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Fixed Income Valuation and Analysis

1. Fixed Income Valuation and Analysis

1.1 Time Value of Money

1.1.1 Time Value of Money

1.1.1.1 Present and Future Value
Simple Discounting and Compounding

Futurevalue

Presentvalue= T
(1+ Interestrate p.a.)’ y

Futurevalue= (Presentalue){1+ Interestrate p.a.yme° e

1.1.1.2 Annuities
The present value of an annuity is given by

N
Presentvalue=)’ cF =£EEl—(;j

=(1+R)! R 1+R)N
where
CF constant cash flow
R discount rate, assumed to be constant over time
N number of cash flows

The future value of an annuity is given by

N _
Futurevalue=CF Eﬁ(lL)lj

R
where
CF constant cash flow
R discount rate, assumed to be constant over time
N number of cash flows

1.1.1.3 Continuous Discounting and Compounding

Futurevalue

e numberof yearsicontinuousnterestrate p.a.

Presentvalue=

Futu reval ue= (P rese nlval ue)l]anumberof yearsl¢ontinuousnterestrate p.a.
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Fixed Income Valuation and Analysis

1.1.2 Bond Yield Measures

1.1.2.1 Current Yield

Annualcoupon

Currentyield = _
Price

1.1.2.2 Yield to maturity
The bond price as a function of the yield to maturity is given by

N
Ry - Sh  Ch_,  CAv
Z@+Y)i (@+Y)sr @+Y)®2 (1+Y)™
where
Y yield to maturity
P, current paid bond price (including accrued interest)
CF, cash flow (coupon) received at time {;
CF, cash flow (coupon plus principal) received at repayment date t,
N number of cash flows

Between two coupon dates, for a bond paying coupons annually, the bond price
is given by

CR,_, CR . . CFRy

Peumt = Pexr * f C=(+Y) @+Y) (@+Y)? (1+Y)N

where
P.nt  current paid bond price (including accrued interest)
Pox 1 quoted price of the bond
Y yield to maturity
f time since last coupon date in years
CFk cash flow (coupon) received at time t;

CFy final cash flow (coupon plus principal)
N number of cash flows
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Fixed Income Valuation and Analysis

1.1.2.3 Yield to Call

N
i=1 (1+Yc) I (1+Yc) ! (1+Yc) 2 (1+Yc) N
where
R, current paid bond price (including accrued interest)
Y, yield to call
CF cash flow (coupon) received at time t,

CF, cash flow (coupon plus principal) received at call date t,
N number of cash flows until call date

1.1.2.4 Relation between Spot Rate and Forward Rate

(1"' Ro,t) = [(1+ ROJ)E(]-"’ FLz)[(l"' F2,3)---(1+ Feo1t )]

-l

where
R spot rate p.a. from 0 to t
Ro1 spot rate p.a. from0to 1
F_.,, forwardrate p.a.fromt-1tot
( ) L
1+ RO to ot
t ot — t — 1t
L+ Ro,tl) L+ Ry, ) 2 =1+ Rovtz) " Fue _{m} -
Ay
where

R, spot rate p.a. from 0 to t;
Ros, spot rate p.a. from O to t,

Ftl t forward rate p.a. from t;to t,

1.1.3 Term Structure of Interest Rates
1.1.3.1 Theories of Term Structures

Expectations hypothesis

Ftl,tz = E(ﬁtl,tz )

where
forward rate from t;to t,

ity
ﬁtl,tz random spot rate from t, to t,
E() expectation operator
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Fixed Income Valuation and Analysis

Liquidity Preference Theory

Ftl,tz = E(Rtl,tz) + Ltl,tz ’ Ltl,tz >0
where
forward rate from t;to t,

ti ty
I-i[lytz random spot rate from t, to t,

- liquidity premium for the time t;to t,
E() expectation operator

Market Segmentation Theory
Ftl,tz = E(Rtl,tz) + I-I tl,tz ! rl tlrtZ 2 0

where
forward rate from t;to t,

ty tp
ﬁtl,tz random spot rate from t, to t,

1,  risk premium for the time from t;to t,
E() expectation operator

1.1.4 Bond Price Analysis

1.1.4.1 Yield Spread Analysis

Relative Yield Spread
Yieldbond B-Yieldbond A
Yieldbonc A

Relativeyield spread=

Yield Ratio

Yieldratio :—Y!eld bondB
Yieldbonc A

1.1.4.2 Valuation of Coupon Bonds using Zero-Coupon Prices

Valuation of Zero-Coupon Bonds

p = CF
@+R)"
where
P, bond price at time 0
CFk cash flow (principal) received at repayment date t
R spot rate from O to t
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Fixed Income Valuation and Analysis

Valuation of Coupon-Bearing Bonds

N CR _ CH CF, CFy
Fo _Z i t + t, tot tN
A+R)" (1+R)Y (1+R,) (L+Ry)
where
P bond price at time O
CFK cash flow (coupon) received at time t;

cash flow (coupon plus principal) received at repayment date t,

CFy
R spot rate from O to t,
N number of cash flows

Price with accrued interest of a bond paying yearly coupons

_ _~_ CR
Poumt = Pext + f E:—izz‘i R =
where

Peaums  Price of the bond including accrued interest
Pox f quoted price of the bond
f time since the last coupon date in fractions of a year
CFK cash flow at time t;
R, spot rate from f to
C coupon

Valuation of Perpetual Bonds

CF
TR
where
P current price of the perpetual bond
CF perpetual cash flow (coupon)
R discount rate, assumed to be constant over time
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Fixed Income Valuation and Analysis

1.1.5 Risk Measurement
1.1.5.1 Duration and Modified Duration

Macaulay’s Duration

% t; [CK t, [CFH, N t, [CF, N +tN [CFy
o= %ti [PV(CR) _im@+Y)' _ (@+Y)r (1+Y)? (1+Y)n
= P % CF, CH N CF, CFy
iz (L+Y) @+Y)s  (1+Y)2 (1+Y)N
where

D Macaulay’s duration

P current paid bond price (including accrued interest)

Y bond’s yield to maturity

CHK cash flow (coupon) received at time t;

PV(CF) present value of cash flow CF;

CFy cash flow (coupon plus principal) received at repayment date ty

N number of cash flows

Modified and Price Duration

pmod - _1P _ D
PoYy 1+Y
DP P pmod p=_D_
N 1+Y
where

D™  modified duration
D" price or dollar duration
D Macaulay’s duration
P current paid bond price (including accrued interest)
Y bond’s yield to maturity

Price Change Approximated with Duration

AP D—DEPEGY =-D™ [PUY =-D” Y
(1+Y)
P
P =Dy =—pmiay =22y
P (1+Y)
where
AP price change of the bond
D™ modified duration
D" price or dollar duration
D Macaulay’s duration
P current paid bond price (including accrued interest)
Y bond’s yield to maturity

AY small change in the bond yield
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Fixed Income Valuation and Analysis

Portfolio Duration

N
Dp :%(‘ (D,
where
Dp portfolio duration
X proportion of wealth invested in bond i
D, duration of bond i
N number of bonds in the portfolio

1.1.5.2 Convexity

1 1 Nt (t +D)CF
D | | |
CF (@+Y)? D,Zl“ (1+Y)"

Pt
T @+v)
C’=CrP
where
C convexity
cP price convexity
P current paid bond price (including accrued interest)
Y bond’s yield to maturity
CHK cash flow (coupon) received at time t;

CFy cash flow (coupon plus principal) received at repayment date ty

Price change approximated with duration and convexi ty

AP O-DP (Y +%CP [AY?
2P =P mv+icmayz=-p™dmy + Lo my?
P (1+Y) 2 2

where

AP price change of the bond

D™ modified duration

D" price or dollar duration

D Macaulay’s duration

C convexity

cP price convexity

P current paid bond price (including accrued interest)

