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Steady Heat Conduction
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Rate of Rate of Rate of change
heat transfer | —| heat transfer | = of the energy
) into the wall out of the wall of the wall
3°C : : dE‘ﬂ-—'Ell]
. Qin B Quut = dt
e we |vc dE,.,/dt = 0  forsteady operation
—— ( _
o |¥e | Sl @yl JWSl &5 LG wsul 8 50 *
3°C - 3 AT ?
and, wall —KkA E (W)
Fourier’s law of heat conduction
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: dT
annd, wall —kA E

L . T
cond, wall dx = — kKA dT |

T= TJ

Qcond * T | - T-’J

— and.wull = kA I - (W) |

oyl920 30 Lo 2395 LG Wl 0 *

dT/dx = const.
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lam - (i) 1o Croglio ,ng.q,.t'w

.)L&ﬁ| Ja.u.:m ‘53')|).‘> s_al...»aya: 9 °)|9?.‘> dow oD é.gl.}' 4

R Qm‘md. wall kA 13
Le—— AN\NNVNVN—T
K : I — 1 N7
(a) Heat flow Qm.‘lml. wall — R—“ {\f’\ )
Wil
V-V
I=—p— L
¢ 3 _ & FO 7
v],—/\/\/\/w\/\i.“ ‘Rwu]l kA (CC/W)
R(?
(b) Electric current flow RF — Uﬂ-ﬁ A Eelectrical resistance
rate of heat transfer — electric current V., -V
thermal resistance — electrical resistance I = l 2
temperature difference — voltage difference R,
WWW.AEGHBALI.BLOG.IR : - T
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Newton’s law of cooling "L
. I3
QC‘DH’V — ‘IIAS (TS o T’—_ﬂ') T
Solid [/ -
O, =21 (W)
COnY R{:mﬂ\;
] 2,
= "C/W T, e— ANNN— T
RCU‘]]V ;?14'& ( (‘ ﬂ } : d |
conv h—A

Convection resistance of the surface
Thermal resistance of the surface against heat convection.
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b ~ |0y )2 o9 lin D400

- 4 4 Iy — Toy
Ql'ilLl — &0 AS(T€ o T\'lll'l') - hl';l{_l AS(TS o T\'urr) - R. |
I
R. .= K/W
rad hl'utl A,E‘ ( )
: - Qrad . 2 2 _ _ )
Neg = AT, —To) eo(Ty + T )T, +T,.) (W/m- - K)
Rradiation heat transfer coefficient
A Qcmw
L on
~ —\NVNVVA—e T
When 7, = T, \
Q conv
ha:mnhincd o hcmw + hl‘ﬂd T ‘
Solid Q_'..
Ccombined heat transfer coefficient L AAA—e T,
rad

Q = Qcmw + Qrad
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Rate of Rate of Rate of
heat convection | = | heat conduction | = | heat convection
into the wall through the wall from the wall

I,
! N Wall

Tcol _ ng Q Rcom’, 1 1 wall 2 Rcom-', 2

. — Thermal
Q ) Rconv, 1 + Rwa]] + Rconv, 2 Tml 2 network
V. -V, T, Rer R Res . Electrical
= Re, 1 + ‘lRe, 2 ;Re, 3 VI f almllng)"
Rt = Reog 1 + Rt + Regy » = 7 + 24 1 “C/W
total —  ‘tconv, 1 wall conv,2 h] A kA .-J?.j A (C )

WWW.AEGHBALI.BLOG.IR ” - -
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Ttemperature drop

AT = OR (°C) )
O = UA AT (W)
I
sz' — (0(1/[()
Rlnl;ll 009
U ooverall HT coefficient
Rconv,] T Rwal] T Rcom-‘,z
T, A Anp A ] AR 2 h AN AR T,
2°C/W 15°C/W 3°C/W
'_TDD]_T]_TDQ]_'T] .
Q a Rmm-‘. 1 B l/'L-'I] A A

