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To Jill






And lest I should be exalted above measure through the abundance of
revelations, there was given to me a thorn in the flesh, a messenger of Satan to
buffet me, lest I should be exalted above measure.

Second Epistle of St Paul to the Corinthians, Chapter 12

The more we jump — the more we get — if not more quality, then at least more
variety. James Gleick Faster
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Preface to Second Edition

It is four years since the first version of this book appeared and there has con-
tinued to be intense activity focused on Lévy processes and related areas. One
way of gauging this is to look at the number of books and monographs which
have appeared in this time. Regarding fluctuation theory of Lévy processes,
there is a new volume by A. Kyprianou [221] and the St Flour lectures of
R. Doney [96]. From the point of view of interactions with analysis, N. Jacob
has published the third and final volume of his impressive trilogy [182]. Appli-
cations to finance has continued to be a highly active and fast moving area and
there are two new books here — a highly comprehensive and thorough guide
by R. Cont and P. Tankov [81] and a helpful introduction aimed at practioners
from W.Schoutens [329]. There have also been new editions of classic texts by
Jacod and Shiryaev [183] and Protter [298].

Changes to the present volume are of two types. On the one hand there was
the need to correct errors and typos and also to make improvements where this
was appropriate. In this respect, [ am extremely grateful to all those readers who
contacted me with remarks and suggestions. In particular I would like to thank
Fangjun Xu, who is currently a first-year graduate student at Nanzai University,
who worked through the whole book with great zeal and provided me with an
extremely helpful list of typos and mistakes. Where there were more serious
errors, he took the trouble to come up with his own proofs, all of which were
correct.

I have also included some new material, particularly where I think that the
topics are important for future work. These include the following. Chapter 1 now
has a short introductory section on regular variation which is the main tool in the
burgeoning field of ‘heavy tailed modelling’. In Chapter 2, there is additional
material on bounded variation Lévy processes and on the existence of moments
for Lévy processes. Chapter 4 includes new estimates on moments of Lévy-type
stochastic integrals which have recently been obtained by H. Kunita [218]. In

xiii



Xiv Preface to Second Edition

Chapter 5, I have replaced the proof of the It6 and martingale representation
theorem which was previously given only in the Brownian motion case, with
one that works for general Lévy processes. I then develop the theory of multi-
ple Wiener—Itd integrals (again in the general context) and apply the martingale
representation theorem to prove Itd’s result on chaos decomposition. I have also
included a short introduction to Malliavin calculus, albeit only in the Brownian
case, as this is now an area of intense activity which extends from quite abstract
path space analysis and geometry to option pricing. As it is quite extensively
dealt with in Cont and Tankov [81] and Schoutens [329], I resisted the tempta-
tion to include more material on mathematical finance with one exception — a
natural extension of the Black—Scholes pde to include jump terms now makes
a brief entrance on to the stage. In Chapter 6, the rather complicated proof of
continuity of solutions of SDEs with respect to their initial conditions has been
replaced by a new streamlined version due to Kunita [218] and employing his
estimates on stochastic integrals mentioned above. There is also a new section
on Lyapunov exponents for SDEs which opens the gates to the study of their
asymptotic stability. Once again it is a pleasure to thank Fangjun Xu who care-
fully read and commented on all of this material. The statutory free copy of
the book will be small recompense for his labours. I would also like to thank
N.H. Bingham and H. Kunita for helpful remarks and my student M. Siakalli
for some beneficial discussions. Cambridge University Press have continued
to offer superb support and I would once again like to thank my editor David
Tranah and all of his staff, particularly Peter Thompson who took great pains
in helping me navigate through the elaborate system of CUP-style LaTeX.

Of course the ultimate responsibility for any typos and more serious
errors is mine. Readers are strongly encouraged to continue to send them to
me at d.applebaum @sheffield.ac.uk. They will be posted on my website at
http://www.applebaum.staff.shef.ac.uk/.


http://www.applebaum.staff.shef.ac.uk/

Preface

The aim of this book is to provide a straightforward and accessible introduc-
tion to stochastic integrals and stochastic differential equations driven by Lévy
processes.

Lévy processes are essentially stochastic processes with stationary and inde-
pendent increments. Their importance in probability theory stems from the
following facts:

e they are analogues of random walks in continuous time;

¢ they form special subclasses of both semimartingales and Markov processes
for which the analysis is on the one hand much simpler and on the other hand
provides valuable guidance for the general case;

e they are the simplest examples of random motion whose sample paths are
right-continuous and have a number (at most countable) of random jump
discontinuities occurring at random times, on each finite time interval.

e they include a number of very important processes as special cases, includ-
ing Brownian motion, the Poisson process, stable and self-decomposable
processes and subordinators.

Although much of the basic theory was established in the 1930s, recent
years have seen a great deal of new theoretical development as well as novel
applications in such diverse areas as mathematical finance and quantum field
theory. Recent texts that have given systematic expositions of the theory have
been Bertoin [39] and Sato [323]. Samorodnitsky and Taqqu [319] is a bible for
stable processes and related ideas of self-similarity, while a more applications-
oriented view of the stable world can be found in Uchaikin and Zolotarev
[350]. Analytic features of Lévy processes are emphasised in Jacob [179, 180].
A number of new developments in both theory and applications are surveyed
in the volume [26].

XV



XVi Preface

Stochastic calculus is motivated by the attempt to understand the behaviour
of systems whose evolution in time X = (X (¢),t > 0) contains both deter-
ministic and random noise components. If X were purely deterministic then
three centuries of calculus have taught us that we should seek an infinitesimal
description of the way X changes in time by means of a differential equation

dX (1)
dr

=F(t,X(1))dt.

If randomness is also present then the natural generalisation of this is a stochastic
differential equation:

dX (t) = F(t,X (£))dt + G(t, X (1))dN (1),

where (N (¢),t > 0) is a ‘driving noise’.

There are many texts that deal with the situation where N (¢) is a Brown-
ian motion or, more generally, a continuous semimartingale (see e.g. Karatzas
and Shreve [200], Revuz and Yor [306], Kunita [215]). The only volumes that
deal systematically with the case of general (not necessarily continuous) semi-
martingales are Protter [298], Jacod and Shiryaev [183], Métivier [262] and,
more recently, Bichteler [47]; however, all these make heavy demands on the
reader in terms of mathematical sophistication. The approach of the current
volume is to take N (¢) to be a Lévy process (or a process that can be built from
a Lévy process in a natural way). This has two distinct advantages:

e The mathematical sophistication required is much less than for general semi-
martingales; nonetheless, anyone wanting to learn the general case will find
this a useful first step in which all the key features appear within a simpler
framework.

e Greater access is given to the theory for those who are only interested in
applications involving Lévy processes.

The organisation of the book is as follows. Chapter | begins with a brief
review of measure and probability. We then meet the key notions of infinite
divisibility and Lévy processes. The main aim here is to get acquainted with
the concepts, so proofs are kept to a minimum. The chapter also serves to
provide orientation towards a number of interesting theoretical developments
in the subject that are not essential for stochastic calculus.

In Chapter 2, we begin by presenting some of the basic ideas behind stochastic
calculus, such as filtrations, adapted processes and martingales. The main aim is
to give a martingale-based proof of the Lévy—Itd decomposition of an arbitrary
Lévy process into Brownian and Poisson parts. We then meet the important idea
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of interlacing, whereby the path of a Lévy process is obtained as the almost-sure
limit of a sequence of Brownian motions with drift interspersed with jumps of
random size appearing at random times.

Chapter 3 aims to move beyond Lévy processes to study more general Markov
processes and their associated semigroups of linear mappings. We emphasise,
however, that the structure of Lévy processes is the paradigm case and this is
exhibited both through the Courrege formula for the infinitesimal generator of
Feller processes and the Beurling—Deny formula for symmetric Dirichlet forms.
This chapter is more analytical in flavour than the rest of the book and makes
extensive use of the theory of linear operators, particularly those of pseudo-
differential type. Readers who lack background in this area can find most of
what they need in the chapter appendix.

Stochastic integration is developed in Chapter 4. A novel aspect of our
approach is that Brownian and Poisson integration are unified using the idea of
a martingale-valued measure. At first sight this may strike the reader as tech-
nically complicated but, in fact, the assumptions that are imposed ensure that
the development remains accessible and straightforward. A highlight of this
chapter is the proof of It6’s formula for Lévy-type stochastic integrals.

The first part of Chapter 5 deals with a number of useful spin-offs from
stochastic integration. Specifically, we study the Doléans-Dade stochastic expo-
nential, Girsanov’s theorem and its application to change of measure, the
Cameron—Martin formula and the beginnings of analysis in Wiener space and
martingale representation theorems. Most of these are important tools in math-
ematical finance and the latter part of the chapter is devoted to surveying the
application of Lévy processes to option pricing, with an emphasis on the spe-
cific goal of finding an improvement to the celebrated but flawed Black—Scholes
formula generated by Brownian motion. At the time of writing, this area is
evolving at a rapid pace and we have been content to concentrate on one
approach using hyperbolic Lévy processes that has been rather well devel-
oped. We have included, however, a large number of references to alternative
models.

Finally, in Chapter 6, we study stochastic differential equations driven by
Lévy processes. Under general conditions, the solutions of these are Feller
processes and so we gain a concrete class of examples of the theory developed
in Chapter 3. Solutions also give rise to stochastic flows and hence generate
random dynamical systems.

The book naturally falls into two parts. The first three chapters develop the
fundamentals of Lévy processes with an emphasis on those that are useful in
stochastic calculus. The final three chapters develop the stochastic calculus of
Lévy processes.
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Each chapter closes with some brief historical remarks and suggestions for
further reading. I emphasise that these notes are only indicative; no attempt has
been made at a thorough historical account, and in this respect I apologise to
any readers who feel that their contribution is unjustly omitted. More thorough
historical notes in relation to Lévy processes can be found in the chapter notes
to Sato [323], and for stochastic calculus with jumps see those in Protter [298].

This book requires background knowledge of probability and measure theory
(such as might be obtained in a final-year undergraduate mathematics honours
programme), some facility with real analysis and a smattering of functional
analysis (particularly Hilbert spaces). Knowledge of basic complex variable
theory and some general topology would also be an advantage, but readers
who lack this should be able to read on without too much loss. The book is
designed to be suitable for underpinning a taught masters level course or for
independent study by first-year graduate students in mathematics and related
programmes. Indeed, the two parts would make a nice pair of linked half-year
modules. Alternatively, a course could also be built from the core of the book,
Chapters 1, 2, 4 and 6. Readers with a specific interest in finance can safely
omit Chapter 3 and Section 6.4 onwards, while analysts who wish to deepen
their understanding of stochastic representations of semigroups might leave out
Chapter 5.

A number of exercises of varying difficulty are scattered throughout the text.
I have resisted the temptation to include worked solutions, since I believe that
the absence of these provides better research training for graduate students.
However, anyone having persistent difficulty in solving a problem may contact
me by e-mail or otherwise.

I began my research career as a mathematical physicist and learned modern
probability as part of my education in quantum theory. I would like to express
my deepest thanks to my teachers Robin Hudson, K.R. Parthasarathy and Luigi
Accardi for helping me to develop the foundations on which later studies have
been built. My fascination with Lévy processes began with my attempt to under-
stand their wonderful role in implementing cocycles by means of annihilation,
creation and conservation processes associated with the free quantum field, and
this can be regarded as the starting point for quantum stochastic calculus. Unfor-
tunately, this topic lies outside the scope of this volume but interested readers
can consult Parthasarathy [291], pp. 152-61 or Meyer [267], pp. 120-1.

My understanding of the probabilistic properties of Lévy processes has deep-
ened as a result of work in stochastic differential equations with jumps over
the past 10 years, and it is a great pleasure to thank my collaborators Hiroshi
Kunita, Serge Cohen, Anne Estrade, Jiang-Lun Wu and my student Fuchang
Tang for many joyful and enlightening discussions. I would also like to thank
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René Schilling for many valuable conversations concerning topics related to
this book. It was he who taught me about the beautiful relationship with pseudo-
differential operators, which is described in Chapter 3. Thanks are also due to
Jean Jacod for clarifying my understanding of the concept of predictability and
to my colleague Tony Sackfield for advice about Bessel functions.

Earlier versions of this book were full of errors and misunderstandings and
I am enormously indebted to Nick Bingham, Tsukasa Fujiwara, Fehmi Ozkan
and René Schilling, all of whom devoted the time and energy to read exten-
sively and criticize early drafts. Some very helpful comments were also made
by Krishna Athreya, Ole Barndorff-Nielsen, Uwe Franz, Vassili Kolokoltsov,
Hiroshi Kunita, Martin Lindsay, Nikolai Leonenko, Carlo Marinelli (particu-
larly with regard to LaTeX) and Ray Streater. Nick Bingham also deserves a
special thanks for providing me with a valuable tutorial on English grammar.
Many thanks are also due to two anonymous referees employed by Cam-
bridge University Press. The book is greatly enriched thanks to their perceptive
observations and insights.

In March 2003, I had the pleasure of giving a course, partially based on
this book, at the University of Greifswald, as part of a graduate school on
quantum independent increment processes. My thanks go to the organisers,
Michael Schiirmann and Uwe Franz, and all the participants for a number of
observations that have improved the manuscript.

Many thanks are also due to David Tranah and the staff at Cambridge Uni-
versity Press for their highly professional yet sensitive management of this
project.

Despite all this invaluable assistance, some errors surely still remain and the
author would be grateful to be e-mailed about these at dba@maths.ntu.ac.uk.
Corrections received after publication will be posted on his website
http://www.scm.ntu.ac.uk/dba/.!

1 Note added in second edition. This website is no longer active. The relevant address is now
http://www.applebaum.staff.shef.ac.uk/


http://www.scm.ntu.ac.uk/dba/
http://www.applebaum.staff.shef.ac.uk/




Overview

It can be very useful to gain an intuitive feel for the behaviour of Lévy pro-
cesses and the purpose of this short introduction is to try to develop this. Of
necessity, our mathematical approach here is somewhat naive and informal —
the structured, rigorous development begins in Chapter 1.

Suppose that we are given a probability space (€2, F, P). A Lévy process
X = (X(t),t > 0) taking values in R4 is essentially a stochastic process having
stationary and independent increments; we always assume that X (0) = 0 with
probability 1. So:

e eachX(1): Q2 — RY;

e given any selection of distinct time-points 0 < #; < tr < --- < ty, the
random vectors X (£1),X () — X (1), X (t3) — X (2),..., X (t;) — X (ty—1)
are all independent;

e given any two distinct times 0 < s < ¢ < 00, the probability distribution of
X (t) — X (s) coincides with that of X (r — s).

The key formula in this book from which so much else flows, is the magnifi-
cent Lévy—Khintchine formula, which says that any Lévy process has a specific
form for its characteristic function. More precisely, for all t > 0, u € R,

E(ei(u,x (l))) — e"l(”) (01)

where

1 . .
n(w) = i(b,u) = > (u,aw) + / [/ — 1 —i(u,y) xo<py1<1 () ]v(dy).
R4 —{0}

(0.2)

In this formula b € R?, a is a positive definite symmetric d x d matrix and v
is a Lévy measure on R? — {0}, so that fRd—{O} min{1, |y|*}v(dy) < oo. If you

XX1



XXii Overview

have not seen it before, (0.2) will look quite mysterious to you, so we need to
try to extract its meaning.

First suppose that a = v = 0; then (0.1), just becomes E (!X (1)) = i)
so that X (#) = bt is simply deterministic motion in a straight line. The vector
b determines the velocity of this motion and is usually called the drift.

Now suppose that we also have a #0, so that (0.1) takes the form
E(e X)) = exp{t[i(b,u) — 5 (u,au)]}. We can recognise this as the char-
acteristic function of a Gaussian random variable X (#) having mean vector
tb and covariant matrix fa. In fact we can say more about this case: the pro-
cess (X (¢),t > 0) is a Brownian motion with drift, and such processes have
been extensively studied for over 100 years. In particular, the sample paths
t — X (t)(w) are continuous (albeit nowhere differentiable) for almost all
w € Q. The case b = 0, a = I is usually called standard Brownian motion.

Now consider the case where we also have v # 0. If v is a finite measure we
can rewrite (0.2) as

n(u) = i(b',u) — % (u, au) + / @™ — Dv(dy),

]Rd

where b’ = b — f0<\y|<1 yv(dy). We will take the simplest possible form for v,

i.e. v = A8, where A > 0 and 8, is a Dirac mass concentrated at 1 € R? — {0}.

In this case we can set X (1) = b't +/aB(t) + N (t), where B = (B(t),t > 0)
is a standard Brownian motionand N = (N (¢),¢ > 0) is an independent process
for which

E( N D)y = exp [kt(ei(“’h) - D]

We can now recognise N as a Poisson process of intensity A taking values in
the set {nh,n € N}, so that P(N(t) = nh) = e *[(At)"/n!] and N (f) counts
discrete events that occur at the random times (7}, n € N). Our interpretation of
the paths of X in this case is now as follows. X follows the path of a Brownian
motion with drift from time zero until the random time 7. At time T the path
has a jump discontinuity of size |h|. Between T and T, we again see Brownian
motion with drift, and there is another jump discontinuity of size |A| at time 75.
We can continue to build the path in this manner indefinitely.

The next stage is to take v = Z:":l Aibp,, wherem e N, A; > Oand h; € RY —
{0}, for 1 < i < m. We can then write

X(t) = b't + /aB(t) + Ni(t) + - - - + Ny (1),
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where Ny, ..., Ny, are independent Poisson processes (which are also indepen-
dent of B); each NV; has intensity A; and takes values in the set {nh;, n € N} where
1 < i < m. In this case, the path of X is again a Brownian motion with drift,
interspersed with jumps taking place at random times. This time, though, each
jump size may be any of the m numbers ||, .. ., |Ay].

In the general case where v is finite, we can see that we have passed to the
limit in which jump sizes take values in the full continuum of possibilities,
corresponding to a continuum of Poisson processes. So a Lévy process of this
type is a Brownian motion with drift interspersed with jumps of arbitrary size.
Even when v fails to be finite, if we have f0<|x| -1 [xlv(dx) < oo a simple
exercise in using the mean value theorem shows that we can still make this
interpretation.

The most subtle case of the Lévy—Khintchine formula (0.2) is when
f0<|x|<1 |x]v(dx) = oo but f0<|x‘<1 |x|*v(dx) < oo. Thinking analytically,
¢'Y) — 1 may no longer be v-integrable but

Sy 1 i(u,y) xo<ly|<1(y)

always is. Intuitively, we may argue that the measure v has become so fine that
itis no longer capable of distinguishing small jumps from drift. Consequently it
is necessary to amalgamate them together under the integral term. Despite this
subtlety, it is still possible to interpret the general Lévy process as a Brownian
motion with drift b interspersed with ‘jumps’ of arbitrary size, provided we
recognise that at the microscopic level tiny jumps and short bursts of drift
are treated as one. A more subtle discussion of this, and an account of the
phenomenon of ‘creep’, can be found at the end of Section 2.4. We will see in
Chapter 2 that the path can always be constructed as the limit of a sequence of
terms, each of which is a Brownian motion with drift interspersed with bona
fide jumps.
When v < 0o, we can write the sample-path decomposition directly as

X (f) = bt + aB(t) + Z AX (s), 0.3)

0<s<t

where AX (s) is the jump at time s (e.g. if v = A§;, then AX (s) = O or h).
Instead of dealing directly with the jumps it is more convenient to count the
times at which the jumps occur, so for each Borel set A in RY — {0} and for
each r > 0 we define

Nt A) =#{0<s <t; AX(s) €A}.
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This is an interesting object: if we fix t and A then N (¢, A) is a random variable;

however, if we fix w € Qand ¢ > Othen N (¢, -)(w) is a measure. Finally, if we fix

A withv(A) < ocothen (N (t,A),t > 0) is a Poisson process with intensity v(A).
When v < 0o, we can write

Z AX (s) = / xN(t, dx).

0<s<t R—{0}

(Readers might find it helpful to consider first the simple case where v =
21 hidn;-)

In the case of general v, the delicate analysis whereby small jumps and drift
become amalgamated leads to the celebrated Lévy—Ité decomposition,

X (1) = bt + /aB(t) + /

0<lx|<1

x[N(t,dx) — tv(dx)] + / xN (1, dx).

Ix|=1

Full proofs of the Lévy—Khintchine formula and the Lévy—Itd decomposition
are given in Chapters 1 and 2.

Let us return to the consideration of standard Brownian motion
B = (B(t),t>0). Each B(t) has a Gaussian density

1 |x|?
p[(x)_ (27Tt)d/2 exXp _7

and, as was first pointed out by Einstein [106], this satisfies the diffusion
equation

ap:(x)

= SApi (),

where A is the usual Laplacian in R?. More generally, suppose that we want
to build a solution u = (u(t,x),t > 0,x € Rd) to the diffusion equation that
has a fixed initial condition (0, x) = f (x) for all x € R¢, where f is a bounded
continuous function on R?. We then have

u(t,x) = A;{ P )y = B¢ + B@)). (0.4)

The modern way of thinking about this utilises the powerful machinery of oper-
ator theory. We define (7;f)(x) = u(t,x); then (7, > 0) is a one-parameter
semigroup of linear operators on the Banach space of bounded continuous func-
tions. The semigroup is completely determined by its infinitesimal generator
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A, so that we may formally write 7; = ¢'® and note that, from the diffusion
equation,

d
Af =2 @hH)|
for all f where this makes sense.

This circle of ideas has a nice physical interpretation. The semigroup or,
equivalently, its infinitesimal version — the diffusion equation — gives a deter-
ministic macroscopic description of the effects of Brownian motion. We see
from (0.4) that to obtain this we must average over all possible paths of the par-
ticle that is executing Brownian motion. We can, of course, get a microscopic
description by forgetting about the semigroup and just concentrating on the
process (B(t),t > 0). The price we have to pay for this is that we can no longer
describe the dynamics deterministically. Each B(¢) is a random variable, and
any statement we make about it can only be expressed as a probability. More
generally, as we will see in Chapter 6, we have a dichotomy between solutions
of stochastic differential equations, which are microscopic and random, and
their averages, which solve partial differential equations and are macroscopic
and deterministic.

The first stage in generalising this interplay of concepts is to replace Brownian
motion by a general Lévy process X = (X (7),¢ > 0). Although X may not in
general have a density, we may still obtain the semigroup by (7' (#)f)(x) =
E({f (X () + x)), and the infinitesimal generator then takes the more general
form

AF)(x) = b'(f) () + 1a¥ (3;9f ) (x)
+/ [f (x +3) — £ (%) = ¥ (3 ) (X) Xo<ly)<1 )]0 (@y).
R<—{0}

(0.5)

In fact this structure is completely determined by the Lévy—Khinchine formula,
and we have the following important correspondences:

e drift «— first-order differential operator
e diffusion «— second-order differential operator
e jumps <—> superposition of difference operators

This enables us to read off our intuitive description of the path from the form
of the generator, and this is very useful in more general situations where we
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no longer have a Lévy—Khinchine formula. The formula (0.5) is established in
Chapter 3, and we will also derive an alternative representation using pseudo-
differential operators.

More generally, the relationship between stochastic processes and semi-
groups extends to a wider class of Markov processes ¥ = (Y (¢),t > 0), and
here the semigroup is given by conditioning:

(T = E(f (Y 1)]Y (0) = x).

Under certain general conditions that we will describe in Chapter 3, the
generator is of the Courrege form

(Af)(x) = c@)f () + b' W) @) (x) + a” () (3 ) (x)
+ /Rd { }[f@) —f () = p () —x) @ ) ()] (x, dy).

(0.6)

Note the similarities between equations (0.5) and (0.6). Once again there
are drift, diffusion and jump terms, however, these are no longer fixed in
space but change from point to point. There is an additional term, controlled
by the function c, that corresponds to killing (we could also have included
this in the Lévy case), and the function ¢ is simply a smoothed version
of the indicator function that effects the cut-off between large and small
jumps.

Under certain conditions, we can generalise the Lévy—It6 decomposition and
describe the process Y as the solution of a stochastic differential equation

dY (t) = b(Y (t=))dt + v/a(Y (t—))dB(1)

+ / F(Y (1), 0)[N (dt, dx) — drv(dx)]
lx|<1

+ / G(Y(t—),x)N (dt,dx). 0.7)
[x[>1

The kernel w(x,-) appearing in (0.6) can be expressed in terms of the Lévy

measure v and the coefficients F' and G. This is described in detail in Chapter 6.
To make sense of the stochastic differential equation (0.7), we must rewrite

it as an integral equation, which means that we must give meaning to stochastic
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integrals such as

¢ ¢
f U(s)dB(s) and f f V (s, x)(N (ds,dx) — dsv(dx))
0 0 JO<[x|<1

for suitable U and V. The usual Riemann-Stieltjes or Lebesgue—Stieltjes
approach no longer works for these objects, and we need to introduce some
extra structure. To model the flow of information with time, we introduce a
filtration (F;,¢t > 0) that is an increasing family of sub-o-algebras of F, and
we say that a process U is adapted if each U (¢) is F;-measurable for each t > 0.
We then define

t my
J v = im 3u ) B - 567)]
Jj=1

) (n) (n)

where 0 = t(()" <t” <.+ <ty, = tisasequence of partitions of [0, ] whose
mesh tends to zero asn — o0. The key point in the definition is that for each term
in the summand, U (tj(")) is fixed in the past while the increment B(tj(fl) — B(tj("))
extends into the future. If a Riemann—Stieltjes theory were possible, we could
evaluate U (x;n)) at an arbitrary point for which tj(") < x;") < tj(i)l' The other

integral,

t
/ / V(s,x)[N(ds,dx)—dsv(dx)],
0 JO<|x|<l1

is defined similarly.

This definition of a stochastic integral has profound implications. In Chapter
4, we will explore the properties of a class of Lévy-type stochastic integrals
that take the form

t t t
Y(tr) = / G(s)ds +/ F(s)dB(s) +/ / H(s,x)[N(ds, dx)
0 0 0 JO<|x|<1
t
— dsv(dx)]—i—/ K (s,x)N (ds, dx)
0

and, for convenience, we will take d = 1 for now. In the case where F', H and
K are identically zero and f is a differentiable function, the chain rule from
differential calculus gives f (Y (¢)) = fot f'(Y (s))G(s)ds, which we can write
more succinctly as df (Y (t)) = f'(Y (t))G(t)dt. This formula breaks down for
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Lévy-type stochastic integrals, and in its place we get the famous It6 formula,

df (Y (1))
= (YO)GW)dt +f (Y ()F(O)dB(t) + 3f" (Y (1) F () *dt

+ F(Y (=) + K(1,0) — f (Y (=) IN (dt, dx)

[x[>1

+ / FY@E—)+H(t,x)—f Y)Wt dx) —v(dx)dt)
0<|x|<1

+/0 N l[f(Y(t—)JrH(t,x)) —fY@-))
— H(t,x)f (Y (=) |v(dx)dL.

If you have not seen this before, think of a Taylor series expansion in which
dB(r)? behaves like dr and N (df, dx)? behaves like N (dr, dx). Alternatively,
you can wait for the full development in Chapter 4. It6’s formula is the key
to the wonderful world of stochastic calculus. It lies behind the extraction of
the Courrege generator (0.6) from equation (0.7). It also has many important
applications including option pricing, the Black—Scholes formula and attempts
to replace the latter using more realistic models based on Lévy processes. This
is all revealed in Chapter 5, but now the preview is at an end and it is time to
begin the journey . ..



Notation

Throughout this book, we will deal extensively with random variables taking
values in the Euclidean space RY, where d € N. We recall that elements of R?
are vectors x = (xq,x2,...,Xq) with each x; e R for 1 < i < d. The inner
product in R¢ is denoted by (x, y) where x,y € R?, so that

d
xy) =) xii.
i=1

This induces the Euclidean norm |x| = (x,x)!/? = (Zle x?)l/z' We will use
the Einstein summation convention throughout this book, wherein summation
is understood with respect to repeated upper and lower indices, so for example
ifx,yeR?and A = (Aj’:) isad x d matrix then

d
Alxy = 3 Ay = (x.Ay).

ij=1

We say that such a matrix is positive definite if (x,Ax) > 0 for all x € R4 and
strictly positive definite if the inequality can be strengthened to (x, Ax) > O for
all x e R?, with x # 0 (note that some authors call these ‘non-negative definite’
and ‘positive definite’, respectively). The transpose of a matrix A will always
be denoted AT. The determinant of a square matrix is written as det(A) and its
trace as tr(A). The identity matrix will always be denoted .
The set of all d x d real-valued matrices is denoted M, (R).

If S € RY then its orthogonal complement is S L= {xe RY: (x,y)=0
forallyeS}.

The open ball of radius r centred at x in R? is denoted B, (x) = {y e R?; |y —
x| < r} and we will always write B = B (0). The sphere in RY is the

XX1X
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(d — 1)-dimensional submanifold, denoted §9-1 " defined by ga-1 =
{(xeR%;|x| = 1}.

We sometimes write RT = [0, 00).

The sign of u € R is denoted sgn(u) so that sgn(u) = (u/|u|) if u # 0, with
sgn(0) = 0.

For z € C, R(z) and I(z) denote the real and imaginary parts of z, respectively.

The complement of a set A will always be denoted A and A will mean closure
in some topology. If f is a mapping between two sets A and B, we denote its
range as Ran(f) = {y € B; y = f (x) for some x € A}.

For 1 < n < oo, we write C”(R‘l) to denote the set of all n-times differen-
tiable functions from R to R, all of whose derivatives are continuous. The Jjth
first-order partial derivative of f € C L(R4Y at x € R will sometimes be written
(3;f)(x). Similarly, if f € C2(R?), we write

2

f
axlﬂxj‘ (X)

(0:9;f ) (x)  for

Whend = 1 and f € C"(R), we sometimes write

d'f
dx”

FO@  for == (v,
where 1 <r <n.

Let H be a real inner product space, equipped with the inner product (-, -)
and associated norm ||x|| = (x,x)!/2, for each x € H. We will frequently have
occasion to use the polarisation identity

(e, y) = S+ 112 =[x = yIP),

for each x,y e H.

For a,b e R, we will use a A b = min{a, b} and a v b = max{a, b}.

We will occasionally use Landau notation, according to which (o(n),n € N)
is any real-valued sequence for which nli)ngo (o(n)/n) = 0 and (O(n),neN) is
any non-negative sequence for which lim sup(O(n)/n) < oco. Functions o()

n—oo
and O(¢) are defined similarly. If f, g : R — Randa e RU {oco}, thenby f ~ g
as x — a we mean lim [f (x)/g(x)] = 1.
X—a

If f:Rd — R then by limgy, f(s) = [ we mean lim; ., s f(s) = [
Similarly, limg, f (s) = [ means lim_,; ¢~ f(s) = [.



Lévy processes

Summary  Section 1.1 is a review of basic measure and probability theory. In
Section 1.2, we meet the key concepts of the infinite divisibility of random vari-
ables and of probability distributions, which underly the whole subject. Important
examples are the Gaussian, Poisson and stable distributions. The celebrated Lévy—
Khintchine formula classifies the set of all infinitely divisible probability distributions
by means of a canonical form for the characteristic function. Lévy processes are
introduced in Section 1.3. These are essentially stochastic processes with stationary
and independent increments. Each random variable within the process is infinitely
divisible, and hence its distribution is determined by the Lévy—Khintchine formula.
Important examples are Brownian motion, Poisson and compound Poisson processes,
stable processes and subordinators. Section 1.4 clarifies the relationship between
Lévy processes, infinite divisibility and weakly continuous convolution semigroups
of probability measures. Finally, in Section 1.5, we briefly survey recurrence and tran-
sience, Wiener—Hopf factorisation, local times for Lévy processes, regular variation and
subexponentiality.

1.1 Review of measure and probability

The aim of this section is to give a brief resumé of key notions of measure theory
and probability that will be used extensively throughout the book and to fix some
notation and terminology once and for all. I emphasise that reading this section
is no substitute for a systematic study of the fundamentals from books, such as
Billingsley [48],1t6 [177], Ash and Doléans-Dade [17], Rosenthal [311], Dudley
[98] or, for measure theory without probability, Cohn [80]. Knowledgeable
readers are encouraged to skip this section altogether or to use it as a quick
reference when the need arises.
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1.1.1 Measure and probability spaces

Let S be a non-empty set and F a collection of subsets of S. We call F a
o-algebra if the following hold:

(1) SeF.
) Ae F= A€ F.
(3) If (A4, n e N) is a sequence of subsets in F then U;’;l A, eF.

The pair (S, F) is called a measurable space. A measure on (S,F) is a
mapping u : F — [0, oo] that satisfies

(1 n®@) =0,
2

u(Um)=Zymw
n=1 n=1

for every sequence (A,, n € N) of mutually disjoint sets in F.

The triple (S, F, u) is called a measure space.

The quantity @ (S) is called the fotal mass of w and u is said to be finite if
©(S) < oco. More generally, a measure u is o-finite if we can find a sequence
(Ap,neN) in F such that S = |J;2, A, and each 1 (4,) < oo.

For the purposes of this book, there will be two cases of interest. The first
comprises

e Borel measures The Borel o-algebra of R? is the smallest o-algebra of
subsets of R that contains all the open sets. We denote it by B(RY). If
S € B(R?) we define its Borel o-algebra to be

B(S) = {ENS;E € BRY).

Equivalently, B(S) is the smallest o-algebra of subsets of S that contains
every open set in S when S is equipped with the relative topology induced
from R4, sothat U C S is openin S if U NS is openin R4, Elements of B(S)
are called Borel sets and any measure on (S, B(S)) is called a Borel measure.

One of the best known examples of a Borel measure is given by the Lebesgue
measureonS = R?. This takes the following explicit form on sets in the shape of
boxes A = (ay, by) x (ap, b)) X -+ - x (ag, bg) where each —oc0 < a; < b; < 00:

d
w@) =i —a.
i=1
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Lebesgue measure is clearly o-finite but not finite.

Of course, Borel measures make sense in arbitrary topological spaces, but
we will not have need of this degree of generality here.

The second case comprises

¢ Probability measures Here we usually write S = €2 and take €2 to represent
the set of outcomes of some random experiment. Elements of F are called
events and any measure on (€2, F) of total mass 1 is called a probability
measure and denoted P. The triple (€2, F, P) is then called a probability
space.

Occasionally we will also need counting measures, which are those that take
values in N U {0}.

A proposition p about the elements of S is said to hold almost every-
where (usually shortened to a.e.) with respect to a measure p if NV =
{s €S;p(s)is false} € F and w(N) = 0. In the case of probability measures,
we use the terminology ‘almost surely’ (shortened to a.s.) instead of ‘almost
everywhere’, or alternatively ‘with probability 1°. Similarly, we say that ‘almost
all’ the elements of a set A have a certain property if the subset of A for which
the property fails has measure zero.

Continuity of measures Let (A(n),n € N) be a sequence of sets in F with
A(n) € A(n+1) foreachn € N. We then write A(n) 1 A where A = U;ﬁ] An),
and we have

w@A) = lim p(A(m).

When p is a probability measure, this is usually called continuity of probability.

Let G be a group whose members act as measurable transformations of
(S,F),sothat g:S — S foreach geG and gAe F forall Ae F, geG,
where gA = {ga,a € A}. We say that a measure y on (S, F) is G-invariant if

n(gA) = u(A)

foreachge G, A e F.

A (finite) measurable partition of a set AeF is a family of sets
Bi,Bo,...,B, € F for which B; N Bj = ¢ whenever i # j and | J;_, B; = A.
We use the term Borel partition when F is a Borel o -algebra.

We say that a o-algebra G is a sub-o-algebra of FifG C F,ie.AC G =
A C F.If{G;, i € I}is a (not necessarily countable) family of sub-o -algebras of
F then (1), o, Gi is the largest sub-o -algebra contained in each G; and \/, _; G
denotes the smallest sub-o -algebra that contains each G;.
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If P is a probability measure and A, B € F, it is sometimes notationally
convenient to write P(A, B) = P(A N B).

Completion of a measure Let (S, F, ;) be a measure space. Define
N ={A C S;IN e F with u(N) =0and A C N}

and

F={AUB;AcF,BeN}.

Then F is a o-algebra and the completion of the measure u on (S, F) is the
measure 7t on (S, F) defined by

nAUB) = uA), AeF, BelN.
In particular, 5(S) is called the o -algebra of Lebesgue measurable sets in S.

m-systems and d-systems Let C be an arbitrary collection of subsets of S. We
denote the smallest o -algebra containing C by o (C), so ¢ (C) is the intersection
of all the o-algebras which contain C.

Sometimes we have to deal with collections of sets which do not form a
o -algebra but which still have enough structure to be useful. To this end we
introduce - and d-systems. A collection H of subsets of S is called a -system
ifANBeHforall A,BeH.

A collection D of subsets of S is called a d-system if

i) SeD,

(i) If A, B € D with B C A then the set theoretic difference A — B €D,

(ii) If (A,,n € N) is a sequence of subsets wherein A, € D and A, C A, 4+ for
eachneN, then | J, . yAn€D.

If C is an arbitrary collection of subsets of S then we denote the smallest
d-system containing C by d(C), so d(C) is the intersection of all the d-systems
which contain C.

The key result that we will need about m-systems and d-systems is the
following.

Lemma 1.1.1 (Dynkin’s lemma) If H is a w-system then d (H) = o (H).



1.1 Review of measure and probability 5

1.1.2 Random variables, integration and expectation

Fori = 1,2, let (S;, F;) be measurable spaces. A mapping f : S1 — 5> is said
to be (Fy, Fr)-measurable if f ~1(A) € F for all A€ F. If each §; € R,
S» € R™and F; = B(S;), f is said to be Borel measurable. In the case d = 1,
we sometimes find it useful to write each Borel measurable f as f* — f~
where, for each x € S1, f*(x) = max{f (x),0} and f~(x) = —min{f (x), 0}. If
f = (fi.fo.....f1) is a measurable mapping from S; to R?, we write f* =
S D) and f = = (7 fy o)

In what follows, whenever we speak of measurable mappings taking values
in a subset of R?, we always take it for granted that the latter is equipped with
its Borel o -algebra.

When we are given a probability space (€2, F, P) then measurable mappings
from € into R? are called random variables. Random variables are usually
denoted X, Y, .... Their values should be thought of as the results of quanti-
tative observations on the set 2. Note that if X is a random variable then so
is f(X) = f o X, where f is a Borel measurable mapping from R? to R™. A
measurable mapping Z = X + iY from 2 into C (equipped with the natural
Borel structure inherited from R?) is called a complex random variable. Note
that Z is measurable if and only if both X and Y are measurable.

If X is a random variable, its law (or distribution) is the Borel probability
measure px on R? defined by

px =PoX L

We say that X is symmetric if px (A) = px (—A) for all A € B(R?).
Two random variables X and Y that have the same probability law are said to

be identically distributed, and we sometimes denote this as X 4 Y. For a one-
dimensional random variable X, its distribution function is the right-continuous
increasing function defined by Fx (x) = px ((—o0, x]) for each x € R.

If W = (X, Y) is a random variable taking values in R??, the probability law
of W is sometimes called the joint distribution of X and Y. The quantities py and
py are then called the marginal distributions of W, where px (A) = pw (4, ]Rd)
and py (A) = pw (R4, A) for each A € B(R?).

Suppose that we are given a collection of random variables (X;,i€/) in a
fixed probability space; then we denote by o (X;,i €I) the smallest o -algebra
contained in F with respect to which all the X; are measurable. When there
is only a single random variable X in the collection, we denote this o -algebra
as o (X).



6 Lévy processes

The Doob—Dynkin lemma states that a random variable Y is measurable with
respect to o (X1,...,X,) if and only if there is a Borel measurable function
g ‘R — R9 guch that Y = g(Xy,....Xn).

Let S be a Borel subset of R? that is locally compact in the relative topology.
We denote as By (S) the linear space of all bounded Borel measurable func-
tions from S to RBanach space) with respect to ||f || = sup, < ¢ |f (x)| for each
f €Bp(S). Let Cp(S) be the subspace of By(S) comprising continuous func-
tions, Co(S) be the subspace comprising continuous functions that vanish at
infinity and C,(S) be the subspace comprising functions with compact support,
so that

Ce(§) S Co(S) S Cu(S).

Cp(S) and Cp(S) are both Banach spaces under || - || and C¢(S) is norm
dense in Cy(S). When § is compact, all three spaces coincide. For each n € N,
Y (R?) is the space of all f € Gy, (R?) N C™(R?) such that all the partial deriva-
tives of f, of order up to and including n, are in Gy (R?). We further define
e (R = Mwen Ch (R?). We define Cg(Rd ) and C{f (R4) analogously, for
eachl <n < o0.

Let (S, F) be a measurable space. A measurable function, /' : S — RY, is
said to be simple if

n
f = Z CjXAj
j=1
forsomen € N, where ¢; € R4 andA; € Fforl <j < n.Wecall x, the indicator
Sfunction, defined for any A € F by

Xa(x) =1 wheneverx € A; Xa(x) =0 whenever x ¢ A.

Let X(S) denote the linear space of all simple functions on S and let u be a
measure on (S, F). The integral with respect to p is the linear mapping from
() into R¥ defined by

IRGED PRI
j=1

for each f € X(§). The integral is extended to measurable functions f =
(f1.f2, - - .,f4), where each f; > 0, by the prescription for 1 <i <d

L)) = sup{l,(g), g&=1(g1,-..,84) € Z(S), g <fi}
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and to arbitrary measurable functions f by

L) = L(F) = Lu(F ).
We write 1, (f) = [f (x)u(dx) or, alternatively, I,,(f) = [fd . Note that at this
stage there is no guarantee that any of the /,,(f;) is finite.

We say that f is integrable if |I,,(f )| < coand |I,,(f )| < co. For arbitrary
A e F, we define

fAf(x)u(dX) =1,(f xa)-

It is worth pointing out that the key estimate

‘ / J @) p(dx)
A

< / 1 ()l ()
A

holds in this vector-valued framework (see e.g. Cohn [80], pp. 352-3).

In the case where we have a probability space (€2, F, P), the linear mapping
Ip is called the expectation and written simply as E so, for a random variable
X and Borel measurable mapping f : R¢ — R”, we have

E(f (X)) = /Qf(X(w))P(dw) =/R J @)px (dx),

if f o X is integrable. If A € F, we sometimes write E(X;A) = E(X x4).
In the case d = m = 1 we have Jensen’s inequality,

FEX)) = E¢f X)),

whenever f : R — R is a convex function and X and f (X) are both integrable.

The mean of X is the vector E(X) (when it exists) and this is sometimes
denoted p (if there is no measure called p already in the vicinity) or uy, if we
want to emphasise the underlying random variable. If X = (X1,Xa,...,Xy)
and Y = (Y, Y>,...,Y,;) are two random variables then the d x d matrix with
(i, /)thentry E[(X; — pux,)(Y; — puy;)] is called the covariance of X and Y (when
it exists) and denoted Cov(X,Y). In the case X = Y and d = 1, we write
Var(X) = Cov(X, Y) and call this quantity the variance of X . It is sometimes
denoted o2 or o)%. When d = 1 the quantity E(X"), where n €N, is called
the nth moment of X, when it exists. X is said to have moments to all orders
if E(JX|") < oo, for all n € N. A sufficient condition for this is that X has an
exponential moment, i.e. E(e"“x |) < oo for some o > 0.
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For an arbitrary R?-valued random variable X, we can easily verify the
following for all p > O:

* E(]X|P) < oo if and only if E(|X;|P) < oo, forall 1 <j <d.
e IfE(IX|P) < cothen E(JX|7) < oo, forall 0 < g < p.

The Chebyshev—Markov inequality for a random variable X is

E(X —apu|™

PUX —ap| 2 €)= ———

where C > 0, ¢ € R, n € N. The commonest forms of this are the Chebyshev
inequality (n = 2, o = 1) and the Markov inequality (n = 1, @ = 0).

We return to a general measure space (S, F, i) and list some key theorems
for establishing the integrability of functions from S to R?. For the first two of
these we require d = 1.

Theorem 1.1.2 (Monotone convergence theorem) If (f,,n € N) is a sequence
of non-negative measurable functions on S that is (a.e.) monotone increasing
and converging pointwise to f (a.e.), then

Jim [gfn(x)ﬂ(dx) = /Sf(X)M(dX)-

From this we easily deduce the following corollary.

Corollary 1.1.3 (Fatou’s lemma) If (f,, n € N) is a sequence of non-negative
measurable functions on S, then

lim inf / Ju()u(dx) > / lim inf f;, (x) w(dx),
n— 0o S S n—0oo

which is itself then applied to establish the following theorem.

Theorem 1.1.4 (Lebesgue’s dominated convergence theorem) If (f,,n € N)
is a sequence of measurable functions from S to R4 converging pointwise to f
(a.e.) and g > 0 is an integrable function such that |f,,(x)| < g(x) (a.e.) for all
neN, then

Jim /an(X)M(dX) = /Sf(X)/L(dx).

We close this section by recalling function spaces of integrable mappings. Let
1 < p < ooand denote by I7(S, F, u; RY ) the Banach space of all equivalence
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classes of mappings f : S — R¢ which agree a.e. (with respect to ) and for
which [|f|, < oo, where || - ||, denotes the norm

I/p
Wl = [fs lf(x)l”u(dX)} -

In particular, when p = 2 we obtain a Hilbert space with respect to the inner
product

f.g) = /S(f(x),g(X))u(dx),

foreachf, g € L*(S, F, u; RY).If (f, g) = 0, we say thatf and g are orthogonal.
Alinear subspace V of 2 S, F, u; ]Rd) is called a closed subspace if it is closed
with respect to the topology induced by || - |2, i.e. if (f,;; n € N) is a sequence
in V that converges to f in L>(S, F, 1;R?) then f € V..

When there can be no room for doubt, we will use the notation L”(S) or
LP(S, ) for LP(S, F, u; RY).

Holder’s inequality is extremely useful. Let p, ¢ > 1 be such that

Let f €I”(S) and ge€L9(S) and define (f,g):S — R by (f,g)x) =
(f (x),g(x)) forall x € S. Then (f,g) € L'(S) and we have

NG M = M1 llplIgllg-

When p = 2, this is called the Cauchy—Schwarz inequality.

Another useful fact is that for each 1 < p < oo if we define XP(S) =
2 (S) N LP(S), then XP(S) is dense in LP(S), i.e. given any f € LP(S) we can
find a sequence (f,,n € N) in X7(S) such that lim, . [|f — fullp = 0.

The space LP (S, F, ) is said to be separable if ithas a countable dense subset.
A sufficient condition for this is that the o -algebra F is countably generated, i.e.
there exists a countable set C such that F is the smallest o -algebra containing
C.If S € B(R?) then B(S) is countably generated.

1.1.3 Conditional expectation

Let (S, F, i) be an arbitrary measure space. A measure v on (S, F) is said to be
absolutely continuous with respect to p if A€ F and u(A) =0 = v(A) = 0.
We then write v < . Two measures p and v are said to be equivalent if they
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are mutually absolutely continuous. The key result on absolutely continuous
measures is

Theorem 1.1.5 (Radon-Nikodym) If  is o -finite and v is finite with v < L,
then there exists a measurable function g : S — R such that, for each A € F,

v(A) =/Ag(x)pc(dx).

The function g is unique up to [-almost-everywhere equality.

The functions g appearing in this theorem are sometimes denoted dv/d u and
called (versions of ) the Radon—Nikodym derivative of v with respect to u. For
example, if X is a random variable with law px that is absolutely continuous
with respect to Lebesgue measure on R¢, we usually write fy = dpy /dx and
call fx a probability density function (or sometimes a density or a pdf for short).

Now let (€2, F, P) be a probability space and G be a sub-o-algebra of F.
Let X be an R-valued random variable with E(|X|) < oo, and for now assume
that X > 0. We define a finite measure Qx on (£2,G) by the prescription
Ox (A) = E(X x4) for A € G; then Oy < P, and we write

d
E(X|G) = %.

We call E(X|G) the conditional expectation of X with respect to G. It is a
random variable on (€2, G, P) and is uniquely defined up to sets of P-measure
zero. For arbitrary real-valued X with E(]X|) < oo, we define

E(X|9) = EX|G) — EX[9).
When X = (X1, X2, ..., X,;) takes values in R? with E(|X|) < oo, we define
E(X19) = (E(X119), E(X219), . .., E(X419)).

We sometimes write Eg(-) = E(-|G).
We now list a number of key properties of the conditional expectation:

* E(EXI|9)) = E(X).
¢ [EX|9)| < E(X]|9) as.
e If Y is a G-measurable random variable and E(|(X, Y)|) < oo then

E(X,Y)IG) = (E(X]G),Y) as.
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o If H is a sub-o-algebra of G then
EEXI|GIH) =EX|H) a.s.

e The mapping Eg : L*(Q, F, P) — L*(2,G, P) is an orthogonal projection.

In particular, given any G-measurable random variable Y such that
E(]Y]) < oo and for which

EY x4) = E(X x4)

forallAe G, then Y = E(X|G) (a.s.).

The monotone and dominated convergence theorems and also Jensen’s
inequality all have natural conditional forms (see e.g. Dudley [98], pp. 266
and 274).

The following result is, in fact, a special case of the convergence theorem for
reversed martingales. This is proved, in full generality, in Dudley [98], p. 290.

Proposition 1.1.6 IfY is a random variable with E(|Y|) < oo and (G,,,n € N)
is a decreasing sequence of sub-o -algebras of F, then

Jim E(Y|G,) =E(Y|9) as.,

where G = (), e 9n-

If Y is a random variable defined on the same probability space as X we
write E(X|Y) = E(X|o (Y)). By the Doob-Dynkin lemma there exists a Borel
measurable function gy : R? — R? for which E(X|Y) = gx (). It is then
natural to define E(X|Y = y) = gx(y), for each y e R?.

If AceF we define P(A|G) = E(x4|G). We call P(A|G) the conditional
probability of A given G. Note that it is not, in general, a probability measure
on F (not even a.s.) although it does satisfy each of the requisite axioms with
probability 1. Let ¥ be an R¢-valued random variable on €2 and define the
conditional distribution of Y, given G to be the mapping Py|g : BRY) x Q —
[0, 1] for which

Pyig(B,w) = P(Y "1 (B)|G)(w)

for each B € B(R?), w € Q. Then Py\g is a probability measure on B(R?) for
almost all w € . Moreover, for each g:R? — R? with [E(g(Y))| < oo
we have

E(goY|G) = A.{d gPyig(dy, ) as. (1.1)
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1.1.4 Independence and product measures
Let (€2, F, P) be a probability space. A sequence (F,,n € N) of sub-o-algebras
of F is said to be independent if, for any n-tuple i1, ia, ..., i, and any A;, € Fj,
1<j=<n,

n
PA;, NAL,N---NA;) = l_[P(A,}.).
j=l
In particular, a sequence of random variables (X, n € N) is said to be indepen-
dent if (0 (X;,),n € N) is independent in the above sense. Such a sequence is
said to be i.i.d. if the random variables are independent and also identically
distributed, i.e. the laws (px, , n € N) are identical probability measures. We say

that a random variable X and a sub-c-algebra G of F are independent if o (X)
and G are independent. In this case we have

EX|G) =EX) as.
Now let {(S1, F1, 1), - -, (Sns Fns L)} be a family of measure spaces. We
define their product to be the space (S, F, i), where S is the Cartesian product
S X8 x--x8, F=FQ®FQ®- - ®JF,Iis the smallest o-algebra

containing all sets of the form A; x Ay x --- x A, for which each A; € F; and
U= ] X U X -+ X Wy is the product measure for which

n
WAL X Ay x - x Ag) = [ [ i@y,
i=1

To ease the notation, we state the following key result only in the case n = 2.

Theorem 1.1.7 (Fubini) If (S;, i, ui) are measure spaces fori = 1,2 and if
f:81 x 8 — Ris Fi ® Fr-measurable with

/f If e, ) 1 (dx) pa(dy) < oo,
then

FE (1 x w2)(dx, dy) = /S [ Sf(x,y)m(dx)} 12 (dy)
2 1

=/ U f(x,y)uz(dy)} w1(dx).
S S>

S1x82
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The functions y — [ f(x,y)p1(dx) and x — [ f(x,y)pua(dy) are defined i,
(a.e.) and 1 (a.e.), respectively.

For 1 < j < n, let X; be a random variable defined on a probability space
(2, F, P) and form the random vector X = (X1, X>,...,X,); then the X,, are
independent if and only if pxy = px, X px, X -+ X px,.

At various times in this book, we will require a conditional version of Fubini’s
theorem. Since this is not included in many standard texts, we give a statement
and proof of the precise result we require.

Theorem 1.1.8 (Conditional Fubini) Let (2, F, P) be a probability space
and G be a sub-c-algebra of F. If (S,X,u) is a measure space and
FeL'(SxQ,XQ®F,uxP), then

) < oo,

E(' /S Eg(F (s, ) a(ds)
and

Eg( /S F, ~)u(d5)> = /S Eg(F(s,))u(ds) as.

Proof Using the usual Fubini theorem, we find that

]E(' [ Eotrs i ) < | BB it
< /S E(Eg (1F (s, ))pa(ds)
- fs E(F (s, ))(ds) < o0

and, for each A € G,

b (xA /S Fes, ~)M(dS)) - /S E(uF (s, )1 (ds)
- /S E(Eg(F (s, )i (ds)

from which the required result follows. (]
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The following result gives a nice interplay between conditioning and inde-
pendence and is extremely useful for proving the Markov property, as we will
see later. For a proof, see Sato [323], p. 7.

Lemma1.1.9 Let G be a sub-c-algebra of F. IfX and Y are R¢-valued random
variables such that X is G-measurable and Y is independent of G then

Ef(X,V)9) = Gr(X) as.

for all f € By(R*), where Gr(x) = E(f (x,Y)) for each x € RY.

1.1.5 Convergence of random variables

Let (X (n),n € N) be a sequence of R?-valued random variables and X be an
R¢-valued random variable. We say that:

e X (n) converges to X almost surely if lim,— o X (n)(w) = X (w) for all
weQ — N, where N e F satisfies P(N) = 0;

e X (n) convergesto X in P (1 < p < o0) if limy, o E(|X(n) — X |P) = 0.
The case p = 2 is often called convergence in mean square and in this case
we sometimes write L2 — lim X (n)p—o00 = X ;

e X (n) convergesto X in probability if, forall a > 0, lim; .o P(|1X (n) — X | >
a) =0;

e X (n) converges to X in distribution if

iim [ W@ = [ f@pe@) forallf e Gy,
R4 R4

n—oo

Inthecased = 1,convergence in distribution is equivalent to the requirement
on distribution functions that lim,,_, o Fx () (x) = Fx (x) at all continuity points
of Fx.

The following relations between modes of convergence are important:

almost-sure convergence = convergence in probability
=> convergence in distribution;
IP-convergence = convergence in probability
= convergence in distribution.
Conversely, if X (n) converges in probability to X then we can always find a
subsequence that converges almost surely to X .

Let L = L%, F, P) denote the linear space of all equivalence classes
of R?-valued random variables that agree almost surely; then L° becomes a
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complete metric space with respect to the Ky Fan metric
d(X,Y)=inf{e > 0,P(|X = Y| >¢€) <€}

for X,Y e L°. The function d metrises convergence in probability in that a
sequence (X (1),n € N) in L° converges in probability to X € L if and only if
lim, 0 d(X(n),X) =0.

We will find the following result of use later on.

Proposition 1.1.10 [f (X (n),n € N) and (Y (n), n € N) are sequences of random
variables for which X (n) — X in probability and Y (n) — 0 almost surely,
then X (n)Y (n) — 0 in probability.

Proof We will make use of the following elementary inequality for random
variables W and Z, where a > O:

PAW +Z| > a) <P(|W| > f) +P(|Z| > 9).
- 2 2
We then find that, for all n € N,

P(IX()Y (n)| > a)
=P(IX(W)Y () — XY () + XY (n)| > a)
a

<P (|X(n)Y(n) —XY()| > %’) +P (|XY(n)| > E) .

Now Y (n) — 0 (a.s.) = XY (n) — 0 (a.s.) = XY (n) — 0 in probability.
Foreachk > Olet NV, = {w € Q; |Y (n)(w)| < k} and assume, without loss of
generality, that P({w € ;Y (n)(w) = 0}) = 0 for all sufficiently large n; then

P(IX@Y ) - XY ()| > 3)
a
=P(YmIXm -Xx| > 3)
=P (IY(IX () = X| > 5. Ak)
+P<|Y(n)||X(n) —X| > g N,f)
=P(X) =X|> )+ PAY()| > )

— 0 asn— oo,

and the result follows. U
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As well as random variables, we will also want to consider the convergence
of probability measures. A sequence (u(n),n € N) of such measures on RY is
said to converge weakly to a probability measure p if

Tim_ / F @ () = f £ @) u(dx)

for all f € Cp(RY). A sufficient (but not necessary) condition for this to hold is
that pu(n)(E) — w(E) as n — oo, for every E € B(R?).

1.1.6 Characteristic functions

Let X be a random variable defined on (€2, F, P) and taking values in RY with
probability law py . Its characteristic function ¢x : R¢ — C is defined by

¢x () = E(¢0) = / X P(dw)
Q

for each u € RY. More generally, if p is a probability measure on R? then its
characteristic function is the map u — f]Rd ei(”’”p(dy), and it can be shown
that this mapping uniquely determines the measure p.

The following properties of ¢x are elementary:

lpx ()| < 1;

¢x (—u) = ¢x (u);

e X is symmetric if and only if ¢y is real-valued;

if X = (Xy,...,Xy) and E(lXj"D < oo for some 1 <j < d and n € N then

87!
8u]’.1

bx (u)

u=0

E(X) =i"

If My (u) =¢x (—iu) exists, at least in a neighbourhood of u =0, then
My is called the moment generating function of X. In this case all the
moments of X exist and can be obtained by partial differentiation of My
as above.

For fixed uy,...,uy € R4, we denote as ®yx the d x d matrix whose (7, )th
entry is ¢x (u; — u;). Further properties of ¢x are collected in the following
lemma.
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Lemma 1.1.11

(1) @y is positive definite for all uy, . . . ,ug € R9.
(2) ¢x(0) =L

(3) The map u — ¢x (u) is continuous at the origin.
Proof Parts (2) and (3) are straightforward.

For (1) we need to show that Z;{k:l cickdx wj — wi) > 0 for all
Ul,. .., Ug cR4 andall cy,...,cq €C.

Define f:RY — C by f(x) = Z]‘-izl cje!“) for each x € RY; then
f eL*(R?, py) and we find that

d d d
D edntu—up = [ 3 e Ipyan)
i=1 j=1 R

ij=1
=/ If () *px (dx) = |[f]]* > 0.
R4

O

A straightforward application of dominated convergence verifies that ¢y is,
in fact, uniformly continuous on the whole of R?. Nonetheless the weaker
statement (3) is sufficient for the following powerful theorem.

Theorem 1.1.12 (Bochner’s theorem) If ¢ : R¢Y — C satisfies parts (1), (2)
and (3) of Lemma 1.1.11, then ¢ is the characteristic function of a probability
distribution.

We will sometimes want to apply Bochner’s theorem to functions of the form
¢ (u) = eV where t > 0 and, in this context, it is useful to have a condition
on ¢ that is equivalent to the positive definiteness of ¢.

We say that ¢ : R? — C is conditionally positive definite if for all n € N and
c1,...,cp € C for which 27:1 ¢j = 0 we have

Z cicky(uj —u) = 0

Jk=1

for all uj,...,u, € RY. The mapping ¥ :RY — C is said to be hermitian if
V() = ¥ (—u) forall ue R?,

Theorem 1.1.13 (Schoenberg correspondence) The mapping ¥ : R? — Cis
hermitian and conditionally positive definite if and only if e’V is positive definite
foreacht > 0.
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Proof We give only the easy part here. For the full story, see Berg and Forst
[38], p. 41, or Parthasarathy and Schmidt [288], pp. 1-4.

Suppose that ¢'¥ is positive definite for all # > 0. Fix n € N and choose
Cl,...,cpand uy, ..., u, as above. We then find that, for each t > 0,

1 n
LS cafevoro 1) 2o
Jk=1

and so
n 1 n
cicryr(u; — uy) = lim — cick[eV @ — 17 > 0. O
'kZ:l j kW( 'j %) >0 ¢ .kX:l j k[ ]_
JK= JK=

To see the need for ¥ to be hermitian, define ¥ (-) = ¥ (-) + ix, where ¥
is hermitian and conditionally positive definite and x € R,x # 0. ¥ is clearly
conditionally positive definite but not hermitian, and it is then easily verified
that ¢'¥ cannot be positive definite for any ¢ > 0.

Note that Berg and Forst [38] adopt the analyst’s convention of using —,
which they call ‘negative definite’, rather than the hermitian, conditionally
positive definite .

Two important convergence results are the following.

Theorem 1.1.14 (Glivenko) If ¢, and ¢ are the characteristic functions of
probability distributions p, and p (respectively), for each n € N, then ¢,(u) —
@) forallu e R¢ = p, — p weakly as n — oo.

Theorem 1.1.15 (Lévy continuity theorem) If (¢,,n € N) is a sequence of
characteristic functions and there exists a function y : R — C such that, for
allueR?, ¢n(u) — ¥ (u) as n — oo and ¥ is continuous at 0 then  is the
characteristic function of a probability distribution.

Now let X1, ..., X, be a family of random variables all defined on the same
probability space. Our final result in this section is

Theorem 1.1.16 (Kac’s theorem) The random variables Xi,...,X, are
independent if and only if

E| exp iZ(uj,Xj) = ¢x, (u1) - - - ¢x, (un)

j=1

forallul,...,uneRd.
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1.1.7 Stochastic processes

To model the evolution of chance in time we need the notion of a stochastic
process. This is a family of random variables X = (X (¢),# > 0) that are all
defined on the same probability space.

Two stochastic processes X = (X (¢),t > 0) and Y = (Y (¢),t > 0) are
independent if, for all m,neN, all0 < 71 <t < --- < 1, < 0o and all
0<s1 <8 <-- <8y < 00, the o-algebras o (X (¢1), X (t2),...,X (t,)) and
o(Y(s1),Y(s2),...,Y(sp)) are independent.

Similarly, a stochastic process X = (X (¢),¢t > 0) and a sub-o-algebra G are
independent if G and o (X (t1), X (t2), . .., X (t,)) are independent for all n € N,
O0<ti<h<---<t; <0Q.

The finite-dimensional distributions of a stochastic process X are the col-
lection of probability measures (py, r,,...1,., 11,82, .., Iy € Rt £t # - #
t,,n € N) defined on R4 for eachn e N by

Piityty(H) = P((X(11), X (12), ..., X (tn)) € H)

for each H € B(R™).
Let m be a permutation of {1,2,...,n}; then it is clear that, for each
Hi,H>,... H, € BRY),

D1ty (H1 X Ha X -+ X Hp)
= Platyda @yt Hr (1) X Hr@) X -+ X Hr(n)); (12)
Ptistrseetnsings (H1 X Hy X -+ X Hy X RY)
= Piytyty (H1 X Hp X -+ x Hp). 13

Equations (1.2) and (1.3) are called Kolmogorov's consistency criteria.
Now suppose that we are given a family of probability measures

+
15025--5ln
Prytsts 12, tn €RT 1 F£ 1y £ -+ £ 1y, neN)

satisfying these criteria. Kolmogorov’s construction, which we will now
describe, allows us to build a stochastic process for which these are the
finite-dimensional distributions. The procedure is as follows.

Let  be the set of all mappings from R* into R? and F be the smallest
o -algebra containing all cylinder sets of the form

IH

11,02,...5In

={weQ (o), 0),...,0() eH},

where H € B(R4).
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Define the co-ordinate process X = (X (t),t > 0) by
X () (w) = ()

foreacht > 0, w € Q.
The main result is the following theorem.

Theorem 1.1.17 (Kolmogorov’s existence theorem) Given a family of prob-
ability measures Dy 1,4, 11,12, ... .tn ERT 1] # 1o # -+ # t,,neN)
satisfying the Kolmogorov consistency criteria, there exists a probability mea-
sure P on (2, F) such that the co-ordinate process X is a stochastic process
on (2, F, P) having the py, 1, ...+, as its finite-dimensional distributions.

A stochastic process X = (X (¢),t > 0) is said to be separable if there
exists a countable subset D C R7T such that, for each t > 0, there exists a
sequence (t(n),n € N) in D with each #(n) #~ ¢ such that lim,_, » t(n) = ¢ and
lim, 00 X (2(n)) = X (2).

Kolmogorov’s theorem can be extended to show that, given a family
Pt gyt 15125 o5 Iy eRY, 1y # tp # -+ # t,,neN) of probability mea-
sures satisfying the Kolmogorov consistency criteria, we can always construct
a separable process X = (X (¢),t > 0) on some (€2, F, P) having the p;, 1, .. 1,
as its finite-dimensional distributions. Bearing this in mind, we will suffer no
loss in generality if we assume all stochastic processes considered in this book
to be separable.

The maps from R™ to R4 given by t — X (t)(w), where w € Q2 are called the
sample paths of the stochastic process X . We say that a process is continuous,
bounded, increasing etc. if almost all its sample paths have this property.

Let G be a group of matrices acting on R?. We say that a stochastic process
X = (X(1),t = 0) is G-invariant if the law px ) is G-invariant for all # > 0.
Clearly X is G-invariant if and only if

dx (8 u) = dx () (u)

for all ¢ ZO,ueRd,geG.

In the case where G = O(d), the group of all d x d orthogonal matrices
acting in R?, we say that the process X is rotationally invariant and when G is
the normal subgroup of O(d) comprising the two points {—/,/} we say that X
is symmetric.
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1.1.8 Random fields

A random field is a natural generalisation of a stochastic process in which
the time interval is replaced by a different set E. Here we will assume that
E € B(R?) and define a random field on E to be a family of random vari-
ables X = (X (v),y € E). We will only use random fields on one occasion, in
Chapter 6, and it will be important for us to be able to show that they are (almost
surely) continuous. Fortunately, we have the celebrated Kolmogorov criterion
to facilitate this.

Theorem 1.1.18 (Kolmogorov’s continuity criterion) Let X be a random
field on E and suppose that there exist strictly positive constants y, C and €
such that

E(IX (y2) = X (yD)I?) < Clyz — y119+€

for all yy,y, € E. Then there exists another random field X on E such that
X () =X) (a.s.), forally e E, and X is almost surely continuous.

For a proof of this result, see Revuz and Yor [306], section 1.2, or Kunita
[215], section 1.4.

1.2 Infinite divisibility
1.2.1 Convolution of measures

Let M (R?) denote the set of all Borel probability measures on R?. We define
the convolution of two probability measures as follows:

(1 * u2)(A) = /Rd xa(x + y)p1(dx)pua(dy) (1.4)

for each u; € M (R?), i = 1,2, and each A € B(R?).
By Fubini’s theorem we have

(1 * p2)(A) = /Rd 1A = x)p2(dx) = /Rl w2(A — x)p2(dx), (1.5)
where A—x = {y—x,y € A} and we have used the fact that 4 (x+y) = xa—x(»).

Proposition 1.2.1 The convolution ju1 * > is a probability measure on RY.
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Proof First we show that convolution is a measure. Let (A,,n€N) be a
sequence of disjoint sets in B (Rd); then, for each x € R?, the members of the
sequence (A, — x,n € N) are also disjoint and

(1 % 112) (U An> = /Rdm [(U An) —x} pa(d)

neN neN
= fw 1 [U (An —x)} pa(dx)
neN

= / D H1(An = )pa(d)

R4
neN

=2 / 1Ay = x)p2(d)
neN R

= Y (i x u2) Ay,
neN

where the interchange of sum and integral is justified by dominated conver-
gence.

The fact that 1 * o is a probability measure now follows easily from the
observation that the map from R to itself given by the translation y — y — x
is a bijection, and so RY = R? — x. |

From the above proposition, we see that convolution is a binary operation

on M (R).

Proposition 1.2.2 Iff € By(R?), then for all u; e M1(R?), i =1,2,3,

(1)
/ FO) (1 * pn2)(dy) =/ / f x4+ )i (dy)ua(dx),
R4 Rd JRd
(2)
M1 * U = W2 * [,
(3)

(1 * ) * 3 = oy * (2 * u3).

Proof (1) When f is an indicator function, the result is just the definition of
convolution. The result is then extended by linearity to simple functions. The
general result is settled by approximation as follows.
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P <

Let M = sup,.ge [f(¥)], fix € > 0 and, for each neN, let a

a%") << a,(,f’n) be such that the collection of intervals {(al.(f)l, al.(")]; 1<i<
f") — a[@l | < €, for sufficiently large n.

l-(f)l Xy where each
i

my} covers [—M , M | with max|<j<m, |a

Define a sequence of simple functions by f,, = Z:’Z‘l a

AE") = 1((a™ al(")]). Then for sufficiently large n we have

i—1°

/Rd [fn0) = f (O] (1 * p2)(dx) < sup [fu(x) —f(x)]

xeRd

= max sup |[(x) —f(X)| <e€.

1<i<
SIS eAl(")

If we define g,(x,y) = fu(x +y) and g(x,y) = f(x + y) for each neN,
X,y € R4, then an argument similar to the above shows that lim, o0 g, = &
in L"(R? x RY, 41 x p2). The required result now follows from use of the
dominated convergence theorem.

(2) This is clear from (1.5).

(3) Use Fubini’s theorem to show that both expressions yield

/ / / fx+y+2ui(dx)pa(dy)us(dz),
Rd JRd JRd

when integrated against f € B, (R?). Now take f = x, where A is a Borel set
and the result follows. O

Let X; and X, be independent random variables defined on a probability
space (2, F, P) with joint distribution p and marginals 1 and p, respectively.

Corollary 1.2.3 For eachf € B,(R"),
E(f (X1 +X2)) = ]I:&df(Z)(Ml * [12)(dz).
Proof Using part (1) of Proposition 1.2.2,
Ef X1 +X2) = / / f(x+y)p(dx,dy)
Rd JRd
= / / J G+ y)pi(dx)pua(dy)
Rd JRd

=/ S @ (1 * u2)(dz). -
R4
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By Corollary 1.2.3, we see that convolution gives the probability law for the
sum of two independent random variables X and X>, i.e.

PX1 +Xr€A) = E(xa(X1 + X2)) = (1 * n2)(A).

Proposition 1.2.2 also tells us that M (R9) is an abelian semigroup under s in
which the identity element is given by the Dirac measure &y, where we recall
that in general, for x € R4,

1 if xeA
8x(A) = ’
x(4) {O otherwise,
for any Borel set A, so we have 8o % i = u % 8o = pu for all u € M;(R?).
We define u*" = % - - - % p (n times) and say that i has a convolution nth
root, if there exists a measure '/ € M| (R?) for which (u'/")*" = 1.

Exercise 1.2.4 IfX and Y are independent random variables having probability
density functions (pdfs) fy and fy respectively, show that X + Y has density

Sx+y () = /Rdfx x =y )y,

where x € RY,

Exercise 1.2.5 Let X have a gamma distribution with parameters n € N and
A > 0, so that X has pdf

A n—1_—ix
) = % for x > 0.
n— !

Show that X has a convolution nth root given by the exponential distribution
with parameter A and pdf fX} /n (x) = Ae M.

Note In general, the convolution nth root of a probability measure may not be
unique. However, it is always unique when the measure is infinitely divisible
(see e.g. Sato [323], p. 34).

1.2.2 Definition of infinite divisibility
Let X be a random variable taking values in R? with law uy. We say that
X is infinitely divisible if, for all n €N, there exist i.i.d. random variables
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Yl("), e, Yn(") such that

d
XSy 4y (1.6)

Let ¢y (1) = E(e/™X)) denote the characteristic function of X, where u € R?.
More generally, if u € M| (R?) then Qu(u) = fRd 'Y i (dy).

Proposition 1.2.6 The following are equivalent:

(1) X is infinitely divisible;

(2) mux has a convolution nth root that is itself the law of a random variable,
foreachneN;

(3) ¢x has an nth root that is itself the characteristic function of a random
variable, for each n € N.

Proof (1) = (2). The common law of the Yj(") is the required convolution
nth root.

(2) = (3). Let Y be a random variable with law (uy)'/”. We have by
Proposition 1.2.2(1), for each u € R4,

¢w(u)=‘/~-l/eﬂm”+”+hkux)uﬁdyﬂ-~(fo”%dw)
= Yy u)"

where ¥y () = [pa €Y (ux)'/"(dy), and the required result follows.
(3) = (1). Choose Y 1("), ... ,Yn(") to be independent copies of the given
random variable; then we have

E(el+X)) = E(ei(u,Yl("))) . E(ei(u,Y,S”>)) _ ]E(ei(u,(yf”)+...+Y,§")))’

from which we deduce (1.6) as required. [l

Proposition 1.2.6(2) suggests that we generalise the definition of infinite
divisibility as follows: u € M (R?) is infinitely divisible if it has a convolution
nth root in M (R?) for each n € N.

Exercise 1.2.7 Show that ;. € M (R?) is infinitely divisible if and only if for
each n € N there exists !/ € M (R) for which

Gu(x) = [pum®)]"

for each x € R4,
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I/n in Exercise 1.2.7 is

Note As remarked above, the convolution nth root w
unique when p is infinitely divisible. Moreover, in this case the complex-valued
function ¢,, always has a ‘distinguished’ nth root, which we denote by qb,l/ "
this is the characteristic function of /Ll/ " (see Sato [323], pp. 324, for further

details).

1.2.3 Examples of infinite divisibility
Example 1.2.8 (Gaussian random variables) Let X = (Xy,...,X;) be a
random vector.
We say that it is (non-degenerate) Gaussian, or normal, if there exists a
vector m € R? and a strictly positive definite symmetric d x d matrix A such
that X has a pdf of the form

f@) = T —mA x—m))],  (L7)

|
(2) 172 JdetA) exp[ —

forall x e R4,

In this case we will write X ~ N (m, A). The vector m is the mean of X, so that
m = E(X), and A is the covariance matrix, so that A = E(X — m)(X —m)7T).
A standard calculation yields

¢x (u) = exp[i(m,u) — 1 (u,Au)], (1.8)

and hence
[ox 0] = exp[i(2,u) — L, LAw)],

so we see that X is infinitely divisible with Y].(") ~ N(m/n,(1/n)A) for each
l<j=n
We say that X is a standard normal whenever X ~ N (0, o2I) for some o > 0.

Normal random variables have moments to all orders. Indeed, if X is a
standard normal, we can easily verify the following by induction.

E(X2n+1) =0, E(in) =2n—-1)2n—-3)---53.1,

for all n e N.

Remark: Degenerate Gaussians Suppose that the matrix A is only required
to be positive definite; then we may have det(A) = 0, in which case the density
(1.7) does not exist. Let ¢ (1) denote the quantity appearing on the right-hand
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side of (1.8); if we now replace A therein by A + (1/n)I and take the limit
as n — oo, it follows from Lévy’s convergence theorem that ¢ is again the
characteristic function of a probability measure (. Any random variable X with
such alaw p is called a degenerate Gaussian, and we again write X ~ N (m, A).

Let S denote the linear subspace of R” that is the linear span of those eigen-
vectors corresponding to non-zero eigenvalues of A; then the restriction of A
to S is strictly positive definite and so is associated with a non-degenerate
Gaussian density of the form (1.7). On S+ we have ¢ (u) = €™, which corre-
sponds to a random variable taking the constant value m, almost surely. Thus
we can understand degenerate Gaussians as the embeddings of non-degenerate
Gaussians into higher-dimensional spaces.

Example 1.2.9 (Poisson random variables) In this case, we take d = 1 and
consider a random variable X taking values in the set n € N U {0}. We say that
X is Poisson if there exists ¢ > 0 for which

n

I
PX =n)=—e “.
n!

In this case we will write X ~ m(c). We have E(X) = Var(X) = c. It is easy
to verify that

éx () = exple(e™ — 1],

from which we deduce that X is infinitely divisible with each Yj(") ~ m(c/n),
for]l <j<nnelN.

Example 1.2.10 (Compound Poisson random variables) Suppose that
(Z(n),n € N) is a sequence of i.i.d. random variables taking values in R? with
common law pz and let N ~ 7 (c) be a Poisson random variable that is inde-
pendent of all the Z(n). The compound Poisson random variable X is defined
as follows: X = Z(1) + --- + Z(N), so we can think of X as a random walk
with a random number of steps, which are controlled by the Poisson random
variable N.

Proposition 1.2.11 For each u e R¢,

¢x (1) = exp [ f (") — 1)CMz(dy)] :
Rd
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Proof Let ¢z be the common characteristic function of the Z,,. By conditioning
and using independence we find that

¢x () = > E(exp[i(u, Z(1) + -+ + Z(N)]|N = n) PN = n)
n=0

n

= n!
e [egz )]
= e Z T
n=0

= explc(¢pz(w) — 1],

and the result follows on writing ¢z (1) = fRd ') s (dy). O

Note We have employed the convention that Z(0) =0 (a.s.).

If X is compound Poisson as above, we write X ~ m(c, uz). It is clearly
infinitely divisible with each ¥ ~ 7 (c/n, uz), for 1 < j < n.

The quantity X will have a finite mean if and only if each Z, does. Indeed,
in this case, straightforward differentiation of ¢x yields E(X) = cmyz, where
myz is the common value of the E(Z,). Similar remarks apply to higher-order
moments of X .

Exercise 1.2.12

(1) Verify that the sum of two independent infinitely divisible random variables
is itself infinitely divisible.

(2) Show that the weak limit of a sequence of infinitely divisible probability
measures is itself infinitely divisible. (Hint: use Lévy’s continuity theorem.)

We will frequently meet examples of the following type. Let X = X + X»,
where X and X; are independent with X; ~ N (m,A) and X ~ 7 (c, uz); then,
for each u e RY,

¢x (u) = exp [i(m, u) — 3 (u, Au) + / () — 1)6#2(6@)} : (1.9)
R

1.2.4 The Lévy—Khintchine formula

In this section, we will present a beautiful formula, first established by Paul Lévy
and A. Ya. Khintchine in the 1930s, which gives a characterisation of infinitely



1.2 Infinite divisibility 29

divisible random variables through their characteristic functions. First we need
a definition.

Let v be a Borel measure defined on R? — {0} = {xeR¢,x # 0}. We say
that it is a Lévy measure if

/ (y1> A Du(dy) < oo. (1.10)
R7—{0)

Since |y|> A € < |y|?> A 1 whenever 0 < € < 1, it follows from (1.10) that
V((—€,€6)°) <oo foralle > 0.

Exercise 1.2.13 Show that every Lévy measure on R? — {0} is o -finite.

Alternative characterisations of Lévy measures can be found in the literature.
One of the most popular replaces (1.10) by

/ bl Sv(dy) < oc. (1.11)
Ri—{o) 1 + [y

To see that (1.10) and (1.11) are equivalent, it is sufficient to verify the
inequalities

ly[?
1+ |y

2
il S <lhPPAal<2
L+ |yl

for each y e R?.

Note that any finite measure on R? — {0} is a Lévy measure. Also, if the
reader so wishes, the alternative convention may be adopted of defining Lévy
measures on the whole of R via the assignment v({0}) = 0; see e.g. Sato
[323].

The result given below is usually called the Lévy—Khintchine formula and it
is the cornerstone for much of what follows.

Theorem 1.2.14 (Lévy—Khintchine) € M (R?) is infinitely divisible if
there exists a vector b e RY, a positive definite symmetric d x d matrix A and
a Lévy measure v on RY — {0} such that, for all u € R4,

du(u) = exp{i(b, u) — 3 (u,Au)
+ / [ei) — 1 — i(u,y)xm]v(dy)}, (1.12)
RY—{0}

where B = B1(0).
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Conversely, any mapping of the form (1.12) is the characteristic function of
an infinitely divisible probability measure on R9.

Proof We are only going to prove the second part of the theorem here; the more
difficult first part will be proved as a by-product of the Lévy—Itd decomposition
in Chapter 2. First, we need to show that the right-hand side of (1.12) is a
characteristic function. To this end, let (U (n),n € N) be a sequence of Borel
sets in R? that is monotonic decreasing to {0} and define for all u € R?, n € N,

() = exp|:i (b — / yv(dy), u) — l(u,Au)
U B 2

(n)<NB

+/ wwunwm]
U (n)©

Then each ¢, represents the convolution of a normal distribution with an inde-
pendent compound Poisson distribution, as in (1.9), and thus is the characteristic
function of a probability measure u,. We clearly have

9.0 = Tim_ ().

The fact that ¢,, is a characteristic function will follow by Lévy’s continuity
theorem if we can show that it is continuous at zero. This boils down to proving
the continuity at O of v,,, where, for each u € R4,

ww=f [0 1= iu,y) x5 0)]v(dy)
R4 —{0}

=AVWL14MMWm+éyMW4ww»

Now using Taylor’s theorem, the Cauchy—Schwarz inequality, (1.10) and
dominated convergence, we obtain

A

1 2 i(u,y)
Y| < Eﬁ |(u, )| V(dY)Jrﬁ " — T|v(dy)
B B(,’

IA

Jul” :
—TAMM@+AkMW4M®
— 0 asu— 0.

It is now easy to verify directly that w is infinitely divisible. (|
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Notes

(1) The technique used in the proof above of taking the limits of sequences
composed of sums of Gaussians with independent compound Poissons will
recur frequently.

(2) The proof of the ‘only if” part involves much more work. See e.g. Sato
([323]), pp. 41-5, for one way of doing this. An alternative approach will
be given in Chapter 2, as a by-product of the Lévy—It6 decomposition.

(3) There is nothing special about the ‘cut-off” function c(y) = y xp that occurs
within the integral in (1.12). An alternative that is often used is c(y) =
y/(1 + |y|?). The only constraint in choosing c is that the function g.(y) =
') — 1 — i(c(y),u) should be v-integrable for each u e R?. Note that
if you adopt a different ¢ then you must change the vector b accordingly
in (1.12).

(4) Relative to the choice of ¢ that we have taken, the members of the triple
(b,A,v) are called the characteristics of the infinitely divisible random
variable X . Examples of these are as follows:

o Gaussian case: b is the mean, m, A is the covariance matrix, v = 0.

e Poissoncase: b =0,A =0, v = cd.

e Compound Poisson case: b = sz} xu(dx),A=0,v =cu,wherec > 0
and 1 is a probability measure on R?.

(5) It is important to be aware that the interpretation of » and A as mean and
covariance, respectively, is particular to the Gaussian case; e.g. in (1.9),

EX) =m+ C/]Rf yuz(dy),
when the integral is finite.

In the proof of Theorem 1.2.14, we wrote down the characteristic function
¢ (u) = "™, We will call the map n:RY — C a Lévy symbol, as it is the
symbol for a pseudo-differential operator (see Chapter 3). Many other authors
call n the characteristic exponent or Lévy exponent.

Since, forallu e R?, |¢, ()| < 1forany probability measure j and ¢, (1) =
e when p is infinitely divisible we deduce that Rz (u) < 0.

Exercise 1.2.15 Show that 7 is continuous at every u € R? (and uniformly so
in a neighbourhood of the origin).

Exercise 1.2.16 Establish the useful inequality
In@)] < €1+ uf?)

for each u € R?, where C > 0.
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Suppose that an infinitely divisible probability measure is such that its Lévy
measure v is absolutely continuous with respect to Lebesgue measure. We write
gy = dv/dx and call it the Lévy density . For example, a compound Poisson
random variable (as given in Example 1.2.10) will have a Lévy density if and
only if each Z; has a pdf. In this case, we see that g, = cfz where f7 is the
common pdf of the Z;s.

The following theorem gives an interesting analytic insight into the Lévy—
Khintchine formula.

Theorem 1.2.17 The map n is a Lévy symbol if and only if it is a continuous,
hermitian, conditionally positive definite function for which n(0) = 0.

Proof Suppose that 7 is a Lévy symbol; then so is f7, for each ¢ > 0. Then there
exists a probability measure (¢) for each ¢ > 0, such that ¢, (u) = e for
each u € R?. But 5 is continuous by Exercise 1.2.15 and (0) = 0. Since O is
positive definite then 7 is hermitian and conditionally positive definite by the
Schoenberg correspondence.

Conversely, suppose that n is continuous, hermitian and conditionally posi-
tive definite with n(0) = 0. By the Schoenberg correspondence (Theorem 1.1.2)
and Bochner’s theorem, there exists a probability measure 1 for which ¢, (u) =
e"® for each u € RY. Since n/n is, for each n € N, another continuous, hermi-
tian, conditionally positive definite function that vanishes at the origin, we see
that p is infinitely divisible and the result follows. (]

We will gain more insight into the meaning of the Lévy—Khintchine formula
when we consider Lévy processes. For now it is important to be aware that
all infinitely divisible distributions can be constructed as weak limits of con-
volutions of Gaussians with independent compound Poissons, as the proof of
Theorem 1.2.14 indicated. In the next section we will see that some very inter-
esting examples occur as such limits. The final result of this section shows that
in fact the compound Poisson distribution is enough for a weak approximation.

Theorem 1.2.18 Any infinitely divisible probability measure can be obtained
as the weak limit of a sequence of compound Poisson distributions.

Proof Let ¢ be the characteristic function of an arbitrary infinitely divisible
probability measure u, so that ¢!/ is the characteristic function of u!/"; then
foreachneN, u e R, we may define

¢n() = exp{n[¢!/"(w) — 1]} = exp[ / (') — l)nul/”(dy)} :
R4
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so that ¢, is the characteristic function of a compound Poisson distribution. We
then have

¢n(u) = exp[n(e(l/n) log[¢ ()] __ 1)]

= exp{log [¢(u)] +no (%)} — ¢(u) asn — oo,

where ‘log’ is the principal value of the logarithm; the result follows by
Glivenko’s theorem. ]

Corollary 1.2.19 The set of all infinitely divisible probability measures on
R? coincides with the weak closure of the set of all compound Poisson
distributions on R,

Proof This follows directly from Theorem 1.2.18 and Exercise 1.2.12(2). O

Although the Lévy—Khintchine formula represents all infinitely divisible ran-
dom variables as arising through the interplay between Gaussian and Poisson
distributions, a vast array of different behaviour appears between these two
extreme cases. A large number of examples are given in Chapter 1 of Sato
([323]). We will be content to focus on a subclass of great importance and
then look at two rather diverse and interesting cases that originate from outside
probability theory.!

1.2.5 Stable random variables

We consider the general central limit problem in dimension d = 1, so let
(Y,,n e N) be a sequence of real-valued i.i.d. random variables and construct
the sequence (S,, n € N) of rescaled partial sums

Yi+Yo+---+Y,— by
Sy = s
On
where (b,,n € N) is an arbitrary sequence of real numbers and (o, n € N) an
arbitrary sequence of positive numbers. We are interested in the case where
there exists a random variable X for which

lim P(S, <x) = P(X <x) (1.13)
n— o0

1 Readers with an interest in statistics will be pleased to know that the gamma distribution (of
which the chi-squared distribution is a special case) is infinitely divisible. We will say more
about this is Section 1.3.2. The -distribution is also infinitely divisible; see Grosswald [144].
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for all x e R, i.e. (S,,n € N) converges in distribution to X . If each b, = nm
and 0, = /no for fixed meR, o > 0, then X ~ N(m,o2) by the usual
Laplace—de-Moivre central limit theorem.

More generally a random variable is said to be stable if it arises as a limit, as
in (1.13). It is not difficult (see e.g. Breiman [62], Gnedenko and Kolmogorov
[140]) to show that (1.13) is equivalent to the following. There exist real-valued
sequences (c,, n € N) and (d,,, n € N) with each ¢, > 0 such that

X1+X2+"'+Xngcnx+dn, (1.14)

where X1, X», ..., X, are independent copies of X . In particular, X is said to be
strictly stable if each d,, = 0.

To see that (1.14) = (1.13) take each Y; = X;, b, = d,, and 0, = ¢, In fact
it can be shown (see Feller [119], p. 166) that the only possible choice of ¢, in
(1.14) is of the form on'/%, where 0 < a < 2. The parameter « plays a key
role in the investigation of stable random variables and is called the index of
stability.

Note that (1.14) can be expressed in the equivalent form

ox ()" = "My (cou),

for each u e R.

It follows immediately from (1.14) that all stable random variables are
infinitely divisible. The characteristics in the Lévy—Khintchine formula are
given by the following result.

Theorem 1.2.20 If X is a stable real-valued random variable, then its
characteristics must take one of the two following forms:

(1) whena =2, v=0,s0X ~N(b,A);
(2) whena #2,A=0and

2

ci
V(X)) = 35 X(0.00) (X)dx + ] X000 (x)dx,

wherec1 >0, ¢y > 0andcy +c2 > 0.

A proof can be found in Sato [323], p. 80.

A careful transformation of the integrals in the Lévy—Khintchine formula
gives a different form for the characteristic function, which is often more
convenient (see Sato [323], p. 86).
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Theorem 1.2.21 A real-valued random variable X is stable if and only if there
existo > 0,—1 < B < 1 and 1 € R such that for all u € R:

(1) when o =2,
¢x (u) = exp(lw - 2‘72”2)
(2) whena # 1,2,

3) whena =1,
. 2
ox (u) = CXP{IMM —olul [1 + lﬁ; sgn(u) log(lul)} }

It can be shown that E(X?) < oo if and only if & = 2 (i.e. X is Gaussian) and
that E(|X|) < coifandonlyif 1 < o < 2.

All stable random variables have densities fy, which can in general be
expressed in series form. These expansions are in terms of a real number A
which is determined by the four parameters o, 8, x and o. For x > 0 and
O<a<l:

frwh) = — 1 gLty sin(%(k - a))

!
P k!

Forx>0and1 <« < 2,

00 -1
fx (e, A) = %Zr(ka +1)( x) sin (%(A—(x)),

where I'(-) is the usual gamma function.?
In each case the formula for negative x is obtained by using

fx (=x,)) =fx(x,—A), forx > 0.

See Feller [119], chapter 17, section 6) for further details. In three important
cases, there are closed forms.

2 M(a) = fg’o X le=%dx fora > 0.
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The normal distribution
a=2, X ~N(uod).

The Cauchy distribution

o

C(:l,,B:O, fX(X):jT[(X—/L)2+U2]'

The Lévy distribution

3
o \1/2 1 o
fx@x) = (—) G exp[—z(x — M)] for x > p.

Exercise 1.2.22 (The Cauchy distribution) Prove directly that

00
/ eiux o dx = eiuu—o|u|.
oo T = )% +02]

(Hint: One approach is to use the calculus of residues. Alternatively, by
integrating from —oo to 0 and then O to oo, separately, deduce that

oo 2
/ e e gy — .
oo 1+12

Now use Fourier inversion; see Section 3.8.4)

Exercise 1.2.23 Let X and Y be independent standard normal random vari-
ables. Show that Z has a Cauchy distribution, where Z = Y /X when X # 0and
Z = 0 otherwise. Also show that W has a Lévy distribution, where W = 1/X2
when X # 0 and W = 0 otherwise.

Note that if a stable random variable is symmetric then Theorem 1.2.21 yields

ox (u) = exp(—p*|ul*) forall) < a <2, (1.15)

where p = o for0 < @ < 2 and p = a/ﬁ when o = 2; we will write
X ~ Sas in this case.

Although it does not have a closed-form density, the symmetric stable dis-
tribution with « = 3/2 is of considerable practical importance. It is called
the Holtsmark distribution and its three-dimensional generalisation has been
used to model the gravitational field of stars: see Feller [119], p. 173 and
Zolotarev [366].
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One of the reasons why stable laws are so important in applications is the
nice decay properties of the tails. The case o =2 is special in that we have
exponential decay; indeed, for a standard normal X there is the elementary
estimate

e_y2/2
V2my

see Feller [118], chapter 7, section 1.
When o # 2 we have a slower, polynomial, decay as expressed in the
following:

PX >y)~ asy — 00;

1
lim y*P(X > y) = Cy + 'Ba“,
y—>00 2
1—
lim y*P(X < —y) = Cy 'Bo“,
y=>00 2

where C, > 1; see Samorodnitsky and Taqqu [319], pp. 16—18 or Section 1.5.4
below for a proof and an explicit expression for the constant C,, . The relatively
slow decay of the tails of non-Gaussian stable laws makes them ideally suited for
modelling a wide range of interesting phenomena, some of which exhibit ‘long-
range dependence’; see Taqqu [346] for a nice survey of such applications. The
mathematical description of ‘heavy tails’ is intimately related to the concept
of regular variation. For a detailed account of this, see Bingham et al. [50],
particularly chapter 8, or Resnick [303]. We will return to this theme at the end
of the chapter.

The generalisation of stability to random vectors is straightforward: just
replace X1,..., Xy, X and each d, in (1.14) by vectors, and the description
in Theorem 1.2.20 extends directly. Note however that when o # 2 in the
random vector version of Theorem 1.2.20, the Lévy measure takes the form

> dr
v(B) = / / xB(r0) =5 7(d0),
sd—1 Jo r

for each B € B(R?) where 7 is a finite Borel measure on S d-1 (see e.g. theorem
14.3 in Sato [323].)
In the rotationally invariant case this simplifies to

U(dx) = de

where ¢ > 0.
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The corresponding extension of Theorem 1.2.21 is as follows (see Sato [323],
p- 83 for a proof).

Theorem 1.2.24 A random variable X taking values in R? is stable if and only
if for all u e RY there exists a vector m € R? and

(1) there exists a positive definite symmetric d x d matrix A such that, when
o =2,

() = exp|iGm, ) — 1w, Aw)|
(2) there exists a finite Borel measure p on S~ such that, when o # 1,2,
ox (u)
_ ; _ el _: o .
_exp{z(m, u) /S:H |(u, )| [1 ztan( > )sgn(u,s)]p(ds)},

(3) there exists a finite Borel measure p on S such that, when o = 1,
ox ()

2
= exp{i(m, u)— / | (u, s)| |:1 + i— sgn (u, s) log | (u, s)|:|,0(ds)}.
gd—1 T
Note that, for 0 < o < 2, X is symmetric if and only if
pew =exp| - [ 1woipa]

for each u € R? and X is rotationally invariant for 0 < < 2 if and only if the
R4 -version of equation (1.15) holds.