Y bond’s yield to maturity

AY Small change in the bond yield
Portfolio Convexity

N
Portfolio convexity => w; [T,
i=1

where

W weight (in market value terms) of bond i in the portfolio

G convexity of bond i

N number of bonds in the portfolio
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Fixed Income Valuation and Analysis

1.2 Convertible Bonds

1.2.1

Investment Characteristics

Conversion ratio = Number of shares if one bond is converted

Facevalueof theconvertibebond
Numberof sharesperbond(if thereisaconversiof

Conversion price =

Conversion value = Conversion ratio /Market price of stock

Market priceof bond- Conversiorvalue
Conversiorvalue

Conversion premium (in %) =

1.2.1.1 Payback Analysis

p= (MP-CV)/CV _ Conversionpremium

(CY-DY) (CY-DY)
where
PP payback period in years
MP market price of the convertible
CVv conversion value of the convertible
CY current yield of the convertible = (coupon/MP)

DY

dividend yield on the common stock = dividend amount / stock price

1.2.1.2 Net Present Value Analysis

CV-FV < FV[(Ype-Yo)

NPV =
(1Y )" (1+Ype )’
where
NPV  net present value
CVv conversion value
FVv face value
Yne yield on non-convertible security of identical characteristics
Y yield on the convertible security
n years before the convertible is called
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Fixed Income Valuation and Analysis

1.3 Callable Bonds
1.3.1 Valuation and Duration

1.3.1.1 Determining the Call Option Value

Callable bond price = Call-free equivalent bond price — Call option price

1.3.1.2 Effective Duration and Convexity

Call adjusted  Price . Durationof [ﬂl— 5)
duration Price call - freebond

callable

, . _ Priceof Durationof )’
Call adjusted Price e Convexityof
c it =—P' I - freebond [(1—5)— call - free |yl call - free
onvexi rice call - freebon
y callable bond bond

where

0 Delta of the call option embedded in the bond

y Gamma of the call option embedded in the bond

1.4 Fixed Income Portfolio Management Strategies
1.4.1 Passive Management

1.4.1.1 Immunisation

A=L
D,=D,
AlD,=LI[D,
where
A present value of the portfolio
L present value of the debt
Da duration of the portfolio
D, duration of the debt

1.4.2 Computing the Hedge Ratio: The Modified Durat ion Method

mod

Pas - 5 Ds

mod
Iar  Fir [Dg

HR= pasar

_ NgB DI NgH DI
Ng =- mod mod [CFerp;
k[Fy7 [De k (Berpy [DF
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Fixed Income Valuation and Analysis

where
HR
St
Fer

p A4S,4F

hedge ratio
spot price at time t
futures price at time t with maturity T

correlation coefficient between A4S and 4F
standard deviation of A4S

standard deviation of AF
cheapest-to-deliver

modified duration of the asset being hedged

modified duration of the futures (i.e. of the CTD)

number of futures contracts

number of the spot asset to be hedged
contract size

spot price of the CTD

conversion factor of the CTD
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2. Derivative Valuation and Analysis

2.1 Financial Markets and Instruments
2.1.1 Related Markets
2.1.1.1 Swaps

Interest rate swap
The swap value for the party that receives fix may be expressed as

V=B-B)
where
V  value of the swap

B; value of the fixed rate bond underlying the swap
B, value of the floating rate bond underlying the swap

B, is the present value of the fixed bond cash flows

n
B =yt
i=L(1+ Rt )" @+ Rt )"

where
B; value of the fixed rate bond underlying the swap

K fixed payment corresponding to the fixed interest to be paid at time t;
Q notional principal in the swap agreement
Ro,ti spot interest rate corresponding to maturity t;

When entering in the swap and immediately after a coupon rate reset date, the
value of bond B, is equal to the notional amount Q. Between reset dates, the
value is

*

__ K, 0
@+Ry )" @+Ry,)"

2

B, value of the floating rate bond underlying the swap

K floating amount (initially known) used for the payment at date t;, the next

reset date.
Q notional principal in the swap agreement

Ry, Spotinterest rate corresponding to maturity t,
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Derivative Valuation and Analysis

Cross Currency Interest Rate Swap
The swap value may be expressed as

V:S[BF _BD

V  value of the swap

S  spot rate in domestic per foreign currency units

Bg value of the foreign currency bond in the swap, denoted in the foreign
currency

Bp value of the domestic bond in the swap, denoted in the domestic currency

2.2 Analysis of Derivatives and Other Products
2.2.1 Futures
2.2.1.1 Theoretical Price of Futures

Pricing Futures on Assets that Provide no Income

Fir =S(1+ Rt )T_t

where
R futures price at date tof a contract for delivery at date T
S spot price of the underlying at date t
R risk-free interest rate for the period t to T

General Cost of Carry Relationship

Fir =S(1+Rr )™ + k(tS) - FV(revenue$

where
Ft,T forward or futures price at date tof a contract for delivery at date
T
S spot price of the underlying at date t
ReT risk-free interest rate for the period t to T
k(t,S) carrying costs, such as insurance costs, storage costs, etc.

FV(revenus) future value of the revenues paid by the spot
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Derivative Valuation and Analysis
Continuous Time Cost of Carry Relationship

=gl

Ft,T futures price at date t of a contract for delivery at date T

S;  spot price of the underlying at datet

y  continuous net yield (revenues minus carrying costs) of the underlying asset
or commaodity

re T continuously compounded risk-free interest rate

Stock Index Futures

N T Tt
Fir =1 Q1+ Rr) ™ =X Y w Dy, {1+R r)
izltj:l

Rt futures price at date tof a contract that expires at date T

le current spot price of the index
dividend paid by stock i at date t;

Wi weight of stock i in the index
Ri1 risk-free interest rate for the period t to T

R. 1 interest rate for the time period t; until T

N the number of securities in the index

Interest Rates Future Cost of Carry Relationship

(S+A)II+R; )™ -Cr - A

Conversiol Factor

Fp =

where
F: 1 quoted futures “fair” price at date tof a contract for delivery at date T

C; 1 future value of all coupons paid and reinvested betweentand T
S;  spot value of the underlying bond

A accrued interest of the underlying at timet

Ri 1 risk-free interest rate for the period t to T

Ar accrued interest of the delivered bond at time T

Theoretical Futures at the Delivery Date

_ spot price of cheapesto deliver
conversiorfactor

Frr
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Derivative Valuation and Analysis

Forward Exchange Rates

T-t
F — St l+ Rdom
b 1+ Rfor

with continuous compounding

Fip = Ste(rdom_rfor)[(T_t)

where
R forward exchange rate (domestic per foreign currency)

S spot exchange rate (domestic per foreign currency)
Rgom domestic risk-free rate of interest for the period tto T
R¢or  foreign risk-free rate of interest for the period tto T
continuous domestic risk-free rate of interest fortto T
I for continuous foreign risk-free rate of interestfortto T

Commaodity Futures
Fir =S IA+R 1) +kET) =Y 1

where
Fir futures price at date t of a contract for delivery at date T
St spot price of the underlying at date t
Rt risk-free interest rate for the period (T —t)
k(t,T)  carrying costs, such as insurance costs, storage costs, etc.
YiT convenience yield

2.2.1.2 Hedging Strategies

The Hedge Ratio

Hr=2S - Ne K Ng =-HRE->
AF Ng k
where
HR hedge ratio
4S change in spot price per unit
AF change in futures price per unit
Ne number of futures
Ng number of spot assets
k contract size
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The Perfect (Naive) Hedge

HR hedge ratio

Ne  number of futures

Ns number of spot assets
k contract size

Minimum Variance Hedge Ratio

- Hedged Profit
For a long position in the underlying asset

Hedgedprofit = (S; =S )~ (Fr 1 —Fer)

where

Sr spot price at the maturity of the futures contract

S spot price at time t
Frr futures price at its maturity
Fir  futures price at time t with maturity T