o] ‘5':')|).'> wgln.obwl.u.o c\.g}’ c.ia P rs 9O Lo cdl +

WWW.AEGHBALLBLOG.IR - —
7 EGHBALLD@GMAIL.COM oow Jusd - O)la J@asl



Y 209 a)lge3 |53) )0 Cioglio

1z
Aﬂ_ﬁ\ T h, Q _ T-:m| - ij

2
Rlnlul
h]
kl k2 T2
LT“}O’)
L, L, . -
T AN A At A T,
L L
Rconv, 1 =?11K Rwall, 1 ="l\']—11’l Rwa]], 2 =?:jl_ Rconv, 2= ﬁ
Rlulnl - Rmm-;l T RquLI T anll. 2 T Rcum-'.ll
1 n L, n L, n I
A kKA kA hA
WWW.AEGHBALI.BLOG.IR " - -
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. T, -T
Tofind 72 Q= il B
Rcmw,]
: T.,—-T
Tofind Ty: Q= 5 1 R?
conv, | + wall, 1
. T.-T,,
Tofind T,;: 0=——"2
) conv,2
T
Reonv, Rwal],l Ry 2 Rionv,2 Q T R
A —e— AN —e— AN —e— A —e total, i —j
Tm] T'WE
Q- 'Tm| - 'Tz T.x,| — Tg
Rr:nm-', I + Rwall. 1 I + JL’]
A kA
WWW.AEGHBALI.BLOG.IR 2 o -
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A —
[T
\ 1 f
S - 7
\\\ — /.
|
Layer 1 C) Layer 2 Layer 1 Layer 2
Temperature
Interface ~
No
temperature
drop
Temperature
distribution
=1,
(a) Ideal (perfect) thermal contact (b) Actual (imperfect) thermal contact
10 WWW.AEGHBALI.BLOG.IR OO d-\ﬂ-'9 _ C))\)A dl-ﬂ ey |
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Q — annlﬂcl + Qgﬂp

Q = h. A AT} erace h, thermal contact conductance

h. = 0/A W/m? - °C
IC a ﬁTinlurl'ucc ( h )
o | o 'ﬁTinlcrl‘ucc Y O
R =—=—: (m? - °C/W)
- he Q/A
L 00lm -
Rc.insulalinn T k _ 004 W/m . DC - 025 m C/rw
R _L 00Im __ _ ) 500026 m2 - °C/W

c, copper k = 386 W/m - °C
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0=0,+0,=1 L By ]
A T | 2 Rl RE - 1 2) R] RE
Insulation
/
A — @ k
7,2 T,
A~ O & Q I — T,
Rlulnl
L
Ql—.'
1 Qg—- 2
e AAAAANN————
R, L _ 1] L _ RiR;
0=0+0, Roa Ry R, al R, + R,
12 WWW.AEGHBALI.BLOG.IR P ] - C))\)A d@\
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R =R, +R +R =1 p g
total ~— %12 3 conv. Rl + RE 3 COny
Insulation
{/
Al—f" TI o Tm
4O A 5 Q=
I 3) A Rmml
~. @ kz
Az — kg h, Tw
R. = Ly R. = L
Lk A, 2 kA,
L =1L, <Ly
0,__,
: . K, —ﬂ»m-vQ—*-M-mw—- RS — - lew — L
3 conv
 AAMAAN————
R,
WWW.AEGHBALI.BLOG.IR o0 ) S — C))\)A d@\
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: dT
Qccrm:l, eyl — —kA E (W)

r Qcon C T,
J d’”dr—J kdT

=r A T= Tl

A = 2mrl

Qcond. eyl 2Lk lﬂ(!‘zl'f‘])

: =1 ,
chml. cyl — R. 1 (W )

_In(ry/ry) In(Outer radius/Inner radius)
ol 2Lk 27w X Length X Thermal conductivity
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- Tj
- T,—T,
anml. sph
R.ﬂph
Iy — Ty Outer radius — Inner radius

R, =— = . : —
h - darrirk 4ar(Outer radius)(Inner radius)(Thermal conductivity)
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) = o
L Rmml

Rtolal = Reonv. 1 + Rcyl + Rconv 2
Rmtnl - Rccrm-;] + RC}-‘| + Rcom-:ﬁ
Cylindrical layer B [ N In(r,/ry) N [
-~ (2@, Lh, 2wlLk  (2mr,L)h,
lenl - Rccrn‘-.-‘,] + Rr«'ph + Rccrn'-.-; 2
Spherical layer B 1 N ry — T, N
Amri)h,  4mrink  (dardh,

