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Abstract: In order to provide reasonable economic signals for distribution companies (DISCOs) and further compensate for
distributed generators (DGs) integrated in distribution networks equitably, the contributions of DGs to loss and emission
reduction in distribution networks should be allocated according to their own responsibilities. Generally, the loss and emission
reduction of the network can be allocated based on traditional cooperative-game-based allocation methods such as nucleolus
method and Shapley value method. However, traditional cooperative-game-based allocation methods will result in the
combinational explosion problem with the integration of a large number of DGs. In order to tackle this problem, minimum costs-
remaining savings (MCRS) method and Aumann–Shapley value method are employed for loss and emission reduction
allocation. Simulation results of two cases show that compared with the allocation results of traditional cooperative-game-based
allocation methods, the proposed MCRS method and Aumann–Shapley value method both have the characteristics of individual
rationality, coalition rationality, and global rationality. Furthermore, neither MCRS method nor Aumann–Shapley value method
has the problem of combinational explosion, which can reduce computational burden with regard to the integration of a large
number of DGs.

 Nomenclature
Indices

br branch index
i DG unit index
grid main grid index
k objective index
l loss index
e emission index

Constants

Nbr number of branches
Rb resistance of branch b, Ω
NDG number of DGs
EFgrid emission coefficients of the main grid, kg/kW
EFDGi emission coefficients of DGi, kg/kW
εk an arbitrary small real number for loss/emission
S1 coalition of all DGs
S2 all non-empty sub-coalitions of DGs
N grand coalition of all DGs
S^ set of all combinations of players containing DGi
S number of DGs in particular coalition S
λ integration parameter

Variables

Ploss active power losses, kW
Ib current of branch b, A
E total emission produced by the main grid and DGs, kg
Egrid emission produced by the main grid, kg
EDGi emission produced by DGi, kg
Pgrid active power of the main grid, kW
Pi active power of DGi, kW
Xk set of loss/emission reduction allocation
Yk set of loss/emission reduction allocation imputation of

each DG unit

ek(S, yk) excess value for loss/emission of imputation yk ∈ Yk of
coalition S

φk yk maximum excess value for loss/emission of coalition S
vk S loss/emission reduction caused by coalition S
Vk S loss/emission reduction caused by the alternation of

DGs of coalition S
xi

k loss/emission reduction allocation of DGi

xi, min
k minimum loss/emission reduction allocation of DGi

xi, max
k maximum loss/emission reduction allocation of DGi

Ic
k remainder of the loss/emission reduction sharing

βi
k coefficient of the ratio

W S^ weight factor

bi output of DGi
f ⋅ the function that represents the marginal contributions to

loss and emission reduction for a given λ

1 Introduction
With the integration of distributed generators (DGs) in distribution
networks, the radial distribution networks have been shifted from
passive unidirectional networks to active bidirectional networks,
and DGs can affect power losses and the emission produced by the
substation bus [1]. Therefore, DGs should be rewarded according
to their responsibilities to the losses and emission reduction.
Consequently, the deviation of active power losses and emission
from those of the base case (the network with ‘no DGs’) should
fairly be allocated to all integrated DGs, which can provide correct
economic signals for distribution companies (DISCOs) and further
prompt efficient operation of the networks [2].

The problem of loss reduction allocation in distribution
networks due to the integration of DGs is essentially the same as
loss allocation, which is highly challenging due to the non-linear
and non-separable characteristics between branch losses and the
network power flow [3]. There have been various loss allocation
methods developed for transmission and distribution networks,
which is summarised in Table 1. 
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In recent years, traditional cooperative-game-based allocation
methods such as nucleolus method and Shapley value method have
attracted attention because these methods satisfy the axioms of
fairness and have been confirmed to have the characteristics of
individual rationality, coalition rationality, and global rationality
[11]. Therefore, in the past decades, several studies have been
conducted for allocation methods based on traditional cooperative
game theory [11] for the allocation of common costs in power
systems, for example transmission cost allocation [12–15],
transmission loss allocation [16–18], thermal unit start-up costs
allocation [19], electricity purchasing cost decrement allocation
[20].

