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How to Use This Book

The best way of understanding the laws of physics and learning how to solve physics
problems is through practice. This book features almost three hundred problems and
solutions worked out in detail. In Part [, Problems are arranged thematically, starting
in Chapter | with problems about mechanics, the branch of physics concerned with
the behaviour of physical bodies when subjected to forces or displacements, and the
subsequent effect of the bodies on their environment. Chapter 2 offers problems in
thermodynamics, the study ol energy conversion between heat and mechanical work,
while the electrodynamics problems in Chapter 3 deal with the phenomena associated
with moving clectrical charges and their interaction with electric and magnetic fields.
Chapter 4°s problems on magnetism scek to understand how materials respond on the
microscopic level to an applied magnetic field. Lastly. the optics problems in Chapter 5
address the branch ol physics that studies the behaviour and physical properties of light.

While the problems are arranged by topic, the problems within a single topic are often
arranged by increasing level of difliculty. Indeed, many of these physics problems are
diflicult — yet we encourage students 1o try and solve the problems on their own, and
to only consult the Solutions section in order to compare their own attempts with the
correct results. We encourage creativity in problem-solving. and these physics problems
arc intended as a means of developing the student’s knowledge ol physics by applying
them to concrete problems.



Physical Constants and Other Data

Gravitational constant

Speed of light (in vacuum)
Elementary charge

Electron mass

Proton mass

Neutron mass

Charge-to-mass ratio of electron
Unified atomic mass constant
Boltzmann constant

Plank constant

Avogadro constant

Gas constant

Permittivity of free space
Permeability of free space
Coulomb constant

Compton wavelength of electron

Mean radius of the Earth

Sun-Earth distance (Astronomical Unit, AU)

Mean density of the Earth
Acceleration due to gravity
Mass of the Earth

Mass of the Sun

I light year

Surface tension of water

Heat of vaporisation of water
Tensile strength of steel

vi

p
g

6.673x 10" Nm?kg™?
2.998 x 10® ms~!

1.602x 10719 C

9.109 x 103! kg (511.0 keV)
1.673 x 10727 kg (938.3 MeV)
1.675 % 10727 kg (939.6 MeV)
1.759 x 10! Ckg™!

1.661x 10727 kg

1.381x 10~23 JK™!

6.626 x 10734 Js

6.022 x 1023 mol™*

8.315 Jmol ™" K1

8.854 % 10712 CV ™l !

4 x 1077 Vs2C—Iip!

8.987 x 10 VmC ™!

2,426 x 1072 m

6371 km
1.49 x 10% km
5520 kgm >
9.807 ms™?
5.978 x 10% kg
1.989 x 103Y kg
9.461 x 10** m

0.073 Nm™!
2256 kJke™! = 40.6 kJmol ™!
500-2000 MPa



Part I

PROBLEMS






Chapter 1

Mechanics Problems

1.1 Kinematics

Problem 1. A train is moving at a speed of v towards the railwayman next to the
rails. The train whistles for a time of 7. How long does the railwayman hear the
whistle? The speed of sound is ¢=330m/s; v =108 km/hour=30m/s, T'=13s; the
train does not reach the railwayman until the end of the whislle.

Problem 2. The speed of a motorboat in still water is four times the speed of a river.
Normally, the motorboat takes one minute to cross the river to the port straight across
on the other bank. One time, due to a motor problem, it was not able to run at tull
power, and it took four minutes to cross the river along the same path. By what factor
was the speed of the boat in still water reduced? (Assume that the speed of the water is
uniform throughout the whole width of the river.)

Problem 3. Consider a trough of a semicircular cross
section, and an inclined plane in it that leads from a point |
A to point B lying lower than A. Prove that wherever |
point C' is chosen on the arc A3, an object will always |
get from A to B faster along the slopes AC'B than along |
the original slope AD3. The change of direction at C does
not involve a change in speed. The effects of friction are
negligible.

Problem 4. The acceleration of an objcct is uniformly increasing, and it is ap =
=2 m/s2 at tg=0s and a; =3 m/.x"2 at ty =1 s. The speed of the object at 1, =0s
is vo=1m/s.

a) Determine the speed of the object at £, =10 s.

b) Determine the v—t function of the motion, and then plot it in the v—t coordinate
System.

¢) Estimate the distance covered by the object in the first and last second of the time
interval 0 <t <10 s.
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Problem 5. An object moves on a circular path such that its distance covered is given
by the function: s =0.5/7m+ 2/ m. The ratio of the magnitudes of its accelerations at
times [y =2s and 1, =5s1s 1:2. Find the radius of the circle.

Problem 6. The radius of the tire of a car is 2. The valve cap is at distance » from
the axis of the wheel. The car starts from rest without skidding, at constant acceleration,
[s it possible. in some way, that the valve cap has no acceleration

. | . . e
a) in the — turn Tollowing the bottom position,

¢

: ! ; -~
b)Y in the — turn preceding the bottom position?
N

b

A ‘ . . .
Problem 7. A disc of diameter 20 ¢ is rolling at a speed
Blg of 1 m/s on the ground, without slipping. How long docs
47 ; it take until the speed ol point A first becomes equal to the

present value of the speed ol point 137

Problem 8. A disc of radius 12 = 1 m rolls uniformly.
’ without skidding on horizontal ground. The speed of its centre
is ©=0.5m/s. Let A stand for the topmost point at £ =0
and B3 for the mid-point of the corresponding radius.

a) AL what time will the speed of point A first equal the
speed ol point 137

b) Following on from part a) above, when the speed of point
A first equals the speed of point 13, what is this speed?

¢) Following on from part a) above, find the distance
travelled by the centre ol the disk up to the time when the
speed of point A first equals the speed of point 3.

Problem 9. A cart moves on a muddy road. The radius ol its wheels is R =10.6 .
A small bit of mud detaches from the rim at a height =3 R from the eround.

a) Find the speed ol the cart il the bit of mud falls back on the wheel at the same
height.

b) Find the length of the arc on the rim that connects the points ol detaching and
lalling back.

¢) [ind the distance covered by the car in the meantime.

Problem 10. A balloon is rising vertically from the ground in such a way that with
high accuracy its acceleration is a lincarly decreasing function ol its altitude above the
ground level. At the moment of release the velocity ol the balloon is zero, and its
aceeleration is aq .
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a) Determine the speed of the balloon at the height /7. where its acceleration becomes
ZE10.

by What is the speed ol the balloon at half ol the altitude H ?

¢) How long docs it take the balloon to reach the altitude J17?

Problem 11. A massive ball is falling down from an initial height of /i =20 m. With
2 eun held horizontally, o =50 m lar from the trajectory of the falling ball, at the height
oi'h A" =10 m, we are going to shoot at the lalling ball. The bullet leaves the gun at a
speed of =100 m/s. At what time after the start of the fall should the gun be fired in
order 1o hit the falling ball with the bullet? (The air resistance is negligible.)

Problem 12. Two objects. once sliding down
from rest on a smooth (frictionless) slope. the
other being thrown from the point . start their
motion al the same instant.  Both get to the
point /7 at the same time and at the same speed.
Determine the initial angle of the throw. O P

Problem 13. A projectile is projected on the tevel ground at an angle of 30% with an
initial speed ol 100 m/s. At one point during its trajectory the projectile explodes into
two picces. The two pieces reach the ground at the same moment; one of them hits the
ground at exactly where it was projected with a speed of 250 m/s. At what height did
the explosion oceur? (Air drag and the mass ol the explosive material is negligible, the
acceleration duc 10 gravity can be considered as 10 m/s").)

Problem 14. The bullet of a poacher flying at a speed of v = 680 m/s passes the
gamekeeper at a distance d = 1 m. What was the distance of the bullet from the
gamekeeper when he began o sense its shricking sound? The speed of propagation of
sound is =310 m/s.

1.2 Dynamics

Problem 15. A frictionless track consists ol a
horizontal part of unknown length, which connects
Lo a vertical semicircle of radius » as shown. An
object, which is given an initial velocity o, is
o move along the track in such a way that afler
leaving the semicircle at the 1op it is to fall back to
its initial position. What should the minimum length
ol the horizontal part be?
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Problem 16. A pointlike object of mass m
starts from point I in the figure. It slides along
the full length of the smooth track of radius R,
0 d e and then moves freely and travels to point C.

a) Determine the vertical initial velocity of the
pointlike object.

b) What is the minimum possible distance
OC =d, necessary for the object to slide along
the entire length of the track?

¢) Find the normal forces exerted by the track
at points A and B.

(Let R=1m, h=2m, d=3m, m=0.5kg, use g:lOm/sz)

>
Py)

x
===
o<

Problem 17. A small object starts with a speed of vy =20m/s at the lowest point
of a circular track of radius R =8.16 m. The small object moves along the track. How
big a part of the circular track can be removed, if you want to carry out the same trick?
(Neglect friction, g=9.8 m/s.)

Problem 18. A small object of mass m = 0.5 kg that hangs on a string of length
L =5.6m is given a horizontal velocity of vg = 14 m/s. The string can withstand a
maximum tension of 40 N without breaking. Where is the stone when the string breaks?
Use g= 10m/sQ.

Problem 19. An object slips down the frictionless surfacc of a cylinder of radius R.

a) Find the position in which the acccleration of the object is two thirds of the
gravitational acccleration G.

b) Find the direction of the object’s acceleration in that position.

Problem 20. Two horizontal tracks are connected through two circular slopes the
radii of which are equal and R =5 m. The tracks and the slopes are in a vertical
plane and they join without a break or sharp corner. The hcight difference between the
horizontal tracks is A =2m. An object moves from the track at the top onto the bottom
one without friction. What is the maximum initial speed of the object when it starts, in
order for it to touch the path at all times during its motion?

Problem 21. A small object is moving on a
special slope consisting of a concave and a convex
circular arc, both of which have a right angle at
the centre and radius R = 0.5 m, and they join
smoothly, with horizontal common tangent, as it
is shown in the figure. Determine the distance
covered by the object on the slope, provided that it
started from rest and it detaches from the slope at

3 L .
the altitude ZR. (The friction is negligibly small.)

6
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Problem 22. A pendulum, whose cord makes an angle 45° with the vertical is
released. Where will the bob reach its minimum acceleration?

Problem 23. Two blocks, each of mass 3 kg, are connected by a spring. whose
spring constant is 200 N/m. They are placed onto an inclined plane of angle 15°.
The coefficient of friction between the upper block and the inclined plane is 0.3, while
between the lower block and the inclined plane itis 0.1.
After a while, the two blocks move together with the
same acceleration. Use g=10m/s”.

a) Find the value of their acceleration.

b) Find the extension of the spring.

Problem 24. A solid cylinder of mass A and radius R, rolling without sliding on
a rough horizontal plane, is pulled at its axis with
a horizontal velocity of vg. By means of a string
of length 2R attached to its axis, the cylinder is
dragging a thin plate of mass m =2M lying on the
plane. If the system is released, how long does it take
to stop, and what is the stopping distance? = e
(1=04; vy=2m/s; R=0.5m, use g=10 m/s?) #

Problem 25. A rigid surface consists of a rough

horizontal plane and an inclined plane connecting to it Vo ]
without an edge. A thin hoop of radius »=0.1m is /

rolling towards the slope without slipping, at a velocity

of vy=3.5 E perpendicular to the base of the slope.

a) In which case will the hoop get higher up the slope: if there is friction on the slope
or if there is not?

b) Assume that the slope is ideally smooth. At a time t =2.4s after arriving at the
slope, what will be the speed of the hoop returning from the slope?

(The coefficients of both static and kinetic friction between the horizontal plane and
the hoop are ;.= 0.2. The slope conncects to the horizontal plane with a smooth curve
of radius R > r, which is considered part of the slope. The hoop does not fall on its
side during the motion.)

Problem 26. A block of mass A/ =5 kg is moving
on a horizontal plane. An object of mass m =1 kg is
dropped onto the block, hitting it with a vertical velocity
of v; =10 m/s. The speed of the block at the same time
instant is vo = 2 m/s. The object sticks to the block.
The collision is momentary. What will be the speed of
the block after the collision if the coefficient of friction
between the block and the horizontal plane is j1=0.4?
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Problem 27. A pointlike ball of mass m is tied to ——————————* m
the end of a string, which is attached to the top of a
thin vertical rod. The rod is fixed to the middle of a
block ol mass M lying at rest on a horizontal plane.
The pendulum is displaced to a horizontal position
and released from rest.

It the coefhicient of static friction between the
block and the ground is i, what angle will the string
create with the vertical rod at the time instant when
the block starts to slide? (M = 2kg, m =1 kg, Ho
s =0.2.)

Problem 28. Two small cylinders of equal radius are rotating quickly in opposite
directions. Their spindles are parallel and lie on the same horizontal plane. The distance
between the spindles is 2L. Place a batten of uniform density onto the top of the two
cylinders so that the batten is perpendicular to the spindles, and its centre of mass is at a
distance of z from the perpendicular bisector of the segment between the two spindles,
which is perpendicular to the spindles. What type of motion does the batten undergo?

Problem 29. An object is pulled up uniformly along an inclined plane which makes
an angle of « with the horizontal. The angle between the force with which it is pulied
up and the plane of the incline is 3. The coeflicient of friction between the plane and
the object is . In what interval can the angle 3 vary to allow the force to pull up the
object?

Problem 30. A coin is placed onto a phonograph turntable at a distance of 7=10cm
from the centre. The coeflicient of static friction between the coin and the turntable is
1t =0.05. The turntable, which is initially at rest, starts to rotate with a constant angular
acceleration of 3 =2 s~ . How much time elapses before the coin slips on the turntable?

Problem 31. A rigid rod of length L = 3 m and mass M = 3 kg, whose mass
is distributed uniformly, is placed on two identical thin-walled cylinders resting on a
horizontal table. The axes of the two cylinders are d =2 m from each other. As for the
rod, one of its endpoints is directly above the axis of one cylinder, while its trisector
point (closer to its other end) is directly above the axis of the other cylinder. The mass
of the cylinders is m =1kg each. A constant horizontal pulling force F'=12N acts
on the rod. Both cylinders roll without friction.
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a) Find the final speed of the rod, when its leftmost end is exactly above the axis of
the left cylinder.

b) Find the friction force and the minimum coeflicient of friction required between
the cylinders and the rod for pure rolling.

¢) Find the minimum coeflicient of friction between the table and the cylinders.

Problem 32. A cart of mass 3 kg is pulled by
a b kg object as shown. The cart, whosc length
is 40 cm moves along the table without friction.
There is a brick of mass 2 kg on the cart, which
falls from it 0.8 s after the start of the motion. Find
the coeflicient of kinetic I’riclipn between the cart
and the brick. Use g=10m/s.

Problem 33. A small solid sphere of mass m =8 kg is placed inside a rigid hollow
sphere of mass M =8 kg. The hollow sphere is then dropped from a great height. Air
drag is in direct proportion to the square vclocity: F = kv?. If speed and force are
measured in m/s and Newton respectively, then k=0.1. Draw a graph that represents
the force exerted by the small sphere on the hollow sphere in terms of velocity. Use
g=10 111/52.

Problem 34. A small body that is fixed to the end of a string of length [ =20cm is
forced to move along a circle on a slope whose angle of inclination is o = 30°. The
body starts from the lowest position in such a way that its speed at the topmost position
is v=3m/s.

a) Find the initial velocity, if at the topmost point, the tension in the string is half of
what it is at the moment of starting.

b) Find the coeflicient of friction.

¢) Find the distance travelled by the body until stopping, if after 5/4 turns the string
is released and the body remains on the slope throughout its motion.

Problem 35. The inner radius of a {ric-
tionless spherical shell is OA=0.8m. One
end of a spring of relaxed length L =0.32m
and spring constant D =75N/m is fixed to
point B, which is 0.48 m below the centre
of the sphere. A ball of mass m = 3.2 kg
15 attached (o the other end of the spring,
while the spring is extended in a horizontal
position to reach point C'. Then the ball is
relcased. (g=10m/s”)

a) Find the speed of the ball when it has traveled furthest down the cylinder.

b) Find the force excrted by the ball on the spherical shell at that point.
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Problem 36. A tangentially attached slope
leads 1o a circular match-box track with radius
- R=32 c¢m sctin a vertical planc. The toy car
starts from rest at the top ol the slope, runs
down the slope and detaches from the track at

height h = 1—)[1’ measured rom the bottom.

a) Find the height the car starts from.

b) Find the maximum height reached by it
after it reaches the bottom of the track.
(Assume that the toy car is point-like, neglect drag and (riction.)

Problem 37. A small whecl, initially at rest, L
rolls down a ramp in the shape of a guarter (&g
circle without slipping. The radius ol the circle
is R=1m and a =607, 3=230° Find the
height @ reached by the wheel after leaving the
vack.

Problem 38. Two banks of a river whose
width 1s « = 100 m are connectled by a bridge whose longitudinal section 1s a parabola
arc. The highest point of the path is 1 = 5m above the level of the banks (see the figure).
A car with mass m = 1000 kg traverses the bridge at a constant speed of v =201n/s.
Find the magnitude of the force that the car exerts on the bridge

a) at the highest point of the bridge,

b) at 3/4 ol the distance between the two banks.
(Drag can be neglected. Calculate with ¢ =10 m/s*))

Problem 39. An iron ball (A) of
m m mass =2 kg can slide without friction

:k__‘;"—'fw = = = on a lixed horizontal rod, which s Jed
Al » B through a diametric hole across the ball.

L There 1s another ball (/3) of the same
mass m attached 1o the first ball by a thin thread of length L. =1.6 n1. Initially the balls
are at rest, the thread is horizontally stretched to its total length and coincides with the
rod. as is shown in the figure. Then the ball 3 is relcased with zero initial velocity.

a) Determine the velocity and acecleration of the balls ( A) and ( [3) at the time when
the thread is vertical.

10
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b) Determine the force exerted by the rod on the ball (A) and the tension in the lhrcad
at this instant. (In the caleulations take the gravitational acceleration to be g =10 m/s

Problem 40. A plane inclined at an angle of 30°
ends in a circular loop of radius =2 m. The plane
and the loop join smoothly. A marble of radius r =
= 1 cm and of mass m =20 g is released from the
slope at a height of o =3R. What is the lowest value
of the coeflicient of [riction if the marble rolls along
the path without sliding?

Problem 41. The vertical and horizontal parts of a
rrack are connected by a quarter of a circular arc whose
radius 1s 2 =0.2m. A ball slides on the track with
negligible friction: it is pulled through a slit along the
rack by a stretehed spring as is shown in the figure.
The length of the unstretched spring is 0.2 m, the
spring constant is 100 N/m. The sliding ball starts
from a point that is higher than « = 45° above the
horizontal part of the track when viewed from the
centre of the arc and reaches the maximum velocity at
angle 3=234" below the horizontal part ol the track.

a) Find the mass of the ball.

b) Find the maximum speed of the ball.

Problem 42. A horizontal disk ol radius r=0.21m
is fixed onto a horizontal frictionless table. One end of
a massless string ol length L =0.8 m is fixed to the
perimeter ol the disk, while the other end is auttached
o an object of mass m = 0.6 kg. which stands on the
table as shown. The object is then given a velocity of
magnitude ¢ =0.1m/s in a direction perpendicular o
the string.

a) At what time will the object hit the disk?

b) Find the tension in the string as a [unction of time.

Problem 43. A semi-cylinder of radius 7 = 0.5 metres
is fixed in horizontal position. A string ol length L is
attached 1o its edge. The object tied to the end ol the
string is released from a horizontal position. When the
object at the end of the string is rising, al a certain point

i
L
ml_v,
f.1‘__1-__.1

the string hecomes slack. When the string becomes slack, the length of the free part of
the string is s =0.96r = 0.48 metres. What is the total length of the string?
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Problem 44. On a horizontal table with the height A =11 there is a block of mass
my =4 kg at rest. The block is connected by a long massless string to a second block of
mass mo = 1 kg which hangs from the edge of the table. The blocks are then released.
Find the distance between the points where the two blocks hit the ground. Neglect
friction.

m, Problem 45. Two carts of masses m; = 8 kg and
\ mo = 17 kg are connected by a cord that passes over

a pulley as shown. Cart ms stands on an incline with
an angle a = 36°52". If the system is released, what
would be the positions of the pendulums inside the two
o carts? Neglect friction.

m,

Problem 46. A solid cube of mass m =8kg and edge [ =20c¢m is lying at rest on
a smooth horizontal plane. A string of length [ is atlached to the midpoint of one of its
base edges.

With the other end of the string kept on the plane, the cube is pulled with the string
at an acceleration of a = 3g. The string stays perpendicular to the edge ol the cube that
it pulls on. Find the constant force excrted by the cube on the ground and the force
exerted by the string on the cube.

Problem 47. A uniform solid disc of radius R and mass m is pulled by a cart on
a horizontal plane with a string of length 2R attached to its perimeter. The other end
of the string is attached to the cart at a height R above the ground. In the case of
equilibrium, what angle does the string create with
the horizontal plane if
2R a) there is no friction,
Rl by there is friction?
O, The axis of the disc 1s perpendicular to both the
string and the velocity.

Problem 48. The system shown in the figure undergoes uniformly accelerated
motion. Data: m; =10 kg, I}, =20 N, my =2 kg, Fy, =10 N. Find the rcading
on the spring scale:

a) in this arrangement,

F1 F, b) if the forces Fy and [5 are swapped,
~—[ my L7, - i P, iy — B e o5 the res
= 2 ¢) if m; =my =6 kg. How does the result

change in cases a) and b) if m, is negligibly

small in comparison to iy, for example mo = 10 g? Friction is negligible and the
mass of the spring is negligible as well.
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Problem 49. A block of mass m = 3 kg is connected to
a spring and held on top of an inclined plane of angle a =
= 30° as shown. The spring. whose spring constant is D =
= 80 N/m is in its relaxed state when the block is released.
The coeflicient of friction is very small. Use g=10m/s".

a) What is the greatest depth reached by the block?

b) Where will the very small friction make the block stop?

000000

Problem 50. A body of mass m is placed on a wedge whose angle of inclination is
a and whose mass is M. Find the horizontal force F' that should be applied on the
wedge in order for the body of mass to slide from the top to the bottom of the wedge in
twice as much time as it would if the wedge were stationary. The [Tiction between the
wedge and the horizontal ground can be neglected, the coeflicient of friction between
the wedge and the body is . Initially both bodies are at rest. (Af =1kg, m =1kg,
a=30% =02, g=9.81 m/sz)

Problem 51. A block of mass i, =7 kg is
placed on top of a h =1 m high inclined plane
with an angle «=36.87° and mass M =2kg
which is connected by a cord of length h over
a massless, Irictionless pulley to a sccond block
of mass mo = 1 kg hanging vertically as shown.
The inclined plane can move without friction in the
horizontal direction. The blocks are then released.
After how long will the two blocks be nearest 1o
each other? Neglect friction and use g = IOm/sB.

Problem 52. A sphere of mass . is placed between a vertical wall and a wedge of
mass M and angle «, in such a way that the sphere touches the wedge tangentially
at the topmost point of the wedge, as is shown in the
figure. The wedge is standing on a horizontal plane, and
both the sphere and the wedge move without friction. m

a) How should the mass ratio M /in and the angle o
be chosen so that the wedge does not tilt after releasing
the sphere?

b) Determine the speed reached by the sphere by the M
time it slides along a segment of length [ =20 c¢m of the
wedge, provided that o =609 and M /in=12.

Problem 53. A large, closed box slides down on a very long. inclined plane. An
observer inside the box wants to determine the angle of the inclined plane (o) and
the cocflicient of kinetic friction. What experiments should he do and what should he
measure in order to be able to calculate the above quantitics?
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Problem 54. A thin, rigid wooden rod of height h is fixed to the ground and is
standing vertically. A simple pendulum of length I < h and mass m is attached to its
upper end. The pendulum is moved to a horizontal position and released. Determine the
torque that the fixed lower end must bear to keep the rod in position. (Let h=1.2m,
m=0.5kg, use g=10 m/sg)

Problem 55. As shown in the figure, a smooth

Tm hemisphere of radius R 1s fixed to the top ol a cart

E h that can roll smoothly on a horizontal ground. The

R total mass of the cart is M, and it is initially at

{; > S rest. A pointlike ball ol mass m is dropped into

o) M OW the hemisphere tangentially, from a point h = R

above its edge. The ball slides all the way along the
hemisphere with negligible friction.

a) Where will the ball be when it reaches the maximum height during its motion?

b) With what force will the ball press on the hemisphere at its lowermost point?
(Let R=0.5m, M =2kg, m=0.5kg, use g= 1(Jm/s2)

A Problem 56. Two rods, each of length L=0.5m
and mass m; =1 kg, are joined together by hinges as
shown. The bottom end of the left rod is connected to

LAm, mxL the ground, while the bottom end of the right one is
connected to a block of mass mq =2 kg. The block is
then released to a position where the rods form a 60°
angle with the horizontal plane. Friction is negligible.
a) Find the velocity of point A as it hits the ground.
b) Find the acceleration of mass m, at that moment.

O /600\ g m,

Problem 57. A right triangle of side lengths B
a, b and c is formed using three thin rods '/ah
of the same material, which are firmly fixed < \¢
to cach other. The triangle. which is initially C
placed vertically onto a horizontal plane on b
its edge b, tumbles down from this unstable \A

position. « =230 cm, ¢ =250 cm.
a) Determine the velocity of the vertex B when it hits the horizontal plane, provided
that the triangle does not slide along ground.
b) Determine the position and velocity of the vertex B when it hits the horizontal
planc, provided that the friction is negligible!
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Problem 58. Two thin rods of identical material X
and cross-section with lengths /; = 0.6 m and e
[ = 1 m are connected by a frictionless joint. s \
The structure shides from its unstable equilibrium Sy
position in such a way that the rods remain on X
a vertical plane and the angle enclosed by them
decreases. Find the place where the joint reaches the ground and find its speed upon
impact.

Problem 59. As shown in the figure, a thin and B

solid rod of length L = 2R is leaning against a

smooth semi-cylinder of radius R = 1 that is

fixed to a horizontal plane. The lower end of the

rod A is held on the ground and then released R
from rest. The rod falls, sliding along the side 45° A
of the cylinder. What will be the speed of its

upper end B at the time instant when it reaches

the surface of the cylinder? (Neglect all friction.) A

Problem 60. A rod with length L stands on the
edge of a table in such a way that its bottom is
propped against a smooth (frictionless) peg. Then
the rod tilts and falls. Find the height of the table
if the rod reaches the floor in a vertical position,
with its top end hitting the floor first. A

Problem 61. The following forces act on a body, which is initially at rest: [ =10 N
for t{ =4 s, then F, =4 N acting in the same direction for {3 =14 s, then I3 =15 N
acting in the opposite direction for {3 =2s.

Find the magnitude of the constant force that causes the same final velocity of the
body:

a) at the same time,

b) at the same distance.

Problem 62. A block of mass m with a spring — v, L

fastened to it rests on a horizontal [rictionless
surface. The spring constant is Dy, the relaxed l m | % m
length of the spring is L and the spring’s mass
is negligible. A second block of mass m moves
along the line of axis of the spring with constant velocity vy and collides with the spring
as shown.

a) What is the shortest length of the spring during the collision?

b) The second block then sticks to the left end of the spring. What is the frequency
of oscillation of the system?

Values: m=1kg, L=0.2m, Dy =250N/m, vy=0.81m/s.
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Problem 63. Our model rocket is a trolley on which several spring launchers are
installed. Each spring is compressed and therefore stores 1= 100 J of clastic encrgy.
The system. whose total mass is M/ =100 kg is initially at rest. Find the velocity of the
trolley i the structure shoots out three balls with mass 1 =5 kg in succession and in
the same direction along the longitudinal axis.

Problem 64. A ball of mass m and of speed ¢ collides with a stationary ball of
mass . The collision was head-on but not totally elastic. Determine the kinetic energy
which is lost during the collision as a function of the speeds as well as the given masses
before and alter the collision. Based on the result, define a quantity which characterizes
the clasticity ol the collision.

m, Problem 65. An object of mass i and another ol mass
ms are dropped from a height b, the second one immediately
following the first one. All collistons are perlectly elastic and
\ occur along a vertical line.

o |h a) For what ratio ol the masses will the object of mass
; remain at rest after the collisions?

m,

b) According to a), how high will the object of mass 1y rise?

Problem 66. Two blocks of masses m =35 kg and mo =3 kg arc at rest on a table
at a distance ol s, = 0.5m from cach other. Block s is at a distance of s5 =0.5m
from the edge of the table as shown. The coeflicient of friction is = 0.102=1/9.8.

Find the velocity that should be given to block

v 05m ., 05m il aler the clastic collision ol the two blocks
[ - a) block niy . ' .
5kg 3kg b) block nry is 10 reach the edge of the table

and stop there.

Problem 67. At the rim ol a hollow hemisphere ol diameter -1 metres two objects
of masses my =3 kg and mo =2kg are released al
the same moment. Initially the two objects are at the
two endpoints ol a diameter of the hemisphere. They
collide totally clastically.  After the first collision
what arc the greatest heights the blocks can reach?
The friction is negligible.

3kg : 2kg

Problem 68. A block o' mass M =1.6kyg is lying
on a plane inclined at an angle ol a = 16.25° to the
horizontal. The coeflicient of friction is g =0.2. Al
the same time that the block on the inclined plance is
released, a shell of mass 1 = 0.1 kg is lired into it
horizontally with a speed of ¢ =12m/s. How much will the block of mass and the

2
shell of mass slide up the incline? (g=10m/s™)
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Problem 69. A block of mass A/, supported by a
pufler, stays at rest on a plane inclined at an angle a
o the horizontal. From below. parallel to the inclined
plane. a bullet of mass 1 is shot into the block at a
speed of v. How long does it take for the block to reach
the bufler again? The coceflicient of friction between the block and the plane is j. The
bullei penctrates into the block. During the penetration the displacement of the block is
negligible. The coeflicients of static and kinetic friction can be considered equal.

M

Problem 70. A ball made of a totally inclastic material is hung between two heavy
iron rods. which are also hung as pendulums. The mass of the ball is negligible with
respect 1o that of the rods. The masses of the rods are: my and my, (my >ma). One
of the rods is pulled out, so that its centre of mass rises o a height of h, and then it is
released. The plastically deformable ball becomes Hat due to the collision. Which rod
should be raised in order to cause the greater compression of the ball if & is the same
in both cases. Based on the result, draw a conclusion about the efficiency of deforming
an object by hammering it.

Problem 71. A projectile thrown upwards explodes at the top of its path into two
parts of masses m; = 3 kg and my = 6 kg. The two parts reached the ground at
equal distances from the position of the projection, and with a time difference of T =4
seconds. At what height did the projectile explode? (Neglect air resistance.)

Problem 72. From a horizontal ground a projectile is shot at an initial speed of
vp = 150 m/s and at an angle ol o = 60° from the horizontal ground. Alter a time
of ) =10 s the projectile explodes and breaks up into two pieces of masses m and
2m. At the moment Al =10 s afler the explosion the piece of mass m hits the ground
al a distance of « =500 m behind the place of shooting, in the plane of the trajectory
of the unexploded projectile. At this instant how {ar is the other picce of mass 2 from
the cannon?

Problem 73. A trolley of mass M =20 kg is travelling at a speed of V =10 m/s.
A spring, initially compressed, launches an object of mass m =2 kg off the trolley in a
forward direction in such a way that after the launch the speed of the object is v =2 m /s
relative o the trolley. Determine the kinetic energy of the object relative 1o the ground.

Problem 74. Two clastic balls arc suspended at the same
height; one has mass 1, = 0.2 kg, the other has mass mo. If the
System is lelt alone in the position shown in the figure, we find
that — after an elastic and central collision — both balls rise to the
Same height.

a) Find the mass of the other ball.

b) At what fraction is height h reached by the balls after the
collision of /77
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Problem 75. There are two thin, homoge-
neous disks of the same radius and mass lying
on a horizontal air cushion table. One of the

v disks is at rest, while the other 1S moving ata

speed of vo =1 m/s. The line going through

the centre of the moving disk, which follows the direction of its velocity, touches the

other disk tangentially. The two disks collide elastically. Determine the velocitics

of the disks after the collision. The directions of the velocities can be described by

angles relative to the initial velocity . In the process investigated friction is negligible
everwhere.

Problem 76. Therc are three thin disks of identical mass (1 =mp = me =m) and
radius lying at rest on a smooth horizontal plane. The disks I3 and (" are connected by a
thin thread of length I =1 m. Imtially the thread is straight, but not
stretched, and it makes an angle of 45° with the line going through
the midpoints of the disks A and B. Now we push the disk A at
aspecd =2 m/s in such a way that it centrally collides with the
disk B. The collisions are elastic and instantaneous. At what time
after the collision of the disks A and B will the line connecting
the centres of the disks B and C be parallel to the trajectory of
the disk A ? At this instance, determine the distance of the disk A
from B and C'. (The disks can be considered pointlike.)

Problem 77. There are two identical balls of mass m =
= 0.2 kg suspended on two threads of lengths [ =1 m and
[/2. The threads are made of the same material, and in their
vertical position the two balls touch cach other. If the ball
hanging on the longer thread is relcased from an initial angle
of ypy =60° with respect 1o the vertical, then the thread breaks

12 just before the collision.
What is the maximum initial angle from which this ball can
&y be released, so that nonc of the threads break after the totally

elastic collision?

Problem 78. A mathematical pecndulum
of length [ and mass m is suspended on a
smoothly running trolley of mass Af. An-
other pendulum, also of length [ and mass
m is suspended from the cciling, displaced
through angle o and then released without
initial velocity. The two pendulums collide
centrally and perfectly elastically. Find the
angle ¢ through which the pendulum sus-
pended from the trolley swings out.
(M=3%kg, m=2kg, «a=060°)
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Problem 79. A small cart of mass m is at rest on a
horizontal track. A vertical column of length L =2m and the
same mass m is fixed to the cart. A rod of the same mass 1
and length L =2 m is attached to its upper end with a hinge,
and released from a horizontal position. At what speed will the
end of the rod hit the base of the column? (g =10 111/52 )

Problem 80. A cylinder of mass A/ and radius IR can
horizontal axis. A thread i1s wound around its lateral
surface, and a weight of mass i is attached to the
free end of the thread. Initially the thread below
the cylinder is vertical, and unstrained. Then the
weight is lifted to a height h, and released from that
position at zero initial speed. At what time after its
release does the weight cover the distance 2h?

(The thread is unstretchable, and the interaction is
instantaneous and totally inelastic. S L4 | I I

Data: M =2kg, R=02m, m=3kg, h=1.2m.)

Problem 81. An inclined plane of angle o and mass A/ can move on the ground
without friction. A small object of mass m and vertical velocity « collides with the
stationary inclined plane. Assuming that the collision is elastic, find the velocity of the
object () after the collision, the angle () formed by this velocity and the horizontal
ground. Find the speed (¢) ol the inclined plane after the collision. Data: o = 36.87°,
m=06kg, M =18kg, v=14m/s.

Problem 82. A big chest of -
mass AM = 50 kg L;S sliding s .
on the horizontal ground, and N
a sand bag of the same mass N
is falling into it. The bag was N
projected from the initial height h .
of h =3 m at certain a hori- .
zontal speed, and when it hits '\
the chest, the speed of the chest

i v3 =5 m/s. The velocity of ‘< vy
the chest is in the plane of the b M\ >
%

trajectory of the bag, and the m

bag hits the chest in such a way,

that its velocity makes an angle of 60° with the velocity of the chest. The coeflicient of
kinetic friction between the chest and the ground is © = 0.4. The collision ol the bag
is instantaneous. Determine the distance covered by the chest from the collision until it
stops. What would the distance be il the bag was not thrown into the chest?
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Problem 83. A quarter-round slope of radius

R R = 0.5 m is attached tangentially to a freely
m v rolling trolley of mass M = 3 kg, originally at
¥ rest. A small-sized body of mass m = 2 kg slides

) 9) onto the trolley at velocity v =15 m/s.

a) Find the velocity of the trolley when the smali
body leaves it.
b) Find the distance travelled by the trolley from parting to reunion with the body.
¢) Find the velocities of the trolley and the body when they part from each other again.
(Friction and drag can be neglected. Calculate with g =10 m/s2 J)

Problem 84. A small object of mass m = 1kg is released from rest at the top of an
inclined plane that connects to a horizontal plane without an edge. It slides onto a cart
of mass M that has a semi-cylindrical surface of radius R=0.36 m fixed to the middle
of it, as shown in the figure.

The small object reaches the topmost point of the semi-cylinder and stops there.
In continues to move vertically with
free fall and hits the cart exactly at the
edge. All friction can be neglected.

a) What is the minimum possible
R length of the cart?
M | b) What is the mass of the cart?

c) At what height h was the small

object released?

Problem 85. An 80kg man stands on the rim of a 300 kg rotating disk with radius
5m. The disk initially rotates at 0.1 s™! around a vertical axis. Then the man walks
from the rim to the centre of the disk. Find the change in the energy of the system.

Problem 86. An object of mass m = 1 kg
/?m attached to a string is moving in a circle of radius
. R =40 cm on a horizontal surface. The other

end of the string is threaded through a hole at the

: centre of the circle and a mass of M =2kg is
hung from it.
éM If the mass M is released, the closest approach
of the mass m to the centre will be » =10cm.
a) Find the smallest and largest speeds of the mass m.
by What is the speed of each object when the mass m is at a distance of R/2 from
the centre?
¢) Find the accelerations of the mass M at the highest and lowest points. (Neglect
all friction, usc g = 10171/:;2.)

20



1. Mechanics Problems 1.2 Dynamics

Problem 87. A solid cylinder of radius R = 0.2 metres is

ZE supported at the endpoints of its axis by frictionless pin bearings.
—_ An object slides down a frictionless helical track threaded around
h the cylindrical surface. The mass of the object is one fifth of the

mass of the cylinder. The pitch of the track is h = 0.2 metres.
g=10 m/xz.

a) What will be the speed of the object when it has descended
through a height of & =0.2 metres below the starting point?
| b) How long will it take to attain that speed?

Problem 88. A disc of mass 2 kg and radius v
R =0.5m can rolate freely around a vertical axis Q
supported by bearings at a height h=1m from
the ground. A constraining vertical surface of
negligible mass, whose shape is a semicircular
arc of radius r = R/2, is fixed on the disc as
shown in the figure. A small ball of mass m =
= 1kg is placed on the stationary disc and is bowled at a speed v =3 m/s in such a
way that it reaches the internal side of the constraining surface tangentially.

a) Find the distance from the rim of the disc where the ball reaches the ground.

b) How far is the ball at the moment of reaching the ground from the point of leaving
on the disc? (Every type of friction can be neglected.)

Problem 89. A pointmass moves on the frictionless inner surface of a spherical shell,
whose inner radius is R =1.4 m. [ts velocity reaches its maximum and minimum at
heights hy = 0.1 m and he = 0.3 m respectively. Find the maximum and minimum
values of the velocity.

Problem 90. A 2 m long rod of negligible mass is free to om .
rotate about its centre. An object of mass 3 kg is threaded into = 2

the rod at a distance of 0.5 m from its end in such a way that the
object can move on the rod without friction. The rod is then released from its horizontal

. . . N . \ . - 2
position. Find the specd of the rod’s end in the rod's vertical position. Use g =10m/s”.

Problem 91. A board of length L = 3.06 m and mass
M =12kg hangs vertically on a hinge that is connected to
one of its ends. A bullet of mass m =0.25 kg 1s fired into

the bottom end of the board, making the board swing up. L

What should the velocity ol the bullet be if the board is to .

Swing up to the horizontal position? M m
. o
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Problem 92. A rod ol mass A/ and length 12 s
fixed (o a horizontal axis ol rotation above a track
with a semicircular cross section and a radius 2. as
is shown in the figure.

a) Find the mass ol the rod relative to the mass of
a point-like body that starts on the track at a heighi
ol R if it stops after an elastic collision with the rod.

b) Find the angular displacement of the rod after
the collision. (Friction is negligible everywhere.)

Problem 93. A thin, homogencous stick has a
ength L =1 m. An axis perpendicular to this stick is
fixed at one end (A) of the stick: the stick is hung on
the axis by a hook. The stick is sent into a horizontal
position and then released without an initial velocity.
The hook Torms a (small) arc which allows the stick
to leave it when it encloses an angle of o =30° with
the vertical plane.

Find the angle enclosed by the stick and the
horizontal at the moment when its centre of mass
(.5) is at the highest point alter detachment from the
hook.

Problem 94. A thin rod of length L is lalling
frecty in horizontal position from a height 1{ above
the surlace of the table, n such a way that the end
of" the rod just hits the edge of the table.  This
collision is instantancous and totally clastic. At what
time after the collision does the rod perform a whole
revolution? Where is ils centre at that moment?

(I =80 em. L =10 ¢m, calculate with free lall
acceleration g =10 m/s.)

Problem 95. Onc end of a thin and heavy rod of
length L =1 m is attached to a horizonaal axis at a
height ol 2L above the ground, and the rod is held
in a horizontal position. One of two pointlike objects

ol neghigible mass is placed on the free end of the rod and another is held against it
rom below, as shown in the Higure. The coeflicient of friction between the small objects
and the rod is g =0.811. The system is released [rom rest. At what distance from cach
other will the small objects hit the ground?
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Problem 96. A thin. homogencous rod of length Loand L,m
mass 0 is suspended on a hinge at one end and then
displaced into a horizontal position as is shown in the figure.
The rod is released without an initial velocity. Find the
magnitude and the direction of the foree exerted by one half
of length /2 of the rod on the other half of L./2 when the
angular displacement is o =60°.

Problem 97. A disk rotates at constant angular velocity
around its vertical axis of symmetry. A rod of length L =
= 1 m is placed onto the disk in a way that its one end '
ouches the disk at a distance of » =0.8m from the centre,
while its other end is above the centre as shown. The rod
is then released and rotates together with the disk in this
position. Find the angular velocity of the disk. Use g =
= 10m/s".

Problem 98. There is a rod of length [, mass
m lying on a horizontal table. A cord is led m/ F
through a pulley, and its horizontal part is attached 5
perpendicularly to one end of the rod. while its —————— ,
vertical part is attached 10 a weight of mass 1. The [ I
mass of the pulley and the friction are negligible.

a) Which point of the rod has zero acceleration at the moment of releasing the weight?

b) At what mass ratio i1s the acceleration of the centre of the rod maximal at the
moment ol releasing the weight? Determine this aceeleration.

Problem 99. A thin rod of length [, mass m and uniform mass distribution is lying
on a smooth tabletop. One end is given a sudden horizontal impulse in a direction
perpendicular to the length of the rod. How long will the rod slide along the table as it
makes two complete revolutions?

Problem 100. Two discs of radius 2 = 4 c¢m rotating in the same dircction at
angular velocity w=2 s~ " move in opposite directions at velocity v =10 cin/s on an
air-cushioned table as shown in the figure. The
dises collide along the spikes that are located
on their circumierences and whose dimensions
are negligible. Determine the velocities after
the collision if the discs ®

a) stick together firmly after a perfectly in-
elastic collision.

b) part aticr a perfectly elastic, instantancous
collision.
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Problem 101. There are two homogencous, solid disks of radius R = 10 cmn and
mass m =4 kg mounted by two parallel, horizontal axes at the ends of a horizontal rod
of negligible mass. The distance between these axes is d =25 cm and the disks can
freely rotate around them. The rod itself, with the disks mounted on it, can also freely
rotate around a horizontal axis in its midpoint. (See the figures. All the three axes are
perpendicular to the rod.) On the rim of each disk there is a small pin, and between
them there is a spring of spring constant D = 1800 N/m, which is initially compressed
by Al=5 cm. Determine the angular velocity of the disks after we burn the thread that
holds the spring in its compressed position, provided that its initial position corresponds
to figure a) or figure b). (The spring is in contact with the pins until it extends to its
unstretched position, and then falls down.)

—
m
R R
a) b)

Problem 102. A thin ring of radius r = 10 ¢cm, rotating in a horizontal plane, is
dropped onto a tabletop from a height of A =20cm. At the instant when it starts to fall,
the angular speed of the ring is wy =2s~" around
its vertical axis. The collision is inelastic and takes
a very short time. The coceflicient of friction between
the ring and the tabletop is p=0.3. g=10ms .
How many revolutions will the ring make from the
start of its fall until it finally stops?

Problem 103. A solid and rigid sphere of mass
m=280kg and radius R = 0.2 m is spun about a
m@)w horizontal axis at an angular speed of w, and then
E dropped without an initial speed onto a stationary
' cart of mass A = 200 kg from a height of h =
E = 1.25m. It hits the cart exactly at the centre. (The
h i longitudinal axis of the cart lics in the plane of the
! rotation.) The cart can roll smoothly, its deformation
i in the collision is perfectly elastic, and the colfision
I
I
I
|

L is momentary. The sphere keeps sliding throughout
—l . the entire duration of the collision. The coeflicient
LO M O‘J of kinetic friction between the sphere and the cart is
: 41t =0.1. The spherc rebounds from the cart and talls
1 L | back onto it again.
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a) What is the minimum possible length of the cart?

b) What is the minimum possible initial angular speed of the sphere?

¢) Provided that the sphere is started at the minimum angular speed as in question b),
how much mechanical energy is dissipated in each of the first and second collisions?

d) Find the total work done by the friction force and the works done by the sphere on

the cart and by the cart on the sphere.

e) How much translational kinetic energy does each object gain? What is the change

of the rotational kinetic energy?

Problem 104. A small ball of mass A =4 kg is attached 1o
a solid cylinder of radius » = 3 dm and mass m =40 kg by a
massless rod as shown. The ball is at a distance of R =5 dm
above the centre of the cylinder. The system is then tipped from
its unstable equilibrium position. Find the speed of the ball when
it hits the ground. The cylinder rolls without slipping. Use ¢ =
=10 m/s*.

Problem 105. A weight of mass m = 5 kg is fixed 0 the
perimeter of a hoop of the same mass m =5 kg and radius r = 1.
The hoop is placed on a horizontal plane. Friction is negligible.
g=10 In/s"). Initially, the weight is at the top. Then the hoop is
released.

a) Find the acceleration of the centre of the hoop when the weight
is level with the centre.

M\

Py]

3

b) With what force does the hoop press on the ground at that time instant?

Problem 106. A horizontal rod is fastened 10 a4
vertical axis as shown. There are two identical

particles beaded onto the rod, each of mass 1 kg.
The particles are connected to each other and to the L
axis by two springs, each of which have a length of
L=0.1m in their relaxed states. The particles can
move on the rod without friction. What should the
angular velocity of the system be if the distance of

the outer particle from the axis is to be 3L7? The

M ks > >

spring constant is D =10 —. ]1

v m l

Problem 107. A ring of mass myq rolls along a

slope with angle of inclinaton o without sliding.
When it begins, a becetle of mass m lands at point P,
Find the force with which the beede should hang on
to the ring after 5/4 wrns in order to remain on (the
ring. (a«=20° m=1g, my>m.)
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Problem 108. A hoop of radius r and of mass m is thrown above the ground in
such a way that the plane of the hoop is vertical. The hoop is rotating backwards, about
its centre with an angular speed of wy and the velocity of its centre is vy in the forward
direction. What must the angular speed of the hoop be if after reaching the ground
during the course of its motion the hoop turns back (moves backward)? At what angular
speed of wq will the speed of the hoop moving backward be vy ?

Problem 109. A ping-pong ball of mass m =3 g is hit back in such a way that it
cains a horizontal velocity at a height of h =20 cm above the table. There is a spin
put on the ball causing it to rotate about a horizontal axis that is perpendicular to its
velocity. After hitting the table the ball bounces back in the vertical direction without
rotation. The collision is elastic, and due to the unevenness of the surfaces the coeflicient
of kinetic friction between the ball and the table is not zero, but g =0.25. Therefore,
what is the maximum heat produced during the collision of the ball with the table? (Use
g=10m/s*))

Problem 110. A hollow rim of radius r; = 1 m and mass
my =670 g rolls down an inclined plane of angle ¢ = 53°08’.
Inside the rim there is a solid cylinder of radius 7o = 0.3 m and
mass my. The centre of mass of the cylinder remains at rest
relative to the centre of mass of the rim so that the line connecting
the two centres (points O and (') forms an angle 2 = 36°52
with the vertical throughout the motion. Find the mass of the

- cylinder if both objects roll without slipping.
R Problem 111. For a freely rotating
=L . - wheel of fortune of mass m, the base

and the nappe of the cylinder, whose
radius is R and height is R/2, are made

R/ m \
‘ | _I_ l C/ / \ of a plate of uniform width and material.
- — == @ ) Within the originally stationary wheel
| s / there is a solid ball of radius » = R/6
e 1 / O and the same mass m, which is in touch
/. \\, Q? with the surface of the cylinder at a
fel A height R/4 and is initially at rest.
a) Find the torque that should be
applied on the wheel of fortune in order
1o have the centre of mass of the ball in it stay at rest.
b) Find the work done this way in 2 s.
c¢) Find the angular acceleration of the ball and the wheel of fortune.
(The ball rolls without skidding. Let R =0.54 m and m =2 kg. The mass of the
driving rod is negligible.)
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Problem 112. A cylinder of mass m; = 30 kg
and radius 7 =8 cm lies on a board of mass my =
60 kg. The ground is frictionless and the coefficient
of friction (both static and kinetic) between the board J m,
and the cylinder is ;o =0.1. The centre of mass of the
cylinder is pulled with a force of F'=44.15N for two seconds. Find the work done by
force I.

Problem 113. A solid sphere is rolling down, without sliding, on an incline of angle
30°. The angle of the incline is variable.

a) The experiment is repeated with a hollow sphere, containing a concentric, spherical
hole of halfl radius inside. Dectermine the slope of the incline so that the time of the
motion is the same as in the previous experiment, provided that the two spheres are
started from the same point on the incline.

b) In which case is larger the minimal static {riction coefficient necessary for the slide
free rolling?

Problem 114. One half of a semi-cylinder of
radius =1 m has a rough inner surface, while the
other half of the surface is frictionless. A solid sphere
of radius » = 0.2 m is released from the position
described by the initial angle ¢ = 60° on the rough
part of the semi-cylinder. Determine how high the
centre of the sphere gets on the other, frictionless part
of the semi-cylinder, in respect to the lowest point of
the circular ramp. (On the rough part of the surface the static [riction is strong enough
for rolling without slipping, and the rolling friction is negligible.)

Problem 115. A disk of mass m =10 kg and radius 7 =0.2m is placed on top of a
cart of mass M =5 kg that stands on a [rictionless surface. A massless string is wrapped
around the disk.

a) Find the accelerations of the disk and the cart,

if the free end of the string is pulled with a constant F
horizontal force of magnitude I = 100 N. The m =
coeflicient of friction between the cart and the disk r
iS =01, ,
b) Find the kinetic energies of the two objects at M
the instant when the length of the unwound string is \_O__—_O_i
L=2n,
¢) Find the work done by force [ until that
Moment.
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Problem 116. There is a ball of mass 1 at the middle of the top of a block of mass
M oand ol length 2/, A constant force of F' is exerted on the block from the initial time
O all time /. Then the exerted lorce is ceased. Friction between the horizontal surface
and the block is negligible. The static friction between the ball and the block ensures
that the ball rolls without sliding. Find the time 7' which clapses until the ball falls
ofl the block. (When will the ball reach the end ol the block?) The rolling resistance
exerted on the hall is negligible.

Problem 117. A cylinder ol mass M and radius 12 lies in a corner so that i
touches both the wall and the ground as shown. A
ﬂ)_ massless chord passes around the cylinder, over g
mlj pulley, and is fllllzlchcd.lo.u sllnulll})bjcclvol‘ mass
. The coeflicient of kinetic friction is p for
all surfaces. Find the acceleration of the object
altached (o the string. Data: =0.5, m=11keg,
M =8keg. R=0.1m, ¢g=10 111/52.

Problem 118. A cubc and a cylinder are placed
F on a horizontal surface such that a gencrator
ol the ceylinder touches the side of the cube as
shown. The radius ol the cylinder is equal to the
side length of the cube and the masses of the two objects are also equal. For all surfaces
the coefticients ol static and kinetic Iriction are giy and g respectively (jrg > ). With
what force should the cube be pushed if the two objects are to move together in such a
way that the cylinder's motion remains purely translational? Data: m=12kg. ¢ =0.2.
a=0.6. g=10 111/.\'2.

PR Problem 119. Describe the motion of the sys-
2 . . - . . T
i, \\I_l”ﬁi ~ tem shown in the ligure. The cocllicient of Iric-
J 2 . .

\.[E ] ¢ O 1on between the board ol mass m and the la-

My ble is . while the cocflicient of [riction be-
tween the board and the brick ol mass nry s
1o . (The cocllicients ol static and kinete [riction
are the samce.) Data: my=2ke. mo=2Kke.
my=1kg. =01, p2=0.35.

Problem 120. A homogencous Tull hemisphere is suspended by
a string at a point on its edge is such a way that 1t touches but doces
not push the rageed surlace bencath it Find the minimum value
of the coceflicient of friction at which the hemisphere will not slip
alter burning the string. The centre ol mass of a hemisphere is al
3/8th ol its radius.
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Problem 121. A massless cord that has one of its ends
attached to a peg on the ground passes below a cylinder, over
a pulley. and is attached 1o a small object of mass m =38 kg as
shown. The rotating part of the pulley is identical to the cylinder
on the ground, both having a radius of » =25 cm and a mass
of m=238kg. The cord between the pulley and the cylinder
(that arc al a greal distance from cach other) forms 60° with
the horizontal. Find the acceleration of the hanging object at
the moment when it is released. (The cord does not slip on the
pulley.)

Problem 122. Two coaxial pulleys of the same thickness and
of the same material have radii 10 cm and 20 em respectively.
The total mass of the pulley-system is 5 kg. The blocks hanging
from the pulleys have a mass ol 9 kg cach. Find the times the
hanging blocks neced to travel down to a depth of 4.9 m from
their original positions.

Problem 123. Two disks with radii +; = 0.3 m and r, = 0.2 m are fixed together
so that their centres are above each other. The rotational inertia of the disk-system
is © = 0.25 kam”. The greater disk stands
on a frictionless table. Massless chords that are
wrapped around the greater and the smaller disks
pass over pulleys and are attached to small objects
of masses iy =5 kg and ma vespectively as
shown. Find the value of m» at which the axis of
symmetry of the disk-system remains stationary.
Use g=10m/s”.

Problem 124. A cylinder of radius 12 has two disks, both of radius r = R/3 fixed
onto its two base surfaces. The system is suspended on two massless chords that are
wrapped around the disks. There are inked letters placed all around the cylindrical
surface. With what acceleration should the end of the cords be moved il our task is
to print the letters clearly onto a vertical wall? Neglect the mass of the disks.

Problem 125. A looscly hanging thread of length [ is attached 1o a freely rolling
trolley of mass 105 the other end of it is attached to a cylindrical spring with spring
constant & whosc other end is attached to a trolley ol mass 2/ as shown in the fgure.
The spring can also be compressed and its axis always remains straight. The cart of
mass 2y ts pushed at velocity .

Y

k

2
L Q)m®
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a) Find the time elapsed from the stretching of the thread to the rear trolley reaching
the spring.

b) Find the time after which the thread stretches again.
(m=8kg, k=23.3N/m, l=1m, vg=2m/s.)

Problem 126. A spring balances a disc of radius R and of moment of inertia (),
which is able to rotate about a horizontal axle, so that the torque cxerted by the spring
is proportional to the angle turned. A thread which is attached to the spring is wound
around the disc and a small body of mass m is hung from its other end. What type of
motion will this system undergo if it is moved a little bit out of its equilibrium position?
Neglect friction and air resistance.

Problem 127. An axle is attached to a disk at its centre perpendicularly to the plane of
the disc. Then two pieces of thread are wound round the two ends of the axle. The ends
of the threads are kept vertically and attached to the ceiling,
while the disc is held at rest. Symmetrically to the disc two
frictionless rings are placed on the axle, and two springs are
attached to the rings. The other ends of the springs are fixed
to the ceiling so that they hang vertically. The springs are not
extended at this position.

Then the system is released. How much time elapses until
the disc reaches its lowest position?

(Numerical data: the mass of the disc is m = 2 kg,
its moment of inertia © = 0.01 l<g1112, radius of the axle
r =2cm, spring constant of one spring (the springs are alike)
D=15N/m, g= 10m/s‘2 )

Problem 128. Two slabs of mass m = 0.1 kg are con-
nected by a spring of spring constant k£ =20 N/m, whose
D unstretched length is [y = 0.3 m as shown in the figure. The
upper slab is pushed down by 0.15 m and then released. Find
[ m | the maximum distance between the two slabs.
(The mass of the spring is ncgligible. Calculate with g =
=10 m/s))

Problem 129. An object hangs from a spring in the cockpit of a truck and causes an
elongation of Al =0.1 m of the spring. The truck arrives at a highway that was built
from concrete plates of length z =20 m fitted next to each other, but the fittings are
not perfect. When the truck runs at speed v, the hanging body oscillates with very high
amplitude. What is the speed of the truck?
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Problem 130. An object of mass m = 1 kg moving
on a horizontal ground is given an initial speed of vy =
= 2m/s. Initially, the distance of the object from the
wall is s =1 metre. A spring of fength L =8cm and
sprl“" constant D =100 N/m is attached to the ()b]u.u L
The coeflicient of friction is p=0.2. g= 10m/s”.

a) Where will the block stop?

v,
b) When will the block stop? l_me m P

Problem 131. The unstretched length of a spring
is Lo = 0.6 metres and the spring conslant is D = Vo
= 80 N/m. The lower end of the spring is attached to
an object of mass m = 2kg lying on the ground. and the
upper end is held at a height of 0.6 metres vertically
above the object. Initially, the spring is unstretched. 0.6m
Then the upper end is lifted at a uniform speed of vy =
=0.5m/s. g=10 m/sz.
a) How high will the object be lifted in 1.75 seconds?
b) What is the work done by the lifting force?
¢) Describe the variation of power as a function of time.

Problem 132. A body of mass m =1.25 kg is suspended vertically by a spring of
spring constant D =250 N/m and unstretched length [ =1 m. It is released at zero
initial speed from the unstretched position of the spring. Determine the time when the
speed of the body reaches the value v=0.5 m/s first.

Problem 133. A body ol mass mm =1 kg is at rest on a horizontal, {rictionless ground.
A thin rubber thread is attached to the side of the body at the point A. The unstretched
length of the thread is Ly =50 cm. Initially the other end of the thread (point ) is at
a distance Lg from A in horizontal direction. When the rubber thread is stretched, it
behaves as if it had a spring constant D =100 N/m, but it is impossible (0 “compress™
the thread, since then it loosens and excris no force.

At a given moment we start to pull the end B of the rubber thread horizontally. at a
constant speed vy =1 /s to the right (sce the figure), and continuously maintain this
uniform pull.

a) Determine the longest distance between the points A and /3.

b) How long does it take for the body to catch up with point 37

m
r—%A rubber thread B v,
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Problem 134. A pipe produces a tone of frequency 440 Hz. (This is the {requency
of the normal a’ above middle ¢’.) We sound the pipe twice, first normally, by blowing
air into it, then by breathing pure helium, and blowing it into the pipe. In both cases the
gas flows in the same way in the pipe.

a) Determine the frequency ratio of the two sounds. What is the musical interval?

b) How long is this pipe when it is open and when it is closed?

Problem 135. For a wave travelling along a straight line, the diffcrence between two
points in the same phasc is 5 m, while the distance between two points that are in the
opposite phase is 1.5 m. Find the possible values of the wavelength.

Problem 136. During an earthquake the ground is obscrved to move horizontally.
First it moves suddenly 5c¢m to the right, then after 1 sccond it moves suddenly to
the left by 5cm. A chandelier hangs on a 4m long cord. Find the amplitudc of the
chandelier after the earthquake.

Problem 137. A pipe produces sound whose frequency is 440 Hz. (This is the
so-called normal sound.) The pipe is sounded twice in such a way that first the gas
originating from a container of air, then the gas from a container of helium is ‘blown’
into it. (The gas flows out of both containers under the same conditions.)

Determine the ratio of the frequencies of the sounds produced by the pipe and the
frequency of the sound produced by the pipe “blown” with helium.

Problem 138. Somebody intends to determine the moment of inertia of the first wheel
of a bicycle so that a) he totally balances the wheel at its axle (so the wheel stays at rest
at any position when its is held at its axle), b) he fixes a point-like lead weight of mass
m to the spoke of the wheel at a distance of [ from the centre of the rotation, c) he
makes the wheel swing, and measures the period of swinging T". Using this data can he
find the moment of inertia of the wheel? What is this moment of inertia if m =0.5kg,
[=0.2m and T=1.257

Problem 139. A ship swims at constant
velocity ¥ on a windless ocean. A short
sound pulse is emitted from a sound source
located at point A of the open deck of the
ship. The sound is reflected from wall B that
is at distance ! from point A and is parallel
to the direction of travel. The sound is also
reflected from wall C that is also at distance
! but is perpendicular to the direction of
travel. The reflected sounds arrive back at the
sound source with time difference At. (This time differcnce is measured by a timepicce
that is connected to a microphone placed next to the sound source.)

<!
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Find the speed of the ship if distance [, the speed of propagation of sound (¢) and
the measured time diflerence (A?) are given.
m
(= 15m, ¢=320—, Al=40pus.)
S

Problem 140. Underncath the topmost, homogencous covering rock layer which
covers the ground and has a horizontal surface, there is another inclined rock plate of
different density and composition. The seismic waves generated by an explosion on the
surface of the ground are detected at three different places with the help of geophones.
The first geophone is at the place of the explosion, and it detected the reflected seismic
waves 0.2 s after the explosion. The second geophone is at 50 m east, the third is at
50 m weslt from the place of the explosion. The second geophone detected the reflected
waves with a time delay of 0.26 s, while the third seismic detector measured a delay of
0.34 s.

a) Determine the propagation speed of seismic waves in the topmost, covering rock
layer.

b) Determine the distance of the inclined rock plate from the place of the explosion.

¢) Determine the angle of inclination of the rock plate in east—west direction.

Problem 141. With what speed can a vehicle move on a planet of uniform density,
which is equal to the average density of the Earth, and of radius 500 times greater than
that of the Earth. The planet does not rotate. (The radius of the Earth is 6370 km.)

Problem 142. A spaceship moves in a circular orbit of radius r; around the Earth
with period 77 . Then, with the help of two separate course corrections, the spaceship
1S put into a new circular orbit of radius 27;. In the first correction only the magnitude
of the spaceship’s velocity is changed keeping its direction unchanged. In the second
correction, which is carried out in the first appropriate moment, only the direction of the
spaceship’s velocity is changed while its magnitude remains unchanged.

a) By what percentage is the kinetic energy increased during the first course
correction?

b) By what angle is the direction of velocity changed during the second correction?

¢) Find the time that elapses between the two course corrections. (Assume that the
course corrections are carried oul instantaneously.)

Problem 143. At what height, measured from the surface of the Earth, does the
satellite complete its ninety minute orbit? The Earth is considered to be a sphere with
a radius of 3670 km. Assume that the acceleration due to gravity at the surface of the
Earth is known (g =9.81 m/sz). The orbit of the satellite is circular.

Problem 144. A spy satellite, travelling above the equator of the Earth, is taking
Pictures. Assuming that in six hours the satellite is ready with pictures around the whole
€quator, determine the altitude of the orbit.

Problem 145. An astronaut revolves around the Earth along a circular path while
facing the same point of the Earth all the time. For which points on the Earth can this

condition hold true? What is the speed of the revolving spaceship?
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Problem 146. How can the mass of an object be determined in a spaceship orbiting
the Earth? The engines of the spaceship are shut oft and air resistance is negligible,
Find as many different ways as you can and describe the methods and equipment used.
Which of these equipments need to be calibrated in advance?

Problem 147. A satellite tollows a circular orbit around a planet. whose period of
revolution 1s 77 = 8 L. As il wishes (o change over to another circular orbit whose
period of revolution is T, = 27 L, it makes a course correction. First it changes the
magnitude of its velocity by switching on the rockets for a short period of time and
orbiting on a transitional clliptical orbit. When it reaches the desired altitude, it switches
on the propulsion again and changes over the circular orbit with period of revolution T,
solely by changing the magnitude of its velocity.

a) Find the time required for the course correction.

b) Find the percentage change in the magnitude ol the velocity of the satellite caused
by the switching on of the rockets in the first and second steps within the context of the
non-rotating reference frame fixed to the planet.

] Problem 148. A 100% -rellexive square mirror s
attached to a horizontal massless rod that is attached
M to an axis ol rotation supported in the vertical position
a by bearings as shown in the figure. The mass ol the
r mirror is M/ =20 g, the side ol the square is @ =10 cm.
P The centre of the square 1s =20 cm from the axis of
rotation. Intense sunlight shines on the mirror at right
angles, which delivers 0,125 encrgy on cach em? of
the surface of the mirror in 1s.

The apparatus starts rotating due to the light pressure. Find the angular displacement
which takes place in 1 minute, il the system can move [reely. and il it is ensured
that light propagates at a right angle o the mirror in cach phase ol the rotation. (The
relationship between the energy and the momentum ol the photon is /5 =p-c. where ¢
is the speed of light.)

Problem 149. A double-armed lever has cqual arms on both sides. One end ol the
lever has a pulley of negligible mass fixed on 1t by a hinge. while the other end has a
block of mass my suspended from it, Two blocks of masses iy and m are attached
to cach end of a string that runs around the pulley. Find the value of /m at which the
lever remains in its horizontal position.

Problem 150. A /h =G cm deep hole ol diameter
d =2 cm s drilled into a wall. A thin rod ol
nceligible mass is then placed into the hole as shown.
The coeflicient of Iriction 1s g = 0.2, What is the
shortest possible length ol the rod 1 it is o be used
as a coal-hanger?

i
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]1.3 Statics

Problem 151. One end of a rod of mass 1 kg and
of length 1 m can [reely rotate about a fixed horizontal
axis. Initially the rod makes an angle of 30° to the
horizontal. A thread ol length 1.3 m is attached to the
wwo ends of the rod. A small pulley can run without
friction along the thread, and a weight of mass 0.2 kg is
suspended on the axis of the pulley.

Determine the work needed to lilt the rod to a
horizontal position. (Use the value g =10 m/slZ for the
acceleration due (o gravity.)

Problem 152. Two beads of masses m and 2m can
move on a circular vertical loop of radius » = 0.5 m.
The beads are connected by a massless string, and if the
string is taut, it keeps the beads on the ends of a quarter-
circle as shown. The coeflicient of friction is 0.15. Find
the positions in which the beads are in equilibrium with
the string being taut.

Problem 153. An analytical balance is used with brass weights. Find the mass of a
body made of Plexiglas, whose two measurements result in a diflerence of at least one
mark il one measurement is performed in dry weather and the other in wet wcalher” In
both cases the room temperature is 23 °C' and the atmospheric prcgsur is 10” Pa. In
wel weather the pressure of the waler vapour in the air is 2-10% Pa. The benxlllvuy of
the balance is 0.1 mg/scalemark. (o, =8.5-10° \v/m } OPlexiglas = 1.18 10° \p,/m

Problem 154. The two ends of a homogeneous
chain of mass 2 kg are fixed to columns of height
I'm as shown in the Gigure. The chain is clutched
in the ¢ and is pulled down until it becomes
tight. In the mcantime 0.5J of work is done. The
lowest point of the chain is then 0.5 (rom the
ground then. Where was the centre of mass of the
chain initially?
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I Problem 155. A thick layer of oil with density 0.8 g/cin®
is placed at the top of the water in a tank. The area of the
base of the tank is very big. A cube made of magnesium is
placed in the tank in such a way that its top face is 0.5 dm
Tosdam | below the boundary. The edge of the cube is 2 dm and its
s density is 1.7 g/cm®. The cube is then pulled up so that
2dm its bottom face is 0.5 din above the boundary. How much
work was performed?

lF Problem 156. A cuboid shaped piece of wood of base

arca 1 dm? and height 4 m is floating vertically in a pond,
I because its centre of mass is not in its geomelric centre. To
make the wood submerge and float in a horizontal position
as shown, we need to cxert a downward force of FF=80N
at its end. Where is the centre of mass of the wood? Find
the work done to the wood by moving it from its first to its
second position.

Problem 157. A container is fAlled with water, and a plank of width 10 cm and of
density gp = 0.5 g/cm® floats on the surface of the water. Through the tube air at
a pressure of 100 atmosphere is compressed into the container. What is the height
of that part of the plank which is submerged into the water. (Assume that water is
incompressible.) The density of air at a pressure of 1 atmosphere is 0.0013 g/cm?.

1.4 Fluids

Problem 158. a) A solid sphere of radius R = 0.2 m and of negligible mass is
swimming on the surface of a lake of depth h =1 m. The sphere is slowly pushed
under the water, down to the bottom of the lake. Determine the work done by the
external pushing force in the process.

b) Now the spherc investigated in question a) is swimming in a water tank of base
surface area A =0.5 m?. The depth of the water in the tank is & =1 m. Determine the
work nceded to push the sphere down to the bottom of the tank. (Assume that no water
flows out of the tank. The density of water is o= 1000 kg/m”, and g=29.81 m/s"’ )

Problem 159. A square based cuboid shaped metal con-
tainer, whose mass is 13 kg, has a height of 6dm, a basc
edge of 2 dm, and is half full of water. The container is
laid on its side at the bottom ol a cuboid shaped tank, whose
base arca is 20 dm? and in which the level of water is at a
height of 4 dm. Find the total work that is required to stand
the metal container upright on its square basc.
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Problem 160. One end of a thin rod of length L =1 m and
density o connects to a hinge at a depth of 1 =0.8m below water
level. Find the equilibrium positions of the rod and state whether
the equilibrium is stable or unstable if

s 3

a) 0=500kg/m",

e 3
b) o=853kg/m".

Problem 161. A cuboid shaped container has two wheels attached (o its bottom and
a massless string connected o its side so that it passes over a pulley and attaches (o a
small object of mass 1.2 kg as shown. The length, height and width of the container
are 20cm, 10cem and 10 em respectively, and the height of the water in the container
is 9 cm. The mass of the cart and water is 2 kg. Describe the motion of the system.
Neglect friction.

Problem 162. A closed cylindrical container with a vertical axis is completely filled
with water. A plastic bead of density o =0.5 kg/clm” and radius =1 cm 1s placed
at distance 2 = 20 cm from the axis and is anchored to the bottom of the container
by a thin thread of length [ =16 cm. If as a
result of the containers revolutions, the beads sink ,
by h =4 cm, how many revolutions around its !
axis of symmetry does the container have to make? :
(In the final state the total content of the container |
rotates at the same angular speed. Calculate with |
g=10 111/:52 )

v R

Problem 163. A cylindrical container whose base arca is A = 10 em” contains a
h=60cm high water column.

a) Find the increase in the hydrostatic pressure at a height of i = 20 cm above
the bottom of the container if the temperature of the water column is increased by
At=80°C.

b) Give the value of pressure increase as function of distance .« mcasured from the
bottom of the container.

(For water the mean coefficient of expansion is 3 =0.00013 1/°C, the density of cold

; 43 kg : . S -
water 1s o =10 % . the expansion of the container is negligible.)
-
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Chapter 2

Thermodynamics Problems

2.1 Thermal expansion

Problem 164. The upthrust excrted on a steel ball which is immersed in paraffin of
temperature 20 °C is 0.2145 N, and 0.200 N when the tempcrature of the paraffin is
100 °C. Based on this measurement, find the volumetric thermal expansion cocfficient
of paraffin if the cocflicient of linear thermal expansion of steel is 1.2-107° 1/°C.

Problem 165. A solid brass sphere rotates freely around an axis which goes through
its centre. By how much may its temperature change provided that its frcquency does
not change by more than 1% ? (All frictional effects are negligible.)

o Problem 166. A rectangular glass tank
- / of large base area contains water to a height
of hg=0.6m. The closed lower end of an
L aluminium tube of length Lo =1m, exte-
rior cross-sectional area A, =1.2 cm? and
interior cross-sectional area A; =1 em? s
----- M= fixed to the bottom of the tank by a hinge.
The initial temperature of the whole system
ist=4°C.

How much will the angle enclosed by the tube and the horizontal change if the
temperature of the whole system is raised to 94 °C? (Further data: the coefficient of
linear expansion of aluminium and its density are a; = 2.4-107° °C~" and 00, =
=27-10° kg/mx, the coefficient of linear expansion of glass iS cvglass = 8- 107%™
The mean coefficient of volume expansion of water in this temperature interval is 3, =
=4.4-10"% °C™'. The buoyancy of air is negligible.)

Problem 167. Air at a pressure of 1 atmosphere is confined within a syringe of
volume 20 cm®. Formerly a sample of porous material was placed into the syringe.
Find the volume of the porous material if the pressure inside the syringe increases to
2.2 atmospheres when the piston of the syringe is pushed till the mark of 10 cm?.
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2.2 Ideal gas processes

Problem 168. For an experiment a mixture of gases con-
taining 50 volume percents hydrogen and 50 volume per-
cents nitrogen should be continuously provided at a speed of
0.5 kg/min. The cross section of the gas tubes is 10 em?,
Determine the speed of gas flow in the tubes, provided that the
pressure is 10° Pa and the temperature is 27 °C in the tubes.

Problem 169. A cylinder with base area
1 dm? lies on its side on a horizontal surface
and is divided into two parts of volumes 1dm2
0.8 litre and 4.2 litre by a frictionless
vertical piston as shown. The pressure in
each part is 0.02N/cm?. The masses of the
cylinder and piston are 0.8 kg and 0.2 kg respectively. The cylinder is then pushed by
a constant horizontal force of magnitude 2.5 N to the left. What will the new position
of the piston be? (Assume constant temperature.)

8cm 42 cm

Problem 170. A cylinder of base area 10 cm? in which a 47 cm high air column is
enclosed by a piston is Aoating upside down in a container. The piston is connected by
a cord to the bottom of the container, which is filled with mercury and has a base area
of 20cm?. The closed end of the cylinder is 10 cm below mercury level.

a) Find the new position of the cylinder if the cord is shortened by 6 cin.

b) Find the volume of mercury that should be poured into the container to set the
mercury level back into its original height.

Problem 171. The cylindrical vessel shown in the figure has two pistons in it. The
piston on the left touches a spring attached to the wall of the vesscl. The wall has a
hole in it. The volume of the air between the pistons is 2000 cm® and its pressure is
initially equal to the external atmospheric pressure of 10° .\'/1112. The piston on the right
is slowly pressed inwards, maintaining constant temperature, until its inner surface is at
the position where the inner surface of the piston on the
left was initially. What will be the final volume of the
air between the pistons? VW

The cross-sectional area of the cylinder is 100 cn?,
and a force of 10N compresses the spring by 1cm.
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P (10° pa) Problem 172. An ideal gas undergoes the process

G hD shown in the figure. Ty =500 K, T, =200K, p; =

Al = 10” Pa and py =4-10° Pa. In state 3, 3V3 =V,
What is the pressure ol the ideal gas in state 37

2L 3

Problem 173. Using ideal gas we perform the thermal cyclic process ABC A, shown
in the figure. Found on the volume-temperature plane of the graph (V:77) is a right
tiangle with legs parallel 1o the Voand T axes. In the state

v A the temperature ol the gas 1s 373 N oand its volume is
c 8 Sdm o while in the state O the gas has atemperature 273 K

and a volume 12 din”.
At which volume on the subprocess (" — 4 does the gas
A have the sume pressure as in the state /37

Problem 174. One arm of a communicating vessel contain-
ing mercury is closed by a piston 20 cm above the mercury.
The other arm is open. The mercury level is the same in both
arms, whose cross-sectional arcas are 2 em”. In an isothermal
process the piston is pushed down by 10 cm.

a) Find the difference of the mercury levels in the new
position of the piston.

b) Find the change in the energy of the mereury.

‘ Problem 175. Initally, the height of the miercury column -
the same in cach branch ol the narrow glass tube. Atmospheric
pressure balances 76 em of mercury.  Then air pressure s
increased over the right end until it cquals the pressure of
232 .8 em-height of mercury. What is the height ol the mercury
now in cach branch?

_16 cm

152 cm

76 cm

Problem 176. A glass ube is closed at one end and has o
cross-sectional area of 0.2 em?®. The wbe is held in a vertical
position with its open end facing upwards. It contains a 0.25-cm column of liquid ether
that is closed 0T by a 19-cm column ol mercury. The temperature is 35 “C' (the boiling
poinl ol cther), What will be the position ol the mercury column if the tube is inverted?
The density of liquid ether is 0.7 g/cin” and its relative molar mass is 7.1.
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Problem 177. The cross-sectional arcas ol all three branches of a
device for the clectrolysis of water are A = 4 em?®. Initially, the height
of the water column is the same in every branch, and there is no air above
the water in the branches on the sides. How long does it take for the water
[evel to rise by Alv=1m in the middle tube il the device extracts 0.6 mg
of hydrogen per minute? What is the (average) speed of the rising water
jevel? The temperature is 27 °C. (g =9.8 m/s”, external air pressure is
po = 10° Pa, p=10° kg/m"(.)

Problem 178. A glass balloon of volume V =1 dn® is attached to a
thin-walled tube of length /=40 ¢ and cross-sectional area A =1 cm?. @
The glass tube is immersed into mercury to half of its length as shown in
the figure. The container containing the mercury is a square prism with
base cdges of ¢« =3 cm. At the initial temperature ¢; =10 °C the level
of mercury in the tube is the same as the level of the external mercury.

Find the temperature at which the enclosed air should be heated in order
to push out the mercury from the tube? (The external atmospheric pressure
is po = 10° Pa, the thermal expansion ol the mercury and the glass can
be neglected.)

Problem 179. In a container with heat insulator walls a heat insulator piston encloses
a diatomic gas at pressure p; = 139.2 kPa. We turn on an electric heater inside the
container, and slowly let the piston extend in such a way that the pressure inside the
container remains constant. After some time the temperature of the gas is increasced by
AT, =29.3 °C. while its volume is increased by AV; =5 dm?. Then we turn off the
heater and let A =5 g gas stream out of the container. Thus, the pressure decreases
0 py =130.5 kPa, but the temperature of the gas remains unchanged.

Now we turn on the heater, and again main-
taining constant pressure by the piston we let L & &
the volume grow by AV, =8 dm?, while the
temperature increases by AT> =46.88 °C, E SE—

a) Determine the initial mass of the gas in the  —
container.

b) What kind of gas is in the container?

¢) How much cnergy did the heater transfer o the gas during the first extension
process?
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Problem 180. A long glass pipe of cross section A =3 em?, which is closed at one
end, is partially submerged into the water of a lake in such a way that the open end of
the pipe points vertically downwards. When the length of the air column in the pipe is
lo =60 cm, the levels of the water in the pipe and in the lake coincide. Then the pipe
is slowly pulled out of the water until the water level inside it rises by h =50 cm. Ay
that time the length of the air column is [} =63 cm.

a) Determine the external air pressure.

b) Now the pipe is held fixed at its last position, and the initial temperature of the air
in it is 5°C. By how many degrees °C should this temperature be increased in order
for the water level in the pipe to decrease by 16 cm?

Problem 181. In a cylindrical container of height 40 cm
two pistons enclose certain amounts of gas, as is shown in the
figure. The upper piston is at a height of 20 cm from the
bottom of the cylinder. If the upper piston is slowly lifted by
ge- 10 cm, then the lower piston rises by 4 cm. Determine the
position of the lower piston if the upper one is removed from
20 cm the cylinder. The external air pressure is 10° Pa, the cross

: section of the cylinder is 10 cm? and cach piston has a mass
----- of 1 kg. (Assume that the temperature is constant during the

process.)

Problem 182. Determine the specific heat of air at constant volume, given the
information that 75.5% of air is nitrogen, 23.2% is oxygen and 1.3% is argon, and
the atomic masses of nitrogen, oxygen and argon are 14 u, 16 u and 40 u respectively.

Problem 183. There was a block of ice in an isolated container at temperature 0 °C.
We wanted to determine its mass, therefore we lel some steam with a temperature of
100 °C into the container, but we could not determine the exact amount of the steam.
After re-closing the container all the ice melted, and the new equilibrium temperature
became 10 °C. Then, once more we let some steam of temperature 100 °C into the
container, but again, we could not determine its cxact amount. The temperature in the
container became 15 °C. Finally, we let again some stcam into the container, and this
time we could determine its mass, which was 0.3 kg. The new equilibrium temperature
in the container became 23 °C. Determine the mass of the ice block.

Problem 184. In an isolated container, which has cooling tubes built in the walls, an
amount of m = 18 kg of clcan water is very carctully cooled down to the temperature
of 1, =—9°C. After this a small icc crystal of negligible mass is thrown into the watcer,
which starts to freeze the super cooled water. Determine the amount of ice produced.

(The necessary matcerial constants should be looked up in a table.)
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Problem 185. A vertical cylinder with cross-sectional arca A =1 dm? contains
hy = 25 cm of water at the bottom. The space above it is filled with the saturated
vapour of the water, which is separated from the external space by a
piston. The bottom of the piston is ho = 75 cm above the water level.
The density of water at this temperature is n =2 times the density of
saturated vapour.

a) If temperature is held constant, by how much should the piston  h vapour
be pushed down in order to decrease the volume of vapour to V =
— 4.5 dm®?

i

b) If temperature is held constant, by how much should the piston ]L;;_,; =
be pushed down in order to have the vapour condense completely? th;vyatg_;
(The sum of the masses of water and vapour is constant throughout e —

the process.)
Problem 186. Helium gas whose volume is Vi =3 litres. pressure is pp = 1-10° Pa

and temperature is 7] = 1092 K is separated from helium gas whose volume is V, =
= 2 litres, pressure is pa =2.5-10° Pa and temperature -
is To = 1365 K by a highly insulated wall of mass m= | - |
= 2 kg in an insulated cylinder. The partition wall is v, # v, M
\
|

released, it can move without friction. Find the maximum \
speed acquired by the partition wall. T et

Problem 187. 4 grams of helium and 16 grams of oxygen are enclosed by a piston
in a cylinder. The a temperature of the gas is 0 °C and its pressure is 10° Pa. The
cylinder walls and the piston are good thermal insulators. The pressure is increased to
2-10° Pa. What will be the final temperature and volume of the gas? The molar specific
heats of helium are C,;, =12.3 J/(mod-K), C,;, =20.5 J/{mol- K); and thosc of
oxygen are C',, =20.5J/(mol- K), €, =28.7 J/(mod-K).

Problem 188. A smoothly moving, fixed piston made of good insulating material
separates two gases in an insulated cylinder whose cross-scctional arca is A =1 dm?.
One part contains helium, the other part contains hydrogen. The initial data of helium is:
its pressure is p; = 2-10° Pa, its volume is V) =4 dm?, its temperature is T, =350 K.
the corresponding data of hydrogen are: py =3-10° Pa, Vo =5 dm® and T, =280 K.
Find the displacement of the piston when it is released and it reaches an cquilibrium

a) if the piston does not allow the gases to mix,

b) if the piston is permeable and particles can diffuse through it slowly,

¢) if the piston allows only the helium to difluse through it.

Problem 189. Three identical containers, cach containing 32 g of oxygen gas al a
temperature of 200 °C' and pressure of 10 N/em? are connected by thin tubes. The
Container on the left is then cooled down to 100 “C, the onc¢ on the right is heated to
300 °C, while the temperature of the middle one remains 200 °C.

a) Find the new pressure of the system.
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b) Find the change in the total internal energy of the oxygen gas. The specific heat of
oxygen is ¢, =670 J/(kg- K).

P Problem 190. The figure shows the p(V) dia-
LN gram of a process carried out with a certain quan-
tity of oxygen gas. The values of the volume V}

and pressure py in the figure are Vo =12dm?,
Po = 1.2-10° Pa. In the initial state (A), the vol-

7

,

ume of the gas is V= gvo and its temperature

S
SR
IS
<y

5
1s T4 =300 K. In the final state (B), Vg = 1—9V0.

Determine the heat absorbed and, separately, the heat given off by the gas during the
process.

Problem 191. 2g of hydrogen gas of volume 22.1 litre at 0 °C and 10° Pa is taken
through a cyclic process. First, it is slowly heated at constant volume until its pressure
reaches 2-10° Pa. Then, it is heated to 546 °C at constant pressure. Finally, it is taken
back to its original state along a path whose graph is a straight line segment on the p-V
diagram. The specific heat of hydrogen is 10.1 kJ/( kg-K) at constant volume, while
at constant pressure it is 14.28 kJ/(kg-K).

a) Find the efficiency of this cycle.

b) How does the temperature change in terms of the volume and in terms of the
pressure through one complete cycle?

v’(mﬁ)T

Problem 192. The cyclic process
shown in the figure is carried out with
1 mole of diatomic gas. Find the per-

centage of the heat absorbed by the gas 10-7 _______ 3 2

& B i)k SEEEEEEEEEEEEES
that is converted into useful work.
_______ 4

Problem 193. A closed container f
contains diatomic gas at temperature 300 600 T(K)
T7 and pressure p;. The gas is then
heated 10 temperature Ts, during which 20% of the molecules are broken into atoms.

a) Find the final pressure of the gas.

b) Find the ratio of the final and initial internal energies of the gas. (Neglect the
oscillation of the molecules.)

Problem 194. | mol of He is enclosed by a pislon in a healable and coolable container
at an initial volume of 30 dm® and an initial temperature of 5 °C. From this initial
state the gas is compressed in such a way that ratio Ap/AV remains constant during
the process. Find this ratio if during the compression process the maximum temperaturc
of the gas is 71 °C.
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Problem 195. Let us model the atmosphere of the Earth, which has a radius Rp =
= 6370 km, in the following way: the temperature of the atmosphere is the same
everywhere. The air molecules have 5 thermodynamical degrees of freedom, and their
average molar mass is M =29 g/mol. The air pressure at the surface of the Earth
is po = 100 kPa. Furthermore, the acceleration due to gravity is g =10 m/52 in the
region of the atmosphere. Now let us assume that for some reason the temperature of
the atmosphere increases everywhere, uniformly by AT =1°C, but the total mass and
the composition of the atmosphere remains unaltered. Determine the increase of the
(gravitational) potential energy of the atmosphere due to the temperature change.

Problem 196. A piston of cross section A =100 cm? and of mass —t
m = 0.5 kg moves freely (without friction) in vertical direction in an P,
isolated cylinder with negligible heat capacity. The specific heat of the
material of the piston is ¢ =210 J/(kg °C). Initially the temperature Yo
of the piston is £y =100°C, and there is an amount of n; =0.05 mol
noble gas at temperature ¢, = —90 °C above the piston, and an amount m
of no =0.03 mol air at temperature to =46 °C under the piston. The P,
initial volumes of the gases are just equal. v

a) Determine the final temperature of the piston. 0

b) Determine the displacement of the piston. "

Problem 197. The closed cabin of a space station orbiting around the Earth is
filled with artificial atmosphere that contains oxygen gas at pressure p = 50 kPa and
temperature T = 295 K. The internal volume of the cabin is V' =80 m®. A tiny hole
of area A=0.1 mm? appears on the wall of the cabin and the oxygen starts to escape.
Estimate the time required for the pressure to decrease by 1 % in the cabin.

(The heating system maintains a constant temperature inside the cabin.)

Problem 198. A cylinder of mass 25 kg contains helium gas, which
is enclosed by a well-fitted piston of mass 25 kg. The cross-sectional
area of the cylinder is 0.4 dm? and the piston is at a height of 8.96 dm ‘
from the base of the cylinder. The piston is altached 10 a massless
string that is wrapped around a pulley of radius 0.2 m and rotational u
inertia 3- kg- m?. The container and piston move downwards with
the same constant acceleration. The atmospheric pressure is py =
= 10 N/cm?, the temperature is 0° C and ¢ = 10 m/sz. Find the ‘0
mass of the helium gas. (Neglect friction)

8.96 dm

Po

0.4 dm’
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Problem 199. A ccrtain amount of air is enclosed into
W vertical eylinder of base surface A =1 dm? by a frictionless
m piston ol negligible mass. The height of the air column iy
the cylinder is =35 dm. We carefully put a weight of
mass m = 1 kg onto the piston, and release it. The piston
h and the weight on it start an oscillating motion with smal|
amplitude, which can be regarded as harmonic. Determine
A (the amplitude and the frequency of the oscillation, as well
‘ as the maximal speed of the piston.
(The wall of the cylinder can be considered a heat insulator,
The external air pressure is py = 100 kPa. If necessary. the approximation (1-£.)" 2
I+ na can be used. which is valid il . is close o zero, be., il o] < 1))

Problem 200. A gas, enclosed in a cylinder by a piston. is given a heat energy of
(Q = 3988 kJ. and as a consequence of this, the gas expands at constant pressure. The
ratio of the specilic heats measured at constant pressure and constant volume is 4 =1.|
for the gas. Determine how much of the absorbed heat increases the internal energy of
the gas, and how much is given oft in the form ol work during the expansion.

2.3 First law of thermodynamics

Hyg

o

o

o = B Problem 201. In a cylinder. whose cross-sectional
7cm' [x

arca 1s 20 em~ . a frictionless piston of mass 7.2

encloses a 33 cm high air column at 0 °C so that there
is a7 em high empty part above the piston as shown.
The atmospheric pressure is 10N /em?, the densities of
mercury and air in its initial state are 13.6 g/cm® and

33 cm

g 3 ; - 3 ;
1.8 g/dm” respectively. the specific heat of the air at

constant volume is 0.7.J/( g K). Use g= l()m/s‘“)A
20 cm? 20 &’ a) Mercury is poured into the empty part above the
piston until the cylinder is full. Find the mass of the
mercury column. (Assume constant lemperature.)
b) The air is then heated very slowly until all the mercury runs out from the cylinder.
Find the minimum heat transferred to the air in this process.
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Problem 202. A cylinder of mass 8 kg and cross-sectional
area 20 em? is hanging, suspended on its piston. The cylinder
contains helium of temperature 27 °C. The temperature is
slowly decreasing, How much heat is necessary Lo extract from
the helium so that the initial length 11.2.dm ol the gas covlumn
decreases 1o 8.96 dm? The external air pressure is 10" Pa,

2 . . .

g =10 m/s”. The molar specific heat of helium at constant

: 2 1o A s ) - , -
volume is €', =12300.J/(kmol- K). 11.2 daf
- . . . - D
Problem 203. A cylindrical container ol base arca 0.5 m”~
contains helium gas at 218.4 K. The gas is enclosed by
a frictionless piston of mass 600 kg that is connected (o 1
the base of the container by a spring, whose spring constant
is 2.67-10° N/m. Initally the piston is at a height of
0.32 m, which is the relaxed length of the spring. Atmospheric
pressure is 107 Pa, the molar specific heat of helium is ', =

0.32m

= 12.3 joule/(mol K), g=10m/s*. The wall of the container
is a good thermal conductor causing the temperature of the gas
to change until it reaches the external temperature. The work 0.5m
done by (he gas is found to be 1800 joules.

a) Find the external temperature.

b) Find the heat given to the helium gas.

Problem 204. In an 11.2 dm high cylindrical container, whose basc area is 1 dm?, a
frictionless piston of mass & kg is held ata height of 5.6 dmi. The piston encloses 1 mol
of helium at 273 “C. The wall of the container is insulated. Find the maximum height
reached by the piston after being released. The molar specific heat of helium at constant
volume is (', =12.6 J/(molK), while at constant pressure it is €', =21 J/{molK).
The atmospheric pressure is 10.12 N/em?®.

Problem 205. A piston encloses some ' ' P ———
air in the cylindrical vessel with horizontal . S
longitudinal axis as shown in the drawing. E m’E
The initial pressure of the air is equal to the | '
external atmospheric pressure of 107 Pa.
The cross-sectional area of the piston is
0.03 m?. An originally unstretched spring with spring constant 2000 N/m is attached
10 the piston. The walls of the vessel and the piston are perlectly insulated. The initial
Volume of the enclosed air is 0.024 m?, its initial temperature is 300 K. The air is
heated 10 360 K with a heating filament built into the vessel.

a) Find the displacement of the piston caused by the heating.

b) Find the encray delivered by the heating filament.

s = 3
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Problem 206. Ideal gas at pressure 10° Pa and volume 1 m* is enclosed by a piston
in a cylinder. We start to move the piston outwards at a constant velocity of 1 em/s,
The cross-sectional area of the piston is 0.1 m*. While the piston is moving, we can
deliver heat to the gas through a heating filament.

How should the heating power change
as a function of time it we keep the
temperature of the gas constant? (Apart
from the heat transfer between the gag
and the heating filament all other heat
exchange can be neglected.)

Problem 207. Ideal gas which has degrees of freedom [, is part ol a process that
starts at Ty and ends at 2Ty V =aT? (a =constant). Give the molar heat capacity as
function of temperature.

Problem 208. A cylindrical container of volume 44.8 litres is
divided into two cqual parts by a horizontal frictionless piston. Each
half of the cylinder contains 4 g of helium at 0 °C. The walls of the
container and the piston are perfect insulators. There is a 220V heater
of resistance 242 Q in the lower part. For how long should the heater
be switched on to make the temperature of the helium in the upper part
m rise to 136.5 °C? The specific heats of helium are ¢, = 5230 J/(kg-K)
= and ¢, =3140 J/(kg-K).

