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Preface

This book complements the book 7000 Solved Problems in Modern Physics by
the same author and published by Springer-Verlag so that bulk of the courses for
undergraduate curriculum are covered. It is targeted mainly at the undergraduate
students of USA, UK and other European countries and the M.Sc. students of Asian
countries, but will be found useful for the graduate students, students preparing
for graduate record examination (GRE), teachers and tutors. This is a by-product
of lectures given at the Osmania University, University of Ottawa and University
of Tebriz over several years and is intended to assist the students in their assign-
ments and examinations. The book covers a wide spectrum of disciplines in classical
physics and is mainly based on the actual examination papers of UK and the Indian
universities. The selected problems display a large variety and conform to syllabi
which are currently being used in various countries.

The book is divided into 15 chapters. Each chapter begins with basic concepts
and a set of formulae used for solving problems for quick reference, followed by a
number of problems and their solutions.

The problems are judiciously selected and are arranged section-wise. The solu-
tions are neither pedantic nor terse. The approach is straightforward and step-by-step
solutions are elaborately provided. There are approximately 450 line diagrams, one-
fourth of them in colour for illustration. A subject index and a problem index are
provided at the end of the book.

Elementary calculus, vector calculus and algebra are the prerequisites. The areas
of mechanics and electromagnetism are emphasized. No book on problems can
claim to exhaust the variety in the limited space. An attempt is made to include
the important types of problems at the undergraduate level.

It is a pleasure to thank Javid, Suraiya and Techastra Solutions (P) Ltd. for
typesetting and Maryam for her patience. I am grateful to the universities of UK and
India for permitting me to use their question papers; to R.W. Norris and W. Seymour,
Mechanics via Calculus, Longmans, Green and Co., 1923; to Robert A. Becker,
Introduction to Theoretical Mechanics, McGraw-Hill Book Co. Inc, 1954, for one
problem; and Google Images for the cover page. My thanks are to Springer-Verlag,

vii



viii Preface

in particular Claus Ascheron, Adelheid Duhm and Elke Sauer, for constant encour-
agement.

Murphy, Texas Ahmad A. Kamal
November 2010
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Chapter 1
Kinematics and Statics

Abstract Chapter 1 is devoted to problems based on one and two dimensions.
The use of various kinematical formulae and the sign convention are pointed out.
Problems in statics involve force and torque, centre of mass of various systems and
equilibrium.

1.1 Basic Concepts and Formulae

Motion in One Dimension

The notation used is as follows: u =initial velocity, v =final velocity, a =accele-
ration, s = displacement, 7 =time (Table 1.1).

Table 1.1 Kinematical equations

U 1% A S t

() v=u+at v v v X v
(i) s =ut+1/2ar* v X v v v
(iii) v? = u? + 2as v v v v X
(iv) s= 3@+ v v X v v

In each of the equations u is present. Out of the remaining four quantities only
three are required. The initial direction of motion is taken as positive. Along this
direction u and s and a are taken as positive, ¢ is always positive, v can be positive
or negative. As an example, an object is dropped from a rising balloon. Here, the
parameters for the object will be as follows:

u = initial velocity of the balloon (as seen from the ground)

u =-+4ve,a=—g.t=+ve, v=-ve or —ve depending on the value of 7, s =+ve
or —ve, if s = —ve, then the object is found below the point it was released.

Note that (ii) and (iii) are quadratic. Depending on the value of u, both the
roots may be real or only one may be real or both may be imaginary and therefore
unphysical.
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v—t and a— Graphs

The area under the v—¢ graph gives the displacement (see prob. 1.11) and the area
under the a—t graph gives the velocity.

Motion in Two Dimensions — Projectile Motion

Equati t |_ex’ (1.1)
uation: y = xtan o — - ———— .
d Y 2 u?cos?a
Fig. 1.1 Projectile Motion
X —
= R >
. . 2u sin o
Time of flight: T = (1.2)
u? sin 2«
Range: R = —— (1.3)
8
. . u? sin® o
Maximum height: H = . (1.4)
8
Velocity: v = \/gztz —2ugsina.t + u? (1.5)
sinoe — gt
Angle: tanf = e (1.6)
U Coso

Relative Velocity

If va is the velocity of A and vp that of B, then the relative velocity of A with respect
to B will be

VAB = UA — UB 1.7

Motion in Resisting Medium

In the absence of air the initial speed of a particle thrown upward is equal to that
of final speed, and the time of ascent is equal to that of descent. However, in the
presence of air resistance the final speed is less than the initial speed and the time of
descent is greater than that of ascent (see prob. 1.21).
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Equation of motion of a body in air whose resistance varies as the velocity of the
body (see prob. 1.22).
Centre of mass is defined as
Xm iti 1

Emi = MEmiri (1.8)

Fem =
Centre of mass velocity is defined as
1 .
VC = ﬁEmm (1.9)

The centre of mass moves as if the mass of various particles is concentrated at
the location of the centre of mass.

Equilibrium

A system will be in translational equilibrium if ¥ F = 0. In terms of potential

v 9’V

— = 0, where V is the potential. The equilibrium will be stable if ol < 0.
X

X
A system will be in rotational equilibrium if the sum of the external torques is zero,
ie. Xt =0

1.2 Problems
1.2.1 Motion in One Dimension

1.1 A car starts from rest at constant acceleration of 2.0 m/s?. At the same instant
a truck travelling with a constant speed of 10 m/s overtakes and passes the car.

(a) How far beyond the starting point will the car overtake the truck?
(b) After what time will this happen?
(c) At that instant what will be the speed of the car?

1.2 From an elevated point A, a stone is projected vertically upward. When the
stone reaches a distance 4 below A, its velocity is double of what it was at a
height 4 above A. Show that the greatest height obtained by the stone above A
is 5h/3.

[Adelaide University]

1.3 A stone is dropped from a height of 19.6 m, above the ground while a second
stone is simultaneously projected from the ground with sufficient velocity to
enable it to ascend 19.6 m. When and where the stones would meet.

1.4 A particle moves according to the law x = A sin mt, where x is the displace-
ment and ¢ is time. Find the distance traversed by the particle in 3.0s.



1.5

1.6

1.7

1.8

Fig.

1.9

Fig.

1 Kinematics and Statics

A man of height 1.8 m walks away from a lamp at a height of 6 m. If the man’s
speed is 7 m/s, find the speed in m/s at which the tip of the shadow moves.

The relation 3t = ,/3x + 6 describes the displacement of a particle in one
direction, where x is in metres and ¢ in seconds. Find the displacement when
the velocity is zero.

A particle projected up passes the same height / at 2 and 10s. Find % if g =
9.8 m/s%.

Cars A and B are travelling in adjacent lanes along a straight road (Fig. 1.2).
At time, t = 0 their positions and speeds are as shown in the diagram. If car A
has a constant acceleration of 0.6 m/s* and car B has a constant deceleration of
0.46m/ s2, determine when A will overtake B.

[University of Manchester 2007]

1.2 (Va)g= 13 ms™ (Vg)o=20 ms™
A B
©—© ©—©
|<— 30 m ——»!
—»X
A boy stands at A in a field at a distance 600 m from the road BC. In the field

he can walk at 1 m/s while on the road at 2 m/s. He can walk in the field along
AD and on the road along DC so as to reach the destination C (Fig. 1.3). What
should be his route so that he can reach the destination in the least time and
determine the time.

T A

600 m 4 Field

l .

B D Road C
1.3 -t 800 m -

1.10 Water drips from the nozzle of a shower onto the floor 2.45 m below. The drops

fall at regular interval of time, the first drop striking the floor at the instant the
third drop begins to fall. Locate the second drop when the first drop strikes the
floor.

1.11 The velocity—time graph for the vertical component of the velocity of an object

thrown upward from the ground which reaches the roof of a building and
returns to the ground is shown in Fig. 1.4. Calculate the height of the building.
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Fig. 1.4 30

1.12

1.13

1.14

1.15

1.16

1.17

1.18

1.19

vy (m/s)

0 T 1 T
t/s —
ol 12 3\4}

A ball is dropped into a lake from a diving board 4.9 m above the water. It
hits the water with velocity v and then sinks to the bottom with the constant
velocity v. It reaches the bottom of the lake 5.0 s after it is dropped. Find

(a) the average velocity of the ball and
(b) the depth of the lake.

A stone is dropped into the water from a tower 44.1 m above the ground.
Another stone is thrown vertically down 1.0 s after the first one is dropped.
Both the stones strike the ground at the same time. What was the initial veloc-
ity of the second stone?

A boy observes a cricket ball move up and down past a window 2 m high. If
the total time the ball is in sight is 1.0 s, find the height above the window that
the ball rises.

In the last second of a free fall, a body covered three-fourth of its total path:

(a) For what time did the body fall?
(b) From what height did the body fall?

A man travelling west at 4 km/h finds that the wind appears to blow from
the south. On doubling his speed he finds that it appears to blow from the
southwest. Find the magnitude and direction of the wind’s velocity.

An elevator of height & ascends with constant acceleration a. When it crosses
a platform, it has acquired a velocity u. At this instant a bolt drops from the
top of the elevator. Find the time for the bolt to hit the floor of the elevator.

A car and a truck are both travelling with a constant speed of 20 m/s. The
car is 10 m behind the truck. The truck driver suddenly applies his brakes,
causing the truck to decelerate at the constant rate of 2 m/s”. Two seconds later
the driver of the car applies his brakes and just manages to avoid a rear-end
collision. Determine the constant rate at which the car decelerated.

Ship A is 10 km due west of ship B. Ship A is heading directly north at a speed
of 30 km/h, while ship B is heading in a direction 60° west of north at a speed
of 20 km/h.
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(i) Determine the magnitude and direction of the velocity of ship B relative
to ship A.
(ii) What will be their distance of closest approach?
[University of Manchester 2008]

A balloon is ascending at the rate of 9.8 m/s at a height of 98 m above the
ground when a packet is dropped. How long does it take the packet to reach
the ground?

1.2.2 Motion in Resisting Medium

1.21

1.22

1.23

1.24

1.25

An object of mass m is thrown vertically up. In the presence of heavy air
resistance the time of ascent (#1) is no longer equal to the time of descent (#2).
Similarly the initial speed (#) with which the body is thrown is not equal to the
final speed (v) with which the object returns. Assuming that the air resistance
F is constant show that

n g+ F/m v Jg—F/m
n \Vg—F/m u \g+F/m

Determine the motion of a body falling under gravity, the resistance of air
being assumed proportional to the velocity.

Determine the motion of a body falling under gravity, the resistance of air
being assumed proportional to the square of the velocity.

A body is projected upward with initial velocity u against air resistance which
is assumed to be proportional to the square of velocity. Determine the height
to which the body will rise.

Under the assumption of the air resistance being proportional to the square
of velocity, find the loss in kinetic energy when the body has been projected
upward with velocity u and return to the point of projection.

1.2.3 Motion in Two Dimensions

1.26

A particle moving in the xy-plane has velocity components dx/dt = 6 + 2t
anddy/dt =4 +1¢
where x and y are measured in metres and ¢ in seconds.

(i) Integrate the above equation to obtain x and y as functions of time, given
that the particle was initially at the origin.
(i) Write the velocity v of the particle in terms of the unit vectors i and j.
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1.27

1.28

1.29

1.30

1.31

1.32

1.33

1.34

(iili) Show that the acceleration of the particle may be written as a = 2i + f .
(iv) Find the magnitude of the acceleration and its direction with respect to

the x-axis.
[University of Aberystwyth Wales 2000]

Two objects are projected horizontally in opposite directions from the top of
a tower with velocities u; and u,. Find the time when the velocity vectors are
perpendicular to each other and the distance of separation at that instant.

From the ground an object is projected upward with sufficient velocity so that
it crosses the top of a tower in time #; and reaches the maximum height. It then
comes down and recrosses the top of the tower in time #,, time being measured
from the instant the object was projected up. A second object released from
the top of the tower reaches the ground in time 3. Show that 13 = /71 7;.

A shell is fired at an angle 6 with the horizontal up a plane inclined at an angle
«. Show that for maximum range, 6 = % + %.

A stone is thrown from ground level over horizontal ground. It just clears three
walls, the successive distances between them being r and 2r. The inner wall
is 15/7 times as high as the outer walls which are equal in height. The total
horizontal range is nr, where n is an integer. Find n.

[University of Dublin]

A boy wishes to throw a ball through a house via two small openings, one in
the front and the other in the back window, the second window being directly
behind the first. If the boy stands at a distance of 5 m in front of the house and
the house is 6 m deep and if the opening in the front window is 5 m above him
and that in the back window 2 m higher, calculate the velocity and the angle
of projection of the ball that will enable him to accomplish his desire.
[University of Dublin]

A hunter directs his uncalibrated rifle toward a monkey sitting on a tree, at a
height i above the ground and at distance d. The instant the monkey observes
the flash of the fire of the rifle, it drops from the tree. Will the bullet hit the
monkey?

If « is the angle of projection, R the range, & the maximum height, T the time
of flight then show that
(a)tanoa = 4h/R  and (b)h = gT?/8

A projectile is fired at an angle of 60° to the horizontal with an initial velocity
of 800 m/s:

(i) Find the time of flight of the projectile before it hits the ground
(ii) Find the distance it travels before it hits the ground (range)
(iii) Find the time of flight for the projectile to reach its maximum height



1.35

1.36

1.37

Fig. 1.5

1.38

1 Kinematics and Statics

(iv) Show that the shape of its flight is in the form of a parabola y = bx +cx?,
where b and ¢ are constants [acceleration due to gravity g = 9.8 m/s?].
[University of Aberystwyth, Wales 2004]

A projectile of mass 20.0kg is fired at an angle of 55.0° to the horizontal
with an initial velocity of 350 m/s. At the highest point of the trajectory the
projectile explodes into two equal fragments, one of which falls vertically
downwards with no initial velocity immediately after the explosion. Neglect
the effect of air resistance:

(i) How long after firing does the explosion occur?
(ii) Relative to the firing point, where do the two fragments hit the ground?
(iii) How much energy is released in the explosion?
[University of Manchester 2008]

An object is projected horizontally with velocity 10 m/s. Find the radius of
curvature of its trajectory in 3 s after the motion has begun.

A and B are points on opposite banks of a river of breadth a and AB is at right
angles to the flow of the river (Fig. 1.4). A boat leaves B and is rowed with
constant velocity with the bow always directed toward A. If the velocity of the
river is equal to this velocity, find the path of the boat (Fig. 1.5).

A ball is thrown from a height & above the ground. The ball leaves the point
located at distance d from the wall, at 45° to the horizontal with velocity u.
How far from the wall does the ball hit the ground (Fig. 1.6)?

O¢
1 h

Fig. 1.6 - —d—
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1.2.4 Force and Torque

1.39 Three vector forces F{, F» and F3 act on a particle of mass m = 3.80kg as
shown in Fig. 1.7:

(i) Calculate the magnitude and direction of the net force acting on the
particle.
(ii) Calculate the particle’s acceleration.
(iii) If an additional stabilizing force F4 is applied to create an equilibrium
condition with a resultant net force of zero, what would be the magnitude
and direction of F4?

Fig. 1.7 y
F,=80N

1.40 (a) A thin cylindrical wheel of radius » = 40cm is allowed to spin on a
frictionless axle. The wheel, which is initially at rest, has a tangential
force applied at right angles to its radius of magnitude 50 N as shown in
Fig. 1.8a. The wheel has a moment of inertia equal to 20 kg m?.

F=50N

~
~axle

Fig. 1.8a

Calculate

(i) The torque applied to the wheel

(ii) The angular acceleration of the wheel
(iii) The angular velocity of the wheel after 3 s
(iv) The total angle swept out in this time

(b) The same wheel now has the same force applied but inclined at an angle
of 20° to the tangent as shown in Fig. 1.8b. Calculate

(i) The torque applied to the wheel
(i) The angular acceleration of the wheel
[University of Aberystwyth, Wales 2005]
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Fig. 1.8b F=50N
20°

r

1.41 A container of mass 200 kg rests on the back of an open truck. If the truck
accelerates at 1.5m/s2, what is the minimum coefficient of static friction
between the container and the bed of the truck required to prevent the con-
tainer from sliding off the back of the truck?

[University of Manchester 2007]

1.42 A wheel of radius r and weight W is to be raised over an obstacle of height
h by a horizontal force F applied to the centre. Find the minimum value of F
(Fig. 1.9).

“>>

Fig. 1.9 y

1.2.5 Centre of Mass

1.43 A thin uniform wire is bent into a semicircle of radius R. Locate the centre of
mass from the diameter of the semicircle.

1.44 Find the centre of mass of a semicircular disc of radius R and of uniform
density.

1.45 Locate the centre of mass of a uniform solid hemisphere of radius R from the
centre of the base of the hemisphere along the axis of symmetry.

1.46 A thin circular disc of uniform density is of radius R. A circular hole of
radius %2R is cut from the disc and touching the disc’s circumference as in
Fig. 1.10. Find the centre of mass.
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Fig. 1.10

1.47

1.48

1.49

1.50

1.51

1.52
1.53

1.54

1.55

The mass of the earth is 81% the mass of the moon. The distance between the
centres of the earth and the moon is 60 times the radius of earth R = 6400 km.
Find the centre of mass of the earth—-moon system.

The distance between the centre of carbon and oxygen atoms in CO molecule
is 1.13 A. Locate the centre of mass of the molecule relative to the carbon
atom.

The ammonia molecule NH3 is in the form of a pyramid with the three H
atoms at the corners of an equilateral triangle base and the N atom at the apex
of the pyramid. The H-H distance = 1.014 A and N-H distance = 1.628 A.
Locate the centre of mass of the NH3 molecule relative to the N atom.

A boat of mass 100 kg and length 3 m is at rest in still water. A boy of mass
50kg walks from the bow to the stern. Find the distance through which the
boat moves.

At one end of the rod of length L, a body whose mass is twice that of the rod is
attached. If the rod is to move with pure translation, at what fractional length
from the loaded end should it be struck?

Find the centre of mass of a solid cone of height A.

Find the centre of mass of a wire in the form of an arc of a circle of radius R
which subtends an angle 2o symmetrically at the centre of curvature.

Five identical pigeons are flying together northward with speed vg. One of
the pigeons is shot dead by a hunter and the other four continue to fly with
the same speed. Find the centre of mass speed of the rest of the pigeons
which continue to fly with the same speed after the dead pigeon has hit the
ground.

The linear density of a rod of length L is directly proportional to the distance
from one end. Locate the centre of mass from the same end.
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1.56 Particles of masses m, 2m, 3m...nm are collinear at distances L, 2L,
3L...nL, respectively, from a fixed point. Locate the centre of mass from
the fixed point.

1.57 A semicircular disc of radius R has density p which varies as p = cr?, where
r is the distance from the centre of the base and cis a constant. The centre of
mass will lie along the y-axis for reasons of symmetry (Fig. 1.11). Locate the
centre of mass from O, the centre of the base.

Fig. 1.11 y —axis

—X

1.58 Locate the centre of mass of a water molecule, given that the OH bond has
length 1.77 A and angle HOH is 105°.

1.59 Three uniform square laminas are placed as in Fig. 1.12. Each lamina mea-
sures ‘a’ on side and has mass m. Locate the CM of the combined structure.

Fig. 1.12 y
3| a
1 2 a
0 X
a a

1.2.6 Equilibrium

1.60 Consider a particle of mass m moving in one dimension under a force with the
potential U (x) = k(2x3 — 5x2 + 4x), where the constant k > 0. Show that
the point x = 1 corresponds to a stable equilibrium position of the particle.

[University of Manchester 2007]

1.61 Consider a particle of mass m moving in one dimension under a force with the
potential U (x) = k(x% — 4xI), where the constant k > 0. Show that the point
x = 2l corresponds to a stable equilibrium position of the particle.
Find the frequency of a small amplitude oscillation of the particle about the
equilibrium position.
[University of Manchester 2006]
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1.62 A cube rests on a rough horizontal plane. A tension parallel to the plane
is applied by a thread attached to the upper surface. Show that the cube
will slide or topple according to the coefficient of friction is less or greater
than 0.5.

1.63 A ladder leaning against a smooth wall makes an angle o with the horizontal
when in a position of limiting equilibrium. Show that the coefficient of friction
between the ladder and the ground is % cot .

1.3 Solutions

1.3.1 Motion in One Dimension

1.1 (a)

Equation of motion for the truck: s = ut (D

Equation of motion for the car: s = Eat2 2)

The graphs for (1) and (2) are shown in Fig. 1.13. Eliminating ¢ between
the two equations

1as
s (1‘572) _ 3)

Fig. 1.13
100m | s =ut
s 1 2
Truck s =zat
car
1.03 t
Eithers =0or 1 — - % = 0. The first solution corresponds to the result
u
that the truck overtakes the car at s = 0 and therefore at t = 0.
o 2u? 2% 10
The second solution gives s = — = > = 100m
s 100
b)r==—=—=10s
10
(©) v=at=2x10=20m/s
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1.2

1.3

When the stone reaches a height i above A
v} =u®—2¢gh
and when it reaches a distance /1 below A

v% =u’? + 2gh

1 Kinematics and Statics

(1

2)

since the velocity of the stone while crossing A on its return journey is again u

vertically down.

Also, v = 2v; (by problem)
Combining (1), (2) and (3) u®> = L gh

Maximum height

u’ 10gh  5h
H:—:——:—
2g 3 2¢g 3

3)
“4)

Let the stones meet at a height s m from the earth after ¢ s. Distance covered by

the first stone

1 2
h—s=—gt
s 2g

where & = 19.6 m. For the second stone

2
s =ut = —-gt
28

vV =0=u®>-2gh

u=1/2gh=+2x98x19.6 = 19.6m/s

Adding (1) and (2)

(D

2

3)
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1.5

Solutions 15

From (2),

1
s=19.6x1—§x9.8x12=14.7m

x = Asinnwt = Asinwt

where w is the angular velocity, w =

2 2
Time period T = r_cr =12s
1) b1

In %s (a quarter of the cycle) the distance covered is A. Therefore in 3 s the
distance covered will be 6A.

Let the lamp be at A at height H from the ground, that is AB = H, Fig. 1.14.
Let the man be initially at B, below the lamp, his height being equal to BD = A,
so that the tip of his shadow is at B. Let the man walk from B to F in time 7
with speed v, the shadow will go up to C in the same time ¢ with speed v':

Fig. 1.14 _A
i E
O }
h h
B F -
fe— vt —
I vt !
BF = vt; BC = vt
From similar triangles EFC and ABC
FC EF h
BC AB H
FC EF h V't — vt h
_— = = — —> = —
BC AB H V't H
or
H 6 x7
v = v x =10m/s
H—-h (6-1.98)
1.6 V3x=3r-6 ey

Squaring and simplifying x = 312 — 12t + 12 2)
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1.7

1.8

1.9

dx
v=— =060 —12
dr
v=0givest =2s
Using (3) in (2) gives displacement x = 0
1 2
= ut —at
s u+2a
h PPN
=ux2—-gx
28
1 2
h=ux10—§g><10

Solving (2) and (3) h = 10g = 10 x 9.8 = 98 m.

1 Kinematics and Statics

3)

(D
2

3)

Take the origin at the position of A at # = 0. Let the car A overtake B in time ¢
after travelling a distance s. In the same time ¢, B travels a distance (s — 30) m:

t+l 2
S =Uu —d
2
1
s=13t+§x0.6t2 (Car A)
1
s —30 =20 — 5 % 0.461> (Car B)

Eliminating s between (2) and (3), we find r = 0.9s.
Let BD = x. Time #; for crossing the field along AD is

AD  /x2+ (600)2

= — =
T 1.0

Time #, for walking on the road, a distance DC, is

DC 800 —x
t2 = — =
%) 2.0

800 — x

Total timet = t; + 1 = v/ x2 4 (600)2 +

(D
2

3)

(1)

2

3

Minimum time is obtained by setting df/dx = 0. This gives us x = 346.4m.
Thus the boy must head toward D on the round, which is 800-346.4 or 453.6 m

away from the destination on the road.

The total time ¢ is obtained by using x = 346.4 in (3). We find r = 920s.

1.10 Time taken for the first drop to reach the floor is

L [2n_ [2x2a5
= _— = _ = —— 8§
! g 9.8 V2
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1.11

1.12

1.13

1.14

As the time interval between the first and second drop is equal to that of the
second and the third drop (drops dripping at regular intervals), time taken by

the second drop is r, = 2_«/5 s; therefore, distance travelled by the second
drop is

Height /i = area under the v — ¢ graph. Area above the 7-axis is taken positive
and below the #-axis is taken negative. h = area of bigger triangle minus area
of smaller triangle.

Now the area of a triangle = base x altitude

1 1
h=§X3x30—§xlx10=40m

. 2h 2x4.9
(a) Time for the ball to reach watert; = | — = 08 =1.0s
g .

Velocity of the ball acquired at that instant v = g#t; = 9.8 x 1.0 =
9.8m/s.
Time taken to reach the bottom of the lake from the water surface

th =5.0—-1.0=4.0s.
As the velocity of the ball in water is constant, depth of the lake,
d=vtp=98x4=392m.

total displacement 4.9 + 39.2
(b) <v>= - =
total time 5.0

. 2h 2 x44.1
For the first stone time t; = ./ — = o3 =3.0s.
8

Second stone takes t, = 3.0 — 1.0 =2.0s t(; strike the water

=8.82m/s

1
h =ut, + Egtzz

Usingh =44.1m,t, =2.0sand g = 9.8 m/sz, we find u = 12.25m/s

Transit time for the single journey = 0.5s.

When the ball moves up, let vy be its velocity at the bottom of the window, v
at the top of the window and vy = 0 at height & above the top of the window
(Fig. 1.15)
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Fig. 1.15 VzT
h
H=2m
il
v =v9— gt =v9—9.8x0.5=v9—4.9 (1)
vl = v} —2gh =v5 —2x98x2=1uv}-392 2)
Eliminating v; between (1) and (2)
vg = 6.45m/s 3
v2 —O—UO 2¢ (H +h)
2 2
6.45
Hah="0 OB 5 5m
2g  2x9.8
h=2.1225—-2.0=0.1225m
Thus the ball rises 12.25 cm above the top of the window.
1 r
1.15 (a) S, =¢ n—z S:Egn
3
By problem S, = Zs
1 3 1 2
n—=)=(-)z)gn
s\ 2 4)J\2)¢
2
Simplifying 3n*> — 8n +4 =0,n =2 or 3
2
The second solution, n = 3’ isruledoutasn < 1.
1 1
(b) s=-gn?>=-x98x22=19.6m
2 2
1.16 In the triangle ACD, CA represents magnitude and apparent direction of

wind’s velocity w1, when the man walks with velocity DC = v = 4km/h
toward west, Fig. 1.16. The side DA must represent actual wind’s velocity
because

Wi=W-—v

When the speed is doubled, DB represents the velocity 2v and BA represents
the apparent wind’s velocity W». From the triangle ABD,
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Fig. 1.16

1.17

1.18

A
o/ \d
- N
45° ¢
w
WZ
w, w E
B C+——vyv— D
| | s
I 2v 1
Wr=W—-2v

By problem angle CAD = 6 = 45°. The triangle ACD is therefore an isosce-
les right angle triangle:

AD = v2CD = 4/2km/h

Therefore the actual speed of the wind is 4ﬁ km/h from southeast direction.

Choose the floor of the elevator as the reference frame. The observer is inside
the elevator. Take the downward direction as positive.
Acceleration of the bolt relative to the elevator is

ad=g-(-a)=g+a
2h
g§+a

1 1
h= Ea/z‘2 = z(g +a)t2 t=

In 2s after the truck driver applies the brakes, the distance of separation
between the truck and the car becomes

1 1
dei=d——a? =10 — = x 2 x 22 =6m
2 2

The velocity of the truck 2 becomes 20 —2 x 2 = 16 m/s.
Thus, at this moment the relative velocity between the car and the truck will be

Urel =20 — 16 =4m/s

Let the car decelerate at a constant rate of a,. Then the relative deceleration
will be

drel = d2 — Ay
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1.19
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If the rear-end collision is to be avoided the car and the truck must have the
same final velocity that is

Vel =0

Now v, = u’; — 2 el d
OW Vo) = U] — < Arel Grel

v2 42 4

rel __ — —m/52
2der  2x6 3

Arel =

4
ar=aj + ae =2+ 3 = 3.33m/s2

UBA = UB — VA
From Fig. 1.17a

VBA = \/v]z3 + v3 — 2B A COS 60°

=202 +302 — 2 x 20 x 30 x 0.5 = 10~/7km/h

The direction of vgs can be found from the law of sines for AABC,
Fig. 1.17a:

.. AC BC
(i) — =
sin 6 sin 60
. AC | VB . o 20 x0.866
or sinf = —sin60 = — sin60° = ——— = 0.6546
BC UBA 10\/7
0 =40.9°
A
h
60° 60°
v
-V, B 7c
0 VBA
\/

Fig. 1.17a B
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S

60°

Fig. 1.17b

Thus vpa makes an angle 40.9° east of north.
(ii) Let the distance between the two ships be r at time ¢. Then from the
construction of Fig. 1.17b

r = [(vat — vgt cos 60°)% 4 (10 — vgt sin 60°)?]'/2 W

Distance of closest approach can be found by setting dr/d¢ = 0. This

3 3
gives t = £h When t = %— is inserted in (1) we get ryjn = 20/\/7 or
7.56 km.

1.20 The initial velocity of the packet is the same as that of the balloon and is point-
ing upwards, which is taken as the positive direction. The acceleration due to
gravity being in the opposite direction is taken negative. The displacement is
also negative since it is vertically down:

u=9.8m/s,a=—g=_9.8m/52;S:_98m

1 2 ! 2 2
S=uf+§at;—98=9.8t—§x9.8t or t©—2t—20=0,
t=1+£+v21

The acceptable solution is 1 4+ +/21 or 5.58 s. The second solution being neg-
ative is ignored. Thus the packet takes 5.58 s to reach the ground.

1.3.2 Motion in Resisting Medium

1.21 Physically the difference between #; and #» on the one hand and v and u
on other hand arises due to the fact that during ascent both gravity and air
resistance act downward (friction acts opposite to motion) but during descent
gravity and air resistance are oppositely directed. Air resistance F actually
increases with the velocity of the object (F o< v or v? or v?). Here for sim-
plicity we assume it to be constant.

For upward motion, the equation of motion is

ma; = —(F +mg)



or

F
m

For downward motion, the equation of motion is

may =mg — F

or
F

a=g— —
m

For ascent

F
v1=0=u+a1t=u—<;+g>t1

u

F
g+
m

vi2=0=u?+2a1h

where we have used (1). Using (4) in (3)

2h

1 = F
g+ —

m

For descent v? = 2a>h

where we have used (2)

1 =

where we have used (2) and (6)
From (5) and (7)

1 Kinematics and Statics

&)

@

3)

“4)

®)

(6)

)

®)
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It follows that , > #1, that is, time of descent is greater than the time of ascent.
Further, from (4) and (6)

€))

It follows that v < u, that is, the final speed is smaller than the initial speed.

1.22 Taking the downward direction as positive, the equation of motion will be

dv

a s8R @

where k is a constant. Integrating

f dv —/dt
g—kv
1 _
__1n<g kv):[
k c

where c is a constant:

g —kv= ce X 2)

This gives the velocity at any instant.
As 1 increases e % decreases and if 7 increases indefinitely g — kv = 0, i.e.

v=2 3)

This limiting velocity is called the terminal velocity. We can obtain an expres-
sion for the distance x traversed in time 7. First, we identify the constant ¢
in (2). Since it is assumed that v = 0 at t = 0, it follows that ¢ = g.

d
Writing v = d—: in (2) and putting ¢ = g, and integrating

d
g — k_x — gefkl

/gdt /dx—g/e_k’dt—i-D

—kx=-5e* 4 p
X k +

Atx =0, t = 0; therefore, D = %
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1.23

_gt g —kt
x—?—p<1—e )

The equation of motion is

d2x B K dx\?
az = ¢ dt

writing V2 = % and integrating

V+v

In =2kV(t+c)

If the body starts from rest, then ¢ = 0 and

Vv 2gt
etV oy = 28
V—v \%4
\% V4o
= —1In
2¢ V—vw

1 Kinematics and Statics

“)

(D

2)
3)

“4)

(&)

which gives the time required for the particle to attain a velocity v =0. Now

V+u _ kv

V—-v
2kVt
v € —
V = W =tanh kVt
ie.
t
v = V tanh &
\%

(6)

)

The last equation gives the velocity v after time ¢. From (7)

d t
& Vtanhg—
dr \%
2
t
x:—lncoshg—

V2 egt/v +e—gt/v
x=—h———

g 2

®)

€))
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no additive constant being necessary since x = 0 when r = 0. From (6) it is
obvious that as ¢ increases indefinitely v approaches the value V. Hence V is
the terminal velocity, and is equal to \/g/k.

The velocity v in terms of x can be obtained by eliminating ¢ between (5)

and (9).
From (9),
. ekVi 4 o—kVi
et = ——M ——
2
Squaring 4e?** = VI 4 72KV | 9
V4+vu V—-v
= — 42 f 5
V—U+V+U+ rom (5)
4v?
TVvr_ .2
_28x
=V2(1—e v2> (10
1.24 Measuring x upward, the equation of motion will be
dx LAY 0
a2 -8 dr
d?x d [dx dv dv dx dv
—_— = _— = — = — - — = 1V—
dr2  dr \ dt dt  dx dt dx
d
v—v = —g —kv? (2)
dx

1 d(vz)
. — | ——————=—{ dx
2k / (g/k) +v? /

k 2
Integrating, In <M> = —Dkx
c

or g + 02 = ce K 3)
k
Whenx =0, v=u; -.c = % +u? and writing g = Vz, we have
VZga? o o
yotv —e V2 4)
V2 4 u?
_28x
v = (V24 uP)e v —V? )

The height / to which the particle rises is found by putting v = 0 atx = h
in (5)
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V242 2¢h
= e v2
V2
y2 u?
h=£1n<l+m> (6)

1.25 The particle reaches the height & given by

2 u>
h=—In (1 + W) (by prob. 1.24)

The velocity at any point during the descent is given by
2 2 -2
v =V <1 —e V2 ) (by prob. 1.23)

The velocity of the body when it reaches the point of projection is found by
substituting & for x:

V2 2v2
02=V2{1 } "

TVIF2| T Viya2

1 1
Loss of kinetic energy = Emu2 - Emv2

= —mu — = U | ———
2 V2 4 u? 2 V24 u?
1.3.3 Motion in Two Dimensions

dx
1.26 (i) 5=6+2t

/dx=6/dt+2/tdt

x=6t4+1>+C
x=0,t=0;,C=0
x =6t +1°

dy

— =44t
dt +

/dy=4/dt+/tdt
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t2
=4t+—+D
y=dit g+
t2
— w4+ —
y=u-+ +2

(i) D=(6+20i4+@+1)]

(i) - _dv _ o~ -
a o 1+

(iv) ¢ =22+12=4/5

1
tanf = 5; 6 = 26.565°

Acceleration is directed at an angle of 26°34" with the x-axis.

1.27 Take upward direction as positive, Fig. 1.18. At time ¢ the velocities of the
objects will be

v1=ulf—gtf (D
v = —upi — gt ] )

If v; and v, are to be perpendicular to each other, then v - v, = 0, that is

(ulf—gtf) . (—uzf—gtf) =0

—ujur + gzt2 =0

1
or 1= —Juiuy 3)
8
.. 2 1 2 2 1 2
The position vectors are r|{ = ujti — Qgtzj, ro=—usti — Egtzj.

The distance of separation of the objects will be

ri2 = |F1 — Fa| = (u1 + u2)t

Fig. 1.18
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1.28

1.29
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rip = ————Juiuz €]

where we have used (2).

Consider the equation
[+ g (1)
s=ut+ -a
2

Taking upward direction as positive, a = —g and let s = h, the height of the
tower, (1) becomes

1
h=ut — —gt*
ut =58
or
[
Egt —ut+h=0 (2)

Let the two roots be #; and t,. Compare (2) with the quadratic equation
ax>+bx+c=0 3)

The product of the two roots is equal to c¢/a. It follows that

2h [2h
i) = —ory/tih = |— =13
8 8

which is the time taken for a free fall of an object from the height /.

Let the shell hit the plane at p(x, y), the range being AP = R, Fig. 1.19. The
equation for the projectile’s motion is

y=xtanf — s 1)
2u? cos? 9

Now y = Rsina 2)

x = Rcosa 3)

Fig. 1.19 A B
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Using (2) and (3) in (1) and simplifying

_ 2u*cos O sin(6 — o)

gcosla
. . . . dR )
The maximum range is obtained by setting w 0, holding u, @ and g

constant. This gives cos(20 —a) =0 or 20 —a = B}

oD

+

o=

i
4
1.30 As the outer walls are equal in height (%) they are equally distant (¢) from the

extremities of the parabolic trajectory whose general form may be written as

(Fig. 1.20)
Fig. 1.20 1
y
15
h 7h h
O —r— 2r [—P— -
| mr |
y=ax — bx? (1)

y =0atx = R = nr, when R is the range
This gives a = bnr 2
The range R = ¢ 4+ r + 2r 4+ ¢ = nr, by problem
c=m-3)= 3)
2

The trajectory passes through the top of the three walls whose coordinates are
(c, h), (c +r, %h) , (c+3r, h), respectively. Using these coordinates in (1),
we get three equations

h = ac — bc? 4)
g =a(c+r) —blc+r)? (5)
h=a(c+3r) —bc+3r)? (6)

Combining (2), (3), (4), (5) and (6) and solving we get n = 4.
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1.31 The equation to the parabolic path can be written as

y=ax — bx? (D)

& 2)

witha =tanf; b = ———
2u? cos? 6

Taking the point of projection as the origin, the coordinates of the two open-
ings in the windows are (5, 5) and (11, 7), respectively. Using these coordi-
nates in (1) we get the equations

5=5a — 25b 3)
7=1la — 121b 4)

with the solutions, a = 1.303 and b = 0.0606. Using these values in (2), we
find @ = 52.5° and u = 14.8 m/s.

1.32 Let the rifle be fixed at A and point in the direction AB at an angle o with the
horizontal, the monkey sitting on the tree top at B at height /, Fig. 1.21. The
bullet follows the parabolic path and reaches point D, at height H, in time ¢.

Monkey on
tree top &B/__
D
s
Rifle pointing h
at the monkey
H
u
"4
A )oc

1 IC -
Fig. 1.21 é ' d 1

The horizontal and initial vertical components of velocity of bullet are
Uy =UCOSQ; Uy = usina

Let the bullet reach the point D, vertically below B in time 7, the coordinates
of D being (d, H). As the horizontal component of velocity is constant

udt
d=uyt = (ucosa)t = —
S
where s = AB:
s
= -
u

The vertical component of velocity is reduced due to gravity.
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In the same time, the y-coordinate at D is given by

r ., ) 1,
y:H:uyt—zgt :u(sma)t—zgt

()0 b

h—H ! t?
or — = —
2g

o 2n—m
B g

But the quantity (h—H ) represents the height through which the monkey drops
from the tree and the right-hand side of the last equation gives the time for a
free fall. Therefore, the bullet would hit the monkey independent of the bullet’s
initial velocity.

133 g — u? sin 2u _ u? sin? o T — 2u sin o
g g g
(@) h 1 4h
E = Ztana—> tanoe = E
® h _g el
7278 "T7%
134 ) T= 2u sin o _ 2 x 800 sin 60 14145
g 9.8
2sin2 800)7 sin(2 x 60
iy R = Sz (800) s;né 69 _ 5 6568 x 10*m = 56.57km
g .
(iii) Time to reach maximum height = %T = % x 141.4 =707s
(V) x = (ucosa)t (1)
. I,
y = (usina)t — Egt 2)
Eliminating ¢ between (1) and (2) and simplifying
1 g)c2
=xt —_—— 3
y=xlana 2u?cos? « )
. , . 1 g
which is of the form y = bx+cx~, withh = tanaandc = — = ————.
2 u?cos? o
135 () T = usine 350 sin 55 29955

9.8
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(i) At the highest point of the trajectory, the velocity of the particle is

(iii)

entirely horizontal, being equal to u# cos «. The momentum of this particle
at the highest point is p = mu cosa, when m is its mass. After the
explosion, one fragment starts falling vertically and so does not carry
any momentum initially. It would fall at half of the range, that is

R lu?sin2¢  (350)%sin(2 x 55°)
> =5

2 g - 2%98 = 5873 m, from the firing point.

The second part of mass %m proceeds horizontally from the highest point
with initial momentum p in order to conserve momentum. If its velocity
is v then

m
p= EU = Mu cos o

v=2ucosa =2 x 350cos55° =401.5m/s
Then its range will be
R =v | ey

But the maximum height

2 2

u-sin” o
h=—— 2
2% ()
Using (2) in (1)

R — vusina _ (401.5)(350)(sin 55°)

= = 11746 m
g 9.8

The distance form the firing point at which the second fragment hits the
ground is

R
B + R =5873 + 11746 = 17619 m

Energy released = (kinetic energy of the fragments) — (kinetic energy of
the particle) at the time of explosion

1 1
= —ﬂv2 — —m(u coso;)2
22 2

20 20
=X (401.5)% — 7(350cos 55°)2 = 4.03 x 10°]
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1.36

1.37

1.38

The radius of curvature

[1 4 (dy/dn?]>?
= 2y /dx? (D
X =0t =10x3=30m
1t2 ! 9.8 x 32 =44.1
= — = — X . X = .1m.
y=280 =5
) _1 x2
Ly = 2gvo
9.8 x 30
d?y g 9.8
wzv_gzﬁ_ows 3)

Using (2) and (3) in (1) we find p = 305 m.

Let P be the position of the boat at any time, Let AP = r, angle BAP = 0,
and let v be the magnitude of each velocity, Fig. 1.5:

dr + vsiné

— = —v 4 vsin

dt
do

and r—:vcos@
dr
1dr —1+sin9
rdG cos@

dr
/ /[— secH + tan 0] do

0
Inr = —Intan <§ + %) — Incos 8 + In C (a constant)

When6 =0,r =a, sothat C =a
a

"= tan(% + F)cos6

The denominator can be shown to be equal to 1 + sin6:

. a
" 1+4sin6

This is the equation of a parabola with AB as semi-latus rectum.

Take the origin at O, Fig. 1.22. Draw the reference line OC parallel to AB, the
ground level. Let the ball hit the wall at a height H above C. Initially at O,
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Fig. 1.22 -
P
— [ f
H
of = —— et
t
A H—d—»\B

o u
Uy = UCOS = ucos 45° = —
V2
. o U
Uy =usinoe = usind5® = —
y «/E

. 1 gx?
When the ball hits the wall, y = x tano — —

. 2 u?cos? a
Usingy = H, x =d and o = 45°

H=d<1_ﬁ> (1)

If the collision of the ball with the wall is perfectly elastic then at P, the
horizontal component of the velocity () will be reversed, the magnitude
remaining constant, while both the direction and magnitude of the vertical
component v; are unaltered. If the time taken for the ball to bounce back from
P to A is t and the range BA = R

1
. 2

y =yl — Egt )

R R
Using t = ——— = V2= (3)

u cos 45° u
y=—(H+h) 4)

d u gd

't =usind5® —g—— = — — /22— 5
Lyt =usi 8 cos 450 V2 u ©)

Using (3), (4) and (5) in (2), we get a quadratic equation in R which has the
acceptable solution

R—”2+ u? +H+h
C2g | 4g?
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1.3.4 Force and Torque

1.39 Resolve the force into x- and y-components:

Fy = —80¢0s35° + 60 + 40 cos45° = 22.75N
F, = 80sin35° + 0 — 40sin45° = 17.6N

(@) Foe = ,/F2+ F2 = /(22.75)% + (17.6)2 = 28.76N

F. 17.
tanf = — = 7—6
F, 2275

=0.7736 - 6 = 37.7°

The vector Fpe; makes an angle of 37.7° with the x-axis.
Fne 28.76N

i) a = = = 7.568 m/s?
(ii) a - 38ke m/s
(iii) F4 of magnitude 28.76 N must be applied in the opposite direction to
F net

140 (a) (i) t=rxF

T =rFsinf = (0.4m)(50N) sin90° = 20N — m

(i) T =Ia
20
@ = ; = 55 = 10rad/s?

(iii) o =wo+ar =041 x 3 =3rad/s

(iv) @* = 0 + 200,60 = 3=0 = 4.5rad

(b) () v =0.4 x50 xsin(90 + 20) = 18.794N m
T 18.794

(i) o = 7= = 0.9397 rad/s>

1.41 Force applied to the container F = ma
Frictional force = Fy = u mg

F.=F
uwmg = ma
1.5
uw=-=—=0.153
g 938
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Fig. 1.23

1.42 Taking torque about D, the corner of the obstacle, (F)CD = (W)BD

(Fig. 1.23)
BD OD? — OB?
F=W—= | —
CD CE — DE
r2—(r—n?  JhQr—h)

r—h r—h

1.3.5 Centre of Mass

1.43 Let A be the linear mass density (mass per unit length) of the wire. Consider an
infinitesimal line element ds = R d6 on the wire, Fig. 1.24. The corresponding
mass element will be dm = Ads = AR df. Then

Fig. 1.24
_ [ydm [ (Rsin6)(.R d0)
M Tam T [TARd0
_ MR [Tsinodo 2R
AR [o d6 ™

1.44 Let the x-axis lie along the diameter of the semicircle. The centre of mass must
lie on y-axis perpendicular to the flat base of the semicircle and through O,
the centre of the base, Fig. 1.25.
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Fig. 1.25 ¥4

1.45

dA =rd6 dr

~
%

For continuous mass distribution

1
= — d
ycm Mfym

Let o be the surface density (mass per unit area), so that

1 2
M= —-nR°0
2

In polar coordinates dm = o0 dA = or df dr
where dA is the element of area. Let the centre of mass be located at a distance
ycMm from O along y-axis for reasons of symmetry:

R2 / / (rsinf)(ordddr) = —/ /sm@d@——
27r

Let O be the origin, the centre of the base of the hemisphere, the z-axis being
perpendicular to the base. From symmetry the CM must lie on the z-axis,
Fig. 1.26. If p is the density, the mass element, dm = p dV, where dV is the
volume element:

ycm =

1 1
ZCM:M/deZM/ZpdV )
In polar coordinates, Z = r cos 2)
dV = r?sin0dode¢dr (3)
O<r<R;0<9<%; 0<¢<22m

The mass of the hemisphere

23
M:pgnR 4)

Using (2), (3) and (4) in (1)
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Fig. 1.26

1.46

1.47
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s fOR r3dr [i? sinf cos 6 do fozn dp 3R
CM e

27T3R3 8

The mass of any portion of the disc will be proportional to its surface area.
The area of the original disc is 7 R?, that corresponding to the hole is %n R?

. L 2
and that of the remaining portion is 7 R? — % = %n R?.

Let the centre of the original disc be at O, Fig. 1.10. The hole touches the
circumference of the disc at A, the centre of the hole being at C. When this
hole is cut, let the centre of mass of the remaining part be at G, such that

OG=x0orAG=A0+0G=R+x

If we put back the cut portion of the hole and fill it up then the centre of the
mass of this small disc (C) and that of the remaining portion (G) must be
located at the centre of the original disc at O

ACr(R?/4)+ AGR* R 3
AO=R= ==+ >(R+x)
TR2/4+ 3w R2/4 8 4

R
X =—
6
Thus the C:M of the remaining portion of the disc is located at distance R /6
from O on the left side.

Let m; be the mass of the earth and m, that of the moon. Let the centre of
mass of the earth—-moon system be located at distance r; from the centre of
the earth and at distance r, from the centre of the moon, so that r = ri+r;
is the distance between the centres of earth and moon, Fig. 1.27. Taking the
origin at the centre of mass
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Fig. 1.27

1.48

1.49

Moon

Earth

mir| + moky _0
my +myp

miry —mpry = 0

mary mo(r —ry) _ 60R — rq

m;  8lmp 81

r1 = 0.7317R = 0.7317 x 6400 = 4683 km

ry =

along the line joining the earth and moon; thus, the centre of mass of the
earth-moon system lies within the earth.

Let the centre of mass be located at a distance r. from the carbon atom and at
ro from the oxygen atom along the line joining carbon and oxygen atoms. If
r is the distance between the two atoms, m. and m, the mass of carbon and
oxygen atoms, respectively

Mcre = Mol'o = Mo(r — r¢)
mor 16 x 1.13

| =

T mo+me 12+16

=0.646 A

Let C be the centroid of the equilateral triangle formed by the three H atoms in
the xy-plane, Fig. 1.28. The N—atom lies vertically above C, along the z-axis.
The distance rcn between C and N is

[ 2 2
TCN = \/"NH; ~ ''CH;

o, 1.628

TNET A T a7 T
V(1.014)2 — (0.94)2 = 0.38 A

'CN

Now, the centre of mass of the three H atoms 3my lies at C. The centre of
mass of the NH3 molecule must lie along the line of symmetry joining N and
C and is located below N atom at a distance
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Fig. 1.28 Centre of mass of z y
NH3 molecule N -
A
\ |
\ |
X
|
Ve
|
60° I 60°
He oH,—»X
3my 3my

Zom = x 0.38 = 0.067 A

XIecN = —""+—+
3my + my N 3my + 14myg

1.50 Take the origin at A at the left end of the boat, Fig. 1.29. Let the boy of mass
m be initially at B, the other end of the boat. The boat of mass M and length
L has its centre of mass at C. Let the centre of mass of the boat + boy system
be located at G, at a distance x from the origin. Obviously AC = 1.5 m:

o . o) ./

A H G B
|——— 1.5m —————

O";D

Fig. 1.29
MA
AG = x — C + mAB
M+ m
100 x 1.54+50 x 3
= = <M
100 + 50

Thus CG = AG — AC
=20-15=05m

When the boy reaches A, from symmetry the CM of boat + boy system would
have moved to H by a distance of 0.5m on the left side of C. Now, in the
absence of external forces, the centre of mass should not move, and so to
restore the original position of the CM the boat moves towards right so that the
point H is brought back to the original mark G. Since HG = 0.5 + 0.5 = 1.0,
the boat in the mean time moves through 1.0 m toward right.
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1.51 If the rod is to move with pure translation without rotation, then it should be
struck at C, the centre of mass of the loaded rod. Let C be located at distance
x from A so that
GC = %L — x, Fig. 1.30. Let M be the mass of the rod and 2M be attached
at A. Take torques about C

Fig. 1.30 l
A C G B
i}‘_ o l
2M M

L L
QMx =M | — —x X ==
(5-5) wr=3

Thus the rod should be struck at a distance % from the loaded end.

1.52 Volume of the cone, V = %rr R%h where R is the radius of the base and &
is its height, Fig. 1.31. The volume element at a depth z below the apex is
dV = mr2dz, the mass element dm = pdV = nrzdzf

Fig. 1.31

dm = pdv = ,onrzdz

h h
— .dz = —dr
R R

Z
r

For reasons of symmetry, the centre of mass must lie on the axis of the cone.
Take the origin at O, the apex of the cone:

fan 1R )

Zem = =
fdm %]‘[thp 4
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Thus the CM is located at a height i — % h = % h above the centre of the base
of the cone.

1.53 Take the origin at O, Fig. 1.32. Let the mass of the wire be M. Consider mass
element dm at angles 6 and 6 + dé

Fig. 1.32 \ yooa®

\ ‘\A
\ R
\ o g
\ 0
\
A 2
\ o
X
\
\
1) X
MRdO  Mdo
dm = = (1
2aR 2a
From symmetry the CM of the wire must be on the y-axis.
The y-coordinate of dm is y = R sin 6
90+«
1 /‘ . Rsin0dd  Rsina
yem = 4o Ydm = a =
90—«
Note that the results of prob. (1.43) follow for o = %n.
Xm;v; dmvg + (m)(0)  4vg
1.54 Vem = = -
oM Emi Sm 5
1.55 p = cx(c = constant); dm = p dx = cx dx
f x dm fOL xexdx 2
[ dm Jo cxdx 3
Emix;  mL+ 2m)Q2L) + Bm)(BL) + - -+ + (nm)(nL)
1.56 xcm = =

Ym; m+2m+3m+---+nm
_ 14+4494---+ nz)L _ (sum of squares of natural numbers)L

1+24+34---+4n
_n(n+1D2n+1L/6
- nin+1)/2 -

sum of natural numbers

(2n + 1)L
n =
3
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1.57 The diagram is the same as for prob. (1.44)

y =rsinf
dA = r dodr
dm = r dfdrp = rdodrer? = cr’ drdo

R4
Total mass M:/dm—C/ 3dr/ _re 1)

YoM = M/ydm——//(rsm@)cr drde
/ / sin 6 d@
M

- Clp @)
M5 Sm

where we have used (1).

1.58 The CM of the two H atoms will be at G the midpoint joining the atoms,
Fig. 1.33. The bisector of HOH

Fig. 1.33 G

o

105 .
= (OH) cos ( > = 1.77 x 0.06088 = 1.0775 A

Let the CM of the O atom and the two H atoms be located at C at distance
ycu from O on the bisector of angle HOH

2x1

2My 0
YoM = —— X 0G = x 1.0775 = 0.1349 A

My

1.59 The CM coordinates of three individual laminas are
a 3a a 3a 3a
CMI:(— )CM (2, %) oM = (2,2
(D > 2)= ( > 2) 3) ( 73 )
The CM coordinates of the system of these three laminas will be

ron — m%—}—m%“ —l—m%“ :7_a Jout = m%—l—m%—i—m%“ _ 5a
m4+m-+m 6 m+m-+m 6
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1.3.6 Equilibrium

1.60

1.61

1.62

Ux) = k(x> — 5x% + 4x) )]
we _ k(6x> — 10x + 4) (2)
dx
dU (x)

T b=t = k(6x% —10x +4) [y=1 =0

which is the condition for maximum or minimum. For stable equilibrium posi-
tion of the particle it should be a minimum. To this end we differentiate (2)
again:

d*U (x)
dx?

= k(12x — 10)

d*U (x)
dxz

|x:1 - +2k

This is positive because k is positive, and so it is minimum corresponding to
a stable equilibrium.

U(x) = k(x* — 4xI) (1)
WO _ope —21) )
dx
dU (x)
Atx =21, =0 €))
dx

Differentiating (2) again

d*U
— =2k
dx2

which is positive. Hence it is a minimum corresponding to a stable equilib-
rium. Force

dU
=—— = 2k(x —2])
dx
PutX =x—2[, X =%
. F 2k )
acceleration X = — = ——X = —w°X
m m
f= 1 [2k
TV om

Let ‘a’ be the side of the cube and a force F be applied on the top surface
of the cube, Fig. 1.34. Take torques about the left-hand side of the edge. The
condition that the cube would topple is
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Fig. 1.34 \4— a ——»f

F -——

Counterclockwise torque > clockwise torque
Fa> W2

a>W-=

2

or
F > 0.5W (D
Condition for sliding is
F>uw (2)

Comparing (1) and (2), we conclude that the cube will topple if £ > 0.5 and
will slide if u < 0.5.

1.63 In Fig. 1.35 let the ladder AB have length L, its weight mg acting at G, the
CM of the ladder (middle point). The weight mg produces a clockwise torque
71 about B:

umg -

wall

mg D o

Fig. 1.35 mg
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BD L
71 = (mg)(BD) = (mg) (ﬁBG) = mgz cosa (D

The friction with the ground, which acts toward right produces a counterclock-
wise torque 17:

AC
7 = (umg)AC = MngAB = umgL sinx 2)
For limiting equilibrium 71 = 1
L .
mg—cosa = umgL sino

1
= —cot
= 5 cote



Chapter 2
Particle Dynamics

Abstract Chapter 2 is concerned with motion of blocks on horizontal and inclined
planes with and without friction, work, power and energy. Elastic, inelastic and
partially elastic collisions in both one dimension and two dimensions are treated.
Problems on variable mass cover rocket motion, falling of rain drops, etc.

2.1 Basic Concepts and Formulae

Internal and External Forces

Forces acting upon a system due to external agencies are called external forces. As
an example a body placed on a surface is acted by earth’s gravitation which is an
external force.

Forces that act between pairs of particles which constitute the body or a system
are all internal to the system and are called internal forces. The size of a system
is entirely arbitrary and is defined by the convenience of the situation. If a system
is made sufficiently extensive then all forces become internal forces. By Newton’s
third law of motion internal forces between pairs of particles get cancelled. Hence
net internal force is zero. Internal forces cannot cause motion.

Inertial and Gravitational Mass

If mass is determined by Newton’s second law, that is, m = F/a, then it is called
inertial mass.

If the mass is determined by the gravitational force exerted on it by another body,
say the earth of mass M, that is, m’ = Fr?/GM, then it is called the gravitational
mass. It turns out that m = m’.

Frames of Reference

A frame of reference (coordinate system) is necessary in order to measure the
motion of particles. A reference frame is called an inertial frame if Newton’s laws

47



48 2 Particle Dynamics

are found to be valid in that frame. It is found that inertial frames move with constant
velocity with respect to one another.

Conservation Laws

(1) If the total force F is zero, then linear momentum p is conserved.
(ii) If the total external torque is zero, then the angular momentum J is conserved.
(iii) If the forces acting on a particle are conservative, then the total mechanical
energy (kinetic 4 potential) of the particle is conserved.

Conservative Force

If the force field is such that the work done around a closed orbit is zero, i.e.
% F.ds=0 (2.1)

then the force and the system are said to be conservative. A system cannot be con-
servative if a dissipative force like friction is present. Since the quantity Fds due to
friction will always be negative and the integrand cannot vanish, by Stokes theorem
the condition for conservative forces given by (2.1) becomes

VxF=0 2.2)

Since the curl of a gradient always vanishes, it follows that F must be the gradient
of the scalar quantity V, i.e.

F=-VV (2.3)

V is called the potential energy.

Centre of Mass

—
re=- Zl_:l mir; (2.4)

where r is the position vector of the centre of mass from the origin and M = Xm;
is the total mass. The centre of mass moves as if it were a single particle of mass
equal to the total mass of the system, acted upon by the total external force and
independent of the nature of the internal forces.
The reduced mass () of two bodies of mass m and m, is given by
mima

e S 2.5
my +myp 25)
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A two-body problem is reduced to a one-body problem through the introduction
of the reduced mass L.

Motion of a Body of a Variable Mass

It is well known that in relativistic mechanics the mass of a particle increases with
increasing velocity. However, in Newtonian mechanics too one can give meaning
to variable mass as in the following example. Consider an open wagon moving on
rails on a horizontal plane under steady heavy shower. As rain is collected the mass
of the wagon increases at constant rate. Other examples are rocket, motion of jet
propelled vehicles, an engine taking water on the run.

dp d dv dm
=2 __ =m— — 2.6
dt dt (mv) =m t v 2.6

Motion of a Rocket

If m is the mass of the rocket plus fuel at any time ¢ and v, the velocity of the ejected
gases relative to the rocket then
Resultant force on rocket = (upward thrust on rocket) — (weight of the rocket)

dv dm 2.7
Mm— =vVyr—— —m .
a - ar M

Therefore, acceleration of the rocket

dv v dm
= —=—— — 2.8
a dt m dt & 28)

Assuming that v, and g remain constant and at t = 0, v = 0 and m = my,

mo
v = vrIn <—> — gt 2.9)
m

B

where my is the initial mass of the system and mp the mass at burn-out velocity vp
(the velocity at which all the fuel is burnt out is called the burn-out velocity).
Now

m = moe /¥ (2.10)

Time taken for the rocket to reach the burn-out velocity is given by

f=gg= 0" 2.11)

o

where o = —dm/dt is a positive constant.
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Elastic Collisions (One-Dimensional Head-On)

By definition total kinetic energy is conserved. If u1 and u» be the respective initial
velocities of m1 and m;, v; and v, being the corresponding final velocities, then

Up — Uy =709 — (2.12)

Thus, the relative velocity of approach before the collision is equal to the relative
velocity of separation after the collision:

— 2
vy = [—ml mz} w22 2.13)
my +mp mi + my
2miu my —mj
mi +my mi + my

Inelastic Collisions, Direct Impact

The bodies stick together in the course of collision and are unable to separate
out. After the collision they travel as one body with common velocity v given by

v = miuy + mous (2.15)
mi +mp

1
Energy wasted = Eu(ul — 142)2 (2.16)

where p is the reduced mass.

Ballistic pendulum is a device for measuring the velocity of a bullet. The pen-
dulum consists of a large wooden block of mass M which is supported vertically
by two cords. A bullet of mass m hits the block horizontally with velocity v and
is lodged within it. As a result of collision the block is raised through maximum
height & (see prob. 2.44). Applying momentum conservation for the initial collision
process, and energy conservation for the subsequent motion, it can be shown that

v = (1 + %) V2gh 2.17)

Partially elastic collisions are collisions which fall in between perfectly elas-
tic collisions and totally inelastic collisions. The coefficient of restitution e which
defines the degree of inelasticity is given by

relative velocity of separation  v| — v (2.18)
e=— = .
relative velocity of approach Uy —uj

For perfectly elastic collisions e = 1, for totally inelastic collisions e = 0 and for
partially elastic collisions 0 < e < 1.
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Relations of Quantities in the Lab System (L.S) and Centre of Mass System

(CMS)

Quantities that are unprimed refer to LS and primed refer to CMS.

Lab system  CM system

% mau]
mpug; uy = ———
my +my
nmiuj
my:iup=0; uy=—"—
my +my
Scattering Angle
Because of elastic scattering
* * *

The centre of mass velocity

ve = — — 1! us
c=——" = —U
mi + my
a0 sin9*
an = V-
cos 0* +m1/my
an 0" — sin 6

cosO —my/m;

If m < my, all scattering angles for m in LS are possible.

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

If m1 = my, scattering only in the forward hemisphere (6 < 90°) is possible.
If m| > my, the maximum scattering angle is possible, 6,x, being given by

Omax = sin~ ! (ma/m1)

Recoil Angle
sin p* p*
tangp = ———— = tan —
cosg* + 1 2
Or ¢ Lo
r ==
5?

Recoiling angle is limited to ¢ < 90°.

(2.24)

(2.25)

(2.26)
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2.2 Problems

2.2.1 Motion of Blocks on a Plane

2.1 Three blocks of mass my, m> and m3 interconnected by cords are pulled by a
constant force F on a frictionless horizontal table, Fig. 2.1. Find

(a) Common acceleration ‘a’
(b) Tensions 7} and T,

Fig. 2.1 Ty T,

2.2 A block of mass M on a rough horizontal table is driven by another block of
mass m connected by a thread passing over a frictionless pulley. Assuming
that the coefficient of friction between the mass M and the table is u, find
(a) acceleration of the masses (b) tension in the thread (Fig. 2.2).

Fig. 2.2 T

2.3 A block of mass m sits on a block of mass m;, which rests on a smooth table,
Fig. 2.3. If the coefficient of friction between the blocks is u, find the maximum
force that can be applied to m; so that m| may not slide.

Fig. 2.3

m,

2.4 Two blocks m and m» are in contact on a frictionless table. A horizontal force
F is applied to the block m1, Fig. 2.4. (a) Find the force of contact between
the blocks. (b) Find the force of contact between the blocks if the same force is
applied to my rather than to m, Fig. 2.5.

Fig. 2.4 F —)Im_l|m
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Fig. 2.5

m, Mje—F

2.5 A box of weight mg is dragged with force F at an angle 6 above the horizontal.
(a) Find the force exerted by the floor on the box. (b) Find the acceleration
of the box if the coefficient of friction with the floor is . (¢) How would the
results be altered if the box is pushed with the same force?

2.6 A uniform chain of length L lies on a table. If the coefficient of friction is u,
what is the maximum length of the part of the chain hanging over the table such
that the chain does not slide?

2.7 A uniform chain of length L and mass M is lying on a smooth table and one-
third of its length is hanging vertically down over the edge of the table. Find
the work required to pull the hanging part on the table.

2.8 A block of metal of mass 2kg on a horizontal table is attached to a mass of
0.45kg by a light string passing over a frictionless pulley at the edge of the
table. The block is subjected to a horizontal force by allowing the 0.45 kg mass
to fall. The coefficient of sliding friction between the block and table is 0.2.
Calculate (a) the initial acceleration, (b) the tension in the string, (c) the distance
the block would continue to move if, after 2 s of motion, the string should break
(Fig. 2.6).

[University of New Castle]

Fig. 2.6 T

m=0.45 kg

2.2.2 Motion on Incline

2.9 A block of mass of 2kg slides on an inclined plane that makes an angle of
30° with the horizontal. The coefficient of friction between the block and the
surface is v/3/2.

(a) What force should be applied to the block so that it moves down without
any acceleration?
(b) What force should be applied to the block so that it moves up without any
acceleration?
[Indian Institute of Technology 1976]
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A block is placed on a ramp of parabolic shape given by the equation y =
x2/20, Fig. 2.7.If j15s = 0.5, what is the maximum height above the ground at
which the block can be placed without slipping?

Fig. 2.7

2.11

2.12

A block slides with constant velocity down an inclined plane that has slope
angle 6 = 30°.

(a) Find the coefficient of kinetic friction between the block and the plane.

(b) If the block is projected up the same plane with initial speed vy =
2.5m/s, how far up the plane will it move before coming to rest? What
fraction of the initial kinetic energy is transformed into potential energy?
What happens to the remaining energy?

(c) After the block comes to rest, will it slide down the plane again? Justify
your answer.

Consider a fixed inclined plane at angle 6. Two blocks of mass M1 and M; are
attached by a string passing over a pulley of radius » and moment of inertia /;
as in Fig. 2.8:

(a) Find the net torque acting on the system comprising the two masses, pul-
ley and the string.

(b) Find the total angular momentum of the system about the centre of the
pulley when the blocks are moving with speed v.

(¢) Calculate the acceleration of the blocks.

Fig. 2.8 r
M 2
M, 5
2.13 A box of mass 1kg rests on a frictionless inclined plane which is at an angle

of 30° to the horizontal plane. Find the constant force that needs to be applied
parallel to the incline to move the box

(a) up the incline with an acceleration of 1 m/s”
(b) down the incline with an acceleration of 1 m/s?
[University of Aberystwyth, Wales 2008]
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2.14 A wedge of mass M is placed on a horizontal floor. Another mass m is placed
on the incline of the wedge. Assume that all surfaces are frictionless, and the
incline makes an angle 6 with the horizontal. The mass m is released from rest
on mass M, which is also initially at rest. Find the accelerations of M and m
(Fig. 2.9).

Fig. 2.9

2.15 Two smooth inclined planes of angles 45° and hinged together back to back.
Two masses m and 3m connected by a fine string passing over a light pul-
ley move on the planes. Show that the acceleration of their centre of mass is
V/5/8 g at an angle tan~! ¥4 to the horizon (Fig. 2.10).

Fig. 2.10

2.16 Two blocks of masses m| and m are connected by a string of negligible mass
which passes over a pulley of mass M and radius r mounted on a frictionless
axle. The blocks move with an acceleration of magnitude a and direction as
shown in the diagram. The string does not slip on the pulley, so the tensions
T, and T5 are different. You can assume that the surfaces of the inclines are
frictionless. The moment of inertia of the pulley is given by I = VaMr?:

(a) Draw free body diagrams for the two blocks and the pulley.

(b) Write down the equations for the translational motion of the two blocks
and the rotational motion of the pulley.

(c) Show that the magnitude of the acceleration of the blocks is given by

o= g(3my —my)
M + 2(my +my)

2.17 Two masses in an Atwood machine are 1.9 and 2.1 kg, the vertical distance of
the heavier body being 20 cm above the lighter one. After what time would the
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Fig. 2.11

2.18

2.19

2.20

2.21

Fig. 2.12
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lighter body be above the heavier one by the same vertical distance? Neglect
the mass of the pulley and the cord (Fig. 2.11).

A body takes 4/3 times as much time to slide down a rough inclined plane as it
takes to slide down an identical but smooth inclined plane. Find the coefficient
of friction if the angle of incline is 45°.

A body slides down an incline which has coefficient of friction u = 0.5.
Find the angle 6 if the incline of the normal reaction is twice the resultant
downward force along the incline.

Two masses m1 and my are connected by a light inextensible string which
passes over a smooth massless pulley. Find the acceleration of the centre of
mass of the system.

Two blocks with masses m and m; are attached by an unstretchable string
around a frictionless pulley of radius r and moment of inertia /. Assume that
there is no slipping of the string over the pulley and that the coefficient of
kinetic friction between the two blocks and between the lower one and the
floor is identical. If a horizontal force F is applied to m, calculate the accel-

eration of m1 (Fig. 2.12).
m;
_L m p—>F

2.2.3 Work, Power, Energy

2.22

The constant forces F| = i + 2f +3kNand Fy = 4 — Sf —2k N act together

on a particle during a displacement from position r, = 7k cm to position

r; =200 + 15f cm. Determine the total work done on the particle.
[University of Manchester 2008]
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2.23 The potential energy of an object is given by
U(x) = 5x* — 4x*

where U is in joules and x is in metres.

(i) What is the force, F(x), acting on the object?
(ii) Determine the positions where the object is in equilibrium and state
whether they are stable or unstable.

2.24 A body slides down a rough plane inclined to the horizontal at 30°. If 70% of
the initial potential energy is dissipated during the descent, find the coefficient

of sliding friction.
[University of Bristol]

2.25 A ramp in an amusement park is frictionless. A smooth object slides down
the ramp and comes down through a height 4, Fig. 2.13. What distance d
is necessary to stop the object on the flat track if the coefficient of friction
is .

Fig. 2.13

t+—d—>

2.26 A spring is used to stop a crate of mass 50 kg which is sliding on a horizontal
surface. The spring has a spring constant k = 20kN/m and is initially in its
equilibrium state. In position A shown in the top diagram the crate has a veloc-
ity of 3.0 m/s. The compression of the spring when the crate is instantaneously
at rest (position B in the bottom diagram) is 120 mm.

(i) What is the work done by the spring as the crate is brought to a stop?
(i) Write an expression for the work done by friction during the stopping of
the crate (in terms of the coefficient of kinetic friction).
(iii) Determine the coefficient of friction between the crate and the surface.
(iv) What will be the velocity of the crate as it passes again through position
A after rebounding off the spring (Fig. 2.14a, b)?
[University of Manchester 2007]
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Fig. 2.14a v=3.0 ms?

Fig. 2.14b

2.2.4 Collisions

2.27

2.28

2.29

Observed in the laboratory frame, a body of mass m; moving at speed v col-
lides elastically with a stationary mass m;. After the collision, the bodies move
at angles 01 and 6, relative to the original direction of motion of m . Find the
velocity of the centre of mass (CM) frame of m and m».

Hence show that before the collision in the CM frame m;| and m) are
approaching each other, m| with speed mov/(m| + m3) and m, with speed
miv/(my +m3).

In the CM frame after the collision 71 moves off with speed mov/(m1 + m»)
at an angle 6 to its original direction. Draw a diagram showing the direction
and speed of m» in the CM frame after the collision.

Find an expression for the speed m after the collision in the laboratory frame

in terms of m1, m>, v and the angle 6.
[University of Durham 2002]

Consider an off-centre elastic scattering of two objects of equal mass when
one is initially at rest.

(a) Show that the final velocity vectors of the two objects are orthogonal.
(b) Show that neither ball can be scattered in the backward direction.

A small ball of mass m is projected horizontally with velocity v. It hits a
spring of spring constant k attached inside an opening of a block resting on a
frictionless horizontal surface. Find the compression of the spring noting that
the block will slide due to the impact (Fig. 2.15).
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Fig. 2.15 M

P

m
v

T
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2.30 Two equal spheres of mass 4 m are at rest and another sphere of mass m is
moving along their lines of centres between them. How many collisions will
there be if the spheres are perfectly elastic (Fig. 2.16)?

Fig. 2.16 3 2

2.31 Two particles of mass m and mj and velocities #1 and cus (o > 0) make an
elastic collision. If the initial kinetic energies of the two particles are equal,
what should be the ratios u /up and m/my so that m will be at rest after the
collision?

2.32 Two bodies A and B, having masses ma and mp, respectively, collide in a
totally inelastic collision.

(i) If body A has initial velocity va and B has initial velocity vg, write down
an expression for the common velocity of the merged bodies after the
collision, assuming there are no external forces.

(i) If va = 5i +3/m/s and vg = —i + 4 m/s and ma = 3mg/2, show
that the common velocity after the collision is

v =260 + 3.4fm/s

(iii) Given that the mass of body A is 1200 kg and that the collision lasts for
0.2's, determine the average force vectors acting on each body during the
collision.

(iv) Determine the total kinetic energy after the collision.

2.33 A particle has an initial speed vg. It makes a glancing collision with a second
particle of equal mass that is stationary. After the collision the speed of the
first particle is v and it has been deflected through an angle 8. The velocity
of the second particle makes an angle § with the initial direction of the first
particle.

Using the conservation of linear momentum principle in the x- and y-
directions, respectively, show that tan § = vsin@/(vo — vcosf) and show
that if the collision is elastic, v = vg cos 6 (Fig. 2.17a,b).
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Fig. 2.17a Vo

Fig. 2.17b

2.34

2.35

2.36

2.37

Before collision

After collision

A carbon-14 nucleus which is radioactive decays into a beta particle, a neu-
trino and N-14 nucleus. In a particular decay, the beta particle has momentum
p and the nitrogen nucleus has momentum of magnitude 4p/3 at an angle of
90° to p. In what direction do you expect the neutrino to be emitted and what
would be its momentum?

If a particle of mass m collides elastically with one of mass m at rest, and
if the former is scattered at an angle 6 and the latter recoils at an angle ¢
with respect to the line of motion of the incident particle, then show that
m sin(2¢ + 0)

M~ sing

A body of mass M rests on a smooth table and another of mass m moving
with a velocity u collides with it. Both are perfectly elastic and smooth and
no rotations are set up by this collision. The body M is driven in a direction at
angle ¢ to the initial line of motion of the body m. Show that the velocity of

M is

1 COS @.
M+ m ¢

A nucleus A of mass 2 m moving with velocity u collides inelastically with a
stationary nucleus B of mass 10 m. After collision the nucleus A travels at 90°
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2.38

2.39

240

241

242

243

2.44

245

2.46

with the incident direction while B proceeds at an angle 37° with the incident
direction.

(a) Find the speeds of A and B after the collision.
(b) What fraction of the initial kinetic energy is gained or lost due to the
collision.

A neutron moving with velocity vy collides head-on with carbon nucleus of
mass number 12. Assuming that the collision is elastic

(a) calculate the fraction of neutron’s kinetic energy transferred to the carbon
nucleus and

(b) calculate the velocities of the neutron and the carbon nucleus after the
collision.

Show that in an elastic collision between a very light body and a heavy body
proceeds with twice the initial velocity of the heavy body.

A moving body makes a completely inelastic collision with a stationary body
of equal mass at rest. Show that half of the original kinetic energy is lost.

A bullet weighing 5 g is fired horizontally into a 2 kg wooden block resting on
a horizontal table. The bullet is arrested within the block which moves 2 m. If
the coefficient of kinetic friction between the block and surface of the table is
0.2, find the speed of the bullet.

A particle of mass m with initial velocity # makes an elastic collision with a
particle of mass M initially at rest. After the collision the particles have equal
and opposite velocities. Find (a) the ratio M /m; (b) the velocity of centre of
mass; (c) the total kinetic energy of the two particles in the centre of mass;
and (d) the final kinetic energy of m in the laboratory system.

Consider an elastic collision between an incident particle of mass m with M
initially at rest (2 > M ). Show that the largest possible scattering angle 6y, =
sin~ (M /m).

The ballistic pendulum is a device for measuring the velocity v of a bullet
of mass m. It consists of a large wooden block of mass M which is sup-
ported by two vertical cords. When the bullet is fired at the block, it is dis-
lodged and the block is set in motion reaching maximum height /. Show that

v=(14+M/m)J2gh

A fire engine directs a water jet onto a wall at an angle 6 with the wall. Cal-
culate the pressure exerted by the jet on the wall assuming that the collision
with the wall is elastic, in terms of p, the density of water, A the area of the
nozzle, and v the jet velocity.

Repeat the calculation of (2.45) assuming normal incidence and completely
inelastic collision.
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A ball moving with a speed of 9 m/s strikes an identical stationary ball such
that after collision, the direction of each ball makes an angle 30° with the
original line of motion (see Fig. 2.18). Find the speeds of the two balls after
the collision. Is the kinetic energy conserved in the collision process?

[Indian Institute of Technology 1975]

Fig. 2.18

248

2.49
2.50

2.51

2.52

2.53

2.54

2.55

2.56

Y0 30°

A ball is dropped from a height & onto a fixed horizontal plane. If the coeffi-
cient of restitution is e, calculate the total time before the ball comes to rest.

In prob. (2.48), calculate the total distance travelled.

In prob. (2.48), calculate the height to which the ball goes up after it rebounds
for the nth time.

In the case of completely inelastic collision of two bodies of mass m1 and m,
travelling with velocities u1 and uy show that the energy that is imparted is
proportional to the square of the relative velocity of approach.

A projectile is fired with momentum p at an angle 6 with the horizontal on a
plain ground at the point A. It reaches the point B. Calculate the magnitude of
change in momentum at A and B.

A shell is fired from a cannon with a velocity v at angle 6 with the horizontal.
At the highest point in its path, it explodes into two pieces of equal masses.
One of the pieces retraces its path towards the cannon. Find the speed of the
other fragment immediately after the explosion.

A helicopter of mass 500kg hovers when its rotating blades move through
an area of 45m?. Find the average speed imparted to air (density of air =
1.3kg/m® and g = 9.8 m/s?)

A machine gun fires 100 g bullets at a speed of 1000 m/s. The gunman holding
the machine gun in his hands can exert an average force of 150 N against the
gun. Find the maximum number of bullets that can be fired per minute.

The scale of balance pan is adjusted to read zero. Particles fall from a height
of 1.6 m before colliding with the balance. If each particle has a mass of 0.1 kg
and collisions occur at 441 particles/min, what would be the scale reading in
kilogram weight if the collisions of the particles are perfectly elastic?
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2.57

2.58

2.59

In prob. (2.56), assume that the collisions are completely inelastic. In this case,
what would be the scale reading after time 7?

A smooth sphere of mass m moving with speed v on a smooth horizontal
surface collides directly with a second sphere of the same size but of half the
mass that is initially at rest. The coefficient of restitution is e.
2
mv
(i) Show that the total kinetic energy after collision is — (24¢€%).

(i) Find the kinetic energy lost during the collision.
[University of Aberystwyth, Wales 2008]

A car of mass m = 1200kg and length / = 4 m is positioned such that its rear
end is at the end of a flat-top boat of mass M = 8000 kg and length L = 18 m.
Both the car and the boat are initially at rest and can be approximated as
uniform in their mass distributions and the boat can slide through the water
without significant resistance.

(a) Assuming the car accelerates with a constant acceleration a = 4m/ §2
relative to the boat, how long does it take before the centre of mass of the
car reaches the other end of the boat (and therefore falls off)?

(b) What distance has the boat travelled relative to the water during this time?

(¢) Use momentum conservation to find a relation between the velocity of the
car relative to the boat and the velocity of the boat relative to the water.
Hence show that the distance travelled by the boat, until the car falls off,
is independent of the acceleration of the car.

[University of Durham 2005]

2.2.5 Variable Mass

2.60

2.61

2.62

A rocket has an initial mass of m and a burn rate of
a = —dm/dt

(a) What is the minimum exhaust velocity that will allow the rocket to lift off
immediately after firing? Obtain an expression for (b) the burn-out velocity;
(c) the time the rocket takes to attain the burn-out velocity ignoring g; and
(d) the mass of the rocket as a function of rocket velocity.

A rocket of mass 1000 t has an upward acceleration equal to 0.5 g. How many
kilograms of fuel must be ejected per second at a relative speed of 2000 m/s
to produce the desired acceleration.

For the Centaur rocket use the data given below:
Initial mass mo = 2.72 x 10°kg

Mass at burn-out velocity, mp = 2.52 x 100 kg

Relative velocity of exhaust gases v, = 55km/s
Rate of change of mass, dm/dt = 1290kg/s.
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Find

(a) the rocket thrust,

(b) net acceleration at the beginning,
(c) time to reach the burn-out velocity,
(d) the burn-out velocity.

A 5000 kg rocket is to be fired vertically. Calculate the rate of ejection of gas
at exhaust speed 100 m/s in order to provide necessary thrust to

(a) support the weight of the rocket and
(b) impart an initial upward acceleration of 2 g.

A flexible rope of length L and mass per unit length w slides over the edge
of a frictionless table. Initially let a length yq of it be hanging at rest over the
edge and at time ¢ let a length y moving with a velocity dy/ds be over the
edge. Obtain the equation of motion and discuss its solution.

An open railway car of mass W is running on smooth horizontal rails under

rain falling vertically down which it catches and retains in the car. If vy is the

initial velocity of the car and k the mass of rain falling into the car per unit
time, show that the distance travelled in time ¢ is (Wuvg/k) In(1 + kt/ W).

[with courtesy from R.W. Norris and W. Seymour, Mechanics via

Calculus, Longmans, Green and Co., 1923]

A heavy uniform chain of length L and mass M hangs vertically above a

horizontal table, its lower end just touching the table. When it falls freely,

show that the pressure on the table at any instant during the fall is three times
the weight of the portion on the table.

[with courtesy from R.W. Norris and W. Seymour, Mechanics via

Calculus, Longmans, Green and Co., 1923]

A spherical rain drop of radius R cm falls freely from rest. As it falls it accu-

mulates condensed vapour proportional to its surface. Find its velocity when
it has fallen for ¢ s.

[with courtesy from R.W. Norris and W. Seymour, Mechanics via

Calculus, Longmans, Green and Co., 1923]

2.3 Solutions

2.3.1 Motion of Blocks on a Plane

2.1 (a) Acceleration =

Force
Total mass

F
a=—
(mq + my +m3)

ey
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(b)

2.2 (a)

Tension 77 = Force acting on m |

mlF
Hh=ma= —————— )
(my +my +m3)

where we have used (1).
Applying Newton’s second law to my
moya =T, — T

or Th =maa+ T = (m+maa

_ (mi+m)F 3)
(my +may +m3)
where we have used (1) and (2).
The equations of motion are
ma=mg—T (1)
Ma=T — uMg )
Solving (1) and (2)
a= (m —uM)g (3)
m+M
=M o)
 M+m e

Thus with the introduction of friction, the acceleration is reduced and ten-
sion is increased compared to the motion on a smooth surface (u = 0).

2.3 Foax = (mp +mp)a (1)

The condition that m; may not slide is

a=pg )

Using (2) in (1)

Finax = (my +ma)ug
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2.4 (a) The force of contact F, between the blocks is equal to the force exerted on
my:

F. = mja (1)

where the acceleration of the whole system is

F
a=— )
mi + my

moF
Fo=—"—
mi + my

(b) Here the contact force F/ is given by

, m F
FC =ma=—-
my +my

Notice that F/ # F; simply because m| # m.

2.5 (a) When the box is dragged, the horizontal component of F is F cos 6 and the
vertical component (upward) is F sin 6 as in Fig. 2.19. The reaction force
N on the box by the floor will be

Fig. 2.19 F sAine F

- F cosO

mg
N =mg — Fsin6 (1)
(b) The equation of motion will be
ma = Fcosf — uN = Fcosf — u(mg — F sin6)

F
a=—(cosf + pusinf) — ug 2)
m

(¢) When the box is pushed the horizontal component of F will be F cos 6 and
the vertical component F sin 6 (downwards), Fig. 2.20. The reaction force
exerted by the floor on the box will be

N =mg + Fsinf 3)

which is seen to be greater than N (the previous case).
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The equation of motion will be

ma = Fcosf — uN' = Fcos@ — ju(mg + Fsin6)

/

F
a = —(cosf — usinf) — ug “4)
m

a value which is less than a (the previous case). It therefore pays to pull
rather than push at an angle with the horizontal. The difference arises due
to the smaller value of the reaction in pulling than in pushing. This fact
is exploited in handling a manual road roller or mopping a floor, which is
pulled rather than pushed.

i F cos®
Fig. 2.20 Cﬁ

2.6

2.7

F

0
“ 'F sin®

¥ m

Let x be the length of the chain hanging over the table. The length of the chain
resting on the table will be L — x. For equilibrium, gravitational force on the
hanging part of the chain = frictional force on the part of the chain resting on
the table. If M is the mass of the entire chain then

Mgx  M(L—x)
L L
uL

T p+l

First method: The centre of mass of the hanging part of the chain is located at
a distance L/6 below the edge of the table, Fig. 2.21. The mass of the hanging
part of the chain is M /3. The work done to pull the hanging part on the table

MgL  MgL
W:——:—
36 18

Second method: We can obtain the same result by calculus. Consider an element
of length dx of the hanging part at a distance x below the edge. The mass of the
length dx is de . The work required to lift the element of length dx through a
distance x is

M dx
dw =
L

88X
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Fig. 2.21

W~

Work required to lift the entire hanging part is
L/3

M, MgL
L 18
0

2.8 (a) The equations of motion are

Ma=mg—-T (1)

ma=T—-Mgu 2)

Solving (1) and (2)

(m—puM)g (045 —02 x2)9.8
a = = =

= 0.2 m/s2
M+m 2+045

(b) T=m(g—a) =0.4509.8—-0.2) =4.32N
(c) After 2 s, the velocity will be

vi=0+ar=02x2=04m/s!

When the string breaks, the acceleration willbe a; = —ug = —0.2x9.8 =
—1.96m/ s2 and final velocity v, = 0:

v; —vf 00— (0.4)2

S T T 2)(-1.96)

=0.0408m =4.1cm

2.3.2 Motion on Incline

2.9 (a) Gravitational force down the incline is Mgsin6. Frictional force up the
incline is umg cos 0. Net force



2.3 Solutions
F =uMgcosd —Mgsin = Mg(jucosf — sinf)

3
=2x9.38 (%_ cos 30° — sin30°> =49N

(b) g = Mgsinf + 1t Mgcos® = Mg(sinf + 1 cos )

3
=2x9.38 (sin30° + %_ cos 30°> =245N

210 X2 dy o %
Y= 20 dx ~ 10

For equilibrium, mg sin® — umg cos6 = 0

tanf = u =0.5
x=10tand =10 x0.5=5
xZ 52
=—=—=12
YT207 20 Sm

2.11 (a) u =tanf = tan30° = 0.577
(b) ma = —(mgsinf + p mg cos6)

a=—g(sinf + pcosf) = —g(sinh + tan b cos 6)
= —9.8(2sin30°) = —9.8
vy (257

= = =0.319m
—2a 2x9.8

Initial kinetic energy

1
K = Emv%

Potential energy U = mgh = mgssinf
U  2mgssinf  2x9.8x0.319 xsin30°

K mug B (2.5)2

The remaining energy goes into heat due to friction.

69

(¢) It will not slide down as the coefficient of static friction is larger than the

coefficient of kinetic friction.
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2.12 (a) The torque due to the external gravitational force on M will be Mjgr,
and the torque due to the external gravitational force on M, will be the
component of Mg along the string times r, i.e. (Mg sinf)gr. Now,
these two torques act in opposite directions. Taking the counterclockwise
rotation of the pulley as positive and assuming that the mass M is falling
down, the net torque is

T=Mgr — (Mygsin0)r = (M — M>sin0)gr @))

and pointing out of the page.
(b) When the string is moving with speed v, the pulley will be rotating with
angular velocity w = v/r, so that its angular momentum is

Iv
Lpuiley = [ = T

and that of the two blocks will be

Ly, =rMpv Ly, =rMpv

All the angular momenta point in the same direction, positive if M7 is
assumed to fall. The total angular momentum is then given by

1
Liotal = v |:(M1 + Mp)r + ;} ()

(¢) Using (1) and (2)

dL  dv 1 .
T=— =— | (M +M)r+—|=[M — Msind] gr
dr dr r

. dv  [M; — M;sinf] g
The accelerationa = — = :
de (M + Mo) +

2.13 (i) ma = F —mgsin€ (equation of motion, up the incline)

F = ma + mgsinf = m(a + gsinf)

= (1.0)(14+9.8 x 0.5) =5.9N (6 = 30°)
(ii) ma = F +mgsin® (equation of motion, down the incline)

F =ma —mgsinf = m(a — gsinh)
=(1.0)(1-9.8x0.5) = -39N
The negative sign implies that the force F is to be applied up the incline.

2.14 The displacement on the edge is measured by s while that on the floor by x. As
the mass m goes down the wedge the wedge itself would start moving towards
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left, Fig. 2.22. Since the external force in the horizontal direction is zero, the

component of momentum along the x-direction must be conserved:

Fig. 2.22 sm

X ——

d d
(M—i—m)d—: —md—jcosa =0

(1

Since the wedge is smooth, the only force acting down the plane is mg sin o

d2s  d2x .
m|— — —cosa ) =mgsina
dr2 dr? &

Differentiating (1)

M + )dzx d2s 0
m)— —mcosa—s =
dr? dr?

Solving (2) and (3)

d2s (M +m)gsina .
—~ =-————— (acceleration of m)
dr M + msin“ «

d?x  mgsinacosa

5 = —5 (acceleration of M)
dr M + m sin” o

2

3)

2.15 The lighter body of mass m|; = m moves up the plane with acceleration a; and
the heavier one of mass my = 3 m moves down the plane with acceleration
a. Assuming that the string is taut, the acceleration of the two masses must

be numerically equal, i.e.
a; = a1 = a. Let the tension in the string be 7.
The equations of motion of the two masses are

Fr =mia; =ma=T —mgsin6

F> = mpay = 3ma = 3mgsing — T

Adding (1) and (2)

a=_8_
23/2

(D
2

3)
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miay+mpap ai +3a>
aCM = = (4)
my + my 4

In Fig. 2.23 BA represents a1 and AC represents 3a;. T/f\lerefore, BC the third
side of the AABC represents |a; + 3a3|. Obviously BAC is a right angle so
that

lay +3a2| = BC = /a} + (3a2)% = v/ 10a

_fa_fg V5

acm = TZ\/— =38 ()

In Fig. 2.23, BD is parallel to the base so that ABD = 45°. Let CBD = a.

t tan 45° t 1
Now tan(a 4 45°) = e flan®> _ fane + ©6)
1 — tan o tan 45° 1 —tano

Further, in the right angle triangle ABC,

tan ABC = t (a +45° = AC =3 (7
an an(o =
AB
.. 1 /(1
Combining (6) and (7) tano = 3 or o =tan 7))

1
Thus acy is at an angle tan™! (5) to the horizon.

Fig. 2.23 A
& v
ay
g A4 ) D
o
3a,
. C
145 SN
2.16 (a) Free body diagram (Fig. 2.24)
(b) mia =T; — mgsin30° (D)
maa = mo sin60° — T 2)

r

1
(Ty = Ty)r = Ta = <§Mr2> (‘—1) 3)
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Fig. 2.24

(¢) Combining (1), (2) and (3) and simplifying
g <~/§mz - nn)

a=—>=>
M + 2(my + my)

2.17 Letm; = 2.1kg and my = 1.9kg, Fig. 2.25. As the pulley is weightless the
tension is the same on either side of the pulley. Equations of motion are as

follows:
Fig. 2.25
T T

.

my

l -1m2
mia=mig—T (D
maa =T —myg (2
Adding (1) and (2)

(my +my)a = (my —ma)g
(m —may)g (2.1-1.9)9.8
a = =
mi| +my 2.14+1.9

=0.49m/s’
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2.18

2.19

2.20

Distance travelled by either mass, s = 40 cm. Time taken

|28 [2x0.4
a 0.49

Equations of motion are
may; = mgsinf — umg cos o (rough incline)
may = mg sin@ (smooth incline)

a; = (sinf — pucosf)g

a) = gsinf

2s 2s 1 4
Hh=,/— bh=_[— .. - ==
V ai V ap th 3

sin 6 B sin 45° B 1
sin@ — jcos | sin45° — pcos45e  JT—p

7
TS

n

The normal reaction N = mg cos 6
Resultant downward force F' = mg sinf — umg cos 6
Given that N = 2F

mg cosf =2 mg(sinfd — 0.5cos6)
tanf =1 — 0 = 45°

By prob. (2.17), each mass will have acceleration

u— (my —ma)g
my + my

2 Particle Dynamics

The heaver mass m will have acceleration a; vertically down while the lighter

mass mo will have acceleration a; vertically up:

a) = —aj

The acceleration of the centre of mass of the system will be

miyay+myay (mp—moa
mi+my  mp+m
_ (m—m)’g

(4 m)?

acMm =

acm
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2.21 Free body diagrams for the two blocks and the pulley are shown in Fig. 2.26.
The forces acting on my are tension 7> due to the string, gravity, frictional
force f> due to the movement of m and the normal force which m exerts on
it to prevent if from moving vertically. The forces on m due to m; are equal
and opposite to those of m| on m;. By Newton’s third law the tensions 77 and
T in the thread are not equal as the pulley has mass. The equations of motion
for m1, mo and the pulley are

mia=F—fi— fp—T (D

mya =T, — f» (2)

ol =12 = /(T = T») 3)
r

Balancing the vertical forces
Ny =mpg
Ni=Na+mig=(m;+m)g

Frictional forces are
f2 = uNy = umag 4)
f1 = uNy = p(my +ma)g &)

Combining (1), (2), (3), (4) and (5), eliminating f1, f> and T

4= Fopim +3ma)g
ml+m2+rL2

N, N,

£, T T
e ™ T A ’ I@
l =f2 f1= T1

m,g

(a) (b) (c)

Fig. 2.26

2.3.3 Work, Power, Energy

222 Netforce F =F|+ Fy=(i+2j+3k) + (4 — 5] — 2k)
=5 —3j+k
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Displacement ri> = r| —ry = 7k — (20i + 15]) = (=20i — 15] — 7k) cm
Work done W =F -ri = (5i — 3] + k) - (=0.20i — 0.15] + 0.07k)
= —0.487.

223 () U() =52 — 4

dUu

F(x) = —— = —(10x — 12x%) = 12x> — 10x
dx

(ii) For equilibrium F(x) =0

x(12x —10) =0 or x=5/6mor0

dF

— =24x - 10

dx

dF
T im0 = Q4r = 10)], g = —10

The position x = 0 is stable:

dF
s = (24x —10)| . =+10

dx =% x:%

The position x = 5/6 is unstable.

2.24 Let the body travel a distance s on the incline and come down through a
height 4.
Potential energy lost = mgh = mgs siné.
Work down against friction W = fs = umgcosé - s.

70
By problem pmg cosfs = mmgs sin @
uw=0.7tan6 = 0.7 tan 30° = 0.404

2.25 At the bottom of the ramp the kinetic energy K available is equal to the loss
of potential energy, mgh:

K =mgh
On the flat track the entire kinetic energy is used up in the work done against
friction
W = fd = umgd
umgd = mgh
h
==

d
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1 1
2.26 (i) Work done by the spring W = Ekxz =3 % 20 x 103 x (0.12)2 = 1447]

(ii) Work done by friction Wy = %mv2 — Wy = % x 50 x 32 — 144 = 817
(iii) Wr = umgs

Wrs 81
_ M — 0.2296
K= gs ~ 50 x 9.8 x (0.60 + 0.12)

(iv) If vy is the velocity of the crate as it passes position A after rebonding

L
Fmui = Ws — umgs

1
3 X Sva = 144 — 0.2296 x 50 x 9.8 x (0.60 + .012) = 63
v = 1.587m/s

2.3.4 Collisions

2.27 In the CMS the velocity of m will be v} = v — v and that of m will be
vy = —uv,, Fig. 2.27. By definition in the CMS total momentum is zero:

Fig. 2.27 —» .

mvy +myv; =0

mi(v —ve) —mave =0

miv
Ve=vf = —— (1)
my + my
mov
v’f:v—vcz— 2)
my + my

Note that as the collision is elastic, the velocities of m| and m after the colli-
sion in the CMS remain unchanged. The lab velocity vy of m is obtained by
the vectorial addition of v} and v}. From the triangle ABC, Fig. 2.28. After
collision

v = v} + 02 — 207 cos(180° — 6) (3)
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A
v Z
1800
=0
\B Vc »C
Fig. 2.28
Using (1) and (2) and simplifying
v = —\/m +m2+2m1m20059 4)

mi +my

2.28 (a) Let the initial momentum of one object be p. After scattering let the
momenta be p; and p,, with the angle 6 between them, Fig. 2.29.

p = p; + p, (momentum conservation)

(Pp-p)=p> =P +p) (p)+p)

=pI-PI+P P2t PI PP P =PI AP 2P+, (1)
P pi P

Ly 22 (energy conservation) or p = p 1+ p2 2)
2m  2m | 2m

Combining (1) and (2),2p; - p, =0
p; and p, are orthogonal

Fig. 2.29a
w,
1 0
P,
Fig. 2.29b Il
P, I):
0
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Fig. 2.30

2.29

2.30

>

—H>
y

—

'D2

(b) Suppose one of the objects (say 2) is scattered in the backward direction
then the momenta would appear as in Fig. 2.30, and because by (a) the angle
between p; and p, has to be a right angle, both the objects will be scattered on
the same side of the incident direction (x-axis). In that case, the y-component
of momentum cannot be conserved as initially )~ p, = 0. Both the objects
cannot be scattered in the backward direction. In that case the x-component
of momentum cannot be conserved.