We can generalise the definition of stable random variables if we weaken
the conditions on the random variables (Y (n),n € N) in the general central
limit problem by requiring these to be independent but no longer necessarily
identically distributed. In this case, provided the ¥ (n)’s form a ‘null array’,’
the limiting random variables are called self-decomposable (or of class L) and
they are also infinitely divisible. Alternatively, a random variable X is self-
decomposable if and only if for each 0 < a < 1 there exists a random variable
Y, that is independent of X and such that

XLaX +Y, & oxW) = x(awpy, W),

3 That is, limy— oo max|<x<, P(|Yg| > €op) =0, forall € > 0.
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for all ueRY. Examples include gamma, Pareto, Student-f, F and log-
normal distributions. Self-decomposable distributions are discussed in Sato
[323], pp. 90-9, where it is shown that an infinitely divisible law on R is
self-decomposable if and only if the Lévy measure is of the form

v(dx) = @dx,
| x|

where k is decreasing on (0, c0) and increasing on (—oo, 0). There has recently
been increasing interest in these distributions from both the theoretical and
applied perspectives; see for example Bingham and Keisel [53] or the article
by Z. Jurek in [22] and references therein.

1.2.6 Diversion: Number theory and relativity

We will look at two interesting examples of infinitely divisible distributions.

The Riemann zeta distribution

The Riemann zeta function ¢ is defined, initially for complex numbers z = u+iv
where u > 1, by the (absolutely) convergent series expansion

1
n=1
which is equivalent to the Euler product formula

@ =]

peP

p— (1.16)

‘P being the set of all prime numbers.

Riemann showed that ¢ can be extended by analytic continuation to a mero-
morphic function on the whole of C, having a single (simple) pole atz = 1. He
also investigated the zeros of ¢ and showed that that these are at {—2n,n € N}
and in the ‘critical strip’ 0 < u < 1. The celebrated Riemann hypothesis is that
all the latter class are in fact on the line ¥ = 1/2, and this question remains
unresolved although Hardy has shown that an infinite number of zeros are of
this form. For more about this and related issues, see e.g. Patterson [292] and
references therein.

We will now look at a remarkable connection between the Riemann zeta
function and infinite divisibility that is originally due to A. Khintchine (see
[140], pp. 75-6), although it has its antecedents in work by Jessen and
Wintner [191].
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Fix u € R with u > 1 and define ¢, : R — C by

¢ (u+iv)

du(v) = m,

for all v € R.

Proposition 1.2.25 (Khintchine) For each u > 1, ¢, is the characteristic
function of an infinitely divisible probability measure.

Proof Using (1.16) and the Taylor series expansion of the complex function
log(1+w), where |w| < 1, we find for all v € R that (taking the principal value
of the logarithm),

log [¢u(v)] = log [¢ (u + iv)] — log [¢ (u + i0)]

= Z log(1—p™*) — Z log(1 _pf(u+iv))

peP peP

_ Z Z ( pmluiv) p:rrlnu>

peP m=1

— Z i l%mu(e—imlog(p)v -1
=> Z / (€™ — )—8_m10g<p)<da)

peP m=1

Hence we see that ¢, is the limit of a sequence of characteristic functions of
Poisson laws. It follows by the Lévy continuity theorem that ¢, is the character-
istic function of a probability measure that is infinitely divisible, by Glivenko’s
theorem and exercise 1.2.12(2). O

After many years of neglect, some investigations into this distribution have
recently appeared in Lin and Hu [234] (see also [314]). Other developments
involving number-theoretic aspects of infinite divisibility can be found in Jurek
[196], where the relationship between Dirichlet series and self-decomposable
distributions is explored, and in the survey article by Biane, Pitman and Yor [44].

A relativistic distribution

We will consider an example that originates in Einstein’s theory of relativity. A
particle of rest mass m > 0 has momentum p = (p1,p2,p3) €R>. According
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to relativity theory, its total energy is

E(p) = \/m*c* + |pl?,

where ¢ > 0 is the velocity of light (see, e.g. Born [58], p. 291) and, if we
subtract the energy mc? that is tied up in the rest mass, we obtain the kinetic
energy, i.e. the energy due to motion,

Ene(p) = /m2c* + c2|p|> — mc.

Although m and c are ‘fixed’ by physics we have indicated an explicit depen-
dence of the energy on these ‘parameters’ for reasons that will become clearer
below. Define

me(p) = e e,

where we now take p € R for greater generality.

Theorem 1.2.26 ¢, is the characteristic function of an infinitely divisible
probability distribution.

Proof The fact that ¢, is a characteristic function follows by Bochner’s
theorem once we have shown that it is positive definite.

Since E,  is clearly hermitian, demonstrating this latter fact is equivalent, by
the Schoenberg correspondence, to showing that —E,,, . is conditionally positive
definite. Observing that

Ip|?
m2¢c?

s

—Epe(p) =mc* [ 1— [1+

we see that it is sufficient to prove conditional positive definiteness of

_ Ip|?
Yvp)=1- 1+T’

where A > 0.
Using the result of Appendix 1.7 and the fact that F(%) = /7, we obtain

- (i 14 el dx
vo=1-5 [ (1-ewl=(1+50) ) 5
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42
To ensure that all the integrals we consider below are finite, for each n € N
we define
2
d.
)
xz

%lfn(p)=1—%/i (1—6Xp{ (

Now choose me N, p; e R, a; e C (1 < i < d) with > =0, then

> i@y (pi — p))

ij=1
32
X2

b

1
= —F o0 eX
) Z o

where we have used the fact that for each x > 0, the map p — e~ IPI™¥/*
positive definite — indeed it is the characteristic function of a N (0, A ) random

variable.
Now we have

m m

Y wid(pi —p) = lim Y «i@yu(pi —p) = 0

ij=1

ij=1
To verify that the associated probability measure is infinitely divisible, it is

sufficient to observe that

[¢m,c'(p)]l/n = (bnm,c/n (P)
(]

forallpeRd,neN
The characteristics of the relativistic distribution are (0,0, v) where v has

Lévy density

2k \ "

gvx) =2 Kd+l (plxD,

for each x € R?, where p = mc? and K is a Bessel function of the third kind (see
Appendix 5.6). Further details may be found in Ichinose and Tsuchida [166]

and references therein.
We will meet this example again in Chapter 3 in ‘quantised’ form
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1.3 Lévy processes

Let X = (X (¢),t > 0) be a stochastic process defined on a probability space
(2, F, P). We say that it has independent increments if for each ne€ N and
each0 <1 < < - < tyy1 < oo the random variables (X (¢j11) —
X (t),1 < j < n) are independent and that it has stationary increments if each

d
X (1) — X (1) = X (G451 — 1) — X(0).
We say that X is a Lévy process if:

(L1) X(0) =0 (as);
(L2) X has independent and stationary increments;
(L3) X is stochastically continuous, i.e. for all a > 0 and for all s > 0

llimP(|X(t) —X()| >a) =0.
—5
Note that in the presence of (L1) and (L2), (L3) is equivalent to the condition

Iim P(|X (¢ =0
zlfg (X®| > a)

forall a > 0.
We are now going to explore the relationship between Lévy processes and
infinite divisibility.

Proposition 1.3.1 If X is a Lévy process, then X (t) is infinitely divisible for
eacht > 0.

Proof For each n € N, we can write

X0 =Y"0+--+r"0

Yk(n)(l) —X (g) _x <(k;1)l‘>

The ¥," () are i.i.d. by (L2). O

where each

By Proposition 1.3.1, we can write ¢x () (1) = e foreachr > 0, u e RY,
where each n(t, -) is a Lévy symbol. We will see below that n(t,u) = (1, u)
foreacht > 0,u e R4, but first we need the following lemma.

Lemma 1.3.2 If X = (X (¢),t > 0) is stochastically continuous, then the map
t — $x()(w) is continuous for each u € RY.
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Proof For each s,t > 0 with t # s, write X (s,7) = X (f) — X (s). Fix u € R9.
Since the map y — e/ is continuous at the origin, given any ¢ > 0 we can
find §; > O such that

; €
sup e — 1] < =
0<lyl<8: 2

and, by stochastic continuity, we can find §> > O such that whenever 0 <
[t — 5] < 82, P(|1X(s,0)| > 81) < €/4.
Hence for all 0 < |t — s| < §> we have

< [ 1 = tpran @)
N /B ©) €Y — 1px (5. (dy)
51

4 / 16— 1y s (dy)
By, (0)¢

< sup [ — 1| 4+ 2P(IX (5,1)] > 81)
0<lyl<éi

<€,
and the required result follows. (]

Theorem 1.3.3 If X is a Lévy process, then

Ox (1) (u) = €M

foreachueRY, t > 0, where 1 is the Lévy symbol of X (1).

Proof Suppose that X is a Lévy process and that, for each u € R?, t > 0. Define
@u(t) = ¢x ) (u); then by (L2) we have forall s > 0

¢u (t + S) — E(ei(u,X(f+S)))
— E(ei(u,X(Fl’S)*X (S))ei(u,X (A)))

— E(ei(u,X (t+5)—X (s))) E(ei(u,X (s)))

= Py () Pu(s). (1.17)
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Now
du(0) =1 (1.18)

by (L1), and from (L3) and Lemma 1.3.2 we have that the map t — ¢,(¢) is
continuous. However, the unique continuous solution to (1.17) and (1.18) is
given by ¢, (1) = ¢ *®, where « :R?Y — C (see, e.g. Bingham er al. [50],
pp- 4-6). Now by Proposition 1.3.1 X (1) is infinitely divisible, hence « is a
Lévy symbol and the result follows. U

We now have the Lévy—Khinchine formula for a Lévy process
X=X®),1=0),

E(e!@X )y — exp <t{i(b, u) — %(u,Au)

+ / [0 — 1 —i(u,y) x3(0)]v(dy) }) (1.19)
R —{0}

foreacht > 0, u € RY, where (b, A, v) are the characteristics of X (1).

We will define the Lévy symbol and the characteristics of a Lévy process X
to be those of the random variable X (1). We will sometimes write the former
as nx when we want to emphasise that it belongs to the process X .

Exercise 1.3.4 If X is a Lévy process with characteristics (b, A, v), show that
—X = (=X (¢),t > 0) is also a Lévy process and has characteristics (—b, A, V),
where 7(A) = v(—A) for each A € B(R?). Show also that for each ¢ € R the
process, (X (¢) + tc,t > 0) is a Lévy process, and find its characteristics.

Exercise 1.3.5 Show that if X and Y are stochastically continuous processes
then so is their sum X + Y = (X () 4+ Y (¢),¢t > 0). (Hint: Use the elementary
inequality

P(A+B| > ¢) §P(|A| > §)+P<|B| - %)

where A and B are random variables and ¢ > 0.)

Exercise 1.3.6 Show that the sum of two independent Lévy processes is again
aLévy process. (Hint: Use Kac’s theorem to establish independent increments. )

Theorem 1.3.7 If X = (X(¢t),t > 0) is a stochastic process and there
exists a sequence of Lévy processes (X,,n € N) with each X, = (X, (¢),t >
0) such that X,(t) converges in probability to X (t) for each t > 0 and
limy— o0 limsup,_, o P(|1X, (1) — X(#)| > a) = O foralla > 0, then X is a
Lévy process.
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Proof (L1) follows immediately from the fact that (X,(0), n € N) has a subse-
quence converging to 0 almost surely. For (L2) we obtain stationary increments
by observing that for each u € RY,0<s <t < 00,

E(e/ X O-X©)) = im E(e X 0—Xa())
n— oo

— lim E(ei(u,Xn(I—S)))
n—o0
— E(ei(u,X (I—S)))’
where the convergence of the characteristic functions follows by the argument
used in the proof of Lemma 1.3.2. The independence of the increments is proved

similarly.
Finally, to establish (L3), for eacha > 0, 1 > 0,n € N we have

P(X ()] > a) =< P(X (1) = X, ()| + [Xu ()] > a)

=P (X0 - X0 > 3) +P (%01 > )

and hence

limsup P(IX (1)| > a)

t—0
. a . a
< limsup P (|X(t) — X, ()| > —) + lim sup P (|Xn(t)| > —) .
t—0 2 t—0 2
(1.20)
But each X, is a Lévy process and so
. a . a
lim sup P <|Xn(t)| > —) = limP <|Xn(t)| > —) =0,
t—0 2 =0 2
and the result follows on taking lim,,_, o, in (1.20). O

1.3.1 Examples of Lévy processes

Example 1.3.8 (Brownian motion and Gaussian processes) A (standard)
Brownian motion in R? is a Lévy process B = (B(t),t > 0) for which

(B1) B(t) ~ N(0,tI) foreacht > 0,
(B2) B has continuous sample paths.
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It follows immediately from (B1) that if B is a standard Brownian motion
then its characteristic function is given by

b5 (1) = exp( — 1t|ul?)
foreach u € Rd, t>0.

We introduce the marginal processes B; = (B;(t),t > 0), where each B;(t)
is the ith component of B(); then it is not difficult to verify that the B; are
mutually independent Brownian motions in R. We will henceforth refer to
these as one-dimensional Brownian motions.

Brownian motion has been the most intensively studied Lévy process. In the
early years of the twentieth century, it was introduced as a model for the physical
phenomenon of Brownian motion by Einstein and Smoluchowski and as a
description of the dynamical evolution of stock prices by Bachelier. Einstein’s
papers on the subject are collected in [106] while Bachelier’s thesis can be
found in [19]. The theory was placed on a rigorous mathematical basis by
Norbert Wiener [355] in the 1920s; see also [354]. The first part of Nelson
[277] contains a historical account of these developments from the physical
point of view.

We could try to use the Kolmogorov existence theorem (Theorem 1.1.17) to
construct one-dimensional Brownian motion from the following prescription
on cylinder sets of the form InHJ2 """ i, (Where0 <t < <--- <1, <o0)

H
P(Itl,lz ,,,,, l,,)

1
- /H Q)2 /ity —t1) -+ (g — ta—1)

1 2 Y )2
Xexp{__[_l+u - M“dxl...dxn,
2| n h—1 In — -1

However, the resulting canonical process lives on the space of all mappings
from RT to R and there is then no guarantee that the paths are continuous. A
nice account of Wiener’s solution to this problem can be found in [354].

The literature contains a number of ingenious methods for constructing Brow-
nian motion. One of the most delightful of these, originally due to Paley and
Wiener [286], obtains Brownian motion in the case d = 1 as a random Fourier
series

V2 i sin[7t(n + %)]

B = S 2N

n=0
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for each r > 0, where (§(n),n € NU {0}) is a sequence of i.i.d. N (0, 1) random
variables; see chapter 1 of Knight [204]) for a modern account. A construction
of Brownian motion from a wavelet point of view can be found in Steele [339],
pp. 35-9.

We list a number of useful properties of Brownian motion in the case d = 1;
this is far from exhaustive and, for further examples as well as details of the
proofs, the reader is advised to consult works such as Sato [323], pp. 22-8,
Revuz and Yor [306], Rogers and Williams [308], Karatzas and Shreve [200],
Knight [204] and 1t6 and McKean [170].

e Brownian motion is locally Holder continuous with exponent « for every
0<a<1/2ie. forevery T > 0, w € Q, there exists K =K (T, w) such that

|B(1)(w) — B(s)(w)| < K|t — s|*
forall0<s<t<T.

e The sample paths t — B(f)(w) are almost surely nowhere differentiable.
¢ For any sequence (f,,n € N) in R+ with 1, 4 oo,

liminf B(t,) = —o0 a.s., limsup B(t,) =00 a.s.
n—00 n— 00

e The law of the iterated logarithm,

ol B(t) T
1m sup 12 — 1) =1
10 {2tlog[log(1/n]}

holds.

For deeper properties of Brownian motion, the reader should consult two
volumes by Marc Yor [361, 362].

Let A be a positive definite symmetric d x d matrix and let o be a square
root of A, so that o is a d x m matrix for which 66T = A. Now let b € R? and
let B be a Brownian motion in R”. We construct a process C = (C(¢),t > 0)
in R by

C(t) = bt + oB(1); (1.21)

then C is a Lévy process with each C(r) ~ N (tb,tA). It is not difficult to verify
that C is also a Gaussian process, i.e. that all its finite-dimensional distributions
are Gaussian. It is sometimes called Brownian motion with drift. The Lévy
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symbol of C is

ne(u) = i(b,u) — 5 (u, Au).

In the case b = 0, we sometimes write B4 (t) = C(t), for each r > 0, and call
the process Brownian motion with covariance A.

We will show in the next chapter that a Lévy process has continuous sample
paths if and only if it is of the form (1.21).

Example 1.3.9 (The Poisson process) The Poisson process of intensity A > 0
is a Lévy process N taking values in N U {0} wherein each N () ~ m(At), so
that we have

A"
P(N(1) =n) = G e M
n!
foreachn = 0,1,2, .... The Poisson process is widely used in applications

and there is a wealth of literature concerning it and its generalisations; see
e.g. Kingman [202] and references therein. We define non-negative random
variables (T,, N U {0}), usually called waiting times, by 7o = 0 and forn € N

T, = inf{t > O; N(t) = n};

it is well known that the 7T}, are gamma distributed. Moreover, the inter-arrival
times 7,, — T,—1 for n € N are i.i.d. and each has exponential distribution with
mean 1/A; see e.g. Grimmett and Stirzaker [143], section 6.8. The sample paths
of N are clearly piecewise constant on finite intervals with ‘jump’ discontinuities
of size 1 at each of the random times (7},,n € N).

For later work it is useful to introduce the compensated Poisson process
N = (N(t),1 > 0) where each N(1) = N(r) — it. Note that E(N (r)) = 0 and
E(N (1)?) = At foreach 7 > 0.

Example 1.3.10 (The compound Poisson process) Let (Z(n),neN) be a
sequence of i.i.d. random variables taking values in R¢ with common law 117
and let N be a Poisson process of intensity A that is independent of all the Z(n).
The compound Poisson process Y is defined as follows:

Y() =Z(1) + -+ Z(N () (1.22)

for each t > 0, so each Y (¢) ~ w(At, uz).

Proposition 1.3.11 The compound Poisson process Y is a Lévy process.
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Proof To verify (L1) and (L2) is straightforward. To establish (L3), let a > 0;
then by conditioning and independence we have

PIY ()| > a) = ZP(IZ(I) +--+Zn)| > a)P(N@) =n),
n=0

and the required result follows by dominated convergence. (]

By Proposition 1.2.11 we see that Y has Lévy symbol

Ny (u) = [ f (/™) — l)wzwy)] :
Rd

Again the sample paths of Y are piecewise constant on finite intervals with
‘jump discontinuities’ at the random times (7 (n), n € N); however, this time
the size of the jumps is itself random, and the jump at 7'(n) can take any value
in the range of the random variable Z(n).

The compound Poisson process has important applications to models of
insurance risk; see, e.g. chapter 1 of Embrechts et al. [108].

Clearly a compound Poisson process is Poisson if and only if d = 1 and
each Z(n) = 1 (a.s.), so uz = §1. The following proposition tells us that two
independent Poisson processes must jump at distinct times (a.s.).

Proposition 1.3.12 If (N1(t),t > 0) and (N2(t),t > 0) are two independent
Pozsson processes defined on the same probability space, with arrival times
(Tn ,neN) forj= 1,2, respectively, then

P(T(l) T(z) for some m,n € N) =0

Proof Let N(t) = Ni(t) + Na(t) for each t > 0; then it follows from Exer-
cise 1.3.6 and a straightforward computation of the characteristic function
that N is another Poisson process. Hence, for each + > 0, we can write
N@)=Z()+---+Z(N(t)) where (Z(n),n €N) is i.i.d. with each Z(n) = 1
(a.s.). Now let m, n € N be such that T(]) T(z) (a.s.); if these are the first times
at which such an event occurs, it follows that Z(m +n — 1) = 2 (a.s.), and we
have our required contradiction. |

Example 1.3.13 (Interlacing processes) Let C be a Gaussian Lévy process as
in Example 1.3.8 and Y be a compound Poisson process, as in Example 1.3.10,
that is independent of C. Define a new process X by

X1 =CH+YQ),



1.3 Lévy processes 51

for all # > 0; then it is not difficult to verify that X is a Lévy process with Lévy
symbol of the form (1.9). The paths of X have jumps of random size occurring
at random times. In fact, using the notation of Examples 1.3.9 and 1.3.10,
we have

C(1) forO <r < Ty,
X (1) = C(T) + 7 fort =T,

X(T)+C(@)—C(T)) forT) <t < T,

X(Tr) + 72> fort =T»,

and so on recursively. We call this procedure an interlacing, since a continuous-
path process is ‘interlaced’ with random jumps. This type of construction will
recur throughout the book. In particular, if we examine the proof of Theorem
1.2.14, it seems reasonable that the most general Lévy process might arise as
the limit of a sequence of such interlacings, and we will investigate this further
in the next chapter.

Example 1.3.14 (Stable Lévy processes) A stable Lévy process is a Lévy
process X in which each X (¢) is a stable random variable. So the Lévy symbol
is given by Theorem 1.2.24. Of particular interest is the rotationally invariant
case, where the Lévy symbol is given by

nw) = —o“lul*;

here 0 < o < 2 is the index of stability and o > 0.

One reason why stable Lévy processes are important in applications is that
they display self-similarity. In general, a stochastic process ¥ = (Y (¢),t > 0)
is self-similar with Hurst index H > 0 if the two processes (¥ (af),t > 0) and
(@Y (t),t > 0) have the same finite-dimensional distributions for all @ > 0.
By examining characteristic functions, it is easily verified that a rotationally
invariant stable Lévy process is self-similar with Hurst index H = 1/«, so that
e.g. Brownian motion is self-similar with H = 1/2. A nice general account
of self-similar processes can be found in Embrechts and Maejima [111]. In
particular, it is shown therein that a Lévy process X is self-similar if and only
if each X (7) is strictly stable.

Just as with Gaussian processes, we can extend the notion of stability beyond
the class of stable Lévy processes. In general, then, we say that a stochastic
process X = (X (t),t > 0) is stable if all its finite-dimensional distributions are
stable. For a comprehensive introduction to such processes, see Samorodnitsky
and Taqqu [319], chapter 3.
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1.3.2 Subordinators

A subordinator is a one-dimensional Lévy process that is non-decreasing (a.s.).
Such processes can be thought of as a random model of time evolution, since
if T = (T(t),t > 0) is a subordinator we have

T() >0 as.foreacht > 0,
and
T(t1) <T(tp) a.s.whenevert <.

Now since for X (f) ~ N(0,At) we have P(X(#) > 0) = P(X(¥) < 0) = 1/2,
it is clear that such a process cannot be a subordinator. More generally we have

Theorem 1.3.15 If T is a subordinator, then its Lévy symbol takes the form
0 .
n(u) = ibu +/ ("™ — DA(dy), (1.23)
0
where b > 0 and the Lévy measure A satisfies the additional requirements
o0
A(—00,0) =0 and / O A DAdy) < o0.
0

Conversely, any mapping from R? — C of the form (1.23) is the Lévy symbol
of a subordinator.

A proof of this can be found in Bertoin [40], theorem 1.2 (see also Rogers and
Williams [308], pp. 78-9). We will also give a proof of this result in Chapter 2,
after we have established the Lévy-Itd decomposition.

We call the pair (b, A) the characteristics of the subordinator 7.

Exercise 1.3.16 Show that the additional constraint on Lévy measures of
subordinators is equivalent to the requirement

<y
/ —A(dy) < .
o L1+

Now for each r > 0 the map u — E(e™T®) can clearly be analytically
continued to the region {iu, u > 0}, and we then obtain the following expression
for the Laplace transform of the distribution:

E(e—MT(l)) — e—ﬁ/f(u)’
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where ~
Y (u) = —n(iuv) = bu +/ (1 — e ™)A(dy) (1.24)
0

for each u > 0. We observe that this is much more useful for both theoretical
and practical applications than the characteristic function.
The function v is usually called the Laplace exponent of the subordinator.

Examples

Example 1.3.17 (The Poisson case) Poisson processes are clearly subordina-
tors. More generally, a compound Poisson process will be a subordinator if and
only if the Z(n) in equation (1.22) are all R*-valued.

Example 1.3.18 («-stable subordinators) Using straightforward calculus (see
the appendix at the end of this chapter if you need a hint), we find that for
O<a<l,u=>0,

o« _ @ *® . —uxﬂ
" _F(l—a)/o (=)

Hence by (1.24), Theorem 1.3.15 and Theorem 1.2.20 we see that for each
0 < a < 1 there exists an a-stable subordinator 7" with Laplace exponent

v (u) = u”,

and the characteristics of T are (0, 1) where

dx

M= R ey e

Note that when we analytically continue this to obtain the Lévy symbol we
obtain the form given in Theorem 1.2.21(2), with u = 0, 8 = 1 and ¢* =
cos (o /2).

Example 1.3.19 (The Lévy subordinator) The %—stable subordinator has a
density given by the Lévy distribution (with & = 0 and o = 12/2)

! —3/2_—12/(4s)
— | s e ,
27 >
for s > 0. The Lévy subordinator has a nice probabilistic interpretation as a

first hitting time for one-dimensional standard Brownian motion (B(¢),¢ > 0).
More precisely:

fro ) = (

T@) = inf{s > 0;B(s) = é} . (1.25)



54 Lévy processes

For details of this see Revuz and Yor [306], p. 109, and Rogers and Williams
[308], p. 133. We will prove this result by using martingale methods in the next
chapter (Theorem 2.2.9).

Exercise 1.3.20 Show directly that, for each t > 0,

—tul/?

o0
E(e ) = f ey (s)ds = e,
0

where (T (),t > 0) is the Lévy subordinator. (Hint: Write g; (u) = E(e *T®),
Differentiate with respect to # and make the substitution x = 1%/ (4us) to obtain
the differential equation g,(u) = —(t/2,/u)g,(u). Via the substitution y =
t/(24/s) we see that g;(0) = 1, and the result follows; see also Sato [323]
p-12.)

Example 1.3.21 (Inverse Gaussian subordinators) We generalise the Lévy
subordinator by replacing the Brownian motion by the Gaussian process C =
(C(t),t = 0) where each C(¢) = B(t) + yt and y > 0. The inverse Gaussian
subordinator is defined by

T(t) = inf{s > 0; C(s) = 51},

where § > 0, and is so-called because t — T'(¢) is the generalised inverse of a
Gaussian process.

Again by using martingale methods, as in Theorem 2.2.9, we can show that
foreach r,u > 0,

E(eT?) = exp[—l(S( 2u+y? - J’)} (1.26)

(see Exercise 2.2.10). In fact each T () has a density, and we can easily compute
these from (1.26) and the result of Exercise 1.3.20, obtaining

ot
Sro(s) = Nt

57 5312 exp[—%(tzézs_l n yzs)] (1.27)

for each s, > 0.
In general any random variable with density fr(i) is called an inverse
Gaussian and denoted as IG (6, y).

Example 1.3.22 (Gamma subordinators) Let (T(z),t > 0) be a gamma
process with parameters a, b > 0, so that each T (¢) has density

at

_ b at—1 —bx
ST (x) = F(at)x e ™,
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for x > 0; then it is easy to verify that, for each u > 0,

/000 e "fra(dx = (1 + g)_m = exp[—ta log (1 + %)]

From here it is a straightforward exercise in calculus to show that

o0 o
/ e "fre(x)dx = exp |:—t/ 1 - e_”x)ax_le_bxdx];
0 0

see Sato [323] p. 45 if you need a hint.

From this we see that (T'(¢), ¢t > 0) is a subordinator with b = 0 and A(dx) =
ax'e=Pdx. Moreover, V(1) = alog(l + u/b) is the associated Bernstein
function (see below).

Before we go further into the probabilistic properties of subordinators we
will make a quick diversion into analysis.

Let f € C*°((0,00)) with f > 0. We say f is completely monotone if
(=)™ > 0 for all neN and a Bernstein function if (—=1)"f™ < 0 for
all n € N. We then have the following.

Theorem 1.3.23

(1) f isa Bernstein function ifand only if the mapping x — ¢~ ™ is completely
monotone for all t > 0.
(2) f is a Bernstein function if and only if it has the representation

F) =atbrt / (1= e™)2(dy)
0

forall x > 0, where a,b > 0 and fooo(y A DA(dy) < oo.
(3) g is completely monotone if and only if there exists a measure |1 on [0, 00)
for which

glx) = /0 e u(dy).

A proof of this theorem can be found in Berg and Forst [38], pp. 61-72.

To interpret this theorem, first consider the case a = 0. In this case, if we
compare the statement in Theorem 1.3.23(2) with equation (1.24), we see that
there is a one-to-one correspondence between Bernstein functions for which
lim,_,0f (x) = 0 and Laplace exponents of subordinators. The Laplace trans-
forms of the laws of subordinators are always completely monotone functions,
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and a subclass of all possible measures p appearing in Theorem 1.3.23(3)
is given by all possible laws p7(; associated with subordinators. Now let f
be a general Bernstein function with a > 0. We can give it a probabilistic
interpretation as follows. Let T be the subordinator with Laplace exponent
Y(u) = f(u) — a for each u > 0 and let S be an exponentially distributed
random variable with parameter a independent of 7', so that S has the pdf
gs(x) = ae™™ for each x > 0.

Now define a process Ts = (Ts(t), ¢ > 0), which takes values in R* U {oo}
and which we will call a killed subordinator, by the prescription

T() for 0<t<S,
00 for t+ > §.

Ts() = {

Proposition 1.3.24 There is a one-to-one correspondence between killed
subordinators Ts and Bernstein functions f, given by

E(e*uTs(t)) — W

foreacht,u > 0.

Proof By independence, we have

E(e 50y = E(e™T5D y10.5) (1) + E(e ™5 x5 00) (1))
=EE ™ TD)yPS > 1)

= oW Wtal,

where we have adopted the convention e~ = 0. (]

One of the most important probabilistic applications of subordinators is to
‘time changing’. Let X be an arbitrary Lévy process and let T be a subordinator
defined on the same probability space as X such that X and T are independent.
We define a new stochastic process Z = (Z(t),t > 0) by the prescription

Z(1) = X(T (1)),
for each ¢ > 0, so that for each w € 2, Z(t)(w) = X (T (¢)(w))(w). The key
result is then the following.
Theorem 1.3.25 Z is a Lévy process.

Proof (L1)is trivial. To establish (L2) we first prove stationary increments. Let
0<ti<th<oocandAe B(Rd). We denote as py, s, the joint probability law
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of T'(t1) and T (#); then by the independence of X and 7 and the fact that X
has stationary increments we find that

P(Z(12) — Z(1) €A) = P(X(T(12)) — X (T(17)) €A)

:V/(; ‘/(; P(X(s2)_X(sl)eA)pll,lz(dsl,dSZ)

= /0 /0 P(X(Sz — 51) GA)ptl,tz(dsl,dSZ)
P eA)

For independent increments, let 0 < #; < #, < 13 < 0o. We write py, 1, s, for
the joint probability law of T (1), T (t2) and T (#3). For arbitrary y € R4, define
hy:RT — C by hy(s) = E('OX®)) and, for arbitrary y;,y, € RY, define
oy i RT x RT x RT — Cby
Fyrn (ur, w2, uz3) = E(expli(yi, X (u2) — X (u1))])
x E(expli(y2, X (u3) — X (u2))]),

where 0 < u; < up < uz < 0o. By conditioning, using the independence of X
and T and the fact that X has independent increments we obtain

E(eXP{i[(Yl,Z(tz) — Z(Z‘])) + 0’2,Z(t3) _ Z(t2))]})
= E(fy,5, (T(1), T(12), T(13))).

However, since X has stationary increments, we have that
Syrgn (Ui, uz, u3) = hy, (uz — u)hy, (uz — uz)

foreachO < u; < up < uz < 0.
Hence, by the independent increments property of 7', we obtain

E(exp{il(y1, Z(t2) — Z(11)) + (2. Z(13) — Z(2))]})
= E(hy, (T2 — T1)hy,(T5 — T2))
= E(hy, (T2 — T1)) E(hy, (T3 — T2))
= E(exp[i(y1, Z(t2 — 1)]) E(exp [i(y2. Z(13 — 12))]).

by the independence of X and T'.
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The fact that Z(#) — Z(t1) and Z(t3) — Z(t») are independent now follows
by Kac’s theorem from the fact that Z has stationary increments, which was
proved above. The extension to n time intervals is by a similar argument; see
also Sato [323], pp. 199-200.

We now establish (L3). Since X and 7 are stochastically continuous, we
know that, for any a € R?, if we are given any € > 0 then we can find § > 0
suchthat 0 < h < § = P(|X(h)| > a) < €/2, and we can find 8 > 0 such
that0 < h <8 = P(T(h) > 8) < €/2.

Now, for all # > 0 and all 0 < & < min{é, 8/}, we have

P(Z(h)| > a)

=PX(T )| > a) = /0 P(IX ()| > a)pr)(du)

= / P(IX (w)| > a)prn (du) +/ P(X w)| > a)prp (du)
[0,8) [8,00)

= sup P(IX(w)| > a)+ P(T(h) = 6)

0<u<s

e+e
<-4+ -=c€
2 2

Exercise 1.3.26 Show that for each A € B(RY), ¢ > 0,

o
Pzn(A) = /0 Px () (A)pT (1) (du).

We now compute the Lévy symbol 1z of the subordinated process Z.
Proposition 1.3.27
nz = —yr o (—nx).

Proof For each u € Rd, t>0,

E(einz(r>(u)) — ]E(ei(u,X(T(t)))) — /OOE(ei(”’X(S)))pT(,)(dS)
0

o0
_ / Wy (ds) = E(e MO
0

— e Vr(=nx )



1.3 Lévy processes 59

Example 1.3.28 (From Brownian motion to 2«-stable processes) Let T be
an a-stable subordinator, with 0 < o < 1, and X be a d-dimensional Brownian
motion with covariance A = 2/ that is independent of 7. Then for each s > 0,
ueRe Yr(s) = s* and nx (u) = —|u|?, and hence nz(u) = —|u|**,ie. Zisa
rotationally invariant 2¢-stable process.

In particular, if d = 1 and T is the Lévy subordinator then Z is the Cauchy
process, so each Z(t) has a symmetric Cauchy distribution with parameters
w = 0and o = 1. Itis interesting to observe from (1.25) that Z is constructed
from two independent standard Brownian motions.

Example 1.3.29 (From Brownian motion to relativity) Let 7 be the Lévy
subordinator, and for each ¢ > 0 define

fem(s; ) = exp(—m*cts + mcO)fr( (s)

for each s > 0, where m,c > 0.
It is then an easy exercise in calculus to deduce that

/ e—qu'C’m(S; t)ds — eXp{—t[(u + m204)1/2 — mcz]}.
0

Since the map u — (u + m2c*)1/2 — mc? is a Bernstein function that vanishes
at the origin, we deduce that there is a subordinator 7. ;, = (T (t),¢ > 0) for
which each T, (¢) has density f. (- ; t). Now let B be a Brownian motion, with
covariance A = 2¢?I, that is independent of T, ,,; then for the subordinated

process we find, for all p € R4,
nz(p) = —[(|p* + m*cH'/* — mc*]

so that Z is a relativistic process, i.e. each Z(f) has a relativistic distribution as
in Section 1.2.6.

Exercise 1.3.30 Generalise this last example to the case where T is an «-
stable subordinator with 0 < « < 1; see Ryznar [316] for more about such
subordinated processes.

Examples of subordinated processes have recently found useful applications
in mathematical finance and we will discuss this again in Chapter 5. We briefly
mention two interesting cases.

Example 1.3.31 (The variance gamma process) In this case Z(#) = B(T (t))
for each t > 0, where B is a standard Brownian motion and T is an independent
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gamma subordinator. The name derives from the fact that, in a formal sense,
each Z(r) arises by replacing the variance of a normal random variable by a
gamma random variable. Using Proposition 1.3.27, a simple calculation yields

u2 —at
[} =14+ —
Z(r) (1) ( + 2b>

for each t > 0, u € R, where a and b are the usual parameters determining the
gamma process. It is an easy exercise in manipulating characteristic functions
to compute the alternative representation:

Z(t) = G(1) — L(0),

where G and L are independent gamma subordinators each with parameters
V2b and a. This yields a nice financial representation of Z as a difference of
independent ‘gains’ and ‘losses’. From this representation, we can compute that
Z has a Lévy density

Ner

a
L (V2 Py 0.00) (X))

_ x)+e
N X(—00,0) (X)

gv(x) =
For further details, see Madan and Seneta [244].
The CGMY processes are a generalisation of the variance-gamma processes
due to Carr et al. [73, 74]. They are Lévy processes which are characterised by
their Lévy density:

a
|x|l+a

gv(x) = (€ X(=00.0) () + €7 Y (0,00) (1)),

where a > 0,0 < o < 2 and by,by > 0. We obtain stable Lévy processes
when b1 = by = 0. In fact, the CGMY processes are a subclass of the tempered
stable processes. For more details, see Cont and Tankov [81], pp. 119-24 and
the article by Kyprianou and Loeffen in [220].

Example 1.3.32 (The normal inverse Gaussian process) In this case Z(1) =
C(T(t)) + ut for each t > 0, where each C(t) = B(t) + St with B € R. Here
T is an inverse Gaussian subordinator which is independent of B and in which
we write the parameter y = /a2 — 82, where o € R with a>p2.zZ depends
on four parameters and has characteristic function

q)Z(t) (Ol, .B’ 8’ M)(”)

= exp{St[\/oz2 — B2 - \/ot2 —(B+ iu)21| + iutu}
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foreachu e R,z > 0.Here § > Oisasin(1.26). Note that the relativistic process
considered in Example 1.3.29 is a special case of this whereiny = 8 = 0,5 = ¢
and o = mc.

Each Z(7) has a density given by

—1
X — jut X — ut
Jzy(x) = C(a,ﬂ,&u;t)q< 5 ) K (Staq( 5 )) P,

for each x € R, where q(x) = v/T+ %
Cla, B, 8, u51) = g ebIN@ BBt

and K is a Bessel function of the third kind (see Section 5.8).
For further details, see Barndorff-Nielsen [30, 31] and Carr et al. [73].

We now return to general considerations and probe a little more deeply into
the structure of 1z. To this end we define a Borel measure myx 7 on R? — {0} by

my 1(A) = fo Px ) (A)A(dr)

for each A € B(Rd — {0}); A is the Lévy measure of the subordinator 7'. In
fact, myx 7 is a Lévy measure satisfying the stronger condition f0°°(|y| Al
my 1(dy) < 00. You can derive this from the fact that for any Lévy process X
there exists a constant C > 0 such that for each r > 0

IE(X0:1X(0)] < 1)] < Ct AD);
see Sato [323] p. 198, lemma 30.3, for a proof of this.

Theorem 1.3.33 For each u € RY,

nz(u) = by + /R @~ Dy ().
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Proof By Proposition 1.3.27, (1.24) and Fubini’s theorem we find that

nz(u) = by (u) + / (™™ — 1) (ds)
0
= by (u) + / OO[E(e"“’X“”) — 1]n(ds)
0
= bnx (u) + / / (@) — Dpx 5) (dy)r(ds)
0 R4

= bnx () + /R () — Dy 7(dy).

O

More results about subordinators can be found in Bertoin’s Saint-Flour
lectures on the subject [40], chapter 6 of Sato [323] and chapter 3 of Bertoin [39].

1.4 Convolution semigroups of probability measures

In this section, we look at an important characterisation of Lévy processes. We
begin with a definition. Let (p;,# > 0) be a family of probability measures on
RY. We say that it is weakly convergent to 8 if

lim / FOPi(dy) = £(0)
40 JRd

for all f € Cp(RY).

Proposition 1.4.1 IfX is a stochastic process wherein X (t) has law p; for each
t > 0and X(0) = 0 (a.s.) then (p;,t > 0) is weakly convergent to &y if and
only if X is stochastically continuous att = 0.

Proof First, assume that X is stochastically continuous at ¢ = 0 and suppose
that f € Cp(R?) with f # 0; then given any € > 0 there exists § > 0 such that
SUP, ¢ ;o) If () — £ (0)| < €/2 and there exists § > Osuchthat0 <t <8 =
P(IX ()| > 8) < €/(4M), where M = sup, . ga |f (x)|. For such # we then find
that

‘ /R [0~ Opian

< 0 If @) = f(0)|p;(dx) + /

Bs( Bs(0

. [f ) — f (0)Ip (dx)
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< sup [f(x) —f(0)]+2MP(X (1) € Bs(0)°)
xeBs(0)

< €.

Conversely, suppose that (p;,r > 0) is weakly convergent to §y. We use
the argument of Malliavin et al. [246], pp. 98-9. Fix r > 0 and ¢ > 0. Let
fe Cp(R?) with supportin B,(0) be suchthat 0 < f < landf(0) > 1 —(€/2).
By weak convergence we can find 7y > 0 such that

€
< =
2

0<t<ty= ’/ﬂ;{d [f &) —f(0)]p:(dy)

We then find that

P(X®| >r) =1=-P(UX[®O| =7)

IA

1 - / SOpi(dy) =1— f S O)p:(dy)
B, (0) IRd

=1-f0)+ /Rd [f (0) = f ) ]pi(dy)
€ € _
< E + 5 — €.
[

A family of probability measures (p;,t > 0) with pp = §¢ is said to be a
convolution semigroup if

Ds+t = psxp; foralls,t >0,

and such a semigroup is said to be weakly continuous if it is weakly convergent
to &g.

Exercise 1.4.2 Show that a convolution semigroup is weakly continuous if and
only if

lim / FO)ps(dy) = / S )p:(dy)
sit JRd Rd

for all f € C,(R9), t > 0.
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Exercise 1.4.3 Show directly that the Gauss semigroup defined by

1 2
(dx) = ——e /@ gx
pr 2t

for each x e R, t > 0, is a weakly continuous convolution semigroup.

Of course, we can recognise the Gauss semigroup in the last example as giving
the law of a standard one-dimensional Brownian motion. More generally we
have the following:

Proposition 1.4.4 [fX = (X (¢),t > 0) is a Lévy process wherein X (t) has law
p:foreacht > Qthen (p;,t > 0) is a weakly continuous convolution semigroup.

Proof This is straightforward once you have Proposition 1.4.1. ]

We will now aim to establish a partial converse to Proposition 1.4.4.

1.4.1 Canonical Lévy processes

Let (p;,t > 0) be a weakly continuous convolution semigroup of probability
measures on R?. Define @ = {w:RT — R?; »(0) = 0}. We construct a
o-algebra of subsets of 2 as follows: for each n e N, choose 0 < #; < 1, <

. < t, < oo and choose Aj,As,...,A, € B(R?). As in Section 1.1.7, we

define cylinder sets I,? ',?2 A by
A]Az
Iy, ={weQou) A, wl) €A, ..., 0(ty) €Ap}.

Let F denote the smallest o -algebra containing all such cylinder sets. We define
a set-function P on the collection of these cylinder sets by the prescription

P(IAlAz »An)

11,02,...ty

/ P (dy1) / Doty (@2 — y1) - / Doty (@ = Yn1)
Al An

=/ / / XA, DX, 1 +y2) - x4, 1+ y2 A+ yn)
Rd JRd R4

X pr Ay V)P —1,(dy2) - - - Pry—1,_; (dYn). (1.28)

By a slight variation on Kolmogorov’s existence theorem (Theorem 1.1.17)
P extends uniquely to a probability measure on (€2, F). Furthermore if we
define X = (X (1), > 0) by

X (1)(@) = w(1)
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forallw € 2, 1> 0, then X is a stochastic process on 2 whose finite-dimensional
distributions are given by

P(X(t1) €A1, X (12) €A, ..., X () €A,) = P12 ),

11,0255 In

so that in particular each X (¢) has law p;. We will show that X is a Lévy process.
First note that (L1) and (L3) are immediate (via Proposition 1.4.1). To obtain
(L2) we remark that, for any f € By, (R%),

E(f X (), X (12), ..., X (1))

=/Rded-~-/Rdf(y1,y1+yz,-..,y1+yz+~-~+yn)

X pr (@AY D)Pry—1, (dy2) - - Pry—1,_; (dVn).

In fact this gives precisely equation (1.28) when f is an indicator function, and
the more general result then follows by linearity, approximation and dominated
convergence. (L2) can now be deduced by fixing u € R" and setting

n
f(x1,x2,...,x,) =exp iZ(Mj,xj —Xj—1)
Jj=1

for each x € R"; see Sato [323], p. 36 for more details. So we have proved the
following theorem.

Theorem 1.4.5 If (p(t),t > 0) is a weakly continuous convolution semigroup
of probability measures, then there exists a Lévy process X such that, for each
t >0, X(t) has law p(t).

We call X as constructed above the canonical Lévy process. Note that
Kolmogorov’s construction ensures that
F =o{X(t),t > 0).
We thus obtain the following result, which makes the correspondence between
infinitely divisible distributions and Lévy processes quite explicit:

Corollary 1.4.6 If i is an infinitely divisible probability measure on R¢ with
Lévy symbol n, then there exists a Lévy process X such that w is the law
of X (1).

Proof Suppose that p has characteristics (b, A, v); then for each t+ > 0 the
mapping from R? to C given by u — €™ has the form (1.12) and hence,
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by Theorem 1.2.14, for each r > 0 it is the characteristic function of an
infinitely divisible probability measure p(z). Clearly p(0) = §p and, by the
unique correspondence between measures and characteristic functions, we
obtain p(s + 1) = p(s) x p(¢) for each s, > 0. By Glivenko’s theorem we
have the weak convergence p(t) — Jp as ¢ | 0, and the required result now
follows from Theorem 1.4.5. ]

When we specialise the range of the measure to non-negative real numbers,
we obtain the following.

Theorem 1.4.7 If w is an infinitely divisible probability measure on
(R, B(RT)), then there exists a subordinator (T(t),t > 0) wherein T (1) has
law .

Proof By Corollary 1.4.6, there exists a real valued Lévy process (X (¢),¢ > 0)
where X (1) has law . Hence P(X (1) > 0) = 1. We first show that X (t) > 0
(as.) for all 1 € R Since for each n € N, X (1) £ XH+xh+-+xD)
(n times), we must have X (%) > 0 (a.s.), or we obtain a contradiction. Sim-
ilarly, for each r e N, X (%) 4 XH+x) + -+ X (), (r times) and so
we deduce that X (g) > 0 for all g€ Q N R™. For each t > 0, we can find
a sequence of rationals (g, n € N) so that X () = lim,_,» X (g,) in proba-
bility by (L3). Upon extracting a subsequence which converges almost surely

we see that X (f) > 0 (a.s.) as required. Then for all 0 < s < < o0, we
have by (L2),

PX() =X () =PX(@) —X(s) 20)
=PX({t—s5)>0=1,
so X is a subordinator, as required. |

Note Let (p;,7 > 0) be a family of probability measures on R¢. We say that it
is vaguely convergent to & if

lim / FOIpildy) = £ (0),
L0 JRd

for all f € C.(R?). We leave it to the reader to verify that Propositions 1.4.1
and 1.4.4 and Theorem 1.4.5 continue to hold if weak convergence is replaced
by vague convergence. We will need this in Chapter 3.
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1.4.2 Modification of Lévy processes

LetX = (X(),t = 0)and Y = (Y (¢),¢t > 0) be stochastic processes defined
on the same probability space; then Y is said to be a modification of X if, for
eacht > 0, P(X(t) # Y(¢)) = 0. It then follows that X and Y have the same
finite-dimensional distributions.

Lemma 1.4.8 If X is a Lévy process and Y is a modification of X, then Y is a
Lévy process with the same characteristics as X.

Proof (L1) is immediate. For (L2), fix 0 < s < ¢ < oo and let
N(s, 1) ={we X (s)(w) =Y (s)(w) and X (1) (w) = Y (1) (w)}.
It follows that P(N (s, 1)) = 1 since
PN (s,0)°) = {w € Q; X (5)(w) # Y(s)(@) or X (1) (@) # Y ()(w)}
<P(X(s) #Y(9)+P(X(1) # Y1) =0.
To see that Y has stationary increments, let A € B(R?); then

P(Y (1) — Y(s) €A)

P(Y(t) = Y(s) €A, N(s,0)) + P(Y (1) — Y(s) €A, N(s,0))
P(X (1) —X(s) €A, N(s,1))
p
P

IA

(X () — X (s) €A)
(X(t—s)eA)=P(Y(t—s)€A).

The reverse inequality is obtained in similar fashion. Similar arguments can be
used to show that Y has independent increments and to establish (L3).

We then see easily that X and Y have the same characteristic functions and
hence the same characteristics. (]

Note In view of Lemma 1.4.8, we lose nothing in replacing a Lévy process by
a modification if the latter has nicer properties. For example, in Chapter 2, we
will show that we can always find a modification that is right-continuous with
left limits.

1.5 Some further directions in Lévy processes

This is not primarily a book about Lévy processes themselves. Our main aim is
to study stochastic integration with respect to Lévy processes and to investigate



68 Lévy processes

new processes that can be built from them. Nonetheless, it is worth taking a
short diversion from our main task in order to survey briefly some of the more
advanced properties of Lévy processes, if only to stimulate the reader to learn
more from the basic texts by Bertoin [39] and Sato [323]. We emphasise that
the remarks in this section are of necessity somewhat brief and incomplete.
The first two topics we will consider rely heavily on the perspective of Lévy
processes as continuous-time analogues of random walks.

1.5.1 Recurrence and transience

Informally, an R4 -valued stochastic process X = (X (#),t > 0) is recurrent at
x € R? if it visits every neighbourhood of x an infinite number of times (almost
surely) and transient if it makes only a finite number of visits there (almost
surely). If X is a Lévy process then if X is recurrent (transient) at some x € RY,
it is recurrent (transient) at every x € R?; thus it is sufficient to concentrate on
behaviour at the origin. We also have the useful dichotomy that O must be either
recurrent or transient.

More precisely, we can make the following definitions. A Lévy process X is
recurrent (at the origin) if

liminf [ X ()] =0 as.
=00

and transient (at the origin) if
lim | X(#)] =00 a.s.
=00

Aremarkable fact about Lévy processes is that we can test for recurrence or tran-
sience using the Lévy symbol 1 alone. More precisely, we have the following
two key results.

Theorem 1.5.1 (Chung-Fuchs criterion) Fix a > 0. Then the following are
equivalent:

(1) X is recurrent;

2

1
lim Bl (—) du = o0;
440 JB,(0) q—nu
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(3)
. 1
lim sup/ N| ——— ) du = oo.
ql0 JB,0) \g—n)

Theorem 1.5.2 (Spitzer criterion) X is recurrent if and only if

/ ‘R( ! )du:oo,
B, (0) —n(u)

The Chung—Fuchs criterion is proved in Sato [323], pp. 252-3, as is the ‘only
if” part of the Spitzer criterion. For the full story, see the original papers by Port
and Stone [295], but readers should be warned that these are demanding.

By application of the Spitzer criterion, we see immediately that Brownian
motion is recurrent for d = 1,2 and that for d = 1 every «-stable process is
recurrent if 1 < o < 2 and transient if 0 < o < 1. For d = 2, all strictly
a-stable processes are transient when 0 < o < 2. For d > 3, every Lévy
process is transient. Further results with detailed proofs can be found in chapter 7
of Sato [323].

A spectacular application of the recurrence and transience of Lévy processes
to quantum physics can be found in Carmona et al. [70]. Here the existence
of bound states for relativistic Schrodinger operators is shown to be intimately
connected with the recurrence of a certain associated Lévy process, whose Lévy
symbol is precisely that of the relativistic distribution discussed in Section 1.2.6.

forany a > 0.

1.5.2 Wiener—Hopf factorisation

Let X be a one-dimensional Lévy process with cadlag paths (see Chapter 2 for
more about these) and define the extremal processes M = (M (¢),t > 0) and
N = (N(1),t = 0) by

M(t) = sup X(s) and N(t) = 0inf X ().

0<s<t =s=t

Fluctuation theory for Lévy processes studies the behaviour of a Lévy process
in the neighbourhood of its suprema (or equivalently its infima) and a nice
introduction to this subject is given in chapter 6 of Bertoin [39]. For a more
recent introductory approach at a textbook level see Kyprianou [221]. There
is also a comprehensive survey by Doney [96]. One of the most fundamental
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and beautiful results in the area is the Wiener—Hopf factorisation, which we
now describe. First we fix ¢ > O; then there exist two infinitely divisible
characteristic functions qb[']" and bq s defined as follows:

¢F W) = exp[ fo e fo e = pxgg (dx)dt] :

[} 0
¢, (u) = exp [ / tled! / (€™ — Dpx (dx)dt] ,
0 —0o0

for each u € R. The Wiener—Hopf factorisation identities yield a remarkable
factorisation of the Laplace transform of the joint characteristic function of M
and M — X in terms of ¢;r and ¢_". More precisely we have the following.

Theorem 1.5.3 (Wiener-Hopf factorisation) For each q,t > 0, x,y €R,
(0.¢]
Q/ e~ " E(exp(i{xM (1) + y[X (1) — M (1)1}))dt
0

=q f e " E(exp(i{yN (1) + x[X (1) — N(1)]}))dt
0
= ¢ (s )

For a proof and related results, see chapter 9 of Sato [323].

In Prabhu [296], Wiener—Hopf factorisation and other aspects of fluctuation
theory for Lévy processes are applied to a class of ‘storage problems’ that
includes models for the demand of water from dams, insurance risk, queues
and inventories.

1.5.3 Local times

The local time of a Lévy process is arandom field that, for each x € R4, describes
the amount of time spent by the process at x in the interval [0, 7]. More precisely
we define a measurable mapping L:RY x RT x @ — R* by

t

. 1
L(x,t) = lim sup o X{1X (5)—x| <€} ds,
€10 € Jo

and we have the ‘occupation density formula’

t o0
/ fX(s))ds = / FX)L(x,H)dx a.s.
0 —00
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for all non-negative f € B,(R?). From this we gain a pleasing intuitive
understanding of local time as a random distribution, i.e.

t
L(x,t):/ 8(Jx — X (s)|) ds,
0

where § is the Dirac delta function.

It is not difficult to show that the map ¢+ — L(x,¢) is continuous almost
surely; see e.g. Bertoin [39], pp. 128-9. A more difficult problem, which was
the subject of a great deal of work in the 1980s and 1990s, concerns the joint
continuity of L as a function of x and 7. A necessary and sufficient condition
for this, which we do not state here as it is quite complicated, was established
by Barlow [21] and Barlow and Hawkes [20] and is described in chapter 5 of
Bertoin [39], pp. 143-50. The condition is much simpler in the case where X
is symmetric. In this case, we define the 1-potential density of X by

uly) = /0 e_tpx(t) (y) dt

for each u € R? and consider the centred Gaussian field (G(x), x € R?) with
covariance structure determined by u, so that for each x,y € R,

E(GMGH)) = ulx —y).

The main result in this case is that the almost-sure continuity of G is a nec-
essary and sufficient condition for the almost-sure joint continuity of L. This
result is due to Barlow and Hawkes [20] and was further developed by Marcus
and Rosen [252]. The brief account by Marcus in [22] indicates many other
interesting consequences of this approach.

Another useful property of local times concerns the generalised inverse
process at the origin, i.e. the process Ly 1 — (Ly l(t),t > 0), where each
Lo_l(t) = inf{s > 0;L(0,s) > r}. When the origin is ‘regular’, so that X
returns to O with probability 1 at arbitrary small times, then L, Uis a killed
subordinator and this fact plays an important role in fluctuation theory; see e.g.
chapters 5 and 6 of Bertoin [39].

1.5.4 Regular Variation and Subexponentiality

For the final topic in this chapter we briefly discuss an important analytic topic
in probability theory which has an increasing number of important applica-
tions to infinite divisibility, Lévy processes and stochastic integrals built from
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these. Suppose that X is a real-valued random variable. We are particularly
interested in the asymptotic behaviour of F(x) = P(JX| > x) as x — oo. Of
course limx_mof(x) = 0, but how fast is this decay ? In Section 1.2.5, we
have observed that for a Gaussian random variable this decay is exponentially
fast. This is the hallmark of ‘light tails’. On the other hand, for stable random
variables the decay is at a slower polynomial rate and this is an indication of
‘heavy tails’. To generalise the heavy-tailed behaviour we find in the stable
case, we will make a definition.

Fixd > 0 and let g:[d,00) — [0,00) be a measurable function. We say
that g is regularly varying of degree o € R if

lim gex) =c*
X—00 g(x)

s

for all ¢ > 0. We will denote the class of regularly varying functions of degree «
onR™ by R, . Elements of the class R are said to be slowly varying. Examples
of functions in R are x — log(1 4+ x) and x — loglog(e + x). Clearly g € R,
if and only if there exists / € Ry such that

g(x) = I(x)x*,

for all xeR*. The following representation theorem for slowly varying
functions can be found in Bingham et al. [50].

Theorem 1.5.4 [ € Ry if and only if there exist measurable functions c and €
defined on R* with c(x) — ¢ > 0 and €(x) — 0 as x — oo, such that for all
xeRT,

l(x) = c(x) exp{ ' @dy} .
o Y

In probability theory, we are generally trying to investigate regular variation
with @ < 0 of F for e.g. a non-negative random variable X . In this case we
write X € R_, for some o > 0, whenever px € R_,. A typical example is
the Pareto distribution with parameters K, 8 > 0 which has density f (x) =
BKP /(K + x)'TP. Here we have F (x) = (K/K + x)P and it is easily verified
that F e R_ g, forall K > 0. We remark in passing that the Pareto distribution is
not only infinitely divisible, but also self-decomposable (see e.g. Thorin [348]).

At this stage, the concept of regular variation appears to be largely analytical
and devoid of direct probabilistic significance. In order to gain greater insight,
we make another definition. Let ;1 be a probability measure defined on R™ and F



1.5 Some further directions in Lévy processes 73

be the associated distribution function, so that for each x > 0, F(x) = ([0, x]).
We say that u is subexponential if

fim FXFO (1.29)
X—00 F(x)

If X is a random variable with distribution p, it is said to be subexponential if
w is. In this case, if X1, X> are independent copies of X, then (1.29) becomes

PX1 + X3 > x)
im —————— =
x—00  P(X > x)

If you are seeing it for the first time, this definition may seem obscure. Have
patience and note first of all that

P(max{X,X>} > x) = P({X; > x} U {Xy > x})
=PX;1>x)+PX> >x)—PX1 >x)P(X2 > x)
=2P(X > x)— P(X > x)°
~2P(X > x),
so that X is subexponential if and only if
P(X1 + X7 > x) ~ P(max{X1, X3} > x). (1.30)
In fact p is subexponential if and only if

) F*1(x)
lim ——= =n, (1.31)
x—0o0  F(x)

for some (equivalently, all) n > 2. Note however that the following condition
is sufficient for subexponentiality (see e.g. Embrechts et al. [108])

7
limsup ) <2, (1.32)
x—oo  F(x)

(1.30) and its extension to n random variables via (1.31) gives us a clear
probabilistic insight into the significance of subexponential distributions. They
encapsulate the ‘principle of parsimony’ whereby in a model in which there are
many i.i.d. sources of randomness, a rare event takes place solely because of
the behaviour of one random factor rather than incremental contributions from
more than two of these.
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There are two questions you may be asking at this stage. First, why are these
distributions called ‘subexponential’ and second, what does any of this have to
do with regular variation? To answer the first question, it can be shown (see
e.g. Embrechts et al. [108]) that if i is subexponential then for all € > 0,

lim e*F (x) = oo,
X—> 00

so that F(x) decays to zero more slowly than any negative exponential and
hence is ‘sub’ (i.e. less potent than an) exponential. Using the asymptotic esti-
mate given in Section 1.2.5, we see easily that a normal distribution cannot
be subexponential. Indeed, from a modelling point of view, this is a paradigm
example of ‘light tails’ wherein rare events happen through a conspiracy of
more than one random factor.

To answer the second question, we have the following.

Theorem 1.5.5 If X € R_,, for some a > 0, then X is subexponential.
Proof. Let X1 and X» be independent copies of X . Given any € > 0, we have
foreachx > 0
PXi1 +X2 > x)
<SPXi>—-e)x)+PXo> (1 —e€)x)+PX| > €x, X2 > €x)
=2P(X > (1 —ex)) + P(X > ex)*.

Hence
. PX| + X3 > x)
limsuyp ———
X— 00 P(X > .X)
PX > (1 — P(X 2
X—>00 P(X > x) r—oo PX >x)

=2(1—e) ™% 4+e20.

Now take limits of both sides as € — 0 and apply (1.32) to obtain the required
result. (|

From the optimal modelling perspective on heavy tails, the subexponential
distributions are the ideal class, but the subclass of regularly varying distri-
butions are ubiquitous in probability theory, partly because they have a richer
mathematical structure. For example:

e If X and Y are independent random variables for which X e R_, and
Y eR_gthen X + Y € Ruax{—a,—p) (see the proof by G.Samorodnitsky in
the appendix to Applebaum [12]).
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e If X and Y are independent and subexponential, examples are known for
which X + Y is not subexponential (see Leslie [227] and also theorem 5.1 in
Goldie and Kliippelberg [137]).

Before we give some applications of these ideas, we present a useful tool
which connects asymptotic behaviour of a function at infinity with that of its
Laplace transform at zero. If F' : RT — RT is adistribution function, we define
its Laplace-Stieltjes transform by

F(s) = / - e ¥ F(dx),
0

for each s > 0.

Theorem 1.5.6 (Karamata’s Tauberian theorem) [f] € Ry andc,p > 0, the
following are equivalent:
cxPl(x)

(i) F(x)~ masx% 0.

(ii) F(s) ~ cs™Pl <%> ass | 0.

It is also useful to have a version of this theorem which works for densities,
so let f :RT — R* be measurable, monotonic decreasing and such that its
Laplace transform f (s) = fooo e %f (x)dx exists for all s > 0.

Theorem 1.5.7 Ifl € Ry and c > 0, p > —1, the following are equivalent:

(i) f(X)NFC(xf—:Ex;)asxa 0.

(ii) f(s) ~ cs™PL (%) ass | 0.

Proofs of Theorems 1.5.6 and 1.5.7 can be found in Bingham et al. [S0]. More
general conditions than the one that f is monotonic decreasing under which this
theorem holds are given in Theorem 1.7.5 therein.

We will now give three applications of these ideas within the realm of infinite
divisibility.

(i) Regular variation of non-Gaussian stable laws
We have already discussed the polynomial decay of tail probabilities for
non-Gaussian stable laws in Section 1.2.5. Here we give a short proof of
this and an explicit determination of the constant C,, following the elegant
proof in Samorodnitsky and Taqqu [319], for the case of the «-stable
subordinator T = (7'(¢),t > 0) described in Example 1.3.18. We recall
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that in this case, 0 < « < 1 and for each 7,u > 0, E(e *T®) = ¢~ For
each r > 0, we integrate by parts to obtain:

f e P(T(@) > x)dx = — — —/ e "dFr,(x)
0 u uJo

1 —E(eT1)
u

1— e—tu“

u

~w® ' as u 0.

Hence by Theorem 1.5.7,

t
P(T(t) >x) ~ mx_“, as x — oo.

(ii)) Domains of attraction for non-Gaussian stable laws

We recall from Section 1.2.5 that stable laws arise via the general central
limit theorem. We’ll look at this from a slightly different point of view, so
let py be an a-stable probability measure on R(0 < o < 2). Let i be an arbi-
trary probability measure on R with associated distribution function F' and
let (Y, n € N) be asequence of i.i.d. random variables with common law 1.
Now suppose that we can find a sequence (a,, n € N) of positive numbers
and a sequence (b,, n € N) of real numbers, so that the sequence of prob-

Nn+r+---+Y,—by

an
converges weakly to p. In this case we say that u is in the domain of attrac-

tion of p. Necessary and sufficient conditions are known which completely
classify such domains of attraction. In fact w is in the domain of attraction
of py if and only if there exists [ € Rp and ¢1,¢2 > O withc; +¢2 > 0
such that

ability measures whose nth term is the law of

c1+o(1)

F(=9) = “—=1().  and F(x):%;(l)

I(x), as x — oo.

Further details can be found in Feller [119], Bingham et al. [50] and
Embrechts et al. [108].
(i) Tail equivalence for infinitely divisible laws
If 14 is an infinitely divisible probability measure defined on R™, then by
Theorem 1.4.7 it is the law of some subordinator. Hence the only source
of randomness is through the Lévy measure v. We will find it convenient
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below to introduce the obvious notation v(x) = v([x, 00)), for eachx > 0.
In the a-stable case, we have already seen that the regular variation of

wu is intimately connected with that of its Lévy density f, (x) = C e
X

for all x > 0, where C > 0. We can now ask the question, whether we

can classify all regularly varying infinitely divisible laws by means of their

Lévy measures. The answer is yes, as the following theorem demonstrates:

Theorem 1.5.8 (Tail equivalence) Let F be the distribution function of
an infinitely divisible probability measure defined on R™ with associated
Lévy measure v.
(a) Ifa > 0, then F € R_q if and only if V € R_q and in either case we
F
have limy_, ﬁ =1
V(x
(b) The following are equivalent:
(i) F is subexponential.
(ii) The probability measure L defined on [1,00) is subex-
v([1,00))

ponential.
(iii) F(x) ~ v((x,00)) asx — o0.

The proof of (a) is found in Feller [ 1 19] and further clarified in Proposition 0
of Embrechts and Goldie [110]. (b) is established in Embrechts ef al. [109].
When you’ve met the Lévy-Itd decomposition, which is one of the main
themes of the next chapter, you will see that these results tell us that
from a dynamical point of view ‘large deviations’ in the tail behaviour are
associated with ‘large jumps’, and this is fully consistent with the principle
of parsimony.

There are many other important applications of regular variation and subex-
ponentiality in e.g. extreme value theory and insurance. See e.g. Embrechts et al.
[108] for further details. Standard references for regular variation are Bingham
etal.[50] and Resnick [303]. Goldie and Kliippelberg [ 137] is a valuable review
article about subexponentiality. For more on the theme of heavy tails see the
notes by Samorodnitsky [320] and the recent book by Resnick [305].

We close this section by indicating how to extend the regular variation con-
cept, not only to R but to the multivariate case. In fact the extension to the
real line is easy and was already effectively carried out when we looked at
domains of attraction above. To motivate the definition in the multivariate case,
we begin by considering a real-valued random variable X and observe that for
X #0,X/|X| takes values in the ‘zero-sphere’ S° = {—1, 1}. We note that for
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each x,c > 0,

P(X|>cx)  PUXI>cx.gp=1  P(X|>ex g =—1)
P(X|>x) P(X| > x) P(X| > x) ’

and so a sufficient condition for |X | € R_, for some « > 0 is that there exists
p.q > 0 with p + g = 1 such that

PIX|>cx, =1 p

lim = — and
xX— 00 P(X| > x) c®
~ P(X| >cx,%:—l) q
lim = —.
X—>00 P(X| > x) c¥

We observe that the pair of numbers p and ¢ induce a (Bernoulli) probability
measure on S°. This gives us an important clue as to how to make a multivariate
generalisation. We now let X be an R¢-valued random variable. We say that
X is regularly varying of degree —a, where o > 0 if there exists a probability
measure o on B(S¢~1) such that for all ¢ > 0,

X
P(|X|>cx,m€~) _ 1

R T A (1.33)

where the limit is taken in the sense of weak convergence of probability mea-
sures. Multivariate regular variation is currently an area of considerable activity.
A nice review can be found in Resnick [304]. Hult and Lindskog [162] have
recently extended the tail equivalence result of Theorem 1.5.8 to the case of mul-
tivariate infinitely divisible random vectors. Indeed they have established that
such a random variable has regular variation in the sense of (1.33) if and only
if the associated Lévy measure has regular variation. Moreover the measure o
is the same in each case.

1.6 Notes and further reading

The Lévy—Khintchine formula was established independently by Paul Lévy
and Alexander Khintchine in the 1930s. Earlier, both B. de Finetti and A.
Kolmogorov had established special cases of the formula. The book by
Gnedenko and Kolmogorov [140] was one of the first texts to appear on this
subject and it is still highly relevant today. Proofs of the Lévy—Khintchine for-
mula often appear in standard graduate texts in probability; see e.g. Fristedt
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and Gray [123] or Stroock [342]. An alternative approach, based on distribu-
tions, which has been quite influential in applications of infinite divisibility to
mathematical physics, may be found in Gelfand and Vilenkin [130]. Another
recent proof, which completely avoids probability theory, is given by Jacob and
Schilling [178]. Aficionados of convexity can find the Lévy—Khintchine formula
deduced from the Krein—Milman theorem in Johansen [192] or in Appendix 1
of Linnik and Ostrovskii [236]. A pleasing geometric interpretation of infinite
divisibility, based on insights due to K.Itd, is given in Stroock [344].

As the Fourier transform generalises in a straightforward way to general
locally compact abelian groups, the Lévy—Khintchine formula can be gener-
alised to that setting; see Parthasarathy [289]. Further generalisations to the
non-abelian case require the notion of a semigroup of linear operators (see
Chapter 3); a classic reference for this is Heyer [150]. A more recent survey by
the author of Lévy processes in Lie groups and Riemannian manifolds can be
found in the volume [26], pp. 111-39. For a thorough study of Lévy processes
in Lie groups at a monograph level, see Liao [232].

Lévy processes are also studied in more exotic structures based on extensions
of the group concept. For processes in quantum groups (or Hopf algebras) see
Schiirmann [330], while the case of hypergroups can be found in Bloom and
Heyer [56].

Another interesting generalisation of the Lévy—Khintchine formula is to the
infinite-dimensional linear setting, and in the context of a Banach space the
relevant references are Araujo and Giné [ 14] and Linde [235]. The Hilbert-space
case can again be found in Parthasarathy [289]. Arecent monograph by H. Heyer
[151] contains proofs of the Lévy-Khintchine formula in both the Banach space
and locally compact abelian group settings.

The notion of a stable law is also due to Paul Lévy, and there is a nice
early account of the theory in Gnedenko and Kolmogorov [140]. A number of
books and papers appearing in the 1960s and 1970s contained errors in either
the statement or proof of the key formulae in Theorem 1.2.21 and these are
analysed by Hall in [146]. Accounts given in modern texts such as Sato [323]
and Samorodnitsky and Taqqu [319] are fully trustworthy.

In Section 1.2.5, we discussed how stable and self-decomposable laws arise
naturally as limiting distributions for certain generalisations of the central
limit problem. More generally, the class of all infinitely divisible distribu-
tions coincides with those distributions that arise as limits of row sums of
uniformly asymptotically negligible triangular arrays of random variables. The
one-dimensional case is one of the main themes of Gnedenko and Kolmogorov
[140]. The multi-dimensional case is given a modern treatment in Meerschaert
and Scheffler [257]; see also chapter VII of Jacod and Shiryaev [183].
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The concept of a Lévy process was of course due to Paul Lévy and readers
may consult his books [228, 229] for his own account of these. The key modern
references are Bertoin [39] and Sato [323]. For a swift overview of the scope of
the theory, see Bertoin [41]. Fristedt [124] is a classic source for sample-path
properties of Lévy processes. Note that many books and articles, particularly
those written before the 1990s, call Lévy processes ‘stochastic processes with
stationary and independent increments’. In French, this is sometimes shortened
to ‘PSI’.

A straightforward generalisation of a Lévy process just drops the requirement
of stationary increments from the axioms. You then get an additive process.
The theory of these is quite similar to that of Lévy processes, e.g. the Lévy—
Khinchine formula has the same structure but the characteristics are no longer
constant in time. For more details, see Sato [323] and also the monograph
by Skorohod [338]. Another interesting generalisation is that of an infinitely
divisible process, i.e. a process all of whose finite-dimensional distributions are
infinitely divisible. Important special cases are the Gaussian and stable pro-
cesses, whose finite-dimensional distributions are always Gaussian and stable,
respectively. Again there is a Lévy—Khinchine formula in the general case,
but now the characteristics are indexed by finite subsets of [0, 00). For further
details, see Lee [224] and Maruyama [256].

Subordination was introduced by S. Bochner and is sometimes called ‘sub-
ordination in the sense of Bochner’ in the literature. His approach is outlined in
his highly influential book [57]. The application of these to subordinate Lévy
processes was first studied systematically by Huff [160]. If you want to learn
more about the inverse Gaussian distribution, there is a very interesting book
devoted to it by V. Seshradi [331].

Lévy processes are sometimes called ‘Lévy flights’ in physics: [335] is a
volume based on applications of these, and the related concept of the ‘Lévy
walk’ (i.e. a random walk in which the steps are stable random variables), to a
range of topics including turbulence, dynamical systems, statistical mechanics
and biology.

1.7 Appendix: An exercise in calculus

Here we establish the identity

o __ o /oo(l_ —MX)
“TTad—ao ¢

whereu > 0,0 <o < 1.

dx
I+a’
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This was applied to study «-stable subordinators in Section 1.3.2. We follow
the method of Sato [323], p. 46, and employ the well-known trick of writing a
repeated integral as a double integral and then changing the order of integration.
We thus obtain

o0 o0 X
/ (1 —e ™ 17%x = —f (/ ue_”ydy> x 1%
0 0 0
o o
= —/ (/ xl"‘dx) ue "dy
0 y

u (o9} u(x o0
= —/ e Wy %y = —/ e 'x %dx
0 @ Jo

o

o

u
=—T(-a),
o

and the result follows immediately.
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Martingales, stopping times and
random measures

Summary  We begin by introducing the important concepts of filtration, martingale
and stopping time. These are then applied to establish the strong Markov property for
Lévy processes and to prove that every Lévy process has a cadlag modification. We then
meet random measures, particularly those of Poisson type, and the associated Poisson
integrals, which track the jumps of a Lévy process. The most important result of this
chapter is the Lévy—Itd decomposition of a Lévy process into a Brownian motion with
drift (the continuous part), a Poisson integral (the large jumps) and a compensated
Poisson integral (the small jumps). As a corollary, we complete the proof of the Lévy—
Khintchine formula. We then obtain necessary and sufficient conditions for a Lévy
process to be of finite variation and also to have finite moments. Finally, we establish
the interlacing construction, whereby a Lévy process is obtained as the almost-sure limit
of a sequence of Brownian motions with drift wherein random jump discontinuities are

inserted at random times.

In this chapter, we will frequently encounter stochastic processes with cadlag
paths (i.e. paths that are continuous on the right and always have limits on
the left). Readers requiring background knowledge in this area should consult
Appendix 2.9 at the end of the chapter.

Before you start reading this chapter, be aware that parts of it are
quite technical. If you are mainly interested in applications, feel free to
skim it, taking note of the results of the main theorems without worry-
ing too much about the proofs. However, make sure you get a ‘feel’ for
the important ideas: Poisson integration, the Lévy-Itd decomposition and
interlacing.

82
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2.1 Martingales
2.1.1 Filtrations and adapted processes

Let F be a o-algebra of subsets of a given set Q. A family (F;,¢ > 0) of sub
o-algebras of F is called a filtration if

Fs € F; whenevers < t.

A probability space (2,F,P) that comes equipped with such a family
(F:,t > 0) is said to be filtered. We write Foo = \/l>0 Fi. A family of o-
algebras (G;,t > 0) is called a subfiltration of (F;,t > (_)) if G, € F; for each
t>0.

Now let X = (X (#),t > 0) be a stochastic process defined on a filtered
probability space (€2, F, P). We say that it is adapted to the filtration (or F;-
adapted) if

X () is F;-measurable for each r > 0.

Any process X is adapted to its own filtration ftX =0{X(s);0 <s <t}and
this is usually called the natural filtration.
Clearly, if X is adapted we have

EX (s)|Fs) = X(s) as.
The intuitive idea behind an adapted process is that F; should contain all

the information needed to predict the behaviour of X up to and including
time ¢.

Exercise 2.1.1 If X is F;-adapted show that, for all r > 0, ]—",X C F;.

Exercise 2.1.2 Let X be a Lévy process, which we will take to be adapted to
its natural filtration. Show that for any f € By (Rd), 0<s<t<oo,

E(f (X (1)|F) = fR PO + (),

where p; is the law of X (¢) for each r > 0. (Hint: Use Lemma 1.1.9.)
Hence deduce that any Lévy process is a Markov process, i.e.

E(f (X (0)|FX) = EF X)X () as.

The theme of this example will be developed considerably in Chapter 3.
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Let X and Y be F;-adapted processes and let o, €R; then it is a
simple consequence of measurability that the following are also adapted
processes:

e aX 4+ BY = (aX () + BY(t),t = 0);

* XY =X(®0Y(®),1=0);

e f(X)=(f(X(#)),t > 0) where f is a Borel measurable function on RY;

o lim,_ 0 X, = (lim,— o0 X, (1), ¢ > 0), where (X, n € N) is a sequence of
adapted processes wherein X,,(#) converges pointwise almost surely for each
t>0.

When we deal with a filtration (F;, t > 0) we will frequently want to compute
conditional expectations E(-|F;) for some s > 0, and we will often find it
convenient to use the more compact notation E(-) for this.

It is convenient to require some further conditions on a filtration, and we
refer to the following pair of conditions as the usual hypotheses. These are
precisely:

(1) (completeness) Fp contains all sets of P-measure zero (see Section 1.1);
(2) (right continuity) F; = Fyy, where Fry = (oo Fite-

Given a filtration (F;,¢ > 0) we can always enlarge it to satisfy the com-
pleteness property (1) by the following trick. Let N denote the collection of
all sets of P-measure zero in F and define G; = F; vV N for each t > 0; then
(G:,t > 0) is another filtration of F, which we call the augmented filtration.
The following then hold:

e any F;-adapted stochastic process is G;-adapted;
e for any integrable random variable Y defined on (2, F,P), we have
E(Y|G;) = E(Y|F;) (a.s.) foreach r > 0.

If X is a stochastic process with natural filtration FX then we denote the
augmented filtration as GX and call it the augmented natural filtration.

The right-continuity property (2) is more problematic than (1) and needs to
be established on a case by case basis. In the next section, we will show that
it always holds for the augmented natural filtration of a Lévy process, but we
will need to employ martingale techniques.

2.1.2 Martingales and Lévy processes

Let X be an adapted process defined on a filtered probability space that also
satisfies the integrability requirement E(|X (#)|) < oo for all # > 0. We say that
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it is a martingale if, forall 0 < s < t < 00,
EX@)|Fs) =X (s) as.

Note that if X is a martingale then the map t — E(X (¢)) is constant.
We will find the martingale described in the following proposition to be of
great value later.

Proposition 2.1.3 If X is a Lévy process with Lévy symbol n, then, for each
ueR4 M uw = (M (t),t > 0) is a complex martingale with respect to FX where
each

M, (1) = exp [i(u, X (1)) — tn(w)].

Proof E(JM,(¢)|) = exp [—tR(n(u))] < oo foreach t > 0.
Foreach 0 <s <t,write M, (t) = M, (s) exp [i(u, X (t) — X (5))—(—s)n(w)];
then by (L2) and Theorem 1.3.3

EM, ()| F) = My () E(exp [i(u, X (t — 5)]) exp[ — (t — )n(w)]
= Mu(s)

as required. O

Exercise 2.1.4 Show that the following processes, whose values at each r > 0
are given below, are all martingales:

(1) C(t) = oB(t), where B(t) is a standard Brownian motion in R” and o is a
d x m matrix.

(2) |C()|* —tr(A) t, where A = 5o,

3) expl(u,C()) — %(u,Au)t] where u € R?.

(4) N(r) where N is a compensated Poisson process with intensity A (see
Section 1.3.1).

(5) N@)% — at.

6) (E(Y|F:),t = 0) where Y is an arbitrary random variable in a filtered
probability space for which E(|Y]) < oo.

Martingales that are of the form (6) above are called closed. Note that in (1)
to (5) the martingales have mean zero. In general, martingales with this latter
property are said to be centred. A martingale M = (M (t),t > 0) is said to be
L? (or square-integrable) if E(|M (1)|*) < oo for each ¢ > 0 and is continuous
if it has almost surely continuous sample paths.
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One useful generalisation of the martingale concept is the following.
An adapted process X for which E(|X(¢#)]) < oo for all + > 0O is a
submartingale if, forall0 <s <t < 00,1 <i <d,

EXi(D)|F5) = Xi(s)  as.

We call X a supermartingale if —X is a submartingale.

By a straightforward application of the conditional form of Jensen’s inequal-
ity we see that if X is a real-valued martingale and if f : R — R is convex
with E(|f (X (¢))]) < oo for all #+ > 0 then f (X) is a submartingale. In partic-
ular, if each X (r) > 0 (a.s.) then (X (¢)?,¢t > 0) is a submartingale whenever
1 <p<oocand E(IX(#)|P) < oo forall t > 0.

A vital estimate for much of our future work is the following.

Theorem 2.1.5 (Doob’s martingale inequality) If (X (¢),t > 0) is a positive
submartingale then for any p > 1 and for all t > 0,

E ( sup X(s)P) < EX@®)7),

0<s<t

where 1/p+1/qg = 1.

See Williams [358], p. A143, for a nice proof in the discrete-time case and
Dellacherie and Meyer [88], p. 18, or Revuz and Yor [306], section 2.1, for
the continuous case. Note that in the case p = 2 this inequality also holds
for vector-valued martingales, and we will use this extensively below. More
precisely, let X = (X (¢),¢ > 0) be a martingale taking values in R4, Then the
component X;(H)2,1 > 0) is a real-valued submartingale foreach 1 <i <d
and so, by Theorem 2.1.5, we have for eacht > 0

(sup |X(s)|2> < ZE ( sup X(s)z) < Z4E(X )%

0<s<t 0<s=<t il
= 4E(X ()]).
If we combine Doob’s martingale inequality with the Chebychev—Markov

inequality, we easily deduce the following tail estimate for a positive submartin-
gale X wherec > 0,p > land ¢ > O:

P ( sup X (s) > c) < (%)p EX (1)!).

0<s<t
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A more powerful martingale inequality, also due to Doob, gives an improved
bound and also allows us to include the case p = 1.

Theorem 2.1.6 (Doob’s tail martingale inequality) If (X (¢),t > 0) is a
positive submartingale then for any ¢ > 0,p > 1 andt > 0

p
P ( sup X (s) > c> < <1> EX (1)?).
0<s<t ¢

We will also need the following technical result.

Theorem 2.1.7 Let M = (M (t),t > 0) be a submartingale.

(1) For any countable dense subset D of R, the following left and right limits
exist and are almost surely finite for eacht > 0:

M (s).
t

N

M@—)= lim M(s); M@+)= lim
€D,stt seDys|

(2) If the filtration (F;,t > 0) satisfies the usual hypotheses and if the map
t — EWM (v)) is right-continuous, then M has a cadlag modification.

In fact (2) is a consequence of (1), and these results are both proved in
Dellacherie and Meyer [88], pp. 73—-6, and in Revuz and Yor [306], pp. 63-5.

The proofs of the next two results are based closely on the accounts of
Bretagnolle [65] and of Protter [298], chapter 1, section 4.

Theorem 2.1.8 Every Lévy process has a cadlag modification that is itself a
Lévy process.

Proof Let X be a Lévy process that is adapted to its own augmented natural
filtration. For each u € R? we recall the martingales M, of Proposition 2.1.3.
Let D be a countable, dense subset of RT. By splitting M,, into its real and
imaginary parts and using the fact that these are also martingales it follows
from Theorem 2.1.7(1) that at each ¢ > 0 the left and right limits M, (r—) and
M, (t+) exist along D almost surely. Now for each u € R?, let O, be that subset
of © for which these limits fail to exist; then O = |, cQd O, is also a set of
P-measure zero.

Fix w € O° and for each t > 0 let (s,,n € N) be a sequence in D increas-
ing to . Let X1 (7)(w) and x%(1)(w) be two distinct accumulation points of the
set {X (s,)(w), n € N}, corresponding to limits along subsequences (s,,, n; € N)
and (snj, n; € N), respectively. We deduce from the existence of M, (t—) that
limg, 1, /X 2)(@) exists and hence that x! (1) (@) and x*(¢)(w) are both finite.
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Now choose u € Q¢ such that (u,xt1 (w) — xtz(w)) # 2nm for any n € Z. By
continuity,

lim &/ @X Gn) @) — ei(u,x}(w)) and lim ei(u,X (sn)(@)) _ ei(u,x,z(w))
sy Mt San ’

and so we obtain a contradiction. Hence X always has a unique left limit along
D, atevery t > 0 on O°. A similar argument shows that it always has such right
limits on OF. It then follows from elementary real analysis that the process Y
is cadlag, where for each r > 0

limg e py 11 X () (@) ifwe 0",

Y0 = {0 ifweo.

To see that Y is a modification of X, we use the dominated convergence theorem
for each r > 0 to obtain

E(ei(u,Y(l)*X(f))) — lim E(ei(u,X(S)*X(l))) =1
seD,s|t ’

by (L2) and (L3) in Section 1.3 and Lemma 1.3.2.
Hence P({w, Y(¢)(w) = X(t)(w)}) = 1 as required. That Y is a Lévy
process now follows immediately from Lemma 1.4.8. (|

Note. Readers should be mindful that for stochastic processes ‘cadlag’ should
always be read as ‘a.s. cadlag’. Hence if X is a cadlag Lévy process, then there
exists ¢ € F with P(29) = 1 such that r — X (#)(w) is cadlag for all w € Q.

Example 2.1.9 It follows that the canonical Lévy process discussed in Section
1.4.1 has a cadlag version that lives on the space of all cadlag paths starting at
zero. A classic result, originally due to Norbert Wiener (see [354, 355]), modifies
the path-space construction to show that there is a Brownian motion that lives
on the space of continuous paths starting at zero. We will see below that a
general Lévy process has continuous sample paths if and only if it is Gaussian.

We can now complete our discussion of the usual hypotheses for Lévy
processes.

Theorem 2.1.10 If X is a Lévy process with cadlag paths, then its augmented
natural filtration is right-continuous.

Proof For convenience, we will write GX = G. First note that it is sufficient to
prove that

G = m gt+l/n
neN
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for each t > 0, so all limits as w |, f can be replaced by limits as n — oo. Fix
t,81,....8m>0and uy,...,uy < R4, Qur first task is to establish that

E | exp iZ(Mj,X(sj)) Gi

j=1

=E | exp iZ(uj,X(sj)) G+ |- 2.1)

j=1

Now, (2.1) is clearly satisfied when max;<j<, s; < t and the general case
follows easily when it is established for min;<j<,, s; > 7, as follows. We take
m = 2 for simplicity and consider s > s; > f. Our strategy makes repeated
use of the martingales described in Proposition 2.1.3. We begin by applying
Proposition 1.1.6 to obtain

E(exp {il(u1,X (51)) + (u2.X (s2)1}|Gr+)
= lim E(exp{il (a1, X (s0)) + (2, X (s2)1}{Go)

= exp [s2n(u2)] Li)Ij}E(eXp [i(u1, X (51)] Mo, (52)|Guw)

exp [s2n(u2)] grﬁE(exp [i(u1. X (s1))] Muy (51)|Gw)

= exp [(s2 — s)n(u2) + sin(ur + u2)] glﬁ EMy, 4u, (s1)|1Gw)

[
[
exp [(s2 — s)n(u2)] H}rﬁ E(exp [i(u1 + u2,X (s1))]|Gw)
[
[

exp [(s2 — s)n(u2) + s1n(u1 + u2) | grf} Moy 4y (W)
= limexp [i(u) + u2, X (w))]
wlt

x exp [(s2 = s1)n2) + (51— w)n(ur + )]
= exp [i(ur + u2, X (1))] exp [(s2 — s1)n@u2) + (s1 — N (ur + u2)]
= E(exp {il(u1, X (1)) + (2, X (2))1}]Gy).
where, in the penultimate step, we have used the fact that X is cadlag.

Now let X = (X(s1),...,X (s,)); then by the unique correspondence
between characteristic functions and probability measures we deduce that

PX™|G ) = P(X™|G,) as.
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and hence, by equation (1.1), we have

E(g(X (s1),- - X 5m))|Grt) = E(¢(X (s1), .., X (5m)))|G1)

for all g: R4 _s R with E(lgX(s1),...,X(sm))|) < oo. In particular, if we
vary t,m and sy, . . ., s, we can deduce that

P(A|Gi+) = P(A|Gy)
for all A € G. Now, suppose that A € G, ; then we have
xa = P(AlGy) = P(AIG) = E(xalGy) as.

Hence, since G; is augmented, we deduce that G, < G, and the result
follows. O

Some readers may feel that using the augmented natural filtration is an unnec-
essary restriction. After all, nature may present us with a practical situation
wherein the filtration is much larger. To deal with such circumstances we will,
for the remainder of this book, always make the following assumptions:

e (Q,F,P) is a fixed probability space equipped with a filtration (F;,¢ > 0)
that satisfies the usual hypotheses;

e every Lévy process X = (X (¢),t > 0) is assumed to be F;-adapted and to
have cadlag sample paths;

® X (t) — X (s) is independent of F forall0 < s <t < oo.

Theorems 2.1.8 and 2.1.10 confirm that these are quite reasonable
assumptions.

2.1.3 Martingale spaces

We can define an equivalence relation on the set of all martingales on a
probability space by the prescription that M| ~ M, if and only if M is a mod-
ification of M. Note that by Theorem 2.1.7 each equivalence class contains a
cadlag member.

Let M be the linear space of equivalence classes of Fj-adapted L>-
martingales and define a (separating) family of seminorms (|| - ||, 7 > 0) by the
prescription

M|l = E(M )2

then M becomes a locally convex space with the topology induced by these
seminorms (see chapter 1 of Rudin [315]). We call M a martingale space.
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For those unfamiliar with these notions, the key point is that a sequence
(M, neN) in M converges to N € M if ||[M,, — N||; = 0 as n — oo for all
t>0.

Lemma 2.1.11 M is complete.

Proof By the completeness of L?, any Cauchy sequence (M,,, n € N) in M has
a limit NV that is an F;-adapted process with E(|N(t)|2) < oo for all t > 0.
We are done if we can show that N is a martingale. We use the facts that each
M, is a martingale and that the conditional expectation E; = E(-|F;) is an
L2-projection (and therefore a contraction). Hence, foreach 0 < s <t < 00,

E(IN(s) — Es(N (0))[*) = E(IN(s) — My (s) + My(s) — Es(N ())[?)
<2(IN(5) — My()|* + 2| |Es(Myy (1) — N (1))]]
<2[IN(s) = Mu(s)|* + 2|IMu(t) = N (0]
— 0 asn— oo,

where ||{| without a subscript is the usual L2-norm; the required result follows.
O

Exercise 2.1.12 Define another family of seminorms on M by the prescription

12
IWW=GWWW®%)

0<s<t

for each M e M, t > 0. Show that (||-||;,# > 0) and (||-||;,t > 0) induce
equivalent topologies on M. (Hint: Use Doob’s inequality.)

In what follows, when we speak of a process M € M we will always
understand M to be the cadlag member of its equivalence class.

2.2 Stopping times

A stopping time is a random variable 7:Q — [0, co] for which the event
(T <t)eF;foreacht > 0.

Any ordinary deterministic time is clearly a stopping time. A more interest-
ing example, which has many important applications, is the first hitting time
T4 of a process to a set. This is defined as follows. Let X be an F;-adapted
cadlag process and A € B(R?); then

Tx = inf{t > 0; X () €A},
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where we adopt the convention that inf {J} = oo. It is fairly straightforward to
prove that T4 really is a stopping time if A is open or closed (see e.g. Protter
[298], chapter 1, section 1). The general case is more problematic (see e.g.
Rogers and Williams [308], chapter II, section 76, and references therein).

If X is an adapted process and 7 is a stopping time (with respect to the same
filtration) then the stopped random variable X (T) is defined by

X(T)(w) = X(T ())(®)

(with the convention that X (00) (w) = lim;_, 5o X (f) (w) if the limit exists (a.s.)
and X (00) (w) = 0 otherwise) and the stopped o -algebra Fr by

Fr={AeF;AN{T <t}eF,Vt > 0}.

If X is cadlag, it can be shown that X (7T") is Fr-measurable (see e.g. Kunita
[215], p. 8).

A key application of these concepts is in providing the following ‘random
time’ version of the martingale notion.

Theorem 2.2.1 (Doob’s optional stopping theorem) If X is a cadlag mar-
tingale and S and T are bounded stopping times for which S < T (a.s.), then
X (S) and X (T) are both integrable, with

EX(T)|Fs) =X (S) as.

See Williams [358], p. 100, for a proof in the discrete case and Dellacherie
and Meyer [88], pp. 8-9, or Revuz and Yor [306], section 2.3, for the continuous
case. An immediate corollary is that

EX(T)) = EX(0))

for each bounded stopping time 7.

Exercise 2.2.2 If S and T are stopping times and & > 1, show that S + T, o7,
S AT and S v T are also stopping times.

If T is an unbounded stopping time and one wants to employ Theorem 2.2.1,
auseful trick is to replace 7' by the bounded stopping times 7 A n (where n € N)
and then take the limit as n — oo to obtain the required result. This procedure
is sometimes called localisation.

Another useful generalisation of the martingale concept that we will use
extensively is the local martingale. This is an adapted process M = (M (t),t >
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0) for which there exists a sequence of stopping times 71 < --- < 7, = 00
(a.s.) such that each of the processes (M (t A t,),¢t > 0) is a martingale. Any
martingale is clearly a local martingale. For an example of a local martingale
that is not a martingale see Protter ([298], chapter 1, section 6).

2.2.1 The Doob—Meyer decomposition

Do not worry too much about the technical details in this section unless, of
course, they appeal to you. The main reason for including this material is to
introduce the Meyer angle bracket (-), and you should concentrate on getting
a sound intuition about how this works.

In Exercise 2.1.4, we saw that if B is a one-dimensional standard Brownian
motion and N is a compensated Poisson process of intensity A then B and N are
both martingales and, furthermore, so are the processes defined by B(t)2 —tand
N2 — At, for each r > 0. It is natural to ask whether this behaviour extends to
more general martingales. Before we can answer this question, we need some
further definitions. We take d = 1 throughout this section.

LetZ be some index set and X = {X;,i € Z} be a family of random variables.
We say X is uniformly integrable if

Jm fggE(|Xi|X{|x,-|>n}) =0.
A sufficient condition for this to hold is that E(sup; . 7 |X;|) < oo; see e.g.
Klebaner [203], pp. 171-2, or Williams [358], p. 128. Let M = (M (t),t > 0)
be a closed martingale, so that M (1) = E(X|F;), for each t > 0, for some
random variable X where E(|X|) < oo;thenitis easy to see that M is uniformly
integrable. Conversely, any uniformly integrable martingale is closed; see e.g.
Dellacherie and Meyer ([88], p. 79).

Aprocess X = (X (¢),t > 0) isin the Dirichlet class or class Dif {X (t),7 € T}
is uniformly integrable, where 7 is the family of all finite stopping times on
our filtered probability space.

The process X is integrable if E(|X (¢)|) < oo, for each t > 0.

The process X is predictable if the mapping X :RT x Q@ — R given by
X (1, w) = X (t)(w) is measurable with respect to the smallest o -algebra gener-
ated by all adapted left-continuous mappings from Rt x € — R. The idea of
predictability is very important in the theory of stochastic integration and will
be developed more extensively in Chapter 4.

Our required generalisation is then the following result.