Problem 209. For a given amount of nitrogen gas the initial, minimum temperature is
Ty, while the maximum temperature is 47y . The gas is first heated at constant volume,
then it is allowed to expand at constant pressure. Then it is cooled at constant volume
and finally it is compressed at constant pressure. This way the gas returns (o its initial
state. Find the maximum possible efficiency of the cyclic process.

U Problem 210. The walls of the two connecting
cylinders shown in the figure are adiabatic (thermally
A, A, insulating). "l;he cross-sectional arcas ol the parts are
Ay =10dm” and Ay =10 dm”. There is a well-
fitting but freely moving, thermally insulating piston
in each cylinder, at a distance |y =1, =1=1.5dm
from the point where the cross-sectional area changes.
The pistons are fixed to each other by a thin and rigid rod. The enclosed volume contains
air. The temperature and air pressure are Ty = 300K and po = 10° Pa both inside
and outside. The heater filament inside is operated for ¢ = 2 minutes at a power of
P=36W.
a) How much, and in what direction, will the pistons mave until the new equilibrium
position is reached?
b) What will the temperature of the enclosed air be?

11 1 [2 1
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Problem 211. Consider the system of two pistons in two cylinders shown in the
Figure. The cylinder walls and the pistons are good thermal insulators. Initially,
the pressure of the air in all three compartments is 20 N/emn?, and the temperature
is 0 °C. The filament in the leftmost
compartment is heated for a short time. 20 cm
As a‘ result, the pistons move 5 cm (0 s
the right. o -

a) What are the resulting pressures?

h) How much heat is given off by the
filament?

The density of air at 0 °C and normal 2dm
atmospheric pressure is 1.3 g/dm®, and
its specific heat is 0.7 J/( g- K) at 10 cm
constant volume and 0.98J/(g- K) at

constant pressure.

=4 dm

P9

(oo00)
A,=1dm

Ay

Problem 212. In a closed container, there is a mixture of helium and oxygen gases
of a total mass of 2.2 kg at a temperature of 0 °C. 143 500 joules of heat is added 10
the gas mixture. As a result, its temperature rises by 50 °C and its pressure increases
by 13 740 pascals.

a) Find the mass of each gas.

b) Find the initial pressure of the mixture.

¢) Find the volume of the container.

At constant volume, the molar specific heat of helium is 12 300 J/(kmol-K) and the
molar specific heat of oxygen is 20 500 J/(kmol-K).

Problem 213. Hydrogen gas of mass m =20 g undergoes the processs 1-2-3-4-5
shown in the figure. The following data are given: p, = py =5-10° Pa, p3=p, =
=7.10°Pa, T, =T5; =200 K, T, =T, =500 K. (In the stages 2-3 and 4-5 of the
process, pressure is directly proportional to temperature.)

a) Find the values of the volume in the states (105 Pa)
1,2, 3, 4, and 5, and the values of pressure and E,’
temperature not given.

b) Represent the process in both p-V and T- 57
V' diagrams.

¢) Determine the net heat absorbed by the gas
and the net work done on the gas during the whole
process.
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Problem 214. The upper end of a 76-cm-long glass tube is closed
and the open lower end is submerged in mercury. The tube is partly
filled with mercury, with 0.001 moles of air enclosed in the upper end,
External atmospheric pressure can balance a mercury column of 76 cin |
The molar specific heat of air is C, = 20.5 J/(mol-K) at constant
volume. How much heat is given off by the enclosed air while it
temperature decreases by 10 °C?

Problem 215. A glass tube with thin walls is placed in a chamber of rarefied air,
One end of the tube is closed and the other is covered by a stretched liquid film. The
pressure of the air is pg and its temperature is Ty both inside and outside the tube. The
length of the tube is h, its radius is R. The surface tension of the liquid is a. The
temperature in the tube starts to rise slowly.

h a) At what temperature will the enclosed air
R} ol "I\ % have a maximum pressure?
o b) How much heat is absorbed by the en-
closed air until the state of maximum pressure is
reached?

R=5mm, h=25mm, Ty =250K, py=1000Pa, a=5-10_2.]/m2.
Assume that, in the pressure and temperature ranges investigated, the liquid is far away
from its boiling point.

Problem 216. A piston of mass m encloses air with a pressure greater than the
external atmospheric pressure in a horizontal cylinder whose walls are thermally
insulated. If the piston is released, it can move in the cylinder without friction. In the
adiabatic change that takes place, the maximum volume of the enclosed gas is twice as
much as the original. Determine

a) the ratio of the minimum and maximum pressures of the gas,

b) the magnitude of the initial pressure.

(The pressure of the cxternal air is p.y = 10° Pa. The air can be considered as a
gas with 5 degrees of freedom, therefore the ratio of its two specific heat capacities is
y=cp/ey=14))

80 kg Problem 217. A 2.24 m high cylinder, whose base area is 1 dm”
contains 4 g of helium gas at a temperature of 0 °C and pressure of
10 N/em?. An 80 kg piston is then dropped into the cylinder. Find the
maximum speed of the piston if it moves without friction. There is no
hcat transfer between the gas, the cylinder and the piston because of the
rapidity of the process. Use g =10 m/sgA The specific heats of hclium are:
¢y =3150 J/(kg-K), ¢, =5250 J/(kg -K).

2.24m

1dm
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Problem 218. Initially » = 10 mol of an ideal gas has the pressure p; = 10° Pa,
yolume Vi =249.42 dm® and temperature Ty = 300 K. Then the gas is heated, and in
an isobaric process it reaches the temperature 75 . During this process the work done by
the gas is 68% of the increase of its internal energy. If, however, from the same initial
gtate an adiabatic compression is used to increase the temperature of the gas to T, then
i = 36.85 kJ has to be done on the gas.

a) What type of gas is the experiment performed with?

b) Determine the final temperature T5.

Problem 219. There is 5 g of a certain diatomic gas in a container closed with a
frictionless piston. The gas is heated for 25 seconds by an clectric resistor of 50 € built
in the container, applying a voltage of 220 V. While
the gas expands at constant pressure, its temperature
increases by 250 °C. The efficiency of the electric bg
heater is 75%. What kind of gas can be found in the |
container?

o |

Problem 220. A container, closcd by a freely moving piston, contains a mixture of
hydrogene and helium gas of total mass m =180 g. A heal of @ =156 kJ is transferred
to the gas at constant pressure. Due to this the gas performs 56 kJ work. Determine the
mass of hydrogene in the mixture. Determine the temperature change of the system.

Problem 221. The state of helium gas is changed in such a way that its graph is a
straight line segment on the pressure—volume plane. During this process the total heat
transferred to the gas is equal to the heat necessary to double the absolute temperature
of the gas at constant volume. By what ratio may the volume of the gas most increase?
(The expression “total heat” refers 1o the signed sum of heat absorbed and heat released
during the process.)

Problem 222. A small ball of mass m = 1 g and
charge Q is attached to the end of a string of length
R =10 cim. Level with the suspension point of the
pendulum, at a distance of R =10 cm there is a small
fixed object of the same charge Q. If the pendulum is
released from a position o = 60° below the horizontal,
the string will become slack when the pendulum bob has
Covered a semicircle exactly. Find the magnitude of the
charge Q.
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Chapter 3

Electrodynamics Problems

3.1 Electrostatics

Problem 223. Two small metal balls of mass m =0.1 g are
suspended at the same point by insulating threads of length | =
= 30 cm. One of the balls is loaded with twice as much electric
charge as the other.  Pushing the balls towards cach other by
insulating materials. we move them to a position where both
threads make an angle of o =207 with the vertical, and the threads
remain in a common vertical plane. After releasing the two balls
from this position at the same time, the angle between the two
threads reaches the largest value of 3 =284°.

Determine the charge of the balls.

Problem 224. In free space, far from all celestial objects, two particles. one of mass
my =6-10"1° kg and of charge Q = 2.43- L0~ C and the other of mass m» =
=1.2-107" kg and of charge Qs =—2.43-107"" C move at a constant speed in such
a way that the distance d =1.5 cm between them is also constant. How is this possible?
Determine the speed of the particles.

Problem 225. In free space two specks of dust, one of mass m =1.7-107"" kg and
of electric charge @ =107" C and the other of mass mo =1.3-107"" kg and charec
Qs =—5-10"" C are released at a distance oy =6 em from each other with zero initial
speed.

a) Where will the two specks ol dust meet?

b) Determine the speed at which the specks approach cach other. when they are at the
distance o> =1 e

Problem 226. A capacitor has plates of large arca separated by o = 3 cm.
The potential difference between the plates is Vo=

y L = 60000 V. What should be the speed of a small object
— d  of charge Q=4-10""C and mass m=5-10""%kg shot
N - T horizontally into the uniform ficld at the height of half the

h plate separation «, so that it reaches onc of the plates al

a distance of h=12cm?
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3. Electrodynamics Problems 3.1 Electrostatics

Problem 227. A potential difference V' ois ap-
plicd between two finely woven parallel wire
meshes D1 =Dy with the polarity shown in the
feure. Electrons originating from electron source
Eunrrivc at mesh Dy oat velocity e,

a) Show that for the angle of incidence o and
(he angle of refraction 3 Snell’s law is valid
(ratio sina/sinid is independent ol the angle
of incidence and has the same value for every

electron).

b) Determine the value of the refractive index.
(You can assume that the eclectric field between the meshes is homogenous and
everywhere else the electric field is zero. v =3-10" m/s, V=25 V)

Problem 228. In a vacuum tube electrons accelerated through a poten- L
tial difference Vi, leave the anode with beam angle . A metal lattice pair
is then placed in the way of the beam. What potential difference should be o
applicd to the lattices if we want the electron beam to form an angle of 2«
after Jeaving the lattice-pair? Values: V,, = 60000V, a = 30°. ot ed

Problem 229. A particle of charge Q = +107° C is fixed. A second particle of
mass m = 0.01 g and charge ¢ = +10"" C standing at infinity is given a velocity of
vo =200 m/s in a direction whose line passes at a distance of d =0.1m from the fixed
charge.

a) Find the smallest separation between the two charges.

b) What should the value of d be if the final velocity of the moving charge is now
perpendicular o its initial velocity ¢y ?

Problem 230. Il the cathode of a photocell is illuminated with a light of increasing
. i : : 1 . :
frequency, the anode current will start at a frequency of 3-10"" =, A capacitor with
E =z S " 3
Capacitance 1 pl7 is connected between the anode and the cathode of this photocell,

and the cathode is illuminated with light of wavelength 425 nm. Assuming that the
Hlumination is long enough, find the number of electrons arriving on the anode.

Problem 231. Two metal spheres of equal mass and radius are suspended from a
common point. with two insulating threads of equal length. If the spheres are loaded
With equal clectric charges, and submerged into paraffin, the angle between the two
threads is 20, = 60°. If the paraflin bath is removed, i.e., the charged spheres are in
the air, then the angle between the threads is 2a 4 = 70°. Determine the density of
the spheres. (Paraflin is an clectric insulator, its relative permittivity is £, =2, and its
density is 0, =800 kg/m”. The diameter of the spheres is much less than the length of
the threads. )



300 Creative Physics Problems with Solutions

Problem 232. A parallel plate capaci-
. <~ C tor consists of a pair of square plates with
€ g sides ¢ that are at distance d apart. The

e ! capacitor is connected to a generator of
€ g constant voltage U. The space betweep
the plates is originally filled with air. A
plate with relative dielectric constant ¢
is inserted between the plates at a constant acceleration ag as shown in the figure,
The insulator starts from the edge of the plate, from stationary position. Determine the
charge-time function of the capacitor and the charging current-time function. Sketch the
shape of the functions. Calculate the maximum value of the charge on the capacitor and
of the charging current.

(¢c=20cm, d=2mm, U=100V, a0:2m/52, e, =101.)

y‘/ Problem 233. A big insulating square plate of size
L and negligible width is uniformly charged with a
/ charge of 100 Q. Let the plane of the plate be the
d y — 2 coordinate plane. There is a hollow insulating
@  sphere of radius 7 with centre at the point (d,0,0) in
0 > ¢ front of the plate. The sphere has a thin wall, and
is uniformly charged with charge @. Determine the
electric field at the interior points of the sphere, and
‘ at the point (d/2,d/2,0), provided that L =100d and
r =d/5. Express these results in terms of @, d and

L the dielectric constant &g.

Ak

Problem 234. Two identical air capacitors with capacitance C are connected in serics
to a batlery with constant voltage V. Find the change in the encrgy of the capacitors,
of the battery and of the surroundings

a) if the distance between the plates of one of the capacitors is increased to twice the
original distance using an insulating handle,

b) an insulator with dielectric constant e = 2¢ is inserted between the plates of one
of the capacitors.

Problem 235. A parallel-plate capacitor is connected to a battery which builds up an
electric ficld of 600 V/m between the plates.

L

41—
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3. Electrodynamics Problems 3.1 Electrostatics

a) In the first part, two plates are placed into the capacitor as shown. The plates, thal
are initially neutral, are connected by a wire and are positioned such that the four plates
are at cqual distance from cach other. Find the electric field strengths between the plates.

b) In the second part, the two initially neutral plates that are connected are positioned
as shown in figure b). The plates are at equal distances from cach other in this case as
well. Find the electric field strengths between the plates.

Problem 236. One plate of a 2-puk capacitor 1.5 uF
charged to 150 volts is connected to the oppo- []

a free wire. An uncharged capacitor of 1.5-uF is
dropped onto the free ends.

; S = 4K H
a) What will be the potential difference across +
each capacitor? A

b) How much charge will pass through point A
and in what direction?

sitely charged plate of a 3-uF capacitor charged to Il
120 volts. The other plate of each capacitor ends in
150 V -
o F 3uF 120V

Problem 237. In ancient times, people belicved that the Earth was a big, flat disc.
Let us imagine that the Earth is not actually sphere with radius R but a flat disc with
a very large radius and a thickness of H. What thickness H 1s needed (o experience
the same gravitational acceleration on the surface of the disc (far from its rim) as on the
surface of the spherical Earth? (R = 6370 km. Let us consider the densitics in the (wo
‘Earth” models to be constant and equal to each other.)

Problem 238. A long insulating cylinder of radius R has a
cylindrical bore of radius » in it. The axes of the cylinder and
the bore are parallel, separated by a distance . The insulator
carries a positive charge of uniform distribution with a charge
density of o. The rclative dielectric constant of the material
is 1. Find the electric field inside the bore.

Problem 239. If the values of the resistance of
the resistors shown in the figure are cqual then the
current in the main branch is /. By what factor
does this current change if the resistance of the two
resistors, which are diagonally opposite each other,
1S doubled?
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3.2 Direct current

Problem 240. We have two rechargeable batteries available, their electromotive
forces and their internal resistances are the following: Up; = 12.6 v, Ry = 0.05 ohm,
Uy =12.2 V, Ry =5 ohm. What will happen if the two rechargeable batteries are
connected in parallel and the circuit is closed through a resistor of resistance R =
= 2 ohm?

Problem 241. The figure shows an electric
I , circuit which contains a double switch Jabelled
R R, by S. When the switch is in the position 11’ the

1
>3 _ammeter reads [; =6 A, and when the switch is
N ES inposition 22’ the reading is T;; =3 A. What is
v the reading on the ammeter when the switch is in
R, R, §7 position 33'? The electromotive forces E of the

two batteries are equal, their internal resistances
and the internal resistance of the ammeter are
O—k negligible.

Problem 242. In the circuit shown the three
ammeters are identical, each have a resistance
Ry =2. Between points A4 and B there is a
constant potential difference of 19 V. The first
and second ammeter rcad I, =2.5A-tand I, =
= 1.5 A respcctively.

a) What does the third ammeter read?

b) Investigate what happens to current [z if
the value of R, is changed.

B c D Problem 243. Three resistors are connected in
series with a battery of internal voltage Vo =62V
and internal resistance R), =~ 0 as shown in the

figurc. then measurements are carried out with
a single voltmeter. The results of the first three
mecasurements are: Vap = Ve = Veop =20 V. What does the instrument show when
it is connected between point pairs AC and AD?
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3 Electrodynamics Problems 3.2 Direct current

Problem 244. In the circuit shown in the figure switch
K is kept closed for a long time and then it is opened.
The constant voltage across the terminals of the battery is
=9V, the capacitance of the capacitor is C'=50 plI?,
the values of resistances R; and R, are equal, R} =
— Rp=100 Q.

a) Find the charge that flows through resistor I3 after
the switch is opened if the value of resistance Rj is
400 .

b) Find the maximum charge that can flow through resistor I3 after the switch is
opencd, if the value of resistance Rj is chosen suitably.

Problem 245. We have N identical cells whose no-load voltage is Vy and internal
resistance is K. We creale a battery from these in the following way: first we connect
a given number of cells with the same polarity in series into a chain, and then connect
these chains containing the same number of cells in parallel with the same polarity. Then
we connect a consumer whose resistance is optimal for maximum power output to the
acquired battery.

a) Find the number of batteries that should be connected into a chain, that is, find the
arrangement of the cells in order to acquire the maximum power output on the consumer.

b) Find this power it N =64, Vy =12V, R=2 Q.

Problem 246. A 100 — 2, 2 — W resistor is to be operated from a variable voltage
supply. A variable resistor of resistance 1000 €2, which has three terminals, and which
can be loaded by 15 W, and a voltage supply of 48 V, whose internal resistance is
negligible, are given. In what interval can the voltage across the resistor be varied?

Problem 247. The range of voltage of a meter used as a voltmeter can be changed
o n times its original valuc with the help of a 27 Q multiplier. Using the same meter
as an ammeter, its range of current can be changed to n times its original value using a
38 shunt.

a) Find the internal resistance ol the meter.

b) The power dissipated by the moving-coil of the meter when giving a full-scale
reading is 9-10™* W. Find the voltage and current across the moving-coil.

Problem 248. The circuit diagram shows an emf source with an elcctromotive force
Vo and an internal resistance R between points A and B. The total resistance of
‘he variable resistor is R, which is greater than 4/3 /
limes the internal resistance of the emf source. The
fesistance of the ammeter and the other wires can
€ neglected. If the sliding contact is moved along

the variable resistor, the ammeter shows a changing
Curren.

Show that the minimum current that can be mea- B
Sured is smaller then 3/4 times the maximum current.
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Problem 249. The stator and the rotor of our direct-current clectromotor are
connected 1y series and have a total resistance ol 62 €2, The motor is connected 10 o de
voltage of 220 V. Can this motor produce a mechanical power ol 200 W ?

Ao -=|\+ - =I+ L Prohlpm 250.- All batteries in.lhc inlinil.c chain
J- l shown in the figure have eml = and interng]
Tk - - resistance . Find the resultant emf and interng)
* :‘7 T resistance across A and /3.
8ol —_l

Problem 251. The resistor cham shown in ligure 2 contains 1 “quadrupoles™ shown
in figure I Ry =1Q and Ry =06 Q. The resistor chain is terminated by a resistor [7,

a) Find the resistance ol resistor R, in order to ensure that the resistance measured
between points A and B is independent of number 1 of the included quadrupoles.

b) The resistor chain is terminated by the resistor 22, determined in part a) and a
battery of erminal voltage U, p =3 V is connected between points A and 3. The
chain contains 1 = 21 quadrupoles now. Find the potential difference across resistor
IR, in this casc.

R, R, R, R, R,
o [ o Ao [ PR o PP | o
I [ [ g O+ =
o o B o o o 00 o
ligure |. ligure 2.

Problem 252. Bewween the two ends ol a broken conductor the charges are carried
by a metal sphere mounted on an insulating handle. The radius of the metal sphere is
1T emy, and it touches one end and then the other end of the conductor 54 times in one
minute. Find the resistance ol the break. which is “bridged™ in the way described above.
(The capacitance of the metal sphere can be caleulated as the capacitance ol a single
sphere standing in space.)

Problem 233. In a cable. which is under the ground. there are two wires. and
somewhere between the points A and /3 a conducting path has been developed between
the wires. The cable can be reached at positions A and /3. In order to find the posttion
of the conducting path is. first the two wires arc connected at /3 and the resistance
(17y) is measured at AL Then the measurement is repeated so that at A the points al
- 1" arc connected and the resistance (122) at 13 between the points 2-2" is measured.
The distance between A and 13 is known (/). The resistance ol the wire of unit
length is o olun/metre. Find the position of the conducting path. Numerical dati
12y =375 ohm. Ro=2.5 olim. L =200 metre. r=0.01 ohm/metre,
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Chapter 4

Magnetism Problems

4.1 Magnetic field

Problem 254. In a mass spectrometer the ® ® 8 Q8 ® ® ®

Cl~ ions. after passing through the di- - ,:::---‘6}\ e B
. . ~ - - A

aphragm A, al diflerent speeds, first travel ® ps ® @ \(\2) @ ®
i sriendicnl: YOne Aol oo o » \ N
in |x.|p«-.nd|‘ullar (Ilm.nni_uu.(_)us) LIL(_I.IIL ‘mld /e ® ® & & ®
magnetic ficlds.  Then, alter passing di- Ay i v ¥
aphragm A, they move I'urlh)c_l‘ in a mag- R| ® o
netic field only. The " C1 and ™' Cl isotopes B
hit the photo plate at points Ar =14 ¢m ®| ®
apart from cach other. The magnetic induc- A,

tion is 3=0.02 T (in both regions).

a) Determine the speed ol the Clisotopes
when they pass through the diaphragm A, .

b) Determine the magnitude and the dircction of the clectric ficld between the two
diaphragms A, and A,.

Problem 255. Two points lying on the same lield

line are scparated by a distance XY = L = 10 cm
I vacuum. n a uniform magnetic ficld where the X v 8
magnitude ol the magnetic induction vector is I3 =
: . o
= 0.02 tesla. An electron accelerated by a potential V
difference of 800 volts passes through the point X . TNV

Its velocity encloses an angle a with the field lines.
What should be the measure of the angle o so that the
electron also passes through the point Y2 The charge
of an clectron is 1.6- 10" conlombs. and its mass is 910" kg

~ Problem 256. A sphere of radius 1em is charged 10 a voltage of 900 V. The sphere
IS mounted to a 30 ¢ long insulating handle and is rotated. the number of revolutions is
18000 /minute. Determine the magnetic induction which can be observed at the position
Of the axis of the rotation. (Consider the rotating small sphere as a pointlike charge.)

e 1 . : , : I (A
The magnetic ficld at the centre of a current carrying single loop is: /I = e L=
2r \m
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Problem 257. The density of turns of a very long solenoid of diameter 1 cm iy
2000 m~!'. The coil is wound in one layer. The strength of the magnetic field, produced
by the coil, at a distance of 5 cm from the axis of the solenoid is 4-107" T. Determine
the strength of the magnetic field inside the solenoid. What would be the magnetic field
strength at a distance of 5 cm from the axis, if the solenoid was wound in two layers?

Problem 258. The density of turns in a very long solenoid of diameter 1 c¢m g
2000 m~'. The magnetic field produced by the solenoid, inside the coil is 0.251 T,
There is a straight wire, carrying a current of 40 A, parallel to the axis of the solenoid,
at a distance of 5 cm from it. Determine the magnetic Lorentz force acting on 1 m of
the solenoid, provided that the solenoid is wound in two layers.

Problem 259. A small ball of mass m = 0.003 g carrying a charge of Q =
= +0.5-107° C is dropped in a uniform horizontal magnetic field B=0.4 T.

a) Find the depth of the deepest point of its path.

b) Find its speed at that point.

4.2 Induction (motional emf)

Problem 260. Two parallel mctal rails, lying at a distance L from each other, are
connected by a capacitor of capacitance C' al
| one end. The capacitor is initially uncharged.
The arrangement is in a vertical, homoge-
ncous magnetic ficld B, which is constant in
time. A conducting rod of resistance R and
mass m 1s laid perpendicularly onto the rails,
and it is given an iniial speed vg.
Determine the final speed of the rod, provided that the rails are long enough, and the
homogencous magnetic ficld extends far enough. (The electric resistance of the rails,
the friction and the effects of self induction are negligible.)

v Problem 261. A rectangular conducting frame is
| & &
in a uniform magnetic field which is perpendicular
o o o o] <) o o ] 5] o] . . . .
/ to the planc of the frame. A straight wire of length
° e e e e e e e [ is placed onto two parallel sides of the frame and
° e P el is moved back and forth with a uniform speed ol
T . . .
h v so that it remains parallel to the side Jabelled by

[. The dircction of the motion is parallel to h. An
ammeler ol resistance R is inserted into the moving wire. The resistances of the other
wires are negligible with respect to that of the ammeter. What is the reading on the
ammecter? Explain the phenomenon.

60



4. Magnetism Problems 4.2 Induction (motional emf)

Problem 262. A closed rectangular conducting
frame with homogencous mass distribution and neg-
ligible resistance can rotate around one of its axes of
symmetry. The frame rests in a homogencous mag-
netic field whose induction B is perpendicular to its
plane, is constant in time and has no current flowing
though it. One side of the frame is pushed and the
frame starts to rotate. The area of the frame is A, its
inductance is L. The friction of the axis is negligible.

a) How does the current in the frame change as a
function of angular displacement?

b) Find the position of the frame where the
magnetic field of the frame is the greatest.

=

PR WSS S

Problem 263. A disc of radius r is made of a
material of negligible resistance and can rolale about
a horizontal shalt. A smaller disc ol radius p is fixed
onto the same shaft and has a massless cord wrapped
around it, which is attached to a small object of mass
m as shown. Two ends of a resistor of resistance I?
are connected to the perimeter of the disc and to the
shaft by wiping contacts. The system is then placed
into a uniform horizontal magnetic field B and mass
m is released. Find the constant angular velocity with
which the disc will rotate after a certain time. Data:
*=10cm, p=2cm, R=0.01Q, B3=02T, m=50g.

&

Problem 264. A straight horizontal conductor of length 7 can rotate frictionless about
a vertical axle, which goes through its centre. The two ends of the conductor are
immersed to mercury, in which the total drag force exerted on the ends of the wire
is kyv?, so the drag force is proportional to the square of the speed . The system is
in a uniform vertical magnetic ficld. Current lows through the mercury tank and the
axle. The current is kept at a constant value of [ with the help of a variable resistor,
All ohmic resistances and air drag are negligible. What is the angular speed of the
Wire? What is the voltage between the axle and the mercury rank? Data: [ =20 cm,
k1=6.25-107% kg/m, [ =4 A, the magnetic induction is 3=5-10"2 Vs/m?.

Problem 265. A metal cylinder is rotating at an angular velocity w around its axis
of symmetry. The cylinder is in a uniform magnetic ficld with the induction vector 13
Paralle] to its axis.

a) Determine the charge density in the interior of the cylinder.

b) At what angular speed will the charge density be zero?
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t Problem 266. A circular metal ring whose radius is 0.1 m
» rotates in the magnetic field of the Earth at uniform angular
velocity around a vertical axis that passes through the centre of

the ring.

A small magnetic needle is located in the centre of the mety|
ring, which can rotate freely around a vertical axis. If the metg]
ring does not rotate, the magnetic needle points in the direction
of the horizontal component of the magnetic field of the Earth,
If the ring completes 10 revolutions per second, the magnetic
needle diverts by 2° from this direction in average. Find the
electric resistance of the ring.

Problem 267. A thin ring of negligible resistance (R=0) is
held over a cylindrical bar magnet that is in vertical position,
The axis of the ring coincides with the axis of the magnet. The
magnetic field surrounding the ring has a cylindrical symmetry,
and the coordinates of the magnetic induction vector are given
by the following equations:

B, = By(l—axz) and B, = Byfr,

where By, a, 3 are constants, and z and r denote the vertical
and radial coordinates of position.

Initially, the ring carries no current. The ring is released, and it starts to move
downwards, preserving its vertical axis.

a) Investigate whether the magnetic flux inside the ring is constant during its motion.

b) Describe the motion of the ring. Express the vertical coordinate of the ring as a
function of time.

¢) Express the current flowing in the ring as a function of time. Find the maximum
value of the current.

Let the initial coordinates of the centre of the ring be 2 =0 and » =0. In describing
the motion, neglect air resistance. Data: By =0.01 T, a=28=232 m™!, the mass of
the ring is m = 50 mg, the inductance of the ring is L =1.3-107%H, the radius of the
ring 1s ro = 0.5cm, the acceleration of gravity is g = 9.8m/sz.

MAGNET
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4 Magnetism Problems 4.3 Induction (transformer emf)

4.3 Induction (transformer emf)

problem 268. A solid copper ring of square cross section has an internal radius
R; =5cm and an external radius R, =7 cm. The ring‘is in‘a uniform magnetic field
para]]c] to its axis. The magnetic induction B=0.2 T of the field changes uniformly to
its reverse in a time interval At =2s. Express the drift speed v and angular speed w
of the conduction electrons in the ring in terms of the distance r from the axis if

a) the uniform field only fills the interior of radius R; of the ring,

b) the entire ring is in the magnetic field.

Problem 269. A copper ring of radius R =8 c¢m and circular cross-sectional area
A=2 mm? is in a homogeneous magnetic field whose induction is perpendicular to
its plane and changes uniformly. At ¢ =0 the induction is By =0 and in t=0.2 s it
increases to B =2 T. Find the angular velocity w at which the ring should be rotated
uniformly in order not to have tensile stress in it at time instant £, = 0.1 s. Can this
problem be solved if magnetic induction changes from 2 T to 0?2 (Self induction can
be neglected.)

Problem 270. The resistance of one third of a circular
conducting loop is 5 ohms, and the resistance of the 20 B
remaining two thirds is 2 ohins. The area of the circle is
0.3m?*. The points where the two parts join are connected
with radial wires to an ammeter of small size placed at
the centre of the circle. The resistance of the ammeter
8 0.5 ohms. The loop is in a uniform magnetic field
Perpendicular to its plane. The magnitude of the magnetic
induction vector changes uniformly with time:

a) What current does the ammeter read?
b) The ammeter is replaced by an ideal voltmeter. What voltage does it read?
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Problem 271. Inside a long cylinder of radius 2 =10 ¢y,
there is a smaller cylinder of radius 2/2. These are arrangeq
in such a way that the (wo cylinders touch cach other dl(\nn
a common generatrix. There is no magnetic field inside ll\c
small cylinder, and in the remaining part of the big cylindg;
there is homogencous magnetic lield which is (.hdl]“lnu
uniformly in time. The speed of change of the magnetic fiel|
is AB/AL=80V/m?. and the magnetic ficld is parallel
the axis of the cylinder. Determine the induced electric ficld inside the small cylinder,

Problem 272, A small bead of mass m and charge ¢ is threaded on a thin horizong|
ring of radius R made of insulating material. The bead can move on the circular
track without (riction and is initially at rest. A magnctic ficld that is cylindrically
symmetric (about axis £) is created, in which the component of magnetic induction thay
' is perpendicular to the planc of the track depends only

on the distance r measured [rom the centre and time /:

IH
o Binl)= +h
7
a where I is a given constant. (In a negligibly small

't neighbourhood of » =0 the induction has some linite
: value.)
a) Determine the velocity—time function of the bead.
b) How doces the radial component of the normal force between the bead and the track
change as function of time?

P ™ Problem 273 [n the mterior ol a long straight coil
. of radius /7 = 2 e, the magnitude of the magnetic

induction decreases unilormly from 3 =0.8 Vs/m”
to zero in a time interval of Ar=10""s
) Find the inmual acceleration of an electron at rest
at a distance ol ry =3 em [rom the axis of the coil.
b) Calculate the speed gained by the electron as it
gets to point 3 while covering an angular displace-
ment of ¢ = 120° as scen lrom the common point of
its plane 01 orbit and the axis of the coil.

Problem 274. On an iron wire ol cross-sectional arca 4 = 10 mm? and with relative
permeability jr= 200 N = 2000 coils of insulated copper wire are wound up closely
and this onc-layer coil is bent into a circle with a radius of =10 c¢m. In the acquired
round coil a current ol [} = 10 A is slarted, which is changed uniformly 1o [, = —10 A
intime A7 =1 s. Find the magnitude and the direction of the acceleration of the electron
that 1s in the centre of the circle at the very moment and is moving in the plane of the
circle at velocity ¢ = 100 /s when

a) the current in the coil is exactly zero,

b) 11, =0.6 s has clapsed since the beginning of the decreasing of the current.

64



4. Magnetism Problems 4.4 Alternating current

4.4 Alternating current

Problem 275. Two metal spheres of radius R are placed at a very large distance
from cach other, and they are connected by a coil of inductance L, as it is shown in
the figure. One of the spheres is loaded with clectric charge. At what time, after closing
the switch S, does the charge on this sphere decrease to the half? At what time will the
charge reach the original value again?

i

Problem 276. A capacitor that has a capacitance of Al | B
¢y = 10 7 and a breakdown voltage of 130V is filled ° | I °
with a diclectric whose ohmic resistance is 107 Q. A & C,

second capacitor with a capacitance of (=125 pl' and
a breakdown voltage of 170 V is filled with a dielectric
whose ohmic resistance is 4-10” Q.
a) What happens il a 220V direct potential is applied across AB?
b) What happens if a 220 V alternating potential is applied across A7

Problem 277. A scrics R—L—-C circuil is connected to a voltage described by
function V' = 200 V-sin(628—-{). The current changes according to function [ =

o ; ] 7r ; ;
=7.07 A-sin| 628--(— 1) The inductance is L =143 mll.
s ‘
a) Find the values of R and (.
b) Determine the potential difference-time functions across the coil and the capacitor.

Problem 278. In the clectric circuit shown in the
figure the inductance of the coil is L =10 mIl and
the capacitance of the capacitor is ' = 0.2 mTl.
The circuit is powered by an alternating current.
Determine the frequency of the alternating current,
Provided that the current value measured by the
Ideal ammeter in the main branch does not depend
on the resistance of the resistor!

Problem 279. A coil of inductance £, =211 and a capacitor of capacitance €' =3 m[’
are connected in a series o the terminals A3 ol a power supply. Ohmic resistance is
Neghigible. Ata certain point in time instant, the currenl Nowing in the circuitis =1 A
and the potential difference across the capacitor is Ve = 1V, with the dircction and
Polarity shown in the ligure.
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How long does it take the potential difference Ve=1V
between terminals A and B to become zero if the 4 R +| =
current _ _ . o L=2H C=5uF

a) varies sinusoidally with a frequency of 50 Hz?

b) decreases uniformly at a rate of 0.8 A/s? B a— [=1A

¢) varies sinusoidally as in a), and decreases
uniformly as in b), but moves in the opposite

direction.

Problem 280. Alternating voltages of various angular frequencies are connecteq
between the two terminals of a closed box. The impedances are measured and tabulateq

below:
w [s_l] 20 200 250 300 325 350 400 1000 | 5000
Z [Q 782 53.2 34.0 25.4 25.2 27.2 34.9 | 145.5

792

What does the box contain?

Problem 281. The circuit shown in the
figure is connected to an AC generator
that supplies 3 V. R =5kQ and the
two capacitors are identical. The am-
meter reads 1 mA while the voltmeter
reads 13 V. What will the meters read
if the angular frequency of the genera-
tor is changed from w to w/V2? As-
sume the meters to be ideal. (The volt-
meter’s impedance is infinitely large, the
impedance of the ammeter is negligible.)

c= ==C

CIJR Problem 282. In the circuit shown C = 2uF, R =
T R =1k and R, is a resistor of unknown resistance.
Ai PQ An alternating potential 1s applied across AB. Under
B¢ what conditions will we not hear any sign of a potential
difference in a sensitive hcadphone connected across

HR { R points PQ?
Problem 283. Two coils of equal induc-
R, R, tance and two gavlanic cells of emfs & =
= — =50V and & =100V are connected to a
A L B 220 V. AC outlet as shown. The internal re-
| sistances of the cells arc not negligible. In the
I 6 circuit the current tags the potential difference
220V~ ™1 2 by 45°. A DC voltmeter connected across
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points A and B reads zero. What will an AC
voltmeter read when connected across points
A and B?



Chapter 5
Optics Problems

Problem 284. Two power supplies with the same output voltage U are connected in
a series. We then gain a power supply whose output voltage is also U. Can it happen?

Problem 285. Four layers of glass plates are placed
on top of each other in such a way that the bottom
one has thickness aq, and refractive index n, = 2.7,
the next one has thickness ap and refractive index
ng = 2.43, and the third one and the top one have
thicknesses a3 and ay; and refractive indices ng
and ny respectively.  Three rays of light starting
simultaneously from points A,, Az, Az reach points
By, Bz, Bj at the same time, with their angles of
incidence being the critical angles as shown. A, B, =
= A3B3 = A,;B; =b=10mm. Find thicknesses «, AT
as, a3 and refractive indices ny, ny. ' '

n,

Problem 286. A glass spherical shell with an outer radius of
R=7.5 cm and an inner radius of r=06.5cm has a refractive
index ny = 1.5. The inside of the shell is filled with carbon
disulphide, whose refractive index is 7y = 1.6. A source of
light is placed at a distance of @ =6 cm from the centre. What
percent of the energy of the light source leaves the system?

~ Problem 287. The optical model of an endoscope is an optical fibre of relractive
fndex ny, which is covered by a cladding ol refractive index no. The end of the fibre
18 flat and it is in contact with the surrounding material of refractive index ny. (The
refractive indices are with respect to air.) How should the value ol ny be chosen il
through the fibre the whole half-space below the end of the fibre is to be visible

) ng=ny=1,

b) ny=1 and ny=4/3?

Problem 288. We have three equal lenses of focal length /. By placing these lenses
at distances , and d;, from cach other we build an optical system. With this optical
System the image of an object is detected on a screen. which is at distance A Trom the
Object. We observe that when moving the optical system along the optical axis back and
fo.Tlh the image on the screen remains sharp. By what values ol the gcometric data is
this possible?
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Problem 289. If we accommodate our eye to infinity and look into a telescope the
image of the Sun would be clear. If a sharp image of the sun is to be created on a screen
which is 16 cm [rom the telescope, how far a distance must the image of the telescope
be moved? The absolute value of the focal length of the eyepiece is 2 cm.

Problem 290. You have three converging lenses. Their focal lengths are 90 cm |
10cm and 8cm. How can you build a telescope from them, with the with the greatest
magnilication, if the maximum length of the telescope is 150 cm? (The lenses are al)
thin lenses and lens aberrations can be neglected.)

Problem 291. At one end of a 50 ci long tube there is a converging lens of optical
power 2 dioptres and at the other end there is a diverging lens of optical power
—2 dioptres. A plane mirror is placed behind the diverging lens at a distance of |
perpendicularly to the axis of the tube. For which distance of = can the real image of
object, which is placed in front of the converging lens at a distance of 100 cm, be in
the plane of the object? What is the magnification, and is the image inverted or erect?

Problem 292. There is a hole in the middle of small thin circular converging lens
ol focal length f=4cm. The diameter of the hole is half of the diameter of the lens.
There is a pointlike light-source A =9 cm away from a wall. Where should the lens be
placed in order to get a single, circular illuminated spot on the wall, which also has a
sharp edge?

Problem 293. A 20 cm long light tube lies on the principal axis of a converging lens
with diameter 2R =+ cm and focal length 40 cm. The ends of the tube are at distances
60 cm and 80cm from the lens. Where should a screen (which is perpendicular to the
principal axis) be put on the other side of the lens, if the diameter of the light spot on it
is 10 take its minimum value? Find the minimum diameter of the light spot.

Problem 294, The following objects are placed after each other onto a central axis
with a separation of 4 dm each, a point source of light (O), a diverging lens of focal
length —4 dm, a converging lens of focal length +4 dm and a concave mirror of focal
length 8 dm. The diameter of the lenses and mirror is d =2 dm. The point source
of light is then moved perpendicular to the central axis. What should its perpendicular
displacement () be if the image is Lo be captured on a screen?
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Chapter 6

Mechanics Solutions

6.1 Kinematics

Solution of Problem 1. The railwayman hears the signal during the time which
elapses between the moments when the beginning and the end of the signal reach him.
The time is measured from the initial moment when the sound is emitted. The beginning
of the whistle reaches the railwayman after a time of ty =d/c. Time T elapses between
the moments when the beginning and the end of the whistle are emitted, and the end of
the whistle covers a distance of  — T, thus (d—+T)/c time elapses. So, the total time
which elapses until the railway man hears the end of the whistle is tp =T +{(d—vT)/c.
The railwayman hears the signal for a time of Al=1,—1{, , which is

l—oT d r— v 330 — 30
( l (& _( t T=

At=ty—t =T+ —— == 35=2.727s.

¢ c e 330
b VT T d-vT=c(t,-T)
[+ I A
Y — E— .i, — ?
]‘ d=ct, i

Solution of Problem 2. Let d and ¢ denote the
width and speed ol the river. Let o and o be
the speeds of the boat relative to the ground in the
Wwo cases, and let de=wvy,, and vy, denote its
Speeds relative 1o the water. The task is 1o find the
ratio V2,0, / V1,0 -

In both cases, the component parallel to the
fiverbanks is cqual 10 ¢. The speeds of the boat

relative 1o the ground in the two cases are d
- I - .
d ) d Uy
v =—, and = —=—=—,
l 1y Al

As shown in the figure, the speeds are related as follows:

Il
~
T
I
[NV
Il
o
+
—
—_
~—
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Since z*'f“.l =c®+vf = (4¢)? = 16¢%, it follows that v = 15¢2. Thus. from (1). the speeg
relative to the water, of the boat with its motor broken down is

5 15 5, 31,

c“+ —c* = —c",

el 16 16

'I'lwl

Solution of Problem 3. To prove the statement, we will use a subsidiary theorem:
pointlike objects released simultaneously from rest on frictionless planes of varioyg
angles of inclination starting at the uppermoslt point of a vertical circle will all reach the
circle simultaneously. (In other words: particles starting simultancously from a point of
a horizontal line on frictionless planes all containing the line will always be on a circle
of increasing radius.)

Proof of the subsidiary theorem:

Draw a circle of arbitrary radius passing through
the common horizontal line of the inclined planes,
and draw some of the planes inclined at arbitrary
angles « o the horizontal. Select one of the planes
and consider the point that started [rom rest and is
just reaching the circle along the sclected plane. The
sliding time of the point is

1= \/2s/a,

a=gsina.

where

The sliding time is therelore

2s

gsina’

o~

To express the length of the slope from the starting point to the circle (i.e. the distance
covered by the sliding point) in terms of the radius of the circle, connect the lower end of
the vertical diameter to the intersection point of the slope and the circle. The connecting
line scgment is perpendicular to the slope (Thales™ theorem). The length of the slope is
expressed from the right-angled triangle obtained:

s=2rsna,
where, because of angles with pairwise perpendicular arms, a cquals the angle of
inclination of the slope. By substituting this expression in the formula for sliding time.

the following value of [ is obtained:
2-2rsina r
—_— =2,/
gsina g

which is independent of ¢, as stated by the subsidiary thcorem to bhe proved.
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The result can be used to prove the original statement.

Draw the circle that passes through the points
A and (' in a planc perpendicular to the inclined
planes so that the point A lics on its vertical
diameter. The circle intersects the original slope
at D. Since it follows from the subsidiary
thecorem proved before that the sliding times
are equal along the slopes AD and AC', there
remains to compare the times needed to cover the
slopes DB and C'B. Draw the circle passing
through the points DC' 3. The chord DB of the
circle subtends a greater central angle than chord "B, so the path DB is longer than
the path C'B. Furthermore, since every point of the path C'/3 lies lower than any point
of the path DB, it follows from the conservation of energy that the speed is greater
at every point of the path CB than anywhere on the path DB. Therefore, the sliding
time along the path C'B is shorter than the shiding time along D3, which proves the
original statement.

Solution of Problem 4. The acceleration—
time graph can be seen in the figure.

Proportionally. the acceleration change in
time ty 18:

a(m/s?)

Aa ) —up [

—=——— — Aa=(a;—ay)—=. (1

e y (a1 ”)h M gasle
0y=2

The speed change is equal to the arca under
the graph. (E.g., the sum of the arca of a
rectangle and a right triangle.)

1 15 1 13
Av = ants + —((11 = (I,())—fxg =aply + —(lll — (l());. (.2)
2 /LI 2 1‘1

Since the object had an initial speed vy at ty =0, the speed acquired by 1, is:

1 to .
v=wy+agly + = (e —ag) =, (3)
2 t

a) Substituting into cquation (3) the known numerical data, the speed of the object
after 10 s is:

m 1/.m my 107 2 n
:1:1—+2—,)-10s+4<3—,)—27>- S SR ()
S s° 2 8~ 5= 1s S

b) Using the equation (3) and the known data, the v—{ [unction of the motion is:

.l Lo m’Jrl(_3 2 m /7
v=1—+2 St+-(3-2) 5 —.
s s? 2 s 1s
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and in dimensionless form:

v=1+2t+0.5t%. (5)

In order to plot the v—t dia-

gram, let us complete the square in
the function (5).

Y
v=—(t?4+41)+1,

2
v:%[(x+2)‘2—4]+1,
v:%(im)?—l. (6)

The function (6) is obtained by
transforming the simple parabola .
v=1%, and its graph is plotted in

the figure.

c) The distances covered in the e ol
time intervals 0 < ¢t < 1 s and
9s<t<10 s are cqual to the
appropriate areas under v—t diagram. Since the time intervals are short, the diagrams
can be approximated by linear segments, and the problem can then be simplified to the
calculation of the arcas of two trapeziums.

The distance covered in the first second is:

_wotvy, 1 0+35 ¢

STy 2

where, according to the formula (6), vy is:

-1s=2.25m,

1 ] m
UIZ[§<1+2)2—1:| ;:3.0

» |3

Simitarly, the speeds at the 9 and 10 second marks are:

1 ; m m
vy = {—(9+2)2 —1} — =595 —,
2 S S
and
1 ; m m
vip = {—(10+2)2 - 1} 2o
2 s s
Using these values, the approximate value of the distance in question is:
Vg + v 59.5 471 2
sp= 2 Q”OAt: = 1s=6525m.
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Remark: The legitimacy of the approximations can be checked by comparing the
fevious results with .lhc cxu.ct ones obtained by integration. The exact values of the
(wo distances are, by integration:

1

/<1/"+2/+1) 1 {1 /:;+2 HMT 2.17
§i= — % [ ol = T - —_ A = Z. ]Tl,
J 2 2 3 2 0
and 10
/<]f"+‘>1+1> 11 [] t3+2 12+1}m 65.17
89 = = = 2 (4l == — Ch— ) = 0o. m.
J \2 2 3 2 0

The relative errors in the two cases are:
Asy  2.25-2.17
st 217

=0.0369 = 3.69',

and
Asy  65.25—65.17
sa 6517

(The second error is smaller, since the curvature of the parabola is less.)

=0.00123 =0.123%.

Solution of Problem 5. Since the distance covered is a quadratic function of time,
velocity must be a linear function of time. In general, if the distance covered can be
written in the form of

= ! 2 gt
s=—at”+vt,
50t 0

then
v =vo + at,

where vy is the initial velocity, a; is the tangential acccleration and ¢ is the time
elapsed. Comparing the parametric equation with the one given in this case:

s=0.5t2 421

e - 2 . 2
it follows that a;/2=0.5m/s” so a;=1m/s” and vy =2m/s.

The accelerations at times #;, =2s and t; = 3s can be calculated as the resultant
Vector of the tangential and normal (centripetal) accelerations, whose magnitude is:

Where » = v F gt
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Substituting this into the expression for accelery.
tion, we obtain:

L (tat)t 1 s
(I]:\/(I,'—PM_:—' R2ai + (vo + ayt 1)%,
R* R

(2] %(I/)) ]
u;;\/u, 2 /f’l /? 12 ll, (o agto)

The ratio of the accelerations is given:

| R2a? + (vg+arly)?
(y 2 lf'luf + (vg +apts)!

Squaring the equation and isolating the radius give:

po L JGutats)! = d(e+ah)!

0 3

Substituting known values, we find:

R 1 (2m/s+1m/s>-58)' —4(2m/s+1m/s° - 25)
it =

lm/s'")V 3

52 /2401 m? /st — 1024 m? /st 1377
:\—\/ el - L = 5 “m2=VA59mZ=3m- V51 =21.12m
m

2
5]

.

So the radius of the circle is R =21.42m

First solution of I’rol)lem 6. In order to achieve the required acceleration-[ree state.
the acceleration of the car’s tire axle (a). the normal acceleration of the valve cap (a,,).
and the tangential ;wcclcmllon ol the valve cap (a,) should produce a resultant of zero
al the given moment.

a) From the figure it is clear that this conditon cannot be fullilled at pomnt A (the
other two acceleration components point into the same hall-plane
that fits on vector a).

b) At point B the conditions for the horizontal and vertical components of the
accelerations are

(1, Sinac4ay - cosa =a (1)

Uy, - COSQO —(ty -sina =0, (2)
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Because of the required 1/8 wrn a = 45°, so
/5
sinacosa = 5 With it in detail:
(l 2 \/__3 o \/—_; /
,<_/> v P = —— =, (l)
T 2 R 2
((/ /)3 \/E a 2 (: /)
P+ s, = — 4 A -
It 2 Ro2

If the first term of (1') is replaced by the right side of

(2):
17l \/5 « 5
) )

pe— + i
R R
alter combining the like terms and simplilying by «:

R:/"\/g-

= ¢,

So the valve cap can be only at a certain distance (1= 1?/\/5% 0.71R) from the axle.
Substituting the result for time /= \/R/a from (2') into the relationship for angular
ispl 1 32 = 2 i
splacement = = 317 = 17 gives
displacement 5 SR Iy
! ‘ 1= 0
= g= 28.65

for 2, so we should start from a given position preceding point B (at the moment of
starting, the radius drawn to the valve cap should enclose an angle of o+ p = 3.65°
with the vertical).

Second solution of Problem 6. In casc b) the problem requests an acceleration-free
state in a position where the normal acceleration and the tangential acceleration encloses
the same (1157) angle with the vertical. Their resultant should be the opposite of the
(horizontal) acceleration ol the car, which is only possible il the tangential and the
normal accelerations have the same magnitude and the vector parallelogram formed by
them is a square whose diagonal has the same magnitude as the aceeleration of the car:

B = :(I/\/‘_)‘
that is,

4] «

W:IE

from which

As the normal acceleration is

a i «
Ly, =y — I(/f[> :I.'E'
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from here
L=\ —,
a
and with this the angular displacement required after starting is

2

1 R 1
=5 % : -1 =3 rad = 28.65°.

First solution of Problem 7. With superposition of velocities (coordinate transfor-
mation).

The “absolute™ velocity ¢, of the point with respect to the ground is the sum of
its relative velocity .y with respect to the coordinate frame travelling along with the
centre ol the disc and the translational velocity o, of the coordinate frame:

‘_"a = ':"l ¢t Frvl- ( 1)

X At point B, this is also true for the magnitudes of

Yo v the velocities (since initially the velocity vectors are
B

2 parallel):

R
vp =11y + e

where Rw = v since the disc rolls without slipping.
Thus the speed of point B is

3
vp = St
2
Let us apply (1) to point A. As scen {from the figure, the magnitudes of the absolute
velocity and the translational velocity are equal, v,y = Rw = vy = vy, and they enclose

an angle ¢, cqual to the angular displacement of the radius. From the isosceles triangle,
© vo ‘
UA=2u(,cos—:21,v0('os(—-t). (2)
2 2R

v, =V, At the time instant in question,
r

[N 3
Vi 21 Cos ()_1{ -[) = 5.

Hence
( vy /) 3
cos | —-1)=-.
2R 1
and the time in question is
2R 3 02m

= —-arccos —

= —arccos0.75=0.36 >
o 4 4m/s
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gecond solution of Problem 7. With an instan-
taneous axis of rotation.
The figure shows that the instantaneous axis of

rotation is the point 2 where the disc touches the
ground. The speed of point A is thus
V4 = Taw,
where
Uy
7',\:2}{('05(£> and = —,
- 2 i —

The expression (2) is obtained again by substitut-
ing p=wt=$:

v4=2Rcos (21% ~1‘,) . % =20p¢08 <2(—(]; ~I> .

and hence the requirement of the problem leads (o the same result as above.

Solution of Problem 8. a) According to the condition v, = vp;. Since the magnitude
of the velocity for a point on the circumference 0 < v, < 2v, there will be momentary
instants when it is equal to vy, which is always greater than zero and always less
than 2v (its direction will obviously be different). This requirement is fulfilled when
raw = rpw, where 7,y and rp are the momentary radii of rotation drawn to A and
B respectively, which are the distances of A resp. B measured [rom the point that
is stationary at the moment (the point that is exactly touching the ground). Since the
angular speed is the same for each point of a rigid disc. in order to [ulfil the condition

Fra=rp=1r
should be true.

From the figure it can be seen where the points should be to fulfil this condition.
(From the figure it is clear that this state is reached in the sccond quarter of the angular
displacement first.) Triangles OAP and PADB are similar because they are isosceles
and their angles on the base are common.

Let ¢ stand for the angular displacement of the radius
belonging to point A and « for its supplementary
angle. The momentary radius of rotation from the big
triangle is

a
r=2Rsin—.
2
and from the small triangle
R
r=

=
lhm2
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Therefore the right sides are equal:

e R
2Rsin — = ——.
2 4sin 3

From here — independently of the radius — the following value is acquired for the sing
of the half of the angular position:

a1
sin” — =<,
2 8

from which

\}

a1 V2
sin— = —==—.
2 8 4
From this

=41.41°.

=5
[\)

o =2-arcsin
So the first angular displacement that fulfils the requirements of the problem is
@1 =7m—a=180°-41.41°=138.59° = 2.42 rad.

The time elapsed in the meantime is

¢ R
751:“91:501 =4.84s.
w v
b) The requested speed is
v 2
va=vp =rw:2Rsin%-% :QSin% =05 M 03542,
2 2 s s

¢) The distance travelled by the centre is

s;=Rp1=1m-2.42 rad =2.42m.

Solution of Problem 9. a) Let us examine the phenomenon from a reference frame
fixed to the uniformly moving cart. At this frame the bit of mud leaves the rim in
the direction of the tangent, that is, in this system the initial velocity of the projection
encloscs an angle of o = 60° with the horizontal. As the bit of mud falls back at the
same height as it starts from, the distance between these points is the distance of the
projection:

Tonx = 210sina.
So in the reference frame of the cart:
208 sinarcos o
g
where vg is the peripheral velocity of the rim and the travelling velocity of the cart as
well. From here

S 2
UO:\/ Ry —\/0'(’ e 080 oS L w543 .
S

cosev 0.5

=2Rsinq,
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6. Me

IN THE FRAME OF THE GROUND

' R:sina S R-sina

b) The time of the oblique projection of the bit of mud is

2upsinae 2-3.43 m/s-0.866
t= - 2 —061s
g 9.81 m/s?

In this time the point of the rim where the bit of mud detaches from travels through an
arc of

i=vpl =343 m/s-0.61 s=2.09 ma2.1 m
due to the skid-free rolling motion, from this arc 7" that the bit of mud Aew along, thal
is,

. 2m
i'=R- 3= 1.257 metres,
should be subtracted, so the length of the requested arc is

Ai=7—i=209m—-1.257m=0.833m=0.8m.

¢) The motion of the cart is skid-free rolling, the axles of its wheels move exactly at
velocity vy =3.43 m/s, so the in the time between the detachment and the falling back
of the bit of mud the cart travels a distance of

s=vpt=3.43 m/s-0.61 s=2.09m=~2.1m,

which is obviously equal to <.

(The special angle of projection enables us
10 reach the conclusion faster. Namely, in the
Coordinate system fixed to the ground the bit of
mud travels exactly at velocity v, = vgcos 60°+
+ Uy =3vy/2 in the horizontal direction, which
1S 3/2 (imes the velocity of the cart. Therefore
lhe horizontal displacement of the bit of mud is

312 times that of the cart, that is,

2R'sina +s

3
2Rsina+s= §s

From this, the distance travelled by the cart is:

s=A4Rsina=4-0.6 m-0.866 =2.1 m.)
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Solution of Problem 10. a) With a g¢ood approximation the balloon in the Problep,
performs a harmonic oscillatory motion. since its acceleration is proportional to its heighy
measured from the altitude /7, and has opposite direction. Through this analogy the
kinematic equations ol the balloon are similar o those of a harmonic motion.

The kinematics ol the harmonic motion is uniquely determined by its amplitude 4
and its maximal acceleration «a,,,« . This exact data is given in the problem:

A=H and Uygnx = ()

In the first question the speed at the altitude /1 is just the maximal speed of
oscillation. The maximal velocity and maximal acceleration of the harmonic motion ¢y,
be expressed using the angular frequency:

Minax = f\W'-
Apax = A

From here. the angular frequency can be expressed using the known data:

So., using the previous notations, the unknown speed at altitude /7 is:

= \/”llun,\""1 =V anlf.

b) The speed at altitude /72 can be determined by the known formula;

nax

"(][):I'm;n.\::/‘\ A

SO

/ 2
[.___\/7;_?\/[/3* }T = \/O.THuyll.

¢) The time in question is one quarter ol the period ol the harmonic oscillation. so:

T 27 7w [H

f=— = — = — _

1 “duw 2 (I”'

Another solution (lor the questions concerning the speed) is based on the work-
cnergy theorem.

Since the net force acting on the balloon is lincarly decreasing to zero with the altitude.
the foree averaged over the ahitude is just half of the maximal force.
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6.
The change ol the Kinetic energy is equal A

1o the work done by this force: F

i 1 -

H=—-muv~, may
2 2
thus, the speed at height H is: e,
2

()= aoll.
From ground level to H /2 the average (orce .
i y
S
l mag + 5= e

s = 0.75may.

so the speed at height f1/2 s
U=/ (J.73(l()f[.

The simplest, most elementary way to determine the time needed for the balloon to rise
is (o apply the analogy to the harmonic oscillation.

Solution of Problem 11. First we have (o determine the time it takes the bullet,
moving at a constant horizontal velocity component, to arrive at the trajectory of the
falling ball. During this time, in a vertical direction, the bullet performs a free fall and
loses its height of /. However, because the bullet hits the ball, the ball covers the
distance (h —h')4hy. The time in question is therefore simply the difference between
the time of the free fall of the ball and the time of the flight of the bullet.

v =100 m/s

.-
i d=50m

It takes the bullet
d 50 m
fl e = =0.5s
v 100 ‘—l’

10 reach the trajectory of the falling ball. During this time it loses a height of

1, 1 o )
hy==g-17=--981 =-0.25s"~1.23 m.
2 . 5=

o

The time of the free fall of the ball, undil being hit by the bullet, is:

2-11.‘23111_1,11
pEE
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So the time difference in question is:
At=t—t,=151s-05s=101sx~1s

The parametric solution of the problem can be significantly simplified by considering
the fact that h —h'=h/2. With this in mind, the time of the fall of the ball is:

Solution of Problem 12. Let us write down all the requirements for the two motions,
The projectile and the object sliding on the slope arrive at point P at the same instant.
Thus, the vertical velocity component of the projectile is equal to the vertical component
of the average velocity of the other object. Since the object on the slope performs
uniformly accelerated motion, its average velocity is half of its final velocity, so

v

V0 COS P = Ecosa,

where ¢ is the angle of the throw (above the horizontal), and « is the angle of the
slope. The two objects arrive at P at the same speed, i.e., vop =v, so we can simplify
using the initial speed of the throw and the final speed of the sliding:
cosa
1
. (1

The two angles should certainly obey this relation, but it does not mean that any a
could solve the problem.

cosp =

A further requirement should also be
satisfied: the total time of the throw
should be equal to the time ol the
sliding. (Indeed, if only equation (1)
was satisfied then the x coordinates of
the two objects would be equal at the
instant when the object on the slope
gets to P, but the y coordinate of the
projectile would not be 0.) From this
requirement we get that ¢j,,ow = falide-
S0:

2vpsing )

g gsina’
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which means that the angles obey another relation as well. Only one pair of angles can
satisfy all the requirements of the problem. After simplification:
1

e (2)

sSIma
Now we solve the system of equations (1-2). Taking the square ol equation (2), and
ne a trigonometric equation to change the sine functions to cosines, which appear in

o

2sinp =

usi
(1), we get that:
5 1
4-(1—cos?p) = ————.
1 —cos- o
Using (1) to substitute cosa=2-cosg:
: 1
4 (1—cos®p) = .
( cos V) l*"l('o:g—’\;

After multiplying with the denominator:
4-(1=cos? @) (1 —4cos? ) =1.
Then performing the multiplications:
4—4cos?p—16cos® o+ 16cos? p =1
After arranging the terms:
16cos’ ¢ —20cos? p+ 3 =0.
The solution of this equation for cos®¢ is:

s 20+/400-4-16-3 { 1.07569

COSs =
4 216 0.17431

Only the sccond root is mcuninUI‘uI, and since ¢ is an acute angle in this I'()b'C[ﬂ,
& ¥ c
we obtain that:

cose=4+VvV0.17431 =0.41750 — @ =arccos0.41750 = 65.32°".
From equation (1) the angle of the slope can also be determined:
cosa =2¢cose =2-0.4175 = 0.835.
80 the angle of the slope is
a = arccos0.835 = 33.38°.

The phenomenon described in the problem occurs only at this valuc.

First solution of Problem 13. We can start by using the two conditions which state
that the the two picees reach the ground al the same moment, and that one of them falls
back to the place at which it was projected. From the lirst condition it can be concluded

that only the horizontal components of their velocitis change, thus the heights of the
rajectories of both pieces are the same as the height of the path of the projectile if it
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does not explode, from the second we can draw the conclusion that the two pieces always
move in the same-plane, which is the plane of the trajectory of the original projectile
motion.

The centre of mass of the system of splinters — according to the theorem of (he
motion of the centre of mass — moves along the trajectory of the original imaginary
projectile which does not explode, and reaches the ground at the range of the origing]
projectile, at the moment when the splinters reach the ground. Let us describe the motiop
of the projectile which does not explode. The vertical component of the initial velocity
is v, = vpsina = 200 m/s, and its horizontal component is v, = vpcosa = 346.4 m/s.
The time while the projectile ascends is t,5. = v, /g = 20s, thus the time of the projectile
motion is /., = 21, = 40s. The total range of the projectile motion is zy,ax = vyt
= 13856 m, and the height to which the projectile ascends is 1.'3/2g: 2000 m.

The vertical component u,,, of the new velocity u; of the sblinler which goes back
to the place of the projection after the explosion does not change, and its horizontal
component 11, can be calculated from the final speeds given in the problem. Because
the vertical motion is not influenced by the explosion the magnitude of the vertical
component of the final velocity of the splinter which hits the ground at the original
position is the same as the magnitude of the vertical component of the initial velocity

pro =

. _— . . m
of the projectile, which is: vpsina =200 —.

[ [ Y R E R R
X
10 km 15 km

The speed of the impact is given: wvj,, = 250 m/s, from these data using
the Pythagorean theorem the constant horizontal component of the velocity can be

calculated:
ur, = /o3, —vd, = /2502m? /s? — 2002m?/s? = 150 <

Let us denote the time elapsed between the moment of the projection and the
explosion by t;. The time elapsed between the explosion and the impact is ¢t =1,,,, —{1-
During this time the splinter which goes back to the place of projection covers a distance
of xy =uy,(tpo —t1) along the horizontal, while the common centre of mass covers
a horizontal distance of xp = v, (tpro —t1). The sum of these distances is exactly the
total range of the projectile motion, thus:

Tiax = L1 + I = UJ‘([pr) - tl ) +'UOJ'(tpr0 - tl) =
_..m m . m
=150 — (405 —t,) +346.4 — (405 — £,) = 346.4 — - 40s (= 13856 m).
S S S
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The solution of the equation gives the time between the projection and the explosion:
=12.087s.
Thus the height of the explosion is:

1 m

i .
h1 =voyt1 — ;g[{) =200 2 .12.0875 — 510 :12.087% s2 = 1686.9 m.
i % S Z

s2

Second solution of Problem 13. The problem can be easily solved if we use the fact
that phenomena in mechanics are reversible. If the velocity of the impact was reflected,
that is, if the splinter was projected with the velocity opposite to the the velocity at which
the splinter hits the ground then the splinter, which falls back to the initial position,
would move from the place of the projection to the place of the expolosion along the
same trajectory upon which it moves when it falls back to the place of the projection
from the position of the explosion. Thus the paths of the projectile, which does not
explode, and the splinter which falls back, intersect each other at the place where the
projectile explodes. Therefore, we only have to write the equations of both paths and to
solve the equation system to y.

The equation of the path (of the centre of mass) of the original projectile is
g 2

58

y=tana; r— —5——>
203 cosa

The equation of the path of the splinter which falls back to the place of the projection,
and which is “projected back”, is

9 i
2 cosal

wnnp

where o =30°, tanas =200/150, cosas =150/250.

The trivial solution of the equation system is z =0, which is the initial point of both
paths, and the solution which we would like to find when x #0 can be calculated from
the linear equation, which we gain if x is cancelled.

y=tanws - —

g i g
tana — WT’ =tana, — P = £L.
2uj cos® 21,impc05 [a )
Substituting the numerical data:
1 200 10
tan 300 T A Ay oot =T 7_21
24002 cos? 30° 150 9.9502 (120)
The solution for
2 =-1187m,

and substituting this result into the first equation the height at which the explosion
Occurred is:

10
2-400? cos? 30°
(The velocity of the splinter which moves forward and the ratio of the masses of the
SPlinters cannot be calculated from the given dala.)

hy =y; =tan30°- 1187 m - -4187% m = 1686.9 m.
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Solution of Problem 14. Let line a he the path of the bullet. point A is the lair o
the gamekeeper. (The descent of the bullet can be neglected in this phase of the Motion
AB=d=1m.

During its flight, the bullet produces sphy,.

a v B ically propagating sound waves al cach poip,
ol the path.  The enveloping surface

these at a given moment is a conical surfye,

d whose generatrices mark the maximum (.

tance reached at the moment in concern. Afjey

time /. when the spherical wave of the bullg

A 15 at distance ¢ from point €', then the bully

itsell is at a distance of ¢l from this place

(point D shown in the figure). Point D is the apex ol the enveloping conical surface

(because the spherical wave starts from this pomt exactly now).

The sound can be sensed when the enveloping

conical surlace reaches A. Then lor the semi-

]

apex angle ol the cone on one hand:

a C
(73 ) A ol 1%
D SO = ——— = — = —.,
X aDoooet o
A on the other hand
. AB
sma = ——_ = —.
AD v
where o is the unknown distance. From these
v 630 m/s
r=—d=——"—"1m=2n.
G 340 m/s

6.2 Dynamics

Solution of Problem 15. Let us assume that the object is pointlike. The object should
reach the top of the semicircle. after which its motion will be a horizontal projection. If
the object is to reach the top ol the semicirele. the normal force K exerted by the track
should not become zero anywhere other than at the top.

According 1o Newton's sccond law:

mg+ N =md.

which at the top of the semicircle takes the form ol

; v? |
mg+ N =m—. (1
7
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where 0*/r is the centripetal aceeleration of the object. (As the vectors are all vertical,

their magnitudes can be used in the equation.) The object will reach the top of the

gemicircle il the normal force remains positive or becomes zero there. Since the extreme

case should be investigated (because that is when the velocity ¢, and therefore the

distance of horizontal projection is minimum) let us substitute A" =0 mto equation (1):
" 4

1)
mg=im—,
”

from which

o =\/1g. (2)
This horizontal velocity is maintained throughout the horizontal projection until the
object hits the track in its original position. The time of fall equals the time of a freefall
from a height of /r =2

The horizontal component of the object’s displacement during the fall is:

ET
r=wt= ‘/r_(/\/>— =2
g

[tis interesting to see that the horizontal displacement equals the height from which the
object falls. This distance is the shortest possible distance of the horizontal track that
we wanted to find. The velocity given to the object in its initial position in the extreme
case can be calculated using the conservation of energy:

lmz"‘) =mg2r+ —mu;
5 = g_l+2mt“.

hence

=\/rg+ vE = \Jdrg+rg= \/T(/ (= \/gz‘”).

Solution of Problem 16. a) Considering the requirements of the problem, let us start
the reasoning at the end. The object leaving
the track at 3 becomes a projectile with a
hml/()nml initial velocity ol ;. Since it
S 10 (ravel through C'. it needs o cover
a4 horizontal distance of J while falling
through a vertical distance of 12 below the
Point /3. The cquations Tor the displacement
of the projectile are

l'/;/ =

ang

R=24=
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Hence, with the elimination of ¢,

g
2R

vp=d-
Given the speed al B, the law of energy conservation can be used to delermine he
speed at K :
1, 1
3K = =mg(h+ R)+ —ITII'U

With the substitution of the above expression for vp, the speed at A is

12 9m2.10 4
1r1<:\/2g(/1+R)+(2]§ o B 10 S em+1m)+ ﬁ:m.z:s'—;l.

b) Since the object must slide all the way along the track to get to point 3, the norma]
force cannot decrease to zero anywhere along the track. That imposes a lower limit on
the initial speed of the projectile motion. Thus the horizontal distance d has to be long
enough to be reached during the time of the lall. The normal force Fp exerted by the
track at point B is obtained from the equation for the centripetal force:

o2
Fp4+mg=m—
B g=1 R
” ;
712 dZ
FB:mL[—gfm,g:mg<ﬁ—1) >0. (1)
The value of zero corresponds to the minimum value of d, thus d,,;, = RV2=141m.

¢) At the point A, the normal force of the track changes suddenly from the value of
zero along the line scgment A to the value Iy required by circular motion. At point
A of the circular arc,

‘)

F \:”IF

The value of w4 1s obtained from the law of energy conservation again, applied between
the points A and B separated by a vertical distance of R:

muv ITZ'IY2
R B Rl 1 )
mglt-+ 5 5
Hence the square of the speed and the normal force at A arc 1'4 =2Rg+ 2‘12
d? m / 9m?
Fa=mg| 57z +2)=05kg-10 5 2| =825 N. 2)
A mg(w? ) (2 Tm? ) ’ (

From (1) and (2),

Fp=Fa—3mg=325N-0.5kg-10 - = 27.5N.
o
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Solution of Problem 17. Let us describe the instantancous position ol the object with
the angle a between the vertical and the radius drawn to the small object. Where the
wall ends, the object undergoes projectile motion with an initial angle of o as well.
The omission ol some part of the wall does not lead to the failure of the trick if the
downward part ol the parabola smoothly fits to the circle again.

From this, it is derived that the missing part of the
circular track must be symmetrical along the vertical
diameter of the circle. This condition can be considered
as the horizontal component of the displacement of the
object during the time of the ascent of the object (half
of the range of the projectile motion) and is the same as
the half of the chord which belongs to the arc cut off the
circle. Let us determine the central angle subtended by
the arc cut ofl. Let the magnitude of this angle be 2a.

The time of the ascent of the projectile motion is:

vsino
g

The distance covered during this time is:

<

rCosa - Usinag .
veosa-l, = — = Rsina
g
! Rqg
From this cosa = —-.

The initial speed of the projectile motion can be calculated using the work-cneroy
theorem:

1 5 i .
—mgR(1+cosa) = ;mz'“) — ;nn-'(;,

; 9 9 R
from which: v* = vj —2gR(1+cosa), and cosa = — i ;
vy —2Rg(1+cosa)

This is a quadratic equation for the cosine ol half of the asked angle:

cosa+ |1 [‘-: Ccosa ! 0
08 C = Osa + - = U,
2Ry 2

vy 100
2Rg  2-8.16-9.8

In our case = 2.5, which can be substituted into our cquation. such
that:
cos®n — 1.5cosa + e 0.

from which 2 solutions are gained for cosa:

cosar =1, and cosas =0.5.
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The solutions for the central angle of the arc which is to cut off dre p1=2a;=0" and

o =29 = 120°, so the length of the circular path is: i = Rp = —R =17.15m.

Solution of Problem 18. The object moves on a vertical circular path, during which
the tension in the string decreases. The maximum tension occurs at the bottom of
circle, i.e. at the start of the motion. If the string does not break at the start, there grq
two possibilities: 1. If the initial velocity is enough to make the object to move aroupg
the circle without the string bgcommg slack, the string will never break. 2. If, h()WLVu
the object leaves the circular path at a given point (where the string becomes slack), j
will undergo projectile motion until it reaches the circular path again, where the smng
will become tense. In this case, assuming that the string is not stretchable, the tcnsioB
in the string will be extremely high (well above the maximum 40N') and because it g
pulled suddenly, the string will break. In this case, the solution becomes the point of
intersection of the parabolic path and the circle.

I. The tension acting at the start can be determined
using Newton’s second law:

K—-mg=m—
C—mg=m-—r,
which yields
. v B (196 m?/s? m\
=22.5N < 40N,

so the string does not break at the start of the motion.

2. The point in which the projectile motion of the
object starts is the point where the string becomes slack,
i.e. lension I\ becomes zero.

Let o be the angle formed by the string and the vertical in the above point. Applying
Newton’s second law to the object in that point, we obtain:

v?

mgcosgo—f—[\'sz, (1)
where I =0. The velocity (v) of the object in that point can be determined using the
work-kinetic energy theorem:

L= & _ 3
—mgL(1+cosp) = Em,v“) ~ Emvé

(the work of the tension is zero), hence
v? =02 —2gL(1+cosp). (2)
Substituting equation (2) and /A" =0 into equation (1) and dividing by m give:
2

'

Yeos o= I—O —2¢(1+cosyp),

s
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ich yields
which Y 2
3cosp = ==
gl
hence the cosine ol the angle that gives the position in which the object leaves the circle
18- ,1,3 3 112 l]lE/Sg 2

COSQY = —F — : :4—~.—205‘ :;)
T 3gL 3 3.10m/s75.6m 3 (

o the angle formed by the string and the vertical turns out to be:

w =00°.
The launch speed of the projectile motion can be calculated by substituting the value of
cosy into equation (2):

m m
— =5.29 —.
S
(1)
According to the figure, the coordinates of the point where the object leaves the circle
are:

v= z)"‘;—QgL(l—i-O.S):\/1»’121119/5'—’—2-10111/52-5.6111~1.7: 23

rp=—Lsing,
yo = Lcosyp,
because the angle above the horizontal at which the object is launched equals the angle

formed by the string and the vertical.
The equation of the circle in the coordinate-system defined in the figure is:

w2 pyt=L2
The coordinates of the object during its projectile motion as a function of time are:
r=zp+vcosp-t=—Lsing+wvcosy: I, (5)
y=yo+vsing-{— %gr‘2 = Lcosp+using -l — %g/l‘l. (6)

lnSerling these coordinates into the equation of the circle, we get:
L?sin? @ —2Lvsingcospt + v cos? ,:IZ + L2 cos? @+ v?sin? o2+ Zgzi“r
. Lo o 1 3 9
+2Lm'ospsm\;~t—2Lc<>s,;-§gl —21:311](,95_(/[ =L*

Usnng that L%sin®p+ L2cos?p = L2, v*%sin®p +v*t%cos®p = v%1% and that the
SUM of the second and seventh term equals zero, our equation simplifics to:

vt 4 7’(/2['1 — L(‘os\,cg/‘) —vsmgogz"3 =0.

DlViding by 120, we obtain:
1 2.9 % :
—g t°" —vsinpgl + (v? — Leospg) = 0.

/]
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This is a gquadratic equation for /. whose solution is:

rsingpg -+ V e2sin? 292 + g2 (Leos pg — 02)

b= =
54
alier simplifying the fraction by g. part ol the expression under the square root can by
writien as:
T 2 2 2 .2 D D
vosin“p—v  =—v"(l—sin"g)=—v"cos"p

thus

- rsing £/ (Lg— 12 cosg)cos o
2 ; .

Subsuituting known values and using equations (3) and (4). we get:

5.29 1 0.866 £ \/(5.6 m- 105 — _’h"% -0.5)-0.5

t=2.
10

hence

i =1.8833 and 1o =),
Substituting the value of £y into the .« and y coordinates of the object as given in
cquations (3) and (6) gives the position of the object at the moment when the string
breaks:

r=(=56m-0.866+5.292-1.833-0.5) m = —(1.8196 + 1.850) m =0,
y=(5.6-0.54+5.292-0.866-1.833 —5-1.833° ) m=-5.6m=—L,

which means that the object comes back into its initial position (at distance L below
the point of suspension) when the string break.

Solution of Problem 19. The position of the object can be described by angle a.
which is the angle enclosed by the vertical and the radius connecting the centre of
the semicircle and the object as shown on the figure. The acceleration ol the object
can be resolved into tangential and normal components, which are a, = gsina and
@, =7/ R, where ¢ is the instantancous velocity of the object in the given position. As
the two components are perpendicular, the net
acceleration of the object can be caleulated as:

a=\/a} +a3 = \/(.r;sin(,\)g—if (("-’/I?F.

Using the conscrvation ol encrgy. we can
express the velocity of the object in terms o
angle o

"

mgR(1 —cosa)= Sme
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which yicelds
0t =29 R(1 —cosa).

guhgliluling this into the formula for acceleration and assuming that the acceleration
¢hould be two thirds ol g. we get:

)

I s
a zg\/.\'in'n +A(l—=cosa)?=—--g.

Wl

after some algebra, we get a quadratic equation for cosa:
Y9 -
27cos™a —72cosa + 11 =0.

the only solution to the cquation that has a physical meaning is:

12— 21 .
cosa = ——— =(.8242, — a=234.5".
9
The net acceleration and the tangent line form an angle 2. for which we get
gsina
29/3

The angle enclosed by the acceleration and the horizontal is 2= ¢ +a =066.3.

= 1.5sina =0.8496, — =318,

COS @ =

Solution of Problem 20. The object leaves the
slope when the normal reaction becomes zero. In
our case this may happen along the part of the path
which is concave downward, with the chance of it
happening being greatest at the lowest points. Let
us assume that the object is a point-like one. The
eritical position is the inflexion point of the path,
$0 il the normal reaction becomes zero there lor
amoment, then it will increase abruptly to a high
value because of the opposite curvature.  Let us
consider this case as the critical case, because il the
object reaches this point at a greater speed than the
Speed which belongs 1o the critical case then it will
surely [eave a finite seement of the path.

The question can be stated in the following way as well: What should the initial speed
an object which slides down on a smooth circular path of radius R be. so that it it
leaves (he path just as it descends from a height of /1/2?

Let the speed of the object at the top of the path be ¢y, and > after descending a
kfi‘:’hl ol 1/2. During the motion of the object the resultant foree is the vector sum
OF the normal reaction and the eravitational force. At the moment when the normal
Caction ceases the resultant foree is equal too the gravitational force. At this moment

of
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the object moves along the circular path of radius R making the centripetal force equy)
to the radial component of the gravitational force. Thus for this position:

2
(%
Mycosa = ml—%.
After calculating the speed the law of conservy.
N tion of energy is applied:
1 1,
mgAh = =mvs — =mv?,
g o2 T 5T

where Ah=h/2. From this

va=1/gh+v? and vy =\/v3—gh.

Expressing vo from the first equation and substi-
tuting it into the last one:

v =/ Rgcosa — gh.

R—h/2 h
R-hj2

R 2R
using the value of cosa and substituting the data of the problem, the asked speed

becomes:
h 3h m
vi=y|Rg|1—— | —gh=y/Rg|1—— | =4.43 —.
. 9( 21{) g g( 2R> s

Reading from the figure

COSQx =

Remark. The fact that the circular paths join ‘without break’ does not mean that
the object passes ‘smoothly’, because at the connection the normal reaction abruptly
increases from zero to a very high value, allowing an elastic ball to be ‘ejected’ at the
inflection point. Here the path cannot be considered as straight, unlike, for example,
a sinus curve at its inflection. Let the mass of the sliding object be 1kg: the normal
reaction cxerted on it at the inflection point of the curve increases from zero to a certain
value of N for which N —mgcosa=muv?/R, from which

1 4432
N =m(gcosa+v?/R)=1kg- (9.81 m/s- -+
5

m/s2> =11.77N.

Solution of Problem 21. At the moment
when the object detaches from the slope, the
reaction force of the slope becomes zero, SO
Newton's second law in radial direction is:

¥
myeose: =m .
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According to the work—energy theorem:
mg[R(1 —cosa)+h]= 511:1"‘),
from which the square of the speed is
v? =2g[R(1 - cosa) +h].
and, according to the given data, the cosine of a is

SR 3
cosa=-"—=-—.
R |
Plugging in all these formulas into Newton’s second law (yet in parametric form), we

get:

2gR(1—cosa) +2hyg
I '

From this the altitude h measured from the common horizontal tangent ol the arcs is:

3
h = (;COS(\ - 1) R,
and substituting the value ol cosa, we get that
3 3 9 8 1
h=|---—1|-R=|-—=|-R=-R.
2 4 8 8 8

The whole distance covered by the small object on the slope is the sum ol the distances
covered on the concave and convex parts:

geosa =

5=51+ s3.

The first part of the distance can be determined from h and R:

R—1 / 1
51 = Ry = I?-arccos 0 Lo R arccos <1 - —é) = R-arccos (1 — g) =

= l{-a‘l'c('os; =0.5m-0.505~0.253 m.
The second distance, according to the data given in the problem, is:
52 = Roa = R -arccos )i =0.5m-0.7227 =0.361 m.
Thus the small object covered a total distance of
s=5;+5,=0.253 m+0.361 m=0.614 m=061.4 cm,

On the slope, which has the parametric form

3 7
s=Rp+Ra=R-(¢g+a)=1R- <arc<‘os 7 + ;m-msg) .
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Solution of Problem 22. Let us solve this problem in general for an arbitrary initjy
angle 0 < o < 90°.

Figure a) shows the forces acting on the bob. The resultant force of gravitational force
mg and tension K points towards the inside of the circle, its tangential component
being equal to that of the gravitational force. Figure b) shows the accclerations of the
bob, which can be derived from figure a) by dividing each force by the mass m of the
bob. The magnitude of the net acceleration can be written into the form of:

o= fr= () + g m

The velocity of the bob can be calculated using the conservation of energy formula.
While the angle which the cord makes with the vertical
decreases from g to «, the bob’s height decreases by:

|Ah|=r(cosag —cosa).

Applying the conservation of energy formula and in-
putting the initial velocity as zero, we obtain:

1
mg|Ah|=mgr(cosay — cosar) = E?TL’UQ,

hence

v% =2gr(cosag — cosa).

Inserting this into equation (1), we get:

= g\/[Q(cosa —cosag)]? +sin’a = g\/sin?(H-él[cos2 o — 2cosacosag + cos? o] =

= \/3(:05"’&—SCOSQ'Ucosa+/1(‘082(\'U+1. (2)
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The bob will reach its minimum acceleration when the expression under the square root
rakes its minimum value. This expression is the second degree function of cosa:

3cos? o — 8¢os g cosar + (1+4 cos? ap N (3)
The general form of a quadratic function of z is:
r’+br+ec.

By calculating the zeros of this function, you will find the w-intercepts of a parabola,
with an axis parallel to the y-axis. These intercepts are symmetrical to the axis (and
1o the vertex) of the parabola, therefore the z-coordinate of the minimum point of the
parabola is the arithmetic mean of the two zeros:

Liin = (-L'l +~'72)/2-

where

—b++/b? —4ac | —b—+vb%—4ac

—— and Ip=
2a 2a

Calculating their arithmetic mean gives:

I =

b

2a

Let us apply this to the second degree expression of cosa. The angle at which the bob
reaches its minimum acccleration is given by:

Lin = —

cosag 1
COSOV iy = ———— = = COS). (5)
6 3
Using this calculation in our case the initial angle is ap = 45° and the minimum
acceleration is reached when:

4 V2 2\F
COSppin == " —— = =0.9428
3 2
from which the angle formed by the cord and the vertical is:
Qmin = 19.47°
The question set in the problem is thercfore answered.

Let us calculate some additional data regarding the minimum acceleration. Substitut-
'"" equation (5) for equation (2), we arrive at a minimum acceleration of:

16cos? v 4cosa ‘
Amin =g \/l'f‘i 9 g —8- 3 ! +4COSZC\’0:

/9 —12cos?a. (6)

\/(48 96 +36) cos? +9 =

QDIQ
lDi'Q
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- V2 .
In our case oy = 157, s0 cosay = 5+ Inserting
this into equation (6). for the minimum value of the
acceleration we get
a
% Eal
B\ -
g /2
Qi = PG| = =
min P . .
.5\ 2
Angle 2 formed by the minimum acceleration and £
the tangent ol the path is:
gsina s 9.7 A
cosp = —— = = =0.5773,
V3 /3/3
93 ey
thus o = 51.73°%, while the angle formed by the minimum acceleration and e

horizontal 1s:

e=p—a=54.73° - 10.47° = 35.26°,

Solution of Problem 23. a) When the blocks move with the same acceleration, their
acceleration cquals the acecleration of their centre of mass. which can be determined
casily. The sum ol the external forces acting on the system cquals the mass of the
system times the aceeleration of the centre ol mass:

X .
L Foash = Pitlie e
Aplying this to the system ol blocks, we obtain:
M GSING 4 mogsina — 0y geosa — jiamagcosa = (4 ma) e e
Using 1y = mo = m simplilies our equation 1o:
2mgsina — (i + ) mgeosa = 21a e

from which we (ind:

o+ 2

m . _, 0. - . m
cosa) =10 — (sin 15" — - cos 157) =0.656 — .

a=g(sina —
2 S 2 S

Note that the upper block (if it was not connected o the lower block) would not start
1o move on the inclined plane by 1tself or would stop after being pushed downw ards
because the Iriction acting on it is greater than mgsina. But as the [riction acting ob
the lower block is small. the lower block moves down pulling the upper block with it.

b) The extension ol the spring could be determined by applying Newton's second
law to cither block and substituting the value of acceleration calculated above. Let us
now. however. calculate the extension directly, using only the given data and not the
acceleration.
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-

Newton's second law applied to the lower block gives:
mygsina — pamgeosa — DAL= ma,
while applying Newton's second law to the upper block. we obtain:
mgsina + DAl — ppmgceosa = ma.
gubtracting the first equation from the second. the acceleration and mgsina cancel out:

QDA = prymgeosa -+ pramgeosa =0,

from which we get:

iyl
A/ = BI/T SCOSy,
inserting the given data, we find:
3ko m 0.2 . _
l=——2—-10 - = -cos 53" =0.01448 = 1.45 cm.
200 N/m S22

Solution of Problem 24. Consider the motion ol the system. According to Newton’s
second law. with the notations of the figure,

Iy =1y = (m+ M)a,. (1)

where I is the Torce ol static friction. [ is the lforce ol kinetic friction, and a, is the
acceleration of system.

Note that there are two friction forces ol opposing directions, acting on the system al
the same time. The first is opposing the motion, while the second. acting in the direction
of the motion. advances translation and retards rotation,

The friction Torce I is obtained by con-

sidering the torques acting on the cylinder: ﬂ/’

: | i
FIR=03=-MR"—.

2 R

Hence | 14
Iy ==Mua,
2
and
IS =p(mg— KNsina).
With the Iriction forces substituted in (1):
1
gy Nsina) E‘\I”N = (- M. (2)

The lension Torce A acting on the string can be determined using Newton's second law
dpplied 1o the cylinder:

Nceosa Iy =M.
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With the expression for [} substituted, I can be expressed:
- 3May
~ 2cosa’

K

If this result is written in (2), the only unknown that remains is the acceleration:

3May 1
pmg— fi i sina==-Ma,+ (m+ M)a,.
2cosw 2

Hence the acceleration of the centre of mass of the cylinder (and the acceleration of the
plate) is
2um

s = 3M(1+ ptana)+2m v

According to the given information, m = 2M and tana = \/5/3, thus:

4p 1.6 m m

Qs = - = 110 = =2.08 .

31+ ptana)+4 3404344 s s*

Hence the distance covered and the time taken are
2 2.2

U5 4m*/s 25 2-0.98m
=—.g=————=0.98 d t=—=———=0.98s.
2a, 2-2.08 m/s? e o Vo 2 m/s s

Solution of Problem 25. a) The hoop will get higher it there is friction, since in that
case a part of its rotational energy (or possibly all of it) is also converted to gravitational
potential energy. This statement can also be proved true by considering the forces acting
on the hoop: as the hoop ascends, the speed of its centre of mass decreases. To decrecase
its angular velocity, there is an uphill friction force acting on the hoop, which represents
a lifting force on the hoop.

It is instructive to compare the heights quantitatively: if the hoop rolls up the slope

AByn, 3mui+30w? o2

without slipping, it will rise to a height of Ah; = = = —, while
mg mg g
5 i : Eiranst smvE 02
without friction its rise will only be Ahy = —2ansl — 2 70 LY
mg myg 2g
The ratios of the two heights for a hoop and for a sphere are, respectively,
A}Il Ah[ 7
—— =2, and =-=14.
Ahy Ahy 5

If there is only a weak friction on the slope and the hoop rolls with or without slipping.
it will rise to a height Ah, such that

Ahy < Ah < Ahq,

and part of the energy is dissipated. V \3

b) If r < R, the hoop reaching the slope will roll on up -~
the slope without a collision. On arrival, the speed of its
centre of mass is vy and its angular speed is wg = vy /7. —
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In the absence of friction (since there is no external torque acting on the hoop). the
angular momentum ol the hoop, and thus the angular speed too, will remain constant all
the way. The hoop will slide up to a height of

h=j/2g,

where its speed is reduced to zero, and where it will then slide back to the base ot the
slope. It arrives at the base of the slope at a velocity of vy again, but in the opposite
direction. Its sense of rotation does not change. Therefore, the hoop arriving back to the
horizontal plane keeps sliding, and will continue to slide until the torque of the friction
forces adjust the angular velocity to a value of w=v/r “in tune’ with the instantaneous
velocity and in the appropriate direction. In principle, this may occur in three diflerent
ways. Friction may reverse the sense of rotation, it may reverse the direction of velocity,
or, in a special case it may reduce both to zero at the same time. The result will depend
on the magnitude of rotational inertia. To solve the problem, this question needs 1o be
investigated.

The diagrams below represent the three cases graphically. (£ =0 at the instant when
the hoop arrives back down to the base of the slope.)

A A A

rw, _\ Tty —

rmo_.

tF Il tr E F »
i 1
t £ t,
Vo 1 vy V-
Calculations:

The acceleration of the centre of mass ol the hoop after it has slid back down on the
horizontal plane:

=g = const.
The angular acceleration of the hoop:

wmgr g
5~ = —— =const.
mi= r

B=—

The speed and angular speed of the centre of the hoop expressed in terms ol time:

g

v=—vgtat=—vy i pyl. and u:W'(_,—i-,d[:wU—T/.
Sliding stops in a time £, such that
—vo +pgts =wor —pgly,
hence,
2pgly = 2vyg, and t = - Sbmys =1.77s.

g 0.2 10m/s°
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The speed of the centre of the hoop at the same time instant is
= —vp+ pg—= =0,
Hog

that is, we are dealing with the special case in which the hoop stops exactly when jfg
angular speed also decreases to zero. Therefore it will not reverse either its velocity or
angular velocity after its return.

Thus the hoop will stop in 1.75s, which means that at 2.4 s, the time instant ip
question, it will be in the same position at the point of the horizontal plane where ig
coordinate is

)

1 ; m 1 m ;
s=1r=—vt; +-pugli =-3.5— 1.755s+ =-0.2:10 — - 1.75% s> =~ —3.06 m,

2 s 2 57
with the origin at the base of the slope and the positive values of z under the inclined
plane.

Remark. The case of a solid sphere is more complicated because the sphere will, after
a while, continue to rol} without slipping while its angular velocity is reversed. In this
case, the given time interval is then made up of a decelerating part and a part of uniform

motion. w =20 at
2 Vo

tl =_-— = 0.7 S,
5 g
when the velocity is v = vy — gty = 2.1 m/s. The sphere rolls while slipping for
this much time and then continucs on unifomly. The distance rolled while slipping is
sy =uvgly —pgt; = 1.96m, and then it rolls without slipping until the interval of 2.4s
is over, covering a distance of s» =v(t —#,) =3.57 m. The total distance covered from
the base of the slope during the 2.4 s is therefore s =5.53 m. (The z axis now points
the other way.)
A casc of an object with cylindrical symmetry rolling back towards the slope may
only occur if its rotational inertia is even greater than that of the hoop. (For example, a
reel rolling with its narrow part on a track).

Solution of Problem 26. The motion of the block is retarded by the kinetic friction
force and the force that is exerted by the dropped object parallel to their surface of
contact. The force of kinetic friction is

S =uk,

where [ is the normal force exerted by the ground on the block. This force has a
small value before the collision and will thercfore not change the speed of the block
significantly during the ‘infinitesimally short’ duration of the collision. When the small
mass falls onto the objcct, howcver, the normal force increases considerably, and
thus friction can reducc the speed of the block by a finite value even ‘in an instant’
Quantitatively:

The vertical component of the change in momentum of the small object equals the total
impulse of the vertical forces acting on it:

Z F,-At=Amuy, .
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{n detail, since the small object loses its vertical velocity,
(mg— N)AlL=—mu,

where NN is the mean magnitude of the normal component of the lorce exerted by the
plock on the small object (equal to the magnitude of the normal force acting on the
plock). Hence

. muvy

N=mg+—.
g At
The resultant vertical force acting on the block is therefore Mg+ N — K =0, since the
plock does not accelerate vertically.
Thus the magnitude of the friction force

acting on the block is N

S=puK=pu(N+>Myg).

