acos(kz)% — Asin(kz)y. At time t = 7/2w, f = \ ,
A cos(kz—90°) X— Asin(k2—90°) § = Asin(kz) %+ Acos(kz) . N

Evidently it circles [ counterclockwise | To make a wave circling
the other way, use &, = —90°.

(b ) r

KA
N
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(c) Shake it around in a circle, instead of up and down.
Problem 9.9

() [ k=~

%i; f= 3. k-r:(——x)-(zi+yy+zz)=-‘-§z; kxi=-%x2=7.

E(z,t) = Eycos (

ol&

E
:g:+wt) z; B(z,t) = -wcg-cos(c:z+wt)9

/ k
|
. 1
l
¢
>~ ’ g |
1
\E :
z i
\\ ]
B SO t
~ 1
B S |
N 1
Y \\\ ]
|
y N

(a) (b)

X+y+2 R — 2 .. . N .
(b) ik = hd (————Z———E> i A= x—z (Since 1 is parallel to the z z plane, it must have the form a X+ 3 %;

c V3 V2
since fi - k = 0,8 = —q; and since it is a unit vector, o = 1/v/2.)
w S 1 Xy z 1
k-r= X+3+2z2) (zx+yy+z28)=—(@+y+z); kxn=—|1 1 1 |=-=(-%+2y-%2
\/—C( ( y ) \/§c( y+2) 6l 0 \/6( y-2)
w X — 2
E(z,y,z,t) = Eycos|—(z+y+=z ]( )
@at) = Bocos| (o ty+a) -
E, -X+2y~2
B(z,y,z,t) = -—~cos[—(:z+y+z) } >
) 73 76
Problem 9.10
S 13x10° —L43x10‘6N/ 2 lF erfect reflector the pressure is twic t:
= T oxir T L m*. | For a per r p wice as great:

18.6 x 1078 N/m?. 1 Atmospheric pressure is 1.03 x 10% N/m?, so the pressure of light on a reflector is
(8.6 x 107°)/(1.03 x 10°) =|8.3 x 10~ atmospheres. |
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Problem 9.11

1 (T
(f9) T/ acos(k -r —wt+ d,)bcos(k - r —wt + &) dt
0

b (T Ny
= EaT / [cos(2k - r — 2wt + 84 + 63) + cos(b, — &)} dt = % cos(8q = 6,)T = —ab cos(6, — 8p)-

Meanwhlle in the complex notation: f = ae‘f‘ r=wt) 5 = he®T-0t) where a = ae®s, b = bei®. So

| 1
= =2 i(k-r—wt) b* —i(k-r—wt) — Zah* — i(6a —ds) ol = = — —
2fg 2ae , e 2ab 2abe , Re (2fg ) 2abcos(6a 8) = (fg). qed

Problem 9.12 ) ) )
Ti; =€ (E,'Ej — 5(5,']-E2) + ;l,; (BiBj - 551‘sz) .

With the fields in Eq. 9.48, E has only an = component, and B only a y component. So all the “off-diagonal”
(i # j) terms are zero. As for the “diagonal” elements:

Tz = € (EzEz_'l‘Ez)+—“(-132)='1—(60E2—-—Bz):O.
2 Ho \ 2 Ko
1 1 1 1 1
--E?)+ —{(B,B,— =B*| == -¢E?*+ —B?) =0.
( . )UO(By . 23) (€0E+#OB) 0
1 1 /(1
€ -—E2>+—(——32>=-u.
o( 2 po \ 2

S0|T.. = —€o B2 cos® (kz — wt + 6) | (all other elements zero).
The momentum of these fields is in the z direction, and
it is being transported in the z direction, so yes, it does make
sense that 73, should be the only nonzero element in T;;. Ac-
cording to Sect. 8.2.3, —% . da is the rate at which momentum
crosses an area da. Here we have no momentum crossing areas
oriented in the z or y direction; the momentum per unit time At
per unit area flowing across a surface oriented in the z direc-
tion is —T,, = u = pc (Eq. 9.59), so Ap = ppcAAt, and hence
Ap/At = pcA = momentum per unit time crossing area A.
Evidently ! momentum flux density = energy density‘l v

Problem 9.13

EOR 2 (1—;3) . mvl €2V2 (Eo,.)z
=== . 9. T=—"2{=% . 9.
R ( E'o,) (Eq. 9.86) =|R= 155 (Eq. 9.82), where 8= e ol (Eg. 9.87)

[

B
«
I
[N

!
N
i

2 2 v
= |T = ﬂ( ) (Eq. 9.82). [Notethat5-233:3—162—”3”2—“1 ( 1) L 8|
1+ 8 €1v1 P g v Mo Uy Uave

T+R= [46+(1- 57 = (4B+1~-26+p") = )2(1+2ﬂ+ﬂ2>—1 Y

1
(1+8)? (1+ﬁ)2 1+5
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Problem 9.14
Equation 9.78 is replaced by Eo,fc + EoRﬁR = EoTnT, and Eq. 980 becomes Eo,y - EOR(z x fig) =
BE, (% x fir). The y component of the first equation is Ey, sinfr = Eo, sinf7; the = component of the
second is EoR sin@r = —BE,, sin@r. Comparing these two, we conclude that sinfg = sinfr = 0, and hence
fr=0r =0. qed
Problem 9.15
Ae'®® + Be™® = Ce'*® for all z, so (using z =0), A+ B=C.
Differentiate: iaAe™® + ibBe®* = icCe™®, so (using z = 0), aA + bB = cC.
Differentiate again: —a?A4e’®® — b2Be'*® = —c?Ce'®, so (using z = 0), a24 + b*B = 2C.
a®’A +b°B = ¢(cC) = c(aA + bB); (A+ B)(a®A + b’B) = (A + B)c(aA + bB) = cC(aA + bB);
a®A? + B*AB +a*AB + b*B? = (aA + bB)* = 0 A% + 2abAB + b*B?, or (a® + b® — 2ab)AB =0, or
(a ~ b)>AB = 0. But A and B are nonzero, so a = b. Therefore (A + B)e®® = Ce'*.
a(A + B) =cC, or aC = ¢C, so (since C #0) a = ¢c. Conclusion: a =b=c. qed
Problem 9.16

E; = JE31‘0, eilkrr-wy,
B; = —Ey ekt wt(_cosf % +sinb &); i
kN BR
Er = Eo gilknr—wt)y kg k,
~ 1
Br = —Egue'™rT“(cosf) % + sinb; 2); 0, T B,
m F4
{ Er = Eppeikrr-vwiy %
- 1 -~ .
By = —FEg. *T=w(_cosfy % +sind, 2); Ky
T o, For ¢ 2 1 2) oo
() e Ef = B+, (i) Bl = Bl B,
Boundary conditions:
(i) B+ =B#, (i) 4Bl = LBl
in 6
Law of refraction: s?n 92 =2 . [Note: kj-r—wt =kgp-r—wt=kr -r—wt, at z =0, so we can drop all
sin vy ’Ul

exponential factors in applying the boundary conditions.]

Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): | By, + Eog = Eoy-

P 1~ 1. = = inf\ ~
Boundary condition (ii): —Eo, sinf; + —EOR sin@, = ——EOT sinfy = Eg, + By, = (v1 anoz) Eo,.
vy sin 6,
But the term in parentheses is 1, by the law of refractlon S0 thls is the same as (ii).

Boundary condition (iv): 1 { Eo, (—cos#;) + EOR cosel} = LUEOT(— cosfs) =
H H2V2

~ ~ H1V1 COS 92 ~ COos 02 H1U1 ~ - ~
Ey, —Ey, = ———= ) Ey,.. Letla= ; B= .1 Then|Ey, — Ey, = aBEy.,..
0r ™ FO0r (ugvg cos 6, ) or: L E= o5l b UaU2 n | Eo, ~ Bon = aBFo

- - - - . 2 -
Solving for Ey, and Ey,: 2Fy, = (1+ aB)Eoyr = Ep, = (——) Eo,;

~ ~ 2 1+ apf 1—-af\ =
E°n=E°T‘E°'=(1+ag T a)E"':'E"R—(r:a—a)Ew-

Since « and 3 are positive, it follows that 2/(1 4+ af3) is positive, and hence the transmitted wave is in phase

2~ »
with the incident wave, and the (real) amplitudes are related by | Eo, = (m) Ey,.| The reflected wave is
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1-af
1+af

in phase if af < 1 and 180° out of phase if o < 1; the (real) amplitudes are related by | g, = l Ey,.

These are the Fresnel equations for polarization perpendicular to the plane of incidence.
1 -sin® 9/p2 82 —sin2 @
cos@ - cosé

To construct the graphs, note that af = , where 6 is the angle of incidence,

V/2.25 — sin® @

so, for B =1.5, aff =
cos@

1 I 1 A A it i i

0" 10 20 30 40 50 60 70 80 90 8,

Is there a Brewster’s angle? Well, Ey, = 0 would mean that o8 = 1, and hence that

1 —(1}2/1)1)2 sin20 1 2 2
a=\/ : :-—=Hiv3, orl—(v—z) sin20=(‘—t2—v—2) cos? 8, so
cos 8 B8 v ] Qg

2
1= (%3 [sin2 8 + (ua/p1)? cos? 9]. Since j1; = pp, this means 1 ~ (va/v;)?, which is only true for optically
1

indistinguishable media, in which case there is of course no reflection—but that would be true at any angle,
not just at a special “Brewster’s angle”. [If yo were substantially different from y;, and the relative velocities
were just right, it would be possible to get a Brewster’s angle for this case, at

2 2 .
v\ _ 2 Ha 2 29 Wi/w)’ =1 _ (me/ma) -1 _ (afa) - (m/p)
(vz) =1-cosf+ (u) oSO o8 b= T =1 Gl =1 Uafu) = (i fm)

But the media would be very peculiar.]
By the same token, dp is either always 0, or always m, for a given interface—it does not switch over as you
change 8, the way it does for polarization in the plane of incidence. In particular, if 3 = 3/2, then o8 > 1, for

2.25 — sin% @
off = cosf

In general, for 8 > 1, ¢f > 1, and hence §g = 7. For 8< 1, af < 1, and 6z = 0.
. . 2 -
At normal incidence, « = 1, so Fresnel’s equations reduce to Eg, = (m) Eo,; By = ll—+—g

> 1if 2.25 - sin®0 > cos? 8, or 2.25 > sin?8 + cos’ =1. v

consistent with Eq. 9.82.

Referring to Eq. 9.116,

1—aﬂ)2
1+a8/)

Eo.\>.
Reflection and Transmission coefficients: | R = <E°") = (
0
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_av (B’ _ 2\’
- e (5) | (7))

1-af)?+4af 1-2aB8+c?f* +4af  (1+af)?

(
R+T= = = =1V
* (T+ af)? (1 + aB)? (T+ ap)?
Problem 9.17
Equation 9.106 = 8 = 2.42; Eq. 9.110 =
1 - (sin§/2.42)2
a = . 1.0
cosd o T e

(a) 8 = 0= a =1 Eq 9109 = (Eo“) ~e-b_ 08 T
1-242 142 B ars e Bre) 7

—92. 1 0]
1+242 342 04

Eo, _ 2 2 - 0.2k
(Eo,)—a+ﬂ 3.42 0.585 ob—L 11111/ 9
(b) Equation 9.112 = §g = tan~'(2.42) = 0ab 0 20 30" 40" 50° 69.770° 80 :
(c)E0R=Eo.,.:>a—ﬂ=2;a=ﬂ+2=4.42; )
(4.42)2 cos? 6 = 1 — sin? §/(2.42)%; -0.4] U]
(4.42)%(1 — sin? 9) = (4.42)% — (4.42)%sin? 9 0.6} 0

= 1-0.171sin’6; 19.5 — 1 = (19.5 — 0.17) sin” ;

18.5 = 19.3sin? §; sin® @ = 18.5/19.3 = 0.959;

sinf# = 0.979;
Problem 9.18

(a) Equation 9.120 = 7 = ¢/o. Now € = ¢oe, (Eq. 4.34), ¢, = n? (Eq. 9.70), and for glass the index of
refraction is typically around 1.5, so € ~ (1.5)2x 8.85 x 10712 =2x 10~ C2/Nm?, whileoc = 1/p ~ 10712 m
(Table 7.1). Then 7 = (2 x 10711)/107!? = (But the resistivity of glass varies enormously from one
type to another, so this answer could be off by a factor of 100 in either direction.)

(b) For silver, p = 1.59 x 10~% (Table 7.1), and € % €p, s0 we = 2w x 10'% x 8.85 x 10~12 = (.56.
Since ¢ = 1/p = 6.25 x 107 >> we, the skin depth (Eq. 9.128) is

_lu 2 —_ 2 _ -7 _ -4
d_n—\/wop—\/21r><101°x6.25x107><41rx10‘7—6'4)(10 m = 6.4 > 107" mm.

I'd plate silver to a depth of about there’s no point in making it any thicker, since the fields don’t
penetrate much beyond this anyway.
(c) For copper, Table 7.1 gives o = 1/(1. 68 x 10~ 8) = 6 x 107, wep = (27 x 10%) x (8.85 x 1012) = 6 x 1075,

Since o > we, Eq. 9.126 = k ~ ‘/w;;u, so (Eq. 9.129)

y 2 2 _ -
)‘_QW\/ _27r\/21rx106x6x10"x47rx10"’—4)<10 m—

waoly
(From Eq. 9.129, the propagation speed is v = % = -2“—;-)\ == (4 x 107) x 10° ={400m/s. | In vacuum,

c 3x108 . . .
A= 7= T10° = v =c¢={3 x 108 m/s. { (But really, in a good conductor the skin depth is so small,

compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.)
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Problem 9.19
(a) Use the binomial expansion for the square root in Eq. 9. 126

1/2
€ 1/0\2 el o o [u
o[ B+ (Z) -1 =w/EZZ =2/
REw 2[+2(ew) ] “V 2 2V e

1
So (Eq. 9.128) d = — = 2 E. qed
k o\u

€ =¢€.€0 = 80.1¢g (Table 4.2),
For pure water, { ‘u = po(l + Xxm) = to(1 ~ 9.0 x 107) = 4y (Table 6.1),
o =1/(2.5x 10°) (Table 7.1). :

_ s, [(80.1)(8.85 x 10~12) _
So d =(2)(2.5 x 10°) i < 10=7 ={1.19 x 10°m

(b) In this case (o/ew)? dominates, so (Eq. 9.126) k 22 &, and hence (Eqs 9.128 and 9.129)

/\=2—]Zr——2—1r—2 d, 0rd~—-)\—. qed

15 7
Meanwhile x = w,/e“,/ 1/“"“’ \[10 ) (47 x 10 DA _ g 10, d== = — — =
w k  8x 1()7

1.3x 1078 = m So the fields do not penetrate far into a metdl—whlch is what accounts for their opacity.

(c) Since k = «, as we found in (b), Eq. 9.134 says ¢ = tan~!(1) = 45°. qed

: B
Meanwhile, Eq. 9.137 says §9- = e,ui =|. /2% | For a typical metal, then, 20 -
Eo €W w Eo

\/(107)(41r x10-7)
015 -

(In vacuum, the ratio is 1/c = 1/(3 x 108) = 3 x 107 s/m, so the magnetic field is comparatively
about 100 times larger in a metal.)

Problem 9.20

L (5E2 + —332) = %e‘z"z [eEg cos?(kz —wt +6g) + %Bg cos?(kz — wt + 65 + d))} . Averaging

(a)u:2

over a full cycle, using (cos?) = 3 and Eq. 9.137:

21 o € 1 ool 1 o 2, 1o L S [ R P o\?
(u)_2e [‘?EO+_2#B0 = 7€ eE0+queM/1+(€w) =€ eEj 11+ 1+(a) .

NE_ 2 ¥ 1 ok [ &2
But Eq. 9.126 = 14+ 4/1+ (e—au-;) = P , 80 (u) = i e 2 eF— Yeni? = S E3e=%%% | So the ratio of the

magnetic contribution to the electric contribution is

(umas)_Bg/l"_i \/ _‘7_2__\/ E_Z
(rerec) —__Ege' "#EM 1+(€w) = 1+(€w) >1. qed

1 .
(b) S = i(ExB) = %EoBoe‘z’“ cos(kz —wt+0g) cos(kz—wt+dp+¢)2; (S) = ZEOBOG‘%Z cos¢z. [The

average of the product of the cosinesis (1/2n) foz" cosf cos(0+¢)df = (1/2) cos¢.] Sol = iEoBoe"z'cz cos¢ =

k
1 22z X cos ¢ |, while, from Eqs. 9.133 and 9.134, K cos¢ = k, so | [ = ——E2e™2%* | qed
2u w 2uw
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Problem 9.21

By,

(]

2 ~ 12 - - .
1=y _[1-B\([1-8 _ v

T 145 —(1+5> (Hﬁ)’wmeﬁ‘uzwkz
Hiv

= (kz +ik2) (Eqgs. 9.125 and 9.146). Since silver is a good conductor (¢ > ew), Eq. 9.126 reduces to

€242 le-tz 5 /~t1U1 owly . / .
= 1 = ——— i
J ng \/ ) ,B 5 ( + 1) H1U1 2/120.) (1 + ’L)
[ o (o /auo gy [(6x107)(4m x 10-7)
Let v = i = UgC Zuow x 10 \/ 2@ x 1015) =29. Then
R =

l1—vy— - 1-7)? )
(1 o :Yy) (1 vt 27) ( 7) +7 m Evidently 93% of the light is reflected.

Problem 9.22
(a) We are told that v = av/A, where a is a constant. But A = 27/k and U= w/k )

dw 1 1
w = ak+\/2n/k = aV27k. From Eq. 9.150, V= gp T @ aVn 2\/_ \/ a\/—— 5 or

According to Eq. 9.147, R =

1+y—1y (I+9)2+~°

i(pz — Et) . p _E _p*  RE® _w_E_p hk

(b) 5 =i(kz —wt) => k= Pl Wl wes Therefore {v = k3 om o Ty
dw 2Rk Rk P 1 . . . . .
V= = o = = So|v= 3% Since p = mu, (where v, is the classical speed of the particle), it

follows that , vy (not v) corresponds to the classical veloctity.}

Problem 9.23

e
4megma’

“ - Cax1 ) s is [ultraviolet |
=0 - =|7.16 x 10! Hz. | Th .
W= 5 T 2\ 27(8.85 x 10-12)(9.11 x 10-31)(0.5 x 10-10)5 ~ L:18x 1077 Ha. [This is | ultraviolet

From Egs. 9.173 and 9.174,

———) T = ~KspringT = —mwiz (Eq. 9.151). So |wy =

4 = ng’ _JL, N = # of molecules per unit volume = é%%?——mfsi = gé—%f—ll-g—i—; = 2.69 x 10%3,
2meowi’ | f = # of electrons per molecule = 2 (for Hy).

3 (2.69 x 10%%)(1.6 x 10719)2 _ " o .
= O x 10-71)(8.85 x 10-12)(d5 X T0C)? — (which is about 1/3 the actual value);

arc\®  (2m x 3 x 108)° mrsacy P «
o) =\ Eeoe ) < (which is about 1/4 the actual value).

“o

B

I

So even this extremely crude model is in the right ball park.
Problem 9.24

Equation 9.170 > n=1+

Ng® (Wi —w?)
2meg [(Wg — w?)? + Y2w?]’

== {—% B (a7 — ) (—20) +722‘*’]} =0= WD = (wg ") [2(w] —w*) = 7] 25

Let the denominator = D. Then

dv~ 2me | D D2
(W2 —w?)? +72w? = 2(wd —w?)? = P2 (WE - w?), or (WE—w?)? = Y2(W? +uwf ~w?) = Y?wi = (WE - w?) = twyy;
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w? = w Fwoy, w=wev1F 7/ wy = wo (1 F7/2wo) = wo F /2. So wy = wo +7/2, wy = wp —+/2, and the
width of the anomalous region is { Aw=ws; —w; = 7.] :

Na2w? Ng?
From Eq. 9.171, o = 79 5 272 57> S0 at the maximum (w = wp), Gmax = 7_
mege (wg — w?)? + 2w mepey
At w; and ws, w? = wg Fwoy, SO = e 7 = O'max . But
mege Y2wi + y2w?

w
+
WP wiFwey _ 1 (1F7/wn) 10, 1+ ~ 1 1
w2+w§_2w§¥w07—§(1¥7/2wo)—§( * 0)( 5&7())—_5( 2w0> 2
Soa%’%amax at w; and we. qed

Problem 9. 25
k= —

dw 1

2meo Z (w? —w2) YT 3k T (dkjdw)
dc 1 1 wy +w?)
dw ¢ [ 2meo Z (w +waJ(w w2)2} T [1+ 2meo Z'f’(w —w2)2] ’

w2)2

Ng¢? (w +w?) . . . L
=c|l + Z , .| Since the second term in square brackets is positive, it follows that

-1
vy < C hereasv=—=c |1+ q2 23 is greater than ¢ or less than ¢, depending o
w = = T epenain n w.
k 27"60 (wf - wz) ’ & ' &

Problem 9.26

(a) From Eqs. 9.176 and 9.177, V x E = BB = iwBge**~¥t); ¥ x B = o _?_‘;iﬁoe*'(’"-“‘).
C

In the terminology of Eq. 9.178:

- O0E, OE 0E, . OE; .
E). = z . v o : 1(Lz—w£) : z _ — .
(VXE), B e ( ikE, ) So (ii) By ikEy = iwB;
nd _ 5Ez aE, _ nd an 1(kz wt) see . aEz _—
(V x E)y‘— 57 B (zlchz ) . So (i) tkE; — 5 = iwB,.
- 0E, OE dE, aE OE,
VvV x E), = Yy _ T _ v 1(kz—wt)‘ T _ B,.
(V> E): =5 ~ 5 ( oz ay ) ay Y
- B, OB 8B, dB, iw
VxB), =22 - 2 (O gitkz—ut), : g
( X ) ay az ( ay ) So (V) ay 14 c? Er
- 8B, 9B 9B iw
- 99z 90. _ i(kz—wt) 5 s _95: W
(V x B), £p 52 (szo: ) . So (vi) ikB, P = E,.
.. 0B, 08B, [0B,, aBO,, gitke—wt) .. 0B, 0B, iw
(VxB), = 5z By ( - . So (iv) e By = EEE"
2 g O0E, 0B,
This confirms Eq. 9.179. Now multiply (iii) by &, (v) by w, and subtract: ik*E, ~ k 5 Y 5y +iwkBy =
w? OE, oB i {,0FE OB
B 2 — UJ_ __z H . = k z z .
ikwB, + - E:#z(k c) e way,or(l)E (w/c)z—kz( 52 +way)
- . 2 2
Multiply (ii) by &, (vi) by w, and add: OF. E,+iwkB; -—w%% = ikax—%Ey =1 (%; - k2) Ey =

Oy
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_kaaiz +w%, or (ii) E, = (w/c)i —7 (kaaiz —waai‘)

Multiply (ii) by w/c?, (vi) by k, and add: ;‘;33% - i‘ic’sz,, + ik’B, — kaai = z%};Bz z“c’f E, =

¥ .

(k2 - c-) B, = k%f - 'c%aa 2 or (iii) B, = @-/—c);—_ﬁ (k% - 5’5%%).

Multiply (iii) by w/c?, (v) by k, and subtract: iL%CEI - Uiaai k?gBj +ik*B, =i = By, + izj—sz =
i (k2 - %;) By = c%aalizz + ka;;, or (iv) B, = (w/c); (kaalz + cu; aaiz).

This completes the confirmation of Eq. 9.180.
by V-E = aaE; + 8;;” + 8812;2 = a{i’* + af;, +ikEo,) ekt = g = 86% + aaiy? +ikE, = 0.
Using Eq. 9.180, o /c)i — (k‘?;g’ +wgi§;) G /C)Z — (ka;f; —wg:;;> +ikE. =0,
r %2—52—2 + 68};: + [(w/e)? - K| E, =0.

- B, 0B,

Li}'cewise, v :3 =0 8(2 8ay | 2
o (F o~ 55w * G (kaaf;* ﬁgz};y) tikB. =02
% + %2—2% + [(w/c)? ~k*] B, = 0.

This confirms Eqgs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).]

Problem 9.27
Here E, = 0 (TE) and w/c = k (n = m = 0), so Eq. 9.179(ii) = E, = —cB;, Eq. 9.179(iii) = E, = cB,,

, w . w _ ) 0B, . w .
Eq. 9.179( =i (kBy - C—ZE,E) =i(k3- EBy) = 0, Bq. 9.179( =21 (kB. + c—zEy) =
i (kB: - (—J—Bm) = o 9B, = 9B; = 0, and since B, is a function only of z and y, this says B, is in fact
c Or Jy
a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says %E -dl = — %ltB da,
B
and Eq. 9.176 = 9B _ —iwB, so § E-dl = iw [ B -da. Applied to a cross-section of the waveguide this gives

at
%E - dl = jweikz—wt) / B.da = iwB.e'**~%Y (gb) (since B, is constant, it comes outside the integral). But
if the boundary is just inside the metal, where E = 0, it follows that So this would be a TEM mode,

which we already know cannot exist for this guide.
Problem 9.28

Here a = 2.28cm and b = 1.01cm, 50 vyo = 2lwm = Ec& = 0.66 x 10'° Hz; 50 = 23 = 1.32 x 101 Hz;
™
c c c /1 1
V3o = 3£ = 1.97 x 10! Hz; vy, = 55 = 149 % 101° Hz; voy = 2-2-5 =297 x 10!°Hz; v); = sVzte =

1.62 x 10'° Hz. Evidently just four modes occur: llO, 20, 01, and ll.t
To get only one mode you must drive the waveguide at a frequency between ¢ and voq:

0.66 x 101 < v < 1.32 x 10 Hz.| A==, 50 Ao =20; A =a. [2.28cm <A < 456cm |
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Problem 9.29 ;
From Prob. 9.11, (S) = Z—(E x B*). Here (Eq. 9.176) B = Ege!**~8 B* = Bje~#k2=wt) and, for the
0

TE,,, mode (Eqgs. 9.180 and 9.186)

% G () B () ()
B, = (w/cgjk_m <—Z1r) Bocos ( )sin(%q);
B; = Boc().s(mvr:c)cos(?%)’

5 = s () B () 5
oo <w/c—>iw— 72 (_Zw) Bosin (722 ) cos (22
E, =0

So
® = Q;O{T%(m)si“(m;”)cos(m;m)cosz(nbﬂ))_(

g (5) e (757)sn () oo (52) 5
232 2 . T 2, T .
@ﬁ/’_’g_._ﬁ [(g) cos? (T2 in? (%Y) 4 (™) sin? (02 cos? (;’;y)] 2).

a
/(S) -da = 8;110 [—(:)f-;—:;—zB—OI;;]— [( ) ( ) } (In the last step I used

[y sin*(mnz/a)dz = Iy cos*(mnz/a)dz = af2; fo sin?(nny/b) dy = fob cos?(nny/b)dy = b/2.]
Similarly,

(EOE Balp. ﬁ')
Ho

] -

(w) =
2.2 Q2

= oo (1) = (55

+ Z—;—{Bgc 2(—n}-gf)cos2 (Z‘%E)

i ny\? m . nw ] -
[ e (2 () ¢ (2 (22 (5]}

ab | ¢ 2r2 B2 n\2 2 B? K2n2B2 nA 2 2 ‘
Josa=| 2 { o 2B [ + (2] B+ o |3+ (]}

<
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These results can be simplified, using Eq. 9.190 to write {(w/c)? — k2] = (wmn/c)?, €otto = 1/c? to eliminate €,
and Eq. 9.188 to write {(m/a)? + (n/b)?] = (wma/mc)?:

2
/(S)-da— whabe” pa. /(u)da=~w—qf—Bé-

8u0wmn 8#0wmn

Evidently

energy per unit time _ [(S)-da _ kc® ¢ ,——
_ =R ST wr = v, (Bq. 9.192). qed
energy per unit length  [(u)da w WYY TWmn =Y (Eq )- e

Problem 9.30

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E, # 0,B, = 0, subject to the boundary
conditions 9.175. Let E,(z,y) = X(z)Y (y); as before, we obtain X(z) = Asin(k;z) + Bcos(k,z). But the
boundary condition requires E, = 0 (and hence X = 0) when £ = 0 and z = a, so B = 0 and k, = mn/a.
But this time m = 1,2,3,..., but not zero, since m = 0 would kill X entirely. The same goes for Y(y). Thus

E, = Eysin (m;r:c) sin (n%) withn,m =1,2,3,....