Theorem 2.2.3 (Doob-Meyer 1) Let Y be a submartingale of class
D; then there exists a unique predictable, integrable, increasing process
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A= (A@®),t = 0) with A(0) = 0 (a.s.) such that the process given by Y (t) —
Y (0) — A(¢) for each t > 0 is a uniformly integrable martingale.

The discrete-time version of this result is due to Doob [97] and is rather easy
to prove (see, e.g. Williams [358], p. 121). Its extension to continuous time
is much harder and was carried out by Meyer in [263, 264]. For more recent
accounts see e.g. Karatzas and Shreve [200], pp. 24-5, or Rogers and Williams
[309], chapter 6, section 6.

In the case where each Y (f) = M (1)* for a square-integrable martingale M,
it is common to use the ‘inner-product’ notation (M, M )(t) = A(t) for each
t > 0 and we call (M,M) Meyer’s angle-bracket process. This notation was
originally introduced by Motoo and Watanabe [273]. The logic behind it is as
follows.

Let M ,N € M; then we may use the polarisation identity to define

(M,N)() = [(M + N.M +N)(t) — (M —N,M —N)(1)].
Exercise 2.2.4 Show that
M ()N (t) — (M,N)(t) is a martingale.
Exercise 2.2.5 Deduce that, for each ¢ > 0;

(1) (M,N)(®) = (N,M)();

2) (aM| 4+ BM»,N)(t) = a(M,N)(t) + B{M>,N)(t) for each M|, M, € M
and «, B € R;

(3) E((M,N)(1)*?) < E((M,M) (1)) E((N,N)(t)), the equality holding if and
only if M (#) = ¢N (¢) (a.s.) for some ¢ € R. (Hint: Mimic the proof of the
usual Cauchy—Schwarz inequality.)

The Doob—Meyer theorem has been considerably generalised and, although
we will not have need of it, we quote the following result, a proof of which can
be found in Protter [298], chapter 3, section 3.

Theorem 2.2.6 (Doob—Meyer 2) Any cadlag submartingale Y has a unique
decomposition Y (t) = Y (0)+M (t)+A(t), where A is an increasing, predictable
process and M is a local martingale.

We close this section by quoting an important theorem — Lévy’s martingale
characterisation of Brownian motion — which will play an important role below.

Theorem 2.2.7 Let X = (X (t),t > 0) be an adapted process with continuous
sample paths having mean 0 and covariance E(X;(1)X;(s)) = a;j(s A t) for
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1 <ij<d,st>0; where a = (ajj) is a positive definite symmetric d x d
matrix. Then the following are equivalent:

(1) X is a Brownian motion with covariance a;
(2) X is a martingale with (X;, X;)(t) = a;t foreach1 <1i,j <d,t>0;
3) (exp [i(u,X (@) + %(u, au)], t > O) is a martingale for each u € R4,

We postpone a proof until Chapter 4, where we can utilise 1td’s formula for
Brownian motion. In fact it is the following consequence that we will need in
this chapter.

Corollary 2.2.8 If X is a Lévy process satisfying the hypotheses of Theorem
2.2.7 then X is a Brownian motion if and only if

E(ei(u,x(t))) — o twaw)/2

foreacht >0, u c R4,

Proof The result is an easy consequence of Proposition 2.1.3 and Theorem
2.2.7(3). O

2.2.2 Stopping times and Lévy processes

We now give three applications of stopping times to Lévy processes. We begin
by again considering the Lévy subordinator (see Section 1.3.2).

Theorem 2.2.9 Let B = (B(t),t > 0) be a one-dimensional standard Brownian
motion and for each t > 0 define

Proof (cf. Rogers and Williams [308], p. 18). Clearly each T'(¢) is a stop-
ping time. By Exercise 2.1.4(3), the process given for each 6 € R by My (1) =
exp[éB(t) — %Gzt] is a continuous martingale with respect to the augmented
natural filtration for Brownian motion. By Theorem 2.2.1, foreach > 0,n € N,
6 > 0, we have

T(t) = inf {s > 0;B(s) =

S~

then T = (T(t),t > 0) is the Lévy subordinator.

1 = E(exp [0B(T (1) An) — $6*(T(1) An))).
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Now foreachneN, t > 0, let A, = {w € Q; T (¢)(w) < n}; then

E(exp [0B(T (1) An) — $6*(T(1) An)])
= E(exp {[0B(T (1)) — 10°T ()] xa,,})

+ exp (— %an)E(exp [GB(n)]XA’cm).
But, for each w € Q, T(1)(w) > n = B(n) < t/+/2; hence

exp (—36%n)E (eaB(”) XA;V,)

< exp [—%Gzn + (tG/«/E)] — 0 asn — oo.
By the monotone convergence theorem,
1=E(exp [0B(T (1)) — 10> T (1)]) = exp (81/~/2) E(exp [ — 16> T (1)]).
On substituting 6 = ~/2u we obtain
E(exp [—uT (1)]) = exp(—1+/u),
as required. |

Exercise 2.2.10 Generalise the proof given above to obtain (1.26) for the
inverse Gaussian subordinator, as given in Example 1.3.21.

If X is an F;-adapted process and T is a stopping time then we may define a
new process X7 = (Xr(t),t > 0) by the procedure

Xr(t)=XT +1) —X(T)

for each t+ > 0. The following result is called the strong Markov property
for Lévy processes. For the proof, we again follow Protter [298], chapter 3,
section 4, and Bretagnolle [65].
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Theorem 2.2.11 (Strong Markov property) If X is a Lévy process and T is a
stopping time, then, on (T < 00):

(1) Xt is a Lévy process that is independent of Fr;
(2) foreacht > 0, Xr(t) has the same law as X (t);
(3) Xt has cadlag paths and is Fr4-adapted.

Proof We assume, for simplicity, that 7" is a bounded stopping time. LetA € Fr
and foreachneN, 1 <j < n, letuy; e R4, i€ RT. Recall from Proposition
2.1.3 the martingales given by M, (r) = ¢'“X)=10) for each 1 > 0. Now
we have

n

E [ xaexp|iY  (up,X(T+4) =X (T +141))
j=1

n n
M, (T+t]
=FE || ! || u) |,
XA Mu/(T-l-tj_ ¢r, —t_ 1( lj

where we use the notation ¢; (1) = E(e/™“X ) foreacht > 0, u €RY.
Hence by conditioning and Theorem 2.2.1, we find that for each 1 <j < n,
0 <a < b < oo, we have

MyT D) _ g L B, T+ b)F
XA m XAm My (T + D)1 Fr+a)

= E(xa) = P(A).
Repeating this argument n times yields

n

E | x4 exp iZ (4, X (T + 1) — X (T + tj_1))
j=1

= PA) [ [ by, ) (22)
j=1

Take A = Q,n = 1,u; = u,t; =t in (2.2) to obtain

E(ei(u,XT(t))) — ]E(ei(“’X(t))),

from which (2) follows immediately.
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To verify that X7 is a Lévy process, first note that (L1) is immediate. (L.2)
follows from (2.2) by taking A = Q2 and » arbitrary. The stochastic continuity
(L3) of X7 follows directly from that of X and the stationary-increment property.
We now show that X7 and Fr are independent. It follows from (2.2) on choosing

appropriate uy, ...,u, and f1, ..., t, that for all A € Fr
n n
Elxaexp|i Y (. Xr@) | | =Elexp| i) (w,Xr))| | PA),
j=1 j=1
so that

E|exp|i) (), Xr()) ‘fT =E|exp|i) (. Xr@) ||,
j=1 j=1

and the result follows from (1.1). Part (1) is now fully proved. To verify (3),
we need only observe that X7 inherits cadlag paths from X . (]

Exercise 2.2.12 Use a localisation argument to extend Theorem 2.2.11 to the
case of unbounded stopping times.

Before we look at our final application of stopping times, we introduce a very
important process associated to a Lévy process X. The jump process AX =
(AX (t),t > 0) is defined by

AX () =X (1) — X (t—)

for each t > 0. (X (r—) is the left limit at the point #; see Section 2.9.)

Theorem 2.2.13 IfN is an integer-valued Lévy process that is increasing (a.s.)
and is such that (AN (t),t > 0) takes values in {0, 1}, then N is a Poisson
process.

Proof Define a sequence of stopping times recursively by 7o = 0 and 7, =
inf{t > T,—1; (N(t) — N(T,—1)) # 0} for each n € N. Hence for eachn € N,

Ty — Ty = inff{t > 0; (N (t + Tp—1) — N(T,—1)) # O}

It follows from Theorem 2.2.11 that the sequence (71,72 — Ty,..., Ty —
T,_1,...) isiid.
By (L2) again, we have for each s, > 0
P(T) >s+1) =P(N(s) =0,N(t+s)—N(s) = 0)
= P(Ty > s)P(T} > 1).
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From the fact that N is increasing (a.s.), it follows easily that the map
t — P(T > 1) is decreasing and, by (L3), we find that the map r — P(T > t)
is continuous at t = 0. So the solution to the above functional equation is con-
tinuous everywhere, hence there exists A > 0 such that P(T] > t) = e~ *! for
each t > 0O (see, e.g. Bingham et al. [50], pp. 4-6). So T} has an exponential
distribution with parameter A and

PINO=0)=P(T; >1)=e M

foreach t > 0.
Now assume as an inductive hypothesis that

P(N(1) =n) = e—“%;
then
PIN() =n+ 1) = P(Tysa > 1, Tys1 < 1)
=P(Tyy2 > 1) — P(Tyt1 > 1).
But

Thpn=T1+ T —T1)+ -+ Tns1 — Tn)

is the sum of n + 1 i.i.d. exponential random variables and so has a gamma
distribution with density

n+1sn

1, (8) = e for s > 0;

see Exercise 1.2.5. The required result follows on integration. (|

2.3 The jumps of a Lévy process — Poisson random
measures

We have already introduced the jump process AX = (AX (¢),t > 0) associated
with a Lévy process. Clearly AX is an adapted process but it is not, in general,
a Lévy process, as the following exercise indicates.

Exercise 2.3.1 Let N be a Poisson process and choose 0 < #; < 1, < oo.
Show that

P(AN(t2) — AN(t;) = 0|AN (1) = 1) # P(AN (1) — AN (1)) = 0),

so that AN cannot have independent increments.
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The following result demonstrates that AX is not a straightforward process
to analyse.

Lemma 2.3.2 IfX is a Lévy process, then, for fixedt > 0,AX (1) =0 (a.s.).

Proof Let (t(n),n € N) beasequencein R with#(n) 1 tasn — oo; then, since
X has cadlag paths, lim,,_, o X (#(n)) = X (t—). However, by (L3) the sequence
(X (t(n)), n € N) converges in probability to X (¢) and so has a subsequence that
converges almost surely to X (¢). The result follows by uniqueness of limits. [J

Warning! Do not be tempted to assume that we also have AX (T) = 0 (a.s.)
when T is a stopping time.

Much of the analytic difficulty in manipulating Lévy processes arises from
the fact that it is possible for them to have

Z |[AX (s)] =00 a.s.

0<s<t

and the way these difficulties are overcome exploits the fact that we always have

D IAX )P <00 as.

0<s<t

We will gain more insight into these ideas as the discussion progresses.

Exercise 2.3.3 Show that Zofsst |[AX (s)|] < oo (a.s.)if X is a compound
Poisson process.

Rather than exploring AX itself further, we will find it more profitable
to count jumps of specified size. More precisely, let 0 < t < oo and
A e B(R? — {0}). Define

N(1,A)(w) =#0 = s < 1; AX (s)(w) €A} = Z xA(AX (5)(w)),

0<s<t
if w € 0, and (by convention) N (t,A)(w) =0, if w € Qg.'

Note that for each w € Qg, t > 0, the set function A — N(t,A)(w) is a
counting measure on B(RY — {0}) and hence

EWN(t,A)) = /N(t,A)(w)dP(w)

1 Recall the definition on 2 from the discussion following the proof of Theorem 2.1.8.
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is a Borel measure on B(RY — {0}). We write u(-) = E(N (1, -)) and call it the
intensity measure” associated with X . We say that A e B(R? — {0}) is bounded
belowif 0 ¢ A.

The next result plays a crucial role in the sequel (c.f. Theorem 2.9.2 in the
appendix, Section 2.9).

Lemma 2.3.4 If A is bounded below, then N (t,A) < oo (a.s.) forall t > 0.

Proof Define a sequence of stopping times (T,f,neN) by Tf = inf{r >
0; AX (1) €A} and, for n > 1, by T4 = inf{t > T? |; AX (t) € A}. Since X
has cadlag paths, we have Tf > 0 (a.s.) and lim,,_, T,f = o0 (a.s.). Indeed
suppose that Tf = 0 with non-zero probability and let V' = {w € Q : Tf # 0}.
Assume that w € @ — N. Then given any u > 0, we can find 0 < 8,8 <u
and € > 0 such that |[X(§)(w) — X(8")(w)| > € and this contradicts the
(almost sure) right continuity of X (-) (w) at the origin. Similarly, we assume that
limy,— oo T,’l‘ = T4 < oo with non-zero probability and define M = {w e Q :
lim;,— o0 T,/l‘ = oo}. If w € 2 — M then we obtain a contradiction with the fact
that X has a left limit (almost surely) at T4(w).
Hence, for each ¢t > 0,

N(t,A) = Z X(TA<sy < 00 as.
neN

O

Be aware that if A fails to be bounded below then Lemma 2.3.4 may no longer
hold, because of the accumulation of infinite numbers of small jumps.

For the proof of the following theorem we will require the family of sub-
o-algebras Fy; = o{X(v) — X(u),s < u < v < t} defined forall 0 < s <
< oQ.

Theorem 2.3.5

(1) If A is bounded below, then (N(t,A),t > 0) is a Poisson process with
intensity ((A).

Q) If Ay,...,Apne B[R — {0}) are disjoint and bounded below and if
S1s...,Sm € RT are distinct, then the random variables N (s1,A1), ...,
N (S, Am) are independent.

Proof (1) We first need to show that (N (¢,A),t > 0) is a Lévy process, as we
can then deduce immediately that it is a Poisson process by Theorem 2.2.13.

2 Readers should be aware that many authors use the term “intensity measure’ to denote the product
of u with Lebesgue measure on RT.
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(L1) is obvious. To verify (L2) note first that for 0 < s < ¢t < oo, n € NU{0},
we have N (f,A) — N(s,A) > nif and only if there exists s < t; < --- <1, <t
such that

AX(t)eA (1=j=<n). 2.3)

Furthermore, AX (1) € A if and only if there exists a € A for which, given any
€ > 0, there exists § > 0 such that

O<u—w<d=|X(w)—X) —al <e. 2.4

From (2.3) and (2.4), we deduce that (N (t,A) — N(s,A) =n) = (N(t,A) —
N(s,A) > n) — (N(t,A) — N(s,A) > n — 1) € Fs,. Since the Lévy process
X has independent increments it follows that the o -algebras Fo and Fs, are
independent. Hence (N (#,A), ¢t > 0) has independent increments.

To show that it also has stationary increments we use the result of Proposition
2.10.1 in Appendix 2.10 to deduce that for all # > 0,7 > 0,n € N U {0},

P(N(1,A) = n) = E(xvay=m|*)

= E( XN (-+hA) N () =m) | D)
— P(N(t + h,A) — N (h, A) = n).

To establish (L3), note first thatif N (t, A) = Oforsome s > OthenN (s,A) =0
for all 0 < s < t. Hence, since (L2) holds we find that for all n € N U {0}

P(N(t,A) = 0)

t 2t
—P (N (—,A) =0,N <—,A> =0,...,N(t,A) = 0>
n n
_p (N (E,A) _oN @,A) N (E,A) _o,
n n n
....N(t,A)—N A)=0)=|P(N(-,4A)=0)]|.
n n

From this we deduce that

t n
limsup P(N (t,A) = 0) = lim lim sup [P (N (—,A) = O)] ,
n

t—0 =00 t50

and, since we can herein replace lim sup,_, o by lim inf,_,o, we see that either
lim;_,o P(N(t,A) = 0) exists and is O or 1 or liminf; .o P(N(t,A) = 0) =0
and limsup,_, o P(N(t,A) =0) = 1.
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First suppose that liminf, .o P(N(t,A) = 0) = 0 and that limsup,_,,
P(N(t,A) = 0) = 1.Recall thatif N(¢,A) = O forsomet > Othen N (s,A) =0
for all 0 < s < t. From this we see that the map t — P(N (t,A) = 0) is mono-
tonic decreasing. So if P(N(¢t,A) = 0) = € > 0 for some r > 0 we must have
liminf; .o P(N(t,A) = 0) > €. Hence, if liminf, .o P(N(¢,A) = 0) = 0 then
P(N(t,A) =0) =0forallz > Oand so lim sup,_,o P(N (t,A) = 0) = 0, which
yields our desired contradiction.

Now suppose that lim;_,o P(N(¢,A) = 0) = 0; then lim,_,o P(N(¢,A) #*
0) = 1. Let A and B be bounded below and disjoint. Since N (1, AUB) # Oif and
onlyif N(¢,A) # Oor N (¢, B) # 0, we find that lim;,_,o P(N(t,AUB # 0) = 2,
which is also a contradiction.

Hence we have deduced that lim;_,o P(N(t,A) = 0) = 1 and so lim,_,¢o
P(N(t,A) # 0) = 0, as required.

(2) Using arguments similar to those that led up to (2.3) and (2.4), we deduce
that the events

(N(s1,AD) =n1), ..., (N(Spm, Ap) = 1)

are members of independent o -algebras. O

An alternative and highly elegant proof of Theorem 2.3.5(2) which employs
stochastic integration is given by Kunita in [218], pp. 320-1. We will present
this material in Chapter 5 after we have covered the necessary background.

Remark 1 It follows immediately that ©(A) < oo whenever A is bounded
below, hence the measure p is o -finite.

Remark 2 By Theorem 2.1.8, N has a cadlag modification that is also a Poisson
process. We will identify N with this modification henceforth, in accordance
with our usual philosophy.

2.3.1 Random measures

Let S be a set and A be a ring of subsets of S,i.e. ) € AandforallA,Be A,AU
BeAand A — B< A (where we recall that A — B = AN BC). If A,Bc A, we
have AN B e Asince ANB=A — (A — B). Clearly if F is a o-algebra then it
is also a ring.

Let (2, F, P) be a probability space. A random measure M on (S, .A) is a
collection of random variables (M (B), B € A) such that:

(i) M @) = 0;
(ii) (finite additivity). Given any disjoint A, B € A,

M(AUB) = M(A) + M (B)
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A random measure is said to be o -additive if (ii) can be strengthened to (ii)’.

(ii)’ (o -additivity) Given any sequence (A, n € N) of mutually disjoint sets
in A which are such that |, . A € A,

M( U An) =) M@

neN neN

Note that for some applications of random measures to stochastic partial
differential equations, the identity in (ii) is only required to hold with probability
1 (see, e.g. Walsh [352]).

A random measure is said to be independently scattered if for each dis-
joint family {B1,...,B,} in A, the random variables M (By), ..., M (B,) are
independent.

Example Let X = (X (¢),t > 0) be a Lévy process and choose S = [0, T]
for some T > 0. Take A to be the smallest ring that contains all finite unions
of disjoint intervals in S. These intervals may be open, closed or half-open so
that A also contains isolated points. If A = (s1,7;) U - - - U (s, 1), define

M@A) =) X(#) — X(s).

j=1

with M ({t}) = 0if t €[0,T]. Then M is an independently scattered random
measure on (S, A).

Let S be a o-algebra of subsets of set S. Fix a non-trivial ring A C S
An independently scattered o-finite random measure M on (S,S) is called
a Poisson random measure if M (B) < oo for each B € A and each such
M (B) has a Poisson distribution. In many cases of interest, the prescription
AMA) = E(M (A)) for all Ae A extends to a o-finite measure A on (S,S).
Conversely we have:

Theorem 2.3.6 Given a o -finite measure ). on a measurable space (S, S), there
exists a Poisson random measure M on a probability space (2, F, P) such that
AA) = EM (A)) forall A€ S. In this case A = {A €S, A(B) < oo}.

Proof See, Ikeda and Watanabe [167], p. 42, or Sato [323], p. 122. O

Example Let X = (X (r),t > 0) be a Lévy process. Choose § = R? —{0},S =
B(S) and take A to be the ring of all sets in S which are bounded below. For
fixed r > 0 and for each A € A define M;(A) = N(¢,A) then by Theorem 2.3.5
M, is a Poisson random measure and A(-) = 7 ().
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More generally the prescription M ([s, ] X A) = N(t,A) — N (s,A) extends to
a o-additive Poisson random measure on (S, B(S)) where § = Rt x (RY —{0}).
In this case A(dx, dt) = dtju(dx). See chapter 4 of Sato [323] for a proof.

Suppose that S = R x U, where U is a measurable space equipped with a
o-algebrald, and S = B(RT) @U. Let p = (p(1),t > 0) be an adapted process
taking values in U such that M is a Poisson random measure on (S, S), where
M ([0,1) x A) = #{0 < s < t;p(s) e A} foreach t > 0,A €U. In this case we
say that p is a Poisson point process and M is its associated Poisson random
measure.

The final concept we need is a merger of the two important ideas of the
random measure and the martingale. Let U be a topological space with Borel
o-algebra{ and let A C U be aring . Let S = R* x U and let Z be the ring
comprising finite unions of sets of the form I x A, where A € A and [ is itself a
finite union of intervals. Let M be a random measure on (S, 7). In this case we
will frequently use the notation M (I, A) instead of M (I x A). Foreach A € A,
define a process Mg = (Ma(t),t > 0) by Ma(t) = M ([0,1),A). We say that M
is a martingale-valued measure if each M, is a martingale.

The key example of these concepts for our work is as follows.

Example Let U = R? — {0} and U be its Borel o-algebra. Let A be the ring
of all sets in ¢/ which are bounded below. Let X be a Lévy process; then AX is
a Poisson point process and N is its associated Poisson random measure. For
each t > 0 and A bounded below, we define the compensated Poisson random
measure by

N(1,A) = N(1,A) — ti(A).

By Exercise 2.1.4(4), (N(1,A),t > 0)isa martingale and so Nisa martingale-
valued measure.

In case you are unfamiliar with Poisson random measures we summarise
below the main properties of N. These will be used extensively later.

(1) Foreacht > 0, w € 2, N(t,-)(w) is a counting measure on BRY — {0}).

(2) For each A bounded below, (N(¢,A), t > 0) is a Poisson process with
intensity u(A) = E(N(1,A)).

(3) N is a o-finite independently scattered martingale-valued measure, where
N(t,A) = N(t,A) — tiu(A), for A bounded below.

Remark A far more sophisticated approach to random measures than that given
here can be found in Kallenberg [198].
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2.3.2 Poisson integration

Let N be the Poisson random measure associated to a Lévy process X =
X (0,1 =0).

Let f be a Borel measurable function from R¢ to R and let A be bounded
below; then for each > 0, w € 2, we may define the Poisson integral of f as
a random finite sum by

/Af(X)N(t, dx)(@) = Y fFEON{ () ().

x€eA

Note that each |, WS (ON (2, dx) is an R?-valued random variable and gives rise
to a cadlag stochastic process as we vary t.
Now, since N (¢, {x}) # 0 <& AX (1) = x for at least one 0 < u < ¢, we have

/Af(X)N(t,dX) = Z J(AX (u)) xa(AX (). 2.5

O<u<t

Let (T,’;‘,n € N) be the arrival times for the Poisson process (N (¢,A),t>0).
Then another useful representation for Poisson integrals, which follows
immediately from (2.5), is

/A FON @A) =Y FIAX T x00(T). (2.6)

neN

Henceforth, we will sometimes use 4 to denote the restriction to A of the
measure /L.

Theorem 2.3.7 Let A be bounded below. Then:

(1) foreacht > 0, f WS (XN (t,dx) has a compound Poisson distribution such
that, for each u € R,

E (exp [i (u / FON(, dx))D = exp [r / (') — 1)Mf,A(dx)},
A R4

where jur 4(B) = w(A Nf~1(B)), for each B e B(RY).;
() iff e LY(A, ), we have

E </Af(x)N(t, dx)) = f/Af(x)M(dx);
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(3) iff € L*(A, ), we have

Var(‘/f(x)N(t,dx) ) - t/ If ()2 e (d).
A A

Proof (1) For simplicity, we will prove this result in the case f € LY(A, ia).
The general proof for arbitrary measurable f can be found in Sato [323], p. 124.
First let f be a simple function and write f = Z]’?ZI ¢jxa;» where each ¢; € R4,
We can assume, without loss of generality, that the A; are disjoint Borel subsets

of A. By Theorem|{2.3.5|we find that

IE(eXp [z(u /A FONG, d’”)D
- sfon[i(n )

j=1

= l_[ E (exp [i(u, ;N (1,A)))])

J=1

= [ Jexp {t[ exp (i(u.cp) — 1]u(Ap}
j=1

= exp |:I/A {exp [i(u,f(x))] — l}p.(dx)i|.

Given an arbitrary f € L' (A, ;u4), we can find a sequence of simple functions
converging tof in L! and hence a subsequence that converges to f almost surely.
Passing to the limit along this subsequence in the above yields the required
result, via dominated convergence.

Parts (2) and (3) follow from (1) by differentiation. [l

It follows from Theore 2) that a Poisson integral will fail to have a
finite mean if f ¢ L'(A, ).

Exercise 2.3.8 Show that if f : R? — R is Borel measurable then

> FAX @)Ixa(AX () < 00 as.

O<u<t

Consider the sequence of jump size random variables (Y, Jf‘ (n),n € N), where
each

Yi(n) = /A FON(T2, dx) — /A FOON (T, dx). (2.7)
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It follows from (2.6) and (2.7) that
YA =f(AX(T)))
for each n € N.
Theorem 2.3.9

@)) (Y;‘ (n),n € N) are i.i.d. with common law given by

ANf~Y(B
P(YA(n) €B) = % 2.8)

for each B € B(R?).
2) ( f W (ON(t,dx),t > 0) is a compound Poisson process.

Proof (1) We begin by establishing (2.8). Using Theorem 2.3.7(2) and (2.7),
together with the fact that (T,f — T;‘_l ,n € N) are i.i.d. exponentially distributed
random variables with common mean 1/ (A), we obtain

P(Yf\(n) € B) = E(xp(Yf () = E[Epa_pa (xs(Yf ()]

:/0 s//;XB(f(X))M(dx)pT,f—T;‘_l(ds)

_ 1ANf'B))
n(A)
as required. Hence our random variables are identically distributed. To see that

they are independent, we use a similar argument to that above to write, for any
finite set of natural numbers {i, 2, ...,i,} and B;,B;,,...,B;, € B(R"),

)

P (Y1) € By, YA i2) € By .. YGin) € By, )

m
A, .
= E[ET{‘,TQ—Tf* ..... ra-ra, [ Tosy (¥ (’f))}
j=1

:/0 /0 /0 Silsiz...SimH/AXB,.j(f(x))M(dx)

X pT{; (ds;, )PTS_T;? (dsjy) - - 'pTI.A -TA | (ds;,,)
— A . Acs ) A; .
= POYA)) € Bi)P(Y(i2) €By) -+ P(Y/A(im) € By, ),

by (2.8).
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(2) First we observe that (Y }{‘ (n),n € N) and the Poisson process (N (,A),
t > 0) are independent. Indeed, this follows from a slight extension of the
following argument. Foreachme N, ne NU {0}, > 0,B € B(Rd), we have

P(Y/(m) € BIN(1,A) = n) = P(Y/(m) € B|T} <1,T},, > 1)

n

= P(Y{(m) €B).
by a calculation similar to that in (1). For each r > 0, we have
/f(x)N(t, dx) = YD) + YAQ) + - + YAN (1,A)).
A

The summands are i.i.d. by (1), and the result follows. O

Foreach f € L (A, ua), t > 0, we define the compensated Poisson integral
by

/f(X)ZV(t,dX) = /f(X)N(t, dx) — t/f(X)/L(dx)-
A A A

A straightforward argument, as in Exercise 2.1.4(4), shows that

(/f(x)N(t,dx), t> 0>
A

is a martingale, and we will use this fact extensively later. By Theorem
2.3.7(1), (3) we can easily deduce the following two important facts:

E (exp [i (u / FON(t, dx)) D
A
= exp {t f [0 — 1 —iu, )]y A(dx)} (2.9)
RRd '
for each u € R? and, forf € L2(A, Ha),
o

Exercise 2.3.10 For A, B bounded below and f € L2(A, a), g € L*(B, up),
show that

/ F@N(t, dx)
A

2
) = z/A If @0)1* 1 (dx). (2.10)

< / FON(t,dx), / g(x)fv(r,dx>>=r f(x)g(x)p(dx).
A B ANB
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Exercise 2.3.11 For each A bounded below define
My = { / FON(t,dx).f € L*(4, uA)} :
A

Show that My is a closed subspace of the martingale space M.

Exercise 2.3.12 Deduce that lim,,_, o T,f = o0 (a.s.) whenever A is bounded
below.

2.3.3 Processes of finite variation

We begin by introducing a useful class of functions. Let P = {a =1 < £, <
- < t, < ty41 = b} be a partition of the interval [a, b] in R, and define its

mesh to be § = maxi<;<p |ti+1 — ti|. We define the variation var p(g) of a

cadlag mapping g : [a, b] — R? over the partition P by the prescription

varp(g) = ) lg(tiv1) — g(1)l.

i=1

If Vo = supp varp(g) < 0o, we say that g has finite variation on [a, b] and
we call V, the (total) variation of g on [a, b]. If g is not of finite variation, it is
said to be of infinite variation . If g is defined on the whole of R (or R™), it is
said to have finite variation if it has finite variation on each compact interval.

It is a trivial observation that every non-decreasing g is of finite variation.
Conversely, if g is of finite variation then it can always be written as the
difference of two non-decreasing functions; to see this, just write

goYets Ve—g
2 2 7

where Vi (¢) is the variation of g on [a,t]. Functions of finite variation are
important in integration: suppose that we are given a function g that we are
proposing as an integrator, then as a minimum we will want to be able to define
the Stieltjes integral fl fdg for all continuous functions f, where [ is some finite
interval. It is shown in chapter 1, section 8 of Protter [298] that a necessary and
sufficient condition for obtaining such an integral as a limit of Riemann sums
is that g has finite variation (see also the discussion and references in Mikosch
[269], pp. 88-92).

Exercise 2.3.13

(i) Show that all the functions of finite variation on [a, b] (or on R) form a
vector space.
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(i) Deduce that a vector-valued function is of bounded variation if and only if
each of its components is.

We will find the following result to be of value in the sequel.

Theorem 2.3.14 If f :RT — R is cadlag and has finite variation on [0, t]
where t > 0 then

Y IAF O] < V).

0<s<t

Proof Suppose that (#,,n € N) are the points of discontinuity (in increasing
order) of f in [0, ¢]. We choose the first n of these: {71, ...,#,}. Then given
any € > 0, for each 1 < i < n, there exists §; > 0 such that ; — s <
8;i = |f (ti—) — f (s)| < €/n. Hence by the triangle inequality, with s as above,
each

IAF )| < IF @) —F ()] + 2

We can thus construct a partition (0 =79 < 7] < -+ < Top < Topg1 = 1)
where each 75; — 1;_1 < §;(1 < i < n) such that

n 2n
DUIAF @ = D I (i) —f ()] + e

i=1 i=0

<Vir@®) +e.

The result follows on first taking limits as € | 0 and then as n — co. ]

A stochastic process (X (¢),t > 0) is of finite variation if the paths
(X (1)(w),t = 0) are of finite variation for almost all w € Q2. A process of infinite
variation is defined analogously.

The following is an important example for us.

Example 2.3.15 (Poisson integrals) Let N be a Poisson random measure,
with intensity measure p, that counts the jumps of a Lévy process X and let
f :R? — R be Borel measurable. For A bounded below, let Y = X (@),t>0)
be given by Y (¥) = f 1S (XN (2, dx); then Y is of finite variation on [0, 7] for
eacht > 0. To see this, we observe that, for all partitions P of [0, t], by Exercise
2.3.8, we have

varp(Y) < Y [f(AX($)xa(AX(5)) < 00 ass. 2.11)

0<s<t
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Exercise 2.3.16 Let Y be a Poisson integral as above and let n be its Lévy
symbol. For each u € R? consider the martingales M,, = (M, (t),t > 0) where

each
M, (t) = &'@Y =mw),

Show that M,, is of finite variation. (Hint: Use the mean value theorem.)

Exercise 2.3.17 Show that every subordinator is of finite variation.

On the other hand, we have the following result.

Theorem 2.3.18 A continuous martingale is of finite variation if and only if it
is constant (a.s.)

Proof. See Revuz and Yor, chapter 4, proposition 1.2. ]

Animmediate consequence of this result is that Brownian motion is of infinite
variation. Of course this fact can also be proved directly, see e.g. proposition
A.3.2 in Mikosch [269]. We will give a proof of this result in Section 4.4. using
the concept of quadratic variation.

In fact, a necessary and sufficient condition for a Lévy process to be of
finite variation is that there is no Brownian part (i.,e. A = 0 in the Lévy—
Khinchine formula) and that f‘x|<1 |x|v(dx) < ooj; see e.g. Bertoin [39], p. 15,
or Bretagnolle [64]. We will give a proof of this result towards the end of the
next section.

2.4 The Lévy-Ito decomposition

Here we will give a proof of one of the key results in the elementary theory of
Lévy processes, namely the celebrated Lévy—It6 decomposition of the sample
paths into continuous and jump parts. Our approach closely follows that of
Bretagnolle [65]. First we will need a number of preliminary results.

Proposition 2.4.1 Let M;,j = 1,2, be two cadlag-centred martingales where
each M;(0) = 0 (a.s.). Suppose that, for some j, M; is L? and that foreacht > 0
E(|V, (1)|?) < 00 where k # j; then

E[(M (6), M) =E | Y (AM(s), AMa(s))

0<s<t

Proof For convenience, we work in the case d = 1. We suppose throughout
that My is L?> and so M, has square-integrable variation. Let P = {0 = 79 <
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1 <t <---<t, =t}bea partition of [0, t]; then by the martingale property
we have

EM (1)M2(1))
m—1m—1

= Z D E([Mi (i) — Mi(t) ][Ma(ti41) — Ma(1)])

Now let (P, n e N) be a sequence of such partitions with

lim max P )
n—00 0<i(m)y<m(m)—1' TL i

Then, with probability 1, we claim that

m(n)—1
Jim Z [M1(timy+1) — M1 (ti) | [M2 (timy 1) — Ma(tin)) ]
i(m)=0

- Z AM, () AM;(s).

0<s<t

To establish this claim, fix @ € 2 and assume (without loss of generality) that
M1(t)(w),t = 0) and (M>(t)(w),t > 0) have common points of discontinuity
A = (t,,neN).

We first consider the set A€. Let (P,,n € N) be a sequence of partitions of
[0, 1] such that, for each n e N,A N [1{"”,1/))] = @ forall 0 < j < m(n) — 1.
Dropping w for notational convenience, we find that

m(n)—1

2

i=0

|:M] (tig+1) — M (fi<n>)] [Mz (tion+1) — Mz(’i(n))} ‘

< max M (tim+1) — Mi(tin)| Varp, (M2)

T 0<i<m(n)—1

— 0 asn— oo.
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Turning our attention to A, we fix € > 0 and choose § = (8,,n € N) to be such
that

max {|M1 (tn) — M1 (ty — 8p) — AM1(t0)],
€
|Ma(tn) — Ma(ty — 8,) — AMa(1)]} < ol

where

K =2 sup |[Mi(s)| + 2 sup |[Ma(s)|.

0<s<t 0<s<t

To establish the claim in this case, we consider

o0

S@) =Y {[Mi(tn) — Mi(ty — )] [Ma(ta) — Ma(ty — 8,)]
n=1
— AM, (tn) AM (1) }.
We then find that

1S()]

<3| M () = My (g — 80) — AM1 (1) | [ M (tn) — Moty — 5,))|

n=1

+ ) [ Matn) — Moty — 82) — AM2(1) || AM (1)

n=1

o0
€
<2 ( sup |Mi(s)| + sup |M2(s)|) > o <6

<s< <s<
0<s<t 0<s<t n=1

and the claim is thus established.
The result of the theorem follows by dominated convergence, using the fact

that for eachn e N

m(n)—1

Z [M1 (tign+1) — M1 (i) | [ M2 (tigy+1) — Ma(tign) ]
i(n)=0

<2 sup |Mi(s)|Vm, (1)),

0<s<t
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and, on using Doob’s martingale inequality,

E ( sup |M; (5)|VM2(I))) <E ( sup |M; (S)|2> +E(IVar,0))

0<s<t 0<s<t
<AE(IM1(D1*) +E(IVa, (1)) < oo.
[

The following special case of Proposition 2.4.1 plays a major role below.

Example 2.4.2 Let A and B be bounded below and suppose that f € L*(A, 1a),
g eLz(lE, up). For each t > 0, let M (t) = fAf(x)N(t, dx) and M (t) =
[5 XN (1, dx); then, by (2.11),

Vi (0 = Vi reonean + Ve [ foovn

= / [F (OIN (2, dx) +t /f(X)V(dX)
A A

From this and the Cauchy—Schwarz inequality we have E(|V)y, N3 < oo,
and so we can apply Proposition 2.4.1 in this case. Note the important fact that
EM,(t)M»(t)) = 0foreacht > 0ifANB = 0.

Exercise 2.4.3 Show that Proposition 2.4.1 fails to hold when M| = M> = B,
where B is a standard Brownian motion.

Exercise 2.4.4 Let N = (N (t),t > 0) be a Poisson process with arrival times
(T,,neN) and let M be a centred cadlag Lz-martingale. Show that, for each
t>0,

EM (N (1) =E (Z AM(Tn>X{T,,<t}) .
neN

Exercise 2.4.5 Let A be bounded below and M be a centred cadlag L*-
martingale that is continuous at the arrival times of (N (z,A),t > 0). Show
that M is orthogonal to every process in My (as defined in Exercise 2.3.11).

For A bounded below note that, for each r > 0,

N (t,dx) = AX AX
fA N () = Y AX ()14 (AX )

O0<u<t
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is the sum of all the jumps taking values in the set A up to the time ¢. Since the
paths of X are cadlag, this is clearly a finite random sum.

Theorem 2.4.6 If A,, p=1,2, are disjoint and bounded below, then
( / 4y XN (t,dx), > 0) and ( / 4y XN (2, dx), 1 > 0) are independent stochastic
processes.

Proof Foreachp =1,2,1 > 0, write X (t,Ap) = pr xN (t, dx) and let nA, be
the Lévy symbol of each of these compound Poisson processes (recall Theorem
2.3.7). We will also have need of the centred cadlag Lz-martingales (My,(1),t =
0) for p = 1,2, given by

My (1) = exp [i(up, X (t,Ap)) — i, ]| — 1

for each 7 > 0, where u;, u» € RY. We will need the fact below that at least one
M), has square-integrable variation on finite intervals. This follows easily after
using the mean value theorem to establish that, for each ¢+ > 0, there exists a
complex-valued random variable p () with 0 < |p(#)| < I for which

My (1) = p@)[i(up, X (t,Ap)) — 114, ]-
Now for 0 < s <t < oo we have
E (M ()Ma(s)) = E(M, (s)M2(s)) + E([M1 (1) — M1 (s)|[Ma(s)).

Since A1 and A, are disjoint, M| and M3 have their jumps at distinct times and so
E(M(s)M>(s)) =0 by Proposition 2.4.1. However, M| is a martingale and so
a straightforward conditioning argument yields E([M{ () —M(s)]M3(s)) = 0.
Hence we have that, for all u;,ur € R?,

E(ei(m,X(t,A1))ei(M2,X(SA2))) — E(ei(ul,X(tAl))) E(ei(u2,x(~V»A2)))’

and so the random variables X (t,A1) and X (s, A;) are independent by Kac’s
theorem.

Now we need to show that the processes are independent. To this end, fix
nl,nzeN,ch00560=tg < tlf << tﬁp < ooandufeRd,Ogj < np and

writevj’.7 :uj.’—i—uj;l + - +ub, for p = 1,2. By (L2) we obtain
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nj n
E[exp|i) (u. Xt A) E(exp [iZ(u,f,X(r,f,Az))D

Jj=1 k=1

ny
=E | exp iZ(v},X(t},Al)—X(tjl_l,Al))
j=1

x E <exp |:i Z(v,%,X(tlz,Az) - X(t,%],Az)):|>

k=1
ny
= HE(CXP [i(U]'l,X(tjl - tjl_],Al))])
j=1
np

X 1_[ E(exp [i(v,%,X(t,f - tﬁ,l,Az))])
k=1

=TTTTE @t X @ = A+ @R X @ — 4201}
= [1TTE (exotite) X @A) = Xt A1)
+ R XA = X (R A))))

ni
=E|exp|i) (0. Xt} A)— X .A)
j=1

ny
+iY (WLX(t7.Ay) —X(ri_l,Az»D

k=1

ny ny
=E|exp|i) @ .X1 . A))+i) up.X(t}.A2) | |
j=1 k=1

and again the result follows by Kac’s theorem. U
We say that a Lévy processes X has bounded jumps if there exists C > 0
with

sup |AX ()| < C.

0<t<oo
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Theorem 2.4.7 If X is a Lévy process with bounded jumps then we have
E(X @)™ < oo forall meN.

Proof Let C>0 be as above and define a sequence of stopping times
(Ty,neN) by Ty = inf{r >0,|X (¢#)| > C} and, for n> 1,7, = inf{t > T,,_1, |
X () —X(Ty,—1)| > C}. We first assume that 71 < oo (a.s.). We note that
|AX(T,)| <C and that T,,41 — T, =inf{t > 0;|X(t + T,) — X(T,)| > C},
forallneN.

Our first goal will be to establish that, for all n e N,

sup |X(s ATy <2nC 2.12)

0<s<o0

and we will prove this by induction. To see that this holds for n = 1 observe
that

sup |X(s AT)[ = |X(T1)]

0<s<oo

< [AX(T)| + IX(Th—)| = 2C.

Now suppose that inequality (2.12) holds for some n > 1. We fix w € Q and
consider the left-hand side of (2.12) when n is replaced by n + 1. Now the
supremum of | X (s A T,,41)| is attained over the interval [0, T, (w)) or over the
interval [T}, (w), Th+1(w)]. In the former case we are done, and in the latter case
we have

sup  |X (s A Tyy1) ()]

0<s<oo
= sup |X (s)(@)]
Th(w)<s<Ty+1(w)
< sup 1X () (@) = X (Tn)(@)| + |X (Tn)(w)|

Th(w)=s=Tpi1(w)
X (Tny-1) (@) = X(Ty) ()] + 2nC
< X (T D) (@) = X (Tyy1—) ()]
+ X (Thr1—) (@) = X (To)(@)| + 2nC
<2(n+1C,

IA

as required.
By the strong Markov property (Theorem 2.2.11), we deduce that, for each
n > 2, the random variables 7,, — T, are independent of 7, | and have the
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same law as 7. Hence by repeated use of Doob’s optional stopping theorem,
we find that there exists 0 < a < 1 for which

E(e ™)y =E(e Ttem 7TV ..oy = [E(e™T)]" = a". (2.13)

Now combining (2.12) and (2.13) and using the Chebyshev—Markov inequal-
ity we see that for each n e N, > 0,

P(X ()| > 2nC) < P(T, < 1) < ' E(e™Tn) < e'a”. (2.14)

Finally, to verify that each E(|X (#)|"") < oo, observe that by (2.14) we have

o
/ " px 1 (dx) = ) / x| px (1) ()
|x|>2nC 2rC<|x|<2(r+1)C

r=n
o0

< 0)"e! Z(r +1)"a" < 0.
r=n

If it is not the case that 77 < oo (a.s.), we first argue as above on the event
T1 < oo and use

E(X 1" x{1)=00)) < C"P(T1 = 00) < C",
for all + > 0, hence
E(X ()™ = E(X ()" (1, <00)) + E(X ()" x(1y=00}) < 00.

O

An immediate consequence of Theorem 2.4.7 is that if X has bounded jumps
then its Lévy symbol 1 is C°*° and for all + > 0, the moments of X (¢) are
polynomials in + whose coefficients are expressed in terms of the values of the
derivatives of n at 0.

For each a > 0, consider the compound Poisson process

(/ xN (t,dx),t > ())
[x[>a

and define a new stochastic process Y, = (Y,(¢),t > 0) by the prescription

Yalt) = X (1) — / AN (. o).

[x[>a
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Intuitively, Y, is what remains of the Lévy process X when all the jumps of size
greater than a have been removed. We can get more insight into its paths by
considering the impact of removing each jump. Let (7,,,n € N) be the arrival
times for the Poisson process (N (¢, B;(0)€),t > 0). Then we have

X (1) for 0 <t <Ty,
Yo(t) = X(T1—) for t =Ty,
a X(@) —X(T)+X(T)—) for T) <t < T,
Y, (Tr—) for t =T>»,

and so on recursively.
Theorem 2.4.8 Y, is a Lévy process.

Proof (L1) is immediate. For (L2) we argue as in the proof of Theorem 2.3.5
and deduce that, for each 0 < s < t < 00, Y, (t) — Y,(s) is Fs,-measurable
where F;; = o{X (u) — X (v);s < v < u < t}. To establish (L3), use the fact
that foreach b > 0,1 > 0,
b
> — .
2

P(|Ya(0)| > b) < P<|X(t)| > g) +P(

/ xN (t, dx)
[x[>a

We then immediately deduce the following.

Corollary 2.4.9 A Lévy process has bounded jumps if and only if it is of the
form Y, for some a > 0.

The proof is left as a (straightforward) exercise for the reader.
For each a > 0, we define a Lévy process Y, = (Y,(¢),t > 0) by

Yo = Ya(t) — E(Y (1))

It is then easy to verify that Y,isa cadlag centred L2-martingale.
Exercise 2.4.10 Show that E(Y, (1)) = t E(Y,(1)) for each t > 0.

In the following, we will find it convenient to take ¢ = 1 and write the
processes Y1, Y simply as Y, Y, respectively. So Y is what remains of our
Lévy process when all jumps whose magnitude is larger than 1 have been
removed, and Y is the centred version of Y. We also introduce the notation
M(t,A) = [, xN (¢, dx) for t > 0 and A bounded below.
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The following is a key step towards our required result.

Theorem 2.4.11 For eacht > 0,
Y1) = Ye() + Yq(0),

where Y. and Y4 are independent Lévy processes and Y. has continuous sample
paths.

Proof Let (e,,n e N) be a sequence that decreases monotonically to zero,
wherein €; = 1. For each m € N let

B, = {xeRd,em+1 < x| < em}

and foreachn € NletA, = | J;,_, By. Our first task is to show that the sequence
(M (-,A,),n € N) converges in martingale space. First note that for each r > 0

the M (t, B,;,) are mutually orthogonal by Proposition 2.4.1. So, for each n > 0,

n
E(IM (t,A)?) = Y E(M (t,By) ). (2.15)
m=1
By Proposition 2.1.3, the argument in the proof of Theorem 2.4.6 and Exer-
cise 2.4.5, we find that the Lévy processes Yy — M(-,A,) and M (-,A,) are
independent, and so

Var(|¥ (1)) = Var([¥ (t) — M (t,A)]) + Var(IM (1,A,))).

Hence
E(IM (t,A)|*) = Var(IM (t,A)]) < Var(|Y (1)]). (2.16)

By (2.15) and (2.16) we see that, for each t > 0, the sequence (E(M (t,A,)?),
n € N) is increasing and bounded above and hence convergent. Furthermore by
(2.15), for each ny < np,

E(IM (t,An,) — M (t,An)|?) = E(M (t,An)1?) — E(IM (8, An)1).

Hence we deduce that (M (t,A,),n € N) converges in the L2-sense. We denote
its limit by Y4(¢) and observe that the process Yq = (Yq(¢),t > 0) lives in
martingale space.

Furthermore it follows from Theorem 1.3.7 that Yy is a Lévy process, where
we use Chebyshev’s inequality to deduce that foreach b > 0, lim;_,o P(|Yq(t)—
M(t,An)| > b) < limy_o(4/b)EF (1)%) = 0 for all neN, by the remarks
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following the proof of theorem 2.4.7. A similar argument shows that Y, is a
Lévy process in martingale space, where

Ye() = L2 — lim [V (1) = M (1, An)].

The fact that Y, and Yy are independent follows by a straightforward limiting
argument applied to characteristic functions.

Now we need to show that Y. has continuous sample paths. If Y.(r) = 0
(a.s.) for all + > 0 we are finished, so suppose that this is not the case. We
seek a proof by contradiction. Let N C € be the set on which the paths of Y,
fail to be continuous. If P(N) = 0, we can replace Y. by a modification that
has continuous sample paths, so we will assume that P(N) > 0. Then there
exists some b > 0 and a stopping time 7 such that P(|AX(T)| > b) > 0.
LetA = {xe RY: |x] > b}; then by Proposition 2.4.1 we have for each ¢ > 0,
[ EL*(A, na),

0+£E ((Yc(t), FON(t, dx)))
|x|>b

= lim ((f/(z) — M (1,A), f(x)N(t,dx))) =0,

|x|>b

and we have obtained our desired contradiction. O

From now on we will write Y, (¢) as fIX\ <1 xN (z,dx), so that we are defining

N(t,dx) = lim xN (1, dx),

|x]<1 =00 Je, <|x|<1

where the limit is taken in the L2-sense.

Remark. The argument of Theorem 2.4.11 extends to enable us to define

FN(t,dx) = Jim f (XN (t,dx),

x| <1 X Je,<lx|<1

for any measurable f for which f x B € L>(R4, 1t). To do this we must replace
the measure p by ¢ B, A defined in Theorem 2.3.7(i). For the purposes of this
construction, it is then sufficient to replace ¥ by a Lévy process Y; having char-
acteristics (0,0, u ¢ B, ). For alternative approaches to defining these integrals,
see e.g. chapter 12 of Kallenberg [199].

We recall that u is the intensity measure of the Poisson random measure N.
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Corollary 2.4.12 1 is a Lévy measure.

Proof We have already shown that w((—1,1)°) < oo (see Remark 1 after
Theorem 2.3.5). We also have

/ x2udx) = lim / (o) = lim EQM (1, A,)?)
‘x|51 n—oo Arl n—oo
= E(|Ya(1)]?) < oo,

and the result is established. O

Corollary 2.4.13 Foreacht >0, ucR?,

E(e/®YaM)y — exp {t/
|

x| <1

[e/) — 1 — i(u,x)]u(dx)} .

Proof Take limits in equation (2.9). O

Exercise 2.4.14 Deduce that foreacht > 0,1 <i <d,

YY) =1 / 2pu(d).

lx|<1
Theorem 2.4.15 Y. is a Brownian motion.

Proof Our strategy is to prove that for all u e R?, r > 0,
E(ei(u,)’c(t))) — e*t(w‘\u)ﬂ, (2.17)

where A is a positive definite symmetric d x d matrix. The result then follows
from Corollary 2.2.8, the corollary to Lévy’s martingale characterisation of
Brownian motion.

For convenience we take d = 1. Note that, since Y, has no jumps, all its
moments exist by Theorem 2.4.7 and since Y, is a centred Lévy process we
must have

¢r () = E(e' Y@y = M), (2.18)

where n € C*°(R) and 1/ (0) = 0. Repeated differentiation yields foreach ¢ > 0,
m>2,

E(Ye()™) = a1t + axt® + - - + app11™"! (2.19)

where ay,ap,...,au,—1 €R.
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LetP={0=1 <t <--- <t, =t} be apartition of [0, t] and, for the
purposes of this proof, write AYc(#;) = Yc(tj11) —Yc(t;) foreach0 <j < n—1.
Now by Taylor’s theorem we find

n—1
]E(eich(l) _ 1) —F Z (eich(ljJrl) _ eich(lff))
j=0
=E0 (@) +E0) + EU30)),

where
n—1
() = iuy_ "W AYe(r),
j=0
) n—1
_ wYc ()
h(n) = - Ze DAY, (t)]
Jj=

2 n—1
L) = —— (MY HGAYW] _ Ve[ Ay, (1) ],

2 ~

witheach0 < 6; < 1.
Now by independent increments we find immediately that

n—1

E(1(0) = iuy | B E(AYc(r)) =0
j=0

and

znl

E(b(0) = == 3 E (") E(AYe(;)?)

j=0

2n1

== 2 b1 — 1), (2.20)

j=0

where we have used (2.18) and (2.19) and written a; = a > 0.
The analysis of I3(¢) is more delicate, and we will need to introduce, for each

o > 0, the event

By = max sup  |Yc(v) — Ye(u)| <@

0<j<n— Lj<uw<tiyy
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and write
E(3(0) = E(3(0) xB,) + EU3 (1) xBe)-

Now on using the elementary inequality |eiy — 1| <2, foranyy € R, we deduce
that

n—1
Eh s <Y [ [AX@)@]dPe
2 |y,

) 11/2
.
<u?(PBY)|E| D AYe()?
Jj=0
<u?(PBY)' 201 + 132, (2.21)

where we have used the Cauchy—Schwarz inequality and (2.19).
On using the mean value theorem and (2.19) again, we obtain

||3 3

|E(I3(t)XBa |< —/ Z|AY (t] (C())| dP( )< t|u| -

5 (2.22)

Now let (P, n € N) be a sequence of partitions with lim,,_, o §,, = 0, where

the mesh of each partition §,, = max; - <0 < | iy 1 — tj(") |, and for each n € N

write the corresponding I () as I,E") (t) for j = 1,2,3, and write each B, as
B Now

max sup  [Ye(v) = Ye(u)| < sup [Ye(v) = Ye(u)]

1 (n)
1<j<m tj(”)fu,vft;fr)l 0<u,v<t,|lu—v|<é,

— 0 asn— oo,

by sample-path continuity, and so it follows (e.g. by dominated convergence)
that lim,,_, o0 P((B{”)°) = 0. Hence we obtain, by (2.21) and (2.22), that

ocat|u|3

lim sup E(Ig") (t)) <

n— oo 2

But o can be made arbitrarily small, and so we deduce that

: ™ (1)) —
Tim E(1;" (1)) = 0. (2.23)
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Taking limits in (2.20) yields

. @ au !
lim E(L" (1) = N / ¢ (u)ds. (2.24)
n—o0 0

Combining the results of (2.23) and (2.24), we find that
2t
au
@W%4=—31/@ww
0

2 .
Hence ¢;(u) = e~“1""/2 a5 required. O
At last we are ready for the main result of this section.

Theorem 2.4.16 (The Lévy-Ito decomposition) If X is a Lévy process, then
there exists b€ RY, a Brownian motion Bs with covariance matrix A and an
independent Poisson random measure N on Rt x (RY — {0}) such that, for
eacht > 0,

X(@@) =bt+BA(t)+/

Jx|<1

xN (¢, dx) + / XN (t, dx). (2.25)

[x|=1

Proof This follows from Theorems 2.4.11 and 2.4.15 with

b:E(X(l)—/ xN(l,dx)).
[x[>1

The fact that B4 and N are independent follows from the argument of Theorem
2.4.6 via Exercise 2.4.4. |

Note We will sometimes find it convenient for each ¢ > 0, to write

Ba(t) = (B4(1),...,B5(D))

in the form
m
i _ ipj
By(1) =) o/B/0),
Jj=1
where Bl, ..., B™ are standard one-dimensional Brownian motions and o is a

d x m real-valued matrix for which oo T = A.

Exercise 2.4.17 Write down the Lévy—It6 decompositions for the cases where
X is (a) a-stable, (b) a subordinator, (¢) a subordinated process.
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Exercise 2.4.18 Show that an a-stable Lévy process has finite mean if 1 <
o < 2 and infinite mean otherwise.

Exercise 2.4.19 Deduce that if X is a Lévy process then, for each t > 0,
ZOSsSt[AX (S)]2 < o0 (a.s.).

An important by-product of the Lévy-Itd6 decomposition is the Lévy-—
Khintchine formula.

Corollary 2.4.20 If X is a Lévy process then for eachu € R?, t > 0,
E(e! X)) — exp <; {i(b, u) — %(u,Au)
+ / [ =1~ i(u,y)xm)]wy)}) . (220)
R4 —{0}
Proof By independence we have

]E(ei(u,X(I))) — E(ei(u,Yc(t))) ]E(ei(u’Yd(t))) E (ei(”’f.le XN(f’dx))> ,

and the result follows by using equation (2.17) and the results of Corollary
2.4.13 and Theorem 2.3.7. ]

Now let p be an arbitrary infinitely divisible probability measure; then by
Corollary 1.4.6 we can construct a canonical Lévy process X for which p
appears as the law of X (1). Note that X is adapted to its augmented natural
filtration and thus we obtain a proof of the first part of the Lévy—Khinchine
formula (Theorem 1.2.14).

Note 1 We emphasise that the above argument is not circular, in that we
have at no time used the Lévy—Khinchine formula in the proof of the Lévy-
Itd decomposition. We have used extensively, however, the weaker result
E(e/@X D)) = oMW where ueR?, t > 0, with n(u) = log [E(e/™“X1)].
This is a consequence of the definition of a Lévy process (see Theorem 1.3.3).

Note 2 The process ( fl lx]V (t,dx),t > O) in (2.25) is the compensated sum
of small jumps. The compensation takes care of the analytic complications in
the Lévy—Khintchine formula in a probabilistically pleasing way — since it is
an L*>-martingale.

The process (flxlzl XN (t,dx),t > 0) describing the ‘large jumps’ in (2.25)
is a compound Poisson process by Theorem 2.3.9.

x| <
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Note 3 In the light of (2.25), it is worth revisiting the result of Theorem 2.4.7.
If X is a Lévy process then the Lévy process whose value at time r > 0is X (f) —
f‘ =1 xN (t, dx) has finite moments to all orders. However, ( fl =1 xN (t,dx),t >

O) may have no finite moments, e.g. consider the case where X is -stable with
0 < o < 1. We will explore this in greater detail in the next section.

Corollary 2.4.21 The characteristics (b,A,v) of a Lévy process are uniquely
determined by the process.

Proof This follows from the construction that led to Theorem 2.4.16. O

Corollary 2.4.22 Let G be a group of matrices acting on R%. A Lévy process is
G-invariant if and only if, for each g € G,

b=gb+ [ lerCune) — xmo)d). A= gig”
—{0}
and v is G-invariant.

In the case where G acts as a group of isometries, the first of these conditions
reduces to b = gb.

Proof This follows immediately from the above corollary and the Lévy—
Khintchine formula. U

Exercise 2.4.23 Show that a Lévy process is O(d)-invariant if and only if it
has characteristics (0, al, v) where @ > 0 and v is O(d)-invariant. Show that a
Lévy process is symmetric if and only if it has characteristics (0, A, v) where
A is an arbitrary positive definite symmetric matrix and v is symmetric, i.e.
v(B) = v(—B) for all Be B(R? — {0}).

Exercise 2.4.24 Let X be a Lévy process for which
f |x|"v(dx) < oo
[x|=1

foralln > 2. Foreachn > 2, ¢t > 0, define

X)) = Z [AX(9)]" and Y@ =X @) —EX™1)).

0<s<t

Show that each (Y ™ (¢),7 > 0) is a martingale.
Note that these processes were introduced by Nualart and Schoutens [278]
and called Teugels martingales therein.
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Now that we have established the Lévy—It6 decomposition, we can return to
studying finite variation Lévy processes.

Theorem 2.4.25 A Lévy process with characteristics (b,A,v) has finite
variation if and only if A = 0 and f‘x|<1 |x|v(dx) < oo.

Proof. First suppose that A = 0 and fm< | [x[v(dx) < oo. Then the Lévy
process X = (X (¢),t > 0) has Lévy—It6 decomposition

X(t):bt+/

[x]<1

xN(t,dx) + f xN(t, dx),

[x]>1

for each # > 0. Since functions of finite variation form a vector space (see
Exercise 2.3.13) it follows from Exercise 2.3.15 that X has finite variation if
and only if the process f|x|<1 xN (t,dx) does. For each neN,r > 0, define
Y, (t) = f%<|x‘<1xN(t, dx). Foreacht > 0,m,neN,n > m,

BT~ YD <1 [ vt

u<xI<

— 0 asn,m— oo.

Hence (Y,(t),t > 0) converges in L! (uniformly on compacta) to a limit
which we write as f‘x|<1xN(t,dx). Clearly we have f‘x|<1xN(t, dx) =
ZOSSI AX (s)x3(AX (s)). For each 1 < i < d we may thus write each

Xi(t) = (bi — / xiv(dx)) r+ / XN (t,dx) + / x;N (1, dx).
lx|<1 x>0 xi <0

The process X; is hence a sum of monotone processes and so is of finite variation.
The fact that each X = (Xi,...,Xy) is of finite variation now follows by
Exercise 2.3.13.

Conversely suppose that X is of finite variation. Then again by Exercise
2.3.13 and Theorem 2.3.18 we must have A = 0. By Theorem 2.3.14, we have
Y 0<s<¢ |AX ()| < 00, and hence (restricting to sums of jumps whose size is at
most 1_) we can assert the existence of the almost sure limit le\ 21 [XIN(t,dx) =
lim, o0 [ 1 x<l |x|N (¢, dx). By restricting to a subsequence if necessary, we

also know that le|<1 IXIN (2, dx) = limy_ oo f1<m<1 IX|N (, dx), almost surely.
In the following, we work with an arbitrary sample point where both sequences
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converge. We obtain

/ |x]v(dx) = lim / |x|v(dx)
lx|<1 00 Sl <lxl<1

= lim IXIN(1,dx) — lim Ix|N (1, dx)
=00 %<|x|<l n—00 %<|x|<1
=/ |x|N(1,dx)—/ IXIN (1, dx).
lx|<1 lx|<1
Hence fl < |x|v(dx) < oo, as required. (Il

As a consequence of this theorem and its proof, we may assert that a Lévy pro-
cess has finite variation if and only if we can write its Lévy—It6 decomposition
in the form

Xt =bt+ / XN (¢, dx)
RY—{0}

=bt+ Z AX (s),

0<s<t

where each b’ = b — f|x|<1 xv(dx). Such processes have Lévy symbol
pw =+ [ @~ huiay) @27)
RI—{0}

for each u e RY.

Exercise Check that an «-stable Lévy process has finite variation if and only if
d=1landa < 1.
Jump and creep

Suppose that X is a Lévy process with Lévy-Itd decomposition of the form
X(t) = / xN(z, dx),
[x]<1

for all + > 0. Subtle behaviour can take place in the case v(l§ —{0}) = oc.
Intuitively, the resulting path can be seen as the outcome of a competition
between an infinite number of jumps of small size and an infinite drift. A deep
analysis of this has been carried out by Millar [271], in the case where d = 1
and v((0,1)) > 0. Foreach x > 0, let Ty = inf{t > 0; X (t) > x}; then

P(X(Tx—) =x < X(Ty)) = P(X(Tx—) <x =X (Ty)) =0,
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so that either paths jump across x or they are continuous at x, with probability
one. Furthermore, either P(X (Ty) = x) > Oforallx > Oor P(X (Ty) =x) =0
for all x > 0. In the first case, every positive point has a non-zero probability
of lying on a continuous part of the sample path of X and this phenomena is
called creep in Bertoin [39], pp. 174-5. In the second case, only jumps can
occur (almost surely). Millar [271] classified completely the conditions for
creep or jump for general one-dimensional Lévy processes, in terms of their
characteristics. For example, a sufficient condition for creep is A = 0 and
f?l lx|v(dx) = oo, fol xv(dx) < oo. This is clearly satisfied by ‘spectrally
negative’ a-stable Lévy processes (0 < o < 2), i.e. those for which ¢y = 0
in Theorem 1.2.20(2). More detailed discussions of ‘creep’ can be found in
chapter 6 of Doney [96] and chapter 8 of Kyprianou [221].

2.5 Moments of Lévy Processes

In this section, we will give necessary and sufficient conditions for a Lévy
process X = (X (¢),t > 0) to have a finite moment. We begin with a lemma on
compound Poisson random variables. We recall that if Y is a compound Poisson
random variable then

Y =W +---+ Wy,

where (W,,n eN) is a sequence of i.i.d random variables and N is an inde-
pendent Poisson random variable of intensity A > 0 (see Section 1.2.3). In
the sequel, we will use W to denote a generic random variable which has the
same law as the W,s. We will also have need of the multinomial coefficients
defined by

n _ n!
kiykp, -+ k) kilka! - k!

for each set of non-negative integers {ki, . . ., ky, } satisfying ky +ko+- - - +k;, =
n. We recall the multinomial theorem, for real valued x1,x> ..., Xy,

no_ n ki ky .k
k1 .k kom
In particular, if we take each x; = 1(1 < j < m), we obtain the identity

0 n
"= Z <kl,k27""km>.

kika,...km
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Lemma 2.5.1 If Y is a compound Poisson random variable then for each
neN,E(|Y|") < oo ifand only if E(JW|") < oo.

Proof. We begin by takingd = 1. If E(]Y|*) < oo, then by using conditioning,
we obtain

E(Y") = E[|W; + W2 + - -- + Wy|"]
o0 )"m
=Y e SEIW + Wa ot - 4 Wil
=0 m:
re FE(WL D).

A
Hence E(|W")) < %E(|Y|n) < 00.

Conversely, if E(|W|") < oo we have by conditioning and independence

—A
E(Y]") < e Z Z <k1,k2,~ ’km)
x E(|W Ik‘)]E(IW2|k2) B Wi f)

<e™ max E(W[")E(W,[*?)- E(IWmlk'">Z—m
Ofkl ,,,,, kmsn m= 0

Ifd > 1, write Y = (Y1, Ya,...,Y,) and use the (easily verified) fact that
E(JY|") < oo if and only each E(|Y;|") < oo(1 <i < d). O

Theorem 2.5.2 IfX is a Lévy process andne N, E(|X (t)|") < oo forallt > 0
if and only if/mzl |x|"v(dx) < oo.

Proof. By Theorems 2.4.7 and 2.4.16, we may write each X () = X (¢) + X2(¢)
where X1 = (X1 (¢),t > 0) is a Lévy process having finite moments to all orders
and X» (1) = fxlzl XN (t,dx). Hence X (¢) has an nth moment if and only if X> ()
does. By Theorem 2.3.9 X, = (X»(t),t > 0) is a compound Poisson process of
the form Xo(t) = Wi + Wz + - -- + Wiy, where the W;s have common law
pw(A) = v(A N B°)/v(B) for each A € B(R?) and (N(r),7 > 0) is a Poisson
process with intensity v (B°). The required result now follows immediately upon
applying Lemma 2.5.1. (]

Note. A stronger result than this is proved in chapter 5, section 25 of [323].
Here it is shown that E(g(X(t)) < oo for all + > 0 if and only if
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flx\zl g(x)"v(dx) < oo. The function g is required to be a non-negative,
measurable, sub-multiplicative function on RY, i.e. there exists K > 0 such
that

gx+y) < Kgx)g(y),
for all x,y e RY.

It follows from Theorem 2.5.2 that a Lévy process X is integrable, i.e.
E(X()]) < oo for all + > 0 if and only if f|x|>1 |x|v(dx). From this and
(2.25) we can easily deduce that X is a martingale if and only if it is integrable
and

b+ / xv(dx) = 0.
[x|>1

Exercise Let X be a square-integrable Lévy process, i.e. E(|X (1)]? < oo for
all r > 0. Deduce that you can write its Lévy—Itd decomposition as

X(1)=b't+Ba(t) + / xN(z,dx),
R4 —{0)

forallz > 0 where b’ € R?. Hence show that a square-integrable Lévy process is
centred if and only if it is a martingale. What can you say about the L case
where p > 2?

2.6 The interlacing construction

In this section we are going to use the interlacing technique to gain greater
insight into the Lévy—It6 decomposition. First we need some preliminaries.

2.6.1 Limit events — a review

Let (A(n),n € N) be a sequence of events in F. We define the tail events

oo o0 oo o0
liminf A(n) = _J (") AG) and limsupA(m) = (") [ JA®).
e n=1k=n n—00 n=1k=n

Elementary manipulations yield

p (linrg inf A(n)C) —1—P <lim supA(n)) . (2.28)

n—oQ
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The following is a straightforward consequence of the continuity of probability:

P (linrg inf A(n)) < lim inf P(A(n)) < lim sup P(A(w)

n—oo

<P <lim supA(n)) . (2.29)

n—oo

For a proof, see e.g. Rosenthal [311], p. 26.

We will need Borel’s lemma (sometimes called the first Borel-Cantelli
lemma), which is proved in many textbooks on elementary probability. The
proof is simple, but we include it here for completeness.

Lemma 2.6.1 (Borel’s lemma) If (A(n),n €N) is a sequence of events for
which Z;’;l P(A(n)) < oo, then P(limsup,,_, ., A(n)) = 0.

Proof Givenany € > 0wecanfindng € Nsuchthatm > ng = Z;’im P(A(n)) <
€, hence we find

P (lim supA(n)) <P (U A(n)) <> PAMm) <e,

—
n—00 n=m n=m

and the result follows. O

For the second Borel-Cantelli lemma, which we will not use in this book,
see e.g. Rosenthal [311], p. 26, or Grimmett and Stirzaker [143], p. 288.

2.6.2 Interlacing

LetY = (Y (¢),t > 0) be a Lévy process with jumps bounded by 1, so that we
have the Lévy-Itdé decomposition

Y (1) = bt + Bo(t) + / XN (t, dx)

[x|<1

for each ¢ > 0. For the following construction to be non-trivial we will find it
convenient to assume that ¥ may have jumps of arbitrarily small size, i.e. that
there exists no 0 < a < 1 such that v((—a,a)) = 0.

Now define a sequence (€,, n € N) that decreases monotonically to zero by

1
€y, = sup {yzo,/ xzv(dx) < —},
0<|x|<y 8"
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where v is the Lévy measure of Y. We define an associated sequence of Lévy
processes Y, = (¥, (¢),t > 0), wherein the size of each jump is bounded below
by €, and above by 1, as follows:

Y, (t) = bt + Ba(t) + / xN (¢, dx)

en<|x|<l

= Cn(t) + / xN(t’ dx)7
€, <lx|<1
where, for each n € N, C,, is the Brownian motion with drift given by

qm=amn4p—/

xv(dx):| s
n=<lx|<l
foreach t > 0.

Now f€n§|x|<l XN (¢, dx) is a compound Poisson process with jumps AY (¢)
taking place at times (7)',meN). We can thus build the process Y, by
interlacing, as in Example 1.3.13:

Cu(t) for0 <t <T),
Y. = Co(TH + AY(T)) fort =T),

Yu(TH 4+ Co(t) — C(T))  for T} <t < T2,

Yu(T2—) + AY(T?) fort = Ty,

and so on recursively.
Our main result is the following (cf. Fristedt and Gray [123], theorem 4,
p. 608).

Theorem 2.6.2 Foreacht > 0,
lim Y,) =Y(@) a.s.
n—oo

and the convergence is uniform on compact intervals of RT.

Proof Fix T > 0 then, foreach0 <t < T, ne N we have

nmm—nm=/ XN (t, dx),

€nt1<|x|<e€n
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which is an L2-martingale. Hence by Doob’s martingale inequality we obtain

E <Osup |Yyi1(£) — Yn<t>|2> < 4E(|Yyi1(T) — Yu(T)[?)
<t<T

5 4T
=4T |x|“v(dx) < —,
Ent1<|X|<é€n 8"

where we have used (2.10). By Chebyshev’s inequality

P Y1) — YD) = — | = L
su - — —
nggT n+1 n Zon ) =

and by Borel’s lemma (Lemma 2.6.1), we deduce that

1
P (lim sup sup [Yu41(1) — Yu(0)] > 2—) =0;

n—oo 0<t<T

S0, by (2.28),

. . 1
P <hm1nf sup |Yu41(0) — Ya(0)] < ﬁ) =1

n—00 (<<

Hence given any § > 0 there exists ny € N such that, for m,n > ng, we have

n—1 n—1

1
sup |¥() = Y] < ) sup [Yrn () = Ve < ) 72 <8

P
0<t<T r=m 0=1= r=m

with probability 1, from which we see that (Y,,(¢),n € N) is almost surely uni-
formly Cauchy on compact intervals and hence is almost surely uniformly
convergent on compact intervals. (]

Now let X be an arbitrary Lévy process; then by the Lévy—It6 decomposition,
foreachr > 0,
X®=Y(®)+ / XN (¢, dx).
[x[=1
But lelzl XN (¢, dx) is a compound Poisson process and so the paths of X can be
obtained by a further interlacing with jumps of size bigger than 1, as in Example
1.3.13.

Subordinators are Lévy processes of finite variation. To prove Theorem
1.3.15, we now need only apply (2.27) and the interlacing structure to see
that we must have b > 0 and each jump to be positive so that v has support on
(0, 00).
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2.7 Semimartingales

A key aim of stochastic calculus is to make sense of fé F (s)dX (s) for a suitable
class of adapted processes and integrators X . It turns out, as we will see, that
the processes we will now define are ideally suited for the role of integrators.
We say that X is a semimartingale if it is an adapted process such that, for each
t>0,
X0 =XO)+M@®+CQ),

where M = (M (¢),t > 0) is a local martingale and C = (C(¢),t > 0) is an
adapted process of finite variation. In many cases of interest to us the process
M will be a martingale.

The Doob-Meyer decomposition (Theorem 2.2.3) implies that (M (t)z, t>0)
is a semimartingale whenever M is square-integrable. Another important class
of semimartingales is given by the following result.

Proposition 2.7.1 Every Lévy process is a semimartingale.

Proof By the Lévy-Itd decomposition we have, for each ¢t > 0,
X(1) =M + C(1),

where

M (t) = Ba(t) +/

[x]<1

xN (¢, dx), C(t):bt+/ xN (¢, dx).

[x[>1

We saw above that M = (M (t),t > 0) is a martingale.
But Y () = f|x|>1 xN (¢, dx) is a compound Poisson process and thus for any
partition P of [0, t] we find that

varp(¥) < D [AX ()| X[1.00) (AX (5)) < 00 as.,

0<s<t
and the required result follows. (|

In Chapter 4, we will explore the problem of defining

t t t
/ F(s)dX (s) = / F(s)dM (s) + / F(s)dC(s),
0 0 0

for a class of semimartingales. Observe that if F is say locally bounded and
measurable and  is the set on which C fails to be of finite variation then we
can define

JEF(s)(@)dC(s)(@) ifoeQ—N,

t
./o F(s)dC(s)(w) = { ifweN.
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In general fé F(s)dM (s) cannot be defined as a Stieltjes integral; indeed the only
continuous martingales that are of finite variation are constants (see Revuz and
Yor [306], p. 114). We will learn how to get around this problem in Chapter 4.

The Lévy-Ité decomposition admits an interesting generalisation to arbitrary
semimartingales. We sketch this very vaguely — full details can be found in Jacod
and Shiryaev [183], p. 84. We define a random measure My on R™ x R4 in the
usual way:

Mx (t,A) =#{0 <5 < t; AX(s5) €A}

foreacht > 0, Ae B(Rd ). It can be shown that a compensator vy always
exists, this being a random measure on RT x R? for which (in particular)
fRd f () [Mx (¢,dx) — vx (t,dx)] is a martingale for all measurable f such that
the integral exists.

For all t > 0 we then have the decomposition

X(0) = B@) +X°(0) + /Rd hOO[Myc (1, dv) = vx (1, )]
+/ [x — h(x)|Mx (1, dx),
Rd

where X € is a continuous local martingale and B is an adapted process. The
mapping h appearing here is a fixed truncation function, so that h is bounded
and has compact support and /(x) = x in a neighbourhood of the origin. Write
Cij = (X, ch); then the characteristics of the semimartingale X are (B, C, vy ).
Note that B depends upon the choice of A.

Resources for general material about semimartingales include Jacod and
Shiryaev [183], Métivier [262], Protter [298] and He et al. [149].

2.8 Notes and further reading

Martingales were first developed by Doob [97] in discrete time and many
of their properties were extended to continuous time by P.A. Meyer. His
work and that of his collaborators is summarised in Dellacherie and Meyer
[88]. Readers should also consult early editions of Séminaire de Prob-
abilités: for reviews of some of these articles, consult the database at
http://www-irma.u-strasbg.fr/irma/semproba/e_index.shtml. See also the col-
lection of articles edited by Emery and Yor [112].

Brémaud [63] contains a systematic martingale-based approach to point
processes, with a number of applications including queues, filtering and control.

The Lévy—Itd decomposition is implicit in work of Lévy [228] and was rig-
orously established by It6 in [ 171]. The interlacing construction also appears, at


http://www-irma.u-strasbg.fr/irma/semproba/eprotect LY1	extunderscore index.shtml
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least implicitly, for the first time in this paper. Bretagnolle [65] was responsible
for the martingale-based approach used in the present text. Note that he credits
this to unpublished work of Marie Duflo. An alternative proof that is closer in
spirit to that of It6 can be found in chapter 4 of Sato [323].

The objects which we have called ‘martingale-valued measures’ were called
‘martingale measures’ by Walsh [352]; however, the latter terminology has now
become established in mathematical finance to denote probability measures
under which the discounted stock price is a martingale (see Chapter 5).

2.9 Appendix: cadlag functions

Let I = [a,b] be an interval in R*. A mapping f : I — R is said to be cadlag
(from the French continue a droite et limité a gauche) if, for all t € [a, b], f has
a left limit at # and f is right-continuous at 7, i.e.

e for all sequences (#,,n € N) in (a, b) witheach t, < ¢ and lim,, . t,;, = t We
have that lim,,_, o f () exists;

e for all sequences (#,,n € N) in (a, b) witheach t,, > ¢ and lim,,_, o #,, = t we
have that lim,,_,  f (t,) = f (?);

e for the end-points we stipulate that f is right continuous at a and has a left
limit at b.

A caglad function (i.e. one that is left-continuous with right limits) is defined
similarly.

Clearly any continuous function is cadlag but there are plenty of other exam-
ples, e.g. take d = 1 and consider the indicator functions f () = x4, (t) Where
a<b.

If f is a cadlag function we will denote the left limit at each point ¢ € (a, b]
as f(t—) = limgy, f(s), and we stress that f(—) = f(¢) if and only if f is
continuous at . We define the jump at t by

Af () =f @) = f(1=).

Clearly a cadlag function can only have jump discontinuities.
We give a proof of the following key result following Billingsley [49]
(chapter 3, lemma 1).

Lemma 2.9.1 For each cadlag function f defined on [a,b] and each k > 0,
there exists a finite partition P = {a =ty < t) < --- < t, = b} for which

sup{lf ) —f W u,velty, tiy1),j=0,...,n— 1} < k.
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Proof Fix k > 0 and let t* be the supremum of all those ¢ € [a, b] such that a
finite partition of [0, #) can be found which satisfies the condition given in the
statement of the lemma. Since f is right continuous at a, t* > 0. Since f has a
left limit at t*, [0, *) may be partitioned as required. Suppose t* < b. Since f
is right continuous at t* we can find ** > ¢* such that

Sup{lf(”) —f(U)|, Uu,v e [t*7 t**)} < k.
Hence we have obtained a contradiction and so * = b. (]
The following result is of great importance for stochastic calculus.
Theorem 2.9.2 Iff is a cadlag function then

(i) Foreachk > 0, the set Sy = {t, Af (t) > k} is finite.
(i) The set S = {t, Af (t) # O} is at most countable.

Proof

(i) If P is the partition whose existence is guaranteed by Lemma 2.9.1, we see
that the only places where the required jump discontinuities can occur are
at the points 71, ..., ;.

(ii) This follows immediately from the fact that S =, c jy S1/n-

O

Note that a more general theorem, which establishes the countability of the
set of discontinuities of the first kind for arbitrary real-valued functions, can be
found in Hobson [154], p. 304 (see also Klebaner [203], p. 3).

Many useful properties of continuous functions continue to hold for cadlag
functions and we list some of these below:

(1) Let D(a, b) denote the set of all cadlag functions on [a, b]; then D(a, b) is
a linear space with respect to pointwise addition and scalar multiplication.

(2) Iff, g € D(a, b) then fg € D(a, b). Furthermore, if f (x) 7~ Oforall x € [a, b]
then 1/f € D(a, b).

(3) If f e C(R?,R¥) and g € D(a, b) then the composition f o g € D(a, b).

(4) Every cadlag function is bounded on finite closed intervals and attains its
bounds there.

(5) Every cadlag function is uniformly right-continuous on finite closed
intervals.

(6) The uniform limit of a sequence of cadlag functions on [a, b] is itself cadlag.

(7) Any cadlag function can be uniformly approximated on finite intervals by
a sequence of step functions.

(8) Every cadlag function is Borel measurable.
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All the above can be proved by tweaking the technique used for establishing
the corresponding result for continuous functions. Note that by symmetry these
results also hold for caglad functions.

Iff € D(a, b) we will sometimes find it convenient to consider the associated
mapping f :(a,b] — R defined by f (x) = f(x—) whenever x € (a, b]. Note
that / and f differ at most on a countable number of points and f is caglad on
(a, b]. It is not difficult to verify that

sup |[f(x—=)| = sup |[f(x)l.

a<x<b a<x<b

Using (4), we can define seminorms on D(RT) = D((0, c0)) by taking the
supremum, i.e. ||f||sp = Sup,<;<p [f ()| for all 0 < a < b < oo; then the
{Il - llon, n € N} form a separati;lg_ family and so we obtain a complete metric
on D(RT) by the prescription

Il — gllon
nen 201+ [If — gllon)’

d(f,g) =

(see e.g. Rudin [315] p. 33). Note however that d is not separable. In order
to turn D(RT) into a Polish space (i.e. a separable topological space that is
metrisable by a complete metric), we need to use a topology different from
that induced by d. Such a topology exists and is usually called the Skorohod
topology. We will not have need of it herein and refer the interested reader to
chapter 6 of Jacod and Shiryaev [183] or chapter 3 of Billingsley [49] for details.

2.10 Appendix: Unitary action of the shift

For simplicity, we work with the canonical representation of the Lévy process.
Fix0 <s <t and let f” =o{X() — Xu,s < u < v < t}. Let my,
""" A"u,,,v,, where s <
UL, Vel Uy < twWithy; <v,1 <i<nAi...,A, EB(Rd),neN and
Sy oy g, = X (V1) = X (up) €Ap) NN (X (0y) — X (up) €Ay).

It follows from Dynkin’s lemma (Lemma 1.1.1) that the linear span D;, of
all sets of the form {x;,J € my,} is dense in LZ(Q,.FY,,,P). For each h > 0
define the shift 6, : 2 — Q by the prescription 0, (w) () = w(t + h) — w(h),
then we obtain a mapping I'j, (LA(Q, Fsi, P) — Lz(Q,}'Hh,Hh,P) by the
prescription 'y F = F o 6, for all F L3(, Fsi, P),h > 0.1t 1is easily verified
that the action of Fh on Dy, is given by linear extension of the prescription

Al »An _ »An
Fh]ul SULseeesllnUn J“] +hv1+h,..up+hvg+he
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Proposition 2.10.1 For each h > 0, T, is a unitary operator.

Proof Ttis sufficient to take s = 0. Fix 0 < u < v < w < r < t. We will show
that the joint distribution of X (r) — X (v) and X (w) — X (u) is the same as that
of X(r+h) — X (v+h) and X (w + h) — X (u+ h). To do this it is sufficient to
examine the joint characteristic function. Let ¢ = (c1,¢3) € R2, then using the
fact that the process X has stationary and independent increments, we see that

E(exp{ici (X (r) — X (v)) + ic2(X (w) — X (u))})
= E(exp{i(c1 + c2)(X (w) — X (v)) +ic1 (X (r) — X (w))
+ic2(X (v) — X (u)})
= E(expfi(c1 + c2)(X (w) — X (v))HE(explici (X (r) — X (w))})
x E(expfic2(X (v) — X (u))})
= E(expfi(ci + o)X (w +h) — X (v + h)})
x E(explici (X (r +h) — X (w + h))})
x E(explicaX (v +h) — X (u+ h))})
= E(explici(X (r + h) =X (v + h)) +ico(X(w + h) — X (u + h))}).

From this we easily deduce that E(|I",X |2 = E(X|?) where X = ¢ Xsa, +
C2Xy8, and A, B € B(R?). Using a straightforward but tedious induction argu-
ment it follows that I', maps Do isometrically onto Dy, ;1 and hence it extends
uniquely to a unitary operator as required. (]

This result also holds in general (€2, F, P). In this case you should define ['j,
by its action on the dense linear manifold D;; and then the above argument
again shows that it extends to a unitary operator.
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Markov processes, semigroups
and generators

Summary  Markov processes and the important subclass of Feller processes are intro-
duced and shown to be determined by the associated semigroups. We take an analytic
diversion into semigroup theory and investigate the important concepts of generator
and resolvent. Returning to Lévy processes, we obtain two key representations for the
generator: first, as a pseudo-differential operator; second, in ‘Lévy—Khintchine form’,
which is the sum of a second-order elliptic differential operator and a (compensated)
integral of difference operators. We also study the subordination of such semigroups
and their action in LP-spaces.

The structure of Lévy generators, but with variable coefficients, extends to a general
class of Feller processes, via Courrege’s theorems, and also to Hunt processes associated
with symmetric Dirichlet forms, where the Lévy—Khintchine-type structure is apparent

within the Beurling—Deny formula.

3.1 Markov processes, evolutions and semigroups
3.1.1 Markov processes and transition functions

Intuitively, a stochastic process is Markovian (or, a Markov process) if using
the whole past history of the process to predict its future behaviour is no more
effective than a prediction based only on a knowledge of the present. This
translates into precise mathematics as follows.

Let (€2, F, P) be a probability space equipped with a filtration (F;,¢ > 0).
LetX = (X (#),t > 0) be an adapted process. We say that X is a Markov process
if, for all f € By(R9),0 < s <t < 00,

E(f (X )| Fs) = EFX @)X (s)  as. (3.1

143
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Notes

(1) The defining equation (3.1) is sometimes called the ‘Markov property’.

(2) R? may be replaced here by any Polish space, i.e. a separable topological
space that is metrisable by a complete metric.

(3) In discrete time, we obtain the well-known notion of the Markov chain.

Example 3.1.1 (Lévy processes) Let X be a Lévy process; then it follows by
Exercise 2.1.2 that X is a Markov process.

Recall that By, (Rd) is a Banach space with respect to the norm

IIf 11 = sup{lf (x)|,x e RY}

for each f € By, (R4 ).

With each Markov process X, we associate a family of operators (75,0 <
s <t < 00) from Bp(RY) to the Banach space (under the supremum norm) of
all bounded functions on R¢ by the prescription

(T )(x) = E(f (X (1)1X (5) = x)

foreach f € By (RY), x € RY, We recall that I is the identity operator, If = f, for
each f € By, (R9Y). We say that the Markov process X is normal if T ; (By, (R9Yy) C
By (R?), foreach 0 < s <t < 00.

Theorem 3.1.2 [f X is a normal Markov process, then

(1) T, is a linear operator on Bb(Rd)for each0 <s <t < oo
(2) Tss =1 foreach s > 0.

(3) T, sT5; =Ty whenever 0 <r <s <t < oo.

4 f=0=>T5,f =0forall0 <s<t<oof € Bp(RY).

(5) T, is a contraction, i.e. ||Ts;|| < 1 foreach0 < s <t < o0.
6) Ts:(1) =1 forallt = 0.

Proof Parts (1), (2), (3) and (4) are obvious.
For (3) let f eBb(Rd), x€RY; then, foreach0 < r <s <1t < 00, applying
conditioning and the Markov property (3.1) yields

(T ) @) =E(f X 0)[X (r) = x) = E(E( X 0)|F)IX (r) = x)
=E(E(X0))[X ()X (r) =x) = E(Ts,f X ()X (r) =x)
= (Trs(Tsf ) (x).
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(5) Foreachf € Bp(RY),0<s <t < o0,

Tsuf 1l = sup [E(f(X0))IX (s) =) < sup E(If X (@)]|X (s) = x)

xeRd xeRd
< sup [f(x)| sup E(11X(s) = x)
xeRd xeRd
=11l

Hence each Ty is a bounded operator and

sl = sup{[|Ts.. (DI, l1gll = 1} < 1.

O

Any family satisfying (1)—(6) of Theorem 3.1.2 is called a Markov evolution.
Note that of all the six conditions, (3) is the most important, as this needs the
Markov property for its proof.

Foreach0 < s <t < 00, A € B(RY), x e R?, define

Psi(x,A) = (Tyrxa)(x) = P(X (1) €AIX (5) = x). (3.2)

By the properties of conditional probability, each p;;(x, -) is a probability mea-
sure on B(RY). We call the mappings Ds.t transition probabilities, as they give
the probabilities of ‘transitions’ of the process from the point x at time s to the
set A at time ¢.

If X is an arbitrary Markov process, by equation (1.1) we have

(Tof ) (x) = fR Ty (33)

foreachO <s <t <oo,f eBb(Rd),xe]Rd.
From (3.3) we see that a Markov process is normal if and only if the mappings
X — ps1(x,A) are Borel measurable for each A € B(]Rd), 0<s<t<oo.
Normal Markov processes are a natural class to deal with from both analytic
and probabilistic perspectives, and from now on we will concentrate exclusively
on these.

Exercise 3.1.3 Let X be a Lévy process and let ¢; be the law of X (¢) for each
t > 0. Show that

Psi(x,A) = q1—5(A — x)

foreach0 < s <7 < 00, A e B(RY), xR,
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Exercise 3.1.4 A Markov process is said to have a transition density if for each
xeR4,0 < s <t < oo, there exists a measurable function Yy — pss(x,y) such
that

Ds.t(x,A) :/ps,t(x7y) dy.
A

Deduce that a Lévy process X = (X (¢),¢ > 0) has a transition density if and
only if g; has a density f; for each > 0, and hence show that

P56, y) = fis(y — )

foreach0 <s <t < oo,x,yeRd.
Write down the transition densities for (a) standard Brownian motion,
(b) the Cauchy process.

The following result will be familiar to students of Markov chains in its
discrete form.

Theorem 3.1.5 (The Chapman-Kolmogorov equations) If X is a normal
Markov process then for each0 <r <s <t <00, x € R Ac B(Rd),

Pri(x,A) = /R P50 A)prs(x, dy). (3.4)

Proof Note that since X is normal, the mappings y — p;(y,A) are integrable.
Now applying Theorem 3.1.2 and (3.3), we obtain

Dri(,A) = (Tr s xa) (%) = (Tr s (Tsp xa)) (x)
= / (Tst x4) Wprs(x, dy) = f Pt (¥, A)prs(x,dy).
Rd Rd

O
Exercise 3.1.6 Suppose that the Markov process X has a transition density as
in Exercise 3.1.4. Deduce that

ori(x,2) = /R . Prs(X,¥) s, (¥, 2)dy

foreachO < r <s <t <ooandx,zeRY,

We have started with a Markov process X and then obtained the Chapman—
Kolmogorov equations for the transition probabilities. There is a partial
converse to this, which we will now develop. First we need a definition.



3.1 Markov processes, evolutions and semigroups 147

Let {ps,;;0 < s < t < oo} be a family of mappings from R? x
B(Rd) — [0, 1]. We say that they are a normal transition family if, for each
0<s<t<oc:

(1) the maps x — ps(x,A) are measurable for each A € B(R?Y);
(2) ps.(x,-) is a probability measure on B (R?) for each x € RY;
(3) the Chapman—Kolmogorov equations (3.4) are satisfied.

Theorem 3.1.7 If {p;;;0 < 5 < t < oo} is a normal transition family and
w is a fixed probability measure on R, then there exists a probability space
(2, F,Py), afiltration (F;,t > 0) and a Markov process (X (t),t > 0) on that
space such that:

@))] P(X(t) ceAlX (s) = x) = pst(x,A) (a.s.) foreach 0 < s <t < 00, xeRY;
AeBRY);
2) X(0) has law .

Proof We remind readers of the Kolmogorov existence theorem (Theorem
1.1.17). We take € to be the set of all mappings from R to R¢ and F to be
the o-algebra generated by cylinder sets I5} A" "4 where 0 = 1o # 1 #
-oo#E 1, <ooand Ag,Aq,..., Ay € B(RY). In the case where 1] < --- < 1, we

define
Doty ,etn (Ao XA X -+ - X Ap)

= / u(dxo) | pos (xXo,dx1) | prn(x1,dxa)---
Ag Aq A

X / ptn_l,t,l(xn—l’dxn)-
A’l

For arbitrary distinct 71, . . ., t, define
pl‘(),l‘l,...,t,l = Pto,t,,(l) ,,,,, tr(n)?
where m is the unique permutation of {1,...,n} for which 77(1) < --- <

Iz (n)- By the Chapman—Kolmogorov equations (3.4), we can easily verify that
{Dig.t1,trt0 711 # 12 7 ... # 1) satisfy Kolmogorov’s consistency criteria
and so, by a slight extension of Kolmogorov’s existence theorem, Theorem
1.1.17, there exists a probability measure P, and a process X = (X (1), > 0)
on (£2,F,P,) having the py .. as finite-dimensional distributions. X is
adapted to its natural filtration.
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(2) is now immediate. To establish (1) observe that by the above construction,
foreach0<s<tr<oo0,A€ B(Rd),

PX () eA) = / / s, (x, A) p(dxo)po,s (xo, dx).
Rd JRA

However,
PX(1)€A) = fRd P(X (1) €A|X (s) = x)px (s (dx)

=/ / P(X (1) € AIX (5) = x)pu(dxo)po,s (X0, dx),
Re JRd

and the result follows.
Finally we must show that X is Markov. Let 0 < s < ¢t < oo and

let R, be the collection of all cylinder sets of the form A = I,':?tif{;; XA

with maxo<;<nt <s. For convenience we will put fp = 0. Let w be the
unique permutation of {1,...,n} for which #;(1) < -+ < fz(). For each
f€By (Rd),A € Ry we have,

EGuE(F (X (0)|F5)
= E(xaf (X (1))
= E(((x (1) € A40.X (11) € Ay, X (1) € Al (X (1))
,,,,, X (trny) € Ani f (X (1))

= f I’L(dxo) f pl‘o,l‘n(l) (.X'(),d)Cl) SRR / Ptn(,,,l),t,,(,,> (Xn_l, dxn)
Ao Az(1) Az

X / f (y)pl,,(,l),t (xn» d}’)
R4

= E(X(x (19) € A0.X (tr 1)) €Arr)

On the other hand

E(xaAE(f (X ()X (s))
= EO(x (t9) € A0.X (11) € Ar, X (1) € A E(F (X (D)X (5)))

= f /,L(d)(f()) / pt(),tﬂ(l) (XO,dX]) s / plﬂ(,,,l),tﬂ(n) (-xn—la dxn)
Ap LR

7 (n)

X / pt,,(,,),s(xn, dx) / f(y)p_&‘,l(-x7 d)’)
R4 Rd
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= f ,U«(dxo) / pto,tﬂ(l) (XO, dX]) see / ptﬂ(nfl),tn(,,) (xn—l > dxn)
Ag An(l) A

7T (n)

X / f(y)ptn(n),t(xm dy),
Rd

by Fubini’s theorem and the Chapman—Kolmogorov equations. So we have
deduced that

EGQE( (X @)1 Fs) = EGUE(F (X ())1X (5)),

for all A€ R;. Now R forms a m-system. Since it generates the o-algebra
Fs we may appeal to Dynkin’s lemma (Lemma 1.1.1) to conclude that Fy is
the smallest d-system containing R,. We may then use linearity and monotone
convergence to conclude that

EAEF X @)1 Fs) = EGUEF (X (0))1X (),

forall A € F, and the result follows since { x4, A € Fs}is total’ inLZ(Q, Fs, PL).
O

We call the process X constructed in this way a canonical Markov process.

