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Time� � hours

Each of the six questions is worth �� points�

�� �a	 Consider a solid sphere of uniform charge density� What is the ratio of the

electrostatic potential at the surface to that at the center


�b	 Consider a solid cube of uniform charge density� What is the ratio of the

electrostatic potential at a corner to that at the center


�Take the potential to be zero at in�nity� as usual�	

�� A wheel with spokes rolls on the ground� A stationary camera takes a picture of the

wheel� Due to the nonzero exposure time of the camera� the spokes will generally

appear blurred� At what location �locations	 in the picture does �do	 a spoke �the

spokes	 not appear blurred



� A motorcyclist wishes to travel in a circle of radius R� The coe�cient of static

friction between the tires and the �horizontal	 ground is constant� The motorcycle

starts at rest� What is the minimum distance the motorcycle must travel in order to

achieve its maximum allowable speed �that is� the speed above which it must skid

out of the circular path	


�� �a	 A fox chases a rabbit� Both run at the same speed v� At all times� the fox
runs directly toward the instantaneous position of the rabbit� and the rabbit

runs at an angle � relative to the direction directly away from the fox� Their

initial separation is ��

When and where does the fox catch the rabbit �if it does	
 If it never does�

what is their eventual separation


�b	 Consider the same situation� except now let the rabbit always move in the

straight line of its initial direction in part �a	�

When and where does the fox catch the rabbit �if it does	
 If it never does�

what is their eventual separation


�� Assume that a cloud consists of tiny water droplets suspended in air �uniformly

distributed� and at rest	� and consider a raindrop falling through them� After a long

time� the raindrop moves with constant acceleration� Find this acceleration�

�Assume that when the raindrop hits a water droplet� the droplet�s water gets added

to the raindrop� Also� assume that the raindrop is spherical at all times� Ignore air

resistance on the raindrop�	



�� A mass m is attached to one end of a spring of zero equilibrium length� the other

end of which is �xed� The spring constant is K� Initial conditions are set up so

that the mass moves around in a circle of radius L on a frictionless horizontal table�

�By �zero equilibrium length�� we mean that the equilibrium length is negligible

compared to L�	

 a

L m

At a given time� a vertical pole �of ra�

dius a� with a � L	 is �xed onto the

table next to the center of the circle� as

shown� The spring winds around� and

the mass eventually hits the pole� As�

sume that the pole is sticky� so that any

part of the spring touching the pole does

not slip� How long does it take for the
mass to hit the pole


�Work in the approximation where a�

L�	
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Solutions

�� �a� Let the sphere have radius R and charge Q� Then the potential at the surface is

V �R� �
Q

R
� ���

The magnitude of the �eld at radius r inside the sphere is �from Gauss� law�

E�r� �
Q�r��R��

r�
�
Qr

R�
� ���

Integrating this from r � R down to r � � gives a change in potential of 	V � Q��R�
Therefore
 the potential at the center is

V ��� �
Q

R
�

Q

�R
�

�Q

�R
� ���

and the desired ratio is
V �R�

V ���
�

�

�
� �
�

�b� Let � be the charge density of the cube� Let V cor

� be the potential at the corner of

a cube of side �� Let V cen

� be the potential at the center of a cube of side �� By

dimensional analysis


V cor

� � Q

�
� ���� ���

Therefore
�

V cor

� � 
V cor

��� � ���

But by superposition
 we have

V cen

� � �V cor

��� � ���

because the center of the larger cube lies at a corner of the eight smaller cubes of which

it is made� Therefore

V cor

�

V cen

�

�

V cor

���

�V cor

���

�
�

�
� ���

�� The contact point on the ground does not look blurred
 because it is instantaneously at

rest� However
 although this is the only point on the wheel that is at rest
 there will be

other locations in the picture where the spokes do not appear blurred�

The characteristic of a point in the picture where a spoke does not appear blurred is that

the point lies on the spoke during the entire duration of the camera�s exposure� �The point

�In other words� imagine expanding a cube with side ��� to one with side �� If we consider
corresponding pieces of the two cubes� then the larger piece has �� � � times the charge of
the smaller� But corresponding distances are twice as big in the large cube as in the small
cube� Therefore� the larger piece contributes ��� � � times as much to V cor

� as the smaller piece
contributes to V cor

��� �

�



need not
 however
 correspond to the same point on the spoke�� At a certain time
 consider
a spoke in the lower half of the wheel� A short time later
 the spoke will have moved
 but

it will intersect its original position� The spoke will not appear blurred at this intersection

point� We must therefore �nd the locus of these intersections�

Let R be the radius of the wheel� Consider a spoke that makes an angle � with the vertical�

Let the wheel roll through an angle d�� then the center moves a distance Rd�� The spoke�s
motion is a combination of a translation through a distance Rd�
 and a rotation through

an angle d� �about its top end��

Let r be the radial position of the intersection of the initial and �nal positions of the spoke�

Then from the �gure we have
�Rd�� cos � � r d�� ���

Therefore
 r � R cos �� This is easily seen to describe a circle whose diameter is the �lower�

vertical radius of the wheel�

�� First solution �slick method��

Let � be the angle the force vector makes with the tangential direction� Let F be the
maximum possible magnitude of the force of friction �it happens to be F � �mg
 but we
won�t need this�� The minimum�distance scenario is obtained when F sin� accounts for the

radial acceleration
 and the remaining F cos � accounts for the tangential acceleration� In

other words


F sin� �
mv�

R
� and F cos � � m �v� ����

Taking the derivative of the �rst equation gives F cos � �� � �mv �v�R� Dividing this by the
second equation gives �� � �v�R� But v � R ��
 where � is the angular distance traveled

around the circle� Therefore
 �� � � ��
 and integration gives

� � ��� ����

When the maximum speed is achieved
 the value of � must be ���� This value corresponds
to

� �
�



� ����

Hence
 the motorcycle must travel a distance �R�

 or one�eighth of the way around the

circle�

Second solution �straightforward method��

In the minimum�distance scenario
 the magnitude of the total force must be its maximum
possible value
 namely �mg �the exact form of this is not important�� Since the radial force

is Fr � mv��R
 the tangential F � ma equation is

Ft �

s
��mg�� �

�
mv�

R

��

� m
dv

dt
� ����

Multiplying through by dx
 and then rewriting dx�dt as v �where dx � Rd� is the distance
along the circle�
 we obtain�

dx �
v dvr

��g�� �
�
v�

R

�� � ��
�

�This is simply the work�energy result� because the work is Ft dx� and the change in kinetic
energy is d�mv���� � mv dv�

�



Letting z � v���gR gives

dx �
Rdz

�
p
�� z�

� ����

The maximum allowable speed
 V 
 is obtained from �mg � mV ��R� Therefore
 V � � �gR

and the corresponding value of z is �� The desired distance
 X
 is then

X �

Z X

�

dx �

Z
�

�

Rdz

�
p
�� z�

�
R

�

Z ���

�

d� �letting z � sin ��

�
�R



� ����


� �a� The relative speed of the fox and rabbit
 along the line connecting them
 is always

vrel � v � v cos	� Therefore
 the total time needed to decrease their separation from

� to zero is

T �
�

v��� cos	�
� ����

This is valid unless 	 � �
 in which case the fox never catches the rabbit�

The location of their meeting is a little trickier to obtain� We o�er two methods�

First solution �slick method��

Imagine that the rabbit chases another rabbit
 which chases another rabbit
 etc� Each

animal runs at an angle 	 relative to the direction directly away from the animal

chasing it� The initial positions of all the animals lie on a circle
 which is easily seen

to have radius

R �
���

sin�	���
� ����

The center of the circle is the point
 P 
 which is the vertex of the isosceles triangle with
vertex angle 	
 and with the initial fox and rabbit positions as the other two vertices�

By symmetry
 the positions of the animals at all times must lie on a circle with center
P � Therefore
 P is the desired point where they meet� The hypothetical animals

simply spiral in to P �

Remark� An equivalent solution is the following� At all times� the rabbit�s velocity vector is

obtained by rotating the fox�s velocity vector by �� In integrated form� the previous sentence

says that the rabbit�s net displacement vector is obtained by rotating the fox�s net displacement

vector by �� The meeting point� P � is therefore the vertex of the above�mentioned isosceles

triangle�

Second solution �messier method��

This solution is a little messy
 and not too enlightening
 so we won�t include every
detail�

The speed of the rabbit in the direction orthogonal to the line connecting the two

animals is v sin	� Therefore
 during a time dt
 the direction of the fox�s motion

changes by an angle d� � v sin	dt��t
 where �t is the separation at time t� Hence
 the
change in the fox�s velocity has magnitude jdvj � v d� � v�v sin	dt��t�� The vector

dv is orthogonal to v� therefore
 to get the x�component of dv
 we need to multiply

�



jdvj by vy�v� Similar reasoning holds for the y�component of dv
 so we arrive at the
two equations


�vx �
vvy sin	

�t
�

�vy � �vvx sin	
�t

� ����

Now
 we know that �t � �� � v�� � cos	�t�� Multiplying the above two equations by

