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Chl..Rivlin..E1..p43.
If f(x) is an even (odd) function on [-a,a] that has a best approximation,

show that it has a best approximation that is also even (odd).

by
Wi [aal p | oy mb Csly (Solil) eyl Cam Pr(X) of Crop
N N (fiseven) N
max [ £(0-p(1= max [ f(=0-p(x)] = max | ()~ p, ()]

b b S il Capimcspe Sl § TSl Sl ey Cagims ji B, (X) Cos
0y @G P () i Culp X e[-a,8]: py(-X) = Py (X)

A Sol-aal p f w6 Csly (Solik) cu Caimr P*() & 2w oo
. . (fisodd) . .
max | £00- (k= max | 1(-)-pi(-X] = max [~1()= pi(-x) = max | F(0(-p;(-x)

. _ . s . - .. *
292 Sl @b L0 Sl CSly e Cagim pi =P (X) Oz

Chl..Rivlin..E2..p43.
If [c,d]<[a,b] , show that o(f;[c,d];5) <w(f;[a,b];d).

i
ol fodio)= s [1)-f0 < s (10~ 106) ol fatlo)
X=X, |<d [c,d]l[a,b] X ~X,|<0



Chl..Rivlin..E3...p43.
If f is an even function on [-a,a], show that o(f;[-a,a];5) = o(f;[0,a];5).
[Hint: Suppose that x,x, e[-a,a],x >0,x, <0, |x, —X,| <5, then
[T 00) = FOQ) =] F () — F(=x)| and |x +x,[<5.]
o(f;[0,a];6) <w(fi[-a,a];0) :(ayb o/lpam \-X Cyppa p &
> CIB ) S Ly . (£3]0,a];6) 2 o F3[-a,a];8) o el 6 Sl o6 C o

e i [ x| <8 5 0<x,x, <a (Cal
100 06N < sup [f(@)~f(B)]=a(T:0.a]:0)
a-pl<s
o o iy =] 6 5 —asx,,20 (o

[ —(-x)[<6
fis even —X,—X,€[0,a]

[F)=T) = [F(x)=F(=x) < ‘Silj}lz&‘|f(0!)—f(ﬂ)|=w(f;[0,a]:5)
a,ﬂe[g,a]
:(o_,/yz,/ﬁ;/) X —%|<6 5 (0<—X,<acen) —-a<x,<0,0<x<a (<

00— 106 fis:eve”“(_xl)— f(=x,)|< ‘s:uﬁgs‘ |f (o) - f(B)| = wo(£;[0,a];5)
a,pBe[0,a]

(X, <0=<x)
[} —%|<6 — 0<x—% <0=0<x<X+5 < 6=-0 x2sx1+x2<xz+5(X<<0)6:>|x1+xz|S5:>|x1—(—x2)|£5
2 2 < X <

< x<a

<
T
<X, +

0 s

0<-x,<a

JF ) = (%) <o(F;[0,81:6) tapb. % —%,| <6~ X, <X 5 X, % €[-8,0] @ CSly C
a(f:[-a,al;8) < (f:[0.a];5) b « CTspsup o Jo



Chl..Rivlin..E4...p43.
If x=cos(8), -1<x<1, and g(8) = f (cosd), show that
o(9;[-7, 7];6) = o(9;[0, 7]; 8) < (1 ;[-1,1];6)
o
iayb G CSpeot Cslp o - Sellpp \-YCupipls. CSys Sclory 26 § Cle

@(9;[0,7];6) = SUD Ig(e) 9(6,)| s

6.6,€[0,7]
6. -0,|<5

oHEA0)= sup (100~ fou)l= s [floost) - floost)|= sup [o(d)-0(a)
\1x1 2x2\<é |cos & 2cos 6y]<5 |cos 6; 2cos 6y]<5

) CIES El o6 T CIUE  Job C Sl
Vv 6,0,e[0,7] : |6, - 6,| <5 = |cos, —cosb,|< &

@b Cry 0<6,<0,<7 N Clw Edboy N> Cipp

L L
cosé) ) (cosd, )~

AB<AB ___ MB<AB _

6,-6,<6=>AB<5 — AB<S — MB<J5 = 0<c0s6,-C0s6, <5 = |c0sb, —c0sb,| <&

Chl..Rivlin..E5...p43.
If f(x) has period T, show that o(f;[a,a+T];J) is independent of a.

el

vVxeR: f(X)=f(xxk)=f(x£2k)=... (¥ Q_T/,C(JOAT c/,aIO/,)qc_J,@f Cl
CIlpoye l a C~- kT <a< (k +1)T N/O/}é(\{)/)/’jgl/ keZ OI;]C)»AJOM_,P a)jc
a=kT +a, keZ,aec[0,T) (%) Ul p) Sy v

wCllgeely X €[a,a+T] o u.a(flaa+Tls)= sup  [F(x)- (%) o

X% €[a,a+T]
%=X, |<5

x=a+a, a<[0,T] (3% %) &J;J/._J/cj/;w
b (kx%) 5 (x%) /'”/b

(*)
o(f;[a,a+T];0)= sup |f(kT+a+al)—f(kT+a+oc2)| sup |f(a+a1)—f(a+a2)|

,a,€[0,T] a,a,€[0,T]
oy —ay|<8 CRAR]
ae[0,T] ael0,T]

L0 Al it o Coppoblyed



Chl..Rivlin..E7...p43.
Suppose that g(x) = f (Ax+B) for c<x<d; Show thatw(g;[c,d];5) = o(f;[Ac+B, Ad + B]; A5)

by

Chl..Rivlin..E8...p44.
If |f'(x)|<M on c<x<d, show that o(f;[a,b];6)<Ms.

o
. f'(x):%;(’(l), xele,d] = [f(x) = fO)|=]f'0)0, —x)| Cle

2

1o
o(f;[c,d];8) = sup ]|f(x1)—f(xz)ISMlxz—MISM(S-

X% €[c,d
% —Xo|<8



Chl..Rivlin..E6...p43.
Show that coské is a polynomial of degree k in cosé.

What is the coefficient of (cos@)*?
[Hint: coské =Re(cos@+isinH)*.]

@il oy CI > Cia g (osms o0 by (€050 +iSINO) CShlaogy
coskd =Re((cosO+isin 0)" ) = ReZ( j (cos6) (isin o)’

4

L [i*=11
il = |2“1 ot=012.

N | <

o s=d) 1§

= (EJ(COSQ)H(J?SW 0) = Z( K j(cos@)“s(isin 0)* :Z(—l){ K J(cos@)“s(l—cos2 )
A (=) 128 =2

@ O

n

—

k
5]

5
Z( ](cose)" »(cos?f -1)°, <> cos eu)..o Z(stj

Chl..Rivlin..ES...p44.
Show that E, (f;[a,b])=E,(f —p;[a,b]) forall peP,.

If p; is a best approximation to f out of P, then p, - p is a best approximation
to f-p outof P, for peP,.