- Minimum Variance Hedge Ratio

R = COVAS AF) _
Var(AF)

where
HR hedge ratio

= PAS,AF

Cov(4S,4F) covariance between the changes in spot price (4S) and the changes

in futures price (4F)

Var(4F) variance of changes in futures price (4F)
P45 2F coefficient of correlation between A4S and A4F
Oys standard deviation of 4S

Oy standard deviation of AF
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2.2.2 Options
2.2.2.1 Determinants of Option Price

Put-Call Parity for European and American Options
Pc =Cg-S+D+Ke™"’
Cus—-S+Ke """ <Rjg<Cys-S+K+D

where
4 time until expiry of the option
K strike or exercise price of the option
r continuously compounded risk-free rate of interest
S spot price of the underlying
Ce value of European call option
P value of European put option
Cus value of American call option
Ris value of American put option
D present value of expected cash-dividends during the life of the option

2.2.2.2  Option Pricing Models

Black and Scholes Option Pricing Formula

The prices of European Options on Non-Dividend Payi  ng Stocks
Ce = SIN(dy) -Ke "7 IN(d»)
Pz =Ke™"? [IN(-dy) - SIN(-d,)

_In(S/K)+(r+0°12)r

d
' ot

, d2 :dl—U\/?

where

value of European call
value of European put

current stock price

time in years until expiry of the option

strike price

volatility p.a. of the underlying stock

continuously compounded risk-free rate p.a.

cumulative distribution function for a standardised normal random

variable
(see table in 2.2.3), and

QxRN0 PO

Z
—~
=

S2

N(x) = }( %e_zds
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European Option on Stocks Paying Known Dividends
Ce =S [N(dy)-Ke " IN(d3)
Pz = Ke "7 IN(-d5) - S [N(-d;)

. * 2 * % * I —IT;
dl:m(s /K)+(r+a /2)T’ d2=d1—0\/?’ S =S-YDe "
oVr =

value of European call
value of European put

where

® 0

time in years until i ™" gividend payment

dividend i

current stock price

time in years until expiry of the option

strike price

volatility p.a. of the underlying stock

continuously compounded risk-free rate p.a.

I number of dividend payments

N(D) cumulative normal distribution function (see table in 2.2.3)

-~

QXY 0O

European Option on Stocks Paying Unknown Dividends

When dividends are unknown, a common practice is to assume a constant
dividend yield y. Then

Ce =S& Y IN(dy) -Ke™"T [IN(d»)
Pz =Ke T IN(-dy) - S Y IN(-d)

IN(S/K)+(r-y+0?/2)r
dl - ( ) ( y ) , d2 - d]_ _0.\/?
ot
where
Ce value of European call
P value of European put

y continuous dividend yield

S current stock price

T time in years until expiry of the option

K strike price

o volatility p.a. of the underlying stock

r continuously compounded risk-free rate p.a.

N(D) cumulative normal distribution function (see table in 2.2.3)
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Options on Stock Indices

Ce :{S_ iZIZDj,i e :IN(dl)_ Ke"” IN(d; )
j=1i=1

P =K@ m(—dz){s—i'sz,i Ee_rm“}EN(—dl)

j=1i=1
J | —I'I._l1]'i
S-22Dje
In j=ti=1
K |]E—I'|i’
1
d; = +=wHr and d, =d, -0 &1
1 oalt 5 2=0p
where
Ce price of the European call at date t
Pe price of the European put at date t
S price of the index at date t
K strike price
r continuously compounded risk-free rate p.a.
o standard deviation of the stock index instantaneous return
D, dividend paid at time t; by company j weighted as the company in the
index
T time in years until expiry of the option
T time remaining until the dividend payment at time t; by company j

N([)  cumulative normal distribution function (see table in 2.2.3)

Options on Futures
Ce =e T [F IN(dy) - K IN(d)]

Pz = "7[K IN(=d,) - F IN(=dy)]

d1:M+10‘,\/?’ dZ:dl_a-\/?
oJr 2
where
Ce value of European call
P value of European put
F current futures price
r time in years until expiry of the option
K strike price
o volatility p.a. of the futures returns
r continuously compounded risk-free rate p.a.
N(I) cumulative normal distribution function (see table in 2.2.3)
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Options on Currencies
Ce =S ™ [IN(dy) - Ke™" IN(d,)

Pe =Ke "7 IN(-d,) - S ™ IN(~dy)
In(SIK)+(r —rgor +02 12)1

: -

value of European call

value of European put

current exchange rate (domestic per foreign currency units)

time in years until expiry of the option

strike price (domestic per foreign currency units)

volatility p.a. of the underlying foreign currency

continuously compounded risk-free rate p.a.

continuously compounded risk-free rate p.a. of the foreign currency

, dy=di -t

where

ST TQAXRNO PO
2 m

N(I) cumulative normal distribution function (see table in 2.2.3)

Binomial Option Pricing Model

The option price at the beginning of the period is equal to the expected value of
the option price at the end of the period under the probability measure 7,
discounted with the risk-free rate.
Oy n+04[(A-n)

1+R
_1+R-d _ 0~T/n

, u=e , dzl, d<l+R<u
u—-d u

O=

where

value of the option at the beginning of the period
simple risk-free rate of interest for one period
u Value of the option in the up-state at the end of the period

O=xO

o
o

value of the option in the down-state at the end of the period

volatility of the underlying returns
time until expiry of the option
number of periods 7 is divided in
upward factor of the underlying
downward factor of the underlying
risk neutral probability

NOoCcCSNQ
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2.2.2.3 Sensitivity Analysis of Option Premiums

The Strike Price ( «)

ac
KC=R=—erm[N(d2) (ke <0)

P _
szﬁzermﬂ\l(—dz) (kp 20)

_In(s/K)+(r-c?/2)
d, =

o\t

C value of call option

P value of put option

S current price of the underlying

K strike price

o volatility p.a. of the underlying returns

T time in years until expiry of the option

r continuously compounded risk-free rate p.a.

N([) cumulative distribution function (see table in 2.2.3)

Price of the Underlying Asset (delta ( A) and gamma ( I'))

oC
A.=—=N(d 0<A. <1
c=o=N(d)  (0sAc<))
oP
Ap =—=N(d)-1 (-1<Ap<0)
0S
2
n(d
FC:aC: (1) (FCZO)
0s2  Swalr
3°P _ n(dy)
N = = =r Frp =20
P 652 S E{/; C P
d = In(S/K)+(r+0?/2)r
1 0_\/;
where
C value of call option
P value of put option
S current price of the underlying
T time in years until expiry of the option
) volatility p.a. of the underlying returns
r continuously compounded risk-free rate p.a.

N([) cumulative distribution function (see table in 2.2.3)

n(x) probability density function:

X2

n(x) = N'(x) = e 2

g
S
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The Leverage or Elasticity of the Option with respe  ctto S (omega, Q)

QC —a—CEE Qp :a—PEE
0S C oS P

where
Q. elasticity of a call

Qp elasticity of a put
C current value of call option

P current value of put option
S current price of the underlying

The Time to Maturity (theta, &)
oC __oC __Slo

c :E ar 2[{/_
GP 0P _ Sl

M(d))-K I @ ""N(dy) (fc <0)

p = th(dy) - K 0 (&7 T [N(dp) -1

ot ar m/_
g = In(S/ K)+(r +0? /2 4, =dy - ovT
ot
where
C value of call option
P value of put option
S current price of the underlying
K strike price
r time in years until expiry of the option
r continuously compounded risk-free rate p.a.
o volatility p.a. of the underlying returns

N([) cumulative distribution function (see table in 2.2.3)
n(x) probability density function (see formula O for definition)

Interest Rate (rho, p)

oC _
pc =57 =KIETINGW,)  (pc20)

oP _
pp=—-=KITETUN()-1) (op<0)

In(S/K)+(r-o?/2)r

o\t

d2:

C value of call option

P value of put option

S current price of the underlying

K strike price

r time in years until expiry of the option

o volatility p.a. of the underlying returns

r continuously compounded risk-free rate p.a.

