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METHOD FOR PREDICTION OF MAGNETRON CHARACTERISTICS RELATING

FREQUENCY AND OPERATING ANODE VOLTAGE TO POWER OUTPUT

H. W. Welch, Jr..
University of Michigan

This paper summarizes the results of theoretical and experimental
study of space-charge behavior in the oscillating magnetron. This investi-
gation has been directed toward the attainment of a quapntitative understand-
ing of frequency characteristics of the oscillating magnetron, namely, fre-
quency pushing and voltage tuning. A report presenting the results in detail
has been issued.l What follows is, essentially, a summary of the content of
this report.

Posthumus,2 in 1935, described qualitatively the mechanism by which
electrons are focussed into a phase position, relative to the r-f potential
between the magnetron anode sets, whichipermits delivery of energy from the
electrons to the circuit. Since the first presentation by Hartree and Stoner)
of the method for self-consistent field calculations of the space-charge dis-

tribution in the oscillating magnetron, it has been theoretically possible to

1 H. W. Welch, Jr., "Dynamic Frequency Characteristics of the Magnetron

Space Charge; Frequency Pushing and Voltage Tuning," Technical Report
No. 12, Electron Tube Laboratory, University of Michigan, Ann Arbor,
November 1951.

K. Posthumus, "Oscillations in a Split-Anode Magnetron, Mechanism of
Generation," Wireless Engineer, Vol. 12, pp. 126-132, 1935,

3 This work is reviewed in detail by Walker in Chapter 6 of Microwave
Magnetrons, Massachusetts Institute of Technology, Radiation Labora-
tory Series, Vol. 6, New York, 1948.



describe quantitatively the mechanism of phase focussing of electrons in the
magnetron.

The number of calculations required by the self-consistent field
method makes prohibitive the application of the method to the quantitative
analysis of practically important magnetron characteristics such as fre-
quency pushing. Methods for small-signal analysis, such as that proposed by
Bunemanl cannot be extended to the 1arge-s£énal problem. The works of several
other investigators have been studied and evaluated.2 The conceptual picture
of the space charge in fhe multianode magnetron under large-signal conditionms,
which seems to be generally agreed upon, is that shown in Fig. 1. The anode
segments which are shown in this picﬁure are assumed attached to an external
circuit which is not shown. The distribution of space charge shown in Fig. 1
corresponds to the wm-mode which is so named because there exists a phase
difference between the potentials on adjacent segments of x-radians. It is
found to be possible to represenf this distribution of potential, which is
stationary in space, by the Fourier sum of a number of travelling waves which
proceed in opposite directions around the interaction space. For the m-mode
of operation electrons interact primarily with the fundamental wave which
is moving in the direction of the electron drift around the cathode. The
velocity is such that the maximum bf the wave proceeds from one anode seg-
ment to the next in one-half cycle. Electrons with this same velocity are
said to be in "synchronism" with the wave. The synchronism angular velocity

is defined by

@ = 2 (1)

1 Also described by Walker, op. cit.

2 See Section 1.5 and Bibliography of Technical Report No. 12, Electron
Tube Laboratory, University of Michigan.
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number of anode segments.

The space bounded by the anode segments and the cathode surface
is the region of interaction between the electrons and the fields. The pre-
seﬁce of the d-c electric and magnetic fields causes the electrons to have
a drift motion parallel to the cathode and anode surfaces in this region.
The electrons are assumed to leave the cathode surface with zero initial
velocities., The synchronism drift velocity must be reached or exceeded at
some point in the interaction region if energy is to be delivered to the
fundamental travelling-wave component. The conditions for this to be the
case have been established for the planar and cylindrical magnetron geo-

metry. In the planar magnetron the synchronism velocity is given by

v, = xf (2)

n

where xn/2 is the distance between centers of adjacent anodes.

Sinpe the mathematics of electron behavior is considerably less
éomplicated for the planar magnetron than for the cylindrical magnetron,
both have been carried through with the discussion centered around the planar
magnetron geometry. The motion of the electron is determined through the

force equation which in vector form is

= -8 (E+7xB) (3)

v
at

v = Vector velocity of the electron.
-
E = Vector value of electric field.



m]? = Vector value of magnetic field.
e = Absolute value of electronic charge.
m = Mass of electron.
After a change of variables to the reference frame moving with
the synchronism velocity, resolution of the vector values into components,

and algebraic manipulation, the force equations in component form become

d 1
& (my)

v =e§%%%-Be(v'+vn) %% , (4)