16 WWW.AEGHBALI.BLOG.IR
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R = Reom.1 + Ryt + Ryis + Ry s + R,

total conv, | conv, 2
1 In(ry/rry)  In(ry/ry) ln(uhw) l
_mA]+ 2Lk, * 27 Lk, * 27 Lks +h3:44

. .T-x]_ij

Q:

total

R R

cyl, 1

WWW.AEGHBALLBLOG.IR - —
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T’JD] - T-:r

_T,-T.,
"R, +R

conv,2

=

TE o Tmz

cyl 1 1 ln(rz/ﬁ)

nQnrL) T 27Lk,

T’? - ij

CTR AR+ Ras (/1) | InGra/ry) |

2Lk,

dwlk, | h(2mrL)

18 WWW.AEGHBALI.BLOG.IR
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Floe ()l Cwglio Bile culisd Gl b il Gl o938
3l aalgs Ghals o JUH ol e g 438l !5

Sl (Filye caglio oled ghaw Gl b ln Gale (0938 +
il algs Aal33l &l JUS ol 5 axdly ials
b Gl T30 wilgs oo dlgd S 31wy JUasl +

Insulation

o T] — Tr:o - Tl _ Tm
Q B Rins + Rconv a ln(r:h‘]) + !
YLk h(2mr,L)
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Cylindrical body
. - k O
Fer, cvlinder ~ E (m)

° Qll]ﬂx
Spherical shell
21& Qbare
Fer, sphere — h
0
WWW.AEGHBALI.BLOG.IR
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Q'conv - hAs (Ts o Too)

Qcond,x = Qcond, x + Ax + Qconv
Qcon\r = h(p AX)(T - Tm)

Qcond, x4+ Axr Q cond, x
Ax

Ax — 0
Qcond

+hp(T—T,)=0

+hp(T—-T,) =0

Volume
element

dT
Qcond kAc a

d(k C?)—!EP(T—TW)=U {

d*0 S, B B g
s—mH=0| 686 =T T, m A

The general solution 6(x) = C,e™ + Cye™™

WWW.AEGHBALLBLOG.IR - —
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T, Te

\. L,

0 \ X
- Specified

temperature /

(a) Specified temperature
(b) Negligible heat loss

(c) Convection

(d) Convection and radiation

Boundary condition at fin base 00)=6,=T,—T.,
Boundary condition at fintip L — o 6L)=T(L)—-T,=0
The variation of temperature along the fin
) — | 0=T-—T,
T(l) TDC’ — oMY = rjr’_ff\-":ﬁ':;:r;’kﬂf -
I, —T. m = \/hplkA,

The steady rate of heat transfer from the entire fin

anng fin — —kA g =\ hpkAc (Tb o TI)

“dx r=0

WWW.AEGHBALLBLOG.IR - —
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& (6999 C’)‘)" ‘L’L’ 'L""J'“’ J° +
ol hp )' @L?Ul’ U)‘)’ l_? oy ‘S‘M'

—~T(x) = T, + (T, - T)e V¥

] g0 9 Ol
0 Syl JES #F 5 awlxoe Iy +
> S Oyl JWSE Glg o

A - 3
Gl ol g 0908 dwlxe 1y oS
| pe — S s
0 L,
| I
: :
i i Opn = L hT(x) — T.] dAg, = L ho(x) dAg,
| | fin fin
T, | hT, | ‘ fin
N ; |
[S— | 4 4 4 4
) o
i ~A,=A, | ‘ ‘ \. \, \.
(p=nD, A = xD?/4 for a cylindrical fin) Qbase = Qﬂn
WWW.AEGHBALI.BLOG.IR o0 )I! 8 — C))\)A d@\
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Tb Tm & . woo'f &
! L AT all ol judil o Jeb ST %
0° X .
N Specified \ ‘SLQ° L? f‘)’ U‘ ‘SLQ&‘ ‘Sua
temperature / )' @)')’ JLQ.H‘ cas.w M
(a) Specified temperature . R "
(b) Negligible heat loss I* 9 O‘é ""bbm C) O)J ‘SLM'
(c) Convection . & . . 1
(;1) Convection and radiation °w“> "\'b'ﬁ"’ d“""‘fb‘”
Boundary condition at fin base 600)=6,=T,—T,
.. . db
Boundary condition at fin tip — =0
d.:c X = L
The variation of T. along the fin Ix) = 1 - cosh m(L = x)
1, — T, cosh mL
: . dT
Q{ldi{lh{lli{: lip — _!\A(' I =0

HT from the entire fin f
= VhpkA. (T, — T, tanh mL

WWW.AEGHBALLBLOG.IR - —
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Boundary condition at fin base
00)=6,=T,—T,

Boundary condition at fin tip

L) =6,=T, —T.