N([) cumulative distribution function (see table in 2.2.3)
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Volatility of the Stock Returns (vega, V)

aC
Ve :a—a:sa/?nn(dl) (ve 20)

oP
Ve :£=SE{/?Dn(d1)=VC (vp 20)

In(S/K)+(r+a?/2)r

d, =

oVt
where
C value of call option
P value of put option
S current price of the underlying
K strike price
r time in years until expiry of the option
o volatility p.a. of the underlying returns
r continuously compounded risk-free rate p.a.

n(x) probability density function (see formula 0 for definition)
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2.2.3 Standard Normal Distribution: Table for CDF
Numerically defines function N(x): probability that a standard normal random

variable is smaller than x.

Property of N(x): N(-x)=1-N(x).

0 0.01 0.02 0.03

0.04

0.05

0.06 0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.5000 0.5040 0.5080 0.5120
0.5398 0.5438 0.5478 0.5517
0.5793 0.5832 0.5871 0.5910
0.6179 0.6217 0.6255 0.6293
0.6554 0.6591 0.6628 0.6664
0.6915 0.6950 0.6985 0.7019
0.7257 0.7291 0.7324 0.7357
0.7580 0.7611 0.7642 0.7673
0.7881 0.7910 0.7939 0.7967
0.8159 0.8186 0.8212 0.8238

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289

0.5239 0.5279
0.5636 0.5675
0.6026 0.6064
0.6406 0.6443
0.6772 0.6808
0.7123 0.7157
0.7454 0.7486
0.7764 0.7794
0.8051 0.8078
0.8315 0.8340

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389

1.0

0.8413 0.8438 0.8461 0.8485

0.8508

0.8531

0.8554 0.8577

0.8599

0.8621

1.1
1.2
13
14
15
1.6
1.7
1.8
1.9

0.8643 0.8665 0.8686 0.8708
0.8849 0.8869 0.8888 0.8907
0.9032 0.9049 0.9066 0.9082
0.9192 0.9207 0.9222 0.9236
0.9332 0.9345 0.9357 0.9370
0.9452 0.9463 0.9474 0.9484
0.9554 0.9564 0.9573 0.9582
0.9641 0.9649 0.9656 0.9664
0.9713 0.9719 0.9726 0.9732

0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738

0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744

0.8770 0.8790
0.8962 0.8980
0.9131 0.9147
0.9279 0.9292
0.9406 0.9418
0.9515 0.9525
0.9608 0.9616
0.9686 0.9693
0.9750 0.9756

0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761

0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767

2.0

0.9772 0.9778 0.9783 0.9788

0.9793

0.9798

0.9803 0.9808

0.9812

0.9817

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9

0.9821 0.9826 0.9830 0.9834
0.9861 0.9864 0.9868 0.9871
0.9893 0.9896 0.9898 0.9901
0.9918 0.9920 0.9922 0.9925
0.9938 0.9940 0.9941 0.9943
0.9953 0.9955 0.9956 0.9957
0.9965 0.9966 0.9967 0.9968
0.9974 0.9975 0.9976 0.9977
0.9981 0.9982 0.9982 0.9983

0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984

0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984

0.9846 0.9850
0.9881 0.9884
0.9909 0.9911
0.9931 0.9932
0.9948 0.9949
0.9961 0.9962
0.9971 0.9972
0.9979 0.9979
0.9985 0.9985

0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986

0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986

3.0

0.9987 0.9987 0.9987 0.9988

0.9988

0.9989

0.9989 0.9989

0.9990

0.9990

3.1
3.2
3.3
34
3.5
3.6
3.7
3.8
3.9

0.9990 0.9991 0.9991 0.9991
0.9993 0.9993 0.9994 0.9994
0.9995 0.9995 0.9995 0.9996
0.9997 0.9997 0.9997 0.9997
0.9998 0.9998 0.9998 0.9998
0.9998 0.9998 0.9999 0.9999
0.9999 0.9999 0.9999 0.9999
0.9999 0.9999 0.9999 0.9999
1.0000 1.0000 1.0000 1.0000

0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9992
0.9994
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9992 0.9992
0.9994 0.9995
0.9996 0.9996
0.9997 0.9997
0.9998 0.9998
0.9999 0.9999
0.9999 0.9999
0.9999 0.9999
1.0000 1.0000

0.9993
0.9995
0.9996
0.9997
0.9998
0.9999
0.9999
0.9999
1.0000

0.9993
0.9995
0.9997
0.9998
0.9998
0.9999
0.9999
0.9999
1.0000

4.0

1.0000 1.0000 1.0000 1.0000

1.0000

1.0000

1.0000 1.0000

1.0000

1.0000
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3. Portfolio Management

3.1 Modern Portfolio Theory
3.1.1 The Risk/Return Framework
3.1.1.1 Return

Holding Period Return

J

x| t—t;

Pt_Pt—l+ZDtj |:(1+R‘tj,t) :
=1

R{ =
R
where
R simple (or discrete) return of the asset over period t -1 to t
B price of the asset at date t
Dtj dividend or coupon paid at date t; between t-landt
tj date of the " dividend or coupon payment
R:j t risk-free rate p.a. for the period t to t
J number of intermediary payments

Arithmetic versus Geometric Average of Holding Peri od Returns
Arithmetic average of holding period returns

Lo
=" R
N iz
where
N arithmetic average return over N sequential periods
R holding period returns
N number of compounding periods in the holding period

Geometric average return over a holding period using discrete compounding

R, =N @+Ry) [+ Ry) O+ Ry) -1

where
RA geometric average return over N sequential periods
R discrete return for the period i
N number of compounding periods in the holding period
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Time Value of Money: Compounding and Discounting
Compounded returns

R m
1+Reff :[1_'_ nom]

m
where
Retf effective rate of return over entire period
Rnom nominal return
m number of sub-periods

Continuously compounded versus simple (discrete) returns
In the case no dividends paid between time t-1 and t

e = Ini =In(1+R)

R4
R=eft-1
where
= price of the asset at date t
It continuously compounded return between time t—1 and t
R simple (discrete) return between time t -1 and t

Annualisation of Returns

Annualising holding period returns (assuming 360 days per year)
Assuming reinvestment of interests at rate R;

Rann = (1"' Rr )360/T -1

where
Rann annualised simple rate of return
R, simple return for a time period of 7 days
Note: convention 360 days versus 365 or the effective number of days varies

from one country to another.

Annualising continuously compounded returns (assuming 360 days per year)

(o= 360><r
an——_ *Ir
T
where
lan annualised rate of return
r continuously compounded rate of return earned over a period of T

days
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Nominal versus Real Returns
With simple returns

real _ pnominal real . phominal _
R™ =R “li RO =R It

With continuously compounded returns

rtreal — rtnommal_it
where
Rrrea real rate of return on an asset over period t (simple)
ROMiNal - hominal rate of return on an asset over period t (simple)
¢ rate of inflation over period t (simple)
e real rate of return on an asset over period t (cont. comp.)
nominal . .
It nominal rate of return on an asset over period t (cont. comp.)
It rate of inflation over period t (cont. comp.)