A great simplification in the study of Markov processes is made by reduction
to the following important subclass. A Markov process is said to be (time-)
homogeneous if

Ts,t = TO,I—S
forall 0 < s <t < oo; using (3.3), it is easily verified that this holds if and
only if
Psi(x,A) = po—s(x,A)
foreach0 < s <1t < 00, xeRY, A eB(Rd). If a Markov process is not
homogeneous, it is often said to be inhomogeneous.
For homogeneous Markov processes, we will always write the operators T ;

as T; and the transition probabilities po as p;.
The key evolution property Theorem 3.1.2(3) now takes the form

Ts+t = TsTt (35)

1 A set of vectors S is fotal in a Hilbert space H if the set of all finite linear combinations of vectors
from S is dense in H.
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for each s, > 0. Theorem 3.1.2(2) now reads 7o = [ and the Chapman-
Kolmogorov equations can be written as

Dris(x,A) = A{ L Ps (v, A)p: (x, dy) (3.6)

for each s, t > 0, x e R?, A € B(R?).

In general any family of linear operators on a Banach space that satisfies (3.5)
is called a semigroup. By (3.3) and Theorem 3.1.7 we see that the semigroup
effectively determines the process if the transition probabilities are normal.
There is a deep and extensive analytical theory of semigroups, which we will
begin to study in the next chapter. In order to be able to make more effective
use of this and to deal with one of the most frequently encountered classes of
Markov processes, we will make a further definition.

A homogeneous Markov process X is said to be a Feller process if

(1) T;: Co(R?) C Co(RY) forall + > 0,
(2) limy_o ||Tf —f|| = 0 for all f € Co(RY).

In this case, the semigroup associated with X is called a Feller semigroup.
More generally, we say that any semigroup defined on the Banach space
Co(R?) is Feller if it satisfies (2) above and (one-parameter versions of) all
the conditions of Theorem 3.1.2.

Note 1 Some authors prefer to use Cy (R9Y in the definition of a Feller process
instead of Co(R?). Although this can make life easier, the space Co(R¢) has
nicer analytical properties than Cy, (R?) and this can allow the proof of important
probabilistic theorems such as the one below. In particular, for most of the
semigroups which we study in this book, condition (2) above fails when we
replace Co(R?) with C,(R¥). For more on this theme, see Schilling [325]. We
will consider this point again in Chapter 6.

Note 2 There is also a notion of a strong Feller semigroup, for which it is
required that T;(By (R9)) C Cp(R?) for each ¢ > 0. We will not have need of
this concept in this book.

Theorem 3.1.8 If X is a Feller process, then its transition probabilities are
normal.

Proof See Revuz and Yor [306], p. 83. (]

The class of all Feller processes is far from empty, as the following result
shows.
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Theorem 3.1.9 Every Lévy process is a Feller process.

Proof If X is a Lévy process then it is a homogeneous Markov process by
Exercise 2.1.2. Let g; be the law of X (7); then, by Proposition 1.4.4, (g;,t > 0)
is a weakly continuous convolution semigroup of probability measures and,
using the result of Exercise 3.1.3 and (3.3), we see that for each f € By, (RY),
xeR4 1 >0,

(Tif ) (x) 2[ f &+ y)qi(dy).
Rd

Now let f € Cy (R9Y. We need to prove that Tf € Co(R?) for each ¢ > 0. First
observe that if (x,,n € N) is any sequence converging to x € R? then, by the
dominated convergence theorem,

lim (Tf)(x) = lim_ / £ G+ )qr(dy)
Rd
= ff(x +¥)q:(dy) = (Tif ) (x),
Rd

from which it follows that 7;f is continuous. We can then apply dominated
convergence again to deduce that

Jlim (1)) < fim /R G+ lgita)

X | — 00

2/11‘@ lim |f(x + y)|g:(dy) = 0.

d |x|—00

To prove the second part of the Feller condition, observe that the result is
trivial if f = 0, so assume that f # 0 and use the stochastic continuity of X
to deduce that, for any € > 0 and any r > 0, there exists 7o > 0 such that
0<1t<ty= q(Br(0)) <e/@fID.

Since every f € Co(R?) is uniformly continuous, we can find § > 0 such that
sup, e [f (x +y) — f(x)| < €/2 forall y € Bs(0).

Choosing r = §, we then find that, for all 0 < ¢ < 1y,

ITif =fll = sup |Tif (x) = f ()]

xeRd

s/B sup I (x +y) — f (0)lar(dy)

5(0) x e R4
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+/B sup |f (x +y) —f(x)|g:(dy)

5(0)° x e R4

< %qz(Ba(O)) + 211 11g: (Bs (0)°) < e,

and the required result follows. (|

3.1.2 Sub-Markov processes

Much of the material that we have discussed so far can be extended to a more
general formalism. Suppose that we are given a family {p;,;,0 < s <t < oo} of
mappings from R? x B(R?) — [0, 1] which satisfy (1) and (3) of the definition
of a normal transition family, but (2) is weakened to

(2)) foreach0 < s <t < 00, x€ Rd,p”(x, -) is a finite measure on B(Rd),
with p;,(x, Rd) <.

We can then extend the p;; to give a normal transition family by using the
following device. We introduce a new point A, called the cemetery point, and
work in the one-point compactification R U {A}; then {pss, 0 <5 <t < 00}
is a normal transition family, where we define

Pss(x,A) = pgs(x,A) whenever xeR?, A e B(R?),
Dsi(x, {A}) =1 — pgs(x, Rd) whenever x Rd,
Por(ARY) =0, po,(A{AD) = 1.

Exercise 3.1.10 Check that the members of the family {p;;,0 < s <t < 00}
satisfy the Chapman—Kolmogorov equations.

Given such a family, we can then apply Theorem 3.1.7 to construct a Markov
process X = (X (¢),t > 0) on RYU{A}. We emphasise that X is not, in general,
a Markov process on R? and we may introduce the lifetime of X as the random
variable [y, where

Ix () =1inf{t > 0; X (1)(w) ¢ R4}

for each w € Q.

We call X a sub-Markov process; it is homogeneous if ps; = p;—s for each
0 < s <t < co. We may associate a semigroup (T,,t > 0) of linear operators
on By (R? U {o0}) with such a homogeneous Markov process X, but it is more
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interesting to consider the semigroup (77, ¢ > 0) of linear operators on By, (R?)
given by

(Tif)(x) = / FOpi(x, dy)
Rd

foreacht > 0, f € By, (Rd), x € R? . This satisfies all the conditions of Theorem
3.1.2 except (6), which is weakened to 7;(1) < 1 for all ¢t > 0.

If, also, each T,(Co(R?)) € Co(R?) and lim,_o ||T;f — f|| = 0, we say
that X is a sub-Feller process and (Ty,t > 0) is a sub-Feller semigroup. Many
results obtained in this chapter for Feller processes and Feller semigroups extend
naturally to the sub-Feller case; see e.g. Berg and Forst [38] and Jacob [179].

3.2 Semigroups and their generators

In the last section, we saw that the theory of homogeneous Markov processes is
very closely related to the properties of families of linear operators in Banach
spaces called semigroups. In this section, we will develop some understanding
of these from a purely analytical point of view, which we can then feed back
into later probabilistic discussions. Readers who feel they lack the necessary
background in functional analysis are recommended to study the appendix to
this chapter (Section 3.8), where they can learn in particular about unbounded
operators and related concepts used below such as domains, closure, graph
norms, cores and resolvents.

Most of the material given below is standard. There are many good books on
semigroup theory and we have followed Davies [85] very closely. Many books
about Markov processes also contain introductory material of a similar type to
that given below, and readers may consult e.g. Jacob [180], Ethier and Kurtz
[116] or Ma and Rockner [242].

Let B be a real Banach space and L(B) be the algebra of all bounded linear
operators on B. A one-parameter semigroup of contractions on B is a family of
bounded, linear operators (7;,¢ > 0) on B for which

(1) Tyyr = TsT; forall s, t > 0,

2 To =1,

3) ITy]| < 1forallt > 0,

(4) the map ¢+ — T, from RT to L(B) is strongly continuous at zero, i.e.
limy o [|T; — || = O for all ¥ € B,

From now on we will say that (73, ¢ > 0) is a semigroup whenever it satisfies
the above conditions.
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Lemma 3.2.1 If (T;,t > 0) is a semigroup in a Banach space B, then the map
t — T, is strongly continuous from R™ to L(B), i.e. limy_ ||T; — T || =0
forallt > 0, ¢ €B.

Proof If (T;,t > 0) is a semigroup then it is strongly continuous at zero. Fix
t > 0, ¢ € B; then for all 2 > 0 we have

Tieny = Tiy |l = IT:(Th — D]l by (1) and (2)
< TITh = Dl < [[(Th = D]l by 3).

A similar argument holds when & < 0, and the result follows. ]

Note Semigroups satisfying just the conditions (1), (2) and (4) given above
are studied in the literature, and these are sometimes called Cy-semigroups.
Although they are no longer necessarily contractions, it can be shown that there
exist M > 1 and B > 0 such that ||T;|| < MeP? for all 1 > 0. Although all
the theory given below extends naturally to encompass this more general class,
we will be content to study the more restrictive case as this is sufficient for our
needs. Indeed, the reader should quickly confirm that every Feller semigroup
is a (contraction) semigroup on Cy (R9) in the above sense.

Example 3.2.2 Let B = Cy(R) and consider the semigroup (77, t > 0) defined
by (T;f)(x) = f(x + t) for each f € Co(R), x € R4, t > 0. This is called the
translation semigroup. Now if f € C3°(R) is real-analytic, so that it can be
represented by a Taylor series, we have

e¢]

T =3 S0 = e,

n=0
where Df (x) = f’(x) defines the operator of differentiation.

Exercise 3.2.3 Check the semigroup conditions (1) to (4) for the translation
semigroup.

Exercise 3.2.4 Let A be a bounded operator in a Banach space B and for each
t > 0, Y € B, define

oo t” "
TthZ;Anwzcet ,(p?.
n=0 "

Show that (T;, ¢ > 0) is a strongly continuous semigroup of bounded operators
in B, that (7}, > 0) is norm-continuous, in that lim, ¢ ||7; — I|| = 0.
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These examples have a valuable moral. Given a semigroup (73,¢t > 0), we
should try to find a linear operator A for which T; =" can be given meaning.
In general, just as (in Example 3.2.2) D is an unbounded operator that does
not operate on the whole of Co(R¢) so we would expect A to be unbounded in
general.

Now let (T;,t > 0) be an arbitrary semigroup in a Banach space B. We define

. Y =Y
Dy = {weB,EIqbw € B such that ltlil'{)le —¢¢H =0} .
It is easy to verify that Dy is a linear space and thus we may define a linear
operator A in B, with domain Dy, by the prescription

AYr = ¢y,
so that, for each { € Dy,

Ty -y

Ay = lzlf(} —

We call A the infinitesimal generator, or sometimes just the generator, of the
semigroup (7y,¢ > 0). In the case where (7;,¢ > 0) is the Feller semigroup
associated with a Feller process X = (X (#),# > 0), we sometimes call A the
generator of X .

In the following, we will utilise the Bochner integral of measurable mappings
f:R*T — B, which we write in the usual way as fotf(s)ds. This is defined, in a
similar way to the Lebesgue integral, as a limit of integrals of simple B-valued
functions, and we will take for granted that standard results such as dominated
convergence can be extended to this context. A nice introduction to this topic can
be found in Appendix E of Cohn [80], pp. 350-7. For an alternative approach
based on the Riemann integral, see Ethier and Kurtz [116], pp. 8-9.

Let (T;,t > 0) be a semigroup in B and let ¥ € B. Consider the family of
vectors (1 (¢),t > 0), where each ¥/ (¢) is defined as a Bochner integral

1
v = / Toy du.
0

For s >0, we will frequently apply the continuity of Ty together with the
semigroup condition (1) to write

t
T () = / Tyt dut. 3.7)
0
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Readers who are worried about moving 7 through the integral should read
Cohn [80], p. 352.
The following technical lemma plays a key role later.

Lemma 3.2.5 v (¢) € D4 for each t > 0,4 € B and

Ay () =Ty — .

Proof Using (3.7), the fundamental theorem of calculus, the fact that Ty = 1
and a standard change of variable, we find for each > 0,

tim (7,00 = ¥(0)] = lim (% /0 Tyt du — %fot'mf du)
1 t+h 1 t

ZIhiF(} (E/h Tuwdu—Z/O Tm/fdu)
1 [ith 1 rh

= lim (E/, Tuwdu—zfo Tuwdu)

=Ty — ¢,
and the required result follows. ([

Theorem 3.2.6

(1) Dy is dense in B.
(2) T;Dyg C Dy for eacht > 0.
(3) T\ AY = ATy for each t > 0,4 € Dy.

Proof (1) By Lemma 3.2.5, ¥ () € D4 for each t > 0, y € B, but, by the
fundamental theorem of calculus, lim, o (v (¢)/t) = ¥; hence Dy is dense in B
as required.

For (2) and (3), suppose that € D4 and ¢t > 0; then, by the definition of A
and the continuity of T;, we have

1 1
ATy = |lim (T, = 1) | T,y =lim — (T, — T,
34 |:hlﬂ)l h( h )] 1) hlﬁ)l h( t+h — TV

1
=T [gmm—l)]w = TAY.
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The strong derivative in B of the mapping t — Ty, where ¥ € Dy, is
given by
d Ty —Thy
—Ty =lim ———.
dt v hl0 h
From the proof of Theorem 3.2.6, we deduce that

d
o TV =AT. (3.8)

More generally, it can be shown that t — T; is the unique solution of the
following initial-value problem in Banach space:

%u(t) = Au(p), u(0) = yr;

see e.g. Davies [85], p. 5. This justifies the notation 7; = ™.

Theorem 3.2.7 A is closed.

Proof Let (Y, neN)eDy be such that lim,cot¥, = Y €B and
lim,,_, oo AY,, = ¢ € B. We must prove that € D4 and ¢ = AYr.

First observe that, for each ¢ > 0, by continuity, equation (3.8) and Theorem
3.2.6(3),

t
Ty — = lim (T — ) = lim / T\ A ds
n—oo n—oo O
t
_ f Top ds, (3.9)
0

where the passage to the limit in the last line is justified by the fact that

t t
/ TsAYr, ds — / T ds
0 0

lim
n—oo

t
< tim [Ty~ i
n—0o0 0
=t lim [[(A¢, — @)|| = 0.
n— o0
Now, by the fundamental theorem of calculus applied to (3.9), we have
lim ~ (T, — ) = ¢
im — —v) =6,
tl0 t !

from which the required result follows. (]

The next result is extremely useful in applications.
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Theorem 3.2.8 [f D C Dy is such that

(1) D is dense in B,
(2) T;(D) S D forallt > 0,

then D is a core for A.

Proof Let D be the closure of D in D4 with respect to the graph norm |[||.|||
(where we recall that |||y||| = ||¥]] + ||Ay || for each W € Dy).

Let ¢ € D4; then by hypothesis (1), we know there exist (,,, n € N) in D such
that lim,,_, o ¥, = ¥. Now define the Bochner integrals ¥ () = fot Ty ds and
Yn(t) = fé T, ds for each n € N and t+ > 0. By hypothesis (2) and Lemma
3.2.5, we deduce that each ¥, (¢) € D. Using Lemma 3.2.5 again and the fact
that 7} is a contraction, we obtain for each t > 0

Jim [y (@) = ¥ O]

= Tim_|I¥() = Yu (I + lm_[JAY () — A0

IA

t
nlggofo T = yllds + Lim |[(To = 4) — (Tivsn — Y|

IA

(t+2) lim ||y — ¢ =0,
n—o0

and so ¥ (1) e D for each + > 0. Furthermore, by Lemma 3.2.5 and the
fundamental theorem of calculus, we find

. 1
i

1t IR
:1{1301 ;/O Txlpds—wH+111$H;A1p(z)—AwH
— i lflT d H+r Hl(r )— A H—o
=limi|7 A sYds— him 1 Y — ) —Ay|| =0.

From this we can easily deduce that D4 C D, from which it is clear that D is a
core for A, as required. O

We now turn our attention to the resolvent R; (A) = (A — A)~!, which is
defined for all A in the resolvent set p(A). Of course, there is no a priori reason
why p(A) should be non-empty. Fortunately we have the following.
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Theorem 3.2.9 If A is the generator of a semigroup (T;,t > 0), then (0,00) C
p(A) and, for each A > 0,

o0
R,(A) = / e MT, dr. (3.10)
0

Proof For each A > 0, we define a linear operator S (A) by the Laplace trans-
form on the right-hand side of (3.10). Our goal is to prove that this really is the
resolvent. Note first of all that S (A) is a bounded operator on B; indeed, for
each ¢ € B, t > 0, on using the contraction property of 7; we find that

o o0 l
1S (A = f e M Ty |dr < IIIPII/ e Mdi = Il
0 0

Hence we have ||S, (A)]| < 1/A.
Now define ¥, = S, (A)y for each y € B. Then by continuity, change of
variable and the fundamental theorem of calculus, we have

1
lim — (7} —
hligh( nn — V)
li 1/00 M, dt 1/00 Moy dt
=lim| - - =
o\ h Jy ¢ rrh h Jo ¢ !

1 [ 1 [
=lim | - / e DT dr — - / e MTyp dt
no \h Jp h Jo

1 [h 1 %
= —1lim e“‘—/ e MTapdt + lim — (e — 1 / e MT dt
no  hJy v hi0 h( ) 0 v

= —Y +AS(A) Y.
Hence vy, € Dg and Ayr;, = —¢ + ASp(A) Y, i.e. forall y € B
A =A)S.A)Y =
So A — A is surjective for all A > 0 and its right inverse is S, (A).
Our proof is complete if we can show that A — A is also injective. To establish

this, assume that there exists ¥ # 0 such that (A — A)y¥y = 0 and define
¥, = e for each t > 0. Then differentiation yields the initial-value problem

Y, = LMy = Ay
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with initial condition {ro = . But, by the remarks following equation (3.8),
we see that ¢, = T,y for all r > 0. We then have

Ty Il = 19l = ¥ 11,

and so ||T;| = |T:¥||/||¥]| = |€*| > 1, since A > 0. But we know that each
T} is a contraction, and so we have a contradiction. Hence we must have ¥ = 0
and the proof is complete. (]

The final question that we will consider in this section leads to a converse
to the last theorem. Suppose that A is a given densely defined closed linear
operator in a Banach space B. Under what conditions is it the generator of a
semigroup? The answer to this is given by the celebrated Hille—Yosida theorem.

Theorem 3.2.10 (Hille-Yosida) Let A be a densely defined closed linear oper-
ator in a Banach space B and let R)(A) = (A — AL be its resolvent for

A€ p(A) C C. A is the generator of a one-parameter contraction semigroup in
B if and only if

(1) (0,00) C p(A),
(2) |IR.(A)|| < 1/A forall A > 0.

Proof Necessity has already been established in the proof of Theorem 3.2.9.
We will not prove sufficiency here but direct the reader to standard texts such
as Davies [85], Ma and Roéckner [242] and Jacob [180]. O

The Hille—Yosida theorem can be generalised to give necessary and sufficient
conditions for the closure of a closable operator to generate a semigroup. This
result can be found in, e.g. section 4.1 of Jacob [180] or chapter 1 of Ethier and
Kurtz [116].

3.3 Semigroups and generators of Lévy processes

Here we will investigate the application to Lévy processes of some of the
analytical concepts introduced in the last section. To this end, we introduce a
Lévy process X = (X (¢),t > 0) that is adapted to a given filtration (F;,t > 0)
in a probability space (€2, F, P). The mapping 7 is the Lévy symbol of X, so
that

E(e! X )y = o)

for all u € RY. From Theorem 1.2.17 we know that 1 is a continuous, hermitian,
conditionally positive mapping from R to C that satisfies 7(0) = 0 and whose
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precise form is given by the Lévy—Khintchine formula. For each t > 0, g; will
denote the law of X (). We have already seen in Theorem 3.1.9 that X is a Feller
process and if (7;,¢ > 0) is the associated Feller semigroup then

(Tf)x) = /Rdf(x + ¥)q:(dy)

for each f € By(RY), xeR?, 1 >0, i.e.

(Tif ) @) = E(f (X (1) + x)). (3.11)

3.3.1 Translation-invariant semigroups

Let (14,a € R?) be the translation group acting in By (R%), so that (1,f)(x) =
f(x — a) for each a,x e RY, f € By(R?).
We then find that

(Ti(taf N ®) = E((ta X (1) +2)) = E(f (X () +x —a))
= (Tif)(x — a) = (ra(T3f)) (),

ie.
Tl‘ Ta = Tg Tt

foreacht > 0,a € R4, The semigroup (73, > 0) is then said to be translation
invariant. This property gives us another way of characterising Lévy processes
within the class of Markov processes.

In the following result, we will take (€2, F, P) to be the canonical triple given
by the Kolmogorov existence theorem, as used in Theorem 3.1.7.

Theorem 3.3.1 If (T;,t > 0) is the semigroup associated with a canonical
Feller process X for which X (0) = 0 (a.s.), then this semigroup is translation
invariant if and only if X is a Lévy process.

Proof We have already seen that the semigroup associated with a Lévy pro-
cess is translation invariant. Conversely, let (7y, ¢ > 0) be a translation-invariant
Feller semigroup associated with a Feller process X with transition probabilities
(pr,t > 0). Then for each a,x € R, ¢ > 0,f e Co(Rd), by (3.3) we have

(ta(Tyf ) (x) = /ﬂ;{df(y)pz(x—a,dy).
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Moreover,

(T3 (taf ) (X) = / (2 ) 0)pe (. dy) = / FO - apiedy)
R4 R4

=/ FOPrdy +a).
Rd

So, by translation invariance, we have

/ fO)p:(x —a,dy) = / FOpi(x,dy + a).
R4 R4

Now we may apply the Riesz representation theorem for continuous linear
functionals on C (Rd ) (see e.g. Cohn [80], pp. 209-10) to deduce that

pi(x —a,B) = p/(x,B + a) (3.12)

forallr > 0, a,x € R?, Be B(R?).

Let g; be the law of X (¢) for each r > 0, so that g,(B) = p;(0, B) for each
B € B(R?); then, by (3.12), we have p;(x, B) = ¢q;(B —x) foreach x € R?. Now
apply the Chapman—Kolmogorov equations to deduce that, for all 5,7 > 0,

qr+s(B) = p;15(0, B) = / P (v, B)ps(0,dy) = f q:(B — y)qs(dy),
R4 R4

so (gz,t > 0) is a convolution semigroup of probability measures. It is vaguely
continuous, since (Ty,¢ > 0) is a Feller semigroup and so

1im/ JFMqi(dy) = lim(T;f)(0) = f(0)
Rd t}0

t}0
forallf € Cy (R%). Hence by Theorem 1.4.5 and the note at the end of Subsection

1.4.1, we deduce that the co-ordinate process on (€2, F, P) is a Lévy process.
]

Exercise 3.3.2 Let X be a Lévy process with infinitesimal generator A. Deduce
that, for all a e R?, 1, (D4) C Dy and that for all f € Dy

T Af = At.f.
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3.3.2 Representation of semigroups and generators by
pseudo-differential operators

We now turn our attention to the infinitesimal generators of Lévy processes.”
Here we will require a very superficial knowledge of pseudo-differential opera-
tors acting in the Schwartz space S(R?) of rapidly decreasing functions. Those
requiring some background in this may consult the final part of Section 3.8.
There is also no harm (apart from a slight reduction in generality) in replacing
S(RY) by C*(RY) in what follows.

LetfeS (R?). We recall that its Fourier transform is f e S(R?,C), where

fw = @m)=4? / e~ Vf (x)dx
Rd
forall u e Rd, and the Fourier inversion formula yields
f) = @m"? f f @™ du
R{l

for each x e RY.

A number of useful results about the Fourier transform are collected in the
appendix at the end of this chapter. The next theorem is of great importance in
the analytic study of Lévy processes and of their generalisations.

Theorem 3.3.3 Let X be a Lévy process with Lévy symbol n and characteris-
tics (b,a,v). Let (T;,t > 0) be the associated Feller semigroup and A be its
infinitesimal generator.

(1) Foreacht >0, f e S(R?), xeR?,
(Tf)(x) = @r) /2 / e/ MOF (1) du,
Rd

so that Ty is a pseudo-differential operator with symbol e'.
(2) Foreachf € S(RY), xeR?,

(AN ) = (2m) =2 /R LG (wdu,

so that A is a pseudo-differential operator with symbol 1.

2 In order to continue denoting the infinitesimal generator as A, we will henceforth use a to denote
the positive definite symmetric matrix appearing in the Lévy—Khinchine formula.
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(3) Foreachf € S(RY), xeRY,
(Af)(x) = b'df (¥) + 1a’ 8;9;f (x)

+/Rd {O}V(X+Y) —f@) =Y @xzMIvdy).  (3.13)

Proof (1) We apply Fourier inversion within (3.11) to find for all r > 0,
feSMRY), xeRY,

(THE® =E(fX 1) +x) = 2n) K < / , gl tX (’>>f(u)du> .
R

Since f € S(RY) ¢ L' (R?), we have

[l\gd e[(u,x)]E(ei(u,X (t)))f'(u)du

< [ B O
R4

< / If )ldu < oo,
R4
so we can apply Fubini’s theorem to obtain

(T () = @m) =2 / IR X O] (u)du

Rd

= (2n)"4/? /]Rd ei(“’x)et”(”)f(u)du.

(2) For each f € S(RY), x e R?, we have by result (1),

1
(A x) = lim —[(T;f ) (x) — f (0]
t}0 1

. m) _ 1.
— @) lim [ ¢ wydu.
110 JRrd t

Now, by the mean value theorem and Exercise 1.2.16, there exists K > 0 such

that
L

. e _ 1,
et(u,x) . f(u)

du < f In)f ()du
]Rd

< K/ (1 + [P D @) ldu < oo,
Rd

since (1 + [ul>)f (u) € S(RY, C).
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We can now use dominated convergence to deduce the required result.
(3) Applying the Lévy—Khinchine formula to result (2), we obtain for each
feSMRY), xeRY,

@anm =en [ ei("’“){i(b, W) — b (au,w
R
+ / [ — 1 — i(u, ) x50 ]v(dy) }f(u)du.
RI—{0}

The required result now follows immediately from elementary properties of
the Fourier transform, all of which can be found in Section 3.8. Of course an
interchange of integrals is required, but this is justified by Fubini’s theorem in
a similar way to the arguments given above. U

Note1 The alertreader will have noticed that we have appeared to have cheated
in our proof of (2), in that we have computed the generator using the pointwise
limit instead of the uniform one. In fact the operators defined by both limits
coincide in this context; see Sato [323], lemma 31.7, p. 209.

Note 2 An alternative derivation of the important formula (3.13), which does
not employ the calculus of pseudo-differential operators or Schwartz space, can
be found in Sato [323], pp. 205-12. It is also shown therein that CZ® (R?) is a
core for A and that Cg(Rd) C Dy.

Note that C3(R?) is dense in Cy(RY). We will establish the result C3(RY) €
Dy later on, using stochastic calculus. An alternative analytic approach to these
ideas may be found in Courrege [82].

Note 3 The results of Theorem 3.3.3 can be written in the convenient shorthand
form

(TOf) W) = " OF ), Af ) = n()f (u)
foreacht > 0,f € S(Rd), ueRd,

We will now consider a number of examples of specific forms of (3.13)
corresponding to important examples of Lévy processes.

Example 3.3.4 (Standard Brownian motion) Let X be a standard Brownian
motion in RY. Then X has characteristics (0,1,0), and so we see from (3.13)

that
1 & 1
— § 2 _
A—Ei_lai —EA,

where A is the usual Laplacian operator.
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Example 3.3.5 (Brownian motion with drift) Let X be a Brownian motion
with drift in R . Then X has characteristics (b, a,0) and A is a diffusion operator
of the form

A= b9 + £a"8;9;.
Of course, we can construct far more general diffusions in which each b’ and
a¥ is a function of x, and we will discuss this later in the chapter. The rationale
behind the use of the term ‘diffusion’ will be explained in Chapter 6.

Example 3.3.6 (The Poisson process) Let X be a Poisson process with
intensity A > 0. Then X has characteristics (0,0,151) and A is a difference
operator,

ANHX) =Af@x+1) —fx),

for all f € S(R?), x e RY. Note that [|Af|| < 2A||f]], so that A extends to a
bounded operator on the whole of Cy (Rd).

Example 3.3.7 (The compound Poisson process) We leave it as an exercise
for the reader to verify that

ane = [ a+n =@l

for all f € S(R?), x e R?, where v is a finite measure. The operator A again
extends to a bounded operator on the whole of Cy (Rd).

Example 3.3.8 (Rotationally invariant stable processes) Let X be a rotation-
ally invariant stable process of index «, where 0 < o < 2. Its symbol is given
by n(u) = —|u|* forallu € R (see Section 1.2.5), where we have taken o = 1
for convenience. It is instructive to pretend that n is the symbol for a legiti-
mate differential operator; then, using the usual correspondence u; — —i0; for
1 <j <d, we would write

AZU(D):—<\/—812—822—..._8§> :_(_A)oc/2.

In fact, it is very useful to interpret n(D) as a fractional power of the Lapla-
cian. We will consider fractional powers of more general generators in the next
section.

Example 3.3.9 (Relativistic Schrédinger operators) Fix m,c > 0 and recall
from Section 1.2.6 the Lévy symbol —E,, ., which represents (minus) the free
energy of a particle of mass m moving at relativistic speeds (when d = 3):

Epe(u) = /m2c* + 2[u|> — mc®.
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Arguing as above, we make the correspondence uj — —idj, forl <j <d.
Readers with a background in physics will recognise that this is precisely the
prescription for quantisation of the free energy, and the corresponding generator

is then given by
A= —(x/m2c4 — 2N — mcz> )

Physicists call —A a relativistic Schrodinger operator. Of course, it is more
natural from the point of view of quantum mechanics to consider this as an
operator in L%(RY), and we will address such considerations later in this chapter.
For more on relativistic Schrodinger operators from both a probabilistic and
physical point of view, see Carmona et al. [70] and references therein.

Note Readers trained in physics should note that we are employing a system
of units wherein i = 1.

Exercise 3.3.10 Show that Schwartz space is a core for the Laplacian. (Hint:
Use Theorem 3.2.8.)

We will now examine the resolvent of a Lévy process from the Fourier-
analytic point of view and show that it is always a convolution operator.

Theorem 3.3.11 If X is a Lévy process, with associated Feller semigroup
(Tt,t = 0) and resolvent R)_ for each ). > 0, then there exists a finite measure
wy. on RY such that

Ry(f) =f * s
for each f € S(RY).

Proof Fix A > 0, let n be the Lévy symbol of X and define r, : R¢ — C by
r.(u) = 1/[x —n()]. Since RN(n(u)) < 0 forall u e R4, it is clear that r; is
well defined, and we have

o
r3.(u) :/ e MW gy
0

for each ucR?. We will now show that r is positive definite. For each
Cly...scn€Canduy,...,u, €RY,

d ~ d
Z ciciry (uj — uj) = / e M Z C,-C_jem(”"_”f) dt >0,
ij=1 0 ij=1

as u — MW s positive definite. Since u — n(u) is continuous, so also is
u — r; (u) and hence, by a slight variant on Bochner’s theorem, there exists a
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finite measure 1, on B(R?) for which
) = 0 = @2 [ eI @)
Rd

forall ue RY.

Now we can apply Theorem 3.2.9, Theorem 3.3.3(2), Fubini’s theorem and
known results on the Fourier transform of a convolution (see Section 3.8) to
find that for all f € S(R?), xe R,

Rof)(x) = /0 (T () di

— (27‘[)7‘1/2 /oo ef)ht </ ei(u,x)etn(u)]?(u)du> dt
0 Rd

= (Zn)_d/zf ei(“’x)f(u) (/00 e M) dt) du
R4 0

= Qu)4? /R ) ¢ UIF (u)ry (u) du
= (n)"4? /R ) " UIF (u) 105 (1) du
= (2m)"4/? /Rd ei(”’x)m(u) du

= (f * ux)(x).

Exercise 3.3.12 Show that, for all B € B(R?),

o0
i (B) 2/0 e Mpx (=Bt

see Bertoin [39], p. 23.

Just like the semigroup and its generator, the resolvent can also be represented
as a pseudo-differential operator. In fact, for each A > 0, R, has symbol [A —
n()]1~!. The following makes this precise.

Corollary 3.3.13 Foreach x > 0, f € S(RY), x e R¢,

i(x,u) f(”)
A —=nu)

R )) = 2) 412 / e du
R
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Proof This is implicit in the proof of Theorem 3.3.11. O

We remark that an interesting partial converse to Theorem 3.3.3(1) is
established in Reed and Simon [302], as follows.

Let F:R? — C be such that there exists k € R with R(F(x)) > k for all
xeR4,
Theorem 3.3.14 (T;,t > 0) is a positivity-preserving semigroup in L*>(R?)
with

Tf ) = e )

forall f e SRY), ueR?, t > 0, if and only if F = —n, where 1 is a Lévy
symbol.

The proof can be found in pp. 215-22 of Reed and Simon [302].

3.3.3 Subordination of semigroups

We now apply some of the ideas developed above to the subordination of
semigroups. It is recommended that readers recall the basic properties of
subordinators as described in Section 1.3.2.

In the following, X will always denote a Lévy process in R¢ with symbol
nx, Feller semigroup (T,X ,t > 0) and generator AX.

Let S = (S(#),t > 0) be a subordinator, so that S is a one-dimensional,
non-decreasing Lévy process and, for each u,t > 0,

E(e—us(l‘)) — e—ﬁ//(u),

where v is the Bernstein function given by
o
v =but [ =@
0

with b > 0 and [;°(y A DA(dy) < oo.

Recall from Theorem 1.3.25 and Proposition 1.3.27 that Z = (Z(¢),t > 0)
is also a Lévy process, where we define each Z(¢) = X (T (¢)) and the symbol
of Z is n = — o (—n*). We write (T#,¢ > 0) and AZ for the semigroup and
generator associated with Z, respectively.

Theorem 3.3.15
(1) Forallt >0, f € By(R?), xe R,

(T%f) @) = /0 (T*F) s (@ds).
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(2) Forallf € S(RY),
AZf = bAYF + foo (TXf = £)x @s).
0

Proof (1) In Exercise 1.3.26, we established that for each t > 0, B¢ B(Rd),
pzity(B) = [5° Px (s (B)Ps(r) (ds). Hence for each t > 0, f € By(RY), x e R,
we obtain

(T7F) () = E(f (Z(1) +x)) = /ﬂé G VP2 )

= / < / F &+ y)pxs) (dy)> Ps( (ds)
0 Rd

_ /0 (TXF) Ips (ds).

(2) From the first equation in the proof of Theorem 1.3.33, we obtain for each
uelRd,

n” () = byx () + /0 {exp[sn™ )] — 1}A(ds), (3.14)
but by Theorem 3.3.3(2) we have
A%f)(x) = m)~4/? / ) ¢z () (wdu. (3.15)
R

The required result now follows from substitution of (3.14) into (3.15), a
straightforward application of Fubini’s theorem and a further application of
Theorem 3.3.3(1), (2). The details are left as an exercise for the reader. (Il

The formulanz = —y o(—nx) suggests a natural functional calculus wherein
we define A = —y(—AX) for any Bernstein function 1. As an example, we
may generalise the fractional power of the Laplacian, discussed in the last
section, to define (—AX)® for any Lévy process X and any 0 < o < 1. To carry
this out, we employ the «-stable subordinator (see Example 1.3.18). This has
characteristics (0, 1) where

dx

M = T e

Theorem 3.3.15(2) then yields the beautiful formula
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> d.
~AN = prs [0 T~ a (3.16)

—a) 1
for all f € S(RY).
Theorem 3.3.15 has a far-reaching generalisation, which we will now quote
without proof.

Theorem 3.3.16 (Phillips) Let (T;,t > 0) be a strongly continuous contraction
semigroup of linear operators on a Banach space B with infinitesimal generator
A and let (S(t),t > 0) be a subordinator with characteristics (b, 1).

e The prescription
o
T ¢ = / (Ts@)ps (ds),
0

for eacht > 0, ¢ € B, defines a strongly continuous contraction semigroup
(T3,t > 0) in B.

e If AS is the infinitesimal generator of (T,S,t > 0), then Dy is a core for AS
and, for each ¢ € Dy,

ASp = bAg + /OO(T§‘¢ — P)A(ds).
0

e IfB = Co(RY) and (T;,t > 0) is a Feller semigroup, then (T,S,t > 0) is also
a Feller semigroup.

For a proof of this result, see e.g. Sato [323], pp. 212-5, or Section 5.3 in
Jacob [180].

This powerful theorem enables the extension of (3.16) to define fractional
powers of a large class of infinitesimal generators of semigroups (see also
Schilling [324]).

To give Theorem 3.3.16 a probabilistic flavour, let X = (X (7),7>0) be a
homogeneous Markov process and S = (S(¢), 7 > 0) be an independent subor-
dinator; then we can form the process Y = (Y (¢),t > 0), where Y (r) = X (T (1))
foreacht > 0. Foreachr > 0, f € Bb(Rd), xeR?, define

(T Hx) = E(f (Y 0)|Y (0) = x).
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Then by direct computation (or appealing to Phillips’ theorem, Theorem 3.3.16),
we have that (T,Y ,t > 0) is a semigroup and

(TYF)0) = fo (T @ (ds),

where (T,X ,t > 0) is the semigroup associated with X .

Exercise 3.3.17 Deduce that (Tty,t > 0) is a Feller semigroup whenever
(Ttx,t > 0) is and that Y is a Feller process in this case.

Exercise 3.3.18 Show that forallt > 0,BeB (Rd ),
o0
prny(B) = /o Px (s)(B)pr(r (ds),
and hence deduce that, for all x € Rd,
o0
P(Y(1)€B|Y(0) =x) = /0 P(X (s) € B|X (0) = x)pr (ds)

(a.s. with respect to px ())-

3.4 I7-Markov semigroups

We have seen above how Feller processes naturally give rise to associated
Feller semigroups acting in the Banach space Co(R?). Sometimes, it is more
appropriate to examine the process via semigroups induced in 17 (R?), where
1 < p < 00, and the present section is devoted to this topic.

3.4.1 I7-Markov semigroups and Lévy processes

We fix 1 < p < oo and let (T3,¢ > 0) be a strongly continuous contraction
semigroup of operators in L” (R%). We say that it is sub-Markovian if f € LP (R?)
and

0<f<1 ae. = 0<Tf <1 ae.

forallt > 0.

Any semigroup on LP(R?) can be restricted to the dense subspace C(R%).
If this restriction can then be extended to a semigroup on By, (R?) that satisfies
T:(1) = 1 then the semigroup is said to be conservative.

A semigroup that is both sub-Markovian and conservative is said to be L7-
Markov.
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Notes

(1) Readers should be mindful that the phrases ‘strongly continuous’ and ‘con-
traction’ in the above definition are now with respect to the L”-norm, given
by l1glly = (fra IgC0)Pdx) /7 for each g € 1 (RY).

(2) If (T;,t = 0) is sub-Markovian then it is L”-positivity preserving, in that
fel’P(R? andf > 0(ae.) = T,f > 0(a.e.)forall > 0;see Jacob [180],
p- 365, for a proof.

Example 3.4.1 Let X = (X (7),7 > 0) be a Markov process on R4 and define
the usual stochastic evolution

(T (x) = E(f (X (1)1X (0) = x)

for each f eBy(RY), xeR?, t > 0. Suppose that (T;,t > 0) also yields a
strongly continuous contraction semigroup on L”(R%); then it is clearly L7-
Markov.

Our good friends the Lévy processes provide a natural class for which the
conditions of the last example hold, as the next theorem demonstrates.

Theorem 34.2 If X = (X(¢t),t > 0) is a Lévy process then, for each 1 <
p < 00, the prescription (Tif ) (x) = E(f (X (1) +x)) where f € [P (R?), x e R,
t > 0 gives rise to an LP-Markov semigroup (T; > 0).

Proof Let ¢; be the law of X (¢) for each + > 0. We must show that each
T;: [P(R?) — [P (RY). In fact, for all f € L7 (R?), t > 0, by Jensen’s inequality
(or Holder’s inequality if you prefer) and Fubini’s theorem, we obtain

p
dx

T 11 = A;d ‘/Rdf(ery)qz(dy)

< / / I (e + ) Pas(dy)dx
R4 JR4

=/ (/ lf(x+y)l”dx) q:(dy)

R4 R4

=f (/ lf(X)Ide> qi(dy) = ||f I,
R4 R4

and we have proved that each Ty is a contraction in L (Rd).
Now we need to establish the semigroup property T4, =TT;f for all
s,t > 0. By Theorem 3.1.9 and the above, we see that this holds for all



174 Markov processes, semigroups and generators

f € Co(RY) N L7 (RY). However, this space is dense in [P (R?), which follows
from that fact that C.(RY) c Co(R?) N LP(RY), and the result follows by
continuity since each 7; is bounded.

Finally, we must prove strong continuity. First we let f € C.(R¢) and choose
aball B centred on the origin in R¢. Then, using Jensen’s inequality and Fubini’s
theorem as above, we obtain for each ¢t > 0

p
dx

ITf —f1 = fR '/Rd [F &+ ) — 0] (dy)

< / ( / F G+ y) —f(x)l”dX> 4:(dy)
B R4
+/ (/ If (x +y)—f(x)|”dX> q:(dy)
B¢ Rd

< f ( / F G+ y) —f(x)V’dx) 4:(dy)
B R4

i fB (/ﬂé 27 max{[f (x + I, If () I"}dx) q:(dy)

= SUP/ If (x + ) — f () Pdx 4 2P||f |[pg: (BY).
yeBJRd

By choosing B to have sufficiently small radius, we obtain lim; g ||T;f —
fllp = 0 from the continuity of f and dominated convergence in the first term
and the weak continuity of (g;, 7 > 0) in the second term, just as in the proof
of Theorem 3.1.9.

Now letf € LP (R9) be arbitrary and choose a sequence (f;;,n € N) in C, (R9)
that converges to f. Using the triangle inequality and the fact that each 7} is a
contraction we obtain, for each r > 0,

T = f 1 < WTifo = full + NI (F = Sl + 1 — fall
< Tifu = fall +211f = faull,

from which the required result follows. ]

For the case p = 2 we can explicitly compute the domain of the infinitesimal
generator of a Lévy process. To establish this result, let X be a Lévy pro-
cess with Lévy symbol 77 and let A be the infinitesimal generator of the associated
L>-Markov semigroup.
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Exercise 3.4.3 Using the fact that the Fourier transform is a unitary isomor-
phism of L2(R?,C) (see Section 3.8.4), show that

(T ) = @r) 4" / D GO ()l
]Rd
forallr > 0, xeR?, f e L>(RY).

Define H,](]Rd) = {f €L2(]Rd);fRd |n(u)|2U?(u)|2du < oo} . Then we have

Theorem 3.44 Dy = H, (RY).

Proof We follow Berg and Forst [38], p. 92. Let f € Dy; then Af =
lim, o[ (1/6)(Tf — f)] in L*(RY). We take Fourier transforms and use the
continuity of F to obtain

g 1 ~ A
Af =1lim —(T,f —f).
/= lim (T =)
By the result of Exercise 3.4.3, we have
F = lim (@ — :
t}0 1 ’
hence, for any sequence (,,n € N) in R for which lim,,_, o t, = 0, we get
P IO,
Af = lim —(e"f —f) ae.
n— 00 tn
However, lim,_, oo[(1/t,)(e"" — 1)] = 5 and so A} = nf (a.e.). But then
nf e 2(RY), ie. f € Hy(RY).

So we have established that D4 € H,, (RY).
Conversely, let f € Hn(Rd); then by Exercise 3.4.3 again,

e N T 5 12md
lim —(Tyf —f) = lim —("'f —f) =nf €L"(RY).
t—0 1 t—0 1

Hence, by the unitarity and continuity of the Fourier transform,
limy  o[(1/)(Tif — )] e L>(RY) and so f € Dy. O

Readers should note that the proof has also established the pseudo-differential
operator representation

Af = (2)4/? /R , @ u)f wydu

for all f € H,,(RY).
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The space H, (R?) is called an anisotropic Sobolev space by Jacob [179].
Note that if we take X to be a standard Brownian motion then 7 (u) = —%|u|2
for all u € R? and

H,y(RY) = {f eLzaRd);/d lul*|f () *du < oo}.
R

This is precisely the Sobolev space, which is usually denoted H» (R4 and which
can be defined equivalently as the completion of CS® (R?) with respect to the
norm

R 1/2
IIfll2 = </ 1+ |u|2)21f(u)|2du>
Rd

foreachf € C° (RY). By Theorem 3.4.4,H, (R?) is the domain of the Laplacian
A acting in I? (Rd).

Exercise 3.4.5 Write down the domains of the fractional powers of the
Laplacian (—A)%/?, where 0 < o < 2.

For more on this topic, including interpolation between LP and LY sub-
Markovian semigroups (p < ¢ < o0) and between LP sub-Markovian
semigroups and Feller semigroups, see Farkas et al. [117].

3.4.2 Self-adjoint semigroups

We begin with some general considerations.

Let H be a Hilbert space and (7}, > 0) be a strongly continuous contraction
semigroup in H. We say that (7;,¢ > 0) is self-adjoint it T; = T, for each
t>0.

Theorem 3.4.6 There is a one-to-one correspondence between the generators
of self-adjoint semigroups in H and linear operators A in H such that —A is
positive and self-adjoint.

Proof We follow Davies [85], pp. 99-100. In fact we will prove only that half
of the theorem which we will use, and we commend [85] to the reader for the
remainder.

Suppose that (77,7 > 0) is a self-adjoint semigroup with generator A, and
consider the Bochner integral

o0
xw:/ Tie "y dt
0
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foreach ¢ € H;thenitis easily verified that X is abounded self-adjoint operator
(in fact, X is a contraction). Furthermore, by Theorem 3.2.9, we have X =
(I +A)~!, hence (I +A)~! is self-adjoint. We now invoke the spectral theorem
(Theorem 3.8.8) to deduce that there exists a projection-valued measure P in H
such that (I +A)~! = fR AP(dAr). If wedefinef :R — Rbyf(}) = (1/1) —1
then A = fRf(A)P(dA) is self-adjoint. By Theorem 3.2.10, (0,00) € p(A);
hence 0 (A) C (—00,0) and so —A is positive. O

There is a class of Markov processes that will be important in Section 3.6,
where we study Dirichlet forms. Let X = (X (¢),t > 0) be a Markov process
with associated semigroup (7'(¢),¢ > 0) and let « be a Borel measure on R4,
We say that X is a w-symmetric process if

/f(X)(ng)(X)M(dX)=/ (Tif ) (x)g (x) 11(dx) (3.17)
R RY

forallt > Oand all f,g € B,(RY) with f,g > 0 (a.e. n). Readers should be
clear that the integrals in (3.17) may be (simultaneously) infinite.

In the case where u is a Lebesgue measure, we simply say that X is Lebesgue
symmetric.

Exercise 3.4.7 LetX be anormal Markov process with a transition density p for
which p(x,y) = p(y,x) for all x,y € R?. Show that X is Lebesgue symmetric.

Theorem 3.4.8 If X is a yu-symmetric Markov process with associated semi-
group (Ty,t > 0) and ||Tif|l» < oo for all f € Cc(RY) with f > 0, then
(Ty,t > 0) is self-adjoint in L*(R?, 1v).

Proof By linearity, if f, g € C. (Rd ), with f > 0 and g < 0, we still have that
(3.17) holds and both integrals are finite. Now let f, g € C(R?) be arbitrary;
then, writing f = f* —f~ and g = g™ — g, we again deduce by linearity
that (3.17) holds in this case. Finally let f, g € L>(R?, 11); then, by the density
therein of C.(R? ), we can find sequences (f,,, n € N) and (g,,n € N) in C.(R4 )
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that converge to f and g respectively. Using the continuity of 7; and of the inner
product, we find for each r > 0 that

(f,Tyg) = lim lim (f,,T;8,) = lim lim (Tif,,gm) = (T;f.8).
n—o0 m— oo n— 00 m— 00

O

Now let X = (X (#),t > 0) be a Lévy process taking values in R4. We have
already seen in Theorem 3.4.2 that (7;,¢+ > 0) is an LP-Markov semigroup
where (T;f)(x) = E(f (X (r) + x) for each f € I’ (R?), x e R, t > 0. We recall
that a Lévy process with laws (g;,t > 0) is symmetric if ¢;(A) = ¢;(—A) for
all A € B(RY).

Exercise 3.4.9 Deduce that every symmetric Lévy process is a Lebesgue-
symmetric Markov process.

Although we could use the result of Exercise 3.4.9 and Theorem 3.4.8 to
establish the first part of Theorem 3.4.10, we will find it more instructive to
give an independent proof.

Theorem 3.4.10 IfX isa Lévy process, then its associated semigroup (T;, t > 0)
is self-adjoint in L*(R?) if and only if X is symmetric.

Proof Suppose that X is symmetric; then ¢;(A) = ¢;(—A) foreach A € B(RY),
t > 0, where ¢; is the law of X (7). Then for each f € Lz(Rd), xeRy >0,

(Tf)(x) = E(f (x + X (1)) = /R gty

=/ [+ y)q:(—dy) =/ S —¥)q:(dy)
R4 R4
=E(f(x—X®).

So foreach f,g € 1? (Rd ), t > 0, using Fubini’s theorem, we obtain

(TLf,g>=/ (Trf)(x)g(x)dx=/ E(f (x — X (1)) g(x)dx
Rd R4

= / [/ flx— y)g(X)dx] q1(dy)
Re LJR

= / [/ fx)gx +y)dx] q:(dy)
R4 R4
= (f’ Tl‘g)
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Conversely, suppose that (7;, ¢ > 0) is self-adjoint. Then by a similar argument
to the one above, we deduce that for all f, g € [? (Rd), t>0,

/ Eff(x+X(@)gx)dx = / E{f (x — X (2)) g(x)dx.
Rd R4

Now define a sequence of functions (g,, n € N) by

2
gn(®) = = exp (—”i)

n

Then each g, € S(RY) ¢ L*(R?), and

lim E(f (x £ X(1)gn(x)dx = E(f (£X (1));
n—>0o0 Jpd
see e.g. Lieb and Loss [233], Theorem 2.16, p. 58 and the argument in the proof
of Theorem 5.3, p. 118 therein.
We thus deduce that E(f (X (r)) = E(f (—X (¢)) and, if we take f = x4 where
A € B(RY), we obtain

PX()eA)=PX@)e —A),
i.e. X is symmetric. U
Corollary 3.4.11 IfA is the infinitesimal generator of a Lévy process with Lévy

symbol n, then —A is positive and self-adjoint if and only if

n(u) = —%(u,au) +/ [cos(u,y) — 1]v(dy)
R4 —{0

for each ucR?, where a is a positive definite symmetric matrix and v is a
symmetric Lévy measure.

Proof This follows immediately from Theorems 3.4.10 and 3.4.6 and Exercise
2.4.23. O

Equivalently, we see that A is self-adjoint if and only if In = 0.

In particular, we find that the discussion of this section has yielded a proba-
bilistic proof of the self-adjointness of some important operators in L>(R%), as
is shown in the following examples.
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Example 3.4.12 (The Laplacian) In fact, we consider multiples of the
Laplacian and let @ = 2y where y > 0; then, for all u € R,

n(u) = —)/|u|2 and A = yA.

Example 3.4.13 (Fractional powers of the Laplacian) Let 0 < o < 2; then,
forallu € RY,

nuw) = u/* and A= —(—A)*2

Example 3.4.14 (Relativistic Schrodinger operators) Let m, ¢ > 0; then, for
all u e RY,

Enc(u)=y/m2c* + 2 ul? —mc* and A= — (Vm2c* — 2A — mc?);

recall Example 3.3.9.

Note that in all three of the above examples the domain of the operator is the
appropriate non-isotropic Sobolev space of Theorem 3.4.4.

Examples 3.4.12 and 3.4.14 are important in quantum mechanics as the
observables (modulo a minus sign) that describe the kinetic energy of a particle
moving at non-relativistic speeds (for a suitable value of y) and relativistic
speeds, respectively. We emphasise that it is vital that we know that such opera-
tors really are self-adjoint (and not just symmetric, say) so that they legitimately
satisfy the quantum-mechanical formalism.

Note that, in general, if AX is the self-adjoint generator of a Lévy process and
(8(¢),t = 0) is an independent subordinator then the generator AZ of the sub-
ordinated process Z is also self-adjoint. This follows immediately from (3.14)
in the proof of Theorem 3.3.15(2).

3.5 Lévy-type operators and the positive
maximum principle

3.5.1 The positive maximum principle and Courrege’s theorems

Let X be a Lévy process with characteristics (b, a, v), Lévy symbol n and
generator A. We remind the reader of key results from Theorem 3.3.3. For each
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feSRY), xeRY,
Af)(x) = b'af (x) + 2a’8;9;f (x)
- / [f (x+3) — () — Y af () xz M v (@y),
R —{0}
(3.18)

and A is a pseudo-differential operator with symbol 7, i.e.
AN @) = @m)~? / e “In@)f (wdu. (3.19)
R4

In this section, we turn our attention to general Feller processes and ask
the question, to what extent are the above representations typical of these?
Clearly Lévy processes are a special case and, to go beyond these, we must
abandon translation invariance (see Theorem 3.3.1), in which case we would
expect variable coefficients (b(x), a(x), v(x)) in (3.18) and a variable symbol
n(x,-) in (3.19). In this section, we will survey some of the theoretical structure
underlying Feller processes having generators with such a form.

The key to this is the following analytical concept.

Let S be a linear operator in Cy (R?) with domain Dg. We say that S satisfies
the positive maximum principle if, whenever f € Dy and there exists xg € R¢
such that f'(xg) = sup, cga f (x) > 0, we have (5f)(xg) < 0.

Our first hint that the positive maximum principle may be of some use in
probability comes from the following variant on the Hille—Yosida theorem
(Theorem 3.2.10).

Theorem 3.5.1 (Hille-Yosida—-Ray) A densely defined closed linear operator
A is the generator of a strongly continuous positivity-preserving contraction
semigroup on Co(R?) if and only if

(1) (0,00) < p(A),

(2) A satisfies the positive maximum principle.

For aproof, see Ethier and Kurtz [116], pp. 165-6, or Jacob [180], Section4.5.
Just as in the case of Theorem 3.2.10, the above, theorem can be generalised in
such a way as to weaken the condition on A and simply require it to be closable.

Now we return to probability theory and make a direct connection between
the positive maximum principle and the theory of Markov processes.

Theorem 3.5.2 [fX isa Feller process, then its generator A satisfies the positive
maximum principle.
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Proof We follow Revuz and Yor [306], Section 7.1. Let f € D4 and suppose
there exists xo € R? such that f (xg) = sup, cge S (x) = 0.

Let (T;,t > 0) be the associated Feller semigroup and (p;,t > 0) be the
transition probabilities; then, by (3.3), we have

(Tif ) (x0) = / S 3)pi(xo, dy).
Rd

Hence

1
(Af)(xo0) = 111¢r8 " /Rd [f @) =1 (x0) ]pr (xo, dy).

However, for each y e R?,

J ) =fo) = sup f(y) —f(x0) =0,

yeRd
and so (Af)(xp) < 0 as required. O

We will now present some fundamental results due to Courrege [83], which
classify linear operators that satisfy the positive maximum principle. First we
need some preliminary concepts.

(1) A C*® mapping ¢ :R¢ x R? — [0, 1] will be called a local unit if:
(1) ¢(x,y) = 1 for all (x,y) in a neighbourhood of the diagonal D =
{(x,x);x eRYY;
(ii) forevery compact set K in R¢ the mappings y — ¢ (x,y), where x € K,
have their support in a fixed compact set in R?.
(2) A mapping f:R?Y — R is said to be upper semicontinuous if f(x) >
limsup,_,, f(y) forall x € RY.
(3) A Lévy kernel is a family {u(x,-),x € ]Rd}, where each w(x,-) is a Borel
measure on RY — {x}, such that:
(i) the mapping x — fRd—{x} ly — xlzf(y)u(x, dy) is Borel measurable
and locally bounded for each f € C.(R4 );
(i1) for each xeR?, and for every neighbourhood V, of x, u(x, RY —
Vy) < o0.

Now we can state the first of Courrege’s remarkable theorems.

Theorem 3.5.3 (Courrége’s first theorem) IfA is a linear operator in Co(R?)
and C3° (R?) C Dy, then A satisfies the positive maximum principle if and only
if there exist

* continuous functions c and bj, 1 < j < d, from RY to R such that cx) <0
forall x e RY,
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e mappings a’ :R? — R, 1 < i,j < d, such that (a¥(x)) is a positive definite
symmetric matrix for each x e R¢ and the map x — (y,a(x)y) is upper
semicontinuous for each y e RY,

® a Lévy kernel u,

® a local unit ¢,

such that for all f € CZ° (Rd ), X € R4,

Af) (%)
= c(Of (x) + b (0)df (x) + a¥ (x)3;;f (x)

+ »/Rd : }[f(y) _f(x) - ¢(x,y)(y’ _xl)alf(x)]M(X,dy)
(3.20)

A full proof of this result can be found in Courrege [83] or section 4.5 of
Jacob [180].

It is tempting to interpret (3.20) probabilistically, in terms of a killing rate c,
a drift vector b, a diffusion matrix a and a jump term controlled by ©. We will
return to this later.

Note that both Courrége and Jacob write the integral term in (3.20) as

/R sy O~ 9 @ = S0 = XHAf (1, ).

This is equivalent to the form we have given since, by definition of ¢, we can
find a neighbourhood N, of each x € R4 such that ¢(x,y) = 1 forall y e Ny;
then

/NC [ (x,y) — 1]u(x, dy) < oo,

and so this integral can be absorbed into the ‘killing term’.
Suppose that we are give a linear operator A in Co(R?) for which Cc® (R C
D, . We say that it is of Lévy type if it has the form (3.20).

Exercise 3.5.4 Show that the generator of a Lévy process can be written in the
form (3.20).

Now we turn our attention to pseudo-differential operator representations.

Theorem 3.5.5 (Courrege’s second theorem) Let A be a linear operator in
Co(RY); suppose that C, > (R?) C Dy and that A satisfies the positive maximum
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principle. For each x,u € R%, define
N, u) = e "0 (AW (x). (3.21)
Then:

e for every x€R?, the map u — n(x,u) is continuous, hermitian and
conditionally positive definite;
e there exists a positive locally bounded function h:R? — R such that, for
eachx,ucRY,
InCx,u)| < h(x)|ul?;

e foreveryf € Cgo(Rd), xeR,
(Af)(x) = (2m) /2 / | ¢ U (x, w)f (u)du. (3.22)
R

Conversely, if 1) is a continuous map from R? x R? to C that is hermitian and
conditionally positive definite in the second variable then the linear operator
defined by (3.22) satisfies the positive maximum principle.

Note that it is implicit in the statement of the theorem that A is such that
(3.21) makes sense.

Probabilistically, the importance of Courrége’s theorems derives from
Theorem 3.5.2. If A is the generator of a Feller process and satisfies the domain
condition CJ*® (R?) C D, then it can be represented as a Lévy-type operator
of the form (3.20), by Theorem 3.5.3, or a pseudo-differential operator of the
form (3.22), by Theorem 3.5.5.

In recent years, there has been considerable interest in the converse to the
last statement. Given a pseudo-differential operator A whose symbol 7 is con-
tinuous from R? x R? to C and hermitian and conditionally positive definite
in the second variable, under what further conditions does A generate a (sub-)
Feller process? One line of attack follows immediately from Theorem 3.5.5:
since A must satisfy the positive maximum principle we can try to fulfil the
other condition of the Hille—Yosida—Ray theorem (Theorem 3.5.1) and then
use positivity of the semigroup to generate transition probabilities from which
a process can be built using Kolmogorov’s construction, as in Theorem 3.1.7.
Other approaches to constructing a process include the use of Dirichlet forms
(see Section 3.6) and martingale problems (see Section 6.7.3). The pioneers
in investigating these questions have been Niels Jacob and his collaborators
René Schilling and Walter Hoh. To go more deeply into their methods and
results would be beyond the scope of the present volume but interested readers
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are referred to the monograph by Jacob [179], the review article by Jacob and
Schilling in [26] and references therein.

Schilling has also used the analytical behaviour of the generator, in its pseudo-
differential operator representation, to obtain sample-path properties of the
associated Feller process. In [326] he studied the limiting behaviour, for both
t | 0and r — oo, while estimates on the Hausdorff dimension of the paths
were obtained in [327].

3.5.2 Examples of Lévy-type operators

Here we will consider three interesting examples of Lévy-type operators.

Example 3.5.6 (Diffusion operators) Consider a second-order differential
operator of the form

Af)(x) = b () df (x) + a¥ ()3 (x),

for each f € C° (Rd ), x € R4 In general, it is possible to construct a Markov
process X in R? that is naturally associated with A under quite general condi-
tions on b and a. We call X a diffusion process and A the associated diffusion
operator. Specifically, we require only that each 5’ be bounded and measurable
and that the a¥ are bounded and continuous, the matrix (a¥ (x)) being positive
definite and symmetric for each x € R?. We will discuss this in greater detail in
Chapter 6. Conditions under which X is a Feller process will also be investigated
there.

Example 3.5.7 (Feller’s pseudo-Poisson process) Here we give an example
of a genuine Feller process whose generator is a Lévy-type operator. It was
called the pseudo-Poisson process by Feller [119], pp. 333-5.

Let S = (S(n),n € N) be a homogeneous Markov chain taking values in R4,
For each n € N, we denote its n-step transition probabilities by ¢ so that for
each x e R?, Be B(RY),

4" (x,B) = P(S(n) € BIS(0) = x).

We define the transition operator Q of the chain by the prescription
QN (x) = /R RAQTC))

for each f € B,(RY), x e R, where we have used the notation ¢ = ¢(!.
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Exercise 3.5.8 Deduce that for all f € By(R?), x e R?,

Q") (x) = / Fq™ (x, dy).
Rd

Now let N = (N(¢),t = 0) be a Poisson process, of intensity A > 0, that is
independent of the Markov chain § and define a new process X = (X (¢),1 > 0)
by subordination,

X (@) =SINQ®),
for all + > 0. Then X is a Feller process by Exercise 3.3.17. Clearly, if S
is a random walk then X is nothing but a compound Poisson process. More

generally, using independence and the results of Exercises 3.5.8 and 3.2.4, we
obtain foreacht > 0, f € Bb(Rd), xeR4,

(Tf) (@) = E(f (X (1)|X (0) = x)

= > E(f(S())|S(0) =x) PN () = n)
n=0
=Y E(F(Sm)[S0) = x) @

n!
n=0

()\,[)”
n!

=Y (0"))

n=0
— et[)»(Q—l)]f (x).

Hence, if A is the infinitesimal generator of the restriction of (73,¢ > 0) to
Co(R?) then A is bounded and, for all f € Co(R%), x e R?,

Af)(x) = 2((Q = Df)(x) = /Rd [f ) = f )]rq(x, dy).

Clearly A is of the form (3.20) with finite Lévy kernel u© = Aq.
The above construction has a converse. Define a bounded operator B on
Co(R?), by

Bf)x) = /Rd [f @) = F )] (0)g(x, dy),

where A is a non-negative bounded measurable function on R? and ¢ is a
transition function, i.e. q(x,-) is a probability measure on B(Rd), for each
x€R? and the map x — g(x,A) is Borel measurable for each A € B(Rd). Itis
shown in Ethier and Kurtz [116], pp. 162—4, that B is the infinitesimal generator
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of a Feller process that has the same finite-dimensional distributions as a certain
pseudo-Poisson process.

Example 3.5.9 (Stable-like processes) Recall from Section 1.2.5 that if X =
(X (t),t = 0) is a rotationally invariant stable process of index « € (0, 2) then
it has Lévy symbol 1 (u) = —|u|®, for all u € RY (where we have taken o = 1
for convenience) and Lévy—Khintchine representation

e W) _ 1 — iy
ul* = K(a) fR G iy ) g

where K () > 0.
Now let o : RY — (0, 2) be continuous; then we can assert the existence of
a positive function K on R? such that

. K(x)dy
1@ — ) _ | iy KOOy
a /Rd—{O} N ) |yld+e®@

Define a mapping ¢ : R? x R — C by ¢(x,u) = —|u|*®. Then ¢ clearly
satisfies the conditions of Theorem 3.5.5 and so is the symbol of a linear operator
A that satisfies the positive maximum principle.

Using the representation

Ane = —@n [ 1 f e du
R

for each f € S(R?), x e R, we see that S(R?) C D4. An exercise in the use of
the Fourier transform then yields

K (x)dy
ane = [ o 00 =0 = ] SR

It can now be easily verified that this operator is of Lévy type, with associated

Lévy kernel
K(x)dy

poady) = 1o drawm

for each x e RY.
By the usual correspondence, we can also write

AF)(X) = (—(=A)*W2f) (x).

Of course, we cannot claim at this stage that A is the generator of a Feller
semigroup associated with a Feller process. Bass [32] associated a Markov pro-
cess with X by solving the associated martingale problem under the additional
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constraint that 0 < inf, c ge 2 (x) < sup, cge @(x) < 2. Tsuchiya [349] then
obtained the process as the solution of a stochastic differential equation under
the constraint that o be Lipschitz continuous. For further studies of properties of
these processes, see Negoro [276], Kolokoltsov [208, 209] and Uemura [351].

3.5.3 The forward equation
For completeness, we include a brief non-rigorous account of the forward
equation. Let (7;,¢ > 0) be the semigroup associated with a Lévy-type Feller
process and, for each f € Dom(A), x e R¢, r > 0 write u(t, x) = (T;f)(x); then
we have the initial-value problem

ou(t,x)
ot

= Au(t, x), (3.23)

with initial condition #(0, x) = f (x). Let (p;, t > 0) be the transition probability
measures associated with (77,7 > 0). We assume that each p, (x, -) is absolutely
continuous with respect to Lebesgue measure with density p;(x,-). We also
assume that, foreachy € RY, the mapping t — p;(x,y) is differentiable and that
its derivative is uniformly bounded with respect to y. By (3.3) and dominated
convergence, for each t > 0, x € R4, we have for all fece (Rd),

du(t,x) (T )(x)
ar ot

_ 3 _ apt(x’y)
=3 /Rdf(y)pz(x,y)dy—/Rdf(y)—at dy.

On the other hand,
Autt,x) = (TAf)(x) = /R AN ) dy
= / FOA p(x,y) dy,
R4

where AT is the “formal adjoint’ of A, which acts on p; through the y-variable.
We thus conclude from (3.23) that

ape(x,
/ o) [—pt(’“ ) —A'p,<x,y)] dy =0.
R4 at

In the general case, there appears to be no nice form for A™; however, if X is a
killed diffusion (so that u = 0 in (3.20)), integration by parts yields

ATpi(x,y) = cIpi(x,y) = H[B' e (e, 1) ] + 8:8;[a¥ 0)pi (x, ).
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In this case, the partial differential equation

apt(x,}’)

=A'p,(x, 3.24
P pi(x,y) (3.24)

is usually called the Kolmogorov forward equation by probabilists and the
Fokker—Planck equation by physicists. In principle, we can try to solve it with
the initial condition pg(x,y) = § (x —y) and then use the density to construct the
process from its transition probabilities. Notice that all the action in (3.24) is
with respect to the ‘forward variables’ ¢ and y. An alternative equation, which
can be more tractable analytically, is the Kolmogorov backward equation

a — b}
) (3.25)
S

Note that, on the right-hand side of (3.25), A operates with respect to the variable
x, so this time all the action takes place in the ‘backward variables’ s and x.

A nice account of this partial differential equation approach to constructing
Markov processes can be found in Chapter 3 of Stroock and Varadhan [340].
The discussion of forward and backward equations in their introductory chapter
is also highly recommended.

Exercise 3.5.10 Find an explicit form for A" in the case where A is the generator
of Lévy process.

3.6 Dirichlet forms

In this section, we will attempt to give a gentle and somewhat sketchy intro-
duction to the deep and impressive modern theory of Dirichlet forms. We will
simplify matters by mainly restricting ourselves to the symmetric case and also
by continuing with our programme of studying processes whose state space is
R?. However, readers should bear in mind that some of the most spectacular
applications of the theory have been to the construction of processes in quite
general contexts such as fractals and infinite-dimensional spaces.

For more detailed accounts, we recommend the reader to Fukushima et al.
[129], Bouleau and Hirsch [59], Ma and Rockner [242], Albeverio [5], chapter 3
of Jacob [179] and chapter 4 of Jacob [180].

3.6.1 Dirichlet forms and sub-Markov semigroups

If you are unfamiliar with the notion of a closed symmetric form in a Hilbert
space, then you should begin by reading Section 3.8.3. We fix the real Hilbert
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space H = L*>(R?). By Theorem 3.8.9 there is a one-to-one correspondence
between closed symmetric forms € in H and positive self-adjoint operators 7" in
H, givenby E(f) = [|TV/2f|? for each f € D12 When we combine this with
Theorem 3.4.6, we deduce that there is a one-to-one correspondence between
closed symmetric forms in A and self-adjoint semigroups (7y,¢ > 0) in H.

Now suppose that (7;,¢ > 0) is a self-adjoint sub-Markovian semigroup in
H,sothat) < f <1 (ae.)) = 0 < Tf <1 (a.e.). We can ‘code’ the self-
adjoint semigroup property into a closed symmetric form £. How can we also
capture the sub-Markov property? The answer to this question is contained in
the following definition.

Let £ be a closed symmetric form in H with domain D. We say that it is a
Dirichlet formiff e D = (f v0) A1 €D and

EF VO AL <EF) (3.26)

forall f € D.
A closed densely defined linear operator A in H with domain Dy is called a
Dirichlet operator if

Af.(f =D <0

forall f € Dy.
The following theorem describes the analytic importance of Dirichlet forms
and operators. We will move on later to their probabilistic value.

Theorem 3.6.1 The following are equivalent:

(1) (Ty,t = 0) is a self-adjoint sub-Markovian semigroup in Lz(Rd) with
infinitesimal generator A;

(2) A is a Dirichlet operator and —A is positive self-adjoint;

(3) () = [[(=A)'/?f||? is a Dirichlet form with domain D = D_ 1 2.

A proof of this can be found in Bouleau and Hirsch [59], pp. 12—13.

Example 3.6.2 (Symmetric Lévy processes) Let X = (X (7),¢ > 0) be a sym-
metric Lévy process. In Theorem 3.4.10, we showed that these give rise to
self-adjoint L>-Markov semigroups and so they will induce a Dirichlet form
&, by Theorem 3.6.1(3). Let A be the infinitesimal generator of the process. It
follows from Corollary 3.4.11 via the argument that established Theorem 3.3.3
(3) that, for each f € C2°(RY),

) 1
(AN = S8 0 + 5 f [F 4 3) +F (= ) — 2 ()]v(dy).
R4 —{0}
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The following formula is of course just a consequence of the Lévy—
Khintchine formula. Intriguingly, as we will see in the next section, it is a
paradigm for the structure of symmetric Dirichlet forms.

For all f, g € C°(RY),

1 ..
£f.9) = 5 /R O O@R W

1
E/Rd /Rd_{o} [f () —fx+)]
x [g(x) — g(x + y)|v(dy) dx. (3.27)

To verify (3.27) we just use integration by parts, the symmetry of v and a
change of variable to obtain

E(F.g) = —{f. Ag)
1 ..
= ga / (3) () (3) (x) dx
Rd

1
- 5/ / FO[gx+y) + gl —y) —2g(x)|v(dy) dx
R4 Rd—{O}
1 ..
= sa / (3 () (3)(x) dx
Rd

= Dim /R/| e [gx+) + g(x — y) — 2g(x))]v(dy) dx
@ Jllyl|>e

2 e—0

1.
_ za’] / 3 ) () (3;8) () dlx
Rd

2 / / [fa+nEa+y) —fx+ygk)
6—)0 Rd lyl|>€
—f(N)g@+y) + £ (0)gx)|v(dy)dx,

and the result follows.
A special case of Example 3.6.2 merits particular attention:

Example 3.6.3 (The energy integral) Take X to be a standard Brownian
motion; then, for all f € H» (Rd),

d
_ 1 ) 2 _l 2
Ef) = E;/Rd(alf)(x) dx = 2/Rd IVf ()|~ dx.

This form is often called the energy integral or the Dirichlet integral.
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3.6.2 The Beurling—Deny formula

In this section we will see how the structure of symmetric Lévy processes
generalises to a natural class of Dirichlet forms. First we need a definition.

A core of a symmetric closed form £ with domain D in L*(R?) is a subset C
of D N C.(R¥) that is dense in D with respect to the norm ||-||¢ (see Section
3.8.3) and dense in C.(R?) in the uniform norm. If £ possesses such a core, it
is said to be regular.

Example 3.6.4 Let T be a positive symmetric linear operator in L2(R¢) and
suppose that CZ° (R9) is a core for T in the usual operator sense; then it is also
a core for the closed form given by £(f) = (f, If ), where f € Dr.

We can now state the celebrated Beurling—Deny formula,

Theorem 3.6.5 (Beurling-Deny) If £ is a regular Dirichlet form in L*(R?)
with domain D, then, for allf,g € D N C. (Rd),

E(f.g) = / 8 (0 ()l (dx) + / FEgk()
R4 R4

+ f ) —fM][g@ — g @x.dy),  (3.28)
R4 xRd—D

where k is a Borel measure on R?, J is a Borel measure on R? x R4 — D
(D = {(x,x),x € R?} being the diagonal); the {u¥,1 < i,j < d} are Borel
measures in R? with each ¥ = ' and (u, w(K)u) > 0 for all u € R? and all
compact K € B(RY), where (K) denotes the d x d matrix with (i, )th entry
uY(K).

This important result clearly generalises (3.27), and its probabilistic inter-
pretation is clear from the names given to the various measures that appear in
(3.28): the ¥ are called diffusion measures, J is called the jump measure and
k is the killing measure. For generalisations of the Beurling—Deny formula to
the context of semi-Dirichlet forms, see Hu et. al. [158].

In general, a Dirichlet form £ with domain D is said to be local if, for all
f»g €D for which supp (f) and supp (g) are disjoint compact sets, we have
E(f,g) = 0. A Dirichlet form that fails to be local is often called non-local.
Since partial differentiation cannot increase supports, the non-local part of the
Beurling—Deny form (3.28) is that controlled by the jump measure J.

3.6.3 Closable Markovian forms

In concrete applications it is quite rare to have a closed form. Fortunately, many
forms that have to be dealt with have the pleasing property of being closable
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(see Section 3.8.3). In this case, we need an analogue of definition (3.26) for
such forms, so that they can code probabilistic information.

Let £ be a closable positive symmetric bilinear form with domain D. We
say that it is Markovian if, for each ¢ > 0, there exists a family of infinitely
differentiable functions (¢ (x), x € R) such that:

(1) ¢p(x) =xforall xe[O0,1];
2) —e <¢p:(x) <1+ eforallxeR;
3) 0 < ¢e(y) — ¢pe(x) <y —x whenever x,y e R withx < y.

Furthermore, for all f € D, ¢.(f) € D and

E(s(f) = E(F).

Exercise 3.6.6 Given (¢.(x),x € R) as above, show that, for each x,y € R4,

|ge (0] < Ix], [pe(v) — Pe(0)| < |y — x| and 0 < ¢z (x) < L.

Note that when D = C2° (R%), a family (¢ (x), x € R) satisfying the con-
ditions (1) to (3) above can always be constructed using mollifiers (see e.g.
Fukushima et al. [129], p. 8.) In this case we also have ¢.(f) eCé’O(Rd)
whenever f € Cf"(Rd).

If we are given a closable Markovian form then we have the following result,
which allows us to obtain a bona fide Dirichlet form.

Theorem 3.6.7 If £ is a closable Markovian symmetric form on L*(R?) then
its closure € is a Dirichlet form.

Proof See Fukushima et al. [129], pp. 98-9. (|

Example 3.6.8 (Symmetric diffusions) Leta(x) = (a¥ (x)) be a matrix-valued
function from R to itself such that each a(x) is a positive definite symmetric
matrix and for each 1 < i,j < d the mapping x — a¥ (x) is Borel measurable.
We consider the positive symmetric bilinear form on D given by

£(f) = / @ WA () dr, (3.29)
R

on the domain D = {f € C'(R?) N L2(RY), E(f) < o).
Forms of the type (3.29) appear in association with elliptic second-order
differential operators in divergence form, i.e.

d

AN =Y afa’ @af (],

ij=1
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foreachf € C° (R?), x e RY, where we assume for convenience that each a? is
bounded and differentiable. In this case, it is easily verified that A is symmetric
and hence that £ is closable on the domain CZ° (RY) by Theorem 3.8.10.
More generally, it is shown in Fukushima et al. [129], pp. 100-1, that £ as
given by (3.29) is closable if either of the following two conditions is satisfied:

o foreach | <i,j <d,a¥eL} (R?)and d;a¥ € L} (RY).

¢ (uniform ellipticity) there exists K > 0 such that (§,a(x)§) > K|& |2 for all
x, £ eRY.

If £ is closable on CZ° (Rd) then it is Markovian. To see this, we use the
result of Exercise 3.6.6 to obtain for all ¢ > 0, f € C° (Rd ),

EGu) = [ a8 80 ) ) d
= [ il enRas @ o ds
< [ alonseons o dx = £,

R

It then follows by Theorem 3.6.7 that £ is indeed a Dirichlet form.

Note that from a probabilistic point of view, a form of this type contains
both diffusion and drift terms (unless a is constant). This is clear when £ is
determined by the differential operator A in divergence form.

Example 3.6.9 (Symmetric jump operators) Let o be a Borel measurable
mapping from R? x RY — R that satisfies the symmetry condition o(x,y) =
0(y,x) for all x,y € R¢. We introduce the form

1
£¢) =+ / [F ) —f ] etey)dx, (330)
2 JRIxRI—D

with domain C°(R?).
We examine the case where £ is induced by a linear operator A for which

AF) () = / [F0) —F @]t y)dy
R —{x}

for f € C2°(RY).
Let us suppose that g is such that A is a bona fide operator in L?(R?); then,
by the symmetry of g, it follows easily that A is symmetric on CZ° (R?), with

E(f) = (A1)
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We can now proceed as in Example 3.6.8 and utilise Theorem 3.8.10 to deduce
that £ is closable, Exercise 3.6.6 to show that it is Markovian and Theorem
3.6.7 to infer that & is indeed a Dirichlet form.

We will now look at some conditions under which A operates in L2(RY).
We impose a condition on o that is related to the Lévy kernel concept
considered in Section 3.5. For each f € CZ° (R?) we require that the mapping

X — / [y — xlo(x, y)dy
RY—{x}

is in L?(R?). Using the mean value theorem, there exists 0 < # < 1 such that,
for all x e R4,

A )| < A%d v — || (x + 00 — )] Cr.y)dy

1/2

d
s@d o b (Z|8J(X+9@—X))I2> o(x.y)dy

i=1

s

< d'? max sup yaif(z)”/ |y — x|o(x,y)dy
lszfnzeRd R4 —{x}

from which we easily deduce that ||[Af || < oo, as required.
Another condition is given in the following exercise.

Exercise 3.6.10 Suppose that

./Rd ./Rd |Q(x,y)’2dydx < 00.

Deduce that ||Af||2 < oo for each f € CSO(Rd).

A generalisation of this example was studied by René Schilling in [328]. He
investigated operators, of a similar type to A above, that are symmetric and
satisfy the positive maximum principle. He was able to show that the closure of
A is a Dirichlet operator, which then gives rise to a Dirichlet form by Theorem
3.6.1 (see Schilling [328], pp. 89-90).

We also direct readers to the paper by Albeverio and Song [3], where general
conditions for the closability of positive symmetric forms of jump type are
investigated.

3.6.4 Dirichlet forms and Hunt processes

Most of this subsection is based on Appendix A.2 of Fukushima et al. [129],
pp- 310-31. We begin with the key definition. Let X = (X (#),# > 0) be a
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homogeneous sub-Markov process defined on a probability space (€2, F, P)
and adapted to a right-continuous filtration (F;, r > 0). We will also require the
augmented natural filtration (g,X ,t > 0). We say that X is a Hunt process if:

(1) X is right-continuous;
(2) X has the strong Markov property with respect to (ng ,t > 0), i.e. given
any GX -adapted stopping time 7,

P(X(T +5) € B|GF) = P(X (s) e B|X(T))

foralls >0, B¢ B(Rd);

(3) X is quasi-left-continuous, i.e. if given any GX -adapted stopping time T and
any sequence of GX -adapted stopping times (7, n € N) that are increasing
to T we have

P ( lim X (T,) =X (), T < oo) — P(T < o0).

If the notion of Hunt process seems a little unfamiliar and obscure, the good
news is:

Theorem 3.6.11 Every sub-Feller process is a Hunt process.

In particular, then, every Lévy process is a Hunt process.

We now briefly summarise the connection between Hunt processes and
Dirichlet forms.

First suppose that X is a Hunt process with associated semigroup (77, ¢ > 0)
and transition probabilities (p;,t > 0). We further assume that X is symmetric.
It can then be shown (see Fukushima ez al. [ 129], pp. 28-9) that there exists M C
By(RH)NL(RY), with M dense in L2(R?), such thatlim, o [pa f ()p: (x, dy) =
f(x) (a.e.) forallf € M, x € R?. From this it follows that the semigroup (7}, >
0) is strongly continuous. Now since X is symmetric, (7;,¢ > 0) is self-adjoint
and hence we can associate a Dirichlet form £ with X by Theorem 3.6.1.

We note two interesting consequences of this construction.

e Every Lebesgue-symmetric Feller process induces a Dirichlet form in
L2(RY).

e Every Lebesgue-symmetic sub-Feller semigroup in Co(R¢) induces a self-
adjoint sub-Markov semigroup in L*(R?).

The converse, whereby a symmetric Hunt process is associated with an arbi-
trary regular Dirichlet form, is much deeper and goes beyond the scope of the
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present volume. The full story can be found in chapter 7 of Fukushima er al.
[129] but there is also a nice introduction in chapter 3 of Jacob [179].

We give here the briefest of outlines. Let £ be a regular Dirichlet form
in L2(R4). By Theorem 3.6.1, we can associate a sub-Markov semigroup
(Ty,t = 0) to €. Formally, we can try to construct transition probabilities
by the usual procedure p;(x,A) = (T;xa)(x) forall r > 0, A€ B[R4) and
(Lebesgue) almost all x € RY. The problem is that the Chapman—Kolmogorov
equations are only valid on sets of ‘capacity zero’. It is only by systemati-
cally avoiding sets of non-zero capacity that we can associate a Hunt process
X = (X(1),t = 0) with £. Even when such a process is constructed, the map-
pingx — E(f (X (1)|X(0) = x) forf € By(RYYNL2(RY) is only defined up to a
‘set of capacity zero’, and this causes difficulties in giving a sense to the unique-
ness of X . For further discussion and also an account of the important notion of
capacity, see Fukushima ef al. [129], Jacob [179] and Ma and Rockner [242].

3.6.5 Non-symmetric Dirichlet forms

The material in this subsection is mostly based on Ma and Rockner [242], but
see also chapter 3 of Jacob [179] and section 4.7 of Jacob [180]).

Let D be a dense domain in L? (Rd). We want to consider bilinear forms £
with domain D that are positive,i.e. £(f,f) > Oforallf € D, butnot necessarily
symmetric. We introduce the symmetric and antisymmetric parts of £, which
we denote as & and &,, respectively, for each f, g € D, by

E(f.9)=3[E(F.8) +E(g.f)] and Eu(f. 8) = 3 [E(F.8) — E(g.1)].

Note that £ = & + &, and that & is a positive symmetric bilinear form.
In order to obtain a good theory of non-symmetric Dirichlet forms, we need
to impose more structure than in the symmetric case.
We recall (see Section 3.8.3) the inner product (-, )¢ induced by £ and
given by
(f.8)e=(.8) +£(.8)

for each f,g € D. We say that &£ satisfies the weak-sector condition if there
exists K > 0 such that, for each f, g € D,

I(f.8)el = Kllf Il e llglle-

Exercise 3.6.12 Show that if £ satisfies the weak-sector condition then there
exists K1 > 0 such that, for all f € D,

€O < Ki[IlF 12 + & ()]
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A positive bilinear form £ with dense domain D is termed coercive if:

(1) & is a closed symmetric form;
(2) & satisfies the weak sector condition.

A coercive form £ with domain D is said to be a Dirichlet form if, for all
f eD,wehave (f VO) A 1eD and:

O EF+(FVOALF—(FVOAL=0;
M2) EF—FVOALfF+FVOAL =0.

We comment below on why there are two conditions of this type. Note how-
ever that if £ is symmetric then both (D1) and (D2) coincide with the earlier
definition (3.26).

Many results of the symmetric case carry over to the more general formal-
ism, but the development is more complicated. For example, Theorem 3.6.1
generalises as follows.

Theorem 3.6.13

(1) (T;,t > 0) is a sub-Markovian semigroup in L*>(R?) with generator A if
and only if A is a Dirichlet operator.

(2) If€ is a coercive form with domain D, then there exists a Dirichlet operator
A suchthatD = Dy and E(f,g) = —(f,Ag) forallf,g € D4 if and only if
& satisfies (D1).

See Ma and Rockner [242], pp. 31-2, for a proof.
You can clarify the relationship between (D1) and (D2) through the following
exercise.

Exercise 3.6.14 Let A be a closed operator in L? (R?) for which there exists a
dense linear manifold D such that D € D4 N D4=. Define two bilinear forms
&4 and €4+ with domain D by

Ealf.9) =—(f.Ag),  Ea(f.8) =—(f.A%g).

Deduce that &4 satisfies (D1) if and only if 4+ satisfies (D2).

We can also associate Hunt processes with non-symmetric Dirichlet forms.
This is again more complex than in the symmetric case and, in fact, we need to
identify a special class of forms called quasi-regular from which processes can
be constructed. The details can be found in chapter 3 of Ma and Rockner [242].

There are many interesting examples of non-symmetric Dirichlet forms on
both R and in infinite-dimensional settings, and readers can consult chapter 2
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of Ma and Rockner [242] for some of these. We will consider the case of a Lévy
process X = (X (¢),t > 0) with infinitesimal generator A and Lévy symbol 7.
We have already seen that if X is symmetric then it gives rise to the prototype
symmetric Dirichlet form.

Define a bilinear form £ on the domain S (R%) by

for all f, g € S(R?). We will find that the relationship between Lévy processes
and Dirichlet forms is not so clear cut as in the symmetric case. First, though,
we need a preliminary result.

Lemma 3.6.15 Forallf,g € S(R?),
E(fr9) = — fR Fw R g
Proof Forallf,g € S(R?), by Theorem 3.3.3(2),

1 1
E(f.8) = 5[5(f,g> +&@.N] = —§[<f,Ag> + (g.Af)]

1 rone _ o
=3 [/ f(u)n(u)é(u)dqu/ é’(u)n(u)f(u)du].
Rd Rd
In particular, we have
E(f) = — / If )1 (u)dlu
Rd
= —/ I )1 R (1 (u)) du — if If @) [* S (u)) du.
R Rd

However, A:S(RY) — Co(R?) and hence E(f)eR, so we must have

fRd [}‘(u)|2 I(n(u)) du = 0. The result then follows by polarisation. U

Exercise 3.6.16 Deduce that £ is positive, i.e. that £(f) > Oforallf € S (]Rd).
The following result is based on Jacob [180], Example 4.7.32.

Theorem 3.6.17 If £ satisfies the weak-sector condition, then, for all u € R4,
there exists C > 0 such that

13(nw)| < C[1 = R(w)]. (3.31)
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Proof Suppose that £ satisfies the weak-sector condition; then, by Exercise
3.6.12, there exists K; > 0 such that |E(f)| < Ki[|[f]l2 + &(f)] for all
f € S(RY). Using Parseval’s identity and the result of Lemma 3.6.15, we thus
obtain

/ \f () *n (u)du
Rd

<K / [1— ()] )l2de
Rd

Hence

r 2 2
/ Wu)ﬂm(n(u))du} +[/ lf(u)lzs(n(u))du}
LJRd R4

2
<k} [/R [1- fﬁ(n(u))]lf(u)lzdu} :

We thus deduce that there exists C > 0 such that

‘ f If () 3(n(w)) du
Rd

-c f [1— ROy ]I o) Pl
RA

from which the required result follows. (]

Theorem 3.6.17 indicates that the theory of non-symmetric Dirichlet forms
is not powerful enough to cover all Lévy processes: indeed, if we take X to be
a ‘pure drift’ with characteristics (b, 0, 0) then it clearly fails to satisfy equation
(3.31) and so cannot yield a Dirichlet form. In Jacob [180], Example 4.7.32, it
is shown that the condition (3.31) is both necessary and sufficient for £ to be a
Dirichlet form. A result of similar type, but under slightly stronger hypotheses,
was first established by Berg and Forst in [37].

3.7 Notes and further reading

The general theory of Markov processes is a deep and extensive subject
and we have only touched on the basics here. The classic text by Dynkin
[100] is a fundamental and groundbreaking study. Indeed, Dynkin is one
of the giants of the subject, and I also recommend the collection of his
papers [101] for insight into his contribution. Another classic text for Markov
process theory is Blumenthal and Getoor [55]. A more modern approach,
which is closer to the themes of this book, is the oft-cited Ethier and
Kurtz [116].

A classic resource for the analytic theory of semigroups is Hille and Phillips
[152]. In fact the idea of studying semigroups of linear mappings in Banach
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spaces seems to be due to Hille [153]. It is not clear which author first realised
that semigroups could be used as a tool to investigate Markov processes; how-
ever, the idea certainly seems to have been known to Feller in the 1950s (see
chapters 9 and 10 of [119]).

The modern theory of Dirichlet forms originated with the work of Beurling
and Deny [42, 43] and Deny [89] provides a very nice expository account from
a potential-theoretic point of view. The application of these to construct Hunt
processes was developed by Fukushima and is, as discussed above, described
in Fukushima et al. [129]. The notion of a Hunt process is, of course, due to
G.A. Hunt and can be found in [164].

3.8 Appendix: Unbounded operators in Banach spaces

In this section, we aim to give a primer on all the results about linear operators
that are used in Chapter 3. In order to keep the book as self-contained as possible,
we have included proofs of some key results; however, our account is, by its
very nature, somewhat limited and those who require more sustenance should
consult a dedicated book on functional analysis. Our major sources, at least for
the first two subsections, are chapter 8 of Reed and Simon [301] and chapters 1
and 7 of Yosida [363]. The classic text by Kato [201] is also a wonderful
resource. We assume a basic knowledge of Banach and Hilbert spaces.

3.8.1 Basic concepts: operators, domains, closure,
graphs, cores, resolvents

Let By and B> be Banach spaces over either R or C. An operator from B to B
is a mapping T from a subset D7 of By into B>. We call Dy the domain of T. T
is said to be linear if Dr is a linear space and

T(ayy + BY2) = aTy + BTy,

for all ¥, Y, € Dr and all scalars o and . Operators that fail to be linear are
usually called non-linear.

From now on, all our operators will be taken to be linear and we will take
By = B> = B to be a real Banach space, as this is usually sufficient in prob-
ability theory (although not in quantum probability, see e.g. Meyer [267] or
Parthasarathy [291]). Readers can check that almost all ideas extend naturally
to the more general case (although one needs to be careful with complex conju-
gates when considering adjoint operators in complex spaces). When considering
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the Fourier transform, in the final section, we will in fact need some spaces of
complex functions, but these should present no difficulty to the reader.

Linear operators from B to B are usually said to operate in B. The norm in B
will always be denoted as || - ||.

Let T and T, be linear operators in B with domains D7, and Dr,, respectively.
We say that 7> is an extension of T if

() Dy, € Dr,,
(2) Ty = Toy forall € Dy, .

We write T} € T» in this case. If T5 is an extension of T}, we often call T;
the restriction of T, to Dy, and write 71 = T>| Dy, -

Linear operators can be added and composed so long as we take care with
domains. Let S and T be operators in B with domains Dg and D7, respectively.
Then § + T is an operator with domain Dg N Dy and

S+ =Sy +Ty

for all ¥ € Ds N Dr.
The composition ST has domain Dg7 = D7 N T~ 1(Dys) and

DY = S(TY),

for all Y € Dgr.

Let T be a linear operator in B. It is said to be densely defined if its domain
D7 is dense in B. Note that even if S and T are both densely defined, S + T
may not be.

A linear operator T in B with domain D7 is bounded if there exists K > 0
such that

Tyl < K|yl

for all Y € Dr.
Operators that fail to be bounded are often referred to as unbounded.

Proposition 3.8.1 A densely defined bounded linear operator T in B has a
unique bounded extension whose domain is the whole of B.

Proof (Sketch) Let iy € B; then since D7 is dense there exists (Y, n € N) in D7
with lim,,_, oo ¥, = V. Since T is bounded, we deduce easily that (T'¢,,n € N)
is a Cauchy sequence in B and so converges to a vector ¢ € B. Define an operator
T with domain B by the prescription
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Then it is easy to see that T is linear and extends 7. Moreover, T is bounded
since

NTYIl = 11gll = Lim [Tyl < K lim |yl = K||¥]],
n—o0o n—0o0o
where we have freely used the Banach-space inequality
|(llall = [1bID] < [la — bI| for all a, b € B.

It is clear that T is unique. (]

In the light of Proposition 3.8.1, whenever we speak of a bounded operator
in B, we will implicitly assume that its domain is the whole of B.
Let T be a bounded linear operator in B. We define its norm ||T|| by

T = sup{|IT¥|l; ¥ €B,|I¥|l = 1}

then the mapping T — ||T'|| really is a norm on the linear space L(B) of all
bounded linear operators in B. L(B) is itself a Banach space (and in fact, a
Banach algebra) with respect to this norm.

