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• # of students 26,393

• Students from all 50 States and over 100 countries

• Close to 2,500 international Students

• 200 undergrad degree programs

• More than 80 grad degree programs

Oregon State University, Corvallis
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• 46 Faculty

• 2000 undergraduate 
students

• 180 PhD and 140 
MS students

• 12 IEEE and ACM 
fellows

• Authored more than 
50 text-books

School of EECS (KEC)

11/2/2013

3



Outline

• Introduction

• Gaussian Networks
• Gaussian Integers

• Mod Operation over � + ��
• Interconnection Topology

• Routing

• Broadcasting

• Hamiltonian Decomposition

• EJ Networks
• EJ Integers

• Mod Operation

• Interconnection Topology

• Routing

• Hamiltonian Decomposition

• Summary

11/2/2013

4



Parallel Computing

Shared-memory multiprocessors Distributed-memory multi-computers

http://rtinfo.uits.iu.edu/hpa/mpi_tutorial/s1_basic_concepts.html
11/2/2013
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Introduction

• In the last decade, supercomputers with thousands of 
processors have been built.

• Sequoia - BlueGene/Q
• Manufacturer: IBM

• Performance: 17,173.2 TFlop/s (3rd in last June)
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Introduction

• Sequoia - BlueGene/Q
• Cores: 1.6 million

• 16 cores per chip

• 1024 nodes per rack

• 96 racks

11/2/2013
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Introduction

• Sequoia - BlueGene/Q
• Cores: 1.6 million

Sequoia's 96 racks during installation (Photo: Lawrence Livermore National Laboratory)

It covers an area of about 3,000 square feet (280 m2).
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Introduction

• Sequoia - BlueGene/Q
• Interconnect: 5D Tours 
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Topologies

hypercube

Gaussian

torus

hexagonal  mesh
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Torus Interconnection Networks

• Node addresses over ℤ� × ℤ� × ⋯ × ℤ�
• A node 	 = (������…��) is adjacent to node � = (������…��) if the address digits differ in one position 

by ±1 ��� �
• # of nodes = ��
• Degree of each node =  2�
• Diameter = � �

�
• Example: 5 × 5 Torus

• # of nodes =5�
• Degree of each node = 4

• Diameter 16

11/2/2013
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Gaussian Networks

• A generator α = � + �� ∈ ℤ �
• Node addresses over ℤ� × ℤ� × ⋯ × ℤ�
• 	 = (������…��), � = (������…��) are 

adjacent
• if the address digits differ in one position by ± 1, � ± � ��� !
• # of nodes (�� + ��)�
• Degree of each node 4�
• Diameter$��                     �%�� + �� �& '('�

� � − 1         �%�� + �� �& ���

• Note if � = 0, � ≠ 0 or � ≠ 0, � = 0 ,
Torus network

11/2/2013
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Advantages of Gaussian Networks 

• Example 1: Let ! = 10 + 10�
• One dimensional Gaussian network

• # of nodes = 200

• Degree = 4

• Diameter = 10

• Note any 2D torus with 200 nodes will have diameter at 
least 14

• Example 2: Let ! = 10 + 10�
• Two dimensional Gaussian network

• # of nodes = 40,000

• Degree = 8

• Diameter = 20

• Note any 4D torus with 40,000 nodes will have diameter at 
least 28
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• A subset of complex 
numbers 
• ℤ � = {. + /�|., / ∈ ℤ}

• A generator 

• α = � + �� ∈ ℤ �

• # of nodes:
• 2� � ! = 3 ! = �� + ��

• Example: α =3+5i

What are Gaussian integers

11/2/2013
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Different Representations
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Distance-based

Utah

Square



Utah Representation Tiling
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Distance-based Representation
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How to do mod ! operation

• ! = � + ��; �� + �� elements
• 2� � ! = 3 ! = �� + ��

• How to do mod k, when k is integer
• Example: mod 5

11/2/2013
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Mod Operation
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−4 + 2� ��� 5 + 6�=  −4 + 2� − −6 + 5�=  2 + 3�

! = 5 + 6�



Gaussian Interconnection Network (1-D)

• ! = 3 + 4�
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Cross Product of Graphs
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Example of 2D Gaussian Network

• Cross product of two 
Gaussian networks

• Let ! = 2 + 3�
• 7�� = 7� × 7�

• # of nodes = 169
• Degree = 8
• Diameter = 4

• The links shown for
• (0,0)
• (-2,-1+i)

11/2/2013
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Routing in 1-D Gaussian Networks

• ! = 5 + 6�
• 8 = −3 − �
• 9 = −2 + �
• 9 − & = 1 + 2�
• 8 = 2 + 2�
• 9 = −1 − 3�
• 9 − & = −3 − 5�
• −3 − 5� − �� 5 + 6� = 2 + �

11/2/2013
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Routing in 2D Gaussian

• 8 = −1 + �, 1 + 2�
• 9 = −1 − �, −1 + �
• 9 − 8 = (−2�, −2 − �)

11/2/2013
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Simulation Results
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• 4D torus with 625 nodes

• 2D Gaussian with 625 nodes

• Dimension order routing

• Simulations are performed using XMulator

• 4D torus with 20736 nodes

• 2D Gaussian with 21025 nodes



Broadcasting

• Multiport I/O model

11/2/2013
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Hamiltonian Decomposition

• ! = � + ��; 2 = �� + ��; GC9 �, � = 1 
• Example ! = 3 + 4�

1. Start at 0, Go along 1,2,3, … , 2 − 1
2. Start at 0, Go along �, 2�, 3�, … , 2 − 1 �

11/2/2013

28



Hamiltonian Cycles in 2D Torus
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Multi Dimensional

