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Preface

Fuailure time regression (FTR) data are obtained by observing failure times
of units functioning under various values of explanatory variables (called also
regressors, stresses, covariables) such as temperature, voltage, load, pressure,
humidity, design, manufacture, etc. The purpose of the FTR data analysis is
to estimate reliability under specified values of interest of these variables. In
the particular case of accelerated life testing (ALT) data are collected from
experiments under higher than usual stress conditions and reliability under
usual (design) stress is estimated.

Models relating reliability characteristics to explanatory variables are called
failure time regression models. In ALT such models are called accelerated life
models.

Degradation data with explanatory variables are obtained when failure times
and quantities characterizing degradation of units under explanatory variables
are measured. Models relating degradation to explanatory variables and mod-
els relating intensity of failures to degradation and to these variables are used
for analysis of such data.

This book gives models and methods of statistical analysis for FTR (ALT)
and degradation data with explanatory variables.

Some chapters of books such as Statistical Reliability Theory (1989) by
L. Gertsbakh, Statistical Methods for Reliability Data (1998) by W. Meeker
and L. Escobar, Statistical Analysis of Reliability Data (2000) by M. Crowder,
A. Kimber, R. Smith and T. Sweeting, are also focused on these topics.

The books Statistical Methods in Accelerated Life Testing (1988) by R. Viertl
and Accelerated Testing: Statistical Models, Test Plans, and Data Analysis
(1990) by W. Nelson are entirely consecrated to models and statistical anal-
ysis of ALT data.

FTR models and methods of their analysis have much in common with
regression models in survival analysis. In the well-known books on survival
analysis of T. Fleming and D. Harrington, Counting Processes and Survival
Analysis (1991), and P. K. Andersen, O. Borgan, R. Gill and N. Keiding,
Statistical Models Based on Counting Processes (1993), data are presented
in the form of failure, censoring, and explanatory variable processes. Such
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data presentation has an important advantage since the data are viewed in
dynamics and can be analyzed using the theory of counting processes. In the
recent papers on statistical analysis of reliability data such data presentation
is found more and more often. We use it in the present book and consequently
some results from the theory of counting processes. Nevertheless, we tried to
minimize the number of required mathematical notions and avoided technical
details by explaining ideas and referring to papers and books where thorough
analysis can be found. A short review of used results from the stochastic
process theory is given in Appendix.

The most used FTR and ALT models are the parametric accelerated failure
time (AFT) and semiparametric proportional hazards (PH) model. Neverthe-
less, they are quite restricted and do not always agree well with real data. So a
number of models, which are alternatives or generalizations of them, are pre-
sented. A unified approach to the formulation of the models was used. It gives
the possibility to formulate new models and see relations between them and
well-known models. We think that most practical situations may be modeled
by one or another of the presented models.

For most models, estimation procedures from FTR censored with time-
varying and constant explanatory variables are given. In particular, plans of
experiments and estimation methods from ALT data are considered. Methods
for analysis of ALT data when the production process is unstable are given
also.

For the most important models formal goodness-of-fit tests are given.

In the statistical literature degradation and the failure time data are ana-
lyzed separately. We give methods of statistical analysis of degradation models
with the intensity of failures depending on the level of degradation and ex-
planatory variables.

We consider here only the classes of univariate models. These models can
be generalized to the case of multivariate life data as it was done, for example,
in our monographs Semiparametric Models in Accelerated Life Testing (1995)
and Additive and Multiplicative Semiparametric Models in Accelerated Life
Testing and Survival Analysis (1998), published in Queen’s Papers in Pure
and Applied Mathematics (Kingston, Canada).

Formal exposition of material did not leave a place for numerical examples
and diagnostic plots. Many such plots and examples for some of the models
can be found in the books of W. Nelson and W. Meeker and L. Escobar.
The recent book of T. Therneau and P. Grambsch, Modeling Survival Data.
Extending the Cox Model (2000), gives graphical analysis and many practical
recommendations on application of survival regression data, which can be
useful for analysis of FTR data. Many useful results related with our book
can be found also in the monographs Statistical and Probabilistic Models in
Reliability (1999), edited by D. Ionescu and N. Limnios, Recent Advances in
Reliability Theory (2000), edited by N. Limnios and M. Nikulin, Goodness-
of-fit Tests and Validity Models (2001), edited by C. Huber, N. Balakrishnan,
M. Nikulin and M. Mesbah.
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CHAPTER 1

Failure time distributions

1.1 Introduction

Suppose that the failure time 7' is a nonnegative, absolutely continuous ran-
dom variable. Failure-time distribution can be defined by one of the following
functions:
Survival function
The survival function

S(t)=P{T >t}, t>0; (1.1)

for fixed ¢ means the probability of survival up to time ¢.

Cumulative distribution function
The cumulative distribution function (c.d.f)
Fit)=P{T <t} =1-5(t) (1.2)

for fixed ¢ means the probability of failure before the moment t.

Probability density function

The probability density function is a function p(¢) > 0 such that for any ¢ > 0

Ft) = /O p(s)ds. (13)

If the cumulative distribution function has the derivative at the point ¢ then

Pt<T<t+h
p(t) = lim EEST <14 1)

lim - = F'(t) = —8'(1). (1.4)

For fixed ¢ the probability density function characterizes the probability of
failure in a small interval after the moment ¢.

Hazard rate function

The hazard rate function

O‘(t):,llii% P(t§T<th+hT>t)§((i))’ (15)
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for fixed ¢ characterizes the probability of failure in a small interval after the
moment ¢, given survival to time ¢. So it means the risk of failure of the units
survived.

Cumulative hazard function

Cumulative hazard function

At) = /0 afu)du = —In{S(t)}. (1.6)

The survival function can be found from the hazard rate or the cumulative
hazard function using the following relation:

50 = exp{-A()) = (- [ a(ua, (1.7)

The quantile function

The quantile function: for 0 < p < 1

t, =inf{t: F(t) > p}. (1.8)
When F(t) is strictly increasing continuous function then
t,=F'p), 0<p<l. (1.9)

For fixed p the quantile ¢, means the time at which a specific proportion p of
the population fails.
Any of above considered functions can be found from another.

The mean and the variance

Important survival characteristics are the mean failure-time E(7T") and the
variance Var(T):

/ S(t)dt, Var(T):Z/OotS(t)dt—{E(T)}Q.
0

The mean and the variance can be found from any of the above considered
functions but not vice versa.

1.2 Parametric classes of failure time distributions

For many FTR models, failure time distributions under different constant
explanatory variables should belong to the same parametric class.

Classes of failure-time distributions can be formulated by specifying the
form of one of the considered functions: survival, cumulative distribution,
probability density, or hazard rate. In this chapter distributions will be clas-
sified by shape of the hazard rate function.

Analyzing failure-time data, the five most common shapes of hazard rates
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observed are: constant, monotone (increasing or decreasing), N-shaped, and
U-shaped. The last includes three typical periods: burn in (or infant mortal-
ity) period, relatively low failure intensity period, and senility period, with
progressively increasing risk of failure.

1.2.1 Constant hazard rate
The only continuous distribution with constant hazard rate is the exponential

distribution.

Ezxponential distribution £(6)

St,0)=et t>0 (0>0),
p(t,0) = %e‘t/e t>0;
a(t,0) =1/06;
t,=—0ln(l—p); 0<p<l;
E(T) =0, Var(T)=6°

Hazard rates for various values of the parameter 6 are given in Figure 1.1.

2.5¢

0.5~ m m

1.2.2 Monotone hazard rate

There are many families of survival distributions with a monotone hazard
rate.
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Weibull distribution W(6,v)

S(t,0,v) = exp{—(g)”} O,v>0); t>0;

a(t,b,v) = eiytl’fl;

ple.0) = gt { (G}

ty=0(—In(1—p)"": 0<p<1;

E(T)=60T(1+1/v), Var(T)=06>(T(1+2/v)-T?1+1/v)).

The hazard rate is a power function. Note that W (6,1) = £(0).
With 0 < v < 1 the hazard rate is decreasing from oo to 0 (Figure 1.2).

Figure 1.2
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Figure 1.3

With v > 1 the hazard rate is increasing from 0 to oo (Figure 1.3).

Gamma distribution G(6,v)

1 .
— v . t > 0:
p(t,0,v) QVF(V)t e v (0,v>0) > 0;

F(t,0,v) = ) /0 u’ e v du;

_p(t,0,v)
a(t,@,y) - ].—F(t,G,V)’

E(T) =0v, Var(T) = 6.
Note that G(6,1) = £(0).

With v > 1 the hazard rate is increasing from 0 to § (Figure 1.4).
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Figure 1.4

With 0 < v < 1 the hazard rate is decreasing from oo to § (Figure 1.5).

Figure 1.5

Goodness-of-fit tests distinguish Weibull and gamma distributions only when
the size of the data is very large.

Gompertz-Makeham distribution GM (v, v1,7V2)

S(t.6) = exp{—yot = (7 1)}, (0,71 > 0,7 € R);
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p(t,0.v) = (0 + 717 exp{ =0t — (7 ~ 1)};

Oé(t, 0) =7+ Wle_vﬂ'
Note that GM (v9,71,0) = E(vo + 11)-

3.5¢

2.5+

0.5+

Figure 1.6

With ~5 > 0 the hazard rate is decreasing from vy + 1 to 7o (Figure 1.6).

With 9 < 0 the hazard rate is increasing from -y + 71 to oo (Figure 1.7).

22+

’
20+

Figure 1.7
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Mixture of two exponential distributions M E(01,02,p1)

t t
S(t,01,02,p1) =m eXP{*G*}ﬂDz eXP{*@} (0<pr <1, pa=1-p1, B3>0 >(
1
p1 t D2 t
£,01,609,p1) = L exp{——} + 22 exp{— 1,
p( > U1, 27p1) 61 exp{ 91}+ 92 exp{ 92}7
a(t,01,02,p1) = p(t,01,02,p1)/S(t,01,02,p1);
E(T) = p161 + p2b2.

The hazard rate is decreasing from cy = % + g—z to 1 = % (Figure 1.8).

0.3+ _

0.2+

Figure 1.8

Generalized Weibull distribution GW (0, v, )

1/
S(t,@,uv):exp{l—(1—1—(2)”) }, @,v,y>0); t>0; (1.10)

v
gl
t, =0{(1 —In(1 —p))” =1}, 0<p<1.

Note that GW (0,v,1) = W(0,v), GW(0,1,1) = £(0).

The generalized Weibull distribution was suggested by accelerated life mod-
els considered in the following chapter.

This class of distributions has very nice properties. In dependence of param-
eter values the hazard rate can be constant, monotone (increasing or decreas-
ing), N-shaped, and U- shaped. All moments of this distribution are finite.

t
aft,0,v,7) = T {1+ ()7
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With v > 1, v > ~ the hazard rate is increasing from 0 to oo (Figure 1.9).

Figure 1.9

With v = 1, 4 < 1 the hazard rate is increasing from (78)~! to oo (Figure
1.10).

t

Figure 1.10

With 0 < v < 1, v <  the hazard rate is decreasing from oo to 0 (Figure
1.11).
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Figure 1.11

With 0 < v < 1, v = 7 the hazard rate is decreasing from oo to §~! (Figure
1.12).

Figure 1.12

Ezponentiated Weibull distribution EW (0, v,7).

S(t,0,v,y)=1— {1 — exp[—(

1/~
)”]} (0,v,y>0); ¢>0; (1.11)

|+
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{1 — exp[—(§)" [} exp[(§)"1(5)" "

70{1 — (1 — exp[~(g)"])}/"
t,=0[—In(1 —p")]**; 0<p<l.

a(t7 07 I/’ 7) =

Note that EW(0,v,1) = W(0,v), EW(0,1,1) = £(0).

This distribution was introduced by Efron (1988). Its properties were studed
by Mudholkar and Srivastava (1995). All moments of this distribution are
finite.

With v > 1, v > v the hazard rate is increasing from 0 to co.
With v = 1, v < 1 the hazard rate is increasing from ()~ to oco.

With 0 < v < 1, v < «y the hazard rate is decreasing from oo to 0.
With 0 < v < 1, v = ~ the hazard rate is decreasing from 6~ to 0.

Summary. For the values of parameters where the hazard rate is increasing
we have different families of survival distributions:

W(0,v): a(t) increases from 0 to oo;

G(0,v): a(t) increases from 0 to ¢ > 0;

GM (70,71, 72): a(t) increases from ¢ > 0 to oo;
GW (0,v,7): a(t) increases from ¢ > 0 to oo;
EW(0,v,7): a(t) increases from ¢ > 0 to oo.

For the values of parameters where the hazard rate is decreasing:

W(0,v): a(t) decreases from oo to 0;

G(0,v): a(t) decreases from oo to ¢ > 0;

ME(61,02,p1):a(t) decreases from ¢y to 1, ca > ¢;.

GM (v0,71,72): a(t) decreases from ¢; > 0to ca: 0 < ca < ¢q;
GW (0,v,7): a(t) decreases from oo to ¢ > 0;

EW(0,v,7): a(t) decreases from 0 < ¢ < oo to 0.

1.2.8 N-shaped hazard rate

Lognormal distribution LN (u, o)

Int —p

S(t,u,a)1<1><

1 Int —p
p(t,p,0) = —w( ) ;

ot o

>, (neR,0>0); t>0 (1.12)

p(t,p,0)
S(t,p,0)’

_ _od Hp)tpu.
t,=e (p) "

aft, p,0) =
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E(T) = et tot/2, Var(T) = 62“+"2/2(e‘72 —1).
Here @ is the distribution function of the standard normal law,
1

o(t) = Ee_tzﬂ = d'(x).

The hazard rate increases from 0 to its maximum value and then decreases to
0, i.e., it is N-shaped (Figure 1.13).

Figure 1.13

If o is large then the maximum is reached early in the life. Therefore, the
lognormal distribution is also used to model situations when the risk of failure
is decreasing.

Loglogistic distribution LL(0,v)

S(t,0,v) = 0,v > 0); (1.13)

1+ (5"

-1
a(t,,v) = e%t”_l <1 + (5)”) ;

e+

-2
_i v—1 El/ .
p(t,0,v) = eyt <1+(0) ) ;

p 1/v
t, =20 ;o O<p< 1.
p (1_p) ) p
For 0 < v <1 the mean does not exist. For v > 1

E(T) = 0T(1+ 1/v) T(1 — 1/v).
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The variance exists for v > 2:
Var(T) = 0*{I'(1+2/v) T(1 - 2/v) —T2(1 +1/v) T2(1 —1/v)}.

With v > 1 the hazard rate increases from 0 to its maximum value and
then decreases to 0, i.e. it is N-shaped (Figure 1.14).

Figure 1.14

Inverse Gaussian distribution IG(v,0)

F(t,e,u)=q><ﬁ <\/§—\/§>>+62"¢ <—ﬁ< §+\/§>>; (1.14)
p(t,@,u):\/l/—ﬂt?’ﬂgp(\/;(\/g—\/g)), (0,v>0); t>0;

_op(t,0,v)
B T T
E(T) =0, Var(T)=6?/v.

The hazard rate increases from 0 to its maximum value and then decreases to
v/20, i.e. it is N-shaped (Figure 1.15).
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Figure 1.15

Birnbaum and Saunders (1969) distribution BS(v, )

L) weom e
o ) C1)

0§ o T’
tpzz{wb () + Vi+ I} 0<p<l;

_ pt0v)

alt,6,v) = = F(t,0,v)

V2 0 5
_ (Y952 )
E(T) = 9(1+ 5 ), Var(T)f(y) <1+4V >
The hazard rate increases from 0 to its maximum value and then decreases
to 1/20v2, i.e., it is N-shaped.
The BS family is very similar to the IG family of distributions.
Generalized Weibull distribution GW (0, v, )

The generalized Weibull distribution was given by (1.10).

With v > v > 1 the hazard rate is increasing from 0 to its maximum value
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and then decreases to 0, i.e., it is N-shaped (Figure 1.16).

Figure 1.16

Ezxponentiated Weibull distribution EW (0, v, )

The exponentiated Weibull distribution was given by (1.11).

With v < v < 1 the hazard rate is increasing from 0 to its maximum value
¢ > 0 and then decreases to 0, i.e., it is N-shaped.

Summary: For the values of parameters where the hazard rate is N-shaped
we have:

LN (1, 0): the hazard rate increases from 0 to its maximum value and then
decreases to 0;

LL(0,v): the hazard rate increases from 0 to its maximum value ¢ > 0 and
then decreases to 0;

IG(v,0): the hazard rate increases from 0 to its maximum value ¢ > 0 and
then decreases to ¢1, 0 < ¢y < c¢;

BS(v,0): the hazard rate increases from 0 to its maximum value ¢ > 0 and
then decreases to ¢1, 0 < ¢; < ¢

GW (0,v,~): the hazard rate increases from 0 to its maximum value ¢ > 0
and then decreases to 0;

EW(0,v,7): the hazard rate increases from 0 to its maximum value ¢ > 0
and then decreases to 0.
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1.2.4 U-shaped hazard rate
Generalized Weibull distribution GW (0, v, )

The generalized Weibull distribution was given by (1.10).
If 0 < v < v < 1 then the hazard rate is decreasing from oo to its minimum

value - 1y
_ v <7(1—V))” (V(1—7)>”
c= — [ — 7 S
0\ v—~ vy

and then increases to oo, i.e., it is U-shaped (Figure 1.17).

Figure 1.17

Ezponentiated Weibull distribution EW (6, v,7)

If v > v > 1 then the hazard rate is decreasing from oo to its minimum value
c and then increases to co.

Thus, for the values of parameters where the hazard rate is U-shaped we
have GW (0,v,~) and EW (0,v,~): the hazard rate decreases from oo to its
minimum value ¢ > 0 and then increases to oco.

In this chapter we consider only several basic probability models and no-
tions, which are often used in reliability and survival analysis. There are many
other important univariate continuous distributions which are useful in ap-
plications. Bagdonavicius and Nikulin (1995), Barlow and Proschan (1975),
Bayer (1994), Beichelt and Franken (1983), Bogdanoff and Kozin (1985), Bon-
neuil (1997), Gertsbakh and Kordonsky (1969), Gertsbakh (1989), Courgeau,
D., Lelievre, E. (1989), Gnedenko and Ushakov (1995), Singpurwalla and Wil-
son (1999), Voinov and Nikulin (1993), Xie (2000) provide detailed informa-
tion on a wide range of different probabilistic parametric families and their
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applications arising in reliability and survival analysis. Statistical analysis of
these families can be found in Bain and Engelhardt (1991), Gerville-Réache
and Nikulin (2000), Greenwood and Nikulin (1996), Kalbfleisch and Pren-
tice (1980), Lawless (1982), Mann, Schafer and Singpurwalla (1974), Meeker
and Escobar (1998), Nelson (1990), Nikulin and Voinov (2000), Stacy (1962),
Voinov and Nikulin (1996), and Zacks (1992).






CHAPTER 2

Accelerated life models

2.1 Introduction

Accelerated life models relate the lifetime distribution to the explanatory vari-
able (stress, covariate, regressor). This distribution can be defined by the sur-
vival, cumulative distribution, or probability density functions. Nevertheless,
the sense of accelerated life models is best seen if they are formulated in terms
of the hazard rate function.

Suppose at first that the explanatory variable z(-) is a deterministic time
function:

() = (z1(-), oy 2m(-))T 1 [0,00) = B € R™.

If 2(-) is constant in time, we shall write  instead of z(+) in all formulas.

Denote informally by 7.y the failure time under x(-) and by

Se(y(t) =P{Toy 2t} Foy(t) = P{Tu) <t}, po)(t) = =Sy, (),

the survival, cumulative distribution, and probability density function, respec-
tively.
The hazard rate function under x(-) is

1
a$(4)(t) = 1’11{18 7 P{Tm(.) € [t,t+h)| Try = t}=—

Denote by
t
Ao (t) = /O oy (wW)du = —In{S, ()}

the cumulative hazard under x(-).

Each specified accelerated life model relates the hazard rate (or other func-
tion) to the explanatory variable in some particular way.

If the explanatory variable is a stochastic process X (t), t > 0, and T'x(.) is
the failure time under X (-), then denote by

Say(t) =P{Txy > t|X(s) = 2(s), 0 < 5 < t},

o%(.)(t) = —S;(_)(t)/Sz(_)(t), Ax(.)(t) =— ln{Sz(.)(t)}
the conditional survival, hazard rate, and cumulative hazard functions. In
this case the definitions of models should be understood in terms of these
conditional functions.
To be concise the word stress will be used for explanatory variable in this
chapter.
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2.2 Generalized Sedyakin’s model
2.2.1 Definition of the model

Accelerated life models could be at first formulated for constant explanatory
variables. Nevertheless, before formulating them, let us consider a method for
generalizing such models to the case of time-varying stresses.

In 1966 N. Sedyakin formulated the physical principle in reliability which
states that for two identical populations of units functioning under different
stresses x1 and o, two moments ¢, and ¢ are equivalent if the probabilities
of survival until these moments are equal:

P{Tﬂh > tl}’ = Sasl (tl) = S:rQ (t2) = P{Twz > t2}~

If after these equivalent moments the units of both groups are observed under
the same stress s, i.e. the first population is observed under the step-stress

()7 Ty, 07 <y,
T = x2, T > t1,

and the second all time under the constant stress xo, then for all s > 0
Qg (tL +8) = ag,(ta +5).

Using the idea of Sedyakin, Bagdonavi¢ius (1978) generalized the model to the
case of any time-varying stresses by supposing that the hazard rate o.)(t)
at any moment t is a function of the value of the stress at this moment and of
the probability of survival until this moment. It is formalized by the following
definition.

Definition 2.1 The generalized Sedyakin’s (GS) model holds on a set of
stresses E if there exists on E x RT a positive function g such that for all
z()€FE

() (t) = g (2(t), Se (#)) - (2.1)
Equivalently, the model can be written in the form
az(y(t) = g (2(t), Ae(y (1)) - (2:2)

with gl(xa S) = g(ﬂ?, emp{_s})
On sets of constant stresses the GS model is not a model at all: it always
holds. It is seen from the following proposition.

Proposition 2.1. If the hazard rates o, (t) > 0, t > 0 exist on a set of
constant stresses E1 then the GS model holds on Ej.

Proof. For all x € E; we have:

ag(t) = O‘m(Agl(Am(t») = g1 (z, Az (1)),

with g1(z,s) = a, (A, (s)).
Thus, the GS model does not give any relations between the hazard rates
(or the survival functions) under different constant stresses. This model only
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shows the influence of stress variability in time on survival and gives the rule
of the hazard rate (or survival) function construction under any time-varying
stress from the hazard rate (or survival) functions under different constant
stresses. It is seen from the following proposition.

Proposition 2.2. If the GS model holds on a set E D Ey of stresses x(-) :
R* — Ej, then for all z(-) € E

g (1) = ag, (A7 Az (1)) (2.3)

where x¢ is a constant stress equal to the value of the time-varying stress xz(-)
at the moment t.

Proof. If the GS model holds on a set E O E; then the formula (2.2) implies

that for all z € F;
gi(x,8) = g1 {a, A (A71(5)) } = au (A7 (s)).
Thus,
() (t) = g1 {z(t), Ae(y (D)} = aw, {A7} (A2 ()(1)} -

The fact that the GS model does not give relations between the survival un-
der different constant stresses is a cause of non-applicability of this model
for estimation of reliability under the design (usual) stress from accelerated
experiments. On the other hand, restrictions of this model when not only the
rule (2.3) but also some relations between survival under different constant
stressses are assumed, can be considered. These narrower models can be for-
mulated by using models for constant stressses and the rule (2.3). For example,
it will be shown later that the well known and mostly used accelerated failure
time model for time-varying stresses is a restriction of the GS model when
the survival functions under constant stresses differ only in scale.

2.2.2 GS model for step-stresses

The mostly used time-varying stresses in accelerated life testing (ALT) are
step-stresses: units are placed on test at an initial low stress and if they do
not fail in a predetermined time t;, the stress is increased. If they do not fail
in a predetermined time to > 1, the stress is increased once more, and so on.
Thus step-stresses have the form

Ty, 0<u<ty,
o(u) = To, t <u <ty (2.4)
Ty b1 S U < ty,
where x4, - - -, x,,, are constant stresses. If m = 1, a step-stress is called simple.

Sets of step-stresses of the form (2.4) will be denoted by F,,.
Let us consider the meaning of the rule (2.3) for step-stresses.
Let F; be a set of constant stresses and Fy be a set of simple step-stresses
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of the form

T, 05w <y,
R BN 25)

where x1, x5 € Fy.

In the GS model the survival function under the simple (and general) step-
stress is obtained from the survival functions under constant stresses by the
rule of time-shift.

Proposition 2.3. If the GS model holds on Es then the survival function
and the hazard rate under the stress x(-) € Ey satisfy the equalities

. Sy (), 0<t<ty,
Sx()(t) - { sz (t —t + t;), t> tly (26)
and
. o, (1), 0<1t<ty,
ar()(t) - { axg (t _ tl + tT), t Z t17 (27)

respectively; the moment t5 is determined by the equality Sy, (t1) = Su, (t7).

Proof. Set
0 = Auy(8) = Augy (1) = Apa(£)) 23)

The equality (2.2) implies that the cumulative hazard satisfies the integral
equation

Ay (t) = /O g (2(u), Auy(w)) du. (2.9)

The equalities (2.8)-(2.9) imply that for all £ > t;

t
Ayy(t) =a —|—/ g (gcg,Am(.)(u)) du
t1

and .
Ag,(t—t1+t]) =a —|—/ g (9, Ap, (u — t1 + t7)) du.

ty
So for all t > t; the functions A,(.y(t) and A, (t —t1 +17) satisfy the integral
equation

h(t):a—&—/t g (22, h(u)) du

with the initial condition h(t;) = a. The solution of this equation is unique,
therefore we have

Ax()(t) = Afw (t - t1 + tik), for all ¢ Z tl.

It implies the equalities (2.6) and (2.7).
Corollary 2.1 Under conditions of Proposition 2.3 for all s > 0

Qp(y(t1 4 8) = g, (t] + 5).
It is the model of Sedyakin.
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Let us consider a set F,, of more general stepwise stresses of the form (2.4).
Set tg = 0. We shall show that the rule of time-shift holds and for the general
step-stress.

Proposition 2.4. If the GS model holds on E,, then the survival function
S (t) satisfies the equalities:

Sﬂc()(t) :Sfi(titi—1+t?—1)ﬂ if te [ti—hti)a (i: 1527"'7m)ﬂ (210)
where t} satisfy the equations

le (tl) = Swz(tik), RN S$i(ti —ti_1+ t:_l) = S$i+1 (t:), (7, =1,...,m— 1).
(2.11)
Proof. Proposition 2.3 implies that Proposition 2.4 holds for m = 2, i.e. we
have
Az()(t> = A, (t — 1t + tT>7 forall te [tl,t2)7
where t} verifies the equality Az, (t1) = Ag, (t7)-
Suppose that (2.10) holds for m = j — 1. Then
Aw()(t) = A;cl (t —ti_1+ t:—l) ifte [ti—17ti)7 (Z =1,---,7— 1), (212)
where
Ap (t) = Agy (17), o A, (ti—tica 1) = Ay (87), (B0 = 0,i = 1,...,5=2).

We shall prove that (2.10) holds for m = j. Continuity of the functions A, .(t)
and A.,(t), and the equalities (2.12) imply

Ap(y(tj—1) = Ag;  (tjo1 —tj—2 +1]_5).
So the equation (2.2) implies for all ¢ € [t;_1,t;)

Ax()(t) = Aw(‘)(tj_l) —+ / q (mJ,AI()(u)) du =

ti—1

t
Aacj,l(tj—l — tj_g —+ t;_2) =+ / g (I]7Aw()(u)) du (213)
tji—1
The definition of ¢;_;, given in (2.11), and the equation (2.9) imply for all
te [tl,tg)
t—tj1tt; 4
ij (t — tj_l + t;—l) = ij (t;—l) + / g (Z‘j, Amj (u)) du =

«
tr_,

t
Amjil(tjfl — tj,Q + t;72) + / g (LU]'7AI2 (’LL — tj,1 + t;fl)) du. (214)

j—1
The equalities (2.13) and (2.14) imply that the functions A,.y(t) and A, (t —
tji—1+ t;,l) satisfy the integral equation

t
h(t) =a +/ g(xj,h(u)) du forall te[tj_q,t;)

tj71
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with the initial condition h(t;—1) = b= A, ,(t;—1—tj—2+t]_5). The solution
of this equation is unique, therefore for all ¢ € [t;_1,t;) we have

AI(.)(t) = Ag, (t—tj—1+ t;_l).

In the literature on ALT (see Nelson (1990)) the model (2.10) is also called
the basic cumulative exposure model.

In terms of graphs of the cumulative hazard rate functions A,.)(t) (thick
curve) and A, (t) (m = 3,i = 1,2,3) the result of the proposition 2.2 is
illustrated by the Figure 2.1.

t1 to

Figure 2.1.

N. Sedyakin called his model the physical principle in reliability meaning
that this model is very wide. Nevertheless, this model and its generalization
can be not appropriate in situations of periodic and quick change of the stress
level or when switch-up’s of the stress from one level to the another can imply
failures or shorten the life. Generalizations will be considered later.

2.3 Accelerated failure time model
2.8.1 Definition of the model for constant stresses

Suppose that under different constant stresses the survival functions differ
only in scale: for any = € F;

S,o(t) = G{r(z)t}, (2.15)
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where the survival function G' does not depend on .

Applicability of this model in accelerated life testing was first noted by
Pieruschka (1961). It is the most simple and the most used model in FTR
data analysis and ALT.

Under the AFT model the distribution of the random variable

R =r(x)T,

does not depend on x € E; and its survival function is G. Denote by m, o2

and ¢, the mean, the variance, and the p-quantile of R, respectively.
The AFT model implies

E(T;) =m/r(z), Var(Ty)=o0?/r(z), tu(p)=1y/r(),

where t,(p) is the p-quantile of T).
The coefficient of variation

E(Tr) _m
Var(T,) ©

does not depend on .

If the AFT model holds on E; and the survival distribution under any
x € E; belongs to any of the classes given in Chapter 1 then the survival
distribution under any other y € E; also belongs to that class. Only the scale
parameter changes.

The survival functions under any x;,xs € F; are related in the following
way:

SOEQ (t) = 5561 {p(l'l? xQ) t}a
where p(x1,22) = r(z2)/r(x1).

Set e = In{r(z)} + In{T,}, a(z) = —In{r(x)}. Then

In{T,} = a(z) +e.
The distribution of the random variable € does not depend on z. The last
equality implies
Var(InT,) = Var(e).
The variance of the random variable In{T,.} does not depend on .

2.83.2 Definition of the model for time-varying stresses

The model (2.15) was generalized to the case of time-varying stresses by Bag-
donavicius (1978) supposing that the GS model also holds, i.e. the hazard
rates under time-varying stresses were obtained from the hazard rates under
constant stresses by the rule (2.3). It is seen from the following proposition.

Proposition 2.5. The GS model with the survival functions (2.15) on F;
holds on E O E1 if and only if there exist on E a positive function r and on
[0,00) @ positive function q such that for all x(-) € E

ag()(t) = r{z()} ¢Sz (1)} (2.16)



26 ACCELERATED LIFE MODELS

Proof. Necessity: Denote by z; the constant stress equal to the value of the
time-varying stress z(-) at the moment ¢. The formula (2.15) implies that

0 (8) = afrlan)s} i) = ofra)sh @), AZ(S) = oo HE),

where a = —G’/G, H = G~1. The formula (2.3) can be written in the form
() () = r{z(t)} ¢{Se() (1)},

where ¢(p) = o{H(p)}.
Sufficiency: The model (2.16) is the particular case of the GS model. For

x € E; it implies
ag(t) = r(z) ¢{S:())}

" S0
Sz(t) q{S=(t))} 7
Hence
Sa(t) = G{r(z) t},
with r g
G=H", H(p):/o le)

So we have a restriction of the GS model with the survival functions (2.15)
on E;. Proposition 2.5 suggests the following model.

Definition 2.2. The accelerated failure time (AFT) model holds on E if
there exists on E a positive function v and on [0,00) a positive function q
such that for all z(-) € E the formula (2.16) holds.

Under the AFT model the hazard rate a,.)(t) at any moment ¢ is propor-
tional to a function of the stress applied at this moment and to a function of
the probability of survival until ¢ under x(-).

Let us find the expression of the survival function under time-varying stresses.

Proposition 2.6. Suppose that the integral

Yod
/ il (2.17)
o q()
converges for all x > 0.

The AFT model holds on a set of stresses E if and only if there exists a
survival function G such that for all x(-) € E

S,y(t) =G (/(Jtr{x(u)} du) . (2.18)

Proof. The equation (2.16) is equivalent to the integral equation

/Sm(-)(t) dv /Ot r{z(u)} du. (2.19)

0 vg(v)
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The result follows immediately. The AFT model in the form (2.18) was given
by Cox and Oakes (1984).

2.8.8 AFT model for step-stresses

Let us find the form of the survival functions under simple step-stresses.

Proposition 2.7. If the AFT model holds on E5 then the survival function
under any stress x(-) € Ey of the form (2.5) verifies the equality

. Sy (1), 0< 1<y,

Sx(.)(t) = { S (t—t1 + 1), >, (2.20)

where ()

r{T1
1= . 2.21
7("1 T(xg)tl ( )

Proof. The equality (2.15) implies
r(z1) >

Sml t = S:Eg t bl 2.22
=5 (G5 222

therefore the moment 7, given in Proposition 2.3, is defined by (2.21). a

If the AFT model holds on E,,, the equality (2.22) implies that the moment
t¥, defined by (2.11), has the form

tr = %Zr(a:j)(tj —tj_1). (2.23)

’I"(I’H_l =

Proposition 2.8. If the AFT model holds on E,, then the survival function
Sz (t) verifies the equalities:

i—1

Sa()(t) =G Zr(l’j)(tj —tj1) +r(@i)(t —tic1) p =

j=1

i—1

S or(@)t;—tia) g, tEftiont), (i=1,2,..,m).

Jj=1

1
Sy, St —1t;_
' F )
(2.24)
Proof. The first equality is implied by the formula (2.18), the second by the
formulas (2.10) and (2.22).

2.3.4 Relations between the means and the quantiles

Suppose that z(-) is a time-varying stress. Denote by ,.)(p) the p-quantile
of the random variable T,.), and by z; = 2(7)1;>0} a constant stress equal
to the value of time-varying stress x(-) at the moment 7.



28 ACCELERATED LIFE MODELS
Proposition 2.9. Suppose that the AFT model holds on E and z(-), z; € E

for allt > 0. Then
ta(h(P) g
/ T -1 (2.25)
0

ta, (P)
If the means B(T,(.)), E(T,,) exist and are positive then

Loy dr
E </0 m) =1. (2.26)

Proof. If the AFT model holds, the equality (2.18) implies that for any
z() € E the cumulative distribution function G of the random variable

Tz
/ r{z(s)} ds (2.27)
0

does not depend on z(-). Denote by m the mean of this random variable. For
the constant in time stress x, holds

/ r(z;)ds =r{z} Tp. =r{x(r)} Ty, .

Taking the expectations of both sides we get
m=r{z(r)} E(T,.). (2.28)
The equalities (2.27) and (2.28) imply

Te( T
m
m=E r{x(m)}dr | = E / dr
O/ {a(r)} [ s

TI(.) d
-
= E —_—
ol | |
0
and the equality (2.26) is obtained. The model (2.26) is the model of Miner
(1945).
Denote by t(p) the p-quantile of the random variable (2.27).
If 7 is fixed, the equality (2.15) implies
t(p) = r{z(7)} o (p)- (2.29)
We have
Tuy () (P)
=Py <y} =P [ rlatr)dr< [ e} ar
0 0
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It implies

e (P)
Hp) = /0 U e ()}

Using the last equality and the equality (2.29), the equality (2.25) is obtained.
Corollary 2.2. For the stress of the form (2.4) the formula (2.26) implies

" E(Ty)
=1, (2.30)
2 ®(T,,)
where
0, Ta:() < tg-1,
Te =19 Toey —th-1, tr—1 < Ty <t
te —th—1, Toy 2 ts

is the life in the interval [tp—1,tx) for the unit tested under the stress x(-).
The formula (2.25) implies that fort,.)(p) € [tk—1,tr) the following equality

holds:
k—1

3 Ly B (2.31)
P te,(p) tey (D)

The model (2.31) is the model of Peshes-Stepanova (see, Kartashov, 1979).
So all of the models (2.18),(2.24),(2.25), (2.30), (2.31) are implied by the AFT
model and illustrate various properties of this model.

In the case m = 2, the formula (2.30) can be written in the form

E(Ty) |, E(T3)
E(T:,)  E(T:,)
and the formula (2.31) can be written in the form

t n txy(p) — 1

=1, (2.32)

=1. (2.33)
txl(p) (29 (p)
So
E(Ty)
E(T.,) = — g5y (2.34)
=51,
and
t .
tz, (p) = W, if tw(.)(p) > t1. (2.35)
T tay(p)

Thus, if the AFT model holds on Es then E(T}), E(T3) and E(T},) determine
E(T%,), and t,(.(p) and t,,(p) determine t,, (p).

2.4 Proportional hazards model
2.4.1 Definition of the model for constant stresses

In survival analysis the most widely used model describing the influence of
covariates on the lifetime distribution is the proportional hazards (PH) or Cox
model, introduced by D.Cox (1972).
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Suppose that under different constant stresses x € F; the hazard rates are
proportional to a baseline hazard rate:

az(t) = r(z) ap(t). (2.36)
For x € F; the survival functions have the form
Sp(t) = S0 (1) = exp{—r(x)Ao(t)}, (2.37)

where

t t
So(t) = exp {/ ao(u)du} , Ag(t) = / ap(u)du = —1n Sy(t).
0 0
For any x¢ € F; the PH model implies
a(t) = p(0, ) amy (D), Salt) = S22 (@), (2.38)

where
p(xo,x) = r(x)/r(20). (2.39)

2.4.2 Definition of the model for time-varying stresses

In the statistical literature the following formal generalization of the PH model
to the case of time-varying stresses is used.

Definition 2.3. The proportional hazards (PH) model holds on a set of
stresses F if for all z(-) € E
() () = r{z(t)} co(t), (2.40)
This definition implies that

Ax(,)(t):/o r{z(u)}dAg(u). (2.41)

In terms of survival functions the PH model is written :

Su0(t) = exp {— /0 t T{x(u)}dAO(u)}. (2.42)

The model (2.40) is not natural when units are aging under constant stresses.
Indeed, denote by z; constant in time stress equal to the value of time-varying
stress x(+) at the moment ¢. Then

ag, (t) = r{z(t)} ao (),

which implies

Oéa:(,)(t) = ay, (t). (2.43)
For any t the hazard rate under the time-varying stress z(-) at the moment
t does not depend on the values of the stress z(-) before the moment ¢ but
only on the value of it at this moment. It is not natural when the hazard
rates are not constant under constant stresses, i.e. when times-to-failure are
not exponential under constant stresses.
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Nevertheless, the PH model with time-varying stresses is very useful be-
cause the PH model with constant or time-varying stresses and time-varying
coefficients (see Sections 2.8.2 and 7.3.5) can be written as the usual PH model
with constant coefficients and time-varying ”explanatory variables”.

Note also that the PH model can be considered as a conditional model when
heterogeneity of units is observed. For example, if the AFT model with the
exponential distribution under constant stresses holds on a set E = E(1) x E(2)
of stresses of the form (z((-),z(?(.)):

gz () (t) = ri{x1(t)} ro{z2(t)},

then conditionally, given a fixed time-varying component z(?)(-), the PH model
holds on the set E():

Ozwu)(,)(t) = Tl{l‘l(t)} Ozo(t),

where ag(t) = ra{z(t)}. Note that even for constant z(!) the conditional
distribution of T, given 2(?)(-) is not necessarily exponential.

A natural generalization of the PH model for time-varying stresses is a
restriction of the GS model coinciding with the PH model on sets of constant
stresses.

Proposition 2.10. The GS model with the survival functions (2.37) on Ey
holds on E D Ey iff for allz(-) € E

Az ()
St = r{az(t At (220 . 9.44
a0 = (e oo { 25" (22200} (244)
Proof. Necessity. The formula (2.36) implies that

0a, (5) = 1(x1) ao(s) = r{w(t)} an(s), A7}(s) = Ag" {T(;(t))} :

The formula (2.3) can be written in the form (2.43)
Sufficiency. The model (2.44) is the particular case of the GS model. For

x € By it implies
o) = () ag { A (A(ff)))}
7t (57) =

A (t) =r(x)Ao(t), au(t) =7r(x) ap(t).
So we have a restriction of the GS model with the survival functions (2.37)
on El. O

or

Hence

Proposition 2.10 suggests the following model.

Definition 2.4. The modified proportional hazards (MPH) model holds on
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E if there exists on E a positive function r and on (0,00) a positive function
ag such that for all x(-) € E the equality (2.44) with

¢
Ao(t):/ ap(u)du
0
holds.

Let us consider the PH and MPH models for step-stresses.

2.4.3 PH and MPH models for simple step-stresses

Let us consider the expressions of the hazard rate, cumulative hazard, and
survival functions under the PH model for simple step-stresses z(-) € Es.
The definition of the PH model implies the following result.

Proposition 2.11. If the PH model holds on Es then for any x(-) € Es

o (t) . O[zl(t), O§t<t1, - 'I’("El)a()(t)7 0§t<t1,
TOVT a,(t), t>t T r(a2) ao(t), t>t,

Sy, ()@ 0<t<ty,
Sa(o(t) = NN =
2() Sy (t1) o2 t>t,

SCEQ (tl)’

So ()=, 0<t<t,
= r(z2) 2.45
So(tl)r(m) (;)0((:1))) .t >t ( )

The proposition implies for any xg € F
a (t) _ p($0,$1)@$0(t), Ogt <t1a
() p(xo, x2) gy (t), 2> t1.

S golmo) (g, 0<t<ty, 10
3 (t) = - ] p(z0,2) 2.46

"0 SEO (1) (sii‘)((:s?)) =t

Taking x¢g = 1 we have

. Qg (1), 0<t<ty,

() t) = { p(T1,m2) g, (1), t 2>t (2.47)
Sy, (1), 0<t<ty,
S:E . ( ) == S, (t 9(11112)
) Sw1 (tl) (Swll((tl))) 5 t Z tl.

The PH model for simple step-stresses of the form (2.47) is called the tampered
failure rate (TFR) model (Bhattacharyya & Stoejoeti (1989)). The remark
concerning applicability of the PH hazards model for time-varying stresses
holds and for TFR model.

Let us consider the MPH model.
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Proposition 2.12. If the MPH model holds on a set of simple step-stresses
E, then the survival function under stress x(-) € Fy is

o Szl(t), O§t<t1,
Sm(.)(t) = { S (t—t1 +11), ¢t (2.48)

where
= S0 (S ()20 ) = 81 (S (1) 20 ) (2.49)
Proof. The equality (2.37) implies that
S (£) = (S (1))
Thus the moment ¢} in Proposition 2.3, is defined by (2.49).

2.4.4 PH and MPH models for general step-stresses

If x € F,, is a general step-stress, then the PH model can be written in the
following forms: for any ¢ € [t;—1,%;)

gy (t) = r(x;) ao(t), (o =0,i=1,...,m), (2.50)

a0 H ()™ () e

For any z¢p € F; and t € [ z’—1,ti)
%(-)(75) = p(20,Ti) gy (),

-1

Proposition 2.13. If the MPH model holds on a set of step-stresses E.,
then the survival function under stress x(-) € Ey, is: for t € [t;—1,t;)

Sy (8) = S (t—timi +171) = St =t +45,) (i =1,---,m), (2.53)
where t7 is defined by (2.48), and
= S0 ((Sua(ts = tim + tiy)) e (2.54)

Proof. The result of the proposition is implied by the formulas (2.10), (2.11),
and (2.37).
For any xy € E1, not necessary equal to x;,

SI()(t) _ Sg(()a:g,xi)(t —ti + tr71)7 te [tiflvti) (Z =1,---, m), (255)
where 7 = St (S, (£2))?72*)) and

T

t =S 01 ((Sxo (ti i+ t;"_l))p(Ii+l,Ii)) ) (2.56)
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2.4.5 Relations between the PH and the AFT models

When does the PH model coincide with the AFT model? The answer is given
in the following two propositions. The first states that both models coincide
on sets of constant stresses if and only if the lifetime distributions are Weibull.
The second states that on wider sets (when a simple step-stress is added) both
models coincide if and only if the lifetime distributions under constant stresses
are exponential.

We suppose that if the AFT (or PH) model holds on E; then the set r(E)
has an interior point.

Proposition 2.14. The PH and AFT models are equivalent on Ey if and
only if the failure-time distribution is Weibull for all x € E;

Proof. Sufficiency. If the failure-time distribution is Weibull and the PH
model holds on E; then for all x € Ey

t a(.n)

Sa(t) = e~ T = Sy (t)@),
Taking twice the logarithm of both sides, we obtain that for all ¢ > 0
a()(Int —Inf(x)) =Inr(z) + In(—1n Sy(t)).

The function In(—1n Sy(¢)) does not depend on x, hence a(x) = a = const
for all x € Eq, which implies

Sy(t) = e~ 7,
i.e. the AFT model holds on Ej.
If the failure-time distribution is Weibull and the AFT model holds then
Sp(t) = e (7",

Au(t) = <$)a7 ax(t) = r(z) aolt),

where r(z) = {0(x)} ™ and ag(t) = t*. So the PH model holds.
Necessity. Suppose that both the PH and AFT models hold on E;. It means
that functions Sy, S1, r and p exist such that for all x € E;

S1(p(a)t) = So(t)"™.

Taking twice the logarithm of both sides, we obtain for all ¢ > 0

In{—1nS;(p(x)t)} = Inr(x) + In(—In Sy(¢)). (2.57)
Set

91(v) =In(=1InS1(e")), go(v) =In(—InSp(e")),
o(e) =Inp(z), Alx) = Inr(z)
The equality (2.57) can be written in the following way: for all u € R, x € E;
g1(u+a(z)) = B(z) + go(u).
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The set 7(E7) has an interior point, i.e. contains an interval, so the set p(E1)
also has an interior point. Take x1,z2, 3 € F7 such that

p(x2)/p(x1) # p(x3)/p(22).
Then for all 4,5 =1,2,3
g1(u+afzi) — g1(u+ a(z;)) = Bla:) — B(z;).

Setting

k1 = a(ze) — a(xy), ko = a(zs) — axs),

lh = B(z2) — B(z1), 2= B(x3) — B(x2),
the last equality is written in the form: for all v € R

g1(v+ki) =g1(v) +1; (i =1,2, ky # ka).

It implies that
g1(v) = av+ b, Si(t) = exp{—e’t?}
and consequently
Su(t) = exp{—e(p(a)1)"}.
So the lifetime distribution is Weibull for all x € F;.
Suppose that E; is the set of constant stresses defined in Proposition 2.14,
21,2 € Ey are two fixed constant stresses and a step-stress x5(+) has the form

o(1) = { 7, D=7 <s (2.58)

Z2, T Z S,

where s is a fixed positive number.

Proposition 2.15. Suppose that a set E includes E1 and x4(-) for some
s > 0. The AFT and PH models are equivalent on E if and only if the time
to-failure is exponential for all x € Ej.

Proof. Necessity. Suppose that both the PH and the AFT models hold on
E. Proposition 2.14 implies for all x € E;

S(t) = exp {— (%)a} . (2.59)

Set 0; = 0(x;), i =1,2. Then

S, (t) = exp {— (i) } O, (1) = =1L, (2.60)
0; 0
The PH model implies

_ oag (1), 0<t<s,
ams()(t) - { ax2 (t), t 2 S,

and for all t > s

Sz.(o(t) = exp{— /Ot Qg () (u)du} = exp{— /Os g, (u)du — /t Oy, (u)du} =

S
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GV @)) e

The AFT model implies for all t > s

Se. (1) :exp{— <% + t;;)a} (2.62)

The equalities (2.61) and (2.62) imply that for all ¢ > s

B O R e R

If a = 1, this equality is verified. Suppose that o # 1. For all ¢t > s put

g(t)—<9—i>a+<;—2)a—<%>a—<;—l+tés)a. (2.64)

The derivative of g(t) is

a—1
g (t) = %t“‘l (1 - (92 —615 1) ) £0 (2.65)

and for all ¢ > s has the same sign for fixed 6; # 62 and o # 1. So the
function g is increasing or decreasing but not constant in ¢ which contradicts
the equality (2.63). The assumption o # 1 was false. So @ = 1, and the
equality (2.59) implies that the lifetime distribution under any x € Ej is
exponential:

Su(t) = exp{—ﬁ}, £>0.

Sufficiency. Suppose that the PH model holds on E and the failure-time is
exponential for all z € E;. The formula (2.41) implies that for all z € E4

Sz (t) = exp{—r(x)Ao(t)}.

Exponentiality of the times-to-failure under x € F; and the last formula imply
that Ag(t) = ct. The constant ¢ can be included in r(z), so we have Ay (t) = t.
The formula (2.35) implies that

Sa((t) = exp { - /0 t r{x(u)}du},

i.e. the AFT model holds on F.

Suppose that the AFT model holds on E and the failure-time is exponential
for all x € Eq, i.e. a,(t) = r(z). The formula (2.16) implies ¢(u) = 1 and
consequently
i.e. the PH model with ag(t) = 1 holds on E.
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2.4.6 Relations between the GS and the PH models

The GS model is more general then the AFT model. When is the PH model
also a GS model? It is given in the following proposition.

Proposition 2.16. Suppose that the PH model holds on the set E including
E; and all stresses of the form (2.31) with s < 0, where § is any positive
number.

The PH model is a GS model on E if and only if the time to-failure is
exponential for all x € Fy and the PH model holds.

Proof. The PH model implies for all s < §
Qg (1) = ag,(t), t > s.
If the GS model also holds on E, then for all s < 9
gy () (t) = g, (t — 5+ (s)), t > s,

where

o(s) = A7, (A, (5)) (2.66)
is an increasing function. It implies that if both the GS and PH models hold
on E then for all s1 < § and s < 6

O, (t— 514 9(51)) = aa, (t — 52 + 9(82)), t > maz(sy, S2).

Any function ay,(t) =const verifies this. Assume that the function a,,(t) is
not constant. Then

o(s)—s=c= const foralls>0,

because otherwise the function a, (t) has two or more different periods. Note
that ¢ # 0, because

Azy (0(5)) = Ax, (5) 7 Aay(s).
The equalities
lim A, (p(s)) = lim Ay, (s) = 0
and the monotonicity of ¢(s) imply that lim,_.¢ ¢(s) = 0. So exists o € (0, 9)
such that
lo(s) —s|<|c|, if0<s<dp.
It contradicts the implication that ¢(s) — s = ¢ for any s > 0. It means that

the assumption that a,,(t) is not constant was false. So ay,(t) = o = const
which implies

Sy, (t) = e
and the PH model leads for all x € F; to
S, (t) = So(t)'®) = @)t (2.67)

i.e., the failure time distribution is exponential for all x € E.
Suppose that for all z € E; the failure-time distribution is exponential and
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the PH model holds. The proof of Proposition 2.15 implies that the AFT
model and consequently the GS model also holds on F.

2.5 Generalized proportional hazards models
2.5.1 Introduction

The AFT, PH, and MPH models are rather restrictive.

Under the PH and MPH models lifetime distributions under constant stresses
are from the narrow class (2.3) of distributions: the ratio of the hazard rates
under any two different constant stresses is constant over time.

Under the AFT model the stress changes (locally, if the stress is not con-
stant) only the scale.

We shall consider generalizations of these two models in two directions.
Generalized proportional hazards models allow the ratios of hazard rates un-
der constant stresses to be not only constant but also increasing, decreasing,
and even have the cross-effects. Changing shape and scale models allow not
only scale but also shape change.

2.5.2 Definitions of the generalized proportional hazards models

Let us consider models which include AFT and PH models as particular cases.
This generalization was given by Bagdonavi¢ius and Nikulin (1994), supposing
that the hazard rate at any moment ¢ is proportional not only to a function of
the stress applied at this moment and to a baseline rate, but also to a function
of the probability of survival until ¢ (or, equivalently, to the cumulative hazard
at t). This is formalized by the following definition.

Definition 2.5. The first generalized proportional hazards (GPH1) model
holds on E if for all z(-) € E

() (t) = r{z(t)} ¢{Ae) (D)} ao(?). (2.68)

The particular cases of the GPH1 model are the PH model (¢(u) = 1) and
the AFT model (ap(t) = ap = const).
Similar generalization of the GS and PH models is the following model.

Definition 2.6. The second generalized proportional hazards (GPH2) model
holds on E if for all z(-) € E

0t (1) = uf(t), Ay (1)) o (t). (2.69)

The particular cases of the GPH2 model are the GS model (ao(t) = ap =
const) and GPH1 model (u(x, s) = r(z) q(s))

Models of different levels of generality can be obtained by completely spec-
ifying ¢, parametrizing ¢, or considering ¢ as unknown.

Proposition 2.17. The GPHI1 model (2.68) holds on E if and only if sur-
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vival functions G and Sy exist such that for all x(-) € E

Sa(y(t) =G {/Ot T(w(T))dH(So(T))} ; (2.70)

here H = G~ is the inverse to G function.
Proof. Suppose that the GPH1 model (2.68) holds on E. Define the function

H(u) by the formula
—Ilnu
Hu = [
0 q(v)

Then
OH(S,.
( 8t( () _ q{A;)(t)}az(')(t) = r{a(t)}ao(t).
So
Su)(t) =G { / r(m(r))dAo(w} ,
where

Ap(t) = /Ot ap(u)du.

Set Sp(u) = G(Ag(u)). Then (2.70) holds.
Vice versa, if the equality (2.70) holds for all z(-) € E then

Qo) (8) = a(H (So() (1)))r{x(t) }H'{So (1)} Sy (1),
where o = -G’ /G. Set
g(u) = a(H(e™)), ao(t) = —H'{So(t)} So(t).
Then for all z(-) € E
ooy () = r{z(t)} ¢{Au() ()} ao (D).

So the GPHLI holds.
Set Ag(u) = H(So(w)). In terms of survival functions the GPH1 model is
written

Suy() = G ( /O t r{m(u)}dAo(u)> , (2.71)
where .
Ao(u) = /O o ().
The formula (2.68) implies for the GPH1 model and constant stresses © € F;
az(t) = r{z} ¢{A.(t)} ao(t), Sz(t) = G{r(z)H(So(t))} (2.72)
For any x1,22 € F4
Sz (t) = G{p(z1,22) H(Sz, (1))}, (2.73)

where p(z1,z2) = r(xa)/r(x1).
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Under the GPH2 model
o (t) = u{z, Az (1)} ap(t). (2.74)

2.5.8 Interpretation of the GPH and AFT models in terms of resource usage

Models of accelerated life can be formulated using the notion of the resource
introduced by Bagdonavi¢ius and Nikulin (1995, 1999a, 2001b).

Let Q be a population of units and suppose that the failure-time of units
under stress z(-) is defined by a non-negative absolutely continuous random
variable Ty(.) = Ty (w),w € Q, with the survival function S,.)(t) and the
cumulative distribution function F(.y(t). The moment of failure of a concrete
item wp € €2 is given by a nonnegative number 77, .y(wo).

The proportion Fy.)(t) of units from Q which fail until the moment ¢ under
the stress () is also called the uniform resource of population used until the
moment t. The same population of units €2, observed under different stresses
71(-) and x2(-) use different resources until the same moment ¢ if F,, (.y(t) #
Fy,y(t). In sense of equality of used resource the moments ¢; and to are
equivalent if I, () (t1) = Fy, ) (t2).

The random variable

RY = Fo((Ty)) =1 = Su(y (Tugy)

is called the uniform resource.

The distribution of the random variable RV does not depend on x(-) and
is uniform on [0,1). The uniform resource of any concrete item wy € € is
RY (wp). Tt shows the proportion of the population € which fails until the
moment of the unit’s wy failure T, .)(wo).

For any z(-) there exists one-to-one application between the set of values
of the r.v. T, () and the set of values of the r.v. RY.

The considered definition of the resource is not unique. Take any decreasing
and continuous function H : (0,1] — R such that the inverse G = H~! of H
is a survival function. Then exists one-to-one application between the set of
values of the r.v. T, and the set of values of the r.v. R = H(S,.(Ty(.))),
too. In the case of the uniform resource H(p) = 1 — p,p € (0, 1]. The distri-
bution of the random variable R doesn’t depend on x(-) and the survival
function of R® is G.

The random variable R is called the G-resource and the number

FE () = H(Sy((1)),
is called the G-resource used until the moment t.

Accelerated life models can be formulated specifying the way of resource
usage.

Note that all definitions of accelerated life models were formulated in terms
of exponential resource usage, when G(t) = e~*,t > 0 because the exponential
resource usage rate is nothing but the hazard rate and the used resource is
the cumulative hazard rate.
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Let ag(.y(t) and A, (.)(t) be the hazard rate and the cumulative hazard rate
under z(-). The exponential resource is obtained by taking G(¢t) =e~*, ¢t > 0
and H(p) = G~1(p) = —Inp, so it is the random variable

R= A,y (Ty(y)

with standard exponential distribution.

For any ¢ the number A,(.y(¢) € [0,00) is the ezponential resource used until
the moment t under stress x(-). The rate of exponential resource usage is the
hazard rate ag.(t).

The GPH1 and AFT models can be formulated in terms of other resources
than exponential.

Let us consider at first one particular resource. Suppose that xg is a fixed
(for example, usual) stress and G = S,,. For any z(-) € E D E set

fay(#) = Sz (Sa( (1))

Then the moment ¢ under any stress z(-) € E is equivalent to the moment
Jx((t) under the usual stress xo. The survival function of the resource R is

ZTo-*

Under the AFT model:

the Sg,-resource usage rate is
0
ot
If z € F; is constant then

fe() (@) = r{z(t)}.

0
57 =) = (@),

and the resource usage rate is constant in time.
Let us consider now any survival function G, not necessarily equal to S, .
Definition 2.7. The generalized multiplicative (GM) model with the re-
source survival function G holds on E if there exist a positive function r and
a survival function Sy such that for all x(-) € E

ofrs (¢ G
00 a0y 280),

where f§7(t) = H(So(t)). The definition implies that for all z(-) € E

s =6{ [ ramyansin)}

Proposition 2.17 implies that the GPH1 model holds on F if and only if there
exists a survival function G such that the GM model holds on F.

Thus, the GPH1 (or, equivalently, the GM) model means that the G-
resource usage rate at the moment ¢ is proportional to a baseline rate with
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the proportionality constant depending on the value of stress applied at this
moment.

2.5.4 Characterization of the GPHI model with constant stresses

Consider the choice of the function G in the GPH1 model. It will be shown
that if G is chosen from the class of survival functions of the form

G(t; 0,v, 7) =Go {(t/e)y 77} )

then for any values of 6,v the same GPHI1 model for constant stresses is
defined. So we can take § = v = 1. It shows that the number of unknown
parameters in the GPH1 models is the same (if 7y is absent) as in the PH model
or one complementary parameter is added (if -y is one-dimensional). The last
case is the most interesting because it gives the possibility to formulate flexible
models with increasing or decreasing ratios of hazards.

In what follows we skip the parameter v in all expressions.

Let the function G be continuous and strictly decreasing on [0, oo[, and set

Gi(u) = G((u/0)").

Let By = [zg,21] C R be an interval of constant in time one-dimensional
stresses, {Sy, € [xo,21]} be a class of continuous survival functions, such
that S;(t) > Sy(t) for all z,y € By, x <y, t >0,

H=G7":0,1] — [0,00] and H; = G]*

be the inverse functions of G and G7, respectively. If the GPH1 model with
the resource survival function G holds on Ej, then the equality (2.73) implies
that

H(S;(t)) = Ma)H(Sg, (t)), t >0, x € [xg,21], (2.75)
where A(z) = p(zg,x). Then
Hi(So(t) = AV (2)Hi(Sso (1)), t >0, x € [z0, 21]. (2.76)

The inverse result also takes place:

Proposition 2.24. Assume that the function G is continuous and strictly
decreasing on [0,00[ and the equality (2.75) holds. Then the equality (2.76)
also holds if and only if

Gr(u) = G((u/0)"), u € [0,00),

for some positive constants 0 and v.

Proof.

1) It was just shown that if the GPH1 model holds for the survival function
G and G1(t) = G((t/0)") then the GPH1 model holds for the survival function
Gi.

2) Suppose that the GPH1 model holds for the survival functions G and
G1, i.e. the equalities (2.75) and (2.76) hold. Introduce a function D : [0, co[—
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[0, 00[ such that D(u) = H1(G(u)), u € [0,00[. Then Hq(p) = D(H(p)), p €
10,1], and the relation (2.76) can be rewritten as follows:
D(H(S4(t))) = A" (2) D(H (S5, (1)), t > 0, x € [z0,21].
Using (2.75) we obtain that
DM @)H (S, (1)) = AV (2)D(H (84, (1)), t > 0, x € [20,x1]

with the initial conditions D(0) = 0 and lim, ..o D(u) = oo. Setting y =
H(S,;,(t)) we obtain that

D(Xz)y) = A" (2)D(y), y € [0,00], @ € [wo,z1],

or forv=Iny
QU \(z) + v) = %ln()\(a:)) +Q(v), vER, € [z0,21),
where Q(v) = In(D(e?))). This equality leads to
Q)=av+b, a= %

It implies that D(y) = 0y, where 6 = €. Consequently,
G(y) = G1(D(y)) = G1(0y") and Gi(u) = G((u/0)"), u € [0,00].

This proposition implies that, in particular, the PH model is a sub-model
of the GM (or GPH1) model when G is not only the standard exponential
but when it is any exponential or two-parameter Weibull survival function. So
sub-models of the GPH1 model can be obtained by fixing classes of resource
distributions.

2.5.5 Relations with the frailty models

Let us consider relations between the GPH1 models and the frailty models
with covariates.

The hazard rate can be influenced not only by the observable stress z(-)
but also by a non-observable positive random covariate Z, called the frailty
variable, see Hougaard (1995). Suppose that for all z(-) € E

gy (t|Z = z) = zr(x(t)) ao(t).
Then
Syt Z = 2) = esr:p{—z/o r(z(r)) dAo(T)}

and
t

S,0y(t) = E eap{—7 / r(a(r)) dAo(r)} = G{ / r(a(r))dAo(r)},
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where G(s) = Ee™%Z. If we set So(t) = G(Ap(t)), then for all z(-) € E

&MﬂzmﬂrmﬂMM&vm,

where H = G~!. We obtained that the frailty model defined by a frailty
variable Z, the GM model with the survival function of the resource G(s) =
Ee~*Z and the GPH1 model (cf. Proposition 2.17) with the function q(u) =
—e"G'(H(e ™)) give the same survival function under any stress z(-) € E.