We work out in the CM system. The total kinetic energy available in the
CMS is

1
= K* = —p? 1
Fhv (D
mM
h = 2
where N — 2)

is the reduced mass. .
If the compression of the spring is x then the spring energy would be 2 kx?.

Equating the total kinetic energy available in the CM-system to the spring
energy

1 2—1k
2/w =3 X

" mM
X=v/—=0V[——
V & \ k(m + M)

After the first collision (head-on) with the sphere 2 on the right-hand side,
sphere 1 moves with a velocity

2

I 2mous +ui(my —ma)  O+ui(m—4m) —0.6u (1)
1 mi + ma m + 4m o

and the sphere 2 moves with a velocity

_ Zmun A ualmy —my) _ 2mun +0 @)

v =
my + myp m +4m
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2.31

2 Particle Dynamics

where # and v with appropriate subscripts refer to the initial and final
velocities.

The negative sign shows that the ball 1 moves toward left after the collision
and hits ball 3. After the second collision with ball 3, ball 2 acquires a velocity
vy and moves toward right

o — 2m3uz +vi(my —m3) 0 —ui;(my —4m)
= =

=0.36 3
m| + m3 m + 4m " )

But vi < vy. Therefore ball 1 will not undergo the third collision with ball 2.
Thus in all there will be only two collisions.

Momentum conservation gives mi uj + mo uy = my v (1)

Conservation of kinetic energy in elastic collision gives

1 1
Emlu% + zmzu% = Emzvg )
1 2 1 2
By the problem §m1”1 = zmzuz 3)
Uy = auj 4
o =L 5)
no
Using (3) in (2)
2 1 2
mau, = EInsz
vy = V2us (6)
Using (4) and (6) in (1)

miuy + mocu| = «/imm = «/Emzozul

or m) + moo = x/iamz

Dividing by m; and using (5) and rearranging

oz[ot—(f—l)]:O
sinceoc;/:O,ozz«/E—l
a:ﬂzﬁ—l

uj

ui 1 f
— = =+2+1
u  J2-1
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From (5)

ﬂ:a2=(\/"—1)2:3—2\/§

mj

2.32 (i) If the common velocity of the merged bodies is v then momentum con-
servation gives

(ma +mB)v = mava + mpvp
_ MAVA +mBUB

ma + mp

3 A A A A
5m3(5i+3j)+m}3(—i+4j) R R
Gi) v = . —2.6i +3.4]
EmB + mp

(i) Aps = ma(v — va) = ma [2.62 13.4] - (50 + 3})]
= ma [—2.42 +o.4j]

Apa = 1200/(=2.4)2 + (0.4)2 = 2920N m

A 2920
Fo=2PA 220 14.600N
Ar 02

Apy = mp(® — Up) = mp [2.62 134] — (=1 + 4})]
— mp [3.62 - 0.6}]

2 2
mp = —ma = § x 1200 = 800kg

3

Aps = 800v/(3.6)2 + (—0.6)2 = 2920N'm
Aps 2920

Fo="PB 220 14,600N
At 0.2

1 1
W) K'=Z(ma+ mp)v? = 5 (1200 4 800) [2.6)% + (3.4)*] = 18,320]

2.33 Let the velocity of the particle moving below the x-axis be v’. Momentum
conservation along x- and y-axis gives

muvy = mv cos 6 + mv’ cos B (1)
0 = mvsin@ —mv'sin B (2
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2.34

Fig. 2.31 Decay of '4C at

rest

Cancelling m and reorganizing (1) and (2)

v/ cos B = vy — vcosd

v'sinB = vsiné

Dividing (4) by (3)
vsinf
tanf = ——
v, — vcosf

2 Particle Dynamics

3)
“4)

®)

If the collision is elastic, kinetic energy must be conserved:

1
—mv% = —mv* + —mv’?
2 2 2

or vg =2 +07?

Squaring (3) and (4) and adding
v? =%+ v(% — 2ugv cos b

Eliminating v'? between (7) and (8) and simplifying

v = v cos

(6)

(7

®)

The momenta of 8 and '*N are indicated in both magnitude and direction

in Fig. 2.31. The resultant R of these momenta is given

from the diagonal

AC of the rectangle (parallelogram law). The momentum of u is obtained by

protruding CA to E such that AE = AC:
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2.35

2.36

5
R =+VAB?+BC* =/p? + (4p/3)> = ?p

BC 4p/3 4
tan = — = —— = -
AB p 3

0 =53°

Thus the neutrino is emitted with momentum 5p/3 at an angle (180 — 53°) or
127° with respect to the 8 particle.

Denoting the angles with (*) for the CM system transformation of angles for
CMS to LS is given by

tang = — 00" (1)
cos 0% + n
M
But 0" =n—¢"=m—2¢
sin@* = sin(wr — 2¢) = sin2¢
cos 0* = cos(m — 2¢)) = — cos 2¢p

(i) becomes

sin 2¢
m 2
— —cos
M
sin sin 2¢

Furthermore =
cos T _ cog 2¢
M

tan0 =

Cross-multiplying and rearranging

% sinf = sinf cos 2¢ + cos O sin2¢p = sin(0 + 2¢)
m _ sin(2¢ +0)

M sin 6

In the lab system let M be projected at an angle ¢ with velocity v. In the
CMS the velocity v* for the struck nucleus will be numerically equal to v,

the centre of mass velocity. Therefore, M is projected at an angle 2¢ with
mv

velocity v* = . The CM system velocity v, = ™Y The velocities
m M+m

v* and v, must be combined vectorially to yield v, Fig. 2.32. Since v, = v*
the velocity triangle ABC is an isosceles triangle. If BD is perpendicular on

AC, then
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AC = 2AD = 2ABcos ¢

Fig. 2.32

2mu cos ¢

v=20v"cos¢ =
M +m

B % c

1
2.37 (a) Kinetic energy of A before collision Ko = E(Zm)u2 = mu?. Since B

Fig. 2.33

is initially stationary, its kinetic energy Kg = 0. Hence before collision,
total kinetic energy Ko = mu? + 0 = mu>.
Let A and B move with velocity va and up, respectively, after the colli-

sion, Fig. 2.33. Total kinetic energy after the collision,

1 1
K'=Kj +Kp= 5(2m)v1§ + E(10m)v]23 = mv3 + Smv}
If an energy Q is lost in the collision process, conservation of total energy
gives
mu® = mvi + 5mv]23 + 0 (D

Applying momentum conservation along the incident direction and per-
pendicular to it

2mu = 10mvg cos 37° = Smug (2)
2muvp = 10mvp sin 37° = 6mup 3)

From (2) and (3) we find
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_3u

0 mu?/3 1
ka ~ mu? 8

Since Q is positive, energy is lost in the collision process.

2.38 (a) In the elastic collision (head-on) of a particle of mass m and kinetic
energy K; with a particle of mass my initially at rest, the fraction of
kinetic energy imparted to m; is

Kz_ dmimy _4X1X12_48
Ko (my+m2)? (1+12)2 169

smavy 1203 48
® 1o~ T2 169

. 2
V2 = 131)0
K| =K K, = K SK = 121
1 0 2 = A0 169 0 169 0
1o, 121 1,
EI’)’Z]UI E Emlvo
11
Ul——ﬁvo

Negative sign is introduced because neutron being lighter then the carbon
nucleus will bounce back.

2.39 Let the heavy body of mass M with momentum Py collide elastically with a
very light body of mass m be initially at rest. After the collision both the bodies
will be moving in the direction of incidence, the heavier one with velocity vy
and the lighter one with velocity vy .

Momentum conservation gives

pPo=pL+ PH ey
Energy conservation gives

2 _PL P o
2M 2m  2M
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Eliminating py between (1) and (2) and simplifying

2
P = pom
M+ m
2Mum
muvy, =
M+ m
2uM
or v = " =2u (.m<<M)
M+ m

2.40 Let a body of mass m| moving with velocity u make a completely inelastic
collision with the body of mass m initially at rest. Let the combined mass
moves with a velocity v, given by

miu u

Ue = m = 2 (.-my=my)

Energy lost = lmu2 — l(2m) (E)z = lmu2 = lKO
2 2 2 4 2

where Ko = %mu2 is the initial kinetic energy.

2.41 Let the speed of the bullet be u. Let the block + bullet system be travelling
with initial speed v. If m and M are the masses of the bullet and the block,
respectively, then momentum conservation gives

mu = (M 4+ m)v @))
_mu )
U= 2)

The initial kinetic energy of the block + bullet system
© 1(M+ o2 1 m2u?
== mw: = - ———
2 2 (M + m)

Work done to bring the block + bullet system to rest in distance s is

W M +m) 1 m2u?
= m)gs = ———
H S (M + m)
M 2.000 + 0.005
p=MEm ooy = GO0+ 0005) o o8 %2
m 0.005
= 1123m/s

242 (a) Let m; = m with velocity u collide with my = M, initially at rest. For
elastic collision the final velocities will be

_mi—my)  (m— M)

= M 1
S ot M (m < M) ey

V1
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2m 2mu
V) = u =
miy + myp m-+ M

By problem — vy = v»

Combining (1), (2) and (3)

M
= _3
m
mu mu u
(b) UC: = = —
M+ m 3m+m 4

1 1
©) K*=K"+K)y = —mv1*2 + —1VII)2>'<2

2 2
Mu 3mu 3u
But v = = = —
M+m 3m+m 4
u
vy _—vc_—Z
1 [(3u)\> 1 2 3
K*=—-m s —3m(z> = “mu’®
2 4 2 4 8

1 2 1 2
(d) K(final) = Emv1 = gmu

where we have used (1) and (4).

87

2

3)

“4)

&)

2.43 We can work out this problem in the lab system. But we prefer to use the

centre of mass system. The CMS and LS scattering angles are related by

sin9*
tand =

M
cosO* 4+ —
m

Omax 1S obtained from the condition

dtan@ .
deo*

This gives cosf* = n
M

M2 —m?
M

sin@* =

(D

2)

3)

“)
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Use (3) and (4) in (1) to get

M2
1+ cot? 6 = cosec? = —
m
. m
Sin Opax = M

.o m
or Bpax = sin ! (M)

2.44 Momentum of the bullet before collision = momentum of the block + bullet

system immediately after collision, Fig. 2.34:

Fig. 2.34
—n!
m h
> 1V
M }
mv = (m+ M)V (D

where V is the initial speed of the block + bullet system. The kinetic energy
of the system immediately after the impact is

K:%(m—}—M)VZ @)

Due to the impact, the pendulum would swing to the right and would be raised
through the maximum height & vertically above the rest position of the pen-
dulum, Fig. 2.34. At this point, the kinetic energy of the pendulum is entirely
converted into gravitational potential energy:

%(m + M)V? = (m + M)gh @)
V =.2gh 4)

Using (4) in (1)

)= (1 + %) Jagh 5)
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245

By measuring 4 and knowing m and M, the original velocity of the bullet can
be calculated.

Let the area of the nozzle through where the jet comes be A m?. The mass of
water in the jet per second is pA v, where p is the density of water and v the
get velocity.

The momentum associated with this volume of water is

p = (pAv)v = pAv? (1)

The momentum after hitting the wall will also be equal to pAv? since the
collision is assumed to be elastic. Resolve the momentum along the x-axis
and y-axis, Fig. 2.35.

Fig. 2.35 y-axis

Wall
The change of the x-component of momentum is
Apy = psing — (—psinf) = 2psiné 2)
The change in the y-component of momentum is
Apy = pcost — pcosf =0 3)
Then Ap = Ap, =2psinf = 2pAv’siné 4
Pressure exerted on the wall will be
P = % = 2,0v2 sin &)

For normal incidence, 8 = 90° and

P = 2,01)2 (6)
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2.46

247

2 Particle Dynamics

For completely inelastic collision there is no rebounding of the jet. The pres-
sure on the wall is given by

P:pvzsine (N

For normal incidence, & = 90° and

P = pv? )

Resolve the momentum mv; and mv; along the original line of motion and
in a direction perpendicular to it. Along the original line of motion, the initial
momentum must be equal to the sum of the components of momentum after
the collision:

muvy = mvq cos 30° + muv; cos 30° (1

In the direction perpendicular to the original direction of motion, the sum of
components of momentum after the collision must be equal to zero because
before collision the balls do not have any component of momentum in the
perpendicular direction:

muvq sin30° — mv, sin30° = 0

or vy =wm ()

This result could have been anticipated from symmetry.
Using (2) in (1)

vo = 2v1 cos 30° = /3v;
Vo 9

IRV

or vy =1 =5.19m/s

Total kinetic energy of the two balls before collision

Ko = lmv(z) +0= lmv(z) 3)
2 2

Total kinetic energy after the collision
K' = lmv2 + —mv =mv? = lmv2 4)
= 1 2 = mvy = 0

On comparing (3) and (4) we conclude that kinetic energy is not conserved.
The collision is said to be inelastic.
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2.48 Time taken for the ball to reach the plane in the initial fall

2h
8

Velocity with which it reaches the plane

uy = \/2gh )

The velocity with which it rebounds from the plane

V] = euy = e\/2gh 3)

Time to reach the plane again

21)1 2h
[1:—226 —=2€t0
8 g

If this process is repeated indefinitely the total time

T=ty+1+t++iteo =1+ ety + 2e7t) + - -+
=toll +2e(l+e+e +--)]

[ 26] 2hl+e
=1+

1—e gl—e

where we have used the formula for the sum of infinite number of terms of a
geometric series.

2.49 Total distance traversed

S=h+2h+2hr+ - =h+2’h+2"h+20+ -
262 ]_ (1+¢Y)
S| =

i 2

1—e 1—e

2.50 On the first bounce, v = e/2gh
On the second bounce, vy = &2 2gh

On the nth bounce, v, = ¢*/2gh
2
h, = Dn _ gy
2g
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2.51 Let the two bodies of mass m and m» be travelling with the velocities «; and
u before the impact, and the combined body of mass m| + mj with velocity
v after the impact is

v = miuy + maus (1)

mi + my

Energy wasted = total kinetic energy before the collision minus total kinetic
energy after the collision

1 2 1 2 1( ) 2
= —2 = - = +m
W miu1” + 2m2u2 > mi 2)V

1 , 1 5 L(muy +mou)®> 1 mymy
= —miu1” + -mauz” — = = =
2 2 2 mp+mp 2my +my

(1 — un)?

2.52 Resolve the momentum along x- and y-axes at points A and B, Fig. 2.36. Take
the downward direction as positive:

px(A)=pcost py(B)=pcost

py(A) = —psinf py(B) = psinf

Then Ap, = px(B) — px(A) = pcosd — pcosd =0

Apy = py(B) — py(A) = psinf — (—psinf) = 2psinf
Ap = Apy =2psinf

Fig. 2.36

y
|
|
|
|
|
|
|
|
|
|

2.53 Let the shell of mass 2m explode into two pieces each of mass m. At the
highest point the entire velocity consists of the horizontal component (v cos 6)
alone. Since one of the components retraces its path, it follows that it has
velocity — v cos 0, and therefore a momentum —muv cos 6. Let the momentum
of the other pieces be p. Now, the momentum of the shell just before the
explosion was 2mv cos & momentum conservation gives



2.3 Solutions 93

p —muvcosf = 2mvcos 6

p = 3muvcos6

velocity = P_ 3vcosf
m

2.54 Volume of air moving down per second = Av, where v is the air velocity

2.55

2.56

moving down through an area A.
Mass of air moving down per second = pAv

Ap mass 5
F="L=(2) @ =pav

At sec (Av)=p
Reaction force upward = Helicopter’s weight

pAV? = Mg

Mg 500 x 9.8 9.15m/
v=|— =,/——F=9.15m/s
PA 1.3 x 45

If v is the velocity of each bullet of mass m and n the number of bullets that
can be fired per second then rate of change of momentum will be

A

A—I: = mnv Q)
A
—p = F = mnv ()
At
F 150

n= 1.5/s

mv _ (0.1)(1000)
Thus the number of bullets that can be fired per minute will be 60 x 1.5 = 90.

If v is the velocity with which a particle of mass m falls on the balance pan,
momentum before impact is mv and after impact —mv so that

Ap = —mv —mv = —2mv €))
If height of fall is & then

v=+/2gh =+v2x98 x1.6=5.6m/s 2)
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2.57

2.58

2 Particle Dynamics

If n particles fall per second, the force exerted on the pan is

441
F = +2mnv = (2)(0.1) <5> (5.6) = 8.232N

—8'232k t = 0.84 kg wt
= 98 gW = U. gW

In this case, the particles will stick to the pan. Therefore the scale reading will
increase due to the weight of the particles that get accumulated in the pan.
For complete inelastic collision Ap = mv as the final momentum is zero. Net
force on the scale = weight of the particle + force of impact. At time 7, scale
reading (in newtons)

= mngt +mn,/2gh

2h
=mng |t+ | —
8
L 2h
Scale reading inkg wt=mn [t + | —
8

Let a sphere of mass m travelling with velocity u; collide with the second
sphere of mass m at rest, with their centres in straight line. After the collision
let the final velocities be v and v, respectively, for m| and m,. By definition
the coefficient of restitution e is given by the ratio

Relative velocity of separation vy — v

(D

~ TRelative velocity of approach v

Momentum conservation requires that total momentum before collision =
total momentum after collision:

miu| = mivy + mov2 ()

Eliminating v, between (1) and (2),

_ (my —ema)u,

V= 3
1 oI 3)
1
by = M+ ur @
mi +mj

. m
(i) Puttingu; =u, my=mandmy = 5

v = 5(2—6) )

2u
vy = ?(1 +e) (6)
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Total energy after the collision

K’=K1+K2=1mu%+l(ﬁ) 2 7
2 2\

Using (5) and (6) in (7) and simplifying
mu?
/ 2
K = ~ 2+e9) ®)

(ii) Kinetic energy lost during the collision

1 2 2
AK = Ko — K' = Emuz—%(Z—l—ez): %(1—8)

2.59 (a) Distance traversed by the car before it falls off, s = 1§ —2 = 16 m:

12 12 x 16
t = —S: X =2«/§s
a 4

(b) By Newton’s third law, the force exerted by the car is equal to that by
boat + car

(M + m)ag = ma

where M = 8000kg, m = 1200, a = 4 m/s>

The acceleration of the boat ag = 3747 = 0.26 m/ 52

The distance travelled by the boat in the opposite direction

! ! 2
sm= sapr’ = 3 x 026 x (2f2) =104m

(¢) Momentum conservation gives

mve. = (M + m)vg
UB m 1200

= = =0.13
vce M+m 8000+ 1200

which is independent of the car’s acceleration.

2.3.5 Variable Mass

2.60 (a) Resultant force on rocket = (upward thrust on rocket) — (weight of
rocket)

dv dm

2 1
m- Uy T8 (D
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(b)

()

2 Particle Dynamics

. dm dv . .
Setting « = —— and — = 0, minimum exhaust velocity
dt dt
8
V==
o
Dividing (1) by m
dv Y dm )
@ ma ¢
dm

UB mB d t
/ dv:—vr/ —m—g/dt
0 mg M 0
mo
vg = —UrIn <—> — gt 3
m

where my is the initial mass of the system and mp the mass at burn-out
velocity vp
Setting g = 0 in (2)

dv v dm
" “4)
dr m dt
dm ..
— — = o = Positive constant
m
dm = —adt

/dm:—oe/dt+C

where C is the constant of integration
m=—uat+C
When ¢t = 0, m = mg. Therefore, C = my

m(t) = mg — at (@)
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Using (5) in (4)
dv _ o Ur
dt ~ m, —at
(vrat/mo)drt
dv= —75—
1 — —t
mo

ot
v=—vln <1 — —) (6)
mo

t
Writing (1 — a_) - in (6) with the aid of (5), the rocket equation
m mo

simplifies to

m
v=—vIn—
mo
orm = mge” /" @)

(d) Time taken for the rocket to reach the burn-out velocity is given by (5):

=1 = (®)
o
v dm
261l a=05g=—— —
¢ § m dt §
dm mg  1.5x10°x9.38
— =15—=———— =7350kg/s
dr Ur 2000
d
2.62 (a) Rocket thrust = urd—"; =55 x 103 x 1290 = 71 x 106 N.

, vy dm 71 x 106 )
b) Net lerat =—— —g=——"—"""—"—--—98=163 .
(b) Net acceleration a o dr g 277 % 10° m/s

. . moy — mg
(c) Time to reach the burn-out velocity t = ————
2.72 x 10% —2.52 x 10°
_ o2 X 155,

1290 "

(d) Burn-out velocity vg = v; + v; In 7o gt
mg
2.72 x 10°

2.63 (a) Weight of the rocket

Mpg = 5000 x 9.8 =49, 000N
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let x kg of gas be ejected per second. Then

Xve = Mog
Mog 49,000
- - — 49k
S 1000 &/s

(b) Upward acceleration required, a = 2g. Upward thrust required
F = Moa = (Mo)(2g) =2 Mog
Weight of the rocket W = Mg
Total force required = F + W =2 Mg + Mog = 3 Mopg
Let x’ kg gas be ejected per second with v. = 1000 m/s
1000x" = 147,000 x" = 147kg/s

2.64 At any time, the total kinetic energy of the system is

1 dy 2
K = E(ML) (E) (D

Let the potential energy at the surface of the table be zero. The potential energy
of the portion of the rope hanging down is

U=—(uyg (%) = %M gy (2)

Total mechanical energy

E = K + U = constant

Lo( S 2 5 ant
— —_— — - = constan
SHL| 5 SH8Y

Differentiating with respect to time

1 d?y dy 1 dy

- L2——— —= =0

S PR PR L RaP

Cancelling the common factors,

2y g

5 —2y=0 3)

d2 L
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Calling 8% = g/L, (3) becomes

dzy
¢ py=0 )

which has the solution
y=CeP' + De P! (5)
where C and D are constants. Whent =0, y = yo

yw=C+D (6)

d
Further d—f = B (CeP’ — De ")

d
Whent:O,—y=0
dr

0=C-D
Yo
C > (7N
Using (7) in (5)
y= 2 (e 4 e (8)

Thus the complete solution is

y = yo cosh(ft) ©)

Note that initially both the terms in the parenthesis of (8) are important. As ¢
increases, the second term becomes vanishingly small and the first term alone
dominates. Thus y (length of the rope hanging down) increases exponentially
with time.

From (3) the acceleration

d?y g
a2 -1

Thus acceleration continuously increases with increasing value of y. This then
is the case of non-uniform acceleration.
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2.65 Consider the equation for the variable mass

v dm 1)
m-— V— = =
dr dr
dm
— =k 2
@ ()
dv Lk 0 3)
m— v =
dr

Integrating (2)

m:/dm:/kdt:kt—i—Cl

where C| = constant.

At t=0m=W

m=kt+W “4)
Using (4) in (3)
dv k kdt
v m kt+ W

dv / kdr
v kt+ W

In v=—Intt+ W)+ C,
where C> = constant.

At t=0,v=1v9,Cr=Invg+InW

in (2) =1n(1+g)

v()_1 kt

v w

_ds_ Vo
~dr . kr
14+ —

w

The distance travelled in time ¢

§ rodt Wug kt
S = ds = vg kt:T]n 1+ —
0 0 w

1+ —
W
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2.66

2.67

The pressure on the table consists of two parts:

(a) The weight of the coil on the table producing the pressure and
(b) the destruction of momentum producing the pressure.

First consider part (b).

Let a length x be coiled up on the table. Since the chain is falling freely under
gravity, the velocity of the chain will be 4/2gx. In a small time interval 8¢, the
length which reaches the table is 8¢4/2gx.

.". The momentum destroyed in time 8¢ is

M M
dp = 81‘?\/2gx\/2gx = BtTng

.. The rate of destruction of momentum is

op M 5
s L%
M
Pressure due to part (a) will be Tgx
M M 3M
.. Total pressure on the table = Ing + fx = Lgx = three times the

weight of the coil on the table.
Measuring x vertically down, the equation of motion is

d dx) {
a<m5>—mg (1)

where m is the mass of the rain drop after time ¢ and x the distance through
which the drop has fallen. If p is the density and r the radius after time 7:

4 3
m = urp )
dm  dmdr ,dr
— = —— =Adgpr-— (3)
dr dr dt dr
d
By problem d_l? = kpdmr? “)
) dr
Comparing (3) and (4) T =k @)
Integrating r =kt + Cy (6)

where C| = constant.
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Att=0,r =R
Ci=R
r=kt+ R (7)

Using (2) and (7) in (1)

dr 3
d R + k)*
3x=(+ )8+C

dr 4k
But & — 0 whent = 0. C R
ut — = wneni = U. = ——

dr ST

d (4 d 4
— {gnp(R + kt)3d—)tc} =-—np(R+ kt)3g

Integrating (R + kt) 2

The velocity after time ¢ is therefore

g R*
v([)zﬁ{a‘l‘kl‘—m}



Chapter 3
Rotational Kinematics

Abstract Chapter 3 is devoted to rotational motion on horizontal and vertical
planes and on loop-the-loop.

3.1 Basic Concepts and Formulae

If s be the length of the arc and r the radius of the circle, the angle in radians is
given by

0=s/r 3.1)

If the angular displacement A@ = 6, — 0] in the time interval At = t, — ¢, then
the average angular velocity

_ 6, — 01 AO
w=———=— 3.2)
tHh—t At

The instantaneous angular velocity w is defined as the limiting value of the ratio
as At approaches zero.

do

W= (3.3)

In case the angular speed is not constant a particle would undergo an angular
acceleration «. If w1 and w; are the angular speeds at time #; and t,, respectively,
then the average acceleration of the particle is defined as

wy — Wi Aw

= — 34
Hh—1 At 34

a =

The instantaneous angular acceleration is the limiting value of the ratio as At
approaches zero.

_da)

= (3.5)

o

103
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Rotation with Constant Angular Acceleration

w = wy + at (3.6)
o® = ) + 206 (3.7)
1
0 = wot + Eatz (3.8)
t
0= M (3.9)

Linear and angular variables for circular motion, scalar form

s=r0 (3.10)
v = ot (3.11)
ar = ar (3.12)

where at is the tangential component of acceleration. The radial component of
acceleration is

ar = v*/R = »°R (3.13)

Total acceleration

a=,/a>+a} (3.14)

Vector form:

V=wXTr 3.15)

a=aXr+wxv (3.16)

Motion in a Horizontal Plane

Typical problems are as follows:

(i) A coinis placed at a distance r from the centre of a gramophone record rotating
with angular frequency w = 27 f. Find the maximum frequency for which the
coin will not slip if p is the coefficient of friction.

This problem is solved by equating the centripetal force to the frictional force.
(i) An object of mass m attached to a string is whirled around in a horizontal circle

of radius r with a constant speed v. Find the tension in the string.

The problem is solved by equating the centripetal force to the tension in the

string.

T =mv?/r



3.1

(iii)

(iv)

)

(vi)

Basic Concepts and Formulae 105

An elastic cord of length L( and elastic constant k is attached to an object
of mass m. If it is swung around with a constant frequency f, find the new
length L.

Solution: Equate the centripetal force to the stretching force

mw*r =mQ2uf)?L = (L — Lok

Solve for k.

Find the difference in the level of the bob of a conical pendulum when the
number of steady revolutions per second is increased from n to n;.

Solution: A conical pendulum is a simple pendulum which is allowed to exe-
cute rotations about the vertical axis. Equating the horizontal and vertical com-
ponents of the tension 7 in the thread

T sina = mw*R

T cosa =mg

whence tana = R/H = w’R/g

| R
orw =,/ —
H

1 1
Wy @

Substitute w; = 27rn; and wy = 27w n).
Find the maximum speed of a vehicle that can safely negotiate a circular curve
on a banked road.

Solution : vmax = +/grtanf

where r is the radius of curvature of the curve.

Find the condition that a carriage speeding with v negotiating a circular curve
of radius r on a level road may not overturn. Assume that a is half of the
distance between the wheels and / is the height of the centre of gravity (CG)
of the carriage above the ground.

Solution: The centripetal force mv?/r produces a torque on the inner rear
wheel tending to overturn the vehicle. This is countered by an opposite torque
caused by the weight of the carriage acting vertically down through the centre
of gravity. The condition for the maximum safe speed is given by equating
these two torques:

mv2

ﬂh:mga
r

gra
O Umax = e

h



106

3 Rotational Kinematics

Motion in a Vertical Plane

Typical problems are of the following type:

®

(ii)

(iii)

An object of mass m tied to a string is whirled in a vertical plane such that at
the top (A) of the circular path its speed is va and at the bottom (B) it is vg.
Calculate va and vp given the tension 7g = x T4, where x is a number.
Solution: At the top the weight acts down while the centrifugal force acts up.
Therefore,

2
Th = ——= —mg

while at the bottom both weight and centrifugal force act downwards. There-
fore,

2
muvg

Is = — +mg
r
We get one another equation from the conservation of mechanical energy:
mg2r = Yamuv} — Vzmvi
Finally, by problem
TB =X TA

The four equations can be solved to permit the determination of va and vg.
The bob of a simple pendulum of length L is drawn on one side such that it
makes an angle 6 with the vertical passing through the equilibrium position.
If the bob is released from rest it passes through the equilibrium position with
velocity v. Find v.

Here we use the principle gain in kinetic energy = loss in potential energy

1
Emv2 =mgL(1 — cosb)

whence v = v/2gL(1 — cos0)

A particle of mass m is placed at A, the highest point of a smooth sphere of
radius R with the centre at O. If it is gently pushed, it will slide down along the
arc of a great circle and leave the surface at B, at depth & below A, Fig. 3.16.
Determine the position where the particle leaves the sphere.

Here we balance the radial component of g at B with the centripetal force.

mgcosf = mvz/R
Energy conservation gives another equation:

mgh = Vamv?
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Eliminating v between the two equations and noting that
cosd =1—hnh/R

we find h = R/3.

(iv) A motorcyclist goes around in a vertical circle inside a spherical cage. Find the
minimum speed at the top so that he may successfully complete the circular
ride.

Here we equate the reaction on the cage to the total weight of the rider plus
motorcycle

mg = mvz/R
orv=+/gR

(v) Loop-the-Loop is a track which consists of a frictionless slide connected to a
vertical loop of radius R, Fig. 3.1. Let a particle start at a height / on the slide
and acquire a velocity v at the bottom of the loop.

If v < 4/2gR, the particle will not be able to climb up beyond the point B. It
will oscillate in the lower semicircle about the point D.

If V2¢gR < v <+/5gR

the particle will be able to climb up the arc BC and leave at some point E and
describe a parabolic path. If v > /5gR, the particle will be able to execute a
complete circle. This corresponds to a height 7 = 2.5R.

C
i
P
fe R -E
A B
h & o
4
Fig. 3.1 Loop-the-loop Y

3.2 Problems

3.2.1 Motion in a Horizontal Plane

3.1 Show that a particle with coordinates x = acost, y = asint and z = t traces
a path in time which is a helix.
[Adapted from Hyderabad Central University 1988]
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3.2 A particle of mass m is moving in a circular path of constant radius r such
that its centripetal acceleration a varies with time 7 as a = k?rt?, where k is a
constant. Show that the power delivered to the particle by the forces acting on
itis mk*r?t3/3

[Adapted from Indian Institute of Technology 1994]

3.3 A particle is moving in a plane with constant radial velocity of magnitude 7 =
5m/s and a constant angular velocity of magnitude & = 4rad/s. Determine
the magnitude of the velocity when the particle is 3 m from the origin.

3.4 A point moves along a circle of radius 40 cm with a constant tangential accel-
eration of 10 cm/s>. What time is needed after the motion begins for the nor-
mal acceleration of the point to be equal to the tangential acceleration?

3.5 A point moves along a circle of radius 4 cm. The distance x is related to time ¢
by x = c13, where ¢ = 0.3 cm/s>. Find the normal and tangential acceleration
of the point at the instant when its linear velocity is v = 0.4 m/s.

3.6 (a) Using the unit vectors i and f write down an expression for the position
vector in the polar form. (b) Show that the acceleration is directed towards the
centre of the circular motion.

3.7 Find the angular acceleration of a wheel if the vector of the total acceleration
of a point on the rim forms an angle 30° with the direction of linear velocity
of the point in 1.0 s after uniformly accelerated motion begins.

3.8 A wheel rotates with a constant angular acceleration « = 3rad/s>. At time
t = 1.0s after the motion begins the total acceleration of the wheel becomes
a = 12+/10cm/s?. Determine the radius of the wheel.

3.9 A car travels around a horizontal bend of radius R at constant speed V.
(i) If the road surface has a coefficient of friction ug, what is the maximum
speed, Vinax, at which the car can travel without sliding?
(ii) Given g = 0.85 and R = 150 m, what is Vi ?
(iili) What is the magnitude and direction of the car’s acceleration at this
speed?
(iv) If ug = 0, at what angle would the bend need to be banked in order for
the car to still be able to round it at the same maximum speed found in
part (ii)?
[University of Durham 2000]

3.10 The conical pendulum consists of a bob of mass m attached to the end of
an inflexible light string tied to a fixed point O and swung around so that it
describes a circle in a horizontal plane; while revolving the string generates
a conical surface around the vertical axis ON, the height of the cone being
ON = H, the projection of OP on the vertical axis (Fig. 3.2). Show that the
angular velocity of the bob is given by w = /g/H, where g is the acceleration
due to gravity.
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Fig. 3.2 Conical pendulum O

3.11

3.12

3.13

3.14

3.15

3.16

mg

If the number of steady revolutions per minute of a conical pendulum is
increased from 70 to 80, what would be the difference in the level of the bob?

A central wheel can rotate about its central axis, which is vertical. From a
point on the rim hangs a simple pendulum. When the wheel is caused to rotate
uniformly, the angle of inclination of the pendulum to the vertical is 6. If the
radius of the wheel is R cm and the length of the pendulum is 1 cm, obtain an
expression for the number of rotations of the wheel per second.

[University of Newcastle]

A coin is placed at a distance r from the centre of a gramophone record rotat-
ing with angular frequency w = 2x f. Find the maximum frequency for which
the coin will not slip if 1 is the coefficient of friction.

A particle of mass m is attached to a spring of initial length Ly and spring
constant k and rotated in a horizontal plane with an angular velocity . What
is the new length of the spring and the tension in the spring?

A hollow cylinder drum of radius r is placed with its axis vertical. It is rotated
about an axis passing through its centre and perpendicular to the face and a
coin is placed on the inside surface of the drum. If the coefficient of friction is
, what is the frequency of rotation so that the coin does not fall down?

A bead B is threaded on a smooth circular wire frame of radius r, the radius

vector 7 making an angle  with the negative z-axis (see Fig. 3.3). If the frame

is rotated with angular velocity w about the z-axis then show that the bead will
8

rcosf’

be in equilibrium if ® =
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Fig. 3.3 Z

1P

3.17 A wire bent in the form ABC passes through a ring B as in Fig. 3.4. The ring
rotates with constant speed in a horizontal circle of radius . Show that the
speed of rotation is ,/gr if the wires are to maintain the form.

Fig. 3.4

3.18 A small cube placed on the inside of a funnel rotates about a vertical axis at
a constant rate of f rev/s. The wall of the funnel makes an angle 6 with the
horizontal (Fig. 3.5). If the coefficient of static friction is u and the centre
of the cube is at a distance r from the axis of rotation, show that the largest
frequency for which the block will not move with respect to the funnel is

1 [g(sinf + pcosh)
fmax = 5

2w\ r(cosf — psinf)

Fig. 3.5
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3.19

3.20

Fig. 3.6

3.21

3.22

3.23

3.24

3.25

In prob. (3.18), show that the minimum frequency for which the block will not
move with respect to the funnel will be

Fimin = 2 r(cosf + pusinf)

1 \/g(sin@ — 11cos6)

A large mass M and a small mass m hang at the two ends of a string that
passes through a smooth tube as in Fig. 3.6. The mass m moves around in a
circular path which lies in a horizontal plane. The length of the string from the
mass m to the top of the tube is L, and 0 is the angle this length makes with
the vertical. What should be the frequency of rotation of the mass m so that
the mass M remains stationary?

[Indian Institute of Technology 1978]

m

An object is being weighed on a spring balance going around a curve of radius
100 m at a speed of 7 m/s. The object has a weight of 50 kg wt. What reading
is registered on the spring balance?

A railway carriage has its centre of gravity at a height of 1 m above the rails,
which are 1.5 m apart. Find the maximum safe speed at which it could travel
round the unbanked curve of radius 100 m.

A curve on a highway has a radius of curvature r. The curved road is banked
at @ with the horizontal. If the coefficient of static friction is u,

(a) Obtain an expression for the maximum speed v with which a car can go
over the curve without skidding.
(b) Find vif r = 100m, # = 30°, g = 9.8 m/s?, u = 0.25

Determine the linear velocity of rotation of points on the earth’s surface at
latitude of 60°.

With what speed an aeroplane on the equator must fly towards west so that the
passenger in the plane may see the sun motionless?
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3.2.2 Motion in a Vertical Plane

3.26

3.27

3.28

3.29

3.30

3.31

3.32

3.33

A particle is placed at the highest point of a smooth sphere of radius R and is

given an infinitesimal displacement. At what point will it leave the sphere?
[University of Cambridge]

A small sphere is attached to a fixed point by a string of length 30 cm and
whirls round in a vertical circle under the action of gravity at such a speed that
the tension in the string when the sphere is at the lowest point is three times
the tension when the sphere is at its highest point. Find the speed of the sphere
at the highest point.

[University of Cambridge]

A light rigid rod of length L has a mass m attached to its end, forming a simple
pendulum. The pendulum is put in the horizontal position and released from
rest. Show that the tension in the suspension will be equal to the magnitude of
weight at an angle 6 = cos~!(1/3) with the vertical.

In a hollow sphere of diameter 20 m in a circus, a motorcyclist rides with
sufficient speed in the vertical plane to prevent him from sliding down. If the
coefficient of friction is 0.8, find the minimum speed of the motorcyclist.

The bob of a pendulum of mass m and length L is displaced 90° from the
vertical and gently released. What should be the minimum strength of the
string in order that it may not break upon passing through the lowest point?

The bob of a simple pendulum of length L is deflected through a small arc s
from the equilibrium position and released. Show that when it passes through
the equilibrium position its velocity will be s+/g/L, where g is the accelera-
tion due to gravity.

A simple pendulum of length 1.0 metre with a bob of mass m swings with an
angular amplitude of 60°. What would be the tension in the string when its
angular displacement is 45°?

The bob of a pendulum is displaced through an angle 6 with the vertical line
and is gently released so that it begins to swing in a vertical circle. When
it passes through the lowest point, the string experiences a tension equal to
double the weight of the bob. Determine 6.

3.2.3 Loop-the-Loop

3.34

The bob of a simple pendulum of length 1.0 m has a velocity of 6 m/s when
it is at the lowest point. At what height above the centre of the vertical circle
will the bob leave the path?
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3.35

3.36

3.37

Fig. 3.7

3.38

3.39

A block of 2 g when released on an inclined plane describes a circle of radius
12cm in the vertical plane on reaching the bottom. What is the minimum
height of the incline?

A particle slides down an incline from rest and enters the loop-the-loop. If the
particle starts from a point that is level with the highest point on the circular
track then find the point where the particle leaves the circular groove above
the lowest point.

A small block of mass m slides along the frictionless loop-the-loop track as
in Fig. 3.7. If it starts at A at height 1 = 5R from the bottom of the track
then show that the resultant force acting on the track at B at height R will be

/65 mg.

! s

In prob. (3.37), the block is released from a height 4 above the bottom of the
loop such that the force it exerts against the track at the top of the loop is equal
to its weight. Show that 7 = 3R.

A particle of mass m is moving in a vertical circle of radius R. When m is
at the lowest position, its speed is 0.8944.,/5gR. The particle will move up
the track to some point p at which it will lose contact with the track and travel
along a path shown by the dotted line (Fig. 3.8). Show that the angular position
of 6 will be 30°.

Fig. 3.8
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3.40

341

3.42

343

3.3
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A block is allowed to slide down a frictionless track freely under gravity. The
track ends in a circular loop of radius R. Show that the minimum height from
which the block must start is 2.5R so that it completes the circular track.

A nail is located at a certain distance vertically below the point of suspension
of a simple pendulum. The pendulum bob is released from a position where the
string makes an angle 60° with the vertical. Calculate the distance of the nail
from the point of suspension such that the bob will just perform revolutions
with the nail as centre. Assume the length of the pendulum to be 1 m.

[Indian Institute of Technology 1975]

A test tube of mass 10 g closed with a cork of mass 1 g contains some ether.
When the test tube is heated, the cork flies out under the pressure of the ether
gas. The test tube is suspended by a weightless rigid bar of length 5 cm. What
is the minimum velocity with which the cork would fly out of the test tube so
that the test tube describes a full vertical circle about the point of suspension?
Neglect the mass of ether.

[Indian Institute of Technology 1969]

A car travels at a constant speed of 14.0 m/s round a level circular bend of
radius 45 m. What is the minimum coefficient of static friction between the
tyres and the road in order for the car to go round the bend without skidding?

[University of Manchester 2008]

Solutions

3.3.1 Motion in a Horizontal Plane

31

3.2

X =acost ey
y =asint 2)
7=t 3)

Squaring (1) and (2) and adding
x% +y? = a*(cos’ 1 +sin’1) = a®

which is the equation of a circle.
Since z = ¢, the circular path drifts along the z-axis so that the path is a helix.

= d_v = k*ri®
dr

K2r el
v:/dv:kzrftzdtz ;
2k2r 3 mk*r2ed

Power, P = Fv = mav = mk*rt 3 = 3

a
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33 v=4/ (M2 + (rH)?

=52+ (3 x4)2=13m/s

3.4 aN

w

35 «x

aN
ar

3.6 (a)

(b)

=w’r=ar =10

/10
=,/— =0.5rad/s
40

art
=wy+oat =0+ —
’

wr

0.5><4O_2
T ar 10 o

S

=ct

=3ct2=3x03x10"22 =04
0

dx
dr
2
= —S
3
v (0.4)?
= — = =4 2

;T 004 T A

d 20
- d—’t’ = 6ct =6x03x 107 x = =0.12m/s’

X =rcos6
y =rsinf
?:fx—i—fy
0 = wt

where 6 is the angle which the radius vector makes with the x-axis and w
is the angular speed.

F=i(r cos wt) + j(r sin wt)

F= —i(or sin wf) + f(a)r cos wt)
i=r=—i(wr cos wt) — j(w*r sin ot)
= —w?r (f cos wt + f sin wt)
= —w’(ix+]y)
i=—-wF

where we have used the expression for the position vector 7. The last rela-
tion shows that by virtue of minus sign a is oppositely directed to 7, i.e. a
is directed radially inwards.



3.7 a=,/a} +a* (Fig. 3.9)
aN 1
— =tan30° = —
ar V3
ar
aN = —
NG
ar oaR
ot
) ar o R
aN=0w'R=—=——
: BB
o2 L
V3
2.2 o
ot = —
V3
L1 —0577rad/s2
B2 312
Fig. 3.9

38 a = ,/g%—{-a%

12/10 = V(02 R)? + a2R? = \/(«212R)2 + a2 R2

=aR Va?t*+1=3RV32x12+1

R =4cm

3.9 (i) Equating the centripetal force to the frictional force

2
mvy,

ax
—max
R nmg

Umax = VU &R

3 Rotational Kinematics

ey

2)
3
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(i) vmax = +/0.85 x 9.8 x 150 = 35.35m/s

2 2
35.35
(iii) an = % = % = 8.33 m/s towards the centre of the circle
2 2

. 35.35
i) tang = = = O3 es

gR 9.8 x150

0 = 40.36°

3.10 Equating the horizontal component of the tension to the centripetal force
Tsina = mw’R ey

Furthermore, the bob has no acceleration in the vertical direction.

T cosa = mg 2)
R  o*R
tang = — = ——
H g
8
w=,/=
H

3.11 Using the results of prob. (3.10), the difference in the level of the bob

1 1
AH=H1—H2:g|:—2——2:| (1)
Wy @
2 140 @
W] = 4LTT = —T7
1 1 60
27 160 3
W)y = LT = —7
2 2 60

Using (2) and (3) in (1) and g = 980cm, AH = 31.95 cm.

3.12 The centripetal force acting on the bob of the pendulum = mw?r, where r is
the distance of the bob from the axis of rotation, Fig. 3.10. For equilibrium, the
vertical component of the tension in the string of the pendulum must balance
the weight of the bob

T cosby = mo’r (1

Further, the horizontal component of the tension in the string must be equal to
the centripetal force.

T sinfy = ma?r 2

Dividing (2) by (1)
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Fig. 3.10
0’ Anin’r
tanfp = — = 3
8 8
where n = number of rotations per second. From the geometry of Fig. 3.10,
r = R+ Lsin6
1 g tan 6y
n=—/|———F——
27\ R+ L sin6y
3.13 The equilibrium condition requires that the centripetal force = the frictional
force, mw’r = u mg
® I ng
Fimax = 2 2\ r
3.14 Let the spring length be stretched by x. Equating the centripetal force to the

spring force

ma)z(Lo +x) =kx
ma)zLo

X = —mm—
k — mw?

Therefore, the new length L will be

kLo

L=Lo4+x=—""_
0 k — mw?

and the tension in the spring will be

kL
moll = Y0
k — mw?
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3.15 As the drum rotates with angular velocity w, the normal reaction on the coin
acting horizontally would be equal to ma?r, (Fig. 3.11). As the coin tends to
slip down under gravity a frictional force would act vertically up.

If the coin is not to fall, the minimum frequency of rotation is given by the
condition
Frictional force = weight of the coin

umw’r = mg

I g

w=—
27\ ur

Fig. 3.11

3.16 The bead is to be in equilibrium by the application of three forces, the weight
mg acting down, the centrifugal force mw? R acting horizontally and the nor-
mal force acting radially along NO. Balancing the x- and z-components of
forces (Fig. 3.12)

Nsinf = mw*R

Ncos =mg

mw’R
X =

Fig. 3.12
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Dividing the two equations

®*R @*rsin6
tan = — = —
8 8

g
w =
V rcosé

3.17 Since the wire is continuous, tension in the parts AB and BC will be identical.
Equating the horizontal and vertical components of forces separately

2

MY _ Tsin30° + T sin 60° (1)
.

mg = T cos30° + T cos 60° )

As the right-hand sides of (1) and (2) are identical

mv2

— =mg
r

or v=.,/gr

3.18 Resolve the centripetal force along and normal to the funnel surface, Fig. 3.13.
When the funnel rotates with maximum frequency, the cube tends to move up
the funnel, and both the weight (mg) and the frictional force (uN) will act
down the funnel surface, Fig. 3.13. Now
N =mgcosf + mw’r sin 6

Taking the upward direction as positive, equation of motion is

mw’r cosf — mg sinf — pu(mgcos6 + mo?r sin 0)=0

w 1 [g(sin@ + pcos6)
fmax = T = T <
27 2w\ r (cosf — pusinf)

Fig. 3.13
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3.19

3.20

3.21

3.22

At the minimum frequency of rotation, the cube tends to go down the surface
and therefore the frictional force acts up the funnel. The equation of motion
becomes

mw’r cos ) — mg sinf + u(mg cosO + mw’rsinf) = 0

o 1 [g(sinf — pcos0)

fmin = 27 27\ r (cos 6 + wusinf)

Tension is provided by the weight Mg
T=Mg (1)

Three forces, weight (Mg), tension (7') and normal reaction (mw?r), are to be
balanced:

T sin® = mw’r ()
Further r = L sin6 3)

Combining (1), (2) and (3)

M
=5

mL

Frequency of rotation

w 1 Mg
f=5 —

ZJT:E mL

The two forces acting at right angles are (i) weight (mg) and (ii) reaction
(mv? /T).

F = \/(mg)2 + mv?/r)? =mgy/1 + (vV2/gr)?

Using v = 7m/s, g = 9.8m/s?, r = 100m and m = 60kg,

F = 60.075 kg wt.

Figure 3.14 shows the rear of the carriage speeding with v, negotiating a cir-
cular curve of radius r. ‘a’ is half of the distance between the wheels and &
is the height of the centre of gravity (CG) of the carriage above the ground.
The centripetal force mv?/r produces a counterclockwise torque about the
left wheel at A. The weight of the carriage acting vertically down through the
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Fig. 3.14

L+

CG

4———1————

-l-a—p— — — —

centre of gravity produces a clockwise torque. The condition for the maximum
speed vmax 1s given by equating these two torques:

mvz.

—mdxh = mga
gra 98X100><()75
Umax = =27.11m/s

3.23 (a) When a vehicle takes a turn on a level road, the necessary centripetal force
is provided by the friction between the tyres and the road. However, this
results in a lot of wear and tear of tyres. Further, the frictional force may
not be large enough to cause a sharp turn on a smooth road.

If the road is constructed so that it is tilted from the horizontal, the road
is said to be banked. Figure 3.15 shows the profile of a banked road at an
angle 6 with the horizontal. The necessary centripetal force is provided
by the horizontal component of the normal reaction N and the horizontal
component of frictional force.

Three external forces act on the vehicle, and they are not balanced, the
weight W, the normal reaction N, and the frictional force. Balancing the
horizontal components

mv2 2 .
—— = umgcos 0 + Nsinf
’
2
. muv 2
or Nsing = — — pumgcos~ 6 @))
r

Balancing the vertical components

mg = N cosf — umg cos 6 sinf

or Ncosf =mg + pumg cos 6 sinf 2
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Fig. 3.15

3.24

3.25

N6

Dividing (1) by (2)

v2/r — g cos’ o

tanf = :
g+ g coshsinb

Umax = /&7 (1 + tan 0)
(b) For6 =30°, u=0.25,g =9.8 rn/s2 and r = 100 m, vpax = 28.47 m/s.

At latitude A the distance r of a point from the axis of rotation will be r =
Rcos A

where R is the radius of the earth.

The angular velocity, however, is the same as for earth’s rotation

2 2
w = — =

T 86, 400

=7.27 x 107 rad/s

The linear velocity
v =wr = wRcosh =7.27 x 107> x 6.4 x 10° x cos 60°
=232.64m/s

The speed of the plane must be equal to the linear velocity of a point on the
surface of the earth. Suppose the plane is flying close to the earth’s surface,
w = 7.27 x 107> rad/s (see prob. 3.24)
v=wR =727 x 107> x 6.4 x 10° = 465.28 m/s

= 1675km/h.

3.3.2 Motion in a Vertical Plane

3.26

Let a particle of mass m be placed at A, the highest point on the sphere of
radius R with the centre of O. Let it slide down from rest along the arc of
the great circle and leave the surface at B, at depth /& below A, Fig. 3.16.
Let the radius OB make an angle 6 with the vertical line OA. The centripetal
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Fig. 3.16

force experienced by the particle at B is mv?/R, where v is the velocity of the
particle at this point. Now the weight mg of the particle acts vertically down
so that its component along the radius BO is mg cos 6. So long as mg cos 6 >
mv?/R the particle will stick to the surface. The condition that the particle
will leave the surface is

P mv? 0
mgcosf = —
8 R
U2
or cosf =— 2)
gR
Now, in descending from A to B, the potential energy is converted into kinetic
energy
L
mgh = Emv 3)
U2
or — =2h “)
8

using (4) in (2)

0 2h 5)
cost = —
R

Drop a perpendicular BC on AO.

OC R-h
N = —=—— 6
OW COS OB R (6)

R
Combining (5) and (6), h = 3

Thus the particle will leave the sphere at a point whose vertical distance below

R
the highest point is 3
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3.27

3.28

At the highest point A the tension T acts vertically up, the centrifugal force
also acts vertically up but the weight acts vertically down. We can then write

2
va

Th=———mg 6]
r

where m is the mass of the sphere, vy is its speed at the point A and r is the
radius of the vertical circle.

At the lowest point B both the centrifugal force and the weight act vertically
down and both add up to give the tension Tg. If vp is the speed at B, then we
can write

B mvf3
Tg=——=+mg 2)
By problem
Tg =3Ta (3)

Combining (1), (2) and (3), we get
vg =303 —der (4)

Conservation of mechanical energy requires that loss in potential energy =
gain in kinetic energy. Therefore, in descending from A to B,

1 2 1 2
mglr = 5 Mug = SMUy 4)
or v =uv3 +4gr (6)
From (4) and (6) we get
va = /4gr = V4 x 980 x 30 =343 cm/s
Measure potential energy from the equilibrium position B, Fig. 3.17. At A the
total mechanical energy E = mgL as the pendulum is at rest. As it passes

through C let its speed be v. The potential energy will be mgh, where h = BD
and CD is perpendicular on the vertical OB. Now

h=L—Lcosd =L(1 —cosh) (D

Energy conservation gives

1
mgL = mgL (1 — cos ) + Emvz )
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Fig. 3.17 L
8 O A
6
L
LT - — = — = c
h
Lod
The tension in the string at C will be
2
v
T=mT+mg cosf 3)
By problem, T = mg “4)

1 1
Combining (2), (3) and (4) we get cos6 = 3 orf = cos™! <§> .

3.29 At the top of the sphere, v is in the horizontal direction and the frictional force
acts upwards. The condition that the motorcyclist may not fall is
Friction force = Weight

mv2

H—— =mg
r
gr 9.8 x 10
v= |[—=,/——=11m/s
% 0.8
3.30 At the lowest point A, Fig. 3.18, the tension in the string is

2
va

Th = —= 1
A 7 +mg (D

where vy is the velocity at point A.

Fig. 3.18 A@- —
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Measure potential energy with respect to A, the equilibrium position. At the
point B, at height L the mechanical energy is entirely potential energy as the
bob is at rest. As the vertical height is L, the potential energy will be mgL.

When the bob is released, at the point A, the energy is entirely kinetic, poten-
tial energy being zero, and is equal to %mvi.

Conservation of mechanical energy requires that

[

Eva =mgL

or vi=2gL (2)
Using (2) in (1)

Ta =2mg +mg = 3mg

Thus the minimum strength of the string that it may not break upon passing
through the lowest point is three times the weight of the bob.

3.31 Let the ball be deflected through a small angle 6 from the equilibrium
position A, Fig. 3.19.
s
0=— 1
I (1)
(0]
s
]
L
T c - —=®B
i
Fig. 3.19 A s

where s is the corresponding arc. Drop a perpendicular BC on AO, so that the
height through which the bob is raised is AC = h.
Now,h = AC=0A —-0OC =L — Lcosf = L(1 —cosf)

92
=LP—1+E+~}

L2 52
h=—

2 T 2L @

where we have used (1).
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3.32

3.33

3 Rotational Kinematics

1
From energy conservation, mgh = Emv2
8
v=+/2gh=s i

In coming down from angular displacement of 60° to 45°, loss of potential
energy is given by

mg(hy — hy) = mgL(1 —cos60°) —mgL(1 — cos45°)
=0.207mgL
1
Gain in kinetic energy = Em v?
1
Emv2 =0.207mgL =0207mg (. L=1m)
or v=2.014m/s

The tension in the string would be

mv2

T = — cos 45°
i3 + mg

4.056
=mg —L+0.707 N=1.12mgN
8

When the bob is displaced through angle 6, the potential energy is mgL (1 —
cos 0). At the lowest position the energy is entirely kinetic

1
Emvz =mg L (1 — cosb) (1)

The tension in the string will be

mv?
T:mg—}-T:mg—i-ng(l—cosQ) 2)

where we have used (1)
By problem

T =2mg 3)

1
From (2) and (3) we find cos 6 = 3 or 0 = 60°
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3.3.3 Loop-the-Loop

3.34 If the bob of the pendulum has velocity u at B, the bottom of the vertical circle
of radius r such that

V28r <u < +/5gr (1)

then the bob would leave some point P on the are DA (Fig. 3.20). Here

V28r =42 x98 x1=442T7m/sand/5gr =+/5x98 x 1 =Tm/s

Fig. 3.20

Therefore (1) is satisfied for u = 6 m/s.

Drop a perpendicular PE on the horizontal CD. Let PE = /& and PO make an
angle 6 with OD. When the bob leaves the point P, the normal reaction must
vanish.

mvz

—— —mgsin@ =0 )
p

Loss in kinetic energy = gain in potential energy

1 1
Em u* — 3 mv? = mg(h +r) 3)

. h
sinf = — “
r

Eliminating v? between (2) and (3) and using (3), with u = 6m/s and

r=1.0m,

1 [u?
h=—-|——2r=0.558m
3Lg
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3.35

3.36

3.37

3 Rotational Kinematics

Let the height of the incline be /. Then the velocity of the block at the bottom
of the vertical circle will be v = /2gh. Minimum height is given by the
condition that v = 4/5gr which is barely needed for the completion of the
loop.

NerrN

0rh=—r=§x12=300m
2 2

The analysis is similar to that of prob. (2.34). The velocity of the particle at
the bottom of the circular groove will be given by

v=+/(28)(2r) = /4gr (D
which satisfies the condition
V2gr <u < ./5gr

The particle leaves the circular groove at a height 4 above the centre of the
circle, Fig. 3.20.

1 [u?
h=-|——2r )
3L¢g
Butu? =4gr (1)
2
h=—-r
3

5
Thus, the particle leaves the circular groove at a height of 7 + r = —r above
the lowest point.

Let the velocity at B be v.
Kinetic energy gained = potential energy lost

1 2

Emv =mg(SR — R)
v? g

m— =8m
R 8

which is the centrifugal force acting on the track horizontally. The weight acts
vertically down. Hence the resultant force

F =./(8 mg)? + (mg)? = V65 mg
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3.38

3.39

3.40

Gain in kinetic energy = loss of potential energy

1 2
Emv =mg(h —2R)

v2=2g(h—2R) 1)
The force exerted on the track at the top

mvz

F=—-— 2
R M8 2
By problem
F=mg 3)
mv?
— —mg=m
R 8 8
or v = 2¢R “4)

Using (4) in (1) we find h = 3R.

Let the particle velocity at the lowest position be # = 0.8944,/5gR and v at
point P.
Loss in kinetic energy = gain in potential energy

1 2 1 2 .
—mu” — —mv” =mg(R + Rsin6)
2 2
2
or v2= (0.8944\/5gR> —2gR(1 +sin6) (1)

The particle would leave at P (Fig. 3.7) when

mv? -
—— = mgsin
R 8
or v>=gRsiné 2

Using (2) in (1) and solving
sinf =2/3or6 =41.8°

Let the minimum height be A. The velocity of the block at the beginning of
the circular track will be

v=+/2gh (L

For completing the circular track

v=+/5gR (2)
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From (1) and (2)
h =2.5R
3.41 Let the nail be located at D at distance x vertically below A, the point of
suspension, Fig. 3.21. Initially the bob of the pendulum is positioned at B at
height 4 above the equilibrium position C.
1
h=L(l—cosf) = L(l1 —cos60°) = EL (1
Fig. 3.21 A
|60
| L
I
where L = 1 m is the length of the pendulum. When the pendulum is released
its velocity at C will be
v=/2gh = /oL )
The velocity needed at C to make complete revolution in the vertical circle
centred at the nail and radius r is
v =./5gr €))
From (2) and (3)
) “4)
r=-
5
L
Therefore x = AD = AC—-DC =L — 3= 0.8L
=0.8x 1m=_80cm
342 If M and m are the mass of the test tube and cork, respectively, and their

velocity V and v respectively, momentum conservation gives
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343

MV =mv ()
M 10

oF V=—V=—V=10V @)
m 1

Condition for describing a full vertical circle is that the minimum velocity of
the test tube should be

V =,/5gr =5 %980 x5 =156.5cm/s

Therefore the minimum velocity of the cork which flies out ought to be
v=10V = 1565cm/s = 15.65m/s

Equating centripetal force to frictional force

mv2

T =pumg
v? (14)2 4

M:—:———

gr 98x45 9






Chapter 4
Rotational Dynamics

Abstract Chapter 4 is concerned with the moment of inertia and rotational motion
on horizontal and inclined planes and Coriolis acceleration.

4.1 Basic Concepts and Formulae

Moment of Inertia/Rotational Inertia (M.L.) or (I)

Table 4.1 Moments of inertia (M.1.) of some regular bodies

Body Axis M.IL

Thin rod of length L Perpendicular to length through centre mL?/12
Perpendicular to length at one end mL?/3

Thin rectangular sheet of sides Through centre parallel to side b ma®/12

a and b

Thin hoop

Thin circular disc

Solid sphere of radius r

Thin spherical shell

Right cone of radius of base r

Circular cylinder of length L
and radius R

Through centre perpendicular to sheet

Through centre perpendicular to plane
of ring

Through centre along diameter

Through centre perpendicular to disc

About any diameter

About any diameter

Along axis of cone

Through centre perpendicular to axis

m(a® +b%)/12

mr

mr? /4
mr2/2
2mr?/5
2mr?/3
3mr?/10

R | L?
(5 5)

Table 4.2 Translational and rotational analogues

Quantity Translation Rotation
Displacement s 0

Velocity v =ds/dr w =d6/dt
Acceleration a =dv/dt a = dow/dt
Mass/inertia m 1
Momentum p =mv J=lw
Impulse J=Ft J =71t
Work W =Fs W =10

135
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Table 4.2 (continued)

4 Rotational Dynamics

Quantity Translation Rotation
Kinetic energy K = %mv2 K = %Ia)2
Power P=Fv P=10
Newton’s second law F =ma T=1Ia
Equilibrium condition > Fexi =0 > Tex =0
Kinematics v=u+at w = wy + at
v2 = u? + 2as ®? = wo? + 2u6
s =ut + tar’ 0 = 6ot + Jar?
s:%(u—i—v)t 9=%(a)o+a))t

The Perpendicular Axes Theorem

The sum of the moments of inertia of a plane lamina about any two perpendicular
axes in its plane is equal to its moment of inertia about an axis perpendicular to its
plane and passing through the point of intersection of the first two axes:

I, =1 +1, 4.1

The theorem is valid for plane lamina only.

The Parallel Axes Theorem

The ML of a body about any axis is equal to the sum of its ML.I. about a parallel axis
through the centre of mass and the product of its mass and the square of the distance
between the two axes.

Conservation of angular momentum (J) implies

J=1Lw = hw “4.2)

Motion of a body rolling down an incline of angle 6:

gsinf
a=-"—-> 4.3)
1+ 5
where I = Mk* and k is known as the radius of gyration.
2s
t=,— 4.4
a

1 k?
Kiotal = Kirans + Kot = zmvz (1 + r_z) 4.5)
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Table 4.3 k2/r2 values for various bodies

Hollow cylinder Hollow sphere Solid cylinder Solid sphere
K2/r? 1 2/3 12 2/5

The smaller the value of k2 / r2, the greater will be the acceleration and smaller
the travelling time.

Coriolis Force

The Coriolis force arises because of the motion of the particle in the rotating frame
of reference (non-inertial frame) and is given by the term 2m x vR. It vanishes if
vr = 0. It is directed at right angles to the axis of rotation, similar to the centrifugal
force. Note that the Coriolis force would reverse if the direction of ® is reversed.
However, the direction of the centrifugal force remains unchanged.

(1) Cyclonic motion is affected by the Coriolis force resulting from the earth’s
rotation. The cyclonic motion is found to be mostly in the counterclockwise
direction in the northern hemisphere and clockwise direction in the southern
hemisphere. The radius of curvature r for mass of air moving north or south is
approximately given by

r = v/Qwsin ) (4.6)

where v is the wind velocity, w is the earth’s angular velocity and A is the
latitude.

(ii) Free fall on the rotating earth:
A body in its free fall through a height £ in the northern hemisphere undergoes
an eastward deviation through a distance

1 8h3
d=—-wcosA,[— “4.7)
8 g

>iii) Foucault’s pendulum:
Foucault’s pendulum is a simple pendulum suspended by a long string from
a high ceiling. The effect of Coriolis force on the motion of the pendulum is
to produce a precession or rotation of the plane of oscillation with time. The
plane of oscillation rotates clockwise in the northern hemisphere and counter-
clockwise in the southern hemisphere. The period of rotation of the plane of
oscillation 7" is given by

T’ =27 /wsin A = 24/ sin A hours 4.8)
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4.2 Problems

4.2.1 Moment of Inertia

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

Calculate the moment of inertia of a solid sphere about an axis through its
centre.

Two particles of masses m| and m, are connected by a rigid massless rod of
length r to constitute a dumbbell which is free to move in a plane. Show that
the moment of inertia of the dumbbell about an axis perpendicular to the plane
passing through the centre of mass is 17> where y is the reduced mass.

Show that the moment of inertia of a right circular cone of mass M, height &
and radius ‘a’ about its axis is 3Ma?/10.

Calculate the moment of inertia of a right circular cylinder of radius R and
length & about a line at right angles to its axis and passing through the middle
point.

Show that the radius of gyration about an axis through the centre of a hollow

2 5 _ bS
cylinder of external radius ‘a’ and internal radius ‘b’ is [ — S .

5\a®-53
Calculate the moment of inertia of a thin rod (a) about an axis passing through
its centre and perpendicular to its length (b) about an end perpendicular to the
rod.

Show that the moment of inertia of a rectangular plate of mass m and sides 2a

. 2 ma*b?
and 2b about the diagonal is —————
3 (a% + b?)
Lengths of sides of a right angle triangular lamina are 3, 4 and 5 cm, and the
moment of inertia of the lamina about the sides I, I> and I3, respectively
(Fig. 4.1). Show that I} > I > I3.

Fig. 4.1 3

4.9

A circular disc of radius R and thickness R/6 has moment of inertia I about
the axis perpendicular to the plane and passing through its centre. The disc is
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melted and recasted into a solid sphere. Show that the moment of inertia of the
sphere about its diameter is //5.

4.10 Calculate the moment of inertia of a hollow sphere of mass M and radius R
about its diameter.

4.11 Use the formula for moment of inertia of a uniform sphere about its diameter
2
(I = §MR2> to deduce the moment of inertia of a thin hollow sphere about

the axis passing through the centre.

4.2.2 Rotational Motion

4.12 A solid cylinder of mass m and radius R rolls down an inclined plane of height
h without slipping. Find the speed of its centre of mass when the cylinder
reaches the bottom.

4.13 A star has initially a radius of 6 x 108 m and a period of rotation about its
axis of 30 days. Eventually it evolves into a neutron star with a radius of only
10* m and a period of 0.1 s. Assuming that the mass has not changed, find the
ratio of initial and final (a) angular momentum and (b) kinetic energy.

4.14 A uniform solid ball rolls down a slope. If the ball has a diameter of 0.5 m and
a mass of 0.1 kg, find the following:

(a) The equation which describes the velocity of the ball at any time, given
that it starts from rest. Clearly state any assumptions you make.

(b) If the slope has an incline of 30° to the horizontal, what is the speed of
the ball after it travels 3 m?

(c) At this point, what is the angular momentum of the ball?

(d) If the coefficient of friction between the ball and the slope is 0.26, what is
the maximum angle of inclination the slope could have which still allows
the ball to roll?

[University of Durham 2000]

4.15 (a) Show that the least coefficient of friction for an inclined plane of angle 6 in

1
order that a solid cylinder will roll down without slipping is 3 tan 6. (b) Show
2
that for a hoop the least coefficient of friction is 3 tan6.

4.16 A small mass m tied to a non-stretchable thread moves over a smooth horizon-
tal plane. The other end of the thread is drawn through a hole with constant
velocity, Fig. 4.2. Show that the tension in the thread is inversely proportional
to the cube of the distance from the hole.

[Osmania University]
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Fig. 4.2

4.17

4.18

4.19

An ice skater spins at 477 rad/s with her arms extended.

(a) If her moment of inertia with arms folded is 80% of that with arms
extended, what is her angular velocity when she folds her arms?
(b) Find the fractional change in kinetic energy.

A sphere of radius R and mass M rolls down a horizontal plane. When it
reaches the bottom of an incline of angle 0 it has velocity vg. Assuming that
it rolls without slipping, how far up the incline would it travel?

A body of mass m is attached to a light string wound around a pulley of mass
M and radius R mounted on an axis supported by fixed frictionless bearings
(Fig. 4.3). Find the linear acceleration ‘a’ of m and the tension 7 in the string.

Fig. 4.3 Lol

4.20

A light string is wound several times around a spool of mass M and radius R.
The free end of the string is attached to a fixed point and the spool is held so
that the part of the string not in contact with it is vertical (see Fig. 4.4). If the
spool is let go, find the acceleration and the tension of the string.
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Fig. 4.4 !_IIIIIIIHII!IILH

J\T

Mg

4.21 Two unequal masses m| and my(m| >my) are suspended by a light string over
a pulley of mass M and radius R as in Fig. 4.5. Assuming that slipping does
not occur and the friction of the axle is negligible, (a) find the acceleration
with which the masses move; (b) angular acceleration of the pulley; (c) ratio
of tensions 77/ T3 in the process of motion.

4.22 Two wheels of moment of inertia /; and I, are set in rotation with angu-
lar speed w; and w,. When they are coupled face to face they rotate with a
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4.23

4.24

4.25

4.26

4.27

4.28

4.29

4.30

4 Rotational Dynamics

common angular speed w due to frictional forces. Find (a) w and (b) work
done by the frictional forces.

Consider a uniform, thin rod of length / and mass M.

(a) The rod is held vertically with one end on the floor and is then allowed to
fall. Use energy conservation to find the speed of the other end just before
it hits the floor, assuming the end on the floor does not slip.

(b) You have an additional point mass m that you have to attach to the rod.
Where do you have to attach it, in order to make sure that the speed of the
falling end is not altered if the experiment in (a) is repeated?

[University of Durham 2005]

A thin circular disc of mass M and radius R is rotated with a constant angular
velocity w in the horizontal plane. Two particles each of mass m are gently
attached at the opposite end of the diameter of the disc. What is the new
angular velocity of the disc?

If the velocity is v = 2i — 3f + k and the position vector is r = i+ 2; — 3k,
find the angular momentum for a particle of mass m.

A ball of mass 0.2kg and radius 0.5 m starting from rest rolls down a 30°
inclined plane. (a) Find the time it would take to cover 7 m. (b) Calculate the
torque acting at the end of 7 m.

A string is wrapped around a cylinder of mass m and radius R. The string
is pulled vertically upwards to prevent the centre of mass from falling as the
cylinder unwinds the string. Find

(a) the tension in the string.
(b) the work done on the cylinder when it acquires angular velocity w.
(c) the length of the string unwound in the time the angular speed reaches w.

Two cords are wrapped around the cylinder, one near each end and the cord
ends which are vertical are attached to hooks on the ceiling (Fig. 4.6). The
cylinder which is held horizontally has length L, radius R and weight W. If
the cylinder is released find

(a) the tension in the cords.
(b) acceleration of the cylinder.
[Osmania University]

A body of radius R and mass M is initially rolling on a level surface with
speed u. It then rolls up an incline to a maximum height . If & = 3u?/4g,
figure out the geometrical shape of the body.

A solid cylinder, a hollow cylinder, a solid sphere and a hollow sphere of the
same mass and radius are placed on an incline and are released simultaneously
from the same height. In which order would these bodies reach the bottom of
the incline?
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Fig. 4.6

4.31 A tube of length L is filled with an incompressible liquid of mass M and
closed at both the ends. The tube is then rotated in a horizontal plane about
one of its ends with a uniform angular velocity w. Show that the force exerted
by the liquid at the other end is F = mw’L.

4.32 A uniform bar of length 6a and mass 8m lies on a smooth horizontal table.
Two point masses m and 2m moving in the same horizontal plane with speed
2v and v, respectively, strike the bar and stick to the bar (Fig. 4.7). The bar is
set in rotation. Show that

(a) the centre of mass velocity v. = 0
(b) the angular momentum J = 6mva
(¢) the angular velocity w = v/5a

(d) the rotational energy E = 3mv?/5

Fig. 4.7 m

4.33 A thin rod of negligible weight and of length 2d carries two point masses of m
each separated by distance d, Fig. 4.8. If the rod is released from a horizontal
position show that the speed of the lower mass when the rod is in the vertical

24 gd

position will be v = —

4.34 If the radius of the earth suddenly decreases to half its present value, the mass
remaining constant, what would be the duration of day?
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LU
/

4.35

4.36

4.37

4.38

Fig. 4.9

/
i
/

m

A tall pole cracks and falls over. If 6 is the angle made by the pole with the

3
vertical, show that the radial acceleration of the top of the pole is ar = > g(1—

. . L 3 .
cos @) and its tangential acceleration is at = 3 gsinf.

The angular momentum of a particle of a point varies with time as J = ar®i +
bf, where a and b are constants. When the angle between the torque about
the point and the angular momentum is 45°, show that the magnitude of the
torque and angular momentum will be 2+/ab and +/2b, respectively.

A uniform disc of radius R is spun about the vertical axis and placed on a
horizontal surface. If the initial angular speed is w and the coefficient of fric-
tion p show that the time before which the disc comes to rest is given by
t =3wR/4ug.

A small homogeneous solid sphere of mass m and radius r rolls without slip-
ping along the loop-the-loop track, Fig. 4.9. If the radius of the circular part
of the track is R and the sphere starts from rest at a height 4 = 6R above the
bottom, find the horizontal component of the force acting on the track at Q at
a height R from the bottom.
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4.39

A particle is projected horizontally along the interior of a smooth hemispher-
ical bowl of radius r. If the initial angular position of the particle is 6y, find
the initial velocity required by the particle just to reach the top of the bowl
(Fig. 4.10).

Fig. 4.10 1
I
I
|
—
m
4.40 A spool of mass m, with a thread wound on it, is placed on an incline of 30° to

the horizontal. The free end of the thread is attached to a nail, Fig. 4.11. Find
the acceleration of the spool.

Fig. 4.11

441

4.42

4.43

e

A flywheel with initial angular velocity wy undergoes deceleration due to fric-
tional forces, with the torque on the axle being proportional to the square
root of its angular velocity. Calculate the mean angular velocity of the wheel
averaged over the total deceleration time.

A conical pendulum consisting of a thin uniform rod of length L and mass m
with the upper end of the rod freely hanging rotates about a vertical axis with
angular velocity w. Find the angle which the rod makes with the vertical.

A billiard ball is initially struck such that it slides across the snooker table
with a linear velocity Vj. The coefficient of friction between the ball and table
is u. At the instant the ball begins to roll without sliding calculate

(a) its linear velocity
(b) the time elapsed after being struck
(¢) the distance travelled by the ball

State clearly what assumptions you have made about the forces acting on the
ball throughout.
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4.44 Consider a point mass m with momentum p rotating at a distance r about an

445

4.46

4.47

axis. Starting from the definition of the angular momentum L = r x p of this
point mass, show that

dL

a7

where t is the torque.

A uniform rod of length / and mass M rests on a frictionless horizontal surface.
The rod pivots about a fixed frictionless axis at one end. The rod is initially
at rest. A bullet of mass m travelling parallel to the horizontal surface and
perpendicular to the rod with speed v strikes the rod at its centre and becomes
embedded in it. Using the result above, show that the angular momentum of
the rod after the collision is given by

1
IL| = ~lv
2

Is L = (I/2)mv also correct?

What is the final angular speed of the rod?

Assuming M = 5m, what is the ratio of the kinetic energy of the system after

the collision to the kinetic energy of the bullet before the collision?
[University of Durham 2008]

A uniform sphere of radius r initially at rest rolls without slipping down from
the top of a sphere of radius R. Find the angular velocity of the ball at the
instant it breaks off the sphere and show that the angle & = cos™!(10/17)
with the vertical.

A uniform rod of mass m and length 2a is placed vertically with one end in
contact with a smooth horizontal floor. When it is given a small displacement,
it falls. Show that when the rod is about to strike, the reaction is equal to mg/4.
[courtesy from R.W. Norris and W. Seymour, Mechanics via Calculus,
Longmans & Co.]

The double pulley shown in Fig. 4.12 consists of two wheels which are fixed
together and turn at the same rate on a frictionless axle. A rope connected
to mass m is wound round the circumference of the larger wheel and a
second rope connected to mass my is wound round the circumference of the
smaller wheel. Both ropes are of negligible mass. The moment of inertia, 7,
of the double pulley is 38 kg m>. The radii of the wheels are R| = 1.2m and
R, =0.5m.

(a) If m; = 25kg, what should the value of m, be so that there is no angular
acceleration of the double pulley?
(b) The mass m is now increased to 35 kg and the system released from rest.
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Fig. 4.12

4.48

4.49

4.50

4.51

4.52

4.53

4.54

(i) For each mass, write down the relationship between its linear acceleration
and the angular acceleration of the pulley. Which mass has the greater
linear acceleration?

(ii) Determine the angular acceleration of the double pulley and the tensions
in both ropes.

[University of Manchester 2008]

Two particles, each of mass m and speed v, travel in opposite directions along
parallel lines separated by a distance d. Show that the vector angular momen-
tum of this system of particles is independent of origin.

A small sphere of mass m and radius r rolls without slipping on the inside of
a large hemisphere of radius R, the axis of symmetry being vertical. It starts
from rest. When it arrives at the bottom show that

(a) the fraction K (rot)/K (total) = 2/7
(b) the normal force exerted by the small sphere is given by N = 17mg/7

A solid sphere, a hollow sphere, a solid disc and a hoop with the same mass
and radius are spinning freely about a diameter with the same angular speed
on a table. For which object maximum work will have to be done to stop it?

In prob. (4.50) the four objects have the same angular momentum. For which
object maximum work will have to be done to stop it?

In prob. (4.50) the four objects have the same angular speed and same angular
momentum. Compare the work to be done to stop them.

A solid sphere, a hollow sphere, a solid cylinder and a hollow cylinder roll
down an incline. For which object the torque will be least?

A particle moves with the position vector given by r = 3t + 2f. Show that
the angular momentum about the origin is constant.
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Fig. 4.13

4.56

4.57
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A metre stick of length / and mass M is placed on a frictionless horizontal
table. A hockey ball of mass m sliding along the table perpendicular to the
stick with speed v strikes the stick elastically at distance d from the centre of
the metre stick. Find 4 if the ball is to be brought to rest immediately after the
collision (Fig. 4.13).

A uniform solid cylinder of mass m and radius R is set in rotation about its
axis and lowered with the lateral surface on to the horizontal plane with initial
centre of mass velocity vg. If the coefficient of friction between the cylinder
and the plane is u, find

(a) how long the cylinder will move with sliding friction.
(b) the total work done by the sliding friction force on the cylinder.

Two identical cylinders, each of mass m, on which light threads are wound
symmetrically are arranged as in Fig. 4.14. Find the tension of each thread in
the process of motion. Neglect the friction in the axle of the upper cylinder.

Fig. 4.14

4.58

A uniform circular disc of radius r and mass m is spinning with uniform
angular velocity w in its own plane about its centre. Suddenly a point on its
circumference is fixed. Find the new angular speed o’ and the impulse of the
blow at the fixed point.
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4.59 A uniform thin rod of mass m and length L is rotating on a smooth horizontal
surface with one end fixed. Initially it has an angular velocity €2 and the motion
slows down only because of air resistance which is k£ dx times the square of
the velocity on each element of the rod of length dx. Find the angular velocity
w after time 7.

4.60 A sphere of radius a oscillates at the bottom of a hollow cylinder of radius b
in a plane at right angles to the axis which is horizontal. If the cylinder is fixed
and the sphere does not slide, find 7', the time period of oscillations in terms
of a, b and g, the acceleration due to gravity.

4.61 (a) Show that the moment of inertia of a disc of radius R and mass M about
an axis through the centre perpendicular to its plane is
1
I = -MR?
2
(b) A disc rolls without slipping along a horizontal surface with velocity u.
The disc then encounters a smooth drop of height £, after which it con-

tinues to move with velocity v. At all times the disc remains in a vertical
plane (Fig. 4.15).

4gh

Show that v = ,/u? + 3

[University of Manchester 2008]

Fig. 4.15 U

4.62 A circular ring of mass m and radius r lies on a smooth horizontal surface. An
insect of mass m sits on it and crawls round the ring with a uniform speed v
relative to the ring. Obtain an expression for the angular velocity of the ring.

[With courtesy from R.W. Norris and W. Seymour, Longmans,
Green and Co., 1923]

4.2.3 Coriolis Acceleration

4.63 (a) Given that earth rotates once every 23 h 56 min around the axis from the
North to South Pole, calculate the angular velocity, w, of the earth. When
viewed from above the North Pole, the earth rotates counterclockwise
(west to east). Which way does w point?
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4.65

4.66

4.67

4.68

4.69

4.70

4.71

4.72

4.73
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(b) Foucault’s pendulum is a simple pendulum suspended by a long string
from a high ceiling. The effect of Coriolis force on the motion of the
pendulum is to produce a precession or rotation of the plane of oscillation
with time. Find the time for one rotation for the plane of oscillation of the
Foucault pendulum at 30° latitude.

An object is dropped at the equator from a height of 400 m. How far does it
hit the earth’s surface from a point vertically below?

An object at the equator is projected upwards with a speed of 20 m/s. How far
from its initial position will it land?

With what speed must an object be thrown vertically upwards from the surface
of the earth on the equator so that it returns to the earth 1 m away from its
original position?

A body is dropped from a height at latitude A in the northern hemisphere.

1 |8h3
Show that it strikes the ground a distance d = gw cos A,/ — to the west,
8

where o is the earth’s angular velocity.

An iceberg of mass 5 x 10° tons near the North Pole moves west at the rate
of 8 km/day. Neglecting the curvature of the earth, find the magnitude and
direction of the Coriolis force.

A tidal current is running due north in the northern latitude A with velocity
v in a channel of width b. Prove that the level of water on the east coast is
raised above that on the western coast by (2bvw sin 1)g where o is the earth’s
angular velocity.

If an object is dropped on the earth’s surface, prove that its path is a semicu-

bical parabola, y*> = z°.

A train of mass 1000 tons moves in the latitude 60° north. Find the magnitude
and direction of the lateral force that the train exerts on the rails if it moves
with a velocity of 15 m/s.

A train of mass m is travelling with a uniform velocity v along a parallel
latitude. Show that the difference between the lateral force on the rails when
it travels towards east and when it travels towards west is 4mvw cos A, where
A is latitude and w is the angular velocity of the earth.

A body is thrown vertically upwards with a velocity of 100 m/s at a 60° lati-
tude. Calculate the displacement from the vertical in 10s.
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4.3 Solutions
4.3.1 Moment of Inertia

4.1 Imagine the sphere of mass M and radius R to be made of a series of circu-
lar discs, a typical one being of thickness dx at distance x from the centre,
Fig. 4.16. The area of the disc is 7 (R*> — x2), and if the density of the sphere is
p, the mass of the disc is p 7(R?> — x?) dx. The elementary moment of inertia

of the disc about the axis OX is 3 (mass)(radius)?

1
dI = 5P (R? — x2)dx(R* — x?)

Hence the moment of inertia of the sphere is

R
8 2
I= /dl - / T (R? — x2)2dx = L RS — ZyR?
2 15 5
0
3M
as = —
P = 4R
Fig. 4.16
R RZ_XZ
o\
0 x —]
f— x—
\dx

4.2 Let the mass m and m be at distance r and ry, respectively, from the centre
of mass. Then
mor mir
r = =
mip +my mip +my

Moment of inertia of the masses about the centre of mass is given by

2 2
I =myr{ +mor;

" ( mor 2—|—m2 mir 2 mimy 2
= 1 —_— = =
my +mp mi + my my + my

nmimp

where g = ———
mj +my
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4.3 Consider the cone to be made up of a series of discs, a typical one of radius r
and of thickness dz at distance z from the apex. Volume of the disc is dV =
wr2dz. Its mass will be dm = pdV = mprdz, where p is the mass density
of the cone. The moment of inertia d/ of the disc about the z-axis is given by
(Fig. 4.17)

1 b4
dI = = r?dm = Zpr*d
5 7odm = = pride
But r_ % (from the geometry of the figure)
a
az
or r=—
h

dl = = p— 7%
2Pt
h
I /dl ”“4/4d T o ath
= = — 00— = —0a
2P | T 107
0
But M
ot o
P wa’h
3Ma?
[_
10
Fig. 4.17

4.4 Consider a slice of the cylinder of thickness dz at distance z from the centre of
mass of cylinder O. The moment of inertia about an axis passing through the
centre of the slice and perpendicular to z-axis will be

1 2
d/ = —dmR
4
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Fig. 4.18

153

z—-axis

h" — -adz

(B

Then the moment of inertia about an axis parallel to the slice and passing
through the centre of mass is given by the parallel axis theorem, Fig. 4.18.

1
dic = deRz—}-dmZ2

R2
= 7'[R2,0 (T + z2> dz

where dm = 7 R?pdz is the mass of the slice and p is the density.

+h/2
R
Icz/dlczrrRzp / <4

—h/2

R? h3
—a R | h4+ =
g '0[4 )
But p= 2
4 p_nth
M
1=—(3R2 hz)
C B +

4.5 The moment of inertia of the larger solid sphere of mass M

2
I, = = Ma*
5

P2
-tz

)dz

(D

The moment of inertia of the smaller solid sphere of mass m, which is removed

to hollow the sphere, is

2
I = = mb?
2 5m

)
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As the axis about which the moment of inertia is calculated is common to both
the spheres, the moment of inertia of the hollow sphere will be

2
I=1L—-15L= g(Ma2 —mb*) = (M — m)k* (3)
where (M — m) is the mass of the hollow sphere and & is the radius of gyration.
4 3 4 3
Now M=§na ,oandngrrbp 4@

Using (4) in (3) and simplifying we get

2 (a® —bd)

k= |22 77

V5 (a3 —b3)
4.6 (a) Let AB represent a thin rod of length L and mass M, Fig. 4.19. Choose the
x-axis along length of the rod and y-axis perpendicular to it and passing
through its centre of mass O. Consider a differential element of length dx
at a distance x from O. The mass associated with it is M (dx/L). The
contribution to moment of inertia about the y-axis by this element of length
will be M (dx/L) x>. The moment of inertia of the rod about y-axis passing

through the centre of mass is

+L)2
/ _/dl _ / de 2_ML2
c= | de= LY T2
—L/2

(b) Moment of inertia about y-axis passing through the end of the rod (A or B)
is given by the parallel axis theorem:

In=Ig=Ic+M L Z—MLZ
A = 1B = IC ) = 3
y—axis
1
I
1
A i 77 B
o /
n | % L
2 X———| dx 2

Fig. 4.19
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4.7 The moment of inertia of the plate about x-axis is I, = (1/3) Mb? and about

y-axisis Iy = (1/3) M a’. Tt can be shown that the moment of inertia about the
line BD is

1 1
Isp = 3 Mb? cos® 6 + 3 Ma*sin® 6 (1)

where 6 is the angle made by BD with the x-axis. From Fig. 4.20, cosf =

and sinf =

a
a? + b2 VaZ 1 b2

1 Mba* 1 Ma*h? 2 a?b?

Isp = = Iy
T3 @) 3 (@@tb) 3 (@)
Fig. 4.20 ?
- y .
A ‘ 2|a o B
| T
e
_______ Ib _ T 7/ 7T T 2b_>x
|
| l
D C

4.8 The moment of inertia about any side of a triangle is given by the product of
the one-sixth mass m of the triangle and the square of the distance (p) from the
opposite vertex, i.e. I = mp?/6. The perpendicular BD on AC is found to be
equal to 12/5 from the geometry of Fig. 4.21.

Fig. 4.21 A
I35
4 D
12 2
5
B C
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4.9

4 Rotational Dynamics

8
L=2(@AB?="24="
6 6 3
m m 3m
L=—(BC?==>3="+
2 6( ) 5 3
m o, om (12\*  24m
L=—@BD’==(=) ==
6 6\5 25
>0 > 1z

If the radius of the sphere is » then the volume of the sphere must be equal to
that of the disc:

4
—nr¥=nR?
3

The moment of inertia of the disc I = Ip = (1/2) m R2
The moment of inertia of the sphere

2 , 2 R 1 1 5 1
Is=—-mr =—-m—=—-x-mR"==-Ip
5 574 572 5

4.10 Consider a strip of radius r on the surface of the sphere symmetrical about the

Fig. 4.22

z-axis and width Rdf, where R is the radius of the hollow sphere, Fig. 4.22.

Area of the strip is 2777 - Rd@ = 2w R?sin@ d 0. If o is the surface mass den-
sity (mass per unit area) then the mass of the strip is dm = 27 R?0 sin6 d 6.
Moment of inertia of the elementary strip about the z-axis

dI =dmr? =27 R* sin®0de

Moment of inertia contributed by the entire surface will be
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4.11

T
[=[dl =27 R*c [sin’6d6
0

4
=27 R'o-
T 0'3
M
Buto =
47 R?
2
[ = ZMR?
3

By prob. (4.5), the radius of gyration of a hollow sphere of external radius a
and internal radius b is

(2 (a3 = D)
k= V5 @353 M

The derivation of (1) is based on the assumed value of moment of inertia for

a solid sphere about its diameter (1 = %MRZ) Squaring (1) and multiplying

by M, the mass of the hollow cylinder is

=M =2m @ —b) 2)
5 (@3 —b3)

Leta=b+ A (3)

where A is a small quantity. Then (2) becomes

2 [b+8)°=b] 2 [B+5b*A 4 —b]
I=—-M+——————=-M
5T [b+AP =03 5T [P 4+303A+ - — b3

where we have neglected higher order terms in A. Thus

2 ShtA 2, 2
=M = “Mb* = MR
57 3p2A 3 3

where b = a = R is the radius of the hollow sphere.

4.3.2 Rotational Motion

4.12 Potential energy at height & is mgh and kinetic energy is zero. At the bottom

the potential energy is assumed to be zero. The kinetic energy (K') consists of

1
translational energy <§mv2> + rotational energy EI ?
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1 1 1 1 1 3
K = Emv2+51w2 = 5mv2+§ X szz% = vaz
Gain in kinetic energy = loss of potential energy
2
= = meh
] mv mg
4gh
or v=,/—
3
4.13 (a) Initial angular momentum
2 0 2m
Li=lLo == Rl_
5 T
. 2 527
Final angular momentum Ly = Lwy = §MR2 T
2

0.1

L RT7  (6x10%)°
L, rRTn \ 10 30 x 86,400

(b)

Initial kinetic energy (rotational)

1
Final kinetic energy K, = — za)% =

2 2 5

K 0.1

) = 138.9

12, (27\?
= X = MR5 | —
p)

2

(R [(6x10°
Ky \RTi) 10*

4.14 (a)

X
30 x 86,400

) =536 x107°

Let M be the mass of the sphere, R its radius, 6 the angle of incline.

Let F and N be the friction and normal reaction at A, the point of con-
tact, Fig. 4.23. Denoting the acceleration dx?/d¢> by ¥, the equations of

motion are

MX = Mg sinf — F
Mg cos — N =0
Torque Ia = FR

2 sa
or —MR“— = FR
5 R
2 .
or F=-MxX

5

)]
2
3)

“4)
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Fig. 4.23

(b)
()

(d)

4.15 (a)

Using (4) in (1)
.5
a:x:;gsm@ ®))

Thus the centre of the sphere moves with a constant acceleration. The
assumption made in the derivation is that we have pure rolling without
sliding

5
v =+/2as = \/2 X 7 x 9.8 x sin30° x 3 =4.58m/s
2 2

L=1Iw=2>MR*Y == MuR
5 R™5

2
= < % 0.1 x 458 x 0.25 = 0.0458 kg m?/T

Using (5) in (1)
2 .

F = 5Mg sin 0 4.9)
F 2
— = — tan0 (4.10)
N 7

For no slipping F/N must be less than u, the coefficient of friction
between the surfaces in contact. Therefore, the condition for pure rolling
is that ;. must exceed (2/7) tan6.

2
u:atané’ “4.11)
w7
tanf = 7" = 3x0.26 = 091 (4.12)
or 0 =423° (4.13)

Equation of motion of the cylinder for sliding down the incline is

mas = mg sinf — umg cos O (D
or as= g(sinf — pcosh) 2)
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When the cylinder rolls down without slipping, the linear acceleration is
given by

aR:Ra:RL: (umg cosO R)

Ton 1/ 2mRz =2u g cosb 3)

The least coefficient of friction when the cylinder would roll down with-
out slipping is obtained by setting

ar = dg
2ug cosf = g(sinf — wcos0)

1
or u= gtane

(b) For the loop (2) is the same for sliding. But for rolling

Rt _ R(meg cosf R)

ar = Ton TR = g cosb

Setting ar = ag

ugcosd = g(sinf — pcosh) 4.14)
w = %tan@ 4.15)

4.16 Since the thread is being drawn at constant velocity vg, angular momentum of
the mass may be assumed to be constant. Further the particle velocities v and
r are perpendicular. The angular momentum

J = mvr = constant
1

vo —
r

Now the tension T arises from the centripetal force

4.17 (a) Conservation of angular momentum gives
Liw; = hwy (4.16)
80
(I)@m) = — Lwo (4.17)

100
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b) Ak K K K>

/" 2= 722
K K K
1/2) haw? 57\ 1
:(/)—26‘2_1:(0.3)<_”) ==
(1/2) lio? 47 4

4.18 At the bottom of the incline translational energy is (1/2) M v(z) while the rota-

4.19

tional energy is

1 1 2 v
—Jw® ==~ x = MR*>-% = —Mv?
21 TS R T s

e | S R S
Total initial kinetic energy = EM vy + §M vy = EM V)

Let the sphere reach a distance s up the incline or a height /4 above the bottom
of the incline. Taking potential energy at the bottom of the incline as zero, the
potential energy at the highest point reached is Mgh. Since the entire kinetic
energy is converted into potential energy, conservation of energy gives

7
EMU% = Mgh

But & = s sin 0, so that

2
T v

§ = ——
10 g sin6

Equation of motion is
Ma=mg—-T (1)

The resultant torque T on the wheel is 7R and the moment of inertia is
(1/2) MR

Now 7=1I«x

1 s a
TR=-MR"—
2 R
1
or T =—-Ma (2
2
Solving (1) and (2)
2mg Mmg

a = T =
M +2m M +2m
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4.20 Equation of motion is

Ma=Mg—T (1)
1 s a
Torquet =TR=1lae = -MR"— 2)
2 R
1
T = EMa 3)
. 2 Mg
Solving (1) and (3) a = gg T = =

4.21 (a) Obviously m| moves down and m, up with the same acceleration ‘a’ if
the string is taut. Let the tension in the string be 77 and 75 (Fig. 4.5). The
equations of motion are

mia =m1g — T (D
maa =T, —mog (2)

Taking moments about the axis of rotation O

M R?

T'R—ThR=1Ia= o 3)

where « is the angular acceleration of the pulley and 7 is the moment of
inertia of the pulley about the axis through O.

a
But o= —
R
Ma
T =— “4)
2
Adding (1) and (2)
(my+mp)a="T,—T + (m; —m2)g &)

Using (4) in (5) and solving for ‘a’, we find

(my —mo)g

= (6)
my+my+ (1/2) M

a (my —ma)g

R (my+may+ (1/2) M) R

(¢) Using (5) in (1) and (2), the values of 77 and 7> can be obtained from
which the ratio 77/ T can be found.

b) o=
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4.22 (a)

(b)

4.23 (a)

ﬂ _mi(4my + M)
b my(dmy + M)

Conservation of angular momentum gives
Lo+ hoy =1w = (I1 + h)w

The two moments of inertia /; and I, are additive because of common
axis of rotation.

_ Lo+ b
L+

Work done = loss of energy

1 2 1 2 1 2
W= 5(11 + Dh)w” — | Loy + zhow;

2 2
1 I hwy)? 1 1
— (I + 12)M — ~NLa? — ~ha?
2 (It + I) 2 2
_1hb( —w)’
2 (i + D)

Measure the potential energy from the bottom of the rod in the upright
position, the height through which it falls is the distance of the centre of
mass from the ground, i.e. (1/2) L (Fig. 4.24). When it falls on the ground
the potential energy is converted into kinetic energy (rotational).

1 1 1 1 1
mg—L = —Iw? = = x —mL*o* = —mv?

2 2 2 3 6
where / is the moment of inertia of the rod about one end and v = wL is
the linear velocity of the top end of the pole, v = \/3gL

(b) The additional mass has to be attached at the bottom of the rod.