The rest is the same as for TE waves: |wmy, = cm/(m/a)? + (n/b)2 | is the cutoff frequency, the wave
velocity is v = ¢/y/1 — (Wmn/w)?, and the group velocity is vy, = cy/1 = (Wmn/w)?. The lowest TM mode is

11, with cutoff frequency wi = cmy/(1/a)? + (1/b)2. So the ratio of the lowest TM frequency to the lowest

TE frequency i is < (1(/:73 /;)‘ (1/)% ={v1+ (a/b)?.

Problem 9.31

_148 li _ ;_L1OEs; .  Eoksin(kz —wt) ;2

(a)V~E—sas(sE)—0\/ V-B= (B,,;) 0v;Vx E_ 3o L ————-¢_
0B _ Eywsin(kz - wt) , . _ ) _3B¢ . ££ . _ Eok sm(kz—wt) 7
5% - ¢ . ¢V (smcek-w/c),VxB_ P +Sas(sB¢)z —— 8=

10E _ Egwsin(kz — wt)
2ot 2 s
(b) To determine A, use Gauss’s law for a cylinder of radius s and length dz:
kz —
E-da= B2 0004y = ElQ = El,\ dz = |\ = 2me; Fy cos(kz — wt). |
0 0

To determine I, use Ampére’s law for a circle of radius s (note that the displacement current through this

—wt 2
ﬂ’.c_.fg"_z_“’_)(zws) = polene = | I = mEy cos(kz — wt).
[ .. 8 tocC

§ v. Boundary conditions: El = E, =0v;Bt=B,=0/.

loop is zero, since E is in the § direction): )g B-dl =

The charge and current on the outer conductor are precisely the of these, since E = B = 0 inside
the metal, and hence the total enclosed charge and current must.be zero.

Problem 9.32
{o <] o e] -
f(z,0) =/ A(k)e*** dk = f(2,0)* ;/ A(k)*e **dk. Let | = —k; then f(2,0)* =

-00

-0 o0 o] .
/ A(=1)*e**(—dl) = / A(=l)te*dl = / A(—k)*e** dk (renaming the dummy variable [ — k).
< hade ] -_0 P 1

f(2,0) = Re [f(z,O)] = % [f(z,O) + f(z, 0)'] = / 3 [A(k) + A(—k)‘] ik dk..,Therefore

—00
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[A(k)+A( B] = ;ﬁ / (2, 0)e~* dz.

Meanwhile, f(z,t = / A k)(_iw)ei(kz—wt) dk = f(z,O) — / [_iwf'i(k)]eikz dk.
- —00
(Note that w = |k|v, here, so it does not come outside the integral.)

f(z,0)~ - /;°° [iw/i(k)*]e"‘ikz dk = /::Mklvfi(k)']e"“fz dk = /;oo[illlvfi(——l)']e“z(—-dl)
= [k ARrIe de= [ ARyl a
f(z.0) = Re [f(z,ﬂ)] = % [f(z,0)+f(z,o)‘] = /_ : %[—iw/i(k) +iwA(—k)*)e* dk.
—’%“—’ [A(e) - A(-p] / f(z,0)e % dz, or & [A(k) A(-ky] = %/_‘: Bf(z,o)] ke g

Adding these two results, we get | A(k) = 5 / [f(z, 0)+ ;f(z, O)} e *2dz.| qed
—00

Problem 9.33
(a) (i) Gauss’s law: V -E =
(ii) Faraday’s law:

L o8,
rsinf O¢

=0.v

0B 1 10 -
“—a't— = VxE= 966(51n€E¢) —;EO‘EQs)g
1 & sin“ @ 1 . .10 . 1 . ~
= TSni50 {Eo———r (cosu— Hsmu)} e [Eosm0 (cosu— Esmu)] 6.
i} . g .
But — cosu = —ksinu; —sinu = k cosu.
or or
1

1 “
= fj—2sm€c<>st‘) cosu—lsinu T — -FEysinf —ksinu+isinu—lcosu 0.
rsinf r kr T kr? r

1 1
Integrating with respect to ¢, and noting that / cosudt = o sinu and / sinudt = — cosu, we obtain
w

2F, = )
B = ________Ocos€ nu+ —l—cosu Eosm0 kcosu+—1—-COSU+'Sm“ 6.
wr? kr wr kr? r

(iii) Divergence of B:

10 1
V-B = (P B:) + - eae(smeBa)

= or

18 2E0c050 sinu + ! CcOs + 1 9 EoSin20 kcosu + ! cosu-i—ls‘nu
= — | ——— —_— —_ — —— - Sl

72 Or w P rsin8 66 wr kr? T

1 2Eq cos® 1 1 .
= ————t{kcosu— —5cosu— —sinu

72 w kr? T

,1 2Ep sinf cosd —kcosu + — 1 cosu+lsmu
rsind wr kr? r
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2FEqg.cosf 1 1 . 1 1.
= ———|kcosu— —cosu— —-sinu—kcosu+ —cosu+ —sinu ) =0. v
wr? kr? T kr? T

(iv) Ampére/Mazwell:

VxB = 1[6(39) aB]qb

1 0 [Egsinf 1 1 0 [2Egcosf 1 R
= kcosu+k1_ cosu + — smu - | — u+;;cosu ¢

o " o6 wr?
_____Eosm0 k%sinu 2 cosu — 1 L gnu-2 smu+kcosu+ 2 = sinu+ — 2
_ 2 = hid in
wr kr3 r2 2 r ¢ er3 o ¢
= - oS <ksinu+—-cosu>q‘)—- o Sin <ksinu+—cosu)¢-
L w T r T r
1 OE 1 Epsinf ;_ lwEpsing 1 ?
Fa = a e (e o) §= 5T (ki Loosu)
1 Egsiné 1 7
= E Oiln <kSinU+;COSU)¢=VXB' v

(b) Poynting Vector:

Eysing 1 1
s = i(E><B)= 0% (cosu— —sinu EE—OC—(E-Q u+ —cosu )@
Lo LoT kr ‘wr? kr
Eysind 1 1
+ = ( kcosu + -— cosu + sin u) (—f-)]
wr kr
EZsi 2 N
= lfoz:?a { C:S 4 [sinu cosu + k—lr(cos2 u —sin?u) — o sin u cos u] 6

. 9 1 2 1. 1 . 1 . 1 5 .
— sin@ | —kcos u+ ——cos”u + —sinucosu + —sinucosu — s sinucosy — — sin“u |
kr T T k2r kr

EZsin6 { 2cosf
T

1 -
[(1 - #) sinucosu + H(coszu — sin? u)] 6

Howr?

2 1 1 2.1 =
+ sm€{( %) 3)smucosu-’rkcos u+kr (sm U — COs u)} r}.

Averaging over a full cycle, using (sinucosu) = 0, (sin? u) = (cos?u) = 1, we get the intensity:
ging 2

_ E%sinb [k . . E2sin’@ _
I=(S)= oo’ <§sm6)r— 2y0cr? .

It points in the ¥ direction and falls off as 1/72, as we would expect for a spherical wave.

sm 20 -2 E2 " 3 4m E2
= =0 —_— 8 —_
(c) P= /I -da = > 7 r°sin@dfd¢ = 0627r/(; sin® 6df = T s
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Problem 9.34

2<0: E;(z t) = Ereilkia—wt) g, B;(z t)=4 E,ei(kxz-wt)y
ER(Z t) = ERe‘( kyz—wt) g X, BR('I, t) ——ERC'( kiz—wt) & y.

Er t) = Er i(kgz—wt) & ﬁr = 1 o pilkaz—wt) &
0<z<d: S (Z, ) » ei(-k z—-ut)x: A (z, t) E y i(—k 2—3:—)

Ei(z,t) = Ejetl =% %, By(z,t) = ———-E;e 2 ¥.
z>d: { ET(Z, t) = Ereitksz—wt) X, ﬁT(Z, t) = ;}%Erei(k"z"‘") y.

Boundary conditions: Ell| = Eg, B'l' = Bg, at each boundary (assuming uy = po = uz = pg):
E'1+ER =E,-+E[;

z=0:
1 - 1 -
—E; - —Eg= ——E' - —Eg = E; — Ep = B(E, — E;), where 8 = vy /vs.
(2] Ui (2]
E etkgd + Ele—tkgd ETelkad
z=d: 1. . 1. . . o
-U—Er etfad _ -U—El e thad = ETe'k3d = Eetk2d - Ee“'kzd = aEre'*?, where a = va 3.
2 2

We have here four equations; the problem is to eliminate Eg, E,., and Ej, to obtain a single equation for
Er in terms of E.

Add the first two to eliminate Ep : 2E; = (1+ B)E, + (1- DE;
Add the last two to eliminate Ej : 2F, e*2d = (1 4 a) Erei*s;

Subtract the last two to eliminate E, : 2Ee~*2d = (1 — o) ETe*s¢,
Plug the last two of these into the first:

2B, = (1+ ﬂ)%e"""d(l +a)Ere*? 4 (1 - ﬂ)%e“‘"’(l — a)Ereitsd
[(1+a)1 + B)e™™ ¢ + (1 - @)(1 ~ B)e*2?] Epe=

= [(1+0aB) (e 4 + e*29) 4 (a + ) (e~*2¢ — e*2)] Fpeikad
= 2[(1 + af) cos(kzd) — i(a + B)sin(kyd)] Ere™*>?.

KN
&
i



o o vgeg B2 v &) |B Er|? 2
Now the transmission coefficient is T = —3—721’- =2 ( 2 3) |Erl = ol "Tl = O‘ﬂlETl » SO
neaE} moer) |Ef|2  vs |Ey]? |Erf?

2

T = iﬂ = ll = alﬁ %[(1 + af) cos(kad) — i(a + B) sin(kzd)] ™54
- *i_g [(1 + aB)? cos?(kad) + (@ + B)? sin®(kzd)] . But cos?(kad) = 1 — sin?(kad).
- %ﬂ [(1+aB)? + (o + 208+ % — 1~ 20B — a?*) sin’ (k;d))
= Lﬂ [(1+ aB)? = (1 - a®)(1 - B7) sin®(kad)] -
But n i—,ng=£,n3=%,soa=z—:,ﬂ=2—f.
Sl el (CREN R () '"gr)é"% 2) gin (kzd)]
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Problem 9.35

T =1=sinkd =0= kd = 0,7,27.... The minimum (nonzero) thickness is d = n/k. But k = w/v =
2nv /v = 2nvn/c, and n = \/ep/eopo (Eq. 9.69), where (presumably) u &~ uo. So n = \/e/eo = /€7, and hence

e c 3 x 108
= = = =949 x 1073 m, or -9.5 mm,
2nvyfér  2v\fe;  2(10 x 109)y/2.5 ‘

Problem 9.36

From Eq. 9.199,
1 1 2, [(16/9) — (9/9I[1 — (9/4)]
T = @AM {[(4/3) +1]° + o/4) (3wd/2c)}

_ 349 (-17/36)(~5/4) _ 49 85 .
= 3 6[ gy Sn 72) (3wd/2c)] +-————( 18)(36) sin®(3wd/2c).

T = 48
T 49 + (85/36) sin®(3wd/2c)”

Since sin®(3wd/2c) ranges from 0 t0 1, Timin = :1_5—4——?88—?/365 i Tmax = :3 N_ot much

variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you

switch 1 and 3, the transmission is the same either direction, and the lﬁsh sees you just as well as you see it.l

Problem 9.37

(a) Equation 9.91 = Er(r,t) = B, e/*T T %) kr.r = kp(sinfr % + cosfrz) - (z%k +y§ + 22)

kr(zsinOr + zcosb7) = zkr sin b + izkpy/sin? 0 — 1 = kz + ikz, where

k = kpsinfp= (“’"’) ™ sing; = “™sing;,
c
k£ = kpysin?0r—1= wng\/(nl/n2 sin?6; -1 = —\/n,lsm 6r—n3. So

Er(r,t) = EoTe"“ i(kz-wt)  ged
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2

.42
(b) R = EE(’R = Z _:'g . Here f is real (Eq. 9.106) and « is purely imaginary (Eq. 9.108); write a = ia,
0; .
oo fia=pB\ [—ia-B\ _d+8° _
with a'real: R = (ia+ﬁ) (—-z’a+ﬁ) Tt pe —
1—af 1-af” |1-iaB]® (1-iaB)(1 +iaf)
b. 9.16 E, = |———1E = = = = .
(c) From Prob. 9.16, Eo, ‘l+aﬂ o SO R= 705 Il+ia6 (1 +14aB)(1 — iaf)

(d) From the solution to Prob. 9.16, the transmitted wave is
- . . 1 - .
E(r,t) = Eg efkrr=v g B(r,t) = 1—j—13.,Te*<'<f"-wt>(— cosfr X + sinfr ).
2

. . . . ck . CK
Using the results in (a): k1 - r = k2 + ikz — wt, sinfr = —, cosfp = i—:
Wwna WwnNo

B(r,t) = Bope et g, Br,t) = —Ep e et (-i—c-"— %+ z) .
2

We may as well choose the phase constant so that Eg, is real. Then
E(r,t) = FEge “*cos(kr —wt)y;
B(r,t) = %Eoe"‘za%—zlie {[cos(kz — wt) +1 sin(kz —wt)][~ic% + k2]}
= %Eoe_"" [ksin(kz — wt) % + kcos(kr — wt)Z]. qed

(I used v, = ¢/ny to simpify B.)

() (i) V-E = % [Eoe™* cos(kz — wt)] =0. v
.- _ J [Eg —-KZ,. o _ i Eo —K2]. s
(i) V-B = 32 [w e "*gsin(kz wt)} + 57 [w e "k cos(kr — wt)
= L—f:l [e"‘zrzk cos(kz — wt) — ke "“*k cos(kz ~ wt)] =0.v
X \ Z
(i) VxE = | 8/oz 0/0y 08/0z :—%E—y)'c+%’—'
0 E, 0 T
= kEpe " cos(kz — wt) X — Ege”**ksin(kz — wt) Z.
oB LB _,, ke — iof) % 4 ke sin(k -
55 T T [—Kw cos(kz — wt) X + kwsin(kz — wt) Z]
= KkEge "% cos(kz — wt)X — kEpe "“sin(kz —wt)2 =V X E. ¥
% ¥ 3
(ivyVxB = | 8/0z 0/0y 0/0z |= (a(,fz - aaBZ) v
B, 0 B z ‘”

= [-—%—rfﬁf"” sin(kz — wt) + %e‘ *2k? sin(kz ~ wt)] §=(k*~ nz)%e"“ sin(kz — wt) ¥.

2 2
Eq. 9.202 = k? - k% = (%) [n}sin? 0 — (n1sin8)® + (n2)*] = (?—iﬂ) = wlepta.



177

= epawkoe " sin(kr — wt)y.
E ,
uﬁz%t— = peeaFpe ™ wsin(kz —wt)y =V xB V.
¢ 2 b's ¥ Z
() S = —1-(E x B) = }_Ege—uz 0 cos(kz — wt) 0
Hzo H2 @ ksin(kz — wt) 6 kcos(kz —wt)
E2
= u—"u—)e"‘"“ [k cos?(kz — wt) % — ksin(kz ~ wt) cos(kz — wt) 2] .
2 .
. . 2 . Egk -2 A
Averaging over a complete cycle, using (cos®) = 1/2 and (sin cos) = 0, (S) = e %2 %. On average,
faw

then, no energy is transmitted in the z direction, only in the z direction (parallel to the interface). qed

Problem 9.38
Look for solutions of the form E = Eq(z,y,z)e”*, B = By(z,y, z)e ™, subject to the boundary condi-
tions El = 0, B = 0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give
V-E=0 =V .-Ej=0; VxE=-28 = V xEj=iwBy;
V-B=0 =V :By=0; VxB=21,??9—%’ = V xBo = ~%Eo. }
From now on I'll leave off the subscript (0). The problem is to solve the (time independent) equations
V-E=0; VxE=iwB;
V.-B=0; VxB=-%4E
From V x E = iwB it follows that I can get B once I know E, so I'll concentrate gm the latter for the moment.
V x(V xE)=V(V-E)—-V?E = -V2E = V x (iwB) = iw (—%‘:—E) = w'cTE So
w w w

2 2 2
2p _ _ (¥ .2 - _ (¥ .2 - (¥ . . )
V*E, = (c) E.; V°E, (c ) E,; V°E, (c) E,. Solve each of these by separation of variables:

d* X d*y d*Z wy?2 1d’X 1d8Y 1d%*Z
E.(z,9,2) = X(2)Y (y)2(2 Z— LA ZX A XY~ = — (= JOr =t o =
(2,9,2) = X(@)Y (1) 2(2) = Y2z +ZX G+ XY o (c) XYZ o0 g ¥ v oz T 2 3
d*X &’y d*z
— (w/c)?. Each term must be a constant, so g -k2X, Pl =- jY, = —k2Z, with

k2 + k2 + k2 = — (w/c)®. The solution is
E;(z,y,2) = [Asin(k.z) + B cos(k.z)|{C sin(k,y) + D cos(kyy)][E sin(k,z) + F cos(k,z)].

But El = 0 at the boundaries = E;, =0 aty =0and 2 =0,s0 D = F =0,and E;, =0 at y = band z = d, so
ky =nw/band k, = {n/d, where n and [ are integers. A similar argument applies to E;, and E,. Conclusion:

Ei(z,y,z) = [Asin(ksz)+ Bcos(k.z)]sin(kyy)sin(k.z),
Ey(z,y,z) = sin(k;z)[Csin(kyy) + D cos(kyy)]sin(k.z),
E.(z,y,2) = sin(k;z)sin(kyy)[Esin(k,z) + F cos(k:z)],

where k; = mm/a. (Actually, there is no reason at this stage to assume that k., ky, and k, are the same for
all three components, and I should really affix a second subscript (z for E;, y for E,, and z for E,), but in a
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume
they are from the start.) ‘

Now V-E = 0 = k(A cos(k,z)— B sin(k, )] sin(kyy) sin(k.z)+ky sin(kzz)[C cos(kyy)—D sin(kyy)] sin(k.z)+
k. sin(kzz) sin(kyy)[E cos(k,z) — F'sin(k,z)] = 0. In particular, putting in x = 0, k;Asin(k,y)sin(k;z) = 0,
and hence A = 0. Likewisey = 0=> C =0and z = 0 = F = 0. (Moreover, if the ks were not equal for different
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components, then by Fourier analysis this equation could not be satisfied (for all z, y, and 2) unless the other
three constants were also zero, and we’d be left with no field at all.) It follows that —(Bk; + Dk, + Fk;) =0

(in order that ¥V - E = 0), and we are left with

E = Bcos(k; ) sin(kyy) sin(k.z) X + D sin(k. ) cos(kyy) sin(k.2) ¥ + F sin(k.z) sin(kyy) cos(k.z) Z,
with k; = (mn/a), k, = (nw/b), k; = (Ix/d) (I, m, n all integers), and Bk, + Dk, + Fk, = 0.

The corresponding magnetic field is given by B = —(i/w)V x E:

B, = -é (aaﬁ:; - ?52—”-) = —L—i— [Fkysin(k;z) cos(kyy) cos(k.z) — Dk, sin(kzz) cos(kyy) cos(k.z)],
B, = —l% (aaE; - %%’-) = —‘% [Bk, cos(kzz) sin(kyy) cos(k, z) — Fk; cos(kzz) sin(kyy) cos(k.z)],

_ i (0B, OE;\ _ i . : . .
B, = = (—6—; ~ ) =-= [Dk; cos(kzz) cos(kyy) sin(k,z) — Bk, cos(kzx) cos(kyy) sin(k,2)] .

B = —i(Fky — Dk,) sin(k, ) cos(k,y) cos(k, z) & — 5(1%, —~ Fk;) cos(k,z) sin(k,y) cos(k,z) ¥

- 5(Dkz — Bky) cos(k; ) cos(kyy) sin(k.z) Z.

These automatically satisfy the boundary condition B+ =0 (B, =0 at 2z =0 and = = q, B, =0aty=0and
y=b,and B, =0at z=0 and z = d).
As a check, let’'ssee if V- B =0:

vV-B = —i(Fky — Dk, )k cos(k;z) cos(kyy) cos(k,z) — 5(Bkz — Fkz)ky cos(kzx) cos(kyy) cos(k. z)

- i—(Dk, ~ Bky)k, cos(k;x) cos(kyy) cos(k, z)

= —5(Fk,ky — Dkzk; + Bk ky — Fkoky + Dkok, — Bkyk,) cos(k;x) cos(kyy) cos(k,z) = 0. v

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE:
modes, we pick E, = 0, so F' = 0 (and hence Bk, + Dk, = 0, leaving only the overall amplitude undetermined,
for given I, m, and n); for TM modes we want B, = 0 (so Dk, — Bk, = 0, again leaving only one amplitude
undetermined, since Bk, + Dk, + Fk, = 0). In either case (TEimn or TMims), the frequency is given by

w? = (k2 + k: + k2) = ¢* [(mn/a)? + (nw/b)? + (Ix/d)?], or |w = cw+/(m/[a)? + (n/b)2 + (I/d)2.




Chapter 10

Potentials and Fields

Problem 10.1

oL o*v 8 8%V 3] 1
OV + = = 2y — — 4+ —(V - =2 — . = -
+ 5 V4V — uoco 5z + 3t( A) + poeo 7D V4V + Bt(v A) =P v
2
’A -VL = VQA—;LQEQ%;;-—V(V'A-FMQQ%) =—pgd. v

Problem 10.2

1 1 '
(a) W= 5/ (eoE2 + IL_BZ) dr. At t1 =d/c, £ > d=ct1,s0 E=0, B=0, and hence | W(¢;) = 0.
o ‘
At T, =(d+h)/c,cta =d+ h: '

K% g4 h-2)y,

It _ )3 =
E= 5 (d+h-2)z, B= 5

Ol

1
so B? = §E2’ and

(eoE2 + LI;B2> = €o (E"’ + ——1——1§E2) =2 B,

Ho€o C
Therefore
) (d+h)
1 2.2 2.2 _ »)314+R 2 27,13
Wits) = _(260);1,00: / (d+ h — ) dz (lw) = epgalw [ (d+h—1) _| g lwh '
2 4 4 3 d 12
d
1 1 . N 1 R p,ooz2
b) S(z) = —(BxE)= —E?)[-2 x (£§)] =+ —FE?x =|+—(ct — |z|)? %
(b) $(@) = = (B x B) = — B[4 x ()] =+~ (et~ Iz
(plus sign for = > 0, as here). For {z| > c¢t, S =0.
So the energy per unit time entering the box in this time interval is'
2
5‘%’— =P= /S(d) cda=| %M gy,

Note that no energy flows out the top, since S(d + k) = 0.

179
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t2 (d+h)/c
2 2 37 (d+h)/c 2 3
poalw 5 mocflw [(ct —d) poa’lwh
= | Pdt = ——— t — L= = .
(c) W ,/ 4e _/ (ct —d)"d 4c [ 3¢ dfe 12¢2
t1 d/:!.‘

Since 1/c? = poep, this agrees with the answer to (a).

Problem 10.3

0A 1 q.
E=-VV-gr=lre5t B =VxA=[0.]

This is a funny set of potentials for a I stationary point chargel q at the origin. (V = ) 1 g, A = 0 would, of
MeEQ T
course, be the customary choice.) Evidently | p = ¢8°(r); J = 0.]
Problem 10.4
0A . .
E = -VV- i —Ap cos(kz — wt) §(—w) = I Aowcos(kz — wt)y,}
B = VxA=2 % [Ag sin(kz — wt)] = IAok cos(kz — wt) 2. l
Hence V.E=0Vv, V-B=0 V.
.0 . R 0B . -
VXE =% P [Aow cos(kz — wt)] = —Apwk sin(kz — wt) 2, 5 = —Aowk sin(kz — wt) Z,
so VXE = —?E V.
ot
.0 2. . OE 5 . .
VxB=-§ e [Aok cos(kz — wt)] = Aok®sin(kz — wt) ¥, i Aow” sin(kz — wt) ¥.