�t
 and integrating from the initial to �nal times �the left sides require integration by

parts�
 yields

vx���� v��� cos	�X � v sin	Y�

vy���� v��� cos	�Y � �v sin	X� ����

where �X�Y � is the total displacement vector
 and �vx��� vx��� is the initial velocity

vector� Putting all the X and Y terms on the right sides
 and squaring and adding

the equations
 gives

��v� � �X� � Y ���v� sin� 	� v���� cos	���� ����

Therefore
 the net displacement is

R �
p
X� � Y � �

�p
��� � cos	�

�
���

sin�	���
� ����

To �nd the exact location
 we can
 with out loss of generality
 set vx�� � �
 in which

case we �nd Y�X � �� � cos	�� sin	 � tan�	���� This agrees with the result of the

�rst solution�

�b� First solution �slick method��

Let A�t� and B�t� be the positions of the fox and rabbit
 respectively� Let C�t� be the
foot of the perpendicular dropped from A to the line of the rabbit�s path� Let 	t be
the angle
 as a function of time
 at which the rabbit moves relative to the direction
directly away from the fox �so 	� � 	
 and 	� � ���

The speed at which the distance AB decreases is equal to v� v cos	t� And the speed

at which the distance CB increases is equal to v � v cos	t� Therefore
 the sum of the

distances AB and CB does not change� Initially
 the sum is �� � cos	� In the end
 it
is �d
 where d is the desired eventual separation� Therefore


d �
��� � cos	�

�
� ����

Second solution �straightforward method��

Let 	t be de�ned as in the �rst solution
 and let �t be the separation at time t� The
speed of the rabbit in the direction orthogonal to the line connecting the two animals

is v sin	t� The separation is �t
 so the angle 	t changes at a rate

�	t � �v sin	t
�t

� ��
�

And �t changes at a rate
��t � �v��� cos	t�� ����






Taking the quotient of the above two equations
 and separating variables
 gives

��t
�t

�
�	t��� cos	t�

sin	t
� ����

The right side may be rewritten as �	t sin	t��� � cos	t�
 and so integration gives

ln��t� � � ln�� � cos	t� � C� ����

where C is a constant of integration� Exponentiating gives �t�� � cos	t� � B� The

initial conditions demand that B � ���� � cos	�� � ��� � cos	�� Therefore


�t �
��� � cos	�

�� � cos	t�
� ����

Setting t ��
 and using 	� � �
 gives the �nal result

�� �
��� � cos	�

�
� ����

Remark� The solution of part b� is valid for all � except ���� If ���� the rabbit runs

directly towards fox and they will indeed meet halfway in time ���v�

�� Let � be the mass density of the raindrop
 and let 
 be the average mass density in space of

the water droplets� Let r�t�
 M�t�
 and v�t� be the radius
 mass
 and speed of the raindrop


respectively�

The mass of the raindrop is M � �
����r��� Therefore


�M � 
�r� �r� � �M
�r

r
� ����

Another expression for �M is obtained by noting that the change in M is due to the acquisi�

tion of water droplets� The raindrop sweeps out volume at a rate given by its cross�sectional

area times its velocity� Therefore

�M � �r�v
� ����

The force of Mg on the droplet equals the rate of change of its momentum
 namely dp�dt �
d�Mv��dt � �Mv �M �v� Therefore


Mg � �Mv �M �v� ����

We now have three equations involving the three unknowns
 r
 M 
 and v�

�Note� We cannot write down the naive conservation�of�energy equation
 because mechan�

ical energy is not conserved� The collisions between the raindrop and the droplets are

completely inelastic� The raindrop will
 in fact
 heat up� See the remark at the end of the

solution��

The goal is to �nd �v for large t� We will do this by �rst �nding �r at large t� Eqs� ���� and
���� give

v �

�



�r �� �v �


�



�r� ����

�



Plugging eqs� ���� and ���� into eq� ���� gives

Mg �

�
�M

�r

r

��

�



�r

�
�M

�

�



�r

�
� ��
�

Therefore

g


�
r � �� �r� � 
r�r� ����

Given that the raindrop falls with constant acceleration at large times
 we may write �

�r � bg� �r � bgt� and r � �

�
bgt�� ����

for large t
 where b is a numerical factor to be determined� Plugging eqs� ���� into eq� ����
gives �

g


�

��
�

�
bgt�

�
� ���bgt�� � 


�
�

�
bgt�

�
bg� ����

Therefore
 b � 
����� Hence
 �r � g
����
 and eq� ���� gives the acceleration of the

raindrop at large t


�v �
g

�
� ����

independent of � and 
�

Remark� We can calculate how much mechanical energy is lost �and therefore how much the
raindrop heats up� as a function of the height fallen�

The fact that v is proportional to �r �shown in eq� �		�� means that the volume swept out by the
raindrop is a cone� The center�of�mass of a cone is 
�� of the way from the base to the apex�
Therefore� if M is the mass of the raindrop after it has fallen a height h� then the loss in mechanical
energy is

Elost �Mg
h

�
�




�
Mv�� �	��

Using v� � ��g�
�h� this becomes

�Eint � Elost �
	

��
Mgh� ����

where �Eint is the gain in internal thermal energy� The energy required to heat 
g of water by 

degree is 
 calorie �� ��
� Joules�� Therefore� the energy required to heat 
 kg of water by 
 degree
is � ���� J� In other words�

�Eint � ����M �T� ��
�

where mks units are used� and T is measured in celsius� �We have assumed that the internal energy is
uniformly distributed throughout the raindrop�� Eqs� ���� and ��
� give the increase in temperature
as a function of h�

�����T �
	

��
gh� ����

How far must the raindrop fall before it starts to boil� If we assume that the water droplets�
temperature is near freezing� then the height through which the raindrop must fall to have �T �

�� �C is found to be

h � ��� km� ��	�

�We may justify the constant�acceleration statement in the following way� For large t� let r be
proportional to t�� Then the left side of eq� �	
� goes like t�� while the right side goes like t�����
If these are to be equal� then we must have � � �� Hence� r � t�� and �r is a constant �for large
t��

�



We have� of course� idealized the problem� But needless to say� there is no need to worry about
getting burned by the rain�

A typical value for h is 
� km� which would raise the temperature by two or three degrees� This
e�ect� of course� is washed out by many other factors�

�� Let ��t� be the angle through which the spring moves� Let x�t� be the length of the

unwrapped part of the spring� Let v�t� be the speed of the mass� And let k�t� be the spring
constant of the unwrapped part of the spring� �The manner in which k changes will be

derived below��

Using the approximation a� L
 we may say that the mass undergoes approximate circular

motion� �This approximation will break down when x becomes of order a
 but the time

during which this is true is negligible compared to the total time�� The instantaneous center

of the circle is the point where the spring touches the pole� F � ma along the instantaneous
radial direction gives

mv�

x
� kx� �

�

Using this value of v
 the frequency of the circular motion is given by

� � d�

dt
�

v

x
�

s
k

m
� �
��

The spring constant
 k�t�
 of the unwrapped part of the spring is inversely proportional to its
equilibrium length� �For example
 if you cut a spring in half
 the resulting springs have twice

the original spring constant�� All equilibrium lengths in this problem are in�nitesimally

small �compared to L�
 but the inverse relation between k and equilibrium length still

holds� �If you want
 you can think of the equilibrium length as a measure of the total

number of spring atoms that remain in the unwrapped part��

Note that the change in angle of the contact point on the pole equals the change in angle

of the mass around the pole �which is ��� Consider a small interval of time during which

the unwrapped part of the spring stretches a small amount and moves through an angle

d�� Then a length a d� becomes wrapped on the pole� So the fractional decrease in the

equilibrium length of the unwrapped part is �to �rst order in d�� equal to �a d���x� From
the above paragraph
 the new spring constant is therefore

knew �
kold

�� a d�
x

� kold

�
� �

a d�

x

�
� �
��

Therefore
 dk � ka d��x� Dividing by dt gives

�k �
ka�

x
� �
��

The �nal equation we need is the one for energy conservation� At a given instant
 consider

the sum of the kinetic energy of the mass
 and the potential energy of the unwrapped part of

the spring� At a time dt later
 a tiny bit of this energy will be stored in the newly�wrapped

little piece� Letting primes denote quantities at this later time
 conservation of energy gives

�

�
kx� �

�

�
mv� �

�

�
k�x�� �

�

�
m�v�� �

�
�

�
kx�

��
a d�

x

�
� �
��

�



The last term is �to lowest order in d�� the energy stored in the newly�wrapped part
 because
a d� is its length� Using eq� �

� to write the v�s in terms of the x�s
 this becomes

kx� � k�x�� �
�

�
kxa d�� �
��

In other words
 ������kxa d� � d�kx��� Dividing by dt gives

��

�
kxa� �

d�kx��

dt

� �kx� � �kx �x

�

�
ka�

x

�
x� � �kx �x� ����

where we have used eq� �
��� Therefore


�x � ��



a�� ����

We must now solve the two couple di�erential equations
 eqs� �
�� and ����� Dividing the
latter by the former gives