3.1.2 Measures of Risk

Probability Concepts

Expectation value E(.), variance Var(.), covariance Cov(.) and correlation
Corr(.) of two random variables X and Y if the variables take values X,y in

state k with probability py

K K
E(X) = 2 Pk B, E(Y) = 2 pk Dk
k=1 k=1

var(X) =o% = E[(x - E(X»Z]: E(X?)-E(X)? = k§ Pk (X — E(X))?
=1

K
Cov(X,Y) = oxy = E[(X —E(X)) QY —~E(V)] = 3 pi (X — E(X)) Wyx —E(Y))

k=1
Corr(X,Y) =_9xy
ox Loy
K
where Y px =1, and
k=1

Pk probability of state k
Xk value of X in state k

Yk value of Y in state k
K number of possible states
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The mean E(.), variance Var(.), covariance Cov(.) of two random variables X
and Y, in a sample of N observations of x; and y;, are given by

Sl 1 _
E(X)—x—Niglx,, Var(X) = O'X—N IZl(xI x)

COUX,Y) = oy =—2 3 (% - %) [y; - )

N-1/5
where
X, Y] observation i
X,y mean of X and Y
Ox,0y  standard deviations
O xy covariance of X and Y
N number of observations

Normal Distribution
Its probability density is given by the following function:

1 _(x=p)
f()=—— [ 207
N2Or o
where
X the value of the variable,
7] the mean of the distribution,
o standard deviation.
Computing and Annualising Volatility
Computing volatility
__ 1N
g=_|——D.(r-r1 r=—>r,
N Z( r?, N § t
where
o standard deviation of the returns (the volatility)
N number of observed returns
P
= InP—t continuously compounded return of asset P over period t
-1
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Annualising Volatility
Assuming that monthly returns are independent, then

I g
Jr
where
Jann annualised volatility
Om volatility of monthly returns
O; volatility of returns over periods of length 7
T length of one period in years

3.1.3 Portfolio Theory
3.1.3.1 Diversification and Portfolio Risk

Average and Expected Return on a Portfolio

- Ex-Post Return on a Portfolio P in period t

N
Rpy =2 X Rip = xRy + %Ry ++-+ Xy Ry
i=1
where > x =1, and
Rpt return on the portfolio in period t
Rt return on asset i in period t
X initial (at beginning of period) proportion of the portfolio invested in asset

I
N number of assets in portfolio P

- Expectation of the Portfolio Return

N
E(Rp) = 2% E(R) = xE(Ry) + xE(Rp) +... + XN E(RN)

t=1
where
E(Rp) expected return on the portfolio
E(R) expected return on asset i
X relative weight of asset i in portfolio P
N number of assets in portfolio P
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Variance of the Portfolio Return

, NN N N
Var(Rp) =0p =3 X XiXjOjj =X X X XjpjjOi0 |

i=1j=1 i=1j=1
where
Ug variance of the portfolio return
Jij covariance between the returns on assets i and j
Oij correlation coefficient between the returns on assets i and j
Oi, 0] standard deviations of the returns on assets i and |
X initial proportion of the portfolio invested in asset i
Xj initial proportion of the portfolio invested in asset |
N number of assets in portfolio P

3.1.4 Capital Asset Pricing Model (CAPM)
3.1.4.1 Capital Market Line (CML)

E(Ry )-r
E(RP):rf +MUP
Owm

where

E(Rp) expected return of portfolio P

re risk free rate

E(Ry)  expected return of the market portfolio

om standard deviation of the return on the market portfolio
Jp standard deviation of the portfolio return

3.1.4.2  Security Market Line (SML)

E(R)=r; +|E(Ry ) -1¢ |15

_ Cov(R Ru )
Fi= Var(Ry, )
where
E(R) expected return of asset i
E(Ry ) expected return on the market portfolio
re risk free rate
BGi beta of asset i

Co R ,Ry ) covariance between the returns on assets i and market portfolio
Var(Ry, ) variance of returns on the market portfolio
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Beta of a Portfolio

where

Bp
Bi

3.1.4.3

where

N
Bp = 2% B

i=1

beta of the portfolio

beta of asset i

proportion of the portfolio invested in asset i
number of assets in the portfolio

International CAPM

Eln]-r =5 [(E[rM]_rf)+§llyi,k E(E[Sk]”%( _rf)

expected return of asset i
expected return on the market portfolio

beta of asset i

continuous compounded risk-free rate in the domestic country
exchange rate of country k

continuous compounded risk-free rate in country k

number of countries considered

_Cofr,s]

Vik Var(s,

3.1.5 Arbitrage Pricing Theory (APT)

where

Copyright © ACIIA®

N
E(R)=R¢ + _Zlf‘jﬂij
J:

E(Ri ) expected return on asset i

Ry
Aj
Bij
N

risk free rate
expected return premium per unit of sensitivity to the risk factor |
sensitivity of asset i to factor |

number of risk factors
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3.1.5.1 One Factor Models

Single-Index Model

Rt =i + Bi [Rindext * &it

where
Rit return on asset or portfolio i over period t
a; intercept for asset or portfolio i
BGi sensitivity of asset or portfolio i to the index return

Rndext  return on the index over period t

Eit random error term (E(&;;) =0)

Market Model

Rt =a; + B [Rut + €t

Market model in expectation terms
E(Rt) =ai + 5 [E(Rut)

where
Rit return on asset or portfolio i over period t
ai intercept for asset or portfolio i
BGi sensitivity of asset or portfolio i to the index return
Rt return on the market portfolio
Eit random error term (E(&;;) =0)

Covariance between two Assets in the Market Model o r the CAPM Context

_ 2
gy =5 LBy oy

where
Jj covariance between the returns of assets iand j
BGi beta of portfolio i
B beta of portfolio |
U,%/l variance of the return on the market portfolio
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Decomposing Variance into Systematic and Diversifia ble Risk
In the case of a single security

2_ 2.2 2
g =fom+ o,
— |

——
mf'”li‘et residual
ns risk

where
g total variance of the return on asset or portfolio i

,Bizaﬁl . market or systematic risk (explained variance)

g idiosyncratic or residual or unsystematic risk (unexplained variance)

Quality of an index model: R? and ,o2

2
2 2 2 2 ag
R2_,8i Lo _ B —q__& 2
T2 T 22,2 2 = A
ai B i +o, gi
where
R? coefficient of determination in a regression of R on R,
Jiz : total variance of the returns on asset i
,Biza,a . market or systematic risk (explained variance)
0"5 X idiosyncratic or residual or unsystematic risk (unexplained variance)
|
o correlation between asset | and the index |

3.1.5.2 Multi-Factor Models

Multi-iIndex Models

i =ai+ Ll + Biglo+ ...+ Binln + &

where
R, return on asset or portfolio i
Bij beta or sensitivity of the return of asset i to changes in index |
I index |
& random error term
n number of indices
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Portfolio variance under a multi-index model (every index is assumed to be
uncorrelated with each other)

2 - p2 42 2 2, 42
Op =Ppy W01 +...+ Bpp 0y +0p
where
Op variance of the portfolio

o, variance of the asset or portfolio i

B5;o%  systematic risk due to index j

Op: residual risk
n number of indices

3.2 Practical Portfolio Management
3.2.1 Managing an Equity Portfolio

Active Return
PB _ppP _RB
Rat =R —R
where
Rat  active return in period t

R[P return of the portfolio in period t

RP return of the benchmark in period t

Tracking Error

TE™® = V(RE?)

where
TEPB  tracking error
V(RK*B) variance of the active return

The Multi-Factor Model Approach

Asset excess return

NF
R =2%Fj+&
=1
where:
R excess return of an asseti (i=1, ..., N)
X exposure (factor-beta respectively factor-loading) of asset i to factor |
F; excess return of factorj (j =1, ... , NF)
& specific return of asset i (residual return)
NF number of factors
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Portfolio excess return