Abounded operator 7 is said to be a contraction if ||T|| < 1 and an isometry if
[|T|] = 1 (the Itd stochastic integral as constructed in Chapter 4 is an example of
an isometry between two Hilbert spaces). An operator 7 in B that is isometric
and bijective is easily seen to have an isometric inverse. Such operators are
called isometric isomorphisms.

Proposition 3.8.2 A linear operator T in B with Dy = B is bounded if and
only if it is continuous.

Proof (Sketch) Suppose that T is bounded in B and let ¢ € B and (y,,, n € N)
be any sequence in B converging to ¥. Then by linearity

Ty = TYnll < T [ = ll,

from which we deduce that (T, n € N) converges to Ty and the result follows.

Conversely, suppose that T is continuous but not bounded; then for each
n € Nwe can find ¥, € B with ||| = 1 and ||T ¥, || > n. Now let ¢,, = v, /n;
then lim,,_, o ¢, = Obut ||T'¢,|| > 1 foreach n € N. Hence T is not continuous
at the origin and we have obtained the desired contradiction. O

For unbounded operators, the lack of continuity is somewhat alleviated if the
operator is closed, which we may regard as a weak continuity property. Before
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defining this explicitly, we need another useful concept. Let 7 be an operator
in B with domain Dr7. Its graph is the set G € B x B defined by

Gr ={(¥.TY); ¥ € Dr}.

We say that T is closed if Gt is closed in B x B. Clearly this is equivalent to
the requirement that, for every sequence (¥, n € N) which converges to € B
and for which (Ty,,,n € N) convergesto g € B, y e Drand ¢ = Ty If T is
a closed linear operator then it is easy to check that its domain Dr is itself a
Banach space with respect to the graph norm |||-||| where

Al = gl + 1T

for each € Dr.

In many situations, a linear operator only fails to be closed because its domain
is too small. To accommodate this we say that a linear operator T in B is closable
if it has a closed extension 7. Clearly 7 is closable if and only if there exists
a closed operator T for which Gr C Gj. Note that there is no reason why T
should be unique, and we define the closure T of a closable T to be its smallest
closed extension, so that T is the closure of T if and only if the following hold:

(1) T is a closed extension of T
(2) if T is any other closed extension of T then D C Dj.

The next theorem gives a useful practical criterion for establishing closability.

Theorem 3.8.3 A linear operator T in B with domain Dr is closable if and
only if for every sequence (¥, n € N) in Dy which converges to 0 and for which
(TyYrn, n € N) converges to some ¢ € B, we always have ¢ = 0.

Proof If T is closable then the result is immediate from the definition. Con-
versely, let (x,y1) and (x, y») be two points in Gr. Our first task is to show that
we always have y; = y;. Let (x,‘z, n € N) and (x,%, n € N) be two sequences in D7
that converge to x; then (x} — x2,n € N) converges to 0 and (Tx} — Tx2,n € N)
converges to y; — y2. Hence y; = y, by the criterion.

From now on, we write y = y; = y, and define T1x = y. Then T is a well-
defined linear operator with D7, = {x € B; there existsy € Bsuch that (x,y) € G_T}.
Clearly Ty extends T and by construction we have Gy, = Gr, so that T} is
closed, as required. |

It is clear that the operator 77 constructed in the proof of Theorem 3.8.3 is
the closure of 7. Indeed, from the proof of Theorem 3.8.3, we see that a linear
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operator 7 is closable if and only if it has an extension 7 for which
Gr, = Gr.

Having dealt with the case where the domain is too small, we should also
consider the case where we know that an operator T is closed, but the domain
is too large or complicated for us to work in it with ease. In that case it is very
useful to have a core available.

Let T be a closed linear operator in B with domain Dr. A linear subspace C
of Dy is a core for T if

Tle =T,

i.e. given any v € D7, there exists a sequence (yy,,n€N) in C such that
limy,— 00 ¥ = ¢ and limy, . 00 T, = T,

Example 3.8.4 Let B = Cy(R) and define
Dr = {f € Cy(R);f is differentiable and f" € Cp(R)}

and
Tf =f
for all f € Dr; then T is closed and C°(R) is a core for T

The final concept we need in this subsection is that of a resolvent. Let T be
a linear operator in B with domain D7. Its resolvent set p(T) = {A € C; Al —
T is invertible}. The spectrum of T is the set o (T)) = p(T)°. Note that every
eigenvalue of T is an element of o (T'). If A € p(T), the linear operator R, (T) =
(A — T)~ ! is called the resolvent of T.

Proposition 3.8.5 If T is a closed linear operator in B with domain Dt and
resolvent set p(T), then, for all .. € p(T), R)(T) is a bounded operator from B
into Dr.

Proof We will need the inverse mapping theorem, which states that a continuous
bijection between two Banach spaces always has a continuous inverse (see e.g.
Reed and Simon [301], p. 83). Now since T is closed, Dr is a Banach space
under the graph norm and we find that for each A € p(T'), vV € D7,

AL =T)y [l < A1+ T < max{L, [A}[[¥]]].

So Al — T is bounded and hence continuous (by Proposition 3.8.2) from Dr to
B. The result then follows by the inverse mapping theorem. U
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3.8.2 Dual and adjoint operators — self-adjointness
Let B be a real Banach space and recall that its dual space B* is the linear space
comprising all continuous linear functionals from B to R. The space B* is itself
a Banach space with respect to the norm

1] = sup{[/Co)[; [|x[| = 1}.

Now let T be a densely defined linear operator in B with domain Dr. We
define the dual operator TC of T to be the linear operator in B* with Drc =
{le B*;]1 o T € B*} and for which

T°l=1oT

for each [ € Dyc, so that T¢I(y) = (T (y)) for each [ € Dy, ¥ € Dry.

One of the most important classes of dual operators occurs when B is a Hilbert
space with inner product (-, -). In this case the Riesz representation theorem
ensures that B and B* are isometrically isomorphic and that every / € B* is of
the form I, for some € B, where Iy, (¢) = (¥, ¢) for each y € B. We may
then define the adjoint operator T* of T with domain Dy« = {y € B; ly, € Drc}
by the prescription T*y = T(ly,) for each y € Dy+.If S and T are both linear
operators in a Hilbert space B, and « € R, we have

S +al)* CS*+aT*, (STY* CT*S*, ifSCTthenT* C S*.

Note that T7** = (T*)* is an extension of 7.
The following result is very useful.

Theorem 3.8.6 Let T be a linear operator in a Hilbert space B. Then

(1) T* is closed,

(2) T is closable if and only if T* is densely defined, in which case we have
T — T**,

(3) if T is closable then (T)* = T*.

Proof See Reed and Simon [301], pp. 2523, or Yosida [363], p. 196. (]

In applications, we frequently encounter linear operators 7' that satisfy the
condition

(Y1, TY) = (T, ¥2)

for all ¥, Y, € Dr. Such operators are said to be symmetric and the above
condition is clearly equivalent to the requirement that 7 C T*. Note that if T
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is densely defined and symmetric then it is closable by Theorem 3.8.6(2) and
we can further deduce that 7 € T** C T*.

We often require more than this, and a linear operator is said to be self-adjoint
if T = T*. We emphasise that for T to be self-adjoint we must have Dy = Dp=x.

The problem of extending a given symmetric operator to be self-adjoint
is sometimes fraught with difficulty. In particular, a given symmetric operator
may have many distinct self-adjoint extensions; see e.g. Reed and Simon [301],
pp- 257-9. We say that a symmetric operator is essentially self-adjoint if it has
a unique self-adjoint extension.

Proposition 3.8.7 A symmetric operator T in a Hilbert space B is essentially
self-adjoint if and only if T = T*.

Proof We prove only sufficiency here. To establish this, observe that if S is
another self-adjoint extension of 7' then T C S and so, on taking adjoints,

S=S*CT =T"*=T.

Hence S =T. O

Readers should be warned that for a linear operator T to be closed and
symmetric does not imply that it is essentially self-adjoint. Of course, if T
is bounded then it is self-adjoint if and only if it is symmetric. The simplest
example of a bounded self-adjoint operator is a projection. This is a linear
self-adjoint operator P that is also idempotent, in that P> = P. In fact any
self-adjoint operator can be built in a natural way from projections. To see this,
we need the idea of a projection-valued measure. This is a family of projections
{P(A),A € B(R)} that satisfies the following:

() PO =0,PR) =1;
(2) P(A]NAp) =P(A])P(Ay) forall Aj,Ap € B(R);
(3) if (A,,n € N) is a Borel partition of A € B(R) then

PAY =) PA)Y

n=1

for all Y € B.

For each ¢, i € B, a projection-valued measure gives rise to a finite measure
ey on B(R) via the prescription gy (A) = (¢, P(A)¥) for each A € B(R).

Theorem 3.8.8 (The spectral theorem) If T is a self-adjoint operator in a
Hilbert space B, then there exists a projection-valued measure {P(A), A € B(R)}
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in B such that for all f € B, g € Dr,

6. TY) = /R Mgy (dA).

We write this symbolically as

T=/AP(dk).
R

Note that the support of the measure g 4 for each ¢ € Dy is o (T'), the spectrum
of T.

Spectral theory allows us to develop a functional calculus for self-adjoint
operators; specifically, if f is a Borel function from R to R then f (T') is again
self-adjoint, where

f (1) = /Rf(?»)P(d)»)-

Note that |[f (T)¥||*> = [ [f W1 [|P(dM)||? for all ¥ € Dy py.

A self-adjoint operator T is said to be positive if (f,Tf) > 0 for all f € Dr.
We have that T is positive if and only if o (T) C [0, 00).

It is easily verified that a bounded linear operator 7 in a Hilbert space B is
isometric if and only if 7*T = I. We say that T is a co-isometry if TT* = I
and unitary if it is isometric and co-isometric. 7 is an isometric isomorphism
of B if and only if it is unitary, and in this case we have T~! = T*

3.8.3 Closed symmetric forms

A useful reference for this subsection is chapter 1 of Bouleau and Hirsch [59].
Let B be a real Hilbert space and suppose that D is a dense linear subspace
of B. A closed symmetric form in B is a bilinear map £ : D x D — R such that:

(1) & is symmetric, i.e. £(f,g) = £(g.f) forallf, g € D;

(2) & ispositive,i.e. E(f,f) = 0forall f € D;

(3) D is areal Hilbert space with respect to the inner product (-, -) ¢, where, for
eachf,geD,

f.8)e =18 +E(f,8)

With respect to the inner product in (3), we have the associated norm || -||¢ =
1/2
(g
For eachf € D, we write £(f) = £(f,f) and note that £(-) determines £(-, -)
by polarisation.
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An important class of closed symmetric forms is generated as follows. Let T’
be a positive self-adjoint operator in B; then, by the spectral theorem, we can
obtain its square root 7''/2, which is also a positive self-adjoint operator in B.
We have Dr € D712 since, for all f € Dr,

ITY2F112 = ¢, TF) < IFIITEL.

Now take D = Dgi2; then E(f) = [|TY2£]|? is a closed symmetric form.
Indeed (3) above is just the statement that Dy1,2 is complete with respect to the
graph norm. Suppose that £ is a closed symmetric form in B with domain D.
Then we can define a positive self-adjoint operator A in B by the prescription

Dy ={f €D, 3g € Bsuchthat £(f,h) = (g,h), YVhe D},
Af =g forall f eDy.

Our conclusion from the above discussion is

Theorem 3.8.9 There is a one-to-one correspondence between closed symmet-
ric forms in B and positive self-adjoint operators in B.

Sometimes we need a weaker concept than the closed symmetric form. Let
& be a positive symmetric bilinear form on B with domain D. We say that it
is closable if there exists a closed form £; with domain D; that extends &,
in the sense that D € Dy and £(f) = & (f) whenever f € D. Just as in the
case of closable operators, we can show that a closable £ has a smallest closed
extension, which we call the closure of £ and denote as £. We always write its
domain as D. Here are some useful practical techniques for proving that a form
is closable.

e Anecessary and sufficient condition for a positive symmetric bilinear form to
be closable is that for every sequence (f;;, n € N) in D for which lim,,—  f;; =
0 and limy, ;s 00 E(fy — fin) = 0 we have lim, o E(f;,) = 0.

e A sufficient condition for a positive symmetric bilinear form to be closable
is that for every sequence (f;;, n € N) in D for which lim,_, « f; = 0 we have
limy— 00 E(fn, g) = 0 for every g € D.

The following result is useful in applications.

Theorem 3.8.10 Let T be adensely defined symmetric positive operatorin B, so
that {f ,Tf) = 0 for all f € Dr. Define aform £ by D = Dy and E(f) = {f, Tf )
forallf € D. Then:

(1) & is closable;
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(2) there exists a positive self-adjoint operator Tg that extends T such that

Ef) = (£, Tef) forall f €D.

The operator Tr of Theorem 3.8.10 is called the Friedrichs extension of T.

3.8.4 The Fourier transform and pseudo-differential
operators

The material in the first part of this section is largely based on Rudin [315].
Letf € L' (R, C); then its Fourier transform is the mapping f , defined by

fwy) = Qm)~? /R ) e~ IF (x)dx (3.32)

for all u € RY. If we define F (f) =f then  is a linear mapping from L' (R, C)
to the space of all continuous complex-valued functions on R? called the
Fourier transformation.

We introduce two important families of linear operators in L'(R?,C),
translations (ty, x € R?) and phase multiplications (e, x € R?), by

@HO) =fO—x),  (exf)) = f(y)
for each f € Ll(Rd, C)and x,y € R,

It is easy to show that each of t, and e, are isometric isomorphisms of
L'(R?,C). Two key, easily verified, properties of the Fourier transform are

of =e_f and ef =tf (3.33)

for each x e R?.
Furthermore, if we define the convolution f % g of f, g € L'(R?, C) by

@ =00 [ =0

for each x € R?, then we have (f * g) =f§.
If 14 is a finite measure on RY, we can define its Fourier transform by

fi(u) = 2r)~? fR ) e~ 1y (dx)

for each u € RY, and /1 is then a continuous positive definite mapping from R?
to C.
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The convolution f * u, for f € L (Rd, C)NCy (Rd, C), is defined by
(f * wx) = 2m)~4/2 /Rdf(x — y)u(dy),

and we have again that (m) = f .
Valuable information about the range of F is given by the following key
theorem, wherein || - ||o denotes the supremum norm on Cy (Rd).

Theorem 3.8.11 (Riemann-Lebesgue lemma) If feL'(R?,C) then
f € Co®R?,C)yand||fllo < IIf 1.

Iff el? (R4, C), we can also define its Fourier transform as in (3.32). It then
transpires that F : [*(R4,C) —» [*(RY,C) is a unitary operator. The fact that
F is isometric is sometimes expressed by

Theorem 3.8.12 (Plancherel) Iff € L>(R¢, C) then

/ 1 (o) P = / RO
Rd ]R“’

or

Theorem 3.8.13 (Parseval) Iff,g € L>(RY,C) then
f F0g(x)dx = / Fwawdu.
R4 Rd

Although, as we have seen, F has nice properties in both L! and L?, perhaps
the most natural context in which to discuss it is the Schwartz space of rapidly
decreasing functions. These are smooth functions such that they, and all their
derivatives, decay to zero at infinity faster than any negative power of |x|. To
make this precise, we first need some standard notation for partial differential
operators. Let o = («1,...,04) be a multi-index, so that « € (N U {0hH?. We
define |a| = o1 + - - - + a4 and

R B L
=
il 9x] dx;
Similarly, if x = (x1, ..., x4) € R? then x® = )c‘l)‘1 .. -xgd.

Now we define Schwartz space S(R?,C) to be the linear space of all
f € C®(R?, C) for which

sup [xPDYf (x)| < o0
xeRd
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for all multi-indices « and . Note that C2° (R4, C) c S(R4,C) and that the
‘Gaussian function’ x — exp(—xZ) isin S(R?, C). The space S(R?,C) is dense
in Cop(R?,C) and in LP(R?,C) for all 1 < p < oo. These statements remain
true when C is replaced by R.

The space S(R?, C) is a Fréchet space with respect to the family of norms
{Il.llz, N € N U {0}}, where for each f € S(R?, C)

flly = max sup (14 [x)"|Df ().

al= xeRd

The dual of S(RY,C) with this topology is the space S'(RY,C) of tempered
distributions.

The operator F is a continuous bijection of S(R,C) into itself with a
continuous inverse, and we have the following important result.

Theorem 3.8.14 (Fourier inversion) Iff € S(R?, C) then

fx) = @m)~4? f f e du.
R4

In the final part of this subsection, we show how the Fourier transform allows
us to build pseudo-differential operators. We begin by examining the Fourier
transform of differential operators. More or less everything flows from the
following simple fact:

Daei(u,x) — uaei(u,x)’

for each x, u € R¢ and each multi-index «.
Using Fourier inversion and dominated convergence, we then find that

(D)) = @m)~4? / uf (u)e“du
R4
for all f € S(RY,C), x e R4,
If p is a polynomial in u of the form p(u) = Zla\fk cqu®, where k e N
and each ¢4 € C, we can form the associated differential operator P(D) =
Zlal < Ca D and, by linearity,

(PD)f)(x) = (Zn)—d/Z ‘/Rd p(u)]?(u)ei(u,x)du’

The next step is to employ variable coefficients. If each ¢, € C*°(R¥), for exam-
ple, we may define p(x, u) = Zla\gk co(@)u® and P(x,D) = Zlalsk cq(x)D%.
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We then find that
(P, D)f)(x) = 2m) /2 / [ Pef (e “Ddu.
R

The passage from D to P(x, D) has been rather straightforward, but now we will
take a leap into the unknown and abandon formal notions of differentiation. So
we replace p by a more general function o : R? x RY — C. Informally, we
may then define a pseudo-differential operator o (x, D) by the prescription:

(0. D)f)(x) = 2m) 472 f ot e,
R

and o is then called the symbol of this operator. Of course we have been some-
what cavalier here, and we should make some further assumptions on the symbol
o to ensure that o (x, D) really is a bona fide operator. There are various classes
of symbols that may be defined to achieve this. One of the most useful is the
Hormander class S <. This is defined to be the set of all 0 € C*° (]Rd ) such that,
for each multi- 1ndex o and g,

ID2DPo (x,10)] < Cap(1 + [u]?)m—rPlal+318D/2

for each x,u R4, where Cop > 0, meR and p,5 €[0,1]. In this case
o(x,D):SR?,C) — SR, C) and extends to an operator S'(R¢,C) —
S/ (R4, C).

For those who hanker after operators in Banach spaces, note the following:

e ifp>0andm < —d+p(d — 1) then o (x, D) : [P (R?,C) — I[P (R4, C) for
1 <p <o
e ifm=0and0 <8 < p < ltheno(x,D):L>(R?,C) - L>(R?,C).

Proofs of these and more general results can be found in Taylor [347]. How-
ever, note that this book, like most on the subject, is written from the point
of view of partial differential equations, where it is natural for the symbol to
be smooth in both variables. For applications to Markov processes this is too
restrictive, and we usually impose much weaker requirements on the depen-
dence of o in the x-variable. A systematic treatment of these can be found in
section 2.3 of Jacob [181].
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Stochastic integration

Summary  We will now study the stochastic integration of predictable processes
against martingale-valued measures. Important examples are the Brownian, Poisson and
Lévy-type cases. In the case where the integrand is a sure function, we investigate the
associated Wiener-Lévy integrals, particularly the important example of the Ornstein—
Uhlenbeck process and its relationship with self-decomposable random variables. In
Section 4.4, we establish 1td’s formula, which is one of the most important results in this
book. Immediate spin-offs from this are Lévy’s characterisation of Brownian motion,
Burkholder’s inequality and estimates for stochastic integrals. We also introduce the
Stratonovitch, Marcus and backwards stochastic integrals and indicate the role of local

time in extending 1t6’s formula beyond the class of twice-differentiable functions.

4.1 Integrators and integrands

In Section 2.6, we identified the need to develop a theory of integration against
martingales that is not based on the usual Stieltjes integral. Given that our aim
is to study stochastic differential equations driven by Lévy processes, our expe-
rience with Poisson integrals suggests that it might be profitable to integrate
against a class of real-valued independently scattered martingale-valued mea-
sures M defined on (S, 7). Here § = RT x E, where E € B(R?) and 7 is the
ring comprising finite unions of sets of the form 7 x A where A € 3(E) and [ is
itself a finite union of intervals. At this stage, readers should recall the definition
of martingale-valued measure from Section 2.3.1. We will frequently employ
the notation

M((S, t]’A) = M(t’A) - M(S,A)
forall0 <s <t < o00,AecB(E).

214



4.1 Integrators and integrands 215

In order to get a workable stochastic integration theory, we will need to
impose some conditions on M . These are as follows:

(M1) M ({0},A) =0 (as.);
(M2) M ((s,t],A) is independent of Fg;
(M3) there exists a o-finite measure p on R™ x E for which

E(M (1,A)) = p(t,A)

forall0 < s < t < 00, A€ B(E). Here we have introduced the abbreviated
notation p(t,A) = p((0,1] x A).

Martingale-valued measures satisfying (M1)—(M3) are said to be of type
(2, p), as the second moment always exists and can be expressed in terms of the
measure p. It is worth emphasising that we are not imposing any o -additivity
requirement on these martingale-valued measures.

In all the examples that we will consider, p will be a product measure taking
the form

p((0,1] x A) = 1u(A)

for each t > 0, A € B(E), where u is a o-finite measure on E, and we will
assume that this is the case from now on.

By Theorem 2.2.3, we see that ]E((M (t,A),M(t,A))) = p(t,A).

A martingale-valued measure is said to be continuous if the sample paths
t — M (t,A)(w) are continuous for almost all w €  and all A € B(E).

Example 4.1.1 (Lévy martingale-valued measures) Let X be a Lévy pro-
cess with Lévy-Itd decomposition given by (2.25) and take E = B— {0},
where we recall that B = {xeRd, x| < 1}. Foreach 1 < i < d,Ae€B(E),
define

M;(t,A) = aN(1,A — {0}) + Bo] Bi(1)30(A),

where «, f € R are fixed and o0 T =a.Theneach M; is areal-valued martingale-
valued measure and we have

pi(t,A) = t[av(A — {0) + BZaido(A)].

Note that p;(#,A) < co whenever A — {0} is bounded below.
In most of the applications that we consider henceforth, we will have («, 8) =
(1,0) or (0, 1).
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Example 4.1.2 (Gaussian space-time white noise) Although we will not
use them directly in this book, we will briefly give an example of a class of
martingale-valued measures that do not arise from Lévy processes.

Let (S, X, i) be a measure space; then a Gaussian space—time white noise is
a random measure W on (S x Rt x , ¥ ® B(RT) ® F) for which:

(1) W(A) and W(B) are independent whenever A and B are disjoint sets in
BRY) ® F;
(2) each W(A) is a centred Gaussian random variable.

For each t > 0, A€ X, we can consider the process (W4 (), > 0) where
Wa(t) = W(A x [0,7]) and this is clearly a martingale-valued measure. In
concrete applications, we may want to impose the requirements (M1)—(M3)
above.

The simplest non-trivial example of a space—time white noise is a Brownian
sheet, for which § = (RT)? and X is its Borel o-algebra. Writing Wy = W
([0,1] x [0,2] x --- x [0,2441]), for each t = (11,12, ...,1q41) € (RT)4H]
the Brownian sheet is defined to be a Gaussian white noise with covariance
structure

EWiWs) = (st At (2 A ) -+ - (Sg+1 A tas1)-

For further details and properties, see Walsh [352], pp. 269-71. Some examples
of non-Gaussian white noises, that are generalisations of Lévy processes, can
be found in Applebaum and Wu [10].

Now we will consider the appropriate space of integrands. First, we need to
consider a generalisation of the notion of predictability, which was introduced
earlier in Section 2.2.1.

FixEeB (Rd) and 0 < T' < oo and let P denote the smallest o -algebra with
respect to which all mappings F : [0, 7] x E x Q — R satisfying (1) and (2)
below are measurable:

(1) for each 0 < ¢ < T the mapping (x,w) — F(t,x,w) is B(E) ® F;-
measurable;
(2) Foreachx e E, w € €2, the mapping t — F (¢, x, w) is left-continuous.

We call P the predictable o-algebra. A P-measurable mapping G : [0, T'] x
E x Q — R is then said to be predictable. Clearly the definition extends
naturally to the case where [0, T] is replaced by RY.

Note that, by (1), if G is predictable then the process t — G(t, x, -) is adapted,
for each x € E. If G satisfies (1) and is left-continuous then it is clearly pre-
dictable. As the theory of stochastic integration unfolds below, we will see
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more clearly why the notion of predictability is essential. Some interesting
observations about predictability are collected in Klebaner [203], pp. 214-15.

Now let M be a (2, p)-type martingale-valued measure. We also fix 7 > 0
and define H> (7', E) to be the linear space of all equivalence classes of mappings
F:[0,T] x E x 2 — R which coincide almost everywhere with respect to
p x P and which satisfy the following conditions:

e F is predictable;

T
-/ /]E(|F(t,x)|2)p(dt,dx)<oo.
0 E

We may now define the inner product (-, -}y , on Ha(T', E) by

T
(F,G)r, =/0 /EE((F(t,x),G(t,x)))p(dt,dX)

for each F, G € H»(T, E), and we obtain a norm |[|-||7, in the usual way. Note
that by Fubini’s theorem we may also write

T
IF|I7, =E (/ f |F(t,x)|*p(dt, dx)) .
0 E

Lemma 4.1.3 H>(T,E) is a real Hilbert space.

Proof Clearly H, (T, E) is a subspace of L>([0,T) x E x ©, p x P)). We need
only prove thatitis closed and the result follows. Let (F,, n € N) be a sequence in
H, (T, E) converging to F € L*. It follows by the Chebyshev—-Markov inequality
that (F,,n € N) converges to F in measure, with respect to p x P, and hence
(see e.g. Cohn [80], p. 86) there is a subsequence that converges to F' almost
everywhere. Since the subsequence comprises predictable mappings it follows
that F is also predictable, hence F € H, (T, E) and we are done. O

Recall that p is always of the form p(dx, df) = w(dx)dt. In the case where
E = {0} and n({0}) = 1, we write Ho(T, E) = H,(T). The norm in H,(T) is

given by
T
IFIE =E ( fo |F<r>|2dr> |

For the general case, we have the natural (i.e. basis-independent) Hilbert-space
isomorphisms

Hao(T, E) = L*(E, u; Ha(T)) = L*(E, n) @ Ha(T),
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where ® denotes the Hilbert space tensor product (see, e.g. Reed and Simon
[301], pp. 49-53), and = means ‘is isomorphic to’.

Define S(7,E) to be the linear space of all simple processes in H> (T, E)
where F' is simple if, for some m,n €N, there exists 0 <t < fp < --- <
tm+1 = T and disjoint Borel subsets A, A», ..., A, of E with each u(A;) < oo
such that

m n
F =Y cF ) X1 XA

j=1 k=1

where each ¢, € R and each F'(¢;) is abounded F;;-measurable random variable.
Note that F is left-continuous and B(E) ® F;-measurable, hence it is predictable.

In the case of H»(T), the space of simple processes is denoted S(7") and
comprises mappings of the form

m
F =3 F)Xal-
j=1

Lemmad4.1.4 S(T,E) is dense in Ho (T, E).
Proof We carry this out in four stages. In the first two of these, our aim is to
prove a special case of the main result, namely that S(7T') is dense in H2(T).

Step 1 (Approximation by bounded maps) We will denote Lebesgue measure
on [0,7T) by l. Let F € Ho(T) and, foreach 1 <i <d, neN, define

Fi(s, w) if |F(s,w)| < n,

Fi(s,0) = ,
0 if |F(s,w)| > n.

The sequence (F,,n € N) converges to F pointwise almost everywhere (with
respect to [ x P), since, given any § > 0, there exists ny € N such that

axP | U N Ul{ltolFuto) - Fto) > €

e € QNR+ ny e Nn=ng

=UxP)| () U {t.o);F@w) = n)

ng € Nnzng

00 00 F 2
<Y (oxP)F@tw)|=n < ) ”n|2|T <3,

n=ng n=ny

where we have used the Chebyshev—Markov inequality.
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By dominated convergence, we obtain
lim ||F, — F||r =0.
n—oo

Step 2 (Approximation by step functions on [0,7]) Let F € H(T) be
bounded as above. Define

2"—1

27"kT
F,(t,w) = on—l Z </; F(s, w)ds) X(2-"KT <1<2-"(k+1)T)
k=1

“n(k—1)T

forallneN, 0 <t < T, weQ; then it is easy to see that each F,, € S(T).
For each n € N, define A,F = F,; then A, is a linear operator in H>(7T") with
range in S(7). It is not difficult to verify that each A, is a contraction, i.e. that
[IAnF|IT < ||F||T,foreach F € Hy(T). The result we seek follows immediately
once it is established that, for each F € H,(T), lim,— o ||AnF — F||7 = 0. This
is comparatively hard to prove and we direct the reader to Steele [339], pp. 90—
3, for the full details. An outline of the argument is as follows. For each n € N,
define a linear operator B, : Ha(T) — L2([0,T) x 2, [ x P) by

BuF)(t, )

| 2" 27T
— T Z - F(s,w)ds X2 (k—1)T <t<2-"kT}
k=1 -

for each weQ, 0 < t < T. Note that the range of each B, is not
in S(T). However, if we fix w € Q then each ((B,F)(-,w),ne€N) can be
realised as a discrete-parameter martingale on the filtered probability space
(Sw> Gws (QC(U"), neN), Q,), which is constructed as follows:

I(A
Sw ={w} x[0,T], Gu ={(®,A),AcB(0,T)}, Qud) = %

for each A € B([0,T]). For each neN, gfu”) is the smallest o-algebra with
respect to which all mappings of the form

on

Z Ck X{2=n(k—1)T <t<2="kT}»
k=1

where each ¢, € R, are Qé,")—measurable. Using the fact that conditional expec-
tations are orthogonal projections, we deduce the martingale property from
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the observation that, for each neN, (B,F)(t,0) = Ego(F(t, a))|gé)")). By
the martingale convergence theorem (see, e.g. Steele [339], pp. 22-3), we
can conclude that (B, F)(t,w),n € N) converges to F(t,w) for all t€[0,T)
except a set of Lebesgue measure zero. The dominated convergence theo-
rem then yields lim,_,  |[B,F — F||r = 0. Further manipulations lead to
lim,— o ||An(BmF) — F||r = 0 for each fixed m € N. Finally, using these two
limiting results and the fact that each A, is a contraction, we conclude that for
eachn,meN

[|AnF — Fllr < [|An(F — Bu(F)IIT + [|An(BnF) — FlIr
< |IF = Bu(E)IT + [|An(BnF) — Fllr

and the required result follows.

By steps 1 and 2 together, we see that S(7') is dense in H (7).

Step 3 (Approximation by mappings with support having finite measure) Let
f e L*(E, ). Since u is o-finite, we can find a sequence (A,,n € N) in B(E)
such that each u(A,) < oo and A, * E as n — oo. Define (f;,n € N) by
fn =1 xa,. Then we can use dominated convergence to deduce that

lim [|f, —f113 = [IFII* — lim |[f,]|* = 0.
n—oo n— oo
Step 4 (S(T, E) is dense in H> (T, E)) Vectors of the form
m
D F X
Jj=1

are dense in Ho (7)) by steps 1 and 2, and vectors of the form ) ;_; cx xa, are
dense in L*(E, w), with each u(Ax) < oo, by step 3. Hence vectors of the
form

n m
(zm)cg S F )0
k=1

J=1

are total in L?(E, u) @ Ha(T), and the result follows. O

Henceforth, we will simplify the notation for vectors in S(7', E) by writing
each ¢, F (1j) = Fi (1) and

m n m,n

SN aF W) X xa = D Frlt) X1 XA

j=1 k=1 Jk=1
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4.2 Stochastic integration
4.2.1 The L?-theory
In this section our aim is to define, for fixed T > 0, the stochastic inte-
gral IT(F) = fOT [ F(1,x)M (dt, dx) as a real-valued random variable, where
F € Hy(T,E) and M is a martingale-valued measure of type (2, p).
‘We begin by considering the case where F € S(T, E), for which we can write

m,n
F =" Frlt) XX
k=1
as above. We then define
m,n
Ir(F) = ) Fe@)M (5, 1411, Ap). (4.1)
jik=1

Before we analyse this object, we should sit back and gasp at the breathtaking
audacity of this prescription, due originally to K. Itd. The key point in the
definition (4.1)is that, for each time interval [#;, #j11], Fi (¢;) is adapted to the past
filtration .7-}]. while M ((#j, 111, Ax) ‘sticks into the future’ and is independent
of ]—}, For a Stieltjes integral, we would have taken instead Fj (u;), where
i < uj < tjq1 is arbitrary. It is impossible to exaggerate the importance for
what follows of It6’s simple but highly effective idea.

Equation (4.1) also gives us an intuitive understanding of why we need the
notion of predictability. The present #; and the future (¢, ;1] should not overlap,
forcing us to make our step functions left-continuous.

Exercise 4.2.1 Deduce that if F,GeS(T,E) and o,B8€R then oF +
BGeS(T,E) and

It(@F + BG) = alr (F) + BIr (G).

Lemma 4.2.2 ForeachT >0, F € S(T,E),
T
E(lr(F)) =0, E(r(F)?) = / / E(|F (t,x)|*)p(dt, dx).
0 E
Proof By the martingale property, foreach 1 <j <m, 1 <k < n, we have

EM ((1, 1411, Ax)) = 0.

Hence by linearity and (M2),

E(Ir(F)) = Y E(Fe(t)) E(M (4, ti11],A¢)) = 0.
Jok=1
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By linearity again, we find that

E(Ir (F)%)

=Y D E(Fi)M (4. ti111. AOF (t)M (11,1111, Ap))
Jjk=11p=1

= > > > E(E@M (@ 111 ADF )M (11, 11411, Ap)
jk=1p=1 I<j

+ 3D CE(Fr6)Fp )M (4, 1011, ADM (17, 15111, Ap))
Jjk=1p=1

+ YD Y E(Fe)M (1, 1411 ADFp (DM (11, 11111, Ap)).

Jk=1p=1I>j

Dealing with each of these three terms in turn, we find that by (M2) again

mn n

D020 D E(FE M (411 ADFp (DM (11, 11411, Ar))
jk=1p=1 l<j

=Y 3> E(Fyt)M{t1:t1411Ap) Fi () EM (1,1111.A0)) = 0,

j=lp=1l<j

and a similar argument shows that

D020 D E(F )M (4, 1411 ADF (1)M (11, 11411, Ap)) = 0.

Jk=1p=1 I>j

By (M2) and the independently scattered property of these random measures,

m,n n

DD E(Fr@)Fp ()M (4, 111, AOM (5, 1411, Ap))

jk=1p=1

= Y Y E(Fe)Fp(6) B(M (. 1011 AOM (1. tj111.Ap))
jk=1p=1
= Y E(F(t)?) E(M (1. tj11]. A)?).

k=1
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Finally, we use the martingale property and (M3) to obtain

D Y E(F ) Fp )M (1, 1111, AOM (4, 1511, Ap))
jk=1p=1
= Y EEGH[EM (11,407 — EM (4, A1)%)]
Jok=1

= Y EF(6)?) o 11, Ao,
jk=1

and this is the required result. U

We deduce from Lemma 4.2.2 and Exercise 4.2.1 that I7 is a linear isom-
etry from S(7, E) into LZ(Q, F,P), and hence by Lemma 4.1.4 it extends to
an isometric embedding of the whole of H> (T, E) into L2(Q2, F, P). We will
continue to denote this extension as Iz and will call I (F) the (Itd) stochastic
integral of F € H»(T, E). When convenient, we will use the Leibniz notation
Ir(F) = [ [ F(t,x)M (dt, dx). We have

E(Ir(F)P) = IFII3.,

for all F € Hy(T,E), and this identity is sometimes called [t0’s isometry. It
follows from Lemma 4.1.4 that for any F' € H» (T, E) we can find a sequence
(Fp,neN) e S(T,E) such that lim, . o [|FF — Fyll7,, = 0 and

T T
f f F(t,x)M (dt,dx) = L*> — lim f [ F,(t, x)M (dt, dx).
0 E 0 E

n—oQ

If0 <a <b <T,AeB(E) and F € Ho(T,E), it is easily verified that
Xab) XxaF € Ha(T, E) and we may then define

b
Ly pa(F) =/ /AF(I,X)M(dt,dX) = It (X(ap) XA F).
a

We will also write I, , = 1, p.E.

If [|F|l;,, < oo forallz > 0 it makes sense to consider (I;(F),t > 0) as a
stochastic process, and we will implicitly assume that this condition is satisfied
whenever we do this.

The following theorem summarises some useful properties of the stochastic
integral.
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Theorem 4.2.3 IfF,G € Hy(T,E) and o, B € R then:

(1) Ir(aF + BG) = alp(F) + BT (G);

() EUr(F)) =0, E(r(F)?) = fOT [ EUF (t,%) ) p(dt, dx);
3) {:(F),t = 0) is F;-adapted;

@) (I;(F),t = 0) is a square-integrable martingale.

Proof (1) and (2) follow by continuity from Exercise 4.2.1 and Lemma 4.2.2.

For (3), let (F,,,n € N) be a sequence in S(T, E) converging to F; then each
process (I;(Fy),t > 0) is clearly adapted. Since each I;(F,) — [;(F) in I?
as n — oo, we can find a subsequence (F,, ,n; € N) such that I;,(Fy,) —
I;:(F) (a.s.) as ny — 00, and the required result follows.

(4) Let F € S(T,E) and (without loss of generality) choose 0 < s = #; <
t141 < t. Thenitiseasytoseethatl;(F) = I;(F)+I;(F)andhence E;(/;(F)) =
I(F) + Es(I;;(F)) by (3). However, by (M2),

m

Bl (F) =By | Y 3" Fe(t)M (41,1411, Ap)

j=I+1 k=1

= Y D E(F) EM (1, 1411, A8)) = 0.

j=l+1 k=1

The result now follows by the contractivity of [E; in L2. Indeed, let (Fp,neN)
be a sequence in S(7, E) converging to F'; then we have

|[Es(;(F)) — Es(;(Fa) ||, < IIL(F) = Li(F)ll2

=||F = Fullr, = 0 asn— oo. (Il
Exercise 4.2.4 Deduce that if F, G € Hy(T, E) then

E(r (F)Ir(G)) = (F,G)r .

Exercise 4.2.5 Let M be an independently scattered martingale-valued mea-
sure that satisfies (M1) and (M2) but not (M3). Define the stochastic integral
in this case as an isometric embedding of the space of all predictable map-
pings F for which fOT [z E(F(t,x)|*)(M,M)(dt,dx) < oo, where for each
AeB(E),t > 0, we define

(M, M)(1,E) = (M(-,E), M (-, E))(0).
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4.2.2 The extended theory

We define P»(T,E) to be the set of all equivalence classes of mappings
F:[0,T] x E x 2 — R which coincide almost everywhere with respect to
p x P and which satisfy the following conditions:

e F is predictable;

T
e P <f / |F(t,%)|>p(dt, dx) < oo) =1.
0 E

Exercise 4.2.6 Deduce that P,(T, E) is a linear space and show that
Ho(T,E) € Po(T,E).

Show also that P> (T, E) is a topological space with topology generated by the
basis {O, F; F € Po(T, E),a > 0}, where O, r equals

T
{GePz(T,E);P(/ /|G(t,x)—F(t,x)|2,o(dt,dx) <a> =1}.
0 JE

We have a good notion of convergence for sequences in P (T, E), i.e.
(F,,n € N) converges to F' if

T
P ( lim / / |Fy(t,x) — F(t,%) > p(dt, dx) = 0) =1
0 E

n—oo

Exercise 4.2.7 Imitate the argument in the proof of Lemma 4.1.4 to show that
S(T,E) is dense in P>(T, E).

Lemma 4.2.8 (cf. Gihman and Skorohod [135], p. 20) If F € S(T, E) then for

allC,K >0
T
P(/ /F(t,x)M(dt,dx) >C>
0 E

K T 5
< 2+P<f f |F(t,x)] ,o(dt,dx)>K>.
C 0o JE

Proof Fix K > 0 and define FX by

ko Fa, it X R e i), A < K,
F, @) = il
0, otherwise.
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Then FX € (T, E) and
T N mg ng
[0 /E (FX (60 P ot dx) =YY Fi6)p((ti, tis11,A),
i=1 =1

where mg and ng are the largest integers for which

mg ng

S F)? et ti41].A) < K.

i=1 I=1

By definition, we have

T
F = Fxg if and only if / /lF(t,x)|2,o(dt,dx)§K;
0 E

then, by the Chebychev—Markov inequality,

T
P(/ /F(t,x)M(dt,dx) > C)
0 JE
T
:P(/ fF(t,x)M(dt,dx)
0o JE
—i—P(/ /F(t,x)M(dt,dx)
0.T JE
T ~
§P</ /FK(t,x)M(dt,dx)
0o JE

= 5 T
< E0ED ([ [ renipanan - )
0 E

> C, FZF[()

> C, F;éFK)

> C) + P(F # Fg)

C?

K T )
< —2+P(/ [ iF 0Pt >K),
c o JE

as required. (I

Now let F € Po(T,E); then by Exercise 4.2.7 we can find (F,,ne€N) in
S(T,E) such that lim,,_, o, @(F), = 0 (a.s.), where for each ne N «(F), =
fOT Jg |F(t,x) — F,(t,x)|?p(dt, dx). Hence lim,,_, oo @ (F), = 0 in probability
and so («(F),,n € N) is a Cauchy sequence in probability.
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By Lemma 4.2.8, for any m,ne N, K, § > 0,

g 2

T
5£2+P<ff|Fn(t,x)—Fm(t,x)|2p(dt,dx)>K). (4.2)
ﬂ 0 JE

T
/ / [Fu(t,) = Fu(t, )M (dt, d)
0 JE

Hence, for any y > 0, given € > 0 we can find mp € N such that whenever
n,m > my

T
p (/ / |Fu(t.x) — Fu(t,))*p(dt, dx) > )//32> <E€.
o JE
Now choose K = yB? in (4.2) to deduce that the sequence

T
(/ / F,(t,x)M (dt, dx), neN)
0 E

is Cauchy in probability and thus has a unique limit in probability (up to almost-
sure agreement). We denote this limit by

T
Ir(F) = / / F(t,x)M (dt, dx),
0 E

so that
T T
/ / F(t,x)M (dt,dx) = lirrc}o / / Fn(t,x)M (dt,dx) in probability.
n—
0 E 0 E

We call iT (F) an (extended) stochastic integral and drop the qualifier ‘extended’
when the context is clear.

We can again consider (extended) stochastic integrals as stochastic processes
(i, (F),t > 0), provided that we impose the condition

t
P</ /|F(t,x)|2,0(dt,dx)<oo) =1
0 JE

Exercise 4.2.9 Show that (1) and (3) of Theorem 4.2.3 continue to hold for
extended stochastic integrals.

forall ¢+ > 0.
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Exercise 4.2.10 Extend the result of Lemma 4.2.8 to arbitrary F' € Po(T, E).

Exercise 4.2.11 Let Y be an adapted cadlag process on [0,7] and let
F € P>(T,E). Confirm that the mapping (s,x,-) — Y (s—)(-)F(s,x)(:) is in
P>(T,E).

Of course we cannot expect the processes (;(F),t > 0) to be martingales in
general, but we have the following theorem.

Theorem 4.2.12

@))] (ft(F),t > 0) is a local martingale.
(2) (;(F),t = 0) has a cadlag modification.

Proof (1) Define a sequence of stopping times (75, n € N) by:

t
T,(w) = inf {t > 0;/ /|F(s,x)(w)|2p(ds,dx) > n}
0 JE

for all we Q,neN. Then lim,. T, = oo (as.). Define F,(t,x) =
F(t,x)x(T,>n forallx e E, t > 0,n €N; then

t
/ f |Fy(1,x) () |? p(dt, dx) < n,
0 JE

hence F,, € H,(t, E) for all ¢t > 0. By Theorem 4.2.3(4), each (il(Fn),t >0)is
an L?-martingale, but i,(F,,) = imT,, (F) (see, e.g. theorem 12 in [298]) and so
we have our required result.

(2) Since (T,,n €N) is increasing, for each w € Q2 we can find ng(w) € N
such that 1y = 9 A T,,(w). But by Theorem 4.2.3 each (imr,, (F),t = 0)isa
martingale and so has a cadlag modification by Theorem 2.1.7, and the required
result follows. U

We finish this section by looking at the special case when our martingale-
valued measure is continuous.

Exercise 4.2.13 Show that if M is continuous then 7, (F) is continuous at each
0<t<T,whenFeS(T,E).

Theorem 4.2.14 IfM is continuous and F € P>(T,E), then ft (F) is continuous
on[0,T].

Proof First we consider the case where F € H(T,E). Let (F,,neN) be
a sequence in S(7,E) converging to F; then by the Chebyshev—Markov
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inequality and Doob’s martingale inequality we have, for each € > 0,

1
P( sup |[;(Fn) — I;(F)| > 6) =3 ]E< sup |I;(Fy) —Ix(F)|2>

0<t<T O0=<t=T

IA

4
= E(Ir(Fy) = Ir(F)?)
€

— 0 asn— oo.
Hence we can find a subsequence (Fj, , nx € N) such that

lim sup |(F,)—L;(F)|=0 as,

np—> 00 Ofth

and the required continuity follows from the result of Exercise 4.2.13 by an € /3
argument. The extension to P>(7, E) follows by the stopping argument given
in the proof of Theorem 4.2.12(2). [l

There is an alternative approach to extending stochastic integrals so that
integrands lie in P, (7, E). This utilises stopping times instead of the inequality
in Lemma 4.2.8. In the case of integrals based on Brownian motion, there is
a nice account in section 7.1 of Steele [339] and readers can check that this
approach generalises to our context.

4.3 Stochastic integrals based on Lévy processes

In this section our aim is to examine various stochastic integrals for which the
integrator is a Lévy process.

4.3.1 Brownian stochastic integrals

In this case we take E = {0} and we write P»(T,{0}) = P»(T), so that
this space comprises all predictable mappings F : [0, T] x €2 — R for which
Pngnﬂ%m<m)=L

For our martingale-valued measure M we take any of the components
(B',B2,...,B™) of an m-dimensional standard Brownian motion B =
(B(t),t = 0). For most of the applications in which we will be interested,
we will want to consider integrals of the type

t
Wm:/ﬁwwm
0
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forl <i<d,0<t<T,where F = (F;) is a d x m matrix with entries
in P>(T). This stochastic integral generates an R?-valued process ¥ = (Y (¢),
0 <t < T) with components (Y Ly2z .. vd ), and Y is clearly continuous at
each 0 <t < T by Theorem 4.2.14. Furthermore, if G = (G(¢),t > 0) is an
R9-valued predictable process with each G(7) € L0, T]thenZ = (Z(1),t > 0)
is adapted and has continuous sample paths, where foreach 1 <i <d

t t
Z'() = / Fj(s)dB/(s) + / G'(s)ds 4.3)
0 0

(see, e.g. Royden [313], p. 105, for a proof of the almost-sure continuity of
t— fot G (s)(w)ds, where w € Q).

In the next section we will meet the following situation. Let (P,,n € N) be a
sequence of partitions of [0, 7] of the form

_ _ (n) (n) (n) _
P, = {0-1‘0 <t < <ty <Gt _T}

and suppose that lim,,_, o, §(P,) = 0, where the mesh

ROREO

8(P,) = max i T

0=j=m(n)

Let (F(t),t > 0) be a left-continuous adapted process and define a sequence
of simple processes (F,, n € N) by writing

m(n)
(n)
F,(t) = F(t; m ) (f
(1) jE—O (@ )X(,JQIJ_QI]()

foreachneN,0<¢t<T.
Lemma4.3.1 F, — F in P»(T) as n — oo.
Proof This is left as an exercise for the reader. O

It follows by Lemma 4.3.1 via Exercise 4.2.10 that ft(Fn) — i,(F) in
probability as n — oo, foreach0 < < T.

4.3.2 Poisson stochastic integrals

In this section, we will take E = B — {0}. Let N be a Poisson random measure on
Rt x (R? —{0}) with intensity measure v. We will find it convenient to assume
that v is a Lévy measure. Now take M to be the associated compensated Poisson
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random measure N. In this case, P, (T, E) is the space of all predictable map-
pings F: [0, T]x ExQ — R for which P (/OT [ 1F(6,2)Pv(dx)de < oo) — 1.
Let H be a vector with components (H ', H 2 ... HY taking valuesin P> (T, E);

then we may construct an R4 -valued process Z = (Z(t),t > 0) with
components (ZI,ZZ, .. ,Zd) where each

T
Z(T) = f H'(t,x)N(dt, dx).
0 x| <1

By a straightforward perturbation of a our construction of stochastic inte-
grals, readers can check that the construction of Z extends to the case where H

no longer lies in P»(T, E) but satisfies P (fOT S [H (t,%)|v(dx)dt < oo) =

1. In this case Z is still a local martingale. It is an L'-martingale if
I [oE(H (6,0 )v(dx)dr < oo.

We can gain greater insight into the structure of Z by using our knowledge
of the jumps of N.

Let A be a Borel set in R — {0} that is bounded below, and introduce the
compound Poisson process P = (P(¢),t > 0), where each P(¢) = f L XN (2, dx).
Let K be a predictable mapping; then, generalising equation (2.5), we define

T
/ / K(t.x)N(dt,dx) = > K, AP@)xa(APw)  (44)
0 JA

0<u<T

as a random finite sum.
In particular, if H satisfies the square-integrability (or integrability) condition
given above we may then define, foreach 1 <i <d,

T
/ / H'(t,x)N (dt, dx)
0 JA

T T
= / in(t,x)N(dt,dx)— / /H"(z,x)u(dx)dt.
0 JA 0 JA

Exercise 4.3.2 Confirm that the above integral is finite (a.s.) and verify that
this is consistent with the earlier definition (2.5) based on martingale-valued
measures. (Hint: Begin with the case where H is simple.)

The definition (4.4) can, in principle, be used to define stochastic integrals
for a more general class of integrands than we have been considering. For
simplicity, let N = (N (¢),t > 0) be a Poisson process of intensity 1 and let
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f:R — R; then we may define
t
/0 F(N(s)dN (s) = Z F(N(s=) + AN(s)) AN (s).
0<s<t

Exercise 4.3.3 Show that, for each ¢ > 0,
t - t -
/ N (s)dN (s) —/ N(s—)dN(s) = N().
0 0

Hence deduce that the process whose value at time ¢ is fot N (s)dN (s) cannot
be a local martingale.

Within any theory of stochastic integration, it is highly desirable that the
stochastic integral of a process against a martingale as integrator should at least
be a local martingale. The last example illustrates the perils of abandoning
the requirement of predictability of our integrands, which, as we have seen in
Theorem 4.2.12, always ensures that this is the case. The following result allows
us to extend the interlacing technique to stochastic integrals.

Theorem 4.3.4

(1) If F € Po(T,E) then for every sequence (Ap,n € N) in B(E) with A, + E
as n — oo we have

T T
lim / / F(t,x)N(dt,dx) = / / F(t,x)N (dt, dx)
=00 Jo JA, 0o JE

in probability.
(2) If F € Hy(T , E) then there exists a sequence (Ap, n € N) in B(E) with each
V(A,) <ocoand A, t E as n — oo for which

T T
lim / / F(t,x)N(dt,dx) = / / F(t,x)N(dr,dx)  as.
n—o0 Jo Ja, 0o JE

and the convergence is uniform on compact intervals of [0, T].

Proof (1) Using the result of Exercise 4.2.10, we find that for any §,¢ > O,

neN,
T _ T ~
P ( / / F(t,x)N (dt,dx) — / / F(t,x)N(dt,dx)| > 6)
0 JE 0 n

S T
=5 +P (/ / |F(t,%)|*v(dx)dt > 5),
€ 0 JE-A,
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from which the required result follows immediately.
(2) Define a sequence (€,, n € N) that decreases monotonically to zero, with
€1 = 1 and, forn > 2,

T
en=sup<yzo, / / E(|F<r,x>|2)v(dx)drss—">.
0 O<|x|<y

Define A, = {x€E;¢, < |x| < 1} for each n e N. By Doob’s martingale
inequality, for each n e N,
2)

E(sup / ' / F(u, )N (du, dx) — / ' / F (u, x)N (du, dx)
0<s<t [JO JA 41 0 JA,
t 2
< 4E ( / / F (u, x)N (du, dx) )
0 An-H_An

t
= 4] / E(|F (u,x)|?) v(dx)du.
0 An+17An

The result then follows by the argument in the proof of Theorem 2.6.2. O

4.3.3 Lévy-type stochastic integrals

We continue to take E = B — {0} throughout this section. We say that an R¢-
valued stochastic process Y = (Y (¢),t > 0) is a Lévy-type stochastic integral
if it can be written in the following form, foreach 1 <i <d,t > 0:

t t
o=y + [ Gods+ [ Foao
0 0
t
+ / H'(s,x)N (ds, dx)
0 Jx|<l
t
+ / / K'(s,x)N (ds, dx), (4.5)
0 Jx|>1

where, foreach 1 <i <d,1 <j <m,t > 0, we have |Gi|1/2,F;€7?2(T),
H'ePy(T,E) and K is predictable. Here B is an m-dimensional standard
Brownian motion and N is an independent Poisson random measure on
Rt x (RY — {0}) with compensator N and intensity measure v, which we
will assume is a Lévy measure.

Let (7,,N U {oo}) be the arrival times of the Poisson process (N (¢, E€),
t > 0). Then the process with value fotf‘ Ki(s,x)N (ds,dx) at time ¢ is a

x|>1
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fixed random variable on each interval [, 7,4 1) and hence it has cadlag paths. It
then follows from Theorems 4.2.12 and 4.2.14 that Y has a cadlag modification,
and from now on we will identify ¥ with this modification. We will assume
that the random variable Y (0) is Fp-measurable, and then it is clear that Y is
an adapted process.

We can often simplify complicated expressions by employing the notation of
stochastic differentials (sometimes called It6 differentials) to represent Lévy-
type stochastic integrals. We then write (4.5) as

dY (t) = G(t)dr + F(1)dB(t) + H (t,x)N (dt, dx) + K (t,x)N (dt, dx).

When we want particularly to emphasise the domains of integration with respect
to x, we will use the equivalent notation

dY (1) = G(t)dt + F(t)dB(t)

+ H (1,x)N (dt, dx) + / K (t,x)N (dt, dx).

x|<1 x|=1
Clearly Y is a semimartingale.

Exercise 4.3.5 Find conditions under which Y is (a) a local martingale (b) a
martingale. We will return to this question in Section 5.2.1.

Let £(£2) denote the set of all Lévy-type stochastic integrals on (€2, F, P).
Exercise 4.3.6 Show that £(£2) is a linear space.

Exercise 4.3.7 Let (P,,n € N) be a sequence of partitions of [0, T'] as above.
Show that if Y is a Lévy-type stochastic integral then

m(n)

T
Jim Sy [ro—ve™] = [ veoare.
=0

where the limit is taken in probability.

LetM = (M (t),t > 0) be an adapted process that is such that MJ € P, (¢, A)
whenever J € P>(t,A), where Ae B (Rd) is arbitrary. For example, it is
sufficient to take M to be adapted and left-continuous.

For these processes we can define an adapted process Z = (Z(¢),t > 0) by
the prescription that it has the stochastic differential

dZ(t) = M ()G(t)dt + M (t)F (1)dB(t) + M (1)H (¢, x)N (dt, dx)
+ M (1)K (t,x)N (dt, dx),
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and we will adopt the natural notation
dZ(t) = M (t)dY ().

Example 4.3.8 (Lévy stochastic integrals) Let X be a Lévy process with
characteristics (b, a, v) and Lévy-Itd decomposition given by Equation (2.25):

X (t) = bt + B,(t) +/

x| <1

xN (t,dx) + / xN (¢, dx),

[x|>1

for each t > 0. Let L € P> (¢) for all + > 0 and in (4.5) choose each F/.i = O‘;L,
H! = K' = x'L, where 66T = a. Then we can construct processes with the
stochastic differential

dY (t) = L()dX (7). (4.6)

We call Y a Lévy stochastic integral.

In the case where X has finite variation (necessary and sufficient condi-
tions for this are given at the end of Section 2.3), the Lévy stochastic integral
Y can also be constructed as a Lebesgue—Stieltjes integral and this coincides
(up to a set of measure zero) with the prescription (4.6); see Millar [270],
p. 314.

Exercise 4.3.9 Check that each Y (¢), t > 0, is almost surely finite.

We can construct Lévy-type stochastic integrals by interlacing. Indeed if
we let (A,,n € N) be defined as in the hypothesis of Theorem 4.3.4, we may
consider the sequence of processes (Y;, n € N) defined by

t t t
Yie) = f G'(s)ds + / Fj(s)dB/ (s) + / / H'(s,x)N(ds, dx)
0 0 0 JA,

t
+ / / K'(s,x)N (ds, dx)
0 Jx|>1

foreach 1 <i <d,t > 0. We then obtain from Theorem 4.3.4 the following.
Corollary 4.3.10
(1) If H € P2(t, E), then, for every sequence (A,,n € N) in B(E) with A, T E

as n — oo, we have

lim Y,(#) = Y(¢) in probability.
n— oo
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(2) If F € Hyo(T, E) then there exists a sequence (A,,n € N) in B(E) with each
V(A,) < occand A, t E as n — 0o for which

lim Y,#) =Y (@) a.s.
n—oo

and for which the convergence is uniform on compact intervals of [0, T].

We can gain greater insight into the above result by directly constructing the
path of the interlacing sequence in the case where the (A,, n € N) appearing in
part (1) is such that each v(4,) < oo.

Let C = (C(¢), t = 0) be the process with stochastic differential dC(¢) =
G(t)dt + F(t)dB(t); let AW (t) = dC(t) + K (¢, x)N (dt, dx). We can construct
W from C by interlacing with the jumps of the compound Poisson process
P=(P(t),t > 0) for which P(¢) = f|x|>1 XN (¢, dx), as follows. Let (", n e N)
be the jump times of P; then we have

C(@) for0 <t <S8!,
W CSY +K (S, APSY) forr =1,
ClwshH + e - cish forS! <t < 2,

W(S%—) + K(52, AP(S?))  fort=S?,

and so on recursively.

To construct the sequence (Y,,n € N) we need a sequence of compound
Poisson processes O, = (Q,(t),t > 0) for which each Q, () = fAn xN (¢, dx),
and we will denote by (77", m € N) the corresponding sequence of jump times.
We will also need the sequence of Lévy-type stochastic integrals (Z,,n € N)
wherein each

t
Zi) = Wi — / f H'(s,x)v(dx)ds.
0 JA,

We construct the sequence (Y;, n € N) appearing in Corollary 4.3.10 as follows:

Zn (1) for0 <t <T),
v = | B @D+ HTLAQUT))  fori =T,
" Yu(T,)) + Zu(t) — Zu(T) for 7, <1 < Ty,

Yo(T?—) + H(T?2, AQ,(T?))  fort=T2,

n

and so on recursively.
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4.3.4 Stable stochastic integrals

The techniques we have developed above allow us to define stochastic integrals
with respect to an a-stable Lévy process (Xy (¢),t > 0) for 0 < o < 2; indeed,
we can define such an integral as a Lévy stochastic integral of the form

t
Y (1) = / L(s)dXa(s),
0

where L € P»(t) and, in the Lévy-Itd decomposition, we take a = 0 and the
Poisson random measure N to have Lévy measure

v(dx) =C dx,

|x|d+a

where C > 0. There are alternative approaches to the problem of defining such
stochastic integrals, (at leastin the case d = 1) that start off as we do, by defining
the integral on step functions as in equation (4.1). However, the corresponding
limit is taken in a more subtle way, that exploits the form of the characteristic
function given in Theorem 1.2.21 rather than the Lévy—Khintchine formula
and which allows intrinsic properties of the stable process X to pass through
to the integral. In Samorodnitsky and Taqqu [319], pp. 121-6, this is carried
out for sure measurable functions f, which, instead of being 12, satisfy the
requirement fé If (s)|*ds < oo and in the case @ = 1 the additional constraint
for If (s) log |f (s)||ds < oo.Itis shown thateach fé F(s$)dXy (s) isitself a-stable.

The extension to predictable processes (L(s),s > 0) satisfying the integra-
bility property (||L]]|¢)* = fot E(|L(s)|*) ds < oo was carried out by Giné and
Marcus [136]; see also Rosinski and Woyczynski [312] for further develop-
ments. The extent to which the structure of the stable integrator is carried over
to the integral is reflected in the inequalities

t
/ L(s)dXy (s)
0

c1(lILll)® < supA®P [ sup
>0 0<t<T

> A) = c2(|IL1l)*,

where c1, ¢z > 0. The left-hand side of this inequality is established in Rosifiski
and Woyczynski [312] and the right-hand side in Giné and Marcus [136].

4.3.5 Wiener—Lévy integrals, moving averages and
the Ornstein—-Uhlenbeck process

In this section, we study stochastic integrals with sure integrands. These have
a number of important applications, as we shall see. Let X = (X (7),7 > 0) be
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a Lévy process taking values in R¢ and let f € L>(R™); then we can consider
the Wiener—Lévy integral Y = (Y (¢),t > 0) where each

t
Y@:Af@ﬂ@. 4.7

These integrals are defined by the same procedure as that used above for random
integrands. The terminology ‘Wiener-Lévy integral’ recognises that we are
generalising Wiener integrals, which are obtained in (4.7) when X is a standard
Brownian motion B = (B(t),t > 0). In this latter case, we have the following
useful result.

Lemma 4.3.11 For eacht > 0, we have Y (t) ~ N (O, fé [f(s)lzds).
Proof Employing our usual sequence of partitions, we have

m(n)

[ramo = i 375 [o(52) - #(67))

so that each Y (¢) is the L2-limit of a sequence of Gaussians and thus is itself
Gaussian. The expressions for the mean and variance then follow immediately,
from arguments similar to those that established Theorem 4.2.3(2). O

We now return to the general case (4.7). We write each X (1) = M (¢) + A(¢),
where M is a martingale and A has finite variation, and recall the precise form of
these from the Lévy-Itd decomposition. Our first observation is that the process
Y has independent increments.

Lemma 4.3.12 Foreach0<s<t<oo, Y(t) — Y(s) is independent of F;.

Proof Utilising the partitions of [s, f] from Lemma 4.3.11 we obtain

Y(t) — Y(s)

t
/ S w)dX (u)

m(n)

- ) () - ()]
j=0

t
+ / faydu+ " f@)AX )z (AX ),

S<u<t

where the limit is taken in the L2-sense. In both non-deterministic cases, each
term in the summand is adapted to the o-algebra o {X (v) — X (); s <u < v <t},
which is independent of Fj, and the result follows. O
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From now on we assume that f € L*(R) N L' (R) so that, for each 7 > 0, the
shifted function s — f (s — ¢) is also in L*(R) N L' (R). It is also convenient to
assume that f is caglad. This assumption allows us to consider | ab f(s)ds as a
Riemann integral and we will implicitly use this in the proof of Theorem 4.3.16
below.

We want to make sense of the moving-average process Z = (Z(t),t > 0)
given by

Z(t) = /oof(s —1)dX (s)

for all + > 0, where the integral is defined by taking (X (), < 0) to be an
independent copy of (=X (1), > 0).!

Assumption 4.3.13 For the remainder of this subsection, we will impose the
condition fl =1 [x]v(dx) < oo on the Lévy measure v of X .

Exercise 4.3.14 Show that for each ¢ > 0, the following exist:
0o T
/ f(s—1)dM (s) = L* — lim / f(s—1t)dM (s),
—00 T—oo J_T
00 T
/ f(s—ndA(s) = L' — lim / f(s — DdA(s).
—00 T—oo J_T
Exercise 4.3.15 Letf € L(R)NL'(R) and consider the Wiener— Lévy integral

defined by Y (¢) = féf(s)dX (s) foreacht > 0. Show that Y = (Y (¢),t > 0) is
stochastically continuous. (Hint: Use
C
> —
2

P( >c> §P</f(s)dM(s)
0
P C
+ -3)

for each ¢ > 0, and then apply the appropriate Chebyshev—Markov inequality
to each term.)

t
/(; f(s)dX (s)

t
/O J($)dA(s)

Recall that a stochastic process C = (C(¢),t > 0) is strictly stationary if,
foreachneN,0<ti <t <---<t, <00, h >0, wehave

(Ct+h),C(tr+h),...,Cty +h)) 4 (C(t1),C(t2),...,C(ty)).

L If you want (X (r),7 € R) to be cadlag, when ¢ < 0 take X (r) to be an independent copy of
—X(—t-).
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Theorem 4.3.16 The moving-average process Z = (Z(t),t > 0) is strictly
stationary.

Proof Lett > 0 and fix & > 0, then

Z(t+h)=/Oof(s—t—h)dX(s)=/00f(s—t)dX(s+h)

m(n)

_n : (n) _ (n) _ (n)
- i S0 (s ) x50
]:

where {—T = s(()") < sgn) < e < sf:()n)H

of each [T, T] and limits are taken in the 2 (respectively, Ll) sense for the
martingale (respectively, finite-variation) parts of X .

Since convergence in L” (for p > 1) implies convergence in distribution and
X has stationary increments, we find that for each u € R4

= T} is a sequence of partitions

m(n)
E(e/“Z6+)) = fim  1im (exp[i(u, > f(S;n) _r>

T— 00 n—>00
Jj=0

« [x (s +m) = x (5 +1)])])
Jim tim E(exp[i(u, ’g 7 (s;’“ _ t)
<) -x (7)) ])

— E(ei(u,Z(t))),

so that Z(t + h) 4 Z(t).
In the general case, let0 < ) < p < --- < t, and ujeRd, 1 <j<n
Arguing as above, we then find that

E | exp Z(uj,Z(tj+h))
j=1

=E | exp Z(uj,/oof(s—zj—h)d)((s))

j=1
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=F | exp Z (uj,/wf(s - zj)dX(s))
=1 -0

J

=E[exp | D .2 | ],

=1

from which the required result follows. ]

Note In the case where X is a-stable (0 <« <2) and ffooo If (s)|%ds <00, then
Z is itself «-stable; see Samorodnitsky and Taqqu [319], p. 138, for details.

The Ornstein—Uhlenbeck process is an important special case of the moving-
average process. To obtain this, we fix A > 0 and take f () = X(—00,0](s) for
each s < 0. Then we have, for each t > 0,

t 0 t
Z(1) = / e M94x (s) = / e MI=94dX (s) + / e MI=94X (s)
oo —c0 0
t
= e MZ(0) + / e MI=94X (s). (4.8)
0

The Ornstein—Uhlenbeck process has interesting applications to finance and to
the physics of Brownian motion, and we will return to these in later chapters.
We now examine a remarkable connection with self-decomposable random
variables. We write Z = Z(0) so that, for each ¢ > 0,

0 —t 0
Z= [ M dX (s) = f M dX (s) + / MdX (s),
—0Q —0Q —t

and we observe that these two stochastic integrals are independent by Lemma
4.3.12. Now since X has stationary increments, we can argue as in the proof of
Theorem 4.3.16 to show that

—t 0
/ MdX (s) = e M / MdX (s — 1)

oo —00

[l

0
e M / eMdX (s)
—00

—e M7,

Hence we have that Z = Z; + Z,, where Z; and Z; are independent and
7 4 e MZ .1t follows that Y is self-decomposable (see Section 1.2.5). This
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result has a remarkable converse, namely that given any self-decomposable
random variable Z there exists a Lévy process X = (X (¢),t > 0) such that

0
Z:/ e *dX ().

—00

This result is due to Wolfe [360] in one dimension and to Jurek and Vervaat [195]
in the many- (including infinite-) dimensional case (see also Jurek and Mason
[194], pp. 116-44). When it is used to generate a self-decomposable random
variable in this way, the Lévy process X is often called a background-driving
Lévy process, or BDLP for short.

Note Our study of the Ornstein—Uhlenbeck process has been somewhat crude
as, through our assumption on the Lévy measure v, we have imposed conver-
gence in L' on lim;_s o0 fi)z e~ *dX (s). The following more subtle theorem can
be found in Wolfe [360], Jurek and Vervaat [195] and Jacod [155]; see also
Barndorff-Nielsen et al. [24] and Jeanblanc et al. [190].

Theorem 4.3.17 The following are equivalent:

(1) Z is a self-decomposable random variable;

) Z = lim;_ fge_st(s) in distribution, for some cadlag Lévy pro-
cess X = (X(1),t > 0);

3) f‘x|>1 log(1 + |x))v(dx) < oo, where v is the Lévy measure of X;

(4) Z can be represented as Z(0) in a stationary Ornstein—Uhlenbeck process
(Z(1),t = 0).

The term ‘Ornstein—Uhlenbeck process’ is also used to describe processes of
the form Y = (Y (¢),t > 0) where, for each r > 0,

t
Y(t) = e Myg + f e M9 dxX (s), (4.9)
0

where yg € R is fixed. Indeed, these were the first such processes to be studied
historically, in the case where X is a standard Brownian motion (see Chapter 6
for more details). Note that such processes cannot be stationary, as illustrated
by the following exercise.

Exercise 4.3.18 If X is a standard Brownian motion show that each Y (¢) is
Gaussian with mean e *'yg and variance (1/21)(1 — e~2*I).
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The final topic in this section is the integrated Ornstein—Uhlenbeck process
Iz = (Iz(1),t > 0), defined as

t
I7(t) = / Z(u)du.
0

Clearly, Iz has continuous sample paths. We derive an interesting relation

due to Barndorff-Nielsen [31]. Note that the use of Fubini’s theorem below

to interchange integrals is certainly justified when X is of finite variation.
Integrating (4.8) yields, for each t > 0,

t u
I7(t) = 1(1 — e Z(0) + / / e MU= gX (s)du
A 0 Jo
t t
= %(1 —e™™)Z(0) + / / e MU= dudXx (s)
0 Js
— l(] _ e*kt)z(o) + l /t(] _ ef)‘(tf‘y))dX(s)
A r Jo

1
= X[Z(O) —ZO+ X0

This result expresses the precise mechanism for the cancellation of jumps in
the sample paths of Z and X to yield sample-path continuity for /7.

4.4 1t6’s formula
In this section, we will establish the rightly celebrated It6 formulae for suf-
ficiently smooth functions of stochastic integrals. Some writers refer to this
acclaimed result as It6’s lemma, but this author takes the point of view that the
result is far more important than many others in mathematics that bear the title
‘theorem’. As in drinking a fine wine, we will proceed slowly in gradual stages
to bring out the full beauty of the result.

4.4.1 Ito’s formula for Brownian integrals

LetM = (M (t),t > 0) be a Brownian integral of the form

t
Mi) = f F;' (5)dB (s)
0
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forl <i <d, where F = (F;) is a d x m matrix taking values in P>(T") and
B = (Bl, ...,B™) is a standard Brownian motion in R™. Our goal is to analyse
the structure of (f (M (1)),t > 0), where f € C2(R%).

We begin with a result of fundamental importance. Here we meet in dis-
guise the notion of ‘quadratic variation’, which controls many of the algebraic
properties of stochastic integrals.

Let (P, n € N) be a sequence of partitions of the form

— (n) ) () £

and suppose that lim,_, o, §(P,) = 0, where the mesh §(P,) is given by
maxo<;j<m(n) |]+1 (n)|.

Lemma 4.4.1 [f Wy, € S(T) foreach 1 < k,l < m then

n
2 : (n) k() k () 1(,(m 1(.(m
£ 3w () - (][ () - (6]

j=0
mo .7
=> / Wi (5)ds.
k=179

Proof To simplify the notation we will suppress n, write each Wy, (tj(")) as W,{l
k _ pk (n) k[ (n) _ (n)
and introduce AB; = B ( ) - B (tj ) and Aty =1, — ;.
Now since B and B! are independent Brownian motions, we find that

2
J k / J
E || D Wu(ABDAB) = 3 ) Wy Ay
j j ok
2

=B (| 2 oWhABD? =33 WAy
j ik

= S (Wi Wi [(aB? — An][(ABE? — Ag]).
ik

As in the proof of Lemma 4.2.2, we can split the sum in the last term into three
cases: i < j; j > i;1 = j. By use of (M2) and independent increments we
see that the first two vanish. We then use the fact that each AB}‘ ~ N(0, Aty),
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which implies IE((AB]’.‘)4) = 3(At)%, to obtain
> E(WiWhIABH? - an][(AB)? - Ar])
ik
= Y B(W[aB)? - agT)
J.k
= Y E(W)? E([(AB]’-‘)z - Atj]2) by (M2)
J.k
=Y E(W)Y E((ABJ’F)“ — 2(ABYAG + (Atj)2>
J.k
=23 E(W))?) (Ap)?
J.k
— 0 asn— oo,

and the required result follows. O

Corollary 4.4.2 Let B be a one-dimensional standard Brownian motion, then
() ONE
2 . n n _
2 - tim (B - B(")| =T
Jj=0

Proof ITmmediate from the above. U

Now let M be a Brownian integral with drift of the form
M'(t) = / F}(s)dB’ (s) + / G'(s)ds, (4.10)
0 0

where each FJ’ (G")l/2 ePyr(t)forallt >0,1<i<d,1<j<m.
For each 1 < i < j, we introduce the quadratic variation process, denoted
as ((M',M/1(t),t > 0), by

m ¢ .
sl =3 [ FoF 0ds
k=1""0

We will explore quadratic variation in greater depth as this chapter unfolds.
Now let f € C?(R?) and consider the process (f (M (t)),t > 0). The chain
rule from elementary calculus leads us to expect that f (M (¢)) will again have
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a stochastic differential of the form
df (M (1)) = &f (M (1)) dM ' (t).

In fact, 1t6 showed that df (M (¢)) really is a stochastic differential but that in
this case the chain rule takes a modified form. Additional second-order terms
appear and these are described by the quadratic variation. More precisely we
have the following.

Theorem 4.4.3 (It6’s theorem 1) [fM = (M (¢),t > 0) is a Brownian integral
with drift of the form (4.10), then for all f € C*(R?), t > 0, with probability 1
we have

JM (1)) — f(M(0))
t . 1 t . .
=f0 3if(M(S))dM’(S)+§/O 3;0if (M (5)) d[M*, M](s).

Proof We follow closely the argument given in Kunita [215], pp. 64-5.
We begin by assuming that F]l Gie S(T)foralll <i<d,1 <j<m We
also introduce the sequence of stopping times (7'(r), r € N) defined by

T(r) =inf{r > O;max{Mi(t);l <i<d,}>r}Ar,

so that lim,_, o T (r) = o0 (a.s.).

We will prove the theorem first in the cases where ¢ is replaced by t A T,
throughout, but to keep the notation simple, we will not write the 7's explicitly.
The upshot of this is that we can treat the M (¢)s as if they were uniformly
bounded random variables.

Let (P,,neN) be a sequence of partitions of [0, 7] as above. By Taylor’s
theorem we have, for each such partition (where we again suppress the
index n),

FM@) = fM©O) =D FM (t11) —f (M (1) = i (1) + 312(0),
k=0
where

m

T =) 9 M 1)) [ M (tr41) — M (1)),

k=0

D) =) 9:0if (ND[M (1) — M ()] [M (t141) — MY (10)]
k=0
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and where the Nl.’; are each F(#;4)-adapted R?-valued random variables

satistying [N — M (10)| < [M (te11) — M ().
Now by Lemma 4.3.1 we find that, as n — oo,

1 .
Jl(t)—>[0 if (M (s)) dM" (s)

in probability.
We write Jo(t) = K (t) + K»(t), where

Ki(t) =Y 0idyf (M (6))[M (1) — M (t0)][M7 (e 1) — MY (1),
k=0

Kty = > [3dsf (NE) — d:0f (M ()]

k=0
x [M'(ts1) = M @) [[MY (te1) — M7 (10)]-

Then by a slight extension of Lemma 4.4.1, we find that as n — oo,

t
Ki(t) — / 3;0if (M (5)) d[M*, M](s),
0
in probability. By the Cauchy—Schwarz inequality, we have

Ka()] = max (3,0 (Nj) = 0idyf (M (10))]

m 12(m 1/2
XLZ[Mi(lk+l)—Mi(tk)]2} LZ[(Mj(tkH)—Mj(tk)]z :

=0 =0

Now as n — 00, by continuity,

max_|3:0;f (NF) — 89 (M (1))| — 0

0<k<m

while
3 (M) — M @) — (M1, M (@)
k=0

in L. Hence, by Proposition 1.1.10 we have K(f) — 0 in probability.
To establish the general result, first for each 1<i,k <d,1<j<m let

Fi(;),G,E") be a sequence of processes in S(T) converging to F;;, Gy €
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Pa(T) (respectively). We thus obtain a sequence of continuous semimartin-
gales (M,,neN) such that each M,(t) converges to M (¢) in proba-
bility. Similarly, by using Exercise 4.2.9, it is not difficult to verify
that each of the sequences whose nth terms are fot 0;f ) (M, (s))dM,i (s)
and [} (30 (M,(s))d[M;, M} ](s) converge in probability to [ (3;f)(M (s))
dM(s) and fé (9;0; Y (M (5))d[M L MI(s), respectively. The required result for
general F and G is now obtained by taking limits with respect to a subsequence
where the convergence is almost sure. The result is now established in full gen-
erality for each process (M (¢t AT (r)),t > 0). Finally we take limits as r — o0
and the proof is complete. |

Now let C12(RT,R?) denote the class of mappings from RT x R? to R
that are continuously differentiable with respect to the first variable and twice
continuously differentiable with respect to the second.

Corollary 4.4.4 IfM = (M (t),t > 0) is a Brownian integral with drift of the
form (4.10), then for all f € CY*(RT,RY), t > 0, with probability 1 we have

t

9 0 .
FUM (1) —fOM(©0) = / a—f(s,M () ds+ / I (5.M(s)) dMi (s)
0 oS 0 0x;

L ) M dM', M/
+3 | 5 iy M) (5).

Proof Using the same notation as in the previous theorem, we write

FEM @) = FO,M©0) =Y [f k1, M (1) = f (6, M (1541))]

k=0

Y I G M (t141)) — f (1 M (1)1,

k=0

By the mean value theorem, wecanfind #; < s; < f341,foreachO < k <m—1,
such that

D U (1, M (tr41)) — f (1 M (t351)]

k=0

Q.J

Z i (ks M (tg41)) (k1 — 1)
k=0

—>/ %(S,M(s))ds asn — oo.
0 as
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The remaining terms are treated as in Theorem 4.4.3. O

4.4.2 Ité’s formula for Lévy-type stochastic integrals

We begin by considering Poisson stochastic integrals of the form
W) = W' (0) +/ /K’(s,x)N(ds, dx) (4.11)
0 JA

for1 <i <d,wheret > 0, A is bounded below and each K' is predictable.
1t6’s formula for such processes takes a particularly simple form.

Lemma 4.4.5 [f W is a Poisson stochastic integral of the form (4.11), then for
eachf € C(RY), and for each t > 0, with probability 1 we have

FOV () —F W (0)
t
- /O/AWW(S‘) + K(5,2)) = f (W (s=))IN s, d).

Proof LetY (1) = [, 4 XN (dt, dx) and recall that the jump times for Y are defined
recursively as 73 = 0 and, for each ne N, T2 = inf{r > T2 ;AY(t) €A}.
We then find that

F(W @) —f(W(0))

= ) FW(s) —f(W(s—)

0<s<t

=Y FWEATY) —f (W@ AT )
n=1

M

[f (Wt ATE)HKUATE, AYANT)) —f (W(AATE-))]

n

Il
S 4

/O /A[f(W(s—) + K (s,x)) — f(W(s—))IN (ds, dx).

Now consider a Lévy-type stochastic integral of the form

t
Yi(r) = Y(0)+ Y (t) + / f K'(s,x)N (ds, dx), (4.12)
0 JA
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where
. t . t . .
Yé(t):f G’(s)ds+/ Fj’(s)dB’(s)
0 0

foreacht > 0,1 <i <d.

In view of Theorem 4.2.14, the notation Y. used to denote the continuous
part of Y is not unreasonable.

We then obtain the following Itd formula.

Lemma 4.4.6 If Y is a Lévy-type stochastic integral of the form (4.12), then,
for each f € C?2(RY), t > 0, with probability 1 we have

FY @) —fx(0)
t . 1 t . .
:/o 0if (Y (s—)) dYC’(S)JrE/O ;0 (Y (s—)) dIY¢, Y21(s)

!
+ [) fA[f(Y(s—) + K(s,x)) —f (Y (s—))IN (ds, dx).

Proof Using the stopping times from the previous lemma, we find that

P (enThy)) —F(Y(EATH))]

M2

JFX @) —fxO) =

~.
Il
=)

Frenthy =) =£((raaT))]

M

~.
Il

e =

+ 2 AT — (Y (AT )]

~.
Il
S

Now using the interlacing structure, we observe that for each TjA <t< Tjil

we have
Y (1) = Y (T]'=) + Ye(t) — Ye(TP),

and the result then follows by applying Theorem 4.4.3 within the first sum and
Lemma 4.4.5 within the second. ]
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Now we are ready to prove Itd’s formula for general Lévy-type stochastic
integrals, so let Y be such a process with stochastic differential

dY(t) =G() dt + F(t) dB(t) + H (t,x)N (dt, dx)

[x]<1

+ / K(t,x)N (dt, dx), 4.13)
[x[>1

where, foreach 1 < i <d,1 <j <mt > 0, |Gi|1/2,F; € Po(T) and
H' e P,(T,E). Furthermore, we take K to be predictable and E = B— {0}. We
will also continue to use the notation introduced above,

dYe(t) = G(t)dt + F()dB(t),

and we will, later on, have need of the discontinuous part of Y, which we denote
as Yq and which is given by

dYy(r) = H (1,x)N (dt, dx) + / K (t,x)N (dt, dx)

[x]<1 |x]>1
so that foreach t > 0
Y(@) =Y(0)+ Yc(r) + Yq(2).

From now on we will find it convenient to impose the following local
boundedness constraint on the small jumps.

Assumption. For all ¢ > 0,

sup sup |H(s,x)| <oco as. “4.14)

0<s<tO0<|x|<1
Theorem 4.4.7 (Ito’s theorem 2) If Y is a Lévy-type stochastic integral

of the form (4.13), then, for each f € C2(R%), t > 0, with probability 1
we have

JF @) —fxQ)

t . 1 t . .
:/o 0f (Y (s—=)) ch'(S)JrE/O 3:0if (Y (s—)) dIYg, Ye1(s)

t
i /0 /I 1 [f (Y (s—=) + K (s5,)) —f (Y (s—)) [N (ds, dx)
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l ~

+/0 /| 1 [f (Y (s—) + H(s,x)) — f (Y (s—))|N (ds, dx)
t

+~/() /| | [f(Y(s_) + H(s,x)) —f (Y (s—))

_ Hi(s,x)aif(Y(s—))]v(dx)ds.

Proof First we must show that all the terms in the formula are well defined.
Using Taylor’s theorem with integral remainder term (see, e.g. Burkill [67],
theorem 7.7) we find that

t .

/0 /l 1 [f (Y (s=) + H(s,%)) — f (Y (s—)) — H' (5, x)0if (Y (s—)) |v(dx)ds
t 1
= / / / (0: 0, ) (Y (s—) + OH (s,x))(1 — 6)dO
0 Jx|<1J0
x H' (s, x)H’ (s, x)v(dx)ds.
Foreacht > 0,x€B — {0},1 <i,j < d, define
gt x) = sup @)Y (=) + 6H (5.)).
and note that on using Assumption 4.14, we have

sup  sup |g£/.(s,x)|<oo a.s.
0<s<t0<|x|<1

Using the Cauchy-Schwarz inequality, we obtain

t
/0 N 1U”(Y(S—) + H(s,x)) = f(Y(s—))

— H'(5,)3f (Y (s—))|v(dx)ds

IA

1 d . :
5 sup sup Igf;(s,X)l / / |H' (s, x)H (s, x)|v(dx)ds
0 Jixl<l1

2 0<s<r0<|x|<1

1
1 [& T

— Z sup  sup |gf;(s,x)|2 // |H (5, x)|*v(dx)ds
2 (21 0=s=10<Ix|<1 0 Jixl<1

IA

< OO0 a.s.
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A similar argument shows that

t
/ If (Y (s=) + H(s,x)) — (Y (s—=))|*v(dx)ds < oo a.s.
0 Jlx|<l

Now, to establish the formula itself we recall the sets (A,, n € N) defined as
in the hypothesis of Theorem 4.3.4 and the sequence of interlacing processes
(Y, n € N) defined by

t t t
Yir) = / G'(s)ds + / Fj(s)dB/(s) + / / H'(s,x)N (ds, dx)
0 0 0 JA,

t
+ / / K (s,x)N (ds, dx)
0 Jix|=1

foreach1 <i<d,t>0.
By Lemma 4.4.6, for eachn € N,

JXu@®) = f (Yn(0))

=f0t 3f (Y (s—)) dYCi(s)+%f0t 3idif (Y (s—)) d[YL, YI1(s)
+ [ t /| U060+ K6~ 0D s
+ /0 t /A [+ HG60) 05D N s, 9
_/OI/A H'(s,x)0;f (Y (s—))v(dx)ds

_ /0 o (Y (5=) avie) + /0 C0f (¢ (s—) dIYE, ¥IGs)
+ /0 t /| D06 4K 0) = (6o Va9
4 /0 t /A Lo+ HG60) 050N s, 9

t
+/0 /A [f (Y (s=) + H(5,x)) = f (Y (s—))
— H'(5,x)3;f (Y (s—)) |v(dx)ds.

Now by Corollary 4.3.10 we have that Y, (r) — Y (¢) in probability as n —
oo, and hence there is a subsequence that converges to Y (#) almost surely.
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The required result follows by passage to the limit in the above along that
subsequence. ]

Note

(1) It is clear from the first part of the proof that Assumption 4.14 can be
dropped if f has bounded first and second derivatives.

(i) Theorem 4.4.7 is extended to a more general class of semimartingales in
Ikeda and Watanabe [167], chapter II, section 4.

We have not yet finished with It6’s formula, but before we probe it further
we need some subsidiary results.

Proposition 4.4.8 IfH' € P5(t,E) for each 1 < i < d then

t
f / |H (s, x)H’ (s, x)|N (ds, dx) < 0o a.s.
0 Jlx|<1

foreach 1 <i,j<d,t>0.

Proof The required result follows by the inequality 2|xy| < |x|> + |y|?, for
x,y € R, if we can first show that f(; f\x\<1 |[H(s,x)|>N (ds, dx) < oo (a.s.) for
each 1 <i < d, and so we will aim to establish this result.

Suppose that each H' € H (¢, E); then

t
E(/ / |Hi(s,x)|2N(ds,dx)>
0 Jlx|<l1
t
=/ / E(|Hi(s,x)|2) dsv(dx) < oo.
0 Jlx|<l

Hence f(; flx\<1 |[H(s,x)|>N (ds, dx) < oo (a.s.). Now let each H' € Py(t, E).
For each n € N, define

t .
T, = inf {t > O;/ / [H (s, x)|?)dsv(dx) > n} ,
0 Jixl<1

so that lim,,_, o T;, = co. Then each

AT, .
/ f |H'(s,x)|>N (ds,dx) < 0o a.s.
0 [x]<1

and the required result follows on taking limits. (]
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Corollary 4.4.9 If Y is a Lévy-type stochastic integral then for 1 < i < d,
t>0,

Z AYi(s)2 <00 a.s.

0<s<t

Proof By Proposition 4.4.8,

Z AYi(s)?

0<s<t

. ) 2
= Z [H’(S, AY () xiav sy e ey + K' (s, AY(S))X{AY(x)eEC}]

OS‘YSZ‘
= Z Hi(S,AY(S))z)({AY(s)eE} + Z Ki(SsAY(S))zX{AY(s)eEC}
0<s<t 0<s<t

13 t
= / / H'(s,x)*N (ds, dx) + / / K'(s,x)*N (ds, dx) < ooa.s. O
0JE 0 JE®
We will use Proposition 4.4.8 to transform It6’s formula in Theorem 4.4.7 to

a more general form.

Theorem 4.4.10 (Ité’s theorem 3) If Y is a Lévy-type stochastic integral
of the form (4.13) then, for each f € C*(RY), t > 0, with probability 1
we have

FXY @) —fx0)
t . 1 t . .
=/O 0f (Y (s—)) le(SH_E/O i djf (Y (s—)) dIY, YZI(s)

+ D [ ©) = f(Y(5=) = AY (5)0f (Y (s—))].

0<s<t

Proof To show that the infinite series is finite, we use Taylor’s theorem with
integral remainder term to write

Z [f (Y (5)) = f (Y (s=)) = AY (9)df (Y (s—))]|

0<s<t

=2

0<s<t

1
/ B3 )(Y (s—) +OAY () (1 — 0)dO| |AY (s)AY (s)],
0

and argue as in the proof of Theorem 4.4.7, using Corollary 4.4.9.
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For simplicity, we establish the result in the case Y(f)= f; fl

x|<1
H (s,x)N (ds, dx). The extension to the more general formula is then a straight-
forward exercise for the reader. For each r > 0, we have by Theorem 4.4.7

FOV@ —FYO))
t
N /(.) ./ 1 [f(Y(s—) +H(s,x)) _f(Y(S—))]N(dS, dx)

t
+/O /l l[f(Y(s—)JrH(s,X)) —f (¥ (s—))
— H'(5,x)3;f (Y (s—)) ]v(dx)ds.

t
=// (0f )(Y (s—)H' (s, x)N (ds. dx)
0 Jx|<l

+/0t/x|<1 [ (Y (=) + H(s,0) — £ (¥ (5-)
— H' (s, 2)3;f (Y (s=)]N (ds, dx)
= /O (Y 5—)) dYi(s)
+ Y [f ) —f (Y (52) = AY (9)df (Y (5-))]. O

0<s<t

The advantage of this formula over its predecessor is that the right-hand
side is expressed entirely in terms of the process Y itself and its jumps. It is
hence in a form that extends naturally to general semimartingales (see, e.g.
Protter [298], chapter 2, section 7 or He et al. [149] chapter 9, section 5). As
can be seen from these references, the proof of this theorem in the general
case does not require the local boundedness Assumption 4.14 on the small
jumps.

Exercise 4.4.11 Let d = 1 and apply Itd’s formula to find the stochastic dif-
ferential of (¢¥®,r > 0), where Y is a Lévy-type stochastic integral. Can you
find an adapted process Z that has a stochastic differential of the form

dzZ(t) = Z(t—)dY (1)?

We will return to this question in the next chapter.

The investigation of stochastic integrals using It6’s formula is called stochas-
tic calculus (or sometimes Itd calculus), and the remainder of this chapter and
much of the next will be devoted to this topic.
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4.4.3 Quadratic variation and Ito’s product formula

We have already met the quadratic variation of a Brownian stochastic integral.
We now extend this definition to the more general case of Lévy-type stochastic
integrals ¥ = (Y (¢),t > 0) of the form (4.13). So for each # > 0 we define
a d x d matrix-valued adapted process [Y,Y] = ([YV,Y]({),t > 0) by the
following prescription for its (i,j)th entry (1 <i,j < d):

Y, Yo = [YL Y0 + Y AY ()AY (s). (4.15)

0<s<t

By Corollary 4.4.9 each [Y/, Y/](¢) is almost surely finite, and we deduce that

m T . t ) )
YL ym =) / FL(s)F|(s)ds + / H'(s,x)H (s, )N (ds, dx)
=1 Y0 0 Jlxl<1

t
+ / / K'(s,x)K’ (s, x)N (ds, dx), (4.16)
0 Jx|>1

so that we clearly have each [V, Y/](r) = [V/, Y!](¢).

Exercise 4.4.12 Show that foreacha,BeRand 1 <i,j,k <d, t >0,
[aY' + Y, Y* (1) = alY', YX1(1) + BIY/, YXI(0).

The importance of [Y, Y] is that it measures the deviation in the stochastic
differential of products from the usual Leibniz formula. The following result
makes this precise.

Theorem 4.4.13 (It6’s product formula) If Y! and Y? are real-valued Lévy-
type stochastic integrals of the form (4.13) then, for all t > 0, with probability
1 we have that

t
Y i) Y2(r) = Y 0)Y2(0) + / Y (s—)dY?(s)
0
t
+ / Y2 (s2)dY (s) + [¥', Y21(0).
0

Proof We consider Y l'and Y2 as components of a vector Y = (¥ 1 Y2) and
take f in Theorem 4.4.10 to be the smooth mapping from R? to R given by
f()c1 ,x2) = x1x2.
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By Theorem 4.4.10 we then obtain, for each ¢ > 0, with probability 1,
1
Y () Y?(r) = Y 0)Y?(0) + / Y (s—)dY?(s)
0

t
+ / Y2(s—)dY'(s) + [, Y21(0)
0

+ > YY) - Y s—)Y(s-)
0<s<t

— ') = Y s)]r?s—-)
— [P = Y2 (s)]r s},

from which the required result easily follows. ]

Exercise 4.4.14 Extend this result to the case where Y! and Y? are d-
dimensional.

We can learn much about the way our Itd formulae work by writing the
product formula in differential form:

dY'OY?() = Y t—)dY? () + Y2(t—)dY'(t) + d[Y", Y?1(p).

By equation (4.16), we see that the term d[Y Ly?) (1), which is sometimes called
an [t6 correction, arises as a result of the following formal product relations
between differentials:

dB (t)dB/(t) = 8Ydt, N(dt,dx)N (dt,dy) = N(dt,dx)8(x — y)

for 1 < i,j < m, where all other products of differentials vanish; if you have
little previous experience of this game, these relations are a very valuable guide
to intuition.

Note we have derived [t6’s product formula as a corollary of Itd’s theorem, but
we could just as well have gone in the opposite direction, indeed the two results
are equivalent; see, e.g. Rogers and Williams [309], chapter IV, section 32.

Exercise 4.4.15 Consider the Brownian stochastic integrals given by I*(r) =
fé ij (s)dB/(s) for each t > 0, k = 1,2, and show that

m t
mﬂm=mﬂm=zﬁﬁ®WM&
j=1
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Exercise 4.4.16 For the Poisson stochastic integrals

t
Jir) = / f H'(s,x)N (dt, dx),
0 JE

where t > 0 and i = 1, 2, deduce that

t
VAN R AN LG =/ /H](s,x)Hz(s,x)N(dt,dx).
0 JE

For completeness, we will give another characterisation of quadratic variation
that is sometimes quite useful. We recall the sequence of partitions (P,,n € N)
with mesh tending to zero that were introduced earlier.