Specified fin tip temperature:
T(x) — T,

T,

\

0° +~\—E

- Specified
temperature

(a) Specified temperature
(b) Negligible heat loss

(c) Convection

(d) Convection and radiation

(T, — T)/NT, — T_)]sinh mx + sinh m(L—x)

Tf} - Tx-

Specified fin tip temperature:

, . dT
Qspecifiecl emp. _‘{”A{‘—_

= VhpkA(T, — T.)

sinh mL

coshmlL — [(T, — T)NT, — T.)]

sinh mL

5« WWWAEGHBALLBLOG.IR
>  EGHBALL.D@GMAIL.COM
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Boundary condition at fin base T, T.

00)=06,=T,— T, \0\ +§_,

- Specified
temperature

Boundary condition at fin tip

JT (a) Specified temperature
B (b) Negligible heat loss
cd_ = hA |T(L) — T.] (¢) Convection
X x=L

(d) Convection and radiation

— kA

(Qmud = anv)

‘ . . T(x)—T, coshm(L — x) + (h/mk)sinh m(L — x)
Convection from fin tip: = :
I, — T, cosh mL + (h/mk) sinh mL

Convection from fin tip:

. dT
Q convection _kAL"__
dx x=0
NI RAT. - T sinhmL + (h/mk) coshmL
= VAPRAM W)cmh mL + (h/mk) sinh mL
26 WWW.AEGHBALI.BLOG.IR T dm _ C))\)A dljj_)\
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&‘93 P Oy jw Ja ‘Sb.g +*

O aslal L 1, oy skl coluw
\ t 9098 iRl e Jeb S
‘onvection T .. -
L bld ol g9y 2 1) @ule by
; X S,
) | i A,
(a) Actual fin with : L(. =L + Z
convection at the tip |
. | A t
i : p Lc'. rectangular fin =L+ E
|
| |
‘ Insulated D
| — =
| - Lc'. cylindrical fin — L+ 4
|
-t L L .
¢ t the thickness of the rectangular fins
(b) Equivalent fin with insulated tip D the diameter of the cylindrical fins
WWW.AEGHBALI.BLOG.IR o0 Jiod — C))\)A J(E33)
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QI'HL max hAI‘m (Tb o Tm)

j/

Abzth

(@) Surface without fins

80

80

80
/ _ 80°C
/W ‘ (a) Ideal
Af’»‘ /'Jl____% %
,a"", == Ag,
<L —>
(b) Surface with a fin ‘
Afmzzxwx[,+wxr 56°C
=2xwxL (b) Actual o
>8 WWW.AEGHBALI.BLOG.IR OO dm _ C))\)A d@\
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Zero thermal resistance or infinite thermal conductivity (Tg, = T},)

QI'HL max hAI‘m (Tb —T1.)
~ Onn Actual heat transfer rate from the fin
T Qi max [deal heat transfer rate from the fin

if the entire fin were at base temperature
Ql“m — Tfin QI'HL max — fin hAIin (Tb B Tw)

Oin  VhpkA (T, —T.) 1 kA, |

nlﬂllg in = Q [in, max hAI‘in (Tb o TDC) B Z \Illl h/) N E
B Q in VIPKA (I, — 1) tanh al tanh mL
Tadiabatic ip Qﬁn . o hAl‘in (Tb _ TD:) B ml.
WWW.AEGHBALI.BLOG.IR OOW dm - C))\)A d@\
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Efficiency of straight fins: rectangular, triangular, parabolic