Fig. 4.24

4.24 If I; and I, are the initial and final moments of inertia, w; and w, the initial
and final angular velocity, respectively, the conservation of angular momen-
tum gives
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4.25

4.26

4.27

4 Rotational Dynamics

L=1Lw = hLw
MR’w; = (MR?> +2mR*)w»
oM

w2=M+2m

L=rxp=m(rxv)

ik o o
=m|1 2 =3| =71 -7]—Tom=—TmG + ] +k
2-31
inf 9.8 sin 30°
(@ a= S = o =3.5m/s’
1+(k2/r2) 14 (2/5)
2 2x17
Y XU S B
a 3.5
2 a 2 2 2,5
b) t=Ila=_-mR"—=_-mRa=—-x02x05x35=0.14kg m*/s".
5 R 5 5
(a) The equation of motion is
ma=mg—T (1)
1 ha
t=TR=Ia0=-mR"—
2 R
T ! (2)
= —ma
2
. 2g
Solving (1) and (2), a = 3 3)

(b) Work done = increase in the kinetic energy

1 1 /1 1
W=-Iow=~=-mR*)w* = -mR*»* €]

2 2\2 4
() W= / 1df =160 = mgRO &)

(where 6 is the angular displacement) is an alternative expression for the work
done. Equating (4) and (5) and simplifying

1 ,R
6 =-w?— (6)
4 ¢
. 1 w?R?
Length of the string unwound = R = 1
8

(N
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4.28

4.29

4.30

As there are two strings, the equation of motion is
ma =mg — 2T (1)
The net torque

T=14+17=2TR= I«

1 sa 1
= -mR"— = —maR
2 R 2
ma
T =— 2
7 (2)
Solving (1) and (2)
@7 ="5 (ya=->
~ 6 1= 3¢

The total kinetic energy (translational + rotational) at the bottom of the
incline is
1, 1 1

K=tmetls L L WY PP ()
= —mu —lw = —mu —m — = —mu -y
2 2 2 2 R? 2

where k is the radius of gyration.
At the maximum height the kinetic energy is transformed into potential
energy.

1, k> 3u?
Emu (1 + ﬁ) =mgh = ng

Solving we get k = R/+/2. Therefore the body can be either a disc or a solid
cylinder.

Time taken for a body to roll down an incline of angle 6 over a distance s is
given by

2s
==
a

sin @
where a = g

—©  __ The quantity k?/R? for various bodies is as follows:
1+ (k?/R?) quantity &/

1
Solid cylinder 3 hollow cylinder 1

2 2
Solid sphere 3 hollow sphere§
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These bodies reach the bottom of the incline in the ascending order of accel-
eration ‘a’ or equivalently ascending order of k%/R%. Therefore the order in
which the bodies reach is solid sphere, solid cylinder, hollow sphere and hol-
low cylinder. The physical reason is that the larger the value of k the greater
will be 1, and larger fraction of kinetic energy will go into rotational motion.
Consequently less energy will be available for the translational motion and
greater will be the travelling time.

4.31 Consider an element of length dx at distance x from the axis of rotation
(Fig. 4.25). The corresponding mass will be

dm = pAdx

where p is the liquid density and A is the area of cross-section of the tube.
The centrifugal force arising from the rotation of dm will be

dF = (dm)a)zx = wz,oAxdx

The total force exerted at A, the other end of the tube, will be

L
1 M
F: dF: 2A d=—2AL2, -

1 2
F=_-Mo’L
2

Fig. 4.25 .

X —— dx

4.32 (a) Total initial momentum
= (2m)v —mQv) =0
Therefore the centre of mass system is the laboratory system and v, = 0

(b) J = (2m)(v)(a) + (m)(2v)(2a) = 6mva
(¢) J = Iw (conservation of angular momentum)

1
6mva = I:E8m(6a)2 +2ma* + m(2a)2] o = 30ma’w
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4.33

4.34

4.35

The first term in square brackets is the M.I. of the bar, the second and the
third terms are for the ML.I. of the particles which stick to the bar.

v
Thus w=—
S5a

1 1 vy2 3
= — 2:— 2 o = — 2
d) E= 2Ia) 230 ma (5a> mv

Let the potential energy be zero when the rod is in the horizontal position. In
the vertical position the loss in potential energy of the system will be mg(d +
2d) = 3mgd. The gain in rotational kinetic energy will be

1 1 1 5
§J=50H4m£=§Vf+m@W}¥=Tw%z
Gain in kinetic energy = loss of potential energy

5
Emd2w2 = 3mgd

/68
W=,/ —
Sa

The linear velocity of the lower mass in the vertical position will be

24
v=(0)(2d) = ggd

Conservation of J gives

Liw; = hwy

2 2r 2 (R\’2r

MR —_Zpm( =) ==

5 T 5 P
T, 24

h="=""_¢n
T4 T s

The moment of inertia of the pole of length L and mass M about O is
(Fig. 4.26)

ML?
IZT (1)

The torque t = lao = Mgx 2)
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Fig. 4.26 P

where x is the projection of the centre of mass on the ground from the point
O and « is the angular acceleration.

L
Now x = 7 sin 6 €)]
Using (1) and (3) in (2)
3
a=2% 5o )
2L
_do  dwdd  do  3g

=T wa Paw " aLsm?

Integrating

3
/wdw:E%/SinQdG—FC

where C = constant.

2
1) 3g
7——§ZCOSQ+C (5)
When 9 =0, o =0
38
C=-— 6
7L (6)

3
Using (6)in (5) @? = ~5(1 — cos6)
2L
3
Radial acceleration ag = w’L = 5 g(1l —cos9)

3
Tangential acceleration of the top of the pole at = oL = 2 gsinf
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4.36

4.37

J=at’i +bj (1)
d .
T = d—{ = 2ati 2)

Take the scalar product of J and 7.
J -7 =2 = (Va* + 1?) Qar) cos 45°

Simplify and solve for . We get

b
t=,/- 3)
a

Using 3)in (2), |7| =2vab
Using 3)in (1), |J| = +/2b

Consider a ring of radii r and r + dr, concentric with the disc (r < R). If the
surface density is o, the mass of the ring is dm = 2xrdro. The moment of
inertia of the ring about the central axis will be

dI = Qnrdro)r® = 2nor’dr @))
and the corresponding torque will be
dt = adl =27oar’ dr )

The frictional force on the ring is udm g = u(2wr dro)g and the correspond-
ing torque will be

dt = uQnerdro)gr = 2710,ugr2dr 3)

Calculating the torques from (2) and (3) for the whole disc and equating them

R R
/2n0ar3dr = /Znaugrzdr
0 0

dug
=2 4
*T 3R @)
but 0=w— at
a)_3a)R

o 4dug



170

4.38

4.39

4.40

441

4 Rotational Dynamics

The horizontal component of force at Q is mv?/R. The drop in height in com-
ing down to Q is

(6R — R) = 5R

Gain in kinetic energy = loss in potential energy

7 2 _
o™ = (mg)(5R)

mv? 50
— = mg

R 7
Let the velocity on the top be v. Energy conservation gives

[ LI
My = mgr cos 0o + MY (L

where r cos 6y is the height to which the particle is raised. Angular momentum
conservation gives

muvr = mugr sin 6 )

Eliminating v between (1) and (2) and simplifying

2gr

cos 6y

Equation of motion is

ma =mgsind — T (1)
T TR = I = *mR24
orque 1 = TR = o = —mR*—
d "R
1
T =— 2
5ma (2)
Using (2) in (1)
2 sing = 2gsin30° = &
a==gsinf = =gsin30° =2
38 38 3
dr
<a)>=fw @))

where C is a constant.
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Solutions

a=Civo

where C| = constant

dw
= — = C
¢ dr e
dw
dr =
CiJo
Using (2) in (1)
o Ve @
[T
0 Vo

171

2

4.42 OC = L is the length of the rod with the centre of mass G at the midpoint,
Fig. 4.27. As the rod rotates with angular velocity w it makes an angle 6 with
the vertical OA through O. Drop a perpendicular GD = r on the vertical OA

and a perpendicular GB on OC.

L .
r = —sin6
2

The acceleration of the rod at G at any instant is w*r = w?* (L/2) sin 6, hori-
zontally and in the plane containing the rod and OA. The component at right
angles to OG is w? (L/2) sin# cos 6 and the angular acceleration z about O in

the vertical plane containing the rod and OA will be w? sin 6 cos @

L
Torque m gr = mg— sinf = la = m?w2 sin 6 cos 6

mL | 2L ,
—sinf g — —w“cosf | =0
2 3

3
6 =0or cos”! g
2w2L

3
If3g > 20%L,ie. w? < 28
2L

3
hangs vertically. If ? > ﬁ, then 6 = cos™

, the only possible solution is § = 0, i.e. the rod
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Fig. 4.27 o)

e
A n']g (o}
4.43 (a) For pure sliding equation of motion is
ma = —umg
or a=-—ug (1)
v =19 — ugt (2)
At the instant pure rolling sets in
Torque I = FR (€)]
2 0
ng o = pumgR
5ug
== 4
YR X
5 ugt
w=oat= D HEt 5)
2 R
Using (5) in (2)
UZUO—§MR=UO—§U
5
V= -V
7 0

(b) v=rwo— pugt

. v — UV vo — (5/7) vo _ 2vg
ug Hng Tug

(c) v2 = vg + 2as
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= v% —2ugs

5 \2
(;vo) = v(z) —2ugs

129§
 9ug

The assumption made is that we have either pure sliding or pure rolling.
Actually in the transition both may be present.

444 L=rxp

Differentiating

dr P, 0 F+ +0

— =r X — X — =rXx XV=T1T =T
dt a TP P

because the momentum and velocity vectors are in the same direction.
Angular momentum conservation requires that

l
|Li| = |L¢| = mv (§>

L = (I/2)muv is not correct because L is perpendicular to v.

L conservation gives

Ll ey 12
mv2 = 3 w ma)4
6mv
P — (1)
(4M + 3m)l
K 11 2+1 ol \* 3m?v?
=—-]lw -m|— ) = ——
) 27\ 2 2(4M + 3m)

where we have used (1).

KI'OI - 3m 3

mv2_4M+3m_5

1
2
where we have used M = 5m (by problem).
4.45 Let the small sphere break off from the large sphere at angle 6 with the verti-

cal, Fig. 4.28. At that point the component of (gravitational force) — (centrifu-
gal force) = reaction = 0
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Fig. 4.28 A
~
N
R

mg
0
o
2
mv
0= 1
mg cos Rer (D
Loss in potential energy = gain in kinetic energy
7 2
mg(R +r)(1 —cosf) = Emv 2)
Solving (1) and (2)
17 5 17 45,
R = — = —
g(R+r) IOv ]Oa) r

/10 (R 10
w = —g( +r) and 0 = cos™! [ —=
17 r2 17

4.46 Let N be the reaction of the floor and 6 the angle which the rod makes with
the vertical after time ¢, Fig. 4.29. The only forces acting on the rod are the
weight and the reaction which act vertically and consequently the centre of
mass moves in a straight line vertically downwards.

Equation of motion for the centre of mass is

| G
N
0
Fig. 4.29 mg
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4.47

d2
mg — N = m@(a —acosf)

do\* . d%
or mg— N =ma|cos6 m +sm9m @))

The work—energy theorem gives

1 (do\’[a®>  , .,
mga(l—cos@):zm m ?—i-a sin” 6

where the square bracket has been written using the parallel axis theorem.

(d_9)2 _ 6g(1 —cos0) )
dt)  a(l +3sin?0)
(12_9_3_g|isin9(7—6cos@—3sin20):| )
a2~ a (14 3sin%6)?

do\? %6
By substituting <E> and <F> from (2) and (3) in (1), the reaction N is

obtained as a function of 8. When the rod is about to strike the floor,

T (do\*> 3g d* 3g
== |—) =—and — = —
27\ dr 2a dt2  4a

Thus the reaction from (1) will be

3g 1
N=m g—T orzmg

(a) For aper = 0, the two torques which act in the opposite sense must be
equal (Fig. 4.30), i.e.

=10
or migR; =mygRy
mi Ry _ 25 x 1.2

"= 05 &

(b) () ai =aRy, ay=aoR; (1)
as Ry > Ry,a; > a»

(ii) Equations of motion are



176 4 Rotational Dynamics

miaj =m1g—T1 (2)
maay = Tp —mag 3
T'Ry — ThRy =1« 4)

Combining (1), (2), (3) and (4) and substituting m; = 35kg, my = 60kg,
Ry =12m, Ry =0.5m, I =38kg m? and g=0938 m/sz, we find
_ (miR —myRy) Ry g

miR} + maR3 + 1
_ (35x1.2-60x0.5)1.2¢g
T35 x 1.22 4+ 60 x 0.52 + 38

ai

=0.139g

Ry 0.5
=a;— =0.13 — =0.058
ay ag R] 9 x 12 I4

Ty =mi(g —ay) = 35g(1 —0.139) = 295.3N

T = mar(g + ax) = 60g(1 +0.058) = 622.1N

T\Ri —ThRy 2953 x 1.2 —622.1 x 0.5
1 - 38

o= = 1.14rad/s’

448 J =J1+ J>
=xi x (—mvf) + (x + d)f X (mvf)

= mvdi x f = mvdk

which is independent of x and therefore independent of the origin.

Fig. 4.30

:’;1
X dj
v
my
1, 12 5, 1 ,
4.49 (a) KI'Ot = 51(1) = 5 . gI/nr r_2 ] gmv
7
Kiotal = zmvz + gmvz = Emvz

Krot 1/5ymv? 2

Kow  (7/10)mv? ~ 7
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4.50

4.51

4.52

4.53

Solutions 177

(b) In coming down to the bottom of the hemisphere loss of potential
energy = mgh = mgR. Gain in kinetic energy = (7/10) mv>.

2

Emv =mgR
mv? 10mg
or — = ——
R 7

The normal force exerted by the small sphere at the bottom of the large
sphere will be

v2

m 10mg  17mg
N=mg+—R =mg+-——=—F——

7 7

[w?
Work done W = 160 = [af = EN

Along the diameter for hoop, I = mR? /2, while for the solid sphere, hollow
sphere and the disc, I = (2/5) mR2, (2/3) mR? and (1/4) mR?, respectively,
maximum work will have to be done to stop the hollow sphere, w being iden-
tical as it has the maximum moment of inertia.

Iaw? J?
Workdone W =160 = Ja) = — = —

2 21
where we have used the formula J = Iw. Maximum work will have to be
done for the disc since [ is the least, T being identical.

W=l 2—1(1) —1J
—2(,()—2 a)a)_zcu

Since J and w are the same for all the four objects, work done is the same.

a MgRsin6
t=la=1—-=—r——+
R 1+ (R?/k?)

For solid sphere, hollow sphere, solid cylinder and hollow cylinder the quan-
tity 1 4+ (R%/k?) is 7/2, 5/2, 3, 2, respectively. Therefore v will be least for
solid sphere.
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454 r=3ti +2j

4.55

dr A
v=— =23
dr

L=rxp=m@r xv)=m@3ti +2]) x 3i

=6 m(f X f) = —6mk (constant)
Angular momentum conservation gives
J=mvd =lw

Linear momentum conservation gives
mv = M,

Energy conservation gives

1 1 1
Emv2 = Ela)2 + EMUCZ
Ml
I = —
12

Eliminating @ and v, from (1) and (2) and using (3)

1, 1m2v2d2+1m2v2
20 2 1 2 M

4 Rotational Dynamics

ey

2)

3)

“4)

&)

4.56 (a) Let the initial velocity be vg, then at instant ¢ the velocity

v =1v9—at =vy— ugt
Torque t = I = FR

1 2
szazung
2pg
a=—
R
t_oth_a)R
mE="5"=7

)]
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4.57

Therefore (1) becomes

oR v
V=Uv9— —/— =V0— =
0T T
2
V==V
3 0
Using (2) in (1)

2
V0 = Vo — L gt

3
or t= il
3ug
Lo, 1 5
(b) Work done W = AK = Emv — EmvO

1 4 , 5 5 5
Equation of motion is

ma =mg — 2T

where ‘a’ is the linear acceleration and 7" the tension in each thread.

Torque [lo =2Tr ("." there are two threads)

1 2
—mrcoa =2Tr
2
4T
or o=—
mr

As both the cylinders are rotating,

8T
a=2ar = —
m

or ma=238T
Using (4) in (1) we get

1
T = —
108

179

2)

)

@)

3)
“4)
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Note that if the lower cylinder is not wound then

1
a=— and T = -mg
m

4.58 C is the centre of the disc and A the point which is fixed, Fig. 4.31. The forces
acting at A have no torque at A, so that the angular momentum is conserved.
Initially the moment of inertia of the disc about the axis passing through its
centre and perpendicular to its plane is

(D

When the point A is fixed the moment of inertia about an axis parallel to the
central axis and passing through A will be

1 3
Ian=1.+ mr? =m <§r2 + r2> = Emr2 )

by parallel axis theorem.
Angular momentum conservation requires

Ihe = I.w 3
Substituting (1) and (2) in (3) we obtain
, o
= — 4
@ == “4)
If X and Y are the impulses of the forces at A perpendicular and along
CA, then

X=mrw’=mr§ and Y =0

Thus the impulse of the blow at A is mr% at right angles to CA.

Fig. 4.31 Yx
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4.59

4.60

The torque of the air resistance on an element dx at distance x from the fixed
end, about this end, will be

dr = k(a)x)zx dx = kw?x3dx

L
r:/dr:—szfx3dx=1a
0

ko L* 1 hdo

m
4 3 dt

ie. —
d
—3kL7dt = dm =
w
5 4dm
—3kLt=——+C
w
where C is the constant of integration. Initial condition: when t = 0, w = Q.

4
Therefore C = o
Q

2 1 1
=3kL“t=4m | — — —
QL o
dmQ
w=——
4m + 3Qk L%t

OA is the vertical radius b of the cylinder and a the radius of the sphere which
is vertical in the lowest position and shown as CA, Fig 4.32.
In the time the centre of mass of the sphere C has moved to C’ through an
angle 6, the sphere has rotated through ¢ so that the reference lime CA has
gone into the place of C'D.

If there is no slipping

a(p +0) = bo (1)

The velocity of the centre of mass is (b — a)6 and the angular velocity of the
sphere about its centre is

(b—a)
a

¢ = 6 )

Taking A as zero level, the potential energy

U=mgb—a)(l —cos) 3)
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Fig. 4.32

mg
The kinetic energy = T (trans) + T (rot)
T = 1m(b —a)’6% + Ly #?
2 2
1 by 12 Sb—a)?.,
7 .
= 1o - a)’6? (4)

where we have used (2).
Total energy

7 .
E=T+U=omb- a)?6% + mg(b — a)(1 — cos§) = constant 5)

Differentiating with respect to time and cancelling common factors

£ _ 7 (b—a)d-6+gsinf-6=0 (6)
a5 g3 =

. 5
or 9+7(b—§a)811’19=0 (7)

For small oscillation angles sinf — 6.

S5g 6

®)

which is the equation for simple harmonic motion with frequency
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w =

_ 58
7(b — a)

and time period

T =2m

7(b — a)
58

183

9

(10)

4.61 (a) Let the disc be composed of a number of concentric rings of infinitesi-
mal width. Consider a ring of radius r, width dr and surface density o
(mass per unit area). Then its mass will be (2rrdr)o. The moment of
inertia of the ring about an axis passing through the centre of the ring and

(b)

perpendicular to its plane will be
dl = Q2nr dr)crr2

Then the moment of inertial of the disc

R
1
1:/d1:2na/r3dr=§noR4
0

If M is the mass of the disc, then
M
T aR2

1
I=-MR*
2
The total kinetic energy T of the disc on the horizontal surface is

L r , 1 5,
T(1n1t1a1):§Mu —}—Elw

1 , 11 U 3 5
=-Mu"+—---MR"— = -Mu
2 2 2 R?2 4

3 3
T (final) = ZMUZ = ZMMZ + Mgh

by energy conservation

. 4
Solving, v =,/u®+ ggh

(D

2

3)

“4)

4.62 In Fig. 4.33, O is the centre of the ring, P the instantaneous position of the
insect and G the centre of mass of the system. Suppose the insect crawls
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Fig. 4.33

Qe
®

around the ring in the counterclockwise sense. The only forces acting in a
horizontal plane are the reactions at P which are equal and opposite. Conse-
quently G will not move and the angular momentum about G which was zero
initially will remain zero throughout the motion due to its conservation.

m - PG(v — PGw) — Igw =0 (1

where o is the angular velocity of the ring.

Mr mr
Now PG = , 0OG= (2
M+m M+m
2.2
I, = Iem + M(OG)? = M2 + M—2 " 3)
¢ (M + m)?
Using (2) and (3) in (1) and simplifying we obtain
mv

= — 4

C= M+ 2myr “)

4.3.3 Coriolis Acceleration

4.63 (a) w points in the south to north direction along the rotational axis of the
earth.

21 2

T ~ 86,160

=7.292 x 107 rad/s

(b) The period of rotation of the plane of oscillation is given by

7 — 2 27 To 24

= i = — = — =48 h
o’ wsin A sin A sin 30°
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4.64

4.65

4.66

4.67

The object undergoes an eastward deviation through a distance

1 8h3 1 8 x 4003
d=-wcosh. | = 2 %729 x 1075 x cos0% | 2 — 0.1756m
3 ¢ 3 98

w COS A

x 7.29 x 107> cos 0° = 0.0081 m = 8.1 mm

X

4 (20)3
37 (9.8)2

/ 4 M3 o
y = 3 ?wcos)\,k =0

[ 3y/g2 ]1/3 [3 1 % (9.8)
u = _— =

1/3
2 —XOO 99 7mys
4w cos h 47 727 x 1073

Consider two coordinate systems, one inertial system S and the other rotating
one §’, which are rotating with constant angular velocity w

Acceleration in  Accelerationin ~ Coriolis centrifugal

inertial frame = rotating frame + acceleration + acceleration

d2 r d2r/ ’ (D
— = + 20x — + WX ®XF

dr? dr? dr

Let the k axis in the inertial frame S be directed along the earth’s axis. Let
the rotating frame S’ be rigidly attached to the earth at a geographical lati-
tude A in the northern hemisphere. Let the k" axis be directed outwards at the
latitude A along the plumb line, whose direction is that of the resultant pass-
ing through the earth’s centre. With the choice of a right-handed system, the
i’-axis is in the southward direction and the j’-axis in the eastward direction,
Fig. 4.34. Assume g the acceleration due to gravity to be constant. It includes
the centrifugal term w x (@ X r) since g is supposed to represent the resultant
acceleration of a falling body at the given place.

dzl"/

W:g—Za)va )

Since we are considering the fall of a body in the northern hemisphere, the
components of angular velocity are

Wy = —WCOS A
wy =0 3)
w; = wSsin A
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Fig. 4.34 ;a)
k’ vertical
lEast
l'/ j/ k/
wxvg = | @c0sA 0  wsin}
x/ )‘// Z/
= —wsin Ay’ + (wsin Ax" + wcos Az j’ — (wcos Ay )k’
d2r/
But e =g —2(®w X v)

X'V 47k =—gk' +2wsinAy’i’ — 2(wsinAx’ + wcosAz)j’
+2wcos AY'k 4)

Equating coefficients of i’, j' and k’on both sides of (4), we obtain the equa-
tions of motion

¥ = 2w sin Ay’ )
¥ = —2(w sinAx’ + wcos 1z) ©)
7 = —g 4+ 2wcos A )

Now the quantities x” and y’ are small compared to z’. To the first approxima-
tion we can write

(WR)x=0; (vr)y=0; (wr);= ?=-g 3)

Setting X’ = y’ = 0 in (5), (6) and (7), we obtain the equations for the com-
ponents of ar:

(ar)y =% =0 9
(ar)y = = —2wZ cos i (10)
(aR): =7 =—¢ (11)

Equation (9) shows that no deviation occurs in the north—south direction.
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4.68

4.69

Fig. 4.35

Integrating (11)

7= —gt (12)
1
and zhz—ig2 (13)
with the initial condition thatatz =0,z =0, 7/ = 0.
Using (12) in (10) and integrating twice
o/ 2
Yy =wgt-cosi (14)
because (y')g = 0.
l 1 3
y = ga)gt Ccos A (15)

because (y")o = 0.

Setting —z' = h = (1/2) gt?, or t = /2h/g, in (15) the body undergoes
eastward deviation through a distance

L1 8h3
d=y = -wcosk, | — (16)
3 g
F coriolis = —2me X vR
8000
Em:zwwwm9=2x5xuﬁximxleXQ;@S(v@:%%

= 6730 N due north

Coriolis action on a mass m of water towards the eastern side (Fig. 4.35) is

my’ = 2mvw sin A (1)

West . East

)

Water l




188

4.70

4.71

4.72

4.73

4 Rotational Dynamics

Let N be the normal reaction and let the water level be tilted through an angle
6. Resolve N into horizontal and vertical components and balance them with
the Coriolis force and the weight, respectively.

N sinf = 2m vw sin A

Ncosf =mg

d
Dividing the equations, tanf = 7= 2vwsin

J— 2bvw .

or sin A
8

By eqn. (15) prob. (4.67)

1 1 3
y = ga)gt COS A ()
1
¢ =g’ 2)

Eliminate r between (1) and (2) to find

y? 8 w? cos? A

73 9 g

or y?=Cz? (semi-cubical parabola)

where C = constant.
Feor =2mvw sinA

=2x10% x 15 x 7.27 x 107> sin 60°
= 1889 N on the right rail.

The difference between the lateral forces on the rails arises because when
the train reverses its direction of motion Coriolis force also changes its sign,
the magnitude remaining the same. Therefore, the difference between the lat-
eral force on the rails will be equal to 2mvw cosA — (—2m v w cos ) or
4mvw cos A.

The displacement from the vertical is given by

1
y = (ggt3 - utz) oS A
1 3 2 -5 o
= 3 x 9.8 x 10° — 100 x 10° | x 7.27 x 107 cos 60

=—0.245m = —24.5cm

Thus the body has a displacement of 24.5 cm on the west.



Chapter 5
Gravitation

Abstract Chapter 5 involves problems on gravitational field and potential for
various situations variation of g, rocket motion, orbital motion of planets, satellites
and meteorites, circular and elliptic motion, bound and unbound orbits, Kepler’s
laws, equation of motion under various types of forces.

5.1 Basic Concepts and Formulae

F=—-Gmmy/ r? (gravitational force) 5.1

The negative sign shows that the force is attractive.
When SI units are used the gravitational constant

G =6.67x 1071 kg™! m? s72

The intensity or field strength g of a gravitational field is equal to the force exerted
on a unit mass placed at that point.

g= —Gm/r2 5.2)
The (negative) gravitational potential at a given point, due to any system of

masses, is the work done in bringing a unit mass from infinity up to that point.
The zero potential is chosen conventionally at infinity. Symbolically

oV
=—— 53
g or (5.3)
V=—-Gm/r (5.4
The potential energy
U=-GMm/r (5.5

189
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Spherical Shell

The gravitational intensity due to a spherical shell of radius a.

gr)=0(r <a)
= —GM/r2 (r>a)

where r is measured from the centre of the shell. The potential

Vir)=—-GM/a (r <a)
=—-GM/r (r>a)

Uniform Solid Sphere

gry=—-GMr/a (r <a)
=—-GM/r* (r>a)
Vi(r) = oM (3 - ﬁ) (r=a
2a a?
=—-GM/r (r>a)
Potential energy of a uniform sphere

U= -3GM?/5a

Variation of g on Earth

(a) Altitude: g = go/(1 +h/R)?
—eo(1-2) <<k
8 =80 ( - E) (h << R)

(b) Latitude (1) (at sea level)

20 = 9.83215 — 0.05178 cos” A

Formula (5.11) is accurate to better than two parts in a million.

(c) Rotation of earth:
¢ =g — Rw’ cos® i

where @ = 7.27 x 1073 /sand R = 6.4 x 10°m
(d) Depth (d) (constant density model)

g=280 (1 —d/R)

5 Gravitation

(5.6)

(5.7)

(5.8a)

(5.8b)

(5.9)

(5.10)

(5.10a)

.11

(5.12)

(5.13)
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Relation Between g and G

g=GM/r?

where M is the mass of parent body and r > R.

Kepler’s Laws

(1) All planets move in an elliptic path, with the sun at one focus. This is a conse-
quence of inverse square law of gravitation and the constancy of total energy
and angular momentum.

(i1) A line drawn from the sun to the planet sweeps out equal areas in equal times.
This is a consequence of the constancy of angular momentum.

(iii) The squares of the period of rotation of planets about the sun are proportional
to the cubes of the semi-major axes of the ellipses. This is a consequence of
the inverse square law of gravitation for circular orbits.

Central force is a conservative force which acts along a line connecting the cen-
tres of particles.

If F is a central force then curl F = 0.

Areal velocity (C) and the angular momentum (J):

J =2mC (5.14)

where m is the mass of the orbiting body.

Orbits of Planets and Satellites

Circular orbits:

Orbital velocity vo = /GM/r = \/gr (5.15)
Escape velocity ve = V2 = V2GM/R = \/2g0R (5.16)

Time period

T =21\/r3/GM (5.17)

If the planet’s mass cannot be ignored in comparison with the sun’s mass then

(5.17) is modified as
T =2m/r3/G(M + m) (5.18)
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Total energy:

E=—-GMm/2r (5.19)
Elliptic Orbits
Orbital velocity
) 2 1
vV=GM|-—— (5.20)
r a

where r is the distance of the planet/satellite from the centre of parent body and a is
the semi-major axis.
The eccentricity

2E J?
e=,/1+ m 5.21)
Total energy
G>*M*m3 2
E = _T(l —&9) (5.22)
E=—-GMm/2a (5.23)

When the orbiting body is at the maximum distance from the parent body then
r = rmax 1S called aphelion and the minimum distance r = rnj, is called perihe-
lion for the planetary motion. For the satellites the corresponding terms are apogee
and perigee. At both perigee (perihelion) and apogee (aphelion) the velocity of the
orbiting body is perpendicular to the radius vector and they constitute the turning
points.

e — Ymax — "min (5.24)
Fmax + "min
e — Umax — Umin (5.25)

Umax T Umin

Classification of Orbits

Circle:e =0 E <0

Ellipse:0 <e <1 E <0

Parabola:e =1 E =0

Hyperbola:e > 1 E >0

To determine the law of force, given the orbit by (r, 6) equation. Let f represent
force per unit mass. Using the formula
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1 11 /dr\?
-t 526
h?dp

where p is the impact parameter and 4 is the angular momentum per unit mass.

5.2 Problems

5.2.1 Field and Potential

5.1 Calculate the gravitational force between two lead spheres of radius 10 cm in
contact with one another, G = 6.67 x 107! MKS units. Density of lead =
11,300 kg/m?.

[University of Dublin]

5.2 Considering Fig. 5.1, what is the magnitude of the net gravitational force
exerted on the uniform sphere, of mass 0.010kg, at point P by the other two
uniform spheres, each of mass 0.260kg, that are fixed at points A and B as

shown.
[The University of Wales, Aberystwyth 2005]
0.010kg
/ 1\
100em 7/ | b
/ | 6.0cm \
/ I
Dt -
8.0cm 8.0cm

Fig. 5.1 0.260 kg 0.260kg

5.3 Two bodies of mass m and M are initially at rest in an inertial reference frame at
a great distance apart. They start moving towards each other under gravitational
attraction. Show that as they approach a distance d apart (d << r), their rela-

12G(M
tive velocity of approach will be %, where G 1is the gravitational

constant.
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54

5.5

5.6

5.7

5.8

5.9

5 Gravitation

If the earth suddenly stopped in its orbit assumed to be circular, find the time
that would elapse before it falls into the sun.

Because of the rotation of the earth a plumb bob when hung may not point
exactly in the direction of the earth’s gravitational force on the plumb bob. It
may slightly deviate through a small angle.

(a) Show that at latitude A, the deflection angle 6 in radians is given by
27%R
0 = T sin 2\
gT?

where R is the radius of earth and T is the period of the earth’s rotation.
(b) At what latitude is the deflection maximum?
(¢) What is the deflection at the equator?

Show that the gravitational energy of earth assumed to be the uniform sphere
of radius R and mass M is 3GM?%/5R. What is the potential energy of earth
assuming it to be a uniform sphere of radius R = 6.4 x 10°m and of mass
M = 6.0 x 10**kg.

Assuming that the earth has constant density, at what distance d from the earth’s
surface the gravity above the earth is equal to that below the surface.

Assuming the radius of the earth to be 6.38 x 108 cm, the gravitational constant
to be 6.67 x 1078 cm® g/m/s?, acceleration due to gravity on the surface to be
980 cm/s?, find the mean density of the earth.

[University of Cambridge]

How far from the earth must a body be along a line towards the sun so that the
sun’s gravitational pull balances the earth? The sun is about 9.3 x 107 km away
and its mass is 3.24 x 105 M., where M. is the mass of the earth.

5.10 Assuming the earth to be a perfect sphere of radius 6.4 x 108 cm, find the

5.11

5.12

5.13

difference due to the rotation of the earth in the value of g at the poles and at
the equator.

[Northern Universities of UK]

Derive an expression for the gravitational potential V (r) due to a uniform
solid sphere of mass M and radius R when r < R.

Derive an expression for the potential due to a thin uniform rod of mass M
and length L at a point distant d from the centre of the rod on the axial line of
the rod.

Show that for a satellite moving close to the earth’s surface along the equator,
moving in the western direction will require launching speed 11% higher than
that moving in the eastern direction.
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5.14

A thin wire of linear mass density A is bent in the form of a quarter circle of
radius R (Fig. 5.2). Calculate the gravitational intensity at the centre O.

Fig. 5.2 Y 4
R
" =
x
5.15 A tidal force is exerted on the ocean by the moon. This is estimated by the

differential (Ag) which is the difference of the acceleration at B and that at C
due to the moon (Fig. 5.3). If R is the radius of the earth, d the distance of
separation of the centre of earth and moon, M and m the mass of the earth and

. 2GmR
moon, respectively, show that Ag ~ yE
Fig. 5.3 earth
moon
- T == C
m
M
< d >

5.16

517

5.18

5.19

5.20

Assume that a star has uniform density. Show that the gravitational pressure
P o V=43 where V is the volume.

Find the gravitational field due to an infinite line mass of linear density X, at
distance R.

If the earth—-moon distance is d and the mass of earth is 81 times that of the
moon, locate the neutral point on the line joining the centres of the earth and
moon.

A particle of mass m was taken from the centre of the base of a uniform
hemisphere of mass M and radius R to infinity. Calculate the work done in
overcoming gravitational force due to the hemisphere.

The cross-section of a spherical shell of uniform density and mass M and of
radii @ and b is shown in Fig. 5.4. How does the gravitational field vary in the
regiona < r < b?
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Fig. 5.4

5.21 Find the variation of the magnitude of gravitational field along the z-axis due
to a disc of radius ‘a’ and surface density o, lying in the xy-plane.

5.22 Figure 5.5 shows a spherical shell of mass M and radius R in a force-free
region with an opening. A particle of mass m is released from a distance R in
front of the opening. Calculate the speed with which the particle will hit the
point C on the shell, opposite to the opening.

Fig. 5.5

R—

5.2.2 Rockets and Satellites

5.23 A particle of mass m is fired upwards from the surface of a planet of mass M
|GM
and radius R with velocity v = SR Show that the maximum height which

the particle attains is R /3.

5.24 Consider a nebula in the form of a ring of radius R and mass M. A star of
mass m(m << M) is located at distance r from the centre of the ring on its
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axis, initially at rest. Show that the speed with which it crosses the centre of

/ GM
the ring will be v = /(2 — ﬁ)T.

5.25 If W is the work done in taking the satellite from the surface of the earth of
radius R to a height /4, and W, the extra work required to put the satellite in
w
the orbit at altitude 4, and if 4 = R/2 then show that the ratio Wl =1.0.
2
5.26 An asteroid is moving towards a planet of mass M and radius R, from a long
distance with initial speed vy and impact parameter d (Fig. 5.6). Calculate the
minimum value of vy such that the asteroid does not hit the planet.

Fig. 5.6 m v,
o~ - 5
~
\\
d N
A Y
5
\
,!'
SV
”
,f

-
-

5.27 The orbits of earth and Venus around the sun are very nearly circular with
mean radius of the earth’s orbit rg = 1.50 x 10!! m and mean radius of Venus’
orbit r, = 1.08 x 10!! m. If the earth’s period of orbit round the sun is 365.3
days and Venus is 224.7 days

(i) Show that these figures are approximately consistent with Kepler’s third
law.

(ii) Derive a formula to estimate the mass of the sun (G = 6.67 x
10~"' N m?/kg?).

[The University of Aberystwyth, Wales]

5.28 The greatest and least velocities of a certain planet in its orbit around the sun
are 30.0 and 29.2 km/s. Find the eccentricity of the orbit.

5.29 A binary star is formed when two stars bound by gravity move around a com-
mon centre of mass. Each component of a binary star has period of revolu-
tion about their centre of mass, equal to 14.4 days and the velocity of each
component of 220 km/s. Further, the orbit is nearly circular. Calculate (a) the
separation of the two components and (b) the mass of each component.
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5.30

5.31

5.32

5.33

Fig. 5.7 ~

5.34

5 Gravitation

A satellite is fired from the surface of the moon of mass M and radius R with
speed vg at 30° with the vertical. The satellite reaches a maximum distance of
5R/2 from the centre of the planet. Show that vo = (SGM /4R)1/ 2

If a satellite has its largest and smallest speeds given by vax and vy, respec-
tively, and has time period equal to 7', then show that it moves on an elliptic

. . T
path of semi-major axis 7 /Umax Umin-
T

A satellite of radius ‘a’ revolves in a circular orbit about a planet of radius b
with period 7. If the shortest distance between their surfaces is ¢, prove that
the mass of the planet is 472(a + b + ¢)/GT?>.

When a comet is at a distance 1.75 AU from the sun, it is moving with velocity
u = 30km/s and its velocity vector is at an angle of 30° relative to its radius
vector r centred on the sun (see Fig. 5.7).
What is the angular momentum per unit mass of the comet about the sun?
The closest distance from the sun that the comet reaches is 0.39 AU. What is
the speed of the comet at this point?
Is the comet’s orbit bound or unbound?
(1 AU = 1.5 x 10" m, mass of the sun = 2 x 103" kg)

[University of Durham 2002]

3> comet

(]

Sun

(a) Assuming that the earth (mass MEg) orbits the sun (mass Ms) in a circle
of radius R and with a speed v, write down the equation of motion for the
earth. Hence show that G Mg = v2R

(b) A comet is in orbit around the sun in the same plane as the earth’s orbit,
as shown in Fig. 5.8. Its distance of closest approach to the sun’s centre is
R/2, at which point it has speed 2v.

Using the condition for the Earth’s orbit given in (a), show that the
comet’s total energy is zero. (Neglect the effect of the earth on the comet.)
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Fig. 5.8

5.35

5.36

5.37

5.38

(¢) Use conservation of angular momentum to determine the component of
the comet’s velocity which is tangential to the earth’s orbit at the point P,
where the comet’s orbit crosses that of the earth.

(d) Use conservation of energy to find its speed at the point P. Hence show
that the comet crosses the earth’s orbit at an angle of 45°.

[University of Manchester 2008]

Comet

The geocentric satellite ‘Apple’ was first launched into an elliptic orbit with
the perigee (nearest point) of r, = 6570km and apogee (farthest point) at
ra = 42,250 km. The respective velocities were v, = 10.25km/s and vp =
1.594km/s. Show that the above data are consistent with the conservation of
angular momentum of the satellite about the centre of the earth.

(a) Assuming that the earth is a sphere of radius 6400 km, with what velocity
must a projectile be fired from the earth’s surface in order that its subse-
quent path be an ellipse with major axis equal to 80,000 km?

(b) If the projectile is fired upwards at an angle 45° to the vertical, what would
be the eccentricity of this ellipse?

A satellite of mass m is orbiting in a circular orbit of radius r and velocity v
around the earth of mass M. Due to an internal explosion, the satellite breaks
into two fragments each of mass m /2. In the frame of reference of the satellite,
the two fragments appears to move radially along the line joining the original
satellite and the centre of the earth, each with the velocity vg/2. Show that
immediately after the explosion each fragment has total energy —3G M /16r

m .
and angular momentum EN/GMr, with reference to the centre of the

earth.

A particle describes an ellipse of eccentricity e under a force to a focus.
When it approaches the nearer apse (turning point) the centre of force is
transferred to the other focus. Prove that the eccentricity of the new orbit is
eB+¢e)/( —e).
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A particle of mass m describes an elliptical orbit of semi-major axis ‘a’ under
a force mk /r? directed to a focus. Prove that

(a) the time average of reciprocal distance

1 o[dr 1

T r a

. 1 5 GM
(b) the time average of square of the speed T [vidr = —

A small meteor of mass m falls into the sun when the earth is at the end of
the minor axis of its orbit. If M is the mass of the sun, find the changes in the
major axis and in the time period of the earth.

A particle is describing an ellipse of eccentricity 0.5 under the action of a
force to a focus and when it arrives to an apse (turning point) the velocity is
doubled. Show that the new orbit will be a parabola or hyperbola accordingly
as the apse is the farther or nearer one.

When a particle is at the end of the minor axis of an ellipse, the force is
increased by half. Prove that the axes of the new orbit are 3a/2 and +/2b,
where 2a and 2b are the old axes.

A satellite is placed in a circular orbit of radius R around the earth.

(a) What are the forces acting on the satellite? Write down the equilibrium
condition.

(b) Derive an expression for the time period of the satellite.

(¢) What conditions must be satisfied by a geocentric satellite?

(d) What is the period of a geosynchronous satellite?

(e) Calculate the radius of orbit of a geocentric satellite from the centre of the
earth.

A satellite moves in an elliptic path with the earth at one focus. At the perigee
(nearest point) its speed is v and its distance from the centre of the earth is r.
What is its speed at the apogee (farthest point)?

A small body encounters a heavy body of mass M. If at a great distance the
velocity of the small body is v and the impact parameter is p, and ¢ is the
angle of encounter, prove that tan(¢/2) = GM /v’ p.

Obtain an expression for the time required to describe an arc of a parabola
under the action of the force k/ r2 to the focus, starting from the end of the
axis.

A comet describes a parabolic path in the plane of the earth’s orbit, assumed
to be circular. Show that the maximum time the comet is able to remain inside
the earth’s orbit is 2 /37 of a year.
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Find the law of force for the orbit r = a sinn6.
Find the law of force to the pole when the orbit described by the cardioid
r =a(l —cos0).

In prob. (5.49) prove that if Q be the force at the apse and v the velocity,
3v2 =4aQ.

A particle moves in a plane under an attractive force varying as the inverse
cube of the distance. Find the equation of the orbit distinguishing three cases
which may arise.

Show that the central force necessary to make a particle describe the lemnis-
cate r> = a” cos 26 is inversely proportional to .

Show that if a particle describes a circular orbit under the influence of an
attractive central force directed towards a point on the circle, then the force
varies as the inverse fifth power of distance.

If the sun’s mass suddenly decreased to half its value, show that the earth’s
orbit assumed to be originally circular would become parabolic.

Solutions

5.3.1 Field and Potential

51

5.2

GM M
F— 1 M2
r2

If R is the radius of either sphere, the distance between the centre of the spheres
in contact is r = 2R:

© 4R?2 9
4r —11 4 2 -5
= 5~ ¥ 6.67x 107" x (0.2)*(11300)* = 5.98 x 107N

As the mass of A and B are identical and the distance PA = PB, the magnitude
of the force Fpo = Fpp. Resolve these forces in the horizontal and vertical
direction. The horizontal components being in opposite direction get cancelled.
The vertical components get added up.

(0.01)(0.26)

o = 026G

Fpa = Fpg =
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6
Each vertical component = 0.26 G x 0= 0.156 G
Therefore Fnet = 2x0.156 G = 2x0.156x6.67x 10711 N = 2.08 x 10~! N

. GMm
5.3 Atdistancer, Fyy = Fy = 5
-
F, GM
Acceleration of mass m  ap = — = 5
m r
F, G
Acceleration of mass M ay = — = _’2”
M r
GM +m)
Arel = am +am = Q2
r
ot — durel _ durel _ G(M +m)
rel = dr = Urel dr = r2
2 rdr G
v M
Integrating / Vel dvrel = —& = G(M + m) @ _ ﬂ
2 r2 d
d
2G (M + m)
Urel = T
. GMm
5.4 Gravitational force F' = — 5
X
where M and m are the masses of the sun and the earth which are a distance x
apart.
Earth’s acceleration
. dv _F GM
Tdr T om x2
dv . vdv _ GM
d— dx  x2
d
vdv = -GM —)ZC
X
. v? dx
Integrating | vdv=—=-Gm | — +C
2 x2

where C = constant
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v GM L c
2 X
Initially v =0, x =r
GM
C=—
-
dx 1 1
v=—=+2GM | — — —
dr x r
1 dx
dr =
2GM 1 1
X r
Integrating

dx
1 1

X r

tzfdt=¢2IGM0/\/

Put x = r cos® 6,dx = —2r sin6 cos 8dH

203

0
3 5 3 Te  sin207"? T r
t=-2 cos“Hdo =2 -+ — —
2GM 2GM 2 4 |, 22V GMm
/2
But the period of earth’s orbit is
3
T =2, ——
GM
T 365
t = —— = —— = 64.53 days
W2 a2 Y
N
A€ P
Zi
w of b 5 E
Fig. 5.9 S

5.5 If the earth were at rest, then the gravitational force on a body of mass at P
would be in the direction PO, i.e. towards the centre of the earth, Fig. 5.9.
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However, due to the rotation of the earth about the polar axis NS, a part of
the gravitational force is used up to provide the necessary centripetal force to
enable the mass m at P in the latitude A to describe a circular radius PA =
r = Rcos A, where PO = R is the earth’s radius. This is equal to mw?r, or
ma? R cos A towards the centre and is represented by CA, w being the angular
velocity of earth’s diurnal rotation. In the absence of rotation the gravitational
force mg acts radially towards the centre O and is represented by PO. Resolve
this into two mutually perpendicular components, one along PA given by mg
cos A and the other along PB given by mg sin A and is represented by PB. Drop
CD perpendicular on the EW-axis. Then the resultant force mg’ is given by PD
both in magnitude and direction. A plumb line at P will make a small angle
6(OP D) with line PO.

mg = \/(mg cos A — mw?R cos L) + (mg sin A)2

= m\/g2 — 2gRw? cos? A + w*R? cos? A ey

The third term in the radical is much smaller than the second term and is
neglected.

g ~ (g> — 2gRw? cos® 1)'/?

2R 1/2
=g <1 — = w? cos? A)
8

R 1/2
~g <1 — gw2 cos’ A) 2)

where we have expanded binomially and retained only the first two terms.
Now in AOPD

PD oD
= = (3)
sinPOD  sinf

g — Rw?cos’ A w?RcosA
or _ = - “4)
sin A sin 6
. ®?R cos A sin A

sinf > = ——F+——— ®))

g — Rw?cos? A
>
6 >~ —RcosAsinA (. the second term in the denominator of (5) is much
smaller than the first term)
272 R

~ 77 sin 2\
g
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(a) O will be maximum when sin 2\ is maximum, i.e. 21 = 90° or A = 45°.
(b) At the poles A = 90° and so 6 = 0°.
(¢) Atthe equator A = 0° and so 6 = 0°.

Consider a spherical shell of radius » and thickness dr concentric with the
sphere of radius R. If p is the density, then

_ 3M
T 47 R3

o (D

The mass of the shell = 47 r2drp.

The mass of the sphere of radius  which is equal to 47773 /3 may be considered
to be concentrated at the centre.

The gravitational potential energy between the spherical shell and the sphere of
radius r is

4
4 2 3
Glmr drp)( 3 ,O> 1672Gp?ridr

dU = — - = 3 ()

The total gravitational energy of the earth

R
1672Gp? 1672Gp®R>
U=/dU:—£/r4dr=—n—p

3 15
0
3GM?
"5 R )

where we have used (1).

6.67 x 1071 x 0.6 x (6 x 1022
U=_22 ¥ 0.6 (610707 _ 5 s o 103
6.4 x 100

If go is the gravity at the earth’s surface, gy at height & and gq4 at depth d, then

R2
= op—— 1
8h = 80 2 (1)
= 1 d 2)
8d = 80 R
By problem, gq = ghath =d, 3)

From (1) and (2) we get

d>+dR - R*=0
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(v5-1)

d= R =0.118R = 0.118 x 6400 = 755 km

GM
5.8 Weight mg — R—z’"

4 3
M = gnR 0
3 3 %980
0 & * =55 g/cm3

T 4TGR 47 x 6.67 x 108 x 6.38 x 108

5.9 Let M and ME be the masses of the sun and earth, respectively. Let the body of
mass m be at distance x from the centre of the earth and d the distance between
the centres of the sun and the earth. The forces are balanced if

GmME GmMS

X2 (d—x)?
Given that My = 3.24 x 10° Mg
d 9.3 x 107
x= =22 X0 1631 x 105km
570.2 570.2

5.10 By problem (5.5) g’ = g — Rw? cos® A
Set A=0, =727 x10rad/s, R =6.4 x 103cm

Ag=g—g =R =64x10% x (727 x 107°)? = 3.38 cm/s’

5.11 Figure 5.10 shows the cross-section of a solid sphere of mass M and radius
‘a’ with constant density p, its centre being at O. It is required to find the
potential V (r) at the point P, at distance r from the centre. The contribution
to V (r) comes from two regions, one Vj from mass lying within the sphere of
radius » and the other V, from the region outside it. Thus

dx

@

Fig. 5.10
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5.12

Vir)=Vi+W (D

The potential V| at P is the same as due to the mass of the sphere of radius r
concentrated at the centre O and is given by

473 4
Vi=—G2P _ 2162 @)
3 r 3

For the mass outside r, consider a typical shell at distance x from the centre
O and of thickness dx.
Volume of the shell = 47x* dx

Mass of the shell = (4 x? dx)p

Potential due to this shell at the centre or at any point inside the shell, including
at P, will be

dmpxd
dvy = — P 4nGpx dx 3)
X

Potential V5 at P due to the outer shells (x > r) is obtained by integrating (3)
between the limits » and a.

a

Vs = /dVg = —471Gp/xdx = 27Gp(a® —r?) 4)
r
. . . 3M
Using (2) and (4) in (1) and using p =
4ma’
GM r2
Vi)=——(3—— 5
(rn=-— ( az> 5)

The potential (5) is that of a simple harmonic oscillator as the force

v GMr

F=—— =
dr a3

i.e. the force is opposite and proportional to the distance.

Consider a length element dx of a thin rod of length L, at distance x from P
(Fig. 5.11). The mass element is (M /L) dx. The potential at P due to this mass
length will be

GM dx
dV = ———
L x
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Fig. 5.11 = L

5.13

5.14

The potential at p from the entire rod is given by

d+%

2
M d M  2d+ L

VZ/dVZ_G_/_xz_G_ln +
L X L 2d — L

The linear speed of an object on the equator
v=wR = (727 x 107)(6.4 x 10%) = 465.3m/s

The orbital velocity of a surface satellite is

Vo = /8" =v9.8 x 6.4 x 106 = 7920 m/s

— x —i

When launched in the westerly direction the launching speed vy will be added
to v as the earth rotates from west to east, while in the easterly direction it will

be subtracted.

westerly launching speed 7920 + 465

: = =1.125
easterly launching speed 7920 — 465

or 11%.

Consider an element of arc of length ds = R d@, Fig. 5.12. The corresponding

mass element dm = Ads = AR d6.

The intensity at the origin where A is the linear density (mass per unit

length) due to dm will be

GALRdO Gxrdo
or
R? R

The x-component of intensity at the origin due to dm will be

GA
dE, = —dfsinf
R
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Fig. 5.12 y

5.15

5.16

s = Rd®

)/0’3
Bl

)E

Therefore, the x-component of intensity due to the quarter of circle at the
origin will be

Similarly, the y-component of intensity due to the quarter of circle at the origin
will be

/2
G
E}z—/cosé’dé):?
0
GA
E= E}+E}= 27

Fg _ GmM _ Gm

SBT5 M T am T s
_ F. _ GmM _ Gm
ST M T Wd+R2M _ {d+R?
Ae— _ Gm Gm  Gm(2Rd + R?)
g =8B —8C = 42 (d+R)2_ d2(d + R)?
. 2GmR
Sinced >> R, Ag ~ PR

By problem (5.6) the gravitational energy is given by

3 GM?

U=-:
5 R

ey

The volume of the star
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3V
U 1 (47 GM?
- eV s (?) VA3
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2)

3)

“4)

5.17 Consider a line element dx at A distance x from O, Fig. 5.13. The field point
P is at a distance R from the infinite line. Let PA = r. The x-component of
gravitational field at P due to this line element will get cancelled by a sym-
metric line element on the other side. However, the y-component will add up.
If A is the linear mass density, the corresponding mass element is Adx

GM\dx sinf
dE =dE, = -
r
Now, r? =x% 4+ R?
x = Rcotf

r? = R? cosec®

dx = R cosec’0d 0

Using (4) and (5) in (1)

Gi .
dE = ——— sin6déd
R

(D
2)
3
“4)
®)

Fig. 5.13 ax|

Infinite line
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Integrating from O to 7 /2 for the contribution from the line elements on the
left-hand side of O and doubling the result for taking into account contribu-
tions on the right-hand side

/2
2A . 2G )
E=—— sinfdf = ———
R R
0

Let the neutral point be located at distance x from the earth’s centre on the
line joining the centres of the earth and moon. If M. and My, are the masses
of the earth and the moon, respectively, and m the mass of the body placed
at the neutral point, then the force exerted by M, and M, must be equal and
opposite to that of My, on m.

GM:m _ GMym
X2 d-x)?
M, x2

Mm@ —x)?

Since d > x, there is only one solution

X
=49
d—x +
9
= —d
or x 0

For a homogeneous sphere of mass M the potential for r < R is given by
Vi) = —29M (5 "\ . At the centre of the sph vy = —>M
=—=— . e centre of the sphere = ———.

' 2 R P 2R

R
. 3GM
For a hemisphere at the centre of the base V (0) = 1R The work done

3GMm
to move a particle of mass m to infinity will be iR

Let the point P be at distance r from the centre of the shell such that
a <r < b. The gravitational field at P will be effective only from matter

within the sphere of radius r. The mass within the shell of radii a and r is

47 . .
T(r3 — a3) p. Assume that this mass is concentrated at the centre. Then the

gravitational field at a point distance » from the centre will be

") 47 (r3—a3) G

rN=—-————-

§ 3 2z P
3M

BT
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* GM(r® —a?)

r)=———>5——5—

8 r2(b3 _ a3)

5.21 Let the disc be located in the xy-plane with its centre at the origin. P is a point
on the z-axis at distance z from the origin. Consider a ring of radii » and r +dr
concentric with the disc, Fig. 5.14. The mass of the ring will be

dm =2nrdro (1)

The horizontal component of the field at P will be zero because for each point
on the ring there will be another point symmetrically located on the ring which
will produce an opposite effect. The vertical component of the field at P will

be

dg. = G x ?;rzrjrzg)cose @)

But cosf = —% 3)

§= 8= / dee = 2’”’6/ (rﬁjgﬁ/? @
Fig. 5.14

Put r = ztan®, dr = zsec26d o

2/ a?+72
g=-2nG = / sin 0d6

z
= -210G |1l — ——
|: VZ2+a2]

5.22 Initially the particle is located at a distance 2R from the centre of the spherical
shell and is at rest. Its potential energy is —GMm/2R. When the particle
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arrives at the opening the potential energy will be —GMm /R and kinetic

energy Emvz.

Kinetic energy gained = potential energy lost

| GMm GMm 1GMm
—mv- = — ol ==
2 2R R 2 R

After passing through the opening the particle traverses a force-free region
inside the shell. Thus, within the shell its velocity remains unaltered. There-

i . . . GM
fore, it hits the point C with velocity v = X

5.3.2 Rockets and Satellites

5.23 Energy conservation gives

where r is the distance from the earth’s centre.
GM 4

Usingv =,/ ——, wefindr = =R
2R 3

Maximum height attained
h=r—R=—
3

5.24 In Fig. 5.15, total energy at P = total energy at O.

Fig. 5.15 \
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GmM _ 1 5 GmM

v=,/2—- ﬁ)GTM

The potential energy of the satellite on the earth’s surface is

GMm
U(R) = R (D

where M and m are the mass of the earth and the satellite, respectively, and R

is the earth’s radius.
The potential energy at a height 7 = 0.5R above the earth’s surface will be

GMm GMm

URA+h) =— = — 2
(R+4) R+h 1.5R @
Gain in potential energy
GMm GMm GMm
AU = —— — | — = 3)
1.5R R 3R

Thus the work done W; in taking the satellite from the earth’s surface to a
height h = 0.5r

W _GMm )
' 73R

Extra work W, required to put the satellite in the orbit at an attitude # = 0.5R
is equal to the extra energy that must be supplied:

W = —muvo = - = 5
2 mu mR+h )

1 1 GM |  GMm
2 2 3R

where vy is the satellite’s orbital velocity.
w

Thus from (4) and (5), — = 1.0.
W,

The initial angular momentum of the asteroid about the centre of the planet is
L = mvod.

At the turning point the velocity v of the asteroid will be perpendicular to
the radial vector. Therefore the angular momentum L’ = mvR if the asteroid
is to just graze the planet. Conservation of angular momentum requires that
L' = L. Therefore
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mvR = muvyd (D)
vod

_ 7 2

or v R (2

Energy conservation requires

Emv% = gmvt = —p— 3)
or v°=u5+ R “)

Eliminating v between (2) and (4) the minimum value of v is obtained.

2GMR

V=42 _ g2

5.27 According to Kepler’s third law
7% o« r?

i TE _ (6537
rd (15 x 1013

T2 (2247)°

rZ  (1.08 x 1011)3

=3.9539 x 107%  days’/m’
=4.0081 x 107 days?/m’

Thus Kepler’s third law is verified

(i) P
T =21 —— Q)
GM
where M is the mass of the parent body.
4r? 3
== 2)
G T

T2
From (i) the mean value, <—3> = 3.981 x 1072 days?*/m> = 2.972 x
r

107]9 S2/m3

472 1

M= X =1.99 x 10°kg
6.67 x 10-11 ~ 2.972 x 10~19

5.28 At the perihelion (nearest point from the focus) the velocity (vp) is maximum
and at the aphelion (farthest point) the velocity (v ) is minimum. At both these
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points the velocity is perpendicular to the radius vector. Since the angular
momentum is constant

MVATA = MUpTp
Upl
PP (1)
VA

or ra =

where A = rmax and rp = rpin
The eccentricity

Fmax — Fmi A — T, Up — VA
o = Tmax min _ p_ U ?)
Tmax + "'min TA +71p Up + vA

where we have used (1)

30.0 —29.2

e=——"——=0.0135
30.04+29.2

A small value of eccentricity indicates that the orbit is very nearly circular.

(a) For circular orbit,

2ma
T =—
v

T = 14.4 days = 1.244 x 10%

vl 2.2 x 105 x 1.244 x 10°
T 3.1416

2a = =87x 10" m

(b) Since the velocity of each component is the same, the masses of the com-
ponents are identical.

2 _GM+m) 2GM

a
2 10 512
435 x 10'9)(2.2 x 10
M= @ @30 )@2X 07 s 3y,
2G 2 x 6.67 x 10~11

At the surface, the component of velocity of the satellite perpendicular to the
radius R is

. L20] .
v sin30° = ) (Fig. 5.16)

mvoR
Therefore, the angular momentum at the surface =
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Fig. 5.16

At the apogee (farthest point), the velocity of the satellite is perpendic-
ular to the radius vector. Therefore, the angular momentum at the apogee
= (mv)(5R/2).

Conservation of angular momentum gives

m
—mvR = —vgR
2 2

or v=— @))

1
The kinetic energy at the surface Ko = Em v(z) and potential energy Uy =
GMm

R
Therefore, the total mechanical energy at the surface is

1 GM
Eo = Smvf — Tm )

1
At the apogee kinetic energy K = Emv2 and the potential energy U =
2GMm

5R
Therefore, the total mechanical energy at the apogee is
E=-mv"— —-—— 3)

Conservation of total energy requires that E = E¢. Eliminating v in (3) with
the aid of (1) and simplifying we get

5GM
Vg =,/ ——

4R
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For an elliptic orbit

2 1 GMQ2a — ry; GM
Umaxz\/GM( __> =\/ (2a — rmin) :\/ Fmax (1)
"min a Almin ATlmin

as  Fmax + Fmin = 2a

2 1 GMQ2a — G Mrpi
Vegin = \/GM < _ _) _ \/ ( a rmax) _ \/ "min (2)
"max a ATmax ATmax

Multiplying (1) and (2)

GM

Umax Umin =

a
|IGM |IGM  2rma
Of  /UmaxUmin =4/ —— = a4/ —3~ = ——
a a T
3
as T =2n .
GM

T
a = ~—+/VUmaxVUmin

2
r—om | (1)
= ZLTT _—
GM
Butr=a+b+c 2)
Combining (1) and (2)

B 4n%(a +b+c)

M
GT?

L =|rx p|l=rpsinf

L per unit mass = rv sinf
= (1.75 x 1.5 x 10" (3 x 10%) sin 30°
=3.9375 x 10" m?/s

When the comet is closest to the sun its velocity will be perpendicular to
the radius vector. The angular momentum L’ = r’v’. Angular momentum
conservation requires
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L'=L
, L' L 3.9375 x 101

V = — =

7 r  039x1.5x 1010

=6.73 x 10*m/s = 67.3km/s

Total energy per unit mass

1 GM 1 6.67 x 1071 x 2 x 10%°
E=-12—22 — —3xi10h2-22L% XX _3.12x10%]
2 r 2 1.75 x 1011
a negative quantity. Therefore the orbit is bound.
5.34 (a) The centripetal force is provided by the gravitational force.
GMgMs _ MEU2
R R
or GMs = v’R (1)
(b) Total energy of the comet when it is closest to the sun
1 GMcM
E = -Mc(Qv)? - === 2
2 R/2

Using (1) in (2) we find E = 0.
(c) Atthe distance of the closest approach, the comet’s velocity is perpendic-
ular to the radius vector. Therefore the angular momentum

L = Mc(2v) (g) = McvR 3)

Let v be the comet’s velocity which is tangential to the earth’s orbit at P.
Then the angular momentum at P will be

L' = McvR 4)
Angular momentum conservation gives

McvR = McvR ()

or vy =v (6)

(d) The total energy of the comet at P is
1

GMsM
E'= -Mc(w)? — Z222C =

5 R 0 )

where v’ is the comet’s velocity at P, because £/ = E = 0, by energy
conservation.
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Using (1) in (7) we find
v = 2v (8)

If 0 is the angle between v’ and the radius vector R angular momentum
conservation gives

McvR = Mcv'R sin = Mc~/2vR sin 6

1
or sinf = — @ =45°

V2

5.35 At both perigee and apogee the velocity of the satellite is perpendicular to the
radius vector. In order to show that the angular momentum is conserved we
must show that

MUprp = MUATA

OF  Uplp = VATA
where m is the mass of the satellite.

vprp = 10.25 x 6570 = 67342.5
vara = 1.594 x 42250 = 67346.5

The data are therefore consistent with the conservation of angular momentum.
536 @) = |GM (g _ l) (1
roa
GM = (6.67 x 107'1)(6 x 10**) = 4 x 10"
r=R=064x10°
a=8x10"m

vo = 1.095 x 10*m/s = 10.095km/s

2EJ?
®) &=\ 1+ G @)

. mRvg
J = mRuvgsin45° = (3)
V2
GMm
E=— @
2a

Combining (1), (2), (3) and (4)
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Solutions 221
1 R + LR (5)
&= -+ -
a 2a?
R 6400
Now — =——=0.08
a 80000
e =0.96

5.37 The resultant velocity v of each fragment is obtained by combining the veloc-

1
ities EUO and vg vectorially, Fig. 5.17.

Fig. 5.17

Earth

1\, 1 /s
v = Evo +y; = 7 Svp
Kinetic energy of each fragment

k=t (ﬁvo)z _ S 2o 5,0M

2\2 2 16 16 r
1
Potential energy of each fragment U = ————~
-
5GMm 1GMm 3 GMm
Total energy E = K + U = - = =__
16r 2 r 16 r

If v makes on angle 6 with the radius vector r, then v sin @ = vg. The angular
momentum of either fragment about the centre of the earth is

1 GM 1
J = —mvgr = mr =-mvGMr
2 2 r 2
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5.38 Velocity at the nearer apse is given by

v2=GM[—2 l}:G—M<1+8> (1)

a(l—s)_a a l1—¢

as there is no instantaneous change of velocity. If a; is the semi-major axis for
the new orbit

) |: 2 1:|
vV=GM|—"—— — )
a(ll—¢e) a

As the nearer and farther apses are inter-changed
ai(l —ep) =a(l +¢) 3

Equating the right-hand side of (1) and (2) and eliminating a; from (3) and
solving for g1 we get

e(3+¢)
& =
1—¢
539 @ L [d_ 1 [dO0 (1)
T r T ro
Now, J = mr26 (constant) )
1 dr m
— | ==—[rdo 3)
T r TJ
1— 2
r= u 4)
14 ¢ecosf
Using (4) in (3)
2
1 [dr  ma(l —e?) / de
T ro TJ 1+ ecosh
0
_ ma(l — ed)  2n 5)
T J1—¢2
. 2 de 2w
where we have used the integral | =
o a-+bcoso a2 — p2
2 2 /1 — &2
Further T = % ©)

Using (6) in (5)
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5.40

541

Solutions 223
1 a1 e
T r a

) lfvzdtzc—M/(%—l>dt
T T r a

1 dd GM 2GM GM GM
=2GM — f — — —— [ dt = _ =
T r Ta

a a a

where we have used (7) and put [dt = T.

The distance between the focus and the end of minor axis is a. Let the new
semi-major axis be a;. Since the instantaneous velocity does not change

(2 1) (2 1)
GM|-—-)=GWM+m)|—-— —
a a a a

or alzwwa(leﬂ)(l—z—m)
1+2ﬁm M M
a1=a<l—%) (1)

The new time period
_ 271af/2 _ 2ma’/? (1 m )3/2 (1 m )—1/2
C JGM+m)  JGM M

M
zT(l—j—Z)(l—%)%T(l—%)

where we have used binomial expansion and the value of the old time period.

T

Case 1: Apse is farther
It is sufficient to show that the total energy is zero.

ri=a(l+¢)=a(l+0.5) =1.5a

) 2 1 2 1 GM

V=GM{|{———-)=GM|——— | =——
r a 1.5 a 3a

New velocity v} = 2v.
New kinetic energy

1 1 2GMm
K| = Em(v;)2 = Em(Zvl)2 =3,
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The potential energy is unaltered and is therefore

GMm 2GMm
Ul = — = —
r 3a

Total ener =K’ _ 2GMm — 2GMm._
gy E, =K +U = =0
3a 3a

Case 2: Apse is nearer
It is sufficient to show that the total energy is positive.

m=a(l —¢)=a(l —0.5) =0.5q
) 2 1 2 1 3GM
Vv=GM{——-)=GM|———-| =

rn a 0.5a a a

New velocity v, = 2v».

1 1 6GM
New kinetic energy K} = m (v/z)2 = Em(2v2)2 = "
Potential energy is unaltered and is given by
GMm GMm 2GMm
U2 = — = — = —
1) 0.5a a
, 6GMm  2GMm 4GMm

Total energy Er = K, + Uz = - =+ )

a a a

which is a positive quantity.

5.42 The velocity of the particle in the orbit is given by

) (2 1>
vV=GM|-— -
roa

When the particle is at one extremity of the minor axis, r = a

s 2 1\ GM
V=GM(Z--)="2

a a a

Let the new axes be 2a; and 2b;. By problem the force is increased by half,
but the velocity at r = a is unaltered.

2 1 M
v2=1.5GM(———>=G—
a
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5.43

5.44

545

As v is unaltered in both magnitude and direction, the semi-latus rectum [ =

b2
— =a(l — &2). The constant h? = (GM) (semi-latus rectum) is unchanged.
a
> 3 b}
GM— =-GM—
a 2 al
20%a; 2 3
b% = =Z.p
3 a 3 4
2b; = V/2b

(a) The forces acting on the satellite are gravitational force and centripetal
force.
(b) Equating the centripetal force and gravitational force

mv2

— =mg

R
2w R

S V=+/gR=——
T
R R3
oo T=2n|— =2, — (1)
g GM
(¢) The geocentric satellite must fly in the equatorial plane so that its cen-
tripetal force is entirely used up by the gravitational force. Second, it must
fly at the right altitude so that its time period is equal to that of the diurnal
rotation of the earth.

(d) 24h.
(e) Using (1)

r26m1'"3
r =
=

Using T = 86,400s, G = 6.67 x 10~ kg~ m3/s2, M = 6.4 x 10** kg,
we find r = 4.23 x 107 m or 42,300 km.

At both perigee and apogee v is perpendicular to r. Angular momentum con-
servation gives mvara = muvprp

ra=2a—rp=4r —r =73r
urv
v = — = —
AT T3
The orbit of the small body will be a hyperbola with the heavy body at the
focus F, Fig. 5.18.
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Fig. 5.18

_a(e?—1)
" gcosf — 1

5 Gravitation

ey

As r — 00, the denominator on the right-hand side of (1) becomes zero and

the limiting angle 6 is given by

1
cosfp = —
£

or cotfy =
e2—1

The complete angle of deviation

¢ =m — 20
¢ 7w
22 _p
or ) ) 0
1
tanq—szcoteoz
2 g2 —1
2Eh?
But ¢= 1+G2M2

1
where h = pv and E = Evz

o ® 1 GM  GM
an — = = —
2 2_1 hJy2E pv?

5.46 In Fig.5.19

2a
y = ———
1+ cos6

20 =h (constant, law of areas)
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Fig. 5.19 y
g P, ® Comet
r
0
Py — o X
a Sun
dr . r2
de — h

Time taken for the object to move from P; to P, (Fig. 5.19) is given by

2d9 4a de
t= [ dr =
h ] (1+cos6)?
6 0
a? 4 (0 2a? 1
=— [ sec | = = — l+tan — ]d|tan =6
h 2 h 2
0 0

247 t 16+1t 316
= — (tan -6 + = tan’ =
h 2 3 2

But h =+/GM x semi - latus rectum = v2aGM

2a° 11 51
t=,/——|tan =6 + = tan” =6
GM 2 3 2

5.47 Required time for traversing the arc PQT is obtained by the formula derived
in problem (5.46), Fig. 5.20

243 1 1 1
to=2t =2,/ — (tan =6 + = tan> =0 1
0 VGM(anz +3an2) )
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Fig. 5.20 /14. Comet
N\
\
\
earth
/
=
For parabola
2a
- 2
" 1+ cos6 @)
2a
or cosf ="——1 3
r
0 1 —cos6 R
tan—- =,/ —— =,/ — —1 (4)
2 1 4 cosé a
where we have put r = R, the radius of earth’s orbit. Using (4) in (1)
1 _2/)2 (2a + R)VR Q)]
"= 3Veom “
. . . dny .
to is maximized by setting o 0. This gives
a
K ©)
a = —
2
Using (6) in (5) gives
4 | R? 2 R3 2
to(max) = = — = —2m,| —— = —T
3VGM  3n GM 3m
3
where T = 27,/ —— = 1 year is the time period of the earth.

GM

2
Thus fy(max) = — years.
3
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5.48

5.49

[ R :
p?2 2 4 \de

r = asinnb

dr\’ 22 ) 22 r?
(@) =n“a“(1 —sin“nb) =n-a <1_a_2>

Using (3) in (1)

1 na®> 1 —n?
P 72
Differentiating

p3 dr rd r3
1dp 2n%a> 1-n?
o —— =
p3 dr rd r3

Force per unit mass

h%dp 2 2n%a>  1-—n?
p> dr r r
11 +_1 ar\?
p? T2 4\ do
r =a(l —cosb)
dr .
— =asinf
do
dr\? 2
& = a?sin? 0 = a? 1—(1—£> =2ra —r?
do a
Using (2) in (1)
1 2a
il
3
or p2 =

Force per unit mass

h?dp

f:_Fd_r

Differentiating (3)

229
(D
2
3

(D

2)

3)

“4)
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5.50

5.51

5 Gravitation

dp 3r?
2p— = — 5
P dr 2a )
Using (5) in (4)
3 h%r? 3ah?
f= I e (6)
ap r

where we have used (3). Thus the force is proportional to the inverse fourth
power of distance.

1
If u = —, then at the apse
r

du_

de

or ldr_
r2do
! ind =0
——asinbt =
rzal

from which either sin & = 0 or r is infinite, the latter case being inadmissible
so long the particle is moving along the cardioid.

Thus 6 = mor0
When 60 =m, r =2a
3ah’  3ah*  3h?

d = = =
and 0= "3 = T6a% = 1643
2 3
8
Also p2 =1 =20 _ 42
2a 2a
, h* K
and v = — = —
p2 4a2
3n? )
Thus 4a Q = _4a2 = 3v

When 6 = 0,r = 0 and p = 0 and the particle is moving with infinite velocity
along the axis of the cardioid and continues to move in a straight line.

k
Let the force f = ——= = —ku’
r

where u = —
,

d*u f ku

@t T aa T e
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5.52

5.53

k
Case (1): w7 > 1

k 2
Let ——1=n
h2

d2
d—eL;—nzu:O

which has the solution u = Ae™ + Be Y, where the constants A and B
depend on the initial conditions of projection. If these are such that either A

or B is zero then the path is an equiangular spiral
2

k
Case (ii): h_2 = 1, the equation becomes = 0, whose solution is v =

02
A6 + B, a curve known as the reciprocal spiral curve.
2

k k 2 . d u 2
Case (iii): 7 < 1.Letl— 2 = n~, the equation becomes 102 +n‘u=0
whose solution is # = A cosnf + B sinnf, a curve with infinite branches.
L_ 1 1(dr ? 0
p2 T2 A \de
r? = a’cos? 0 (2)
d
rd—; = —a’sin’ 0 3)
1 /dr\> a* ) a* P4 a* 1
Alag) =¥ =nw\l"a)=s 2 @
From (1) and (4)
1 a*
P2t
1’3
or p=— &)
a
dp 3r?
w7 6
dr a? ©
o h*dp  3h*a*
- p3 dr o r’

where we have used (5) and (6).

The polar equation of a circle with the origin on the circumference is r =
2a cos 6 where a is the radius of the circle, Fig. 5.21.
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Fig. 5.21
0
0 a o a
11 1 /dr\?
-1 = 1
p? r2 + r4 (d@) M)
r =2acos6 2)
dr .
0= —2a sinf 3)
dr\? 2 2 2 2
7 =4a“(1 —cos“0) =4a” —r “4)
1 /dr\?> 4a® 1
A\w) T TR ©)
Using (5) in (1) and simplifying
2
dp r
v =a 7
fo h*dp  h%a*
Sopddr

5.54

Initially the earth’s orbit is circular and its kinetic energy would be equal to
the modulus of potential energy

(D

Suddenly, sun’s mass becomes half and the earth is placed with a new quan-
tity of potential energy, its instantaneous value of kinetic energy remaining
unaltered.



5.3 Solutions

New total energy = new potential energy + kinetic energy

M\m 1 ,
G| =)=+ -my;
r

2 2
GMm 1GMm
2r 2 r

As the total energy E = 0 the earth’s orbit becomes parabolic.

233






Chapter 6
Oscillations

Abstract Chapter 6 deals with simple harmonic motion and its application to var-
ious problems, physical pendulums, coupled systems of masses and springs, the
normal coordinates and damped vibrations.

6.1 Basic Concepts and Formulae

Simple Harmonic Motion (SHM)
In SHM the restoring force (F') is proportional to the displacement but is oppositely
directed.

F = —kx 6.1)

where k is a constant, known as force constant or spring constant. The negative sign
in (6.1) implies that the force is opposite to the displacement.
When the mass is released, the force produces acceleration a given by

a=F/m=—k/m=—w’x 6.2)
where @? = k/m (6.3)
and w =2 f (6.4)

is the angular frequency.
Differential equation for SHM:

d?x 2

Most general solution for (6.5) is

x = Asin(wt + &) (6.6)

235



236 6 Oscillations

where A is the amplitude, (ot + ¢) is called the phase and ¢ is called the phase
difference.
The velocity v is given by

v=twVA%2 — x2 6.7)

The acceleration is given by

a=—wx (6.8)

f=a = (6.9)

where m is the mass of the particle.

The time period is given by
=X _op ™ (6.10)
= — = 47T —_— .
f k

Total energy (E) of the oscillator:

E=Y%mA’»* (6.11)
Ky = Uy = 1ymA%0” (6.12)

Loaded spring:

(6.13)
where M is the load and m is the mass of the spring.
If v; and v, are the velocities of a particle at x| and x3, respectively, then
x2 —x?
T =2 |5— (6.14)
U —
2.2 2.2
VIX5 — U5X
A= 122 (6.15)
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Pendulums

Simple Pendulum (Small Amplitudes)

(6.16)

L
T =2n_|—
8

T is independent of the mass of the bob. It is also independent of the amplitude
for small amplitudes.
Seconds pendulum is a simple pendulum whose time period is 2 s.

Simple Pendulum (Large Amplitude)

For large amplitude 0y, the time period of a simple pendulum is given by
L 1\? o 1.3)? o 1.3.5\? 0
T=2rx/=|1+(=]) sin® 2 + (=) sin* 2 + (== sin® 2
g 2 2 2.4 2 2.4.6 2
(6.17)

where we have dropped higher order terms.
Simple pendulum on an elevator/trolley moving with acceleration a. Time period
of the stationary pendulum is 7' and that of moving pendulum 7’.

(a) Elevator has upward acceleration a

T =1 |-& (6.18)
g§+a

(b) Elevator has downward acceleration a

=1 |-& (6.19)

(c) Elevator has constant velocity, i.e.a = 0

T'=T (6.20)
(d) Elevator falls freely or is kept in a satellite, a = g
T' =0 (6.21)

The bob does not oscillate at all but assumes a fixed position.
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(a) Trolley moving horizontally with acceleration a

8

(b) Trolley rolls down on a frictionless incline at an angle 6 to the horizontal plane

T =T 6.22)

T’ =T/ cosé (6.23)

Physical Pendulum

Any rigid body mounted such that it can swing in a vertical plane about some axis
passing through it is called a physical pendulum, Fig. 6.1.

Fig. 6.1

mg

The body is pivoted to a horizontal frictionless axis through P and displaced from
the equilibrium position by an angle 6. In the equilibrium position the centre of mass
C lies vertically below the pivot P. If the distance from the pivot to the centre of mass
be d, the mass of the body M and the moment of inertia of the body about an axis
through the pivot /, the time period of oscillations is given by

1
T=2n|— (6.24)
Mgd

The equivalent length of simple pendulum is
Leg=1/Md (6.25)

The torsional oscillator consists of a flat metal disc suspended by a wire from a
clamp and attached to the centre of the disc. When displaced through a small angle
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about the vertical wire and released the oscillator would execute oscillations in the
horizontal plane. For small twists the restoring torque will be proportional to the
angular displacement

T=-C0 (6.26)

where C is known as torsional constant. The time period of oscillations is given by

I
T = 2;1\/2 6.27)

Two equal masses connected by a spring and two other identical springs fixed to
rigid supports on either side, Fig. 6.2, permit the masses to jointly undergo SHM
along a straight line, so that the system corresponds to two coupled oscillators. The
equation of motion for mass m is

Coupled Harmonic Oscillators

mx; +kQ2x; —x2) =0 (6.28)
} my=m my=m ‘
k k k
X4 Xo

Fig. 6.2
and that for m, is
miy +kQxy —x1) =0 (6.29)

Equations (6.28) and (6.29) are coupled equations.
Assuming x; = Aj sinwt and xy = Aj sinwt

(6.28) and (6.29) become
o 2 . . 2
X = —w A sinwt = —w” x| (6.30)
¥ = —w?Assinwr = —w’x; (6.31)

Inserting (6.30) and (6.31) in (6.28) and (6.29), we get on rearrangement
2k — mw?)xi —kxr =0 (6.32)

—kx1 4+ 2k — mo?)xy =0 (6.33)
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For a non-trivial solution, the determinant formed from the coefficients of x| and x;
must vanish.

2% —ma?  —k
—k 2k —ma?

The expansion of the determinant gives a quadratic equation in @ whose solutions
are

w1 =Vk/m (6.35)
wr = /3k/m (6.36)

Normal coordinates: It is always possible to define a new set of coordinates called
normal coordinates which have a simple time dependence and correspond to the
excitation of various oscillation modes of the system. Consider a pair of coordinates
defined by

N =X1 —X2,M2 =X1 +x2 (6.37)
1 1
or x;= E(m +m2), %2 = 5(772 =) (6.38)
Substituting (6.38) in (6.28) and (6.29) we get

m(ijy +ij2) +kGBn1 +m) =0
m(ij; — 1j2) +k(Bny —m) =0

which can be solved to yield

mijy + 3knm =0
mijp +kny =0 (6.39)
The coordinates 11 and 7, are now uncoupled and are therefore independent

unlike the old coordinates x and x; which were coupled.
The solutions of (6.39) are

n1(t) = Bysinwit, ny(t) = By sinwot (6.40)

where the frequencies are given by (6.35) and (6.36).
A deeper insight is obtained from the energies expressed in normal coordinates
as opposed to the old coordinates. The potential energy of the system

1 1 1
U= Ekxlz + Ek(xz —x1)2 + 3 k)C22

= k(x1% — x1x2 + x2%) (6.41)
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The term proportional to the cross-product xx; is the one which expresses the cou-
pling of the system. The kinetic energy of the system is

K = Yhmi? + Yhymi3 (6.42)

In terms of normal coordinates defined by (6.38)

k
U= Z(n% +3n3) (6.43)

m ., .
K = Z(n% + n%) (6.44)

Thus, the cross-product term has disappeared and the kinetic and potential energies
appear in quadratic form. Each normal coordinate corresponds to an independent
mode of vibration of the system, with its own characteristic frequency and the gen-
eral vibratory motion may be regarded as the superposition of some or all of the
independent normal vibrations.

Damped Vibrations

For small velocities the resisting force f; (friction) is proportional to the velocity:

dx
=—r— 6.45
fe ar (6.45)
where r is known as the resistance constant or damping constant. The presence of
the dissipative forces results in the loss of energy in heat motion leading to a gradual
decrease of amplitude. The equation of motion is written as

I P (6.46)
m-—- r— X = .
dr? dt

where m is the mass of the body and £ is the spring constant.
Putting /m = 2b and k/m = wy?, (6.46) becomes on dividing by m

d?x dx
ot 2b5 +wix =0 (6.47)

Let x = ¢ so that dx/dr = Ae* and d’x/dt? = A%eM
The corresponding characteristic equation is

A2 426X+ wp? =0 (6.48)

The roots are

A=—b+ /b -} (6.49)
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Calling R = ,/b? — o}

AM=-b+R l=-b—R

Using the boundary conditions, at t = 0, x = x¢ and dx/d¢ = O the solution to
(6.47) is found to be

1
x = Jage™ [(1 +b/RYER (1 — b/R)e_R’] (6.50)
The physical solution depends on the degree of damping.
Case 1: Small frictional forces: b < wq (underdamping)
b* < k/mor (r/2m)> < k/m

R is imaginary. R = jo', where j = +/—1

o =} — b (6.51)
x = Ae " cos(w't + ¢) (6.52)
where A = woxg/w and & = tan~ ! (—b /o) (6.53)

Fig. 6.3 Underdamped
motion X Ae ™t cos 't

Equation (6.52) represents damped harmonic motion of period

_ 2 2w

T = = (6.54)
@ ,/a)(z) — b2
T = 1/b is the time in which the amplitude is reduced to 1/e.
The logarithmic decrement A is
A/
_ _ /

Case 2: Large frictional forces (overdamping)
b > wy. Distinct real roots.
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Both the exponential terms in (6.50) are negative and they correspond to expo-
nential decrease. The motion is not oscillatory. The general solution is of the form

x =e Y (Aef" 4 Be R (6.56)

Fig. 6.4 Overdamped motion

X

t
Case 3: Critical damping
b=w, R=0

Fig. 6.5 Criticallydamped
motion

X

The exponentials in the square bracket may be expanded to terms linear in Rt. The
solution is of the form

x = xpe P'(1 +br) 6.57)

The motion is not oscillatory and is said to be critically damped. It is a transition
case and the motion is just aperiodic or non-oscillatory. There is an initial rise in
the displacement due to the factor (1 + br) but subsequently the exponential term
dominates.

Energy and Amplitude of a Damped Oscillator

E(1) = Ege™"/% (6.58)
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where t. = m/r

Quality factor

The value of quality factor indicates the sharpness of resonance.

A(t) = Age™"/%e

0 = wte =wm/r
o =wy [1— !

w0

wy — Wi

Oscillations

(6.59)

(6.60)

6.61)

(6.62)

where wy is the resonance angular frequency and w; and w; are, respectively, the
two angular frequencies above and below resonance at which the average power has
dropped to one-half its resonance value. (Fig. 6.6).

Fig. 6.6 Resonance
frequency curve, wy is the

resonance angular frequency.

w1 and wy are defined in the
text

S —»

05

Forced vibrations are set up by a periodic force F' cos wt.
Equation of motion of a particle of mass m

or

where

k/m = a)(z), r/m=2band F/m = p

md%x n rdx Tk F ;
— = F cos
dr? dt * @

d%x X 2
+2b— + wyx = pcoswt

dr? dt

(6.63)

(6.64)

(6.65)
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o being the resonance frequency.

x = Acos(wt — &) (6.66)
2b
tane = — @ 5 (6.67)
Wy —
Mechanical impedance
Zn =\ (@} — 0?)? + 40207 (6.68)
p
A=— 6.69
Z (6.69)
)
=— 6.70
Q=7 (6.70)
Power
W_Fz—sine 6.71)
T 2Zn '

6.2 Problems

6.2.1 Simple Harmonic Motion (SHM)

6.1 The total energy of a particle executing SHM of period 27 s is 0.256J. The
displacement of the particle at /4 s is 84/2cm. Calculate the amplitude of
motion and mass of the particle.

6.2 A particle makes SHM along a straight line and its velocity when passing
through points 3 and 4 cm from the centre of its path is 16 and 12 cm/s, respec-
tively. Find (a) the amplitude; (b) the time period of motion.

[Northern Universities of UK]

6.3 A small bob of mass 50 g oscillates as a simple pendulum, with amplitude 5 cm
and period 2s. Find the velocity of the bob and the tension in the supporting
thread when velocity of the bob is maximum.

[University of Aberystwyth, Wales]
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6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14
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A particle performs SHM with a period of 16s. At time t = 2, the particle
passes through the origin while at t = 4s, its velocity is 4 m/s. Show that the
amplitude of the motion is 324/2/7.

[University of Dublin]

Show that given a small vertical displacement from its equilibrium position
a floating body subsequently performs simple harmonic motion of period
2m/V]/Ag where V is the volume of displaced liquid and A is the area of
the plane of floatation. Ignore the viscous forces.

Imagine a tunnel bored along the diameter of the earth assumed to have constant
density. A box is thrown into the tunnel (chute). (a) Show that the box executes
SHM inside the tunnel about the centre of the earth. (b) Find the time period of
oscillations.

A particle which executes SHM along a straight line has its motion represented
by x = 4sin(wt/3 + 7 /6). Find (a) the amplitude; (b) time period; (c) fre-
quency; (d) phase difference; (e) velocity; (f) acceleration, at t = 1s, x being
in cm.

(a) At what distance from the equilibrium position is the kinetic energy equal
to the potential energy for a SHM?

(b) In SHM if the displacement is one-half of the amplitude show that the
kinetic energy and potential energy are in the ratio 3:1.

A mass M attached to a spring oscillates with a period 2s. If the mass is
increased by 2kg, the period increases by 1s. Assuming that Hooke’s law is
obeyed, find the initial mass M.

A particle vibrates with SHM along a straight line, its greatest acceleration is
572 cm/s?, and when its distance from the equilibrium is 4 cm the velocity of
the particle is 37 cm/s. Find the amplitude and the period of oscillation of the
particle.

If the maximum acceleration of a SHM is « and the maximum velocity is
B, show that the amplitude of vibration is given by 8%/« and the period of
oscillation by 278 /«.

If the tension along the string of a simple pendulum at the lowest position is
1% higher than the weight of the bob, show that the angular amplitude of the
pendulum is 0.1 rad.

A particle executes SHM and is located at x = a, b and c at time f, 279 and
31p, respectively. Show that the frequency of oscillation is cos™! @t C.
21ty 2b

A 4 kg mass at the end of a spring moves with SHM on a horizontal frictionless
table with period 2s and amplitude 2 m. Determine (a) the spring constant;
(b) maximum force exerted on the spring.
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6.15

6.16

6.17

6.18

6.19

6.20

6.21

6.22

6.23

6.24

6.25

6.26

A particle moves in the xy-plane according to the equations x = a sinwt;
y = bcos wt. Determine the path of the particle.

(a) Prove that the force F = —kxi acting in a SHO is conservative. (b) Find
the potential energy of an SHO.

A 2kg weight placed on a vertical spring stretches it 5cm. The weight is
pulled down a distance of 10 cm and released. Find (a) the spring constant;
(b) the amplitude; (c) the frequency of oscillations.

A mass m is dropped from a height / on to a scale-pan of negligible weight,
suspended from a spring of spring constant k. The collision may be considered
to be completely inelastic in that the mass sticks to the pan and the pan begins
to oscillate. Find the amplitude of the pan’s oscillations.

A particle executes SHM along the x-axis according to the law x = A sin wt.
Find the probability dp(x) of finding the particle between x and x + dx.

Using the probability density distribution for the SHO, calculate the mean
potential energy and the mean kinetic energy over an oscillation.

A cylinder of mass m is allowed to roll on a smooth horizontal table with a
spring of spring constant k attached to it so that it executes SHM about the
equilibrium position. Find the time period of oscillations.

Two simple pendulums of length 60 and 63 cm, respectively, hang vertically
one in front of the other. If they are set in motion simultaneously, find the time
taken for one to gain a complete oscillation on the other.

[Northern Universities of UK]

A pendulum that beats seconds and gives correct time on ground at a certain
place is moved to the top of a tower 320m high. How much time will the
pendulum lose in 1 day? Assume earth’s radius to be 6400 km.

Taking the earth’s radius as 6400 km and assuming that the value of g inside
the earth is proportional to the distance from the earth’s centre, at what depth
below the earth’s surface would a pendulum which beats seconds at the earth’s
surface lose 5 min in a day?

[University of London]

A U-tube is filled with a liquid, the total length of the liquid column being
h. If the liquid on one side is slightly depressed by blowing gently down, the
levels of the liquid will oscillate about the equilibrium position before finally
coming to rest. (a) Show that the oscillations are SHM. (b) Find the period of
oscillations.

A gas of mass m is enclosed in a cylinder of cross-section A by means of a
frictionless piston. The gas occupies a length [ in the equilibrium position and
is at pressure P. (a) If the piston is slightly depressed, show that it will execute
SHM. (b) Find the period of oscillations (assume isothermal conditions).
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6.28

6.29

6.30
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2wt
A SHM is given by y = 8sin (— + (p), the time period being 24s. At
T
t = 0, the displacement is 4 cm. Find the displacement at t = 6.

In a vertical spring-mass system, the period of oscillation is 0.89 s when the
mass is 1.5 kg and the period becomes 1.13 s when a mass of 1.0kg is added.
Calculate the mass of the spring.

Consider two springs A and B with spring constants ks and kg, respectively,
A being stiffer than B, that is, ko > k. Show that

(a) when two springs are stretched by the same amount, more work will be
done on the stiffer spring.

(b) when two springs are stretched by the same force, less work will be done
on the stiffer spring.

A solid uniform cylinder of radius r rolls without sliding along the inside
surface of a hollow cylinder of radius R, performing small oscillations. Deter-
mine the time period.

6.2.2 Physical Pendulums

6.31

Fig. 6.7

6.32

Consider the rigid plane object of weight Mg shown in Fig. 6.7, pivoted about
a point at a distance D from its centre of mass and displaced from equilibrium
by a small angle ¢. Such a system is called a physical pendulum. Show that
the oscillatory motion of the object is simple harmonic with a period given by

[ 1
T =2n ) where / is the moment of inertia about the pivot point.
8

Pivot

-'\
P
AY

Dsin ¢ _FI cm

0

A thin, uniform rod of mass M and length L swings from one of its ends
as a physical pendulum (see Fig. 6.8). Given that the moment of inertia of a
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Fig. 6.8 L r Ll 22l

6.33

. . 1 . . .
uniform rod about one end is I = — M L?, obtain an equation for the period

of the oscillatory motion for small angles. What would be the length / of a
simple pendulum that has the same period as the swinging rod?

The physical pendulum has two possible pivot points A and B, distance L
apart, such that the period of oscillations is the same (Fig. 6.9). Show that
the acceleration due to gravity at the pendulum’s location is given by g =
4m’L)T>.

Fig. 6.9 A

6.34

6.35

6.36

(CM)

A semi-circular homogeneous disc of radius R and mass m is pivoted freely
about the centre. If slightly tilted through a small angle and released, find the
angular frequency of oscillations.

A ring is suspended on a nail. It can oscillate in its plane with time period T
or it can oscillate back and forth in a direction perpendicular to the plane of
the ring with time period 7>. Find the ratio 71/ T».

A torsional oscillator consists of a flat metal disc suspended by a wire. For
small angular displacements show that time period is given by

[
T =2m,/—
C
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where I is the moment of inertia about its axis and C is known as torsional
constant given by T = —C6, where t is the torque.

In the arrangement shown in Fig. 6.10, the radius of the pulley is r, its moment
of inertia about the rotation axis is / and k is the spring constant. Assuming
that the mass of the thread and the spring is negligible and that the thread does
not slide over the frictionless pulley, calculate the angular frequency of small
oscillations.

Fig. 6.10 LLLLLLE LD L

6.38

Fig. 6.11

6.39

>

Two unstretched springs with spring constants k1 and k; are attached to a solid
cylinder of mass m as in Fig. 6.11. When the cylinder is slightly displaced
and released it will perform small oscillations about the equilibrium position.
Assuming that the cylinder rolls without sliding, find the time period.

A particle of mass m is located in a one-dimensional potential field U (x) =

a b . .
— — — where a and b are positive constants. Show that the period of small

X X
oscillations that the particle performs about the equilibrium position will be
2 3
T =dng |24
b4

[Osmania University 1999]
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6.2.3 Coupled Systems of Masses and Springs

6.40 Two springs of constants k1 and k» are connected in series, Fig. 6.12. Calculate
the effective spring constant.

Fig. 6.12
ky ka
m [~O00B00000

6.41 A mass m is connected to two springs of constants k1 and k» in parallel,
Fig. 6.13. Calculate the effective (equivalent) spring constant.

Fig. 6.13

6.42 A mass m is placed on a frictionless horizontal table and is connected to fixed
points A and B by two springs of negligible mass and of equal natural length
with spring constants kj and k», Fig. 6.14. The mass is displaced along x-axis
and released. Calculate the period of oscillation.

Fig. 6.14

6.43 One end of a long metallic wire of length L is tied to the ceiling. The other end
is tied to a massless spring of spring constant k. A mass m hangs freely from
the free end of the spring. The area of cross-section and the Young’s modulus
of the wire are A and Y respectively. The mass is displaced down and released.

[m(YA+ kL
Show that it will oscillate with time period 7' = 27 m(Y—;I_c)

[Adapted from Indian Institute of Technology 1993]
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6.44 The mass m is attached to one end of a weightless stiff rod which is rigidly
connected to the centre of a uniform cylinder of radius R, Fig. 6.15. Assum-
ing that the cylinder rolls without slipping, calculate the natural frequency of
oscillation of the system.

Fig. 6.15

6.45 Find the natural frequency of a semi-circular disc of mass m and radius r
which rolls from side to side without slipping.

6.46 Determine the eigenfrequencies and describe the normal mode motion for two
pendula of equal lengths b and equal masses m connected by a spring of force
constant k as shown in Fig. 6.16. The spring is unstretched in the equilibrium
position.

Fig. 6.16

6.47 In prob. (6.46) express the equations of motion and the energy in terms of
normal coordinates. What are the characteristics of normal coordinates?

6.48 The superposition of two harmonic oscillations in the same direction leads to
the resultant displacement y = A cos 6rr¢ sin 907, where ¢ is expressed in sec-
onds. Find the frequency of the component vibrations and the beat frequency.

6.49 Find the fundamental frequency of vibration of the HCI molecule. The masses
of H and Cl may be assumed to be 1.0 and 36.46 amu.
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6.50

1amu = 1.66 x 107" kg and k = 480N/m

Find the resultant of the vibrations y; = coswt, y» = Y% cos(wt + m/2) and

1
y3 = 3 cos(wt + 1), acting in the same straight line.

6.2.4 Damped Vibrations

6.51

6.52

6.53

6.54

6.55

6.56

6.57

6.58

6.59

A mass attached to a spring vibrates with a natural frequency of 20c/s
while its frequency for damped vibrations is 16 c/s. Determine the logarithmic
decrement.