B m
Consider the system comprising the block 9 l —

“and the object dropped onto it. The
change in momentum in the z direction
is made up of the change in momentum A Aw of the block and mAwv, =mu of the
small object, where u is the velocity of the block after the collision. From the law of
impulse and momentum applied to the x components, with the coordinate axis pointing
in the direction of the velocity vy of the block:

—pu{N+ Mg)At =M Au+mu.

With the value of N substituted:
— <mg + Mg+ %) Al =MAu+mu.
Multiplied by At:

—u(mgAt+ MgAt+mvy) = M Au+mu.

Since the collision is momentary, At — 0, the only term of the expression in brackets
ot vanishing is mwv;. (Considering that w = vy + Auw), the change in velocity of the
block is

m (v +va) 1kg-(0.4-10m/s+21n/s)

Au=— =— =—1m/s.
m-+M 1kg+5kg /
Thus the velocity of the block after the collision is
My — pmay m
u=v+Au=———"—=1—.
5 m+ M s

Solution of Problem 27. According to Newton’s second law applied to the radial

“Omponents of the forces acting on the ball,
: v?
K —mgcosa :mT7
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where A is the tension (orce acting on the string.  According 1o the work-energy
theorem,

)
mylcosa = Sme.
From the two cquations, the tension foree is

N =3mgcosa. (1)

At the angle ol the string o the vertical for which the static
friction force is a maximum,

S=p.( Mg+ Ncosa).

Newton's second law applied (o the block at the time instant

when the block starts o slide (that is. when it has not yet L ‘_

accelerated but when the statie friction force has reached S

its maximum) is Mg
(Mg + N cosa)— Nsina =0. (2)

With the expression (1) of A" written in (2), and rearranged:
1 Mg+ 3p.mgeos™ a = 3mgeosasina.
Divided by ¢ and with cosines expressed in terms ol sines:
J M A+ 3peem — 3pomsin® a = 3msino V1 —sin®a.

Rearrangement leads to an cquation that 1s quadratic in sin“«a. With the notation
. 2 .
r=sin"a introduced:

o o oM S (M2 M
?)(l +//;).l"— Gps | —+3 | +9| e+ > +6—49)=0.
m me= m

With the substitution of the given numerical data. the equation becomes simpler:

9.3607 = 102041 =0,

hence
. 10.24+v10.22 —1-9.36
T=s5M"a= . 3
2.9.36
thal is, v
2 =sin"ay = 0.9808 and o =807 an = 0. 108Y,

The values obtained Tor the sine ol the angle are
sta = V0.OR08 = 099030, and sinay = V0 1089 =0.33001.
The block will start to shde when the string encloses an angle of
o) = aresin 0.99030 = 82.038° a2 82°

with the vertical.
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(Any angle o in the interval
as =arcsin 0.33001 = 10.27° < a <82.038° =a,,

would satisfy the condition of sliding. provided that the block is held fixed until the
string reaches that angle. However, under the present conditions the block will start to
glide at 82.038%, so any other angle is irrelevant for answering the question.)

Remark. The line of action ol the tension force in the string does not pass through
(he centre of mass ol the block. thus it also represents a torque about the centre of
mass. As a result, the “front” ol the block is pressed harder against the ground than
its rear end. and the value of the static friction force may become uncertain. However,
since the solution is independent of the length of the pendulum and the only variable
that the torque depends on in addition 1o the angle and the magnitude of the force is
the height /oof the rod. it can be made negligibly small. If the block is long enough
relative (o the rod. the effect of the torque becomes very small. (Note that the size of the
pall imposes a limitation on shortening the string: the diameter of the ball must remain
negligible relative to the length of the string. otherwise rotational kinetic energy should
be considered in the work-energy theorem, 100.)

Solution of Problem 28. The batten does K K
not accelerate in the vertical direction, so New- 1 2
‘s second law Tor this direction is:
on's sccond for th ¢ O, X S~
' . . - | -
G-—N,—h>=0, L L
G

where G is the gravitational force exerted on
the batten, Iy and Ao are the absolute values of the normal reactions exerted by the
cylinders.

The batien does not rotate, thus the equation for the torques calculated for an axis
through the centre of mass is:

Ny(L+u2)—NKy(L—ux)=0.
Based on the above equations. the magnitudes of the normal reactions are:
G(L—ur) . G(L+ux)
et and Ko=——"2,
2L 2L
Because, according 10 the problem, the cylinders rotate quickly, the relative speed of

the batten and the surface of the cylinders is not zero, causing dynamic friction to be
Exerted between them and giving them cach magnitudes of:

I\’] —

Sy =y, and So=puls,

and although they are opposite, both are exerted towards the centre of the batten.
Newton's second law for the horizontal forces is:

s gy =
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Substituting the values of the normal reactions:

(s —Ky)= —~,uG'[i =ma.

o

The force is proportional to the displaccment and oppositely directed so the batten wij
undergo simple harmonic motion. Therefore, the net force exerted on the batten of magy

m is: .
ZF _ 0 z,

and considering the force law of SHM which is: ZF = —mw?z we can find (he
angular frequency and the period of the motion, which are:

g/ L, and T=2m\/L/ug.

Our result holds true unless the maximum speed of the batten does not reach the speed
of any point on the surface of the rotating cylinder.

Solution of Problem 29. It is known that if the direction of the force exerted on an
object placed onto a surface is such that its line of action is inside the so called ‘frictional
cone’, then the object is not able to move regardless of the magnitude of the force. This
is because the static frictional force, which is exerted in the plane of the surfaces in
contact, is always greater than that component of the external force which is parallel to
the surfaces in contact. (Of course the gravitational force is also meant to be part of this
external force.)

The figure on the left shows the forces exerted on a small object of negligible weight
placed onto a horizontal plane. Let us apply Newton’s sccond law to the boundary case
when the object is in equilibrium. The equations for the components of the forces which
are parallel and perpendicular to the surfaces are the following:

Fsine —puJS =0, (1)
Fcose = X =0. (2)
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Eliminating I\
F'sine = pul'cose,
$0
jt=tange,
where ¢ is the so called frictional angle, and the above mentioned frictional cone is the
cone which is drawn around the normal to the plane, with the frictional angle being half
of the vertex angle of the cone.

From the (irst equation it can be scen that if the line of action of the force is outside the
cone (F1). the object must move because the parallel component of Fy is greater than
the frictional force (a # 0). It the line of action is inside the cone (1), the frictional
force is always cqual in magnitude and oppositely directed as the parallel component of
the force. thus the object remains at rest. If the line of action is along the generator of
the cone than the boundary case of the equilibrium is gained.

The figure in the left shows the forces exerted on the object and the frictional cone.
The object can be pulled up along the plane il the line of action of the resultant of
the gravitational force g and the pulling force, which makes an angle of 3 with the
plane, 1s outside the frictional cone. From the figure it can be seen that that if the
object is pulled up uniformly the line of action of the resultant force must coincide with
the generator of the cone. Because the angle between the normal of the plane and the
generator of the cone is <, the angle between the pulling force and the plane in the
positive direction can only be

0<3<(90° ~a)

(if 3=90° — v, then the needed pulling force is mg)
and in the negative direction it can only be

0<3<(90°—=¢) thus 0<3<(90°—arctang)

These angles are independent of the mass of the object. Naturally if 3 — 90° — =, then
F — oo, If the absolute value of the angle is greater than this there is no force with
which the object can be pulled (or pushed) up along the plane. The endpoints of the
applicable pulling forces, F, are along the line which makes an angle of 90° += with
the inclined plane.

Solution of Problem 30. Newton's second law applied to the coin states that S =
= ma, where S is the force of static fricuon. The coin starts to slip on the turntable
When its acceleration reaches a value at which the force of static [riction reaches its
Maximum: S,,.c = #mg and can not increase any more.

After time ¢ the acceleration of the coin has two components: the constant tangential
acceleration and the increasing centripetal acceleration. Knowing that these components
are perpendicular, we can use Pythagoras® theorem to find the magnitude of the net
acceleration, which is:
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where w is the angular velocity of the turntable after time ¢. Writing the angular velocity
as w = /t, we find that the acceleration of the coin is:

2+ (r322)2 =3/ 1.

Inserting this into the law ol motion of the coin, we get:

wmg=mr3\/ 3214 +1,

[rom which the time clapsed can be calculated as:

112

ﬁ r'ZUZ

= —-1=1.07s.

Solution of Problem 31. Let us consider the thin-walled cylinders first. The friction
force Iy, due to the rod obviously points in the direction of the motion of the rod.
Let us take the friction force Iy, acting at the ground in the same direction. (After the
solution of the equation system the sign of Iy, will tell us the real direction.)

The law of the motion of the centre of mass for the cylinder with the components of
the forces (as they happen to be collinear vectors) is:

Ff1+Ff2:"l'n'r11n (l)

where a,, is the acceleration of the centre of mass of the cylinder. The law for the
moments of forces is

(14‘_/'1 —f‘fg)"': (_)cm/B- (2)
The kinematic constraint for no skidding is
Qe = 7'B~ (3)

substituting the expression for a¢, from (3) into (1) the following relationship is
acquired:

Fy +Fp, =mr3 (4),
then by multiplying (4) by O.,,/m the following relationship is acquired:
) n -
(1f1+P/') (fl] —@(111“3 <'))\
finally by multiplying (2) by r the following equation is acquired:
(Fl\l - [’vf’.’ )7‘2 =Ocmrf (())
The right sides of (5) and (6) arc equal, so the left sides are also equal:
)( “m

(Fp+ Fp) =2 = (Fy, ~ Fp,p?

From here the magnitude of the friction force exerted by the ground is
”“‘2 il 6('111 3

Fp, = '
e O g + 1002 I
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Let us make use of the fact that the rotational inertia of a thin-walled cylinder for its
e T ik mr? —mr?
Ff-.» == ﬁljh =0,
mrs—4mai
meaning there is no friction force between the table and the cylinders, and the minimum
coefficient of friction required is 1= 0. So in our case the cylinders roll without skidding
even on a completely smooth surface.

Let us turn to the relationship between the cylinders and the rod now. The rod also
moves on the cylinders without skidding, meaning the velocity and the acceleration of
the topmost points of the cylinders are the same as those of the rod. But if there is no
friction on the ground, the friction forces acting on the points that are touching the rod
should be the same for both cylinders, considering this is the only way their accelerations
can be the same. This is true despite the fact that as a result of the motion of the rod the
normal forces Ny and Nj acting between the rod and the cylinders change continuously.
. The magnitude of Ny starts from Mg/4 and its maximum value is 3Mg/4 at the end
of the process while for Ny the opposite holds: it decreases from 3Mg/4 to Mg/4,
while N+ Ny = Mg is always true. Obviously, this can only be true if the coefficient
of static friction between the cylinders and the rod is big enough to provide the relevant
friction force Fy, even in the case of the minimum normal force.

The equation of the motion of the rod is

F-2F; =Ma. (7)
The law of the motion of the centre of mass for either cylinder is
P
Qe = l
m
The rolling on both surfaces without skid- a
d‘ = | o =
ing requires that ac,, =a/2 holds. So F, N, 5 FIN, .
a Ff1 =l ’
a5 +’ F’| h
2 m x m Mg x m

that is, 2F, = ma. Substituting this into
(7) gives

F—ima=Ma,

that i,

A m m
S zgf), and  S=—01"1__F
m+ M ( s? e 2m+ M)

With the given numerical values

12N-1kg
Iy 5 =1.5N.

h= 2(1kg+3kg)
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So Tor the mimimum cocllicient of Iriction hetween the rod and the eylinders

_ /'./] N ll“/J o 2//! I = (8 —U o
win Mg/l Mg m+M Mg 30 7

}/HH]I -

_ 77/.'/1
N

. nr
=10 s used.
S

. % Fr . . . .
Bascd on relanonship ¢ =V 2as. the final speed ol the rod is

/' F L m 3m o
22— S =3

3 Vel 3 S

Solution of Problem 32. Sincce the brick slips on the cart, the net force acting on it iy
the Kinetice friction: .S = jong. Therelore the brick has an acceleration of a = g whose
direction is the same as that ol the acceleration of the cart. The next step is to determine
the acceleration of the cart. Let us apply Newton's

ms B sccond law to the object that pulls the cart and o
K | =L_S ! the cartitsell. Let the masses ol the object and cart

o .
i be ma and ney respectively.
~a S
mag— N =nmua,
K
N — g =msa.
0 a / 14 3
I we add the two cquations, A (which is the ten-
m,g ston in the cord) cancels out, thus the acceleration
2 ) : .
of the cart (and of the object) turns out to be:
Iy — JL
= ——————— )
Mo+ Ny

Quite interestingly, the brick is assumed 10 be pointlike in the problem. therefore the
difference in the distances covered by the cart and brick is the length of the cart (1 =
=0.lm):
I | .
al? - =1,
2 9

Lthus | |
I — fLrny 5 &
g I e A L
2 mo iy 2

Hencee the coethicient ol the kinetie [riction between the brick and cart is:
mogl® —20(ms +my)  5-10-0.640—2-0.1-(5+3)

13— — = - =0.4.
/ (i +ma+my)gl? (245+3)-10-0.61
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Solution of Problem 33. Newton's second law applied to the small sphere gives:
mg— N =ma, (1)

where A is the magnitude of the normal forces exerted
by the spheres on cach other. Using the notion that the
accelerations ol the spheres are the same. and applying
Newton's second law to the hollow sphere. we obtain:

Mg+ K —ko® = Ma. (2)
Let us add cquations (1) and (2) to determine the g
acceleration of the objects: Kl
(m+M)g—kv? = (m+ M)a,
. F(N)
hence Lo 80
n=qg— —-. (3
g m -+ N )
Inserting this into cquation (1) and solving Tor the re- 50
quired normal force. we gel:
i ( ) N kv? m I
\ =i« ) =1 (] — = o=
g 9=y m—+ M m+ AN
; /s)
m . || N 5 ‘ } } t v(m}
= — kv =Zk?=2.01 — % 0 40
m—+om 2 2 m=s-

The Tunction ol force versus velocity is therefore a parabola.
At the moment when the spheres are dropped, the velocity
and air-drag are zero. meaning that the spheres are in free-
fall (which is a state of weightlessness). and that the normal
force W is also zero. During their fall the spheres accelerate
causing their velocity and air-drag (which is opposite [rom
their velocily) to accelerate as well. This. in turn. causcs
their acceleration o decrease. Alter a while they reach the
terminal velocity (assuming constant air density and constant
gravitational force) at which the resultant force is zero. Since
the gravitational force acting on the system is equal to the
ar-drag:

(m+M)g=ke?

tax:®

m+ M Ee [87]\'g+ Skg nm m
Uiiax = e = g= : I()—:]O—
ko B - 0.1 —"— s2 S

At that velocity the magnitude of the normal force is:

thug

/\.HI.’IX =ing= RON.
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Solution of Problem 34. a) The equy.
tion of the motion of the small body in (he
bottom and top positions, considering (he
relationship between the tensions and (he
resultant of the normal force N c¢xerted by
the surface and the gravitational force my

(and replacing [ by R), is:

2

v

2N —mg-sina =m— !

R’

and

2

mg-sina+ KN =m—,

R

from which, by eliminating the tensions in
the bottom and top positions, the [ollowing
equation is acquired:

2
mu? mu* .
mg-sina + =2 —mg-sina | .

R R
Reorganizing:
5 ;
‘ i muv® mud
3mg-sina—2 =——

R R

from which

=+/2v%2-3gR- sm(\—\/.? 91—3 ‘)81— 0.2m-0.5=3. tm\m

b) The work—kinetic encrgy theorem for the original and (inal states is

, . . . 1 5 1 .
Warav + Wi = ALy, that is, —mg2R-sina—pmgliT-cosa = Emz'z =5 vp.
From this the coeflicient of friction is

L,‘j -2 2
H=—"—"—""—— —tancw,

2R -mweosa
with numerical values

= L ~ 2 Lan30° = 0.1995 ~0.2.
2:0.2-7-9.81-cos30° m
¢) After releasing the string, the body moves upwards on the slope along a straight
line and covers distance o, Applying the work—kinetic cnergy theorem again for the
initial and final states:

- -
—mg(R+ z)sina — i mg- (élhr-l—:c) cosa=0—n;.
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From this ) ) '
B 02— (5rpcosa 4 2sina) Rg

Q(Silm +//('(>>‘(\)y

3.88% — (57-0.2-cos30° +2-5in30°) -0.2-9.81 5
= m = U.o 1.
2 (sin30° +0.2<~¢,s300) 19.81 :

. 2 ; o ; S .
(Those who calculated with g =10 m/s”, acquired vy = 3.87 m/s for the initial velocity,
p= 0.18 for the coeflicient of friction and 2= 0.62 metres for the distance covered.)

Solution of Problem 35. Assume the ball is a pointmass as suggested by the figure.
According to the work-cnergy theorem, the kinetic energy of the ball in point A cquals
the sum of the work done by the gravitational force and the spring:

1 g L
mys+ 5 DAl = Smu”

where Al=x—L, o and L are the extended and relaxed lengths of the spring. We used
the notion that in its vertical position the spring will reach its relaxed length. Length
is provided by the Pythagorean theorem:

="\ o0 08 = \/0.8 m?2 —0.48 m2 = V0.4096 m? = 0.61 m.

The vertical displacement of the ballis s =04--OB=0.8m—0.48 m=0.32m. Using
this, the speed turns out to be:

substituting known values, we find:

/I ;o 75N/m nm
=4/2-10 5 -0.32m+ ———(0.61m —0.32m)? 2)/—
g% 3.2kg
Let us now determine the force exerted on the shell by the ball. At point 4 the only
forces acting on the ball are the gravitational and normal forces, since the spring is in
Its relaxed state at that moment. Applying Newton’s second law to the ball at that point,
we obtain:
N+G=md.
With the positive direction pointing upwards, we have:
: v
1\ nyg=1m—,
=
from which the normal force () is:
2 D T2 2 a2
3 v 297 m~/s
KN=mg+m—=32kg ]04*—5)]\_';‘—/
r 0.8 m

=067.3N.
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This is the same as the magnitude of the force exerted by the ball on the shell, since j
and the normal force are both action-reaction forces.

Solution of Problem 36.
The equation of motion of the toy car in the direction of the relevant radius is

2
i

mgcosp+ N =m—.

R R
- 1 At the moment of detaching N =0, and
according to the data given in the problem,
h=2 for the cosine of angle ¢
: R/2 3
cosyp = ——=0.5,

that is, ¢ = 60°.

At the moment when the normal force N ceases, the equation of motion of the toy
car in the radial dircction is
o (1)
mgcosYy =m-——.
geosy R
From this, the remaining spced of the toy car at the moment of detaching is:
v? = Rgcos . (2)
From this position an oblique projection with this initial velocity and an initial angle of
a =, =060° starts.

a) The height of the place the car starts from can be acquired from the work—kinetic
encrgy theorem:

1 ; .
mg(ho—h) = §nwz. (3)
1
Substituting (2) into (3) gives mg(hy —h) = éngcosw.
From this
1 3 1 R cp
ho=h-+ §Rcos; = 5}?»&' 5 Rcos ¢ = 5(3+cos,o) =1.75R=56 cm.

b) The maximum height is acquired if the maximum height y,,,.x of the obliqu
projection is added to height & where the car detaches from the track:

)2 sin? 3 Rgcos -sin?
hmax = b+ Ymax = h+ MO o D SR
29 2 2g
R siny-sin2p 32 1 3 3
:5 <3+%> :7 (3—1—5\/7—%) cm =54 cm.
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fn short: the toy car starts from height hg =56 c¢m, detaches from the track at height
=48 c¢m and reaches a maximum height h,,,x = 54 cm. (The total height of the track
is 64 cm.)

Solution of Problem 37. The centre
of mass of the wheel undergoes pro-
jectile motion after leaving the ramp.
Although it isn’t stated clearly in the
problem, z is the maximum height
“>-. reached by the wheel measured from
the right end of the ramp.

The direction of the wheel’s velocity at the right end of the ramp forms an angle
B with the horizontal. The maximum height reached by a projectile is given by the
formula:

o v3sin® 3

r= 72‘9

where v is the speed of the wheel™s centre of mass at the right end of the ramp. Let us
determine this speed. According to the work-kinetic energy theorem:

| . ;
mg[(R—7){(1—cosa)— (R—7)(1l—cos3)] = §ww(; -+ 3772,7‘20.)2 = Mg,

where 7 1s the radius of the wheel, w is the angular velocity of the wheel when leaving
the ramp, which is w =w /7. Thus

2
Ah=(R-7r)[(1—cosa)—(1—cous)| = zﬂ,

9
and N
i (R—7)[1=cosa—1+cos3] = (R—r)(cos3—cosa).
g

Substituting this into the formula for x, we have:
" ; ;
r= 5.\‘111‘,[3(('0sﬁ— cosa)(R—r).

It can be seen that the answer depends on the radius of the wheel, which is not given.
Let us therefore assume that the radius of the small wheel is small cnough relative to R
0 be neglected, i.e. r< R. In that casc our formula for z simplifies to:

1.5
T=3 sin” 3{cos 3 —cosa )R,
serting given data, we oblain
1 22 o 2n° -~ O
£ = sin 30°(c0s30° —cosG0°)-1m =

=0.5-0.25-{0.866 - 0.5)- 1m=0.01575 m =~ 1.58 cm.
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Solution of Problem 38. a) The cquation of the motion of the car is

5
) i
wig— N =m

0

where N is the normal foree (its magnitude is equal o the unknown force exerted o
the bridge) and o is the radius ol curvature belonging to the given point ol the paiy
The essence ol the problem is determining this valuc.

The relationship between the radius o curvature and the corresponding normyg|
acceleration is: .

o
(, =—.
0
In our case neither normal acceleration nor the radius of curvature is known. Luckily,
in a simple case we can determine these values through clementary considerations. The
parabola of oblique projectile motion comes in handy. it can be used to model the are of
the bridge and therefore its curvature as well. All we need 1o do. is lind the angle and
the initial velocity with which a thrown stone lollows the longitudinal sectional line of
the bridge. In the case of a thrown stone normal acceleration can be determined casily,
and therefore if the stone is launched suitably. the radius ol the curvature ol our bridge
will be in our grip. Let us determine the radius this way:
the range of the projectile motion is the same as the span of the brdge (d):
rasin2a 2eisinacosa
(l — —
g Y

and the height of the projectile motion is the samce as the height of the highest point of
the bridee relative to the Tevel ol the banks:
0 i D
rgsinta
29

The ratio ol the two s
lcosa d

sina h

from which

tana = — =(0.2 — a=arctan0.2=1].31°

The vernical component ol the nitial veloe-
ity of the stone is

— n
B, = \/'_’_(//l =10 —.
b

Vo, 1(

* 7 tana 0.

'
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Becausc at the highest point of the path the velocity ol the stone is horizontal, its
pormal acceleration is the same as acceleration itself (which is ¢ throughout the motion),
therefore

9

(58 U s
t, =g= . — o= "= 2)() 111,
0 g

=

with this the unknown normal force is

. Vs 100
N=ml|g—-—""])=1000 kg 10— 950
0 50 /

=

b) The radius of curvature at the parabola point
that belongs to 3/4 of the horizontal distance can be
determined rom the fact that the horizontal velocity
component of the thrown stone is constant, therefore
3/4 of the time of the projectile flight belongs to 3/4
- of the horizontal distance:

3 3 2ugsina 3 egsina
bh=—lhoj=—" =5
| 4 g 2 g
The normal acceleration of the stone at this point of the path is
4
"y
) = Cosy = —,

Q1

and according to the figure, the radius of curvature belonging to this point is

3 3 :
Uy oy I,"li

= T T
geosp  g- ot gu,

where ¢ s the instantancous velocity of the stone at the point in concern at time
instant 7, . The time in concern is

ry 3d 300 m 3
/]:*—:_—:7_ == 8.
O 1-50 m/s 2
With this. the square of the velocity of the

Stone at the point in concern is

)

e 7] 2] : 2
=+, =vjcosT a+ (vosina — gl )=

-t

(¢

= [50% 4 (10— 15)?]| = = 2525 —-,
s
and its instantancous velocity is

vr=V2525 m/s & 50.25 m/s.

Therelore. the unknown radius of curvature is

vt 50.25° T .
01=—=—— m=253.77 m =254 m.

= gu, 10-50
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With these, the equation of the motion of the car can alrcady be determined. Let us
take into consideration that the car moves at uniform velocity throughout its Motiop,
therefore it has only normal acceleration. The relationship between gravitational tmu
mg, the so-called supporting force T, the normal force N and the static frictional foree
F; is shown in the figure. From this, force T' (which is the reaction (o the force exerteq
on the bridge by the car) can be determined immediately using the cosine rule:

2

i 4 2
v v v i
T=/(mg)*+ (m—l> —2mg-m—Lcosp=my[g?+-L —2-Lgcosp=
0 0 02 0

& < L5

160000 400
= 1000 kg\/lOO -2 +10-0.995 = 8434.47 N.
‘)542 254

If only the normal force exerted by the car is to be found, then the absolute value of

N should be determined. This is acquired from the equation of the motion of the car in
the normal direction: )

mgcosp — N =m—- l““

01

where cosyp = v, /v1 =50/50.25=0.9950. From this

.

U _ 400 _

N=m{gcosp——2]=1000(10-0.995—- — ) N=8375.2N.
01 254

The resultant force of the static frictional forces that act on the tyres is acquired from

the cquation of the motion in the tangential direction. Taking into consideration that the

car moves uniformly: S —mgsinp =0, so

S =mgsing =mgy/1—cos?p.

Therctore the magnitude of the frictional force is

Fr=1000 kg V/1-0.9952 =998.75 N,

and obviously

T = 1/8375.22 +998.752 = 8434.5 N

First solution of Problem 39. a) Let I be the force exerted by the rod and let [
be the tension in the thread. At the vertical position of the thread the velocity of the ball
A is maximal, thus its acceleration is zero, ma4 =0, so the equation of motion at that
instant is:

K —mg—F=0. (1)
At the same time the equation of motion of the ball B is:
I’ —mg=1may, (2)

and the energy conservation law gives the equation:

1
mgL=2" 5mY 2 =ms. (3)
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(Here we have used the fact that v,y = —vp since the centre of mass moves along a
vertical line, and the velocity of ball B is horizontal at the moment investigated.)
From this cquation the velocities of the balls can be determined. From equation (3)
the velocities of the balls are:
m m
PA= Y {}[»:4 S and Up = —V4 = = =y
S

E S
Since ma 4 =0 the .« component of the accelera-
iion of the ball B is zero, while its total acceleration
is the centripetal acceleration

13
ap = i, (<) ¥
0 |
|
where o is the radius of curvature of the ball’s l‘
trajectory at the lowest point. But this acceleration \
can be determined in a different way as well. \\
At this instant, the acceleration of the ball A is \\
zero, and the masses of the balls are equal. Thus, \
the acceleration of the centre of mass is the average \
of the acceleration of the balls: A
m-0+map ap ) _ ) \>_B'
O —————————— = — ap= 2(/,('. (-‘))

m-+m 2

On the other hand, at this instant, the velocity of the centre of mass is ¢ =0 since the
two balls of equal masses move at opposite velocities. This means that the centre of
mass C' is the instantaneous centre of rotation and that the angular speed of the thread
is:
vp _ 2vp .
w= T = I . (())

Since the centre of mass S accelerates upwards, the acceleration ol the ball B is the
sum of its acceleration relative to S and the acceleration of S. Using (5), we get:

L 9 r; L 2

(LB:(I('+(L,-..|:(,l('+§w"—7+5w' .
Thus the acceleration of the ball B, calculated in the second way, is:
. 102 _
ap=lw?=—= (7)
Il

The accelerations (4) and (7). determined in the two difterent ways. are cqual:

)

2 a2
v _ dvp

0 L
Which gives the valuce ol the radius of curvature:

L
0= T =0.1m.
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: " : Summarizing, the accelerations of the two bal|g
R A v, : are
=) o ey o as=0,
" L ,' and ‘ R
\\ 2 . L yl| i z‘é 16 ms™~ ) m
- ! (LB = —_—= — = —
\ A 2 ] 0 0.4 m s?2
\ a; / ) L. 1
\ . (or in parametric form:
\ c 9 I
\ / v g
\ / L C R
\ A / ap = S =7 —1(])
\ a / B %
\ 8 /
\\ //
> - b) From equation (2) the tension i e thres
~. _- cnsion tn the threa
4V—-C')’ i ! ( d
B b

F=m(g+ap)=2 kg(m 240 i;) =100 N,
5 S

and from equation (1) the force exerted by the rod is:

N=mg+I"=20 N+100 N=120 N.

Second solution of Problem 39. One mayv know that the trajectory of the ball B is an
- . . . . . b?
elliptic arc, and the radius of curvature at the endpoint of its major axis is o = —, where
a
a is the semimajor axis, and b is the semiminor axis, which are in our present case
a=L and b= L/2. Using these equations the radius of curvaturc can be determined
immediately:

£ L
o0=—"—=—.
- L 4
With this knowledge, the acceleration can be calculated directly from equation (4),

while the other results can be obtained using the same way as before.

Third solution of Problem 39. Part a) ol the problem can be solved in a shorter way
as well. When the thread is vertical, the ball A has zero acceleration, thus the relerence
frame fixed to the ball is an inertial one. The acceleration of ball B is the same in all
inertial reference frames, so we immediately know that:

2

7 L L 1.6 m g2’

where v, is the speed of ball B relative o ball A. In the first solution we saw that
at the vertical position of the thread of the velocities of the balls have equal magnitude
and opposite directions, due o the equal masses of the balls. It means that v, is just
two times as much as the speed of any of the balls with respect to the ground.
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Although it was not required in the problem, we deduced the equation of the orbit of
the ball B. Because of the similarity of the two right triangles in the figure:

B /L2 — 42

B L

i &

from which: S
dr-+y =17,
follows, which can also be wrilten in the [orm

42 + y2 , 72 N y") 1
— Tt -=1, or ———— +-—5=1.
Iz ' I? RN TNCIERF:

This means that the orbit is an ellipse with semimajor axis o = /./2 and semiminor axis

h=1L: . . . ;
4? + y? 1 72 + y?
5 -5 = L or - ~ )
L2 L2 (0.8 m)? (1.6 m)-

Solution of Problem 40. First, let us examine whether or not the marble can roll
along the path at all (assuming that it rolls without sliding). In order for it to do this, it
is necessary that the speed of its centre of mass at the top of the circular path exceeds
the critical speed v, for which:

2
R—r’
where the normal reaction /\' becomes zero, making the value of the critical speed:

Verit = (H - ’)9
In order to answer this, we have to apply the work-energy theorem:

r 5, 12 .
my[3R— (2R —r)| = Emuz t3 it
o

mg+ K =ma, =m

from this we can express the speed, using the work-cnergy theorem, because the marble
rolls without sliding rw = v, thus:

2
crito

, 10
V=gl > (R-r)g=v

Which is definitely greater than the critical speed. meaning that even at the topmost point
the normal rcaction is not zero.
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— 0

From now on, let us neglect » with respect 1o R since their ratio is /R = 0.003
There are three forees exerted on the marble: the gravitational foree, the frictional fore,
and the normal reaction. The first one is constant. The second one is opposite (o the
direction of the motion until the marble reaches the bottom of the path. The third ong g
constant on the slope and along the circular part it decreases. until it reaches zero at (h
lowest point. Then, when the marble moves up, it increases for a while and its dircetigy
becomes the same as the direction of the motion, however, it then decreases again unj) i
becomes zcero at the top ol the path. Then, once again. its dircction changes. The normy)
reaction is always perpendicular to the path, along the slope it is constant, its maximupy
is at the bottom of the circular path and then it monotonic decreases until the top of
the path. The frictional cocflicient in question ensures that the rolling marble does ney
slide. and depends on the latter two forees. In depends on these two forces because (he
frictional force, which causes the appropriate angular acceleration 3 and which depends
on the position of the marble, can be calculated as the product of the normal reaction
and the minimum ol the (rictional coeflicient. As a result. we have to determine the
normal reaction A" as a function of the position of the marble, the frictional force §
and the maximum of their ratio.

S
N

Hniax

hnin =

because the coeflicient of friction can be greater than this. but not smaller. This means
that the maximum of the ratio S/ is the lower limit ol the frictional coeflicient.

[t is worth examining the motion which occurs until the top ol the path since it is
there that the translational motion is the reverse ol the upward translational motion of
the marble (although the rotational motion is not). As a resul, the asked frictional
cocflicients are the same at the same height.

Let us describe the motion of the marble in terms of the angle » enclosed by the
vertical and the radius connecting the centre of the circle and the marble. By applying
Newton's second law, the frictional force can be caleulated from the radial components,
while the normal reaction can be calculated from the tangential components. This can
also be done by using the equation written lor the rotational motion and the work-cenergy
thecorem.

For the tangential components:

mysing —S=may, (1)
and ' ay .
Sr=05=0—. (2)
-
where © s the moment of inertia of the marble about its centre. and a; is the tangential

component of the aceeleration of the centre ol mass ol the marble.

For the radial components:

o4
(. s
N —imgcosge=ma, =im—. (3)
' R
and | ‘ 1 _
myAh = Sme” + 3(-)“,"'. (1)
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Here Al is the height difference which equals h— R+ Rcosg, and w? is equal 1o
y2/r* . Using these
mr+0 ,
2mg(h — R+ Reosp) = ——5——". (1)
B
From equation (2)
Sr?

o

() =

i i i . . Sr2 '
which can be written into equation (1) and we gain mgsing--S=m i el
the frictional Torce is: ,

S=mgsing ———
R . 5 -
O+ 2

From equation (1)

2
mur-

e? =2g(h— R+ Rcos) - EN—g
2+ mir-

which can be written into equation (3) and the normal reaction is:

i\ ) h | mr? . O+ 3mir?
V=g |2 - =1 - — - COS Y
g R O+ mr? O+ mr? "

the necessary Irictional cocflicient is:

i O
S /H!jhlﬂ\ym
W= = -
/\ 5 h s O+3mr? —_—
mg |2( 5 — 1) ghoez + G cOsp
S

2 (% -1) ”L_’)': <+ (1 + ;5'21)"2 ) cosy

The maximum of the above function has to be determined. The approximate value of
the maximum can be gained by plotting the graph, or from the derivative ol the lunction
amore punctual value can be calculated quite easily. Denoting the constants by A and

B the function can be written in this form:
sty
=
A+ Beosy

Let the numerator of the function be 1w and the denominator be o and apply the quotient
tule. Thus the derivative is:

v? (A+ Bceosp)? )

(u )’ a'c-ue’ cose(A+ Beosp) —sing(—Bsing)
g
The function may have a maximum (or minimum) where the derivative i1s zero, thus

the following equation must be solved:

o Ly
Acosp+ Beos™ p+ Bsin =0
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Because 75 5
sin“p+cos“p=1,
our equation can be simplified to the following form:

Acosp+B=0
Its solution is:
B 3+ nf—l)"-2
CORPE i B
4 Ug-1)

(The second derivative shows that this is a maximum. The second derivative here ig
negative, which means that the first derivative changes from a positive to a negative,
meaning the function first increases, and then decreases.)

The value of the asked frictional coeflicient, with parameters and substituting cos ¢,
can be expressed as:

e
Hmin = 2 .
v/ 4(mr2)? (IT'? — ) —(©+3mr?)?
h 2
Using that 2 =3,and ©=-mr?,
R 5
2

Zmr 2 e

o= , == ——
\/4(7717‘2)2(2)2— (§1n'1'2+3'1;21'3)2 1

i 34 2””'.,-)-7/5 . ,
Or, determining the value of cosp: cosp = —2(3—’”'1') = —0.85, from which
p =148.2°.
the frictional coefficient from the expression which contains the angle is:
B sing _ 0.527
T 10+8.5cosp  10+8.5-(—0.85)

1 =0.1899~0.19.

It was expected to gain quite a large angle ¢, greater than 90 degrees, at which point
the frictional force has to take its maximum value. The gravitational force is away from
the path and the normal reaction points lowards the centre of the circular path causing
the normal force to decrease quickly. On the other hand, because of the tangential
acceleration (deceleration) of the marble, the angular acceleration demands quite a large
frictional force which can be created only if there is a high frictional coefficient and
if the normal reaction is small. The gained frictional coefhicient is large enough (0
keep the marble rolling without slipping on the straight part of the path, since there
the minimum frictional cocfficient is fi,,;, = 2tana = 0.165 which is smaller than the
minimum frictional coefficicnt that we gained for the circular part of the path.

Solution of Problem 41. a) The speed of the ball is changed by the force components
of the forces acting on it that arc parallel with the track, so the speed can be maximun!
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only where their sum is zero. Only gravitational force and spring force may have
components parallel with the track (as the ball slides without friction, the force exerted
by the track is perpendicular 1o the track). so at the place where speed has a maximum,
the absolute values of the parallel components of gravitational force and spring force
are equal:

Fpring €Os6 = mgcos 3.

From this equation the mass of the ball can be determined il spring torce and angle 6
are known. The former can be determined from the elongation of the spring, the latter
from the geometrical data of the arrangement. At the place where velocity is maximum,
the length of the spring can be determined using the Pythagorcan theorem:

ly=\/(R— Rsin3)2+ (2R — Rcos 3)2 = R\/(1 —sin3)% + (2 —cos 3)? =

=R \/b' —2sin3 —4cos3=0.2mv6 — 2sin34° — dcos34° = 25.02 c.
The elongation ol the spring is
Al =1y~ 1y =25.02cm—20cm =5.02cm,

with it, the magnitude of spring force is
N
Fipring = RAI=100—-5.02cm = 5.02N.
m
Angle 6 can be determined from angle A
shown in the figure:
R(1—sind)  0.2m-(1-sin317)
[ N 0.25m
=0.3523.

cosy =

From this, ~ = (9.1°, so
5 =180° = (B+~) =180° — (34° +69.1°) = 76.6°.

With these the mass of the ball is

Flaping cosé 5N 00876.6°

geos3 Q.81 % ~cos 3¢

m= =113g.

b) The maximum speed of the ball can be determined Irom the work-kinctic encrey
theorem. The work done by the force cxerted by the (rack is zero (because it is
Perpendicular to the track and therelore 10 velocily at any time), the kinctic encrgy of
the ball is given by the work of the gravitational force and ol the spring foree:

2
e

1 2 >
111‘(/(/117/12)—{—;/.'- (AL =(AL)" | =

1
2
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The still unknown data can be determined by using the geometrical data of the
arrangement:

h; =2R=40cm.

ha = R(1—sing3) =8.82 cm.

i =+/R2+(2R)2=RV5=0.2m-2.236 = 44.7 cm.

From here
Al =11 —1lg=44.Tcm — 20 cm = 24.7 cm.
Al =1y —13=25.02cm —20cm = 5.02 cm.
With these

o= \/29(112 —hi) +£ (Alp)* —(AL)?| =

100N/ m m

N
- \/2 :9.81— - (0.4 m — 0.0882 m) + [(0.247 m)2 — (0.0502 m)2] = 6.86 =,
S

kg 0.143 kg

First solution of Problem 42. (Using basic mathematics.) Let us assume that the
object is very small to make sure that its rotational inertia is zero. Let us also assume
that the action of hitting the disk is determined only by the length of the string and not
by the shape of the object. However, the size of the object cannot be zero because that
would make the tension in the string increase to infinity, and would subsequently cause
the string to break well before the moment of impact.

While the disk is fixed and the string is not stretchable, the velocity of the object
remains perpendicular to the string throughout the motion. This means that the tension
in the string does not do work and that the speed of the object is constant: |v| =0.4m/s.
All we have to do is simply calculate the distance covered by the object until it hits the
disk and then use the formula ¢t =s/v to find the time elapsed until the impact.

a) Let us consider a small time interval in which the
string moves so that the angle enclosed by its initial
and final positions is Aw. The radii drawn to the
points where the string touches the disk in its initial
and final positions also from angle Ay as shown. In
the considered time interval part of the string, whose
length is 7Agp, gets wrapped around the disk, therefore
the length of the unwrapped string decreases by

|All =7 Agp.

In this time interval the length of the path of the
object is:

As=1-Ap.
Isolating Ay from the first equation and inserting 1!
into the second, we obtain:

A.s-:LAl.
T
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The total distance covered by the object is the sum of the length of these path elements:

s:imi:iémz %iz-m: 21,.143.

i=1 =1 =1

This result can be found using that Al; = L/n and I =1i-L/n. Thus, the expression
inside the sum equals:
"

B, L2 2 14n /1 1
Z) n n n2 Zi n? g " (271'-’ ¢ 2)

i=1 i=1

If n tends to infinity, the expression in the bracket tends to 1/2. theretore the total length
of the path tends to:
o T2 B 0.82m?
T2 T 2.02m
Therefore, the time clapsed until the object hits the disk is:

L?
T=
2re

=1.6m.

=4s.

b) The tension in the string provides the centripetal acceleration of the object, thus
mu?
F=

path. Therefore, we need to find the length of the unwrapped string as a function of
time. To do this, let us calculate the sum written in the previous part not for the whole
path, but for an arbitrary { < L. In that case the distance covered by the object until that

point is:
1 n ] " L L L2 1
S§= —- ZA[:— ——: - A:
’ r Z__k I‘ZZ non n? ZI

1=k i=h

L? {(n+/\t)(n,k+1)}

, where [ is the instantancous value of the radius of curvature of the object’s

rn2 2

2
If n— o0 and k— oo, then the last two terms in the bracket tend to zero. Note thal
the second term multiplied by L2 gives

ELN?
'3 ’

kL . . . .
Where ~~ s (he unwrapped length of the string, so for the length of the path, we have:

1 n
R 2_ g2
S (L2 =1%).

rn?

I? {n"’-%—nl.‘—nk—/."“’+l;+n} _ L2 { Bk l}
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As the end of the string moves at constant speed. we obtain:

|
5= —
2r
from which the length of the unwrapped string (or the instantancous radius of
curvature) is:
T
=/ L2=2rvl.
Therclore the tension in the siring as a function ol time can be expressed as:

o

R me? me? 0.6 kg-0.47 ‘1‘ 0.21N
Tl VI 2 JOSEmZ 202w 048 o TsT T

Second solution of Problem 42. (Using higher mathematies.)
Let the infinitesimal ang

¢ rotated be d 2. While rotating through this angle. the lengily
ol the string decreases by - dy. so the change in the length of the unwrapped string iy
negative: df = —r-dyz. The Tength of the infinttesimal part ol the path is ds =1
Exterminating dy gives:

ds=——-dl.
7
The total Tength of the path is:
0 X
1 I
8= — —-dl = =1.6mn.
T 2

Therefore for the time clapsed until the impact. we obtain:

The instantancous radius of curvature s /. therelore the tension that provides the
centripetal aceeleration has magnitude me® /1. Let us express [ as a function of time.
To do this. et the upper limit of integration be 7 instead of 0 and let the distance covered
be s=uvi:

i

I I B B
i /5(1/: —(L? -y =wt.

] 2r
I
From which:
/e P
=/ L2 —2rul.
The Torce as a function of ume is therefore:
L7 )
miaoe-

VL2 =200

Solution of Problem 43. The string remains perpendicular o the instantanco®
velocity of the object attached 1o its end, that is, 10 the twneent of its trajectory: it ®
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always in the line of the normal to the trajectory. The normal force is provided by the
combined action of the string and the force of gravity. At the position of the object where
the normal component of the gravitational force alone is able to supply the centripetal
force required. the string will become slack. While the free part of the string winding
on the semi-cylinder is laut, it remains tangential to the cylindrical surface. Notice thal
when the string becomes slack, the part that has already wound up on the cylinder is
jonger than a quarter circle, that is, the object attached to the end has risen higher than
the lowermost point of the semi-cylinder. Itis only during the rising part of the motion
that the force of gravity has a component that can pull the object along the direction of
the string (that is. towards the point of suspension).

The position of the small X
object at the end of the string ="
can be described in terms y o
of the angle a c¢nclosed by S
the free (straight) part ol the
string and the horizontal. The
same angle is enclosed be- £
tween the vertical and the ra- mg \
dius drawn (o the point where y ¢
the line of the string touches
the cylindrical surface. It the
& axis ol the coordinate frame is attached to the at horizontal face of the semi-cylinder
(in a direction perpendicular to the axis of the cylinder) and the y axis is set vertical,
then the y coordinate of the point at the end of the string is

-a mgsina rcos a
ssina

y=1r-cosa—s-sina. (1)

The work-energy theorem can be used 1o express the instantaneous speed of the object
N terms ol y:

o
mygty = 5 muv-.

Division by i and the substitution of” y from (1) gives the following expression for the
Square of the speed:
2 N ; - .
T =2g(r-cosa — s-sina). (2)

Al the (time instant when the string becomes slack, the tension force in the string is
1o, and the centripetal Torce required lor moving in an orbit of instantaneous radius of
CUrvature s is provided by the component of the gravitational force in the direction of
the String:
2
. v
g esina = m—.
5
Hence
. 2
sesina =07 /g,
4 , _
M with (he use of (2):
sesina = 2(rcosa ssina).
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Division by cosa gives

stana =2r —2stana.
The tangent of the angle corresponding to the position in question is obtained wij,
§=10.967:

7 2r
tano = —

=— =0.694,
3s  3-:0.967

and the angle is
a=arctan0.694 = 34.8° = 0.607 radians.

The total length of the string is therefore
L=s+(a+3)r=048m+(0.607+ ) -0.5m=3.11r = 1.57m,

that is, the total length of the string in this case is equal to the length of the semicircle,

Solution of Problem 44. The fact that the string connecting the two blocks is long
means that it is longer than the height of the table (h), therefore the block of mass m.
moves vertically all the way down and will not be pulled in the horizontal direction by
block m; before hitting the ground.

m, In the first phase of the motion the objects
= move with constant acceleration, which can be
My, determined by using the laws of motion of the

i two objects:

h A .
mag— K =maa,
"* K =ma,

-~ where K is the tension in the string, a is the

magnitude of the acceleration of both objects.

(They move with the same acceleration because the string is not stretchable.) Adding

the above equations, we get that the magnitude of the acceleration of the two objects is:
- mo

oA mi+mo e

The time taken by block 1o to hit the ground is:

2]
t=y/Z = Jogh —2
a my+moy
o

The velocity gained by the first block in that time is: v = V2ah =, /2¢gh- T
my +ms
In the second phase of the motion the second block is at rest on the ground, while the
first block moves towards the edge of the table at constant velocity. After leaving (h¢
table, the first block undergoes horizontal projection. Knowing that the distance covered

in the vertical direction is /i, we can calculate the time of fall as: £, = /2h/g.
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The distance covered in the horizontal direction in that time is:

2h mo
— =2h,/——-.
q my -+ mo

Note that our result is independent of g. Substituting given data. we find o =
— 2v/5/5m~0.896 m.

Investigating the parametric formula gained for distance r, we can sce that as the
ratio of masses (my/my) increases from 0 to oo, distance . decreases from 2h 10 0.

Mo
r=vt =, /2gh ——
my+ms

Solution of Problem 45. Let us assume that the masses of the pendulums are
negligib]c (or are included in the masses of the carts). The pendulums should be held
in their previously calculated positions and should be released together with the carts,
otherwise they would swing, which would have an unwanted cffeet on the movements
of the carts. The positions in question could also be defined as the positions about which
the pendutums would oscillate. (After these oscillations were damped. the pendulums
would remain in these positions, but that would require a cord and track lar oo long.)

The first task is to determine the acceleration of the carts. Applying Newton's second
law to each of the two carts (let i be the tension in the cord), we obtain:

N =ma.

magsina — N =maa.

Adding the two equations, we get that the acceleration is:
o .
4= ———gsina.
my -+ mo

A pendulum remains stationary relative 1o a cart if the acceler-
ation of its bob equals the acceleration of the cart. The accel-
eration of the bob is caused by the net force of the gravitation
and tension.

According to the figure, the angle enclosed by the vertical
and the pendulum in cart m; that moves horizontally can be
Written as:

o o G mo .
tany, = E = mbllla’.
In case of cart my that moves down the inclined plane, let
us apply Newton's second law to the bob ol the pendulum in
directions that are parallel and perpendicular to the inclined
Plane. If the mass of the bob is m, we oblain:
masina

mgsine — Nsing=mg———, (1)
my—+imo

mgcosa — I\ coss =0, (2)
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where ¢ is the angle formed by the pendulum and the normal to the inclined plane
Isolating the tension from the second equation, we have:

COS (x

K=img ,
cose

substituting this into the first equation, we {ind:

. maosina
mgsina —mgtanecosa = mg———.
mi+ms
Dividing the equation by mgcosa, we get:
mo m1
tane =tanae — ——— tana = ——— tanao
my +me mi+mo

The tangent of the angle enclosed by the vertical and the pendulum in cart my (@, =
= o —¢) can be determined using the compound-angle formula:
tana — tane
tanyy =tan(o —g)= ———.
1+tana-tane

Substituting the expression for tanz, we find:

. My SINQCOS (¢

ang; = ————,
v m +mycos?a
Substituting known values, we get that the acceleration of the carts is:
91 m
BETEA

the angle enclosed by the vertical and the pendulum in the cart moving horizontally is:

a

51
tanp; = — = 0.408, — 1 =22.2°
5

12
the angle enclosed by the vertical and the pendulum in the cart moving down the plane
is:

51
tangy = T 0.4322, — g =23.37°

the angle formed by this pendulum and the normal to the inclined plane is:

6
tans = — =0.24, — =13.5.°
an o5 , € 3.5

First solution of Problem 46. If the string is pulled with constant acceleration, it
cxerts a torque on the cube that tends to tilt the cube. Thus the base edge of the cube on
the front is lifted off the plane, and the cube slides on its rcar base edge. The torques of
the string, the normal force of the ground and the force of gravity are in equilibrium.
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Let 7 denote the force of the string, its vertical component being Fy, and let K be
the normal force })I' t‘hc table. Based on the figure, l\_lcwlop's second Iaw can be used to
set up equations for forces in the horizontal and vgrncal directions and for torques about
centre of the cube. With the notations of the figure,

K-F,-G=0,
F,cota=3G,

KNrcosa+ F,(l —z)cosa=3Gzrcosa.

the

AAA
QL N =
L e e

Furthermore,
l
§~:c:5tana. (1)
I
I=x
!
2—X
X G ;
3G N
a E P i
—— 1 123
From (2) and (4),
F,=3G (1—%). (5)
From (1) and (3),
<F1/+G)T+f1/(l*.1“) -3Gr=0. (6)

Then the magnitude of the vertical component of the string force can be obtained from
(5) and (6):

3
EU = ZG

The force pressing on the ground is equal in magnitude to I<':
K=F,+G= gmgz 140 N.
Thus the force exerted by the string is
F2+(3G)2= %G’H—QG’ = gmcz g\/l—?-sox =247.4N.
The base of the cube is lifted through an angle of
FU

1
a=arctan— = m‘(:LanZ =14°

3G
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Second solution of Problem 46. From the ligure:

Fu=8G,
I, =3Gtana,
. I",- 3G
= = .
COSO COSO

N=G+ 1, =G(1+3tana).
The torques about the centre ol mass:

\/§ 5 ; \/E .
F /—9-~.s‘1|1( 15 —=2a) = I /Tsm( 157 —a) =1.
With the substitution ol the above cxpressions Tor [ and . and transformations (g
simplify.

3sin(157 —2a) = (cosa +3sina)sin( 157 —a).
With the application ot the addition formula:

. 2 "
2¢05T0 = RS cosa.

Hencee |
I;mn:—l. and a1l
Thus
. | 7 .
I\ :(1'(] 'f—:))‘?\]lll):C; ] +))—I> — _](": 1.75G =1 10 \
and "
=" =217.3N.
Cosa

Solution of Problem 47. a) In cquilibrium (uniform motion in a straight line). the
net torque of all forces must be 0. This occurs when there is no [riction. which is only
possible il the string is straight and il its extension passes through the centre of mass
of the disc, (i.c. the string must be horizontal until the dise reaches its uniform speed).
From that point onwards. the cart may even reduce its speed. and the stackened string
may take any shape. while the disc will continue o travel uniformly. (Such an ideal
case. however, will never oceur in reality, the only realistic case is b))

b) Il there is [riction. its torque needs o be
counteracted by the torque of the string. (The foree
ol gravity and the normal force have no torques
about the centre of mass.) Consider the torques of
the Torces around the point where the disc touches
the ground. a point moving along with uniform
velocity in the inertial frame.  Since neither the
friction force S nor the normal force of the ground have torques around that point. the
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torque of the string must also be zero. This is only possible if the extension of the string
asses through the point where the disc touches the ground.
The figure shows that the angle of inclination in question satisfies the equation
. R
21 4-2Rsina
A quadratic equation is obtained for sina:

2sin®a +2sina — 1 =0, and hence, sina = —
and the angle s a = 21177 independenty ol the coeflicient of friction.  (This is
surprising since it means that if a disc is pulled in this way on a plane with sudden
changes of roughness, the string should not “stir™ at all, it should maintain its angle of
91.47% to the horizontal. However, if such an experiment is actually carricd out. the
disc will start 1o vibrate due to the finite speed of the effect transmitied in the string,
and through non-cquilibrium states it will amplily its non-harmonic oscillations.)

-2+1+8 V3
2

Solution of Problem 48. a) According to the problem. the system undergoes
uniformly accelerated motion. Since the external forces are constant. this can only occur
il the accclerations of the two bodies are equal and the same as the acceleration of the
centre of mass. According to Newton's second law the magnitude ol this is:

Iy + Fy

1=—"7-
my o+ e

The lorce exerted by the spring scale can be caleculated by applying Newton's second
law Tor any of the two objects. For example, il A is the force exerted on the object on
the left handside, which has a mass of 11y, then:

i+ KN =ma.

From which

: Fy + 15 Fomy — Fin:
IN =mpa— ["I :,),12_]71 = M s
my e my o
—10N-10kg —20N-2ke 140 _
= = ® = -—N=-11.67N.
10 kg +2 ke 12

This is the force exerted by the spring on the object of mass my. The object of mass
My exerts a force of 11.67 N on the spring.

b) The fact that /) and /%5 are swapped means that now I is exerted on my and [
IS exerted on g (in their original direction). So now the string between the objects and
the spring must be substituted by a rod, otherwise we can only pull the spring balance.
The system moves into the same direction with the same acceleration. In this case the
lorce exerted by the spring scale on the object of mass m is:

N — Fiomy —1Ihms _ 20N 10kg — (—10N-2kg) 833N

my -+ e 10kg+2kg
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Thus, the force exerted on the spring by the object of mass m is: —18.33 N, (Th

negative spring force means that the spring is compressed.) ¢) If the mass of the g

objects are equal, namely 6 kg, then the results in case ol a) and b) are:

I sm—-Fm Ih—F —10N—-20N

W\ = — — —
m-+m 2 2

twgy

—15N,

and

o=
W=t % I
9

=+15N,
respectively. So the force exerted on the spring by the object of mass my in case a) is
+15N, incase b) it is —15N.

If the mass ol any of the objects is zero than the spring balance reads the force exerteq
on that side which is 10N, or 20 N.

Solution of Problem 49. a) Applying the work-kinetic energy theorem to the block’s
initial and final states, we get:

1
mgAlmux sina — §D<A1nmx)2 =0,

hence
2mgsina 2-30N-0.5 3 0.375
= =-m=0.375m.
D 80N/m :

The vertical displacement is therefore:

A]Jmax =

2mgsin® 0375
D 2
b) If friction can be neglected, the equilibrium position is
defined by the equation:
DAL =mgsina,

Ay=Al sina= =0.1875m~0.19m =19 cm.

thus

gsina Al _
Aly=r= mJlb)” = ; ~ =0.1875m~ 19 cm.

However, if friction is very small but can not be neglected, the equilibrium position of
the block is not a point, but a small interval. In this case Newton's second law applied
to the block being in equilibrium takes the form of:

mgsina — DAL+ pmgcosa = 0.
Let Al=x be the distance between the block’s original and equilibrium positions. The
interval for x is defined by the inequalitics:
mgsina — pmgeosa < Dx <mgsina+ pmgcosao.

from which we have:

mg, . mg, .
_g(smn —pecosa) < < FJ (sina+ pcosa)

D
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ubsli“mng known values, we find:
S
0.19 —0.323) < 0 < 0.19+0.323 .

If the block is not simply placed onto the inclined plane in an equilibrium position,
put reaches its final position from a state of motion as it does in our casc, llhc exact
Jace where it stops inside the above interval can also be determined. but that is a more
difficult task to do.

Solution of Problem 50. The vertical displacement of the body that slides down the
slope is the same in both cases, but in the case of a moving slope it requires twice as
much time.

According to the guadratic distance re-
Jationship, the vertical acccleration com-
ponent of the body is four times as much
in the case of the stationary slope as in
the case of the moving slope because for
the distances travelled vertically in the two
cases:

1

5 1
2 ‘ 2
Sy = atl[.’ltl = 5“‘211(‘-’/1) y

from which
a1y = day,.

Let us state the equation of the motion of the bodies, the constraining condition and the
equation that expresses the special condition of the problem. Let us handle the horizontal
and vertical components of the motion of the sliding body separately. As from here on
the acceleration of the small body is used in the case of the moving slope, we will omit
the indices 2. Using the notations of the figure, for the x component of the motion of
the small body

Nsina — N cosa = mna, (1).

for the y component of the motion

mg — Ncosa — pNsina =ma, (2).
for the wedge:
F—Nsina+puNcosa=MA (3)
the constraint condition:
a, =(a, — A)tana (1)

the condition of the problem:
da, = g(sina — pcosa)sinaw (5).

Constraint condition (4) and condition (5) can be understood from the following figures:
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N

N

X

The vertical and horizontal distances travelled by the small body are s, and s,
respectively, the horizontal distance travelled by the wedge in the meantime is S. The
height of the wedge is s, and its base is s, — 5. With these the tangent of the angle of
inclination of the wedge is

8y
5p—S’
and the magnitude of vertical displacement is

tana =

sy = (s, — S)tana.

From these, in the case of the moving slope the use of the quadratic distance law gives
the following for the vertical acceleration of the body:

1 . 1 1 .
—a.,,,i.2 ={ Za,t>— = At? | tana,
e 2 2

after simplifying by t>/2 (4) is acquired.

The right side of equation (5) is the vertical component of the acceleration g(sina —
— pcosa) of the body sliding down on a stationary slope: a-sinc.

We have 5 independent equations for the 5 unknowns. From (5) «, is expressed and
substituted into (2) and (4), in (2) N is factored out:

mg— N(cosa+ usina) = m%(sina — preosa) siney, (2')

%(sina —pcosa)sinee = (a, — A)tana, (4')
from (2') the value of N is expressed, (4') is divided by tana:

) 1—$(sina—pcosa)sina
/[ —
N =mg

cosv+ psina ’

%(sina —jicosa)cosa =, — A,

. . . . . g, .
from which the acceleration of the wedge is A=a, — i(sma—u.cosa)cosa.
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Subsliluling the value of N into (1) and simplifying by m gives the following for a,:

sina — jLcosa sina — jrcosa |
g 1-— sina | =a,,

g :
cosQ + s o 4

from (1) au is substituted into (3):
F=MA+ma,,

which could have been acquired from the theorem for the motion of the centre of
mass directly) finally by substituting the value of A as function of a, first and then
by substituting the value of a, from the paramcters of the problem the requested force
is acquired:

F=M|a, — g(sina - ;Lcoso)cosn] +ma, = (;\/[+m)a,,.~A\[%(sina—ucosa)Cosa =

sina — jicosa sina — pcosa .
=(M+m)g £ - 1- : sinee | — ﬂ/[g(smu — JLCOS (V) COS (v,
cosov+ psinay 4 4
reorganizing:
] : 4—(sinaw — pcosa)sinae M
F=g(sina—pcosa) | (M +m) ( ; . ) — —cosa| .
4(cosa + psine) 4

With numerical values:
m, , 4—(0.5—-0.2-0.866)0.5 1kg
F=9.81—(05-0.2-0.866) |2 kg — —20.866| =5.67N.
s'z( ){ ® 4(0.866+0.2-0.5) 4 } 7

First solution of Problem 51. First we will solve this problem using Newton’s
second law. Let us apply it to the three objects in two perpendicular directions. Since
the inclined plane also moves, these directions should be the horizontal (x) and vertical
(y) directions. Let N be the normal force exerted by the inclined plane on block m,,
K be the tension in the cord, A be the acceleration of the inclined plane, ai, and aj,
be the horizontal and vertical components of the acceleration of block my respectively,
4 and ag, be the horizontal and vertical components of the acceleration of block m-
fespectively. Obviously as, and A are equal, therefore we have six unknowns. The
Seventh unknown, that we are to determine, is time tbut this can be calculated using
Kinematical equations.

To solve the problem, we nced to understand that the two blocks will be nearest to
€ach other when the length of the cord on cach side of the pulley is h/2. The distance
between the two blocks — that takes its maximum (h) at the beginning of the motion
and at the moment when the second block reaches the pulley — decreases in the first part
Of the motion and then increases. The distance will take its minimum value when the
POsitions of the blocks are symmetrical about the bisector of the top angle of the inclined
Plane. In that position the two parts of the cord form an isosceles triangle, therefore to
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solve the problem. we simply need (o determine the time taken by the hanging block
move a distance of 5., =N /2 with acceleration as, . which is:

,/'2-/)/’_;_ [
Vo Vo (

Therelore. we have 1o find «ay, alter setting up the following system ol equations,

il

Equation (2) is Newton's second law applied
(o the inclined plane and block my in the hor-
izomal dircction (assuming that their honzontal
accelerations are equal), equations (3) and ()
arc Newton's sccond Taw applied to block 1y in
the horizontal and vertical direction respectively.
cquation (5) is Newton's second law applicd to
block y in the vertical direction. equation (6)
1s the kinematical restraining condition between
block 1 and the inclined plane. while equa-
tion (7) comes from the fact that the length of the cord is constant:

Nsina — Neosa=(M+my)A4 (2)
Nsina — KN cosa=may, (3)
mypg—Ncosa— Nsina=may, (1)
N —mog=moay, (5)

ary= (a1, +A)tana (6)

T .

~ sina’
Equations (2)—(5) can be derived directly Trom the figure above, but equations (6) and
(7) need 1o be explained.

There is a kinematical restraining condition between block iy and the inclined plane
because the block has to remain on the inclined plane. The ligure below shows the
intial and final (after time #) positions of the system. While block m) moves sy
down vertically, it covers a distance ol 51, in the horizontal direction. In this time the
inclined plane moves a distance of 5. It can be seen from the ligure that the tangent of
the angle of inclination is the ratio ol lengths sy, and S+ sy, so:

Sty
S S '

Assuming that the initial velocities of
cach object are zero and that the acceler
ations are constants, we find that the ratio
of distances are cqual o the ratio of tht
corresponding accelerations:

tana =

1
'2”'!/’ (’].l/

tana = i
Al? + sa1.t° Aday,
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hence
ay, = {ay, +A)tana,

as stated in cquation (6).

as W . : :
As the length of the cord remains constant, the displacements of the two blocks
relative to the inclined plane must be equal: s, = s2p01. Using that sy,0 = sy,/sina.
> have :
wt I‘ Sy
o
Y osina

Assuming again that the inital velocities
are zero and the accelerations are constant,
are 7

we lind that:

”11/
Uy = —FT—

sina’
as was stated in equation (7).

Let us now solve the system of cqua-
ions. Multiplying cquation (3) by cosa
and equation (4) by sina, we obtain:

. . - ‘)
Nsinacosa — N cos™a =myay,.cosa,
mygsina — N cosasina — N'sin“a = mja,sina.

After adding these two equations, we find that N'sinacosa cancels out, and by lactoring
- . . . . . ") 4
out ', its coeflicient will be sin~a +cos“a=1:

mygsina — KN =myay,cosa +njay,sina.
Let us solve cquation (5) for A and substitute it into the above equation:
HIYSING = 12U, = 120G = D], COSAO + My a ), sia. (8)
The right hand sides ol cquations (2) and (3) are equal:

(M+m)A=miay,,

thus
my
A=l m—— iy
M +mo
mserting this into cquation (6), we have:
my MA4+my+mo
= ay,+———a, | tana = ——tana-ay,.,

' M4y M+m,

Which yiclds
M+ moy yy M+my  cosa
75 P ' = gy

MA+my+my tana M4+ m;+my sina

Let us now insert ay, as expressed above and ap, = as,sina from equation (7) into
a . Pt 3 ¥ i , b
CQuation (8). The only unknown in this cquation will be ay,,:

9
M+ s cos*a

ML GSING — 1o, — Mo = 111y, SINQ - ——
. 22y 23 21 \/ p I
AM+my+ms  sina

2
+nyag, sin®a.
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After some algebra, we find:

M +my
M+mq+mo

(misina—ma)g = {ml (

g 0. 2
cos?a +sm‘a') -t m-g} “U2qy

After writing the coefficient ol ay, as one fraction, we have:
(mysina—ms)g =

my(M +my)cos?a+m (M +m; + ma)sin?a+ma(M +my +ms)
= “o,.
M +my +1my 2y

Let us write the second term ol the numerator as:
) .2 P -
mi(M +my+mny)sin®a =my (M + my)sin“a+mjsin®a.

Factoring out mq (M +ma) from the first term of the numerator and the first term of
the expression above, we obtain

ma(M +ma)(sin® a+cos® a) = m (M +ma),
which simplifies our equation to:

my (M +mg) +m2sin® a+mo(M +m +ms)
M4+my+my

(mysina —ma)g = 12y

Solving for a,, gives:

(mysine —ma) (M +mq +ms)
my (M +1my) +7n‘%sinza+7n2(1\[+ my+ms) 9

U/‘Zy =

Substituting this into equation (1), the time in question takes the form of:

- 250y _ h[my (M +ma) +m?sin® (\—{—mz(/\]—i—ml—i—mg)]
azy, (mysina—ma)(M +my +ma)-g

Substituting the given data, we find:

o 1m[7kg(2kg+ 1kg) +49kg®-0.36 + 1 kg(2 kg + 7 kg + 1 kg))
(Tkg-0.6 —1kg)(2kg+ 7kg+1kg) 10 &

=0.389s~0.39s.
Second solution of Problem 51. Let us solve the problem using conservation laws.

The mechanical energy of the system is conserved:

h . h 1 ; , 1 , 1 .
migh=mg(h— 5 sina ) +m-~2_rj§ +5m (v3, +1',2U) 4 5Mavyy + 5(1\»/ +mg)V?,
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which yields:
h h

mlg/;;sin(\ ~ gl o=

5 5 5 | .
(vi, +vi,)+ 5™Mavyy + 5 (M +m2) V= (1)

B =

where V' is the horizontal velocity of the inclined planc (and of block o). The lincar
momentum of the system is conserved:

myvy,=(moy+ M)V, (2)
Since the length of the cord is constant (sce lirst solution):

U1y

Uy = b Syl (3)
As block m remains on the inclined plane (see (irst solution):
vy = (v, +V)tana. (1
Let us now insert given data:

70J-0.6-10J=T7kg(vi, +v7,) + kg v3, +3kg V7. (1"

Tug = 3V, (2

vy, =0.622,, (3")

vy = (vr,+ V)0.75. (1)

From equation (2'), we have

3
Uy = :‘/. (2“)
{

which is then substituted into equa-
tion (4') to get:

3 7 3 10 ¢
Viy = <?+:> V%:7O§V (,l”)

{

inserting this into equation (3') gives:

10 3
=y -V = O.(il'g,/.
[ i
thus
I S .
V :S-E-U.()z'g!,. (5)
Substituting this into equation (2”). we find:
S =l ) 4 i ,
Vigp = ? - 3 C 16 '()'()U'l.ll = E '0.()1‘2”. (())

Substituting equations (6), (3") and (5) into equation (1"), we obtain an cquation for
vy, :

n 16 o B ey w8 B B .

32=7-—-0.36v3, +7-0.36v5, +v5, +3- — — - 0.36e3, .

100 Y L ( ( 2y
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After some algebra, we find:
, 3200 m?
YT 4864 52
therefore the vertical velocity of block mo is:
- /3200
U2y = V 186.4
Using this, the time in question turns out to be:

m
=2.5649 —
s

t_2b‘2y_ h 1m

=—=-——"-—=0.38978s%0.39s.
Vay 2.5649 >

V2y

Solution of Problem 52. a) First let us write down
the equations of motion for the sphere as well as for
the wedge, and the relation between their accelerations,
The data referring to the sphere is denoted by lowercase
letters, while the data ones corresponding to the wedge
is denoted by uppercase letters. According to the figures
a) and b), we get:

mg— K cosae=ma (1)
Ksina=MA (2)
a= Atana (3)

The last equation comes from the restriction that the
sphere touches the top surface of the wedge during their
motion. The distances covered by the sphere and by the
wedge in time t are:

1
As= —at?
2
" 1
¥ i AS = f.47(,2,
' s 2

\ *i since all the forces, and consequently the accelerations.
e i are constant. According to figure b),

As=AS tana,

thus

Fig. b)

1 1 .
—at? =~ A1? -tana,
2 2

from which, by dividing with itz, equation (3) is obtained.

The mass ratio M /m is oblained by eliminating the quantities A and K from the
system of equations. From equation (3):
a

tana
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plugging this into equation (2), A can be expressed:
_ a
K=M———. (4)
tana -simao
Inscrli“‘:‘ this into the equation (1), we get:
a
mg— M ———— -cosa =ma.
tanasmao

Rearranging this, and using the identily cosa/sina=1/tana, we obtain:

( M )
mg = s—+m|-a,
tan®a

from which the acceleration of the sphere is:

mg g tan® o
4= — = 5 (5)
s +m = +tan®a

According to the figure a), the condition assuring that the wedge does not tilt, expressed
in terms of torques relalive to the centre of mass, rcads as tollows:
h h

<(Mg+ Kcosa)——.
tana — (Mg ]3t,ana‘

2 1
3 K hsina+ 51\' cos

Here, we have used the fact that in the marginal case the line of action of the force
exerted by the ground on the wedge is shifted to the right edge of the wedge.
After simplifying this equation by 5/3 and multiplying by tana, we get:

2K sine-tana+ KNcosa < Mg+ Neosa.
Omitting the same terms on both sides, and inscrting the expression of A from
equation (4), we get:

a )
2M ——sine-tana < Mg,
tana-sima

$0 the maximal acceleration of the sphere is:

(@)

(VAN
[V

Pulting this into (5) we obtain the desired mass ratio M /m:

tan2 o g . . : M ‘
= %——2— < i‘ from which 2tan’a < — +mnza,
S +tan“a T 2 m
and finally the relation
M

m

2
> tan®a

8 obtained. Thus the ratio A /m and the angle o should satisfy the incquality above.
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Mo y
by If o =60, then = > tan®60° =3 is the condition. Thus in the case of — = 19
i
the wedge does not tl. According 1o the conservation ol mechanical energy:

l 3 ] )
mglsina = Sme” + S MVE

The relation of the speeds is similar 1o that of the accelerations:

¢

v=Vtanae — V=——,
tana
and using this in the previous equation we get:
'7
' A &
2mglsina =me? + M —— = m+—5—]-¢*
tan®a tan-a

From this the speed of the sphere alter co\'cring a distance 1 along the wedge is:

ﬁii B T = e,
z//snm f_’ 9.81T ms—=-0.2 m-sin60° 0.89 m
== - 12 ~ .oz :.
\/ o 1+ vene S

Solution of Problem 53. Onc possible method would be 1o suspend a small ball onto
a long cord that hangs from the top of the box. Let us wail uniil the oscillation of the
pendulum stops and measure angle o, which is the angle enclosed by the cord and the
line that is perpendicular o the top of the box. The bob of the pendulum is at rest with
respect to the box. il 1ts aceeleration equals the acceleration ol the box relative to the
ground. The acceleration of the box is given by the expression:

a=qg{shha - jrcosa)
The acceleration ol the bob is caused by the net Torce ol the gravitavonal Torce acting

vertically and the tension exerted by the cord.
20

mg

Let us use the figure above o apply Newton's second law o the bob in the direction
that are parallel and perpendicular 1o the inclined planc.
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[n the perpendicular direction we have:
mgsina — I7cosar =0,
while in the parallel direction we obtain:
mgsina — I'sinr = mg(sina — prcosa).,
*nee )
he mgceosa — I7cosar =0,

From which we lind:

I'sinr = jngeosa

I'eosr =mgeosa.

pividing the first equation by the second, we get: tan.a = . This way the coefTicient
of kinetic Iriction is determined.  There are several methods that could be used to
determine the angle of the inclined plane. Since we have three unknowns (ye, o, F)
in the above cquations. one more measurement is needs (0 be taken. The first possible
method would be to measure the period ol the pendulum that swings through a small
angle. The pendulum inside the box accelerating down the inclined plane behaves as il
it was placed into a uniform gravitational ficld in which the gravitational acceleration
was _(/7 =g —da, where @ is the acceleration of the box. The connection between this
apparent gravitational acceleration and the tension is given by the cquation:
2

5 B 2 2
I? = (imgcosa)”+ (jungeosa)” = m=g’*,

where ¢’ is the magnitude ol the apparent gravitational acceleration, for which we get:

g =gcosay/ 1+ 2,

and thercelore the period of the pendulum is:

l

geosan/ 142 ‘

from which the angle of the inclined plane can be calculated as:
Ir2

/
gV/1+u2 T

(= arccos

For example, il the mass of the bob is m = 1kg. angle o is measured to be 11.3".
th length of the cord is [ =T and the period is Tound 1o be T'=2.55. the coeflicient
OF Kinetic friction would be:

j=tanl1.3°=0.2.

While NIV .
Yhile the angle of the inclined plane would be:

<}

I w2 _
0= arccos — =50.85

9.81V/1.01 6.25
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the acceleration of the box would be:

1 y m
a=9.81 - (sin50.85° — 0.2c0s50.85°) = 6.37 ;.
g2 52

and finally the tension in the cord (in the pendulum’s stationary state) would be:

F =(mgcosa)y/1+ 12 =9.81 Ncos50.85°v/1+0.04 =6.32 N.

A second possible method is to measure the tension. In this case the mass of the hok
of the pendulum should be measured before getting into the box. Using the figure above,
we obtain:

AB=AC - BC =mgsina —mg(sina — pcosa) = picosa.
Thus

I'? = (mgcosa)? + (pmgcosa)? = (mg)?cos®a - (14 p?),
which yields

cos’a = F?
T ()P (1)
hence
F F Fcosx
cosa = = = — = )
mg/1+u2  mgv1+tan®z mg
therefore
Fcosx
o = arccos ———.
mg

Substituting the values given in the example, we find:

6.32-cos11.3°  _
o = arccos ———— — = 5(0.52%,
9.81
which equals approximatcly the previous result.
Note that these methods can only be used if the value of g is known and we are sure
about the fact that the bottom and top of the box are parallel (o the inclined planc. In
any other case the quantities in question can not be determined.

Solution of Problem 54. Newton’s second law ap-
plied to the force components parallel to the string is

i v?
K —mgcoso:/nT, (1

where K is the tension acting in the string. According
to the work-energy theorem (applied to a general cas¢
of an initial angular displacement of aq),

l(cos a—cos ap)

mgl(cosa —cosag) = =maw?. (2)
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From (1) and (2):
N —mgcosa =2mg(cosa — cosayg).
and hence the tension I\ is
N =mg(3cosa —2cosay).

The torque of the string is the only torque that the grip at the
jower end needs 1o counteract: it must be able 1o exert an
equal torquce in the opposite direction. The figure shows that
the torque of the tension force with respect to the lower end is

7= Nhsina =mg{(3cosa — 2cosay)-h-sina.

Since the pendulum started from an initial position of ag =907, cosay =0 and the
forque in question is
sin2a

T =3mgh sinacosa =3mgh

This torque is a maximum if sin2a is a maximum, that is, at 2a =907, which mcans

= 45°. Thus

. 3 .
Tiax = 3mghsinds® cos15° = ;mg// =9 Nm.

Itis worth noting that the tension force and the torque are both independent of the length
of the string.

Solution of Problem 55. a) Since the cx- R m
ternal forces acting on the system are all ver- |
tical, the centre of mass of the system will
not move horizontally. When the ball has lelt
the hemisphere, it must move vertically up-
wards: since the ball slides all the way along
the hemisphere, it cannot have a horizontal
velocity component at separation. Otherwise,
Its horizontal velocity would be equal to that
of the cart, which would mean a displace-
ment of the centre of mass of the sysiem 1o
the left or 1o the right. After separation, the
Motion of the ball is vertical projection. and
the carg is brought to rest again. Thus, all the
Energy is concentrated on the ball again, and
the ball will rise back to its initial height.

Let X denote the displacement of the cart
and let - denote the horizontal component of
the displacement of the ball. As shown in the |))((| T X EZR

gure, the distance of the centre of mass ol -
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the cart from the common centre of mass is X/2, and the distance of the ball from there
is R— X/2 metres. By definition of the centre of mass,

and hence the displaxement of the cart is

2m
- M+m
to the right, while the horizontal displacement of the ball is
2M
e M+m

to the left. With numerical data:
2-2kg B
r=———"—:0.5m=0.8m.
2kg+0.5kg
b) The normal force acting at the lowermost point of the path of the ball is obtained
by applying Newton’s second law:
' — g = el
N-—-mg=m R (1)
where N is the normal force and . is the speed of the ball relative to the cart. At
that time instant the cart represents an inertial reference frame, therefore Newton’s law
is valid in it as well.
From the work-energy theorem,

1 5 1
mg(h+ R) = Emv2+§MV2, (2)
where v and V' are the speeds of the ball and the cart, respectively, relative to the
around.
Since horizontal momentum is conserved,

mv=MV. (3)
Finally, the relationship of the speeds measured in the two reference frames is
Uyl =0+ V.

The solution of the simultaneous equations for the magnitudes of the quantities

involved is
2m2g(h+ R) M 2Mg(h+ R)
———— = and v=—V=/———=,
M?24+mM m M+m

Mm+m? h+R
Nl lax — 2 ) =
& ( M R +m> g
3 5 o ’2 5
(.2 kg-0401(<b+025 kg” 0.5m+0.5m +05kg) 10 MmN
2kg 0.5m s?
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Solution of Problem 56. a) When point A
hits the ground, the rods form a straight
fine. As rods have constant length, the two
ends of the system must have zero veloc-
ity at that moment, so the block of mass

mo stops. Since only conservative forces @ 8
act in this situation, the initial gravitational o
otential energy of the rods will be trans- S
formed into the rotational kinetic energy of g 5 ‘1}’ i 8
the rods, which is independent of the mass & — 4]
of the block. Ir \‘
At the moment when point A hits the LAY

ground, the rotational kinetic energies of
the two rods are equal. Assuming that the
rolational inertia of a rod about its end 1s © =in, L2/3. the rotational kinetic energy of

e rod 1s:
i’ 1o, 11 o,
Ei=-0w =--—-mL°w".
2 23

The law of conservation of energy will take the form of:
2mig—sinoe =2 —- 11171[,2u)2
2 2 3 ’

where L/2-sina is the distance of the centre of mass of each rod from the ground in
their initial position. As o = 60°, we know that sina = v/3/2. Substituting this into the
equation and isolating the angular velocity, we find:

We then use this to express the velocity of point A when hitting the ground:

3gL\V/3 _ \/3-9.81 ms=2-0.5m-v3 . m
2 - i

=3.57T —
2 S

va=Lw=

Note that the result does not depend on the masses of cither the rods or the block.

;‘)7
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=

b) The acceleration of mass mo at the moment when point A hits the groung is
made up ol two different components: the first one is the horizontal component
the acceleration ol point A («, ). the second one is the horizontal component of the
acceleration of point /3 relative to point A.

Let the reference frame be attached 1o point 3. whose velocity becomes zero, whe,
point A hits the ground. In this frame rod A (and thercfore point A) rotates in g,
accelerated motion around point /3. The horizontal component ol the acceleration of
point 4 must be the centripetal aceeleration, so

)

Uy =Clyy, = !

g

I the reference frame is now attached to point A, the horizontal acceleration of poipy
I3 (and therelore that o mass 1) will have the same magnitude as the one calculuateg
above but will be in opposite directions. As the horizontal acceleration of point A4 iy,

. . . . 2 . . .
this situation has magnitude «, =a,, = ¢35/ L and points towards point O. therefore the
total acceleration ol point /3 and mass mo al the moment when v =0 is:

")
ap=20,=2r"/L

Substituting known values gives:

BgVi3L
20 T2

Note that this result is independent of the masses and of the lengths of the rods. (The

ap=2a,=2-

i : . 5 ; i @ | ;
force acting in hinge 3 is I =1msap=2kg-50.97 — =101.91N.)
o

Solution of Problem 57. a) During the tumbling of the triangle. the initial positional
energy transfers into rotational kinetic energy. The side b lies on the ground. so only
the edges a and ¢ have non zero positional energy. This encrgy (relative o the ground.
as zero level)y can be expressed with the help of the height of the centre of mass of the
rods. Notice that this height is - =a/2 Tor both rods. So. applying the conservation
ol energy for the initial state and the final state of the triangle (just before the triangle
hits ground). we get:

| 3
(i, +mg)ghe = 3((‘),, + O e

where O, and G, arc the moments ol inertia of the rods « and ¢ with respect to the
cdge b, as rotion axis.
It is well known that the moment ol inertia of a thin rod about an axis perpendicular

1o the rod at one ol s endpoints is © = /= Inour case this applies Tor the side a:
o)

I 5
O, = Ia-ml,u‘
The moment ol incrtia of the rod ¢ is still to be determined. Tt can be obtained in &
ricky way. First let us place the rod ol length ¢ and of mass s, perpendicularly 1©
the axis. Then let us “compress' the vod, keeping its mass unchanged. to a size which 18
cqual to the distance of the endpoint /13 of the oblique rod frony the axis:
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c |
___________ iy

) =l . 1 9 !
The moment of inertia of the compressed rod 1s ©,. = ST, where r=c-sina=ua
]
is the distance of point 3 from the axis. Finally, let us shear the rod in such a way that
its length becomes again the original length, and every point of the rod moves parallcl
1o the axis. This transformation does not change the moment of inertia. thus:
] & 5 1

N 2
O.=—-m.c sin"a=-m,a".
3 3

This result could have been obtained also by the definition ol the moment of inertia:

; . , I 5 1 ;
. ) . ) ) . ) ) )
O, = g m;(lisina)” =sin~a E m;ly =sin“a- _;m,.(" = E:n,.u‘.

Putting these results into the equation of energy conservation, and expressing the mass
of cach rod by the mass ol rod ¢. we get that:

=

3 | 1 /1 3 +l 5 9
=MMe M | g=== | = =My =T |0 &,
5 T 243 5 3

8 L\J i | 5 )
- .ga = »]v_m, U4"wWm — o =aw”
) )

SO

% 3
a «) . - . -

We have used the fact that @ = —¢. thus m, = —in,.. Concluding. the value of the final

2] )

velocity ¢ =aw of the vertex /3 is:

m
Y r=ifladie= \/3§y1(/\/33- 10ms= 1 03m=3 —
IS

and it is directed vertically downwards.

b) In this case the centre of mass of the triangle may move only in vertical direction,
since all the external forces are vertical. The vertical forces cannot give rise to rotation
In horizonal plane (i.c. about vertical axis) cither. thus the rod b Iving on the ground
Just translates parallelly. Ac the moment when the triangle hits the ground nonc of its
points have horizontal velocity due o the conservation of horizontal momentum. Thus.
according to the law of energy conservation. the angular velocity just belore hitting the
ground. as well as the velocity of point /3 at this instant coincide with the result obtained
in case a).

The place where 3 hits the ground is now by /3= 9.4
= 0.1 m closer 1o the initial position of side b then y com
In case a). To obtain this the position of the centre of TR Toa
Mass has o be determined. 05 0.2
According 1o Pythagoras™ theorem. side b of the >

Wangle has a length 0.1 m. Let us use a coordinate
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system whose = axis passes through the vertex 3 and parallel to the edge b, ag it is
shown in the figure. Then the y coordinate of the centre of mass of the triangle is ximpw
the weighted average of the y coordinates of the centres of the three rods, so:
4-0.3+3:0.15+5-0.15
B 443+5
Here the numbers 3, 4 and 5 are the ‘weights’ proportional to the masses of the rog
and 0.3 m, 0.15 m are the y coordinates of the centres of the rods.
While in case a) the vertex B hits the ground dy = a=0.3 m far from the initig|
vertical plane of the triangle, now the centre of mass remains in this plane, so the vergex

B hits the ground only dy =0.2 m far from the plane. (The distance between the placeg
where B hits the ground in the two cases is d' =0.1 m.)

Y m=0.2 m.

Solution of Problem 58. Since no horizontal external force acts and the parts of the
system are originally at rest, the centre of mass of the structure can move only vertically,

Let Sy, S2 and S stand for the centres of mass of the two rods and the whole system,
respectively. Then based on the Pythagorean theorem

2
) = \/0.25 m2 —0.09 m2 =v0.16 m2=0.4 m.

From the ratio of the masses of the rods (as m:mo=1:15):

Iy 1m
=04 m-
L+ o 1.6 m

=0.25 m.

o~

In the horizontal position of the rods, based on
the figure:

o~
J
o~

-

SIS = =05m—-03m=0.2m,

2SS
o |

according to the coordinate of the centre of mass
(with S in the origin):

0+15-5755  0.2m
Lhi+ly — 1.8

58 = =0.125 m.

the distance between the joint and the centre ol
mass of the system is

Q'S"'=QS1+515'=0.3 m+0.125 m =0.425 -

Based on the figure, the requested displacement ol
the joint is

Ar=0Q'5 —-55=0425 m—0.25 m=0.175 m,
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hat iS: the horizontal displacement of the common point of the rods is 17.5 ¢m in the
direction of the tumbling, so point Q reaches the ground 17.5 ¢m to the left of the foot
of rod 1.

De[ermining the speed:

If in the horizontal position of the rods the speed of the common point (joint) is v,
then the rods can only rotate around their free ends because v is perpendicular to the
rods and in the horizontal direction the speed of the free endpoints of the rods is zero.
The angular speeds of the two rods are therefore

I8

wi=—, and wy= —.
Iy I
The law of conservation of mechanical cnergy:
[ [ 1 5 1 5
mig— +myg— = -0 wi + —0yw;.
gy T AT R

where the rotational inertias of the rods are calculated for their endpoints. I o stands
for the linear density of the rods (“the mass of a unit length™), then

my=oply and s =pls.
With these, our equation can be written in the following form:

ly

llyg-arlooy

by dividing by o, multiplying by 2, after combining the like terms the following
equation is acquired:

, 1 ,
Bg+1lg= §(/1 +15) 07,
after factoring oul
Bl (i +1a) g= (1 +12) 22,

and from this the requested speed of impact is
: m
v=\/3lig= \/23-0.6 m-9.81 m/s>=4.2 —.
N

Solution of Problem 59. The figure shows that the vertical plane containing the rod
is perpendicular to the axis of the cylinder, so the rod will move in that planc.
~ The change in gravitational potential energy can be determined by comparing the
Initial and final states. Since the system is conservative, the opposite of that change
€quals the total kinetic energy gained.

When point B reaches the cylinder, the rod and the radius drawn 1o it arc
Perpendicular to each other. As scen in the figure, they enclosc a triangle with sides

OB=R, BA=2R,

OA=VR2+4R?>= R\V5.
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The distances of the centre of mass S of the rod from the horizontal plane in the
initial and final positions are

2
Iy :[g% and 11,2:[2@‘
5

since ho: R=R: RV5.
Energy is conserved:

1 1
mg(hy —hy) = 5::71.'3 + 5@,;(;.)2.

The instantaneous speed v, of the centre of mass (S) is determined by the
instantaneous angular speed and the distance rp = C'B of the instantaneous axis of
rotation C' of the rod from the point S. Since the velocity of point A is horizontal and
that of point B — at that time instant — is tangential to the cylinder, the instantaneous
axis ol rotation is the intersection of the perpendiculars drawn to these velocities.

From geometry, the instantaneous radius 74 =CA drawn to point A satisfies
rgi RvE=2R:R,

thus

A= QR
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fhe instantancous radius of rotation of point B is obtained from the Pythagorean
’ [heorem:

I

1 5
— —m17R2J?
2

The solution of the cquation for w is

Lo |3 (V2 V5
| -

\%'7‘?‘%:

Thus the speed of the point B of the rod at the time instant in question is

2=\/20R?—-41R?>=4R.

Finally, the instantaneous radius 75 =C'S at the ¢

entre of mass is

=V 16R2+ R2=V17R.

Since the speed to be found is ¢ = rpw. the angular speed remains to be determined.
The energy equation in terms of the unknown angular speed and the radius rg obtained
‘ abOVC is

1 1 5 w5 26 5 G
+ = —mdR?W? = “mR*W2.
2 12 3

vp =4 Be=2182.
S

Solution of Problem 60.

Let us assume that the rod is thin and homogeneous and

9eneous :
moves in a vertical plane perpendicular to the edge of the table. The peg makes the
rod rotate about its bottom end without translation until it leaves the table. During this

\‘- [ N h \A 1 [ ."
ume, the centre of mass of the rod gains a horizontal velocity because of the force
exerted by the peg, [

and maintains this velocity after
leavmg the table, since during that time ther

ere is no
force acting horizontally. The rod loses contact with
the peg (and due to its being slim also with the edge
of the table) when the direction of the acceleration
of its centre of mass becomes vertical. From that
Moment the horizontal component of the velocity of
the centre of mass remains constant. The rod itself
Undergoes both translation and rotation. Its centre of
Mass moves on the path of a horizontal projection,
While the rod itself rotates about its centre of mass
With 4 constant angular velocity
hLLl us find the angle rotated until the rod reaches

the position of leaving the table and the velocity of
the centre of mass at that position.
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.
Let 2 be the angle rotated until feaving the table and «, and «a, be the tangengiy
N . . % o = «
and normal components of the acceleration of the centre of mass respectively. Iy the
position of leaving the table (shown in the figure) the following equations can be s up:
y
lEhp=—,
(g,
where

G =1 = -

and

7 B
[N
% B

&= ——=

where £ is the length of the rod, = L/2 is the radius of rotation of the centre of
mass while being on the table. 3 is the angular acceleration of the rod in the position
ol Teaving the table and ¢ is the velocity ol the centre of mass at the same instany,
Substituting these into the expression for the tangent of the angle, we obtain:

Lang = = (1)

Let us determine the velocity of the centre of mass and the angular acceleration. The

first can be found using the work-kinetic energy theorem:

I 1
myAh, = mg (1 —Cosy) = ;(—).u“ =
where Ahy is the vertical component ol the displacement ol the centre ol mass. Using
this to express the velocity. we find:
53
I'_::'].(//,(l*('u.s\,:). {2}

The angular acceleration can be expressed with the help ol the torques about the
stationary bottom end of the rod (using Newton's second law in angular form):

M lng%sin; 39

fo— i — = —sing. (3)
C] L2 o E
Let us now substtute equations (2) and (3) mto cquation (1)
. 23 .- .
sing L5+ sing sing
tany, = = = .
cosg  d-ggl(l—cosp)  2(1 =cosyp)
lrom which:
2
COSLE = .
3
So the rod lcaves the table after rotating through an angle o, whose cosine is cosy =
= 2/3. which gives = I83.19° = 0.8111 rad. Let us calculate other trigonomeltre
- - : V5 - V5
funciions of this angle: sing = =0.7454, tanp=—=1.118.
3 2
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o =

To investigate the movement of the rod after leaving the table, we need to hnd the
cod’s velocity along with its horizontal and vertical components. Using cquation (2),

these arc:

o 20, 25VIg g

B2 B b .

Alter making these calculations, we can begin o answer the original question. The
anele through which the rod should rotate while falling (if its bottom end is to initially
reach the ground in the rod’s vertical position) is a = 7— = 180°—48.19° = 131.81° =
= 2.3005 rad. The time needed for this is:

2
T— T —Arccos3 o L
p=p i 2. = JO0B ey f —
w Vy/L g
The centre of mass moves on the path of a horizontal projection. It is to cover a vertical
distance ol
=1 — -+ =

- e
S ; 3

3 6
where 0 is the height of the table. Using the cquation Tor the distance covered in a
vertical projection, we find:

Lo L2 L
22

- L L L 1 oL
w— = gl = V5L o 4005 -+ 39-2:3005 =,
() * 4 2. () ‘j g

Hence the height of the table is:

1 2.3005V5  2.30052
= |- Z2VE > L =367,
G G 2

We still need 1o cheek that the normal Foree exerted by the table onto the bottom end
O the rod still applics until the rod rotates through angle > = 13.19° becausc if not, the
f0d’s bottom end will “jump up® [rom the table. causing our calculation for the angular
dcceleration 1o be incorrect.

The bottom end of the rod would 1ift offL if the force /'), that is keeping the rod's
E0d on the table was a negative normal force. Since the table cannot pull, there is no
POssibility for a negative normal force — meaning that the rod’s end would lift before
Caving the table. Let us caleulate the angle at which the normal lorce gets to zero. It
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happens when the vertical component of the acceleration of the centre of m
the free-fall acceleration g. Let ¢ be the angle the rod forms with the vertic
position.