As a result, traditional cooperative-game-based allocation
methods can be used to specify the share of each DG's
contributions to loss and emission reduction in a fair way. Refs.
[21, 22] employs nucleolus method and Shapley value method,
respectively, to allocate loss and emission reduction due to the
integration of DGs in distribution networks. However, with a large
number of DGs integrated in distribution networks, the
combinational explosion problem will occur and traditional
cooperative-game-based allocation methods will become
computationally unfeasible due to the combinational nature (e.g.
there are totally 2n − 1 possible permutations for a case with n
DGs).

In order to overcome the combinational explosion problem and
reduce the computational burden with a large number of DGs in
distribution networks, the minimum costs-remaining savings
(MCRS) method, which is an extension of nucleolus method, and
Aumann–Shapley value method, which is an extension of Shapley
value method, are introduced in this paper to allocate the loss and
emission reduction in distribution networks due to the integration
of DGs.

The MCRS method is applied in [23] to allocate the treatment
costs. The MCRS model considering risk factors is proposed in

[24] to solve the profit allocation problem in apparel supply chain.
However, to the best knowledge of the authors, the MCRS method
has not been employed to solve common cost allocation problems
in distribution networks.

Meanwhile, Aumann–Shapley value method has been applied
to solve a variety of common cost allocation problems in power
systems, for example transmission network cost allocation among
generators and loads [25, 26], complex losses allocation among
generators and loads [27], congestion cost allocation among
transmission users [28], and firm-energy rights allocation among
hydro plants [29]. In [25], a method based on circuit theory and the
Aumann–Shapley value method is proposed to allocate the costs of
the transmission network among generators and loads, which can
ensure equitable allocation and recovery of the total costs. In [26],
a methodology based on Aumann–Shapley value method is
presented to allocate transmission service cost among network
users in energy markets and is shown to be computational feasible
and can ensure economic coherence and isonomy. A method
coupling with circuit theory and the Aumann–Shapley value
method is employed in [27] to allocate active and reactive losses
simultaneously to generators and loads considering counterflow,
cross-subsidy, and negative allocation issues. A methodology for
congestion cost allocation based on marginal costs and Aumann–
Shapley is presented in [28], which can not only provide fair and
efficient prices, but also avoid the merchandising surplus.
However, to the best knowledge of the authors, the Aumann–
Shapley value method has not been employed to solve the problem
of loss and emission reduction allocation due to the integration of
DGs in distribution networks.

With the above background, we explore MCRS method and
Aumann–Shapley value method to allocate loss and emission
reduction for distribution networks with DGs. After comparing
with the allocation results of traditional cooperative-game-based
allocation methods on the modified 33-bus distribution network,

Table 1 Loss allocation methods for transmission and distribution networks
Method Description Note
Pro-rata method [1] In proportion to their corresponding generation and

consumption without considering the network
topology and their relative location within the

network

• Easy to compute but cannot provide correct economic
signals

Marginal loss
coefficient (MLC)
method [4]

In accordance with the MLC based on the results of
power flow

• Consider the network topology and is superior to pro-rata
method

• The sum of loss allocation results of all network users is
not equal to the total losses and therefore a reconciliation
procedure is required to compensate for the over-
recovery of losses

Proportional sharing
method [5, 6]

The power flow reaching a bus from any power line
splits among the lines evacuating power from the

bus in proportion to their corresponding power flows

• All the information that needed is power flow calculation
results, losses in each line, and the power level in each
bus

• The allocation method is based on the solved power flow
on the premise of the linear proportionality assumption
and neglects the cross-terms of losses

Z-bus method [7] Based on the network impedance matrix and a
solved power flow without any special

approximations

• Reflect the network topology and provide economic
incentives for market participants

• Applicable only to networks with non-singular admittance
matrix

Costa's method [3] Network losses are distributed to loads using
downstream algorithm in the first phase and then to
DGs using upstream algorithm in the second phase.

