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Abstract

The operating principle of a very special type of slot array antennas excited by a slow-wave mode is presented. The
arrays exhibit beam-scanning capability with mechanical rotation about the aperture–normal axis. The relation be-
tween the rotation angle and the scan angle is deduced. Numerical results for beam scanning are shown, and other
performance characteristics including frequency scan, bandwidth, and polarization of the antennas are presented.
Important differences of the characteristic features from that of a conventional array are discussed.
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1. Introduction

Typical slot array antennas are fixed beam antennas [1–
5]. Although an end-fed waveguide slot array exhibits

frequency-scan characteristics, at a given frequency, the
beam peak occurs at a fixed look angle. An electronically
scanned slot array may be realized by constructing multiple-
slot subarrays and exiting each subarray with a power source
and a phase shifter as in the case of a conventional phased-
array antenna.

A very special type of mechanically scanned slot array
is developed by Milroy et al. [6]. A conceptual sketch (ex-
ploded view) of an array1 is shown in Figure 1a. In this type
of array, the slots are excited by a slow wave that propagates
between the slot plate (plate containing the slots) and the
ground plane. Such a slow wave is typically generated by a
linear array of waveguides located at one edge, as depicted in
Figure 1a. The other edge is typically match terminated. A di-
electric layer (as in Figure 1a) or a corrugated ground plane
lowers the phase velocity; hence, a slow-wave mode is real-

ized. The waveguide array is attached to the ground plane,
and the slot plate is kept free to allow axial rotation about the
array–normal axis (z-axis). Nominally, the array creates a
beam at a given direction that may be set to the boresight by
properly selecting the physical parameters. However, if the
slot plate or the ground plane rotates about the z-axis, then
the beam scans along a contour on the azimuth-elevation
plane. The contour is close to the H-plane trace of the an-
tenna. The scan angle increases with the rotation angle. Thus,
by mechanically rotating the slot plate (or the ground plane),
one can scan the beam along a contour. For two-dimensional
beam scanning, both the slot plate and the ground plane
structure should rotate together in addition to a relative rota-
tion between them. This particular antenna configuration
does not require any phase shifter, which is very attractive
for many applications. To the author’s knowledge, nothing is
available in the open literature explaining the principle of op-
eration of the array. The purpose of this paper is to present a
comprehensive first-order theory that explains the scanning
mechanism of the array. An analytical expression of the scan
angle as a function of angular rotation, slot spacing, and other
physical parameters is obtained. Numerical results demon-
strating the beam-scanning capability are shown. The copo-
larization and cross-polarization of the far-field radiation are
analyzed. A shift in the beam position due to the frequency
shift is analyzed, and the bandwidth limitation caused by the
beam shift is presented. Enhancement of the scan capability
to the entire half space and the associated shortcomings are
discussed, and the necessary structural modification for per-
formance improvement is suggested. Important differences of

1In [6], continuous slots were used, which may be considered
as a special case of the general configuration considered here.
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the scan properties of the array from that of a conventional
phased array are discussed.

2. Theory

For simplicity, we assume that the space between the slot
plate and the ground plane is filled with a dielectric substrate
(see Figure 1a) to support a slow-wave Parallel Plate Mode
(PPM). A linear array of waveguides at one edge excites the
PPM. The radiating slots are placed in a rectangular grid with
cell size a� b. For a boresight beam, the slots must have uni-
form phase distribution. Typically, for the boresight beam, the
slots are oriented perpendicular to the PPM’s propagation di-
rection. The uniform phase distribution can be accomplished
by placing the slots at �g apart in the x-direction �g, where �g

is the wavelength of the PPM. Therefore, to avoid grating
lobes near the boresight region, the free-space wavelength
must be greater than that of the PPM. We will show analyti-
cally that if the slot plate has an angular rotation relative to the
ground plane, then the beam mostly scans on a curved surface
near the x–z plane (H-plane).

Figure 1b is the top view of the structure. For a general
formulation, we assume that the PPM propagates at an angle
� with respect to the x-axis. We define a new coordinate sys-
tem x0y0z0 (with z ¼ z0) with x0 as the wave propagation direc-
tion; thus, � is the angle between the x- and x0-axes.