Theorem 4.4.17 If X and Y are real-valued Lévy-type stochastic integrals of
the form (4.13), then, for each t > 0, with probability 1 we have

m(n)

oo = B[ () -x (O 2) -]

where the limit is taken in probability.

Proof By polarisation, it is sufficient to consider the case X = Y. Using the
identity

=2 =xr =y —29(x—y)

for x,y € R, we deduce that

m(n) m(n) m(n)
(n) (Vl) (n) (n)
S [x () —x(47)] = ZX(/H) ZX( )
Jj=0
m(n)

() [(5) ()]

and the required result follows from It6’s product formula (Theorem 4.4.13)
and Exercise 4.3.7. ]

We now use this result to give a proof (promised in Chapter 2) that Brownian
motion is of infinite variation.

Theorem 4.4.18 Brownian motion is of infinite variation
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Proof For simplicity we take B = (B(f),t > 0) to be a standard one-
dimensional Brownian motion. Assume that B is of finite variation on [0, ¢].
Using the result of Theorem 4.4.17, on taking limits in probability we obtain

t = [B,B](t)

m(n)

= lim Z[B(t(") B(z]f”))]2

m(n)

(n) (n) (n) (n)
< E .
< nhm . m<21l4)1(n |B(t D= B(t )| > |B(t /+1 B(t] )|
Jj=

< Vp() lim max |B() — B(")]

n—00 0<j<m(n)

— 0,

by sample path continuity. Hence we have obtained a contradiction and the
result follows. ]

The proof of Theorem 4.4.18 can be generalised to show that any contin-
uous martingale is either constant or of infinite variation, see Kunita [215],
Section 2.2.

Many of the results of this chapter extend from Lévy-type stochastic integrals
to arbitrary semimartingales, and full details can be found in Jacod and Shiryaev
[183], Protter [298] and He et al. [149]. In particular, if F is a simple process
and X is a semimartingale we can again use [t0’s prescription to define

t
/0 F()dX (s) = Y Ft)[X (ti11) — X (1)),
J

and then pass to the limit to obtain more general stochastic integrals. In
particular, if M is a real-valued centred martingale and F is predictable

with E ( s |F(s)|2d(M,M)(s)) <o, then [!F(s)dM (s) is a centred L2-

martingale with
2 t
) =F (/ |F(s)|2d(M,M)(s)> .
0

t
E (‘/ F(s)dM (s)
0

1t6’s formula can be established in the form given in Theorem 4.4.10 and
the quadratic variation of semimartingales defined as the correction term in
the corresponding Itd product formula (or, equivalently, via the prescription
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of Theorem 4.4.17). In particular, if X and Y are semimartingales and X, Y.
denote their continuous parts then we have, for each r > 0,

[X,Y1(t) = (Xe, Ye) () + ) AX(s)AY (s); (4.17)

0<s<t

see Jacod and Shiryaev [183], p. 55.

4.4.4 Applications of Ité’s Formula

From now on, Itd’s formula will be a vital tool in our armory. In this section
we begin obtaining some benefits from it. The first and last results exploit
stochastic calculus for general semimartingales as has just been described in
outline. Although this theory, in its full generality, is not the subject of this book
it would be a great pity to deprive ourselves of these insights. We begin with the
famous Lévy characterisation of Brownian motion that we have already used
in Chapter 2.

Lévy’s characterisation of Brownian motion

Theorem 4.4.19 (Lévy’s characterisation) Let M = (M (¢),t > 0) be a
continuous centred martingale that is adapted to a given filtration (F;,t > 0).
If (M;,M;)(t) = ajjt for eacht > 0, 1 < i,j < d, where a = (a;j) is a
positive definite symmetric matrix, then M is an F;-adapted Brownian motion
with covariance a.

Proof Fix ucR? and define the process (Y, (¢),t > 0) by Y,(t) = M @),
then, by Itd’s formula and incorporating (4.17), we obtain

dY,(t) = i Y, (t)dM; (1) — Su'd Y, (t)d (M;, M) (t)
= it Y, (dM;(t) — 5 (u,au)Y, (t)dt.

Upon integrating from s to #, we obtain
ot t
) = ¥ + i) [ Va0 - Y [ v,
N s

Now take conditional expectations of both sides with respect to F;, and use the
conditional Fubini theorem (Theorem 1.1.8) to obtain

1
Eu(D1Fs) = Yu(s) — %(u,au)/ EYy(t)|Fy) d.



262 Stochastic integration

Hence

(/@M O-M©)| £y = g~ (wan)t=5)/2

From here it is a straightforward exercise for the reader to confirm that M is a
Brownian motion, as required. |

Note A number of interesting propositions that are equivalent to the Lévy
characterisation can be found in Kunita [215], p. 67.

Exercise 4.4.20 Extend the Lévy characterisation to the case where M is a
continuous local martingale.

Burkholder’s Inequality

Another classic and fairly straightforward application of It6’s formula for
Brownian integrals is Burkholder’s inequality. Let M = (M (¢),t > 0) be a
(real-valued) Brownian integral of the form

t
M) = f F/(s)dB;(s), (4.18)
0

where each F/ € Ha(t), 1 <j <d,t>0.ByExercise 4.4.15,
m t
M. M0 =) f Fy(s)*ds
. 0
j=1

for each + > 0. Note that by Theorem 4.2.3(4), M 1is a square-integrable
martingale.

Theorem 4.4.21 (Burkholder’s inequality) If M = (M (t),t > 0) is a Brow-
nian integral of the form (4.18), for which E([M , M 1(t)*/?) < oo, then for any
p > 2 there exists C(p) > 0 such that, for each t > 0,

E(IM (1)) < C(p) E(IM, M1(1)"?).

Proof We follow Kunita [215], p. 66. Assume first that each M (¢) is a bounded
random variable. By It&’s formula we have, for each ¢ > 0,

t .
IM ()7 =p/0 M ()P~ sgn (M (5)) F/(s)dBj(s)

1 t
+3p =D fo IM (5)/P~2d[M, M (s),
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and, by the boundedness assumption, the stochastic integral is a martingale.
Hence on taking expectations we obtain

1 t
E(M@®))P) = Ep(p -DE </O IM(S)I”_Zd[M,M](S))

=<

pp—DE < sup |M(s)|P—2[M,M]<r)> .

0<s<t

| =

By Holder’s inequality and Doob’s martingale inequality, we obtain

E < sup |M(S)|P_2[M,M](f))

0<s<t

(P-2)/p
<E ( sup |M (s) |"> E(IM,M1()P/*)*/P

0<s<t

p P-2)/p
< (_1) E(IM (0)P) P27 E(IM, M (1)) ?/P.
o

Let D(p) = sp(p — DIp/(p — 1)]?~2/P; then we have
E(IM ()IP) < D(p) E(IM (0)1")' =P E(IM, M 1(1)P/*)*/?,

and the required result follows straightforwardly, with C(p) = D(p)?/>.

For the general case, define a sequence of stopping times (7,,n € N) by
T, = inf{{M ()] > nor [M,M](t) > n}. Then the inequality holds for each
process (M (t AT,),t > 0), and we may use dominated convergence to establish
the required result. U

Finally, we extend the result of Theorem 4.4.21 to finite dimensional
Brownian integrals. Let M (1) = (M (?),...,Mq(1)) where each M;(t) =
fot F{ ($)dBj(s) with each F{ € P»(t). Considering the quadratic variation as
a matrix-valued process we have

d

d m
(M, M) =Y M, Mil() =y > Fij(s)*.

i=1 i=1 j=1

Theorem 4.4.22 I[f M = (M (t),t > 0) is a d-dimensional Brownian integral
then for each p > 2 there exists C'(p) > 0 such that

E(M (1)[P) < C'(0E{tr(IM, M1(1)}?).
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Proof. By Jensen’s inequality and Theorem 4.4.21

d
EGM 0 <d"T Y E(Mi@0)IP)
i=1

d
<d7cpY E Zfo Fij(s)%ds

[STas]

<diC(p)E ZZ/ Fij(s)2dsy |,
i 0

where we have used the elementary inequality

d r X d
(Zw) <dr Y lail,
i=1

foray,...,a; eR,r > 1.

Note that we can strengthen both of Theorems 4.4.21 and 4.4.22 by combining
them with Doob’s martingale inequality, so e.g. the result of Theorem 4.4.22
then becomes

E( sup M) ) < C"(E{u(M. M1(1)}?), (4.19)
0<s<t
where C”(p) = ¢’C’ with ¢ = [%. Such inequalities are often used in

applications.

Note By another more subtle application of Itd’s formula, the inequality
of Theorem 4.4.21 can be strengthened to show that there exists c(p) >0
such that

c(p) E(IM, M1(t)"'*) < E(IM (DIP) < C(p) E(IM, M 1(1)P/?);

see Kunita [215], pp. 66-7, for details. With more effort the inequality can be
extended to arbitrary continuous local martingales M for which M (0) = 0
and also to all p > 0. This more extensive treatment can be found in Revuz
and Yor [306], chapter 4, section 4. A further generalisation, where the pth
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power is replaced by an arbitrary convex function, is due to Burkholder
et al. [68].

The inequalities still hold in the case where M is an arbitrary local mar-
tingale (so jumps are included), but we have been unable to find a direct
proof using Itd’s formula, as above, even in the case of Poisson integrals.
Details of this general result may be found in Dellacherie and Meyer [88],
pp- 303-4.

Moments of Lévy-type stochastic integrals — Kunita's inequalities

Burkholders inequality is very useful in applications as it expresses moments
of Brownian integrals in terms of those of the integrand process. In this section,
we develop similar inequalities for more general Lévy-type stochastic integrals
in the case where the driving Lévy process has bounded jumps. These results
are due to H. Kunita [218] and we call them Kunita's inequalities.

We begin by noting a very useful inequality for numbers. Let x,y > 0 and
p,q > 1 satisfy 119 + é =1, then

w4l (4.20)
p q

This inequality can be found in Hardy etal. [147] p.61 but it is also instructive
to read earlier discussions on pages 17 and 37 therein.

Now let ¢, > 0 and choose E = B.(0) — {0}. Let each H; € P,(t, E) and
consider the stochastic integral I(t) = (I1(t),>(t),...,1;(t)) where for each
1<i<d,

t
L) = / f H; (s, x)N (ds, dx).
0 JE

Theorem 4.4.23 (Kunita’s first inequality) For any p > 2, there exists
D(p) > 0 such that

t p/2
E ( sup |I(s)|p> < D(p) {]E |:(/ / |H(s,x)|2v(dx)ds) :|
0<s<t o JE
t
+ E |:/ / |H(s,x)|pv(dx)ds]} . 4.21)
0 JE

Proof We will only consider the case p > 2 as p = 2 is already covered in
Lemma 4.2.2. In this proof ¢;(p),1 < i < 4 will denote positive constants
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depending only on p. By It6’s formula, we have (with probability one)
IO =M (1) + A1),

where
t ~
MO = [ [ @16=)+ He0pP = 16N @0, and

0o JE

! 2
A@) = / /(II(S—) + H(s,x)” — [I(s—)P — plI(s—)P~
0 JE
x Ii(s—)H' (s, x))v(dx)ds.

M = (M (¢t),t > 0) is a local martingale. For simplicity we will assume that
it is in fact a martingale, and note that we can easily reduce the general case to
this one by using an appropriate sequence of stopping times.

Now let0 < 6; < 1 foreach 1 < i < d and let J(I, H;9) denote the R?-

valued process whose ith component has the value I;(s—) + 6;H; (s, x) at s. By
Taylor’s theorem, there exist such 6;s for which

! 1
A(r) = /0 /E [Ep@—2)|J(1,H;9>(s>|”—4(J(I,H;9><s>,H(s,x>)2
+ plJ (I, H;6)(s) |”_2|H(s,x)|2] v(dx)ds.

Using the Cauchy—Schwarz inequality and the fact thatfora, b e R, |a+b|P <
max {2~ 1}(|a|P + |b|P), we obtain

t
JA(D)] < c1(p) /0 /E [ (s=) P2 |H (5,)|* + [H (5, %) [P1v(dx)ds.

By Doob’s martingale inequality we have

E ( sup |I(s)|p> < Ki(t) + K»(¢), where

0<s<t

t
Ki(1) = c2(p)E [ / / |1<s—>|P—2|H(s,x>|2v(dx>ds}
0 JE

t
and K>(1) = c2(p)E |:/ / |H (s, x) |Pv(dx)ds] )
0 JE
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Now using Holder’s inequality and the inequality (4.20), we find that for
eachoa > 1,

K1 (1) 562(p)]E[Sup —|I(s—)P2 / / alH (s, x)|2v(dx)ds}

O<s<t &

p=2/p
< o@pa? [E ( sup |I(s—)|f’)}
O<s<t

‘ p/27%/P
x |:IE ( / f a|H(s,x)|2v(dx)ds> ]
0 JE

< c3(p)a*PE ( sup |1(s) |,,)

0<s<t
” t p/2
+C4(p)a2]E<//lH(s,x)|2v(dx)ds) .
0 JE

Hence we obtain

E( sup [[(s)I
0<s<t

< c3(p)a®PE ( sup |1(s) |P)

0<s<t

, t p/2
+cs(p)a’E (/ / |H(s,x)|2v(dx)ds)
0 JE

t
+ c(p)E |:/ / |H (s,x) |pv(dx)dsi| ,
0 JE

and the result follows on taking « sufficiently large to ensure that c3 (p)a® ™ < 1,
and then rearranging terms. U

Now consider a Lévy-type stochastic integral M = (M (¢),t > 0) whose ith
component is given as

t r t
M;(t) = / Gi(s)ds + / Fl(s)dB;(s) + / / H;(s,x)N (ds, dx),
0 0 0 JE

where each |Gi|%, F{ € P> () and each H; € P»(t, E). We then obtain
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Corollary 4.4.24 (Kunita’s second inequality) For each p > 2 and each
t > 0, there exists D' (p,t) > 0 such that

t
E ( sup |M (s) |P) <D'(p,0 {E ( f 1G(s) |Pds> + E{tr([Me, M 1(0))}P/?)
0

0<s<t
t r/2
+E [/ (/ |H(s,x)|2v(dx)) ds:|
0 E
'
+ E |:/ (/ |H (s, x) |pv(dx)> dsi“ . (4.22)
0 E

Proof This follows from Theorems 4.4.22 and 4.4.23 via Holder’s inequality.
O

Poisson random measures revisited

Aspromised, we revisit the proof of Theorem 2.3.5. Let N be the Poisson random
measure on RT x (R? — {0}) which is associated to a Lévy process X . We know
from Theorem 2.3.5(1) that if A is bounded below, then (N (¢,A),r > 0) is a
Poisson process with intensity v(A), where v is the Lévy measure associated
to X. We aim to give an alternative, more elegant and arguably perhaps more
enlightening proof of Theorem 2.3.5(2) which states that

If Ay,...,A, are bounded below and disjoint, then the processes
{(N(t,A;),t > 0),1 <i < n} are independent.

The proof (which is due to Kunita [218]) utilises stochastic integration based
on general martingales and the corresponding It6 formula. None of these results
require any properties of random measures and so the proof does not involve a
circular argument.

We proceed as follows. Foreachm € Nand eacha = («y, ..., ay) e R", we
consider the real valued process Y, = (Y, (), > 0) defined by

Yo() =) orN (1 Ap).
k=1

Yy is a Lévy process by the argument of Theorem 2.3.5(1). Hence there exists
¥ :R™ — C such that

E(eiy"(t)) — eflﬁ(ot)’

for all + > 0. By Proposition 2.1.3, we see that My, = (My(t),t > 0) is a
complex-valued martingale where for each r > 0,

M, (1) = elYad—1V@)



4.4 Ito’s formula 269
By It6’s formula (the finite variation case) we have

dMo (1) = =Y ()M (t—)dt + Mo (1—) Z(éiak — DN (dr, Ap),
k=1

and hence

" dM,(s)

0 Ma(S—) = —I/f(ot)t + Z(eiak _ I)N(t,Ak)

k=1

Since 1/M, is bounded on €2 x [0, ¢] it follows that the process given by the
left hand side of the last equation is a centred martingale. On taking expectations,
we thus deduce that for each « € R

m
Yle) =) (€™ — DHu(Ag).
k=1
Hence foreach t > 0

E (exp {iZakN(t,Ak)})

k=1

[ Jexp (™ — Drvay))
1

k

1=

Efexp{iaxN (1, Ap)}],
k

Il
MR

and so N(t,A1),...,N(t,A;) are independent by Kac’s theorem.

To see that the processes themselves are independent we can use a similar
argument to the last part of the proof of Theorem 2.4.6. To see how it works,
we will show that N(s,A) and N (¢, B) are independent when s < 7 and A N
B = (). We use that facts that each of N (s,A) and N (s, B) are F-adapted and
independent (as shown above) and that (N(¢,A),t > 0) has stationary and
independent increments. Let «, 8 € R, then

E(ei[aN(tA)-i-ﬂN(s,B)]) — E(ei[ﬂN(s,BH-aN(sA)] 'eiot(N(t,A)—N(S,A)))
— E(e[ﬂN(.Y,A))E(eiolN(S,A))E(EI(XN(I‘—S,A))

=exp{(e”? — D)sv(B) + (¢ — Dtv(A)}
— E(eiaN(tA))E(eiﬂN(X’B)). D
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4.4.5 The Stratonovitch and Marcus canonical integrals

The It6 integral is a truly wonderful thing, and we will explore many more of its
implications in the next chapter. Unfortunately it does have some disadvantages
and one of the most important of these is — as Itd’s formula has shown us —
that it fails to satisfy the usual chain rule of differential calculus. This is the
source of much beautiful mathematics, as we will see throughout this book,
but if we examine stochastic differential equations and associated flows on
smooth manifolds then we find that the It integral is not invariant under local
co-ordinate changes and so is not a natural geometric object. Fortunately, there
is a solution to this problem. We can define new ‘integrals’ as ‘perturbations’
of the It6 integral that have the properties we need.

The Stratonovitch integral

Let M =(M(t),t > 0) be a Brownian integral of the form Mi(f) =
Iy F ,’ (s)dB/(s) and let G = (G',...,G%) be a Brownian integral such that
G,-F; €Py(t) foreach 1 < j < m,t > 0. Then we define the Stratonovitch
integral of G with respect to M by the prescription

t t
/ Gi(s) o dM;(s) = f Gi(s)dMi(s)+%[Gi,Mi](t).
0 0

The notation o (sometimes called ‘It6’s circle’) clearly differentiates the
Stratonovitch and Itd cases.
We also have the differential form

G'(s) 0 dMi(s) = G'(5)dMi(s) + 3d[G', Mj] (o).

Exercise 4.4.25 Establish the following relations, where o, 8 €R and X, Y,
M and M, are one-dimensional Brownian integrals:

(1) (@X +BY)odM =aX odM + BY odM ;
2) X o (dMy + dM>) =X odM;| + X o dMp>;
B) XY odM =X o (Y odM).

Find suitable extensions of these in higher dimensions.

The most important aspect of the Stratonovitch integral for us is that it satisfies
a Newton—Leibniz-type chain rule.
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Theorem 4.4.26 If M is a Brownian integral and f € C3(R?), then, for each
t > 0, with probability 1 we have

FM (@) —fM(0) = /0 t 3if (M (5)) o dM'(s).
Proof By the definition of the Stratonovitch integral, we have
3if (M (1)) o dM' (1) = dif (M (1))dM ' (1) + 5d[3f (M (-)), M'] (1)
and, by It6’s formula, for each 1 <i < d,
d{of (M (1))} = 30, (M (1)) dM/ (1) + 50,0, 0f0(1)) d[MIM* (),
giving
dloyf (M (), M'1(1) = 3;95f (M (1)) d[M", M7](2).

So, by using 1t6’s formula again, we deduce that
t .
f 3f (M (5)) o dM(s)
0

t . 1 t . .
2/0 0if (M (s)) dM’(S)JrE/O 9;0if (M (5)) d[M', M7](s)
=fWM (1) —fM(0)).

O

For those who hanker after a legitimate definition of the Stratonovitch integral
as a limit of step functions, we consider again our usual sequence of partitions
(Pn,neN).

Theorem 4.4.27

t
/ Gi(s) o dM(s)
0

= lim 5
n—0oo
Jj=0

SRR ) (o)

j+1 J

where the limit is taken in probability.
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Proof We suppress the indices i and n for convenience and note that, for each
0<j=m,

—G(tj+])2+ G&) [M (tjg1) — M(l‘j)]

= G(()ME+1)—M 1)]+3[G ) -G @][M (1:1)—M (1],

and the result follows from the remark following Lemma 4.3.1 and
Theorem 4.4.17. ]

The Marcus canonical integral
Now let Y be a Lévy-type stochastic integral; then you can check that the
Stratonovich integral will no longer give us a chain rule of the Newton—Leibniz
type and so we need a more sophisticated approach to take care of the jumps.
The mechanism for doing this was developed by Marcus [253, 254].

We will define the Marcus canonical integral for integrands of the form
(G(s, Y (s—)),s > 0), where G: Rt x RY — R is such that s — G(s, Y (s—))
is predictable and the Itd integrals fé Gi(s, Y (s—))dY'(s) exist for all # > 0.

We also need the following assumption.

There exists a measurable mapping ® : Rt x R x R x R? — R such that,
foreachs > 0, x,y eR4:

(1) u — ®(s,u,x,y) is continuously differentiable;
) %_qu)(s, u,x,y) = y'G;(s,x + uy) for each u e R;

3) @(s,0,x,y) = P(s,0,x,0).

Such a @ is called a Marcus mapping.
Given such a mapping, we then define the Marcus canonical integral as
follows: for each t > 0,

t
/Gi(s,Y(s—))oin(s)
0
! t
=/ Gi(s,Y(s—))ochi(s)+/ Gi(s, Y (s—))dYi(s)
0 0

+ Y [®6s. 1Y (=), AY(5) — (5,0, Y (s-), AY (s))

0<s<t

0P
— —(5.0,Y(s—), AY (s)].
ou

We consider two cases of interest.
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1) G(s,y) = G(s) foralls >0,y e R4 In this case, we have
D(s,u,x,y) = Gi(s)(x' + uyi).

We then have that

t

t t
/ Gi(s) o dY'(s) = / Gi(s) o dY/(s) + / Gi(s)dY}(s);
0 0 0

so, if Yg = 0 then the Stratonovitch and Marcus integrals coincide while if
Y. = 0 then the Marcus integral is the same as the Itd integral.

(i) G(s,y) = G(y) foralls > 0, ye R4. We will consider this case within
the context of the required Newton—Leibniz rule by writing G;(y) = 9;f (y) for
each 1 <i < d, where f € c? (Rd ), V€ R9. We then have the following the
theorem.

Theorem 4.4.28 If'Y is a Lévy-type stochastic integral of the form (4.13) and
f e C3(RY), then

t .
FY @) —fx©) = /0 0f (Y (s—)) o dY'(s)
for each t > 0, with probability 1.
Proof Our Marcus map satisfies
P ;
E(u’x’y) =Yy alf(x + M)’),

and hence ® (u, x,y) = f (x + uy).
We then find that

t
f df (Y (s—)) o dY'(s)
0

13 . 1 13 . .
=/0 aif (Y (s—)) dY’(S)+5/0 i df (Y (s—)) d[Y¢, Y2I(s)

+ 3 @) —f(Y(s-) — AV ()3 (¥ (s—))]

0<s<t

=f¥®) —f X)),

by Itd6’s formula. (]
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The probabilistic interpretation of the Marcus integral is as follows. The
Marcus map introduces a fictitious time u with respect to which, at each jump
time, the process travels at infinite speed along the straight line connecting
the starting point Y (s—) and the finishing point Y (s). When we study stochas-
tic differential equations later on, we will generalise the Marcus integral and
replace the straight line by a curve determined by the geometry of the driving
vector fields.

4.4.6 Backwards stochastic integrals

So far, in this book, we have fixed as forward the direction in time; all pro-
cesses have started at time ¢+ = 0 and progressed to a later time ¢. For some
applications it is useful to reverse the direction of time, so we fix a time 7" and
then proceed backwards to some earlier time s. In the discussion below, we will
develop backwards notions of the concepts of filtration, martingale, stochastic
integral etc. In this context, whenever we mention the more familiar notions
that were developed earlier in this chapter, we will always prefix them by the
word ‘forward’.

We begin, as usual, with our probability space (2, F, P).Let (F*,0 < s < T)
be a family of sub o-algebras of F. We say that it is a backwards filtration if

F'CcF forall 0<s<r<T.

For an example of a backwards filtration, let X = (X (s5),0 < s < T) be an
R?-valued stochastic process on (2, F, P) and, for each 0 < s < T, define
Gy = oXw);s <u < T}; (Gg,0 < s < T) is then called the natural
backwards filtration of X . Just as in the forward case, it is standard to impose
the ‘usual hypotheses’ on backwards filtrations, these being

(1) (completeness) F T contains all sets of P-measure zero in JF,
(2) (leftcontinuity) foreach0 < s < T, F* = F*~ where F*~ = (..o F*~¢.

A process X = (X (s5),0 < s < T) is said to be backwards adapted to a
backwards filtration (F*,0 < s < T) if each X (s) is F*-measurable, e.g. any
process is backwards adapted to its own natural backwards filtration.

A backwards adapted process (M (s),0 < s < T) is called a backwards
martingale if E(|M (s)|) < oo and E(M (s)|F") = M (t) whenever 0 < s <t <
T. Backwards versions of the supermartingale submartingale, local martingale
and semimartingale are all obvious extensions (Note that some authors prefer
to use ‘reversed’ rather than ‘backwards’).
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Exercise 4.4.29 Foreach0 <s <t <T,let

T
M (s) = o (B(T) — B(s)) + )»/ / xN (ds, dx),
K x| <1

where o0,A€R and B and N are independent one-dimensional Brownian
motions and Poisson random measures, respectively. Show that M is a
backwards martingale with respect to its own natural backwards filtration.

Let E € B(RY). We define R¢-valued backwards martingale-valued mea-
sures on [0, T] x E analogously to the forward case, the only difference being
that we replace the axiom (M2) (see the start of Section 4.1) by (M2)p, where

(M2), M ([s,1),A) is independent of F' for all 0 < s < ¢t < T and for all
A€ B(E).

Examples of the type of backwards martingale measure that will be of
importance for us can be generated from Exercise 4.4.29, yielding

t
M ([s,1),A) = o (B(t) — B(s5))80(A) +A/ /xﬂ/(ds,dx),
K A

foreachO <s <t <T,AeB(E), where E = B— {0}.

We now want to carry out stochastic integration with respect to backwards
martingale measures. First we need to consider appropriate spaces of integrands.
Fix 0 < s < T and let P~ denote the smallest o-algebra that contains all
mappings F : [s,T] x E x Q — R such that:

(1) for each s < t < T, the mapping (x,w) — F(t,x,w) is B(E) ® F'
measurable;
(2) foreachx e E, w € 2, the mapping t — F (¢, x, ) is right-continuous.

We call P~ the backwards predictable o-algebra. A P~ -measurable map-
ping G:[0,T] x E x Q — R is then said to be backwards predictable. Using
the notion of P~ in place of P, we can then form the backwards analogues of
the spaces H (s, E) and P2 (s, E). We denote these by H, (s, E) and P, (s, E),
respectively. The space of backwards simple processes, which we denote by
S~ (s, E), is defined to be the set of all F € H;(s, E) for which there exists a
partition s =t <ty -+ < by, < ty41 = T such that

m n

F =" Frltie) X XA

j=1 k=1
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where Ay, ..., A, aredisjoint sets in B(E) withv(A;) < oo,foreachl <k <n,
and each Fy (¢)) is bounded and F'-measurable.
For such an F' we can define its It6 backwards stochastic integral by

t n n
[ [ P m @iy = Y3 R Q500,40

j=1 k=1

We can then pass to the respective completions for F € H, (s,E) and F' €
P, (s,E), just as in Section 4.2. The reader should verify that backwards
stochastic integrals with respect to backwards martingale measures are back-
wards local martingales. In particular, we can construct Lévy-type backwards
stochastic integrals

T T
Yi(s) = Y{(T) — / G (w)du — / Fj(u) - dB (u)

N s

T T
— / H'(u,x) v N(du, dx) — f / K'(u, x)N (du, dx),
s x| <1 K [x[>1

where foreach 1 <i <d,1 <j <m,t > 0, we have |Gi|1/2,F;eP5(s),
Hie 772_ (s, E), and K is backwards predictable.

Exercise 4.4.30 LetY = (Y (s),0 < s < T) be a backwards Lévy integral and
suppose that f € C3(R?). Derive the backwards Itd formula

T .
FOE($) = f(V(T)) f 0 (Y (W) - dY' (u)
1 [T o
+3 / B0 (Y (W) dIY!, Y1)
= Y [FO@) — Y-y — AV @ag (Y @],

s<u<T
(Hint: Imitate the arguments for the forward case.)

As well as the backwards It6 integral, it is also useful to define backwards
versions of the Stratonovitch and Marcus integrals.

Using the same notation as in Section 4.4.5, we define the backwards
Stratonovitch integral by

T T
f G(u) op dM (u) = / Gu) - dM () + LG MI(T) — L1G.M1(s),
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with the understanding that G is now backwards predictable. We again obtain
a Newton-Leibniz-type chain rule,

T .
JM(T)) —f(M(s)) =/ 3if (M () op dM* (u),

with probability 1, for each f € C 3 (Rd), 0 < s < T. Taking the usual sequence
of partitions (P,,n € N) of [s, T], we have

T nwG(17,) + G (1"
[ = EEV N ) o

where the limit is taken in probability.
Again using the same notation as in Section 4.4.5, the backwards Marcus
canonical integral is defined as

T
/ Gi(u,Y (w)) op dY' (1)

T T
_ / G, Y () op Y () + f G, Y () - dY )

+ Y [ LY @), AY (1) — ®(1,0,Y (1), AY (1)

s<t<T

P
ou

Sometimes we want to consider both forward and backwards stochastic integrals
within the same framework. As usual, we fix T > 0. A two-parameter filtration
of the o-algebra F is a family (F;;;0 < s <t < T) of sub o-fields such that

Fon € Foup forall 0<s <s1 <11 <t

If we now fix s > Othen (Fs;, ¢ > s) is a forward filtration, while if we fix ¢ > 0
then (F5;,0 < s < t) is a backwards filtration. A martingale-valued measure
on [0,T] x E is localised if M ((s,1),A) is F;;-measurable for each A € B(E)
and each 0 < s < t < T. Provided that both (M2) and (M2),, are satisfied,
localised martingale measures can be used to define both forward and backwards
stochastic integrals. Readers can check that examples of these are given by
martingale measures built from processes with independent increments, as in
Exercise 4.4.29.
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4.4.7 Local times and extensions of Ito’s formula

Here we sketch without proof some directions for extending It6’s formula
beyond the case where f is a C2-function, for d = 1. A far more comprehensive
discussion can be found in Protter [298], chapter 4, section 7.

We begin by considering the case of a one-dimensional standard Brownian
motion and we take f (x) = |x| for x € R. Now f is not C%; however, it is convex.
We have f’(x) = sgn(x) (for x # 0) but, in this case, f” only makes sense as
a distribution: f”(x) = 28(x) where § is the Dirac delta function. We include a
very swift proof of this to remind readers.

Proposition 4.4.31 If f(x) = |x|, then f"(x) = 28(x), in the sense of
distributions.

Proof Let g € CZ°(R) and, for convenience, assume that the support of g is the
interval [—a, b] where a, b > 0; then

/f”(X)g(X)dx = —/f/(X)g/(x)d)C
R R
=- / sgn(x) g’ (x)dx
R

0 b
= / g (xX)dx — / g (x)dx = 2g(0). O
—a 0

Now let us naively apply Itd’s formula to this set-up. So if B is our Brownian
motion we see that, for each r > 0,

t

t
|B(1)] =/ Sgn(B(S))dB(S)+/ 8(B(s))ds
0 0
'
= / sgn(B(s)) dB(s) + L(0, 1),
0

where (L(0, t),t > 0) is the local time of B at zero (see Section 1.5.3). In fact this
result can be proved rigorously and is called Tanaka’s formula in the literature.

Exercise 4.4.32 Show that fot sgn(B(s)) dB(s) is a Brownian motion.

We can push the idea behind Tanaka’s formula a lot further. Let f be the dif-
ference of two convex functions; then f has a left derivative fl’ (see, e.g. Dudley
[98], pp. 158-9). If fl’ "is its second derivative (in the sense of distributions) then
we have the following generalisation of Itd’s formula for arbitrary real-valued
semimartingales:
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Theorem 4.4.33 (Meyer-Ito) If X = (X (t),t > 0) is a real-valued semi-
martingale and f is the difference of two convex functions, then, for each x € R,
there exists an adapted process (L(x,t),t > 0) such that, for each t > 0, with
probability 1 we have

t 1 o0
FEM) =f (X O0) + fo X=X ©) + 3 f £ COLx, D

+ Y X E) —fX(5-) — AX (9)ff (X (s—))].

0<s<t

The quantity (L(x, t),t > 0) is called the local time of the semimartingale X
at the point x. Be aware that in the case where X is a Lévy process, it may not
necessarily coincide with the notion introduced in Subsection 1.5.3. To explore
this seeming disparity further, have a look at corollary 1 in chapter 4, section 7
of Protter [298].

4.5 Notes and further reading

Stochastic integration for adapted processes against Brownian motion was first
developed by It6 [172] and his famous lemma was established in [173]. The
extension of stochastic integration to square-integrable martingales is due to
Kunita and Watanabe [214] while Meyer [265] took the next step in gener-
alising to semimartingales. Any book with ‘stochastic calculus’ or ‘stochastic
differential equations’ in the title contains an account of stochastic integration,
with varying levels of difficulty. See e.g. @ksendal [282], Mikosch [269], Gih-
man and Skorohod [135], Liptser and Shiryaev [237] for Brownian motion;
Karatzas and Shreve [200], Durrett [99], Krylov [212], Rogers and Williams
[309] and Kunita [215] for continuous semimartingales; and Jacod and Shiryaev
[183], Ikeda and Watanabe [167], Protter [298], Métivier [262] and Klebaner
[203] for semimartingales with jumps. Millar’s article [270] is interesting for
Lévy stochastic integrals. For Wiener—Lévy stochastic integrals where the noise
is a general infinitely divisible random measure, see Rajput and Rosiriski [300].

Dinculeanu [91] utilises the concept of semivariation to unify Lebesgue—
Stieltjes integration with stochastic integration for Banach-space-valued
processes.
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Exponential martingales, change of measure
and financial applications

Summary  We begin this chapter by studying two different types of ‘exponential’
of a Lévy-type stochastic integral Y. The first of these is the stochastic exponential,
dZ(t) = Z(t—)dY (1), and the second is the process e¥. We are particularly interested in
identifying conditions under which ¢¥ is a martingale. It can then be used to implement
a change to an equivalent measure. This leads to Girsanov’s theorem, and an important
special case of this is the Cameron—Martin—-Maruyama theorem, which underlies anal-
ysis in Wiener space. In Section 5.3, we prove the martingale representation theorem
and this is then applied to obtain the chaos decomposition for multiple Wiener—Lévy
integrals. We then give a brief introduction to Malliavin calculus in the Brownian case.
The final section of this chapter surveys some applications to option pricing. We dis-
cuss the search for equivalent risk-neutral measures within a general ‘geometric ‘Lévy
process’ stock price model. In the Brownian case, we derive the Black—Scholes pricing
formula for a European option. In the general case, where the market is incomplete, we
discuss the Follmer—Schweitzer minimal measure and Esscher transform approaches.
The case where the market is driven by a hyperbolic Lévy process is discussed in some
detail.

In this chapter, we will explore further important properties of stochastic inte-
grals, particularly the implications of It6’s formula. Many of the developments
which we will study here, although of considerable theoretical interest in their
own right, are also essential tools in mathematical finance as we will see in the
final section of this chapter. Throughout, we will for simplicity take d = 1 and
deal with Lévy-type stochastic integrals ¥ = (Y (¢),¢ > 0) of the form (4.13)
having the stochastic differential

dY (t) = G(t)dt + F(1)dB(t) + H (t,x)N (dt, dx)
+ K (1,x)N (dt, dx).

280
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5.1 Stochastic exponentials

In this section, we return to a question raised in Exercise 4.4.11, i.e. the problem
of finding an adapted process Z = (Z(t),t > 0) that has a stochastic differential

dZ(t) = Z(t—)dY (t).

The solution of this problem is obtained as follows. We take Z to be the
stochastic exponential (sometimes called the Doléans—Dade exponential after
its discoverer), which is denoted as Ey = (Ey (t),t > 0) and defined as

Ey (1) = exp {Y(z) — %[YC, YC](I)} ]_[ [1+AY()]e 27 (5.1)
0<s<t

foreach t > 0.
We will need the following assumption:

(SE) inf{AY(#),t > 0} > —1 (a.s.).

Proposition 5.1.1 IfY is a Lévy-type stochastic integral of the form (4.13) and
(SE) holds, then each Ey (t) is almost surely finite.

Proof We must show that the infinite product in (5.1) converges almost surely.
We write

[T [+ AY©®]e Y =A@ + B,

0<s<t

where

A =[] +Aar®]e ™ Oxgareizi2

0<s<t

and

B(t) = 1_[ [1+ AY(S)]e_AY(S)X{mY(s)\<1/2}-

0<s<t

Now, since Y is cadlag is, #{0 < s < 1; |AY(s)| > 1/2} < oo (a.s.), and so
A(t) is almost surely a finite product. Using the assumption (SE), we have

B(t) = exp Z {10g [1 + AY(S)] — AY(S)}X{\AY(S)|<1/2}

0<s<t
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We now employ Taylor’s theorem to obtain the inequality
log(1 +) -y < Ky

where K > 0, which is valid whenever |y| < 1/2. Hence

Z {log[1 4+ AY ()] = AY ()} xyay <172}

0<s<t

=K Z |AY () xqay)<1/2y < 00  as.,

0<s<t

by Corollary 4.4.9, and we have our required result. (]
Of course (SE) ensures that £y () > 0 (a.s.).

Note 1 In the next chapter we will see that the stochastic exponential is in fact
the unique solution of the stochastic differential equation dZ(t) = Z(t—)dY (t)
with initial condition Z(0) =1 (a.s.).

Note 2 The restrictions (SE) can be dropped and the stochastic exponential
extended to the case where Y is an arbitrary (real-valued) semimartingale, but
the price we have to pay is that &y may then take negative values. See Jacod
and Shiryaev [183], pp. 58-61, for details, and also for a further extension to
the case of complex Y.

Exercise 5.1.2 Establish the following alternative form of (5.1):
Ey(t) =,
where
dSy(t) = F()dB(t) + [G(t) — 3F (1)*]dt

+ / log [1+ K (t,x)] N(dt,dx)

[x[>1

+ / log [1 + H(t,x)] N (dt,dx)

[x|<1

+ / {log[1 4+ H (t,x)] — H (t,x) }v(dx)ds. (5.2)

|x]<1
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Theorem 5.1.3 We have
dEy () = Ey(—)dY (v).

Proof We apply Ito’s formula to the result of Exercise 5.1.2 to obtain, for each
t>0,

dEy(t) = Ey(t—) [F(t)dB(t) + G(t)dt

+/ {log[1 + H (1,x)] —H(t,x))}u(dx)dt]
|x|<1

+ / (exp{Sy (t—) + log [1 + K (1,x)]}
Jx[>1

— exp[Sy (t—)])N (dt, dx)

+ / (exp{Sy(t—) + log [l +H(t,x)]}
|x]<1

— exp[Sy (t—)])N (dt,dx)

+ / (exp{Sy(t—) +10g[1 ~|—H(t,x)]}
|x]<1

— exp[Sy (t—)]

—log[1 + H (1,x)][exp Sy (t—)]) v(dx)dt

= Ey (t—)[F(t)dB(t) + G(t)dt + K (t,x)N (dt, dx)
+ H(t,x)N (dt, dx)],

as required. O

Exercise 5.1.4 Let X and Y be Lévy-type stochastic integrals. Show that, for
eacht > 0,

Ex(OEy () = Ex1y1x.r)(@).

Exercise 5.1.5 Let Y = (Y(#),t > 0) be a compound Poisson process, so
that each Y () = X; + -+ + Xy, where (X,,,ne€N) are i.i.d. and N is an
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independent Poisson process. Deduce that, for each ¢ > 0,

N()
& =[]a+xp.

Jj=1

Let X be a real valued Lévy process with characteristics (b,o,v) and
associated Lévy-Itd decomposition given by (2.25). For applications to
finance, it is useful to know whether the stochastic exponential Ex (f) can
be rewritten as the exponential exp(X;(z)) of a Lévy process X; and vice
versa.

Suppose that (SE) holds so that £x () > 0, then by (5.2) we have Ex (1) =
exp(Sy (7)), where for each ¢ > 0,

log(1 + x)N (¢, dx) + / log(1 4+ x)N (1, dx)

|x|<1

Sx (1) = 0 B(1) + /

[x[>1

+ |:b _ %02 + / (log(1 4+ x) — x)v(dx)] t. (5.3)
x| <1

Theorem 5.1.6 If X is a Lévy process with each Ex(t) > 0, then Ex (1) =
exp(X1(t)) for each t > O where X is the Lévy process with characteristics
(b1,01,v1) given by

vi=vof ! wheref(x)=log(l +x),

by=b— 12 + / [log(1 + x) x3(log(1 + x)) — xx5(x)]v(dx),
2 R—{0}

61 =0,

Conversely, there exists a Lévy process with characteristics (ba, 02, Vv2) such
that exp(X (t)) = Ex, (¢) for all t > 0 wherein

vy =vog*1, where g(x) = e* — 1,
1 2 x X

by=b+ -0+ [(e" — Dxple’ — 1) —xxz(x0)]v(dx),
2 R—{0}

o) = 0.

Proof We will only demonstrate the first of these results as the second is
established similarly.
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For each ¢ > 0, define Y (¢) = flxlzl log(1 4+ x)N (t,dx) + le|<1 log(1 +x)
N (t,dx). Using Theorem 2.3.7 (1) and (2.9) we obtain for each u e R, > 0,

(e ) — exp { /R e = T (y)]vl(dy)}
= exp {ib’u + /R{O}[e"“y — 1 —iuyxz (1w (dy)} ,
where
W = /R ) Xy O @)
_ [R g ot 030081 +0) —xx0l (@),

The result now follows on rewriting (5.3) in terms of v; and comparing
with (2.25). O

Note For an alternative approach to the proof of this result, see lemma A.8 in
the appendix to Goll and Kansen [138] or Cont and Tankov [81], proposition
8.22, p. 287.

5.2 Exponential martingales

In this section, our first goal is to find conditions under which el = (eY O >
0) is a martingale, where Y is as usual a Lévy-type stochastic integral. Such
processes are an important source of Radon—-Nikodym derivatives for changing
the measure as described by Girsanov’s theorem, and this leads to the Cameron—
Martin—Maruyama formula, which underlies ‘infinite-dimensional analysis’ in
Wiener space as well as being a vital tool in the derivation of the Black—Scholes
formula in mathematical finance.

5.2.1 Lévy-type stochastic integrals as local martingales

Our first goal is to find necessary and sufficient conditions for a Lévy-type
stochastic integral Y to be a local martingale. First we impose some conditions
on K and G:

(LM1) E( St S |K(s,x)|v(dx)ds) < 00;
(LM2) G'/? € H,(¢) for each ¢ > 0.

(Note that E = B— {0} throughout this section.)
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From (LM1), it follows that [, J
then define

t
/ f K (s,x)N (dx, ds)
0 Jx|=1

t t
= / / K(s,x)N(dx,ds) — / K (s, x)v(dx)ds,
0 Jix|>1 0 Jix|>1

for each r > 0. Note that this compensated integral is a local martingale (it is
in fact an L!- martingale).

|K (s,x)|v(dx)ds < oo (a.s.). We may

x|>1

Theorem 5.2.1 If Y is a Lévy-type stochastic integral of the form (4.13) and
the assumptions (LM1) and (LM2) are satisfied, then Y is a local martingale
if and only if

G(1) + / K(t,x)v(dx) =0 as.,
Ix|=1
for (Lebesgue) almost all t > 0.

Proof First assume that Y is a local martingale with respect to the stopping
times (7,,,n € N). Then, foreachneN,0 <s <t < o0,

Yt ATy

tAT, tINT,

F(uw)dB(u) + f H (u, x)N (du, dx)

SATy, x| <1

:Y(S/\Tn)+/

SAT,

tAT, B
+ / / K (u, x)N (du, dx)
K |x|>1

AT,

tAT,
+ / |:G(u) + / K(u,x)v(dx)] du.
SATy [x|=1

Now, foreachne N, (Y (¢ A T,,),t > 0) is a martingale, so we have

tAT,
Eg </ [G(u) —l—/ K(u,x)v(dx):| du) =0.
SATy, \X\zl

We take the limit as n — oo and, using the fact that by (LM1) and (LM2)

AT,
/ |:G(u) + f K(u,x)v(dx):| du
SAT, [x[>1

t
S/

du < oo as.,

G(u) +f K (u, x)v(dx)
lx|=1
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together with the conditional version of dominated convergence (see e.g.
Williams [358], p. 88), we deduce that

t
IEY(/ |:G(u) + K(u,x)v(dx)] du) =0.
K |x|>1

Conditions (LM1) and (LM2) ensure that we can use the conditional Fubini
theorem 1.1.8 to obtain

t
/ E (G(u) + / K(u,x)v(dx)> du = 0.
s [x|>1

It follows that

1 s+h
lim — Eg (G(u) +/ K(u,x)v(dx)) du =0,
h—0 h s |x|>1

and hence by Lebesgue’s differentiation theorem (see e.g. Cohn [80], p. 187)
we have

E <G(s) + / K(s,x)v(dx)) =0
[x|>1

for (Lebesgue) almost all s > 0. But G(-) + f|x|>1 K (-,x)v(dx) is adapted, and
the result follows. The converse is immediate. ]

Note that, in particular, Y is a martingale if F € H(¢), H € H»(t,E) and
K € Hy(t,E®) for all t > 0.

5.2.2 Exponential martingales

In this section, we study Lévy-type stochastic integrals which satisfy the
conditions (LM2) as above and (LM1)’ in place of (LM1).

ILM1Y E ( S o 1€K60 — 1|v(dx)ds) < 0.

We now turn our attention to the process e¥ =YDt > 0) (cf. Exercise
4.4.11).
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By It6’s formula, we find, for each t > 0,

t t
O =14 [ TOr@ane + [ [ O )i d)
0 0 Jx|<1
t
+ / f eV ) (K6 _ )N (ds, dx)
0 Jx|>1
t 1
4 [eren {G(s)+—F(s)2+ [ - 1-meoa
0 2 i<l

+ / (K60 — l)v(dx)} ds. (5.4)
[x[>1

Condition (LM1)’ ensures that all the terms in (5.4) are well-defined.

Corollary 5.2.2 ¢ is a local martingale if and only if

G(s) + %F(s)z + / @6 1 — H(s,x))v(dx) (5.5)

[x]<1

+ / (€Y — Dv(dx) =0, (5.6)
[x[>1

almost surely and for (Lebesgue) almost all s > 0.

Proof Define an increasing sequence of stopping times by the prescription
To = 0 (a.s.) and for ne N, T;, = inf{r > 0, |Y(s)| > n}. Define the sequence
of processes Y, = (Y,t = 0) by Y,(t) = Y(t A T,), foreacht > 0,neN.
If we replace F, G, H and K, with F x|o,7,), etc. in (5.4), then it follows from
Theorem 5.2.1 that each e'” is a local martingale if and only

[G(s) + %F(s)z + / (6 1 — H(s,x)v(dx)
!

x|<1

+ / (EK(S’X) - 1)U(dx):| X[0.T,) = 0,
x[=1

almost surely and for (Lebesgue) almost all s > 0. The required result follows
on taking limits as n — oo. O
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It follows from Corollary 5.2.2 that e¥ is a local martingale if and only if for
(Lebesgue) almost all # > 0,

t
O =1+ / e"CDF(5)dB(s)
0
t
+/ f e 6 (9 _ )N (ds, dx)
0 Jx<1

t
+ / / Y6 (KED _ )N (ds, dx). (5.7)
0 Jx|>1

We would like to go further and establish conditions under which e! is in fact a
martingale. First we need the following general result about supermartingales.

Lemma 523 If M = (M(t),t > 0) is a supermartingale for which the
mapping t — E(M (t)) is constant, then M is a martingale.

Proof We follow the argument of Liptser and Shiryaev [237], p. 228.
Fix0<s <t <ooletA ={weQ; E;WM (1)) (w) < M(s)(w)} and assume
that P(A) > 0. Then

EM (1)) = E(Es(M (1))
= E(xa Es(M (1)) + E((1 — xa) Es(M (1))
< E(xaM (s)) + E((1 — xa)M (s5))
= EM (s)),

which contradicts the fact that 1 — E(M (1)) is constant. Hence P(A) = 0 and
the result follows. 0

From now on we assume that the condition (5.5) is satisfied for all # > 0, so
that e¥ is a local martingale.

Theorem 5.2.4 IfY is a Lévy-type stochastic integral of the form (4.13) which

Y

is such that e* is a local martingale, then e¥ is a martingale if and only if

E(eY®) =1 forallt > 0.

Proof Let (T,,, n € N) be the sequence of stopping times such that (¥ “ATn) ¢t >
0) is a martingale; then, by the conditional form of Fatou’s lemma (see, e.g.
Williams [358], p. 88), we have foreach0 <s <t < o0

Es(e¥ @) < lim inf Eg(e¥ )
n—oo

= liminf " ") = ¥,

n— oo
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so e is a supermartingale. Now if we assume that the expectation is identi-

cally unity, it follows that e? is a martingale by Lemma 5.2.3. The converse is
immediate from equation (5.7). O

For the remainder of this section, we will assume that the condition of Theo-
rem 5.2.4 is valid. Under this constraint the process ¢! given by equation (5.7)
is called an exponential martingale. Two important examples are:

Example 5.2.5 (The Brownian case) Here Y is a Brownian integral of the form

t

t
Y () =/ F(s)dB(s)—i—/ G(s)ds
0 0

for each ¢ > 0. The unique solution to (5.5) is G(t) = —%F(t)2 (a.e.). We then
have, for each t > 0,

t t
¥ =exp (/ F(s)dB(s) — l/ F(s)zds>-
0 2Jo

Example 5.2.6 (The Poisson case) Here Y is a Poisson integral driven by a
Poisson process N of intensity A and has the form

t t
Y@t) = / K(s)dN (s) + / G(s)ds
0 0

foreach r > 0.
The unique solution to (5.5) is G(¢) = —A f(; (€X® — 1)ds (a.e.). For each
t > 0, we obtain

t t
YO — exp |:/ K (s)dN (s) — )\/ (eK(s) _ l)dsi| .
0 0

For the Brownian case, a more direct condition for ¢ to be a martingale than
Theorem 5.2.4 is established in Liptser and Shiryaev [237], pp. 229-32. More
precisely, it is shown that

T
E (exp (/(; %F(s)zds>> < 00,

forall T > Ois asufficient condition, called the Novikov criterion. More general
results that establish conditions for

(expld (1) = S (M. M) @)1 = 0)
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to be a martingale, where M is an arbitrary continuous local martingale, can be
found in, for example, Revuz and Yor [306], pp. 307-9, Durrett [99], pp. 108-9,
and Chung and Williams [78], pp. 120-3.

Exercise 5.2.7 Let Y be a Lévy process with characteristics (b, a, v) for which
the generating function E(e*Y)) < oo for all £, u > 0. Choose the parameter b
to be such that condition (5.5) is satisfied, and hence show that e! is amartingale.

Exercise 5.2.8 Let Y be a Lévy-type stochastic integral. Show thate? coincides
with the stochastic exponential &y if and only if ¥ is a Brownian integral.

We finish this subsection with a rather technical exponential martingale
inequality. Its value will be apparent when we study Lyapunov exponents for
stochastic differential equations in Section 6.8.

We consider a Lévy type stochastic integral ¥ = (Y (¢),¢ > 0) where for
eacht > 0,

t t
Y(t) = f F(s)dB(s) + / H (s, x)N (ds, dx),
0 0 Jx|<l1

with F € P,(t) and H € P»(t, E). For each « > 0, we associate to Y the process
Y, given for t > 0 by

a [! )
Ya(f)=Y(f)—§/0 [F(s)|ds

t
! / / (1D 1 — oH (s, x))v(dx)ds. (5.8)
o Jo Jix<1

The following result is given for Brownian integrals in chapter 2 of Mao
[251]. The proof is extended here to the Lévy case. It is based on joint work
with M. Siakalli.

Theorem 5.2.9 Let T,o, B > 0. If Yy, is given by (5.5)

P sup Yo(1) > B <e .
0<t<T

Proof We assume that P(VK > 0,3t > 0 such that |Y,(¢)| > K) > 0. If this is

not the case, then the process (Y, (#),7 > 0) is almost surely bounded and the

argument given below simplifies.



292 Exponential martingales

Define an increasing sequence of stopping times (t,,n € N) for which
lim,— 5 T, = 00 (a.s.) by the prescription

t,,=inf{t20; +

t
/ F(s)dB(s)
0

t
/ H (s, x)N (ds, dx)
0 Jx|<1

al [ 1
+ = ‘f |F(s)|?ds| + —
2 0 o

t
/ [ (€6 1 — oH (s, x)v(dx)ds
0 Jix|<1

o

In the definitions of both Y (¢) and Y, (¢) we replace the processes F and H by
F x10,z,1 and H x|0,,] (respectively), for each n € N. We thus obtain a sequence of
bounded processes (Y., n € N). Indeed each SUPg<;<T 1Y (w)] < n(as.). By
Corollary 5.2.2 it follows that each process (e"Yé")(’), 0 <t < T)isapositive
local martingale. By the conditional version of dominated convergence (using
the bound given above), we see that it is in fact a martingale and so by Theorem
5.2.4, E(e” Yén)(’)) =1 for each 0 < ¢t < T. Hence by Doob’s (tail) martingale
inequality (Theorem 2.1.6) we have

P ( sup anOEH)(t) > e“ﬂ> < e_“ﬁE(an"(‘n)(T))

0<t<T

=9,

The result follows on taking limits, using the fact that if

A, = {a)eQ; sup YOE")(t)(a)) > ,3},

0<t<T

then liminf,, o A, = lim sup,,_, ., An. ([l

5.2.3 Change of measure — Girsanov’s theorem

If we are given two distinct probability measures P and Q on (€2, F), we will
write Ep (Egp) to denote expectation with respect to P (respectively, Q). We
also use the terminology P-martingale, P-Brownian motion etc. when we want
to emphasise that P is the operative measure. We remark that Q and P are
each also probability measures on (2, F;), for each t > 0, and we will use the
notation Q; and P; when the measures are restricted in this way. Suppose that
Q < P; then each Q; < P, and we sometimes write

do| _ do:
dp|, dp,’
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Lemma 5.2.10 ( d—Q
dP

, 1> 0) is a P-martingale.
t

d
Proof Foreacht > 0,let M () = d_§ .Forall0 <s <t AekF;,

t

Ep(xa Ep(M ()| F)) = Ep(xaM (1))
= Ep,(xaM (1)) = Eg, (xa)
=Eg,(xa) = Ep,(xaM (s))

= Ep(xaM (s)).
O
Now let e¥ be an exponential martingale. Then, since Ep(e!®) =
Ep, (e¥®) = 1, we can define a probability measure Q, on (22, F;) by
dQ; Y(@)
=t _ , 5.9
ap, e (5.9

foreacht > 0.

From now on, we will find it convenient to fix a time interval [0, 7']. We write
P =Py and Q = QOr.

Before we establish Girsanov’s theorem, which is the key result of this
section, we need a useful lemma.

Lemma 5.2.11 M = (M (¢),0 <t < T) is a local Q-martingale if and only if
Me¥ = (M (1)e¥D,0 <t < T) is a local P-martingale.

Proof We will establish a weaker result and show that M is a Q-martingale
if and only if Me? is a P-martingale. We leave it to the reader to insert the
appropriate stopping times.

Let A € F; and assume that M is a Q-martingale; then, foreach0 < s <t <
oo,

/ M()e"Ddp = / M()e¥ Ddp, = / M (1)dQ;
A A A
=/M@@=/M®w=fM®ws
A A A
= / M (s)e?Wap, = / M (s)e? @dp.
A A

The converse is proved in the same way. U
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In the following we take Y to be a Brownian integral, so that for each
0<t<T

t t
' = exp [ [ F(s)dB(s) — = f F(s)2ds]
0 2 Jo

We define a new process W = (W(#),0 <t <T) by

t
W) = B(t) — / F(s)ds,
0

for each t > 0.
Theorem 5.2.12 (Girsanov) W is a Q-Brownian motion.

Proof We follow the elegant proof given by Hsu in [157].
First we use 1t6’s product formula (Theorem 4.4.13) to find that, for each
0<t<T,

d[w@e" "]
=dW ()" D + W) de' D + aw (r)de’ V)
=Y DdB(1) — Y OF (t)dt + W (1)e" DF (1)dB(t) + ¥ VF (1)t
= YO 4 WO F(0)]dB().
Hence We? is a P-local martingale and so (by Lemma 5.2.11) W is a Q-local
martingale. Moreover, since W(0) = 0 (a.s.), we see that W is centred (with
respect to Q).

Now define Z = (Z(¢),0 <t < T)by Z(t) = W(t)2 — t; then, by another
application of It6’s product formula, we find

dZ(t) = 2W ()dW (1) — dt + dW (1)*.

But dW (t)2 = dt and so Z is also a Q-local martingale. The result now follows
from Lévy’s characterisation of Brownian motion (Theorem 4.4.19 and Exercise
4.4.20). ]

Exercise 5.2.13 Show that Girsanov’s theorem continues to hold when e¥
is any exponential martingale with a Brownian component (so that F is not
identically zero).
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Exercise 5.2.14 Let M = (M (¢),0 < t < T) be a local P-martingale of
the form

t
M) = / f L(x, s)N (ds, dx),
0 Jx|<l

where L € P, (t, E). Let ¥ be an exponential martingale. Use Lemma 5.2.11 to
show that N = (N (#),0 <t < T) is a local Q-martingale, where

t
NO =M@ — / / L(x, $) (™S9 — 1)v(dx)ds,
0 Jx|<l

and we are assuming that the integral exists. A sufficient condition for this is
that fot f|x|<1 lef %) — 1|20(dx)ds < oo. (Hint: Apply Lemma 5.2.11 and Ito’s
product formula.)

Quite abstract generalisations of Girsanov’s theorem to general semimartin-
gales can be found in Jacod and Shiryaev [183], pp. 152-66, in Protter [298],
chapter 3, section 8 and He ez al. [ 149], chapter 12. The results established above,
namely Theorem 5.2.12 and Exercises 5.2.13 and 5.2.14, will be adequate for
all the applications we will consider.

Readers may be tempted to take the seemingly natural step of extending
Girsanov’s theorem to the whole of RT. Beware, this is fraught with difficulty!
For a nice discussion of the pitfalls, see Bichteler [47], pp. 162-8.

5.2.4 Analysis on Wiener space
The Cameron—Martin—-Maruyama theorem

In this section, we will continue to restrict all random motion to a finite time
interval I = [0, T1.
We introduce the Wiener space,

Wo(I) = {w:I — R;w is continuous and w(0) = 0}.

Let F be the o-algebra generated by cylinder sets and define a process B =
(B(t),tel) by B(t)w = w(t) for each t > 0,w € Wy(I). We have already
mentioned Wiener’s famous result, which asserts the existence of a probability
measure P (usually called the Wiener measure) on Wy (1), F) such that B
is a standard Brownian motion; see [355, 354] for Wiener’s justly celebrated
original work on this).

Our first task is to consider a very important special case of the Girsanov
theorem in this context, but first we need some preliminaries.
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We define the Cameron—Martin space H(I) to be the set of all h € Wy(I)
for which & is absolutely continuous with respect to Lebesgue measure and
hel? (1), where h= dh/dt. Then H(I) is a Hilbert space with respect to the
inner product

T . .
(s ) = fo i (5)ia(s)ds,

and we denote the associated norm as ||||g.

There is a canonical unitary isomorphism U between H(/) and L2(]). Tts
action is (Uf)(t) = f(t), for each f e H(I),tr€l. It is easily verified that
(U*g)(t) = [y g(s)ds, for each g € L*(I),t €.

We also need to consider translation in Wiener space so, for each ¢ € Wy(I),
define 7y : Wo(I) — Woh(I) by

p(®) = o+ ¢,

for each w e Wy (I).

Since each 7 is measurable we can interpret it as a Wy (/)-valued random
variable with law P?, where P?(A) = P((ty)~!(A)) for each A € F.

The final idea we will require is that of cylinder functions. Let F : Wh(I) — R
be such that, for some n € N, there exists f € C*(R") and0 <] < --- <t <
T such that

F(o) =f(o(t1), ..., o)) (5.10)

for each w e Wy(I). We assume further that, for each me N U {0}, f m) g
polynomially bounded, i.e. for each x = (xq,...,x;) € R,
™ @ x)| < pulxals - xal)

where p,, is a polynomial.

We call such an F a cylinder function. The set of all cylinder functions, which
we denote as C(I), is dense in L’ (Wy(I), F,P) forall 1 < p < oo; see e.g.
Huang and Yan [159], pp. 62-3, for a proof of this.

Theorem 5.2.15 (Cameron-Martin—-Maruyama) If h e H(), then P" is
absolutely continuous with respect to P and

dp"

T .
—p =P |:/0 h(s)dB(s) — %||h||]12-]1i|'
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Proof First note that by Lemma[4.3.11 e have

T _ 1 2
E <exp |:/0 h(s)dB(s)]) = exp (§||h||H>~

By Theorem[5.2.4] (exp[fé h(s)dB(s) — % éiz(s)zds],O <1t <T)isamar
tingale, and so we can assert the existence of a probability measure Q on
Wo (), F) such that

d T,
% — exp [ /O h(s)dB(s) — %nhn%ﬂ}-

Now, by Girsanov’s theorem, W is a Q-Brownian motion where each W (¢) =
B(t) — h(¢t). Let F € C(I), and for ease of notation we will assume that n = 1,
so that F(w) = f (w(t)) forsome 0 < ¢t < T, for each w € Wy(I). We then have

Eo(f (W())) = Ep(f (B(1))).
Hence
/ f(B() (0 — h))dQ(w) =f S (B@)(0)dQ(w + h)
Wo(I) Wo(I)
= / f(B@)(0))dP (),
Wo D)
and so
/ F (W () (w))dP"(w) =/ fB@) (@ — h)dP(w — h)
Wo(l) Wo(I)
= / f(B(t)(w))dP(w)
Wo(I)
:/ f(B®) (0 — h)dQ(w)
Wol)
do
fwo(z)f W (@) (w)) P (w)dP(w)

Thisextends tof € L Wy (1), F, P) by a straightforward limiting argument and
the required result follows immediately. (]
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In Stroock [342], pp. 287-8, it is shown that the condition / € HI(/) is both
necessary and sufficient for P” to be absolutely continuous with respect to P.

Directional derivative and integration by parts
An important development within the emerging field of infinite-dimensional
analysis is the idea of differentiation of Wiener functionals. We give a brief
insight into this, following the excellent exposition of Hsu [157].
Let F € C(I) be of the form (5.10); then it is natural to define a directional
derivative along ¢ € Wy (1) as

F(t)(@) = F(w)
. ,

(DyF) (@) = lim

for each w € Wy(I). It is then easy to verify that
n
(DyF) (@) =Y %iF (@) p (1), (5.11)
i=1

where

0iF () = (@0if ) (@(t), ..., (1)),

and 0; is the usual partial derivative with respect to the ith variable (1 < i < n).
Hence, from an analytic point of view, Dy is a densely defined linear operator
in I?Wo(D),F,P) forall 1 <p < 0.

To be able to use the directional derivative effecively, we need it to have
some stronger properties. As we will see below, these become readily available
when we make the requirement that ¢ € H(/). The key is the following result,
which is usually referred to as integration by parts in Wiener space.

Theorem 5.2.16 (Integration by parts) Forall he H(I) and all F,G € C(I),
E((DyF)(G)) = E(F(D;G)),

where

T
D;G = —DyG +/ h(s)dB(s).
0
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Proof For each € € R we have, by Theorem 5.2.15,

E((F o reh)G) = / F(w+ eh)G(w)dP(w)
Wo()

= / F(0)G(w — eh)dP (w)
Wol)

dpe"
dP

= / F(0)G(w — €h) (0)dP (w).
Wol)

Now subtract E(FG) from both sides and pass to the limit as € — 0. The
required result follows when we use Theorem 5.2.15 to write

dpeh
dpP

T, €2
= exp |:e/ h(s)dB(s) — ?Hh”[zal]-
0

Note that the interchange of limit and integral is justified by dominated con-
vergence, where we utilise the facts that cylinder functions are polynomially
bounded and that Brownian paths are Gaussian and so have moments to all
orders. t

Readers with a functional analysis background will be interested in knowing
that each Dj, is closable for each 1 <p < oo and that C(I) is a core for the
closure. Details can be found in Hsu [157].

Having defined a directional derivative, the next step is to construct a gradient
from this. For each F € C(I),¢p e H(I), w € 2 , we define the gradient DF by

(DF (), $)H(1) = D¢ (F) ().

We again refer the reader to Hsu [ 157] for a proof that D:LP Wy(I), F, P) —
LPWo(D), F, P;H()) is closable.

Infinite-dimensional analysis based on the study of Wiener space is a deep and
rapidly developing subject, which utilises techniques from probability theory,
analysis and differential geometry. For further study, try Nualart [280], Stroock
[343], Huang and Yan [159] or Malliavin [247].

5.3 Martingale representation theorems
LetX = (X (1), = 0) be aLévy process with Lévy symbol 5 and characteristics
(b,a,v). Fix T > 0 and let Fr be the augmentation of o{X (¢),0 < ¢t < T}.
Throughout this section we will work extensively with the complex Hilbert
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space L2(S2, Fr, P; C), which we will sometimes denote as Hc, for simplicity.
A key fact to remember is that every f € Hc can be written uniquely in the
form f = fg + if;, where fz,f; € L>(Q, Fr,P). We need a technical lemma
about Fourier transforms.

Lemma 5.3.1 Let p be a probability measure on R? and Z € L'(R?, u; C),
then fRd 'O Z(x)u(dx) = 0 for all u e R if and only if Z = 0 (u-a.e).

Proof We need only prove that if fRd U Z(x)u(dx) = 0then Z = 0 (u-a.e).
First suppose that Z is real valued and write Z = Z — Z_. The prescriptions
U+ (dx) = Zy (x)u(dx) and p—_(dx) = Z_(x)u(dx) define finite measures on
R?. We have

/ ey (dx) = / e (dx).
Rd R4

Hence by injectivity of the Fourier transform for finite measures (see, e.g.
theorem 2.1.4 in Heyer [151]), we have u4 = pu—_, and so Zy = Z_ (p-a.e).
The result then holds in this case.

Now suppose that Z is complex valued. Taking complex conjugates yields
Jpa €I Z(x)1u(dx) = 0. Now replace u by —u in this expression. We then
easily obtain [g e/ “IN(Z(x)u(dx) = 0 and [pg e “PI(Z(x)u(dx) = 0
and the required result follows. ]

Lemma5.3.2 IfX = (X (¥),t > 0) isa Lévyprocess, then { exp {i ZJ’LI u;X () },
ujeR,4€[0,T],1 <j< n,neN} is total in Hc.

Proof Let G € H¢ be such that

n
E[exp{i uiX () G| =0,
j=1

foralluj e R, €[0,T],1 <j <n,neN, then

n

E | exp iZqu(tj) EGIX (#1),....X (%)) | =0.
j=1

By the Doob-Dynkin lemma there exists a measurable function g : R” — C
such that

EG|X(11),....X (1)) = gc(X (1)), ..., X (t)).
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Hence we deduce that
fR g (x)ya(dx) =0,

where y,, is the law of (X (#1),...,X (#,)). By Lemma 5.3.1, g6 = 0 (y;, a.s.)
and so we find that

E(GIX(t1),....X (1) =0 as.

forall 4 €[0,T],1 <j < n,neN. Now let Ty = [0,7] N Q and order the
elements of Ty as (s,, n € N). For each n € N, define F,, to be the augmentation
of o{X(s1,...,X(sp)}. We define Foo = \/, oy Fn- We have Foo = Fr,
indeed the inclusion F7 C F, follows from the fact that for any ¢ € [0, T'], we
can find a sequence of rationals (r,,n € N) with r;, | t as n — oo such that for
any open set A in R,

oo o0
Xwedr=J[ Xt eAl @s)
n=1m=n
by right continuity of X .

By a corollary to the martingale convergence theorem (see corollary C.9 in
Oksendal [282]) we have

G = E(GIFr) = E(GFw) = lim E(GIF,) =0 (as.)

O

Let f eLZ([O, T]). For each 0 < r < T, we can form the Wiener—Lévy
integrals Xy (1) = fé f(s)dX (s) as described in Section 4.3.5. We define

t
My (1) = exp {in(t) — /(; r)(f(s))ds}.

Each My (1) is well-defined since by Exercise |1.2.16|, we have

t t
/ n(f(s)lds < C |:t +/ lf(s)lzdsi| < 00,
0 0

where C > 0.



302 Exponential martingales

Lemma 5.3.3 Foreachf € L*([0,T]),ucR,t€[0,T],

(i) B ) = exp | [ n(uf ())ds .
(ii) (My(1),t €[0,T)) is a complex-valued martingale with stochastic differen-
tial

dMy (1) = iof (OMy (t—)dB(1) + (e D% — )M (1—)N (dt,dx). (5.12)

Proof
(i) By It6’s formula, we have
X0 — 1 oy / f ()™ aB(s) + / / ("' * — 1)
0 0 JR—{0}

t
% elqu(S—)N(ds’ dx) +/ elqu(S—)n(uf(s))ds.
0
Hence, by Fubini’s theorem
E(e™r 0y =1+ / E(e"X Oy (uf (s))ds,
0

and this expresses the fact that y(¢) = E(e’”xf 4 )) coincides with the unique
solution of the initial value problem

% = y(On(uf (1)),
with initial condition y(0) = 1. But standard techniques yield y(#) =
exp { fot n(uf (s))ds} and the result follows.

(i) Apply It6’s formula as above to deduce (5.12). My is then a martingale
by Theorem 5.2.4 (In fact we need a slight generalisation of that result to
take account of sure integrands). Alternatively use a similar argument to
the proof of Proposition 2.1.3.

|
Lemma 5.3.4 {M;(T),f € L*([0, T)) is total in Hc.

Proof This follows easily from the result of lemma 5.3.2 by considering all
f= Z};l ujxj0.4), where uy, ... ,u, €R,0 <ty <--- <t, <T,neN. O

We now come to the two main results of this section. The proof of the first is
based closely on one given in Lgkka [239] for L>-Lévy processes (for the general
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case, see also Bichteler [47], p. 261). We denote by H, ¢ (T) and Hy (T, R —
{0}) respectively, the spaces of complex-valued square-integrable predictable
processes defined on [0, 7] and [0, 7] x (R — {0}) (respectively) by obvious
generalisation of the real-valued case, as described in Section 4.1.

Theorem 5.3.5 [The It0 Representation]
IfF € Hc, then there exists unique o € Ho c(T') and Y1 € Ho c(T,R—{0})
such that

T T
F=EF)+o f Yo(s)dB(s) + / / V1(s,x)N(ds,dx).  (5.13)
0 0 JR—{0}

Proof Firsttake F to be of the form My (T'), where f € L2([0,T]). By (5.12), this
satisfies (5.13) with Yo (s) = if (s)My (s—) and ¥y (s,x) = (e ¥ — )My (s—).
Indeed we have

T T
/ E(|$0(s)|*)ds = [ If (s)]°ds < co, and
0 0

T T
/ / E(|91 (s, x)|*)v(dx)ds = / / e ¥ _ 1120 (dx)ds
0 Jr—(0) 0 JR-{0)

T
:/ /|ev‘<S>X—1|2v(dx)ds
o JB

T
+ / le! % _ 12 v(dx)ds
0 Jbe

T
5/ [f(s)|2dsﬁ Ix|?v(dx) + 4T v(BC) < oo.
0 B

By linearity, it is clear that (5.13) also holds when F is a finite linear
combination of My (T)s.

Now take arbitrary F € Hc. By Lemma 5.3.4, we can find a sequence
(Fn,neN) which converges to F in H¢ wherein each Fj, is a finite linear
combination of My (T')s. Hence for each n € N, we can find wén) € Ho,c(T) and
¥ € Hy o (T, R — {0}) such that

T T
F,=E(F,) +o / w" (s)dB(s) + / / ¥ " (s, )N (ds, dx).
0 0 R—{0}
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By the It6 isometry, for each m,n € N,
2 2 ! (n) (m) ¢ \12
E(F, = Ful?) = [E(F, — F)|” +E (/ Yo" () = g (5)] dS)
0

T
+E ( f / 9 (s,2) — Y™ (s,x)|2v<dx)ds>
0 R—{0}

But since (F,,n € N) is Cauchy in H¢ (and hence also in LY(Q, F,P;C)) it
follows that (wé"), neN) and wl("), n € N are Cauchy, and hence convergent,
in Hy c(T) and Hy (T, R — {0}), respectively. If ¥ and yr; are the respective
limits, then (5.13) follows immediately.

To establish uniqueness, suppose that we also have the representation

T T
F=EF)+o / $o(s)dB(s) + / f é1(s, X)N (ds, dx),
0 0 R—{0}
then
T T 5
o / (Po(s) — Yo(s))dB(s) + / f (P1(s,x) — Y1 (s,x))N (ds,dx) = 0.
0 0 R—{0}

By the injectivity of It0’s isometry we see that ¢g = ¢ a.e. and ¢ = Y| a.e.,
as required. (]

We follow the proof given for the Brownian case in @ksendal [282] for the
next result.

Theorem 5.3.6 (Martingale Representation Theorem) If M = (M (1), >
0) is a square-integrable complex-valued martingale, then there exists unique
G and H such that for all t > 0,G € Hyc(t), H € Haoc(t,R — {0}) and

t t
M@)=EM©O)) +o / G(s)dB(s) + / / H(s,x)IV(ds, dx). (5.14)
0 0 JR—-{0}

Proof Firstfixt > 0. By Theorem 5.3.5 and the martingale property, there exist
unique ¥\ € Hy (1) and " € Hy ¢ (1, R — {0}) such that

t t
M (1) = E(M (0) + o / W (w)dB(u) + / / ¥ (u, )N (du, d).
0 0 JR—{0}
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Now take any 0 < s < t, then
M (s) = EM ()| Fs)

=EM)) +o f ' W (u)dB(u) + f ' / ¥ (u, x)N (du, dx).
0 0 JR—{0}

So by the uniqueness in Theorem 5.3.5, we have wl_(r) = wl@ (a.e)fori =0, 1.
Now for all N € N define G(s) = " (s) and H (s,-) = ¥ (s, ), whenever
s € [0, N]. Uniqueness clearly follows from Theorem 5.3.5. O

Note that the corresponding It6 and martingale representations for real-valued
F are obtained by taking real parts in (5.13) and (5.14).

Observe that if we take X to be either a standard Brownian motion or the com-
pensated Poisson process in (5.14), then we have the predictable representation
property , whereby for each ¢ > 0

t
M (1) =/ J(s)dX (s), (5.15)
0

for some suitable process J. In general, martingales X which have such a
property (i.e. every other square-integrable martingale adapted to the filtration
of X may be expressed as a stochastic integral with respect to X ) are rare and
the only ones that are Lévy processes are the two cases mentioned above. A
proof of this can be found in Dermeune [90]. A third known case is Azéma’s
martingale, but this is not a Lévy process. For further developments of the
predictable representation concept see chapter 4, section 5 of Protter [298] and
the fundamental article by Emery [113].

The martingale representation theorem was originally established by Kunita
and Watanabe in the classic paper [214]. A nice alternative proof to the one
given here for the Brownian motion case which is due to Parthasarathy can be
found in [290].

Using deep techniques, Jacod has extensively generalised the martin-
gale representation theorem. The following result from Jacod [184] has
been specialised to apply to the ‘jump’ part of a Lévy process. Let
G =0 {N([0,s) x A); 0 <s<r;A € B(R?—{0})} and assume that our filtration
is such that 7, = G, v Fy.

Theorem 5.3.7 (Jacod) I[f M = (M (t),t > 0) is a adapted process, there
exists a sequence of stopping times (S (n),n € N) with respect to which (M (t A
S(n)),t > 0) is a uniformly integrable martingale, for each n € N, if and only
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if there exists a predictable H :RT x (RY — {0})) x Q@ — R such that for
eacht >0

t
// |H (s,x)|v(dx)ds < o0,
0 JRI—{0}

and then, with probability 1, we have the representation
t ~
M) =M(0) +/ f H (s,x)N (dx, ds).
0 JRI—{0}

Further, more extensive, results were obtained in Jacod [185] and, in partic-
ular, it is shown on p. 51 therein that any local martingale M = (M (¢),t > 0)
adapted to the filtration of a ‘Lévy process has a representation of the
following type:

t t
M (1) = M (0) + f Fi(s)dB (s) + / / H (s,x)N (dx, ds),
0 0 JRI-{0}

foreach t > 0, where F and H satisfy suitable integrability conditions. A result
of similar type can be found in [217]. More on martingale representation can
be found in Jacod and Shiryaev [183], pp. 179-91, Liptser and Shiryaev [238],
theorem 19.1, and Protter [298], pp. 147-57. In a recent interesting develop-
ment, Nualart and Schoutens [278] established the martingale representation
property (and a more general chaotic representation) for the Teugels martin-
gales introduced in Exercise 2.4.19. This yields the Brownian and compensated
Poisson representation theorems as special cases.

5.4 Multiple Wiener-Lévy Integrals
5.4.1 Orientation
Let X = (X(¢),t > 0) be a Lévy process taking values in R with Lévy-Itd
decomposition (2.25). Let S = [0,T] x R, where T > 0. We recall from
Example 4.1.1 the Lévy martingale-valued measure M defined on (S, Z) by the
prescription

M (t,A) = N(t,A — {0}) + o B(t)8p(A)

for each A € B(R) where 7 is the ring comprising finite unions of sets of the
form I x A where A € B(R) and [ is itself a finite union of intervals.
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Our aim in this section is to construct multiple integrals of the form

In(fa) = /Snfn(zl, s Z)M (dzy) - - - M (dzp),

for suitable deterministic functions f;, : S” — R. We call these multiple Wiener—
Lévy integrals .

Note that when n = 1, this has already been effectively carried out in
section 4.3.5. In the general case, our construction will include multiple Wiener
integrals

IigB)(fn) :f fn(sl,n-,sn)dB(Sl)"'dB(sn),
[O’T]Il
where T > 0, and multiple Poisson integrals
1M (gn) = / 81,1 - Sps XN (s, dxy) - - N (ds, o).
(10,7Tx (R—{0})"

Before we begin, WE need some background on symmetric functions.

5.4.2 Symmetric Functions

Let (5,8, ) be an arbitrary measure space and (§”,S", u") be its n-fold
n n
product, so that §” = X §,8" = ®"_,; S and u" = X p. Let T, denote

i=1 i=1
the symmetric group on n letters. For each w € ¥,,, we obtain a bijection
. :S" — S" by the prescription:

(X1, -5 Xn) = (K (1)s -+ -2 X))

for all xq,...,x, €S. Let H, denote the real Hilbert space L>(S",S", u"). For
each m € ¥, " o m, = p. Hence we obtain a family of unitary operators
(Vy,m € X,) acting in H,, via the prescription
Vaf =fo 77;1,
for each w € X,,,f € H,. These satisfy the group representation properties:

Vo=V, and Vg, = VgV,

foreach,p e X,,.
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Define a linear operator P on H,, by

1
P=- Z V.

TEeEXL,

Using the group representation properties, we can easily verify that P =
P? = P, and so P is an orthogonal projection in H,. We denote the range of
P by H,gs). Elements of H,SS) are called symmetric functions . Clearly we have
H I(S) = H and (by convention) it is convenient to define Hés) =R.

If f € H,, we will write f = Pf and call f the symmetrisation of f.

Proposition 5.4.1 f € H, is symmetric if and only if Vo.f = f forall m € %,,.

Proof Itisimmediate that the condition is sufficient. To prove necessity, observe
that if f is symmetric then f = Pf, hence for each = € ¥,, using the group
representation properties,

Vzrf = VnPf
! f
= —' p.
" e,
1
= >V
‘nlpes,
1
= D VS
PEZ,
—Pf=].

It follows from this proposition that f is symmetric if and only if

f@, o x0) =f Gy, - Xem),  ae.

forall x;,...,x, €S and all 7 € X,,.

We complete this short discussion of symmetric functions with a number of
useful facts which we will employ later on.

Iffe H,ﬁS) and g € H,, note that

(f.8) = (Pf.8) = {f.Pg) = (f.8). (5.16)
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If D, is a linear subspace in H,,, we define D,(lS) = H,ES) ND,. If D, is dense
in H,, it follows from the contractive property of P that D,(f) is dense in H,gS).

In the sequel, we will sometimes want to use a slightly modified inner product
on H,gs). To this end, we define

((f.g)) =nl{f,g),

forallf,g e H,ES).

Let H,(C) denote the complex Hilbert space L*(S”, S", u"*; C) and H,ES) ©
be the subspace of symmetric functions therein. It is easily verified that f =
g +ihe H® (C) if and only if each of g, h e H> .

5.4.3 Construction of Multiple Wiener-Ito Integrals

From now on we will take S = [0, T] x R and let u = A x p where A is Lebesgue
measure on [0, 7] and p(E) = 0280(E) + v(E — {0}), for all E € B(R), where
v is the Lévy measure of X .

Fix n € N and define D,, to be the linear space of all functions f,, € H,, which
take the form

N
o= ) G XAy Ay (5.17)
jl,‘..J,,=1

where N € N, each a;, .. ;, € R, and is zero whenever two or more of the indices
J1s---,jn coincide and Ay, ..., Ay € B(S) are disjoint sets wherein each A; =
Ji x B; where J; is an interval in [0, T] and B; € B(R) with p(B;) < oo, for
eachl <i <N.

Proposition 5.4.2 D, is dense in 'H,,.

Proof We postpone this to Appendix 5.7 (see also Proposition 1.6 of Huang
and Yan [159]). O

It is easily verified that a given f,, of the form (5.17) is symmetric if and
only if

ajl,---Jrz = ajﬂ(l)’--'zjﬂ()1)’

foreachm € X,,1 <ji,....jn <N.
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For each f;, € D,, we define its multiple Wiener—Lévy integral by

N
L) = Y. . ,M@A)--M®A;,). (5.18)
J1segn=1

The mapping f,, — I,(f;;) is easily seen to be linear.

Lemma 5.4.3 For each f, € Dy,
In(fn) = In(fn)-
Proof Since each
N
fn= n Z Z s KA 1) X XA 2
T E X jlsenifn=1
by linearity we obtain

N
~ 1
In(fn) - ; Z Z aj1’~~~J/1M(Aj7-r(l)) o 'M(Ajn(n))

€T j1seiin=1
1 N
Tl Z Z jyejaM (Ajy) - - M (A},) = In(fa)-
€T jlseiin=1
O

We can thus restrict ourselves to integrating symmetric functions, without
loss of generality.

Theorem 5.4.4 For each f;, € D,(,f), gn € D,(LS), m,neN

E(n(fn) =0, EUn(fn)ln(gn)) = nX{fu, &n)dmn-

Proof For simplicity we will work in the case where M is a compensated
Poisson random measure and each A; = [s;,4;] X Biwith0 < s <t; <--- <
sy < ty and each v(B;) < 0o. We then have

N
Ln(f) = Y @GN U551, Bj) - N (053,05 5,1, B
j|’~--x/m:1
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E(,,(fn)) =0 follows immediately from the independently scattered
property of the random measure. By a similar argument, we see that

E(Im(fm)ln(gn)) = 0, when m # n.
Now consider the case m = n. By symmetry, we have

N
Jo = n! Z Ajy .. ijin XAj X XAy, -

Ji<-<jn=1

It is sufficient to choose g, having the form

N
gl’l = Z bj],mJnXAjl ><~~><Ajn'
j]7--'z/)1:1

We then find that, by independence

E(fu)1:(gn))
=) Y gy bir. i BINUsj, 4,1, B+ EIN (s, 45,1, Bj,)*]

J1<<Jn
2
=@ > ajygibiega Gy — 53) - (b, — $,)v(Bj) - v(Bj,)
J1<<Jn

= n'(fn’ gn),

as required. O

So for each neN, I, is an isometry from DY (equipped with the inner
product ((-,-))) into L*(2, F, P). It hence extends to an isometry which is
defined on the whole of H,gS). We continue to denote this mapping by [, and
for each f, eH,fS), we call I,(f,) the multiple Wiener-Lévy integral of f,,. By
continuity and Theorem 5.4.4, we obtain

E(n(fm) =0, EUn(fin)ln(gn) = n!{fu, &n)Smn- (5.19)

for each f,, € H,ﬁls), gn € H,i”, m,neN.
Iffn = gn + ihy EH;S)(C)» we define 1, (f,) = In(gn) + ily(hy).

Iterated stochastic integrals

For further developments using multiple stochastic integrals, it is sometimes
helpful to be able to consider them as iterated It6 stochastic integrals.



312 Exponential martingales

Throughout this section, we will take S = [0, T'] when we consider Brownian
integrals and S = [0, 7] x (R — {0}) for Poisson integrals. The function f;, will
always be defined within the first context while g, will be defined within the
second. We introduce the n-simplex A, in [0, T']" so

An={0<tij <---<t,<T}

We have already constructed the multiple Wiener-Ito integrals
13 = / Fs1 e s)dBls1) - dB(sy).
[o,r]"
1Y (gn) = f 851215+ - -+ Sn. )N (ds1, dz1) - - - N (dsn, dzp).
([0,71x (R—{0}))"
We also define the iterated stochastic integrals ,

JB() = | f . t)dB() - dB()

T th t
=/ (/ ((/ f(""“”")dB(’l)) "')dB(tnl)> dB(ty)
o \Jo 0

IV (gn) = / Q121 s sms 2N (ds1,d2) - N (s d2)
Apx(R—{0}"

T th— Hh—
0o JrR-{0} \Jo R—{0} 0 R—{0}
cees tnaZn)N(tl,Zl)> ce ) N(tn—l,zn—l)> N(tn»Zn)
and more generally

In(fn) =f Sn(wi, ... w)M (dwy) - - M (dwp),
A, xR

Each of these is well-defined, e.g. if n = 2, we have JzB () = fOT F()dB(1)
where F (1) = f(;f(s, 1)dB(s), foreach0 <t <T.F = (F@®),0<t <T)is
predictable (see Theorem 4.2.14) and F' € H»(T') since foreach0 <t < T,

t
E(F()?) = / 1 (s.0)2ds < oo
0

The general case is settled by induction (see theorem 18.13 in Kallenberg [199]
for a suitably careful argument).
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In the construction that we’ve just given, there was no need for either f;, or
gn to be symmetric, but they are in the following useful result.

Theorem 5.4.5 For eachneN,

Li(fn) = nlJn(fu),
and in particular
L7 () = 7 (), 1 (8n) = nlJ) (gn)-
Proof We only show the Brownian case here. The argument in the Poisson and

general cases is similar but more messy.
Letf, € D,(,S). In this case, we can take each A; = [s}, ;] as above and write

N N
f)’l = Z aj1,~~‘gi}1 XA” ><"~><Ajn = n! Z ajlynxill XA” X“'XAjn .
Jlseedn=1 J1<-<jn=1
Hence we have
N
B
PGy =n Y 4. B, — Blsj)IB(1,) — B(sjy)]
J1<-<jn=1

-+ B(t;,) — B(s;,)1 = nlJ P (£,).

The general result follows by approximation. (]

5.4.4 The Chaos decomposition
In this section, we again fix T > 0 and let Fr be the augmentation of o {X (¢),0 <
s <T}.
We work in the complex Hilbert space LZ(Q, Fr, P; C) which we denote by
‘Hc as above.
Let f € L*>([0, T]) and consider the complex-valued exponential martingale
(My = (My(2),0 <t < T) where each

t t
My (t) = exp {ifo f()dX (s) — /0 n(f(s))ds}.

We recall that its stochastic differential is given by (5.12).
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Note that each E(Mf (1)) = 1 and

t
E(M; (0?) = exp {—2 /0 S’i(n(f(s)))ds}

t t
= exp {—02/ [f(s)|2ds+/ / | )x _ 1|2v(dx)ds}.
0 0 JR—{0}

(5.20)

In the following we will systematically use the predictable representation
(Theorem 5.3.5) for F € Hc:-

T T
F=EF)+o / G(s)dB(s) + / / H (s, x)N (ds, dx)
0 o JrR-{0}

— E(F) + / R(s.)M (ds. d). (5.21)
s
where
[ G ifx=0,
R(s,x) = {H(s,x) ifx £ 0. forall0 <s<T.

Theorem 5.4.6 If F GL%:(Q,}", P), there exists a sequence (fy,n € N) with
each f, € H,ES)((C), such that

o0
F = Zln(f,,). (5.22)
n=0
Furthermore, we have
o
E(F) =) alllfll. (5.23)
n=0

Proof We begin with the predictable representation (5.21) for F'. Iterating this
once we obtain

F =EF) + / E(R(s,x))M (ds, dx)
S

+ f R (51,31, 52, x2)M (dsy, dx) )M (dsa, da),
Ay x (R—{0})2
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where R; is predictable and square-integrable. Iterating this procedure, we
obtain a sequence (g,, n € N) with each g, € H,,(C) such that for each n € N

n
F = ZJk(gk) + Ryp1(F),
k=0

where R 41 (F) takes the form
/ Roy1(t1,21, - s tny 1, oy DM (dsy, dzy) - - - M (dspy1, dzny ).
Apy1 X (R—{0}F!

Since for each 1 < k < n, E(J; (gx)Rn+1(F)) = 0, we have

E(FI) =Y Bk (@) +E(Rws1 (F)).
k=0

Hence

D E(g0?) <E(FP),

k=0

and so Y ;_,Jk(gk) converges in the L2-sense. It then follows that R(F) =
lim,_, o0 R, (F) exists as an L2-limit. On taking limits we obtain

E (Z Jk (&)R(F)) =0 ()

k=0
Now choose F' tobe My (T') from an exponential martingale (My (¢),0 <t <T)

where f € L*([0, T]). The functions g, arising from the iterative scheme will
be denoted by gJ; in this case. Using (5.12), we see that

g =1,8/(s,2) = if (980(2) + (€ — Dyr_()2)

and in general

gh(st, 21, Snnzn) = g’I(S1,Z1) - -g’;(sn,zn).
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Note that the function gf, is symmetric. Hence for each n € N, by Theorems
544 and 5.4.5

1 2
E(J.(gh)?) = (;) E(L(gh)1?)

1
= —llgnll?

n!
1 n
. ( /S gl (y)lzu(dy))

T T n
= l. (—02 / If (s)*ds + / / (e 7 l)zdsv(dz)) .
n 0 0 Jr—{0)

On using (5.20) we obtain

00 T T
ZE(|Jn<g{,)|2>=exp{—ozf roras [ |e'f“>*—1|2v<dx)ds}
n=0 0 0 JR-{0}

= E(IMy (1)

Hence we must have R(M; (T)) = 0 (a.s.).
Now return to the case where F is arbitrary. For all f € LZ([O, T1), by the
argument which yielded (i) we have

E(M; (T)R(F)) = E (Z Jk(gZ)R(F)> —0,
k=0

hence R(F) = 0 a.s. by Lemma 5.3 .4.
Now define a sequence of functions (A, n € N) by

hn(tl,ZI,uwtn»Zn) =

gn(tl’zl,---,thn) ifo§t1<"<t}’lST
0 otherwise

ForeachneN, let f;, = l;, By Theorem 5.4.5, we have
Lu(f) = nn(hn) = Jn(hn) = Ju(gn).

and (5.22) follows. (5.23) can then be easily deduced using (5.19). (]

We note that the chaos decomposition (5.22) also holds for real valued random
variables. This follows easily by taking real parts in (5.22).

The chaos decomposition was first established by It for multiple Brownian
integrals [175] and generalised by him to the Lévy case in ([176]). It has its
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antecedents in work of Wiener [356] Our approach, which deduces the chaos
decomposition from the predictable representation is based closely on that of
@ksendal [283] in the Brownian case, and Lgkka [239] for a square-integrable
pure jump ‘Lévy process. An interesting companion result to the chaos decom-
position is established in Nualart and Schoutens [278]. Here it is shown that
every element of L>($2, F, P) has a representation in terms of multiple Wiener-
Lévy integrals wherein the integrators are finite linear combinations of Teugels
martingales, as described in Exercises 2.4.24.

5.5 Introduction to Malliavin Calculus

There is no clear demarkation point between the subjects of ‘analysis on Wiener
space’ and ‘Malliavin calculus’ (sometimes called ‘stochastic calculus of vari-
ations’) . Indeed the latter topic employs all the ideas which we have explored
within the former one and these can be developed in the more general context of
‘Gaussian probability spaces’ (see Huang and Yu [159] or Malliavin [247]) as
well as for Lévy processes. For most of this section, we will concentrate on the
Wiener space case as this is the most well developed. Hence we take Q = Wy (1)
equipped with Wiener measure P. We emphasise that this section is designed
purely as a brief introduction to a large and growing subject. Consequently we
will eschew full proofs and aim only to try to gain a bare understanding of some
basic ideas.To make a deeper study, see e.g. Huang and Yu [159], Malliavin
[247], Nualart [280] or Shigekawa [332].

Recall from Section 5.2 that the gradient operator D maps L*(2, F, P) to
L2(Q, F, P; H(I)). Define U : L*(Q2, F, P;H(I)) — L2(Q, F, P; L*(I)) by

(UF)(w) = UF (w),

for all F e L2(Q, F,P;H(I)),we Q. U clearly inherits unitarity from U. We
define

DyF = UDF,

for all F € C(I), so that Dy is a closable linear operator from L2(Q,F,P)to
L*(2, F, P; L*(I)) which we continue to call the gradient.

The advantage of using U to move away from H(/) is that L2(2, F, P; L>(I))
is naturally identified with [2(Q x I,F® B(),P x A), where A is Lebesgue
measure on / = [0, T]. This space is a natural context for stochastic integration.
Indeed the space H;(T') of square-integrable predictable processes (with respect
to a give filtration) on [0, 7] is a subspace of it.
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For each F € C(I), ¢ € HI(I), we have

Dy(F) = (DF, $)mq)
= (DuF,U®) 2

T
- /0 (DyF) DUt

For each 1 € I, we define a linear operator D, : L*(Q, F,P) — L*(Q,F,P)
with domain C(I) by

D,F = (DyF)(®).