2.5.6 Relations with the linear transformation models

Under constant stresses the GPH1 model is related with the linear transor-
mation (LT), Dabrowska & Doksum (1988), Cheng, Wei, Ying (1995).
Consider the set Fq of constant in time stresses and let T, denote the time-
to-failure under the explanatory variable x € F;. The LT model holds on F;
if for all x € E;
h(T,) = —pTx +e,

where h : [0,00) — [0,00) is a strictly increasing function, and ¢ is a random
error with distribution function ). Under this model

Su(t) = G{e? M0} = G T H(Sy (1))},

where G(t) = 1 — Q(Int), So(t) = G{e"}. Therefore, in the case of constant
in time stresses, the frailty model defined by the frailty variable Z, the GM
model with the survival function of the resource G(s) = Ee~%Z, the GPH1
model with the function ¢(u) = —e*G’'(H(e™")), and the LT model with the
distribution function Q(z) = 1 — G(Inx) of the random error ¢ give the same
expression of survival functions.

2.5.7 The main classes of the GPH models

Particular classes of the GPH models are important for survival analysis and
accelerated life testing. The numerous examples of real data show that taking
two constant in time covariates, say x1 and xq, the ratio a,, (t)/a,, (t) (which
is constant under the PH model), can be increasing or decreasing in time and
even a cross-effect of hazard rates can be observed.

Such data can be modeled by sub-models of the GPH1 or more general
GPH2 model. Let us consider some of them.

GPH models with monotone ratios of hazard rates
Let us consider the choice of the function ¢ in the GPH1 model
gy (t) = r{z(t)} ¢{As)(B)} ao(t).

The purpose is to obtain models with monotone ratios of the hazard rates
under constant stresses.



GENERALIZED PROPORTIONAL HAZARDS MODELS 45

Suppose that ¢(0) = 1. Otherwise one can consider the functions ¢;(u) =
q(u)/q(0) and ri(x) = ¢(0)r(z). We shall not consider complicated models
with more then one unknown parameter in the function g. The function ¢
being positive, the natural choice is taking one of the following functions
(having power and exponential rates):

glu) = (L+u)", e, (1+u)7" (2.77)
where v € IR is an unknown scalar parameter.

1) GPHgw model

The most satisfying model is obtained by choosing the first from the func-
tions (2.77) (with reparametrization —y + 1 instead of ~):

qu) = (14+u)"" (v >0). (2.78)
We have the model:
gy (t) = r{z(t)}(1 + AI(.)(t))_'H'lao(t). (2.79)

The particular case of this model with v =1 is the PH model.
Under this model the ratios of the hazard rates under constant stresses may
be increasing or decreasing in various rates. Indeed, take z1,z2 € F; and set

co = r(xza)/r(x1).

Suppose that ¢y > 1. Then

1

14qr(ze) Ao(t) 777 2
o () 0, (1) = " as t :
g, () / 0tz () co{l—i—’yr(ml)Ao(t) —cy as t— 00
here

t

Ao(t):/ ap(u)du.

0

The ratio ay, (t)/a., (t) has the following properties:

a) if 0 < v < 1, then the ratio oy, (t) /o, (t) increases from the value ¢g > 1

to the value
1

Coo = cg € (ep, 00).

b) if v =1 (PH model), the ratio ay,(t)/cs, (t) is constant in time.

c) if v > 1, then the ratio oy, (t)/ag, (t) decreases from the value ¢y > 1 to
the value ¢ € (1, ¢o).

So this model can be used in the case when the hazard rates under different
constant explanatory variables approach one another and in the case when
they are going away one from another.

In Proposition 2.17 we obtained that the survival function of the resource,
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defined in 2.5.3, is G = H~! with

—Inu

dv

H(u) :/ —_—. (2.80)
0 q(v)

It implies that under the model (2.79) the survival function of the resource

has the form

G(t) = exp {1 —(1+ vt)%} . (2.81)

Proposition 2.24 implies that under constant stresses the model (2.79) is ob-
tained by taking the resource with any survival function from the family of
the generalized Weibull distribution:

Gt) = exp{l - (1 + (;)")%}. (2.82)

So the model (2.79) will be called the GPH model with the generalized Weibull
distribution of the resource, the GPHgy model.

If the failure-time T},.) distributions have finite supports [0, spy(.)), $P(.) <
oo then the GPHgw model can be modified, taking v < 0 in (2.79). Finite
supports are very possible in ALT: failures of units at different accelerated
stresses are concentrated in intervals with different finite right limits.

If v < 0 then the survival function of the resource is

G(t) = exp {1 1+ yt)l/V} 1io—1/7) (1), (2.83)

and the right limit of the support of a,.y(t) verifies the equality

/0 T ()} (So(w) = —1/7, (2.89)

where Sp = exp{—Ap}.

Similarly as in the case of v > 0 the ratio of hazard rates oy, (t) /o, (t) can
be increasing or decreasing in various rates on [0, spn(_)). On [spm(i), spxl(.))
the hazard rates are:a,, (t) = 0 and ay, (t) > 0.

Take notice that for the GPHgyw model is a generalization of the positive
stable frailty model (PSFM) (see Hougaard (1986), Bar-Lev and Enis (1986),
Nikulin (1991)) with explanatory variables.

Indeed, suppose that v > 1 and the frailty variable Z follows the positive
stable distribution with the density

o k
pz(z) = —éexp{—az + 1};:1 ( kl') Sin(ﬂak)%, z >0,

where o« = 1/v is a stable index, 0 < a < 1. The survival function of the
resource
G(s) = Be % = exp{1 — (1 +~t)}/7}.
Then
qu) = (L+u) " 4> 1.
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We have the positive stable frailty model with explanatory variables.
2) GPHgyrr, model
Taking the second from the functions (2.57), we have the model:
ag(y(t) = r(z(t)) A0 o (t). (2.85)

If v =0, it becomes the usual PH model. For v < 0

B 1L —yr(x) Ao(t)
Az, (t)/ e, () = o { 1—yr(xs) Ag(t)

}—>1 as t — o0;

here ¢ = r(xa)/r(z1).

The ratio g, (t)/ay, (t) decreases from the value ¢ > 1 to 1.

This model is not so interesting as the GP Hgyw model because it gives less
possibilities of choice: under it the hazard rates approach one another and
meet at infinity. Under the GPHgw model the hazard rates may approach
(but not meet) or go away one from another.

The formula (2.80) implies that for v < 0 the survival function of the
resource has the form

G(t)=(1—~t)7. (2.86)
Proposition 2.24 implies that under constant stresses the model (2.85) is ob-

tained by taking the resource with any survival function from the family of
the generalized loglogistic distributions:

G(t) = (1 — (t/6)")Y/7. (2.87)

So the model (2.85) shall be called the GPH model with the generalized loglo-
gistic distribution of the resource, the GPHgpr model.

If the failure-time T},.) distributions have finite supports [0, spy(.)), $Pz() <
oo then v < 0 in (2.85). In this case the survival function of the resource is

G(t) = (1= )1 1)(t), (2.88)

and the right limit of the support of a,.y(t) verifies the equality

/0 T () haSY(w) = 1. (2.89)

Take notice that the GPHgr;, model is a generalization of the gamma frailty
model (GFM) (see Vaupel et al. (1979)) with explanatory variables.

Indeed, suppose that the frailty variable Z follows a gamma distribution
with the scale parameter 6 > 0, the shape parameter k > 0, and the density

k—1
i —z/0

pz(z) = QkF(k)e , 2>0.

The survival function of the resource

G(s) =Ee % = (1 +0t)~".
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Set v = —1/k < 0. Then
1
=——e, v <0.
q(u) e
The proportionality constant can be included in ag and ¢(u) can be written
in the form
q(u) =€, v <0.

We have the gamma frailty model with explanatory variables.

For constant in time stresses 1, z2 € E; and v < 0 we obtain the generalized
proportional odds-rate (GPOR) model (Dabrowska & Doksum (1988)):

S () —1 _ r(ea) 5:7(1) — 1
Sz () r(zn)  Sa)(t)

Let us consider the frailty model with the density pz(z) which is the inverse

Laplace transformation of the survival function

G(t) = (1 =47 11/ (1)

Then
q(u) =™, v >0.

The survival function of the resource is
G(t) = (1 -7, 5 <0,
For v > 0 the support of G is [0,1/7)

3) Inverse gaussian frailty model with explanatory variables.

Let us consider the GPH1 model with parametrization

q(u) = , >0

We have the model

ao(t)
Take notice that this model is the inverse gaussian frailty model with covari-
ates.

Indeed, suppose that the frailty variable Z has the inverse gaussian distri-
bution with the density

L o
pz(z) = (%) eVl =3/20=0=2 250,

() (1) = r(x(t))

Then
20

q(u) = T (a2 (Go0)72"
Including the proportionality constant y/8/c in ap and taking v = (406) /2,

we obtain q(u) = (1 + ~yu)~L.
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Under this model

(L+yr(z) Ag(1)/* —1

(14 yr(w2) Ao(t)1/2 — 17

where ¢y = r(x2)/r(x1). Suppose that ¢g > 1. The ratio ay,(t)/os, (t) in-
creases from the value 1 to \/co > 1. So the hazard rates are equal at the be-
ginning of functionning and are going away one from another when ¢ increases.
So under the inverse gaussian frailty model the hazard rates are supposed to

meet at zero. So it is not so interesting as the GPHgw model.
The survival function of the resource has the form

6 =exp{ 20— vIF T |

Proposition 2.24 implies that under constant stresses the model (2.79) is ob-
tained by taking the resource with any survival function from the family:

G(t):exp{% (1— 1—1—(%)”)}.

GPH model with cross-effects of hazard rates

Qz, (1) [z, () = o

In some situations cross-effects of hazard rates may be observed. For example,
if the burn-in period exists and the stress influences mainly only units with
particular defects then the hazard rate under x5 may be greater than that
under x; at the beginning of life but to the end of the burn-in under x5 the
burn-in under x; is not yet finished and the hazard rate under x, may be
smaller than that under ;.

To obtain a cross-effect of hazard rates consider the following sub-models
of GPH2:

1) First model with cross-effects Bagdonavicius and Nikulin (2000d)

(1) = (@) (L + Ag(s () *O T ag (1) (2.90)

Suppose that co = r(z2)/r(z1) > 1,(z1,22 € Ey), and 7 2s < 472, < 0.
Then

(1 ="z r(@a) Ag(t) "~ T

i
—1——

(1 —=~Tzyr(z1) Ao(t)) Ty

Qz, (1) [z, (1) = o

and
Ay (O)/awl (O) =co > 1, tlinolo Qg (t)/aI1 (t) =0.

So we have a cross-effect of the hazard rates.
We shall denote this model by CRE1.
2) Second model with cross-effects (Devarajan and Ebrahimi (1998))

Aa((t) = r(z(t)) (Ao (1))

8wT'lv(t)

The ratio ) T
Ay (t)/axl (t) = 0(3317 IQ)(AO(t))eW 2 oV w1 7



50 ACCELERATED LIFE MODELS

is monotone and takes values from 0 to co. So we have a cross-effect of the
hazard rates.
We shall denote this model by CRE2.

GPH1 models with specified G.

Let us consider GM models with G specified. These models are alternative to
the PH model, so rather restrictive, as the PH model is.
1) If the distribution of the resource is loglogistic,i.e.

1
G(t) =1 Lz (2.91)
then ¢(t) = e~* and the GM model can be formulated in the following way:
010 ao(t)
=r{z(t)} . (2.92)
Sz (1) So(t)
If stresses are constant in time then we obtain the model
1 1
— ). (2.93)

so T Sm

It is the analogue of the logistic regression model which is used for analysis
of dichotomous data when the probability of ”success” in dependence of some
factors is analyzed. The obtained model is near to the PH model when t is
small.

2) If the resource is lognormal, then

G(t)=1—®(logt), t>0,

where ® is the distribution function of the standard normal law. If covariates
are constant in time then in terms of survival functions the GM model can be
written as follows:

71 (S,(1) = log (r(x)) + 71 (So(t)) - (2.94)
It is the generalized probit model (see Dabrowska & Doksum,1988).

2.5.8 Modification of the GPHI1 models when the time-shift rule holds

The GPH1 models do not verify the rule (2.3). As for the PH model, a natural
situation when such models can be true when some non-observable stress

influences the reliability of units. For example, suppose that on a set F =
E®M x E@) of stresses of the form (2()(-),z(?(-)) the AFT model holds:

() () = ri{z1(t)} re{z2(t) }g{S.() ()}

Then conditionally, given a fixed time-varying component x(2)(~), the GPH1
model holds on the set E(1):

o, () (t) = ri{@ ()} e{ S (0} (),
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where ag(t) = ro{z2(t)}.
If the rule (2.3) is suggested by the data, the restriction of the GS model
coinciding with the GPH1 model on sets of constant stresses can be considered.

Proposition 2.18. The GS model with the survival functions (2.72) on Ey
holds on E D Ey iff for all z(-) € E

-1
ag(y(t) =r{z(l)} {Ail (Ax(.)(t))} o {Aol (%)} , (2.95)

’

where A= —InG,a=A.
The proof is analogous to the proof of Proposition 2.17.
Proposition 2.18 suggests the following model.

Definition 2.8. The first modified generalized proportional hazards (MGPH1)
model holds on E if there exist a positive on E function r and hazard rates
ag and « such that for all x(-) € E the equality (2.95) with

At) = /O a(w)du, Ao(t) = /0 ao(w)du,
holds.

2.5.9 Relations between the survival functions under constant and
non-constant stresses.

As in the case of the AFT model, consider some useful relations between
survival functions under constant and time-varying stresses.

Proposition 2.19. Suppose that x(-), (1), g € E for all 7 > 0.

If the GM model holds on E, then

5.0 =6 ([ e am(s..() (296)
=G (/0 H(Sy(r)(7)) dlog H(Sq, (T))) .

Proof.
The equality (2.70) implies that there exists the functional r; : E — [0, 00)
such that

Sy(t) =G {/0 r1[z(7)]dH (Sz, (7))} . (2.97)
So for all fixed 7, 7 < ¢t
ri{z(r)} = H(Spr)(1)/H(Sx, (1)) (2.98)

Putting 71 {(7)} in the equality (2.97), the first of the equalities (2.96) is
obtained. Putting ¢ = 7 in (2.98) and the obtained expression of r1 {z(7)} in
(2.97), the second of equalities (2.96) is obtained.

Let us consider the PH and MPH models for step-stresses.
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2.5.10 GPH1 and MGPH1 models for simple step-stresses

Propositon 2.20. If the GPH1 model holds on Es, ©q € E1, then for any
IE() € by

S (t) o { G{T(l’l)Ao(t)}, 0<t< t1,
O T G{r(w1)Ao(t) + r(@2) (Ag(t) — Ag(t1))}, t>t.

0<t< t1,
(@1, 22) (H (S, (1) = S0, (t1))}, 2 11

) 0<1t<ty,
)+ p(xo, 22) (H (e, (t)) — H(Sz,(t1)))}, T =t
(2.99)

\
/_/H
D
=
SSQ
=
N—
N—
=%+
~— — )

where p(x1,x2) = r(x2)/7(21).
Let us consider the MGPH1 model.

Proposition 2.21. If the MGPH1 model holds on a set Eo of simple step-
stresses then for any x(-) € Eq, x¢ € Ey

Sm(t)a 0<t<ty,

Sw(.)(t) = { S (t—th +0), ¢t (2.100)

where

t1 = S {G(p(x2, 1) H(S4, (t1))) }

If x5 is design stress, one can take xg = x2 and we have the model

S (t) _ G{p(x%xl)H(Smo(t))}v 0<t<ty,
OV T Sy (t —t1 + 1), t> 1.

where

t7 = S5, {G(p(wo, 1) H(Sz, (t1)))}
)i

Thus, the form of the survival function under stress (-
survival function under stress xg.

is determined by the

2.5.11 General step-stresses

Proposition 2.22.1f the GPH1 model holds on a set of general step-stresses
E,., then for any x € E,, of the form (2.4) and for any t € [t;—1,t;) (i >1)

Sa(o(t) = G{ ‘

1

r(x;)(Ao(t;) — Ao(tj—1) +r(zi)(Ao(t) — AO(til))}

1
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i—1

= G { plao, @) H(Sug (1) + 3 plao, ;) (H (S () — H(Su, (ti-1))

j=1
(2.101)
Let us consider the MGPH1 model.

Proposition 2.23. If the MGPH1 model holds on a set of step-stresses of
the form (2.4) then for any t € [t;—1,t;)

Sy (£) = Sar(t —tiq +111), (2.102)
where
= Sgu {G(p(w2, 21) H(Sz, (1))}
tr = S; {G(p(igr, i) H(Su (ti —timn + 1))} (i =2,---,m).

2.6 GAH and GAMH models

Definition 2.9. The generalized additive hazards (GAH) model holds on E
(Bagdonavi¢ius and Nikulin (1995)), if there exist a function a on E and a
survival function Sy such that for all x(-) € E

AfS ) afs(t)
=)\ _ 9Jo
% - o + a(x(t)) (2.103)
with the initial conditions f§(0) = fﬁ_)(O) = 0; here f&(t) = H(So(t)).

So stress influences additively the rate of resource usage. The last equation
implies that

Syy(t) =G <H(So(t)) +/0 a(:z:(T))d’r) . (2.104)

In terms of exponential resource usage the GAH model can be written in the
form

() () = ¢{ Az () Hao(t) + alz(?)))-
The particular case of the GAH model is the additive hazards model (AH)
(Aalen (1980)):
ag(y(t) = ao(t) +a(z(t)). (2.105)
Both the GPH1 and the GAH models can be included into the following
model.

Definition 2.10 The generalized additive-multiplicative hazards (GAMH)
model (Bagdonavicius and Nikulin (1997a)) holds on E if there exist functions
a and r (positive) on E and a survival function Sy such that for all x(-) € E

afé G
“5;( ) r{x(t)}%t(t) +a(a(t)) (2.106)

with the initial conditions f§(0) = ZGE )(O) = 0; here f&(t) = H(So(t)).
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So stress influences the rate of resource usage as multiplicatively as addi-
tively. The last equation implies that

Suy(t) = G ( /O t r{a(r)YdH (So(r)) + /O t a(z(T))dT> . (2.107)

In terms of exponential resource usage the GAM model can be written in the

form:
(1) = alduy (O} (r{(®) o (1) + a(a(1))).
In the particular case of the exponential resource we obtain the additive-
multiplicative hazards (AMH) model (see Lin and Ying (1996)).
gy (t) = r{z(t) fao(t) + a(xz(t)). (2.108)

The functions a and ¢ are parametrized as the function Inr in the GM models
and the function ¢ in the GPH models, respectively.

2.7 Changing shape and scale models
2.7.1 Definition of the model for constant stresses

Natural generalization of the AFT model (see Mann et al (1974)) is obtained
by supposing that different constant stresses z € FEj influence not only the
scale but also the shape of survival distribution: there exist positive functions
on E; O(x) and v(z) such that for any z € F;

Su(t) = S, { (%) V(x)} : (2.109)

here x is fixed stress, for example, design (usual) stress.
This model has the following interpretation. For any x(-) € E D Ej set

Foy (1) = S5, (S (1)),
which is the S;,-resource used until the moment ¢.
Under the model (2.109) the resource usage rate under x € F is
7]
o fa(0) = r(@) 7,
where 7(z) = v(z)/0(x)"®).
The model (2.108) means that resource usage rate under stress z is increas-
ing, if v(z) > 1, decreasing if 0 < v(z) < 1, and constant if v(z) = 1.
In the case v(z) = 1 we have the AFT model. So under thr AFT model
resource usage rate is constant in time.
Let us consider generalizations of the model (2.108) to the case of time
varying stresses.

2.7.2 Definition of the model for time-varying stresses

Definition 2.11. The changing shape and scale (CHSS) model (Bagdon-
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avicius and Nikulin (2000d)) holds on E if there exist positive functions on E
r and v such that for all x(-) € E

Ofwi(t
0f0®) _ r{z(t)} t/EO-1, (2.110)
ot
This equality implies that
t
Su(y () = Saq </O r{x(T)}TVW))ldT). (2.111)

Variation of stress changes locally not only the scale but also the shape of
distribution.
In terms of the hazard rate the model can be written in the form:

() (8) = r{a(t)} q(Aag () 77T, (2.112)

This model is not in the class of the GS models because the hazard rate
() (t) depends not only on x(t) and A,.)(t) but also on .

If Sedyakin’s rule is suggested by the data, restriction of the GS model
coinciding with the model (2.100) on F; can be considered.

Proposition 2.25. The GS model with the survival function (2.108) on E
holds on E D Ej if and only if for any z(-) € E

v(x — — 1-1/v(x)
oy (8) = {r(@@)}" D ag, {AZ N (A ()} {v(2(t)) A7) (Ax(-)(t))}( -
2.113
The proof is analogous to the proof of Proposition 2.10.

The proposition implies the following model.

Definition 2.12. The modified changing scale and shape model holds on E
if for any x(-) € E the equality (2.113) holds.

In the particular case when v(z) = 1 for any z, we have the MPH model.

2.7.8 CHSS and MCHSS models for simple step-stresses

Proposition 2.26. If the CHSS model holds on Eo then for any z(-) € Es,
T € E1 C Eg

v(z1)
Sua§ (757) : 0<t<t,
Sa()(t) = RRNZESS ) L\H@2)
Swd (a5) + (o) - () } >t
(2.114)
where 0(z) = (:gg)l/y(x)
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In the particular case when zg = x5 we have v(x2) = 6(x2) = 1 and
NG
Sxo (m) ) O S t < tl)
¢ l/(.’ﬂl)
Sz, (Wﬂ)) Ft—tyy, t>t.

Proposition 2.27. If the MCHSS model holds on Ey then for any x(-) € Es

[ 8., (), 0<t<ty,
SI(')(t){ Sey(t —t1 +t7), t>t,

Sx(‘)(t) = (2.115)

(2.116)

where
t7 = 0(x2)(t1/0(wy)) ")/ (2),

2.7.4 CHSS and MCHSS models for general step-stresses

Proposition 2.28. If the CHSS model holds on E,, then for any x(-) € E,,
and t € [ti—hti)
Sa(y(t) =

An () -Ge) ) @) - G) )
5., 4 0(z) Z ((%)H - <%>()> "

1/v(x;
EONE ) /(@)
0(x;) 0(x;)

Proposition 2.29. If the MCHSS model holds on E,, then for any x(-) €
E,

Sz()(t> =5, (t —ti—1 + t;:l), te [tifl,ti),
where

t7 = 0(22) (t1/0(21)) /@) = Q@i ) (ti—tima+t_q) [0(@) /),

2.8 Generalizations
Schaebe and Viertl (1995) considered an axiomatic approach to model build-
ing.

Proposition 2.30. (Schaebe and Viertl (1995)). Suppose that there exists

a functional
a:ExE x|[0,00) — [0,00)

such that for any x1(-),x2(-) € E it is differentiable and increasing in t,
a(r1(+),z2(-),0) =0
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and
T:62(-) ~ a(xl(-), xQ(')v Tm1(-))7
where ~ denotes equality in distribution.

For any differentiable on [0,00) c.d.f. F exists a functionalb: E x[0,00) —
[0,00) such that for all x(-) € E

_F (/Ot b(x(~),u)du> . (2.117)

Proof. Fix z¢(:) € FE and for all z(-) € E put

ag(z(-),t) = F~ 1 (Fyq s (a(z (), 20(), 1))).

The distribution of the random variable R = ag(z(-), T, (.)) does not depend
on z(-) and its c.d.f. is F. Put

Then

which implies
FI(,)( ) P{Tz() < t} P{R < ao( (/ b ) .

Remark 2.8. Set G(t) = 1 — F(
fﬁ.)(t) = H(S;((t)). The equality (2.

% ) = b(a(),b). (2.118)

This model means that the rate of the G—resource usage is a functional of
stress and the time.

The above considered models are sub-models of this general model:

1) If b(x(-), t) = r(x(t)), we have the AFT model.

2) If b(x(-),t) = r(x(t)) ao(t), we have the GM (or, equivalently, GPH1)
model.

3) If b(z(-),t) = r(=(t)) ao(t) and the resource is exponential, i.e. G(t) =
e~t,t >0, we have the PH model.

4) If b(x(+), 1) = r(z(t))t* @) =1 we have the CHSH model.

t), Sey(t) = 1 — Fyy(t), H = G™1,
117) implies that

2.8.1 AFT model with time dependent regression coefficients

The AFT model usually is parametrized (see Section 5) in the following form:

t
Sey(t) =G {/ e—ﬁ”(“)du}, (2.119)
0



58 ACCELERATED LIFE MODELS

where 3= (80, -, 3m)T is a vector of unknown parameters. At any moment
t the resource usage rate

0 4Ty
Efﬁ-)(t) =e e
depends only on the value of the explanatory variable at the moment ¢; here

x(t) = (wo(t),z1(t), - -, xm(t)?, zo(t) = 1.

Flexible models can be obtained by supposing that the coefficients 3 are
time-dependent, i.e. taking
a a QT - _ m ()i (
2 16t = e 0x0 = o~ Ty A0,
If the function (;(+) is increasing or decreasing in time then the effect of ith
component of the explanatory variable is increasing or decreasing in time.
So we have the model

t
Se()(t) =G {/ e_ﬁT(“)”’(“)du} . (2.120)
0

It is the AFT model with time-dependent regression coefficients.
We shall consider the coefficients 3;(t) in the form

where g;(t) are some specified deterministic functions or realizations of pre-
dictable processes. In such a case the AFT model with time dependent coef-
ficients and constant or time dependent explanatory variables can be written
in the usual form (2.119) with different interpretation of the explanatory vari-
ables. Indeed, set

0= (0()’917' o 792'm)T = (BOaﬂlv e 7ﬂma’yl7' o 7’ym)Ta
2() = (20(-),21(), -+, z2m ()T =

(Lar(), 2m(),21()g1()s s T ()gm ()T (2.121)
Then

BT (w)w(u) = Bo+ > (B +7%igi(6)ai(t) = 07 =(u).

i=1

So the AFT model with the time dependent regression coefficients can be

written in the form
¢
Su(y =G {/ e_eTZ(“)du}. (2.122)
0

We have the AFT model where the unknown parameters and the explanatory
variables are defined by (2.121).
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2.8.2 PH model with time dependent regression coefficients

The PH model usually is parametrized (see Section 7) in the following form:
iy () = P Daq(t),

Similarly, as in the case of the AFT model, the PH model with time-dependent
regression coefficients has the form:

() (t) = e D2 (1), (2.123)

As in the case of the AFT model with time-dependent coefficients, the model
(2.123) with 3;(t) = B; + 7:9:(t) can be written in the form of the usual PH
model

T
oy (1) = e *Wag (1),
where 6 and z are defined by (2.121).

2.8.8 Partly parametric additive risk and Aalen’s models

McKeague and Sasieni (1994) give the following generalization of the additive
hazards model (2.105) with constant explanatory variables:

ag(t) = a:lTa(t) + 8Tz,

where x; and x4 are ¢ and p dimensional components of the explanatory
variable z. Here a(t) = (a1, -+, a4 and 3 = (B1,--+,3p)7 are unknown. It
generalizes also the Aalen’s (1980) model

az(t) =zl a(t).

2.9 Models including switch-up and cycling effects

Considering the GS model, it was noted that this (and also AFT) model may
not be appropriate when stress is periodic due to a quick change of its values.
The greater the number of stress cycles, the shorter the life of units. So the
effect of cycling must be included in the model. The GS model can be not
verified when switch-up’s of stress can imply failures of units or influence
their reliability in the future. We shall follow here Bagdonavic¢ius and Nikulin
(2001d). Suppose that a periodic stress is differentiable. Then the number of
cycles in the interval [0,¢] is

n(t):/o | d1{z’(u) > 0} | .

Generalizing the GPH1 (or GM) model we suppose that the G-resource used
until the moment ¢ has the form.
t

100 = [ nteanss) + [ e 14w > 01 (2120
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The second term includes the effect of cycling on resource usage. In terms of
survival functions
t

S)(t) =G {/0 ri{x(u)}dH (So(u)) +/o ro{x(u)} | d1{z’(u) > 0}} .
(2.125)

If amplitude is constant, ro{x(u)} = ¢ can be considered.
The AFT model is generalized by the model

SyH(t) =G {/Ot ri{z(u)}du + /Ot ro{z(u)} | d1{z'(u) > 0} |} (2.126)

The GS and AFT models are not appropriate if z(-) is a step-stress with many
switch ons and switch offs which shorten the life of units.

An alternative to the GS model under step-stresses can be obtained by
taking into account the influence of switch-ups of stresses on reliability of
units. Switch-ups can imply failures of units. Suppose that an item is observed
under stress (2.4) and after the switch-off at the moment ¢; from the stress z;
to the stress x;41 the survival function has a jump:

Sy (ti) = Sa(y(ti—) 03

here d; is the probability for an item not to fail because of the switch-off at
the moment ¢;. In this case the GS model for step-stresses can be modified as
follows:

Se(y(t) = Sz, (t = tica +771)), (2.127)
where
0 =SS, (1) 01}, 7 = S0 {Se (i — iy +174)) 6} (2.128)

Thus the time shift is modified by the jumps.
In this case the following model can be considered:

¢ = t’l” r\u u tT ru r\u 7|d$(u>|
1650 = [ mtapdn (So(u) + [ rafe}r(a) > 0 T
t | da(u) |
—|—/O ra{z(u)}1(Az(u) < O)| Ao) || (2.129)

The second and the third terms include the effect of switch-ons and switch-
offs (or vice versa), respectively, on resource usage. If the step-stress has two
values, the functions 7 and r3 can be constants.

2.10 Heredity hypothesis

Suppose that a process of production is unstable, i.e. the reliability of units
produced in non-intersecting time intervals Iy = (to,t1], -, Ln(tm—1, tm] is
different: under the same stress conditions the survival functions of units,

produced in the intervals I; and I; (i # j), are different. Here we shall follow

)

Bagdonavi¢ius and Nikulin (1997f). Suppose that a failure time T of units
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produced in the interval I; and functioning under a constant stress z € Ej is a
non-negative random variable with the reliability function S;i) (t) = P{Téi) >
t}.

The models of accelerated life are some hypotheses about the influence of the
applied stress on the reliability. For many models the reliability characteristics
under the usual stress z(°) often can be written via the reliability characteris-
tics under the accelerated stress (1) and some function p( (z(®) 2(M) of the
stresses z(©) and z().

AFT model: ,
ST 1) = Su (t/pD (2@, D)), (2.130)
where
P (o, 21) = D (1) /rD (z0) > 1.
GPH1 model:
S () =G {H 0 S, (£)/p" (1, a:<1>)} , (2.131)
GAH model:
S =a {H 08, (t) — b (z®), m(l))t} , (2.132)
where

b (20 2y = @ (M) — ¢ (2(0) > 0.
Definition 2.13. If the process of production is unstable, the model AFT(or
GPH1,GAH ) holds for units produced in each of the intervals I;, and p (z1, x5) =
p(x1,x2) for all i (the models AFT or GM) or b (xy,x5) = b(x1,x2) (the
model GA) are the same for groups of units produced in different time inter-
vals, then the heredity hypothesis holds.

If the heredity hypothesis is satisfied on F and sufficiently large usual and
accelerated data are accumulated during a long period of observation then
good estimators of the functions p(z(®), (M) (or b(z(®), (1)) can be obtained.
The reliability of newly produced units under the usual stress xg can be es-
timated from accelerated life data under the stress (V) > (9 using the es-
timators p(z(@, (M) or b(x(®, (V) and without using the experiment under
the normal stress. The formulated hypothesis is called the heredity hypothe-
sis as it has some associations with the ”heredity principle” of Kartashov and
Perrote (1968) and is motivated by it.

The heredity principle is formulated as follows. Suppose units of ith group
are observed under the stress z and are characterized by some multivariate
technical parameter W;(x). The parameter W is good if

c<Wi(z)<d, e¢deRF

The parameter W; is some function of the interior physical parameters v; of
units:

Wi(z) = fi(vi(z)).
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It is supposed that there exists a function ¢ such that

va(z) = (vi(x), ).

The heredity principle states that the distribution of the random vectors v;(z)
can change going from one group of units to another but the functions f; and
¢ are invariant.

Suppose that z; is a usual stress and x5 > x; an accelerated stress.

If one of the models AFT, GM, or GA and the heredity principle hold, then
sufficiently large data can be cumulative during a long period of observation
and good estimators of the functions p(x1,x2) or b(xy1,z3) can be obtained.
The reliability of newly produced units under the usual stress x1 can be es-
timated from accelerated life data obtained under the accelerated stress xo,
using the estimators p(z1, 2) or b(zy, 2).

2.11 Summary

Models relating the lifetime distribution to possibly time dependent explana-
tory variables were considered in this chapter. As a rule they were defined in
terms of the hazard function. We give here a short survey of them.

1) Accelerated failure time (AFT) model:

() () = r{z(O)}e{ Sy ()}~ Se(y(t) =G {/O T{x(u)}dU}-

The model is parametric if the function G is from a specified parametric family
of distributions (such families are given in Chapter 1) and the function r is
parametrized (see Section 5.1):

r(z) = e @), (2.133)
where 3 = (80, -+, 8m)" is a vector of unknown parameters,

(,O(l‘) = (@O(I)v o '7@m(m))T’ 900($) =1,

being a vector of specified real functions on the set of values of the explanatory
variable z(-) = (xo(-), -+, zm(:)), zo = 1.

The model is semiparametric if one of the functions G or r is completely
unknown and other is parametrized.

The model is nonparametric if both functions G or r are completely un-
known. Estimation in this case is possible only under special plans of experi-
ments.

2) Proportional hazards (PH) model:
(1) = r{z(t)balt).

The model is parametric if the function r is parametrized (as a rule in the
form (2.130), see Section 7.2) and « is from a specified parametric class of
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hazard functions. The model is semiparametric if one of the functions r and
« is completely unknown and other is parametrized.

3) Additive hazards (AH) model:

() (t) = ao(t) + a(z(t)).

The function a generally is parametrized in the form a(z) = 77 x.

These models being narrow (explanatory variables influence locally only the
scale of the survival distribution for the AFT model, ratios or differences of
hazard rates are constant over time for the PH or AH model, respectively),
the last two being not very natural for aging units, a number of alternative
or wider models may be considered.

The natural generalizations of the AFT model are the following models.

4) Changing shape and scale (CHSS) model:
gy () = r{a(t) O g { A, (D)

~ St =G {/Otr{x(u)}u”{“(“)}_ldu} .

Under this model, explanatory variables influence locally not only the scale
but also the shape of survival distribution.

The model may be considered as parametric or semiparametric. Generally
the function r is parametrized in the form (2.130) and the function v in the
form v(x) = exp{y?x}.

5) AFT model with time-dependent regression coefficients:

t
Sp)(t) =G { / eﬁT(W(u)du} : (2.134)
0
with coefficients (;(t) in the form

where g;(t) are some specified deterministic functions or realizations of pre-
dictable processes. It can be written in the form of the usual AFT model

t
Sty = G{/ e—"TZ<“>du}, (2.135)
0

where
0= (90a917' o 792m)T = (505/617 U 757713’-}/17' T 777n)Ta

2(4) = (20(), 21(), -+ 22m ()T =
(Lar(), - am(),21()g1()s s Tm ()gm ()

Even if the explanatory variable x is constant in time, the explanatory vari-
able z(-) is time-dependent. So statistical analysis of this model can be done
using methods of statistical estimation for the usual AFT model with constant
regression coefficients and time-dependent explanatory variables.
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The following class of models generalizes in one or another sense both the
AFT and PH models.

6) First generalized proportional hazards (GPH1) model:

aq()(t) = r{z(t)}g{Au() () ().

It coincides with the AFT model if «(t) = const or with the PH model if
q(u) = const.

The model is parametric if the functions r and ¢ are parametrized and
« is from a specified parametric family of hazard rates. We consider here
semiparametric models with r parametrized and q a specified parameter free
or parametrized function, a being completely unknown. The function r is
parametrized in the form (2.130). The possible parametrizations of the func-
tion ¢ are q(u,7v) = (1 +u)?,e?, (1 + yu)~!. Under these parametrizations
the situations with approaching or going away hazard rates under various
constant explanatory variables may be modeled. Take notice that only one
complementary parameter v is included in these models with respect to the
PH model.

Taking g(u) = e~ ", we obtain the analogue of the logistic regression model,
taking

g(u) = p(v)e" ™, v=0"H(1-e"),
the generalized probit model is obtained. The last two models are alternatives
to the PH model.

7) Second generalized proportional hazards (GPH2) model:
() () = u{z(t), Ap() (D) }eu(t).
It includes the GPH1 model as the particular case. The model CRE1 with

TI
u(z,s) = r(z)(1+ s)”T“‘l and the model CRE2 with A, (t) = r(z)A(t)*"
are in the class of GPH2 models and situations with intersecting hazard rates
may be modeled using them.

8) PH model with time-dependent regression coeflicients
T
gy (t) = e DrWaq(t),
with coefficients §;(t) in the form
Bi(t) = Bi +vigi(t), (i=1,2,..,m),

where g;(t) are specified deterministic functions or realizations of predictable
processes. It can be written in the form of the usual PH model

(s (1) = ¢ *V ag(t),
where
0= (90a017 e 762777,)T = (605/817 e 7ﬂ7717717 e 7’ym)Ta
2() = (20(), 21(), -+ 2am ()T =
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(Lxl(')a ) :z:m(~),x1(~)g1(-), T 7Im(')gm<'))T'

Even if the explanatory variable x is constant in time, the explanatory vari-
able z(-) is time-dependent. Statistical analysis of this model can be done
using methods of statistical estimation for the usual PH model with constant
regression coefficients and time-dependent explanatory variables.

The following model includes both the PH and AH models.

9) Additive-multiplicative hazards (AMH) model:

ag()(t) = r{z(t) tao(t) + alz(t)).
As the GPH1 model generalizes the PH model, the following model generalizes
the AH model.

10) Generalized additive hazards (GAH) model:

() () = ¢{Aa() () Hao(t) + alz(?))).

The GAH model is the AH model when g(u) = 1. The function ¢ is parametrized
as in the case of GPH1 models.

11) Aalen’s additive risk (AAR) model:
az(t) =zl a(t).

This model allows the influence of each explanatory variable to vary separately
over time.

12) Partly parametric additive risk (PPAR) model
as(t) = a1 a(t) + T a2,

where 7 and x are ¢ and p dimensional components of the explanatory
variable z, a(t) = (a1 (t), -+, aq(t)T, B = (B1,---,8,)T are unknown. It
includes AAR and AH models as particular cases.

13) Generalized additive-multiplicative hazards (GAMH) model:

() (1) = q{Aa() ()} (r{z(t) o (t) + alz(t))).

If g(u) = 1, then GAMH model is the AMH model.

A natural property of the models with time-varying explanatory variables
is given by Sedyakin’s rule which states that the hazard rate at any moment
t depends only on the value of the explanatory variable at this moment and
the probability to survive up to this moment.

14) Generalized Sedyakin’s (GS) model
az()(t) = g (x(t), Su() (1)) -

This model is too wide for AFT data analysis but it is useful for construction
of narrower models. Note that from the above considered models only the
AFT model verifies this rule. We discussed how to modify models to verify
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the rule. Such models are rather complicated for statistical analysis in the case
of general time-varying stresses. Nevertheless, if the explanatory variables are
step functions, then they are simple.

The GS model (and also AFT model) may not be appropriate when stress
is periodic with quick change of its values. The greater the number of stress
cycles, the shorter the life of units.

The GS and AFT models are also not appropriate if z(:) is a step-stress
with many switch ons and switch offs which shorten the life of units.

Models including the effect of cycling and the influence of switch-ups of
stresses on reliability were discussed in Section 2.9.

Most of the considered models may be used for analysis of data collected
during different time periods of unstable production process. It may be done
if the models have invariants which do not change going from one group of
produced units to another (see Section 2.10).

Good sources of information and further references on accelerated life mod-
els are Cox and Oakes (1984), Derringer (1982), Finkelstein (1999), Gertsbakh
and Kordonskiy (1969), Hirose (1997a,b), Hsieh (2000), Iuculano and Zanini
(1986), Lin and Ying (1995), LuValle (2000), Mazzuchi and Soyer (1992),
Meeker and Escobar (1998), Miner (1945), Meeter and Meeker (1994), Nelson
(1980, 1990), Nelson and Meeker (1991), Rukhin and Hsieh (1987), Schaebe
and Viertl (1995), Schaebe (1998), Schmoyer (1991), Sedyakin (1966), Shaked
and Singpurwalla (1983), Sethuraman and Singpurwalla (1982), Singpurwalla
(1971, 1987), Singpurwalla , Castellino and Goldschen (1975), Tibshirani and
Ciampi (1983), Viertl (1988), Viertl and Gurker (1995, 1998), Viertl and
Spencer (1991).



CHAPTER 3

Accelerated degradation models

3.1 Introduction

Failures of highly-reliable units are rare and failure time data can be very
scarce. T'wo ways of obtaining additional information about reliability of units
can be used. One way is to use higher levels of experimental factors or stresses
to increase the number of failures, and, hence, to obtain reliability information
quickly. Another way is to measure some parameters characterizing degrada-
tion (aging) of the product in time. Both methods can be combined: degrada-
tion and failure time data can be obtained at higher levels of stress, (see, for
example, Meeker, Escobar and Lu (1998), Singpurwalla (1995)). Analysis of
such data is possible if accelerated degradation models relating degradation
and failure times to the accelerating factors (stresses) are well chosen.

Degradation models with the explanatory variables may also be used to esti-
mate reliability when the environment is dynamic (see, Singpurwalla (1995)).
The explanatory variables may be uncontrollable by an experimenter in such
a case. For example, tire wear rate and failure times depend on quality of
roads, temperature, and other factors.

Accelerated degradation models can be used when optimal values of ex-
planatory variables are needed to maximize the reliability of the product, are
needed. For example, degradation of light emitting diodes is characterized
by their decreasing luminosity, and the rate of degradation depends on such
factors as type of silver, epoxy coating, epoxy lens material, initial curing
temperature, and curing duration, (see, Hamada (1995), Chiao and Hamada
(1996)).

Modeling accelerated degradation one must keep in mind that an unit may
be treated as failed when its degradation reaches a critical level (non-traumatic
failure) or when a traumatic event occurs. The probability of the traumatic
event may depend on the degradation level and on the explanatory variables.
For example, a puncture of a tire is more probable if thickness of the tire pro-
tector (degradation measure) is smaller and the load (the explanatory vari-
able) is heavier.

Thus, in the most general situations an accelerated degradation model must
include:

1. The stochastic process describing changing of the degradation level in
time;

2. Dependence of degradation process parameters on the explanatory vari-
ables;
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3. The stochastic process characterizing traumatic events;
4. Dependence of this process on degradation and the explanatory variables.

3.2 Degradation models

Suppose that an increasing stochastic process Z(t) describes the degradation
level of an item. Sometimes the functional form of the mean degradation
m(t) = E(Z(t)) is known, sometimes it is not. For example, the mean tire
protector wear rate m’(t) gradually decreases in time and after some short
period becomes practically constant. It can be modelled by m/(t) = o +
~v1e~ 72t In this case the mean degradation

m(t) = yot + %(1 —e Y, 4 > 0. (3.1)
2
If the initial accelerated wear period is absent, then m(t) = ~ot is a linear
function.
The mean relative luminosity of light-emitting diodes (see Mitsuo (1991))
is a nonlinear function d(t) = (1 +7pt”*)~! and the mean degradation can be
determined as

m(t) = v t7". (3.2)

In such a case m(0) = 0, and the mean degradation is increasing. There exist
a one-to-one application between the values of m(t) and d(¢).

In many situations (see Carey and Koenig (1991)) degradation approaches
a saturation point where deterioration ends (for example, where oxidation
ceases). The mean degradation can be defined by the function

m(t) =vo(1 —e M%), ;> 0. (3.3)

Usually one of the three general shapes for the mean degradation curve
m = m(t) is observed: linear, convex, or concave (see Dowling (1993), Lu and
Meeker (1993), Boulanger and Escobar (1994), Meeker and Escobar (1998),
Tseng, Hamada and Chiao (1994), Suzuki, Maki and Yokogawa (1993) ). This
shape can be suggested by data analysis or by knowlege of physics of the
degradation process. See, also, Chang (1992), Fukuda (1991), Nelson (1990),
Klinger (1992), Pieper and Tiedge (1983), Yu and Tseng (1999), Yanasigava
(1997), etc.

In what follows we suppose that m(t) is increasing and continuously differ-
entiable on [0, cc] and m(0) = 0.

Many uncontrollable factors imply variability of individual degradation
curves. Thus, the degradation curve of a concrete item w is a trajectory
Z(t,w),t > 0 of a stochastic process Z.

Let us consider several classes of stochastic processes used to model the
degradation.

We assumed that the degradation process is non-negative and non-decreasing.
So we do not consider such well known stochastic processes as Wiener process
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and it’s generalizations because for such models it is possible that degradation
is decreasing in any interval.

We do not also consider models (they are numerous) defined by stochastic
processes with numerically untractable finite-dimensional distributions.

3.2.1 General degradation path model
The degradation process is modeled by a random process
Z=d(t,0), 0=(01,0;), 61 €R"06,€eR

where 0, is a possibly multidimentional random variable and 5 is a non-
random parameter.

The form of the function d(t,6) can be suggested by the form of the mean
degradation function or by individual degradation curves. For example, the
linear mean degradation model suggests the linear degradation path model:

7 = ot

where  is a positive random variable.

If tires are functioning at the same stress conditions, their wear is well
modeled by such a model.

The mean degradation model (3.2) suggests the degradation path model

7 = 0,t%.

If individual degradation curves do not intersect, the parameter 6, should be
non-random and the parameter 65 random, or vice versa, the parameter 6,
should be random and the parameter 65 non-random. If these curves intersect,
both #; and 65 should be random.

3.2.2 Gamma-process

Stochastic process is a gamma process with the shape parameter v(t) and the
scale parameter o, denoted by Z(t) € G(v(¢),1/0), if

a) Z(0) = 0;

b) Z(t) has independent increments, i.e. for any 0 < ¢; < --- < t,, the
random variables Z(t1), Z(t2) — Z(t1), -+, Z(tm) — Z(tm—1) are independent;

¢) the distribution of Z(t) — Z(s) is gamma with the density

1
Pz0-2)) = Tom =)

The gamma process is non-decreasing and its increments AZ(t) = Z(t +
At) — Z(t) are from the same family of gamma distributions.

The mean of the process Z(t) is ov(t). Thus, the degradation process with
the non-decreasing mean m(¢) is modeled by the gamma process Z(t) €
G(m(t)/o,1/0). In such a case

E(Z(t)) =m(t), Var(Z(t)) =om(t), Cov(Z(s),Z(t)) =om(sAt).

g O=v(E) =1 =) =) g=z/o >

)
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If the mean degradation is linear, m(t) = at, then the gamma process is
stationary, i.e. the distribution of Z(t) — Z(s) is a function of ¢t —s. For detailed
treatment of gamma processes in degradation models see Cinlar (1980), Gaver
(1963), Singpurwalla (1995), Singpurwalla and Youngren (1998).

3.2.8 Shock processes

Assume that degradation results from shocks, each of them leading to an
increment of degradation.

Let T, (n > 1) be the time of the nth shock and X,, the nth increment of
the degradation level. Denote by N (t) the number of shocks in the interval
[0,¢]. Set Xy = 0.

The degradation process is given by

00 N(t)
Z(t) =Y UHT, <t}X, =Y X, (3.4)
n=1 n=0

Suppose that T, are the moments of transition of the doubly stochastic Pois-
son (DSP) process. DSP process is a Poisson process with an intensity function
that is also random.

Suppose that this random intensity has the form

A(t) = Yn(t), (3.5)

where 7(t) is a deterministic function and Y is a nonnegative random variable
with finite expectation. So the distribution of the number of shocks up to time
t is defined by

k
P{N(t) =k} =E {% exp{—Yn(t)}} . (3.6)

If Y is non-random, NN is a non-homogenous Poisson process, in particular,
when Yn(t) = A, N is a homogenous Poisson process.

Assume that X, , X, -+ are conditionally independent given {7}, } and as-
sume that the c.d.f. and the probability density functions of X,, given {7}
are GG and g, respectively.

For any random vector (71, Z3), Z1 € RX, Zy € R} such that P{Z, = 23} >
0, set

0
D7y, Zo=2(21) = aleP{Zl < 21,729 = 22}

Proposition 3.1. The distribution of the random vector
(Z(t1), Z(t2) = Z(t1), -+, Z(tm) = Z(tm-1))
s given by:

P{Z(tl) = O’Z(t2) - Z(tl) =0,-- '7Z(tm) _Z(tm—l) = 0} = P{N(tm) :( O})’
3.7
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foranyl <k <. ---<ks<m andug,, --,ug, >0
Pzt )= Z(try—1) v Z(ths )= Z (b —1),Z(t1) — Z (t1-1)=0, Ik, ks (uklv Ty uks) =

DD gn (uny) g, (w )P{N (tr,) = Nt 1) =i, -+,

=1  i.=1
N(tr,) = N(th,—1) = is, N(t;) = N(t;—1) = 0,1 # k1, ks };

for any uy, -+, Uy >0

pZ(tl),Z(tg)fZ(tl),---,Z(tm)7Z(tm71)(ula U,y -y Um) =
(oo} (oo}
Do > gaw) - gi (um)
i1=1  im=1

where g; is the convolution of i densities g,

P{N(t) = i1, N(t2) — N(t1) =iz, -, N(tm) — N(tm_1) = im} =

77(??1)le . An(tm) _‘n(tmfl)}im E{Yt tim e Ynltm)y, (3.8)

17! Tm)

Proof. Let us prove (3.8). Denote by G; the c.d.f. of the sum of ¢ ii.d.
random variables with the c.d.f. G. For any ug,,- -, ur, > 0 we have

Pluk, < Zk, — Zy—1 < upy + higys ooy < Zi, — Z, -1 < up, + i,
Z(tl)_Z(tlfl>:07l#k17"'aks}:

o) 0 Nkl
§ § P{uk1< E Xj<uk1+hk1,"~,uks<
i1=1 is=1 J=Ng,-1+1
Nk's
E X, <ug, +hi, | N, — N, -1 = i1,
J=Npg,_1+1

: ";Nks - Nks—l = isaN(tl) - N(tl—l) = Oal 7& k17"'aks}x
P{Ny, =Ny, -1 =1, +, No, =Ny, -1 =05, N(t;)=N(ti—1) = 0,1 # k1, -+, ks }

= D> AG (kg + b)) = Gy (uny)} -+ {G (uk, + hie,) = G (wg, ) }x
ii=1 .=l
P{Ny,—Nig,—1 =11,y Nk,—Np.—1 =15, N(t;)—N(t;-1) = 0,1 £ k1, -+, ks }.
Dividing by hyg, - - hi, and going to the limit when hy,,---,hy, — 0, we
obtain (3.8).
Examples.

1) If the distribution of Y is gamma:

b
_ c b—1_—cy >0
py (y) oY ¢ vzo
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then
AT (k +b)

L(0)(c +nm) 0
2) If the distribution of Y is inverse Gaussian:

E{yFe Ynltn)) =

py(y) = {y >0}

g 18(y — p)?
s exp{—1 (yu2yu) '

then
E{YyFeYnltm)}

k
— exp{-2 S s
- p{ M(\/l+277(tm)/u'2/5 1 1)}< 1+27](tm),u2/ﬂ> x

k=1 _1+J

E{e—Yn(tm)} — /0OO e—Yn(tm)\/fy 2 eXp{——ﬂﬁ (y —y,u)2}_

A wide survey on shock processes is given in Wendt (1999). See also Kahle
and Wendt (2000), Wilson (2000). From here we shall follow the paper of
Bagdonavi¢ius and Nikulin (2001).

“M

3.3 Modeling the influence of explanatory variables

Suppose that the degradation process is observed under a possibly multi-
dimensional and time-dependent explanatory variable (stress, explanatory
variable, regressor) z(-) = (zo(-),... ,xs(-))T, consisting of fixed first coor-
dinate xo(t) =1 and of s one-dimensional stresses.

We assume in what follows that the deterministic or stochastic process z(-)
is bounded right continuous with finite left hand limits.

Denote informally by Z,(.)(t) the degradation level under stress z(-) at the
moment ¢.

We suppose that the process Z, .y can be transformed via a time-transformation
to a process

Z(t), t=>0,

which does not depend on z(-).

The moment of a non-traumatic failure under the explanatory variable z(-)
is

TI(,) = sup{t: Zw(.)(t) < 20},

i.e. it is the moment when the degradation reaches a critical level zp under
the explanatory variable z(-).

Let

Se(y(t) =P{Tyy >t | x(s),0 < s <t} =P{Z,()(t) <20 | x(s),0< s <t}
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be the survival function of the random variable T,.y, and zo(-) be fixed (for
example, usual) stress. Set

Fa(y (1) = Sy (S ().
Then for all z(-)
Sao() (fo() (1) = Sa(y (2)-

In terms of the probability of survival, the moment ¢ under the explana-
tory variable z(-) is equivalent to the moment f,.)(¢) under the explanatory
variable zq(-).

Thus, it is natural to assume that the distribution of degradation process,
observed under stress z(-), at the moment ¢ is the same as the distribution of
degradation process, observed under stress zo(-), at the moment f,.y(t):

Zy()(t) = Zgy(y (fa() (1))

This model can be practically used if a concrete form of the functional f,(.)(t)
is assumed, i.e. an accelerated life model relating failure time to stress is given.

The simplest model is the AFT model which in terms of the functional
Ja((t) is formulated as follows

o r{z(t)},

with initial condition f,.)(0) = 0; here r is a positive function on RstL
This model implies that

t
Foi (1) = /O r(z(r))dr.
The function r is parametrized as follows:
r{(t)} =70,
where G = (ﬁo, . ,ﬁS)T is the vector of unknown parameters,
y(t) = o(a(t) and ¢: R - R,

where ¢ is a specified function. Possible forms of the function ¢ are discussed
in Chapter 2. We write = instead of y even when it is not so.

Thus, the AFT model implies that the moment ¢ under the explanatory
variable z(+) is equivalent to the moment

t

/ BT2(5) g

0

under the explanatory variable z°(-). This implies
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Degradation model with explanatory variables:

t

Za(s(t) = Z( / e () ds). (3.9)
0

Using models different from the AFT model for time-transformation, more
complicated degradation models with explanatory variables can be considered.

3.4 Modeling the traumatic event process

Suppose that under explanatory variable x(-) the degradation process is de-
fined by the model (3.11).

Let Cy(.y be the moment of the traumatic failure under z(-). Assume that
Cy(y is the first transition of a (possibly non-stationary) Poisson process
(N(t), t > 0) with intensity A(Z,(.y(¢),x(t)) at the moment ¢ which depends
on a value Z,(.y(t) of the degradation and the value x(t) of the explanatory
variable at this moment. This means that for any fixed ¢ the conditional dis-
tribution (given trajectories of 2(s), Zy(.y(s), 0 < s <t which we denote here
also x(s), Z,()(s), 0 < s < t) of the random variable N(t) is the Poisson

distribution with the mean fot /\(Zi(,)(s)’ z(s))ds. In particular
P{Cu) > t]a(s), Zy()(5), 0< s <t} =

P{N(t) = 0| x(s), £<)()0<8<t}—exp{/ Za(-)(8), 2(s))ds}-

(3.10)
To understand the sense of the function A(z, x), consider the conditional prob-
ability of the traumatic event in a small interval (¢, ¢+ A], given that until the
moment ¢ the traumatic event did not occur yet and given x(s), Z,(.y(s), 0 <
s < t. This probability is

P{t < Cz(i) <t+A] Cx(.) > t, x(s), Zm(.)(s), 0<s<t}=

t+A
Texp(= [ AZu():a()dsh = M (0. (0}

Thus if \M{Z,(y(-), z(-)} is right-continuous at the point ¢, then AM{ Z,.y(t), z(t)}
is proportional to the conditional probability of the traumatic event in a small
interval given that at time ¢ the traumatic event has not yet occurred, the
value of the explanatory variable was x(t), and the level of degradation was
ZI(.)(L‘).

Call A(z,x) the traumatic event intensity (or killing rate). In what follows
we suppose that A is continuous on [0, 00) x R® . In such a case the conditional
survival function (3.12) is continuous and the conditional distribution of Cy.)
is absolutely continuous with the density

pCm(,) [2(8),Z2(y(5), Ogsgt(t)
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= M Zuo (1), }exp{/ Zu(y(8), 2(s))ds}. (3.11)

Let Uy,(.) be the time to failure (traumatic or non-traumatic) of items ob-
served under stress x(-) and T,y = sup{t : Z,)(t) < zo}. Then U,y =
min(Ty .y, Cy(y)-

Denote by

Qu(y(t) =P{Cyy >t ] x(s), 0 < s <t} (3.12)
the survival function of the traumatic event time under explanatory variable
z(+). If z(-) influences only degradation but not the intensity of traumatic
events then the function @ does not depend on z(+).

Let

GI(.)(t) = P{Ux(.) >t]a(s),0<s< t} (3.13)

be the survival function of the time to any kind of failure under the explana-
tory variable z(-), and

Suy(8) = P{Ty(y >t | 2(s), 0 < s < £} (3.14)

be the survival function of the time to non-traumatic failure under the ex-
planatory variable z(-).

Proposition 3.2. The survival functions Gu)(t) and Qu)(t) have the
form:

Goy(t) = E {exp{—/o M Zy(o(s),2(s)) ds}liz, . ()<=} | 2(8), 0 < s < t} ,
(3.15)

and

Qu(y(t) = E {exp{— /Ot M Zy(oy(5),2(s)) ds} | z(s), 0 < s < t} . (3.16)
Proof. Using the properties of conditional expectations we have:
Goy(t) = P{Tpy > t, Cpy >t | 2(s), 0 < s <t}
=P{Z,)(t) < 20,Cpy >t]|2(s),0< s <t} =
E {1{zm(.><t><zo,cw<->>t} |z(s), 0 < s < t}
= E{E(L(z, <0000, | 205), Ze) (), 0 S s <) [ 2(s), 0 < s < 1}
_E {1{22(_)(t)<ZO}E(1{CJ(_)>t} | 2(5), Zagy(s), 0< 5 < 1) | a(s), 0 < s < t}
—E {1{22(_)@)%}1){0“) >t | 2(s), Zu(y(5), 0 < s < t}|a(s), 0 < s < t}
—E {exp{_ /Ot M(Zo(5),2(5)) ds}Lz. sy | 2(s), 0 < 5 < t} .

In the last step we used the formula (3.12). The formula (3.18) is proved
similarly.
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The intensity A can be of different forms:

1. X\ does not depend on the degradation and explanatory variables:

Mz, x) = ap. (3.17)
Then the equalities (3.14)-(3.15) imply
Q(t) = e_a[)ta GT()(t) = Q(t) Sr()(t) (320)

2. A does not depend on degradation but depends on explanatory variables
via the AFT model: .

Mz,z) =P 7, (3.18)

where 8% = (35, -+, 5%)T. We do not multiply the exponential by a constant

because, as noted at the beginning of Section 3, the first coordinate in z is
unity. Then

Qs = [ s} Gy (6= Quoyl0) Sur 0 (19)

3. A depends linearly on degradation and on explanatory variables via the
degradation:
Az, z) = ap + a1 2. (3.20)
Then
t
P{C,y > t|x(s), Zy)(s), 0 < s <t} = exp{—aopt — al/ Zy(y(s)ds},
0
(3.21)

Quiy(t) = E {exp{—aot ~ /0 Zoo(s)ds} | a(s), 0 < s < t} C(322)

t
Gy)(t) =E {exp{—aot - oq/ Zy(y(8)dstliz, )<z} | (5), 0 < s < t} ,
0
(3.23)
pr(,)|a:(s),Zz(,)(s),Ogsft(t)

t
= {ao +a1Z,()(t)} exp{—aot — 1 / Zy(y(s)ds}. (3.24)

0

4. X depends linearly on degradation and via the degradation and the AFT
model on explanatory variables:

Az, x) = 65*%(1 + az). (3.25)
Then

P{Cy) >t | x(s), Zy)(5),0 < s <t} = exp{— / 1(8 (14+aZyy(s))ds},

Qaz(H (1) =E{exp{—/ot T (1 aZyy(s))ds) | 2(s), 0 < s gt},
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Goy(t) =

t
E {exp{—/ &8 T:L'(S)(l +aZyy(8)dstliz, (<= | 2(s), 0 < s < t}
0
(3.27)

5. A depends by power rule on degradation and via the degradation and the
AFT model on explanatory variables:

Az ) = (1 + anz®), (3.28)
Then
P{Cy(y >t | 2(5), Zu((5),0 < s <t} =

exp{~ / T (1 4 00 252, (5))ds),
Quy(t) = E {exp{ /O Ta(s (1 + a1Z;?\(s))ds} | 2(s), 0 < s < t} ,
(3

Go(y(t) =

t
E {exp{—/ eﬂ T‘L(é)(l + 04125(2_)(3))d5}1{Z,(,)(t)<zo} | l’(S), 0 <s< t}
0
(3.29)

Remark 3.1. The process generating traumatic events meeds not to be a
Poisson process. In this case the model

Gw(.)(t) =

{G{/ 22y (8),9) AU Ty > 1} [ (9.0 S5 < 1

where G is a non-exponential survival function, can be considered.

At the end we note that Cox (1999), Doksum and Hoyland (1992), Dok-
sum and Normand (1995), Lawless, Hu and Cao (1995), Lehmann (2000),
Lu (1995), Whitmore (1995), Whitmore and Schenkelberg (1997), Whitmore,
Crowder and Lawless (1998) model degradation by a Wiener diffusion process.






CHAPTER 4

Maximum likelihood estimation for
FTR data

4.1 Censored failure time data

Typically failure-time data are right censored. This means that failure time
T is known if it does not exceed a value C, called censoring time. Otherwise
it is only known that failure time T is greater than C.

