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HANDEL CIRCLE EVENT(𝛾) 

1. Delete the leaf 𝛾 that represent the disappearing arc 𝛼 from 
𝑇. Update the tuple representing the breakpoints at the 
internal nodes.perform rebalancing operations on T if 
necessary. Delete all circle events involving  𝛼 from 𝑄; these 
can be found using  the pointers from the predecessor and the 
successor of 𝛾 in T. (The circle event where 𝛼 is the middle are 
is currently being handled, and has been deleted from Q. ) 

 

2. Add the center of the circle causing the event as a vertex 
record to the doubly-connected edge list D storing the Voronoi 
diagram  under  construction. Create  two half-edge records 
corresponding to the new breakpoint of the beach line. Set 
the pointer between them appropriately. Attach the three 
new records to the half-edge records that end at the vertex. 

 



3. Check the new triple of consecutive arcs that         has the 
former left neighbor of 𝛼 as its middle arc to see if the two 
breackpoints of the triple converage. If so, insert the 
corresponding circle event into Q. and set pointers between 
the new circle event  in Q and the corresponding leaf of T. Do 
the same for the triple where the former right neighbor is the 
middle arc. 



Lemma 7.9  

The algorithm runs in O(nlogn) time and it uses O(n)storage. 

proof. 

 The primitive operatians  on the tree T and event queue Q, such that 
as inserting or deleting an element, take  

O(logn) time each. The primitive operation on the doubly-connected 
adge list take constant time. To handle an event  

We do a constant number of such primitive operation, so we spend  
O(logn) time to prcess  an event. Obviously, there are n site events.Az 
for the number of circle event , we obseve that  in o(n). 



Degenerate Cases. 
1.When two or more events lie on a common horizontal line. 
These event can be handled  

In any order when their x-coordinate are distinct.if this happen s 
right at the start of the  

Algorithm then special code is needed. 

 

2.there are event points that coincide.circle event envolving 
more than 3 site 



Instead of producing a vertex  whit degree four, it will just produce 
two vertices whit degree three 

Whit a zero length adge between them.  

   



3.When a site 𝑝𝑖that we process happens to be located exactly 
below the breakpoints between 

Two arcs on the beach line, 

Algorithm split either of these two arcs and inserts the arc for 𝑝𝑖in 
the between the two pieces, one of which has zero length. 



4.Another degeneracy occurs when three consecutive arcs on the 
beach line are defined by  

Three collinear sites. Then these sites don’t define 

A circle, nor a circle event. 



    7.3 voronoi diagrams of line segment 













































Finding  the  smallest-width annulus is equivalent  

 to finding its center point.  

 

On the center point –let’s call it q –is fixed. 

The annulus  is determined by the point of p that  

Are closest to and farthest from q. 

   

If we have the voronoi diagram of p, then the closest 

Point is the one in whose cell q lies.  



It turns out that a similar structure exists  

For the farthest point, namely the farthest- 

Point diagram. 

 

The farthest –point voronoi cell of a point  

𝑝𝑖 is the intersection of n-1 half-planes 

Just as for a  standard voronoi cell, but 

We take the “other sides” of bisectors 



Observation 7.13 

Given a set  P of points in the plane, a point of P has a cell 

In the farthest-point voronoi diagram if and only if it is a 

Vertex of the convex hull of P. 



More properties of the farthest-point voronoi diagram 

Suppose that a point 𝑝𝑖 ∈ 𝑃 lies on the convex hull 

And q be some point in the plane  for which 𝑝𝑖 is the  

Farthest point . 

 



Let 𝑙 𝑝𝑖 , 𝑞 ,  be the line through  𝑝𝑖 and q. then all  

Points on the half-line starting at q,  contained in 

𝑙 𝑝𝑖 , 𝑞 , and not containing  𝑝𝑖 , must also be in the  

Farthest-point voronoi cell of 𝑝𝑖. 

This implies that all cells are unbounded. 

 

 











































Theorem 7.14 

Given a set of  n point in the plane,  its farthest-point 
voronoi diagram can be computed in O(n logn) 
expected time using O(n) storage. 

 

Proof.   

it take O(n log n) time  to compute the h points  

On the convex  hull.  the farthest-point voroni diagram  

Takes only O(h) expected time to construct after we 

Have the point  on the convex hull. 

  



We applay backward analysis 

We observe that if the cell 𝑝𝑖 has k edges on its boundary 

 then the traversal performed  to trace this cell visited k cells  

In the farthest-point voronoi diagram of { 𝑝1,… . , 𝑝𝑖−1}, and 

Visited at most 4k-6 boundary edges of these cells in total. 

 

The expected size for cell 𝑝𝑖 is less than four, hence, the 
expected time needed for each insert is O(1), and  the 
algorithm runs in O(h) expected time. 







 

 

 

 

 
the center of circle must lie on an edge  

Of the voronoi diagram and farthest 

Point voroni daigram. 



 

 

1.The vertices of overlay  

Are exactly the candidate 

Centers of the smallest 

Width annulus 



2.For every  pair of edege, one from  

Each of the diagram , test if intersect. 

Then candidate for 3 case. 

And can be determinate in 

𝑂(𝑛2)time. 



In case 1 and 2 

 

1.Compute voronoi diagram  and  

farthest-point Voronoi diagram. 

 

2.For each vertex of the FV(p), determine  

The point of p that is closest 

. 

3.For each vertex in VP(P), determine  

the point of p that is farthest. 

This give us O(n) sets of four  

Points that define the candidate 

Annulus for case 1 and 2. 





END 