The vertical component of the acceleration can be written as the sum
of the vertical components of the tangential and normal accelerations:

ass e l l
al ]n lh

a;sing) +a,, cosgy =g.

. L 202 o .
Writing a; = —3 and a,, = A and substituting the values of angular
acceleration and velocity of the centre as given in equations (2) and
(3), we find:

—g(1—cos¢q)cospr = g.

3 L3 3
1qsm ©1 5

Let us divide by g, multiply by 4, and substitute sinpy =1—cos?p,:
3(1 —cos® 1) +6cospr —6Beos? gy = 4.
Rearranging the cquation, we get:
9cos o —6eospy +1=0.
The solution is:
6+36-36 1

; cospy=—— o =3 — w1 = 70.53°,

So the normal force K, would get (o zero al
an angle ¢ = 70.53°, but as the rod leaves the

—0s table well before that, our previous calculations
0.1s prove to be correct.
—0.2x It is interesting to examine how the quantities

| describing the motion of the rod change as a
function of time from the moment the rod leaves
the table. Let us make calculations for a rod of
length 1 m. In that case:

w:1/%:3.162 s

1
Vgy = g\/ngl.O-SQ E,
s

Vey = { v 6Lg=1.178 E

The horizontal and vertical dlsplacemenls of the
centre of mass as a function of time are:

—07s 1 m
= — -t=1.004 — -t
07275 .1,3—3\//4] t=1.054 . t,
3 1 n 2
y,gz—\é;\/l,q L+ 5ot _1178— L5t
52
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angle the rod forms with the vertical as a function of time is:
The &
180°

e =0+ Ap=pg+wt=48.19°+3.162- o4,

T

o = 48.197 is the angle at which the rod leaves the table.

where ¥
Let us set up a table of values for the above quantitics (which are measured in meure,
second and degree.)
{ 0.1 0.2 0.3 0.1 0.5 0.6 0.7 0.7275
7, 0.1052 0.2104 0.3156  0.4208  0.526  0.6312  0.7361 0.766785
Ys 0.1678 0.4356 0.8034 1.1712 1.839  2.5068 3. 271 3.503
Ay 18.1°  36.2°  54.35°  72.46°  90.58°  108.7° 12 131.8°
" 66.29° 84.39° 102.54° 120.65° 138.77° 156.89° 174 ..‘)S)D 180°

Solution of Problem 61. a) According to Newton's second law with impulse and

momentum
1?] [1 + ["'_)['_7 -+ /‘E;/;; =in.
and _
Pl +ta+ts) =me.

From these, the average force is the arithmetic mean of the magnitudes of the forees
acting in the diflerent phases weighted by their durations:
Fity + Fats + Fity

Fy:
h+tly+ts

Its numerical value is
F—ION 1s+4 N-14s—15N-25s

1s+14s4+2s
b) According to the work-kinctic energy theorem:

=3.3 N,

~ 5 1 9
[“15‘1 - ]“-_2.\'-2 + ]';g.@';} = 2‘111('_

and
= ] 9
Fs)+s0+83) = Sme

From these
}T‘ _ I“] 81 + 1"-)-‘3’-7 + [“'g.‘s‘;;

N $) + S0+ 53
The durations of the motion arc given, but the distances belonging to the forees need to
be determined. Calculating the distances:

> I, 1ON , , 80kg-m
51 ==ty ==—1%{= T st = —
2 2m 2m m
1 | I i
.Sz—l'1[)+7(l)12—(ll 1[2+ (l) 7:'4/”) ts =
2 - _)m -

10 N-4s-14 s ’li\-l’l‘s" ‘)) kg-m’
= +

m 2m m
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1 w7 B E
sa_mr;+20;r,_(m Fasts)- 13+§a,313:< t1+412> f3+—313_
777

10 N -4 5. 4 N-14 s> ' 15 N .22 g2 _ 162 kg-m
m m 2m m

After substituting these, the average force is

F_ 10N B44N-B2_15N- 17‘3,2_8001\1f+38081\7—24301\1_182 T

80 1 952 +‘T"f B 80+ 952+ 162 =182 B

The same with paramelric so]ution'

m

f:‘t +("tlt>+ L t’-’)+(f—;11+—r2) t3+—w?

m m 2m

[

Simplifying by the mass of the body:
SFHE + Fy Fatyts + § F3t3 + Fi Fatyts + Fo Fatots + 3 F2t3
TR+ Fityty + 3 Fot3 + Fityts + Fatots + 3 Fat}
_ (Fity+ Fata)? + [2(Fity + Fata) 4 Fats) Fsts
Fity (b 420 +2t3) + Foto(ta +2t3) + Fst3
with numerical values
(I10N-4s+4 N-148)?+[2- (10 N-4s+4 N-145)—15 N-2 5]- (=15 N-2 5)
10N-4s-(4s+2-14s+2-2s5)+4N-14s-(14s+2-25)—15 N-4 s?

Fw

D —

=1824 N
D Solution of Problem 62. a) The collision is
vo J . . : §
[m}—=> oo m] elastic. The spring connecting the two blocks will
< > reach its maximum compression (shortest length)
L ok
when the velocities of the two blocks become
Yo equal. At that moment, the blocks move with the
2, velocity of the centre of mass of the system:
| m [ m | myvy +maous m ()
U=———>""=—7yg=—
(PREN mi+mo 2m = 2
Lonin As there are only conservative forces present,

the mechanical energy of the system is constant, so the initial kinetic energy of the
sccond block is equal to the sum of the elastic potential energy of the spring and the
kinetic energics of the two blocks at the moment when they move together:
1 5 1
—myvy = = (m1+mo + = DOT
2 0 2( )4
From this, as m| =my =m, the compression of the spring is:

mug mo_,em 1kg 158
T = =Y — =08 —yy]| — = .98 Ccm.
2Dy "\ 2D, s V2250 N/m o

Thercfore, the shortest length of the spring is: Ly, = L—x = 20 cm —3.58 cn =
= 16.42 cm. (The spring is assumed to remain straight during its compression.)
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p) If the second bl(.)ck sligks to the spring, the motion of the lecks willvbe a simple
rmonic oscillation in a reference frame attached to the centre of mass.ol l.he system.
1a[his reference frame the centre of the spring is stationary, so the situation is the same
[S]if an object of mass m would be connected to a spring of length L/2, whose other
nd is fastened to a wall. The spring constant doubles if the length of a spring is halved,
:01 D =2Dy, therefore the period of oscillation for each block is:

I

1kg B
2.250 N/m —

0.282s.

Solution of Problem 63. Let us always choose the reference frame moving at the
velocity of the trolley before launching a ball (centre-of-mass reference frame) as a
reference frame. The velocity changes which occur after the first launching are the same
as the velocities themselves in the frame fixed to the ground (the process starts from
- rest). Let the number of launching be in the lower index of the velocity, V' stand for
the velocity of trolley, v stand for the velocity of the ball.

Due (o the conservation of mechanical energy

E= %(1\-’[ -m)VZ+ %mv?. (1)
Due to the conservation of momentum
(M -—m)V, —muvy =0. (2)
From (2), the velocity of the ball is vy = M}—;'”'vl, which is substituted into (1)
(M—-m)*_,

(M —m)VZ +m Vi =2F.

m?

After rearrangement, the velocity of the trolley afler the first launching is

2mE

Vi=AV =4 —F—.
: . M (M —m)

After the second launching, the change in the velocity of the trolley can be calculated
USing the same formula (3), the only difference being that M is now replaced by
M= —m:

2mk . 2mk
(M —m)(M—-m—m) \| (M—m)(M—2m)’

AV2=

after the third launching M is replaced by M" =M —2m:

2mkE B 2mkE
(M —2m)(M —2m—m) \| (M —=2m)(M —3m)’

AV3:
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E————————,e

~—

The total change in the velocity of the trolley is equal 1o its velocity relative (g the
ground:

Vi= AV, +AVa+ AV, =

[ ome 2k T ¥
\/(

:VAH“—NH+VLUme”>ﬁM+ M—2m) (M —3m) 3

Solution of Problem 64. The partially clastic collision means that the two bodieg
will not stick together after the collision but move with different velocities. and the 1oy
kinetic encrgy caleulated with the speeds alter the collision is less than the wtal Kinegje
energy before the collision. Thus. some part of the Kinelic energy increases the interny)

energy ol the objects. while the conservation of lincar momentum holds true under apy
circumstance and the centre of mass ol the two objects undergoes uniform straight line
motion. As a general case. let us assume that the two objects move along the same
straight line into the same direction. and the second one catches up to the first one. The
lirst part ol the collision lasts [rom the moment they touch cach other and until they
move. for an instant, at the same speed. Thus. the faster one slows down. the slower
one speeds up to the speed at which the centre of mass of the bodies moves, which is;
ey sy
my g

During this process. the absolute values of the change in the lincar momentum of the
balls arc the same. but their direction is opposite:

Aly=m(c—vy). and Aly=my(c—1y)=—Al,.

[n the second part ol the collision (until the balls are separated) more change on the
lincar momenta ol the balls occur (the direction of the lincar momentum might change
as well). the lincar momentum ol the ball of mass mo further decreases and the lincar
momentum ol the ball of mass 7y further increases:

All=m(uy—c). and ALy =my(us—c)=—Al].

I the collision is wotally elastic. then for any object the change in its lincar momentum
in the first part is the same as the change inits lincar momentum in the second part (both
the direction and the magnitude). The vy, =) —c¢, und {‘!'.‘.h =1y —¢ are the velocitics
of the ball of mass my and the vy, = v9 —c.and ¢l = uy — ¢ are the velocities of
the ball of mass m» with respect 1o the centre of mass of the balls before and after the
collision respecuvely.

With respect 1o the centre of mass, it can be considered as il the (wo bodics (coming
from two sides and arriving at the same time) collide with a wall of infinite mass (infinite
because the centre of mass stays at rest). In case ol a otally clastic collision the kinetic

ergy does not change. thus (in both ul.\‘cs) the speeds before and after the collision
arc cqual. Thus,
ry—c=—(u;—¢). and vy —ec=—(us—rc).
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[t the collision is not totally elastic, then the speeds after cm
the collision are smaller than before the collision, the ratio il M Veel,
of these speeds is 0 <A <1 thus for example for the ball & O «—

of mass 11y

¢ — Uy
k=——1.
v —c
: c—Uus ; .
(Of course the ratio k = —— is the same lor the two |
Uy —C
palls, because if the change in the lincar momentum ol one
. . . )
pody decreases by a factor of k. then that of the other must V,e|1 v
- . . 73
decrease by the same factor according 1o the conservation *- -

of linear momentum.) Thus, the speeds ot thetsalls ofter
collision arc:

wy = (k+1)e =k,

uy = (k+1)c— kuva.

Thercfore, the number & (the so called collision number or coeflicient) is suitable to
characterize the collision from the aspect of elasticity. If we would like to describe
how inclastic the colision is, we may use the number o =1— k. In case of the totally
elastic collisions & =1, and «a =0: in case ol the totally inelastic collisions k =
=0, and a=1.
The change in the kinetic energy of the system is:
Nli= %m 1 uf - 5:)1:,,] _ %/,7] f'f — %my'-ﬁ,

Which, after substituting the velocities allter the collision, can be written as:
neyps

Alj= ————
20my +my)

50
(0 —v2) (h7=1).
(Of course the lost energy is equal to —A /) In our case the ball of mass 1 =V was
stationary thus using the notations ms = m and va =© The resull is:

m M

PN T o i o i P
‘_)(n)LA\/)I ( )

Solution of Problem 65. Each object has a speed of vy = \/2gh when arriving at
the rigid, horizontal ground. The lower ball of mass m1; . arriving first, rebounds with an
Upward velocity ol the same magnitude ¢, since the collision is elastic. It then collides
With the ball of mass 5 still travelling downwards at a speed of . The velocitics of
the objects alter they collide with cach other are given by the equation

w; = (k+1)e—kv;,
Where the value of the coeflicient of restitution A is k=1 for a totally elastic collision,
myeyFmoes

Ui and ¢, are the velocitics of the objects beflore the collision, and ¢ =
nmy -t me
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is the velocity of the common centre of mass of the two objects. Hence the velocijeg
of the two objects after the collision are (with upward speeds taken as positive) ]

My — Moty my —3mo
U =2 —————— —yg=vg- ————. (1
my +mo my+mo )

My — Mavy 3my—my
Uy =2 ———— + g =vg ——. (9
my+mso my 4+ ma (2)

a) To make the mass m stay at rest after the second collision (the collision with the
upper object), we need u; =0. Thercfore it follows from (1) that
my — 3ma =0,
that is, the ratio of the masses in question is
my .
— =13
mo
b) Then the speed of the rebounding ball obtained from (2) is
9my —mo
Uy = Vpo—— = 2Up,
3ma+mo

and the maximum height reached can be calculated from the law h =v?/2y:

a2 2
hy=—0 4.0 —y
2 2g

Solution of Problem 66. Due to friction, the blocks will decelerate with a = g =
=1 m/s"’ before and after the collision. Let v; and v be the velocities of the blocks
just before, u; and u, be the velocities of the blocks right after the collision. Since the
collision is elastic, we know that:

(my —ma2)v1 +2mavy 2inqvy + (ma—mq)us
uy = Uy = .
mq +mo ’ my +mos

In our case the velocity of block mq is v2 =0 before the collision, therefore
up = v /4, and Uy =511 /4.

a) Since my stops at the edge of the table, its velocity after the collision must be
wg = /2as3 = \/2j1gs, , which means that the velocity of my before the collision should
be vy =4uy/5=4\/2ugs2/5. Therefore, m, should be given an initial velocity of

; 16
vy, = \/ U} +2ugs; = 55 * 21952 + 2ug5s)
9]

Since in our case s; = $2, we find:

=gl i |2 ey 1. 265
1o \ 25 Hgsy = 2:.')‘ L8 :‘
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6.

p) If now m, is to stop at the edge of the table, it must have a velocity of

) = \/21gsy

after the collision. This means that its velocity should be

vy =duy =4\ 2195

pefore the collision. Therefore it should be given an inital velocity off

: m
1,’]“ = uf+‘2/1_(/.s'l = \/1(5-2/tg.~3+2/1g.<1 = \/(16-+- 1)2pgs, =V1T=1.12-".
S

Solution of Problem 67. In order to be able to solve the problem uniquely, the two
objects must be considered as point-like ones. Both will reach the bottom of the sphere
of radius 1 at a speed of v = /2¢R al the same moment. Here they collide totally
elastically, and both the energy and the lincar momentum are conserved. For the clastic
collision the following holds true:

Sy mae
) =2—= — g
my-+mo
(where the velocities of the objects before collision are vy = \/2gR and ¢y = —\/2gR)
the velocities of the objects of masses my and my after the collision are:

2 e
u,1:2-"iu— J2gR="1"°"T2 /30R=—0.6/29R,

my -+ my -+ o
calculating similarly

= ) — M5
by g P~ TR 2GR V29t fogR="T1"M 5B 1.1 /3gR.

my+ms my -+ me
With this speed the object of mass my rises 1o a height of hy = f/_)q =0.361 =
=0.72 m, and the object of mass my ascends to a height of hy = :ﬁ/l/ = 1961k =

=3.92m So it goes 1.92m above the rim of the hemisphere.

Solution of Problem 68. If the collision is assumed to be momentary, it is enough
0 consider the forces acting between the colliding bodies, gravitational forces can
be heglected. It is practical to apply the cquality
of impulse to the change in momentum (o the
directions parallel to the inclined plane and y
Perpendicular to it:

Z Fpo A= Z Ap,
Z [,-At= ZAP“'

and
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In detail, if axcs are directed as shown in the figure:
KAt =(m+ M)v, —mucosa, (1)
KAt=—muvsina —0, (2)
where K is the mean value of the normal force exerted by the inclined plane op the
block. (Before the collision, only the object of mass m has a velocity in the y directioy
and neither object has any after the collision.) i
More precisely,

;L/]\'(l)(lt:(7n+1\vf)1'1.fmvcosa,

/K(I,)(lt = —musina.
The term containing time is eliminated by substituting K from (2) into (1):
—pumusina = (m+ M)v, —mucosa.

Hence the common speed of the objects moving together up the incline after the collision

is
mu(cosa — psina)

Ve T mt M &
0.4kg-12m/s-(0.9600—0.2-0.2798
Vg = = “1/9 ( 0 k) :2171’1’1/8
0.4kg+1.6kg
The acceleration of the object moving up the incline is
a=g(sina+ pcosw), (4)
directed opposite to the velocity, and thus the stopping distance is
2
_ Y%
5=

Hence with the use of the expressions (3) and (4):

2

2
i 2 : )
(n:+:\1) v>(cosa — psina)

s =

2¢g(sina+ pcosar)
Numerically,

2 2 . 5
(s 1442 (0.9600—0.2-0.2798)?

= —=0.199 m ~0.5 m.
° 2-10 14 -(0.2798 + 0.2 0.9600) m~2U.0 m
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golution of Problem 69. With respect to the motion of the block, it does not matter
whemer the coeflicients of static and kinetic friction are equal or not. In order for the
jock tO slides back, it is necessary for the coefhcient of static friction to be smaller then
he tangent of the angle of inclination (so the angle of inclination must be greater then
he ‘eritical angle” at which the block is just about to move). The turning of the block
ot the top of its path is momentary, thus lhis does not effect the time of the motion of
(he block. According to the proble.m, the 1n.[eraction belwpcn the block and_ the bullet
is momentary (‘during the penetration the displacement of the block is negligible’), so
Juring the interaction the system can be considered closed. (With respect to the internal
forces the external ones are negligible.) Thus the total linear momentum of the system
is conserved during the totally inelastic collision. The common initial speed is:

muv
Com+ M

The block and the bullet embedded in it undergo uniformly decelerated motion, the

acceleration of which has a magnitude of:
a1 = g{sina+ pcosa)

The time of the upward motion until the block stops is

C mu

l)=—=— : .
YT 2(m+ M)g(sina + pcosc)

The distance covered by the block during the upward motion is:

2
C2 ITLQU—

s=—= — :
2a1  2(m+ M)?g(sina+ pcose)

After reaching the top, the block undergoes uniformly accelerated downward motion,
covering the same distance as it covered when it moved up. The acceleration of this
downward motion is:

az = g(sina— picosa).

The time while it moves down is:

. [25 m2v? _
Voo (m+ M)2g(sina + pcosa)g(sina — pcosar)

muv 1

T (m+M)g

The toral time elapsed until the block reaches the buffer again is:

2n

.2
sin”a — pcos

mu 1 1

th+to = , +
e (m+ M)g \ sino+ prcosa 2q

v D) 2
sin” o — jt# cos
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—
] Solution of Problem 70. The bililar hanging o
2 5 0 © e rods cnsures that the rods undergo only trans|

.]. lh
Aliong)
1gh of
Speed
SYyStem
L‘U“ixi()n‘

A

motion. If their centres of mass are raised by g b
I, after releasing them, betore the collision thejy
will be v = \/2:_//1 The lincar momentum of (he
is conserved during the inclastic (momentary)
but some part ol the Kinetic energy s L“Nlrihulcd
_ my I between the lots of degrees of freedom of (he Particleg
@ i ol the objeet which is deformed inelastically, which |\
the so called internal energy of the object. The dCCI'Caxé
in the kinetic energy is equal to the work done in order to deform the object,
arcater the change in the kinetic energy. the more eflicient the hammering.
Because the mass ol the ball, made ol inelastic material. is negligible, the collision
can be considered as the collision of two bodies. In case ol an ine

L

thus (he

astic head-on collisigy
of 1wo objects the common speed of the objects can be caleulated, and is equal 1o (e
speed ol the centre of mass:

nmyptt ot

U=
my—+mo

Using the above speed the change in the Kinetic energy is:

oy
L | (III|I'}*‘L IIJ-__rl"_»)' 1 B l 9
AByech = =y M) ——————— — =M V] — =MaV5 =
2 (i +ma)? 2 2 -
L mpme 5
=———— (v —wy)"”

2 my iy

Considering the speeds of the colliding objects. the expression is symmetrical. so, from
the point of view of the inclastic deformation, it is all the same whether or not the smaller
or the greater object collides with the other, standing one of the same speed. From the
point ol view ol the efliciency ol the deformation. it is delinitely better 1o move the
smaller object, because less work is done while the smaller object is accelerated. This is
why anvils are heavy, and in most ol the cases they are lixed to the ground to increase
their “effective” mass. (During the hammering waves are generated in the Earth, thus
some energy is lost, this is why it is not correct 10 add the mass of the Earth and the
mass of the anvil).

The efliciency ol the hammering is the quotient ol the energy used o deform the ball
and the total work done. thus il 75 is the mass of the moving rod and considering thal
=0

o 1 _mgig 2
Al 2yt U5 1 l

2

B g o | '2 | - ma "
Winial Fiats Mg g 1+23

From the result. it can be seen that the efliciency is greater il the mass of the hammer #1712
is smaller with respect o the mass of the anvil. OF course. if” the mass ol the hammer
is oo small. we have 1o the anvil a lot ol times in order 1o achieve the same resull
This mecans that when the mass of the hammer is decrcased, another factor decrease?
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6

efficiency. namely that whenever the hammer is raised, we have to raise the mass of
c

our pand as well.

tion of Problem 71. At the instant of the explosion the projectile was at rest.

Solu o o .
Becausc the explosion is momentary, the cxlcrn'al (gravitational) t(?rcc Can'bc 'llcglcc@d
mpuer to the internal forces. Thus the total linear momentum ol the projectile during
c0 g

he explosion did not change. Therefore lhc two parts move in opposite dircclionsl after
the cxplosion. Let us denote these velocities with vy and vy, and the angle which is
petween the horizontal and the line which coincides with the velocity vectors with a
and the time which clapses hclwccln the .c>-<plosion and the moment of landing with 1,
and 12 According to the conservation of linear momentum:

m Uy

"y )
From the datum which states that the covered horizontal distances are equal:
1peosacfy =racosa-ts,

From these:
1 U 1

Since 9114 > my . it is true for the elapsed times as well that (5> ty, so tp =t +T can
only be truc if the smaller part of the projectile is above the other, larger part, because
the part that starts to move upward lands later.

Expressing the height of the explosion from the kinematic equations written for both
parts:

. Loy
/121'18111<»-/|+;_(/l7. (1)
and =

]

1 §
/):-7:'-,_,si1m-/-_;+;.r/(/|—-i—T)‘. (
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2

Let us express vz and { in terms of vy and ¢; and substitute them into the secopg
equation:

2
my . mo 1 mo
h=—-vy—sina-—t,+=-g| —t1 | ,

Mo ma 2 my
SO A
. 1 Mo
h=—-visina-t;+=-g| —t | . (2)
2 ma

Adding the equations (1) and (27) :
2
|
2h=—g [f?+ (m—211> } .
2 m

. ma g .
using t; =1y —T = —=t; —T, can be written into t;:

mq
m
fl = . T,
mo —My
Thus the height of the explosion is:
2 2 2
dh =g s L -T2+ e P R
i A (o —my)? m? (ma—mq)?
from which
1 2 +m3 1 9436
h:—ng2:—-9.8E- i 16 s> =194 m.
47 (mg—my)? 4 s2 (

.o . ma . . .
It worth to it introduce k for the ratio — because it makes the calculation simpler:
mq
my v _ 1o
mi V2 f;l

Because 1y —1, =T

from which
T
t; = ——, a)
- 1= (

and similarly

: kT (b)

The height of the explosion is:
h=kiysina -t —l—%tf, and h:fvgsina-l/-z—}—'{glg.
These two equations are an equation system with variables h and vysine. Using the
values expressed in (a) and (b) the solutions are:
k2 +1 k+1
h= % : m “T? and wosina= q(d—l_:) -T.
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From the data of the problem u; and vy cannot be calculated, just ¢psina and
peSINC. The endpoints of the possible v, and vy velocity vectors are on parallel
porizontal lines.

Using the data of our problem: k=21, =15, to =85, h =19 m, ¢;sina =
—929.4m/s, vasina=14.7m/s.

Interesting results are gained it we calculate the speeds which belong to the different
yelocity-directions. For example there is no finite solution for vy if the angle is 0",

10° 20° 30° 45° 60° 70° 80° 90°
169.3 8595 588 36 3395  31.28 2085 294 (m/s)

Remark: If we would like to solve the problem for the special case when the velocities
after the explosion are vertical, the result would not be unique. In this case the datum that
the travelled horizontal distances are equal does not give any condition for the times of
fall since the equation vy cosar-1y =wvpcosa-ty is an identity because cosa = cos90" =
= 0. Thus the conditions of the problem can be satisfied for any height.

First solution of Problem 72. The simplest way to solve the problem is to apply the
centre of mass theorem: the centre of mass of a system moves as if the otal mass of
the system was concentrated at the centre of the mass, and all the external forces acted
upon it. In our case the centre of mass of the two picces moves as if the projectile did
not explode: it continues moving along the initial parabolic orbit of the projectile. (The
explosion was caused by internal forces, and we neglect air resistance. as it is usual in
these types of problems.) Let us follow the motion of both picces and the centre of mass.

The position of the centre of mass is deseribed by its coordinales. At the instant when
the piece of mass my = m hits the ground, i.e. at time 1> =, + Al the coordinates of
the centre of mass are:

m .
Loy = Vgcosa -ty =150 — -cos60° 20 s = 1500 1,

. 1 oo 10 m g .
Yo = CpSIne -1y — ﬁg[.} =150 — -sinG0”-20 s - o -400 s =598 m.
s 8¢

3

The centre of mass divides the section between the two pieces into two parts with lengths

A 2m

PR ‘ ‘}'2

v

175



300 Creative Physics Problems with Solutions

inversely proportional to the masses m and 2m at the ends. This means that from the
centre of mass the distance of the piece m hitting the ground is twice as much as thy
of the other piece of mass 2m. So, using the notations of the figure, the = coordingage
of the piece of mass 2m satisfies the equation:

dy+ x2 500 m+ x5 3

d; +Tom 500 m+1500 m 2’

SO
6000
By T‘“ —500 m = 2500 m,

and for the y coordinate
ya 3

b
Yem 2
SO

= s = 3 598 m =897 m
=Y = 3 = .
Y2 2J 9

Finally, the distance in question can be obtained with the help of Pythagoras’ theorem:

dy = /22 + 12 = /25002 m2+ 8972 m? = 2656 m.

Second solution of Problem 72. A more complicated way of finding the solution is
the following.

A
g
Vay S sl 2m
= TS0,
. V'ix Vx F=Es o Vax - Th 2
vy &
//,// vl y \\ " ’.’
7/ Y N
A h . ST AN Y2
// 1 e o .
Prhe 2 N
et —
<« - N S T -»
d 0 X1 X
L |

X2

The horizontal component of the velocity of the projectile just betore the explosion is:
-, M -
v, =vgcosa =150 —-05=75 —.
s s
The vertical component of the velocity of the projectile at the moment of the explosion is:

vy = vosina — gt = 150 —--0.866— 10 = -10 s=30 —.
S S S
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The horizontal and vertical component of the momentum of the projectile at the moment
of the explosion are:

m _m
I,=3m-v,=3m-75 — =225 —-n
s s
. p ..m m
I,=3m-v,=3m-30 — =90 —-m.
' ’ s s

The altitude and the horizontal displacement of the projectile at the moment of the

explosion are:
. 1 , . m ) - m Yy
hy =vosina-t) — 5_(//] =150 —-0.866-10 s—5 — -100 57 =800 m,
s $2
m
r1 =vgcosa-t; =150 —-0.5-10 s =750 m.
S

Calculated from the data given in the problem, the horizontal velocity component of the
piece of mass my = m after the explosion is:
; xy+dy 750 m+500 m m
W = — = =125 —.
: At 10 s S
Since this piece falls from the altitude h; =800 m to the ground in At=10s,

1 .
hy +vi, At — E;/(At)z =0,

so the vertical velocity component of this piece just after the explosion is:
hq m
Al S
Applying the law of conservation of momentum in the horizontal direction,

m m
—80 —=-30 —.
s s

. ! c o
3mu, =muy, +2muy,,
from which the horizontal velocity component of the piece of mass 2m is:
Jv,—v),  3-75—(—123) m m

! = = — =175 —.
v2 2 2 s 7 S

The momentum conservation law in the vertical direction is:

v 7 !
3muy, =muy, +2muy,,

Which means that the initial vertical velocity of the picce of mass 2m just after the
explosion is:
_ 3vy—vy,  3-30—(—30) m g

A 2 ;o
After (he explosion, this piece performs a projectile motion for a time Af. The initial
horizonta] position (measured from the cannon) is ), the initial altitude is hy, while the
Orizontal and vertical components of the initial velocity are v, and ""/—’.u’ respectively.

Uring the time At, the altitude change of this piece of the projectile is

P ;
hy = v, At = 3 9(At)” = 60 % 10s—5 g 1100 s =100 m
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which means that the piece gets
ho = yo=hy +hl =800 m+ 100m = 900m
high above the ground.
On the other hand, in a horizontal direction the fragment gets
m .
2= 1'./),,Ai =175 —-10s=1750 m
- - S
far from the place ol explosion. so at a horizontal distance
! —- —— -
1o =a 4.0, =750 m-+1750 m = 2500 m
from the cannon.
It means that at the moment when the picce of mass = m hits the ground, ihe
distance of the other fragment of mass o = 2m from the cannon is:

78 4yl = V25002 m2 + 9002 2 = 2657 .

Solution of Problem 73. The initial momentum of the system consisting of the trolley
and the object is (M +m)- V. At the moment of the launch, an impulse is exerted on
the trolley in a backward direction. Let U denole the new speed of the trolley. After
the launch the speed of the object relative to the ground is U +v.

By the momentum conservation law,

MU +m(U+ve)=(M+m)V.
The final speed U of the trolley can be expressed,
M+m)V —me . m
U:—( =V-—-u
M +m M+

so the speed ol the object relative to the ground is:

U v m N Vo M MV +v)+mV
Corond = U =V — —n i = 1/ = .
Faromnd : A\I+ml A\I—J—ml M+m
Numerically:
20 kg (10 242 ) 42 koo 10 2 m
Coround = v = = 1.82 —.
= 20 kg +2 kg s

The kinetic energy of the object relative to the ground is:

1 g 1 - , M 2 -
B= 5 M ound = 5 °2 kg (1 1.82 \) =139.71 J.

Solution of Problem 74. a) The speed of the body of mass #1 at the moment of the
colliston is
ap = \/2gll.
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6

The speed of the centre of mass of the two balls at this moment N

miypuy
I"I 1 = "
T my-Fms;

The speed of the body with mass my after the collision is

2myuy 2my2gH

L= 2"«111 — Uz = , ==
my+me my +ims

pecause 12 =0, and for the body with mass m,

2myu my—m:

: 2mypu 1 Y

M =20y — ) = ————— —uy = ——=/2gH.
my o my+ma

The heights to which the bodies rise

P 2 2
vy my —m- 1 My — m:
/,I::)ﬁlz<_’_‘_;’ /-_)_(/[.[> 2_(]:<_’_-’>

my ey my +mso
and

—=—""H.
my +me 29 (my+ma)?

Making usc of the condition hy = ha, from the previous two cquations the
o 9 . . . . .
(my —m2)” =4y quadratic equation is acquired. After rearrangement

1:,) (21771\/‘2”1'-1)2 1 ’lm'f

2 . < 2
my —2mymy —3my =0,

whose solution is:

B 2my £ \//l'/nf + 1‘2:77';) B 2my £ 4my
N 2 N 2

and the physically realistic value ol the unknown mass is s =3m; =0.6kg.
b) If the relationship mg =3y is substituted into any of the equations for the height
0 which the bodics rise, for the given ratio
Im? H
1
H

Ri=a (dmy)? 4

1"

IS acquired.

'S()Iutiun of Problem 75. Since the friction is negligible, the forces between the two
d'_SkS are radial, their tangential components are zero. so the disks do not start rotating
after the collision.

: .From gcometric considerations the angle a of the force acting on the disk, which is
lmlizllly at rest. satisfies the following equation:

sina = T 0.5 — o =arcsin0.5=30°.

Z it
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Since this disk is initially at rest,
both its acceleration and its velocity
i1; makes this angle o = 30° with
the initial velocity v of the other
disk.

The velocity of the other disk and
the speed of the first disk after the
collision can be determined from
the conservation law of energy and
momentun.

. . /
According to the conservation of momentum: { Ny
miy = muy +mais, NR 2
thus
T = 1y +1a. (1)
According to the law of mechanical energy conservation:
1 1l 5 1 5
—'mw(z) = —mu,f + —mus,
2 2 2o
e
2 2 1.2
vg =uj +us. (2)

By equation (1) the initial velocity and the final velocities form a triangle, and by (2)
the sides of this triangle satisfy Pythagoras’ theorem, so it is a right triangle, where u,
and uo are the two legs of the triangle, and vy is the hypotenuse. With the notations of
the figure: 3=90°, v=060°, so i, makes an angle of 60° with ¥j.

From the triangle formed by the three vectors iy, >
and 7y we get that:

3
ey = c0830° = 5 X2 2 0.866 .
2 S
g =vsin30° =vp~- =0.5 L
2 S

Solution of Problem 76. It is important to analyse the process in detail.

I. There are two elastic collisions in the process. The first one is between the disks
A and B. Since their masses are equal, m4 =mp, the two disks exchange velocities:
A stops, and B starts moving at the speed v in the direction of the original velocity of
A. (It seems as if the disk B had been given a velocity v instantaneously.)

2. After the instantaneous velocity-exchange, the second clastic collision takes placc
at the moment when the thread is suddenly stretched. It gives a pull to the two disks
at its ends, by exerting an impulse of opposite direction and equal magnitude on the
disks B and C'. So the changes of momentum of the disks B and C have the sam¢
magnitude in opposite direction. (We could attribute the first collision as ‘pushing’, th¢
second one as a ‘pulling’ collision.)

180



6 Mechani(r.s Solutions 6.2 Dynamics

3, Although the centre of mass of the system consisting of the three disks moves al

Speed v/3 in the direction of v, after the first collision the mass m  can be omll-lccl.
and the whole process can be investigated as if the mass mp had been suddenly given
an initial velocity .

4. Since initially the disk ' is at rest, and there are no external forces, the centre of
mass of the system consisting of the two remaining masses mp and me performs a
aniform motion at the speed v/2 in the direction of the initial trajectory of disk A.

5. The sccond collision can be the best understood by splitting the velocities in
directions parallel and perpendicular to the thread. The impulse exerted by the thread
has no perpendicular component, so in this direction the velocity components are
unaltered. In the direction parallel to the thread, however, an elastic collision takes place
petween the two disks of equal masses, so in this direction the velocity components are
exchanged. Using the fact that the angle o = 15°, a simple geometric consideration
states that in the direction parallel to the initial velocity vV of A the velocity components
of both B and C become v /2 after the collision. (This is, at the same time, the velocity
of the centre of mass of the two disks, in accordance with the previous point).

6. Let the axis y be parallel to the trajectory of the disk A. The impulse exerted by
the thread on the disk C' has the same direction as the thread, thus C' starts moving al
aspeed uc in a direction making an angle 45° with the axis y.

7. Since the y component of this velocity is we, = ©/2, and because of the 157
angle, the = component of the velocity is also we, = v/2.

8. Since in the x direction the centre of mass does not move, the = component of
the velocity of B after the second collision has the same magnitude up, =v/2 as uc,
(but opposite direction). Thus the velocity uwg also makes also an angle of 45° with the
Yy axis.

9. So after the second collision both disks have the speed

[v2 w2 V2
up=uc = Jult+ul=\ —4+—=v-—.
S 1 2

(Itis the length of the diagonal of a square of side v/2).

10. The disk B moves perpendicularly to the initial direction of the thread, whilc disk
C moves parallel to the thread. It means that the thread becomes loose immediately after
the collision, and both disks perform a uniform motion.

I1. The line passing through the midpoints of the disks becomes parallel to the initial
velocity (trajectory) of disk A, when both disks cover the distance AQ in the
‘ 4 sk { - .

direciion at the speed wp, =v/2. The time needed for it, after the collisions, is:

\/73 ZL_Q_ 1mi‘z~\/§
5 =

N~

2m 2 Ty

v ;
5 v
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12. At this moment the distance of A from both of the other two disks is /2, anq

the distance between B and C is:
V2

l— ~0.71 m.

2

The details of the successive collisions are illustrated in a series of figures. The firs
and second figure show the velocities just after the first and second collision respectively,
The third figure indicates the moment when the line of B and C is parallel to the
trajectory of A.

3 mI<

To complete the solution of the problem, we check the validity of the basic
conservation laws for the process.

Check.

Statement:

[. The momentum is conserved.

I1. The angular momentum is conserved.

IT1. The mechanical energy is conserved.

Proof:
1. We write separately the components of the momentum. In the y direction:
A v
mv=mupy,+muc, =m-=+m= =muv.
’ 2 2
In the = direction:

0=mup, +muc, = mg —+ (—Tn,g) =0.

II. We calculate the angular momentum with respect to the initial position of the
midpoint of the thread.
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[nitially the disks B and C' are at rest, and the total angular momentum is carried by
the (orbital) angular momentum of A. In the first collision this angular momentum is
iansferred to the disk B. In the second collision the impulse exerted by the thread is
collinear with the thread, so it has no torque with respect to the midpoint of the thread
and does not change the angular momenta of the disks. Formally:

(V) I v el L V2
Mmu=-— =mujg—- =m- S e A A
2 2 2 2 2 2 2

[1I. The total mechanical energy of the system is the sum of translational kinetic
energies of its parts. The values of this sum before the first collision, and after the
second collision are equal:

5 1

1 . 1 5 1 5 ; 1 ; 5
;'z‘n,Avi = 5771,371,23 + E”I‘CUC = Em,u ('u,b:,. + u%y) + Em(r ('“'é'.r + ?tg-u) =

1 v?  v? 1 v 02 1 5 1 2
:5171‘ Z+T —1—51711 Z+ 1 25"1“ zim,yvm

since ma=mp=mec ="m.

Solution of Problem 77. In vertical direction the equation of motion of the released
ball at the lowest point is:
2
K —mg=m T

The speed v of the ball at this point is obtained from the encrgy conscrvation law:

1 .
mgAh = inwz,

where Al is the altitude loss of the ball, i.e., I —lcosypg =1(1—cospp). So the speed
of the ball at its lowest position is:

v=1/2¢l{1—cosgy).
The threshold force in the thread is:
2gl(1 — cos o)
l

Since the masses are equal, the two balls exchange their velocities in the totally clastic
%ollision. The formula of the force in the second (shorter) thread is similar to that of the
longer (hread. The speed of the second ball is equal to the speed of the first ball, but in
the Centripetal acceleration [/2 has to be used for the radius. So

Ki=mg+m =mg(3—2-cospg)=mg(3—2-cos60°) =2myg.

Ky=mg+m

2aql(1 — cosw 4gl(1 —cosp
M =my <1+ M) :771‘(](5_/1(70599)-,

¥ here @ is the maximal initial angle of the longer pendulum, at which the threads do
O break. This angle should be less than 60°, since otherwisc the first thread would
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s

break before the collision. We have to investigate the threshold condition for the secong
thread as well.

Since the two threads are made ol the same material. the threshold foree for the secong
thread is also 2myg. From the equation 'y = 2mg we get the following condition for
the angle

2mg=(5—lcosp)myg.

rom which the cosine of the maximal angle is
lcos e =3.
It means that the threads do not break. 1f

3

¢ < arccos— =41.1°.

Solution of Problem 78. Duc (o the clastic collision, the pendufum that was displaced
initally stops and the scecond starts its oscillating motion at specd

o=V 2gl(1—cosa).

From this moment onwards, the system is closed (in
the horizontal direction). In the extreme position of the
pendulum ¢ =V, where 7 stands for the instantancous

/(1—cos A . - ;
( #) velocity of the trolley. The momentum balance is:

meg =me+ MV =(m+M)1

from this. the velocity ol the wolley at the instant of
maximum displacement is

m

=S ——0 ]
m+M "

The energy balance is:

! 2
5 MYy =

(m+M)WVZ +ngl(1 —cosg).

n | —

where 2 is the angle ol the maximum displacement of the thread.
Bl

m
m—+ M
ey . after simplifying and transformations the following expressions are acquired for the
cosine of the unknown angle and the angle of the maximum displacement:

Substituting expressions ( 20l(1 —cosa) Tor V2 and 2¢/(1—cosa) for

m+ Mcosa

COSp =
m+ N
m 4 Mcosa = e
S =arccos ————— =5.67.
m+ N
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- leeesass i

Solution of Problem 79. Assume that the rod is thin, and consider the time instant
right belore the collision. Let v denote the speed ol the centre of mass (the middle) of
the rod relative to the ground. and let ¢, denote the speed of the cart. Let v, be the
impact speed ol the end of the rod that is wanted.

Since the external Torces acting on the system have no horizontal components,
porizontal momentum is conserved (the centre of mass of the system will not move in
the horizontal direction):

meg+2me,. =0.

and hence the speed ol the cart right before the collision is

The speed ol the middle of the rod relative to the cart is then

Uy 3
Ve = V0o — Ve =0y — g élm

and the speed of the end of the rod relative 1o the cart is

Usi :21'()“_[ :31'(]. (2)

¢
1l

To determine the speed of the centre of the rod before the
collision, the work-energy theorem can be used:

A WL TP .
s 511:/'(, + EG(MJ“ + ;(21);)1':. (3)

mg-

where

1 5
Gy = Em/,

is the moment of inertia of the rod about its centre of mass.
With the use of (2), the angular velocity of the rod and the
relative speed of its endpoint are related as (ollows:

L l‘,]“) - 3('” VO —_—
e —el = 2 :
L L :
I . ; T . : -V
Substitution into the equation (3) multiplied by two gives ? ¢
O ) O
L . «‘2
2 ) 0 8]
mgl.=muvj+—mL> —+2in—.
" T Fi 4
Which simplifies 1o
w8 WE 9o
gl=vy+ vy + - = -v5.

1 2 4
Hence the speed of the centre of the rod relative 1o the ground right before the collision
1S

N

vo==/gl. (4)

N~
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and thus the speed of the end of the rod relative to the cart is obtained from (2) and (4

Ve, =300 =2y/gL=28.94

m \
=
Solution of Problem 80. The speed of the weight at the ‘collision’ is:

v=/2gh.

Since the collision is instantaneous (very short), the effect of the gravitational force
during the collision is negligible, thus the angular momentum of the system with respecy
to the axis of rotation is conserved:

1 .
mvR=muR+ 2 MR,
Since the thread is inelastic, it gives the constraint:
u= Rw,

which can be put in the previous equation to obtain:
1
mv =mu-+ 2 Mu,

from which we get that
2m

U= ——=0.
2m+ M
Substituting the numerical data:

2m 2-3 kg m m
=———\/2gh=———"—,/2-981 —-1.2 m=3.64 —.
M VI T 3 ket 2 ke TR s

From this point on, the weight performs uniformly accelerated motion with initial
speed w. The acceleration has to be determined.
The equation of motion of the weight is:

mg— K =ma,

and the equation of motion describing the rotation of the cylinder is:
1 .
KR:iuﬁw,

where 3=a/R.
So the tension in the thread is:

K= 1Ma.
9

Inserting it into the equation of motion, we get

1
mg— éf\l/la =1ma,
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which means that the acceleration of the weight is:
2m
= =———={].
2m+ M

With numerical values:

2, 2-3 kg omo _
= g = — - 981 5 =7.306 —.
2m+ M 2-3 kg+2 kg s2 s2

The time needed for the first stage of the motion (until the collision) is:

t

l
I

The time of the second stage of the motion can be determined from the lollowing
kinematic equation:

1,
h=ut+ -at”,
2

which has the more convenient form: at? 4 2ul —2h =0.
The solution of this equation is:

—uFVu2+2ah
{o Mt TR
(1

The numerical value of the physically reasonable root is:

s S

7.36 3

364 1\ /13.25 % 49,736 % 12 m
' =0.201 s.

l‘_g:

Thus the weight covers the distance 24 in

I=t1+1t,=0.4955+0.261 s=0.756 s.

Solution of Problem 81. As the inclined m
plane is Irictionless, the force excrted on
the object that collides elastically with it
can only be perpendicular to the planc. Let
us assume that the object i1s a small ball,
because this way the collision can only
be central. (Otherwise the normal force
exerted by the plane might not go through
the centre of mass of the object. which will
result in the rotation of the object. In that
Case the conscrvation of kinetic energy for
the 1ranslational motions will not hold.)

Let us also assume that the collision takes place in an instant, since then the
gravitational force is negligible compared to the normal force, which makes our
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equations much simpler. The angle of the inclined plane simplifies our calculanom
since: sinav =sin36.78° =~ 0.6 =3/5; c0s36.78° 2 0.8 =4/5; tan36.78° ~0.75 = 3/4:
cot36.78° ~ 1.3333 ~4/3.

Let F be the average force excrted by the inclined plane and At be the duration of
collision. Let us apply Newton's second law (expressed in terms of momentum) to the
vertical and horizontal components and then use the conservation of linear momentunm,
and energy for this situation:

FAtcoso = mu, — (—mv) = mu, +mv (1)
FAtsina=mu, (2)
mu, =Mec (3)
1mu"’ = 1rn( -+ u )+ Mc (4)

2 2

since u?= u +u We can eliminate the average force and the time interval by dividing
equation (1) by equauon (2):

U, v
ot = —+ —
Uy Uy
thus
1y, = cobev-uy — . (5)

Let us solve equation (3) for the speed of the inclined plane:
m
C= —U,. 6
M )
After substituting the expressions for u, and c¢ into equation (4) and multiplying the
equation by 2, we get an equation for u, :

2

mu? =1 ( 2 tcotta- u —2-cota-u,v+v? )—H\/[Wu .

Let us divide by m and rearrange the equation, to get:
(1 +cot? o+ ]\[) u? —2-cote-u,v.

As u, #0, the equation can be divided by it. Solving for u, leads us to:

2-cota
e .,
1+Cot2a+ =

Uy =
Let us multiply the numerator and the denominator by A{ - tana:
2M

Uy, = U, (7)
(m+M)tana+ M cota

Substituting known values, we obtain:

2-18kg m m
Uy = 14— =12 —.
(6 kn+18]\0) +18kg- S S

wlb
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[nsel'ti“f:’ this result into equation (6), the speed of the inclined plane turns out to be:

m 6 m m
c = 12 — =4 —.

= v?l.n. = E g 3 E
The gcneral formula for the speed of the plance is:
m 2m )
CMtT (m+ M) tana + M cota Y

M
multiplying the numerator and the denominator by tana gives:

2m - tana _ Q-Gkg-% Mm_4

= : U [§ e
(m+ M)tan?a+ M (6kg+18kg)+s +18kg s s

The angle formed by the final velocity () of the ball and the horizontal can easily
pe determined by dividing equation (7) by equation (5):
Uy v (m~+ M)tana+ M cota
tanpy =—=cotov — — =cota—v- .
Uy Uy 2Mv
Multiplying the numerator and the denominator of the fraction by tanca, we have:

. ot (m+ M)tan?a+ M ot 1 /m+M
pe—cote 2M tan« TeoteTy M

1 . m+zVIt‘
—'é CO‘O—T Aano | .

Substituting known values, we find:

1(4 6kg+ 18 kg 3) 1

tanco + cota) =

from which the angle is ¢ = arctan; =9.46°. The velocity of the ball after the collision
G
€an now be calculated as:

u,  12m/s

cosp  cos9.46°

m
u= =12.172 —.
B

First solution of Problem 82. The distance covered by the chest afler the collision
2

' ? , V3 . . .

(‘“depcndcntly of the mass) is s = 2—2— where vy 1s the speed of the chest just after
g

the collision. So this new speed has to be determined. The initial speed (just before the

Cllision) changes abruptly because of two reasons:

1) during the collision the force pushing the ground, and consequently the friction
Oree are both increased.

2) the momentum of the chest is increased by the horizontal momentum of the bag.
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s

In this solution, let us assume that the inner surlace of the chest is slippery, i.c. the
lriction between the bag and the chest is negligible. The slide of the bag is stopped by
the side of the chest. i

First, let us determine the vertical force between the bag and the chest during
collision.

The change ol momentum of the falling bag is:

[A(mu,)=m\/2gh.

where s the mass of the bag. According to the impulse-momentum theorem, the
average force acting on the bag during the collision is:
. Almney) my/2gh . my/2gh
mg—N= =25 — N=mg+——"—.
Al Al Al
During the collision, the normal force between the ground and the chest increases by
this value, too.
The change ol the momentum of the chest and thus its new speed after the collision
can be determined by the impulse-momentum theorem, using the impulse of the (riction
lorce:

lhu

Mg+ N)AL=A(Mu).

where Au is the change of speed of the chest. Inserting here the value of A above. we

mv/2gh

A
Since the collision is mstantancous (which mecans that At — 0), after performing the
multiplication with At, the first two terms in the bracket become negligible, the third
term A/ cancels out, and we obtain that:

Vy jonn/2gh = A(Mu) = A Aun.

From here. the change of the speed of the chest s

y v Au:;/%\/?qh.

and 1018 opposite to the original velocity of the chest.
Now let us consider the horizontal interaction between the chest and the bag.
According Lo the ligure, the horizontal component of the velocity of the Talling bag 18

Uy
.= —— =cota\/2¢gh.

tana

ael:
&

|l Myg+mg+ )-A/:A(A\/u).

In 2 horizontal direction an inclastic collision occurs between the chest and the bag.
which process the horizontal momentum is conserved:

mcotan/2gh + (e = Au) M = (M +m)es.

where ¢ is the common speed of the chest and the bag.  Since the interaction
instantancous, the displacement ol the chest is negligible during the collision. and

s
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e

after the collision the chest continues its decelerating motion from the place where the
lision occurred. Writing into the previous equation the expression lor Aw, we get:

V24!
meotan/2gh+ M (1'1 - //i ) '> = (M +m)ug

col

M
Expressing the speed alter the collision:

imcotan/2gh + Muvy — pin/2gh

m+ N

Uy =

gince in the problem s = M, the masses cancel out:

cotav2gh+ vy —pu\2gh  (cota —pu)\2gh+ v,
Uy = = - .

2 2

The stopping distance does not depend on the mass, and its expression is:

v2 ]+ 20y (cota — p) 2gh + (cota — ,U);)‘_Zg/l
§=——= )
2nyg 8y

Numerically:

25425 (cot 60° —0.4)- V/2-9.81- 3+ (cot60° — 0.4)22-9.81-3
g — m=1.29 m.
8:0.4-9.81

If the sand bag had not fallen into the chest, then from the place of the inslantancous
speed 5 m/s the stopping distance would have been

- .
I 25

~2ug  2.04.9.81

~3.18 m,

$0 in this case the path covered by the chest would have been by s —s =3.18 m —
= 1.29 m = 1.89 m more.

Second solution of Problem 82. In the previous solution we divided the whole
collision into two successive processes, in a somewhat arbitrary way. First, only
the vertical interaction was considered, the intermediate speed of the chest was
determined, and then the horizontal interaction was regarded as a separate collision,
Which determined the final, common speed of the chest and the bag. Now, with the
help of the centre-of-mass theorem, we describe the whole collision process as a single
fvent. Let us apply the centre-of-mass theorem in horizontal direction. The horizontal
Component of the net external force acting on the system, consisting ol the chest and the
bag, is the friction force. Let V) denote the speed of the centre of mass of the system
before (he collision, and let V5 be the speed after collision.
~ We use the result obtained in the previous solution for the “increase” of the normal
force of (he eround:

. m\/2gh
N=mg+———.
: Al
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The change of horizontal momentum of the system is equal to the impulse of the frictigy,
force, thus:
SAL=A((M+m)V,).

Inserting here the friction force S, we get that:
wW(Mg+ K)At=(M+m)AV,.
Writing here the expression above for the normal force of the ground:

my/2g/
L (Mg—l—mg+ MA—’gl> At=(M+m)AV,.

Performing the multiplication by At, and taking the limit At —0:

pumay/2gh= (M +m)AV,.

From here, the change of the speed of the centre of mass is:

! v/ 2gh.
Iz\f1+m a

Initially, (before the collision) the horizontal speed of the centre of mass of the system is

_ Mvy +mcotan/2gh
B M+m

AV, =

VJ.'l

)
so the final, common speed of the chest and the bag is:

Muvy +mcota/2gh m \/‘
- 2gh.

‘/J' :V’l‘ _AV.’E: ]
2 o M+m » M+m

After the addition of the fractions,

Muvy +mcotan/2gh — um/2gh
M+4+m ’

Viz=

and using that M =, we get that:

v vy +cotav2gh— uv/2gh vy + (cota — p)/2gh
x2 — = i
2 2

After the short time of the interaction, the chest and the bag will move with this common
speed, so their stopping distance can be calculated from this speed:

5= @ - vi +2v1(cota — 1) v/2gh + (cotar — 11)*2gh =1.29 m.
2419 8pg
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Solution of Problem 83. The body slides up on the slope while the trolley accelerates
antil the body reaches the top of the slope. At this moment, the horizontal velocity
component of the trolley and the body are the same and when the body leaves the slope,
the constraining force ceases. The trolley moves uniformly at velocity 1, the body
completes vertical projection relative to the car and falls back tangentially on the upper
end of the slope. (Relative to the ground the motion of the body is an oblique projectile
motion with a horizontal velocity component v, =V and an initial vertical velocity
component v, that should be determined later.)

As the small body slides back on the slope. it accelerates the trolley further and
then slides off it in the opposite direction. The interaction corresponds 1o an elongated
perfectly elastic collision (in the case of equal masses the small body would stop on the
horizontal ground).

Calculations: The horizontal component of momentum is conserved. For the velocities
attained at the top of the slope:

me=muv, + MV,

mechanical energy is conserved:

Loy 1oy 1 5 1 s .
FM” = S M, B 3™y + 51\[\/ +mgR.

2
From the constraint condition it follows that v, = V.
a) From the first equation wl v
-
V = L 1 v, =V
m M
from which v |-
V=u,=6m/s.
O

b) The flight time should be determined. For
this, the initial vertical velocity component of the
projectile motion is required, which can be determined {rom the second equation, the
energy equation. Substituting V' in place of v, :

m+ M
v, = \/l)2~—1+ V2 -2gR,

m

Substituting the value of V' expressed with the initial velocity w of the body and
combining the like terms gives tor v,

M m
=y ——— 2 2gR=11.18—.
“ 711—|—/\1L 4 7S

(The height of the projection from the upper end of the slope is

2
h'= 2—” =06.25m)
g
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The time elapsed until return is
i
t=2-%=2.24s,
g

in this ime the trolley moves through a distance of
s=VI=134m

(This corresponds to the “horizontal range™ of the obliquely projected body).
Parametrically:

9m w2

5T m—h\f?

¢) The velocities of the two bodies at the moment ol parting again can be determined
either from the formulas of perfectly elastic collision or from the balance equations for
energy and momentum.

%_

—

The encrgy balance is
1T, 1 ., 1
—mu?t = —muf +=-MVZ,
2 2 2
the momentum balance is
mv=1muv; + MV},

The solution of the equation system is

m—M m 2M -m
s

v = -3 and Vi=——v=12—.
£ ! m+ M S

=—_u=
m+M
Solution of Problem 84. a) Lct A be the topmost point of the semi-cylinder. The
length of the cart is a minimum if it accelerates to the minimum possible speed V' during
its contact with the small object. and thus covers the shortest possible distance during
the time of the fall.
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while the two objects are in contact, the cart keeps on accelerating, with the single
exception of the time instant when the small object reaches the height of 2R on the
Semlcuclc

The force exerted by the small object on the cart is the smallest if it slides onto the
cart at the minimum possible speed. Since the condition for reaching the top is that the
pormal force N exerted by the track should remain N >0 all the way, the cart will
gain the smallest possible final speed if the normal force N decreases to 0 exactly at
[he topmost point. Let us go through the conditions required.

Condition |:

Na=0. (1)
when the object has reached point A, the cart moves on with uniform motion in a
gtraight line, thus it becomes an inertial reference frame. In the reference frame of the
cart, the small object moves along a circular path of radius R unul it reaches A-ig
and then continues on a parabolic path as a projectile with a horizontal initial velocity.
(In the reference frame attached to the ground, it reaches the cart with free fall along a
vertical line, with zero initial velocity.) The next condition is provided by the circular
motion in the reference frame of the cart:

Condition 2: ,
v

mg+ Na=m—e!

g T iV, R

and thus with (1),

2

i
Zrel l (0
=g (2)

Since there is no friction, all forces are conservative, the total mechanical energy of the
system is conserved. Let vy denote the speed of the small object when it hits the cart
(same as its initial speed of sliding onto the cart).

Condition 3:

I o

5y = Qm"u1 /\[V +mgh,
Where V' is the speed of the cart and vy is lhe speed of the small object acquired by the
lime the small object rises to a height h above the surface of the cart. The small object
Meeds (o reach the point A at a height of h=2R, and it necds (o lose its speed there

(=0 s needed). Multiplied by two, the equation takes the form
mui = MV? +4mgR. (3)

Since the small object is to stop at the topmost point of its path, its velocity relative to
e cart at that point is the opposite of the velocity ol the cart. In absolute value,

sy =V (4)
Si A y 5 i y
INce the external forces are all vertical, the sum of horizontal momenta is constant,
at |g
=y
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Condition 4:
muog= MV,

From (2) and (4):
V= />
= Vgl

(G)

(6) is needed for answering question a) since the distance covered by the cart ey be
determined with (6) from the time of the fall from a height of 27, The distance coy ereq

m Iree fall is

L 5
2R = —gl~-
m 2
or | and hence the time ol fall is
-
IR
| L= l=/—.

. V7

In that ume interval, the cart covers a distance of

— |4R
s=Vi=y/gh- \/4:\/”3'-’:2/{.

/g
Therefore the mintmum cart length required is Ly, = 25, that is.

Liin=1R=1-036m=1.11m.

h) The cquanons for momentum (5) and energy (3) both have to be satisfied.
mass ratio ol the small mass to the cart 1s not arbitrary, From (5) and (6).
M M
vg=—V=—\gR.
m m
Substituted o (3):
9
m——sglR=MgR+4mgR.
n-
With both sides divided by e
AV M
—yll=—gR+1yl.
- n
and hence, the quadratic equation
MM
s e s A
m-= m
is obtained Tor the mass ratio. With the notation M /m =kt £ - & 1=0. Henee
1£V1+16
- —‘/)—— =2.56(15).

that is. M =256 m . and since m = 1 kg, the mass of the cart is
M =2.56kg,

independently ol /2.
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5. | )

¢) Since there is no [riction, the small object was released at the height of
02
8]
II =y

which can be calculated with the use ol (7):

[0V

m

MN? 1 s .
h=-|—1] R=-256"-0.36m=1.18(1) m.

The small object slides onto the cart with a speed of

M o m o _oom
Lo =—\gR=256" \/S).S — -0.36 =4.85(7) —,
m S S

and the final speed of the cart is

V=\gyh=

m ) oom
9.8 = -0.36 m = 1.89(6) —.
B

Solution of Problem 85. Although the setting of the problem doesn’t state it exactly,
let us assume that the disk is homogencous and rotates around a vertical axis that goes
through its centre. It is also important to state that the disk is much greater than the
man, therefore the latter can be handled as a pointmass, which means that the man’s
rotational inertia when standing in the centre will be taken as zero.

Since there 1s no external torque acting on the system (friction and air resistance
are neglected), the total angular momentum of the system remains unchanged. The
total angular momentum of the system is the sum of the angular momentum of the
disk (O iek - w) and the moment of momentum of the man (myueR). Applying the
conservation ol angular momentum:

2
(——_)l“.\)("")l 4 HI,“;.“]{_»@‘] = (_)riisk»‘-)'l -+ 0,
since (as it was stated above) the man’s rotational inertia is zero at the centre. Isolating
the final angular velocity, we find:
2
(_)r]isk + ’“mnnRh
W= "W).
Ouisk

The change in the total encrgy of the system is:

. 1 , (1 , 1 ) s
/L-_) -l = i(_)(lisk“;;g - <§e<|i.\k°‘;] + sllllllklllR Wil

After substituting the expression for w» and rearranging the equation, we have:

. Ouisk + Muyan R2 o o Oudisk + Myan R2
A = lixlh tal l”m;m[f—vu'[_) _ Tish man

2 2P
= - Phnandt 50 T .
-2(—)<li.~<k -2(_)<li.\'k
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-1

Using that the rotational inertia of a homogeneous disk about its axis of Iotationg)

: 1 ; . .
symmetry is O = En:d;,-l\.]?". the change in the energy can be writien as:

Myisk + 2Mman

AE =

: Man R24AT02,
21 gisk
300+160
600
The change in the kinetic energy of the system is 605.3 J. which means that the (o)
energy of the system does not remain constant. This of course doesn't mean that the [y,
of conservation of energy is violated, because the increasc in the energy of the sysien
is caused by the work done by the man’s muscles, so biological (chemical) eneray g

transferred to kinetic energy in this case.

Substituting values gives: AE = -80kg-25m?-472-0.01 s~ 2 =605.3 .

Solution of Problem 86. a) Conservation of angular momentum can be applied to the
mass m., and the conservation of mechanical energy can be applied to the whole system:

muoR=muor. (1)
i = 3 = |
Mg(R—r)+ 5771«1!6 = Em'u = (2)

where vy is the smallest speed and v is the largest speed. With vy = l% expressed
from (1) and substituted into (2):
1 2 1 o4
Mg(R-r)+ 5™ (U%) = Emlf‘.

Rearranged:

o .2 5 "2_ <2 " R YR —7r
2Mg(R—r) =muv”® (1 - ;{2> = 171.1,"]?]?—2, = m'v“(+’]$2

The speeds are obtained by division through the whole equation by (R—r) and
rearrangement:

/ 2 ko 2
v=R 229 gy fo 2R 20w/ e m
m R4 1ke 04m+0.1m s

r 558 m 0.1m
Vp=U—7Z =I.00 —
R s 0.1m

and
m

=0.895 2 ~ 0.9
S S
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p) The conservation laws of angular momentum and
mechanical cnergy can be used again, but this time the
mass M has a velocity component v normal to the string
and a component vp parallel to the string. With these
potations,

muvg R =muv, el (3)

R 1 1 ’ 1 5
1\'[g§+§mv02:§m(1f,2+ 1.'§)+§g\[1'.§. (4)

The solution of the simultaneous equations is

MgR—3muvi  [2kg-10 m/s*-0.4m—3-1kg-0.892 m? /s> =588
e m+ M B 1kg+2kg et

and from (3),
vy =20y =1.78m/s.

Therefore the mass m is moving at a speed of

s

vy = 1,2 +1'.§ =2246m/sx~2.25m/s,
and the speed of the mass A is

var =v2 = 1.369m/s~1.37m/s.

¢) The accelerations can be determined by either of the two methods below: one using
an inertial reference frame and the other using a rotating frame.

I. The acceleration of the mass m equals that of the end of the siring. Tt has
a centripetal component a,, = rw? = v?/r owing to the rotation of the horizontal
segment of the string, and another component («) owing to the decreasing length of the
horizontal string segment. (At the time instants investigated, the instantancous speed of
the point of the string at the hole is 0.) Since the rotation of the string does not influence
the motion of the mass A/ hanging from the string, the acceleration of the hanging object
€quals the acceleration component resulting from the change in length. Thus Newton’s
Second law applied to the objects at the lowermost point gives the cquations

Mg—F=Ma, (3)
2
F=m <a+ ¢ ) (6)
-
Th : v? F
€ sum of (5) and (6) is Mg=Ma+m|a+— ],
R

and hence the acceleration ¢ is Mg

_/\IgA:n’i,i
o ITZ+;\]
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At the uppermost point:
Lo e
Mg—m-
m—+ M
II. In a rotating reference frame, the angular acceleration is zero in the two extreme

positions, and the mass m is momentarily at rest (thus there is no Coriolis-force either),
the only inertial force acting on it is the centrifugal force:
2
Bop= mrw?=m l,— (7) o

The cquations are now

Mg—F = Ma,

F
['—Fep=ma.
The sum of the two equations, with the expression of Mg

2
F,; substituted from (7): AMg— ml = (m+M)a.
; -

The expressions obtained for the accelerations are the same as those obtained in the
inertial reference frame. In the two extreme positions,

Mg—m?=2 _2kg-10 5 —1kg- L i g5

ag = IR e 0.41m =6 E
m+M 1kg+2kg 52’
and
_]Wg—m#_ng'lO;—[}—lkg-%ﬁ___ m
a= = =—-36 .
m+ M 1kg+2kg s2

Remark. It is instructive to determine the radii of curvature of the path of the mass
m in the two extreme positions. They can be obtained from the equations

9 2 2 2

v v v v

Fo=m-=L2=m ap+ ] and F=m—=ml|a+—],
00 R 0 r

and the expressions ol the speeds:

2(m+ M)Rr 2(1kg+2kg)-0.4-0.1m
L mR(R+7r)+2Mr? T kg 0.4m(0.4m+0.1m)+2-2kg-0.01 m? O
=0.1m,
and
. 2(m+ M)Rr e 2(1kg+2kg)-0.4-0.1m 0uds
S omr(R+r)+2MR?2 T 1kg-0.1m(0.4m+0.1m)+2-2kg-0.16 m?
=0.1dm,

that is, gy =0.25R =r and ¢ =0.351R = 1.4r. Thus initially, the radius of curvaturc IS
smaller than the radius R, and finally it is greater than the radius 7.

200
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Solution of Problem 87. Let v, and v, , respectively, denote the magnitudes of the
horizonlal and vertical Yclocily components of the sliding object. Let m stand for the
mass of the object, M t~o.r lhg mass of lhg cylinder, znqd let “ and © denote the angular
celocity and moment of inertia of the cylinder about its axis.

a) Mechanical energy 1s conserved:

1 .
mgh = s'm('u2

; 1 .
2 2
S+ )+ -Ow’. (1)
2
Angular momentum is conserved. With respect to the axis of the cylinder, the sum of
o . " ¥ . 5
(he angular momenta of the moving object and the cylinder is zero:

muv R — 0w =0. (2)

In order o determine the three unknowns (vy,, v,, w), a third equation is necded.
Jt will be provided by the condition that the object remains on the track. Note that
while the object descends through a height of h, the endpoint of the horizontal radius
drawn o its position turns through a distance of Ry in a horizontal direction, while
the circumference of the cylinder rotates through s in the opposite direction. The
slope of the track (tana =h/2Rm) can be expressed in terms of these quantities:

h B %1',‘[ Uy h
R(p1+¢s)  LRwit+1Rwt

= : = . 3
v+ Re 2R7 (3)

tanqa =

since the initial speed was zero and acceleration is constant.
The system of equations (1)—(2)—(3) becomes simpler with the use of the relationship

M = 5m of the masses and the formula © = EMR? for the rotational inertia of the

cylinder:

2mgh =m(vi + )+ 2.5mR? ("
mey R=2.5mR%e (2"
h o/
L,.—(L/,+Rw)2R7T. ())

With (1) and (2') divided through by m. and (2') also divided by R,
2gh = v} + 12 +2.5R%w? (1)
vh = 2.5RUJ (2”)

h

e = (v + Rw) ——. 3
o= (11 + Re) (3)

R can be expressed from (2”) and substituted into (1) and (3'):

2 v 2 [
. V), 3.5vj +2.5v;
9 S = M = h v

29h = v, +v, +2.5 3= 985

lhat is,
5gh=3.5v} 4+ 2.502, (4)
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T
and
( oy, ) h 4 h
A A =300, —. -
' "o05) oRw " ARkn <‘)
t. 18 substituted rom (35) into (4):
2
T I 3.5 W 9.5 41,99 I 5
agh=3.0v;, +2.5-| — vy = | D0 Lo 22br——= |
: h 5 R2 72 h R2 72 I
and hence the horizontal component of the velocity of the small object is
/ Sgh oy Sgh
o = o 2 =S /]’-'\/ G o= D9 9o=2" ((1)
\ 3.5+1.225 73— 3.5R*m2 +1.225h%
LEE
The angular speed ol the revolution of the small object about the axis iy
vy, / Sgh
W =—==T7 e e n
R~ "V 35122 412251 (7)
The vertical component of the velocity ol the small object is obtained Irom (S) and (6):
0.7h Sgh _
Dy == ~l'/:().1ll s PELh = - (&)
' R / 35R272 +1.22512

The speed of the small object alter completing one revolution is

9. 5 g Sgh
\/(/’T HOAR) S ST L amee

Considering the special case represented by the given numerical data, namely that h =
=R=L=0.2 m;

p= 2049y — 29 _q7 1
3.5m2+1.225 52

b) The time taken is calculated from the radius of the cylinder and the relative angular
speed of the small object with respect to the eylinder:

Lyel =Wy + W

Since the acecleration is uniform. the mean angular velocity is

_ Whel
e e
2
that 1s.
2T I
e — =5
Lol W W

[t follows Trom (2) that the angular velocities are related by the equation

5 L 2
ey B =2.5m R w,
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and thus

and

which can be combined with (7).

| [3.5R272+1.225h2 1 [(3.5724+1.225)L
pes b [ RARE SUEREY 1 (B85 S LEEE g e,
) \

5gh 1.1 5q

Remark. The time taken by the object to cover a certain segment of its descent can
also be determined by using the vertical velocity component: Note that h =wv,4/2, and
hence with the use ol (8):

Solution of Problem 88. In the interaction between the ball and the disc angular
momentum and mechanical energy are conserved. These result in two equations for the
speed of the ball upon leaving and the angular speed of the disc.

The angular momentum of the ball after bowling is zcero lor the axis and the angular
momentuni of (he originally stationary disc is also zero. Thercetore, at the moment
of detaching, the sum of the orbital angular momentum of the ball and the angular
momentum ol the disc are both zero:

1 5
1114'111’*31\[”'4):0. (1)

becausc the ball leaves the rim in the direction of the tangent. The total energy at this
moment is:

- 3 Lz >
3™ ﬁgmrl%—i-i.‘ w”. (2)
from (1) the angular speed of the disc is
2me R mov
TTOMRT M R
Fthis is substituted into (2):
1 5 SIS m? Lf _{m m? 9 .
5™ —511111+§-§A\//1’ -lﬁ-ﬁ—(§+ﬂl -y (3)

203



300 Creative Physics Problems with Solutions

From (3) the speed of the ball upon leaving the the disc is

M m 2kg m
n=uvy——7—=3—/— " =212—.
M+2m s \/ 2kg+2-1kg s

The time of falling is

[an  [21
A g g et = 0,452,
Vo 9.81%4

In the meantime the horizontal projection of (he
displacement of the ball is

2h m _.
sy=vAt=0v1y/ —=2.12—-0.4525=0.957 1.
g s

Let x stand for the distance between the projection of
the rim of the disc on the ground and the place where the ball reaches the ground. Based

on the figure
M 2h
e JR242A2 —R=  [R242— 2
g \/T \/ l M+2m g

With numerical values:

2kg 2-1m _
v - . 5 —0.5m=0.58m. (4)
2kg+2-1kg 9.81m/s

r= \/(0.5 m)?2+ (3m/s)?

a) The distance of the point where the ball reaches the ground from the rim of the
disc is

do=Vh?+22=/Tm?+(0.58m)> =1.156 m ~ 1.16 m.

b) Based on (2), during the time of falling the disc is rotating at an angular velocity

mo v M lkg 3-7 2kg —
Ww=2— = =9. .8 =4.24s" .
M RV M+2m 2kg 0.5m}\ 2kg+2-1kg

The total angular displacement until the ball rcaches the ground is

=9 m v [2h M
T TAR g M-+2m
1kg 32 2 2kg
=2 T B - 192 vad=110°.
2kg 0.5m\/ 9.81m/s° 2kg+2-1kg
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%
“ 0 $ \
{ N2}
ol
R dag 7
.- — — Sy
2 Sx 4

By analysing the figure the following statements can be made: Based on (4), the
distance of the place where the ball reaches the ground from the place of the disc is

/ 5 2h M 2}
(l()_ }{) 5‘\'_ 1{)+ll—: lﬂ‘)+117._):
g M+2m g
2 l\()‘ 2.1
= [(0.5m)%+ (3m/s)?- = > =1.08 m.

2 k” ’+’2 1 ko 9.81 n]/g

Let P, stand for the point of leaving on the projection of the rim of the disc on the
ground and P, for the position of this projection when the ball reaches the ground. Let
O stand for the foot of the axis and A stand for the point of impact on the ground. Let
a stand for angle AOP; and < for angle AOP,. From the figure it can be seen that

=1.09 rad =62.1".

Q = arccos — = arccos
(1) 10b

and

c=2r—@—a=6.28 rad —1.92 rad — 1.09 rad = 3.27 rad = I87.5°.
According to the cosine rule, the distance between the point of impact and the projection
of the rim, (dap, = AP) is:

dapy = \/d3+ R2 — 2dy Reos= =

= \/(1.08 m)2+(0.5m)?—2-1.08m-0.5m-cos187.5° = 1.58 .

Finally, according to the Pythagorean theorem, the distance between the point of impact
and the point of leaving on the disc is

dy, = \/h +dip, = \//22—0—([;2, + R2—2dyRcoss = /(1m)2 +(1.58 m)2 = 1.87 m.

Solution of Problem 89. The pointmass is in a three-dimensional spherical motion,
Which is similar to the motion of a mass hanging on a string of length 2. The direction
Of the maximum and minimum velocitics (e and v2) must be horizontal since they
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occur at the deepest and highest point of the pointmass’s path where the tangent to the
path is horizontal.
We need to set up two equations to find the maximum and minimum velocities:

One
is the conservation of energy, the other is the conservation of angular momentum,
The conservation of energy can be writlen as:
1 . 1
mghy + 5 mvy =mghs + 517}1‘3.
hence
2 2
2g(h) —ha)=v; —vj. (1)

The conservation of angular mg.
mentum applies to the horizontal com.-
ponents, since the normal force alwaysg
points towards the centre of the sphere,
its horizontal component points to-
wards the vertical axis of the sphere,
while the horizontal component of the
gravitational force is zero. This means
that the line drawn from the vertical
axis to the pointmass sweeps out equal
areas in equal times. Let us apply
this to the two extreme positions as-
suming that the velocities are equal to
their horizontal components at those

moments:
Rrcos ¢ ULy = VT,
,?COS'G r1 and 7o can be expressed using
v v the radius of the sphere R and heights
! 2 hy and ho:

ry = Rcosa,
ro = Rcos /3,
so the conservation of angular momentum will take the form of:
vy Reosa = vy Reos 3, (2)

where a and [ are the angles. which are formed by the radius that connects the
pointmass to the centre of the sphere and the horizontal. Let us usc the figure above
1o determine the cosines of these angles:

VR2—(R—h1)2  \/2Rh, —h}

COSty = — ‘
R R

(B —Fh. )2 - —52

cosy VRE—(R—ha)* _ \/2Rhy —h3
R 5
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Writing these into equation (2), we have:

v \/2Rhy —h3 = vo\/2Rhy — h3. (3)

Equalions (1) and (3) form a set of equations with two unknowns. Let us take the
square of equation (3), isolate :3 and substitute it into equation (1) to find:
2 2Rh —h?
ke Rhs~ h3
2 20t — hi 2Rhy—2Rhy —hj+h} 2
1 2Rhy —h3 2Rhy — h3 .

2
Uy

2g(h2 = /11) = 'lv"f =

from which

2g(ha — hq)(2Rha — h3) 2g(ha = hy)(2R = ha)hs

2Rhy —h3 —2Rhy + h? N 2R(ha—hy)+(hy —ha)(hy+ he)

Simplifying the fraction under the square root by (h, —h;), we obtain:

901 2R—hy 55 M
1 = 20Ny —mMmmmm— — . —_
" g 221{—(/11—}—/1-2) s

similarly (using the symmetry of the situation to exchange indices), we get:

2R —h, m
vy =4 /20 —————=15—.
2R — (h1+ho) s
Solution of Problem 90. Assume the 3 kg object (o be a : 2m |
point so that its rotational inertia can be neglected. Since 5=
friction and the rod’s mass arc negligible, the only force 0

acting on the object is gravitational force, therefore the object
Undergoes free-fall. Its path being vertical, the object moves

adistance of:
A =
— | —[ =] =0.866m
2 4

Until it drops off from the rod. Its velocity at that moment is
US\/2gh=4.16 m/s. The object’s velocity can be resolved
Nto components that are parallel and perpendicular to the rod.
he Jatter equals the velocity of the rod’s end at the moment
Yhen (he object leaves the rod. After this moment the rod’s end maintains its velocity,
0its speed in the rod’s vertical position is still:

vp =VCoSa,
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L/4 S
where cosa = —— =0.5. Thus

L/

8%

Smo
tp=4.16 —-0.5=2.08 -
s s

Solution of Problem 91. The collision ol the bullet and board is inclastic, ”‘U"Cﬂ)rc
the conservation of energy can not be used in this situation. Since the board is nitig))y,
vertical, the torques ol the external forces acting on the board-bullet system are al) 7Cro
at the point ol suspension (hinge). therefore the conservation of moment ol momenqp,
can be applicd to the collision of the bullet and board. Thus we have:

) 1 >
mel.=mlL w+ ?\Ilfur:.

where mel. is the momentum ol the bullet at the point of suspension hefore collision,
w is the angular velocity ol the board and bullet moving together alter the collision ang
A 1L? /3 is the rotational inertia of the hoard about the axis that is perpendicular 1o (he
board and goes through iis end. Isolating the angular velocity of the system alter the
collision. we get:

v 1

”':Z'HA\//:K,”' (1)

After the collision. there are only conservative forces acting on the system (neglecting
air drag), whose works can be caleulated casily. Before applying the work-kinetic energy
theorem. let us determine the change in the Kinetic energy ol the system, which is:

: L
Fin = ‘)'III(,Q/‘.)‘ foge =

5 5 1 s
\[/4',5‘:;(m+.\l/3)~"/“.

L L . ; 1 mu?
Substituting the angular velocity from equation (1), we find: [y, = -+ ———
2 1+ M /3m
The only force that does work on the system is the gravitational force, therefore the
work-kinctic energy theorem takes the form ol

12
mie-

3 1+ M3

L
mgl — ‘\/.(/; =0-

Solving this for the nitial velocity of the bullet, we find:

/. 1/ S < m
v= /20 L (14 M /2m)(L+ M /3m) =160 —.
S
First solution of Problem 92. (Using the conservation ol angular momentum)- a)
The speed of the body is « = /2¢R at the bottom (only conservative forees act). Frof
the law of conscervation ol mechanical energy
15§ TP S
’”.(/H:‘<‘51\/]l)2)w‘l+*)lnl‘_. (1)

2
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e

From the law ol conservation of angular momentum

| 5 ;
mulR= MR w+melt. (2)
(]

; drig cnis o
where mult and mel? are the angular momentums of the body and E/\le“u; is the
angular momentum ol the rod for its axis of rotation. According to the condition v =0,
(l)ci“‘d (2) may be written in the following form:

1 i
mgR =~ MR?w?, (1
6
) 1 »2 Y
mu/\:?\lln L (2]
Simplifying by 12:
l 2
mg=—-MIR.", (1"
6
1
mu = gz\lh"u. (2"
Dividing cquation (1) by equation (2"):
g _1
= = =y
u 2
from which the angular speed 1s
29
s — [l .
Ifthis is substituted into (2):
1 2¢
mi = 7;\[/?—'/\
3 u

from which (he requested ratio is
M 3u? 3-29R N
mo 2R - 291R N

b) Taking into consideration that the initial angular speed of the rod is

29 2 2g

1 2918 R’

o

b

4ed on the work—cnergy theorem

R Il P
\/1[5(] -("()r{(\) = E - '5\Il))—_u‘d - }\//))(j
Simplii‘ying by AMgR:
9
| —cosa = —.
3
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and from here
1 b= oo ot
cosa = 3 and a = arccos - =70.53°.

3

Second solution of Problem 92. (Using impulse.) Let overline
(F) stand for the average force during the collision. | stands for
the interaction between the rod and the small body (the two forces
are equal but opposite, F stands for their absolute value) and 1%
stands for the action of the axis of rotation on the rod (see the figure
on the next page). With these the momentum theorem for the small
body becomes

FyAt=A(mv) =m\/2gR, (1)
for the rod .
FiAt+ At = §MRw, (2)
the equation of motion for rotation becomes
— R — R 1 .
FiAt= - FAt—==—-MRw. ;
IS TR T 3

Due to the absolulely elastic collision and the condition given in the
problem

11
gR= - -MR*.”.
my 23
From this the initial angular speed of the rod i
.m g
w= et
MR

Dividing (2) by (3) gives
Fi+F, 6MRw _

F-F 2MRw

From this we get

1
F2:§F1.

&
0]

NIy

(We can see that Fy and T acting on the rod point in the same direction.)

Substituting this and (1) and (4") into (2) gives

1
29R+ ;m\/QgR— /\[P‘/()%]%

Combining the like terms gives

77/*\/2J —\/R 9

/\[ R
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er squaring:
After 54 m g

2 G 252
m=-9-2gR=M*"R"-6- — =,
% MR
from which the requested ratio is
M
mo
just as we acquired it from the first solution.

3.

Solution of Problem 93. When the stick detaches from the hook, its centre of mass
undergoes oblique projection. In the meantime, the stick rotates uniformly at the already
acquired angular speed (the homogeneous gravitational force has no moment on the
centre of mass). We determine the magnitude and the direction of the instantancous
velocity of the centre of mass (.5) upon detachment and the angular speed of the stick,
the rising time of the projection and from it the angular displacement of the stick and
finally the angle enclosed by it and the horizontal.

L

[= ——ge

S

From the work-cncrgy theorem:

1 .
mgAh = ;(—),\wz.
In detail; .
mg— cosa =

1

2 2
s=mlLw,

B[ =

from which the angular speed is

o 3{/_\
u,—\ Lcosc\ i

From this the magnitude of the velocity of the centre of mass is
L

= ]

g = —W.

2

The angle of projection is also «. With it the vertical component of the velocity of the
Projection is
Vs, = Us-SINA.

Sy
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The rising time (the moment of reaching the maximum height from the beginning of the
projection) is

ssinae (=0.1287s).

The angular displacement of the stick in the meantime is

1 /3L 3 3
Ap=w-At, = \/3gL(:osa'-5 —cosa-SINQy = Ecosasinn;: ]sin2a (:37.21°)_

g

The angle enclosed by the stick and the horizontal in the beginning of the oblique

projection is
s

:—:600’
3 )

™ o
EZE*Q(:E—

and in the requested moment

(n
Il
(n

3 3
0—Ap=1 —Zsin2a =2 — Zsin60° =0.3978 rad = 22.78°.
34 3 4

First solution of Problem 94. (Using angular momentum
IF and energy conservation.) At the beginning of the interaction
A with the table the forces are vertical, and since the collision

iUC is instantancous, by the time the rod falls down the forces
°| fay.  alrcady cease, thus there are no horizontal force components.
o Let our reference point ( A) be the end of the rod colliding
with the table. Since the collision is instantaneous, the force
F exerted by the table during the collision is much greater
than the weight of the rod (F' > mg), thus the latter can be disregarded during the
collision. This means that the angular momentum with respect to point A is conserved.
Indeed, the torque of the only external force F' is zero with respect to A. Two
conservation laws are applicable for the collision.

The law of angular momentum conservation is:

L
nz~2~v(. :7n§u,.+@,.w, (1)

where the left hand sidc is the angular momentum of the rod (not yet in rotation) before

the collision, and the two terms on the right hand side are the orbital and spin angular

momenta after the collision. (The rod performs planar motion, so the orbital and spin

angular momenta are parallel vectors perpendicular to the plane of the motion, thus their

magnitudes simply adds up). In the equation the spceds and the momentum of inertia
refer to the centre of mass of the rod.
The law of energy conservation is:

1 5 1 51 2 9

muv; = 2mu,,Jr 2@,W . (2)

A) 'l‘('
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In order to answer the problem’s questions, the angular speed and the speed of the
centre have to be determined after the collision. For these two unknowns we have (wo

¢qualions.
After simplifying (1) and (2) we get:
% 20,
U= Ug w,
“ il
5 O,
'1,7,2, = u,z. + o
m

Taking the speeds to the left hand side of the equations:

20,
Ve — U = 7”[ { (1/)
NPT ,
Uf - U.{z_ = ;w (2 )
" Factorising the left hand side of (2'):
O, .
(Ve — e ) (Ve +1e) = —w?.
m
We divide (2') by (1):
L
Vet = 7*) (3)

By adding (1) and (3) the speed wu,. can be eliminated:

20, | Lw 40.+mL*
mL~ 2 2mL
and the unknown angular speed is:

20 =

_AmL
T 10, +mL2
Putting in the moment of inertia of the rod, around the axis through the centre,
Perpendicular to the rod, we get:
4mL 4 v, Ve

)= SV, = = =3—. 4
“ 4%111L2+771L2 ” %+1 L L (4)

w

From equation (1') the speed of the centre of mass after the collision is:

Lw L v Ve
Upg=—— Vo= —F3— —0v,. = —.
2 2 L 2
The time needed for a whole revolution is:

=—[ = —— [ = = =
w3, 329 H 3210 50.8 m

2 27 2r 2T
= 04 m=0.21s.
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During the revolution the centre ol mass lowers by a distance ol

I . 2 g 4dn*L? T
.N:I/,.T+;_(/T_:" . //+:/-»:7/,<l4

m 701 m
s==0dm-(1+—= S =0.61m.
3 308 m

Second solution of Problem 94. (Using encrgy conservation, impulse—momenyyy,
theorem and angular impulse—angular momentum theorem.) Let us direct the vertigy
axis ol the coordinate frame downwards.  All the velocities and forces are vertiey|.
thus. considering only their vertical components. they can be treated as signed scalyy
quantitics.  Let the reference point be the centre of mass of the rod. The angulyy
momentum of the rod is not conserved. because ol the non-zero torque of the externy)
force 7. In the following equations the letters refer to the magnitude of the vectors,
The impulse-momentum theorem for the collision is:

—I'Al=A{me)=ml{u.—,.). (1)

|
<
o
<
o
-
~
e

Numerically:

The angular impulse-angular momentum theorem is:
[for- Al = AN,
Here = L/2. In the centre-of-mass reference frame the orbital angular momentum is
zero, and the initial angular speed is zero as well, so:
e b
I ;A/ =0, Av=0, .. (2)
The cnergy conscrvation law is:
| g =G, - 2 A
Smu, = Eul u; + 5(—),.‘,_", (3)

Mulaplying (1) by (—1), we get
FAt=m{v,. —u,.), (ll)

After writing the moment of inertia into (2) and simplifying by /2. we obtain:

2 5 L "
Pl ==l = —y. (2)
L 2 6
By comparing (1") and (2')
/.
Ve — e = —! (I)
6
and the form ol (3) becomes simpler as well:
2 2 I 9: D !
Uy =, L w (3
12
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Rgurmnging this cquation we get:

Alter lactorising. and dividing the equation by (4). from here the solution is the same
a8 solution 1.

Third solution of Problem 94. (Using angular impulse—angular momentum theorem,
with reference point at the edge ol the table.) Since the line of action of the force [7
asses through the end of the rod at the edge of the table, its torque is zero with respect
1o this point. The weight force can be disregarded because the collision is instantaneous.
Thus. the total change of the angular momentum of the rod (with respect to point A) is

ZL10:
Fr-At=AN =0,
80
y L

O0=mu, 5 e +O ..
Due to the conservation of energy:

1 , 1 4 1 5

5/1/ v, = ;mu,‘. + 5(—),._‘;'

These cquations are identical to the ones written down in solution 1, and the rest of the
solution is the same as there.

Fourth solution of Problem 94. (Using gencral collision theory.) At the moment of
collision. the rod can be considered as a weightlessly (loating object since during the
instantancous interaction the role ol the gravitational force is negligible. The collision
process can be regarded cquivalently as il the rod, floating at rest in the space, was
hit by an upward moving “table of infinite mass’ at onc of its ends. This interaction
determines the angular speed of the rod after the collision. and thus the period of its
rotational motion.

This process is cquivalent to the collision of a rod. initially lying at rest on a very
SMooth (e.g. air cushion) table, and a pointlike particle ol “infinite mass’. sliding towards
the rod. First. let us solve this problem in a general, parametric way. Let i be the mass
OFthe rod, and let A/ denote the mass of the pointlike particle sliding towards the rod
dta speed V.

Furthermore, let u,. be the speed of the centre of mass of
S ; : 3 ; o
the rod, and et U be the speed of the masspoint M alter -
“ollision. L c
With these notations the momentum conservation law is: r
MV =MU+muc. (1) O «—O
U

: Let the reference point of the angular momentum be the
S0metric point (at rest). where the collision takes place.
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With respect to this point, both colliding objects have zero initial (spin and Ol‘hil‘ll)

angular momentum, thus the conservation law of angular momentum has the I'ollnwin
form:

[\]
<

: 2
0—77771,.2 121/LL W, (2)
where the first term is the orbital angular momentum and the second term is the Spin
angular momentum of the rod after collision. (The minus sign is due to the opposi
direction of these angular momenta. See the figure.)

The energy conservation law is:

1. 5 10?4 11 o
5/\,[\/ /\[U —mu p o 5 " T (3)
From equation (2) the angular spced of the rod is:
bu,.
=5 (1)

[nserting it into (3), we get:

d()ﬂ

MV?=MU? + mu? + 1—mL E =MU?+ 1l (3)
Equations (1) and (3’), written in a different form are:
MV -U)=mu,, (1
M(V?-U?)=4mu’. (3"
Factorising (3"), we get:
MV =U)V +U)=4muZ, (378
and dividing it by equation (1’), we obtain:
V+U)
(V+U)=4u, — u.= (+ (4)

Inserting it into (I):

(V+U)

MV =MU-+m — AMV =4MU +mV +mU.

From here the speed of the masspoint M after collision can be expressed:
4M —m
UM +m
Writing it into (4), we obtain the speed of the centre of mass of the rod just after the
collision is:
VU VAHESY _AMVimV4dMV-mV  8MV aIMV_

U = ——

4 1 16 M +4m T 16M +4m  AM + n
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vV :
Now if M — oc, then u,. — 5 and from equation (4) the (constant) angular speed

4

CGbu. 6%V 32gH

after the collision is:

g = = — = =

L L L L
From here on the rest of the solution is the same as in solution 1. The final results are

the same as well.

First solution of Problem 95. This solution is based on the information that the mass
of the small objects is negligible next to that of the rod, and mecaning they will not
ipfluence the motion of the rod. (Their mass is certainly not negligible when their own
motion is investigated.) Consider the motion of the rod first.

According to the work-energy theorem applied to the rod,

j—

B

L
A\[(/Ksilm = ML e,

Hence the angular speed expressed in terms of the angular displacement is

3gsina
w=\ T (1)

The law of torques applicd about the axis ol rotation states

L 1 9
/\[g;(().xn = S“L 3,

and hence the angular acceleration .3 in terms ol the angular displacement is

, 3 !
8= 2_(/(’0.\‘{»-»[:. (2)

This result immediately shows that in the initial position (cosa = 1) the endpoint ol the
rod has an initial acceleration of ao = 3¢/2 > ¢, thus the upper small object immediately
lifis off the rod and falls freely along a vertical
line. At the same time., the lower one is pressed
downwards and made to accelerate. The force I:\ / "'
of static friction makes it move along a circular \\ !
Path for a while. Al the angle a where the N
friction force is not able to provide the normal
dceleration of the small object any more, it
Wil also separate from the rod and continue (o
Move along a parabolic projectile path. (Since Mg
e pointlike object is initially at the end of

€ rod, it will leave the rod immediately as it

[P S

St S - . . . 5 ’: _

Arts (o slide, meaning there is no motion with T ASym—
1 p e S - / -
3 Uetic friction along the bottom of the rod to be / L(1-cosa)
OnS]dercd). ’,'

'
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Newton's second law applied to the normal and tangential components of the motiop,
of the small object at the time instant just before separation states:

S —mgsina=mL*w?, (3)
K +mgcosa=mLp, (4)

where A is the normal force exerted by the rod and S is the maximum value of the
static friction force:
S=pk. (5)

With the value of K substituted from (4) into (5), and then the value of S substituteq
in (3):
L3 — pmgeosa —mgsina = mLuw?,

which is independent of m (note that A/ > m).
From (1) and (2).
5/1(*.050 — jtcosa —sina = 3sina.
Hence )
Eucosav =4sina,
and the tangent of the angle where the separation occurs is

sinc

I
=tana= —,
COS(x 8

and .
o= arctan% =arctan 0.105 =6°.

The small object has descended
Ah=Lsina=1m-sin6°=0.1m

so far, moving together with the rod. Its horizontal displacement also equals that of the
end of the rod:

As,1=L(1—cosa) =1m(1—0.9945) =5.18- 10> m = 5.48 mm.