�x

x
� ��




�k

k
� ����

Integrating and exponentiating gives

k �
KL���

x���
� ����

where the numerator is obtained from the initial conditions
 k � K and x � L� Plugging
eq� ���� into eq� ����
 and using � �

p
k�m 
 gives

x��� �x � ��aK���L���


m���
� ��
�

Integrating
 and using the initial condition x � L
 gives

x��� � L��� �
�
�aK���L���


m���

�
t� ����

So
 �nally


x�t� � L

�
�� t

T

����

� ����

where

T �



�

L

a

r
m

K
����

is the time for which x�t� � � and the mass hits the pole�

Remarks�

�a� Note that the angular momentum of the mass around the center of the pole is not conserved
in this problem� because the force is not a central force�

�b� Integrating eq� ��
� up to the point when the mass hit the pole gives �L � ��	���a�� But a�
is the total length wrapped around the pole� which we see is equal to �L�	�

�
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1. A ball (with moment of inertia I = (2=5)mr2) rolls without slipping on the inside of

a cylinder of radius R. The cylinder spins around its axis (which points horizontally)

with angular acceleration �. What should � be if you wish for the center of the ball

to remain motionless at an angle � up from the bottom of the cylinder (see �gure)?

side view

θ

α

Rr

2. A point source emits light (spherically symmetrically) and is located along the axis

of a cone (with vertex angle �), at a distance d from the tip. The inside surface of

the cone is re
ective. A receiver is located inside the cone. The receiver consists of

all points inside the cone that are a distance r from the tip. (See the �gure below

for a two-dimensional slice of the setup.) What fraction of the light emitted by the

source hits the receiver?

receiver

source

d

 r

θ



3. A block is placed on a plane inclined at angle �. The coeÆcient of friction between

the block and plane is � = tan �. The block is given a kick so that it initially

moves with speed V horizontally (i.e., in the direction perpendicular to the direction

pointing straight down the plane; see the �gure below). What is the speed of the

block after a very long time?

V

θ

4. Find the eÆciency of the thermodynamic process shown below. The corners of the

triangle are located at the points (V; 2P ), (V; P ), (2V; P ).

Notes: (1) The \eÆciency" of a thermodynamic process is de�ned to be � � (Qin �

Qout)=Qin, where Qin and Qout are the quantities of heat added and removed from

the system, respectively, (2) the gas is assumed to be an ideal gas, the internal

energy of which is 3

2
nkT .

V

V

P( )

2

2,

V P( ),

V P

P

( ),



5. A rubber band with initial length L has one end tied to a wall. At t = 0, the other

end is pulled away from the wall at speed V . (Assume the rubber band stretches

uniformly.) At the same time, an ant located at the end not attached to the wall

begins to crawl toward the wall, with a speed of u relative to the band. Will the

ant reach the wall? If so, how much time will it take?

6. N points in space are connected by a collection of 1
 resistors. The network of

resistors is arbitrary, except for the fact that it is \connected" (that is, it is possible

to travel between any two points via an unbroken chain of resistors). The number

of resistors emanating from any point can be any number from 1 to N � 1.

Consider two points that are connected by a 1
 resistor. The network produces

an e�ective resistance between these two points. What is the sum of the e�ective

resistances across all the 1
 resistors in the network?

Note: You will receive 2 points for stating the correct answer (which must be sup-

ported by a few simple examples), and then 8 points for proving the general result.
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1. (a) If A is heated, then water will flow from B to A. The reason can be seen as
follows. The pressure at depth h is given by P = ρgh. When the water in A
expands, the height h increases, but the density ρ decreases. What happens to the
product ρh? The density goes like 1/A, where A is the area of the trapezoidal
cross section. But A = wh, where w is the width at half height. Therefore,
P = ρgh ∝ h/A = 1/w. And since w increases as the water level rises, the
pressure in A decreases, and water flows from B to A.

(b) If B is heated, then water will again flow from B to A. The same reasoning used
above works here, except than now the w in container B decreases, so that the
pressure in B increases, so that the water again flows from B to A.

2. Let F be the tension in the string. The angle (at the mass) between the string and the
radius of the dotted circle is θ = sin−1(r/R). In terms of θ, the radial and tangential
F = ma equations are

F cos θ = mv2/R, and
F sin θ = mv̇. (1)

Solving for F in the second equation and substituting into the first gives

mv̇ cos θ

sin θ
=

mv2

R
. (2)

Separating variables and integrating gives
∫ v

v0

dv

v2
=

tan θ

R

∫ t

0
dt

=⇒ 1
v0
− 1

v
=

tan θ

R
t

=⇒ v =
(

1
v0
− tan θ

R
t

)−1

. (3)

Note that v becomes infinite when

t = T ≡ R

v0 tan θ
. (4)

In other words, you can keep the mass moving in the desired circle only up to time
T . After that, it is impossible. (Of course, it will become impossible, for all practical
purposes, long before v becomes infinite.)

The total distance, d =
∫

v dt, is infinite, because this integral (barely) diverges (like
a log), as t approaches T .
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3. Let V be the initial speed. The horizontal speed and initial vertical speed are then
V cos θ and V sin θ, respectively. You can easily show that the distance traveled in
the air is the standard

dair =
2V 2 sin θ cos θ

g
. (5)

To find the distance traveled along the ground, we must determine the horizontal
speed just after the impact has occurred. The normal force, N , from the ground is
what reduces the vertical speed from V sin θ to zero, during the impact. So we have

∫
N dt = mV sin θ, (6)

where the integral runs over the time of the impact. But this normal force (when
multiplied by µ, to give the horizontal friction force) also produces a sudden decrease
in the horizontal speed, during the time of the impact. So we have

m∆vx = −
∫

(µN) dt = −µmV sin θ =⇒ ∆vx = −µV sin θ. (7)

(We have neglected the effect of the mg gravitational force during the short time of
the impact, since it is much smaller than the N impulsive force.) Therefore, the brick
begins its sliding motion with speed

v = V cos θ − µV sin θ. (8)

Note that this is true only if tan θ ≤ 1/µ. If θ is larger than this, then the horizontal
speed simply becomes zero, and the brick moves no further. (Eq. (8) would give a
negative value for v.)

The friction force from this point on is µmg, so the acceleration is a = −µg. The
distance traveled along the ground can easily be shown to be

dground =
(V cos θ − µV sin θ)2

2µg
. (9)

We want to find the angle that maximizes the total distance, dtotal = dair + dground.
From eqs. (5) and (9) we have

dtotal =
V 2

2µg

(
4µ sin θ cos θ + (cos θ − µ sin θ)2

)

=
V 2

2µg
(cos θ + µ sin θ)2. (10)

Taking the derivative with respect to θ, we see that the maximum total distance is
achieved when

tan θ = µ. (11)

Note, however, that the above analysis is valid only if tan θ ≤ 1/µ (from the comment
after eq. (8)). We therefore see that if:

• µ < 1, then the optimal angle is given by tan θ = µ. (The brick continues to
slide after the impact.)
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• µ ≥ 1, then the optimal angle is θ = 45◦. (The brick stops after the impact, and
θ = 45◦ gives the maximum value for the dair expression in eq. (5).)

4. The key point in this problem is that the sheet expands about a certain stationary
point, but contracts around another (so that it ends up moving down the roof like an
inchworm). We must find the locations of these two points.

Let’s consider the expansion first. Let the stationary point be a distance a from the
top and b from the bottom (so a+b = `). The lower part of the sheet, of mass m(b/`),
will be moving downward along the roof. Therefore, it will feel a friction force upward,
with magnitude µN = µm(b/`)g cos θ. Likewise, the upper part, of mass m(a/`), will
feel a friction force downward, with magnitude µm(a/`)g cos θ.

Because the sheet is not accelerating, the difference in these two friction forces must
equal the downward force of gravity along the roof, namely mg sin θ. Therefore,

µm

(
b− a

`

)
g cos θ = mg sin θ

=⇒ b− a =
` tan θ

µ
. (12)

Note that this implies b > a. Also note that b − a of course cannot be greater than
`; therefore, if tan θ > µ, then there are no solutions for a and b, so the forces cannot
balance, and so the sheet will accelerate down the roof. (This tan θ > µ result is a
general result, of course, for the equilibrium of an object on an inclined plane.)

When the object contracts, all of the above analysis holds, except that now the roles
of a and b are reversed. The stationary point is now closer to the bottom. With a
and b defined in the same way as above, we find (as you can verify)

a− b =
` tan θ

µ
. (13)

Putting eqs. (12) and (13) together, we see that the stationary points of expansion
(Pe) and contraction (Pc) are separated by a distance

d =
` tan θ

µ
. (14)

During the expansion, the point Pc moves downward a distance

ε = αd ∆T =
α` tan θ∆T

µ
. (15)

and then during the contraction it remains fixed. (Equivalently, the center of the sheet
moves downward by a distance of half this, for both the expansion and contraction.)
Therefore, during one complete cycle (that is, during a span of 24 hours), the sheet
moves downward by the distance ε given above.