The equation of motion for a damped oscillator is given by
4d%x/dr® + rdx/dt +32x =0

For what range of values for the damping constant will the motion be (a)
underdamped; (b) overdamped; (c) critically damped?

A mass of 4kg attached to the lower end of a vertical spring of constant
20 N/m oscillates with a period of 10s. Find (a) the natural period; (b) the
damping constant; (¢) the logarithmic decrement.

Solve the equation of motion for the damped oscillator d?x /dr?> + 2dx/dr +
5x = 0, subject to the condition x =5, dx/dt = —3 atr = 0.

A 1kg weight attached to a vertical spring stretches it 0.2 m. The weight is
then pulled down 1.5 m and released. (a) Is the motion underdamped, over-
damped or critically damped? (b) Find the position of the weight at any time
if a damping force numerically equal to 14 times the instantaneous speed is
acting.

A periodic force acts on a 6 kg mass suspended from the lower end of a vertical
spring of constant 150 N/m. The damping force is proportional to the instan-
taneous speed of the mass and is 80 N when v = 2m/s. find the resonance
frequency.

The equation of motion for forced oscillations is 2 d’x/d¢? + 1.5dx/dr +
40x = 12cos4t. Find (a) amplitude; (b) phase lag; (¢) Q factor; (d) power
dissipation.

An electric bell has a frequency 100 Hz. If its time constant is 2 s, determine
the Q factor for the bell.

An oscillator has a time period of 3s. Its amplitude decreases by 5% each
cycle (a) By how much does its energy decrease in each cycle? (b) Find the
time constant (c¢) Find the Q factor.
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6.60

6.61

6.62

6.63

6.64

6.65

6.66

6.67

6.3
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A damped oscillator loses 3% of its energy in each cycle. (a) How many cycles
elapse before half its original energy is dissipated? (b) What is the Q factor?

A damped oscillator has frequency which is 9/10 of its natural frequency. By
what factor is its amplitude decreased in each cycle?

Show that for small damping o’ ~ (1 — r2 /8mk)wy where w is the natural
angular frequency, o’ the damped angular frequency, r the resistance constant,
k the spring constant and m the particle mass.

Show that the time elapsed between successive maximum displacements of a
damped harmonic oscillator is constant and equal to 4 m/~/4km — r?, where
m is the mass of the vibrating body, k is the spring constant, 2b = r/m, r
being the resistance constant.

A dead weight attached to a light spring extends it by 9.8 cm. It is then slightly
pulled down and released. Assuming that the logarithmic decrement is equal
to 3.1, find the period of oscillation.

The position of a particle moving along x-axis is determined by the equation
d?x/dr? + 2dx/dr + 8x = 16cos 2t.

(a) What is the natural frequency of the vibrator?
(b) What is the frequency of the driving force?

Show that the time 1/ for the energy to decrease to half its initial value is
related to the time constant by 1/, = . In2.

The amplitude of a swing drops by a factor 1/e in 8 periods when no energy
is pumped into the swing. Find the Q factor.

Solutions

6.3.1 Simple Harmonic Motion (SHM)

6.1

x = Asinwt (SHM)

2 2
=—n=—n= Irad/s
T 2

w

1-
8+/2 = Asin (T’T>
A=16cm =0.16m

1
E = -mA%w?
2

2E 2x0.256
A20? " (0.16)2 x 12

= 20.0kg
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6.2

6.3

6.4
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(a) v=owvA2—x? (1)
16 = wy/A2 — 32 )
12 = wv A2 — 42 3)

Solving (2) and (3) A =5cm and w = 4rad/s

21 2
(b) Therefore T = — = — = 1.57s
w 4
x = Asinwt
v=— = wAcos wt
dr
A 2w A 2w x5 5 /
= = — = = m
VUmax w T > T cm/s

At the equilibrium position the weight of the bob and the tension act in the
same direction

2
MVUnax

Tension =
mg + i3

Now the length of the simple pendulum is calculated from its period 7.

gT? 980 x 22
L = —
472 472

5 2
v 25w
ension m( + oL )g ( +980x99.29)g

=99.29cm

= 50.13 g dynes = 50.13 g wt
The general equation of SHM is

x = Asin(wt + ¢€)

_ 2 2 T

T 16 8
Whent =2s,x =0.
O=Asin<%x2+s)

Since A # 0, sin (% +e) -0
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T b4
- =0 - _
4+8 e 1

dx
Now v = m = Awcos(wt + €)

Whent =4, v=4.

Am T T
4=geos(34-7)
3242
A= V2
T

Let the body with uniform cross-section A be immersed to a depth % in a lig-
uid of density D. Volume of the liquid displaced is V = Ah. Weight of the
liquid displaced is equal to VDg or AhDg. According to Archimedes princi-
ple, the weight of the liquid displaced is equal to the weight of the floating
body Mg.

Mg = Ahdg or M = AhD

The body occupies a certain equilibrium position. Let the body be further
depressed by a small amount x. The body now experiences an additional
upward thrust in the direction of the equilibrium position. When the body is
released it moves up with acceleration

AxDg AxDg gx 5
a = — = — = —— = —wW X
M AhD h
with w? = g
h
2

h 1%
Time period T = o 2r [— =21 [ —
® Vg \ Ag

The acceleration due to gravity g at a depth d from the surface is given by

= 1 d 1
g—80< _E) (D

where gg is the value of g at the surface of the earth of radius R.

Writingx = R —d 2)
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Equation (1) becomes g = go% (3)

where x measures the distance from the centre. The acceleration g points oppo-
site to the displacement x. We can therefore write

a:g:—g%x:—a)zx @

with @? = 80

Equation (4) shows that the box performs SHM. The period is calculated from

2 R 6.4 x 100
T =" =2r [~ =2m, [~ = 50745 or 84.6 min
1) g0 9.8

Standard equation for SHM is

x = Asin(wt + €)

Asi nt+n
x =4sin| — + —
3 6

(a) A=4cm
T 2
(b) w = —. Therefore T = — =65
3 w
© f=2=1/
C =7%¢ S
T
d = —
d) e 5
dx 4 Tt 7 4 b4
(e)v—d——? S(?—Fg)_?COS(—XI-Fg):O
dv 472 T T 472
(f)a——t——Tmn(Exl—i—g)——T

1
Emwz(A2 — x2) = —mw’x?

A
X =—

2
1 A? 1 3
(b) K = —mao? [ A2 — — ) = —mw?= A2

2 4 2 4
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1 ,A?

U=-mow"—

2 4

. K:U=3:1

M
69 T =2m./—
™k
M
2=2m,—
k

M+2
3=2m lj—

2

6 Oscillations

)]

2)

3)

ey

2)

2
Solving (1) and (2), we get A =S5cmand T = il = — =2s.
w

T
o =w’A
B =wA
B =w’A? =uA
ﬁ2

A=
o

6.11

or

Dividing (2) by (1)

r=_7h

w o

mg + mv?/L

6.12 By problem = 1.01

2
L ~o01
gL
Conservation of energy gives

92
Emv2 =mgh =mgL(l —cosf) = mgL; for small 6

&)
2
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6.13

6.14

6.15

6.16

v2
gL

6 =+/0.01 =0.1rad

0% = =0.01

a = Asinwty
b = Asin2wt
¢ = Asin 3wt
a + ¢ = 2A sin 2wty cos wiy
a—+c
2b

= cos wiy

472 472 x 4
k=mo® = Tm_ T = 39478 N/m
T2 22

(D) Foax = mw?A = kA = 39.478 x 2 = 78.96 N

X = asinwt

y = bcoswt
2 2
o Yoo a2 2 .
;+b—2_sm ot +cos“wt =1

Thus the path of the particle is an ellipse.

(a) To show that V x F = 0.
i ok
a d 0

VxF=| — — —|=0
ox dy dz
—Kx 0 0

(b) U=—[Fdx =— [ (K ix) (—idx) = %sz

259
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6.17

6.18

6.19
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(@ F =kx
F 2x98
k=" = 227° _300N/m
x  5x1072
(b) 10cm
1 [k 1 [3%
=— /5= —0.712
© S =5Vm = 2V 2xos8 /s

Let xo be the extension of the spring. Deformation energy = gravitational
potential energy

1
Ekxg =mgh 4+ mgxo
Rearranging

2 2m

xO—Tgxo—mghzo

The quadratic equation has the solutions

_mg m-g 2mgh
MET e T

mg m2g? n 2mgh

Xp = — — e
2% K2 k

The equilibrium position is depressed by x¢ = ng below the initial position.
The amplitude of the oscillations as measured from the equilibrium position
2,2
m 2mgh
g, nh
k k

is equal to

: . . dp(x)
It is reasonable to assume that the probability density

for finding the

particle is proportional to the time spent at a given point and is therefore
inversely proportional to its speed v.

dp(x) _ C

dx v

(1)
where C = constant of proportionality.

Butv = wy A2 — x2 )
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6.20

6.21

The probability density

dp() _ 9
dx wvA? — x?

3)

C can be found by normalization of distribution

A A
[orm=5 [ =
X) = — —_— =
p w AZ_x2
- —A
Cr C 1
or —=1— —=—
w w 7
dp(x) 1
dx g JAZ 2
1
U = —kx?
2

Using the result of prob. (6.19)

A

(U) :/Udp(x): / %kﬁ%
— X

Putx = Asinf, dx = Acos 6do

/2

kA? 5 1,
(U)y = — / sin“6df = —kA
2 4

—/2

1 1 1
AISO, (K) = (E—U> = _kAz__kAZZ —kA2
2 4 4

Kirans + Kot + U = constant

Lo? + 1102 + Lia2 tant
— — - = constan
2mv > w 2x
1 5 v
But/ = -mR and w = —
2 R

3 (& 2+1k 2_0 tant
—m _— — = constan
4"\ 2t

Differentiating

3 d2xdx+k dx 0
e o
2 dr? dr Y
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Cancelling dx /d¢ throughout and simplifying

d%x N 2k 0
—_— —_ X =
dr2 3m

This is the equation for SHM

2k
with w? = <—)
3m

2 3m
T=—=2m,/—
w 2k

The time period of the pendulums is

/60

Ty =27 [— (1)
g
/63

T =2r|— 2
g

Let the time be ¢ in which the longer length pendulum makes n oscillations
while the shorter one makes (n + 1) oscillations. Then

t=m+ DT, =nT 3)

Using (1) and (2) in (3), we find n = 40.5 and r = 64.49s.

Let go be the acceleration due to gravity on the ground and g at height above
the ground. Then

2R’
8= R+

L L
At the ground, Ty = 27 | —. Atheight h, T =2n | —
80 g
20 h 320
T=Ty|—=Tyl1l+—=)=2(1+——-—) =2.0001
O\Ig 0<+R> (—i_6.4><1()6 °

Time lost in one oscillation on the top of the tower = 2.0001 — 2.0000 =
0.0001 s. Number of oscillations in a day for the pendulum which beats
seconds on the ground

_ 86490 _ 43 500
2.0
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Therefore, time lost in 43,200 oscillations

=42,300 x 0.0001 = 4.32s

624 g = 1 d 1
. g—go< _E) (D

where g and go are the acceleration due to gravity at depth d and surface,
respectively, and R is the radius of the earth.

T—1, /8 1 (1-¢ _1/2—T 142
T T R -0 2R

Time registered for the whole day will be proportional to the time period. Thus

T_t_lJr d
To  fo 2R
86,400 d

et i e R
86,400 — 300 + 2R
Substituting R = 6400 km, we find d = 44.6 km.

6.25 (a) Let the liquid level in the left limb be depressed by x, so that it is elevated
by the same height in the right limb (Fig. 6.17). If p is the density of the
liquid, A the cross-section of the tube, M the total mass, and m the mass
of liquid corresponding to the length 2x, which provides the unbalanced

force,
Md>x 2xAp)
—_— = M = — X
a2 8 P&
d?x 2Apg 2Apgx 2gx 2
—_— = — X = — = - = —W X
dr? M hAp h
This is the equation of SHM.
—= e
— x
of+----M-1[o

>

v
Fig. 6.17 \/
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(b) The time period is given by

6.26 (a) Let the gas at pressure P and volume V be compressed by a small length
x, the new pressure being p’ and new volume V’ (Fig. 6.18) under isother-
mal conditions.

P'V' =PV
or P'(l—x)A=PIA

where A is the cross-sectional area.

p=2 P (1 x)_l~P(1+x)
Cl—x l - l

where we have expanded binomially up to two terms since x << [. The
change in pressure is

o _Px
AP_P—P_T

The unbalanced force

AP
F=-—APA=_2"12

and the acceleration

a=—=— = —wx
m ml

which is the equation for SHM.

Iy
Y

Fig. 6.18 X
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(b) The time period

2
w

21
T

t
6.27 y = 8sin (— +¢>
8

Att=0; 4=

T=—=2rr,/m—l
AP
¢

sin

b
=30°=—
¢ 6

27 X 6
y=8sin( T +£) = 85in 120 = 4+/3cm

24 6

6.28 Time period of a loaded spring

3 (1)

where M is the suspended mass, m is the mass of the spring and k is the spring

constant

0.89 =2x
\

1.13=2n
\

15+ %

3 2)
25+ %
— 3)

Dividing the two equations and solving for m, we get m = 0.39 kg.

6.29 (a) ka > kB

Let the springs be stretched by the same amount. Then the work done on
the two springs will be

Wa = lkA)Cz W = lkB)C2
2 2

Wa  ka

Ws ks

Thus W5 > Wg, i.e. when two springs are stretched by the same amount,
more work will be done on the stiffer spring.
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(b) Let the two springs be stretched by equal force. Thus the work done

e o L (F 2 1F?
= - X = - —_— e —
AT T 1 2ka

1 F?
"2k
Wa ks
We  ka

Wg

Thus when two springs are stretched by the same force, less work will be

done on the stiffer spring.

Fig. 6.19
6.30 Kiyans + Krot + U = C = constant

Lo 1.5
—mv +§Ia) +mg(R—r)(1 —cosf) =C

2

I, v
Now [ =-mr° w=-—

2 r
3 (dx 2+ R )02_C
4"\ g ) TR T =

Differentiating with respect to time
3 d%xdx
_m — —
2 dr? dt
Now x = (R —r)0

+ mg(R )9d9 0
m —r)f— =
& dr

3d2x(R )d9+ do 0
——R—-r)—+gx— =
2d2 a T8

de
Cancelling o throughout
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d>x 2 gx _
a2 3 (R-r)

which is the equation for SHM, with

== g
3R—r
2 3(R —
- _, (R—r)
w 2g

6.3.2 Physical Pendulums

6.31

6.32

If « is the angular acceleration, the torque t is given by

d2
r:I(x:IFf (1)

The restoring torque for an angular displacement ¢ is
T=—-MgDsing 2)

which arises due to the tangential component of the weight. Equating the two
torques for small ¢,

1d2¢ MgD sin¢ MgD ¢
—_——= - Sin = —
dr2 8 8
d>¢ MgD
L% =0 3
o gzt ¢ ©)

which is the equation for SHM with

MgD
2= *)

1
Equation for the oscillatory motion is obtained by putting / = §M L? and

L
D= ) in (3) of prob. (6.31).
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d’0  MgD
a7 0=0 (3)
¢ 3¢
— 4+226=0
dt2+2L
28
2L
2 2L
r="com = @)
w 3g

For a simple pendulum

T =27r\/z 5)
g

2
Comparing (4) and (5), the equivalent length of a simple pendulum is/ = §L.

6.33 From the results of prob. (6.31) the time period of a physical pendulum is

given by

1
T=2n|—— (1)
MgD

where / is the moment of inertia about the pivot A, Fig. 6.9.
Now I = Ic+ MD?and Ic = Mk*> ()

where k is the radius of gyration. Formula (1) then becomes

2 D2
T =27 kLD 3)
8

k2
and the length of the simple equivalent pendulum is D + D
k2
If a point B be taken on AG such that AB = D + D A and B are known as

the centres of suspension and oscillation, respectively. Here G is the centre of
mass (CM) of the physical pendulum.

Suppose now the body is suspended at B, then the time of oscillation is
2

obtained by substituting ) for D in the expression
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6.34

6.35

6.36

k* 4+ D? .
27 .| ———— and is therefore 2
gD

269

Thus the centres of suspension and oscillation are convertible, for if the
body be suspended from either it will make small vibrations in the same
time as a simple pendulum whose length L is the distance between these

centres.
L 4n’L
T'=2r |— or g=
g T2
mgd
w=,—
1
4R
d=—
3

8g
0=, ——
37 R
T =2m
T, =2
T, =27
T]_ 4_ 2
n V3 /3

ey

2)

3

In Fig. 6.20 OA is the reference line or the disc in the equilibrium position. If
the disc is rotated in the horizontal plane so that the reference line occupies
the line OB, the wire would have twisted through an angle 6. The twisted wire
will exert a restoring torque on the disc causing the reference line to move to
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Fig. 6.20 « Fixed clamp

_ ~ Rotating disc

its original position. For small twists the restoring torque will be proportional
to the angular displacement in accordance with Hooke’s law.

T=-C6H &)

where C is known as torsional constant. If 7 is the moment of inertia of the
disc about its axis, « the angular acceleration, the torque t is given by

=1 Id29 2)
= 10 = —_—
dr?
Comparing (1) and (2)
d%e
I— =—-C6o
dr?
o ¢
Z0=0 3
or a2 + 7 3)

C
which is the equation for angular SHM with w? = T Time period for small

oscillations is given by

T—2\/Z “
= ZTT C

6.37 Total kinetic energy of the system

1 1 .
K = K(mass) + K (pulley) = mez + 5192
Replacing x by r6 and x by 7o

1 o 1o, 1 .
K = Emr292 + E192 = E(mﬂ + 1)6?
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Potential energy of the spring
1 1
U= -kx* = —kr?o?
2 T
Total energy
_ _ 2 1 20
E=K+U-= 2(mr + 16~ + 2kr < = constant
Differentiating with respect to time

dE 5 - 9.
E:(mr +1)0-0+kr<0-0=0

Cancelling 6

kr2o

0+ —— =
mr2 41

which is the equation for angular SHM with

5 kr?
w” = ————. Therefore
mr2 4+ 1
kr?
w -
mr2 + 1

Let at any instant the centre of the cylinder be displaced by x towards right.
Then the spring at C is compressed by x while the spring at P is elongated by
2x.If v = X is the velocity of the centre of mass of the cylinder and w = 6 its
angular velocity, the total energy in the displaced position will be

1 1. 1 1
E = mez + 51092 + Eklxz + §k2(2x)2 (1)

. 1
Substituting x = r6, x = r6, and Ic = Emrz, where r is the radius of the
cylinder, (1) becomes

3 . 1
E = Zmrzez + Erz(kl + 4k;)0% = constant

dE 3 L. :
o =" 00 +r(k1 4+ 4k2)060 =0

. 2
0+ — (k1 +4k2)0 =0
3m
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2
which is the equation for angular SHM with w? = Im (k1 + 4ky).
m

T 2 ) 3m
= — = 47T —_—
w 2(k1 + 4kp)

a b
Ulx)=— — =
X X

Equilibrium position is obtained by minimizing the function U (x).

dUu 2a b
dx :_x3 +x2:O
2a
x:x():—b

2a
Measuring distances from the equilibrium position and replacing x by x + >

Fo dUu B 2a b
Todx T x3 x2
2a b
F = —
(x +2a/b)?®  (x +2a/b)?

__2a b\ b (1 b_x>_2
_(2a/b)3< +%) "~ (2a/b)? t

Since the quantity bx/2a is assumed to be small, use binomial expansion
retaining terms up to linear in x.

_ b*x
YE
. F b*x 2
Accelerationag = — = — = —wX
m 8a3m
b4
where o =
8a3m
2 2ma®
7= _4n |
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6.3.3 Coupled Systems of Masses and Springs

6.40

6.41

6.42

6.43

F
Let spring 1 undergo an extension x| due to force F. Then x; = P Similarly,
1

i F
for spring 2, x, = k_
2
The force is the same in each spring, but the total displacement x is the sum
of individual displacements:

+ + L
X=x1+x=—+—
ph=as

k _F_ F _ F _ 1 _k1k2
eq_x_xl-i-xz_F F_l_i_i_kl-i-kz

ki k ki ko

/ ki +k
T =2n ﬁ=27r —(1+2)m
keq kiko

The displacement is the same for both the springs and the total force is the
sum of individual forces.

Fi =kix, Fr, = kyx
F=F+F = (ki +k)x

F
keq=;=k1+k2

T =21 |2 =2 -
= LTl — = 4Tl
keq ki + ko

Let the centre of mass be displaced by x. Then the net force

F = —kix —kox = —(k1 + kp)x

F
Accelerationa = — = — (k1 + kz)i = —wlx
m m
2
T="—02 m
® ki + ka2

Spring constant of the wire is given by

YA
K =— 1
7 (0
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Since the spring and the wire are in series, the effective spring constant kegf is
given by
k'k
k+k

2

keff =

The time period of oscillations is given by

m
T =2n /ke_ff 3)

Combining (1), (2) and (3)

m(YA +kL)

T =on /AT EE)
i Y Ak

In Fig. 6.15, C is the point of contact around which the masses M and m rotate.
As it is the instantaneous centre of zero velocity, the equation of motion is of
the form Xt. = Icé, where I. is the moment of inertia of masses M and m
with respect to point C. Now

1
I, = <§MR2 + MRZ) + md? (1)
where d> = L?> + R*> — 2RL cos 6. )

For small oscillations, sinf >~ 6, cos@ ~ 1 and

_ 3MR?

I +m(L —d)? (3)

Therefore the equation of motion become

3MR? 5] - _
+m(L —d) |0 =—mgLsind = —mgL0O
.. L
or 6+ mg 6=0
3MR?/2+ m(L — d)?
L
w= me rad/s
3MR2/2 + m(L — d)?
Figure 6.21 shows the semicircular disc tilted through an angle 6 compared to
4
the equilibrium position (b). G is the centre of mass such thata = OG = 3—r,
T

where r is the radius.
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eaG ’\
a
G

mg
(a) (b)
Fig. 6.21

We use the energy method.

1 2
K (max) = EIAw

I o
S+ GAY)w?

1
= —[lp — ma® + m(r — a)z]a)2 =

lmr2 + mr(r — 2a) w?
2 2

N =

Kmax = Umax
3 2
mr Zr—a w” =mga(l — cos )

,
Buta = —
3

_4 (1 —cosf)g
P=N 97 —16)r

6.46 Referring to Fig. 6.16, take torques about the two hinged points P and Q.
mb*0, = —mgbb; — kb*(6; — 6>)

The left side gives the net torque which is the product of moment of inertia
about P and the angular acceleration. The first term on the right side gives
the torque of the force mg, which is force times the perpendicular distance
from the vertical through P. The second term on the right side is the torque
produced by the spring which is k(x; — x») times the perpendicular distance
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from P, that is, k(x] — x2)b or k(6] — 62)b2. The second equation of motion
can be similarly written. Thus, the two equations of motion are

mbb + mgb; + kb(0; — 6,) =0 1)
mbb + mghr + kb6 — 61) =0 )

The harmonic solutions are

01 = Asinwt, 0 = Bsinwt 3)

) = —Aw’sinwt, 0 = —Bw’sinot 4)
Substituting (3) and (4) in (1) and (2) and simplifying

(mg + kb — mbw*)A —kb B =0 (5)
— kbA + (mg + kb — mbw?*)B = 0 (6)

The frequency equation is obtained by equating to zero the determinant
formed by the coefficients of A and B.

‘ (mg + kb — mbw?) —kb _0

—kb (mg + kb — mba?)

Expanding the determinant and solving for w we obtain

/8 /8 2k
wl_\/;’ C()Z_Vb—l—m

In prob. (6.46) equations of motion (1) and (2) can be re-written in terms of
Cartesian coordinates x; and xp since x| = b6 and xp = b0O,.

. mgxi
mxy + +k(x;1 —x2)=0 (1)

mgegx
mﬁez+%+k(x2—x1) =0 )

It is possible to make linear combinations of x; and x> such that a combination
involves but a single frequency. These new coordinates X; and X», called
normal coordinates, vary harmonically with but a single frequency. No energy
transfer occurs from one normal coordinate to another. They are completely
independent.

X1+ X _X1—-X

, 3
5 X2 5 3)

X1
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Substituting (3) in (1) and (2)

%(XI‘FXZ)'FZ!—:(XI‘FXZ)-F/CXZIO )
& —K) + 25Xy~ X2) kX2 =0 )
5 (X1 —Xo) + 5 (X1 — X3 2=

Adding (4) and (5)

le +%X1 =0 (6)

which is a linear equation in X alone with constant coefficients.
Subtracting (5) from (4), we obtain

m¥s + (% + 2k) X, =0 %

This is again a linear equation in X, as the single dependent variable. Since
the coefficients of X and X, are positive, both (6) and (7) are differential

equations of simple harmonic motion having frequencies w; = /% and

k . . .
wy = g + —. Thus when equations of motion are expressed in normal
m

b
coordinates, the equations are linear with constant coefficients and each con-

tains only one dependent variable.
We now calculate the energy in normal coordinates. The potential energy
arises due to the energy stored in the spring and due to the position of the

body.
1 2
V= Ek(xl — x2)" 4+ mgh(1 — cos ) + mgh(1 — cos 6) (8)
92 x2
Now b(1 —cosfy) =b—-+ ==L
2 2b
X

Similarly b(1 — cos6,) = —=

imilarly b(1 — cos 62) = >
k mgx?  mgx?

H V=— _ 2 1 2 9
ence 2(xl x2)” + 5 > 9)
L m (., .5

Kinetic energy T = > (xl + x2> (10)

Although there is no cross-product term in (10) for the kinetic energy, there
is one in the potential energy of the spring in (9). The presence of the cross-
product term means coupling between the components of the vibrating system.
However, in normal coordinates the cross-product terms are avoided. Using
(3)in (9) and (10)
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y="T8y2, (M8 k) 2 (11
4071 T \ap 2) 72
T=2(X2 4 X2 12
= Z( 1+ X32) (12)
Thus the cross terms have now disappeared. The potential energy V is now
expressed as a sum of squares of normal coordinates multiplied by constant
coefficients and kinetic energy. T is expressed in the form of a sum of squares
of the time derivatives of the normal coordination.
We can now describe the mode of oscillation associated with a given normal
coordinate. Suppose X2 = 0, then 0 = x; — x, which implies x; = x3. The
mode X is shown in Fig. 6.22, where the particles oscillate in phase with
frequency w; = +/g/b which is identical for a simple pendulum of length b.
Here the spring plays no role because it remains unstretched throughout the
motion.
If we put X1 = 0, then we get x; = —xp. Here the pendulums are out of
phase. The X, mode is also illustrated in Fig. 6.22, the associated frequency
/ 2k
being wr = g + —. Note that w>» > w;, because greater potential energy
m
is now available due to the spring.
Fig. 6.22 X4 Xz
Xq= Xg Xy ==Xy
TN I
6.48 y = Acos 67t sin 907
1 1
Now sin C 4 sin D = 2sin E(C + D) cos E(C — D)
Comparing the two equations we get
C+D CcC-D
=90x = 6
2 2
C =967 and D = 847w
w1 =2nf] =9%x or f]=48Hz
wy=2mf, =8mr or f,=42Hz
Thus the frequency of the component vibrations are 48 Hz and 42 Hz. The beat
frequency is f1 — fo = 48 — 42 = 6 beats/s.
6.49 The frequency is given by

1 k
f=2——
7\ w
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where 1 is the reduced mass given by

mymqi N 10. x 36.46
my + mqy © 1.0+ 36.46
=0.9733amu = 0.9733 x 1.66 x 1072 kg = 1.6157 x 10~*" kg

Fo 1 430
T 27V 1.6157 x 10727

=8.68 x 10° Hz

6.50 Each vibration is plotted as a vector of magnitude which is proportional to the
amplitude of the vibration and in a direction which is determined by the phase
angle. Each phase angle is measured with respect to the x-axis. The vectors are
placed in the head-to-tail fashion and the resultant is obtained by the vector
joining the tail of the first vector with the head of the last vector, Fig. 6.23.

y1 = OA = 1 unit, parallel to x-axis in the positive direction, y, = AB = 3

1
unit parallel to y-axis and y3 = BC = 3 unit parallel to the x-axis in the
negative direction.

c Y B

)

Fig. 6.23 o % D A

The resultant is given by OC both in magnitude and in direction. From the
geometry of the diagram

2\2  [1)?
y=OC=\/m= <§> +<E) =5/6

a = tan”'(CD/OD) = tan™' <£> =tan"'(3/4) = 37°
- - 2/3) -

6.3.4 Damped Vibrations

6.51 The logarithmic decrement A is given by

A = bT’ ey
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21 . . . o
where T’ = — is the time period for damped vibration and b = a)g —'?,

1)
where wo and @’ are the angular frequencies for natural and damped vibra-
tions, respectively.

2 2 2
2
=2 w/()z—1:27[ s —1=27 20\
p e 16

. . o d%x rdx
6.52 The equation for damped oscillations is 4_dt2 + T +32x=0
Dividing the equation by 4
d*x  rdx
— 8x =0
a? Taa T T

Comparing the equation with the standard equation

d2x+rdx+k —o
a2 Tmdr T T

= £—8—>k—32

wo_\f SB=2v3

. r . . .
The quantity b = om represents the decay rate of oscillation where r is the
m

resistance constant.

(a) The motion will be underdamped if

| k
b<w00rL <,/—orr <2+vkm
2m m
ie. r<2J/32x4dorr <162

(b) The motion is overdamped if r > 16+/2.
(¢) The motion is critically damped if r = 16+/2.

|k 120
653 (a) wo=,/— = 7= 2.23rad/s
m
2 21

T = — =2.8s

wo 223
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, 2m 27
(b) @ = T =T10" 0.628rad/s

b=,l0}—w?=1+22362—0.628% = 2.146
r

= borr =2mb =2 x4 x2.146 = 17.17Ns/m
m

() A=bT'=2.146 x 10 = 21.46

d? 2d
A T P

6.54 w2 T

Let x = . The characteristic equation then becomes 1> 4 21 + 5 = 0 with
the roots A = —1 £+ 2§

x = Ae~(1-2D1 4 pe—(1420)

or x =e '[Ccos2t+ Dsin2t]

where A, B, C and D are constants.

C and D can be determined from initial conditions. At = 0, x = 5. Therefore
C =5.

d
Also d—): = —e "(Ccos2t + Dsin2t) + e ' (=2Csin2t + 2D cos 2t)

Atr=0 Y = 3
=0, =
—3=—-C+4+2D=-5+2D

D=1
The complete solution is
x =e "(5cos2t + sin2t)

6.55 F=mg =kx

mg _ (1.0)(9.8)

k = =
X 0.2

=49N/m
Equation of motion is

d’x dx
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6.56

6.57

Substituting m = 1.0, r = 14, k = 49, (1) becomes

d%x dx
d2+14d—+49x—0
k 49
wy =4/ — =,/— =Trad/s
m 1
T 2m o 2x1

(a) Therefore the motion is critically damped.
(b) For critically damped motion, the equation is

x = xoe (1 4 br)
With b = 7 and xo = 1.5, (3) becomes

x=15e""(1+71)

[ k /150
a)o: —_ = —:5
m 60

Damping force fy =7 - v

or r= ﬁ = @ =40
v 2
AR L Y
= — = — = ). T
2m T 2x6 acss
w(res) = /w} — 2b? = /52 — 2 x (3.33)2 = 1.66rad/s
f(res) = w(res) — 0.265 vib/s

Equation of motion is

2d%x
dr? dr

+ 40x = 12 cos 4t

Dividing throughout by 2

d2

dx
a +075 +20x—6cos4t

6 Oscillations

2

3)
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Comparing this with the standard equation

& d
d—; +2bd—: + wjx = pcos ot

b =0.375; wo=+20, p=6, w=4

Zy = \/(wg — w?)’ + 4b20? = \/(20 —16)> +4x 03752 x 42 =5

p 6
a=L 210
@A=7.75
2b 2% 0.375 x 4
() tans = 0 = 2 X0 075 = 37°
wy — w? (20 —16)
V2
© Q=220 V254

r 2b  2x0375
d F=pm=6x2=12
F? 122

W= —sing =

in37° = 8.64 W
270 2x50

27t
6.58 Q0=

=2mt. f =2m x 2 x 100 = 1256

6.59 (a) Energy is proportional to the square of amplitude

E = const. A2
dE 2dA 2x5
LA 20w
E A 100
M) E= Ege /%

£ o A_2 o e_[/tc

Ey A2

A9

Ag 100
t 100
— =In| — ) =0.05126
2t 95

3

te=———=29.26
¢ = 2%0.05126 °

2mte  (2m)(29.26)
T = 3.0

(0 0= =61.25
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6.61
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(a) E = E()e_t/tC
t E
~ = <—°) —1In2 = 0.693
¢ E
Put r=nT
fc
n=0.693—
T
AFE 3 T
But —— =-— =—
E 100 te
100
27te 100
b = =2 — =209.3
(b) QO T T X =
, 1 9w
W =y |l — — =
402 10
0 =1.147
. 2wt
T
T 3.14
r— =t 20 o973
2. 0O 1.147
i _ e—T/Zl‘C 6_2‘737 — 0065
Ao
w? = w} - b (1)
where b = —— ()
2m

p2\ " b?
W =w(l-=] mwll-— 3
0 a)g 0 Zw% 3)

where we have expanded the radical binomially, assuming that b/wy << 1.

k
Now a)(z) = — €]
m
b2 1’2
— = (5)
2wg 8mk
Substituting (5) in (3)

2
o =wy|1- L (for small damping)
8mk
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6.63

6.64

6.65

The time elapsed between successive maximum displacements of a damped
harmonic oscillator is represented by T”, the period.
T/ — 2 2 2 4rm constant
= —/ = = = =
w \/w%_bz E_i Nakm —r?
m  4m?
Force = mg = kx
k 980
=822 00
m x 9.8
[ k
wo =4/ — =+~100 = 10rad/s
m
2h
A=bT = 22 M
)
Wy — b2
Substituting A = 3.1 and wp = 101in (1), b = 4.428
, 2 2
T = = e
\/w(z) _p2 /102 — (4.428)2
P 2x o 6cosa 1)
— 4+ — +8x = 16c¢os
2 dr

This is the equation for the forced oscillations, the standard equation being

¢ + d +kx=F t 2)
m-—-- r— X = COS w
dr? dt

Comparing (1) and (2) we find

m=1kg, r=2, k=8 F=16N, o =2

(@ wo=2ﬂfo=\/g=\/§=2~/§

f(>=22i§=\/—§/S
T

(b) w=2rf=2
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6.66 E(1) = Ege /"
E(t1/2) _ l — e N2/t
Ey 2

ortyp=t:1n2

6.67 A(r) = Age /%

Ay 1

Aop e

Ift =2t. = 8T
t. =4T

17
Q=2n7°=2n x 4 =25.1



Chapter 7
Lagrangian and Hamiltonian Mechanics

Abstract Chapter 7 is devoted to problems solved by Lagrangian and Hamiltonian
mechanics.

7.1 Basic Concepts and Formulae

Newtonian mechanics deals with force which is a vector quantity and therefore dif-
ficult to handle. On the other hand, Lagrangian mechanics deals with kinetic and
potential energies which are scalar quantities while Hamilton’s equations involve
generalized momenta, both are easy to handle. While Lagrangian mechanics con-
tains n differential equations corresponding to n generalized coordinates, Hamil-
tonian mechanics contains 2n equation, that is, double the number. However, the
equations for Hamiltonian mechanics are linear.

The symbol g is a generalized coordinate used to represent an arbitrary coordi-
nate x, 0, ¢, etc.

If T is the kinetic energy, V the potential energy then the Lagrangian L is
given by

L=T-V (7.1)
Lagrangian Equation:
d /dL oL
— | — -——=0 (K=1,2..)) (7.2)
dr \dg, 9q

. . . oo 0
where it is assumed that V is not a function of the velocities, i.e. = 0. Eqn (2)
qx
is applicable to all the conservative systems.

When n independent coordinates are required to specify the positions of the
masses of a system, the system is of n degrees of freedom.

Hamilton H=%_,psgs—L (7.3)

where py is the generalized momentum and g is the generalized velocity.

287
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Hamiltonian’s Canonical Equations

oH . oH
= Qra
apr

= —pr (7.4)

7.2 Problems

7.1 Consider a particle of mass m moving in a plane under the attractive force
wm/r? directed to the origin of polar coordinates r, 6. Determine the equations
of motion.

7.2 (a) Write down the Lagrangian for a simple pendulum constrained to move in
a single vertical plane. Find from it the equation of motion and show that
for small displacements from equilibrium the pendulum performs simple
harmonic motion.

(b) Consider a particle of mass m moving in one dimension under a force with
the potential U (x) = k(2x> — 5x% + 4x), where the constant k > 0. Show
that the point x = 1 corresponds to a stable equilibrium position of the
particle. Find the frequency of a small amplitude oscillation of the particle
about this equilibrium position.

[University of Manchester 2007]

7.3 Determine the equations of motion of the masses of Atwood machine by the
Lagrangian method.

7.4 Determine the equations of motion of Double Atwood machine which consists
of one of the pulleys replaced by an Atwood machine. Neglect the masses of
pulleys.

7.5 A particular mechanical system depending on two coordinates ¥ and v has
kinetic energy T = v2i? + 202, and potential energy V = u? — v>. Write
down the Lagrangian for the system and deduce its equations of motion (do not
attempt to solve them).

[University of Manchester 2008]

7.6 Write down the Lagrangian for a simple harmonic oscillator and obtain the
expression for the time period.

7.7 A particle of mass m slides on a smooth incline at an angle «. The incline is not
permitted to move. Determine the acceleration of the block.

7.8 A block of mass m and negligible size slides on a frictionless inclined plane of
mass M at an angle 6 with the horizontal. The plane itself rests on a smooth
horizontal table. Determine the acceleration of the block and the inclined plane.

7.9 A bead of mass m is free to slide on a smooth straight wire of negligible mass
which is constrained to rotate in a vertical plane with constant angular speed
about a fixed point. Determine the equation of motion and find the distance x
from the fixed point at time 7. Assume that at ¢+ = 0 the wire is horizontal.
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7.10

7.11

7.12

Consider a pendulum consisting of a small mass m attached to one end of an
inextensible cord of length [ rotating about the other end which is fixed. The
pendulum moves on a spherical surface. Hence the name spherical pendulum.
The inclination angle ¢ in the xy-plane can change independently.

(a) Obtain the equations of motion for the spherical pendulum.
(b) Discuss the conditions for which the motion of a spherical pendulum is
converted into that of (i) simple pendulum and (ii) conical pendulum.

Two blocks of mass m and M connected by a massless spring of spring con-
stant k are placed on a smooth horizontal table. Determine the equations of
motion using Lagrangian mechanics.

A double pendulum consists of two simple pendulums of lengths /1 and /[,
and masses m| and mj, with the cord of one pendulum attached to the bob
of another pendulum whose cord is fixed to a pivot, Fig. 7.1. Determine the
equations of motion for small angle oscillations using Lagrange’s equations.

Fig. 7.1 VAR A ) A [ A 7

7.13

7.14

7.15
7.16

Fig. 7.2

Use Hamilton’s equations to obtain the equations of motion of a uniform
heavy rod of mass M and length 2a turning about one end which is fixed.

A one-dimensional harmonic oscillator has Hamiltonian H = §p? + Jo’q>.
Write down Hamiltonian’s equation and find the general solution.

Determine the equations for planetary motion using Hamilton’s equations.

Two blocks of mass m| and m, coupled by a spring of force constant k are
placed on a smooth horizontal surface, Fig. 7.2. Determine the natural fre-
quencies of the system.
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A simple pendulum of length / and mass m is pivoted to the block of mass M
which slides on a smooth horizontal plane, Fig. 7.3. Obtain the equations of
motion of the system using Lagrange’s equations.

Fig. 7.3 X
,—)
77T TR
7.18 Determine the equations of motion of an insect of mass m crawling at a uni-

7.19

7.20

7.21

Fig. 7.4

form speed v on a uniform heavy rod of mass M and length 2a which is
turning about a fixed end. Assume that at r = 0 the insect is at the middle
point of the rod and it is crawling downwards.

A uniform rod of mass M and length 2a is attached at one end by a cord of
length [ to a fixed point. Calculate the inclination of the string and the rod
when the string plus rod system revolves about the vertical through the pivot
with constant angular velocity w.

A particle moves in a horizontal plane in a central force potential U (r). Derive
the Lagrangian in terms of the polar coordinates (r, 6). Find the corresponding
momenta p, and pg and the Hamiltonian. Hence show that the energy and
angular momentum of the particle are conserved.
[University of Manchester 2007]

Consider the system consisting of two identical masses that can move hori-
zontally, joined with springs as shown in Fig. 7.4. Let x, y be the horizontal
displacements of the two masses from their equilibrium positions.

(a) Find the kinetic and potential energies of the system and deduce the
Lagrangian.

(b) Show that Lagrange’s equation gives the coupled linear differential equa-
tions

mx = —4kx + 3ky
my = 3kx — 4ky
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(¢) Find the normal modes of oscillation of this system and their period of
oscillation.

7.22 Two identical beads of mass m each can move without friction along a hor-

Fig.7.5

7.23

Fig. 7.6

izontal wire and are connected to a fixed wall with two identical springs of
spring constant k as shown in Fig. 7.5.

/////?//// Z

(a) Find the Lagrangian for this system and derive from it the equations of
motion.

(b) Find the eigenfrequencies of small amplitude oscillations.

(¢) For each normal mode, sketch the system when it is at maximum
displacement.

Note: Your sketch should indicate the relative sizes as well as the directions of
the displacements.
[University of Manchester 2007]

Two beads of mass 2m and m can move without friction along a horizontal
wire. They are connected to a fixed wall with two springs of spring constants
2k and k as shown in Fig. 7.6:

(a) Find the Lagrangian for this system and derive from it the equations of
motion for the beads.

(b) Find the eigenfrequencies of small amplitude oscillations.

(¢) For each normal mode, sketch the system when it is at the maximum dis-
placement.

2k k
= (RO -l T =

2m m

PP
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7.24

7.25

7.26
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Three identical particles of mass m, M and m with M in the middle are con-
nected by two identical massless springs with a spring constant k. Find the
normal modes of oscillation and the associated frequencies.

(a) A bead of mass m is constrained to move under gravity along a planar
rigid wire that has a parabolic shape y = x?/I, where x and y are,
respectively, the horizontal and the vertical coordinates. Show that the
Lagrangian for the system is

m(x)? (1 n 4x2> 3 mgx>

L= —
2 12 l

(b) Derive the Hamiltonian for a single particle of mass m moving in one
dimension subject to a conservative force with a potential U (x).

[University of Manchester 2006]
A pendulum of length / and mass m is mounted on a block of mass M. The

block can move freely without friction on a horizontal surface as shown in
Fig. 7.7.

(a) Show that the Lagrangian for the system is

M . .
L= ( —;m) (%) + ml cos %6 + 212(0)2 + mgl cos@

(b) Show that the approximate form for this Lagrangian, which is applicable
for a small amplitude swinging of the pendulum, is

M . . 62
L= ( ;Lm> ()2 + mli6 + %12(9)2 + mgl <1 - 7)

(c) Find the equations of motion that follow from the simplified Lagrangian
obtained in part (b),
(d) Find the frequency of a small amplitude oscillation of the system.

[University of Manchester 2006]

Fig. 7.7 PALLEA A
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7.27

(a) A particle of mass m slides down a smooth spherical bowl, as in Fig. 7.8.
The particle remains in a vertical plane (the xz-plane). First, assume that
the bowl does not move. Write down the Lagrangian, taking the angle
with respect to the vertical direction as the generalized coordinate. Hence,
derive the equation of motion for the particle.

o

Fig. 7.8 X

7.28

7.29

(b) Assume now that the bowl rests on a smooth horizontal table and has a
mass M, the bowl can slide freely along the x-direction.

(i) Write down the Lagrangian in terms of the angle 6 and the x-
coordinate of the bowl, x.

(i) Starting from the corresponding Lagrange’s equations, obtain an
equation giving X in terms of 6, 6 and ¢ and an equation giving ¢
in terms of X and 6.

(iili) Hence, and assuming that M >> m, show that for small displace-
ments about equilibrium the period of oscillation of the particle is
smaller by a factor [M /(M + m)]V/? as compared to the case where
the bowl is fixed. [ You may neglect the terms in §26 or 66% compared
to terms in 6 or 6.]

[University of Durham 2004]

A system is described by the single (generalized) coordinate ¢ and the
Lagrangian L(q, ¢). Define the generalized momentum associated with ¢ and
the corresponding Hamiltonian, H (g, p). Derive Hamilton’s equations from
Lagrange’s equations of the system. For the remainder of the question, con-
sider the system whose Lagrangian, L(q, ¢). Find the corresponding Hamil-
tonian and write down Hamilton’s equations.

Briefly explain what is the “generalized (or canonical) momentum conju-
gate to a generalized coordinate”. What characteristic feature should the
Lagrangian function have for a generalized momentum to be a constant of
motion? A particle P can slide on a frictionless horizontal table with a small
opening at O. It is attached, by a string of length / passing through the open-
ing, to a particle Q hanging vertically under the table (see Fig. 7.9). The two
particles have equal mass, m. Let t denote the distance of P to the opening, 6
the angle between OP and some fixed line through O and g the acceleration of
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Fig. 7.9 I
ig 1 -

7.30

Fig. 7.10

7 Lagrangian and Hamiltonian Mechanics

gravity. Initially, » = a, Q does not move, and P is given an initial velocity of
magnitude (ag)'/? at right angles to OP.

8] I J p

Q

(a) Write the Lagrangian in terms of the coordinates r and 6 and derive the
corresponding equations of motion.

(b) Using these equations of motion and the initial conditions, show that ¥ =
alg/r’ —g.

(¢) Hence, (i) show that the trajectory of P is the circle r = a, (ii) show that
P describes small oscillations about this circle if it is slightly displaced
from it and (iii) calculate the period of these oscillations:

252,

[vf, =247 where vj, is the speed of P]

A particle of mass m is constrained to move on an ellipse E in a vertical plane,
parametrized by x = acos6, y = bsin6, where a, b > 0 and a # b and the
positive y-direction is the upward vertical. The particle is connected to the
origin by a spring, as shown in the diagram, and is subject to gravity. The
potential energy in the spring is %kr2 where r is the distance of the point mass
from the origin (Fig. 7.10).

A

d

v
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7.31

7.32

7.33

7.34

Fig. 7.11 z

(i) Using 6 as a coordinate, find the kinetic and potential energies of the
particle when moving on the ellipse. Write down the Lagrangian and
show that Lagrange’s equation becomes m(a®sin®6 + b%cos>0)6 =
(a* — b*)(k — m6?%) sin6 cos @ — mgh cos .

(ii) Show that § = 4/2 are two equilibrium points and find any other equi-
librium points, giving carefully the conditions under which they exist.
You may either use Lagrange’s equation or proceed directly from the
potential energy.

(iii) Determine the stabilities of each of the two equilibrium points 8 = £ /2
(it may help to consider the cases a > b and a < b separately).

(iv) When the equilibrium point at & = —i /2 is stable, determine the period
of small oscillations.

[University of Manchester 2008]

In prob. (7.12) on double pendulum if m| = my = m and [} = I, = [, obtain
the frequencies of oscillation.

Use Lagrange’s equations to obtain the natural frequencies of oscillation of a
coupled pendulum described in prob. (6.46).

A bead of mass m slides freely on a smooth circular wire of radius » which
rotates with constant angular velocity @. On a horizontal plane about a point
fixed on its circumference, show that the bead performs simple harmonic
motion about the diameter passing through the fixed point as a pendulum of
length r = g/a)Z.

[with permission from Robert A. Becker, Introduction to theoretical
mechanics, McGraw-Hill Book Co., Inc., 1954]

A block of mass m is attached to a wedge of mass M by a spring with spring
constant k. The inclined frictionless surface of the wedge makes an angle « to
the horizontal. The wedge is free to slide on a horizontal frictionless surface
as shown in Fig. 7.11.

(a) Show that the Lagrangian of the system is

M 1 k
= #)&2 + Emjz + mxs$ cosa — E(S — 1)2 —mg(h — ssina),

L
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(b)

(o)
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where / is the natural length of the spring, x is the coordinate of the wedge
and s is the length of the spring.

By using the Lagrangian derived in (a), show that the equations of motion
are as follows:

(m + M)X + m5cosa = 0,

mxcosa +ms + k(s —s9) =0,

where so =1 + (mgsina)/k.

By using the equations of motion in (b), derive the frequency for a small
amplitude oscillation of this system.

[University of Manchester 2008]

7.35 A uniform spherical ball of mass m rolls without slipping down a wedge of
mass M and angle «, which itself can slide without friction on a horizontal
table. The system moves in the plane shown in Fig. 7.12. Here g denotes the
gravitational acceleration.

Fig. 7.12

(a) Find the Lagrangian and the equations of motion for this system.
(b) For the special case of M = m and o« = 7 /4 find

(i) the acceleration of the wedge and
(i) the acceleration of the ball relative to the wedge.

[Useful information: Moment of inertia of a uniform sphere of mass m

2
and radius Ris I = ngz.]
[University of Manchester 2007]

7.3 Solutions

7.1 This is obviously a two degree of freedom dynamical system. The square of the

particle velocity can be written as
v =7+ (rf)? (1)
Formula (1) can be derived from Cartesian coordinates

x =rcosf, y=rsinf

X =7cosO —rfsind, y:fsin0+récose
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‘We thus obtain
242

4y =i 4

The kinetic energy, the potential energy and the Lagrangian are as follows:

1 1 .
T = Emv2 = Em(i’2 +r%6%) (2)
y = _Hm 3)
r
1 .
L=T=V=_m@+r2%+ 52 @)
r

We take r, 0 as the generalized coordinates g1, g2. Since the potential energy
V is independent of ¢;, Lagrangian equations take the form

d L oL
— 0 (=12 )
dr aq,- aq,-
IL oL )
Now —= =mi, 2= =mré?— 22 (6)
or or r2
aL . oL
— =mr’f, — =0 (7)
90 30

Equation (5) can be explicitly written as

d /9L aL

— (—) ——=0 (8)
dr \ or or

d /oL oL 0 ©
dr \ 96 0

Using (6) in (8) and (7) in (9), we get

mi — mré? + ’i—'f —0 (10)
d(r26
m (:u ) _ o (11)

Equations (10) and (11) are identical with those obtained for Kepler’s problem
by Newtonian mechanics. In particular (11) signifies the constancy of areal
velocity or equivalently angular momentum (Kepler’s second law of planetary
motion). The solution of (10) leads to the first law which asserts that the path
of a planet describes an ellipse.

This example shows the simplicity and power of Lagrangian method which
involves energy, a scalar quantity, rather than force, a vector quantity in New-
ton’s mechanics.
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7.2 The position of the pendulum is determined by a single coordinate # and so we
take g = 6. Then (Fig. 7.13)

Fig. 7.13
0
/
m
mg
1 1 1.
T = Emv2 = 5maﬂzz = zmzze2 1)
V =mgl(1 — cosf) 2)
1 .

L=T-V= §m1292 — mgl(1 — cosb) (3)
aT . T
— =ml*6, — =0 “4)
36 36
v 3
d (oL oL _, ©
dr \ 96 a0

Y(2r-w)-La-v=o0
dt(aé( a ))_39( —V=

d 5 )
E(ml 0) + mglsind =0

or 16 + gsinf =0 (equation of motion)
For small oscillation angles sinf — 6
g0

6=— T (equation for angular SHM)

2r [l
w? = g or time period 7 = — =2 | —
[ 1) g
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7.3 In this system there is only one degree of freedom. The instantaneous configu-
ration is specified by ¢ = x. Assuming that the cord does not slip, the angular

velocity of the pulley is x /R, Fig. 7.14.

Fig. 7.14

|
my
A
my

The kinetic energy of the system is given by

1 1 1 x?
T =-—mi® + —mai® + 1~ 1

S +2m2x +2 %2 (D
The potential energy of the system is
V =-—migx —mag( — x) (2)
And the Lagrangian is

1 I\ .,
L=E m1+m2+ﬁ X4 (my —mo)gx +mogl 3)

The equation of motion

d /oL 8L_O @
dr \ 9x ax
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yields

I\ ..
(m1+m2+ﬁ)x—g(m1—m2)=0

o §— (my —m2)g 5)

ml—f—mz—l—#

which is identical with the one obtained by Newton’s mechanics.

By problem the masses of pulleys are negligible. The double machine is an
Atwood machine in which one of the weights is replaced by a second Atwood
machine, Fig. 7.15. The system now has two degrees of freedom, and its instan-
taneous configuration is specified by two coordinates x and x’.[ and I’ denote
the length of the vertical parts of the two strings. Mass m is at depth x below
the centre of pulley A, my atdepth ! — x + x’ and m3 at depth [ + 1" — x — x'.
The kinetic energy of the system is given by

o, 1 o2, | .2
T =—-—mx"+-my(—x+x)" 4+ —m3(—x — x') (1)
2 2 2
while the potential energy is given by

V=-mgx—mgl—x+x)—migll—x+1—x) 2)

A

X I—x

T B
1-)('

i I'—x
m

! [

m

Fig. 7.15 ms
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7.5

Solutions

The Lagrangian of the system takes the form

1

1 1
L=T-V =-—mi*+ ~ma(—=% + %)% + =m3(—x — &')?

2 2 2

+ (m; —my —m3)gx + (my — m3)gx + magl +m3g(l +1')

The equations of motion are then

d /oL oL 0
dr \ 9x ax
d (0L L 0
dr \ ax’ ax
which yield

(my +my 4+ m3)% + (m3 — mp)x’ = (my —my —m3)g

(m3 —m2)X + (my + m3)X’ = (my — m3)g
Solving (6) and (7) we obtain the equations of motion.
T = v’ + 207

V =u?—?

L=T-V =022 +20% — u? + v*

oL JL

— =22, — = —2u

ou ou

oL oL

— =40, — =200+ 1)
av v

The equations of motion

d 5
2—(vu 2u=0
dt(v i) +2u
or vZi 4+ 20 +2u=0
20+ v@>+1)=0

301

3)

“

®)

(6)
)

(D
2
3)

“)

(&)

(6)

(7

®)
€))
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7.6 Here we need a single coordinate ¢ = x:

1 1
T =-mx%, V= —kx2 (D
2 2
1 1
L= -mx?— —kx? )
2 2
oL oL
L e, 3)
0x 0x
d /oL oL
d oLy oL, “)
dr \ 9x 0x
mxX +kx=0 &)
Let x = Asinwt (6)
¥ = —Aw’sinwt (7

Inserting (6) and (7) and simplifying

—mo*+k=0

k 2 m
w=,/— o To=—=2m|—
m w k

where T is the time period.

7.7 Only one coordinate ¢ = x (distance on the surface of the incline) is adequate
to describe the motion:

1 1
T = —mfcz, V =—-mgxsine, L= zm)'cz + mgx sinx
oL . oL .
— =mx, —— =mgsmuo
0x 0x

Equation of motion

d /oL oL _0

dr \ 3q dg

yields

d( ) ! ( ino) =0
—(mx) — — (mgxsina) =
dr ax 8

or X =gsinu

7.8 This is a two degree of freedom system because both mass m and M are mov-
ing. The coordinate on the horizontal axis is described by x’ for the inclined
plane and x for the block of mass m on the incline. The origin of the coordinate
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system is fixed on the smooth table, Fig. 7.16. The x- and y-components of the

velocity of the block are given by

Fig. 7.16

vy =% 4+ X cosf
vy = —xsinf

v? = v + 02 = &% 4+ 244 cos O + &?

Hence, the kinetic energy of the system will be

1 1
T = EM}%/Z + Em(fc’2 +2xx’ cos O + %)

while the potential energy takes the form
V = —mgxsinf

and the Lagrangian is given by

1 1
L= EM}Z’Z + Em()'c’2 + 25% cos O + £2) + mgx sin @

The equations of motion
d /oL oL 0
dr\ox/) oax

d /oL oL 0
de \ax' ) ox'
yield

m(X' cos@ + %) —mgsinf =0
M5 +m((xX' + ¥ cosf) =0

(D
(@)
3)

“4)

®)

(6)

N

®)

)
(10)
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Solving (9) and (10)

. gsinf (M 4+ m)g sin6

X = = (11)
1 —mcos?0/(M +m) M + msin® 6

» g sinf cos 6 mg sin 6 cos 6 (12)

:_(M+m)/m—00529 :_M+msin20

which are in agreement with the equations of prob. (2.14) derived from Newto-
nian mechanics.

1
T = Em()'cz + w?x?) (1)

because the velocity of the bead on the wire is at right angle to the linear veloc-
ity of the wire:

V = mgx sinwt (2)

because wt = 6, where 6 is the angle made by the wire with the horizontal at
time ¢, and x sin 6 is the height above the horizontal position:

1
L = Em()'c2 + a)zxz) — mgx sin wt 3)
oL . oL 5 .
— =mx, — =mw°Xx—mgsinwt 4)
0x 0x

Lagrange’s equation

d /oL L
— =)= 5
dr (8x) ox )

then becomes
¥—o’x + gsinwt =0 (equation of motion) (6)
which has the solution
wt —wt g .
x = Ae” + Be ™ + — sinwt @)
2w?

where A and B are constants of integration which are determined from initial
conditions.

Atr=0,x=0andx =0 )

Further ¥ = w(Ae® — Be ") + % cos wt )



7.3 Solutions

Using (8) in (7) and (9) we obtain

0=A+B
0=wA—B)+2

2w
Solving (10) and (11) we get A = _ﬁ, B= %

The complete solution for x is

x = %(e_“” —e® + 2sinwt)
4o
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(10)
(1D

12)

7.10 Let the length of the cord be /. The Cartesian coordinates can be expressed in

terms of spherical polar coordinates (Fig. 7.17)

Fig. 7.17

x =1sinfcos¢

y =1sinf sin¢

z=—lcosf

V =mgz = —mglcosf
V2 =32+ 3% 4+ 22 = 12(6% +sin® 04%)
T = %mﬂ(éz + sin® 6?)

1 . )
L = —ml*(6?% + sin® 0¢°) + mgl cos 6

2
dL . oL .
— =ml*6, — =mi*sinfcosH$> — mgl sin6
36 36
aL . oL
— = ml*sin’ 6, 0

¢ a0

(D

2)
3)
“4)

(&)
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The Lagrangian equations of motion

d /oL oL d /oL oL

—|—=)]-—=0and — | —)—-—=0 (6)

dr \ 90 a6 dr \ 0¢ ¢

give 6 — sin cos 94)2 + % sinf =0 @)

mﬂf4m¥9¢)=o (8)
dr

Hence sin® 0(]5 = constant = C )]

and eliminating qb in (7) with the use of (9) we get a differential equation in 6
only.

. g . 5 cos6
0+ =sinf —C°—— =0 (10)
l sin’ 0
) oL 9 .2
The quantity Py = % = ml”sin” O¢ )

is a constant of motion and is recognized as the angular momentum of the
system about the z-axis. It is conserved because torque is not produced either
by gravity or the tension of the cord about the z-axis. Thus conservation of
angular momentum is reflected in (5).

Two interesting cases arise. Suppose ¢ = constant. Then ¢ = 0 and C = 0.
In this case (10) reduces to

§+§m9=0 (11)

which is appropriate for simple pendulum in which the bob oscillates in the
vertical plane. ) .

Suppose 8 = constant, then from (9) ¢ = constant. Putting 6 = 0 in (7)
we get

_i_ /8 _ /&
©=¢= lcos9_\/; (12)

and time period

T = — =
w

21 H
— (13)
8

appropriate for the conical pendulum in which the bob rotates on horizontal
plane with uniform angular velocity with the cord inclined at constant angle 0
with the vertical axis.
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7.11 The two generalized coordinates x and y are indicated in Fig. 7.18. The kinetic
energy of the system comes from the motion of the blocks and potential energy
from the coupling spring:

Fig. 7.18
X y
> A
| AAMAMAA |
1 .2 1 .2
T = - -M 1
Sm +2 y (1)
1 2
L= 2mi 4 M3 - -y (3)
A R
Ui, Lo ey )
— =mx, — =—k(x—
9% ax Y
oL . oL
— =My, —=k(x—-y) @)
ay dy

Lagrange’s equations are written as

d /oL oL d /oL oL
d(OL) _ 9L _, 4 (3L _OL _, (6)
dr \ ax ax dr \ 9y ay

Using (4) and (5) in (6) we obtain the equations of motion

mi+k(x—y) =0 7
my+k(y—x)=0 (8)
7.12 This problem involves two degrees of freedom. The coordinates are 6; and 6,
(Fig. 7.19)
1 2 1 2
T = Emlvl + 5}7’121}2 (1)
vf = (h6)? 2)

v3 = (1161)% 4 (l62)? + 211126165 cos(62 — 6;) (by parallelogram law)  (3)

For small angles, cos(6, — 61) >~ 1
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Fig. 7.19

1 1 L. .
T = S5m0} + Sm; (367 + 1363 + 2011266,

V =mgli(1 —cosb;) +magli(1 —cos6) + mpglr(1 — cosby)

02 m
~ mlgll—] + Lg [11912 —i—lz@zz]
2 T2
I T T . o}
L =3ml}6} + Sm (1367 + 5363 + 201126165 —migh =

- mng (n6} +1.63)

oL . . .

— =ml{61 +mol{601 + myl1126;

001

oL

30 = —my1ghth —mygli0) = —(my + m2)gli0;
1

oL 136, 4+ mal 1,0

— =m m

26, 20500 211126,

oL . 1o

80, magla6s

Lagrange’s equations are

d (/oL oL _, 4 (iL oL _,
dr \ 96, 00, dr \ 96, 36,

using (7, (8), (9) and 10) in (11) we obtain the equations of motion

(m1 +m)1 01 + malabs + (my +ma)gh =0
1252 + g6 + llél =0

“4)

®)

(6)
(7
®)
€))

(10)

(an

12)
13)
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7.13

7.14

Writing py and py for the generalized momenta, by (4) and (5) and V by (1)
of prob. (7.10)

oL . . Py
— =Py=ml*, 6=-2= 1
Py mi2 M
oL . : : Po
— = = ml?%sin® 6 , = — 2
0 10 b = s @
. 0L . oL
H=X¢——-L or H+4+L=2T=3%q¢g —
g 9qi
.0L . 0L 1
2T =0— + —.=—< 2+ cosec?d 2) 3
06 V%5 = miz \Pi Pg ®)
1
H=T+V = W(pg—i—cosecz@pé)—mglcos@ “)

The coordinate ¢ is ignorable, and therefore py is a constant of motion deter-
mined by the initial conditions. We are then left with only two canonical equa-
tions to be solved. The canonical equations are

. oH . oH
q- = —, p = ——
/ apj 7 qu
. oH
6= P )
opg  ml?
2
dH p 0
o = =2 57 uglsing (6)

90 mi%sin3 6

where pgy is a constant of motion. By eliminating pg we can immediately
obtain a second-order differential equation in 6 as in prob. (7.10).

12 122
H=- — 1
P +2wq (D
oH .
5, —4=P (2)
p
oH _ . >
= —p=wyq 3)
dq

Differentiating (2)

. 2

q=p=-wyq “)
Let ¢ = x, then (4) can be written as

F4+aw’x=0 (5)
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This is the equation for one-dimensional harmonic oscillator. The general
solution is

x = Asin(wt + ¢) + B cos(wt + ¢) (6)

which can be verified by substituting (6) in (5). Here A, B and ¢ are constants
to be determined from initial conditions.

Let r, 0 be the instantaneous polar coordinates of a planet of mass m revolving
around a parent body of mass M:

T— %m(i‘z 427 0
1 1

V= GMm (2__-> P
a r

where G is the gravitational constant and 2a is the major axis of the ellipse:

aT
pr==mi, =L 3)

ar m

BT 24 . Po

= — = 9’ 9:— 4
po =g =mr pe 4)
o= 2+p5 +GM 1 5)

—_ — — m — — —

2m Pr r2 2a r

and the Hamiltonian equations are

0H p. . OH P GMm .
——=——F+t—F>—=-pr (6)
apr m ar mr r

oH Do oH .
_— = —, _— = O = — 7
opg  mr? a6 po ™

Two equations in (7) show that
Pe = constant = mr (8)

meaning the constancy of angular momentum or equivalently the constancy
of areal velocity of the planet (Kepler’s second law of planetary motion).
Two equations in (6) yield

. 2
o Pro_ )2 _GMer'z_GMm ©)
m  m2r3 r2 r2
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7.16

Equation (9) describes the orbit of the planet (Kepler’s first law of planetary
motion)

T = 1ml)&z + lm %2 @))
D M
1 2

V= Ek()m —x2) 2

L = lml)'cz + lmz)'cz — lk()c —X )2 3)
M R Rt T A

Equations of motion are

d /oL JL —0 @)
dr \ 0x 0x1 o

d /0L JaL

d oLy oL _, ®)
dr \ 9xp dx2

Using (3) in (4) and (5)

mixX; +k(xy —x2) =0 (6)
maXy —k(xp —x2) =0 (7)

It is assumed that the motion is periodic and can be considered as superposi-
tion of harmonic components of various amplitudes and frequencies. Let one
of these harmonics be represented by

x1 = Asinwt, ¥ = —w?Asinowt 8)

x» = Bsinwt, ¥ = —w’Bsinwt )
Substituting (8) and (9) in (6) and (7) we obtain

(k—mo’) A—kB=0
—kA+ (k — mw*)B =0

The frequency equation is obtained by equating to zero the determinant
formed by the coefficients of A and B:

(k — miw?) —k

—k (k — maw?) =0

Expansion of the determinant gives

m1m2w4 —k(m; + mg)a)2 =0
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Fig. 7.20

7 Lagrangian and Hamiltonian Mechanics

or
2 2 —
o lmimyw” —k(my +mp)] =0

which yields the natural frequencies of the system:

k(my + my) k
wj=0andwy = | ——F = | —
mima u

where u is the reduced mass. The frequency w; = 0 implies that there is no
genuine oscillation of the block but mere translatory motion. The second fre-
quency w» is what one expects for a simple harmonic oscillator with a reduced
mass /.

Let x(¢) be the displacement of the block and 6(¢) the angle through which
the pendulum swings. The kinetic energy of the system comes from the
motion of the block and the swing of the bob of the pendulum. The potential
energy comes from the deformation of the spring and the position of the bob,
Fig. 7.20.

lo

I
|
|
| (1- cosB) I

™t

The velocity v of the bob is obtained by combining vectorially its linear
velocity (16) with the velocity of the block (). The height through which the
bob is raised from the equilibrium position is /(1 —cos 8), where [ is the length
of the pendulum:

vE = %2 +1%26% 4 21%6 cosd (D)
1 1 ) )
T = EM# + 5m(;e2 +126% 4+ 21x60) )

(¢.r for& — 0, cosf — 1)
1
V= Ekx2 + mgl(1 — cos9)

1 62
= Ekx2 + mgl? 3)
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2

1 1 . . 1 0
L= zsz + 5m(fc2 + 1262 + 21%6) — Ekxz —mgl— 4)
Applying Lagrange’s equations
d /oL oL d /oL oL
dr \ 0x 0x dr \ 96 a0
we obtain
(M +m)i +mld +kx =0 (6)
164+%i+g0=0 (7
Considering that at + = 0 the insect was in the middle of the rod, the coordi-

nates of the insect x, y, z at time ¢ are given by

x = (a + vt) sin6 cos ¢
y = (a + vt)sinf sin¢
z = (a + vt)cosH

and the square of its velocity is

24+ 32+ 22 =0 + (a + vD)2 (6% + $*sin0)
2 L o
T = SMa(@” + ¢ sin’ 0) + %{u2 + (a+vD)2(6% + ¢%sin® )

V =—Mgacost —mg(a + vt) cos 6 + constant
L=T-V

The application of the Lagrangian equations to the coordinates 6 and ¢ yields

d[4 . . 4 .
a |:—Ma29 +m(a + vt)291| — |:§Ma2 +m(a + vt)2:| ¢>2 sin 6 cos 6

3
= —{Ma + m(a+ vt)}gsinb (1)
d 4 5 ol o
and E[{gMa + m(a + vt) }¢51n 9j| =0 )

Equation (2) can be integrated at once as it is free from ¢:

4. 9 2 2, _
5Ma + m(a + vt)“; ¢ sin“ 6 = constant = C 3)
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Equation (3) is the equation for the constancy of angular momentum about the
vertical axis.

When ¢ in (2) is eliminated with the aid of (3) we obtain a second-order
differential equation in 6.

7.19 Let p be the linear density of the rod, i.e. mass per unit length. Consider an
infinitesimal element of length of the rod

Fig. 7.21 g

dT = pa)z(l sin 6 + x sin ¢>)2dx
2a
T = f dT = ,ocu2 f (1% sin? 6 + 21x sin6 sin¢g + x2 sin? ¢)dx
0
4
= o? <M12 sin® 0 + 2Mla sin 0 sin ¢ + §Ma2 sin’ ¢>) 1)
where we have substituted p = M/2a:

V =—Mg(lcosh +acosg) ()

4
L = w? (M12 sin® @ + 2Mla sin@ sing + §Ma2 sin’ ¢>

+ Mg(lcosO + acos o) (3)
oL oL ) 7 . . .
@ =0, Y = w (2MI*sinf cosO + 2Mla cos O sing) — Mgl sinf 4)
oL oL 2 . 8 5. .
8_¢5 =0, % = w"|2Mlasinf cos¢+§Ma singcos¢ | —Mgasing (5)

The Lagrange’s equations

d (9L\ oL d (9L\ oL
S(E) -0, S(E) -0 (©)
dr\a6) 96 dr \ag) 93¢
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7.20

yield

20°(Isin6 + a sing) = gtan6 (7
4

20%(Isin6 + 3¢ sing) = gtan¢ (®)

Equation (7) and (8) can be solved to obtain 6 and ¢.

Express the Cartesian coordinates in terms of plane polar coordinates (r, 0)

x =rcosf, y=rsinb (D
X =rcosf —rfsind )
y =Fsin@ 4 rb cosd 3)

Square (2) and (3) and add

v =it 4 3t =i %07 (4)
1 1 .
T =_omv’ = om( +r20%) (5)
V=U(®) (6)
1 .
L=T—-V= Em(fz +r26%) —U(r) (Lagrangian) (7

Generalized momenta:

oL oL . oL 2% ®)
= —, :—.:mr’ = —— = mr
Pk 9 Pr ar Po 90
Hamiltonian:
1 -2 2452
H:T—i—V:Em(r +r<6°)+ V(r) 9

Conservation of Energy: In general H may contain an explicit time depen-
dence as in some forced systems. We shall therefore write H = H(q, p, t).
Then H varies with time for two reasons: first, because of its explicit depen-
dence on ¢, second because the variable ¢ and p are themselves functions of
time. Then the total time derivative of H is

n n

dH 0H oH oH
LIS SEL PN SEL T w
dr ot P dqg o opg
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Now Hamilton’s equations are

OH . 0H ) an
—— =qp, —— =D
app / 9qp g

Using (11) in (10), we obtain

dH 0H <<[0H 0H 0H dH

— = Z _— (12)
e or dqp dpp  Opp 9qp

whence

dH 0H

& _oa (13)
dt ot

Equation (13) asserts that H changes with time only by virtue of its explicit
time dependence. The net change is induced by the fact that the variation of ¢
and p with time is zero.

Now in a conservative system, neither 7 nor V contains any explicit depen-
dence on time.

oH
Hence o = 0. It follows that

dH
— =0 14
” (14)

which leads to the law of conservation of energy
H =T+ V = E = constant (15)

The Hamiltonian formalism is amenable for finding various conservation
laws.
Conservation of angular momentum: The Hamiltonian can be written as

n
H = Z ppap — L (16)
B=1
Using the polar coordinates (r, 6)

. . I 5 1 5.
H = p,r + pgb — Emr —}—Emr 0 —U(r) (17

Using (7) and (8) in (17)
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Solutions

2 2
Py p@
H=—
2m +2mr2

+U(r)

Now the second equation in (11) gives

oH
- po = 50 = 0 (. 0 is absent in(18))

This leads to the conservation of angular momentum

po = J = constant

7.21 Let each mass be m.

1 1 1

@ 7= mi + omy® = m(i + 57)
1 1 1

V= Ekxz + 53k (x )2+ Eky2 = k(2x? = 3xy +2)?)

1
L=T-V= 5m(;e2 + %) — k(2x% = 3xy +2y?)

m 9 (L) 9L _
dr \ 0x 0x
d (oL oL _,
dr \ 3y ay
yield

mx = —4kx + 3ky
my = 3kx — 4ky

(©) Letx = Asinwtand y = Bsinwt

¥ = —Aw’ sinwt and V= —Bw? sinwt
Substituting (8) and (9) in (6) and (7) and simplifying we obtain

(4k — w*m)A — 3kB =0
—3kA + (4k — *m)B =0

317

(18)

19)

(20)

ey
€5
3)

“

&)

(6)
(N

®)
&)

(10)
(1)

The frequency equation is obtained by equating to zero the determinant

formed by the coefficients of A and B:

4k — w*m) =3k _0
-3k (4k —®m)|

(12)
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Expanding the determinant
(4k — w’m)*> —9k> =0 (13)

This gives the frequencies

k Tk
wr=4/—, wr=,/— (14)
m m

Periods of oscillations are

2
T =" o /™ (15)
w1 k
2 m
Tk

T, = (16)

w2

[k
If we put w = w; = ,/— in (10) or (11) we get A = B and if we put
m

w=aw =,/—in(10) or (11), we get A = — B. The first one corresponds to
m

symmetric mode of oscillation and the second one to asymmetric one.
The normal coordinates ¢; and ¢, are formed by the linear combination of
x and y:

qgq=x—-y, q@=x+Yy (17)
q1+q2 9 —q1

= 5 == 18

x 2 y 2 (18)

Substituting (18) in (6) and (7)

m .. . 3k

5(611 +g2) = =2k(q1 + q2) + ?(fn —q1) (19)
m .. . 3k

3(612—611) = 7(6]1 +q2) — 2k(q2 — q1) (20)
Adding (19) and (20), méj» = —kga @1
Subtracting (20) from (19), mg; = —7kq; (22)

Equation (21) is a linear equation in g» alone, with constant coefficients. Simi-
larly (22) is a linear equation in g with constant coefficients. Since the coeffi-
cients on the right sides are positive quantities, we note that both (21) and (22)
are differential equations of simple harmonic motion having the frequencies
given in (14). It is the characteristic of normal coordinates that when the equa-
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tions of motion are expressed in terms of normal coordinates they are linear
with constant coefficients, and each contains but one dependent variable.

Another feature of normal coordinates is that both kinetic energy and
potential energy will have quadratic terms and the cross-products will be
absent. Thus in this example, when (18) is used in (1) and (2) we get the
expressions

m . . k
T=7i+4). V=704 +q3)

The two normal modes are depicted in Fig. 7.22.

[k Tk
(a) Symmetrical with w; = ,/ — and (b) asymmetrical with w, =,/ —
m m
Fig. 7.22 ° > ° > ° > - )
(a) (b)
. r . .
7.22 (a) SeeFig.7.23: T = Em(xf + %3) (1)
1o, 1 2
V= Ekxl + Ek(XZ —x1)
1
=k <x12 —X1x2 + Ex%) )
1 22 22 2 1 2
L:T—V:Em(x1+x2)—k Xl—xlx2+§x2 3)
d /oL oL d /0L oL
()= =00 () -l =0 )
dr \ 0x; dxg dr \ 9xp dxo
mx; +kQx; —x2) =0 &)
miy +k(x; —x1) =0 (6)
(5) and (6) are equations of motion
(b) Let the harmonic solutions be x; = Asinwt, x> = Bsinwt (7)
Then ¥ = —Aw’sinwt, X = —Bw’sinwt, (8)
Using (7) and (8) in (5) and (6) we get
2k — mw*)A —kB =0 )
—kA+ (k—mw*)B =0 (10)
X4 X
k — k [
V000000000 e
m m

Fig. 7.23
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(o)

Fig. 7.24

7.23 (a)

7 Lagrangian and Hamiltonian Mechanics

The eigenfrequency equation is obtained by equating to zero the determi-
nant formed by the coefficients of A and B:

2k —mw?)  —k B
‘ ko k—ma?| 70 (D

Expanding the determinant, we obtain

m?w* — 3mkaw® +k* =0

wz:(3if5>£ (12)

2 m

k k
w =1.618/=, w=0618,/— (13)
m m

Inserting w = wy in (10) we find B = 1.618 A. This corresponds to a
symmetric mode as both the amplitudes have the same sign.
Inserting @ = w» in (10), we find B = —0.618 A. This corresponds
to asymmetric mode. These two modes of oscillation are depicted in
Fig. 7.24 with relative sizes and directions of displacement.

[k
(a) Symmetric mode w; = 1.618,/ —
m

[k
(b) Asymmetric mode wy = 0.618,/ —
m

L - L 2 - > -

(a) (b)

Let x; and x» be the displacements of the beads of mass 2m and m,
respectively.

1 .2 1 ‘2
T = 5(2’")’“1 + E(m)x2 (D
1 ) 1 2
V= E-kal +§k(x2—x1) 2
Lem(i2+52) — k(32 — vy 4+ L2 3)
= 1T 5% 2t 1X2 2x2

Lagrange’s equations are

d /oL oL d /oL oL
SI) 22, S(22) -2 *
dr \ 0x1 0x1] dr \ 0x7 0x2
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which yield equations of motion

2mx1 +kQBx; —xp) =0 &)
mxy —k(x; —x2) =0 (6)

(b) Let the harmonic solutions be

x; = Asinwt, xp = Bsinwt 7

¥ = —Aw’sinot, ¥, = —Bw’ sinot (®)
Substituting (7) and (8) in (5) and (6) we obtain

3k — 2mw*)A — kB =0 )
kA + (mw* —k)B =0 (10)

The frequency equation is obtained by equating to zero the determinant
formed by the coefficients of A and B:

‘ Bk —2ma?)  —k
k

2

mw —k‘:O

Expanding the determinant

2mw* — Skm w® +2k* =0
[2k | k
W] =4/ —, W)=, —
! m 2 2m
2k .
(¢c) Putw =w; =,/— in(9) or (10). We find B = —A.
m

| k
Putw = wr, = 3 in (9) or (10). We find B = +2A.
m

The two normal modes are sketched in Fig. 7.25.

Fig. 7.25 (a) (b)

(a) Asymmetric mode

2k
w=,/= B=-A
m
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| k
(b) Symmetric mode wy = m B = +2A
m

7.24 There are three coordinates x1, x» and x3, Fig. 7.26:

X1 X2

Fig. 7.26

— > — > —
e OO0 e TTTTV e
m k M k m
1 . 1 1 .

T:zmxlz+§Mx§+§mx32

1
V = Ek [(xz — x1)2 + (x3 — xz)z]

1
= Ek (x% —2x1x2 + Zx% —2xx3 + x32)

1 1

2 1

<2 :2 1. 2 2 2
L =—-mxj+ -Mx5+ -mx5 — Ek (xl — 2x1x2 + 2x5 — 2x2x3 +x3)

2 2 2

Lagrange’s equations

d /9L aL_Od oL aL_Od oL aL_O
dr \ 9x, dx;  dr \9xn dx, dr \9x3 dxz

yield

mi| +k(x; —x2) =0
My +k(=x1 +2x2 —x3) =0
mx3 +k(—xy+x3) =0

Let the harmonic solutions be

x1 = Asinwt, xp = Bsinwt, x3 = C sinwt

X = —Aw? sin wt, Xp = —Bw?sin wt, X3 = —Cw? sin wt
Substituting (8) and (9) in (5), (6) and (7)

k —mw)A—kB=0
—kA+ 2k — Mo*)B —kC =0
—kB+ (k—mw*)C =0

(D

@

3)

“4)

(&)
(6)
(7

®)
€))

(10)

(1)
12)
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The frequency equation is obtained by equating to zero the determinant
formed by the coefficients of A, B and C

(k — mw?) —k 0
-k k—Mo?  —k =0
0 —k (k — mw?)

Expanding the determinant we obtain
0 (k — ma?) (@*Mm — 2km — Mk) =0 (13)

The frequencies are

k k(2 M
wr =0, wr=,—, w3=,/—(m+ ) (14)
m Mm

The frequency w1 = 0 simply means a translation of all the three particles
without vibration. Ratios of amplitudes of the three particles can be found out

[k
by substituting w> and w3 in (10), (11) and (12). Thus when w = wj,/ — is
m

substituted in (10), we find the amplitude for the central atom B = 0. When
B =0isusedin (11) we obtain C = —A. This mode of oscillation is depicted
in Fig. 7.27a.

Fig. 7.27 M m
'8 @) > @ = °

o3 O3

M m
(b) - - e o -

[k(2 M
Substituting w = w3 = % in (10) and (12) yields
m

Thus in this mode particles of mass m oscillate in phase with equal amplitude
but out of phase with the central particle.

This problem has a bearing on the vibrations of linear molecules such as
CO;. The middle particle represents the C atom and the particles on either side
represent O atoms. Here too there will be three modes of oscillations. One will
have a zero frequency, w; = 0, and will correspond to a simple translation
of the centre of mass. In Fig. 7.27a the mode with w; = w; is such that the
carbon atom is stationary, the oxygen atoms oscillating back and forth in oppo-
site phase with equal amplitude. In the third mode which has frequency w3,
the carbon atom undergoes motion with respect to the centre of mass and is
in opposite phase from that of the two oxygen atoms. Of these two modes
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only w3 is observed optically. The frequency w; is not observed because in
this mode, the electrical centre of the system is always coincident with the
centre of mass, and so there is no oscillating dipole moment Xer available.
Hence dipole radiation is not emitted for this mode. On the other hand in the
third mode characterized by w3 such a moment is present and radiation is

emitted.
x2
725 (@) Y= (h
X 2x - X
y= ] )
4 2
v2:x2+y2=x2<1+i)
12
1 4x2
Tzimvzzzmx2<l+ l);)
2
V:mgy:mé;x
1 4 2
L=T—V=-mi®(14+ )18
12 l

(b)

7.26 (a)

1 .
L= 5m(r'2 +r20%) - U )

oL . . DPr
pPr=—__—=mr, r=—
ar m

9L 2 4 Do

= — = 0’ 9 = —

Po 90 mr 2

1 2 Pﬁ
Hzﬁ(p,-i-r—z +U(r)

At any instant the velocity of the block is x on the plane surface. The
linear velocity of the pendulum with respect to the block is /6, Fig. 7.28.
The velocity /6 must be combined vectorially with X to find the velocity
v or the pendulum with reference to the plane:

v2 = 3% +1%6% + 2416 cosO (1)

The total kinetic energy of the system

1 1 . .
T = Esz + Em(xz + 1262 4 2% 16 cosf) )

Taking the zero level of the potential energy at the pivot of the pendulum,
the potential energy of the system which comes only from the pendulum is
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Fig. 7.28

V = —mgl cos 6 3)

1 | .
L=T-V= E(M+m))'c2+mlcosﬁ)é9 + 5m1292 + mgl cos 6
“4)

where we have used (2) and (3).
92
(b) For small angles cos @ ~1——, in the first approximation, and cos 6 =~ 1,

in the second approximation. Thus in this approximation (4) becomes
1 2 PR 6>
L=§(M+m)x +mlx9+§m19 + mgl 1—? 5)
(¢) The Lagrange’s equations

d /0L oL d /0L oL
SNV, S ()22 (6)
dr \ 00 00 dr \ ox 0x

lead to the equations of motion

¥+10+g0=0 (7
(M +m)i +mld =0 ®

(d) Eliminating X between (7) and (8) and simplifying
+——7F-60=0 C)]

This is the equation for angular simple harmonic motion whose frequency
is given by

(M +m)g
w= Y/ (10)
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7.27 (a) First, we assume that the bowl does not move. Both kinetic energy and
potential energy arise from the particle alone. Taking the origin at O, the
centre of the bowl, Fig. 7.29, the linear velocity of the particle is v = r6.

Fig. 7.29

There is only one degree of freedom:

V = —mgrcos6

_ 15
L = 2mr 0° 4+ mgr cosf

Lagrange’s equation

d (oL oL _,
dr \ 3¢ dg

becomes

d /oL aL_O
dr \ 96 90

which yields the equation of motion

mr26 + mgrsind =0

or 6+ g sinf =0 (equation of motion)
r

For small angles, sinf =~ 6. Then (6) becomes

i+20=0
r

(D

2

3

“4)

®)

(6)

(7
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(b)

which is the equation for simple harmonic motion of frequency w = g
\Vr

or time period

2
T:-”:h\ﬁ ®)
» g

(i) The bowl can now slide freely along the x-direction with velocity x.
The velocity of the particle with reference to the table is obtained by
adding /6 to x vectorially, Fig. 7.29. The total kinetic energy then comes
from the motion of both the particle and the bowl. The potential energy,
however, is the same as in (a):

v? = r26% + x> — 2r 6% cos(180 — ) ©)

from the diagonal AC of the parallelogram ABCD

IR VIS S SR VL ST Y
T = 2Mx + 2m (r0° +x 2rx6 cos6) (10)

V = —mgrcost (1)
L=T-V (Lagrangian)

I, 1 250 .o L.
=5Mx +§m(r 0° + x° —2rx0 cosf) + mgr cosb (12)

(ii) and (iii).

In the small angle approximation the cos 6 in the kinetic energy can be
neglected as cos @ — 1 but can be retained in the potential energy in order
to avoid higher order terms.

Equation (12) then becomes

1 | .
L= E(M +m)x% — mrif + Emr202 -+ mgr cos 6 (13)

We have now two degrees of freedom, x and 0, and the corresponding
Lagrange’s equations are

d [aL\ oL d [oL\ oL
—(=)-==0, —(=)-==0 (14)
dr \ax ) ax e \ag) 960
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which yield the equations of motion

(M +m)¥ —mré =0 (15)

Equations (15) and (16) constitute the equations of motion. Eliminating X
we obtain

.. M+m)\ g
i Sp=0 17
+( h )r (17)

which is the equation for simple harmonic motion with frequency @ =
[(M
ﬂ g and time period
M r

2 M r
T=—=21|——— (18)
w M+m)g

On comparing (18) with (8) it is observed that the period of oscillation is
smaller by a factor [M/(M + m)'/?] as compared to the case where the

bowl is fixed.

7.28 Take the differential of the Lagrangian

L(q17~~,Qns q.l,qu;u t)

3L JL
dL = dg, —dg, | + —dt
Z (aCIr 1 gy 1 )

Now the Lagrangian equations are

(D

d /oL oL
— (=) - = )
dr \ 9gr 9gr
and the generalized momenta are defined by
oL
— =D 3)
qr
Using (3) in (2) we have
d /oL
— =p 4
dr (86},) Pr “4)
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Using (2), (3) and (4) in (1)

n
. . oL
dL = (prdgy + prddy) + S -dr 5)

r=1
Equation (5) can be rearranged in the form
. . . 9L
d (; Prir — L) = ; (Grdpr — prdgy) = ——dr 6)

The Hamiltonian function H is defined by

n
H=Y prgr—L@G1 . dn: 41, Gus 1) (7)

r=1

Equation (6) therefore my be written as

n
. . oL
dH = Z (grdpr — prdqy) — Edt ®)

r=I1

While the Lagrangian function L is an explicit function of ¢i, ..., g,
q1, - --,qn and ¢, itis usually possible to express H as an explicit function only
of g1,...,qn, P1,-.., Pn, t, that is, to eliminate the n generalized velocities
from (7). The n equation of type (3) are employed for this purpose. Each
provides one of the p’s in terms of the ¢’s. Assuming that the elimination of
the generalized velocities is possible, we may write

H=H@1,.---sqnsP1s---, Pn, 1) )
H now depends explicitly on the generalized coordinates and generalized

momenta together with the time. Therefore, taking the differential dH, we
obtain

n
oH oH oH
dH = —dg, + —d + —dt 10
;(aqr R PR ) o1 o

Comparing (8) and (10), we have the relations

o0H iy oH . an
p, =dr, 9, = —Dr
oH JL

= —— (12)

ot ot
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Equations (11) are called Hamilton’s canonical equations. These are 2n is
number. For a system with n degrees of freedom the n Lagrangian equations
(2) of the second order are replaced by 2n Hamiltonian equations of the first
order. We note from the second equation of (11) that if any coordinate g, is not
contained explicitly in the Hamiltonian function H, the conjugate momentum
p, is a constant of motion. Such coordinates are called ignorable coordinates.

The generalized momentum p, conjugate to the generalized coordinate g,

is defined as

= p,. If the Lagrangian of a dynamical system does not
-
contain a certain coordinate, say g, explicitly then pj is a constant of motion.

(a) The kinetic energy arises only from the motion of the particle P on the
table as the particle Q is stationary. The potential energy arises from the
particle Q alone.

When P is at distance r from the opening, Q will be at a depth /-x from
the opening:

1 1 )

T = Emvi = Em(f2 +r26%) (1)

V=-mgl-r) ()
_ _ _ l 2 242 _

L=T=V=om@*+r'6% +mgl —r) (3)

For the two coordinates r and 6, Lagrange’s equations take the form

d /0L oL d /oL oL
——=)]-—=0, —|—)—-——=0 4)
dr \ or ar dr \ 96 00

Equations (4) yield
F=ro?—g (5)
d (mr6) =0
—(mr =
dt
720 = C = constant (6)

Equations (5) and (6) constitut? the equations of motion.
(b) Initial conditions: Atr = a, rf = Jag

6= /% )

a
Using (7) in (6) with r = a, we obtain

C?=d’g (8)



7.3 Solutions 331

(c)

Using (6) and (8) in (5)
re? a’g
r 4 8 3 8 &)

(i) Since Q does not move, P must be at constant distance r = a from
the opening. Therefore P describes a circle of constant radius a.

(ii) Let P be displaced by a small distance x from the stable circular orbit
of radius a, that is

r=a-+x (10)
F=Xx (1)

Using (10) and (11) in (9)

. a’ x\ 3
it = ()]

. 3gx
or xxX———-
a

3
or i+ _0 (12)
a

which is the equation for simple harmonic motion. Thus the particle P
when slightly displaced from the stable orbit of radius a executes oscilla-
tions around r = a.

This aspect of oscillations has a bearing on the so-called betatron oscil-
lations of ions in circular machines which accelerate charged particles to
high energies. If the amplitudes of the betatron oscillations are large then
they may hit the wall of the doughnut and be lost, resulting in the loss of
intensity of the accelerated particles.

730 () x=uacosh, y=bsinG, r>=a>cos’6+ b>sin’0 (1)
% = —absinb, )'/:bécose 2)
1 1 .
T = Em(;e2 +y9) = 5m(a2 sin” 0 + b? cos> 0)6° (3)
1 1
V =mgy + Ekr2 =mgbsinf + Ek(a2 cos” 0 + b?sin” 0) “4)

1 .
L= Em(a2 sin” 6 4 b? cos® 0)0> — mgbsin @

1
- Ek(az cos” 0 + b? sin’ 0) (5)



332 7 Lagrangian and Hamiltonian Mechanics

Lagrange’s equation

d /oL aL_O
dr \ 96 90

yields

m(a2 sin® 6 + b? cos? 9)§ + m(a2 sin6 cos O — b? sin @ cos 9)9'2
+ mgbcos 6 + k(—a2 sinf cos O + b sin 6 cos 0)=0
or m(a’®sin®6 + b* cos® 0)6 — (a2 - bz)(k - méz) sinf cos 6
+ mgbcosd =0 (6)

(i) Equilibrium point is located where the force is zero, or 9V /00 = O.

Differentiating (4)
A4 2 2N o
E:mgbcose—i-k(b —a“)sinf cos O @)

Clearly the right-hand side of (7) is zero for 6 = :I:%
Writing (7) as

[mgb + k(b* — a*) sin#] cos 6 (8)

Another equilibrium point is obtained when

" mgb ©)
sinf = —————-
k(a? — b?)
provided a > b.
—_ o 9PV , .
(iili) An equilibrium point will be stable if 07 > 0 and will be unstable if
3%V : - :
07 < 0. Differentiating (8) again we have
vV 2 2 2 2 .
07 = k(b® —a”)(cos“ 6 — sin“ 0) — mgb sinf (10)
For 6 = % (10) reduces to
k(a*> — b*) — mgh (1)

b
Expression (11) will be positive if a*> > b? + %, and 0 = % will be

a stable point.
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For 6 = —%, (10) reduces to

k(a*> — b*) + mgh (12)
b
Expression (12) will be positive if a*> > b* — %, and 0 = —% will be

a stable point.
[ AO
(iv) T =2n L
V”(Q)
” _z _ 2 _ 42
1% ( 2) — k(a® = b®) + mgb, by (12)

1.
A(0) is the coefficient of§92 in (3)

A(0) = m(a®sin® 0 + b* cos® 0)
T _ 2
A (—3> = ma

= LTl

7.31 In prob. (7.12) the following equations were obtained:

(my + m2) 1161 + malyby + (my +m2)ghy = 0 (1)
Lbh + g6 + 116, =0 2)

Forli =1, =l and mi = my = m, (1) and (2) become

2001 + 16, +2g6; =0 3)
léz + 151 + g6, =0 4)

The harmonic solutions of (3) and (4) are written as

0 = Asinwt, 6 = Bsinwt )

él = —Aw? sinwt, 6, = —Bw? sinwt (6)
Substituting (5) and (6) in (3) and (4) and simplifying

2(lw* — g)A+10?*B =0 @)
l0?*A + (lo* —g)B=0 ®)

The frequency equation is obtained by equating to zero the determinant
formed by the coefficients of A and B:
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2(lw? — g) la?
lo? (lw? —g)

Expanding the determinant

Po*—4lgw® +2¢>=0

o’ =(2xv2) ¢
ECE

w] = 0.76\/§, w) = 1.85\/§

While the method employed in prob. (6.46) was based on forces or torques,

that is, Newton’s method, the Lagrangian method is based on energy:

1
T = 2™ (i + %9
For small angles y; and y; are negligibly small

1
V= Ek(x1 —x2)% 4+ mgb(1 — cos6) + mgb(1 — cos6,)

92 2
For small angles 1 — cos 6 = ?1 = —.
2

Similarly, 1 — cos @, = —%
imilarly. cos 6y b2

1

= 5k — )% + —(xl +x3)
. ) 1
L = Em()cl2 +x22) — zk(xl —2x1x2 + x22) — ( - x2)

The Lagrange’s equations for the coordinates x| and x, are
d /dL oL —0 d /aL oL —0
dr\8x1) oxi it \dk) oxm
Using (3) in (4) we obtain

. mg
mxy + (k—l—?)xl —kxp =0

mjéz—kx1+(k+%>x2:0

ey

2
3)

“

®)
(6)
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7.33

Assuming that x| and x»are periodic with the same frequency but different
amplitudes, let

x1 = Asinot, ¥ = —Aw’sinwt (7

X2 = Bsinwt, Xy = —Bw? sin wt )
Substituting (7) and (8) in (5) and (6) and simplifying
(k+%—mw2)A—kB=0 )

—kA+<k+%—mw2)B=o (10)

The frequency equation is obtained by equating to zero the determinant
formed by the coefficients of A and B:

‘(k+%—mw2) —k _0

—k (k+ % - mw?)

Expanding the determinant and solving gives

/ 2k
wlz\/gandwzz %—i—z,

In agreement with the results of prob. (6.46).

Let the origin be at the fixed point O and OB be the diameter passing through
C the centre of the circular wire, Fig. 7.30. The position of m is indicated
by the angle 6 subtended by the radius CP with the diameter OB. Only one
general coordinate ¢ = 0 is sufficient for this problem. Let ¢ = wt be the
angle which the diameter OB makes with the fixed x-axis. From the geometry
of the diagram (Fig. 7.30) the coordinates of m are expressed as

m
®
p

@

Fig. 7.30
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x =rcoswt+ rcos (6 + wt) (1)
y = rsinwt + r sin (6 + wt) 2)

The velocity components are found as

X = —rosinot — r(0 + o) sin (6 + wt) 3)
y =rwcoswt — r(@ + w) cos (6 + wt) 4)

Squaring and adding and simplifying we obtain
2432 =120 + 126 + 0)? + 2r%w (6 + ) cos O (5)

1 . .
T = Emrz[a)z + (6 + 0)? 4+ 20 (6 + w) cos 0] (6)

Here V =0, and so L = T. The Lagrange’s equation then simply reduces to

d /9T aT_O .
dr \ 96 0

Cancelling the common factor mr? (7) becomes

d . . .
a(@—i—w—i—wcos@)—i—w(@—i—w)sm@=0 (8)
which reduces to

6+ w?sinfh =0 9)

which is the equation for simple pendulum. Thus the bead oscillates about the
rotating line OB as a pendulum of length r = a/w?.