The magnitudes of the velocity components of the projectile motion starting at the timé
instant of separation are obtained from (I):

/ . ; m . n
voy, = Lwsina = 3gLSIn3a = \/.3~9.81 — -1 m-sin®6° =0.183 I—>
s s

o m . . m
voy = Lwcosa = V3gLsinacos?a = \/d- 1 m-9.81 1—2 -sin6°cos?6° =1.744 —.
S S

Projectile motion starts at a height of’

sy =2L—Ah=2[ - Lsina= L(2—sina)=1m(2—sin6°) = 1.9 m,
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and the time of fall obtained from the relationship t = Awv, /g is

V "12),1/ +2gsy —voy
k= =0.4685s~0.47s.
g

The total horizontal displaccment of the lower one of the two small objects is
Ax=As,1+As,0=L{1 —cosa)+ vl =
; m . B
=548-107* m+0.183 —-0.17s=9.15- 10" m = 9.15 cm.
S
This is equal to the distance between the impact points of the two objects.
Second solution of Problem 95. This is a general solution for the case when the

masses of the small objects are not negligible. The equations are set up for the small
object and for the rod separately, and finally for the whole system:

S —mgsina=mlLw? (= ma,, for the normal direction) (1)
K +mgcosa=mLj3 (=ma, for the tangential direction) (2)
S=nuk (for the time instant of separation) (3)
L ’ 1 5 :
Mg§ cosa— N L= EML“,J’ (for the rod) (4)
i _ i PR g . ]
1\/[g§sma+ mgLsina= 3’ S_‘\IL'w + ;m(lu;)‘ (for the system) (5)
The solution is
3g(M +2m)sina 3 3M +6m
w= ) 3= ———— gcosa,
L(M+3m)  2M +06m s

and hence the tangent of the angle at which separation occurs is

. M (M +3m) M
anGt = . = s L.
SMZ+42Mm+54m2 " T 8M +18m *

1 . ~ - .
Wm=0, then tana = % and a =6°. The solution can be finished in the same way as
Solution 1.

. Solution of Problem 96. The constraining force exerted by the half-rod (that really
:?ls alAl'hc Poinl of contact of the (wo halves) can be determined by using Newton’s I»aw
().:T\Otl.on l.or the centre of mass of the Iowq hall-rod. It is worlh setting up the equation

Motion for two components, the tangential one and the radial one.

Remarks on the figure:

.

haif. Force [ actually acts on the lower half-rod at the point of contact ol the two
T

ods. However, according to the law of motion of the centre of mass, the centre
Mass moves as if the total mass of the body were concentrated there and all external
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=

lorces acted in the centre of mass. This is the reason why the drawing shows the foree
in the middle ol the lower hall-rod.

2. The divection ol Torce N may also be a

problem. It can be scen that force /v should point - £ -

. . . . . _ !
forward™. because the tangential acceleration ol A 2 S‘, S
the centre of mass of the hall-rod is greater ' ¢ - B
than the acceleration that would arise from the :h %
tangential component ol gravitational force. Let K :
us use Newton's second law Tor angular motion i
(M =6.3) lor the whole rod: e mg

/ | LF /P
myg—cosye = —ml= 3. . S'
2 3
A

From here, the angular acceleration is %a,

. m
3y mg

d=—=cos,. 2
20

With this. the tangential acceleration of the Tower half-rod. which moves on radius
3L/

.‘i/ 3¢ 9
u;=-L-—=cosg=—gcosp.
T BE T g
The tangential foree required for this s
P 9 m "m
Y= — (OS2 > —(COSP.
'TR%' 9 ] L s 2

The missing force can be provided only by the other half-rod through the tangential
component \; of force .

3. Some may ask why the angular acceleration of the lower hall-rod is the same as
the angular acceleration of the whole rod if gravitational force has no moment on the
centre of mass; in addition, the moment of force A" exerted by the upper half-rod on
the hall-rod acts in the opposite direction to the actual angular momentum. The total
moment comes from the moment of this force and the moment of the clastic shearing
stress due o the bending of the rod. this latter overcompensates the “backward™ moment
of Torce . (If the rod was not “rigid’, its outer half would lag behind the inner half it
angular displacement, that is, the rod would fold during the rotation. This is pl'cvcnlcd
by the moment arising from the small bending).

The equation of the motion of the rod in tangential direction is

.m m
N+ —qgcosp=—-u, . (1)
/A 9 g ¥ 9 /
in the radial direction
. mo m (2)
No—Sgsing=—a,. 2
. .

. - 3 . | s Fa al
In order (o determine the constraining force N = V K7+ K2, the normal and tangentt

accelerations should be determined from the dynamics ol the process. For (his. the
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instantancous angular velocity and angular acceleration are required. The first can be
found from the work—energy theorem, the second from Newton’s second law for angular
motion. As the angular data of the hall-rod arc the same as the data of the whole rod,
(he following cquations are true:

the work — energy theorem:

1 "
HI/I{/ = ‘)(_) wTy,

where |
0= 5}1://,"’ and h = fsim;,
With this —
A‘!Lfi = o S— =S =
L. 11 5
mg;;sm;: Egmlf,;‘. d
from here
Lw?® =3gsineg. (3) K &\

Newton’s second law Tor angular motion:

s L o
"y cos = SmlL73.
)

from which ,
l,)'::;g(()s;. (4)

3 3, .
= ELJ and by substituting «,, = —llM," and using (1), (2), (3) and (4):

I + 3/ 3 m33 9 )
A\ (j(Ob 3 T B —-2—415.(](()5\,/—EIHV(/(()5‘Y\
% no o .'$] > m 55 . _9 .
\,,—?gbllly—?—l oy —?—l ghll]y—;}l”gﬁll)y.

From here, the magnitudes of the two (perpendicular) components of the requested force
are

- 1 9 8 1
\y = —N1gCcos = —INFCOS "—I“((()g = —IMgcosy,
¢= [gaeRP— ghe RPN TR 16 GORF

IR 9 o l . . 9+ | 26 .
\y = ZgsING +— —mgsing =mgsime | — e = = Nngsmy.
] / ¥ B g ¥ b ] S 16 g A

With (hese the magnitude of the requested force is

.omyg _my 1 .
N=— 2 o+ 262 sin” /— 262 — ~
\ T COs? P 3= sl G V 1—{— D |

)

~1.1076-mg.
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For the direction of force K relative to the rod:
Ky mgcosyp 16 1
tane = — = = o - = =
I, 16 26-mgsing  26-tany
1

T %63

from which e = arctan ) =1.272°, and the angle enclosed with the horizontal s

a=yp—c=060°—-1.272" =58.73°.

First solution of Problem 97. Let us solve the problem by first using a reference
rame which rotates with the disk. Let the centre of the disk be the origin, and one of
the three axes of the frame be the axis of rotation. In this frame the rod is in static
equilibrium.

Of course Newton's laws cannot be applied in non-inertial reference frames, but they
can still be used if we introduce a fictitious, so-called nertial force. The law of motion
in a non-inertial [rame will take the same lorm as Newton’s second law if a fictitious
force is added to the real forces acting on the object. This inertial force can be calculated
as the product of the opposite of the object’s acceleration and its mass. The inertial force
acting on a stationary object in a frame that rotates at constant angular velocity is the
so-called centrifugal force.

Centrifugal force depends on the position of the
object, because the acceleration in a rotating frame
changes with the distance from the centre. At the same
time, centrifugal force is a volume force since it is
proportional to the mass and in case of a homogencous
object (for which Am = pAV) to the volume as
well. (In this respect, it is similar to the gravitational
force with the distinction that while gravitational force
decreases, centrifugal force increases as we move away
from the centre). In our case — as one end of the rod
is on the rotation axis —the magnitude and point of
action of the centrifugal force acting on the rod can be
calculated in the following way.

Let us divide the rod into n equal parts. The magnitudes of centritugal forces acting
on these parts can be writlen as:

Bl 2
AL =Amrjwe”

so the forces change from zero to Amiw?® as we move away from the centre. These
forces are all perpendicular to the axis of rotation (therefore parallel 10 each other) and
their magnitudes are in direct proportion to the distance from the centre, so their avcul‘W
is the arithmetic mean of the two extreme values AFy=0 and AF,, = Amryaw”

0+ Amrypaxw?
7 ,

AL =
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nence the magnitude of centrifugal force acting on the whole rod can be calculated as:

7= ; -\-.4,'2 1 y
= ZA/.‘,. = '“# ZA”" . 5””,“““@2'

More precisely the centrifugal force is the sum of an arithmetic sequence:

n n " 2 ] +
2 M . Tinas o T . LI maxw” n
F:E :A]'i: b 'Wuz_»"m,\x'w‘z E 1= —— g n
/e

_ L~ 1 n n? 2
1=1 i=1 =1

YA
== In]llli\x""} 2’, 2 -

If n — oo then 1/(2n) — 0 and the magnitude of centrilugal foree ist Fy =

2
= —MTmaxw

The second step is to determine the point of action of the centrifugal force, which is
the resultant of parallel forces F;. To do this, let us set up a model.

A vertical triangle in a uniform gravitational
field provides the same distribution of forces
if set as shown. Side AB is divided into »
equal segments and vertical lines drawn from
each point of division cut the triangle into »
parts, whose weights (AG;) show the same
pattern as the centrifugal forces acting on the
parts of the rod. We know that the point of
action of the gravitational force acting on this
triangle is at its centroid, which is at the 2/3
of its median. Therefore the line of action of
the gravitational force divides side AB in the G
ratio 1: 2. Similarly the point of action of the Y
centrifugal force divides the rod in the ratio
1:2, so it is at a distance of 2L/3 from the
end that is abovc the axis or L/3 from the end
that touches the disk.

Equations that express the conditions for
translational and rotational equilibrium can
ow be set up. The condition for translational
quilibrium in the vertical direction is:

my—NK =0, (1)

While in (he horizontal direction we have: 7k
Iy —8=0. (2)
Where /' and S are the normal and frictional forces exerted by the disk respectively,

a i . . i . . .
M . is the centrifugal force calculated above. As A\ = ng from cquation (1) and
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F.; =S from equation (2), we have two force couples, whose torques are M, = mgr /2
and M, = F,.;Lsina/3. respectively. (We use 7. =7 from now.) The condition for
rotational equilibrium is: My — M, =0, so

7 . ) 1 5 h
myy = 1',-[3 sina = omrw” 3

where h = AB =\/L? =12 =\/1m?-0.64m? = 0.6 m. Thus the required anguly,

velocity is:

3 30 m/s”
== L/‘:\/sos%:?ms*‘.
h 0.6m

Second solution of Problem 97. Solving the problem in an inertial reference frame
is much more complicated. In this case the rod is not in equilibrium, since every point
of it (txcept for the top one) moves in a circle at constant angular velocity. According
to Newton’s second law, the vector sum of vertical forces mg and K should be zero
(since the vertical acceleration of the centre of mass is zero), so they have to be equal

- in magnitude. In the horizontal direction the only force
N=r'x mv acting, which is the static friction S, should keep the

centre of mass in a circular path, therefore:
‘ S=mew? (1)

2
as the radius of the circular path of the centre of mass
is /2.

Let us now write Newton’s second law in angular

form: .
- AN

M=—— 2

§ ] A7 (2)

where the left-hand side is the resultant torque while
the right-hand side is the time rate of change of the
angular momentum. Note that both quantities should
be defined with respect to the same point.

Let this point be the top of the rod (O), which
remains stationary. Lel us calculate the total angular
momentum of the rod and then find its rate of change.

The total angular momcntum is the sum of the
angular momenta of its mass elements. The angular
momentum of one mass element is defined as:

—

N=drp=dxmi=m|[(gx (Jx7),

where g is the vector pointing [rom point O to the mass element, p'=m7 is the linedl

momentum ol the mass clement, 7 is the vector pointing to the mass element from
the centre of its circular path and & is the vector of angular velocity (given by the
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right-hﬂnd r%lle)A In our case the vectors in the vector products are perpendicular to each
other, therefore the sine of their enclosed angle is 1. ‘

The velocity of the mass elements increases in proportion to their distance from the
rotation axis, therefore their angular momenta are all different in magnitude and same
in direction. The total angular momentum of the rod is the sum of the angular momenta
of its Mass elements. Let us divide the rod into n equal parts. As the mass of the rod is
m, the mass of each mass element will be Am; =m/n. The magnitude of the vector

ointing from O to each mass element is g; =1-L/n, and the radius of the circular path

of each mass element is given by r; =i-7/n. Since the angular momentum vectors of
the mass clements are all parallel to each other (each being perpendicular to the plane
defined by vectors g; and ¢;), their vector sum can be calculated simply as the sum of
their magnitudes:

7. " n ]
LM LT
Ni= E 0i-Am,v; = E 0i-Am;-w-r; = E = —w-i—.
3 . N n n n
f=1 =1 =1
Removing the constants from the sum, we get:

1
mLrw -
T E 1,
n:

=1

thus we have to calculate the sum of squares of the first n integers, which can be written
in the form of:

N= = +=+

mlrw n(n+1)(2n+1) mLrw 5 3 . 1
n3 6 6 n n?)

If » — oo, then the last two terms in the bracket tend to zero, so the total angular

momentum of the rod tends to:
mLrw

| —=
N = 5 (3)
This is the magnitude of the total angular momentum
of the rod, while its direction is perpendicular to the
10d in the plane defined by the rod and the rotation
ais as shown. As the rod rotates, so does its
angular momentum, whose direction therefore changes
[hroughout the motion. (This situation is similar
© the uniform circular motion, in which the speed
Of the object is constant, but the direction of its
Yelocity changes, therefore the object has a centripetal
iCeeleration). Let us now determine the change in the
aﬂgular momentum of the rod in time interval At, then
OlVlde the result by At to get the time rate of change
the angular momentum.
Let us first calculate the change in an arbitrary vector @, which is perpendicular to
€ axis of rotation and has constant magnitude, while it is rotated through angle Ayp.
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As shown in the figure, if the angle rotated is small, the length of the cord ang th
. ; ¢
length ol the arc arc approximately cqual. thus:

|Ad| =aA g,

where o = |d

. However. it @ 15 no longer perpendicular o the rotation axis, bu
forms an angle o with it. the change in it will be given by the difference betwee

n g
perpendicular components. hence

|Ad; =aAy-sina.

~. Applying this result to the angyly,
momentum of the rod. we obtain:

AN =NAg sina,

osina ——=»~"Ac = aAp sin a

using that for a unilorm rotation A=
= w-Al, we get:

AN = NwAt - sina,

thercfore the time rate of change of (he
angular momentum is:

AN S
= Nuw-sina.
Al
Newton's second law in angular form can now be written as:
AN .
E A = — = Nuwsina. (1)
Al

As the forces acting on the rod are all in one plane, their torques are all parallel, so the
resultant torque can be calculated as the scalar sum ol the magnitudes of these torques.

The torque of force S has the same direction as the angular momentum vector, while
its magnitude with respeet to point O is:

o "oy . X
A,y :S/,snm:m;vu'/,-snm. (5)

the torque exerted by force couple [ing, A] is opposite in direction and has magnitude:

i L ]
.‘\/-_)zm_(/; = mg- cosa. (6)

Substituting equations (5) and (6) into equation (4), we have:
i o L -
SLsina — mg - cosa = Nuwsina,

Dividing by cosa and using cquations (1) and (3). we gel:

~

R 5 o omblrw
m=w L tana —mg— = ——— w-tana.
2 9
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Aﬂc[‘ rearrangement, we have:

5 (T r q
w” (— — —) tana = —.
2 3 2

From which the required zmgulur velocity of the disk is:

w = 07\
\// tana V /z

The normal force exerted by the disk on the rod is ' =mg. while for the horizontal
gtatic friction that points towards the axis of rotation, we get:
8 =mrw’/2=mr <o = i q—E %mq—bru
h 2 /z 2 0.6
The angle formed by the net force exerted by the disk and the horizontal can be
calculated as:
" mg 29 2q _ 2-tana_2h  2-0.6

miw?  rw? e 30 3 3r 3-08
2 (r-tana)

thus
¢ =arc tan0.5 = 26.57°,
while the magnitude of the net force exerted by the disk is:

mg mg
Tt e U9 9958 mg,

sinee 0.4472
=524+ K2 = \/1m2g2 + m2g? = V5 mg=2.236 mg,
The angle formed by the rod and the horizontal is:

h 06 . .
a =arc tan — =arc tan F = 36.87
" .

or.

Note that the line of action of the resultant force excrted by the disk does not pass
thr0u0h the centre ol mass of the rod (although in case ol an cquilibrium or simple
ranslation it would). therefore the resultant torque with respect to the centre ol mass

IS not zero, which causes (he angular momentum of the rod to change throughout the
Motion

Solution of Problem 98. a) First we find the relation between the acceleration and
the angular acceleration. Let a be the acceleration of the centre of the rod, a; the
Aceleration of its endpoint to which the cord is attached, and let 8 denote the angular
eeleration of the rod. Since the geomeltric centre of the rod coincides with its centre
OF mags, ay=a+13/2.

The equation of motion of the weight is:

myg— N =nuay. (1)
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(Here we have used the fact that the cord is inelastic). Newton’s second law for the
centre of mass of the rod is:

K =ma, (2)
and the equation of motion for the rotation is:

L1,
I<- 5 = Eml 3. (3)

= The kinematic relation between the accelery.
tions and the angular acceleration is:

l
a,1:(l+§ij. (l)
From equation (4) the angular acceleration is:
2(a; —a)
}3 = —1 Y ('.))

and inserting this and equation (2) into (3), we

obtain that:
l 1 }2 2(&1—-&)
—= — s —
5= 10 !

After canccllation the following connection is obtained between the accelerations:

a==(a)—a),

3
or
a1 =4a. (6)
Writing equation (5) and (2) into (1), we get that

mig — ma-+mda,

so the acceleration of the centre of mass of the rod is:
M ~
am—T1_g, <f>
m+4m1
Using equations (5) and (6), the angular acceleration of the rod is:
_ 2Am—a) 2(da—a) _ @ (8)
) l )
Now we can answer the questions of the problem. !
The point of the rod, which has zero initial acceleration, is further from the end of
the rod which is pulled by the cord, and closer to the other end. Let r denot¢ lh}f
distance of this point from the centre of the rod. The acceleration of this point is zero'!
the magnitude of its relative acceleration a,e; with respect (o the centre is equal to the
acceleration of the centre, and points in the opposite direction:

g

r-B=ua.
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[nserting here the angular acceleration from equa- - T”“": =
tion (8), we gel: al
Ga
Lr— =q.
/ 4a

so the distance ol the instantaneous rotation centre
from the geometric centre of the rod is:

b) The mass ratio in question can be determined from the cxpression of the
acceleration of the centre of the rod:

myg g
m+4m,; 2L +4

ey

a=

. m . L .
It is clear that as m; — oo, the ratio — — 0, and this minimises the denominator.
m

Thus to achieve the maximal acceleration, the mass of the weight should be large.
m&Lmy.

The possible maximal acceleration of the centre of the rod is:

g

4

a

Solution of Problem 99. After the impulse, the rod shides freely, its centre of mass
moving uniformty in a straight line. At the same time, it rotates about its centre of mass
because of the torque of the impulse. [f the impulse lasts for a time A/, the centre of
mass will gain a velocity of wv.qp, and the angular velocity will be w. Impulse cquals
change in momentum, and angular impulse equals change in angular momentum. With
our notations:

[
F AL = Ap =mueom, and ]—E At=AL=0w.

Speed and angular speed can be expressed from these equations:

 FlA 0
and
FAt
Ueofm = . (-2)
m

L_el t denote the time of two revolutions of the rod. The corresponding angular
displacement is

W= 4.
ad hepee
im
= —.
w
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With the use of (1) and (2), the displacement of the centre of mass (as well as of every
point of the rod) is
FAt 4z FAl 47-20 87O
Ar = eopul = T = =

m  w m  FIAt ml

Since the rotational inertia about the centre of the rod is © = 7n.12/12, the magnitude of
the displacement is

Ar— 8mml? _ gﬂ”

12ml 3

Solution of Problem 100. a) The discs will undergo rigid rotation with angyly;
velocity wy around the point of contact that is stationary in the inertial reference frame.
According to the law of conservation of angular momentum (applying Steiner’s paralle|-
axis theorem as well):

1 1 . Y
2 (va — §7nR2w) =2 (QmRz + m,li“) wi.

From this, the unknown angular velocity is w; =1 —. The rotation is in the direction
s

opposite to the original.

b) According to the law of conservation of linear momentum, the discs can only
move al velocities vy equal in magnitude but pointing in the opposite direction after
the collision. From the symmetry it can be derived that the discs will assume angular
velocities w; equal in magnitude and in the same direction. The law of conservation of
angular momentum holds:

1 ‘ 1
2 (va — E'mlizw') =2 (m?:l R+ amRQuh) .
The law of conservation also holds for mechanical encrgies:
1 5 1 ; 1 5 1 ;
2 (inwz + Zmszz) =2 <§mzv]2 + amszf) .

Alfller substitution:
6 =v1 -+ 2w

132 =v; +8w;
The only physically realistic solution of the system of equations is
vy =—2cm/s, and wp =451

Both velocity and angular velocity change to the opposite of the original direction.

Solution of Problem 101. Case a). The mechanical energy of the compressed spring
is transferred to the rotational kinetic energy of the two disks. Since the sum of the
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|

[

ex(er"ﬂl torques is zero, the angular momentum is conserved. In this case, the two disks
cotate in opposite direction at the same angular speed while the rod stays at rest.

l’t\']n'ing = Ll'nt )
N=0.

In details:
D(AD? =2

SR
SRl

and inserting the moment of inertia © = UL R? of the disks, and simplifying by 2 we

ge[ that:

D(Al)?* = mR*w2.

Finally, the angular speed of the disks is:

Al [D 005

1800 N/m
4 kg

™ =10.607 1/s.

- 7{_ m 0.1

Case b). In this case, the two disks rotate in the same direction, but because the sum
of the external torques is zero, as in the previous case, the total angular momentum
of the system must remain zero. This is possible only if the rod (of negligible mass),
along with the two disks, begins rotating in the opposite direction. Thus, the sum of the
wo (equal) spin angular momenta of the disks and the orbital angular momentum of
the whole system have the same size but opposite direction. (We remark that if the rod
were fixed, then this constrain would exert an external torque and the Earth would take
over the angular momentum.)

The mechanical energy is conserved:

1 2o ] 2 1 2
§D(A/) —2’5'()w[,+2‘§lll,b{,, (1)
and the angular momentum is conserved as well:
d
2-@wb—2-mv,5:0, (2)
Where v, is the speed of the centre of the disks:
d
c==-0Q, 3
v=3 3)
d Q) is the angular speed of the rotating rod. Inserting (3) into equation (2):
IT— ; ) 7
2. ~mR‘wl,:2~m(—-Q- (—,
‘ 2 2 2
oM which the angular speed of the rod is:
R? d R?
Q=2—wy, thus v,=—=-Q=—uy
@z < e 4
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Putting this into equation (1) and multiplying by 2, we get:

2 ) o R ) 2122 5
DA " =mRwj, +2m— T W= I (1 = 3 ) Wy .
1 el o=

The angular speed of the disks is:

| D Al d [D d
A/- R e e —————— / e ————————— S 1 " N
R\ m(d@+28) " R V2RV m i 12Re

Numerically:

Al d J/) 0.05 0.25 1800 \/m_J),l
TR VET2EV m T 00 0062512001 dkg T g

and i terms of the angular speed obtained in the first case:

| —

wy, =0.87w, =9.23

N

Solution of Problem 102. The motion can be divided into three stages: 1. from the
start of the fall 1o reaching the able. 2. the collision with the table (which occurs in a
negligible time interval. but is very important for finding the change of angular speed),
3. the slowing down ol the rotation of the ring that has alrcady stopped talling. Angular
displacements can be considered o occur in the first and third stages only: 2 and
Since the collision itsell s momentary. the angular displacement during the collision is
negligible.

I. The time of fall of the ring s
ln=\2h/g.

while the angular displacement is

v :JJ()I“ =&V _)ll//]

2. During the collision, there is a sudden and very large [riction force slowing down the
rotation. That force needs 1o be determined so that the time iterval ol the third stage
can be determined from the angular speed after the collision. Since the total impulse
cquals the change in momentum,.
(N —mg)Al=Amu.

where A s the mean normal foree exerted by the table. Hence

Ame

Al

N = Sy
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Thus the mean value of the friction force during the short time of the collision with

s table is
jhe . 1 Amuv
F=puN=pn T +mg | . (1)

puring this short time interval, the angular impulse (the product of torque and time)
pals the change in angular momentum:

AL

eq

where AL =0Aw is the change in angular momentum of the ring. Now

FrAt=AL, (2)
since the friction force remains tangential to the ring and the ring is thin. Thus the
moment arm of the friction force is the same everywhere, and the total torque of the
friction force is obtained as a scalar sum of torques acting on small elementary arcs
around the ring. By substituting (1) in (2), the cquation

LW, O Y
I A +mg | =AL

is obtaincd. With the multiplication by prAt carried out:

wAmuor+pmgrAt=AL.

Since the collision is momentary, Al — 0, so pmgAt also tends to zero, that is, the
second term is negligible. That leaves the following equation for the change in angular
speed:

pnAmuer=AL=0Aw.

Since the ring is dropped from rest, Av = ¢, as used in all the equations below. Note
that the torque acts against the angular velocity, so the change in angular velocily is
negative.

pmur mur L

Aw=— = == ’ .
C) mr? r (3)

_The calculation of the change in angular velocity during the collision with the tabletop
I8 thus completed.

3. From (ha point onwards, the rotation continues with a uniform angular deceleration
Until it finally stops. The initial angular velocity of the third stage is

W1 =W - Au),
ind (he angular acccleration of the third stage equals

T pmgr g
d = = — = —, 1
'To e )
The lime taken 1o stop is
Wy wotAw  wot+Aw

[’ = ==
l 3 L,(I g

r. (5)
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(4) and (5) are used to determine the angular displacement during the third stage:

The total angular disptaccment is

and the number of revolutions made 1s

p2 =

2T

1
2

~Bity =

u;(,+Aw>2 (wo+ Aw)?

=3 2
pg/r
With the expression (3) of Aw substituted:

2ug

W:<P1+802:UJ0\

2pg

2
1/ 2gh
S —

R
9

2ur

2
(JJU By 2!114)
2h g

¥
: 2 2w g 2ng '
0.3y/2-10m/s2.0.2 i
21_ i . & m/s=-0.21m
2.0.2m < 0.1m
-, 5 + = 0lm (=
s\ 10m/s” 2:0.3-10m/s”

1
(1.243.75) = 1.265.

(The angular displacements are ¢ = 4.2 rad = 240.64° in the first stage, O in the
sccond stage and @5 = 3.75 rad = 214.86° in the third stage, which add up to a total of

© = 455.

5°.)

Solution of Problem 103. a) The sphere reaches the cart with a speed of w1 =
= y/2gh =5m/s. The magnitude of the y component of the change in its momentum
owing to the collision is

Vi

Vs

V2x=Avx

234

Ap, = 2mu, =2m\/2gh =800 Ns,

and the magnitude of the horizontal compo-
nent is

Ap, = SAL,
where S is the mean friction force. The
mean normal force acting during the colli-
sion i

I Apy,  2my/2gh
=—F=—.

At At



6. Mechanics Solutions 6.2 Dynamics

Thus the sphere gains a horizontal momentum of
2my/2gh .
Pp=Apy = SAt=uK A= ,L/]—A—\/;:A/ =2ymy\/2gh =80 Ns.

The external forces are all vertical. so the total change in horizontal momentum of the
system is O, that is,
MV =muy,.

after the collision, where the horizontal speed of the sphere is

Vo, = Bb. =2puvy =2/ 2gh =1 E.
m s
and the speed of the cart is
m
Vs \lvg, ZT[[IU )/lv 2gh =0.4 5

Since the deformation is perfectly elastic, the sphere rebounds and riscs 1o the initial
height again. Thus the vertical component of the velocity of rebound is equal in
magnitude to the speed vy of the sphere reaching the cart. After the collision, the sphere
follows a parabolic projectile path and the
time interval between the two collisions, i.e.

the time of the projectile motion is 1<QQ/, \.> 2
! \
2v 8h ; \
t="1 =, [ =1s. ! 4
g 9 i ;’ £AX) A

‘. l4
During this time, the sphere travels a hori- :
zontal distance of £

Ax=vy, t =2V 16h? =8ugh=1m

to the right relative to the ground, while the cart travels 2

2

AX=Vt= A—bol =04
2 \—[ =300 1M m

o the left. The distance between the two impact points is
d=AX+Ar=1.4m.
Therefore the length of the cart needs to be at least

M
L=2d=16uh e J\r[ =2.8m.

b) In the case when the rotation decelerates until the touching point on the cart stops
®lative 1o the cart (that is the point where rolling would start), the tangential speed of
the oreat circle of the sphere sliding on the cart is

Urel = 1% I U2y

235



300 Creative Physics Problems with Solutions

Thus the minimum possible value of the angular speed after rebounding is
Urel V + vy, m+ M 280 kg m
w2 = = = /2gh=02———>—/2.10 = -1.25m="75"!
‘TR R 2 RM VT 0.2m-200 kg 2 m=7s"1

where v,¢ is the speed of the lowermost point of the circumference of the ball relative
to the cart.
The mean value of the decelerating torque of the kinctic friction force is |7| = SR

where
; 2m/2gh
S=ulk =p——""—,
M H At
and hence
5 2m~/2gh OAw
A=p R 20,

At cancels out, therefore

27m/2ghR 5uv/2gh  0.5,/2-10m/s?-1.25m
i

= = =12.5s"1

2mR2 R 0.2m ’ ’

|Aw|=w) —we =

and thus the minimum possible value of the initial angular speed is

Wy, =wyt |Aw| =751 +12.5s7 =19.5571.

¢) In the case of the angular speed calculated in b), the sphere is not sliding during the
second collision, and thus mechanical energy is only dissipated during the first collision.
Since the deformation of the cart is perfectly elastic, the kinetic energy of the motion
in the y direction is not changed by the collision. As a result of the the friction force,
the translational kinetic energies of the motion (of both the ball and the cart) in the =
direction increase, while rotational kinetic energy decreases. The amount of mechanical
energy dissipated is equal to the total work done by friction.

According to the work-energy theorem,

1 1 1. .
AByin=) W =Wt +Watosm= 5MVQ + Emvz + §®(w.‘;‘ —w?),

where the first and sccond terms are the translational kinetic energies gained by the carl
and the ball, respectively, and the third term is the loss of rotational kinetic energy of
the ball.

With the calculated numerical data:

12 . 1
AEki,,:Q 200 kg 042—+~ 80 kg - 1 Okg 0.2 m?(7 2—19.52)§=

Y
2 3

U‘III\D

[With the results substituted parametrically and the operations carried out:

m(4m+14M) ,

AE‘mp(_-h == M y22 gh]
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d) The total work of the friction force was calculated in ¢). The work done by the
gphere on the cart is
807 kg
200 kg

W 1,,%\,451\1\/2—/1 - _2gh=4. -0.01- 10— 1.25m=+16J,

and the work done by the cart on the sphere is
(dm+T7M)m
M

(Since the translational kinetic energy of the sphere increases, it is its rotational kinetic
energy that must decrease.)

Wyt —m = ZW — W =2 plrgh=—-167J-16J=—-172.

) The cart gains a kinctic energy of
AE}\’I - H/m—vt\‘/ =+16 ']a

- and the translational kinetic energy of the sphere increases by

.. . — %-mvg_,. - %m(?um)z =4p*mgh=4-0.01-80kg-10 :—;‘1.25 m=+40J
during the first collision. Finally, the change in the rotational encrgy of the sphere is
AE,, .. =AF e — ;MVZ —~ %ml =-156J-16J-40] = —212].
Parametrically:
AW OIRES %G(wg —wf) = —2m(h4mj\r—l(m[/12.

Since the change is negalive, it decreases, as expected.
A summary of the energy changes:
The total mechanical energy is initially

Mo
Erech, =mgh+ 5e,;f =1000J +243.36 ] =1243.36 J.

The mechanical energy after the collision is

ok, = — Mv2 Em(v +v3) 4= o.,” 16 J 41040 J++31.36 J = 1087.36 J.

The diﬁ'erence of the two values (lhe mechanical energy dissipated) is A FEecn
=-156J.

- . . 1 ; .
The decrease in the rotational kinetic energy is A, = ~0O(w; —wi)=-212J.

The (otal work done by friction, that is the change in the total mechanical energy of the
System ig
Z”h - —/nmr‘h —_15()-.—],
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which is made up of two components: § Wi = AFE ot + AFEaus, that is,

212.J (change in rotational encrey)
—156

+56G.1 (change in translational energy)

Solution of Problem 104, The problem becomes solvable only if the ball of masg \/
is assumed (o be pointlike as it is suggested by the figure.

Let us apply the work-kinetic energy theorem. The normal force and static friction
not do any work, therefore the work of the gravitational force equals the change in 1
kinetic energy of the system:

1 urav — A]“'kin-
The height of the centre of the mass of the cylinder does not change. therefore (he
eravitational force does work only on the ball of mass A/. This work is given by (he
formula 1V, = M g(R+r), thus the work-kinetic energy takes the form of:
, PR

Mg(R+r)= LTI 3(—).&,' -
Let us find the connection between the velocities and the angular velocity. Since the
cylinder rolls without slipping. the velocity of its centre of mass must be:

o = 1w (1)

The velocity (V) of the ball must be perpendicular to the ground because point 2 is the
instantancous axis ol rotation, thus the instantancous

& radius of rotation of the ball lies on the ground.
I Velocity Vois the resultant of the translational
I’/ T velocity of point O (which is the centre of mass of
! o the cylinder) and the velocity with which the ball
\ i rotates about point O. Using that v, and V' are
N perpendicular, we get:
V2 = (Rw)? =2 =W (R = 7). (2)

Substituting equations (1) and (2) into the work-
kinctic energy theorem, we obtain:

9 B 2

o 1 )
=TT+ 51\/(/(" )W,

1 5
Mg(R+r)= —):1)(4;1')‘ +

| =

|
2 2
1 5. . e, i . . S
where © = ST s the rotational inertia of the cylinder. Solving the cquation for «

we [ind:

29(R+7)
\ R4 ,»'—’(3111/2\/—1)

=3.255"",

L=
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(hus the ball hits the ground with a velocity of:

2g(R—1r) _13™
RZ4r2(3m/2M —1) s’

First solution of Problem 105, Assuming that the hoop stays vertical, we are dealing
with motion in a planc. Since the system starts from rest, in the absence of horizontal
forces the common centre of mass S5 of hoop and weight will descend (with a non-
gniform acceleration) along a vertical line. During the fall, if the centre of the hoop is
displaced to the left of the vertical line drawn through the centre of mass, the weight will
be displaced to the right. Since the hoop and the weight have equal masses, the centre of
mass S is at the midpoint of the radius connecting the centre of the hoop to the weight,
that is. at a distance ol /2 from cach. Thus their horizontal motions (displacement,
instantancous veloeity, the @ component of acceleration) are symmetrical. The centre
of the hoop does not accelerate vertically. Tts horizontal acceleration vector first points
to the lelt and then to the right.

a) In the position investigated by the problem,
the centre of the hoop is at rest, its acceleration
dp is equal and opposite to the component dy,
of the acceleration of the weight. Therefore it is
enough to determine the horizontal component
of the acceleration of the weight.

Since the centre ol the hoop is al rest (instanta-
neous axis ol rotation), the speed of the centre
of mass 5 is

and the speed ol the weight is

vy =r1w=20vg, (1)
both in the vertical direction. w denotes the instantaneous angular velocity of the hoop.
Al the same time instant, the horizontal component of the acceleration of the weight is
equal o the centripetal acceleration of its rotation about the centre of mass (since the
horizontal acceleration of point S stays O throughout), that is,

2 Yggd

! | {

wy, = el = 2ol (2)
5

wi=|

Where, as obtained from (1), the speed of the weight relative o
the centre of mass is

t (3] k
Ural = U1 — Ug =V — 5= 5 (3)
The speed ¢ of the weight needs to be determined. The work- a v,

e“ergy theorem can be used:

2

1 2 1 .
mgNh = 5mvy + ;(“)(_,W'Z.
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T

where Ah =7 is the fall of the weight, and ©g = mr? is the moment of inertia of the
hoop about its own centre of mass (O). Since the motion of the hoop at this time instang
is pure rotation, its translational kinetic energy is 0, and for the same reason the speeq
of the weight is vy = rw. With these results, the work-energy theorem takes the form

: 2, 1 2, 2 2
mgr = am vy + 5 MW" =muy.

Hence the speed of the weight after a fall of 7 is

v = \/ﬁ (1)

From (2), (3) and (4), therefore, the  component of the acceleration of the weight anq
also the acceleration of the centre of the hoop has a magnitude of

2 N2 g
202, :2(1)1/7) 2 _r_gzlm-l()% m

,

|aol = lay.| =

r r 2 2 s2
and a horizontal direction, both pointing towards the centre of mass S.

b) The force pressing on the ground is equal and opposite to the normal force K
exerted by the ground. Consider the net torque about the centre of mass S. It equals
moment of inertia times angular acceleration. The torque of the gravitational force 2ing
acting on the system being 0, the equation will only contain the normal force I :

1\"% — 048, (5)

where 3 stands for angular acceleration, and ©g is the moment of inertia of the system
about the common centre of mass. It is the sum of the moments of inertia of the weight
(©)) and of the hoop (O,,).

The moment of inertia of the weight is

r 7\2 2
2 © =m<—) =m—,
and that of the hoop, with the parallel-axis theorem:
K ’ . 7?2 r?
0, =00+md*=mr?+m (§> =mr’4 IIIT.
2,7’19, The sum of them is
) 2 .
o, omr mre _i P
Og=mr-+ 5= sz .
Substituted in (5):
T3,
K== ~mr’s,
2 2
that is,
K =3mrs. (6)
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The angular acceleration 3 and the acceleration ag of the centre of mass § are related
by the equation h
=1

2

since the centre of mass only accelerates vertically and the centre of the hoop only
accelerates horizontally. The acceleration of the centre of mass is obtained by applying
Newton’s second law to the system:

S 2myg—K N
(I'S = = {7 :( ; 5
Yom 2 4 2m

=

Thus the angular acccleration is
2a5 29 K
r r mr
Substituted in (6):

T mr

2g K
K =3mr (—J — —\> =6mg— 3N, and hence AN =06myg.

Thus the magnitude of the normal force acting between the hoop and the ground is

.3 3 .
I :§mg25-50[\‘:75N.

Second solution of Problem 105. We¢ will give a general solution to the problem in
terms of the angle « enclosed by the vertical and the radius drawn (o the weight.

With the notations of the previous solution, the speeds of
the centre of mass and the centre of the hoop arc expressed in
terms of o as follows:

Ml\

,
—w-sinao, 1
5 S (1)

”
l‘u:§‘u.)-COSO. (2’)

It follows from the work-energy theorem that
r 1 s 1 .
2mg- 5(1 —cosa) = ;(2117){(‘2 - 5(—),\-4;‘), (3"

Where ©g =1.5mr?. Angular speed is expressed from (1'):

2vg

=

rsina

and substituted in (3'):

211;'(,‘::: 1 3 & ‘h'i'

>
o " 3 AT
2 2 2 I"‘)S”]-(\

2myg- 2(1 —cosa)=
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The equation can be divided through by m, a factors of 2 cancelled in the first term
and 4 and r? cancelled in the second term:

St , sina+3
+—— =vg5: =5

sin“ a sin“ «v

)

rg(l—cosa)=v

With the substitution of sina'=1—cos« in the numerator:

3
4 —cos“a

2

rg(l—cosa)=v- ——
) SN &

Hence the speed of the centre ol mass in terms of « i

vg =sina (4
The speed of the centre of the hoop can be expressed in a similar way from (2'):
gr{l—cosa) .9
Vg =CoSQ || ——————. 5
0 4 —cos’a (%)
The angular velocity expressed from (1') is w =2vg/rsina:
49(1 — cosax) i
7(4—cos?q)
- . . . . LT
Che angular acceleration is obtained from the net torque: K - isma = (30, hence
Cor Kisine Ksina .
=K -— sina= A;') — = — (7)
20 ymr? 3mr

The equation obtained by applying Newton’s second law to the system describes the
motion of the centre of mass:
2mag =2mg— K. (8"

The acceleration of the centre of mass will be determined
with the help of the acccleration of the centre of the hoop
relative to a reference frame attached to the centre of mass and

2r moving with a translational motion: The vertical component of
this acceleration is the negative of the acceleration of the centre
of mass.

The normal and tangential accelerations of the centre of the
hoop are a, = w2-1'/2 and a; = B-7/2. The sum of their
vertical components is the negative of the acceleration of point
S, thus the magnitude of the acceleration, as shown in the
figure, is

r . LA
u_g:§-w')-cosn+§-3-51na. (-0/)
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The solution of the simultancous equations provides the acceleration ap and the force
K in question. The acceleration in (9) is substituted in (8"):

: r .
LN =2mg—2m- w?-cosa—2m- 5’5 -sina.

i
2
The angular velocity w is taken from (6') and the angular acceleration 3 is taken from
")
KN =2mg—2m-—--—————F-cosa—2m-—- ——— -sina.
“ 2 r(4—cos?a) 2 3mr

r is cancelled in the second term, and 2mr is cancelled in the last term of the
righ[—hand side. The terms containing [\ are transferred to the left-hand side and the
common factors are pulled out on cach side:

(¢ (1 + Sin;(\) =2myg <1 _ 2(1 _COS‘\)'(’OS&> .

4—cos?a

W . . 2 . .
sinZa is replaced with 1—cos” ar, and common denominators are applied:

_ d—cos’a
\ - ————— =2mg-

4 —cos?a—2(1 —cosa)cosa
3 4 —cos® o '

Hence the normal force in question is

3(4+cos?a —2cosa)

(4—cos?a)?

K =2mg (10")
The acceleration of the centre of the hoop is given by the horizontal component of its
acceleration relative to the centre of mass, since the centre is not accelerating vertically:

Nsina

y 4g(1 —cosa) r
S—.cosq— ————~
3mr 2

- = sina.

r . A
apg=—-F-sina— = -w”-sina= B
2 2 r(4—cos?a) 2

With the substitution of the value of K from (10"), rearrangement and the use of a
ctommon denominator:

[(4+cos?a —2cosa)cosa —2(1 —cosa)(4 —cos?a)]sina

Gn = - Q.
4 (4—cos?a)? g

The answers to the problem’s questions are obtained by substituting 90" for a:

8 .M 3
aoz—l—Gg:—g. and [\:Emg:§zvz‘g:1.5-50N:75N.

Third solution of Problem 105. The first question of the problem can be answered in
a0 unusual way. The acceleration of the centre of the hoop at the time instant when the
angular displacement of the weight is 90° is obtained dircctly as the normal acceleration
Calculated at the point where the tangent to its trajectory is vertical: a1, = v;/o. The
Magnijiude of the acceleration is determined as in Solution 1, and the centre of curvature
0 of the trajectory is casily obtained by noticing that the motion of the common centre

243



300 Creative Physics Problems with Solutions

SN

of mass (.5) is vertical and the motion of the centre of
the hoop is horizontal. Therefore the weight is Movipg
along an arc ol an cllipse with a semimajor axis o
A =1 and semiminor axis 3 =r/2. (The semi-ayeg
are now denoted by capital letters o distinguish
semimajor axis from the symbol of acceleration.) The
radius of curvature of the ellipse at the endpoint of i
minor axis is

) b |
y, " s I-_
0= —5. which now means 0= — =2
I3 5
. . . . . .
e, Since the speed ol the weight (as obtained in the firg

solution) is

= \/rg.
the acceleration ol the weight (and thus ol the centre ol the hoop as well) has a
magnitude ol

Proof of the clliptical shape ol the trajectory:

y If two given points of a straight line are
moving along a pair ol lines intersecting al
right angles, then the path of all other points
on the moving line will form an ellipse. As
shown in the figure. let the point P divide the
line segment cut out of the line by the axes into
scaments ol @ and b. The coordinates ol /7 are

=0 COos0.
y=bsina.
The square ol the second equation s

9 ) . 2 £ 4
y-=bsin“a =b7(1-cos”a),

where cosa is o /a Trom the first equation. Thus o can be climiated:

: 5 £
yr =0 lf{—,—,).
)

L " y
Division by b= and rearrangement gives
5 5
Tl U
==y

> b2

which is known as (he central equation of an cllipse.
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(It can be shown in a similar way that the trajectories of points on the line that lie
outside the line segment between the axes are also ellipses.)

proof of the formula for the radius of curvature at the endpoint of the minor axis:

Consider the motion of a point moving in an elliptical path as a composition of two
pcl-pcndiculm‘ simple harmonic motions of the same angular frequency. The resulting
Lissajous figure becomes an ellipse if there is a phase shift of 90° between the two
oscillations. Then the point only has a normal acceleration at the endpoints of the axes,
which is equal to the maximum acceleration of the oscillation along the relevant axis.
Thus the acceleration at the endpoints of the major axis is

ay = A’
where A is the amplitude of that oscillation. The speed of the point at the same time
instant is the maximum speed of the oscillation along the minor axis:

v =B,

mnx

where 13 is the amplitude ol this acceleration. Therefore

The normal accelerations, the speed and the radius of
curvature are related by

L" l'.’) '//'B—r
a=— SO Y —

X

o’ 7 '\A \\ / ap
\ v,
In this problem. \ o 7 ’

A= Lw,l = E \

Aw? A
as stated above. Note that the radius of curvature at the
endpoints of the minor axis, obtained in a similar way. is
i g
op=—.
B

Solution of Problem 106. The particles will be handled as pointmasses. Let /, and
by be the extended lengths of the springs. The outer spring provides the necessary
Centripetal force for the outer particle, so:

Pfls = Ly=m3L - .°.

The inner particle is kept on a circular path by the net force of tensions in the two
SPrinog-

DUy — LYy —D(la— L) =mlw?.

Let g exterminate /5 by adding the two cquations:

D, = L) =3m Lo +mlw?,
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from which the extended length of the inner spring is:

D + 3mw?
h=L ——m++.
. D —mw?

Since the sum of the extended lengths of the springs should be 1y +1y = 3L, the extendeq
length of the outer spring can be written as:

D +3mw? 2D — 6mw?
lp=3L—-1[,=3L—-L- =L —
2 ! D —mw? D —muw?

Let us substitute the expression for [, into the first equation. After some algebra, we gey:

3m*w! —8Dmw?+ D?* =0.

The solution of this equation can be written into the form of:

D

w=1/—(4+V13).

3m

hence w; =5.01 57!, wp=1.15s"".
Note that the results are independent of the relaxed lengths of the springs (L). Root

w1 has no physical meaning, because in that case D < mw?, which means that the result

for I, would be ncgative. Therefore the solution of the problem is: wy =1.15 s~ Thus
the extended lengths of the springs are:

L=(=24VI13)L=161L, ly=(5—V13)L=1.39L.
Solution of Problem 107. The role of the beetle is negligible in the motion of the
ring. The equations for the acceleration a and angular acceleration 3 of the ring are
mogsina — Fr=mpa
F;R=myR*p
a= Rg,

where a is the acceleration of the centre of the ring. From the equation system it comes
that

gsina
. (1)
2
After 5/4 turns, that is, after travelling a distance of =
= 5Rm /2, the square of the speed of the centre of mass 15

5 ‘
¥? =Qge= Elﬁﬂgsina. (2)

At the moment in question, the radial component of th¢
a acceleration of the beetle is collinear with the acceleration
of the centre of the disc and the centripetal acceleration Q‘
the point of the ring occupied by the beetle (measured 1
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a coordinate system that moves with the ring but does not rotate). The direction of the
jatter is opposite o the acceleration of the centre in the direction of the slope, so at this
moment the acceleration of the beetle in the direction of the centre (that is. along the
slope) 1$ 2
R
and the acceleration in the direction of the tungent of the ring (that is, perpendicular to
the slope) is a in the inertial reference frame. Let us take our coordinate system fixed
1o the slope with axis & being parallel with it and axis y being perpendicular to it The
acceleration of the beetle is caused by the gravitational force and the clinging force (.
whose components have magnitudes C, and C,,.

The equations of the motion of the beetle in the r and y
directions are:

= -,

22
C,,-nl(/sina:m(%—a), (3)

mgcosa —C, = ma. (4)

Substituting (1) and (2) into (3) gives
5 gsina . N
9 E’”g(l +5m)sina,

C.=mgsina+ m%ﬂ'gsina —-m
with numerical values

C,=0.5.1073 kg‘AQ.Sl% (1 457)sin20° = 0.028 N,
and (4) gives

sina

C, =myg (('osn = > =107 kg-9.81— - (c0s20° — 0.5-51120°) = 0.00754 N.
2

The magnitude of the resultant clinging force is

\/(28' 10-3)% N2 4 (7.54-10-3)> N2 =

(It can be seen that at this speed the radial acceleration is alrecady dominant.)
The direction of the resultant force relative (o the surface of the slope is

C, 754
Oy 28

tany = =0.2693 — y=arctan0.2693 =15°,

and relative to the ground, in a dircction upwards along the slope it is 7' = 20° +15° =
E 55° .
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. ; Solution of Problem 108. Let us direct the horizonta|
Vo\ . /v % axis of the coordinate system from left to right. The
B <—(’>  dynamic frictional force exerted on the backward ro.
tating wheel is independent of the speed of the hoop,
S thus the acceleration of the centre of mass of the hoop
is ¢ = —pug, and its angular velocity decreases with ap
angular acceleration of 3= M/O© = uMr/Mr* = ug/r. In order for the hoop to move
backward, it must start at a greater angular speed than the angular speed at which it is (g
be thrown — in the case where the angular speed and the speed of the wheel decreaseg
1o zero at the same time. The first graph shows the velocity of the centre of mass v ag
a function of time and the speed of a particular point of the hoop rw with respect (o
the centre of mass (so in a moving coordinate system) as a function of time. To answer
the first part of the question, let us examine the boundary case where the rotation of the
wheel stops at the same time as the speed of the centre of mass decreases to zero. The
initial angular specd can be calculated from the kinematic equations:

Yo } Vo |
| |
STOP
| OPS 4 ‘ TURNS BACK t
T - -
{ -7V |
| _ t1=_0 |
|- e} ‘
rmor
|
|
| | _ -
| r(l)o L -
Translational motion of centre ol mass:
v =1y — pgt,
rotation about the centre of mass: g

w=—wp+ Bt=—wy+ -]—/

The time of deceleration from the first equation:

o

ng

If this is written into the equation for the angular speed, and satisfying the condition thal
w=0 we gain:

OZI'“—[I.(]tl =3 f.1:

[ g Vo Up
0:”'@0’{”&[[:—\&’“-%/.—(]‘_:“u.)()‘i-T.
r ]

g
From this the condition for the initial angular speed 13

U
wol > [=2.
r
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For the second part of the question we can answer similarly, using the second graph:

21'()
—vo = vy — fLgls — by = —,
Hg

pecause the hoop must reach its initial speed as it moves backwards, and after this it
is to roll without skidding thus the following relationship must be satisfied: v =rw =
_ constant. Thus the equation for the rotation in the second case is:

‘
w=—wy Ql"_);
-

. Vo
in which w=——, thus:
=
v ! 21‘
0 n u 0

T = W .
T . r 1y
from which the asked angular speed is: _
3ey
Wy =

r

which is independent of the coeflicient of dynamic Iriction.

Solution of Problem 109. The ball gained a horizontal velocity ol v, and an angular
velocity of w after being hit back, but when it bounces back from the table, it loses both,
therefore the loss in its kinetic energy is:

L s Lo
-AFE= 717'1,«1';). + —Ow?.
2 2
Note that this is also the total loss in the ball’s mechanical energy since the collision is
elastic, which means that the ball bounces back 1o its initial height, so the energy stored
in the elastic deformation of the ball will all be transformed into kinetic energy in the
vertical direction.

To be able to solve the problem, we need to know the rotational inertia of the ping-
pong ball. We know that the rotational inertia of a spherical shell about an axis going
through its centre is given by the formula:

2 R —p
6 = —m 7} 3
5 R3—
Where 1 is the mass of the shell, while R and » are the outer and inner radii of the
shel| respectively. As the wall of a ping-pong ball is very thin, we have to find out where
the above formula tends to if 7 tends to 1. Since both the numerator and denominator
of the fraction tends 1o zero, we need to use a little algebra to find its exact value.

Let us use the general formula:

a" =" =(a=b)(a" " +a" I Fab" 24 b ).
Applying this to both the numcrator and denominator of the fraction, we find:

RS —¢5 (R— P RY+ R+ R?*r2 4+ Rr® + I‘I)

R3—p3 (R—r)(R?+ Rr+12)
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Dividing by (/2 - 1) and using that » cquals 2. we get:
R=p R'‘FRGE SRR 5
R3—p3 R+ R? 4+ R? @
Substituting this into the Tormula Tor the rotational inertia. we get that the rotatiop
inertia of the ping-pong ball is:

R

al
2 5 5 2 5
v (—):jm»%[?‘)zgml?'.

) <

X
T~
~
~

£ =3
\J Let ¢, be the vertical component of the velocigy
| @ AN ol the ball at the moment of hitting the table. Thig
‘ velocity can be calculated from the initial heigly
1 A . of the ball using the formula: 1
h N

AN vy vy =\/2gh.

Sz |- Although we need the initial horizontal veloceiy
e (ey) and angular velocity (w) of the ball to cal-
: culate the lost mechanical energy, these quanti-
ues are not given. Let us assume that both of the
above quantites should turn o zero in the same time interval. Let this time interval be
AT . I At is the time of the vertical compression of the ball, then the average vertical
force acting on the ball, which is given by the rate of change of its linear momentum,

must be:
i ) Ap  2me,
Zl‘:I\ —myg=-—= =
At At

where A is the normal force exerted by the table on the ball and myg is the gravitational
force. Isolating the normal force, we get:

\
|
|

-
- — - = >

34

mg"

2muy,

|
o (h

N=my+

Therefore friction acting on the surlace of the spinning ball is:

O
S=pNhN=yu (/1/;/ i _“AI;”) . (2)

If the deceleration ol the horizontal translation (and rotation) ol the ball takes time A7.
then the change in the horizontal lincar momentum of the ball can be written as:

, 2mu,
me, =SAl=p| mg+ A

Af

If the time of deceleration cquals the time of deformation. ic. Af = A7, then ouf

equation is simplified to:
2me
mr = | g YL AL
Aj
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ML,|1iplying the expression in the bracket by A/, we obtain:
mu, = p(mgAt+2muy,).
Since the collision occurs in a very short time (A — 0), the first term in the bracket
can be neglected. Thus the horizontal velocity (e, ) of the ball is found to be:
v =2p0,. (3)
The time nceded to decelerate the rotation of the ball equals the time of the deceleration

w

of the horizontal translation. therefore the average angular deceleration is:
AT’

5}

This mcans that the net torque acting on the ball should be:
M=023,

substituting the average quantitics, we obtain:

Sr=0-—,
, AT
which yields:
Sr
w = (—_) 3 AT

Substituting the friction from equation (2), we get:

/1t <III{] + %%) R
W= -AT
e
I At =A7r and At — 0, the initial angular velocity of the ball is:
Ty on .
2pne, R (
_— . 1)

u/' —_—
C]
Using cquations (3) and (4), we can now calculate the loss in the mechanical energy of
> 2020 Y
Ow- ) o | 2 pte R
U (s} .

— =2mpur

the ball:
AE 171{';,‘),
T2 2
Suhsliluling the expressions for the vertical component of velocity (/2gh) and the

otational incrtia (’21///?3/3), we get that the maximum heat produced by the collision is:

~ 2 " 9 2
Q=—AI=4"mgh+6u"mgh=10u"mgh.
Inserting given data, the quantitics used in the solution are: 1, =2 m/s, v, =1m/s,
while the loss of mechanical energy or the maximum heat produced is:

=150 5!,
% . m ) _y
Quax =10-0.257-0.003 kg -10 5 -0.2m=3.75-10""
o2
Note that our result gives the upper limit of the heat produced in the collision. 1t is

POssible that the time of deceleration of the horizontal translation and rotation is less
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than the time of deformation, i.e. A7 < At. In that case the values of v, and w wil|
be less than the ones given in equations (3) and (4), thus the loss of mechanical cnergy
will also be less than the one given in our final result. The maximum heat is Pl'()dtxc;;j

when AT =At.

Solution of Problem 110. According to the condition given in the problem, (,
centres of mass of the two objects move with the same acceleration (a).
Since both objects roll without slipping, angular velocities of the rim and cylinder gre.
w1 = — and wo
T1 s
respectively, where v is the component of the velocity ol the centres of mass parallel
to the inclined plane.
The angular accelerations of the rim and cylinder are:
) (L a
Bi=— and Bo=—.
Lt )
The rotational inertia of the rim and cylinder are:

]

O, =m rf and 0, = STy

The net torque acting on the cylinder must be:

77L27'§ a moto

2 ] - 2

The acceleration of the centres of mass can be determined using the work-kinetic
energy theorem. While the objects move through a distance s, their displacement in the
vertical direction is ssing, so the work ol the gravitational force on them is:

My=093, = - . (1)

Woaw = (my41ny)g-s-sin g,
(Since the forces move in opposite direction and do their work through the same
distances and since the objects do not slip, the work done on the objects by the external

forces add up to zero.)
The change in the kinetic energy of the system is:

2 2 2 2
myr mot G)ldv‘l Qyws
AE = + - + Eoe,
kin B} 9 9 9
l'2 ”111'% 7]737‘-")2 'I./'.2 > _
=—-|mit+mat+—+—-= | =5 2m+1L5m).
i 2r;3 2

. . . . v ad . P ¢ " s
Using that in case of a constant acceleration and zero initial velocity v* = 2as, the

change in the kinetic energy can be written as:

A By, =as(2my +1.5m2).
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According to the work-kinetic energy theorem E = Ay, hence we obtain:
(my+my)g-s-sing=as(2m;+ 1.5my).
[solating the acceleration of the centres of mass, we obtain:

- ‘(NI]'*IHVQ)'SH]V. )
2my 4+ 1.5m-

In this equation we have two unknowns (1, and «). A new cquation can be oblained
by determining the torque acting on the cylinder and substituting it into cquation (1).
There are two forces acting on the cylinder: the gravitational force (mag) and the
resultant of the static friction and normal force exerted by the rim, which is called the
force of support (7°) that acts in point @, where the rim and cylinder touch. The net
force and net torque of these two forces cause the acceleration (a) and the angular
acceleration ( 3) of the cylinder respectively.

To determine the torque of force T, let us resolve it into radial (7)) and tangential
components (T;). Since the torques of both myg and T, are zero about the centre of
mass of the cylinder, the net torque equals the torque of force T;, whose moment arm
1S I'2.

The magnitude of force T, according to the figure is:

|T;| = mag - siny —maa-cos(p— 1),
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inserting this into equation (1), we get;

. , 1 , a
[mag-siny —maa-cos(p —)|re = —mors - —
2 - T
[solating the acceleration, we hind:
2gsint)
g .
1+ 2cos(p — ) (3)

Assuming that the right hand sides of equations (2) and (3) are equal, we get that (he
ratio of masses (m2/m ) ol the two objects is:

ms sin:

= -1

mi  sing — 3siny + 2singcos(y — )
Substituting the given data, we find: ¢ = 53°08', ¥ = 3652, siny = cosy) = 0.8,
cosp =siny =0.6. my/m, =8/67, hence my, =8-670g/67=280g, and the magnitude
of the acceleration is a =30g/73=0.411 g~ 4.03m/s’.

Solution of Problem 111. 2) In order to have the centre of mass of the ball stay at
rest, the sum of all forces acting on it should be zero. The forces acting on the ball are
gravitational force, normal force and static friction force.

For these [_X:+G—:+F?f =0.
For tangential direction:

& B, mgsina — Fy =0.

o ‘ The static friction force should be F; = mgsina,
‘ where according to the condition since=d/R and

( \ '(/ 9 R \/7
o4l d=y/R?~ —R?==V7, ,thatis, sina=-—.
% tg 6 1 \/—, i is, sina 2

A\ From this, aa =41.41°.
a With this, the static friction force is

V7

Fr=mgsino = QOT =13.23 N.

The tangential acceleration of the point of the ball in contact is cqual o the

accceleration of the cylinder:
a; = 1Bpall

where . ]

Frr  5gsina
%mr2 2
With this, we have determined the tangential acceleration of the ball and the nappe ©f
the wheel of fortune:

'/jl);\ll =

R
(ay = —gsina.
t=359

o
i
o
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The angular acceleration of the wheel of fortune is
59 .
Bap= ;] s .

This is causcd by the signed sum of the torques acting on it:
M — )\L[ = (_)\\'1':/}\\'1’-

where My = FyR. For the torque produced

sina.

I\?!u’l
?V'IQ

M=F;R+©, 2

R =mgsina- R+ Og-

Finally, the rotational inertia of the wheel of fortune should be determined.
Let us determine the mass of a unit surface arca. The total surface area of the wheel of

fortune is the sum of the area ol the nappe, which is 5 -2Rm, and the area of the two
bases, which is 2. R%7. With this the mass of a unit surface arca is
m m m

o= —=

A 2R2n+ I”ZRr 3R2x

The rotational inertia is additive:

, . R 2Ty
B pappe = Mo B = gl P = 3R —2Rmo R = R
1 : m . "o
Ohase = thR 220 A R = oR*r-R*= e RPrR?= 332.

(The two are accidentally equal.)
With these the rotational inertia of the wheel of fortune is

2
Our = E)IIIZQ.

The torque that should be produced by us is

5 8
]2 sina = mglRsina (1 + ;) = imgl?.sina =
) .

l\a\J‘

2 9
M =mgsina R+ ng
R 7
= 520-0.54 . _\/I_ Nma19.1 Nm.
4

b) The work done by us is

2 2
—IHR i

]
Wit 5 ”” ""Inll

U‘ll\:v

1
2

Because of the constraining condition R?w? = r? *wi s that s,

| ] 1 5 1 )
W= Al + AL, = T(_)\\'I';"';Ali + x_(_)"““u}r’““ =

1 1 1 &
H':—mH w“[+ mh’ 2k =mR2 | 42 | = —mR?
35 15
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- - SN ="
Here the angular speed ol the wheel ol fortune after 1 =2 s is

g

, 29 .
Wyt = Byl = = I—f.\'mn s
With this the work done by us in 2 seconds is
.8 3256 & s 10 5 w5 X0 me o B
W= —7-1:1/\'—%5111’“ = —omgtsin® it = —+ 2 ke 100 — of 5% L
15 I R° 3 3 s 16~

= 1166.67 .J.

¢) The requested two angular accelerations are

For the wheel of fortune:

a5 q . 10 4 /7 ]
.i“,l»:-i:—'—/).\m(\ =208 =——= == 5062 —.
R 2R 051 m 4 82
For the hall: |
ﬂ,‘l” =0- ‘j\\l = l(\JiT; -
o2

Solution of Problem 112. Let ) and o be the accelerations of the centres of mass
ol the eylinder and the board respectively, both relative to the ground. Friction S acls
on the cylinder and points backwards, while friction S (of the same magnitude) makes
the board move lorward. First, we should decide whether the cylinder slips on the board
or rolls without slipping. Let us therefore determine the minimum value ol coceflicient
ol friction that is nceded for the cylinder to roll without slipping. 11" the coeflicient given
in the problem is greater than this minimum, the cylinder will not slip on the board.
otherwise it will, in which case we would need (o alter some ol our equations. (The
crations and the angular aceeleration

cquation expressing the relation between the acce
ol the eylinder would be lost, but a new one. that gives the value of the kinetic [riction,
would be gained.)

Let us apply Newlon's second law 1o the eylinder and the board and then Newton's
sccond law in angular form to the cylinder. Using that S' = S. our cquations take the
form of:

F—S=muy.
o‘
—
S =moas.
F .
S 9, Sr=0Qp.
| s | :
I we assume that the cylinder rolls without shipping:
we obtain:
fy — (>
. M
”
; ; : I 2
and because the eylinder is solid. we get © = Zni”
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Lc[ us rewrite our L‘qllllli()ll,\' as:?

F-S
F—S=ma, — ay = (1)
my
S
S = Nou- — = — (_))
Mo

; | Sl — >
Sr=—myr-————.
2 r
gubstituting the acceleration as given in equations (1) and (2) into equation (3), we get:
v UL . 5 Ay
S=———F=126N,
S+

and thus the minimum coeflicient of [riction needed for the cylinder to roll without
slipping is:

=) 12.6 .

myyg  30-9.8
which means that the cylinder does not slip on the board. Therefore we can use our
original cquations to solve the problem. Substituting the expression for friction into
equations (1) and (2), we obtain:

F2ms+my - m
ay=— ———=1.05—,
nmy o 3meo 4+ 5=

I/ - m

(ty = —— =021 —.

S Ay s=

Force I° causes the cylinder to move a distance of s =a,1%/2=1.05m/s%-4s?/2 =
= 2.1 m. therefore the work done by it is:
1 % 2my+my 2

W=Fs=-—

2y 3mo 4 my

Solution of Problem 113. Let m be the mass
Of the spheres. 12 is their radius, and let » denote
l!lc radius of the hole. (As we shall see later. the
h.nal results do not depend on mand ¥, so for
SImplicity we can assume that these data are the
Same for both spheres.) According 1o Newton's
Second law, written for the lincar motion of the
Centre of mass. and for the angular motion, we get
(for bon spheres) that:

mygsina —S =1ma

SR=g2
N 1= lf
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force, and © is the moment of inertia with respect to the centre of mass. Since the
spheres roll without sliding, the angular acceleration 3 of the spheres are

Where a is the acceleration of the centre of mass of the spheres, S is the static friction

a

T 3.

From the second equation, the static friction force is:
a

ﬁ~

and inserting it into the first cquation, we get that:

§=0

_ a
mgsina — GF =ma,

so the acceleration of the centre of mass is:
mgsina

i =———u
m+ 2 (L)

Putting it back into the first equation,
© mgsina
“p2 e
R? m+ o

which can be written in a simpler form, if both the numerator and thc denominator are
divided by Q/R?*:
mgsina
§=-2 (11
=l
No sliding occurs, if the static friction force satisfies the inequality
S < pgmgceose,

so if the coeflicient of static friction is large enough:

S
Bige———
Mg Ccos o

Writing here S from (I1.), we get that:

mgsin o 1

o> =2, , (1)

e = o ;

= +1 mgcos«
SO

. tana
1o >

= mhR* '
e .
Since © «x mR?, both the acceleration (1.) and the threshold for the coeflicient of

static friction are independent of m and R, we can assume that these data are the sam®
for the spheres.
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a) The rolling times are equal, if the accelerations are the same. From equation (1.)
we can see that the accelerations depend only on the moments of incrtia, so these latter
pantities have to be calculated.

The moment of inertia of the solid sphere is:

2 .
Oc=—m R,
5

while that of the hollow sphere (or spherical shell) is (from data table):

2 1?5
"R

where R is the outer, r is the inner radius. [n our case r= /2. which mcans that:

2 BP— (I;) QHRz:l

Op=

- 231-8 2 31 31

Oy = _”}}3_(@)3 5 m/? 357 _;I”P—Z( T\j(‘).g‘.
Expressing © with the mass and the radius,
31 31 | 5
Oy=—-0Op=— —m/?zz_—mlx’,“.
28 285 70

Now substituting the values ©¢ and O into cquation (1.), a relationship can be derived
between the slopes ap and ay of the incline in the two cases:

mgsinas  mgsinagy
ag = = =ay.
: O« ()
m+ 55 mt =%

Inserting here the moments of inertia:

mgsinag mgs‘inn H

2R mﬁ’-
m -+ JH—_' m+ B

After cancellation, we get that:

sinag s‘innH ~ Ssinag T0sinayy
1+2 148 7101
Which means that the slope of the inclinc in the second experiment is:
: 505 505 - a00 — 05153
sinay = ——sintag = ——sin 53,
490 190

50
apy =arcsin0.5153 = 31.8°
b) The threshold values for the coeflicients of static friction are obtained by writing

€ moments of inertia into the equation (I11.). We obtain that the solid sphere is rolling
Withoyy sliding if:

s tanag tanas  2tanag  2tan30° 0,165
Hso Z m R? .4 — nR? 11 - 7 - 7 =0.165.
Og %m R?
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Similarly, the condition for the slidefree rolling of the hollow sphere is:

tan o tana Jltana 31tan31°
he > H : H_ _ H _ —0.184.
ml m iR . 101 101

31 )
s

It can be seen that for slidefree rolling, the threshold value of the coefficient of static
friction is greater in the sccond case, since the hollow sphere has a greater moment of
inertia, so a greater torque is needed for its angular acceleration.

Solution of Problem 114. In the first part of the motion the work done by the weigh;
lorce is converted to translational and rotational kinetic energy of the sphere, while
the static friction force and the normal force of the semi-cylinder do no work. But op
the other side of the semi-cylinder only the translational kinetic energy is transformed
back to potential cnergy, because of the lack of friction there is no torque acting on the
sphere causing its angular velocity to remain constant. Thus on the other side, the sphere
reaches a height smaller than it bad initially. We have to determine the rotational kinetic
energy at the bottom of the semi-cylinder. According to the work-energy theorem:

m(]Ahl—};m?r +§ %mﬂ/:%mvz m, (1)
where we have used that rw = v.. (This last relation holds also for curved surfaces; if
ol, the circular ramp would continue horizontally at the bottom and a sudden jump in
the angular velocity would occur, something that is impossible.)
From equation (1),

, 10
m'vé. = 7771,gAh_,1, (2)

where Ah; 1s the vertical displacement
of the centre of the sphere, until il
reaches the bottom of the semi-cylinder.
As the figure shows, it is:

—ap
2
Indeed, the radius to the initial position makes an angle of 60° with the vertical radius
to the final position, and thus they form an equilateral triangle, whose horizontal altitude
intersects the opposite side at the midpoint.

As it is well known, the rotational kinetic ¢nergy is:

2, 5, 1 .
Eiot=-0w" = - Zorte? = —m.v?..
2 2 5 5

Ay =2 (3)

The maximal height reached by the sphere on the other side is detcrmined by the energy
conscervation law:

1 .
mgQAhy =mgQAhg+ F... =mgAhs+ gm'né.
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[nserting here the expressions (2) and (3), we have:

R—7

1
e mgQAhs + ?mg([? —7r).

110 2
mg =mgAhs+ = 7171{/Ahl =mgAhs+ 7 Mg

pividing the equation by mg, and then expressing Ah,, we get that:

R—r 1
; : = Ahy+ 2 (R-7),
8 Ahy= BT _Ror _TR-D-AUR-1) 5 o
A 7 14 14 "=
5 5
=—(1-0.2) m=—-0.8 m=0.286 m.
4 14

So at the highest position the vertical distance between the centre of the sphere and the
pottom of the semi-cylinder is:

ho=r+Ahy;=0.2 m+0.286 m=0.486 m =48.6 cm.
We remark that at the initial position this height was

hi=r+Ah; =02m+04 m=0.6 m.

Solution of Problem 115. Our first task is to investigate whether or not the disk
slips on the cart, because this will aflcct the set-up of our equations. Let us therefore
determine the minimum coefhicient of friction needed for the disk to roll without
slipping. If the coefficient given in the problem is greater than or cqual to that, the disk
rolls without slipping, otherwise it will slip on the surface of the cart. Belore determining
the minimum coefficient, let us answer one more question: does the friction acting on the
disk point in the direction of its acccleration (i.e. forward) or in the opposite direction?

In order to find the answer, let us imag-
ine what would happen if the surface of the
Cart was frictionless. In that case, due to
the horizontal force F' exerted at the top
of the disk, its centre of mass would move
With an acceleration of:

a=F/m,

While (he points on its perimeter would
have an acceleration of
Fr Fr? 2r
a, :7",/3: i = = 2a
© mr?/2 m

With respect to the centre of mass.
US point P, where the disk touches the cart, would move to the lelt with an
CCeleration of ap =d+d, = —a with respect to the ground, meaning it would slip
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backward. Thercfore if the surface of the cart is not frictionless, the friction acting
the disk points forward. while the one acting on the cart points backward.

Now we can start determining the minimum coeflicient of Iriction needed for the dig
(o roll without slipping. Let the acceleration ol the centre of mass of the disk be o,
while that of the cart be A. In the present situation, all important vectors are Imrimnlul:
we can set up our equations using only their magnitudes. Our cquations will be gy,
following: Newton's second law applied to the centre ol mass of the disk (1); Newton'g
second law in angular form applied to the disk (2); the restraining condition that preveng
the disk from slipping (3); Newton's second law applied to the cart (4).

I+ S5 =ma, (1)
I'r—=Sr=041. (2)
a+ A
= {3)
S=MA (1)
: . : e L o,
Let us solve this system of equations for friction S. Substituting © = S and

cquation (3) mto cquation (2) and then dividing it by . we obtain:

F+S=nmua. (1)

1 ,a+A 1 !

F—8§=-mr?2 i =—-m(a+ A), (2
2 i 2

S=MA. (4)

Let us now substitute the aceeleration of the cart from equation (4) into equation (2')
and then simplify by = and multiply by 2 1o get:

9F —25 = mat =
L 20 = 1N ‘;‘\/”L

Inserting ma from cquation (2) gives:

I -8 P4 84228,
M
hence .
Pe3gi l% _ 3M +n g
M M
from which the minimum [riction required is:
M

e SN A4 g
Using that the maximum of fricion can be writlen as .S = jumg.
N
3M+m

jrng =
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o A el

from which we get that the minimum coeflicient of friction needed for the disk to roll
without slipping is:
M [ 5kg 100N

1
RPN, SR SE o' Wit NP0 0 R
3M+m mg 25kg 100N 5

I

This means that in our casc the disk slips on the cart. After having ascertained this, let
us investigate the motion of the system.

a) As the disk slips. one cquation (the restraining condition) is “lost’, but at the
game time a new one is gained, since the Kinetic friction can be written in the form
of S = umg. Therelore, our equations will be:

F 4 pomg = ma (5)
pmg=A»MA (6)

|
Ly o=pmgr= 5 mres. (7)

Our three unknowns (a, A and 3) can easily be calculated from the above equations
one by one:

" 100N

0=—4+png= ﬂ{-().l»]()gzlli,l to the right (8)
m " 10kg 52 s°

m 10 kg m _m

A ://ﬁg:(]l- Ske 10 2= 2 2 to the left (9)
20 2 200 N 20w /5" 1

Jo2F 29 2008 20w/ 1 (10)
mr r 10kg-0.2m (0.2m s*

b) The kinetic cnergy of the system is the sum of the kinetic energies of the two
objects. The energy of the disk is the sum ol its translational and rotational cnergy:

g 1 5 1y
//.li.\k—i'l'l +§()./., . (11)
Wwhile the energy of the cart is:
1 3
Eaye = 5 MV". (12)

Let us therefore calculate the speed of the cart and the angular velocity of the disk at
the moment when the length of the unwound string becomes L =2m.

4 Let 4 be the time needed for the string to reach an unwound length of L. During this
ime the disk rotates through an angle of:

Where @ = 1L/r, which yields
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Substituting 3 from equation (10), we find:

2L B ml
r.2E2umy - umg” (13)

Substituting known values gives:

_ 10kg-2m _
-V 100N=-0.1-10kg 10 m/s’

32 =v0.2222s=0.471s.

Ol o

In that time the disk gains an angular velocity of:
w=Bt=90s"2-0471s=42.45""
while its centre of mass gains a speed of
m m
v=at=11—-0471s=5.18—.
s s

Inserting these into equation (11) and assuming that the rotational inertia of the disk is
6= mr2/2, we obtain:

- 1 . 11 L
Eaisk = =ma?t? + = - —mr?. 8212,
2 2 2
Substituting the acceleration from equation (8), the angular acceleration from equa-

tion (10) and the time taken from equation (13), we find that the total kinetic energ
of the disk is:

m | [ F+pmg 2 mL 1, (F—pumg > mL
E(Ii.\'k e + =774 .
2 m F—pumg 2 mr F—pumg

After some algebra, this can be written into the form of:

1 (F+pumg)?+2(F — pumg)? _

E( isk = o &
g F —pumg
1 L]"'2 +2umgF 4 1?m?g% + 2F? —4F pmg + 212 m?> g>
2 F—pmg ’
hence e e ik
x L 3(F%+p*m?%g*) —2Fumg 0
Egisk = 5 . (1:
2 F—pmg

Inserting the given data, we find:

3-(10000N2 +100N%) —2-100N-10N 2m
: S =— =314.44 .
100N - 10N 2

One part of this energy is caused by the translational motion of the disk:

Egisk =

)

1 - 1 5 I
Eivanst = —=mv? = = - 10kg-5.18% — = 134.44 J,
2 2 i
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the other part is caused by the rotation of the disk:

, 1 i ER : -
Evor =5 §mr3u,~2 = 10ke-0.04m?-142.4%s72 =180 ]

The kinetic energy of the cart (neglecting the rotational energies of its wheels) can be
determined according to equation (12) using equations (9) and (13):

E(.m.,:1‘\1142#2:11\[;1'-’;1712_(]2. ml _ \(/1171!})'3/, |
2 2 M2 L—pumyg 2%(177/””!/)

Substituting known data, we find:

_ m\ 2 5
-bkg-!l(—,) 10.2222252 =2.22].

g2

E(';n'l =

o=

(The velocity of the cart is V = Al =2 m/.»;2 04718 =0.942m/s.)
Therefore, the total kinetic energy of the system is:
Frin = Eianst + Frot + Fean = 134274180 +2.22.) = 316.66 J.
[In general, the total kinetic energy of the system can be written as:

B L 324 (13+f\—’})(/,1.17z(/)2 =2F umyg
Etotal = 5 = ]

F—pumg

¢) In order to determine the work done by force [, we need to find the displacement
s of the end of the string, because in case of a constant torce, the work done can be
calculated as W = F's.

1 .
SIS()+I‘Q:SO+L:;(H2+L.

substituting the expressions for ¢ and ¢, we get:

1 F+pmg mL 1 F+pumg 3 —pmg
s=—- : L= =]

L VN

2 m F—pumg "2 F —pmg —2(F — png)
Thus the work done by force F can be written as:
W= Fse 3}"2‘~ pumgl’ .
2(F — pumg)
InSerting given data, we find:

Wy — 310000 N*—100N-10N
- 2. (100N —10N)

This is the end of the solution.

2m=322.22].

Remarks: The kinetic energy of the system is less than the work done by force 7.
his is due to the fact that the disk slips on the cart, therefore part of the energy of the
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system is dissipated through the work of frictional force. Let us check this statement viy
calculations.

The total energy given to the system equals the work done by force F': W =2322.22 1
The total kinetic energy of the system is: Eyi, = 316.66 J, so the dissipated energy (or i
other words the lost mechanical energy) must be: —A o, = —(316.66 J—322.22 J) =
= 5.56 J. Therefore, k=AE/W =1.73%.

Although it can be seen that the conservation of mechanical energy does not holq
for this case, the work-energy theorem is still true: The sum of the works done by
the external and internal forces acting on the system equals the change in the system’s
kinetic energy.

Let us calculate these works one by one. The work of force F' (which is the external
force) is already known, therefore the only forces, whose works should be determined,
are the friction exerted by the cart on the disk and the friction exerted by the disk on
the cart. Let us calculate the latter first.

The work of the friction acting on the cart can be calculated according to equation (12)
using equations (9) and (13):

1 png Lm  (umg)’L
2 M F-pumg 2M(F—pumg)

I ...
I/V(li.'\'k—-(:m'l == S *Scart = S d 514/2 = umg

Inserting given data, we find:

100N2.2 20
IV"!(Jisk—-»cart = Z - =—J=22222].
2.0.5(100N—10N) _ 9

Calculating the work done by the friction acting on the disk proves more difficult as
the distance covered by the perimeter of the disk should be determined with respect
to the cart. The work done by this force will be negative since the displacement is
opposite the direction of the force. Wai—gisck = —S-s'. Where s'=7p—s, and s is
the displacement of the centre of the disk.

The calculation of the distance covered
by the perimeter of the disk can be ex-
plained the following way. If a disk rotates
around a fixed axis, the distance covered
; by a point on its perimeter is r, while if
/ the disk slips without rotation, its perime-
ter moves through a distance of s. In
our case, however, since both movements
are present and are done in opposite di-
rections, the distance covered will be the
difference of the distances above: rp — 5.

The work done by the friction acting on the disk can also be calculated by assuming
that the instantaneous power is the product of the force and the instantaneous velocity:
I’ =F-v. The bottom of the disk has a vclocity

U=y —TW

266



g Mechanics Solutions 6.2 Dynamics

r‘,lall\’t to the cart, where v, is the velocity of the centre of the disk and rw is the
angular \ velocity of the disk. We can write the work in terms of power as: W = P-t,
where P is the average power and ¢ is the elapsed time. In case of a constant force and
7610 initial velocity: »
niax UlllkLX
2 g
So the work done by the friction on the disk is:

Unax Vg —Tw
A=pumg- % d=pmg-(s—rp)=

L L .
=)mg- (5111“) - 1';) =pumg- <§a12 — L) .

Substituting the acceleration from equation (8) and the time from equation (13), we
obtain:

ﬁ:

Weart—disk = P-t= nmg—

1F ml
Weari—disk = pmg <2 tpmg —m B L)

m - wmg
F+pmg L 3pumg—F

=pHm = = umg——

Hma 2(F —pmg—1) ; gQ(F—u,m,(J)

Inserting given data, we find:

3-10N—100N -
chiu'l—«lisk =10N- O P g 2m= ——.
2(100N —10N) 9

So the total work done by the internal forces is:

which equals the dissipated energy. Therefore, the work-kinetic energy theorem can be
written as:
Woext + Wiy =322.22.J—5.56J) = 316.66 ] = A Ey;,),

Which proves our statement.

Solution of Problem 116. Let us write Newton’s second law for both objects and
the constraint of the problem in order to gain the accelerations ol the objects. Using the
Notations shown in the figure, Newton's second law for the block is (where S is the
Static {rictional force and A is the acceleration of the block):

F-5=MA, (1)

Newton's second law for the translational motion of
the centre of mass of the ball is (a 1s the acceleration
of the centre of mass of the ball)

S =ma, (2) =S —
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—

Newton's second law for the rotational motion of the ball ( 2 is the radius of the by

3 is the angular acceleration of the ball):
2 B
SR=-mR" 3. (3)
)
The constraints for rolling without sliding are:
A—ua
R
substituting (4) into (3), cancelling /2. and then adding (1) and (2) and expressing §
Irom (2) and substituting it into (3). the acceleration of the ball and the block will be:
2
a= =
2m+4T7M
7 A
A== ——7—.
2 2m+7M
The displaccmients of the ball and the block are shown in the figure. The area of the
shaded region ol the velocity—time graph is proportional to the distance covered by the
ball on the block. which is half of the length of the block /.

A=a+ R5. and 8=

A
v

l sblock ‘ vblock
. ; : /

e —— - N —  V

(/:> Span Vo ST 2 ball
& U Wi
: /. t T

The speeds ol the block and the ball with respect 1o the ground at the end of the
accelerating period are:

Vo= Al and r=ual.

the distances covered by the block and the ball during the time T are:

| —

At + AT —1).

Fhlock =

~

t

1 5
Shall = 3(1/‘ +al(T —1).

where f s the time during which the force is exerted on the block. T —1/ is the ume
ol uniform moton untit the ball Talls ofl. The ball falls o7 i /= sy, = Span . SO the
cquation for the asked time 77 is:

l==(A—a)t? +(A—a)t{T—1),

| =
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from which ;
l
40— TR Gl
(A—a)t 2
(he maximum of time ¢ can be gained if the distance along which the ball is accelerated
is equal to hall of the length of the block:

1 2
l=—=(A—-a)t",
S(A=a)
from which the longest time while the force is exerted and the ball is on the block is:
21
i = ,
A—u

Note: In the solution we assumed that the ball has uniform density. Otherwise even
the accelerations of the objects would not be constant. If the centre ol mass of the ball
is the geometric centre of the ball, but the ball is not solid. its moment of inertia O,
calculated for the centre of mass, must be given. Assuming this. the relative acceleration
of the two objects would be:

F‘.Il/n_’
Bl " . m RN
2
’”(1+V+ &) )

Let us illustrate the above stalements with an example: m = 0.1 kg, R =2 cm,
M=04ke, F=0.03N. [l=0.4m and the time while the force is exerted is t =2s.
Using these data the accelerations of the two objects are:

7-0.03N

ni
2-0.1kg+7-0.4kg 8°
2 m
n=-A=0.02 .
4 i
The relative acceleration is : "
A-—a=0.05—,
o2
the maximum time of the acecleration is
0.8m
[ = =1x

0.05%
thug during the 2 scconds while the foree is exerted the ball docs not reach the end of
the block. Thus the total time until the ball falls ofT in this case is

0.4 25

T=omm sty

[
=N,

Solution of Problem 117. Let « be the acceleration of mass m. According (o
EWton's sccond law, the tension in the string is:

KN=m(y—a).

269



300 Creative Physics Problems with Solutions

Forces acting on the cylinder are the tension in the string, the gravitational force, kinetjc
frictions Sy and Sy and finally the normal forces N; and N, exerted by the wall anqg
the ground respectively. Let us apply Newton’s second law and its angular form 1o the
cylinder (the former is written separately for the horizontal and vertical directions):

K+48y~Ny=0, (1)
Mg—Ng—Slzo., (2)
KR—S R—-S,R=00. (3)

Since the string doces not slip on the cylinder and cannot be streiched, the relationship
between the acceleration of the object and the angular acceleration of the cylinder i
given by:

a
A=%- (4)
Kinetic frictions can be written as:
LS'l :,u]\/lv (3)
Sy =Ny (6)

Isolating normal forces from equation (1) and (2)

and inserting them into equation (5) and (6) give:
Si=p(N + S2), (5
So=pu{Mg-5,). (6"

Substituting S, from equation (6') into equation (5'), we have that:
Sy =p[K +u(Mg—S))] = puk +p*Mg—pu*S,.
Solving for Sy and writing the tension in terms of the acceleration leads us to:

S wK+pMg)  plmg—ma+ phg)
D] = ==

14+p2 14 p?

-

Let us now substitute .S, from equation (5’) into equation (6') to determine the kinetic
friction excrted by the ground:

(K +pMg) wMg—pk)
Sa=p| Mg— = .
2 p( . 1+ p? 14+ p?

writing K in terms of the acceleration gives:
g, — w(Mg— pmg+ pma)
RS 14 p2

By substituting the expressions for the forces into equation (3), we will have a lincal
equation for the acceleration. Let us divide equation (3) by the radius first:

a

=51 =5, =0—;.
I Sl 52 R‘!
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Substituting the expressions for A, S} and S>. we find:

pmg—pma—+p*Mg  pMg—Pmg+p®ma ©
mg—ima— = - = = —uaq.
14 p” 14+ p? >

Let us solve the above equation for a:

m+2p2m — pom — p2 M — M
a= .

5 @ g

O 20 Dions o
7 + 1 5z A4 2pcm —pum

Dividing the numerator and the denominator of the fraction by M. we obtain:
il — 24 — p (14 1)

gr= m ‘ L =) 1 . g
fr(—p+20?) + 57 (14 427)

Using that the rotational inertia of a solid cylinder about its axis ol symmetry is @ =
= ‘11\/[}?2, we find:

: ar (1= p+2p%) — (L + )
1 —pr2ut) 4 5 (1+p")

Substituting known values, we get:

9.

KR (1-0.542:0.52) =0.5(1+0.5) "
4= kg . — — 10— =3.125 —.
s (1-0542:-0.52) + §(14+0.52) s 2

Note that this result is independent of the radius of the cylinder. 1l the acceleration is
now taken to be zero, the condition for the cylinder to start rotating is:

m. u(H--/l). .
M = 1—jp+2p2

If m/M is less than that, the cylinder and the object attached to the string remains at
rest.

Solution of Problem 118. The cylinder can move without rotation it the torque of S,
— which is the kinetic friction acting on the point where the cylinder touches the ground
= is compensated by the torque of 57, which is the static friction acting on the point
Where the cylinder touches the cube. Thercfore. S| should be equal to S and should
Point downwards, increasing the weight ol the

Cylinder.
Let us apply Newton’s second law 1o the
Vertical direction: A
. K S (
mg—NK,+5, =0, ! ! < F
. . K;

from which the normal force exerted by the 4 I_K:

ground is: S S
. 1 2

KNy=mg+S, l
mg mg

271



300 Creative Physics Problems with Solutions

and so the kinetic friction acting on the ground can be written as:
S1=ukKy=p(mg+51).

hence L
Sy =-——mg.
1 1_“’7"9 (1)

Newton’s second law applied to the horizontal components takes the form of:
K> -8, =ma,

where Ky is the normal force exerted by the cube. Isolating I3, we find:
Ko =ma+S),.

In the extreme case that marks off pure translation [rom rolling, the magnitude of static
friction acting at the point where the cylinder touches the cube can be wrilten as:

S; :uol(QZLLo(In(I/‘FS]). (2)
Using that S} =57 and substituting Sy from equation (1) into equation (2), we obtain:
{ 3
mg = jipyma+ o mg.
1—p 1—p
Isolating the acceleration of cylinder, we get:
o 1—po ”
a=— ——-g. (3)
o 1—p

Let us now examine the motion of the cube. The kinetic friction acting at its bottom
can be determined by using the formula Sy = p K3, where K3 is the normal force
exerted by the ground on the cube. To find K3 let us apply Newton’s second law to the
vertical direction:

mg—S;— KN3=0,

hence 139
. . 1 — 2
Ks=mg—5 =mg— mg= mg,
\3=mg 1=mg -, tg -4 g
so the magnitude of kinetic {riction Sy is:
(1—2
PR k7 (4)
1—n

Newton’s second law applicd to the cube in the horizontal direction takes the form of:
F -8y~ Kj=ma,

where I\ and Iy are action-reaction forces, therefore they are equal in magnitude and
opposite in direction. Using that Ky = ma+ Sy, the minimum value of the pushing
force turns out to be:

F=ma+ 5S>+ Ky=ma+ Sy, +ma+5, =2ma+ S, + 5.
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substituting equations (1), (3) and (4) into the above equation, we find:

1 — L 1—-2p
F=2mi. - Ll g+ < mg-+ i i mg.
jo 1—p 7 1—p 1—p

After rearranging the expression, we get:
25u(1 — g 2-0.2(1-0.6-0.2
pros 2L ot ( ).
to(1— ) 0.6(1-0.2)

So the motion of the cylinder will be purely translational if the pushing force is greater
than 88 N. Note that the system requires a minimum ol Fy = 2mgo =144 N to start
moving, therefore if the cube and cylinder begin moving, the pushing force can be
decreased to 88 N to keep the cylinder’s motion purely rotational. If the magnitude
of the pushing force is decreased further, the cylinder will start rolling, rubbing the
side of the cube. If the force becomes less than [7 = 2mgp = 48 N, the system stops.
The magnitudes of other quantities when the lorcc is =88 N are: a= ég =1.67 ;%1

$=30N, S;=18N, Ky =150N, K, =50\, K3=90N, Y F=ma=20N.

12kg-10 = =88 N,
S

Solution of Problem 119. Let us find out what happens. Each of the three objects
will remain at rest if both mgzg < promag and mgg < p1(mq1+my)g are true. Since in
our case none of the above inequalities hold, this is not the solution of the problem. The
board will start to move if

famag > i1 (Mg +ma)g.
Since the data given satisfies this inequality, we can state that the board starts to move.
The next step is to decide whether the brick slips on the board or moves together with it.

Let us assume that the brick slips on the board. In this case both frictions take their
maximum values, thus applying Newton’s second law to each of the three objects and
eliminating the tension, we get that the accelerations of the board and brick are:

tomag— py(my +ma)g
1 =

=0.15g,
nmoy

L= msg — ptamag =g,
mo +1msy
This means that the acceleration of the board would be greater than that of the brick,
Which is impossible. Therefore, the only solution of the problem is that the board and
brick move together with the same acceleration. In this case the magnitude of friction
between the board and brick can be anything between zero and its maximum value.
From the laws of motion of the two objects, we get that their acceleration is:
my — py (my +mo)

m
a= =0.12g=1:18 —.
. mi+ms+ms g 4 s2

The magnitude of static friction between the board and brick is:

myms + oy (my +1mo)(ma +my)
my +ms +ms

S

=6.28 N,
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while Tor the tension, we get:

(my 4+ mo) (1 +y)
N = = ) mayg=8.63N,
ey o 4y

and finally the magnitude of kinetic friction between the board and table is:

Sk=yn(my+ma)g=23.92N.

Solution of Problem 120. The hep;.
sphere starts (0 push the surface afyer
burning the string and as its centre of
gravily is not above its point of suppor,
it will undergo an accelerating rolling mo.-
tion. The horizontal component of the ac-
celeration of the centre of mass is caused
by the static friction S, while the ver-
tical component is due to the gravita-
tional Torce g and the normal force ',
The angular acceleration of rotation 3 is
caused by the torques acting around the
rotational axis,

Let us apply Newton's second law sep-
arately to the horizontal and vertical com-

ponents and the angular Torm for the rotation. Note thal Z.\/ = 0O holds only if the
torques are taken about a point that has no acceleration or about the centre of mass.
Thercfore in this case torques will be taken about point (2, which is the centre of mass
of the hemisphere.