In the third phase, the remaining losses are
allocated to DGs in proportion to their apparent

power

• Based on the downstream-looking and upstream-looking
tracing algorithm and operates in three phases

Branch current
decomposition
method [8]

Based on the real and imaginary components of the
currents with respect to branches connecting the

node to the root node

• Establish the relation between branch components
(branch current, power, and energy) and nodal injections

• Distribute the loss variations to loads and DGs
simultaneously, which may cause spatial and temporal
cross-subsidies and thus draw unfair allocation results

Power/energy
summation method [9,
10]

Both based on the decomposition of branch power
losses and average branch power losses (energy)

into injections related to nodes, both based on
branch-oriented approach
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the rationality and validity of the proposed two methods are
verified. Simulation studies on the modified 69-bus distribution
networks are used to demonstrate the superiority of MCRS method
and Aumann–Shapley value method over traditional cooperative-
game-based allocation methods due to their computational
feasibility.

The main contributions of this paper are as follows:

(i) Employing MCRS method and Aumann–Shapley value method
for loss and emission reduction allocation in distribution networks
due to the integration of DGs;
(ii) Providing appropriate economic signals to DISCOs and further
imposing financial compensation (punishment) to all integrated
DGs when employing the proposed MCRS method and Aumann–
Shapley value method;
(iii) Having the characteristics of individual rationality, coalition
rationality, and global rationality when employing the proposed
MCRS method and Aumann–Shapley value method;
(iv) Overcoming the combinational explosion problem with a large
number of DGs integrated in distribution networks when
comparing with traditional cooperative-game-based allocation
methods (nucleolus method and Shapley value method).

The remainder of this paper is organised as follows. In Section
2, the loss and emission reduction due to the integration of DGs is
identified, and the nucleolus method as well as its extension
(MCRS method) is presented for loss and emission reduction
allocation. In Section 3, Shapley method and its extension
(Aumann–Shapley value method) are presented for loss and
emission reduction allocation. In Section 4, numerical simulation
results with a modified 33-bus test network and a modified 69-bus
test network are reported. Finally, the main conclusions are
summarised in Section 5.

2 Nucleolus method and MCRS method
2.1 Loss and emission calculation

The penetration of DGs in distribution networks will affect active
power losses and emission produced by DGs and the main grid.
The formulations of active power losses Ploss and total emission E
produced by the main grid and DGs in distribution networks are as
follows [21]:

Ploss = ∑
b = 1

Nbr

Rb Ib
2, (1)

E = ∑
i = 1

NDG

EDGi + Egrid

EDGi = CO2
DGi + NOx

DGi + SO2
DGi = EFDGiPi

Egrid = CO2
grid + NOx

grid + SO2
grid = EFgridPgrid

(2)

2.2 Nucleolus method

Suppose:

Xk = x1
k, x2

k, …, xn
k , k = l, e, (3)

Yk = y1
k, y2

k, …, yn
k , k = l, e (4)

Nucleolus is based on the minimum core and is determined by the
following (5)–(7):

C+k
εk = yk ∈ Yk φk yk ≤ εk

φk yk = max
S ∈ N

ek S, yk , k = l, e
, (5)

ek S, yk = Vk S − ∑
i ∈ S

yi
k, k = l, e, (6)

Vk S = vk S − ∑
i ∈ S

vk i , k = l, e . (7)

The problem of formula (5) can be solved by linear programming
(LP) as follows [17, 22]:

min εk

s . t . Vk S = ∑
i ∈ S1

yi
k

Vk S − ∑
i ∈ S2

yi
k ≤ εk, k = l, e

(8)

It is known that the loss/emission reduction allocation of DGi is the
summation of the loss/emission reduction caused by all DGs and
the one caused by the individual DG player as (9)–(10) show the
following:

xi
l = yi

l + vl i , i = 1, 2, …, NDG, (9)

xi
e = yi

e + ve i , i = 1, 2, …, NDG . (10)

2.3 MCRS method

With the integration of a large number of DGs in distribution
networks, the combinations of DGs for calculating coalition S will
increase in an exponential form. Therefore, for conquering
combinational explosion, MCRS method, as an effective method
when it comes to a game with infinite players [23], is employed in
this paper. The basic idea of MCRS method is to draw out the
nucleolus outline and to allocate the loss and emission reduction in
accordance with the proportion between the maximum and the
minimum loss and emission reduction allocation.