Left censoring means that failure time 7" is known if it is greater or equal
to C, also called censoring time. Otherwise it is only known that failure time
T is smaller than C.

Left censoring is fairly rare in analysis of reliability data with explanatory
variables and is not considered here.

Right censoring mechanisms can be various:

1) If n units are tested a prespecified time ¢ then censoring is called Type T
censoring. For all units censoring time C = t.

2) If a life test is terminated after a specified number 7, r < n, of failures
occurs then censoring is called Type II censoring. For all units censoring time
C' is the moment of the rth failure.

3) If units are put on test at different time points t1,---,t,, and the data
are to be analyzed at a fixed time point ¢, ¢ > maxt;, then censoring time for
the ith unit C; = t — ¢; is non-random. Such censoring is called progressive
right censoring.

4) If the failure times Ty, - - -, T;, and the censoring times C1, - - -, C,, are mu-
tually independent random variables then censoring will be called independent
right censoring. For example, if several failure modes are possible and interest
is focused on one particular failure mode then failure of any other mode can
be considered as random censoring time.

Type I censoring is a particular case of progressive right censoring. Both
are particular cases of independent right censoring.

Suppose that data are right censored, T; and C; are failure and censoring
times. Set

XZZEACZ, 61:1{Tz§01} (Z:].,,TL),

where a A b = min(a,b), 14 is the indicator of the event A.
Usually right censored data are presented in the following form:

(X1,61), -, (Xn, ). (4.1)

If §; = 1 then it is known that a failure occurs at the moment T; = X;. If
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0; = 0 then it is known that the failure occurs after the moment X, i.e. the
unit is censored at the moment C; = X;.
There is another way to describe right censored data. Denote by

Ni(t) = 1ix,<t.5,=1}y = L{ni<t.1i<Ci} (4.2)

the number of failures of the ith unit in the interval [0,¢]. It is equal to 1 if
failure is observed in this interval. Otherwise it is equal to 0.
Set
Yi(t) = Lix, >0
It is equal to 1 when the ith unit is "at risk” (i.e. it is not censored and not
failed) just prior the moment t.

Note that N(¢) = >, N;(¢) is the number of observed failures of all units
in the interval [0,¢] and Y (¢) = .7, Y;(¢) is the number of units at risk just
prior the moment ¢.

The stochastic processes N, N; are examples of counting processes (see Ap-
pendix).

The data can be presented in the form

(N1 (1), Yi(£),£ > 0),- -, (N (1), Yo (1), £ > 0). (4.3)

The two ways of data presentation are equivalent. Indeed, if (X;, d;) are given
then (N;(t),Y;(t)),t > 0 can be found using their definition. Vice versa, the
moment X; is the moment of the jump of Y;(¢) from 1 to 0. If N;(¢) has a
jump at X; then X; =T; and ¢; = 1. If N;(¢) = 0 for any ¢ > 0 then X; = C;
and §; = 0.

One very important advantage of data presentation in the form (4.3) is the
following. The processes N; and Y; show dynamics of failure and censoring
mechanism over time. If the values of {N;(s),Y;(s),0 < s <t,i=1,---,n} are
known, the history of failures and censorings up to the moment ¢ is known. The
data (4.3) gives all history of failures and censorings during the experiment.
The notion of the history is formalized by the notion of the filtration (see
Appendix, Huber (2000), Pons and Huber (2000)).

If the history up to the moment ¢ is known then the values of N; and Y;
(and of N and Y) at the moment ¢ are known, i.e. the stochastic processes
N;,Y;, N, Y are adapted (see Appendix for the formal definitions).

4.2 Parametric likelihood function for right censored FTR data

Suppose that n units are tested. The ith unit is tested under possibly time-
varying explanatory variable z(¥)(-). Suppose that distributions of all n units
under test are absolutely continuous with the survival functions S;(¢,6), the
probability densities p;(t,8), and the hazard rates «;(t, 6), specified by a com-
mon possibly multidimentional parameter § € © C RS®. The distributions
of units tested under different explanatory variables or stresses generally are
different.
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Suppose that the data
(Xla 51)7 ) (Xna 571)

are right censored.

Denote by G; the survival function of the censoring time C;. We suppose
that the function G; does not depend on 6.

Suppose that T1,---,T, and Cq,---,C, are mutually independent.

Having a concrete realization of the data, an estimator of the parameter 6
should be found by maximizing the probability of such realization with respect
to 0. Let us formalize this.

Suppose that for ¢ = iy, - - -, i the realizations t; of the failure times T; are
observed and for ¢ # iy,---,4; the realizations ¢; of the censoring times C;
are known. Then it is also known that C; > t; for i = i1, --,i, and T; > ¢;
for 4 75 i1,~--7ik.

The probability of such concrete realization is zero because the failure times
are absolutely continuous. Therefore it is evident that under independent right
censoring the function to be maximized with respect to 6 is

1
li —F—P tz<711<t1 hi7Ti<Oi,.:.,-~-"’
lgblnlo hlv"‘vhn { = <t + < 7 11 ik

Ci SC <cz+h’nc <Tiai#ila"'7ik}
= 1T m%9 ) I i) Silei,0), (4.4)

1=11,"",1 2?511,“7
when the censoring times are also absolutely continuous, the survival functions
S; and G; are differentiable at the points ¢; and ¢;, respectively, g; = —G’.
The members with G; and g; do not contain 6, so they can be rejected.
Replacing ¢; by X; when §; = 1 and ¢; by X; when §; = 0, the likelihood
function is obtained:

le (X:,0) S} 7% (X;,0) = Ha (Xi,0) Si(Xi,0). (4.5)

i=1

If C; are constants (Type I and progressive right censoring) then the function
to be maximized is

1
li [ S tz<Tl<tl hini C“':"...)"
hil,..lgllikw him . hik { = <t + < 7 i ik
Ci<Tiitin-iy= [[ w0 [ Sie).  (46)
1=11, "k iy, ik
The functions G; do not depend on 0, so the likelihood function has the same

form (4.5).

Type II censoring is rarely used in real applications because the time of
testing is not known before the rth failure occurs. In accelerated life testing
it is sometimes used for each of several groups of units tested under the same
stress when the failure time distribution is exponential for each value of the
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stress. In such a case exact confidence intervals for reliability characteristics
can be obtained even for small samples.
So in the case of Type II censoring we assume that p;, = p,S; = 5, a; = a.
Under Type II censoring a realization ¢t; < --- < ¢, of the first r order
statistics 11, < --- < T,,, is observed. Then the function to be maximized is

1
h hn}} lOﬁP{tl STln §t1+h1a"'7tr STrn Str+hr}:
1, e sttty Iy
n' . n—r
mnp(tu@)s (tr,0). (4.7)
Ti=1

The constant n!/(n — r)! does not depend on 6 and can be rejected. The
likelihood function is
L(8) = [ p(Tins0) S (T, 0) = [[ % (X0,0) S5 (X,,0), (43)
i=1 i=1

The last equality is implied by the following: if T; = T3, (i = 1,---,7) then
Xj = EATrn =T;, and (5] = 1{Tj§Trn} =1, lij > T, then X] = Tj/\Trn =
T’rn and 6] = 1{Tj§Trn} =0.

The likelihhood function (4.8) has the form (4.5) as in the case of other
types of censorings.

The mazimum, likelihood (ML) estimator 6 of the parameter 6 maximizes
the likelihood function (4.5). See also Hjort (1992).

4.3 Score function

Let us consider now the likelihood function (4.5). The logarithm of it is

InL(0) = > dilog{ai(X,0)} + Y log{S;(X;,0)}. (4.9)
i=1 i=1
It is maximized in the same point as the likelihood function.
If the functions a;(u, #) are sufficiently smooth then the ML estimator ver-
ifies the equation:

U() =0,
where U is the score function:
9 9 9 T
Set
U;(0) = i In L(0) (4.11)
00, ’ '

The score function is the vector U(0) = (U (9),---,Us())T.
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The equality (4.9) implies
=30 L tog(an(%00) + 3 D log(Si(X,0)). (4.12)
pt 09, ’ pt 09, ’

It was mentioned that the data (4.1) can be given in the form (4.3). Let us
write In L(#) and U(#) in terms of the processes N; and Y.
The trajectories of N; have the form:

0, 0<t<X,,
N"'(t):{l t>X;

when 0; = 1, and N;(t) = 0 for all ¢ > 0 when J; = 0. So (see Appendix,
Section A.3):

*° lo Q5 XZ,Q s 57, = ].,
/0 log{cv; (u, ) }AN; (u) = { el g ) 5 _ o = diloglai(X..60)).

(4.13)
The trajectories of Y; have the form:

1a OStSXw
Yé(t)z{ 0, t>X,

So
oo X
/ Yi(u)ay (w)du = / a;(u)du = —log{S;(X;,0)}. (4.14)
0 0
The equalities (4.9),(4.12)-(4.14) imply that

In L(0 Z/ log{a;(u, 8)}dN;(u Z/ w)a(u, 0)du.  (4.15)
Z / log{al u, 0)}dN; (u Z / oi(u)du. (4.16)

4.4 Asymptotic properties of the maximum likelihood estimators

The asymptotic properties of the maximum likelihood estimator 0 are closely
related to the asymptotic properties of the score function U(6).

Indeed, denote by 6y the true value of the parameter 6. Using Taylor ex-
pansion of n~/2U;(6) around 6 in 0 = 0, we obtain

Ul =U@) - U0 = (g-T09)) G- (41D

j/

where 819) are on the line segment between 6 and Bo. Set

10) = (1), = (-5 00) = (%é“—;f)) (118)



84 MAXIMUM LIKELIHOOD ESTIMATION FOR FTR DATA

The equality (4.17) implies that

nV/2(0 — 8y) = ( 1 0

n 00

—1
) 0 6n) =

-1

( 1 0 Uj(90)>_1n_1/2U(90)+A: (%1(90)) n=Y2T(69) + A.

" o0,
(4.19)
Note that
n o 62 n o] 32
L0 =Y [ gt tosten(u 0N )= [ Vi) 5w o).
i=1 =1
(4.20)
If A 5 0 then the asymptotic distributions of the random variables
n'/2(0 — 6,) and (l 1(60)) " *n~12U(6y) (4.21)
n

are the same.

So if (1 I(6y))~"! converges in probability to a nonrandom matrix then the
asymptotic properties of the maximum likelihood estimator 6 can be obtained
from the asymptotic properties of the score function U(0).

Note that the components (4.16) of the score statistic can be written in the
form

Uj (0) = Uj(OO, 0)7 (422)
where
n t P
U;(t,0) = ;/0 8—%log{ozi(u,9)}dMi(u,9)7 (4.23)
and .
M;(t,0) = N;(t) — /0 Yi(u) ai(u, 0)du. (4.24)
Set

U 0,0) = n U (0), H(0,0) = 07 logfai(w0)). (4.25)

J

Then
nooat
U0 =3 [ HP oD@ (=1 @)
=1

If we are interested not only in the asymptotic distribution of the ML es-
timator  but also in goodness-of-fit, it is very useful to have asymptotic
properties not only of the random variable U(#) but also of the stochastic
process U(-,0) = (U1(-,0),--,Us(-,0))7.

The score statistics of the form

Uj(r,0)=> /O ’ Hij(u,0)}ydM;(u,6), (4.27)
=1
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are obtained and in the case of semiparametric estimation using such models
as PH, AFT, GPH, CHSS, etc. Semiparametric estimation is used when the
baseline function of the model is completely unknown and is treated as an
unknown infinite-dimensional parameter. The functions H, Z(jn ) (u, 0) usually are
not deterministic, as here, but (left-continuous) stochastic processes.

The most asymptotic results can be obtained using the fact that the stochas-
tic processes M;(t,0) are martingales with respect to the filtration generated
by the data (see Appendix, Sections A.5, A.6). Under some assumptions on
the processes HZ-(;L) (u,0) the stochastic processes Uj(t, #) are also martingales
or local martingales (see Appendix, Sections A.9, A.10). So the limit distri-
bution of the score statistics can be obtained by applying the central limit
theorem for martingales (see Appendix, Theorem A.7).

Proofs of the asymptotic properties of the ML estimators under indepen-
dent right censoring were given by Borgan (1984) and can also be found in
Andersen, Borgan, Gill and Keiding (1993, Section VI.1.11). We give only
some comments on the conditions of Borgan.

These conditions are:

a) There exists a neighborhood ©g of the true value 0y of 6 such that for
all i, 0 € ©¢ the derivatives of c;(u,8) up to the third order with respect to 0
exist and are continuous in 0 for 6 € ©g, and the integrals

t
/ a;(u, 0)du
0

for any finite t may be three times differentiated with respect to 8 € ©¢ by
interchanging the order of integration and differentiation.

Indeed, these conditions are needed when writing the Taylor expansion
(4.17) and differentiating the score function by interchanging the order of
integration and differentiation.

b) There exists a positively definite matriz 3o = (05 )mxm Such that

_ 5‘10go¢Z u,0p) 0log av(u, ) P
1 Z/ aeg[ i(u’ ao)m(u)du — O'jj/7 (428)

i [ [Olog a;(u, 0p) 2 P
1 ) . . x
n ;:1 /0 ( 20, 1{|n71/2aloggg;u,eo> \2E}YZ(U) ai(u, o) du — 0.
(4.29)

These are the conditions of the Theorem A.7 for the score function U(6y) to
be asymptotically normal. The first condition is just condition on convergence
in probability of the predictable covariations of the score process and the
second is the Lindeberg condition. Theorem A.7 implies that under these
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conditions
12U (0) B N(0,%0); as n — occ. (4.30)
The first condition (4.29) can be written in the following form:

_ D?ai(u,00) 02 log{a(u,0)} P
1 1 0 _ ) » Y0 ) : P »
Z/ { 90,00 9,00, Oéz(w@o)} Yi(u)du = 0.

(4.31)
The equality (4.20) implies that

_ 02 a;(u, 0) 82 log{a;(u,0)}
o _ 1 4 i\U, ) -
n i (0) =n E / { 5090, 96,90, i(u, 9)} Yi(u)du

—12/ 07 logiai(u,6)} l(fo{oé;)“ 0>}dMi(u), (4.32)

where M; are given by (4.24). By (4.31) the first term converges in probability
to G'jj/). If

n 00 82 9 .
2 o . - '
! z_:l/o (aajaej, log{%(%%)}) ai(u, 00)Yi(u)du = 0. (4.33)

then by Corollary A.6 the second term of the right side of (4.32) converges in
probability to zero. So

n~ (o) = o,

and 5

(n~1(00) 02U (0y) = N(0,%51) asn — oo. (4.34)
If to the conditions a) and b) to add conditions under which A 2.0 then (cf.
(4.19))

n'2(0 — 09) 2 N(0,35Y).

These conditions are related with the third derivatives of the hazard functions
in the neighborhood of 6y because A shows the difference between the second

derivatives of the hazard functions (cf. 4.19) at the points ) and 6. So the
last group of conditions is

¢) For any n and i there exist measurable functions gy, and h;, not depend-
ing on 0 such that for all t > 0

0° a;(u, 0
suppeeo, | W |< gin(u), (4.35)
an 931 0
og a;(u,
supgee, | Bai(u, §) |< hin(u), (4.36)

00;00,;:00
for all 3,4',57”. Moreover

n- ;/0 gin(U)Yi(U)du, n- ;/0 hi”(u)ai(uﬁo)n(u)du



APPROXIMATE CONFIDENCE INTERVALS 87

n o) 82 2
-1 . ) g
n ZE:I /0 (89j89j/ log{a(u, 00)}> a;(u, 00)Y;(u)du

all converge in probability to finite quantities as n — oo, and, for all e > 0

nt Z/ hm(u)l{n,l/zhfl/z(u)>€}ai(u, 00)Y: (u)du Eo.
i=1 70 o N

Theorem 4.1. (Borgan (1984)) Under independent right censoring and the
conditions a)-c) , with a probability tending to one, the equation U(0) = 0 has

a solution 6 such that 6 5 0o,
n~V2U(6,) B N(0,%0), n2(0—6y) B N©0,551), (4.37)
and the matriz $o may be consistently estimated by n~'1(f).
Theorem 4.1 implies that

U(60)" T (60) U (60) = x*(s). (4.38)
and R o »

(6 6)T 1) (0 — 00) 2 x*(s), (4.39)
where x?(s) denotes the chi-square law with s degrees of freedom. The statistic
at the left side of (4.38) is called the score statistic, and the statistic at the
left side of (4.39) is called the Wald statistic. (See, for example, Greenwood

and Nikulin (1996)).
The Wald statistic is asymptotically equivalent to the likelihood ratio statis-

tic 2(In L(0) — In L(6p)). Tt is seen from the following considerations. Using
Taylor expansion of In(fy) around 6, we have

2(InL(A) —In L(6y)) = —2U(9) + (6 — 60) " 1(8) (6 — 6o) + 6 =
(0 — 00)7L(0)(6 — by) + 0.

It can be shown that under the assumptions of Theorem 4.1 § LA 0, and hence
2(InL(0) — In L(6p)) 2 x2(m). (4.40)
So if n is large then the distribution of the the ML estimator 0 is approximated
by the normal law: R
0~ N(0y,nXy"), (4.41)
and the distributions of the Wald, score and likelihood ratio statistics are
approximated by the chi-square distribution with m degrees of freedom.
The covariance matrix n ¥ * is estimated by I(6).

4.5 Approximate confidence intervals

The delta method given in Appendix, Section A.15, gives a method of confi-
dence interval construction for reliability characteristics.
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Suppose that 6 = (91, cee és)T is an estimator of = (01,---,0,)7 and it is

known that . »
an(0 —0) = N,(0,%5'(0)) as a, — . (4.42)

For example, 0 may be the maximum likelihood estimator.
Suppose that g : RP — R is a function verifying the conditions of Theorem
A.10. This theorem implies that

an(g(0) — g(6)) > N(0, J,(0)55(0)J7 (6)), (4.43)
with
OO
Tol0) = ( 00, 77 00, ) '
If n is large then (4.42) implies that
0~ N,(0,57(0)) (4.44)
where

The convergence (4.43) implies that

9(0) = Ny(g(6). J; ()71 (6)14(9)), (4.45)
Suppose that a;;2I(0) is a consistent estimator of X (6).
We have .
90 = 90) _ no,1 4.46
o00) (0,1), (4.46)
where
a?(é) = Jg(é)I_l(é)Jg(é). (4.47)

This may be used to construct (see, for example, Bagdonavic¢ius, Nikoulina
and Nikulin (1997)) an approximated confidence interval for g(#). The most
used functions in this book functions

9(0) = S(t,0), g(0) =1,(0), g(0) =m(0),

i.e. the survival function, the p—quantile and the mean. The survival function
takes values in the interval (0, 1], so the approximation by the normal law is
improved by using the transformations

S(t,0)
t,0) =Iln ————.
Q(a ) nl—S(t79)
Taking into account that
uoy, 1
(lnlfu) w1l —w)

and using (4.46), it is obtained that

Q0 ~Qt0) N(0,1),

o (0)
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where
R 1 .
og(0) = S é)(l o é))09(19). (4.48)

It implies that
P{Q(t.0) — 0g(O)wi_ o2 < Q(t,0) < Q(,0) + 0g(@)wy a0} ~1—a,

where w;_q /2 is the (1 — a/2)-quantile of the standard normal law. Solving
the inequalities with respect to S(t, §) we obtain that an approzimated (1—c«)-
confidence interval for the survival function is

(u (1) JPPRSVRRPINS K () ST PR
S(t,0) S(t,0)
(4.49)
Analogously, if
g9(0) = tp(6) or g(0) =m(0)
then the function g takes positive values and the approximation is improved
by using the transformation

K(0) =1ng(h).

Taking into account that (Inu)’ = 1/u and using (4.46), it is obtained that

EO) = KO) _ yi 1
ok (0) o
where
~ 1 ~
ok (0) = ——04(0). 4.50
k(0) o) (0) (4.50)
It implies an approximate (1 — a)-confidence interval for g(6):
(900) exp{-0xBwr_ajo). gB) explonBwy_ae}) . (451)

4.6 Some remarks on semiparametric estimation

Going through accelerated life models one can see (see Section 2.11) that
generally the cumulative hazard A, can be written as a functional of a
baseline function A(t), which does not depend on z(+), and a finite-dimensional
parameter 6:

AI(-)<t) = g(t, 0, A(S),w(s)a 0<s< t)a
and

% log{a, () ()} = w(t,0,A(s), A'(s), A" (s),z(s),0 < s < t).

If for a concrete model the function A is completely unknown then this model
is semiparameric. It contains parametric submodels with A specified. Under
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any such submodel the parameter 6 can be estimated by the parametric max-
imum likelihood estimator using the score function (cf. 4.23):

:f:/w t,0, A(s), A'(s), A”(s), 2D (s),0 < s < t)x
i=1

{dNi(t) — Yi(t)dg(t,0, A(s),zD(5),0 < s < 1)}, (4.52)
It will be seen in the following sections that if A is unknown then for any fixed
0 a consistent estimator A(~,6) can be easily obtained using the martingale
property of the difference dN;(t) — Yi(t)dg(t,0, A(s), 2" (s),0 < s < t), o
other considerations. This estimator may be explicit (AFT, PH, and many
other models) or defined recurrently (GPH, GAH, and other models). As a rule
A is a baseline cumulative hazards and A is some modification of the Nelson-
Aalen estimator (Appendix, Section A.13). The weights w do not depend on
A, A’ A" for the PH model and depend only on A for some models (GPH,
for example). In such a case the unknown function A is replaced in (4.52) by
the estimator A and modified score function for estimation of # is obtained.
Under regularity conditions such estimator is semiparametrically efficient in
the sense that the asymptotic covariance matrix of n'/ 2(é — 0) under the
semiparametric model and under the worst parametric model coincide. Strict
definitions of semiparametric efficiency see in Andersen et al (1993) or Bickel
et al (1993).

For some models the weight depends also on @ = A’, o/ = A”, or both. In
such a case two ways are possible. Generally the properties of 6 do not depend
much on the weight and the first possibility is to replace the optimal weight w
by some appropriate simpler weight. An other way is to estimate the baseline
hazard «, sometimes o’ by some kernel estimators.

The final estimator of A is A(t) = A(t, 6).

Estimators of reliability characteristics are obtained by replacing # and A
by their estimations in the expressions of these characteristics.



CHAPTER 5

Parametric AFT model

5.1 Parametrization of the AFT model

Let
() = (@0(); e 2m ()7
be a possibly time-varying and multidimensional explanatory variable; here
xo(t) =1 and z1(+), ..., T (+) are univariate explanatory variables.
Under the AFT model the survival function under z(-) is

Sa((£) = S (/Otr(T)dT> . (5.1)

If the explanatory variables are constant over time then the model (5.1) is
written as

Sz (t) = So (r(z)t). (5.2)
The function r is parametrized in the following form:
r(z)=e "2, (5.3)
where 3 = (B0, -+, 8m)" is a vector of unknown parameters and

z = (ZOa t 'azm)T = (@0($), o '7907”(]“))71

is a vector of specified functions ¢;, with @g(t) = 1.
Under the parametrized AFT model the survival function under z(-) is

t
S0y (1) = So ( / eﬁ%de), (5.4)
0

and z;(-) (j = 1,...,m) are not necessarily the observed explanatory vari-
ables. They may be some specified functions ¢;(x). Nevertheless, we use the
same notation x; for ¢;(z).

If the explanatory variables are constant over time then the model (5.4) is
written as -

S.(t) = S (e*ff “Et) , (5.5)
and the logarithm of the failure time T, under x may be written as
ln{Tm} = /BTx +€,

where the survival function of the random variable € does not depend on x
and is S(t) = Sp(Int). Note that in the case of lognormal failure-time distri-
bution the distribution of € is normal and we have the standard multiple linear
regression model.
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For time-varying explanatory variables the distribution of the random vari-

able
T(a) T
Rz/ e B e gr
0

is parameter-free with the survival function Sp(t)
Let us discuss the choice of the functions ;.

5.1.1 Interval valued explanatory variables

Suppose at first that the explanatory variables are interval-valued (load, tem-
perature, stress, voltage, pressure).
If the model (5.2) holds on Ey, then for all x1,x2 € Ey

Sﬂcz(t) = SiCl (p(ﬂfl,JZQ)t), (56)
where the function p(x1,22) = r(x2)/r(x1) shows the degree of scale variation.
It is evident that p(z,z) = 1.

Suppose at first that x is one-dimensional. The rate of scale variation with
respect is defined by the infinitesimal characteristic (see Viertl (1988)):
o p(.’L’,LL‘-FAQZ‘)—p(f,.’E) _ l
o(x) = Alyﬁo A = [logr(z)]". (5.7)

So for all z € Ey the function r(z) is given by the formula:

r(z) = r(xzg) exp /5(1}) dv p, (5.8)

where xg € Ey is a fixed explanatory variable.
Suppose that §(x) is proportional to a specified function u(x) :

0(z) = au(x).

In this case
7«(1-) — 6—50—51491(35)7 (59)

where ¢ () is the primitive of u(z), Bp, 1 are unknown parameters.

Example 5.1. §(z) = a, p1(z) = z, i.e. the rate of scale changing is
constant. Then
r(z) = e Po=Piz, (5.10)
It is the log-linear model.
Example 5.2. 6(z) = a/x, v1(z) = Inz. Then

r(z) = e Po—Pilogz — o 201 (5.11)

It is the power rule model.

Example 5.3. §(z) = /22, p1(x) = —1/x. Then
r(z) = e PP/ = g e P/, (5.12)
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It is the Arrhenius model.
Example 5.4. (z) = a/z(1 — ), ¢1(z) = In %. Then

—p1
r(z) = e PomPilns — o (1 x$> . 0<z<l1. (5.13)
It is the Meeker-Luvalle model (1995).

The Arrhenius model is used to model product life when the explanatory
variable is the temperature, the power rule model - when the explanatory
variable is voltage, mechanical loading, the log-linear model is applied in en-
durance and fatigue data analysis, testing various electronic components (see
Nelson (1990)). The model of Meeker-Luvalle is used when « is the proportion
of humidity.

If it is not very clear which of the first three models to choose, one can take
a larger class of models. For example, all these models are the particular cases
of the class of models determined by

0(z) =az”
with unknown  or, in terms of the function r(x), by
e~ Po=Br(@"=1)/e " if £
r(z) = { (5.14)

e Po—Bilogw if e=0.

In this case the parameter € must be estimated.
The model (5.6) can be generalized. One can suppose that §(z) is a linear
combination of some specified functions of the explanatory variable:

k
o(x) = Zai ui(x).
In such a case
k
r(z) = exp {—ﬁo - Zﬂizi(x)} ; (5.15)

where z;(z) are specified functions of the explanatory variable, (o, ..., 0 are
unknown (possibly not all of them) parameters.

Example 5.5. §(z) = 1/x + a/22.
Then
r(z) = e Po=Pilogz=F2/v — (o pe=F2/T (5.16)

where 5y = —1. It is the Fyring model, applied when the explanatory variable
z is the temperature.

k
Example 5.6. §(z) = > /2"
Then

r(z) = exp

—N—

k-1
—Bo — Prlogx — Zﬁz/xl} : (5.17)
i=1
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It is the generalized Eyring model.

Suppose now that the explanatory variable = (21, - -, 2, ) is multidimen-
sional.
If there are no interactions between x1,- - -, x,, then the model

m k;
r(z) = expq —fo — Z Zﬂz‘jzij(xi) ; (5.18)

i=1 j=1

could be used; here z;;(z;) are specified functions, §;; are unknown parame-
ters.

Example 5.7. If the influence of the first explanatory variable is defined
by the power rule model and the influence of the second by the Arrhenius
model then we have the model

r(x1, ) = exp{—LFo — filogx1 — B2/x2} . (5.19)

So k1 = ko = 1 here.

If there is interaction between the explanatory variables then complemen-
tary terms should be included.

Example 5.8. Suppose that there is interaction between the explanatory
variables x1 and x5 defined in Example 5.7. Then the model

r(z1,22) = exp{—Bo — frlogx1 — B2 /w2 — B3(logx1)/x2} . (5.20)

could be considered.

5.1.2 Discrete and categorical explanatory variables.

If the explanatory variables are discrete (number of simultaneous users of a
system, number of hardening treatments) then the form of the functions have
the same form as in the case of interval-valued explanatory variables, i.e. ¢;
may be ¢;(z) =z,In z or 1/z.

If the jth explanatory variable is categorical (location, manufacturer, de-
sign) and take k; different values, then z;(-) is understood as a (k; — 1)-
dimensional vector

() = (@1(); s iy -1 ()T
taking k; different values
(0,0,...,O)T’(LO,...,0)T7(0’170,...,O)T7...7(0’0’...’071)T7
and §; is (k; — 1)-dimensional:
B5 = (Bt - Biky—1) " -

So, if the jth explanatory variable is categorical, and others are interval-valued
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or discrete then
k-1
Bl = Bo+Brzi++Bj—1zj-1+ Z Bjxj+Bit12j41+ -+ BmTm. (5.21)
1=1

The obtained model is equivalent to the model (5.5) with m+k; —2 univariate
explanatory variables. If k; = 2, the explanatory variable x; is dichotomous,
taking two values 0 or 1.

5.2 Interpretation of the regression coefficients

Suppose that the explanatory variables are constant over time. Then under
the AFT model (5.5) the p-quantile of the failure time T}, is
tp(z) =’ "S7(1 - p), (5.22)
so the logarithm
In{t,(z)} = Lz +¢c, (5.23)

is a linear function of the regression parameters; here ¢, = In(S;* (1 — p)).
Let

m(z) = B{T.}
be the mean life of units under x. Then
m(x) = eﬁTm/ So(u)du (5.24)
0
and the logarithm
In{m(z)} = g7z +c (5.25)

is also a linear function of the regression parameters; here
oo
c=1In {/ So(u)du} .
0

MR(z,y) = % and QR(z,y) = ZEZ; (5.26)

the ratio of means and quantiles, respectively.
For the AFT model

MR(z,y) = QR(z,y) = ¢” =), (5.27)

Denote by

So A" (=) s the ratio of means, corresponding to the explanatory variables
x and y.
Let us consider the interpretation of the parameters ; under the model(5.5).

5.2.1 Models without interactions

a) Interval-valued or discrete explanatory variables
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Suppose that the jth explanatory variable x; is interval-valued or discrete.

Then )
b = ety ) g (5.25)
e(X1, ey Ty ony Tom)

is the ratio of means corresponding to the change of x; by the unity.

b) Categorical explanatory variables

Suppose that 2; = (21, ..., xj,kj,l)T is categorical. Its first value is (0, - -+, 0)7

and the (i + 1)th value is (0,---,0,1,0,---,0)T, where the unity is the ith co-
ordinate. Then

eﬂji _ 6(.731, vy Lj—1, (0707 e aov 17Oa Ty 0)7 Tj+1, ’xm) _ MR] (529)
6(1’1, vy Lj—1, (Oa Oa Ty O)vmj—‘rla axm)

is the ratio of means corresponding to the change of x; from the first to the
(i + 1)th value.

5.2.2 Models with interactions

If the influence of the jth explanatory variable on the mean life is different
under various values of other explanatory variables then there is interaction
between the explanatory variables and the model must be modified.

a) Interaction between interval-valued or discrete explanatory variables

If there are two interval-valued or discrete explanatory variables and there
is interaction between them then

BT x = B+ Prxy + Baaa + Pawiwa. (5.30)

For three explanatory variables

Bz = Bo+ 171+ Baxo+ G373+ a1 3o+ Bs 173+ Bewaxs+ Brr1vaws, (5.31)

and so on.
In the case of two explanatory variables the ratio of means

m(xi,xe +1 y
MRy(z1) = % = APz (5.32)

depends on the value of x;.
So
651+5311 (533)

is the ratio of means corresponding to the change of x5 by the unity, the other
explanatory variable being fixed and equal to xq

b) Interaction between interval-valued or discrete and categorical explana-
tory variables

Suppose that there are two explanatory variables: x; is interval-valued or
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discrete and x5 is categorical, with ks possible values. Then

szl szl
Ble = proy + Z B2iTai + Z Br2iT122, (5.34)
i=1 i=1
and the mean ratio
e(z1,(0,...,0,1,0,---,0)) B
MRs; = — oB2itBi2iT 535
L N (S99 )) R (533)
depends on the value of .
So in this example
eP2itPiziwy

is the ratio of means corresponding to the change of xo from the first to the
(i 4+ 1)th value, other explanatory variable being fized and equal to x;.

¢) Interaction between categorical explanatory variables

Suppose that both x; and x, are categorical with three values for each.
Then

1 = ($11711712)T, T2 = ($2175€22)T,
and
Bz = Briz11 + Biawia + Barxar + Pasas + Briz1 1101+

Bii22Z11%22 + Br1221T12021 + Bi222%12%22.
In this case the ratio

e(z1,(1,0)) o1 +3
MR22 T1) = —e 21 112111 +P1221%12
( ) 6((171, (070
depends on the value of z1 = (211, 712)7.

So
6521+51121$11+ﬁ1221$12

is the ratio of means corresponding to the change of xo from the first to the sec-
ond value, other explanatory variable being fived and equal to x1 = (111, 212)7 .

Generalization is evident if the explanatory variables take three or more
values.

5.2.3 Time dependent regression coefficients

Let us consider the AFT model with time dependent explanatory variables
(see section 2.8.1):

t
Spy =G {/ e_ﬁT(“)‘”(“)du} : (5.36)

0
We shall consider the coefficients 3;(¢) in the form
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where g¢;(t) are some specified deterministic functions or realizations of pre-
dictable processes. In such a case the AFT model with time dependent coef-
ficients and constant or time dependent explanatory variables can be written
in the form (5.4) with different interpretation of the explanatory variables.
Indeed, set

0= (003917"'762W)T = (ﬁOaﬂlv"'76ma717"'77m)Ta

Z() = (20(')7 21(-), T ZQm('))T =
(17 xl(')’ R mm(')v 33‘1(')91('), T 7$m(')gm('))T' (5'37)
Then .
BT (w)z(u) = fo + Z(ﬂi + 7igi(t)zi(t) = 0" 2(u).

So the AFT model with the time dependent regression coefficients can be

written in the form ,
S.y =G {/ e_eTZ(“)du}. (5.38)
0

We have the AFT model where the unknown parameters and the explanatory
variables are defined by (5.37).

5.3 FTR data analysis: scale-shape families of distributions
5.83.1 Model and data
Let us consider the AFT model:

t
Syt = So ( / e P $<T>d7>, (5.39)
0

or the AFT model (5.36) with time dependent regression coefficients, and
suppose that Sy belongs to a specified scale-shape class of survival functions:

So(t) = Go{(t/m)"} (n,v>0).
For example, if for ¢ > 0

Go(t) =€, Go(t)=(1+t)"", Go(t) =1-d(Int),

then we obtain the families of the Weibull, loglogistic, lognormal distributions,
respectively. Here ® is the distribution function of the standard normal law.
The parameter 7 can be included in the coefficient 3y, so suppose that

So(t;0) = Go(t/7), o=1/v.

Take notice that if the AFT model with time dependent regression coeffi-
cients 5;(t) = B;i + 7:9:(t) is considered, then, even in the case of constant
explanatory variables, the model (5.36) is reduced to the AFT model (5.38),
which is equivalent to (5.39) with time dependent explanatory variables z(-).
So all results obtained for the AFT model with time-dependent explanatory



FTR DATA ANALYSIS: SCALE-SHAPE FAMILIES OF DISTRIBUTIONS 99

variables can be rewritten for the AFT model with time dependent regres-
sion coefficients and constant or time dependent explanatory variables. In all
formulas

m, B= (BT 2O0) = @0, 20 ()T
must be replaced by
2m7 9:(617"'7ﬂm7717"'77m)T7

200) = @), 2D (), 20 (Vg (), 2D (Vg ()T
respectively.

Plan of experiments:
n units are observed. The 7th unit is tested under the value

20() = (@ () e ()
of a possibly time-varying and multidimensional explanatory variable
2(-) = (20(-)s e @m ()"

The data are supposed to be independently right censored.
Let T; and C; be the failure and censoring times of the ith unit,

X, =T; N\ Ci, (5, = 1{Ti§0i}'
Denote by S; the survival function S,)(.). The model (5.4) may be written

in the form y
t , o
Si(t; B,0) = Gy { ( / e—BTﬂC(l)(u)du) } . (5.40)
0

If 24 is constant then

Int — g7z >

Si(t) =G ( . (5.41)

where
G(u) = Gp(e"), ueR.
Note that the distribution of the random variable

T @) () ; e
R; = {/ l e_ﬁTxm(T)dT} (5.42)
0

is parameter-free with the survival function Gy. For the constant 2("):

ay 1/o
Ri = {Tm(i)e_BTx( )} .
Set
gw) = —G'(u), h(u) = L (5.43)
For the Weibull law:

u u

Gu)=e°, gu)=ce *, hu)=c* (Inh)(u)=1; (5.44)




100 PARAMETRIC AFT MODEL

for the loglogistic law:

Gl =+, glu) = s
h(u) =e“(1+e*)',  (Inh)'(u) = (1+e*) 7Y (5.45)

for the lognormal law:

5.8.2 Mazimum likelihood estimation of the regression parameters

The likelihood function is

-1
n 1 i Xi i
L(B,0) = H {;eﬁ%( )(X2) </O L )(“)du> "
i—1

K2

1 Xi T (i) o 1 Xi T (i)
h <—ln(/ e P (“)du)>} G (—m(/ e he <“>du)>. (5.47)
ag 0 o 0

If 2 are constant then the likelihood function is

n BTN BT ()
L(ﬁ,a)=H{J;h<%>} G(%). (5.48)

=1

The score functions are

(o) = L) 32 Hai(B.0) + 36 (20(8)  27(x)
=1 =1

(1=0,1,...,m),

Oln L(B,0)

Um+1 (ﬁa U) = 9o

= % Z{“i(ﬁa o)ai(8,0) = 6;}; (5.49)
here

1 Xi T_(3)
w(B.) = Sha( [0, a(5.) = b (8.0)) =5, (A (505, )

R e e
e W

, (5.50)
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and the function h is given by (5.43). In the case of constant explanatory
variables the score functions are

_OImL(B,0) 1

Ul(ﬁ;U) = Tﬁl = ; ;Z‘l(i)ai(ﬁ70)v (l = O, 1, ...,m),
Unir(B:0) = P00 LS. )aso) 63, (55
i=1
where
In X; — T2 ,
vi(B,0) = ————  ai(B,0) = h(vi(B,0)) — di(In h)"(vi(B, 0)),

7 (5.52)

and (Inh)’(u) is given in (5.43).
The mazimum likelihood estimators Bj, 0, are obtained by solving the sys-
tem of equations
U(B,0)=0 (1=0,1,....m+1).

5.8.8 FEstimators of the main reliability characteristics

Suppose that x(-) = (21(-), -+, Zm(-))T is an arbitrary explanatory variable
which may be different from ) (-), (i = 1,---,n).

Estimator of the survival function Sy.(t):

Sy (t) = Go { < /0 t e@Trw)du) 1/&} . (5.53)

In the case when x is constant, the estimator of the survival function Sy(t) is

5 Int — 7
S.() = G (M) . (5.54)
o
If the AFT model with time dependent regression coefficients is considered
then
A v 1/6
S2()(®) =G0{</ e’ Z(“)dU) }
0
where

0= (81, B Vs ¥m)
200 = @), 2D ) (g (), 2D (g ()T

Estimator of the p-quantile t,(z(-))

The estimator #,(z(-)) verifies the equation:
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; 1/6
O
Go e du =1-p. (5.55)
0

If  is constant then

fy(x) =" (G5 (1 - p)}. (5.56)

Estimator of the mean failure time m(x(-)):

() = /O " Sue (w)du, (5.57)

If x is constant then

m(z) = 6eP’ /0 h WG (u)du (5.58)

Estimators of the mean ratios

The mean ratio M R(x,y) (see (5.27)) is estimated by
]\/4\R(x,y) = P v, (5.59)
1) Models without interactions.
a) Interval or discrete explanatory variable x;.
The mean ratio M R;, (see (5.28 )), is estimated by
MR; = e (5.60)
b) Categorical explanatory variable z;.
The mean ratio M Rj;,(see (5.29)), is estimated by
MR;; = ePst. (5.61)
2) Models with interactions.

a) Interval-valued (discrete) x Interval (discrete) variables.
If two interval (discrete) explanatory variables, for example, 1 and z9 interact
then the mean ratio M Ry (x1), (see (5.32)), is estimated by

MRy(zy) = ePrthsm, (5.62)

b) Interval-valued (discrete) x categorical

If an interval (discrete) explanatory variable x; interacts with a ko-valued
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categorical explanatory variable xo, then the mean ratio M Ry;(x1), (see the
model (5.35 )), is estimated by

MRoy(wy) = ePitaios, (5.63)

c¢) Categorical x categorical explanatory variables.
If two categorical explanatory variables x; and zo (with, say, 3 possible values)
interact, then the mean ratio M Rys is estimated by

6321+31121$11+B1221$12. (564)

5.8.4 Asymptotic distribution of the regression parameters estimators

Under regularity conditions (see Chapter 4) the distribution of the maximum
likelihood estimators (3,5)7 for large n is approximated by the normal law:

(8,6)" = Niny2((8,0)", 271 (8, 0)).

The covariance matrix X ~1(3, o) is estimated by

I71(6,8) = (I"(8,6)) (m+2)x (m+2), (5.65)
where
1(57 0) = (Ilk(ﬁ7 U))(m+2)><(m+2) (566)
is a matrix with the following elements:
0?InL(B,0) 9?InL(B,0)
IS b = T asaa I m Y = T aa 9.
l (ﬁ 0) 8ﬁlaﬁs l, +1(ﬁ U) 8@30
9?In L(B3,0)
Ly 1ms1(B,0) = T 902 (l,s=0,---,m).
In particular, the variance of the estimator Bj is estimated by
Var{j;} = I'7(3,6) (5.67)
and R
BB N(0,1), (j=0,---,m). (5.68)
(Varf3;)1/?

The expressions for the elements of the matrix I(3,0) are (see notation in
(5.50)):

Is(B,0) = 2Zy ——Zyls )(a:(B,0) + 0dy),

n

Il,m+1(/670-) = % Zyl(i)(ﬁ)(vi(ﬁao)ci(ﬁaa) + ai(ﬁao))a l78 =0,...,m.

i=1
Im+1,m+1(ﬂ7 J) = % m+1 ﬂ? Z UZ 67 )Q'(ﬂ? U) +ai(ﬂ7 U))?
= (5.69)
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where
ci(ﬁ7 )_h/(v’b<ﬁ7 )) (lnh) (UZ( ))
Jo e du [ 1l @y du
(i epraan)’

X; 7 T (1)
el e W du

y2(8) =

(5.70)
fO e— BTz (u)dy,
If 2 are constant in time then
Ils /67 - lel (Z)cl Ba )7
1 1 &< )
Iim41(B,0) = ;Ul(ﬂ,U) + o le vi(B,0)ci (8, 0),
1 n

Im+1,m+1(ﬁa U) = ; m+1 5, Z Uz 57 )Ci(ﬁ’ U) + ai(@ U))~

(5.71)

Take notice that in the case of time dependent regression coefficients m, 3, z(*)
are replaced by 2m, 6, (V).

5.8.5 Approzximate confidence intervals for the main reliability
characteristics

The survival functions, quantiles, mean lifetimes, and mean ratios are func-
tions of the parameters 8 and o. So the asymptotic distributions and approx-
imate confidence intervals for them are obtained by using the delta method.
Forms of approximate confidence intervals for such functions are given in
Chapter 4 (the formulas (4.49), (4.51)).

Approzimate confidence intervals for the survival functions

The formula (4.49) implies that for any z(-) = (zo(-),z1(), -, zm (")) € Ey,
zo(+) = 1, an approximate (1 — a)-confidence interval for the survival function
Sz(y(t) is defined by the formula

80 e e )

where w,, is the a-quantile of the normal law N(0,1) and (see (4.47), (4.48)
and (5.53))
T
sg(.)< a —sz@( 7

, (5.73)
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r GG S0®) 8
Sm(.)(t) 6_6292( )(t)
) ft xT(u) m(u)du ATt
If = is constant in time, then
GG (S:(1) (. >
T z T T
I8t =~ 53 (t X (UQx(t)f yInt — x)

Approzimate confidence intervals for the quantiles

The formula (4.51) implies that an approximate (1 — «)-confidence interval
for the p-quantile t,(x(-)) is

fp(x()) exp{:l:&Kp(m(.))wl,a/g}, (5.74)
where (see (4.47), (4.50) and (5.22))
1
A2
Oicya() = T5rr T d T (B, 6) e )
t2(2(+))
where

ey ) -
JtTp(x(.)) = ¢ et(=0)) (/o z(u)e ™ *Wdu, (GyH (1 —p))°InGy (1 —p) | .

For constant in time x we have

th;(x) ()(fU InGy ( —p))-

Approzimate confidence interval for the mean lifetime

The formula (4.51) implies that an approximate (1 — «)-confidence interval
for the mean lifetime m(z(-)) is

) Gma()) (B,6)
s {220 579
where .
T = m(enI (B:8) e
Tm(a()) = Js,ywdt
If z=const then
m—+1m-+1
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and
bi(3,5) = 68@1%(1:) =m(z)z; (i=0,1,..,m),
bm+1(57&) = aaa_m(x) = rhéac) + geP'e /Oo u&_lGo(u) Inu du.
0

Approzimated confidence intervals for the mean ratios

The formula (4.51) implies that an approximate (1 — «)-confidence interval
for the mean ratio M R(x,y) is:

(GXP{BT(y — ) =GR} — a2, exp{BT(y — ) + 6MR}w1_a/z> , (5.76)

where
m

=N " — )1 (B.6) (ys — @) (5.77)
=0

=0 s

5.8.6 Tests for nullity of the regression coefficients
Let us consider the hypothesis

Hihegyotey B = =0y =0, (1<ki <hka <o < k). (5.78)

Under this hypothesis the explanatory variables zy,, - - -, x, do not improve
the prediction. If Hy, , ..., is verified, these variables are excluded from the
model. In particular case, the hypothesis

H1,2,~~,m : ﬂl == 6771 =0

means that none of the explanatory variables improve the prediction, i.e.
there is no regression. From the practical point of view the most interesting
hypothesis is

Hk:ﬂk:(), (kzl,...,m).
It means that the model with and without the explanatory variable xj gives
the same prediction.

Likelihood ratio test.

Let
L=L(36)= max L(B,0) (5.79)

be the maximum of the likelihood function under the full model with m ex-
planatory variables and

Lk1...k1 = a,ﬁ:ﬁklrgé.xzﬁkl:()[/(ﬁvo—) (580)



FTR DATA ANALYSIS: SCALE-SHAPE FAMILIES OF DISTRIBUTIONS 107

be the maximum of the likelihood function under the hypothesis Hy, .k, which
is the maximum of the likelihood function, corresponding to the model with
(m — 1) explanatory variables {z1,...,2m } \ {Zk,, -, Tk, -

If n is large then the distribution of the likelihood ratio statistic (see (4.40))

L
LR™ = —2In @ (5.81)
is approximately chi-square with m+ 2 degrees of freedom. Under Hy, ., the
coefficients B, , - - -, Bk, are equal to zero in (5.81).
Similarly under Hy, ., the distribution of the likelihood ratio statistic
L
LR = _91p LB (5.82)
L, . i

is approximately chi-square with m —[+2 degrees of freedom. The coefficients
Brys- -+, Br, are equal to zero in (5.82).
It can be shown that the statistics

LR") and LR™ — LR**)
are asymptotically independent.
Thus, under Hy, ., the distribution of the likelihood ratio test statistic

L.k

LRy, ) =—2In (5.83)

is approximated by the chi-square distribution with | = (m+2) — (m —1+2)
degrees of freedom when n is large.

The hypothesis Hy, ..k, : Bk, = ... = Br, = 01is rejected with the significance
level « if
LRkl:'Hvkl > Xffa(l); (584)
the hypothesis His. m : f1 = ... = B = 0 is rejected if

LRl,A..,m > X%—a(m%
the hypothesis Hy, : B = 0 is rejected if
LRy, > xi_o(1).

The statistic LRy is often used in stepwise regression procedures when the
problem of including or rejecting the explanatory variable xj, is considered.

In the particular case the likelihood ratio test statistics may be used when
testing hypothesis about absence of interactions. For example, for the model
with

Bra = By + Prey + Baws + Paws + Baz1xa + G123 + Pewams
the hypothesis Hysg : B4 = 05 = B = 0 or Hjs : §5 = 0 may be tested.
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Wald’s tests

Let Ay, 1, (3,6) be the submatrix of I='(3,4) which is in the intersection
of the ki,...,k rows and ki, ..., k; columns. Under Hy, ., and large n the
distribution of the statistic (see (4.39))

Wkl...kl = (Bklv ceey Bkl)TAl;l_“kl (Bv &)(Bkl) ceey Bkl)T

is approximated by the chi-square distribution with ! degrees of freedom.
The hypothesis Hy, .., is rejected with the significance level « if

1

Wiy > X3 _a(D),
the hypothesis Hys. ., is rejected if

Wi m > Xi_a(m),
and the hypothesis Hy, is rejected if
g B 2

Wi = IRk(3,6) ~ Var (Br) > Xi-a(l):

Score tests

If n is large then the distribution of the statistic (see (4.38)) :
(Ukl (ﬁv 0)7 Y Ukl (ﬁv J))T Akl...kl (Ba 6—) (Ukl (ﬂv U)v Tty Ukl (ﬁv U))

is approximately chi-square with { degrees of freedom. Under Hy, .., the limit
distribution of this statistic does not change if (3,0) (with the components
Gi =0 fori=ky,- -, k) is replaced by (5, 5) verifying the condition

L(B, g) = max L(B,0).

0,8:81y =...=B1, =0
So the score statistic is
Usy..tr = Uk, (8,6, Uk, (8,6))T Ak, (8,6) (Uk, (5,6). -+ Uk, (8,5)).
The hypothesis Hy, . i, is rejected with the significance level v if
Ukyoky > Xi—a(D)-

5.3.7 Residual plots

Let us consider the random variables

X, A . 1/6
R = ( / eﬁTw“)(U)du> ’
0

called the standardized residuals. They are a particular case of more general
Coz-Snell residuals (see Cox and Snell(1968)).
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If 2 are constant then
. — 1/5
e (90x) "

It was noted (see (5.42)) that the random variables

T, . 1/o0
0

are 1.i.d. with the parameter-free survival function Ggy. So if n is large, the

random variables
rn 1/6
0

are approrimately i.i.d. with the parameter-free survival function. Not all R;
are observed when there is right censoring. So
R,=R; if 6=1,

i.e. if the ¢th unit is not censored. Therefore the plot only of Ri for which §; = 1
are used. The points (Xi,}?i) with §; = 1 are dispersed around a horizontal
line in a horizontal band. Strong departures from linearlity or increasing (de-
creasing) width of the band indicate that the AFT model or parametrization
of this model may be false.

Another way of graphical model checking could be comparing the parameter-
free survival function Gy and its Kaplan-Meier (1958) estimator (see Ap-
pendix, Section A13) obtained from the residuals &;.

In practice the residuals are at first transformed. Indeed, take notice that
the random variables with a specified parameter-free distribution Gy may be
transformed to the random variables with any other parameter-free distribu-
tion. So the residuals &; are transformed in such a way that the Kaplan-Meier
estimator obtained from these transformed residuals estimates not GGy but the
survival function of some standard distribution such as uniform on (0,1) or
the standard exponential.

The random variables

gl =1-Go(Ry)
are called the uniformly standardized residuals.
Denote by
Su(t) =1t1(o,1)(t)
the survival function of the uniform distribution on (0, 1). The random vari-
ables
8? =1- Go(RZ)

are i.i.d. with the survival function Sy;. So when n is large then

(élltaél)a ) (627570

can be interpreted as right censored data corresponding to the survival dis-
tribution Sy.
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Denote by Sy the Kaplan-Meier (1958) estimator (see Appendix) of Sp.
Under the AFT model and for 7 suh that §; = 1 the points
(uiy vi) = (€, 1= 8(E), (i=1,-,m)
should be dispersed around the line
v=u, ue€]l0,1].

Strong departure from linearity indicates that the AFT model or its parametriza-
tion may be false.

Alternatively, the distribution Gg can be transformed to the standard ex-
ponential distribution £(1) with the survival function

Se(t) = e_tl(oﬁoo)(t).
The random variables
& =—In[l-Go(R)), (i=1,---,n),
are called the exponentially standardized residuals. When n is large then
(€5,0)), L(i=1,--,n),

can be interpreted as right censored data corresponding to the survival distri-
bution Sg. Denote by Sg(t) the Kaplan-Meier estimator of Sg(t). Under the
AFT model and for i such that d; = 1 the points

(uiyv;) = (65, =[S (&5)]), (i=1,---,n)
should be dispersed around the line
v=u, u>0.

Several examples of residual plots from actual data can be found in Meeker
and Escobar (1998).

5.4 FTR data analysis: generalized Weibull distribution
5.4.1 Model

Families of scale-shape distributions such as Weibull, loglogistic, lognormal
do not give U-shaped hazard rates.

A family which allows all possible forms of the hazard rate (constant, in-
creasing, decreasing, N-shaped, U-shaped) is the generalized Weibull distribu-
tion with the survival function

So(t) =exp{l—(1+(t/0)")"} (v,60,v>0).

If the AFT model with baseline generalized Weibull distribution is used, the
parameter # can be included in the coefficient Gy, so we suppose that

So(t) = exp{l — (1 + )} (v,v > 0). (5.85)
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Under the AFT model the survival function Sx(;,)(_) has the form

t _ ¥
Si(t; B,v,7) = exp {1 - (1 +( / eﬁTﬂ”‘”“)du)”) } , (5.86)
0
and for the constant z(?)
T (D) v
Si(t; B,v,7) = exp {1 - (1 +(e7” t)”) } : (5.87)

Set .
0

5.4.2 Mazimum likelihood estimation for the regression parameters

Similarly as in 5.1.5 we obtain the likelihood function

n T (i _ 9
L(B.v.7) = [T {rr @+ (i, .07 e 7000 (06, 8.9)
i=1
xexp{l—(1+ (fi(Xs,3,7)")"}. (5.88)
If 2 are constant then

n

6.
i i -1)™
oy L 51 mr

i=1
exp {1 - (1+ (e‘ﬁT‘”(i)Xi)”)v} . (5.89)
In the case of constant explanatory variables the score functions are
Ui(B.v,7) = %ﬁ” = vfx?” (ywi(B.1,7) = i (B,v,7))
i=1
(l =0,---,m),
5y = DOEE2T)

<D
|
R | =
[]=

(rywz(ﬁ7 a’Y) 6iui(6ay77))lnzi(6ay)7

.
Il
i

Unnia(8,1:7) = %———Z{ L 2(8,)7 — 8 m(1+ (5, ))

(5.90)
where



112 PARAMETRIC AFT MODEL

w(Br) =1+ (- D
(B.7) = (14 5 (8,0) ™ (B.v). (:91)

When the explanatory variables are time-varying the formulas are slightly
more complicated.

The maximum likelihood estimators B, U, 4 are obtained by solving the
system of equations

U(B,v,y)=0 (1=0,1,...,m+2).

5.4.8 Estimators of the main reliability characteristics

Suppose that z(-) is an arbitrary explanatory variable.

Estimator of the survival function Sy.(t):

Su((t) = exp {1 — (1 + (/Ot e_BTI(“)du)’3>ﬁ} . (5.92)

If x is constant then

S, (t) = exp {1 — (1 + (eﬁT"’”t)ﬁ)?y} . (5.93)

Estimator of the p-quantile

The estimator #,(x(-)) verifies the equation:

Sey(Ep(@())) =1 —p. (5.94)

If x is constant then

fo(x) = {(1 —In (1 — p))/7 — 1}1/7eP"e, (5.95)
Estimator of the mean failure time m(x(-)):

(z(-) = /0 h Sy (u)du. (5.96)

If x is constant then

(z) = B ot /0 h exp{—(1 + u”)"}du. (5.97)
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Estimators of the mean ratios

Estimators of the mean ratios have the same forms (5.59)-(5.64) as in the case
of the scale-shape family of distributions.

5.4.4 Asymptotic distribution of the regression parameters

The distribution of the maximum likelihood estimators (B, 0,4)T for large n
is approximated by the normal law:

(B,2,9)" ~ N is((8,0,7) ", 271 (B, v,7)). (5.98)
The covariance matrix X ~1(3,v,7) is estimated by
71(B51A/7’Ay) = (Ils([}7ﬁaﬂ/))(m+3)><(m+3)7 (599)
where
I(ﬂa v, ’Y) = (Ilk‘ (ﬁv v, 7))(m+3)><(m+3) (5100)

is a matrix of minus second partial derivatives of In L(5,v,~) with respect
to its arguments. Under constant explanatory variables we have (the indices
I(1=0,---;,m), m+1 and m + 2 mean the derivatives with respect f;, v and
7, respectively):
Ils (ﬁa v, ’7) =
Q)

QZ 1+Zz ﬁ7 {'sz(ﬂ, 77) (1+722(ﬂay))751 (ui(ﬂayvv)il)}a

1
Il,m+1(ﬂa V7’Y) = _;Ul(ﬂ71/7 7)_

;mgi)% {ywi(B,v,7) (1 +v2:(B,v)) — 0; (us(B,v,v) — 1)},
Limt2(B,v,7) =
zi(B,v)
_szz {an B,v,y) (1 4+~In(l + 2;(8,v))) — 6’%} 7
(1,5 =0,...,m).

Im—i—l,m-{-l(ﬁv v, ’7) =

n 2
SUmaB.00) 55 30 TG ) 7(8,0)

('U/Z(ﬂ,l/'}/ _1 }+ ZIDZZ /87 {’ywi(ﬁvyv’}/)_5iui(6vl/77)}7

[m+1,m+2(67 v, ’Y) =

L3 HRIEA (1 () (14 () (1 5(8,0) ~ 6,
i=1 N
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[m+2,7n+2(67 v, 7) =

n

%+Z(1+Zi(ﬁ,1/))”ln2(1+zi(6,z/)), (5.101)

i=1
In particular, the variances of the estimators Bj, 0,4 are estimated by
Var{0;} = I’(5,0,%), Var{o}=I1""""*1(5,0,4),
Var{4} = I"™T2™+2(3,0,4).

5.4.5 Approximate confidence intervals for the main reliability
characteristics

Approximate (1 — «) confidence intervals for the survival function, the p-
quantile and the mean life under any x are obtained as in the case of the
scale-shape families of distributions with the only difference that the functions
(@@ and K contain m + 3 parameters instead of m + 2.

Approzimate confidence intervals for the survival functions

For any « = (zg, 21, -+, Zm) € Eg, £o = 1, an approximate (1 — «)-confidence
interval for the survival function S, (t) is defined by the formula

) 1
1—S,(t) .
14 150 exp{iwl-a/z}) ,

where w,, is the a-quantile of the normal law N (0, 1) and

al(ﬁa ﬁ,’A)/) = _aerl(Ba ﬁaﬁ/) V.]?l/(h’lt - BTJ:) (l = O? e 7m)a

ams1(5,9,3) = = (77757 (14 (" o)") " (it - Ta),

ami2(B,2,4) = —(1 — I Sy (1)) {1 + (e~ #1)"}.
Approzimate confidence intervals for the quantiles

An approximate (1 — «)-confidence interval for the p-quantile t,(x) is

t},(x) exp{j:c}Kp(x)wl_a/g},

where
m—+2 m-+2

UK p(x) — Z Z bl ﬁ A/ IZS(Baﬁvﬁ)bs(Bﬂz/ﬁ/)v

=0 s=0
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where A A
bl(ﬁvﬁaﬁ/):xl (l:0717"'7m)7 bm-‘rl(ﬁ ﬁ)ﬁ)zla
bms2(B,9,4) =
oy —1
_I/L’)/Q ln(l - ln(l — p))(l — ln(l — ))1/7 {(1 _ 111(1 _p))l/,y}

Approzimate confidence interval for the mean lifetime

An approximate (1 — «)-confidence interval for the mean lifetime m(x) is

m(z) exp {im(ﬁ)’&)wla/g} ,

m(x
where
m—+2 m-+2 R R R
OA-’I%’L(I‘) - Z Z Cl(57ﬁ7’3/) Ilé(ﬁ>ﬁ7py) 08(57ﬁ>’§/)7
=0 s=0
and

a(8,0,4) = zm(z) (1=0,1,...,m),
R 0 o o
Cmi1(B,9,4) = —WeﬁTZH/ u” (1 +u”) 7! exp{—(1 +u”)"} Inudu,
0

ersa(B,0,4) = —eBT'TH/ (1+07)7 exp{—(1 +u”)"} In(1 + u*) du.
0

Approzimated confidence intervals for the mean ratios

An approximate (1 — «)-confidence interval for the mean ratio M R(x,y) is:

(eXP{[;T(y — ) — CMRIW1—a/2, exp{A7(y — x) + &MR}w1—a/2) )

where
m

=3 (i — a1 (B,6)(ys — xs).
=0

=0 s

5.4.6 Tests for nullity of the regression coefficients

All results of Section 5.3.6 are evidently reformulated for consideration in this
section.

Likelihood ratio tests

The hypothesis Hy,. .k, : Ok, = -.. = Bk, = 0 is rejected with the significance
level « if
LRyl > Xi—a(0), (5.102)
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where
max, ~ 3.8, —..—8. =0 L(3, v,
Lszh,_,_kl _ —2111{ Y58 Bhy /Bkz 0 (ﬁ ’Y) } (5103)
: maxg -~ L(67V7 '7)
Wald’s tests
The hypothesis Hg, .., is rejected with the significance level « if
Wklmkl > X%—a(l)v (5104)
where
Wiy ke = (Bkl,.-.,Bk,)TAl;lmkl (B, 0,9) Brys oos Bry) T (5.105)

and Ag, g, (B, 7,%) is the submatrix of I_l(ﬁA, U,4) which is in the intersection
of the k1, ..., k; rows and k1, ..., k; columns.