OE |
So VxB = #0@0-5 provided or, since ¢? = 1/ poco,

Problem 10.5

ax 1 1 1 qt 1 1
V’:V—§=0—<~ 9): TIA =A+VA=— q—f+(—4 qt>(—;§f>:

4dmeg T’ 4meg 12 T€o

This gauge function transforms the “funny” potentials of Prob. 10.3 into the “ordinary” potentials of a sta-
tionary point charge.

Problem 10.6

Ex. 10.1: V-A =0; %%— =0. IBoth Coulomb and Lorentz.}
y t v
Prob. 10.3: V-A = -2 v. (L) = —L53r), W _o.
47eg T2 €0 ot

4
Prob. 10.4: V-A = 0; %-t =0.
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.Problem 10.7 av oV
Suppose V-A # —pugeo——. (Let V-A + poeoﬁ = P-—some known function.) We want to pick X such

ot
r
that A’ and V' (Eq. 10.7) do obey V-A' = —pgep 3(;: .
! 1% 2\
V-A' + poeo-a—v— V-A+Vi\+ poeoa #Oeo%-ﬁ =&+ 0%\

ot

This will be zero provided we pick for A the solution to O?X = —@&, which by hypothesis (and in fact) we know
how to solve.

We could always find a gauge in which V/ = 0, simply by picking A = fot V dt'. We cannot in general pick
A = 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as —V\, and
we know that vector functions cannot in general be written as gradients—only if they happen to have curl
zero, which A (ordinarily) does not.
Problem 10.8

(From the product rule:

v. (;1) = %(V-J) +3- (v%) , V- (%) = %(V'-J) +3- (V’;l-).

1 .
But V; =-V'=,sincea=r—-r'. So
2

v. (%) = (V) -1 (V%) = U(V-3) + (V"-3) - V" (%) .

ot

But
’ g e 00 0T 00t 01,0  0J.0t
~ Oz Oy 8z ~ Ot. 0z Ot, 9y  Ot, 0z’
d
" o, _ 10 O _ 1 O _ 10
oz = c¢dx’ By  cOy 0Oz  cdz’
SO
1{0J, 00 8J,00 8J, 3] 103
vJ z{a—t,,a—x'+a—t,@+a—t,az} ~car, (V)
Similarly, 5
dp 107 ,
’. = e e— e —— .
Vi =-5 ~ea (VY

[The first term arises when we differentiate with respect to the ezplicit r', and use the continuity equation.]

thus
JY 1] 1483 , 1f 0p 1083 N J)__lap ,({)
v (Z) T ['Zat, (V/L)] +¢ [ 8t cot, (V/L)] v (4« T a0t v 2
(the other two terms cancel, since V2 = ~V'2). Therefore:
a1 [p po [J
. - ! =— —|— /= —— ¢ —-da.
VA= 471'{ 6t/ dr /V ( ) ] uoeoat[éhreo/'pdT] 47rf¢ 2

. av
The last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = —pugeg—. v/

ot
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Problem 10.9
(a) Asin Ex. 10.2,for t <r/c, A =0;for t > r/c,

(ct)2—r2 \/(ct)2—r2 v (ct)2—r?
A(r,t) = (ﬂﬁ)z / Kt - vl +22/0) 4, _ ok, ), / & 1 d
LT \4n Ve + 22 T om Vri+ 22 ¢ “
0
k { et 2 _ 2
- (% i) [tln (Ej______._____ V(Ct)r) - % (ct)? - 1-2] . Accordingly,
T

2 _ 22
E(r,t) = %“: %’;E{In(————————-———d+ (ct) T)+

(=) ()
pok {ln (ct + /(e =72

e +

" ct _ ct
Vi) =12 f(ct)? - 12

2m
t / 2 02
= —%]n (C—j—-—-—%t—)——;> z (or zero, for t < r/c).
By = -2 =
1_(=20) o )2 — 2

- 2 ct + —7r2 r2 2c /(ct)? = r2

_ ﬂok —Ct2 T Q‘S _ __M '(_CZtZ + T2) q‘g _ /lok \/(ct)z—_rz'q;

B (ct)? —r2 c\/(ct)2 -2 2 e (@) -2 |2mrc '
(b) A(r,t) = Z z Md z. But 2 = /72 4 2%, so the integrand is even in 2:

s —00

A(r,t) = (‘%%z)z/wwdz
0

T 2
1 v ade
T 2Var =2 g2’

A=ty [Tl t) 2

2 ¢/ 22 —1r2

and z2=0=>2=7r, 2=00 =2 = 00. So:
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Now & (t —2/c) = cb(2 — ct) (Ex. 1.15); therefore A = gg_q_o 26/00 3¢ —ct) dr, so

™ 22 — T2
- PogoC 1 . . )
A(rt) = 27r \/‘(ct)? = 7_2z (or zero, if ct < r);
0A HogoC 1 2c%t s _ HoGoc3t
E(rt) = ~%t = "2 \73) (@7 =P Z= Sa(ct)? — 7772 2 (or zero, for t < r/c);

OA,; . HogoC

1 -2 . - R
B(rt) = - 5 é=-— o (-—-2-) L _:2]3/2 ¢ = 21r[(ctl)i;qoir2]3/2 ¢ | (or zero, for t < r/c).

Problem 10.10
I(tr) ﬂok/(t 'L/c)a'l bok {t gl--—l/dl}

47r 2 dr 2 ¢

kt
But for the complete loop, fa'l—O so A = ”O { /a’l+ /d1+2 / . } Here [} dl = 2a% (inner

circle), f,dl = ~2bx (outer cu'cle), 50

“:7’:‘[ (20) + 3 (- 2b)+21n(b/a)]x=> A=BEnp/s,| B= =S = 0z

The changing magnetic field induces the electric field. Since we onfy know A at one point (the center), we
can’t compute V x A to get B.
Problem 10.11 )

In this case p(r,t) = p(r,0) and J(r,t) = 0, so Eq. 10.29 =

! > '] > !
E(r,t) = 4:6 /[”(r’o)tz”(”’o)t’+”(’;°)]4d' but, =t 2 (Eq. 1018), 0
0
] . A ! > !
- L /p(r,0)+p(r,0)t_p(r.O)('»/C)+p(r,0) sdr = L /p(r,t);‘dT,_ qed
4meg 22 © a2 o 4meg 22

Problem 10.12 ) .
In this approximation we’re dropping the higher derivatives of J, so J(t,) = J(t), and Eq. 10.31 =

B(r,t) = i‘:; [J(r t) + (tr — )I (', t) + J(r t)] x 4dr', but. t,—t...—— (Eq. 10.18), so

J(r',t) xa
= Z;-:-/'—(——/:z—-““dTl qed

Problem 10.13
At time t the charge is at r(t) = af[cos(wt) X + sin( wt y] so v(t) = wa[—sin(wt) X + cos(wt) §]. Therefore
2 = 2% — afcos(wt,) X + sin(wt,) ¥], and hence 2? = 22 + a? (of course), and 2 = V22 + a2.

Aav=—-(a-v)= % {~wa?{-sin(wt,) cos(wt,) + sin(wt, ) cos(wt, )]} 5’0, s0 (1 - 47\_1) =1
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Therefore
1 q qua ; N R
Viz,t) = —====; [A(2,t) = | ———F——=———=[—sin(wi,) X + cos(wi , | where |t, =t —
( ) 471’60 V22 + a2 ( ) 47'(60(:2 /’_‘22 T a2[ ( r) ( r) y) r

Problem 10.14
Term under square root in (Eq. 9.98) is:

I = M2 =282 -v) + (r-v)2 +c2r? — ctt? — v + 0222

(r-v)2+(c? —v?)r? + 2(vt)? — 2c%(r - vt). putin vt =r —R?,

(r-v)24+ (=) +32@*+ R~ 2r-R) = 2c%(r? = r-R) = (r - v)? — %% + ¢*R%

but
(r-v)?—7r%? = ((R+vt)-v)? = (R +vt)%?

= (R-v)2+v*? 4+ 2(R-v)v’t — R%? - 2(R - v)tv? — v%t%?
= (R-v)? - R%? = R’ cos’ 8 — R*® = —R*v? (1 — cos’ 6)
= —R%?%sin?4.

Therefore 9

I = —R*»*sin®6 + *R? = ¢*R? (1 - v_2 sin® 0) .
c .
Hence

1 q

4meo g, /1 - % sin’6

V(r,t) = qed

Problem 10.15

Once seen, from a given point
z, the particle will forever remain
in view—to disappear it would
have to travel faster than light.

[Light rays in + z direction]

Graph of w(t)

A person at point

z first sees the
particle when this p
i.e. at z = -ct, or

t =-z/c

Region below wavy line represents space-time
points from which the particle is invisible
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Problem 10.16
First calculate t,: t, =t — |r — w(t,)|/c =

—c(tr —t) =z — /D2 + 22 = ct, —t) + z = /D2 + 22 .
2,2 2 2,2 2 _ 32 242 &
c’ty — 2c°t t + c*t° + 2zct, — 2zct + z° = b + Pt P w(t) P
2ct,(z — ct) + (2% — 2zct + 2t?) = b?; ) z '
2 (g o1)\2
2t (z — ct) = b% — (z —ct)?, or t, = b__g:z:_c_t)_
2¢(z - ct)
NowV(zt)——l———qc——- and 2c —a-v =2(c—v); »=c(t — t,)
" dmeg (e —a-v)’ SRET VR A= AR
= 1 1 0. — Aty _ ct, (c—v) = Ete+elz—ca) -ty clz—ct)
2 /R +c22 ctr—t)+z  ct, +(z—ct)’ B cty + (z ~ ct) Tty + (z—ct)’
_cft=t)e(z—ct)  At—t)(z—ct) ¥ —(z—cat)? b + (z — ct)?
A o) | ity rtEmd) =gyt ) = s
2ct(z—ct) -+ (z—ct)? (z—ct)(z+ct)—b> (22— -b?)
t— t,- = = = .
2¢(z - ct) 2¢(z — ct) 2¢(z — ct) Therefore
1 [b2 + (z ~ ct)2} 1 2¢(z ~ ct) _ b + (z — ct)?
ac—n-v | 2z—ct) |c(z—ct)[2ct(z—ct) =+ (z—ct)2] c(z—ct)[2ct(z —ct) — b2 + (z —ct)?]

The term in square brackets simplifies to (2ct + z — ct)(z — ct) — b® = (z + ct)(z — ct) - b* = 2% — 212 — b°.

_q b? + (z — ct)?
So|Via,t) = 4reo (z ~ ct)(z? — 22 - b?)
Meanwhile
A = Kv _ c2t, |4 4o b —(z—ct)?] 2z-—ct) ¢ b? + (z — ct)? %
T T ete+(z-ct)erT T | 2c(z—ct) | b2+ (z—ct)? dmeo (z — ct)(z2 — c2t2 — b2?)

q b? - (z — ct)? 2
dmeoc (z — ct)(z? — 22 - b?)

Problem 10.17
From Eq. 10.33, ¢(t — t,) =4 = ¢*(t — t,)? = 4% = a-4. Differentiate with respect to ¢:

ot on ot on
2(4 — I =9 = 2T ) = = =r—
2°(t — tr) (1 5t ) P 5 T (l 5t ) e Now 2 =r — w(t.), so

oa_ dw _ awat, at, o\ - B, B, . B,
'a—t———aT——'a"t:—at———V-a—t, Ub(l—ﬁ) = -2 Vat, o= ot (m A v)—E-(a-u) (Eq 10.64),
and hence ?E =2 ged

ot  a-u’
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Now Eq. 10.40 says A(r,t) = %V(r, t), so
oA _ 8vv+ ov avat,v+ ov
ot ot ot ot, ot Bt
_ 1 Ot, 1 gqc 1 —-qc 0
T2 [a Ot dmegn-u | dmeg (2-u)? ¢9t(¢c i v)]
_lefadh v (5 O b
T cl4mey [24-u Ot (2-u)2\ Ot It ot )|
o ot, _ On ot,
Butz=¢(t—t,) = a—c(l--a—t) ,a=r—w(t)=> - Vo (as above), and
6_v Ov 6t, _ Ot
ot at, 8t ot
ot ot, ot
— 2 _ Ui 2¥°% Yir
= 471'606(4 u)? {a(" “) [c (1 at ) TV T 2 ]}
O,
= 41reoc(4 u)2{ v+ [(4 u)a+(c -2 4a- a)v] 6t}

47reoc(4 ) {——c v+ [(a-wa+ (P -+

47reoc(4 u)3
qc
dmeg (rc—n-

)3

a)v] ——-}

[-v(r-u) + (2 w)a+ or(c? — v +2-a)v]

[(/tc —-2-v) ( -v+ za) + g(cz —v? +4-a)v]4. qed

Problem 12.18

— 2 _,2 -

E = Ty o) [(? —v*)u+ax (uxa)l. Here v = +'D(t). : ;
vX, a = aX, and, for points to the right,2 = %. So u = ;.__.L__’,
(c—v)%, uxa=0, and2-u=12(c—v). ‘

. q 2 2 oy e 4 i(c+v)(c—v)2A_ g 1 fct+v) ..
E = 47reo¢3(c—v)3(c v)e U)x—47rco¢2 (c—v)3 x_47l'6()¢2 c—v) "
1.
B = -2xE=0. qed
c

For field points to the left, 4 = —% and u = —(c+ v) X, s0 4- u = 2{(c + v), and

S S T _ t-g 1 fe=v) _
dmeg 3 (c +v)? (€ —v)etv)% = 4meg 2° (c+v> % B=0.
Problem 10.19
(a) E = 2/ 2)/ dz
4meq TEQ R2 [1 — (v/c)*sin 0] 372"
The horizontal components cancel; the vertical com- .

ponent of R is sin @ (see diagram). Here d = Rsin6, so

sin?§ =z
Z 5 T = cot, so dz = —d(—csc? ) df =

d
0

; - g,
sin
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1, d sin’¢ do

BP=ars 2 Y=g T
A 2,9 y ™ sin 8 _ . 9 2
E = —1-v/*){5 / df. Let z=cosf, so sin“f =1 - 2%
4meg d 0 [1 —- (‘U/C)2 sin2 9] 3/2
A1=v%/3?)y 1
= 372 dz
4meod -1 {1 = (v/c)? + (v/c)?2?]
o1 -v¥ Ay | o1 z +1
- dmeod (v/c)? (2 /v? - 1)\/(c'/_~_v)2 “1+22
0?2/ 2
= M1 —v'/e )¢ 1 1 2, (same as for a line charge at rest).

4reod v 1-¢c2/v?) /(c/v)2 —1+1 47reo d y

(b) B= —l-(v x E) for each segment dg = Adz. Since v is constant, it comes outside the integral, and the

same formula holds for the total field:

1 1 1 2X . 1 2\, o2\,
B = — = —p———(X% = —_— = ————
c? (vxE) c2v47reo d (% > 9) ,uoeov4w€0 d* " 4mad°®
But Av=1,s0{B = %FI ¢ | (the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7).

Problem 10.20

w(t) = R[cos(wt) X + sin(wt) §]; y
v(t) = Rw|[- sin(wt) X + cos(wt) ¥;
a(t) = —Rw?[cos(wt) % + sin(wt) §] = —wiw(t); q

2= —w(t,);

2=R;

tr=t— R/c;

4 = ~[cos(wt,) X + sin(wt,) ¥};

u = - v(t) = —ccos(wt,) X + sin(wt,) §] — wR[— sin(wt,) & + cos(wt,) ]
= - {{ccos(wt,) — wRsin(wt,)] X + [csin(wt,) + wRcos(wt,)]¥};
ax(uxa) = (a-a)u—(r-u)a; 2-a=-w-(—w?w)=w?R?
2u = Rie cos?(wt,) — wRsin(wt,) cos(wt,) + csin®(wt,) + wRsin(wt,) cos(wt,)] = Re;

= (wR)?. So (Eq. 10.65):

R
e o) o] < S
- %(nlc)z {~[¢? cos(wt,) - wResin(wt,)] % — [ sin(wt,) + wRecos(wt,)] 9
meQ

+ R%w? cos(wt,) X + R®w?sin(wt,) ¥}

= a—qe—z—é%g {[(w?R? - ¢?) cos(wt,) + wResin(wt,)] % + [(w?R? - ¢?) si;(wt,) — wRecos(wt,)] ¥} .
Téo
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1 ~ - -
B = E4XE=-};(4=E _"yE)i
z4:€ (Ro)? {cos(wt,) [(w®R? - ¢?) sin(wt,) — wRccos(wt, )]

- sin(wt, ) [(w®R? - c?) cos(wt,) + chsin(wt,.)] }2

4;16 7a [~wReccos? (wt,) — wResin?(wt, )] Z = -l— ! wRez =|-1- % 3

Notice that B is constant in time.

To obtain the field at the center of a circular ring of charge, let ¢ ~ A(27R); for this ring to carry current
271 1

I, weneed I = M = AwR, so A = I/wR, and hence ¢ - (I/wR)(2rR) = 2nI/w. Thus B = T B b on
)
since 1/¢% = €gpo, | B = ;—(;ZI- %, | the same as Eq. 5.38, in the case z = 0.

Problem 10.21

A(@,t) = Ao|sin(8/2)], where 6 = ¢ — wt. So the (retarded) scalar potential at the center is (Eq. 10.19)

L ora 1 P A sin](¢ — wt,) /2]
Vi) = e ~dl _4“0/0 " ad¢
A 2 . 2x
= 4_7:’_ sm(0/2)d0=:1%[—2005(0/2)”0
_ _ =2
- 47rc R-(-2)]= TEg

(Note: at fixed t,., d¢ = df, and it goes through one full cycle of ¢ or 8.)

Meanwhile I(#,t) = Av = Aqwa [sin[(¢ — wt)/2]| ¢. From Eq. 10.19 (again)

A(t)

i

o / Idl’ 3 Mowalsin[(¢ ~ wt,)/2]| ¢
4n 47r a
Butt, =t—a/cis again constant, for the ¢ integration, and ¢ = —sin@% + cos ¢ §.
2
= u—o;\iwﬁ / Isin[(¢ — wt,)/2)| (~sing X + cos ¢ §)dp. Again, switch variables to 8 = ¢ — wt,,
U 0
and integrate from 8 = 0 to # = 27 (so we don’t have to worry about the absolute value).

2
= llo;\_;wg / sin(6/2) [ sin(8 + wt,) X + cos(6 + wt,) ] df. Now
0



27 1
/ sin (6/2) sin(0 + wt,)df = 3
0
1
2

{2 sin (6/2 + wt,) —

/2" [cos (8/2 + wt,) — cos (36/2 + wt,.)] db
0 .

2 2n
3 sin (36/2 + wt,)j[

0

1.
= sin(r + wt,) — sin(wt,) — 3 sin(37 + wt,) + % sin(wt,)

= =2sin(wt,) + gsin(u.nt,) = -% sin(wt,).

3
2n 27
/ sin (6/2) cos(d + wt,)df = % / [—sin (6/2 + wt,) + sin (30/2 + wt, )] df
0 0
1 2 2
= 3 2cos(0/2 + wt,) —gcos(30/2+wt,)
0

! ' 1 1
= cos(m +wt,) — cos(wt,) — 3 cos(3r + wt,) + 3 cos(wt,)

2 4
= =2cos(wt,) + 3 cos(wty) = -3 cos(wt,).

So

Lodowa

A = 4

4y . o . Agw
(5) [sin(wt,) X — cos(wt,) ¥] = m—?’%—a

{sinjw(t — a/c)] X — cos[w(t - a/c)] ¥} .
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Problem 10.22

SOURCES
p.J

[ ] =pevaluate at the retarded

FIELDS
E.B

time, 1,
POTENTIALS
V.A
14
(VB=35%
vy %A o _
E=-VV- 2B =VxA
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Problem 10.23
Using Product Rule #35, Eq. 10.43 =

V-A = %?:qcv -V [(czt —r- v)2 + (62 _ ,U2)(7,2 _ c.ztz)] -1/2
- ”:—:cv . {_% (Pt —r-v)? + (& = *)(r* - ¢%)] “ly [(Pt—r-v)? + (- v?)(r? - c2t2)]}
_tioge

o [(t —r V)2 +(c? = v?)(r? = *t?)] AR {=2(Pt—r-v)V(r-v) +( - v})V(?)}.

Product Rule #4 =

Vir-v) = vx(Vxr)+(v-V)r, but Vxr=0,
i} i}
(v-V)r = (vz%+vy%+vz~3—z) (zR+yy+22)=v.X+vy§+v,%=v, and
V(r?) = V(@E-r)=2rx(V xr)+2(r-V)r=2r. So
V-A = —%—7%(5 (@t —r-v)2+(® =) (r? - cztz)]—s/zv- [2(Pt—r-v)v +(c* - v?)2r]

= % [t —r-v)2+ (- v*)(r? - cztz)]—3/2 {(Pt—r-v)® = (S -v*)(r-v)}.
But the term in curly brackets is : c?tv® — v(r - v) — *(r - v) + v*(r - v) =cHv¥t—r-v).
pogc® (vit—r-v)

47 [(c2t —r-v)? + (c® — v2)(r? — c2t2)]3/2 )

Meanwhile, from Eq. 10.42,

)%

= 1 1 2 2 2 _,2y0,.2 _ .2,2\]73/2
foto5r = ,uoeo4moqc( 2) [(Pt=r-v)2+(F - V) (r? — 3t?)] X

-(% [t —r-v)? + (® — v?)(r® — *t?)]

- _% [t —£-v)? + (& = )(r? — A2)] /2 [2Pt — £ - V)& + (& — v2)(~26)]
3 2 ryv o2 2
_ Hogc (Pt —r- v —c’t +v°t) 3/2=V-A./
4T [(c2t—r-v)2 + (2 - v2)(r? — c2t?))]

Problem 10.24 | () .
a1 '

= e X, q. q

(@) | F> = e T ¥ 1 ’

(This is just Coulomb’s law, since ¢ is at rest.)

age [* 1 qg2 |1 1 *© qq2 -1 -1
= = — t/b == 1t -1 -
(b) I 41eg /;oo (% + c*t2) d 4meg [bc tan™" (ct/b) oo 4meobe [ an™"(00) ~tan™"( oo)]

= dreote 12~ (5)] = | meeic




1l fe—v
(c) From Prob. 10.18, E = ——2-— (=Y} 2. Here =
dmeg 2 \c+v
and v are to be evaluated at the retarded time t,., which is
given by c(t —t.) = z(t,) = /b2 + c2t2 = c*t® — 2ctt, +c*t2 =
2,2 _ 12
ct* —b
¥+t =t = et Note: As we found in Preb. 10.15,
go first “comes into view” (for q;) at time ¢t = 0. Before that it
can exert no force on q;, and there is no retarded time. From
the graph of ¢, versus ¢t we see that ¢, ranges all the way from
—o00 to oo while £ > 0.

2328 = P+ B2 b+ PR
2ct T 2t

z(ty) = c(t — t,)

2ct

u(ty)

c—v (A +b%) — (A2 —b?)  2b° b?

(for t > 0). v(t) = %
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t,

2t

2¢%t
= $0

VB icde oz’

/4,‘4:)
[

c2t? — b2 c2t? — b2
= ( 2 ) (b"’ T 02t2> =c (m) (fOI' t> 0) Therefore

02 4c*t? b

= = = —— (for t . E=— —-—
c+v (22 +02) + (c22 - b?) 2% 22 (for £ >0) 4meg (b? + c212)2 212 x=
0, t <05
F, = q192 40? N
- t>0.
4meq (b2 + c?t2)? X &>

_ N2 4,0 0 1
OR 47reo4b /0 (b2 + c%t2)?

1 [*® 1 1 /¢ t
F/o G/r+ep == (W) [(b/e)z w
qigqz2 ™

T 4meg be”

dt. The integral is

oo o)
),
0 0

SO Il

(e) Fy # —~F9, so Newton’s third law is not obeyed. On the other hand, I

e = 2w (5) = o

— 1 in this instance, which

suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might
carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present

case.)

Problem 10.25

= —l—(v x E) (Eq. 10.69).

1
= — ; B
S po(EXB), =

SoS = E)lzz—[Ex (v x E)] = ¢ [E*v — (v - E)E].

The power crossing the plane is P = [ S - da,
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and da = 277 dr X (see diagram). So

P = € / (E*v — EXv)2xr dr; E, = Ecosé, so E*— E2 = E?sin?6.

_ 2 2 2 _q 1 R B 1
= 2mev / E®sin“frdr. From Eq. 10.68, E = y Py 577 Where v = =T
2 00 . 5
= 2meov (—9—> %/ TS dr Nowr=atan6 = dr=a—b_dg; L=
4rea) v* Jo R4 [1 — (v/c)? sin? 9] cos? 8 R a
v ¢ 1 [*? sin® @ cosf

= —t = df. Let u =sin%0, so du = 2sinfcosf db.
2yt 4me0d® Jo 1 - (v/c)?sin? 6]’

_ v / R WO G o W B &
T 16meoayt J, [1—(v/c)2u]®  16meoay? \ 2/ | 32meoa®’

Problem 10.26
1 -
(a) |[Fra(t) = — 22 5

(b) From Eq. 10.68, with § = 180°, R = vt, and R = —#:

1 qig(l 2%/
4rep (vt)? '

Fo(t) = -

Newton'’s third law does not hold: F;3 # Fq,

because of the extra factor (1 — v?/c?).

(c) From Eq. 8.29, p = ¢g [(ExB) dr. Here E = E;+E,, whereas B = B, so ExB = (E; xB;)+(E; xB,).
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part:

1
p(t) = /(El x By)dr. Now E; = —1———qii', while, from Eq. 10.69, B, = — (v x E;), and (Eq. 10.68)
dmeg 12 c?

g2 (1-v%/c?) R rsinf
E.

~ 4meo (1 — v2sin’ 0'/2)32 B2

. So

But R =r — v¢; R? =r? + v?t® — 2rvtcos®; sinf’ =

@ (=) @-v) . o
E; = . Finally, noting that v X (r — vt) = v X r = vrsin 8 ¢, we get
?7 e (1 - (vrsind/Rc)?*? R
1-—-v%/c? vrsind - 1-v?/)w [ 1 rsinf (f X ¢
B2 — q2( 2/ ) - 7] ¢. SO p(t) =€ q1 ‘12( 4 ) /“_7 (. ¢) 5
dmegc [R? — (vrsinf/c)?] 4meg  4meoc T* [R? — (vrsinf/c)?):
But £ x $ =-6= —(cosf cos g% + cosfsingp ¥ —sinf 2), and the z and y components integrate to zero, so:
2 /025 s 2 0
pt) = L@vl-v/c)E / Sin 75 7 sinfidr df
(4mc)?eo r[r? + (vt)? — 2rvtcos 6 — (vrsin8/c)?]
Ca2/e2) 5 3
_ Qgev(l —v?/c?) 2 rsin” 8 drdo.