Let o be the angle that the plane ol the great circle bounding the hemisphere forms
with the vertical, and  be the angle that the initial acceleration ol the centre of
mass [orms with the horizontal. Newton's sccond law for the horizontal and vertical
components are:

S=mua-cosg. (1)

myg— N =ma-sing, (2)
Newton's second law in angular form is:
Nki — Sky = 0,8, (3)

2 | 12
) & . i 2 8 5 % ¥ —
where &) = S Reosa, hy=R({1—=sina), O, is the rotational inertia ol the hemisphere
8 8
about the axis that goes through the centre of mass parallel 1o the bounding great circle
and 3 is the initial angular acceleration of the hemisphere.
Thg minimum value of the coeflicient of static friction that should be calculated 1s:

/I:T
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g

To be able to solve the system of equations above, we need to calculate the rotational
inertia O of the hemisphere first and then to determine the relationship between the
acceleration of the centre of mass and the angular acceleration.

Let us start from the fact that the rotational inertia of a sphere about its centre is:

2 ;
o=-M R2.
3] % " 5 i g g i .
As the rotational inertia is additive. the rotational inertia of a sphere can be taken as
the sum of the rotational inertias of two symmetrical hemispheres:

(—)splu-rv =2. (_)]n*misplwro'

f the mass of the hemisphere is m, the equation will take the form of:
- 9 _ 5 2 52
—(2m)R"=2-—mR~,
B} D
which shows that the rotational inertia ol a hemisphere with mass m and radius R about
any diameter ol its bounding great circle is:

Op = ;m R
5

We can also arrive (o the above result by imagining that with the help of a half-plane
whose bounding line is a diameter of the sphere and which is rotated 180° from its
original position, the mass of the sphere is ‘swept’ into the volume of a hemisphere.
Although the density of the hemisphere will be twice that of the sphere, because all
pointmasses of the sphere move along a half-circle and thus their distances from the

n
centre remain unchanged, there will be no change in the sum: © = Zm,-r}z, which
i=1
allows us to draw the conclusion that the rotational inertias of a sphere and hemisphere
of the same mass and about the same diameter are equal. The next step is to determine
the rotational inertia of a hemisphere about its centre of mass. Applying Steiner’s law:

Op=0,+md>,

where « is the distance between the two axes. ©, in our case is therefore:

e D % 3 83 .
O.=00 —md*= Em,R' —m gR = 320m R?. (4)

The trigonometric (unclions of the angle describing the initial position of the
hemisphere are:
. R 0.9363
cosa = = =0.9363,
BQ V713

4 73
Since 3Q) = \/R2+ (3R/8)2=R- g = 1.068R.

3R/8 3
/ =—==0.3511,

VT3R/8 T3

sina =
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3
tana = <= 0.375 — «a=20.5560°.
The trigonometric functions of the angle of the acceleration vector are:
cQ 3Rcosa/8 Jcosa 24
tang = —— = —— = — = = =0.4044,
CP R-3Rsina/8 8-3sina  §/73-9

hence v =22.017°.

sing=0.3749, and cose=0.9271.

And finally the relationship between the acceleration of the centre of mass and the

angular acceleration is:
a=0-03, (5)

where o is the instantaneous radius of rotation, i.e. the distance of the centre of mass
from the instantancous centre of rotation (). (Note that it is important that when the
hemisphere starts to move, point P is not only at rest but also has an increasing but
initially zero acceleration. This is due to the fact that point P is the point of a cycloid,
where the rolling circle touches the ground. In general, this point is at rest, but has an
acceleration v?/R towards the centre of the circle. In this case, however, the initial
velocity of the centre of the circle is zero, therefore the initial acceleration of point P
reduces to zero as well, which makes it possible to write the acceleration of the centre
of mass in a reference frame fixed to point P as a=p-3.)

The instantaneous radius of rotation can be determined using triangle PQC':

CQ  3Rcosa

7% . =0.9368R.
sing 8siny

Q =
Let us now return to equations (1), (2) and (3). Using equation (1) to isolate «a,
substituting it into equation (3) then dividing it by R and using equation (5) lead us to:

O, S

Ro mcosg’

3 3
gcosa-/\/— (] — gsinn> -S=

dividing by N and using that p=S5/N, we obtain:

3 1 3 . O,
—cosae— | 1 ——sina | p=p——"-—".
8 8 Romecosyp
isolating the coeflicient of static friction from the equation, we get:
L
gCO.‘aOf

"= 0.

—3dina -9
(] thl]a) + Romcose
Multiplying both the numcrator and the denominator of the fraction by cose and
multiplying both the numerator and the denominator of the second term of the

denominator by R, we have:

3cosacosy

/"_8. ©—3sinacosp+8-2s . &7
cosp —3sinacosp + 855 - 4
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Gubstituting known values gives:
_ 3-0.9363-0.9271
- 8.0.9271—3-0.3511-0.9271 8- 2 '

320 0.9368

=0.3009.

M

(If the hemisphere does not slip at the start of its motion, it will not slip afterwards
either. Since the line of action of N will get closer to the centre of mass, its torque will
decrease and so will the angular acceleration. This makes the horizontal component of
the acceleration decrease as well, which means that less static [riction will be needed.)

Let us carry out some extra calculations lor additional information.

Use equation (1) and (2) to determine the initial magnitude ol the statie friction and
normal force:

S=p\
Substituting into equation (1) and dividing equation (2) by equation (1). we get:
M =tang,
nN ‘

from which the magnitudes of the forces are:

1
N=———-mg=0.8915myg, S =puN =0.2628ny.
1 +ptang

while the magnitudes of the acceleration vector and its components are:

S : 1
a=———=0.2894g=2.84 —.
mcosy 52

m ) m
a, =acosyg =0.268g=2.632 -, a,=asinpy=0.10859=1.061 .
s? : 8-

First solution of Problem 121. Let us solve the problem investigating the cnergies
of the system. The work done by the gravitational force on the object moving down
equals the change in the kinetic energy of the system. (The sum of the works of the
internal forces is zero in this situation.) Using this, we can determine the instantaneous
velocity of the object after an infinitesimal displacement (Al). Since the cylinders
are far from cach other, the change in the angle of the cord between them can be
neglected during an infinitesimal displacement, therefore all forces and accelerations
Mmay be considered to be constant. Thus, assuming that the initial velocity ol the object is
zero and therefore v =v2as, we can determine the acceleration of the object by simply
Substituting the expression previously gained for the velocity. Applying the work-kinetic
€nergy thecorem, we obtain:

SR 2 0
mgAh = Smu + 3w + 5 mug + —lmr‘w‘g.
Where on the right-hand side the first term is the translational energy ol the object

Moving down, the second is the rotational energy of the pulley, while the third and
fourth are the translational and rotational energies of the cylinder on the ground.
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From now on let v, denote the instantaneous velocity of the object, since this equal
the velocity of the segment of the cord coming down from the pulley. The velocity (j«
the centre of the mass of the cylinder is denoted by vp . Dividing the above equation
m, we ind: y

1 1 1, 1
gAhz51‘3+;1’3+§L'§+51:3_ (1)

Let us dctermine the connection between the
two velocities in order to be able to express the
velocity of the object in terms ol the displacement
from the above equation.

Point C (shown in the figure) is the instanta-
neous centre of rotation of the cylinder (since its
instantancous velocity is 0). Let point A be the
point of tangency on the line of the cord. The
instantancous radius of point A is CA=p. The
velocity of the centre of mass of the cylinder is vy =rwa.

Using these notations, the instantaneous velocity of point A of the cylinder is:

« . «
V4 = pwyp = 27COSs Ewg =v02C0s 5

This is also the velocity of the point of the cord that is in point A. The component of
this velocity that is perpendicular to the cord does not play any part in moving the cord.
The parallel component, however, gives the velocity, whose magnitude equals the speed
of the object moving down. Therefore the velocity of the object is:

O 3
Ve = VACOS :>v02cos2§. (2)

Since a = Aw/At, the same relation exists between the accelerations of the object and
of the centre of mass of the cylinder:

.
P a.02cos2 -,
2
which can also be written in the form of:

a,.=ap(1+cosar). (3)

Isolating vy from equation (2) and substituting it into equation (1), we get an equation
for the velocity of the object:

s 0 e d v? 1 v2
A e =i g e
g 27 4°° 2 dcostS 4 4costy ’

which yields:

«

8cos?

29
2-—=— . A}
12cos* £+ 3 '

P =2
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6. Me
(hus the acceleration of the object moving down is:

e
8cos” 5

Q= ———"——
¢ 12gest S +-3

*9,

frer SOME algebra, this can be written into the form of:
aft E
2 (1+cosa)?

il (1+cosa)2+1 7’
substituting known values, we find:
2 (1+0.5)2
=2 _AH0SF G ae1g=a53
3 (14+0.5)%+1 3

Second solution of Problem 121. The problem can also be solved using the laws

~ of motion. Let Ay, Ky and I3 be the tensions acting in the vertical, inclined and

horizontal parts of the cord respectively.
Applying Newton’s second law to the object, we
obtain:
mg— Ky =ma,., (1)
Applying Newton's second law in angular form to the
pulley, we get:
e

Kyr—RKoyr=0—, (2)
7

The law of motion of the centre of mass of the cylinder
is:

IKycosa+ K3 =mag, (3)
Applying Newton’s second law in angular form to the rolling cylinder, we have:
- . o1}
Kor—Kyr=0.—. (4)

T

Dividing equation (2) by » and adding it to equation (1), we get:

e
mg— Ny = <m+.)> Gp. (1.)
2

Let us divide equation (4) by r and then add it to equation (3). Using equation (3) of
the first solution, that gives the relation between a,. and ayy, we find:

Ky(14 ) n C] Q.
osa)=|m+ — | ——,
2 e 12 J 1+ cosa

ISolating v, we have:

e a,
= AR PR 11.
U (er 1"3) (1+cosw)? (IL)
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Substituting the above expression for Ay into equation (1) and isolating «a,., we acet:

m(l+cosa)?
= 4.

| <’“ + %>“+(ln—('osu)'—‘}

dividing by mr yields:

(14 cosa)?
(1+©/mr2)[1+ (1 +cosa)?]

.=

0.

It can be useful to determine the other quantities deseribing the motion of the system
as well. Alter some algebra (not detailed here). we would get that the tension in (he
vertical cord is:

. l+””>[l+(l+('().~4(\)"’]

Ni=m(g—a.)= — -

(14+60/mr)[1 + (1 +cosa)?]

the ension in the inclined cord can be caleulated from equation (11):
(m+ (")/'_’/"'))(l,. |

(1+cosa)? 14 (14cosa)?

Sy,

I\--_g —

S

the tension in the horizontal cord can be determined using cquation (4):
. .0 1—0Ocosa/mr?
Ny=NKNo— —uy= my.
e (14+0/mr?)[14(1+cosa)?]

while the acceleration of the centre of mass of the cylinder is:

Gl (1+cosa)
(g = =

1+cosa  (1+0/mr?)[1+(1+cosa)?]

Substituting given data and using that for a solid cylinder ©/mr?=0.5, we find:

( N _om
.= —g=0.4062¢g = 1.528 —.
13 ' 8°
| ) ) m
y=—7—"g= ()-’)()S(j =3.02 =
13 82
N, :ﬁ g =0.538mg=12.26 N,
|
= T mg=0.308mg=14.15N,
2
Ny= R 0.150mg=12.08 N.

Solution of Problem 122. The pulley-system rotates with a constant angulaf
acceleration. Let [@and 272 be the radii of the smaller and greater pulleys IL,\DLLH\LI\
The ratio of the masses ol the pulleys are given by the ratio of lhul volumes which 18
the same as the ratio of their radii squared. thus ry cme = 1:4. Asssuming that thetr
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otal mass is 5 kg, we get my =1 kg and my = 1kg. The rotational inertia of the
pulley-system around the rotational axis is:

8 9 5 1 5 L 5
@:;muﬁ+3hmmnr:;wunz
Substituting known values, we lind:

1 b s _ .
B —)‘ 1kg-0.1°m? =0.085kg - m?.

Applying Newton's second law to the two hanging blocks
et (using the notation shown in the figure) gives:
Ko 1 K
2 ; .
[ mg— Ny = ma and mg— Ny =mas.
l 101 . . P4 p 4
92
From Newton's second law in angular form applied to the pulley-
system. we oblain:
mg mg y ¢ obta

Ny R+Ky-2R=078.
Assuming that the pulleys rotate together and that the strings are unstretchable, we gain:
ay=R3, and a2y =2R3="2u,.
Using the above system of equations to isolate V. we find:

GRZm%g gy — 12m?
O+5mR2 [T +10m

Ny=my-—

.g=— 0.83N.

Having a ncgative value for tension means that the left string pushes the hanging block
instead of pulling it, which is impossible. In reality the lelt strings remains slack,
Ky = 0. thus s = ¢g. which mecans that the block hanging from the greater pulley
undergoces reclall and the Jeft string doesn™t play any part in rotating the pulley-system.
Let us use this information 10 set up a new system of equations:
mg— Ny =ma,,
Ky-R=073,
) = ]’)’\-3.
The solutions of the system ol equations are:
m

9 - _ m
F=>504s"; a, =051g=5.01 —; ay=¢g=98—.
§° g

The times needed for the hanging blocks to move down into a depth of 4.9m are:
b= \/Q.s'/u.l =1.39s. and 1, =\/2s/g=1s.

Solution of Problem 123. As the axis of symmetry remains stationary, so does the
entre of mass of the disk-system, therefore the resultant of the forces acting on it should
€ zero. Since there is no friction, the only horizontal forces acting on the disks are
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the ones exerted by the cords. The sum of these two forces can only be zero if thejy
magnitudes are equal and the pulleys are positioned in such a way that the cords ryy
parallel to each other.

Since the cords that exert forces of the same magnitude are wrapped around disks of
different radii, the net torque will not be zero, and so the disk-system will rotate aroung
its stationary axis of symmetry with constant angular acceleration. At the same time,
my and my accelerate downwards and upwards respectively. Let us calculate the valye
of my by determining the tensions in the cords.

Let B be the angular acceleration of the disk-system.
The acceleration of mj can be written as:

a; =110,
so Newton’s second law takes the form of:

mig—F =mrj,

isolating F', which is the tension in the cord, we get:
F=myg—mirf. (1)
Let us apply Newton’s second law to mgy:
F—mog=moraf3,

isolating F', we find:
F=mog+moryf. (2)

The rotation of the disk-system is caused by the tensions in the two cords.
According to Newton’s second law in angular form:

I'(ri—ry) =08. (3)
Substituting the expression for the force given in equation (1), we obtain:
(m1g—miriB8)(r1 —r2) =08,

from which the angular acceleration can be isolated as:

) mig(ry —ra
H: 1.]( 1 ) ’ (/1)
O +mqri(ry —r2)
Assuming that the right-hand sides of equations (1) and (2) are equal and substituting
the expression for the angular acceleration, we get an equation for ms:
myg(ry —12) — g — myg(ry —r2)
=My —nry :
O+ mary(ry —ra) O+ myr(ry—r)

maqg+maorg

Let us write both sides as one fraction and divide them by ¢:

m @“{-777,]7"] (7"1 —7“2)+777,17"2(7‘1 —'I’-g) _ O+ In]Tl(l’] —7‘2) —1mqry (7’] —‘7’2) ity
2 O+ myri(ry—ra) O+ myri(r —ra) 7
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After multiplying by the denominator and expanding the numerator on the right-hand
side, we obtain:
e (S

ma =1 =m —-
¥ l(—)Jr/n,l(r, —ra)(ry 4+ ra) l(—)+m](/'[~/'._j)

gubstituting known values, we find:

B 0.25 _
mo =5 kg =2.5kg.

20.25 4+ 5(0.09 —0.04)

o

=]l

(According 1o equation (4), the angular acceleration ol the disks is: 3 =125 s

The tension in the cords can be calculated from equation (1) [7=31.25N.)

Solution of Problem 124. The printed letters will be clear il the cylinder rolls on
the wall without slipping. (In reality printing obviously also requires the cylinder to
be pushed onto the wall, but in our case this is impossible as the cords are vertical. If
there was a normal force acting to push the cylinder onto the wall, the problem would
pecome inexplicit because of the presence of static friction, therelore the solution for
the acceleration would be an interval instead of a single value.)

If the cords were wrapped around the cylindrical surface, .334
the cylinder could be made to roll without slipping by simply \
keeping the ends of the cords in our stationary hands. In
this case, however, the cords run down from disks of smaller
radius than R, and therefore the tangential acceleration of
an arbitrary point on the cylindrical surface in a reference
frame attached to the axis of the cylinder is greater than the
acceleration of the axis of the cylinder in a reference frame
attached to the wall. Theretore if the ends of the cords were
held stationary, the letters on the cylindrical surface would
move upwards relative to the wall, which would make the
text printed onto the wall smudgy. This means that the ends
of the cords should be accelerated downwards to achieve clear
printing (rolling without slipping).

Let a be the acceleration of the axis (or centre of mass) of
the cylinder, a, be the acceleration of the ends of the cords
and K be the tension in the cords. Applying Newton's second
law o the cylinder, we have:

mg— N =ina. (1)

The cylinder rotates with a constant angular acceleration. Writing Newton's second
law in angular form (torques are taken about the centre of mass), we obtain:

Kr=063, (2)

Where 3 is the angular acceleration of the cylinder. If the cylinder rolls on the wall

Without slipping, the connection between its acceleration and angular acceleration is

8lven by:
a= Rg. (3
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As the cords are unstretchable:

a=a;+rps. (4)
Let us solve equation (3) for the angular acceleration and substitute it into equation (4):
. » Z
a=a,; +1 E

so the connection between the two linear accelerations is determined by the geometry
of the systcm:

(=7

& = (5)
The acceleration of the centre of mass can be calculated from equations (1) and (2).
[solating the tension in equation (2) and using equation (3), we get:

Gy =a

Let us now substitute this into equation (I):

mg— — - — =ma,

R

ng _@ +m|a
I=\ R ’

so the acceleration of the centre of mass can be expressed as:

after rearranging this, we obtain:

mg  mgrR
%—Hn_@-i-mTR'

Substituting this into equation (5), we can calculate the required acceleration of the ends

of the cords:
mgrR R-r myr

sy = . = — R—T' .
T O+mrR R &)—i—er( )

Knowing that the rotational inertia of a homogeneous solid cylinder around its axis
of symmetry is @ = mR?/2, we have:

mqr

g = e R_,
“ %mh’2 —l—mr’R( ")

_2r(R-r)
T R2 +27'Rg'

Let us now use the connection between the two radii: R = 37, which will simplity our
formula. We obtain that the acceleration of the ends of the cords should be:
2r(3r—r) 4 4
@ =52 +2T_3r.f/ = 9+69 =Y ~0.267g=2.616
Additonal data: the acceleration of the centre of mass is
a, It 4 3r

A= S ~=7=9

(R—=7r) 15

m
g2’

- =04g,
3r—r 9



. Mechanics Solutions 6.2 Dynamics

the tension in the cords is K'=m(g—a)=m(1-0.4)g=0.6mg and finally the angular
acceleration of the cylinder is 3 =0.4g/R.

Remark: The problem can also be solved if cords run down from the disks in such a
way that they lie on the outer sides of the disks. In that case the ends of the cords should
pe accelerated with a, pointing upwards. The system of equations and the method of
solution are similar to the one shown above. The results in this sccond case are:

29

g; a=2g; K =3mg; ﬁzﬁ.

iy =

Wl oo

Solution of Problem 125. a) Between the time the thread stretches for the first time
and the time it becomes loose, an ‘elastic collision’ practically happens (not in the nature
of a usual elastic ‘push’ but in the nature of an elastic ‘pull’). As no external forces act,
the law of conservation of momentum holds, and as no dissipative forces act either, the
law of conservation of mechanical energy holds as well.

This collision consists of half of a harmonic oscillation. Let us change to a centre-
of-mass coordinate system. From the moment of the stretching of the thread, the
distance travelled in time ¢ by the trolieys with mass m; and mso are Az, and Az,
respectively. Based on the theorem about the motion of the centre of mass, for the
magnitudes of these displacements

Axy  mo 1
Ary  my’ (1)

holds. On the other hand, the magnitude of the lorce (excrted on both bodies) by the
spring is

F:kJ(A.E1+A:E2). (2)
Expressing Az, from (1) and substituting it into (2) gives
=k (A'l‘l + ﬂAI]) = lif——“] L+ AII = kYAI] . (3)
mo mo

The motion of any trolley — until the thread is stretched — can be regarded as the motion
of a point mass attached to a spring with spring constant k™, which, as we know, is a
ha‘rmonic oscillation. According 1o this, the half period of the oscillation of the trolley
With mass m; (and similarly, symmetrically of the trolley with mass ms) is:

y 74 m MMy [ 2m? 2m 16 kg B
= — — = — = —_— = —_— B
2 A k(mi+ma) k-3m 3k 3-23.3N/m ’

(Remark: The same numerical value is acquired for the trolley with mass .. for

: . o 3
Which k5 =3k, while the value ol &7 was le'.)
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The (relative) velocity of the two trollies relative 1o each other until the start of the
hall oscillation was
Upe]l = Vo = 2111/,
so at the end it is -1 times this value due to symmetry reasons, so the additional tim,
clapsed until the collision of the rear wrolley and the spring is
/ I'm

o= = —=0.5s.
= ; 1
Cu F

[

Thus the total time clapsed from the stretching of the thread to the collision with (e
spring is
=l +1l=1.554+0.55=2s.

b) As the process is symmetrical (the other hall” ol the period clapses between the
compression and the stretching of the spring) and the relative veloeity is -1 times the
original value, the time clapsed from the collision ol the trolley and the spring (o the
second stretching of the thread is

and [rom the first stretching of the string it is

! B .
=20, = s

Solution of Problem 126. Lct us apply Newton's sccond law for the motion of the
small body and Tor the rotational motion ol the dise. Lel Ay be the tension exerted in the
thread on the left-hand side. and Ay be the tension in the thread in the right-hand side.

Aly is the 1otal exiension ol the spring when the small body is displaced by Al This

@) |

v/

50

ZAwA

FAVaVaVAVAVAY

\Viviwiw)

consists ol the initial clongation of the spring which belongs to the equilibrium position.
for which Aly = —Ahg. and the excess clongation caused by the displacement of the
small body. which is Al =—A#h. and thus: Al; = Al + Al The dise does not effect
the mitial ¢

ongation A/, which belongs to the equilibrium position. Its magnitude can
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pe calculated from the equation: mg — DALy =0, thus: Aly = g /1. (D denotes the
gpring constant.) Therefore our equations are:

Ko —mg=ma (1)
(I\’] == /\.'_))/]):(—).j (2)
/\—1 /)A/I =t (j))
mag
Aly——==0 |
A (1)

The thread does not slide on the disc thus 3 =a /R, so cqualion (2) can be written in
the form:
©

LNy~ hy= ﬁn. (2

Adding cquation (1) and (2) and substituting A’y from equation (3) we gain:

a S
DAl —mg=mu+0—=m+— |a.
' 122 R2
Expressing Aly in terms of the extension with respect to the initial elongation equation
(5) will be the following:
©

DAly+ DA~ mg=u m+ﬁ

Considering cquation (4):

, e
mg+ DAl —mg=DAl=ua| n+ 2]
In this cquation « is the acceleration of the small body. This can be expressed with the
displacement of the small body Al = —Al and finding the common denominator the
following is gained:

mR?+0
-DAh=a- ———

)

from this the acceleration of the small body is:

DR?
mi?+0
80 the acceleration of the small body is proportional to the displacement and oppositely

directed, which means that the system undergoes simple harmonic motion, applying
Newton's sccond law:

A,

=

DR?
Z F=ma= mm‘—\_ WAVIR
mR2+0

The spring constant which may characterize this motion is:
¥
mDR*

mhi?+0

DY =
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thus the period of the linear oscillation of the small body and the rotational oscillatioy

of the disc is:
T—or L),:Q?T ln[?-—?—(-):‘“)ﬂ_ /-m+(—)/11’~.
D* DR2 D

The absolute value of the acceleration of the resulted oscillatory motion cannot excegq
the acceleration due to gravity g, otherwise the thread will sometimes get loose ang
the small body at its end will start ‘jumping’. The maximum value of the amplitude,
according to the incquality a < g, 1s:

2
A=Al < M G-

DR?

Solution of Problem 127. The motion of the disc is a planar motion since the springs
and the threads are on both sides of the disc symmetrically, meaning there is no net
torque exerted on the disc which would turn the disc out of its plane.

The motion of the disc until it reaches the lowest point can be split into two main
characteristic parts: while the threads are tight, and after the threads get loose. The first
part lasts until the disc reaches its greatest speed, as well as its greatest angular speed.
After this the speed of the centre of mass decreases, whilst the angular speed of the
rotation remains constant, thus the threads winds down from the axle at an increasing
rate —supposing that they are long enough. (If the threads are completely fAexible they
are not able to exert a ‘pushing force’ on the disc.)

Let us examine the first part of the motion. Applying Newton’s second law for the
translational motion of the centre of mass (because the two springs pull)

mg—NK —2DAl=ma,

where K is the tension exerted by the threads, Al is the extension of the spring, as
well as the displacement of the centre of mass of the disc, and « is the acceleration of
the centre of mass of the disc.
According to Newton’s second law for the rotational motion of the disc:
. ) a
Nr=0-3=0 -.
.
(B is the angular acceleration of the disc.) Substituting A" from this equation into the
first one, the acceleration becomes:
_mg—2DAl
T om4+0/r?
The threads get loose when the speed is the greatest. This happens when the spring
force and the gravitational force are equal.
2DAly=1mg,

from this the displacement of the disc in the first part of the motion is: Aly = mg/(2D)-
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Let us write the value of the acceleration as a function of the displacement measured
from the cquilibrium position. The instantancous extension of the spring is Al = Aly+y.
where y is the displacement. Using this the force is:

mg—2D(Aly+y) mg—2D52 —~2Dy 2Dm
ma =1m ; =1 - =
m+0/r? m—+0/r? m+ 6 /r?
It can be seen that this part of the motion is the first quarter of a simple harmonic
. 2 - % . = & 2 . .
motion the equivalent spring constant of which is: D* =2Dm/[im+©/r-]. The time
of this motion is:

y=—0D%y.

[—E—Z m
"4 2V D

Substituting the value of D7 the time is:

. m _x fm+B/r
S 2Dm/[m+0/r?] \ 2D

The next part of the motion is again a simple harmonic motion, in which the springs,
and not the threads, exert forces. From the equilibrium position to the lowest position
again one-quarter of the period elapses, and now the equivalent spring constant can be
calculated from the spring constant of the springs. which is 2. At the lowest position
the centre of the mass of the disc is in equilibrium, as well as rotating at the maximum
angular speed. The time at this part of the motion is:

|

tv|

m m
ly=—

2\ 2D

Thus, the total time until the disc reaches the lowest position is:

T /m+0/r2 7 [m
=hrb=9V"9p *avap

Using the data of the problem: ¢t =4.71s+1.285=5.99x0Cs.
The depth of the equilibrium position is Aly =mg/2D = 6.67 m, and the length of
the second part of the motion can be calculated from the maximum speed for which
2 O

ZT LT
Vimax = A1 ?-_ = AZ?
1 2

Where 4, = Aly, and A, is the asked further descent. From this

T mgTy ing mr2
2= "o 2DV me o .

Thus (he greatest descent of the centre of mass of the disc is 6.67 m+ 1.8 m=8.48 m.

Solution of Problem 128. When the body ol mass m is placed on the unstretched
Pring (Figure 1), it assumes a new equilibrium position (Figure 2). The initial
Compression Ay, can be found by using Newton's second law:

kAly —mg =0,
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from which the initial compression is

Al =T8 01kl 4
k 20X

1. 2. 3. 4. 5.

When the spring is compressed by an additional Aly (Figure 3) and then released,
the upper body starts to rise with a certain acceleration, passes through the equilibrium
position and stretches the spring more. When the elongation of the spring reaches the
absolute value of the initial compression Aly (Figure 4), it exerts the same force as the
weight of the body placed on it at both ends, so the resultant force acting on the lower
body is exactly zero (the vector sum of spring force and gravitational force). The body
lying on the ground starts to risc at this moment. (The lower body certainly leaves the
ground because the maximum compression of the spring is greater than the compression
until the equilibrium position.) At this moment, the length of the spring is o+ Alp.

From this moment on, the system moves (reely. The centre of mass undergoes vertical
projection, the bodies attached to the ends of the spring undergo simple harmonic motion
relative to the centre of mass. These two oscillations thal are opposite to each other
correspond (o the oscillating motion of a body of mass m connccted to a spring of
length 1y/2 and spring constant 2k. (In the freely falling coordinate system the centre
of mass of the system of bodies moves uniformly or remains at rest, that is, it can be
‘substituted by a wall of infinite mass’ to which the two half-springs are fixed. The
spring conslant ol the half-spring is twice as much as the spring constant of the original
spring.)

In order to determine the amplitude of the oscillation produced (which determines
the maximum distance between the two bodies), we require the relative velocily of the
oscillating bodies relative 1o the centre of mass. For this reason, first we determine the
‘absolute velocity’ of the upper body, that is, its velocity relative to the ground at the
moment when the lower body leaves the ground.

In phase 4 shown in the (igure, for the upper body the law of conservation of energy
holds because only conservative forces act. (The gravitational potential energy cancels
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out in the calculation because the gravitational force only shifts the equilibrium position
of the oscillation. So as long as the lower body is on the ground, the motion can be
gescribed as if an oscillation of amplitude Al; =0.15 m would happen on a horizontal
spring ol length Iy —Aly =0.25 m and spring constant k=20 N/m.)

The instantaneous displacement ol the oscillation at the moment in concern is y =
2mg

= 2Alg, that is, y = The energy of the oscillation (the total energy of the

pscillating system) is equal (o the maximum clastic energy al every moment:

1 2 1 -1 1 2
51\41/ +§IH,L —5[\14 .

that is,
4m>¢
e —— e 1 +muv?=kAZ,

After simplifying and reoreanising, the lollowing value is acquired for velocity:

plitying g 2 g Y y

tmg? 20 %0 152 m? "I-O.l kg-100 ’:’j 5z ™ _, "

v= == = . — = D — =1os —.

m k 0.1 kg 20 X s s

111

If we make use of the already calculated partial data and set up the conservation of
energy without dimensions, we acquire the following simple equation:
1 1 1 B o m? _.m
=20-(0.1)2 4 20.1-v* = =20-(0.15)*, — ¢*=25— — =138 —.
2 2 2 s s
When the upper body reaches this velocity, the lower body leaves the ground at initial
velocity vy =0. The velocity of the centre of mass is half of the velocity of the upper
body then: v, =v/2=0.79 m/s. The length of the spring is lyp+ Alp =0.35 m then.
The bodies continue to move away from each other. From this time onward, the motion
of the two bodies is determined by the vertical projection describing the motion of the
centre of mass and the symmetric oscillation about the centre of mass. Amplitude A’ of
the new, free oscillation is determined from the law of conservation of energy again.
The displacement of the oscillating bodies in phasc 415
, Al myg _ 0.1kg-10 3
V= T T X

m

2 =0.025 m.

The magnitude ol their original velocity relative to the centre ol mass is
v 1.58 m m

= —=0.79 —.
2 2 s s

The conservation ol encrgy for one of the bodies is

Upe]l = U — Uepy = U —

{
2

. . " 1 )2
By, o = FEraa =5 kAT,
In our case 1 |
Zet 4+ =2ky 2= o)A
9 1|] 5
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Substituting the relative velocity:

g 2 magy* 5
; B e N R =) A=
m<2> 24k (2}‘.> 2hA.

Parametrically, after dividing by 2D

mo |k , mq"’ m")q‘ o
— | —(Al})" —4— + ——=A4"
Sk m< ') k }

Rearranging:

)

— = 1.67 ¢m.

(AL)?2 m2g? 0052 m? 0.01 kg?-100

8 k2 _\ 3 4-400 X3

[ With the already calculated partal data our equation is

1 Lo, T B
5 0L (0.79)7 1 42 10+ (0.025)7 = 1047,

from which
A"=V0.002185 = 0.0167 m = 4.67 cm.]
With this. the requested maximum distance is

Do = 1y 3 2 =30 cri + 24167 em = 39.35 em.

We should cheek whether or not the Tower body rcaches the ground belore the distance
between the (wo bodies reaches the maximum,

When the distance between the (wo bodies is maximum, their instantancous velocities
relative 1o the ground are the same as the instantancous velocity of the centre ol mass.
So il the time clapsed from leaving the ground to the maximum elongation of the spring
is less than the rising time of the centre of mass, ((hat is, the centre of mass is still rising
when the distance between the two bodies is maximum) the lower body does not reach
the ground “too soon’.

The rising time of the centre of mass is

PP T L Y
14 10
The oscillating bodies move Tor less than one quarter of the period between phases 4
and 5. The quarter of the period is

0.1 kg

——— =0.0785 s.
10 N/m .

o

\

so the centre of mass ol the system is still moving upward when the distance betweeh
the bodies reaches the maximum.

Remark: Those who wanted 1o determine the velocity of the upper body, by taking
the gravitational potential energy into consideration, reached the correct solution in the
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R <o P : cs
following way: by scting up the work—kinetic energy theorem between the lowest (thal
is, stationary) position and position 4:
W = A By

The lelt side ol the cquation contains the sum ol the works done by the spring and by
(he gravitational force. The work done by the spring is positive until it becomes loose
and then itis negative, the work done by the gravitational force is negative throughout
the process.

, 1 5 1 9
k(ALy+ AL ) — ;/\'(A/“)‘ mg(Aly +2A1,) = Sme -0.

l
3
After squaring and multiplying by 2:
ke (Aly) 4 2k AL AL + k(AL — KAL) = 2mgAl — dmgAly = mv>.
After combining the like terms and substituting Aly = mg/k:
1y
’[‘.

The sum ol the first and third terms is 0, dividing by m and taking the square root, the
requested velocity is

5 my 5
2k Al +E(A6L)” —2imgAl - lmgT =R

k ; B
o= _(ml)-un”’,-" :¢—1(A1,)‘—’—4<Am—’]=

m k m
20 ., . m? - m _.m

=/ (0.152—1.0.052) — =/2.5 — =1.58 —,
0.1 8% S S

the same as the previous result.

Solution of Problem 129. As the hung body causes an elongation of Al of the spring
in equilibrium:

m-g=D-Al. (1)

While moving. the body undergoes forced oscillation. The frequency ol the external

shocks is cqual 1o the natural frequency of the elastic system because of the “high

amplitude” (resonance). The shocks follow cach other with a time interval

N

T,= FS

due 10 the small shocks received at the fittings, when the first wheels ol the truck arrive
al the finings.

In the case of resonance the natural period of the system is equal to the period of the

External shocks:
7‘ 5 1 5 ())
=YD i
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Substituting the expression m/D = Al/qg acquired from (1)

from which the speed of the truck can be expressed:

x [g 20m [9.81 m/s? m . _ km
==y == - =31.83 — =113 .
YT o\ Al 2m 0.1m s "h

Solution of Problem 130. The block needs to cover a distance of x; =s—L =0.92 1y,
for the spring attached to it to reach the wall. In doing so, its speed is reduced from

Vo 1O
m?
v1=1/v3 —pg(s—L)= \/ = —0.2-]0% -0.92m = 0.566 ?,

since the distance is covered with a uniform acceleration of a =g directed against its
velocity. The time taken to cover this distance is

_s—=L 2(s—-1L)
o v - ’U0+I,‘1

£y =0.717s,

and the average speed during this time interval is 7 = (vo+v1)/2 = (2 m/s+
+0.566 m/s)/2=1.283m/s.

The next task is to determine the further distance w2 covered by the block from the
time instant of the spring touching the wall to the time instant of its stopping the first
time (i.c. the maximum compression of the spring). The work-energy theorem can be
applied: (owing to friction, mechanical cnergy is not conserved.)

-
—pumgzy — = Dxj =0— —muvj,
) e 2
which leads to a quadratic equation for xs:
Dx? +2umgzs —me? =0,

The solution of the equation is

—2umg £ /4pPm2g2 +4moiD g 14 Dv? .
Iy = = -~
: 2D D my2g?

Numertcally:

_100-0566> N\ _
1-004-100 ) "

This distance was needed in order to calculate the time taken to cover it. The totd!
time taken is made up of three parts: ¢; is the time until the spring reaches the wall, /2
is the time taken by the block to stop the first time, and #3 is the time interval [rom the

Lo =

0.2-10ms~2
100N/m
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gtart of the rebound to the second (final) stop of the block. 72 and {3 arc a litle more
complicated 1o determine.

Consider each of these stages of the motion as part of an appropriate simple harmonic
motion. a type of motion that is casy to discuss. That can be done — in cach of the two
stages separately — since the kinetic friction force represents a constant force acting
on the block in addition to the harmonic force (in a direction collinear with it), and the
resultant of two such forces is also a harmonic force.

The stage of the motion corresponding to the time interval {5 could arise if the
spring were attached to the wall and stretched to the position where the forees exerted
by the spring and friction on the block are in cquilibrium. Then the object would be
(suddenly) given a speed. such that when approaching the wall to a distance of «- L
(that is, the distance where the spring reaches the wall during the actual motion), its
speed should be exactly vy. From that point onwards, the motion is identical (o the
one investigated by the problem. This stage of the motion is thus described as a part ol
simple harmonic oscillation. Thus the displacement ., belongs to a simple harmonic
oscillation of angular frequency

_ 10 100.\'/111_ -
TNV 1kg '
and amplitude
A= 34 4

where x( is the extension of the spring stretched to the position where friction and
tension forces are in equilibrium. Therefore

pmg  0.2-1kg-10m F 2

o= = - =0.02m.
g D 100N/m
If the block was started from this equilibrium posi- v
. . . . . ~-——
tion, a quarter ol the oscillation period would elapse
until it stops, that is, m

BT 157
—= = — =(.157s.
100N/m 20 ’

T = m =
2 2

VW

Therefore the task is to determine the time ¢ it takes to
attain the displacement .y, and subtract it from T'/4 o 4% L”Lg
et the time {5 . The time / is obtained from the simple = A
rel’clli()nship 0000000

£y = Asinwl. e
X2 ' Xo

Hencc

; 1 . To m . Lo l ke . 0.02 0.05 1
= —arcsin— =,/ —arcsin =4/ arcsin =0.031=x.
w A D Io 100N m~—! 0.06
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and thus the time taken to stop first is

T
to = i f=0.1575—-0.031s=0.1235

The distance covered by the object after rebounding can be determined from the
work-encrgy theorem again. From the first stopping to the second (final) stopping,

1
§D.L‘§ —pumgr; =0.

Hence
_ 2pmg  2-0.2-10N

BETD T 100N/m

that is, the speed of the object decreases to zero at the very same position where it started
the second stage of its motion. At that point the spring was unstretched, thus it must be
unstretched again. Therefore, the object will stop at a distance of L =0.08 m =8 cm
from the wall, that is, at a distance equal to the relaxed length of the spring.

The time of this last stage of the motion is easily obtained by considering that at the
beginning of this time interval the force acting on the block was a maximum, and it is
also a maximum just before the final stop, but directed oppositely. (The maximum force
was exerted by kinetic friction acting in addition to the spring force decreasing to zero.)
Thus the object covered exactly half an oscillation period. The time of half a period is

T 1 m

™
N S SO L AT
3= 553 DT 108 °

=0.04m,

Remark: There is another way to see that the third stage of the motion is half an
oscillation period. Note that the equilibrium position of the oscillation is now shifted to
the left by xq, that is, the amplitude of the new stage of the oscillation is Ay =y —x =
= 0.02m. Since x3 is exactly the double of this, that is, z3 =0.0d m=2-0.02m =24,
the third stage of the motion is, indeed, a simple harmonic motion covering a distance
of 244, that is half an oscillation.

Thercfore,
a) the block stops at a distance of d =0.08m =8 cm from the wall, and
b) the total time of its motion is t; = t1+1o+13 =0.7175+0.1235+0.314s=1.154s.

Solution of Problem 131. The object will start to lift off the ground when the
increasing tension force in the spring becomes equal to the constant gravitational force
acting on the object: mg = DAL; = Dugt;, where vg = 0.5m/s is the speed of the
upper end of the spring and ¢ is the time elapsed until the object starts to rise. Hence,

mg 20N
t=—>=

= =————=105s.
Dvy 80X .05
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The extension of the spring at that time instant is

20N
AL =29 =2 2 —025m.
D 80X

The distance of the upper end of the spring above ground as a function of time is

h=Ly+vyt=0.6m-+0.5 r

To be able to see what happens next, let us temporarily attach the reference frame to
the uniformly moving upper end of the spring. From that point of view, the object
is seen to recede at a uniform speed of —wg until equilibrium is reached and then to
perform a simple harmonic oscitlation with a maximum speed of —uvg. Therefore, the
situation is analogous to that of an object hanging in equilibrium on a spring stretched
by ALy =mg/D and suddenly given a downward speed of vy to make it oscillate
harmonically.

Since the maximum speed and angular frequency of the oscillation are determined by
the given information, the amplitude can be calculated. The angular frequency is

w=\/D/m=\/80Nm=1/2kg= V405" ~6.325""

Given the maximum speed and the angular [equency, the amplitude is obtained from the
equation

Vo = Tiax =Aw=A D/TT)

A=vo /=05 /B =T7.91-10*m

The length of the spring at the time instant when the object starts to rise is

as follows:

20
LO—I—ALl—L()—I-%—U()ln—k@m—o 85 m.

The period is

N y
T=2m, /=20 — 20 g5,
D w 40

After the time instant ¢; when the oscillation starts, the instantaneous height y of the
object, the length L of the spring, the extension AL of the spring and the speed v of
the object are given by the functions (1), (2), (3) and (4), respectively:

y=vo(t—1t1)—vo\/ 5 sm[w/,” t—1 )}

With the factor v taken out:
U:'U(){t_ll_ '['; \m[\/g(i~tl)]}. (n
L—II—U_LU—{»U)/—(U(/’—" +l'()\/ Ql]l[\/D(f—/.l)].

With the factor v taken out:
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L=tLo+vo{ti+/Fosin [\ 2 -]}, 2)
AlL=L~— /.‘,:(-(,/_,-”(/~-/,)+1~.,\/",f;-sm[v@(/—/l)]

With the lactor ¢, taken out:

A/,:m{ll+ 'Ifj-sin[ ,IT?(/“’I)]}-
U=y 'x“‘q,"("().\‘[_.:,'(l“/[)}:[‘“‘I‘q)‘('()S[\/T%<"—/])].

With the factor ¢ taken out: -

{':1'“{1—(‘us{\/ﬂ—f(/_.ll)J}. (4)

(5]

Numerically:

y=0.625m—=0.079 m-sin [(i..‘i'_’ Mt =105 \)} . ()
L=0.85m+0.079 m-sin [6.32s~ (1 —0.55)], (2)
AL=025m40.079m-sin [6.3257 (- 0.55)], (31
r=0.5 ':J 05 ’i—’ cos[6.3257 1 (1—0.55)]. (4"

@) The answer 1s obtained from the Tunction y by substituting / = 1.75s in (1) or
(1), 1.75% alter the upper end of the spring starts (0 move. the height of the object
will be

7 =0.625m —0.079 m-sin(6.32s - 1.258) = 0.516 m.

i b) The work done by the lifting foree is expressed
2 ™ from the work-energy theorem applied to the object
: lifted:
T H+”41:\ +H'.\]ning:AI’;!\'in-
1 y that is.
: ! S, b,
W —img-y— 3[)(_'3/‘)‘ = Smu”.
| Henee
0 kg 1 g
= St tmg -yt 5 D(AL)",
A . A . v
1_‘_v(m/s) where the speed of the object is caleulated from ( I'):
| m 1

05— v=0.5——0.5—cos(6.3257"'1.25s) = 0.53 m/s,
S S
0 _M R

05 1 5 1) and the extension ol the spring is obtained from (37)
AL=0.25m+0.079 mi-sin(6.32s~1.1.255) = 0.329 nt-

With these data, the work done is
2 - 1 N 5 o
=5 20N-0.516m + = - 80— -0.329° 1~ = 15.53 ).

s 2 n

m

-2
-2 kg -0.537

=

po ] =
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N

¢) The instantancous power at the time instant investigated is 17 = I, 0. where
Fipring is the foree exerted by the hand on lh‘c upper end of the spripg (the equal and
opposite reaction force to the instantancous force exerted by the spring on'lhc 'hand)‘
The magnitude of that force is Fvine = DAL, where ALy = vl at the ime instant
in question. Thus X
m-

5 N B
P=Dudt; =80 —-0.25—
' o n 57 . '
The power versus time function can be investigated on two separate intervals. During
the interval £y while the object is at rest, P2 = Fingto = DA Lvg, where AL =yt
Hence

-0.55=10W.

P=Ded 1=20Ws""4 PW)
in the time interval 0 <t <1, =0.5s.
] L e o, . 10 e Y A W
After the time instant /., the power is 2= DAL vy,
where AL is obtained from (3). Parametrically:

. Y mo /Plj 5T
P=Dvj<t + Bsm \/E(/'*’l) )

1
and numerically: 1 2 Hs)

N m? 2ke
P=80— 02— < 0.55+ [ ———-sin[6.32s7 1 (t = 0.558)] y =
n s? 0 80 N/m |68 )]

=10 W+ V10 W sin [6.3257 1 (1 - 0.55)] .

Solution of Problem 132, Afler releasing, the body on the spring performs simple
harmonic motion. the amplitude of which is the difference between its initial and
equilibrium position. In the cquilibrium position the sum of the forces acting on the
body is zero, so:

mg= 1Al
It means that the amplitude of the oscillation is:
|
v
‘\
A
y
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A=al=29
D
The period and the angular frequency of the harmonic motion are:
m
T=27 B
and
/D
w=qf—.

Let us direct the y axis vertically downwards. The
velocity, as a function of time elapsed from the rclease
ol the body, is a sine function:

et t_m_(] D . D . "o D ;
v=Aw - sinwt = D \/m smwm t=g D.smwm 2

So the time needed to achieve the speed v=0.5 m/s is:

) 1 ) m . v D m m . v (D
= —arcsin— =,/ —arcsin | — — | =/ —=aresin| —y/ —
w Aw D mg D D gV m

-

Thus, from its release, the body reaches the speed v=0,5 m/s after

m . {v |D 1.25 kg . 0.5 ms™!
t=\/=arcsin| —\/— | =/ —————7 -arcsin = —
D gvm 250 Nm 9.81 ms™2

=0.05692 s =~ 57 ms

250 Nm ™!
1.25 kg

for the first time.

Solution of Problem 133. a) Let us investigate the motion of the body in the
reference frame attached to point B, in which the end B of the rubber thread is at
rest, and the body starts moving at the speed vy =1 m/s to the left (according to the
convention of the figure). (It is similar to pushing the body attached (o an initially
unstretched spring.) Our refcrence frame is inertial, and the net force acting on the
body (cxerted by the rubber thread) is harmonic, therefore the body performs harmonic
oscillation until it gets back to its initial position. (At that moment, the rubber thread
becomes unstretched.) This process is a half period of the oscillation. When the body
returns to its initial position, its speed is vy to the right. After this, the rubber thread
becomes loose and does not exert any force, so the body approaches the point 3 with
a linear, uniform motion.

a) At the extreme position of the oscillation the initial kinetic encergy is wholly
converted to elastic energy of the rubber thread:

1 5 1 i
—muvg =—DA?,
2 2
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so the amplitude of the oscillation is

] e
= =0.1 m.

It means that the longest distance between the points A and B is
Lo+A=05m+0.1 m=0.6 m=060 cm.

b) Until the body catches up to point 73, it performs a hall period ol the oscillation,
and then—when the rubber thread gets loose—it covers the distance Ly to the point 3
at a constant speed vg, so the unknown time is:

Solution of Problem 134. a) The length of the pipe determines the wavelength of the
standing wave in it. Thus the wavelengths are the same in the (wo cases. From this point
of view it is not important whether the pipe is open or closed at the end. The frequencies
of the sounds difler because the speed of sound is not the same in air and in helium.

The speed of sound can be obtained from data tables. For example at 0°C it is:

Cair =331.8 m/s
Cre =970 m/s.

The relation between the sound speed and wavelength is ¢ = v, which means that
the ratio of the two frequencies is:

CHe _VieA _vpe 970
Cair B ’/ail'/\ B air B 331.8

=2.993,

This ratio is approximately 3:1, so the sound in helium is by a tritave, i.c., by an
octave and a fifth higher than the normal «’ tone. It is close to the ¢ tone. do—do-sol.
(More precisely, by half of a half tone, i.e.. by /2 lower than this: V/2.2.923 2~ 3.00.
Only a few people would notice this difference.)

The frequency of the sound in helium is vy, = 1286 Hz.

b) In the case of the open pipe half of the wavelength of the fundamental mode is
€qual to the length of the pipe, while in the case of the closed pipe the quarter of the
Wavelength gives the pipe length. So the length ol the pipe depends only on whether or
oL it is open or closed, and not on the gas we blow into it.

Performing the calculations with air, the lengths of the diflerent pipes are:

A cair _331.8m/s

A = =0.377 m=37.7 cm.
PR T oy, 24440 s ’
A Cair lll e
/('ln_\(*ri A Sy = *l‘k“ = |8.85 cm.
1 ll’;\ir 2
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Solution of Problem 135. The distance between points that are in the same phase i
an integral multiple of the wavelength:

kA=5m (4)

The distance between the points that are in the opposite phase is an odd multiple of the
half-wavelength:

A
(21+1)§:1.5 m, (2)
where the values of k& and [ are
k=1,2,3, ... and [=0,1,2, ...
Producing the ratio of the corresponding sides of (1) and (2):
kA 5

(20+41)5 1.5
from which 5

k:§(21+1). (3)
As k 1s an integer. 20+ 1 should be divisible by 3. The values of [ that satisfy this

condition are
11:1, l2:41 133:71
And the corresponding values of k arc
/\’,’1 :5, ]’x‘g = 15, 113 :25,

respectively. With these the possible values of the wavelength (e.g. according to (1)) are

5 1 5
m=1m, /\gzim-———m, Az3=— m=-m,

15 3 25 5
so infinitely many wavelengths satisfy this condition.

A=

| o

Remark: The corresponding values of & can be produced in the following way:
In (3) (20+1) is divisible by 3 only if [ is of the form (3¢-+1), where ¢=0, 1. 2,
..., because then

204+1=2(3g+1)+1=(6g+2)+1=06g+3=13(2¢+1),

so based on (3)

5 5
k= 5(21+1):§-3-(2q+1) =5-(2¢+1),
and with this the possible wavcelengths are
5m 1
A= — = . '4)
k 2q+1 " (
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q 0 I 2 3

k 5 5 25 35

5 1 1 1
A=2 I = - -
; 3 5 7

(It can be observed that according to (4), the denominator of A gives the sequence of

odd numbers.)
The snapshot of the waves of the first three wavelengths are

34 5m .

_15m j

/I\/\/\/\/\/B

/\/\/“\/\/\/

5m
1.5m

HH H HlH \
W ; ““‘ "H !‘ !lV‘|‘!“!‘!‘H VYUV

et —

Solution of Problem 136. Let us handle the chandelier as a bob ol simple pendulum
®Na 4 mlong cord. The pcriod of such a pendulum is given by:

4m
—2 — =3.9738 ~4s.
Om/s

zherctorc the pendulum makes a quarter oscillation in 1s. so at the time of the second
Arthquake shock the cord is vertical and the chandelier moves with a speed of:

I‘:Alw‘ (])
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where Ay is the amplitade ol the first oscillation, which cquals the displacement of 1l
ground in the first shock (@ =5cm). The angular [requency of the first oscillation is:

)

LT q
w= —_-"= =
1 !
5cm As in the second shock the point of suspension moves suddenly

the left by S e, the final oscillation of the chandelier is defined by
the sitwation in which the displacement of the pendulum is .« = 5¢y
and the chandelier has a speed of ¢, Using the formula between (he
displacement and speed ol a simple pendulum. the final amplitude
ol the chandcelier can be determined:

! _‘— r:w‘\/:!'-"~.r-" (2)
( Thus
. gl e e 0
i v -l = \/d"—' +a
_ Substituting ¢ from cquation (1) into cquation (2). we get:

N

LY
: \J
: O

henee:

A=V23em2+25em2=vi30em? =7.071 em.

Solution of Problem 137. The Iength of the pipe determines the wavelength of the
standing wave produced in it. so the wavelength of the produced sound is the same in
both cascs (in this respect it is unimportant whether an open or closed pipe is under
discussion). However, the frequencics of the produced sounds will be different. because
the speed of propagation of sound is different in helium and in air.

According 1o the data of the formula and data booklet, it is 330 m/s in air (at 0 °C)
and 970 m/s in helium.,

(The same data are acquired from relationship

gt o oo
Vo W
after substituting the values taken from the formula and data booklet. where ¢, and ov
are specilic heats of the gas at constant pressure and constant volume, while A/ is the
molar mass ol the gas.)

According to relationship v = ¢/A. the pipe produces higher [requency sound when
the speed ol propagation is higher in it. This takes place in the case of helium (i.c. the
frequency is higher by the same factor as the speed ol propagation in helium relative
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(o air). Therelore the requested ratio and the frequency of the sound made by the pipe
filled with helium are

Pheliom _ Chelimn ”70]“/3 =994

o Bt 330m/s

Chelium 970 lll/S
e A T e ——
Cain 330 lll/S

Phelium =

-440 Hz = 1290 Hz.

Solution of Problem 138. Attaching the lead weight 1o the spoke of the wheel a
physical pendulum is created, the period of which. for small displacements. can be
calculated with the formula

G

mags

where © is the rotational inertia calculated for the axis of rotation, i is the total mass,
g is the acceleration due to gravity and s is the distance between the centre of mass
and the axis of rotation.

Because of the additive, the moment of inertia of the wheel with the lead weight on
iis

O =0y +ml?,

where © 1s the moment of inertia of the wheel without the Iead weight. [n our case
the total mass ol the system is M +m . Using this, the measured period is:

(—)‘) + Ill[.'Z
(M +m)gs’

Now we have (o calculate the distance s, balancing the wheel, its centre of mass is at
(the middle of) its axle, the centre of mass divides the distance between the lead weight
and the centre of the wheel in the ratio of the masses, but it is closer to the heavier mass,
$0:

si{l=s)=m: M,

From t(his: n
i

- M +m .

Substituting this into the formula of the period:

5

Op +ml?

(M4m)g ;\/’il/u

Oy + ml?
mgl

~
Il
N
]

The mass ol the wheel could be cancelled. thus its moment of inertia can be calculated.
S value is:

'_)_.

"

gl : .
Qy = myl <—> —ml*>=0.01577 kg - m?.
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Solution of Problem 139. Sound propagates at speed ¢ relative to the air in every
direction, but not relative to the ship. Let v stand for the speed of the ship relative (g
the air and ¢ for the speed of sound relative to the air. Then

¢= v+cln.\‘]1i1)-

where Ciosnip 15 the speed of the propagation of sound relative to the ship. From here
Croship =C— V.

Moving from A to C vectors v and ¢ point in the same direction, so the speeg
of sound relative to the ship is Cioship = |€— V| = ¢~ v, moving from C to A (he
velocity of the ship and the velocity of sound point in opposite directions. Therefore
Ctoship = [€+ V| = c+v. According to these, the sound travels along the course A-C'— 4
In time

[ ! 2lc 21 l

Aty = - ==
YTe—v  ctv 202

Moving from A to B and from B to A v is perpendicular to ¢, so in both cases

C(()S]li[) = |C - v| = C2 - ’UIZ'
According to this, sound travels along the course A—F -4
in time o) :
- c Ok
Cmun 0 grout =4 - -5
@0 g Csomd 0 ship 1 ‘
Introducing the notation & = ———and subtracting the
e
Voo to gous two equations from each other a quadratic equation is ac-
quired for k.
2! 21 21
At==(k*—k) Tk - Zk-At=0, (where Af=At;—Aty).
c c c

The roots of this equation are: ki =1.0004265 and k, = —0.0004265, but only £, can
be a solution, because in the case of |k| <1 the expression for the speed of the ship
would contain a negative number under the root, so it would not be valid on the set ol
real numbers.

Once k is known, the speed of the ship can be calculated:

1 k
gl =t~ e e,
K s 1.0001265 s h

Solution of Problem 140. The solution of the problem is essentially based o
geometric optics, since the propagation properties of seismic waves are analogous 10
that of light waves.
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»

A d=50m o) d=50m

2o’

The place of explosion plays the role of light source, the topmost layer is optically
less dense, and the inclined rock plate acts as a reflecting mirror, as it is shown in the
figure.

Data: d =50 m is the distance of the geophones at A and B from the place of
explosion denoted by O

[’UZO.2 S
14=020s
{p=0.34s

Our task is to determine the propagation speed v of seismic waves in the lopmost
layer, the distance h of the inclined rock plate from the place of explosion and the
angle of inclination a of the rock plate in east—west direction.

a) With the above introduced notations, using the law of reflection and the cosine
formula for the side AO’ of the triangle AO'O, we get that:

(2h)2 4+ d? = 2. (2h)dcos(90° —a) = (vl 4)*. (1)

Here we have assumed that the length of OX (A cquals the shortest distance between
Aand O, ie, OX + X, A=0"A. where O is the mirror image of the the place
of explosion. Furthermore, the angle O'OAZ equals (90° — ). since the two angles
denoted by o in the figure have pairwise orthogonal rays. Thus the product of the speed
of wave propagation and the time gives just the distance O'A.

By similar reasoning applied for the triangle OO’'B we get that:

(2h)? +d* — 2(2h)d cos(90° +a) = (vl ;)2 (2)
Finally for the distance OO’ we obtain:
2h = vty 3

The unknown quantitics can be determined from these three equations. The propagation
SPeed of scismic waves is obtained from the first two equalions, using trigonometric
engjties,
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Applying the identities cos(90° —a) =sina and cos(90° + ) = —sina in the firg
two equations, we gel that:
(2h)2 +d* —2-(2h)dsina = (vt 4)?, (1
(2h)2 +d? +2-(2h)dsina = (vig)?. (2
Summarizing these two equations, the terms containing the sine functions cancel out:
8h% +2d% =v*(t5 +13). (4)
From equation (3) the distance h and its square are:
— ﬂ — ]72 = —?;27[;2) [~
5 . ) i (5)

Putting it into (4) we obtain that:
w22 +2d% = 0% (8, +1%),
which means that the propagation speed of seismic waves is:

dv?2 50 m-v/2 m

v= : . = : — —— =220 —.
VI3 +t5-212  V0.26% s2+0.342 s2—-2-0.22 s> s

b) The (perpendicular) distance h of the place of explosion from the inclined rock
plate is obtained from equation (5) and the propagation speed:
vl 220 &.0.2s
12:—257:22 m.
2 2
¢) The inclination angle of the rock plate can be obtained for example from
equation (1°):

IV L g2 _ (o )2 . 2. ¢ 2_ (990 m.(0.96 s>
P (2h)* +d* —(vla) _ (2-22 m)%+ (50 m)? — (220 " -0.26 s) — 0.9646.
2-(2h)d 2-(2:22m)-50 m

which yields
o =arcsin0.2646 = 15.34°.

Solution of Problem 141. The greatest possible speed (at which the vehicle does nol
Ay away) is determined by the gravitational field of the planet which gives an upper
bound for the centripetal acceleration of the vehicle moving on the surface of the planet
— supposed to have a spherical shape — and thus it gives an upper bound for the speed
of the vehicle. (Naturally, if the planet is hilly, the concave parts of the speed of the
vchicle can be urbitrary and it will still touch the surface.) Thus in case of the grca[csl
possible speed the centripetal acceleration of the vehicle is equal to the gravi(alionﬂ|

2]

. = oo A 2 N
accelcration due to the planet, which is — = g. Thus the greatest speed is v = /79
.
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; 3 = ; o 4’ om
If the density of the Earth is p, then the gravitational force is: F'=G-p- 3 2
2

therefore the acceleration of free fall is g =G ?Q-T, where G is the gravitational

constant. Substituting this into the expression of the greatest speed:

4

v=r

-

71’-G(),
3

if the data of the Earth are substituted into this formula (r = 6370 km, Qaverage =
= 5500 kg/mu) it gives the orbital velocity of vgap, = 7.89 km/s. In case of a radius
500 times smaller the critical speed will also be 500 times smaller, so v =15.8m/s =
= 56.88 km/h.

Note: it is quite difficult to reach this maximum speed, with a land vehicle in case of
a spherical planet, because the closer the speed of the vehicle to this maximum speed
the smaller the normal force between the wheels and the ground, thus the increase of
the tangential speed can be produced by smaller and smaller tangential acceleration.

Solution of Problem 142. a) The mass of the spaceship is negligible relative to the
mass of the Earth, therefore the Earth can be assumed to be stationary, thus the law of
motion of the spaceship in its original orbit is:

Mm v?
G —=m—,
s T

isolating the velocity of the spaceship (which is measured in a translating reference
frame moving together with the Earth, which therefore can be assumed to be an inertial
reference frame), we find:

=

hence the initial kinetic energy of the space-
ship is:
5 Mm

1
Ekinl 25777/1,' :G- 27“1 ¥ (])

~ The total mechanical energy of an orbit-
INg spaceship is the sum of its kinetic and
Potential energies. If the spaceship moves
N a circular orbit of radius AF =7y, its
inetic energy is GMm/2ry, while its po-
entja| energy (assuming that the potential
flergy is defined to be zero at infinity) is:

Mm

Epufl =-G- (2)

I}
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According to cquation (D). the kinetic energy ol the spaceship in a circular orbit of radiyg
2008
AT N

. . M
I"I\'nl-;:(" 1 } ('}j
whilce its potential energy is:
5 Al
I-|;u|3:"(' 2/'] . (l)

The total energy in the circular orbit of radius 1o =2 s Eypran, = Eoa, + ABy
since in point 4. where the magnitude ol velocity changes instantancously. the potentiy]
cnergy does not change yet. therefore:

/"‘kin_y h /;|1|>l3 5 lz‘kinl + j‘-‘pml + A Bk,
Substituting equations (1), (2). (3) and (4). we obtain:

Mo (VA\/m 0 Non AV

7 —ly-—— =

- A Fyiy.

4y 2 20 "
Henee the increase in the kinetic energy ol the spaceship in point 4 is:

1 Ao 1 A ]
Al =-G SO i Ein
| " 2 20 2 !

which means that during the first course correction in point A the kinetic energy of the
spaceship should be increased by 50% .

by Aflter the first course correction the spaceship moves in an elliptical orbit in which
its total mechanical energy remains constant. The second task is o change the elliptical
orbit into a circular orbit. Since during the sccond correction only the direction ol the
veloeity s changed. the total mechanical energy of the spaceship is the same in its new
cireular orbit as it was in the ranster cllipse.

According to Kepler's Taws. the total mechanical energy ol a spaceship orbiting the
Earth depends on only the semimajor axis of its orbit. Since the mechanical cnergics

the spaceship in the transler cllipse (between points A and 7) and in the ouler
circle (ol radius 1) are the same. the semimajor axes ol the two orbits should also be
equal. In the case of the outer circle the semimajor axis is .. = 2r, ., therelore the
semimajor axis of the transler cllipse is also o = 2. By mcasuring distance 271
starting from point A onto the line going through point /7. we get the centre of the
transfer ellipse. which is point O on the inner circle. Point €', which is the point \vhch
the elliptical orbit interseets the line perpendicular to A F and going through point O
the end of the semiminor axis ol the transfer ellipse. This is the point where the \LL(““‘]
course correction should be carried out. (The lirst appropriate moment mentioned in the
problem is therefore the moment when the spaceship reaches point (') Sinee /7C" =201
and [°O = ry. the angle enclosed by them is 2= 30", This is the angle by which the
direction of the velocity should be chunged. During the second course correction the
total mechanical energy of the spaceship remains constant in a translating (appm,\mmltl.‘
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mertial) reference frame, therefore the work done by the engine increases the kinetic
encrey ol the exhaust products.

¢) The time taken by the spaceship to move from point A to €' can be determined using
Kepler's second law, It the period in the transfer ellipse 1s T, then the areal velocity

-an be writlen as:
1 AA  7wab

T B

where @ and b are the semiaxes of the ellipse and mab = Aq is the area of the cllipsc.
Kepler's second law states that the areal velocity (i.c. the ratio of the area swept out by
the line joining the spaceship to the focal point to time) is f= constant. In our case the
area swept oul by the line in time A/ is the area of the quarter of the ellipse minus the
area of triangle OFC":

/

Bl Tab ab _ ab(m—1)
14 4

The time taken is given by the ratio of the area to the areal velocity, which is:

-y AA  ab(mr—1) wab w—1 Ty = 0.17T:
E 4 T, dm =

Applying Kepler's third law, the period in the outer circular orbit (and in the transfer
ellipse) can be expressed in terms of the period in the inner circular orbit:
75) (21'1 )3 8
e R Tl
N

hence
T, =T -V8=2V2-T,
thus the time spent on the transfer ellipse is:
(m—1)V2

e Ty = 0482 T,

|

Solution of Problem 143. The remark of the problem that the ‘acceleration due to
gravity at (he surface of the Earth is known’ implies that it is expected to use this datum
Stead of any other data, which might be found in a data booklet (i.e. gravitational
fonstant, mass ol the Earth etc.).

_/\pplyinL_y Newton's second law o the motion of the satellite, the radius of the orbit
Of the satellite can be calculated:

A m

2
v =mre’,

2
I

Where )/ is the mass of the Earth. sn is the mass ol the satellite G is the gravitational
fonstant, » is the radius of the orbit and w is the angular speed of the circular motion.
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] 2, . 4 N
The latest one is w = — in terms of the period which is given. From the equatiop the

radius of the orbit is:

Assuming that the gravitational acceleration at the surface of the Earth is
GM
Ry

9o =

where Rp is the radius of the Earth, substituting GM = _(;OR'ZF, the radius of the orhj

1S
. i»/goRQF 3 i»/ﬂnR%TQ ~
B w? 472

3/9.81 m/s?- 63700002 m2 - (90 - 60)2s2
— m/s o e )8 6649544 m A< 6650 kim.
¥is

Thus the height at which the satellite orbits above the
® surface of the Earth is:

r— Rp =6650km — 6370 km = 280 km

RT3 (Note: in the solution we used the approximation that the

( Earth was considered to be an inertial frame of reference when

R we assumed that the acceleration of a freely falling object at
the surface of the Earth is the same as the acceleration due
to the gravitational pull between the Earth and the satellite
at the same place. In reality, the value of gy contains the
rotation of the Earth, thus the acceleration of a freely falling
object, measured here, slightly differs from the acceleration of

an object, which is also released here, with respect to an inertial frame of reference: gy <

M _ . . ' . :
< GR_'Z' According to the figure, the appropriate relationship between the acceleration
F .
of a freely falling object and the acceleration due to the gravitational pull at the latitude
of 45 degrees is:

M\? 472\ ? M 4?2
go= <Gﬁ) +<R1:sin45°- ;2> —’_)G}Ti‘RFSiIMSO- T2 cos45°.

The sum of the second and the third terms of the radicand is approximately
0.33 m?/s", which is negligibly small with respect to the first term because the sum
is approximately three-thousandths of the first term.)

Solution of Problem 144. Two cases should be distinguished, depending on whethet
or not the satellite moves in the direction of the rotation of the Earth or opposite to it
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a) Let T, be the orbital period of the satellite moving in the direction of 1h§ rolal.ion
of the Earth, and let T denote the period of the rotation of the Earth. In the given time
_ 6 hours. the angular displacement of the satellite is equal to one whole turn plus the
Angll“"' displacement .oi.’ l.hc Earth, since the §ulcllile returns to the same point alw(?vc the
equator where it was 1mt|ally.'Thc angular displacements can be calclulalf:d by using the
formula ¢ = wt, and the relation between the angular speed and period is w =27/T.

The exact value of the period of the rotation of the Earth with respect to the inertial
reference frame determined by the distant fixed stars is | sidereal day = 86163.1 s.
However, we would not make a big error, if instead. we used the solar dav as an
ﬂpproxima(ion: 1 solarday = 24 hours = 86400s. The diflerence between the (wo days
is due to the revolution of the Earth around the Sun. Indeed, in one solar day the Earth
accomplishes one rotation with respect to the Sun, i.e., it shows the same point of the
equator towards the Sun. But during this time, the Earth makes an angular displacement
97/365 along its orbit, so its total angular displacement with respect to the distant stars
is by this angle larger than a whole turn. The time needed for this extra turn is one
365th of the 24 hours, so 86400/365.2122 = 236.555. The sidercal day is obtained by
substituting this time from the solar day: (86400 —236.555) s =86163.1 s.

According 1o the facts above, Lhe equation is:

2T 2T

=27+ —1.

Tl T[f

From this equation the orbital period of the satellite can be determined. Dividing by 27,
we get:

L 14. {
T. T
So the orbital period of the satellite is:
t t-Tg 6h-24 1t 144
/—Tu = T { = .) : . =— h=48 .
14 t+Tr G6h+24h 30

’IVE

b) Denoting by 7}, the orbital period of the satellite, if it orbits opposite to the rotation
of the Earth, we get:

27T/ o 27rt
el P I LG
T, TE
Dividing by 27, we get:

t t

L, P

Ty Tk
So the orbital period of the satellite is:

t Ty _ Gh-24h

R ML e I otttk
""1-L " Tp-t 24h—6h

E

=14418 h =8 h.
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Now that we know in both cases the orbital period of the satellite, the altitude of the
orbit can be obtained by using Newton's law of gravitation:
Mpm 47
=mr,

2 20
' T;

Instead of the universal gravitational constant G we can use the acceleration due (g
gravity ¢g:

SO G]\[E'——QR%

Inserting it into the previous equation, we get:

o 1\,/GMET;‘f _ i/R%ng _
“ 472 42

B {/(0370-103)2 m?-9.81 % . (4.8-3600)2 s2

12 = = 14439712 m ~~ 14440 km.
2

Similarly, if the satellite orbits opposite to the rotation of the Earth, then the radius
of the orbit is:

_ 3[R3gTZ 4/ (6370-10%)° m2-9.81 3 -(8-3600)? s2
B ar? 4?2
= 20298208 m & 20300 km.

Thus the altitudes of the orbits (above the surface of the Earth) are:
In casc a): h, =r, — Rg =14440 km — 6370 km = 8070 km.
In case b): hy =7, — R =20300 km — 6370 km = 13930 km.

Solution of Problem 145. Because the spaceship is kept in a circular orbit by the
gravitational force, which is a radial force, the plane of the circular orbit must contain the
centre of the Earth. The spaceship can be considered pointlike and its mass is negligible
with respect to the mass of the Earth, so it does not effect the motion of the Earth. The
intersection ol the plane of the orbit and the surface of the Earth, which is considered
a sphere, is one of its great circles. If the spaceship must remain above the same point
of the Earth, this point can only be on one of the great spheres of the Earth. During the
rotation of the Earth, only those points of the surface move along a great circle which
is along the equator of the Earth, meaning that the condition is satisfied for any point
on the equator of the Earth.

The speed of the spaceship with respect to a relerence frame which is moving with
the Earth (but does not rotate with respect to Lhe stars) is determined by the angular
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ced of the Earth and the radius of the orbit of the spaceship according to Newton’s

d law:
secon Mm

2
re

=
o *

2
=mrw ,
s g79.70=1 N-m?
where G=06.672-1 kg")'

mass of the Earth, m is the mass of the spacehip, and » is the asked distance between
the spaceship and the centre of the Earth. Using the above equation the value of this
radius is:

is the gravitational constant, M =5.974-10*! kg is the

3/GM
o 4
w
and thus the speed of the spaceship with respect to the reference frame which is moving
with the Earth (but not rotating) is v =rw.
w is equal to the angular speed of the Earth. Because w = 27 /T, where T is the
period of the rotation of the Earth. If this is known, the speed of the spaceship can be

calculated:

sfGM

V=W

S B G2n M
= VGMw = 7

What is the value of T'? It can be calculated easily if it is not found in a table. The
time between two consecutive solar noons is known: it is 24 hours, which is 86400
seconds. This is called a solar day. This is longer than the amount of time it takes the
Earth to complete one revolution about its axis, because while it revolves 360° with
respect to the inertial frame of reference, its centre moves forward along its orbit about
the Sun, thus the Earth has to rotate more than 3G0° in order that the Sun should be
above the same point again. Let us delermine the period of the rotation in the inertial
frame of reference (sidereal day) in solar scconds.

Let o be the angle sublended by the
arc along which the Earth moves during
one solar day to the Sun. During this
time, the Earth turns an angle of

p=2r+a=uwTs,,

Where o is the angular speed of the
Totation of the Earth in an inertial frame
of reference, and Ts, is a solar day.

The angle turned during one day a,
Counting 365.26 solar days in one year is

2
v=—
365.26
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where 3065.26 is the length of one year in solar days. Because one solar day is P
27 +a , o o =

= —— . and once sidercal day is Tg; = — long, their ratio is
w o
Ts; 2x woo 2m 365.26
Tso w 27+a g 2T 366.26°
- 365.26
Thus one sidereal day expressed in solar days is
- 365.26 365.26 64005 = 86161102
Si = gaman 450 = gaan - o0d00s =806161.102s
"T366.26 77 366.26
Now we can answer the question asked in the problem
107" Nm?/kg?-5.973-10% kg 27x
=307115 —.
s
of the Earth is » =

\/o 672
U=

361064.1 s

eship > ocentre

te that the distance between the spaceship and the
k. and the distance between the spaceship and the surface of the Earth

= 42161.252

S 35790.23 k.
Solution ot Problem 146. The possible methods are based on either Newton's second
> ( —

$

law (ZF = ma) or the conservation of lincar momentum ZI = constant). The
spaceship in free fall can be assumed to be an inertial system and its mass can he
considered to be infinitely greater than the mass to be measured.

In the first method. we can use a calibrated dynamomceter o measure the force acting
on the object and measure its acceleration (using a stop walch and a meter bar) at the
same time. The mass ol the object is the ratio of the force and acceleration.

the object is attached to a dynamometer and is put into a
The dynamomcler measures the centripetal

In the sccond method, ]
adius ol the circle and the number ol revolutions are also

circular orbit moving at constant speed
lorce. meanwhile the " the cire
mcasurcd. The mass ol the object is given by the formula
)= 7['1I\'n. .
" Ranta?
:) and

If the dynamometer is not calibrated. we need to know its spring constant (A
measure its extension.

In the third method. the object is fastened in between two springs of known spring
constant and the period of oscillation of the system is measured. 117 the masses of the

springs are negligible, the nmass of the object is given by the Tormula
')

m=hk—- gl
n

The conservation of linear momentum is used in the fourth method. Let us collide the

object 1o a second object of known mass initially at rest. I the collision is completely
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inclaslic. the mass lol" the object can be dclcrmincd‘hy measuring its initial velocity ()
and the final velocity of the system (u) using the Tormula:

t
m =1y .
(A i

where o is the known mass of the second object.

The fifth method is also based on the conservation of linear momentum. Let us attach
the object 1o be measured and a second object of known mass to two ends of a strong
spring ol unknown spring constant. The spring is then compnt-.\'sed and released. Aflter
a short period ol accelerating motion, the objects leave the spring and move at constant
speed. 1T the distances covered by the two objects in equal times are measured. the
unknown mass can be determined using the formula:

nr=1ny 11
S

In the sixth method. the conservation ol energy formula is used. Let us lasten one end
of a spring of known spring constant to the wall of the spaceship. The object is attached
to the other end of the spring, which is then compressed and released. After leaving the
spring, the object moves at constant speed. Mcasuring the speed of the object and the
compression of the spring, we get the mass of the object using the formula:

(Al)

-‘) '
02

b

m = ]\

Solution of Problem 147. a) Let /2, and R, stand for the radii of the circular orbits,
v; and vy for the orbital speeds, u; and ws for the speeds of the satellite on the
transitional cllipse at distances 12, and 1?5 [rom the planet.

According to the fundamental law of dynamics:

02 mil , GM ., GM
—=G- = = and v; = 1
"R R2 TR T TR M)
172 mhl = l72 ; dx?
R—s=G =2 Ti= R} and Tj= R 2
ST R - ' Temt " rTem™ @)
The semimajor axis of the transitional clliptical orbit is
Ry+ R,
(@ = b (3) / .
2 L (R SR
\
Applying Kepler's third law to the satellite orbiting on the
Circular orbit with radius 2y and 1o the transitional elliptical T
orbit; L
™ _ e
woR
Or by making usc of (3)
Lo (R Ry
72 =qptat o)

s8R}
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Introducing the periods instead of the radii based on (2):

(T')/‘+T"/j) (T12/3+T;/3)3
&y o 8 ’

=1

from which

(T3/3+T§/3)3/2 B (82/23+272/3)3/2 . (\/m)’i
5372 = 5372 ours = - e

133
? hours = 16.572 hours.

As the suitable moment for changing over to the circular orbit with radius R is whey
the satellite rcaches the endpoint of the major axis of the transitional ellipse (thep
velocity is perpendicular to the line connecting the satellite and the planet), the course
correction requires

T=

hours =

T
T‘m-rv(:tirm = E =8.286 hours.

b) Let us apply the law of conservation of energy and of angular momentum to the

satellite moving on the transitional ellipse.

9 mM 1 5 mM
—muj — = —muj —

2 Ry 2 Ry’
U1 Rl = ’U.QRQ.
R
From the equation system uj and uy can be expressed: by substituting us = u; —- R
2

dividing by m/2

M , R} M , R2—R? Ry — R,
-2G 21 9@ — = ——26\1
R, R B uf R2 Ry Rs
from which
s GM 2R,
1" R R+ R
and similarly
, GM 2Ry
Wy = ——v=——,
T R R,+R,
by using (1):
2R, 5 2Ry
2_ 2 2_ .2
=v and =v
uy LlRl-l-Rz uy =ty R
and by using (2):
u? 2 2T§/3 and wi =12 QTIZ/S
! 1 ; : 27 Y2
T2 4 72/* TP LTyt
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2.9 18 i
= = f:lll()l
3V a+97 Va3
3427 [4+9 il o
= = — =19
'_)~8'~)/3 2.4 ) 1.2717,

The relative changes in velocity are:

lL|

\ 7f/‘477“

(his is a 17.67 % increase,

82/é+ )72/3

this is a 27.47 % increase.

Solution of Problem 148. The number of photons arriving on the mirror is constant
and the fluctuation can be neglected, meaning that the change in the momentum of the
hotons is uniform and that the force acting on the mirror is constant in time. Because
of the 100% reflexivity of the mirror the change in the momentum ol the photons is
exactly twice as much as the momentum delivered by them, namely, as the mirror moves
extremely slowly, there is practically no change in the colour ol the reflected photons
(their wavelength does not increase).

The force acting on the mirror is the recaction to the force exerted on the photons by
the mirror, so their magnitudes are equal:

_Ap
A
where Ap is the total change in momentum in time A¢f. Its magnitude 1s Ap= AAp, =

2 - Al
a1 . . . [ . .
= A——— . Here py is the momentum intensity and A7) is the energy flux intensity,

C . . . .
that is, the energy arriving on a unit arca in one second. With this, the requesied foree is:
Ap  Alp,  A2F Al ZAE

F=—= = ,
A Al cAt el

with numerical values:

©2-100-1074m?-1250—3— .
Fe= R m>s —8.33-107°N.

The moment of this force sets the system into rotation. The magnitude of this moment
IS

M=F.r,
because duc to the constant force distribution (force intensity independent of the
Position) the changing ‘intensity of the moment of force’, which depends on position and
Changes linearly with radius can be calculated as the arithmetic mean of the minimum
and maximum intensity of the moment of force, that is, the arm + that belongs to the
fentre of the mirror. Therefore:

A =833-10°N-0.2m=1.67-10""Nm.
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The angular acceleration of the structure can be determined from the fundamemm
equation of dynamics for rotating motion (= M/©). So in order to determinc the
angular acceleration, the rotational inertia of the mirror should be calculated for the axis
supported by the bearings. For the calculation Steiner’s parallel-axis theorem is applieq:

© = Oy, +md?,

where O, is the rotational inertia of the body for the axis that passes through the cenre
of mass of the body, m is the total mass of the body, d (here 1) is the distance betweey
the axis that passes through the centre of mass and another axis that is parallel with j
The rotational inertia of a thin square plate for an axis that passes through its centre
of mass and is parallel with one of the sides of the square is Ocp, = (1/12)m-a®, where
m is the mass of the square, a 1s the length of its side. (This result can also be obtaineqg
by assuming that the square consists of thin rods that are parallel with the side and have
a rotational inertia (1/12)Am-a? each and then summing up each of these.)
So the rotational inertia of the mirror structure for the axis of rotation can be calculated
from Steiner’s parallel-axis theorem and then angular acceleration can be calculated with
the rotational inertia:

1 1 . .
0=0.+ mr? = ﬁmcf +mr?= p -0.02 kg~0.l2 m?+0.02 kg-O.Q2 m? =

=8.17-10"" kg m%

M 2AE, 8.33-107°N-0.2m 5
B:— E ('7 = =2.04-107" _2'
T 0 pma*tmr? 8.17-10~4 kg m? S

Finally, the angular displacement in | minute is:
ﬁt.z 2.04-10 5572

T2 2
It is questionable whether a bearing support that allows this operation can be produced.

-3600s = 0.0367 rad ~2.1°.

L R L R Solution of Problem 149. If the axis of the
'l pulley remains at rest, Newton’s second law
applied to the two blocks hanging from the

Ij pulley will take the form of:

mgg — K =mpa
My

K—-mg=ma

(We used that m is less than mg. This can be derived from the fact that the sum of
tensions in the string should be equal to mgg, but if m was greater than or equal (©
my, the sum of tensions would be greater than mgg. We also used that the magnitudes
of the accelerations of each block are the same. For each block the positive directiof
was chosen to be in the direction of its acceleration.)

We add the two equations to get:

(mo—m)g = (mq+m)a,
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. 9 " i mgy —1m
from which the acceleration of the blocks is: a = ———-
4 me—+m

gither of the first two equations can be used to determine the tensions in the string:

my —m > 2mom

K=mg+ma=mg| 1+ .
i g ( mo-+m mo + mg

Taking the double of this, we get the resultant of the two tensions, which is equal to the
gravitational force mog acting on the other end of the lever, so:
c

dmmy )
mo+m g
mo
Thus m=—.
The acceleration of the two blocks is:
_ mo — ‘777,()/3 N 2

“= mo+ma/3 = gg.
Solution of Problem 150. The shape of the hole can be described by angle «, for
which:

tann = —
h’

where d is the diameter and h is the depth of the hole. Let ¢ and L be the lengths
of the parts of the rod that are inside and outside the hole respectively, and G be the
weight of the coat hanged onto the end of the rod. In the extreme case the maximum
frictional forces act at both contact points. (Coeflicients of kinetic and static friction are
assumed to be the same.)

The forces exerted by the wall (as shown in the F,
figure) are: Fy, puFy, Fy, pFa. The rod is in equi-

B ; KAy ) E
librium if the resultant force and resultant torque on d w ’
Itare zero. Let us write the condition for translational a :

equilibrium separately for the horizontal and vertical h O \ILG\
tomponents of forces: jG
G+ Iy — Fycosa — il sina =0, (1)
Fosina — pFhcoso — pFy =0. (2)
The sum of torques about point O is:
G'l.cosa— Fic cosa— pFye sina=0. (3)

Thus we have a system of equations with three unknowns that can easily be determined.
fLus isolate F, from equation (2):

: ki

Fo=

sinc — pcosar’

(4)
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e
Substitute 1t into equation (1):
. . nl .
G+ 1" — ————(cosa+ psina) =0.
S a — J1COs50
I’} can be lactored out from the second and third terins:
o osina — precosa+ pe(cosa 4+ psina)
G+ - I =0.
sina — jrcosa
Isolating I, we hind:
. sina — jicosa 2
1'| = —@.
2cosa —sina(l —p?)
Dividing both the numerator and the denominator by cosa . we obtain:
. tana — i ,
Fir=g—m—a——0. (5)
20— (1 —p#)tana

Substituting tana = d/h and multiplying both the numerator and denominator by J,
lead us t0:
d — pih 2-0.2-6

= G= G = 1.667G.
h—(1—p2)d ~  2-0.2:6—(1—0.04)-2 .

Force % can be calculated by substituting the value of /) into cquation (4):

. " vl

2pcosa —(1—p?)sina

(™)

where
h d

—, sina =
Vh2 4 d? \//1- a2
Substitute these trigonometric functions imto the expression obtained for £ :
i N h?+ d? G 0.2v/40 G =2635C
Yy — y = T = 2.059)0.
T ouh—{1—p2)d  2-0.2:6—(1—0.04)-2

Length Locan be determined using equation (3):

COsSOy =

I I («)s(\+;/si1m I

(, cosn G

c=Vd2+ht= \/‘23 +62em = VA0 cm.
Substituting the value of /) as given in equation (5). we find that the fength ol the part
ol the rod that should be outside the hole is independent of G

(tana — ) (1 4+ prtana)
.
20— (1 —p?)tana
Using that tana =d/h and ¢ =V d?+h?, we get:
_(d=ph)(h+pd) Vd*+h?  (2-0.2-6)(64-0.2. 2) V10
 th—(1—p2)d h o 2.02:6-(1-0.04)2 6

Therefore the Iength of the rod which is to be used as a coat-hanger should be at least

I, =

(14 ptana),

where

| =

=11.24 cm.

l=L+c=11.24cm+ V40 em = 11.24 em +6.33 e = 17.56 em.
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6.3 Statics

Solution of Problem 151, Notations: L =1 m. myq =1 kg, a= 30°. I =1.3 m.
—0.2 kg.
[n the process on one hand, the centre ol mass of the rod is lifted (by a quarter of a
metre due to the simple numerical values). and on the other hand, the weight is raised
by AL Essentially this latter quantity has to be determined.

The work done on the rod is:

m

1

=
=

L
Wiad = Miad 9D vad = Misag 1 =1kg 10 —=-0.25 m=2.5 .

o|

[¥]

S

The rise of the weight can be determined according to the fgures. Since the pulley
is moving along the thread without friction, it is always in the lowest possible position.
The tension in the thread balances the weight foree, and the tension in the two sides of
the thread arc cqual. Otherwise, they would have a net torque on the pulley. The weight
force is vertical, so the sum of the lorces exerted by the two sides of the thread has to be
vertical, too. But since the forces in the two sides ol the thread are ol equal magnitude,
and their sum is vertical, they make the same angle to the vertical (as well as to the
horizontal). 1 one side of the thread is reflected in the vertical or horizontal line across
the pulley. then the line of the image coincides with the other side of the thread. We
use these geometric lacts to determine the height of the weight.

According to Pythagoras™ theorem, the position of the pulley below the horizontal rod
is:

1 = T TR B
ho = 3 1?12 = 3 1.32m?2 =12 m?2=0.415 m.
E
- -
h
2
B Ah

D

Initially, at the inclined position of the rod the pulley was at a distance hy = C'F
Clow the horizontal line passing through the top end of the rod. The length of CF
aS_lo be determined. First, we caleulate the angle of the thread with respect o the
Onizontal. According (o the figure,

Al Locos30° 1 m-0.866

Cos(¢ +30°) = T = - —0.666 — p+30° = 48.228°,
(e +30%) =35 [ 13 ol = gl =% '
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so the length of E D is:

ED=1-sin(¢+30°)=1.3 m-sin48.228° = 0.97 in.

Since EB=0.5 m, the length of BD is: BD=ED—-EB=0.97m-0.5m=0.47 in
The BFD triangle is an isosceles triangle, BI' = F'D. The horizontal line passjy,

through I crosses halfway to the opposite side, so

BD 0.47
hq :CF:EBJrT =0.5 m—I—T m=0.735 m.

The vertical distance, by which the pulley and the weight rise, is
Ah=|hy—h1|=0.735 m—0.415 n =0.320 m.

The work needed to lift the weight is:

Weight =mgAh=0.2 kg-10 = -0.320 m = 0.640 J.

m
S

Thus the total work needed (o lift the rod is:

Wiod + vvweigln, =2.5J40.640 J=3.14 J.

First solution of Problem 152. The solution of this problem is an ‘interval’ of
positions, which can be determined by examining the two extreme cases in which the

beads just start to slip. In the first solution we will use
Newton’s second law.

Let us describe the position of the system with the
help of angle «, which is the angle formed by the
horizontal and the radius drawn to the greater bead as
shown. Since the beads are on the ends of a quarter-
circle, the string forms an angle of 45° with the radii
drawn to the beads. Let I be the tension in the string,
Ky and K5 be the normal forces acting on the beads
and let us use notation m=m, and 2m =ms in order
to simplity our equations. The unknowns are therefore
o, F, 1(-1 and ]\--2.

Let us start by investigating the situation in which

the greater bead is in its most right position. (If the greater bead was moved further to
the right, it would slip down on the loop pulling the smaller bead with it.)
Let us apply Newton’s second law to the two beads in tangential and normal

directions:

324
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'm-zgsina—l—F\/T——ngO, (1)
2
,LLKQ-{-F\/T_—?ILQQCOSO’:O, (2)
V2 . ,
mygcosa+ I 5 - K,=0, (3)
2
1wl +migsina — F\/T_ =0. (4)
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Eliminating the normal forces by multiplying equations (1) and (3) by z and adding
them (O equations (2) and (4) respectively, we find that the only unknowns remaining
2 . . .
are and I7. After lactoring out ]—;— our cquations take the form of:

I

[magsina + F—\[/Z—:(p+l)—m-_>g('uso =0, (5)

2 ,
jimygcosa +miygsina + F7</I —-1)=0. (6)

V2
i for I'— gives:
Solving (6) 5 &
V2  pmigcosa+migsina

F
2 1—u

which is then substituled into equation (5) o give:

. . I
pmagsine+ (e geosa 4+ mygsina) 1 —mygcosa =0.

Iy
Let us divide by ¢ and factor out sinn and coso:
. 2 o
sina(pmy — " mao oy +my )+ cosa(pTmy 4 pmy — g+ pmy) = 0.
which yields
sinafpumns (1 — ) +my (14 1)) = cosa[(1 = pp)ma — peny (14

from which the tangent of the required angle is:

(1= p)my —pemy (14 p0)
uma(1—p)+m (1 +p)

tana =

Substituting known values, we find:
1-p=1-0.15=0.85,
1+p=14+0.15=1.15,

j0=0.15,
hence
0.85(2m) —0.15-m-1.15 1.7-0.172 1.5275 -
tana = = — — — = — = 1.0872.
0.15(2m)0.854+m-1.15  0.28541.15  1.405
thus

a=arctan [.O872 =47.39°.
Let us now investigate the other extreme position of the system. The equations will
be the same as in the previous case, but with opposite indices. Therefore the solution

€an be obtained by cxchanging the indices in the previous result.
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This is because the two extreme caseg
are symmetrical in their topology, i.e. the
second case can be gained from the firg
one using a transformation, in which the
corresponding vectors differ in directiop
and magnitude, but their role in the sjt.
uation and the directions of their com-
ponents remain the same relative to each
other.

Note that if the indices are exchanged, the solution will now give angle 3, which ig
the angle formed by the horizontal and the radius drawn to the smaller bead.

Since we want to find the angle formed by the
horizontal and the radius drawn to the greater bead (let
this be o), we will use o' = 90° — 3 (as shown in
the figure) to determine the required angle. Technically
this means that after exchanging the indices in the
‘ formula for the tangent of angle, we also need to take
its reciprocal.

The original solution was:
(1—p)yma—pmy (1+p)
pma(l—p)+m (14+pu)

After exchanging the indices, we get:

tana =

(1—wymy —pma(l+p)
pmy (1 — ) +ma(1+p)

tan3 =

Taking its reciprocal gives:

1 pm(1=p)+mo(l+p)
tanf  (1— )y —pma(L+p)
Substituting known values, we obtain:

; ,  0.15-m-0.85+(2m)-1.15
M = 0.85-m—0.15-(2m) 1.15

!
tana’ =

=4.8069,

from which we find that the angle describing the other extreme position is:

o' = arc tan 1.8069 = 78.25°.

Second solution of Problem 152. Let ¢ be the angle for which tane = . We will
prove that if the resultant ZF‘ of all forces, except for the normal force I and friction

S, acting on a body, has a linc of action whose angle formed with the normal is greater
than e the the body will slip no matter how small the magnitude of the resultant 1s-
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However, if the line of action of the above force encloses an angle less than ¢ with the
pormal, the body will not slip, no matter how great the magnitude of the resultant is.

L 3 In other words, if the line of action
K| | of the above force is inside a cone,
z whose axis is the normal and whose
cone angle is 2¢ (see figure), the body
5 will not slip. If it isn’t the case, it will.

So, the body will not slip if:

p—
F i mg uK I > S,

it ZF is the resultant of all forces
except for the normal force and fric-

sE ) tion, then the above inequality takes
the form of:

X E Fcosa > E Fsinc,
in the extreme case, using that a,,,x =€, we find:

JLCOSE =sine,

thus: tane = g, as it was stated.

Let us now investigate the extreme cases of the beads finding triangles in which the
angle formed by the horizontal and the radius drawn 1o the greater bead can be expressed
with the help of angle =.