Score tests

The hypothesis Hg, .k, is rejected with the significance level « if

Uk'l...kl > X%—a(l)a

Ukyly =

and (B, U,7)) verifies the equality
L(B,7,7)) =

max
V,7,8:Bky = =By =0

5.4.7 Residual plots

All discussion of Section 5.3.7 holds and for the case of the generalized baseline
distribution with the only difference that the standartized residuals are defined

as
X R ) 17
fi ([ Yo o
0

and, when data is sufficiently large, are interpreted as failure or censoring
times from right censored data from the standard exponential distribution.
So here RF = R; and RV =1 — e~ 7,

If () are constant then

R = {1 + (e*f’”(”)(i)”}7 _1 (5.107)
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5.5 FTR data analysis: exponential distribution

5.5.1 Model

Suppose that the baseline survival distribution is exponential:
So(t) = e t/".

The parameter 6 can be included in the coefficient 3y, so we suppose that
So(t) =e™".

Under the AFT model the survival function S; = Smm(_) and the hazard rate

Q; = O[z(i)(_) are

t )
Si(t) = exp {/ exp{—3"z(" (u)}du} ity =e PO (5.108)
0
Under constant z(9):

Si(t) = exp{—exp (=472}, a;(t) = =BT

(5.109)

5.5.2 Mazimum likelihood estimation of the regression parameters

The likelihood function is

L(B) = [ [{ou(X)}" Si(Xi) =

i=1

exp {— Z: (@ng;(l) (X;) +/0 eXp{—ﬂTx(l) (u)}du) } ) (5.110)

1
For constant z(:

L(B) = exp {— Z(&lﬂTx(i) + 6_5T1('5)X7;)} . (5.111)
i=1
The score functions are
81 L n X ‘
Ul(ﬁ) - ( / .Tl( )(u) exp{—ﬁTx(’)(u)}dU>
=1 0
(5.112)

For constant z(:

Ui(B) = alnL Zx/ i—e 7 Xy, (5.113)

Denote by 3 the maximum likelihood estimator of 3.
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5.5.83 Estimators of the main reliability characteristics

The estimators of the survival function S,(t), the p-quantile ¢,(z) and the

mean m(x) are

Sp(t) = exp{—e 77t} fy(x) = — P TIn(1—p), m(z)=ec

5.5.4 Asymptotic properties of the regression parameters
The law of ﬁ for large n is approximated by the normal law:
B~ N(B,S7(B)).

The covariance matrix ¥ ~1(f3) is estimated by

I_1<B) = (IIS(B))(m+1)><(m+1)

where
I(B) = (Ils(B))v (17‘5:07"'7777’)7
and
6(B) = _aazgﬁg Z/ (u) exp{— ﬁT (i )( ) }du.

For constant z(:

n

I:(08) = Z zl(i)xgi) exp {—ﬁT:z:(i)}Xi.

i=1

5.5.5 Approzimate confidence intervals for the main reliability
characteristics

Set

iixlz Ils 1/2

=0 s=0

Approzimate (1 — a)-confidence interval for Sy (t):

_ &t ) -
<1 + Tt)() eXp{iJszl_a/2}> .

where
oo, = 2%},
1—5,(t)

(5.115)

(5.116)

(5.117)

(5.118)
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Approzimate (1 — «) confidence interval for t,(z):

tp(@) exp{Eiwi_q 2} (5.119)
Approzimate (1 — «)-confidence interval for the mean m(x):

m(z) exp{Eiw;_q/2}- (5.120)

5.5.6 Tests for nullity of the regression coefficients

All results of Section 5.3.6 are evidently reformulated for consideration in this
section.

Likelihood ratio tests

The hypothesis Hy, . .k, : Bk, = ... = Br, = 0 is rejected with the significance
level a if
LRy, .1 > Xi—a(D), (5.121)
where L(8)
maxg:gy, =...=Bx, =0
L =21 L L 122
Wald’s tests
The hypothesis Hy, .., is rejected with the significance level « if
Wiy.dy > Xi—a(l), (5.123)
where X R o R
Wklu.k‘l = (ﬂkl PREET] ﬂkl )TAlzllmkl (6)(ﬂk1 PREIEY] ﬁk‘z)T7 (5124)

and Ay, j, () is the submatrix of I~!(3) which is in the intersection of the
ki,...,k; rows and kq, ..., k; columns.

Score tests

The hypothesis Hy, .., is rejected with the significance level « if

Ukrl...k:l > X%—a (l)7

where

Ukl---kl = (Ukl (B)v ) Ukl (B))T Ak1-»-k1, (B) (Ukl (B)? T Ukl (5))7
and B verifies the equality

L(B) max L(9).

 BiBry = =P, =0
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5.5.7 Residual plots

All discussion of Section 5.3.7 holds and for the case of the generalized baseline
distribution with the only difference that the standartized residuals are defined
as

X . )
R = / e ATV W gy, (5.125)
0

and, when data is sufficiently large, are interpreted as failure or censoring
times from right censored data from the standard exponential distribution.
So here RP = R; and RY =1 — ¢ T,

If () are constant then

Ri=e " x,. (5.126)

5.6 Plans of experiments in accelerated life testing

The purpose of ALT is to give estimators of the main reliability characteristics
under usual (design) stress using data of accelerated experiments when units
are tested at higher than usual stress conditions.

A stress x3(-) is higher than a stress z1(+), x2(-) > x1(+), if for any ¢ > 0 the
inequality Sy, (.)(t) > Sg,(.)(t) holds and exists tq > 0 such that S, y(to) >
Sm(-) (to).

Denote by xg = (200, o1, Tom ), Too = 1, the usual stress.

If the AFT model holds on a set of stresses E then for any z(-) € E:

Sa(o(£) = So ( /0 t r{x(T)}dT> . (5.127)

If (1) = x = const than
Sz (t) = So(r(z)t). (5.128)
Generally accelerated life testing experiments are done under an one-dimensional
stress (m=1), sometimes under two-dimensional (m = 2).
Several plans of experiments may be used in ALT.

5.6.1 First plan of experiments
Let x1, ...,z be constant over time accelerated stresses:
o < X1 < ... < Tk,

here x; = (20, Ti1, "+, Tim), Tio = 1. The usual stress z( is not used during
experiments.

k groups of units are tested. The ith group of n; units, Zle n; = n, s
tested under the stress x;. The data can be complete or independently right
censored.

If the form of the function r is completely unknown and this plan of exper-
iments is used, the function S, can not be estimated even if it is supposed
to know a parametric family to which belongs the distribution S, (t).
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t/0)%

For example, if Sp(t) = e~ then for constant stresses

s e (762)")

Under the given plan of experiments the parameters

o) )
0 0
and the functions Sy, (t), ..., Sz, (t) may be estimated. Nevertheless, the func-
tion r(x) being completely unknown, the parameter r(zy) can not be writ-
ten as a known function of these estimated parameters. So r(zg) and, conse-
quently, Sy, (t) can not be estimated.
Thus, the function r must be chosen from some class of functions. Usually
the model

Sa(t) = So(e 7" 7), (5.129)

with ¢ = (zo, -+, 2m)", B = (Bo, -+, Bm)T is used, where z; may be not
the stress components but some functions ¢;(z) of them. The form of the
functions ¢;(z) is discussed in Section 5.1.

The choice of the functions ¢;(z) is very important in accelerated life testing
because the usual stress is not in the region of the stresses used in the exper-
iment, and bad choice of the model may give bad estimators of the reliability
characteristics under the usual stress.

5.6.2 Second plan of experiments

In step-stress accelerated life testing the plan of experiments is as follows.

n units are placed on test at an initial low stress and if it does not fail in
a predetermined time t1, the stress is increased and so on. Thus, all units are
tested under the step-stress

X1, 0< 1< ty,

x2, tl ST<t23

z(r) = (5.130)

T, t—1 ST <tg;
here z; = (xj0, *+, Tjm)T, Tjo =1, to = 0,t, = oo.
In this case the function r(z) should be also parametrized because, even
when the usual stress is used until the moment ¢, the data of failures occurring
after this moment do not give any information about the reliability under the

usual stress when the function r(z) is unknown.
Thus, the model

t
Sy(y(t) = So (/ e P I(T)d7> (5.131)
0

should be used. For step-stresses it is written in the form (cf.(2.24)):if t €
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As in the case of the first plan, z;; may be not the stress components but
some specified functions of them and good choice of these functions is also
very important.

5.6.3 Third plan of experiments

Application of the first two plans may not give satisfactory results because
assumptions on the form of the function r(x) are done. These assumptions
can not be statistically verified because of lack of experiments under the usual
stress.

If the function r(x) is completely unknown, and the coefficient of variation
(defined as the ratio of the standard deviation and the mean) of failure times
is not too large, the following plan of experiments may be used.

Suppose that the failure time under the usual stress x( takes large values
and most of the failures occur after the moment 5 given for the experiment.

Two groups of units are tested:
a) The first group of ny units under a constant accelerated stress xy;

b) The second group of na units under a step-stress: time t1 under x1, and
after this moment under the usual stress xg until the moment to, i.e. under
the stress:

:E(T)_ X1, OSTSt17
2 - xg, b1 <7 <to.

Units use much of their resources until the moment ¢; under the accelerated
stress x1, so after the switch-up failures occur in the interval [t1,t2] even
under usual stress. The figure 5.1 illustrates this phenomenon. We denote by
fzo> [z, and fg, the densities of failure times under stresses o, z1, and z3,
respectively. The area under f,, in the interval [0,ts] is very small but the
area under f,, in the interval [¢1, 3] (when the units of the second group are
under the usual stress xg) is large.
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Figure 5.1

The AFT model implies that
Srl (’LL) = Sro (’I’u),

where r = r(x1)/r(xo), and

Sy, (ru), 0<u<t,
Srao(u) = { Suo(rti +u—t1), t1 <u<t,

or, shortly,
Sao()(t) = Seo(r(u Aty) + (u —t1) VO), (5.133)
with a A b = min(a,b) and a V b = maz(a,b).

It will be shown in the next chapter that if the third plan is used, and both
functions S, and r(x) are completely unknown, semiparametric estimation
of Sy, is possible.

The third plan may be modified. The moment ¢; may be chosen as random.

The most natural is to choose t; as the moment when the failures begin to
occur.

5.6.4 Fourth plan of experiments

If the failure-time distribution under the usual stress is exponential, exact
confidence intervals can be obtained using the following plan of experiments.

k groups of units are observed. The ith group of n; units is tested under
one-dimensional constant stress ") until the rith failure (r; < n;) (type IT
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censoring). The failure moments of the ith group are

Ti SSTLT1 (Z:1a2a’k)

5.7 Parametric estimation in ALT under the AFT model

Suppose that the baseline survival function Sy in the AFT model (5.1) belongs
to a specified class of distributions.

Each of the above mentioned plans of experiments is a particular case of
the plan of experiments considered in Section 5.3.1.

The first plan is the particular case of that general plan taking

1, 1=1,---,ng,
o= Fp f=mtl,mdng, (5.134)
Tk, i:Z;?;llnj+1,~~,n,
where z; = (zjo, -, Tjm) (1 =1,---, k).
Second plan: z(9(-) = z(-) for any i = 1,---,n, where
1, 0<7<t,
sy =4 T2 =TS (5.135)

Tk, tm—1 §T<tk7

and z; = (zjo, -, jm) (i =1,---,k).

Note the difference. In the case of the first plan the constant stress x; is
used all time of the experiment for the jth group of units. In the case of the
second plan the constant stress x; is used in the interval [t;_1,t;) for all units.

Third plan:

()=, 7>0, (i=1,---,n1);

Gy _ ) Z1s T <1, -
. (T) N { To, T S [t17t2}7 (Z =mt 1’ 7”), (5136)
where z; = (20, -+, 2jm) (1 =1,2).

5.7.1 Maximum likelihood estimation
First plan:

The likelihood function may have the forms (5.48) (shape-scale families of
distributions), (5.89) (generalized Weibull distribution), (5.111) (exponential
distribution). The score functions have, respectively, the forms (5.51), (5.90),
and (5.113).

Second plan:

The likelihood function may have the forms (5.47) (shape-scale families of
distribution), (5.89) (generalized Weibull distribution), (5.111) (exponential
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distribution). The score functions for the first and the third case have the
forms (5.49) and (5.113).Take notice that all integrals in the expressions of
the likelihood and score functions are sums, because the stress is piecewise
constant. For example, if X; € [t;_1,t;), (j =1,---,k), then

X; Jj—
8T 2@ (4 T
/0 7 Wdu =155 Ze (ts —temn) + e (X — 1),
s=1

and forl=1,---,m

X T () = 8T
/0 (e W du = 1yoay D wa e (o) +e 7 (K=t ).

s=1
Third plan:

The function r(z) is not parametrized and its form is supposed to be com-
pletely unknown. So we can not use expressions obtained for the parametrized
model in the previous sections.

Let us consider this plan when the failure time distribution under the usual
stress belongs to a family of shape-scale distributions:

Sio(t) = So ((t/6)7) .
Under the AFT model

Sa(9(t) = So { (/Ot T{m(T)}dT/9) a} ;

where r(zp) = 1. It implies :

<<%> > (5.137)
Suu(t) = So {((r(ts A1)+ ( — 1) V 0)/6)°], (5.138)
where r = r(z1).
Set
p=lur v=Inb, S@)=S(). ()= S, A= F(1)/S().
(5.139)
Then
Sa, (t) = S(a(Int + p — v)); (5.140)
Sla(lnt + p — 1)), t<t,
Sea(y(t) = { Sla(n (eptf i — ).t (5.141)

Denote by 79 the number of failures of the second group until the moment ¢;.
The likelihood function

25

L =[] fan Ty +p ) T 0 Ta; + p— ) -
L U
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(07

(In(ePty +To; —t _
H Jla(ln (ePty + Toj — 1) — ¢)>6”t1+T2jft1X

j=ra+1
S22 (qln (ePty 4+ ta — t1) — ). (5.142)
The maximum likelihood estimators verify the system of equations

Uz(avpvw):O (Z:1a2a3)a

where

Ur(a, p,¢) = Ol = Z(lnf)l(C(le))c(le) + ot ms

Oa o «

lnf TQJ ) (TQJ)

+> (In £) (e(T2;))
j=1

j=ra+1

Un(,p, ) = ('”;;L > (n ) (e(Tiy) a+21nf o(Tyy))e

Jj=1

aelty
a ==
+ Z n f)( )eptlJrTQJ_t1

mE “h ( JA(d(t2)) ach

—— — (N — M B TE———
. Gptl +T2j7t1 2 2 2 ePt1 +t27t17
j=ro+1

Jln =
Us(arpy) = Zi = =a | S £ e(T3y) +Zlnf (c(T3))
j=1

+ Z (In £)(d(Ta;)) — (ng — ma)\(d(t2)) | , (5.143)

j=ro+1
clu) =a(lnu+p—1v), du)=a(ln(e’t; +u—t;)— ).

In the case of Weibull, loglogistic, and lognormal distributions:

L gy = (5.144)

(In f)'(t) = e’ (Inf)'(t) = 1+ 5

respectively, and

At) =€y At) = (L+e )7 A1) = 1f(;)(t), (5.145)

respectively.
Fourth plan:

Suppose that the failure-time distribution under the usual stress is expo-
nential, i.e. the model (5.109) is considered.
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k groups of units are observed. The ¢th group of n; units is tested under
one-dimensional constant stress z(* until the 7;th failure (ri < m;) (type II
censoring). The failure moments of the ith group are

T; SSTZTZ (Z:1a27’k)

The survival and the probability density functions under stress z(*) are
Sm(i) (t7 ﬂ) = eXp{_eBTx(i)tme(i) (t7 5) = eﬁTx(i) eXp{_eﬁTx(i)tL

:17(2) = (17Ii1)5 ﬂ = (ﬂ(ﬁﬂl)'
The likelihood function

k T
LB) =[] I] e (T3, B) S2i " (Tir,, B) =

i=1j=1

k
Ll esplec" i,
i=1

where

r;
Ui = ZTij + (i — i) T, -
=1

The score function is
k

Up) = Zx(i) (r; — A U;).

i=1

Set r = Zle r;. The ML estimator Bl of the parameter (3, verifies the equa-
tion
Z]'C—l TiT1; Z]'C—l eféllh‘ U;
r— = = =0, (5.146)
Zi:l xRy,

and

- T (5.147)

k 3 .
Zi:l ePriq,

5.7.2 Estimators of the main reliability characteristics under the usual stress
First and second plans

Estimators of the survival function Sy, (¢), p-quantile t,(zo), and the mean
failure time m(x) under the usual stress z( are calculated using the formulas
(5.54), (5.56), and (5.58) (shape-scale families of distributions), (5.93), (5.95),
and (5.97) (generalized Weibull distribution), (5.114) (exponential distribu-
tion), and taking x = z( in all formulas.

Choosing specified family of shape-scale distributions and parametrization
of r(x), concrete formulas of estimators are obtained.
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Example 5.9. If T}, has the Weibull distribution, i.e.
Sy (t) = e~ WOt >0,

and the Arrhenius parametrization is choosed (for example, stress is temper-
ature), i.e.
T(l‘) _ e—ﬁo—ﬂl/f,

then G(t) = exp{exp(—t)},

Sou(t) = exp {—exp{lnt A “"0}} o) = P (1 )

Example 5.10. If T}, has the loglogistic distribution, i.e.
Sao(t) = (1+(t/0)")", >0,

and the power rule parametrization is chosen (for example, stress is voltage),
ie.
r(z) = e Po—h1 1nr,

then
Gt)=(1+e),
So
. . 1 R
S (t) = |1+ exp <lnt—ﬂ0jﬁllnxo>] ’ £p<x0)zeﬁ"o+§11nzo (%) .
o —

Example 5.11. If T, has the lognormal law and the Eyring parametriza-
tion is chosen, i.e.
7«(1,) — ¢ Po—b1 1n$—52/$7

then G(t) =1 — ®(t), and

Sp(t)=1—

(hﬂt—ﬁo — By Inzg —ﬂA2/xo>
5_ b

£y () = ePotPrinaotBa/woto®™ (v)

Example 5.12. Suppose that the time-to-failure T3, has the Weibull law
and the stress z = (z1,22)7 is bidimensional (for example, voltage and tem-
perature) and the parametrization (5.19) is chosen. Then

S’wo(t) :exp{_exp{lnt_BO _Bl{nxlo _BQ/J;2O}}’

ag
tAp(xO) — eﬁo-‘rﬁl In m1o+[§2/f£20{_ In (1 _ p)}&.

Third plan
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If &, p, 1/; are the maximum likelihood estimators of «, p, 1 then the estima-
tors of the survival function S, (t), the p-quantile t,(x(), and the mean life
m(xg) are

Sualt) = S(@nt =), plwo) = exp{i + 35711~ )}

() = / Sy, (t)dt.
0
In the case of Weibull, loglogistic, and lognormal distributions

S p)=In(=In(1-p)); S~ (p) = *111(;1) —-1); ST'p) =2 (1 -p),

respectively.

Fourth plan

Estimators of the survival function Sy, (t), p-quantile ¢, (zo), and the mean
failure time m(xz() under the usual stress xo are calculated using the formulas
(5.114) (and taking x = xg) in all formulas.

5.7.8 Asymptotic distribution of the regression parameters
First plan
a) Shape-scale families of distributions

Under regularity conditions (see Chapter 4) the distribution of the maxi-
mum likelihood estimators (3,5)7 for large n is approximated by the normal
law:

(8,6)" = Npns2((8,0)",271(8, 0)), (5.148)
and the covariance matrix X71(, o) is estimated by the random matrix
I_l(ﬁv&) = (IZS(B,&))(m+2)><(m+2); (5149)
where
I(ﬁa U) = (Ilk (63 J))(m+2)><(m+2) (5150)

is a matrix with the elements given by (5.71).
b) Generalized Weibull family of distributions

The distribution of the maximum likelihood estimators (37 0,4)T for large
n is approximated by the normal law:

(B,2,9)" = Nonys((8,1,7) ", £71 (8, 1,7))- (5.151)
The covariance matrix X ~1(3,v,7) is estimated by
I3, 0,4) = (I'"(3, D,9)) (m+3) x (m+3)> (5.152)

where
I(ﬂa v, ’Y) = (Ilk(ﬂvljv ’7))(m+3)><(m+3) (5153)
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is a matrix with the elements given by (5.101).
c¢) Exponential distribution
The law of B for large n is approximated by the normal law:
B N(B,E(5)) (5.154)
The covariance matrix ¥ ~1(f) is estimated by

Iil(ﬁ) = (IlS(B))(m—&-l)x(m-&-l)

where

I(B) - (IIS(B))a (175:07"'77”)7
is a matrix with the elements given by (5.116).
Second plan

a) Shape-scale families of distributions

The distribution of the maximum likelihood estimators (3,5)7 for large n
is approximated by the normal law (5.148), the covariance matrix ¥~1(3, o)
is estimated by I71(3,4), and the elements of I(3, o) are given by (5.69).

b) Exponential distribution

The distribution of the maximum likelihood estimator B for large n is ap-
proximated by the normal law (5.154), the covariance matrix £71(f) is esti-
mated by I7%(53), and the elements of I(3) are given by (5.115).

Third plan
Shape-scale families of distributions

The distribution of the maximum likelihood estimators (&, p, 1&) for large n
is approximated by the normal law:

(OAla ﬁa QZJ) ~ N3((da ﬁa 72))3 271(6‘3 ﬁa 12)))3
and the covariance matrix X ~1(&, p, 1@) is estimated by the random matrix

(6, p,0) = |16, ,0) (5.155)

3x3’
and
I(c, p, ¢) = HIij(avpaw)ngg (5-156)
is a symmetric matrix with the following elements :
0?InL 1 & 9 )
L= === === ¢ >_(nf)"(e(Ti)))[e(T;)]* = na = mo

a ,
J=1

T2 ma

+ ) ()" (eTy)e(Te)* + Y (Inf)"(d(T)))[d(T2;))*~

Jj=1 j=ra2+1
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(ng —ma) N (d(t2))[d(t2)]?}

82 1nL - " = //
Iip =15 = " Dadp = —;(ln )" (e(Th;))e(Thy) ; In )" (e(Tzy))

2 , , eft
— Y (I f)(d(Toy))d(Ta;) + (n2 — ma) N (d(t2) —————
Pl elty + 1ty — 1ty
1 1 = ety
— Ul p ) = Y T —
Jj=ro+1
9%InL o
hy=In = =550 Zlnf” o(Thy))e(Ty) +Zlnf” (e(T;))e(T;)

j=1

+ D (I f)"(d(T)))d(Ta;) — (n2 — ma)N (d(t2))d(t2) — éUs(a,p,d)),

Jj=ro+1
2 72
Iy = _3817“ - Z In )" (e(Ty;)) — @ §_jl<1nf>”< o(Tzy))
2 - 1 " d T eptl ’
—a j:%;l( n f)"(d(Tz;)) <m) -
m2 , N e’t1(Tj — t1)
j:%;rl[a(ln [ (d(To;)) — 1] (Ptr + Ty — 11)?

, aeptl 2 aeptl(tg - tl)
+(n3 — ma)X (d(t2)) (Ht_t) - (n2 = ma)Ald()) o =, =
Ln oy L i(lnf)”(c(T ) +§:(lnf)”(0(T )

23 = 132 = 8p0Y = = 15 =~ 25
ma . ePty , elty
+jz§1(m IAUT)) G, — (2 = m2)A (d(tz))m} 7
2 niy T2
Iy = _‘9817% — —a? [Z(ln D'AT1)) + 3 (i f) (el Ty)
j=1 J=1

mao

+ Y (Inf)"(d(Ty)) = (n2 —m2))\'(d(t2))] - (5.157)

j=ro+1
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In the case of Weibull, loglogistic, and lognormal distributions

" _t. " _ 726t - (In " _
(In f)"(t) = €% (In f)"(t) = are (In f)"(t) = -1, (5.158)
respectively, and
t 2
N(t) =€ N(t) = (1+€7@t)2; N(t) = —t3 @%)(t) + (1 w%)(t)) ., (5.159)

respectively. See also, for example, Meeker and Hahn (1978).

5.7.4 Confidence intervals for the main reliability characteristics

First and second plans

Approximate confidence intervals for the survival function S, (t), p-quantile
tp(xo), and the mean failure time m(xo) under the usual stress z( are given in
Section 5.3.5 (shape-scale families of distributions), Section 5.4.5 (generalized
Weibull distribution), Section 5.5.5 (exponential distribution). Take z =
in all formulas.

Third plan

Approzimate (1 — ) confidence interval for Sy, (t)

where

Approzimate (1 — «) confidence interval for t,(zo)

fp(xo) exp{®0 K, wi_a/2},

2 (51(1 _P))QIU B 571(12_ P)I13 L3,
a
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Fourth plan
It is easy to show (cf. Lawless (1982)) that the random variables

X2 =2y, x2 =28y,

are independent and the random variable X? is chi-square distributed with
2r; degrees of freedom.
Set

A = PP (i =0,1).

The equalities (5.146) and (5.147) imply that Ay verifies the equation

Z?:l TiZ1i Zf:l AT X7 -0
iy 2 AT X?

r—= )

and
2r

i ATUXE
The last equalities imply that the vector (Ag, A1) is a function of X2, ---
So the distribution of this vector is parameter-free.

Generating values of k independent chi-squared random variables X7, - - -, X2,
the a-quantiles C,, of the random variable

Ap =

X2,

)

5,(0)
eP?

= 8@

C — AgA%

can be obtained. So the (1 — «) confidence interval for B i

3:(0) 52(©)
(eﬁ /Ol—a/27 e’ /Ca/2>-

Hence,

(1 — a)- confidence interval for the survival function Sy, (t):

5T 4, (0) 3T . (0)

e’ e’

exp{— Coro t}, exp{—C1 /2t} .
« —

1 — «)- confidence interval for the p-quantile t,(x(®) :
P
_BT 5@ BT 40
(—Ca/ge s In(1 —p), —Ci_q/2¢ s In(1 fp)) )
(1 — «)- confidence interval for the mean m(x(9):

(Cappe™™ ", €1 o™ (1 = p)).
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The results of this chapter were explained also in Bagdonavicius and Nikulin
(1994, 1995), Gerville-Réache and Nikoulina (1999,2000), Bagdonavicius, Gerville-
Réache, Nikoulina and Nikulin (2000), Bagdonavicius, Gerville-Réache and
Nikulin (2001), Glaser (1984), Hirose (1987,1993,1997a.b), Khamis and Hig-
gins (1998), Klein and Basu (1981), Nelson and Macarthur (1992), Rodrigues,
Bolfarine and Lourada-Neto (1993).



CHAPTER 6

Semiparametric AFT model

6.1 FTR data analysis
6.1.1 Introduction
Let us consider the AFT model:

t
Su(y(t) = So (/ e_ﬁTr(“)du> , (6.1)
0

and suppose that the baseline survival function Sy is completely unknown.
Note that the parameter 3 = (31, -, 3m)? and the vector of the explanatory
variables 2(-) = (z1(+), -+, 2m(-))? have not m+1 (as in the case of parametric
models) but m coordinates, because the term 81 zo(t) = By may be included in
the unknown function Sy. So x1(+), - - -, () are one-dimensional explanatory
variables.

Suppose that n units are observed. The ith unit is tested under the ex-
planatory variable 2(¥)(.) = (xil)(-), e (DT

The data are supposed to be independently right censored and may be
presented in the form

(Xi,05,2D(),0<t < X;), (i=1,---,n)
or
(Ni(8), Yi(), 20 (£),0 < t < sup{s: Yi(s) > 0}), (i =1,--,n).

Denote by S; and «; the survival and the hazard rate functions under () (-).
Under the AFT model

t ) V
a;(t; 8) = ao {/ e_ﬁTm(”(“)du} e—ﬁTnN)(t)7
0
where oy = —S(;/So is the baseline hazard function. If (9 is constant then
(6, 8) = ao (7= 1) "

Take notice that if the AFT model

t
Sa((t) = So ( / eﬁ”"”(“)du) :
0

with time dependent regression coefficients 3;(t) = 3; + vigi(t) is considered,
then even in the case of constant explanatory variables it is reduced to the
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AFT model (6.1) with explanatory variables z(-) instead of (), where

2() = (@1(), s wm (), 21 ()g1()s s i (Dgm ()T

So all results obtained for the AFT model with time-dependent explanatory
variables can be rewritten for the AFT model with time dependent regres-
sion coefficients and constant or time dependent explanatory variables. In all
formulas

m, B= B Bn)", () =@="0), 20 )T
must be replaced by
)T

b

2m7 92(ﬁ17"'7ﬂm7717"'77m

200 = @), 2D (e (), 2D () gm ()T
respectively.

6.1.2 Semiparametric estimation of the regression parameters

If Sy is specified then the parametric maximum likelihood estimators of the
parameters (3; are obtained by solving the system of equations

UJ(ﬁ):Q (.j:17"'7m)7
with (cf. (4.22))

U =3 [ WA N - i dAa{fiw A (62

where

t X .
£ilt, B) = / e Wy, Ag(t) = —In{So(t)}, W (¢, 8) =

0 . — (1) a(] (fi(tv ﬁ)) K (i) —B8T 2™ (u)
9 log{a;(t, 8)} = —;" (t) PNTATND) /0 z;’ (u)e du.
If Sy is unknown then the score functions U; depend not only on 8 but also
on unknown functions Ay, ag, and o).

The idea of semiparametric estimation of (3 is to replace the unknown base-
line cumulative hazard function Ay in (6.2) by its efficient estimator (still

depending on (), and the weight function Wj(i) (t,3) by a suitable function

which does not depend on the unknown baseline functions ag and . In
such a way the obtained modified score function does not contain unknown
infinite-dimensional parameters Ao, ap and «f and contains only the finite-
dimensional parameter (3.

The optimal weights depend on the derivative of the baseline hazard rate
for which estimation is complicated when the law is unknown. So simplest
weights

Wit 8) = (1) (6.3)
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may be chosen. They are optimal when the baseline distribution is exponential
and do not depend on unknown parameters. The greater the stress at the
moment t the greater the weight at this moment.

Different weights do not influence much the efficiency of the estimators
but good choice of an estimator Ay(t, 3) (which should replace the baseline
cumulative hazard function Ag in (6.2)) is crucial.

The idea of the estimator Ag(t, 3) construction is as follows.

The random variables

T; )
T:(8) = (T8 = [ e O
0
have the same survival function Sy. Set

Ci(B) = fi(Ci, ), Xi(B) = fulX:, 8) = T (B) ACF (D),

0 = Lyrr ()<cr ()} = i

Then the pairs

(X7(8),61), -+, (X5(8),65) (6.4)
may be considered as censored data from an experiment, in which all n units
have the same survival function Sy and cumulative hazard function Agy. The
function Ay may be estimated by the Nelson-Aalen estimator Ag(t, 5)(see
Appendix, Section A14). This estimator depends on 3 because the data (6.4)
depend on 3, and has the form

' dN*(u, B) AN (g:(u, 8)
Ao(t,8) = / / 6.5
0( ) 0 Y*’U/ﬁ Z Zl 1}/lgluﬁ)) ( )
where g;(u, 3) is the function inverse to f;(u, 3) with respect to the first ar-
gument, and

t,0) = ZN{F(t’ﬂ)a Ni(t, B8) = 1x=(p)<t.5: =13 = Ni(g:(t, 3)),

= ZYi*(t,ﬁ), Yt B8) = Lixsp)>0 = Yil9i(t, B)).
i=1
Replacing the function Ay by Ay (t, 3) and using the weight (6.3) in (6.2), mod-
ified score functions U;(3), depending only on 3, are obtained. The random

vector

has the form:

7(8) = Z / " 20 () (i) — Vi) dAol (. )Y ) =

S [T - 2 9, DN, (66)
i=170
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where

> o129 (g;(v, 8))Y;(g(v, B))
> i-1Y5(9;(v, B)) '

Note that it is calculated very simply:

Z(v,0) = (6.7)

UB)=>_ 0i{=(X:) — 2(f:(Xi, 8), B)}-
i=1
If 2 are constant then
Z«S {aV — 27" X, B}, (6.8)

where
Z;L 1 ‘T( )1{lnX ﬁTw(7)>lnu}

x<U7 6) Z] 1 1{1nX —pTz@) >Inu}
We obtained the score function identical to the score function for the rank
estimator given by Lin and Geyer (1992).

If the parameter § is one-dimensional then the function (6.8) may have
jumps only at the points

lnXl_lnXl/ 1 I
oo @ #),

and is constant between them. If  is multi-dimensional then the function
U(8) may have jumps only on the hyper-planes

6T($(l) - Ji(l/)) = lnXl - lnXl/,

and is constant in the regions bounded by them.

The values of the random vector U (0) are dispersed around zero but may
be not equal to zero for all values of the parameter 5. So an estimator of the
parameter 0 may be obtained by minimizing the distance of U(ﬁ) from zero.

Denote by By C R™ a set such that for any 3 € By the value ||U(f)]| is
minimizing the distance ||U(8)|| of U(8) from zero:

B = ArgminﬁeRmHU(ﬁ)H'

When n is finite, the set By contains an infinite number of elements (see
comments after the formula (6.8)).

To have an unique estimator of the parameter 5 one may do as follows.

The value exp{37z} (and 7x) shows the influence of the constant explana-
tory variable z on the lifetimes of units. Suppose that z(9) is a standard value
of the explanatory variable vector (for example the mean of all z(¥) in FTR
analysis or the usual stress in ALT). An unique estimator of the parameter 3
may be defined as

8= Argmaxg. g (BTJL‘(O)) or A= Argming_p (ﬁTx(O)),
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or
8= (ArgminﬁeBO (B2 + Argmaxjcp (BTx(O))) /2.

6.1.3 Estimators of the main reliability characteristics

Suppose that z(-) is an arbitrary explanatory variable which may be different
from 9 (.), (i =1,---,n).

Estimator of the survival function Sy(.(t):

It was noted that the pairs (6.4) may be considered as censored data from
an experiment, in which all n units have the same survival function Sy. So
at first the baseline survival function Sy is estimated by the Kaplan-Meier
estimator So(t, 3)(see Appendix, Chapter A14). This estimator depends on 3
because the data (6.4) depend on 3, and is the product integral (see Appendix,
Chapter Al5)

So(t, B) = T o<acs (1 - d[xo(s,g) _

)
11 ( > Y hxm)> 10,80}

J:6;=1,f;(X;,B)<t

The formula (6.1) implies an estimator of the survival function S, .)(t):

t - R
Sa((t) = So < / e ” z“”du,ﬁ) =
0

1
11 <1— T - - ) (6.10)
G:85=1, 15 (X5.8)< oy (1,8) =1 {fi(X1,3) > f;(X;,8)}

where
t .
fort.5) = [ e, (6.11)
0

If z and (¥ are constant then

S.(t) = 11 (1 - = ! > .

je0,=1,X <t BT D) =) =1 L{X02 X exp {7 (@0 0}
(6.12)

Estimator of the p-quantile t,(z(-))

tp(x(-) = sup{t : S,((t) > 1 = p}. (6.13)
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Estimator of the mean failure time m(x(-)):

e = = [ i) = Y0000 (565,50, )

{So(f5(X;,8)—, B) — So(f;(X;,5),8)}, (6.14)
where g, (t, 3) is the function inverse to f,(.)(f, 3) with respect to the first
argument, Xy = 0.

If x is constant then

n
. BT (g— ) &+ —fFT(zG-D ANoa BT (D 5
m(x) = 25] eﬁ ( ! )Xj{So(e G Xj—,ﬁ) — So(e G X]‘,ﬁ)}
j=1
(6.15)
The estimator of the mean may be underestimated if the last X(3) is the
censoring time.

Estimators of the mean ratios

The mean ratio M R(x,y) (see (5.26)) is estimated by
MR(z,y) = e” =2, (6.16)

6.1.4 Asymptotic distribution of the regression parameters estimators

Tsiatis (1990), Wei et al (1990), Ying (1993) (constant explanatory variables),
Robins and Tsiatis (1992), Lin and Ying (1995) (time-dependent explanatory
variables) give asymptotic properties of the regression parameters for random
right censored data. In all above mentioned papers, boundedness of the density
of the censoring variable is required.

In the case of accelerated life testing when type one censoring is generally
used, this condition does not hold. Bagdonavi¢ius and Nikulin (2000b) give
asymptotic properties of the estimators under the third plan of experiments
(see Section 5.6.3).

The limit distribution of the score function U is obtained using the The-
orem AT because the score function (6.6) can be written as an integral of a
predictable process with respect to a martingale:

o=y [ " {29 () — 23, Bo), o) }AM (1, o)-
=1

Under regularity conditions and constant explanatory variables
n~120(8y) 2 N(0, B),

where

B /0 "~ o(u, fio) dAo(w).
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o(u, 8) = Plimn="> {29 (gi(u, 8)) — 2(u, B)}**Yi(gi(u, B)).
i=1
Plim denotes the limit in probability. If 5 # [y then

nu(B) L up),

where U(3) is non-random function, U () = 0.
If the score function U(5) would be differentiable then using the Taylor
series expansion (cf. (4.17)), the result

(3 — o) = (n*l%mﬁo)rln*”mo) +op(1)

could be obtained under regularity conditions. Unfortunately, the score func-
tion U(f) is a discrete function of 3 and the limit distribution of the estimator
ﬂA can not be obtained using the Taylor series expansion. Instead, under reg-
ularity conditions (see the above mentioned papers) the matrix of derivatives

of the differentiable limit function U(3) can be used and the following result
holds:

nl/2(3 — By) = (%U(ﬁo))‘ln‘”zﬁ(ﬁo) +op(1).
Set C = (£5U(Bo)). So

n'/?(B— o) = Ctnt Z /Ooo{x(i) (u) = 2(fi(u, Bo), Bo) }dM;(u, o) + 0p(1).

(6.17)
Hence the asymptotic law of 3:

n'/2(3 = Bo) B N(0,C~'BC). (6.18)
Expression of the matrix C' under constant explanatory variables is
€= [ wptu o) das(u) + .
0
The asymptotic covariance matrix of 3 involves the derivative of the baseline

hazard rate.
Estimator of the matrix B is evident

B=n"! Z/O {I(i) — z(u, B)}®21{1nXi—BTx(i)Zlnu}dAO(u’ /é)
i=1
The matrix C' could be estimated by
n oo
o Z/o w{e® = 5, B)Y 0, o o sin G (s H)du + B,
i=1

where

e =0 [ T K(¢— u)/bydAo ()
0
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is a kernel function estimator of the derivative «af(t). Conditions on K, ay,
and the censoring mechanism should be established for consistence of the
estimator C'.

Robins and Tsiatis (1992) propose other way: to estimate the matrix C' by
numerical derivatives of n=1U(8) at f:
C = (Cij)mxm, Cij = %n—1/2 Ui(B+n""2cie;) ~Ui(B —n 1/2Cj6j)7

¢

where e; = (1,0,---,0),---,em = (0,0,---,1), and ¢; > 0 are fixed constants.
Unfortunately, as noted by Lin and Ying (1995), this approach can yield rather
different estimators for varying step sizes and will be unreliable in finite sample
since U;(3) are neither continuous nor monotone.

6.1.5 Tests for nullity of the regression coefficients.
Let us consider the hypothesis

Hiy by By = =0k, =0, 1<k <ky<---<k). (6.19)
Set (see (6.10),(6.14) for the notations f;, g;)

95i1(B) = g;{fi(Xi, 8), B},

and

the matrix with the elements

n

= Z i Zx j){gj }x(J {gﬂ( }Y {g]’L }ZY {gﬂ

1=1 J=1

2

Zx(j){gjz )} Yi{g;:(8 }Zm(J){gﬂ )} Yilg;: (B Zy{g]l

Lm and Ying (1995) proved that under the hypothesis Hk1,k2,"',k1 D B, =
Br.s s Br, = B, random right censoring and some smoothness conditions on
the explanatory variables, the baseline density, its derivative, and the density
of the censoring variables, the score statistic
inf vt (eI (Bu(p)
Bry =B Bry =B | Be—Po| Se sk,
is asymptotically chi-square distributed with [ degrees of freedom, for every
fixed € > 0. So the hypothesis Hy, ,,....k, is rejected with the approximate
significance level « if
Wkl..-kz > X%—a(l);
here

Wiy oty = inf ot (p)u(p).
By =+=PBr,=0,|8:—Bs|<e,s7k1, ki
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If 2 are constant then

Isr(ﬂ) =
3 5, o 2 aju(8) ) a5u(8) - 7 2 a;(8) Y7y 27 aju(6)
7 2
i=1 (Z?Zl aji(ﬂ))

where

)

aji(ﬂ) = 1{X.7265T($(j)7x(i))Xi}'

6.2 Semiparametric estimation in ALT

Suppose that the baseline survival function Sy in the AFT model (5.1) is
completely unknown. In Section 5 several plans of ALT were discussed.

The first plan of experiments ( Section 5.6.1 ) may be used when the function
r is parametrized and the model has the form (6.1).

The second plan (Section 5.6.2) can not be used because when Sy is un-
known and all units are tested under the same step-stress (5.131), then the
score function (6.6) does not depend on 5.

If the third plan is used (Section 5.6.3), semiparametric estimation of the
survival function under the usual stress is possible even when both functions
Sy and r are unknown.

The fourth plan (Section 5.6.4) is used when the baseline distribution is
exponential. So it is not used when Sy is completely unknown.

6.2.1 First plan of experiments: parametrized r and unknown Sy

The first plan is the particular case of the plan of experiments considered in
6.1.1, when 2(? have the form (5.134). So the score function has the form
(6.6).

Estimators of the main reliability characteristics under the usual stress (%)
are defined by formulas (6.11)-(6.15), taking (%) instead of z in all formulas.

6.2.2 Third plan of experiments: unspecified Sy and r

Suppose that the AFT model (5.1) holds. Redefining r(x) := r(z)/r(zo), this
model may be written:

Sa(£) = Sy < /O tr{x(T)}dT) . (6.20)

Take notice that then 7(z(®) = 1.

Suppose that the functions 7 and So(t) (or, equivalently, 7 and S (t)) are
completely unknown, and the third plan of experiments is considered.

Let () > 29 be an accelerated constant stress.

Two groups of units are tested. The first group of n; units is tested under
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the accelerated stress (1) and a complete sample
T < ... <Tp,
is obtained. The second group of ns units is tested under the step-stress
@ { 20 <u<t,
:c(o), t1 <u<tg,
and a type I censored sample
To < ... < T,

is obtained (mg < ng).
Here ms is the random number of failures of units of the second group.
The moment ¢ is supposed to be such that after the switch-up from stress
W to stress 2(9), a sufficiently large number of failures under the usual stress
() can be obtained in [ty, o).
Set
SZ' :S:E(i), Q5 :Ozm(i), Ai = —h’lSi, (220,1,2),

f-(ur)— U, =1
ST r(u )+ (u—t) VO, i=2,

(u,7) = u/r, i=1,

g1 = r(uAt) +(u—rt1) V0, i=2.

Under the AFT model S;(u) = So (fi(u,r)). Analogously as in the case of the
first plan (cf.(6.5)) define the Nelson-Aalen type estimator

g 22

Yi(gi(u,r)) ~

/S dN; (u/r) + dNa((u/r) Aty + (u—1t1) V 0) (6.21)
0

Yi(u/r) + Yo((u/r) Aty + (u —rty) VO)
and the Kaplan-Meier type estimator

1
So(s,r) = <1 - > X
(i,5)€B(s) Yi(T) + Yot AT+ 1((Th = 0) V0)
1
1— T2 (6.22)
Yg(ng)+Y1(t1 /\ng ( == ) \/O)
where

B(S) = {(Z,j)| ’I“Th' < S, T(TQJ‘ N tl) + (ng - tl) VO < S}.
The modified score function (cf.(6.6)) is

= i/w @ (u) (dNi(u) —Y;(u) dflo{fi(uﬁ)}) -
i=170
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(x(o) _ x(l)) /t2 Yi(t: + u;tl YdNo(u) — Ya(u)dNy (t1 + u;tl)
t Yi(ty + #51) + Ya(u)
The score function is defined as follows:
U(r) = /tz Yi(t + “S1)dNo(u) — Ya(u)dNy(t + 1)
n Vil + 50+ Ya(w) ’

(6.23)

or T2j_t1
o= Y )

jilmoty Y1t + @) + Y (T3))

3 Yao(ts +r(Th; — 1))
i Y(Ty) + Yot +r(Tyy — 1))
It is an increasing step function, U(0) < 0, U(cco) > 0 with the probability 1.
The estimator of the parameter r :
7 =U"10) = sup{r: U(r) < 0}. (6.24)
The following initial estimator may be taken:

7= (Tom, — t1) /(T — t1),
where k satisfies the inequalities
k—1 mo k
< — < —
nq N9 n1

It is implied by the equality (cf. (2.33))
= (tay() (P) = t1)/ (e, (p) — 1)

The survival function S,o(t) is estimated by:

Spo(t) = So(t) = Solt, 7). (6.25)
The quantile ¢,(z(?)) is estimated by
t(x ) = sup{t : S, (t) > 1 — p} (6.26)
and the mean time-to-failure m(z(®)) = E(T,«) by
m(z?) = — / udS 0 (u). (6.27)
0

6.2.8 Asymptotic properties of the estimators

Let us consider asymptotic properties of the estimator 7. First we obtain the
asymptotic distribution of the function U(r) which may be written in the
following way:
O(r) = /tQ So(u—)dS (ty + “=1) — Sy(t1 + 2= —)dSs(u)
t (n1/n)Si(t1 + “552 =) + (n2/n)S(u-)

. (6.28)
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where S, is the empirical survival function for the ¢th group of units:
Si(u) =1— Ni(u)/n;, u>0, i=12.

Suppose that ni/n — I3 € (0,1), no/n — ls = 1 — ;. Then (Appendix,
Section A.13)
an(Si —S) 2V, on D0, (6.29)
where
se€[0,00) (i=1) or se[0,t] (1 =2),
V; is a mean zero Gaussian process such that for all 0 < 51 < 55 < s:
Cov (Vi(s1),Vi(s2)) = l3—;(1 — Si(s1))Si(s2), (i =1,2). (6.30)
Set

U(r) = /ttz So(w)dSy(ty + #52) — Si(f1 + *55)dSs(u) (6.31)

) 1191 (t1 + %=1 4 1585 (u)

T

Proposition 6.1. Suppose that S; are absolutely continuous and S;(u) > 0
for allu > 0. Then

an (U(r) = U(r)) 2 W(r), (6.32)
where .
W(r) = / Zo(w)dVi (t + 2= tl) — Zy(w)dVa(u)—
Wl (u)d(hSl (tl + Y ; tl) + lQSQ(u)),
Zy(u) = Syt + - ; tl)/(llsl(tl + 2 ; tl) +1282(u)),
Zy(u) = (1 =11 Z1(u)) /12,
C Sy(u)Va(ty 4 28) — Si(t + =) Va(u)
Wl(u) = (llsl(tl + u;tl) + ZQSQ(U;))Q
Proof. Set
21 (u) S+ 557 Zo(u) = (1 — L 22 () lo.

N 1131“1 =+ u:tl —) + ZQSQ(U/_)7

Using (6.29) and the functional delta method (see Appendix, Theorem A.10)
we obtain

0 (Z1() = Z1() B W), an(Za() = Z2(-)) B —uWi().  (6.33)
Noting that R
an(U(r) —U(r)) =

an { / . Zo(u)dS, (t, + ) — Zo(u)dSy (t, +

th r r

u — 1 u—ty

)_
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/ W) - 7, (u)dgg(u)} ,

ty
using (6.29), (6.33) and the functional delta method for stochastic integrals
(Theorem A.11), we obtain (6.32).
Denote by 7o the true value of » under the AFT model. Under the AFT
model U(rg) = 0.

Proposition 6.2. Under assumptions of the proposition 6.1 and the AFT
model

anU(ro) 2 W(ry), (6.34)
and

E{W(T())} = O, Var {W(To)} = Sg(tl) — Sg(tg). (635)

Proof. Taking into account the equality Sq(t1 + (u — t1)/r) = Sa(u) for
u > t1 we obtain

to — 11

W(ro) = Vi(t: + ) = Vi(t1) — Va(tz) + Va(t)—

To

/ Vit + 2 ;O“) — Va(u)]dIn Sy (u).

Calculation of Var {W(rg)} is tedious but elementary.
Remark 6.1. The proposition 4.2 implies that if n; and ny are large, then

P{*Ul_% < U(To) < ’U,l_%} ~1-—aq,

where

ui-g :“’1—%{ " (32(751)—32(752))}1/2,

ning

wi—g is the (1 — a/2) quantile of the standard normal distribution, and
Sa(s) = So(F(s Atr) + (s —t1) V 0)

is the estimator of the survival function Sy = S,,.
So the approximating (1 — «) confidence interval for rq is (r, 7), where

r=sup{r:U(r)> up—ga}, 7=inf{r: Ulr) < —uj_ga}. (6.36)
Proposition 6.3. Suppose that the densities f; = —S. are continuous and
positive on [0,00] (i = 1,2). Then
W(TO
U'(ro)
Proof. Under the assumption of the proposition the function U(r) is differen-

tiable and decreasing on [0, 0o[ and U (ro) = 0.
Taking into account that # = U~1(0), 7o = U~1(0),

~—

an(i — o) 2 (6.37)

an(U(ro) — U(ro)) = anU(ro) 2 W (ro)
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and using the functional delta method (Theorem A12) we obtain (6.37).
Remark 6.2. It can be shown that

U/(To) = _(tQ — tl)ao(’rotl +ty — tl) So(’l“otl +ty — tl)“r

to—1t1
/ v ao(’l"otl + U)dSO(Totl + ’U), (638)
0
where ag(u) = —S{(u)/So(u) is the failure rate under the usual stress.
Let us consider the asymptotic properties of the estimator
Ao = AQ(S, 72)

It can be written in the form : for s € [0, 7t + ¢ — 1]

X S kydSy(u/7) + kadSy((w/F) Aty + (u — 7ty) V 0)
Ag(s) = — ~ - ~ - - (6.39)
0 k1S1(u/f—=) + kaSo((u/7) Aty + (u — 7t1) V 0—)
and for s > 7t1 +ty — t1
Ag(s) = Ag(7ty +t2 — t1) — / M (6.40)
Ptidta—ty S1(u/T—)
where k1 = nq1/n, ke = na/n.
Proposition 6.4. Under the assumptions of the proposition 6.3
. W
an(Ao(S)on(S)) 2) 7& {115010(8) + ZQ(S A (Totl))ag(s AN (Totl + t2 - tl))} -
7“0U (7“0)
l1V1(8/7“0) ZQVQ((% /\t1+(8—7"0t1)\/0)/\t2)
— (6.41)
S()(S) So(S A (Totl -+ tg — tl))

Proof.
Using the functional delta method (Theorem A13) we obtain for all s > 0
the convergence

an{§1(~/f) —S1(:/ro)} 5 @Q1(-) on D(0,s) as mnj — oo, (6.42)

where
W(ro) u
U’(To) To

Qi(u) = - So(u) + Va(u/ro).

Analogously,

an{Sg(? Aty + (- — #ty) V0) — 32(; Aty + (- —rot1) VO } 2 Qa(-), (6.43)

on D(0,rgt; +1t2 —t1), as mng — 00,
where
W(ro)

Q2(u) = ~ (o) (a At1)Sh(u) + VZ(% Aty + (u—rot1) VO).
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The results (6.42) and (6.43) imply
an{[krls’l(/f—) + k’gég(; ANty + ( - 7A‘t1) V 0—)}_1—

[1151('/7“0) + ZQSQ(E Aty + ( o TOtl) V. 0)]—1} 2) _th(;g—(?Q2()

on D0,rot1 +ta —t1] as n; — oo, ki — 1 (i=1,2).
Using the functional delta method for stochastic integrals we obtain

A b 1Qi(s) +12Q2(s)
anlCif) — Aa(s)) 2 -1 L

as n; — 00, k‘z—>ll (i:1,2).

(6.44)
The right side of (6.44) may be written in the form (6.41).
If s > roty + to — t1, we obtain

2 D LQi(roty +ta —t1) + 12Qa2(roty + 12 —t1)
an(Ag(s) — Ag(s)) = — —
( O( ) O( )) SO(TOtl +t2—t1)
Q1(s) n Q1(roty +t2 —t1)
So(s) ~ So(roty +t2 —t1)
which may be written in the form (6.41).

Corollary 6.1. Under the assumptions of the proposition for all s > 0

an(Ag(s) — Ao(s)) B N(0,02),  an(So(s) — So(s)) 2 N(0,0252(s)), (6.45)

an(fy (o) — tp(0)) = N(0,02 /ad (ty(w0))); (6.46)
where
o2 =
118040(8) + l2($ A (Totl))ao(s A (Totl + tg - tl)) 2
< TOU/(TO) ) (SO(tl)*So(TotﬁLtz*h))

s <l1(1 — So(s)) n lo(1 = So(s A (roty +t2 — tl)))) . (6.47)

50(8) SO(S A (T‘otl + t2 — tl))
Proof. Take s € [0,rot1 + ta — ¢1]. Then

E{W(To)(llvl(s/ro) + lQVQ((S/’Fo) Nty + (8 — 7“0751) V 0))} =0.

So the expression of o2 is obtained by using expressions of the variances
of W(rg), Vi(s/ro) and Va((s/r9) Aty + (s — rot1) V 0) done by the formulas
(6.35) and (6.30) and from the result (6.41).

Take s > rot1 + to — t1. Then

E {W(ro) (50( 12Va(t2) n Vl(S/T0)>} _o

rot1 +t2 —t1) So(s)

The limit distribution of the estimator Sy (t) is obtained by the delta method
using the fact that R A
So(s) = T o<cu<s(1 — dAg(u)).
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The limit distribution of £,(zg) is obtained by using Theorem A.12.
Replacing the unknown functions Sy and g by their estimators Sy and &g
in (6.47), we obtain an estimator 62 of o2. The function ag is estimated by

S—U

dols) =7 [ KCGddo(w) -

. o [T s —u\ dNi(u/7) + dNa((u/F) A ti + (u—7t1) V 0)
Go(s) = b /0 K( b ) Yi(u/7) + Ya[(u/F) Aty + (u— 7t1) V O]

niy K (—3_€T1j>

bt Z +
Z Yl(le) + )/Q[le A tl + T’(le - tl) \Y 0]

j=1

mao K(s—’f(TQjAt1)l)—(T2j—t1)V0)

=1 Yl(ng ANt + @ \Y 0) + YQ(TQj)

where K is the kernel function with the window size b. The derivative U’(r¢)
(see (6.47)) can also be estimated by the numerical derivative

I ﬁ(f + n_l/Qc) — f](f — n_l/Qc)

-n

2 c ’
where c is a positive constant.

6.2.4 Approximate confidence intervals

Approzimate (1 — a)-confidence interval for Sy, (s):

1—§0(S) < é19“717% o
{” Sols) p{ianu&)(s))}} ’ (0:45)

where &, is obtained by replacing the unknown functions Sy and g by their
estimators Sy and é&p in the expression (6.47).

Approzimate confidence interval for the quantile t,(xo):

tp(zo) exp {:Fan fp(ﬂio) do{}p(Io)} } . (6.49)

6.2.5 Case of random moments of switch-up of stresses

The considered plan of experiments can be modified. In the preliminary ex-
periments the time interval in which failures begin to appear is unknown, and
the moment ¢1, when switch-up from z(!) to 2(% is done, is difficult to choose.

A better plan of experiments is to switch up at the random moment, for
example, at the moment of, say, kth failure of the tested group, i.e. when
failures really begin to appear.
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Suppose that two groups of units are tested: the first group of n; units
are tested under the constant in time accelerated stress x; and the complete
sample T4y, --,T1,, or in terms of order statistics

Thy < o < Ty

is obtained. The second group of no units is tested under stress x; until the
kth failure and after this moment under usual stress zo until the moment ¢,
i.e. under stress
oz if 0<u< T27(k)
z2(u) = { zo if Ty <u<t

and the type I censored sample
Loy = Tamy <0 = Tz (ma)

is obtained (mg < ng).
The purpose, as before, is to estimate the reliability function Sy = S ),

the p-quantile ,(z(?)), and the mean value m(z) under usual stress (%),

Denote by S; = S, and Séng) = S‘SZ;)(.)
times-to-failure for the units of the first and the second groups, respectively,

the reliability functions of the

by Agm) = —lnSénQ)-the cumulative failure rate function for the units of the
second group. Then

Sénz)(T) — ,/0 P (T2,; > T|T2,(k) = U) dSTz,(k) (U)7

where Tb; are the times to failure under stress #(2)(-) (possibly not all ob-
served), j = 1,---,ne. We suppose that T5; are absolutely continuous with
positive densities on [0, 00). Then there exist a survival function Sa such that

n§/2(Sén) —S) 2,0 as ny— oo

Denote by Ni(u), No(u) the numbers of observed failures in the interval
[0,u] and by Y7 (u), Ya(u)-the numbers of units at risk just before the moment
u for the units of the first and the second group, respectively, r = r(z). Note
that 7(2(*)) = 1. If the AFT model holds, the moment u under stress zg is
equivalent to the moments u/r and (u/r) A Ty () + (v — rT5 1)) V 0 under
stresses (1) and 2(?)(.), respectively. So the estimator (depending on r) of
the cumulative hazard rate function Ag = —In{S,w } is

Ayiorr) — / AN1(%) + dNy (% ATy ) + (w—1Ts (1)) V 0)
o 0o Yi(%)+ Yo (EATy ) + (u—rTo ) VO)

The estimator of the reliability function Sy is the product-integral
SO(S, 7‘) = Wogugs(l — d/io(u, T))
Then the estimators for S; and S, are

5’1(3,7“) = 5'0(7“5, ), 5'2(5,1“) = go(r(s ATy y) + (5 = To, 1)) VO, 7).
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Under the AFT model the moment u under stress z3(-) is equivalent to the

moment

— Ty

u
uNTy gy + V0

under stress z1. The score function is defined as

U(r)=

% Y3 (u A T,y + =22\ 0)dNy (1) — Y (u)dNy (u A Tapy + 22 v 0)
/0 Y1 (u A T,y + =2V 0) + Ya(u)
<« Y1(To,5) AN 1o,k + 72 w=Tet) )
z:: Y1(To,5) A To k) +M V0) + Ya(T ()

Z Yo(Th, ) A o, +7(Th,(5) = To,) V' 0)
Yi(Th, ) + Ya(Ty, ) A Ty + 7(T1) = Toim) V O)

The function U is an increasing step function of r. If we assume that times
to failure are absolutely continuous random variables with supports on [0, oo,
then we have that U(0) < 0, U(co) > 0 with the probability 1.

The estimator of the parameter r is defined in the following manner:

7 =U"10) = sup {r: U(r) < 0}.

The cumulative failure-rate function Ay and the survival function Sy under
the usual stress can be estimated by

A()(S) = Ao(S, f)7 5'0(3) = 50(8,72)
The estimators Ag(s) and So(s) are

Ags) = ANy (%) + dNa [§ A To ) + (u— 7 To,) VO]
0 o Yi(%)+Ya [% ATy ) + (u— 7T ) VO]

1
: +
;i T§< . Vi(Tgy) + Yol ) Ao + 7(T1g) = T2,) VO

> o

2,5~ T2, !
Jt Ty < 2 ATy g (o Ta. v0 Y1 T2,) A T,y + 85725V 0] + Yo (T, )

and
S = I (1 _ ! ) «
b N (M) + Vel ATa g + 7 (T = T ) V0)
1 1
- T, (j) =72, () ’
Ya(To,(5)) + Yi(To ) A Toyr) + 7 Vv 0)
where

B(s) = {(i, j)|7T1,iy < 55 7(To, 5y A Toyiy) + T,y — Toyr)) V O < s}
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The estimator of the mean time to failure under the normal stress z(?) :

m(z() = —/ sdSo(s) = = Ty i) ASo(FT1 ) — Y 7T 1y ASo (PTh, ()
0

=1 =1
mao R
= Y (Do) = Toiy + 7T, 06)) ASo (T, i) — Toiy + 7T, 1))
i=ro+1

The asymptotic properties of estimators are given in Bagdonavicius and Nikulin
(1999b). See also Duchesne (2000), Duchesne and Lawless (2000), etc.






CHAPTER 7

The Cox or PH model

7.1 Introduction
Let
_ T
() = (@1(-); s ()",

be a possibly time-varying and multidimensional explanatory variable; here
21(+), ...y T (+) are one-variate explanatory variables.
Under the PH or Cox model the hazard rate under x(-) is

gy (t) = r{z(t)} alt). (7.1)

We shall consider only semiparametric estimation, because under the as-
sumption that the survival distribution under a specified value of the ex-
planatory variable x € F; belongs to any family considered in Chapter 1
(with exception of the exponential and Weibull families) the survival distri-
bution under any other value y € E; does not belong to the same family. In the
case of the exponential or Weibull distributions under constant explanatory
variables the PH model coincides with the AFT model. Parametric estimation
for the AFT model is considered in Chapter 5.

7.2 Parametrization of the PH model

The function r is parametrized in the following form:
r(z) = e?z, (7.2)
where 3 = (81, -+, 8m)T is a vector of unknown parameters and
2= (21, 2m)" = (p1(z), - '7¢m(m)T

is a vector of specified functions ¢;. In what follows we use the same notation
xj for z; = ¢;(z).
The parametrized PH model has the form

(o (t) = €7 ® aft). (7.3)

The baseline hazard rate function «(t) is supposed to be unknown.
Let us discuss the choice of the functions ;.
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7.3 Interpretation of the regression coefficients

Suppose that the explanatory variables are constant over time.

7.8.1 Interval valued explanatory variables

Suppose at first that the explanatory variables are interval-valued (load, tem-
perature, stress, voltage, pressure).
If the model (7.3) holds on Ey, then for all x1,x2 € Ey the hazard ratio is

HR(xlv'rQ) = Qg, (t)/a:h (t) = p(x17x2)7 (7'4)

where p(x1,z2) = r(x2)/r(x1). It is evident that p(z,z) = 1.
Suppose at first that « is one-dimensional. The speed of hazard rate varia-
tion with respect to x is defined by the infinitesimal characteristic:

S(x) = lim p(z,x + Az) — p(z, x)

Az—0 Az = [logr(z)]". (7.5)

So for all x € Ey the function r(z) is given by the formula:

r(z) = r(xg) exp /(5(1}) dv p (7.6)

where xg € Ej is a fixed explanatory variable.
Suppose that §(z) is proportional to a specified function u(z) :

0(z) = au(x).

In this case
r(z) = eﬁ(ﬁ-ﬁls&‘l(fb)7 (7.7)

where ¢1(z) is the primitive of u(z), Bo, 1 are unknown parameters.

So we have the model
Qg (t) — 650+ﬁ1801($) a(t).