_ . B el
Py, € P Cpinamg 4=0 B, Cstanp F 20 Sl cuydi Cajiams P(X) ) T2 [a] op0
.26 peP jo CSlp () @6 Sl ey Copim
E, (:[a,b]) =max| f (x) — p; (x)| < max| f (x) ~a(x)|, ¥q e P,\{p;}

vpe R, , E,(f - pifa,b]) =max|f () - p(x) - p;, (9] < max|f () - p(x)-a(x)|, va e P, \{p; }

VpePR,, E(f)=E,(f —p) & (a0 CICE S

(.20 p,=p+ p:p &,JQLI/_//ka&,IoA.i)'@JI < Cghe) : £ w6
CE(F)SE(f=p) oz a) = p(X)+ P}, (X) oums e Cogordily C- gl po

(L6 P =Py =P Sl Copan Ly > o El 0k 3651 2 Eigge) + 2 s

CE,(F=p)<E () Coz a(¥) =Py (X) = P(X) cosmi sl $0ndsly Copsop oo

P, =P PER po Oy .Sl fhip ji By, = Py = P okely Comg 0% gy TSy Chpe
el f—pédq,g/z@/«bg



Chl..Rivlin..E10...p44.
If f"(x)>0 for allxe[a,b](so that fis convex), show that a best approximation
of degree at most one to f(x) is

o: (x) =L @E=0)+ fﬁ;ﬁ‘f;{“’ +1()b-a)  f (bg - ; @ g
and E (f;[ab]) = f(a)(b—c)+ f;tz?)(i;)a) — f(c)(b-a)

where c is the unigue solution (in [a,b]) of f'(c)=(f(b)-f(a))/(b—-a).

Yo

0t cw@ Coppm P;(X) b alol Cslp (Chebyshev AUERNATIVE THEOREM )CAT s
il Cor £ =0, Sk ¥ JoC gl CSbegane Sl 66

NI TS
20 (b, F(0)y (a T(@) & Jonid b5 1, 20
4 - . . / -
I o o & e T80 T e 1

(vae[01]: f(la+(@1-A)b) < Af(a)+(1-2)f(b) )

f(b)-f(a) AT
T g (O e ps

Capmr 1(€) cw y (€, F(C)) nd J ok f 1, b3 T
/‘;"O‘ I, CS/’}‘" |2CD/}"’ Cxrlp ow
& . & .
i o i gl cow (b)) cubto b5 e
S0 PL(X) Gho Cop b el
. . _ PP . _

220 1= CSlpclnepan {2,6,b1) (il ol @l 0 1] Con
. L= - _ A - .

o 9 CSflpo byl oo Cou . Iollo IE v 0 )
=) KRl oo b oo p osel D20 198y 0 CStarygly

Ice(ab): F'(c) =

oybezut p g (| O | Al miam oo o

|f(2)- p (@) =] (c)- i (c) =| F (b)— Pl (b) =i b
(b 2l

f(a)-p; (@) =—(f(c)-p;(c))=f (o) - p;(b) =E,(f,[a,b])
il Cowaly (S g |y bl LX) b abas o

l:y—f{)=f'(c)(x-b) = y= f'(C)X+(f(b)—bf'(C)) f(b)+f(c) b+c f,(C)J
l,:y—f(c)=f'(c)(x—c) = y=f'(c)x+(f(c)-cf'(c)) 2 2

e o ()4 c=b., ) fO)-f@), . [fb)+f()Cc-b)(fbH)-T@)
=p,(x)=f'(c)(x c)+( > t= f(c)) A (x c){ > 2b-a) j

_fb)- f(a)(x_c)+(f(a)(b—c)+ f(b)(c—a)+ f(c)(b—a)j’
b-a 2(b-a)

‘—)pf(x)= f’(c)x+(

E(f:ab]) = p(0)- () = f(a)(b—c)+ fétz)b(i;)a) +flc)b-a) f (ZC(L(E ;)a) _ f(a)b-c)+f ;tzl))(i;)a) - f(c)(b-a)




Chl..Rivlin..E12..p44.
If £™9(x) exists and is never zero in [a,b] and p; is a best approximation to f ,

show that f(x)-p,(x) has a unique alternating set x,..,x,, and x,=-1, x,=1.
([abl:=[-11] © Crwo) Zub

CoAeizpo Xy X, plaio é(s)/) c Lol e(x) = f(X) - p;(X) é(; CDw &»L,u.jc,g/a?@/uw/w
A e (L) ot p 6@ Cplal b (crmige)

LU0 ~1<Xy 5 %4 <1 s Cz )

et plis bty chBN+1 o Jolo€(X) i b casaiys cdE 11 p ol e(x) Cos
popse 10V (X) &) Ao Cpwropit g gy Coam bl g0/ absn pp cJolio€'(X) .y
G| 6y blagwe (x),i=0,.,n, oo [-11 o/t p g sp280€" D (X) Cos (Ec! TSl ti P,
eTN(@) =0 Oz (@ wie) YbaZy \ ol [FL1 g™ (X) 1yl abgo o )y )

(ce@) - 1(@)=0 2 Cocoils I SN o 1 (il ) S e i D, i )
ae(a,b) ;

=, 7 - s
W @ gl eger CHIA) g p e
A0 o TS L pe(X) me pt= X A bopy Csite(-11) cole Cou

i=0,...,n+1
;/(L;OOA er(X)(\ig/nJ/j))}?] Xn Ny X]_ }t C’S(\&n:-l-l CJ;’/(D' fcjl.;c;u_;(uC,a (Om/(g‘ U’
LUy O Cr0lics Sypo CJam ey g

Chl..Rivlin..E13..p44.
Suppose that qeP,, f eC[a,b], and f(x;)—q(x;)=(-1)' A, with A;>0,j=0,..,n+1.

Prove that E (f)>min{A,,.., A .}.
Gy
2> b @b . CAT w20 [ably T CSly Colil ey Cayams q A1
il e O s Coagpims ) A C e
(Dzyadik,V.K.,Shevchuk,l.A. pp.) .&% Gis
[£06) = 93 06)] <[ £ () = a0x,)], ¥i =0,....n+1L0 456 B, (F;[a,b]) < min{A,, ., A, Jof Cats Ci2
A0 [ab] p f C:wl}d:c,gﬁ@/w D eP A
@b B x)=a(x,) =L (x) ~ax)1-F (%)~ P (x))] « e eid
Coinr Copl V=0, N +1 ik Caophaa £ (%)= 0(X;) 5 Py (%) —0(X;) A 2 o0 C s
ol Cap g (b CSlop pao N+l in) smd o SCiflepsisohs N+1  Jol¥ Py (X)-a(X)
(Sl charlis cplal) 25 [a,blw Do) =A(X) a6 LW EG0 N o Jl jida CSlplas iz



S )

Chl..Rivlin..E14..p44.
Show that T, (x) is even for even k and odd for odd k.

T, (-X) =T, (~cos 6) =T, (cos (0 + 7)) = cos k(6 + 7) = {COS ko, kis even}

T (%)
—coské, k isodd

_Tk (X)



Chl..Rivlin..E15...p44.
Find the best approximation to x"** out of P,.