Plugging in the given numbers, we see that the distance the sheet moves in one year
is given by

(365)ε =
(365)(17 · 10−6(C◦)−1)(1m)(tan 30◦)(10◦C)

1
≈ 0.036m = 3.6 cm. (16)
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5. (a) The image charge lags behind the given charge by a distance vτ . Therefore,
from the pythagorean theorem, the separation between the two charges is d =√

(2r)2 + (vτ)2 . The force necessary to maintain constant motion (parallel to
the plate) is the negative of the Coulomb force between the charges. Hence, the
desired force is

F =
kq2

d2
=

kq2

4r2 + v2τ2
. (17)

This force points at an angle of θ with respect to the normal to the plate, where
θ is given by

tan θ =
vτ

2r
. (18)

(b) The component of the above force in the direction of v is

Fv ≡ F sin θ =
kq2

4r2 + v2τ2

(
vτ√

4r2 + v2τ2

)
. (19)

To first order in the small quantity vτ , we may neglect the vτ terms in the
denominator. Therefore,

Fv ≈ kq2vτ

8r3
. (20)

This is the force necessary to overcome the damping force, F = −γv. So we see
that

γ =
kq2τ

8r3
. (21)

(c) For motion perpendicular to the plate, the lagging motion of the image charge
implies that the charges will be a distance 2r + vτ apart. The force between
them is therefore

F =
kq2

(2r + vτ)2
≈ kq2

4(r2 + rvτ)
≈ kq2(r2 − rvτ)

4r4
=

kq2

4r2
− kq2vτ

4r3
. (22)

We see that the attractive force is slightly less than it would be if v were zero.
This is due to the damping force, F = −γv, where

γ =
kq2τ

4r3
. (23)

6. Let ` and θ be the length of the string and the angle it makes with the pole, respec-
tively, as functions of time.

The two facts we will need to solve this problem are: (1) the radial F = ma equation,
and (2) the conservation of energy statement.

Approximating the motion at any time by a horizontal circle (of radius ` sin θ), we see
that the vertical force applied by the string is mg, and hence the horizontal force is
mg tan θ. Therefore, the radial F = ma equation is

mv2

` sin θ
= mg tan θ. (24)
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Conservation of energy says that the change in KE plus the change in PE is zero.
We’ll write the change in KE simply as d(mv2/2) for now. We claim that the change
in PE is given by mg` sin θ dθ. This can be seen as follows.

Put a mark on the string a small distance d` down from the contact point. After a
short time, this mark will become the contact point. The height of this mark will not
change (to first order, at least) during this process. This is true because initially the
mark is a height ` cos θ below the initial contact point. And it is still (to first order)
this far below the initial contact point when the mark becomes the contact point,
because the angle is still very close to θ, so any errors will be of order d` dθ.

The change in height of the ball relative to this mark (whose height is essentially
constant) is due to the ` − d` length of string in the air “swinging” up through an
angle dθ. Multiplying by sin θ to obtain the vertical component of this arc, we see
that the change in height is ((`− d`)dθ) sin θ. This equals ` sin θ dθ, to first order, as
was to be shown.

Therefore, conservation of energy gives

1
2
d(mv2) + mg` sin θ dθ = 0. (25)

We will now use eqs. (24) and (25) to solve for ` in terms of θ. Substituting the v2

from eq. (24) into eq. (25) gives

d(` sin θ tan θ) + 2` sin θ dθ = 0
=⇒ (d` sin θ tan θ + ` cos θ tan θ dθ + ` sin θ sec2 θ) + 2` sin θ dθ = 0

=⇒ d`
sin2 θ

cos θ
+ 3` sin θ dθ + `

sin θ

cos2 θ
= 0

=⇒
∫

d`

`
= −

∫ 3 cos θ dθ

sin θ
−

∫
dθ

sin θ cos θ

=⇒ ln ` = −3 ln(sin θ) + ln
(

cos θ

sin θ

)
+ C

=⇒ ` = A
cos θ

sin4 θ
, where A = L

(
sin4 θ0

cos θ0

)
(26)

is determined from the initial condition, ` = L when θ = θ0. Note that this result
implies that θ = π/2 when the ball hits the pole (that is, when ` = 0). The last
integral in the fourth line above can be found in various ways. One is to multiply by
cos θ/ cos θ, and then note that dθ/ cos2 θ = d(tan θ).

Now let’s find the position where the ball hits the pole. The vertical distance a small
piece of the string covers is dy = d` cos θ. So the ball hits the pole at a y value
(relative to the top) given by

y =
∫

d` cos θ = A

∫
d

(
cos θ

sin4 θ

)
cos θ, (27)

where the integral runs from θ0 to π/2, and A is given in eq. (26). We may now
integrate by parts to obtain

y

A
=

(
cos θ

sin4 θ

)
cos θ −

∫ (
cos θ

sin4 θ

)
(− sin θ) dθ
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=
cos2 θ

sin4 θ
+

∫ cos θ

sin3 θ
dθ

=

(
cos2 θ

sin4 θ
− 1

2 sin2 θ

)∣∣∣∣∣
π/2

θ0

. (28)

Using the value of A given in eq. (26), we obtain

y = L

(
sin4 θ0

cos θ0

) (
−1

2
−

(
cos2 θ0

sin4 θ0
− 1

2 sin2 θ0

))

= L

(
sin4 θ0

cos θ0

) (
−cos2 θ0

sin4 θ0
+

cos2 θ0

2 sin2 θ0

)

= −L cos θ0

(
1− sin2 θ0

2

)
. (29)

Since the ball starts at a position y = −L cos θ0, we see that it rises up a distance
∆y = (1/2)L cos θ0 sin2 θ0 during the course of its motion. (This change in height
happens to be maximum when tan θ0 =

√
2, in which case ∆y = L/3

√
3.)

By conservation of energy, we can find the final speed from

1
2
mv2

f =
1
2
mv2

i −mg

(
1
2
L cos θ0 sin2 θ0

)
(30)

From eq. (24), we have

v2
i = gL

sin2 θ0

cos θ0
. (31)

Therefore,

1
2
mv2

f =
1
2
mgL

sin2 θ0

cos θ0
− 1

2
mgL cos θ0 sin2 θ0

=
1
2
mgL sin2 θ0

(
1

cos θ0
− cos θ0

)

=
1
2
mgL

sin4 θ0

cos θ0
. (32)

Hence,

v2
f = gL

sin4 θ0

cos θ0
. (33)

Combining eqs. (31) and (33), we finally have

vf

vi
= sin θ0. (34)
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Each of the six questions is worth 10 points.

1. A rope with mass M and length L is held in the position shown below, with one
end attached to a support. (Assume that only a negligible length of the rope
starts out below the support.) The rope is released. Find the force that the
support applies to the rope, as a function of time.

hand

L

2. A mass is connected to one end of a massless string, the other end of which is
connected to a very thin frictionless vertical pole. The string is initially wound
completely around the pole (in a very large number of little horizontal circles),
with the mass touching the pole. The mass is released, and the string gradually
unwinds. What angle does the string make with the pole at the moment it
becomes completely unwound?

3. Consider building the following resistor circuit. Start with a square of side length
L. Connect the centers of each side to form another square. Connect the centers
of each side of this square to form yet another square, and so on, to infinity. What
is the resistance between two opposite corners of the original square? (Assume
that all the wires in the circuit have the same cross-section and resistivity.) Give
your answer in terms of the resistance, R, of a length L of the wire.

L

1



4. A charged particle travels into a region in which there is a friction force propor-
tional to the particle’s velocity. It travels 10 cm from the point of entry into the
region before coming to rest. If a magnetic field of unknown strength is turned
on in the region, the particle instead moves along a spiral and comes to rest 6 cm
from the point of entry. (This 6 cm is the magnitude of the net displacement, that
is, the straight-line distance.) How far from the point of entry will the particle
come to rest if the magnetic field is doubled?

5. Consider a ball (with moment of inertia I = (2/5)MR2) which bounces elastically
off a surface. Assume that the ball’s speed in the direction perpendicular to the
surface is the same before and after a bounce. Also, assume that the ball is made
of a type of rubber which allows it to not slip on the surface (which has friction)
during the bounce. (This implies that the angular and linear motions may affect
each other.)

The ball is projected from the surface of a plane which is inclined at angle θ.
The initial velocity of the ball is perpendicular to the plane and has magnitude
V . The initial angular velocity is zero. Find the component of the ball’s velocity
along the plane, immediately after the nth bounce.

6. A ball (with moment of inertia I = (2/5)MR2) rolls without slipping on the
inside surface of a fixed cone, whose tip points downward. The half-angle at the
vertex of the cone is θ. Initial conditions have been set up so that the ball travels
around the cone in a horizontal circle of radius `, with the contact points (the
points on the ball that touch the cone) tracing out a given circle (not necessarily
a great circle) on the ball.

What should the radius of the circle of these contact points be, if you want the
sphere to travel around the cone as fast as possible? (You may work in the
approximation where R is much less than `. Also, assume that the coefficient of
friction between the ball and the cone is arbitrarily large.)
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1. At time t, the free end of the rope is moving at speed gt, and it has fallen a distance
gt2/2. This distance gets “doubled up” below the support. So at time t, a length gt2/4
is hanging at rest, and a length L − gt2/4 is moving at speed gt. The momentum
of the entire rope is therefore p = −ρ(L − gt2/4)(gt), where ρ ≡ M/L is the mass
density, and the minus sign signifies downward motion.