Taking into consideration that the function a(t) is unknown, the parameter
Bo can be included in this function and the model

g (t) = 5191 (1) (7.8)

is obtained.
Example 7.1. §(z) = a, ¢1(z) = . Then

r(z) = ehe. (7.9)

It is the log-linear model.
Example 7.2. 6(z) = a/x, v1(z) = Inz. Then

r(z) = ehrlesr = g, (7.10)
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Example 7.3. §(z) = /2%, p1(x) = 1/x. Then
r(z) = /e, (7.11)
Example 7.4. 0(z) = a/x(1 — ), ¢1(z) = In $%. Then

"

) N
T(x)—eﬁllnlw—<1_x> , 0<z<l1. (7.12)

The infinitesimal characteristic §(x) may be taken as a linear combination
of some specified functions of the explanatory variable:

k
o(x) = Zai u;(x).
i=1
In such a case

k
r(z) = exp {Z ﬁizi(x)} ) (7.13)

where z;(z) are specified functions of the explanatory variable, 51, ..., O are
unknown (possibly not all of them) parameters.

k
Example 7.5. §(z) = > «a;/xt.
i=1

Then
k—1
r(z) = emp{ﬁllogx—i—Z@/xi}. (7.14)
i=1
Suppose now that the explanatory variable = (xq,---,2,,)7 is multidi-
mensional.
If there is no interaction between x1, - - -, z,, then the model

m  k;
r(x) = exp Z Zﬁijzij (x:) ¢, (7.15)

i=1 j=1

could be used; here z;;(x;) are specified functions, §;; are unknown parame-
ters.

Example 7.6. If the influence of the first explanatory variable is defined
as in Example 7.2 and the influence of the second as in Example 7.3 then we
have the model

r(z1,22) = exp{Filogz1 + P2/x2} . (7.16)
So k1 = kg = 1 here.
If there is interaction between the explanatory variables then complemen-
tary terms should be included.
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Example 7.7. Suppose that there is interaction between the explanatory
variables x1 and x5 defined in Example 7.6. Then the model

r(x1,x2) = exp{SBilogx1 + Ba/xa + Bslogxi/xa} . (7.17)

could be considered.

7.8.2 Discrete and categorical explanatory variables

If the explanatory variables are discrete then the form of the functions have
the same form as in the case of interval-valued explanatory variables, i.e. ¢;
may be ¢;(z) =z, In z or 1/z.

If the jth explanatory variable is categorical and take k; different values,
then z;(-) is understood as a (k; — 1)-dimensional vector

i () = (21 (), s i1 ()T
taking k; different values
(0,0,---,00%,(1,0,---,0)7,(0,1,0,---,0)T,---,(0,0,---,0,1)T,
and §; is (k; — 1)-dimensional:
Bi = (Bj1, s Bii;—1)" -

So, if the jth explanatory variable is categorical, and others are interval-valued
or discrete then
Bx = BotPrzr+e 4Bzt Y Burjt+Biaziate -+ Bmtm. (7.18)
1=1
The obtained model is equivalent to the model (5.5) with m+k; —2 univariate
explanatory variables. If k; = 2, the explanatory variable x; is dichotomous,
taking two values 0 or 1.
Let us consider the interpretation of the parameters §; under the model(7.3).

7.8.3 Models without interactions

a) Interval-valued or discrete explanatory variables

Suppose that the jth explanatory variable x; is interval-valued or discrete.
Then

Gﬁj - a(w17“.7wj+1)'“7w7n)(t)7 (7.19)
a(ml ..... O zm)(t>
is the ratio of hazard rates corresponding to the change of x; by the unity.

b) Categorical explanatory variables

Suppose that ; = (z;1,+, ..., %j,k,—1)" is categorical. Its first value is (0, - - -, 0)”
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and the (i + 1)th value is (0,---,0,1,0,---,0)”, where the unity is the ith co-
ordinate. Then

a(Zl,~~-’90j—1,(0’0,""0,1,07“',0)’wj+1,-n’wm)(t)
a(zy, ..., zj-1,(0,0,---,0), Zj41, ..., Tm) (L)

is the ratio of hazard rates corresponding to the change of x; from the first to
the (i + 1)th value.

ePin = (7.20)

7.8.4 Models with interactions

a) Interaction between interval-valued or discrete explanatory variables

If there are two interval-valued or discrete explanatory variables and there
is interaction between them then

BTz = By + Brzy + Bows + Bywiao. (7.21)
For three explanatory variables
BTz = Bo+Prw1+ Bawa+Bsxs+ Bawiwo+ Bsw1 23+ Pexoms+ frarzaws, (7.22)
and so on.
In the case of two explanatory variables the ratio of hazard rates is
Oz(mpzz-l‘l)(t) _ €ﬁ1+[33x1 (723)
a(fﬂl,fﬂz)(t)

depends on the value of .
So
651+5311 (724)

s the ratio of hazard rates corresponding to the change of xo by the unity,
other explanatory variable being fixed and equal to xq

b) Interaction between interval-valued or discrete and categorical explana-
tory variables

Suppose that there are two explanatory variables: x; is interval-valued or
discrete and x5 is categorical, with ks possible values. Then

ka—1 ka—1
pTa = pras + Z Bai2i + Z Br2iT122i, (7.25)
i=1 i=1
and the mean ratio
a(zl’(0"“’0’1701""0))(t) — 6627‘,4‘5121%1 (726)

(z1,(0,...,0)) (1)

depends on the value of x;.
So in this example
eP2itPrziz (7.27)
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is the ratio of hazard rates corresponding to the change of xo from the first to
the (i + 1)th value, other explanatory variable being fized and equal to x;.

¢) Interaction between categorical explanatory variables

Suppose that both x; and x, are categorical with three values for each.
Then

I = ($11,€C12)T, T2 = ($21,$22)T,
and
Blx = Brixi + Brazis + Po1za1 + Paodao+
Br121711721 + B1122T11022 + B1221T12T21 + B1222T12%22- (7.28)
In this case the ratio
N, (L0) _ Bor+Buizizii+Bianieis (7.29)
Q(x1,(0,0))

depends on the value of 21 = (211, 212)7.

So
6521+ﬂ1121$11+ﬁ1221w12 (730)

is the ratio of hazard rates corresponding to the change of xo from the first
to the second value, other explanatory variable being fized and equal to r1 =

(£E117$12)T~
Generalization is evident if the explanatory variables take three or more
values.

7.8.5 Time dependent regression coefficients

We shall consider the vector of regression coefficients §(¢) in the form (5.37)
as was done for the AFT model, so the model (2.120) can be written as the
usual PH model:

g (1) = €7 # W 0 (1),
where the unknown parameter and the explanatory variables are defined by
the formula (5.37).

7.4 Semiparametric FTR data analysis for the PH model
7.4.1 Model and data
Let us consider the PH model:
iy (t) = ¢ 70 a(t). (7.31)

The baseline hazard rate function «a(t) is supposed to be unknown.
In terms of the survival functions

Sus(t) = exp {_ / t eBW")dA(u)} , (7.32)

0
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where .
At) = / a(w)du.
0
The parameter 3 = (31,---,8m)’ and the vector of the explanatory variables
2(-) = (z1(:),- -+, 2m(-))T have m coordinates.
Data

n units are observed. The ith unit is tested under the value z()(:) =
(a:gi) () -y ) (‘)T of a possibly time-varying and multidimensional explana-
tory variable z(-).

The data are supposed to be right censored.

Let T; and C; be the failure and censoring times of the ith unit,

Xi = Tl AN Ci; 52 = l{TiSCi}'

In Chapter 4 was noted that right censored data may be presented in the form
(4.1) or (4.3).

Denote by S; and a; the survival and the hazard rate functions under (9 (-).
Under the AFT model they have the forms:

t . ;

&mmzm{‘/J%WWMw},mmmzwwwwm.ww>
0

If (9 is constant then

TG
of (%)

$i(t.8) = exp {=" AW} =507, ailt ) = ¢ ao(t);

here S(t) = exp{—A(t)} is the baseline survival function.

7.4.2 Semiparametric estimation of the regression parameters

Two equivalent methods of semiparametric estimation of the regression pa-
rameters (3 are considered here. The idea of the first is the same as in the
case of the AFT model: write the parametric score function U and obtain the
modified score function from it by replacing the unknown baseline cumula-
tive hazard function A(t) by its estimator A(t, 5) (depending on (). Another
method is to write the parametric likelihood function as a product of two fac-
tors: one depending only on (3 and other depending on both 8 and A. The first
factor is called the partial likelihood function. The estimator of the parameter
[ is obtained by maximizing this function.

It is interesting to note that both methods give exactly the same estimators.

First method

If « is specified then under the model (3.2) the maximum likelihood estimator
of the parameter (3 is obtained by solving the system of equations

Uj(ﬂ)zo7 (.j:17"'am)a
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where (see (4.22))

Z [} g ot AN ~Yiwhao )
In the particular case of the PH model

log{au(t, 8)} = 572D () + Inat), % log{au(t, B)} = 2 (2).

J

So the functions U;(3) can be written in the form

Z / u) {dN;(w) — Yi(w)e? =@} dA(u). (7.35)

If « is unknown then the score functions U; depend not only on 3 but also
on the unknown function A.
The estimator Ag(t, 8) is implied by Theorem A.2:

E{N;(t)} = E{ / Y (u) ai(u, B)du} = E{ / Yi(u) e A u)}. (7.36)
Set

SO (v, B) = ZY BTV ), (7.37)
The equality (7.36) implies
E{(N()} = E{ /0 " 5O (u, B)dA(u)}. (7.38)
This induces an estimator A(t, 3) for A(t) defined by the equation:

6= / 5O (u, B)dA(u, 5).
So

At ) = / S’(O)u ﬁ (7.39)

Replacing the function Ag by Ao(t7 B) in (7.38), the modified score functions
U;(B), depending only on 3, are obtained. The random vector

UB) = (U1(B),, Un(B)"

has the form:

. BTat(i) (w) dN(U)
=5 [ s - v o
or, shortly,

_ n oo 29w — Elu (u
=3 [~ B ) v (1.40)
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where
S (v, B)
SO (v,3)’

SW(w, B) = fo 0)Yi(w) 7 00),
Note that for the PH model the optlmal weights
; 0
D (t) = 95 log{a;(t, )}

do not depend on 8 and A. It was not so in the case of the AFT model.
The score function is calculated very simply:

s . .
X (X))

- ‘ X, >X;
0@ = qeX) =~ S epTmx) : (7.41)

E(v, ) =

X >X;

If 2 are constant then
> (X el
~ i 7: X, >X;
U3) = Z 2@ I = S . (7.42)

X >X;

Second method

The score function (7.40) may be obtained another way using the notion of
the partial likelihood.

Indeed, write the full parametric likelihood function as a product of several
terms:

i=1

B -: (/0Oo oi(u, B) dNi(“))éi exp {— /OOO Y; (w)a; (u, B) du}

=1

exp{—/ a0 (1) SO (u, B) du}.
0
We set 00 = 1.

The first term in the full likelihood depends on (3 and does not depend
on the unknown baseline hazard rate function «q(t). It is called the partial
likelihood function:

~ n 0 BT (W) g N, (u 8
L(ﬂ)zﬂ(/o Wﬂ“) . (7.43)
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In terms of (X;,d;) it is written simply:

- BT wi(Xi) Bl zi(X0)
L(B) = !_[1 SO - }11 SRR (7.44)
Ho= O XX
So
h’lL Z(s{ﬂ xz 2 IHS (leﬁ)}?
and
0(3) = 3 8a(X) = B B) = 3 [ (o) = Bla, )} aNifu).
=1 =1

It is the score function (7.40).

7.4.8 Estimators of the main reliability characteristics

Suppose that z(-) is an arbitrary explanatory variable which may be different
from 9 (.), (i =1,---,n).

Estimator of the survival function Sy.(t):

The formula (7.39) implies that the baseline cumulative hazard and A(t) and
the cumulative hazard A,.)(t) are estimated by the statistics
¢ t
Aty = At B),  Aues(t) = / B2 g A () = / AT _AN()
0 0 SO (u, 5)
(7.45)
The estimator of the survival function S,.y(¢) is the product integral

A - ePTEW AN (s
Se()(t) = Mo<u<e(1 — dAyy(u) = sgt (1 - W) . (7.46)

The estimator (7.46) is calculated simply:

BT x(X;) BT a(X;)
N eP e
Syn(t) = 1—-— l1-—
x( )( ) j;];;[—1 < 0)(X ﬂ)) ggl—l Z eBTzi(X;)
1:X,>X;
(7.47)
If x is constant then
eﬁT$

sm=T] [1-—< | (7.48)
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Estimator of the p-quantile t,(z(-))

tp(a () = sup{t : Sp(y(t) > 1 —p}. (7.49)

Estimator of the mean failure time m(x(-)):

= > Xi{Su()(Xj-) = 8o (X)) (7.50)

jio;=1
The estimator of the mean may be underestimated if the last X; is the cen-
soring time.

Estimators of the hazard ratios

The hazard ratio HR(z,y) (see (7.4)) is estimated by
HR(z,y) =’ =), (7.51)

7.4.4 Asymptotic distribution of the regression parameters estimators

The score function (7.40) can be written in the form
U)=0(r.p),
where 7 = sup{t : Y., Yi(t) > 0},

0(t. ) = Z / {20(v) ~ (v, 8)}dM;(v. 5) (7:52)

M;(t, B) = Ni(t) — /O ai(v, B)dv = Ni(t) — /O Yi(v) e =V dA(v).

The components of the random vector U(8) = (U1 (), -, Um(8))T have the
form

Uj (ﬁ) = Uj (Tv ﬁ)? (753)

where
A(1,5) = Z / {a? B)}dM; (v, B), (7.54)
and Ej(v, 3) is the jth component of E(v,3):

B0.8) = S0 w.0/50 w5, D w.8) = 3o (0)¥iw) e =)
= (7.55)
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Asymptotic properties of the regression parameter [ are investigated similarly
as in the case of parametric regression models because the structure of the
score function (7.53) is the same as the structure of the score function (4.22).
The score functions (7.53) (semiparametric estimation under the PH model)
and the score functions (4.22) (parametric estimation in the regression models)
have the form (4.27) with only difference that in the first case

0
H” (t7 9) = 8_9] ln{al(t, 9)},
and in the second: '
His(t, ) = 2 (1) = Ey(t, B).
Denote by [y the true value of the parameter 8. Similarly as in Chapter 4
(formula (4.19))

-1

WG = (RT8) UG A (150)
where (cf. (4.18))
(%) = (—%Um ) / V(u, B)dN (u), (7.57)

and V(u, 8) = (Vj;7(8))mxm is the matrix with the elements

S8 S (,8)s) ) (t.8)
SO 3) <<0><t,m> ’

- 7 i Tx(i)
8215 =3 2 (02l (i) 0. (7.58)

Vi (t,6) =

If A 2 0 then the asymptotic distributions of the random variables

n'/2(8 — By) and <i1<5°> n=2U(By) (7.59)

are the same and

w0 = (L) 3 S [0~ Bl k. 5) + o,

(7.60)
So if the random matrix n=!I(8;) converges in probability to a nondegen-
erated nonrandom matrix then the asymptotic properties of the maximum
likelihood estimator B can be obtained from the asymptotic properties of the
score function U(/3).
Theorem A.7 implies that if the processes xy) (v) — Ej(v, Bo) are caglad
adapted on [0, 7], for all ¢t € [0 7]

\/_ Uss \/_U > (t, o) > ojj (t, Bo), (7.61)
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1 P
U, E o, 62
<\/HU](T)> 0 (7.62)

and for any ¢t € [0,7] the matrix Xo(t) = (0;;/(t, o)) is positively definite
then the score function U(fy) is asymptotically normal:

nY20(By) B N(0, So(7)) as n — oo, (7.63)
moreover,
n=Y2U(, Bo) 2 Z(-, o) on (D[0,7])™, (7.64)

where Z is a m-variate Gaussian process having components with independent
increments, Z;(0) =0 a.s. and forall 0 <s <t <7:

cov(Z;(s), Zj (1)) = o (s)-
The predictable covariations (7.61) and (7.62) are

1 1
< %UJ»%UJ’ > (t,80) =

L }n: t{x;“ (v) — Ej(v, B)Ha'? (v) — Ejr (v, )} Yi(v) e * dA(w)
n 0
=1

1 T
= /O Vjjr(u, 80)SO (u, Bo)dA(u), (7.65)

1
< EUEj > (taﬂO) =

1 = i 7 T2 (v
n Z/o {7 0) = B0, o) P10y oy Vi@) €7 D dA().
i=1 :

(7.66)
Which sufficient conditions are needed for (7.61) and (7.62) to hold?

The convergence (7.61) holds if the stochastic process n=1V;;, S (cf.(7.65))
stabilizes when n is large. This stabilization holds if the stochastic processes
n~18 stabilize and S© (its square is in the denominator of Vj; expression)
approaches a positive function on [0, 7] when n is going to infinity.

For the convergence (7.62) to hold, a complementary condition on bounded-
ness of the explanatory variables is needed (the indicator should go to zero).
If even the function under the integral (7.66) is small when n is large, the
integral may be large if A(7) = co. So a natural condition is A(7) < 0.

Conditions on differentiability of the limit functions of the stochastic pro-
cesses n1S() are needed when writing the Taylor expansion (7.56) and dif-
ferentiating the score function by interchanging the order of integration and
differentiation.

Denote by [|A]| = sup, ; |ai;| the norm of any matrix A,

St 8) = (S2(t, B))msm.

So let us consider the following conditions.
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Asumptions A:
a) There exists a neighborhood B of By and the scalar, m-vector, and m X m
matriz functions s (t, 3), s(D(t, 3), and s (t, 8) such that for k =0,1,2

1
sup  [|=S® (L, 8) — s (1, 8)| 2 0.
BeB, te[o,r] T

b) s¥)(t,3) are continuous functions of 3 € B uniformly in t € [0,7] and
bounded on B x [0, T].

¢) SuPe(o,7] 5O, B) > 0.

d)c%s(o)(t,ﬁ) =sM(t,3) and 83;28(0) (t,3) = s (t, ).
e) Foralli,j i=1,---,n;5=1,---,m)

sup |x§z)

t€(0,7]

(t)| < oo.

f) A(T) < 0.
g) The matriz

So(r) = [ vl )50, H)dA(w)
0
is positively definite; here
v=2s?/s0 _eeT = s1/sO)

Note that Assumptions A are sufficient for the matrix n=! I(3) to converge
in probability to the matrix ¥(3y) because
1
Z1(B)—
- (Bo)

> (r, o) = / V0w, fo)dM (u, o) 2 0:

1 1
< \/EUJ, \/ﬁUj/ =
here dM (u, Bo) = dN(u) — S (u, By)dA(u). The last convergence is implied
by the Corollary A6.
Assumptions A are sufficient not only for the asymptotic normality of U
and for convergence in probability of n=1I() but also for the convergence
in probability to zero of the term A.

The following result is implied by Andersen and Gill (1982).

Theorem 7.1. Assume conditions A hold. Then
1) there exists a neighborhood of By within which, with probability tending

to 1 as n — oo, the root ﬁ of the system of equations U(B) = 0 is uniquely
defined;

2) 3 L Bo;

3) nV2U(, Bo) = Z (-, fio) on (D[0,7])™;
4) n'/2(B — Bo) & N(0,=1(60));

5) 11 1(3) — 2(5o)l| - 0.
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7.4.5 Asymptotic distribution of the main reliability characteristics

In the books on survival analysis, the limit distribution of the baseline cumu-
lative hazard estimator is usually done. In the case of FTR data it is more
important to give the asymptotic distribution of the estimator S, (t). There-
fore we give the proof of the following theorem.

Theorem 7.2. Under the assumptions of Theorem 7.1 for all t € [0, 7]
n2{8,(t) — S.(1)} 2 N(0,S2(t)02(t, B0)) as n — o,

where

) o [t dA(v)
o—g(tvﬂO) = bT(ta ﬁO) by 1(ﬂ0) b(t,ﬁo) + e2ﬁ0 /0 5(0 ( BO)

and .
b(t, Bo) = A (t) — %5 / (v, Bo)dA(w).
0

Proof. Let us consider the difference

R(AL() = An(t)) = i [ o0 [T W) _
Vn(Ag(t) — Ag(t)) f( 590 g) Az(t)>

R ) [ o
v, [ 1 1
e /0 (5(0)@7 3) S(O)@’ﬁo))dN(v)Jr
(eéTbeﬁoTz)/o (S(O)(lv, 5 S(O)(i,ﬂg)>dN(v)+

o ([ 1 o)}

Write the finite increments formula for differences in first three terms:

Vi(Au(t) = Au(t) =
. ar, f* _dN(v) r. [t E(v,3)
V(B = Bo)" {$ ef / — e /0 S((dN(v)}

(U 60) 0) ’Uaﬁ**)
T . R 1 t E ,ﬁ**
+ePo T\ /n(B — Bo)Tvn(B — 5O)W$T ; WdN(”)ﬂL
T ¢ dM(’U)
Bow
VR | S, )

where 8*, ** are points on the line segment between [y and [; Note that

7y, [*_dN(v) o [*_E(v,5) P
B zo _WIVRY) Bl P
o SO (v, B) € /0 S0 (v, B%) dN(v) = b(t, Bo).

xre
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and

1 5 " BE(v P .
ﬁx /0 S(O) e ﬂ* N(v) =0 uniformly on [0, 7].
The formula (7.60 ) and the result 5) from Theorem 7.1 imply
V(A ( >> = 0" (t, o) 571 (Bo) ™ /20 (7, o)+
60 x
\/—/ 500 50) 50) + A fo) = Au(t) + Ao(t) + AD),
where

sup |A(1)] S 0.
[0,7]

The formulas (7.65) and (7.66) imply that for all 0 <¢ < 7
< Av Ay > (8) 5 6 (8 Go) S (Bo)blt o)

and b
< A157Ale > (t) = 0.
For all 0 <t < 7 the predictable variation

t t
< Ao, As > (t) = 200 Ty, 7(&4(@) ) LA 6250%/ dA( )
0

o SO(v, By 5O (v, o)

and . )

T dA v P
<Ae,Ae>t:ewan/1 —— = 0.
i i ( ) o {l ;(00)( f [>e} S(O)(U7ﬂ0)
The predictable covariation
< Al(t) Ay > (t) =
xYU
50

Corollary A.5 implies that
! {Ay() = Ax()} B 27 (o) on (D[0. 7)), (7.67)
where Z* is the mean zero Gaussian process such that for all 0 < s <t < 7:
cov(Z*(s), Z*(t)) = o2(s A t, Bo).
In particular, for any ¢ € [0, 7]
n'2{A,(t) — Ay ()} B N(0,02(t, By)) as n — .

The delta method implies the result of the theorem.
Corollary. If ¢,(z) < 7 and a,(tp(z)) > 0 then under Assumptions A

n12{t, () — ty(2)} 2 N(0,0%(ty(x), Bo) [o2 (tp(x))) as n— oco. (7.68)
Proof. Note that

tp(z) = A7 (—In(1 = p)).
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The convergence (7.67) and Theorem A.10 imply that

V205 () — b ( g_Z*(tp(l’))
R e

which implies (7.68).

7.4.6 Tests for nullity of the regression coefficients

Let us consider the hypothesis

Hkl,kz,“wkz : ﬁkl == ﬁk;, = 07 (]- <k <k <--- < kl) (769)
If Hy, ky,....k, is verified, the variables zy,,---, x5, are excluded from the
model. In this particular case, the hypothesis
H1,2,~~,m : ﬁl == ﬂm =0

means that none of the explanatory variables improve the prediction, i.e. there
is no regression.
The hypothesis
Hk:ﬂk:(), (kzl,...,m).
means that the model with and without the explanatory variable x; gives the
same prediction.

Likelihood ratio test

Let
L=L(p) = mng(ﬁ) (7.70)

be the maximum of the partial likelihood function under the full model with
m explanatory variables and

L = L 7.71
ki...k; ﬁiﬁklg‘?ﬁﬁm:o (ﬁ) ( )

be the maximum of the likelihood function under the hypothesis Hy, .., which
is the maximum of the likelihood function, corresponding to the model with
(m — 1) explanatory variables {z1,...,Zm} \ {Zk, -, Tk, }-

If n is large then the distribution of the likelihood ratio statistic (see (4.40)):

L

LR = —o1y HO) (7.72)
L
is approximately chi-square with m degrees of freedom. Under Hy, ., the
coefficients (g, , - -, Bk, are equal to zero in (7.72).
Similarly under Hyg, ., the distribution of the likelihood ratio statistic

L

LR = o1 2B (7.73)

L, ..k,
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is approximately chi-square with m — [ degrees of freedom. The coefficients
Brys -+ Br, are equal to zero in (7.73).
It can be shown that the statistics

LR") and LR™ — LR**)

are asymptotically independent.
Thus, under Hy, . j, the distribution of the likelihood ratio test statistic

L
LRy, .k = —21D% (7.74)

is approximated by the chi-square distribution with { = m — (m — 1) degrees
of freedom when n is large.

The hypothesis Hy, .. x, : Bk, = ... = Br, = 0 is rejected with the significance
level « if
LRlﬁ ----- ke > Xifa(l); (775)
the hypothesis His. . : 01 = ... = B = 0 is rejected if

LRl,...,m > X%—a(m%
the hypothesis Hy, : B = 0 is rejected if
LRy > X%ia(l).

The statistic LRy, is often used in stepwise regression procedures when the
problem of including or rejecting the explanatory variable xj is considered.
In the particular case the likelihood ratio test statistics may be used when
testing hypotheses about absence of interactions. For example, for the model
with
BT x = Biay + Baws + Baxs + Baa1za + Bsa1a3 + Bewars
the hypothesis Hysg : B4 = 05 = B = 0 or Hs : §5 = 0 may be tested.

Wald’s tests

Let Ay, 1, (8) be the submatrix of I~(3) which is in the intersection of the
k1, ...,k rows and k1, ..., k; columns. Under Hy, . j, and large n the distribu-
tion of the statistic (see (4.39))

Wkl..,kz = (Bk)l PRARS ] Bk:z)TAlzllmkl (B) (Bk:l 3oy Bkl)T

is approximated by the chi-square distribution with [ degrees of freedom.
The hypothesis Hy, ..k, is rejected with the significance level a if

.....

Wiyl > Xi—a(0),
the hypothesis Hys. ., is rejected if

Wl...m > X%—a(m%
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and the hypothesis Hy is rejected if
W B _ B

- Ikk(ﬁ) - V;il‘ (Bk) > Xl—a(l)'

Score tests

If n is large then the distribution of the statistic (see (4.38)):
(Ukl (ﬂ)a ) Ukl (/B))T Akl-nkl (B) (Ukl (ﬁ)a ) Ukl (6))

is approximately chi-square with { degrees of freedom. Under Hy, ., the limit
distribution of this statistic does not change if 3 (with the components 3; = 0
for i = ky,---, k) is replaced by (8 verifying the condition

L(B) = max L(B).

B:Bry=...=Bk, =0
So the score statistic is
Uklmkl = (Ukl (5)7 ) Ukl (B))T Ak’l-nkl (B) (Uk1 (B)v ) Uk'l (B))
The hypothesis Hg, .k, is rejected with the significance level « if

Ukl---kl > Xffa(l)'

7.4.7 Graphical test for the PH model
If the explanatory variables are constant then under the PH model
A (t) = 7" A).

Hence

InA,(t) = g7z +In A(t).
Under different values of x the graphs of the time functions In A, (¢) are par-
allel. So, if x is discrete or categorical with s possible values and the data are
stratified into s groups according to these values, then the Nelson-Aalen esti-
mators A;(t) (j = 1,---,s) may be constructed. Then the graphs of In A;(t)
should be approximately parallel under the PH model.

7.4.8 Stratified PH model

In some situations when the PH model is not verified under the vector x =

(z1,- -, zm) of the explanatory variables, the units can be divided into disjoint
groups or strata such that in each stratum the PH model
ag(t) =€’ TA(t) (=1,--,5). (7.76)

The baseline hazard «; is distinct for each stratum but the regression param-
eters  are common.
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The model (7.76) is called the stratified PH model. All data are used for
estimation of the parameter (3.

Generally the stratified PH model is used when the influence of, say, the
first p components x1,---,x, of the vector of the explanatory variables z =
(w1, ,7,)T on the survival is studied and the components Tptl, " Ty ATE
treated as discrete or categorical confounding variables. The strata are defined
by the different values of the confounding variables.

The partial likelihood for the stratified PH model is defined as the product
of the partial likelihood functions corresponding the distinct strata:

L) =[] L:(). (7.77)

One can read more about the Cox model, for example, in Altman and
Andersen (1986), Andersen and Gill (1982), Andersen, Borgan, Gill and Kei-
ding (1993), Aranda-Ordaz (1983), Arjas (1988), Bagdonavicius and Nikulin
(1997d), Breslow (1975a,b), Breslow and Crowley (1982), Chappelle (1992),
Cox and Oakes (1984), Fleming and Harrington (1991), Huber (2000), Th-
erneau and Grambsch (2000).



CHAPTER 8

GPH models: FTR analysis

8.1 Introduction

We shall consider only semiparametric estimation, because under any specified
GPH1 model a unique parametric family of survival distributions such that
for any constant explanatory variable the survival distribution belongs to this
family can be found. For example, for the GPHgy model this family is the
family of generalized Weibull distributions, for the GPHgr model this family
is the family of generalized loglogistic distributions, etc. But under a specified
GPH1 model and the corresponding class of survival distributions this model
coincides with the AFT model. Parametric estimation for the AFT model is
considered in Chapter 5.

8.2 Semiparametric FTR data analysis for the GPH1 models
8.2.1 Models
Let us consider the GPH1 model:

() () = €7 g{ A, (8),7} alt). (8.1)

The baseline hazard rate function «(t) is supposed to be unknown. The
function g belongs to a specified class of functions:

1) q(u;y) = (1 +u)~ " (GPHgw model);
2) q(u;y) = €7, (GPHgr model);
3) q(u;7y) = (1 +~u)~t, (IGF model).

Other parametrizations can be considered.

It was shown in Chapter 2 that if under the GPHgw model the ratio of
the hazard rates under any two different constant explanatory variables is
superior to 1 at the beginning of functioning then these ratios are increasing
(0 < v < 1) or decreasing (v > 1) but remain superior to 1. In the case
of the PH model the ratio of hazard rates is constant. Under the GPHqrp,
model this ratio goes to 1, i.e. the hazard rates meet at infinity. Under the
IGF model the hazard rates are equal at the beginning of functioning and
the ratio of the hazard rates are monotone time functions.

Under the GPH1 model the survival function S,.)(t) has the form

Se(y(t) =G {/t eﬂT“")dA(U)w} , (8.2)

0
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where
Alt) = /0 o(u)du

is the baseline cumulative hazard and G(t;7) is the survival function of the
resource (see Chapter 2.5.3). The function G(t;~) is the inverse of the function

—lnu
dv
)= [

q(v;7)
with respect to the first argument. The cumulative hazard function is:
t
Apy(t) = =InG { / eﬂTw<U>dA(u);v} : (8.3)
0

For the GPHgw model:

Ap()(t) = {1 +7/t eﬁTm(“)dA(U)}; -1, (v#0),

0
t T
Ay (1) = exp { | w<“>dA<u>} ) (5.4
0
If v < 0, the support is finite (see Section 2.5.7). For the GPH¢rr, model:

Ay =-twdios [ waaw). oo,

0

t
Ay(t) = [ DA, (v=0), (8.5)
0
If v > 0, the support is finite (see Section 2.5.7). For the IGF model:

‘ 1/2
Ax<.><t>=§{(1+m [ e aaw) —1}, (1 £0),

Ay = [ ¢ DaAw), (=0 (36)

8.2.2 Data

n units are observed. The ith unit is tested under the value (9 (-) of a possibly
time-varying and multidimensional explanatory variable z(-).

The data are supposed to be independently right censored.

Let T; and C; be the failure and censoring times of the ith unit,

X»L' = Ti A Ci7 62 = 1{Ti§01}'

In Chapter 4 it was noted that right censored data may be presented in the
form (4.1) or (4.3).

Denote by S;, «; and A; the survival, hazard rate, and cumulative hazard
functions under z(®(-).
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8.2.3 Semiparametric estimation of the parameters 0

Procedures for semiparametric estimation in GPH1 models for any specified
q with time-varying covariates and properties of these estimators were given
by Bagdonavic¢ius & Nikulin (1994, 1995, 1997a,b). An interesting applica-
tion of this model was considered by Ceci, Delattre, Hoffmann and Mazliak
(2000). In the case of constant covariates, semiparametric estimation for lin-
ear transformation models was given by Dabrowska & Doksum (1988b) and
Cheng, Wei & Ying (1995). Dabrowska & Doksum considered a resampling
scheme for computing maximum rank likelihood estimation. Cheng, Wei &
Ying (1995) considered methods of estimation based on generalised estimat-
ing equations. Murphy, Rossini & Van der Vaart (1997) considered estimation
for the proportional odds model (the GPH1 model with the standard loglogis-
tic distribution of the resource) and constant covariates. Andersen, Borgan,
Gill & Keiding (1993) discuss estimation in the gamma frailty model with
covariates by using the EM algorithm. Parner (1998) considered estimation
in the correlated gamma-frailty model. Bagdonavi¢ius & Nikulin (2001) give
estimation for the GPH1 models using a modified partial likelihood method.

Let us consider estimation by the general method used in this book: con-
struction of modified score functions by replacing the unknown infinite-dimen-
sional parameter in the parametric score functions by its efficient estimator
depending on finite-dimensional parameters of the model.

Denote by

0= (ﬂla"';ﬂma’y)T = (017"’70m+1)T

the finite-dimensional parameters of the model.

If v is completely known then under the model (8.1) the parametric maxi-
mum likelihood estimator of the parameter 6 is obtained by solving the system
of equations

where
Z/ w\ (u, 0, A){dN; (u) — Yi(u)ey;(u, )du},
where
W (t,0,4) = a‘; log{on(t.0)} = 29 (1) + (Ing)| {Au(t.0),7} -0 a@ Ai(t,0),
(G=1,---,m),
Wl (8.0,4) = - log{a(t.0)} =
(19 @ {As(6,6).7) + (@) {A:6,0).7) 5 Au, ) (8.7)

here (Ing¢);(¢,7) denotes the partial derivative of In ¢(t, 7) with respect to the
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Ith argument (I = 1,2). Note that

t ; T i
0 Ai(t,0) = 4(Ai(t,0),7) / 29 ()= g A(u),
aﬂ] 0
0 , A
Jo A0 = (~ Gy (H(e 00, ). ). (8.8)

So the functions U;(6) can be written in the form

Z/ (6, 4) {dN; (w) = Yi(w)e” ") q(A;(u,0),7) dAw)}.

(8.9)
If o is unknown then the score functions U; depend not only on 6 but also on
the unknown function A.
The estimator A(t, ) of A(t) is implied by Theorem A.1:

t )
B{N,(1)} = E { [ vt et q{Ai<u,9m}dA<u>} S (8.10)
0
Set
SO (v,0,4) =Y Yi(v) e’ *" Vg{A;(v,0),7}. (8.11)
=1
The equality (8.10) implies:

E{N()} =E { / t SO (u,0, A)dA(u)} . (8.12)

0

This induces the estimator A(t, ) of A(t) defined by the equation:

t
:/ SO (u—,0, Ay dA(u,6).
0

The estimator A can be found recurrently:

A(t, ) / S<0 - 9 A) (8.13)

Replacing the function A by A(t,0) in (8.9), the modified score functions
U,(9), depending only on 6, are obtained. The random vector

T(0) = (U1(6), -, Un11(0))"

has the form:

Z ) 0 ) { i) =¥ o009 g
where

t
Ai(v,0) = —lnG{/ AT (u %mw,em}, (8.14)
0
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SO (v,0) = SO (0,0, A) w®(u,0) = (i’ (u,0), - W, (u,0))7,
D (w,0) = w (u,0, A).
Shortly,
= - w(i) U — U ilu .
;/ {w (u,6) — E(u,0)} dNy(u), (8.15)
where
(1) v i . T, (i ~
B0.0) = Gyt SV 00) = 3 w0000 e alifu.). 7).

Note that as in the case of the PH model we consider the optimal weights.

8.2.4 Algorithm for computing the score functions

Suppose at first that there is no ez aequo. Let T(;) < ... < T{;; be observed
and ordered failure times, r < n. Here (¢) notes the index of the unit which
failure is observed the ith.

The formulas (8.11), (8.13), and (8.14) imply that for fixed 6 the estimator
A(t;0) is calculated by the following recurrent formulas:

—1
A(0;0) =0, A(Tq1);0 (ZY <T<1>>> :

and for j=1,...,7 — 1 R
A(T(j11):0) =

j
2O (T ) % T () -
A(T(;:0) (ZY Tin)e? =7 Tanlgr (Y e” (T“'))AA(TU);@),V)) :

=1
(8.16)
where

Ty =0, AA(T);0) = A(T4y;0)—A(Ty-1);0), ¢ (t,7) = a(—=InG(t,7),7)
So the score function is calculated simply:

0) = > {w} (T4, 0) — E;(Tw). 0)}, (8.17)
where o
SO(Ty,0)’

- T 1 (s) . e
S(O) (T(l)7 0) = Z 1/S (T(’L)) 66 ’ (T(i))Q{AS (T(’L)7 6)) 7}7
s=1

= s T () (T, 1
ST, 0) = 3wl (T4), 0)Y(Ti)) € =T g{A(T(),0), 7},
s=1



180 GPH MODELS: FTR ANALYSIS

s s T ,.(s)
w§ (T, 0) = SUE (Tia))+41 {As (T3, 0) ’V}Zx (Ty)e? =" T AA(T 3 0),

(jzl,...’m)

AT, 0) = ~nG(Y_ e T0IAA(T):6); ),

=1

w (T, 0) = (In )5 {As(T, 0), v+

- ! T (s) ~
(n )y (As(T(iy,0),7) (= G)o Y e " TOIAA(Ty; 007} (8.18)
=1
If 2(8) are constant then

%
2 (Ty) =2, Y T T0AA(T);0) = = A(T1):0),
=1

i
s T p(s) e S Tz 3
ng )(T(l))eﬁ (T<l>)AA(T(l); 0) = a:§ )P A(T;0)
I=1

n (8.18).

Note that to find an initial estimator 6(®) verifying the equations (8.17) you
need an initial estimator A(©) (t) and vice versa: to find an initial estimator
A (t) = A(t,01)) you need an initial estimator #(°). This magic circle can
be entered in the following way.

The initial estimator (%) can be obtained (see Vonta (2000) for the case of
constant explanatory variables and uncensored data) as follows: the baseline
cumulative hazard function A is approximated by a piecewise linear function

A(tvﬂ) :/ Zl(at 1,a;] eulds

where 0 = ag < a1 < -+ < a, = 00 are given constants and p = (g, - -, ,ur)T
are unknown parameters.
Then the parametric model

r t
Suy(tsp, B,7) =G {Z e‘”/ P m(q‘)l(ail’ai](u)du,fy}

i=1 0

can be considered. Denote by (9, 30, 5(0) the parametrlc maximum likeli-
hood estimators of the parameters pu, 8,~. So 6 (6( ),4) can be con-
sidered as an initial estimator for 6. 3 .

If the initial estimator §(%) is obtained then the initial estimator A(®) (¢, (%))
is obtained recurrently by (8.16) using 6 = 6 = (B(o)ﬂ(o)). The estimator
0 is obtained by solving the equations U;(#) = 0, where U;(f) are given
by (8.17), and using A©)(¢,0(®)) instead of A(t,0). And so on: the estimator
AM (¢, M) is obtained recurrently by (8.16) using 6 = 61, etc.
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8.2.5 Expressions of the score functions for specified GPH1 models

For any specified GPH1 model the score functions are computed using the
formulas (8.16)-(8.18). The functions ¢, —InG, ¢*, ¢i, (Ing)}, (—InG)j are
different for different models.

GPHgw model

glu, ) = L +uw) " —InGuy) = {1 +yu}” =1, (y#0),

—InG(u,0) =€ —1;¢*(u,7) = {L+yu} 5 (Y#0), ¢"(u,0) = e

) = (=0 +0)75 (ng,) =
(- Gpur) = {1+ 7uy' T ETIREEIZI (1)

2
(—InG)y(u,0) = %e“.

GPHGLL model

au, ) = 7 —mmmw:fémufw» ( £0); —nG(un) = u;
¢ (u,y) =1 —yu)™Y @(u,y) =77 (Ing);(u,y) =;
2

U=y =00 20), (- G0 =

(1 = yu)

(= G)s(u,y) =

IGF model

quzﬂ+wﬁ1*mﬂww:$ﬂ+Wﬁ*H7h#%

(= Gy (u,0) = us g™ (u, ) = (14 2yu) "2
¢ (u,y) = =y(L+yu) " (Ing)i(u,y) = —y(1 +yu) ™k

I _ (1 + 27”)1/2 — (1 + lyu) / _ u?
(—IHG)Q(’LL,’)/)— 72(1+27u)1/2 ) (77&0)7 (_IHG)2(U70)__7‘

Similarly as in the case of the PH model the score function (8.15) may be
obtained by other way-using the notion of the modified partial likelihood (see
Bagdonavicius and Nikulin (1999)).
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8.2.6 Case of ex aequo

Suppose that ex aequo are possible. Let T} < ... < T}* be observed and ordered
distinct failure times, » < n. Note by d; the number of failures at the moment
Tx. Let (i1),- -, (iq;,) be the indices of the units failed at T;".

The estimator A(t;6) is calculated by the following recurrent formulas :

n -1
A(0;0) =0, A(TY:0) = d (Z lfi(Tf)eﬁ”WTD) ;
i=1
forj=1,..,7r—1
A(T;+1;9) =

-1

n J
A (% * T2 (T * T2 (T A (T
A(T}30)+dj4 (Z Yi(Ty)e? =" Taegr (Y7 e eI AA(TY:6),7)
=1

[

=1
(8.19)
So the score function is modified:
r ok
U;(0) =Y > w17, 0) - E;(T7,0)}. (8.20)

i=1 s=1

8.2.7 Estimators of the main reliability characteristics

Suppose that z(+) is an arbitrary explanatory variable which may be different
from 2 (), (i =1,---,n).

Estimator of the survival function Sy (t):

The estimator of the survival function S,.(t) is

t AT ~ A t AT
gz(_)(t) :G{/ b x(u)dA(%g)’ﬁ} -G / e x(u)M7 5\
) o S (u, §)

(8.21)
This estimator is calculated simply:
BT z(Tiy)
N e
Sey®) =G Y ———— 47, (8.22)

where SO(T(;), 0) is calculated using the formula (8.18). If z is constant then

~ eBT$
Se(t)=Gq > ————— 4. (8.23)
Ty <t S(O) (T(z)a 0)
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Estimator of the p-quantile t,(z(-))

tp(z(-)) = sup{t: gz(.)(t) >1-p} (8.24)

Estimator of the mean failure time m(x(-)):

m(z) = Y XS (X=) = Sa) (X))} (8.25)
jioj=1
The estimator of the mean may be underestimated if the last X; is the cen-
soring time.

8.2.8 Some remarks on asymptotic distribution estimators

Investigations by simulation (see Hafdi (2000), Hafdi, El Himdi and al (2001))
show good properties of estimators (even in the case of finite supports of failure
time distributions) for finite samples.

For models with specified specified G (or ¢) the asymptotic properties of
the estimators of the regression parameters and reliability characteristics are
given by Bagdonavic¢ius and Nikulin (1997a, grouped data, 1997b, general
right censored data), for models with parametrized via v - by Bagdonavicius
and Nikulin (2001). The proofs of asymptotic properties are rather technical
and are not given here.

As an example, we give the asymptotic properties of estimators for the
GPHp;, model with constant explanatory variables. The properties are anal-
ogous for other GPH1 models.

Denote by 6, the true value of the parameter 6 and set

(- ) — ij(u) ©2) (0.0 — — dw" (u; 0) : 07 z; (u;0)

Sio)(u;9> _ ZYi(u)eZGTzqz(u;O)’ S(l) u 9 Zw(z) u; 9 ) 29Tz,;(u;9).

=1

Conditions A:
a) There exists a neighborhood © of 0y and continuous on O uniformly in

t € [0,7] and bounded on @ >< [0,7] scalar functions s©(u;0), s*o)(u 0),
vector functions s (u;0), s s (u,@) and (k + 1) x (k + 1) matriz s (u; 0)
such that s (u;69) >0 on [0, 7],

sup H* D (u;0) — s (u; 0)] — 0
0€0©,ucl0,7]
sup ||—S(Z (u;0) — s* (u,9)|| —0

0co,uclo,r] M
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OE(u;0)  0Oe(u;0)

sup - — 0, as n — oo,
0€0, uel0,7] a0 a0
where e(u;60) = s (u;0) /5 (u;6).
b) A(T) < 0.

Set,
en(u:0) = 50 (u:0) /5O (u:0),  h(t;0) = exp{— / . (u; 0)dA(u)},

5O ()5 (3 0) — 5 (a0 (3 0)
SO (w3 0) ’

w(u; 0) = e(u; 0) — W/ 9(v; 0)h(v; 9)dA(v).

Denote by A®? the product AAT, J(u) = 1iy (u)>0}-
¢)

g(u;0) =

%Z/OT J(u){w® (u;00) — w(u; 6y) }52e% =0 (u)dA(u) L (B).
i=1
d) The matriz

1(60) = = [ {sus0) — C 000 ) f o)

is positive definite.
Theorem 8.1. Under Conditions A
. B _ T
n'/2(6 — 09) = N(0, %7 (60)3(60) (S1(80)) " )-
Set
t9
C(6y) = _/ 2 10 5O (u; 69)dA(w),
0 00

(0 80) = (00 | C(00) 5 (60 (1 s 00) ~ (s 00)) + 0

oD (e
vi(u; 0o) = 1 (0o){wi(u; o) — w(u; 00)} = ( vl@)guizzg ) ,

cm<u'eo> = 70e™ * Hy(u; )+ © Aol (u; 0)+70 A(t)e “ {vM) (u; 60)} 'z,

where v (u ) has the dimension k.

Condition B

I~ [*
o> [ oYt D dAw) B o o),
—Jo

—Z/ cia (3 00)v;” (3 00)Yi(w)es * PV dA) 5> 0124(1),
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1~ [ T, (w
230 [ 0 b)Y ) dA ) B o 1),
i=1"0
Set

1 1
021z = 0122, G1a(t) = —S277°(1),  gou(t) = —— S, (t) In S, (¢).
Yo Yo

Theorem 8.2. Under Conditions A and B for all t € [0, 7]
VI{Ss(t) = S:(1)} B N(0,05(1)),
where 02(t) = Y71 Y01 Gia(t)0iju (£) g2 (t).

8.2.9 Graphical tests for the GPH1 models

If the explanatory variables x1, xo are constant then under the GPH1 model
(cf. (2.73)):
H(e A y) = ¢ 2mm) (e An () ),

Hence
InH(e A= ® 5) —In H(e™ 1", 5) = g7 (23 — x1).

Under different values of = the graphs of the time functions In H(e=4=®) ~)
are parallel. So, if = is discrete or categorical with s possible values and the
data are stratified into s groups according to these values, then the Nelson-
Aalen estimators flj (t) (j =1, --,s) may be constructed and the parameter

~ estimated. Then the graphs of In H (e‘AI(t),&) should be approximately
parallel under the PH1 model.
So under the GPHgw model the graphs of

In| (L+A4;(0)7 =11, (3#0),
(1 + 4;(1), (5 =0)
under the GPHgp model the graphs of
| 1—e MO (5 £0)mA), (§=0)
and for the IGF model the graphs of

(A, () + JA2W) (G#0.mAH. (=0

are approximately parallel.

8.3 Semiparametric FTR data analysis: intersecting hazards
8.3.1 Model and data
Let us consider the GPH2 model with constant explanatory variables:

oy (t) = u{z, Ay (1)} a(t). (8.26)
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The baseline hazard rate function a(t) is supposed to be unknown. A cross-
effect of hazard rates is obtained under the following parametrizations:
1) CRE1 model:

ag(t) = T (1 4+ Ay ()" a(t) (8.27)
or in terms of the baseline cumulative hazard
ag(t) = e (1 — ATze? T A) YT 1),
Ay(t) = (1 —~yTaef wA@)) V"7 — 1, (8.28)

where x = (1‘1, e 7xm>Ta 5 = (Bl? e aﬁm)T7 Y= (717 e 7’7m)T
2) CRE2 model:

o (t) = P AW alt), An(t) = P )T
(8.29)
The data are the same as in Chapter 8.2.1.
Denote by S;, a; and A; the survival, hazard rate, and cumulative hazard
functions under z(®(-).

8.3.2 Semiparametric estimation of the parameters 0

Semiparametric estimation for the GPH2 models using is given in Bagdon-
avicius and Nikulin (2000d), for the second model by Hsieh (2000), Ebrahimi
(1998).

If « is completely known then similarly as in the case of the GPH1 models
we obtain that the parametric maximum likelihood estimator of the parameter
0= (B, BmsY1, - Ym)? is obtained by solving the system of equations

where

n

Ui®) =% / ") (1,0, AN, ) — Vi) (0,0 (8.30)

i=1
for the CRE1 model:

2B = At
log{a;(t,0)} = J

wj(-i) (t,0,A) =

5ﬂg 1—’7Tx(i)eﬁTI(i)A(t)’
0
t,0,A —1 (t,0)} =
) (00,4) = - oga(1,0)
1 Q) )
ﬁ{7 z()ln{l—'y LPOPCES ()}+w (tHA)—;v }

for the CRE2 model:
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W (6,4 =P {1+ mAR) (=1 m). (8.32)
For the first model set
B(z,0,At)) = (1 —yTz el T A(t))~1-1/0" ), (8.33)
and for the second
Bz, 0, A(t)) = ¥ " { A1)} "1, (8.34)

If o is unknown then the score functions U; depend not only on 6 but also on
the unknown function A. .
Similarly as for the GPH1 models the estimator A(t,6) of A(t) can be found

recurrently:
A(t,0) 8.35
/ S’(O) (u—, 9 A) (8.35)

SO (v, 0, A) = ZY ) e e B2 9, Av)). (8.36)

where

Replacing the function A by A(tﬁ) in (8.30), the modified score functions
U;(9), depending only on 8, are obtained:

Z/ (w0 (w,0, ) - Bj(u, 0, )} dN;(u),  (8.37)

where o
S (v,0,A4)

B0 ) = 50,6, 4y

S (0,6, 4) Zw“) (v,0, A)Yi(v) ” =B 9, A(v)).

8.3.3 Algorithm for computing the score functions

Suppose at first that there is no ex aequo. Let T(1) < ... < T{;;) be observed
and ordered failure times, r < n. Here (i) notes the index of the unit which
failure is observed the ith.

For fixed 6 the estimator A(t;6) is calculated by the following recurrent
formulas:

n -1
A(0;0) =0, A(Tm;@):(Z}Q(T(l))eﬁTmm) :

i=1
forj=1,...,r—1

~ ~ Tai(i) i ~
A(T(j11):0) = A(T(j):0) + (Zn(TuH))eﬁ B(x“,e,A<T<j)7e>>> :
(8.38)
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where Ty = 0. So the score function is calculated simply:

Z{wW (T(o, 0, A) = B, (Ts), 0, A)}. (8:39)

The initial estimator for 6 is obtained approximating the baseline hazard rate
by a piecewise constant function

T

alt,p) = " 1o, .0 (D),

i=1

where 0 = ag < a; < -+ < a, = oo are given constants and p = (1, - -, )"
are unknown parameters.
Then the parametric model (corresponding to the CRE1 model)

—1-1/7Tx
ay(t) = B (1 —yTzel ﬂ”/ Zl(m 1ail e“lds> X

T

D e 1,y (b), (8.40)
i=1

or (corresponding to the CRE2 model)

T,
e’ T—1

ay(t) = e(ﬁ-i—v </ Z ]_(a7 L 6“1(18) Zel“‘ l(ai_l,ai](t)7
i=1

(8.41)
can be used to obtain the initial estimator of 6.
The initial estimator A©)(t,6()) is obtained recurrently using (8.38). The
estimator 6() is obtained by solving the equations U;(6) = 0, where U;(0) are
given by (8.39) with A©)(¢,0() replacing A(t,6). And so on.

8.3.4 Case of ex aequo

Suppose that ez aequo are possible. Let T7 < ... < T)* be observed and ordered
distinct failure times, » < n. Note by d; the number of failures at the moment
T*. Let (i1),- -, (iq;) be the indices of the units failed at T;".

The estimator A(t;6) is calculated by the following recurrent formulas :

n -1
A(0:0) =0, A(T{;0) = dy (Z n(T;)eﬂTw) ;

i=1
forj=1,...,r—1
1 * r * - * T (1) i 1 *
A(T7,1;0) = A(T550) + dja <ZY(T]+1) B, 0, A(T)50))

=1
(8.42)
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So the score function is modified:

U;(6 ZZ{w W)(Tr,0, A) — E;(T7,0,A)}. (8.43)

=1 s=1

8.3.5 Estimators of the main reliability characteristics

Suppose_z that «(-) is an arbitrary explanatory variable which may be different
from 9 (.), (i =1,---,n).

Estimator of the survival function Sy (t):
The estimator of the survival function S,.)(t) for the first model is

Su()(t) = exp {1 — (1 - 4Tz A, é))*l/WTﬂv)} ; (8.44)
for the second model

SE(.)(t)exp{ B (A, 9))6””}. (8.45)

Estimator of the p-quantile t,(z(-))

Bp(@() = supft : Su(t) = 1 - ph. (8.46)

Estimator of the mean failure time m(x(+)):

= D Xi{8a0)(X5-) = Say (X))} (8.47)
§:6;=1
The estimator of the mean may be underestimated if the last X; is the cen-
soring time.

Asymptotic properties of the estimators are given by Bagdonavic¢ius and
Nikulin (2000d). See also, Ciampi and Etezadi-Amoli (1985), Hyde (1977),
Nielsen, Gill, Andersen and Sorensen (1992), Vonta (2000).






CHAPTER 9

Changing scale and shape model

9.1 Parametric FTR data analysis

Let us consider the CHSS model in the form:

t TI u
Sz () = So (/ BT a(w) e ™ )_1du> , (9.1)
0

where 6 = (/807 e >5m)T7 Y= (707 e 7’7’m)T7 (E() = (xo('), e axm('))T7
xo(t) = 1, and Sy belongs to a specified scale-shape class of survival func-
tions:

So(t) = Go{(t/m)"}  (n,v>0).

The parameter n can be included in the coefficient 5y, so suppose that
So(t;0) = Go(t7), o =1/v.

Suppose that n units are observed. The ith unit is tested under the explana-
tory variable z(9)(-).

The data are supposed to be right censored.

Set S; = S, . Under the model (9.1)

toor (4) AT 2 () (u) /e
Si(t; B,7,0) = Go (/ e e Wy 1du> . (9.2)
0

G(u) =Go(e"), uweR, g(u)=-G"(u), h(u)=g(u)/G(u),

Set

T

i i T2 (u
0= 87,47, 0, filt,6) :/ AT () e g
0

The likelihood function is

(1 i AT2(D (X, B
L(9)=H{—65T”““(X”Xf SO (£, 0)) 7 %

g

h (% 1n(fi(Xi,9))) }& e (% ln(fi(Xi,H))> . (9.3)

Denote by 6 the maximum likelihood estimator of the parameter 6.
Estimator of the survival function Sg.(t):
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t AT ’TT u 1/&
0 G0{< / B w W)y ‘”ldu> } (9.4)
0

Full FTR data analysis can be done similarly as for the AFT model.
We shall follow from here Bagdonavi¢ius and Nikulin (1999a, 1999b, 2000)

9.2 Semiparametric FTR data analysis

Let us consider the CHSS model in the form:

t Tl‘ u
Sa(y(1) = So ( / B @) yye” ”—1du>, (9.5)
0

where [ = (ﬂla T aﬁm)Tv Y= (715 to aer)Tv ‘T() = (xl(')v U 7xm('))T7 and
suppose that the baseline survival function Sy is completely unknown. If v = 0,
we have the AFT model.

Suppose that the data is as in the previous section. As in Chapter 6, it can
be presented in the form

(X1a51)7 Y (X’na(sn)

(Nl(t)vyl(t)at 2 0)7 R (Nn(t)’yn(t)vt > 0)

Denote by S; and «; the survival and the hazard rate functions under 2 (-).
The hazard rates are:

t BT (u) T ) _y BT 2 (1) T _y
a;(t;0) = ap e u du e t ;
0

here ag = —S;/ S is the baseline hazard function and 6 = (87,47)T. If z(9)
is constant then

a;(t;0) = ag {e(ﬁ_W)T’J(i)taTr(i) } eBTw(i)tGWTz(i) -4

9.2.1 Semiparametric estimation of the regression parameters

If Sy is specified then the maximum likelihood estimator of the parameter 6
is obtained by solving the system of equations

U9) =0,

where

n

-> /0 " g, )N (w) ~ Yi(u) dAo{fi(w, )}

t i T () (u
filt,0) = / ST @y S gy Ag(8) = — In{So (1))

0
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Note that 5
6_ﬂ log{a;(t,0)} =

20 () + o (fi(t,0)) /1t z(i)(u)eﬁ%w<u>ueme<i><u>,1du7
ag (fi(t,0)) Jo
% log{a;(t,0)} =
x(i)(t)evTI(i)(t) Int 4 o (fi(t,0)) /tm(i) (u)e(,@ﬂ)%m(u)ueva“)(u)Adu'
&%) (fz (t7 9))
If Sy is unknown then the score function U depends not only on 6 but also on
unknown functions Ay, ap and «.

The idea of semiparametric estimation of # is the same as in the case of
the AFT model: to replace in the expression of U(f) the unknown baseline
cumulative hazard function Ag by its good estimator (still depending on 6),
and the weight functions by suitable functions which do not depend on the
unknown baseline functions ag and «af. In such a way the obtained modi-
fied score function does not contain unknown infinite-dimensional parameters
Ap, ap, and «, and contains only the finite-dimensional parameter 6.

The optimal weights depend on the derivative of the baseline hazard rate
which estimation is complicated when the law is unknown. So simplest weights
xg»z) (t) (in the first m score functions) and x;l) (t)e Ve ¢ (in the last m
score functions) may be chosen. They are optimal when the baseline distribu-
tion is exponential.

The idea of the estimator Ag(t, ) construction is the same as in the case
of the AFT model: Ay is estimated by the Nelson-Aalen estimator

dN;(g:(u,9))
o(t.6) /
Z > Yilgu(u, 0))
where g;(u, 0) is the function inverse to f;(u,6) with respect to the first argu-
ment.

Replacing the function Ag by flo(t,ﬂ) and using the above mentioned
weights, modified score function U(6), depending only on 6, is obtained:

U9) = (U (), 03 (0)", (9.6)

where .
0) =3 [ Haw) = a1(fiw.0).0)}aN; ).
=S T D (e O 1 — 30 F (u
Z/ (2 (w) Inw — 2 (fi(u, 0), 0) AN (u),

S 29 (g;(v,0))Y;(gj(v, 0))
>i-1Y5(gi(v.0)) ’

fl(’U, 9) =
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351 2P (g5 (v, 0))e" 0 In g (0, 6) ¥ 95 (v, 6))
251 Yi(gi(v,0))
The values of the random vector U(6) are dispersed around zero. An esti-

mator of the parameter  is obtained by minimizing the distance of U(#) from
Z€10.

i‘g(v, 9) =

9.2.2 Estimators of the main reliability characteristics

Suppose that z(+) is an arbitrary explanatory variable which may be different
from z((-), (i =1,---,n). Set

t TI’LL
oo (t,0) = [ BT Ewye T gy,
Fa((2,0)
0

Estimator of the survival function Sy (t):
Similarly as in the case of AFT model:

. 1
Sz()(t) = I | (1 - n 1 N N > . (97)
(t é) =1 ~{fi(

3:85=1,£5(X;,0)< fu(y (¢, X1,0)2f3(X;,0)}

Estimator of the p-quantile t,(z(-))

() = sup{t : S, (1) > 1 - p). (9.8)

Estimator of the mean failure time m(x(-)):

() = — / wdSags (u Z(sjgmf] (X;,0),6)

{So(f(X;,0)-.0) — SO(fJ( ,0),0)}, (9.9)
where g,.)(t,0) is the function inverse to f,(.)(¢,0) with respect to the first
argument, Xy = 0.

9.3 Semiparametric estimation in ALT
9.8.1 First plan of experiments

The first plan is the particular case of the plan of experiments considered in
9.2.1., when z(® have the form (5.135). So the score function has the form
(9.4).