Cna ) s ol g e
n+1 * 1 €7 - . - * z L om
= Pa(X¥) =5 T (X) oBGT a8l [-11] 0 F ) e casi o g pr(x) eBac) - apai 4 Ly

ariS e Gl capial Cpl S 4y 1A

. 1
- pn (X) = 2n+1 n+2 (X) 3 En(X l’[_1’1]) = 2n+1

2E a s (XM= (X) =) e(x) :#Tmz(x) LR
Vxe[-11]:[T,,,(x)|<1 = ¥xe[-11]:]e(x)|<
n+2(1) 1 = e(l)_

2n+l
=l =5

2n+1

AR e ki 2 nJ_cos(M) j=01..n+2 &

1
e(77) 2n+l T2 COS(n+2 o+ 2n+1 = aa N+ 2.

Vi=0L..n: e(n) =—e(n,.,) 5 |e(n;)|= wamﬂ:ﬁjuua

Sl e(X) (= XM = P () = 2T, (0) VxS sl sana {0,770} Y

" 10 0 F(X) =X sl sl i i e P =X T (X) e ) s

el
TP () =2T(0) 8T Co [11] 4 f CSly cud Coppim (Y oG\~ puitoy &

- . - .- ~ .
teCp Ol o conae Cul Ay 1A

- DZ(X) =5 Ta(X)
- pn+1(x) 2n+1 n+2 (X)

B n+ * 1
=X - P, (X)+ X" — pn+l(x) n n+1(X) + T n+1 n+2 (X)
ePa

— Xn+2 _ p:(x) +0=— 2n n+l(X)+ 2 n+2(X))

=
= X" pi(X) = ( T .. (X)+= 2XTn+1(X)_Tn(X)}j

(T4, 00- 57,00

_(x+1)
=5

n+1( )

2n+l Tn (X)
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Chl..Rivlin..E16...p44.

Verify that the Chebyshev polynomials have the following properties:
(@) L x*)T(X) = XT/(X)+n°T (x) =0.

[Use this result to verify the expression for T @) given in (1.1.22).]
(b) Three-term recurrence T, (x) =2xT, ,(X)-T ,(x),n=2,3,... .

(c) Orthogonality

1 dx
LTk(x)Tm(x)ﬁzo, m =k
T
1 dx —. k>0
.[ Tkz(x) =42’
' V1-x* z, k=0
o 0, k#m,
(d) 3T OT, @+ ZT,- @) m)+3T (DT, (=) =15, k=m=0,n,
= n, k=m=0,n,

when m,k <n, and the 5, are the extrema of T, as defined on p.32.
(e) Semi-group property T (T.(x)) =T, (x); m,n>0.

(f) T.(0 = (X+ VX =1)" + (X=X =1)"
! 2

(9) If we write Tn(x):zr;zotg"’x" , then t, =(-1)" - nm(n;sz“ml, m=012,..[%],

and all other coefficients are zero.

&k
(a)
(b)
cos(n+1)@=cosndcosd —sinndsing | +
. . |=cos(n+1)@+cos(n—1)@=2cosHcosnd
cos(n—1) 8 = cosndcosd +sinndsin g
= Tou () + T4 (X) = 2x T, (X)
(c)
k=0
(x=cos ) _Qj P r -7
[ T2 [ costke sing do = [ cos’ ke d@:lj (1+coskg)do= _
* 1-x* § [sing] 0 2 i+ isinko] =2
H’_f k=0 =0 9
Il T, (x)Tm(x)L = CopCo= Iocos k& cos mé’M
-1 .‘,1_ X2 z |S|n H|
—

+

= I”cos k@ cosmodod — 1J.”[cos(k +m)8 +cos(k —m)#]do
0 (kem) 270
sin(k — m)@} =0

6=0

:1 1 sin(k + m)& + 1
2l k+m k—m



1, Zcos( J7[) cos(

. ( 1)k+m

I7)

Tm(l)—l Tm(—l)—(—l) ~2 2
n _1\k+m
:l+1z cos((k+m)J jcos((k+m)J )+& (*)
2 243 2
k+m=0 1 18
{k—m:O ®) 2 2,2-1:{ |
k+m=2n 1 nt
k=m=n— >E ==+ {1+1}+=
k-m=0 =i
1 1% 2K jz 1 1 n
k=m=0,n— (¥)==+=) {C0S +1p+ —+=(-1+(n+1))=—=
()22;{(>}2 (1 (n+m)=1
0
1 sin(n+3)é@ s .. - - i
Y, E+cos€+00529+...+cosn0=W (@) :0 b CIE CIlp ey sl 0 P47)
n-1 n- ®) _ _ 0 g_l in«
ZCOSZkJ N Zcos(aj) 91 sin(n-fa_-1, ﬁmqa\cosz. Wﬁw\smz:_1
o0 n 7¥),,0 2sin< 2 2sin 4
_1\k+m _1\k-m _1\k+m
k¢m_>(*):1+£ —l—(l) —1—(1) +(l) =0
2 2\ 2 2 2 2 2
N
b a=Kk+m)z <. )’)//90
® 1 _ 0 a _ ine  _ _ _ 1yk-m
ZCOS(O{]) 9 -1 sin(n—Ha_-1 Mcosz' cosnasing -1 1 -1 (1)
2sin§ 2 2sin g 2 2
S N O G . -
ZCOS(“J)Z?— , iyba=(k-m37 C L 0rsCo pgb s
j=0
T (T, (X)) =T_(cosnd) =cosmnd =T_ (x) (€)
(f)
" 4 g (cosH+|S|n9) +(cos€ ising)" cosH+|\/1 cos? ) +(cos@—icos? 9)"
T.(x) =cosnd =
L (X+INL= X+ (x—iv1-X7) x+\/ ) (x—x% -
2

(9)




Chl..Rivlin..E17..p45.
Show that on [a,b] the polynomial of degree k with leading coefficient 1 that

has the least absolute deviation from 0 is T, (_ax__z““z)

el
el
T,(¥) ¢ Sl plp CShhlo s x| Riviin, p 31. \—A/inj,y,\?,fq. xe[-11] sl
. —1<x<1 & a<t<hb (OJ/,) X_ﬁ —ELg/uzLo/uaJ [a,b] o/OCj"/ud&

- _ .
Ll o S v (ol |0

Chl..Rivlin..E18...p45.
Prove that:
() If peP, ma|x|p(x)|:1, and there exist (n+1) distinct points x 1 such that

|p(x)|=1i=0,..,n, then p(x) =T (x).
(i Ifted,, 022235,|t(9)|:1’ and there exist 2n distinct points ¢ satisfying
0<6¢ <27 and [t(6)=1i=1..,2n, then t() =cos(nd+84,).
o
(P =+ e ) .l @87(i)
Vi=0,..,n-1: p(x)=—p(X,,) :@l
- Ik {0, =T p(X) = P(X.1) N C s Cr2p 20| Siwo
3¢ € (X, Xer): P'(C) =0 A sg> o onis . [%: X1 ] 20 2 (,Zl/u”b’) C)fao/u&mé;ﬂag cJe
A0 P (%) =0 @il CSlv b Aif o P(X)z6 (ow,p)ou,w/ X M; b )

.....