The forces on the entire rope are Mg = ρLg downward, and N (the force from the
support) upward. F = dp/dt applied to the entire rope therefore gives

N − ρLg =
d

dt

(
−ρLgt +

ρg2t3

4

)

=⇒ N =
3ρg2t2

4
. (1)

(Note that this equals 3ρv2/4.) This result holds until t =
√

4L/g, which is the time
it takes the free end to fall a distance 2L. After this time, the force from the support
is simply the weight of the entire rope, Mg.

Remark: At time t, the part of the rope that is hanging at rest has weight ρ(gt2/4)g =
ρg2t2/4. From eq. (1), we see that the support must apply a force that is three times the
weight of this motionless part of the rope. The extra force is necessary because the support
must do more than hold up the motionless part. It must cause the change in momentum of
the atoms in the rope that are abruptly brought to rest from their freefall motion.

2. Because the pole is very thin, we can approximate the motion of the mass at all times
by a circle. Let θ be the desired angle of the string when it becomes completely
unwound. Then the total change in height of the mass is L cos θ. So conservation of
energy gives

mgL cos θ =
mv2

2
. (2)

The vertical component of the tension in the string is essentially mg, because the
height of the mass changes so slowly (because the pole is so thin). Therefore, the
horizontal component of the tension is mg tan θ. The mass travels in a horizontal
circle of radius L sin θ, so the horizontal F = ma equation gives

mg tan θ =
mv2

L sin θ
. (3)

Dividing eq. (3) by eq. (2) gives

tan θ =
√

2. (4)

The numerical value turns out to be θ ≈ 54.7◦.
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3. Let the desired resistance between opposite corners be xR, where x is a numerical
factor to be determined. Consider all the squares except the largest two. Label this
subset of resistors as S3. S3 is identical to the original circuit, except that it is shrunk
by a factor of 2. Therefore, the resistance between the right and left corners of S3 is
xR/2 (because all the cross sections are the same, and resistance is proportional to
length).

From left-right symmetry, all the points on the vertical bisector of the circuit below
are at the same potential. Therefore, we can separate the top and bottom corners of
S3 from the horizontal lines they touch, as shown.

L

We can then think of S3 as an effective resistor of resistance xR/2, as shown.

A

B

C D

F

E

We can now simplify this circuit by noting the top-bottom symmetry, which tells us
that we can identify A with C, and also D with F . (Note that we cannot identify B
with A,C; or E with D, F .) We arrive at:

R/

R

B

A,C

E

D,F

R/
2

R/ 22R/ 222

xR/2

R/2

2



Reducing things a bit more gives:

R

BA,C E D,F

R/

2

R/ 24R/ 244

xR/2

R/4

_______

2 +1( )

Reducing one last time, and setting the result equal to xR, gives:

xR =
R

2
+


 1

R
2(
√

2+1)

+
1

R
2
√

2
+ xR

2



−1

(5)

We must now solve for x. Gradual simplification gives:

2x− 1 =
1√

2 + 1 +
√

2√
2x+1

=⇒ (2x− 1)
(
(2 +

√
2)x + 2

√
2 + 1

)
=
√

2x + 1

=⇒ (2 +
√

2)x2 +
√

2x− (
√

2 + 1) = 0

=⇒ x2 + (
√

2− 1)x− 1√
2

= 0

=⇒ x =
1
2
(
√

3−
√

2 + 1) ≈ 0.659. (6)

4. Integrating F = dp/dt gives

∆p =
∫

F dt. (7)

Before the magnetic field is turned on, the force on the particle takes the form, F =
−bv. Therefore,

∆p =
∫

(−bv) dt. (8)

But
∫

v dt = ∆x, where ∆x is the total displacement (which equals 10 cm straight
into the region here). So we have

∆p0 = −b∆x0, (9)

where the subscript denotes the zero-B case.

Let us now turn on the magnetic field. We have F = −bv + qv ×B, so

∆p =
∫

(−bv + qv ×B) dt

= −b∆x + q∆x×B. (10)

3



But the ∆p here is the same as the ∆p0 in eq. (9), because the the particle has the
same initial velocity and the same final velocity (namely zero). Therefore, we have
(after dividing through by −b)

∆x0 = ∆xB − (q/b)∆xB ×B. (11)

The two terms on the righthand side represent orthogonal vectors. Since the sum
of these two orthogonal vectors equals the vector on the lefthand side, and since
|∆xB|/|∆x0| = 6/10, we see that we have the following 6-8-10 right triangle.

∆x0

∆xB

-(q/b)∆xB B

6

8

10

If we now double the magnetic field, we have

∆x0 = ∆x2B − (q/b)∆x2B × 2B. (12)

The ratio of the magnitudes of the two vectors on the righthand side is twice the ratio
of the two vectors in eq. (11). That is, it is 8/3 instead of 8/6. So we now have the
following right triangle.

∆x0

∆x2B

-(q/b)∆x2B 2B
10

3a

8a

The Pythagorean theorem gives the value of a as 10/
√

73. Therefore, the net dis-
placement of the particle is |∆x2B| = 3a = 30/

√
73 ≈ 3.51 cm.

5. Let us ignore the tilt of the plane for a moment and determine how the ωf and vf

after a bounce are related to the ωi and vi before the bounce (where v denotes the
velocity component parallel to the plane). Let the positive directions of velocity and
force be to the right along the plane, and let the positive direction of angular velocity

4



be counterclockwise. If we integrate (over the small time of a bounce) the friction
force and the resulting torque, we obtain

F =
dp

dt
=⇒

∫
F dt = ∆p,

τ =
dL

dt
=⇒

∫
τ dt = ∆L. (13)

But τ = RF . And since R is constant, we have

∆L =
∫

RF dt = R

∫
F dt = R∆p. (14)

Therefore,
I(ωf − ωi) = Rm(vf − vi). (15)

But conservation of energy gives

1
2
mv2

f +
1
2
Iω2

f =
1
2
mv2

i +
1
2
Iω2

i

=⇒ I(ω2
f − ω2

i ) = m(v2
i − v2

f ). (16)

Dividing this equation by eq. (15) gives1

R(ωf + ωi) = −(vf + vi). (17)

We can now combine this equation with eq. (15), which can be rewritten (using
I = (2/5)mR2) as

2
5
R(ωf − ωi) = vf − vi. (18)

Given vi and ωi, the previous two equations are two linear equations in the two
unknowns, vf and ωf . Solving for vf and ωf , and then writing the result in matrix
notation, gives

(
vf

Rωf

)
=

1
7

(
3 −4
−10 −3

) (
vi

Rωi

)
≡ A

(
vi

Rωi

)
. (19)

Note that

A2 =
1
49

(
49 0
0 49

)
= I. (20)

Let us now consider the effects of the tilted plane. Since the ball’s speed perpendicular
to the plane is unchanged by each bounce, the ball spends the same amount of time in
the air between any two successive bounces. This time equals T = 2V/g cos θ, because
the component of gravity perpendicular to the plane is g cos θ. During this time, the
speed along the plane increases by (g sin θ)T = 2V tan θ ≡ V0.

1We have divided out the trivial ωf = ωi and vf = vi solution, which corresponds to slipping motion
on a frictionless plane. The nontrivial solution we will find shortly is the non-slipping one. Basically, to
conserve energy, there must be no work done by friction. But since work is force times distance, this means
that either the plane is frictionless, or that there is no relative motion between ball’s contact point and the
plane. Since we are given that the plane has friction, the latter (non-slipping) case must be the one we are
concerned with.
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Let Q denote the (v, Rω) vector at a given time (where v denotes the velocity compo-
nent parallel to the plane). The ball is initially projected with Q = 0. Therefore, right
before the first bounce, we have Qbefore

1 = (V0, 0) ≡ V0. (We have used the fact that
ω doesn’t change while the ball is in the air.) Right after the first bounce, we have
Qafter

1 = AV0. We then have Qbefore
2 = AV0 + V0, and so Qafter

2 = A(AV0 + V0).
Continuing in this manner, we see that

Qbefore
n = (An−1 + · · ·+A+ I)V0, and
Qafter

n = (An + · · ·+A2 +A)V0. (21)

However, A2 = I, so all the even powers of A equal I. The value of Q after the nth
bounce is therefore given by

n even =⇒ Qafter
n =

n

2
(A+ I)V0.

n odd =⇒ Qafter
n =

1
2

(
(n + 1)A+ (n− 1)I

)
V0. (22)

Using the value of A defined in eq. (19), we find

n even =⇒
(

vn

Rωn

)
=

n

7

(
5 −2
−5 2

) (
V0

0

)
.

n odd =⇒
(

vn

Rωn

)
=

1
7

(
5n− 2 −2n− 2
−5n− 5 2n− 5

) (
V0

0

)
. (23)

Therefore, the speed along the plane after the nth bounce equals (using V0 ≡ 2V tan θ)

vn =
10nV tan θ

7
(n even),

vn =
(10n− 4)V tan θ

7
(n odd). (24)

Remark: Note that after an even number of bounces, eq. (23) gives v = −Rω. This is the
“rolling” condition. That is, the angular speed exactly matches up with the translation speed,
so v and ω are unaffected by the bounce. (The vector (1,−1) is an eigenvector of A.) At the
instant that an even-n bounce occurs, the v and ω are the same as they would be for a ball
that simply rolls down the plane. At the instant after an odd-n bounce, the v is smaller than
it would be for a rolling ball, but the ω is larger. (And right before an odd-n bounce, the v is
larger but the ω is smaller.)