Assuming the lowest order transverse magnetic PPM that
propagates between the slot plate and the ground plane, the
z-component of the electric field can be expressed as

Ezðx0; y0Þ ¼ E0 expð�j�x0Þ: (1)

Here, � is the propagation constant of the PPM. Using coor-
dinate transformation from the x0y0z0 system to the xyz sys-
tem, we write (1) as

Ezðx; yÞ ¼ E0 exp �j�ðx cos�þ y sin�Þ½ �: (2)

The equivalent magnetic current on a slot is proportional to
the electric field underneath the slot [1]. Accordingly, the
magnetic current distribution on the slot at x ¼ ma and y ¼
nb should be

Mymnðx; yÞ ¼ Myðm; nÞfslotðx� ma; y� nbÞ (3a)

with

Myðm; nÞ¼�E0 exp �j�ðma cos�þ nb sin�Þ½ �: (3b)

In (3b), � is the coupling coefficient that relates the
electric field underneath the slot to the induced magnetic cur-
rent amplitude on the slot. The field distribution function on
the slot is fslot. The equivalent magnetic current will radiate
�- and �-components of the electric field. The total far-field
intensity radiated by the slots is obtained as

~Eð�; �Þ ¼ Aefslotð�; �Þð�̂ cos�� �̂ cos � sin�Þ
�
X
m;n

Myðm; nÞ exp jk sin �ðma cos�þ nb sin�Þ½ �
(4)

where A is independent of � and �, k is the wave number in
free space, and �̂ and �̂ are the unit vectors. The tilda (�)
sign represents Fourier transform. Substituting Myðm; nÞ
from (3a) and (3b) in (4), we get the far-field vector as

~Eð�; �Þ ¼B
X
m;n

exp½ jk sin �ðma cos�þ nb sin�Þ

� j�ðma cos�þ nb sin�Þ�
� ð�̂ cos�� �̂ cos � sin�Þ~f ð�; �Þ (5)

with B ¼ �E0A. With respect to the principal polarization
along x, the copolar and cross-polar fields, using Ludwig’s
third definition [7], become

Ecopolð�; �Þ ¼B
X
m;n

exp½ jk sin �ðma cos�þ nb sin�Þ

� j�ðma cos�þ nb sin�Þ�
� ðcos2 �þ cos � sin2 �Þef ð�; �Þ (6a)

Ecrossð�; �Þ ¼B
X
m;n

exp½ jk sin �ðma cos�þ nb sin�Þ

� j�ðma cos�þ nb sin�Þ�
� ð1� cos �Þ cos� sin�~f ð�; �Þ: (6b)

Figure 1. (a) Exploded view of a slot array. The open-
ended waveguides produce a slow wave through a dielec-
tric substrate. (b) Coordinate systems for the analytical
development. The slow parallel-plate mode (PPM) propa-
gates along the x0-axis.
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Notice that in (6a), the terms under the summation sign add
coherently if the following two conditions are simulta-
neously satisfied (condition for peak intensity):

a½k sin � cos�� � cos�� ¼ 2p�

b½k sin � sin�� � sin�� ¼ 2q� (7)

where p and q are integers. The equations in (7) indicate that
by changing �, one can move the beam peak location. That
is, by rotating the slot plate with respect to the ground plane
(or vice versa), one can scan the beam. This is the basic prin-
ciple of beam scanning of the array under consideration. Set-
ting different values of p and q in (7), one can solve for � and
� for main-lobe and grating-lobe locations. For the main
beam at boresight (� ¼ 0 and � ¼ 0) corresponding to a fre-
quency f0 (the design frequency, which is typically the center
frequency of a band), we choose � ¼ 0. This condition yields

a ¼ �2p�=�0: (8)

In (8), �0 is the value of � corresponding to the frequency f0.
To minimize the number of grating lobes in the visible re-
gion, one prefers a small value of a. To comply, p can be
set to negative unity (note that p cannot be zero). Thus, to
determine the main beam-peak location, we set p ¼ �1 and
q ¼ 0 in (7). We get

k sin � cos� ¼ � cos�� 2�=a

k sin � sin� ¼ � sin�: (9)

We now square both sides of the above equations and add
together, yielding

k2 sin2 � ¼ ½� cos�� 2�=a�2 þ ð� sin�Þ2: (10)

Using p ¼ �1 in (8), one obtains �0 ¼ 2�=a ¼ 2�
ffiffiffiffi
"r

p
=�0,

where lg is the free-space wavelength at the center fre-
quency f0, and "r is the dielectric constant of the layer be-
tween the ground plane and the slot plane. We also use the
relation � ¼ k

ffiffiffiffi
"r

p ¼ 2�
ffiffiffiffi
"r

p
=�, where l is the free-space

wavelength at the operating frequency. Upon simplification
and using above expressions for � and �0 in (10), we obtain
the solution for � as