• ! = � + ��; 2 = �� + ��
• If GC9 �, � = 1 then there is a 1-1 correspondence between ℤ�and ℤ=

11/2/2013
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Hamiltonian Cycles in 2D Gaussian
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Gray Codes & Edge-disjoint Hamiltonian Cycles
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Example of Gray Codes
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Permutations of Gray Codes
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Eisenstein-Jacobi (EJ) numbers

11/2/2013
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• ., / = . + />; ., / ∈ ℤ , 
Eisenstein-Jacobi number

• where > = �?@ A
�



Eisenstein-Jacobi (EJ) Networks

• EJ network is generated by a 
fixed EJ number ! = � + �>

• 	 = .� + /�> and � = .� + /�>
are adjacent 
• iff 	 − � = ±1 � ± > � ± >� ��� !

• The HARTS network ℋ� is the 
EJ network generated by !=n+(n−1)ω
• No. of nodes 2 = �� + �� + ��
• Diameter � − 1

(0,1)(‐1,1)

(1,0)

(1,‐1)(0,‐1)

(‐1,0) (0,0) (2,0)

(2,‐2)(0,‐2)

(‐2,0)

(‐2,2) (0,2)

(1,‐2)

(‐1,2)

(2,‐1)

(1,1)

(‐1,‐1)

(‐2,1)
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Wraparound – Mod Operation 

• ℋA generated by ! = 3 + 2>
• Node E0,2F is adjacent to six 

nodes: 
• E1,1F, E0,1F, E−1,2F,E−1,3F, E0,3F, E1,2F
• E2, −2F, E−2,0F, E−1, −1F
• The hexagons are 

translated to be centered at 
the origin

• Modulo ! operation

11/2/2013
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Advantage of EJ Number Representation

• First attempt (Chen, Shin, Kandlur: IEEE Trans. Computers, 1990)

• 3 components

• Each component gives the order of a node in its cycle

• # of bits required: 3 log 2
• Second attempt (Garcia, Stojmenovic, Zhang: IEEE Trans. PDS, 2002)

• 3 components

• Each component gives the order of a node in 3 directions 120 degree apart

• # of bits required: 3( log J + 1) where t is diameter

• Our method
• 2 components

• Each component gives the order of a node in E and NE directions

• # of bits required: 2( log J + 1) where t is diameter

• For example t=3
• First method needs 18 bits

• Second method needs 9 bits

• Our method needs 6 bits

11/2/2013
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EJ Networks Application

• Wireless Networks
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Shortest Path Routing

Note that: >� = > − 1; >A = −1; >K = −>; >L = 1 − >; >M = 1;

9 − 8 = . + /> = �>N� + �>N
., /, �, b ∈ ℤ ; a, b ≥ 0

• The sign of ., / defines the sector R
• Shortest path: � nodes in >N� and � nodes in >N direction

>�

>�>�

>A

>L>K
11/2/2013
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Routing Examples

ℋL generated by ! = 5 + 4>8 = 4 − >; 9 = 2>
9 − 8 = −4 + 3> = >A + 3>�
Sector 3

• 1 nodes in >A, 3 nodes in >�

8 = −3 + 3>; 9 = 2 − 3>
9 − 8 = 5 − 6> = >K + 5>L

• Modulo !
• >K! = 4 − 9>
• 5 − 6>-(4 − 9>)=1 + 3>

Sector 1
• 1 nodes in >�, 3 nodes in >�

SS

DD

SS

DD

>�
>�>�

>A

>L>K
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Hamiltonian Decomposition

• ! = � + �>
• N = �� + �� + ��
• GC9 �, � = 1 
• Example ! = 2 + 3>

Start at 0, Go along 1. 1,2,3, … , 2 − 12. >, 2>, 3>, … , 2 − 1 >3. >�, 2>�, 3>�, … , 2 − 1 >�
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Multidimensional EJ

11/2/2013

45



Hamiltonian Decomposition in 2D EJ
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• W� is Hexagonal network generated by ! = 1 + 2>
• W�� = W� × W�

• # of nodes: 49
• Diameter: 2
• Degree: 12
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Summary

• Gaussian networks is a generalization of torus networks

• Gaussian networks has much better performance compared 
to equivalent torus networks

• Hexagonal networks is a special case of EJ networks

• Described efficient communication algorithms

11/2/2013
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Shortest Path Routing (2)

Sector Signs Shortest Path Routing

1 ., / ≥ 0 . nodes in >�, / nodes in >�

2 . ≤ 0, / ≥ 0, . ≤ |/| / − |.| nodes in >�, |x| nodes in >�

3 . ≤ 0, / ≥ 0, . ≥ |/| . − / nodes in >A, y nodes in >�

4 ., / ≤ 0 |.| nodes in >A, |y| nodes in >K

5 . ≥ 0, / ≤ 0, . ≤ |/| / − |.| nodes in >K, x nodes in >L

6 . ≥ 0, / ≤ 0, . ≥ |/| . − / nodes in >M, |y| nodes in >L

11/2/2013
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How to do mod ! operation

• ! = � + ��;  [ ��� ! =?
• � + �� . + /� = ] + ��
• �. − �/ + �/ + �. � = ] + ��

• �. − �/ = ]
• �/ + �. = �

•
� −�� �

./ = ]�
• Perform 

1. [ − ( . + / �)!
2. [ − (( . + 1) + / �)!
3. [ − ( . + ( / + 1)�)!
4. [ − . + 1 + / + 1 � !

• Take the min weight vector
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