6. It turns out that the ball can move arbitrarily fast around the cone. As we will see,
the plane of the contact circle (represented by the chord in the figure below) will need
to be tilted downward from the contact point, so that the angular momentum has a
rightward horizontal component when it is at the position shown. In what follows, it
will be convenient to work with the angle φ ≡ 90◦ − θ.
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φ
θ

φ

β

L

r

F

R

Let’s first look at F = ma along the plane. Let Ω be the angular frequency of the
ball’s motion around the cone. Then the ball’s horizontal acceleration is m`Ω2 to the
left. So F = ma along the plane gives (where Ff is the friction force)

mg sinφ + Ff = m`Ω2 cosφ. (25)

Now let’s look at τ = dL/dt. To get a handle on how fast the ball is spinning,
consider what the setup looks like in the rotating frame in which the center of the ball
is stationary (so the ball just spins in place as the cone spins around). Since there is
no slipping, the contact points on the ball and the cone must have the same speed.
That is,

ωr = Ω` =⇒ ω =
Ω`

r
, (26)

where ω is the angular speed of the ball in the rotating frame, and r is the radius of
the contact circle on the ball.2 The angular momentum of the ball in the lab frame is
L = Iω (at least for the purposes here3), and it points in the direction shown above.

The L vector precesses around a cone in L-space with the same frequency, Ω, as the
ball moves around the cone. Only the horizontal component of L changes, and it
traces out a circle of radius Lhor = L sinβ, at frequency Ω. Therefore,

∣∣∣dL
dt

∣∣∣ = LhorΩ = (Iω sinβ)Ω =
IΩ2` sinβ

r
, (27)

and the direction of dL/dt is into the page.

The torque on the ball (relative to its center) is due to the friction force, Ff . Hence,
|τ | = FfR, and its direction is into the page. Therefore, τ = dL/dt gives (with

2If the center of the ball travels in a circle of radius `, then the ` here should actually be replaced with
` + R sin φ, which is the radius of the contact circle on the cone. But since we’re assuming that R ¿ `, we
can ignore the R sin φ part.

3This L = Iω result isn’t quite correct, because the angular velocity of the ball in the lab frame equals
the angular velocity in the rotating frame (which tilts downwards with the magnitude ω we just found)
plus the angular velocity of the rotating frame with respect to the lab frame (which points straight up with
magnitude Ω). This second part of the angular velocity simply yields an additional vertical component of
the angular momentum. But the vertical component of L doesn’t change with time as the ball moves around
the cone. It is therefore irrelevant, since we will be concerned only with dL/dt in what follows.
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I = ηmR2, where η = 2/5 in this problem)

FfR =
IΩ2` sinβ

r

=⇒ Ff =
ηmRΩ2` sinβ

r
. (28)

Using this Ff in eq. (25) gives

mg sinφ +
ηmRΩ2` sinβ

r
= m`Ω2 cosφ. (29)

Solving for Ω gives

Ω2 =
g sinφ

`
(
cosφ− ηR sin β

r

) . (30)

We see that it is possible for the ball to move around the cone infinitely fast if

cosφ =
η sinβ

r/R
. (31)

If we now define γ ≡ φ− β in the above figure, we have r/R = sin γ, and β = φ− γ.
So eq. (31) becomes

cosφ =
η sin(φ− γ)

sin γ
. (32)

Using the sum formula for the sine in the numerator, we can rewrite this as

tan γ =
η

1 + η
tanφ =

2
7

tanφ

=
2
7

cot θ, (33)

where we have used η = 2/5. We finally obtain

r

R
= sin γ =

1√
1 + cot2 γ

=
1√

1 + 49
4 tan2 θ

. (34)

Remarks:

(1) In the limit θ ≈ 0 (that is, a very thin cone), we obtain r/R ≈ 1, which makes sense.
The contact circle is essentially a horizontal great circle.
In the limit θ ≈ 90◦ (that is, a nearly flat plane), we obtain r/R ≈ 0. The circle of
contact points is very small, but the ball can still roll around the cone arbitrarily fast
(assuming that there is sufficient friction). This isn’t entirely intuitive.

(2) What value of φ allows the largest tilt angle of the contact circle (that is, the largest
β)? From eq. (31), we see that maximizing β is equivalent to maximizing (r/R) cos φ,
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or equivalently (r/R)2 cos2 φ. Using the value of r/R from eq. (34), we see that we want
to maximize

(r/R)2 cos2 φ =
cos2 φ

1 + 49
4 cot2 φ

. (35)

Taking the derivative with respect to φ and going through a bit of algebra, we find that
the maximum is achieved when

tan φ =

√
7
2

=⇒ φ = 61.9◦. (36)

You can then show from eq. (31) that

sin βmax =
5
9

=⇒ βmax = 33.7◦. (37)

(3) Let’s consider three special cases for the contact circle, namely, a horizontal circle, a
great circle, and a vertical circle.

(a) Horizontal circle: In this case, we have β = 0, so eq. (30) gives

Ω2 =
g tan φ

`
. (38)

In this case, L points vertically, which means that dL/dt is zero, which means that
the torque is zero, which means that the friction force is zero. Therefore, the ball
moves around the cone with the same speed as a particle sliding without friction.
(You can show that such a particle does indeed have Ω2 = g tanφ/`.) The horizontal
contact-point circle (β = 0) is the cutoff case between the sphere moving faster or
slower than a frictionless particle.

(b) Great circle: In this case, we have r = R and β = −(90◦−φ). Hence, sin β = − cosφ,
and eq. (30) gives

Ω2 =
g tan φ

`(1 + η)
. (39)

This reduces to the frictionless-particle case when η = 0, as it should.
(c) Vertical circle: In this case, we have r = R cos φ and β = −90◦, so eq. (30) gives

Ω2 =
g tan φ

`
(
1 + η

cos2 φ

) . (40)

Again, this reduces to the frictionless-particle case when η = 0, as it should. But
for φ → 90◦ (thin cone), Ω goes to zero, whereas in the other two cases above, Ω
goes to ∞.
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2004
Boston Area Undergraduate

Physics Competition

April 24, 2004
Time: 4 hours

Each of the six questions is worth 10 points.

1. (a) (5 points) A sled on which you are riding is given an initial push and slides
across frictionless ice. Snow is falling vertically (in the frame of the ice) on
the sled. Assume that the sled travels in tracks which constrain it to move
in a straight line. Which of the following three strategies causes the sled to
move the fastest? The slowest? Explain your reasoning.

i. You sweep the snow off the sled so that it leaves the sled in the direction
perpendicular to the sled’s tracks, as seen by you in the frame of the
sled.

ii. You sweep the snow off the sled so that it leaves the sled in the direction
perpendicular to the sled’s tracks, as seen by someone in the frame of
the ice.

iii. You do nothing.

(b) (5 points) You are standing on the edge of a step on some stairs, facing up
the stairs. You feel yourself starting to fall backwards, so you start swinging
your arms around in vertical circles, like a windmill. This is what people
tend to do in such a situation, but does it actually help you not to fall, or
does it simply make you look silly? Explain your reasoning.

2. A rope rests on two platforms which are both inclined at an angle θ (which you
are free to pick), as shown. The rope has uniform mass density, and its coefficient
of friction with the platforms is 1. The system has left-right symmetry. What is
the largest possible fraction of the rope that does not touch the platforms? What
angle θ allows this maximum value?

θθ

1



3. A flat square plate with side length d serves as a detector for the radiation
emitted by a particle. The particle emits the radiation uniformly in all directions.
Consider the line, L, joining points A and C, as shown. C is one corner of the
square, and A is the point directly above the opposite corner, a distance d above
the square.

C

B

Line L

A

d

d

d

What fraction of the total radiation emitted by the particle is detected by the
detector if the particle is placed on the line L:

(a) at point A,

(b) at point B (halfway between A and C),

(c) at a point infinitesimally close to point C.

4. The edges of a tetrahedron form an RLC circuit as shown. Two opposite edges
are resistors R, two opposite edges are capacitors C, and two opposite edges are
inductors L. An alternating voltage with amplitude V0 is connected to the circuit
at the ends of one of the resistors. If the frequency takes the form ω = 1/

√
LC,

and if additionally R =
√

L/C, find the amplitude of the total current through
the circuit.

V
0

cos ωt

2



5. A point particle of mass m sits at rest on top of a frictionless hemisphere of mass
M , which rests on a frictionless table, as shown. The particle is given a tiny kick
and slides down the hemisphere. At what angle θ (measured from the top of the
hemisphere) does the particle lose contact with the hemisphere?

In answering this question for m 6= M , it is sufficient for you to produce an
equation (please simplify) that θ must satisfy. However, for the special case of
m = M , your equation can be solved without too much difficulty; find the angle
in this case.