�peak¼sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0

a

� �2

þ �

a

� �2

�2
��0

a2

� �
cos�

s
: (11)

Now, eliminating sin � from the equations of (9), we get

tan� ¼ � sin�
ð� cos�� 2�=aÞ : (12)

Substituting the expression for �, we obtain the solution
for � as

�peak ¼ tan�1
�0
a

� �
sin�

�0
a

� �
cos�� �=a

� �" #
: (13)

At the center frequency, the expressions for �peak and �peak

simplify to

�peak ¼ sin�1 2
�0

a

� �
cos

�

2

	 
� �
�peak ¼ ð�þ �Þ

2
: (14)

It is worth mentioning that the above expressions for �peak
and �peak assume xyz as the reference coordinate system. For
x0y0z0 as the reference coordinate system (that is, with respect
to the ground plane reference), the value of �peak should be
reduced by �, whereas the value of �peak remains unchanged.
Equations (11) and (13) indicate that for given values of a
and �, the beam location shifts with frequency as in the case
of a typical phased array [8]. Consequently, the gain of the
array at a desired location changes with frequency. Accord-
ingly, we define the “instantaneous bandwidth” of the array
as the frequency range for which the gain loss lies within
3 dB of the peak gain. The instantaneous bandwidth of the
array is given by (see the Appendix)

�f
f0

¼ 0:884
Nx

: (15)

In (15), Nx is the number of slots along x, and �f is the
3-dB bandwidth. Interestingly, the bandwidth is independent
of the number of slots along y, the element spacing, and the
scan angle unlike a regular phased-array antenna [8]. There-
fore, to attain the maximum possible bandwidth for given
aperture dimensions, the value of Nx should be small, which
can be accomplished by maximizing the element spacing a
along x. The maximum value of a, however, should not
exceed �0 (in fact, a should be lower than �0 because for
a ¼ �0, at least one grating lobe exists at the grazing angle
even if b is kept sufficiently small) in order to minimize the
power loss in the grating lobes.

The scan characteristic can also be graphically under-
stood through a circle diagram [8]. Equation (7) represents an
infinite set of circles of radii � (call �-circles) on the kx � ky
plane, where kx ¼ k sin � cos�, and ky ¼ k sin � sin�. The
center of “ðp; qÞ�-circle” lies on the coordinate point
ð2�p=a; 2�q=bÞ, where p and q are integers (see Figure 2). In

the visible space,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
should be less than k; thus, the

area inside the red circle represents the visible space. The
arcs of the �-circles inside the visible space represent the
beam-peak contours. In Figure 2, multiple such arcs exist, but
only the arc of the solid �-circle (the arc BOA in Figure 2)
represents the contour of the main lobe peak. This is primar-
ily due to the initial setting of the array (note that with � set
to zero, the beam peak occurs at boresight, which is only sat-
isfied by the solid �-circle). Some of the other arcs may rep-
resent grating lobe contours. For a given rotation angle �, the
locations of the main beam and the grating lobes can be de-
termined from the circle diagram. For instance, point P repre-
sents the main beam location for the rotation angle � because
the line MP makes an angle � with the kx-axis. Following the

IEEE Antennas and Propagation Magazine, Vol. 57, No. 2, April 201598



same argument, point G represents the grating lobe because
the line M1G makes an angle � with the kx-axis.

The circle diagram can be employed to determine the
element spacing for an array. For instance, if the main beam
needs to be at boresight for � ¼ 0, then the solid �-circle
must pass through the origin of the kx � ky plane. This hap-
pens if a ¼ �g. If a G �g, then the main beam will not scan
through the boresight. Moreover, for continuous slots along
y, only one row of �-circles exists as b can be assumed as
zero. As a result, points such as G will not exit, indicating
nonexistence of grating lobes. If, however, a becomes larger
than �g, then grating lobes may exist.