The MCRS method for loss and emission reduction allocation is
represented as follows:

max or min xi
k

∑
i = 1

NDG

xi
k = vk N

∑
j ∈ N − {i}

xj
k ≤ vk N − {i} , k = l, e

(11)

The equality constraint describes the global rationality, where the
sum of the loss/emission reduction allocation of all DGs is equal to
the loss/emission reduction caused by the grand coalition N with all
DGs in operation. The inequality constraint indicates that the sum
of the loss/emission reduction allocation to DGs except DGi is no
more than the loss/emission reduction of the grand coalition N
without DGi.

The minimum loss/emission reduction allocation of DGi can be
defined as the incremental loss/emission reduction with DGi
participating in the grand coalition N, known as the marginal
contributions of DGi:

xi, min
k = vk N − vk N − {i} ≤ xi

k . (12)

The maximum loss/emission reduction allocation of DGi can be
defined as the loss/emission reduction with only DGi in operation:

xi
k ≤ xi, max

k = vk i . (13)

As a result, the loss/emission reduction allocated to DGi is
calculated by:

xi
k = xi, min

k + βi
kIc

k (14)

Ic
k = vk N − ∑

i ∈ N
xi, min

k
(15)
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βi
k = xi, max

k − xi, min
k

∑ j = 1
NDG xj, max

k − xj, min
k (16)

3 Shapley value method and Aumann–Shapley
value method
3.1 Shapley value method

Shapley value method is a typical solution concept to allocation
problems in cooperative game theory and behaves well in terms of
fairness and effectiveness. In order to allocate loss and emission
reduction, each DG can be regarded as a player in a cooperative
game. Since the entrance order of each DG in coalition S affects its
incremental contributions to loss and emission reduction, the
Shapley value considers all sub-coalitions without the particular
DG and calculates the average value of incremental contributions
to loss/emission reduction of including the particular DG. In
Shapley value method, the marginal contribution to loss and
emission reduction of a DG unit is the only factor that determines
its allocation results [13, 14, 19].

Therefore, the loss/emission allocation of DGi based on Shapley
value is defined as [15, 20]:

xi
k = ∑

i ∈ S
⌢

W S^ × vk S^ − vk S^ − i , k = l, e, (17)

W S^ =
NDG − S^ ! S^ − 1 !

NDG!
(18)

where the term vk S − vk S − {i}  refers to the incremental
contribution that the player DGi makes to coalition S.

Since the Shapley value considers all orderings equally, that is
all DG players have the same opportunity to be in the first and last
order positions, the allocation value to each DG player can be
considered fair and desirable. However, the combination number as
well as coalition permutations will increase which will result in the
combinational explosion with the number of DG players due to the
combinational nature of Shapley value. Therefore, the Shapley
value method is limited to applying in networks with small number
of DGs.

3.2 Aumann–Shapley value method

Aumann–Shapley value method, an extension of the Shapley value
method, is an analytical solution to the allocation problem with
large number of players. It can be explained as dividing each player
(DG) power output into infinitesimal segments and then applying
Shapley value method to each one as if each sub-player was an
individual. When the output of each DG player connected to the
distribution networks grows from zero to its maximum power
output, Aumann–Shapley value method calculates the average of
the incremental contributions of sub-players to loss and emission
reduction which makes the allocation problem insensitive to the
entrance order of DG players. Therefore, Aumann–Shapley value
method provides fair, desirable, and efficient allocation results
[25].

The computational burden seems to be greater due to
considerable increase in the number of players as well as their
permutations in the Aumann–Shapley value method. However, as
mentioned before, Aumann–Shapley value method does not
depend on the order of entry since power output of each DG player
is divided into infinitesimal parts.