Dy is called the Malliavin derivative and we can now identify the gra-
dient Dy with the operator-valued process (D;,t€l). By (5.11), for each
¢ eH(),F eC(),we Q2 we have

n

(DyF) (@) =Y _(0F) (@) (1)

i=1

n i
=Y @ [ dods
i=1 0

n T
=Y (iF)(®) /O X101 (s)ds

i=1

T/ n
_ /0 ( <a,-F>(w>xw,f,.]> $(5)ds.

i=1
Hence we deduce that

n
(DF) (@) =Y (3iF) (@) X{0.41(0)- (5.24)
i=1
Two useful results follow immediately from (5.24). First for all s, €1,
D;B(s) = X[0.5] (1). (5.25)
Second, we have the Leibniz rule

D,(FG) = D,(F)G + FD,(G), (5.26)

forall F,G eC().
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The closability of D; follows from that of the gradient D and it’s maximal
domain is the infinite dimensional Sobolev space Dj > which is the Banach
space obtained by completing C(/) with respect to the norm || - ||12 where

T
IFIIT, =E(FD* + /O E(|D:F|*)dt.

We gain greater insight into the action of D; by using chaos expansions.
Let F €D . By Theorem 5.4.6 there exists a sequence (fy, n € N) with each
fa€ H,ES), such that

oo
F= Z In(fn),
n=0

where we have dropped the (B) superscript to ease the notation.
Note that for each n € N, we obtainf,,_; € H éi)l by evaluating f;, at one of its
variables, i.e.

fn—l(tl,n-,tn;tj) zfn(tl,-~-,tj—1,tj+1,~--,tn,tj),

foreachty,...,t, €l.

Theorem 5.5.1 F €D if and only if Y e o nn!||f; 1> < oc. In this case, we
have

o0
DiF =) nly-i(fu-1(:1), (5.27)
n=1
and
T o0
/ E(DFPydr = 3 nntl[f1.
0 n=0

Proof We won’t give a full proof of this result. We simply verify (5.27) in the
case where F = I,,(f;,) with f;, € D,, for some n > 2. We thus take f, to be of the
form (5.17) with each A; = [s;,t;] where 0 < s1 <t < --- <sy <ty <T.
We then have

N
I”(f;’l) = Z ajls-~~J/lB(Sjl’ t]l) o .B(sjn’ tjn)’
Jlseegn=1
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where we define B(s,t) = B(t) — B(s) whenever 0 < s <t < T. Using (5.25)
and (5.26) we obtain

N jnfl
D) =Y ajyy [ [ BGi-t) x5 a1
jl’--wjn:1 i:jl

= I’llnfl (fnfl (‘; t)),

since
N
ﬁl—l(’t) = Z ajl""‘j"‘*l’j”XAl'lX.HXAI‘M*IXA./'M (t)
jlv-‘jnfl:1
N
1
= ; Z aj],..‘,jn XA/I X'”XAfn—] XAjn (t)7
j],--. jn:

by symmetry. |

Example Let F = exp { fOT f (s)dB(s)}, where f € L2(I). We aim to compute
Dy F for t € 1. We introduce the martingale (M (t), t € I) where each

t 1 t
My (1) = exp { / F($)dB(s) — 3 f v<s>|2ds}.
0 0
From the proof of Theorem 5.4.6 (and using notation developed therein) we
see that we have the chaos expansion
Mp(T) = I ).

n=0

Hence by theorem 5.5.1

1 T o 1 _if
D,F = exp {5/0 V(S)Izds} X_} = 1)!In—1(8,5_{))f(1)

=f()F.
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We define the divergence §:L*(2 x [0,T],P x A) — L*(Q, F,P) by
§ =Dy,

so that
T
E (/ (D,F)G(t)dt) =EFS§(G)), (5.28)
0

for all FeDiy,G = (G(t),t €I) e Dom(§). Further properties of § can be
obtained by using the integration by parts formula (Theorem 5.2.16) and chaos
decompositions. We will give one result here which employs the latter. It is the
natural companion to Theorem 5.5.1.

LetG = (G(r),t€l) e L2(2x[0,T], PxA).Foreacht € I, G(r) € L*(Q, F, P)
and hence by Theorem 5.4.6 there exists a sequence (g, (-, ), n € N) with each
gn (1) € H'D, such that

G(t) = In(gn(,1)).
n=0

Of course, there is no good reason why the extension of g, to n+ 1 variables
should be symmetric, but its symmetrisation g, always is.

Theorem 5.5.2 G € Dom(8) if and only if
o0
D nlliEal? < oo
n=1

In this case, we have

o0
5G =Y nlI, 3w, (5.29)
n=1
and

o
E(I5GI) =) n!l[gall*.

n=1
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Proof For simplicity, we will just aim to establish (5.29). Let F € D; 2, G € Dom($).
Using (5.28), (5.27) and the orthogonality relations (5.19), we obtain

(F,8G) < / (D, F)G(t)dt)

3 / W1 (ot (5 0) (g3 D)l
1 m=0

M2 ﬁMg

T
nfo E(—1(fa—1C ) n—1(gn—1(-; 1))dt

3
I
—_

IIP”18

T
/(;(fn—l(';t))gn—l(';t)»H,l,l(l)dt
1

n

L

n!{fu, 8n) B, (1) dt

3
I

1! fns 8n) H, (1At

oL

3
I
-

by (5.16), and the required result follows. ]

As an example, we let each G(t) = f(¢r) where f e L2(I), so each
[0 eH® (I) = R. By (5.29) we then have

- T
5¢) = LG (®) = /0 F()dB(s),

This result tells us that § is a ‘stochastic integral’ at least in its action
on deterministic functions. A natural question to ask is whether this action
extends to random functions. We have the following result which we won’t
prove here.

Theorem 5.5.3 If G € Ho(T) then G € Dom(8) and

T
8(G) = / G(s)dB(s).
0

Since § coincides with the Ito integral on H>(T) itis a natural step to continue
to regard it as an integral on D(S) = Dom(§) — Ha(T). We write §(G) =
fo G(s)8B(s), whenever G € D(S) Elements of D(8) are in general not adapted
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to our given filtration and so we obtain a non-anticipating stochastic calculus.
8 is often called the Skorohod integral in this context.

Example By the usual It6 calculus, we have
r 1
/ B(t)dB(t) = E(B(T)2 —-T).
0

The same reasoning cannot be applied to fOT B(T)6B(t) as B(T) is only F(¢)-
adapted for r > T and hence is not It6-integrable. However, B(T') has a chaos
expansion with

fi=1 and f,=0 forn>2.

Since (as a function of two variables)ﬁ = 1, we have by (5.29)

T T /T
/ B(T)éB(1) = / / 1dB(s)dB(t)
0 o Jo

T t T
=2 / f dB(s)dB(t) = 2 f B()dB(t) = B(T)*> —T.
0 0 0

We complete this brief survey of Malliavin calculus for Brownian motion
by including one additional result (without proof) which has recently found
significant applications to option pricing (see below). It employs the Malliavin
derivative to gain a greater insight into the predictable representation.

Theorem 5.5.4 [Clark—Ocone Formula] If F € D 5 then

T
F =E(F)+ / E(D,F|F,)dB(?).
0

Many of the ideas that we have discussed in this section extend to general
Lévy processes and this is currently the focus of extensive work by a number
of authors. In particular we can define a Poisson analogue of the Malliavin
derivative, using the chaos decomposition so if F' = Zsio I,gN)(gn), then the
Malliavin derivative is defined by

o0
N
DiuF = 1M (gn-1 (. 1.2)),

n=1

. N
provided F eID)g’Z) = {F eL*(Q,F,P); Y 52, nnl||gnll* < c0.}
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The Malliavin derivative is also naturally associated to a gradient defined on
the canonical space of the Poisson point process given by the jumps of the Lévy
process.

If GelL*(Q,F,P;L2I x (R — {0}, x v) is of the form G =
(G(t,x),tel,x € R—{0}) we may write each G(¢,x) = ZZOZO I,EN) (hp (-5, %)).
We define the Poissonian divergence by

o0
sMG = Zn!ln(ﬁn),

n=1

provided 22021 n||ha]|> < oo, and we may then realise V) as a non-
anticipating Skorohod integral for integration of non-adapted processes with
respect to compensated Poisson random measures. Finally if F € ]D)%) and G

is as above, we have the natural duality formula

T
E [ f / G(t,x)(DMF)v(dx)dt:| =E[FsM ().
0 R—{0}

For further development of these ideas in the Lévy process context see Lgkka
[239], di Nunno et al. [93], Solé et al. [337] and references therein.

5.6 Stochastic calculus and mathematical finance

Beginning with the fundamental papers on option pricing by Black and Scholes
[54] and Merton [260], there has been a revolution in mathematical finance in
recent years, arising from the introduction of techniques based on stochastic
calculus with an emphasis on Brownian motion and continuous semimartin-
gales. Extensive accounts can be found in a number of specialist texts of
varying rigour and difficulty; see e.g. Baxter and Rennie [35], Bingham and
Kiesel [51], Etheridge [115], Lamberton and Lapeyre [222], Mel’nikov [259],
Shiryaev [334] and Steele [339]. A very concise introduction can be found in a
short article by Protter [299]. It is not our intention here to try to give a compre-
hensive account of such a huge subject. For a general introduction to financial
derivatives see the classic text by Hull [161]. The short book by Shimko [333]
is also highly recommended.

In recent years, there has been a growing interest in the use of Lévy pro-
cesses and discontinuous semimartingales to model market behaviour (see e.g.
Madan and Seneta [244], Eberlein and Keller [103], Barndorff-Nielsen [30],
Chan [75], Geman, Madan and Yor [132] and articles on finance in [23]); not
only are these of great mathematical interest but there is growing evidence
that they may be more realistic models than those that insist on continuous
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sample paths. Our aim in this section is to give a brief introduction to some of
these ideas.

5.6.1 Introduction to financial derivatives

Readers who are knowledgeable about finance can skip this first section.

We begin with a somewhat contrived example to set the scene. It is 1st April
and the reader is offered the opportunity to buy shares in the Frozen Delight
Ice Cream Company (FDICC). These are currently valued at £1 each. Looking
forward, we might envisage that a long hot summer will lead to a rise in value
of these shares, while if there is a wet miserable one they may well crash. There
are, of course, many other factors that can affect their value, such as advertising
and trends in taste. Now suppose that as well as being able to buy shares, we
might also purchase an ‘option’. Specifically, for a cost of £0.20 we can buy a
ticket that gives us the right to buy one share of FDICC for £1.20 on 1st August,
irrespective of the actual market value of this share.

Now suppose I buy 1000 of these tickets and 1st August arrives. The summer
has been hot and the directors of FDICC have wisely secured the franchise for
merchandising for the summer’s hit film with pre-teens — The Infinitely Divisible
Man. Consequently shares are now worth £1.80 each. I then exercise my option
to buy 1000 shares at £1.20 each and sell them immediately at their market
value to make a profit of £600 (£400 if you include the cost of the options).
Alternatively, suppose that the weather has been bad and the film nosedives, or
competitors secure the franchise, and shares drop to £0.70 each. In this case, I
simply choose not to exercise my option to purchase the shares and I throw all
my tickets away to make an overall profit of £0 (or a loss of £200, if I include
the cost of the tickets).

The fictional example that we have just described is an example of a financial
derivative. The term ‘derivative’ is used to clarify that the value of the tickets
depends on the behaviour of the stock, which is the primary financial object,
sometimes called the ‘underlying’. Such derivatives can be seen as a form of
insurance, as they allow investors to spread risk over a range of options rather
than being restricted to the primary stock and bond markets, and they have been
gaining considerably in importance in recent years.

For now let us focus on the £0.20 that we paid for each option. Is this
a fair price to pay? Does the market determine a ‘rational price’ for such
options? These are questions that we will address in this section, using stochastic
calculus.

We now introduce some general concepts and notations. We will work in
a highly simplified context to make the fundamental ideas as transparent as
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possible'. Our market consists of stock of a single type and also a riskless
investment such as a bank account. We model the value in time of a single
unit of stock as a stochastic process S = (S(¢), t > 0) on some probability space
(2, F, P). We will also require S to be adapted to a given filtration (F;, ¢t > 0),
and indeed all processes discussed henceforth will be assumed to be F;-adapted.
The bank account grows deterministically in accordance with the compound
interest formula from a fixed initial value Ay > 0, so that

A(r) = Age”

for each + > 0, where r > 0 is the interest rate, which we will take to be
constant (in practice, it is piecewise constant).

Now we will introduce our option. In this book, we will only be concerned
with the simplest type and these are called European call options. In this sce-
nario, one buys an option at time O to buy stock at a fixed later time 7 at a given
price k. We call T the expiration time of the contract and k the strike price or
exercise price. The value of the option at time T is the random variable

Z = max{S(T) —k,0} = (S(T) — k).

Our contrived option for FDICC shares is a European call option with 7' = 4
months and k = £1.20 and we have already described two different scenarios,
within which Z = £0.60 or Z = 0.

European call options are the simplest of a wide range of possible deriva-
tives. Another common type is the American call option, where stocks may be
purchased at any time within the interval [0, T'], not only at the endpoint. For
every call option that guarantees you the right to buy at the exercise price there
corresponds a put option, which guarantees owners of stock the right to sell at
that price. Clearly a put option is only worth exercising when the strike price
is below the current market value.

Exercise 5.6.1 Deduce that the value of a European put option is Z = max{k —
S(T),0}.

To be able to consider more general types of option in a unified frame-
work, we define a contingent claim, with maturity date T, to be a non-negative
JFr-measurable random variable. So European options are examples of contin-
gent claims.

A key concept is the notion of arbitrage. This is essentially ‘free money’
or risk-free profit and is forbidden in rational models of market behaviour.

1 If you are new to option pricing then you should first study the theory in a discrete time setting,
where it is much simpler. You can find this in the early chapters of any of the textbooks mentioned
above.
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An arbitrage opportunity is the possibility of making a risk-free profit by the
simultaneous purchase and sale of related securities. Here is an example of
how arbitrage can take place, taken from Mel’nikov [259], p. 4. Suppose that
a stock sells in Frankfurt for 150 euros and in New York for $100 and that the
dollar—euro exchange rate is 1.55. Then one can borrow 150 euros and buy the
stock in Frankfurt to sell immediately in New York for $100. We then exchange
this for 155 euros, which we use to immediately pay back the loan leaving a
5-euro profit. So, in this case, the disparity in pricing stocks in Germany and
the USA has led to the availability of ‘free money’. Of course this discussion is
somewhat simplified as we have ignored all transaction costs. It is impossible
to overestimate the importance of arbitrage in option pricing, as we will see
shortly.

First we need to recall some basic ideas of compound interest. Suppose that
a sum of money, called the principal and denoted P, is invested at a constant
rate of interest 7. After an amount of time ¢, it grows to Pe’’. Conversely, if we
want to obtain a given sum of money Q at time ¢ then we must invest Qe™"’
at time zero. The process of obtaining Qe™"" from Q is called discounting. In
particular, if (S(z),¢ > 0) is the stock price, we define the discounted process
S = (5(t),t > 0), where each §(t) = e™"S(1).

At least in discrete time, we have the following remarkable result, which
illustrates how the absence of arbitrage forces the mathematical modeller into
the world of stochastic analysis.

Theorem 5.6.2 (Fundamental theorem of asset pricing 1) If the market
is free of arbitrage opportunities, then there exists a probability measure Q,
which is equivalent to P, with respect to which the discounted process Sisa
martingale.

A similar result holds in the continuous case but we need to make more tech-
nical assumptions; see Bingham and Kiesel [51], pp. 1767, or the fundamental
paper by Delbaen and Schachermeyer [87]. The classic paper by Harrison
and Pliska [148] is also valuable background for this topic. The philosophy
of Theorem 5.6.2 will play a central role later.

Portfolios

An investor (which may be an individual or a company) will hold their invest-
ments as a combination of risky stocks and cash in the bank, say. Let «(¢) and
B(t) denote the amount of each of these, respectively, that we hold at time 7. The
pair of adapted processes («, ) where o = («(2),7>0) and g = (B(¢),t > 0)
is called a portfolio or trading strategy. The total value of all our investments
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at time ¢ is denoted as V (¢), so
V() = a@®)S() + B(OA®).

One of the key aims of the Black—Scholes approach to option pricing is to be
able to hedge the risk involved in selling options, by being able to construct a
portfolio whose value at the expiration time 7 is exactly that of the option. To
be precise, a portfolio is said to be replicating if

V() ="Z.

Clearly, replicating portfolios are desirable objects.

Another class of interesting portfolios are those that are self-financing, i.e.
any change in wealth V is due only to changes in the values of stocks and bank
accounts and not to any injections of capital from outside. We can model this
using stochastic differentials if we make the assumption that the stock price
process S is a semimartingale. We can then write

dv(t) = a(®)dS(t) + B(t)dA(t) = a(t)dS (1) + rB(H)A(t)dt,

so the infinitesimal change in V arises solely through those in § and A. Notice
how we have sneakily slipped It6 calculus into the picture by the assumption
that dS(¢) should be interpreted in the 1t6 sense. This is absolutely crucial. If
we try to use any other type of integral (e.g. the Lebesgue—Stieltjes type) then
certainly the theory that follows will no longer work.

A market is said to be complete if every contingent claim can be replicated
by a self-financing portfolio. So, in a complete market, every option can be
hedged by a portfolio that requires no injections of capital between its starting
time and the expiration time. In discrete time, we have the following:

Theorem 5.6.3 (Fundamental theorem of asset pricing 2) An arbitrage-free
market is complete if and only if there exists a unique probability measure Q,
which is equivalent to P, with respect to which the discounted process Sisa
martingale.

Once again, for the continuous-time version, see Bingham and Kiesel [51]
and Delbaen and Schachermeyer [87].

Theorems 5.6.2 and 5.6.3 identify a key mathematical problem: to find a
(unique, if possible) Q, which is equivalent to P, under which Sisa martingale.
Such a Q is called a martingale measure or risk-neutral measure. If Q exists,
but is not unique, then the market is said to be incomplete. We will address the
problem of finding Q in the next two subsections.
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5.6.2 Stock prices as a Lévy process

So far we have said little about the key process S that models the evolution of
stock prices. As far back as 1900, Bachelier [19] in his Ph.D. thesis proposed
that this should be a Brownian motion. Indeed, this can be intuitively justified
on the basis of the central limit theorem if one perceives the movement of stocks
as due to the ‘invisible hand of the market’, manifested as a very large number
of independent, identically distributed, decisions. One immediate problem with
this is that it is unrealistic, as stock prices cannot become negative but Brownian
motion can. An obvious way out of this is to take exponentials, but let us be
more specific.

Financial analysts like to study the refurn on their investment, which in a
small time interval [z, r + &¢] will be

8S(t)  S(t+461) —S(1).
St S@) ’

it is then natural to introduce directly the noise at this level and write

8S(1)

m = 0'8X(t) +M(Sl,

where X = (X (¢),t > 0) is a semimartingale and o,  are parameters called the
volatility and stock drift respectively. The parameter o > 0 controls the strength
of the coupling to the noise while ¢« € R represents deterministic effects; indeed
if E(5X (t)) =0 for all # > 0 then p is the logarithmic mean rate of return.

We now interpret this in terms of Ito calculus, by formally replacing all small
changes that are written in terms of § by It6 differentials. We then find that

dS(t) =oSt—)dX (t) + uSt—)dt = S(t—)dZ(1), (5.30)

where Z(t) = o X (1) + ut.

We see immediately that S(r) = £z(¢) is the stochastic exponential of the
semimartingale Z, as described in Section 5.1. Indeed, when X is a standard
Brownian motion B = (B(?),t > 0) we obtain geometric Brownian motion,
which is very widely used as a model for stock prices:

S(t) = S(0)exp [0 B(1) + (ut — So21)]. (5.31)

There has been recently a great deal of interest in taking X to be a Lévy
process. One argument in favour of this is that stock prices clearly do not move
continuously, and a more realistic approach is one that allows small jumps in
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small time intervals. Moreover, empirical studies of stock prices indicate dis-
tributions with heavy tails, which are incompatible with a Gaussian model (see
e.g. Akgiray and Booth [2]).

We will make the assumption from now on that X is indeed a ‘Lévy process.
Note immediately that in order for stock prices to be non-negative, (SE) yields
AX(t) > —o ! (as.) for each + > 0 and, for convenience, we will write
¢ = —o ! henceforth. We will also impose the following condition on the
Lévy measure v : f (c—1)UI1.00) x2v(dx) < oo. It then follows from Theorem
2.5.2 that each X (¢) has finite first and second moments, which would seem to
be a reasonable assumption for stock returns.

By the Lévy-Ito6 decomposition (Theorem 2.4.16), for each ¢ > 0,

X (t) = mt + «kB(t) + f ” xN (z, dx) (5.32)

where k > 0 and, in terms of the earlier parametrisation,

m=>b-+ / xv(dx).
(e,—1]U[1,00)

To keep the notation simple we assume in (5.32), and below, that O is omitted
from the range of integration. Using Exercise 5.1.2, we obtain the following
representation for stock prices:

d[log(S(t)] = kodB(t) + (mo + pu — Lio?)dt

o0
+ / log[1 + ox)N (dt, dx)
c

+ /OO [log(l +ox) — ax]v(dx)dt. (5.33)

Note The use of Lévy processes in finance is at a relatively early stage of
development and there seems to be some disagreement in the literature as to
whether it is best to employ a stochastic exponential to model stock prices, as in
(5.30), or to use geometric Lévy motion, S(t) = eX® (the reader can check that
these are, more or less, equivalent when X is Gaussian). Using Theorem 5.1.2
we see that we can easily pass from one of these representations to the other.

From now on we will take (F;, ¢ > 0) to be the augmented natural filtration
of the Lévy process X .
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5.6.3 Change of measure

Motivated by the philosophy behind the fundamental theorems of asset pricing
(Theorems 5.6.2 and 5.6.3), we seek to find measures Q, which are equivalent to
P, with respect to which the discounted stock process Sisa martingale. Rather
than consider all possible changes of measure, we work in a restricted context
where we can exploit our understanding of stochastic calculus based on Lévy
processes. In this respect, we will follow the exposition of Chan [75]; see also
Kunita [217].
Let Y be a Lévy-type stochastic integral that takes the form

dY (t) = G(t)dt + F(t)dB(t) + / H (t,x)N (dt, dx),
0

where in particular H € P>(¢, R — {0}) for each ¢+ > 0. Note that we have
deliberately chosen a restricted form of ¥ compatible with that of the Lévy
process X, in order to simplify the discussion below.

We consider the associated exponential process ¢! and we assume that the
conditions of Corollary 5.2.2 and Theorem 5.2.4 are satisfied, so that e is a
martingale (and G is determined by F and H). Hence we can define a new
measure Q by the prescription dQ/dP = ¢'T). Furthermore, by Girsanov’s
theorem and Exercise 5.2.14, foreach 0 <t < T, E € B([c, 20)),

t
Bo(t) = B(t) — / F(s)ds is a Q-Brownian motion
0

and
NQ(I,E) = ]V(I,E) —vo(t,E) isa Q-martingale,
where
t
vo(t,E) = / / (€9 — 1y (dx)ds.
0o JE
Note that

t
Eo(No(t, E)?) = / f Eg (e v(dx)ds;
0 JE

see, e.g. Ikeda and Watanabe [167], chapter II, theorem 3.1.
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We rewrite the discounted stock price in terms of these new processes,
to find

d{log[S(1)]} = kadBo(t) + <ma +p—r—3k?e? +KkoF ()
+o / x(eH — l)v(dx))dt
R—{0}
+/ log(1 +crx)1§7Q(dt, dx)
+ / [log(1 4+ ox) — ox]vp(dt, dx). (5.34)
Now write S(1) = S; (1)S2(¢), where

- 1 2 9 0 -
d{log [Sl(r)]}=/<adBQ(t)—§K o°dt + / log(1 + ox)Ng(dt, dx)

Cc

+ /Oo [log(l +ox) — ax]vQ(dt,dx)
and
d{log [Sg(t)]}

= |:ma +u—r+xkoF@)+ af x(e1) — l)v(dx)]dt.
R

—{0}
On applying It6’s formula to S, we obtain
dS1(1) = kaS1(1=)dBg(t) + oS (t—)xNp(dt, dx).

So S is a Q-local martingale, and hence S is a Q-local martingale if and
only if

mo +u—r+koF (@) + o/ x(@? — Dudx) =0 as.  (5.35)
R—{0}

In fact, if we impose the additional condition that

t o0
r— / / x? Eg (e v(dx)ds
0 Je
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is locally bounded, then S is a martingale. This follows from the representation
of S as the solution of a stochastic differential equation (see Exercise 6.2.5).
Note that a sufficient condition for the above condition to hold is that H is
uniformly bounded (in x and ) on finite intervals [0, 7].

Now, equation (5.35) clearly has an infinite number of possible solution pairs
(F, H). To see this, suppose that f € L'(R — {0}, v); then if (F, H) is a solution

SO t0o iS
(F +/ f@)v(dx), log (eH — ﬁ)) )
R—{0} X

Consequently, there is an infinite number of possible measures Q with respect
to which S is a martingale. So the general Lévy-process model gives rise to
incomplete markets. The following example is of considerable interest.

The Brownian case Here we have v = 0, « 7 0, and the unique solution to
(5.35) s
r— Q—mo
Foy="—H""M" 4
KO

So in this case the stock price is a geometric Brownian motion, and in fact we
have a complete market; see e.g. Bingham and Keisel [51], pp. 189-90, for
further discussion of this.

The only other example of a Levy process that gives rise to a complete market
is that where the driving noise in (5.33) is a compensated Poisson process.

The Poisson case Here we take k = O and v = A§y forA > m+ (u —r)/o.
Writing H (¢, 1) = H (), we find that

H(1) =log[r_ﬂ+(/\_m)g:| a.s.

Ao

5.6.4 The Black—Scholes formula

We will follow the simple account given in Baxter and Rennie [35] of the classic
Black—Scholes approach to pricing a European option. We will work with the
geometric Brownian motion model for stock prices (5.31), so that the market
is complete. Note that k = 1 in (5.32). We will also make a slight change
in the way we define the discounted stock price: in this section we will put
S(r) = A()"'S(¢) for each 0 < t < T. We effect the change of measure as
described above, and so by (5.34) and the condition (5.35) we obtain

d{log[S(]} = odBy(t) — Lodt,
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so that
dS(t) = S(H)odBy(t). (5.36)

Let Z be a contingent claim and assume that it is square-integrable with respect
to the measure Q, i.e. IEQ(|Z|2) < 00. Define a Q-martingale (Z(¢),t > 0) by
discounting and conditioning as follows:

Z(t) = A(T) " "Eo(Z| Fy)

foreachO <t < T.Then Z is an Lz—martingale, since, by the conditional form
of Jensen’s inequality, we have

Eo(Eg(ZIF))?) < Eg(Eo(Z*F)) = Eg(Z%) < oo.

Now we can appeal to the martingale representation theorem (Theorem 5.3.6)
in the probability space (€2, F, Q) to deduce that there exists a square-integrable
process § = (§(t),t > 0) such that, forall0 <7 < T,

dZ(t) = 8(1)dBo (1) = y (t)dS (1), (5.37)

where, by (5.36), each y (1) = 8(t)/[a§(t)].

The Black—Scholes strategy is to construct a portfolio V which is both self-
financing and replicating and which effectively fixes the value of the option at
each time 7. We will show that the following prescription does the trick:

a) =y, B =Z1)—y®OSQ), (5.38)

forall0 <t <T.
We call this the Black—Scholes portfolio. Its value is

V(t) = yOS®) + [Z() — y DS (1)]A®) (5.39)

foreachO <t <T.
Theorem 5.6.4 The Black—Scholes portfolio is self-financing and replicating.

Proof First note that since for each 0 < r < T we have S’(t) =AW 'S@),
(5.39) becomes

V() =A@y OS@) + [Z(1) — y S O]A@) = Z(HA®). (5.40)
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To see that this portfolio is replicating, observe that
V(T) = A(TZ(T) = A(DAT) " E(Z|Fr) = Z,

since Z is Fr-measurable.
To see that the portfolio is self-financing, we apply the It6 product formula
in (5.40) to obtain

dV (1) = dZ(OA() + Z(OdA®) = y (DAWDAS (1) + Z()dA(),

by (5.37).
But, by (5.38), Z(¢) = B(¢) + y(t)g(t) and so

dv (1) = y OADAS (1) + [B1) + v (S (1) ]|dA()
= B(1)dA(t) + v (1) [A(t)dS(t) + §(t)dA(t)]
= B(dA®) +y ()d[ADS1)]
= B(dA() + y (1)dS (1),

where again we have used the It6 product formula. O

Using formula (5.40) in the above proof, we see that the value of the portfolio
at any time 0 <t < T is given by

V(1) = A(t) Eg(A(T) ™' 2| F) = e "T7D Eo (2| F) (5.41)
and, in particular,
V(0) =e TEy(Z). (5.42)

We note that V(0) is the arbitrage price for the option, in that if the claim is
priced higher or lower than this then there is the opportunity for risk-free profit
for the seller or buyer, respectively. To see that this is true, suppose that the
option sells for a price P > V(0). If anyone is crazy enough to buy it at this
price, then the seller can spend V (0) to invest in y (0) units of stock and 8(0)
units of the bank account. Using the fact that the portfolio is self-financing and
replicating, we know that at time 7 it will deliver the value of the option V(T')
without any further injection of capital. Hence the seller has made P — V (0)
profit. A similar argument applies to the case where P < V (0).
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We can now derive the celebrated Black—Scholes pricing formula for a
European option. First observe that, by (5.42), we have

V(0) = e TEQ(S(T) — k)T).

Now, after the change of measure S is a stochastic exponential driven by
Brownian motion and so

S(T) = §(0) exp [0Bo(T) — 10°T],
hence
S(T) = A0)S(0) exp[oBo(T) + (r _ %02) T]
= SO exp(oBo(T) + (r = 30?) T].
But By(T) ~ N(0,T), from which it follows that
V() =e T Eg((seVT — k)

where U ~ N (—02T /2, azT), and we have adopted the usual convention in
finance of writing S(0) = s. Hence we have

1 o
oN2nT Jiog(k/s)—rT

Now write ®(z) = P(Z < z),where Z ~ N (0, 1) is astandard normal. Splitting
the above formula into two summands and making appropriate substitutions
(see e.g. Lamberton and Lapeyre [222], p. 70, if you need a hint) yields the
celebrated Black—Scholes pricing formula for European call options:

V(0) =

2 2
(se* —ke™"T) exp |: — M}dx.

202T

log(s/k) + (r + 02/2)T>
oNT
B log(s/k) + (r — 02/2)T>
— K rTq) .
¢ < oNT

Before we leave the Black—Scholes context, we make an intriguing connec-
tion with Malliavin calculus. By (5.36) and (5.37), we have

V(0) :scb(

(5.43)

T
Z(1) = 2(0) + o / 30y (1)dBo (1),
0
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however, by the Clark—Ocone formula

T
Z(T) = 2(0) + /O Eo(D,Z(T)|F)dBo ().

Hence by uniqueness of Ito representations, we deduce that
y(@) = o 'S TTAM) T EQ(DZ|1F)), (A x Pae.)

At the time of writing, applications of Malliavin calculus to option pricing is
a rapidly developing field. The recent monograph Malliavin and Thalmaier
[245] and references therein contain many revealing insights. For specific
financial applications of jump processes see Ledn et al. [225] and Davis and
Johansson [86].

5.6.5 Incomplete markets

If the market is complete and if there is a suitable martingale representation
theorem available, it is clear that the Black—Scholes approach described above
can be applied in order to price contingent claims, in principle. However, if
stock prices are driven by a general ‘Lévy process as in (5.32), the market will
be incomplete. Provided that there are no arbitrage opportunities, we know that
equivalent measures Q exist with respect to which S will be a martingale, but
these will no longer be unique. In this subsection we examine briefly some
approaches that have been developed for incomplete markets. These involve
finding a ‘selection principle’ to reduce the class of all possible measures Q to
a subclass within which a unique measure can be found. We again follow Chan
[75]. An extensive discussion from a more general viewpoint can be found in
chapter 7 of Bingham and Kiesel [51].

The Follmer—Schweizer minimal measure
In the Black—Scholes set-up, we have a unique martingale measure Q for which

ol _ o
dP |z, ’

where d(e¥ V) = YO F(£)dB(r) for 0 < ¢t < T. In the incomplete case, one
approach to selecting Q would be simply to replace B by the martingale part of
our Lévy process (5.32), so that we have

d(e Dy = YO p(p) |:/<dB(t) +/
(

c,00)

xN (ds, dx)] , (5.44)
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for some adapted process P = (P(t),t > 0). If we compare this with the usual
coefficients of exponential martingales in (5.4), we see that we have

kP(t) = F(t), xP(t) =" 1

for each # > 0, x > c. Substituting these conditions into (5.35) yields

r+ u—mo

P(1) = it p)

where p = [ Coo x%v(dx), so this procedure selects a unique martingale measure
under the constraint that we consider only measure changes of the type (5.44).
Chan [75] demonstrates that this coincides with a general procedure introduced
by Follmer and Schweizer [121], which works by constructing a replicating
portfolio of value V(f) = «a()S(#) + B(t)A(r) and discounting it to obtain
V() = a(t)S’ (1) + B(HA(0). If we now define the cumulative cost C(t) =
V(t) — [y c(s)dS(s) then Q minimises the risk E((C(T) — C(1))?|F).

The Esscher transform

We will now make the additional assumption that

/ e v(dx) < 00
[x|>1

for all u € R. In this case we can analytically continue the Lévy—Khintchine
formula to obtain, for each ¢t > 0,

E(e™ X 0y = =1V ®
where

¥ (u) = —n(iu)

o0
= bu — %KZMZ + / [l —e W — uy)(é(y)]v(dy).
c
Now recall the martingales M, = (M,(t),t>0), where each M,(t)=
eMX M= which were defined in Chapter 2. Readers can check directly that
the martingale property is preserved under analytic continuation, and we will
write N, (f) = M, (1) = e *XOFV @ The key distinction between the mar-
tingales M, and N, is that the former are complex valued while the latter are
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strictly positive. For each u € R we may thus define a new probability measure
by the prescription

dQy
dpP |5

foreach 0 <t < T. We call Q,, the Esscher transform of P by N,,. It has a long
history of application within actuarial science (see Gerber and Shiu [133] and
references therein). Applying It6’s formula to N,,, we obtain

ANy () = N, (t—)[ — kuB(t) + (7™ — DN (dt, dx)]. (5.45)

On comparing this with our usual prescription (5.4) for exponential martingales
e¥, we find that

F(t) = —ku, H(t,x) = —ux,

and so (5.35) yields the following condition for Q, to be a martingale measure:
o
—kPuoc +mo +pu—r+ 0/ x(e™™ — v(dx) = 0.
c

Define z(u) = fcoo x(e™™ — 1)v(dx) — k2u for each u € R. Then our condition
takes the form

r— — mo
) = —HTM0

Since 7'(u) < 0, we see that z is monotonic decreasing and so is invertible.
Hence this choice of u yields a martingale measure, under the constraint that
we only consider changes of measure of the form (5.45).

Chan [75] showed that this Q,, minimises the relative entropy H (Q|P), where

d d
H(QIP) = / ﬁlog (ﬁ) ap.

Further investigations of such minimal entropy martingale measures can be
found in Fujiwara and Miyahara [127].

5.6.6 The generalised Black—Scholes equation

In their original work [54], Black and Scholes derived a partial differential
equation for the price of a European option. It is worth trying to imitate this in
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the general Lévy market. We price our option using, e.g. the Esscher transform,
to establish that there is a measure Q such that S () = e~ Ex (¢) is a martingale,
hence

dS(t) = oS(t—)dBo(t) + / oS (t—)xNg(dt, dx).

(c,00)
(where we have taken x = 1, for convenience). It follows that
dS(t) = rS(t—)dt +0S(t—)dBg(t) + / ch(t—)leQ(dt, dx).
(¢,00)

We consider a generalised European contingent claim which is of the form
Z = h(S(T)) where h:[0,00) — R is a Borel measurable function. The value
of the option at time ¢ is

C(t,s) = Eg(e " T=Dh(S(T))|S (1) = ).

Now consider the integro-partial differential operator £ defined on functions
which are twice differentiable in the space variable and differentiable in the
time variable:

2x2 32

(LF)(t,x) = oF (IX)+rx (IX)+ SR

—(t,x) — rF(t,x)

+ / [F(t,x(l +oy) - F(t,x) — xay%(h)é)] v(dy).
(c,00) 0x
(5.46)

In the following derivation, we will be cavalier regarding important domain
questions.

Theorem 5.6.5 If LF = 0 with terminal boundary condition F(T,z) = X (z)
then F = C.

Proof First consider the related integro-differential operator
LoF(t,x) = LF(t,x) + rF(t,x).

It is an easy exercise in calculus to deduce that LF = 0 if and only if
LoG = 0, where G(t,x) = De”""F(t,x) and D is a constant. By 1t0’s formula:

T
G(T,S(T)) — G(t,S(t)) = a Q—martingale —i—/ LoG(u,S(u—))du
t

= a Q—martingale,
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hence
G(t,5) = Eg(G(T,S(T))|S(1) = )
and we thus deduce that

F(t,5) = e "TDEQ(F(T,S(T))|S() = 5)
= e T DEQ(h(STNIS(1) = 5),

as was required. O

If we take v = 0 so we have a stock market driven solely by Brownian
motion, then we recapture the famous Black-Scholes pde (see Black and Scholes
[54]). The more general operator £ is much more complicated, nonetheless both
analytic and numerical methods have been devised to enable it to be applied to
option pricing problems. See chapter 12 of Cont and Tankov [81] for further
details. Note that our equation (5.46) differs from the corresponding (12.7) in
[81] because our stock is modelled by a stochastic exponential whereas they
employ an exponential Lévy process.

5.6.7 Hyperbolic Lévy processes in finance

So far we have concentrated our efforts in general discussions about Lévy
processes as models of stock prices, without looking at any particular case
other than Brownian motion. In fact, as far back as the 1960s Mandelbrot [248]
proposed that «-stable processes might be a good model; see also chapter 14 of
his collected papers [249]. However, empirical studies appear to rule out these,
as well as the classical Black—Scholes model (see e.g. Akgiray and Booth [2]).
An example of a Lévy process that appears to be well suited to modelling stock
price movements is the hyperbolic process, which we will now describe.

Hyperbolic distributions

Let Y € B(R) and let (gg; 6 € Y) be a family of probability density functions
on R such that the mapping (x, ) — gy (x) is jointly measurable from R x T
to R. Let p be another probability distribution on Y, which we call the mixing
measure; then, by Fubini’s theorem, we see that the probability mixture

hx) = /T 20 ()0(d6),

yields another probability density function z on R. The hyperbolic distributions
that we will now introduce arise in exactly this manner. First we need to describe
the mixing measure p.
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We begin with the following integral representation for Bessel functions of

the third kind:
1 [ 1 1
K, (x) = —/ ulexp | —=x(u+ - ) |du,
2 0 2 u

where x, v € R; see Section 5.8 for all the facts we need about Bessel functions
in the present section.

From this, we see immediately that f,,a’b is a probability density function on
(0, 00) for each a, b > 0, where

wbg _ a/p)? [_1( é)]
5 (X)_ZKV(\/E)x exp 3 ax—i—x .

The distribution that this represents is called a generalised inverse Gaussian and
denoted GIG(v,a,b). It clearly generalises the inverse Gaussian distribution
discussed in Section 1.3.2. In our probability mixture, we now take p to be
GIG(1,a,b), T = (0,00), and g, to be the probability density function of an
N(u+ ,302, 02), where u, B € R. A straightforward but tedious computation,
in which we apply the beautiful result K/2(x) = /7/(2x)e™ (proved as
Proposition 5.8.1 in Section 5.8), yields

2 2
]’la’ﬁ — « _ﬁ _ 52+ _ 2+ _
o = s ep[ a8 e+ = )
(5.47)

for all xR, where we have, in accordance with the usual convention,
introduced the parameters o> = a + 8% and 8 = b.

The corresponding law is called a hyperbolic distribution, as log(hg”f ) is
a hyperbola. These distributions were first introduced by Barndorff-Nielsen
in [29], within models for the distribution of particle size in wind-blown
sand deposits. In Barndorff-Nielsen and Halgreen [23], they were shown
to be infinitely divisible. Halgreen [145] also established that they are
self-decomposable.

All the moments of a hyperbolic distribution exist and we may compute the
moment generating function My’ f ) = [ e“xh?”ﬁ (x)dx, to obtain:

Proposition 5.6.6 For |u+ 8| < «,

Va2 =2 K (8y/a? — (B +u)?)
Ki(3Va?=p?) Vo —(B+uw?

M;ff(u) = e
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Proof Use straightforward manipulation (see Eberlein et al. [102]). (|

Note that, by analytic continuation, we get the characteristic function ¢ (1) =
M (iu), which is valid for all u € R. Using this, Eberlein and Keller in [103] were
able to show that the Lévy measure of the distribution is absolutely continuous
with respect to Lebesgue measure, and they computed the exact form of the
Radon-Nikodym derivative.

Exercise 5.6.7 Let X be a hyperbolically distributed random variable. Use
Proposition 5.6.6 and (5.51) in Section 5.8 to establish

B Ka(f)

Va2 — p2Ki(©)

EX) =n+

and

Var(X) = 82 [ K> (@) p <K3(§) Kz(C)zﬂ

(Ki(Q) a2 —B2\KI(0) Ki(0)?

where ¢ = §y/a? — B2.

For simplicity, we will restrict ourselves to the symmetric case where . =
B = 0. If we reparametrise, using { = d«, we obtain the two-parameter family

of densities
1 x\2
-4 /1 - .
25K, (2) eXp[ Cytt (3) ]

It is shown in Eberlein and Keller [103] that the corresponding Lévy process
X5 = (X 5(2),t = 0) has no Gaussian part and can be written

t
X 5(t) = / / xN (ds, dx)
0 JR—{0}

hes(x) =

foreachr > 0.

Option pricing with hyperbolic Lévy processes

The hyperbolic Lévy process was first applied to option pricing by Eberlein and
Keller in [103], following a suggestion by O. Barndorff-Nielsen. There is an
intriguing analogy with sand production in that just as large rocks are broken
down to smaller and smaller particles to create sand so, to quote Bingham and
Kiesel in their review article [52], ‘this “energy cascade effect” might be paral-
leled in the “information cascade effect”, whereby price-sensitive information
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originates in, say, a global newsflash and trickles down through national and
local level to smaller and smaller units of the economic and social environment.’

We may again model the stock price S = (S(¢),t > 0) as a stochastic
exponential driven by a process X; s, so that

dS(t) = S(t—)dX; 5(1)

for each ¢+ > 0 (we omit volatility for now and return to this point later). A
drawback of this approach is that the jumps in X; s are not bounded below.
Eberlein and Keller [103] suggested overcoming this problem by introducing a
stopping time T = inf{r > 0; AX;s(t) < —1} and working with )A(C,g instead
of X; s, where for eachr > 0

Xr5(0) = Xe 5(8) Xpr<r)

but this is clearly a somewhat contrived approach. An alternative point of view,
also put forward by Eberlein and Keller [103], is to model stock prices by an
exponential hyperbolic Lévy process and utilise

S(@) = §(0) exp [X; 5 (1)].

This has been found to be a highly successful approach from an empirical point
of view. As usual we discount and consider

S(t) = S(0) exp [X; 5(t) — rt],

and we require a measure Q with respect to which S = (3‘(1),t > 0)isa
martingale. As expected, the market is incomplete, and we will follow Eberlein
and Keller [103] and use the Esscher transform to price the option. Hence we
seek a measure, of the form Q,,, that satisfies

dQy
dpP |,

=N, = exp{—qu,(;(t) —t log [Mg,(; (u)]}.

Here M; s(u) denotes the moment generating function of X; s(1), as given by
Proposition 5.6.6, for |u| < «. Recalling Lemma 5.2.11, we see that S is a
Q-martingale if and only if SN, = (S(#)N,(¢),t > 0) is a P-martingale. Now

SON(1) = exp ((1 — W)X 5(t) — t{log [My sw)] + 1}).
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But we know that (exp((l —u)X; 5(t) — t{log[M; 5(1 — u)]}),t > 0) is a mar-
tingale and, comparing the last two facts, we find that Sisa Q-martingale if
and only if

r =log[M; s(1 — u)] — log [M;’g(u)]

O L S 05 N B [8—82(1—@2}
- Ki(v/¢? — 8%u?) £ £2 —8%u? .

2
The required value of u can now be determined from this expression by
2

numerical means.
‘We can now price a European call option with strike price k and expiration
time 7. Writing S(0) = s as usual, the price is

V(0) = Eg, (e "TIS(T) — kI*) = Eg, (e~ {sexplX, 501 —k} ).

Exercise 5.6.8 Let f{(’tg) be the pdf of X s(¢) with respect to P. Use the Esscher
transform to show that X 5(¢) also has a pdf with respect to Q,, which is
given by

150wy = £ () exp{—ux — tlog[My 5 ()]}

for each x € R, ¢t > 0. Hence obtain the pricing formula

o o
V() =s f £ —uwydy— e Tk f 15 ey di.
log(k/s) log(k/s)

As shown in Eberlein and Keller [103], this model seems to give a more
accurate description of stock prices than the usual Black—Scholes formula. An
online programme for calculating stock prices directly can be found at the
website http://www.fdm.uni-freiburg.de/groups/financial/UK.

Finally we discuss the volatility, as promised. Suppose that, instead of a
hyperbolic process, we revert to a Brownian motion model of logarithmic stock
price growth and write S(r) = ¢“") where Z(t) = o B(t) for each ¢ > 0; then
the volatility is given by o> = E(Z(1)?). By analogy, we define the volatility
in the hyperbolic case by 0% = E(X¢ s (1)?). Using the results of Exercise 5.6.7
we obtain

g2 VKa)
cKi(G)

2 Note that the equivalent expression in Eberlein and Keller [103], p. 297, is given in terms of the
parameter 6 = —u.
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Further discussions of pricing using hyperbolic models can be found in Eberlein,
Keller and Prause [102] and Bingham and Kiesel [52]. Bibby and Sgrenson [45]
introduced a variation on this model in which the stock prices satisfy a stochastic
differential equation driven by Brownian motion but the coefficients are chosen
so that the stock price is approximately a geometric hyperbolic Lévy process for
large time.

5.6.8 Other Lévy process models for stock prices

Hyperbolic processes are one of a number of different models that have been
advocated to replace the Black—Scholes process by using Lévy processes. Here
we briefly survey some others. One of the first of these was proposed by Merton
[261] and simply interlaced the Brownian noise with the jumps of a compound
Poisson process. So this model lets the stock price process S = (S(¢),t > 0)
evolve as

N()

S(r) = S(0) exp[ﬁr +0B(t) — %ozt:| ]‘[ Y;

j=1

for each ¢ > 0, where the sequence (Y,,n € N) of i.i.d. random variables, the
Poisson process (N (¢),¢ > 0) and the Brownian motion (B(t),t > 0) are all
independent. There has recently been renewed interest in this approach; see
Benhamou [36].

Although we have ruled out the use of stable noise to model stock prices on
empirical grounds there is still some debate about this, and recent stable-law
models are discussed by McCulloch [243] and Meerschaert and Scheffler [258].

One of the criticisms levelled at the classical Black—Scholes formula is that it
assumes constant volatility o. We could in practice test this by using knowledge
of known option prices for fixed values of the other parameters to deduce the
corresponding value of o. Although the Black—Scholes pricing formula (5.43)
is not invertible as a function of o, we can use numerical methods to estimate
o, and the values so obtained are called implied volatilities. Rather than giving
constant values, the graph of volatility against strike price produces a curve
known as the volatility smile; see e.g. Hull [161], chapter 7. To explain the
volatility smile many authors have modified the Black—Scholes formalism to
allow o to be replaced by an adapted process (o (¢),t > 0). Of particular
interest to fans of Lévy processes is work by Barndorff-Nielsen and Shephard
[28], wherein (a(t)z,t > 0) is taken to be an Ornstein—Uhlenbeck process
driven by a non-Gaussian Lévy process; see Subsection 4.3.5.
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Recently, it has been argued in some fascinating papers by Geman, Madan
and Yor [131, 132] that asset-price processes should be modelled as pure jump
processes of finite variation. On the one hand, where the corresponding intensity
measure is infinite the stock price manifests ‘infinite activity’, and this is the
mathematical signature of the jitter arising from the interaction of pure supply
shocks and pure demand shocks. On the other hand, where the intensity measure
is finite we have ‘finite activity’, and this corresponds to sudden shocks that
can cause unexpected movements in the market, such as a terrorist atrocity or
a major earthquake.

By a remarkable result of Monroe [272] any such process (in fact, any semi-
martingale) can be realised as (B(7'(¢)),t > 0), where B is a standard Brownian
motion and (7'(¢), ¢ > 0) is a time change, i.e. a non-negative increasing process
of stopping times. Of course, we obtain a Lévy process when 7' is an independent
subordinator, and models of this type that had already been applied to option
pricing are the variance gamma process (see Section 1.3.2) of Madan and Seneta
[244] and its generalisations by Carr et al. [72], [74]. Another subordinated
process, which we discussed in Subsection 1.3.2 and which has been applied
to model option prices, is the normal inverse Gaussian process of Barndorff-
Nielsen ([30, 31], see also Barndorff-Nielsen and Prause [27]), although this is
of not of finite variation.

Barndorff-Nielsen and Levendorskii [25] have proposed a model where the
logarithm of the stock price evolves as a Feller process of Lévy type obtained by
introducing a spatial dependence into the four parameters of the normal inverse
Gaussian process. Their analysis relies upon the use of the pseudo-differential-
operator techniques introduced in Chapter 3. A common criticism of Lévy-
processes-driven models (and this of course includes Black—Scholes) is that it
is unrealistic to assume that stock prices have independent increments. The use
of more general Feller processes arising from stochastic differential equations
driven by Lévy processes certainly overcomes this problem, and this is one of
the main themes of the next chapter. Another interesting approach is to model
the noise in the basic geometric model (5.30) by a more complicated process.
For example, Rogers [310] proposed a Gaussian process that does not have
independent increments. This process is related to fractional Brownian motion,
which has also been proposed as a log-price process; however, as is shown in
[310], such a model is inadequate since it allows arbitrage opportunities.

There are a number of different avenues opening up in finance for the appli-
cation of Lévy processes. For example, pricing American options is more
complicated than the European case as the freedom in choosing any time in
[0, T'] to trade the option is an optional stopping problem. For progress in using
Lévy processes in this context see Avram, Chan and Usabel [18] and references
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therein. Boyarchenko and Levendorskii [60] is a very interesting paper on the
application of Lévy processes to pricing barrier and touch-and-out options.
The pricing formula is obtained using Wiener—Hopf factorisation, and pseudo-
differential operators also play a role in the analysis. The same authors have
recently published a monograph [61], in which a wide range of problems in
option pricing are tackled by using Lévy processes of exponential type, i.e.
those for which there exist A; < 0 < A, such that

-1 o0
f ey (dx) + f e ¥y (dx) < oo.
- 1

e8]

A number of specific Levy processes used in financial modelling, such as the
normal inverse Gaussian and hyperbolic processes, are of this type.

In addition to option pricing, Eberlein and Raible [105] considered a model
of the bond market driven by the exponential of a Lévy stochastic integral; see
also Eberlein and Ozkan [104]. For other directions, see the articles on finance
in the volume [26].

5.7 Notes and further reading

Stochastic exponentials were first introduced by C. Doléans-Dade in [94].
Although the order was reversed in the text, the Cameron-Martin—-Maruyama
formula as first conceived by Cameron and Martin [69] preceded the more
general Girsanov theorem [139]. The first proof of the martingale represen-
tation theorem was given by Kunita and Watanabe in their ground-breaking
paper [214].

We have already given a large number of references to mathematical finance
in the text. The paper from which they all flow is Black and Scholes [54]. It
was followed soon after by Merton [260], in which the theory was axiomatised
and the key role of stochastic differentials was clarified. In recognition of this
achievement, Merton and Scholes received the 1997 Bank of Sweden Prize
in Economic Sciences in Memory of Alfred Nobel (which is often incorrectly
referred to as the ‘Nobel Prize for Economics’); sadly, Black was no longer alive
at this time. See http://www.nobel.se/economics/laureates/1997/index.html for
more information about this.

5.8 Appendix: Bessel functions

The material given here can be found in any reasonable book on special func-
tions. We draw the reader’s attention to the monumental treatise of Watson
[353] in particular.
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Let v eR. Bessel’s equation of order v is of great importance in classical
mathematical physics. It takes the form

4%y

= + 2=y =0 (5.48)

dy
+ -
. dx

for each x e R.
A series solution yields the general solution (for v ¢ Z)

y(x) = CiJy(x) + CoJ -, (x),

where Cy, C; are arbitrary constants and J,, is a Bessel function of the first kind,

_ N (D2

An alternative representation of the general solution is
yx) = CiJy(x) + G2, (),

where Y, is a Bessel function of the second kind:

Jy(x)cos(vmr) — J_, (%)

Y. =2 iTv
v e sin(2vr)

We now consider the modified Bessel equation of order v,

d? dy
zd—g +x——(x +v?)y =0. (5.50)

We could clearly write the general solution in the form
y(x) = CiJy(ix) + CaJ—y (ix),
but it is more convenient to introduce the modified Bessel functions
L) = "2, (i),

as these are real-valued.
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Bessel functions of the third kind were introduced by H. M. Macdonald and
are defined by

K = () oG = 1 ()

2 sin(vr)

The most important results for us are the recurrence relations
2v
Kyp1(x) =K1 (x) + 7KU(X) (5.51)
and the key integral formula,

K,(x) = % /0 u’~! exp I:—%x (u + i)] du. (5.52)

Note that a straightforward substitution yields, in particular,

K X) = eXp|—=zx\u + = du.
1/2 ) 2

The following result is so beautiful that we include a short proof. This was
communicated to me by Tony Sackfield.

T
Kipk) = Ze .

Proof Using the various definitions given above we find that

Proposition 5.8.1

T .
Kip(x) = Ee’”/“ [J-1/2(ix) + iJ12(i0)] .

But it follows from (5.49) that

[ 2
Jl/z(x) = E Sin(x)
2
J_1px) = \/;cos(x),

and
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and so
. 2 1+
Kip(x) = %e’”/“,/%[cos(ix) + i sin(ix)] = /2% ( j{) e,
The result follows from the fact that (1 + i)/ Vi=+"2. O

5.9 Appendix: A density result

The aim of this appendix is to give a thorough proof of Proposition 5.4.2 i.e. the
fact that the space D, is dense in H,. This plays a vital part in the construction
of multiple Wiener—Lévy integrals as described in Section 5.4. We begin with
some general considerations.

Let (S, X, u) be a measure space. A set A € X is said to be an atom for u if
w(A) > 0and w(B) = 0 for all B C A with B € ¥. The measure p is said to be
non-atomic if no such atoms exist. In this case and if u is o -finite then there
are a continuuum of values for p i.e. if A€ ¥ and ¢ € R with u(A) > a > 0
then there exists B € ¥ with B C A such that u(B) = a (see e.g. Dudley [98],
section 3.5).

From now on we will assume that u is X-finite. We define

Yo ={AeX;ud) < oo},

then X is a ring of subsets (i.e. it is closed under set theoretic differences and
finite unions). A key role in our work is played by the following result.

Lemma5.9.1 If (S, X, u) is a X-finite non-atomic measure space then for each
A € X — {0} and each € > 0 there exists M € N and disjoint By, ...,By € 2o
such that max<j<pm ((B}) < € and

Proof We take M = 1 + max{k € N; u(A) > ke}. By non-atomicity we can
find By € ¥ with By C A such that w(B1) = €. Then u(A — By) > (M — 2)e
and we can similarly find B, € ¥ with B, C A — By with u(By) = €. We
continue in this fashion to obtain disjoint By, . . ., Byy—1 where each (B;) = €.
We complete the proof by choosing By = A — Uj‘i Il B;. U
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Now fix n € N and consider the linear subspace &, of the real Hilbert space
L2 (S", 2", u'") which comprises all functions of the form

f= Z anA X XAj,

Jlseees Jn=1

where N € N, eacha;, .., j, € R, and is zero whenever two or more of the indices
J1s--.,jn coincide and Ay, ..., Ay are disjoint sets in Xo. Our aim is to show
that &, is dense in L2(S", £", u").

Lemma5.9.2 [fA=A; x---xA, € 2" withA; € o (1 < i < n) then given
any € > 0 there exists g € &, such that || x4 — g|| < €.

Proof (cf Huang and Yu [159], pp. 68-9.) Fix 8 > 0. By Lemma 5.9.1, there
exists M; € N and BY), . ,B]((,[i_ such that A = U?ﬁl BE’) with /,L(Blg)) < (/36)%
for each 1 < i < M; and for each 1 < j < n. After a relabelling exercise we
can assert the existence of N € N and disjoint sets Cy, .. ., Cy with C; € ¥ and

n(Cy) < (ﬂe)»’lz for 1 <j < N such that

N
XA = Z (x]] aaaaa ]nxcjlx XC/n
Jlseees jnzl
_: :a]l ]nXC/]X -xC, +: :a]l 55555 ]rlXle>< chn

SC

where each o, j, €{0,1} and S ={(1,....jn) €{l,...,N}" j1 #jo # -+~
#j,}. The required result easily follows from here on taking
g = ZS Q. j,,XCj] x-+xCj, and ﬂ = #S°¢. O
Theorem 5.9.3 &, is dense in L*(S", ", u™).

Proof Let S denote the space of all simple functions of the form
f Zjl ’’’’’ =1 Ci,..., anAjl X+ XAj, where N € N, Cj, Jin €R and Ajl’ ey

Ajy€Xo for 1 < ji,..., j» < N.Fix € > 0. By Lemma 5.9.2 for each
Gts---s jo) €{l,...,N}", there exists gj, .. j, €&, such that ||XAj] oAy

.....

.....

o K = N . -
Gl < 5y where a = Y0 il j,|. Now define h =
Z]A.] s =1 s jn 81 then h e &, and if f € S is as above we have

V1
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The required result follows easily from here on using the triangle inequality
and the fact that S is dense in L2 S", " u. O

In Section 5.4.3 we apply Theorem 5.9.3 in the case where S = [0,T] x
R, ¥ = B(S) and & = A x p. u is clearly o-finite and inherits non-atomicity
from A. The proof of Proposition 5.4.2 then follows from Theorem 5.9.3 by
using the fact that for any A € B(S) with (A) < oo and any € > 0 there exists
N e N and disjoint sets of the form J; x By, . ..,Jy X By where Jy is an interval
in [0, T] and By, € B(R) with p(By) < oo for 1 < k < N such that

N
M(A_UJk XBk><6.

k=1
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Stochastic differential equations

Summary  After a review of first-order differential equations and their associated
flows, we investigate stochastic differential equations (SDEs) driven by Brownian
motion and an independent Poisson random measure. We establish the existence and
uniqueness of solutions under the standard Lipschitz and growth conditions, using the
Picard iteration technique. We then turn our attention to investigating properties of
the solution. These are exhibited as stochastic flows and as multiplicative cocycles. The
interlacing structure is established, and we prove the continuity of solutions as a func-
tion of their initial conditions. We then show that solutions of SDEs are Feller processes
and compute their generators. Perturbations are studied via the Feynman—Kac formula.
We briefly survey weak solutions and associated martingale problems. The existence of
Lyapunov exponents for solutions of SDES will be investigated.

Finally, we study solutions of Marcus canonical equations and discuss the respec-
tive conditions under which these yield stochastic flows of homeomorphisms and
diffeomorphisms.

One of the most important applications of It6’s stochastic integral is in the
construction of stochastic differential equations (SDEs). These are important
for a number of reasons.

(1) Their solutions form an important class of Markov processes where the
infinitesimal generator of the corresponding semigroup can be constructed
explicitly. Important subclasses that can be studied in this way include
diffusion and jump-diffusion processes.

(2) Their solutions give rise to stochastic flows, and hence to interesting
examples of random dynamical systems.

(3) They have many important applications to, for example, filtering, control,
finance and physics.

354
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Before we begin our study of SDE:s, it will be useful to remind ourselves of
some of the key features concerning the construction and elementary properties
of ordinary differential equations (ODEs).

6.1 Differential equations and flows

Our main purpose in this section is to survey some of those aspects of ODEs
that recur in the study of SDEs. We aim for a simple pedagogic treatment that
will serve as a useful preparation and we do not attempt to establish optimal
results. We mainly follow Abraham et al. [1], section 4.1.
Leth:RY — RY sothath = (bl, .. .,bd) where b :RY — Rforl <i <d.
We study the vector-valued differential equation

de(t)
dt

= b(c(t)), 6.1)

with fixed initial condition ¢(0) = ¢g € R4, whose solution, if it exists, is a
curve (c(),t € R) in R?.
Note that (6.1) is equivalent to the system of ODEs

)

P b'(c(1)

foreach1 <i <d.
To solve (6.1), we need to impose some structure on b. We say that b is
(globally) Lipschitz if there exists K > 0 such that, for all x,y € R?,

|b(x) —b()| = Kl|x —yl. (6.2)

The expression (6.2) is called a Lipschitz condition on b and the constant K
appearing therein is called a Lipschitz constant. Clearly if b is Lipschitz then it
is continuous.

Exercise 6.1.1 Show that if b is differentiable with bounded partial derivatives
then it is Lipschitz.

Exercise 6.1.2 Deduce that if b is Lipschitz then it satisfies a linear growth
condition

[b(x)| < L(1 + |x])

for all x e R¢, where L = max{K, |b(0)|}.
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The following existence and uniqueness theorem showcases the important
technique of Picard iteration. We first rewrite (6.1) as an integral equation,

t
c(t) =c(0) + / b(c(s))ds,
0
foreach r € R. Readers should note that we are adopting the convention whereby
fé is understood to mean fto when ¢ < 0.

Theorem 6.1.3 If b:R? — R? is (globally) Lipschitz, then there exists a
unique solution ¢ : R — RY of the initial value problem (6.1).

Proof Define a sequence (c,,n € N U {0}), where ¢, : R — R is defined by

t
cot) = con  eupr(t) = co + fo bca(s))ds,

for each n > 0,1 € R. Using induction and Exercise 6.1.2, it is straightforward
to deduce that each ¢, is integrable on [0, ¢], so that the sequence is well defined.

Define o, = ¢, — c¢,—1 for each n € N. By Exercise 6.1.2, for each r € R
we have

lar (D] =< |b(co) [2] = Mt, (6.3)

where M = L(1 + |col).
Using the Lipschitz condition (6.2), for each r € R, n € N, we obtain

t t
|lant1(0)] S/ [b(cn(s)) — bcn—1(s))|ds < K/ lotn () |ds (6.4)
0 0
and a straightforward inductive argument based on (6.3) and (6.4) yields the
estimate

MEK™ ||

(0] < "
n.

for each t € R. Hence for all r > 0 and n, m € N with n > m, we have

n n MKr—lmr
SUp [en(s) —em() = Y sup )] = ) ————
0<s<t re=m—10=5=t r=m+1 ;

Hence (¢, n €N) is uniformly Cauchy and so uniformly convergent on finite
intervals [0, 7] (and also on intervals of the form [—7, 0] by a similar argument.)
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Define ¢ = (c(t),t € R) by
c(t) = lim c,(t) foreachteR.
n—oo

To see that ¢ solves (6.1), note first that by (6.2) and the uniformity of the
convergence we have, foreachreR,neN,

t t
‘/ b(c(s))ds —/ b(cn(s))ds
0 0

t
S/O |b(c(s)) — b(ca(s))lds

< Kt sup |c(s) — cu(s)]

0<s<t

— 0 asn— oo.

Hence, for each t € R,

t

'
c(t) — c(0) +/ b(c(s))ds = lim [cn+1(t) —¢(0) +/ b(cn(s))ds:|
0 n—oo 0

=0.

Finally, we show that the solution is unique. Assume that ¢’ is another solution
of (6.1) and, foreachn e N, t € R, define

Bn(t) = cu(t) — C/(t)7

so that Bu41(1) = [y b(Bu(s))ds.
Arguing as above, we obtain the estimate

MEK"t|"
()] < ————,
n!
from which we deduce that each lim,,_, », B8,() = 0, so that c(r) = ¢/(¢) as
required. O

Note that by the uniformity of the convergence in the proof of Theorem 6.1.3
the map t — ¢(¢) is continuous from R to R4,

Now that we have constructed unique solutions to equations of the type (6.1),
we would like to explore some of their properties. A useful tool in this regard
is Gronwall’s inequality, which will also play a major role in the analysis of
solutions to SDEs.
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Proposition 6.1.4 (Gronwall’s inequality) Let [a, b] be a closed interval in R
anda, B :[a,b] — R be non-negative with a locally bounded and f integrable.
If there exists C > 0 such that, for all t € [a, b],

t
a(®) <C +/ a(s)B(s)ds, (6.5)

a

then we have

a(t) < Cexp[/tﬁ(s)ds}

forallt€|a,b].

Proof First assume that C > 0 and let & : [a, b] — (0, c0) be defined by

t
h(t) =C +/ a(s)B(s)ds

for all ¢ € [a, b]. By Lebesgue’s differentiation theorem (see e.g. Cohn [80],
p- 187), h is differentiable on (a, b), with

W (1) = a(B(t) < h(B(@)

by (6.5), for (Lebesgue) almost all # € (a, b).

Hence /' (¢)/h(t) < B(¢) (a.e.) and the required result follows on integrating
both sides between a and b.

Now suppose that C = 0; then, by the above analysis, for each ¢ € [a, b]
we have a(t) < (1/n) exp[fab B(s)ds] for each n€N, hence a(t) = 0 as
required. ([

Note that in the case where equality holds in (6.5), Gronwall’s inequality is
(essentially) just the familiar integrating factor method for solving first-order
linear differential equations.

Now let us return to our consideration of the solutions to (6.1). There are two
useful perspectives from which we can regard these.

e If we fix the initial condition ¢y = x € R then the solution is a curve
(c(t),t € R) in R? passing through x when ¢ = 0.

e If we allow the initial condition to vary, we can regard the solution as a
function of two variables (c(t,x),teR,x € R4 ) that generates a family of
curves.
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It is fruitful to introduce some notation that allows us to focus more clearly
on our ability to vary the initial conditions. To this end we define for each t € R,
d
xe R4,

& (x) = c(t,x),
so that each & : R? — R4

Lemma 6.1.5 ForeachteR, x,y € R4,

K
&) — &) < e =y,
so that, in particular, each & :R? — R? is continuous.

Proof Fix t,x and y and let y; = |&:(x) — &:(y)|. By (6.1) and (6.2) we obtain

t

t
e = |x—y|+[0 1b(55(x)) — b(Es()lds = I)C—yl-l-K/O Ysds,

and the result follows by Gronwall’s inequality. O

Suppose now that b is C'; then we may differentiate b at each x € R¢, and
its derivative Db(x):RY — R? is the Jacobian matrix of . We will now
investigate the implications of the smoothness of b for the solution (&, € R).
Exercise 6.1.6 Let (¢, > 0) be the solution of (6.1) and suppose that
be Cé (]Rd). Deduce that for each x € R there is a unique solution to the
d x d-matrix-valued differential equation

%y(r,x) — Db(&(0))y (1.0)

with initial condition y (0,x) = I.

Theorem 6.1.7 If be Cf(RY) for some keN, then &eCKRY) for
eachteR.

Proof We begin by considering the case k = 1.
Let y be as in Exercise 6.1.6. We will show that & is differentiable and that
DE;(x) = y(t,x) foreachr e R, x e R¥.



360 Stochastic differential equations

Fix h e R? and let 6(, h) = & (x + h) — & (x). Then, by (6.1),
t
O(t,h) —y(t,x)(h) = /o [b(Es(x + h)) — b(&s(x))]ds

t
—/0 Db(&5(x))y (s,x)(h)ds
=1+ L), (6.6)

where
L) = /Ot [b(&s(x + h)) — b(&5(x)) — Db(£,(x))0(s, h) |ds
and
L(t) = /(;tDb(és(X))(G(s, h) — y (s,x)(h))ds.
By the mean value theorem,
|b(&s(x + ) — b(&s(x))| = ClO(s, h)l,
where C = d sup, ¢ g« max | <;j<q [Db(y);;|. Hence, by Lemma 6.1.5,

\I1(1)| <2Ct sup |6(s, h)| < 2Ct|h|eX1, (6.7)

0<s<t

while
t
20| < C'/O 0 (s, h) =y (s,x)(h)|ds,

where C' = Cd /2.
Substitute (6.7) and (6.8) in (6.6) and apply Gronwall’s inequality to
deduce that

162, h) — y (1, x)(h)| < 2Ct|h|eK+C,

from which the required result follows. From the result of Exercise 6.1.6, we
also have the ‘derivative flow’ equation

dDé;(x)

= Db(&,(x))D&; (x).

The general result is proved by induction using the argument given above. [J
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Exercise 6.1.8 Under the conditions of Theorem 6.1.7, show that, forall x € RY,
the map 1 — & (x) is CFT1.

We recall that a bijection ¢ : RY — R? is a homeomorphism if ¢ and ¢!
are both continuous and a C*-diffeomorphism if ¢ and ¢! are both C*.
A family ¢ = {¢;, 1 € R} of homeomorphisms of R is called a flow if

po=1 and ¢sp; = Psps (6.8)

for all 5,7 € R. If each ¢, is a CX-diffeomorphism, we say that ¢ is a flow of
Ck-diffeomorphisms.

Equation (6.8) is sometimes called the flow property. Note that an immediate
consequence of it is that

o7 =0

for all r e R, so that (6.8) tells us that ¢ is a one-parameter group of homeo-
morphisms of R?.

Lemma 6.1.9 If ¢ = {¢;,t > 0} is a family of C*-mappings from R¢ to
R? such that ¢po = I and ¢psp; = ¢sir for all s, t €R then ¢ is a flow of
C*-diffeomorphisms.

Proof Ttis enough to observe that, for all t € R, we have ¢p_;¢; = ¢;¢p_; = 1,50
that each ¢; has a two-sided C*-inverse and thus is a C¥-diffeomorphism. [

Theorem 6.1.10 Let £€ = (&,t€R) be the unique solution of (6.1). If
be Cg (RY), then & is a flow of C*-diffeomorphisms.

Proof We seek to apply Lemma 6.1.9. By Theorem 6.1.7 we see that each
£ € CK(R?), so we must establish the flow property.
The fact that &y =1 is immediate from (6.1). Now, for each x € R4 ands,t € R,

t+s

Ery() = x + /0  b(&()du
N t+s
—x4 [ b(Ea () dut + / b(Eu ()i
0 K
t+s
— e+ / b(Eu ()i

t
— 500 + /0 b6 () dt,
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However, we also have

t
(&5 (x) = &5(x) + fo b(&u(&5(x)))du,

and it follows that & (x) = & (&;(x)) by the uniqueness of solutions to (6.1).
O

Exercise 6.1.11 Deduce thatif b is Lipschitz then the solution & = (£(¢), 1 € R)
is a flow of homeomorphisms.

Exercise 6.1.12 Let & be the solution of (6.1) and let f € C¥(R); show that

df : a
dl(ét(x)) =0 (&(x))—f(&(x)). (6.9)
t 0X;

If be CK(R?), it is convenient to consider the linear mapping Y : C¥*!
RY) — C*(R?) defined by

N
X)) = b’(X)a—f(X)
Xi

for each f € C¥(R?), x e R¢. The mapping Y is called a C*-vector field. We
denoted as £; (R?) the set of all C¥-vector fields on RY.

Exercise 6.1.13 Let X, Y and Z € £ (R?).

(1) Show that «X + BY € L (R?) for all o, B € R.
(2) Show that the commutator [X, Y] € £ (R?), where

(X, Y1) () = XY ()& — (Y X)) x)

for each f € CK(R?), x e R
(3) Establish the Jacobi identity

(X, [V, ZI1 +[Y,[Z,X11+ [Z,[X,Y]] = 0.

We saw in the last exercise that £ (R?) is a Lie algebra, i.e. it is a real vector
space equipped with a binary operation [-, -] that satisfies the Jacobi identity
and the condition [X, X ] = 0 for all X € £;(R?). Note that a Lie algebra is not
an ‘algebra’ in the usual sense since the commutator bracket is not associative
(we have the Jacobi identity instead).

In general, a vector field Y = b'9; is said to be complete if the associated
differential equation (6.1) has a unique solution (£(#)(x), 7 € R) for all initial
conditions x € R?. The vector field Y fails to be complete if the solution only
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exists locally, e.g. for all ¢ € (a, b) where —0co < a < b < 00, and ‘blows up’
at a and b.

Exercise 6.1.14 Letd = 1 and Y (x) = x2d /dx for each x € R. Show that Y is
not complete.

If Y is complete, each (£(¢) (x), t € R) is called the integral curve of Y through
the point x, and the notation £ (¢) (x) = exp(Y)(x) is often employed to empha-
sise that, from an infinitesimal viewpoint, Y is the fundamental object from
which all else flows. We call ‘exp’ the exponential map. These ideas all extend
naturally to the more general set-up where R? is replaced by a differentiable
manifold.

6.2 Stochastic differential equations — existence and uniqueness

We now turn to the main business of this chapter. Let (€2, F, P) be a probability
space equipped with a filtration {F;, t > 0} that satisfies the usual hypotheses.
Let B = (B(t),t > 0) be an r-dimensional standard Brownian motion and N
an independent Poisson random measure on RT x (R? — {0}) with associated
compensator N and intensity measure v, where we assume that v is a Lévy
measure. We always assume that B and N are independent of Fy.

In the last section, we considered ODEs of the form

dy(t)
- b(y(1)), (6.10)

whose solution (y(t), 7 € R) is a curve in RY.
We begin by rewriting this ‘It6-style’ as

dy(t) = b(y(1))dr. (6.11)

Now restrict the parameter ¢ to the non-negative half-line R™ and consider
y = (y(t),t > 0) as the evolution in time of the state of a system from some
initial value y(0). We now allow the system to be subject to random noise effects,
which we introduce additively in (6.11). In general, these might be described in
terms of arbitrary semimartingales (see e.g. Protter [298]), but in line with the
usual philosophy of this book, we will use the ‘noise’ associated with a Lévy
process.
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We will focus on the following SDE:

dY () =b(Y (t—))dt + o (Y (t—))dB(1)

+ / F(Y (t—),x)N(dt, dx)
|x|<c

+/ G(Y (t—),x)N(dt,dx), (6.12)
[x|>c

which is a convenient shorthand for the system of SDEs

dY'(1) = b'(Y (t—))dt + o} (Y (1=))dB/ (1)

+ f Fi(Y (t—),x)N (dt, dx)
|

x|<c

+ / G(Y (t—),x)N (dt, dx), (6.13)
!

x|>c

where each 1 < i < d.Here the mappings b RY — R, O’ji ‘R - R, F:RYx
RY - Rand G :RY x R? — R are all assumed to be measurable for 1 <
i <d, 1 <j < r. Further conditions on these mappings will follow later. The
convenient parameter ¢ € [0, co] allows us to specify what we mean by ‘large’
and ‘small’ jumps in specific applications. Quite often, it will be convenient
to take ¢ = 1. If we want to put both ‘small’ and ‘large’ jumps on the same
footing we take ¢ = oo (or 0), so that the term involving G (or F, respectively)
is absent in (6.12)).

We will always consider (6.12), or equivalently (6.13), as a random initial-
value problem with a fixed initial condition Y (0) = Yy, where Yy is a given
R?-valued random vector. Sometimes we may want to fix Yo = yo (a.s.), where
Yo € R4,

In order to give (6.13) a rigorous meaning we rewrite it in integral form, for
eachr>0,1<i<d,as

t t
Yi(r) = Y(0) + f B (Y (s—))ds + f o} (Y (s—))dB (s)
0 0
t
+/ / FU(Y (s—),x)N (ds, dx)
0 Jlx|<c

t
+// G'(Y(s—),x)N(ds,dx) as. (6.14)
0 Jx|=c
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The solution to (6.14), when it exists, will be an R9 _valued stochastic process
(Y (1)t > 0) with each Y (r) = (Y1 (¢),..., Y9(¢)). Note that we are implicitly
assuming that Y has left-limits in our formulation of (6.14), and we will in fact
be seeking cadlag solutions so that this is guaranteed.

As we have specified the noise B and N in advance, any solution to (6.14) is
sometimes called a strong solution in the literature. There is also a notion of a
weak solution, which we will discuss in Section 6.7.3. We will require solutions
to (6.14) to be unique, and there are various notions of uniqueness available.
The strongest of these, which we will look for here, is to require our solutions
to be pathwise unique, i.e. if Y1 = (Y1(¢),t > 0) and Yo = (Y2(¢),t > 0) are
both solutions to (6.14) then P(Y; (1) = Y» (1) forallz > 0) = 1.

The term in (6.14) involving large jumps is that controlled by G. This is
easy to handle using interlacing, and it makes sense to begin by omitting this
term and concentrate on the study of the equation driven by continuous noise
interspersed with small jumps. To this end, we introduce the modified SDE

dZ(t)=b(Z(t—))dt+0o (Z(1—))dB(t)+ / F(Z(t—),x)N (dt, dx),

[x|<c

(6.15)
with initial condition Z(0) = Zj.

‘We now impose some conditions on the mappings b, o and F' that will enable
us to solve (6.15). First, for each x,y € R? we introduce the d x d matrix

a(x,y) = o (@)oo’

so that @™ (x,y) = Y/_ Uji (x)ajk(y) foreach 1 < i,k <d.
We will have need of the matrix seminorm on d X d matrices, given by

d
lall =) lal.
i=1
We impose the following two conditions.

(C1) Lipschitz condition There exists K; > 0 such that, for all y;,y; € R4,

(1) — b + la(yi,y1) — 2a(y1,y2) + a2, y)|

- / IF(y1,%x) — F(y2,0)*v(dx) < Kily1 — y2|*. (6.16)
|x|<c
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(C2) Growth condition There exists K > 0 such that, forall y € R4,

|b<y>|2+||a(y,y)||+/ IF(y,x)*v(dx) < K2(1+ [y?).

|x]<c

(6.17)

We make some comments on these.

First, the condition ||a(y1,y1)— 2a(y1,y2) 4+ a(y2.y2)|| < Lly1 — y2|%, for
some L > 0, is sometimes called bi-Lipschitz continuity. It may seem at odds
with the other terms on the left-hand side of (6.16) but this is an illusion. A
straightforward calculation yields

d r
lla@i.yD) = 2a(1.32) +aka. )l = Y Y [0l o) — o/ )],

i=1 j=1

and if you take d = r = 1 then

la(yi,y1) — 2a(y1,y2) + a(y2,y2)| = lo (1) — o ()%

Exercise 6.2.1 If a is bi-Lipschitz continuous, show that there exists L1 > 0
such that

lla, Ml < Li(1 +[1yl1%)

for all y e RY.

Our second comment on the conditions is this: if you take F = 0, it follows
from Exercises 6.1.2 and 6.2.1 that the growth condition (C2) is a consequence
of the Lipschitz condition (C1). Hence in the case of non-zero F', in the presence
of (C1), (C2) is equivalent to the requirement that there exists M > 0 such that,
for all y e RY,

/|| |F (y,x)*v(dx) < M1+ |y]?).

Exercise 6.2.2

(1) Show that if v is finite, then the growth condition is a consequence of the
Lipschitz condition.

(2) Show thatif F(y, x) = H (y)f (x) forall y € R?, |x| < ¢, where H is Lipschitz
continuous and flxlfc If (®)|?v(dx) < oo, then the growth condition is a
consequence of the Lipschitz condition.
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Having imposed conditions on our coefficients, we now discuss the initial
condition. Throughout this chapter, we will always deal with the standard initial
condition Y (0) = Yy (a.s.), for which Yy is Fp-measurable. Hence Y (0) is
independent of the noise B and N.

Throughout the remainder of this chapter, we will frequently employ the
following inequality for n € N and x1,x3,...,x, € R:

b 4 x0 - x? < n(x 4 el 4+ ). (6.18)

This is easily verified by using induction and the Cauchy—Schwarz inequality.

Our existence and uniqueness theorem will employ the technique of Picard
iteration, which served us well in the ODE case (Theorem 6.1.3); cf. Ikeda and
Watanabe [167], chapter 4, section 9.

Theorem 6.2.3 Assume the Lipschitz and growth conditions. There exists a
unique solution Z = (Z(t),t > 0) to the modified SDE (6.15) with the standard
initial condition. The process Z is adapted and cadlag.

Our strategy is to first carry out the proof of existence and uniqueness in the
case E(|Zg|?) < oo and then consider the case E(|Z|?) = oo.

Proof of existence for F(|Zy|?) <oo Define a sequence of processes
(Zn,ne NU{0}) by Zp(¢t) = Zp and, foralln e NU {0}, t > 0,

dZy1(t) = b(Z,(t—))dt + o (Z,(t—))dB(1)

+ / F(Zy(t—),x)N (dt, dx).

|x|<c
A simple inductive argument and use of Theorem 4.2.12 demonstrates that each
Zy is adapted and cadlag.
Foreachl <i <d,neNU{0},t > 0, we have
Zy () = Z,(0)
1
= [ W) ~ ¥ Zrs) i
0
r . . .
-+/ [0/(Zu(5=)) — 0 (Z1 (=) ]dBI(5)
0
l . . ~
+/ / [F'(Zn(s=), %) = F'(Zy—1(s—), 0)]N (ds, dx).
0 Jlxl<c

We need to obtain some inequalities, and we begin with the case n = 0.
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First note that on using the inequality (6.18), with n = 3, we have

|Z1(1) — Zo(1)|?
d

t t
=Z[ / b (Z(0))ds + / o} (Z(0))dB/ (s)
0 0

, 2
n / / FI(Z(0), )N (ds, dx):|
0 Jx|<c

d t 2 t
532“ fo bi(Z(O))ds:| +[ fo aj"(Z(O))dBi(s)]
i=1

t 2
+ [ / / F{(Z(0),x)N (ds, dx)i| }
0 Jlx|<c

d
32% [t )]’ + [of ZOnB 1]

i=1
- _ 2
n [ / F’(Z(O),x)N(l,dx)} }
|x]<c

for each r>0. We now take expectations and apply Doob’s martingale
inequality to obtain

2

E( sup |Zi(s) — ZO(S)|2>

0<s<t

< 312 E(1b(Z(0)*) + 12t E(||a(Z(0),Z(0))|])

-Hm/ E(FZ(0),0)])? v(d).
|x|<c
On applying the growth condition (C2), we can finally deduce that
1%wp%®—%@@sammm+mmw%, (6.19)
0<s<t

where C| (1) = max{3t, 12}.
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‘We now consider the case for general n € N. Arguing as above, we obtain

E( Sup | Zy41(s) —zn(s)|2>
0<s<t

0<s<t

t . . . 2
+ I2E ({/0 [0} Zn(s—)) — oj(Zn_1(s—))]dB](S)} )

t
+ 12E ({/ / [Fi(Zu(s—).)
0 Jx|<c

2
—F'(Zy—1(s=),0)|N (ds, dx)} )}
By the Cauchy-Schwarz inequality, for all s > 0,

s . 2
{ | o - b’(zn1<u—>)]du}

<s /0 [V Zaum)) — b Zyy () Pl

and so, by Itd’s isometry, we obtain

E( sup |Zy4+1(s) — Zn(S)|2>

0<s<t

t
= Ci(») [/0 E(16(Zn(s=)) = b(Zy—1(s—)) ) ds

t
- /0 E(||a(Zy(s—), Zu(s—)) — 2a(Zy(s—), Zy—1(s—))
+ a(Zy—1(s—), Zn—1(s—))||)ds

t
+// E(|F(Zn(s—),x)—F(Zn1(s—),x)|2)v(dx)ds:|.
0 Jx|<c
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We now apply the Lipschitz condition (C1) to find that

]E( sup |Z,11(s) — Zn(s)|2>

0<s<t

t
= Cl(t)K1/ E ( sup |Z,(u) — Zn—l(”)|2) ds (6.20)
0

0<u<s

By induction based on (6.19) and (6.20), we thus deduce the key estimate

Cr()"K?
E ( sup |Zy(s) _Zn—l(5)|2) < # (6.21)
0=<s<t n!

for all n e N, where C,(t) = tC;(t) and
K3 = max{K, K>[1 +E(Z©O)"]}.

Our first observation is that (Z,(¢), ¢t > 0) is convergent in [?*foreachr > 0.
Indeed, for each m,n € N we have (using || - ||» = [E(] - |*)]"/? to denote the
[*-norm), foreach 0 < s < 1,

CZ(t)r/ZK?';/z

1206 = Zn@l2 = 3 120 = Zea @Ik = 32 = o

r=m+1 r=m+1

and, since the series on the right converges, we have that each (Z,(s),n € N) is
Cauchy and hence convergent to some Z(s) € L2(Q, F, P). We denote as Z the
process (Z(t),t > 0). A standard limiting argument yields the useful estimate
Cz(t)r/ZI(g/2

1Z(s) = Zu@l < )

r=n+1

foreachneNU{0},0 <s <t.
We also need to establish the almost sure convergence of (Z,,neN).
Applying the Chebyshev—Markov inequality in (6.21), we deduce that

P( sup |Z(s) = Zu—1(9)| = i) L BRBGOTIT

0<s<t —aon )T n!
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from which we see that

1
P<lim sup sup |Z,(s) — Zn—1(s)| = 2_n> =0,

n—oo (0<s<t

by Borel’s lemma. Arguing as in Theorem 2.6.2, we deduce that (Z,,, n € NU{0})
is almost surely uniformly convergent on finite intervals [0, ¢] to Z, from which
it follows that Z is adapted and cadlag.

Now we must verify that Z really satisfies the SDE. Define a stochastic
process 7= (Z(t),t > 0) by

TM:%+AW@wm$+£#@wmw%>
+ /Ol f F(Z(s—),x)N (ds, dx)
foreach 1 <i <d,t > 0. Hence, for each n e N U {0},
?m—ﬁm=ﬁﬁmﬂw»—WAmmws
+ /0 [0Z(s—) — 0! Zu(s—) B (5
+A]}[P@w¢m—ﬁmwﬂme¢a

Now using the same argument with which we derived (6.20) and then
applying (6.22), we obtain forall 0 < s <t < oo,

t
Mﬂ@—%@ﬁs&@hlﬁ%ﬂm—awﬁw

< GOK; sup E(Zw) — Z,w)[*)

O0<u<t
2
i Cz(t)’/ng/

< GOK N

r=n+1

— 0 asn— oo.

Hence each Z(s) = L? —limy_ oo Z (s) and so, by uniqueness of limits, 7 (s) =
Z(s) (a.s.) as required.
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Proof of uniqueness for E(|Zy 12) < oo Let Z; and Z, be two distinct solutions
to (6.15). Hence, foreacht > 0,1 <i <d,

Z{(0) — Zy(1)
= fo l [6'(Z1(s—)) — b (Za(s—))]ds
+ [ g/ — of atn]an')
+ /O t /x 5 [F'(Zi(s=),x) — F'(Zo(s—),x) [N (ds, dx).

We again follow the same line of argument as used in deducing (6.20), to
find that

E( sup |Z;(s) — Zz(S)|2>

0<s<t

0<u<s

t
sqmme<wpmM—bMO&-
0

Thus, by Gronwall’s inequality, E(supofsst |Z1(s) —Zz(s)|2) = 0. Hence
Z1(s) = Z>(s) forall 0 < s < ¢ (a.s.). By continuity of probability, we obtain,
as required,

P(Z1(t) = Zy(¢) for all t > 0)

=P ( m (Z1(t) =7Z(t) forall0 <t SN)) -1

N eN

Proof of existence and uniqueness for I&( |Z0|2) = 00 (cf. Itd [174]). For each
neN, define Qy = {weQ;|Zyg| < N}. Then Qy < Qy whenever n < M
and Q = Un N SN Let Z(I)V = Zpxqy- By the above analysis, the equation
(6.15) with initial condition Z(I)V has a unique solution (Zy (¢),t > 0). Clearly,
forM > N,Zy(t)(w) = Zy—1(t)(w) = --- = Zy(t)(w) for all + > 0 and
almost all w € Q.

By continuity of probability, given any € > 0 there exists n € N such that
n>N = P(Q2,) > 1 — €. Then given any § > 0, forall m,n > N,

P (sup |Z, (1) — Z, ()] > 8) < €.

>0
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Hence (Z,,n€N) is uniformly Cauchy in probability and so is uniformly
convergent in probability to a process Z = (Z(t),t > 0). We can extract a
subsequence for which the convergence holds uniformly (a.s.) and from this it
follows that Z is adapted, cadlag and solves (6.15).

For uniqueness, suppose that Z' = (Z'(¢), t > 0) is another solution to (6.15);
then, forall M > N, Z'(t)(w) = Zy (t)(w) for all t > 0 and almost all w € Q.
For, suppose this fails to be true forsome M > N. Define Z;; () (w) = Z;, () (w)
forw € Qu and Zy; (1) (w) = Zy (1) (w) forw € Qf,. Then Zy; and Zy; are distinct
solutions to (6.15) with the same initial condition ZM and our earlier uniqueness
result gives the required contradiction. That P(Z(r) = Z'(¢) forall > 0) = 1
follows by a straightforward limiting argument, as above. (]

Corollary 6.2.4 Let Z be the unique solution of (6.15) as constructed in The-
orem 6.2.3. If E(|Zo|?) < oo then E(|Z(1)|*) < oo for each t > 0 and there
exists a constant D(t) > 0 such that

E(Z®% < DO[1 +E(ZP)].

Proof By (6.22) we see that, for each ¢ > 0, there exists C(¢) > 0 such that

1Z(t) = Zolla < D N|Zu(t) = Zu1 (D12 < C(0).

n=0
Now
E(Z(0)*) < 2E(Z(t) — Z(O)*) + 2 E(1Z(0) ),
and the required result follows with D(r) = 2 max{1, C(r)?}. U

Exercise 6.2.5 Consider the SDE

dZ(t) = o (Z(t—))dB(t) + / F(Z(t—),x)N (dt, dx)

|x|<c

satisfying all the conditions of Corollary 6.2.4. Deduce that Z is a square-
integrable martingale. Hence deduce that the discounted stock price S
discussed in Section 5.6.3 is indeed a martingale, as was promised.

Exercise 6.2.6 Deduce that Z = (Z(¢),t > 0) has continuous sample paths,
where

dZ(t) = b(Z(t))dt + o (Z(t))dB(¢).
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(Hint: Use the uniformity of the convergence in Theorem 6.2.3 and recall the
discussion of Section 4.3.1)

Exercise 6.2.7 Show that the following Lipschitz condition on the matrix-
valued function o (+) is a sufficient condition for the bi-Lipschitz continuity of
a() = o (-)o ()T: there exists K > 0 such that, foreach 1 <i <d, 1 <j<r,
yi.y2€RY,

o/ (v1) — 0/ (72)| < Kly1 — yal.

Having dealt with the modified equation, we can now apply a standard inter-
lacing procedure to construct the solution to the original equation (6.12). We
impose the following assumption on the coefficient G, which ensures that the
integrands in Poisson integrals are predictable.

Assumption 6.2.8 From now on we will assume that ¢ > 0. We also require
that the mapping y — G(y,x) is continuous for all x > c.

Theorem 6.2.9 There exists a unique cadlag adapted solution to (6.12).

Proof Let (1, n € N) be the arrival times for the jumps of the compound Poisson
process (P(t),t > 0), where each P(t) = fl xN (¢, dx). We then construct a
solution to (6.12) as follows:

x|>c

Y(@) =Z(1) for 0 <t <1,
Y(11) = Z(t1—) + G(Z(v1—), AP(71)) for 1 =1,
Y@)=Y(t1) +2Z1(t) — Zi1 (1) forty <t < 1,

Y(n2) = Y(02—) + G(Y(12—), AP(2)) for 1 =1y,

and so on, recursively. Here Z; is the unique solution to (6.15) with ini-
tial condition Z;(0) =Y (11). Y is clearly adapted, cadlag and solves (6.12).
Uniqueness follows by the uniqueness in Theorem 6.2.3 and the interlacing
structure. ]

Note Theorem 6.2.9 may be generalised considerably. More sophisticated tech-
niques were developed by Protter [298], chapter 5, and Jacod [186], pp. 451ff.,
in the case where the driving noise is a general semimartingale with jumps.
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In some problems we might require time-dependent coefficients and so we
study the inhomogeneous SDE

dY (t) = b(t,Y(t—))dt + o (¢, Y (t—))dB(t)

+ / F(t,Y(t—),x)N(dt,dx)
|x|<c

+ / G(t,Y(t—),x)N(dt,dx). (6.23)
|x|>c¢

We can again reduce this problem by interlacing to the study of the modified
SDE with small jumps. In order to solve the latter we can impose the following
(crude) Lipschitz and growth conditions.

For each ¢ > 0, there exists K1 () > 0 such that, for all y1,y; € R4,

[b(t,y1) — b(t,y2)| + lla(t,y1,y1) — 2a(t,y1,y2) + a(t,y2, y2)l|

+ / |F(t,y1,%) — F(t,y2,x)*v(dx) < Ki()ly1 — y2|*.
|x|<c
There exists K»(¢) > 0 such that, forall y € R4,

(2, Y)1> + lla(t, y, y)I| + / IF(t,y, 01> < K2()(1 + |y,

|x|<c

where a(t,y1,y2) = a(t,yl)cr(t,yg)T foreacht > 0, y;,y» € R4. We assume
that the mappings ¢+ — K;(¢)(i = 1,2) are locally bounded and measurable.

Exercise 6.2.10 Show that (6.23) has a unique solution under the above
conditions.

The final variation which we will examine in this chapter involves local
solutions. Let T, be a stopping time and suppose that Y = (Y (¢),0 <t < To)
is a solution to (6.12). We say that Y is a local solution if T, < 00 (a.s.) and a
global solution if Too = 00 (a.s.). We call T the explosion time for the SDE
(6.12). So far in this chapter we have looked at global solutions. If we want to
allow local solutions to (6.12) we can weaken our hypotheses to allow local
Lipschitz and growth conditions on our coefficients. More precisely we impose:
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(C3) Local Lipschitz condition For all neN and y;,y € R?  with
max{|yi], [y2|} < n, there exists Kj(n) > 0 such that

[b(y1) — by2)| + lla(yi,y1) — 2a(y1,y2) +a(y2, y2)ll

+ / FO1.%) — Fa0Pv(do) < Ki(mly — vl
|x|<c

(C4) Local Growth condition For all n € N and for all y € R? with ly| < n,
there exists K»(n) > 0 such that

O + Gyl + / Fo0l2 < Koy + yP).

|x|<c
We then have

Theorem 6.2.11 If we assume (C3) and (C4) and impose the standard initial
condition, then there exists a unique local solution Y = (Y (t),0 <t < Tx) to
the SDE (6.12).