7.34 (a) The velocity v of mass m relative to the horizontal surface is given by

combining s with x. The components of the velocity v are

Vy = X +Scosa (D
vy = —§sina 2)
v2=v£+v§=5c2+s'2+2fcs'coscx 3)

Kinetic energy of the system

_l .2 l ) .2 ..
T—zMx +2m(s + x° + 25X cos @) 4)

Potential energy comes exclusively from the mass m (spring energy +
gravitational energy)
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k
V= E(S — l)2 +mg(h — s sina)
M+m) ., 1

k
L=T-V=——x +§ms'2+m)'c§cosa—§(s—l)2

2
—mg(h — ssina)
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®)

(6)

(b) The generalized coordinates are g1 = x and g = s. The Lagrange’s

equations are

d /oL aL_O d /oL 8L_0
dr \ 9x ax  dr \ s ds

Using (6) in (7), equations of motion become

(M +m)X +mscosa =0

mxcoso +ms + k(s —s9) =0

where sg = [ 4 (mgsina)/k.

Letx = Asinwt and s — sg = Bsinwt

¥ =—w’Asinwt, §= —Bw’sinwt
Substituting (10) and (11) in (8) and (9) we obtain

AM +m)+ Bcosa =0

Amw?® cos o + B(ma)2 —k)=0

Eliminating A and B, we find

\/ k(M + m)
w =
m(M 4+ m sin® @)

Components of the velocity of the ball as observed on the table are

735 vy =x + ycosa
vy = ysina

v =] + v =%+ 37 + 2y cosa

1 1 1 1 2
T (ball) = Emv2 + 510)2 = Emv2 + 3 X gmr2a)2
1 1 7
= —mv2 + —mv2 = —mv2
2 5 10

1
T(wedge) = —(M + m)x>

(7

(®)
(€))

(10)
(1)

(12)
13)

(14)

(M
2
3)

“4)
S)
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7 1
T (system) = —m()'c2 + )'22 + 2xycosa) + E(M + m))'c2

10
V (system) = V (ball) = —mgy sin«

(6)
(7

7 1
L= Em(;c2+y'2+25cy' cosoc)+§(M +m)x% + mgysina (8)

Lagrange’s equations

d (dL oL _, d (oL oL _,
dr \ 9x ax  dr \ 9y ay

become

Tm .. 7 .. .
?x+§mycosa+(M+m)x=0
Tm, T . .
?y—i—gmxcosa—mgsmazO

Solving (10) and (11) and simplifying

. Smg sin & cos o
X=- — (for the wedge)
SM + (5 + 7sin” a)m
_ 5(5M + 12m)g sina
v 7(5M + (5 + 7 sin a)m)

For M =m and o = /4

(for the ball)

. g

X =—=
27

. 85V2

y:—

189

©))

(10)

(1)



Chapter 8
Waves

Abstract Chapter 8 deals with waves. The topics covered are wave equation, pro-
gressive and stationary waves, vibration of strings, wave velocity in solids, liquids
and gases, capillary waves and gravity waves, the Doppler effect, shock wave, rever-
beration in buildings, stationary waves in pipes and intensity level.

8.1 Basic Concepts and Formulae

The travelling wave: The simple harmonic progressive wave travelling in the posi-
tive x-direction can be variously written as

2
y = Asin T(vt —X)

. t X
=Asin2r | — — —
T A

= Asin(wt — kx)

— Asin2rf (r — %) (8.1)

where A is the amplitude, f the frequency and v the wave velocity, A the wave-
length, @ = 27 f the angular frequency and k = 27/, the wave number.
Similarly, the wave in the negative x-direction can be written as

.27
y = Asin T(vt + x) (8.2)

and so on.

The superposition principle states that when two or more waves traverse the same
region independently, the displacement of any particle at a given time is given by
the vector addition of the displacement due to the individual waves.

Interference of waves: Interference is the physical effect caused by the superposi-
tion of two or more wave trains crossing the same region simultaneously. The wave
trains must have a constant phase difference.

339
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Vibrating strings: Stationary waves are formed by the superposition of two
similar progressive waves travelling in the opposite direction over a taut string
clamped by rigid supports.

Wave equation:

3%y  Fd?
&y _r27 (8.3)
92 ox?2
Wave velocity:
v=+F/u 8.4)

where F is the tension in the string and p is the linear density, i.e. mass per unit
length.
The general solution of (8.3) is

y = fivt —x) + fa(vt +x) (8.5)
Harmonic solution:

y = 2A sinkx cos wt (8.6)

When the displacement in the y-direction is maximum (antinode) the amplitude
is 2A, the antinodes are located at x = A/4, 3A/4, 5A/4 ... and are spaced half a
wavelength apart. The amplitude has a minimum value of zero (nodes). The nodes
are located at x = 0, A/2, A ... and are also spaced half a wavelength apart. Ends
of the strings are always nodes. Neighbouring nodes and antinodes are spaced one-
quarter wavelength apart.

The frequency of vibration is given by

v N |F N F
f=-=—|—=—[|— (8.7)
A 2L\ n 2L\ pA

where p is the density and A the cross-sectional area of the string and N =
1,2,3,.... Vibration with N = 1 is called the fundamental or the first harmonic,
N = 2 is called the first overtone or the second harmonic, etc.

Power: The energy per unit length of the string is given by

E=1nvg (8.8)

where V) is the velocity amplitude of any particle on the string. Since the wave is
travelling with velocity v, the power (P) is given by

1 1
Py = Ev = EHVOZU = EVO%/FM (8.9)
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Waves in Solids

In solids, compressional and shearing forces are readily transmitted.

(i) Transverse waves in wires/strings in which the elastic properties of the material
are disregarded:

v=+F/u (8.4)
(i) Transverse waves in bars/wires
1
V x z\/Y/,o (8.10)

where Y is Young’s modulus of elasticity.
(iii) Longitudinal waves in wires and bars

V=Y/p (8.11)
(iv) Torsional vibrations in wires/bars

vV =1\/n/p (8.12)

where 7 is the shear modulus of elasticity.
In all these cases the material of restricted dimension is considered.

Waves in Liquids

The wave motion through liquids is influenced by the gravity and the characteristics
of the medium such as the depth and surface tension.

Canal Waves

If the wavelength is large compared with the wave amplitude, surface tension effect
is small. The controlling factors are then basically gravity (g) and the boundary con-
ditions. Furthermore, if the surface is sufficiently extensive so that the wall effects
are negligible then the depth (%) alone is the main boundary condition. The velocity
(v) of the canal waves is given by

vV =./gh (8.13)

Surface Waves

These are the waves found on relatively deep water. The velocity of deep water
waves is given by

V =Jer/27 (8.14)
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For long waves in shallow water
V =ygh (8.15)

Capillary Waves
Surface waves are modified by surface tension S. If £ is large compared with A

_2ms  gA

vi="0 8.16
p)\+2n (8.16)

The minimum value of A is given by minimizing (8.16)

Ain = 27| — (8.17)
gp

If X is sufficiently large the second term dominates and the controlling factor being
mainly gravity. Thus, the velocity of the gravity waves is given by

V =./g\/2m (8.18)

If A is very small, the first term in (8.16) dominates and the motion is mainly con-
trolled by capillarity and

2
v= |8 (8.19)
PA
Acoustic Waves
1t 0% : .
— =V"— (plane wave equation for displacement) (8.20)
at? ax2
3P , 2P :
—=V'— (plane wave equation for pressure) (8.21)
at? dx2

where

V =yB/po (8.22)
B being the bulk modulus of elasticity.

Sound Velocity in a Gas

[y P
V= rr (Laplace formula) (8.23)
0
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v [YB (8.24)
o

where Br is the isothermal bulk modulus.
The energy in length X is given by

Sound Velocity in a Liquid

s
E;, = 5 P00 A% (8.25)
The energy density
1
E=E/i=3 pow> A2 (8.26)

The intensity, i.e. the time rate of flow of energy per unit area of the wave front

1
I=3 oV A*w? (8.27)

Intensity Level (IL):Decibel Scale
IL = 101log(1/1p) (8.28)

where log is logarithmic to base 10, Iy is the reference intensity (the zero of the
scale) and IL is expressed in decibels.

Stationary Waves in Pipes

(1) Closed pipe (pipe closed at one end and opened at the other)
fi=V/AL, f, =3V/4L, f3 =5V /4L ...
(i) Open pipe_(pipe opened at both ends)
fi=V/2L, o =V/L, f3=3V/2L...

Doppler effect is the apparent change in frequency of a wave motion when there
is relative motion between the source and the observer.
(a) Moving Source but Stationary Observer

If the source of waves of frequency f moves with velocity v and if vy is the sound
velocity in still air then the apparent frequency f would be

fu

vt v

= (8.29)

where the minus sign is for approach and plus sign for separation.
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(b) Source is At Rest, Observer in Motion

Let the observer be moving with speed vg. Then

fl'=r (vﬂi—m’) (8.30)

where the plus sign is for motion towards the source and the minus sign for motion
away from the source.

(c) Both Source and Observer in Motion

= fM (8.31)
(v F vs)

(d) If the medium moves with velocity W relative to the ground along the line join-
ing source and observer,

, L (w+WEw)
f —f—(v T— (8.32)

Shock waves are emitted when the observer’s velocity or the source velocity
exceeds the sound velocity and Doppler’s formulae break down. The wave front
assumes the shape of a cone with the moving body at the apex. The surface of the
cone makes an angle with the line of flight of the source such that

sinf = v/vs (8.33)

The ratio vs/v is called Mach number. An example of shock waves is the wave
resulting from a bow boat speeding on water, a second example is a jet-plane or
missile moving at the supersonic speed, a third example is the emission of Cerenkov
radiation when a charged particle moves through a transparent medium with a speed
exceeding that of the phase velocity of light in that medium.

Echo is defined as direct reflection of short duration sound from the surface of a
large area. If d is the distance of the reflector, V the speed of sound then the time
interval between the direct and reflected waves is

T =2d/v (8.34)

Reverberation: A sound once produced in a room will get reflected repeatedly from
the walls and become so feeble that it will not be heard. The time ¢ taken for the
steady intensity level to reach the inaudible level is called the time of reverberation:

TR =0.16V/KS (Sabine law) (8.35)
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where V is in cubic metres and S in square metre for the volume and surface area
of the room, respectively, and K is the absorption coefficient of the material of the
floor, ceiling, walls, etc. summed over these components.

Beats: When two wave trains of slightly different frequencies travel through the
same region, a regular swelling and fading of the sound is heard, a phenomenon
called beats.

At a given point let the displacements produced by the two waves be

y = Asinwit (8.36)
y = Asinwyt (8.37)

By the superposition principle, the resultant displacement is given by

y=y1+y2=1[2Acos2n(fi — f2)t/2]sin2n(f1 + f2)1/2 (8.38)
The resulting vibration has a frequency
=+ )2 (8.39)

and an amplitude given by the expression in the square bracket of (8.38). The beat
frequency is given by f1 ~ f>.

8.2 Problems

8.2.1 Vibrating Strings

8.1 Show that the one-dimensional wave equation is satisfied by the function

y = AJ(x + vt).

8.2 Show that the equation y = 2A sin(nmx /L) cos 2 ft for a standing wave is a
solution of the wave equation

9’y  pody

ax2  F or?
where F is the tension and p the mass/unit length.

8.3 A cord of length L fixed at both ends is set in vibration by raising its centre a
distance & and let go. Obtain an expression for the displacement y at any point
x and time ¢ as a series expansion assuming that initially the velocity is zero.
Also show that even harmonics are absent.

8.4 Show that the superposition of the waves y; = Asin(kx — wt) and y, =
3Assin(kx 4 wt) is a pure standing wave plus a travelling wave in the negative
direction along the x-axis. Find the amplitude of (a) the standing wave and (b)
the travelling wave.
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8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

8.13

8.14

8.15

8 Waves

A sinusoidal wave on a string travelling in the +x direction at 8 m/s has a
wavelength 2 m. (a) Find its wave number, frequency and angular frequency.
(b) If the amplitude is 0.2 m, and the point x = 0 on the string is at its equi-
librium position (y = 0) at time ¢ = 0, find the equation for the wave.

A sinusoidal wave on a string travelling in the +x direction has wave number
3/m and angular frequency 20rad/s. If the amplitude is 0.2 m and the point
at x = 0 is at its maximum displacement and ¢t = 0, find the equation of the
wave.

Show that when a standing wave is formed, each point on the string is
undergoing SHM transverse to the string.

The length of the longest string in a piano is 2.0 m and the wave velocity of
the string is 120 m/s. Find the frequencies of the first three harmonics.

Two strings are tuned to fundamentals of f; = 4800 Hz and f| = 32 Hz. Their
lengths are 0.05 and 2.0 m, respectively. If the tension in these two strings is
the same, find the ratio of the masses per unit length of the two strings.

The equation of a transverse wave travelling on a rope is given by y =
5sinm(0.02x — 4.00¢), where y and x are expressed in centimetres and ¢ is in
seconds. Find the amplitude, frequency, velocity and wavelength of the wave.

A string vibrates according to the equation y = 4sin %nx cos 20mrt, where
x and y are in centimetres and ¢ is in seconds. (a) What are the amplitudes
and velocity of the component waves whose superposition can give rise to this
vibration? (b) What is the distance between the nodes? (¢) What is the velocity
of the particle in the transverse direction at x = 1.0 cm and when ¢ = 9/4 s?

A wave of frequency 250 cycles/s has a phase velocity 375 m/s. (a) How
far apart are two points 60° out of phase? (b) What is the phase difference
between two displacements at a certain point at time 1073 s apart?

Two sinusoidal waves having the same frequency and travelling in the same
direction are combined. If their amplitudes are 6.0 and 8.0 cm and have a phase
difference of 7 /2 rad, determine the amplitude of the resultant motion.

Show that the one-dimensional wave equation is satisfied by the following
functions:

(@) y = Aln(x 4+ vt) and (b) y = Acos(x + vt).

(a) A cord of length L is rigidly attached at both ends and is plucked to a
height A at a point 1/3 from one end and let it go. Show that the dis-
placement y at any distance x along the string at time ¢ in the subsequent
motion is given by

y = — | sin = cos — + — sin —— cos — sin —— cos
272 L L

33/2 7x  wut 1 . 27x 2rvt 1 . 4mx 4wt
— S
4 L L 16 L

(b) and that the third, sixth and ninth harmonics are absent.
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8.16

8.17

8.18

8.19

8.20

8.21

8.22

8.23

Given the amplitude A = 0.01 m, frequency f = 170 vibrations/s, the wave
velocity v = 340m/s, write down the equation of the wave in the negative
x-direction.

(a) Show that the superposition of the waves y; = Asin(kx — wt) and y» =
+A sin(kx + wt) is a standing wave. (b) Where are its nodes and antinodes?

The wave function for a harmonic wave travelling in the positive x-direc-
tion with amplitude A, angular frequency w and wave number k is y; = A sin
(kx — wt).
The wave interferes with another harmonic wave travelling in the same direc-
tion with the same amplitude, frequency and wave number, but with a phase
difference §. By using the principle of superposition, obtain an expression for
the wave function of the resultant wave and show its amplitude is [2A cos %8 |
If each wave has an amplitude of 6 cm and they differ in phase by 7 /2, what
is the amplitude of the resultant wave?
For what phase differences would the resultant amplitude be equal to 6 cm?
Describe the effects that would be heard if the two waves were sound waves,
but with slightly different frequencies. How could you determine the differ-
ence between the frequencies of the two harmonic sound sources? [you may
use the result sin 0 + sin6, = 2 cos %(91 — 6») sin %(91 + 62)].

[University of Durham]

Show that the average rate of energy transmission P, of a travelling sine of
velocity v, angular frequency w, amplitude A, along a stretched string of mass
per unit length, u,is P = %;wszz.

A fork and a monochord string of length 100 cm give 4 beats/s. The string is
made shorter, without any change of tension, until it is in unison with the fork.
If its new length is 99 cm, what is the frequency of the fork?

y(x,t) = % represents a moving pulse, where x and y are in metres

and ¢ in seconds. Find out the velocity of the pulse (magnitude and direction)
and point out whether it is symmetric or not.
[adapted from Hyderabad Central University 1995]

(a) A piano string of length 0.6 m is under a tension of 300N and vibrates
with a fundamental frequency of 660 Hz. What is the mass density of the
string?

(b) What are the frequencies of the first two harmonics?

(c) A flute organ pipe (opened at both ends) also plays a note of 660 Hz.
What is the length of the pipe? (you may take the speed of sound as V =
340 m/s).

[University of Manchester 2006]

(a) Sketch the first and second harmonic standing waves on a stretched string
of length L. Deduce an expression for the frequencies of the family of
standing waves that can be excited on the string.
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(b) The wave function of a standing wave on a string that is fixed at both ends
is given in SI units by y(x, ) = (0.024) sin(62.8x) cos(471¢).
Find the speed of the waves on the string, and the distance between nodes
for the standing wave.
[hint: You may need to use sin 6] + sinfy = 2 cos %(92 — 61) sin %(91 +
02)].

8.24 A progressive wave travelling along a string has maximum amplitude

A = 0.0821 m, angular frequency @ = 100rad/s and wave number k =
22.0rad/m. If the wave has zero amplitude at t = 0 and x = O for its starting
conditions

(i) State the wave function that represents the progressive wave motion for
this wave travelling in the negative x-direction.
(ii) State the wave function for this wave travelling in the positive
x-direction.
(iii) Find the wavelength (A), period (7') and the speed (v) of this wave.
(iv) Find its amplitude at a time t = 2.5s at a distance x = 3.2m from its
origin, for this wave travelling in the negative x-direction.

[University of Wales 2008]

8.25 The speed of a wave on a string is given by v = \/g . Show that the right-hand
side of this equation has the units of speed.

8.26 For a sinusoidal wave travelling along a string show that at any time ¢ the
slope % at any point x is equal to the negative of the instantaneous transverse

velocity %% of the string at x divided by the wave velocity v.

8.27 (a) Consider a small segment of a string upon which a wave pulse is travel-
ling.
Using this diagram, or otherwise, show that the wave equation for trans-
verse waves on a stretched string is

Oy  pody
ax2  F 312

where p is the mass per unit length and F is the tension.

(b) Show that the wave function representing a wave travelling in the posi-
tive x-direction, y(x — vt), is a solution of the wave equation. Obtain an
expression for the velocity, v, of the wave (Fig. 8.1).

8.28 Two wires of different densities are joined as in Fig. 8.2. An incident wave
y1 = Ajpsin(wt — kjx) travelling in the positive x-direction along the wire
at the boundary is partly transmitted. (a) Find the reflected and transmitted
amplitudes in terms of the incident amplitude. (b) When will the amplitude of
the reflected wave be negative?
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Fig. 8.1

AN\
AN AVAVAVa:

1 0 2 x =

8.29 For the wave shown in Fig. 8.3 find its frequency and wavelength if its speed
is 24 m/s. Write the equation for this wave as it travels along the +x-axis if its
position at t = 0 is as shown in Fig. 8.3.

Gom ~ 15¢m

AWA
VARV

X

Fig. 8.3

8.30 In prob. (8.29) if the linear density of the string is 0.25 g/m, how much energy
is sent down the string per second?
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(a) Show that when a string of length L plucked at the centre through height
h, the energy in the nth mode is given by E, = %, where v is the
wave velocity and M is the total mass of the string.

(b) Compare the energies in the first and the third harmonics of a string

plucked at the centre.

8.2.2 Waves in Solids

8.32

8.33

8.34

(@) A steel bar of density 7860kg/m® and Young’s modulus 2 x 10! N/m?
and of length 0.25 m is rigidly clamped at one end and free to move at the
other end. Determine the fundamental frequency of the bar for longitudi-
nal harmonic vibrations.

(b) How do the frequencies compare with (i) rod free at both ends; (ii) bar
clamped at the midpoint; and (iii) bar clamped at both the ends.

A 2kg mass is hung on a steel wire of 1 x 107> m? cross-sectional area and
1.0 m length. (a) Calculate the fundamental frequency of vertical oscillations
of the mass by considering it to be a simple oscillator and (b) calculate the
fundamental frequency of vertical oscillations of the mass by regarding it as a
system of longitudinally vibrating bar fixed at one end and mass-loaded at the
other. Assume ¥ = 210" N/m? and p = 7800 kg/m? for steel.

Show that for kI < 0.2, the frequency equation derived for the mass loaded
system for the bar of length / clamped at one end and loaded at the other
reduces to that of a simple harmonic oscillator (you may assume that the fre-
quency condition for this system is, kl tankl = M /m).

8.2.3 Waves in Liquids

8.35

8.36

8.37

(a) Find the velocity of long waves for a liquid whose depth is A /4 and com-
pare it with (b) the velocity for a similar wavelength A in a deep liquid and (c¢)
that for canal waves.

Find the maximum depth of liquid for which the formula v> = gh represents
the velocity of waves of length A within 1%. You may assume that the velocity

of surface waves is given by v =,/ gt%h(kh) which is valid for relatively deep
waters.

In an experiment to measure the surface tension of water by the ripple method,
the waves were created by a tuning fork of frequency 100 Hz and the wave-
length was 3.66 mm. Calculate the surface tension of water.
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8.38

8.39

8.40

8.41

8.42

8.43

8.44

Compare the minimum velocities of surface waves at 10°C for mercury and
water if the surface tensions are 544 and 74 dyne/cm, respectively, and the
specific gravity of mercury is 13.56.

It is only when a string is perfectly flexible that the phase velocity of a wave
on a string is given by /7' /. The dispersion relations for the real piano wire
can be written as

0)2

r 2
k_2 = ; + ak
where o is a small positive quantity which depends on the stiffness of the
string. For perfectly flexible string, « = 0. Obtain expressions for phase
velocity (vp) and group velocity vy and show that vy, increases as wavelength
decreases.

The dispersion relation for water waves of very short wavelength in deep water

is w? = %k3 , where S is the surface tension and p is the density.

(a) What is the phase velocity of these waves?
(b) What is the group velocity?
(c¢) Is the group velocity greater or less than the phase velocity?

The general dispersion relation for water waves can be written as
s

w? = (gk + —k3> tanh kh
P

where g is acceleration due to gravity, p is the density of water, S is the surface
tension and / is the water depth. Use the properties of tanh x function viz. for
x >> 1, tanhx = 1 and for x << 1, tanhx = x.

Show that (a) in shallow water the group velocity and the phase velocity are
both equal to /g if the wavelength is long enough to ensure that Sk?/v =
4728 /2%p << g. (b) Show that for deep water the phase velocity is given by

vp =,/ % + Sk/p and find the group velocity.

For water p = 103 kg/m3 and § = 0.075N/m. Calculate v, and vg in deep
water for small ripples with A = 1 cm and for large waves with A = 1 m.

The relation for total energy £ and momentum p for a relativistic particle is
E? = ¢?p? + m?c*, where m is the rest mass and c is the velocity of light.
Using the relations, £ = fiw and p = hk, where w is the angular frequency
and k is the wave number and i = h/2m, h being Planck’s constant. Show
that the product of group velocity vg and the phase velocity vp, vyvg = 2.

Taking the surface tension of water as 0.075 N/m its density as 1000 kg/m?,
find the wavelength of surface waves on water with a velocity of 0.3 m/s.
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Which one of these would be preferable to use in determining the surface
tension by means of ripples?

Waves in deep water travel with phase velocity given by vp2 = g/k, where g

is the acceleration due to gravity and k is the wave number, 277 /A. Obtain an

expression for the group velocity and show that it is equal to vp/2.
[University of Manchester 2006]

The dispersion relation for sound waves in air is = %k. Find the phase
velocity and the group velocity.

The phase velocity v, for deep water waves is given by vp2 = (g/k+ Sk/p).
S

Show that the phase velocity is minimum at A = 2w g

8.2.4 Sound Waves

8.48

8.49

8.50

8.51

8.52

8.53

8.54

8.55

Let both displacement and pressure of a plane wave vary harmonically. Obtain
arelation between pressure amplitude and displacement amplitude. Also show
that the displacement is 90° out of phase with the pressure wave.

Assuming p = 1.29kg/m?> for the density of air and v = 331 m/s for the
speed of sound, find the pressure amplitude corresponding to the threshold of
hearing intensity of 10~!2 W /m?.

For ordinary conversation, the intensity level is given as 60 dB. What is the
intensity of the wave?

A small source of sound radiates energy uniformly at a rate of 4 W. Calculate
the intensity and the intensity level at a point 25 cm from the source if there is
no absorption.

The maximum pressure variation that the ear can tolerate is about 29 N/m?.
Find the corresponding maximum displacement for a sound wave in air having
a frequency of 2000 Hz. Assume the density of air as 1.22 kg/m? and the speed
of sound as 331 m/s.

If two sound waves, one in air and the other in water, have equal pressure
amplitudes, what is the ratio of the intensities of the waves? Assume that the
density of air is 1.293 kg/m?, and the speed of sound in air and water is 330
and 1450 m/s, respectively.

The pressure in a progressive sound wave is given by the equation P =
2.4sinm(x — 330¢t), where x is in metres, ¢ in seconds and P in N/mz. Find
(a) the pressure amplitude, (b) frequency, (¢) wavelength and (d) speed of the
wave.

A note of frequency 1200 vibrations/s has an intensity of 2.0 u W/m?. What
is the amplitude of the air vibrations caused by this sound?
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8.56

8.57

8.58

8.59

8.60

8.61

8.62
8.63

8.64

8.65

8.66

8.67

8.68

Show that a plane wave having an effective acoustic pressure of a microbar in
air has an intensity level of approximately 74 dB. Assume that the density and
speed of air is 1.293 kg/m?> and sound velocity is 330 m/s.

Calculate the energy density and effective pressure of a plane wave in air of
70dB intensity level. Assume the velocity of sound in air to be 331 m/s and
the air density 1.293 kg/m>.

Find the pressure amplitude for an intensity of 1 W/m? at the pain threshold.
Assume that sound velocity is 331 m/s and gas density is 1.293 kg/m>.

Find the theoretical speed of sound in hydrogen at 0°C. For a diatomic gas
y = 1.4 and for hydrogen M = 2.016 g/mol; the universal gas constant
R = 8.317]/mol/K.

The density of oxygen is 16 times that of hydrogen. For both y = 1.4. If the
speed of sound is 317 m/s in oxygen at 0°C what is the speed in hydrogen at
the same pressure?

Two sound waves have intensities 0.4 and 10 W/m?, respectively. How many
decibels is one louder than the other?

If one sound is 6.0 dB higher than another, what is the ratio of their intensities?

A small source radiates uniformly in all directions at a rate of 0.009 W. If there
is no absorption, how far from the source is the sound audible?

For the faintest sound that can be heard at 1000 Hz the pressure amplitude is
about 2 x 10° N/m?. Find the corresponding displacement amplitude. Assume
that the velocity of sound is 331 m/s and the air density is 1.22 kg/m>.

Two sound waves of equal pressure amplitudes and frequencies traverse two
liquids for which the velocities of propagation are in the ratio 3:2 and the
densities of the liquids are in the ratio 3:4. Compare the (a) displacement
amplitudes, (b) intensities and (c) energy densities.

One sound wave travels in air and the other in water, their intensities and
frequencies being equal. Calculate the ratio of their (a) wavelength, (b) pres-
sure amplitudes and (c¢) amplitudes of vibration of particles in air and water.
Assume that the density of air is 1.293 kg/m?>, and sound velocity in air and
water is 331 and 1450 m/s, respectively.

Show that the characteristic impedance pv of a gas is inversely proportional
to the square root of its absolute temperature 7. What is the characteristic
impedance at (a) 0°C and (b) 80°C?

A beam of plane waves in water contains 50 W of acoustic power distributed
uniformly over a circular cross-section of 50 cm diameter. The frequency
of the waves is 25kc/s. Determine (a) the intensity of the beam, (b) the
sound pressure amplitude, (c) the acoustic particle velocity amplitude, (d) the
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acoustic particle displacement amplitude and (e) the condensation amplitude.
Assume that the velocity of sound in water is 1450 m/s.

Derive Laplace formula for the sound velocity in a gas.

An empirical formula giving the velocity of sound in distilled water as a func-
tion of temperature at a pressure of one atmosphere in the range 0 — 60°C is
v = 1403 + 5¢ — 0.06¢> + 0.0003¢> where ¢ is the temperature of water in
°C and v is in m/s. (a) Determine the velocity of sound in distilled water at
20°C and (b) find the change of velocity of sound per degree Celsius at this
temperature.

8.2.5 Doppler Effect

8.71

8.72

8.73

8.74

8.75

8.76

A railway engine whistles as it approaches a tunnel, and the sound is reflected
back by the wall of the rock at the opening. If the train is proceeding at a
speed of 72km/h and if the effect of the wind be neglected, find the ratio
of the relative frequencies of the reflected and direct sounds as heard by the
driver of the engine.

[University of Aberystwyth, Wales]

Two trains move towards each other at a speed of 90 km/h relative to the
earth’s surface. One gives a 520 Hz signal. Find the frequency heard by the
observer on the other train.

Two trains move away from each other at a speed of 25 m/s relative to the
earth’s surface. One gives a 520 Hz signal. Find the frequency heard by the
observer on the other train (sound velocity = 330 m/s).

A whistle of frequency 540 Hz rotates in a circle of radius 2 m at an angular
speed of 15.0rad/s. What are the maximum and minimum frequencies heard
by a listener, standing at a long distance away at rest from the centre of the
circle (sound velocity = 330m/s).

In the Kundt’s tube experiment, the length of the steel rod which is stroked is
120 cm long and the distance between heaps of cork dust is 8 cm when the rod
is caused to vibrate longitudinally in air. If the ends of the tube are sealed and
the air replaced by a gas and the experiment repeated, the distance between
heaps is observed to be 10 cm. (a) What is the velocity of sound in the gas if
the velocity in air is 340 m/s. (b) What is the velocity of sound in the rod?

A sound source from a motionless train emits a sinusoidal wave with a source
frequency of f; = 514 Hz. Given that the speed of sound in air is 340 m/s
and that you are a stationary observer. Find the wavelength of the wave you
observe

(i) When the train is at rest
(ii) When the train is moving towards you at 15 m/s
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(iii) When the train is moving away from you at 15 m/s>
[University of Aberystwyth, Wales 2007]

8.2.6 Shock Wave

8.77 (a) What is a shock wave?
(b) What is the Mach number when a plane travels with a speed twice the
speed of the sound?
(c) Calculate the angle of Mach cone in (b).

8.2.7 Reverberation

8.78 Calculate the reverberation time of a room, 10 m wide by 18 m long by 4m
high. The ceiling is acoustic, the walls are plastered, the floor is made of con-
crete and there are 50 persons in the room. Sound absorption coefficients are
acoustic ceiling 0.60, plaster 0.03, concrete 0.02, the absorbing power per
person is 0.5.

8.2.8 Echo

8.79 A man standing in front of mountain at a certain distance beats a drum at
regular intervals. The drumming rate is gradually increased and he finds the
echo is not heard distinctly when the rate becomes 40/min. He then moves
nearer to the mountain by 90 m and finds that the echo is again not heard
when the drumming rate becomes 60/min. Calculate (a) the distance between
the mountain and the initial position of the man and the mountain and (b) the
velocity of sound.

[Indian Institute of Technology 1974]

8.80 A rifle shot is fired in a valley formed between two parallel mountains. The
echo from one mountain is heard 2 s after the first one.

(a) What is the width of the valley?

(b) Isitpossible to hear the subsequent echoes from the two mountains simul-
taneously, at the same point? If so, after what time, given sound velocity
=360m/s.

[Indian Institute of Technology 1973]

8.2.9 Beat Frequency

8.81 Two whistles are sounded with frequencies of 548 and 552 cycles/s, respec-
tively. A man directly in the line between them walks towards the lower
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pitched whistle at 1.5 m/s. Find the beat frequency that he hears. Assume the
sound velocity of 330 m/s.

A tuning fork of frequency 300c/s gives 2 beats/s with another fork of
unknown frequency. On loading the unknown fork the beats increase to 5/s,
while transferring the load to the fork of known frequency increases the num-
ber of beats per second to 9. Calculate the frequency of the unknown fork
(unloaded) assuming the load produces the same frequency change in each
fork.

[University of Newcastle]

8.2.10 Waves in Pipes

8.83

8.84

8.85

8.86

8.3

An open organ pipe sounding its fundamental note is in tune with a fork of
frequency 439 cycles/s. How much must the pipe be shortened or lengthened
in order that 2 beats/s shall be heard when it sounded with the fork? Assume
the speed of sound is 342 m/s.

[University of Durham]

A light pointer fixed to one prong of a tuning fork touches a vertical plate.
The fork is set vibrating and the plate is allowed to fall freely. Eight com-
plete oscillations are counted when the plate falls through 10 cm. What is the
frequency of the tuning fork?

[Indian Institute of Technology 1997]

Air in a tube closed at one end vibrates in resonance with tuning fork whose
frequencies are 210 and 350 vibrations/s, when the temperature is 20°C.
Explain how this is possible and find the effective length of the tube. Assume
that the velocity in air at 0°C is 33, 150 cm/s.

[University of London]

An open organ pipe is suddenly closed with the result that the second overtone
of the closed pipe is found to be higher in frequency by 100 vibrations/s than
the first overtone of the original pipe. What is the fundamental frequency of
the open pipe?

[University of Bristol]

Solutions

8.3.1 Vibrating Strings

8.1 The one-dimensional wave equation is

=== (1)
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Given function is y = A+y/x + vt

dy A

ox  2Jx tur
Py ____ A 2)
dx2 4(x 4 vt)3/2

dy Av

ot 2/(x + v1)
3%y A v?

R 3
ot2 4 (x +vr)3/? ©)

Equation (1) is satisfied with the use of (2) and (3).

The wave equation is
9’y  pody .
o2~ For o
y =2Asin (me) cos(2nft) (standing wave)
dy  2Anm nwx
o = 7 cos (T) cos(2mtft)
x
3%y 24n°7?\ | /nmx n’m?y
Tz =— ( 2 ) sm( 2 )cos(ZTrft) =— 2 2)
dy L (ATXN
o = —47 fA sin (T) sin(27ft)
3%y o 2f2A . <n7tx> Qnft) 4 2f2
— = —-8n sin | — ) cos(2nft) = —4m
012 L Y
F
but —=v=fA
n
wd%y 4r2 f2y 472y n’mr?y
For = T2 12 )
ni
L=—
2

Thus
wdy 0%y
F a2 3x2

Let the string AB of length L be plucked at the point C, distant d from the end
A and be raised through height &, Fig. 8.4.
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o

“«——S>—— 0O
4

The general form of the displacement at any point x and time # is given by the
Fourier expansion

o
t
yzz;an sin (me) cos <n72v ) (1)
n=

The coefficient a, is obtained from
2 (L T
an = — / Yo sin (u>dx )
0 L

where yp = y(x, 0).

We break the integral into two parts, one from 0 to d and the other from d to L.
In the interval from O to d the equation of the initial configuration of the string
for a typical point p(x, y) is

y h X
—=—- o y=— for o<x<d
x d d

and in the interval d to L, the equation for P’(x, y) is

y h (L —x)

y= ford <x <L
L—x L-d L—d

so that by substituting (1) into (2) with =0

2 dhx  smnx Lh(L—x) . mnx
an:Z|:/0 751n(T)dx+/;l I — a4 sin I dxj| 3)
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Integrating by parts
2hL?
an = sin ("4 4)
n272d(L — d) L

1
Here d = EL’ so that (4) becomes

8h . /nm
ap = ) sin (7)

If n is an even integer then the corresponding a;, is zero. If n is an odd integer,
then the sine term alternates in sign as sin % =1, sin 37” = —1, sin 57” =1...,
so that we may write

8h
—-1)/2
an = — (=" (5)
mTen
Using (5) in (1)
8h [ . nx mot 1 | 3mx 3ot 1 . Smx Smut 1 . Tnx Tt
)7:7 SIn — COS —— — — SIn —— COS + — sin —— cos — — SIn —— COS +---
T L L 9 L L 25 L L 49 L L

Note that the even harmonics are absent. Since the intensity of a wave is pro-
portional to the square of its amplitude, then for the sound emitted by the string,
the fundamental would have an intensity of 81 times the third harmonic and 625
times the fifth harmonic, etc.

Formula (4) shows that the nth harmonic will be absent if sin (%) =
0.a, =0ifd = L/n, 2L/n, 3L/n, i.e. nd/L is any integer or whenever
there is any node of the nth harmonic situated at D, Fig. 8.4. If the string is
divided into n equal parts and is plucked at any dividing point, the nth harmonic
will disappear from the resultant vibration. In particular, any force applied at
the midpoint of the string cannot produce even harmonics. Further after the
application of force at the midpoint of the string, if this point be lightly touched
the string ceases to vibrate. This is because odd harmonics cannot be sustained
with a node at the midpoint, and the even harmonics are already absent for
reasons discussed above.

y=y1+m»
= Asin(kx — wt) + 3A sin(kx + wt)
= [Asin(kx — wt) + A sin(kx + wt)] + 2A sin(kx + wt)
= 2Asinkx cos wt + 2A sin(kx + wt)

where we have used the identity

C+D C—-D
sinC+sinD=ZSin( _’2_ )cos( > )
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Thus the resultant wave = standing wave + travelling wave in the negative

direction.
The amplitudes are (a) 2A (b) 2A

(a) The wave number k = ZT” = 27” =m/m

Frequency f = 3 = % =4Hz
Angular frequency w = 2nr f = (2)(4) = 8x rad/s
(b) y = Asin(kx — wt) = Asinz(x — 8t)

Let y = Asin(kx — wt + ¢)

Atx =0, ¢t = 0, the wave has the maximum displacement and y = A:

A= Asin(0—0+ ¢)

) b4
or sm¢:1—>¢:§

1
y = Asin <kx — ot + En) = Acos(kx — wt)

y = 0.2cos(3x — 20¢)

y =2Asinkx coswt (standing wave)

0 . .
9 —2Awssinkx sin wt
ot
: S L N A _ 2
Acceleration, a = 75 = —w“2A sinkx coswt = —w°y.

at
This is the defining equation for the SHM.

f_Nv
N=or
f_1><120_30H
'= %2 ~
2 % 120
— — 60 H
=5 z
3 % 120
= —90H
h=5 z
4% 120
fi= — 120 Hz




8.3 Solutions

89 ,_ L |F
2L\
1 |F
= E Z
C w2 (Lif)? (0.05 x 4800)% »
T (L) 20x32)2 T
8.10 v = 5sin7(0.02x — 4.00¢) = 5sin 277(0.01x — 2.00¢)

y = Asin2m (; - ft) (standard equation)
Comparing (1) and (2)

1
A:Scm,f=2HzX=O.01 or A=100cm
v= fA=2x100=200cm/s

1
8.11 y =4sin Errx cos20mrt (standing wave)
y =2Asinkx coswt (standard equation)
Comparing (1) and (2)
(a) 2A =4dor A=2cm, k = % w =207
o 207
v=—=——=40cm/s
k m/2
2 2
B h=" =" —4cm
k /2
. L 4
Distance between nodes = 5=5= 2cm
dy 1 .
(¢c) — = —(4)(20m) sin =7 x sin 207t
at 2
ay LT
o 1¥=10,1=9/4 = —807 sin 0} sin457 =0
8.12 The wave is of the form

y = Asin(kx — wt + ¢)

(@) w=2nf = (27)(250) = 5007 rad/s
o 5007 _ 4w,

= = —m
v 375 3

361

(given equation) (1)

2

(D
2
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¢ = 60° =%rad
¢ _ T3 s
Kk~ an/3

(b) ¢ = wt = (5007)(1073) = %rad =90°
8.13 y; = Aj sin(kx — wt)
. T
Y2 = Ajsin (kx —owt+ 5) = Ajcos(kx — wt)

y=yi1+y
= A sin(kx — wt) + Ay cos(kx — wt)

A
= /A2 + A2 S —
,/A2+A2 VAT + A3
A
= cos«. Then ———— 2 =sinw

,/A2+A2 VAL + A

y = ,/A% + A%[sin(kx — wt) cosa + cos(kx — wt) sin /]

= /A + A3sin(kx — ot + )

which has the amplitude A = /A3 + A3 = /62 + 82 = 10cm.

———sin(kx — wt) + cos(kx — wt)

Graphical Method

This method was outlined in prob. (6.50). The waves are represented as vectors, the
magnitudes being proportional to the amplitudes, the orientation according to the
phase difference. Here the vectors O A and AB are laid in the head-to-tail fashion,
Fig. 8.5. The amplitude of the resultant wave is given by OB which is found to be
10 cm from the right angle triangle OAB

10 cm 8cm

Fig. 8.5 o 6 cm
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8.14 (a) y = Aln(x + v0)

ay A 82y A
X xt+ot W:_(x—i—vt)2
dy  Av 3%y . Av?
B9t x+ott a2 (x +ob)?
1 9%y A 3%y
22 T (xt+oun? ox?

Thus the wave equation is satisfied.
(b) y = Acos(x + vt)

dy . y
— = —Asin(x + vt) —= = —Acos(x + vt)
dx ax2
9y Asin(x + vt)
— = —vAsin(x + v
at
32y 5
52 = —v-Acos(x + vt)
1 9%y 9%y
ﬁﬁ = —ACOS(X + Ut) = ﬁ

Thus the wave equation is satisfied.

8.15 (a) By prob. (8.3)
> nwx nmvt
y:Z:la,,mn(T)cos( T ) (1)
n=

2hL? “in nwd 2
a, =
" n2r2d(L — d) L

L
Here d = 3 and (2) becomes

9h | nm
ay, = m sim T (3)

Inserting (3) in (1)

P2pT . ywx Tt 1 . [27x 2 vt
y :277:72 |:Sll'l (T) COS( L ) + ZSII’I (T) COS (T)
1 . [4nx 4ot
16 sin (T) cos (7)] “4)

(b) Forn =3, 6 or 9, the sine term in (3) becomes zero. Therefore, the third,
sixth and ninth harmonics will be absent.
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8.16 General equation for a progressive wave in the negative x-direction is

y = Asin(kx + wt)
w=2nf =21 x 170 = 3407 rad/s

o 3407
= =m/m

y = 0.01sinw (x 4 340¢)

v 340

8.17 (a) y1 = Asin(kx — wt)
y2» = Asin(kx + wt)

Yy =y1 4+ y2 = 2Asinkx cos wt
where we have used the identity stated in prob. (8.4).

(b) The nodes are formed when kx = nm or Tnx =nm

na
o x=—
2
A
x=0, =, A,
2
. na
The antinodes are formed when kx = — or x = T
1 35
X=—-,—,—...
4 4 4

8.18 y1 = Asin(kx — wt)
y2 = Asin(kx — wt+ 5)
y = y1 + y2 = A[sin(kx — ot) + sin(kx — ot + 3)]

1 )
=2Acos =ésin | kx — wt + —
2 2

1
Thus the amplitude of the resultant wave is 2A cos 58.
b4
For A = 6¢cm and § = 7 the amplitude of the resultant wave will be 2 x

6 cos % or 6+/2 cm.

1
For 2A cos 58 =6
6 6 1 T
cos=§ = — = = — = CoS —
20 2x6 2 3
1 T 2
—-§=— or §=—
2 3 3



8.3 Solutions 365

8.19

8.20

8.21

If two sound waves with slightly different frequencies are produced then beats
are heard. These consist of regular swelling and fading of the sound. In one
set of waves compressions and rarefactions will be spaced further apart, in
another they will be close enough. At some instant, two compressions arrive
together at the ear of the listener and the sound is loud. At a later time, the
compression of one wave arrives with the rarefaction of the other and the
sound will be faint. Beats are thus caused due to interference of sound waves
of neighbouring frequencies in time. The beat frequency is equal to the differ-
ence f1 ~ f> for the two component waves. Beats between two tones can be
detected by the ear up to a frequency of about 7/s.

Consider an infinitesimal element of length dx of the string of linear mass
density w. The mass element pdx will execute SHM with amplitude A. The

1
maximum Kinetic energy will be E(udx)w2A2.
Energy transmitted across the string per second, i.e. power

1 de 55 1 242
P=—-|u— A= — A
2<Mdt>w 2,uva)

Let the fork of frequency f be in unison with 99 cm of the string. Then

1 F X
f_2x99ﬁ M

When the length of the string was 100 cm the frequency must have been less
by 4 beats. Thus

PR F 2
f= T 2x 100\ 1 @

Dividing (1) by (2) and solving

f 100
f—4 99

We get f = 400/s.

0.10
Vo=
Qx —1)2+4
0.10
¥(0,0) = == = 0.025

0.10

Let , 1 =0025= ———
ety 4+ (2x —1)?
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Solving we find
v = )?C = 0.5 m/s along the 4 x — direction.
Now, y(—x,1) 010 # y(x, 1)
w, y(—x,1) = ———— X,
Y b2’

Therefore, the pulse is not symmetric.

8.22 (a)

(b)

(¢)

8.23 (a)

Fig. 8.6

(b)

f= N,/ r (N=1
=0V % =
F 300 4
M= 17202 T (4)(660)2(0.6)2 x g/m
The frequencies of the first two harmonics are f, = 2f = 1320Hz and
f3=3f=1980Hz.
For open pipe length is
A 340
=2="= =0.2576m
2 2f  2x660
First harmonic — second harmonic (Fig. 8.6)

3 <

(a) First harmonic  (b) Second harmonic

v

=
N |F

N=—/—, N=1,2,3,...
2L\

The standard equation for the standing wave is

y(x,t) = 2Asinkx cos wt @)
Given equation is

y(x,t) = 0.024 sin(62.8x) cos(471t) 2)
Comparison shows that

k=628 and w =471
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Wave velocit © _ sy
Ve Vi i =—=—=75m
ave velocity v f 38 S
2 2
A=—=—=0.1m
k 62.8
. A 0.1
Distance between nodes = 5 = > =0.05m

8.24 y = Asin(kx + wt)

() y = 8.2 x 107%sin(22x + 100¢) (negative x-direction)
(ii) y=8.2x 10~2sin(100¢ — 22x) (positive x-direction)
2 2

(iii) A= — = — =0.2856m

k 22
21 21

= —=—=0.0628m
w 100
w 100

= —=— =4545

v X > m/s

(iv) y=8.2x 1072 x sin(22 x 3.2+ 100 x 2.5)
=82 x 1072 x sin(51 x 27) =0

825 [F1Y2 [mLT-27"?
] =] =lr=w

8.26 Let the travelling wave be represented by

y = Asin(kx — wt)

9
Then 22 — kA cos(kx — wf) (1)
ax
dy
— = —wAcos(kx — wt)
o1
9
— —vkA cos(kx — wf) = —v—2 )
0x
9 F
Combining (1) and (2), 2 = — = /.
0x Jat

8.27 (a) Letalong string of linear density u be stretched by a force F'. Assume that
the damping is negligible. Take the x-axis in the direction of the undis-
placed string and y-axis in the direction perpendicular to it. If 8 is the
angle between the tangent to the string and the x-axis, the tension in the
horizontal direction (x-axis) would be T cos 6 and in the vertical direction
(y-axis) it would be T sin 8. Assuming that 6 is very small, cos & ~ 1 and
consequently the x-component of the tension remains constant. We are
therefore concerned only with the y-component of the tension.
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(b)

8 Waves

Referring to Fig. 8.1 note that the forces across Ax the element of length
of the string make angles 6 and 6, with the x-axis. Let 6, = 6 and 6 =
0 4 d6. To find the equation of motion of this element subject to these
forces, the difference in tension acting across Ax in the y-direction is

dF, = F{sin(f + df) — sin 6}
= F{sin 6 cos(df) + cos O sin(dh) — sin 6}

but cos(dd) ~1 and sin(df) ~ dO, since df is small :
dFy = Fcost) df = Fd(sin0)

In the small angle approximation

0
sinf >~ tanf = a4
ax

this last quantity being the gradient of the curve

a0 82y
dFy = F——dx = F [ — ) dx (1
dx dy dx2

The mass of the element Ax is  dx, and its acceleration in the y-direction
is d?y/dr?. Hence by Newton’s second law of motion

82y 82y

ax2
97y pody
a2 For @

Let y(x — vt) be a solution of (2)
8—y()c —vt) =y'(x — vt)i(x —vt) = —vy' (x — vt)
ot Jt

where y’ is another function of (x — vr) defined by y'(x — vt) =
dy(x — vt)

d(x — vt)

The second derivative with respect to time gives

92y(x — vr)
e =y =) )

where y”(x — vt) is yet another function of (x — vr) defined by

"x— or) = dy'(x — vr) _ d?y'(x — vr)
P TWEG ) T A — )2
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8.28 (a)

(b)

proceeding along similar lines, differentiation of the function y(x — vt)
with respect to x yields

WD e — o= on) = ' — vn)
ax Bx
82y(x —vt) e
PICZ _ prie ) @

where y(x — vt) and y”(x — vt) are the same functions of (x — vt) as in
(3). Substitution of (3) and (4) into (2) shows that y(x — vt) is a solution,
provided we set

The incident wave has the form

y1 = Ay sin(wt — kix) (D
The reflected wave has the form

y2 = Ap sin(wt + kyx) 2)
The transmitted wave has the form

y3 = Az sin(wt — kpx) 3)

The boundary conditions at the boundary (x = 0) are that the displace-
ment and its first derivative be single valued:

Vilx=0+¥2lx=0 =¥ lx=0

A+ Ay = Az 4)
ay1 ay2 0y

Ix |x=0 + 9x |x=0 = 9x |x=0

— k1A +k1Ay = —kyAj (5)
Solving (4) and (5)

_ (ki — ko)A An — 2k1 Ay

; = 6
ki + ko ’ ki1 + ko ©

A» is negative when kp > kj or — > — or uy > pup, i.e. wire 2 has
) v
greater linear density than wire 1.
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8.29 %A =15cm

A =6cm
v 2400
f=—-=——=400Hz
A 6
o =2nf =2512rad/s
2

k=—=1.047/cm
A

A =6cm
y = Asin(wt — kx) = 65sin(2512¢ — 1.047x) cm

1
830 P = szAZW =272 2 A% v

=272 x (400)%(0.06)%(2.5 x 107%)(24) = 68.2W

8.31 (a) The amplitude of any point of the plucked string at time ¢ may be

written as
> nwx > nwx

y= Z}an COS wy, Sin (T) + Z}b" sin wy,t sin (T> (D
n= n=

The kinetic energy of vibration of an element of length of string dx in the
nth mode is given by

1 2
= (udx)(y)

dkK, 5

1
E,ua),%(—an sin w,t + b, cos wnt)2 sin? (kyx)dx 2)

where we have used the value of velocity y by differentiating (1) for the
nth mode with respect to ¢.
The potential energy of an element of string of length dx is

1
du, = 5kyzdx

1
= Eua)z (ay cos w,t + by, sin a),,t)2 sin? kpx dx 3)

where we have used (1).
Adding (2) and (3), the total energy

1
dE, = dK, +dU, = Euwﬁ(a,f + b2) sin® k,x dx 4)
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The total energy of the entire string is obtained by integrating from O to L
1 L
E, = / dE, = Euwﬁ(a,’f +b2) /0 sin? (kpx)dx
L L
L
Now / sinz(knx)dx = / sin’ (m—x)dx = —
0 0 L 2
1 1
E, = ZMLa)ﬁ(a,% +b,%) = ZMa)ﬁ(u,zl + b,zl)

where M is the total mass of the string.

8
(b) For the string plucked at the centre a, = —— (see prob. 8.3). Further
n*mw

TV
wy = kv = nry and b, = 0. Thus the energy of vibration

M rnzvi2[ 8h 12 16Mh%0?
E"ZZ[ ] 2| T 24212

L n’m
Eq 9
1

8.3.2 Waves in Solids

8.32 (a) For the rod clamped at one end and free at the other (fixed—free)

n [y
=2 =135, ...
Jn 4L\ » (n )
1 1 2 x 101
fi=— L = X~ 5044Hz
ALV p ~ 4x 025\ 7860

(b) (i) For the rod free at both ends (free—free)

fom X w=123)
n=57 0 n=1,2,5...

(ii) For the rod clamped at the midpoint

n |Y
= —_ [— =1,3,5,...
S 2\ p (n )

(iii) For the bar clamped at both ends (fixed—fixed)

[ LT
.n—2L 0 n=1,2,5,...
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For the case (a) (bar clamped at one end only) the frequency of the fundamen-
tal is half that of a similar free—free (case (b) (i)) or fixed—fixed (case (b) (iii))
bar and only the odd-numbered harmonic overtones are present. This is to be
expected since the effect of clamping a free—free bar at its centre is to suppress
all its even harmonics.

For case (b) (ii) rod clamped at the midpoint only odd partials are present
similar to case (a) (fixed—free) and differs from case (b) (i) (free—free) where
all the partials are present. However the fundamental has the same frequency
in cases (b) (ii) and (b) (i).

1 [k
833 (@) f=-——,/—
2\ m

F/A FL kL
T XA A

/L
1 [AY 1 [1x1079 x2x 10!

- 2 - =159¢/s
7V mL 27 2x 1.0

(b) For the given system

F
Now k= —andY =
X

kLtan(kL) = —

Mass of the bar, M = pAL = 7800 x 1 x 1073 x 1.0 = 0.078 kg. The
frequency condition becomes

0.078
kLtan(kL) = 0 - 0.039

The solution to the above equation is

kL = 0.196

L
“% 019
v

w 1 0.196 0.196 [2 x 10!
or f= = = 158¢/s
2t 2 L ,o T2t x 1.0 7800

Observe that the results of (b) are nearly the same as those for (a), showing
thereby for small values of kL, the mass loaded system approximates that of
a simple harmonic oscillator with the mass fixed at the end.

8.34 The frequency condition for this system is

kLtan(kL) = —
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Expanding tan (kL) by series

2
3+ 15

3 5
kL [kL P D }

M
m

If kL < 0.2, we may retain only the first term within the brackets:

K2L? = M
m
w*L? _M
1)2

f= 21 27r LV 271L

kL
ButY = e and M = ALp

1 |k

F=5iVm

8.3.3 Waves in Liquids
2_38 _ 8+ mA\_ g T
835 (1) v’ = tanh(kh) = >~ tanh< ) =& ann (2)

9.8
=— x0917x
2

v=12Vxm/s

(b) vz\/gz,/ﬁ = 1.25vVm/s
k 2
v:@:@:,/% = 1.56vAm/s

8.36 The fractional error introduced by the use of the formula v = /gh is

Vel — %tanh(kh)

/ % tanh(kh)

=0.01



374

8.37

8.38

8 Waves

tanh x

Put kh = x, then =0.96

L . x  0.25x
This gives the solution x = 0.25 or h = il 0.04x.
b4

Surface conditions are modified by the surface tension S. For the capillary
waves

2SS  gA 2rh

2

=|—+ =) tanh | — 1
= (G i) () <>

2m h
Ifh >> A, tanh (%) — 1, and

2_27TS &

= — 2
v pk+2n ()

Substituting A = 0.366cm, p = 1.0g/cm’, ¢ = 980cm/s?> and v = fA =
100 x 0.366 = 36.6cm/s in (2) we find S = 74.7 dynes/cm.

For capillary waves when & >> A

2 S A
=12y 8 (1)
PA 2

The minimum value of the wavelength 1, can be found out by minimizing (1):

207 _ 218 g _
I pAZ 2w

[ S
Am =21 [ — (2
8p

Ignoring the second term in the right-hand side of (1) and using (2)
<gs ) 1/4
v=| =
P

For mercury and water

S\ 7 85,0\ /4
ve(3) (2)

o1 P2

544 \V4 r7a\ V4
=== = =0. 01
(wse) :(F) =oss
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2 F

8390 & _ I L 12
K u

8.40

8.41

1/2
[F— [F k?
The phase velocity v, = % = |—4ak?=|— |:1 + a'l; ]
1 1

F k2
= ; |:1 +a2—lff +:| (for small «)

Since k = 27 /A, vp increases as A decreases.

The group velocity is given by

kdv /
vg:vp—i—wp:vp—i—akz %

YY)
a) w = —k
(a) P
S
vng:—k
kK p
b +kdvp
(b) ve =wp+ —
S kS 38
="k ==

4+ —— ==
P 20k 2p
(¢) From (a) and (b) vy > v,

(@ o? = (gk + %kg') tanh(kh)

If kh << 1, then tanh (kh) = kh and (1) becomes

S
w? = (gk + —k3> kh
0

375

(D

2)

(1

2

If the second term in the brackets is smaller than the first one

2k << g
0

a)zzghk2
L w=k/gh
vp:%Z@

3
“)
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8.42

dw
Ug_a=\/gh
ngvp

(b) kh >> 1, tanh(kh) = 1 and (1) becomes

S
w? = gk + =k*
P
2
W g S
. A
k2 k+,o
o g Sk
=TV
Ll
AT

Using (6)

g 3 ks

_+__

Vg 2k 20p
vp 8 ks
k- p

8 Waves

®)

(6)

(7

For short wavelengths k is larger, the first term in both the numerator and

denominator will be smaller and vy = Evp, while for long wavelengths, k is

1
smaller and vg = Evp.

With reference to prob. (8.41) for small ripples, A is small and k is large so
that the second term in (6) dominates over the first term in the radical.

Sk 2w S 2w x 0.075
‘Up = _ = = =0.217 m/S
P v 0.01 x 1000
3

Vg = Evp =0.325m/s
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For large waves, first term in (6) is important:
A 9.8 x 1.0
vp = /5 :,/g— :‘/L =125m/s
k 2w 2
1
Vg = Evp = 0.625m/s

843 E2 =c2p? + m3c*

w? = *h%k? + m2c*

2.4
w= c2k2—|—m;j
h
I m2c?
Up—;— c+h2k2
dw 2k 2
‘Ug _— = =
dk 2 4 2 4
0., , M7C , , mc
\/ck + 2 c +h2k2
vpvgzc2

gr  2xnS
844 vp = " + ,O_A (D

Substituting v, = 30cm/s, g = 980cm/s?, § = 75 dynes/cm and p =
1 g/cm?, on simplification (1) reduces to the quadratic equation in A:

A2 —5767A+1.153 =0
The two roots are A; = 5.56cm and A, = 0.207 cm.

In determining surface tension it is preferable to use the shorter wavelength
because the surface effect will dominate over gravity:

8.45 vngz\/g
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847 o2 = % += (1)

Maximize (1)

d(vp) g
kK2

_ 27

T

| ta

=0

k

Amin = 27

k)
slol o)

8.3.4 Sound Waves

8.48 Let the displacement be represented by

y = Acos(kx — wt) (D)
0

D _kAsintkx — wt)

0x

9
but P = —Ba—y = BkA sin(kx — ot)
X

where B is the bulk modulus:

B =v"py
P = [kpov* Al sin(kx — wt) )

P represents the change from standard pressure Py. The term in square bracket

represents maximum change in pressure and is called the pressure amplitude
Prax. Then



8.3 Solutions 379

P = Ppx sin(kx — ot) 3)
where Prax = kpov> A 4)
If the displacement wave is represented by the cosine function, (1), then the

pressure wave is represented by the sine function, (3). Here the displacement
wave is 90° out of phase with the pressure wave.

1
849 I = EPr?lax/va

Pax = /21000 = v/2 x 10712 x 1.29 x 331 = 2.92 x 107" N/m?

1
8.50 /L =10 log —
Iy

I
log! +1og10'2 =6 logl =—6
1 =10"W/m?> = 1 p W/m?

_ Power _ 4

S1 1= =
8.51 4rr? 4 x 25

_ —4 2
S =5.093 x 107 W/m

5.093 x 1074

T ae 10 1og(5.093 x 10%)

1
IL =10 log — = 10 log
Iy
= 10[log 5.093 4 8] = 87dB
Pmax Pmax

. A = =
8.52 koo 2mpo fv

2
where we have substituted k = TT[ andv = fA:

29

A= =57%x10"°m
27 x 1.22 x 2000 x 331

2

P
853 | =%
200V

By problem, Ppax(air) = Ppax(Water)

IWater _ PAVA _ 1.293 x 330 — 204 x 1074
Lair PWUW 1000 x 1450
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. . 1
8.54 P =24sinm(x —330r) = 2.4sin2m Ex — 165¢
P = Ppax sin 2w (; - f t) (standard expression)

On comparing the two expressions we find

() 2.4N/m2, (b)165Hz, (c)2.0m, (d)v= fA=165x2=330m/s

8.55 I =2n2pyAf*v

1 I 1 2% 1070
A= _ x —128x10*m
mf\ 2p0v 12007 | 2 x 1.293 x 330

8.56 P. = 1 microbar = 107 bar = 0.1 N/m?

P2 (01)?

- =~  =234x% 107 W/m?
POV 1.293 x 330

I 2.34 x 1073
IL = 1010g1— =10log | ———
0

10-12
= 10(7 + log 2.34) = 73.7dB ~ 74 dB

1
8.57 IL = 10 log —
Iy

70 =10 log = 10[log I + 12]

1012

logl =—5 [=10""W/m?

Energy density
I 1073 e 3
v 331

Effective pressure

P. = /TIpov = v'10-5 x 1.293 x 331 = 0.0654 N/m>

8.58 Puax = v2Ipov = v/2 x 1 x 1.293 x 331 = 29.26N/m?>

YRT _ \/1.4 x 8317 x 273

859 v=y"y 2.016 x 103

= 1256 m/s
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P
8.60 , — re (Laplace formula)
V 0
MH_ PO /lg=4
VO OH

vy = 4vo =4 x 317 = 1268 m/s

861 IL=101log [ 2) = 10 1og [ 22 14dB
o = 0 _— = O —_— =
g\ £\ 04

I
8.62 IL=101log—= =6
I
L
log—= =0.6
og I
I
— =3980r4
I

8.63 The threshold of hearing intensity is taken as 10712 W/m?. Let r be the dis-
tance from the source at which the sound can be audible

power
T 4qr?

power 0.009 4
r = = =2.677 x 10" m = 26.8 km
47 x 10~12 47 x 10~12

21
8.64 Pmax = kpov’A = —Pov(fA)A =2mpovf A
Poax 2 x 1079

I =10"12

- - =79x10"2m
2rpovf 2w x 1.22 x 331 x 1000
Pmax
A=
8.65 (a) 20 f0
A] P2 V2 4 2 8
—_— = == X = = —
Ar P1 V1 3 3 9
1 2
(b) I = 1 Pmax
2 pov
I P2V2 4 2 8
—_— = = - X — = —
53 £1V] 3 3 9
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1

(¢c) E= -

v
El_11v2_8x2_16
E, Lv 9 3 27

v

8.66 (a) A = —

f

AA_ VA 331 0228 (- fa= fw)
aw  vw 1450 CIATIW

(b) Pmax = +/21pov

P 1293 331
A [PARA _ [0 200 00172 (s = Iw)
Pw oW VW 1000 ~ 1450

21

() A= 5
PUVW

owow /1000 1450
pwow [0 2T 3388 (v Iy = Iy and fi =
OA VA 1293 331 (- Ia = Iy and fa = fy)

8.67 Characteristic impedance of a gas

Z = pov (L
B
Nowv= _[— or pg= =
£0 v
B M
Z=—=B |—— 2)
v yRT
Th Z !
us X —
VT

(@) At0°C, v =331m/s, po = 1.293kg/m’

Z = pov = 1.293 x 331 = 428 rayl

1
b) Zx —

VT

273
Z(80°C) = Z(0°C) x || ——>— — 428 x 0.879 = 376 rayl
BU°C) = 2(0°0) <\ 5350 * ray
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8.68

8.69

Power . 50
area  (0.25)2

(@ I = =255 W/m?

(b) Prax = V2Tpov = /2 x 255 x 103 x 1450 = 2.72 x 10* N/m?

21 2 x 255
() A= =
povdm? f2 1000 x 1450 x 472 x (25 x 103)2
=1.19x 107" m

d) Upax = Ao = 1.19 x 1077 x 27 x 25 x 103 = 0.019m

© S = 2ZA AL _ 2w x 119 x 1077 x 25 x 10°
T T v T 1450
=129%x 1073

Consider sound waves of finite amplitude. Now, the bulk modulus is constant
only for infinitesimal volume changes:

dp
B=-V-— 1
v (D

where the acoustic pressure p has been replaced by the pressure change dp.
Now, Vp = mass = constant

dp dv
- —!
ar TP ap
dpP dpP
or —V—=p— =8B
dv dp

where we have used (1)

B dp
= _= —_— 2
v /p /d,o 2)

When a second wave passes through a gas the changes in volume are assumed
to be adiabatic so that

P
— = C = constant 3)
pY

where y is the ratio of specific heats of the gas at constant pressure to that at
constant volume. Differentiation of (3) gives

—yPp’ ldp + p?dP =0
dpP y P

or — =—

dp P

“)
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Using (4) in (2), we get

P
v = ¥ (Laplace formula) (®)]
V' po

where Py and pgy refer to equilibrium conditions of pressure and density.
The velocity vy at 0°C can be found out by substituting y = 1.4, Py =
1.013 x 10° N/m? and pg = 1.293 kg/m3. We find vy = 331.2m/s, in good
agreement with the experiment.

With the assumption of isothermal changes we would have obtained the
formula v = /Py/po, (Newton’s treatment) which gives a value of 20%
lower.

(a) v];00 = 1403 45 x 20 — 0.06 x (20)% 4 0.0003 x (20)> = 1481.4m/s
d
(b) d_'t’ =5 0.12¢ + 0.0009¢2

d
d—'; lie20 = 5 — 0.12 x 20 4 0.0009 x (20)2 = 2.62m/s/°C

8.3.5 Doppler Effect

8.71

8.72

8.73

5
vs = 72km/h = 72 x Em/s =20m/s
vfs .
= direct
fo . (direct)
f(; = v_fs (reflected from the wall of the rock)
v — U

£ v+uvs  340+20 9
fo v—vs 340—20 8

5
vo = vs = 90km/h = 90 x &= 25m/s
v =350m/s
f+w) 5200350 + 25)
= - — 600 Hz.
L 350 — 25 z
- 330 — 25
otz 0G0 725 e s,
v+ Vg 330 + 25

8.74 Let the whistle rotate clockwise, Fig. 8.7. At point A the linear velocity of

the whistle will be towards the distant listener and at B away from the listener.
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Fig. 8.7

Listener

Maximum frequency will be heard when the whistle will be at A and minimum
when it is at B:

vs=wr =15x2=30m/s
_vfe 330 x 540
m”_v—%"%O—m
vfs 330 x 540
v—vs _ 330130

=594 Hz

fmin =

= 495Hz

8.75 (a) The frequency of the rod is fixed, and so also for the air and the gas. The
distance between successive heaps of cork dust is equal to the distance

between two neighbouring nodes which is —, Fig. 8.8:

A &_-,Q .o}
A
2

Fig. 8.8
Vair = f)\air
Vgas = f}\gas
A 10
Vgas = Uairﬁ =330 x — =425m/s
Aair 8
Vair 340
(b) Vrod = fArod Mair rod <2 < 0.08>( rod)
340
= (m> (2 x 1.2) =5100m/s
876 (i) v=fA
340
b= =22 =0.66m

f 514
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v—vs_340—15

i) A/ = =0.63
(ii) 7 514 m
s 340415
(i) ' = J}vs = 5;; =0.69m

8.3.6 Shock Wave

8.77 (a) If an object flies with a supersonic speed (speed greater than that of
sound) a shock wave is emitted, a booming sound. In the two-dimensional
drawing, Fig. 8.9, the wave fronts CB and DB represent the V-shaped
wave. In three dimensions the bunching of the wave fronts actually forms
a cone called the Mach cone. The shock wave lies on the surface of

the cone.

(b) The half-angle 6 of the cone called the Mach cone is given by

. vt v 1
sinf = — = — = -
vst Vg 2
Us
The Mach number = — =2
Up

(¢) The Mach angle 6 = 30°

MN«
vt \\\\_\
NS >
N'é&(""“'-»« Vs
® ——— %

_— -
—_ T Surface of Mach cone

Fig. 8.9 Shock wave

8.3.7 Reverberation

8.78 If V is the volume, S the surface area and K the absorption coefficient then
the reverberation time R is given by

t 0.16V
R=— o

> i kiSi
V=10x 18 x 4 = 720m°>

(Sabine Law)
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EK,‘S,‘ =10 x 18 x 0.6
+ 10 x 18 x 0.02 4 (18 x 4+ 10 x 4) x 2 x 0.03 + 50 x 0.5
= 1433

L _016x720
R="p33 ~°°

8.3.8 Echo

8.79 The drum rate, that is, frequency when the echo is inaudible, is 40/min or

2/3 per second. Therefore, the time period of drum beats t; = % s. Time for
the echo, 11 = 27’“, where x is the initial distance from the mountain and v is
the sound velocity.

2x
Thus — = — (D
v

On moving 90 m towards the mountain ht is x — 90 m from the mountain, the
drum rate is 60/min or 1/s and again the echo is not heard.
Thus

2 -90) _,
— =

(2)
Solving (1) and (2) we get

x=270m and v =360m/s.

8.80 (a) If the width of the valley is d m and the rifle shot is fired at a distance x

from one of the mountains the echoes will be heard in time #; and #; s:

2x
fh=— (D
v
d —
=29 =% 2)
v
Adding (1) and (2)
2d 2d
H+tHh=24+4= — = —
1+ + . 360

Therefore d = 1080 m.
(b) Solving (1) with t{ = 2sand v = 360 m we find x = 360 m and therefore
d — x = 720 m. Subsequent echoes will be heard after 6, 8, 10.. .. s.
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8.3.9 Beat Frequency

8.81

8.82

‘When the man moves towards the source
(v +vo) fs
Jo= —

When the man moves away from the source

(v —vo)fy
/_ S
fo= >
v
fo=fo =2+ SO+ fi= f
1.5
= (548 +552) + 548 — 552 =1
33008 +352) + s

Beat frequency = 1/s.

Suppose the frequency of the unknown fork (unloaded) is n. Then n = 300£2
Case (i) Suppose n = 300 — 2 = 298

Let the frequency of the loaded unknown fork be n; and the loaded known
fork be ny:

300 —n; =5 (1)
298 —ny =9 )

Also frequency changes in both the forks are the same

300 —np =298 — ny
or ny—ny =2 3)

Subtracting (2) from (1)
np—ny=-—6 4)

Obviously (3) and (4) are inconsistent.
Case (i) Suppose n = 300 + 2 = 302

300 —n; =5 &)
302 —ny=9 (6)
also 300 — np = 302 — ny

or ny —ny= 2 (7)

Subtracting (5) from (6)
ng—ny=2 )

Thus (7) and (8) are consistent. Therefore, correct solution is n = 302.
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8.3.10 Waves in Pipes

8.83

8.84

8.85

v 342
L=—=

=0.3895m
2f 2 x439

The new frequency with the changed length L is

fi =439 4+2 = 441
fr =439 —2 =437

v 342
Li=— = = 0.3877m
2f1  2x 441
v 342
=0.3913m

2T 2h T 2x437

389

The pipe must be shortened by 0.3895 — 0.3877 = 0.0018 m or 1.8 mm or
lengthened by 0.3913 — 0.3895 = 0.0018 m = 1.8 mm, so that 2 beats/s may

be heard when it is sounded with the fork.

Time taken for the plate to fall is

, 2h 2x10 1
ey _— = = — S
g V 980 7

Time period

1 1

t
T =-= = —3=5
8 7x8 56

1
Frequency, f = 7= 56 Hz

t+273 204273
V= = 1 = 33150,/ ————— =34343cm/s
273 273

A QN 4+1 ON + 1) x 34,343
L=@N4+nt=GNFDv_@N+Dx (N=0,1,2)...
4 41 4 x 210
M + 1) x 34343
AlsoL = QM + 1)L = GM+D x (M=0,1,2..)
4f 4 x 350

Equating right-hand sides of (1) and (2) and simplifying

eN+D 3
@M +1) 5

(1

2

3)

The choice of N = 1 and M = 2 satisfies (3). Using N = 1l in (1) or M in (2)

gives L = 122.65cm.
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Resonance with tuning forks of different frequencies is possible because
resonance for f = 210 occurs with the first overtone of the tube and for

f =350 it occurs with the second overtone.

f= % (open pipe, fundamental)
v
v

fi=

I3 (open pipe, first overtone)

5 .
fr= i (closed pipe, second overtone)
f»— f1 =100 (by problem)

5
AL A AT
AL L 4L

Fundamental frequency of open pipe, f = Y 200 Hz.

2L



Chapter 9
Fluid Dynamics

Abstract Chapter 9 is concerned with fluid dynamics comprising equation of
continuity, Bernoulli’s equation, Torricelli’s theorem, Reynolds number, viscosity
and terminal velocity.

9.1 Basic Concepts and Formulae

Steady flow (laminar flow): In this type of flow, the velocity of the fluid (liquid or
gas) at a point is always the same although the velocity of the fluid may be different
at different points along the line of flow.

Irrotational flow: In this type of flow the element of fluid at each point has no net
angular velocity about that point. It implies the absence of eddies and vortices.

Incompressible fluid flow: A liquid is incompressible if its density is constant.

Stream lines are imaginary curves drawn through a fluid to indicate the direction
of motion of the flow of the fluid.

Tube of flow is a bundle of stream lines which define the boundary of the fluid.

Turbulent motion and Reynold’s number: For any liquid through a pipe there
exists a critical velocity at which the laminar flow suddenly changes into turbulent
type of flow. The stability of fluid flow is described by a dimensionless quantity
called Reynold’s number (R).

R = pvd/n 9.1)
where 1 and p are the viscosity and density of the fluid, respectively, d is the diam-

eter of the pipe and v is the velocity. If

R < 2200, the flow is steady
R = 2200, the flow is unstable
R > 2200, the flow is usually turbulent

The Equation of Continuity
The principle of conservation of mass leads to the equation of continuity. For steady

flow, the mass of fluid passing all sections in a stream of fluid per unit time is

391
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constant. At two points 1 and 2,
p1A1v] = ppArvy = constant (one-dimensional flow) 9.2)

For incompressible fluids, p; = p2, and (9.2) is reduced to

Q = Ajv; = Apvy = constant 9.3)
)
V.pv + 8—"; =0 (equation of continuity in three dimensions) 9.4)

For steady incompressible flow, p = constant and (9.4) reduces to

dvy vy | dvz

= 9.5
ox ay 0z ©-5)
Bernoulli’s equation for steady, non-viscous, incompressible flow
p 1, _
— + gh + —v~ = constant (9.6)
0 2
1
or P+ pgh + E,ov2 = constant 9.7

In (9.6) the first term P/p is the pressure head or the potential energy per unit mass
of the liquid due to the pressure, the second term hg is the elevation head or the
potential energy per unit mass of the liquid due to gravity and the third term v?/2
is the kinetic energy per unit mass of the liquid. Thus, Bernoulli’s equation results
from the conservation of energy.

Torricelli’s theorem: A tank is filled with a liquid. An orifice is located at the
side of the tank, at a depth & below the surface of the liquid. Then the velocity of
emergence of the liquid from the orifice is given by

N ©8)

The venturi meter: It works as a gauge to measure the flow speed of a liquid. Let a
liquid of density p flow through a pipe of cross-sectional area A with velocity v. At
the constriction, called throat, the area is reduced to a (Fig. 9.1). A manometer con-
taining a suitable liquid of density serves to register the pressure difference between
points 1 and 2. In Bernoulli’s equation the gravitational energy term will be absent
as the centre of the cross-sectional areas A and a is at the same horizontal level.

Finally, we obtain
2(p — h
=a M 9.9)
p(A? —a?)
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Fig. 9.1

The pitot tube is a device to measure the flow speed of a gas. If o’ is the density of
the liquid in the manometer, p the density of the flowing gas and / the difference in
height in the limbs of the manometer, then

[20hp'
v= |82 (9.10)
0

Viscosity: The coefficient of viscosity of a liquid is the tangential force per unit
area per unit velocity gradient. The backward tangential force acting on any liquid
layer is

dv
F=-nA— 9.11)
dy

where dv/dy is the velocity gradient which is identical with v/y for constant gra-
dient. The negative sign shows that the viscous drag acts opposite to the velocity of
the liquid.

Poiseuille’s Method for Viscosity Determination

Volume V flowing per second through a tube of radius a and length L under pressure
head P is given by

y - 2P 9.12)
= S0l .
Terminal velocity
Drag force F = 6znrv  (Stokes law) (9.13)

When a sphere of radius r and of density pg is dropped in an extensive fluid of
density p its speed increases linearly as for a free fall (v = gt). However, due to
viscous drag v approaches asymptotically to a constant value vt given by

2gr2

W(ﬁo —p) 9.14)

T =
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9.2 Problems

9.2.1 Bernoulli’s Equation

9.1

9.2

9.3

94

9.5

9.6

9.7

9.8

9.9

The radius of a water pipe decreases from 10 to 5 cm. If the average velocity in
the wider portion is 4 m/s, find the average velocity in the narrower region.

Verify if the continuity equation for steady incompressible flow is satisfied for
the following velocity components:

vy = 3x% — xy + 272, vy = 2% — 6xy + y2, v, = —2xy —yz + 2y2

Air streams horizontally across an aeroplane wing of area 4 m”, weighing
300kg. The air speed is 70 and 55 m/s over the top surface and the bottom
surface, respectively. Find (a) the lift on the wing; (b) the net force on it.

A venturi meter has a pipe diameter of 20 cm and a throat diameter of 10 cm.
If the water pressure in the pipe is 60,000 Pa and in the throat is 45,000 Pa,
calculate the rate of flow of water in m3/s.

A pitot tube which is used to determine the speed of an aircraft relative to
air is mounted on the wing of a plane. The tube contains alcohol of density
810kg/m? and registers a level difference of 15.0 cm. Assuming that the den-
sity of air at NTP is 1.293 kg/m?, find the plane’s speed in km/h relative to the
air.

A garden sprinkler has 80 small holes each 2.5 mm? in area. If water is supplied
at the rate of 2 x 1073 m3/s, find the average velocity of the spray.

For steady, incompressible flow which of the following values of velocity com-
ponents are possible?

@ vy =3xy+ y2, vy = 5xy +2x
(b) vy =3x%+y?, vy, = —6xy

If the speed of flow past the lower surface of the wing of an aeroplane is
100 m/s, what speed of flow over the upper surface would give a pressure dif-
ference of 1000 Pa? Assume an air density of 1.293 kg/m>.

A venturi meter has a pipe diameter of 4 cm and a throat diameter of 2 cm. The
velocity of water in the pipe section is 10 cm/s. Find (a) the pressure drop; (b)
the velocity in the throat.

9.10 Water is observed to flow through a capillary of diameter 1.0 mm with a speed

of 3 m/s. Viscosity of water in CGS units is

(a) 0.018 at0°C
(b) 0.008 at 30°C
(c) 0.004 at 70°C
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Calculate the Reynold’s number and test at which of these three temperatures
is the flow likely to be streamlined. Assume that for Reynold’s number R <
2200 flow is steady.

9.11 A horizontal tube AB of length L, open at A and closed at B, is filled with an
ideal fluid. The end B has a small orifice. The tube is set in rotation in the hor-
izontal plane with angular velocity w about a vertical axis passing through A,

[2L
Fig. 9.2. Show that the efflux velocity of the fluid is given by v = wl T~ 1
where [ is the length of the fluid.

Fig. 9.2

S

A
-
4

9.12 A pitot tube, Fig. 9.3, is mounted along the axis of a gas pipeline of cross-
sectional area A. Calculate the rate of flow of the gas across the section of the
pipe if 4 is the difference in the liquid column and pr. and p, are the densities
of the liquid and the gas, respectively.

Fig. 9.3 Pitot tube

9.13 Water flows in a horizontal pipe of varying cross-section. Two manometer
tubes fixed on the pipe, Fig. 9.4, at sections A; and A; indicate a difference
Ah in the water columns. Calculate the rate of flow of water in the pipe.

9.14 A cylinder filled with water of volume V is fitted with a piston and is placed
horizontally. There is a small hole of cross-sectional area s at the other end of
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Fig. 9.4 ‘

the cylinder, s being much smaller than the cross-sectional area of the piston
(Fig. 9.5). Show that the work to be done by a constant force acting on the
piston to squeeze all water from the cylinder in time ¢ is given by

_1pV?
2522

where p is the density of water. Neglect friction and viscosity.

Fig. 9.5

NI
|

9.15 A cylindrical vessel with water is rotated about its vertical axis with a constant
angular velocity w. Show that
(a) the water pressure distribution along its radius is given by P = Pp+
% pw?r?, where p is the density of water and Py is the pressure at the
central point.
(b) Show that the figure of revolution of water is a paraboloid.

9.16 A manometer is fixed to a water tap. When the valve is closed the manometer
shows the reading of 3.5 x 10 Pa. When the valve is open the reading becomes
3.1 x 10° Pa. Find the speed of water.

9.2.2 Torricelli’s Theorem

9.17 A water container is filled up to a height H. A small hole is punched at the
side wall at a depth & below the water surface. Show (a) that the distance from
the foot of the wall at which the stream strikes the floor is 2/A(H — h); (b)
the second hole through which the second stream has the same range must be
punched at a depth H — h.
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9.18

9.19

9.20

9.21

9.22

9.23

9.24

In prob. (9.17) show that the hole must be punched at a depth # = H/2 for
maximum range and that this maximum distance is H.

A large tank is filled with water at the rate of 70 cm?/s. A hole of cross-section
0.25 cm? is punched at the bottom of the tank. Find the maximum height to
which the tank can be filled.

A tank of cross-sectional area A is filled with water up to a height /1. Water
leaks out from a small hole of area ‘a’ at the bottom. Find the time taken for
the water level to decrease from /4 to hy.

A large tank is filled with water. The total pressure at the bottom is 3.0 atm. If
a small hole is punched at the bottom what is the velocity of efflux?

Two tanks with a large opening are filled with a liquid. A hole of cross-
sectional area A; is punched in tank 1 and another of cross-sectional area
Aj in tank 2 at depths /1 and hj, respectively. If Ay = 2A, and the volume
flux is identical, then what should be the ratio k1/h,?

A wide container with a small orifice in the bottom is filled with water and
kerosene. If the water column measures 60 cm and kerosene column 40 cm,
calculate the efflux velocity of water. Take the specific gravity of water as 1.0
and kerosene as 0.8 and neglect viscosity.

A wide vessel filled with water is punched with two holes on the opposite side
each with cross-sectional area of 1.0cm?. If the difference in height of the
holes is 51 cm, calculate the resultant force of reaction of the water flowing
out of the vessel.

9.2.3 Viscosity

9.25

9.26

9.27

9.28

Water is conveyed through a tube 8 cm in diameter and 4 km in length at the
rate of 120 I/min. Calculate the pressure required to maintain the flow. Coeffi-
cient of viscosity of water, 7 = 0.001 ST units. 1 atm = 1.013 x 10° Pa.

Two capillary tubes AB and BC are joined end to end at B. AB is 16 cm long
and of diameter 0.4 cm. BC is 4 cm long and of diameter 0.2 cm. The compos-
ite tube is held horizontally as in Poiseuille’s experiment, with A connected to
a vessel of water giving a constant head of 3 cm and C open to air. Calculate
the pressure difference between B and C.

Two raindrops fall through air with terminal velocity of vt cm/s. If the drops
coalesce what will be the new terminal velocity?

Q cm?® of water flows per second through a horizontal tube of uniform bore
of radius r and of length /. Another tube of half the length but radius 2r is
connected in parallel to the same pressure head. What will be the total quantity
of water flowing per second through these two tubes?
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9.29 In prob. (9.28) if the tubes are connected in series then what quantity will flow
through the composite tube?

9.3 Solutions

9.3.1 Bernoulli’s Equation

9.1 From continuity equation

Ajvy = A
A1y nrlzvl 102 x 4
V) = = = = 16m S
2 A 7'[r22 52 /

9.2 v, =3x? —xy 4 27?
vy = 2% — 6xy + y2
v, = —2xy — yz + 2y’

vy dvy v,
— =6x—y;, — =—6x+2y; — =—
dx Y ay 2y 0z Y

avx avy 3UZ
Viv=—+——+-—=6x—y)+(-6x+2y) —y=0
dox ay 0z

Thus the continuity equation for steady incompressible flow is satisfied.
9.3 Pressure difference across the wing
Ap — L5 2
P = 5 p vy —v3)
1 2 2
=5 X 1.293 x (707 — 55%) = 1212 Pa
(a) Lift = (pressure difference) (area)
= 1212 x 4 = 4848N
(b) Net force = Lift — Weight of plane

= 4848 — (300 x 9.8)
= 1908 N in the upward direction

1 A?
94 AP = 5[01}2 <— — 1)

A  7R? 10\?
—_— = = —_— = 4
a Tr? 5
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1
60,000 — 45,000 = 7 x 1000 x 1502

or v = 1.414m/ s (throat)
Rate of flow of water

0 =vA = (1.414) (7 x 0.01%) = 0.0444 m> /s

2he’  [2x98 x 0.15 x 810
95 y= |28 :\/ X IO X X O 42.9m/s = 154.5km/h
P 1.293

9.6 Total area of the holes

A=80x25x10"°m?> =2 x 10"*m?

0 = Av
0 2x1073
= A T2k O

9.7 (a) vy = 3xy + y? vy = 5xy +2x

a a

ax ay

vy  Jdvy

— 4+ —=3y+5x#0
ax dy

Therefore, steady incompressible flow is not possible.

(b) vy =3x" +y° vy = —6xy

il 0

ﬁ:6x; &=—6x
ax ay

0 0

D T 6y —6x =0

ax dy

Thus, steady incompressible flow is possible.

1
98 AP = Elo(v% — v%)

288 up = 200 002 = 107.45my
V1 = —_— V57 = —_— == . m/S
! 0 : 1.293
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99 (a) 0 = Vthroatd = vpipeA

A D? 42
Uthroat = vpipe; = Upipe? =10 x ) =40m/s

1, (A2
(b) Ap=§pv <ﬁ_1)

1 , (4 6
=—-x1000 x40 [ — — 1) =12 x 10°Pa
2 24

Dv
9.10 Reynold’s number R = '0—, where p is density, D diameter, v velocity and

n coefficient of viscosity.

1 x 0.1 x 300
R=————=1667
(@) 0.018
Flow is steady because R < 2200
1 x 0.1 x 300
b) R=——— =3750
0.008
Flow is turbulent because R > 2200
1 x 0.1 x 300
© R=—""""" _ 7500
0.004

Flow is turbulent because R > 2200

9.11 Consider a mass element dm of the fluid at distance x from the vertical axis.
The centrifugal force on dm is

d d
dF = dm o*x = dm— = dm v
dr dx

vdv = w?x dx

/vdv:a)z/xdx

9.12 Applying Bernoulli’s equation to points A and B,

1
pa + Epgvz = Py (1)

pA + pLgh = Pp 2
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9.13

9.14

Comparing (1) and (2)

2ghpr,
V= | ——
Pg

Apply Bernoulli’s equation at the sections Aj and Aj:

1 2 1 2
P+ Epvl =P+ Epvz

1
p2—p1=Ap = Ahpg = Ep(v% —v3)
2¢Ah = v% - v%

0 =viA; = nA;

v1A]
V) =
2 A,
Using (4) in (2)
(A3 — AD)
2¢Ah = v} -
A3
2gAh
v = A o5
A7 = Aq
0=4 AA 2gAh
=An =A142 [—5——
As = A7

Volume of water flowing out per second
Q0 =sv

where v is the speed and s is the cross-sectional area.
Volume flowing out

V = 0t = svt

1, F FL W
—pv :P:—:—:—
2 A AL Vv

where L is the length of the cylinder and W is the work done.

_ 1pV3
T2 22

where we have used (2).
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9.15 (a) The components of mw?r parallel to the x-axis and z-axis are mw

(b)

Fig. 9.6

mw?z, respectively. Taking y in the upward direction

dp = p(0*xdx + w’zdz — gdy)

In the x — z-plane, y = constant. Hence dy = 0.
Integrating (1)

2.2 2.2
PW"X PW7
- n e
p 2 2

where C is the constant of integration.

2
w
p= pT(x2+z2)+c
1
=§a)2r2+C

p = poatr =0, then C = pg

1
p=po+pwr?

9 Fluid Dynamics

2x and

6]

Particle at P is in equilibrium under centrifugal force and gravity, Fig. 9.6.
Let PM be tangent at P(r, y) making an angle 6 with the r-axis. PN is

normal at P. If N is the normal reaction

N cost =mg
N sinf = maw?r
2
wr
tanf = —
8
y

— — — — —
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dy w*r
dr — g
2
y:fdy:w—/rdr+c
g
w2r2+
= c
y 29

1 w?r?

_Eg

Yy

Figure of revolution of the curve is a paraboloid.

9.3.2 Torricelli’s Theorem
9.16 Using Bernoulli’s equation
2 2/01)2 = I 20”1

1
3.1 x 10° + 5 X 100003 = 3.5 x 10° + 0

vy = 8.94m/s

9.17 (a) Use Bernoulli’s equation at two points A and B at height 75 and kg,
respectively, Fig. 9.7.
pv?
P+pghA=P+pghB+7 (1)
where P is the atmospheric pressure, p is the density of water and v is the
efflux velocity.

> ——f

<!UU

Fig. 9.7 F—R—
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Calling hn — hg = h )

v=+/2gh (3)

Using simple kinematics, the range

R =vt =/2gh #
R =2Jh(H —h) “)

(b) In (4) R is unchanged if we replace 7 by H — h. Therefore, the second
hole must be punched at a depth H — & to get the same range.

9.18 From prob. (9.17)

R =2Jh(H —h) (1)

Maximum range is obtained by setting dR/dh = 0 and holding H as constant.
This gives h = H /2 and substituting this value in (1), we get Rpax = H.

9.19 For the water level to remain stationary volume efflux = rate of filling = x

VA = (,/2gh) A=x=70cm?/s
x? (70)2

h = =
29A2 2 x 980 x (0.25)2

=40cm

9.20 Let the water level be at a height x at any instant. The efflux velocity will be
v = 4/2gx. As the water flows out, the level of water comes down, Fig. 9.8.

Fig. 9.8 — v = {2gx
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9.21

9.22

9.23

Volume flux, Q = av = a+/2gx

Volume flux is also equal to Q = Ad—);

d
We then have a/2gx = Ad—);

hy
o= | =

Pressure at the bottom due to water column = (3 — 1) atm = 2 atm = 2 X
10° Pa.

P = hpg
P 2x 10° 200

" pg  1000g

v=+/2gh = /2g— =20m/s

Second method

Apply Bernoulli’s equation

1

1 2
Prtspvi=rP+3

2

where the left side refers to the point inside the tank and right side to a point
outside the tank.

1
3x10°+0=1x 105+§ x 1000v3
vy =20m/s

0 =viA1 = A,

(V2ght) @Az = (V2gha) 4

h 1

hy 4
Apply Bernoulli’s equation to a point just outside the hole and a point at the
top of the kerosene surface. If P is the atmospheric pressure, i1 and &, the

heights of water and kerosene columns, respectively, p; and p; the respective
densities,
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1
P+ EPIU% =P +hipig +haprg

h
v = [2g <h1 + 2_/02)
p1

Substituting 1 = 60cm, iy = 40cm, p; = 1, pop = 0.8 and g = 980, we
find v; = 425cm/s or 4.25 m/s.

9.24 Volume efflux at A and B, Fig. 9.9

Fig. 9.9 i
T
. Ae
i
Ah
! oB
OaA =vAS
Op = vBS

(Mass efflux), = pvaS
(Mass efflux)g = pvpS

Force Fa = (rate of change of momentum),

= pvaSvpa = ,oSvf\

= pSQ2gh) =2pSgh

Fg =2pSg(h + Ah)

Fg—FAa=2pSgAh

(because the vector force is in the opposite direction)

=2x 1000 x 1.0 x 107* x 9.8 x 0.51 = 1.ON

9.3.3 Viscosity
9.25 Volume of liquid flowing per second

TrtP
8nl




9.3

9.26

9.27

Solutions 407

v .001 x 4 .002
P &n _ 8 x 0.001 x 4000 x 0.00 — 0.0796 x 10° Pa
wrd 3.14 x (0.04)%

P 0.0796 x 10°

Pressure headh = — = —— = 0.8 m
08 1000 x 9.8
8ni1Q  8nQ (0.16) 8nQ (0.01)
Py— P = = = 1
ATIBT A T 2x10°3)* 7 x10-12 0
8nQ0 x (0.04)
Pp—Py= —— " 2
B0 7 x 10~12 o
Adding (1) and (2)
8nQ0 x 0.05
Pa—Pp= ————
AT T T I0 12 ®)
Dividing (2) by (3)
Pp — P
B0 _os
Py — Py
Pg — Py = 0.8 x (Py — Py) = 0.8 x 3 =2.4cm of water.
The terminal velocity vt is given by
2,5 (p1—p2)
vy = 2plg L P2 )

9
where r is the radius of the drop, p; and p; are the densities of the drop and
air, respectively, g is the gravity and 7 is the coefficient of viscosity. If the new

radius is 7’ and the new terminal velocity v], then

/ 2
v r
—T = —2 (2)
uT r

Under the assumption that the drops are incompressible, the volume remains
constant:

4 4
?ﬁ(r’)3 —2x X3

r =213 3)
Using (3) in (2)

v =22y = 4153
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9.28

9.29

9 Fluid Dynamics

TPt
For the first tube Q1 = =0
8nl
nP@2r)*  32xPrt
For the second tube 0> = = =320
8nl/2 8nl

Total quantity of water flowing is

01+ 02= 0 +320 =330

Let the pressure at the beginning of the first tube be P; and at the end P». Since
the water flow must be continuous, the rate of flow in the two tubes must be
identical, that is, Q1 = Q». Let the atmospheric pressure be Py.

8nl
P — P, = il g] (for the first tube) (1)
r
8n(1/2)0>  8nl 0y
P, — Py = ) = 30,8 (for the second tube) 2)
Adding (1) and (2)
8nl 3301
Pl — Py=— 3
! 0= 24 32 ©)
8nlQ . :
But P| — Py = 7 (forsingle tube of length / and radius r) “4)
Tr
320

Comparing (3) and (4), we get Q1 = TR



Chapter 10
Heat and Matter

Abstract Chapter 10 is devoted to kinetic theory of gases, collision cross-section,
mean free path, van der Waal’s equation, thermal expansion of solids, liquids and
gases; gas equation, heat conduction in composite slabs and sphere; Newton’s law of
cooling, radiation problems covering Boltzmann law and Wien’s law, specific heat
and latent heat, thermodynamics, indicator diagrams, the Carnot, Otto and Sterling’s
cycles, thermodynamic relations, elasticity and surface tension.

10.1 Basic Concepts and Formulae

The mean free path A of a gas molecule is the average distance travelled by the
molecule between successive collisions

L= xi/N (10.1)

The average time of collision T is related to A and <v> the mean speed by
r=<v>T = <v>/f (10.2)
wheref = 1/T (10.3)

is the collision frequency.
N () dv = 47 N[m/27kT1>/*v? exp[—mv?/2kT1dv (Maxwell’s law)  (10.4)

Assuming Maxwell’s law of velocity distribution,

Most probable speed vj, ,/ ,/ (10.5)
Average speed < v >=,/— =,/ —— (10.6)
Tm M
8kT 8RT
Root-mean-square speed vV < v2 > =,/ — = 7 (10.7)
m

409
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where k is Boltzmann constant, 7' the absolute temperature, m the particle mass,
R the gas constant and M the molecular weight.

v

A= ——m—— 10.8)
Ar2r2 N (

where N=nV, n is the number of molecules per unit volume and V is the volume
of the gas.

Gas Laws
PV =nRT (gas equation) (10.9)
T T
prit P22 (10.10)
P Py
Thermal Expansion
L = Lo[l +aAT] (linear expansion) (10.11)
B =2a,y =3 (10.12)

where « is the coefficient of linear expansion, g is the coefficient of areal expansion
and y that of volume expansion.

Thermal Expansion and Elasticity

Force F = Yaa AT (10.13)

where Y is Young’s modulus and a the cross-sectional area.
The coefficient A of apparent expansion of a liquid

A=y —g=y —3a (10.14)

where y is the absolute volume coefficient of expansion of liquid and g that of the
container.

mass expelled

Apparent expansion of liquid = -
(mass left) (temperature rise)

Heat Transfer

Heat conduction through a slab:

_d_szlA(TlgTz) (10.15)
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Rate of heat flow is directly proportional to the temperature gradient d7'/dx and
the cross-sectional area and inversely proportional to the thickness. The constant of
proportionality k is known as thermal conductivity.