Rp:X;pEF"'(‘:p

where:
1l N .
XP:(XP,].""’XP,NF ), XP,j =ZVViP D(i,j (J::I.,,NF)
i=1
and
Xi.j exposure (factor-beta respectively factor-loading) of asset i to factor |
Xp.j exposure of the portfolio to factor |
F=(F....Fng) is the NF x 1 vector of factor returns,
WiP is the weight of asset i in the portfolio
N
Ep =ZvviP L& specific return of the portfolio, where ¢&; is the specific
i=1
return
of asset i
NF number of factors
N number of assets in the portfolio
Volatility of the portfolio
' 2 2 _ S P2 a2
V(Rp)=xp W [p + 57 sp =2 ) 5
i=1

x'P 1 x NF vector of portfolio exposures to factor returns
covariance matrix of vector F, i.e. of the factor returns

S variance of asset i specific return

Sp variance of the portfolio’s specific return
N number of assets in the portfolio

Tracking error

TEP® = \/(x'p A Y
i=1

where:
TEP® tracking error of the portfolio with respect to the benchmark
x'P 1 x NF vector of portfolio exposures to factor returns
x'B 1 x NF vector of benchmark exposures to factor returns
W covariance matrix of vector F, i.e. of the factor returns
w’”  weight of asset i in the portfolio
w®  weight of asset i in the benchmark
s? variance of asset i specific return
N number of assets in the portfolio
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Forecasting the tracking error

- , , - N
TEP® :J(xp - xg ) W [xp —Xg )+ > (W —wP )? [§?
i=1
where;

TEP® forecasted tracking error of the portfolio with respect to the benchmark

X'P 1 x NF vector of portfolio exposures to factor returns

x'B 1 x NF vector of benchmark exposures to factor returns

w is the forecast covariance matrix of vector F, i.e. of the factor returns
vviP weight of asset i in the portfolio

w?  weight of asset i in the benchmark

52 is the forecast of the variance of asset i specific return.

N number of assets in the portfolio

3.2.1.1 Active management
Excess Return and Risk

Expected active return

ﬁ:’Bzﬁp_ﬁB:%(V\’ip_WiB)mﬁi -Rg)

where
w®  weight of asset i in the portfolio
w?  weight of asset i in the benchmark
R expected return of asset i
Ro  expected return of the portfolio
Rg  expected return of the benchmark
N number of assets in the portfolio

Expected tracking error

~ N ~
TEL® :\/ > W -wP) T ; w! -wf)

i=1;j=1
where
c~;i‘ J. is the forecast of the covariance of asset i and | returns
w”  weight of asset i in the portfolio
w®  weight of asset i in the benchmark
N number of assets in the portfolio
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Information Ratio

PB
RA

TEL®

~PB _
IRRE =

where
IRFE  information ratio for portfolio P with respect to benchmark B

R®  the expected active return of the portfolio
TE]® the expected tracking error

3.2.2 Derivatives in Portfolio Management
3.2.2.1 Portfolio Insurance
Static Portfolio Insurance

Portfolio Return

r'ec *Tpp =T¢ + B(ryc +'vp — T )

where
rec  capital gain of the portfolio
rep  dividend yield of the portfolio
rvc price index return
rvo dividend yield of the index
I risk-free rate
B portfolio beta with respect to the index

The protective put strateqy

Np = 313 Portfolllovalue =30 Sy
Indexlevel[Optioncontractsize lo Ik

Np  number of protective put options

So initial value of the portfolio to be insured
lo initial level of the index

£ portfolio beta with respect to the index
k option contract size
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Initial Value of Insured Portfolio (per unit of option contract size)

vo:So+ﬁEP<lo,T,K)GIS—°
0

initial total value of the insured portfolio

initial value of the portfolio to be insured

initial level of the index

portfolio beta with respect to the index

put premium for a spot o, a strike K and maturity T

insured fraction of the initial total portfolio value
floor
initial total value of the insured portfolio

Paying Insurance on Managed Funds

It

Vr :{(1_18)(1""‘1‘ )+ Byp +/3E'I£}[50= f [ESO"’,G[PUO-T'K)%J
0 0

Strike price

K :%[f [Eu,ggL 'OI’T’K)J—(l—/;)(urf )—,BDMD:l
0

total final value of the insured portfolio

initial value of the portfolio to be insured

initial level of the index

portfolio beta with respect to the index

insured fraction of the initial total portfolio value
dividend yield of the index

risk-free rate

P(lo,T,K)  put premium for a spot |y, a strike K and maturity T

Copyright © ACIIA® page 37



Portfolio Management

In Case of Insurance Paid Externally

Ve =| (1= A)(L+r )+ B lhp + AT | By = f By
0

Strike price
|
K =E°[f ~(1- B)Y(A+1¢ )~ Bliyp)

where

Vt total final value of the insured portfolio

So initial value of the portfolio to be insured

lo initial level of the index

£ portfolio beta with respect to the index

f insured fraction of the initial total portfolio value

r'vb dividend yield of the index

rs risk-free rate

Dynamic Portfolio Insurance

Price of a European Put on an Index Paying a Continuous Dividend Yield y

Black&Scholes Model

P(s,.T,K) =K & T (N(-d,) - 5 eV (=)

In(i‘}(rf - YT -1)
d —_

+%BTB/T—t d,=d, ~o QT -t

1 oG/T -t

where
P($,T,K) put premium for a spot S;, a strike K and maturity T
St index spot price at time t
K strike price
I risk-free rate (continuously compounded, p.a.)
y dividend yield (continuously compounded, p.a.)
o volatility of index returns (p.a.)
T -t time to maturity (in years)
N() cumulative normal distribution function

Delta of a European Put on an Index Paying a Continuous Dividend Yield vy

Ap =YY (N(dy) - 1]

where
Ap delta of a put

y dividend yield (continuously compounded, p.a.)
T -t time to maturity (in years)

Copyright © ACIIA® page 38



Portfolio Management

Dynamic Insurance with Futures

where

N

T*
T
B
Ns

Ng =-e/T D T - nap]op S

number of futures

maturity of the futures contract

maturity of the replicated put

risky asset beta with respect to the index
number of units of the risky assets
futures contract size

Constant Proportion Portfolio Insurance (CPPI)

Cushion

where
Ct
Vi
@

G=Vi— @

cushion
value of the portfolio
floor

Amount Invested in Risky Assets

At: NS,t [St: m Et

total amount invested in the risky assets at time t
number of units of the risky assets

unit price of the risky assets

multiplier

cushion

Amount Invested in Risk-Free Assets

3.2.2.2

Hedging when Returns are Normally Distributed (OLS

Bt :Vt - At

value of the risk-free portfolio at time t
value of the total portfolio at time t
value of the risky portfolio at time t

Hedging with Stock Index Futures

ﬁ=a’+ﬂﬂﬁ+é}
St Fer

HR:[;’E-Ii
Fer
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where
A4S, changes in spot price at time t
S;t  spot price attime t
a intercept of the regression line
£ slope of the regression line
AF; changes in the futures price at time t
Fir futures price at time t with maturity T
& residual term
HR hedge ratio

And the number of futures contracts to use:

Ng =-ﬂE’LS[S[

kR 7

B slope of the regression line

N number of futures

Ns number of spot assets

S;t  spot price attime t

F.r futures price at time t with maturity T
kK  contract size

Adjusting the Beta of a Stock Portfolio

HRadj =( ﬂactual_ ﬁtarget) [_IFSIT
tl

E [
Ng = ('Btarget_lgactua5 kS:?
t,

HR.q  hedge ratio to adjust the beta to the target beta
actual beta of the portfolio
[ target beta of the portfolio

S spot price at time t

Fir futures price at time t with maturity T
Ne number of futures contracts

Ns number of the spot asset to be hedged
k contract size

3.2.2.3 Hedging with Interest Rate Futures
Hedge Ratio

mod
HR= onp ar e - Do EDBmod
s For [DE
where
HR hedge ratio
PaBAF is correlation between bond portfolio and futures value
o is volatility of portfolio and futures returns respectively
pmod is modified duration of bond portfolio and futures respectively
By is the value of the bond portfolio at time O
For is the value of the futures at time O
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Adjusting the Target Duration