1 .
‘ L =L
0o < A,=L13 y=(t2) (1-x/L>
0.8 N
s
z L =L+l \
5 0.6 ——A, =Lt ~
E 05 |- _ T
0.4 |— %
L{/__ W
L |
03— L7
o I
0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3
‘f. — LCB’Q( mp)]&
WWW.AEGHBALI.BLOG.IR 2 - = ms
oow Jusd — Oyl J@ii)
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y. nfin

efficienc

31

Efficiency of annular fins of constant thickness t

oM 15205

\\N )N
():ﬁ ‘\\‘\\x
0.5 \&‘\\\\ N
04 — . \§:\ 2\1..___“‘
o QT NS
0.2 — ”1_!L — A; =Ly \ib‘*::"‘:h: s
0, (I) I | ‘ . 1
2 04 06 O . N ﬂ(wp) ” .
WWW.AEGHBALI.BLOG.IR o0 d-\ﬂ-'Q _ C))\)A d@\

EGHBALI.D@GMAIL.COM




oM 15205

Efficiency and surface area of common fin configurations

Straight rectangular fins

_ tanhmL,
m =\ 2h/kt Mfin = TLC
L.=L+1/2
Afil’l = 2WLC
Straight triangular fins
1 hiZ2mL)

m = \/2hikt Tfin =

- mL I,(2mL)
Ag, = 2w\ L2 1 (1/12)2

Straight parabolic fins

m = \/2hikt o = 2
n Py e-———
Asn = WL[Cy + (L/D)In(t/L + Cy)] 1+ VE2mLE+1
C,=V1+I(tL)?
Circular fins of rectangular profile
_ & P L Kme)(me) = 1 (mr)K (mr,)
m = \/2hkt i = 2 (mr)Ky(miag) + Komry)h(mr)
Agy = 27(rs — 1f) _ 2n/m ]
2= 2 _ 2 ]
e — I
Pin fins of rectangular profile
an - Ejhf)k,rf tanhmL,
c = Mfin =
Ago = DL, mte (_OP
=
WWW.AEGHBALI.BLOG.IR dm - d ==
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2 LiZ2mlL)
mL l{2mL)

Pin fins of triangular profile

m = \/4hikD Tin =

a4 D !
%\:"LQ + (D/2)*

v=(D/2){1—x/L)

Agp =

Pin fins of parabolic profile

m = \/4hlkD

P

Tl L Tin = -_—-
Afin = E[CSCAL - EMQDC‘V’L + CSJ] 1+ v (2],],],!_;3:]2 +1
C=14+ 2(DA)?
Ca= 1+ (DL
Pin fins of parabolic profile
(blunt tip)
m = 4h/kD e = 3 L(4mL/3)

2mL l(4mL/{3)

7D

Afin = —=4116 UDE-i-l?‘fz—l}
fin QELZ{[ ( :' ]

(JS (dnionns 2l &y Cond SIS (oot 3 (o pblio Loy
25,10 (6 b (2515 9 e Olge

ely |0 31 il 4y 58« asiin jlade 31 i 0 Job s l38l 5o

s (OLaiBl il w0y o i Al o) a5 Gloy Job *

! M)Oi’ }‘ﬁYl-!Jﬂ-‘;)é 4\.25))&.3 LSLQ O)JM‘S")‘S 4
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LY Is20) 85
_ _ Heat transfer rate from
Qfin Qi _ the fin of base area A,
Q.m fin ~ hA, (T, —T.) Heat transfer rate from
the surface of area A,

Efin —

o Qﬁn _ inn _ 7 fin hAﬁn{Th o TOC-.] _ Id“fin
YT hA,(T,—T.  hA(T,—T. A, ™
Qno fin Qﬁl] .\(f hf'.)k‘q C {Tf? o Tﬁf-' } .'IIII k)”
T, g o = — = . = 4/
one Q no fin hAh {Th o Tm} \’ hAt‘
Ap

| 3 Y Wb pRae o Gk ys &
Crin chio abw coluw 4 oo o +*

bl b by *

Qll]
S Qnifin
WWW.AEGHBALI.BLOG.IR . o
oow Jusd — Oyl J@ii)
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The total rate of heat transfer from a finned surface

Qlﬂlﬂ], fin = Qunﬁn + inn
= Ih"‘q‘unﬁn (Tb - Toc-) + Tfin I"?Aﬁn (Tf:r o Tcﬂ-)