(. Selp'eP, o cpat) .ol X %y 1,C CSaZyn CSI/I) p (X)C,i-yCy-,fl;
» ¢
el [F11 p X" Csle &M,u_f@/aj@/‘w q(x) =x"-< p(x) el
i o €(X) C Sl gl B N +1E ] 56 CAT . (X) = X" — q(X) Cr20 53] S
o0l =[Z pOO)| =2 =]
e(x) =—e(x.,)
EeIX Sl Eblpl capis Coppim A(X) € By Comse Sl €(X) CS gl nigaza o X } L
B =g g X () =T () o @b eacly o 08
o) e ou - |a| = 25 5 | PO =T, (X) eyl Syl cidr Copppiams @ 2w oo
- {a =71 = p(X¥)=T,(x)
0!=2‘n—i = p(x)=-T,(x)

e(x) = —p(x) HL;) le| = ‘ ‘:{w 0,...,n—1:




Chl..Rivlin..E20...p45.
Show that the best approximation out of P, to 1/(x-a),a>1, on -1<x<1 s

p*(x)=__2t+ at nzl: T,(x)— - ———T (x), where t=a-(a’-1)"*
" t*-1 t*-15 (1 22 A B '
Use this result together with Exercise 1.9 to find the best approximation out

of P on [-11] to q(x)/(x-a) forany qeP,_,.
[Hint: (Riviin [1]) With X = COS @ ,it is possible to sum the series ZT'[]TJ- (x) = thj cos jO=Re ZT (te').

For the second part, find P € P, such that ax) -_° p I

n

X—a X—a
R
w0 1-tcos@ 1-tx
C T (x =‘Re{ te' } 5) teau/ | T <1 gX=cos@ I
zl:o i) z (te”) 1-2tcosO+t? 1-2tx+t2 (s &8) (@/)| | 4 e
Jai-1= gt=a—(a®-1) = a—t=(a?—1)! = 1+t* =2at Ap> i mp /|
1 J—
X—a
Cop Cllpee cJe
! J_Z(a (@% -1)?) T(x)=—+—2t T (x)
a —
—2t 4t = =
t'T (x) =
t 1 t2 -1 '[—1Z () - t—l

Sl [-LY] pemslinkant2 Csib e(x) = ﬁ— P’ (X) éo}\)/(afb/c:qd',gq el SG) TSl
A e 4"
=e(X) = S tUT.(X) + ———T.(x
(0= 2T + T
At {t”(cosn@—t(cosn@.cos@+sinn@.sin@))} At
1

5 > + cosnd@
t° — 1-2tcos@+t

(t2 _1)2
4™ (t xcosnd + ty/1—x*sinnd — cos ne)(t2 -1) + 2t(x—a)cosnd

C(t2-1)? 2t (x—a)

R ((t x—1)cos@ + t/1-x?sin n49)(t2 ~1) + 2t(x—a)cosnd
(-1 2t(x—a)

L-a’ <0:hy. a>1 CSlpyc! puc size [-11] :[_1’1]_)R 1 20
(X—a)2 G4 Vat4 ﬂ—O_'o Vg X Hax_ C
X—a

Co. Vxe(-11): g)<g(x)<g(-1) L Sl il § C o

g(X)=

wxe(-11) 3(2) ne(0.7) 1 g(x)=cosy & cosp=2"2  (=siny= (az;l—)g_xz))



e(x) = vl { L cos n¢9+(t —DVI-X smne}

(t? -1)° 2t(x—a)
n+2 _1 3
- (tgt_1)z'Cos(n0+r7) (—t =—Va’-1, t*+1=2at ")/C‘f@';o

9y 0 cosOo’cos(n+1)7r/'lcos(n¢9+77)oé7 TGOS0 cimogpl -1/ X o@";a cJe

.,gfop v N e Qf@/é,\ié}n+2 1V

n+1

EM-lel- g

1 _ .
ar 2! [FLY Sy Rop - CSlp cud Cogmr () 10
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Chl..Rivlin..E21...p46.
Show that T®(x)>0 for x>1, k=0,..,n and sgnT®(x) =(-)" for x<-1, k=0,..,n

[Hint: Use Rolle’s Theorem.]
o
17, =C0S L, §=0,...,N oy o0 b
Sl T,(n,)=T,(cos ) =cos(jz) =(-1)’, j=0,..n 5 -1=n, <5 <..<n <=1 Sppo Cul p
N Copf s 0 o i) IV o 1A S g Ty g T, (1,0) =T, (7,) 20 il )

j=01,..,n-1

vVji=0L..,n-13¢a; : n,<a;<n; 5 T(z)=0

(LD o6 c b lyopp CS@nZyjman T, pouisp g ~1=1, <,y <1y <<y <1y <0 <1y =1 C =z
X>a, ,\)/og(ax CsleT, (350‘4 Wl @@/@loﬁ;n)/&,l&@y Q@/),)/y’a,o
s> s T, (1) =1>0 5 6y <11y el 6l (Sclady Cityp oo o)) demd o5 ool
T00>0 b (x2Lpe CSlponiy) x> g Cslp

1 (@ 1, 0e) 0)0 I 1> @il o (o po CIES < peuinn Caihd Slazyyn=1 CsLLT,

Vj=01..,n-2T(a)=T(,,)=0 = 3a] : a,,<a;<a; 4 T(a;)=0

T, aZyN=1 o (o . Oy <y <0, <.<0y <O <A< iaz/b o
Caypo s 3 (@ 0106) € (LD iy o Job e Uil art
T"’I = | i+ at Com ) CS oo iz C/{_J/Tn'O,g,(Tn’(aé):O) Sl T
}l{ (\)/or_/(?r.;((/" ol .oy (e, ) gSlT) CSlp (crmpe ) coaonivw 7

Jo CSly Comg o 2oy ity T,(0>0 oy x>y pm Csly

| %

- . — :
ElT, CSlpepnisal Aot Co - To(@h) =0 b aloo . T, (X) <0 b X € (a4, 5)
I T} Vo ET, oy ooy o) Sl EudT] Cane. il otnm o C oy
T00>0 b (X212 CSlpeaatg) X> @y po CSlp Cmg (YL cmepss
L) =0 0] k CS;/)I/ELA Od& el ol clk=01 CStcue Cj’/./p)u ewl &
TR >0 @bx>ay o CSlpguiia TR aC Az n-K. 1<y, <..<a; <L.shal i
Vx21:T9X)>0 (w;
by /0 o (@ iy @) 06 LT, aZyn=K=1 . )youo pi

Vj=01..,n-(k+1), Ta) =T (e}, ) =0 = ;1 &}, <a" <af 5 T (a")=0
k k+1 k k+1 k
O oy <O ) <O o) < <0y <0y C~

L el Gl o2y o Sl o x> 0 jo S T,

Iﬂ("‘”‘l | o Sl o e b al™t Cop g Sl o T L (ol al) oo p i
. L6 oied 26 Comt T cpbaigpoary 6. T (@) <OC s

min



. — — — — & .
W el Tn(kﬂ) azy C):l/.ﬂ‘/;u aé”l C)}ﬁ/) cl CA.JoTn(kJrl) Cuolle aok*lc,ul/c,gup/) . (\_/C‘o/;éng