8mcteo / [r2 + (vt)2 — 2rvtcosf — (vrsin8/c)2]*/?
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I'll do the r integral first. According to the CRC Tables,

(o o]

/°° T ir = — 2(bz + 2a) _ 2 b 2a
o (a+br+cx?)3/? T (ac-b)Vatbr+cztl,  dac—b? [\/_ N
2 (2v/ac — b)
- (-2
) 0 V) = v G 5 = e (VA +).
In this case z = 7, a = (vt)?, b= —2vtcosf, and ¢ = 1 — (v/c)?sin® 4. So the r integral is
2 1

\/1 — (v/c)?sin® @ [2vt\/1 — (v/c)?sin® @ — 2vt cos 0} - vty/1— (v/c)? sin® @ [\/1 — (v/c)?sin® g — cosB]

[ 1—(v/c)?sin®4 + 0059]

_ 1 14+ cosf
= — ;
vty/1— (v/c)?sin® 6 [1 — (v/c)? sin® @ — cos? 6] vtsin® (1 ~v?/c?) I_ 1 — (v/c)?sin®@
So
1-v2/c?)3 1 T 0
p(t) = ‘h‘””(s SULRL I S— L S et sin® 0 df
TC“€p ’Ut(]. v /C ) 0 Smn 0 1— (’U/C)2 SinZg

8414222 / sin9d9+£/ cosfsinf '
meteot | Jo vJo /(c/v)? ~sin 9
But [ sinfdf = 2. In the second integral let u = cos 6, so du = — sin db:

T cosfsin @
[ [ ot
o (c/v)z—sinze (c/v)? ~ 1+ u?

(the integrand is odd, and the interval is even).

Conclusion: | p(t) = ﬂl’lﬂt‘]}_ Z | (plus a term constant in time).
s
(d)
1 qigz, 1 qg(1-9*/%) . aqg V. @ . mong
F F = ~ = 1-14+— = = .
12+ ¥a1 4mep v2t2 z 47eg v2t2 z 4dmequt? + c? z 4megcit? z 4nt? ©
dp Hoq1q2
— = zZz=F; 2 +F d
dt e 127+ Fane Q€

Since ¢; is at rest, and ¢, is moving at constant velocity, there must be another force (Fpecn) acting on
them, to balance F; + Fq1; what we have found is that Frpech = dpem/dt, which means that the impulse
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).]




Chapter 11

Radiation

Problem 11.1

From Eq. 11.17, A = —"‘Z’" wl
_ Mopow [ 1 0
VoA = 4w {7‘2 or

[r = sin[w(t — r/c)] cos 9]

=~ sinfw(t — r/c)](cos 8 —sinf §), s

Siln 5 a_aé [— sin? e% sinfuw(t — r/c)]] }

2sin@cosd

-t {2 (infote = /)] - - ot = /o)) cost — 22 gy 2

47

pow (1
Ho€o { ey (
Meanwhile, from Eq. 11.12,

oV
ot

po cosf

4regr

47r60

infw(t —r/c)] + —E cosfw(t — r/c)]) cose} .

{--“;—2 cos[w(t — r/c)] — ;uisin[w(t —r/c)]

|

Pow {%sin[w(t ~r/c)] + -:J—C cos[w(t — r/c)]} cosd. SoV-A= —-,uoeo—a—‘i. qed

ot

Problem 11.2
Eq. 11.14:

V(r,t) = -

w

dmege

: sinfw(t - r/c)]. | Eq. 11.17:

How Po

A(r,t) = - T

sm[w(t —r/c)).

Now po X F = posinf ¢ and £ x (po X £) = po sin §(F x J)) = —posinf b, so

2 =
Eq. 11.18: | E(r,t) = 'uZ: Fx (1:.0 X r) os{w(t — r/c)]. | Eq. 11.19: | B(r, t) = _/;0_:;_9_{.?_12 cos[w(t — r/c)].
4 2
. pow? (po X £)*
Eq. 1121: |(S) = £ P02 5.
Problem 11.3
= I’R = ¢fu’ sin®(wt)R (Eq. 11.15) = (P) = %q%w"‘R. Equate this to Eq. 11.22:
1 2 poquzw _ pod?w? . _ 2me :
2 R= Tome > R= e or, since w = T

" 6nc

/\2

p,odz 471'202 2 (
= — = §7r,uoc

d
A

_)2=

%7!’(47!’ x 1077)(3 x 10%) (

195

1) =07 (3)" -]
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For the wires in an ordinary radio, with d = 5 x 10~2m and (say) A = 10°m, R = 790(5 x 10~%)2 = 2x 10~¢ (2,
which is negligible compared to the Ohmic resistance.

Problem 11.4

By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14)

W z . e
in Cartesian coordinates: V (z,y, z,t) = — 41;0 > (1:2 oy +,22> sinfw(t—r/c)]. That’s for an oscillating dipole
along the z axis. For one along z or y, we just change 2z to z or y. In the present case,

p = po[cos(wt) X + cos(wt — m/2) §], so the one along y is delayed by a phase angle = /2:

sinfw(t — r/c)] = sinfw(t — r/c) — 7/2] = — cos|w(t — r/c)] (just let wt = wt — 7/2). Thus

v = _41;0:;6 {m2 ¥ ;2 T 22 Sin[w(t - T/C)] = ;{1"351—;5 cos[w(t — r/c)]}
= |- T fcossiniuft = /o) ~ sindcosfu(t = /)] .| Sieilaly
A = “Z”" {sin[w(t = r/c)] % ~ cos[w(t — r/c)] §} -

We could get the fields by differentiating these potentials, but I prefer to work with Egs. 11.18 and 11.19,
using superposition. Since Z = cosét — sinf @, and cos§ = z/r, Eq. 11.18 can be written

.
_ HoPow _ 5
E= i cos[w(t —r/c)] (z

R

f’). In the case of the rotating dipole, therefore,

_ | Hopow? _ 2 — Z2) 4 sinfw(t - o Ys
E = i {cos[w(t r/c)] (x . r) + sin[w(t — r/c)] (y . r)} ,
1 .
B = Z(r X E). . -
S= i(ExB) = —L[Ex (f x E)] = —1—[E2i—(E-f)E] = -b:-z-f (notice that E - # = 0). Now
Ko Koc HoC HoC

E? = (ﬁ%&‘rj’_ﬁ) {a? cos?(w(t — r/c)] + b? sin®[w(t — r/c)] + 2(a - b) sin[w(t — r/c)] cos[w(t — r/c)]},

where a = %X — (z/r)f and b = § — (y/r)f. Noting that X -r =z and § - r =y, we have
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2 T LT T e Y _ YT _TY TY_ _TY
CEltm g slomib =l giab = mteTTe
2 1"'0p0"~’2 2 z? 2 y2 . 2
E* = —Zﬂ_—;——> {<l_ﬁ> cos*(w(t —r/c)] + <1—;5> sin“[w(t — r/c)]
- 2::_:—2‘1” sinfw(t — r/c)] cos[w(t — r/c)]}
. 2\ 2
= (%) {1 - -12- (2 cos?[w(t — r/c)] + 2xysin[w(t — /c)] coslw(t — r/c)} + y? sin®[w(t — r/c)])}
2\ 2
= (ﬁ%‘-’:’— {1 - = (zcosw(t — r/c)] + ysinfw(t — /) }
But z = rs1n9cos¢ and y = rsinfsin ¢.
2
("(Z‘:} ) 1 — sin? g (cos ¢ cos[w(t — r/c)] + sin ¢ sinfw(t — r/c)))? }
= (”‘Z‘r’r ) 1 (sin 8 cos[w(t —r/c) — ¢}) }
' Intensity profile
(1-1 sin%6)
2\ 2
S = % (TZ) {1 — (sin@coslw(t — r/c) —¢])2} . y

(S) = Ko pow?\’ l—lsinzé? f
c \ dnr 2
_ po (Pow?\* [ 1 1
P = (S) - da =\ 3 l—ism ) r?sin6 df do

2, ,4 L 2,4

HoPow . 1 popgw* 1 4 Hopow
= 2 df — = 304 2— - o) ==
16n2c [/0 sin® 2 /0 sin } " 8mc ( 23 6me

This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = L(E xB) =
Ho

1 1
— [(E1 + E2) x (B, + By)] = — [(E; x By) + (Ez x B) + (Ey x Bg) + (E; x B;)] = S; + S+ cross terms.

In this particular case, the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time
averaging, and the total power radiated is just the sum of the two individual powers.

Problem 11.5
Go back to Eq. 11.33:

»

A = Koo (S‘“”) { cosfw(t — r/c)] — = sm[w(t -~ r/c)]} $.

47 r
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Since V = 0 here,

E

CHAPTER 11. RADIATION

_%‘% - _”_Sl;r”lo_ (Si:9> {—11:.(—(4)) sinfw(t — r/c)] _ %wCOS[w(t - T/C)]} é
.“_Ogrﬂi‘i (S‘;‘”) {—sm[w(t —r/o)]+ = cos[w(t - r/c)}}
e e L

_ Sif: 4 [_le cosfw(t — /)] + :’—c sinfu(t — r/0)] = < (%) cosfw(t - r/C)]] 9}
i ”—ZZ—LQ { 2(;(;89 [_ os[w(t _ ,,./C)] ~- = sm[w(t - ’V‘/C)]}
- _snd [_ 5 cosfu(t = /)] + < sinfu(s — /o)) + (%) cosl(t - r/c)l] 6.

pomow?

These are precisely the fields we studied in Prob. 9.33, with A — ."The Poynting vector (quoting

the solution to that problem) is

2.3 /o 2
pomgw® (sinf r2cosf _ ¢ . < 2, 2 -
S et ( 2 ) {2 . 1- — ) sinucosu+ — (cos®u —sin®u)| 6
sin 6 [(—g + ) sinucosu + — cos>u + —65 (sin® u — cos? u)] f},
C wr
2 .4 o 29
where u = —w(t — r/c¢). The intensity is | (S) = I;o;;g; §I?T f, | the same as Eq. 11.39.
Problem 11.6
2wl 2p1 120t pombiwd 2
2R=12 2 t = 2 =“Om0w =[1.07l' 0 R:————————O . 1 = —
IR = IR cos®(wt) = (P) 2IOR o Tom 0 5° G | om sincew = —=,
b* 167t |8 b)*
R= %——%i =| 37%n0c (X) = g(ws)(47r x 1077)(3 x 10%)(b/A)* ={3.08 x 103(6/A)% Q2

Because b < A, and R goes like the fourth power of this small number, R is typically much smaller than the
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b = 5cm and X = 10° m),
R=3x10%5 x 107°)* = 2 x 1012 Q, which is a millionth of the comparable electrical radiative resistance.

Problem 11.7
With a = 90°, Eq. 7.68 = E' =¢B, B' =

-E/c, qp, = —¢qe = Mg = ¢j,d = —cqed = —cpg. So

E = ¢ {—“0(—2;)0/6)‘”2 <Si:9) cosfw(t — r/c)] @} = /_‘9%3 (5_11;12) cos[w(t —r/c)] @
B = —% {—"0(“'27‘:/ 9" (Si;‘e) cosfu(t - 'r/c)]é} = —&%?27“}3 (SL’T‘—B) cosfuw(t — /)] 6.
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These are identical to the fields of an Ampére dipole (Eqgs. 11.36 and 11.37), which is consistent with our
general experience that the two models generate identical fields ezcept right at the dipole (not relevant here,
since we’re in the radiation zone).
Problem 11.8

p(t) = pofcos(wt) X + sin(wt) ¥] = P(t) = —w’po[cos(wt) % + sin(wt) §] =

2, 4 oin2
w*sin® @ _ . ‘
lgoé;(r;c r2 T. (Thls appears to dlsagree

with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p(¢p);
as the dipole rotates, so do the axes. Thus the angle 6 here is not the same as in Prob. 11.4.) Meanwhile,

[B(1))? = w'pdlcos?(wt) + sin®(wt)] = paw?. So Eq. 11.59 says | S =

P— Hopgw*
6mc
and the orientation of the polar axis irrelevant.)
Problem 11.9
At t = 0 the dipole moment of the ring is

Eq. 11.60 says .{(This does agree with Prob. 11.4, because we have now integratéd over all angles,

: 2w 2n
/z\ayd[ //\Osqu (\531n¢y+bcos¢x)bd¢—/\ob2< / sin2¢d¢+5</ sin¢cos¢d¢>
0 0

Po =
= ANX7ry+0%) =7nb’A ¥ y.
As it rotates (counterclockwise, say) p(t) = polcos(wt) § — sin(wt),i], so p = —w?p, and hence (p)? = w'p?.
Therefore (Eq. 11.60) P = 2204 (1b2A0)? = oW by
& e T
Problem 11.10
p=-eyy,y= 2gt?, sop = ——getzy, p = —gey. Therefore (Eq. 11.60): P = (ge)2 Now, the time

it takes to fall a distance h is given by h = -yt2 = t = y/2h/g, so the energy radlated in falling a distance h

Ko (ge

is Urag = Pt = ———+/2h/g. Meanwhile, the potential energy lost is Upot = mgh. So the fraction is

f = Uraa _ Mog’e® [2h 1 poe® [2g | _ (4w x 1077)(1.6 x 10719)2 2)(98 _[erex 107 ]
T Upet  6mc \| g mgh | 6xmeV R T|T 6x(9.11 x 10-31)(3 x 109) B

Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = $gt?).
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Problem 11.11

_ pow [cosfi) . _ "
(a) Vopy = :F41reoc ( - )sm[w(t re/c)). Vi = V3 +V_. 9, g /
d
e = /r2+(d/2)? ¥ 2r(d/2)cosd = r/1F (d/r)cosd =t (1 ¥ %cosﬁ) . 2{ >
f_l{s/
2
1 o~ 1 <1:t—d—cos¢9).
T+ T 2r
2
cosfy = —r—coig—i(i/—) =r{cosfF i E liicose = cosf + iCOSQH:{:i
T4 2r)r 2r 2r 2r

Il

cosf ¥ d(l—cos 9)—cos€q:—2§1:sm 6.

I

sinfw(t — r4/c)] 5

sin {w [t - g (1 F icosﬂ)]} = sin (wtoi: %ﬁ-ccs@) , Where to =t — r/ec.

d
= sin(wtp) cos (—(;Lj cos 0) + cos(wtg) sin (L-;—Jc— cos 0) = sin(wip) % %i cos 8 cos(wtp).

Dow
47reocr

Dow
2c

d
Vit = - ¥ cos % 0 cos(wto) + - (cos g — sin®6) sm(wto)]
47reocr c

2
= |- d [cos2 6 cos(wto) + < (cos? § — sin® §) sin(wto] .
T wr

{ (1 + — cos 0) (cose F 4 sin? 9> {sin(wto) + wd cosd cos(wto)J }
2r 2c

Pow d . wd

= cos@ F 5 sm 2+ 2, o8 26} [sin(wto) + R cos § cos(wto)

wd
cosGsm(wto ) £ — cos? 8 cos(wto) £ 2£ (cos® § — sin? §) sm(wtO]

powzd

In the radiation zone (r > w/c) the second term is negligible, so |V = — 3
4wepcer

cos? 8 cos[w(t — r/c)].

Meanwhile

A, = =F‘u0p° sinfw(t —rx/c)] Z
dnr T4+

_ o PoPow da . wd
= F yy- {(1 + 5 €08 8) [sm(wto) + % cosecos(wto)] }

HoDow

Z

d
= F - [sin(wto) + z—f cos 8 cos(wtp) £ % cosﬁsin(wto)] z

HoPow

At = AL +A- - dnr

2d
= _ koPow'a cos [cos(wto) + < Sin(Wto)] z
dwer wr

[U%d cos § cos(wtp) + g cosf sin(wto)] Z
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2
In the radiation zone, | A = -—“of; w'd cos @ cosjw(t — r/c)] 2.

2
(b) To simplify the notation, let a = —FoPo® d. Then
4

29
V = o= cos{w(t — r/c)];
_ ovV_ 19V . 2 1 W .
vV = B P+ 7 0 = acos? 6 {-—;—5 cos[w(t — r/c)] + s sinfw(t ~ r/c)]} f
9 2
aM cosfw(t ~ r/c)] 0 = w cos”6 sinfw(t — r/c)]£ (in the radiation zone).
_ acosf 0A  awcosd
A = Pl cosfw(t — r/c)] (cosﬂr-—sm00) = ——c——r—sm[w t—r/c)] (cost)r—smﬂa)
E = —vv-98 % - /0)) (cos? 9 — cos” 87 + sinf cos 8.9
= 5t = o Sinlw(t —r/c)} (cos®OF —c sin @ cos
= —90% sin @ cos @ sinfw(t — r/c)] 0.

)

B = VxA:%{—-(rAa)—aA]

2
= % {—- (cos@ cos{w(t — r/c)](—sin§)) — 50 [CO: d cosfw(t — r/c)]] } ¢
= %(— sinf cos 0); sinfw(t — r/c)] @ (in the radiation zone) = —;—?’i‘ sin @ cos O sin[w(t — r/c)] .
Notice that B = -1-(1“' xE)and E-f=0.
1 1 E?
S = —(ExB)=—Ex((#xE ——Ezr—ErE=-—-—r
#0( ) Hoc ( )= [ ) ] HoC
1 (aw ' 1 faw 2
= | %e {T siné cos @ sin[w(t — r/c)]} I= Sioc (—schosB) .
- aw s 2 20 _ 1 qow 2 /1r 2 24
P = /(S) da = m c( ) /sm @cos*@sin@dldo = 2”06( . ) 2r | (1 = cos® 8) cos® B sin 8 d6.
. . cos’0|* cos®’@i* 2 2 4
The integral is: — o W S3TET T
ol WP g g, 4 _ 2.6
T 2pc 2 1677 1672 Pod)w 2“_3 601rc3( pod)’w

Notice that it goes like w®, whereas dipole radiation goes like w?.
Problem 11.12
Here V = 0 (since the ring is neutral) and the current depends only on t (pot on position), so the retarded

t
vector potential (Eq. 11.52) is A(r,t) = f -{(—T/‘Lc—) dl'. But in this case it does not suffice to replace 2 by
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r in the denominator—that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use Eq. 11.30:

% o -}: (1 + g sin0cos¢> Meanwhile, dl' = bdqb’ = b(—sin¢' % + cos ¢' §) d¢’, and

I(t —2/c) = I(t —r/c+ (b/c)sinfcos¢') = I(tg + (b/c)sinfcos ¢') = I(to) + I(to)b sin @ cos ¢'
(carrying all terms to first order in ). As always, to = t— r/c. (From now on I'll suppress the argument: I,

I, etc. are all to be evaluated at ¢;.) Then

A(r,t) = Z;y{l (1+ésm9cos¢) (I+fgsin0cos¢’) b(~sin¢’i+coé¢’9)d¢’

~ Hob b . ’ b . ’ T /-~ !
o 47”_/0 [I+Icsm9cos¢ +Irsm0cos¢ (—sing'x +cos@’' §)d¢'.

27 27 27 27
But / sing’ d¢’ = / cos¢' do' = / sin ¢’ cos ¢' d¢' = 0, while / cos? ¢' d¢' = .
0 0

ﬂob b b T\ .
= P no -
i 7_( Ty) [I sm9+I sin ] o smH(I+cI)y

In general (i.e. for points not on the z z plane) §y — (Z); moreover, in the radiation zone we are not interested

in terms that go like 1/r?, so | A(r,t) = “Zb [ (t-r/c )] fln_g¢

_ 0A | by sinf -
E(r,t) = ot~ | 1o [I(t—ﬂr/c)}——
1 18
B(r,t) = VxA= Smgag(A¢.sm0)r————(rA¢)0
2 . ~ 2««' ~
= b 1 lzsmecosor—-z 1 singg| = | jsinb 5
4¢c |rsinfr ¢ 4c? " r
1 1 [ pob® :siné oA | Mo 2--2sin29-
S = —(ExB)= ﬂc(‘lclr)(q&xe)—lﬁcs(bl) ol
.2
_ . 2f sin®8 , . 27 é _ Hom (952
P = /s da = Gcs(b )/ 5 rsxn6d9d¢———ﬁc3(b ) (27r)(3)_—603 (bf)
.-2 .
= [E2T_ | (Note that m = Irb?, so 7 = [nb?.)
6w

Problem 11.13

2.2
a
(a) P = Hog , and the time it takes to come to rest is ¢ = vo/a, so the energy radiated is Upag = Pt =

6mc
2
ﬂ_w__g__vo The initial kinetic energy was Uiin = 3muZ, so the fraction radiated is f = Uraa =| M7
6rc Ukin 3rmugc
1 v2 2 o2
_ 1 2 _ o _ Y _ Y
(b)d= at =30 = 50 0= o Then

2

2 -7 ~19 5
tog® vg Loq3vo - (47 x 10~7)(1.6 x 1071%)2(10%) =Ty
I= 3nmuec2d  6mmed  6m(9.11 x 10-31)(3 x 108)(3 x 10~ 9)




203

So radiative losses due to collisions in an ordinary wire are negligible.
Problem 11.14

F 1 i ma mv2 = v L ¢ At the beginning ( | 0.54)
= —_= = _— = —_— To = U.
dmeg 2 T dmeg mr 16 beginning Lro !

v _ (1.6 x 10719)2
¢ |4n(8.85 x 10-12)(9.11 x 10-31)(5 x 10-!!

-2
)] s = 0:0075,

and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the
velocity is safely nonrelativistic.
pog® (v pog® (1 ¢\’
iFrom the Larmor formula, P = e <T> = s <4—17r;(; ;1—13) (since a = v?/r), and P = ~dU/dt,
where U is the (total) energy of the electron:

1 ¢* 1(1q2> 1 ¢ 1 g2

dweg T

1
= Uiin + Upot = =mv® — = :
U kin + Upot my 4eg 1 8meg

2 4meg T 2

1 ¢%dr q° 1 4° 2 dr 1 q° I
—_——=——— . =P = , dh —_—= —— -,
So dt 8meg T2 dt 6megc?® \ dmeg mr? and hence 7 3c \2negmc ) r? or
2megme 2 2 2wegmc 2 0 2 2megme 2 3
dt = -3¢ r’dr =t =-3c redr =|c T
q? q? q? Y
To

| 85 x 10712)(9.11 x 10~3 51°
- (3 x10% {27r(88ox 0(1‘()5(2 10—x19)2 )(3 x 10 )} (5 101)* =[1.3 x 10='1s. | (Not very long!)

Problem 11.15
d
According to Eq. 11.74, the maximum occurs at T [

(1 - Bcosh)s

2sinf cosd 5sin® (0 sin §) . 2 2
- = - = =58(1 — .

- Bcos8)5 (1= Hcos)t 0= 2cos6(1 - Bcosf) = 58sin“ @ = 58(1 — cos® §);

2cosf — 2Bcos?8 =58 —58cos?f, or 3Bcos®d +2cosd —58=0. So
—2+ AF 6007 _ 1

.2
sin” 6 } =0. Thus

cosf = (:i: 141562 — 1). We want the plus sign, since 8, — 90°(cos8,, = 0) when

68 38
'3_) 0 (Flg 1112) 0max -:COS—_I (——l—f\/——;g———@i) .

For v ~ ¢, f = 1; write § = 1 — € (where € < 1), and expand to first order in e:

(\/1+15ﬂ"2_1) _ 1 [m_l]g%(1+e)[\/1+15(1—2€)—1]

33 3(1=e)

= %(1+e) (V16 - 30 — 1] = %(1+e) [4 1—(156/8)-—1] = %(1 +€) {4 (1—1—2-5) —1]

1 15 5 5 1
P — U — = ——€)=1 — —e=1—~ —¢.
3(1 +¢€) (3 1 e) 1+¢)(1 46) +¢€ 7€ 1 7€

>

Evidently Omax = 0, 50 0SOmax =1~ 362, =1—%e=> 02, = 1€, or Omax = Ve/2={/(1 - B)/2.
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— (dP/dQIgm)m_ _ Sinzemax .2 o~
Lot J = (P a0 )y~ (= Boos BB |, O S0 e = /2, and

2 4\° 1
(1-BcosOmax) X1 —-(1-€)(1-te) 21-(1-€—3e) =3¢ So f = (524)5 = (5) 7 But
1 1 - 1 1

= — = 1 . Therefore

TR oo Jio(-29 v

4\°1 ., |1/8\° 4 8
f—(g) 527" = Z(g) v =262y

Problem 11.16

2 2

dP ¢ Jix(uxa)
Equation 11.72 says 0= 1 orPes (5w

u=02—-v:oi—vi:>/2~u=c—v(fz-i)=c—vcos€=c(1—%cos()) =¢(1 — Bcosh);

Let 8 =v/c.

a-u=ac(kX-4) —av(X-z) = acsinfcosp; > =u-u=c?—-2cv(r %) +v>=c*+v% - 2cvcosb.

2x(uxa) = (2-a)u-(2-u)a;
2 x (u x a)]? (3-a)*u? - 2(u-a)(i-a)(3-u) + (3 u)’a’
(c® + v® — 2cv cos8)(asin b cos )2 — 2(acsin@ cos ¢)(asin b cos ¢)(c — v cos ) + ac*(1 ~ Bcosh)?
a? [¢*(1 — Bcos8)? + (sin® 0 cos® ¢)(c* + v* — 2cv cos 6 — 2¢% + 2cv cos 6]
= a’c®[(1 - Bcosh)® — (1 - B*)(sinfcos ¢)?].
dP poq?a? [(1 — Bcos)? — (1~ B%)sin® 6 cos? ¢]
a2 1672c (1 - Bcosb)®

il
‘})

1l

The total power radiated (in all directions) is:

dP dP . Hog’a? [(1 - Bcos)? — (1 — B%)sin® fcos? ¢]
P = —d = [ — .
29 /dﬂ sinddf d¢ = T6n%c // (1= foosb)F sind dé d¢

27 27
But d¢ =2r and / cos® pd¢ = 7.
0 o
pngazﬂ_ /" [2(1 - Bcos)? — (1 — f?) sin® 6]
0

1672c (1= Bcos)® sin 6 df.