Heat conduction is through a composite slab made of two slabs of thickness d;
and d; and thermal conductivity k; and k7, respectively, in series, the end tempera-
tures being 77 and 7. The equivalent conductivity is given by

dy + d>
ke = ————— 10.16
eq a . & ( )
ki ko
The temperature of the interface is given by
k1T kT
i)+ ()
7T=~"1 2 (10.17)
ki n k
dq da
The rate of flow of heat in a composite slab made of n slabs in parallel:
d9 (I — D)
-~ =1 Zi:l ki A; (10.18)
> kiA;
keg = =—— 10.19
=S4, ( )
Convection
Rate of cooling:
do .
~ = C(0 — 0y (Newton’s law of cooling) (10.20)

where 6 is the mean temperature, 6y the room temperature and C a constant.

Radiation

Rate of energy loss:

dE 4 4
v =0A (Tl — T2> (Stefan—Boltzmann formula) (10.21)

where A is the area of the radiator, 77 is its absolute temperature, 7> is the absolute
temperature of the surroundings and o is known as Stefan—Boltzmann constant.

Wien’s Law

Am-T=b=3x10"m—-K (10.22)
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The wavelength Ay, for the maximum intensity of black body spectrum is inversely
proportional to the absolute temperature of the body.

Thermodynamics

Process Quantity that remains constant
(i) Isobaric Pressure
(i1) Isochoric Volume

(iii) Isothermal Temperature

(iv) Adiabatic Heat

First law of Thermodynamics
AQ=AU+W (10.23)

A Q is positive if heat is absorbed by the system and negative if heat is evolved.
Internal energy U of a system tends to increase if energy is added as heat and tends to
decrease if energy is lost as work done by the system. Both Q and W are dependent
while U is path independent.

Work done by the system:

Isobaric process: W = [ PdV = P(Vi — V)

Isochoric process: W =0, AQ = AU

\%
Isothermal process: W = —nRT In (5), dU =0,dQ =dW
1

1
Adiabatic process: W = —1(P2V2 — P1V)),dQ=0,dU = —dW

where y is the ratio of two specific heats (cp/cy).

The change in entropy

_ [
AS_/ . (10.24)

Enthalpy (H) is the total heat and is defined by
H=U+PV (10.25)
Gibb’s function (G) is defined by
G=U+PV-TS (10.26)

Number of degrees of freedom

f=— (10.27)
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Heat Engines  Thermodynamic efficiency

Work done by the gas w
e = = —
Heat put into the system Qi

(10.28)

The Carnot cycle consists of two isothermal processes and two adiabatic processes.
The Sterling cycle consists of two isothermal processes and two isochoric pro-
cesses.
The Otto cycle consists of two adiabatic processes and two isochoric processes.

e=(Qu—00)/0u (10.29)
e = (Ty—Tc) Ty (10.30)

where the symbols H and C are for hot and cold reservoirs.

Elasticity

Stress = force/area = F /A
Strain = elongation/original length = AL/L
Young’s modulus(Y) = stress/strain = FL/AAL
Shear modulus (1) = shear stress/shear strain = Fy/AAx
AP
—AV/V
Poisson’s ratio (o) = lateral contraction per unit length/longitudinal elongation
per unit length.
Relations for the elastic moduli:

Bulk modulus (K) = pressure increment/volume strain =

MK n(l o) = 3K (1 — 20) (10.31)
= = 2n o) = — L0 .
3K +1n
3K —2n
= — 10.32
77 6K + 21 (10.32)
Surface Tension
Excess pressure in a drop
P =2S/r (10.33)
Excess pressure in a bubble
P =4S/r (10.34)

Pressure in a bubble due to electric charges
P =0?/2¢ (10.35)

where o is the charge density and g is the permittivity.
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Energy released in coalescing n droplets each of radius r into a large drop of
radius R

AW = 47r(n —n??)S (10.36)

AW = 47 R2(n% — 1)S (10.37)
Capillary rise:

2S8cosO = (h+r/3)rpg (10.38)

where 6 is the angle of contact, r is the radius of the bore and / is the height of the
liquid column.

10.2 Problems

10.2.1 Kinetic Theory of Gases

10.1 Define the mean free path of a gas both mathematically and in words. Calcu-
late the mean free path of a molecule in a gas if the number of collisions is

2 x 10'9/s and the mean molecular velocity is 1000 m/s.
[University of Manchester 2008]

10.2 (a) Consider a gas that has a molecular weight of 28 and a temperature of
27°C. What is the rms speed of molecule of the gas if it has a Maxwellian

velocity distribution? The ideal gas constant is 8.31 J/mol K.
(b) What is the mean free path of a molecule if the pressure is 2 atm (1 atm =
101.3 kPa), the temperature is 27°C, and the cross-section is 0.43 nm?2?
Using the average velocity from part (a) calculate the collision frequency

for the molecule. Boltzmann’s constant is 1.38 x 10723 J/K.

10.3 (a) By considering a volume, V, of ideal gas, containing N spherical
molecules with radius r, show that the mean free path of the molecules
can be defined by the equation

= \%
" 4nJ2r2N

(b) Hence, or otherwise, calculate the mean free path of air at 100°C and
1.01 x 10° Pa. Assume that the molecules of air are spheres of radius
r=20x10"""m.

(k =1.38 x 1078 J/K)
[University of Aberystwyth, Wales]

10.4 Figure 10.1 shows the Maxwell-Boltzmann velocity distribution functions
of a gas for two different temperatures, of which first (curve fi) is for
T = 300K.
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Fig. 10.1 Maxwell- S
Boltzmann velocity
distributions

10.5

10.6

10.7

Problems 415
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(a) Read the approximate value for the most probable speed of the molecules
from the diagram for each of the two cases.

(b) What is the temperature, 72, when the velocity distribution is given by f>?

(c) Indicate the average speeds in the diagram for each of the two
temperatures and give the ratio between the two average speeds.

(d) The gas consists of 5Smol of molecules. If the molecular velocity
distribution is given by f>, estimate the number of those molecules in
the gas which have a speed between vpa = 800 m/s and vg = 900 m/s.

If the Maxwell-Boltzmann distribution of speeds is given by

—mv2

)7 Ve 2kT

w

S () = dm (anT

show that the most probable speed is defined by the equation

(2kT>‘/2
Ymp =\ 7,

For carbon dioxide gas (CO;, molar mass = 44.0g/mol) at T = 300K,
calculate

(i) the mean kinetic energy of one molecule
(ii) the root mean square speed, vy
(iii) the most probable speed, vmp
(iv) the average speed, vyy

(R = 8.31J/K/mol, k = 1.38 x 1078 J/K, Na = 6.02 x 10%*/mol)

(a) Give three assumptions that are made when deriving the properties of an
ideal gas using a molecular model.
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(b) A weather balloon is loosely filled with 2m> of helium at 1atm. and
27°C. The balloon is then released, and by the time it has reached an
elevation of 7000 m the pressure has dropped to 0.5 atm. and the balloon
has expanded. If the temperature at this elevation is —48°C, what is the
new volume of the balloon?

van der Waal’s equation can be written in terms of moles per volume as

n2

pt+a—s

L [ (1_192)
v RT v

The van der Waal’s parameters for hydrogen sulphide gas (H»S) are a =
0.448 Jm? /mol2 and b = 4.29 x 107> m3/mol. Determine an estimate of
the number of moles per volume of H,S gas at 127°C and a pressure of
9.80 x 10 Pa as follows:

(a) Calculate as a first approximation using the ideal gas equation, — = %

(b) Substitute this first approximation into the right-hand side of the equation
derived in part (a) to find a new approximation of % (on the left-hand

side) that takes into account real gas effects.

10.2.2 Thermal Expansion

10.9 Two parallel bars of different material with linear coefficient of expansion

o1 and ap, respectively, are riveted together at a distance d apart. An increase
in temperature AT will cause them to bend into circular arcs with a common
centre subtending an angle 6 at the centre (Fig. 10.2). Find the mean radius of
curvature.

+—d —» \
R2
R \

©
/ R1/

&
A

Fig. 10.2 Expansion of a bimetal strip of bars
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10.10

10.11

10.12

10.13

10.14

A 20 m long steel rail is firmly attached to the road bed only at its ends. The
sun raises the temperature of the rail by 30°C, causing the rail to buckle.
Assuming that the buckled rail consists of two straight parts meeting in the
centée, calculate how much the centre of the rail rises? For steel « = 12 x
107> /°C.

What should be the lengths of a steel and copper rod if the steel rod is 4 cm
longer than the copper rod at any temperature. a(steel) = 1.1 x 107>/°C;
o (copper) = 1.7 x 1073 /°C.

A 11 glass flask contains some mercury. It is found that at different tem-
peratures the volume of air inside that flask remains the same. What is the
volume of mercury in this flask? Coefficient of linear expansion of glass =
9 x 1079 /°C; coefficient of volume expansion of mercury = 1.8 x 1074/°C.

[Indian Institute of Technology 1973]

A steel wire of cross-sectional area 0.5 mm? is held between two fixed sup-
ports. If the tension in the wire is negligible and it is just taut at a temperature
of 20°C, determine the tension when the temperature falls to 0°C (assume
that the distance between the supports remains the same). Young’s modulus
of steel = 2.1 x 10! dynes/cmz; a=12x107%/°C.

[Indian Institute of Technology 1973]

A glass vessel just holds 50 g of toluene at 0°C. What mass of toluene will it
hold at 80°C if between 0 and 80°C the expansion coefficients are constant.
The coefficient of linear expansion of glass is 8 x 107%/°C and the absolute
expansion of toluene is 11 x 10~4°C.

[University of Dublin]

Gas Laws

10.15

10.16

10.17

10.18

Determine the constant in the gas equation given that a gram molecule of a
gas occupies a volume of 22.41 at NTP. [University of Durham]

A bubble of gas rises from the bottom of a lake 30 m deep. At what depth will
the volume be thrice as great as it was originally (atmospheric pressure =
0.76 m of mercury; specific gravity of mercury = 13.6)?

A balloon will carry a total load of 175 kg when the temperature and pressure
are normal. What load will the balloon carry on rising to a height at which
the barometric pressure is 50 cm of mercury and the temperature is —10°C,
assuming the envelope maintains a constant volume?

[University of London]

Two glass bulbs of volume 500 and 100 cc are connected by a narrow tube
whose volume is negligible. When the apparatus is sealed off, the pressure
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of the air inside is 70 cm of Hg and the temperature 20°C. What does the
pressure become if the 100 cc bulb is kept at 20°C and the other is heated
to 100°C?

[University of Durham]

10.2.3 Heat Transfer

10.19

10.20

10.21

10.22

10.23

10.24

Two slabs of cross-sectional area A and of thickness d; and d»> and thermal
conductivities k; and k; are arranged in contact face to face. The outer face
of the first slab is maintained at temperature 77 °C, that of the second one at
T»°C and the interface at T°C. Calculate

(a) Rate of flow of heat through the composite slab
(b) The interface temperature
(¢) The equivalent conductivity

n slabs of the same thickness, the cross-sectional area A, As, ..., A, and
thermal conductivities ki, k2, ..., k, are placed in contact in parallel and
maintained at temperatures 77 and 7,. Calculate

(a) the rate of flow of heat through the composite slab
(b) the equivalent conductivity

A bar of copper and a bar of iron of equal length are welded together end
to end and are lagged. Determine the temperature of the interface when the
free end of the copper bar is at 100°C and the free end of the iron is at
0°C and the conditions are steady. Thermal conductivities: copper = 92,
iron = 16cal/m/s/°C.

[University of Durham]

A block of ice is kept pressed against one end of a circular copper bar of
diameter 2 cm, length 20 cm, thermal conductivity 90 SI units and the other
end is kept at 100°C by means of a steam chamber. How long will it take
to melt 50 g of ice assuming heat is only supplied to the ice along the bar,
L =8 x 10*cal/kg.

[University of Dublin]

At low temperatures, say below 50K, the thermal conductivity of a metal
is proportional to the absolute temperature, that is, k = aT, where a is a
constant with a numerical value that depends on the particular metal. Show
that the rate of heat flow through a rod of length L and cross-sectional area A

A
and whose ends are at temperatures 77 and 7> is given by Q = ;—L(T]Z— T22).
Find the radial flow of heat in a material of thermal conductivity placed

between two concentric spheres of radii r; and r» (r; < r2) which are main-
tained at temperatures 71 and 75 (77 > T3).
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10.25

10.26

10.27

10.28

10.29

10.30

10.31

10.32

10.33

10.34

Find the radial rate of flow of heat in a material of thermal conductiv-
ity k placed between a co-axial cylinder of length L and radii 1 and r»,
respectively (r; < r»), maintained at temperatures 77 and 73, respectively
(T > Tp).

A small pond has a layer of ice on the surface that is 1 cm thick. If the air
temperature is —10°C, find the rate (in m/h) at which ice is added to the
bottom of the layer. The density of ice is 917 kg/m?>, the thermal conductivity
of ice is 0.59 W/m/K, and the latent heat of fusion is 333 kJ/kg. Assume that
the underlying water is at 0°C.

An object is cooled from 85 to 75°C in 2 min in a room at 30°C. What time
will be taken for the object to cool from 55 to 45°C.

A calorimeter containing first 40 g and then 100 g of water is heated and sus-
pended in the same constant temperature enclosure. It is found that the time
to cool from 50 to 40°C in the two cases was 15 and 33 min, respectively.
Calculate the water equivalent of the calorimeter.

Two steel balls of identical material and surface quality have their radii in
the ratio 1:2. When heated to 100°C and left to cool, they lose their heat by
radiation. Find the rate of cooling d6/dt for the balls.

A resistance thermometer gives readings of 24.9 Q at the ice point, 29.6 Q2
at the steam point and 26.3 Q at some unknown temperature. What is the
unknown temperature on the Celsius scale?

[The University of Wales, Aberystwyth 2004]

Solar constant (S) is defined as the average power received from the sun’s
radiation per square metre of earth’s surface. Calculate S assuming sun’s
radius (R) as 6.95 x 108 m, the mean earth—sun distance (r) as 1.49 x 10! m,
sun’s surface temperature 7 = 5740 K and Boltzmann’s constant o = 5.67 X
1078 W/m? /K.

Calculate the temperature of the solar surface if the radiant intensity at
the sun’s surface is 63 MW/m?. Stefan—Boltzmann constant & = 5.67 x
1078 W/m?/K*.

Calculate the amount of heat lost per second by radiation by a sphere 10 cm
diameter at a temperature of 227°C when placed in an enclosure at 27°C
(0 =5.67 x 1078 W/m?/K*)

[Nagarjuna University 2002]

A body emits most intense radiation at A, = 480 nm. If the temperature of
the body is lowered so that total radiation is now 1/16 of the previous value,
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what is the wavelength of the most intense radiation under new conditions?
Wien’s constant b = 3 x 107> mK.

10.2.4 Specific Heat and Latent Heat

10.35

10.36

10.37

10.38

10.39

10.40

The latest heat of fusion of a material is 6 kJ/mol and the heat capacity (Cp)
in solid and liquid phases of the material is a linear function of temperature
Cp = 30.6 + 0.0103 T, with units J/mol/K. How much heat is required to
increase the temperature of 1 mol of the material from 20 to 200°C if the
fusion phase transition occurs at 80°C?

[University of Manchester 2007]

The variation of the specific heat of a substance is given by the expression
C = A+ BT?, where A and B are constants and T is Celsius temperature.
Show that the difference between the mean specific heat and the specific heat
at midpoint 7/2 is BT?/12.

The temperature of equal masses of three different liquids A, B and C is 12,
18 and 28°C, respectively. When A and B are mixed the temperature is 16°C.
When B and C are mixed, it is 23°C. What would be the temperature when
A and C are mixed?

[Indian Institute of Technology 1976]

A 3.0 g bullet moving at 120 m/s on striking a 50 g block of wood is arrested
within the block. Calculate the rise of temperature of the bullet if (a) the
block is fixed; (b) the block is free to move. The specific heat of lead is
0.031 cal/g°C.

Calculate the difference in temperature between the water at the top and bot-
tom of a 25 m high waterfall assuming that 15% of the energy of fall is spent
in heating the water (J = 4.18 J/Cal).

[University of Durham]

A piece of lead falls from a height of 100m on to a fixed non-conducting
slab which brings it to rest. Show that its temperature immediately after
the collision is raised by approximately 7.1 K (the specific heat of lead is
30.6 cal/kg 0°C between 0 and 100°C).

10.2.5 Thermodynamics

1041

(a) Define

(i) an isobaric process
(ii) an isochoric process
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(iii) an adiabatic process
(iv) an isothermal process

(b) Show that the work done on a gas during an adiabatic compression from
initial conditions (P, Vi) to final conditions (P, V») is given by the
equation

1
W=——(p2Vo—p1V1)
y —1

10.42 A sample containing 2 k mol of monatomic ideal gas is put through the cycle
of operations as in Fig. 10.3. Find the values of T4, T and V.

Fig. 10.3 A thermodynamic P/atm
cycle
B
20 ——
1.0 ———— c
0 A |
0 | V/im®

10.43 Show that for a monatomic ideal gas undergoing an adiabatic process,
PV>/3 = constant.

10.44 (a) State the first law of thermodynamics, expressing the law in its infinitesi-
mal form. Explain carefully each term used and note whether or not each
term is path dependent.

(b) Show that the work done on a gas during an isothermal compression
from an initial volume V] to a final volume V; is given by the equation

1%
W = —nRT In <—2>
Vi

(¢) An ideal gas system, with an initial volume of 1.0m? at standard tem-
perature and pressure, undergoes the following three-stage cycle:
Stage 1 — an isothermal expansion to twice its original volume.
Stage 2 — a process by which its volume remains constant, its pressure
returns to its original value and 10*J of heat is added to the system.
Stage 3 — an isobaric compression to its original volume, with 3 x 10*]J
of heat being removed from the system.

(i) How many moles of gas are present in the system?
(ii) Calculate the work done on the system during each of the three
stages.
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10.46

10.47

10.48
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(iili) What is the resultant change in the internal energy over the whole
three-stage cycle?
(At STP, temperature = 0°C = 273.15K and pressure = | atm =
1.01 x 10° Pa, R = 8.31/J/K/mol.)

The initial values for the volume and pressure of a certain amount of nitrogen
gas are Vi = 0.06m> and p; = 10° N/m?, respectively.

First, the gas undergoes an isochoric process (process 1-2), which triples
the pressure; then it is followed by an isobaric process (process 2-3), which
reduces the volume by a factor of three; finally, the volume of the gas is
tripled by an isothermal process (process 3—4).

(a) Give the initial and final temperatures, 77 and 74, of the nitrogen gas if
the temperature after the first (isochoric) process is 7> = 1083 K.

(b) Find the volume, V4, and pressure, p4, at the final state of the gas, then
sketch the three processes in a p—V diagram.

(¢) How much heat is gained by the nitrogen gas during the first (isochoric)
process and how much heat is given away by the nitrogen gas during
the second (isobaric process)? The amount of heat required to raise the
temperature of 1 mol of nitrogen by 1 K while the gas pressure is kept
constant is ¢p = 29.12 J/(mol K).

(d) Find the change in the internal energy of the nitrogen gas by the end of
the final process compared to the initial value.

[University of Aberystwyth, Wales]

When a gas expands adiabatically, its volume is doubled while its absolute
temperature is decreased by a factor 1.32. Compute the number of degrees
of freedom for the gas molecules.

A heat engine absorbs heat of 10° k cal from a source, which is at 127°C and
rejects a part of heat to sink at 27°C. Calculate the efficiency of the engine
and the work done by it.

[Osmania University 2004]

A reversible engine has an efficiency of 1/6. When the temperature of the
sink is reduced by 62°C its efficiency gets doubled. Find the temperatures of
the source and the sink.

Assuming that air temperature remains constant at all altitudes and that the
variation of g with altitude is negligible

(a) show that the pressure P at an altitude / above sea level is given by
p = poexp(—Mgh/RT), where M is the molecular weight of the gas.

(b) show that n = ngexp(—Mgh/RT) where n is the number of molecules
per unit volume.

(c) taking the average molecular weight of air to be 29 g, calculate the height
at which the air pressure would be half the value at sea level.



10.2  Problems 423

10.50

10.51

10.52

10.53

(a) Write down the efficiency for a Carnot cycle as a function of

(i) the heat flows to and from the reservoirs and
(ii) the temperatures of the two reservoirs.

(b) Describe the working of an Otto engine and efficiency for the air stan-
dard Otto cycle as a function of temperature as well as volume. Start by
sketching this cycle in a standard P—V diagram. Explain the four steps
of this cycle in terms of associated temperature and volume changes as
well as the heat exchanged with external reservoirs.

(¢) Compare the Carnot and the Sterling cycle using P—V diagram.

(@) 1 x 1073 m? of He at normal conditions (pg = 1bar, Ty = 0°C) is
heated to a final temperature of 500 K. What is the entropy change for

(i) an isobaric and
(ii) an isochoric process?
Use CpH® = 21 J/(mol K) and CyH® = 12.7/(mol K).

(b) Calculate the change in entropy A S; for 1 kg of water being heated from
0 to 50°C. Compare this change in entropy AS; for 0.5 kg of water at
0°C being mixed with 0.5 kg of water at a temperature of 100°C. Use
Cyv20 = 4.13 x 103 J/(kg K).

Consider a reversible isothermal expansion of an ideal gas in contact with the
reservoir at temperature 7', from an initial volume V; to a final volume V5.

(a) What is the change in the internal energy of the system?

(b) Calculate the work done by the system.

(¢) What is the amount of heat absorbed by the system?

(d) Find the change of entropy of the system.

(e) Find the change of the entropy of the system plus the reservoir.

Internal energy, heat, enthalpy, work, and the Gibbs free energy (Gibbs func-
tion) are all measured in units of joules.

(a) What is the difference between these forms of energy? Write down the
equations relating these forms of energy.

(b) Which of the above are state variables? What properties distinguish a
state variable from other variables?

10.2.6 Elasticity

10.54

(a) A 100 MPa force is applied to the surface of a material (surface area,
1 m?) that exerts a shear across the material (Fig. 10.4). The sample has
a thickness of 10 cm and causes the surface to be displaced by 0.1 cm.
What is the shear modulus of the material?
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Fig. 10.4 Shear deformation

10.55

10.56

10.57

10.58

10.59

10.60

10.61

(b) What is the bulk modulus of a material if a 100 MPa increase in pressure
causes a 1% reduction in its volume?

[University of Manchester 2008]

A wire has a length of 10 m and a cross-sectional area of 20 mm?. When a
20 kg block of lead is attached to it, it stretches by 2.5 cm. Find

(i) the stress
(ii) the strain
(iii) Young’s modulus for the wire

Show that the isothermal elasticity KT = P and adiabatic elasticity K=y P.

For a given material, the Young’s modulus is 2.5 times the rigidity modulus.
Find its Poisson’s ratio.

A 1.2m long metal wire is fixed securely at both ends to two solid supports
so that the wire is initially horizontal. When a 29 g mass is attached from
the midpoint of the wire, the midpoint is observed to move down by 20 mm.
If the diameter of the wire is 0.1 mm, estimate the Young’s modulus for the
wire material.

[The University of Wales, Aberystwyth 2004]

The rubber cord of a catapult has a cross-sectional area of 2 mm and an initial
length of 0.2 m and is stretched to 0.25 m to fire a small object of mass 15 g.
If the Young’s modulus is ¥ = 6 x 108 N/m?, what is the initial velocity of
the object that is released?

A 10kg object is whirled in a horizontal circle on the end of a wire. The wire
is 0.3 m long and has a cross-section 107%m? and has the breaking stress
4.8 x 107 N/m?. What is the maximum angular speed the object can have?

A steel wire is fixed at one end and hangs freely. The breaking stress for steel
is equal to 7.8 x 108 N/m? and its density is 7800 kg/m?. Find the maximum
length of the wire so that it does not break under its own weight.
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10.2.7 Surface Tension

10.62 If the surface tension of the liquid—gas interface is 0.072 N/m, the density is
1 kg/L and the radius of the capillary is 1 mm, to what height will the liquid
rise up the capillary?

[University of Manchester 2007]

10.63 A mole of gaseous molecules in a bubble obeys the ideal gas law. What is the
volume of the bubble at a 100 m depth of water if the temperature is 293 K,
the atmospheric pressure is 101 kPa, density of water is 1000kg/m?> and the
ideal gas constant is 8.314 J/mol/K.

[University of Manchester 2008]

10.64 Let n droplets each of radius r coalesce to form a large drop of radius R.
Assuming that the droplets are incompressible and S is the surface tension
calculate the rise in temperature if ¢ is the specific heat and p is the density.

10.65 A soap bubble of surface tension 0.03 N/m is blown from 1 cm radius to 5 cm
radius. Find the work done.

10.66 A small hollow vessel which has a small hole in it is immersed in water to
a depth of 45 cm before any water penetrates into the vessel. If the surface
tension of water is 0.073 N/m, what should be the radius of the hole?

10.67 What will be the depth of water at which an air bubble of radius 0.3 x 1073 m
may remain in equilibrium (surface tension of water = 0.072N/m and g =
9.8 m/s%)?

10.68 A capillary tube of radius 0.2mm and of length 6cm is barely dipped
in water. Will the water overflow through the capillary? If not what hap-
pens to the meniscus (surface tension of water = 0.073 N/m and angle of
contact = 0°)?

10.69 A soap bubble of radius 2.0 cm is charged so that the excess of pressure due
to surface tension is neutralized. If the surface tension is 0.03 N/m, what is
the charge on the bubble?

10.70 Two soap bubbles with radii r; and r, coalesce to form a bigger bubble of

radius r. Show that r = \/r} +r3.

10.3 Solutions

10.3.1 Kinetic Theory of Gases

10.1 The mean free path A of a gas molecule is the average distance travelled by
the molecule between successive collisions.

A =x/N (D
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where x is the total distance travelled and N is the number of collisions.
In terms of frequency f, average time of collision 7" and the mean molecular
velocity v,
1000
k:vT:E=—=5x10*8m
f 2x1010
3RT 3 x 8.31 x 300
X J?) = = =516.8
10.2 (a) <v ) \/ i \/ 28 % 103 m/s
(b) R =kno=1.38 x 1072 x 6.02 x 10> = 8.3J/mol K
PV 2x1.013x10° x 1
N=l 2 X X 81.365 mol/m’
RT 8.3 x 300
6.02 x 105 x 81.365
n= number/m3 = x X =2.15x% 1025/m3
28 x 103
1 1 _q
A= — = =1.082 x 107" m
on 043 x 10718 x 2.15 x 10%
v 516.8
== =478x10°
f = T Tosax 107 < 10°/s
10.3 (a) Collision cross-section between two molecules each of radius r is equiv-

alent to collision of one molecule of radius 2r with another point size
molecule. Therefore the cross -section will be

o =nQ2r)? = 4nr? (1)

Consider a rectangular box of face area Im? and length A metres. Then
the volume of the box V = Am?>. If n is the number of molecules per
unit volume then A is such that the total projected area arising from n
molecules will just fill up an area of 1 m?.

nio =1

1 \%
or A= — = ————
no  4nr’N

2

where we have used (1) and setn = N/ V.

Equation (2) in based on the assumption that the target molecules are
stationary. In practice, the molecule hits moving targets. This leads to an
increase of collision frequency by a factor of /2 and therefore a decrease
in the cross-section by a factor /2. The corrected expression for mean
free path is then

v

A= ———— 3
47 /2r2N ©)
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(b) R = Nok = 6.02 x 10% x 1.38 x 1072 = 8.3J/mol K

PV = NRT

1.01 x 10°V = 8.13 x 373N

whence N = 33.3 mol/m>

427
(1
(@)
3)

n = number/m> = 33.3 x 6.02 x 10*} =2 x 10%/m?

1 1
A=

=10"m.

nov2 2 x 1025 x 4x (10—10)2\/5

10.4 (a) For curve f1, vmp = 425m/s; for curve f2, vymp = 850m/s (Fig. 10.5).

Fig. 10.5 Maxwell-
Boltzman velocity

distribution

e

mU)

=

=

(b) Vmp X VT
_ Tivgp(D) (850
T, 425

() v=+/4/Tvmp
v] = 1.1287 x 425 = 480 m/s
vy = 1.1287 x 850 = 959 m/s

v/ =1/2
(d) and (e)
2kT
vmp == —

m

-
o

N
o

o
o

e
o

v
¥ :
500 1000 1500

vmsT

2
> = 1200K
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_2kT 2% 1.38x 10723 x 1200

=4.584 x 107*°kg

Wy (850)2
4,584 x 10726
= W amu = 276 amu

Therefore the gas is N».
In 5 mol of gas total number (N) of gas molecules will be

5
N = 5 X 6.02 x 10% = 1.075 x 105

Number of molecules N (v) dv in the interval v and v + dv will be

N(v)dv = 4 N( n )3/2 2 mo ], (Maxwellian distribution)
v)dv = 4n kT v exp T v (Maxwellian distribution
)
. . 800 + 900
The mean value of the interval is v = ———— = 850m/s

which happens to be identical with vy found in (a). In this case (2) is
reduced to a simpler form

4N dv

N@w)dv = ——
(W)dv Ve vmp

Number of N, molecules in 5 mol will be

5
N = 5 < 6.02 x 10%* = 1.075 x 105

The speed interval
dv =900 — 800 = 100m/s
Thus the required number of molecules is

4 % 1.075 x 10 x 100 »
=1.05 x 10
VT x 2.718 x 850

N(v)dv =
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3/2
10.5 f(v) = 4 (zn"ZT) p2e—mv’ /KT
df () _ const.i I:UZCfmvz/ZkT:I —0
dv dv

efmvz/ZkT [Zv _ %ﬁ] —0

2kT
whence v =0,00,,/ —
m
2kT
The most probable speed is vmp =/ ——
m

_ 3 3
106 () E= —kT =3 x 1.38 x 10723 x 300 = 6.21 x 10721J

RT 31
(i) \/‘ \/3 _\/3x83 X300=412.3m/s

44 x 1073
2RT  [2x 831 x300
i) Vmp = - = 336.6
(WD) vmp = /=7 \/ 44 % 103 m/s
SRT _ [§x 831 x300
_ = 380.0
() v = \/ 44 % 10737 m/s

10.7 (a) Assumptions:

(i) The molecules of a gas behave like hard, smooth spheres and of neg-
ligible size compared to that of the container.
(i) The molecules are in random motion undergoing collisions with one
another and with the walls of the container for negligible duration.
(iii)) Newton’s laws of motion are applicable and the number of molecules
is large so that statistics may be applied.

PV PV,
(b)y 2171 _ 7272 (from the gas equation)

T, T
P T 1 273 — 40
h = 1 2V1=—><¥><2=3.1m3
Py Ty 0.5 (273427
n P 9.8 x 10°
10.8 —=—=—" " —2948mol/m>
@ ¥ = RT = 831 x 400 mol/m
_P+ -
a3 b
b L= — V(122
v RT v

(9.8 x 10° + 0.448 x (294.8)2
_ | 2o 0T x (294-8) } (1 —4.29 x 1075 x 294.8)

8.31 x 400
= 302.66 mol/m>
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10.3.2 Thermal Expansion

10.9 Let the length of the bars be L, each at 0°C when they are straight. With the
rise of temperature AT, their lengths will be (Fig. 10.2)

L1 =60R; = Lo(1 +o1AT) (1)
Ly =0Ry = Lo(1 + a2 AT) 2

Subtracting (2) from (1)

O(R1 — Ry) = 0d = (a1 — ) LoAT (3)
Ri—Ry=d
Adding (1) and (2)
O(Ry1 + Ry) =2Lo + (o] + a2) LoAT ~ 2Ly @)
(a] + ) AT << 2
_R]—I—Rz_Lo_ d 5)
T2 T8 () —a)AT

where we have used (3).

10.10 Let the initial length of the rod be 2x and the final total length be 2(x + Ax).
Let the centre of the buckled rod be raised by y, then

Ax = ax AT

From the geometry of Fig. 10.6,

[(x + Ax)? — X212 = [2x Ax + (Ax)?]/?
V2xAx (0 Ax << 2x)
= V2ax2AT

= \/2 x 12 x 1076 x 202 x 30 = 0.5367 m
=53.67cm

Y

12

+ ! 1{14
*xb y! X

Fig. 10.6 Buckling of rail L 2x |

10.11 Let Ly(S) and Lo(Cu) be the lengths of steel and copper rod at 0°C, respec-
tively. Let the respective lengths be L(S) and L(Cu) at temperature 7°C.
Then
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10.12

L(S) = Lo(S (1 + asT) (D
L(Cu) = Lo(Cu)(1 + acuT) (@)

Subtracting (2) from (1)
L(S) — L(Cu) = Lo(S) — Lo(Cu) + [Lo(S)ars — Lo(Cu)aculT 3)

Now in the RHS, L¢(S) — Lo(Cu) is constant. If L(S) — L(Cu) is to remain
constant, then [Lo(S)as — Lo(Cu)acy] = 0, at any temperature 7. This
gives us

Lo(S)  aey  17x1070 17 @
Lo(Cu) oy 1.1x1075 11

Furthermore, Lo(S) — Lo(Cu) = 4cm. (®)]
Solving (4) and (5) we obtain

Lo(S) =11.33cm; Lo(Cu) =7.33cm

Let the volume of mercury in the flask be Vocm? and that of glass flask
1000 cm? at initial temperature T7. At a higher temperature 7> the volume of
glass will be

Ve = 1000(1 + y; AT) (1)
where AT = T» — Tj. The volume of mercury will be

V=WU+yAT) (2)

The volume of air inside the flask at temperature 75 will be

Ve — V = 1000(1 + y, AT) — Vo(1 + yAT)
= 1000 — Vo + (1000, — Voy)AT 3)

The RHS will be constant if
1000y, — Voy =0 €]
for any value of AT. Therefore,

1000 x 27 x 107°

18 % 103 = 150cm?
8 x

Vo = 100022 =
y

where we have used y, = 3a,.
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10.13 y = _F/A (1)
AL/L
YAAL YAAL YAAL
or F = = -~ 2)
L Lo(1 4+ aAT) Lo

(. AT << 1)

But AL = o LoAT
F=YAaAT =2.1x 102 %x05x 10 x 12 x 107% x 20 = 2.52N

where we have used SI units.

10.14 The coefficient of apparent expansion of a liquid

A=y —g=y—-3a=11x107*-3x8x107%=1.076 x 1073
mass expelled

Apparent expansion = -
(mass left) (temperature rise)

w 50 — Wy
T WoAT ~ WoAT
50 50 B
T 14+ AAT  141.076 x 1073 x 80

Wo 46 ¢

Gas Laws
10.15 PV = n RT (gas equation)
PV (1.0129 x 10°) (22.4 x 1077)

nT (1.0) (273)
= 8.31J/mol/K

R

10.16 Py =0.76 x 13,600 x 9.8 = 1.0129 x 10° Pa
Pressure at depth 30m, P = 30 x 1000 x 9.8 = 2.94 x 10° Pa.
.. Total pressure inside the bubble, P = Py + P

= (1.0129 +2.94) x 10° = 3.9529 x 10° Pa
PV, =PV, (Boyle’s law)

P,(3Vy) = PiVy

Py = P;/3=1.376 x 10° Pa

This corresponds to a water depth equivalent of 1.3176 x 10° — 1.0129 x

10° = 0.3047 x 10° Pa.

30 x 0.3047 x 10°
Therefore water depth = x x =3.1lm
2.94 x 10°
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T T
10.17 P _ P22
Py Py
My = Vpy, My =V p

Mi_pi _ P
My pp P
P, T 50 273
=—.—M =— X — X
P T 76 263
=119.5kg

2 175

10.18 Let n moles be total mass of air in the two bulbs.
Initially, T = 273 4+ 20 = 293K, P = 76cmof Hg, V = Vi + V, =
100 + 500 = 600 cc.

PV 70 x 600
n= —-= ——-
RT 293R

Finally, let n; and n, moles be the mass of air in the small and large bulb,
respectively. Under new conditions

PV 100 P,
nG —m= —— —=
"TRT, T 293R
PV, 500P;
= — = A P = P
"= ook =R

100P; | 500P; 70 x 600
293R  373R ~ 293R

But n =n;1+n, =

Cancelling off R, we find P; = 85.23 cm of Hg.

10.3.3 Heat Transfer

10.19 (a) In the first slab, heat flow is given by

4o _ ktA(T1 = T)

dt d; M

In the second slab, heat flow is given by

_ 40y kAT -T)

dt do @

Now the continuity of heat flow requires that heat flow must be the same
in both the slabs (Fig. 10.7). Thus
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Fig. 10.7 Heat flow in the Ty T T2
comppsite §lab made of two A K4 &
slabs in series
“—d1 do
Heat flow —»
d0; dQ», dQ
=l _ = _ X 3)
dt dt dr
Using (3) in (1) and (2)
—di d
T\ —T = —d dQ 4)
k1A dt
—dy dQ
Ty = 2 TE 5
>7 loA dr ®)
Adding (4) and (5)
—1[d dy ] dQ
T-Ty= | 2]e 6
e A[k1+k2:|dt ©
d A(Ty — T
o Y2 _Ai-T) 7
@ d &
ki k
(b) Rewriting (7)
do ATy — T») d A(T, — )k
o2 _ = (8)
dr d d_l 4 d_z d
ki k2
with d = d; + d», and the equivalent conductivity
dy +dp
keq - di R dr (9)
ki ko
Formula (9) can be generalized to any number of slabs in series.
d.
k= Z—df (10)
1
Xk
(c) Eliminating dQ/dr between (4) and (5)
k1T /d koT>/d
T=(11/ 1) + (ko T2 /d>) (11

(k1/dv) + (ka/d2)
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10.20 (a) The rate of flow of heat through the composite slab (Fig. 10.8) is
given by
o (-1 ¢
_=_X & ki A 1
- y le iAi (1)
(b) Rewriting (1)
o0 (T =T (v Y kiAi
_ = _ 2 "4 A; 2
dt d Xlz ' 3 A, @
The equivalent conductivity of the system is
> kiA;
keg = =—=—— 3
€q Z Ai ( )
Fig. 10.8 Heat flow in a -+— 4 —
composite slab made of n A k
slabs in parallel : !
Az ka
-
o
dt
An kﬂ
1021 T — (kyT1/dy) + (kaT2/dp)
(ki/dy) + (k2/d2)
as d1 = d2
kiTy + ko T- 92 x 100416 x 0
_alitoly 22 x IO+ 10 X0 _gsisec
ki + ko 92 416
10.22 Heat transferred/second
d 0 — —
AN G D 1 e Bl V)
dr d
100 -0
= 9071(0.01)2% =14.137]/s

Heat required to melt 0.05 kg of ice

=0.05 x 8 x 10* = 4000 cal = 16720J
Time required = 16720/14.137 = 1183s.
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10.23 Heat flow

dQ—Adi—A TdT
T A a dx

or AaTdT =dQdx

T 0 L
Integrating Aa/TdT = /dQ/dx
T 0 0

Aa
Y (m) -0

aA
or 0= 3L <T12 — T22)

1024 42 _ 4T
dr dr
1dQ dr
k dr 4mr?

dT =

When steady state is reached, dQ /d¢ will be independent of r and is constant
(Fig. 10.9). Integrating

T rn
/ a7 — 1 dQ dr _ 1 1 1\ do
C dmkdt ) 2 Amk\r ) dt
T rl
1 —ry)d
g L (=)o
Ak rirm dr
1 — d
Ak  rirm dr
d
99 _4pk 2 1y 1y
dr rp —ri
7
T ~
Fig. 10.9 Radial flow of heat
through two concentric
spheres
10.25 Rate of flow of heat
d dT
40 _ a9 )

dr dr
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10.26

10.27

Neglecting the area of the faces, area of the cylinder A = 277 L. For steady
state, dQ/dt = constant. We can then write (1) as

dr  2mLk
r dQydt
Integrating

/rzdr sy = = 2k
— =1In(rp/r) =— —

r 2/ doydr 2!
r

2m Lk
In(r2/71)

dQ/dt = kA(T) — T»)/d

or dQ/dt = (T — Tr)

10
= (0.59A) x — =590A] 1
( ) X 501 /s (D

Let x m/s ice be added at the bottom of the layer.
Mass of ice formed per second

M=pxA (2
The required energy per second
E=px AL (3)

Equating (1) and (3), p x AL =590 A

590A 590
x = = =1.932x10"%m/s = 0.00695 m/h
pAL 917 x 333 x 103
v C@ — 6y (Newton’s law of cooling)
0 —0 01+ 06
! 2 _ C [ 1+ — 00:| (C = constant)
t 2
-1
85 5=C[85+75—30}
2
C=0.1
55 —45 55445
. =0.1 |: —; — 30]

t =5 min
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10.28

10.29

10.30

10.31

d K
—— =—(0 -6 (K = constant)
dt ms

Let x be the water equivalent of the calorimeter.

50 —40 K 50+40
15  (x+40x1)| 2 0
50 —40 K 50+40
33 (x+100x1)| 2 0
Dividing (2) by (3)
x+100 11
x+40 5
or x=10g
O _ K oo
dr ~ ms 0

Now K o surface area or o< 2 and m o r3.

do/dr oc 1/r
do/dry, _r 2

(d6/dn, 1
Assuming a linear variation of resistance with temperature

Rr = Ro(1 +aT)

29.6 = 24.9(1 + 100a)

whence  « = 1.8875 x 1073 W/°C
26.3 =24.9(1 + 1.8875 x 107> T)

whence T = 29.79°C

10 Heat and Matter

ey

2

3

(1
2
3)
“)

If R is the radius of the sun, r the mean distance of the earth from the sun,
E the energy emitted from 1 m? of the sun’s surface per second, T the abso-
lute temperature of the sun’s surface and o the Boltzmann—Stefan constant,

then

47 R’E  R%cT*
S = =—

drr2 T 7
~(6.95 x 108)2(5.67 x 107%)(5740)*

_ 2
(149 x 1011)2 = 1339 W/m
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10.32 Radiant intensity at the sun’s surface is the power emitted by 1 m? of sun’s

10.33

10.34

surface.

oT* =63 x 10°

63 x 106 \ /4
T=(—22"__) =5773K
567 x 10-3

dE 4 o4
—E =0A (T1 — TZ) (Stefan—Boltzmann formula)

=onr’ <T14— T24)
= 7(5.67 x 1078)(0.05)%(500% — 300?)
=712x 107°W

AmT =b=3x10">mK (Wien’s law)
dE

o oT* (Boltzmann law)

(D
2

If dE /dt goes down to 1/16 of its original value then by (2) the temperature
T — T/2. Therefore Ay, — 2Ay by (1). Thus the wavelength under new

conditions Ay, = 2iy = 2 x 480 = 960 nm.

10.3.4 Specific Heat and Latent Heat

80 200

10.35 Q:/medT+mL+/ mC,dT

20
= 11710J
_ dT A+ BT?dAT 1 BT
10.36 cszCdT :fo( +T ) =?(AT+T>=A+

20 80
200 ) )
(. Cp relation for solid and
= [ mCydT +mL L. o .
liquid phase is identical)

20
200

= / 1 x (30.6 +0.0103 T)dT + 1 x 6000

o 5 BT?
C (midpoint) = A+ B(T/2)" = A+ e

4

— o BT? BT? BT?
C—C(mldpomt):A—i—T— A+ — ) =
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10.37 Let the specific heats of liquids A, B and C be, respectively, Ca, Cp and Cc.
When A and B are mixed, equilibrium of the mixture requires that

MCA(16 — 12) = MCg(18 — 16)
or Cg =2Cx

When B and C are mixed

MCg(23 — 18) = MCc (28 — 23)
or CC = CB = 2CA

When A and C are mixed, let the equilibrium temperature be 7.
MCA(T —12) = MCc(28 = T) = M2Cc(28 —T)
T =22.67°C

10.38 (a) The block is fixed. The kinetic energy of the bullet is entirely converted
into heat energy. Let m be the mass and v the velocity of the bullet.

1 1
0= Emv2 =503 x 1073)(120)%> = 21.6J = 5.167 cal

Rise in temperature

0 5.167

AT = — = ————
mc 3 x 0.031

= 55.56°C

(b) The block is free to move. In this case, after the collision some kinetic
energy will go into the block + bullet system.

1 1
Emv2 = E(M + m)v]2 + Q0 (energy conservation) €))

mv = (M + m)v; (momentum conservation) 2)

where M is the mass of the block and v; the final velocity of the block
+ bullet system. Eliminating v; and simplifying

Q:lmv2< M >=1x3x10_3x(120)2<i>

2 M+ m 2 50+3
=20.38] = 4.875cal
0 4.875 R
AT = — = ——— =5242°C
mc 3 x0.031

10.39 Potential energy available from m kg of water through a fall of 7 metres is
mgh J. 15/100 mgh. Mechanical energy is converted into heat.
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15

mmgh =mcAT x 4.18 =m x 1000AT x 4.18
1 . 2

AT Sx98x25 4 hossec

~ 700 x 1000 x 4.18

10.40 Mechanical energy available, W = mgh
Heat absorbed, H = mcAT J.
Loss of mechanical energy = gain of heat energy

mgh = mcATJ
gh 9.8 x 100

= =————=7.66°C=7.66K
cJ 30.6 x4.18

AT =

10.3.5 Thermodynamics

10.41 (a) (i) In an isobaric process pressure remains constant.
(ii) In an isochoric process volume remains constant.
(iii) In an adiabatic process heat is neither absorbed nor evolved by the
system.
(iv) In an isothermal process temperature remains constant.
(b) For adiabatic process use the relation

PVY = PV} = const. (1)
P Vly 5
or = 2)
Work done on the gas
v 1%} v2
ydv y [ dV
W=— | PdV=—| PV —=-PV| —
vy vy
V] V] V1
PV o _ 1 _
L (T =T ) = — (A VT = Pv)
y—1 y—1
1
W= =1 (P2Va — P1V1) (3)

where we have used the relation P; V) = P, VZV.
W is positive if Vi > V, (compression) and negative if V| < V;
(expansion).

10.42 Applying the gas equation

_ PAVA _ (1.013 x 10°)(44.8)

Ta =
nR (2000)(8.31)

=273K
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As the process AB is isometric (isochoric), Vg = Va.

TaPy 273 x2
Ty = 2B — 22X 2 546K
Pa 1

As the process CA is isobaric, Charles’ first law applies. Thus

Ve Va VaTlc
_= —— —> VC =
Tc  Ta TaA

As BC is an isothermal process, Tc = Tp = 546 K.

_ VaTp _ (44.8)(546)

= 89.6m>
Ta 273

Ve

For adiabatic process, dQ = 0 so that dU = —dW. The energy of 1 mol of
monatomic gas is given by
U= 3RT
2
3
dU = —RdT
2
RT
dW = PdV = 2 dv
3 RT
—RdT = ———4dV
2 \%
dT n 2dv 0
T 3V
Integrating

2
InT + 3 In V = constant

or TV?3 = constant
Eliminating 7 from the gas equation

PV3/3 = constant

1044 (@) Uy — U =AU=0Q-W (First law of thermodynamics)

Let a system change from an initial equilibrium state i to a final equi-
librium state f in a definite way, the heat absorbed by the system being
Q and the work done by the system being W. The quantity Q — W
represents the change in internal energy of the system.

Both Q and W are path dependent while AU is path independent.
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(b)WZ/dWZ—/PdV (1)
PV = nRT| = constant
nRT .
or P = (T = constant for isothermal process) 2)

(c)

Substituting (2) in (1)

V2dv
W = —nRT [ — = —nRT In

(%)

Vi Vi

At the beginning of the cycle, P; = 1.01 x 10° Pa, Vi = 1m3, T, =
273.15K.

At the end of stage 1, P, = 5.05 x 10*Pa, V, = 2m?, T» = 273.15K.
Atthe end of stage 2, P3 = 1.01 x 10°Pa, V3 = 2m?>, T3 = T» P;/ P, =
546.3K.

=27 =

Wi

1.01 x 10° x 1.0
8.31 x 273.15
= —nRT In (V2/ V)
= —44.5 x 8.31 x 273.15 In(2/1) = —70046J

= 44.5 mol

@G) n

(i) Stagel,

Stage?2,
Stage3,

Wo =P AV =P (Vz=V))=P(Va —V2) =0
Wi = P3(Vy — V3) = 1.01 x 10°(1 — 2)
=—1.015%x10°J

(iii) AU = 0, overall.

PV

10.45 (a) and (b) T
1

T,

PV
n= =

Py

bW
Ib)
PV
i

PV
=1 11083 = 361K
3P V)

5
(10©0.06) _,

RT,
P3V3
T3 o

T3

PyVy
T4 -

(8.31)(361)

PV,
Ip)

P; V3 Py (V2/3)
= ——T2 = —
P, V)
Ty =T3 =361K

P3V3
T3

1083 =361 K
P, W

(.- process 3 — 4 isothermal process)
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Vs T. Vs T P, 3P
=2 dp - B3 8p 2 21 p_105N/m?
Vi T3 3VaT; 3 3

RTy 2 x 831 x 361
Vy= 2R X ) 06m
Py 103

Py

Thus the P, V, T coordinates of the initial and final points on the indi-
cator diagram are identical.
(c) Heat gained by N3 in the first (isochoric) process (Fig. 10.10):

Fig. 10.10 The P-V diagram Isobaric
3Pr 3 2
Isochoric
Isothermal
PF 4,1
VI3 v

Cyv =Cp/y =29.12/1.4 = 20.8J/(mol K)
Q1 =nCyAT =2 x20.8 x (1083 — 311) = 32115]
Wip=0 (.- process 1 — 2 is isochoric)

AU = Q1 =32115]
02 =nCpyAT =2 x29.12 x (361 — 1083) = —42049]

2
Was = PAV = Py(V3 — Vo) = =3 x 10° x 3 X 0.06 = ~12,000]

AUy = Q3 — Wp3 = —42049 4 12000 = —30049 ]
AU; =0 (. process 3 — 4 is isothermal)

(d) Net change in energy
AU = AUy + AU + AU3 = 32115 — 30049 + 0 = 20661

The expected value is zero.

2
10.46 Number of degrees of freedom, f = ] we can find y from the relation
y —

nvy T =nv)!

y—1 T
4] L
Vi T

=1 — 132
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10.47

10.48

log 1.32
whence y =1+ =14
log2.0
= =3
Cl4-1
The efficiency of the engine is
Ip) 300
=l-—==1-——=0.25 25%
e T 200 or o
Work done by the engine

W=¢ex Q=025 x 10 cal
=0.25x 10% x 4.18]

=1.05x 10%J
T 1
e "6 (D
5T — 6T, =0 (2

When the temperature of the sink is reduced by 62°C, the efficiency becomes

e =2e (3)
T, — 62 1

e’:2e:1—&=— %)
Ti 3

2Ty — 37, — 186 =0 )

Solving (2) and (5), T} = 372K =99°C, T, = 310K = 37°C.

1049 (a) PV = PyV (isothermal conditions) (1)

Dividing by m, the mass of air

PV PV
m - m
P Py
or —_ =
o po
Ppo
——— 2
P =" 2)

where the density of air on earth’s surface is pg and pressure is Py, the
corresponding quantities at height y being p and P.
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(b)
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Now, for a small increase in height dy, the pressure decreases by dp and
is given by

P
dp = —pgdy = —;Opog dy 3)

where we have used (2). The negative sign shows that the pressure
decreases as the height increases.

Integrating
h P q
P
/ dy = o [dp
pog J P
Py
h=—201 <ﬁ>
Pog Py
pogh
P = po exp (_T> “4)
0
Now, PyVo = uRT (5)

since the temperature is assumed to be constant and p is in moles. Fur-
thermore

uM
_ 6
PO = Vo (6)

where M is the molecular weight. Combining (5) and (6)

P _M @)

Po  RT

Substituting (7) in (4)

p=poexp (22 ®)
RT

If n is the number density, that is, the number of molecules per unit
volume and m the mass of each molecule then

0 = mon
and PO = mono
0 n

2= €))
po N
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(0

10.50 (a)

(b)

Fig. 10.11 The Otto cycle

Combining (9) with (2)
p n
r_ 10
P o (10)
Using (10) in (8)
Mgh (11
n=ngexp | ———
0 €Xp RT
P 1 Mgh
—_— = - = exp —_—
Py 2 RT
RT 31 x 27 .
po RL o 2 831 X213 X 0693 )y ~ sakm
Mg 0.029 x 9.8
For a Carnot cycle
Q) e= Oun — QOc
On
.. Ty — Tc
(i) e= T

The symbols H and C are for hot and cold reservoirs.

The Otto cycle, Fig. 10.11, consists of two reversible adiabatic processes
(paths AB and CD) and two reversible isochoric processes (path DA
and BC).

Suppose we start at the point C. The temperature Tc at C is low,
slightly above atmospheric temperature. The cylinder is filled with air
charged with the combustible gas or vapour. The air is compressed adia-
batically to the point D. At D a spark causes combustion, heating the air
at constant volume to the point A. The heated air expands adiabatically
along the path AB. At B, a valve is opened and the pressure drops to that
of the atmosphere. The point C is reached at constant volume. The cycle
is complete.
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During the isochoric heating and cooling no work can be done by or on
the gas:

2 T
AQ:AU:/dU:CU/dT=CU(T2—T1) (D
1 T,
so that
Qout = Cy(Tg — Tc), Qin = Cy(Ta — Tp) 2

where the heats (positive) are those which are given out and put into the
system, respectively. The thermodynamic efficiency

work done by the gas w
o= — 3)

" heat put into the system  Qin

Since the internal energy does not change over the entire cycle, by first
law of thermodynamics, net heat added to the system equals the work
done by the system, so that

W= Qin - Qout (4)
ezwzwzl_ﬁz(l_ﬂ) (5)
Qin Qin Qin TA - TD

In an adiabatic expansion or compression

TVY~! = constant (6)
TV =TV VT = e 7)

VB y—1 VC y—1
or Tpo=T1g| — , Tp=Tc|— 8
A=Ts <VA> p=Tcl| 3 3

From Fig. 10.11 we note that

V] \%

V_,]i = V—E =r  (compression ratio) )
Using (8) and (9) in (5)

e=(1-r77) (10)

Thus the higher the compression ratio the greater is the efficiency.
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(c)
A Camot engine A Sterling engine
(a) N (b)
LN .
LN .
2 \ = B g n B
E N N E D 1
D ——— .\.__\“ C ] C
Volume Volume

Fig. 10.12 (a) Carnot cycle consisting of two isothermic processes AB and CD; two adiabatic
processes BC and DA. (b) Sterling cycle consisting of two isothermic process AB and CD, two
isochoric processes BC and DA

PV 1013 x10° x1x 1073
1051 (a) n= — — T XX — 0.04465 mol
RT 831 x 273

1) dQ = nCpdT

de de
T Tt
AS:/—ancp/—zncpln -t
T T T;

T T

= 0.04465 x 21 x In(500/273) = 0.567J/K

(i) dQ =nCydT
T¢

Ik
d dr T;
AS:/—ancV — =ncyln -t
T T T

i
L L

= 0.04465 x 12.7 x In(500/273) = 0.343]/K

(b) dQ1 = mC,dT

T¢
dT Tt
ASi=mCy | — =mCyln | —
T T;
T

=1.0 x 4.13 x 10® x In(313/273) = 695J /K

When 0.5 kg water at 0°C is mixed with 0.5 kg water at 100°C, the final
temperature would be 50°C.

AS> = 0.5 x 4.13 x 10 x In(313/273)

+0.5 x 4.13 x 10° x In(313/373)
=282.35 —362.15 = —79.8J/K
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10.52 (a)

(b)

()

(d)

(e)

10.53 (a)

10 Heat and Matter

The internal energy of an ideal gas is given by U = nCy T . In isothermal
expansion where the temperature and the amount of gas remain constant,
the internal energy does not change. Thus AU = 0.

The work done is
Va 1%
nRT
e (oY
Vv
Vi \%1
V2
dv
= —nRT v = —nRT In(V,/ V7).
Vi
Using the first law of thermodynamics, AQ = AU + W, and putting

AU = 0, we have
AQ =W =nRTIn(V>/Vy)

The change in entropy is

_ _[do _ 1
AS_/ds_/T_T/dQ

because the temperature 7 does not change. Thus
AS =nRIn(V,/ V)

By assumption the temperature of the reservoir does not change and
because it loses heat AQ to the gas, the entropy change of the reservoir
will be

ASres = —AS = —nR1In(Va/ V})

Therefore the entropy change of the system plus the reservoir equals
zero, which is the definition of a reversible process.

The internal energy U of a system tends to increase if energy is added
as heat Q and tends to decrease if energy is lost as work W done by the
system.

Heat is energy that is transferred from one body to another due to differ-
ence in temperature of the bodies.

Enthalpy (H) is the total heat and is defined by

H=U+PV
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Work (W) is energy that is transferred from one body to another body
due to a force that acts between them.

The function, G = U+ PV —T'S, is known as Gibb’s function or Gibb’s
energy.

Relations:

(1) Enthalpy

H=U+PV (1)
dH =dU + PdV + VdP =Tds + Vdp 2)
Tds =dU + PdV (3
It follows that enthalpy is a function of entropy (S) and pressure
(P).
H = f(S,P)
oH oH
dH =— ) dS+{—) dP 4
S Jp 0P /g
Comparing (4) with (2)
oH oH
- =T and | — =V )
S Jp 0P ) g

(i) Gibb’s function:

G=U+PV-TS ©6)
dG =dU + PdV + VdP — TdS — SdT
But TdS =dU + PdV

dG = VdP — SdT 7

Thus G is a function of two independent variables P and 7.

G=f(P,T)
G 0G
dG = <ﬁ>TdP + <ﬁ>PdT ®)
Comparing (8) with (7)
G
(),

G
(1),
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(iii) Internal energy:

d0 = TdS (11)
dU =dQ —dw (12)
dW = pdV (isobaric process) (13)
dU =dQ — PdV (14)
dU =TdS — PdV (15)
oU
—) =T (16)
S /v
(8_U) =—P 17
oV Jg

(b) The quantities U, T, S, P and V are functions of the condition or state of
the body only, in other words, all the differentials are perfect differentials
and are state variables. Since the differentials which occur in (15) are
perfect differentials, they are valid for all changes whatever their nature.
On the other hand, dQ is not a perfect differential, but represents only
an infinitesimal quantity of heat, and for a cycle [ dQ is not zero, but is
equal to the work done. Similarly, dW is also not a perfect differential.

Note that the internal energy, the entropy and the volume are all pro-
portional to the mass of the substance under consideration, while the
temperature and the pressure are independent of it.

The condition of a given mass of a body (say 1 mol) can be defined by
U,T,S, P,V or combinations of them, of which only two are indepen-
dent. It follows that enthalpy and Gibb’s function are also acceptable as
state functions, apart from the internal energy but not the heat or work.

10.3.6 Elasticity

shear stress — F/A 100 x 10%/12

10.54 (a) n = g = =10""Pa
shear strain ~ Ax/y 0.1/10
AP 100 x 10°
(b) K = = X 10l0py
(=AV/V) 1/100
. fi 20 x 9.8
10.55 () Stress = —— = "8 = X% _ 98y 10°Pa
area A 20x10°°
. longati 2.5 x 1072
(ii) Strain = ——e 00 _ 22X T 555 1073
original length 10
t 9.8 x 10°
(iii) Young’s modulus = eSS _ X =3.92 x 10°Pa

strain 2.5 x 103
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10.56 For a perfect gas of 1 mol

10.57

10.58

PV = RT (1
Under isothermal conditions 7' = constant. Differentiating (1)
PAV + VAP =0 2)

The bulk modulus for the isothermal process

Kr=-V dP) =P 3
T= (WT_ 3)

For adiabatic compression in which heat of compression remains in the gas
PVY = constant 4)

where y = C,/C, is the ratio of specific heats at constant pressure and
constant volume. Differentiating (4)

yPVY=ldv 4+ vVdP =0 (5)
Thus adiabatic elasticity Ky is given by

K ——V<d—P> =yP (6)
H= av H—V

It follows that
Ky =yKr (7

The adiabatic elasticity is greater than the isothermal elasticity by a factor y
which is always greater than unity.

Y =2n(1+0)
Y 1
c=——-1=-x25-1=025
2n 2
From Fig. 10.13 the new length L’ = 2AD = 2/ AC? + CD?

= 2/(0.6)2 + (0.02)2 = 1.200666 m
Elongation of the wire, AL = L' — L = 1.200666 — 1.20 = 0.000666 m.

Strain = AL/L = 0.000666/1.2 = 5.55 x 10™*
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Fig. 10.13 Load fixed to the f 1.2m I
midpoint of a horizontal wire A c B
i W
T Dl T
mg

10.59

10.60

10.61

For equilibrium

2T cosf = mg
_omg  29x107x98
T 2cosf 2% (0.02/60)
S F 426.3

1ICSS = — = —————— =
A 71(0.05 x 10-3)2

stress  5.43 x 1010
strain ~ 5.55 x 10—4

F=T =426.3N

=543 x 10'9Pa

Y = =9.78 x 1013 Pa

1
Elastic energy E = EY (strain)? (volume)

1 0.05\2
E=-x6x10%(—=) 2x107%x0.25) =9.3757J
2 0.20

The elastic energy is converted into kinetic energy.

1
E = —mv?
2
2F 2 x 9.375
= /== /200 353
YTV 15 x 103 m/s
F = ma?r

ma)zr

=4.8 x 107

F
Breaking stress = 1=

48 x 107A 4.8 x 107 x 1070
w= = = 4rad/s
mr 10 x 0.3

Stretching force = weight of the wire = (volume) (density) x g
F =LApg

where L is the length of wire, p the density, A the area of cross-section and
g the acceleration due to gravity.
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Breaking stress = maximum stretching force/area

_ LApg
A
7.8 x 108 = L x 7800 x 9.8

L =1.021x10*m = 10.2km

= Lpg

Note that the result is independent of cross-sectional area of the wire.

10.3.7 Surface Tension

3
2 cos O

;
10.62 S = M

Assuming that the contact angle 8 = 0

L2 2x0072 1073
T rpg 3 1073 x10% x 9.8 3
=0.01436m
= 1.436cm

10.63 Pressure due to water column of depth % is
P = hgp
Total pressure of the bubble, ignoring surface tension,

P'=P+ Py=hgp+ P
=100 x 9.8 x 1000 + 1.01 x 10°

=10.81 x 10°
P'V = nRT
RT 1 x 8.314 x 293
M XS X Y 5925 % 103 m®
P’ 10.81 x 103

10.64 As the drops are incompressible, the volume is constant.

4 4
n-mr’= —T[R3
3 3
R=rn'3

Decrease in surface area = 47 r2n — 47 R? = 4mr? (n - n2/3)
Energy released = (decrease in surface area) (surface tension)
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10.65

10.66

10.67

10.68
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AW = 4772 (n — n2/3) S
Also AW = 47 R2S (n1/3 - 1)

Then there will be a rise in temperature as energy is converted into heat.
Energy conservation gives

me AG = 4 R2s (n1/3 _ 1)

4 1 1
o R3cp AO = 4nsR3 [— — —i|
3 r R

3s [1 11|

AN =— |- ——

pc |[r R

W =2xdn (r22—r12)S

The factor of 2 arises as there are two surfaces.

W =87 ((0.05)2 - (0.01)2) x 0.03
—0.0018]

The excess pressure must be equal to the pressure due to the water column
of depth & before the water leaks into the vessel.

28
— =pgh
;

2 2 % 0.073

e =0.033 x 10> m = 0.033mm
pgh 1000 x 9.8 x 0.45

Balancing the excess pressure in the bubble with the pressure due to a water
column of depth i

28
— = pgh
.

2s 2 x 0.072

— = =0.049m =4.9cm
rpg 0.3 x 1073 x 1000 x 9.8

h =

25 2 % 0.073
rpg 0.2 x 10=3 x 1000 x 9.8

h = =0.07449m = 7.45cm

The tube is inadequate as it is only 6 cm long. Water will not overflow. But the
radius of meniscus r| would now increase such that the following condition
is satisfied:
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10.69

10.70

hiri = hr, where r; is the radius of the meniscus.

h 7.45 x 0.2
ro= o IR X 048 mm
hy 6.0
When a bubble is charged, the charges stick to the bubble’s surface and due to

mutual repulsion tend to expand the surface while the surface tension tends
to decrease the surface. An equilibrium is reached with a smaller excess of
pressure.

Pressure due to electric charge is

where o is the charge density and g is the permittivity.
If the excess pressure due to surface tension is neutralized by the electric
charges then

o2 4§ 805
— =— or o=

2¢g0 r r
The charge

g = 4mrto = 8my/2¢e0sr3

— 87v/2 x 8.85 x 10-12 x 0.03 x (0.02)3 = 2.06 x 1072 C

Under isothermal conditions

PiVi+ P2Va = PV )
4S5 4S8 48

Plz_’P2:_9P=_ (2)
r 1) r
dm 4 4 4 dm 4

Vlz?rl, sz?rz, VZ?V (3)

Using (2) and (3) in (1) and simplifying we get

r=\ri+r; @)






Chapter 11
Electrostatics

Abstract Chapter 11 deals with electrostatics comprising electric field and potential
for various configurations, electric dipole and quadrupole moments, Helmholtz
coils, electrostatic energy, Gauss’ law in integral and differential forms, capacitors,

parallel plates, cylindrical and spherical, various arrangements of capacitors.

11.1 Basic Concepts and Formulae

Coulomb’s law for charges ¢g; and ¢» separated by r

_ 1l qip
4mey 12

g0 = 8.85 x 107 12C?/N/m?

(Electric force)

1
—— =9.0 x 10°Nm?/C?
dreg

Electric field (E) for point charge ¢ at distance r

__1 g
" dmegr?

E for a sphere of radius R of uniform charge distribution

1 qr
=—— (<R
4mey  R2

1 g

4weg 12 (r=R)

E for hollow sphere of uniform charge distribution

E=0( <R)
1 g

= .1 R
ey 12 (r>R)

(11.1)

(11.2)

(11.3)

(11.4)

459
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E for an infinite non-conducting sheet

E=2" (11.5)
o 2&0 '

E for an infinite conducting sheet

E = g (outside the sheet)

=0 (inside the sheet) (11.6)

Electric Potential

When a test charge gg is moved from point A (at potential V) to the point B (at Vp)
then the difference in electric potential is defined by the work done Wagp by the
relation

VB — Va = WaB/q0 (11.7)

If VB > Va, Wag is positive and if Vg < Vu, Wap is negative. By convention
Va = 0 when A is at infinite distance. Then the work required to move the test
charge go from infinity to the field point is

V =W/qo (11.8)
Potential and field strength
Ve — Va = Wag/qo = Ed (11.9)

where d is the distance of separation
Potential due to a point charge

V= Er (11.10)
1

v=_—1 (11.11)
dmeg r

Potential due to a group of charges

1 q0
V= V, =V = —— = 11.12
Zn " 4d7e Z 'n ( )

Potential due to uniform charge distribution in a non-conducting sphere
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q r?
= 3—-— <R 11.13
8meoR ( R2) r=R) ( )
-1 r>R) (11.14)
dmegr
Calculation of E from V
dv
E=—— 11.15
o ( )
Surface charge density
q
= 11.16
) ( )
Electric potential energy (U)
1
- - Q% (11.17)
dmeg 1
Capacitors
q
C== 11.18
v ( )
where C is the capacitance.
Capacitance of a sphere
q
C = — =4meoR (11.19)
1%
The parallel plate capacitor
g0 KA
C= 7 (11.20)

where A is the area of each plate, d is the distance of plates and K is the dielectric
constant.

Equilibrium of an Oil Drop

Let a charge —¢g be acquired by a small oil drop placed between two charged plates,
the upper one being positively charged. The drop is under the joint action of two
forces, the electric force acting upwards and the gravitational force acting down-
wards. If the drop is to remain suspended, then the condition for equilibrium is

qE =mg (11.21)
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Speed of a charged particle falling through a PD, V

v=,2" (11.22)

The electric dipole consists of two equal and opposite charges separated by
distance d.
The electric field on the perpendicular bisector of the dipole p = gd

P

= — (x >>d) (11.23)
2mepx>
Potential due to a dipole
1 P 0
V= cos (11.24)
4dmeg 12

where 6 is the angle made by the vector r with the axis of the dipole, r being the
distance of the field point from the middle point of the dipole.

A Dipole in an Electric Field

Suppose a dipole is placed at a positive angle 6 with the electric field E in the plane
of the page. Then the torque about the centre of the dipole is given by

T=PxE (11.25)

its direction being perpendicular to the plane of the page and into the page.
The potential energy of the dipole is given by

U=-P E (11.26)

Gauss’ Law

The flux (@) of the electric field (E)
gp=) E-S (11.27)

where S is the surface area.

Gaussian surface is an imaginary closed surface. If infinitesimal areas are con-
sidered then the summation in (11.27) can be replaced by an integral over the sur-
face:

¢E=%E-ds (11.28)

Gauss’ law which relates the total flux ¢g through this surface to the net charge
g enclosed by the surface can be stated as
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E0PE = q (11.29)
80% E-ds=gq (Gauss’ law) (11.30)
Capacitors in series
1 1
—=) — (11.31)
c ncp
Capacitors in parallel
C=) G (11.32)

Energy of a charged capacitor

1 1¢> 1 __,
W=_-qV=->=-CV (11.33)
2 2C 2

Parallel Plate Capacitor with Dielectric

If a dielectric slab of thickness ¢ and dielectric constant K is introduced in a parallel
plate air capacitor, whose plates have area A and are separated by a distance d, the
capacitance becomes

A
c=_ %% (11.34)

()

If a metal of thickness 7 is introduced in the air capacitor, the effective distance
between the plates is reduced and the capacitance becomes

A
c=2 (11.35)
d—t

Energy Loss in the Combined System of Capacitors

If the positive end of a capacitor of capacitance C charged to potential difference
V is connected in parallel with the positive end of the capacitor of capacitance C
charged to potential difference V, then common potential difference will be

C1Vi+ GV
V= 1Vi+ Gy

(11.36)
Ci+C
and the energy loss will be
N (Vi — V)2 (11.37)
T2C+G '
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If the positive end is joined to the negative end the common potential will be

C1Vi — LV,
— 2 (11.38)
Ci+C2
and the energy loss will be
Aw =1 12 Ly (11.39)
201+ G ! ? '

Dielectric Strength

Every dielectric material is characterized by dielectric strength which is the maxi-
mum value of the electric field that can be tolerated without breakdown resulting in
a conducting path between the plates of the capacitor.

Energy density () is defined as the electrostatic energy (U) per unit volume.
For a parallel plate capacitor of area A and plate separation d, the volume enclosed
between the plates is Ad.

u 1cv?
= =____ 11.40
YT Ad T 27 Ad (1140
ButC =¢pA/dand V = Ed
1 2
u= ESOE (11.41)
Force of attraction between the capacitor plates is given by
F LAV (11.42)
=——&0—>5— .
2702

Coalescing of Charged Drops

Let n identical droplets, each of charge ¢, coalesce to form a large drop of charge Q.
If the droplets are assumed to be incompressible, referring the parameters of the drop
primed and the droplets unprimed, the following relations will hold good:

Charge Q = ¢’ =ng (11.43)
Surface charge density o’ = n'Bo (11.44)
Capacitance C' = n'/3C (11.45)
Potential V' = n?3v (11.46)

Energy stored W' = n>/3W (11.47)
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11.2 Problems

11.2.1 Electric Field and Potential

11.1 (a) Figure 11.1 shows two point clusters of charge situated in free space
placed on a line that is called the x-axis. The first, with a positive charge
of Q1 = +8e, is at the origin. The second, with a negative charge of
Q> = —4e, is to the right at a distance equal to 0.2 m.

(i) What is the magnitude of the force between them?

(ii) Where would you expect to find the position of zero electric field:
to the left of Q1, between Q1 and Q» or to the right of Q,? Briefly
explain your choice and then work out the exact position.

(b) The electron in a hydrogen atom orbits the proton at a radius of 5.3 x
107! m.

(i) What is the proton’s electric field strength at the position of the elec-
tron?

(ii) What is the magnitude of the electric force on the electron?

[University of Aberystwyth, Wales]

Fig. 11.1 0,486 0-4e

. O X axis

&
€ >

0.2m

11.2 (a) A tiny ball of mass 0.6 g carries a charge of magnitude 8 WC. It is sus-
pended by a thread in a downward electric field of intensity 300 N/C.
What is the tension in the thread if the charge on the ball is

(i) positive?
(ii) negative?

(b) A uniform electric field is in the negative x-direction. Points a and b are
on the x-axis,aatx =2mandb at x = 6 m.

(i) Is the potential difference W, — V, positive or negative?
(ii) If the magnitude of V}, — V, is 10° V, what is the magnitude E of the
electric field?

[University of Aberystwyth, Wales 2005]

11.3 Show that the electric potential a distance z above the centre of a horizontal
circular loop of radius R, which carries a uniform charge density per unit
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length A, is given by
AR 1
260 2+ RHI2

Obtain an expression for the electrostatic field strength as a function of z.
[University of Aberystwyth, Wales 2007]

11.4 (a) Starting from Coulomb’s law, show that the electric potential a distance r

from a point charge ¢ is given by

__4
47T80r

(b) Four point charges are assembled as shown in Fig. 11.2. Calculate the
potential energy of this configuration (you may assume that the charges
are isolated and in a perfect vacuum). Does the potential energy depend
upon the order in which the charges are assembled?

(c) Is the charge configuration in (b) stable?

Fig. 11.2 +q d +q

-q -q

11.5 A spherical liquid drop has a diameter of 2 mm and is given a charge of 2 x
1075 .

(i) What is the potential at the surface of the drop?
(i) If two such drops coalesce to form a single drop, what is the potential at
the surface of the drop so formed?

[Indian Institute of Technology 1973]

11.6 A pendulum bob of mass 80 mg carries a charge of 2 x 1073 C at rest in a
horizontal uniform electric field of 20,000 V/m. Find the tension in the thread
of the pendulum and the angle it makes with the vertical.

[Indian Institute of Technology 1979]

11.7 An infinite number of charges, each equal to g, are placed along the x-axis at
x =1,x =2,x =4, x = 8§, etc. Find the potential and the electric field at the
point x = 0 due to the set of charges.

[Indian Institute of Technology 1974]
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11.8 In prob. (11.7) what will be the potential and electric field in the above set-up
if the consecutive charges have opposite sign?
[Indian Institute of Technology 1974]

11.9 A thin fixed ring of radius 1 m has a positive charge 1 x 107> C uniformly

distributed over it. A particle of mass 0.9 g and having negative charge of

1 x 107°C is placed on the axis, at a distance of 1cm from the centre of

the ring. Show that the motion of the negative charge is approximately simple
harmonic. Calculate the time period of oscillation.

[Indian Institute of Technology 1982]

11.10 Three charges, each of value ¢, are placed at the corners of an equilateral
triangle. A fourth charge Q is placed at the centre of the triangle.

(i) If 9 = —q will the charges at the corners move towards the centre or
fly away from it?
(i) For what value of Q will the charges remain stationary?

[Indian Institute of technology 1978]

11.11 Two identically charged spheres are suspended by strings of equal length.
The strings make an angle 30° with each other. When suspended in a liquid of
density 0.8 g/cm?, the angle remains the same. What is the dielectric constant
of the liquid? The density of the material of the sphere is 1.6 g/cm?.

[Indian Institute of Technology 1976]

11.12 At the corner A of square ABCD of side 10 cm a charge 6 x 1078 C is placed.
Another charge of —3 x 1078 C is located at the centre of the square. Find the
work done in carrying a charge 5 x 10~° C from the corner C to the corner
B of the square.

[Indian Institute of Technology 1972]

11.13 A pith ball carrying a charge of 3 x 1071 C is suspended by an insulated
thread of length 50 cm. When a uniform electric field is applied in a horizon-
tal direction, the ball is found to deflect by 2 cm from the vertical. If the mass
of the ball is 0.5 g what is the magnitude and direction of the electric field?

[Indian Institute of Technology 1973]

11.14 A positively charged oil droplet remains in the electric field between two
horizontal plates, separated by a distance 1 cm. If the charge on the drop is
3.2 x 10712 C and the mass of the droplet is 10~'* kg what is the potential
difference between the plates? Now if the polarity of the plates is reversed

what is the instantaneous acceleration of the droplet?
[Indian Institute of Technology 1974]

11.15 Suppose equal amount of charge of the same sign is placed on the earth
and the moon, what would be its magnitude if the gravitational attraction
between the two bodies may be nullified? Take mass of the earth and moon
to be 6 x 10%* and 7.4 x 10?? kg, respectively.
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11.16

11.17

11.18

11.19

11.20

11.21

11.22

11.23

11 Electrostatics

A spark is produced between two insulated surfaces, maintained at a constant
difference of 5 x 10° V. If the energy output is 107> J, calculate the charge
transferred. How many electrons have flowed?

[Indian Institute of Technology 1974]

A rod 25 cm long has a uniform linear charge density (charge per unit length)
A = 200 pC/m. Calculate the electric field (in N/C) at 10 cm from one end
along the axis of the rod.

A disc of radius R is uniformly charged to Q and placed in the xy-plane with
its centre at the origin. Find the electric field along the z-axis.

Electronic charge e may be determined by Millikan’s oil drop method. Oil
drops of radius r acquire a terminal speed v; with downward electric field E
and a speed vy with the upward electric field. Derive an expression for e in
terms of E, vi, v, r and n, the viscosity of oil in air.

A circular wire of radius 7 has a uniform linear charge density A = Ay cos® 6.
Show that the total charge on the wire is 7w Agr.

The distance between the electron and the proton in the hydrogen atom is
about 0.53 A. By what factor is the electrical force stronger than the gravita-
tional force? Does the distance matter?

The combined charge on two small spheres is +15 wC. If each sphere is
repelled by the other by a force of 5.4 N when the spheres are 30 cm apart,
find the charges on the spheres.

Charges are placed at the four corners of a square of side a, as in Fig. 11.3.
Find the magnitude and direction of the electric field at the centre of the
square.

Yy
] ~a

|

|

I

|

a e s
p X
Fig. 11.3 -29 a +29

11.24

A thin, non-conducting rod of length L carries a total charge +Q spread
uniformly along it. Find the electric field at point p distant y from the axis of
the rod on the perpendicular bisector.
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11.25

11.26

11.27

11.28

A thin non-conducting rod is bent to form an arc of a circle of radius r and
subtends an angle 6y at the centre of the circle. If a total charge g is spread
uniformly along the rod, find the electric field at the centre of the circle.

A ring of radius r located in the xy-plane is given a total charge QO = 27RA.
Show that E is maximum when the distance z = r/~+/2.

A total charge g is spread uniformly over the inner surface of a non-
conducting hemispherical cup of inner radius a. Calculate (a) the electric
field and (b) the electric potential at the centre of the hemisphere.

The quadrupole consists of four charges g, g, —q, —¢q located at the corners
of a square on side a (Fig. 11.4). Show that at a point p, distant r from the
centre of the charges and in the same plane, the electric field varies inversely
as the fourth power of r, where r >> a.

Fig. 114 -q +q
- - -9
| I
| —t— 2]
1 ]
o - -e r
+q -q

11.29

11.30

11.31

11.32

Show that the electrical and gravitational force between two bodies each of
mass m and charge g will be equal at any distance r if the ratio g/m =
8.6 x 10719C/kg.

Two small, equally charged spheres, each of mass m, are suspended from the
same point by silk threads of length L. Initially, the spheres are separated
by distance x << L. As the charge leaks out at the rate dg/dt, the spheres
approach each other with relative velocity v = a/+/x, where a is a constant.
Find the rate at which charge leaks out.

Show that
3  [2meomg
dg/dt = =
q/ 74 7

A charge ¢ is uniformly distributed over a thin ring of radius R. A very long
uniformly charged thread with linear charge density A is placed on the axis
of the ring with one end coinciding with the centre of the ring. Show that the

force of interaction F will be equal to .
4megR

A very long wire with uniform charge density A is placed along the x-axis
with one end of the thread coinciding with the origin. Show that the electric

field is given by £ = at 45° with the x-axis at a distance y from the
4mepy

end of the thread.
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11.33 If the electric potential is given by ¢ = cxy, calculate the electric field.

11.34 Charges Q and —2(Q are placed at a fixed distance of separation. Show that
the locus of points in the plane of charges, where the potential is zero, will
be a circle.

[Indian Administrative Services]

11.35 Two identical thin rings, each of radius R, are coaxially placed a distance R
apart. If Q1 and Q> are, respectively, the charges uniformly spread on the
two rings, find the work done in moving a charge ¢ from the centre of one
ring to that of the other.

[Indian Institute of Technology 1992]

11.36 A thin rod of length 2a is placed along the y-axis in the xy-plane. The rod
carries a charge density A (Fig. 11.5). The point Py is located at (0, 2a) and
P; at (x, 0).

(a) Find x if the potentials at P; and P; are equal.
(b) Find the corresponding potential.

2a 4 Pa(0, 22)

_———

P,(x, O)

o
x Y

Fig. 11.5 -a

11.37 Three charges +¢q, +¢ and Q are located at the vertices of a right-angled
isosceles triangle, Fig. 11.6. If the total interaction energy is zero what should
be the value of Q?

Fig. 11.6 +q +q

11.38 Four charges each of magnitude g are located at the four corners of a square
of side a such that like charges occupy the corners across the diagonals
(Fig. 11.7). Calculate the work done in assembling these charges.
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Fig. 11.7 i d -q

_q +q

11.39 Calculate the total potential energy of sphere of radius R carrying a uni-
formly distributed charge ¢.

11.40 A linear quadrupole (Fig. 11.8) consists of charge +2( at the origin and two
charges —Q at (—d, 0) and (+d, 0).

(i) Write down the magnitude of the electric field at P on the x-axis where
x >d.
(ii) If x >> d show that the field varies inversely as the fourth power of
distance from the origin.
(iii) If Q = 2C and d = 0.01 mm, calculate the field at x = 20 cm.

Fig. 11.8 Linear quadrupole -Q +2Q  -Q P
Ty _———— >
«~d—ae-d— X

11.41 (a) If the breakdown field strength of air is 5 x 10® V/m how much charge can
be placed on a sphere of radius 1 mm? (b) What would be the corresponding
electrical potential?

11.42 An electron is released from a distance 120 cm from a stationary point charge
+2 x 1072 C. Calculate the speed of the electron when it is 18 cm from the
point charge.

11.43 Figure 11.8 shows the linear quadrupole. Show that the electric potential
V(r) at a distance r >> d from the central charge and in a direction normal
to the axis of the quadrupole varies inversely as the third power of r.

11.44 An electron of mass me = 9.1 x 1073! kg is accelerated in the uniform
electric field E between two parallel charged plates, as shown in Fig. 11.9.
There is no electric field outside of the plates. The electric field has a mag-
nitude £ = 2.0 x 103 N/C and electron charge ¢ = —1.6 x 1071 C. The
separation of the plates is 1.5cm and the electron is accelerated from rest
near the negative plate and passes through a tiny hole in the positive plate.
Assume the hole is so small that it does not affect the uniform field between
the plates.
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(i) What is the force on the electron while it is between the plates?
(ii) What is its acceleration and with what speed does it leave the hole?
(iii) What is the force on the electron outside of the plates?
[University of Aberystwyth, Wales 2005]
11.45 What is the electric potential V at a distance r from a point charge Q? Write
down an expression describing the electric potential due to a continuous
charge distribution.
Consider a disk of radius R which carries a uniform surface charge distri-
bution.
(a) Find the total charge on the disc.
(b) Find the potential at a point on the axis of the disc lying at a distance x
from the disc.
(¢) What is the form of the potential when x becomes much larger than R?
Comment on your result.
] E=2.0d0NC p—
: +
e +
- +
- +
" -
g +
e — v
p—— meecmcceeaa. o—
¢ +
- +
e +
4 +
i+ +
€ +
>~ Separation s=1.5 cm
Fig. 11.9 C——

11.46 In the Bohr’s hydrogen atom model, show that the orbital motion of the elec-

tron obeys Kepler’s third law of motion, that is, T? 13,
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11.47 Equal charges (Q) are placed at the four corners of a square of side a.
Show that the force on any charge due to the other three charges is given
by 1.914 Q2 /4nega®.

11.48 (a) Calculate the electric field due to a dipole on its perpendicular bisector.
(b) Show that for the distance x >> d/2, where d is the distance between
the charges, the field varies inversely as the cube of distance.
(¢) A molecule has a dipole moment of 6 x 10730 cm. Calculate the differ-
ence in potential energy when the dipole is placed parallel to the electric
field of 3 x 10° V/m and then antiparallel to the field.

11.2.2 Gauss’ Law

11.49 (a) State Gauss’ law of electrostatics in mathematical form.
(b) Use Gauss’ law to show that the electric field magnitude due to an infi-
nite sheet of charge, carrying a surface density o, is given by

(c) A small sphere of mass 2 mg carries a charge of 5 x 1078 C. It hangs
by a silk thread attached to a vertical uniformly charged sheet such that,
under the influence of both gravity and the electric force, it makes an
angle of 10° with the sheet. Calculate the surface charge density of the
sheet.

11.50 (a) State Gauss’ law in differential and integral form.
(b) Show that the electric field outside a charged sphere is Q /47eqr?, where
r is the distance from the centre of the ball.
(¢) Show that the electric field inside a uniformly charged solid sphere, with
total charge Q and radius R, is Qr/AmeoR3.

11.51 In prob. (11.50) the central part of the sphere is hollowed by creating a cavity
of radius %R concentric with the original sphere. If the charge density of the
hollowed sphere remains unchanged show that the electric field at the surface
is now 7/8 of the original value on the surface.

11.52 In prob. (11.50) show that the electric potential (a) varies as that to simple
3
harmonic motion for r < R. (b) V(0) = EV(R) where V (o0) = 0.
11.53 Figure 11.10 shows a non-conducting hollow sphere with inner radius b and

outer radius a. A total charge Q is uniformly distributed in the material b <
r < a. Find the electric field for (a) r < b; (b)b <r < a; (c)r > a.

11.54 A charge Q is uniformly distributed in a long cylinder of radius R and charge
density p. Find the electric field for the regions (a) r > R; (b) r < R.
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Fig. 11.10

11.55

11.56

11.57

11.58

11.59

11.60

(a) The electric field on the surface of a thin spherical shell of radius 0.5 m
is measured to be 800 N/C and points radially towards the centre of the
sphere. What is the net charge within the sphere’s surface?

(b) An electric field of 120 N/C points down over a football field. Calculate
the surface charge density on the field.

(¢) What would be the total electric flux if the field is 100x75 m?.

(a) Using Gauss’ law derive Coulomb’s formula for the electric field due to
an isolated point charge g.

(b) A positive charge Q is uniformly distributed in a non-conducting sphere
of radius R. Calculate the electric flux passing through the spherical
surface of radius r concentric with the sphere for (i) r < R; (ii)) r > R.

How is electric flux related to the electric field E? How is the total electric
flux over a closed surface related to the charge enclosed within the surface?

A thin spherical shell of radius R; carries a total charge Q that is uni-
formly distributed on its surface. A second, larger concentric thin shell of
radius R; carries a charge Q5 also uniformly distributed over the surface of
the shell. Use Gauss’ law to find the electric field in the regions.

(@) r <Ry,
(b) R; <r < Ry, and
() Ry <.

The electric charges are such that Q; > 0 and the electric field is zero for
r > Rj. Find the ratio Q1/Q».

Two insulated spheres of radii 1 and 3 cm at a considerable distance apart are
each charged positively with 3 x 1078 C. They are brought into contact and
separated by the same distance as before. Compare the forces of repulsion
before and after contact.

[Northern Universities of UK]

What is the maximum charge that can be given to a sphere of diameter 10 cm
if the breakdown voltage of air is 2 x 10* V/cm.

(a) Show that the capacitance, C, of a conducting sphere of radius a is given
by C = 4mepa.

(b) Two isolated conducting spheres, both of radius a, initially carry charges
of g1 and ¢, and are held far apart. The spheres are connected together
by a conducting wire until equilibrium is reached, whereupon the wire
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11.61

11.62

11.63

11.64

11.65

is removed. Show that the total electrostatic energy stored in the spheres
decreases by an amount AU, given by

1

AU =
167e9 O

(@1 — q2)*

What happens to this energy?

Two spherical conductors of radii Ry and R; and charges Q1 and Q», respec-
tively, are brought in contact and separated. Show that their charge densities
will be inversely proportional to their radii.

A light spherical balloon is made of conducting material. It is suggested that
it could be kept spherical simply by connecting it to a high-voltage source.
The balloon has a diameter of 100 mm.

(a) What is the voltage of the source if the electric field on the balloon sur-
face is 5 x 10° V/m?

(b) What gas pressure inside the balloon would produce the same effect?

(c) The voltage source is removed and the balloon remains at the same volt-
age. Calculate the total electrostatic energy of the balloon.

A soap bubble of radius R;p is given a charge ¢. Due to mutual repulsion
of the surface charges the radius is increased to R», the pressure remaining
constant. Show that the charge is given by

32 1/2
— 2 2 2
q_|:371 80pR1R2(R1 + RiR+ Ry )]

An insulating spherical shell of inner radius r; and outer radius r; is charged
so that its volume charge density is given by

p(r)y=0for0<r <r

A
p(r)y=—forri <r <nr
r

p(r)=0forr > r

where A is a constant and r is the radial distance from the centre of the shell.
Find the electric field due to the shell throughout all space.

(a) Show that electrostatic field is conservative.

(b) An isolated soap bubble of radius 1 cm is at a potential of 10 V (assume
the bubble material is a conductor); calculate the total charge on the
bubble. If it collapses to a drop of radius 1 mm (no charge loss or gain
during the process), what is the change of the electrostatic energy of the
system?

[University of Aberystwyth, Wales 2008]
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11.66 A long cylinder of charge ¢ has a radius a. The charge density within its
volume, p, is uniform (Fig. 11.11). Describe the form of the electric field
generated by the cylinder. Find the electric field strength at a distance r from
the axis of the cylinder in the regions (i) r > a and (i) 0 < r < a.

If a non-relativistic electron moves in a circle at a constant distance R from
the axis of the cylinder, where R > a, find an expression for its speed.
[University of Manchester 2006]

Fig. 11.11 r

D

WA A A A .

o

11.67 Consider an isolated non-conducting sheet with charge density o. The elec-
tric field at 25 cm from the sheet is found to be 200 V/m, directed towards the
sheet. Calculate o on the sheet. What electric field is expected at 2 cm from
its surface? How are the values of ¢ and E changed if a conducting sheet is
substituted.

11.2.3 Capacitors

11.68 Calculate the capacitance of a parallel plate capacitor of area A and thick-
ness d if a dielectric slab of thickness ¢, area A and dielectric constant k is
inserted. How is the capacitance modified if a metal of thickness ¢ is intro-
duced?

11.69 Two capacitors C1 and C; are connected in parallel and their combined
capacitance is measured as 9 wF. When they are combined in series their
capacitance is 2 WF. What are the individual capacitances?

11.70 Find the energy which may be stored in capacitors of 2 and 4 wF when taken
(a) singly, (b) in series and (c) in parallel when a potential difference of 100 V
is available.

[University of New Castle]

11.71 An air capacitor with plates 1 m? and 0.01 m apart is charged with 1076 C of
electricity. Calculate the change in energy which results when the capacitor

is submerged in oil of relative permittivity 2.0.
[University of Manchester]
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11.72

11.73

11.74

Two parallel plates, each of area 1 m?, are separated by a distance 0.001 m
and have a capacity of 0.1 wF. What must then the dielectric constant of the
material separating the plates be?

[University of Newcastle]

A capacitor of capacitance 5 wF is charged up to a PD of 250 V. Its terminals
are then connected to those of an uncharged capacitor of capacitance 20 pF.
What would be the resulting voltage?

[Northern Universities of UK]

From Fig. 11.12 find the value of capacitance C if the equivalent capacitance
between points A and B is 1 pF. All the capacitances are in microfarads.
[Indian Institute of Technology 1977]

Fig. 11.12 o—i| | T
A 6 L N 4
C 1
—— § P
2
L 0,
11.75 Three capacitors of capacitance 4, 3 and 2 LF, respectively, are connected in

11.76

11.77

11.78

series to a battery of 240 V. Calculate (a) the charge, (b) the potential and (c)
the electrostatic energy associated with each of the three capacitors, stating
in each case the units in which the results are expressed.

[Northern Universities of U.K.]

Each of the two capacitors A and B of capacitances 1.0 and 2.0 wF, respec-
tively, are charged initially by connecting them in turn to a 12 V battery. What
is the final potential difference of the combination if the capacitors are later
connected in parallel such that

(a) the positive plate of one is connected to the positive plate of the other;
(b) the positive plate of one is connected to the negative plate of the other.

[Indian Institute of Technology 1971]

Two capacitors of capacitances C1 and C; charged to potential difference V;
and V; are connected in parallel. Calculate the energy loss when (a) the pos-
itive ends are joined and (b) the positive end of one is joined to the negative
end of the other.

A capacitor of capacitance C is charged to potential V by connecting it to a
battery. Let ¢ be the charge on it, E the electric field within the plates and
U the energy stored. When a dielectric of constant K is introduced filling
completely the space between the plates, how will the following quantities
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11.79

11.80

11.81

11.82

11.83

11.84

11.85

11.86

11.87

11.88
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change (i) V, (ii) E, (iii) g, (iv) C and (v) U, when (a) the battery remains
connected and (b) the battery is disconnected?

In prob. (11.78) if the plate separation is increased, how would the following
quantities change (i) V, (ii) E, (iii) C, (iv) g and (v) U when (a) the battery
remains connected and (b) the battery is disconnected?

Show that the force of attraction between the plates of a parallel plate capac-

1e9AV?
itor is given by F = — £0

, where A is the area, d the distance of sepa-

ration, V the voltage to which the plates are charged and g( the permittivity.

Let n identical droplets, each of radius r and charge ¢, coalesce to form a
large drop of radius R and charge Q. Assuming that the droplets are incom-
pressible, show that (a) the radius R = n'/3r; (b) the capacitance C’ of the
large drop is C’ = n!/3C, where C is the capacitance of the droplet; (c)
the potential V' of the large drop is given by V' = n?/3V, where V is the
potential of the droplet; (d) the surface charge density o’ = n'/30; (e) the
energy U’ stored in the large drop is given by U’ = n>/3U where U is the
energy stored in the droplet.

A cylindrical capacitor has radii @ and b. Show that half of the stored electri-
cal potential energy lies within a cylinder whose radius is v/ab.

A capacitor of capacitance C; = 3.0 nF withstands the maximum voltage
V1 = 4.0kV, while a capacitor of capacitance C» = 6.0 uF the maximum
voltage V, = 3.0kV. If they are connected in series what maximum voltage
can the system withstand?

A Geiger—Muller tube consists of a thin uniform wire of radius ‘a’ of length
L surrounded by a concentric hollow metal cylinder of radius b with a gas
of dielectric constant K between them. Apply Gauss’ law to calculate the
capacitance of the tube.

Two spherical metallic shells of radii ¢ and b (b > a) constitute a capacitor
with the outer shell grounded and contact is made with the inner one through
dmegab

b—a’
Show that for two concentric shells of radii a and b (b ~ a), the capacitance
reduces to that of a parallel plate capacitor

a hole in the outer one. Show that the capacitance is given by C =

In an R—C circuit the emf supplied by the battery is 120V, R = 1 x 10°Q
and C = 10 wF. The switch S is closed at ¢+ = 0. Find

(i) the time taken for the charge to reach 90% of its final value;
(ii) the energy stored in the capacitor at one time constant;
(iii) the Joule heating in the resistor at one time constant.

After how many time constants will the energy stored in the capacitor in
Fig. 11.13 reach one-half of its equilibrium value?
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Fig. 11.13 R=1X10°Q

) WA/
—— C-10pF

11.89 Two square metal plates measuring ‘a’ on the side are used as a parallel
plate capacitor with the plates slightly inclined at an angle 6. If the smaller
gap between the plates is D, then show that the capacitance is given by

Czeoa2 a0
D 2D

11.90 Capacitors C; = 8uF, Co = 4puF and C3 = 3 puF are arranged as in
Fig. 11.14. A voltage of V = 100V is applied. Determine

(a) the potential difference across C1, C2 and Cs.
(b) the charge ¢, ¢» and g3 on Cy, C> and C3.
(c) the energy Uy, U, and Us stored in the capacitors.

Fig. 11.14 i i

v ¢ G,

G T

11.91 Capacitors C; = 8uF, C» = 4puF and C3 = 3 puF are arranged as in
Fig. 11.15. A voltage of V = 100V is applied. Determine

(a) the charges g1, g2 and g3 on Cy, C» and Cs, respectively.
(b) the potential difference across Cy, C»> and C3.
(¢) the energy Uj, U and U3 stored in the capacitors.