Estimators of the main reliability characteristics under the usual stress xg
are defined by (9.5)-(9.7), taking x¢ instead of z(-) in all formulas.
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9.3.2 Case of unspecified functions r and o
Suppose that the CHSS model holds on a set of stresses E:

Su(y(t) = So (/Otr{w(u)}ua{w(“)}‘ldU) :

and the functions 7, o, and Sy(t) are completely unknown. Then the third
plan of experiments considered in 6.2.2 may be considered.
Set

S():Szo, Sl :Szl, SQZSmQ(.), Al :—lnSZ— (i:1,2,0),

O =r(z1)/a(z1), a=a(@), Syt)= S 0t).
Under the CHSS model
Sz, (1) = Sp(t),

and )
_ S5, 0<t<t,
S0 () { Soty +151), t=t,

which implies that

*

Inog, (t) =lnaj(t*) +Ina+ (o — 1) Int,

e (t*) (a-1)
_ Inai(®*) +Ina+ (a—1)Int, 0t <1y,
lno‘“(t)_{ In o (5 + =) — Iné, t>t,
Suppose at first that S* is known. Then
In oy, (t 1
a%o'él() (Inag)’ (%)t lnt+ +1Int,
alnaﬂ(t) _o,
81110%2 (Inag)'( ’t"‘ t”‘lnt+ +1Int, 0<t<t,
(Inag)'(tf + 5 tl)ta Inty, t > 11,
6ma@6)_ 0, 0<t<ty,
a0 (1HOéo) () (=t —t)/0%) =071, t>t,

Similarly as in 6.2.2 for the AFT model we obtain score functions (with opti-
mal weights for S*(t) = exp{—t}):

Ul(a,ﬁ) =
> 1 dN7(u) + dNa(g2(f1(u; @, 0); , 0))
[;%*m”@MW*“W>mw+n@mw@mmm>}

fiq dN1 (g1 (fo(u; o, 0); 0, 0)) + dNo(u)
[} G { vt -yt G

1 b2 o v—t1
a/tl {1+1n(t1 +T)}X
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Vo ()N (8 + 25%)Y) = Va((tf + *5)"/*))dNa(v)
Vi((tf + 554)1) + Ya(v)
By the same way we obtain
* Y1(g1 0 f2(u))dNy(u) — Ya(u)dN1 (g1 © fo(u))
0 /t Yi(g1 0 f2(u)) + Ya(u) '
Hence the two modified score functions may be considered:

Uy (o, 0) =

/152 In(te + 4= tl)YQ(u)le((t? +uhy ey Y (88 + 255)19)) AN, (u)
t1 1 0 Yl((ttlx + u;h)l/a))_'_}é(u)

Uz(a,6) =

and

5 _ [ (] + 55 )dNa (u) — Ya(u)dN (85 + *57)
U(a’e)_/tl Vi(tf + 55) + Ya(u) '

The function U, (@, 0) is increasing with respect to 6 under any fixed o and
limg_, 10 Ua(c,0) <0, limg_, 4 oo Uz(,0) > 0 a.s. Define

0(a) = sup {0 : U(,0) <0} (9.10)

The estimator « is defined as the minimizer of | U (a, 8(a)) |.
The survival function Sy, () is estimated by:

sa= I <1_ L )x
(L) EB() Yl(Tli) + Yg(tl ATy + 0((le — tl) V 0))

1

(1 - Yo (T5;) + Y1 (((t1 A Toy)d + % \/0)1/d)> ) (9.11)

where
B(t) = {(i,)| 0Tf; <t, 6(To; Nt1)* + (To; — 1) VO < t}.
The quantile t,(z0) is estimated by
ty(x0) = sup{t : Spy(t) > 1 — p}

and the mean time-to-failure m(zg) by

1'0 / Sxo



CHAPTER 10

GAH and GAMH models

10.1 GAH model

Let us consider the generalized additive hazards model:

Sa(y(t) = G{H(So(t)) —|—/0 yla(r)dr}.

with a specified G, H = G~! and an unknown baseline survival function Sj.
In the particular case G(t) = e7t,t > 0, we have the additive hazards model.
Suppose that n units are observed and the ith unit is tested under the
explanatory variable () (-) = (ac(ll)()7 71’5:1)())71
Assume that the data are right censored and the multiplicative intensity
model holds. The data can be presented in the form

(Xla 51; x(l)())v Ty (Xnvénvm(n)())
(Nl(t)7Y1 (t)’x(i) (t)at > 0)’ ) (Nn(t)vyn(t)"r(i) (t)7t > 0)

Denote by S; and a; the survival and the hazard rate functions under (% (-)
and set « = -G’ /G, Y =«ao H.
The Doob-Meyer decomposition of N =), N; implies that

AN(E) = dM() + 3 9(Su ()Y OAH (So(t)) + A7 ()t}

and
b J(u)(dN (u) — Sio)(u, Vdu) [* b J(u)dM (u)
/ SO ) = [} st + | S o)
where

n

JMZMMM,WWMZZWW@W%

8w, 7) = D Vi(wp(Si() "2 (u).
If Y(t) > 0, then
| e suw) = o). (102)
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The equalities (10.1) and (10.2) imply that a reasonable estimator ~ Hy(t, )
for Hy(t) = H(So(t)) (still depending on +) is determined by the recurrent

equation
- o dN(u)—g,EO)(u,fy)du
R A
where
SO (u,7) =Y Yiwa(Hi(w,7), S (w,5) =D Yilwa(Hi(u, 7))y =D (),
i=1 i=1

Hi(u,v) = Ho(u—,7) + /“ 7T2® (v)dv.
Set 7* = sup{t : Y'(¢) > 0}. Using the fact tflat
dM;(u) = dNi(u) = Yi(u)o(H;(u,v))dH;(u,7)
with

Hi(uy) = Ho(u) + / AT (0)do,
0

Bagdonavi¢ius and Nikulin (1997a) proposed to estimate the parameter v by
solving the estimating equations

Uy, 1) =0,
where the estimating function is given by the next formula

U(t1) = 35 [ 4 N () = YiCwhal i 1) (0.)) =

> [ 4a) = B} {aN ) = Va1 ()}

Ev( ) _ S(l)(ua’}/)
H T 50w,

These equations generalize the estimating equations of Lin and Ying (1994)
for the additive hazards model (taking a(p) = 1).

If we denote by 4 the estimator of v then the estimator of the survival
function S,(.y(t) is

, SO () = Zm(” (u)Yi(u)a(Hi(u, 7).

SI(_)(t) =G {ﬁo(t,’?) + /Ot ’?Tx(u)du} .

Asymptotic properties of the estimators are given in Bagdonavicius and Nikulin
(1997D).

If several groups of units (as in ALT) are tested, then implicit estimator
of the parameters 7 (see Bagdonavi¢ius and Nikulin (1995)) can be obtained.
Let us consider them.
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Suppose that n; units are tested under the stress (9 (-) (i = 1,2,..., k),
n = Zle n;. The data can be presented in the form

(XZJ7621795 ())

@O0 20) (=1, k= 1)
Set

; k n; k
Ni(t) = DNt N =Y N, Vi) =D Vi), YD) =D Vi),

The functions S© and S{” in the equality (10.1) can be written
k
D u) = ZYZ-(UW(S u

S (u, ) = ZY ("2 () (Si(u)),

and the survival functions .S; can be estimated by the Kaplan-Meier estimators

w0111 348

u<t

where AN;(u) = N;(u) — N;(u —0). So the equalities (10.1) and (10.2) imply
that a reasonable estimator for Hy(t)) (still depending on 7) is

A ¢ u) — ~£0) u,y)du
o) = [ e

)

where

S Z Y (u)y "2 () (85 (w)).
The parameter « is estimated by 5olv1ng the estimating equations
U(r,v) =0,

where
U(t,) =

i /tm(u) LN () — Yi(u)b(8:(u—)) (dH (So(w)) + 72 (u)du) } =

Z / {rs(u) — B(u)} {dN:(w) = Yiw)g(Siu=)n "2 (w)du}
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where

i SV () - )
E(u) = E«niu; SO (u me JY(Si(u=)).

Denote by 4 the estimator satlsfymg thls equation. Note that it has an
explicit form:
-1

={Z [ @) - B vt >w<sl(u—>>du} x
{Z / 0 (u >>dN<>} (10.3)

The estimator of the survival function under any z(-) is

N t w) — ~£0) u, 4)du t
Sa(y(t) :G{/o J(u)dN( )S’(S (u,9)d +/0 'yTx(u)du}. (10.4)

0 (u)

Asymptotic properties of the simplified estimators (10.3) and (10.4) were stud-
ied also by Bordes (1996).

10.2 GAMH model

Let us consider the generalized additive-multiplicative hazards model:

Su(y(t) = G { A t P F W AH (So(w)) + /0 t 'yTw(u)du} .

with specified G, H = G~! and an unknown baseline survival function S, here
B=(Brses Bp) Ty v = (115000 75) T 2T (t) = (2T (), wT(t)). Set 6 = (BT ,7T)T.

If p = m or s = m, we have the GPH or the GAH model, respectively.

Suppose that n units are observed and the i¢th unit is tested under the
explanatory variable z(%)(-).

Assume that the data are right censored and the multiplicative intensity
model holds.

Denote by S; and «; the survival and the hazard rate functions under (%) (-)
and set « = —G'/G, ¢ =ao H.

Similarly as in the case of the GAH model, Bagdonavi¢ius and Nikulin
(1997a) proposed to estimate the parameter 6 by solving the estimating equa-
tions

where

U(.0) Z/J Ha® ()~ B(u,0)} {aNi(w) — Yi(w)a (i o, 0)7 0 ()}

Hi(u,0) = / A (0, 0) + / ATw® (v)dv.
0 0
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t u7~(0)u U
o(t.0) = [T O,

SO (u,0)
5O (0) = Y Vilwe = Wl (u, ),
87 (w,0) = 3 Yi(wa(Hi(u, 0)y" v (w),
5 S (y, 0 T (y
E(u,@):m, SM (u, ) Zw )t = W o, (u, 0)).

These equations generalize the estlmatmg equations Lin and Ying (1996) for
the additive-multiplicative model ( taking a(p) = 1).
The estimator of the survival function under any z(-) = (27(-),w?(-))T € E

. t AT u—~£0)u,A U L
Sx(~)(t)_G{/0 J(u)e” =t AV )~ S ( 6)d +/0 ’YTw(u)du}.

is

SO (u, 0)

Asymptotic properties of estimators are given by Bagdonavic¢ius and Nikulin
(1997a).

If several groups of units (as in ALT) are tested, then simpler estimators
can be obtained (Bagdonavi¢ius and Nikulin (1995)), solving the estimating
equations U(, ) = 0, where

U(t,0) Z [} 0000~ Bt 90 {4, 0) Y008, - )

k

SOw,B) 0 W) — BT ) &
Bwh) = Somp 5 ,ﬂ)—;Yz( ) ¥(Si(w)),
SO (u, B) = Zz e (S (u)).

The estimator of the survwal function under z(-) € E is

s el [ e e N = S w A d
S (1) G{/O J(u) 50 (u.B) +/0 F w(u)du o

The estimator 4 can be written as explicit function of 8.
Asymptotic properties of estimators are given by Bagdonavic¢ius and Nikulin
(1998).

10.3 AAR model
Let us consider Aalens additive risk model:

ag(y(t) = 2T (t) a(t)
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with unknown baseline function a(-) = (a1(-), -, am(-)T.

Suppose that n units are observed and the ith unit is tested under the
explanatory variable z(9)(.).

Assume that the data are right censored and the multiplicative intensity
model holds.

Denote by S; and «; the survival and the hazard rate functions under 2(9(-).

Let us consider a submodel

a(t) = ao(t) + ne(t), (10.5)

in which 7 is a one-dimensional parameter and ¢, «g is a given m-vector of
functions.

The score function obtained from the parametric likelihood function for the
parameter n is

- Z /Ooo 3% log i () (AN () — Y;(t)ei (t)dt) =

n

o LT x(z
2 / Z T (4, 1)~ Y0 1)) dA (),
0 i
where .
A(t) /0 a(u)du.
The weights ¢ (t)z® (t)(a;(t))~! depend on the hazard rates a;(u). If A is

unknown and we want to estimate it, the estimator should be the same for all
@. Setting U(n) = 0 for all functions ¢ implies that for all ¢
(1)

which implies the estimator (still depending on «;):

Z / Zx@ 2O 0) () ™) (w) ()~ dN; ).

(10.6)
Replacing a; (1) by 1 in the expression of the estimator, we obtain the Aalen’s
ordinary least squares (OLS) estimator Ay,
To obtain efficient estimators of A the hazard rates «; should be replaced
in (10.6) by their estimators

a(t) = (z9(1)Ta(),

alt) = ll)/:K (tbu> d Ay (u);

K is a left-continuous kernel function of bounded variation, having integral 1,
support (g, 1] for some 0 < ¢ < 1, and b > 0 is a bandwidth parameter.

(AN (1) = Y;(1) (2 () TdA(t)) = 0,

where
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Thus, we have the weighted least squares (WLS) estimator given by Huffer
and McKeague (1991):

A=y /O B, (w)dN; (), (10.7)

where

115 (w) = (3 eO (@)@ ()7 (@ () ™) 2D W) (@;w) . (10.8)
i=1

In practice the gain of efficiency when using the WHS estimator instead of

OWS estimator is small.

The WHS estimator is not very sensitive to the choice of kernel function.
Taking the kernel to be constant on (e, 1], the estimator G4(t) is proportional
to the sum of increments of A;;. The estimators of the cumulative hazard
Ay and the survival function S, .y are

Ayt = Z/O o' (w) Hj(w)dN;(w) = > aT(X;)H;(X;),
j=1

j:éi:I,ngt
S = TocectW = dAyy(s) = T (1=2" () (X)) -
j:éizl,ngt

Asymptotic properties of the estimator A are given in Huffer and McKeague
(1991), Andersen et al (1993), Section VII.4.2. See also McKeague and Utical
(1991).

10.4 PPAR model

Let us consider the partly parametric additive risk model:

a;(t) = af a(t) + 1 2, (10.9)
where x7 and x are ¢ and p dimensional components of the explanatory
variable z, a(t) = (a1, , a4, B = (B1, -+, Bp)T are unknown, with unknown
baseline function a(-) = (a1 (-), -+, aq()T.

Suppose that the data is as in the previous section. The estimation pro-
cedure given by McKeague and Sasieni (1994), is analogous as in the case
of AAR model: under the submodel of (10.9) with « defined by (10.5) the
maximum likelihood estimators of the parameters n and § verify the system
of equations

=3 | h 8% log (1) (AN(1) — Yi(t)ovs()dt) =

n oo T .”[:(Z) .
> / %(m—m —Yi(t) ()T dA(t) — BT a2Yi(t)dE) = 0,
1 7

1=
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2(n,B) = Z/ == log a; (t) (dN; (t) — Yi(t) o (t)dt =

> / %(t) (dN;(t) — Yi(t) (@) T dA(t) — BTaYi(t)dt) = 0. (10.10)
i—1 /0 Qi

If A is unknown and we want to estimate it, the estimator should be the same
for all ¢. Setting Uy (n, 3) = 0 for all functions ¢ implies that for all ¢

2(®)
;(t)
which implies the estimator (still depending on «; and ():

Ay = 3 [ (el @V louw) )l 0y 0)

(dN;(u) — 8725Y; (u)duw). (10.11)

(ANi(t) — Yi(t)(2{))TdA(t) — TS Y;(t)dt) = 0,

Shortly,

t
A(t) =/ (AT ()W (u) Ar (w) ™ (AT ()W (w)dN (u) = AT ()W (u) As (u) Bdu),
’ (10.12)

where W (t) = diag(c;(t)) (diagonal matrix with elements «;(t) on the diago-
mal), Ay(t) = (@1 Va(8), - Va0, Aalt) = (@3 V0, V)T,
N(t) = (Ni(t),- :Nn(t))To

Replacing A by A in the equation (10.10) and solving with respect to 3, we
obtain the estimator (still depending on «;) for 3:

G= ( /0 ST (u)H(u)fb(u)du) - /0 T AT HWAN(),  (1013)

where H =W — WA (ATWA,)~LATW.

Replacing W by the identity matrix I yields an estimator B Replacing 3
n (10.12) by B and using I in place of W gives unbiased, consistent, and
asymptotically Gaussian estimator of A.

As in the previous section, properties of estimators can be slightly improved
defining estimators of 3 and A, taking consistent estimators of «; in the
expression of W (see McKeague and Sasieni (1994)). See also Gasser and
Muller (1979).

The estimators of the cumulative hazard A, and the survival function
Sz(.) are

;c() Z/ +ﬁ Tot,

Sy () = T ocacr(1 — dAg() (s)).



PPAR MODEL 205

Asymptotic properties of the estimator A are given in McKeague and Sasieni
(1994).






CHAPTER 11

Estimation when a process of
production is unstable

Suppose that a process of production is unstable, i.e. the reliability of units
produced in nonintersecting time intervals Iy = (¢o,1],-- ~,Iq(tm,1,tm] is
different: under the same stress conditions the survival functions of units,
produced in the intervals I; and I; (i # j), are different.

If the heredity hypothesis (Definition 2.13) is satisfied on F and sufficiently
large usual and accelerated data are accumulated during a long period of ob-
servations, then good estimators of the functions p(z(®, () (or b(2(®), 2(1))
can be obtained. The reliability of newly produced units under the usual stress
zo can be estimated from accelerated life data under the stress () > z(0),
using the estimators p(z(®, (1) or b(z(©, 2™ and without using the experi-
ment under the normal stress. We shall follow here Bagdonavic¢ius and Nikulin
(1997f).

11.1 Application of the AFT model

Suppose that for units produced in each of fixed time intervals I; the AFT
model holds.

If the function r(z) and the survival function S, are completely unknown,
the third plan of experiments (Chapter 5.6.3) may be used for units produced
in the interval I;.

Two groups of units are tested:

a) The first group of ngi) units under a constant accelerated stress z(1);

b) The second group of ngi) units under a step-stress: time tgi) under (M),
and after this moment under the usual stress z(°) until the moment tél), i.e.
under the stress:

) M o<r< MO
(27) e, ST,
x T) = - )
™ { 2@, ) <<l

In the particular case when some failures can be obtained in the interval
[0, t(;)] under the usual stress, the value tgi) = 0 may be taken in the second
experiment, i.e. the units may be tested only under z(%).

Set r = p(2(®,2()). The parameter r is the same for units produced in
different time intervals under the heredity hypothesis. The estimator #(*) of
the parameter r is defined by the formula (6.24)(adding the upper index (7) in
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all formulas). The asymptotic distribution of this estimator is given by (6.37).
So

a7 —r0) B N(0, (o)), (11.1)
where o 0
. Y(t1) — 85 (t
(05.1))2 — SQ ( 1) - SZ (22) (112)
{U@)(ro)}
and (U®)(rq) is given by (6.38).
The estimator obtained from all data is
m o (4) p(4)
F= Lizy A07Y (11.3)

>y al?)
If sufficiently large preliminary data is accumulated, the estimator 7 has small
variance. The reliability of newly produced units can be estimated using the
data from experiments under the accelerated stress (1. If S, ), t,(z(M)) and
m(x(l)) are estimators of the survival function, p-quantile and mean under (1)
obtained from such experiments, then the estimator of the survival function
under the usual stress z(? are:

Sp (1) = oo (t)7),  tp(xD) =#i,(zM), mz®) =rmD). (11.4)

Suppose that the models are parametric, for example,

o= ((10)")

for the units produced in the ith time interval. If the AFT model
a®

S:(f().)(t) =S </0t7’{x(r)}d7-/9(i)>

holds then the heredity hypothesis means that the function r(-) does not
depend on 3.

Suppose that for a group of units produced in some time interval the above
considered experiment is used. Then the estimator of r := r(z()/r(xz(®) is
#() = e#™ where the estimator 5 is obtained from the system of equations
(5.143). The unified estimator from ¢ groups of units is obtained using the
formula (11.3). The reliability of newly produced units can be estimated using
the data from an experiment under the accelerated stress z(!). The estima-
tors of the reliability characteristics have the form (11.4), expressions of the
estimators S,(1), i,(z(")) and m(z() being evidently different then in the
nonparametric case.

11.2 Application of the GPH1 model

Suppose that for the units produced in a particular time interval (we skip the
upper index (7)) the GPHI model with specified ¢ (or, equivalently, G) holds.
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Suppose that n; units are tested under the stress () (j=0,1), the data are
right censored and the multiplicative intensity model holds.

Denote N;(t) the numbers of observed failures and Y;(¢) - the numbers of
units at risk just prior to ¢ for the jth group on test.

We suppose that all failure and censoring processes are censored at the
moment 7.

The parameter p = p(z(9), (1)) (which is common for units produced in
different intervals) is estimated by solving the estimating equations

U(p,7) =0,

where
U(p.t) = Na(t) — plas, 22) / (S (u)) Y (u)dH o $1 (u),

and 3’1, Sy are the Kaplan-Meier estimators of the reliability functions S; and
S5. So we obtain the estimator

P = ﬁ(xla ) N2( )

Jo v —))Ya(u)dH o Sy(u)

Suppose that the estimator p is obtained from the preliminary experiments
and the heredity principle is satisfied. If the newly produced units are tested
only under the accelerated stress (1) and the Kaplan-Meier estimator Sx(l)
is obtained, then the reliability function S ) can be estimated as follows:

S, (t) =G {ﬁH ° Smu)(t)} :

Let us consider the asymptotic properties of the estimators p and l;;
Set n = ng + n; and suppose that

n;/n—1; €]0,1[,  sup |Y;(u)/n; —y;(u)] 20 as n— oo
we[0,7]
Then

Vi(p—p) = ViR = Vix

My(T)+p {fOTn o So(u)Ya(u)dH o S1(u) fo o 52 —)Y5(u)dH o S (u)}

Jo "0 Sa(u)Ya(u)dH o 8 (u)
We have
Bn P "
i / ¥ o Sy(u)loys(u)dH o S1(u) = B.
0
By Theorem A7
M.
\/—% 2v, i D,

where Vj is a Gaussian martingale with V;(0) =0 and forall 0 < s <t <7

Cov (Vj(s), V;(t)) = o3 (s),
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where .
ajg»(s) = lj/o yj(u)aj(u)du.

The Kaplan-Meier estimators are asymptotically Gaussian (see Theorem A9):

o m S0 [
Vi =50 5 =22 [Ea i po.r)

/0 (an (w)dVi (u) + as(u)dVa(u) = Zar.
Note that

E(Zy) =0, Var(Zy)= /OT a?(u)do? (u) 4 a3(u)do? (u),

R D

Vn(p—p) = N(0,07),
where 02 = Var (Zy)/B?. The variance o3 can be consistently estimated by
the statistic

where

n

B =B,/n, Var(Zy)= %/OT (a3 (u)dNy (u) + a3 (u)dNa(u)),

&1(’&) = % {¢ o SQ(Tn)YQ(Tn)H/ o 5’1(7—")5*1(7—“)_

/T H 0 81(0)81 (v)d(w o Sg(v)Yg(v))} ,

7 = p " V)’ 0 S9(v)Sa (v oSy (v
az(u)_{l—FYg(u)/u Y2(v))' 0 S2(v)S2(v)dH o Si( )}

Taking into account that p is positive, the rate of convergence to the normal
distribution can be increased considering the estimator 5* = In p. If we denote
p* =Inp, then

Q
TN

Vi (p* — p*) KA N(0,0’Z*), where ai* =

[V

RN VR

The variance 0. can be consistently estimated by ¢7. =

52 /2
p /p°.
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If during m different periods the estimators
oD =1 pM, ) = pt™  and bW, . b0

are obtained and the heredity principle is satisfied, we can determine

. m [)*(z) moq ) 5
P = Z NG /Z NOR p=e€,
D10, im0y

where (62?)2 is the estimator of the variance of p*
The estimator p is used to estimate the newly produced units from the data
from testing of these units under the accelerated stress z(1). The estimator of

the survival function under the usual stress is

Seon(t) =G {H o 8,0 (1)/p)}.

(@)






CHAPTER 12

Goodness-of-fit for accelerated life
models

12.1 Goodness-of-fit for the GS model
Let F,, be a set of step-stresses of the form

X1, 0<7<ty,

x2, tl §T<t27

a(r) = (12.1)

LTy tm—l S T < tm-

Set to =0.
If the GS model holds on E,, then the survival function Sy .)(t) verifies the
equality:

Sl()(t) = Szi(tfti_l +t;§<_1), if ¢ S [ti—lati) (l == 1,27...,’”7,), (122)
where t7 can be found by solving the equations

Szy(t1) = S (t1)s ooy S (ts —ticy + 17 1) = Sy, (87) (i =1,...,m —1).

Note also that
The moment ¢; under the stress z(+) is equivalent to the moment ¢} under the
stress x;41.

We considered several alternatives to the GS model. For example, under
the PH model the time-shift rule does not take place if failure times under
constant stresses are not exponentially distributed.

Another alternative was formulated by taking into account the influence of
switch-ups of stresses on reliability of units: after the switch-up at the moment
t; from the stress z; to the stress z;11 the survival function has a jump:

Se(y(ti) = Sa(y(ti—) i
here ¢; is the probability for an unit not to fail because of the switch-up at
the moment ¢;. In this case the GS model for step-stresses can be modified as
follows:
Sa(y(t) = Sa, (t — tic1 + 124y), (12.4)
where
6" =8 1S () o1}, 67 =571 {8 (ti — tima +87)) 6}, (12.5)

i+1
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12.1.1 Test statistic for the GS model

Suppose that a group of ng units is tested under the step-stress (12.1) and m

groups of ny, - - -+, Ny, units are tested under constant in time stresses 1 - -+, Ty,
(1 < -+ < ), respectively. The units are observed time t,, given for the
experiment.

We write z(-) < y(-) if Sy()(t) > Sy((t) for all £ > 0.
The idea of goodness-of-fit is based on comparing two estimators Ail()) and

Af()) of the cumulative hazard rate A, .. One estimator can be obtained from

the experiment under the step-stress (12.1) and another from the experiments
under the stresses x1, - - -,z by using the equalities (12.2) and (12.3).
Denote by N;(t) and Y;(t) the numbers of observed failures in the interval
[0,t] and the number of units at risk just prior the moment ¢, respectively,
for the group of units tested under the stress x; and N(t), Y (¢) the analogous
numbers for the group of units tested under the stress z(+).
Set

V=, a=ay), Aj=Ay, A=Ay (i=1,..,m).
If the GS model holds on E' = {z1, -, Zm, z(-)}, then the cumulative hazard
A can be written in terms of cumulative hazards A; (cf. (12.2) and (12.3)):
A(t) = Al(t — ti—l =+ t;(—l)v t e [ti—hti) (Z = 1, ...,m), (126)
where
th=0, t]=A47"(Ai(tr)), -,
tr=A7 (At —tia+ 1) (i=1,..,m—1). (12.7)
The first estimator A() of the cumulative hazard A is the Nelson-Aalen esti-
mator obtained from the experiment under the step-stress (12.1):
Y dN(v)
o Y(v)~
The second is suggested by the GS model (formulas (12.6) and (12.7)) and is
obtained from the experiments under constant stresses:

AW (1) =

AP @) = Aj(t —tiy + 1)), t € [tim, b)), (i=1,...,m),

where
tAS =0, tAT :A21(A1(t1))7 '7 f: _Afjl(Al(tl li—1 ""_5:71))7
; ; ; " dN;(v)
TH(s) = influ: Ay(u) > (1) = ! i =1,...,m).
A7 (s) =inf{u: A;(u) > s},  Ai(t) Vi) (i=1,..,m)
The test is based on the statistic
tm . A
1= [ K@) a{AD ) - A9 @), (12.8)
0

where K is the weight function.
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We shall consider the weight functions of the type: for v € [t;, t; + At;)

K@) = = Y(0)Yir (v —ti + ) (Y(U)JrYiH(Utz‘Jrff)) ,

\/ﬁ Y(”U) + )/1'4_1(1) —t; + t;k)
where ¢ is a nonnegative bounded continuous function with bounded variation
on [0,1] and n = Y"1"  ny.

Take notice that the properties of this statistic are different from the proper-
ties of the logrank-type statistics (see, for example, Moreau, Maccario, Lelouch
and Huber (1992)) used testing the hypothesis of the equality of survival func-
tions. The properties of T}, would be similar if ¢} would be known. The problem
is that the points ¢} are unknown and are estimated. Thus when seeking the
limit distribution of the statistic T}, we must keep in mind that the estimators
A; are approaching A; with the same rate as the estimators f;" are approaching
tr.

The condition 1 < --- < x,, implies that

P{T, is defined} — 1 as n; — occ.

n

12.1.2 Asymptotic distribution of the test statistic

To find the asymptotic distribution of the test statistic, consider at first the
asymptotic distribution of the estimators ¢;.

Assumptions A.

a) The hazard rates «a; are positive and continuous on (0, 00);
b) A;(t) < oo for all t < 0;

c)n—o0, ni/n—1l, ;e (0,1).

Lemma 12.1. Suppose that Assumptions A hold. Then

J
Tk %\ D * *
Vit =) = a; Y dp{Ui(t—y + A1) — Ui ()}, (12.9)
=1
where
j—1
djl:HCs, l:l”]—l’ djjil,
s=l1
1 a1 (5 + Aty
4= —L o = CenllitAl)
aj+1(t5) asy1(t3)

Ui, -, Upn and U are independent Gaussian martingales with U;(0) = U(0) =

0 and S
1 1-5;(s1/As
Cov (Uy(s1), Ui (s2)) = — W — 02 (51 A 52),

1-— S(Sl /\82)

Cov (U(s1),U(s2)) = % S S(s1As2)

= 0'2(81 AN 52)
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with S; = exp{—A4;}, S = exp{—A}. R R
Proof. Under Assumptions A for any ¢ € (0,t,,) the estimators A; and A™)
are uniformly consistent on [0, ¢], and
V(A — A) B U, va(AD —a) B U (12.10)
on D[0,¢].
We prove (12.9) by recurrence. If 4 = 1 then

Va(E—t) = V(A (A (t) = A5 (A (0)) /(A5 (A (1)) = Ay (As (1))

(12.11)
For any 0 < s1 < s9 < oo Theorem A12 implies
Vn(d;t— Az B ug (12.12)
on DJsy, sa], where
. e Uy (A7 (s
UQ(S):— 2(_12 ( ))
p2(A43 7 (s))
and p; is the density of T,,. Note that
Us(t7)
U5 (A1(th)) = — 12.13
S =~ 2 (1213)

Consistency of the estimator A (t;), the convergence (12.12), and the formula
(12.13) imply that

V(A () = 45" Ga(t))} 2~ T2 — —aithlr)). (1214)

Using the delta method (Theorem A10) and the convergence (12.10), we ob-
tain

Vi{A7 (Ai (1)) — A7 (Aa(01)} B Us(t1) = ay Uy (5 + Atg). (12.15)

1
ax(t7)
Thus (12.11), (12.14) and (12.15) imply that

ValEs = 13) 2 adn {Ui (85 + Ato) — Us(t7)}.

Suppose that (12.9) holds for ¢ = j. Then similarly as in the case i = 1 we
have

Vit = t50) = Va{ AL (A (8 + Aty)) — A7 (A () + Aty)} =
V(A7 (A () + At)) — AZL(Aj (5 + At) )+
VAL (A (5 + Aty) — Al (A (8 + Aty)} =
VI{AG (A (T + Aty)) — AT L (Aja (] + At))} =

) -

aj+1{UJ+1 (t + At] ]+2( j+1)} + a]+1_\/ﬁ(£; - t;) + Ap,
J
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where A, £ 0 as n — 0. The last formula and the assumption of recurrency
imply that

. cj
\/ﬁ(t]‘-&-l tit1) 5 aj+1{Uj1 (8] + Aty) = Ujpa(tj 1)} + aj+1~ 3 X
aj

j—1j5-—1
{Z [T cdUitiy + Atia) = Ui (6)} + U5 (6 1 + At ) — Uj+1(t§)} =

=1 s=l

i
aj1 {Uy‘+1(t; + Atj) = Ujsa(tj41) + Z Hcs{Ul(tT_1 +At1) — Ul+1(t7)}} =

=1 s=l
Jj+1
aji1 Y dip AU + Atiy) = U (1) ).
=1

Let us consider the limit distribution of the statistic T},. Note that uniformly
on [0, t,,]

K(v) p _ lolia 4
o~ k() = loi—z_ﬂs*(v) g((lo+1ix1)S(v)) .

Set
= a;{k(tj) 1 (t]) — k(t; + Aty) a1t + Atj)

tj-&-At]
+/ Qi (B + At) )k +t; — )}, (= 1, .0ym — 1),
t

and fo=fmn =0, fi=Y"" eidi, (i=1,..,m—1).

Theorem 12.1. Under Assumptions A

m—1

T, —>/ k‘ dU +Z{fz+1Uz+1(t + Aty) — fi z+1( )
=0
[3 Al
—/t T o — £)AT (). (12.16)
t*

Proof. Write the statistic (12.8) in the form
tm

T.o= | K@) d{AV(t) - A1)}

0

m—1 .* . ) m tr+At . R
+ Y [ Kort-iddn@ -3 [ Kot i) ddia
i=1 i

i Jeran

m t;+AL; . R
Y [ R -8 - K- ) A )
i=1 7t
m—1 LAt .
-y K+t —t7) d{ A1 (v) — A1 (0)}.
i=0 Yt
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Under Assumptions A

/ " K@) d{AD () — A()} = / " k(0) dU () + 0p(1)
0 0

/t* K(v+t; —£7) dA;11(v) = k(t:) aipa (1) Va(t; —t7) + 0p(1)

/ff—Q—At,;
tr+ AL

K(U+t —ff)dz‘ii+1(v) = k(trf—Ati) ai+1(t%+At ) \/—(A

n(t; —t;)+o,(1),
AL R .
/ (Kt — ) — Ko+t — t5)} d A (v) = —
t*

tr+AL; R
[ e kst ) Vit - ) + o,(1),
t*
END A tr+AL;
/ K (ot t7) d{ Apsy (0)— Asa (v)} = / k(ott—t) AUy (v)+0p(1),
t*

where 0,(1) = 0 as n — co. So the statistic T}, can be written in the form

*

i)y (t \/ﬁ(ff —t;)—

k(ti + Ati) i (8 + Aty) /n(iF — )+

> . @ip1(v) dk(v +t; — t7)V/n(E; —t7)

7

k(v+t; —t7) dUiy1(v) + 0p(1).
i=0 Yt
The lemma implies that

Z {k(ti)aiya(t

(12.17)

AL
k(ti+Ati)ai+1 (t;k-l-Atl)-l-/ (e 78] (U)d k(’l]-’-tz—t:)} X
t*

Zezzdzl{Ul (i1 + Ati1) = U (8) } + 0p(1)
i=1 =1

m—1

< eidu> O+ Atmq) = Ui ()} + 0p(1)
=1 =l

m—1

Y iUy + Atir) = U (8)} + 0, (1)
=1
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m—2 m—1
=Y finUin(t] + At;) Z FiUis1 (£5) + 0p(1). (12.18)
1=0

The formulas (12.17) and (12.18) 1mply the result of the theorem.

Corollary 12.1. Under the assumptions of the theorem

T, 2 N(0,02),

with
tm m—1
J% = / k2(“) dUQ(U) + Z {fi2+10—i2+1(t'>; + At) + fi(fi — 2fi+1)0i2+1(t;<)_
0 i=0
tr+AL; t;+At;
2fi+1/ k(U+ti—t:)d0?+1(U)+/ K (v+t; —t7)doi ()}
t* t
(12.19)
If m = 2 then

t1

R - o2(ty) + o2(t*)) — 2f; v)do? (v
UT—/ K (v) do®(v) + f7(of(t1) + o3 ()) 2f/0 k(v)doi(v)+
/ k*(v)do?(v / E*(v 4t —t])doi(v).

Remark 12.1. The variance 02, can be consistently estimated by the statis-
tic

/ i (0)da*( +Z{f1+1at+At)+fi(fz 2fis1)62(E) -

R i +AL . i +AL
2f,»+1/ k(v—l—ti—tf)d&?(v)—i—/ k(v +t; —t5)dél,(v)},
t* t*

where

k(v) = K (v n &2v:£ ;7 &gvzﬁ Al —
ko) = K()/va, () m(aw Q,zu W(K@ Q,

S and S; are the empirical survival functions,
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s—1
dsz - éla t=1,...,s—1, d55 =1,
=1
o= Gl an) 1
aa(t) T (i)

and Gy 1(t), Gayp1(t5 + Aty) are the kernel estimators:

tm £ — .
o1 (fy) = %/ Ker <tZ b u) dAit1(u),
0

. I &+ Aty — .
OAZS+1(t: + Ats) = 5/ Ker <%) dAZ+1(’U,),
0

here Ker is a kernel function.

12.1.8 The test
The hypothesis
Hy : GS model holds on E = {x1,- -+, Zm,z(-)}

is rejected with the approximative significance level «, if

(OTT>2 > xi-a(1);

where x?__, (1) is the (1 — a)-quantile of the chi-square distribution with one
degree of freedom.

12.1.4 Consistency and the power of the test against approaching
alternatives

Let us find the power of the test against the following alternatives:
H, : PH model with specified non-exponential time-to-failure

distributions under constant stresses
Under H,

AV ) B AW (v) = 4;(0), v e [titigr) (=0, ,m—1)

AD () B A@(v) = Aj(v —ti +t7), v € [tistipr) (i =0, m— 1),

and
%K(v) P (o),

where for v € [t;,ti41)

i (U) . loli+15£1)(1})51’(1} —t; + t:)
10S™M (0) + L1 Si(v — ti + 1)

9 (1088 (0) + 11 Sl — ti +17))
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and Sil)(v) = exp{fAil)(v)}. Convergence is uniform on [0, t,,].

Proposition 12.1. Assume that Assumptions A hold under Hy and

A* = / "k (0) dAD (0) — A(w)} £ 0.
0

Then the test is consistent against Hi.

Proof. Write the test statistic in the form

T, = / " K (o) d{AD (0) — AW ()} — / K (o) d{A® () — AP (u)}1+
0 0

/ h K@) d{A" (v) — A® ()} = Th,, + Ton + Tsn. (12.20)
0

Analogously as in the case when seeking the limit distribution of the statistic
T,, under the hypothesis Hy, we obtain that under H;

Tln + T2n 2’ N(O, 0;2)’

where 4% has the same form (12.19) with only difference that k is replaced
by k* and o2(t) is replaced by

N2 1 1
0= (s 1),

62 B 32 (12.21)

Under H; we have

and
Tln + T2n D
_
or
The third member in (12.20) can be written in the form

N(0,1). (12.22)

m—1 .ty
Ty = / K (0) {aisn () — age1 (v —t; + 1)} do. (12.23)
i=1 vt

The assumptions of the proposition and the equalities (12.20)-(12.23) imply
that under H;
1 T,
T3n 3 A*, i E) .

vn o1

P{(i)z > Xfa(l)} — 1.

The proposition is proved.

Thus under H;

Remark 12.2. If a; are increasing (decreasing) then the test is consistent
against Hy.
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Proof. We shall show by recurrence that ¢; > ¢} for all i. Indeed, the in-
equalities 1 < --- < x,,, imply that
S1(t) > Sa(t]) = Sa1(t),
which give ¢; > t]. If we assume that ¢;_; > ¢} ; then
Sit1(t7) = Si(t; —ti—1 +t7_1) > Si(t; — tic1 +ti—1) = Si(ti) > Siy1(ts),

which imply ¢; > tf. If «; are increasing (decreasing) then A* > 0 (A* < 0)
under H;. The proposition implies the consistency of the test.
Let us consider the sequence of approaching alternatives

t\ V=
H, : PH with a;(t) = <—>

with fixed e >0 (i = 1,---,m). Then

tit1

m—1
=1
Tgngu:—sz:/ B (0) In(1 + ~—)dv > 0
i=1 Yt

and )

T, T

2 Na, (5) 2,

arT ar
where a = p/o% and x?(1,a) denotes the chi-square distribution with one
degree of freedom and the noncentrality parameter a (or a random variable

having such distribution).
The power function of the test is approximated by the function

2
g = lim P { (%) >x3_, (1) ] Hn} =P{x*(1,a) > xi_o(1)}. (12.24)

Let us find the power of the test against the following alternatives:
Hy : the model (12.4) with specified time-to-failure

distributions under constant stresses
Under Hy

AV B AW ) = A (v —t; +£7), v € [tistis1) ((=0,---,m — 1),
AD () B A@(p) = Aj(v —ti +t), v € [tistigr) (i =0, m — 1),

and
K(v) 5 K (),

Bl

where for v € [t;,t;41)

k() = loli+1S5Y (v)Si(v — ti +17)
loSii) (v) + li+1S: (v — t; + tf)

9 (1082 @) + 11 Si(0 — ti +17))



GOODNESS-OF-FIT FOR THE GS MODEL 223

and Sii)(v) = exp{fASi)(v)}. Convergence is uniform on [0, t,,].

Proposition 12.2. Assume that Assumptions A hold under Ho and

(oo}
A = / E** (0) dLAD (1) — A(8)} £ 0.
0
Then the test is consistent against Hs.

Proof. Write the test statistic in the form (12.20). Analogously as in the case
when seeking the limit distribution of the statistic T, under the hypothesis
H,, we obtain that under Hy

T1n+T2n _>N(O **2)7

where o7, % has the same form (12.19) with only difference that & is replaced
by k** and o2(t) is replaced by

1 1

The third member in (12.20) can be written in the form

tz+1
Z/ v) {aipr1(v =t +177) — a1 (v — t; + £7) }dv.

The assumptions of the proposition and the the last equality imply that
1 P Tn P
—T. A* — 5 0.
\/ﬁ 3n or -
Remark 12.3. If «; are increasing (decreasing) then the test is consistent
against Hs.
Proof. Let us show by recurrence that t;* > t!. Really, the inequalities
1 < -+ < Xy, imply that
Sg(ti*) = Sl(t1)51 < Sl(tl) = SQ(tT),
which give t7* > ¢7. If we assume that ¢;*; > ¢7_; then
Sip1(t7™) = Si(ti—ti—1+t771) 0 < Si(ti—ti—1+t77) < Si(ti—tio1+t;_1) = Siy1(t]),

which imply ¢7* > ¢F. If a; are increasing (decreasing) then A > 0 (A < 0)
under Hy. Proposition 12.2 implies the consistency of the test.
Let us consider the sequence of approaching alternatives

H,, : the model (12.4) with specified time-to-failure distributions
&
vn

Let us find the limit of /n(¢:* — ¢I) by recurrence. If ¢ = 1, then

Vit =) = va{s;! (s - 50)) - 557 i) |

under constant stresses and §; = 1 —

€1

7
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€1
— = = —aie;
a(t7)
Suppose that
i
VAt —t7) — a; Y dije;, (12.25)
j=1

where a;,d;; are defined in the formulation of Lemma 2.1. Then
ok * —1 ok €it+1
\/E(ti+1 - ti+1) = \/E(SH—Q Si+1(ti+1 -ttt )(1 - —) -
NG
1 X
pit2(tiq)

* *% * * E;
{pz‘+1(fz'+1 — b ) — 1) = Sipa (i — i+ 1) } +o(1) =

vn

5ﬁ12(5i+1(ti+1 —ti+1t7) =vn

1 i
————— S —Pit1(tig1 — i +t])a; Z dijej — Siva1(tig1 —ti +17)gita
pi+2(ti+1) =1
i+1
-I-O(l) = Qj4+1 Z di+1,jz€j + 0(1)
j=1

We note p; the densities of T},. Thus the convergence (12.25) holds for all i.
It implies that

K2

m—1 tiv1
P
T3n_>,uz_zaizdij5j/ k(U)dOti_H(’U—ti—Ft;()
i=1 g ti

1

and )
T, T,
' 2 Na,1), () 22, al),
or or

where a = p /o3

The parameter u is positive (negative) if the functions «; are convex (con-
cave).

The power function of the test is approximated by the function (12.24) with
a= p/osk.

One can see also Bagdonavic¢ius and Nikoulina (1997), Bagdonavic¢ius and
Nikulin (1995, 1998, 2001, 2001a), Nikulin and Solev (1999, 2001).

12.2 Goodness-of-fit for the model with absence of memory

If the PH model holds on a set F of time-varying explanatory variables then
for any z(-) € E

Qg (t) = ag, (1), (12.26)
where z; is constant explanatory variable equal to the value of time-varying
explanatory variable z(-) at the moment ¢. For any ¢ the hazard rate under
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the time-varying stress x(-) at the moment ¢ does not depend on the values of
the stress x(-) before the moment t but only on the value of stress at this mo-
ment. It is not natural when the hazard rates are not constant under constant
stresses.

The equality (12.26) defines a model which means that the hazard rate
under any time-varying stress at any moment ¢ does not depend on the values
of stress before this moment.

Let us call this model the absence of memory (AM) model. This model
is wider than the PH model because it does not specify relations between
survival distributions under different constant stresses. The PH model is a
submodel of it.

The AM model (and the PH model) is not natural for aging units and its
application should be carefully studied. A formal goodness-of-fit test would
be useful.

The most used time-varying stresses in accelerated life testing are the step-
stresses: units are placed on test at an initial low stress and if they do not
fail in a predetermined time ¢, the stress is increased. If they do not fail in a
predetermined time ¢y > t1, the stresses is increased once more, and so on.

Let us consider a set E,, of step-stresses of the form (12.1).

If the AM model holds on FE,, and z(-) € E,, then

Qo)) = ap,(t), if t€[tin,ti), ((=1,2,...,m). (12.27)

It can be written in terms of the cumulative hazards A,y and A,,:

Ap(y(t) = Az, (t) — Az, (tio1) + Lpingy Z_:(ij (tj) — Az (tj—1)), t € [tim1,ts)
(i=1,..,m). (12.28)

A very possible alternative to this model is the generalized Sedyakin (GS)
model:

gy (t) = g (2(1), So(y (1)) -
Set

Q= Qg =0y, A=Az, A=A, (=1,.,m).

If the GS model holds on E,, and z(-) € E,, then the formulas (12.6) and
(12.7) hold.

Let us consider goodness-of-fit tests given by Bagdonavi¢ius and Levuliené
(2001).

12.2.1 Logrank-type test statistic for the AM model

Suppose that a group of ng units is tested under the step-stress (12.1) and m
groups of ny, - -+, n,y, units are tested under constant in time stresses x1 - - -, Ty,
respectively.
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Suppose that at first that z; < --- < x,,. The units are observed time t,,
given for the experiment.

The idea of goodness-of-fit is based on comparing two estimators /Alil()) and

Af()) of the cumulative hazard rate A, (.. One estimator can be obtained from
the experiment under step-stress (12.1) and another from the experiments
under stresses x1, - - -, T, by using the equalities (12.28).

Denote by N;(t) and Y;(¢t) the number of observed failures in the interval
[0,¢] and the number of units at risk just prior the moment ¢, respectively,
for the group of units tested under the stress ; and N(t), Y (¢) the analogous
numbers for the group of units tested under the stress z(-).

The first estimator A®) of the accumulated hazard A is the Nelson -Aalen
estimator obtained from the experiment under the step-stress (12.1):

Y dN(v)
o Y(v)~

The second is suggested by the AM model (formula (12.28)) and is obtained
from the experiments under the constant stresses:

AW (1) =

AP(t) = Ai(t) — Ai(tic1) + sy li:(fij(tj) — Aj(tj—1)), t € [tim1,ta),

(12.29)
where

fli(t):/o dgzg) (i=1,..,m).

The first test is based on the logrank-type statistic
t
T, = Tn(tm), where T,(t) = / K(v)d{AM () — AP @)}, (12.30)
0

here K is the weight function.

Similarly as in the case of classical logrank tests (see Fleming and Harring-
ton (1991)), we shall consider the weight functions of the following type: for
v E [ti—h tz‘)

1 Y()Yi(v) Y (v) + Yi(v)
K(”)‘%mwmv)g( n )

where n = Y. ;n; and g is a nonnegative bounded continuous function with
bounded variation on [0, 1].

12.2.2 Asymptotic distribution of the logrank-type test statistic

Assumptions A.
a) The hazard rates «; are positive and continuous on (0, 00);
b) Ai(tm) < 00
c)n—oo, ni/n—1, 1€ (0,1).
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Under Assumptions A for any ¢ € (0,t,,] the estimators A; and AD are
uniformly consistent on [0, t], and

V(A - 4) B Ui, va(AY - 4) B U

on D[0,t]. Here U and Uy, - - -, Uy, are independent Gaussian martingales with
U;(0) =U(0) =0, and

1 1—51‘(81/\52) 2
Cov (Ui(s1),U; =— ——————==0; ,
ov (Ui(s1),Ui(s2)) . Si(s1 A sa) i (s1 A s2)
i 1-— S(Sl AN 82)
lo S(Sl A\ 82)
with S; = exp{—A4;}, S = exp{—A}.
Let us consider the limit distribution of the stochastic process T, (t),t €
[0,t,]. Note that
K(U) P lolZS(U)SZ(U)
k(v) = ———"—F"~
Vi PO = 1) T hsiw)

The convergence is uniform on [0, ¢,,].

Cov (U(sy),U(sy)) = = 07(s1 A\ 53),

g (loS(’U) + llsl('l))) , U E [tiflvti)-

Proposition 12.3. Under Assumptions A

D

7,0 2 (0 = [ KU -1z 23 [ ke)a)-

t
/ k(U)dUZ(’U), t e [tifl,ti), t=1,---,m, tpr, =0 on D[O,tm]
ti—1

(12.31)
Proof. For t € [t;—1,t;), i = 1,---,m, write the statistic (12.30) in the form
t t
7,00 = [ K@AD0) - 40) - [ Ko)d(A®(0) - )
0 0

G dM(v) = [ . dM;(t)
_/O J(v)K (v) Y @) 1{222};/0 Jj(v)K (v) Y;(t)

/ mewﬂﬁﬂ

ti—1

where
M@=N@—Aywmw&Amwzmw—ﬁmwmmw

J(t) =1iywsoy,  Jit) = liviy>oy-
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Note that

t dM(v) [ 9 dA(v)B) b, dA(v)
</O TOK(E) TS >_/0 T W) T /Ok ) 503

and for any € > O:

t K(v) ¢ K2(v) P
</O J(U)m 1{‘1;§:§‘28}dM(’U) >:/0 J(U) 1{‘5§:§‘28}d14(v)—>0

on D[0,%,,]. The Theorem A7 implies that

/Ot J(0)K (v) d%fj)’) 2 /Ot k(v) (lfs(f()z))l/z AW (v),

on DI0, t,,]; here W is the standard Wiener process. The limit process has the
same variance-covariance structure as the Gaussian process

/Ot k() d U (v).

So
dM(v) p

/0 K@ o5 2 /0 k()dU(v).

Analogously it is obtained that

¢ dMl(U) D ¢ :
| romw T2 [ kwave)

on DI0,tp].
Corollary 12.2. Under the assumptions of the theorem

Cov(Vi(s), Vi(t) = 0%, (s A L)

where
0= [ RO 1120y [ R
+/t k2 (t)do? (v)
RO a1z S [0 PO g4 g
_/0 LS A0 + 1 22};/tj1 15,0 i 2 2
+/th lf;((tg)dAi(v)’ teftii,ti), i=1,---,m, tog =0,
and

T, B N(0,0% (tm)),

Proposition 12.4. The variance 0"2/k (tm) can be consistently estimated by
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the statistic

Proof. Let us consider the difference

b dN (v) b dA(v)
| wegEE - [ e -

b K2 K2(0)
/ ﬂmeMW@_bﬁ@%MM+

/ " )R ) / T _p o B,
0 0

Y2(v) loS(v)
We have KQ( )/ k:2( )
v)/n v P
and
< By >=< /O W) K2 w) ci/]\gl((;)) -=
i dAw) 1 K@)/t e
= [, TOE TG < 5 s SR Al =0

which imply that B; L) (i =1,2). Convergence Bj P, 0 is evident.

12.2.8 Logrank-type test
The hypothesis
Ho : gy (t) = o, (t),t € [tio1,t;) (i=1,---,m)
(or the AM model) is rejected with the approximative significance level «, if

( L >2>X?_a(1),

&Vk (tm)

where x?__, (1) is the (1 — a)-quantile of the chi-square distribution with one
degree of freedom.

12.2.4 Consistency and the power of the test against the approaching
alternatives

Let us find the power of the test against the following alternatives:

H, : GS model with specified non-exponential time-to-failure
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distributions under constant stresses
Under Hy
AV @) B AV () = A(v —ti g +t1_1), v E [tiia,ta) (= 1,---,m),
where 7 can be found by solving the equations

Ar(tr) = Ao(t1™), - Ai(ti —tir +t]_) = Aia ()

(i=1,--- - 1),
AD () B A® () = A;(1) — Ai(tis +1{Z>2}Z (tj-1)),
v e [ti—hti) (1=1,..,m),
and 1
KW Ehw), Y(@)/ne S sDw)
where Sil)(v) = exp{—Agﬁl)(v)}, and for v € [t;_1,1;)
SW ()85 (v 1

105 (v) + 1,5 (v)
loliSi(v)Si(v —ti 1 4+t ;)
- loSi(v —ti- ti_ 1;S; .
loS;(v—t;—1 +t>;71)+lisi(v)g(05 (v 1+t + S(v))

Convergence is uniform on [0, t,,].

Proposition 12.5. Suppose that Assumptions A hold and
A = A*(t,) #0,

where

_1{Z>2}Z/ 0) {a; (v — tj_1 + 1) — s (0) bt

/ k() {ai(v —timy + 1) — a;(v) }do.

ti—1
Then the test is consistent against Hi.

Proof. Write the test statistic in the form
t'rn ~ tm ~
To= | K@)dAD@w) - AV W)} - / K(v) d{A® (v) = AP (0)}+
0 0

tm

K(v)d{A" (v) — AD ()} = T, + Ton + Tsn. (12.32)
0
As in the case when seeking the limit distribution of the statistic 7,, under

the hypothesis Hy, we obtain that under H
D *
T + Top = N(0,0%, > (tm)),
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where o7, %(t) has the same form as in Corollary 12.2 with only difference that
k(v) is replaced by k. (v) and o?(v) is replaced by

il = [ paisdaw iz y [

i.e.

+/t B0 gaw), teltat), i1 fo=0.  (12.33)
- ZZSrL('U) i\V), i—1,0i), © =1, , M, g = U. .
Under H; we have
52 (1) 2 ot 2(t) (12.34)

uniformly on DI0,¢,,], and

Tin + Top

DntTon D, 1), (12.35)

oV (tm)

The third member in (12.32) can be written in the form

Z/ v){ai(v—tic1 +17_1) —ai(v) } do. (12.36)

The assumptions of the proposition and the equalities (12.32)-(12.36) imply

that under H;
1 P T, P

—T3, — A", = — 00.
N v (tm)

P{(é)z > X§Q(1)} — 1.

Proposition 12.6. If «; are increasing (decreasing) then the test is con-
sistent against Hy.

Thus under H;

Proof. We shall show by recurrence that ¢; > ¢} for all 4. The inequalities
Ty < -+ < Xy, imply that

Sl(tl*) > Sg(tl*) = Sl(t),
which give ¢; > t;*. If we assume that t,_q > t;_; then
Si+1<t;k) = Si<ti —ti_1+ t:ﬁl) > Si(ti —ti_1+ tifl) = Si(ti> > Si+1(ti),

which imply ¢; > tf. If «; are increasing (decreasing) then A* > 0 (A* < 0)
under H;. The proposition implies the consistency of the test.
Let us consider the sequence of the approaching alternatives

H, : GS with o;(t) = (—) o (12.37)
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with fixed e; >0 (i =1,---,m). Then

S b o —tim
Ty 5 = Zsi/ ko (0) In(1 + =L —"2)dv < 0,
v
i=1

and )
T, T
—— 2 N(a,1), <> 2 x*(1,a),
UV%(t ) UV}(En)
where a = —p /0%, and x*(1,a) denotes the chi-square distribution with one

degree of freedom and the noncentrality parameter a (or the random variable
having such distribution).
The power function of the test is approximated by the function

. TN L, ) )
8= lim P { (M) > X3, (1) ] Hn} =P{x*(1,a) > xi_a(1)}.
(12.38)

12.2.5 Kolmogorov-type test

The logrank-type test may be bad if the step-explanatory variable is not
monotone, i.e. the condition 1 < --- < x,, is not satisfied. In such a case the
following Kolmogorov-type test may be used.

The limit process Vi (t) obtained in the Proposition 12.3 is a zero mean
Gaussian martingale with the covariance function

Cov (Vi(s), Vi(t)) = ov, (s A t)

It implies that Vi (t) = W(O"Q/k (t)), where W is the standard Wiener process.
We have

swp |Vit) = sup |W<”Vk—“))> = s | W

ov, (tm) o<i<t,, 0<t<tm

o, (t 0<u<1
(12.39)
The variance O"Q/k (t) is consistently estimated by the statistic
b K? (v) L t
/\2 _ . y
)= | FaydN@ + Z N 2 2)
t 2
K*(t) ;
—dAz 5 t ti— 7ti 3 :]—7"'7
+ 0 (v) € [tim1,ti), i m
So the test statistic is
1 -
Zg = pra | / K(v) d{AM (v) — A®(v)} |. (12.40)
v (tm) te[o,tm]

If n — oo then

Zk 2 sup | W(u) | .
0<u<1
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Denote by Wi_, the (1 — a)-quantile of the supremum of the Wiener pro-
cess on the interval [0, 1]. The hypothesis Hy is rejected with approximative
significance level a if Zx > Wi_,,.

Consistence of the first test against H; implies consistence of this test

against H; because the convergence T, LA implies the convergence Zx L
00.

Let us consider the sequence of the approaching alternatives (2.39). Simi-
larly as in the case of the hypothesis Hy we have

- / tK(v)d{/l(l)(v) — AV )} - / tK(v)d{A(Q) (v) — A® (v)}+
0 0

/ t K(v) d{A" (0) — AD ()} = T1,(t) + Ton(t) + Tan(t) 2 Vi* (£) + A*(t)
0
on DI0,t,,], where

Vi * (t):/ot Z/ v)dU;(v)1{i > 2} — / ~ k(v)dU; (v)

te [ti*hti)v i=1--,m, tp =0,
U* is a Gaussian martingale with U*(0) = 0, and

11— S*(Sl /\82)

Cov (U*(Sl),U*(SQ)) = E mv

with S, = exp{—A4.},

ti_
= 1{z>2} ZEJ/ lIl 1+ %ﬂl)dv_‘_

¢ tr o —tie
Ei/ ki(v) In(1+ L“)dv <0, t € [tiz1,t:)-
; v

i—1
Analogously as in the case of the hypothesis Hy,

Vi (t) = W (o, (1)),

and

L s |Ta0) 2 sw |W<ka(t)>+ &0

vi,(tm) tefo,t] t€[0,tm] oy, (tm) ov;, (tm)

1
= sup | W(u)+ -A%(h(cu)) |,
0<u<1 &
where h(s) is the function inverse to oy, (t), and ¢ = oy, (tm).
Bagdonavicius and Levuliené (2001) investigated by simulation the prop-
erties of both tests under various alternatives. They showed that in the case
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of monotone stresses the logrank-type test is slightly more powerful then the
Kolmogorov-type test.

Their results show that it is possible to find such plan of experiment with
nonmonotone explanatory variables that a logrank-type test does not dis-
tinguish the hypothesis Hy from the alternatives and is even biased. The
Kolmogorov-type test can be used for such explanatory variables. The power
of the test increases when the size of the data increases or the alternatives go
away from the null hypothesis.

So the practical recommendation: use the logrank-type test for monotone
stresses and the Kolmogorov-type test for nonmonotone stresses.

12.3 Goodness-of-fit for the AFT model

Suppose that the first two moments of the failure times under the explanatory
variables z(-) € F exist. Let ()(-) € E; be explanatory variables of the form

Ty, 0 < 7 <t

2O (7) = T2, tin < T <t

Tn(m,i)y, T > ti,m—la
where n(1,4),---,n(m,i) are the permutations of numbers 1,2,--- ,m. 2* € £
are constant explanatory variables; t;; € [0, +00) are the moments of switching
over from one constant explanatory variable to another one (i = 1,---  N;j =
1,---,m). In the particular case when t;; = oo, explanatory variable :C(’)(-)

can be constant.
Suppose that s (s > m) experiments are carried out and n; units are tested
under explanatory variable z(¥)(-) in the ith experiment (i = 1,2, - -, s).

Let Tj(?, e 7Tj(2¢ be the lives of units under the constant explanatory vari-

able z; in the 7th experiment.
If the AFT model holds, the following equalities are true:

STy —1=0Ry (i=1,2,--,5)
j=1

where r; = r(z;)/a; o > 0; Ry are independent identically distributed
random variables with means E(R;;) = 0 and variances Var(R;;) = 1 (k =
1,--+,n;). The means TJ@ = E(Tj(,zc)) satisfy the equations

Set

Tlgl) = (Tl(llc)""vTr(r:;c) ) Tj(?) = (l/ni)ZTj(lzc)v T'(Z) = (Tl(?)ﬂ"'ﬂTT(Tt')) )
k=1



GOODNESS-OF-FIT FOR THE AFT MODEL 235

88 = (1n) 30 (10 = 1) (129 - 70)", 70 — ()

k=1

and define the estimates of parameters r = (ry,--+,7,)" by minimizing the
sum

S

Zm (rTT.(i) — 1)2 .

i=1

The normal equations have the form

imTﬂi) ( ”) r= Zn T, (12.41)
=1

Suppose that a system of vectors 7, i =1,2,---, s has a rank m. This con-
dition is satisfied practically in all cases when x(9(-) are different explanatory
variables. Under the AFT model the solution of normal equations # converges
with probability one (as minn; — oo, n;/mazxmn; — I; > 0) to the param-
eters r satisfying a system of equations rT7(9) —1 = 0 (i=1,---,s) and the
estimator

e e

i=1 k=1 | j=1

converges with probability one to a parameter o2 satisfying the equation
rTBOy = 2,

where (B® = E(S{")).

Theorem 12.2. Assume that

1) the AFT model holds on E;
2) there exist two moments of the random variables Ty, x(-) € E;

3) the system of vectors 7@ §=1,.--,s has a rank m.

Then the asymptotical distribution of the statistic

S

Y2 = (1/6%) Zni (fTT(i) _ 1)2

i=1

is chi-square with s —m degrees of freedom as

min n; — oo, —1; > 0.

max n;

Proof. Set

n=mazn;; L= (\/E7...7\/E>T; T:(\/ETj(.i)),
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the s x m matrix; Z(r) = vK(Tr — L). In such a case

Zn (TTT.(“ - 1)2 —(Z) " Z2(r).

i=1

Let C be a s X m matrix with elements \/ET]@ (i=1,---,8;5=1,---,m).
From the assumption 3) of the theorem it follows that the rank of the matrix
C' is equal to m. The equalities

rank CTC = rank C = M
implies that a random matrix 77T — CTC with probability one. Therefore,
the solution of the equation (12.41) is the statistic
P=(T7T) T"L

provided minn; is sufficiently large. The distribution of a random variable
(1/02) (Z(r))" Z(r) converges to a chi-square distribution with s degrees of
freedom.

Let us consider the limit distribution of a random variable

min (Z(r)" Z(r) = (Z(#))" Z(#).

It is easy to show that the random vector Z(R) can be expressed in the form:
2(#) = (B - T(I"T) " T")/a(Tr — L),
where F is a s x s identity matrix. The former implies that the asymptotic
distributions of random variables
Z(#) and (E-cC(CT*C)*cMz(r)
are the same. The matrix
A=FE-c(CcTo)~ic™
is idempotent, i.e. AA = A. This implies that asymptotic distributions of

random variables (Z(#))" Z(#) and (Z(r))" AZ(r) are the same. The random
variable

3 (2()" AZ(r)

has asymptotically a chi-square distribution with s — m degrees of freedom.
This follows from the equality

rank A =tr(A)=s—m
and from the fact that 6 — ¢ with probability one. Thus, the proof is com-
pleted.

Corollary 12.3. Under assumptions of the theorem the asymptotic distri-
bution of the statistic

X =YY - 1) /(57 5677
i=1
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is chi-square with s —m degrees of freedom.