T >0 @b (x21pe Csluaiiny) x> ar” jo CSlp Coy (Yhcomepnss I T

¢Ch1..Rivlin..E21..p46 L Lii y alie




Chl..Rivlin..E23...p46.

n+2 L
Verify that (1.3.10) is equivalent to /1:2(—1)%.‘((&) where/ﬂznlw(xi)' i=L..,n+2 ,
i=1
i=1 |a)!(xi)|

n+2

and hence 4 >0 and > "" 4

Chl..Rivlin..E24...p46.
Show that, in the notation of Exercise 1.23, Zi":(—l)iﬂﬁq(xi) =0 forany qeP.

et
(Y7)
(O(X) ﬁ(x X) :>Cl)(X) ﬁ(x —X) (H }(ﬁ(x _X)]( 1)n+2|

/b gy oty \X-\eokily Oy 50 (@ (X)) = ()" = (D)™ Cplels

n+2 X| n+2 _1nn+2(_1)if(xi) n+2 (_1)i f | 1
Saoy_ Zewlow Y bl _ 2o SN0
DS (—1)‘ T N I T S

To(x) FE)T I|50(Xi)| i=1|a)'(xi)| i1 |a)'(Xi)| 7 0'(X)

}‘i

b 0l g 4 >0~/o’u'@é'; Sy

1 n+2

n+2 n+2 Z
;ﬂf. Izll%a)(xﬂ _ n+2|a)(1x)|
o) = |e'(%)

(%)



ru 80 ki X, ={-1,0,1}4e sena [-11] oo f(x)=x"+x &b .Jke
Cailue pr(X,) =X W48 2 oy (A
sl G4 ) E (3 X,) (<«
fmd DA E(FIFLI =E(fiX,) WS 28 oy (2

. e) =1y e(0) =0y e(-1) =L :ayb e(x) = f — p; =X* Chlylw ¢ Ly 15 (V)

CPL(XS) # X Cos i o rglis CS bnigarea « W5 Jislyr s {1,013 Lo

syl Seom by (X)) we Ll ()
g CSlhlaspiz C I Py (X5) S Cplpy Rivlin, p 33 Sty il

- . ., & - LR — -
ol Soes licr (W Cry) gy Spocsed Sl X p 26 Sl

pr(Xy) = XD oy g XD

1)(-2) Tixg D=

N Caleveos 69l e phip B0 =2 +aX ol Pr(Xs) -ep Ty
Dl s ol B g8 w3 Go s o p c WET 6 )l L) €(-1) = —(0) = (1)

{e(—1)=—e(0)3{—2—%+a1=a0 :{aﬁo

e e | 2-a-a-a  |a-2 MR

N - ~ .- s _ ./ * - _
) Copar ly CIl a9l negazxapd Sl 00 )& . D1(X;) € P o) b rop
e(-1)=0=|¢|

e()=f—p,=x*+x-2x=x"—x > €(0)=0=e| > 42> 0 9@ csaxo C/QJ/_;;‘{—l,O,l}Q_;
o) =0~ e

CE(f;X;)=|e|=0 Iu
o Sl o pp ity TSy AW ewis s Yy < ()
pi(Xs) = P (0) ("Cocn[-11] TSy Solpill e Cpiim’")

(0= J¢]=max

—1<x<

x3—x‘ /) Sl p(X) # 2% 6l




Chl..Rivlin..E25...p46.
(L.Smith) Given f eC[-11], consider the problem of finding peP, with the

property that f(x)>p(x),-1<x<1, and max[ f (x) = p(x)] < max[ f (x) - p(x)] for all

peP, satisfying f(x)> p(x),-1<x<1. (Problem of one-sided approximation from below.)

Show that, if p” is the best uniform approximation to f on [-11] out of P,
then p=p -E,(f;[-11]).

Consider, similarly, the problem of one-sided approximation from above.
Study the unigueness and characterization problems for one-sided approximation.

L
-C"“’w.
w20 [FLY g f el Cptams P I Ot ums c0 CIE B Ctiiz ogg L4
N Bl meop ¢ T enyd Caypim D= P -E, @l
Az ,4.:(4.; Cpuiz (\J/C,}JA Qﬂ/w )| Cavuo

p
IpeR, F0 2 p(): max[f()-B()] > max[f(x)-p,(x)]
(p=p"-f) .
= max| f(x\)-p +E, ] > max[f(x)-p,(X)]
(Q_J/l) C)__;_ R C:UGCS)AL E, ol

=max| f(x)-p | +E, > max [ f () - p,(x)]

—1<x<1

=max| f(x)-p"| > max[f(x)-p,()]-E,

=(E, =)max| f()-p" | > max[f(0)-p,(0-E,] (¥
b xe[-11]. e
()= p,(x) = f(x)-p,(X)-E, >-E, = -[f(x) - p,(0-E,]<E,
= max ([ f(xX)- p,(0)-E,]) <E, )

—1<x<1
(Sl e Cogpios D' L) bl o 0900 Coaois (+%) 5 (#) Jlod
o @ybezs

e(x)= () +p (%)
max [e(x)| = E,

-1<x<1

vx e[-11], =e(X)+E,>0= f(x)—p +E, >0= f(x)> p(x)

A e Coo jodocisl s p Cms
Sl puoly i CLop o o Byyesco . Cpad p
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Ch2..Rivlin..E1...p61.
Prove that if {p,,..., p,} is a set of orthogonal polynomials with respect to some

weight function o(x), then p,, p,..., p, are linearly independent if no p, =0.
[Hint: If ayp, +a,p, +...+a,p, =0,multiply both sides by pw and integrate over [-11] for each i.]

el
G
9 1<x<Le CSlln) 420 copo(x)+c1pl(x)+...+cnpn(x)=0(.)/(afa>) CI)E wb

G =C=..=C,=0 b & Ty cul p (¢ CS(Q/J@/,J

(11 g ar o 0, (0 0(X) o |y Cogocbs cudii Caiph oicf) Croggin j {01} L
2 e

tup oo I

¢ [ s () p; () @(¥)dx + ¢ [ B, () ; (x) @(X)dX +...+ ¢, [ P, (X)p; (x) @(x)dx =0

o Ot (00) Colp s S0 ) Sl tatalo CSboegatro {Py, By, P}l j 6l
@l sy igio plyw Cogp CStac )]

=0 =0

COI po(x)pj(x)a)(x)dx+...+cjj p;(X)p;(X) o(X)dx +...+ ¢, I P, (X) p;(X) @(x)dx =0
= 0+..+ clj P} () @(X)dx +..+0=0

A _ . ...~ — e
ooy g Sl Sudo [L1J opny o p oS P]#0 Cozofbogy P %0 Ciowp o G
‘o,l.olfc:tx)(\./ le/fg’/’,(ﬂ_o ,,b. ((\Ailoo(u'a CS)U-:J_/)/E/) .l C:w—o o/l}ao a)(X) w&/lc}wo

- s - - S -
9= 0 C @ D (s O 0l =01, NC g A0 50 C; =0 pouis g | Cuiso 5/l aze
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Ch2..Rivlin...E2...p61.
2
Suppose that S,(f; ) =Jfl[f(X)—q;] o(x)dx. Show that

S (f;0) = I_llfz(x)a)(x) dx-Y" 47 where the 2, are as defined in (2.1.13).