Let w = (1 — Bcosf). Then (1 —w)/B =cosf; sin®§ = [3? — (1 — w)?] /B2, and the numerator becomes

2w? — ¢! ,—62ﬂ2)

515 20?6 + (1 - %)* - 2(1 - B)w + w*(1 - 4%)]

= ;,1— [(1= 5% =201 - f)w + (1 + FP)w?] ;

B-1+2w-w? =



dw = Bsinfdf = sinfdf = %dw.

2
p boga® L
16mc B3 J1_p)
1
_ 2\2 2

When 8 =0, w = (1 — 8); when 8 =,
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w=(1+4).

148 1
/ o5 [(1-8%)?%-2(1-F*)w+ (1+ f*)w?] dw. The integral is

)/Fdw+(1+ﬂ2)/-u—}§-dw

= Ja-mr (<L) —sa-m (-25) sarm ()
- 4l 2w? 1_3‘
1 p+8 1 1 (1-28+P)-(1+28+p6%) 4B
w?h-p 1+p8)? (1-p2 (1+B)2(1 - p)? -
Lps 1 1 (1-38+38°-p%)-(1+38+35°+6°) 263+ p%)
wdli-p (1+8)P (a-p7° (1+8)°(1-8)° (1=-p3
1+ 1 1 (1-4+66°—-4°+8)-(1+46+66°+46°+4) _ 86(1+ %)
wtii-p a+p* a-p¢ (1+8)*(1- ) (-
1\ -88(1 + p?) 26(3 + 6%) 1\ -4p
Int = (1-8)(~-<)——o—2-21-4° ______12 _—48
o= =5 (=) e 20 (-3) g+ 040 () o
- 28 2y _ 2 2 0l _8 &
T [ - Ser s ) = 3L
2 2 3 2 2.4
bog’a® 18 Bog”a™y 1
el = h = —.
P 16me 62 3 (1 - B2) brc | T i
Is this consistent with the Liénard formula (Eq 11.73)? Here v x a =wva(Z X X) = vay, so
a? - (Y- X 3)2 =a (1 - -i =(1-f%a? = so the Liénard formula says P = pod”y” 23
¢ " 6rc 4%
Problem 11.17 ,
(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F, = —%‘;:_1 a
C
For circular motion, r(t) = R[cos(wt) X + sin(wt) §], v(t) = r = Rw [—sin(wt) X + cos(wt) ¥];
a(t) = v = —Rw?[cos(wt) % + sin(wt) §] = ~w’r; & = ~w’F = —w?v. So |F, = E(%w V.
pog’
P.=F, - v= -sﬁwzv2 This is the power you must supply.
pog?a?
Meanwhile, the power radiated is (Eq. 11.70) Praq = ot and a? = wir? = wR? = w2, so
2 .
Pg = l—%uf"v"’, and the two expressions agree.
(b) For simple harmonic motion, r(t) = Acos(wt)Z; v =1 = ~Awsin(wt)2; a =V = —Aw? cos(wt) Z =
2
—wlr; & = Wi = —w?v. So|F, = %%wzv; P. = 'lgoq 22, | But this time a? = wir? = w!A? cos?(wt),
. e
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whereas w?v? = w*A? sin®(wt), so

pog” pog?
Prag = wtA? cosz(wt) # P, = 2 Wb A%sin? (wt);
6mc 6rc

the power you deliver is not equal to the power radiated. However, since the time averages of sin?(wt) and
cos?(wt) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the
mean time energy is evidently being stored temporarily in the nearby fields.)

(c) In free fall, v(t) = Lgt?>y; v =gty;a=g9; a=0. So the radiation reaction is zero, and

hence But there s radiation: | Prag = %% g~. | Evidently energy is being continuously extracted from

the nearby fields. This paradox persists even in the ezact solution (where we do not assume v < ¢, as in the
Larmor formula and the Abraham-Lorentz formula)—see Prob. 11.31.

Problem 11.18

(a) v = w?r, and 7 = 6 x 107245 (for electrons). Is v € w (i.e. is 7 < 1/w)? If w is in the optical region,
w = 2mv = 2n(5 x 101) = 3 x 10'5%; 1/w = (1/3) x 107> = 3 x 10~!8, which is much greater than 7, so the
damping is indeed “small”. v

(b) Problem 9.24 gave Aw = v = wir = [2r(7 x 10'%)]2(6 x 10~24) ={1 x 10'%rad/s. | Since we’re in the

region of wp ~ 4 x 10'® rad/s, the width of the anomalous dispersion zone is very narrow.

Problem 11.19
dv da F

. F dv
(a>a-m+-m~=>3;—'rz+5=>fzt-dt_r ——dt+—/th

2
[v(to + €) — v(to — €)] = T[a(to +€) —a(to — €)] + iF,ve, where F,.. is the average force during the inter-

val. But v is continuous, so as long as F is not a delta function, we are left (in the limit ¢ — 0) with
[a(to + €) — a(to — €)] = 0. Thus a, too, is continuous. qed

d d da t
(b) (i) a=*ra=r-a% = ;a = ;—dt: 2 /dt=>lna— — + constant = |a(t) = Ae'/",| where A
is a constant. . p P 4 1 : P
(u)a-ra+—=>r a—a—-——=>———(—l——-:——dt=>1n(a—F/m)=—+constant=>a—-—=
dt m a—-F/m 7 T m

F
Be!!™ = la(t) = - + Be!/", | where B is some other constant.

(iii) Same as (i): {a(t) = Ce'/™, | where C is a third constant.
(c)Att=0,A=F/m+B;att=T, F/m+ BeT/" = CeT/" = C = (F/m)e~T/" + B. So

[(F/m) + B]e'/", t <0

a) = { [F/m)+Be7],  0<t<Ty

[(F/m)e‘T/T + B] el t>T.

To eliminate the runaway in region (iii), we’d need B = —(F/m)e~T/7; to avoid preacceleration in region
(i), we’d need B = —(F/m). Obviously, we cannot do both at once.
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(d) If we choose to eliminate the runaway, then

(F/m) [1-e"T/"] e, t<0;
)= (F/m)[1-e“DI], o<t

0, t>T.

(i) v=(F/m) [1 - e'T/"] /e’/"dt = (Fr/m) [1 - e'T/"] e/T + D, where D is a constant determined

by the condition v(—o0) =0 = D = 0.

(ii) v = (F/m) [t — 7el=TV/7|.4 B, where E is a constant determined by the continuity of v at ¢t = 0:

(Fr/m) [1 - e'T/'] = (F/m) [-Te-T/f] +E= E=(Fr/m).

(iii) v is a constant determined by the continuity of v at t =T v = (F/m)[T + 7 — 7] = (F/m)T.

(Fr/m) [1 - e"T/"] e/, t<o;
v(t) =1 (F/m) [t P re(‘-”/f] , 0<t<T:

(F/m)T, t>T.

uncharged particle:
(no radiation reaction)

«(t) ue)

charged particle

T charged particle

|~ (with radiation reaction)

e
(S uncharged particle
¢

Nl - - - - -

7] T

Problem 11.20

(b) Frad =

nd _ Ho(g/2)? . _ pint nd _ 104 . [1 1] . ke,
(a) From Eq.11.80, F3i' = —oro b SO Frag = Frpg + 2F5 = 6rc 213 +2 1)1 e ™ 4

L v
Ro ('1/ {/ 2Ady2} 2Ady,. (Running the y» v
27c Jo °

1

integral up to y insures that y; > y2, so we don’t count the

same pair twice. Alternatively, run both integrals from 0 to L—
intentionally double-counting—and divide the result by 2.)

}dy,

}dy,
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CHAPTER 11. RADIATION

,uoq

.UO 2.
e (AL)%a o

( /\2) ——a. v

Problem 11.21

(a) This is an oscillating electric dipole, with amplitude Po = qd and frequency w = \/k/m. The (averaged)

Poynting vector is given by Eq. 11.21: (S) = (

#opgw
32mw2

2%

sm 29

f, so the power per unit area of floor is

2 .4 s 2
_ s _ [ popgw” \ sin G cost . _E _E 2 52 N
Iy = (8S) z_(327r2c) 3 . Butsm9—r,cos9—r,andr = R*+ h°.
_ Hoq?d?wt R?h
- 32n2c ) (R2 + h2)3/2°
dI; d R? 2R 5 R?
drR ~ " 7 dR [(m + hz)S/Z] =0= (R? + h2)5/2 2 (R? + h2)7/2 2R=0=
(R® + h?) ~ SR -0 = ng = | R = \/2/3h, | for maximum intensity.
(b)
_ _ — o [ polgd)?w? /"" R? _ 2.
P = /I;(R)da_ /If(R) 2rRdR = 27 (——————3%% h | @ dR. Letz = R?:
/°° R? dR_}/“’ T _1r@r@/2) 2
o (RZ+h2)3/27"7 2, (z+h2)32 " 2n T(5/2) ~ 3h°
2,72, .4 272 4
Hog d*w 2 poq°d*w
= 2 —_— I .o b
”( 327%¢ ) "3 PYE

~

which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course.
(c) The amplitude is zo(t), so U = ;kzd is the energy, at time ¢, and dU/dt = —2P is the power radiated:

1.d _ pow’ 5 5 d o _ pow'q® _ 2 2 __ 2 —nt _ g —Ktf2
3 dt( )= ~omcd % (zg) = P (z5) = —Kzg = x5 =d°e™™ or z¢(t) = de .
2 12 2
r=2_ wkcm2: 127rcm.
Kk pogk? toq?k
Problem 11.22
0
(a) From Eq. 11.39, (S) = (%02:?3:3 ) 31;12 t. Here sinf =

R/r, r = VR?+ h?, and the total radiated power (E-
. _ pomw* : e _
qg. 11.40) is P = Tond So the intensity is I(R) =
A I
32 ) (R2+h%)? | 8r (R2 + h2)?

(b) The intensity directly below the antenna (R = Q) would (ideally) have been zero. The engineer should
have measured it at the position of mazimum intensity:

P 2R
[( 2RJ=%7—T-W(R2+}L2—2R2)=O$

R
(RZ + h2)?

ar _
dR

3P
8w

2R
R? ¢ h2)?




3P R?

3P

At this location the intensity is I(h) =

87 (2h%)% | 327h?’

3(35 x 10°
(€) Imax = —(——-——2—)- =0.026 W/m? = l2.6,uW/cm2.l lYes, KRUD is in compliance.]

327(200)

209

Problem 11.23

(a) m(t) = M cosyz + M sin[cos(wt) X + sin(wt) §]. As in Prob. 11.4, the power radiated will be twice
that of an oscillating magnetic dipole with dipole moment of amplitude mg = M siny. Therefore (quoting

P poM?wisin? o
B 6mc3

Eq. 11.40):

(b) From Eq. 5.86, with r - R, m - M,and § = n/2: B =

Mo M
4r R3'

47 R? Bl 47(6.4 x 10%)3(5 x 1079)

(c) P=

P = po(4m R3B /1) 2w sin’ 4 _ 8
- 6mcd 3uoc?

(d)

M== 47 x 107
(47 x 10~7)(1.3 x 10%*)2 sin?(11°) 27
67(3 x 108)3 24 x 60 x 60

(w?R®Bssin 1/’)

=[1.3x10% Am?.|

) - (not much).

.| (Alternatively, you can get this from the answer to Prob. 11.12.)

Using the average value (1/2) for sin® ¢,

- 8m 2m 1) 5 1 36
= 3n x 10-1)(3 X 107 [(10-3) (10°a0 } 5 =[2x10° W] (a ov).

Problem 11.24

(a) A(z,t) = %/E%r—)—da

_ o [ K o
47 1‘2+.'E2

_ Mok K(t—\/rz-}—a:?/c)rdr
2 vtz

The maximum r is given by t — vVr2 + z2/¢ =0

Tmax = V €2t%2 — z? (since K(t) = 0 for t < 0).

dr

.

—

___(c_t_:_z_)i

y
@
_ /JoKoZ #oKoz 2‘ #oKoZ 3 _ .\ _ kKo
A(z,t) = / m Vvritz (\/-rm T z) =
A K

E(z,t) = —%Z- = —&2—09‘2, for ¢t > z, and 0, for ¢t < z.

s o |#Ko .
B(z,t) = VxA= _BBA v = ;_t_qé_oy’ for ¢t > z, and 0, for ¢t < z.

T

2
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(i)

A(z, 1) “"0‘2/% (t=VrZ+22e) 4 - pood [t/rm T lfrmrd]
) = = —=dr - - r
0 V72 + z? 2 0 VrZ4x? cJo

2
-~ 1 —
= Mogz [t(ct —-z) - ——c(c2t2 —:cz)] = “Z‘Zz(x — 2tz + *t?) = -&a(xTCEQ-z
E(z,t) = —%‘?— = Mi for ¢t > z, and 0, for ct < z.
A,
B(z,t) = VxA= —-(?-——'9 = -—%(x —ct)y,|for ct > z, and 0, for ct < .
z

(b) Let u = 1 (\/r2 + z2 ——:c), 50 du = % [l-——l————%dr] = %—————r——-—dr, and

c 2Vr? 22 Vre +z2
JEIT 2 5 [
t—J—i-x—=t— E—u,a.ndasr:O——)oo, u:0 — oo. Then A(z,t) = ,uocz/ K(t— E—'u,) du. qed
c c 2 Jo c
_ 6A __kocZ > 9 T 0 T _ 0 T
E(z,t) = —-— 2 /0 (—?—tK (t— o du. But 8tK (t - u) = 6uK (t p —u).
- “OC T Bl T (= Z )T = —HeS _ — K(—00)|2
= / u) du = 5 2 [K (t - u)] lo =-= [K(t—z/c) — K(—o0))Z
= “°CK(t— z/c) %, | [if K(—o00)=D0].
Note that (i) and (ii) are consistent with this result. Meanwhile
OA, . foc . [ O T lo} z 10 T
= ———y=-- —K({t-=- . t —K(t—-=—-u)=—-— - = —u).
B(z,t) 5z 7 - y/o e ( - u) du. Bu 3 (t - u) . auI (t - u)

<ty [T B2 ) wm g (- )] = Bk - o

= —2—K(t—x/c)y [if K(—o0)=0].
S = ——(Ex B) = 10 (“;C) (L‘zﬂ)x(t—x/c)[-zxy]z-‘—,‘z—c[x(t—x/c)fi.

This is the power per unit area that reaches z at time ¢; it left the surface at time (t — z/c). Moreover, an
equal amount of energy is radiated downward, so the total power leaving the surface at time ¢ is E—;— (K (t)]2 .

Problem 11.25

1 ¢ 1 4 poc?q® poctq®
t) = 2q=z(t =2 F= = ———— = - = - s p=— .
p(t) = 2q2(t); B = 2¢% mé = 4meg (22)2 z dmeg 4m2? 16xmz2’ ¥ 8wmz?
- 2,3\ 2 33,6 2y 3
. . . _ HoP _ o Koc q _ MCq _ | [ procg 1
USlng Eq- 11.60, the power radiated is P = 67!'_0 = g;é (— 87Tm22) = (47r)3m2z4 = < e ) 6—Tn2—24

Problem 11.26 1
With a = 90°, Eq. 7.68 gives E' = cB, B' = —EE’ gy = —cge. Use this to “translate” Eqgs. 10.65, 10.66,



and 11.70:
E' = ¢ (%fz X E> =4 x (~cB') = —c(A x B').
, 1 1 gqe 2 2 2 .
B = _EE-———EHW[(C —U)u+4x(u>(a)]
_ 1(-q,/c) » 2 2 _ By % 2 2
= e I GoaP (2 —v*)u+2x (uxa)] = Ir Gy [(Z —v*)u+2x (uxa)].
2 2 2 2
_ Hoa® 5 poa” /1, \" _poa® .,
P - 67TC qe - 67TC ( cqm> - 671'03 (qm) .
Or, dropping the primes,
fodm 2
B(r,t) = Zﬂm TRE [(* = v®)u+2x (u x a)] .
E(r,t) = —c(2xB).
2 2
_ pogha
P 6mcd
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Problem 11.27
F
m

T
(a) Wext = /Fda: = F/ v(t) dt. From Prob. 11.19, v(t) = [t +7— Te(‘"T)/T]. So
0 .

F2 T T T F2 [¢2 T
Wexe = — / tdt-{—r/ dt —TC—T/T/ et/Tdt| = — [— +Tt—Te“T/TTet/T}
m \Jo 0 0 m {2 o
F2 11 2 71
= o [§T2 +7T — 2 T/7 (eT/T - 1)] = % (§T2 +1T —12 + T2e_T/") .
1 2 22
(b) From Prob. 11.19, the final velocity is vy = (F/m)T‘, 50 Win = -;-mv} = Em%Tz = F%Z .
2.2
(¢) Wraqa = [ Pdt. According to the Larmor formula, P = —'Lf%%%, and (again from Prob. 11.19)

{ (F/m) [1 - e“T/T] et (t<0);
a(t) =

(F/m)[1-e&TV/T],  (0<t<T).
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2 p2 2 r0 T 2
Wiaa = I§Q__E {(1 - e‘T/T) / 2T dt + / [1 - e(‘fT)/T] dt}
TCc m —00 0
T
= ,J__}_?i (1 _ e—T/T)2 (' 2t/7 dt — e~ T/-r/ t/-r dt + 6—2T/r/ eZt/T dt
m 0

- TF? [ _T/T +T~ 2e=T/7 (Tet/'r) 4 o=2T/" %e""/r) T}
m 0 .
= r:" [‘; (1 - 2e*T/r +e—2T/r) +T —2re=T/T ( T/r _ 1) +% =21/ (62T/T ~ 1)]
= Ti2 [% — e T/T 4 _2_ e 2T/T LT —9r 27~ T/T %_ _ %e_gT/T] _ %ﬁ (T . +T6—T/T) .

Energy conservation requires that the work done by the external force equal the final kinetic energy plus
the energy radiated:

F2

22 2
F?T TF — (%T2 +7T -2+ 'rze—T/T) = Wext. v

+ — (T—'r-!-'re‘T/T) =

Wiin + Wraa = 5
m m

Problem 11.28
(a)a:rd-i—%é(t):/:a(t)dtzv(e)—v(—e):-r/ ——dt+——/ 5(t) dt = r{a(e) — a(— ]+—

k
If the velocity is continuous, so v(e) = v(—e¢), then |a(e) — a(—¢) = -
m
When t <0, a = 7a = a(t) = Ae!/™; whent >0, a =714 = a(t) = Be!/"; Aa=B—-A= _;k_
T

k :
= B = A - —, so the general solution is | a
mr

_ | Aet/T, (t<0);
(&)= { (A - (k/mr)]et!™, (t>0).

To eliminate the runaway we’d need A = k/mr; to eliminate preacceleration we'd need A = 0. Obviously,

(k/m7)et/™, (t <0);
0, (t>0).

you can’t do both. If you choose to eliminate the runaway, then |a(t) = {

t k t . k
- - /T N t/T
(t) /_ . a(t)dt — /_ e dt = — (re )

t t/r .
for t > 0,v(t) = v(0) + /0 a(t)dt = v(0) = -:; So | v(t) ={ E’i%e/ ’ §§§8§

= -lc-—e‘/’ (for t < 0);
m

~ 00

k ¢ 0, (t < 0);
or an uncharged particle we would have a(t) = —4&(t), v(t) =
F harged particl Id have a(t) = —6(t), v(¢) /_oo a(t) dt = { (/m). (t50)

The graphs:
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o(t)
k/fll
charged
P — o e o
f
neutral neutrat
(b)
' 2
Wexe = / Fdz = / Fudt =k / 8(t)u(t) dt = ku(0) = ~-
1, 1 [(k\? &
Wkln = §mvf = Em (-m—) = —2;1-
2 2 0 2 0 2 2
Hog 2 k 2t/r k> (T ayr k k
= { = = —_— = — | = —_—

Clearly, ext — ka + Wrad v
Problem 11.29 U
Our task is to solve the equation a = 7a + EO [-d(z) + é6(z — L)}, subject to the boundary conditions

(1) z continuous at z = 0 and z = L;
(2) v continuous at z =0 and z = L;
(3) Aa = xUs/mTv (plus at z = 0, minus at z = L).

The third of these follows from integrating the equation of motion:

(Zd - 1 %%dt+%’-/[-—5(x)+6(z—L)]dt
Av = TAa+gn3/[ 6()+5(m—L)]——dz—0
Aa = =%/%[—5(z)+5(z—L)] do =40,

In each of the three regions the force is zero (it acts only at z = 0 and z = L), and the general solution is
a(t) = Aet’™; u(t) = Are!/” + B; z(t) = Ar%et/™ + Bt + C.
(I'll put subscripts on the constants A, B, and C, to distinguish the three regions.)
Region iii (z > L): To avoid the runaway we pick Az = 0; then a(t) = 0, v(t) = Bs, z(t) = B3t + C;. Let
the final velocity be vy (= Bj), set the clock so that ¢t = 0 when the particle is at = 0, and let T be the time
it takes to traverse the barrier, so z(T) = L = vsT + C3, and hence C3 = L — v;T. Then

[a() =0; w(t) = vy, z(t) = L+vs(t = T),] (t<T).
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Regionii (0 <z < L): a = Aze!’™, v = Ayre’™ + By, = = Asr2e!!™ + Bat + C,.

(3) = O-‘AgeT/T————- o = Ay = Yo C_T/T.
mrvys mTuyg
T/T Uo Uo
(2) = vy=Are’/"+By=——+By= By =vy— —.
muy muy
U UeT
(1) = L=Ar2T" + BT +Cy= — + 0,7 — 2= +Cy=v,T + ﬂ(r—T)+(12 =
muy muy muy
Co=L—-vT+ mvf(T_T)'
a(t) = o e,
mT‘U_fU
u(t) = v+ =2 Jelt=T)/7 1] ; (0<t<T).
muvy U
z(t) = L+uv(t—-T)+ — [‘re("T)/T ~t+T— 'r] ;
muvys

[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we’re
interested here in the régime where it does tunnel through.)
In particular, for t = 0 (when z = 0):

0=L--—'u/‘T+-ﬂL [‘re_T/r+T—'r] =>L=v/T—-U—0 ['re_T/T+T—-'r]. qed
muvy muvy

Regioni (z <0): a = Ale‘/r, v=Aret!™ + B1, z = A172€!/™ + Byt + C,. Let v; be the incident velocity
(at t = —o00); then By = v;. Condition (3) says

__g"_e—T/r — A= Yo

mruy mTuvg’

where v is the speed of the particle as it passes £ = 0. From the solution in region (ii) it follows that

U - . ..

v = vy + m—:— (e”T/ T 1). But we can also express it in terms of the solution in region (i): vo = A17 + v;.
f

Therefore

Uo Uo e—T/r

U U
v/+—°(e_T/T—l) —'A17'=‘U/+——0‘(6-T/T—1)+'——
mv, muvy muyg muvy

Vi

Us Uo Us ( v,) Us vy
———t — =y - — 1= =) =y - 1-
u1 muy + mup v muy Uo v muy vy + (Uo/muy) [e-T/r — 1]

= vy — Yo 1- 1 . qed
muy 1+ (Up/mv}) [e=T/m —1]

If %mvf = 1 Uy, then

L= T = vy [re ™"+ Tmr] oy [T = 7e /7 =Tt a] = 1oy (1T,
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‘ 1
Vi = Vg — Uy [1 - m_—:i:/-??—l—] = vy (1 -1 +8T/f) = ’UfeT/T.
Putting these together,
L 1
_—=1- "T/r:> "T/"'zl._.__=>T/T=__..____=> . _..L__.
T oy 08 Ty T TS W
4 E.  imv? 1\ 2
In particular, for L = vy7/4, v; = v,1/4 = 5”” SO II({E; = % = (:—;) = % =
27f
16 161
KE; = EKEI = ~9—§U° = —Uo

Problem 11.30

(a) From Eq. 10.65, E; = Sﬁf)(Tf;)? [(2=v)u+(s-a)u—(2-u)a). Hereu=ch—v,2=1%+dy,
v=vX,a=aX,s02-v=Iv,2-a=la, 2 u=0c—2-v=o0c—lv. We want only the z component. Noting

that u, = (¢/2)l — v = (cl — v2) /%, we have:

= 4 Al aE - s
B. = 8eo (o8 — lv)3 L(cl v)(c” - v* +la) — a(e lv)]
= L__...._l__ — 2 _,2 2, _ 2 . 2 _ 42
R P [(cl = v)(c® = v®) + cdl®a — wla — acs? + alwr] . But 2? = 12 4 &2,

= g(rle—o‘(g,fll;j’s' [(cl = »)(c® — v*) — acd?].
¢ 1

Bres (or o [(cl = »)(c? = v?) — acd®] k. (This generalizes Eq. 11.90.)
5 (07 —

Feer =
Now z(t) — z(t,) =1 =vT + $aT? + }aT® + .-+, where T =t —t,, and v, q, and & are all evaluated at the
retarded time t,.