If the AFT model is not true, the estimators 7 converges, on the whole,
with probability one to some value o but some of the equalities

ror™ —1=0 or rng(i)ro =o%(i=1,..,5)
take no place. If the sequence of alternatives is such that | v; |< const, where
vy = i(rg 7 = 1)/ (rg BYro)'/2,
the asymptotic distribution of the statistic x? is noncentral chi-square with
s —m degrees of freedom and the noncentrality parameter ZS: vi.
The statistic x? can be used as a test statistic when sampi(js1 are sufficiently
large.

12.4 Goodness-of-fit for the PH model
Let us consider tests for the PH hypothesis
Hy : agy(t) = eﬁTC”(t)a(t),

where 0 and « are unknown regression parameter and baseline function, re-
spectively.

Suppose that n units are tested. The ith unit is tested under the explanatory
variable (%) (-).

Suppose that the data are right censored. Denote by T; and C; the failure
and censoring times,

Xi=TiNCi, 6 =1p<cy, Ni(t)=UT; <t,6; =1},

Yi(t) = Lix,>0 N(t):ZNi(t) and Y(t):ZYi(t).

We assume that at the nonrandom moment 7 all censoring and failure pro-
cesses are censored.

12.4.1 Score tests

Let us consider general score tests for checking the adequacy of the PH model
based on likelihood functions under more general models including this model.
Examples of such models are:

GPHgw model (any ratio of the hazard rates under constant explanatory
variables increases (or decreases) from a finite value to a finite value but the
hazard rates do not intersect or meet):

() () = 2 TO(1 4+ Ay (1) alt);

GPHg 1, model (any ratio of hazard rates increases or decreases from a finite
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value to 1, i.e. the hazard rates meet at infinity):
() = BT ()7 Az (1) a(b);

IGF model (the ratio of hazard increases (or decreases) from 1 to a finite
value, i.e. the hazard rates meet at zero):

BT (t) a(t) )
%)) = L4+ yAz (1)’

two GPH2 models with cross-effects of the hazard rates:
T T
) (1) = 2 T (14 A, ()"0 at),

Ta: t
gy (8) = ePHDTEO (A@)) 1 o (1)

PH model with time-varying regression coefficients:
T
az(y(t) = ¢ " Wa(t) = exp{Z CACEACHEION

where 3;(t) = 3; +7; 9;(t), B;,7; are unknown parameters and g;(-) are spec-
ified deterministic functions or paths of predictable processes. For example,
g;(t) =t; Int; Lii<toys N(t—); F(t—), etc.

Set

t
A(t) = / a(u)du, 0= (91,"',97n+7-)T = (ﬂla"'vﬁ'rna’ylv'"777")Ta
0

where r = 1, when ~ is one-dimensional (GPH1 models), and r = m, when ~
is m~dimensional (in the case of GPH2 models and models with time-varying
coefficients). Each of above mentioned models is an alternative to the PH
model if v # 0.

Test statistics

If A is completely known then under any of the above mentioned alternatives
the parametric maximum likelihood estimator of the parameter 6 is obtained
by solving the system of equations

Uj(’T;e,A):O, (j:].,"',m+7"),

where
(86, A) Z/ o7 log{a (2, 0) HdN;(u) — Yi(u)ai(u, 0)du}.
Note that if A is unknown, then the partial derivative

o O
a0; log{a;(t,0)} = w;"(t,0,A)
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depends on a finite dimensional parameter § = (37,+7)7 and a infinite di-
mensional parameter A. Under the PH model v = 0 and A is the baseline
hazard corresponding to this model.
Set
Uj = UJ(T)v where Uj(t) = Uj(t7 (BT7 OT)TaA)v

where 3 is the partial likelihood estimator of the regression parameter 0 and
A is the Breslow (1975b) estimator of the baseline cumulative hazard under
the PH model.

Note that under PH model

Uj=0, (j=1,---,m)

and
t) = Zn;/(: @\ (w)dM;(u),  (j=m+1,,m+7), (12.42)
where M ;(t) are the martingale residuals corresponding to the PH model:

T, A).

5O, 5) = Z? LYi() e 0 (1) = w1, u% 0
wj( )( t) have the following

In dependence on the alternative the weights
forms:

for the GPHaw model:

@ (1) = Inf1 + ¥ O A(1)); (12.43)
for the GPH¢ 1, model:
@\ () = TV OA); (12.44)
for the IGF model:
@ () = 7O A); (12.45)
for the first GPH2 model:
(1) = 2 () {1 + " O At (12.46)
for the second GPH2 model:
@\ (t) = 2 (1) In{1 + A(t)}; (12.47)

for the models with time-varying coefficients
@\ (t) = 2\ ()g; (). (12.48)
The test is based on the statistics

U= Uns1, - Upsr)'. (12.49)
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To construct a test we need the asymptotic distribution of U under the PH
model.

Asymptotic properties of the test statistics

Set ' ‘
B () = (@), (), b, (1),
Dt 5) = anﬂ’)(t)m) H0,
=1
S5 = Y)W
=1
SO ga " 7ol
E(t,B) ;SO p) = w0
S50O)(t, 8) P
. 1) - LB TG
B.0) = Sy P00 = 3 0000w v
’ i=1
57 0,8) = So0(1)22vi1) 0.
i=1

Denote by Gy the true value of 3.
Suppose that Conditions A of Chapter 5 are verified. Suppose also that
conditions analogous to the conditions a)-d) not only for S*) but also for

- %(2)
S@ . (i=1,2)and S  are verified.

The Doob-Meier decomposition, the formulas (7.60), Theorem 7.1 and the
delta method imply that

w200 _n,l/zz/ {9 (u) — E(u, 3)}dN; (u) =
_1/22/ (0D (w) — E(u, B)}dM;(u)+
n1/2 / {E(u, Bo) — E(u, §)}SO(t, Bo)dA(u) =
71/22/ {0 (w) = Eu, Bo) }dM; (u)—
/‘9E 4 50) GO0 (o, ) dA(u) n/2(3 — Bo) + 0p(1) =

_1/22/ {w® u, o) }dM;(u)—
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S S ()12 Y / {2 (u) — E(u, Bo)}dMi(u) + 0p(1),  (12.50)

where 3(t) and X*(¢ ) are the limits in probability of the random matrices (cf.
(7.58)),

1 K Sk —pn! t~uA ”
/OVuﬂdN u), X*(t) = /OV( s 3)dN (u),

St 8) 82 _SOwp - T
V(L0 = Z g g~ EEANT V8 = 3 g~ B6AE0.5)
(12.51)
So
<n Y20 > (t 12/ {6 (u) — B(u, 8o)}22e% = WY, (u)dA(u)—
25 ()" _IZ / {09 (u) = B(u, Bo) Ha® (u) — E(u, Bo)} 7%=
Yi(w)dA(u) + £ ()5~ —12 / (20 () — B(u, )} 2220

Yi(w)dA(u) 57 (1) (25 (t) " + Op(l) =X () = DO THT)(E (1)) + 0p(1),
where ¥**(¢) is the limit in probability of the random matrice

S () = ! /O TV (u, BN (),

=(2)

V(. 8) = ﬁ - (Bem)”. (12.52)

Similarly as proving the Lindeberg condition (7.62) (see Andersen, Borgan,
Gill and Keiding (1993)) it can be shown that

_1 ] ﬁT (i) : P
Z/ { (u ﬁo)} {IID;”(U)*EJ'(uﬂo\Z\/He}e 0¥ Yi(u)dA(u) = 0.
Theorem A.7 implies that the stochastic process n~1/ 20 converges in distri-
bution to a zero mean Gaussian process, in particular
n=120 2 N,(0, D),
where D = ¥**(7) — *(7)X 71 (7) (X% (1)) 7.
Test

The critical region of the chi-square type test with approximate significance
level o is T' > x%_ (), where

T =n"'UTDU, (12.53)
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D =3 (7) = S5 (S () (2 ()T (12.54)

The calculation of the test statistic is simple:

U= Zéj{w(i)(xj) ~B(X;,0)}, S(r)=n"t Z(%V(X] 4)

1) =n"tY V(X5 8), S(r)=n"" Za V(X;,5),  (12.55)
— =
where V, V, V are defined by the formulas (12.50),(12.51), and @w® by (12.43)-
(12.48).
Note that if the alternative is the PH model with time-varying coefficients
then ~
V(u,B) =Gw)V(u,pB), V(uB) =GV (u,B)Gu),
where G(u) is a diagonal matrix with the elements gi(u),-- -, gm(u) on the
diagonal. In this case the test statistic (12.52) coincides with the statistic
of Grambsch and Therneau (1994) obtained using generalized least squares
procedure. In dependence of the choice of g; particular cases of such statis-
tic are (or are equivalent) the test statistics given by Cox (1972), Moreau,
O’Quigley, Mesbah (1985), Lin (1991), Nagelkerke, Oosting, Hart (1984), Gill
and Schumacher (1987). The test with the weight (12.47) is equivalent to the
test of Quantin et al (1996). In the case of univariate explanatory variable
Grambsch and Therneau (1994) show how the function §(¢) can be visual-

ized by smoothing plots of Vfl(Xi,/;’)ﬂ- + B3 with & = 1 versus X;; here
7 = #(X;) — E(X;,[3) are Schoenfeld residuals (1980), § is the partial
likelihood estimator.

12.4.2 Tests based on estimated score process

The estimated score process under the PH model is defined as

0(t) = Ut ) = Z/{x(’) E(u, )} dNi(u Z/ ) (u) I (u).

So it is a special case of the process with the components (12.42) and W (u) =
2 (u). Tn this case V =V = V, £** = ©* = ¥ and by (12.49)

w120 (0) _1/22/ (2D (u) — E(u, Bo)YdM; (u)—

OM G / {29 (u) — E(u, Bo) }dM;(u) + 0,(1) =

n~YV2U(t, Bo) — E(t)Eil(T)nfl/QU(T, Bo) + 0p(1) := B(t) + 0,(1). (12.56)
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Denote by oj;:(s) the elements of the matrix X(¢). By Theorem 7.1

n 200 B Z(-, Bo) — S(O)SN7)Z(r, By) on (D0, 7])™, (12.57)

where Z is a m-variate Gaussian process having components with independent
increments, Z;(0) =0 a.s. and forall 0 < s <t < 7:

cov(Z;(s), Zy (1)) = 0,5:(s).

Note that Z;(t) = W(0;;(t)), where W is the standard Wiener process.
Using the fact that that under one-dimensional explanatory variables the
limit of the estimated score process can be transformed to the Brownian
bridge, Wei (1984) proposed the following test for this case.
Set a(t) = 011(t). The formula (12.55) implies that

n—l/QU(t)BW(a(t))—@W(a(T)) on DI0,7]. (12.58)

We have

U() oy (ﬂ) _ 90

na(r) a(T)

on DI0,7]. Then

Ut

sup | *) ‘2) sup | W(u) —uW(1l) | =K,

te[o,7] na(r) u€[0,1]
and R

t
T = sup | U(A) 12 K;
tef0,7] na(r)

here

a(r) = l/O V(u, B)dN (u).

n
So the statistic T converges in distribution to the supremum of the Brownian

bridge, i.e. the limit distribution is Kolmogorov. Denote by K, the a-quantile
of the random variable K.
Test (univariate case)
The approximate critical region with the significance level « is
T>Ki o

If (9 (-) are m-dimensional, then the components of the limit process (12.56)
can not be transformed to the Brownian bridges because they are dependent.
Lin et al. (1993) propose to use a statistic

T =sup Z{ﬁjj(T)}l/Q RUTON (12.59)
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where Uj(t) is the jth component of the estimated score statistic U(t) and
693 (7, B) are the diagonal elements of X71(7).

The limit distribution of the statistic 7' can be generated through simula-
tion.

Indeed, the equalities

E{M;(t)} =0 and Cov{M;(s), M;(t)} = E{N;(s)N;(t)}
imply that if V; is a random variable which does not depend on N;(-), then
E{ViN;(t)} = E{M;(t)} =0, Cov{V;N;(s),ViN;(t)} = Cov {M,(s), M;(t)}.

So the covariance structure of the stochastic processes V;N;(-) and N;(-) is
the same.

By replacing M;(-) with N;(-)V; , where Vi, - - -, V,, are independent standard
normal variables which are independent of (Y;(-), N;(-),z((-)), and replacing
B by 3, £ by ¥ in the expression of B(t) given in (12.55), we obtain the
stochastic process

B —n*lﬂz/ {29 (u) — E(u, B)}VidN;(u)—

()5 *1/22/@ E(u, )} VidN; (u).

The conditional (given {N;(-), ¥;(-), 2 (-)}) distribution of B(-) has the same
limit as the unconditional distribution of B(:), consequently, the same as the
unconditional distribution of n='/2U(t) (see Appendix of Lin et al (1993)). So
the distribution of the statistic 1" can be approximated by simulating samples
{V;;i=1,---,n} while fixing the data {N;(-), Y;(-),z®}.

Set

- supz{o” (M [0t B(0)|

Test (multivariate case)

Let to be the observed value of T. Then the P-value P(T' > t) can be ap-
proximated by P(T > tg), the latter probability being approximated through
simulation of the values of T'.

Remark 12.4. Goodness-of-fit for the AH model based on the estimated
score process are obtained similarly and are given in Kim et al (1998).
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12.4.3 Tests based on linear combinations of martingale residuals with two
variable weights

Lin et al. (1993) considered one-dimensional statistics of the form (we write the
evident generalization of them when explanatory variables are time-varying)

no ot
1)<ta :U) = Z/O 1{:c<i)(u)§:c}dMi(u)7
=1

nooat
U(2) (t71') = Z/O l{ﬂATx(l)(u)Sx}dMZ(u%
=1

where M; are the martingale residuals, and the event {z(?) (u) < x} means that
all the m components of z(*) (u) are not larger than the respective components
of z. For the second statistic = is a one-dimensional variable.

Under each fixed z the statistics UM (¢, ) and U®) (¢, z) are special cases
of the process with the components (12.42) and @w® (u,z) = w1 (u,z) =
126 (u)<ay and 0 (u,2) = 0P (u, ) = L5750 (u) <z} » TESPECEIVELY.

By (12.49)

n~V2U0(t, ) = n~1/? i: / t{u?(ji)(u, z) — EU) (u, z, Bo) }dM;(u)

o3 [0 ~ G A + (1),

where ¥%(¢,z) is the limit in probability of the random matrix i); (t,x). Note
that f];k and E() are the special cases of ¥* and E taking @ = @09 in
all definitions. So, as in previous section, the distribution of n~%2UW (¢, z) is
approximated by the distribution of the statistic

n PO (x) =02y / t{w“") (u) — EY)(u, B)}VidN; (u) -
i=170

S ()5 *1/22 /{x“ E(u, )} VidNi(u).

The global test statistic for assessment of the PH model is
T =sup | n 2UD(t,2) .
t,x

Set
T = sup | n_1/2U(1)(t,x) | .
t,x
Let tg be the observed value of T. Then the P-value P(T > t3) can be ap-
proximated by P(T > tg), the latter probability being approximated through
simulation of the values of 7',
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Computing of the P-value may be time consuming if the explanatory vari-
ables are not constant or step functions with a small number of different
values.

12.5 Goodness-of-fit for the GPH models
12.5.1 Estimators used for goodness-of-fit test construction

We shall consider construction of goodness-of-fit tests for the GPH1 models

in two cases when

1. ¢ is specified, i.e. tests for some relatively narrow models (logistic regression
model being an example);

2. ¢ is parametrized via the parameter v, i.e. tests for wider models (such as
GPng, GPHGLL, etc.).
Suppose that s groups of units are tested. The ith group of n; units is tested
under the explanatory variable z;(-). The data are right censored.
Denote by T;; and Cj; the failure and censoring times,

Xij = Tij A\ Cij, 61’]’ = I{Tij < Cij}, Ni‘(t) = 1{Tij§t,5ij:1}7

Yij(t) = 1ix,, >0, Ni(t) = ZNij» Yi(t) = ZYzj,
= =1

N() =D Nilt) Y1) =D _Yi0).

We assume that at the nonrandom moment 7 all experiments are censored.
We'll construct tests for the hypothesis

Hy : oy(t) = €® %0 q(A,(t); 7)o (t),

where the function ¢ is completely specified (models of the first level) or
parametrized via some parameter v (models of the second level), ap is an
unknown baseline function.

The function ¢ can depend on z() (as in the GPH2 models). We do not
write this variable in the expressions of ¢ but this possibility can be taken in
mind. The formulas do not change.

We’ll write all formulae in this chapter for the more general model of the
second level which includes . If ¢ is specified, all needed slight modifications
will be indicated.

Let .

o Yi(y)
be the Nelson-Aalen estimator of A;(t) = A,,(t). Denote § = (87,77)7.
The modified partial score function has the form U(6) = U(6, 1), where

U,t)=>" /0 {Zi(u,~) — E(u,0)}dN;(u),
i=1
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where

Zi(u, ) = (e (w), (Ing(Ai(u )'v))'y)T

u, ) 50)( OF
== 7 (u,6) 59 (u,0),
. E:

50 0) = Y, gl A, 7). 5O (w0) = 3 50w,6),

§ (u,0) = 2w )8 (u.0).
For the models of the first level Z;(u, ) is changed by z;(u) and the argument
7 is absent in g. .
Denote by 6 the estimator, verifying the equation U(#) = 0 and

SO, 0) = e # Y (u)g(Ai(u), ), SO, 0) =3 5 (u,0),
=1

(1)(% 9)

) (u,0)’

»

zi(u,y) = (i), (Ing(Ai(u),7))})",  B(u,0) =

nn

S (u,0) = 2 (u,7)S O (u,0),  SD(u,0) ZS“ (u,0),
é%mmzﬁ%wmwﬁdmmw,swwm:z<mw (u,0),
where ¢] is the (partial) derivative of the function ¢ with respect to the first

argument.
Denote by 6, the true value of 6.
Assumptions A:

a) there exist nonnegative functions y;, continuous and positive on [0, 7] such
that

Yi(t i

sup | ()—yi(t)|£>07 as n — oo, n——>li€(0,1);
0<t<r n n

b) Ap(T) < o0;

¢) there exist a neighborhood U(7g) of vy such that ¢(u,~) is positive and
continuously differentiable on [0, 7] x U(7);
d) Swi(.)(T) >0 (i=1,2).
For the models of the first level c) is changed by the condition of positiveness

and continuous differentiability of ¢ on [0, 7].
Set
5t (. 0) = 7 Oy (u)g(As(w). 1) () = zi(u,7)s(” (w,0),

K3

s\ (u,0) = " T Wy () (A (u), ), s (u, 0) = zi(u,7)s'Y (u, 0),

> sW (u,
s9) (u,0) = ZSEJ)’LLQ e(u,0) = W.
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In the case of the models of the first level z;(u,7v) = z;(u), ¢; = ¢ and the
argument v is absent in all formulas.
Denote B = B(7), where

= Z/O %(Zi(uﬁo) — e(u,00))s.” (u, ) d Ao ().

Proposition 12.7. Suppose that the matriz B is non singular. Under As-

sumptions A there exists a neighbourhood of 0y within which, with probability

tending to 1 as n — oo, the root 6 of U(0,7) =0 is uniquely defined and
n'/2(6 — 6,) 2 N(0,5%),

where
S =Bn(BHT, n= Z/ hi (03 00)hi (03 00) 7 s{” (v; 00)d Ao (v),
: 0

hi(v;00) = 2zi(v;y0) — e(v; 00)+
1 /t s (u,00)5 (u, 60) — 5L (u, 60) s (u, )
yi(v) Jy 50 (%90)
The proposition is proved similarly as in Bagdonavicius & Nikulin (1997)

for the generalized multiplicative models. Presence of the parameter  (which
does not take place in that paper) does not change the proof significantly.

12.5.2 Tests for the models with specified q

Let us consider models with specified ¢ and unidimensional explanatory vari-
ables.
The estimated score process is

s

Z / 25(u) — Bl ))dN; () = / (a5 0r) — (s 6)) M )

j=1""

/ (B 0) — E(u: 00))S© (u, o) d Ao (1) — / (B 6) — E(us 00))dM (u),
’ ’ (12.60)

where the martingale M;(t) — [3 (W)Y (u)du, M(t) = S5_, My(t).
Using the Lenglart’s mequahty and Assumptlons A we obtain:

forall 6 > 0,¢ >0, t € [0,7]

P{n71/2/0 (E(u;0) — E(u; 60))dM (u) > €} <

gP{n’l / (B 0) — E(u:00))S (o, ) Aofu) > o).
0
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So the normed third term in (9.58) converges in probability to zero uniformly
on [0,7].
Assumptions A imply

Vig(As(w)) = Viig(A: (w)) + g, (Au(u)v/a / d

Ml(’l))
}/7,(,0) + Op(l)

uniformly on [0, 7]. Consider the second term: we have

VB )~ Blaitn) = L0 i — o)
. 5 (,00)8) (u,00) = 8 (u,00))5 V) (. 00) — [ dM; (v)
; (SO (u,6))? ”/O Y (0) + op(1),

uniformly on [0, 7]; here 6* is on the line segment [0y, 0] and

n= 20 (1) :n_l/QZ/ hj(v,Ho)de(v)—@/oT hj(v,00)dM;(v) +op(1)

j=170 a(r)
BW(g(t))—%W(gv» on D0, 7]

here

olt) = ; /O 12 (0, 00)5 (v, 00)d Ao (v)),

00
and W is the standard Wiener process. We have

U0) o (&) ~Oway on Dlo,7.

ng(7) g(7) a(r)

a(t) = /O 2e(u,ao)s<0>(u,e)o)dAO(u)

Set
Then )
VO _ 12 sup | Ww) -6 W (1) | = Vi
tefo,r] /ng(T) u€l0,1]

In the case of PH model a = g, ¥(u) = u and V}, is the Brownian bridge. The
function v : [0,1] — [0, 1] is increasing, ¥(0) =0, (1) = 1. We have

Vi,
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1 /t (5D (,0)51(0,0) = 5. 0,05 ©.0)) v

Yi(u) (50O)(v,6))2
Denote by Vi o the a-quantile of the random variable Vy,
blu) = (g™ (g(r)w) /a(n)),

where

G 1 (s) = sup{u: g(u) < s}, a(t) = /0 ;E(a,é)dN(u).

The quantiles Vy; o can be approximated by Vi o which can be obtained by

simulating the standard Wiener process in the jump points of 1& The approx-
imate critical region with the significance level acis T'> V5, _ .
In the case of the PH model the statistic T coincides Wlth the statistic of
Wei (1984):
g(t) — d(t) _ n—l /t 5(2) (uvﬁ)s(o)(uaﬁ) A_ (S(l)(uaﬁ))Q
0 (S©)(u, B))?

where SO (u, ) = ok (u)eP (WY, (u) and V,, is the Brownian bridge.

dN(u)a

12.5.8 Tests for the models with specified or parametrized q

Let us consider the models of the first or second level with possibly multidi-
mensional explanatory variables.

The idea of goodness-of-fit statistic construction is similar to the idea of
goodness-of-fit, statistic construction for the PH model given by Lin (1991):
consider a weighted score function

k t
k0.0 =3 [ K@) - Bw.0)aNiw)

and an estimator 6 K, verifying the condition U, K(é K, 7) = 0. The weight func-
tion K (u) is a IF-predictable stochastic process that converges in probability
to a nonnegative bounded function k(u) uniformly in u € [0,7]. For exam-
ple, K (u) = e~4(")_ Under the hypothesis Hy both estimators 0, (obtained
when K (u) = I(u) = 1) and O (K # I) are asymptotically normal with the
same mean 6. Under alternatives both estimators 91 and GK should be also
asymptotically normal but with different means, so the test statistic may be
constructed in terms of the difference éI - éK. In the case of the models of
the first level (which are particular cases of the models of the second level)
0 = [ and ~ is not present in the all following formulae.

Proposition 12.8. Under Assumptions A and nonsingularity of Bx and By
n'/(0x —0r) 2 N(0,557),
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where
S =S — S — S+ 50, Shr =B Su(BYT,
s = 22: /0 (0, 00) s (0, 60)5%) (0, B0 )d Ao ),
=1
hii(v;60) = k(v)(zi (v, 70) — e(v;60))+
yiv) /vtk(u) s (u, 00)s (u, g(oz(u 9(0;(u ,00)s(© )(“’GO)dAO(u),
By = Bi(r), ,B Z/ k(u aa (2i(u, o) — e(u, 00))s'” (u, 00)d Ao (u).

Sketch of the proof. Using method similar as in Bagdonavi¢ius & Nikulin
(1997) we show that the predictable covariation

2 t

f \/_UI > (t,60) = i; [ o000 605 (v, 60)d Ao (u)+0, (1),

uniformly on [0, 7], where

Hii(vi60) = K(u)(%(v,70) — E(v;00))+

UKa

. (1) 1) (0)
. / ) S 00w, 00) — 813 (1, 00)S ) (1,00)
}fz('l)) v S(O (U700)
and . R
05 L 0o, 0O LA 0.
So

cov(vn(fx —0o), vn(fr —0o)) — By 'Spr(By )T =35, as n— oo
The statistic of chi-squared type test can be defined as
T, = (0 — 00T (33 Ok — 6r), (12.61)

where

EKIKQ - / HKl’L U G)HK21<’U 9)3 O)(U é)dAO(,U)7

where H (v, é) is obtained from H g, (v, 0y) replacing 6y by 6 and dAo(u) by

dAo(u) = dN(u)/S© (u,). The distribution of the statistic T}, is approxi-

mated by the chl-bquare distribution with two degrees of freedom.
Example. Consider the hypothesis

HOg : Oéz(t) = eﬁTIi(t)JrﬂYAi(t)O‘O(t)) 7 < Oa
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i.e. the GPH¢gpr model against alternatives, including the alternative

Hy : ai(t) =€ =® ai(t), §>0,
i.e. the IGF model.
The test statistic in this case is simple:

By = —% /OTK(u)%E(u,é)dN(u),

S, = % /0 ' Kl<u)K2<u)%E<u,é)dN(u),

and Z;(u) = (z;(u), A;(u)) in the expression of E(u,6).

12.6 Goodness-of-fit for parametric regression models

The most used parametric regression model in analysis of the FTR data is
the AFT model. Note that if the explanatory variables are constant then, un-
der specified survival distributions, this model coincides with some specified
GPHI1 model. For example, under the Weibull, loglogistic, lognormal, general-
ized Weibull, generalized loglogistic distribution under constant explanatory
variables the AFT model is equivalent to the PH, logistic regression, general-
ized probit, GPHgw, GPHgrr model, respectively. In the case when these
models do not coincide with the AFT model, the survival distributions under
different constant explanatory variables are not from the same classes and
parametric methods are not very attractive.

So let us consider model checking techniques for the parametric AFT model

t
Se(y(t) = So (/ e P gy, 77) : (12.62)
0

with specified parametric form of the baseline survival function So(¢,7). In
terms of the hazard rates

t
a$(t70) = qy (/ e_ﬁTf(“)du,T]) e—,@Tz(t)’
0

where «g are the baseline hazard rate.

12.6.1 Likelihood ratio tests

Let us consider the alternative: the AFT model with time-varying regression
coeflicients:

t
Sa()(t) = So (/ emh =W gy, 77) ; (12.63)
0

where
u= (ﬂla T aﬁwufyla T a’y’!‘)T'
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So a7 2(u) = 7 (8545 65(w)); (w) = B7a(u)++Tg(w)a(u), where g;(-) are
specified deterministic functions or paths of predictable processes and g(u) is
the diagonal matrix with the elements g;(u) on the diagonal. Examples of g, (t)
are t; Int; 1y<py; N(E—); ﬁ'(tf), ete. Set v = (u?', 0T, 0 = (BT, n")T. If
~v = 0, the model coincides with the AFT model.

Denote by 7 = (A7,4T)T and 6 the maximum likelihood estimators of
the parameters v and 6 under the models (12.62) and (12.61), respectively.
Note that if the baseline function is from classes considered in Chapter 5, the
estimation in both the AFT and the alternative models is identical. In the
alternative model the vector z(-) can be considered as a vector of explanatory
variables. Denote by L(v) = L(6,7) the likelihood function under the model
(12.62).

The likelihood ratio statistic is:

2(In L(6,4) — In L(6,0)). (12.64)

If n is large then the distribution of the likelihood ratio statistic (cf.(4.40))
approximated by the chi-square law with m degrees of freedom.

12.6.2 Numerical methods for assessing goodness-of-fit

Let us consider numerical methods for assessing goodness-of-fit for paramet-
ric regression models. Such methods were developed by Lin and Spiekerman
(1996).

Following Lin and Spiekerman, let us consider model checking techniques
for the AFT model with constant explanatory variables.

Note that that for any x the survival function, cumulative hazard and haz-
ard rate of the random variable

e=InT, - Tz

are S(t) = So(e'), A(t) = Ap(e) and «a(t) = e'ap(e'), respectively.

The idea of the first goodness-of-fit test is to compare the parametric and
semiparametric estimators of the cumulative hazard A.

Suppose that the explanatory variables are constant and the data are inde-
pendent replicates { X;, d;, ()} of {X, 6,2} or, equivalently, independent repli-
cates {N;(-),Yi(-), 2z} of {N(-),Y (), z}, where N(t) = lix<t =1}, Y(t) =
Lix>n-

The formula (6.14) implies that the semiparametric estimator of A has the

form
ﬁT (%) )

A (sem) . o
A (t) - Z/ Zl 1}/[ eﬁTx(l) ) =

22:1 0i1 {In X; —ATz() <t}

n 1 R R bl
ZlZI {In leﬁsTa:(l)Zln Xifﬁgm(i)}

where f3, is the semiparametric estimator of 3 defined by (6.19).
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Let A7) () = A(t,7) be the parametric estimator of A(t,7); here 7 is the
parametric maximum likelihood estimator of 1 defined by the score function
of the form (4.16).

The first goodness-of-fit test is based on the statistic

W (t) = n'/2{AP (1) — AL (1))

This statistic can be written in the following way:

W () = n'/2{A(t, )= A(t,m0)}—n' P {A(t, Bs)— A(t, Bo) }—n' /> {A(t, Bo)— A, m0)} =

Wi(t) — Wa(t) — Ws(t);
here A(t, 3) = Ag(et, B).

Denote by 6 = (7,7T)T the parametric estimator of 6. The delta method
implies that

0

Walt) = 5 Alt o) (= 0) +0p(1) = 0,

The formulas (4.21)-(4.24) imply that
nt2(0 — 0) = (n"11(0)) " *n2U (6)) + 0,(1),

(%A(t, 1n0))n /26 — 60) + 0, (1).

n fe’e] a
—-1/2 _ . —1/2 ) . —
n2U(0y) =n /;_1/0 —aelnal(v,GO)sz(v,eo)_

Y [ g (v, 60),
i=1Y

where ‘
M} (v,00) = Mi(e"+5 " 6y),

35w ) = ()T ) (o, ), (tn ) (v, m) YT
So
_ 3 -1 -1, —1/2 - > ) *
Wit) = (0, 5 Al )0 T00) 02 3 [ gi(wu o)y 0. 00)

The formula (6.14) and the Doob-Meier decomposition of N; imply that
nopet g N, (eﬁT o) u)

Wg(t)nl/z{ ,
; 0 25:15/1(650 )

Y; eﬁo ()+v) (v, no)dv—&—dMi(eBOTx(”‘*‘U,OO) t
Z S Y(eﬁo r(l)-i-v) - a(v,mo)dv p =
=1

_1/22/ —1Zl : M (v,6)

1{1n X;—pLz® >v}

- A(tan())} = n1/2




GOODNESS-OF-FIT FOR PARAMETRIC REGRESSION MODELS 255
Set g(v, B) = z(e?, ), where Z(v, ,8) is defined by (6.18). We have
eSS [ e
PIRR Y eﬂ%m PR ACK RN
Z/ & eﬁ z( )H){O‘(v + (ﬁ — o), 10) — a(w,10) }dv
Zl—l Y’l(eﬁgx(l)Jrv)

dM; (P =0+ gy dM; (% =+ _go)
+Z 5ng(l)+v Z Zl 1 6’60 z(l)+v) -

/ 7" (v, Bo)d (v, m0) /(s — Bo) + 0p(1).
By Chapter 6.1.4

WG~ o) = B [ — o, )M (0, 9) + 0y(1).
i=1"Y "

So we have

WD) = 0 g A w100 23 /  ailos )M (v, o)~
| 7w Adatm) = 1/22 / )~ (v, Bo)dM; (v, o)~

— 7 aﬁ
" 1/2;/_0071—1271 *(v, Bo)

= 1{lnXl—ﬁgr(l)Zv}

The null distribution of W (u) is approximated by a zero-mean Gaussian pro-
cess W (u) whose distribution can be generated through simulation. By re-
placing M (u, Bo) with N} (u,B0)V; = Ni(e”JrﬁOT"”m)V;-, where V1,---,V,, are
independent standard normal variables which are independent of Y;, N, (%),
and replacing the finite dimensional parameters by their respective estimators,
we obtain

W(t) = (0, (%A@ ) 1(6) ! —1/22 / g5(v, m0)Vi AN (v, B)—

[ daate i s [0 g pvian; )~

n—1/2i/t nVidNi*(U’ﬁ) :
i=1—® 3

1
nty 1{1n X —BTzW >0}

where

n o]
=n"" Z/ 1, X;,—BTz@)Zu}{x(l) - 17(“750)}®2d04(u777)-
i=17
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When approximating the distribution of W, the variables V; are considered as
random and the trajectories {IV;(-), Y;("), ()} as fixed. The conditional (given
{N:(),Yi(), z®}) distribution of W has the same limit as the unconditional
distribution of W. So the distribution of W can be approximated by simulating
samples {V;;i = 1,---,n} while fixing the data {N;(-), Y;(-), z®}.

The supremum test statistic is @ = sup,¢o . | W(t) |- It is supposed that
at the moment 7 the failure and the censoring processes are stopped. Let ¢
be the observed value of Q and let Q = SUPte(o,7] | W(t) |. Then the P-value
P(Q > q), can be approximated by P(Q > q), the latter probability being
approximated through simulation.

If the baseline hazard function is incorrectly parametrized but the AFT
model is valid, then the semiparametric estimator A" (t) converges to the
true A(t) whereas the parametric estimator A®*")(t) converges to a limit
which is different from A(t) at least for some ¢. Therefore the supremum test
is consistent against any mis-specification of the baseline hazard function.

Similarly as in the semiparametric case let us consider the statistics

nooet
D(t,z) = Z/o Lot (u)<ay dMi(u),
i=1

nooat
Utz =3 /0 1 rato (uycay A1),
=1

where M, are the (parametric) martingale residuals
t
36 = Nitt) = [ Vifw) e B)du
0
Set w9 (u,z) = 100 (u)<oy and W) (u, ) = L5700 (u)y <oy - Similarly as

for the above considered statistic W7 (see also Chapter 9.5.3) the statistics
UU)(t,x) can be written

n~Y2U0)(t x) =n 1/22113(”) (t, 2) My (t)—J D (t, x; 00)n*/?(0—00)+0,(1) =

i=1

n~1/2 zn: ) (t,x)M;(t) — JO (t,2;60)(n" " 1(60)) "

n*”zZ/ 9i(v,m0)dM; (v, Bo) + 0p(1),
i=17

where
JD(t,x;60) = 1Zw(ﬂ) t,x) / Yi(u 69 (u,6p)du

As in the case of the statistic W (t), the distribution of UU)(t, x) is approxi-
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mated by the distribution of the statistic

n2OON(t x) = 72N U (8 2)ViNi(t) — J9 (¢, 23 0)(n ™ 1(0)) 7
i=1

n o]
Y [ g Vi ),
i=17 ">

The conditional (given {N;(-),Y;(:),z®}) distribution of n~%/2U") has the
same limit as the unconditional distribution of n=/2U (j).
The test statistic is defined as
T =sup | n 200 (t,2)|.
t,x
The P-values of the statistic T can be estimated through simulation.

The test is consistent against any departure from the assumed parametric
model (Lin and Spiekerman (1996)).

If one of the considered tests rejects the model, it means that there is mis-
specification for some aspects of the model. It can be bad choice of the AFT
model, of the link function r(z), of the parametrization of the baseline function
A, etc.






CHAPTER 13

Estimation in degradation models

13.1 Introduction

Suppose that degradation under the explanatory variable x(-) is determined
by a stochastic process (cf. (3.11))

t

Zoiy ) =Z | [ #*) ds | . (13.1)
/
Set
m(t) =E(Z(t)), muo(t) =E(Zy(t)=m / G as | (13.2)
0

The moment of the nontraumatic failure under explanatory variable z(-) is
Tz(.) = sup{t : Zz(.)(t) < Zo}.

It is the moment when degradation under z(-) attains a critical level zy.
Let Cyy be the moment of the traumatic failure under z(-) and let us
consider the model discussed in Chapter 3:

P{C,y>t|x(s), Zyy(s), 0<s<t} = exp{—/o M Zy(o(5),2(s)) ds}

(13.3)
In the particular case when the values of all explanatory variables are fixed,
the model without explanatory variables

P{C>t|Z(s), 0<s<t}= exp{f/0 A(Z(s))ds} (13.4)

may be considered. In this chapter we consider statistical estimation of relia-
bility characteristics using degradation and failure time data with explanatory
variables. In the case when traumatic failure times and degradation processes
are dependent, this topic was considered by Bagdonavic¢ius and Nikulin (2001)
and Bagdonavicius et al. (2001).
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13.2 Linear path models

Estimation procedures from degradation data using general path models are
given in the book of Meeker and Escobar (1998) We counsider only such topics
which are not considered there.

The intensity of the traumatic failures is characterized by the function
A(z,z) given in (13.3). In the preliminary stage of investigation, the form
of this function is generally unknown. So the problem of its nonparametric
estimation arises. The graph of obtained estimator gives an idea on the form
of it.

We shall consider the most simple case of the linear path model when the
intensity A at any moment depends only on the value of degradation (and on
the explanatory variable via degradation): A = A(z). Generalizations for more
general path models is one of the interesting directions of research.

One of the main applications of the linear path models is related with
analysis of tire wear (degradation). Traumatic failures of tires are related with
the production defects, mechanical damages, fatigue of the tire components,
etc. So the traumatic failures can be of different modes.

The purpose of this book is to give analysis of failure time and degradada-
tion data with explanatory variables. Nevertheless, for better understanding
of further generalizations to the case of data with explanatory variables, we
give at first analysis of failure time and degradation data without explanatory
variables.

13.2.1 Model without explanatory variables

Suppose that under fixed values of the explanatory variables the wear process
Z(t) is modeled by the linear path model

Z(t) =t/A, t>0;

here A is a positive random variable with the distribution function 7.
Suppose that a unit fails because of the natural cause (the degradation
attains the critical level zg) or because of traumatic events of one of s possible
types (modes).
Denote by
T(O) = 20 A

the time of nontraumatic failure, and by T*) (k = 1,---,s) the failure time
corresponding to the kth traumatic failure mode.

The reliability function S (¢) and the mean F(T(?)) of the random variable
7O are

SO =P(TO > t)=1—-n(t/2) E(TY) =2z /Ooadw(a). (13.5)
0

We suppose that the random variables T, ... T(*) are conditionally inde-
pendent (given A = a) and for any k the model (13.4) with C' = T®*) is true.
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So the conditional survival function of T®) is

SE (L] a)=P(T® > t|A=a) = P(T™ > t|Z(s) = s/a) =

exp(f /t /\(k)(s/a)ds) = exp(faA(k) (t/a)), (13.6)
where ’
A0 = [“AO )y
The conditional probability density function of T is
p® (¢ | a) = AB) (t/a)e—2A" W), (13.7)
The failure time of an unit is the random variable
T = min(T®, 7M ... TG)),
Set

Az) = AD(2).
i=1

The survival function and the mean of the random variable 1" are

St)=P(T >t)= /C>O e M) dr (a), (13.8)
t/zo
= ©)y) — Ooa2 m(a h 20 — y)e AW . .
B(T) = BE(T©) / dr(a) / (20 — y)e " VdA(y) (13.9)

Set

o (13.10)
s, if T=1T6

The random variable V is the indicator of the failure mode. The 0 failure

mode is nontraumatic. Other failure modes are traumatic.

13.2.2 Nonparametric estimation of the cumulative intensities

Suppose that the cumulative intensities A®*) are completely unknown. The
purpose is to estimate
A(k)(z),O <z < z.

Suppose that n units are on test and the failure moments T}, the indicators
of the failure modes V; (cf. (13.10)) and the degradation values

Z;=T;/A,; (13.11)
at the failure moments T; are observed. Thus, the data are:

(Tlazlv‘/l)a"'7(TnaZn7Vn)~ (1312)
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The formula (13.11) implies that the degradation rates A; are known. There-
fore the data can be defined as n independent copies of the vector (A, AT, V):

(A17Z17‘/1)a"'7(AnaZnaVn)- (1313)
For k=1,---,sand 0 < z < 2z set

n
NI(2) = 1z,<ovimny-
=1

It is the number of units having a failure of the kth mode before the wear
attains the level z.

Lemma 13.1. Let F, be the o-algebra generated by the random variables
Ay, Ap and NT(Ll)(y)7 e ,Nfls)(y), y < z. Then the counting process N,gk)(z)
can be written as the sum

NOE) = [ ATl + MP ),
0

where

Yo(2) =Y Az = Y A, (13.14)
i=1

Zi>z

and (Mflk)(z), 0 > z > zp) is a martingale with respect to the filtration (F,,0 <
z < zp).

Proof. Let 0 < y < z < zp. It is sufficient to prove that
E(NI(:) - NP ) | ) =B [ AP )Ya(udu | £,).
Yy

Additivity of mathematical expectation implies that it is sufficient to prove
this for n = 1.
If Ay =aand Z; <y then Nl(k) (2) = Nl(k)(y). If Ay =aand Z; > y then

the random variable Nl(k)(z) takes two values, 0 and 1, and (we write a < b, ¢
fora<b, a<c)

PINM() =12 >y, Ay =a} =
P{ay < Tl(k) <az, Tl(l)7 e ,Tl(s) | Ty > ay, Ay =a} =
eaA(y)/ PP (t | a) H Si(t | a)dt = eaA(y)a/ A () e aA W) gy,
ay Y

1#k
Thus,

z
BV 6) - NP | 5} = Lizop [ A @e 0201 gy,

y
Analogously, for u >y

E{]‘{Z1>u} | fy} = 1{Zl>y}€7A1{A(u)7A(y)}7
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thus

E{ / A8 (w)Y; (u)du | 7y} = 4y / B (W)E{1 (7, 50y | Fybdu =
Yy

Y

120 Ar / AK) () e~ A AW =A@} gy
Y

The lemma implies that optimal estimators of the cumulative intensities
A)(2) are Nelson-Aalen type (see Andersen et al (1993),p.p. 177-178 ):

AW (z) = / Y. (y) AN (y)
0
—1
Y v ¥ (24
Z:<z,Vi=k Zi<zVi=k \Z;>Z;

Thus
-1

AP = > 3 % . (13.15)
Zi<z,Vi=k \Z;>2; 7
The estimator is correctly defined if Z; > z and V; = k for some i. If such ¢
do not exist then the estimator is defined as 0.

Note the remarkable fact that for nonparametric estimation of the cumula-
tive intensities we do not need to specify the form of distribution 7.

The estimators A%k)(z) are piecewise-constant right-continuous functions,
i.e. they are random elements of the Skorokhod space D0, zp] (see Appendix,
Section A12). The properties of Nelson-Aalen type estimators are well known
(see Andersen et al (1993)). In our special case the following result holds.

Theorem 13.1. If EA < oo, then the estimator /A\,(f)(z) is consistent, and
the random vector function

\/E(ASS)(Z) - Al(z)a ) A%S)(Z) - Aa(z))

converges in distribution on the space DI0, zg] X - x DI0, z] to the random
vector

(Wi(o1(2)), - Ws(03(2))) .

where
*AW(y)
2(2) = — F(Ae—AAR)
and W1(z),- -+, Ws(2) are independent standard Wiener processes.

13.2.3 Nonparametric estimation of unconditional reliability characteristics

Under the given plan of experiments estimation of the unconditional reliability
characteristics is trivial.
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The survival function S(t) (cf. (13.8)) is estimated by the empirical survival
function

R 1 n
S() =~ > iz
i=1
The mean failure time is estimated by the empirical mean:
— 1 &
ET=T=-> T,.
The probability p*)(t) of the failure of the kth mode in the interval [0,1],

and the probability p*) of the failure of the kth mode in the interval [0, o)
are estimated by:

1< 1 &
~(k _ (k) _
p( )(t) = ; 1{\/1:k,Ti§t}; p( ) = I Zl 1{\/i:k}.

The probability p(*")(t) of a traumatic failure in the interval [0,¢] and the
probability p() of the a traumatic failure during the experiment are estimated
by

1 n 1 n
() ==Y 1o ) = =N 1y o
p(t) n ; {Vi#0,T:<t}, P n ; {V;#0}

18.2.4 Prediction of the residual reliability characteristics

Suppose that at the moment ¢ the degradation level is measured to be z.

Using the estimators of the cumulative intensities obtained from the above

considered experiment, the residual reliability characteristics can be predicted.
For z € [0, zo] denote by

Q(Ast,z)=P(T<t+A|T>t27Z(t)=2) (13.16)

the conditional probability to fail in the interval (¢,¢ + A] given that at the
moment ¢ a unit is functioning and its degradation value is z. This probability
can be written in terms of the cumulative intensity A: for A < #(z9/z — 1)

Q(Ajt,z) =1—exp {—2 (Az(1+A/t) — A(z))} ; (13.17)
if A >t(z0/z—1) then Q(A,t,2) = 1.
The probability Q(A;t, z) is estimated by: for A < ¢(z9/z — 1)
Qait) = 1o { =L (A4 a/0) - n(2) |
if A>t(z0/z— 1) then Q(A,t,z) =1.
For z € [0, zp] denote by
QW(At,2)=P(T<t+AV=Fk|T>tZ(t) =2z (13.18)
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the conditional probability to have a traumatic failure of the kth mode in
the interval (¢,¢ + A] given that at the moment ¢ an unit is functioning and
its degradation value is z. This probability can be written in terms of the
cumulative intensities A(: for k=1, s

min{z(1+A/t),z0}
Q@i =t [ exp{ =2 (A~ AG) | d W)

(13.19)
The probability Q*)(A;t, z) is estimated by:

. min{z(1+A/t),z0} N N ~
OW(Ast, ) = L / exp {—2 (A(y) - A(Z)) } dA™ (y)

ZJz

_ éexp{éf\(z)}

Analogously, the conditional probability to have a nontraumatic failure in the
interval (t,t + A] given that at the moment ¢ an unit is functioning and its
degradation value is z, has the form: for A < #(z9/z — 1)

exp{—éf\(Zi)}Ynl(Zi).

z<Z;<min{z(1+A/t),z0},Vi=k

QU(At,2)=P(T<t+A,V=0|T>tZ(t)=2z) =0, (13.20)
and for A > t(z9/z — 1)
QO (A;t, 2) = exp {—2 (A(z) — A(z))} : (13.21)

The probability Q(*)(A;t, z) is estimated by: for A < t(z9/2z — 1)
QU (Ast,2) =0,
and for A > t(z0/z — 1)

Q0 itz) =exp {2 (M) — ) }.
For z € [0, zo] denote by

QUI(At,2) =P(T<t+ AV £0|T >t Z(t) = z) (13.22)

the conditional probability to have a traumatic failure in the interval (¢,¢+ A]
given that at the moment ¢ an unit is functioning and its degradation value is
z. This probability can be written in terms of the cumulative intensities A(®):
for A < t(z/z—1)

QU (Ast,2) =1—exp {i (A(z(1 4+ A/t)) — A(z))} ; (13.23)
if A >t(z9/z — 1) then

Qi) =1-eo{-L (G -aEf. 320
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The probability Q") (A;t, 2) is estimated by: for A < t(z9/z — 1)

Q(”)(A;t, 2)=1—exp {—é (A(z(l +A/t) - A(z))} ;

if A>1t(z0/z—1) then

QUI(At,z) =1 —exp {—é (A(zo) - A(z))} )

13.2.5 Prediction of the ideal reliability characteristics

The random variable T(©) means the failure time of a tire when all traumatic
failure modes are eliminated. The survival function and the mean of T are:

SO = P(TO > t) =1 —7n(t/z), ET®) =z E(A). (13.25)

The mean F (T(O)) shall be called the ideal resource of the tire, correspond-
ing to the nontraumatic failure.
The survival function S(9)(t) is estimated by

g(o)()_l—ﬂ'n t/z9) = Zl{ZoA >t}
The ideal resource E(T(?)) is estimated by
ET© — zo/ adip(a) = 2 ZAZ-.
0 —

The random variable T(°%) = min (T, T(*)) is the failure time of an unit
when all traumatic failure modes, with exception of the kth, are eliminated.
Note that if ¢t < azg then

P(TOY > ¢ | A=q) = P(T® > | A= a) = e-ad" t/0),

and if t > azp then P(T(°®) >t | A = a) = 0. Tt implies that the survival
function S(°%)(t) of the random variable T(°%) is

oo
SOR () = P(TOW > ¢) = / e~ MY WD) gr(q), (13.26)
/#o

and the mean E(T(Ok)), called the ideal resource of a unit, corresponding to
the kth failure mode, is

[e’e] oo Z0
B(T) = / SOR) (4)dt = / adr(a) / e AV @) gy
0 0 0

It may be written in the form

E(TR) = B(1©) - / a*dn(a) / (20 — y)e~ M WaA® (). (13.27)
0 0
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The estimator of the survival function S(O%) () is

SO0 () — /oo e~aAD /0 gz (g = % ) - ARG (8/4,)
/zo

zoA; >t

The estimator of the ideal resource is

(0K (0 oo zZ0 ~ ~
™" w5 _ / a2di(a) / (20 — y)e M GaAP (y) =
0 0

——(0 N
S LS a Y -zt 5oy ),
Vi=k

i=1

13.2.6 Prediction of the reliability characteristics related with elimination of
particular failure modes

Suppose that the cause of a particular traumatic failure mode is supposed
to be eliminated. Note that elimination of a failure mode may increase the
number of failures of other modes. Indeed, if, say, the kth failure mode is
present then some failures of, say, the Ith mode may be not observed if these
failures are preceded by a failure of the kth mode.

Denote by 70 = min(T©, 70 ... 701 7@+ .. 7)) the failure
time of an unit when the [th failure mode is absent.

Set
ATD(2) =3 A0 (2)
i#l
The survival function and the mean of the random variable T are
SED() = / ¢~ D) g (), (13.28)
/20

oo zZ0
BE(TD) = B(r©) - / a*dr(a) / (20 — y)e 2" WaACD (y). (13.29)
0 0

The estimator of the survival function S(=9(¢) is
Sv(fl)(t) _ /OO efa[\gb—’)(t/a)dﬁ_n(a) _ l Z e*Aif&gl_l)(t/Ai)_
/ZO n z0A;>t

The estimator of E(T(*l)) is

— (=1

B BT L3 S - 2 Ao ),

i=1 Vi #l

Denote by pgﬁ)l) the probability of the failure of the kth mode when the cause

of, say, the [th traumatic failure mode is eliminated. For k = 1,--- s,k # [,
this probability is

(e%e] 20 _1
) = / adr(a) / e MDA @), (13.30)
0



268

ESTIMATION IN DEGRADATION MODELS
and for £k =0

%y = / e M) dn(a). (13.31)
0
The estimator of the probability pgk)

-

n

(0 ZaACD (20) ga 1 —AACD
pgjl)—/o e (O)dw(a):—Ze Aihy™ (0]

n
i=1

The probability of the failure of the kth mode in the interval [0,¢] when the
cause of the [th traumatic failure mode is eliminated, is

*) 0o min{t/a,zo} —aAD (z *)

o0 = [ adn(@ [ e (@)dAP (@) (k14 0, k#1),
0 0
(13.32)
(0) /o )
P9 (1 L/‘ =980 g (). (13.33)
0
The estimator of the probability pgli)l) (t):

k) 00 R min{t/a,zo} CaRCD (@) 14 (k)
Ppt) = adi(a) e~ dAYY (z) =
0 0

1 & CAACD (7 Y

Iva Y ety (k=1)
i=1 Vj=k,Z;<min{t/A;,z0}

and

.(0) t/zo0 —aAlD (20) 14 1 —AACD (20)
p(fl)(t) = e ¥ di(a) = - e Hiftn .

0 i=1,A;<t/z0
The probability of a traumatic failure when the cause of the [th traumatic
failure mode is eliminated, is

r > 2 ACD () a (—
pgt_l)) :/0 adﬂ(a)/o e N @A) (), (13.34)

and the probability of a traumatic failure in the interval [0,¢] when the cause
of the Ith traumatic failure mode is eliminated, is

o min{t/a,zo} .
ﬁ%m:/'mm@/ e M@ ()dAN D (). (13.35)
0 0
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The probability pgtjl)) is estimated by

(tr) _ L A (s
1- - i (),
P oD e
=1
The probability pgtfl)) (t) is estimated by

() (1) =1 = 1 3" e~ AR mintt/Avzab),
- n
=1

13.2.7 Semiparametric and parametric estimation

The graphs of the estimators /A\%k) (z) give an idea of the form of the cumula-
tive intensity functions A®)(z). So the functions A*)(z) may be chosen from
specified classes. Then semiparametric or parametric estimation of the reli-
ability characteristics can be done. Semiparametric estimation is used when
the distribution of the random variable A is completely unknown. Parametric
estimation is used when the distribution of A is taken from a specified family
of distributions.

Analysis of the tire failure time and wear data by nonparametric meth-
ods (see Bagdonavicius et al (2000, 2001)) shows that the intensities A(*)(2)
typically have one of the following forms:

a2’ ag(z — uk)* (13.36)
(production defects and defects caused by fatigue of tire components) or
Br + agz"* (13.37)

(failures caused by the mechanical damages).
Suppose that the function A*)(z) is from a class of functions

AW (2) = AP (2, 3),

where 7 is a possibly multidimensional parameter. For example, in the case
of the classes (13.36)-(13.37) the parameter ~y is (ag,vx), (g, Vg, ur) or
(ks By V)

Suppose that the data are of the form (13.12).

fV,=k(k=1,...,s) then T; = Ti(k) and A; are observed and and it is
known that Ti(l) > Ti(k),l # k. The term of likelihood function corresponding
to the ith unit is

pMU(T | A) [T ST | A paAi) = XB(Z) [T ST | Ay pa(Ay),
I#£k 1=1

where pa(a) is the density function of A. In the case of semiparametric esti-
mation this term is absent.
If V; = 0 then A; are observed and it is known that Ti(k) > Ti(o) = 20A;, k #
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0. The term of likelihood function corresponding to the ith unit is
H SO(Ty) | A)) pa(Ay).
Set

s oL Vi=k k=15
=0, itV;i=o0.

The likelihood function is
n . 5, s
L=TT{ @ TI S @] A paAs),
=1 =1

We write BY = 1 even when B is not defined. Note that
ZA (Z) L=y, SU(Ti| Ai) = exp{—A4; AW (Z,)}.

So

InL = ZZln{w) D} Lviery — ZZA A(Z) +1npa(A;).
i=1 k=1 i=1 k=1

Estimators 4y verify the equations

OlnL <~ 9 - 9
> o A ZiAk)} Lvi=my ?:1: O (Zi5 %)

o I
(13.38)
Example 13.1.

)\(k)(z; Qp, V) = a2’k
The solution of the equations (13.38) is
G = (Up +1)
S T2

and 7y, verifies the equation

" T, Z%n Z; 1

L STV i
S T 2" U+ 1

=1

here

k=Y Lv—n)-
i=1

Example 13.2.
A (25 0, B, vi) = Bre + o™
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The estimators &y, Bk, Uy, verify the equations

—~  Lyvi—i
Zﬁk+aZ”’“ ZT_O

=1 i=1
N g
(uk+1>21m {Vi=k} —;Tizﬂ“ =0,
" Z"™ Iz, - ; 1
D 2 gz T X { Vk+1}

After estimation of the parameters 7y, of the functions A®) (2) = A®) (2, ~;,),
these functions are estimated by

AW (z) = AV (2, 4y,)

Semiparametric predictors of the conditional, ideal, etc. reliability character-
istics are obtained evidently: in the expressions (13.16)-(13.35) of these char-
acteristics all functions A%)(t) are replaced by their estimators A®)(¢), and
the distribution function 7(a) by its estimator

= 1{a,<a)- (13.39)
i=1

The main unconditional reliability characteristics (see Chapter 13.2.3.) can
be estimated using the formulas (13.8), (13.9),

pk) = P(V=k) =
o0
/ dﬁ(a)/ pi(ti ] a) - pm(tm | @)dty - - - dt,,
0 t) <zga,ti, - tk—1,tkt1, " tm
o0 zZ0
= / adm(a) / e M@ AR (), (13.40)
0 0

o) min{t/a,zo}
p®(t) = P(V =k, T < 1) = / adr(a) / " MDA ().
0 0
(13.41)

0 — p(V =0) = ood7T oo (b | @)ty - dt
PO = P >/0 <>/ B0 fult o)ty

m

:/ e *M0)dn(a) =1 — Zp“ (13.42)
0
t/zo
POt =PV =0T<t)= / e G0 dr(a), (13.43)
0
[e%e} 20
P = P(V £0) = / adﬂ(a)/ e M@ A (), (13.44)
0 0

0o min{t/a,zo}
P () = P(V£0,T < t) = / adr(a) / e M@ dA(z). (13.45)
0 0
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Semiparametric estimators of these reliability characteristics are obtained by
replacing all functions A®) () by their estimators A®)(¢), and the distribution
function 7(a) by it’s estimator 7.

In the case of parametric estimation the distribution function 7 is taken
from a specified family of distributions

m(a) = m(a,n),

and the estimators 7 of the unknown parameters n of this distribution are
estimated by the method of maximum likelihood using the complete data

Al?"'aArr

The real data show that the families of the gamma and Weibull distributions
are the good choices. Applicability of a specified family is verified using the
standard goodness-of-fit tests.

Parametric estimators and predictors of the main reliability characteristics
are obtained as follows: in the expressions (13.40)-(13.45) and (13.16)-(13.35)
all functions A®)(¢) are replaced by their estimators A%*)(¢), and the distri-
bution function 7(a) by its estimator #(a) = 7(a, 7).

13.2.8 Right censored data

Semiparametric and parametric estimation can be evidently modified when
units are observed not necessary until the failure (nontraumatic or traumatic).
Observation of the ith unit may be censored at the moment C; (random or
nonrandom). We suppose that at the moment C; the value of the degradation
Z; is measured. So in the case of censoring A, = C;/Z; and V; is not observed.

The likelihood function (supposing that the censoring moments C; do not
depend on the degradation and traumatic failure processes) is

n

L=T[{\"(z) 5€‘HS (T; NGy | Ai) palAi),

i=1 =1
where €; = 11,<¢,} and
5 — 1, fVi=k k=1,...,s,
f0, ifV;=0.
Then

InL= Zslzm{)\(k) )} lpv,=ky — ZZAA Z;) +Inpa(4).
=1 k=1

i=1 k=1

After the estimation of the parameters ; the functions A®*)(z) are estimated
by A®)(2) = A®)(z,4). Semiparametric and parametric estimators and pre-
dictors of the main reliability characteristics are obtained using the same
formulas as in the uncensored case. See, for example, Huber (2000).
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13.2.9 Model with explanatory variables

Suppose that the degradation process Z,.)(t) under the explanatory variable
x(+) is modeled by

t
Za((t) = Ail/ e ds, 20,
0

where A is a positive random variable with the distribution 7.

Denote by Té(().)) the moment of the nontraumatic failure under z(-), and

by Tz(l(c)) (k=1,---,s) the moment of the traumatic failure of the kth mode
under x(-).

We suppose that the random variables T JEE)), e ,TJE‘Z)) are conditionally in-
dependent (given A = a) but depend on the degradation level.

Suppose that the model (13.3) is true for each k. Then the conditional

survival function of Til(c)) is

t s
ng_))(t |a) = P(Tz(’f)) >t|lA=a)=exp {/0 )\(k)(afl/o B () du)ds}

0™ fut (1)
~ exp {a/ O BT 2 (ga) (av.8)) dA(k)(v)},
0

A0 = [TA0 )

0

where

and
gz(-)(tv 5) = f;(1) (tv 5)

is the inverse function of

t
fm(')(taﬂ) :/ e’ =) ds.
0

with respect to the first argument.
If 2 =const then

and

13.2.10 Nonparametric estimation of the cumulative intensities

Suppose that the cumulative intensities Ay are completely unknown.

The purpose is to estimate Ag(2),0 < z < z.

Suppose that n units are on test. The ¢th unit is tested under explana-
tory variable J;(i)(~), and the failure moments T;, failure modes V; and the
degradation levels

Z; = Ai_lfxu)(‘)(Ti,ﬂ)
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at the failure moments T; are observed. So the data has the form
(T1, 2y, Vi @), - (T, Ziy Vi ™). (13.46)

For k=1,---,sand 0 < z < z set

NE(2) =3 N (), NO(2) =Lz vimiy-
i=1
The parameter 3 shows the influence of the explanatory variables on the degra-
dation. The intensities of the traumatic events A*)(z) do not depend on 3 and
the distribution of the traumatic events depend on (3 only via degradation. So
for estimation of the parameter § the data (T, Zy,z1), -+, (Ty, Zn, ™) is
used.
Note that the random variables

Ai(B) = Z7 fuen (T3, B)

are independent identically distributed with the mean, say m, which does not
depend on 3. So the parameter [ is estimated by the method of least squares,
minimizing the sum

i=1
which gives the system of equations

T; )
nZZ /x )BT m(“)du/ BT W) gy
0
T (i) n 1 T T (i)
Yot [ a0 a3zt [T a0 san
0

i=1

If x(’) are constant then this system has the form

n n n
=1 i=1 =1

(13.48)
For estimation of the cumulative intensities suppose at first that the param-
eters (3 are known.

Note that the data (T}, Vi, Z;, 2(9)) is equivalent to the data (7T}, Ni(k) (2), k=
1,...,50< 2 < zo,x(i)). Indeed, the random variables Z; and V; define the
stochastic processes Ni(k)(z), 0 < z < 2. Vice versa, if N(*)(2) = 0 for all
0<z<zpand k=1,...,s,then V; =0 and Z; = zy. If there exist & # 0 and
z; such that N( )( —-) =0, Ni(k)(zi) =1, then V; = k and Z; = z;.