Assuming that the output of a player DGi at a specific time in
the game is b*, and its contribution to loss and emission reduction
denotes as f b* . If its output grows up to b* + Δbi  at another
point, where Δbi is an infinitesimal value (Δbi → 0), thus the
incremental contribution of the new sub-player Δbi in the loss and
emission reduction is [25]:

f b* + Δbi − f b*
Δbi

≅ ∂ f b
∂bi b = b*

. (19)

When the output of DGi increases from zero to its maximum value,
we can determine the loss and emission allocation results of DGi as
follows:

xi
k = bi∫

λ = 0

1 ∂ f k λb
∂bi

dλ (20)

Since the complexity of loss and emission calculation in
distribution network, it is difficult to calculate the allocation of loss
and emission reduction in a regular Aumann–Shapley formulation
as (20) shows. Then, we consider the calculation of Aumann–
Shapley value based on the premise that the power output of each
DG unit is divided into n parts and sum up the incremental
contributions to loss and emission reduction when each part of the
DG power output is the last to be connected to the distribution
network. Therefore, the loss and emission allocation results are
formulated as:

xi
l = ∑

k = 1

n ∂ΔPloss
∂Pk

, (21)

xi
e = ∑

k = 1

n ∂ΔE
∂Pk

(22)

where ∂ΔPloss/∂Pk and ∂ΔE /∂Pk represent the incremental
contributions to loss and emission reduction of the k part of the
power output of DGi connected to distribution network,
respectively.

Fig. 1 gives the flowchart of Aumann–Shapley value method to
allocate the loss and emission reduction. 

4 Simulation results
In this section, the proposed MCRS method and Aumann–Shapley
value method are evaluated with a modified 33-bus distribution
network and a modified 69-bus distribution network.

4.1 Modified 33-bus distribution network

Fig. 2 shows the topology of the modified 33-bus distribution
network. The network is composed of 33 buses and 4 feeders.
Three DG units with different types, namely gas internal
combustion engine, combined cycle gas turbine, and diesel internal

Fig. 1  Flowchart of Aumann–Shapley value method
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combustion engine [22], are located at buses 8, 12, and 23,
respectively. The emission factor of these DGs and the main grid is
shown in Table 2, which is cited from Ref. [22] with a small
modification. These DGs are modelled with constant power factor
of 0.9 lagging [30]. The base case is the situation where there are
no DGs connected to the network and the total active power loss
and emission in the base case are 259.6 kW and 3480.4 kg,
respectively. 

This section aims to show the effectiveness of MCRS method
and Aumann–Shapley value method. For this purpose, the loss and
emission reduction allocation results of MCRS method and
Aumann–Shapley value method will be compared with those of
nucleolus method and Shapley value method. The active power
output of each DG unit is 500 kW. Each DG unit is considered as a
player in the allocation problem and the set of all DG units and
every non-empty subset form a coalition. Table 3 shows the loss
and emission reduction of all combinations. 

Table 4 shows the allocation results of loss and emission
reduction in nucleolus method and MCRS method. 

When calculating the loss and emission reduction allocation
using MCRS method, we should obtain the incremental loss/
emission reduction with DGi participating in the grand coalition N
and the loss/emission reduction with only DGi in service. The
former represents the minimum loss/emission reduction allocation
of DGi and the latter represents the maximum one.

From Table 4, we can see that compared with the loss and
emission reduction allocation results in nucleolus method, MCRS
method has little difference and performs well in terms of
individual rationality, coalition rationality, and global rationality
(take loss reduction allocation results as example, and the
conclusion is the same with emission reduction allocation):

(i) Individual rationality:

xDG1
l = 59.4 ≤ v{1} = 75.2,

xDG2
l = 69.8 ≤ v{2} = 85.7,

xDG3
l = 26.7 ≤ v{3} = 30.7.