(T2 == +d>=d’+ (v + -;-a:r2 + éa’r**)2 =d® + v’T? + vaT? + %vizT“ + -EazT";

SAT*(1 —v?/c?) = 2T2/’y =d? 4+ vaT? + (%viz + %az) T*. Solve for T as a power series in d:

2 4
i Zc(—i (1+A4d+Bd+--) 2 ’chz (1 +24d + 284 +A%d?) = el E (1+3Ad)+ (U3a + %) Ay

2\ A4
Comparmg like powers of d: A = -l-va 2B+ A’ = 30‘” A+ (W + a_) X

3 3 4 )t
_3warl 3 15,78 vay! | a®y' _wvay' | A%e® (1 2 3v2a%4S
2B = g Vgt 3t T3 T \F ) s c6
4, 2.2 2,2 2 2
- X |ve, o™y Y Y L e 2 [va | 2Pe? v
= 64[3+ 7 1 < 62+662)]:>B 264[3+ 1 (1+462>].
~d vay? v [va ~+%a? v?
- 2@ =2r g+ = 4— || d? d* L
T - {1+ 3 c3d+2 . [3 + 7} 1+ z, +() +- (genera.hzngq 11.93).
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I = vT+§aT2+é—dT3+
— ”_"C@{H %agchu% [v—;-+ "’24“2 (1+4§)] d2} +%a"’?2 [1+va7§d} +6a7§3d3
= (fg)d+%§(1—§+§)d2+{%2—:[?+7Zaz (l+4$)]+%a7:va-§+éa£}d3
- (”%)d+(a—;’;)d2+%[g<1+72 z)+”7:2a2 (i—+2—j+1—2—2)}d3
- (Den ()i i P e 0n

2 = cT='yd{1+1—]2EZ—33d+27—;[%+'y2a2(%+Z—z')]d2}+()d4+~~
a—lv = wd+%‘g—4d2+%[%+v2a2<%+’C’—z)]d3-3i—7d—“2”—::d2—i;[%+Zm;ag]d3+m
= c7d<l g-)+g;—[%+ ”(%+’c’_z)_%_gv2~yjaz]d3+
= Ed+78;2d3+()d“+
d-wv = v7d+a2—fd2+-2zci2(g+nga2>d3" d—%%dh%{‘?w%?(i%)]f
(02 e B 2 (1 e
(D) B[ (31D e e
- (@)er 22D eroe
(cr — )™ = {f;i’ (1 + LZ’;&)} Tl (%)3 (1 - 3;—‘32&) +
or = g o) (=) {[(55) 45 (5+55) #] 5ot
~ w15 ) 535 )
TS S
q? ; a Y /a4 vyla? . .
= e [—7 Fitis (5 + ——62—> +()d+ } % (generalizing Eq. 11.95).
Switching to t: v(t,) = v(t) + 0(t)(t, — t) + -+ = v(t) — a(t)T = v(t) — ayd/c. (When multiplied by d, it

doesn’t matter—to this order—whether we evaluate at ¢ or at t,.)



o [ v(_t:_)_]z _ . P2 —2vayd/q _ [ - v(t)z] (1 . 2av~/3d)’ “

c c? c? c3
v(t:)\° i vay? ;
Evaluating everything now at time ¢:
2 [ 34/ 03 ¢ 4 7 22
q 3 (1 =3vay’d/c®) (a—avdfc) ~+* (& wvyla
Fse = — _— = —— 2 e | X
it 41eg 7 4c%d + 4¢3 \ 3 + c? +()d"+ x

2 r 3 3 b 2.2 4 ; 2.2

g Ya ¥ fay _valy 7 (4  vyla

- _ 3—_ LA P
o | 4c2d+4c2(c+ 3 )+4c3(3+ 2 )+()d+ ]x

2 [ A8 4 : 2,2 2.2
q Ya (. a ,vd? vyl R
= S S Z4+3 d+---
4meg | 4c2d+4c3<a+3+ c? ta )+() + ]x
2 1 A8 4 2.2
= 42; —% 37? <d+3vac;/ ) + ( )d+~--] % (generalizing Eq. 11.96).
0L

The first term is the electromagnetic mass; the radiation reaction itself is the second term:

int, _ Mo va’y’
FiM = T74 (c’z +3—; > (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is
e c

2 2.2
_Hod 4. vary
Frag = —61rc 0 (a +3 o2 ) .

2,2

(b) Fraq = A74 (d + 37;

tz 123 123 ’U20.2"[2 t2
Fquvdt = —/ Pdt, or / ~4 <('w +3 ) dt = —/ a’y8 dt
ti t1 ty 62 ty

{(except for boundary terms—see Sect. 11.2.2).
to to ) d
Rewrite the first term: 74('111 dt = / (7411) d_(tl dt = 74va
ty ty

~ 6me

ta t2 d 4
- — dt.
T (7*v)a

d, 4 3dy 4 dy d 1 1 1 2va vay?

-— = 4 _ . _— = — ———— e = e e e —— = .
Now di (7*v) Y at v+ e dt _ dt M —o2/c2 V2] 2 (1 —v2/c2)3/2 c? c2 So
d, 4 3 vay? 6 vt P 8 v??

—(v*v) = 47%v =2 +7'a=7"a 1_g+4c_2 =~’a 1+3C_2.).

t2 2
- / 7%a? (1 +3—2~) dt, and hence
ty C

t2 3 2,2,,2 ta t2 2 a?y?
/ 7! (fw + 'YC;‘;’U) dt = v*va +/ [—76a2 (1 + 36—2) +37 - ] dt = yva
t1 t1

t2

t2

t t
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2
U), where A= 2% p- Aa%4% (Eq. 11.75). What we must show is that

t2
—/ ~v%a%dt. qed

t1
Problem 11.31

(yp=HI27 0g’a’y” (Eq. 11.75) VB2 + 2¢? (Eq. 10.45) b=t
— . . . = . . y U= = 5

2 6mc 4 v ¢ a VI ¥ 22
c? At(c*t) c? Tt

(62 + 282 —c2t2) _

e=v= N/ o - (02 + 2t2)3/2 ~ (b2 + c22)3/2 02 + c2t2)3/2;
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1 1 b2 + 1
2 _ - _ — T (B2 242
T =1 “v2 2 1- (2B + 2t)] b2+ Pt — 2 b (b* +c*%) . So
2 pAcs b2 + c242)3 2
= /;O:C G 22 BE ( +b§ ) = G:e:bz' lYes, it radiates] (in fact, at a constant rate).
2.4 2,2 2,2 (902 2 4 2.2
g’y (. 3v%a*v ] 3 bc?(2c%t) 3b%c*t . 3v%av
b = M = e — - — . e
(b) Frag 6nc (a e ) 4T (b + c*t2)5/2 (b% + c22)5/2° T
3b2cit 3 +3) bt c*t ' — —
- F 1) + = 7 F 30y JETon =0.|Fraq = O.} [No, the radiation reaction is zero.]




Chapter 12

Electrodynamics and Relativity

Problem 12.1

Let u be the velocity of a particle in S, 1 its velocity in S, and v the velocity of § with respect to S.
Galileo’s velocity addition rule says that u = u + v. For a free particle, u is constant (that’s Newton’s first
law in S).

(a) If v is constant, then @ = i — v is also constant, so Newton’s first law holds in S, and hence S is inertial.

(b) If S is inertial, then i is also constant, so v = u — 1 is constant.

Problem 12.2
(a) maus + mpup = mguc + mpup; u; =1q; +v.
ma(aas + v) + mp(ap + v) = me(iac + v) + mp(ap + v),
matas +mpup + (m4 +mp)v = meic + mpiip + (me + mp)v.
Assuming mass is conserved, (m4 + mp) = (m¢c +mp), it follows that
maiig + mpiig = mguc + mpilp, SO momentum is conserved in S.

(b) tmaud + impu} = Imcul + impu?, =
Ima(t? +2t4 - v +v?) + Imp(ah + 20p - v+ v2) = tme (@l + 2ic - v + %) + Imp(dd + 28p - v + v?)
-;-mAﬁi + %mgﬂ% +2v-(maus +mpip) + ;}vz(mA + mp)
= %mcﬁzc + %mpﬂ% +2v. (mcﬁc +mpip) + :;-U2(mc + mp).

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation

1, =2 4 1 =2 _ 1 —9 11 =2
of mass, so 5maly + gmplp = ymcig + smpliy. qed

Problem 12.3
(a) vg = vaB + vBC; Vg = [FARTYEC, v yg (1 — UAEREQ) = YO-UR o Yamyac,

+vapvac/c
In mi/h, ¢ = (186,000 mi/s) x (3600sec/hr) = 6.7 x 10® mi/hr.
. Yg-yE % =6.7x 10" = L6.7 x1071% error,J (pretty small!)

. vG

(b) (3c+3c)/ (1+3-3)=(3g/(¥) = %c (still less than c).

(c) To simplify the notation, let 8 = vac/c, B1 = van/c, B2 = vpc/c. Then Eq. 12.3 says: § = %‘—E%, or:

BE+2818+ 6%  1+26:8:+BiBF  (L+BiB3 - B - 53) =1 (1-6H)0 -8 —1-A
(1+ B15:)? ’

2 _ -
F = (1+28:82+B263) (1 +2B18:+BB3) (1 +2B18: + BiB3)

219
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where A = (1 — 82)(1 — 82)/(1 + 51 82)? is clearly a positive number. So B2 < 1, and hence Jvac| < c. qed
Problem 12.4
(a) Velocity of bullet relative to ground: jc+ 3¢ = 2c = 3¢

Velocity of getaway car: %c = %c. Since vy > vy, lbullet does reach target. l

letd 5
(b) Velocity of bullet relative to ground: f%ig- = -25 =3c= %gc.

Velocity of getaway car: %c = %%c. Since vg > vy, |bullet does not reach target.]

Problem 12.5
(a) Light from the 90th clock took %"%’}‘; =300 s = 5 min to reach me, so the time I see on the clock is

(b) I observe

Problem 12.6

light signal leaves a at time t; arrives at earth at time t, =t + d,/c,
light signal leaves b at time t}; arrives at earth at time ¢, =t} + dy/c.

—vAt cosé
.'.Atztb—ta=t£—t;+ =At’+'(————c—~“——)

(dy — da) : da) = At [1 - %cos 6’] .

(Here d, is the distance from a to earth, and d is the distance from b to earth.)

vsind At vsiné . , )
u= is the the apparent velocity.

= vAt'sinf = :
As = vAt'sin (1 -v/ccosb)’ (1 - 2cosb)

du  v[(1— %cosB)(cosh) — sinf(¥sin6))

=0= (1-—-20089)0089: —Esinzﬁ

dg (1 - ¥cosf)?
= cosf = E(sin2 6 + cos® §) = Y
c c
Bimax = cos™!(v/c). | At this maximal angle, u = 2 ‘l_l;zv;clzcz = \/I_ILQ/C2~

Asv = ¢, because the denominator — 0, even though v < c.

Problem 12.7
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the
— ‘T . « T H —6
muon lasts y7 = T where 7 is the “proper” lifetime, 2 x 10™° s. Thus

d d
v — 2 =% /T=v7/c?, where d = 800 m.
7//1—-v%fc2 T /

TNZ 5 LY 2 SRS I P 1

(d) viEl=G v [(d) +c2]‘1’ VS FEF f
v’ 1 oTe_(2x1079@3x10%) 6 _3 2 _ 1 16
@ 1+ (re/d)?’ d 800 T8 4 ¢ 1+9/16 25 5
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Problem 12.8

M ( = 1 . ( = 1 - 1 = é
(a) Rocket clock runs slow; so earth clock reads vt = by ey 1 hr. Here v ey Ry ey i L

.. According to earth clocks signal was sent [1 hr and 15 mirﬂ after take-off.

(b) By earth observer, rocket is now a distance ( c) ( )L hr) = —c hr (three-quarters of a light hour) away.
Light signal will therefore take hr to return to earth Since it left 1 hr and 15 min after departure, light

signal reaches earth L2 hrs after takeoff.]

(c) Earth clocks run slow: trocket =y - (2 hrs) = 2 - (2 hrs) =

Problem 12.9

L L 2 1 112 3. 1 v2 3
l —_— l « g — Ly, - E— p— — (L —_ 2. p— —_ —_ 2 .
e = 2Ly; Ye v 50 3 1 (2) —\/:,T—l = = 18

=1-23 =1.(,—
=l-gg=15i|v= ¢

s,

Problem 12.10 .

Say length of mast (at rest) is . To an observer on the boat, height of mast is ! sin 6, horizontal projection
is Icosf. To observer on dock, the former is unaffected, but the latter is Lorentz contra.cted to —lcost9
Therefore:

lsinf . ~ tan@

= ~tanf, or|tanf = ————0—-.
lcosg 0 ' V1-v2/c?

tanf =

Problem 12.11 .

Naively, circumference/diameter = %;(2#12) /(2R) = n/y = ny/1 — (wR/c)? — but this is nonsense. Point
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a
specific model for the internal forces holding the disk together.
Problem 12.12

(iv)=>t==£ T+ . Put this into (i), and solve for z:

%=z (ﬂ”’”) (1 ”2) = yos —vi= % —vE [z = (@ 1+ 0D). |
= — YU{ — — = vz —_——} - = -_— = — - N - T vij.
L N e 7 2 '7,),2 ~ v .

Similarly, (i) = z = £ + vt. Put this into (iv) and solve for ¢:
M Y

2

. YU v v_ ¢t v . - U _
t t— c2(7+vt) 'yt(l—cz)—c—zx—:y——ggz, t—’y(t+—2—:z:)./

Il
2

Problem 12.13 )
Let brother’s accident occur at origin, time zero, in both frames. In system S (Sophie’s), the coordinates

of Sophie’s cry are z = 5 x 10°m, ¢t = 0. In system S (scientist’s), { = y(t — %z) = —yvz/c®. Since
this is negative, [Sophie’s cry occurred before the accident,] inS. v = \/1_(112/13)2 = \/16;:_’_144 =2 So

F=— () (2¢) (5x 10%)/c? = =12 x 105/3 x 108 = —4 x 10~3. |4 x 10~%s earlier. |

Problem 12.14

(a) In S it moves a distance dy in time dt. In S, meanwhile, it moves a distance dj = dy in time df =
v(dt — %dz).

dy o (dy/dt) orla Uy 2 Uy

= = ; = Uy = —————.
W= gdn)  4(1-3%) " | y(-%) " (- %)

&8
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~ i 1 — ¥ _

() tand = —Z = - B/ 0=)] 1 (w)
Yz (ue —v)/ (1 - 2%) 7 (uz — )

In this case u, = —ccosf; u, = csinf = tanf = }1- (___:CC:;_%L) '

=1 in 6
tanfd = — Sy .|[Compare tan§ = 75““; in Prob. 12.10. The point is that velocities are sensitive
v \cosf +v/c cos

not only to the transformation of distances, but also of times. That’s why there is no universal rule for
translating angles—you have to know whether it’s an angle made by a velocity vector or a position vector.]

Problem 12.15

. 5 . .
Bullet relative to ground: 7c, Outlaws relative to police:

2c— 3¢ —(1/28 1
Bullet relative to outlaws: 17_ % 4 % = (§3§28))C = BT
of B relative to A, so all entries below the diagonal are trivial. Note that in every case vpyijet < Uoutlaws, SO O

matter how you look at it, the bad guys get away.]

¢ . [Velocity of A relative to B is minus the velocity

speed of —
relative to & || Ground | Police | Outlaws | Bullet || Do they escape?
Ground 0 ic 3c gc Yes
Police -}c 0 Zc ic Yes
Outlaws -3¢ —-2c 0 —&e Yes
Bullet —;c —%c ﬁc 0 Yes

Problem 12.16
(a) Moving clock runs slow, by a factor v = 71=_—a=7§; = 3. Since 18 years elapsed on the moving clock,

% % 18 = 30 years elapsed on the stationary clock. {51 years old.

(b) By earth clock, it took 15 years to get there, at %c, so d = #c x 15 years = (12 light years).

c) F: 15 years, £ = 12¢ years.l

(d) [f: 9 years, T = 0.] [She got on at the origin in S, and rode along with S, so she’s still at the origin. If
you doubt these values, use the Lorentz transformations, with z and ¢ from (c).]

(e) Lorentz transformations: { z= Y(z + vt) (note that v is negative, since Sis going to the left).
t=7(t+ 1)

E= 3(12c yrs + —c 15 yrs) = 5 +24c yrs =
f=3(15yrs+ §% - 12c yrs) = g (15 + 48) yrs = (25 + 16) yrs =

(f) Set her clock l ahead 32 years, I from 9 to 41 (£ = £). Return trip takes 9 years (moving time), so her clock

will now read years at her arrival. Note that this is g - 30 years—precisely what she would calculate if the
stay-at-home had been the traveler, for 30 years of his own time.

(g) ()t =9 yrs,z=0. Whatis t? t = %z + 5 =2.9= 2 =54 years, and he started at age 21, so he’s

26.4 years old. | ( Younger than the traveler (!) beca.use to the traveler it’s the stay-at-home who’s moving.)

ii) f =41 yrs, z = 0. What is t? ¢ = £=3.41= —— = 24.6 years, and he started at 21, so he’s
i

45.6 years old.
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(h) It will take another of earth time for the return, so when she gets back, she will say her

twin’s age is 45.6 + 5.4 = years—which is what we found in (2). But note that to make it work from
traveler’s point of view you must take into account the jump in perceived age of stay-at-home when she changes
coordinates from & to S.

Problem 12.17

—a%° +a'd' +a%b? +a’b® = =2 (a® — Bal)(b° — Bb*) + v%(ad — Ba®)(b! — Ba®) + a’b? + a%b®
= —%(a%° _ﬂppgl —ﬂ;z/bo + B2 — glb! +ﬁ}z/b° +,3;2%1 — B26%80) + a2 + a3b°

= —42a%°(1 - B%) + v2a’b (1 - B%) + % + a®b®

=~a%° +alb' +a%® +a®®. qed [Note: v*(1 - %) = 1]

Problem 12.18

ct 1 0 00 ct
z -8 1 0 0]}z . . .
(a) 7 =109 01 0 y (using the notation of Eq. 12.24, for best comparison).
z 0 0 0 1 z
vy 0 -8 0
0 1 0 O
b){A =
() 48 0 4 0
0 0 O 1
¥ 0 =38 0\ /vy -8 00 YW -7iB -8 0
. . 0O 1 0 © -8 v 0 O -8B v 0 O
¢) Multiply the matrices: A = = _ = s o= _
(c) Muliply %8 0 5 of|l 0 0o 10 ~3v8 BB 7 O
0 0 0O 1 0 0 0 1 0 0 0 1

E the order does matter. In the other order, “bars” and “no-bars” would be switched, and this would give
a different matriz.
Problem 12.19

(a) Since tanh @ = :::;2“37 and cosh® 6 — sinh? @ = 1, we have:

. ) ho
) B cosh = coshf; v8 = cosh#tanh § = sinh@.

CV1-v?/¢2 \/1_tanh®8 \/cosh?6 — sinh? 6

cosh@ —sinhd 0 O cos¢ sing 0
—sinhd cosh® 0 O .
A= 0 0 10 Compare;: R= | —sin¢g cos¢ 0.
0 0 01 o 0 1
. u-v @ (u/c) = (v/c) - _ tanh¢ —tanhf B _ _
(b) & = — Pl BI6) = tanh¢ = T tanh ¢ tanh 6’ where tanh ¢ = u/c, tanhf = v/c;

_ &
tanh ¢ = @/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:

»

tanh ¢ — tanh§ ) - B ==
T tach S tan g = 2UR(8 = 0). . tanh§ = tanh(p — ), or
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Problem 12.20

() () I = —2A2 + Az? + Ay + A22 = —(5-15)2 4+ (10-5)2 + (8= 3)2 + (0— 0)2 = —100+ 25 + 25 =
(ii) (In such a system At = 0, so I would have to be positive, which it isn’t.)

(i)

B

S travels in the direction from B toward A,
making the trip in time 10/c.

less than c.

N 4

4

i 1
T

6 8

4oz
10

MO I=-B-1)2+(5-22+0+0=-4+9=[5.]
(ii) By Lorentz transformation: A(ct) = y[A(ct) — B(Az)]. We want At =0, so A(ct) = f(Az); or

v_Alet) _ (3-1) _2

c Ar

(5-2) 3

. Solv=

2

3 ?

—c, | in the +z direction.

(iii) (In such a system Az = Ay = Az = 0 so I would be negative, which it isn’t.)

Problem 12.21

Using Eq. 12.18 (iv): Af = y(At — $Az) =0 = At = Az, orv = {Lc? =

tg —ta
"——"‘—Cz.
IB ~ T4

Problem 12.22
(a) Ct;

world line :
of player 1~

10 ft

: T

world line of
player 2

world line of
the ball

Truth is, you never do communicate with
the other person right now—you communicate
with the person he/she will be when the mes-
sage gets there; and the response comes back
to and older and wiser you.

(b) It is true that a moving observ-
er might say she arrived at B before she left
A, but for the round trip everyone must agree
that she arrives back after she set out.
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Problem 12.23

(a) Y VMY N e/l N

! 7 iy
: 1;/4 l"Y/ l‘ly/ Y R QY A C /‘1‘ (b) % = Slope = g.—.?i
TR R S | SN =v=8&c=[0.95c.

S i I 1T A7

F L~ 9//Q ;4 detdc
SAEEN (c)v—gc,SOvszf?g

ALt 37

/‘L _ §7(5!c . 35 _
/ 4 4/‘5 = Gips = ﬁc =0.95¢. v
/ ] &7
/ -
/ A | = N
P
%/ 7} T
e i& 8;7 ‘H '
Problem 12.24
2 1
1- =% w14+ %) =% lu= ——e—
cosh §

1
(b) \/I—UQ/CQ \/1 tanh2€

\/cosh2 6—sinh? §

=coshf; n= 1_1 ey cosh @ ctanh @ =

Problem 12.25

2
:

u

V1-u?/c?

,{2/5 c—,fz/sc

(a) uy = uy = ucos45® = %%c =
(b) \/1-1u’/c2 = \/1i4/5 = \/\a/—ii =
@ == e)

iy = u:—u

(d) Eq. 12.45=

-3

=

ﬁ):‘/l—%@fzxf)@/—:c-—;

N =Ty =

V2.

\ﬁ
3C.

3, =1 (5
(€) 7 = v(ne = B1°) = /1 - 2 (VEe - [2VBe) =[0] |m =n, = Ve
e iz = V3iy =0. ¥
() 1_u2/C2 \ﬁ—l(2/3) =3 #=V3a= { Y Y A }
Problem 12.26 ) a 2/’ 2)
—u?/e
"7” - —'("7 ) +"72 = m(—c’ +U2) = —sz = —-C2. X
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Problem 12.27
(2) From Prob. 11.31 we have v = jvb2 + %2 .7 = [ldt = bfﬁ,— = Yin(ct + VB2 + 2%) + k; at

1
t=0wewant 7 =0: 0=2Inb+k,s0k=—-2Inb; T:gll’l E(ct+\/b2+c2t2)].

(b) VzZ — b2+ z = be®T/b; V22 — b2 = be®T/b — 3; 1 — b? = b2e2°7/b — 23be™/b + x2; 2xbecT/ = b2 (1 4 2¢7/Y);
z = b(ﬂ%—”—/ﬁ) ={bcosh(cr/b). | Also from Prob. 11.31: v = c%t/V/b? + c2¢2.

_ 2 . cosh?(cr/b)—1 __ sinh(er/b) __ cT
v= <22 -2 = E—C;)—srhi—c;%—)\/b2 cosh®(cr/b) — b2 = c‘/cosh(cr/b) = czoshxr';b)) =|ctanh (?> .

z

(c) n* =7(c,v,0,0); v = £ = cosh &L, so n* = cosh § {¢,ctanh §,0,0) =|c (cosh Ebz,sinh %,0;0) .

Problem 12.28

U; +v
(a) maua + mpup = meuc + mpup; Ui =

Uug +v up +v uc +v up +v

mpag—————c+m =m +m =
AT+ (@av/c®) | B1+ (apu/e®)  C1+ (@ev/e?) | P1+ (apv/c?)
This time, because the denominators are all different, we cannot conclude that
Mmalig + mpup = mgiuc + mMpup.

As an explicit counterexample, suppose all the masses are equal, and uq = —up = v; uc = up = 0. This
is a symmetric “completely inelastic” collision in &, and momentum is clearly conserved (0 = 0). But the
Einstein velocity addition rule gives iq = 0, i = —2u/(1 4+ u?/c?), iic = 4p = —u, so in S the (incorrectly

defined) momentum is not conserved:
—2u
—_— —-2mu.
m (1 +u2/c2> 7 —2mu
(b) mana + mpne = mene + mpnp; i = (7 + B7Y). (The inverse Lorentz transformation.)
may(fia + B7%) + mpy(is + B0%) = mey(fic + BE) + mpy(7p + B7ip). The gamma’s cancel:
mafia + mpis + B(mafiy + mpiy) = meic + mpip + f(meig + mpip).
But m;n? = p? = E;/c, so ifI energy is conserval in S (Ea+ Ep = Ec + Ep), then so too is the momentum
(correctly defined):
mafia + mpils = mcfc + mpip. qed
Problem 12.29

.
7mc2—mc2:nmc2:>7:n+1:7;_=lﬂ7c=2ﬁl—%,: nll
Lo 1 nf4nti—-l _ n(n+2) b n(n+2)
.%2'—1_(n+1)2“—n(n_21)2 = ¥ u = n+1 C.

Problem 12.30
Er=E.+E+---; pr=pi+p2+-; pr=~pr—-BEr/c)=0=>p=v/c=prc/Er.
'U:CZPT/ET: C2(p1+p2+’)/(El+E2+)-]

Problem 122.31

m7 +m; m2 +m? 1 1
E“:(A_u)cz’:vm“czévz(ﬂ W oL
2 2mam, /1—vt/c2 2
vl Amimi _omi2mimp 4y —dmimp  (mi-mp) | (mE-mi
¢ 72 (m2 +m})? (m2 +m2)? (m2 + m2)? mZ + m2
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Problem 12.32
Initial momentum: E? — p’c® = m?¢* = p’c® = (2mc?)? — m%ct = 3m2c! = p = V3me.

Initial energy: 2mc? + mc? = 3mc?.
Each is conserved, so final energy is 3mc?, final momentum is v/3me.

E? — p*c? = (3mc?)? — (V3me)®c? = 6mPc! = M%ct = ~ 2.5m.

(In this process some kinetic energy was converted into rest energy, so M > 2m.)

pc2 _ V3mec® [ ¢
E = 3me® |3

Problem 12.33
9mc +mict = Emic! = E = imc.

First calculate pion’s energy: E? = p A +mict =%
Conservation of energy: =FE4s+Ep
2 = 2,

= Ea_Ea o 3 = - B | DA TIMC

Sm
Conservation of momentum: %mc2 =patps=

1

Problem 12.34 :
In a colliding beam experiment, the relative velocity (classically) is twice the

Classically, E = {mo?.
velocity of either one, so the relative energy is 4F.

Let S be the system in which @) is at rest. Its

v
I e i _ . ..
0 E 0 o) E 6 iS:(?d v, relative to S, is just the speed of
S S

= v (£ - Bp), where p is the momentum of @ in S.
p=—-YMv=—yMpBec; E =~ (£ +pyMpBc) c=v(E+yM3p?).

Lo =14 =25, E—WE+[( )~ 1| M,

P =10 - Bp") =
E—:’)’AJC2 80 7= W,
2

trm[mu

—-—fl_ﬁ =1-4%=

’Y =

= g2 B2 = 2E?