X

Avyr . eaf ., Bed
%t nds  aa (5)

in the planar system, and

a 1l 2 = 0 dr__ ) [ IS - 1 2](11‘
.d_E(§mvr) ez?%ﬁ? [Be(a) Fay) - m(o +<nn)r x5 (6)
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I = ﬁaz——-l- - (o U-\n) = ’ (7)

in the cylindrical system. {25 ig electric potential. The primed values

refer to the'moving reference frame, i.e.,

vk = vx' + Vi (8)
»w = o +0.)n (9)

These equations can be integrated if vy' and @' are expressed as
functions of distance y, or r. For the static magnetron the result is the
cutoff potential. The synchronism anode potential required to bring elec-
trons to the synchronism velocity may also be defined (given by Eq 2.25 and

2.36 in Technical Report No. 12). It is shown that, if a large-signal r-f



potential is present, the electron tends to remain in synchronism after it

has reached the synchronism velocity. In this case

By making use of this condition and assuming that the r-f field has negli-
gible effect on the subsynchronous electron it is possible to derive the
threshold Hartree potential equation. This potential defines the energy
which the electron must receive from the electric field to reach the anode.

It is given by

ﬁé =22 1 (10)
(o ¢
g = lny 2 for the planar magnetron (11)
° 2e B
. lm 2 2 indrd
¢0 = 539 T, for the cylindrical magnetron (12)
v
B, = g B for the planar magnetron (13)
g,
B, = ~qe~;.§ for the cylindrical magnetron (14)
1. e
r”
Y, = cathode-anode distance
rc/ra = ratio of cathode radiuve to anode radius

The region of the interaction space which is accessible to the
electrons is determined by an approximate method. This method makes use of
the threshold potential condition and of the fact that electrons may have a

component of drift velocity toward the ancde when there is an appreciable



component of electric field parallel to the cathode surface. This is the case
when there is an r-f potential difference between the anode segments. Elec-
trons are found to drift toward the anode in the region where the r-f elec-
tric field is opposing the drift motion parallel to the cathode surface.
In the rest of the interaction region, where the r-f electric field is aid-
ing the tangential drift, electrons drift away from the anode. Since all
electrons are presumed to originate from the cathode it is assumed that
electrons will not exist in the immediate vicinity of the anode in the
region where drift motion is away from the anode. Thus two conditions
determining the approximate locatior of the spokes of electrons are estab-
lished; a certain threshold potential must be exceeded at the anode, and a
drift velocity toward the anoae must exist at the anode. Application of
these principles in a useful graphical construction is illustrated by Fig. 2.
The threshold energy level is represented by the line labeled
@at, the actual anode voltage by the line @,- An r-f potential is re-
presented with peak amplitude ¢f. This is the peak value of the fundamental
travelling-wave component whith appears stationaryin the moving reference
freme. Fig. 2a illustrates the possibility that, even though the thres-
hold potential is not exceeded by ¢a’ if an r-f potential exists, the
threshold may be exceeded during part of the cycle designated by the in-
terval A-B. 1In Fig. 2b the effect of the drift velocity condition is
illustrated. The diift motion of the electrons is toward the anode in the
region C-E and away from the anode in the region D-C. Therefore, although
the threshold energy is exceeded in the entire region A-B, electrons can
only drift toward the anode in half of this region bounded by C-B. In the

region A-C electrons can qnly exist if they come from the anode, and the
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assumption is that all electrons are emitted from the cathode. The final
picture to be derived from this line of argument is shown in Fig. 2c. Here
the pbtential distribution is plotted over a diagram of the interaction region.
The width of the spoke and its phase angle relative to the r-f potential

are approximately determined. These quantities are defined by the follow-

ing symbols which are used when the current induced into the circuit is to

be calculated.

6 = phase angle between center of spoke and zero of r-f
potential in electrical degrees, negative as shown.

]

BN width of spoke in electrical degrees.
B = half the actual space angle width of the spoke.

N = number of anodes.

There are N/2 full wavelengths (each 360 electrical degrees) around the
cylindrical magnetron structure. The width of a spoke in electrical de-

grees, therefore is

N =
5B BN

The real value in this diagram is in its determination of the
angle ©. © can be shown to be equal to the phase angle between the current
induced in the circuit by the motion of the spoke parallel to the anode
surfacerand the r-f potential which is developed between anode sets. 1In
other words, for a particular set of éonditions in the "phase focussing"
diagram, there is a particular circuit which can produce these conditions
since the phase angle and magnitude of the current induced by the spoke
will be determined once the anode potential, r-f potential, magnetic field

and frequency are determined.
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. The use of the phase-focussing diagram is illustrated by Figs.
3, 4, 5, and 6. The phase-focussing diagram is in the moving reference
frame so that the anode structure which is at rest in the stationary sys-
tem may be thought of as moving to the left in Fig. 3. The resulting
current is shown in Fig. 4. In Fig. 5, the phase-focussing diagrams for
a typical volt-ampere characteristic given in 6 are shown. This illus-
trates space-charge behavior over a typical frequency-pushing characteris-
tie. The significaht properties are the large change in frequency and
a relatively large change in anode potential. This is exactly the behavior
to be expected from operation with a high Q resonant system.