=<
g
H
|
Il

c
Fig. 11.15 2 T

11.92 Find the effective capacitance between points a and b in Fig. 11.16. Assume
that Ci =Cp =C3 =C4 =2pnFand Cs = 1 uF.
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Fig. 11.16 G,

Fig. 11.17 R

11.93 Consider a circuit consisting of a resistor R and a capacitor C in series
with a battery of emf & and a switch (Fig. 11.17). The capacitor is initially
uncharged and the switch is closed at time = 0. By considering the potential
drop across each of the components of the circuit, verify that the charge Q
on the capacitor has the form

.
Q=Ci|1-¢ RC

(a) What is the current flowing in the circuit?

(b) What is the power supplied by the battery as a function of #?

(c) What is the power dissipated in the resistor as a function of ¢?

(d) What is the rate at which energy is stored in the capacitor as a function
of t?

[University of Durham 2000]

11.94 For the circuit shown in Fig. 11.18,

(i) What is the initial battery current immediately after switch S is closed?
(ii) What is the battery current a long time after switch S is closed?
(iii) If the switch has been closed for a long time and is then opened, find
the current through the 600 k<2 resistor as a function of time.

12MQ
——" —ANA
S
+ B
() — 600 k2 g T~ 254F
Fig. 11.18
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11.95 A capacitor of capacitance C = 500 uF is charged to a voltage of 900 V and
is then discharged through a resistance R = 200 k€2 when a switch is closed.

(i) Find the initial charge stored in the capacitor.
(ii) Find the initial discharge current when the switch is closed.
(iii) Find the voltage across the capacitor in a time ¢ = 25 s after the start of
discharge.
(iv) Find the time constant of this capacitor resistor network combination.
(v) Work out an equation to show the time it takes for the charge in the
capacitor to drop by one-half of its starting value and find this time.

[University of Aberystwyth, Wales 2008]
11.96 Charge ¢ = 10~? C is uniformly distributed in a sphere of radius R = 1 m.

(i) Find the divergence of the electric field inside the sphere.
(ii) A proton is moved from infinity to » = 0.8 m from the centre of the
sphere. Find the electric force experienced by the proton at » = 0.8 m.
(iii) Find the work done by the electric field of the charged sphere when the
proton is moved from infinity to its current position (» = 0.8 m).

11.97 (a) Write down the integral and differential forms of Gauss’ law in a dielec-
tric, defining all quantities used.

(b) A parallel plate capacitor is completely filled with a non-conducting
dielectric. Show that the electric displacement, D, is uniform between
the plates and calculate its value. (You may assume that the plates each
have area A and are separated by a small distance d. Each plate carries
a surface charge density o C/m?2.)

(c) The dielectric has a non-uniform relative permittivity

Kx)=ax+b

where a and b are constants and x is the perpendicular distance from one
plate. Using Gauss’ law, show that the electric field between the plates
satisfies

Eo

O =%

where Ej is a constant. Find the value of Ej.
(d) Show that the voltage across the capacitor is given by

E d
V:—Oln<1+%>

goa

and calculate the capacitance.
(e) Find the volume polarization charge density in the dielectric.
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11.98 Both gravitational field and electric field obey inverse square law. Using this
analogy show that the differential Gauss’ law for gravitation is given by V -
g = —p/G, where p is the mass density.

11.3 Solutions

11.3.1 Electric Field and Potential

11.1 (a)
@ p_ N2 _ (8 x 1.6 x 10719)(—4 x 1.6 x 10719)
4regr? 4 x 8.85 x 1012 x (0.2)2
=—1.8432x 107N

(ii) For the position of zero electric field the forces due to the two charges
must be equal in magnitude but oppositely directed. Clearly the neu-
tral point must be on the x-axis. On the left of Q1, the forces will
be oppositely directed but cannot be equal as |Q1| > |Q>|. Between
Q1 and Q», the forces are exerted in the same direction. On the right
of Q> conditions are favourable for a null point. Let the zero electric
field be situated at a distance x from Q5 on the right.

8e de

(x+02)2 2
whence x = 0.4828 on the right of Q5.

e 1.6 x 10719
(b) E = =
dmegr? 4w x 8.85 x 10712 x (5.3 x 10~11)2
=5.12x 108 N/C
Force F = Ee =5.12 x 1018 x 1.6 x 10719 = 81.92N

11.2 (a) As the electric field is downwards, the force on the positive charge will
be downwards and the force on the negative charge will be upwards.

(i g =+8uC
Fy=qE=+8x10"°x300=24x 10N
Fo=mg=06x107x98=588x 107N

Tension in the thread

T=F,+F,=58x107"+24x107° =828 x 107°N
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(i) g = —-8uC
Fy=qE=-24x10"N
Tension in the thread

T=588x107-24x103=348x 107N

(b) As the electric field is in the negative x-direction, point b will be at a
higher potential than a.

(i) Therefore V4, — V, will be positive

Vo — Va 10°
d  6-2

11.3 The total charge on the circular loop Q = 2w RX; the distance of the point

P (0,0, Z) from the loopisr = (Z 24 Rz)l/ 2, Therefore, the electric potential
P will be

(i) E = =2.5x 10*N/C

0 AR

T dmeor  260(Z% + RHI2
v ARZ

T8z 200(Z2 + R2)32

E =

q
Aregr?

d
V=—/Fdr=—q /—rz q +C
Armeg J r?2  Amegr

When r = oo, V = 0. Therefore C =0

q2|:1111\/§«/§i|

114 (@) F = =1

b) U =

T Adme

d d d d d d

For six pairs of charges

q2

ﬁneod

The potential energy does not depend on the order in which the charges
are assembled.

(¢) Consider the forces on the top left-hand charge due to the three other
charges.

q2

8 meod?
2

q
— 2 2
E_,/EX+Ey_«/§8mOd2 £0

E,=E, =
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Therefore the charge is not in equilibrium. Same thing is true for the other
three charges.

g 2x107Y x9x 107
T dmegr 103
(ii) If n droplets each of radius r coalesce to form a large drop of radius R,

then assuming that the droplets are incompressible, the volume does not
change. Therefore

115 () W =0.018V

4 4
§7TR3 =n-nr

oo  R=n" (1)
As charge is conserved
Q=nq 2
where Q and g are the charges on the drop and droplet, respectively. Then
the potential of the droplet is
0 ng _nq
2= dwegR ~ Admeon'/3r  Amegr
=n*3 v =227V, =0.0286V

where n = 2, and V| = 0.018 V by (i).
11.6 Electric force

F=qgE=2x10"%x%20,000=4x10"*

Gravitational force mg = 80 x 107° x 9.8 = 7.84 x 10~*N
Balancing the horizontal and vertical components of forces, Fig. 11.19

Tsinf = F (D
T cosO = mg (2)

where T is the tension in the thread.

Fig. 11.19 mg
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F 4x107%
tan = — = —— = 0.51
mg  7.84 x 1074
g =27°

Squaring (1) and (2) and adding and extracting the square root

T =,/F24 mg)> =4 x 10742 + (7.84 x 1042 =8.8 x 10™*N

11.7 Electric potential

1l g q, 9, q )
_47180(1+2+4+8+
S I O
" dneg 22223

The terms in brackets form a geometric progression of infinite terms whose

sum is
1
Szla =——=2
—r L
2
v=1
2780

Electric field

1
(24242084

T dmeg L1 22 0 42 g2
1 q _q
T 47 <1 3 1) "~ 3meg

4
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11.9 By prob. (11.3), E =

11 Electrostatics

1 9 .9 q q
P R ISR B
e\ T T T e

_ 4 (L Ly A PR
T 4meg 42 162 167eq 42 162

= 1( 3 R
T dme 1T g 216

3q I g
167eq | — 1 " 57

16

Ox

drsg (x2 + R2)
substituted A = Q/27 R. As x << R and F = ¢E,

where we have replaced z by x and

F = Qqx = —kx, where ¢ is negative and k = Qg
4o R3 4megR3
1073 x 1070 x 9 x 10°

- =0

Thus, the motion of the negatively charged particle is approximately simple
harmonic with angular frequency

[ k [ 0.09
m 0.9 x 1073

21 21
= — =— =0.628s
w 10

11.10 Let a be the side of the equilateral triangle. The forces on the charge ¢ placed

at C due to the charges at A and B are repulsive and represented by CE and
CD, respectively, each given by g2 /4mega?. The resultant of these two forces
is given by CP, the diagonal of the parallelogram CDPE, Fig. 11.20

2q2 ﬁ B \/ng

Amega? 2 4megal

CP = 2CD cos30° =

The force on g at C due to Q at the centre of the triangle is

Qq 3Qq

47e0(0C)2 ~ 4mega®

i. If O = —gq, this force will be attractive and will be directed along CO. As
the attractive force due to —gq is greater than the combined repulsive force
due to charges +¢ at A and B, the charge at C will be attracted towards
O. Same is true for the charges placed at A and B.
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ii. For equilibrium, the attractive force must balance the repulsive force:

V3¢ 30Qq
— =0 0 =—qg/V3
4drega?  4dmepa? 0 a/
Fig. 11.20 p
73\
/ “ \
/ \
/ AN
/ \
D E
Cc®qg
L/
o
@ Q
(@]

q
®
A

w @c

11.11 Referring to Fig. 11.21, the Coulomb force between the spheres in air is

P4
4regx?
2
In liquid F' = ————; weight of the sphere in air = mg
4o K x2

/

Apparent weight of the sphere in liquid = mg (1 — p—), where p is the
o

density of the material of sphere and p’ that of the liquid. For equilibrium
the vertical and horizontal components of the force must separately balance.
If T is the tension in the string when the sphere is in air and 7’ when it is in
the liquid,

Tsin@ = F, T cosf =mg

/
T'sinf = F', T'cosf = mg <1 — p_)
0
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F/
tant) = — = ;
(D)
P
F 1 1.6
—:K: /: p = =2
F’ L p—p T 16-08
P
Fig. 11.21 :
|
|
~
10
I
30°
b
|
|
|
qo 1 ° »

\ A%

11.12 From the geometry of Fig. 11.22, AB = 0.1m, OB = OC = 0.05\/§m,
AC = (0.1)v/2m.

. ) q q1 q2
Potential fgatBisUB) = — [_ _]
otential energy of g at B is U(B) 4meg LAB * OB

. ] q q1 q2
Potential fqatCis U(C) = [_ _]
otential energy of g at Cis U(C) 4meg LAC * oC

q, q
A /B
N /

N\ /
N /
e
/ AN
/ AN
/ AN
(3

\j
o

Fig. 11.22 D« 10 Cm
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Work done in carrying the charge g from C to B will be

Wep = UB) — U(C) = 190 [L - L}

dmeg | AB AC
1 1
=5x10—9x6x10—8x9x109<—— )
0.1  (0.1)V2
=79x107%J
11.13 The problem is similar to prob. (11.6), Fig. 11.23. For equilibrium 7 sinf =
E 2
qE, T cosf =mg,tanf = = .= =0.04
mg 50

_0.04mg _ (0.04)(0.5 x 1073)(9.8)

E
q 3 x 10-10

=6.53 x 10°N/C

which is directed away from the equilibrium position.

Fig. 11.23

= — qE
1
|

mg

11.14 The electric field E = V/d where V is the PD and d is the distance of
separation of plates. The electric force on the dropletis F = gE = qV/d.
If the upper plate is negative then the condition for equilibrium against grav-
itational force acting downwards is

qV
_:mg

d
d 1074 x 9.8 x 0.01
v =8t _ X 7O XY 3062.5V
q 3.2 x 10°19

If the polarity of the plates is reversed, both the electric and gravitational
forces would act down. The net force would become
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F' =qE +mg =2mg
/

F
Accelerationa = — =2g =2 x 9.8 = 19.6m/s>
m

11.15 Let g be the charge on each body. Electric force = gravitational force

q° G Mm
4meor? r2

q = /4meoGMm

_[6.67x 1071 x 6 x 102 x 7.4 x 1072
B 9 % 10°

1/2
} =5.736 x 1013 C

11.16 Energy W =gqV

w1073 b
g=—=——=2x10""C
V5% 100

q 2x107"2
1.6 x 10719

11.17 Consider an element dx of the rod at distance x from the point P on the axis
of the rod. In the length dx the charge is dg = Adx, Fig. 11.24.
The field at P due to dg will be

Number of electrons flowed out = =1.25 x 107

Adx
4eox?

dE =

The total electric field will be

0.3
rd A 1 0.1
:/dE_/ A =
4reox? 47‘[8() x035

0.1

—6 9 1 1 7
=200x 107" x9%x 107" x | — — —— ) = 1.286 x 10’ N/C
0.1 0.35

dx
[ | or

0 x L

- B5cm—————— -— —»

Fig. 11.24 10 cm

11.18 Let p be the field point on the axis of the disc at distance z from the origin.
Consider a ring of radius r and width dr. The charge on the ring is dg =
2rr dr o where o is the charge density (charge per unit area), Fig. 11.25.
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The electric field at P can be resolved into a component along the z-axis
and perpendicular to it. The perpendicular components when added become

zero for reasons of symmetry. The components along the z-axis are added

dg cos¢ ~ 2mrdro z
dreg(z2 +12)  dmeo(2 +r2) (22 +rD)1/2

¢ d
o rar o Z
f 1= 2 " f @+ )32 " 2e ( <z2+R2>1/2>
0

dE) =

Fig. 11.25 e

C

11.19 Equations of motion are

eE +mg —6anuir=0 (downward field)
eE —mg — 6xnuar =0 (upward field)

Adding and solving for e
220 0y + )
e= v + v)r
F Ut

11.20 Consider an element of the circular wire ds (Fig. 11.26). Then dg = Ads.

Nowds = r dé

dg = (A cos?0) (rdo)
2

q = /dq = Aor /cos2 0d0 = wrgr
0



492

11 Electrostatics

Fig. 11.26
rdo
82’
£
WAL
q2
11.21 Electric force Fo = ——— (11.48)
4eqr?
.. GMm
Gravitational force Fy = — (11.49)
r
Fe  g¢* 1 (1.6 x 1071%)2(9 x 107) (11.50)
Fy " dmeg GMm — (6.67 x 10~11)(1.66 x 10~27)(9.1 x 10-31) ’
=229 x 10% (11.51)

11.22

11.23

The distance is immaterial. Note that the gravitational force at the atomic and
sub-atomic levels is small simply because the masses are small.

q1+g2=15pC (1)
a2 9 x 10°
dmeor? | (03)2 1142

or g1 g =54 (0> )

Solving (1) and (2), g1 = 6 nC, go = 9 nC.

q or 2q
dreg(a/N2)*  4meo(a)?

4
towards +2¢. The field due to 42q is
4meoa?

At P, the electric field due to +g¢ is and points

and points towards +¢. The
2q E 2q

- orE| = ——

4repa?  4dmepa’ ! 4mena?

resultant field due to the pair (¢, 2¢q) is
towards +gq.
Similarly, the resultant filed due to the pair of charges (—¢g, —2¢q) will be

2q 2q
E, = —— towards —2g or +——— towards —q.
4mega? 4mega?
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11.24

Now E| = E» in magnitude and act at right angles (from the geometry

23/2q

of the diagram). The overall field will then be E = /2 E| =
4mega?

positive y-axis.

along

Consider an infinitesimal length dx at distance x from O, the centre of the
rod. The charge on dx will be dg = g (dx/L). The field at P due to dg shown
by an arrow can be resolved into x- and y-components. The x-component of
the field will be cancelled by a symmetric charge on the negative side at equal
distance. The y—components of the field will be added up, Fig. 11.27.

qdx y
dmegL(x? + y?) (x* + yH)!/2

qy dx
E= | dE, =
/ T dmegL / (x2 4 y2)3/2

Put x = ytan6,dx = ysec2 0do

dEy, =dE cosO =

o

=1 /cosede =1 ina= q
4megLy 2meqgLy 2meg(4y? + L2)1/2
—
L2

where we have put sine = —————.
P 07+ L7/4)17

+ 4+ + + + + + + +f+ +

dx
QX

Fig. 11.27 - | —>

11.25

Consider an element of angle between 6 and 0 +d6. Let OP be the bisector of
angle 6y subtended by the arc AB at the centre O. The charge on the element

de
of the arc adf will be ¢ e The electric field at O due to this element of arc

0
can be resolved E|| along PO and E | perpendicular to it.
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The perpendicular components will be cancelled for reasons of symmetry
while the parallel components get added up, Fig. 11.28.

do
dE =dE| = AT cosh
4menBoa’

g sin(6/2)

q
E:/dEH=—2 / cos9d9=—2
4regBoa 2mepa 6o
—60/2

Fig. 11.28 add P

11.26 The electric field at distance z from the centre of the ring on the axis of the
ring is given by prob. (11.3)

_ Ar Z
T 2g0 (22 +12)32

oE
The maximum field is obtained by setting Frie 0.
<

This gives (z2 + r2)/2(r? — 2z%) = 0.
Since the first factor cannot be zero for any real value of z, the second
factor gives z = r/+/2.

11.27 Consider a circular strip symmetric about z-axis of radius r and width adf
(Fig. 11.29). The charge on the strip is

2rnradd  grdo
2ma? a

dg =¢q =q sin6 df

(a) At the centre of the hemisphere, the x-component of the field will be
cancelled for reasons of symmetry. The entire field will be contributed
by the z-component alone.
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_gsinfdo cos6

dE =dE, =
¢ 4mepa?
/2
E = /dEZ -1 / sinf cos8df = _4
4mega’ 8mega?
0

/2

in6do
®) dv = 77, V=/dv= q /sin@d@: el
dmwepa dmepa dmepa

Fig. 11.29

ade

11.28 The x-component of the field due to front charges will get cancelled and the
y-component is added up to

2q al2

4dmeg ax2 a2 1/2
(=5 +5]

along the negative y-axis, Fig. 11.30.

Similarly the field due to the other two charges will be
2q -a/2

an? a23/2
ima[(r+3) +%
JT80|:r+2 +4:|

Neglecting terms of the order of a2, the net field will be

—3/2 —3/2
E-_99 (1_C_l) _(1_’_&)
4eqr3 r r

Using the binomial expansion up to retaining terms linear in a,

along the positive y-axis.

3qa® 1
= ﬂ. Then E o —
4megrt r4
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Fig. 11.30 q. +q
\
a (0} P
=~ ~ —
(]
*q -q

11.29 The electric force F, = the gravitational force

q2 B sz
dregr: 12
6.67 x 10711

1/2
%109 ) =8.65 x 107 C/kg

4 = (47T8()G)1/2 = (
m

11.30 Consider the equilibrium of one of the spheres, Fig. 11.31. If T is the tension
in the string then

T cosO =mg
2
T sinf = q
4mreox?
2
tanf ~ 6 = x q

2L~ 4megmgx?

2me 172
o= (o)

3@

-l X —P

Fig. 11.31 mg
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dg 3 [2meomg

dr 2V L v

dg _dgdx _dg - dg a _3 [2reomg
dt dx dr  dx dx /x 2 L

11.31 Consider an element of length dx of the thread at distance x from the
centre of the ring. The force between the ring and the element dx can be
resolved into x- and y-components, Fig. 11.32. The y-component will get
cancelled for reasons of symmetry. The field is entirely contributed by the
x-component. The charge in length dx is Adx. The electric force between the
wire and the ring is given by

o0
F—F—/ 1 gidxcost  ga / xdx
T ) 4Amey (R24x2) T 4dmey | (x2+ R2)32
0

Put x = Rcotd, dx = —Rcosec? 6 do

0
A A
F=-— a /cos@dé: A
4megR 4meoR
/2
Fig. 11.32
R
0
¥ dx

11.32 Consider an element of wire dx at distance x from O, Fig. 11.33. The charge
in dx will be Adx. The x-component of the electric field will be

o0
E /E - / Adx sinf A /‘ x dx
= sinf = =
* dmeg(x2 +y2)  dmeg J (x2 4 y2)3/2
0

Put x2+y2=zz,xdx=zdz

where y = constant.
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2A
E- [mrmpe Y2
Y dmegy
E,
tane = — =1 — a =45°
Ey
Thus E makes an angle 45° with the y-axis.
Fig. 11.33 o t—x—>dx
Wire
y
0
p
11.33 ¢ = Cxy
il 0
E, = ——¢ =—cy, E,= —¢ = —cXx
ax ay
E = —c(yi +xJ)
11.34 Let the charges Q and —2Q be located on the x-axis at distance x on the

opposite side of the y-axis. Let the point P(x, y) be at distance r; from Q
and at r, from —2(Q, Fig. 11.34. By problem

;[2_2}_

47‘[80 ri rn

or ry= Zr] (1)
Writing r? = (x +a)> + y? 2)
and 13 = (a—x)*+y° 3)

and eliminating r; and r; in (1), (2) and (3) and simplifying

3x2 4+ 3y? + 10xa +3a> =0

LS 2+ , 16 ,
or X —a = —a
3 YT

which is the equation to a circle.



11.3  Solutions 499
Fig. 11.34 ¥

p(x.y)

11.35 Let the charge g be taken from the centre of ring A to the centre of ring B,

Fig. 11.35

At A, Up= q 01 q 02
4eoR  47eg(v/2 R)

At B, Us = % q Q1

B fr—
4meoR  47meg(v/2 R)

2—1 _
Work done, W =Ug — Up = V2-1)g (02— Q1)
4\/§JT8()R

Fig. 11.35 Q Q,
{R| R
A L - Rp> B

11.36 (a) Consider an infinitesimal length of the rod, at distance y from the origin,
Fig. 11.36. The charge in dy will be Ady. The distance of P; from dy
will be 2a — y. The potential at Py is

a
1 Ady A

= = In3
4re 2a —y) 4meg
—a

Vi

The potential at P, is

X

a
v 1 / Ady 2 | a+a?+ x2
= = n
2 4dre /y2 + x2 4dre
—a
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By problem V, =V

2
2 2
(H— WH) 3 = VAa
X
Vi=Va=Ax9x10° xIn3
=9.89 x 10°V
Fig. 11.36 Ty
p,(0, 2a)
a
o] = Pax:0)
-a
I [Qg Qg q°
11.37 U=UQq+UQq+U=E|:—+— T = ( by problem.

q
Therefore Q = ———-
23/2
11.38 Work done W = Ujp 4 Uaz + Uza + Usy + Uiz 4 Uag where charges 1 and

3 are positive and 2 and 4 negative assuming that the potential energy is zero
for infinite separation of charges.

q° 11 1 1 1 1
W=—|——-—---—— +—=+—=

4meg a a a a «/za «/Ea
—q 2
= (4 _ ﬁ)
dmepa

11.39 (a) The charge density is given by p =

r and thickness dr concentric with the sphere. The volume of the shell
is 4r2dr and the charge in it will be dg = 4mr2drp, Fig. 11.37. The

4
charge of the sphere of radius r is dg’ = 57”3 p and may be considered
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to be concentrated at the centre. The interaction energy between the shell
and the sphere of radius » will be

| (dg)dg) | (471r2dr,o) (gnr3p>
dU — q)\aq’)

_ 47 pridr
T 4meg r " 4meg r T 3

Total interaction energy

R
471',02 4 471,02R5 3q2
U= | dU = dr = =
/ 3gg fr : 15¢¢ 207eo R
0

where we have substituted the value of p.

3 x9 x 107 x (92 x 1.6 x 10719)2

b) U== =1.259 x 107"y
(®) 5 15x(238)3x10-15 x
= 78.7MeV
Fig. 11.37 dr
R
. 0 [2 1 |
. ) E= = |2 _ _
1140 @ 478 |:x2 x+d)? (x—d)?

_20d%3Bx*—d?)
T 4megx2(x2 — d?)?

(ii) Forx >>d, 3x% — d* ~3x? and x* — d* ~ x?
60 d?
dmegxt
6x9x10%°x2x 1070 x (107%)2
(0.2)2

(iii) £ =—

= 0.675N/C
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11.41

11.42

11.43

11.44

11.45

11 Electrostatics

5x 10 x 1073
(@) g =CV =dnegr V= TTox100 =55x%x10"'C
q 55% 1077 x 9 x 10° 6
® V= ner 1% 1073 x
. . qe
Initial potential energy U; = —
47‘[8()1‘1
. . qe
Final potential energy U; = —
dmegra
qge 1 1
AU =U; —-U, = —_ - —
47‘[80 r ry

By work—energy theorem, gain in kinetic energy = loss in potential energy.

2ge (1 1\]"?
V= —_——
dmeom \rp 1y
_[2x2x10—9x1.6x10—19x9x109< 1 1)}”2
12

9.1 x 1031 0.18
=5.467 x 10°m/s
2 1 1
V) = Q [- — - ]
dreg v r24d? 2+ d?

20 [1 1 1+d2 7 o

T dmey | r r2 T Amegr3
1
Thus V(r)ot—3
.

(i) F=qgE=(1.6x107"2x10%) =32x10"1°N

F _32x107"

m 9.1 x 10731

v =2as =+/2 x 3.516 x 104 x 0.015
=3.25x 106m/s

(iii) Outside the plates there is no force on the electron as there is no electric
field.

(i) Acceleration a = =3.516 x 10" rn/s2

Q

47T8()r

&)

Vir)=

For continuous distribution of charge, each element dg can be treated as point
charge so that the contribution dV to the potential can be written according
to (1), Fig. 11.38:
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Fig. 11.38

1 d
qv = 4@
dmeg 1

2

For the potential due to the entire distribution of all the elements, (2) is
integrated:

V:/dV: ! /g 3)
47 r

In case of uniform charge distribution we can write dQ = Ads, dQ = ocdA
or dQ = pdV depending on the geometry of the problem. Here A is the
linear charge density, o is the surface charge density and p is the volume
charge density.

(@) ¢ = R0

(b) Consider a ring of radius r and width dr concentric with the disc of
radius R. The charge on the ring is dg = o2xrdr. The potential at P, at
a distance x on the axis of the disc, will be

1l dg 1 o2nardr
T dmeg y T Ay /72 + x2

Potential due to the disc will be

v “4)

R

V—/dV— o rdr 5)
B 260 r? 4 x2

0

Put r2 4+ x2 = y2, rdr = y dy, then (5) becomes

A x2+R?
V:i dy:iy | =i[«/x2+R2—x] 6)
2¢g0 2¢g0 X 2g9
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11.46

11.47

11 Electrostatics
(¢) If x >> R, (6) can be expanded binomially,
o R2 12 o R? q .
V> —I[x|(14+— — x| = —— = ——, an expression
2e0 x?2 4e0x 4eox

which is appropriate for the point charge. This result is reasonable since
at very large distances the disc appears as a point.

For circular motion of electron, the speed
2nr 0
V= ——
T

For a stable orbit, the centripetal force = electric force.

mv? 1 &2

= -~ 2
r dmsq r? 2)

Eliminating v between (1) and (2)

T? = 167‘[3801’}1 P

or T?ar’ (Kepler’s third law)

Figure 11.39 shows the forces on charge 2 due to the charges 1, 3 and 4. The
forces

1 Q?
Fi» = Far = =
PTIRT aney a2
1 02 1 02
Fyo

= 4o ( ﬁa)z = dme (242)

F
32
A Fa2
45°
45°
1 2 - F12
a

Fig. 11.39 4 a 3
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Now |F3, + Fi»| = V2 F12(.© F1 and F3; act at right angle and are equal
in magnitude)

Further, F4, acts in the same direction as the combined force of F3, and
F>.

0? 1 1.914 02
12 2 42| 4mepa? 2 4mega?

11.48 (a) A dipole consists of two equal and opposite charges. To find the electric
field at A, on the perpendicular bisector of the dipole, at distance x. As
the point A is equidistant from the two charges, the magnitudes £ and
E_ are equal. The net electric field E at A is given by the vector addition
of E and E_ (Fig. 11.40)

E=E, +E_ (1)

1 ¢ 1 q
2= 2 2 2
4meg r 4meg [x* 4+ (d/2)?]

Since both E and E_ are equal and equally inclined to the y-axis, their
x-components gets cancelled and the combined field is contributed by
the y-component alone.

Fig. 11.40

m|

10

o " _E =

- —p

E=Ey=E;cos0+ E_cos® =2E cosf
1 qd

- 3
4meg X2+ (d/2)2T ®)
1
(b) For x >> d/2, E = — L2 where p = qd is the dipole. Thus
4meg x-

the electric field at large distance varies inversely as the third power of
distance, which is much more rapid than the inverse square dependence
for point charge.

(¢) Potential energy U = —P - E = —pFE cos0, for parallel alignment,
6 =0, and

U =-pE=—-6x107)3x10% =-18x1072J
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For antiparallel arrangement, 6 = 180° and U, = +PE = +1.8 x
10727.
Therefore the difference in the potential energy AU = Uy — Uy = 3.6 X
10727,

11.3.2 Gauss’ Law

1149 (a)

(b)

Fig. 11.41

If ¢ is the electric flux, E the electric field, ¢ the charge enclosed and
dA the element of area then ¢ = &g § E - dA. The integration is to be
carried over the entire surface. The circle on the integral sign indicates
that the surface of integration is a closed surface.

Figure 11.41 shows a portion of a thin non-conducting infinite sheet of
charge of constant charge density o (charge per unit area). To calculate
the electric field at points close to the sheet construct a Gaussian surface
in the form of a closed cylinder of cross-sectional area A, piercing the
plane of the sheet, Fig. 11.41. From symmetry, it is obvious that E points
are at right angle to the end caps, away from the plane, and are positive
at both the end caps. There is no contribution to the flux from the curved
wall of the cylinder as E does not pierce. By Gauss law

80?§E-dA=q
go(EA+FEA)=¢q

where o A is the enclosed charge. Thus E = o/2¢¢-
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For a non-conducting sheet the field
E=— ey

The electric force acting on the sphere is

_4°

F=qgE =
a4 280

2

(c) The sphere is held in equilibrium under the joint action of three forces:

(1) Weight acting vertically down,
(2) Electric force F acting horizontally, and

(3) Tension in the thread acting along the thread at an angle 6 with the
vertical.

From Fig. 11.42, F/mg = tan6 3)
Combining (2) and (3)

2eomg tan® 2 x 8.9 x 10712 x 2 x 107° x 9.8 x tan 10°
o= =

q 5x10-8

=2.15x 1071 C/m?

mg

Fig. 11.42



508 11 Electrostatics

11.50 (a) Integral form of Gauss’ law:

)
/ E.-ds = _Q
€0
Differential form: V - E = £
£0

(b) » > R. Construct a Gaussian surface in the form of a sphere of radius
r > R, concentric with the charged sphere of radius R, Fig. 11.43a.
By Gauss’ law

/E-dA:(E)4m2=g

&0
— Lz (1)
dmegr
Fig. 11.43
Gaussian
- Gaussian -+ surface
surface
r R
(a) (b)

(¢) r < R. Construct a Gaussian surface in the form of a sphere of radius
r < R, concentric with the charged sphere of radius R, Fig. 11.43b. Let
charge ¢’ reside inside the Gaussian surface. Then by Gauss’ law

€0 ?g E -dA = (s0E) (4nr?) = ¢’

/

_ 4
4meor?

2

Now the charge outside the sphere of radius r does not contribute to the
electric field. Assuming that p is constant throughout the charge distri-

bution,
4
T3
q_/ B 371}’
4
q 3
—TR
3
/ r3
or 4 =49%3 3)

qr

Using (3)in (2), E = EF

“4)
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Thus for r < R, E varies linearly with r. Note that at » = R, both (1)
and (4) give the same value as they should.

11.51 The electric field on the surface of the original sphere is

4
470 R?

After creating the cavity, the charge in the remaining part of the sphere will
be

4 s, 4 R\’
C 3P L) ”

4
7R3
3 o

.". The electric field on the surface is now

/!

£l g

q 7
R~ 7 = E
4meg R

4megR? -3

7
8

.
us2 @ F=1 %

2
q qr
vin=— [ Edr=—21__ [rer=—-9" 4
) / g 47eo R3 /r d 87 R3 +

Now the potential at the surface (r = R) is

VR = —— = —_1
4meqR 8meg R
_ 34
"~ 8megR

vy =—1_ (3 r’
r)y= - —
8meoR R?

(b) At the centre r = 0. From the result of (a)

Vo) = —4_ — 2y
" 8megR 2

11.53 (a) £ = 0 when r < b as no charge exists in this region.
(b) Region b < r < a: Consider a Gaussian surface, a sphere of radius
r, where b < r < a. Charge at distance a between b and r only will
contribute to the field. The charge residing in the shell of radii b and r is
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4
37 (P =bH0 G

Q/ = = Q
4 3 _p3
il (a3 — b3 (a b>)
3
E_ Q/ B Q/ (V3 _ b3)
" dmegr?  4dmegr? (a3 — b3)
(¢) Regionr >a: E = L
dmegr?

11.54 (a) Construct a Gaussian surface in the form of a cylinder of radius r > R
and height 4. By Gauss’ law

(e0E) 2mrh) = Q = p R*h
1 p R?
E—_-PI

_280 r

(b) Construct a Gaussian surface in the form of a cylinder of height 2 and
radius r < R coaxial with the cylinder of radius R and height h. By
Gauss’ law

(8()E) (27[7’]’!) = Q/ = pTm th

1 p R?
E=-2—" (<R
280 r
q
11.55 E=
@) 4 regr?
g = 4meor’E = 1 x (0.5)> x 800 =2.22 x 1078 C
9 x 10? ’ ’
o
(b) E=—
0]
o = Egy =120 x 8.85 x 10712 = 1.062 x 107 C/m?
(©) g =09

¢ =EA =120 x (100 x 75) =9 x 10° Nm?/C

11.56 (a) Eo ?gE -dA =g¢q (Gauss’ law) (1)

Consider an isolated positive point charge. Construct a Gaussian surface,
a sphere of radius r centred at the charge. At every point on the spherical
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surface, the field is perpendicular to the surface. As both E and dA are
directed radially outwards, the angle 6 between them is zero so that the
dot product E - dA reduces to EdA and (1) can be written as

€0 f E-dA = SO/EdA =g )

As E is constant, it can be factored out of the integral:

e E / dA = (e0E) (1)) = g
q

= 5 (Coulomb’s law) (3)
dmegr
() () r <R
Or
B b. (11.50), E = ——
y prob. ( ) 4meo R3
b= A= 2 4pp2 28
= = Tr =
4megR3 o R3
@ii) r > R
p—_2
4meor?
p=EA= 2 4n2-2

Tr
4meor? &0

1157 ¢ = fE- dA, g =gA

(a) Construct a Gaussian surface, a sphere of radius r; concentric with the
spherical shells. Since no charge is enclosed by the Gaussian surface
withr < Ry, E = 0.

(b) Here the net charge enclosed by the Gaussian surface is Q. As E is
normal to the spherical surface by Gauss’ law

01

(0E)dnr’)=0Q; or E=
dregr

2

(c) Here the net charge enclosed by the Gaussian surface is Q1 + Q> and E
is normal to the spherical surface (Fig. 11.44). By Gauss’ law

01+ 02

(00E)(4nr’) = Q1+ Q2 or E= >
dmeor

In(c)if Q1+ Q» =0, then Q1/Q0> = —1.
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surface

e

11 Electrostatics

Gaussian
Ry surface

Gaussian
surface

Fig. 11.44

11.58

11.59

11.60

Let the charges be g1 = g on the two spheres before contact.

q192 6112

Force F = 5 = 5
dmegr dmegr

(D

When the spheres are brought into contact and separated they are at a com-
mon potential. Let the new charges be ¢{ and g, respectively

qi + qé =q1+q2 =2q (from charge conservation) 2)
q/ q/
Also V=-—1_ =72 3)
47[80R1 47t80R2
/
R
or 21 4)
9 R
Solving (2) and (4)
2q1 R, 2q1 Ry
h=a o D= h ©)
Ri+ R Ri+ R
q1 95
After separation, force F' = 1—22 (6)
47'[80}’
F 2 2 2
F g _(ntr)r  A43)7 4 @
F' qiqgb  4rirn  4x1x3 3
V=1
dmegr
5)(2 x 10*
g =dmgrv = DD s 0ce
9 x 107
q
a) V=
@) drega

.. Capacitance C = % = 4nega
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(b) g1 =4mepaVy, qo = 4mepaVs

1 1 g 1 g3
U=-q\Vi=~-—1 U=~
! 2 @ 2 4mepa 2 2 4mepa
2 2
+
Initially total energy U = U; + Uy = M (D
8mepa

When the spheres are connected they reach a common potential and
when disconnected let the charges be ¢ and ¢}.

q) = 4neoaV, g, = 4dngpaV

/

Final energy in the spheres

2 2
I/V_ ql U/_ 612

Ul =~ =, =
! 2611 8mepa 2 8mepa
2, 2
, +
Total final energy U’ = U| + U = U T4 (2)
8mepa
g1 +q2=qy + g5 =2q; (charge conservation) 3)
g 2. 2 4/
AU =U; —Up = —— (q{ + 95 — 2q, 4
8mega
Eliminating ¢ between (3) and (4) and simplifying
AU (g1 —q2)° 5)

- 16mega
This energy is dissipated in Joule heating of the wire.

11.61 When the spheres are brought into contact they reach a common potential,
say V. If the charges on them are now Q' and Q)

= Q/l = Q/z @))
4reg Ry 4meg Ry
/
\%4
o= 21 _ oV @)

N 471R12 Ry

where we have used (1).
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11.62

11.63

11 Electrostatics

Similarly
, eV
— v 3
%) R, 3)
1
Thus ¢’ o —.
R
(@ V=Er=5x10°x01=5x10°V
®) P 102 1(E 2 1 £
ressure == = — & = =&
e = 5~ 26 O TR0

1
=3 X 8.85 x 10712 x (5 x 10%)? = 110.6 N/m>

(c) If g is the charge and C the capacitance then the electrostatic energy

1g> 1 42
U:—q—:— q

2C 2 dmegr

(0.1)% x 5 x 10° _
N =dnegr’E = ———————— =555x107°C
ow ¢q TEQT 9 % 10° X
1 10° 62
U=§x9xmx(5.55x10 )2 =1.386]

Work done in the isobaric expansion (constant pressure) is
4 3 3
W:PAv:T<R§—R1)p (1)

where we have written v for volume.
Increase in electrostatic energy

14> 142 2 1 1
AU:_q___q_zc]__ - 2)
2C; 2C, 2 4meg \R1 R»

where C is the capacitance of the spherical bubble. Equating (1) and (2) and
simplifying, we obtain

32 1/2
=|=7%0p RiR» (R> + R{Ry + R? (3)
q 37T80P 1152 1 102 )
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r

A
11.64 qZ/P(V)dUZ/—-47Tr2dr:27tA(r22—r12) (1)
r

r
Region (1),0 <r <ry, p(r) =0
As no charge is enclosed, £ = 0 2)
Region (ii), 11 <r <1, p(r) = é
By Gauss’ law

r

,
A
EOfE'dS=/p(r)dv=/74m2dr=2nA(r2—r$>

r ry
(e0E)(@drr?) = 21 A (r22 — r%)
A 2 2

Region (iii), 7 > r2, p(r) =0
SO/E.dszq =27 A (2 =) by (D)
(oE) sy = 2 A (73— })

o (2=11) (@)

B 28()1’2

11.65 (a) In order to show that the electric field is conservative, it is sufficient to
establish the existence of a potential. Now, if potential V exists, it must
be such that

F.dr = —-dV

where F = f(r)e, is the central force and e, is the unit vector along the
radius vector r

F-dr = f(r)e, -dr = f(r)dr
—dV = f(r)dr

or V:—/f(r)dr

We conclude that the field is conservative and V represents the potential
given by the above relation.
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(b) Initial electrostatic energy

—_—

1 1
qV = 3 CcV? = 547T€0r1 y?

1 P —11
x ——— x 0.01 x 10° =5.55 x 10 J
9 x 109

Uy ==
T2
1

2
Final electrostatic energy

5 % 0.001 x 102

U 14 v? Lt
= —dnegr, V- = = x
2= prmeon 27 9x10

=555x 107127
Energy decrease =U;| — Uy = (5.55 — 0.555) x 107" =5x%x10"""J

11.66 Construct a Gaussian cylindrical surface of radius r and length L coaxial
with the cylinder.

(i) r > a. The charge enclosed is ¢ = wa®Lp. By Gauss’ law

80% E-dA=gq
eoE Q2mrl) = nazL,o
_ap

B 280r

(i) 0 < r < a.By Gauss’ law

80%E~dA=q/

(0E)(2rrL) = w(a® — r*)Lp

2 2
mv a“pe
— =FEe =

r 2eqr
a’pe
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11.67 For an infinite non-conducting charge sheet E = o /2¢g
o =2Eg) =2 x 200 x 8.85 x 10712 =3.54 x 1077 C/m>

The electric field is independent of the distance.
For an infinite conducting sheet

o = Egp =200 x 8.85 x 10712 = 1.77 x 107 C/m?

11.3.3 Capacitors

11.68 The field strength E( between the plates of a parallel plate capacitor in vac-
uum is

\%4 o
Ey=—=— 1
0= & (1)
where V is the applied voltage, o the charge density (charge per unit area)
and &g the permittivity in vacuum. Now o = ¢g/A. Therefore the capacitance
in air or vacuum will be
qg Ago
Co=—=—=— 2
0=17 7 2)
With the introduction of the dielectric slab the electric field in the slab will
be Ey/K, and the potential across the capacitor becomes

V=Eyd—K)+ 2% _ g @ !
=Eold - K) + —— = 0[( —t)—i—E]

B r
_ASO[(d t)+K]
C = =L 3)

4
1
v d—t(l——)
K

If a metal of thickness ¢ is to be introduced, the effective distance between
the capacitor plates is reduced and the capacitance becomes

goA

c=" )

a result which is obtained by putting K = oo in (3).
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11.69 C1+Cr, =9 (parallel) €))
Ci1C .

=2 series 2

i1 G ( ) )

(C1 = C2)? = (C1 +C2)* —4C1Ca = (C1 + C2)* = 8(C1 +C2) =9
where we have used (1)
Ci—C=3 3)

Solving (1) and (3), C; = 6 WF and C, = 3 pF.

1 1
11.70 (a) U, = §C1V2 =5 x2x 107% x (100)> = 0.01J

1 2 1 —6 2
Uy = ECZV =5 x 4 x 107% x (100)2 = 0.02]
C,C 2x1070x4x 1070 4
b) C= 2 _ 2% XX =2 % 10°F
Ci+ Cy (2+4) x 106 3

1, 1 4 )
U=3CV2 =2 x £ x 107 x (100)” = 0.0067F

© C=C+C=02+4x10°=6x107°F

1 2 1 —6 2
U=3CV? =2 x6x107°x (100)° =003

_eA  885x 1077 x 1

11.71 G = =885x 1071°F
d 0.01
102 1 (1079)2 .
Up= —— = = X ————— =565 x 107*J
0= 3¢, T2 7885x10-10 x
102 1 0% Uy 565x107*
p=12 19 _Uo_56x107 e 10-4)
2C  2CK K 2

The energy is decreased by AU = Uy — U = (5.65 — 2.83) x 107% =
2.82 x 107*7, that is, by a factor of 2.

1172 ¢ = kA

. Cd 0.1 x107%x0.001

g0A  8.85x10712x 1.0
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1173 0=C,V=5%x10"°%%250=1.25x1073C
For the parallel connection

C=Ci+C=5x10°+20x107°=25x 10°F
The resulting voltage

.0 125%x1073
V===""""___ 50V
C  25x10°°

11.74 The combination of 2 wF and 2 wF in parallel is equivalent to 4 wF. This in
series with 8 WF gives a combined capacitance of 8/3 wF; 12 wF and 6 uF
in series gives an equivalent capacitance of 4 wF. 4 wF with 4 wF in parallel
gives 8 WF which in series with 1 iF yields 8/9 uF.

Combination of 8/9 WF and 8/3 wF in parallel gives 32/9 wF.
Effective value of C with 32/9 wF in series gives

32

—C

9 %l =1, by problem
C+ =

+9

C—l9 F

3t

11.75 Combined capacitance C for the three capacitors in series:

_ C1C2C3 _ (4x3x2)x10718
T C1Cy 4+ CC3+ C3C) (4x3+4+3x242x4) x 10712
=0.923 x 10°%F

(a) g=CV =0.923 x 107° x 260 = 240 x 1076C

V=4 — 80V
2T 0, 3x10°6
240
vs=4 -0 _1oov
C3 2
1 2 1 —6 2
© Wi=3CIVE =2 x4x 107 x (60)° = 0.0072)
1 2 1 —6 2
Wo= 3GV = 2 x 3 x 1070 x (80)? = 0.0096 )
1 2 1 —6 2
Wi = 3CaVE = 2 x 2 107° x (120)? = 0.0144)
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11.76 Charge on the first capacitor

G1=CV=1x10°x12=12x10"°C

Charge on the second capacitor

G =CV=2x10%x12=24x107%C

Capacitance for the parallel combination

(a)

(b)

11.77 (a)

(b)

C=C+C=(142)x10°=3x10"°F
g=qi+q¢ =(12+24) x107°=36x107°C
36 x 107°

y=94_20°%" "y

C  3x10°°
d=p—-qg=024—-12)x10°=12x10°C
V_q’_12x10_6_4v
T C T 3x10°%

If the positive end of a capacitor of capacitance Cy, charged to potential
difference Vi, is connected in parallel to the positive end of the capacitor
of capacitance C, charged to potential difference V5, then conservation
of charge gives the equation

(C1+C)V =C1Vi+ 2V (D)
C1Vi+ GV,
V= Ght+ch (common potential) 2)
Ci+C
The energy loss
1 2, | ) | 2
AW = -C1V{ + zCVy — =(C1 + C) V
2 2 2
1 CiCy 2
== Vi =V 3
e +C2( 1— V) (3)

where we have used (2).
If the positive end is joined to the negative end, the common potential
difference will be

C1Vi — GV,
y = & 2V2

4
Ci+C @
and the energy loss will be
1 CC
AW (Vi + Vo)? 5)

20+
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11.78 (a) Battery remains connected

(i) V/ = V; potential remains unchanged.

(ii) E’ = E; electric field is unchanged.

(iii) ¢’ = Kq; charge is increased by a factor K. The additional charge
(K — 1)g is moved from the negative to the positive plate by the
battery, as the dielectric slab is inserted.

(iv) C' = KC; capacitance is increased by a factor K.

/_l//_l _
v) U —ZqV —2KqV—KU

Energy is increased by a factor K.
(b) The battery is disconnected

1%
i VvV = E; potential is decreased by a factor K

E
(i) £’ = E; electric field is decreased by a factor K. Both (i) and (ii)
follow from the fact that ¢’ = g so that C'V/ = CV and V' =
cv v
= —. Same reasoning holds good for E’.
C’ K
(iii) ¢’ = ¢; charge remains unchanged as there is no path for charge
transfer.
(iv) C’ = K C; capacitance is increased by a factor K.
W) U’—l W lqv U
277 T2k Tk
The energy is lowered by a factor K.

11.79 (a) The battery remains connected

(i) V' = V; potential remains unchanged.
p g

(ii) E' < E; the electric field is decreased since E = V/d, and V is
constant.

(iii) C’ < C; capacitance is reduced since C o 1/d.

(iv) ¢ < q; the charge is reduced since ¢ = CV, with C decreas-
ing and V remaining constant. Some charge is transferred from the
capacitor to the charging battery.

(v) U’ < U, the energy is decreased since U = 3 qV, with g decreas-

ing and V remaining constant.
(b) Battery is disconnected

(i) V/ > V, the potential increases because g = CV, with C decreas-

ing and ¢ remaining constant.
g0AV
(ii) E’ = E, the electric field is constant because g = CV = Od =

eoAE, with g remaining constant.
(iii) C’ < C; the capacitance is decreased since C o 1/d.
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(iv) ¢’ = g; the charge remains constant.

11 Electrostatics

1
(v) U’ > U; energy increases because U = 3 qV, with V increasing

and ¢ remaining constant.

11.80 As the plates carry equal but opposite charges, the force of attraction, which

11.81

is conservative, is given by

dU
F=——
dx

1 2

But U:—q—

2 C

For the parallel plate capacitor,

go0A

X

where x is the distance of separation. Combining the above equations

F =

_a 2 80A

where we have put x = d.

d [1 ¢ q? _ 1 e9AV?
2e0A 2 d?

(a) As the drops are assumed to be incompressible, the volume does not

change.

4 4
gnR3 =n 57”3

R=n"r
(b) C' = 4neoR = 4megrn'/?

- C/ — n1/3 C
(¢) Q = nq (charge conservation)

2/3

v 2 __m _nq
4megR  4mson!/Pr  Admegr
@ o’ 0 "4 =nlq

T 4R’ 4mrn?f3

1 1
(e) U = 5 QV' = Enqnz/?’v =nBU

=n?y
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11.82 The electric field for a cylindrical capacitor is

11.83

__4
2meplr

ey

where [ is the length and r the radius. The energy density (energy/unit vol-
ume)

1 2
u=—80E2 9

-1t 2
2 8m2epl2r? @

where we have used (1).
The energy stored between the coaxial cylinders of length [/ and radii R and
ais

R

U= /udv:/u(Zn’rl) dr 3)

a

where dv = (2 rdr)l is the volume element. Using (2) in (3)

R
q° dr q° R

- 4dmeol r dmeol a
a

Similarly, the energy stored between the coaxial cylinders of radii b and a is

2
b
Uy = a In —
4egl a
U In(R/a)
Uy In(b/a)
U 1
Set — = —
Uy 2
In (R 1 b R R?
m@Rja) 1 02 o B &
In(b/a) 2 a a a?
b R?
or —=—2—>R=\/ab
a a

The charge on Cy is

g1 =C1V) =3 x 107° x 4000 = 0.012C
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11.84

11.85

11 Electrostatics
The charge on C; is
g» = CaVa =6 x 107% x 3000 = 0.018 C
The combined capacitance

CiC;  3x6

= = x107°=2x107°F
Ci+C, 3+6

Take the lower charge to find the maximum voltage V':

_q 0.012

V="=———=6000V
C 2x10°
If the dielectric is present, Gauss’ law gives
(*3()‘(fE-ds=q—q’=i (1)
K

where —¢’ is the induced surface charge, ¢ is the free charge and K is the
dielectric constant. Construct a Gaussian surface in the form of a coaxial
cylinder of radius r and length [, closed by end caps. Applying (1),

goE 2mrl) =

__ 4
2meqrlk

a
K
2)

or

In (1) the integral is contributed only by the curved surface and not the end
caps. The potential difference between the central rod and the surrounding
tube is given by

b b

b
d b
V:—/E-dr:/Edr:/ 1 g__4 In —
2meol K 7 2megl K a

a a a

The capacitance is given by

q _ 2meolK

VvV In(b/a)

The field at point P is caused entirely by the charge Q on the inner sphere,
Fig. 11.45, and has the value

Q

T Agegr?
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The potential difference between the two spheres is given by

I 0 [dr Q®-a)

V=— / E.-dr=— -
4meg ) r? 4megab
b b

Q  4megab
T b—ua

whence C =

Fig. 11.45

11.86 By prob. (11.85)

dmegab

C= ey
b—a

Let b = a + A where A is a small quantity. Then (1) can be written as

C— dregala + A a) ~ 4neoa2 2)

Aa Aa

Now the surface area A = 47a? and Aa = d, the distance between the
surfaces, so that

A
C~ v (parallel plate capacitor)

11.87 (i) g = goe "/RC

o—1/RC _ 4q _ 90

g0 100
10 6 -6
f=RCIn - =1 x 10° x 10 x 107 x 0.1056 = 1.056'
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(ii) At one time constantt = RC

120

V=Ve ! =——=4415V

0¢ =518

1 2 1 —6 2
U:ECV =§><10><10 x (44.15)> = 0.097]

V2
(i) H=i2Rt = == V2C = (44.15)2 x 10 x 107© = 0.0195J

1
11.88 Equilibrium energy Uy = ECVO2
Energy at time ¢

1 1 2 2
U = 3 cv?— 3 V2 (1 _ e—t/RC) A (1 _ e—t/RC)

v_1_ (1 B e—t/RC>2
Uy 2

Solving t = 1.228RC.
Thus after 1.228 time constants the energy stored in the capacitor will reach
half of its equilibrium value.

11.89 Let the capacitor be divided into differential strips which are practically par-
allel. Consider a strip at distance x of length a perpendicular to the plane
of paper and of width dx in the plane of paper, the area of the strip being
dA = adx, Fig. 11.46. At the distance x, the separation of the plates is seen
to be t = D + x6. The capacitance due to the differential strip facing each
plate is

godA goadx
dC = =
D D+x6

%>

f=—0 —=

— 1

Fig. 11.46 dx
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The capacitance is given by

a a
dx dx o\~
D+x6 D+x6 D D
0 0 0
“ 291 |4 2
goa x6 goa x°0 goa af
= — l—— 4+ )dx > — |x— — =— (1 - —
D D D 2D /|, D 2D
0

Note that for & = 0, capacitance reduces to that for the parallel plate capaci-
tor.

11.90 (a) The equivalent capacitance of C| and C in parallel is Cjp = 8 + 4 =

12 uF.
. . . .. C3Cpo

The combined capacitance of Cq, and C3 in series is C = ——— =
C3+Ci2

3x12

3+12

Applied charge ¢ = CV = 2.4 x 100 = 240 nC. Therefore charge on
240

C3 will be q3 = 240 wC. PD across Cs will be V3 = g—3 == =80V.

3

The PD across C; and C, will be equal.

Vi =V, =(V—V3) = (100 —80) =20V

a _ 92

(b) OWC1 2 W 2)
_Ga _8
QI——CZ —4Q2— q2

Also g1 4+ g2 = 240

q1 = 160 C and ¢ = 80 pnC

1 1
(© Ur=30C V2= 5 X 8x 107% x 20% = 0.0016J

_1 2_1 —6 2 _
Uy =5 CoVi = 5 x 4% 107° x 20 = 0.0008J
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_l 2_1 —6 2
U3_2C3V3 —2><3x10 x 807 = 0.0096 J
1
Note that Uy + U, + U3 =0.012) = U = 5cv2
8 x4

8 +4

11.91 (a) The combination of C; and C3 in series yields C12 =
1075F.

= 2.667 x

C=Cp+C3=(2.667+3.0)x 107® =5.667 x 107°F
g=CV =5.667x107%x 100 =5.667 x 107*C
G=C3V=3x10%%x100=3x1074C

Gl=qr=q—q3= (5667 —3.0) x 107*=2.667 x 107*C

(b) V3 =100V
2.667 x 1074
=L 200X T 3333y
Cy 8 x 10
2.667 x 1074
Vo= L2 200X T 6666V
C> 4 x 1070
1 2 1 —6 2
© v, = 7 C1Vi = 5 x8x107° x (33.33)" = 0.00444J
1 2 1 —6 2
Ur =5 CoVy =5 x4 x 107% x (66.66)" = 0.00889J
1 2 1 —6 2
U3=§C3V3 =3 x 3 x 107" x 100 = 0.0157J

1
Notethat U; + Uy + U3 = U = 3 CV?Z, as it should.

11.92 Let the effective capacitance between points a and b be C. Apply a potential
difference V between a and b and let C be charged to ¢, Fig. 11.47.
Let the charge across C and C5 be g1 and gs, respectively; the charges across
various capacitors are shown in Fig. 11.47.

a-9% = —(a-q)
Ca
c4 Cs C,
ae *ph
% -% 9% q_q+q, —(g-qrq,)
Cy

Fig. 11.47 h=% -(q-ay)
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The potential drop across C; plus that across C4 must be equal to the
potential drop across C» plus that across C3.

Vi+WVu=WV+V3=V (D
q1 91—92 49—q1  49—q1+q
bt — 2
C1+ Cy C + C; @

By problem Cy = C; = C3 = C4.

291 —q2=C1V 3)
29 —2q1+q=C1V 4
Adding (3) and (4)

2g =2CV - c:%:clzzw
11.93 Applying the loop theorem to the circuit, traversing clockwise from the neg-

ative terminal of the battery we have the equation

.f—iR—%:O M

where £ is the emf of the battery and the second and the third terms represent
the potential drop across the resistor and the capacitor.

. dg
=Y

Now =3 (2)
Using (2) in (1)

dg  q
R m + c= & (3)

This differential equation describes the time variation of the charge on the
capacitor. Re-arranging (3)

d d
- 7 _ & )
§—q RC
Integrating (4) —In(C§ —¢q) = L + A (®)]

RC

where A is the constant of integration which can be determined from the
initial condition.
Att =0, g = 0 since the capacitor was uncharged.

A=—-In&C (6)
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Using (6) in (5) and re-arranging
g =C5(1—e "R

(a) l = d—q = ieit/RC
R

(b) p—ic= %f’/’“

2
© H— 2R = ‘i:_eth/RC
R

du d [14* 1d 2 C
@ €Y _ @ (29 _ L@ e2g2 () omt/RCYT | = S g2,-1/RC
dr dt(Ze) 2dt[ é( ¢ ) RS ¢
11.94 (i) By prob. (11.93)

g =C&(1 —e '/RC)
P = d_q _ ée—z/Rc
dt R

R = (1200 + 600) x 10°> = 1.8 x 10°%2
RC=18x10°%x25x10"°%=45
£ 50

At t=0,i=>=—"— =278 x107°A =27.8pA
"TRTI8x100 x W

(ii) At 1=00,i=0

—t/RC 50 —1/4.5
T = _XXxe — 07860222 A
R 1.8 x 100

11.95 (i) Time constant, RC = 200 x 10? x 500 x 10~ = 100

When the switch is closed there is no emf in the circuit, and (3) in prob.
(11.93) reduces to

(i) pd9e a4 _
Rdt+C 0 (1)

dg dr

or ; = —R—C (2)

Integrating, Ing = —t/RC + A
where A is the constant of integration. When t = 0, ¢ = qo. Therefore
A =1Ingy.
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n 2 !
n—=——
q0 RC
q = qoe~"/KC 3)
4 _ 1 — o—1/RC
q0 2

t=RCIn2=1001n2 = 69.3s.
(iii) In (3) putr = 0. Then
g =qo=CE=500x107%x 200 x 10> = 100C
(iv) Differentiating (3) with respect to time

_dg _ieft/RC (4)

dr R

The negative sign shows that the current in the discharging process
flows opposite to that in the charging process. At# =0

£ 900

| =—-—= =

= = —45x107°A
R 200 x 103

(v) From (4) V = iR = —£e~!/RC
At t=25s,V =-900e /100 = _701V.

11.96 (i) By (4), prob. (11.50) the electric field inside the sphere is given by

qr
1 1
4meoR3 M
. q .
divE = ——d 2
iv yE—"e ivr ()
. ~ 0 ~ 0 ~ 0 2 2 A
Now divr=(i—+j—+k— ) (x+jy+k2)
0x ay 9z
ax dy 0z
(ax * ay * 8z> M
3q 3% 1077 x 9 x 10°
divr = = =27
vr 4meqR3 13
Qqgr
1 F = E =
(i) 0 4meoR3

0.8
=1.6x107"2 x 1072 x 9 x 10° x = 1.152 x 1078 N
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2
(iii) By prob. (11.52), V(r) = _4 3— I . The potential energy of
8meoR R2

: Qq r?
the proton at » willbe U (r) = QV (r) = 3 .

8megR R
1.6 x 10719 x 1079 x 9 x 10° 0.8\?
U(r =0.8m) = 3—| —
2x 1.0 1.0
=1.7x107"J
Since U (r = 0o0) = 0, work done = 1.7 x 107197,
11.97 (a) If the dielectric is present, Gauss’ law gives
£0 f E.ds=egEA=q—q (Integral form)
E : ( D)
or =—(q—
c0A q9—49
where g is the free charge and —¢g’ the induced charge.
V-E=pJ/e (Differential form)
(b) The displacement vector
q
D=— 1
2 (1)
where A is the area
E
E=20_-_9_ 2
K KepA
Combining (1) and (2)
D = KeoE 3)

As E is uniform in a parallel plate capacitor, D will be also uniform
via (3)

(¢) By Gauss law

SO%K(X)E(X)AS:q:eoon-ds

E(r) = 29 4
K@)
q oA

Eo=—=—=:—0('-'U=Q/A) )
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; dx
(d) V:fE(x)dx:Eof
0

ax +b

Put y = ax + b, dx = dy/a. Then (6) becomes
ad+bd d
E E
v=" —yz—olnylzd+b=ﬂln(l+a—)
a y a goa b
b
where we have used (5).
Aeoa
n (14
n —
b
where we have used (7) and q = g A.
(e) Vacuum polarization charge density

The capacitance C = 4 _

P(x) = ¢eo(k(x) — DE = ?ﬂ (k(x) — 1)
(x)

|
=¢eoEp|1—
#0 0|: ax+bi|

11.98 Newton’s law of gravitation is

GMm

F=— = e =mg

The Gauss’ law for gravitation may be written as
GM
%g ds = ——- 4r? = —4nGM
r
The divergence theorem gives

%V-gd%:%g-ds

4
V. ggnr3 =—4nGM

V.g=—4n Gpm
This is analogous to the law for electric field

v.E="
€0

533

(6)

(7

®)

©))






Chapter 12
Electric Circuits

Abstract Chapter 12 is mainly concerned with the analysis of electric network
employing Kirchhoff’s laws. Problems are solved under resistivity, Joule heating,
emf, internal resistance, arrangement of cells, electric instruments such as ammeter,

voltmeter, potentiometer and Wheatstone bridge.

12.1 Basic Concepts and Formulae

Electric current (i) is defined as the rate at which the net charge g passes through a

cross-section of a conductor

i=gq/t
The instantaneous current is defined by

i =dg/dt

The current density () is given by

j=i/A
where A is the cross-sectional area.
The Drift Velocity

vg =i/nAe = j/ne

where 7 is the number of electrons per unit volume

Resistance (R) and Resistivity (o)

R=pL/A

(12.1)

(12.2)

(12.3)

(12.4)

535
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where L is the length of the conductor. Unit of resistivity is 2m.

Electrical Conductance (o)

o=1/p (12.5)

The units of conductance are mho/m.

Variation of Resistance and Resistivity with Temperature

R, = Ro(1 +aT) (12.6)
pr=po(1 +aT) (12.7)

where « is the temperature coefficient of resistance or resistivity.

Resistors in Series

R = Zn R, (12.8)
Resistors in Parallel

L _ ! (12.9)

R 4R, '

Joule’s law: The power (P) developed is given by
P=i’R=iV =V?/R (12.10)

Cells

Cells in series: If n cells each of emf & and internal resistor r are connected in series
then the current in the circuit is given by

i = (12.11)

where R is the external resistance.

Cells in parallel: In this case the total emf is that of a single cell £. As the internal
resistances of the cells are in parallel, the equivalent internal resistance is r/n, with
the external resistance R in series. The current is

§

= (12.12)

i
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Mixed Grouping of Cells

Let there be m rows of cells, with each row containing n cells in series. The emf for
each row of cells would be n& and the equivalent internal resistance nr. The effective
emf for m rows would again be ng, but since the rows are in parallel, the effective
internal resistance would be nr/m. The total resistance then becomes R + (nr/m)
(Fig. 12.1):

. ng mng NE
i— S _ (12.13)
R+(—> mR+nr  mR+nr

m

where N = m x n = total number of cells.

Instruments

Potentiometer may be used to measure the internal resistance of a cell: B=
battery, E = cell of internal resistance r, S = resistor, R = resistor, G = galvanome-
ter, AC = potentiometer, AX =/ = balancing length.

If I; = balancing length with K; open and K closed and /; with K; closed,

—1
r:R(ll 2)

(12.14)
153
Fig. 12.1 + B
AW
A - / >>A( c
1€ — MA@
r s G
K»] ° e O
ANV Ky

Wheatstone bridge consists of a network of four resistors P, Q, R and S, battery
E and galvanometer G, Fig. 12.2. Of the four resistors P, R and S are known whose
values are adjustable while Q is unknown. When the bridge is balanced, i.e. the
galvanometer shows null deflection:

= orQ=— (12.15)

Q| ~
)
=
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Fig. 12.2 B

Kirchhoff’s Laws

1. Junction theorem: At any junction of an electric network (branched circuit), the
algebraic sum of the currents flowing towards that junction is zero, i.e. the total
current flowing towards the junction is equal to the total current flowing away
from it:

Y i=0 (12.16)

2. The loop theorem: The sum of the changes in the potential, encountered in
traversing a loop (closed circuit) in a particular direction (clockwise or coun-
terclockwise), is zero.

(i) Ifaresistoris traversed in the direction of current, the change in the potential
is —i R, while in the opposite direction it is +i R.

(ii) If aseat of emfis traversed in the direction of the emf, the change in potential
is +&, while in the opposite direction it is —&.

12.2 Problems

12.2.1 Resistance, EMF, Current, Power

12.1 All resistors in Fig. 12.3 are in ohms. Find the effective resistance between the
points A and B.
[Indian Institute of Technology 1979]

Fig. 12.3 C 8 k 3 B
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12.2 If a copper wire is stretched to make it 0.1% longer, what is the percentage
change in its resistance?
[Indian Institute of Technology 1978]

12.3 The equivalent resistance of the series combination of two resistors is p. When
they are joined in parallel, the equivalent resistance is g. If p = ngq, find the
minimum possible value of n.

12.4 Five resistors are connected as in Fig. 12.4. Find the equivalent resistance
between A and C.

Fig. 12.4 B

30 20

60 40

12.5 Five resistors are arranged as in Fig. 12.5. Find the effective resistance
between A and B.

Fig. 12.5 20

60

12.6 Each of the resistances in the network, Fig. 12.6, is equal to R. Find the resis-
tance between the terminals A and B.

Fig. 12.6 R F
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12.7 Find the equivalent resistance between the terminals x and y of the network
shown in Fig. 12.7.

Fig. 12.7

12.8 A circuit is set up as shown in Fig. 12.8, in which certain resistors are known;
the current in some of the branches has been measured by ammeter.
Calculate

Fig. 12.8 ¢

5 amps R

(i) The resistance R in CB
(i) The potential difference between A and B
(iii) The heat developed per second between A and B.

[Northern Universities of U.K.]

12.9 Five resistances are connected as shown in Fig. 12.9. Find the equivalent resis-
tance between the points A and B.

7Q

30 ' 50

Fig. 12.9 100Q
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12.10 A network of infinite resistors is shown in Fig. 12.10. Find the effective resis-
tance of the network between terminal points A and B.

Fig. 12.10 r r !

r r r

12.11 What equal length of an iron wire and a constantan wire, each 1 mm diameter,
must be joined in parallel to give an equivalent resistance of 2 Q27? (resistivity
of iron and constantan are 10 and 49 .2 cm, respectively).

[University of London]

12.12 A coil of wire has a resistance of 20 2 at 25°C and 25.7 2 at 100°C. Calcu-
late the temperature coefficient.
[University of London]

12.13 A wire of resistance 0.1 Q/cm is bent to form a square ABCD of side 10 cm.
A similar wire is connected between the corners B and D to form the diag-
onal BD. Find the effective resistance of this combination between A and
C. A battery of negligible internal resistance is connected across A and C.
Calculate the total power dissipated.

[Indian Institute of Technology 1971]

12.14 A 60W-100V tungsten lamp has a resistance of 20 Q2 at air temperature
(0°C). What is the rise in temperature of the filament under normal work-
ing conditions? The temperature coefficient of resistance of tungsten is
0.0052/°C.

[University of London]

12.15 A skeleton cube is made of wires soldered together at the corners of the cube,
the resistance of each wire being 10 €2. A current of 6 A enters at one corner

Fig. 12.11
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and leaves the diagonally opposite corner. Calculate the equivalent resistance
of the network and the fall of potential across it (Fig. 12.11).
[University of London]

12.16 A 25W bulb and a 100 W bulb are joined in series and connected to the

mains (Fig. 12.12). Which bulb will glow brighter?
[Indian Institute of Technology 1979]

Fig. 12.12

A
w—

25W 100W

12.17 A 25W bulb and a 100 W bulb are joined in parallel and connected to the
mains (Fig. 12.13). Which bulb will glow brighter?

Fig. 12.13 v

12.18 Three resistors of 4, 6 and 12 Q2 are connected together in parallel. This par-
allel arrangement is then connected in series with a 1 and 2 2 resistors. If

a potential difference of 120V is applied across the end of the circuit, what

will be the potential drop across the part of the circuit connected in parallel?
[University of Newcastle]

12.19 In the given circuit, Fig. 12.14, show that the maximum power delivered to
the external resistor R is P = £2/4r where r is the internal resistance of the
battery of emf &.
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Fig. 12.14

12.20

12.21

12.22

12.23

12.24

Fig. 12.15 L o— |

IR

Two heater coils of power P; and P, (resistance R; and Rj, respectively)
take individually time #; and #, to boil a fixed quantity of water. Find the
time ¢ in terms of #; and #;, when they are connected to the mains in (a)
series and (b) parallel to boil the same quantity of water.

A battery having an emf 24 V and a resistance 2 €2 is connected to two resis-
tances arranged (a) in series and (b) in parallel. If the resistances are 4 and
6 2, respectively, calculate the watts expended in each resistance, in each of
the two cases.

[University of London]

Power at the rate of 10*kW has to be supplied through 30km of cable of
resistance 0.7 2/km. Find the rate of energy loss, if the power is transmitted
at 100kV.

[University of Dublin]

Three equal resistors, connected in series across a source of emf together,
dissipate 10 W of power. What would be the power dissipated, if the same
resistors are connected in parallel across the same source of emf?

[Indian Institute of Technology 1972]

A heater is designed to operate with a power of 1000 W in a 100V line. It is
connected in combination with a resistance of 100 €2 and a resistance R to a
100 V mains as shown in Fig. 12.15. What should be the value of R so that
the heater operates with a power of 62.5 W?

[Indian Institute of Technology 1978]

-WN——' HEATER =

100

VWA
R

100 V
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12.2.2 Cells

12.25

12.26

12.27

12.28

12.29

12.30

Twelve cells having the same emf are connected in series and are kept in
a closed box. Some of the cells are wrongly connected. This battery is
connected in series with an ammeter and two cells identical with others. The
current is 3 A when the cells and the battery aid each other and is 2 A when
the cells and the battery oppose each other. How many cells in the battery are
wrongly connected?

[Indian Institute of Technology 1976]

Let there be m rows of cells with each row containing n cells in series, each
cell having internal resistance r. Show that maximum current in the external
resistance R will be available when R = nr/m.

Two cells with the same emf and internal resistances 1 and r, are connected
in series to an external resistance R. Find the value of R so that the potential
difference across the first cell is zero.

A certain circuit consists of three resistors connected in parallel across 200 V
mains. The rate of production of heat in them is in the ratio of 5:3:2 and
together they generate heat at the rate of 1 kW h in 2 h. Find the power used
if the three resistances are connected in series across 248 V mains.
[Northern Universities of UK]

A battery of emf 2V and internal resistance 0.1 2 is being charged with a

current of 5 A. In what direction will the current flow inside the battery?

What is the potential difference between the two terminals of the battery?
[Indian Institute of Technology 1980]

A 6V battery of negligible internal resistance is connected in series with a
3 and a 5 Q resistance. A further resistance of 2 €2 is connected in parallel
with the 5 Q resistance.

(a) Find the current flowing in each resistance.

(b) Find the power dissipated in each resistance.

(¢) Compare the total value for the power dissipated in the resistances with
the value for the power supplied by the battery.

[University of Newcastle]

12.2.3 Instruments

12.31

The terminals of a cell are connected to a resistance and the fall of poten-
tial across R is balanced against the fall across the potentiometer wire.
When R is 20 and 10 €2, respectively, the corresponding lengths on the
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potentiometer are 150 and 120 cm. Calculate the internal resistance of the
cell (Fig. 12.16).
[University of London]

Fig. 12.16 r

E1||
|

12.32 A thin uniform wire 50 cm long and of 12 resistance is connected to the
terminals of an accumulator of emf 2.2V and the internal resistance 0.1 2
(Fig. 12.17). If the terminals of another cell can be connected to two points
26 cm apart on the wire without altering the current in the wire, what is the

emf of the cell?
[Northern Universities of UK]

Fig. 12.17 i §,=2.2V r,=0.1Q

| 1
Ii

A

< 26cm 2>

B C
| —

D &

12.33 In a Wheatstone bridge, four resistors P, Q, R and S are arranged as in
Fig. 12.18. Show that

P
(a) condition for null deflection in the galvanometer G is — = 3
(b) if a non-zero current iy flows through the galvanometer then

ig QR — PS

i GO+ +P+RG+0+S)
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Fig. 12.18 B

12.34

Figure 12.19 shows a network carrying various currents. Find the current
through the ammeter A.

Fig. 12.19 3A

12.35

12.36

12.37

12.38

12.39

2A

A
10 A

A galvanometer together with an unknown resistance in series is connected
across two identical batteries, each of 1.5 V. When the batteries are connected
in series, the galvanometer records a current of 1 A and when the batteries are
in parallel the current is 0.6 A. What is the internal resistance of the battery?

[Indian Institute of Technology 1973]

In a potentiometer experiment, it is found that no current passes through the
galvanometer when the terminals of the cell are connected across 52 cm of
the potentiometer wire. If the cell is shunted by a resistance of 5 €2, a balance
is found when the cell is connected across 40 cm of the wire. Find the internal
resistance of the cell.

A potentiometer wire of length 100 cm has a resistance of 10 Q. It is con-
nected in series with a resistance and cell of emf 2 V and of negligible inter-
nal resistance. A source of emf 10mV is balanced against a length of 40 cm
of the potentiometer wire. What is the value of the external resistance?
[Indian Institute of Technology 1976]

A potential difference of 220V is maintained across a 12,000 €2 rheostat ab

(see Fig. 12.20). The voltmeter V has a resistance of 6000 €2 and point c is at

one-fourth the distance from a to b. What is the reading in the voltmeter?
[Indian Institute of Technology 1977]

The balance point in a meter bridge experiment is obtained at 30 cm from the
left. If the right-hand gap contains resistance of 3.5 2, what is the value of
the resistance in the left-hand gap?
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Fig. 12.20

220V

12.2.4 Kirchhoff’s Laws

12.40

1241

12.42

12.43

A moving coil meter has a full scale reading of 1 mA and a resistance of
80 Q2. How could the meter be used to measure (a) 100 mA full scale and
(b) 80V full scale?

[University of Manchester]

A pocket voltmeter has a resistance of 120 2. What will it read when con-
nected to a battery of emf 9 V and an internal resistance 15 Q?
[University of Oxford]

When a galvanometer is shunted with a 1 2 resistance, only 1% of the main
current passes through it. What is the resistance of the galvanometer?

A 10V battery, having an internal resistance of 1.0 €2, is joined in parallel
with another of 20V and internal resistance of 2 Q. Calculate the current
flowing through each battery, and the rates of expenditure of energy in the
two batteries and the 30 2 resistance (Fig. 12.21).

[University of Cambridge]

§,=10V,r,=1Q
|_.._

i A E; B
¥ | E,
§,=20V, r,=2Q

Fig. 12.21 R=300

12.44

A battery of emf 1V and internal resistance 22 is connected to another
battery of emf 2V and internal resistance 1 €2 in parallel with an external
resistance of 10 2. Find the currents?
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12.45 The electric current of 5 A is divided into three branches, forming a parallel

combination. The lengths of the wire in the three branches are in the ratio 2,

3 and 4; their diameters are in the ratio 3, 4 and 5. Find the current in each
branch, if the wires are of the same material.

[Indian Institute of Technology 1975]

12.46 Calculate the current through the 3 €2 resistor and the power dissipated in the
entire circuit shown in Fig. 12.22. The emf of the battery is 1.8 V and its
internal resistance is 2/3 2.

[Indian Institute of Technology 1971]

Fig. 12.22 3

R——— BQLLL 40

60

12.47 A series circuit is made up of two cells of emf 1.5 and 3V, respectively, and
two coils each of resistance 10 2, arranged in the order cell, coil, cell, coil.
The centre points of the two coils are joined by a sensitive galvanometer
which shows no deflection. If the cell of 1.5V has an internal resistance of

5 2, calculate the internal resistance of the other cell.
[University of London]

12.48 (a) Figure 12.23 shows a series parallel resistive circuit connected to a 320 V
d.c. supply. For the circuit shown work out the following:

(i) The total equivalent resistance Rt of the circuit and the total current
It.
(ii) The voltage Vj across resistors Ry and R;.
(iii) The voltage V> across resistors R3 and Ry.
(iv) The currents /; and I3.
(v) The total power for the whole circuit and the power dissipated in
resistor R3.

(b) Consider the case of a heavy duty battery whose emf € = 24V and
internal resistance of r = 0.01 Q. If the terminals were accidentally
short circuited by a heavy copper bar of negligible resistance what power
would be dissipated within the battery?

[University of Aberystwyth, Wales 2005]
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Fig. 12.23 | vV, >

IPower Supply
*1320vd.c

12.49 A battery with emf & = 24V has internal resistance r = 0.02 Q2. A load
resistor R = 140 €2 is connected to the terminals of a battery:

(i) Find the current flowing in the circuit under load conditions.
(ii) Find the terminal voltage of the battery under load conditions.
(iii) Find the power dissipated in the resistor R and in the battery’s internal
resistance r.
(iv) Find the open circuit voltage of the battery under no load conditions
and explain your answer.

12.50 Figure 12.24 shows a series parallel resistive circuit connected to a dc supply.

(i) Find the total equivalent resistance of the circuit.
(ii) Find currents I, I1 and I3.
(iii) Find voltages Vi, V, and V3.
(iv) Find power dissipated in resistor Rs and the total power dissipated in
the circuit.

Power Supply
Fig. 12.24 300V dc
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12.51 Apply Kirchhoff’s rules to the circuit shown in Fig. 12.25 to produce three
equations with three unknown branch currents. You do not have to solve
these equations for individual current.

[University of Aberystwyth, Wales 2008]

Fig. 12.25 £,-13V £,=30V
2 = R,=100 O -
g,=3V

+ P
—{r=3000 [r=2000 }—

- 8V
— = R,=400 O =] —=

12.52 (j) State Kirchhoff’s two rules
(ii) Apply Kirchhoff’s rules to the circuit shown in Fig. 12.26 to produce
three equations with three unknown branch currents. You do not have to
solve these equations for individual current.

[University of Aberystwyth, Wales 2007]

Fig. 12.26 =
: et 22V
—1 —{R,-1000 |
£33V
R,=2000 | =
€44V €555V
In R=300Q [ F—

12.53 Figure 12.27 shows a series parallel resistive circuit connected to a dc supply.
For the circuit shown work out the following:

(i) The voltages Vi, V, across resistors R| and R».
(ii) The voltage V;, across resistors R3 and Rj.
p
(iii) The currents It, I and I3.
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Fig. 12.27 ) SV et v, 5

R=5kQ |—{R,=10kQ

12.54 Apply Kirchhoff’s rules to the circuit shown in Fig. 12.28 to produce three
equations with three unknown branch currents. You do not have to solve

these equations for individual /.
[University of Aberystwyth, Wales 2006]

Fig. 12.28 =5V €,=10V
[ = |F
—1F—{r:z100 | d
C €20V
= i +] =
4 F {r=200 —
£=25V £=30V

—r=300 F Fretn F—HF

12.55 Apply Kirchhoft’s rules to the circuit shown in Fig. 12.29 and present the
simultaneous equations necessary to calculate the currents in each of the
branches of the circuit. You do not have to solve these equations for the
branch currents.

Fig. 12.29 £=50V £=30V
R,=2000 '

="y

U 00T
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12.56 In the circuit shown in Fig. 12.30, the cells E; and E; have emfs 4 and 8 V
and internal resistances 0.5 and 1 €2, respectively. Calculate the current in

each resistor and the potential difference across each cell.
[Indian Institute of Technology 1973]

Fig. 12.30 ¥ |1
Eq E,

i 45Q 30
= AMM s AMAN .
i

\L

VAWM

6Q

12.3 Solutions
12.3.1 Resistance, EMF, Current, Power

12.1 In the segment ACD, the two 3 Q2 resistances give 6€2, which with 6 Q in

6x6
1lel yield
parallel yie s6+6

= 3 Q. This together with 3 €2, across DE in series, gives

6 Q2 which together with 6 2 across AE in parallel gives 3 Q2. By a similar
reasoning resistance along AFB is 6 2, which with 3 €2, across AB in parallel
yields the effective resistance across AB:

R 6x3_29
AB = 613
2 2
122 o PL_rE _pl7
A Al )

where vy is the constant volume. Change in the resistance

Al
AR =2pl—
vo

AR Al 0.1 0.2

or 0.2%

P = X — — ——
R [ 100 100
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12.3 Let the resistances be R; and R,

Ri+R=p (series) (D
RiR>

—_— = arallel 2

Rtk 4 @ ) )

Combining (1) and (2)

Ri— Ry ==+/n(n—4)

Since R; and R, are real, n > 4.

12.4 Let a current i enter at A and leave at C. Currents in various branches are
given by the junction theorem, Fig. 12.31. The potential difference

VaB + VBp = Vap

3i1 4+ 5ip = 6(i —iy)
or iy + 5ir = 6i (1)
Vac = Vas + Vec = Vap + Vbc

3i1 + 201 —ip) =6( —i1) +4@G — i1 +i2)
or 15i1 — 6ip = 100 ()

Solving (1) and (2), i = 0. Thus the middle branch BD is rendered ineffec-
tive.

Two resistances of 3 and 2 €2 in series in the upper branch are to be combined
in parallel with two other resistances of 6 and 4 €2 in series in the lower branch
to obtain the effective resistance between A and C. This is given by

B+2)(6+4)
off = —333Q
Refr B+2)+6G+4 333

Fig. 12.31
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This particular problem could have been easily solved by noticing that Wheat-
stone bridge balance requirement is fulfilled since P/Q = R/S; here 3/2 =
6/4, in which case the current in the middle branch is zero (see prob. 12.33).

12.5 The network in Fig. 12.3 can be recast as shown in Fig. 12.32. Here again
P R 2 3
the balancing condition for Wheatstone bridge is satisfied: 5 =515
Therefore the middle branch resistor of 5 €2 is rendered ineffective. The total
resistance in the upper branch is 2 +4 = 6 Q2 and in the lower branch 3 +6 =
9 Q. The equivalent resistance for 6 and 9 Q2 in parallel will be
6x9
47649
Fig. 12.32
20 40
A g 50 B
30 6Q
12.6 For convenience the given network can be recast as in Fig. 12.33. It is seen

Fig. 12.33

that this network is exactly identical with that in prob. (12.5) in which the
Wheatstone bridge condition is satisfied. Therefore, the resistance in the mid-
dle branch CE is rendered ineffective. The total resistance in the upper branch
is obviously equal to 2R which is also the case for the lower branch.

Therefore, the effective resistance between D and F will be

2R x 2R

T ORF2R
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12.7 Let Req be the equivalent resistance of the circuit. Let a current i enter at X
and emerge at Y. The distribution of currents in various branches is shown in
Fig. 12.34. The potential drop across X and Y

Viy =i Req (1
Now Viy = Vxa + Vay

=R —i1)+2R(@{ —i; —iz) =3Ri —3Ri; —2Ri> 2)
From (1) and (2)

i Req = R(3i —3iy — 2ip) 3)

i1 and ip can be expressed in terms of i:

Vxg = Vxc + Ve = Vxa + VaB
2Ri1 = R(i —i1) + Ri»
or 3ij—ir=i )
Also, Vay = Vag + ey = Vap + Vpy
Rir + R(ij +i2) = 2R(i — i — i2)
or 3iy+4i; =2i (@)

Solving (4) and (5), i1 = 2i/S and i, =i/5.
Using the values of i; and i> in (3) we find Req = 7R/5.

Fig. 12.34
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12.8 (i) Let the current in AD, DE and R be iy, i and i3, respectively:

i3=5-2=3A (by junction theorem)
Vap = Vac + Vep
1 XxX6=5%x4+5x%x2
ii=5A
S hh=245=T7A
Ves = Vep + Vbs
BR=2x5+7x5
R=15Q

(i) Va=Vac+ Ve =4x5+15x3 =65V

(iii) Heat developed per second = power =) i,% R,

=5 x44+22x54+52x6+3*x15+7>x5
= 650J/s = 650/4.18 Cal/s = 155.5 Cal/s

12.9 The combination of 3 and 7 €2 resistance in series is 10 €2. This in parallel with
10 € resistance yields 5 €2. This in series with another 5 €2 resistance gives
the combined resistance of 10 €2. This being in parallel with 10 €2 resistance
across A and B gives the effective resistance of 5 €2 across A and B.

12.10 Let the effective resistance between A and B be R. Then by adding one
more section to infinite sections of resistors, the effective resistance will not
change, Fig. 12.35.

The middle r is in parallel with R and the other two r’s are in series. Then

Rers o
=r+——+r
R+
Simplifying R — 2Rr — 2R*> =0
whose solutionis R = r (1 + «/3)
The second solution is ignored since R must be positive.

Fig. 12.35 r
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—6
1211 g _ Pl _ 10X 107

12.12

12.13

O 1274x 1073
A 7(0.05)2
I 49 x 10791
Re=P" =22 " T _624x1073
A 7(0.05)2

In parallel arrangement

RiRc (12.739 x 62.42) x 107972
T RitfRc (12739 + 62.42) x 10-3]
=1058x 10731 =2Q
[ =1890cm = 18.9m

Ry = Ro(1 + an)
Ri = Ro(1 4+ aty)
R> _ 14+ an
R_1 1 4an
R, — Ry 25.7 —20.0

T Ri—1)  20x (100—25)

3.8 x 1073/°C

Resistance of each side = 10 x 0.1 = 1 Q. Resistance of the diagonal =
V2 Q. The PD., VoA = Vap as Rap = Rap. Hence no current flows
through the diagonal BD, Fig. 12.36. The effective resistance of the network
is obtained by combining the resistance of AB and BC in series (1 + 1) in
parallel with that of AD and DC in series (1 4 1):

R — 2x2 Lo
T2y
52 22
Power dissipated P = Z-T1° 4W.

A 1Q B

10 @ 1Q

Fig. 12.36
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V2 (100)?
1204 g V- _ U007 g
P 60

R = Ry(1 + at)
e R—Ry  166.7—20
T Roa 20 x 0.0052

= 1410°C.

12.15 Let a current of 6 A be sent through the corner a. Let a potential difference
Vab be established between a and b and current 6 A flow out from b. The
currents in various branches are indicated in Fig. 12.37 from symmetry con-
siderations. If Req is the equivalent resistance of this network across the body
diagonal ab

Vab =6Req

But  Vap = Vac + Vea + Vap

=2R+R+2R=5R
6ch=5R

5 5
or Req:6R26x10:8.33§2

Fig. 12.37

12.16 W = V2%/R

V2 220)2
Wi 25
2 2
22
Rzzv _ 229 =484 Q

W, 100
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Joule heatin Ry, H; = i’R; = 1936
Joule heat in Ry, Hy = i’R, = 484
Therefore, 25 W bulb glows brighter.

12.17 By prob. (12.16), Ry = 1936 Q2 and R, = 484 Q:

. iVRy
H=iV=——"
Ri+ R

. iVR;
Hy=ipHV=—-—
Ri+ R

Therefore, 100 W bulb glows brighter.

12.18 Effective resistance in parallel is given by (Fig. 12.38)

1 11 1 1

R= 276 1272

T4
. R=2Q
Total resistance, RaAp =2 +14+2=5Q
Current in the circuit

14 120
i= 28— 2 _o4A
RaB 5

Vac = iRac =24 x 2 =48 V.

Fig. 12.38

12.19 | = 5
R+r
2
R
P:izR:E—
(R +7r)?

oP
Maximum power delivered to R is obtained by setting 3R 0. This gives
R=r:

e g

T A

Pmax
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V2
1220 H=P tj = — 1
Ry

where H is joule heat and 7 is time

H .
= vz R; (coil 1)

H .
Hh = vz Ry (coil 2)

12 Electric Circuits

H H S .
(@ t=-—R=— (R + Ry =t +1t (coils in series)

V2 V2
1 y2
b) —=— il 1
(b) 0T HR (coil 1)
1 v?
- = — (coil 2)
t HR;

1+1_v2 1+1 v
t tn H\R, Ry HR

1t

or =
Hh+n

(coils in parallel)

3 24
= =2A
Ri+Ry+r 4+6+2

Pl=i’R =2 x4=16W

1221 (a) i=

Py=i’Ry =22 x6=24W
(b) Effective resistance of R| and R; in parallel is

RiR» 4x6
TRi+R 446
i= 2 _sasa

R+r 2442
iRy 545x6
“Ri+R, 446
iR 545x4
" Ri+R 416

Pl =i R = (327)% x 4 =42.8W

24Q

=3.27A

=2.18A

Py =i’ Ry = (2.18)> x 6 = 28.5W
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12.22 Total resistance of the cable

R=07x30=21Q
Voltage V = 100kV = 10° V
Power P = 10*kW = 10’ W
P 10’
Current /| = — = — = 100A
vV 10’
Power dissipated = i>R = (100)*> x 21 = 2.1 x 10° W

. 2.1 x 10°
Fractional power loss = 07 0.021 or 2.1%
12.23 Let each of the three resistances be r. In the series arrangement the effective
resistance, Ry = 3r:

2 2
ne2_ 2
R1 3r
2
5 30 1)

r

In the parallel arrangement the effective resistance Ry = r/3:

2 2
3
P2=§—=i=3x30=9ow
Ry r

where we have used (1).
12.24 If the heater resistance is Ry,

V2 (100)2
RO = — =
P 1000

=10Q

The combined resistance of Ry and R in parallel is o As this is in

series with 10 €2, the effective resistance of the circuit

10R  20R + 100

R. = 10 -
¢ +R+10 R+10

If P’ is the power of the heater

_20R+100 _VZ  (100)
7 R+10 P 625

Solving for R, we find R = 5 Q.
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12.3.2 Cells

12.25

12.26

Let n cells of emf £ and internal resistance r be wrongly connected. The
effective emf of the battery is (12-2n) £. When the two cells and the battery
aid each other, the net emf is (12—2n)& 4 2& or (14 —2n)&. The total internal
resistance is 14r. By problem, when the two cells and battery aid each other

(14 —2n)e =3 x 14r ey
and when the two cells and battery oppose each other, the net emf is

(12—2n)& — 2& or (10—2n)E, the total internal resistance being 14r. By
problem

(10 = 2n)g = 2 x 14r ()
Dividing (1) by (2)

14—2n 3

10—2n " 2

whence n = 1.

The total number of cells is N = m x n. The emf for each row of cells
will be n& and the combined internal resistance nr (Fig. 12.39). The effective
emf for m rows would again be ng, but because the rows are in parallel, the
effective internal resistance would become nr/m. The total resistance then
becomes R + nr/m. The current through R will be

ng mnr Nr

l:R+ﬂ:Rm+nr=Rm+nr
m

(D

Writing m = N/n in (1) and holding N as constant, maximum current i is

0
found by setting a—l = 0. This gives
n

» RN Rmn

r r
nr
or R=—
m

n

But the right-hand side is equal to the total internal resistance of the cells.
Thus the current is maximum when the cells are arranged such that their
total internal resistance is equal to the external resistance. In particular, for a
single cell, m = n = 1, and the condition for maximum currentis R = r, a
result which is identical with that of prob. (12.19).
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Fig. 12.39 / A

\4»——11—1n——|
— W

! R

12.27 Let £ be the emf of each cell, i the current flowing in the circuit, r; and r»

12.28

be the internal resistance of the first and the second cells, respectively. The
potential drop across the first cell will be

Vi=gE—iri=0 (by problem) (D)
2

ri+rn+R
Combining (1) and (2)

. 28r
E = lrl = ——

rn+rn+R
R = ry —nr
103 Wh

Total power P = P+ P, + Pz = =500 W

P:P:P3=5:3:2
P =250W, P, =150W, P3; = 100W

VZ  (200)2 VZ  (200)2
Rl = — = =160Q, Ry = — = =267%,
Y= p T 250 TP T 150
V2 (200)2
Ry= — = =400Q
T h 100

In series total resistance R’ = R; + Ry + R3 = 160 + 267 4 400 = 827 Q.
Required power for the series arrangement

V2 248)2
P = _ e 74.4 W
R’ 827
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12.29 The current flows from positive to negative terminal inside the battery. The
potential difference between the two terminals of the battery would be

V=t4+ir=2+5x01=25V

12.30 (a) The effective resistance in the circuit (Fig. 12.40) from 3 €2 in series with
5 and 2 2 in parallel

Ry= R+ R _ 3 2X5 g
R+ Ry 2+5
it =5 _i35a
Ro 443

iRy 135 x2
- R+ Ry - 5+2
Py =i1”R; = (0.386)* x 5=0.74W
ir=1i—i; =135—0.386 = 0.964 A
Py = i2” Ry = (0.964)> x 2 = 1.86 W
P=i’R=(135?>x3=54TW

(b) i =0.386

(c) Total power dissipated by the resistances
=P+P,+P=074+186+547=807TW=8.1W

Power supplied by the battery = & =6 x 1.35=8.1W

Fig. 12.40 2 Ry=20

12.3.3 Instruments

R
12.31 P.D across AB is =—¥&
+r
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12.32

£Ex20 150
=—580
20+ r ly
£x10 120
=—580
10+~ ly

Dividing the last two equations

200+7) 5

20+r 4

whence r = 6.67 Q.

For the section ABC

& 22
T R+4r 1401

In the section BCD also i = 2A.2
The resistance of 26 cm wire = — x 1 = 0.52 Q.

Neglecting the internal resistance of the second cell
€0 =2x052=1.04V

as no current flows through the galvanometer

12.33 (a) Vag = Vap; Vec = Vbe

i1P =iR (D
i10 =irS (2)

Dividing (1) by (2)

P R
0= 3)

(b) Assume that a non-zero current flows through the galvanometer of resis-
tance G. Applying the junction theorem at A

i =i+ i “4)

Applying the loop theorem to the loop ABDA and noting that there is no
emf in this loop

isG+i1P —ihbR=0 o)
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Applying the loop theorem to the loop BCDB, which also does not have
an emf

(i1 = i) Q — iyG — (i2 — ig)s = 0 (©6)
Combining (4), (5) and (6)

ig OR — PS

i GO+SH+P+R(G+0+9)

Note that iy = 0if QR — PS = 0, which is identical with the condi-
tion (3).

12.34 Apply the junction theorem to obtain currents in various branches as indi-
cated in Fig. 12.41. Current flowing through the ammeter is 6 A.

Fig. 12.41 2A

12.35 Let the internal resistance of each battery be r, galvanometer resistance G
and the external resistance R. Then in the series arrangement, total resistance

in the circuit (Fig. 12.42)

Ale——XxX—»B

Fig. 12.42 R
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12.36

12.37

Retr =G+ R+ 2r

Effective emf, £ef =2 x 1.5=3V

et = i(G + R+ 2r)
3=1x(G+R+2r) (1)

(12.17)

In the parallel arrangement, £c;f = 1.5V and the combined internal resis-
rxr
=05r.

r+r
Total resistance in the circuit

tance is

R =G+ R+0.5r
1.5=0.6 x (G+ R+ 0.5r)
or 25=G+ R+0.5r 2)

Subtracting (2) from (1), r = 0.333 Q.
When the key is closed P.D across R is
V=IiR

and the emf of the cell is

E=i(R+r)

where r is the internal resistance of the cell.
g _ R+r r

=14+ —
\% R +R

When the key is open, let the balancing length be X; cm from the end A
against the emf £&. When the key is closed, let the balancing length be X5
against the P.D. of V volts:

£ X r
v TR
52 1 r
40 +5

: r=15Q

40
Resistance (Fig. 12.43) of 40 cm of potentiometer wire = Too x 10 =4Q

2 x4 8
P.D. across 40 cm wire dueto 2V cellis V = X =
10+ R 10+ R
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Fig. 12.43 2v

12.38

12.39

12.40

-+——40cm ——p

This is balanced by 0.01 V due to the second cell:

8 —
10+ R
R =790

0.01

Resistance across ac (Fig. 12.20) is 4—1‘ x 12,000 = 3000 2. The com-

bined resistance of voltmeter (6000 €2) in parallel with 3000 €2 resistance is
6000 x 3000 20002

6000 + 3000
Resistance across bc is % x 12,000 = 9000 2. Effective resistance of the
circuit = 9000 + 2000 = 11, 000 €.

P.D. across ac is

220 x 2000
11,000

=40V

Thus the voltmeter reads 40 V.

R I 3 3
35 100—1 100—30 7
R=15Q
N_i_lmmA_mo
@ Y= T Tma
G 80
S = = 0.808 Q

N—1_ 100—1

A shunt of 0.808 €2 should be provided for the moving coil meter.
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(b) Initially V =iG =1 x 1073 x 80 = 0.08 V

N = 80 _ 1000
T 0.08

R=(N —-1)G = (1000 — 1) x 80 =79, 920 Q2

A resistance of 79,920 €2 must be connected in series with the moving
coil galvanometer to give the required full scale deflection.