\k_

/%
76 :
/4
7
/ %
>
- =
-F, F
90°~(atq + €)

In the situation when the grcater bead is in its right extreme position, let us apply the
AW of sines (o the triangles formed by the forces shown:
2G  sin(45°+¢) | G sin(45° —«¢)
—_— = == and —_—=
r cos(a- €) I sin(fa+¢g)
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where 0= myg is the weight ol the smaller bead. Dividing the first cquation by the
second gives:

sin(115% +2)
2= lilll((\ ‘f—:)_—(
sin(45° —=)
Thus )
, sin(45° —¢) sin15° cosz —cos15%sins
tan{a +2) =2 —— =2 —— .
sin(15° 4 =) sin5° coss + cosd5°sine

Dividing the numerator and denominator by coss and using that tane =y, we obtaip:

Losindd® —cos 5% - tans o osind5° — jrcos 15°
tan(a+:2) =2 —— - =2 —— -
SIS 4 cos 15 - tans sin-5° 4+ peos 15°

Let us use that sind5% = cos15° 1o simplily our equation:

bladel=a |l —u " 0.85 | 4783
Ao E) =T "=4" = 1.4(09,
|+ i 115 )
henee a + = = arctan LA783 = 55.927, and since tanz =5 =0.15, we find that = =

= arctan0.15=R8.53%. so the angle in question is:
n=>55.92"—8.53°=47.39°.
I the tangent of the angle in question is (o be expressed parametrically, the solution
contlinues as:
tana +tane tana + s H 1—p

tan{a+:2)= = =2 .
( ) | —tana-tan: 1 —tana-p 14+

Thus
1 — 5 | —p

.l—l—/l - 14+ p

tana 4+ =2 “jrtana.

Factoring out tana gives:

| =g 1y
tana | L+2p =2 — I
|+ 14+

Alter some algebra, we oblain:
T+p+20(0=p)  2(0=p)—(1+p)p

tanao - =

1+t 1+

Multiplying by the denominator and dividing by the numerator ol the Ieft hand side. we
obtain:

200 —p)— (1 4+ ) pe
tanon = ,
1404 20(1 — i)
which yields:
2—3 2 2—(3+ 2-3.15-0.15
tana = F = Can.) = _) _) = 1.0872.
140+ 20— 20 14+ (3 —20)p 142.7-0.15

thus o =arctan 1.O87T2 = 17.39
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6. Mechanics Solutions

The other extreme case can

be investigated similarly. In that
case the law ol sines applied 10

the two Lriangles give:

2G  sin(45° —¢)
' cos(a’ —g)
G osin(45° +¢)

F sin(a’ —¢)

After dividing the first equation
by the sccond and substituting
the value of =. we find that:

tan(a’ — =) =2.7057

from which we get that the angle
of the sccond extreme case is

a' =78.25°.
Solution of Problem 153. The weight of the mass standard differs due o the
difference in the density of the air. and thus the buoyant force is different on them. Let

M, stand for the mass of the mass standard. o for the density ol air, gpey, in short g,
for the density of copper, m for the unknown mass of

for the density of Plexiglas. o

< m
Meg——0g9=mg- —og.
op

=y
Plexiglas. For the cquilibrium of the balance, which is assumed to be equal-armed:

=0

Ocu  Op— 0
OCcu — 0

AM.=m
0

<P

From this
Applying this to the measurements in wet and in dry air, the following expression is

acquired for the apparent difference ol the two masses:
» T 02 O — 0y

o 0
! <ZCu &
AM =M — M =m— | =
op OCn — 02 Ocn— 0y
After transformation and simplilying:
; OCny (L)(-“ Up)(@l — 02 OCu (0(,'11 i 0}))(01 - 92)
AM;=m—— ~m 5 =
Op (Q(‘n . J;’)(”(‘n — 01 ) Op O,
op)(o1 —02)

(’J('\l
=1
OpOCu

d_hkrc 0, and o, are the densities ol wet and dry air respectively. Here, o) — g2 1s the
Werence of the densities of dry and welt air, which can be derived from the theorem of
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partial pressures, and is thus equal to the difference of the densities of dry air and w

. ale
vapour at pressure p=2-10" Pa and temperature T =296 K. As 3
m pM
V=—RT, =
P °= BT
01— 02 = % [Mair — My, 0] =8.94- 10~ %kg/m®.
(We made usc of the molar mass of air, M, = 29-10"%kg/mol.) With this, the

unknown mass of Plexiglas is

Op0Cu L
m=AM,- L =15.3g,
(QCu — 01))(.’_)1 == Q'Z) o

where AM, =101 g.

Solution of Problem 154. When the middle of the
chain is pulled down, the centre of mass rises. If the
chain is released, the centre of mass should fall due
to the gravitational force. This is the only way that
the system reaches its minimum potential energy only
this way. When the middle link of the chain is pulled
downwards, more mass clements move downwards than upwards. Let Ah stand for the
rise of the centre of mass. Let us apply the work—energy theorem for the process:

W —mgAh=0.
From here, the change in the height of the centre of mass is
|74 0.5J
Ah=—=———Z¥—6°—_=255¢m.

mg 2kg 9.81N/kg

In the final state, the stretched chain segments are (approximately) straight, their centres
of mass are in the mid-points of the segments, that is, thcy are at height hy = 75 cm
from the ground, so their common centre of mass is also at this height. Originally, it
was lower by Ah than this, that is,

ho=h1—Ah=75cm—2.55¢cm ="72.15cm

from the ground.

Solution of Problem 155. The casiest way to calculate the work is if we split it int0
three parts. Let Wy be the work done unti] the top of the cube reaches the boundary-
W, be the work done until the bottom of the cube reaches the boundary and W3 be the
work done while the cube is moved in the otl.

In the first part, the tension (thus the force exerted by us) Ky is constant, in the
second part the force decreases linearly until the bottom of the cube reaches the oil 5
well, then it is constant J(». The total work done is the sum of (hese works:

K+ Ky

W= W1 + W ’7‘2 + VV3 = 1(1([+ 9

[+ Kod,
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6

where d is the distance between the boundary and the bases of the cube and 1 is the
edge of the cube. In the middle part the average force can be calculated as the arithmetic
mean of the initial and final values of the force.

The cube must be pulled very slowly in order
nol to cause any whirls when the water displaces
the cube, and the water-oil boundary remains
horizontal. Newton’s second law for the three part
is:

K1--——"

W,
K2_ SEPRRE. —G= 01

= / Substituting the appropriate data:

Ky +F,

upth

Ky=(o- 5_)“-)1:1.(].

Similarly K2+ Fy, ,, —G =0, from which Ky = (09— g“)/:‘g, and
Ki+ Ky _20-0u—00 3
= AR
2 2 ;

where o is the density of the cube, o, is the density of water, and g, is the density of

oil.
The work performed:

)

- 3 ‘_)04‘1” — 0o 3 63
W=(0=o,)l'gd+ ————gl+(0—0,)-I"gd.

so the work done is: 7
e CETEB TR0 Waia 18
Substituting the data:
(3.4—1-0.8)-10"% kg/m3
2

Our solution is correct only if the tank is very big, otherwise the position of the boundary
between the two liquids would change.

W=

-0.008 m*-9.8m/s*(0.140.2) m=18.82.J.

Solution of Problem 156. Investigating the second position of the wood, we can
determine the exact place of its centre of mass and its weight. The conditions for
translational and rotational equilibrium take the form of:

G+ F—Fy,=0,

Where o is the distance of the centre of mass from the geometric centre. Multiplying
the firgq equation by & and subtracting it from the second equation, we get:
£, a 80

] 1m -
. S - =—— . —— =0.5m.
2 2

!
B F owAlg—F 2 400—80
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= The weight of the wood can be calculated using the
Fy first equation:
{ ! G=0,Alg— F=400N -80N =320 N.
Cr P 0 Therclore the mass of the wood is m =32 kg, while ji
2 density is 0 =32kg/40 dm® = 0.8 kg/dm?.

The work done by us will be calculated in three steps. First we push down the wogg
in its vertical position until it submerges in water. While doing so, the force exerted by
us increases from 0 to F' =80 N, therefore the work done in this step can be calculateqd

. . F
using the average force > =40N.

= I,V Let y be the height of the wood above
ay water level in its first position. This
F I 2#_0 r height can be determined assuming that
olZ the gravitational and buoyant forces are
Ah equal in magnitude:
°l x| ° SN lAg=(l—y)A
| Mo o+ | o=(l—y)Aow,
3 which yiclds:
yzlgw ®—4m. 1-08 =0.8m.
Ow

Thus the work done in the first step is:
F
Wi=y=40N-08m=32]J.

In the second step, the wood is slowly rotated about its centre of mass into a horizontal
position. The work done by the gravitational force during the rotation is zero. The work
done by the buoyant force acting on the geometric centre of the wood is:

H/v\) = _FI) ©r,

since the centre of mass of the displaced water is in the geometric centre of the wood.
According to the work-kinetic energy theorem, the sum of the works done on the wood
is equal to the change in its kinetic energy, which is zero. Therefore the work done by
us, can be calculated using that:

Wo— W), =0, hence Wy=F, - xr=400N-0.5m=200J.

In the third step, we lct the wood move up to water level exerting a downward force
of FF=80N. The distancc moved by the wood is:
! VA
Ah=—+r— —
2T

Thus the work done by us, in the third step is:

A
Way=—F (é tz— %_) = —80N(2.5-0.05) m= —80-2.45J = —196 J.
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rherefore the total work done by us while moving the wood from its initial position to
s final position is:

W=W,4+Wy+W3=32]+200J—196J =36J.

Solution of Problem 157. The high-pressure air which was pumped into the rigid
container does not push the originally half-submerged plank into the water any deeper.
This is because the pressure exerted on the plank from above increases, since according
1o Pascal’s law the air pushes the water as well. This pressure is conveyed in the fluid
and the same excess pressure is exerted on the plank from below. Whilst from the point
of view of the flotation the effect of air at atmospheric pressure is negligible, the high
pressurc air in the closed container has considerable density, and in this case the upthrust
due to the air is comparable to the upthrust due to the water. So now the plank floats at
the boundary of two media. We have to find the total upthrust cxerted by the iwo media.

The width of the plank is d, and the width of that
part which is submerged in water is x, the density
of water is g, the density of air at a pressure of 100
atmosphere is o1 . This lattest one can be calculated
from the gas laws. For the standard conditions:

m RT
Vo= PRT = o= Vo M
and for the high pressure state:
m m 1?7’
V=— -
R = =V

where m /Vj = 09 and m/V = p;. After dividing the two equations the density of the
high-pressure air can be expressed:

gy = gy = 0+0.0013 =2 = 0.13 =2
Po cm?3 cm?

Using this, we can apply Newton’s second law:
Adog— Arpg— A(d—x)019=0,

Where A is the area of the base of the plank. From this, the height of the part of the
Plank which is submerged is:

— 0j 0.5-0.13
r=d- i 10cm - Ll O L 4.25 cm.
0—01 1-1.13
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6.4 Fluids

Solution of Problem 158. Since the mass of the sphere is negligible. initial)y 1
negligibly small part of its whole volume submerges into the water. (I we assume [I\m
the sphere is a balloon. and it is filled with air. then the mass of the air can alsq
neglected, that is why the density of air is not given.) While the sphere is slowly pusheg
into the water. the Kinetic energy ol the system consisting ol the water and the sphere
does not change, so according to the work—energy theorem, the sum of the works dop,
by all forces acting on the system is zero. There are two forees doing work. the externg)
pushing force and the weight ol the water. The air pressure does not do work becauge
the volume of the system is constant. Since the mass of the sphere is negligible, (he
work done by the external pushing force is the opposite of the work done by the weigly
force on the water. (Indeed, their sum is zero.)

a) I the sphere is pushed down in a lake, then the rearrangement ol the water during
the process can be observed as the walter displaced by the sphere at the bottom of the
lake moves (o the top of the lake i a very thin layer, while the rest ol the water remaing
at its original position.

The centre of mass of the displaced water gets higher by (= ), therefore the work
done by the weight foree on the water is Wgeiane = =i g(h — R). This means that
the work ol the external pushing lorce is:

W=mguaglh—R)=oVineeglh — R) = _}Ir‘"m_)(/(/} - R).

and numerically:

1\’()'

. ke m ;
107 =081 — 0N =263 J.

9

, 4 3
W=--0008m" 7 :
3 m- S
b)Y I the sphere is pushed down into the tank of base arca A, then it can be observed
as Lhe displaced water gets o the top ol the tank and Torms there a layer with a thickness
of?

- ‘L‘plu-n- II’M"T
L=
Ol 5 (Y

while the position of the rest ol the wate!
h-p+x docs not change. The centre of mass ol
h h 2 (he displaced walter rises by

k7 (h-nr+3).
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437
—R*rog (/ oA > :

4 ke m 0.2 S
e 2% 10° —=.9.81 —: |08 m+ ————— | =274 J.
% 3 o m? 52 ( n 6-0.5 nz >

so the work done by the external force is:

R37og (,,,,,H )

"W

| o

:N\_.

Numcricnl!y:

Solution of Problem 159. First ol all, let us examine whether the container is floating
or submerged. The mass of lhc_: container is 13 kg and the volume of the water in it
is 6dm-2dm-1dm=12 dm?. which means there is an additional mass of 12 kg.
Therefore the total mass, which is 25 kg, divided by the volume of the container, which
s V=4 dm?-6dm =21 dm?, gives an average density of Davaiags = 25,24 kg/dm* >
> 1 kg/(lm"’. which is greater than the density of water. meaning that the container is
at the bottom of the tank.

x S
: — *
: O % :
|
| T S A EE
¥ ! (o2 POl : 11.75:
] . g 1.5: : :
1 : o) N : : ;
v 053] ¢ v v v PR

The total work done can be determined by calculating the change in the potential
energy of the system. Assuming that moving the container is done slowly, the energy
dissipation can be neglected.

Let us sct the potential energy at the bottom of the tank 1o zero.

First, the initial potential energy of the system must be determined. Calculating the
potential ecnergy of the water outside the container is done in two steps. Let us handle
the masses of water above the container and on the sides of it separately. At the initial
Slate the water above the container has its centre ol mass at a height of 3dm and has
A volume of 20 dm? 2 dm = 10 din®, which is equivalent to a mass of 40 kg. The
Volume of the water on the sides of the container can be calculated as the total volume
Of the water in the tank. which is 20 dm” -4 dm =214 dm®* =56 din®, minus the volume
of the water above the container: 56 dm” —10 dm® = 16 dim™. This gives 16 kg for the
Mass of water whose centre of mass is at a height of 1dm. The mass ol water inside
the container is 12 kg, and its centre of mass is at 0.5 dm from the bottom. Finally, the
COntainer itsclf has a mass of 13 ke and its centre of mass is at a height of 1T dm.

Thus the initial potential energy of the system (that consists of the water inside and
OUtside (he container and the container itsell) is:

= 100N 0.3m+160N-0.1m+120N-0.05m=+ 130N -0.1 m=155J.
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Let us now calculate the potential encrgy of the system after setting the containe
its upright position:

The part of the base of the tank that is not covered by the container is 20 2 _
—4dm* =16 dm'z, which means that the 56 dm® water outside the container fj)|
the tank to a level of 56 (111‘115/16 dm? = 3.5 dm, therefore the centre of mass (\T‘
the water in the tank is at a height of 1.75 dm. The centre of mass of the way,
inside the container and that of the container itself are at a distance of 1.5 dm and
3 dm from the bottom. So the potential energy of the system in its final state jg.
Ep, =560N-0.175m+120N-0.15m+ 130 N-0.3m =155 J. Our results show thag the
potential energy of the system is the same in the initial and the final positions, therefore
the total work done on the system is zero. This means that the work that is given to the
system at a given stage will be given back to us at another stage.

Note that in spite of the fact that our work input is gained back at a given stage of
the motion, this work cannot be used for anything.

Solution of Problem 160. The rod is in equilibrium
/7 if the sum of the torques of gravitational force and
buoyant force is zero. Since the density of the rod is
less than the density of water both in case a), and b),
part of the rod must be above water level — except
for the two trivial equilibrium positions in which the
rod stands vertically up or down. The reason for this
is the following: if the rod is completely immersed in
water, the point of action of both the gravitational and
the buoyant force is at the geometrical centre of the rod,
so the moment arms of the two forces are the same, but
as the gravitational force owarerAlg 1s always greater
than the buoyant force 9Alg. the sum of their torques
will never be zero.

The upper end of the rod will rise until it reaches a position in which the torque of
the buoyant force (due to the change in the moment arm and in the amount ol displaced
water) that is acting on the part under water, will reach the same magnitude as the torque
of the gravitational force that is acting at the centre of the rod.

Let the equilibrium position be given by angle a, which is the angle formed by the
rod and the vertical. The sum of the torques of the gravitational and buoyant force can
be written as:

rin

h

g
cosa” 2cosa
Where A is the cross-sectional area of the rod and g, is the density of water. ThiS

leads us to
h QU‘
cosa = — [ —.
LY o

L
QAngsina—gu,A sina =0,
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Subsliluling values in case a) gives:

8 /1
i LB 5 1,

COSy = | V 0_)
which is impossible, so in case a) there are only the two trivial equilibrium positions:
at a1 =07 the cquilibrium is stable and at a5 = 180° the equilibrium is unstable. For
every other angle 0 <a <1807 the torque of the buoyant force is greater than that of
the gravimlimml force.
In case b), we get three equilibrium positions:

0.8
1

COsStx =

g0 the two torques will cancel once they reach the angle o = 30°. The equilibrium
ositions are therefore: a, = 0° and a, = 180° both being unstable and a4y = 30°.
which is stable.

Solution of Problem 161. If the cart is relcased and lelt on its own, 1ts motion will
be rather complicated. When the cart suddenly starts to move, some water usually spills
out, and the water that remains in the cart starts to oscillate. This means that instcad of
the cart and the hanging object having a constant acceleration, they will undergo a very
complicated motion that cannot be described using basic mathematics. Let us therelore
assume that the string is very long, the table is very high and the cart is not released
suddenly, but keeping one hand on it, we increase its acceleration slowly to the final
constant value. Our calculations below will all concern this final state of the system.

The volume of water in the cart is V =ahl=1dm-0.9dm-2dm = 1.8 dm’ initially.
therefore the initial mass of water is m; = 1.8 kg. Thus the mass ol the cart itself is
mg =M —m; =0.2kg.

When the cart moves with constant acceleration,

the surface of the water is not horizontal, but forms an
angle o with the horizontal. Angle o is determined 7
b jon: ) ‘\\/ ;
Yy the equation: | L
u ‘ 7 A
tana = —. \ mox b
[¢ | 4 —_—
3 \ g dm| | &
Ince the level of water was quite high initially, it is 7\/
almost oy i s wosbar Gotll @it o>/ o a
0st guaranteed that some water will spill out. In .
order (o check this, let us assume that no water spills r;;g

Out and seec what follows from that. In this case, the
acceleration of the cart and water can be determined by applying Newton's second law
0 the cart (adding the total mass of water to the cart’s own mass) and the hanging
Object, from which we obtain:

1o

M &

e
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which yields:

a mo 1.2
tana = —

= = == - i ¥ ._r'-:oh
g M+mp 2412 0.375 hence «=20.55

If a line that encloses this angle with the horizontal was drawn through the centre of
the horizontal surface of waler, it would pass well above the top of the back wall of the
cart, which means that some water does indeed spill out. Let us now solve the problem
using this statement.

Since part of the water — whose mass is still unknown — spills out, the total mass of
the cart gets changed as well. The first task is to find out the mass of water that remaing
in the cart in case the water surface forms an angle o with the horizontal. The volume
of water insidc the cart can be detcrmined by calculating the volume of a triangular
prism, which (using the notations of the figure) can be written as:

1 b 1 1dm .
—- ca-b=—- ‘1dm-1dm= litre,
2 tana 2 tano 2tana
thus the mass of water in question is
, 1
my =
2tanca

The laws of motion of this system are:
mag— K =maa,
K = (m3+m})a.
From which the acceleration of the cart and object is:
mo
mg+ my +ms
The tangent of the angle of inclination of the water surface therefore can be written as:
a Mo 1.2
tana = — =

g maztmi+my 0.2+ Ttana+1.2°

Solving this equation for tana, we find tana = 0.5, (a = 26.57°). The magnitude of
the acceleration is therefore:

m
a=g-tana=0.5g~1.9 o

This is the final constant acceleration of the cart. The water remaining in the cart has
volume V' =1 litre and mass mj =1 kg, which means that 0.8 litre of water was
spilled out. The water level at the back ol the cart is at the top ol the wall. (If we got
a value for tana that was less than 0.5, the cross section of the water inside the cart
would be a trapezoid and not a triangle, therefore the volume of a trapezoid based prism
should be determined to find the volume of the water remaining in the cart.)

Solution of Problem 162. The material in the container moves with a constanl
normal acceleration whose value is different for cach point of the container. This 18
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ensufbd by the constraining force of the individual concentric layers. This is similar to
the hydrosldllc pressure in liquid supported by the gravitational field arising from the
Onslrammc force exerted by the individual layers on each other: due to the rotation
radlﬂ] pressure is created along the cylindrical surfaces coaxial, while the axis of rotation
and pressure difference is created between the layers. Therefore, the body placed in the
Iquld expt,ru,nu,s not only an Archimedean bouyant force but also a force that acts
jowards the axis.

The force is the same as the force exerted by o
he surroundings on a liquid element that is placed T
into the same posilion and has the same size. This
liquid element is forced to accelerate radially by
its surroundings, which ‘takes no interest’ in the
material filling the boundary of the liquid ¢lement,
pe that a liquid of the same density or some other

; I=h
material.
Similarly to Archimedes’ principle, we could )
state the following: On every body immersed into
arotating liquid (and rotating with it), besides the N

Archimedean bouyant force — caused by gravity R

— the liquid also exerts a centripetal force whose magnitude is the same as the force that
would act on a liquid element displaced by the body at the same position. (This force
depends on its position; it is directly proportional to the distance between the centre of
mass of the body — in the case of a homogeneous body the gecometrical centre — and
the axis of rotation.)

Because of the above, bodies whose density is smaller than the density of water
accelerate not only upwards but also ‘inwards’. Water, whose density is higher, is forced
o move further from the axis. The magnitude of the vertical and horizontal (radial)
forces can be acquired from the suitable equations of motion. The line of action of these
two forces is in the vertical plane that contains the axis of rotation. When the bead
has taken its stationary position, gravity, the two Archimedean bouyant lorces and the
tension in the thread ensure the circular motion.

The equations of motion in the i and x directions in the inertial refercnce frame are

Ouw vg — Obody Vg - T!/ =0
o = L2
Ow Vrw” — TJ‘ = Obody Vrw®.
From these, the magnitude of the two components of tension force is:

Tl/ = (Qu: - QI)Orl_y) . Vg
and
T“‘ = (Q’” - .(_)luul_y) . V]‘u)lzl

The ratio of the two is (independent of the densitics)

tang = — = ——.
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T
From gecometry
R—1
tan T
From the equality of the two
rw= =1
g L=k

The distance 1 ol the bead from the axis ol rotation (the radius ol its circular orbit
is unknown. This can be determined from the length of the thread and the given \m}\,n”
of the bead. Since the density of the bead is smaller than the density of water, i \||1
move inwards. Using the Pythagorean theorem

r=R—\/P—(-h)?=R-\/(2l—=h)-h.

Substituting this into the previous cquation and rearranging lor & gives

l g/ I—h) b
\} (I—h) (/e— /(2/~-/,)-/,)

and the requested number ol revolutions s

=968 5!

=151< "

n =

l|s_

(R}

Solution of Problem 163. a) The pressure at the bottom is obviously the same
because the total mass of the water is the same, so the force on the bottom must also
be the same. On the other hand. at height /iy measured (rom the bottom the pressure
increases. This is because ol thermal expansion, which causes some material Lo move

above the horizontal surface taken at fiy. The
s increase 1 pressure is proportional to the amount
g ol material that moves above the level:

Apy =0'gAb.
. B i Here the new density of water is
________ . e B
VT- -------------------------- AAh1 a 1+ 3-Al
h1l ‘ and
L T — M
AV VISAL Dy - A-3AL
A/’l = l = l »][7*———-——/]]‘13/'
A A A

With this the requested icerease in pressure is

A Al ] L
AP = 00Ny =0-(- R e
P1L=204 1= @9t YN,
. kg m 0.00013 °C~1.80 °C
=10" —=-9.81 - -0.2m- = —— =20).2 Pa.
m? s? [ +0.00013 °C=1.80 °C

340



'5 \fechanics Solutions 6.4 Fluids

p) The pressure increase—height function consists of three parts. The first inlcryul is

< ¢ < h (where o stands for the distance measured from the bottom of the conlmncr.),
lh;sccond 18 It < < hyaxe the third is fgas < o0 < oc. For this last interval Apyp s
obviously 0. , . L o

we have alrcady determined the pressure increase function in the lirst interval. Jts

maximum is at o =h, its value is
Q)

h
— - Ap; =3Ap, =060.6 Pa.
1
We have o determine the domain of the middle interval. This is
et S Ahatis h<ar<h(143At).
the numerical value of /. is

Pinax = 60 cm - (140.00013 °C~.80 °C) = 60.62 crn.

The requested functions in the three intervals are

BAL Pa
Apy=pgr- ——— =100.97— - 1.
M= 1+ BAIL m [
0 0
Apii= ———g(hpux — 1) = ————glh- (1 + BAt) — x| =
=T 9l —2) = 1= glh- ) =]
] 2 h——" 3886 Pa— 9700
QU= ————0 7 = ) = e =00C A — b
S T g A TN TR m
AI'IH = 0,
respectively.
The acquired functions are shown by the following figures:
p ap| (Pa)
P'Gh e =pgh !
g P9 | At=80°C  BO.B[-~---nnmmmmmnmnne .
. ap APrax 2020,
h1 h hmax X h1 h hmax X
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Chapter 7

Thermodynamics Solutions

7.1 Thermal expansion

Solution of Problem 164. Stecl is also heated with the paraffin. The problem docs
not state whether the coeflicients of thermal expansion are calculated at a temperature
of 0 °C or 18 °C or 20 °C. Let us assume that all of these data are calculated
at a temperature of 0 °C, though the difference between the coefficients at diflerent
temperatures is quite small.

The coeflicient of volumetric expansion of steel is 8, =3-a, = 3.6-10‘51/°C. If the
volume of the steel ball at a temperature of 0 °C is V,, then at 20 °C its volume is
V,(143.6-107°-20), and at 100 °C its volume is V,(1+3.6-107°-100).

If the density of the paraffin at 0 °C is pg, its volumeltric thermal expansion coeflicient
is B,, then the density of the paraffin at a temperature of ; =20 °C-on, or at 100 °C
1S:

0o = m _ o0V ___ % - e

N VO(] +ﬁpt1) ‘/ﬂ(] +3pt1) ]—{—/311'[] ' 1 —‘;—;’3,,7‘3
The upthrust is the product of the volume of the immersed ball, the density of the liquid,
and the acceleration due to gravity, so at temperatures 20 °C and 100 °C the values of
the upthrust are:

Vi(143.6-107°-20)00g
1+3,-20 °C
V,(143.6-107°-100)0ng
14 3,-100-1/°C
If the first equation is divided by the second, the volume of the steel ball and the density

of the paraffin at a tempeature of 0 °C can be cancelled.
(143.6-107°-20)(1+8,-100-1/°C)  0.2145
(1+3.6-10-5-100)(1+3,-20-1/°C) ~ 0.200
From this equation which is a linear equation for 3, the volumetric thermal expansion
coefMicient of paraffin at a temperature of 0 °C can be calculated:

3,=0.963-10""* 1/°C.

Fop =

=0.2145 N,

Fipo = =0.200 N,

Solution of Problem 165. As the temperature of the brass sphere incrcases, 118
volume increases as well. The homogeneous, solid sphere expands uniformly in al
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directions. Its total mass remains constant, but every elementary part of the sphere
gels a bit farther from the axis of rotation, thus the moment of incrtia ol the sphere
increases. The scaling of the volume. due to the temperature increase. does not change
the expression describing the moment of inertia of the sphere:

2 )
©=-mR".
J
Let 2 denote the increased radius of the sphere, and let a be the lincar thermal
expansion cocflicient of brass. After the temperature increase A/ the new moment of
inertia is i .
& 2 Z Yy .
0’ =mR" =-mR*(1+aAt)>
9] [}

Wwith a lack of torque the angular momentum of the freely rotating sphere remains
constant, so the following equation holds:

O.w=0"."
From here, the ratio of frequencies (which is the same as the ratio of angular
velocities) is:
¢ ’ 2 >2 2
orf  f O =mR(1+aAl)

= =—=—=Z - =(1+ A/g.
w o 2nf ff O 2R (1+aan

w

Taking the square root of the equation:

1+aAl =

$0 the maximal temperature increase in question is:

7
Eq :
J vV1.01 -1
A=Y =971 °C.
o 1.84- 10_'1177

Solution of Problem 166. From the equilibrium ol torques, the following cquation

18 obtained for the angle of inclination of the rod to the horizontal at | “C:

L I hy
00,y Lo(Ae — Aj)g—cospp — 0o, —— Aeg— =0.
2 SNy 2sinyy

HencG

5 hq
SNy = —
)

A, 0.6 1.2
_ @o.Ae 08 j11B oo
o0 (Ac—Ai) 1 V2702

ad the initial angle is @y = arcsin 0.8911 = 63.13°.
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- The tube, the water and the tank all
expand when heated. The interior of the
tank expands as if it were solid glass, The
geometric dimensions and the densities al|

change:
00, 3
w=—""—— (=961.9kg
o =T ar | B/,
004, QO @ 3
oa)= ————— (=2682.6ke/m"
[N C— ( 6kg/m").

The new length of the tube is
L=Lo(1+anAt) (=1.00216m),
and the new water height is
_V_ Acho(1+BwAt) b 1+ 8w At
T A Ao(1+2050asA8) 14 200t

where Ag is the original base area of the tank. The sine of the new angle of inclination
is

(=0.6229m),

sing =

h
LV oal Ac—Ai  Lo(1+201ass A1) 1+ apAt) \ 0., (1+ BuAt) (A — 4;)

(Since the ratio of the cross-sectional areas of the tube does not change). With the
substitution of numerical data:

sing =0.91162, and hence @ =arcsin0.91162 = 65.73°.
Thus the change in the angle of inclination is
Ap=65.73°—63.43° =2.3°,

o ho(1+ BuwAt) \/ 00, (1+3a1At)A,

the tube will rise.

Solution of Problem 167. Since the temperature is not mentioned in the problem, we
may assume that the process takes place very slowly, and that the temperature remains
constant. In this case, Boyle’s law holds true for the process.

Let us denote the volume of the porous material (material with a lot of holes in it) by
_ 1 (which is the difference between the volume enclosed

i 22 | by the envelope-surface of the material and the total

j volume of the holes, which contain air). According to
| Boyle's law:

20— 20—

| p1Vi=p2Va,

10— 10— so the equation for the air confined in the syringe,
whose initial volume is V; = V/ —x and whose final
volume is Vo=V, —a, is :

Py a0 1 atm- (20 cm® — ) =2.2 atm- (10 cm?® — z).

Thus the volume of the porous material is:

z=1.67 cm®.
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7.2 Ideal gas processes

Golution of Problem 168. Let us start from the propertics of gases at standard
reference conditions. The molar volume of both gases at standard reference conditions
is Vo = 22.41 dm?. Thus. in this ..stale, 30 g mixture of gascs. which contains 2 ¢
of hydrogen and 28 g Qf nitrogen, is a 50 percent vo]llmc mixture. However, the
jemperature of the gases in the problem is 27 °C, so, applying Charles’s law, the molar
volume of the gases is:
0K

i 5 30
Vv = \/1)3\/—7? =22.41 dm”- 3 =

=24.63 dm>.
D ;73 I\ DD dm

gince an amount of My ixeure = 500 g mixture is needed in every minute, from both

Muixture _ 9

= —— =16.67 times greater than the molar volume should
A’\"[mixnn'e- 30 g

be provided for the mixture. So the volume of the gases flowed in the tubes per minute
is:

gases a volume

Mimixture , T 5 X 3 & 3
AV = ——————— Vo= =16.67-24.63 dm” =410.58 dm"”.
Ajmixtm'e o TO

The volume of the gases passed through the tubes per second is:

AV 410.58 din?® _odm?
At 60 s =084 =~
This quantity is the volumetric flow rate I, which, according to the continuity equation,
can be expressed as
[=An,
where A is the cross section of the tubces, and v is the (average) speed of the Aow. Thus
the speed of both gases in the tubes is:

I AV 6.84dm°/s 681 dm .
vV=—= —_ . frng R _ = Rl —.
A AAL 0.1 dm? s s
Solution of Problem 169. Applying New- 8cm 42 cm

lon’s second law to the piston in its final posi-
tion, we get:

prA—prlA=mya, (1) g
Where p, and p; are the pressures in the right X
ar}d left part respectively, A is the base arca <« | p, P,
Of the cylinder, and a is the acceleration of L

the piston of mass m,,. In the piston’s final
POsition, its acceleration will be the same as the acceleration of the cylinder. Initially the
Yolume of the gas in the left part is V; = 0.8 dm®, so the piston is initially at a distance
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of j=V;/A=0.8dm=38cm from the left base of the cylinder. Similarly the Pistoy®
distance from the right base ol the eylinder is: 1, =V, /A =1.2dm =12 cm. 3

The final position of the piston is determined by its distance from the cylinder lef,
base, which is y =1/, ., where o is the distance between the piston’s initial ang |in'1;
positions. When the piston comes (o rest (relative 1o the cylinder) in its final position, 1;“
points in the system have the same acceleration, so according to Newton's second law:

Y E n.

(rom which the acceleration of the centre ol mass (.., ) is:

FF 2.5N L.
{'l m = = P y == .2.") _-)
my+n. (0.2+0.8) kg 52
Applying Newton's second law to the piston again. we get:
o m
(pr—p)A=m,————=02kg-2.5 5 =05\,
ny, 4y B

where p,and pp are the final pressures of the gases in the right and Ieft part respectively,
Applying Boyle's law to the gases in the two parts. we obtain:

Vip={(l+.r)4p.
Vip="(0,.- r)Ap,.

where poas the initial pressure in both parts. This leads us 1o

B Vi.p
A
Vi
"=+ nA
iy
Dy —pr= i
Substituting the expressions Tor the linal pressures into the equation above, we find:
V. v F
I 4’ —P= /1—{:7,): mya = m,,m. (2)
Rearranging the equation leads o a quadratic equation lor .
T, . ;
2?4 {@(IHI, +m)p+l =1 e+ uI;—‘,,//L(m/, +m)p—1.1=0.
m, I mp

Since solving the equation parametrically is far too complicated, let us substitute

5 5000 ¢m? N
x4+ <—)—$|— 1 kg 0.02 — +8c¢m — l2('|ll> NE

known values:

0.2ke-2.5N cm?
1200 cin® -8 em — 800 e - 42 em 1 legt 0,02 N 9 0
_ : ‘1 ke-0.02 —S8em-A2em =
0.2kg-2.5N e cm? " e
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;"CC: ] =
& 224166 cm- o —336em™ =0

e solution is: : il
Tt —166 + V1662 41336 )
€= - cm=2cm,

go the final position of the piston will be at a distance of y =1 +r=8cm+2ecm=10cm

from the left base of the cylinder.

Remark: The solution becomes a bit shorter if known values are substituted right into
ation (2) without units, which gives:
1200 300
—-0.02

2 2 8+.r

equ

0.02=02.25

ence X X
' 81 16

12—+ 8+ux

rearranging the equation leads us to:

=0.5.

221660 —336=0

which is the same as the one obtained Irom the parametric equation in the solution.

For additional information. the final pressures on the (wo sides of the piston are:

800 em*-0.02 N /em? N
— =0.016
10 cm - 100 emm® cm

1200 cm*-0.02 N /em?
10 ¢ - 100 em?

=

5

=0.021 N/em?.

/),. —

Solution of Problem 170. Notc that l
In this problem the change in the height

[ = 10 cm 8 cm
oF the mercury level cannot be ne- = E
glected, since the base arca of the con- . - e
@iner is small.  When the volume of
the air in the cylinder decreases. so does
the mercury level, and assuming that the

47 cm

-
l—

base arcas of the container and cylinder Geml

¢ in the ratio 2: 1, we get that the de-
Crease in the height of the mercury level
S one half of the decrease in the height
ol ’lhc air-column in the cylinder.

The cylinder will be in equilibrium if the mass of the cylinder and the thickness of
S wally can be neglected. and if the external pressure acting on its top end equals its
Mernal pressure (due to the enclosed air).
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a) Let centimetres of Mercury (cmHg) be the unit of pressure. The atmosphey;
pressure can be assumed to be the normal 76 cmHg. Let x be the distance moved dowc
by the top of the cylinder when the cord is shortened by Al. In this case the mercmn
level decreases by ]

—A
Ah:x Z

Applying Boyle’s law to the air inside the cylinder, we obtain:
xr—Al
(po—f—ho) L= (])() +.’l,‘+/l() - IT> . (L+Al =3 ))

where po is the atmospheric pressure, hg is the height of mercury above the cylingder
in the initial position and L is the initial height of the air column inside the cylinder,
Substituting known values, we get:

(75em+10cm)-47em =

-6
= (76cm+$+10cm— %) (47cm+6cm—x).

Rearranging this, we get a quadratic equation for x:
22 +125cm -0 — 1350 cm? =0.

The solution of this equation is:
z=10cm,
which is the distance moved down by the cylinder. Thus the mercury level in the

. 10cm —6cm
container decreases by Ah= —— =2cm.

b) If the container is now filled with mercury up to the original level, the cylinder
moves further down because of the increasing external pressure. Let this additional
distance moved down be y. Applying Boyle’s law again to the initial and final (third)
state, we obtain:

(pot+ho)-L=(po+tho+ta+y) (L+Al—z—y).
Substituting given values, we get:
(7T6cm+10cm)-47cm = (76 cm+20cm+y)(47cm+6cm—10cm —y),
rearranging this, we get a quadratic equation for y:
y?+53cm-y—86cm? =0,

whose solution is y=1.58 cm.
Therefore the volume of the mercury that should be poured into the container is:

AV = A('onrnin(‘l‘Ah +A(‘y]indel' Y-
Substituting known values, we find:

AV =20cm? 2ecm+10em?-1.58 em? =55.8 e,

348



L~ < 5 . =
7 Thermodynnnmrs Solutions 7.2 Ideal gas processes

golution of Problem 171. The initial separation between the pistons is
o Vi 2000cm?

T4 T 100em?
After the compression, the air forms a cylinder of length . ¢m, and accordingly, the
spring is also_ comprcsscd by x cm. The piston on the left is-hcld in equilibrium by the
ned effect of the external air pressure, the pressure of the enclosed gas and the

=20cm.

combi : \ :
force of the spring, therefore the pressure of the enclosed gas needs to grow to a value
of L Do s py, 1000N/m

o =p+— = At ———

FES4 A 102 m?

where D is the spring constant. Then the volume of the enclosed gas is

Vio=A-o= 1072 m?. .
Since temperature is constant, Boyle's law can be applied:

Vi = Vs = (;u ¥ P—) Az,
A

Rearranged by the powers of .

D4 prAz—pm V=0, (1)
and the solution of the cquation is

—p1 AL/ pIAZ+4Dp V)
L= )

2D

Numerically, the equation (1) is

3 N 2 3 nT 2 N

10°— 2" +10°N-x—2-10°Nm =0,
m

which simplifies 0 5% + 52 ~1=0, and the solution is
—5+ V25420

10
Hence the volume of the air in the final position is

=0.1708 m=0.171 m.

T =

Vo=A-2=10""m?>0171m=171- 10" m* = .71 dm*.

Solution of Problem 172. The equation of the line passing through the points 2 and
4 is
p2—p1 ;
=—_—="T—p. 1
P=T T, g (1)
Where 7' and p denote the abcissa and ordinate of any point of the line. Since the point
3 also lies on this line, its coordinates Ty and ps satisty the equation:

P2 — P

R i
T -7, 3 P1 (

o

P3 =
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T3 needs to be determined to calculate ps. It can be obtained from the universal

A ‘ il : gas
equation applied to the states 1 and 3, also considering that 3V; =V;: “3
p3Vs psWh P3
Py =T =Ppas, .
o mWi ]P13V1 13‘171 (3)
With (3) substituted in (2):
e — P2—p1 &_p
b T -1, 13])1 x

With algebraic transformations and the substitution of numerical data:
Dy — 3p3(Ty —Ty) _
3= 5 =
(p2—p1)T1 = 3p1(Ty — Ta)
B 310! Pa’(500 K — 200 K)
~ 3-10° Pa-500 K — 3105 Pa(500 K — 200 K)

=1.5-10° Pa.

Solution of Problem 173. Let us draw in the graph the line corresponding to the
isobaric process passing through point B. In this coordinate system it is a straight line
going through the origin and point B, according to Charles’s law. The points of this
line represent states of the same pressure. Thus the following ratios are equal:

VA |4 T
Ve Tp’
L SR ——— C B The solution of the problem is determined by the
VS ———— intersection of the isobaric line and the straight
segment AC. From the previous equation, the
A temperature T can be expressed as a function of the
ro volume V' #

s | ) - B
> T=22V. (1)

@) T T4 T Vp

On the other hand, the equation of the straight line AC' is:

Vai-V, ’
V_Ve=2""L.(T-T¢). (2)

Substituting 7' from equation (1) into equation (2), we obtain an equation for the volume
V' corresponding to the state of the subprocess C'— A, which has the same pressurc as

state B has: A B
Vg A8 (J-V—TC).

Te~Tys \Va
Expressing V' from this equation we get the volume in question:
VaTe — Ve T, 5:273-12- ;
V=V A C" cla ~12 dm® —— 5-273 -1 7373 _~08 dies
‘/ATA = QV(:T/\ ik V(;TC 5:373—-2-12-373+12-273
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Thus during the subprocess (C — A, at the volume V =9.8 dm? the gas has the same
Pressure as in state B.

Solution of Problem 174. a) If the mercury level sinks by @ cm, then the rise in the
other arm is also z cm. If we calculate in the Hgem unit of pressure, then we get a very
simple equation for the requested rise in the level.

The initial pressure of the enclosed air is py = 76 Hgem, the final pressure is p; =
 (76+2x) Hgem.

According to Boyle's law

pohoA = (po+22)(hg+ Ah+x)A.

[n our case Ah=—10 cm = —hg/2. Substituting this and simplifying by A gives
h
poho = (po + 21) (70 —|—x> ,
pumerically
76 Hgem - 20 cm = (76 +2z) Hgem - (10 + ) cm.
From here, (omitting the dimensions) equation
2% +487 —380=0

is acquired, whose positive solution is

_ —48+/482+4-380
B 2

If the competitor calculates in the SI system, his or her equations gain the following
forms:

0 ¢cm=06.9 cm.

h
pohoA = (po+209x) (% +‘c) A,

tarranged according to the decreasing powers of z:

!
20922+ (po + oghg)x — L 0.
from here on, it is worth calculating only numerically:
. ko
2.13.6-10° —=.9.8 = . ;24
m? 52
« N . .5 kg m 10% 80,2 m
+1|10° —+13.6-10° —-98 - 02m | -z - —2—— =(.
m? m3 52 2
that is,
e 1 5 : 1 4 1
266832 —; -z +126683.2 — -2 — 10" — =0,
m m? m

Viding by the cocfhicient of 2 gives

2210474768 m- 2 —0.0374768 m? = 0.
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The positive solution of the cquation is

—0.474768 +0.471768%2 + 1-0.037 1768 ‘
= = m=0.0689 m =~6.9 cn.

b) The energy of the gas does not change because its temperature is constant, The
work done while pushing down the piston partly increases the potential energy of (e
mercury, partly covers the energy released during the cooling of the walls. The changge

in the energy of mercury appears only in the change in potential energy.

By comparing the initial and final states. it is clear that — although the mereypy
level sinks in the left arm by the same value as it rises by in the right one — i

potential energy increases. This can be calculated as if the amount of mercury that (i
into the volume corresponding 10 a sink of
in a tube ol cross-sectional arca A s lifieq
above the original common level and put ino
the other arm. The centre of mass ol this par
of mercury rises exactly by . Thercelore the
change in the energy ol mercury 1s

All=Amgur.

where Am = pAr, that is,

5 . ke . ni oo B
AL =opdrgr=0Ag7 =13.6-10% =220 ' m? 08 5 (6910 ) =
m-’ N7

=0.1269 J=0.13 J.

Solution of Problem 175. In describing this phenomenon, it is practical to measure
pressure by the height of the mercury column, ie. in centimetres of mercury. (1.013:
10" Paz 76 cmllg.) Let r. y. = and ¢ denote the heights of
the mercury columns after the pressure increase. Let p denote
the pressure ol the air entrapped between the two mereury
columns. lel py be the external atmospheric pressare, and Icl.
p1 be the increased air pressure. Let hostand for the fengths of
the vertical segments of the glass tube. and let «f stand for the
horizontal segments. There are 5 unknowns: oy 20 0 and
P 5 equations are needed,

The first cquation will be Boyle's law applied to the enclosed
air.

poViy = pV.

According (o the data not included m the wording of the problem. and only indicated
in the fieure, the vertical scements ol the elass tube are initially filled with mercury @
exactly hall their height. Thus the tolal length of the enclosed gas column equals IF‘U
combined length of one vertical tube segment and one horizontal connection. The initid
volume is therefore

Vo= (h+d)A.

‘>
‘N
[}
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The cross sectional area A cancels out of the Boyle's law equation. According to the

figure.
(d+h)-po=(d+2h—y—2z)p, (1)

rovided thal temperature stays constant throughout.
The sccond and third equations express the equilibrium of the branches in cach of the
qwo U-shaped parts of the be. On the left. the condition for equilibrium in the final

gtate 18

po+(e—z)=p. (2)
and on the rightitis

po e )= (3)
The remaining two cquations are provided by the volumes (lengths) of the mercury

columns being constant:
U ::/)_ (])

y+r=h (5)
The equations may be solved as lollows. The diflerence of (3) and (5) gives
P2y = - h. (6)
w2y =38 LR emllg
And from the diflerence ol (2) and (4).
Po — =p— /1 (7]
T6- 2:=p—152 cmHg
The difference ol (6) and (7) divided by 2 and rearranged:
n+p
yre=tt ), ()
y o = =306.1 cmlg - p)
Suhsliluling (8) into (1) we have

Po+

(d+h)py= l(/+2h_ ( +h ’I’)]])Ar//)ﬁ-/)p ’+[ =yt

This is an cquation in a single unknown for the pressure of the entrapped air. Rearranged,
will have the lollowing Torm:

P <(l+/1 — M) p—(d+h)py =0.

[/12 +13.6 cmllg- p— 12768 cmllg? = 0]
Now j; would be too complicated to continue the solution parametrically. The quadratic
Suation is solved by using the numerical coeflicients:

—13.6 emllg + /13.62 (’mll:.;") +1-12768 cmHg?
p= * S = 106.1 emllg.
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If the result is substituted into (6), the following value is obtained for the heighy of
the mercury column in the third tube: i
_mth—p 232.8+152-106.4
N 2 - 2

that is, the height of the mercury column in the third tube is 139.2 cm. The valucs of p
and y are now substituted into (3):

Y -emlg =139.2 cmllg,

r=p+y—pL=106.4 cmHg+139.2 ecmlg —232.8 cmHg=12.8 cmHg,
that is, the height of the mercury column in the fourth tube is ' =12.8 cm.
The value of z is obtained from (7) by substituting the numerical value of p:
poth—p 76+152-106.4
2 2
Finally, the value of z is substituted in (4) to give v:

-cmlblg = 60.8 cmHg.

=

v=h—2z=152 Hgem — 60.8 cmHg =91.2 cmHg.

The results are therefore as follows: p = 106.4 cmHg = 1.4-10° Pa, z=12.8cm,
y=139.2cm, z=60.8cm, v=91.2cm.

Solution of Problem 176. The boiling point of ether being 35 °C means that ether
boils at that temperature at normal atmospheric pressure. Since there is a mercury
column lying over the ether in the tube, the pressure at the surface of the cther is greater
than normal atmospheric pressure, meaning that the ether is initially in the liquid state.
(The pressure of 19 ¢m of mercury is equal to 1/4 of the atmospheric pressure, thus
the total pressure on the ether is 5/4 of the atmospheric pressure, & 1.25-10° Pa.) If
the tube is inverted, the pressure p. of the ether and the pressure of the mercury will
balance the atmospheric pressure, that is,

Pe+19 cmHg =76 cmllg,
and hence 3
pe =57 cmHg = X])O

At 3/4 of the atmospheric pressure the ether at the boiling-point temperature will
evaporate to form an unsaturated vapour.
In the liquid state, the volume of the enclosed ether is

Ve=Al.=0.2 em?-0.25cm =0.05 cm3,

where A is the cross-scctional area of the tube and [, is the length of the liquid ethef
column. The mass of the cther is

m=0V,=0.7-5..005cm*=0.0035¢.
cme
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The molar mass of ether is M = (relative molecular mass) - g/mol, therefore the
quanlil)’ of ether enclosed is
m 0.035 ¢ =
T = —— = _——h— =0.000473 mol.
M 74g/mol
The volume of this quantity of ether at atmospheric pressure and a temperature of
p°C is

em® - §
l -4.73-1077 mol =10.6cm”.

V,

€9

=V, -n=2241-103
1Mo

The universal gas equation can be uscd to determine the volume ol this quantity ol cther
under the conditions present in the inverted tube:
/)()‘/

‘o

(59

vV

+35K°

PV g [-10.6 em?
ST iy that is, e
T T 273K 2731

and hence the volume of the ether vapour in the inverted wbe is

S b

V=15.95cm®.
The length of the column of the ether vapour is

V. 1595em?
= A~ 0.2em?
that is, the upper end of the mercury column is 79.75 cin below the closed end and its
lower end is at 98.75 cim. Thus the experiment can only be carried out il the length of
the glass tube is at least 99 cm.

=79.75cm,

Solution of Problem 177. As seen in the fgure, the
balance of pressures for the hydrogen means ( )
po+09h = pi,, (1)
and for the oxygen: oy
po+ ogh = po, +og(x —y). (2) Ah
According Lo the universal gas equation, h
Py A= Ny, kT () x| |H, 02 1Y
and e -y
PO, Ay =No, kT. (4)
The height of the water column pressing on the hydrogen
Is
h=.ur+ Ah. (3)

Since water is incompressible,

r+y=Ah. (6)
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It follows [rom the composition of the water molecule that

[V”__, = 2.‘\7()._, .

(7)

This system of simultaneous equations leads to a quadratic equation in z: With @)

written in (3):
])”.ZAIZ'ZA"’QakT. (31)
(3") divided by (4):
PH.* =2 — IZQ&
Po-Y PH>
With py;, and po, substituted from (1) and (2):

y.

po +ogh — og(r —y)
r=2 2.
po +ogh
With A from (5) and y = Ah—z from (6):

po+og(x+ Ah) —og(z — Ah+ )
po+og(x+ Ah)

=2

(Ah—1x).
The quadratic equation obtained by rearrangement is

0g2% — (3po + T09Ah)x +2 | poAh + 209 (AR)?| =0.
With the numerical data (with all quantities in SI units):

9.82% — 368.6x +239.2 = 0.

Hence the height of the hydrogen column is x =0.660(43) m =660 mm, and the height
of the oxygen column is y = Ah—z = 0.339(54) m = 339 mm. (The height of the
hydrogen column is a little smaller than the double of the height of the oxygen column
since the external pressure on the hydrogen is larger than on the oxygen: 660 mm <
< 2-339mm=0678 mm.)

The mass of the hydrogen producced is obtained from the gas equation:

m
,Vy,=—RT,
PH,VH, M
which now means

m
[po+ (z+ Ah)og| Ax = ]\_/[RT'

Hence the mass of the hydrogen is

M
m e [po+ (z+Ah)pg] Az =24.712 mg.

RT
Since the device extracts Am =0.6 mg of hydrogen per minutc, this quantity takes
Am .
t= el 2471.2s =41.187 minutes
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)prodUCC- Thus the average speed of the rising water level in the middle tube is
{C
Ah 1000 mm mm
v=— = — =04 :
t 2471.2s S
The motion s not strictly uniform, _sincc as .timc passes, the growing water column
imposes @ growing. pressure retarding the increase of the volumes of the gases

developed )

l
Solution of Problem 178. The initial volume of the enclosed air is V) = V+A§ (=

1020 c1113). After heating, the volume becomes Vo =V + Al (=1040 cm3). According

10 the gas law
p1Vi _p2 Va

T T’
from which the unknown temperature is

_ AL T
Vi

T2 1-
In this expression only pressure py is unknown. This pressure comes from the external
atmospheric pressure p; = po and the hydrostatic pressure. Since the container is
narrow, the external mercury level rises considerably, thus leading 1o an increase in
pressure at the bottom of the tube. Our task is to determine this increase.

The increase in the volume of the expanding air is AV =

{ .
= A§ (=20 cm®). This air displaces the same volume of O O

mercury, therefore the rise in the mercury level is

AV AL .
Ah = oy = e —ZA (=2.5 em),

|anl
Where a® — A (= 8 cm?) is the cross-sectional area of the
mercury column. (The cross-sectional area of the wall of the tube

¢an be neglected according to the wording of the problem). With

this, the hydrostatic pressure of the mercury at the bottom of the
[ube is

l ko
PHe =09 | =+ Ah | =13600 —= - 9.81 M 9951072 m=
° 2 m? $?
—30018.6 Pa,
d the (otal pressure is
P2 =71y I PHg = 130018.6 Pa.
With this, the unknown temperature is
130018.6 Pa-1040 em?

=283 K- 3 = 1K =102.1°C.
T, =288 105 Pa-1020 cm? 375.1K =102.17C
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Solving parametrically:

|
[~
[

o+ 0« ik
SRR a?— A

o]~

alter simplilying
(2/)(, + ogl I[—’%T) (V+ Al
po(2V + Al

Solution of Problem 179. a) Since the container and the piston are heat insulators.
the energy released by the heater is cqual o the heat absorbed by the ¢as. During (he
isobaric process, a part ol this energy increases the internal energy of the gas. the other
part of it covers the work done by the gas.

The ideal gas law provides us a relationship between the mass of the gas and the other
thermodynamic quantities:

M
pV=—RT.
m
For the isobaric process we have
m

m RAT.

pi

pAV

Using this formula. we have two equations for the two isobaric processes. In the first
case the mass of the gas is i, in the second case m —Am:

AV PaAVLAL
m=——— and m—Am=———.
RAT, RAT,
[n these two cquations the two unknowns are o and A/, Expressing the molar mass
from the first equation, and inserting it into the second one. we get that:
mRAT, A P AV RAT, 2 AVLm AT,
=——7— SO m—A4n =- : = , :
[)]A\/I /)|A\]]{A[3 /)|A‘/]ATZ
The mass of the gas can be determined from the last equation:
)»)A\‘T)IH_&T| 1w AVLAT
l_%‘ = AIH — m — !_%-b] = A]}/ —
[)]A‘-]Ar-_v /)[A\,A/"_;
Aumn Am-p AVIAT,

(1-maian) T W AVAT, — 1 AGAT,
m 1 2

1" -

m =

Using this result. the molar mass is:

mBRAT, Am-p AVIAT, RAT,

AV T (mAVIAT: — e AVATY) p, AV,
Am-R

= —— AT\ AT>.
(MAVIAT — pp AVLAT) 1702

!
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N|,1|ncrically_ we get that:
P AVAT, ) 139.2.5 - 16.88 )
AVIAT, — p AVLAT; - ©130.2-5.46.88—130.5-8-29.3

(The units in the fraction after A cancel out, so they are omitied.)

R0 g

8¢

m = .‘A/II £

p) The molar mass is:

_mRAT, _80g-831 47 293K g

AV 1392 kPa-5-1073 m3 ol

Since the gas in the container is diatomic. we can conclude that originally there was
R0 g nitrogen gas in the container.

¢) Knowing the type of the gas. its specilic heat at constant pressure can be obtained
from data tables. Using this. the energy released by the heater in the first process is:

Q) =c,mAT, = 1038 (0.08 kg 29.3 “C=2433.1 ).

O
K2 IN

Solution of Problem 180, a) Initially the pressure of the air in the pipe is the same
as the external air pressure pg. After the pipe is pulled higher, the pressure py of the
air in it becomes

4 kg m
1= po—howmerg = po— 0.5 m-10° 50 9.81 = =po — 4905 Pa.
n g2
: . P[]
According to Boyle's law: 0
lopo=11p1- A. i "
thus
0.6 m-po=0.63 m-(py— 1905 Pa). Pof | 1o h
From this
0.03py = 0.63-4905 Pa = 3090.15 Pa.

and the external pressure is:

~3090.15 Pa 103005 Ps
=03 T T

(For the sake of completeness, we note that the pressure ol the air in the pipe has the
Value

p1=po— 1905 Pa = 103005 Pa — 14905 Pa=98100 Pa,
by the firs( cquation.)

DY IF the water level in the pipe is decreased by 16 ¢cm, then the length of the enclosed
A Column is increased by this value. In order to maintain the equilibrium, the pressure
01' the enclosed air has o increase as well by the pressure of the missing water column
o height 16 cm. So the new air pressure inside the pipe is:

o=+ ogAh,
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where Ah =16 cm is the increase of the length of the air column. The new volume of

the air is:
Vo=(l1+Ah)-A.

Comparing the initial and the final state by the ideal gas law, we get:

pihhA  (p1+og9Ah)-(li+Ah)-A
2R T

)

which means that the new temperature is:
(p1+0gAh)- (I +Ah)

TQ: - T].
b
Numerically:
(cmoo Pa+10° ££.9.81 13.0.16 m)-(o.63 m+0.16 m)
T, = 278 K =
! 98100 Pa-0.63 m W

=354.2 K=81.2 °C.

Solution of Problem 181. The pressure and the volume of the gas below the lower

piston are:
mg m mg 2myg
PL=p2t— i —P()+—g+——1)n+ =
10°Pa 4 A A
10° Pa+ 215810 % Jo0000
= 1l = a.
- 103 m?
----- ———————— Vl =71 A
20cm Pz After the pistons are lifted, the new pressure and volume
_‘I’" here become:
P x

o Py = (y+ 79):1/+10000 B
Vi=(r+0.04 m)-A
where y =p5 is the final pressure between the two pistons.
In the initial state the pressure and the volume of the gas between the pistons are:

pa = po + % ~10° Pa+ 1118“;—5121; — 110000 Pa.
Vo=(0.2 m—z)- A,

and in the final state:

ph=y and V5=[(0.2m+0.1 m)—(z+0.04 m)]-A=(0.26—x)-A.
At constant temperature Boyle's law is valid for the two gases:

mVi=piVy and poVa = phVy.
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mserting the volumes and pressures, the cross section cancels out and we get:
120000 Pa-x = (y+ 10000 Pa)(+0.01 m)
110000 Pa- (0.2 m—x) =y(0.26 m —.r)
Exprcssing the pressure of the upper gas from the second cquation, we get:

110000 Pa-(0.2 m—.r)
-
Y (0.26 m —.r)

Wwriting it into the first cquation, we obtain:

f 110000 Pa- (0.2m — )
120000 Pa-.r= - +10000 Pal-(.r+0.01m)
(0.26 m—x)

and after dividing both sides by 10000, and multiplying by the denominator.
12 Pa-z:(0.26 m—u)=(11 Pa-0.2 m—11 Pa-z+1 Pa-0.26 m—1 Pa-2)(+0.04 m).
Now we carry out the operations in the equation:
3.12 Pa-m-r—12 Pa-r? =246 Pa-x+0.0984 Pa-m? —12 Pa-+? 018 Pa-m-.»
and write the equation in a simpler form:

1.14 Pa- m-r=0.0984 Pa-m”.

Dividing this equation by 1.14 Pa-m, for the distance ol the lower piston from the
bottom of the cylinder in the final state, we get that:

0.0984 Pa-m’
g=—

1.14 Pa-m

With the help of this result, the problem’s question can be easily answered. After
removing the upper piston from the cylinder, the pressure of the gas below the other
piston becomes the sum of the external pressure and the pressure due (o the weight of
the piston: 110000 Pa. The new volume is determined by Boyle's law:

pr-Ar=pl-A-z

=0.0863 m=28.63 cm.

The cross section cancels out. With the numerical data the cquation reads:
120000 Pa-0.0863 m= 110000 Pa- z,
and the new height of the piston is:

12 Pa-0.0863 m
= ket 0.0941 m=9.11 ¢m.
11 Pa

(Remark: the calculations would have been simpler i we had omitted the units in
the equations. Furthermore, it we had not insisted on using SI units. but had instead

Measured the lengths in centimetres, then the numbers would have been more convenient
3 wel] )
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Solution of Problem 182. The mean specific heat of a gas mixture at constant Volume
can be determined from the formula U = ¢,mT and the additive property
(U=U;4+U;+Us):

of Cnergy

C

Uhix

mT = cy, T +cpymaT +cyymaT =cy aymT + ¢, aomT + ¢y, azmT,
where «; is the percentage of the ith component. Division by mT gives
Cymix = Q1Cy, T+ Q2Cy, + Q3Cy, .

(Note that the result is the arithmetic mean weighted with the percentages:
0y, + ey, +a3Cy,

o o)+ Qo+ a3

Cy
where a; +as+a3=1.)

With the molecular expressions of the individual specific heats:

~__h R fa R s B
Comin = 3y T M, T2 M
5 1 501 3 1) 831 J J
={0.755-2 = +0.323- 2. — +0.013- 2 - — } - 0 — > _ =714.85
( 555 g PO g 2 40) 10-3 kg- K kg K

(The air investigated here contained no carbon-dioxide, that is why the result differs
somewhat from the value 712.J/(kg- K) found in tables.)

Solution of Problem 183. Let M be the unknown mass of the ice block, and let m;,
mo and m = 0.3 kg denote the masses of the steams let into the system. The notation
for the equilibrium tcmperatures at the different stages are t; =10 °C, t, =15 °C and
t3 =23 °C'. The hcat balance equation after the first stage, in parametric form, is:

Lomy +cymi Aty + Ly M + ey M Aty p =0.

Here L, is the condensation heat of steam (the inverse of the boiling heat), L, is
the melting heat of ice, and the At’s, with different subscripts, denote the appropriate
temperature changes.

It is more advantageous to treat this equation, as well as the following three ones,
numerically, plugging in the numerical values of the different thermal constants from 4
material table:

o] J J
—2.256-10°% — .m; +4200 mq-(—90 °C) +334960 — - M +
kg kg °C kg
J
420 -M-10°C=
+4200 kg °C 0°C=0,

which gives us the following relation between the mass of the ice and the steam:
my =0.143113- M.,
The equation of heat balance of the second stage, in parametric form is:

Lemy + cwma Aty + oy (1 + M)Aty =0.
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and in numerical form:

(M+my)-5°C=0,

> J o ¢
_9.256" 10¢ i(—g - + 4200 c’ my - (—85 °C) +4200 l

e =G kg °C
which leads to the mass of the steam in the second stage:
mo = 0.0091869 - M.
Finally, the heat balance equation of the third stage, in parametric form, is:
Lomg+cymsAtay +cw(my +ma+ M)Atzp =0,

and in numerical form:

J
= .0.3 kg+4200

, o
g kg °C

—2.256-10°

0.3 kg (=77 °C)+

J
+4200 ——— - (0.1523M + M) -8 °C =0,
kg oCI ( )
and solving the equation, we obtain that the mass of the ice block initially in the

container is:
M =19.986 kg~ 20 kg.

First solution of Problem 184. In solid or liquid phases matter is in a bound state,
which means that the sum of the kinetic energy of the particles (due to thermal motion)
and the interaction energy is negative. In the solid phase the particles are more strongly
bound than in the liquid phase, thus the absolute value of the (negative) energy of the
solid phase is larger than that of the liquid phase. During the solidification (freezing)
process matter gets into a state of lower energy and transmits the energy difference into
ils environment.

If water is cooled down in a very careful way, in the liquid phase, it can be cooled
well beyond its freezing point without crystallization. This phenomenon is called
Supercooling. To initiate the freezing, small crystal seeds should be present, around
Which the crystallization process starts. (The supercooled state is unstable.)

When crystallization starts, the (negative) energy of the system decreases further, in
Such a way that the system transmits a part of its energy to the environment. The energy
1'51.eascd during the freezing of the supercooled water heats up the system to freezing
Point, so while a part of the supercooled water becomes ice, the other part of it remains
Water at () degrees. If all this occurs in an insulated container, the total energy of the
‘~water mixture remains constant.

€t m; denote the mass of the solidified water (ice), let 'n be the mass of the total
aMoun of (supercooled) water, and let Ly be the solidification heat of water (melting
Cat of jce).
A part of the heat released during the crystallization of ice of mass m; heats up the
Mrozen water of mass m —m;, the other part of it heats up the ice from temperature
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——

=9 °C 1o 0 °C. Thus a new cquilibrium state of ice and water is reached at () °¢
Since energy does not leak from the isolated container. the heat balance equation is:

cin; A +cep (m—m A —m; Lo =0.
Aler rearranging the equation and expressing the mass ol the ice. we get:
m;[Ly+ (. — )AL =cpmAl.

ot 87 1 18 kg 9K
ey = = =1.9172 kg~ 2 ko

Lo+ (e —c)AL 331960 & + (1187~ 2093.4) e 9K o

In the solution we neglected the facts that the heat of [reezing (Ly) is given at (he
freezing point and that the specific heat may vary with the temperature.

Second solution of Problem 184. In this solution we neglect only the temperature
dependence of the specific heat. The solution is based on the fact that if the system
gets from an initial state in two different ways to the same final state, then the energy
changes corresponding to the two ways are the same.

First Tet us carcfully transfer cnough heat from outside into the isolated container so
that it will heat up the total amount of supercooled water to the freezing point, i.c., to
0 °C. In this way we get 18 kg water at temperature 0 °C. Then let us withdraw the
same amount of heat from the system. so that the nternal energy of the system will
become the same as at the beginning. This will make a part of the water freeze so that
the system reaches the same final state as we had obtained via another way, i.c.. initiating
the freezing by slightly shaking the container, or by throwing a small ice crystal into
the supercooled water. Let us determine the amount of ice produced by the distraction
of the heat transmitted in the first step.

The heal needed o increase the temperature ol the supercooled water from —9 7 C o

0°Cis:

Qi =y mANE=4187 A8 kg 9 K=0678291 J.

kg I\
So now we have 18 kg water at 0 °C. Next we lake out the same amount of heat as we
put in in the first step, due to which a part of the walter freczes: Quue = m; L. It means
that the mass of the frozen ice is:
Qon _ Qi 678291 .1
Lo Lo 331960 J/kg

m; =2.025 kg~ 2 ke.

The small (approximately 5%) difference between the two solutions is due 1o the
exclusions mentioned above. The value of Ly is diflerent in the two solutions.

Solution of Problem 185. a) When the piston is pushed downwards, the density ol

e s ¢

the saturated water vapour does not change. A part of it condenses, and as a result lhl
- . : . L oand

water level rises gradually while the vapour space is compressed both from below *"l‘
the

rom above. Let o stand for the height of the water column in the final state, y for
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descent of the piston. Let the original masses of the water and vapour phase be my and
m . and the final masses be i, and . respectively.
[n the initial state:

mw = Ahjow = Ahno,

my = Ahso,.
The total mass of the material in the cylinder is
My +my=Ahyno,+ Ahso. = Aoy (nhy +hy).

[n the final state:

m

w = Apyz = Anpg.x,

m., = A(h—y—ur)o,.
The total mass in this state is
ml 4+ ml =Anoer+ A(h—y—x)o. = Ao.(nr+h—y—ur).

The total masses wrilten in the two

ifferent ways are cqual: TR [l
differe y ] . ’ i |
Aog(nhy+hy) = Ao, (ne+h—y- r). ‘ ¥ ‘
|
that is, h2=750m vapour |, L I
h—y—x
nhy+hs=nr+h—y—ur. | ] |
Making usc ol the fact that the given | _‘T{ 11 x
final volume of the vapour is V' = h1:250m' water] * —_ =
=Ah—y—u1): o
% h= h1 +h,
nhy+hs=nr+—.
PR A
from which
e ho " v o= N 75 ¢m 1500 em? 0 L
r=h+—4+—=25cm - = =40 cvn =4 i
'T T nA 2 2-.100 cin?

’

Subslllullng this into expression i —y—.a = i for the volume gives

] Y —100 10 iS00 e _ . 1.5d
1'= £k g =i CIN—4L) el — ———— = 1{ 5 = 1.9 am.
e : A 100 ¢m?2 = ’

S0 the piston should be pushed down by 1.5 dm.
[ b) In the final state, there is only water under the piston, whose mass is equal to the
Yl initial mass of the water and the vapour, that is, to value

me +ime = Ao (nhy +hs)
Clermined in part a). In the final state, the mass ol the water is

m=Aznp,,
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where z is the final height of the water column. With jt
Aznp, = Aoy(nhy+ ha),
from which nz =nh;+ h,, and with this

ho . 75 cm ». .
z=h;+—=25cm+———=62.5 cm=06.25 dm.
n

So the piston should be pushed down by Ay +hy — 2z =25 cin+75 ¢cm —62.5 ¢ =
= 37.5 cm in order to have all saturated vapour condense.

Solution of Problem 186. The process is adiabatic. The massive wall accelerateg
until the pressure on both sides becomes the same. As the piston is thermally insulateq,
it does not gain energy from the gas through transfer of heat. The change in the kinetjc
energy of the piston is equal to the sum of the works done on it (work-kinetic encrgy
theorem):

1

Emv2 = Wi+ Wa.
In an adiabatic change the works done by the two gases are equal to minus one limes
the change in their internal energies, so

%mv2 =—AFE,—AF,;.

As it is known (e.g. from the data and formula booklet):

WP Vi—p2Vs
gas — 5
vy—1
where
= S
l( - )
Cy

the ratio of specific heats.
Using this in our case, the values belonging to the second state are indicated with
commas (") and the equation is reorganised:

—mu° =
2

o piVitpVa PV +poVy
-1 gl

As the wall does not accelerate upon reaching the maximum speed, the pressures of
the two gases are equal, that is, p'1 =p, have the common value p. for a moment, and

the total volume does not change by moving the piston (wall) (V{ -+ VJ =V +V4), oul
equation gains the following form:

_”11,2 _ [)IVI +])2V2 - I)::(Vl L ‘/2)
: v-1 y—1
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7, J 115

All we have 10 do now is determine the common pressure p,.. In order to determine
jt, we can use the state equation for adiabatic change of state (Poisson’s equation):
)
£y R
mVy =pV',

1)2 ‘—)' :/)I.-"”é.

from which

1
P17 o\ Y
Wi (I_1> Wy, and W= (/_2> .
Pe - Pe

By adding these and taking into consideration that the total volume is constant:

1 1
o P i
VMJQ:(QJ wq+<&) V.
Pe Pe

From this, the common pressure after raising the fractions to the given power and
reorganising is

{ L
1 ERT 5
o Vit Ve
)y =T,
! Vi+Va
from which the common pressure is
1 1 L

p;’ Vi+ [).; Vs

pe=

(Vi+Va)

If it is substituted into the formula for the kinetic energy of the wall, the requested speed
can be expressed:

1 1 !
1’1"’ Vi+ps Vs

2 ui m
v= | — [p Vi+pVo— - =5017 — =5 —,
(v—Dym [P TP T T g e
In detail, with numerical valucs
5——<4:10° Pa-3.1073 m*+2.5-10° Pa-2- 107> m3—
3°2kg
" : n 196 g 5 s 1/2
4 [(4'10" Pa)?¢.3.-1073 m? +(2.5-10%)YY.2.107* 111'5] 4 ot M an
: A =. [ — X~ —.
(31073 m?42-1073 m?)3 s s

Where v =5/3, v—1=2/3, 1/7=0.6.

First solution of Problem 187. The pressure of the gas mixture can only be increased
&
¥ decreasing the volume since, owing (o the thermal insulation ol the vessel, the process
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must be adiabatic. Concerning the temperature, volume and pressure of the gas mixlure,
it does not make a difference whether or not you assume that the two gases, initially,
of different molar heats and degrees of freedom, are scparated by a thin insulating mid
freely moving wall. Then — since the given data refer to 0 °C and atmospheric pressure
— the two gases fill volumes detcrmined by their quantities. There is exactly I mole
of helium, so V,,,, =22.41 dm”, and half a mole of oxygen, so Voo, =11.205 dm?
When the piston is pressed to increase the pressure from po = 10° Pa to p; =2-10° Pa.
both gas compartments are compressed, while their temperatures increase to diflerent
extents. At this stage, the volumes of the individual gases can be expressed from the
equation of adiabatic change. The ratios of the molar specific heats are 5/3 =+, for
helium and 7/5 =2 for oxygen. Thus

L J2
p‘-)v“m =} lye®

Hence the volumes of helium and oxygen after the compression are

)

o 1
Vi, =V, <@> =22.41 de2—g =14.785 dm>.

P 5

1

i 5 1
Vi, = Voo, (p—o) =11.205dmm® —
) TP H

=6.829 dm?>.

The volume of the gas mixture at py = 2-10° Pa is now
V=V, +Vi,, =14.785dm”+6.829 dm® = 21.615 dm".

This is not the final volume yet, since the lemperatures of the two gases are different. The
balancing of temperatures will involve a change in volumes (now at constant pressurc).
The different temperatures of the two gases are given by the universal gas equation:

WV 2.10° Pa-14.785dm>

Tige =To e =273 K. 2 0 S =360.22K.
PoVo,,. 1-10° Pa-22.41dm
PiVi, 2-10° Pa-6.829 dmm*

T, =Tyt 102 copgi. 2 2 M 332765 K.
: Po Voo, 1-105Pa-11.205dmn

Now the two gases have the same pressure but different temperatures. The divider
of the two compartments is then removed ‘in two steps’. First it is imagined to turd
into a light and thermally conducling piston, and finally the piston is removed. In lh_c
first stage, the temperatures of the two gases are balanced, while the external piston 15
continually adjusted to maintain the constant pressure of p; =2-10° Pa. (This involves
the displacement of the external piston, and thus the final total volume will change.) Al
the end of this process, temperature and pressure are both equal in the two compartments:
that is, they are in complete equilibrium. [f the (imaginary) piston is now removed:
the two gases will mix until chemical concentrations are also balanced, and the whole
process will stop.

The common temperature can be determined by using the equal absolute values of ¢
energics absorbed and given ofl (since there is no energy entering or leaving the vesse

he
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any more). Now, with the thermally conducting piston still in, the gases transfer energ
1o each other until the mean kinetic energy per degree of freedom is balanced between
the two compartments. Meanwhile they do work on each other since their volumes
change. The work can be expressed in terms of the molar specific heats at constant
pressure:

”114'(/11)/:.(7-—‘1”, = T) = n()gC";IU(T - Tl”: )

and hence,

n ”('C"pth He E= n(): C’[;()’I‘l()__3

ngeCpn+10:Cpo

5N = J Q Y g - ¢ J < 7QE 1
1 wool-20.5 —i - 405 miel- 287 —L.

mol- K mol-K

The combined volume of the two compartments is obtained by adding the individual
final volumes of the two gascs, which can be calculated from the gas equations for
constant pressure:

. 348.92 K
V]I]l' =V, = =14.785 dm? - ———\,
S, 360.22 K

T 3 348.92K
VS, =Vig, = =6.820dm® ——
02 = Vloy - 339 785K
2
If the thermally conducting wall is now removed altogether, the two gases will mix, but

neither the temperature nor the pressure will change anymore. Thus the final temperature
of the gas mixture is

=14.321 dm”,

=7.160 dm®.

T =348.92K,
and its volume is
V =V} + V5, =11.321dm* +7.160 dm® = 21.481 dm”.

Second solution of Problem 187. The result is obtained faster by using the mean
molar heat ratio of the gas mixture, which is obtained as follows: The internal energy of
the gas mixture is an additive quantity, so at a temperature T, the total internal encrgy
ofa mixture of ny moles of one gas of molar specific heat C,; and ny moles of another
838 of molar specific heat C,; is

N1 Cy, T +12C 0T = (n1+n2)C, T,
Where the mean molar heat at constant volume is

n1Cy1 +12C,0

ny+no

C,'L. —

)

l : 3 . . . .
cha[ 1S, the arithmetic mean weighted with the numbers of moles. The molar heat at
0 .

NStant pressure is

(n1Cp1 +12C2) AT = (ny +1n2)C,AT.
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Henee the mean molar heat at constant pressure is

o O 4G
e oy )

The ratio of the mean molar specilic heats s

'

o G mCn e

e Gy Gy +nsCys
With the given information substituted. the value of the ratio for the gas mixigre
investigated is

|

mol- X

|

+0.5 mol-28.7 ——
mol- K |

1 mol-20.5

" 1mol-12.3 —— +0.5 mol - 20.5 —1—
mol- K mol- K

D195,

Il

This makes all calculations much simpler. The initial volume is obtained from the
universal gas equation:
. (N +NL)AT
Vo= ———=
I'
(6-10% +3-10%*) - 1.38- 107% 2. 273K i & :
= - ~ =33.91-10 "m” =33.91 dm".
107 Pa

The cquation of adiabatic change states po V' = p V™. Henee

o\ g | :
) Do} = 3391 din’- — =21.651dm™.
I 25

The diflerence Irom the value above is caused by the fact that the given molar
heats are rounded values. (In calculating the mean molar heat ratio 4. these roundings
influcnced the result in a diflerent way.)

The final temperature is simply obtained [rom the universal gas cquation again:

V=V

. v 24109 Pa-21.6510 dm?
T :T‘,L. =2T3 K ——— ‘)”—.,— =318.661 K.
PV [-10° Pa-33.91 dm?

in good agreement with the lirst solutton above.

Solution of Problem 188. a) [n cquilibrium, both pressure and temperature are the
same on both sides. The state cquation for the two gases alter the equilibrium is reached:

pelVi — AV) = N kT, (1)
(Vo + AV) = NokT,. (2)
e : Vi—AV N oo :
Dividing (1) by (2) gives Vi AV N multiplying by the denominators:

VING —AVN, = VLN + AV N

370



7. Thermodynamics Solutions 7.2 Ideal gas processes

from which the volume swept by the piston is:
[\'-_) \"'rl = ;’\'L ‘_)

// —_
Al CES.

—
8
~—

The relationship between the numbers of particles and the initial data of the gases is
siven by the state equation:
=
P V] = -/\-l AT[ ¥ /)-h)V-_) = J‘\“"__)l!’T_).

From these. the numbers of particles can be substituted into (3):
p2\ays _ Vi
AV = M
- m Vi + ll_w\/»_w :

kT [
After simplifying and factloring out:
(p2Ty —pi Ta)ViVy (3 10%-350 — 2-10° - 280) -4 -
Vipi Do +p,VoTy — 2-105-4-280+3-105-5-350

AV = dm =1.31 dm®.

The displacement of the piston is

Aeo AV _ 131 m? 1,87 4
5= —=——=1.31dm.
A 1 dm?
(Those who start with the gas law written for the changes in the state of the gases
enclosed in the two parts. end up with the following:

mVi _ pe(Vi—AV)

: (1)

T, p ol
pVa _ pe(Va+AV) y

(1) divided by (2') gives
])]\/17—:2 "/1—AV

e VaT) — Va4 AV

Affter rearrangement the change in volume is acquired immediately.)

Those who start with the conservation of the total energy of the gases enclosed in the
ylinder can write up the following:

; 5 3 N 5 N s
E=Zp Vit opaVo=2210"— 1107 -+ 2.3.10° — 5-107 m® =
2 2 ) m? 2 m2

= 1200.J 43750 = 4950.).
The energy in the new cquilibrium expressed with the common temperature is

5 3mV 5 10 Vo
N kT, + ;;f\"v_yla'f. . (;I’} L %I);, ')T(
2 2 T 2 T

(SR
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From the equality of the total energy in the initial and in the final states:

oo VitV SpViksmVe o
) §L+ 3 ”‘) 3T +5pa VT L

With numerical values, after simplil‘ying by the powers of 10 and the suitable unis:
T 3:2:1+5-3-5
© 324280 K+5-3-5-350 K

The common pressure rcached in equilibrium is

-350 K-280 K=294.3 K.

Vi 4 paVe 5 .
(Ny + Na kT, (“— + 1_7) T, 210 ,(], ad | 3-10’)\“?4.-.) . )
TV VitV - o5 M3=25107 P,
v 1 2 :

The change in volume is acquired from the gas law written e.g. for helium:

mW _ pe(Vo—AV)

Tl T(: ‘

from which

mVi o _2:10° X .4.1073 md , ,
=4-10 3_2043 K- m =1.31 dm®.

peTy o 2.5.10° Pa-350 K .

So the displacement of the piston is As=AV/A=1.31 dm.

AV =Vy—T,-

b) If the piston is permeable, the pressure, the temperature and the density of both
gas mixtures will be the same on both sides. The piston can be in equilibrium in any
state. Its place is determined by the rate of the equalisation of the temperature and the
diffusion speed of the different materials.

¢) If the piston allows only helium to diffuse into the other part, the piston will move
to the end position on the side that originally contained only helium, the sum of partial
pressures will always be greater in the mixture. The helium concentration strives (o
equalise in the process. (Concentration is an intensive state variable like pressure and
temperature.)

First solution of Problem 189. The fact that the containers are connected does not
make it impossible to maintain a temperature difference between them, but ensures thal
the pressure is the same in each of the three containers. Therefore the masses of gases in
the containers must change, gas should flow to the coolest container from the other two.

The quantities describing the initial and final state are shown. The initial temperaturc
pressure, the initial mass of gas (which is the equivalent of 1 mole per container) and
the final temperatures in each container are known. The volumes ol the containers and
the total mass of gas remains unchanged throughout the process. The final pressure and
change in energy can be determined easily by using the conservation of matter principle
and applying the equation of state to the different containers.
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The total number of moles is constant (there is no P P P
3 . o 0 0
2k in the system), so:
leak ! v To T To
ny+no+4ng=3ng. (1) Ng Ng No
; ; 3 [ | [ |
where 10 =1 molg. Apply.mg‘ t!]g equation of state v v Vv
{0 any of the containers in its inital state, we have:
I)()‘f = II()[{:T:). <2)
Applying the equation of state to cach container in p P P
their final states, we get: T T2 T3
n, n, N,
pV =n,RT\. (3) | 1 | 1
_ v v v
pV =1 RT,. (1)
[)V = I);;]{T;.‘ (3)

~ where Tp = Tj. Isolating the number of moles using equations (3). (4) and (5) and
inserting them into equation (1), we obtain:

pV pVo o pV
RT, ' RT; ' RT;
Let us isolatc /?/V from equation (2):
ﬁ _ Do
VooongTy

:317(). (II)

and multiply equation (17) by R/V:
1 1 1 R Po o
— o — b — | =3ny— = By — =32
! <T1 T T,-;) VT T
From which the final pressure is:
Lol 1\ 1,15
r= Ty T'To+T\Ts+ 1Ty

simplify this expression using 7o =Tj:

o §we
) = 3P ey =y = .
P T T T+ Ty
Substituting known values. we find:
N 373-573 N
Pp=3-10— = ——— =0 —.
cem? 373473+ 373-5734-473-573 cm?

The total internal encrgy of the gas in its final state is:

U=U,+Us+Us=com Ty +comsTo+comsTy.
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assuming that the mass of a gas can be written as the product of its molar masg ang
number ol moles, we obtain:
U=c,M(n)T)+naTs+n3T3).

Substituting the number ol moles isolated from cquations (3), (4) and (5), we get:

Ty To p Ty
U=c,M <7)0——T1 Faon. X e L

po T Po T) po T3
Note that the final temperatures of gases cancel out, which means that the energies of
gases in the three different containers are the same in spite of the fact that their masses
and temperatures are different. Therefore the total internal energy of oxygen gas in g
final state is:
RVIYE

TVTo+ T\ Ty +ToTs

T
U=3c,Mng —Op =3¢, Mny-3
Po

Substituting known values, we find:

k 473K N
U= 1 mol- ———-9.7-10* — =2951
k K mol T X m? 067
The initial internal energy is:
J . kg
Up =3¢y MnoTy =3 670 —— -32.10~% =& .1 mol-473 K = 30423 J.
kg K mol

So the total energy of oxygen decreased — energy flew out of the system throughout
the process. The change in the total internal energy of oxygen gas is:

AU =U—-Uy=29510.6J —30423.J) = -912.4 J.

Second solution of Problem 189. The problem can also be solved by using the
number of molecules and the degree of freedom. The total number of molecules is
constant:

/Vj +1V'2+/V3:3A70. (]I)
Using the equation of state, we gel:

poV = NokTy, (‘—’)
pV =N kT, (3)
PV = NokTs, (4
pV = NakTs. (5"

Isolating the number ot molecules and substituting them into equation (1), we obtain:
pV n% pV poV
Let us divide by V/k-val and then isolate the final pressure:
i —o7 N
T\To+T1 T3+ TyTs em?’

p=3po
as Tz = I‘() .
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If the change in the energy is now calculated using the degree of freedom, there will
a slight difference in our answer compared to the previous solution. This is caused by
he fact that although the specific heat of oxygen is given as 670 J/( kg K), in reality
i is less than that [653 J/(kg K)]. Let us express the final total energy using the degree

flrubd"m /
U= 51\(/\1 T+ NoyTo + J\";;T;;).

Qubstitute the expressions for the number of moles and V' isolated from equation (2°):

1% % V " NykT,
U= i/\ Pr + Pz 2 = £3/)V: 13])—“ 2
ko k k 2 Po

Substituting known values, we find:

5 N 6-10%%.1.38-1072% J/K-427K
U=2-.3-9.7— 0 J /BT
2 cm? 10 N/em?

The initial total energy is:

=25721.2J,

U.,:é.:;z\},/cTo_ 3.6-10%11.38-1072% . 427 K = 26612.8 ],

t\al\,l

so the change in the energy is:
AU=U—-Uy=25721.2]—-26612.8)=—-891.6J.
The difference between the two results for the change in energy means a relative error
91248916 _ oo
go1e T

First solution of Problem 190. Lct us determine the missing data in states A and B
first. According to the figure, the unknown pressure in stale A is related to the given
data as follows: pa/(Vy—Va)=po/V, and so

VoV, 1 .
])/4:‘_)L/()—Al)l':51)0 (=0.4-10° Pa). (1)
Similarly, the pressure in state B satisfies pp/(Vo —Vp) =po/ Vs, and so
Vo—V 75 .
Pp= OT)I}I)() = 1gP0 (=0.7-10" Pa). (2)

The unknown temperature in state B is determined by using the universal gas equation:
Vn T, 35
PA VA 5)

The product Nk will be needed below. [t can be obtained from the relationship p4Vy =
= NkT, . With the use of equation (1) and the given information V,, =2V} /3:

L2y
; paVa  3po-3 Vo 2poVs J
Nk= = =c =1.067— | . 4

T T 9 T, K (4)

Tp=

W (=3281K). (3)
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~—

The function p(V7) describing the process is provided by the equation of e li
. 4 - 7 Ne
passing through the points (0:pg) and (V4:0): L

) ) \r\
(1l ):7!(_—'\ +-/)(,:/)“<|~A_~).

The Tunction 7°{V7) is obtained from (4) and (5):

)y ANRE 97, v
T\' —— = | - o — e | — — /=
W) == = V) N M A

0, \J\'_UT AR
B VD A VR IR ATV (6)

Let Q(V') denote the heat absorbed by the gas from the surroundings while its volume

changes from V. to V. Let us determine the function Q(V7).
According 1o the first law of thermodynamics.

AU = Q) W
Hencee

QUV)=A0n v W ey (7)
Therefore, the task is o find the change in iternal energy and the work done on the gas

during a decrease of volume from Vi to any V7. The encergy change is obtained (rom

the formula AU = %;\'/\-AT with the use ol (4) and (6):

2pV0 [ 9., |V (VY] .
(i _I —_— R — ~r =
9Ty |2 W\ !
57V 5/V\° 5
= ) B — 5= o N L\,)
“”‘z(m) 2<m) 9 (

The work done on the gas is represented by “the arca under the graph™ over the interval
\"\ — 1\

AU =

NE(T =Ty)=

SN e
[N

1
H‘:J,’:L‘;l)(\' sl

With the use of (1. (5) and Vi =214/3:

N T R Y P V1(y_2y
= 5) 3liurl)n \,“ 3 0 | = 5 3/)“ /11)\‘;’ 3 0 3=

With the indicated operations and rearrangement carried out, the expression ohtained 107

v L/ VAN
W=—pti|{ —1=-=(—1 —=1. (9)
Puto {<\“> 5 (‘;)) 5)1

the work is
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Thus. with the substitution of (8) and (9) in (7). the function Q(V)

o [BY VN (¥ ’ 5 (Y L/VY% 4
gimplificd and rearranged:
L)) -
Vo) T\ Ve

1o ~1

Q( \) = ot

rhermodiynamics Solutions 7.2 Ideal gas processes
The : 5

(10)

The analysis ol the function Q(V) provides the following information. The net heat
absorbed increases until the gas is gradually compressed from the initial volume of V,

0 7Vo/12. The net heat absorbed so Tar is

7 : TV P N
Qitorbed = Q1 —= Vo | = pol - — 3 —1] -1| =
il 2( ()> Pt 12V (l?\r'n

/19 319 poVo  1.2-10° Pa-12-10%
e <21 111 > I8 18

S|~

As the gas is compressed further from the
B . iy s . . v,
volume 7V;/12, it gives ofl heat. That heat is 22

obtained as the diflference of the total heat wansler
during the whole process and the heat transfer

during the compression to 7V, /12, since
Q(\'\A\VU' = (2(\‘\“%\]») +(2(%\h—‘\'1i)'

where

I)n‘ 0
(2( \A_\“ (21’)\4)|I)u] 18 =30.J.
Wilh the substitution of Vp = 53V,/12 in the
function Q(V') (10). the total heat transter during ,
the whole process is g%vo T
25 75 9 3oV
Qui—vy=pW| -3 —+=--—=1|=—pV =— .
(V—~Va) =B “< 22 ) P74 18

Thus the heat absorbed by the gas is

3poVo - poVo  poVe

Qv Qo Q- 2w) 7 g Ty T

With numerical data:

3. : -3 3 :
Qiti—ry) = 75 12107 Pa- 12107 = =120,

8

lht‘l'clbrc the heat given ofl during the process is Q= 120].
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Second solution of Problem 190. There is another way to determine the v
V. down to which heat is absorbed. The gas absorbs heat while its volume decre
to V., but gives off heat when it is compressed further. This implies that in smal|
neighbourhood of V. there is no heat absorbed or given off. More accurately, the p(v
diagram of the process touches the curve of the adiabatic process passing through the
point [V,, p(V..)]. Consider the adiabatic curve passing through an arbitrary point \% )
The slope of the curve is expressed as follows: '

Umg
aseg

p=c- V7 (¢ =constant),

dp VY

—— = —yeV T = -

d‘/} IC ’Y V 9

therefore |

dp p
L=y 8
L=k (3)

Along the curve p(V) of the process in-
vestigated, the slope of the adiabatic curve at
volume V' can be expressed with (8):

dp _(dp L 1%
AV sgianar NV I,,.(,(.PSS_ "o Vi

The slope of the p(V') diagram of the gas is ~7‘3—,0 for all volumes. The slopes can be
‘0
set cqual. Thus (given that v=7/5 for oxygen gas),

7 po Vo . po _ T
—571<1—V0 ——‘—/(;, andso V,—-EV“

Then the solution continues as above.

Solution of Problem 191. a) We work with exactly 1 mol of hydrogen gas in this
cyclic process. Let us draw the isothermal curves of the hydrogen gas for temperatures
Ty =273K, T =2-T) =546 K and T3 =819 K on the p-V diagram. The cycle starts
at point 1. When the hydrogen reaches point 2, its pressure doubles and so does its
temperature, which is therefore 546 K. The heat absorbed by the gas in this process is:

Q1 = c,mATy =10100 2.1073 kg 273K =5514.6 J.

kg K
When the gas is heated to T3 =819 K, its temperature is increased to Ty /Ty = 1.5 times
. . . F o =l 3 =
its previous value, therefore its new volume becomes 1.5V, = 1.5-22.4-107" m" =
= 33.6 litre. The heat absorbed by the gas in this second process is:

2.107 kg 273K =7797.].

r

J
Q2 =c¢,mAT, = 11280
kg

The total heat absorbed by the gas is Qapsorhed = @1 + Q> = 13311.6 J so far, In the
third process heat is rejected from the gas.
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The efficiency of the cycle is the ratio of the work done by the gas 1o the heat absorbed
the gas. (The rejected heat in the third process does not have any cffect on the
efﬁciency,) o
The work done by the gas is given by the enclosed area, which is:
1 1 5 a
W=-ApAV ==.10° Pa-11.2-1073 m® =560 ).
2 2
Hence the efficiency in question is:
W 560
Qi +Qr 133116

N 1.2%.
b) The equation of the line that passes through points 1 and 3 is:

L R LA T
V-1 V-1

Rearranging this, we gel:

_ s mVs—pV

P= Vs—V, } V=W

Using the equation of state, we can express
the pressure in terms ol temperature, which
can then be substituted into the equation
of the line. This way we can express
the temperature in terms of volume during
process 3—1. Since we have | mol of
hydrogen gas, p= RT/V.