3. Numerical Results and Discussions

In order to demonstrate the beam-scanning capability of
the array under consideration, we compute the copolar pat-
terns for various values of the rotation angle �. We use (6a)
and consider the propagation constant �0 of the PPM as 2k0.
Such a slow PPM can be generated either by using a high di-
electric material of dielectric constant 4 between the plates
or by using corrugated bottom layer that supports a slow-
wave mode [9]. Using �0 ¼ 2k0 in (8) and with p ¼ �1, the
slot spacing a becomes �0=2 ð�0 ¼ free space wavelengthÞ.
We also set b ¼ �0=2 to avoid grating lobes. Figure 3 shows
the normalized pattern cuts (with respect to the peak inten-
sity) of an array with 20 � 20 slots. The pattern cuts are
computed on the � ¼ �peak planes to show the movement of
the beam peak. The slot radiation pattern was ignored [which
is a multiplication factor in (6a)] for the plot. Notice that the
beam location moves from the boresight as � increases. For
maximum scan angle ð�peak ¼ 90�Þ, the value of � should be
equal to 2 sin�1ðk0=2�0Þ. For the present case, the corre-
sponding value of � is 28.96�. Notice that, for this �, the

beam peak occurs at � ¼ 90� with increased beamwidth,
which is expected from a scanned beam [8].

Figure 4a and b is the copolar and cross-polar contours
of a scanned beam on the �x � �y plane, where �x ¼ � cos�,
and �y ¼ � sin�. For this case, we set �0=k0 ¼ 1:5, a ¼ b ¼
0:67�0, and � ¼ 25�. The beam peak occurs at � ¼ 40:49�

and � ¼ 102:5�. Notice that a grating lobe is observed near
� ¼ 61:3� and � ¼ 260:8� (near the �y-axis). This grating
lobe is due to the larger slot spacing along y. No grating lobe

Figure 3. Beam scanning with mechanical rotation ðalp ¼
� ¼ rotation angleÞ. The parameters are: a ¼ b ¼ �0=2,
dielectric constant ¼ 4:0, Nx ¼ Ny ¼ 20.

Figure 2. Circle diagram for the slot array. The cell size of
the array is a� b. Point P represents the main lobe location
with respect to the rotation angle �. Point G represents the
grating lobe location for the same rotation angle �. (Note
that the lines MN and M1N1 are parallel.)

Figure 4. Copolarization and cross-polarization contours
for a scanned beam with � ¼ 25�, � ¼ 1:5k0, and a ¼ b ¼
0:667 �0. Horizontal axis: � cos�; vertical axis: � sin�
(both in degrees). The main beam peak occurs at � ¼
40:49� and � ¼ 102:5�. The grating lobe is at � ¼ 61:3� and
� ¼ 260:8�. (a) Copolarization. (b) Cross-polarization.
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occurs near the �x-axis because the grating lobes along this
axial region exist beyond the visible space. If, however, the
slot spacing along x exceeds one wavelength, grating lobes
will occur near the �x-axis. The cross-polarization level in
Figure 4b is below 23 dB near the main beam peak. The
cross-polarization is low near the principal planes due to the
symmetry of the source fields. It is worth mentioning that the
value of b has no role in determining the beam peak location.
Its value is solely decided by the grating lobe consideration.

Figure 5 shows the loci of the main beam peaks on the
�x � �y plane with �0=k0 (denoted by F in the inset of
Figure 5) as a parameter. A locus essentially corresponds to
the arc BOA in Figure 2 mapped onto the �x � �y plane from
the kx � ky plane. From (14), the locus of the beam peak is
deduced as sin �peak ¼ �ð2�0=k0Þ cos�peak . Since the left-
hand side is positive, the equation satisfies if the locus lies on
the second and third quadrants of the �x � �y plane, as de-
picted in Figure 5. Notice that the beam loci are very close to
the � ¼ 90� line with some deviation with the scan angle.
The deviation decreases with increasing �0=k0. This is consis-
tent with (14) because for a given �peak , the value of � should
be smaller for a larger �0=k0; hence, �peak becomes smaller.

Equations (11) and (13) indicate that for a given �, the
beam peak location moves with frequency because �peak and
�peak are functions of the wavelength �. To study this
“frequency-scan” behavior, we plot the beam contours at
three representative frequencies covering 5% bandwidth in
Figure 6. We use 21 � 21 slots and the rotation angle � as
25�. Interestingly, the frequency-scan occurs almost parallel
to the horizontal axis (see (18) in the Appendix). This is con-
trary to a regular phased array where the “frequency-scan”
occurs on � ¼ constant plane. The gain rolloff for the beams
associated with the upper and lower end frequencies at the
desired location (corresponding to the beam peak location at
midfrequency) is about 4 dB. This implies that the array

does not satisfy a 5% bandwidth requirement with respect to
3-dB gain loss. In fact, the bandwidth of this array should be
about 4.2% as per (15). To have 5% bandwidth, the number
of slots along the x-direction should not exceed 17
ðNx G 17Þ.