E—W—FW—MCz, E—W—MC

For E = 30 GeV and M¢c® = 1 GeV, we have £ = 0% _y - 1800 — 1 = [1799 GeV | = [60E. ]

Problem 12.35
Ea

One photon is impossible, because in the “center of mo- 60°
mentum” frame (Prob. 12.30) we’d be left with a photon mO ,,?L 9

at rest, whereas photons have to travel at speed c. Eg

(before) (after)

poc? + m2ct + me? = E4 + Ep.
horizontal: pg = -‘574 cos 60° + —"- cos@ = Egcos@ =pgc — —EA,
square and add:

Cons. of energy:
vertical: 0= Z4 5in60° — E2 sinf = Epsind = Y3E,;

Cons. of mom.: {
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1 3
ZE% + ZEi

2
= E% = poc® —pocEa + E% = [\/p?,c'-’ +m?ct + mc® — EA]
= poc® + m2c* + 24/pdc + m2ct(mc? — E4) + m?c* — 2Eame? + E3. Or:
—pocEq = 2m2c* + 2me?\/p2c? + m2ct — 2E44/p2c? + m2ct — 2E mc?;
0 0

Ea(mc® + (/pic? + m2ct — poc/2) = m2ct + mc®\/poc? + m2ct;
(me? + /pic? + m2c?) . (mc? — /p3c? + m2ct — poc/2)
(mc? + p%c2 + m2ct - poc/2 mc2 Vpic? + m2ct ~ poc/2)
7p2/c - pic m/c — gpomc® — B2 /pic? + mzc“) mc? (me+ 2po + /pg + m2c2)

1p/c4 — pomc® + —°— ~ pac? — T}z/c“ 2 (me + $po)

E%(cos? 8 +sin® ) = poc? — pocEa +

E4 = mc?

Problem 12.36
F__dp__d_ mu o du +u(_l - 2u- &
Cdt T dt ST-d2)E - 2] 2) (T~ u?/2)3r

+ u(u-a) } qed

m {a
V1-u?/c? (e —u?)

Problem 12.37 z x
At constant force you go in “hyperbolic” mo-
tion. Photon A, which left the origin at ¢ < 0, -

catches up with you, but photon B, which » Al
passes the origin at ¢ > 0, never does.

ct

(a) T T dtdr

e (X (1 wa
- /1__“2/62( 2) (1= u2/c2)3/2 ~ E(l_u2/c2)2'

Problem 12.38 Cdm dnodt [ d .

c 9
0 dt (\f_uz/cz>d V1-u?/c

dn dt dn 1

u 1 1 z2u-a
T Tard mdt (m) - V1-u?/c? {\/1——u2/c2 u(=3 )(T:;W}

_ 1 u(u-a)
T -u?/e) [a HcE uz)} ‘
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1 .a)? 1 2 1 2
(b) auar =—-(@) +a-a= I glu:/)&)‘, + =2/ [a(l - %) + -c7u(u . a)]

2y 2 ‘9

1 2 )\’  (u-a)? u? Y
v (-5) + s )

2
(1-%)

¥ S S [a2+—(}—l;§-)i] .

(1—u?/c?)? (c2 — u?)

(c) n*n. = —c?, so dir(n“n“) = o*n, +*a, =20y, =0, so

(d) K* = : = L (mn*) =|ma“.| rK“ﬁ“ =makn, = 0.]
Problem 12.39
K,K* = ~(K°)? + K - K. From Eq. 12.70, K - K = ;=5 From Eq. 12.71:

1dE 1 d mc? _ me 1 (-1/c?) ]l_m (u-a)
(\/ ) [ 2u a}

Ko9=2%2 - o = - =
cdr  ¢\/1—u2/c2dt 1-u2/c? VI-u?/c? | 2(1-u?/c?)%2 c (1-u?/c?)?

m u?(u-a) m(u - a)
. . . ‘F = N . —
But (Eq. 12.73): u uF cosf NI [(u a) + 2= u2/c2)] A =w2j)ie )
o uFcosf . F? _ UPF%c0s’8  [1-(u?/c*)cos? 6]
K= e/1—u?/c?’ Kk = (1-w?/c?) E(l-w?/?) | (1-u?/e) F aed

Problem 12.40

F=\/1:”T/?[a+‘c‘2(“ a)]“q(E+uxB)=>a+(—‘%(—E¥i—=%\/ TWZJE(E + u X B).

2u-a .
Dot in u: (u'a)+cz(ulf—u2/)cz):(l—uuza/&) Ti 1-u?/c?[u-E+u-(ux B);
=0

V1-u?/[E+uxB- Elé-u(u-E)]. qed

u- E

g
m

Problem 12.41

One way to see it is to look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of
charge, moving at constant velocity in the plane, J = 0 and p = 0, while p (or rather, o) is independent of ¢
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except
that o itself is altered by Lorentz contraction).

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction.
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would
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have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should
reverse its sign.)
Problem 12.42

(a) Field is oo /e, and it points perpendicular to the positive plate, so:

go - . . ) . .
Ep = —(cos45° % +sin45°y) = —X +¥).
0 60( y) \/560( y)
go

(b) From Eq. 12.108, E, = Ezo = —7;‘3(—0—; Ey = ’)/Eyo = ’YT;OI%' SolE = \/560 (—x +7¥).

(c¢) From Prob. 12.10: tan# =+, so Y

(d) Let n be a unit vector perpendicular to the plates in S—evidently
h=—sinfx+cosdy; |E| = ‘\/%QZJ 1+2.

So the angle ¢ between fi and E is:

E-n 1 cosd 27y

=C0S¢p = ———=——=(Sinf + ycosf) = —=(tanf + v) = ~———
6= g ind +7e080) = s an0+ ) = <=

; = 2 2y
But v = tand = 85 = ¥Ig = | [hy — 1= 5 0= 7" +1 = cosf = —b—. So|cosg = (1+72)'

Evidently the field is perpendicular to the plates in S.
Problem 12.43

1 q(1 -2/
(a) E= ( 3 ‘{ ) b}
dmeg (1 — Y sin® 6)3/2 R

/E da_q(l—vz/cz’)/ R?sin 6 df d¢

4meo R2(1 - ¥; sin® 0)3/2

cosf

(Eq. 12.92) =

1-v?/c? i ind df

= g —v'/e )27r/ 512n.dz . Letu =cosf, sodu= —sinddf, sin’d =1 —u’

dmeo o (1—%sin®6)3/2
_q(1-2%/c?) /‘l du _q(1=2%/c?) (0)3 /1 du
= 5 = = )

2e0 ~1 (1= & + 2] Ze0 v/ (G -1 4 w2)?

+1
u 2 v\3 2
The integral is: = e = —-) T
(& -1) /S -1+u2l (2-1)¢ (° (1 -v?/c?)

g(1 =v%/c?) rc\3 fv\3 2
. = —_—— . T - - —=q. v
So /E da 2¢0 (v) (c) (1-v2/c?) ?
1 1 2(1 —v?/c?)?ysind ~ -
11 wgQovije)vsind g, g,
to 4meg 4w R4(1 - Yy sin® 0)% Nem—

~

-6

(b) Using Eq. 12.111 and Eq. 12.92,S = ;1—(E x B) =
0
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@ (1-v%/c?)%vsinf ;
S=|-r z .2
167%€0 R4(1 — % sin® §)°
Problem 12.44 y
(a) Fields of A at B: E = ;2-949; B = 0. So force on qp is | F = —— 4985 -——ﬁ)»—
dreo d dreq d2 aB d
—q—qb————» z
4
y . = Y 949B . 5
: (b) (i) From Eq. 12.68: |F = T V- (Note: here the particle is at rest in S.)
Pl ) (- v/
< . £ I qa(l-v"/c) 1 _ Y 94,
From Eq. 12.92, with § = 90°: E — = 94
e (i) From Eq b 4reg (1 — v2/c2)3/2 2 dmey d?
(this also follows from Eq. 12.108).
B # 0, but since vp = 0 in S, there is no magnetic force anyway, and | F = 4:60 q":;B 7 | (as before).
Problem 12.45 A
Here § =90°,2=9, ¢ = %,2 =, so (using ¢® = 1/ o€o):
qa 74 qa v 1
4dmep 2 Y 4dmeg 2 r? % wherey V1 —-v?/c?

' 2 c . .
Note that (B? - B*?) = (=) P (1- %) = (G;L.,?)Z is invariant, because it doesn’t depend on v. We can
use this as a check.

: = _"in -—_._q_‘_’lii“ —______}_____
System A: vs=v,50E = R B= e B3 b where 7 = N
2 = 2 2 _ N
X T o ¥ (%3 q v vl .
F=alb+(- Bj=-rT—5F-3 == (14 =
q[E + (—v&) x B] 47T€0T2[y =(% X )] 4Tr€0r2( +c2)y
v+U 2v
t B: = —
System UB 1+,U2/C2 (l+1}2/02)
1 14 v?/c? 14 v2/c? ~ v2 -
e _4_1:_2553”: : v2/ )v4 =E1—v2jc2;=72(1+ )5 vy = 207’
\/1—(1+v /c?) \/1—2?[‘{";1-
B B R VO B ke i
- 47r€0r27( +-5)§; B= ot
. . q 2 202 4 2 _ 2 B 5
[Check. Ez - B2 ?= (47reor) 74(1 + ‘gf + z—“ - ‘_1‘_:1!_) - (H%o_;) 74"7_1‘ - (41r€or) ‘/]
g> v?
F=¢E = =1 é0;;2-( 6—2)5" (+q at rest = no magnetic force). [Check: Eq. 12.68 = F4 = ;};FB V]

g 1. ¢ 1.

19 B=0, F=gB=--1__3.

dmeg T2 ¥ 0 g 4meg T2 Y
[The relative velocity of B and C is 2v/(1 + v%/c?), and the corresponding-¥ is ¥(1 + v?/c?). So Eq. 12.68

= Fo = sruguren s V]

System C: v =0. E=-—
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Summary:

-~ 2 -~ Y -~
(~=&5=)7y (~wi=z)V 1+ %)y | (-552)7
(= trerr) 272 (~gmr) 172 0 1=

2 2)

V) T . .
(~mLz)1(1+ %)y | (552 (1 + 2)3 | (—zL=)9

Problem 12.46
(a) From Eq. 12.108:

= E2 +*(E2 - 2E/0B. +v’B? + E? + 2E/B, + v’ B? - B - 622%!,E,

0452 232+c222{§E —2" El) - B2
= B2~ B2+ |E2(1 —) E2(1 2) 2g2(1 “2)—2321 v
=si-entar[(i-5) v e B) - em (- 7) (- 3)
=(El+El+E})—c*B2+ B} +B}) =E*-B’?. qed

(c) For if B = 0 in one system, then (E? — ¢?B?) is positive. Since it is invariant, it must be positive in
any system. Therefore E # 0 in all systems.
Problem 12.47

(a) Making the appropriate modifications in Eq. 9.48 (and picking d = 0 for convenience),

E(:l:, Y, 2, t) = EO COS(’C.’E - wt) 5" B(.'E, Y, 2, t) = % COS(ka: - wt) z, where k = -(;i.

(b) Using Eq. 12.108 to transform the fields:

E,=E,=0, E,=~(E,~vB,)=1E [cos(k:c —wt) — %cos(k:c - wt)] = aEy cos(kz — wt),

B,=B,=0, B,=+(B,~ y) =~Ep [ cos(kz — wt) — c_ cos(kz — wt)] = a% cos(kz - wt),
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v

Now the inverse Lorentz transformations (Eq. 12.19) => z = ¥(Z + vf) andt =+ ({ + = i:) , SO

o

kx—wt:v[k_(i+vi)—w(t'+ %i‘)] =7[(k—%)iv—(w—kv)f] = k% — @f,

where (recalling that k = w/c): k=1« (k - %’) =9k(1 - v/c) = ak and @ = yw(1 ~ v/c) = aw..

E(i1 Y, 2, E) = EO COS(EE - Qt_) y’ B(fy 9,2, i) = _Ec-o COS(EIE - ‘Dt-) Z,
Conclusion: 1
-v/c

.whereEoian, E:ak, @=aw, anda= T+ vje

2r  2m A

© |@=w/ 1 ;:x This i$ the [Doppler shift| for light. X = 7= = == = =. The velocity of the

s Wy W - . . .
wave in S is 7 = 21rA =5 = this is exactly what I expected (the velocity of a light wave is the

same in any inertial system).

sz -
(d) Since intensity goes like E?, the ratio is -;— = -g—g =a’= i " Z;i

Dear Al,

The amplitude, frequency, and intensity of the light wave will all [decrease to zerol as you
run faster and faster. It’ll get so faint you won't be able to see it, and so red-shifted even your
night-vision goggles won’t help. But it’ll still be going 3 x 108 m/s relative to you. Sorry about

that.
Sincerely,
David

Problem 12.48
02 = AAZ2 = AQAZLO2 + AQAZE'? = 4192 + (—yB)t!? = (1% — Bt'?).
£°3 = AJAZE = AJAZEO + AQA3E'E = 4193 + (— )13 = (8% — Bt"3) = (1P + p3").
123 = AZA3 0 = ARt =43,
B = AJAL = AJALE + AJALES! = (—yB)E% + ~t3! = (%) + BL%3).
02 = AJATEA = AJAR? + AJASE? = ()t + 42 = y(t12 - Bt®).

Problem 12.49
Suppose t¥# = *t#¥ (+ for symmetric, — for antisymmetric).

B = ASAS
P = AﬁA:t“" = A,’)A:t"“ [Because p and v are both summed from 0 — 3,
it doesn’t matter which we call # and and which call v.}

= A:Aﬁ (£t**) [I used the symmetry of t*”, and wrote the A’s in the other order.]

= ", ged >
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Problem 12.50

F#VF”,, — FOOFOO _ F01F01 _ F02F02 _ F03F03 - FIOFIO — F20F20 _ F30F30
+ F11F11 + F12F12 +F13F13 + F21F21 +F22F22 +F23F23 + F31F31 +F32F32 + F33F33
= =(Bg/c)® ~ (By/c)® = (E:/c)® = (Ez/c)* — (Ey/c)* — (E:/c)® + B2 + B + B2 + B2 + B2 + B2

= 2B% - 2B%/¢* =|2(B? - %2)

which, apart from the constant factor —521, is the invariant we found in Prob. 12.46(b).

G**G,, = 2(E?/c? — B?)| (the same invariant).

F“"G‘w = -9 (FOIGOI +F02G02 + F03G03) +2 (F12G12 +F13G13 +F23G23)

= -2 (%EIBI + %E,,By + %E,Bz) 2(B.(~E./c) + (~B,)(By/c) + Ba(~Ey /c)]

2 2 4
= —E(EB)—'E(E'B): —Z(E'B)v

which, apart from the factor —4/c, is the invariant of Prob. 12.46(a). [These are, incidentally, the only
fundamental invariants you can construct from E and B.]

Problem 12.51

0 ¢c 0 O

— 1 22 2 .
E— 4rep ':_X__ 12%';—;:6_)( } F‘w ___ﬁgﬁ —c 0 0 —v
= Bo2dvy _ po dug 27z {1 0 0 O O
B idn =z Y 27 zy 0 v 0 0

Problem 12.52

0, F* = poJ#. Differentiate: 5,0, F* = pod,J*.

But 8,0, = 8,0, (the combination is symmetric) while F¥# = —F#" (antisymmetric).

o 0,0, F* = 0. [Why? Well, these indices are both summed from 0 — 3, so it doesn’t matter which we
call x, which v: 8,0, F*" = §,8,F** = 0,0,(-F**) = -3,8, F**. But if a quantity is equal to minus itself,
it must be zero.] Conclusion: §,J* =0. qed

Problem 12.53

We know that 8, G#” = 0 is equivalent to the two homogeneous Maxwell equations, V-B = 0 and VXE =
-%!?-. All we have to show, then, is that O\F,, + 9,F,x» + 9, Fy, = 0 is also equivalent to them. Now this
equation stands for 64 separate equations (u=0—3,v=0—3,A=0— 3, and 4 x4 x 4 = 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, p = v). Then hF,, + 8, Fun + 0. Fyy, = 0. But F,, = 0 and
F,) = —F),, so this is trivial: 0 = 0. To get anything significant, then, g, v, A must all be different. They
could be all spatial (p,v, A =1,2,3 = z,y, 2 — or some permutation thereof), or one temporal and two spatial
(p=0,v,A=1,20r2,3, or 1,3 — or some permutation). Let’s examine these two cases separately.

All spatial: say, p =1, v =2, A = 3 (other permutations yield the same equation, or minus it).

o 0 a
O3 Fy3 + 01 Fo3 + 0o F3 =0 = E(BZ) + a—x(B;;) + @(By) =0=>V-B=0.
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One temporal: say, p = 0, v = 1, A = 2 (other permutations of these indices yield the same result, or minus
it). ‘

14] E, 6 E
02Fp1 + O F12+ 01 Fpo =0 = e ( ‘—'> 3(ct) = (B2) + (-cl) =90,

or — %8« 4 (882 — 5%} = 0, which is the z component of ~92 = VXE. (If g =0, v = 1, A = 2, we get the y
component; for v =2, A =3 we get the £ component.)
Conclusion: OzFyuy + OuF,5 + 0,F\, = 0 is equivalent to V-B = 0 and % = - Vx E, and hence to

0,G* =0. qed
Problem 12.54
K° = qn,F% = q( FO! 4+ 1 F% + 3 F9%) = g(n - E)/c = g'yu +E.| Now from Eq. 12.71 we know that

K% = %%—,- where W is the energy of the particle. Since dr = },dt, we have:

1 dwW
7————7(11 E)=

dw
dt - q(u.E)‘

dt

This says the power delivered to the particle is force (qE) times velocity (u) — which is as it should be.
Problem 12 55

10

1,000t 08¢8x 09Oy 08¢0z
0 —= =t il
=3 ¢ 5= st tayar T o o)
ot Oz in Oz _
From Eq. 12.19, we have: 3= Y, B = v, % = 31 0.
_l 99 9% or (si =20 = o) B0G = (28 _v 90 0 1
So ( + vg ) or (since ¢t = 20 = —z;): 8% = (611:0 = 51 =) =7 [(8°¢) - B(8'¢)].
= 0 3¢ 3t 6¢ Oz 3¢ ay 3¢ Oz v 0¢ d¢ 8¢ v 8¢ 1 o
;- 2 _Lo®
o'¢ = 6§:¢ Bt 9z T 9z 0z 3y 8z ' 8z 0z 7c2 ot + 73:1: 7(3:51 c 0zp ) [(6 ¢) - B0 ¢)]
;o 00 _ 000t 000 0pdy 090z _ 96 _ o,
T8y Otdy O0xoy  0Oydy  0z0§5 9Oy
i ¢ 090t D00x D90y 099z _ 08 .

= 9t0s 9:0z Byoz  9:05 0z
Concluszon. 0* ¢ transforms in the same way as a* (Eq. 12.27)—and hence is a contravariant 4-vector. ged
Problem 12.56

According to Prob. 12.53, 8(.36:,, = 0 is equivalent to Eq. 12.129. Using Eq. 12.132, we find (in the notation
of Prob. 12.55):

6Fuy aFyA + aF)\“
oz oz Ozv

= 3,\F“,, + 3,,F.,,\ + a,,F,\"
= O0(0uAy — By AL) + 8,(8u Ay — OrAy) + 8, (O Ay — 9y Ar)
= (OxBu Ay — 0,00 A) + (8,0, Ax — 0,0, A1) + (8,00A, — 0x8,A,) =0. qed

94, _ 94,
8k~ HrHITA

[Note that 0x\3, A, = = 3,0\A,, by equality of cross-derivatives.]
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Problem 12.57

. y
Step 1: rotate from zy to XY, using Eq. 1.29: g
R .
X =cos¢z +singy N ¥
Y = —sin¢dz + cosdy .
L ¢+ _
Step 2: Lorentz-transform from XY to XY, using z
Eq 12.182 '0\;
X = y(X — vt) = 7[cos ¢z + sin py — Bct] ¢ -z
Y=Y = —sm¢x + cosdy
Z2=ZzZ=
ct = 'y(ct BX) = v[ct — B(cosdz + sinpy)]

Step 3: Rotate from XY to Zj, using Eq. 1.29 with negative ¢:

F=cos¢p X —~singY = ycosd[cospz + singy ~ Bct] — sin ¢[— sin$ x + cos ¢y}
= (ycos? ¢ + sin? ¢)z + (v — 1) singcospy — yBcos ¢ (ct)

g=singX +cosp¥ = ysing(cospz + singpy — Bct) + cos (- singc + cospy)
= (v~ 1)singcos ¢ + (ysin® @ -+ cos® #)y — vBsin ¢ (ct)

ct ¥ —v8 cos ¢2 ~~fsin ¢ 0 ct
. z —yBcosd (ycos?¢-+sin®¢) (y—1)singcos¢ 0 z
I f M =
n matrix form 7 —qBsing (y—1)singcos¢ (ysin®¢p+cos?¢) 0 Y
z 0 0 ' 0 1 z
Problem 12.58
In center-of-momentum system, threshold occurs when incident ener- 5';, ‘_% before (CM)
gy is just sufficient to cover the rest energy of the resulting particles,
with none “wasted” as kinetic energy. Thus, in lab system, we want o0 after (CM)
the outgoing K and ¥ to have the same velocity, at threshold: KX
O— O oO—
il p KX
Before After

Initial momentum: p,; mmal energy of m: E? — p’c? = m2c' = E2 = m2c* + p2c?
Total initial energy: mpc? + /m2c4 + p2c?. These are also the ﬁnal energy and momentum: E? — p?c? =
(mg + mg)3ct.

2
(m,,c2 +/m2t + p?,c’) - p2c? = (mg +mg)?c!
2g*+ \/mhwn’gﬂtg%’ 97 = (my +mg)?d
2m
—7'3\/m.3,c2 +p2 = (my +mg)? —mﬁ —m2
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4m? ‘
(m3c? +P3r)c—2p = (mg +mg)* = 2(m) +m3)(mk + ms)® + mj + m§ + 2mZm?

2
4m, 2 _

2Py = (mx +mz)! = 2m + m7)(mx +mz)? + (mg —m7)?

c
Pr = E\/(m;( + myz)t - 2(m2 + m2)(mg + mx)? + (m2 — m2)?

= Gy \/(ch2 +mye?)t — 2[(mpe2)? + (mac?)?] (mic? + mzc?)? + [(Mmpe2)? — (mec?)?]?

= erkay V (1700)* — 2[(900)2 + (150)2] (1700)2 + [(900)2 — (150)2]?

= 5e0: V (835 x 1072) — (4.81 x 10'2) + (0.62 x 10'2) = 5h—(2.04 x 10%) =|1133 MeV/c.

Problem 12.59 iy
NP y
. p p {i] l (p = magnitude of 3-momentum
In CM: C ° T z in CM, ¢ = CM scattering angle)
Before P )
sﬂ
After

Outgoing 4-momenta: r* = (£, pcosg,psing,0); s* = (£, —pcos¢g, —psing,0).

In Lab: Oo— O 0 Problem: calculate 8, in terms of p, ¢.
Before Ik

Lorentz transformation: 7, = y(ry — Br%); 7, = ry; 8z = 7(sz — Bs°); 5, = s,-

Now E = ymc?; p= —ymv (v here is to the left); E? — p?c® = m?c*, so g = — E.

o Fz =7 (pcos¢ + B £) = yp(1 + cos ¢); 7y = psin ¢; 5. = yp(1 — cos¢); 5, = —psin .
cosf = r-s_ 12p*(1 — cos? ¢) — p?sin’® ¢
s \/[’721’2(1 +cos ¢)? + p? sin® ¢} [y2p*(1 ~ cos ¢)? + p? sin’ 4]
| (v* = 1)sin% ¢
\/[72(1 + cos ¢)? + sin? ¢] [,),2(1 — cos $)? + sin? ¢]
P -1 (2 -1)

S ] 1] Vot fr) 0P g

sin ¢ sin ¢
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cosf = A g - (wherew=v%-1)
\/(1 +cot? ¢ +weot? $)(1+tan? ¢ +wtan? g)
_ w _ wsin%cosg

\/(csc2 ¢ + weot? £)(sec? £ +wtan? £) \/(1 +wecos? ) (1 + wsin® )
1. .. .
swsin @ _ sin ¢ »

VIl + ot +eosg)] [L+ 3w(i—cos®)] /{2 +1) +cosg] [(2 +1) — cosg]

sin ¢ _ sin¢ 1 4

4
= = - , where 7% = — + —.
\/@+1)2—0052¢ \/—4!+i+sin2¢ V1+(7/sin ¢)? w? W
sind = gi:—&. 72 = ;45(1 +w) WT_—ITI’Y SO tan0 —',Tg—sm

. 2 2
Or, since (y2 - 1) = 72 (1_;15) =72%;’ c
Problem 12.60

9 = K (a constant) = 94 - K But &£ =

) 7'::7/7’ P= vl—u’/cz
5 %(m) = 5,/ — u?/c?. Multiply by

ﬁi(___t_t___)_i(__f:___)_!ﬁ_.____x/l-fﬂ/c? Letw= —t __
dz dt \/l—uz/cz dz 1—-u2/02 m u ' \/1—‘142/62.
dw K1 dw _1d , k d(w"’)_2K 22
iz muw' wd:z: &Y Tm’ dz = d(w’) (dx)

z+ constant. But at t =0, z = 0 and u = 0 (so w = 0), and hence the constant is 0

w2—2Ka:—- u? . .2_2Kz 2Kz w2 u2(1+2KI) 2Kz
T m T 1-u?/2’ m me mc? m
2Kz/m c? dr c mc?
2
u? = e = —v o T ct=/ 14 (55=)dz
1+ 5F 1+ (5%) o 1+ (22) 2Kz

Let 2 =a?; o = [YEEl 4g. Let z = y?; dz = 2y dy; VZ = y.
2K T
JE + a2
ct = /—-—q—g—/iﬁ— 2ydy = 2/\/y2+a2dy = [y\/y2 + a2 +a®In(y + Vy2 +a’)] + constant

Att=0,z=0= y =0, s00=a%lna+ constant => constant = —a?Ina.

ct = yV/y? +a® + a*In(y/a + /(y/a)? + 1) = a? {(%) (%)2 +1+ ln(y-

(%)2+1)].