Ch2..Rivlin...E7...p62.
With the notation of Exercise 2.2, show that !E‘El S, (f;0)=0

z, where p, is the best uniform approximation to f on 1.]
lagdy

(Y)

..... P ()} 2w ¢

[Hint:S,(f;0)<|f - p;

L0 (0) = 2Py (X) + et AP (X) A Sl al sotain CSlao piz rgaa { Py (X)
(@l cr it py el S, (FL0) e

_1[ f (X)q, (X) o(x)dx +0

S,(f,@) = [[T(x) -0, 0P @(x)dx = [ £2(x) @(x)dx—2] f (x)a; () @(x)dx + [ 4;(x) o(x)dx
~ [ 1200000k~ [ @004 F (00 +11 ()~ 6 COTRe(dx = | F2() @(x)dx—

“‘;)I £2 () @)X = [ £ ({4 Py (X) + APy (X) +...+ 4, P, ()} o(x)dx

= [ 1200 @(x)dx— 4, [ () py () @(X)dx =2, [ F(x) p,(X) @(X)dx—...= 2, [ (%) p, (¥) &(x)dx

2113 1 n
= j f2(x) o(X)dx— Y A2

-1 j=0

(Y)

1 L2 1 . 2
S,(f;@) =] [F(0-a,] @) dx< [ [f(x)-p; ()] w(x)dx
el [ o F Sl eyl Cogims (9 CI el
oy CrUiply cudonar Jl .Sl apzo| L] ot poipy T 20 g

T = D], <& 22w TSN cop ) P(X) CSlhleosiz CSlpad CS Ny /by (CS1e o CSllew
@b Mool CseC stz Sl alo[-11] o | Colil cayd Cayim B, (9 41 Je

<[t -p|, <e

E,(F)=|f-p,

ECp CIlp ey N Enl(f)(nl{)Enz(f),u/(agl)o,oop)/’;
vn>n,: . S(f;m) < j.( f(x)— p(x)) @(x)dx = j E2(f)o(x)dx < jgzw(x)dx = gzj.a)(x)dx

Wl Ers @is (Sclolgnre>0C ) 600 .Ecl0<a=[ o(X)dx e



Ch2..Rivlin...E3...p61.
Show (a) the set {p,, p,...., p,} of orthonormal polynomials (with respect to a given

weight function) with p. e P and leading coefficient of p, positive for i=0,...,n is
unique. (b) the set {p,, p,...., p,} of orthogonal polynomials, with p, e R having
nonzero leading coefficient and p,(1) prescribed (but #0) for i=0,...,n, is
unique.
Yo
Cupo g G € RS o6 TSyl CSpotaio CS@CSholas fiz pegero {0,010y} o T ()
Lb. Sl Edio I CSypw

(pieR)

= de>0:p,—-&0, P =>..
(g €R)

Ch2..Rivlin...E4...p62.

Prove that f —CI: changes sign at n+1 points of (-12) if f ¢P,.

(sw p42 for an application of this cht)

[Hint: If f—q, changes sign at at most r<n points of (-11), there exists pe P, such
that (f —q,)p=0 throughout | . Show that this contradicts (2.1.2) since and w(x)>0

except for a finite number of poits.]
S

) Cuofe s (—1,1) /I(JIEJ (n>) r/)/DTp f —q:nJ/C,'d'» Oﬂ/ﬂ

2z . _ -
) 0 i —1< X <X <o <X, <1 Sppo v
x 1 A0 S T =0 Sape (%)) 0/ pd T2 by > Cph

comtio diar p o (T=1)p>0g PP, scayb P(X) =(X=X)(X=X,)..(x=X) C-b /w6 C o
Sl o plp b

fl(f(X)—QZ(X)) P() (X)X >0 s /ls (b mtslinipp o) 0(X)>0 A sl 1 Gl

SN X\ -X bl g X\ o 0 2065 C ol g



Ch2..Rivlin...E5...p62.
Show that the least-squares approximation of degree n-1to f(x)=x"is g, =x"-§,,

where p, is the orthogonal polynomial of degree n determined by »(x) and (2.1.16).
. . T

! P B (X) gow cupo sz ooz B,y (X) = (X— ) B (X) — B Bia (X) C'}:J/of‘i"’/f”f"'}"—o
. (O;I/_J”C').O/L./) fFO)=X"=t,p,(X)+1,_, P, (X) +..+ Py (X) Do |y F(X)=X"eP, cJo.cl

245 o2 18-Sl V6 plp X g Sl oplp XN adly plo. P (X) CSptn cypo

1
|8, ()],
CFO) =X =By, P () Py (X) + Py () e o0 cse by =B (X)],

(Y—\—Ef‘it',/> el A =(f, pi)f‘)/&"’ q:—l(x):ﬂ“OpO(X)+ﬂ‘1pl(x)+"'+/1n—1pn—1(x) ‘C')"/J/.,
b Vi =0, n—Lacto 0ad (6o (X) = (F, Po) Po () +(F, PP (X) 4. (F, Poy) Pos(X) i)

(x):=x") (ortho)

(f, pj):j_llf(x)pj(x)a)(x)dx(f = 4] pie(dx = t; ,j=0,..n-1.
. q:—l(x) =1, po(x) +t1p1(x) +ott pn—l(x))}jo‘(\?‘f‘j C)-—i
q:—l(x) =X _H an pn(X) ? X" — f)n (X) )};C}o,a_u) (o,l; (o&./l/.,

_ P
CICETROR

Ch2..Rivlin...E6...p62.
Show that the orthogonal polynomial p, (and hence p,) has n distinct simple

zeros in (-11).
[Hint: Use Exercises 2.4 and 2.5.]
by
* n X n Py _ —= - .
Oy =X =Py oy T(X) =X € B CSlw n=lazp/l Sy Cppin) cyyp@r X8 Chpaicy @
A2) o Cagepns (—11) 0 p (0, =) X" - P, éo"\’—j Cuparp . F(X)=x" P, Cpe 6l
Bl o3C sy Cotl o (Sl Moo )| CSarsiz Bued @ybeog) Coe



Ch2..Rivlin...E8...p62.
(B, By)

Show that another form of (2.1.18) is g, =W.
k-1' Fk-1

[Hint: Replace k by k—1in (2.1.16), then multiply both sides by p,w and integrate.]
Gl
(o kK CSemk-1CSibt ¢ B, (0=(X-2) B (0~ APL(), (2116) bl
b Sl g s p BN O(X) <o 0 B ()= (=, ) By ()~ Bs Bn(¥)
[ B (0B 00 @0)dx = [ X B, (X) B () (X)X = [ @ By () By 1 (¥) (X)X = [ B 3B (¥) By (X) @(X)dx
= (B ) =By, Bey) — s (s Bes) — By (Bis Pre2)
— —