In Figure 7, we have plotted the beam peak loci by vary-
ing the rotation angle � at three different frequencies. The
small circle marks on the curves are associated with different
values of � starting from zero to 28� with 1� interval (a total
of 29 marks on each curve). Notice that the “frequency-scan”
increases with �; that is, the more the scan angle, the more is
the beam deviation with frequency. However, the beamwidth
increases with the scan angle in such a way that it compen-
sates the additional gain rolloff, keeping the bandwidth un-
changed. An analytical proof of this interesting behavior is
shown in the Appendix. In a regular phased array, however,
the bandwidth decreases with the scan angle.

Figure 5. Loci of beam peaks for three different values of
Fð¼ �0=k0 ¼ "

1=2
r Þ. The plot is on the �x � �y plane, where

�x ¼ � cos�, and �y ¼ � sin�.

Figure 6. Copolarization contours on the �x � �y plane
(showing beam deviation with frequency) at three fre-
quencies (0.975 f0, f0 and 1.025 f0) with � ¼ 25�, Nx ¼
Ny ¼ 21, a ¼ b ¼ 0:5�0, and �=k ¼ 2. Notice that the
beams deviate almost parallel to the �x-axis. The elliptical
contours are 1 dB apart.

Figure 7. Beam-peak loci at three frequencies (f �mid ¼ f0,
f � low ¼ 0:975 f 0, and f � high ¼ 1:025 f 0). Each marker
on a curve corresponds to a rotation angle � (that varies
from 0� to 28�). Note that the beam separation increases
with � (hence with the scan angle). Moreover, for each �,
the beam scans with frequency irrespective of its value.
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As mentioned before, to enhance the scanning capabil-
ity to the entire half space, both the plates must be rotated
together in addition to a relative rotation between the plates.
Consequently, the principal polarization rotates with the slot
plate, which is not a desirable feature for practical applica-
tions. In particular, the polarization rotation causes a polari-
zation mismatch with the receiving antenna (assuming the
antenna under consideration is transmitting). One way to cir-
cumvent the above problem is to convert the linear polariza-
tion to a circular polarization because the latter does not
have any preferred polarization orientation. This can be ac-
complished by incorporating a meander-line screen polarizer
[10] that should be attached to the slot plate. If, however, the
linear polarization has to be maintained, then the array may
be loaded with two meander-line screen polarizers. By
adjusting the relative orientations, a linear polarization with
a desired polarization direction can be achieved [11]. The
first polarizer (to be attached with the slot plate) will convert
linear to circular polarization. The second polarizer should
be kept at a fixed orientation (depending on the desired ori-
entation of the copolarization vector). The second polarizer
converts circular lo linear polarization with the desired polariza-
tion angle. This is schematically shown in Figure 8. It is also
possible to remove the first polarizer completely. In that case,
the slots must be loaded with waveguide sections. By incorpo-
rating diagonal strips, one can convert linear to circular polari-
zation. Moreover, the length of the waveguide section can be
adjusted to control the coupling between PPM and slot fields,
which is necessary to properly design the array.

In order to validate the analytical model presented in
this paper, we compare the predicted radiation pattern of a
scanned beam with the available measured data [12]. In

Figure 9, we present the results of a Ku-band array of 20-in
diameter. The scan angle is about 63� off boresight. We as-
sume the dielectric constant of the layer between the slot
plane and the ground plane as 3.24. For such a structure, the
63� scan beam can be accomplished with a relative rotation
of 28.7�. The agreement between computed and measured
patterns is satisfactory. The measured pattern has a wider
beamwidth than that of the computed pattern. This is primar-
ily due to the amplitude taper and the phase error due to fab-
rication tolerance. For the computed pattern, we assume
uniform amplitude taper because no taper information is
given in [12].

4. Conclusion

In this paper, we have presented a simple mathematical
theory that explains the beam scanning caused by the rota-
tion of the slot plate relative to the ground plane. The gov-
erning equations leading to a top-level design of such an
array are deduced. The analysis reveals the following impor-
tant characteristic features of the array.