Let: 2 =y/a=+/z 2Kz Then 2Kt

—_— —2\/1 +22+In(z+ /1 +z2)
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Problem 12.61

(a) z(t) = £ {m— 1}, where @ = £ The force of +¢ on d/2] """"""""" T’?ﬁ ---------------
2

—q will be the mirror image of the force of —¢ on +¢ (in the z axis), r
so the net force is in the z direction (the net magnetic force is zero). ] V
1] [T S,

All we need is the z component of E.
The field at +q due to —q is: (Eq. 10.65)
q 2

B =~ s [0( =) 4 uGa ) — aa-w)].

u=m—véu;=cé—-v:%(cl—m);a-u:m—a-v=(m—lv);4-a=la. So:

4mep (v —vi)3 L2

“

E,=--2 e [l(cl—m)(c2 -v?) + %(cl—yi)la—a(m-—}b)]

N

yca(l? —4%) = —cad?/a

- —ﬁe_o(;:lTl)_g [(el = v)(c® = v?) - cad® ]

The force on +q is ¢E,, and there is an equal force on —q, so the net force on the dipole is:

2 1 2 9 27 It remains to determine 2, [,
F= " 4meg (or — lv)3 (et ~ v2)(¢" = %) — cad J%. v, and a, and plug these in.
dz ¢l 1 cat cat,
V() = — = — - e 202t = e U = U(E,) = ——, Where T = /1 + (at,)?.
®) dt  a2./1+(at)? V1 (at)? (t) T (atr)
dv  ca 1\ 22%, co 2 2y CC -
= — = — sl —= = 1 r r = 73
a(t,) i - T + cat ( 2> 73 T3[ + (at,)? — (at,)?] T3

Now calculate t,: ¢2(t —t,)2 =22 =12+ d&%; [ = z(t) — z(t,) = [\/1+(at -1+ (at,)?],
B2t + = L (14 (off? + 1+ (fff? ~ 24/T+ (0t)2/1+ atj+ (d/c)?

(&) V1+ (at)2/1+ (at,)? =1+ att, + % (“Td)z. Square both sides:

X+ (o) + (at,)? + a8 =/1’+a}t43+%(%‘—i)4+2a2ttr+(°‘7d)2+a2nr(a7d)2
o) - (Y

At this point we could solve for ¢, in terms of ¢, but since v and a are already expressed in terms of ¢, it is
simpler to solve for t (in terms of t,), and express everything in terms of ¢,:

eufe (D]l 5@
t= %{t,[2+ (%d)z] * \/tﬁ{/f+4(9:—i)2 + (%‘1)4] —%+4(§)2 +02(g)4}
“e i+ 3] ey en @+ (@]
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Which sign? For small a we want ¢ =~ t, + d/c, so we need the + sign

t=1t, [1 + %(O%d)?] + gTD, where D = /1 + (g—g—)z,

cte (24)? 4 4T'D. Now go back to Eq. (%) and solve for /1 + (at)?:

Sor=c(t—t,) >2=%

T = p{143(2) +e [( S+ -TD]}

T
= %{[1 + (at,)?] [1+ 2(‘2‘1) } + & dTD} [1 + %(%‘1)2}T+ azct'dD.
T2

= 2[\/1 + (at?) - 1+ (cmtr)z],= §{P+ %(%)2] } = ad(%T+ trD)'

Putting all this in, the numerator in square brackets in F becomes:

(= {on( i 4100) - S [ (2) aro) (- ZE) - e

2
—cad[ T+t - at’ t,b]T21+ (o)) = (ot0)?] - cad
ccrzd2

Cod’ 11, 2 _ ad? y ) _
=73 [ =T ——2-( at,) —1] = So |1+ (@t - (atn)? - 2) = - S

q> cad?
= sX. It remains to compute the denominator:
4meo {(or — 1v)T]
ctr fady? d cat,
(or — )T = {C[T (7) + dTD} - ad(z—cT+ t.D) = }T
[l 2/ 0 1, 2_Cd(0‘tr)2 _ 2 _ 2 7 _
= [20y/ﬂ1 +cdT'D 204//rd —7 D]T—cdD[ T? — (at,)? | =deD.
14+(g#)2 ~ ()2
¢ Fda . q? o R ( F )
= X = X = —1.
4req c3d3 D3 4meg cd[l + (ad/?c)z] 3/2 me

Energy must come from the “reservoir” of energy stored in the electromagnetic fields

2 2 2
g & =>[1+

1 ad\213/2 _ q Hoq
(b) F = meca = %4”60 cd[1 + (ad/20)? ]3/2 (zc) ] Bﬂeomczd 8rmd’

(force on one end only)

_ 2c [r pog® \?/3 _
~d (87rmd) 1, s0|F'=

21262. (8,::,5;)2/3 -1
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Problem 12.62 _
(a) A* = (V/c, Az, Ay, A;) is a 4-vector (like z# = (ct,z,¥,2)), so (using Eq. 12.19): V = 4(V +v4,). But
V =0, and

7 _ Mo (mXT),

Az = r 73

Now (m X F); = myZ —~ m,§ = myz — m,y. So

po (myz — m;y)

V= Wi 73

Now Z = 7(2 —vt) = yR;, § =y = Ry, Z = z = R, where R is the vector (in S) from the (instantaneous)
location of the dipole to the point of observation. Thus

2
7 =v’R. + R, + R2=~*R2+R1+ R} + (1 - ¥*)(R2 + R}) = Y*(R?* - Z—2R2 sin? §)

(where 8 is the angle between R and the z axis, so that RZ, + R? = R%sin%#).

_ Mo vy(myR, — m,R,)

; butv.(mxR)=v(mx R); =v(m,R, —m,R,), so
4T 3 R3 (1 - % sin? 6)*/° SO y Ry

_ MoV (me)(l— )
AT pa(1— Bsin?6)”

2

1 ﬁ.-(VXm)(l~—§y)

4meo 2 g2 (1- %; sin? 19)3/2 )

or,using o = 2y and v.-(m X R)=R-(vXm): V=

€pC
(b) In the nonrelativistic limit (v? < ¢?):

1 ﬁ.-(vxm)_ 1 R-p with p = Y.Xm
" 47eg c2R? " 4neg R?2 P=—z"

which is the potential of an electric dipole.
Problem 12.63
(a) B= -"41}{5' (Eq. 5.56); N =m x B (Eq. 6.1), so N = -£mK(Z X 7).

N= 5 ROk |= B (Wl?)(ov)x = B2 Aov? k.

(b) v Charge density on the front side: Ao (A = vAo);
v Charge density on the back side: X = §Xg, where 7 = W =
5= 1 _ (1+v2/c?) 140 (140%/P) 2(1+v2)
- - ~ (1 —02/c2) =)
\/l 1:—1::2/22 \/14‘2—’:4—7 4%; \ﬁ—zg;-!-%; (1-v?/c?) ¢

Length of front and back sides in this frame: {/v. So the net charge on the back side is:

-»

=:\§ = 2(1+Z—z)$:’; = (1+§;),\z.
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Net charge on front side is:

q- = /\o-l— = —-——= —L/\l.
Y

So the dipole moment (note: charges on sides are equal):

2

l . l_ v l 1 1], N2 v? vy A2y? |
P—(%)EY*‘(Q—)EY— [(1+Z§))\l§—jy—2/\l'iJY——2—(14'25—1""07))’— y

AN2? o, lpo, 10 o,
2 Z—E(F(YXZ)_ —?/\alvx.

E=2%%i,wherea:'yao,soN=pr=

So apart from the relativistic factor of v the torque is the same in both systems—but in S it is the torque
exerted by a magnetic field on a magnetic dipole, whereas in § it is the torque exerted by an electric field on
an electric dipole.

Problem 12.64

Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E); B = (0, B cos ¢, Bsin ¢).
Go to a frame moving at speed v in the « direction:

E = (0,—yvBsin¢,y(E + vBcos¢)); B = (0,7(Bcos¢ + ;;U;E), yBsin ¢).

) —yvBsing . y(E +wvBcos¢)
(I used Eq. 12.108.) Parallel provided YBeosd + SE) = ~Bsng

2
—vB%sin? ¢ = (B cos ¢ + :—2E)(E+ vBcos¢) = EBcos ¢ +vB%cos? ¢ + C%-E2 + Z—zEBcos o,

2

o U _o v v EDBcos ¢
= —_ 1 —_ = — .
0=vB®+ SE +EBcos¢( +c2)’ Ay ey

X y 2 v ExB
NowExB=] 0 0 E |=-EBcos¢x. So 575 = 73 -7 9ged
0 Bcos¢ Bsind 1+v?/c? B+ E?/c

there can be no frame in which E 1 B, for (E - B) is invariant, and since it is not zero in § it can’t
be zero in S.
Problem 12.65

Just before:

Field lines emanate
from present position
of particle.




Just after: Field lines outside sphere of radius ct emanate from
position particle would have reached, had it kept going on its
original “flight plan”. Inside the sphere E = 0. On the sur-
face the lines connect up (since they cannot simply terminate
in empty space), as suggested in the figure.

This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of electromagnetic
radiation.
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Problem 12.66

Equation 12.68 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. So
1- - L _
F, = ;F_L, F = Fj. Using F = ¢E, then,

F; :Fzquz)

Invoking Eq. 12.108:

1 1
F, = qE;, Fy = ;Q'Y(Ey -vB;) = ‘I(Ey -vB;), F,= ;qﬂ/(Ez + 'UBy) = ‘I(Ez + 'UBy)'

But vxB=-vB,X+vBy%, so F=¢g(E+vxB). ged

Problem 12.67

Rewrite Eq. 12.108 withz 2y, y = 2, 2 = z:

E, =E, E,=+v(E, —vB;) E; =~(E; +vB,)
B

—z = 7(Bz + %EI) B, = 'Y(Bx - E’U'sz)

This gives the fields in system S moving in the y direction at speed v.

Now E = (0a07E0)7 B= (BO,O:O)a 50 Ey = Oa EZ = 7(E0 - UBO): E_I =0.
If we want B = 0, we must pick v so that By —vBy = 0; i.e.
(The condition Ey/Bg < ¢ guarantees that there is no problem getting to such a system.)

_ _ _ 1
With this, B, =0, B, = 0, B, = v(Bo — %Eo) = vBo(1 - %) = vBok = L1 Bo; | B = ~Bo%.
_ zZ
The trajectory in S: Since the particle started out at rest at the origin
in 8, it started out with velocity —v¥ in S. According to Eq. 12.72
it will move in a circle of radius R, given by
1 2 (%13
v _
p=¢BR, or 'ymvzq(—Bo)Ré R= mry. 4 ]
Y qBo /[
. i
- v
The actual trajectory is given by [:i =0; §=~Rsinwt; Z= R(1 — coswt); | where |w = ‘R.
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The trajectory in S: The Lorentz transformations Egs. 12. 18 and 12.19, for the case of relative motion in
the y direction, read:

I=z r=Z

7=y —vt) y =77 +vt)

2=z z2=12Z

f=7(t—z";y) t=7(f+;"517)
So the trajectory in S is given by:

z=0; y=vy(—Rsinwt+ol)= 7{—Rsin[w7(t - —y)] + v'y(t - —y)}

2

211
y(1+7 zf)
e e’

y(1-

= Y2t —'yRsin[w’Y(t - _c%y)]} (y — vt)y = —Rsm[ (t - —:y)];
L4 23 )=y

2= R(1 — cos? wi) = R[l - cosw'y(t - —y)]

So: |lz=0; y=vt— %sin[w'y(t—— —y)]; z=R- Rcos[w'y(t— %y)]

We can get rid of the trigonometric terms by the usual trick:

1=

Absent the +2, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 4? makes it, as it were, an
elliptical cycloid — same picture as p. 206, but with the horizontal axis stretched out.

Problem 12.68

() D= &E+P suggests E— D
H = --B — M suggests B — poH

Y(y — vt) = —Rsin [w(t — %y)]

20, a4)2 : R — Rp2
z— R=—Rcos [wy(t — %y)] Y-+ E-R = R

} but it’s a little cleaner if we divide by 1o while we’re at it, so that

E— -L_D =¢’D, B - H. Then: 0  ¢D: cDy D,
Hoco D“” _ —CD; 0 Hz —Hy
“Y-e», -H, 0 H,

-¢cD, Hy -H; 0

Then (following the derivation on p. 539):

0 o d 10 f aDw
—_— vV — = = ] — V= (- z H = z5 = l",
pp D% =¢V-D =cpy J?, aqu cat( cD;) + (VxH): = (Jf)s ; so e J;
where| J¥ = (cps,J ). | Meanwhile, the homogeneous Maxwell equations (V-B =0, E = —%’?) are unchanged,
By
and hence & =0.
oz¥
(b) ; 0 H, H, H,
Y = -H, 0 —cD, cD,
“Y-H, D, 0 —cD,
-H., —-cDy, cD, 0
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(c) If the material is at rest, 7, = (—c,0,0,0), and the sum over v collapses to a single term:
D¥Ony = c2eF*Pny = D0 = ¢?e¢F*0 = —cD = —-czcs—l;2 = D = ¢E (Eq. 4.32), v

1

H#¥0q0 = %G‘”no > HO = _GW = —H= —;B >H= ZI;B (Eq. 6.31). v

®i=

(d) In general, n, = y(—c¢,u), so, for p = 0:

D%n, = D%y + D%y + D3 = Dz (vyus) + cDy(yuy) + cDx(yu:) = ve(D - u),
v E, E, E,
F%n, = FOlpy + FOpp 4+ F%p; = — () + ) + () = Z—(E -u), so

D%n, = eF%n, = ye(D - u) = cze'(z-) (B -u)=D-u=¢E-u). (1]

H%n, = H% + H%ny + H%n3 = Ha(yus) + Hy(yuy) + Ha(vu,) = v(H -u),
G, = GOy + Gy + Gy = By (yuz) + By (vu,) + B (yu.) = 7(B - w), s0

s 1 . 1 1
H° nu=;G° = y(H-w) = 2()(B-u) > H-u= —(B-u). 2]
Similarly, for p = 1: ‘
DY¥nm, = DYpo+ D+ D13773 = (=cDz)(=v¢) + Hz(vuy) + (—Hy)(vuz) = (¢’ Dz + uyH, —u,Hy)
= y[@D+(uxH)]_,
v —E;
FY%n, = F'%p% + F'%p 4 F3p = —c‘(“’)'c) + B (yuy) + (—By)(vuz) = v(Ez +uyB; — u,By)
= vq[E+ (uxB)],, so D¥n, =c*eF'n, =
1
7D+ (uxH)]_=c)[E+(uxB),=>D+ c—z(u x H) = ¢[E + (u x B)]. 3]

HYn, = Hno+ HPn + HBng = (—H,)(—v¢) + (—¢D:)(vuy) + (¢Dy)(vu,)
= ye(Hy —uyD; +u;Dy) = yc[H - (ux D)],,

E E,
G¥n = G +GYna+GBns = (-B)(—ve) + (—-ci) (vuy) + (—c’i) (yuz)
= (2B, - u,E +uE)—1[c2B—(uxE)] so H'Y —-I-Gl” =
= c T yLz Byl = ) T = # T

7c[H-(uxD)]z=i—%[czB—(uxE)]z:H-(uxD)=i[B—-clz-(uxE)]. M

Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D:

D+ci2ux{(uxD)+£[B——cl—z(uxE)]}=e[E+(uxB)];

D+EIE[(u-D)u—u2D]=€[E+(UXB)]"Elc’g‘(UXB).:"Z}cT[ux(UXE)]'
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Using Eq. [1] to rewrite u - D:

D(l—:—;) = ———(E u)u+e[E+(uxB)]——(uxB)+—1——[(E u)u - u’E]
- e{[1_€ﬁ4]E—£§[ :cz](E u)u+(u><B)[1-z“1—cz]}.
1

Let|v = ———————, V= Then

\/_:

D=72e{(1—%)}3+(1—’c’2—2) [(uxB)—-é—(E-u)u}}.

Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H

H—ux{—Elz—(uxH)+e[E+(uxB)]}=i[B—clz(uxE)];

H+515[(u'H)u—u2H] [B——(uxE)] +e(uxB) +efux (uxB).

1
©
Using Eq. [2] to rewrite u - H:

H(l—%;) = —ulc,z(B-u)u+1[B——(uxE)J+e(uxE)+e[(B u)u — u?B]

|
I
——
—
[
|
=
m
£
8
os]
+

(- 3) wx B+ B -up}.

Problem 12.69

We know that (proper) power transforms as the zeroth component of a 4-vector: K% = l%& The Larmor

formula says that for v = 0, d;tv = %m (Eq. 11.70). Can we think of a 4-vector whose zeroth component

reduces to this when the velocity is zero?
~ Well, a? smells like (a”a, ), but how do we get a 4-vector in here? How about n#, whose zeroth component
is just ¢, when v = 0?7 Tvry, then:

2
K* = -—g:ria (@ o).

This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v = 0:

dW _1dW _1 o _ 1 poc? ' aW  pog?
= —— = - b = v

dt oy dr 'yCK 6 c3(a o), but ° = e, s0 dt 61rc( o)-
us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we

could simply have looked for a Lorentz scalar that generalizes the Larmor formula.]

[Incidentally, this tells
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In Prob. 12.38(b) we calculated (o, ) in terms of the ordinary velocity and acceleration:

v, _ 41 2 (v-a)’ _ 2.,—2
@ =7 [a +(cz—v2)]—7 [a'y + 2(v a)]
2
et (1-) 4+ Liv. a2l = 802 — L1202 — (v . )2
= [a (1 62)+Cz(v a)]—'y{a Cz[va (v a)]}.
Now v - a = va cos8, where § is the angle between v and a, so:

v2a® - (v-a)? = v%a®(1 —cos? ) = v

a"ay = '76(.0.2;— !____V X a, )
Cc

dW  poq® ¢ 5 |V Xap? C . s ,
T (a - I > l ), which is Liénard’s formula (Eq. 11.73).

2a?sin?@ = |v x al?.

Problem 12.70
(a) It’s inconsistent with the constraint 7, K* =0 (Prob 12.38(d)).

b) We want to ﬁnd a 4—vector b#* with the property that +b“ 7, = 0. How about b* = x(42%y, n*7 Then
“ dr

(42 +b#)m, = 40, + k9%, (n#n,). But n¥n, = —c2 so thls becomes (4°n,) ~ c?x( %27, ), which is zero,

2 H o 1d
ot (ot Ll Ly
‘ Kraa = 6mc \ dr taa
components of b* vanish in the nonrelatxv:stlc limit v << ¢, and hence this stlll Eeduces to the Abraham-Lorentz
formula. {Incidentally, a’n, =0 = (a ) =0=> 4 17” +a"-—"— =0, so dT & _p, = —a’a,, and hence b* can
just as well be written — % (a”a, )r)“ ]

Problem 12.71

Define the electric current 4-vector as before: J¥ = (cpe,J.), and the magnetic current the same way:
= (¢pm,JIm). The fundamental laws are then

if we pick & = 1/c?. This suggests Note that n* = (c, v)v, so the spatial

OF™ = podt, 8,6 =yn K= (g +Imge)y,

The first of these reproduces V-E = (1/¢5)pe and VxB = poJ.+poeg0E /Ot, just as before (p. 539); the second
yields V - B = (po/c)(cpm) = popm and —(1/c)(0B/0t + V X E) = (uo/c)Im, or V X E = —pJ,, — OB/t
(generalizing page 540). These are Maxwell’s equations w1th magnetic charge (Eq. 7.43). The third (following
the argument on p. 540) says '

1 _ 9e Uy _E_z_ u, E,
K' = ,——-—-—-——-——-1_u2/2[E+(uxB)]+ [,__..__2/2 +—-———-————~,.______1_u2/c2( c>+——————————__._.__.1_u2/cz<c)}

K ﬁ{qe[E+(uxB)]+qm{B——(HXE)]}
F = ¢[E+(uxB)+gn [B—f;(uxE)],

which is the generalized Lorentz force law (Eq. 7.69).




Errata
Instructor’s Solutions Manual
Introduction to Electrodynamics, 3rd ed
Author: David Griffiths
Date: June 14, 2001

Page 4, Prob. 1.15 (b): last expression should read y + 2z + 3z.

Page 8, Prob. 1.26: last line should read
From Prob. 1.18: V X vo = —6z2X% 4229 + 3222 =
V- (V x Vo) = £ (~622) + £(22) + £ (32%) = ~62+62=0. v

Page 8, Prob 1 27, in the determmant for V x (V f), 3rd row, 2nd column:
change 4° to 2.

Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert
minus sign).

Page 9, Prob. 1.31, line 2: change 2z® to 22%; first line of part (c): insert
comma between dz and dz.

Page 14, Prob. 1.46(b): change r’ to a.

Page 14, Prob. 1.48, second line of J: change the upper limit on the r
integral from oo to R. Fix the last line to read:

VT +ame R = dn (—e B4 e™0) 4 dne R = dm. v

= 4m (—e— 'o

Page 15, Prob. 1.49(b), last integration “constant” should be I(z, 2}, not
Uz, y)-

Page 17, Prob. 1.53, first expression in (4): insert 6, so da = rsin dr d¢ 6.

Page 17, Prob. 1.55: Solution should read as follows:

Problem 1.55

Nz=2=0dr=dz=0;y:0—-1 v.dl=(yz*)dy=0;[v-dl=
(2)z=0; 2=2-2y; dze=-2dy; y:1—0.

v dl= (yz%) dy + (3y + 2) dz = y(2 — 2y)? dy — (3y + 2 — 2y)2dy;

4 o}

0
43 2
/V-dl=2/(2y3—4y2+y—2)dy=2[%—%+%—2y]
1 -

14

1

B)Yrz=y=0;dr=dy=0; 2:2—-0. v-dl=(3y+2)dz=2zdz.

0

0
2

/v-dl:/zdz=i-
2 2

2

=-2.




Total: fv-dl=0+%_2= %.

Meanwhile, Stokes’ thereom says § v - dl = [(Vxv) - da. Here da =
dy dz %, so all we need is
(VXV), = B%(By +2z)— a%(yzz) =3—2yz. Therefore

J(Vxv)-da = [ [(3—2yz)dydz= fol {f02_2y(3 — 2y2) dz} dy
= fol [3(2—2y) — 2y3(2— 2y)?] dy = fol(—4y3 + 8y? — 10y + 6) dy
= [ +3 -5+ 6yl =-1+5-5+6=5. v
e Page 18, Prob. 1.56: change (3) and (4) to read as follows:

(3) ¢1E:1)%; rsinf =y=1,s071 = 35, dr = g}z co80d0, 0:F — 6y =
tan™ " (3).
2

v-dl = (rcos®6)(dr)— (rcosfsin0)(rdo) = do

sin® @

cos? 6 ( cosd ) cosfsiné
- =2y ) W
sin @ sin“ @

cos?f  cosf cosf [ cos? 6 +sin®d cosf
(sin3 ] + sin9> sin@ ( sin? @ ) sin3 9 d
Therefore |
P cosd 1 [P 1 1 5 1
coS
dl = — do = - = =2 _ - _9
/v / sin3 2sin®6|,,, 2-(1/5) 2-(1) 2 2
/2

(4)0 =6, p=7%; r:v2-0 v-dl= (rcos?9) (dr) = islrd'r.

0
4 472
VS

0

Total:

3 (=
}{v-dl—0+7+2-2_.

Page 25, Prob. 2.12: last line should read

Since Qeot = 57 R%p, E = Fleo%r (as in Prob. 2.8).

Page 26, Prob. 2.15: last expression in first line of (ii) should be d¢, not
d phi.

Page 30, Prob. 2.28: remove right angle sign in the figure.

Page 42, Prob. 3.5: subscript on V in last integral should be 3, not 2.



e Page 45, Prob. 3.10: after the first box, add:

F= ¢ 1 x ! v+ ! [cos 8% + sin @ §]
Tne | Qa2 @27 Vet Ry e

where cos 0 = a/v/a? + b2, sinf = b/ a? + b

F q2 a 1 RN + b 1 R
= -—1X _—  — .
16meq | | (a2 +02)3/2 @2 (a2 1 52)32 ~ 2 y

woll [z =2 ¢ | & 111
= 1tre (20) T () T V)] | e |VaP g @ b

e Page 45, Prob. 3.10: in the second box, change “and” to “an”.

e Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72.
e Page 58, Prob. 3.28a, second line, first integral: R® should read R2.

e Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3.

e Page 79, Prob. 4.19: in the upper right box of the Table (o for air) there
is a missing factor of €.

(plus, not minus).
e Page 125, Prob. 7.2(b): in the box, ¢ should be C.
o Page 129, Prob. 7.18: change first two lines to read:

s+a /
3= /B da; B = 1ol 3 ,q>=_“°la/ d_sz_“f’faln(—s“);
8

27s 2 s 27 s
_ _ dQ d<I’ /.Loa,
£ = IloopR = dt R = dt l (1 + /S)

dQ = —ﬁo—aln(1+a/s)d1 = Q= ”Oa'rln(l+a/s)

e Page 131, Prob. 7.27: in the second integral, r should be s.

e Page 140, Prob. 7.47: in the box, the top equation should have a minus
sign in front, and in the bottom equation the plus sign should be minus.

e Page 141, Prob. 7.50, final answer: R? should read Rj.

o Page 143, Prob. 7.55, penultimate displayed equation: tp should be -



e Page 147, Prob. 8.2, top line, penultimate expression: change a2 to a?; in
(¢), in the first box, change 16 to 8.

e Page 153, Prob. 8.11, last line of equations: in the numerator of the ex-
pression for R change 2.01 to 2.10.

e Page 175, Prob. 9.34, penultimate line: o = ng/ny (not ng/n3).

o Page 177, Prob. 9.38: half-way down, remove minus sign in k2 + ki +k2 =

—(w/c)?.
o Page 181, Prob. 10.8: first line: remove ;.
e Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42).
e Page 203, Prob. 11.14: at beginning of second paragraph, remove ;.
e Page 222, Prob. 12.15, end of first sentence: change comma. to period.

e Page 225, Prob. 12.23. The figure contains two errors: the slopes are for
v/c =1/2 (not 3/2), and the intervals are incorrect. The correct solution
is as follows:

Problem 12.23.

)
(a) crx P WA U &7, .
///{/,?’:,Z/’D ey ®e=
LA Q
/L/[ 7/ &7 A
1672
V8. PP
S UT KA vk
A /7%(/// =(3Z/52
Va8 P e%
v I T R
/:/ g
7/ 9.2{
//,Z /) ///
| 7/ 8.75 ‘
AH)

e Page 227, Prob. 12.33: first expression in third line, change ¢? to c.