1241 £ =i(R+7r) (by Ohm’s law)
9=1i(120+15)
) 1
i=—A
15
The voltmeter would read

1
V=t—ir=9——x15=8V
E—ir 15)(

12.42 S:L
N —1

i1 1 1

i N 100

or N =100

G=(N-1DS=(100—-1)x1=99Q

12.3.4 Kirchhoff’s Laws

12.43 By the junction theorem
i =1i1+1ip (1)
Applying the loop theorem to the loop BE| AE; B, traversing clockwise

Er—iprp— &1 +i1r1 =0
c. 20 —11=20—-10=10 2)

Applying the loop theorem to the loop BE{ARB
Er=i1r1 +iR
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10 =iy + 30i
or 31i; +30i, =10 (3)

where we have used (1). Solving (2) and (3)
i1 =—-3.04A, ip =348A

Power dissipated through E| is iir = (3.04)2 x1=9.24W
Power dissipated through E» is i%yr) = (3.48)% x 2 =24.2W
Power dissipated through R is iR = (0.44)> x 30 = 5.8 W

(ci=ir+ir2=-3.044+348=044A)

12.44 Referring to Fig. 12.44

i1+ir=1i (junction theorem) (1)
Traversing the loop B Ey AE | B counterclockwise the loop theorem gives
€2 —rip— (81 —r1i)) =0

1-2i1—2—-1i;) =0
or i1—2ipb=1 (2)
For the loop BE1ARB
g1 —iirf—iR=0

2—-1i1—10i =0

or 11i; +10ip =2 3)
E,=1V
B T
=1 {
=20
A B
H=10
" E,=2V
iy
N\

Fig. 12.44 R=10Q
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where we have used (1). Application of Kirchhoff’s laws to the loop
BE>ARB does not yield anything extra. From (1), (2) and (3) we find
i1 =044A,i, = —0.28 A and i = 0.16 A. The negative sign of i shows
that its direction is opposite to that has been assumed.

1245 i1 +ir+i3=i=5A (1)

As p = const and R = 7 d*>/4 (Fig. 12.45)

I 153 I3
Ri:R:R3=—:—=:—=
TR 2T 916025
Since P.D across all the resistors is identical,
i1R) = iRy = i3R3 €)]
Ry 2X16_ 32 @
HD=1— = — — = —1
2R, T3 T
Ry 2 25 25
A N S S 5
BTN R T g T g ®)
32 5L ©
Nyt TRt T T

i1=14A, ir =166A, iz =194A

where we have used (1), (4) and (5).

Fig. 12.45

12.46 The P.D across 8 and 2 2 resistors are equal, Fig. 12.46:
2iy = 8i3 (D
As P.D across 3 and 6 2 resistors are equal
3i4 = 6i} 2
As P.D across 4 and 6 2 resistors are equal

6ig = 4is 3)
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Fig. 12.46 iyg F
3Q
i W g
A D B
< R i 1.5
I
_ 6Q
A > 44 "4
Iy
E=18v
| |
Applying junction theorem
i=1i1+ir+i3+1i4 4
ir+i3=1i5+i¢ (®)]
VaB = Vap + VDB
3i4 = 8i3 + 4dis (6)
Applying the loop theorem to CAFBC
E—ir—3i4=0
2. .
gl +3i4=1.8 (7

1247

Solving (1), (2), (3), (4), (5), (6) and (7), i4 = 0.4 Aand i = 0.9 A. Applying

the loop theorem to the entire circuit

£ —ir—iR=0

where R is the equivalent resistance of the circuit

Power dissipated in the entire circuit is

3

P—iz(R+r)—(O9)2(£—1+%)—162W
= = . 3 - .

®)

Let A and B be the midpoints of the coils. As no current flows through the
galvanometer, P.D across AB is zero. Applying the loop theorem to the main

circuit, Fig. 12.47
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E,=3v €4=1.5v
A B
Hoes | | Crnnf ] |
L2 R=10Q ' r=5Q
R=10Q
()
&)

Fig. 12.47

E1+& —-i(R+R+r1+r)=0

g1+ &2 1543 4.5

= = = 1
2R+r1+r  2x104+54+r rn+25 M

The P.D of the point B with respect to the negative terminal of the first cell is
10 . .
VB =& — 7+r1 i=15-10i ()
The P.D of the point A with respect to the negative terminal of the first cell is
10 )
Va=bitb— |5 +nt+10+r )i
=1543-05+rn+10+5)i=45—-20+rp)

But Vg = V4 (. no current flows through the galvanometer)

15— 10i = 4.5 — 20 + r)i
. 3
1 =

104+,

(3)
From (1) and (2), », =20

RiR» R3Ry _8X2+3.2X3.2
Ri+Ry Ri+Ry 842 32432

1248 (@) (i) Req = —32kQ
16
(i) V, =320 x —= = 160V
) Vo, %32

1.6
(i) Vp, =320 x 2= =160V
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W) = =20 _g1a
"7 R 32x100
Ry 2
I = It x =0.1 x =0.02A
R+ R 8§+2
Ry 3.2
Ii=I1 x ———— =0.1 x ———— =0.05A
R34+ Ry 32432

(V) W =1 Reqg = (0.1)> x 32 x 10° = 327
W3 = I3 Ry = (0.05)% x 8 x 10°> =207

g2 (4
) P=""=301

£ 24
R+r 140+ 0.02

=5.76 x 10*J

1249 () i = =0.1714 A

(ii) V=% —ir=24—0.1714 x 0.02 = 23.9966 V
(iii) Pr = i°R = (0.1714)? x 140 = 4.113 W
P, =i%r = (0.1714)> x 0.02 = 5.87 x 107*W

(iv) Vv =£=24V. Full voltage is available in the absence of load resistance.

. RiRy R3R4
1250 (i) Req = R+ R + Rs Rt Rs

80 x 80 40 x 40
= 20

_ ooxey T 80k
80180 0T 20140
1% 300
i) Ir= —=——=375x 107 A
= R T80 x 10° x
R
I =Ir x —2— =375%x 1073 x —1875x 1073A
Ry + Ry 80 + 80
R 40
L=Irx —2%  =375x 1073 x —1.875x 1073 A
Ri+ Ry 40 + 40
1% RiR, 300 80 x 80
(i) Vi=— x ———— =" x ——— =150V
Req  (Ri+Ry) 80  (80+80)
VR 2
Vo=~ =300 X — =75V
Req
1% R3R, 300 40 x 40
Vizm — x ——4 2 TR g5y
Req  (R3+Ry) 80 (40 +40)

(iv) Ps=1’7Rs = (3.75 x 107%)? x 20 x 10° = 0.281 W
P =1*1Req = (375x 107%)? x 80 x 10° = 1.125W
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g,=13V £,=30V
+| = - |+

EL [R1=100Q 1|

i
o o] 1= 700

€4=5V &s=8V
= B [Ry=4000)] g
Fig. 12.48
1251 i1 =iy +1i3 (junction theorem) (D

Traversing the top loop counterclockwise (Fig. 12.48)

€1 —iaR3 — &3 —iaRy — &2 —i1R; =0 (loop theorem)
13—300ip —3—200i, —30—100i; =0
or 100 i1 4+ 500i, +20 =10 )

Traversing the bottom loop counterclockwise

€4 —i3R4 —Es+ 2Ry —E3+i2R3 =0
5—400i3 —8+200i, —3+300i,, =0
or 500 —400i3—6=0 3)

Required equations for the unknown currents are (1), (2) and (3).

12.52 (i) Kirchhoff’s rule 1 (junction theorem) At any junction of an electric
network (branched circuit) the algebraic sum of the currents flowing
towards that junction is zero (Fig. 12.49).

Kirchhoft’s rule 2 (loop theorem)

Sum of the changes in the potential encountered in traversing a loop
(closed circuit) in a particular direction (clockwise or counterclockwise)
is zero.

If a resistor is traversed in the direction of the current, the change in the
potential is —i R, while in the opposite direction it is +i R.

If a seat of emf is traversed in the direction of emf, the change in poten-
tial is +&, while in the opposite direction it is —&.
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i1=i)+1i3 (junction theorem) (D)
Traversing the top loop counterclockwise

— &1 — bRy + &3+ & — i1 Ry = 0 (loop theorem)
—11—-200ip +33+22—100i;1 =0
or 100 i1 +200i, — 44 =0 2)

Traversing the bottom loop counterclockwise

—E4—i3R3 +E5 —E3+ iRy =0
—44 —300i3+55—-33+200i, =0
or 200i, —300i3 —22=0 3)

Equations (1), (2) and (3) are the required equations in the three
unknown currents i1, i and i3.

g=1V E,=22v

e - |+

Y, (

i
> 1=

Vi (:

EL {R1=100Q | 1|

E,=33V

£,=44V Eg=55V

Fig. 12.49

= Re=3000}— =

12.53 (i) The equivalent resistance of the circuit is

Reg = Ry + Ry + —2K4
eq — IV] 2 Rs + Ry
20 x 60
=5410+ ——— =30kQ
It 0 60
R 5
Vi=Vx—=300x — =50V
eq 30
Ry 10
V2=V><—=300x%=100v

€q
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.. R3R 20 x 60
() V=V x —  300x —— =150V
Req(R3 + R4) 30(20 + 60)
1% 300
(i) jp= —=_—"_—-001A
Req 30 x 103
Ry
I = It— =0.01 % =0.0075A
R4+ R3 60 + 20
R
L=l ——— =001 x =0.0025 A
R4+ R3 60 + 20
1254 i1 —ip —i3 =0 (junction theorem) (D)
Traversing clockwise the top loop (Fig. 12.50)
£,=5V g,=10V
+| - [R;=10a] -1 2
) iy A
§3=15V E_,‘=2UV
e e
Ia
) Y |
D EL + |-
Fig. 12.50
E1+i1R1 — & — &4+ 2Ry +8E3 =0 (loop theorem)
54+ 10i1 —10 =204 20i + 15=0
or i1 4+2ip—1=0 )

Traversing clockwise the bottom loop

—E3—ihRy+E84—Ec+i3R4+E5+i3R3 =0 (loop theorem)
—15 —20ip + 20 — 30 + 40i5 + 25 + 30i3 =0
or Tiz —2ir =0 3)

The required equations are (1), (2) and (3) in three unknown currents.
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1255 i1 —ih—i3=0 (junction theorem) (N

Traversing the top loop clockwise (Fig. 12.51)
€4 —11R4 —§5 — 2R3 —§ — iRy =0
50 —200i; — 30 — 80i2 — 10 — 120i, =0
or 20i; +20i —1=0 ()

Traversing the outer loop clockwise

€4 —11R4 — &5 —i3Rs —E3 —i3R1 + & —i3Rc =0
50 — 200i; — 30 — 100i3 — 20 — 60i3 +40 — 40i3 =0

or S5iip+5—-1=0 3)
§4= 50V &5= 30V
+| = T

| | [Re=2000] | | |

g,= 10V b |

- EEma - 3
LY

= T
gl &= 40V &= 20V =
L e |

Fig. 12.51

The required equations are (1), (2) and (3) in three unknown currents iy,
i» and i3. Note that by considering the bottom loop no new information is
provided as it is already contained in the other two loops. In general it is
sufficient to consider any two loops out of three.

12.56 Traversing the loop ABCDA clockwise

—iR—i1R\+& —irn—§ —irp=0
i =2i/3, ir=1i/3

—4.5i -3 x %+8—i—4—0.5i =0
i=05A, i1 =033A, i =0.165A
P.D over E;
Vi=& +irr=4+05x05=425V
P.D over E;»

Va=%8—-irp=8-05x1=75V



Chapter 13
Electromagnetism I

Abstract Chapters 13 and 14 are devoted to electromagnetism concerned with
motion of charged particles in electric and magnetic fields, Lorentz force, cyclotron
and betatron, magnetic induction, magnetic energy and torque, magnetic dipole
moment, Faraday’s law, Hall Effect, RLC circuits, resonance frequency, Maxwell’s
equations, Electromagnetic waves, Poynting vector, phase velocity and group veloc-
ity, dispersion relations, waveguides and cut-off frequency.

13.1 Basic Concepts and Formulae

Motion of Charged Particles in Electric and Magnetic Fields

Assuming that the magnetic field (B) acts perpendicular to the plane of orbit of a
particle of charge ¢ and mass m moving with velocity v, the radius of curvature (r)
is given by

= — 13.1
r 4B (13.1)
the angular velocity by
B
w=2=2 (13.2)
r m
the frequency by
w qB
f=—=—"— (cyclotron frequency) (13.3)
2r 2mm
the kinetic energy (K) by
1 ,r’B?
K=1g (13.4)
2 m

579
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Null deflection: If the electric and magnetic fields are crossed, i.e. arranged at
right angles then the charged particle is undeflected. The condition is

v=E/B (13.5)
Magnetic Induction (B)

B at the Centre of a Coil of V Turns and of Radius r, Carrying Current i

Ni
B = ,ug ! (centre of coil)
r

(13.6)
The field into the page is indicated by a cross X and out of page by a dot.

B at Distance r from a Long Straight Wire

B = Mot (long wire)
2mr

(13.7)

B at Distance r from a Straight Wire of Finite Length

Mol

(cos 01 + cos6r) (finite wire) (13.8)
dmr

where 61 and 6, are the inner angles subtended by the field point at the extremities
of the wire.
B on the Axis of a Solenoid

Ni
B = Mol ! (solenoid)

(13.9)

where N is the number of turns over the axial length /.

Magnetic Induction due to a Long Cylindrical Conductor of Radius R

Hoir
= " R (r < R)
Hoi

(13.10)
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B due to a Hollow Cylindrical Shell of Radii a and b (a < b)

1oi (r? — a?)
p= Lot —4) b
R —ayy @< =D
=0 (r<a)
= Kot r > b) (13.11)
2mr

where r is measured from the axis.
B due to a Loop of N Turns and Radius r on the Axis

woi N R?
T (13.12)

Magnetic Force on a Current-Carrying Wire

The force on the current-carrying wire is directed perpendicular to both the length
of the wire and the field direction. The direction of motion of the wire is given by the
left-hand rule. If the current-carrying wire makes an angle 6 with the field direction,
then the force on the wire would be

F = ilBsin 0 (13.13)

Force on Two Parallel Wires Each of Length [/ Carrying Current i1 and i,
and Separated by Distance d

_ koliriz
2md

(13.14)

The two forces (F; due to wire 1 on 2 and F> due to wire 2 on 1) form an action—
reaction pair. For parallel currents the wires attract each other and for antiparallel
currents the wires repel each other.

Magnetic Dipole Moment, Magnetic Energy
Magnetic Material, Hall Effect
The magnetic moment produced by a circular current i enclosing an area A is given

by

= Ai (13.15)
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Magnetic energy density
ug = — B? (13.16)

Magnetic material
B = po(H+ M) (13.17)

where H is the magnetic field strength and M is the magnetization.

Hall effect: When a strip of conductor carries a dc current along its length, a mag-
netic field set up in a perpendicular direction produces a magnetic field sideways.
The charge build up on one side establishes a potential across the width of the strip,
known as Hall potential and the phenomenon is called Hall effect.

If Ry is the Hall coefficient, o the electrical conductivity, then the mobility u is
given by

w = Ryo (13.18)
Lorentz Force

F=qE+quxB (13.19)

Faraday’s Law

An emf is induced in a conductor when there is a change in the number of lines
‘linking it’ (passing through it) or when it cuts across field lines.

Consider a flat wire loop of any shape and of area A in a magnetic field B, the
field B making an angle 6 perpendicular to the loop. The magnetic flux ¢ through
the loop is defined by

¢ =B.A=BAcos# (13.20)

The unit of flux is the weber (Wb), while that of the magnetic field is tesla (T).
1T = 10* G, G standing for Gauss.

The electromotive force £ in such a wire loop is equal to the rate of change of
flux through it:

Ap
£ = - (Faraday’s law) (13.21)

where Ag is the change in flux that occurs in time interval Az.
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Lenz law: The reason for the minus sign in (13.21) is given by Lenz law which
states ‘the induced current will appear in such a direction that it opposes the change
that produced it’.

If the coil forms a closed circuit then only the induced current can be present,
otherwise in the case of an open circuit one can only speak of induced emf and its
direction.

In a coil of N turns

__na¥

§=-N—_ (13.22)

If the circuit is complete current will appear and will be given by

N A
=5 _ _Nae (13.23)
R~ R At

where R is the resistance of the circuit. The corresponding charge flowing is given
by

N
Ag=idi=—1Ap (13.24)

Consider a conducting rod of length / moving sideways in the plane of paper over
a U-shaped metal frame at constant speed v at right angles to a uniform magnetic
field of flux density B into the paper. Then the emf induced across the ends of the
rod is given by

£ = —Bly (13.25)

13.2 Problems

13.2.1 Motion of Charged Particles in Electric and Magnetic Fields

13.1 Calculate the cyclotron frequency to accelerate alpha particles in a magnetic
field of 10* G. The mass of “He is 4.002603 u.

13.2 If the pole pieces of a cyclotron are 50 cm in diameter, a flux density of
15,000 G, find approximate values for the energies to which (a) protons
and (b) a-particles could be accelerated. What oscillator frequency would
be required in each case?

[University of London]

13.3 In a mass spectrometer, the velocity filter employs electric field E and a
perpendicular magnetic field B. The deflection magnetic field, perpendicular
to a beam is B’. Ions with similar charges ¢ and mass numbers m; and
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13.5

13.6

13.7

13.8

13.9

13.10

13.11

13.12
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my pass through the filter. Show that the separation between them will be
2E(my —my)
gB B’

[Indian Administrative Services]

A singly charged particle of known velocity 2.5 x 107 m/s but unknown
mass moves in a bubble chamber in a circular path of radius 0.2 m in a field
of 0.2 T acting perpendicular to the path. Determine the mass of the particle
and identify it.

A particle of mass m and charge ¢ travelling with a velocity v along the
x-axis enters a uniform electric field E directed along the y-axis. Show that
the trajectory will be a parabola.

Find the radius of a circular orbit of an electron of energy SkeV in a field of
1072 T
[Osmania University 1992]

An electric field of 1500 V/m and a magnetic field act on an electron moving
with a speed of 3000 m/s. If the resultant field is to be zero what should be
the strength of the magnetic field (in Wb/m?).

[Osmania University 1987]

An electron moves in a circle of radius 1.9 m in a magnetic field of 3 x
1073 T. Calculate (a) the speed of electrons and (b) time taken to move round
the circle.

A cyclotron is powered by a 50,000 V 5 Mc/s radio frequency source. If its
diameter is 1.524 m, what magnetic field satisfies the resonance condition for
deuterons?. Also what energies will they attain? Take the mass of deuteron
as 2.0141 u.

Deuterons are accelerated in a conventional cyclotron. Given the resonance
frequency was 11.5 Mc/s and radius of the dee 30", calculate the resonance
frequency of protons and the maximum energy of protons that is obtainable
using the same magnetic field. (In a cyclotron the vacuum chamber is parti-
tioned into two D-shaped components)

A cyclotron has a magnetic field of 15,000 G. The extraction radius is 50 cm.
Calculate (a) the frequency of the rf necessary for accelerating deuterons and
(b) the energy of the extracted beam.

[University of Liverpool]
In the Bohr model of hydrogen atom the electron revolves in a circular orbit

of radius 0.53 A with a time period of 1.5 x 107! s. Find the corresponding
current.
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13.13 As shown in Fig. 13.1, a beam of particles of charge g enters a region where
an electric field is uniform and directed downwards. Its value is 80 kV/m.
Perpendicular to E and directed into the page is a magnetic field B = 0.4 T.

(@

(i)

Fig. 13.1

13.14 (a)

(b)

If the speed of the particles is properly chosen, the particles will not be
deflected by these crossed electric and magnetic fields. What speed is
selected in this case?

If the electric field is cut off and the same magnetic field is maintained,
the charged particles move in the magnetic field in a circular path of
radius 1.14 cm. Determine the ratio of the electric charge to the mass of
the particles.

e,

Write an expression for the force acting on a charge ¢ moving with
velocity v in an electric field E and magnetic field B.

A charged particle of mass m and charge g is accelerated through a
potential difference of V and then injected into a region with a magnetic
field B perpendicular to the plane in which the charge moves. Derive an
expression for the radius of curvature, r, of the path of the particle when
in the magnetic field.

[University of Durham 2004]

13.15 In a certain mass spectrometer the magnetic field has a magnitude of 0.2 T.
It is intended that this spectrometer be used to separate two isotopes of ura-
nium, 2ggU(matss 3.90 x 10~ kg) and 2ggU(mass 3.95 x 10~ kg). In order
to be separated the radii of curvature described by singly charged (charge +-¢)
ions must differ by 2 mm. Calculate the electric potential through which the
ions must be accelerated in order to achieve this.

13.16 (a)

(b)

Write down an expression for the force experienced by a particle with
charge ¢ moving with velocity v in a magnetic field B. Under what
circumstances does the particle mass m, of describe a circle of radius r?
A coil of cross-sectional area A composed of N turns is placed perpen-
dicular to a magnetic field which is uniform in space, with a strength that
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varies in time according to B = By cos(15¢). Calculate the electromotive
force induced in the coil.

[University of Manchester 2007]

A water droplet of radius 1 pm is charged such that the electric field on its
surface is 5.8 mV/m. (a) How many electrons does the droplet carry? (b) How
strong a vertical electric field is required to prevent it from falling?

An electron of energy 1 eV enters an infinitely large region containing only a
homogeneous magnetic field of 1073 T, at an angle of 60° to the direction of
the field. Calculate its subsequent motion assuming no energy losses. What
type of energy losses will occur even in complete vacuum?

[University of Manchester 1972]

A uniform electric field is established between the plates of a parallel plate
capacitor by holding one plate at ground and the other at a positive potential
V as shown. A uniform magnetic field B is established perpendicular to the
electric field (Fig. 13.2).

A charge —gq is released from rest from the lower plate.

(i) Write down the equations of motion for the velocity components of the
charge.

(ii) Show that, at some time ¢ later, the velocity of the electron in the x-
direction is related to the distance y moved along the y-axis by

Uy = wy

(iii) By applying the conservation of energy or otherwise to determine the
square of the velocity in the x—y-plane, show that

[University of Aberystwyth, Wales]

[L==]

Fig. 13.2 =
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13.20 Electrons are liberated with zero velocity from the negative plate of a parallel
plate condenser, in which there is a constant magnetic field B parallel to the

plates. If the separation of the plates is d and the potential across them is V,

2mV

show that the electrons only arrive at the positive plate if d> < ~B
e

[University of Durham 1962]

13.2.2 Magnetic Induction

13.21 The magnetic field at 40 cm from a long straight wire is 10~° T. What current
is carried by the wire?

13.22 A current / flows through a straight wire AB of finite length.

(a) Find the magnetic field B at distance r from the wire, the ends of the
wire making inner angles 6 and 6, with P, Fig. 13.3.
(b) Obtain the limit value for B for a very long wire.

Fig. 13.3

13.23 The magnetic field at the centre of a circular current loop is 107> T. If the
radius of the loop is 50 cm, find the current.

13.24 A square conducting loop, of side a carries a current /. Calculate the mag-
netic field at the centre of the loop.

13.25 Two wires are bent into semicircles of radius a, as in Fig. 13.4. The upper
half has resistance R 2 and the lower half resistance 4 R 2. Find the magnetic
induction at the centre of the circle.

Fig. 13.4 4R
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13.26 A current / is sent through a thin wire as in Fig. 13.5. The radius of the
curved part of the wire is R. Show that the magnetic induction at the point O

' 3
will be B = 0 (1 4 —”>

27 R 4

Fig. 13.5

13.27 (a) A current I is sent through a thin wire as in Fig. 13.6. The straight wires
are very long and the radius of the curved part of the wire is R. Show
that the magnetic induction at the point O will be

_ ol (x +2)
o 47 R

B

Fig. 13.6

(b) A wire shown in Fig. 13.7 carries current /. Find the field of induction
B at the centre O.

Fig. 13.7
| I

0]

\
>

“«— | —> «— |>

13.28 (a) A wire in the form of a polygon of n sides is circumscribed by a circle
of radius a. If the current through the wire is i, show that the magnetic
induction at the centre of the circle is given by

) T
B = Hont tan (—)
2ma n

(b) Show that in the limit n — oo you get the expected result.
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13.29 A wire of length / can form a circle or a square. A current i is set up in both
the structures. Show that the ratio of magnetic induction at the centres of
these structures will be approximately 0.87.

13.30 (a) Cisthe common centre of the circular arcs of the circuit-carrying current
i, its arcs cutting a sector of angle, 6. Show that the magnetic induction
atCis

] 1 1
B— Hot6 LS
47t R R>

(b) C is the common centre of the semicircular arc of radii R; and Rj,
Fig. 13.8, carrying current i. Show that the magnetic induction at C is

(1
po i1l 1
4 Ry R>

Fig. 13.8 R

C

13.31 A long wire is bent into the shape as in Fig. 13.9, without any cross-contact
at P. The current flows as indicated with the circular portion having radius
R. Show that the magnetic induction at C, the centre of the circle is B =

Mol 1
=1+ =
2R ( +n>

Fig. 13.9 R

L 4

13.32 A current / flows through a ring of radius » placed in the xy-plane. Show that
the magnetic induction at a point along the z-axis passing through the centre
of the ring is given by

ol R?

BT

13.33 Five hundred turns of a wire are wound on a thin tube 1 m long. If the wire
carries a current of 5 A, determine the field in the tube.

13.34 Two parallel wires, a distance d apart, carry equal currents / in opposite
directions. Calculate the magnetic induction B for points between the wires
at a distance x from one wire.

[Adapted from Hyderabad Central University 1993]
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13.35 A long hollow copper cylinder with inner radius a and outer radius b carries

a current /. Calculate the magnitude of the magnetic field at a point P (a <
r < b) (Fig. 13.10).

Fig. 13.10

13.36 Helmbholtz coils consist of a pair of loops each with N turns and radius R.
They are placed coaxially at distance R and the same current / flows through
the loops but in the opposite sense. Show that the magnetic field at P, midway
between the centres A and C, Fig. 13.11, is given by

8N ol
B= 53/2R

Fig. 13.11 A

2R t

13.37 A plastic of radius R has charge ¢ distributed over its surface. If the disc
rotates at an angular frequency about its axis, show that the induction B at
the centre is given by

B— Howq
27 R

13.38 Show that in the case of Helmholtz coils (prob. 13.36), the magnetic induc-
tion in the vicinity of the midpoint P is fairly uniform.

13.39 Consider a long straight rod of copper wire. It has a radius of 3 x 107> m
and 100 A flowing uniformly through it. Find a value for the magnetic field

(1) I m away and (ii) 6 x 103 m away from the central axis of the rod.
[University of Durham 2004]
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13.40 Use Ampere’s law to calculate the magnetic field for a long cylindrical con-
ductor of radius R and a current I flowing through it at a distance » from the
central axis of the conductor when (a) » > R and (b) » < R

13.41 Current / flows in two concentric circular arcs of radii  and 2r, Fig. 13.12.
Both arcs are quarter of a circle with P as the centre. Determine B at P.
[University of Durham]

Fig. 13.12

13.42 (a) A current / flows in a straight wire of length L. Show that the magnitude
of the magnetic field at a perpendicular distance x from the midpoint of
the wire is given by

mol L

A o J/(L)2)? + 12

where 1 is the permeability of free space. What is the direction of the
B field?

(b) A loop of wire of length [ carries a current /. Compare the magnetic
fields at the centre of the loop when it is bent into (a) a square and (b) an
equilateral triangle.

|B| =

[University of Durham 2000]

13.43 Two identical, parallel co-axial coils of radius r, and having N turns, are
separated by a distance r along their common axis. They both carry a current
I in the same direction. Derive an expression for the magnetic field on the
axis at the mid-point in between the coils. Evaluate the field when N = 100,
r=20cmand I =2A.

13.44 State the relationship between the tangential component of the magnetic field
B summed around a closed curve C and the current /. passing through the
area enclosed by the curve.
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A long cylinder conductor of radius R carries a current / along its length.
The current is uniformly distributed throughout the cross-section of the con-
ductor. Calculate the magnetic field at a distance r = R/2 from the axis of
the conductor. Find the distance » > R from the axis of the conductor where
the magnitude of the magnetic field is the same as at r = R/2.

[University of Durham]

13.45 (a) Show that (ignoring edge effects) the self-inductance, L, of a solenoid
with n turns per unit length, length / and cross-sectional area A, is
given by

L= ,uonzAl

(b) A solenoid with 100 turns, length 10cm and of radius 1 cm, carries a
current of SA. Calculate the magnetic energy stored in the solenoid.

(c) The current in the solenoid of part (b) is reduced to zero at a uniform rate
over 5 s. Calculate the emf induced in the coil.

[University of Durham 2005]

13.46 (a) What is the magnetic field at a point 50 mm from a long straight wire
carrying a current of 3 A?
(b) A small current element 7 dI with dl = 2k and I = 2 A is centred at the
origin. Find the magnetic field d B at the following points:

(i) on the x-axis at x = 3 m,
(ii) on the x-axis at x = —6m,
(iii) on the z-axis at z = 3 m,
(iv) on the y-axis at y = 3 m.

[University of Aberystwyth, Wales 2005]

13.47 A thin torus, of radius 0.1 m, is wound uniformly with 100 turns of wire. If
a current of 2.0 A flows through the wire, what are the magnitudes of the B
and H fields generated within the torus if it contains (i) a vacuum and (ii)
a material with relative permeability 500? What is the magnetization in the
material (Fig. 13.13)?

Fig. 13.13
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13.48

13.49

13.50

13.51

It is believed that the earth’s magnetic field is produced by circulating current
in the core. If the mean radius of such currents is 1000 km, what is the order
of magnitude of current required to account for the earth’s dipolar magnetic
field of magnitude 6 x 107> T at the north magnetic pole?

[University of Manchester 1972]

A pair of circular coils each having 50 turns of radius 50 cm are separated
by 50cm. A current of 10 A passes through the coils which are connected
in series. Midway between the coils, a flat metal disc of radius 10cm, is
revolving at 1000 rpm What is the emf generated between the centre and the
rim of the disc(po = 47 x 1077 H/m)?

[University of Manchester 1959]

A conductor 1 m long moves with a velocity given by (i + Zf + k) m/s
through a magnetic field given by (i+ 2f +3k) Wb /m” How will the voltage
developed across the ends of the conductor vary with its orientation? For
what orientation will the voltage be zero?

[University of Durham 1962]

A proton travelling with velocity of v = (f + 3]7)104 m/s is located at x =
2m and y = 3m at some instant 7. Calculate the magnetic field at time ¢ at
the positionx =2m, y =3 m.

13.2.3 Magnetic Force

13.52

13.53

13.54

13.55

13.56

Two long straight wires lie parallel to each other at a distance 5 cm apart. If
one carries a current of 2 A and the other a current of 3 A in the opposite
direction, find the force each wire exerts on the other (per metre of wire)?

Two parallel wires 20 cm apart attract each other with a force of 107> N/m
length. If the current in one wire is 10 A, find the magnitude and direction of
current in the other wire?

A 2m long wire weighs 4 g and carries a 10 A current. It is constrained to
move only vertically above another wire carrying 15 A in the opposite direc-
tion. At what separation would its weight be supported by magnetic force?

Three long parallel wires, each carrying 20 A in the same direction, are
placed in the same plane with the spacing of 10 cm. What is the magnitude
of net force per metre on (a) an outer wire and (b) central wire?

Calculate the force acting on a bent wire (Fig. 13.14) carrying current i
placed in a uniform magnetic field B, normal to the plane of paper in terms
of i, B,/ and R.
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Fig. 13.14 B B
® ©
[ i

«— | —> — —>

13.57 A long straight wire carries a current of 20 A, as shown in Fig. 13.15. A
rectangular coil with two sides parallel to the straight wire has sides 5 and
10cm with the near side a distance 2 cm from the wire. The coil carries a
current of 5 A.

(i) Find the force on each segment of the rectangular coil due to the current
in the long straight wire.
(ii) What is the net force on the coil?

Fig. 13.15

«5cm-~>
¥ 5A

20A T10cm
2cm

13.58 (a) A very long straight wire PQ of negligible diameter carries a steady
current /1. A rigid square coil ABCD of side / and n turns is set up
with sides AB and DC parallel to the coplanar with PQ as shown in
Fig. 13.16. The side of the coil AB is at distance d from the wire PQ.
Derive an expression for the resultant force on the coil when a steady
current I flows through it. What is the direction of the force?

P
A D
d 5
I ~
1 / v Iz A~
B / C

Fig. 13.16 Q
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13.59

(b) Calculate the magnitude of the force when
I =1A,,=4A,d =0.10m,n = 10, and/ = 0.05m.

[University of Durham 2004]

Two parallel rails of negligible resistance are at distance d apart and are
connected by a resistor of resistance R. A conducting rod lies perpendicular
to the two rails and is free to slide on the rails. A constant magnetic field B
is perpendicular to the loop formed by the rails, rod and resistor. An external
agent drags the rod at velocity v along the rails. Find (a) the current flowing in
the resistor, (b) the total power delivered to the resistor and (c) the magnitude
of the applied force that is needed to move the rod with this velocity.
[University of Durham]

13.2.4 Magnetic Energy, Magnetic Dipole Moment

13.60

13.61

13.62

13.63

13.64

13.65

13.66

In prob. (13.37) show that the magnetic moment of the disc will be u =
2
wgR

4

The earth has a magnetic dipole moment of 6.4 x 102! A/m?. Show that this
dipole moment can be produced by passing a current of 5 x 10’ A in a single
wire going around the magnetic equator.

Calculate the energy density at the centre of a circular loop of wire 10cm
radius carrying a current of 100 A.

Given that the magnetic field at the centre of hydrogen atom is 13.5 Wb/m?2,
calculate the magnetic energy density at the centre of hydrogen atom due to
the circulating electron.

A wire of length [ forms a circular coil. If a current i is set up in the coil show
that when the coil has one turn the maximum torque in a given magnetic field

1
developed will be —I2%i B
4

A charge ¢ is uniformly distributed over the volume of a uniform sphere of
mass m and radius R, which rotates with an angular velocity w about the axis

passing through its centre. Show that the ratio of the magnetic moment and
. Hn q
the angular momentum will be — = —.
L 2m
An electric dipole, whose dipole moment has magnitude 1.6 x 1072 Cm is
placed in a electric field of 1000 V/m. The direction of the dipole moment
makes an angle of 30° to the direction of electric field. What is the potential

energy of the dipole?
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13.2.5 Faraday’s Law

13.67

13.68

13.69

13.70

13.71

13.72

13.73

Fig. 13.17

A flexible circular wire expands such that its radius increases linearly with
time. It is located in a magnetic field perpendicular to the loop. Show that the
emf induced in the wire varies linearly with time.

An aeroplane, with a wing span of 30 m, is flying horizontally at a speed of
720 km/h, at a point where the vertical component of the earth’s field is 0.4
Oe. What is the emf developed between its wing tips.

[University of Durham]

A metal disc of radius 0.1 m spins about a horizontal axis lying in the mag-
netic meridian at a speed of 5 rev/s. If the horizontal component of the earth’s
fieldis B = 2 x 107> Wb/m?, calculate the potential difference between the
centre and the outer edge of the disc.

[University of Durham]

A coil is 30 turns of wire, each of area 10 cm?, is placed with its plane at right
angles to a magnetic field of 0.1 T. When the coil is suddenly withdrawn
from the field, a galvanometer in series with the coil indicates that 10°5C
passes around the circuit. What is the combined resistance of the coil and the
galvanometer?

[University of Cambridge]

A wire loop of area 0.2 m? has a resistance of 20 2. A magnetic field, normal
to the loop, initially has a magnitude of 0.25T and is reduced to zero at a
uniform rate in 10~ s. Estimate the induced emf and the resulting current.

A square wire with a loop of resistance 4 2, with sides 25 cm rotates 40 times
per second about a horizontal axis. The magnetic field is vertical and has a
magnitude of 0.5 T. Estimate the amplitude of the induced current.

A bar slides on rails separated by 20 cm, Fig. 13.17. If the current flowing
through the resistor R = 5 Q is 0.4 A and the field B = 1T, what is the speed
of the bar?

'ORCHO)
10 © ©

=]
NAN

CNOXO,




13.2  Problems 597

13.74 A uniform magnetic field of induction B fills a cylindrical volume of radius
R. A metal rod of length 2/ is placed as in Fig. 13.18. If dB/d¢ is the rate of
change of B show that the emf that is produced by the changing magnetic
field that acts at the ends of the rod is given by

dB
f=— VR =D

Fig. 13.18 Magnetic
induction at the centre of a
current-carrying wire made of
three-fourths of a circle and a
chord

13.75 A square wire of length /, mass m and resistance R slides without friction
on parallel conducting resistance rails as in Fig. 13.19. The rails are inter-
connected at the bottom by resistance rails so that R, the wire and rails form
a closed rectangular loop. The plane of the rails is inclined at an angle 6
with the horizontal and a vertical uniform magnetic field B exists within the
frame. Show that the wire acquires a steady velocity of magnitude

mgR sin6
V=
B2I2 cos2 6

Fig. 13.19

13.76 A copper disc of 10 cm radius makes 1200 rotations per minute with its plane
perpendicular to a magnetic field. If the induced emf between the centre and
the edge of the disc is 6.28 mV, find the intensity of the field.

[Indian Administrative Services]



598 13 Electromagnetism |

13.77 Show that Faraday’s law & = dgp/dt is dimensionally correct.

13.78 The magnetic field of an electromagnetic wave is given by the relation
B =3 x 10""%sin(4 x 10%)

where all quantities are in S.I. units. Find the magnitude of emf induced by
the field in a 200-turn coil of 15 cm? area placed normal to the field.

13.79 Find the ratio of emf generated in a loop antenna by 100 MHz (typical televi-
sion frequency) to that of 1 MHz (typical radio frequency) if both have equal
field intensities.

13.80 Define magnetic flux and state Faraday’s law, describing the relationship

between the magnetic flux linked through a circuit and the current induced in
the circuit. What is the force on a straight wire of length / carrying a current
I in the presence of a magnetic field B?
Two long frictionless and resistanceless parallel rails, separated by a distance
a, are connected by a resistanceless wire. A magnetic field B is oriented
perpendicular to the plane containing the two rails. A frictionless conduction
slider of resistance R and mass m is placed perpendicular to the rails and
is given an initial velocity u along the rails. Obtain an expression for the
force F on the slider while it moves at velocity v. Hence, find the maximum
distance that the slider travels?

13.81 A flat, circular coil has 100 turns of wire, of radius 10 cm. A uniform mag-
netic field exists in a direction perpendicular to the plane of the coil. This
field is increasing at a rate of 0.1 T/s. Calculate the emf induced in the coil.

13.82 A rectangular coil in the plane of the page has dimensions a and b. A
long wire that carries a current [ is placed directly on the coil, as shown
in Fig. 13.20.

(i) Obtain an expression for the magnetic flux through the coil as a function
of x forO <x <b.

(ii) For what value of x is the net flux through the coil a maximum? For
what value of x is the net flux a minimum?

== 8 =9
1 T X=0
X
b |
RGN
Fig. 13.20 ¥
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(iii) Obtain an expression for the emf induced in the coil if the wire is placed
at x = b/4 and the current varies with time according to / = 2.

13.83 Show that in the betatron the magnetic flux ¢ linking an electron orbit of
radius R is given instantaneously by #§ = 27 R> B where B is the instanta-
neous magnetic field.

[University of Newcastle upon Tyne 1965]

13.2.6 Hall Effect

13.84 What is the Hall effect and what is the significance of a positive Hall coeffi-
cient?
A potential difference is applied between the ends of a strip of copper and
a current of 100 A flows along its length. The strip is 20cm long in the
x-direction of a rectangular system of coordinates, 2cm wide in the y-
direction and 1 mm thick in the z-direction. A uniform magnetic field of
10 Wb/m? is applied across the strip in the positive y- direction and the hall
EMF is found to be 5wV
Derive (a) the magnitude and direction of the Hall field when the current
flows in the positive x-direction and (b) the concentration of free electrons.

[University of Manchester 1972]

13.85 The Hall coefficient and electrical conductivity of an n-type silicon are
—7.3% 107> m*/C and 2 x 107 mho/m, respectively. Calculate the magnitude
of the mobility of the electrons.

[University of Durham 1962]

13.3 Solutions

13.3.1 Motion of Charged Particles in Electric and Magnetic Fields

131 10°G=1T

fo Bg 1x1.6x 107"
T 2mm - 27 x 4.0026 x 1.66 x 10~27

— 3.83 x 10° Hz = 3.83 MHz

1¢°?B% 1 (1.6 x 10719)2(0.25)%(1.5)?
132 @ Ky= 200 1, Lo 10 )02))
2 my 2 1.66 x 10
3. 2.17x 10712
=217x107° )= =—"——— MeV = 13.56 MeV

1.6 x 10~13
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Bgq 1.5x 1.6 x 10717

— — =23 x 10’ Hz = 23 MHz
2em, 27 x 1.66 x 10727

T

1 (2¢)%r2B2
2 dmy,
(B)2e)  fp

=20 _ ey smu
Ja = o xamy, 2 ‘

(b) Ky =~ = K, = 13.56 MeV

o

13.3 qu:Eq—>v:E Q))

mv2 muv

/
— =quB —r= 7B
Separation = 2rp — 2r) = 2(ry — r1)
2FE
~ 4BB

2)

(my —my) 3)

where we have used (1) and (2).

2

134 ™MV _ p.o
P

B 02x1.6x 10719 x0.2
m= 2 o 22X DX X025 56x 108 ke
v 2.5 x 107

In terms of electron mass

256 % 1078

= 91x 1031 ~ 28lme

Hence the particle is a pion (7r — meson)

. qE
13.5 Acceleration a = — W
1
y = Eatz @

x = vt (3)
Combining (1), (2) and (3)

_ gEx?
YT a2

“4)

which is the equation to a parabola.

2mK  (2x9.1x 1073 x5 x10° x 1.6 x 1071%)!/2

— 0.0238
4B 1.6 x 10-19 x 102 m

13.6 r =

=2.38cm
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137 gE=qvB

E 1500
=" =_—_=05T
v 3000
rqB 1.9 x 1.6 x 1071 x 3 x 1073 ;
138 @ v m 9.1 x 1031 m/s
2nr 2w x 1.9 —6
b)t=—=——-—=119%x 107" =1.19ns
v 107
—27 6
139 p— 2rmf _ 2w x 2.0141 x 1.66 x 107" x 5 x 10 _ O.656Wb/m2
q 1.6 x 10—19
1¢%2B2 1 (1.6 x 10719)2(0.762)%(0.325)>
k- lars 1 (d6x 70769703257 _ 4 696 « 10-13
2 m 2 2.0141 x 1.66 x 10~27
=2.9MeV

13.10 For deuterons

2w fm 2w x 115 x 10° x 2.014 x 1.66 x 10727

B
q 1.6 x 10~19

= 1.509 Wb/m?

For protons

gB 1.6 x 107" x 1.509 .
= = =2.316 x 10 =23.16 M
f 2mm 21 x 1.66 x 1027 x /s ¢/s

Bgq 1.5x 1.6 x 1071

13.11 = = =11.5x 10%¢/s = 11.5M

@ = o T I x3mx 10T x 10%¢/s c/s
1g%r2B2  1(1.6 x 107" x 0.5 x 1.5)2

b K= 4B 1d.6x X 05X L5751 69 % 10-13] =
2 m 2 332 x 1027
13.56 MeV

1.6 x 10719

Bz =9 Lo e 103A

t 1.5x 10710
13.13 (i) Magnetic force, Fy = qVB
Electric force, Fg = g E
For no deflection, Fyy = Fg

qvB =qgE
E 80 x 103 5
UZEZ—O4 =2x10"m/s
i " _ B
r
q v E 80 x 10 7
4_2 - = _ =438 x 10" C/k
m  Br B2 (0.4)2(1.14 x 1072) x ke
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13.14 (a) F =qgE+qv xB
(b) In the electric field energy acquired, K = gV

p=~2mK = /2mqV.

In the magnetic field

p =gBr

Combining (1) and (2)
2mV

) —_—
qB?

ey

2

13.15 Let the isotopes 2>U and 233U be called 1 and 2, respectively. In the mag-

netic field the momenta are given by

p1=qBry, p2 =qBnr

p—pr=qBra—r)=16x10""%x02x2x1073 (13.26)

=6.4 x 10 2'kgm/s.

In the electric field

2 2
gV = Py P
2m| 2mo
mo 3.95 x 1075
- 2 e —1.00639 p;.
Pr= P TP 390 x 102 P
Combining (1) and (3)

p1 = 1.00159 x 107" kgm/s.
Substituting (4) into (2)

(10—19)2

V= =8x 10*V
2x1.6x109%x390x 105 >~

13.16 (a) F=qv x B

If B is perpendicular to v, then the particle would move in a circle.

Centripetal force = magnetic force

mv2 muv

— =qVB - r=—
r a4 qB

ey

2

3)

“
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d d dB
(b) £ = —E(Nqb) = —E(NBA) = —NAE

d
= —NA-(Bycos(150)) = 15 NABy sin(151)

q
47‘[807’

g =4meorE =47 x 8.85x 10712 x 1070 x 5.8 x 1073
=6.447 x 10719 C

13.17 (@) E =

Number of electrons

q 6447 x 107"

e T 16x10-1 =4.029 or 4

n =

(b) Minimum electric field E required to prevent the droplet from falling is
conditioned by equating the electric force to the gravitational force:

qE =mg

3
4 4 107%)” x 1000 x 9.8
E:—mgz—nr3—pg=—nx ( )

q 3 g 3 6.447 x 10~19
=6.37 x 10*V/m

13.18 When a charged particle moves at an angle 0 to the field direction, the par-
ticle will move in a helical path. The vector velocity v of the particle can be
resolved into two components, one parallel to B and one perpendicular to it:

vy =vcosf and v, =vsind (1)

The parallel component determines the pitch of the helix, that is, the distance
between the adjacent turns. The perpendicular component determines the
radius r of the helix:

[2K 2x1x1.6x107" 5.93 x 10°m/
V= _— = = J. X m/s
m 9.1 x 10731

mv sin® 9.1 x 10731 x 5.93 x 107 sin 60°
gl B~ 1.6 x 10—19 x 103
=2.92 mm

=292x10°m

, . 2 m 27 x 9.1 x 1073! s
Time period T = = =3.57x10"°s
gl B 1.6 x 10719 x 10-3

Pitch = (vcosO)T = 5.93 x 10° x cos60° x 3.57 x 1078 = 0.1m
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13.19 (i) Choose the origin at o, Fig. 13.21. The electric field E acts along
the y-direction perpendicular to the plates which are located in the
x-direction. The electric force on the electron is directed along the
y-axis and the magnetic force along the z-axis. If the component of
initial velocity in the direction of B is zero then the path of electron
will be contained entirely in the xy-plane.

yT_,R _

o} X

Fig. 13.21 Generating a
cycloid

- — O — P

Writing Lorentz force F = gE + gvB, in the component form
dv

Fy,=m— =qgE —gB 1

y mdt q q bV (D
dv,

Fx :m?ZQBUy (2)

Writing for convenience

qB E
w=-—andy = — 3)
m B

Equations (1) and (2) can be rewritten as

_dvy = wy — vy 4)
dr
dv
o = ®

Differentiating (4) and using (5)

d?vy dvy 5
@ T T
d?v,
o gp tetn= (©)

With the initial conditions vy = vy, = 0, at t = 0, (6) has the solution
vy = A sin ot @)

where A = constant:

dvy,
E:Aa)cos ot = Wy — 0uy

Attr=0,v, =0
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Aw=wy > A=y

vy = y sinwt (8)
Substituting (8) into (5), integrating and using the initial condition v, =
Oatr =0
vy = Y (1 — cos wt) )

(i) The coordinates x and y at any time 7 can be found out by integrating
separately (8) and (9) with the initial condition x =y =0atr =0

y =X = coswr) (10)
w
sin wt
xX=y (t — ) (11)
w
Using (9) and (10) we get
vy = @y (12)

(iii) The energy of the particle is unaffected in the static magnetic field.
Under the electric field in the y-direction the energy picked up will be

p zmv = Em vy + vy
2qV;
or vi= 4 _ w?y? (13)
’ md

where we have used (12).

13.20 Referring to Fig. 13.21 and setting & = wt and R = y /o and (10) and (11)
of prob. (13.19) we get the parametric equations of cycloid

y = R(1 —cos6) (D)
X = R(6 — sinb) 2)

These equations define the path generated by a point on the circumference of
a circle which rolls along the x-axis. The maximum displacement of electron
along the y-axis is equal to the diameter of the rolling circle, that is, 2R.
Identifying 2R = d

d E /B E
d_g_v _E[B _Em (3)
2 w eB/m eB?
where we have set g = e, for the electron charge.
Vv
Also E=— 4

d



606 13 Electromagnetism |

Using (4) in (3)
2mV

d* = 5
52 (5)

Thus the condition that the electrons are able to arrive at the positive plate is

2mV

d* <
eB?

13.3.2 Magnetic Induction

1321 p= Mo
2rr
27 B 2 107° x 0.4
i T r: a7 x107° x 0 A
o 4 x 10~7

13.22 (a) Consider a typical current element dx. The magnitude of the contribu-
tion dB of this element to the magnetic field at P is found from Biot—
Savart law and is given by (Fig. 13.22)

Fig. 13.22 Magnetic P
induction due to a
current-carrying wire of finite

length R
r
dx , - 61 )
- |
—l— X —P
A C i D
a b
i dx sinf
gp = KoL & Sy (1)
4w R?

Since the direction of the contribution dB at point for all such elements
is identical, i.e. at right angles to the plane of paper, the resultant field is

obtained by integrating dB from A to D in (1). Writing sinf = %

b
B /dB _ Joir /‘ dx _ Joir X ll’
47 (x2 4+ r2)3/2 4rr? (x2 4112 2,

a
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woi
B = —— (cos Oy + cosb) 2)
Ay

(b) For infinite wire #; — 0 and 6, — 0, in this limit (2) becomes

Kol

B =
2r

which is the expression for a long wire.

1323 p= KO
2

r

. 2Br 2x107°x05
i=—— =" " —796A
o 47 x 1077

13.24 Magnetic field B; due to current i in one segment is (Fig. 13.23)

4‘; O; (cos0; + cos )

B =
Putting 6y =6 =45°and R = a/2

ol

1 p—
«/Ena

Fields due to four sides are equal and additive. Therefore net field

. 24210

ma

B =4B,

Fig. 13.23 Magnetic a
induction at the centre of a
square conducting loop

45° 45°
>

13.25 The magnetic fields in the upper branch and lower branch act in the opposite

41
direction. The current in the upper branch is 5 and in the lower branch is

I . . .
5 As the current is flowing through semicircles,
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13.26
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41 1
B_Jﬂ<_)=&L

da \ 5 S5a

1 1

g, = Mo (1) _ mol

da \ 5 20a
3uol

Net field B = B — B, =
erie 2T 04

Field B at the centre is due to three-fourths of the circle (B;) added to that
due to the straight segment (B>)

3 .
4 2R

i
B, — Mo

= 1nd (cos 01 + cos 6r)

From the geometry of Fig. 13.24, ) = 6, = 45° and d =

Sl

Mo i 3n
Th B=B+B = 14 =
en 1+ B2 2nR<+4>

Fig. 13.24 Magnetic .
induction at the centre of a D ¥ !
current-carrying wire made of
three-fourths of a circle and a

chord

13.27

450 45°
A c

(a) The magnetic induction due to straight wires is

Hoi Hoi woi
B = = 1
" 4nR + 4R  27R M
because straight wires are of infinite length only on left side.
Induction at 0 due to semicircular portion is
Hoi
S 2
2T 4R @)

Total magnetic induction

i i i
Pl B 0 g

B=B,+B)=
L= R T AR T R
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(b) The straight portions of the wire do not contribute to the field at O as the
current is directed towards C and makes an angle 6§ = 0°, for which the
Biot—Savart formula gives B = 0. Thus the entire induction comes from
the semicircular portion of the wire for which B = %.

13.28 (a) Let the angle 6 be subtended at the centre by one side AC of a regular

n-sided polygon, Fig. 13.25. Then

Fig. 13.25 Magnetic
induction at the centre of a
current-carrying regular
n-sided polygon

21 0
0=—or—-=— (1
n 2 n
The magnetic induction due to one side AC at the centre O is
] | COS
B = Mol (cosa + cosar) = Kot €8¢ 2)
dmr 2 r
where r is the distance of O from AC.
The field B due to n sides will be additive and is given by
[ COS
B =nB, = Hont cosa (3)
2nr
Now r = asin «, so that in (3)
cos o cos o 1 1 6 1 b4
= - =—cote=—tan (| — | = — tan (—) 4)
r asinae a a 2 a n

where we have used (1). Using (4) in (3)

B = g;né tan (%) (5)
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(b) In the limit n — oo, tan (z) — T and (5) becomes
n n

p = Mot
2a

an expression which is identical for B for a circular loop. This is reason-
able since as n — 00, polygon — circle.

13.29 For square / = 4a and for circle [ = 27r

a_ w 0
ro2
At the centre of the circle, B, = %.
r
24/2 ot
At the centre of the square, By = M via prob. (13.24).
Ta
B 2
Ze_ T 4_ T _og7
Bs  4y2r  8J2
13.30 (a) The magnetic induction B at the centre of a circular wire is B = %.
r

Hence for the arc which subtends an angle 6 at the centre

B— poi 6 poif
T 2r 2 4w
Induction at C due to the inner arc is

_ poif
- 4 Rl

B

and due to the outer arc

i
B, = _ Moo
47 Ry
The negative sign arises due to the fact that the current has reversed. As
the radial part of the path points towards C, it does not contribute to B.
Therefore, the resultant induction is

0 (1 1
B=B +B =" - —
4 R R>

Note that for clockwise current we take B as positive and for counter-
clockwise we take B as negative.
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(b) Put & = 7 to obtain

(1 1
p=Ht (2 _
4 R R>
13.31 The total induction is given by adding B due to the straight conductor which

contributes on both sides of P and B due to the circular path, both being
directed out of page (Fig. 13.9)

Mol
T 27 R
_ ol
- 2R

S

c

ol

_ poi dsxr

13.32 dB =
dr 3

(Biot—Savart law) (L

The magnetic induction dB at P on the z-axis due to an element of length d/ of
the ring is shown in Fig. 13.26. Resolving dB along z-axis and perpendicular
to it, and summing over all such elements it is seen that the perpendicular
components vanish for reasons of symmetry and the parallel components get
added up.

Writing d/ for ds and noting that the angle between R and dl is 90°, (1) can
be written as

_ (noirdl) cosa

dB, = (dB) cosa = 3 )

Writing dl = Rd¢, where ¢ is the azimuth angle and r cos @« = R, (2)

becomes
z
o
p »-dB
i r
-
y

Fig. 13.26 Magnetic ¢ R
induction on the axis of a = rdd

current-carrying ring X
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13.33

13.34

13.35

13.36

13.37
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poi R*d¢p
dB, = ———— 3
‘ 4r r3 ©)
Integrating
2
1oi R? / 1o R
B, =B= | dB, = === 4
¢ ./ CT 4w 3 ¢ 2(R% 4 z2)3/? @
0
Ni 47 x 1077 x 500 x 5
p="0 T XD XX _314x1073T
l 1.0
wol |1 1
B="" |-
2 |:x * d— xi|
Apply Ampere’s law inside the hollow cylindrical conductor
: 2_ .2
(B) 27 r) = Moim (r” —a’) (1)

7 (b?2 —a?)

where the right-hand side includes only the fraction of the current that passes
through the surface enclosed by the path of integration. Solving for B,

_ ki (P —a?)
C2mr (b2 —a?)

Magnetic field at P, due to loop A is

woINR?

REETRE .

Ba

R
where x = AP = 7 Similarly the magnetic field B, due to the second loop

is given by an identical expression with x = CP = —. As the currents are in

the opposite direction these two fields are added:

wo INR?
B=Ba+Be= v 2)
Putx = R/2 to find
8 Nuol
b=k ©
Consider a ring of radius r, width dr, concentric with the disc. The charge

on the ring, Fig. 13.27
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2nrdr  2qrdr
dg = = — 1
1=49 R2 (D

The elementary current due to rotation of charge with frequency f is

w 2qrdr  wqrdr

di:qu:Zﬂ R?2  nR? @
The induction at the centre due to the current in the ring is
] rdr r
ot st e
Total induction from the rotating disc
¢ d
;
e fon- [

Fig. 13.27 Magnetic dr
induction at the centre of a
charged rotating disc

13.38 The field at any point P; at distance x from P, the middle point will be

iNR? 1 1
_ Ko N

el ] [l

by prob. (13.36).

B

32

)]
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0B
Differentiate B with respect to x and evaluate <B_> to find the first
'x =

)

0
—2) = 0. Thus
dx x=0

derivative zero. Differentiate B once again to find (

the field around P is seen to be fairly uniform.

1339 ) =" =n (1)
27 r

47 x 1077 x 100 s
= —2xI107°T
2 x 1.0

Hoir
27 R?

4w x 1077 x 100 x 6 x 1073
o 27 x (3 x 102)2

(i) B =

(r <R ()

=133x10°°T

13.40 (a) X B: Al = i (Ampere’s law)
Y BAl=BX Al =B - 21r = uoi

where we enclose the current i by going round once the circle of radius
r. The magnetic induction will be tangential to the circle and the sum-
mation is simply the circumference of the circle, Fig. 13.28a:

(B)(2mr) = pol
_ ol
2nr

(r > R)

(b) Consider a circular path C at distance r < R, Fig. 13.28b. The current
i inside a cross-section of radius r is proportional to the cross-sectional
area

7r? ir?

7R R?

ig=1

By Ampere’s law

r
N

Fig. 13.28 Magnetic IR

induction due to a s R

current-carrying cylinder (a) (b)
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2
$B, Al = (B) 2 1) = poio = Moi%
Hoir
B = o K2 (r < R)

13.41 Let the radius of the inner arc of the loop be r and that of the outer arc 2r.
Both the arcs are quarter of a circle. The straight portions do not contribute
to B as their directions pass through P. As the currents in the two arcs flow
in the opposite sense, B will be down due to current in the outer arc and up
due to the current in the inner wire:

Tuol 1 mol_ pol
4 2r 42x2r 16r

Bpet =

13.42 By prob. (13.22) at P, Fig. 13.29

ol
B = ——(cos 01 + cos 6»), (D
4 x

put 61 = 6, then
L/2

V(L/2)? +x2

So that (1) becomes

cosf) =costp =

1 L
g Mo

- dmx J(L/2)2 + x2

(a) Let the square be of side @ = [/4. The distance of the centre of square
from the side is a/2. Putx = a/2and L = a = [/4 in (2) to find for one
side

2

_ 2«/2“0]

B
! wl

8420l
As there are four equal sides, B =4B; = f—im-
T

The B-field will be perpendicular to the plane containing the wire and
the field point.
(b) Let each side of the equilateral triangle be @ = [/3. Distance of the
centre of the triangle from any side is x = a/2v/3. Put L = a = /3
9ol
and x = a/2«/§ in (1) to find for one side B} = %. Hence for three
bid

sides
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Fig. 13.29 Magnetic field P P
due to a current-carrying 7 Sl
straight wire of finite length P X S
- - b ~
< 0 62 C N
- L -
270l
B =3B, = 0%
2ml

B (square)  27/2
B (triangle) ~ 8./2

=1.19

8Nuol  (8)(100)(4mr x 1077)(2)

= ~ —4
13.43 By prob. (13.36) B = SR = 537202) ~9x107"T
13.44 % Bdl = poi (Ampere’s law)
By prob. (13.43)
wolr
=5 R (r <R) (1)
pol
F = —, = — 2
=5 4R @
1
Further B = 222 (+ = R). 3)
2r

Equating (2) and (3) we find r = 2R. Thus at r = 2R, the magnetic field is
the same as at r = R/2.

13.45 (a) Inthe absence of magnetic material the number of flux linkages N¢p(N
being the number of turns) is proportional to the current

N¢p = Li (1)

If n is the number of turns per unit length, A the cross-sectional area and
[ the length of the solenoid and B the magnetic induction

N¢g = (nl)(BA) ()
By Ampere’s theorem

B = poni 3)
Combining (1), (2) and (3)

L = /L()nzAl 4
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Ni
®d p_ Loni = Mol i
B2 Ni 2Al N2’2 2
Up = ugdl = 2 . a1 = (noNi)“AL _ poN=i*mr
2140 21002 21
4 10~7) (100)2(5)27 (0.01)2
_ @ x107) A7) 00D _ ) o3 1p-45
2x0.1
© ¢ = BA= woNi ar? 47 x 1077 x 100 x 5 x 77 x (0.1)2
0.1
=1.972 x 107*Wb
—A —1.972 x 1074
g T8¢ _ = 394x 1075V
At 5
i 4 1077 x 3
1346 (@) B= 0L X0 X2 i 1077T

27r 27 x 50 x 1073

(b) In the vector form the Biot and Savart law can be written as

dB:pL_oidlxr

4z 73

47 x 1077 (2)(2k x 3i .
@yap = PN I@CKX3) ) yi108) o kxiz))

4 33
Thus dB = 4.44 x 1078 T along positive y-axis

47 x 1077)(2)(2k x (—6i .
iy ap = P NOI@CEX (Z60) _ 4y o8]
47 63

Thus dB = 1.11 x 1073 T along negative y-axis
(iii) dB=0(. k xk=0)
47 x 1077)(2)(2k x 3) .
G x W D@ X)) _ 444 % 1075
4 33

dB =4.44 x 1078 T along negative x-axis.

(iv) dB =

Ni 100 x 2
13.47 H = noi = LI Sk 318.47 A/m for both vacuum and material.
2nr 2w x 0.1

B=KuoH =1 x 47 x 1077 x 318.47 = 4 x 10~* T (vacuum)
B =500 x 47 x 1077 x 318.47 = 0.2 T (material)

B — uoH
M = 2 M 0 (vacuum)
Ko
B 0.2
M=-——H=—"__-318=159%x10°  (material)
o 47 x 10~7

13.48 Use the formula for B(z) on the axis of a circular coil of radius r carrying
current i:
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13.49

13.50

13.51
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woir?

B(z) = 202+ 291

(D

Use the following values:

B=6x10"T, puo = 47 x 1077 A/m, r = 10°m and z = 6.4 x 10°m
(distance of the pole from earth’s centre) and solve for the current i. We find
i = 2.6 x 10'0 A. Thus the order of magnitude of current is 10'° A.

The induction midway between Helmholtz coils is (prob. 13.36)

8N ol
B= 53/2R

)]

Given N =50, 1 = 10A, R =0.5m and pg = 4w x 10~7 H/m
B=2894x1074T )

Emf generated between the centre and the rim of the disc is

E=nr’Bf =7 x(0.1)’x8.94x107*x16.66 = 468 x 107V = 468 1 V.

Given

I=10m, v=3+2j+3k, B=1i+2]+3k

Voltage developed

& =|v xB|lsing = |v||B] (sinf)l sin ¢

where 0 is the angle between v and B, ¢ is the angle which / makes with B:

12
lv| = (32 +224 12) = V14

172
Bl = (1242243 " =14

cosf = v-B __3+4+3 _§
() ()
sinf = 0.4898

£ = (\/ﬁ) (M) (0.4898) (1) sin¢ = 6.857 sin ¢

& will be maximum for ¢ = 90° and zero for ¢ = 0 or 180°.

The motion of the proton is equivalent to a current. The current density is
given by
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J=ev ey
The magnetic field due to a current-carrying circuit is given by the Biot—
Savart law
wol (dl' x R
dB = — 2
4z < R3 @

When d/’ is the circuit element, R is the vector which points from dI’ to the
field point. As there is only one proton there is no need to integrate to find
B. Replacing the current by the current density J, the Biot—Savart law is
modified as

no (J xR
B=— 3
4 ( R3 ) ®
Substituting (1) into (3)
B— Hoe (v X R
47 R3

R=<f+2f)m

v= (f n 3}) 104 m/s

vx R =10* = —10%

— L)
N W~
oSO =

B=Mxl.6x1019x@
- ()
=143 x 1075k T

13.3.3 Magnetic Force

F u0i1i2_47r><10_7x2x3

13.52 — = = =24x 109N
I 27 d 27 x 0.05

13.53 L _ Koz
I 27d

. 2nd (F 27 x 0.2 x 1073
=" (=)= —  —10A
woit \ 1 47 x 1077 x 10

The currents are parallel.
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13.54 For equilibrium, magnetic force = gravitational force.

_ pmolitia _
T 2nd
g Molitia 4w x 1077 x2x10x 15\ of s
2rmg 27 x4 x 1073 x 9.8
= 1.53mm

13.55 (a) Net force per metre on the outer wire

F_F B opoliis Mo i23

I~ 1 I~ 2mxd 27 x2d
_ poizQir+in) 4w x 1077 x 20(2 x 20 +20)
a 4 d o 47 x 0.1 o

1.2x 103N

(b) Zero
13.56 F =ilB+ (i)(@mR)B +ilB=i(2l + TR)B.

13.57 (i) The force on the horizontal segments is zero as they are perpendicular
to the straight wire. For the vertical segments the force is repulsive for
antiparallel currents and attractive for parallel currents, the magnitude
being

Fo /L;)ll]dlz )
T

where d is the distance of separation.
Force on the nearer vertical segment

(4w x 10=7)(0.1)(20)(5) _

Fi = ~1x107*N
(27)(0.02)
Force on the farther vertical segment
47 x 1077)(0.1)(20)(5
Fy = W 10D)ODEOG) 5 g6y 105N

(27)(0.07)

(i) The net force on the coil, Fpet = Fi + F» = —7.14 x 107> N

13.58 (a) Wire PQ will produce a field of induction B; at the segment AB of the
coil. The magnitude of By will be

_ kol

T 2nd M)

1

The right-hand rule shows that the direction of Bj at the segment AB
is down, wire AB, which carries a current /> finds itself immersed in
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13.59 (a)

Fig. 13.30

621

an external field of magnetic induction Bj. A length / of the segment
AB will experience a sideway magnetic force equal to il x B whose
magnitude is

wolly I

F, = DhIB| = md

2
The vector rule of signs shows that F> lies in the plane of the coil and
points to the right. A similar reasoning shows that the force on the seg-
ment CD will be

y— wol I I

S 2n(d+1) ®

to the left in the plane of the coil. There is no force on the segments BC
and AD as they are perpendicular on PQ:

wolliIp 1 1

Fpet = - - 4

net 2 [d d+l} @
to the right
P 4 x 1077)(0.05) (1)@ 10) [ 1 1

et 2 0.1 0.140.05

=1.335 x 107°N

where we have multiplied (4) by 10 for the number of coils.
The flux ¢p enclosed by the loop, Fig. 13.30, is
¢p = Blx (L

where [x is the area of that part of the loop in which B is not zero. By
Faraday’s law

dén

d dx
E:—dt Z_E(BIX)Z_BZE:BZU 2)
—x—|
F
X xx*xx X
Xyx x x x % *
F3<L§R X XX X —PV d
x[ X X XXX *
%xx*xxx
F2
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where the speed v = —dx/dr for the speed with which the connecting

rod is pulled out of the magnetic field. The emf Blv sets up a current in
the loop given by

iZ%:_ 3)

(b) The total power delivered to the resistor is just the Joule heat given by

(¢)

b _ iR B2 v?
=1 =
! R

Note that energy conservation tells us that for steady motion of the rod
the external agent must provide power equal to the Joule heat. That this
is so is borne out from

B21%v?
P = v = .
R
The current the loop produces forces F, F> and F3 on the three sides of

the loop in accordance with
F=ilxB 4)

Because F7 and F> are equal and opposite, they cancel each other, while
F3 which opposes the motion of the sliding rod is given by (4) and (3) in
magnitude as

2 l2

R

v

Fi1 = ilBsin90° = 5)

13.3.4 Magnetic Energy, Magnetic Dipole Moment

13.60 Elementary magnetic moment

du

a)qrdr) o ) = wqridr

= (di)(dA) = ( S -

where dA is the area enclosed by r and the value of di is used from (2) of
prob. (13.37).
Therefore the magnetic moment of the disc is



13.3  Solutions 623

13.61

13.62

13.63

13.64

13.65

R
/ /‘a)qr . w qR?
=] "R T4
0

Magnetic moment

1= NiA = (1)(i)(r?)

= 6410 oe 107
| = = = 4,
ar?2 7 (6.4 x 100)2

Magnetic energy density
1
Up = — B?
210
But B = Kot
2r
1 (uoi\?> 1 i 47 x 1077 x (100)2
U = — —_— = — 5 = )
210 \ 2r 8 r 8 x (0.1)
=0.157J/m?
1 13.5)2
ugp = — B* = _ U35 7.25 x 107 J/m?
240 2 x 4w x 1077
Tmax = iAB = (i) (7r?) B

But | =2nr - r=—
2

(1N, B
Tmax = TT1 E B:V

Let the sphere of radius R rotate about the z-axis, Fig. 13.31. Consider a
spherical shell of radius r(r < R) concentric with the sphere. Consider a
volume element symmetrical about the z-axis.

dV = 27r%sin0do dr 1)

where 6 is the polar angle and r is the distance of the volume element from
the centre. The charge dg residing in the volume element is

3q

ey @)

dg =

The current due to rotation of charge is
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Fig. 13.31 Magnetic moment
due to a rotating charged
sphere

13 Electromagnetism |

di — o dg = 3qw r?sin@ do dr 3)
2w 4
where we have used (2) and (1).
The magnetic moment due to di is
3q wr? sinfdo d
= (di)(dA) = (2L T DN 7 26in26)
4 R3
3 wqrtdrsin® 6 do
= ()

4 R3

where dA is the area enclosed by the circle of radius » sin 6.
Total magnetic moment

R T
3wq [ 4 3wq (R (4 wqR?
M=/dl&—4—1—3/rdr/sm6d9=ZF <) (3)=—%
0 0

®)
The angular momentum of a sphere about a diameter is
2 2
L=1w= 3 m R w (6)
I q
2_ 1 7
L 2m ™
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13.66

625

U=—p-E=—pE cosf = —(1.6 x 1072)(1000) cos 30° = —1.38 x

107267,

13.3.5 Faraday’s Law

13.67

13.68

13.69

13.70

13.71

13.72

13.73

" 4t (by problem)
— roblem
ar \BY
d d
£ = _d_(f = I (BA) (by Faraday’s law)
1
But B o« — and A = 77?2
r
£ dr
o —
dr
or & ot

where we have used (1)

0.40e = 0.4 x 80A/m = 32A/m

B=poH =47 x 107" x32=4.02x 10T
v =720km/h = 200m/s
£ =Blv=4.02x 107 x 30 x 200 = 0.24V

V=nrr’Bf =7(0.1)>x2x 107 x5=3.14x 107°V

_ BAN 0.1 x0.001 x 30
q 10-5

_A¢ _AAB _02x025
At At 10—4

R = 300 2

=500V

S:

& 500
=2 ="—=25A
R 20

The amplitude of the induced voltage
£ = wBA = 21fBA = 21t x 40 x 0.5 x (0.25)> =7.85V

Amplitude of the induced current

7.85
o=0 =785 _1o6a
R~ 4

E=iR=04x5=2V

(D
2)
3)

“4)
®)
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& =vIB
v = i =——=10m/s
IB 02x1.0
d AdB
13.74 & = ——¢ = ——
dr dr

A = area of the triangle sandwiched between the ends of the rod and the
radii connecting the centre with the ends, Fig. 13.18:

1 1
A= 3 (base) (altitude) = zl R2 — (1/2)2
dB
Thus &=~ >R = (/27

[
2
13.75 Gravitational force on the loop

Fy =mg sinf

Magnetic force on the loop

[

Fn= (B cosh)il =B cos@%
B cosf1 vB?1% cos? 6
= ——vBcosh -l = — =z

For steady speed, Fyer = Fin — Fg =0

v B2 cos? 0

— ing =0
R mg sin
mg R sin6
or V= o
B2[2cos2 0
13.76 & = nR*>Bf
£ 6.28 x 1073

T R2f  3.14 x (0.1)2 (1200/60)

13.77 [emf] = [electric field][distance]

= [force/charge][distance]

=[MLT™* Q" "|[L] = [ML*T 20" ]
[dpp/dt] = [¢p][T "] = [Bllarea][T ']

= [force/(velocity) charge] [L2] [T ! ]

= [MLT*/LT~ " QIIL*[T™"]
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= [ML*T207 "
[emf] = [d¢p/dt]

13.78 The flux through the coil

13.79

13.80

p=B-A=15x10"% x 3 x 107'% sin(4 x 10%)
d
£ = —Nd—d; =—200x 15 x 107* x 3 x 4 x 10® x 107"% cos(4 x 10°)

=-3.6x10"%cos@ x 10°1)V

B = By sin(wt + ¢)
& & wBg cos(wt + @)
Emax (television) @ fi 100

- =— = =— =100
&max (radio) w2 f2 1

By is the same for both the waves.

The flux ¢p enclosed by a loop of area A is given by ¢p = BA, where B
is the magnetic field. Faraday’s law of induction says that the induced emf &
is a circuit equal to the negative rate at which the flux through the circuit is
changing. In symbols £ = —d¢p/dt, the current being I = £/R, where R is
the resistance. The magnetic force on a straight wire is given by F = il x B:

ép = BA = Blx (BLI)

By Faraday’s law

d d d
=P8 _ _ % gy = —BIS — B
dr dt dt

. g Blv
= = —
R R
) B2y
Force FF = ilB =

If the magnetic force acts as a resisting force then equation of motion will be

B2y
ma = —
R
dv dv ds dv B2%vy
or —

"o T s T "as T TR
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3212
dv = — (—) ds
mR

—/d _ B ¢
V= V= mR

where C = constant of integration.
Whens =0, v=u

c=u
(u —v)mR
EE
umR
Smax = W
where we have put v = 0.
£ N 92 N d (BA) N7 248 (Faraday’s law)
= — _— = —N — = — - — A\%%
13.81 ar a ar y

= —100 x 7(0.1)2(0.1) = 0.314V

13.82 (i) The flux on one side is equal and opposite to that on the other for 0 <
r < b—x, where r is the distance of any point from the long wire. Only
the flux through the portion b — x < r < x is not cancelled:

Iad
d¢ = (adrydp = HOTET
2w r
X
wola dr  wola X
¢ = — = In
2w r 27 b—x
b—x

(ii) ¢ > ocoforx — band ¢ =0forx = b/2
(iii) For I =2rand x = b/4

¢=@1n<1) 2

2 3
£ = dp  poaln3
Todr T

13.83 Betatron is a machine to accelerate electrons to high energy. It consists of
an evacuated ‘doughnut’ in which the electrons are made to circulate under
the influence of changing magnetic field. If a magnetic flux ¢ changes in an
electromagnet, it accelerates the electrons and at the same time holds them
in an orbit of fixed radius. The average force acting on the particle during a
single rotation is the work (induced voltage multiplied by charge) divided by
the distance 2w R. Equating this to the time rate of change of momentum, by
Faraday’s law of induction
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d

dr dr

dp/de  dp d
=P _ S (Ber

“onR —ar - aBP

where B is the magnetic field and R is the radius.
Integrating and assuming that initially the flux is zero and R is constant

¢ =27R’B

13.3.6 Hall Effect

13.84 Consider a strip of a conductor of width W and thickness ¢ carrying a d.c
current i in the positive x-direction along its length, Fig. 13.32. A magnetic
field B set up in the z-direction into the page produces a deflection force in
the positive y-direction, as the drift velocity of electrons is in the negative
x-direction. Consequently charge concentration builds up towards the upper
edge of the strip. As the charges collect on one side of the strip they set up
an electric field that opposes sideways motion of additional charge carriers
inside the conductor. This build up of charges establishes a potential Vi
across the width of the strip, called Hall potential and the phenomenon is
known as Hall effect. Eventually equilibrium conditions are reached and a
maximum voltage, known as Hall voltage, is quickly established. The sign
of the voltage gives the sign of charge carriers and its magnitude the number
density n of charge carriers:

Fig. 13.32 Hall effect Lower potential
. X X X X X X X X #4 y
e x X X X X X X X vlv L
v X X X X X X X X X
d X X X X X X X X ;
Higher potential
iB iB
(a) EH:UdB:—z
ne  newb
100 x 10 L
= =25x107V/m

1.25 x 1030 x 1.6 x 10719 x 1073 x 0.02

The field is along positive y-direction.
(b) When equilibrium is established the Lorentz force is zero:
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gE +qug xB =0
or E=—-Vy4xB
E =—vB (. vglB)
Vi i B 5]
= —H = ’UdB = J— = —l

w ne  Wrine
iB 100 x 10

13 Electromagnetism |

=125 x 10°%/m?

TetVhy  1.6x10-19 x 103 x 5 x 106

13.85 If Ry is the Hall coefficient, o the electrical conductivity, then the mobility

/L is given by

w=Ryo = (=7.3 x 107°) (2 x 10*) = —0.146m?/V /s

The magnitude is 0.146 m?/V /s



Chapter 14
Electromagnetism I1

Abstract Chapters 13 and 14 are devoted to electromagnetism concerned with
motion of charged particles in electric and magnetic fields, Lorentz force, cyclotron
and betatron, magnetic induction, magnetic energy and torque, magnetic dipole
moment, Faraday’s law, Hall effect, RLC circuits, resonance frequency, Maxwell’s
equations, electromagnetic waves, Poynting vector, phase velocity and group veloc-
ity, dispersion relations, waveguides and cut-off frequency.

14.1 Basic Concepts and Formulae

Self-Inductance (L)

Ng¢  Total flux linkage
p=—% -2 T (14.1)
i Current linked
g— LY (14.2)
o dt '

For a long solenoid or toroid

_ ;,L()NZA
o

L (14.3)

where N is the number of turns, A is the area of cross-section of each turn and / is
the length of the coil.
The energy stored in an inductor is

W = /,Li? (14.4)

L—-R Circuit

di
Differential equation. Ld—; +iR =& (for charging process) (14.5)

631
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Solution i = % (1 — e’%)

Inductive time constant

,=L/R
. . . di . . .
Differential equation La + iR = 0 (discharging process)

Solution i = ie_Rt/L

C-R Circuit
Ri +¢q/c =& (charging)

q = qo(1 —e /RO

Capacitive Time Constant
T =RC
Ri 4+ q/C = 0 (discharging)

q = qoe"'R¢

Inductors in Series
Leq =Ly + Ly +2M (coil currents in the same sense)
Leq= L1+ Ly —2M (coil currents in the opposite sense)
where M is the mutual inductance

Leq = L1 + L (inductors well separated)

Inductors in Parallel
Leq =LiLy/(L1+ L)

M = (L1L»)"? (inductors are closely placed)

The Alternating Current (AC)
The effective or root-mean-square value:
Ie = Io/v2

where [y is the peak current

(14.6)

(14.7)

(14.8)

(14.9)

(14.10)
(14.11)

(14.12)
(14.13)

(14.14)

(14.15)
(14.16)

(14.17)

(14.18)
(14.19)

(14.20)
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Reactance: Inductive X1, = wL, Capacitance X¢c = 1/oC (14.21a)

Impedance Z = v/ R2 + (XL — X¢)2 (14.21b)

RLC Series Resonance Circuit

1\2
Ve = Ie\/(a)L — —> + R? (14.22)
oC

The phase « is given by the relation

XL—Xc oL—ge

tana = (14.23)
R R
(1) «ispositiveif oL > 1/wC, and V leads I.
(il) o is negative if wL < 1/wC, and V lags behind 1.
(iii) «iszeroif wL = 1/wC, and V is in phase with /.
fi : ( fi ) (14.24)
0= — resonance rrequency .
2/ LC
P =1.Vecosa (power) (14.25)
Quality factor (sharpness of resonance):
QO = woL/R (14.26)
Table 14.1 gives the analogues for electrical and mechanical quantities.
Table 14.1 Analogies between mechanical and electrical vibrations
Characteristic Mechanical Electrical
Inertia Mass (m) Inductance (L)
Stiffness Stiffness constant (k) Inverse capacitance (1/c)
Force Force (F) EMF
Resistance Frictional factor (r) Resistance (R)
Kinetic energy omv? IpLi?
Potential energy ok x? lhg?/C
Reactance mw —k/w oL —1/oC
2
Impedance r2 4+ (mw — %)2 R? + (a)L - i)
Condition for oscillation r < 2+/km R <2L/C
1 1
Resonance frequency =N k/m wVic

Quality factor wom/r woL/R
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Parallel Resonance Circuit

fo= ! ! R (14.27)
T\ Lc 12 '
When R =0
1
fo= (14.28)
fo=avic
Maxwell’s Equations
Differential Form
V.B =0 (Gauss’ law of magnetostatics) (14.29)
V.D = p (Gauss’ law of electrostatics) (14.30)
oB
VxE= o (Faraday’s law) (14.31)
oD
VxH=J+ a (Ampere-Maxwell law) (14.32)
Auxillary Equations
D=¢E, D=gE+ P (14.33)
B = uoH, B = uo(H + M) (14.34)
J=0E, J=pv (14.35)

where B = magnetic induction, p = charge density, E = electric field, D = dis-
placement vector, H = magnetic intensity, J = current density, ¢ = conductivity,
M = magnetization, v = velocity, P = polarization.

The concept of displacement current can be explained by the working of a par-
allel plate capacitor placed in a vacuum and connected to a battery. As the capac-
itor gets charged current flows through the wires but the usual current does not
pass between the plates of the capacitor plates. From considerations of continuity
Maxwell was led to postulate the existence of a displacement current equivalent to
the changing electric field in the space between the plates.

On the theoretical side, Maxwell examined Ampere’s law, V x H = J, and
noticed that there is something strange about this equation. On taking the divergence
of this equation, the left-hand side will be zero, because the divergence of a curl is
always zero. This equation then requires that the divergence of J also be zero. But
if the divergence of J is zero, then the total flux of current out of closed surface is
also zero.
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Now the flux of current from a closed surface is the decrease of the charge inside
the surface. In general this cannot be zero because charges can be moved from one
place to another. This difficulty is avoided by adding the term 0 D/d¢, where D =
goE, on the right-hand side of (32).

Integral Form

¢E = ygB.ds =0 (Gauss’ law for magnetostatics) (14.36)
¢E = f E.ds = Gene (Gauss’ law for electrostatics) (14.37)
£0
dyp , . .
E.ds = 4 (Faraday’s law of induction) (14.38)
dgr .
B.ds = ,uoe()? + Woienc (Ampere-Maxwell law) (14.39)

Electromagnetic Waves

The E- and H-waves are transverse to the direction of propagation and are perpen-
dicular to each other.

V x (V x E) = —V?E + V(V.E) (14.40)
Wave Equation
V2E = —0’posoE (14.41)

The Intrinsic Impedance

n= & (14.422)
3
o

no=.— =377 (free space) (14.42b)
&0

The Poynting vector (S) represents the power in the electromagnetic wave and is
given by

S=ExH (14.43)
and points in the direction of propagation of the wave.

The skin thickness (8) represents the depth to which an electromagnetic wave of
frequency f = w/2m can penetrate a medium and is given by
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2
§= |— (14.44)
WO W

where p is the permeability and o is the conductivity.

Phase Velocity (vpn) and Group Velocity (vg)

Phase velocity is just due to the nodes of the wave that are moving and not energy
or information. In fact the phase velocity can be greater than c, the velocity of light

vph = 0/ k (14.45)

In order to know how fast signals will travel one must calculate the speed of
pulses or modulation caused by the interference of a wave of one frequency with
one or more waves of slightly different frequencies. The speed of the envelope of
such a group of waves is called the group velocity and is given by

vy = dw/dk (14.46)

Waveguides are hollow metallic structures in which the electromagnetic waves
are guided to travel from one place to another without much attenuation. Here, we
shall be concerned only with rectangular guide of cross-section of x = g and y = b,
with the wave propagated in the z-direction.

where c is the velocity of light in free space, m and n are integers. Equation (14.47)
is valid both for TE,,,, and TH,,,,, waves.
For the simplest case m = 1 and n = 0. For TE( wave.

vph = ;2 (14.48)

)

E)
where g is the free space wavelength.
2

A
=c/l—(— 14.49
Vg =c¢ (2a> ( )
Uph-Vg = ¢ (14.50)

A

hg = —— (14.51)
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14.2 Problems

14.2.1 The RLC Circuits

14.1

14.2

143
14.4

14.5

14.6

14.7

14.8

14.9

A 2.5 F capacitor is connected in series with a non-inductive resistor of
300 €2 across a source of PD of rms value 50V, alternating at 1000/27 Hz.
Calculate

(a) thermal values of the current in the circuit and the PD across the capacitor.
(b) the mean rate at which the energy is supplied by the source.
[Joint Matriculation Board of UK]

A 3 Q resistor is joined in series with a 10 mH inductor of negligible resis-
tance, and a potential difference (rms) of 5.0V alternating at 200/7 Hz is
applied across the combination.

(a) Calculate the PD VR across the resistor and Vi, across the inductor.
(b) Determine the phase difference between the applied PD and the current.
[Joint Matriculation Board of UK]

An inductance stores 10J of energy when the current is 5 A. Find its value.

A tuning circuit in a radio transmitter has a 4 x 107 H inductance in series
with a 5 x 10~ ! F capacitance. Find

(a) the frequency of the waves transmitted.
(b) their wavelength.

A 6 Q resistor, a 12 Q inductive reactance and a 20 2 capacitive reactance
are connected in series to a 250 Vrms AC generator. (a) Find the impedance.
(b) Estimate the power dissipated in the resistor.

At 600 Hz an inductor and a capacitor have equal reactances. Calculate the
ratio of the capacitive reactance to the inductive reactance at 60 Hz.

A capacitance has a reactance of 4 2 at 250 Hz. (a) Find the capacitance.
(b) Calculate the reactance at 100 Hz. (c) What is the rms current, if it is
connected to a 220 V 50 Hz line?

When an impedance, consisting of an inductance L and a resistance R in
series, is connected across a 12V 50Hz supply, a current of 0.05 A flows
which differs in phase from that of the applied potential difference by 60°.
Find the value of R and L. Find the capacitance of the capacitor which when
connected in series in the above circuit has the effect of bringing the current
into phase with the applied potential difference.

[University of London]

When a 0.6 H inductor is connected to a 220 V 50 Hz AC line, what is (a) the
rms current and (b) peak current?
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14.10

14.11

14.12

Fig. 14.1

14.13

14.14

14.15

14.16

14 Electromagnetism II

A simple alternator, when rotating at 50 revolutions/s, gives a 50 Hz alternat-
ing voltage of rms value 24 V. A 4.0 2 resistance R and a 0.01 H inductance
L are connected in series across its terminals. Assuming that the internal
impedance of the generator can be neglected, find (a) the rms current flowing;
(b) the power converted into heat; (c) the rms potential difference across each
component.

An AC circuit consists of only a resistor R = 100 2 and a source voltage
V = 0.5V, at time r = 1/360s. Assuming that at 7 = 0, V = 0, find the
frequency.

Given that for a series LCR circuit the equation is

£V+Rdv+ Vo
> " Ldt  LC

If a similar equation is to be used for a parallel LCR circuit as in Fig. 14.1,
then show that

e _ L
PT CR

Verify the equation ¢ = \/;7

oo
Show that in the usual notation the following combinations of physical quan-
tities have the units of time: (a) RC, (b) L/R, (c) v/ LC.

In an oscillating RLC circuit the amplitude of the charge oscillations drops
to one-half its initial value in 4 cycles. Show that the fractional decrement of
the resonance frequency is approximately given by % = 0.00038.

Derive the equation for the current in a damped LC circuit for low damping.
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14.17 Set up the equation for the RC circuit in series and show that the input power
is the sum of the powers delivered to the inductor and capacitor.

14.18 Set up the equation for the RLC circuit in parallel and show that at any time
the Joule heat in the resistor comes from the energy stored in the inductor
and capacitor.

14.19 For the electrical circuit shown below when the switch K is closed the charge
and current are observed to oscillate (Fig. 14.2). Show that the differential
equation governing the charge of the system can be written as

d*Q o
R el =0
a2z Ty tenl

where y and a)(z) are to be determined in terms of the capacitance, C, induc-
tance, L, and resistance, R.

For a resistance R = 100 €2, capacitance C = 700 pF and inductance L =
80 mH calculate

(a) The natural frequency, fo, of the oscillation.
(b) The time constant, t, for the decay.

Fig. 14.2

L
— OG0
—

dil
VL—LE

14.20 Solve the differential equation given in prob. (14.19) and obtain the time
period for damped harmonic motion.

14.21 A resistor, capacitor and inductor are connected in series across an AC volt-
age source shown as in Fig. 14.3.

(i) Find the magnitude of the inductive reactance X1, of the inductor and
capacitive reactance Xc of the capacitor.
(i) Find the magnitude of the total impedance Z of the circuit and sketch
the impedance phasor diagram for this circuit.
(iii) Find the total current /T through the circuit.



640 14 Electromagnetism II

Fig. 143 R=1000Q 1=200mH  C=10uF

V,.=600 Volts rms
g

~

Frequency f-80Hz

(iv) Find the phase angle between supply voltage and current through the
circuit.

(v) Find the voltages across R, C and L and show these on a phasor dia-
gram.

(vi) What is the condition for resonance to occur in this type of circuit and
at what frequency would this occur?

[University of Aberystwyth, Wales 2001]

14.22 A 40 <2 resistor and a 50 uF capacitor are connected in series, and an AC
source of 5V at 300Hz is applied. What is the magnitude of the current
flowing through the circuit?

[University of Manchester 2007]

14.23 For the circuits shown in Fig. 14.4a, b consisting of resistors, capacitors and
inductors

(i) Derive the expression to represent the complex impedances for each of
the networks.
(ii) Work out the magnitude of the impedance for each of the networks
given that the frequency of the supply voltage is 150 Hz.
[University of Aberystwyth, Wales 2006]

L=60mH
—1RB=44Q ————®05miw—

Fig. 14.4a

C=100uF

— R=10Q I | |

Fig. 14.4b
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14.24

14.25

14.26

14.27

14.28

14.29

14.30

14.31

(a) Define what is meant by electric current and current density.

(b) When we refer to a quantity of charge we say that the value is quantized.
Explain what is meant by quantized.

(c) A thin copper bar of rectangular cross-section of width 5.6 mm and
height 50 um has an electron density of n = 8.5 x 1028 /m?.

If a uniform current of i = 2.4 x 10~* A flows through the strip

(i) Find the magnitude of the current density in the strip.
(i) Find the magnitude of the drift speed of the charge carriers.
(iii) Briefly explain why the current is relatively high for such a small drift
speed.

[University of Aberystwyth, Wales 2008]

Two series resonant circuits with component values L1C; and L,C>, respec-
tively have the same resonant frequency. They are then connected in series;
show that the combination has the same resonant frequency.

[University of Manchester 1972]

An inductance and condenser in series have a capacitative impedance of
5002 at 1kHz and an inductive impedance of 1002 at 5kHz. Find the
values of inductance and capacitance.

[University of Manchester 1972]

A condenser of 0.01 uF is charged to 100V. Calculate the peak current
that flows when the charged condenser is connected across an inductance
of 10mH

[University of Manchester 1972]

An inductance of 1 mH has a resistance of 5 €2. What resistance and con-
denser must be put in series with the inductance to form a resonant circuit
with a resonant frequency of 500 kHz and a Q of 150?

[University of Manchester 1972]

A parallel resonant circuit consists of a coil of inductance 1 mH and resis-
tance 10 €2 in parallel with a capacitance of 0.0005 pF. Calculate the reso-
nant frequency and the Q of the circuit.

[University of Manchester 1972]

The voltage on a capacitor in a certain circuit is given by V (1) = Ve /RC.

Find the fractional error in the voltage at t = 50 s if R = 50k + 5% and
C =0.01 uF £ 10%.
[University of Manchester 1972]

A condenser of 10 iWF capacitance is charged to 3000 V and then discharged
through a resistor of 10, 000 2. If the resistor has a temperature coefficient of
0.004/°C and a thermal capacity of 0.9 cal/°C, find (a) the time taken for the
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voltage on the condenser to fall to 1/e of its initial value; (b) the percentage
error which would have been introduced if thermal effects had been ignored.
[University of Manchester 1958]

Show that the fractional half-width of the resonance curve of an RLC circuit
is given by

Aw \/§

w Q

where Q is the quality factor given by Q = wL/R.

14.2.2 Maxwell’s Equations, Electromagnetic Waves,

14.33

14.34

14.35

14.36
14.37

14.38

14.39

Poynting Vector

A plane em wave E = 100 cos (6x 10% # + 4x) V/m propagates in a medium.
What is the dielectric constant of the medium?
[Indian Administrative Services]

An infinite wire with charge density A and current / is at rest in the Lorentz
frame S. Show that the speed of reference frame S’ where the electric field
is zero, i.e. that frame in which one observes pure magnetic field, is given by
Y
=T
Show that for a magnetic field B the wave equation has the form VB =

B
Moo 912

Use Maxwell’s equation to show that V. (j + % %) =0.

The free-space wave equation for a medium without absorption is
I’E
V2E — poso— =0
Hogo—-3

Show that this equation predicts that electromagnetic waves are propagated
with velocity of light given by ¢ = 1/./1t0€0.

An electromagnetic wave of wavelength 530 nm is incident onto a sheet of
aluminium with resistivity p = 26.5 x 10~2Qm. Estimate the depth that the
wave penetrates into the aluminium. The expression for the skin depth, §, is
§ =2/ o .

[University of Manchester 2008]

Consider an electromagnetic wave with its E-field in the y-direction. Apply
the relation d;iy = —% to the harmonic wave

E = Egcos (kx — wt), B = Bgycos (kx — wt)

to show that £y = c¢By.
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14.40

14.41

14.42

14.43

14.44

14.45

14.46

14.47

14.48

14.49

14.50

Using Maxwell’s equations, show that in a conducting medium, the wave
equation can be written as

. oE . d’E
= Uo — E——F=
RO THE 2

and a similar expression for the B-field.
[University of Aberystwyth, Wales 2005]

Let [ be the length of the coaxial cylindrical capacitor, a the radius of the
central wire and b the radius of the tube. The conductors are connected to a
battery of V volts and a current / is passed. Calculate (a) the capacitance per
unit length of the cable, (b) the inductance per unit length.

Consider a coaxial cable with radius a for the central wire and radius b for
the tube connected to a resistance R and battery of emf &. Calculate (a) E;
(b) B; and (c) S for the regiona < r < b.

The general expression for magnetic energy density has the form up =
I/ B.H. Show that in the vacuum the above expression is reduced to up =
BZ

2u0°

Show that at any point in the electromagnetic field the energy density stored

in the electric field is equal to that stored in the magnetic field.

A current [ is passed through a coaxial cable with inner radius a and outer
radius b. The cable can function both as a capacitor and as an inductor. If the
stored electric and magnetic energy is equal then show that the resistance R
is approximately given by

77
21 a

A proton of kinetic energy 20 MeV circulates in a cyclotron with 0.5m
radius. Calculate its energy loss to radiation per orbit and show that it is
negligible.

A 40-W point source radiates equally in all directions. Find the amplitude of
the E-field at a distance of 1 m.

A laser beam has a cross-sectional area of 4.0 mm? and a power of 1.2 mW.
Find (a) intensity 7, (b) Eo, (¢)Bo.

A laser emits a 1-mm diameter highly collimated beam at a power level
314 mW. Calculate the irradiance.

Beginning with the expression for the Poynting vector show that the time-
averaged power per unit area carried by a plane electromagnetic wave in free
space is given by



644

14.51

14.52

14.53

14.54

14.55

14.56

14.57

14.58

14.59
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2
Save = EO
2uoc
[University of Durham 2003]
A plane electromagnetic wave has £, = E, = 0 and

E,=50sin [471 x 1014 <t - 3Xxl o )] Calculate the irradiance (flux density).

Show that E x H is in the same direction as the wave propagates and has
2
magnitude equal to |[E x H| = _luEJc'

[University of Aberystwyth, Wales]

An electromagnetic plane wave in vacuum has E-field given by
E, = 10sin7(2 x 10°%x — 6 x 10"1), E, = E, = 0.

Find (a) frequency; (b) wavelength; (c) speed; (d) E-field amplitude;
(e) polarization.

Write down the equation for the associated magnetic field for the wave given
in prob. (14.53).

A radar monitors the speed v of approaching cars by sending out waves of
frequency v. If the frequency received is v”, find the speed of the car. How
would the beat frequency change if the car is receding?

Microwaves of frequency 800 MHz are beamed by a stationary police man
towards a receding car speeding at 90 km/h. What beat frequency was regis-
tered by the radar?

State Ampere’s law.

A long solid conductor of radius a lies on the axis of a long cylinder of
inner radius b and outer radius c. The central conductor carries a current i
while the outer conductor carries a current —i. The currents are uniformly
distributed over the cross-sections of each conductor. By considering the
current enclosed by a