M

m

6. Consider the infinitely tall system of identical massive cylinders and massless
planks shown below. The moment of inertia of the cylinders is I = MR2/2. There
are two cylinders at each level, and the number of levels is infinite. The cylinders
do not slip with respect to the planks, but the bottom plank is free to slide on
a table. If you pull on the bottom plank so that it accelerates horizontally with
acceleration a, what is the horizontal acceleration of the bottom row of cylinders?

.
 
.
 
.
 
.

.
 
.
 
.
 
.

a

3



Solutions

10th Annual

Boston Area Undergraduate

Physics Competition

April 24, 2004

1. (a) From best to worst, the ordering of the strategies is (ii), (iii), (i). We can
demonstrate this by using conservation of momentum. There are no ex-
ternal horizontal forces on the sled and the snow, so the total momentum
of the sled plus the snow is constant in time.
Strategy (ii) therefore beats strategy (iii), because the snow in (ii) ends
up with no forward momentum, while the snow in (iii) continues to move
forward with the sled. The snow in (ii) therefore has less momentum
than the snow in (iii), so the sled in (ii) must have more momentum than
the sled in (iii).
Strategy (iii) beats strategy (i) for the following reason. When a snowflake
is brushed off the sled in strategy (i), it initially has the same forward
speed as the sled as they both sail across the frictionless ice. But when
the next snowflake hits the sled, the sled slows down. The brushed-off
snowflake therefore now has a larger forward speed than the sled. The
sled therefore moves at a speed that is slower than the speed of the center
of mass of the sled-plus-snowflake system. But this latter speed is simply
the speed of the sled in (iii).

(b) Swinging your arms does indeed help. Consider the angular momentum of
your body relative to your feet. The friction force at your feet provides no
torque relative to your feet, so the only external torque is the torque due
to gravity (which is what is making you fall over). However, for a small
enough period of time, this torque won’t angularly accelerate you much,
so your angular momentum with respect to your feet is approximately
constant.
Now assume that you start swinging your arms around with the orien-
tation such that your hands are moving forward at the lowest point and
backward at the highest point. The right-hand rule then says that your
arms have angular momentum which points to your right. But since your
angular momentum is approximately constant, there must now be some-
thing that has angular momentum pointing to your left. This something
is you. You will therefore rotate “forwards” relative to your feet. In
other words, you won’t fall backwards (assuming that you swing your
arms around fast enough).
Note that it is the change in the angular momentum of your arms that is
relevant. In other words, the swinging only helps you at the start. Once
your arms reach their maximum speed (which in practice happens very
quickly), the swinging doesn’t help you anymore. But hopefully you’ve
managed to get your center of mass back up above your feet by this time.
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2. Let the total mass of the rope be m, and let a fraction f of it hang in the air.
Consider the right half of this section. Its weight, (f/2)mg, must be balanced
by the vertical component, T sin θ, of the tension at the point where it joins
the part of the rope touching the right platform. The tension at that point is
therefore T = (f/2)mg/ sin θ.

Now consider the part of the rope touching the right platform, which has mass
(1− f)m/2. The normal force from the platform is N = (1− f)(mg/2) cos θ,
so the maximal friction force also equals (1 − f)(mg/2) cos θ, because µ = 1.
This fiction force must balance the sum of the gravitational force component
along the plane, which is (1 − f)(mg/2) sin θ, plus the tension at the lower
end, which we found above. Therefore,

1
2
(1− f)mg cos θ =

1
2
(1− f)mg sin θ +

fmg

2 sin θ
. (1)

This gives

f =
F (θ)

1 + F (θ)
, where F (θ) ≡ cos θ sin θ − sin2 θ. (2)

This expression for f is a monotonically increasing function of F (θ), as you can
check. The maximal f is therefore obtained when F (θ) is as large as possible.
Using the double-angle formulas, we can rewrite F (θ) as

F (θ) =
1
2
(sin 2θ + cos 2θ − 1). (3)

The derivative of this is cos 2θ − sin 2θ, which equals zero when tan 2θ = 1.
Therefore,

θmax = 22.5◦. (4)

Eq. (3) then yields F (θmax) = (
√

2− 1)/2, and so eq. (2) gives

fmax =
√

2− 1√
2 + 1

= (
√

2− 1)2 = 3− 2
√

2 ≈ 0.172. (5)

3. Let’s consider point B first. This point is the center of a cube of side length d,
one of the faces of which is the detector. Since the radiation from the particle
is isotropic, 1/6 of it passes through each face of the cube. Therefore, 1/6 of
the particle’s radiation is detected by the square when the particle is at point
B.

Now consider point A. This point is the center of a cube of side length 2d.
The detector spans one quarter of one of these faces. Combining this fact with
the above reasoning tells us that (1/4)(1/6) = 1/24 of the particle’s radiation
is detected by the square when the particle is at point A.

Lastly, consider a point (call it D) very close to C. This case is a little tricker.
Point D is the center of a tiny cube which has as its bottom face a tiny square
at the corner of the detector. What areas on this cube correspond to radiation
hitting the detector? From the above reasoning, 1/6 of the particle’s radiation
passes through the bottom face. The other relevant areas on the cube are
shown as the lighter shaded regions below.

2



C

D

essentially infinite

edge of detector

tiny cube

The top horizontal boundary of the lightly shaded region corresponds to the
two far edges of the detector, which are essentially infinitely far away. The two
diagonal boundaries correspond to the two edges of the detector that emanate
from point C.1 The lightly shaded region covers 3/8 of the area of the two
side faces, as can be seen by flattening out these faces, as shown.

The eight triangles shown in this figure have equal amounts of radiation hitting
them, so the shaded 3/8 of the area corresponds to 3/8 of the radiation passing
through the faces. These two faces represent 1/3 of the cube, so the total
fraction of the particle’s radiation that hits the detector is 1/6+ (3/8)(1/3) =
7/24.

4. We may as well consider the tetrahedron to be a planar circuit, as shown in
the diagram below (which looks just like the original 3D diagram). Let the
four loop currents be as shown.

V
0

cos ωt

I1

I4

I2 I3

1These diagonal boundaries are indeed straight lines, which can be seen by noting that each of
them is determined by the intersection of two planes, one of which is a face of the tiny cube, and
the other of which is the plane determined by an edge of the detector (emanating from point C)
and point D.

3



Since ω = 1/
√

LC and R =
√

L/C, the impedances associated with the resis-
tors, inductors, and capacitors take the form,

ZR = R,

ZL = iωL = i

√
L

C
= iR,

ZC =
−i

ωC
= −i

√
L

C
= −iR. (6)

The four loop equations expressing the fact that the voltage drop around a
loop is zero are then

(I1 − I4)R + (I1 − I2)(iR) + (I1 − I3)(−iR) = 0,
I2(−iR) + (I2 − I3)R + (I2 − I1)(iR) = 0,
I3(iR) + (I3 − I1)(−iR) + (I3 − I2)R = 0,

(I4 − I1)R = V0. (7)

These simplify to

(I1 − I4) + i(I3 − I2) = 0,

(I2 − I3)− iI1 = 0,

(I3 − I2) + iI1 = 0,

(I4 − I1) = V0/R. (8)

The second and third equations are equivalent, so we in fact have only three
equations for our four unknown currents (more on this in the remark below).
Multiplying the second equation by i and adding it to the first gives 2I1−I4 =
0 =⇒ I1 = I4/2. Plugging this into the last equation then gives the amplitude
of total current through the circuit as

I4 =
2V0

R
. (9)

The effective impedance of the entire circuit is therefore R/2, so we see that
the upper five lines in the figure effectively act like a resistor of resistance R
in parallel with the bottom resistor R.

Remark: The above four equations determine the difference I2 − I3 to be iV0/R,
but they don’t determine I2 and I3 individually. These two currents can indeed take
on any values, as long as their difference is iV0/R. Any equal increase in their values
simply corresponds to dumping more current on the union of the top two loops (the
“2” and “3” loops), which consists of two inductors and two capacitors at resonance
(because ω = 1/

√
LC).

5. Assume that the particle slides off to the right. Let vx and vy be its horizontal
and vertical velocities, with rightward and downward taken to be positive,
respectively. Let Vx be the velocity of the hemisphere, with leftward taken to
be positive. Conservation of momentum gives

mvx = MVx =⇒ Vx =
(

m

M

)
vx. (10)
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Consider the moment when the particle is located at an angle θ down from the
top of the hemisphere. Locally, it is essentially on a plane inclined at angle θ,
so the three velocity components are related by

vy

vx + Vx
= tan θ =⇒ vy = tan θ

(
1 +

m

M

)
vx. (11)

To see why this is true, look at things in the frame of the hemisphere. In
that frame, the particle moves to the right at speed vx +Vx, and downward at
speed vy. Eq. (11) represents the constraint that the particle remains on the
hemisphere, which is inclined at an angle θ at the given location.