· The scan angle increases with the rotation angle,
and the scan occurs almost along the H-plane of
the antenna with a minor deviation. The angular

Figure 8. Cross-sectional view of a screen-polarizer
loaded array. A ¼ WG array, B ¼ dielectric slab, C ¼
slot plate, D ¼ Polarizer 1, E ¼ Polarizer 2. A and B ro-
tate together, and C and D rotate together. Their rotation
angles depend on the beam location. E is kept fixed for a
given polarization angle. For circular polarization, E
should be removed.

Figure 9. Computed and measured radiation patterns of a
20-inch-diameter array at 12.5 GHz and at 63� scan. For
computed data, the dielectric constant was assumed as 3.24�

and � ¼ 28:7�. (a) Computed. (b) Measured [12, Figure 8].
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deviation from the H-plane is half the rotation
angle.

· For a given rotation angle, the beam scans with
frequency. Unlike a conventional phased-array an-
tenna, this “frequency-scan” does not occur on the
scan plane. Furthermore, the “frequency-scan” oc-
curs for all scan angles including boresight. In the
case of a conventional array, the frequency scan
does not occur for a boresight beam, however.

· The instantaneous bandwidth (based on the 3-dB
gain loss) is only dependent on the number of
slots along the E-plane direction. It is independent
of other antenna parameters.

It must be mentioned that although the instantaneous
bandwidth is not too large, the array can be used for multiple
switchable bands. The beam-peak contour will shift from band
to band, however. The overall operating bandwidth could be
large because the structure can support a PPM over a wide fre-
quency range. The analysis presented here may be adequate for
understanding the basis characteristic features of the antenna,
but a detailed analysis requires rigorous computations of cou-
pling coefficients between the slots and the PPM, incorporation
of the mutual coupling effects between the slots, and inclusion
of the effects of higher order modes in the parallel-plate region.

5. Appendix

To deduce the bandwidth relation in (15), we begin
with the copolar array pattern given in (6a). Thus

Ecopolð�; �Þ ¼B
X
m;n

exp½ jk sin �ðma cos�þ nb sin�Þ
� j�ðma cos�þ nb sin�Þ�

� ðcos2 �þ cos � sin2 �Þef ð�; �Þ: (16)
After summing up over m and n, a closed-form expression
can be obtained as

Ecopolð�; �Þ¼
sin Nxka

2 ðsin � cos��Fcos�Þ� �
sin Nykb

2 ðsin � sin ��Fsin�Þ
n o

sin ka
2 ðsin � cos��Fcos�Þ� �

sin kb
2 ðsin � sin��Fsin�Þ� �

(17)

In (17), F ¼ �=k, and Nx and Ny are the number of slots
along the x- and y-directions, respectively. We ignored the
amplitude factor because, for the bandwidth analysis, only the
relative amplitude matters. Moreover, the factor ðcos2 �þ
cos � sin2 �Þef ð�; �Þ is ignored because for a narrow beam, this
factor can be treated as a constant within the 3-dB beamwidth.
For a beam peak, the value of q in (7) is zero, so that we get

sin � sin�� F sin� ¼ 0: (18)

Notice that the above relation is independent of frequency.
Therefore, we can say that for a given rotation angle �, the
beam peaks at different frequencies lie on the curve represented

by (18). Combining (17) and (18), we obtain the array pattern
along the beam-peak locus as

Ecopolð�; �Þ¼
sin Nxka

2 ðsin � cos�� F cos�Þ� �
sin ka

2 ðsin � cos�� F cos�Þ� � : (19)

At the design frequency (midfrequency of the band), we have

kaðsin � cos�� F cos�Þ ¼ �2� (20)

as per (7). The magnitude of Ecopol should be equal to Nx. At
the upper-end frequency of the band, the magnitude of Ecopol

should be 3 dB lower than that at midfrequency. Therefore, we
must solve for k 0 such that

sin Nxk 0a
2 ðsin � cos�� F cos�Þ

n o
sin k 0a

2 ðsin � cos�� F cos�Þ� �














 ¼ Nxffiffiffi
2

p : (21)

For a large Nx (greater than 7), (21) has the following solution
in the neighborhood of its peak value:

Nxk 0a
2

ðsin � cos�� F cos�Þ ¼ �Nx�� 1:39: (22)

From (20) and (22), we get

k 0 � k
k

¼ 1:39
�Nx

: (23)

This yields the fractional bandwidth as

�f
f0

¼ 2� 1:39
�Nx

¼ 0:884
Nx

(24)

where f0 is the midfrequency corresponding to the wave number
k. The factor 2 is due to the two sides of the band from the
midfrequency.
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