=0 =0

= (ﬁk, f)k) = (Xf)k’ r)k—l)
Wi ep Es e @b . (2118) bl » Cs ik 0T

Ch2..Rivlin...ES...p62.
Prove that the Jacobi polynomial Pj(“’“) Is an odd function for odd j and an

even function for even j.
[Hint: Use mathematical induction, (2.1.16) and the fact that o(x) ia an even

function in this case.]
ey



Ch2..Rivlin...E14...p63.
Prove that P,/(X) =xP, ,(x)+nP, ,(x). (2.4.15)
[Hint: D™[(x? —1)"] = D"{D[(x? —1)"*(x? ~1)]} = 2nD"[x(x* =1)" ]
= 2n{xD"[(x* —1)""1+nD"[(x* —=1)"*]} and use Rodrigues' formula.|
b
S Ub)

‘P9 U9
7 - . = . . .
) o9 Creus oyl CS oo pizx Mgo 06 Jl 2G| 6
tL-2tx+t3) 7 =" PIOOt" 5 (x—t)A-2tx+t2) 7 =D P (x)nt"?

n=1 N
‘b O
(=3 Pt =3 R(x)nt’
(I e )@ ¢
2 XRIOOT =3 RL OOt =2 Reont”
PO . _ P
) e cous CIlp cro00)

Pri(¥) = xB/(x) = (n+1)F, (x)
i o Sy o Aras ) PL(X) Cojor g N TS0 N—1 CS bt ¢ (o5l



Ch2..Rivlin..E18.. p64

Show that S [P/ + P20 <1, (031, [X<1) .

[Hint: Rep(acmg n*by(n-1)°on the right-hand side of (2.4.18) makes it larger.]

Ch2..Rivlin...e20...p64.
Prove that ‘Pn (X)‘ <1,

<1

9

AKX

Veop U 0S5 by,

P93 U9

(2 s2lpp axGi| xe[-11] CSlp X=0050 uriomi /| cogd Typo 1)
(-2t cos¢9+t2)’% = Z::O P (coso) t" :(a_J/J)/,olj_J CS koo tiz Ago éo'/gay
:ECp CIlp oy 1-2tcosO+1° = (1-te’)(1-te™) wasy 0 c Joo

27 2k~ o 2k =DMy o
(1-2tcosf+t?) { Z (2k)” M Z 201! }

o dms ooty X P (€0S6) cpo Cpniy @Sy Cl S

@n-Hit, 2k -ni[2(n-k) -1]"" mo , (2N=D _ing
Fa(cos0) = (2n )n kz k)1 [2(n-k)]u ° (2n)!! °
s Lildo il Ea clpp CSpamed CSjb ooy
P, (cos6)| < (2n—1)!!+nzl(2k—1)!![2(n—k)—1]!!+ (2n-n

mt S @k [2(n-k) (2n)n
) c:qéfl/(u; le,a/. P,(cos0) = P, (1) =1 /| el Syt A o6 Copl S ly Char C//é/t



Ch2..Rivlin...E24...p64.
Suppose that f eC[-z,#] and has period 27 ; show that, if

o(f;[-7,7];3)logn -0, as n—w, then the Fourier series of f converges
uniformly to f on [-z,x].

Fs(f) 5, [-ra] o5 ofi[-z,7li2)logn — 0 o&a (jauud s> 1) O.guadss)

ckson

(1 -Fs(D] =, (4+10gmE(1) < 6@+logn)m,(3) >0  .cbxcob
b
[f =5, (D] =S.(F) <@+ % logME,(f) ey Y-Youwirw G
E(H<60() b (¥ ) Cabouir G
[ =5, (D] =8,(f)<240(}) + Za(d)logn  Ep CHlgccrin
ccas il aboly pp C e (2) =0 A @il ooy @(R)I0gN— 0 Coow b . N —>0 iy
lim|[f s, (f)]=0

N—oo

Sl Eolyily CSllaw [-7,7) p § m6ew Copp by S oy CSp i Ckly



Ch2..Rivlin...E25...p64.
k+1

Verify that, on-1<x<1,|x|= —+ Z( 1) 2k(x) the convergence being uniform.
by
4 2 ot dx
A= s A= LML= @b T =X Sl
X

.26 (! ) ooy TSose kdgsipop Sl (pl) ooy T g Sl ooy e &
)/:3 K: A =0

-singd@

. 47 dx
oy K: A&:;,[XTk(X)\/l—X:_J‘COSGCOS(Z j0) 5o

7 (cosa.cos ,Hff[cos(a+ﬁ)+cos(a—ﬂ)]) . . . i
ij c0s6c05(26) d0 2 2 S|n(2.J+1)t9+S|n(2.J 1o o
T T 2]+1 2]-1

i it _ i
:E[( D" D ]_2( )] __]__( )J 2 _4(D
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Ch3..Rivlin...E1...p83.
If r” is a least-first-power approximationto f, f —r has a finite number of

essential zeros inl, and z,(f -r)) is empty, show that f —r' change sign at
least n+1 times in(-11).

[Hint: Examine the argument at the end of the proof of Theorem 3.2.]

c..u\_a
- <
CJ/}W(\_J ’/i@ Qg' . A) C/co'[}{./ff:; (—1,1)/’(\1221 (n Z)S/)/DT,(} f —rn*(\)/@o:’/w-

r4 .
) copds p 1 <ty <<t
t,=-1 O)D/I/Z q(u/flsgn(f —r) p(x)dx=0, VpeP, 1/ V=YY noud g o o gpto pl
. . S s—i [lin
B creoas Y, (FD) ’ft_ p(x)dx=0, VpeP, ~bl t, =1,
i s=j 47 - &
Sgnjt_ p(x)dx=(-1)"",j=01..,s y peP, or. p(x):(X_H)(X—tz)---(X—ts)(050)/1/0/1lC)@

. - 7
= Ol ol

Ch3...Rivlin...E2...p83.
Show that, if f has a continuous nonvanishing (n+1)st derivative on 1, itis

adjoined to P,.
[Hint: Apply Rolle’s Theorem n+1 times.]

It
(o | ppeioazsy n+2c Joly - p,u/ﬂpe P).LCwP ot el f A C s Cropw

O/({/)r\i_l/)d;'b/ f D p Mgy Cuam paDl 00/ | pasy N+l clol¥f'—p' CJ/f\fﬁ;/Jw
el p fOP () =0 0 Qz;a;,a’. (P"™(X)=0 10 peP, b o/ |

Ch3...Rivlin...E3...p83.
Show thatfl| p(x)|dx > jll

Un(x)\dx = % for all p e P, with leading coefficient 1, p=U,

el
9 X =P, =U, sah Y=Y awiao o L0 | 0o Py p X G Sl Ly e Coggims P, J1
1) ~ 1 1
[0 ax= [ [x"=p,9[dx < [ [x"—q(|dx, va e P, , \{p} A Copl

PO =X" =009 Iy P Ol Sl | plo CHN TSty capp S TS peP, po CSly Copuines
il o s  Coppobsly p CSJUbe 0 cJo. QP pal ECp
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Ch3...Rivlin...E4...p83.
Suppose that 0<m< f™(x)<M, xel:[-11]. Let U, =%. Show that

(i) ¢(x)= f(x)-r (x) has precisely the same zeros as U_,, in I, namely,
n; =cos %, j=1,..,n+1. and changes sign at each of its zeros, just asu,, does.

n+2

(i) MU (x) <™ (x) < MU (x), xel .

n+1 n+1

Ch3...Rivlin...E5...p83.
With the conditions of Exercises 3.4 holding, show that the zeros of ¢-muU

andMU,_, ¢ in | are exactly as in (3.3.8), and that each function changes sign
at each of these zeros.