- I?(A'll]'lﬁﬂ + nﬁnAﬁn)(Tb B Tﬂﬂ-)
/ 7 Overall effectiveness for a finned surface
& '

QWWL fin h(A unfin + Tfin A fin ) T."J o Tx )
; Sfin, overall — - - ; ' —
/ . overall Qmm]. no fin hA no fin | T"rj Tx}
-2 N
f
H Aunflﬂ Aﬁn _T_ »‘ O u a‘M‘ “ ‘ U *
w/ Job 9 A s S <2l

‘_LJ/ RUIIW] [V SV S pio s oy ‘5.3.|)|5 9
- P S Gl o axiio SO o Slos gl *
A g =WXH oy @‘)ls 4 w S e )Lﬁ.&o JS
Aypiin =W X H =3 X (£ X W) ’ .

Ap = 2XLXW+IXW ] S gRus le.b

= 2 X L X w (one fin)

WWW.AEGHBALLBLOG.IR - ——
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233 S5 it 01 Ll (90 w0 Job po Lo s Jds 4 %

Syle &yl LSl
! N hpkA (T, — anh mL
‘Qh" : V hy '{_4‘ (T, — T.) tanh mL _ canh L.
Qlﬂng fin .\/"F .-'T?PR'A[. {Th — Tx}
The variation of heat transfer from
a fin relative to that from an
infinitely long fin
7 | .
| i mL Qaﬁ = tanh mL
| | long fin
| : - 0.1 0.100
| | | 0.2 0.197
Co 05 0462
High | Low | No | : 1.0 0.762
heat I heat I heat I 1.5 0.905
transfer | transfer | transfer |
| | | 2.0 0.964
T, f f ' j ' | 2.5 0.987
) 3.0 0.995
‘ ; ‘ 4.0 0.999
h T 5.0 1.000
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Q = Sk, — 15)

S: conduction shape factor
k: the thermal conductivity of the medium between the surfaces

S = 1/kR
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(1) Isothermal cylinder of length L
buried in a semi-infinite medium
(L==Dand z=1.5I0

'/-'Tq

—_ 2xlL
In (4z/ %)

(3) Two parallel isothermal cyvlinders
placed in an infinite medium
(L>=D, [, z)

(2) Vertical isothermal cylinder of length L
buried in a semi-infinite medium
(L==D)

2rL ] b

T In(4L/D)

(4) A row of equally spaced parallel isothermal
cylinders buried in a semi-infinite medium
(L==>D z, andw = |.500)

S=_2:TL

ln[.% sinh ET?T;}

iper cylinder)

i 5) Circular isothermal cylinder of length L
in the midplane of an infinite wall

JON—

T,

(z =050
.- . - T- '- k -. -
oL Ol RO
~ Tn(s/mD) )

(6) Circular isothermal cylinder of length L
at the center of a square solid bar of the
same length

__ 2axlL
In { 108w/
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{7} Eccentric circular isothermal cylinder
of length L in a cylinder of the same
length (L =D,

(8) Large plane wall

I~ =T
- Inl g=A
B L
D?+D§ —4z-
coshy l( ZDJD,, ) /
(91 A long cylindrical layer (10} A square flow passage
(a) For afb = 1.4,
___2nL
In (D,/D)) 5= L
0.93 In (0.948a/b)
(by For alb < 1.41,
5= 2rL
0785 In (afb)
(11} A spherical layer (12) Disk buried parallel to
the surface in a semi-infinite
medium (z == D)
§= 2Dy
‘DQ_‘DJ
0 e
'0‘ (§=2D whenz=10)
TE
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i 13) The edge of two adjoining
walls of equal thickness

-
-
-
-
ra
>
T: f,”’ -
S=054w L L
-~ ’,-"'
..--"H -
| -
L -
(l # T,

e s

(14) Corner of three walls
of equal thickness —

S=0.15L

i 15) Isothermal sphere buried in a
semi-infinite medium

__ 2nDh
1 = 0,250z

(16) Isothermal sphere buried
in a semi-infinite medium at T,

whose surface is insulated Insulated

T (medium) -

—_ 2D
1 +0.25D/z
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