Proof Once again we can reduce the problem by interlacing to the solution
of the modified SDE. The proof in this case is almost identical to the case of
equations driven by Brownian motion, and we refer the reader to the account
of Durrett [99] for the details. O

We may also consider backwards stochastic differential equations on a time
interval [0, T']. We write these as follows (in the time-homogeneous case):

dY (t) = —b(Y (1))dt — o (Y (1)) - dB(t)

—/ F(t,Y (t—),x) - N(dt,dx)
[x|<c

— / G(t,Y(t—),x)N(dt, dx),
|x|>c

where -, denotes the backwards stochastic integral. The solution (when it exists)
is a backwards adapted process (Y (s); 0 < s < T). Instead of an initial condi-
tion Y (0) = Yy (a.s.) we impose a final condition Y (7)) = Y7 (a.s.). We then
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have the integral form
Yi) = vj - / b (Y () — / o} (¥ () B ()
T . ~
—f / F'(Y (u),x) -» N (dt, dx)
K |x|<c

T
- / / G'(Y (w)),x)N (dt,dx) a.s.
K |x|>c

foreachO0<s<T,1<i<d.

The theory of backwards SDEs can now be developed just as in the forward
case, so we can obtain the existence and uniqueness of solutions by imposing
Lipschitz and growth conditions on the coefficients and the usual independence
condition on Y7.

Backwards SDEs with discontinuous noise have not been developed so thor-
oughly as the forward case. This may change in the future as more applications
are found; see e.g. Nualart and Schoutens [279], where backwards SDEs driven
by the Teugels martingales of Exercise 2.4.24 are applied to option pricing.
Other articles on backwards SDEs include Situ [336] and Ouknine [285].

6.3 Examples of SDEs
SDEs driven by Lévy processes

Let X = (X(#),t > 0) be a Lévy process taking values in R”. We denote its
Lévy-Itd decomposition as

t t
Xi(t) =AM+ ;jiBj(t) + /(; / lxi](/(ds, dx) + /é / xiN(ds, dx)
[x]< [x[>1

foreach 1 < i < m, t > 0. Here, as usual, A € R and (rji) is a real-valued
m X r matrix.

Foreachl <i<d,1 <j<m,let L]’: :R? — R4 be measurable, and form
the d x m matrix L(x) = (L;(x)) for each x € R?. We consider the SDE

dY (t) = L(Y (t—))dX (1), (6.24)
with standard initial condition Y (0) = Y (a.s.), so that, foreach 1 <i <d,

dY' () = Li(Y (t=))dX’ (1).
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This is of the same form as (6.12), with coefficients given by b(-) =
L)X, o() = L()t, F(-,x) = L(-)x for |x| < 1 and G(-,x) = L(-)x for
x| > 1.

To facilitate discussion of the existence and uniqueness of solutions of (6.24),
we introduce two new matrix-valued functions, N, a d x d matrix given by
N(x) = L(x)ttTL(x)T for each x e R? and M, a m x m matrix defined by
M (x) = L(x)TL(x).

We impose the following Lipschitz-type conditions on M and N:
there exist D1, Dy > 0 such that, for all y;,y; € R4,

N1, y1) = 2N (31, ¥2) + N (32,321 < Dily1 — y21%, (6.25)
max MY (y1,y1) — 2M} (v1,32) + M} (v2,y2)] < Daly1 — y2|*.
1<p,g<m
(6.26)

Note that (6.25) is just the usual bi-Lipschitz condition, which allows control
of the Brownian integral terms within SDEs.

Tedious but straightforward algebra then shows that (6.25) and (6.26) imply
the Lipschitz and growth conditions (C1) and (C2) and hence, by Theorems
6.2.3 and 6.2.9, equation (6.24) has a unique solution. In applications, we often
meet the case m = d and L = diag (L1, . .., Ly). In this case, readers can check
that a sufficient condition for (6.25) and (6.26) is the single Lipschitz condition
that there exists D3 > 0 such that, for all y1,y, € R,

[L(y1) — L(y2)| < D3ly1 — y2l, (6.27)

where we are regarding L as a vector-valued function.
Another class of SDEs that are often considered in the literature take the form

dY (t) = b(Y (t—)dt + L(Y (t—))dX (1),

and these clearly have a unique solution whenever L is as in (6.27) and b is
globally Lipschitz. The important case where X is a-stable was studied by
Janicki et al. [188].

Stochastic exponentials

We consider the equation
dY () =Y (@—)dX (1),

so that, foreach 1 <i < d, dY'(t) = Yi(t—)dX'(t).



6.3 Examples of SDEs 379

This trivially satisfies the Lipschitz condition (6.27) and so has a unique
solution. In the case d = 1 with Yy = 1 (a.s.), we saw in Section 5.1 that the
solution is given by the stochastic exponential

Y =& = exp|X () = HXe X0} [T [14+ AX(9)]em¥0,

0<s<t
for each t > 0.

The Langevin equation and Ornstein—Uhlenbeck process revisited

The process B = (B(t),t > 0) that we have been calling ‘Brownian motion’
throughout this book is not the best possible description of the physical
phenomenon of Brownian motion.

A more realistic model was proposed by Ornstein and Uhlenbeck [284] in
the 1930s; see also chapter 9 of Nelson [277] and Chandrasekar [76]. Let x =
(x(#),t = 0), where x(¢) is the displacement after time ¢ of a particle of mass
m executing Brownian motion, and let v = (v(#),t > 0), where v(t) is the
velocity of the particle. Ornstein and Uhlenbeck argued that the total force on
the particle should arise from a combination of random bombardments by the
molecules of the fluid and also a macroscopic frictional force, which acts to
dampen the motion. In accordance with Newton’s laws, this total force equals
the rate of change of momentum and so we write the formal equation

dv dB
mz = —fBmv + mz,
where f§ is a positive constant (related to the viscosity of the fluid) and the
formal derivative ‘dB/dt’ describes random velocity changes due to molecular
bombardment. This equation acquires a meaning as soon as we interpret it as
an It6-style SDE. We thus obtain the Langevin equation, named in honour of
the French physicist Paul Langevin,

dvu(t) = —pu(t)dt 4+ dB(t). (6.28)

It is more appropriate for us to generalise this equation and replace B by a Lévy
process X = (X (¢),t > 0), to obtain

dvu(t) = —po(t)dt + dX (1), (6.29)

which we continue to call the Langevin equation. It has a unique solution by
Theorem 6.2.9. We can in fact solve (6.29) by multiplying both sides by the
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integrating factor e A and using Itd’s product formula. This yields our old
friend the Ornstein—Uhlenbeck process (4.9),

t
v(t) = e Plog + / e PU9ax (s)
0
foreachr > 0.Recall from Exercise 4.3.18 that when X is a Brownian motion, v
is Gaussian. In this latter case, the integrated Ornstein—Uhlenbeck process also
has a physical interpretation. It is nothing but the displacement of the Brownian
particle

t
x(t):f v(s)ds,
0

for each t > 0.

An interesting generalisation of the Langevin equation is obtained when the
number B is replaced by a matrix Q, all of whose eigenvalues have a positive
real part. We thus obtain the equation

dY (t) = —QY (H)dt + dX (1),

whose unique solution is the generalised Ornstein—-Uhlenbeck process, Y =
(Y (t),t > 0), where, for each r > 0,

t
Y@) =e YY)+ / e U9 3x ().
0

For further details see Sato and Yamazoto [322] and Barndorff-Nielsen, Jensen
and Sgrensen [24].

Diffusion processes

The most intensively studied class of SDEs is the class of those that lead to diffu-
sion processes. These generalise the Ornstein—Uhlenbeck process for Brownian
motion, but now the aim is to describe all possible random motions that are due
to ‘diffusion’. A hypothetical particle that diffuses should move continuously
and be characterised by two functions, a ‘drift coefficient’ b that describes the
deterministic part of the motion and a ‘diffusion coefficient a’ that corresponds
to the random part. Generalising the Langevin equation, we model diffusion as
a stochastic process Y = (Y (¢),t > 0), starting at Y (0) = Y (a.s.) and solving
the SDE

dY (1) = b(Y(t))dt + o (Y (1))dB(t), (6.30)
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where a(-) = o(-)o(-)T. We impose the usual Lipschitz conditions on » and
the stronger one given in Exercise 6.2.7 on o; these ensure that (6.30) has a
unique strong solution. In this case, ¥ = (Y (¢),f > 0) is sometimes called an
116 diffusion.

A more general approach was traced back to Kolmogorov [206] by David
Williams in [357]. A diffusion process in R? is a path-continuous Markov pro-
cess Y = (Y (¢),t > 0) starting at Yy = x (a.s) for which there exist continuous
functions B : R? — R? and o : RY — M (R) such that

= B(x) and %COV(Y(I),Y(I))U = (). (6.31)

d
EE(Y(I)) Y -

We call 8 and « the infinitesimal mean and infinitesimal covariance, respec-
tively. The link between this more general definition and SDE:s is given in the
following result.

Theorem 6.3.1 Every It6 diffusion is a diffusion with 8 = b and « = a.

Proof Every Itd diffusion ¥ = (Y (¢),t > 0) has continuous sample paths.
To see this, return to the proof of Theorem 6.2.3 and put F = 0 therein, then
each Picard iterate Z, has continuous paths (see Section 4.3.1). Y then inherits
this property through the a.s. uniform convergence of the sequence on finite
intervals. The Markov property will be discussed later in this chapter. We now
turn our attention to the mappings b and a. Continuity of these follows from
the Lipschitz conditions. For the explicit calculations below, we follow Durrett
[99], pp. 178-9.
Writing the It diffusion in integral form we have, for each t > 0,

t

t
Y (1) =x+/ b(Y (s))ds +/ o (Y (s5))dB(s).
0 0
Since the Brownian integral is a centred L?>-martingale, we have that
t
EY @) =x+ / Eb (X (s)) ds,
0

and B(x) = b(x) now follows on differentiating.
Foreach 1 <i,j<d,t >0,

Cov (Y (1), Y (1) = E(Yi(0)Y; (1)) — E(Y; (1)) E(Y;(1)).
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By It6’s product formula,

dYi(0)Y;(®)) = dYi(0)Y;(t) + Yi(0)dY;(t) + d[Y;, Y;1(1)
=dY;)Y;(t) + Yi(t)dY;(t) + a;; (Y (¢))dt.

Hence
EY:(®)Y;()

t
= xixj + /0 E(Y,-(s)bj(Y(s)) + Yi()bi(Y (s)) + a,-j(Y(s)))ds
and so

= x;ibj(x) + x;b; (x) + a;; (x).

d
EE(Yi(t)Yj(t)) Y

We can easily verify that

E(Y;(1) E(Y;(1))]

= x;bj(x) + x;b; (x),

E [ t=0

and the required result follows. |

Diffusion processes have a much wider scope than physical models of
diffusing particles; for example, the Black—Scholes model for stock prices
(S(#),t = 0) is an It6 diffusion taking the form

ds() = BS@)dt + oS (t)dt,

where 8 € R and ¢ > 0 denote the usual stock drift and volatility parameters.

We will not make a detailed investigation of diffusions in this book. For more
information on this extensively studied topic, see e.g. Durrett [99], Ikeda and
Watanabe [167], Itd6 and McKean [170], Krylov [212], Rogers and Williams
[308], [309] and Stroock and Varadhan [340].

When a particle diffuses in accordance with Brownian motion, its standard
deviation at time ¢ is /7. In anomalous diffusion, particles diffuse through a
non-homogeneous medium that either slows the particles down (subdiffusion)
or speeds them up (superdiffusion). The standard deviation behaves like 1",
where v < 1/2 for subdiffusion and v > 1/2 for superdiffusion. A survey of
some of these models is given in chapter 12 of Uchaikin and Zolotarev [350];
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compound Poisson processes and symmetric stable laws play a key role in the
analysis.

Jump-diffusion processes

By a jump-diffusion process, we mean the strong solution ¥ = (Y (¢),¢t > 0) of
the SDE

dY (1) = b(Y (t=))dt + o (Y (t—))dB(1)
+ intga _ iy G(Y (t=),x)N (dt, dx),

where N is a Poisson random measure that is independent of the Brownian
motion B having finite intensity measure v [so we have effectively taken ¢ = 0
in (6.12)]. It then follows, by the construction in the proof of Theorem 6.2.9,
that the paths of Z simply consist of that of an Itd diffusion process interlaced by
jumps at the arrival times of the compound Poisson process P = (P(t),t > 0),
where each P(t) = [; a0y XN (dt, dx).

We note that there is by no means universal agreement about the use of the
phrase ‘jump-diffusion process’, and some authors use it to denote the more
general processes arising from the solution to (6.12). The terminology may also
be used when N is the random measure counting the jumps of a more general
point process.

6.4 Stochastic flows, cocycle and Markov properties of SDEs
6.4.1 Stochastic flows

Let Yy = (Yy(1),t = 0) be the strong solution of the SDE (6.12) with fixed
deterministic initial condition Yy = y (a.s.). Just as in the case of ordinary
differential equations, we would like to study the properties of Yy (¢) as y varies.
Imitating the procedure of Section 6.1, we define ®;: RY x @ — R< by

@ (y, @) = Yy (1) (w)

foreacht > 0,ye Rd, w € Q. We will find it convenient below to fix y € R4
and regard these mappings as random variables. We then employ the notation

Q;()() = @i (y, ).

Based on equation (6.8), we might expect that

Dy (v, 0) = PPy (y, w), W),

for each s,¢ > 0. In fact this is not the case, as the following example shows.
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Example 6.4.1 (Random translation) Consider the simplest SDE driven by
aLévy process X = (X (¢),t = 0),

dy,(t) =dX (), Y,(0)=y, as,
whose solution is the random translation ®,(y) = y + X (¢). Then
O () =y + X (1 +5).

But ®,(P,(y)) =y + X (¢) + X (s) and these are clearly not the same (except
in the trivial case where X (t) = mt, for all t > 0, with m € R). However, if we
define the two-parameter motion

@y (v) =y + X (1) = X(s),

where 0 < s <t < 00, then it is easy to check that, forall0 <r < s < t < 00,

q:’r,z‘ (Y) = q)s,t (q)r,s (y)),

and this gives us a valuable clue as to how to proceed in general.

Example6.4.1 suggests that if we want to study the flow property for random
dynamical systems then we need a two-parameter family of motions. The inter-
pretation of the random mapping @ is that it describes motion commencing
at the ‘starting time’ s and ending at the ‘finishing time’ 7. We now give some
general definitions.

Let ® = {d;;,0 < s <t < oo} be a family of measurable mappings from
RY x @ — R?. For each w € , we have associated mappings oY, R — RY,
given by &%, (y) = ®,,(w,y) foreachy e R4,

We say that ® is a stochastic flow if there exists N' C , with P(N) = 0,
such that for all w € Q@ — N:

(1) &2, =g, 0 PP forall0 <r <s <1 <o00;
(2) ®Y(y) =yforalls > 0,yeR4.

If, in addition, each d>§,‘ft is a homeomorphism (C k—diffeomorphism) of RY,
for all w e Q — N, we say that ® is a stochastic flow of homeomorphisms
(C*-diffeomorphisms, respectively).

If, in addition to properties (1) and (2), we have that

(3) foreachneN,0<1 <t <--- <1, < 00,y € R¢, the random variables
{CD,J,,,].H(y);l < j < n — 1} are independent,
(4) the mappings t — ®,,(y) are cadlag for each y € RY,0<s <1,

we say that @ is a Lévy flow.
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If (4) can be strengthened from ‘cadlag’ to ‘continuous’, we say that ® is a
Brownian flow.

The reason for the terminology ‘Lévy flow’ and ‘Brownian flow’ is that
when property (3) holds we can think of ® as a Lévy process on the group of all
diffeomorphisms from R? to itself (see Baxendale [33], Fujiwara and Kunita
[125] and Applebaum and Kunita [6] for more about this viewpoint).

Brownian flows of diffeomorphisms were studied extensively by Kunita in
[215]. It was shown in Section 4.2 therein that they all arise as solutions of
SDEs driven by (a possibly infinite number of) standard Brownian motions.
The programme for Lévy flows is less complete, see section 3 of Fujiwara and
Kunita [125] for some partial results.

Here we will study flows driven by the SDEs studied in Section 6.2. We
consider two-parameter versions of these, i.e.

d P (y) = b(Pss—(¥)dt + 0 (- (v)dB(1)

+ / F(®y,_(y),x)N (dt, dx)
[x|<c

+ / G (P, (y),x)N(dt, dx) (6.32)
[x|>c

with initial condition ®;(y) =y (a.s.), so that, foreach 1 <i <d,

@, () =y + fo b (g u—(y))du + fo 0 (Psu—()dB ()
t
+ / / Fi(@q (), 0N (du, dx)
0 Jix|<c
t
+ / / G (®yu—(y),x)N (du, dx).
0 Jx|=c

The fact that (6.32) has a unique strong solution under the usual Lipschitz
and growth conditions is achieved by a minor modification to the proofs of
Theorems 6.2.3 and 6.2.9.

Theorem 6.4.2 @ is a Lévy flow.

Proof The measurability of each ®,, and the cadlag property (4) follow from
the constructions of Theorems 6.2.3 and 6.2.9. Property (2) is immediate. To
establish the flow property (1), we follow similar reasoning to that in the proof
of Theorem 6.1.10.
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To simplify the form of expressions appearing below, we will omit, without
loss of generality, all except the compensated Poisson terms in (6.32).
Forall0<r<s<t<oo,1<i< d,yeRd,wehave

t

@ () =y + / f F' (@ - (), )N (du, dx)

r Jlx|<c
— iy / ' f Fi(®, 0 (), )N (du, dx)

r |x|<c

t
+ / / Fi(®p (1), 0N (dt, d)
s Jx|<c

t
=, ,(y) + / / F{ (@ (), )N (du, dx).
s Jx|<c

However,
. . t . ~
(Ds,t(@r,s(.)’))l = qu,s(y)l +/ [| Fl(q)s,u—(q)r,s(y»,X)N(du,dx),

and the required result follows by the uniqueness of solutions to SDEs.

For the independence (3), consider the sequence of Picard iterates
(@Eﬁ) ,n € NU {0}) constructed in the proof of Theorem 6.2.3. Using induction
and arguing as in the proof of Lemma 4.3.12, we see that each d}ﬁ? is measur-
able with respect to o {N (v,A) — N(u,A), 0 <s <u<v <t, AeB(B.(0))},

from which the required result follows. (]

Exercise 6.4.3 Extend Theorem 6.4.2 to the case of the general standard initial
condition.

Example 6.4.4 (Randomising deterministic flows) We assume that b € C{;
(R) and consider the one-dimensional ODE

d&(a)
da

= b(§(a)).

By Theorem 6.1.10, its unique solution is a flow of C¥-diffeomorphisms & =
(£(a),a € R). We randomise the flow & by defining

Dy (y) = EX (1) — X () ()

forall0 < s <t < o0,y €R9, where X is a one-dimensional Lévy pro-
cess with characteristics (m, o2, v). It is an easy exercise to check that @ is a
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Lévy flow of CK-diffeomorphisms. It is of interest to find the SDE satisfied
by ®. Thanks to Exercise 6.1.8, we can use Itd’s formula to obtain

d®g;(y)
= mb(Dy,—(y))dt + ob(Dy,—(y))dB(1)
+ 307D (- (0))b( Dy - (v))dlt

T / - [6() (s (1) — Py ()N (dt, dx)
+ /‘I X [‘Sg‘(x)(CDw_ ) — Dy (y)]N(dt, dx)
* / <1 [6() (s (1) = D= () — xb(Pyy— () J(dx)dr.  (6.33)

Here we have used the flow property for £ in the jump term and the fact that

d? /
Z2t @ = b E@)bE@).

The SDE (6.33) is the simplest example of a Marcus canonical equation. We
will return to this theme in Section 6.10.

6.4.2 The Markov property

Here we will apply the flow property established above to prove that solutions
of SDEs give rise to Markov processes.

Theorem 6.4.5 The strong solution to (6.12) is a Markov process.
Proof Lett > 0. Following Exercise 6.4.3, we can consider the solution ¥ =
(Y (¢),t > 0) as a stochastic flow with random initial condition Y, and we will
abuse notation to the extent of writing each

Y (1) = ¢, (Yo) = Do,
Our aim is to prove that

E(f((DO,t—l-s”]:s) = E(f(q)o,t+s)|q>0,s)

forall 5,7 > 0, f € Bp(R%).
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Now define Gy ;; € By, (RY) by

Gy 50 (0) = E(f (Ps,54:())),

for each y € R?. By Theorem 6.4.2, and Exercise 6.4.3, we have that ®¢ s =
D 110D 5 (a.s.) and that g ¢, is independent of F;. Hence, by Lemma 1.1.9,

E(f(©0,t+s)|-7:s) = E(f((bs,ert o q)(),s)|]:s) = E(Gf,s,t(qDO,s))-

By the same argument, we also get E(f (®o+s)|Po,s) = E(Gy 5, (Po,s)), and
the required result follows. (|

As in Section 3.1, we can now define an associated stochastic evolution
(Ts;,0 < s <t < 00), by the prescription

(T ) = E(f (5,)|Pos = y)

for each f € B,(R?), y € R?. We will now strengthen Theorem 6.4.5.

Theorem 6.4.6 The strong solution to (6.12) is a homogeneous Markov
process.

Proof We must show that T ., = To; for all s,z > 0.
Without loss of generality, we just consider the compensated Poisson terms in

(6.12). Using the stationary increments property of Lévy processes, we obtain
for each f € B,(R?),y e R,

(Tssif)0) = E (f (D544 () | P05 = ¥)

s+t 5
=EQQ+[ [ln%ﬁwwmmmWO)
t
=EQQ&j / F@wxanwmﬂ)
0 Jlx|<c

=E (f(®0:() [Po0() =)
= (To ).

]

Referring again to Section 3.1, we see that we have a semigroup (7%, ¢ > 0)
on By (R?), which is given by

(T ) = E (f (@0,(1) | Poo() =) = E(f (@0, ()
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for each t > 0, f € By (Rd), yE€ R4, We would like to investigate the Feller
property for this semigroup, but first we need to probe deeper into the properties
of solution flows.

Exercise 6.4.7 Establish the strong Markov property for SDEs, i.e. show that

E(f (®o+5)1Fs) = E(f (Pos+5) | Po,s)

for any ¢ > 0, where S is a stopping time with P (S < oco) = 1.
(Hint: Imitate the proof of Theorem 6.4.5, or see theorem 32 in Protter [298],
chapter 5.)

6.4.3 Cocycles

As we will see below, the cocycle property of SDEs is quite closely related to
the flow property. In this section, we will work throughout with the canonical
Lévy process constructed in Section 1.4.1. So € is the path space {w:RT —
R; w(0) = 0}, F is the o-algebra generated by the cylinder sets and P is the
unique probability measure given by Kolmogorov’s existence theorem from
the recipe (1.28) on cylinder sets. Hence X = (X (¢),¢ > 0) is a Lévy process
on (2, F, P), where X (t)w = w(t) foreachw € 2, ¢t > 0.

The space 2 comes equipped with a shift 0 = (6;,t > 0),each 6,: Q — Q
being defined as follows (see Appendix 2.10). For each 5,7 > 0,

O,0)(5) = w(t + 5) — (1) (6.34)

Exercise 6.4.8 Deduce the following:

(1) O is a one-parameter semigroup, i.e. 6,45 = 6,6 for all s, > 0;
(2) the measure P is f-invariant, i.e. P(@,_l(A)) = P) forallAe F,t > 0.
(Hint: First establish this on cylinder sets, using (1.28).)

Lemma 6.4.9 X is an additive cocycle for 0, i.e. for all s,t > 0,
X(t+5) =X () + (X (1) 00(5)).

Proof Foreachs,t > 0,weQ,

X () (bs(w)) = Os0) () =w(s +1) —w(s) =X ([ + ) () — X (5)(@). O

Additive cocycles were introduced into probability theory by Kolmogorov
[207], who called them helices; see also de Sam Lazaro and Meyer [321] and
Arnold and Scheutzow [15].

We now turn to the Lévy flow & that arises from solving (6.32).
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Lemma 6.4.10 Forall0 <s <t <00,y eRY, weQ,

(Ds,s—s—t(y’ w) = ‘Do,z()), Osw) a.s.

Proof (See proposition 24 of Arnold and Scheutzow [15].) We use the sequence
of Picard iterates (CDg? -1 € NU{0}) constructed in the proof of Theorem 6.4.2
and aim to show that

o (v.w) = 0§ (v.6,0) as.

for all n e N U {0}, from which the result follows on taking limits as n — oo.

We proceed by induction. Clearly the result is true when n = 0. Suppose that
it holds for some n € N. Just as in the proof of Theorem 6.4.2 we will consider a
condensed SDE, without loss of generality, and this time we will retain only the
Brownian motion terms. Using our usual sequence of partitions and the result
of Lemma 6.4.9, foreach 1 <i <d,s,t >0, ye RY, we, the following
holds with probability 1:

cDi,(n-‘rl)(y (1))

§,5+1

_ t+s )
iy / ol (O, (v, ))dB (1) ()

m(n)

=y 4 Jim 3ol (@7, (7.0)) (B (s + )
k=0
—BI(s+ 1)) ()

m(n)

=y + lim 3" o/ (@f) (0,6,0) (B (1) — B/ (1)) (6s0)
k=0
' o .
=+ [ of(@f100.60)a8 ) Gr0)

t
- [y" + / of (Qg’f;(y))dB/(u)] (O5)
0

= (bé)”([n+1) (ys esw),

where the limit is taken in the L? sense. O
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Corollary 6.4.11 @ is a multiplicative cocycle, i.e.

D541y, w) = Py (Do s (y), Os())

foralls,t > 0,y¢€ RY and almost all w € Q.

Proof By the flow property and Lemma 6.4.10, we obtain

Do 511 (y, w) = Py 544 (Do 5 (), @) = Py (Pos(y), Osw)  as.

O

We can use the cocycle property to extend our two-parameter flow to a one-
parameter family (as in the deterministic case) by including the action of the
shift on . Specifically, define Y;: R? x @ — R? x Q by

T (v, @) = (0., 01 (), Oi())

foreacht > 0, w € 2.

Corollary 6.4.12 The following holds almost surely:
Trys = Tro Yy

forall s,t > 0.

Proof By using the semigroup property of the shift (Exercise 6.4.8(1)) and
Corollary 6.4.11, we have, forall y € R4 and almost all w € 2,

Y5 (v, @) = (Po,145(, Or45 (@), Or15(@))
= (Po; (0,5 ((, 650), (6,85) (@), (6,65) (@)
= (T; 0 Yy)(y, ).

O

Of course, it would be more natural for Corollary 6.4.12 to hold for all w € €2,
and a sufficient condition for this is that Corollary 6.4.11 is itself valid for all
w € Q. Cocycles that have this property are called perfect, and these are also
important in studying ergodic properties of stochastic flows. For conditions
under which cocycles arising from Brownian flows are perfect, see Arnold and
Scheutzow [15].
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6.5 Interlacing for solutions of SDEs

In this section, we will apply interlacing to the solution flow ¥ = (W,,,0 <
s <t < oo) associated with the solution of the modified SDEZ = (Z(¢),t > 0)
in order to obtain W as the (almost-sure) limit of an interlacing sequence. We
assume that v(B:(0) — {0}) # 0, where B. is a ball of radius c, and fix a
sequence (€,,n € N) of positive real numbers which decrease monotonically
to zero. We will give a precise form of each ¢, below. Let (A,,n € N) be the
sequence of Borel sets defined by A, = {x € B.(0) — {0}; €, < |x] < ¢} and
define a sequence of associated interlacing flows (¥", n € N) by

dVy,(y) = b(Vy,_ (y)dt + o (¥, (y)dB(1)
/ F(V!,_(y),x)N (dt, dx)
An

foreachneN, 0 <s<t<oo, ye RY. In order to carry out our analysis we
need to impose a stronger condition on the mapping F:

Assumption 6.5.1 We assume that for all y € RY, xe B.(0) — {0},

IF(y, )] = [p()[I8(I,

where p : B.(0) — {0} — R satisfies f\x|<c |,o(x)|2v(dx) <ooand§:RY —» R4
is Lipschitz continuous with Lipschitz constant Cs.

Note thatif Assumption 6.5.1 holds then, for eachx € B.(0)—{0}, the mapping
y — F(y,x) is continuous. Assumption 6.5.1 implies the growth condition for
F in (6.17).

The following theorem generalises the result of Corollary 4.3.10 to strong
solutions of SDEs. A similar result can be found in the appendix to Apple-
baum [11].

Theorem 6.5.2 If Assumption 6.5.1 holds, then for each yeR?, 0 < s <
t < oo,

hm \IJ”r(y) W, (y) a.s.

and the convergence is uniform on finite intervals of RT.
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Proof First note that for each y € ]Rd, 0<s<tneN,
i o) — v o)
t
= [ (v ) = b))
S

t
+ / [0 (W520) = o (%= ) JdB@)

t
+ / / F(WH (), x)N (du, dx)
n+l

/ / ), x N(du dx)

= / [(W30)) = b(¥],- () Jdu
+ [ o o) o (w2, o)asw
[ e
s Apy1—A
+ f f [F(Wi 0,2) = F (¥~ 0),2) ] (du, ).
s JA,

Now take the norm of each side of this identity, apply the triangle inequality and
the inequality (6.18) with n = 4 and take expectations. Using Doob’s martingale
inequality, we then have that

E( sup [WIH () — \v;’,u(ynz)

s<u<t

54{E(

+4E

[ Totoston - ot

N

)

t
/ [U(\I}’1+l(y))_a( su—(y))]dB(u)

)
)

t ~
f /A [F(W 3, x) = F(¥7,_ (). %) |N (du, dx)

t
/ / F(W1 (), x)N (du, dv)
) An+1 *An

+
o~
=

+
N
=

P S

)
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Applying the Cauchy—Schwarz inequality in the first term and It6’s isometry in
the other three, we obtain

IE( sup W (y) — xp;fu(y)|2)
S<u<t
t
<t [ (o9 00) = 09,09 )
t
+4/ E(lla(w (), W () — 2a(W7F (), W7, ()
a (). W2 ()] )i

t
+4/ / E(|F (&5 (37), )2 )v(dx)du
s JApt1—An

t
+4/ f E(|F (¥ (),x) — (\Ilgu(y),x)iz)v(dx)du}.
s JA,

We can now apply the Lipschitz condition in the first, second and fourth terms.
For the third term we use Assumption 6.5.1, the results of Exercise 6.1.1 and
Corollary 6.2.4 to obtain

1
// E(|F (Wl (), %)) v(dn)du
s AﬂJrl*An
1
[ oo [ B(ewrionan
AVH»l*An K

t
01/ |p(x>|2v(dx>/ E(1 + W+ (3)[?)du
Aptr1—An J

Catt — $)(1 + Iy )/ LCRC
n+l

IA

IA

IA

where C1, C > 0.
Now we can collect together terms to deduce that there exists C3(f) > 0
such that

E( sup !\IJ"“@)—\IJ;“,M@)F)scz(r—s)(1+|y|2>fA A|p(x)|2v<dx)
~

S<u<t

t
2
+C3 f IE( sup [WIE(y) — Wl ()] ) du
S

s<v<u
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On applying Gronwall’s inequality, we find that there exists C4 > 0 such that

IE( sup [WH(y) — w2, ()| ><c4<t—s><1+|y| )f |p(x)|2v<dx).

s<u<t n+17

Now fix each €, = sup{z > 0; f0<|x\<z |p(x)|2v(dx) < 87"} and then follow
the argument of Theorem 2.6.2 to obtain the required result. t

In accordance with our usual philosophy, we can gain more insight into the
structure of the paths by constructing the interlacing sequence directly.

Let (Q,,neN) be the sequence of compound Poisson processes associ-
ated with the sets (A,, n € N) where, for each t >0, 0,,(t) = fot / 4, XN (ds, dx).
So, foreach 0 < s <t < 00, Q,,(t) — O, (s) = f; fAn xN (ds, dx). We denote the
arrival times of (Q,(t) — 0,(s),0 <s <t <o00) by (S)',m € N) for each n e N.

We will have need of the sequence of solution flows to diffusion equations

= (I7,,0 <s <t < 00); these are defined by

5,12

dry,(v) = (b(l“ A= / F(I§, (), X)v(dX)>dt+0(F ())dB(1).

Let mp : RY — R be defined by nrx(y) = y + F(y,x) for each y cRY,
0 < |x] < c; then we can read off the following interlacing construction. For
eacht > O,yeRd,

e fors <t < S’L
o ) — TEagus)h © Yog -0 forr= s),
st 6,0 YO forS! <1< 82,

Tra0usp © Yosa (0 forr =S5,

and so on, recursively.
Hence we see that W is the almost-sure limit of solution flows associated to
a sequence of jump-diffusion processes.

6.6 Continuity of solution flows to SDEs

Let ® be the solution flow associated with the SDE (6.12). In this section we will
investigate the continuity of the mappings from R? to R? givenby y — ®;,(y)
foreach) <s <t < o0.

We will need to make additional assumptions. Fix y, ¥y’ € Nwithy Ay’ > 2.
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Assumption 6.6.1

1) y-Lipschitz conditionThere exists > 0 such that, for all y;,y, € R%,
(i) y-Lipschi ditionTh ists K,, > 0 such that, for all R4
/ IF(v1,x) — F (2,0 Pv(dx) < Ky ly1 — y2f’
|x]<c

forall2 <p <y.
(ii) y’ growth condition. There exists K,,» > 0 such that for all y € R,

/I |F (v, )Pv(dx) < K, (1+ YD),

forall2 <p <y’
(iii) For all bounded sets K in R?,

sup sup |F(y,x)| < oo.
yeK |x|<c

Note that if Assumption 6.5.1 holds then Assumption 6.6.1 (i) and (ii) is
simply the requirement that f\Xl<c lo@)|Pv(dx) < oo forall pe[2,y Vv Y]
Moreover, if Assumption 6.5.1 holds with |p(x)] < |x|, for all x € B.(0) —
{0}, then Assumption 6.6.1(i) and (ii) is automatically satisfied. Assump-
tion 6.6.1(iii) is of a different type. It is playing the same role as Assumption
4.1.4 in that it ensures that we can safely apply It&’s theorem 2 (Theorem 4.4.7)
and other results which were derived using this.

We recall that the modified flow ¥ = (W,,,0 < s < ¢t < 00) satisfies
the SDE

dWs;(y) = b(Vy— ()dt + 0 (Vs (v)dB(1)

+ / F(Wy, (v),x)N(dt,dx). (6.35)
|x|<c

The main result of this section depends critically on the following technical
estimates for the modified flow, which is due to Fujiwara and Kunita [125],
pp- 84-6. We give a much simplified proof, due to Kunita [218].

Proposition 6.6.2

(1) Forall0 < s < t, there exists D(y',t) > 0 such that

E( sup (1 + I‘IJx,u(y)I”)> <Dy .01+ yI")

S<u<t

forall2 <p<y',yeRq.
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(i) Forall 0 < s <'t, there exists E(y,t) > 0 such that

E( sup Wy, (v1) — ‘I’s,u(yz)lp) <E@y.Dly =yl

s<u<t
forall2 <p <y, y1,y» R4,

Proof

(1) We apply Kunita’s second inequality (4.22) and Jensen’s inequality to
obtain

t
E( sup (I%,u(y)l”) <27 'C(p,n {Iylp +]E[/ Ib(‘lls,u—(y)lpdu}

s<u<t

t
+E[ / ||a<ws,u(w,ws,u(y))n’idu}

[ r/2
+E [ / ( f |F(‘I"s,u0’),X)|2v(dx)> du}
s [x]<c
'
+ E|:/ / |F(‘-I-’x,u()’)7x)|[7v(dx)du:“ .
s Jlxl<c

Now by using the growth condition (C2) and the y’ growth assumption,
we obtain

t
E( sup <|‘Ps,u<y>l”) < 27, r>{|y|"+31<2 / E[(1+ Wy ()2 ] du

S<u<t
t
+1<y,/ E[(1+ [Wyue0))P)] du
<27 'K (p, 1) {blP + BK2 + K1)

t
X / E[(1 + [Wsu-(DM)] du} .

Hence by Jensen’s inequality, there exists C(p,?) > 0 such that

E( sup (1 + I‘I’s,u(y)lp)> < G0 {(+IyD?

s<u<t

1
+ GK; +Ky’)f E[( sup (I + I‘I's,u(y)l)p>]du}-

SSu<t

and the result follows on applying Gronwall’s inequality.
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(ii) The proof of (ii) is similar to that of (i). We have
t
\ps,t(yl) - q"s,t()’Z) =y1—»n+ / [b(\yx,u—(yl)) - b(\ys,u—(yZ))]d”
'
+ / [0 (W 1) — 0 (W (v2)|dB (@)

1
o[ [ e o0

— F(Wyu—(32), %) IN (du, dx).

Now we again apply Kunita’s second inequality (4.22) to find that

E ( sup (|Ws, (1) — “ps,u(y2)|p>

s<u<t

t
<2r7'c@p,1) {I)’1 -»nlP+E |:/ bW (1) — b(‘Ps,u(Vz)lpdu}

ropt
+E / ||a(\l’s,u—(yl), W u— 1) — 2a(“ps,u—()’1), Wu— (2)

+ a(Wsu— (2), Ysu— O2))I| g du]

[t r/2
+E / (/ [F (Wsu— (1), %) — F (W (yz),X)IZV(dX)> du}
/s |x]<c

t
+E [/ / |E(Wsu— (1), %) = F(Wsu—(y2), %) IPV(dX)du“ .
s Jx|<c

We now apply the Lipshitz condition (C1) and the y-Lipshitz condition
and argue as in the proof of (i) to get the required result. |

Theorem 6.6.3 The map y — O ;(y) has a continuous modification for each
0<s<t<oo

Proof First consider the modified flow W. Take y > d Vv 2 in Proposition
6.6.2(i1) and appeal to the Kolmogorov continuity criterion (Theorem 1.1.18)
to obtain the required continuous modification. The almost-sure continuity of
y — ®&4,(y) is then deduced from the interlacing structure in Theorem 6.2.9,
using the continuity of y — G(y,x) for each |x| > c. O

Note An alternative approach to proving Theorem 6.6.3 was developed in
Applebaum and Tang [8]. Instead of Assumption 6.6.1 (i) and (ii) we impose
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Assumption 6.5.1. We first prove Proposition 6.6.2, but only in the technically
simpler case of the Brownian flow

dls;(v) = b(Ls; (v))dt + 0 (U1 (y))dB(1),

so that y — I'y;(y) is continuous by the argument in the proof of Theorem
6.6.3. Now return to the interlacing theorem, Theorem 6.5.2. By Assumption
6.5.1, it follows that, foreachn e N, y — lI/;f,(y) is continuous. From the proof
of Theorem 6.5.2, we deduce that we have lim,,_, oo \Ds’"t(y) = ¥ (y) (as.)
uniformly on compact intervals of R? containing y, and the continuity of y —
W, ;(y) follows immediately.

6.7 Solutions of SDEs as Feller processes, the
Feynman-Kac formula and martingale problems

6.7.1 SDEs and Feller semigroups

Let (Ty,t > 0) be the semigroup associated with the solution flow @ of the
SDE (6.12).
We need to make an additional assumption on the coefficients.

Assumption 6.7.1 For each 1 < i,j < d, the mappings y — b'(y), y —
a¥(y,y),y = F'(y,x) (1| < ©)andy — G'(y,x) (Ix| = ¢) are in Gp(R).

We require Assumptions 6.6.1 and 6.7.1 both to hold in this section.
Theorem 6.7.2 Forallt > 0,
T (Co(R)) € Co®R).

Proof First we establish continuity. Let (y,, n € N) be any sequence in R¢ that
converges to y € R?. Since for each t > 0, fe Co(R?), we have (THy) =
E(f (®os(y))), it follows that

(THG) = (T = [E(F (@0, (0)) = f (Pos ()] -
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Since |E(f (®o; () — f(Pos(vn)))| < 2||f]|, we can use dominated conver-
gence and Theorem 6.6.3 to deduce the required result.

For the limiting behaviour of T;f, we first consider the modified flow W. The
following argument was suggested to the author by H. Kunita. From Applebaum
and Tang [8], pp. 158-162, we have the estimate

E((1 + W, (0)I*)Y) < C(p, ) (1 + [y|*)

forall0 <s <t <o0,y€ R4, p € R, where C(p,t) > 0 (see also Fujiwara and
Kunita [125], p. 92; in fact, this result can be established by using an argument
similar to that in the proof of Proposition 6.6.2(i)). If we take p = —1, we
find that

limsup E((1 + Wy, (n[)~!) = 0.

[yl—00

From this we deduce that

lim 5 =
lyl>oo 1 4 [ Wy ()]

in probability, and hence that limy|— oo | W, (¥)| = 00, in probability.

Foreacht >0, f € Co(]Rd), yE€E RY, we define the semigroup (S, > 0) by
SO = EFf (Yo, (y))). We will now show that limy|— o0 (Sf) () = 0 (so
that the solution of the modified SDE is a Feller process).

Since f € Co(R?), given any § > 0 there exists € > 0 such that |y| > § =
[f )] < €/2. Since limy| - 0 |Wo,(¥)| = 00, in probability, there exists K > 0
such that |y| > K = P(|Wo,(y)| < 8) < €/CI[f]])-

Now, for |y| > max{d, K} we have

[ /R @Iy @)

= ) If (@D 1pwy, () (dz2) + / o If (@D 1Pwy, () (d2)

Bs(0 B5(0)
< sup [fQ@IP (Vo,(0) €Bs0) + sup [f(2)
z€Bs(0) z€Bs(0)°
< €.

To pass to the general flow @, we use the interlacing structure from the proof
of Theorem 6.2.9 and make use of the notation developed there. For each ¢ > 0,
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define a sequence of events (A,(f),n € N) by
Ap(@) = (ty=1), Ap1() = (th—1 <1t < Tp).

By the above discussion for the modified flow, for each f € Cy (R9), ye RY, we
have

E(f (®o,()IAD = E(¢f (Vo (»)) = (SH ),

hence lim|y|— o0 E(f ($o,(y))|A1) = 0.
Using dominated convergence and Assumption 6.7.1, we have

E(f (®0,())|A2) = E (f (Yo,5- (") + G(Wo,5,— (), AP(11)))) — 0

as [y| — oo. Using the independence of ®¢ and ¥,;, we also find that, for
each0) <s <t < o0,

E(f (Do, (0)|A3) = E(f (We, (Do, ()
= E(E(f (W5 (Pos0)))|11 = 5))

_ /O E(f (W (D0, (0)))|71 = 5)pr, (ds)

_ /0 (To 0 Sos—sf ) ), ds)

— 0 as|y| —> oo

by dominated convergence and the previous result. We can now use induction
to establish

lim E(f(®o;())A,) =0 forallneN.

[yl—o0

Finally,

(Tif)¥) = E(f (@0,(1))) = D E(f (Po,(1))|An) P(Ay)

n=1

and so limy|— o (73f)(y) = 0, by dominated convergence. 0
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Note 1 To prove Theorem 6.7.2, we only needed that part of Assumption 6.7.1
that pertains to the mapping G. The rest of the assumption is used below
to ensure that the generator of (7;,¢# > 0) has some ‘nice’ functions in its
domain.

Note 2 As an alternative to the use of Assumption 6.7.1 to prove Theorem
6.7.2, we can impose the growth condition that there exists D > 0 such that
f\xlzc | G(y,x)lzv(dx) <D + |y|2) forall y e R4 In this case, the estimate

E((1 + @, 0IHP) < Cp,0)(1 + [y|»P

holds forall0 < s <t < o0.

Note 3 To establish 7} : Cp (RY) — Cp(RY) instead of T} : Co(RY) — Co(R?)
in Theorem 6.7.2 is relatively trivial and requires neither Assumption 6.7.1 nor
the growth condition discussed in Note 1 above.

Before we establish the second part of the Feller property, we introduce an
important linear operator.

Define £: C5(RY) — Co(R?) by

(LAG) = b' M@ 0) + 3a7 ) (@) ()
+ [f &+ F(3,x) —f () = F' (v, ) @) )] v(dx)

|x|<c

+/| [f &+ G0 = f]van (6.36)

for each f ng(Rd), yeR?, and where each matrix a(y,y) is written

as a(y).

Exercise 6.7.3 Confirm that each £f € Co(R?).

Theorem 6.7.4 (T;,t > 0) is a Feller semigroup, and if A denotes its
infinitesimal generator, then Cg(]Rd) C Dom(A) and A(f) = L(f) for all
feCIRY).
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Proof Letf € Coz(Rd). By It6’s formula, for eacht > 0,y € RY,

df (®0,,(y))
= (3 )(Pos— (1)) (R0~ ()t + Bf ) (Po,1— (1))
x 0} (o~ (¥))dB (1)
+ 5 @;95) (Po.— () (Do ())dt

+ [f (@0,1— () +F (@0,1— (), ) —f (Do~ ()N (ds, dx)

|x]<c

+ [f (@0, () + G(Po,— (), X)) —f (Po— (¥)]N (ds, dx)

[x|>c

+ /| @00 + (@011 =f @0,- ()

— F1(@0,— (), 0) (3if ) (Po,1— () V().

Now integrate with respect to ¢, take expectations and use the martingale
property of stochastic integrals to obtain

t
(THO) —fO) = /0 (T,LF)(v)ds 637)

and so, using the fact that each 7} is a contraction, we obtain

IITif —fIl = sup

yeRd

t
/O (ToLF) (v)ds

t
5/ 17,1 || ds
0

t
5/ [|Lf|ds = t||Lf]] = 0 ast— O.
0

The fact that lim,_.q ||T:f —f|| — 0, for all f € Co(R?) follows by a straight-
forward density argument. Hence we have established the Feller property. The
rest of the proof follows on applying the analysis of Section 3.2 to (6.37). U

Exercise 6.7.5 Let X be a Lévy process with infinitesimal generator 4. Show
that C3(R?) € Dom A.
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It is interesting to rewrite the generator in the Courrége form, as in Section
3.5. Define a family of Borel measures (1 (y, ),y € R?) by

vo[F@,-) +y]_l(A) if A e B(B:(0) —{0})

JA)= .
no :vo[G@,-Hy] "(A) ifA € B((B(0) — {0)°)

Then s is a Lévy kernel and, for all f € CZ(R?), y e R?,
(L) = D' @H ) + 307 () (@0 ) ()
+ /R , O =10~ 0N 60.9]u0.d),
(6.38)
where D is the diagonal and
() = xB.(0)—(0} © [F () -|-y]_l = X(F(3,)+) (Be(0)—{0D) -

The only difference from the Courrége form (3.20) is that ¢ is not a local
unit, but this is can easily be remedied by making a minor modification to b.

Example 6.7.6 [The Ornstein—-Uhlenbeck process (yet again)] We recall
that the Ornstein—Uhlenbeck process (Y (¢),# > 0) is the unique solution of the
Langevin equation

dY(t) = —BY (t)dt + dB(1),

where 8 > 0and B is a standard Brownian motion. By an immediate application
of (6.36), we see that the generator has the form

L=—px-V+1iA

on CO2 (Rd). However, by (4.9) we know that the process has the specific form

'
Yo(t) = e Plx —i—/ e P9 4B(s)
0

for each r > 0, where Y, (0) = x (a.s.). In Exercise 4.3.18, we saw that

1
~ Bty (1 — 2B
Y (t) ~N (e X, > (1—e )I)
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and so, in this case, we can make the explicit calculation
(T (x) = E(f (Yx(1)))

1 _ 1 — 28t 2
= o o | e

foreacht > 0,f € Co(Rd ), X € R4. This result is known as Mehler’s formula,
and using it one can verify directly that (7;,¢ > 0) is a Feller semigroup. For
an infinite-dimensional generalisation of this circle of ideas, see for example
Nualart [280], pp. 49-53.

Exercise 6.7.7 Let X = (X (#),t > 0) be a Markov process with associated
semigroup (7y,¢ > 0) and transition probabilities (p;(x,-),t > 0,x € R4 ). We
say that a Borel measure p on R? is an invariant measure for X if

/ (T (pa(dx) = / FEOR@
R4 R4

forallt > 0, f € Co(R?).

(1) Show that u is invariant for X if and only if fRd p:(x, A)u(dx) = u(A) for
allx e R4, A € B(RY).

(2) Deduce that Lebesgue measure is an invariant measure for all Lévy
processes.

(3) Show that © ~ N (O, (2/3)_11 ) is an invariant measure for the Ornstein—
Uhlenbeck process.

6.7.2 The Feynman—Kac formula

If we compare (6.38) with (3.20), we see that a term is missing. In fact, if we
write the Courreége generator as L then, for all f € Cg (Rd), ye R4, we have

(L) = —cOf () + (LHW).

Here we assume that ¢ € Cb(Rd) and that c(y) > Oforall y € R4,

Our aim here is to try to gain a probabilistic understanding of L. Let Y be
as usual the strong solution of (6.12) with associated flow ®. We introduce a
cemetery point A and define a process Y. = (Y.(¢),# > 0) on the one-point
compactification R? U {A} by

Y() for0<t< 1,
Yo(r) =
A fort > ..
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Here 7. is a stopping time for which

t
P(t. > t|F) = exp(—/ c(Y(s))ds) .
0

Note that Y, is an adapted process. The probabilistic interpretation is that parti-
cles evolve in time according to the random dynamics Y but are ‘killed’ at the
rate c(Y (¢)) at time ¢.

We note that, by convention, f (A) = 0 for all f € By (RY).

Lemma 6.7.8 Foreach0 <s <t < 0o, f €By (Rd), we have, almost surely,

-)
Y. (s)).

Proof (1)Forall0 <s <t < 0o, f € Bp(R?),A € F;, we have

t
(1) E¢f (Yc()]Fs) =E(6XP[—/O C(Y(S))dS}f(Y(t))

t
() E¢f (Yc())]Yc(s)) =]E<6XP[—/O C(Y(S))dS]f(Y(t))

E(xaf (Ye() = E(xax@>nf Ye(®)) + E (xax@<nf (Ye(1)))
= E (E(Xa X(ee=nf (YD) FD))
= E(xaf Ye () E(X (> F1)

t
= E(XA exp[—/o C(Y(S))dS}f(Y(t)))

and the required result follows. We can prove (2) similarly. (]

The following is our main theorem and to simplify proofs we will work
in path space (€2, F, P) with its associated shift 8. Again, we will adopt the
convention of writing the solution at time ¢ of (6.12) as ®q,, so that we can
exploit the flow property.

Theorem 6.7.9 Y, is a sub-Feller process with associated semigroup

t
(T;H) =E (eXp [— /0 C(‘Do,s(y))dS}/(Cbo,r(Y))) (6.39)
forallt > 0, f € Co(R?Y), y e RY. The infinitesimal generator acts as L. on
C2(RY).

Proof We must first establish the Markov property. Using Lemma 6.7.8(1),
the independent multiplicatives-increments property of ® (Theorem 6.4.2) and
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Lemma 1.1.9 we find, for all s,z > 0, f € Bb(Rd), yE€E R4, that the following
holds almost surely:

E(f (Ye(s + )| Fs)
1+s
= E(exp[—/o C(¢0,r)dr]f(cb0,t+s) fs)

:E(exp[— /0 Sc(qao,,)dr}exp[— / mc(cbo,r)dr] F(Dos4s)
=exp|:— /0 sc(cpo,r)dr] E(exp[— fo tc(cpom)dr} F(@orss)
_ exp|:— /0 SC(CDOJ)dri|

)

t
X E(exp [_/ C(cbs,s—&-rcb(),s)dr]f((Ds,s+tq)0,s)
0

)
)

= exp [— /0 C(cDO,r)dr:| (T 54/ ) (@oss),
where, for each y € R,
_ '
(T HNO) = ]E<CXP[— /O C(¢s,s+r(y))dr}f(¢s,s+z(Y)))~
A similar argument using Lemma 6.7.8(2) yields
E(f (Ye(s +D[Yc(s)) = CXP[—/O C(¢O,r)dri| (Ts,s+4/ ) (Pos)  as.

and we have the required result.
To see that Y is homogeneous Markov, we need to show that

(T NG = (T5,HG)
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for all s, > 0, f € By(RY), y e R?. By Lemma 6.4.10 and Exercise 6.4.8(2),
we have

(T5srO)

=E <exp

t
- /0 c<c1>s,s+r<y>>dr}f<d>s,s+,(y)>)

13
=/Qexp —/0 C(Cbo,r(y,@s(w)))dr}f(fbo,z(y, Os(@)))dP ()

=fexp
Q

= (T, /),

t
- /0 (P, (v, w))dr]f@o,t(y, w)dP (0, w)

as required. The fact that (7,7 > 0) is the semigroup associated with ¥“ now
follows easily.

To establish that each 7} : Co (R?) — Co(R?) is straightforward. To obtain
strong continuity and the form of the generator, argue as in the proof of Theorem
6.7.4, using the fact that if we define

t
My (1) = exp[—/o C(<I>0,s)ds:|f(d>o,z)

foreacht > 0, f € Cg (Rd), then by Itd’s product formula,

t
dMy (1) = —c(Po, )My (1)dt + exp |:— f c(<I>0,s)dsi| df (®o,). (]
0

The formula (6.39) is called the Feynman—Kac formula. Note that the
semigroup (77, ¢ > 0) is not conservative; indeed we have, for each r > 0,

t
T (1) = E(exp[—/ c(Y(s))dsi|> = P(1. > t|F).
0

Historically, the Feynman—Kac formula can be traced back to Mark Kac’s
attempts to understand Richard Feynman’s ‘path-integral’ solution to the
Schrodinger equation,

Kdd L% + VY
— =—=— )Y,
ot 2 Ox2
where 1 € L*(R) is the wave function of a one-dimensional quantum system
with potential V. Feynman [120] found a formal path-integral solution whose
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rigorous mathematical meaning was unclear. Kac [197] observed that if you
make the time change r — —if then you obtain the diffusion equation

oy 1%y
o T 2ae VOV

and, if V = 0, the solution to this is just given by

(Tiy) () =EW (& + B®)

foreachy € R, where B = (B(¢),t > 0) is a one-dimensional Brownian motion.
Moreover, Feynman’s prescription when V' # 0 essentially boiled down to
replacing 7; by TlV in (6.39).

For adeeper analytic treatment of the Feynman—Kac formula in the Brownian
motion case, see e.g. Durrett [99], pp. 137-42. Applications to the potential
theory of Schrodinger’s equation are systematically developed in Chung and
Zhao [79]. For a Feynman—Kac-type approach to the problem of a relativistic
particle interacting with an electromagnetic field see Ichinose and Tamura [ 165].
This utilises the Lévy-process approach to relativistic Schrodinger operators
(see Example 3.3.9).

The problem of rigorously constructing Feynman integrals has led to a great
deal of interesting mathematics. For a very attractive recent approach based on
compound Poisson processes see Kolokoltsov [210]. The bibliography therein
is an excellent guide to other work in this area.

The Feynman—Kac formula also has important applications to finance, where
it provides a bridge between the probabilistic and PDE representations of pricing
formulae; see e.g. Etheridge [115], section 4.8, and chapter 15 of Steele [339].

6.7.3 Weak solutions to SDEs and the martingale problem

So far, in this chapter, we have always imposed Lipschitz and growth conditions
on the coefficients in order to ensure that (6.12) has a unique strong solution. In
this subsection, we will drop these assumptions and briefly investigate the notion
of the weak solution. Fix x € R; let D, be the path space of all cadlag functions
o from R* to R? for which w(0) = x and let G, be the o-algebra generated
by the cylinder sets. A weak solution to (6.12) with initial condition Z(0) = x
(a.s.) is a triple (Qy, X, Z), where:

e (), is a probability measure on (Dy, Gy);
e X = (X(t),t > 0)is aLévy process on (Dx, Gy, Ox);
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Poisson random measure are those associated with X through the Lévy-Itd
decomposition.

e Z = (Z(@),t > 0) is a solution of (6.12) whose Brownian motion and

A weak solution is said to be unique in distribution if, whenever (Q;, xlz 1)
and (Q2, X2, Z?) are both weak solutions,

0lx'(r)eA) = Q2(X*(1) e A)

forall 1 > 0, A € B(R?).

Notice that, in contrast to strong solutions, where the noise is prescribed in
advance, for weak solutions the construction of (a realisation of) the noise is
part of the problem.

Finding weak solutions to SDEs is intimately related to martingale problems.
We recall the linear operator £ on Co(RY)Y as given in (6.38). We say that a
probability measure Q, on (Dy, Gy) solves the martingale problem associated
with £ if

t
FZ@) - fo (L) Z(s)ds

is a Q,-martingale for all f € C3(R?), where Z(1)(») = w(t) for all t > 0,
w € Dy, and Qx(Z(0) = x) = 1. The martingale problem is said to be well
posed if such a measure Q, exists and is unique. Readers for whom such ideas
are new should ponder the case where L is the generator of the strong solution
to (6.12).

The martingale-problem approach to weak solutions of SDEs has been most
extensively developed in the case of the diffusion equation

dZ(t) = o (Z(1))dB(t) + b(Z(t))dt. (6.40)
Here the generator is the second-order elliptic differential operator
(Laf) ) = 307 () @08) () + b () (0 ) (),

where each f € CS(R") and x € R? and, as usual, a(-) = o(-)o(-)T. In this
case, every solution of the martingale problem induces a weak solution of
the SDE (6.40). This solution is unique in distribution if the martingale prob-
lem is well posed, and Z is then a strong Markov process (see e.g. Durrett
[99], p. 189). The study of the martingale problem based on Ly was the sub-
ject of extensive work by D. Stroock and S. R. S. Varadhan in the late 1960s
and is presented in their monograph [340]. In particular, if a and b are both
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bounded and measurable, with a also strictly positive definite and continuous,
then the martingale problem for £ is well posed. For more recent accounts
and further work on weak solutions to (6.40) see Durrett [99], sections 5.3
and 5.4 of Karatsas and Shreve [200] and sections 5.3 and 5.4 of Rogers and
Williams [309].

The well-posedness of the martingale problem for Lévy-type generators of
the form (6.38) was first studied by D. Stroock [341] and the relationship to
solutions of SDEs was investigated by Lepeltier and Marchal [226] and by Jacod
[186], section 14.5. An alternative approach due to Komatsu [211] exploited
the fact that £ is a pseudo-differential operator (see Courrége’s second the-
orem, Theorem 3.5.5 in the present text) to solve the martingale problem.
Recent work in this direction is due to W. Hoh [155, 156]; see also chapter 4 of
Jacob [179].

There are other approaches to weak solutions of SDEs that do not require one
to solve the martingale problem. The case dZ(t) = L(Z(t—))dX (t), where X is
a one-dimensional «-stable Lévy process, is studied in Zanzotto [364, 365],
who generalised an approach due to Engelbert and Schmidt in the Brownian
motion case; see Engelbert and Schmidt [114] or Karatzas and Shreve [200],
Section 5.5.

6.8 Lyapunov exponents for stochastic
differential equations

LetY = (Y(#),t > 0) be the unique solution of equation (6.12) under the usual
Lipschitz and growth conditions and let & = (P,;,0 < s < ¢ < 00) be the
associated stochastic flow. We say that Y has a Lyapunov exponent X if

1
A= limsup?log [Y(1)] < o0 a.s.

=00

If it exists then A controls the long-time asymptotic behaviour of Y, indeed
if L < oo (a.s.) then there exists a positive random variable & such that

Y (1)| < ™ as.

for sufficiently large ¢. Clearly if A < 0, we have lim;_,», Y (f) = 0 a.s. These
ideas are important for studying the asymptotic stability of solutions of SDEs.

To understand why this is so, we will assume that the coefficients b, o, F and
Garesuch thatforall 1 <i <d,1 <j <m,b;j(0) = aj!'(O) = H,(0,x) = 0 for
all |x| < ¢ and G;(0,x) = O for all |x| > c. It follows from the Picard iteration
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procedure of Theorem 6.2.3 and the interlacing construction of Theorem 6.2.9
that the unique solution corresponding to the initial condition Yo = Qis Y () = 0
(a.s.) for each t > 0. We call this the trivial solution. The trivial solution is said
to be almost surely exponentially stable if

1
limsup — log |[®g;(y)| <0 as.

t—>oo I

for all y e R?, i.e. the SDE has a negative Lyapunov exponent for all initial
conditions. Clearly, in this case the sample paths of the solution will converge
to the trivial solution exponentially fast.

Stability of stochastic dynamical systems is a vast subject and we will not
develop it further here. We will be content to establish one result in this direction,
which is the existence of Lyapunov exponents for SDEs wherein the driving
noise has bounded jumps. Let Z = (Z(t),¢ > 0) be the unique solution to the
modified SDE (6.15). In addition to the usual Lipshitz and growth conditions,
we make the following additional assumption on the coefficient b.

Assumption 6.8.1 There exists L > 0 so that for each y € R?,
Ybi(y) < L+ [y, (6.41)

The proof given below is closely related to that of theorem 5.1 in chapter 2
of Mao [251] where the driving noise is Brownian motion. It is based on joint
work with M. Siakalli.

Theorem 6.8.2 IfZ = (Z(t),t > 0) is the solution of the modified SDE (6.15)
with initial condition Zy = zg (a.s.) and if assumption 6.8.1 holds, then Z has
a Lyapunov exponent.

Proof We apply Itd’s formula to the mapping f : RY — R given by f(x) =
log(1 + |x|?) to obtain for each ¢ > 0,

log(1 +1Z(1)1%)
1 ZH(s—)ag(Z(s—), Z(s—))Z/ (s—)

(I + |Z(s—)[2)2 s

— log(1 + lzol®) + M () —2f
0

t 1 ;
+/0 m[ﬂ (s—)bi(Z(s—)) + tr(a(Z(s—), Z(s—)))1ds
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t
+ f f [log(1 + 1Z=) + FZ(s=),0%) — log(1 + Z6-)P)
|x|<c

B 27 (s—)Fi(Z(s—),x)
1+ |Z(s—)?

} v(dx)ds,

where
‘1 Zi(s=)of (Z(s-))
Mo =2 | S
t
+ / / og(1 + [Z(s—) + F(Z(s—). 1))
0 Jlx|<c

—log(1 + |Z(s—)|*)IN (ds, dx).

‘We rewrite the term

t
f f [log(1 + 1Z(s=) + F(Z(s=),0%) — log(1 + |Z(=)P)
|x|<c

B 27 (s=)F;(Z(s—), x)
1+ 1Z(s—)I?

} v(dx)ds = I (t) + L (1),

where

t 1+1Z(s—) + F(Z<s—),x)|2}
1 = 1 1
1) /0 /m«[og{ [+ 1262 *

1+ 1Z6o) + FZ—),0
1+ 1|Z(s—)|?

:| v(dx)ds,

and

1+ (262 Vi

|F(Z(s—),x)[?
/ f|x|<c T+ zeop e

! 1Z(s—) + F(Z(s—),x) > = |Z(s—)|* = 2Z' (s—)F;(Z(s—),x))
L(1) =/ /I
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We thus obtain

log(1 +1Z(1)[*) = log(1 + |z0|*) + M (1)

5 /’ Z'(s—)aij(Z(s—), Z(s—)Z (s—)
0

(1 + ZGOP? @ +h()

t 1 .
27 (s— (Z(s—
+/0 {1+|Z(s—)|2[ (s—)bi(Z(s—)
+ tr(a(Z(s—), Z(s—))]

N / |F(Z(s—),x)|?
|

v<c 1+1Z(s—)? V(dx)} ds.

Using assumption X and the growth condition (C2), we find that
log(1 + 1Z(0)%) < log(1 + |z0/*) + M (1) — I3() + at,

where

L) = 2]’ Z’(S—)aij(Z(S—),Z(S—))Z’(S—)ds o
0

(1+1Z(s—)1»)?

and ¢ = L 4+ K>. We observe that the process I3 is of precisely the right form
to enable us to apply a straightforward d-dimensional generalisation of the
exponential martingale inequality, Theorem 5.2.9. We take o = 1, 8 = log(n?)
and T = n therein to obtain

P( sup (M (t) — I3(2)) > 210g(n)> < iz
0<t<n n

We can now follow the exact argument of p.64 of [251] which we include
for completeness. So by Borel’s lemma

P(lim inf sup (M (1)(w) — (1) (w)) < 210g(n)) =1,
n—>00 <1<y

i.e. for almost all w € L, there exists ng(w) € N such that if n > ny(w)

sup (M (1)(w) — I3(1)(w)) < 2log(n).

0<t<n

Hence for almost all w € 2, if n > ng(w) andn — 1 <t < n,

1
—log(1 + 1Z(0))?) < [og(1 + |z01%) + an + 2log(n)]

n—1
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and so

1
lim sup — log(|Z(?)])

t—oo0 I

1
< limsup = log(1 + 1Z(0)])

—00

. 1 o
< lim sup ———[log(1 + |z0|%) + an + 2log(n)] = —,
n—o00 2(” - 1) 2

and our proof is complete. (]

Note. If we know that we have a solution to equation (6.13) and this doesn’t
require us to impose the usual Lipshitz and growth conditions, we can still
establish the existence of Lyapunov exponents by substituting the following
condition for assumption 6.8.1:

There exists L’ > 0 so that for each y e RY,

Y'bi(y) + llay, Il + / |F(x,y)Pv(dx) < L'(1+|y). (6.42)

|x]<e

6.9 Densities for Solutions of SDEs

In this section we will briefly indicate how Malliavin calculus is applied to find
conditions under which the solution to an SDE has a smooth density.

Fix T > 0 and let (2, F,P) be the canonical space for d-dimensional
standard Brownian motion. We recall the discussion of Malliavin calculus
from Chapter 5. Let F eLz(Q,]-",P;]Rd), soeach F = (Fy,...,Fy;). If each
F; €Dy, we may construct the Malliavin covariance matrix ¥ = (Z;j;1 <
i,j <d) where

T
Zy = [ DEDE
0
and D; is the Malliavin derivative.
o is said to be non-degenerate if

(i) det(X) > 0 (a.s.)
(i) E[det(X)7P] < oo, forallp > 1.

The following result is due to Bouleau and Hirsch ([59]) — see also Huang
and Yan [159], p.105.

Theorem 6.9.1 If X is invertible (a.s.) then F has a density pp.



416 Stochastic differential equations

If ¥ is in fact non-degenerate then we can establish more general smoothness
properties of F'. The most important context for these results is when F' is the
solution of a SDE. To this end, consider the It diffusion generated by

dY (1) = b(Y(t))dt + o (Y (1))dB(t),

where b and o are infinitely differentiable with bounded derivatives to all orders.
In this case, we obtain a stochastic flow of diffeomorphisms ($;;, 0 <s <t <T)
(see e.g. theorem 4.6.5 in Kunita [215]). For each x € R0 <t < T, wecan
then form the random Jacobian matrix

Ti(x) = @), (x), 1 < i.j <d),

which is a.s. invertible. In this case, X, exists for each X; and is given by

1
S =J ( /0 Js_la(XS,XS)(JSfl)Tds> Jr.

We are interested in establishing conditions for the transition probability of X
to have a smooth density. It is well known from the theory of partial differential
equations that this is true if the matrix a is uniformly positive definite, i.e. there
exists A > Osuchthata(y,y) > Al forall y € R?. A weaker condition was found
by Hormander. £ is required to be hypoelliptic where L is the infinitesimal
generator of the associated Markov semigroup (as given by (6.36) with v = 0).
This means that given any distribution & (in the sense of L.Schwartz) defined
on R? and any open set U in RY then

Lgly €eC®(U) = gl €C™(U).

In fact a more convenient geometric formulation of hypoellipticity can be given
in terms of the vector fields which generate £. Malliavin calculus was born when
Paul Malliavin gave a probabilistic proof of this important result. This proof
relies extensively on proving non-degeneracy of what is now called the Malli-
avin covariance matrix. As a consequence we can assert that any hypoelliptic
It6 diffusion ¥ = (Y (r),t > 0) whose coefficents are infinitely differentiable
with bounded derivatives to all orders has an infinitely differentiable density
for each t > 0. For detailed textbook accounts of this work, see e.g. Huang and
Yan [159] and Nualart [280]. For extension to SDEs with jumps see Bichteler
et al. [46] and Picard [294].
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6.10 Marcus canonical equations
We recall the Marcus canonical integral from Chapter 4. Here, as promised, we
will replace straight lines by curves within the context of SDEs. Let (L;, 1 <
j < n) be complete C'-vector fields so that, for each 1 < j < n, there exist
c; :RY — R, where 1 < i < d, such that L = c]’:ai. We will also assume that,
for all x € R" — {0}, the vector field X L; is complete, i.e. for each y € R4 there
exists an integral curve (€ (ux)(y), u € R) such that

d&! (ux)
du

= 2/ (§ ux)

foreach 1 < i < d.Using the language of Section 4.4.5, we define a generalised
Marcus mapping ® :RT x R x R" x RY — R? by

O (s, u, x,y) = &(ux)(y)

foreachszO,ueR,xeR”,yeRd.

Note We have slightly extended the formalism of Section 4.4.5, in that
translation in R¢ has been replaced by the action of the deterministic flow &.
We consider the general Marcus SDE (or Marcus canonical equation)

dY (t) = c(Y(t—)) o dX (1), (6.43)

where X = (X (¢),¢ > 0) is an n-dimensional Lévy process (although we could
replace this by a general semimartingale).

The meaning of this equation is given by the Marcus canonical integral of
Section 4.4.5, which yields, foreach 1 <i <d,t >0,

dy'(r)
= cl(Y (1)) 0 dXL (1) + (Y (1—))dX (5)

+ ) [EAX Y (5-) = Y(s—) — (Y (s—) AX (5)],

0<s<t

(6.44)

where X and Xy are the usual continuous and discontinuous parts of X and
o denotes the Stratonovitch differential. Note that when X3 = 0 this is just a
Stratonovitch SDE (see e.g. Kunita [215], section 3.4).

In order to establish the existence and uniqueness of such equations, we
must write them in the form (6.12). This can be carried out by employing the
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Lévy-Itd decomposition,

X/ (t) = mlt + 1 B* (1) +/

[x]<1

¥ N (dt, dx) + / ¥ N (dt, dx)

[x[>1

T

foreacht > 0,1 <j <n.We writea = t7" as usual.

We then obtain, foreach 1 <i <d,t >0,
dY' (1) = m/ (Y (t=))dt + r,{cj’i(y(r—))dB" 0
+ 3 cf (Y (1=)) Q) (Y (=)t

+/|| 1[E"(x)(Y(r—)) — Y(t—)'|N(at, dx)
+ /| | 1[éf"(X)(Y (t—)) — Y (=)' [N (dt, dx)

+f [ @) (Y (1) = Y(t—) — ¥ cf(Y (t—)) [v(dx)dr.
lx|<1

(6.45)
We usually consider such equations with the deterministic initial condition
Y(0) =y (as.).

We can now rewrite this in the form (6.12) where, for each 1 < i < d,
l<k<ryeRd,

b ) =mcfo) + e )@ )
+ /H 1 [ G) = =0 ]v(d),
ol () = ),

Fi(y,x) =E(x)(y) =y forall |x| <1,
G'(y,x) =& (x)(y) —y" forall |x| > 1.

We will find it convenient to define
H'(y,x) = E'(0) () —y = dci(y)
foreachl <i <d, |x| < l,yeRd.

In order to prove existence and uniqueness for the Marcus equation, we
will need to make some assumptions. First we introduce some notation. For
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eachl <i <d, yeRd, we denote by (@"c)(y) the n x n matrix whose
(J, Dth entry is (Bc}(y)/ayk)cf‘ (v). We also define (@c)(y) to be the vector in

R? whose ith component is max|<;j/<n |(@"c(y))j,l|. Foreach 1 < j < n,

GO = (/) .-, ¢l )
Assumption 6.10.1

(1) For each 1 < j < n we have that ¢; is globally Lipschitz, so there exists
P1 > 0 such that

max [cj(y1) — ¢j(y2)| < P1ly1 — y2l
1<j<n

for all y;,y, e RY.
(2) Foreach1 <j < n we have that (Vo) ; is globally Lipschitz, so there exists
P> > 0 such that

(Vo)1) — (Vo) ()| < Palyr — ya

for all y;,y, e RY.

Exercise 6.10.2 Show that for Assumption 6.10.1(1), (2) to hold, it is sufficient
that each c; € CZ(RY).

Note that Assumption 6.10.1(1) is enough to ensure that each x/ L;is complete,
by Theorem 6.1.3.
We will have need of the following technical lemma.

Lemma 6.10.3 For each y,y1,y2 € R4, |x| < 1, there exist M{,My,M3 > 0
such that:

(1) [F(y, x| < Milx|(1 + Iy));
() IF(1,%) — F(y2,%)| < Malx|ly1 — y2l;
(3) |H1,x) — H(y2,x)| < Ms|x[*[y1 — y2l.
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Proof We follow Tang [346], pp. 34-6.
(1) Using the Cauchy—Schwarz inequality and Exercise 6.1.1, there exists
Q > 0 such that, for each u e R,

Iy 0)] = ‘ /O ¥ (E (@) ())da

< d1/2|x|/'” max |cj(&(ax)(y))| da
0 l=zy=n
< Qd1/2|x|/ [1+ (@) ()|]da
0
5Qd1/2|x|/ [(1+ YD) + |F (y,ax)|]da
0

< Qd " |x|u(1 + |yl) +Qd‘/2|x|/ (IF (v, ax)|)da,
0

and the required result follows by Gronwall’s inequality.
(2) For each u € R, using the Cauchy—Schwarz inequality we have

|F (i, ux) = F(y2,ux)| = |[E@0) (1) = 1] = [§@0) (72) — y2]|
= ‘/0 ¥ (Eax) (1)) — ¢j(€(ax)(v2))1da

§P1|X|/0 1§ (ax)(y1) — §(ax)(y2)|da.

(6.46)
From this we deduce that
(€ @x) (1) — (E@x) ()]
< Iy1 — y2l + Piulx| /(;u 1§ (ax) (y1) — §(ax)(y2)|da
and hence, by Gronwall’s inequality,
|(E ) (1) — E@x) ()] < e"“Myy — yi]. (6.47)

The required result is obtained on substituting (6.47) into (6.46).
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(3)Foreach1 <i <d,

H'(y1,x) — H' (y2.%)
= [E'W0) =] = [E®@02) —y2] =¥ [ 01) — cf(32)]

l . .
- / HelE@)on) — o] = [elE@) () — cl(ys] }da

/ / (ac HEGX)3)) aER (bx) (y1)
ob

~ 8c}(§(bx)(yz)) Bék(bx)(yz)) i
Byk b

Ua  (3cEBD0D)
_ / f Ol (L o on)
0 0 Vk

B 9 (£ (bx) (y2))

5 K (&(bx) <yz>)> dbda
Vi

1 pa o
- fo /0 K [V EBx) ) — Vel (E(Bx) (v2))1]x' dbda.
Now use the Cauchy—Schwarz inequality and Assumption 6.10.1 to obtain
\H' (y1,x) — H' (y2,%)]

1 a ) B )
< a2 fo /O ((FEGDOD) — (T E ) ()| dbda

1 a . )
< Ix? /O /0 EB0) (1) — £ (v1)|dbda

The result follows on substituting (6.47) into the right-hand side. O

Exercise 6.10.4 Deduce that y — G(y,x) is globally Lipschitz for each
x| > 1.

Theorem 6.10.5 There exists a unique strong solution to the Marcus equation
(6.45). Furthermore the associated solution flow has an almost surely continu-
ous modification.

Proof Astraightforward application of Lemma 6.10.3 ensures that the Lipschitz
and growth conditions on b, o and F are satisfied; these ensure that the modified
equation has a unique solution. We can then extend this to the whole equation
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by interlacing. Lemma 6.10.3(1) also ensures that Assumptions 6.5.1 and 6.6.1
hold, and so we can apply Theorem 6.6.3 to deduce the required continuity. [

Note that, since Assumption 6.5.1 holds, we also have the interlacing con-
struction of Theorem 6.5.2. This gives a strikingly beautiful interpretation of
the solution of the Marcus canonical equation: as a diffusion process controlled
by the random vector fields L;X (ty, with jumps at the “fictional time’ u = 1
along the integral curves (§(uAX (t)ij), ueR).

If each ¢} € Cy (R?), we may introduce the linear operator A": Cg(R?) —

Cp(RY) where, for each f € C2(RY), y e R,
NHO) = m (L)) + Sa ™ LiLnf) ()
+ /Rn o [FE@y) —fO) — xj(L,f)(y)x;;(x)]v(dx)

and each

(LiLf)(¥) = (Li(Lf ) ()
= i) [8ick, ] @) ) + 0k ) @S ) ).

Now apply It6’s formula to the solution flow ® = (P;;,0 < s <t < 00) of
equation (6.45), to find that, for all f € CZ(RY), ye R?,0 <5 <1 < o0,

F(@y(3)) = F ) + NPy — (0)dt + T, (Lif ) (Dy— (v)dBE (1)
- / | l[f(sf(xxcbs,t_(y))) —f(@y,— ()N (dt, dx)

+/| l[f(‘i:i(x)(q)s,tf()’))) —f(®y— (YD) N (d1, dx).

If ¢ is such that NV : Cg (R?) — Co(R?) then (T;,t > 0) is a Feller semigroup
by Theorem 6.7.4. The following exercise gives a sufficient condition on ¢ for
this to hold.

Exercise 6.10.6 Show that Assumption 6.7.1 is satisfied (and so the solution
to (6.45) is a Feller process) if c]’: € Co(Rd) foreach1 <j<n, 1 <i<d.
(Hint: You need to show that limy| oo [E/(x)(y) — y'] = O for each x # 0,
1 < i < d. First use induction to prove this for each member of the sequence
of Picard iterates and then approximate.)

The structure of A/ can be thought of as a higher level Lévy—Khintchine
type-formula in which the usual translation operators are replaced by integral



6.10 Marcus canonical equations 423

curves of the vector fields ijj. This is the key to further generalisations of
stochastic flows and Lévy processes to differentiable manifolds (see e.g. the
article by the author in [23]).

We now discuss briefly the homeomorphism and diffeomorphism properties
of solution flows to Marcus canonical equations. As the arguments are very
lengthy and technical we will not give full proofs but be content with providing
an outline. We follow the account in Kunita [216]. The full story can be found
in Fujiwara and Kunita [126]. For alternative approaches, see Kurtz et al. [219]
or Applebaum and Tang [8].

Theorem 6.10.7 ® is a stochastic flow of homeomorphisms.

Proof Firstconsider the modified flow W.Foreach0 < s <t < 00,y1,y2 € R,
with y; # y», we define

1
qjs,t()’l) - q’s,t(yZ) ’

XS,t(yl 7)’2) =

The key to establishing the theorem for W is the following pair of technical
estimates. Foreach 0 < s < ¢ < 0o, p > 2, there exist K1, K> > 0 such that,
for all yi,y2,21, 22,y €RY, yi # y2, 21 # 22,

E (Ixs:01:32) = X5 z1,22)177) < Ki(lyr — 2117 + Iy2 — 2217P),
(6.48)

]E( sup |1+\I/s,r(y)|p> < K>)|1+y[™". (6.49)

S<r=<t

By Kolmogorov’s continuity criterion (Theorem 1.1.18) applied to (6.48), we
see that the random field on R2? — D given by (y1, y2) — Xs.:(V1,¥2) is almost
surely continuous. From this we deduce easily that y; # y» = W ,(y1) #
W, ;(2) (a.s.) and hence that each Wy, is almost surely injective.

To prove surjectivity, suppose that liminf|y|—coinf, esn [V, (V)] =
a €[0,00) (a.s.). Applying the reverse Fatou lemma (see e.g.Williams [358],
p- 53), we get

1
lim supE( sup |1 4 \Ifw(y)|1’> =_,
a

|y]—00 S<r=<t

contradicting (6.49). So we must have each liminf |y o | W, (y)| = 00 (a.s.).
But we know that each W, is continuous and injective. In the case d = 1, a
straightforward analytic argument then shows that Wy ; is surjective and has a



424 Stochastic differential equations

continuous inverse. For d > 1, more sophisticated topological arguments are
necessary (see e.g. Kunita [215], p. 161). This proves that the modified flow W
comprises homeomorphisms almost surely.

For the general result, we apply the interlacing technique of Theorem 6.2.9.
Let (1, n € N) be the arrival times for the jumps of P(s, 1) = fs,t f\Xlze XN (¢, dx)
and suppose that t,_1 < t < 7,; then

D, = "IJI,L,l,t 0 E(AP(s,Ty—1)) 0 “I"r,,,z,r,z,lf o---0&(AP(s,T1)) 0 \Ijs,tlf~
Recalling Exercise 6.1.11, we see that @ ; is the composition of a finite number
of almost-sure homeomorphisms and so is itself a homeomorphism (a.s.). [

Exercise 6.10.8 Let ® be a stochastic flow of homeomorphisms. Show that,
foreachO <s <t < 00,P;; = Py, 0 @6; (a.s).

In order to establish the diffeomorphism property, we need to make an
additional assumption on the driving vector fields. Fix m € N U {oc}.

Assumption 6.10.9 ¢/ e C)'"?(RY) for 1 <j <d,1<j<n.

Theorem 6.10.10 If Assumption 6.10.9 holds, then ® is a stochastic flow of
C™-diffeomorphisms.

Proof (Sketch) We fix m = 1 and again deal with the modified flow W. Let
{e1,...,eq} be the natural basis for R9, so that each

)
¢j=(0,...,0,1,0,...0).

ForheR,h#0,1<j<d,0<s<t<o00,yeR? define

\Ijs,t(y + hej) - "Ijs,t(y).

(AjWs) (v, h) = p

then, forall 0 < s <t < o0, p > 2, there exists K > 0 such that

E ( sup [(AjWs) (1, k) — (A,-%,»(yz,hz)}”)

S<r=t

< K(y1 =yl + [l — ha|P)

for all yi, y» € R? and hy, hy € R — {0}.
By Kolmogorov’s continuity criterion (Theorem 1.1.18), we see that

(y’h) — Sup qujx,l(y’h)

S<r=t
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is a continuous random field on R? x (R — {0}). In fact it is uniformly
continuous and so it has a continuous extension to RY x R. Hence W is
differentiable.

To show that \Ilsftl is differentiable we first must show that the Jacobian matrix
of Wy, is non-singular, and the result then follows by the implicit function
theorem.

To see that &, is a diffeomorphism, use the interlacing argument from the
end of Theorem 6.10.7 together with the result of Theorem 6.1.7.

The result for general m is established by induction. (]

In the second paper of Fujiwara and Kunita [126], it was shown that for each

10 < s <) satisfies a backwards Marcus SDE

t > 0, the inverse flow (@,

Aoy} = —c(@;)) op dX ()

st

(with final condition <I>,Tt1 (y) =y (a.s.) for all y e RY).

Recent work by Ishiwara and Kunita [169] has applied Malliavin calculus to
establish conditions under which a Marcus SDE has a smooth density.

We conjecture that, just as in the Brownian case ([215], Chapter 4), every
Lévy flow on R with reasonably well-behaved characteristics can be obtained
as the solution of an SDE driven by an infinite-dimensional Lévy process. This
problem was solved for a class of Lévy flows with stationary multiplicative
increments in Fujiwara and Kunita [125].

Just as in the case of ODEs, stochastic flows driven by Marcus canonical
equations make good sense on smooth manifolds. Investigations of such Lévy
flows can be found in Fujiwara [128] in the case where M is compact and in
Kurtz, Pardoux and Protter [219], Applebaum and Kunita [6] or Applebaum
and Tang [9] for more general M .

Stochastic flows of diffeomorphisms of R? have also been investigated as
solutions of the 1t6 SDE

dq)s,l = C(CDSJ)dX ®);

see e.g. chapter 5, section 10 of Protter [298], or Meyer [266] or Léandre [223].
However, as is pointed out in Kunita [216], in general these will not even be
homeomorphisms unless, as is shown by the interlacing structure, the maps
from R? to R? given by y — y + &/ ¢j(y) are also homeomorphisms for each
x € R?, and this is a very strong and quite unnatural constraint.
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6.11 Notes and further reading

Like so many of the discoveries described in this book, the concept of a
stochastic differential equation is due to Itd [174]. In fact, he established
the existence and uniqueness of strong solutions of SDEs driven by Lévy
processes that are essentially of the form (6.12). His treatment of SDEs is
standard fare in textbooks on stochastic calculus (see for example the list
at the end of Chapter 4), but the majority of these omit jump integrals. Of
course, during the 1960s, 1970s and 1980s, when most of these text books
were written, stochastic analysts were absorbed in exploring the rich world
of diffusion processes, where Brownian motion reigns supreme. The natural
tendency of mathematicians towards greater abstraction and generality led to
interest in SDEs driven by semimartingales with jumps, and the first system-
atic accounts of these were due to C. Doléans-Dade [95] and J. Jacod [186].
This is also one of the main themes of Protter [298].Recent developments in
flows driven by SDEs with jumps were greatly stimulated by the important
paper of Fujiwara and Kunita [125]. They worked in a context more gen-
eral than that described above, by employing an infinite-dimensional Lévy
process taking values in C(R?, R?) to drive SDEs. The nonlinear stochastic inte-
gration theory of Carmona and Nualart [71] was a further generalisation of this
approach.

The study of SDEs and associated flows is much more advanced in the Brow-
nian case than in the general Lévy case. In particular, there are some interesting
results giving weaker conditions than the global Lipschitz condition for solu-
tions to exist for all time. Some of these are described in Section 5.3 of Durrett
[99]. For a powerful recent result, see Li [230]. For the study of an SDE driven
by a Poisson random measure with non-Lipschitz coefficients, see Fournier
[122]. An important resource for Brownian flows on manifolds and stochastic
differential geometry is Elworthy [107].

Simulation of the paths of SDEs can be very important in applications. A
valuable guide to this for SDEs driven by «-stable Lévy processes is given by
Janicki and Weron [189]. For a discussion of the simulation of more general
SDEs driven by Lévy processes, which is based on the Euler approximation
scheme, see Protter and Talay [297]. For a nice introduction to applications of
SDE:s to filtering and control, respectively, in the Brownian case, see chapters 6
and 11 of @Bksendal [282]. A fuller account of filtering, which includes the use
of jump processes, can be found in chapters 15 to 20 of Liptser and Shiryaev
[238]. Bksendal and Sulem [281] is devoted to the stochastic control of jump
diffusions. A wide range of applications of SDEs, including some in material
science and ecology, can be found in Grigoriu [141].
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SDEs driven by Lévy processes and more general semimartingales are sure
to see much further development in the future. Here are some future directions
in which work is either ongoing or not yet started.

e The study of Lévy flows as random dynamical systems is far more greatly
developed in the Brownian case than for general Lévy processes, and a sys-
tematic account of this is given in Arnold [ 16]. Some asymptotic and ergodic
properties of Lévy flows have been investigated by Kunita and Oh [213]
and Applebaum and Kunita [7]. So far there has been little work on the
behaviour of Lyapunov exponents (see Baxendale [34] and references therein
for the Brownian case, and Mao and Rodkina [250] for general semimartin-
gales with jumps). Liao [231] has studied these in the special case of flows
on certain homogeneous spaces induced by Lévy processes in Lie groups.
An applications-oriented approach to Lyapunov exponents of SDEs, which
includes the case of compound Poisson noise, can be found in Section 8.7 of
Grigoriu [141] (see also Grigoriu and Samorodnitsky [142]).

e Malliavin calculus has been applied to establish the existence and unique-
ness of solutions to SDEs driven by Brownian motion when the standard
initial condition is weakened in such a way that Zy is no longer indepen-
dent of the driving noise; see e.g. chapter 3 of Nualart [280]. As yet, to the
author’s knowledge there has been no work in this direction for SDEs with
jumps.

e A new approach to stochastic calculus has recently been pioneered by
T.J. Lyons [240, 241], in which SDEs driven by Brownian motion are solved
pathwise as deterministic differential equations with an additional driving
term given by the Lévy area. This has been extended to SDEs driven by Lévy
processes in  Williams [359]. Related ideas are explored in Mikosch and
Norvaisa [268]. It will be interesting to see whether this approach generates
new insights about SDEs with jumps in the future.

e One area of investigation that has been neglected until very recently is the
extent to which the solution of an SDE can inherit interesting probabilistic
properties from its driving noise. For example, Samorodnitsky and Grigoriu
[318] recently studied the SDE

dZ(1) = —f(Z(t=))dr + dX (1),

where X has heavy tails (e.g. X might be an @-stable Lévy process) andd = 1.
Under certain restrictions on f, they were able to show that Z also has heavy
tails. Equations of this type have recently found interesting applications to
climate dynamics (see [92], [168]).



428 Stochastic differential equations

Another aspect of heavy-tailed modelling is to describe the extremal
behaviour of Lévy-type stochastic integrals. Intuitively and based on corre-
sponding results about Lévy processes (see Section 1.5.4), we would expect
heavy tails of such integrals to be associated with regular variation or subex-
ponentiality of the driving Lévy measure. Conditions are established for a
result of this type to hold in Applebaum [12]. A deeper and more sophisticated
study is carried out in Hult and Lindskog [163].

¢ The interaction between Lévy processes and statistics is attracting increasing
attention, partly because of the needs of finance. The stochastic volatility
model of Barndorff-Nielsen and Shephard [28] describes the volatility as a
stationary Ornstein-Uhlenbeck process (Y (¢),¢ > 0) where

dY (f) = —\Y (t)dt + dX (Af).

Here A > 0 and X = (X (#),¢ > 0) is the background driving Lévy process.
Suppose that we have a discrete series of samples Yo, Y7, Yor, ..., Y(u—1)1
where [ is a fixed sampling interval. In Jongbloed et al [193], the authors
develop non-parametric methods for estimating both A and the function k
which determines the self-decomposable stationary distribution of Y (see
Sections 4.3.5 and 1.2.5). In Roberts et al. [307] a Bayesian approach is
taken to estimating the posterior distribution of ¥ which utilises Monte-Carlo
Markov chains.

Another important direction in statistics is time series. Lévy-driven
CARMA processes (i.e. continuous time ARMA processes) have been intro-
duced by P. Brockwell [66]. These are processes ¥ = (Y (¢),¢t > 0) which
satisfy the formal equation

a(D)Y (y) = b(D)DX (1).

Here a and b are the autoregressive and moving average polynomials (respec-
tively), X = (X (¢),t > 0) is a Lévy process and D; is the usual time
derivative. A state space representation enables the rigorous interpretation
of these as observation and state equations :

Y() =b'Z(),
dZ(t) = AZ(t)dt + edX (1),

where b is a vector derived from b(-), A is a matrix depending on a(-) and
e = (0,0,...,0, 1)T. The solution to the state equation is then a Lévy-
driven Ornstein—Uhlenbeck process. For further investigations of this topic
see Marquand and Seltzer [255].
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¢ Animportant area related to SDEs is the study of stochastic partial differential
equations (SPDEs). These are partial differential equations perturbed by a
random term, so that the solution, if it exists, is a space—time random field.
The case based on Brownian noise has been extensively studied, see e.g. the
lecture notes by Walsh [352] and the survey by Pardoux [287], but so far
there has been little work on the case of Lévy-type noise.
In Applebaum and Wu [10], existence and uniqueness were established for
an SPDE written formally as

du(t,x)  0%u(t,x)

a7 o2 + a(t,x,u(t,x)) + b(t, x, u(t,x))F,,x (6.50)

on the region [0, 00) X [0, c], where ¢ > 0, with initial and Dirichlet boundary
conditions. Here F;, is a Lévy space—time white noise. An extensive study
of the case where F is a Poisson random measure is due to Saint Loubert Bié
[317]; see also Albeverio et al. [4].

In a separate development, Mueller [274] established the short-time
existence for solutions to the equation

dul(t, .
% = —(=AYPu(t,x) + u(t,x)’ M

on RT x D, where D is a domain in R?, with given initial condition and u
vanishing on the complement of D. Here 0 < o < 1, p€(0,2],y > 0 and
(M (t,x),t = 0,x € D) is an a-stable space—time white noise. There seems
to be an intriguing relationship between this equation and stable measure-
valued branching processes. Weak solutions of this equation in the case where
1 < @ < 2 and p = 2 have recently been found by Mytnik [275].

Solutions of certain SPDEs driven by Poisson noise generate interesting
examples of quantum field theories. For recent work in this area, see Gielerak
and Lugiewicz [134] and references therein.

e Stochastic evolution equations are closely related to SPDEs. Indeed consider
the equation 6.50) wherein @ = 0 and b = 1. Suppose the initial condition
u(0,-) € L*([0, c]). If Fis sufficiently regular we can regard it as the stochastic
differential of an L*([0, ¢])-valued Lévy process and rewrite the SPDE as an
infinite dimensional ordinary SDE:

du(t) = Ju(t—) + dF (1),

where J is the one-dimensional Laplacian operator.
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More generally, we can consider equations of the form
dY (@) =JY(@—)+ F(Y(@—=))dt + G(Y (t—))dX (1), (6.51)

where Y = (Y (¢),t > 0) (if it exists) takes values in a real Hilbert space H.
Here J is the infinitesimal generator of a Cy-semigroup (S (¢), ¢ > 0) acting in
H,X = (X(¢),t > 0) is an H-valued Lévy process and F and G are suitable
mappings from H to H and from H to the algebra L(H) of all bounded
linear maps on H (respectively). We emphasise that the main novelty of such
equations arises from taking H to be infinite dimensional as in the case of
SPDE:s.

The simplest interesting case is where F = 0 and C(-) is a fixed element
of L(H). In this case, there is a unique (in a suitable weak sense) solution to
(6.51) and this is given by the H-valued Ornstein-Uhlenbeck process

t
Y () =S(t)Y(O)+/ St —s)CdX (s).
0

For construction and properties of this process, see Chojnowska-Michalik
[77] and Applebaum [13]. In the case where X is an H-valued Brownian
motion, an extensive theory of stochastic evolution equations can be found
in Da Prato and Zabczyk [84]. The case where X is a Poisson random measure
is treated in Knoche [205]. A recent monograph by Peszat and Zabczyk [293]
gives a thorough treatment of such equations within the general Lévy process
framework.
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