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1 Solutions of Equations in One Variable

In this chapter we consider

one of the most basic problems

of numerical approximation

the root-finding problem

This process mvolves

finding a root.
or solution.

. 1  The Bisection Method
of an equation

of the form f(x) = 0.< |2 Fixed-Pont Iteration

Newtﬂﬁ’s Method
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1 Solutions of Equations in One Variable

Fixed-Point lteration
A fixed point
for a function

1s a number

at which
the value of the function

does not change

when the function 1s apphed

Suppose <

Y A

(If g € Cla, b]

_g'(x) exists on (a, b)

g(x) € la,b]

lg' ()] =1,

forall x = (a. b)

The number p
1s a fixed point

or a given function g
ifg(p)=p
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1 Solutions of Equations in One Variable Fixed-Point lteration

Example 1

Show that g(x) = (x* — 1)/3 has a unique fixed point on the interval [—1. 1].

Solution The maximum and minimum values of g(x) for x in [—1.1]

must occur either when x is an endpoint of the interval or when the derivative is 0.

Since g'(x) = 2x/3, the function g is continuous and g'(x) exists on [—1, 1]

The maximum and minimum values of g(x) occuratx = —1, x = 0, 0orx = 1. /’

g(—1) =0,g(1) =0, and g(0) = —1/3. YA

2
= 3’ forallx e (—1.1).
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1 Solutions of Equations in One Variable Fixed-Point Iteration

El'ﬂl'l'llllE 2 The equation x” +4x> — 10 = 0 has a unique root in [1,2].

There are many ways to change the equation to the fixed-point form x = g(x)

Solution using simple algebraic manipulation.

For example. we can manipulate the equation x* + 4x2 — 10 = 0 as follows:

(¥ o
(a) x=g(x)=x—x"—4x*+10 . sHbig s -
10 172 Jo (¥ Jad
(h) x=gx)= (— — 4-1‘) JI S50 gsue
' C e
1 ¥ 44x7 —10 soue o (Fad
(€) x=gsi(x)=—=(10—x")""? () x=gs5(x)=x— - Jansit s allao
2 3x- 4+ 8x
C e
$o Jo (O Jad
10 \'/*? ¥ olzo olSiwd
(d) x=g4x)= (m) ®
(PJad
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1 Solutions of Equations in One Variable

Table 2.2

Fixed-Point lteration

Withpy = 1.5
Table 2.2 lists the results of the fixed-point iteration for all five choices of g.
n (a) (b) (c) (d) (e)
0 1.5 1.5 1.5 1.5 1.5
1 —0.875 0.8165 1.286953768 1.348399725 1.373333333
2 6.732 2.9969 1.402540804 1.367376372 1.365262015 .
3 —469.7 (—8.65)'/2 1.345458374 1.364957015 1.365230014 4
4 1.03 = 108 1.375170253 1.365264748 1.365230013 7
5 1.360094193 1.365225594
6 1.367846968 1.365230576
7 1.363887004 1.365229942
8 1.365916734 1.365230022
9 1.364878217 1.365230012
10 1.365410062 Iﬂ
15 1.365223680 1.365230013
20 1.365230236
25 1365230006
30 1.365230013

® Question: How can we find a fixed-point problem that produces a sequence that reliably

and rapidly converges to a solution to a given root-finding problem?
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1 Solutions of Equations in One Variable Fixed-Point lteration

[ If g € Cla,b] g(x) € |a.b]
Suppose -

_g'(x)existson (a.b) |g'(x)] =1, forallx e (a,b)

Then for any number pg 1n [a. b]
the sequence defined by

n=1,

Pn = E(Pn—l}s

converges to the unique fixed point p in [a, b].
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1 Solutions of Equations in One Variable Fixed-Point Iteration

(a) x=gi(x)=x—x"—4x* 4+ 10
we have gi(1) = 6 and g/(2) = —12  so g, does not map [1, 2] into itself.

Moreover, g;(x) = 1 — 3x* — 8x 50 [g1(x)| > 1 forall xin [1,2]

Although Theorem does not guarantee that the method must fail for this choice of g

there is no reason to expect convergence.

Example 3  Show that Theorem does not ensure a unique fixed point of g(x) = 3= on the interval
[0, 1], even though a unique fixed point on this interval does exist.

/y,inmn,z] g5(p)l =34

———

3
—Ef{m — ) Y2 <0 on[l.2]

10 1/2
(hy x=g(x)= (? — 41) we can see that g, does not ma

I 3,172 S
(c) x=gix) = Eflﬂ —x7) 2h(x) = 1g3(2)] = 2.12

withpg = 1.5] This shows that g
It is also true that [g5(x)] = [g5(1.5)| & 0.66 on this interval
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1 Solutions of Equations in One Variable Fixed-Point lteration

10 \ /2
(d) x=galx) = (m)

g, (x)] = 0.15, forall xe[l,2].

-5 5
< <
| V104 +x)32 | J10(5)3/2

(Y god
gy

¥ +4x2—10
3x? + 8x

() x=gs(x)=x— o

> (FJad
converges much more rapidly than our other choices. In the next sections we will see JIRS1 gous

where this choice came from and why it 1s so effective. L] ( e
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1 Solutions of Equations in One Variable Fixed-Point Iteration

EXERCISE SET 2

The following four methods are proposed to compute 21'°. Rank them in order, based on their
apparent speed of convergence, assuming pp = 1.

 20p, . +21/p%

a.  pu 51 b. py=pa1—
(Yl:l»aé
4 o
Pa1 — 21pa_i 21 Lortlh
C  Pp=Pa — lel _2; d. p.= (p ( Q
n—1 n—1 J’(VJ-AS
ISt gous
Use a fixed-point iteration method to determine a solution accurate to within 10~ forx® —x—1 =10 C e
on [1, 2]. Use pp = 1. $oas Jo (Fhasd
.. . . . _ 4 Jawd! p290 Aolro
Use a fixed-point iteration method to determine a solution accurate to within 107" for x = tanx, for
xin[4,5]. C -
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