(ii) Coalition rationality:

xDG1
l + xDG2

l = 129.2 ≤ v 1, 2 = 133.0,

xDG1
l + xDG3

l = 86.1 ≤ v 1, 3 = 101.9,

xDG2
l + xDG3

l = 96.5 ≤ v 2, 3 = 112.2.
(iii) Global rationality:

xDG1
l + xDG2

l + xDG3
l = 155.9 = v 1, 2, 3 .

In Aumann–Shapley value method, we divide each DG unit
power output into n parts and sum up the incremental contributions
to loss and emission reduction when each part of the DG unit
power output is the last to be connected to the test network. To
illustrate the calculation, we take n = 10, for example. Table 5
shows the loss reduction allocation results of each step when using
Aumann–Shapley value method. 

Table 6 presents the allocation results obtained by Shapley
value method and Aumann–Shapley value method (n = 10). 

As can be seen from Tables 3 and 6, compared with the loss and
emission allocation results in Shapley value method, the Aumann–
Shapley value method performs well in terms of individual
rationality, coalition rationality, and global rationality (take loss

Fig. 2  Diagram of the modified 33-bus test network
 

Table 2 Emission factors of DGs and the main grid
DG unit Emission factors, g/kW

CO2 SO2 NOx CO
DG1 430 0.022 0.014 0
DG2 626 1.13 1.92 2.52
DG3 563 0.029 0.26 0.38
Main grid 869 5.08 1.5 0.063
 

Table 3 Loss and emission reduction under different DG
unit combinations
DG unit combination Loss reduction, kW Emission reduction,

kg
{1} 75.23 288.66
{2} 85.70 197.07
{3} 30.67 182.81
{1,2} 132.99 461.30
{1,3} 101.88 467.99
{2,3} 112.21 376.27
{1,2,3} 155.92 637.36

 

Table 4 Allocation results under nucleolus and MCRS
DG
unit

Nucleolus method MCRS method
Loss
reduction,
kW

Emission
reduction, kg

Loss
reduction,

kW

Emission
reduction, kg

DG1 59.4 274.8 59.4 274.8
DG2 69.9 182.3 69.8 183.2
DG3 26.6 179.3 26.7 179.4
Total 155.9 637.4 155.9 637.4

 

Table 5 Loss reduction allocation results of each step when
using Aumann–Shapley value method
Step DG1, kW DG2, kW DG3, kW
1 8.86 10.68 3.47
2 8.18 9.74 3.27
3 7.52 8.84 3.08
4 6.89 7.97 2.89
5 6.29 7.15 2.70
6 5.70 6.36 2.52
7 5.14 5.60 2.34
8 4.59 4.86 2.17
9 4.07 4.16 2.00
10 3.56 3.48 1.83
Total 60.8 68.8 26.3

 

Table 6 Allocation results under Shapley value and
Aumann–Shapley value
DG
unit

Shapley value Aumann–Shapley value (n 
= 10)

Loss
reduction,
kW

Emission
reduction,

kg

Loss
reduction,

kW

Emission
reduction, kg

DG1 59.4 274.8 60.8 276.1
DG2 69.8 183.2 68.8 182.3
DG3 26.7 179.4 26.3 179.0
Total 155.9 637.4 155.9 637.4
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reduction allocation results as example, and the conclusion is the
same with emission reduction allocation):

(i) Individual rationality:

xDG1
l = 60.8 ≤ v{1} = 75.2,

xDG2
l = 68.8 ≤ v{2} = 85.7,

xDG3
l = 26.3 ≤ v{3} = 30.7.

(ii) Coalition rationality:

xDG1
l + xDG2

l = 129.6 ≤ v 1, 2 = 133.0,

xDG1
l + xDG3

l = 87.1 ≤ v 1, 3 = 101.9,

xDG2
l + xDG3

l = 95.1 ≤ v 2, 3 = 112.2.
(iii) Global rationality:

xDG1
l + xDG2

l + xDG3
l = 155.9 = v 1, 2, 3 .

Fig. 3 illustrates the relationship between the number of
division parts of DGs' power output and the error rate of allocation
results compared with Shapley value method. We can observe from
Fig. 3 that when the number of division parts of each DG's power
output increases, the allocation results in Aumann–Shapley value
method are more accurate. 