Ch3...Rivlin...E6...p84.

Show that, in the interval [cos=;,1],
0<g-mU_,,
0<MU,,, -4,
0<U,,,,
0<g,

and, hence, that mu_,,|<|¢| <M U,..| throughout I .
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Ch3..Riviin..E7..p84.
Show that, if 0< A<|[f™(x)|<B, xel,

1 A . h * B -n
then :[l|f(x)—p(x)|dxzm2 forall peP, and _Uf(x)—rn (x)|dx < (n+1)!2

In particular, for example if p, eP, is the least-first-power approximation to e*

on [-11], then

2”(n N €= py fde < 2N+t
&b

(b2l peP, o CS/’ru

U,.,(0[dx = 5 j U00|dx = 52
-1

1 1 1 E3s L
j|f(x)— p(x)|dx > Hf(x)—rn (x)|dx = j|¢(x)|dx > Aj
-1 -1 -1 -1
285 ClosCo by v Eily Siar TSyl

el<e <e myb ol 1=[F11 g [ (X)) = g . F(0) =" 26 CSlp Cpinam
@ ik Gopeklypp y B=e, A=e* o/ Sl 6 C

Ch3...Rivlin...E8...p84.
Show that, if f™(x) is continuous and does not vanish on |, then

(n+1)| rglm f (n)(x)‘ < I ‘f(x)‘dx

With equality if, and only if, f =cU_, ¢ being any nonzero constant.
o
ECH CIlge Com . IXel FP(X)>0 ¢ FP(X) <0 b Ao Crop o
0.<min| @ (x)| <| £ (x)| < max| f ()|
xel xel

A B
Sl fop ppodly DR o TSl XV Cpi pls o
A A
2" <27 < | (X)) - p(x)|dx
(n+1)! n! J‘*l| ()= p( )|
> i @b PN =0 Cblyli 6 el
«CSgl o cAC CSl/u
(Up=x"+...)

f(x)=cU, =2"cU, - f™(x)=2"cn!
oy e Cl CSlp. Casppoitn g oo

L 2" c
= 2 2gnt=—t
ol g e = (0 elm (n+1)
1 1
CSyptst Eclyar = [[2cU, |dx=[c[2" [|U =|c|2"(2}_1 =
-1 -1

(cokS o @6 o ¢ ybolpl ok el Ty ¢ ) WbikS plped”



Ch3...Rivlin..E10...pp84,85.

Show that the least-first-power approximation of the formax (that it, by means
of lines passing through the origin) to f(x) on X_ with @ =1,i=1,...,m,is obtained
as follows: Renumber the points (x, f(x)) for which x =0 so that

109, T06), 5 Tx) [l=m or m-1].

Xl X2 XI
r |
Now let r be the smallest integer such that 2> |x|>>"|x|; then %x is a

i=1 i=1 r

least-first-power approximation of the required form. Discuss uniqueness.
[Hint: While Theorem 3.5 cannot be applied, since we are not admitting all
polynomials of degree 1 as approximators, show that an exact analogue of
Theorem 3.5 holds when the family of approximators consists of {ax}. Then
apply this result. What is the result when the o are arbitrary positive
numbers?]

Uhis problom has an intercsting history. The result is the algebraic founulation
by Laplace of o geometric method due to Boscovich. O fascinationg account of
Boscovich’s approach and ity subsequent ramifications as well as the history of the
relative menits of least-fiust-power and last-squares fitting of data can be found
in Sisenhant [1].




Ch3..Rivlin..E11...pp85.
Given X,, show that the least-first-power approximation by polynomials of

degree at most 1, with o, =w, =, =1, 10 f onX,is provided by the line passing
through (x,, f(x)) and (x,, f(x,)).
&k
O o phip X S $X C26 01y Xy tpaa
Cin 420 (3, T06)) 5 (%, £ (1)) J ot B 15 () T 2

T = T2 (xox) oK)= )= ()

3

(0_1/’) Rivlin, p #4.. \"—b(\fé;/" oy | 2 \v4 p(X) =ax+b e Pl Cj/}w o._:’/)

3

Soson £6) =1 (x) | p(x)

i=1

=| sgn| F(0) =1 (%) | p0g) +san| f06) =1 (%) | p(x,) +59n] F0x) =1 (%) | (%) |

=0

(*) (%)

= [san[ F06) =15 06) [p0%) | =|p0c)| =ax, +b] (1)
ool g K20 0 Z(F =) ={0, X} Copizvam
Z |p(xi)|:|p(x1)|+|p(x3)|:|ax1+b|+|ax3+b| , (1)

ieZ(f-r))
w el e
|ax, +b| <|ax, +b]|

Jax, + b| <[ax, +b| = [ Ol +D)

@0) ax, <ax, <ax, :axl+bsax2+bsax3+b—>{

<X, <X
S lax, +b| <|ax, +b]

IaXz+b|S|a)(3+b|:>|ax2+b|£|ax3+b|

(a<0) axlzaxzzax3:>ax1+b2ax2+b2ax3+b—>{

|ax, +b] <|ax, +b| +[ax +b| AT e o i
Sl flop on b K (X) TSl Y-y (1)S(11) Spojap L

Suppose m=n+2, @,,...,q, to be the extreme points of B and f ¢ P, in Exercise 3.12 through 3.15.

Ch3..Rivlin..E12...p85.
Show that there is exactly one point, call it x € X, at which q,(x) = f(x), the

points x,,...,x, are distict, and each of q,,..,q, agrees with f on x_,,...x.,,.

Ch3..Rivlin..E13...pp85.

with f precisely on x,,.... x,,,-



Ch3..Rivlin..E14...p85.
If p,eB agrees with f on n+1 points, show that p, is an extreme point of B.

[WHIGURIG. The extreme points of B are now seen to be found among the (at most) N+ 2 polynomials that agree with f on

some N+1 pointsof X ,and hence all of B can be determined by direct examination of (at most) N+ 2 polynomials.

Ch3..Rivlin..E15...pp85,86.
Suppose that qe B is an extreme point of B agreeing with f on x,....x,,.

Show that, for any g eP,, the unique p, P, that agrees with g on x,..
least-first-power apprOX|mat|on t0 g. (Compare with Theorem 3.3)

[Hint: g can be represented uniquely as g =p+af for some p, € P, and some constant a.]
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