So thsarget _ Dgctual)

HR
I:O,T |:IDF
where
HR hedge ratio
S is the value of the spot price at time 0
D& is the target duration
Do is actual duration
For is the futures price at time 0
D is the duration of the futures (i.e. of the CTD)

And the number of futures contracts to use:

Market value [ Target Portfolio
Number of . . |- .
fut _ of portfolio _\duratio duratio
ULUreS  ="Market value (Duratiorj
contracts of futures of CTD
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3.3 Performance Measurement
3.3.1 Performance Measurement and Evaluation
3.3.1.1 Risk-Return Measurement

Internal Rate of Return (IRR)
t=1(1+ IRR)
where

CF, initial net cash flow

CF, net cash flow at the end of period t

IRR internal rate of return (per period)
N number of periods

Time Weighted Return (TWR)

Simple Return

MVendt — MVpegint _ MVenqt _

TW 4= =
Rrt-a Ilebegint MVbegint
where

TWRy4  simple time weighted return for sub-period t

MVpeging  market value at the beginning of sub-period t

MVeng:  market value at the end of sub-period t

Continuously Compounded Return

Mvend,t J

twr, ;11 =In
vaegin,t

where
Wy continuously compounded time weighted return for sub-period t
MVieging  Market value at the beginning of sub-period t
MVenat  market value at the end of sub-period t

Total period simple return

N
1+TWRgt = [1(1+TWR 1)
t=1
where
TWR, simple time weighted return for the total period

TWR,;1 simple time weighted return for sub-period t
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Total Period Continuously Compounded Return

N
Whot = 2 tWF /1
t=1
where
tWriot continuously compounded time weighted return for the total period

twri/t—1  continuously compounded time weighted return for sub-period t

Money Weighted Return (MWR)

Gain or Loss Incurred on a Portfolio

Gain = (Ending Market Value —Beginning Market Value) —Net Cash Flow

Net Cash Flow (NCF)
NCF=(XCi+2P+2XE)-CW+2XSi+2Di+ 2Ry

where
NCF net cash flow
C effective contributions
P purchases
E; immaterial contributions measured by the expenses they generate
W, effective withdrawals
S sales
D, net dividend and other net income
R: reclaimable taxes

Average Invested Capital (AIC)
Average Invested Capital = Beginning Market Value + Weighted Cash Flow

Dietz Formula

where
AlC average invested capital
MVpegin - market value at the beginning of the period
NCF net cash flow

Dietz formula
(MVend — Ilebegin) - NCF

1

MWR =

where
MWR  money weighted return
MVeegin  market value at the beginning of the period
MVena  market value at the end of the period
NCF net cash flow
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Value Weighted Day (VWD)

CF; i [t
VWD; :w
2.CFj |
where
VWD, value weighted day of the total cash flow of type j (contributions, purchases,
sales, ...)
CF;; i-th cash flow of type j (contributions, purchases, sales, ...)
t day when the i-th cash flow takes place

Day Weighted Return

tong — L
AIC = MVpegin+ > —24 1 [TF
cash ‘end _tbegin
flowi

= MVpegin* (Pc G + pp R + pe D E )~ (py W + ps XS + pp (2 D; + pr X R)

=WCF
where
AIC average invested capital
MVpegin  market value at the beginning of the period
ti time of cash flow |
thegin time corresponding to the beginning of the period
tend time corresponding to the end of the period
CF cash flow
of effective contributions
P; purchases
E; immaterial contributions measured by the expenses they generate
W, effective withdrawals
S sales
D; net dividend and other net income
R reclaimable taxes

I
WCF weighted cash flow
Pc, Pr, Pe, Pw, Ps, Po and pr are the weights calculated as follows:

weight = p; = 2.(teng ~ti ) [T - teng ~VWD,
J (tend _tbegin) ECFJ i tend _tbegin

where
] various cash flow types (contributions, purchases, expenses etc.)
CFj, i-th cash flow of type j
VWD; value weighted day

Day weighted return

(MVeng = MVpegin) = (ZCi + X R+ E)-(IW +¥ S +X D +Y R))
MVpegin+ ((Pc (ZCi + pp IR + pe (X E) — (pw (EW + ps (XS + pp (X D; + pr ZR))

MWR=

where
MVeng  market value at the end of the period
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3.3.1.2

where

= =50 8
- =z T

PR

Op
O¢

3.3.1.3

Risk Adjusted Performance Measures

Sharpe Ratio or T
Reward-to-Variability Ratio RVARs = o

Treynor Ratio or fp — ¢
Reward-to-Volatility Ratio RVOLp = N
Jensen’s a ap=(p-T¢)=-Lp l(Tm —T)
Information Ratio AR =

(Appraisal Ratio) R =

average portfolio return
average market return
average risk-free rate

Jensen’s alpha

Active Return (Excess return)

portfolio beta

portfolio volatility

Active Risk (standard deviation of the tracking error)

Relative Investment Performance

Elementary Price Indices

where

Rio
Po

Rio

Copyright © ACIIA®

Pt/o:%EB:(l’th/o)[B
0

elementary price index at time t with basis at time 0
price of the original good at time 0
price of the unchanged good at time t

index return for the period starting at 0 and ending at t
index level at the reference time
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Price-Weighted Indices

Z th 1 2 n 1 2 n
Ut/():j:l e Sl S Sl ¥ S & Tl o Sl Y
Spd  PotPo e pg Dt/o
= - vel [l
Dijo = Zlct/o Cho
J:
where
Ui /o price-weighted index at time t with basis 0
n number of securities
t actual time
0 reference time (the index basis)
] security identifier
Di /o divisor

th , pé price of security j at time t, respectively at time O

CtJ/O adjustment coefficient for a corporate action on security j (=1 at time 0)
B index level at the reference time

Equally Weighted Price Indices

Arithmetic average of the elementary price indices:

1 2 n
— 1.0 . P +P +...+P
Pt/OzﬁlthJ/O: t/0 t/0 t/0

j=1 n
where
Pt/o arithmetic average of the elementary price indices
n number of elementary price indices
_ ]
Pt‘,O =P elementary index for security j where:

j j
Ciro [Pg
ptj ,pcj) price of security j at time t, respectively at time 0

ctj,0 adjustment coefficient for a corporate action on security j (=1 at time 0)

Geometric average of the elementary price indices:

1/n
n

1/n
S i I N
Pt/og =| [TR)o ‘(F%/OEH/OB"EH%) —r\yF%/oDF{/oD"DFEr}o

=1

where

Pt/og geometric average of the elementary price indices
n number of elementary price indices

J

[
I:)tlo_ j j
Ciro HPg

ptj ,pg price of security j at time t, respectively at time O

elementary index for security |

ctJ,0 adjustment coefficient for a corporate action on security j (=1 at time 0)
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Capital Weighted Price Indices (Laspeyres Indices)

n . .
> p! o i o]
PIL =42 = Swipl :”ﬂgpi
T B a— %Wo t/0 Zlni ~ o
Y pg g 7 =Y po o
j=1 i=1
Copd _
Rlo=—=1+ Rl
Po
where
PILy, Laspeyres capital-weighted index
pt] actual price of security |

q(J) number of outstanding securities j at the basis
pé price of security j at the basis

W(]) weight of security j in the index at the basis i.e. relative market capitalization
of security j at the basis
R), returnin security j between the basis and time t