If 3 is known then the data (T}, V;, Z;, (")) is equivalent to the data

(Ai, Vi, Z;, D) and hence, to the data (/1i7Nl-(k)(,z)7 k=1,...,5,0 <
z < 2zp), because the random variables Z;,T;, and A; have the following
relations:A; = Z;/ fo, (T3, 5).
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Let F, be the o-algebra generated by the random variables Ay, -- -, A,, and
N7(11)(y>77N7(lS)(y)7y§Z k k k k
Set f’L = ffc(i)v 9i = Gz(i), Si( ) = S:(E(i))v Sl( ) = Si(q?)'

Lemma 13.2. The counting process N,(Lk)(z) can be written as the sum

N (2) = / Yoy, HA®) () dy + MP(z, B),
0

where
n

Y’ﬂ(zvﬁ) = ZY;H('Z’ﬁ)7

i=1
Yin(z,8) = Ajexp { — 872 (g:(Aiz, 8)) }1(z,52),

and (Mﬁbk)(z), 0 > z > zp) is a martingale with respect to the filtration (F,,0 <
z < 2p).

Proof. Let 0 < y < z < zp. It is sufficient to prove that
z
k k k
BN - MP0) | ) =B [ APy (udu | £,).
y

If Ay =aand Z; <y then Nl(k) (z) = Nl(k)(y). If Ay =aand Z; > y then
the random variable Nl(k)(z) takes two values, 0 and 1, and

PINM(:) =112 >y, Ay =a} == P{NP(z) =1| Ay =a,T1 > g1(ay, f)} =

= P{gi(ay, B) < TV < gi(az,8), TV, -, T | Ay = a, Ty > g1 (ay, B)}

. g1(az,B)
- — [ i Ise aa -
1151 (01(98) | @) 5 iy e
y z
. {a/e_BTx(l)(gl(au76))dA(u)}a/)\(k)<’[))><
0 Yy

v
eXp{ . / eﬁTI(”(gl(au,ﬁ))dA(u)}eBTI“)(m(av,ﬁ)) .
0
So
Y
E{Nl(k)(z) ~N® ()| Fy} =1i{z7,5,} €xp {A1 /e—ﬁTm“)(gl(Aluﬂ))dA(u)}><
0
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A /)\(k)(v)exp{ Al/eﬁTI“)(Ql(Alu:ﬁ))dA(u)}eﬁTx(l)(gl(Alv»ﬁ))drU'

Y
(13.49)
If Ay =aand Z; <ythen 1;4,5., =0.If Ay =a, Z; >y then for v >y

P{l{lev}=1|A1 Za,Zl >y} ZP{Zl Z’U|A1 za,Z1 >y}

Yy v
= exp {a/e_ﬁTz(l)(gl(a"”B))dA(u)} exp{ _ a/e_ﬁTf(l)(gl(a“vﬁ))dA(’u,)}.
0 0

z Yy

B{ [0 du] £} =1z e {ar [ o an by
Y 0

z

Al/)\k(v) exp{ _Al/e—BTw(l’(gl(Alu,B))dA(u)}e—BTw(l’(.th(Aw,ﬁ))dv.

Y 0
(13.50)
The result of the lemma follows from the equalities (13.49) and (13.50).
Corollary 13.1. If 8 is known the optimal estimators of the cumulative

intensities are ~
AP = Y vP(Z,0)"

i:ZiSZ7Vi:k

£i(T5,8) - -
= > (Z %exp{—ﬂTx(J)(Tj)}) . (13.51)
i:2:;<z,Vi=k \j:Z;>2Z; J

Remark 13.1. If z;(t) = a; = const (i = 1,...,n) then the estimator
(13.51) does not depend on B and is:

z

A (k) N
Aﬁﬁ(z)z/%: > ( > %) : (13.52)
0

i:Z;<z,Vi=k “\j:2;>Z; 7

Remark 13.2. If the degradation values are measured at the moments of
switch-ups from one constant value to another then under the piecewise-constant
explanatory variables the estimators (13.51) can be modified to obtain estima-
tors which do not depend on (3.

Indeed, suppose that the explanatory variables (%) () have the form

2 (t) = xl(i)7 t e [tii—1,ta),

where 0 < t;0 < tjn < ... <tim, =00 and ZCgi), ... ,x%)z are constant explana-
tory variables. Lemma 13.2 implies that

Yz(rf)(z) = Aieiﬁ%m(gi(AiZ’B))l{Z;>z}~
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Note that

tig—1 < gi(Aiz, B) <ty <= fi(tii—1,0) < Aiz < fi(tu, 5).

So
_ET (i)

Y (2) = Ase 1(z,>2

when
A7 filtia—1,B) < 2 < A7 fi(ta, B).
Suppose that at the moments ¢;; < T; the values of degradation are measured.
Set
Zy = Z(tu) = A7 fitu, B).

Then
ti
AZy=Zy—Ziy—q = A7 / 871" g = A7 Lef'e ”Atzl,
tii—1
which implies
() AZ;
A7t :
Atzl

here Atil = til — ti,l—1~
So the function Yz(nk)(z) can be written in the form

k Aty
Yl(n)( )= Ay 17,52y,

if Zijj1 <2< Zy, 1—1,..., 1, where
i = max{l : ti,l—l S E} and ZUM = Zz

We have

Aty

V¥ (z) = A ~ Mzi>220, <2<z}

The estimator A%k)(z, B3) does not depend on 3 and can be written in the
following form

wo- - > (xx 3)

i Zi<zVisk NjiZ; 22 A< Zi<Zy

(13.53)
Note that under known 3 the triplets (T3, V;, Z;) are equivalent to the triplets
(T;, Vi, Zy, 1 = 1,...,u;), because

Z;
(T B5)°

So the adding of the measurements Z;;, [ # u; does not change the filtration
considered in Lemma 13.2.

!
AZy = Ny, Zy = > AZ.
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If the explanatory variables are more complicated time-varying and the data
are (13.46) then the estimators of the cumulative intensities are obtained from

replacing 8 by / in (13.51):

A o o [ NP w) ;
AP =AP 8 = | —5—F = (YV,"(Z;, )"
O/ v,¥ (y, B) i:Zigzz,:Vi:k

- ¥ (Z BT e - frat fg( B), 5))})1.

:2;<z,Vi=k “j:Z;>7Z;
(13.54)

13.2.11 FEstimation and prediction of the reliability under given explanatory
variables

Estimation and prediction of the reliability under given explanatory variables
is done similarly as in the case when the explanatory variables are absent.

Indeed, all reliability characteristics (13.8)-(13.9), (13.16)-(13.35), (13.40)-
(13.45) can be rewritten to this more general case. For example, the survival
function S,(.) under the explanatory variable T} (. generalizes the survival
function S(¢) (cf.(13.8)) and is

00 a ' foiy(t,8) -
Sz(o(t) :/ exp —a/ e 2920 @B gA (1) b dr(a),
0

t/Z()
(13.55)
the probability p(lz)) of a failure of the kth mode under x(-) generalizes the
probability p*) (cf. (13.40)) and is

Po) _/ adw(a)/ "B 20200 02,0
0 0

exp {—a/ eBTx(g“"(““’ﬁ))dA(u)} dA®) (2),
0

the conditional probability
Qx(_)(A;t,Z) = P(Tm() <t+A | Tx() > t, ZE()(t) = Z) (1356)

to fail in the interval (¢,¢+ A] under x(-) given that at the moment ¢ a unit is
functioning and its degradation value is z generalizes the probability Q(A;¢, z)
(cf. (13.17)) and is:

fz(.)(H»A,ﬁ)

z(-) (L RO
Qx()(Aatyz) =1- exp _M/ Ta(y &5 e ﬁTﬂT(gz(')(av,ﬁ))dA(v)

) 2
otherwise Q(A,t,2) = 1.
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And so on. Expressions of other reliability characteristics can be found
in Bagdonavicius et al (2001). Estimation of them is evident: the unknown
parameters 3, cumulative intensities A*), and the distribution function 7 are
replaced by their estimators in all expressions. The estimator of 3 verifies
the equations (13.47) or (13.48), the estimators of A*) are given by (13.51),
(13.52) or (13.54), and the estimator of 7 is

fla) =3 Littipr<azy
i=1
Semiparametric and parametric estimation procedures considered in 13.2.7
and 13.2.8. can be generalized (see Bagdonavicius et al (2001)).

13.3 Gamma and shock processes

In general path models the finite-dimensional distributions of the degrada-
tion process are degenerate. It is not so in the case of most other processes
such as gamma and shock processes. Now we shall follow Bagdonavi¢ius and
Nikulin (2001). Suppose that the model (13.3) with degradation process de-
fined by (13.1) is considered. Assume that finite-dimensional distributions of
the stochastic process Z(t) are not degenerated.

The function A(z,x) is supposed to have a specified form, for example, one
of the forms (3.19), (3.21), (3.23), (3.28), (3.31).

13.3.1 Data and likelihood structure when the form of the mean degradation
form is specified

Suppose that n items are observed. The ith item is observed under the vector
of explanatory variables z(")(-) = (xgl)(-), . ,xgl)(~))T, and at the moments

O0<tipn <tip<..< tim;

the values Z, .y (ti;) of the degradation level are supposed to be measured
without errors.

The values of explanatory variables are supposed to be observed during the
experiment. Most often they should be constant in time or step-functions.

Set

Zz(t) = Zﬂi)(,)(f), Zij = Zl(t”)

The value Z;; is measured if a traumatic event does not occur in the interval
[0,t;;] and Z; j_1 < 2. The value Z;; is not measured if a traumatic event
occurs before the moment ¢;; or Z; j_1 > zo.

Denote by C; the moment of the traumatic failure of the ith unit. Set
AZij = Zij — Zij—1, Zi0 = 0, tim;+1 = 00.

The structure and the size of the data is determined by the following non-
intersecting events:
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1) Ajo: a traumatic failure occurs before the moment ¢;;. Then only the
moment of the traumatic event C; is observed;

2) A;; (j=1,---,m;—1): atraumatic event occurs in the interval (¢;;,t; j11]
and Z;; < zg. Then the values of degradation Z;;, -, Z;; and the moment of
the traumatic event C; are observed.

3) Bij (j = 1,---,m,;): a traumatic event occurs after the moment ¢;;,
Zij—1 < 2o, Zij > %o. Then the values of degradation Z;;, - - -, Z;; are observed
and the moment of traumatic event is censored at the moment t;;, i.e. it is
known that C; > t;;.

Denote by n; the observed number of degradation measurements of the ith
item. Set

5 — 1, if the traumatic event of the ith item is observed,
“7 1 0, otherwise.

Take notice that
Ay ={m=j.0=1}, (G=1-,m—1),
Bij={ni=350=0} (G=1,--,m),
Ap={n=0,6;, =0} ={n; =0}.
Suppose that the function m(t) is parametrized via parameters v = (Yo, ..., Ym )’
m = m(t;7),

and it is supposed to be continuously differentiable. Then the mean degrada-
tion under z(-) has the form

t
mz()(t7ﬁa’7) =m (/ @ﬂTz(s) dS,’y) )
0

For example, in the case of the model (3.1)
tij tij—1
Ami; (8,7) =0 / B gs 4 1 exp{—72 / eBT“‘m(S)dS}

2
tiyjfl 0

tij
(1 — exp{—"2 / RO ds})
tij—1
Denote by 7,y = E{T, | #(-)} the mean time needed to attain the level
zo under z(+).
Our purpose is to estimate reliability characteristics

My (), Se(y®)s Ta()y Qu(y(t),  Ga()(D),
and the coefficients 3;, where z(-) is possibly different from e (), - 2 ().
The coefficient 8; shows the influence of component z;(-) of the vector z(-) =

(zo(-), .. xé())T on the degradation.
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In what follows we denote by px the probability density function and by
Fx the cumulative distribution function of any random variable X. Set

o0
pCi>t,Zi1,...,Z”~(Zilv"'7Zij):/ pCi,z“,...,zw(U;Zilv~-~inj)dU-
t

On the sets Ao, A;j (j=1,---,m;—1) and B;; (j = 1,---,m;) the likelihood
function has respectively the following forms

L= Hpcz: (Cz)a
=1

n
L= Hpciyzily-wyzij (Clv Zila ) Zij)a
=1
and

n
L= Hpci>tij7zi17---;Zij (Zﬂ? ) Zij)'
=1

Thus, the likelihood function given (M (-),---, 2™ (.) is

- ki ;i (1—F;
L=]]vé (Cz')Pciz“,.?.,zU (Ciy Zixy ooy Zij) | j=ns %
=1
1-6;)(1—k;
P(ci>t,.,)j(,z“,..).,zij (Zit, s Zij)|j=n, - (13.57)

where k; = 1,0y and A® = 1, when A is not defined. The parameters to
be estimated are the parameters of the function A(z,z) and the parameters
of the process Z,(.)(t).

13.3.2 Estimation of degradation characteristics and reliability when
traumatic events do not depend on degradation

Suppose that the traumatic event intensity does not depend on degradation.
Then the likelihood function (13.57) has the form

* - it (1—k;)d; —ki —ki
L) = [[pet %) Séik)(tini)p(zlﬂf..),zij(zﬂa---aZij)lj:m- (13.58)
=1

Example 13.3. Gamma process.

The density function of degradation measurements has the form:

J
PZir,. Zi; (Zids ooy Zij = HPAZ“ (Azy),
=1

where

PAzZ;; (5:0) = Syij(e)ileis/ai s> 0,

L (i(0))o(0)
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Amij(ﬂa"/)

o2

V’L'j (/67 77 02) =
and

Ang(ﬁv’Y) = ml](ﬁa')/) - mi,j—l(ﬁ77) =

tij tij—1
m /6’3T$(i>(5) ds;v ] —m / B =) ds;vy
0 0

Set 0 = (BT,~4T,02)T. If the model (3.19) is considered then the likelihood
function depends on the parameters 6* = (0, «p). In the case of the model
(3.21) the likelihood function depends on 6* = (6, 3*).

Example 13.4. Shock process
The density function of degradation measurements has the form:
PZir,Zi; (Zils ooy 2ij) = DAZay o020 (AZity oy Dzig).
Set . ‘
sij (5) =/ W du, s(8) =0,
For Az = ... = Az;; = 0: ’
PAZy,... A2, (A%, ..., Azij) = P{N(s:;(3)) = 0};

for Azigy, .oy Azig, >0, Azyy =0, 1 F kq, .. ks, 1 <k < .. ks < J;

PAZi,.. .02, (D21, 0y Azyj) = E E g, (Ziky ) -+~ g1, (Zik, ) ¥
=1 =1

P{N(sir,(8)) = N(sit,-1(8)) = b1, -+, N(si, (8)) = N(si,-1(8)) = L,

N(sa(B)) = N(sii—1(8)) = 0,1 # ky,- - kg};
for Azj1,...,Az;; > 0:

PAZir 5755 (Dzit, ooy Dzij = Z Z gi, (zi1) =+ gi; (i) %

L=1 ;=1

P{N(si1(B)) = N(si0(8)) = l1,---, N(si;(B)) — N(si5-1(3)) = l;}.
In the particular case when N(t) is an homogenous Poisson process with the
parameter A, and X, have exponential distribution with the parameter u we
have: for Az;; = ... = Az;; = 0:

PAZi,...AZ,; (Azit, oy Azig) = exp{—Asi5(0) };
for Azigy sy Azig, >0, Azyy =0, 1 F k1, ks, 1 < by < ks < J;

PAZi,. .02, (AZi1, oy Azij)

= exp{ sy (8) — (D ot Az [T S D515 >(l sif)m))}“
r=11,.=1
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for Az, ..., Az;; > 0:
PAZir,.. .02 (A%, -0, Dzij)

Sir(B) — Sir—1 be
= exp{~Asi; () — p(Azia + . +AZW}H 3 Dl l 3@ e N
r=11,=1 '

Denote by 6* the maximum likelihood estimator of §*. Then the estimators
of my()(t), Sy (t) and 7,y are
t
Mg (t) =m /eﬁ%(s) ds;y |,
0
?z(.) = sup{t : fl\’LI(.)(t) < 20}, Sz(i)(t) = Sx(.)(t, 0).
For example, in the case of the gamma-process

. 1 ) w0 AQ
S (1) = 2ym(.)(t)/ ey (t)—=1,—2/5 d
OO =5 0w, T e

where Dy (t) = 1, (t) /62

In the case of shock models

o0
Suin®) = 3. Gulz0) PN (o (1)) = i},

i=0
where Go(zp) = 1 and an estimator of this survival function is obtained by
replacing unknown parameters by their maximum likelihood estimators. For
example, in the particular case when N(t) is an homogenous Poisson pro-
cess with the parameter A\, and X, have exponential distribution with the
parameter u, we have:

A st BT a(u )\ B w(u d ! ~
Sm() (t) = e_Afo < du { Z { Mfl] j 1 u} / l_le_uvd’l)} .
- 0

For the model (3.1

the estimators of () and G,y are

9)
Q) =e %t G,)(t) = Q(t) Sz(-)(t)
3

and for the model (3.21) the estimators of Q .y and G,y are

Qu() (#) _exp{ S 8}’ Gr(,)(t)sz(.)(t) St ()

Asymptotic properties and confidence intervals

Asymptotic properties of the estimators are obtained using standard likeli-
hood theory and the Fisher information matrix.
Set N
~ 0% In L(6*
1(6*) = 7“72().
00*
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When n is large, an approximate (1 — a)-confidence interval for mg,.)(t) is:

~ o~

N G N G
(M (8) eXP{*WU&—a/z}, Mg () (t) exp{mwl—a/Q})v

where w_q/7 is the (1 —a/2) — quantile of the standard normal distribution

and
(2Tt @ 71 ) 2Te00)
00* 00*

An approximate (1 — «)-confidence interval for 7,.) is:

~2
O't—

N Ury . _ U,
(Tz(,)exp{—?x(.)i/)ﬁ%—a/z}, Tx(.)eXp{?I(_)i/)ﬁyl—a/z});

where

18.8.8 Estimation of reliability and degradation characteristics when
traumatic events depend on degradation

At first we suppose that the intensity of traumatic events depends linearly on
degradation and does not depend on explanatory variables:

t
Gyy(t) =E {exp{—aot — al/ Zy(y(s)ds} 1z, (t)<z0} | z(s), 0 < s < t} ,
0

is considered. We assume also that Z,.)(0) = 0.

The parameter « characterizes the influence of degradation on the intensity
of traumatic events.

Set 0* = (07, ap,a1)T and Ar; = maxi<j<m, At;. The formula (3.24)
implies that for small Ar;, for all ¢ € [t;;,%; j+1) and

Zin < .. < Zij < zy, Zin=0, (] =1,....m; — 1),

we have
P{C; >t |2W(s), 0<s<t, Zin,..., Zij}
~ exp {—Oéot — Q1 (Sij + Zij(t — tij))} s
where
1J
Sij = 3 ;(Zi,kq + Zi) Atig,  Sio =0, Zjo=0.

This approximation is used because of the fact that the o-algebra gen-
erated by z(s), Zy), 0 < s < t is near to the o-algebra generated by
x(8), Zi1s ..., Zij, 0 < s <t and the integral f(f Zy((s)ds is near to the sum
Sl'j + Zij (t — tij) when A7; is small. For ¢t = ¢,

P{C; > t]| x(i)(s), 0<s<t Zi,.yZim, } = exp{—aot — Sim, } -



GAMMA AND SHOCK PROCESSES 285

The formula (3.27) implies that for all ¢ € [t;;,t; ;41) (j =0,---,m; — 1)
the conditional density of C; is
Pc, |z (s), 0<s<t, Zi1y. 0 Zij (t)
~ (a0 + a1 Zi;) exp {—aot — o (Sij + Zij(t — ti;)) }
and for ¢ € (0, til);
Pzt (s), Ogsgt(t) ~ Qg em ot
Then the likelihood function is approximated by the function:

HPZ : Ziry s Zig3 0) =g, €20 V170 Sont Zun (Vimtin) )

(ap + 1 Ziy, Fit 0=k (13.59)

Ci, si §i:1
‘/i{tim, si 5120

where

Let 8* = (, &) be the maximum likelihood estimators. The estimators Mg (1),
S”m(.)(t) and 7,.)(t) have the the same forms as in the previous section; the
expressions for 0* are evidently different.

The survival function of the time to failure G,.y(t) is estimated by the
statistic

t
Gx()(t) = exp {fyot - @1/ mx()(s)ds} l{mx()(t) < Zo}.
0
For example, if x(t) = x = const and m/ (t) = vo + y1e~ 2, then
m(t) = vt + ﬂ(1 —e )
72

and

~ A Ta 3T m 71 71 7[3 e eéT’”t
Gy (t) = exp {—aot — d1[50e®" —|— —t+ (e -1) } X
© : 2 Y2 et ]

- 5 . _3T,
1{F0e? 7t 4+ (1 — o927 7y < o0,
Y2
Now we suppose that the intensity of traumatic events at any moment t
depends not only on the level of degradation but also on the values of the
explanatory variables at this moment. So, we consider the model (3.30) and

suppose that
t * T
Gmﬂw_E{mM—/eﬁx®ﬂ+a&M@M§x
0

1wmwkmﬂw@%0§sSﬁ,

where the parameters 3* = (G5, -, 3)? and a show the influence of ex-
planatory variables and degradation on the intensity of traumatic moments,
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respectively. The intensity at the moment ¢ would be e’\Tx(t), if degradation
were absent.

The approximation of the likelihood function (13.59) is generalized simply
to this more general case. Set 0* = (0, a, 5*). If the A7; are small, then the
likelihood function can be approximated by the function

5T ()
l_AIZZ)ZLl7 ZLJ Zi1, s Zij )|J mexp{/ ) dy—

i

% Z(Zi,kqeﬁml(i)(t“‘*l) + Zige T )y
k=1

Zm(eﬁmxm(vi) — eﬁ*%m(tm)]} (6’6*%“)(“"")(1 + aZyy, ))

of
ki+0;(1—k;)

(13.60)
The estimators 771,y (t), Sy (t) and 7,(.)(t) have the the same forms as in
previous section.
The survival function G .)(-) is estimated by the statistic

t Ax T
Gy (1) :exp{—/o eI T (14 Qg (5))ds} 1{rng (1) < 20}

The influence of increasing degradation on intensity of the traumatic process
can be nonlinear. The methodology of estimation is the same. For example, if
the model is

Guy(t) =E {exp{/o A (Zx(‘)(s),x(s)) ds}l{zx(,)(t)go} | z(s), 0 < s < t} ,

with the intensity
Az, z) = eﬂ*Tw(l + a129?),

i.e. with power rule influence of degradation on the intensity of traumatic
events, then, in constructing the likelihood function, the integrals in the con-
ditional survival functions are approximated in similar manner to the linear
case.

18.83.4 Estimation when the form of the mean degradation is unknown

Suppose that the mean degradation mx(_)(t) is completely unknown.
Denote by g, (t,0) = f;(l) (t,3) the inverse of the increasing continuous
function (given x(-))

t
fﬂc(')(tvﬁ) :/ e’ =W du.
0

For all z(-) the process
Zo()(ga(y (1) = o?(t)
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is a gamma-process which does not depend on z(-) and

B {Zo() (900 ()} =m(t), Var {Zy) (o))} =om(t),  (1361)

where m(t) is a completely unknown function.
As a rule the explanatory variable x is constant in time or a step function.
If 2(t) = « = const, then

folt ) = ¥t gu(t:8) = et
If () is a step function of the form
x(t) =2, te€l[si,s] (I=1,..,135 =0),
then
Foy (6:8) = 874 (B) + ¢ 1 (t = si1), £ € [sin, 8]
90y (6:8) = si1 + e Tt = 5T (8)), €[5 (9), 57 (B)),

where
Zeﬁ zJ i T Sj— 1) l:17"'7ri7; 53(5):0

Suppose that the data are the same as in the previous section.
The process Z;(t) = Z,)((t) is defined on [0, ¢;,,]. The process

x

-
5 - t—=tij
Zit)=>_ {Zi(fi,jl) + ﬁ%(tzj) - Zz'(tm‘l))} x

j=1
L, o) (Ot < Uik,
is a piecewise-linear approximation of the process Z;(t) and is also defined on
[077115“112;] .equalities (13.61) imply that for all i =1,....,n
E{Zi(g:(t.0) } ~m(t), Var{Zi(g.(t.5))} ~ om(t),

if the differences At;; are small; here g; 1= g, . Set fi := fom.
The processes Z;(gi(t,3)) are censored at the moments t;(5) = g;(tin,, ).
Order these censoring moments:

ty(B) < <ty (B)-
For ¢ € [0,t7,)(B)) set

and for t € [t{;_,)(8),1(;)(B)) set
m(t, B) =
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n

- s 1 - . .
m(ti—n(B) + ———— Z (Zi(gi(tvﬁ)) - Zi(QiU(j—l)(ﬁ)vﬂ))) :
n—j+1
it (B)>17,_, (8)
Obvious modifications can be made if there are ex aequo among these censor-
ing moments.
Let us consider, for example, the case when the degradation process is

gamima. Set AZij = Z,’j - Zi,j—l- Then AZ” = O'A’yij
NG
A’YU ~G (17 M) = G(lvyij(ﬁvg))7
g

where
Amij(B) = m(fi(tij; B); B) — m(fi(tij—1; B); B)-

For the models (3.20) and (3.22) the likelihood function is written in the
form (13.58) and for the models (3.23) and (3.28) in the forms (12.59) and
(12.60), respectively, with only the difference that v;;(0) (defined in Example
13.3) are replaced by

vij(0) = Amg;(8)/o,
where
Arngi(8) = m(fi(tij; B); B) — m(filtij—1; B); B).
Denote by 6*, the maximum likelihood estimator of the parameter 8*. The
function m(t) is estimated by the statistic 7 (t) = m(t, 3) and is defined for
all ¢, such that

n

tim’, A f
Z 1{t < / et )(“)du} > 0.

i=1 0
The estimator of the mean degradation m,.y(t) under any explanatory vari-
able x(-) is estimated by the statistic

t
iao () = il |7

and is defined for all ¢, such that

n t ting  op o
Z 1{/ P H W) gy < / ef" e’ )(“)du} > 0.
i=1 70 0



APPENDIX A

Some results from stochastic process
theory

A.1 Stochastic process. Filtration

Definition Al. A collection of random variables X = X (t),t > 0 defined on
the same probability space (U, F,P) is called a stochastic process.

Definition A2. For any fived w € Q the real function {X (-, w)} is called
the path of a stochastic process X .

An event occurs almost surely (a.s.) if it occurs with the probability one.

Definition A.3. A stochastic process is

1. Cadlag, if its trajectories are right-continuous with finite left-hand limits;
2. Caglad, if its trajectories are left-continuous with finite right-hand limits;
3. Square integrable, if supg<,.o E{X(t)}?* < oo ;

4. Bounded, if supy<;<o. | X(t) |< C =const a.s.

In Chapter 4 it was noted that right censored data may be presented in the
form

(X1,01), -+, (X, 0n). (A1)
or, equivalently,
(N1(2), Y1 (t),t = 0), -+, (Nn(t), Ya(t), £ > 0), (A-2)
where
Ni(t) = 1yx,<t,5,=1}, Yilt) = Lix,>0, Xi=T;ANCi, 6 =1T; < gi}é)

T; and C; being failure and censoring times of the ith unit (i = 1,---,n). The
random variables T; and C; are supposed to be defined on the probability
space (2, F,P).

Note that N(t) = > | N;(t) and Y (¢t) = Y1, Y;(t) are the number of
observed failures in the interval [0,¢] and the number of units at risk just
prior the moment ¢, respectively.

The stochastic processes N; and Y; show dynamics of failures and censorings
over time. If the values of {N;(s),Yi(s),0 < s < #¢,4=1,---,n} are known,
the history of failures and censorings in the interval [0, ¢] is known. The data
(1.2) gives all history of failures and censorings during the experiment. The
notion of the history is formalized by the following notion of the filtration.
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Denote by
Fr = 0{Ni(s),Yi(s),0 < s < t}
the o-algebra generated by N;(s),Y;(s), 0 < s <.
The o-algebra F; contains all events related with failure and censoring

processes which can occur until the moment ¢.
It is clear that F, C Fy C F, 0<s<t.

Definition A4. The family of o-algebras F = {F;, t > 0} is called the
filtration (or history) generated by the data (1.2).

Definition A5. A stochastic process is adapted to the filtration F if for any
fized t > 0 the random wvariable X (t) is Fi-measurable, i.e. for any Borel set
B of R the event {X(t) € B} € F;.

If a process is F-adapted then its value is known at the moment ¢ given the
history in the interval [0, ¢].

A.2 Counting process

Definition A.6. An adapted to a filtration F process {X(t), t > 0} is called a
counting process if X(0) =0, X(t) < oo a.s. for allt > 0, and its trajectories
are right continuous nondecreasing piecewise constant with jumps of size 1.

The processes N; and N are counting processes.

Definition A.7. A multivariate process (X1(t), ..., X (t), t > 0) is called
a multivariate counting process if each X; is a counting process and no two
component processes jump at the same time with probability one.

We suppose that the failure times 7T; are absolutely continuous random

variables, so (N1(t), ..., N, (t)) is a multivariate counting process.

A.3 Stochastic integral

Let Y = Y(t,w),t > 0,w € Q be a cadlag finite variation process, i.e. with
cadlag paths and such that for all w € Q,¢ > 0 the supremum

SUPZ | Y () — Y(ti1) |

is finite; the supremum is taken with respect to all partitions 0 = ¢y < t; <
-+« < t,, =t of the interval [0, ¢].

In this book the stochastic integral of the stochastic process X with respect
to the stochastic integral Y:

/ X(u)dY (u) = X(u)dY (u),
0 [0,¢]
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is understood as a pathwise Lebesque-Stieltjes integral. By convention, Y (0—) =
0, so
0
/ X(u)dY (u) = X(0)Y(0).
0

If the paths of the process Y are right-continuous step-functions (in particular,
if Y is a counting process) then

t
/ Xy () = 3 X(r)AY (r); (A1)
0 i <t
here 7 < -+ < 7y, are jump points of Y, AY (1;) =Y (r) — Y(7i-1).

If a cadlag finite variation process

¥ (u) = /0 ' Z(w)du

is a pathwise Lebesque integral of a process Z(u) then

/X )dY (u /X (A.5)

Integration by parts formula. If both X andY are cadlag finite variation
processes then

/O X (u—)dY (u) = XY (t) — X(0)Y(0) — /0 Y(dX(u)  (A6)

=X@)Y(t) - / Y(u—)dX(u) = > AX(u)AY(u).
0<u<t
Estimating parameters and testing hypothesis we need properties of processes
of the type
U(t) = (Ur(t), ... Un(8))T,

where

0=> Uy, Uij(t):/o Hy(u)dMy(u) (i =1,..m), (A7)

H;; are left-continuous processes, and

M;(t) = N;(t) — /0 Yi(u) i (u)du. (A.8)

Properties of the process U(t) can be studied using the fact that U;(t) are
(local) martingales. To define the notion of a martingale we need the notion
of the conditional expectation.

A.4 Conditional expectation

Suppose that the random variable X has the finite mean E(X).
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Definition A.8. The conditional expectation of the random variable X with
respect to the o-algebra Fy C F is a random variable Y, denoted by E(X | F),
such that

1. 'Y is F; measurable;
2. E(XlB) = E(Y].B) f07" all B € .7:75.

The conditional expectation exists and is a.s. unique. It minimizes the dis-
tance E(X — X )2 in the class H; of all 7, - measurable random variables
X.

The random variable X is not necessary JF; - measurable. The conditional
expectation Y = E(X | F;) is the nearest to X random variable which is F;
- measurable.

Properties of the conditional expectation:
a) E{E(X | 7)} = E(X);
b) for s <t
E{E(X | F,) | i} =E{EX | 7) | s} = E(X | %) as.
c) if Y is Fi - measurable, then
EXY |F)=YEX|F) as.,
i particular
EY |F)=Y as.
d) if a,b € R, then
E(aX1 + bXo | .7:,5) = aE(Xl | .7:,5) + bE(XQ | .7'});
e) (Jensen’s inequality). If g is a convex real-valued function then
E(9(X) | F) = g(E(X | F7));

f)if X <Y then B(X | Fy) < B(Y | F);
g) if A € F is an atom of F, (i.e. P(A) > 0 and P(B) = P(A) or
P(B) =0 for any B C A, B € F;) then for almost allw € A

E(X | F)(w) = 5 B(X14).

P(4)

A.5 Martingale

Definition A.9. A cadlag process M(t), t > 0 is called a martingale (sub-
martingale) with respect to the filtration F if

1. M is adapted;

2. E|M(t)] < oo forall0 <t < oo

3. EM(t)| Fs)=M(s) (EM(t)|Fs)>M(s)) as. forallt > s> 0.
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So the process M is a F-martingale if, for any t > s > 0, F, - measurable
random variable which is nearest to M (t), is M (s).

The conditional mean E(M (t) — M (s) | Fs) does not depend on the history
up to the moment s and is equal to 0.

The counting processes N; are nonnegative right-continuous F-submartingales
because N;(t) — N;(s) > 0 for any ¢t > s > 0 and hence E{N;(t) — N;(s) >0
F}>0.

A.6 Predictable process and Doob-Meyer decomposition

Definition A.10. A process {H(t,w), t > 0,w € Q} is predictable if it is
measurable with respect to the o-algebra on [0,00) X Q generated by adapted
left-continuous processes.

In particular, left continuous adapted processes and deterministic measur-
able functions are predictable (see Fleming and Harrington (1991), Andersen
et al (1993)). Namely such predictable processes are usually used in this book.

If H is a predictable process then the random variable H (t) is F;_-measurab-
le; here

Fi— = c{N;i(s),Yi(s),0<s<t,i=1,---,n}.
So the value of a predictable process is known at the moment ¢ if the history
in the interval [0,¢) is known.

Suppose that the process H has the form:

H(t) =7 l(a,b] (t)»

where Z is a F,-measurable random variable and 0 < a < b are fixed num-
bers. It is left-continuous and F-adapted, hence F-predictable. Predictable
processes which are sums of finite number of such processes are called simple
predictable processes. It can be shown that any bounded predictable processes
can be written as the limit of increasing sequences of simple predictable pro-
cesses.

We shall use the famous Doob-Meyer decomposition of submartingales as
sums of predictable processes and martingales.

Theorem A.1l. (Doob-Meyer decomposition). Let X be a right con-
tinuous nonnegative F-submartingale. Then there exists a right-continuous

martingale M and an non-decreasing right-continuous predictable process A
such that E(A(t)) < oo and

X@t)=M@)+Al) as.

for any t > 0. If A(0) = 0 a.s. then this decomposition is a.s. unique, i.e. if
X*(t) = M*(t) + A*(¢t) for any t > 0 with A*(0) = 0, then for any t > 0,

P{M" (1) # M(t)} = P{A"(t) # A(D)}.

The process A is called the compensator of the submartingale X.
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Let us consider the data (A.2). The counting processes N; and N are sub-
martingales. Let us find their compensators with respect to the filtration F
generated by the data.

Theorem A.2. Suppose that

1) the failure times Ty, -- -, T, are absolutely continuous random variables;
2) the failure times Ty, - - -, T, and the censoring times C1, - - -, Cy, are mutually
independent.

Then the compensator of the counting process N; is

Ai(t):/o Yi(u) o (u)du. (A.9)

Proof. Let us consider the process M;(t). We skip the index ¢ in all expres-
sions. Let us show that M(t),¢ > 0 verifies the three axioms of a martingale.
N(t) is evidently F; - measurable. Let us consider the integral

At) = /0 Y(u)a(u)du = A(X At);

here .
At) = / a(u)du.
The random variable X At is F; - me(;surable because for any t < x
{XAt<z}=Qe€F,
and for any ¢t > z
{XAt<z}={X>z}={Nw)=0,Y(u)=1,0<u<z}°€F, CF.

The function A is continuous, so A(X At) is also F; - measurable.
The mean E | M (t) | is finite for any ¢ > 0:
¢ ¢
E|M(t)| < EN(t)+E/ H{X > ula(u)du < 1—|—/ P(T > u,C>u)a(u)du <
0 0

1+ /t P(T > vw)a(u)du =2 — Sp(t) < 2.
0

Independence of the pairs (X7,01), -, (X, 0,) implies that the conditional
expectation of M;(t) with respect to the o-algebra generated by N;(u), Yj(u),0 <
u < s,j=1,---,n is the same as the conditional expectation of M;(t) with
respect to the o-algebra generated by N;(u),Y;(u),0 < u < s. So we can
suppose that F is the last one. As previously, we skip the index ¢ in what
follows.

Take 0 < s < t. On the event {X < s} we have :

N(t) = N(s) = 1{sex<t,7<c} = 0,

/Ot Y (u)a(u)du — /Os Y (u)a(u)du = /(M] X > uba(u)du = 0.
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So M(t) = M(s) on {X < s}. f P{X > s} =0 then M(t) = M(s) a.s., which
implies

E(M(t)|Fs) = E(M(s)|Fs) = M(s) a.s.

Suppose that P(X > s) > 0. Then the event {X > s} = {N(u) =0, Y(u) =
1,0 <wu < s} is an atom of Fs and on {X > s} a.s. (the property g) of the
conditional expectation)

)

E(M(t) — M(s)|Fs) =E <l{s<X§t,T§C} */ 1{X2u}a(u)dU]:s> =
s,t

1
Px 9" (1{s<xswsc*}> -/, 1{X2u}a(U)dU> -

1
P(X>3) {/(S,t] P(C = u)pr(u)du — /(s,t] P(C>uT >u) a(u)du} —0.

We denoted by pr the probability density of T'.
The process A;(t) = A;(t A X;) is predictable because it is continuous and
adapted.

A.7 Predictable variation and predictable covariation

Jensen’s inequality for the conditional expectation implies that the square M?
of a square-integrable F-martingale is a F-submartingale:

E{M*(t) | Fs} = (B{M(t) | F})* = M*(s).
Doob-Meyer theorem implies that this submartingale has a compensator.

Definition A.11. The compensator < M, M > of the F-submartingale M?
is called the predictable variation of the F-martingale M.

If M7 and M> are two square-integrable F-martingales then the equality

1 1

MMy = 4(M1 + M>)? 4(M1 — My)?

implies that the product MM, is a difference of two submartingales with
predictable variations

1 1
Z<M1+M2,M1+M2> and Z<M1_M27M1_M2>

Definition A.12. The process
1
< My, My >= Z(< My + My, My + My > — < My — My, My — My >)

is called the predictable covariation of martingales My and Ms.
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The definition implies that the difference
M1*2 = My My— < My, My >
is a F-martingale.

Theorem A.3. Suppose that the conditions of Theorem A.2 are verified.
Then the predictable variations and covariations of the counting process N;
martingales M; = N; — A; are:

< M, M; > (t) = Ni(t), < M;(t),My(t) >=0 (i #1i) (A.10)

Proof. Let us consider the process M}, = M;(t)M, (t) (i # ).

Take 0 < s <t. On the event {X; < s} we have : M;(t) = M;(s) and hence
E{M;(t)My (1) | Fs} = M;(s) E{My (t) | Fs} = M;(s)My(s).
The same on the event {X; < s}. Independence of the martingales M, and
M, implies that on the event {X; > s, X;» > s}
1

E{M,;(t)M; = E{M,;(t)1ix. <~  M;(t)1

LEOMA) | sk = 5 =75 x5 5y DM o Mir (D1 x>0}

=E{M;(t) | Fs}E{My (t) | Fs} = M;(s)My(s).

Let us consider the process M} = M? — A;. We skip indices in what follows.
Note that N?(t) = N(t). We have

A= M*(t)-M*(s) = N(t)~-N(s)— | Y (u) a(u)du—2N(t /Y u)du+

(s,t]

/ Y (u)a(u)du + 2/t </0 Y (u) a(u)du) Y (v) a(v)dv =

A+ A+ Az + Ay + As.

From the part a) of the proof we have that E{A; + A | 5} = 0.

If X <sthen A =0.

If P{X > s} =0then A =0and E{A | Fs} =0 a.s.

Suppose that P{X > s} > 0. Then on the set {X > s} we have N(s) =0
and A4 = 0. So on this set

1 t
——FE<{ -2 1 d
PIX > 5 { /o {s<T<t,T<C,T>u,C>u}C(u)du+

2/: (/0” a(u)du) 1{X > U}Oé(v)dv} _
ﬁ {—2 /Ot (/siu P{X > v}a(v)dv> o(u)dut

2/: (/0 a(u)du) P{X > U}a(v)dv} 0.

E{A| 7} =



STOCHASTIC INTEGRALS WITH RESPECT TO MARTINGALES 297
Corollary A.1. Under the assumptions of the theorem for any t;,t5 > s
t1Ato
E{Ml(tl)Mll (tz) — Ml(S)MZ/(S) — 1{7,:1’}/ Y;(u) az(u)du | .7:5} =0
S
(A.11)

Proof. Suppose that t5 > t; > s. Then

E{M, (t1) My (t2) — Mi(s)M(s) — Ly / Vi) as(u)du | Fo} =

t1

E{M;(t1) M (t1) — M;i(s)M;:(s) — 1gi—iny ) Y;(u) e (w)du + M;(t1) x

(Mir(t2) — My (1)) | Fs} = E{M;(t1)E{My (t2) — My (t1) | Fy, } | Fs} = 0.

A.8 Stochastic integrals with respect to martingales

Let us consider integrals of the form (A.7). Under some assumptions these
integrals are martingales and their predictable variations and covariations
can be found.

Theorem A.4. Suppose that M; are counting process N; martingales, and
H;; are predictable processes such that for allt > 0,i=1,..,m,j=1,...,n

t
E| / oy (u)dM; () |< oo, (A.12)
0
Then U;; are F-martingales and
<Uij,Uilj/ > / H” )d<Ml,M >( )
5 Hyj(u) Hyg (w)Yi(w) ey (w)du, i=1i,
{ 0, i £ (A-13)
In particular,
< Uij,Uij > ( / u)d < M;, M; > ( / Jevi(u)du,

(A.14)

Proof. The result is implied by Theorem T6 given in Brémaud (1981, Ch.1).
We shall consider the theorem under stronger condition that H;; are bounded
predictable processes and INV; are the counting processes given in Theorem A2.

1) Suppose that H;; are simple predictable processes of the form:

Hij(t) = Zijl(a,; b1 (A.15)

where Z;; is a bounded Fg,;-measurable random variables.
Let us show that U;; are F-martingales. We skip the indices.
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The process
Ult)=Z(M({tANb)—M(tAa))
is Fi-measurable and F | U(t) |< oo for all ¢ > 0.
Fix t > s > 0. If (a,b] N (s,t] = O then U(t) = U(s) and E{U(¢) — U(s) |
Fs}=0.
If (a,b] N (s,t] # 0 then
E{U(t) —U(s) | Fs} = E{Z(M(t Ab) = M(s Na)) | Fs} =

E{ZE{M({tAb)—M(sVa)|Fra} | Fs} =0.
Let us show (1.13). Fix ¢,4,¢,j’. Ordered 0, a;j, bij, ay s, by, +00 can take
from 2 to 6 values. Denote these values by to < --- < t,. Set Hi(f) =
Zij]_{( tr]C(aij,bi;]}- Then for s € [tk—latk)

te—1,

E{Ui;(0)Usj: (t) = Uij(s)Usrje(s) | Fs} =
E{Uii(t Ati)Usrjo (E A tr) — Uij(s)Uirjr () | Fsh+

m

> B{B{UL(E A t)Uiry (E A1) = Usg(t Ati)Uirjr(ti1) | Finee 3 | Fod
l=k+1

= E{(Uij(t Atx) = Uij(s)) Uiy (E A ti) = Urje(s)) | Fol+
l27::1E{E{(Uij(t/\tl)_Uij(t/\tl1))(Ui’j’(t/\tl)_Ui/j’(t/\tl1)) | Finton} | Fo}
St
= H{ HYB{(M; (¢ A t) — Mi(s)) (M (t A ty) = Mio(s)) | Fo}+
Z E{H) HY) B{(M;(tAt)— M;(tAti-1)) (Mg (EAt) — My (tAt1-1)) | Fo_ )}
et
| Fo} = HE HSE{< My, My > (t M)~ < My, My > (s) | Fo b+

Z E{HHY) B{< M;, My > (tAt})— < M;, My > (tAti1) | i, } | Fo} =
l=k+1

tAtg
E{/Hfj) HY)d < My, My > (u) | Fo}+
tAL;
3 B(E| [ Y.< MM > @) | FiL ) 7Y =
I=k+1 tAt 1

E{/Hw d<MuMz’>()‘}—s}~
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2) If H;; are finite sums of simple predictable processes: H;; = > -9 Hyj,
then

mij

E{U,; (1)~ Uiy (s) |f}—/H” ) dM(u) |7:}—Z/Hm )dMi(u) | Fo} =0,
and

E{Ui;(t)Us (t)—Uij(S)Ui'j'(8)—1{i:i'}//Hij(u)Hij'(u)E(u) ai(u)du | Fs} =

7n” m / v

ZE{/ Hiji(u) dM;(u /H”,l, dM;( /Hm dM;(u /H”/l/

=1 U'=1

ST / Hyj1 () Hoyw ()Y (w) g (w)du | Fy} = 0.

3) If H;; is any bounded predictable process then it can be written as the
limit of increasing sequence of simple predictable processes. Monotone class
arguments can be used to get the result of the theorem (see Fleming and
Harrington (1991)).

Corollary A.2. The processes Uj = Z?_l U;; are F-martingales and

<U;,Uj > (¢ Z/ Hij(u)Hij (w)d < M;, M; > (u)

-y /0 Hoy(u) Haye (u) Vi () (), (A.16)

Corollary A.3. The means and the covariances of the statistics U; have
the form

E(U;(t)) = 0, (A.17)
COV(Uj(S),Uj/(t)) = E(< Uj, Uj/ > (S /\t)) =
E (Z I Hij<u>Hz-jf<u>m<u>az—<u>du> ; (A18)
i=170

in particular

Var(U; (1) = B(< U;.U; > (1) = B (Z / H3j<u>m<u>ai<u>du>
(A.19)

Proof. Uj is a martingale, so E(U;(t)) = E(U;(0)) = 0.
M; = U;Uj — < Uy, Uy > is amartingale, M;; (0) = 0,s0 E{U;(t)Uj/ (1)} =
E{< U,;,U; > (t)}. If s <t then the last equality implies that

Cov(U;(s), Uy (1)) ~ B(< Uy, Uy > (s)) =
B{U; (s)Uys(s)~ < Uy, Uy > ()} + B{U; () Uy — Uy}
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=E{U;(s)E{Uj 1) — Ujis) | Fs}} = 0.
The condition (1.12) may be hard to verify in practice or not even true.
By chance, application of the central limit theorem for martingales may be
done if U; are not necessary martingales. It is sufficient if they are the local
martingales. In such a case weaker and easier verified conditions are needed.
So we need the notion of localization.

A.9 Localization

Definition A.13. A random variable T is called the stopping time if for all
t>0
{Ir<t}eF.

As a rule the stopping time is the moment when a certain event occurs.
For example, it can be the moment when the ith failure occurs. If the history
up to the moment ¢ is known then it is known whether or not such event has
already occurred.

Definition A.14. A sequence of stopping times {T,,} is called a localizing
sequence if T, E .

Definition A.15. A process X has a certain property locally if there exists

a localizing sequence {T,,} such that for each n the process X (t ANT,) 17, >0
has the property.

So a process X is locally bounded if there exist constants ¢, and a localizing
sequence {7}, } such that

sup | X(t) |< ¢, a.s. on {T;, > 0}.
t<Ty

It can be shown that any left-continuous adapted process is locally bounded.
A process M is a local martingale if there exists a localizing sequence {T},}
such that for each n the process

M(t AN Tn) 1{T71>0}
is a martingale.

Theorem A.5. (Optional stopping theorem). If M (t),t > 0 is a right-
continuous martingale and T is a stopping time then X (t AT) is a martingale.

See the proof in Fleming and Harrington (1991).

A.10 Stochastic integrals with respect to martingales
(continuation)

Theorem A.6. Suppose that assumptions of Theorem A.1 hold, H;; are left-
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continuous adapted processes. Then U;; and U; are local square-integrable F-
martingales

Proof. We skip indexes i and j in what follows. We need to show that there
exists a localizing sequence {T,,} such that for all n the process

tATy,
[ a0
0

is a F-martingale.
H is a locally bounded process. So there exist constants ¢, and a localizing
sequence {T),} such that

| Ht AT,) |< ¢y as. on {1, > 0}.

Then
t

tAT,
H, (w)dM,(u) = / H(u)dM (u) 17,50}, (A.20)
0 0

where

Ho(t) = H{t ANTo)lir, 50y, Ma(t) = M(EAT,).

For fixed n the process H,(t) is left-continuous adapted and bounded. The
optional stopping theorem implies that M, (¢) is a F-martingale. For all ¢ €
[0, 0] and any fixed n

| / o (w) AN () |=] / H (u)dN ()~
NTy,

/O Hw)aw)Y (w)du | < e + cnA(T,). (A.21)

So the integral in the left side of (1.20) verifies the conditions of Theorem A.3.
It implies that this integral is a F-martingale.

A.11 Weak convergence

Let us consider the space D, where D = DI0, 7] is a space of cadlag functions
on [0,7] or D = R. Denote by D? = D; x --- x D, the product of p such
spaces.

Let p(z,y) be the distance between the functions z and y, z,y € D. It
can be defined in various ways. In the space D = D|0, 7] the most used are
Skorokhod and supremum norm distances. Let A = {A(-)} be the set of strictly
increasing continuous functions on [0, 7] such that A(0) = 0, (1) = 7.

Skorohod metric:

p(r,y) =

inf{e >0:exists \ € A: sup |A(t) —t|<e, sup |z(t) —y(A(¥))|<e};
0<t<r 0<t<r
(A.22)
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Supremum norm metric:

p(z,y) = sup |z(t) —y(t)|. (A.23)

0<t<r

In the space D = R the most used is
FEuclidean metric

plz,y) =lz—yl. (A.24)

An open e-ball with center x is defined as B.(z) = {y : p(z,y) < €}. A set
G C D is open if for any € G there exists an open ball B.(z) C G. The
boundary OG of the set G is a set of points € GG such that in any open ball
B.(x) there exist points y,z € D:y € G, z ¢ G.

The smallest o-algebra containing all open sets of D is called the Borel
o-algebra of D and is denoted by B(D). The smallest o-algebra containing all
sets of the form A = Ay x--- A, where Ay, ---, A; are open sets of Dy, -, Dy,
respectively, is called the Borel o-algebra of D® and is denoted by B*(D?).

We use capital letters for random elements and small letters for non-random
elements. So, if we write X € D when D = R, it means that X = X(w) is a
random variable defined on the probability space (2, F, P). If we write z € D,
it means that x is a real number.

If we write X € D when D = D[0, 7], it means that X = X (¢,w) is a cadlag
stochastic process on [0,7] , i.e. for any fixed ¢t € [0,¢] X (¢,-) is a random
variable defined on the probability space (2, F,P) and for any fixed w € Q
the trajectory X (-,w) is a real cadlag function on [0, 7]. If we write x € D, it
means that z is a real cadlag function on [0, 7].

If we write X € D?, it means that X = (Xy,---,X,)T, where X; € D;,
(i=1,---,9).

Any X € D?® generates a probability measure PX on (D*, B*(D?)):

PX(B)=P{X ¢ B}, forany B < B*(D*).

Definition A.16. The sequence {X™}, X(") € D% weakly converges to
X € D# if for any B € B*(D?) such that PX(9B) = 0 we have:

(n)

P*" (B) — PX(B).

Weak convergence is denoted by X () D X.

The Borel o-algebra generated by the Skorohod metric is wider then the o-
algebra generated by the supremum norm metric. So weak convergence in the
sense of Skorohod metric implies weak convergence in the sense of supremum
norm metric. If the limit process is continuous, both convergences are equiv-
alent. In all applications considered here the limit processes are continuous
Gaussian processes.
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A.12 Central limit theorem for martingales

The limit distribution of integrals (1.4) can be found by using the central
limit theorem for martingales, Rebolledo (1980). This theorem is based on
the following property of Gaussian processes with independent increments.

Characterization of Gaussian processes with independent incre-
ments. Suppose that for all t > 0 the matriz X(t) = (0 (t))mxm is deter-
ministic positively definite, 0;;(0) = 0.

A m-variate stochastic process V.= (Vi, -, Vi) is a Gaussian process
having components with independent increments and

E(V;(1) =0 and Cov(Vj(s), Vi () = oy (s A1) (st > 0)
if and only if V; are locally square integrable martingales with continuous paths

such that for allt > 0
Vi(0) =0, <V;,Vy>(t)=0;;(t) (j,j'=1--,m).
So if the jumps of the martingales U j(n)
condition) and
< U;n), U](,n) > (t) L ;i (t) for all t € [0,7] as n — oo then the following
convergence should be expected:

v = @™, UM 2y = (i, ., V)T on (D[0,7])™.  (A.25)

Exact formulation of the expression if the jumps of the martingales U ](n) on

[0, 7] tend to zero is given in the following theorem.
Fix k € N and set

on [0, 7] tend to zero (Lindenberg

Ut Z / H{ (v) dM;(v)

or
k
o =3 [ H ) am)
and 0 -
U =3 [ B0 1 0)] 2 i)
o i=170
Uje Z / ) @) LIHS ()] 2 e} dMi(),
respectively (j =1, -+, ) Fix a moment 7.

Theorem A.7. Suppose that the multiplicative intensity model holds and
a) the integrals

Ai(t):/o Yi(u) ;i (u)du
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are continuous on [0, 7];

b) HZ(;L) (v) are left-continuous with finite right limits adapted processes on
[0,7];
c) < U;n),U;,n) > (t) B o (t) for allt € [0,7] as n — oo;
d) < UJ(:),UJ(:) > (t) 2o for allt € [0,7] as n — oo;
e) the matriz X(t) = (0;j/(t))mxm is positively definite for all t € [0, 7].
Then
U™ = U, .., U)T BV =W, . Vi)™ on (D[, 7)™,

where V' is a m-variate Gaussian process having components with independent
mcrements, VJ(O) =0 a.s. and for all 0 < s <t < 7T:

cov(V;(s), Vje(t)) = oy (s)-

Corollary A.4. Under the assumptions of the theorem
U™ (r) A N(0,%(7)) asn — oo.
Corollary A.5. Suppose that a(t) is a m x 1 non-random vector.
If the assumptions of Theorem A.7 are verified for j,5' =1,--- ,m+1,
<UM @), Uph()>=0 (i =1,--m),
and a univariate process Z\™ is the linear combination
Z0(t) = a" () U™ (7) + U, (1),

then
AR

where Z is a zero mean Gaussian process with independent increments and

Cov(Z(s), Z(t)) = a” (5) Smxm(7) a(t) + Tms1.m+1(5);

Set M (t) = S0 | M;(t).

Theorem A.8. (Lenglart’s inequality, Lenglart (1977)). Suppose that H is
an adapted caglad process. Then for all e,n,7 >0

t T

p {sup{ H(s)dM™ (5)}? > s} < 2+P {/ H2(s)d < M™ > (s) > 77} .

0,71 Jo 0
Corollary A.6. The convergence

/T(H(”)(s))zd <M™ > ()20
0



NONPARAMETRIC ESTIMATORS OF THE CUMULATIVE HAZARD AND THE SURVIVAL FUD
implies the convergence

t
sup/ H™ ($)dM ™) (s) Eo.
(0,71 Jo

A.13 Nonparametric estimators of the cumulative hazard and the
survival function

Let us consider nonparametric estimation of the cumulative hazard and the
survival function from the data (1.2) when the failure times Ti,---,T,, are
identically distributed. Theorem A.2 implies that

BN} = B{| ¥(wdAq), (A.26)
where
A(t)z/o o(u) du

is the cumulative hazard function. The equality holds even when the func-
tion A is not necessary continuous, i.e; ex aequo of failures are possible. This
equality implies that an estimator of the cumulative hazard function can be
defined as a solution of the integral equation

At) = FAN(u) _ 3 1 (A.27)

o Y(u) i =X, <t

where
nj = Y(Xj) = Z 1{X12Xj}
=1

is the number of units at risk just prior to X;. It is the Nelson-Aalen estimator
of the cumulative hazard A.
The equality

t t
St)=1 +/ dS(u) =1 —/ S(u)dA(u)
0 0
implies the following equation for an estimator of the survival function S:

S(t)=1- /0 S(u—)dA(u)

or

St)y=1- /0 S(u—)dg(%). (A.28)

Hence

S(t) = S(t—) (1 - A}fg?)
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where AN(t) = N(t) — N(t—). It gives

sty =11 <1 - A;\g;)) = 1I (1 - n%) . (A.29)

s:s<t j3:0;=1,X;<t

If there are ex aequo, and TY < --- < TO are the distinct moments of
observed failures, d; is a number of failures at the moment T, and n; = Y (T7)
is the number of units at risk just prior to 7T then

. d . d
At) = — = - . .
=Y % sw-1I (1-%) (A30)
i:TiOSt i:TiOSt
Let G; be the survival function of the censoring time C;.

Theorem A.9. If the failure times T, - - -, T, are absolutely continuous ran-
dom variables, the failure times Ty, - -+, T, and the censoring times C1,---,Cy,
are mutually independent, and there exists a survival function G with G(t—) >
0 such that

sup IZG $) |— 0asn — oo,
sEOT]
then
nt/?(A - A) 2u, n'/%(8 - 8) 2 _SU as n— oo, (A.31)

on D[0,7], where U is a Gaussian martingale with U(0) =0 and

sAt dA(u)
y(u)

Cov (U(s), U(t)) = 02(s A t) = /0 , (A.32)

where y(u) = S(u)G(u—).

A.14 Product-integral

Let X(t),t > 0 be a cadlag stochastic process. Denote by t1,---,tm) the
jump points of X in the interval [0,¢] and AX(¢;) = X (¢;) — X(t;—1). Note
that m(t) is random.

Definition A.17 The stochastic process

(1)
Z(t) = Tocect(1+dX(s)) = [ (1 + AX (1)) exp{X (2) Z AX(t
=1

(A.33)
is called the product-integral of the process X.
If the paths of X are continuous then

Z(t) = T ocsct(1 +dX (s)) = X®. (A.34)
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If the paths of X are step-functions, then

m(t)

Z(t) = Toceci(1+dX(s)) = [J (1 + AX (1)) (A.35)
i=1
We set
7T0§s§t(1 — dX(S)) = 7T0§s§t (1 + d(—X(S))) . (A36)

If the cumulative hazard function A(-) is continuous then the survival function
can be written as the product-integral:

S(t) = e_A(t) = ﬂ-ogsgt(l — dA(S)) (A37)
The Nelson-Aalen estimator of the function A(t) is a step-function with jumps

1/n; at the points X; : §; = 1. So

Mool -dis) = [ (1-24x))) =

j:0;=1,X;<t

11 (1 - é) — S(8), (A.38)

j:5j:1,Xj <t
where S(t) is the Kaplan-Meier estimator. So
S(t) = ﬂ-ogsgt(l — dfl(s)) (A39)

The same relation holds if there are ex aequo: the estimator A has jumps
d;/n; at the points T? , so

Tocsct(1—dA(s) = ] ( - g) = S(t). (A.40)

-0
j.Tj <t

A.15 Delta method

The most of the estimators and test statistics used here are functionals of cad-
lag stochastic processes. In many situations weak convergence of such func-
tionals can be obtained by using the functional delta method. We refer to the
book of Andersen et al. (1993), where this method is described and give here
several results implied by this method and used in this book. Convergence is
considered in the sense of supremum norm.

Let {a,} be a sequence of real numbers.

Theorem A.10. Let g = (91, -+, 9q) : RP — R be a differentiable vector-
function, and
9gi(x)

Jg(x) =|| Oz llgxp
J

be the Jacobi matrixz of partial derivatives of coordinate functions g;.
If

an(X™ — ) 27 as a,—
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on RP, then

an(g(X™) = g(x)) 2 Jg(x)Z  as a, — oo. (A.41)

on RY.

Theorem A.11. Suppose that

1) {X} € D[0,7]} and {X5 € DI0, 7|} are sequences of cadlag stochastic
processes, the second being of bounded variation and bounded by a positive
constant M;

2) X1,X5 € D|0, 7] are cadlag stochastic processes of bounded variation the
second being bounded by M such that

(an (X7 — X1), a0 (X5 — X2)) B (21, Za),

on D[0,7] x D[0,7]; here Z1, Zy € DI[0, 7] .
Then

an ( / XXy — / deX2> A / Z1d X, + / X1dZs (A.42)
0 0 0 0

on D[0,7]. If Z3 is not of bounded variation then the last integral is defined
by

0 0

Theorem A.12. Suppose that
1) x € D[0, 7] is a nondecreasing function, differentiable at the point

Y (p) = inf{t : x(t) > p} € (0,7),

where p € R is a fived number.
2) {X™ € DI[0,7]} is a sequence of nondecreasing stochastic processes such
that

an (X" — 1) 2z
on D[0,7]; here Z € DI0,7] is a nondecreasing process, continuous at the
point x71(p).
Then

an((X™) 7 (p) =27 (p) = @) (A.43)

Theorem A.13. Suppose that

1) x is a continuously differentiable function on [0, T];

2) p=p(t,0): Ax B.(0y) = R, B:(6y) CR%, A=1[0,7] or (0,7), is a
continuous non-decreasing in t function such that 0 < ¢(t,00) < 7 fort € A;

3) {X™ € D[0,7]} is a sequence of stochastic processes such that

an (X" — 1) 2z
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on DI0, 7], where Z is a continuous on [0, 7] stochastic process;
4) {0} is a sequence of random variables such that

an (0™ —0) 2 v,
Then
an(X"((-,05")) — 2(0(-,00)) B Z(o(00)) + 2" (p( 60))Y  (A.44)
on D(A).

Theorem A.14. Suppose that {X™) € D[0,7]} is a sequence of cadlag
stochastic processes and

am(X"-X)2 7
on D[0, 7], where Z and X are continuous on [0, 7] stochastic processes.
Then

an (T ocsct(1+dX™(s)) — Tlocser(1+dX(s))) B X 2. (A.45)
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Stochastic process, 289
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Survival function, 1
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Time-varying stress, 20,21,25,30
Traumatic event process, 74
Type I censoring, 79

Type II censoring, 79
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Used resource, 40

Variance, 2,3,4,5

Wald statistic, 87

Weak convergence, 301

Wear, 67-69,260,269
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