The quantities defined in Fig. 2 may be expressed analytically.

Using Fig. 2c we see that

¢a - ¢at

-cos BN = cos 20 = ——= (15)

z:

¢f, the peak value of the fundamentasl travelling-wave, i1s related to the
actual peak r-f potential between anode segments by a constant which de-

pends only on electrode geometry
¢f = K ¢rf max (16)

A condition of particular interest arises when € = 0, i.e., when

resonance is reached. In this case
¢a'¢at=¢f ’

and the spoke appears as in Fig. 3d or Fig. 5d. For higher d-c potential
the potential in the moving reference frame is greater than the threshold

value everywhere in the interaction region. It is no longer possible to
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have good phase focussing, and debunching will be expected as illustrated
in Fig. 3e. The magnetron will not be expected to oscillate, therefore,
when ¢a - Por> ¢f.

Voltage-tuning characteristics correspond to circuits for which
the phase angle does not vary rapidly with frequency and to magnetrons
with limited d-c current. These conditions have been analyzed and it is
found that, as the anode potential is raised, (@, - ¢at) remains substantially
constant so that the frequency of oscillation is almost directly proportional
to the anode potential (thrbugh the threshold equation 10). If %77 1
this proportionality is very near exact.

In order to calculate this current induced in the anode segments
it is necessary to estimate the space-charge density in the spokes, Two
assumptions are made: +the spoke density is assumed to be the average den-
sity modified by the ratio of the total volume in the interaction space to
the volume occupied by the spokes; the potential distribution determining

the average density is assumed to be square-law (this gives a constant charge

density). With these assumptions

BN b e o(fa - Bat)
5 Py = p, L+ (17)
2n 'S o 2 (R 2 2)
pO c a Rn
ps = space-charge density in spokes (coulombs/m3).
= m Be _
R, = rg/r,
Rn = rn/rc, r = radius where electrons reach synchronism

angular velocity (wn).

n Al Be/om
Te Be _
sm - %o
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Application of the theory of induced currents to the magnetron
geometry, using the picture just described, yields finally for magnitude

of the current in the external circuit

K
T+o
2 . El cos26
cose K2 /YT[

8 2
Kl = 5snlr, f o F (@,N,R ,R,) emperes
2 2
= Po Te (Ra - Rn ) volts
X2 L K¢

N N N N
245 2-5 245 2-3
sin g 1 By, 2 - Ry 2 SRyt Ry i
F(a,N,R_ ,R.) = — — : 2>
e Na V.o I 2,8 o 0 5,0 5 X
2 R2 g2 2 2
a a

e = angular width of gap between anode segments.
L = length of magnetron cathode.
The potentials have been eliminated from this expression by

making use of (15), (16), and

I
b o = 152 (19)
r-f 'YT’
’YT, = absolute value of circuit admittance as seen between

alternate anode sets connected in parallel.

The power in the load is given by

L
Gy, Ky
P = , (20)
L 1ié'd R K :
2 _ _l co0s20
cos © Ko |YT|
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The d-c anode potential is given by

4 K
8, - ¢at = ?;[%Tu 1 cos 20 . (21)
T3+8 K cos 20

These equations have been applied to the particular case of the
simple resonant circuit and a non-resonant circuit to calculate frequency-
pushing characteristics and voltage-tuning characteristics. A typical set
of frequency-pushing characteristics is shown in Figures 7 and 8. The

constant A which is referred to is given by

Ky @
A = ...:_L.__L.. (22)
Ké Yoe ‘

Y = characteristic admittance of
oc . .
a parallel resonant circuit.
A simple parsllel resonant circuit is assumed. Figure 7 illus-
trates the effect of changing QL at constant GL‘ Figure 8 shows the ef-
fect of changing G;. It is assumed that

T,

The results agree well with experiment. A number of sets of ex-
perimental data have been analyzed and compared with the theory. The ef-
fect of cathode temperature on the magnetron béhavior has been studied ex-
perimentally but very little theoretical explanation is offered.

A general conclusion, resulting from the study, which is a use-
ful rule of thumb in predicting frequency-pushing behavior is the following.

The magnetron operating with a high Q resonant system (10 or greater) and

under space-charge-limited conditions may be expected to begin apprecisble
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power generation at approximately 1/10 maximum power at fo x 2 megacycles

T
below resonance. fo is the resonance frequency in megacycles. The range

' f
of operation is from this point to between 5%_ megacycles below resonance

L
and f .
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