Index Scaling

I original o B,
| Scaled _ 't/0 B, = original k
t/0 original — % ~ 't/0 | Original
t, /0 t, /0
where
155818d scaled index at time t with base 0 and level B;, at scaling time t
If/r'(?mal unscaled original index at time t with basis 0
|t<|3(r|/gcl)nal unscaled original index at scaling time t, with basis 0
Btk scaling level (typically 100 or 1000)
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Index Chain-Linking

new
| chained _ li/o qod — ¢ od
t/0 - t/tk tk/O

new /0~
tg /0
where
|crained — chained index level at time t, with original basis in 0
15 new index computed at time t
L /0 new index computed at chain-linking time t,
1% old index level at chain-linking time t,
firy chaining factor at time t, with chain-linking time tc=1 + R,
hained _
16 = fyia Dheayep 0.0Fpy0 Dy o (Bo
= (14 Ry )1+ Ry ) LI+ Ry )I{1+ Ry 0 ) [By
where

Ry elementary index return for period t
By index level at reference time O

Sub-Indices
General Index

i i
107 = Zwyd Oy
segmentis(ti
where
| general . d . . . .
t/0 index level for the general index at time t with reference time 0
i .
Itlfé index level for the segment K' at time t with reference time 0
[ .
th/(é the relative market capitalization of the segment K' at time t

Sub-Index Weight

Iy
K _ i P [l
Wo = D Wp =3 -
TR b e
i=1
where

Wy the relative market capitalisation of the segment K

Wé the relative market capitalisation of security |

> the sum over all securities in segment K

> the sum over all n securities in the general aggregated index
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Performance Indices

Elementary Performance Index

erf _ erf _ erf
Io = fusO&y =@+Rys)Odg

=1+ Ry/s) 1+ Rg/s-1) [+ Rg1/5-2 )U..LL+ Ryy1) [l + Ryy0) [By

/0 index level at time t

IS'O/E’Orf index level at time s

fus compounding or chain-linking factor

Rys elementary index performance from time s until time t
Bo index level at reference time 0

Compounding Factor in the Presence of Income

>(p! +d),)m
i _ iOK§
ft/s -

> pd o)

jOKs

] security identifier in segment i
f/s compounding factor for segment i

qé number of outstanding shares of security | at previous closing/chaining time

s
pé cum-dividend price of security j at previous closing time s

th ex-dividend price of security j at actual time t

dsj+1 dividend detached from security j on day s+1

Compounding Factor in the Presence of Subscription Rights

> +rdy)
oKL
ft/s—

> pd o

JoKsg
where
f/s compounding factor for segment i

qs{ number of outstanding shares of security j at previous closing/chaining time s

psj; cum-right price of security j at previous closing time s
ptj ex-right price of security j at actual time t
rsj+1 price quoted for the right detached from security j on day s+1
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Multi-Currency Investments and Interest Rate Differ

Simple Currency Return Cgc/ic

Sgericy
1+Cqejic =

BC/LCt-1

where
Cgeic simple currency return

Secict  Spot exchange rate at the end of the period

entials

Secict1  Spot exchange rate at the beginning of the period

Forward Exchange Rate Return Cggcic

_ Feejer 1+ Ripgc T -t)

1+Cprpc/ic =

where
Cergscic  Simple currency forward return
Secict  Spot exchange rate at time t

Sec/icy 1+ Ry c T -t)

Fecct  frward exchange rate at time t with expiration in T

Rtsc risk-free rate on the base currency
RiLc risk-free rate on the local currency

Unexpected Currency Return EBC/LC

1+ Rtpgc
Fiar 1+ R¢ ¢

1+Cpge/1c =

where
Ceseic simple currency return
Egcic unexpected currency return
Cegcic  Simple currency forward return

=1+ Epe/ o)L+ Cr BC/ c)

St spot price at the end of the period
Fri1 forward rate at the beginning of the period for one period
Rigc risk-free rate on the base currency
RiLc risk-free rate on the local currency
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3.3.1.4 Performance attribution analysis

Attribution Methods Based on Simple Linear Regressi on

Jensen’s a

ap=Rp~Re = (R -Rg) + (Rg~Rg)

Netselectiviy Diversification
where
- Op
Rg =Ry +——URy —Ry¢)
Owm )

Re =R¢ +Bp {Ry —R¢)

and

ar Jensen’s alpha

Rp  actual portfolio return

Rw  actual market return

Rs risk-free rate

Re  portfolio return at equilibrium with beta equal to 5

Rg  portfolio return at equilibrium with volatility equal to op
or  portfolio volatility

ow market volatility

Fama'’s Break-up of Excess Return

Re-R¢ = (Re—-Rg) + (Rg-Rg) + (Re-Ry) +(Ry —R¢)

Netselectivty Diversification  return premium

abovemarketrisk

Rp  actual portfolio return
Rs risk-free rate
Rg portfolio return at equilibrium with volatility equal to gp

Re  portfolio return at equilibrium with beta equal to 5
Ry actual market return
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3.3.1.5

Special Issues

Performance Evaluation of International Investments

Simple Return

where
Rot

St

1+ Ry = (1"' RFt)[(l"'St)

simple rate of return denominated in domestic currency

simple rate of return denominated in foreign currency

relative change (depreciation or appreciation) in the value of the domestic
currency

Continuously Compounded Return

where
bt

IFt

CcC

—_ CcC
'pt =T +

continuously compounded rate of return denominated in domestic
currency

continuously compounded rate of return denominated in foreign
currency

continuously compounded relative change (depreciation or

appreciation) in the value of the domestic currency

Variance of Continuously Compounded Returns

where
Var[[]

coV[]

bt

Irt
cc

Var[rp, ] =Varrg, ] +Varlsf°J +2 [CO\:{FH S

the covariance operator.
the covariance operator.

continuously compounded rate of return denominated in domestic
currency
continuously compounded rate of return denominated in foreign currency

continuously compounded relative change (depreciation or appreciation)
in the value of the domestic currency
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A Single Currency Attribution Model by Brinson & al
VA=R —-I|= z Wp ERp’j - z Wi £R|,j

=2 ((Wpj —wij) Rij+wij ARpj Rij) + (Wej —wij) LRpj —R\j))

VA value added

R portfolio return

I benchmark return

> sum over every market in the portfolio and in the benchmark
Rp; portfolio return in each market

Rij index return in each market

wp; portfolio weight in each market at the beginning of the period
w;; index weight in each market at the beginning of the period

Practitioners’ Break-up of Value Added
VA=R —1=2(wpj —w)) {Rij—1) + 2wpj [{Rpj —Ry))

VA value added

R portfolio return

I benchmark return

> sum over every market in the portfolio and in the benchmark
Rp; portfolio return in each market

Rij index return in each market

wp; portfolio weight in each market at the beginning of the period
w;; index weight in each market at the beginning of the period

Multi-Currency Attribution and Interest Rate Differ  entials

Value Added in Base Currency

vagc = Iec —lsc

where
vagc Vvalue added in base currency
lsc portfolio return in base currency(continuously compounded)
isc benchmark return in base currency(continuously compounded)

Base Currency Adjusted Market Return

I'Bc,adj = f'Lc t IiBc —IfLC

where
ecaqy adjusted local market return in base currency
fic local market return in local currency

rrsc  risk-free rate in base currency at the beginning of the period
rrc  risk-free rate in local currency at the beginning of the period
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Unexpected Currency Return

€sciLc = Ceeic —lige * IrLc

where
egcic  unexpected currency return
Cscic  actual currency return
I'tsc risk-free rate in base currency at the beginning of the period
ItLc risk-free rate in local currency at the beginning of the period

Break-up of Value Added in Base Currency

vagc = (X Wp [acpadi —2 Wi acad) + (X Wp [8p —2 W, (&)

where
Vagc value added in base currency
> sum over every market in the portfolio and in the benchmark

recpad  adjusted portfolio return of the local market in base currency
I8C,1,adj adjusted index return of the local market in base currency

ep unexpected portfolio currency return

e unexpected passive currency return

Wp portfolio weight in each market at the beginning of the period
w, index weight in each market at the beginning of the period
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