Let us now apply conservation of energy. In terms of θ, the particle has fallen
a distance R(1− cos θ), so conservation of energy gives

1
2
m(v2

x + v2
y) +

1
2
MV 2

x = mgR(1− cos θ). (12)

Using eqs. (10) and (11), we can solve for v2
x to obtain

v2
x =

2gR(1− cos θ)

(1 + r)
(
1 + (1 + r) tan2 θ

) , where r ≡ m

M
. (13)

This function of θ starts at zero for θ = 0 and increases as θ increases. It
then achieves a maximum value before heading back down to zero at θ = π/2.
However, vx cannot actually decrease, because there is no force available to
pull the particle to the left. So what happens is that vx initially increases
due to the non-zero normal force that exists while contact remains. But then
vx reaches its maximum, which corresponds to the normal force going to zero
and the particle losing contact with the hemisphere. The particle then sails
through the air with constant vx. Our goal, then, is to find the angle θ for
which the v2

x in eq. (13) is maximum. Setting the derivative equal to zero
gives

0 =
(
1 + (1 + r) tan2 θ

)
sin θ − (1− cos θ)(1 + r)

2 tan θ

cos2 θ

=⇒ 0 =
(
1 + (1 + r) tan2 θ

)
cos3 θ − 2(1 + r)(1− cos θ)

=⇒ 0 = cos3 θ + (1 + r)(cos θ − cos3 θ)− 2(1 + r)(1− cos θ)
=⇒ 0 = r cos3 θ − 3(1 + r) cos θ + 2(1 + r). (14)

This is the desired equation that determines θ. It is a cubic equation, so in
general it can’t be solved so easily for θ. But in the special case of r = 1, we
have

0 = cos3 θ − 6 cos θ + 4. (15)

By inspection, cos θ = 2 is an (unphysical) solution, so we find

(cos θ − 2)(cos2 θ + 2 cos θ − 2) = 0. (16)

The physical root of the quadratic equation is

cos θ =
√

3− 1 ≈ 0.732 =⇒ θ ≈ 42.9◦. (17)
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Alternate solution: In the reference frame of the hemisphere, the horizontal
speed of the particle vx + Vy = (1 + r)vx. The total speed in this frame equals
this horizontal speed divided by cos θ, so

v =
(1 + r)vx

cos θ
. (18)

The particle leaves the hemisphere when the normal force goes to zero. The
radial F = ma equation therefore gives

mg cos θ =
mv2

R
. (19)

You might be concerned that we have neglected the sideways fictitious force
in the accelerating frame of the hemisphere. However, the hemisphere is not
accelerating beginning at the moment when the particle loses contact, because
the normal force has gone to zero. Therefore, eq. (19) looks exactly like it
does for the familiar problem involving a fixed hemisphere; the difference in
the two problems is in the calculation of v.

Using eqs. (13) and (18) in eq. (19) gives

mg cos θ =
m(1 + r)2

R cos2 θ
· 2gR(1− cos θ)

(1 + r)
(
1 + (1 + r) tan2 θ

) . (20)

Simplifying this yields
(
1 + (1 + r) tan2 θ

)
cos3 θ = 2(1 + r)(1− cos θ), (21)

which is the same as the second line in eq. (14). The solution proceeds as
above.

Remark: Let’s look at a few special cases of the r ≡ m/M value. In the limit r → 0
(in other words, the hemisphere is essentially bolted down), eq. (14) gives

cos θ = 2/3 =⇒ θ ≈ 48.2◦, (22)

a result which may look familiar to you. In the limit r →∞, eq. (14) reduces to

0 = cos3 θ − 3 cos θ + 2 =⇒ 0 = (cos θ − 1)2(cos θ + 2). (23)

Therefore, θ = 0. In other words, the hemisphere immediately gets squeezed out very
fast to the left.

For other values of r, we can solve eq. (14) either by using the formula for the roots of
a cubic equation (very messy), or by simply doing things numerically. A few numerical
results are:

r cos θ θ

0 .667 48.2◦

1/2 .706 45.1◦

1 .732 42.9◦

2 .767 39.9◦

10 .858 30.9◦

100 .947 18.8◦

1000 .982 10.8◦

∞ 1 0◦
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6. Both cylinders in a given row move in the same manner, so we may simply
treat them as one cylinder with mass m = 2M . Let the forces that the boards
exert on the cylinders be labelled as shown. “F” is the force from the plank
below a given cylinder, and “G” is the force from the plank above it.

F

G

F

G

n

an
αn

n

n +1

n +1

Note that by Newton’s third law, we have Fn+1 = Gn, because the planks are
massless.

Our strategy will be to solve for the linear and angular accelerations of each
cylinder in terms of the accelerations of the cylinder below it. Since we want
to solve for two quantities, we will need to produce two equations relating
the accelerations of two successive cylinders. One equation will come from a
combination of F = ma, τ = Iα, and Newton’s third law. The other will come
from the nonslipping condition.

With the positive directions for a and α defined as in the figure, F = ma on
the nth cylinder gives

Fn −Gn = man, (24)

and τ = Iα on the nth cylinder gives

(Fn + Gn)R =
1
2
mR2αn =⇒ Fn + Gn =

1
2
mRαn (25)

Solving the previous two equations for Fn and Gn gives

Fn =
1
2

(
man +

1
2
mRαn

)
,

Gn =
1
2

(
−man +

1
2
mRαn

)
. (26)

But we know that Fn+1 = Gn. Therefore,

an+1 +
1
2
Rαn+1 = −an +

1
2
Rαn. (27)

We will now use the fact that the cylinders don’t slip with respect to the
boards. The acceleration of the board above the nth cylinder is an − Rαn.
But the acceleration of this same board, viewed as the board below the (n+1)st
cylinder, is an+1 + Rαn+1. Therefore,

an+1 + Rαn+1 = an −Rαn. (28)

7



Eqs. (27) and (28) are a system of two equations in the two unknowns, an+1

and αn+1, in terms of an and αn. Solving for an+1 and αn+1 gives

an+1 = −3an + 2Rαn,

Rαn+1 = 4an − 3Rαn. (29)

We can write this in matrix form as
(

an+1

Rαn+1

)
=

(
−3 2

4 −3

) (
an

Rαn

)
. (30)

We therefore have
(

an

Rαn

)
=

(
−3 2

4 −3

)n−1 (
a1

Rα1

)
. (31)

Consider now the eigenvectors and eigenvalues of the above matrix. The eigen-
vectors are found via2

∣∣∣∣∣
−3− λ 2

4 −3− λ

∣∣∣∣∣ = 0 =⇒ λ± = −3± 2
√

2. (32)

The eigenvectors are then

V+ =

(
1√
2

)
, for λ+ = −3 + 2

√
2,

V− =

(
1

−√2

)
, for λ− = −3− 2

√
2. (33)

Note that |λ−| > 1, so λn− → ∞ as n → ∞. This means that if the initial
(a1, Rα1) vector has any component in the V− direction, then the (an, Rαn)
vectors will head to infinity. This violates conservation of energy. Therefore,
the (a1, Rα1) vector must be proportional to V+.3 That is, Rα1 =

√
2a1.

Combining this with the fact that the given acceleration, a, of the bottom
board equals a1 + Rα1, we obtain

a = a1 +
√

2a1 =⇒ a1 =
a√

2 + 1
= (

√
2− 1)a. (34)

Remark: Let us consider the general case where the cylinders have a moment of
inertia of the form I = βMR2. Using the above arguments, you can show that eq.
(30) becomes

(
an+1

Rαn+1

)
=

1
1− β

( −(1 + β) 2β
2 −(1 + β)

) (
an

Rαn

)
. (35)

2λ+ happens to be the negative of the fmax result found in Problem 2. An interesting fact, but
also a completely random one, I believe.

3This then means that the (an, Rαn) vectors head to zero as n → ∞, because |λ+| < 1. Also,
note that the accelerations change sign from one level to the next, because λ+ is negative.
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And you can show that the eigenvectors and eigenvalues are

V+ =
( √

β
1

)
, for λ+ =

√
β − 1√
β + 1

,

V− =
( √

β
−1

)
, for λ− =

√
β + 1√
β − 1

. (36)

As above, we cannot have the exponentially growing solution, so we must have only
the V+ solution. We therefore have Rα1 = a1/

√
β. Combining this with the fact that

the given acceleration, a, of the bottom board equals a1 + Rα1, we obtain

a = a1 +
a1√
β

=⇒ a1 =
( √

β

1 +
√

β

)
a. (37)

You can verify that all of these results agree with the β = 1/2 results obtained above.

Let’s now consider a few special cases of the

λ+ =
√

β − 1√
β + 1

(38)

eigenvalue, which gives the ratio of the accelerations in any level to the ones in the
next level down.

• If β = 0 (all the mass of a cylinder is located at the center), then we have
λ+ = −1. In other words, the accelerations have the same magnitudes but
different signs from one level to the next. The cylinders simply spin in place
while their centers remain fixed. The centers are indeed fixed, because a1 = 0,
from eq. (37).

• If β = 1 (all the mass of a cylinder is located on the rim), then we have λ+ = 0.
In other words, there is no motion above the first level. The lowest cylinder
basically rolls on the bottom side of the (stationary) plank right above it. Its
acceleration is a1 = a/2, from eq. (37).

• If β →∞ (the cylinders have long massive extensions that extend far out beyond
the rim), then we have λ+ = 1. In other words, all the levels have equal
accelerations. This fact, combined with the Rα1 = a1/

√
β ≈ 0 result, shows

that there is no rotational motion at any level, and the whole system simply
moves to the right as a rigid object with acceleration a1 = a, from eq. (37).
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