To sum up, as we can see from the loss and emission allocation
results obtained by MCRS method, Aumann–Shapley value
method, nucleolus method, and Shapley value method, all the four
methods have the characteristics of individual rationality, coalition
rationality, and global rationality. However, when it comes to the

distribution networks with a large number of integration of DGs,
traditional cooperative-game-based allocation methods (nucleolus
method and Shapley value method), will become computationally
unfeasible due to their combinational nature, while MCRS method
and Aumann–Shapley value method can overcome the above
combinational explosion problem and can dramatically reduce
computational burden.

4.2 Modified 69-bus distribution network

The network shown in Fig. 4 is the topology of the modified 69-
bus distribution network. There are totally 12 DG units connected
to the test network, which can be classified into three types and the
emission factors of them as well as the main grid are listed in
Table 7, which is directly cited from Ref. [22]. All the DGs are
modelled with constant power factor of 0.9 lagging [30]. The base
case is the situation where there are no DGs connected to the
network and the total active power loss and emission in the base
case are 570.2 kW and 5463.3 kg, respectively. 

The simulations have been implemented on a laptop computer
with 2.60 GHz processors and 6.0 GB of RAM using MATLAB
8.3. For the case of the test network with 12 DGs, there are (212 − 
1) possible permutations to compute in traditional cooperative-
game-based allocation methods, which will considerably increase
computational burden. Table 8 lists the time taken to allocate loss
and emission reduction under traditional cooperative-game-based
allocation methods (nucleolus method and Shapley value method),
MCRS method and Aumann–Shapley value method (take n = 10 as
example), and Fig. 5 plots the computational time in Aumann–
Shapley value method with the variation of number of division
parts of DGs' power output. 

We can see from Table 8 and Fig. 5 that compared with
traditional cooperative-game-based allocation methods, MCRS
method and Aumann–Shapley value method can allocate loss and
emission reduction in considerably less time and become more
feasible when it comes to the distribution networks with a large
number of integration of DGs.

Fig. 6 presents the allocation results obtained by MCRS method
and Aumann–Shapley value method (take n = 10 as example) in the
test network. As shown in Fig. 6, the emission reduction
allocations of DG1, DG2, DG3, and DG4 are smaller than other DG
units due to their greater emission factors, which are in accordance
with the principle of fairness. The proposed MCRS method and
Aumann–Shapley value method can determine the allocation of
DG players according to their contributions to loss and emission
reduction, provide reasonable economic signals for DISCOs, as
well as overcome the combinational explosion problem in terms of
large numbers of DGs integrated to distribution networks. 

5 Conclusion
With the integration of DGs to distribution networks, the active
power losses and the produced emission will be affected. In order
to clarify the responsibility of DGs and compensate for DG units
economically, the MCRS method and Aumann–Shapley value
method are employed to allocate the loss and emission reduction
due to the integration of DGs.

The simulation results show that the allocation results of MCRS
method and Aumann–Shapley value method are close to those of
traditional cooperative-game-based allocation methods and have
been confirmed to have the characteristics of individual rationality,
coalition rationality, and global rationality. The other feature of
MCRS method and Aumann–Shapley value method is that they can
effectively overcome the combinational explosion problem and
dramatically reduce computational burden with regard to the
integration of a large number of DGs.
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Table 7 Emission factors of DGs and the main grid
Type no. Capacity of DG, kW Emission factors, g/kW

CO2 SO2 NOx CO
Type 1 500 695 1.25 2.13 2.8
Type 2 500 477 0.024 0.015 0
Type 3 500 625 0.032 0.29 0.42
main grid 965 5.64 1.5 0.063
 

Table 8 Total computational time of the four methods
Method Total time taken, s
Traditional cooperative-game-based method ≥1590.09
MCRS method 0.26
Aumann–Shapley value method (n = 10) 0.075

 

Fig. 5  Total time taken in Aumann–Shapley value method under different n
 

Fig. 6  Allocation results in MCRS method and Aumann–Shapley value
method
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