Thus the temperature can be expressed in

P| (10°Pa)

terms of volume as: 2 23
B AR S
T:l.l’f P _V-ngl'l)]\.z /)-'1"1 v
R ViV, R Vs —Vy
L. . . A feoeeaeeeneeen 819K
Substituting the given data, we find: 1 546K
K & ) K : 273K
T=1074437 — - V> ~12033.69 — - V. :
m” m: } : y ' %
22.4 448 67.2 V(dm)

The lemperature therefore changes as a
Second degree function of volume during process 3-1. Now. by isolaling now the
Yolume instead of the pressure from the equation of state, we obtain a similar connection
Clween the temperature and pressure:
1 ‘J, = ‘/'I D) 1 D3 V| =Pl V;;

i AL A o Wy

= . )
R p3—pi . R P3P
Subslituling the given data, we lind:

Km

Bt 5. o oan g
p~+1.35-107 N -

T=13510"" 3
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Obviously, during processes 1-2 and 2-3 the temperature changes as
ol pressure and volume respectively:

a linear fU“Cli()n

T K T 5 Km?
T=21.V=121875 —-V, and T=-1.p=273.1073 o .,
Vi m? P1 N
Solution of Problem 192. For process 1 — 2 it is true that
Vo 2:1073% mb .
600 K °
From this B
T=310" — V*
m"
If this 1s substituted into the universal gas law pV =nRT:
, J - K Pa
p=1 mol-8.31 3:10° 2V a25-10° — . (1)
mol - K m6 m?3
Similarly, for process 3 — 4
25102 1n®
Vi= T,
300 K
from which
s Koo
T=1.5-10 — Ve,
m
If this is substituted into the universal gas law pV =nRT:
- K ¢ Pa
p=1mol-8.31 15105 — YV a125-10° .V, (2)
mol - K m? m?3

From the equations the state variables can be calculated:
For state (1). From the figure:

Vi =V10-3 m6=3.16-10"% m®
T, =300 K,
and from (1)
Pa

Pa o )
pr=25-10° —2 .1} =25-10° —= -3.16-102 m® = 0.79-10° Pa,

m3 m
similarly, for state @ from the figure
=v2-107% w6 =4.17-1072 m?
T, =600 K,
and from (1)
Pa

P2 =25-10°
m3
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For stat¢ @ from the figure
Va=Vo=447-107* m®
Ty =T, =300 K,
and from (2)
Pa

I
=12.5 lO"
md

For state @ from the figure

Vi=V3=316-10"? m*

and from (2)

Pa

“4A7-1072 m3 =0.56 - 10° Pa.

- Pa - .
pa=125-10° — -V, =12.5-10° — -3.16-107° m*=0.4-10° Pa.
m* m

Based on these data, the p—V diagram can be created:

p(10%Pa)

3.16 4.47

The useful work is

-+
V(10 %m3)

W P1 ﬂ)z(v) V)= P3RSy PR —2(1')3 + 1) (Vo—V)).
With numerical values:
0.7941.11-0.56—-0.4 - N ;
W = 5 2 110° — - (4.47-3.16) 107> m® = 615.7 J.

The heat absorbed is

Qin=0Qn +Qur2=AEy+AF,—-W,=

P1+p2

— gn,R(Tl —~Ty)+ gnR(Ti_y ~T)+

(V2= W1),
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—
in short:
O = -_{,,/f(r_, ~T)+ P (- 1) =
5 J o 0.79+4 i—ll ;
= el §51 —= <-(600-150) K+ = 0° Pa-(4.47—3.16)-10-2 3
2 mo 2 m= =

The efliciency is

5.7

Solution of Problem 193. a) Applying the cquation of state o the itial and iy
situation and assuming that Vy =15 =1 we get:

mV =NKkT,. (n
P2 \ = J\'-_)l\'r/:;).

where Ny is the sum of the 80% of Ny and the double of the 20% ol N . Therelore
in the final state:

al

Voo = (08N + 202N )T, = L2N AT, (2)
Dividing cquation (2) by cquation (1) gives:
e -'1.22’.
P’ Iy
which yiclds:
v P
= L.dis'P Y=
P2 P T

b) The imual internal coergy of the gas is givcn by:

U

lvl\

LN KT,

while the encergy at temperature 15 is:

(/'3:% 8'\ /xT)*f— 2. 0‘)\ AT)

(S

where [ =5 and [, =3 arce the deerces of Ireedom ol a diatomic and monatomic g
respectively. Using this. we obtain:
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erelore the ratio ol energies is:

Th
Uy L -08NkT»+ L 0ANKTy
B LN kT, a
_08/1+04f; Ty _4+12Ty 26 Tp :1.012.
I3 77 5 T 25 T T

First solution of Problem 194. Ap/AV is positive, because if it was negative, then
the maximum temperature ol the gas would be 5 “C during the process. Let Ty and 1
Ap

be .

stand for the imtal data and let

Our task can be rephrased as follows: we are looking
for the gradient ol all straight hines passing through point P
(Vo. po) of the state plane that are between the vertical
direction and the gradient of the tangent of the isothermal
curve belonging o temperature T, and belong Lo the
compression of the gas. These fall into an interval closed
from the left and open from the right. From the right the
limiting value ol the gradient —oc. Knowing this, we
only have 1o find the feft boundary of the interval. that
is, the gradient of the line with the highest gradient (its
absolute value is the smallest) that has a common point
with the isothermal curve belonging to temperature T, From the property of the
hyperbola it can be seen that every straight line passing through point (V. pgy) has
(wo points of intersection with it except for the “vertical™ line, the “horizontal® line and
the lincs belonging to the points of tangency (in the case of the latter we can speak about
(wo coinciding points ol intersection). Sce the graph of Solution 2 as well.

Let us use the universal gas law,
For the initial data ol an ideal gas

Po

I'u\'}) = NITy,

the relationship between the relevant data is

pV = NET.
According to the condition for compression

P Do

o - -

"' \'“

From here, the pressure at any time is
p=—aV 4oV, +py.
S“hsliluling this into the gas law rearranged for T gives

. ] ) 1 5 P s pot+aVy o,
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This function is quadratic in V' (its graph is an inverted parabola that passes througp
the origin), so the volume belonging to the maximum temperature is halfway huwLc
the two zcros of the function, that is, the volume belonging to the maximum temper

) : : : : : lure
is the arithmetic mean of the two solutions of equation

x po+aVy
V2 e ——V =9,
Nk Nk
that is, of equation

V(—zV +po + Vy) =0.

So
‘ max = M'
2
If this is substituted into the gas law, then the maximum temperature is acquired:
o _ (potave)?
max = /]AYA'AI"

This gives the quadratic equation
Viae? —2Nk(2Tax — To)z +pg =0
for z. Its solutions are

OINE(2Tmax — To) £ \/ANZk2 (2T uax — To)2 — 4pEV§
gu2 '

I12=

Taking into consideration that poVp = N kT, substituting this and factoring out Nk/VZ
gives
Nk
&= VZ () max T:) :‘:2 ﬂllﬂx(ﬂ[lﬂ.\' - T)) =
0

With numerical values

‘ 6 10‘23 111101 1 Ill()l 1381_]\ ; e i 5 o = = : =
z= o -(2-344}\—278 K+2,/344 K(344 K — 288 K)
P
6.54-10° —
— m*
. Pa
9.995-10° ——~
m*

Only the steeper graph of the first result corresponds to a compression. So the solution
of the problem is
Ap Pa
—00 < — < —6.54-10°
RNVNY m?’

Second solution of Problem 194. (Using coordinate geometry). The gencral cquation
of straight lines passing through point (po, Vo) is

p—po=a(V —Vy). (1)
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7 Thermodynamics Solutions 7.2 Ideal gas processes

The equation of the hyperbola (isothermal curve) is
nRTax
i ————
. %
Let us find the value of gradient a where the common points (points of intersection) of
the straight line and the hyperbola coincide, that is, the gradient ol the tangent ol the
h pcrbola that passes through point (pg, 14). By substituting (2) into (1) the coordinates
of the points of intersection are acquired:
rz'RTII]H.\’
Vv

(2)

—po=a(V = V).
From here, a mixed quadratic equation is acquired
for V.

aV?+(py—aVy)V = nRT,, . =0.

In the case of tangency the D discriminant is zero,
$0

D= (po—aVy)* + 1anRT . =0,
which gives another quadratic equation for the i
gradient a: !

VZa? + (4nRT,ax — 2Vopo)a + pe =0.

Taking poViy = nRT, into consideration, the following expression is acquired for the
solution:

)’Tnmx “,Zﬁl):t2 T2

- max _‘7m;\xT4)
ad12=—n R 5 .
' Vi

This is the same as in the fAirst solution.

Third solution of Problem 194. (Using derivative). The pressure-volume [unction
With maximum temperature is:

lll’RY’HHl‘(
p=—. 1
! v (1)
The gradient belonging to volume V s equal to the differential
Ap dp —nRT, .
O=——7 " =—— (2)
AV dV V2
The equation of the straight line passing through points (pg.Vo) and (p,V') 1s
p=ro »
m = u, (5)

Where ¢ is (he gradient of the equation.
Making the two gradients [(2) and (3)] cqual and making use of (1):

R s
e O

V-V, vz
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This gives a mixed quadratic equation for V':

Po V- 2nRTyaxV +nRTa Vo =0,

‘/1.2 —m Rﬂnnx e T"”“x(Trunx — T“) -

whose solutions are

Po
I the result is substituted into (2), then the requested gradient is acquired:
nRT s /Tmnxp;z)
1= — =5 = - 5.
12 nk (Tm;Lx 7 Tma.x(,Tmnx . ,II))

By substituting the numerical values we acquire the previous solutions. (By removing
the root {from the denominator the above expressions are also acquired parametrically.)

First solution of Problem 195. If the temperature of the atmosphere rises, a part of
the absorbed hcat increases its internal encrgy, while the rest of the heat is converted (o
mechanical work due to the expansion of the gas. In our problem this work increases
the gravitational potential energy of the atmosphere. (Indeed, the centre of mass of an
air column in the atmosphere gets higher.)

Q=AFEga +AU.
From here, the increase of the gravitational potential energy is:
AEgr‘d\' = Q —AU.
The change of the internal energy AU can be written as:
/
2
How can the absorbed heat @ be determined?
‘ | Let us imagine that the atmosphere was divided into
T

AU = = NEAT.

‘ small ‘air parcels’, and each parce] was wrapped into
L1 a weightless ‘bag’ which is infinitely stretchable. The

' pressure po in the lowest bags arises from the weight
‘ of the air column above them, which is unchanged
i in the process, therefore the pressure in the [owest
[ parcels remains the same during the temperature increas®

[ |
P |

P According to the same logic, the pressure also remain®

constant in the air parcels at higher levels. Thus in Ci‘.df
i parcel the enclosed air undergoes an isobaric process al 1
Po b : own pressure, while the bags expand in vertical directio”
(In lateral direction the neighbouring parcels prevent the

expansion.)
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During the isobaric expansion the air in the A bag absorbs the heat

Q= f;Z\ kAT.

Summarizing these expressions for all the bags, we get:

f+2 f+
g=Y Q== N >AAT——AAAT
5 the change of the gravitational potential energy is:

AEyay =Q—AU = H‘NAAT é;\'kAT:,\f'la-AT_ " RAT. (1)

The total mass m ol the atmosphere can be determined from the air pressure at the
qrface of the Earth. (Indeed, the force pushing the arca A of the surface of the Earth
comes from the weight of the air above this area.)

m

VA =
Pt = amiad

A, (2)

where -

4R%ﬂ
is the mass of the air column above a unit area of the Earth, Rpg 1s the radius of the
Earth, and m 4 A is the mass ol the air above the area A.

The height of the atmosphere is negligibly small with respect to the radius of the Earth.
Consequently, the air column above the arca A can be rcgarded as a straight prism, and
the dependence of the gravitational acceleration g on the altitude is also ncgligible. The
weight of the air in a straight prism of base A gives the force pushing the surface A:

=m,

F=masAg=ppA.
from equation (2) the total mass of the atmosphere is:

i = 4REmpy _ 4-(6370-10° m)*r-10° Pa Z5.110% kg,
g 10 5

Wiiting this into equation (1), we obtain that the increase of the gravilational potential
gy of the atmosphere is

4R2.; , 5.1-10"% kg J
By, = ZEE™O pAp - M pAT = 2 ® 831 1 K=1.16-102J.
Mg M 20.10-3 4 mol- K

11

QSECOnd solution of Problem 195. Let us start with the barometric formula.
“ording (o it, the density of the air at the altiwde % is:

_mgah
o =ppe

T€ 00 is the density of the air at sca level and myg is the mass of an air molecule.
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At the altitude h the mass of an air layer ol arca A and height Al is

Am=AVo=AAho= AAhoye™ e

.

and 1ts gravitational potential encrgy is:

mggh
Al , = Amgh = AAhoye™ 7T . gh.

These cnergies have to be summarized along the whole height {7 — o) of (he .
column ol buse arca A. As Al

. . : S air
U. i doing so we get the Tollowing integral:
C
Eyvav , =gAgqg | he™ *T - dh.
0
We can find in the integral table, in the chapter of exponential functions. that (he
primitive [uncton for this indefinite integral is:

o (’/J.
ar g .
/J'l dyx=—(ar—1).
. o

Taking into consideration that in our case « is negative and denoting it by —a . we
that:

/.r( e = [—T(—n.r 1).

Q-
Applying the Tundamental theorem ol calculus, the definite integral is:

a

]

. . oo =2 1 1
/.1‘4;—”"'1/.1‘: ((—?(4(\.7‘ -1) 0——(0-1)

=]~ 0 Q"
)

Comparing the abstract integral with the integral appearing in the formula for the
gravitational potential energy, we can see that o takes the value

muyy
kT
so the integral delining the gravitational potential energy is

‘ 1 KT\
Iign-;.\- & = gAvy — =y .
Q- mag

From the universal gas law, the relationship between the density and the pressure
Qas is:

R=

of the

. - NokT — NokT  o00hT  0gkT
/J“"(] — ‘\(,/\'l —* Py = : P = 0 = i = %
Viy o No nmy

This means that the density at sca level is:

ottty

kT

00 =
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[n the problem. the pressure at sea level is given. Writing the density at sea level into
ihe formula of the gravitational potential energy:

9
§ pomg kT \ 7 kT
B oo . = GA — =ppA 4
gray =88 T <m,.y> o mog

mstead of using the molar mass of one air molecule, the molar mass of the air has
(0 be uscd. The relationship between the two masses is obtained by comparing the two
of the universal gas law:

forms
pV =NET.
i m
pV =—RT.
M
From here, AT equals
m RT RT
B e = T g

and using it. the gravitational potential energy of an air column can be expressed with
the data given in the problem:
I RT
E._;\,,,\- \ = I)(j“"— — I)“il_.
oy Mg
Summing up this for the whole surface ol the Earth, we obtain that:

t) [{
I ie = pud Bym—T.
Mg

Thus the change of the gravitational potential energy of the atmosphere is:
, R
/'4.\,1-“\- = /)()-l l?iﬂ‘—‘AT
‘ Mg

This result is cqual 1o the result obtained in the first (clementary) solution.

Solution of Problem 196. a) The initial volume and pressures can be determined
Using the idcal gas law and the relationship between the pressures:

mVy=n,RT\
28] \() == II‘_!I))'T-__)

+ IHI/

) =P -

; A

From these equations the pressures above and under the piston can be determined.
l"ldln" the first cquation by the second one:

A II| T| : i Illll.l myg )I]Tl
= ——, Allter rearranging: mll—— =R g
i ks 4 II)[-_) 1o T-_; A )l-ﬂ)Tg
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So the pressure above the piston is:

p mgn, Ty mg n T,

1= Py Wmey
(1_ 2Ty )A“’Tz A (ngTy—m'Th)
0.5 kg-9.81 m/s* 0.05-183 - 106869 P,
T 0.0l m? 0.03.319—0.05.183 _ 1009 Fa.

And the pressure under the piston is:

0.5 kg-9.81 m/s?

p2:p1+%=10685.9 Pa+ — 111761 Pa.

0.01 m?
From the first equation the common volume of the two gases is:
ny RT, A
Vo= 2 R To —niTh).
P mg
Numerically:
0.05 mol-8.31 11 183K 3
Vo = m n\T < =0.00712 m°=7.12 dm"”.
10685.9

]H
To determine the final temperature T of the system and the displacement Az of the
piston, we use the combined gas law and the law of energy conservation.
The combined gas law, written for the two gases separately between their initial and
final states, gives the following two equations:

mVi  p(Vo+xA)

= 1 (1)
p2Vo _ (p+ 5 (Vo—zA) @)
T, i ' ]

The law of energy conservation for the whole process in the isolated cylinder has the
form:

AET+AE+AFs+ A, =0.
Detailing the terms, we get:

ﬁn WR(T-Ty) + &ngR(T~Tg)+cm(T—T0)+mgAJ;:O. (3)

The three unknowns are T, p and z. The above three equations unambiguousl)’
determine their values. The solution of the problem can be considerably simplified by
noticing that the pressure arising from the weight of the piston is much less than the
pressure of the gases, and thus it is negligible. (The pressure in the upper part of the
cylinder is 10685.9 Pa, in the lower part it is 11176.4 Pa, while the pressure due to the
weight of the piston is

mg _ 0.5 kg-9.81 m/s?
Np —= ——
B "4 0.01 m?
which is less than 4.6%.)

=490.5 Pa,
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with this, exclusions (1) and (2) have the form:

I),'[,L;' X /)-(Vqu-l'A). (1)
, [

Vo p (Vo - rA) ()
T = ' B

pividing (1) by (2') the unknowns p and T cancel out. (This does not mean, however.
that the result is independent of the temperature and pressure change, since in the exacl
gquation there is the term mg/A as well)
])l ‘—”ﬂ T_) . ‘y() + .I.',A
Ty pVo Vo—rA’

Rearranging the equation:
mLVo—piToAr =p Ty Vo + po Ty Ar
(P1Te = p2Th) - Vo= (0211 + i T2) - A,
from which the displacement of the piston is:
T —poTy Vo 10685.9-319-11176.4-183 0.00712 n*

e Vo . 0178 ma 18 em,
P Tt peTy, A 11176.4-183+10685.9-319  0.01 m? e

From the energy balance equation (3), we get that the final temperature is:

(fin1Ty+ fanaTo)R+ (2¢Ty + 2gA.r)m

T=
(fini+ fana) R+2em
Since
2¢Ty=2-210-373 1 /kg = 156660 J/kg
and

2gAz=2-9.81-0.18 m?/s* = 3.5316 m? /s,

which is only 0.0022543% of the former quantity, the term 2gA.r can be neglected
again. So the final temperature, in a simpler way, is:

(fim 1Ty + fanaTo) R+ 2emTy

=
(/i + fana) R+2cm
Numerically:
T (3:0.05mol- 183 K+5-0.03 mol - 319 K) - 8.31 ;me +2-210 ﬁ'””] -0.5kg-373 K 3
(3:0.05mol+5-0.03mol) -8.31 —1— +2.210 L - 0.5 kg -
=371.57TK

If we start from the energy balance equation (where we made a relatively smaller
€Xclusion) and put the temperature value obtained into the combined gas law, then in
a slightly more complicated way a better result is obtained for the displacement of
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the piston. Expressing the pressure p from equation (1) and plugging it into (2) the
following second order equation is obtained for x:

>V, Vo T
P2¥o _ <Pl 0 s E) (Vo ~x2A).
T

T, Vo+zA A
After performing the multiplication on the right hand side:
p2Vo 1 VET [| n VoT zA " mg mg
T N T Vot+zA T Vo+zA A A
Multiplying the equation by Vo +24 we get:
D2 VOQT p2VoT P V(,ZT mWT mg. o ‘
Ar= — Az +—V, Vo —mgVor — 2 —
T + T 2 T, T T+ 1 0 +mgVor —mgVor —mgAz =),
Collecting the terms with the same power of = we get a quadratic equation:
‘ P2 D1 , P2 D1 2 mg.,»
Ax? =4 =) - VWWTrAx —=——= |- V;T-—V;=0.
mgAux +<T2+T]> 0 T+(T2 Tl) 0 20

Putting in here the numerical data, first we calculate each coefficient separately, and then
apply the quadratic formula:
0.04905- 22 +2.47168 -  — 0.46482438 = 0.
_ —2.47168+/2.471682 +4-0.04905 - 0.46482438

b =0.187 m=18.7cm.
2-0.04905

Both ways of finding the solution are acceptable. Of course, a calculation with
reasonably rounded values also gives the right result:

_ —2.47+v/2.472+4-0.05-0.46
B 2-0.05

m=0.185537968 m = 0.186 m = 18.6 cm.

T

Solution of Problem 197. If Ap stands for the magnitude of the change in pressure
and AN stands for the number of escaped particles, then based on the state equation:
Ap-V _0.01pV _0.01-5-10* Pa-80 m®

T kT 1.38-107%-295 K
Let us determine the number of particles that escape through the hole in a unit time,

that is, the magnitude of the particle flow. Based on secondary school knowledge, W¢
can only answer it in the nature of an estimate. We shall show two such trains of thought.

AN = =9.826-10%.

I. Let v stand for the average speed of the translating motion of the particles. Then

o 1 . : .
in time t 6 of the particles present in a cylindrical space of volume V) = vtA leave

1 D 5
through the hole. (Factor 5 takes the directional distribution of the speed of the
molecules into consideration.) This number is

1 N

N, =V, == — Avt,
1=0V1 6V v,
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where o is the particle density, so the intensity of particle flow is

N, 1. N
j:——i:—‘/-ll)' .

The mean velocity v can be calculated from the temperature:

1 5 3
§IH()'UZ = §IILT,

where 1Mo is the mass of one molecule and from here

3kT  [3RT  [3-831 295K m
= — — 1o . - — [179 —
mo M 39.10-3 X& s

mol

The number of particles N can be acquired [rom the state equation:
pV 26
N="==100AN =9.826-10".
kT ;
The initial value of the particle flow can be calculated by substituting NV and v into (1):

1 -, m 9.826-102%6 & 1
IT==-10""m? 479 — ——— =9.8.10" -.
6 m s 80 m? s
As in the process under investigation the number of particles hardly changes, we do
not have to deal with its decrease. The requested time is
AN 9.826-10%
== -
1 9.8-1019 51
(So there is enough time to fix the flaw.)

=100265 s =27.8 hours.

II. Let v, stand for the mean of the velocity components of the particles perpendicular
10 the hole. In time ¢ half of the particles present in a space with volume Aw,t escape
through the hole. So the intensity of the particle flow is

] N
['=§A7:xv (1)
The value of v, can be acquired from the temperature:

L2 = Lk
—myv, = <k
2 1)13\ 2 )

from which the (root mean square) speed is:

(kT RT P 1]
vy =\ — =\ — =277 —.
) M S
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—

After determining the number of particles. the intensity of particle flow ¢y b
determined:

5 o m 9.826-10%° .
107" m™ 277 — —— =1.7- 10" —
S 80 m? 8

The estimated time with this train ol thought is

II

l\.\-—

, AN 0.01-N 9826107
' T T g 800 s =16 hours.
P o

(The caleulation that takes speed distribution into consideration gives a value of

gL \/”7 21 —08r =1.36.10% 1
=V TV sl s

for the ntensity of particle flow, with which the requested time is

AN 9.826- 107

1" .36 1020 ¢!
The clementary solutions given through both trains of thought are around the correg
value. their order of magnitude is the same.)

= 72250 s =20.1 hours.

Solution of Problem 198. Since the volume and temperature of the helium gas are
given, we need to calulate its pressure o find its mass. According to the cquation of

state: o
; He
pV = “RT,
A\I”L.
solving for the mass of the helium, we get:
VM e
IH”‘,:I—‘. (l)
RT

[n order to determine the pressure of the helium gas, let us apply Newton's sccond law
10 the cylinder-piston system and then to the piston itself. Let the masses of piston and
cylinder be moand A/ respectively, and let A be the (ension in the string. (The mass of
helium gas can he negleeted.) 1 the system is considered, the internal Torces cancel out:

(m-+M)g—N=0n+M)a. (2)

Forces acting on the cylinder arc gravitational force (myg) and the force (poA) due 10
the atmospheric pressure both pointing downwards and the tension and pA exerted by
the helium both pointing upwards.

mg+pypAd—NKN-—-pA=ma. (3)
As we have three unknowns (N.a.p) one more equation is needed.  This will
Newton's second law in angular form applied o the pulley. Using that 3 =a/r.
obtain:

Ve
/\-/‘:(")ﬁ. (”
)
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jsolating the tension gives:

Ou
=2 (5)
[nqcrling this into equations (2) and (3), we get:
O
(m+M)g— I_,;‘ = (m+ M)a (6)
Ou
myg+pod —— —pA=ma.
)

™

Now we have (wo equations with two unknowns (¢ and p)

. In cquation (6) the
acceleration can be isolated as:
m—+ M
=gy (8)
T+m+M

Let us solve equation (7) for the pressure and substitute equation (8)

S m+ M
pA=mg+piA—|5+m ) ———m—
2

= g,
,S% +m+ M
after some algebra, we get:

mg (O+mr?)(m+ M)
)= —>+py— —— 0.
! e AlO + (m+ M)r? J

A

Substituting this into cquation (1), we obtain the expression for the mass of the helium
gas:
gas:

mg | (@ -+mr?)(m+ M) AlM .
Mmye = | —= +po— —=-g |- =
= A TP Aot (m+an? ) T RT

(C) 2 +M [Mye
ot i )

O+ (m+ A )r? RT -

Using that 1+ A =50 kg and mr? =1kg- m? and substituting known values, we find:

3kgm?+50ke-0.04 m?
0.896m 41073 ke
7 — D = (0.000395 kg,
8.31 —— - 273 KX

mol K

5 N , (3kgm?+1kgm?)(50 kg
m““:[230A\'+1(J'~’ﬁo.om-~( kg +1kgm')(50 ke) ”—1}-
m-=

.2
5°

80 the mass of the helium gas inside the container is my.~04g.

Solution of Problem 199. If the piston with the weight on it moves down by &+ with
fespect to the initial position. then the net force acting on it is:

=g —(p—po)A. (1)
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where p is the increased pressure of the gas. Since the gas in the cylinder undergogg

. . . ; i . i 2 an
adiabatic process, and its volume is proportional to the height of the piston, the equ

alioy
poh” =plh—x)7,

h \" T\~
P="Do =Pn(1——) .
h—r h

Since the amplitude of the oscillation is small, r <« h, the approximation (1xa)" o
1+na can be applied:

Is satisfied, so

Z
y=poll4+v—]. ‘
! ]n( +Jh) (2)
Writing the pressure from equation (2) into equation (1), the lollowing is obtained for
the net force acting on the piston:

Ypo A

Z.

. B
F,=mg— (P—PO)A =mg-— (Po +PU7E = I’o) A=mg— :

It can be seen that the net force is the sum of a constant force and a harmonic force
(which is proportional to x and has opposite direction). We know —by the analogy of
a mass suspended on a spring— that this kind of force results in a harmonic motion.
The equilibrium position is determined by the equation F), (x)=0:

mgh 11 kg-9.81 5-0.5m
In = = = -
07 yApo  1.4-0.01 m2-105 Pa

=0.04905 m =5 cm.

Since the oscillation started from its extreme position, the amplitude has the same
value: A=5cm.

Using again the analogy with the spring, the frequency of the oscillation can be
calculated. The spring conslant is the multiplier of .r in the formula of the net force:

vpoA  1.4-10° Pa-0.01 m? N
MPosk _ A M _ 9800 =
h 0.5 m n

D=

From here the frequency of the oscillation is:

Solution of Problem 200. According to the first law of thermodynamics, AE =
= Q+ W, from which the heal absorbed by the gas is Q = AL — W = AL+ Wyas-
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First, let us determine in percents what ratio of the absorbed heat increases the internal
energy and what ratio is given off in the form of work.
AE  e¢,mAT ¢, 1 1

= M D = —0.7143=71.45%.
Q emAT & 1.4

<5

and consequently

Weas .
A2 =1-0.7143=28.57%.
Q

jt means that the increase of the internal energy of the gas. and the work done by the

gas arc
AL=0.71130Q =0.7143- 3988 kJ = 2848.6 k.J,

W =3988 kJ —2848.6 kJ =1139.4 kJ.

7.3 First law of thermodynamics

Solution of Problem 201. a) Let A be the cross-scctional area of the cylinder, m
be the mass of the piston, h be the initial height ol the air column, /1| be the height
of the empty part above the piston, p, be the atmospheric pressure. ppp, and o, be the
densities of mercury and air (in its initial state) and finally let ¢, be the specilic heat of
air at constant volume.

Note that g, neced not have been given as it can be determined from the other data.
(Assuming that the molar mass of air is known.)

The initial pressure of the enclosed air is p, = po-+mg/A, while its final (maximum)
pressure is

p2=[po+ (m+muy)g/Al = po+mg/A+ onpga.
According to Boyle’s law:
W LT
P2
Substituting the expressions for py, p2, V) and Vi, we gel:
ey

Po+ =3

(h+h, —2)A= Ah.

pot S + pHgle

Let us divide the cquation by A and multiply by the denominator of the fraction:
mg mgq
o+ — +ouggr)(h+hy —x)= ( % + —) h.
(ro+— w07 )= (ot =
After rearranging this according to the powers of ., we get:

one g — [ongg(hy + 1) — (po+mg/A)) e — (po+mg/AYh, = 0.

This 1s a second degree equation of . By calculating x, we can also determine the
Mass of the mercury, assuming that iy, = oy, - A.
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Let us substitute known data:

i N mg 72 N .. N

N = —is _— = =3.60—;;

40 cm? A 20 cm? cm?
kg N

oHgg=13.6-1073

10 2 =0.136 —
cm? 2 cm3’

Inscrting these into the equation, we obtain:

:

) 3 N N _ N
0.136 - —=10.136——=-40cm —13.6 cx—13.6 — -7Tcm=0.
cm?3 cm?

cm? cm?
Dividing the equation by unit N/cm?, we find:
1
0.136— 2% +8.16-z — 95.2cm =0.
cm

The solution is:

cm =10cm.

=816 + V/8.162+4-95.2-0.136
o 2-0.136
So the volume of the mercury column is:
Vigg =2A =10cm- 20 em” = 200 cm®,

from which the required mass is:

Mg = ong - Vir, = 13.6 % -200 cm® = 2720 0.

b) The heat transferred to the air can be determined using the first law of

thermodynamics:
AU =Q+W,

from which
Q=AU -W = AU + Wy, e

where W is the work done on the gas and W, is the work done by the gas.
The change in the internal energy of the air can be written as:

AU = ¢,mAT, (2)

while the work done by the gas can be calculated using the arithmetic mean of pressures
p2 and pz (since the mass of mercury that has run out is in direct proportion to the
change in volume):

The pressure of air in its most compressed state is:
N N N N
pr=pot I 4 ough=10—— +3.6—— +1.36— =14.96—,
A " cn? cm? cm? cm?
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ile in its final state it is:

wh .
g |
=y =13.6——.
r I cm?
The mass of air can be determined using the initial values of its density and volume:
Mair = 01Ah =1. Sd— 20 cm? 33cm=1.118g.
m

Assuming that the pressure of the air is the same (py = py =po+mg/A) in its lirst
and third (final) state, the change in its temperature can easily be determined (the same
way as in the case of an isobaric process):

Vi T,
Vs Ty
[solating for T3 gives: V
Ts =Jh=—
3= V1
Let us substitute the expressions for the volumes:
h+hy)A h+h 40¢
=T, (h+hy) _7 RGP 4 M _ 01K,
hA h 33 cm

so the change in the temperature is:
AT=T;-T, =5791 K=~ 58K

Using equations (1), (2) and (3) and substituting known values, we get that the heat

transmitted to the air is:
J 13.64+11.96 N ,
1188g 58 K4 00 N o0y w302
gk 7 2 cm? cm

=48.23J -28.65)=76.79].

In this process the internal energy of the gas is increased by 48.23J, while 28.65J is
the work done by the gas. The former energy remains in the system, while the latter
increases the encrgy of the environment.

S_Oluti(m of Problem 202. The cylinder is rising slowly, that is, it rcmains in
“Quilibrium. Therefore, the pressure of the gas in the cylinder is constant, which means
that we gre dealing with an isobaric process.

The heat absorbed at constant pressure is

Q=0CnAT, (1)

W . .
here C,, is the molar heat at constant pressure, nis the number of moles, and AT is
the Change in temperature.

The relationship betwecen the two molar heats is

(,—C,=R,
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300 Creative Physics Problems with Solutions

and hence
Cp=R+C,.

(2)
The pressure ol the enclosed helium s obtained from the equilibrium of the foree
. ) 2N
acting on the evlinder:
g oopede b =0,
Henee
niey
b= g = g
/ N (3)

Assume that the cylinder has walls of negligible thickness. that s Ajyyee = A, The
number ol moles can be expressed by substituting (3) into the universal gas cquatioy
applied 1o the inital state:

AT (po— #\”’) Al (poA—mg)l,

n=- = S = 5 . (1)
RT, RT\ RT)

Since the process is isobaric. the final temperature of the enclosed gas is

- LV [y

Be=Tyr=Ti5.

Vi /1
Henee the change in temperature is
. =1 .
AT :7-_:HT]:T| ] . ())

L

The extracted heat in question is obtained by substituting the expressions (2). (4) and
(S)yin (1)

) A—mg)l =1 ',
Q= (I 2o 7 2 ) = l:(/)(..4~1:)(/)(/-_:—l|)(—H—+l>.

which s independent ol the inital temperature. Numerically:

N 12.3—1
_ 5+ ¢ -3 .2 _ QN O ‘ “ ol K =y Ll |
Q=(10"—-2-107"m~ =80 N}(0.896 n1 = 1.12m) | =4 || = = (6.7
m- &-;]m

Thus the heat extracted from the helium s 66.7 ..

Remark: the problem can also be solved by using the lirst law of thermodynamics:
AU =Q+W =0 — Wy,

hencee
Q=AU+ W, =C.nAT +pAV.

Substitution ol the above data gives the same result.
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7 Thermodynamics Solutions 7.3 First law of thermodynamics
B =

Solution of Problem 203. a) Since the work done by the gas is positive, the gas
expands. This mcans that heat must have been given o thc gas, lhercfor; the external
jemperature must be higher than the initial temperature of the gas. Applying the work-
energy theorem to the piston (that is moving up), we get:

. 1 :
Wias —mgr — = Da’ — poAdr =0,
rearranging this. we gel:
D +2(py +mg)ax — 20 en=0.

The displacement of the piston (or the extension of the spring) is given by the quadratic
formula:

_ —2AppA+mg)+ \/ H{poA+mg)? +8DW,,q

r —

B 2D

_ poA+myg ’ 2 2Woas  poA+mg
- D D D

{w(p”fl +mg)? +2Wee D — (po A+ mg)} )

D
Inserting given data, we lind:
1 Ciames o s NS 1 g ymtont o e
iy (107 Pa-0.5m? 46000 N)2 421800 J - 2.67- 105 — —
2.67-10° - m

- (10"’ Pa-0.5m? + 600 kg - 10 '”)} = 0.03m =3 cm.
-

. To find the external temperature, let us apply the equation of state to the helium gas
Inits initial and final states:
pa Vs T (I)u —}% +%)A(/m+.l') (ppA+mg+ Dx)(hy+x)
' =y T =iy -

mV (])“ + #) Ahqg

)

po+mg)ho

Where 1, is the height of the initial position of the piston.
Suhsliluling known data gives:

(105 Pa-0.5m?+ 6000 N+ 2.67-10° 2 .0.03 111> (0.32+0.03) m

T =218k -~ =
w (105 Pa-0.5m2 + 6000 N)-0.32 m

=273.04 X,

SO (he oI
Othe exiernal temperature is 273 K.
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300 Creative Physics Problems with Solutions

b) To be able to determine the heat added to the gas, we need to calculate the Masg
of the helium first. Using the equation of state, we get: :

PAM _ (po+ ) AhoM
n= = = =4ug
" TRTy RTy B
which is ¢xactly 10 mol. The change in the temperature of the helium gas is:
AT =T,—-T1 =273K-2184K=54.6K,

therefore the change in its internal energy is:

J
AU =C,nAT=123——-10 mol-54.6 K=6716 J.
(mol- K)

According to the fist law of thermodynamics:
AU=Q+W =0Q — Wy,
hence the heat given to the gas is:
Q=AU+ Wy =6716 J +1800 J = 8516 J.

The change in the internal energy of the gas can also be calculated using the degree
of freedom:

AU:%NKAT, (1)
and
p1 V1 = I\”L‘Tl . (2]
Rearranging equation (2) gives:
mW
Nk = ,
T
which can be substituted into equation (1) to get:
I mW 3 (poA+mg)ho
AU==— AT=-——"" AT
2 T 2 T, '

inserting given data, we find:

3 (10°Pa-0.5m?+ 6000 N)-0.32
3. (07Pa05m + J032m S 6K = 6720,
2 218.4K
The small difference in the results is due to the slight inaccuracy of the molar specific

heat of the helium.
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7 Thermodynamics Solutions 7.3 First law of thermodynamics

Solution of Problem 204. While the helium is kept inside the container by the piston.
it expands adiabatically, which means that:

TV~ = constant. M g
The ratio of molar specific heats for helium is:
s T o f+2 _2 £
G f 3 :
where [ is the degree of freedom. This yiclds 4 —1=2/3. At - =
the moment when the p'islo.n reaches the top .ol' the cylinder, the E
emperature of helium is given by the equation: w
cap 1 = 2/3 B 2/ v
546 K-5.6%/% =T-11.22/3,

thus the temperature is

546 ,
Let us apply the work-kinetic energy theorem to the piston. The sum ol the works done
by the forces acting on the piston equals the change in the piston’s Kinctic energy. As
the initial and final speeds of the piston are both zero, the change n its kinctic encrey
is also zero. Thus the work-kinetic energy theorem can be written as:

Hyvgn.\‘ + 1 .‘,’,I‘.l\' T H'u(m =0.

where the first term is the work done by the helium undergoing adiabatic expansion, the
second is the work done by the gravitational force, and the third is the work done by
the atmosphere. These works can be expressed as:

l"";,;\r: = _AL;}_’,U,\'-
because in case of an adiabatic expansion, the loss of intcrnal encrey of the gas is
converted into the work done by the gas. As the internal encrgy ol a gas depends on its
temperature only, the work done by the helium gas can be determined:
Wias = =AUgag =—cymAT = —nC(Ty-T))=
1 mol-12.6 J/(mol K)- (546 — 344) K ~ 2536 J.
The work done by the gravitational force is negative:

: m . .
Weay = —mgr = —8kg-9.8 2 cx=—T84N-.r.

The atmosphere does work while the piston is inside the container, since this is when
the air inside the container is lifted up. Once the piston leaves the cylinder, it will
Continuously exchange positions with the air, but will not lift it. (Air drag acting on the
Piston is neglected.) The work done by the atmosphere is also negative, because the
force s opposite the displacement:

N ;
—poAV = —pgAAh =—10.12 ol 100 cm?-0.56 m = —567.J.

403



300 Creative Physics Problems with Solutions

Thercfore the distance moved by the piston can be written as:
= "V;;;\s A H'/’g,m\'
mg
substituting given data, we find:
2536J —567J
= ——F—————=25m
78.4N

We assumed that the temperature changes at the same rate everywhere in the helium
gas during its adiabatic expansion.

Solution of Problem 205. a) Let index | stand for the initial variables of the gas,
k for the spring constant, A for the cross-sectional area of the cylinder and x for the
displacement of thc piston. At the end of the heating, the pressure of the gas is

v ka
p2=p1+ R (1)
its volume is
Vo=V + Ax. (2)

By using (1) and (2), the universal gas law gives

mnVi (m+ %)(Vl + Ar)

Tl T2
From these a quadratic equation is acquired for z:
5 kV: WT
kx+ [)1A+ ! T+ p1V1— P17142 =0. (3)
A Ty

It is advisable to substitute the numerical values into the variables now and work on
with the numerical equation. The coefficient of the quadratic term is ¢ = 2000 = the
1
coefhicient of the linear term is

, 2000 £.0.024 m®

- N
b=10> —-0.03 m~ =4600 N
0 m 0.03 mie 0.03 m? ’

and the constant term is

=

106 N o004 e 1O X.0.024 m*-360 K 480 N
" — = / — = —/4 m.
‘ m " 300 K
Substituting these numerical values into (3) gives
2000z + 4600z — 480 =0,
dividing by 40 gives 5022 41152 —12=0.
Its solution is
—115+ V1152 4+4-50-12 —115£125
7= m= m=0.1m.

100 100
This is the displacement of the piston.
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7 Thermodynamics Solutions 7.3 First law of thermodynamics

p) The heat absorbed by the gas can be determined from the first law of thermody-

pamics: v )

where W is the work done on the gas, Wy, is the work done by the gas. From this
the heat absorbed by the gas is
Q=AU+ Wy (@

According to the work-energy theorem (Z W = A F\;,) for the piston (as in our case
the change in the kinetic energy of the piston is 0):

H”l’.;lg I H/’i\l nmosphere + ""/‘Qp,.mg =0.
in detail
1, 5
Weas — pe A — 31»'.1'“ =0,

if the work done by the gas is substituted into (4), for the heat delivered by the heating
filament this equation gives

1 .
Q=AU +p.Ar+ Ekxz. (5)
Here the magnitude of the second term is

peAz =10° Pa-0.03 m?-0.1 m =300 J,

and the magnitude of the third term is

1 1 N
—kz?=--2000 —-0.01 m*=10 J.
2 2 m

Our further task is to determine the internal energy of the gas. This can be done in
several ways.

l. By determining the mass of the gas from the state equation, and the specific heat
of the gas from the data and formula booklet:

AU =c,mAT, (6)
Where ¢, =712 J/(kg-K) and
p1ViM  10° Pa-0.024 m®-29-1073 K&
m = BT = o : 300 K oL =0.02792 kg =27.92 g.
L - e B \

mol-K

SUbstiluling these into (6) gives the following for the change in internal energy:

kg-K

AFE =712 -0.02792 kg-60 K=1192.7 J.

2 - . . . .
By determining the mass of the gas from density at 273 K and almospheric pressure:
m R’R’) RT() RTl

Po=3 "3 T Ty T
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300 Creative Physics Problems with Solutions

as the initial pressure p; of the gas is equal to the atmospheric pressure py. From thi
S

Ty
0=00" =+
I
This is substituted into the expression m=p- V) :
Doy —qog X8 2B R o = 0.0281 1
m=ypy — Vv, =1.2¢ — - ———-0.021 m” =0.0281 kg.
= I m? 300 K )
With these the change in internal energy is
: J :
AU =712 - -0.0281 kg - 60 KN=1200.1 ).
ke K

3. By determining the change in the energy directly using the degrees of freedom:

AU = [J\'/i'AT, (T)
)

where [ =13, the product of the number of the particles and Boltzmann’s constant from
the state equation
/)] ‘ 'J = [\’I\"j‘l

mWi
T

N =

which is substituted mnto (7):

_ SV 5107 Pa-0.024 m?

5
AU -
2 T 2 300 K

<60 K =1200.0 .J.

4. By applying the general formula that gives the change in the internal energy:

/> — 11 Vi LT VAN V2
A(,!':p")“) mW _ (m + _4)‘.- I’l\l- (8)
y—1 y—1

with numerical values it gives

(10*’ Pa+ W;) (0.024m® +0.03m?-0.1m) — 10> Pa-0.0024 m”
AU = = =
14—1

= 1200 .J.

(On one hand. Tormula (8) gives the work done on the gas in an adiabatic change ol
state, but it also gives the change in the internal energy in any change of state, which
can always be written as

|~

AU = L NEAT. )

N

1
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7 Thermodynamics Solutions 7.3 First law of thermodynamics

Fexpression ] ]
I p2Va V)

2= 4= Nk 10
| B0~ e (10)
is substituted in place oft AT and
|
Cp -2 2
£ = / — =14+ —
&y f f
is also considered, these give
f_ w1
2 opon y—1

If this and the change in temperature acquired from (10) are substituted into (9), (8) is
acquired.)
With this, equation (5) gives the heat delivered by the heating filament:
(2 =1200 J+300 J+10 J=1510.J.
(Those who determined mass with Method | received 1192 J+ 310 J =1502 J for the

energy delivered.)

Solution of Problem 206. Our data are p, = 10° Pa; Vo=1 m?; A=0.1 1112;
p=1cm/s.

If the temperature of the gas is constant, then its encrgy does not change either.
According to the lirst law ol thermodynamics

Q=-1
Let us apply this (o a short time of the process:
PAI'=pArAL,
where P is the heating power. From here
P=pAuv.

According (o the problem, the heating power should be determined as a function of time.
Let us apply the gas law
])V :1)«)‘/(),

Where in our case
V=V, + A,
and so the pressure expressed with the variables ol the process is
PoVo
‘/“ + Avt '

and with it the power as a function of time is

P=

. nobuae
T Vo + Avt’

D
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Numerically
p_ 10 2 1m®.01m?.1072 2 100 W
C lm?+01m21072 2 141073 Ly
Graphically:
- T P (W)
15
100
-1000 0 o r(:)

Solution of Problem 207. The first law of thermodynamics (AU = Q-+ W) for small
changes (where for pressure p=constant can be assumed):

CyvnAT =CnAT —pAV.
We express the molar heat capacity belonging to temperature 7'

C(T) = Cy + % o(T)- AZP .

We can make use of the fact that the rate of change of th is gt, so the rate of change

of function aT? is 24T, so
1
C(T)=Cy+ Ep(T) -2aT.

Expressing the pressure from the state equation of the ideal gas and making usce of
V =aT? gives
1 nRT
C(T)=Cy+—-
(T) n al?
So the molar heat capacity is constant throughout the process and its value is C =Cy +
+2R.

2aT =Cy +2R.

Solution of Problem 208. Let us assumc that the piston is weightless (its mass is
negligible). Note that the data given is quite special: on the first hand the volume of
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7 Thermodynamics Solutions 7.3 First law of thermodynamics

the two parts, which is half of that of the cylinder V| = 44.8/2 litre = 22.4 dm”, is
the molar volume of a gas at standard pressurc and temperature, on the second hand
each part contains 4 ¢ of helium, which is 1 mole, and finally the gas is at standard
emperature °C=2T3K. Thcrcl'm"«_: the pressure of the gas in the two parts must be
the standard pressure: py=1.013-10" Pa= 10" Pa.

As the upper part is surrounded by perfect insulators, the temperature (energy) of the
oas in that part can only be raised by doing work on it. The first law of thermodynamics
fn this case will take the form of: Q=0, AU =W

This work is done by the piston. which is lifted up by the expanding gas in the lower

part.

The equation that holds for an adia- g )
atic compression 1s: :
bat I | 24 276.10pa] 4095 K

TV?™' =constant, 273K | 10°pa

where v = ¢,/c, or v = (f+2)//f, 32.611
where [ is the degree of freedom. 2241y 1096.6 K
Using either of the above equations v = 273K m
=5/3 so y—1=2/3.

Let us determine the final volume V; L l ' |

of the gas in the upper part, knowing
that the temperature is raised from 77 =273 K to T, =409.5 K. Using the cquation for
adiabatic compression:

5

273K -(22.4 dm®)3 =409.5V,7.

g .
- =12.19 dm*.
409.5

The pressure of the gas in the upper part can be calculated using the cquation of state:
Vi Ty g 224 409.5

=p—— =10 Pa- . =2.76-10" Pa.
PR=Ppy Y1219 273 y

from which

les

273 y
Vo=224 dm?. =224 dm?
409.5

The final volume of the lower part is Vy = 2V} — Vo = 44.8 dn® = 12.19 d* =
= 32.61 dm?® and since the piston is weightless, the pressure in the lower part equals
the pressure in the upper part, so ph = 2.76-10° Pa. In the lower part, the change of
State is not adiabatic, since in that case heat is given 1o the gas by the electric heater.
The heater's energy input is given to the gas in the lower part, which transfers part of it
to the upper part by doing work on it. The final temperature of the lower part is given
by the equation of state:
phViy 2.76-10% - 32.61

=274 K ———————— =1096.9 K = 823.9 °C..

T, =T, -
Y 7 105 -22.4

The changes in the temperature in the two parts are:

AT, =T, -T) =409.5K—-273 K =136.5 K
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and
AT, = Té —T71=1096.9K -273 K =823.9K.

As the system is insulated, the heater’s energy input is the sum of the changes iy the
energies of the two parts:

V2
hence

The changes in the energy in the two parts can be written as AU; = ¢,mAT] angd
AUs = ¢, mATy, so

R
= Wmc,,(ATl + ATs).
Substituting known values gives:

242 ) .
t=———.4-10"3 kg 3140
2202 V2 . kg K

(136.54+823.9) K=060.55~ 1 min.

Solution of Problem 209. Let py and Vj stand for the initial state variables.
Let the maximum volume reached by the gas during the process be zVj.

\ The efficiency of the process is
p
Qin
Ps 0 3 The work done by the gas (that is, the useful
.. work) is proportional to the area enclosed by the
v XV, v graph of the cyclic process.
In order to calculate this, the maximum pressure should be determined. From the gas
law
poVo _ p1xVo
P \ Ty 4Ty -’
from which
\ _ o
" h mET
3 M With this, the area enclosed by the graph is
\ i
\ ~,
\ . 4po
Po - ~4T° Wiserul = <_ - Po) (IVO - VO) =
0
: 4 Vi y
Vo xVo v =poVo (--1) (x*l)ZM(‘l—l')(I”l)'
z z

It can be seen immediately that for the possible values of z relation 1 <z <4 holds.
In the case of x =1 and x = 4 the work done and therefore the efficiency is zcro:
because in these cases the rectangle representing the cyclic process degenerates into
straight line scgments, so both the area and the useful work become zero.

410




T 1 Thermod_ynamics Solutions 7.3 First law of thermodynamics

[n order (o determine the efficiency, the heat absorbed by the gas should be determined
A well. The gas absorbs heat along segments (0-1) and (1-2). At constant volume

QOl = A(]l

Qo1 = élezAT =

[\4|\ﬁ

5 (4p 5 4 5 4—=z
SApVo==(——po | Vo= 2poVo [ =—1) = 2poVo—.
2\ 2 T 2 T

» and at constant pressure

: 7 7 4
ng = AL’YQ +[)AV = é]}[AV +]}1AV = 5])1AV = —é . 'ﬁ(l’Vo — ‘/0) =
xT
14
=—poVo(z—1)=

With these, the total heat absorbed is

5 4—x Lr—1 poWi _

Qe = Qo1+ Qo2 = P00 + 1po o = P20 (11 52 —4).
X T 5 4

The efficiency of the process as function of .« is:

LVuseful . M(/‘l _")(17— 1) _ (1 *.’L‘)(JT — 1) . x? —5xr+4 _ f(l)
Qn  wh(15p-4)  115z-4  4-115z  g(x)
If this efficiency function is graphed and analysed in interval 1 <z <4 (or by means

of differentiation), it can be shown that jt has a maximum at z = 1.891. If this value is
substituted back into the function, for the maximum

Nmax = 0.1059 2 10.6%

is acquired. (So then the volume of the gas should be increased to Vo = V3 =1.891V,.)
A table of values for a few values of x:

T 1 1.2 1.5 1.7 1.8 1.89 1.9

Ul 0 0.057 0.094 0.1035 0.105389 0.105886664 0.1058823

The efficiency function in interval a 0 < 2 < 10 and in interval 1 <z <4 bearing
physical importance:

n(z) =

8.00—

4.00

2.00 n4
4 1 -
0.00-]

~2.00+

4 0 T r T | Ll
X
40— — T /1 2 3 4

0.00 2.00 4.00 6.00 8.00 10.00
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— 3
Solution using derivative. The function has an extreme value where its derjy

lei\/c 5
7Lr0! 1§

dy(r) - |
dr ‘

According to the diffeventiation rule for fractional function:
J'()g(r) = [(r)g' ()
g ()
[y =0 —5r+1 — I'(r)
glr)y=4—-11.5z == g (s} ==11.85.
; :

=

By using this, an equation is acquired for .r:
(22 —5)(4—11.52) =11.5 - (2® —5a + 4).

Reorganising:
o B i
11:5g" = 8z 26=0:

S+EVOI+4-11.5-26 8+£35.5
L2 = = =1.89.
2-11.5 23

(o cannot be negative). With this,

?—5r+4  1.89°-5.1.89—-4

B - =0.106.
I—11.5x 4-11.5-1.89

Its solution is
|
|

n= |
|

First solution of Problem 210. From the first law of thermodynamics:

a) The process is not adiabatic since the enclosed gas absorbs heat from the
surroundings” through the heater filament. 1t is isobaric because of the constant external
air pressure. (There is heat transler inwards but no heat transfer outwards.)

The heat absorbed is

Q=Wauy=Pt=36W-120s=14320.].

According 1o the first law, AU = Q+ 11, where
AU = ¢.nAT. In detail, with the data of e

enclosed air:

o300V (T —To) =Q — Ilu(A'z — A (l)

where
and ";;:All] +A:_7/-_>:(A[ +“_))/

o300 =

1+ BAT’

With the information g = 1.293 kg/m:s. and 3=1/(273K) obtained (rom tables.

1.293 kg/m:j kg
0300 = ; — -=1.176 —.
1+ (300 K — 273 K)/273 K m3
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iz
and . = i B g
Vo=(10dm? +40dm?)-1.5dm=75dm” =7.5-10""m

Al constant pressure,

Ty Vo Vo

Hence A
Y W (2)

V

Ty—Th  Vi=Vo  (Ao—Au)s

(2) can be substituted into (1):
Ay — Ay

co0300VoTo———ur=0Q — I)()(A'z — Ay,
Vi
With the substitution of @ = P/ and rearrangement to express the displacement in
qucstion:
Pt
L= =
(As — A1) (po+coo300To)
4320
= =4.1cm.
(4-1072 w2 = 1:10-2 m2) (10° % + 712 52 - 1.176% - 300K )
b) The temperature of the air in the final state 1s obtained from (2):
(A-) == A] ).l‘ A-) = AL T
T =Ty————+Thy=Ty———— —+Ty =
1 0 A 0 HA] TR 1 0
40dm* =10dm* 1.1¢
=300K —— — S 2 C L 300 K =349.2 K.
10dm” +40dm=  15cm
Second solution of Problem 210. From the universal gas equation:
poVo =nRT,.
The heat absorbed is
+2 k +2 k +2
Q=c, mAT—/———mAT— /‘ —{(nN, \m())AT-—/—RnAT—
2 Mg 2 mo
T l)n\n
= —RnAT— - AT,
2 Ty
and henee the change in temperature and the final temperature are
2 QT 2-4320.J-300 K x
AT 20T _ =19.1°C,

TpoVo  7-105-%.7.5.10-2 12
ang
T=Ty+AT=27°C+49.4°C=76.4 °C=349K.

413



300 Creative Physics Problems with Solutions

T
Because of the constant pressure,
V= % T = 7—’310%%‘-3 349 K = 87.37 dm”,
and
AV =(A4y— Az =V -V, =87.34dm" — 75dm> = 12.34 dm®.
Hence

_ AV _ 12.3 dm?*
T Ay— A, 40dm?—10dm?

T =041dm=4.1cm.

Solution of Problem 211. a) The processes that occur in the middle and rightmog,
compartments are adiabatic, described by the cquation

pV?Y = constant,

c 0.98 . .
where v = £ = 07 = 1.4. Thercfore, the resulting pressures can be obtained by
Cy .
applying the adiabatic equation of state to the initial and final states. With the use of the
data in the figure, the final pressure in the rightmost (3rd) compartment is

A N /2N N
Pas=he ( V{) cm? ( 1‘5> cm?

20 - s .
e Similarly, the final pressure in the middle (2nd)
. 200 N compartment is
':E:: *g 'g 1.4
kil I N 4N N
= & :20— ——— :38()2 =
< 3 A P2 cm? \ 2.5 cm?
10 cm 2dm
wamd | aamd The pressure in the leftmost compartment IS
20 NJom?| 20 N Jom? determined from the equilibrium of the pistons,
273K | 273K since that process is not adiabatic.
The condition for the equilibrium of the pis-
5cm tons is
‘ ZF =0.
ol With the forces acting on the individual piston
o_g surfaces in detail:
I p1AL—p2A1L +p2Ar —p3Ar=0.
6 dm3 25 dm3 15 dm3 Hence
o P2 P3 ~ p2(A1—A2) +p3As
T T, T, PL= A, )
that is,
38 69 N_(4-1)-102 cm? N 102 em2
p1:.38.62 oz (4—1)-10% cm? +29.92 = - 10% cm I N
4-102% cm? ) cm?
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p) Since the system does no work on the surroundings, the algebraic sum ol the works
done by the parts of the system on one another is 0, and the heat absorbed is equal to
the change in the internal energy of the system:

Q=AU =c,(m ATy, +ms ATy +m3zATy).
The changes in temperature are calculated from the universal gas equation:

])] ‘/’l _ I){] ‘/,“1/

™"

Hence the final temperature of the gas in the first compartment is

" v/ . 36.44N/cm?-6dm®
=7, PV _ gpgg 304N em” Bdm 0y
mW 20N /em? -4 dmr’
Similarly,
38.62 N/cm?2-2.5 dm®
7 =73 K. 2362 N/em “"d,:“ = 32048 K,
B 20N/em? -4 dmy’
and

29.92N/cm?- 1.5 dm’®
20N/em?2-2dm*
The masses ol the air in the individual compartments are obtained as the product ol
density and volume. Since the initial pressure is twice the normal atmospheric pressure.
the initial density is also doubled:

T; =273K- =306.31 K.

v o
my =V|20,=1 dm*-2:1.3 lb 7 =10.1g,
dm

mo = V5204=4 (1111:‘-2-].3% =m;=10.1g,

dm’
7 3 5 B my
my=V320p=2dm"-2-1.3 5= —— =5.2¢.
dmy’ 2

The changes in temperature are
AT =TT, =746.11 K =273 K =473.11 K,
ATy =T, —Ty=32948 K—273 K =56.48 K,
ATy=T;—Ty=306.31 K- 273K =33.31 K.
With these data, the total change in internal energy, that is, the total energy absorbed.

18 obtained as follows:

J
Q=AU:0AYT-(10.4;;-"173.1] K+10.4g-56.48 K -5.20-33.31 K) = 3976.7 J.

g I\

Solution of Problem 212. a) Let n, and no denote the quantities of helium and
OXygen, respectively, in kilomoles. let €'y and C» denote the corresponding molar
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specific heats, and let m be the total mass of the gas mixture. The total mass of the
mixture is the sum ol the masses of the components, and since m= M -n,

My -ny+ Mang =m, (1)

where A{ is the molar mass of the gas in kg/kmol. It follows from the first law of
thermodynamics that — since the volume of the gas does not change — the change iy
the internal energy of the gas mixture is

AE=(Cy1 ny+Cha-ne) ) AT =Q. (2)
(1) and (2) expressed with numerical data:
g A ;
il ™ gl ™2™ )
12 —_ 20 500 ————- 50K =14 . 2
(12 300 —— ny+205 ol K ny)-50 3500 (2)

The solution of the simultaneous equations is

n1=0.15 kmol, and ny =0.05 kmol,

that 1s,
ko
mpye=Mni=4 ——-0.15 kmol = 0.6 kg.
kmol
and

k .
Mo, = Mang = :'anTf‘ol 10.05 kmol = 1.6 kg.
b) At constant volume,
pr_ P2
T Ty
which now mcans ’
p _pt13749Pa

273K (273+50) K’

and hence
p=0.75-10° Pa.
¢) The total quantity of gas in the container is
n=mni+ny=0.15 kmol+ 0.06 kmol =0.2 kmol.

The volume of this quantity of gas at 0 °C and normal atmospheric pressure is Vi =
=n- Vi1, the product of molar volume and the number of moles. Now,

3

Vy =02 kmol-‘22./1]m

=4.48 m>,
kmol

The volume of the gas in question is obtained by applying Boyle’s law to that state and
the actual state of the gas in the container:

pNVN :pva
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‘ha[ iS~ h y 3 i}
1.013-10° Pa-4.48 m” =0.75-10" Pa- V,

and hence ;
V =6.05m".

Solution of Problem 213. a) The initial volume of the gas is obtained from the
gniversal gas equation. Expressed in litres,

m RT _ 2:107%kg  8.32J/(mol- K)-200K

= —_— - : . =33.24 1.
'~ M P 2-1073 kg/mol 5.105 N/m2
The change -2 is isobaric, so Vo /Vi=T,/T, and hence
T 500K
Vo=V,—=33211-——=83.11.
HNR 200 K

Process 2—3 is isochoric (the line segment 2-3 lies on a line passing through the origin),
for which ps/pa =T3/T5, and thus
13 ST .
T’j:T‘gf:SOOI\:_—“IOOI’\ and V3:V2:8311
P2 ]

The change 3—4 is isobaric again, so

=59.36 I.

T, 500K
Vi=Vy—=—=8311I
T 700K
Finally, the process 4-5 is isochoric again, where T; =77 =200 K and V5 =V, =
=59.36 1. The final pressure is therefore
200

T, i
5 = _)‘:710\11-"(7:
Ps=Pig 500

The unknown state variables arce thus determined. Now the other two diagrams can
be drawn

b) The p-V and T-V diagrams are as lollows:

2.8-10° Pa.

P} (105 Pa) T(K)
71 i 3 700 3
6+ 600+
1 4

5 2 500 2
4 400+
3t 5 3007
24 200 ¢ 5
1 1007

TR 1 gy
0] 10 20304050 607080 V() 0] 10 20304050 607080 V(1)

¢) The work done on the gas can be calculated from the p-V diagram. Internal
fhergy is the same at the beginning and at the end of the process since the temperatures
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of the gas in the initial and final states are equal. The first law of thermodynamics st

. ) 3 ateg
AU=Q+ W1 =0. thus Q=-11".
The work done on the gas can be determined in four stages:
. 5 N 5.
Wi=—p(Va=1)=—5-10°— - (83.1 = 33.24) - 10~ m* = —24930 J.
m-
H'-_),; = (),

. , - - g M . -3 3
Way=—ps(Vi—V3) = =7-10°— - (59.36 —83.1) - 10™* m® = 16618 .I.
=

Wys=0.
The net work done on the gas is
W= Wy Wy + W = 249300+ 04+ 16618+ 0= —8312.),

and the net heat absorbed i1s
Q=—-=8312..

Solution of Problem 214. The heat absorbed (given ofl) by the gas is obtained from
the first law of thermodynamics. It states that AU == () - 117, that is, the heat absorbed
by the gas is (@ = AU — 117, Here. the change in internal energy can be expressed in
terms of the change in temperature:

AU =nC (Ty—T;)=0.001 mol-20.5.J/(mol-K) - (=10K) =-0.205.].

The work done can be determined with the help ol a pressure-volume diagram.

Let py denote the external air pressure. let g denote the density of mercury, and
let /)y and hs be the initial and final heights ol the mercury column. It can be scen
Irom the diagram that the pressure ol the enclosed air varies linearly with its volume.

Therelore the work, represented by the

4 arca under the graph. can be calculated
from the arithmetic mean of the initial and
T~ - Poy-------m-mmmm q final pressures:
pah; p=(pr—p2)/2
Pgh2 .
Henee the work done on the gas s
L BES
; 1 . :
T 1172 4 w i i :*FA‘/:“;(I>1+I’2)'("':"'l)'
1] Py <
4 that is,
v, 2 ]
18 (p2Vo—pr Vit p Vo= pa i) | )

T2

It can be shown that the sum of the third and fourth terms in the brackets is 0: Since

Vo= (po—ogh ) (L —1h,)-A.
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and
Do ‘/J =4 (])” == i)‘(l/]_))(ll —h 1 ) - A,

with the multiphications carried out. the right-hand sides of the equalions are

(pol —poho —oghy L+ pghiha) A,

L

(pol —pohy —ogha L+ oghah ) A.

The first and last terms are the same in both expressions. It follows from the given
jength of the tube that the factor ogL in the third term is cqual 10 p,. which makes the
second and third terms of both expressions add up o the same quantity:

—po(ha+hy). —polhy+hy).

Therefore, the last two terms of (1) really cancel out.

The universal gas equation applied to the first two terms gives paVy = nRT, and
mVi=n RT .

Hence the work done on the gas is

1
W= —SHR(TQ Ty =—-0.042].
The heat absorbed by the gas is
; . 1 oy R
(2: AU -1V = )I(',.(TQ —T1)+ ;(HRTZ — I)R.l[) :‘II(TQ —T1) Cu + 5 =

8.31 J/(mol-K)

=0.001 mol- (=10 K) (‘2(),3 J/{(mol- K+ 5

> =—0.247 ],
that is, the heat given ofl by the airis < 0.217.].
Solution of Problem 215. a) After the heating

Starts, the liguid membrane bulges out more and
more owing 1o the rising temperature.  This will

] . . : a
Cause its radius of curvature r to decrease. Since )
the pressure of the enclosed gas is in equilibrium
With the external pressure plus the excess pressure
Of the curved liquid film:

4o b)

P=po+ "

It i casy 1o see that the pressure increases in

thig stage.  Figure a) shows that the smallest
Possible value of » is /2. When that occurs, the ¢)
Membrane has a hemispherical shape. Thercfore,

the maximum pressure is

1o
Puax — Po oig T{ =1040 Pa.
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(The same result can also be obtained without using the concept of the excess Pressure
of a curved liquid film. Let F denote the total force exerted by the tube op the
membrane. In the situations shown by figures a) and ¢), F < 4R7wa, since [ ig the
resultant of the lengthwise components of the forces acting on elementary arcs.

In the case b), I’ =4Rma, this is the maximum value of F. Since the membrane

. A is
in equilibrium,
pR*n = F + poR?~, (1)
and hence
B F
p - pO + RQTF = (2)

With the substitution of the maximum value of F' in (1), (2) gives the same result for
Pmax as obtained above.)
The temperature is calculated from the universal gas cquation:
poR*Th  Puax [R2ﬂ17,+ (2/3)1{37@
To T ’

2

where R’mh is the volume of the cylinder and 51[{371' is the volume of the hemisphere.
Hence,

Puax [R+ (2/3)R) 1040 Pa- [25-107* m + (2/3)-5-1073 m]
T= Ty = = :

poh 1000 Pa-25-10-3 m

b) The first law of thermodynamics slates Q = AU + W,,,. The change in internal
p()th

0

250 K=295K.

energy is AU = gN/.-AT, where Nk = from the universal gas equation applied

to the initial state. Therefore,
_ [l)oR(zwh AT = 5 1000 Pa,-25,-10_i3 1‘{12%-25-’10_5 M cg.10-% 7.
2 Ty 2 250 K- (295 K — 250 K)

The work done by the gas is used for increasing the energy of the membrane and
displacing the external air:

AU

. 2 .
W, =20AA+poAV =20(2R*r — R*7) +Pog Rim=27-107% 1.

Thus, from the first law of thermodynamics, the heat absorbed is Q = 8.8-107"J+
+2.7-107%J=115-10""J.

Solution of Problem 216. Let p,, Vi, T}. stand for the initial state variables of the
enclosed gas. Furthcrmore, let us consider the state when the piston has moved furthest

from its initial position and therelore stops for a moment. Let the state variables of the
gas be p2, Vo, T, then. According to the condition set in the problem:
V, =2V, (1)
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The gas undergoes adiabatic change of state, and therefore:

I)J ‘/"IA" — l)'l "; o (2)
From equations (1) and (2)
P1 A% Yol o :
B[ 22] =2 =2V =230 (3)
P2 Vi

Examining the motion of the piston between the two states in concern, according to
the work-cnergy theorem applied to the piston;

H-vxh*l'rml+”V}_§;|<:0- ( l)

[n this, the work done by the external air (considering that AV = V) is
”rrxlul'xml = 7‘[’/.-'3“/ = — % VJ- (-))
As the process is adiabatic, according to the first law of thermodynamics because Q = 0:
Weas = —AU, ,\:<§>(/)|V1pg\’-_»). (6)
With this, the work-energy theorem becomes é(/)l Vi—paVa) = pexi Vi = 0. Substituting

the values received from (1) and (3):

f 2p 5
2 \ P17 30 ) im W

from which, after simplifying and reorganising, the unknown initial pressure is
2 pext 2 10° Pa

~ - 0.639
/1 z(.m RN eRY

=1.652 10" Pa.

Pr=

From this, we can also learn that the minimum pressure of the gas was

=0.626-10" Pa.

P2=% 939

After the process in concern the piston started (0 move back.

Solution of Problem 217. The speed of the piston reaches its maximum at the
moment when the acceleration ol the piston becomes zero, i.e. the resultant Torce acting
On it is zero. Let m be the mass of the piston, A be the base arca of the cylinder and
Po be the atmospheric pressure. According to Newton's second law:

poA 4 my--pA=ma,

Where ) is the pressure of the gas inside the cylinder. Let p; be the pressure of the

elium gas at the moment when the piston’s acceleration becomes zero (o = 0). Using
the above cquation, p; can be writlen as:

- N 2 -

mg Y AN SOkg-10m/s” | N

= +—=10 S L T o, — — Ll 5
Pr=po+ A cm? 102 cn’? cm?
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The helium gas undergoes an adiabatic compression for which pV™ = constayg
Applying this to the initial and final states of the gas and using that the ratio of Spt‘ciﬁcl
heats is v = ¢p/c, = 5250/3150 = 5/3 (or with the help of the degree of freedom
~v=(f+2)/f=5/3), we get that

])0‘/0‘7 :[)1 V]‘T‘v

substituting known values, we find:

g

N 5 5 N s
10 —-22.43dm :18__2.‘/3’
cm= cm

from which the final volume of helium is:

(e

1
V=224- (%) dm® =15.74 dm®.

Let us use the equation of state to calculate the temperature of helium in is final state:
mW 973K 18 N/Cm% -15.74 dm?3
poVo 10N/cm?-22.4 dm

The maximum speed of the piston can be determined using the work-energy theorem:

ZW =AEy,.

Let us calculate the works done by the forces acting on the piston. The distance
moved by the piston until it reaches its maximum speed is:

T =Tp =345K =72 °C.

ViV, 224dm®-15.74 dm®
A 1 dm?
The work done by the atmosphere is:

s =6.66 dm.

g LV

Waem =po(Vi — V2) =10° — - (22.4 - 15.74)- 107> m® = 666 J.
m

The work done by the gravitational force is:

Vi-V,

Weray =mgs =mg =80kg-10 % -6.66-10"! m=1532.8J.
s

The helium gas is compressed, therefore its work will be negative (the direction of thﬂ
force exerted by it and the displacement of the piston are opposite). The magnitude of
this work can be found using the first law of thermodynamics:

AU=Q+W,

where W is the work done on the gas. The work done by the gas is the same as the
magnitude, but ncgative. As there is no transmission of heat during an adiabatic process:
@ =0, hence

J
Wihe = —AU = —c,mpu AT = —3150 ol (345 K —273K)=-907.2J.

T
kg K
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The work-energy theorem will therefore take the form of:
! Vi —Va 1
])0<\/’1 = \/2) +myg L 1 — C,l,lll(Tz _Tl) = ;771‘2)2 -0,
where v is the maximum speed reached by the piston. Solving for v, we get:

2po( V) = V& Vi — V&
v:\/ Pn( 1 2)_|_29 1 2_2011
m A m

MHe

(T> =T),

Let us factor out Vi — Vs

v:¢ﬂm—wm@+ﬂj~%ﬂwﬂn—ﬂ)

m A m

Substituting the values of works done by the external forces, we lind:

2 m m
= 666J+532.8)-907.2))=,/7.29— =27 —.
v \/SOkg( . ) \/ 52 s

Solution of Problem 218. a) According to the first law of thermodynamics, AF =
= Q-+ W, from which the absorbed heat is:

Q=AE-W=AE+Wg,s.
In the isobaric process the absorbed heat and the change of the internal encrgy are:
Q=c,mAT AE =c,mAT.
Writing these into the first law, we get:
cpmAT = c,;mAT + W,
The work done by the gas is:
Weas = (ep — cv)mAT.

_According to the statement of the problem, this work is 68% of the increase of the
Internal energy, therefore:
Weas  cp—cv
AFE cv
S0 v=1.68. According to data tables, this value corresponds only to krypton, so the
SXperiment is performed with krypton gas.

Il

v —1=0.68,
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- -
b) Durlng the adiabatic compression the work done o odiabatic
on the gas is: A
P, T
. paVo =
I wdialy— = —
A —1
With our data
B p3 Vs —24942 ) L
0 I e ]
0.68 —

Irom which
paVi = 36850 J-0.68+21942 J = 50000 J.

According to the ideal gas law in the final state of the adiabatic process,
13 \5 =n IfT_)
which means that the unknown final temperature 75 is:
PV 50000 J
T_ = = 7
nlR 10 mol-8.31:4

tial-IX

=0601.395 K~601.4 K.

Solution of Problem 219. According to the first law of thermodynamics, A=)+
+ W =0Q -1, which mecans that the heat absorbed by the gas is

Q=AI+11,,. (1
The change ol the internal energy and the work done by the gas are:
ar=Lnear=L"pat,
2 2 M

Wons = pAV = %/mr.

where M/ is the unknown molar mass of the gas. Pulting these expressions into
cquation (1) ol the absorbed heat, we get:
I m

Lo /
== —RAT+ —RAT ==
L 20 ¥ N 2

(We remark that the formula O = ¢, m AT gives the same value for the absorbed heal
. ! =
as the previous one.)
The heat emitied be the electric heater is

-+

n

— RAT.
M

U?

L.
y

(244 =

which is only partially absorbed by the gas. The connection between the heal absorbed
by the gas and the heat emitied by the heater is Q@ = Q. s0

2 U?
/ %/?AT::;T/.

2
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/“1\—/

From here the unknown molar mass of the gas is:

oL
Ml R, T
2n )41
Numcricully:
549 5 o ] g
M=% . 98  sio.ggi—t om0 K=0-5
2.0.75 2207 V=2.25s mol - K mol

which means that there is hydrogen in the container.

Solution of Problem 220. Notations. data:
m=mpye+my, =180 g. Waas =506 kJ. Q=156 k.J. myy, =7 AT =7

For the sake of simplicity, et us denote the mass of the hydrogen gas by my. and
that of the helium gas by mo.
According to the 1. law of thermodynamics, the change of the internal energy is:

AL=Q+ W =0Q—W,.=156 kJ =56 kJ =100 kJ.

The expansion of the gas at constant pressure is an isobaric process.
The gas law and the expression of the internal energy are:

PAV = (N, + Ny) - kAT (1)
</] N+ / '-_») kAT (2)

and from (1) and (2) we obtain that:

(N / 2 pAV fi [ Was
A= =N Ll LN B | o
( i) ) (N1 + Ny) R N+ N,

It means (hat

AFE

2AE _ fiNi+fNa 200 5N, +3N,

”i,_,\;,,— o A/\'[ -+ /\_) q)_ B 1\'1 s 1\:_)

Let & denote the ratio N /Ny ol the number of hydrogen and helium particles. Alter
Simplifying the last cquation, we get:

Solving this equation, we get:

250 +25

=35r+21 — 0=,

!hus the ratio = N /Ny is: =04, and N} =0.4N5. Now the number of particles
I8 expressed in terms of the mass. the molar mass and Avogadro’s number, and inserted
o the previous equation:

1 o

— N 7()1
M,

M,

A\'\. SO 1y =0.4- zn;”)
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Writing here the numerical values of the molar masses:
2 .
ney =0.4- m,z—l =0.2my — mo=>5m,.

Since my +mo=m, m; +5m; =6m1 =m, finally we gel
m 180g .
my=—= — =30 g.
6 6
According to the universal gas law, the temperature change is:
Woas My Mo
R-(miMy+maM,)’

my mo

[TARNTA

PAYV = W = ( ) RAT — AT =

Numerically:

A 56-10% J.2-107% K& .4.10-3 ke

5. (30 103 kg-4-10-3 X& 1150-103 kg-2-10-3 _>

mol K

mol

=1284 K.

Solution of Problem 221. Let V4 and py as well as yV4 and zpy denote the volume
and pressure of the gas at the beginning as well as at the end of the process, respectively.
It follows immediately from the conditions of the problem that the total heat transferred
into the system equals the initial internal energy of the gas, which is:

3
E= 5?0‘/01
since helium is an noble gas with three thermodynamical degrees of freedom. So the
total heat transferred into the system is:
3
Q= spoWo.
2

The work done by the gas in the process investigated
is equal to the area of the trapezium under the graph 1
the pressure—volume plane:

Po+xpo

1
W= (Vo — Vo) = 57)0"/()(5""{'])(.‘/’1)‘

While the change of the internal energy of the gas 18!

v \ 3 3
0 YV, A= — ('PDUVU*I)U 1))‘5/’0“)(1*1)(/—])

According to the [. law of thermodynamlcs, the total heat transferred to the gas is:
. 3 1
RQ=AE+W= 5])0\/0(.7:1/ —1)+ —1)0V0( r+1)(y—1)=
1
= 57)0 Vo(Bzy —3+axy—ax+y—1).
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After combining the similar terms:
Q= gpoValday+y—a~1).
gut this heat, as we have seen, is equal to the initial internal energy ol the gas:
gl’ﬂv“ = %lm\/’h(-'lﬂf‘y +y—z—4).

From this equation we get y as a function of .
r+7

3=dry+y—x—4 — 7= (de+ly—xr — y= g
yty ( Ju =

In the problem we are interested in, the maximal possible volume changes. Thus we
have to find the maximal value of y. This can be done by analysing the form of the
above determined function. To do this. let us rewrite the function in a diflerent form.
First we multiply both the numerator and the denominator of the fraction by 4, then we
eliminate @ from the numerator by separating the integer part and the remainder of the
division:

_mtT _ Art28 _de41427 1 27 | 27
Y= 011 1zt 1) 4(dr+1) 4 A(dr+1) 4

- +
le+1

It is easy to see that the function is strictly
decreasing in the physically reasonable region
z >0, so the maximal y value corresponds to .- =
=0,ie: y(0)="7.

Thus the volume of the gas can increase al most
by the ratio of 7, i.e., Viux = 7V5. Furthermore,
in this case the eraph of the process in the p—V
plane is a line scgment with ncgative slope, which X
‘reaches’ the zero pressure at the volume 7V, . (Of
course, in reality the pressure only approaches zero.)

During a part of this process the gas absorbs,
during another part the gas releases heat, but the Py been
total heat transferred to the gas is certainly positive.
DUring this process the gas does not double its
Internal energy; in lact, at the end of the process
the internal energy tends to zero.

v

<
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Solution of Problem 222. Let us apply the W()l'k-cnel-gy
theorem to the motion between the points A and B:

‘ . 1 1
—mg-2R-sina+kQ? <2R'sinﬁ . 21£-cosﬁ):%m?}'
2 2
(1)

At point B (in the time instant of the tension force
disappcaring but still in the orbit of radius R), the resultap,
of the radial forces is

. kQ? a  mu? (
ITLgSlI']()——.Z'(,‘OS—:—‘ 2
(2Rcos §) 2 R )

The charge in question is obtained by multiplying equation (1) by 2, equation (2) by R,
subtracting them and rearranging:

0= =2.04-1077C.

C? \sin30° 4c0s30°

5-mgR?sina \/5-10—3 kg-9.81 m/52'10m25in600
W 3 o 109 Nm? 5
A’(sinf—_,’ - 4(,'05%) 9-10 ( )
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Chapter 8

Electrostatics Solutions

8.1 Electrostatics

Solution of Problem 223. Because of the equal masses of the balls and the symmetry
of the opposite forces, the displacements of the balls are also symmetric. Thus after
releasing the balls al their extreme positions both
ihreads make an angle 3/2 with the vertical,
- where 3 is the angle between the two threads.

According to the work-energy theorem, the
sum of the works done by the forces acting on Q/r.-'=
the balls is equal to the change of the kinetic = m® -2
energy of the system. Since at the initial and S : _I__/_(Cosa-cosg)

final (extreme) position the balls are at rest, their r=2/sina
kinetic energy is zero, thus

k-2Q?

1 1 /6]
- -— —2mgl | cosae—cos= | =0.
2lsina 2/sin 5 2

From here the smaller charge is:

2mgl (cos o — cos g) 2mgl? (cosa — o8 g

20?2 | | . sind — s}
2Q) (2[5.““[ T k-(sing —sina

Inserting the numerical values, we get:

o B
+SIn ibma

0= 2:107% kg-9.81% -0.09 m3 (cos20° — cos42°) - sin42° - sin 20°

- =5.2-107%C.
9-109 B= (sin42° — sin20°)

The bigger charge is 20 =10.4- 1073C, of course.

Solution of Problem 224. Let us use an inertial reference frame attached to the centre
%mass of the two particles. The above described motion is possible if in this reference
rame the two particles perform a uniform circular motion around their centre of mass.

'®Wing this motion from other, ‘moving’ inertial reference frames, the speeds of the
Eﬁ_rctl‘l(i]tis wo.uld pol be constant.) The cen[ripglal force ncedcq t(? main\lain lhe uniform

ar motion is produced by the Coulomb force. (The gravitational force is by many
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~ 4
orders of magnitude smaller. so it is negligible.) Since the two particles revolve aroupg
the common centre of mass. their angular velocities are the same.,

By the delinition of the centre of mass,

=3

Furthermore. the distance of the particles is constant,
L+ =t
This distance ¢ is divided by the centre of mass at the ratio iy /me . therefore:
( 1.5 ¢cin

=1l =

_ 12107 ke=1 e,
ny -+ e 6-10712 ke +1.2- 1071 ke =

and
ra=d—r;y=15cn—1cn=0.5cm.
The specd of the particles can be determined from Newton's second law. Writing ji
for the first particle:
01Qs

/\ ——-)
=

It means that the angular velocity is:

, 5 9 42.10—13y2 2
oo Jp @@ o g N (avaomee:
2y C? 1.5%2-1074 m?.6-10-12 kg:10~2 m

The speed of the first particle is:

2
=MW,

A

i ) 1 om L.ocm
y=riw=10"7"m-6.271- = 0.063 — =6.34 —,
S S S
and the speed of the sceond one, orbiting half radius, is:
= _em
vy =000 =3.17 —
S

Solution of Problem 225, a) According (o the centre of mass theorem, in the lack
of external force the two objects move in such a way that their centre of mass remains
at rest in the inertial reference frame. So the two specks of dust meet at their centre of
mass. This position has o be determined. Let us give the distance of the centre of mass
from the first speck of mass 1.

Let the origin of the coordinate system be at the centre of mass. The formula for the
position of the centre of mass yiclds that:

mry A omaay gy 4 =i (dy — )]

g ————— = ’
ny 4o ney o

from which

no 1.3
) P —

ey me 1.7+ l,.'i‘

Moy = anad | —moay — ) = 6 cm=2.6 cu.
Ry 20l ]
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8. Electrostatics Solutions 8.1 Electrostatics

go the (wo speceks of dust will meet 2.6 em - far from the initial position of the first speck
of mass 111 (and consequently 3.1 cm far from the initial position ol the other speck).
p) To answer the question we have to use the conservation law of energy and of
jinear momentum. According to the first law, the initial electric potential energy equals
the sum of the kinctic and potential energies at the distance dy:
l;[””l == l—':pnlJ =+ Ekinl =t ["‘l\'ill-_)!

or, in details: 0.0 0.0 :
/v('l—lz =k (ll-_, =4 5 ye gy 5,”2[.: ] (1)

The sum ol the momentum of the specks remains zero in the process. so:

[

noyey A mars =10,

-om here
Fror -
Uy = —U'.
11

Writing it into cquation (1), and rearranging the terms, we get:

11 :
5o 1y My = 9
200 | — —— | =myey s | — oy = ——ll']'.
dy o mo 1

After some calculation the following is obtained for the speed of the first speck:

2/\'(2|(2~_)IH~_3 (/1 —(Iv_) _

U] =
my(my+ma)  didsy
/29 109 ¥'f 1079 C-5-107Y C- 132107 kg 0.06 m—0.01 m _m
1 L.7-107" kg(1.7-107 " kg +1.3-10~ """ kg) 0.06 m-0.01 m s

The other speed can be obtained cither by exchanging the indices in this formula, or by
using the formula for ¢ derived from the momentum conservation law. The result is:

1y .7 m m

i bl =
—437 — =—-572 —.
Mo 1.3 S S

iy s L i

(The negative sign means that il the positive . axis ol the coordinate system is
pomting in the dircction of the velocity of the first speck, then the second speck moves
I opposite direction to the .+ axis.)

The speed of approach of the two objects is just their relative speed, which is:

_m i TH m
Urelyy = 01— U3 =437 — — (=572 — ) = 1009 —.
i S S S
(This is the speed of the first speck relative 10 the second one. Of course, the speed of
the second one relative to the first speck is the opposite:
e I Lo 1
Uty =02 =y = (=572 —) —437 = =—1009 —.
- S S S
The question was asking the magnitude of the speed of approach, which is the absolute
Value of cither of these relative speeds.)
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Solution of Problem 226. The problem is highly theoretical since it is IMpossib)e
to concentrate such a large charge on such a small object. The order of magnitude
of the radius of a spherical particle with a mass of one thousandth of a gram may be
about | mm. That would result in an order of magnitude of 10'° V for the potc—mim
and 10" V/m for the clectric ficld at the surface, which is impossible. Let us assume
however, that it is still possible, and solve the problem. y

The particle has to cover a vertical distance of y =d/2, and the initial value of j
vertical speed is zero. Since the field is uniform, the acceleration will be constant apg

thus the distance covered is
d 1 2
Y=—==—=at -
¥=3573

t=+/d/a.

From Newton’s second law, thc acceleration is
Fa QFE QV

m om  md’
Horizontal speed is constant between the plates. Expressed in terms of the distance 1o

be covered and the time of flight, it is
h h h\ﬁ ; [QV  h [QV
UI == — = =n = =F == — _
T Vd/a d md?  dV m

12e¢m [4-10—3 C-60000 V
V=
3cm 5-10-C kg

Hencee the time of flight is

Numerically:

=27712.8 2.
S

Solution of Problem 227. Let the electron arrive at velocity v at an angle of
incidence a and leave at velocity u at an angle of refraction 3. Just as between the
meshes, only a force perpendicular to the meshes acts on the particles, their velocity
component parallel with the mesh does not change: vsina = usin3. According to the
work—kinetic energy theorem

Lo 9

1
—mu? — —mv? =Vq.
2 2

. . . sina 2U ) :
From the two equations through transformations — =4/14 q Since ratio
sing3 mu?

sina/sinf3 is independent of the angle of incidence, it has the same value for every
electron.

From the definition of the refractive index n=+/1-+ ?Tl:i =1.42.

Solution of Problem 228. Electrons on the edge of the beam travel with a velocity
vy = v/2eV}y/m whose direction forms an angle a/2 with the centre-line when rcaching
the first lattice.

The component vy, of velocity vy that is parallel to the lattice remains unchanged:
while the perpendicular component vy, should decrease to such an extent that the angle
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8. Electrostatics Solutions 8.1 Electrostatics

of direction of the velocity changes from /2 to a. The equations describing the change
of the angle are:

5 Uy . Q Ut
sina = —, sin — =
v 2 i
hence A :
ve  Sing sin 5 1
nosina 2singeosy 2co8 G
V.

1x

The potential difference belween the lattices should decrease the velocily Trom ¢y o
vo. According to the work-kinetic encrgy theorem:

1, L,
eV =—muv; —-mey,
7 A

from which the potential difference between the lattices is:

mo, . 5 mu? ) 2 1
Vot eiomt [{ Z ] —1| =V [ secee=] | =
‘21:(12 5 2e <’l)| ) "\ dcos? g

1
=060000V | —— -1 —43923 V
dcos= 15°

This is the potential of the second lattice relative o the first (the charge of the clectron
IS negative).

ll

Solution of Problem 229. a) Duc (o the naturc of Torce (central and repulsive) acting
on the moving charge. its path can only be a hyperbola.

According to the work-kinctic encrgy theorem, the work done by the clectrie fictd is
€qual to the changce in the particlc’s kinctic energy. As the particle’s initial position is
al infinity, the work done by the electric ficld is the negative of the particle’s potential
Cnergy at the point of its closest approach. thus:

Lo ﬂ ] 21

. :;IIII‘"*;IHI“":‘ (1)

Where 1 is the smallest separation and A =9-10" Nm?/C.
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As the force acting on the moving particle
is central, the angular momentum of thig

q_ Y : i ;
p—F - particle defined with respect to point Q
is constant. Assuming that the masg is
d constant, the equation simplifies to:
drvg=r-v. (2)

Solving equation (2) for v and substifyy.
ing it into equation (1), we obtain:
mug

22
muid
— 2.2 _kgQ r— 9"

2
) ] 9 . (3)

The solution of the equation is:

k
_qQ+

R
mug

Substituting known values gives:

_9.109%;1—2.10—70.10—5C+ 9-109 812 .10-7C. 105 C
© 107%kg-4-1007 10-5kg-4-101 1

r

2
] + 0.01 1‘112 =

=0.125m.

Using this result, we get that the minimum value of the velocity of the moving
particle is:

v r vo 0.125m S

b) Let point A be the vertex of the hyperbola, which is its closest point to the fixed
charge.

d 0.1m m m
.
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8 Electrostatics Solutions 8.1 Electrostatics

Let point O be the centre of the hyperbola, which lies on segment AQ. This is the
oint where the lines of directions of the moving particle’s initial and final velocities
or the asymptotes) intersect each other. Distances OA and OQ arc the length of
he semitransverse axis and focal distance of the hyperbola respectively. Triangles
oHQ and OGA are congruent, therefore OD = OH =d is the semiconjugate axis
of the hyperbola. The focal length can be expressed as OQ = \/,4()2+d2, while the
smallest separation (7) is given by the formula AO ++/AO?+d?. Therefore in case
of an arbitrary initial speed vp, the semiconjugate axis of the hyperbola is d, while its

mitransverse axis is:
£ kgQ

OA=——.
mug
The asymptotes of the hyperbola will be perpendicular to cach other il the semiconjugate
and semitransverse axes are equal:

_kgQ 9-10°XN%°.1077C-10719C

d = = = 2
muyg 1075kg-4-10* 4

=0.0225m.

If now distance d is changed to its new value, equation (3) gives » =0.05432 1 for the
smallest separation and equation (2) gives v =82.8421m/s for the final velocity of the
moving particle.

Solution of Problem 230. When the anode current starts, the energy of the photon is
equal to the work function:

—

d=hf=6.63-10""" Js-3-10" = ~2-10717 J.

7]

In the second case the frequency of the applied light is:

: 3108 1
f=e=— 5 _7.10M .
A 4251079 m s

The kinetic energy of the electrons leaving the cathode:
hﬁ/‘:(i“)‘%Ekin - F/‘kin:hf_oa
With numerical values
; . 41 -
Frin =6.63-107% Js-7-10" = —2.107% J =
S
=4.641-107* JJ—2-107" J =2.641-10719 J.

While the electrons emerge from the cathode and move to the anode, the cathode gains
E,0§ll|vc charge and the anode gains negative charge, this way a ‘counter-field’ is created,

hich stops the electrons before they reach the anode after a sufliciently long time. The

C .
OUnter-vollage created across the capacitor can be measured between the cathode and
€ anode as well. This clectric field does eV of work per electron to increase the
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potential energy ol the clectrons, which according 1o the work—kinetic energy theore
(W =AFy, ) is equal to the change in the kinetic energy of the electron:

eV =0-E,,

m

with numerical values:
—1.6- 107" C V= —2.611-00 ).
from here. the potential ol the cathode relative 1o the anode is:
=200 107 o
—1.G-107"
The charge on the capacitor is
Q=CV=10""11.65\V=165-10""C.
The number ol clectrons on the capacitor is
_Q _ —165-1072C
e 161071 C

(The inherent capacitance of the photocell is neglected.)

" = 1.03-10".

Solution of Problem 231. Duc to the symmetry ol the arrangement. we can consider
only one ol the two pendulums. (Because of the equal masses, the position of the two
threads 1s symmetric with respect to the reflection against a vertical line passing through
the suspension point.) Let us write down the conditions for the equilibrium of forees
acting for example on the lelt sphere, in horizontal as well as in vertical direction.

When the spheres are submerged into paraflin, the following forces are acting on the
spheres:

the Torce duc Lo gravity, the buoyant force, the Coulomb force and the force exerted
by the thread. (We assume that the paraflin tank is large ¢nough, so that the effect
ol the surlace polarization charges can be

72 neglected. and we also suppose that the
/% = : 7
bt 5 threads have negligible width.) According
i to the figure, the force balance cquations
: are:
Eul /Kp . . o
: in horizontal direction:
Fa | Q g Q | Q'_’

e S — N psinap=0.
Imzpz, APsin~ap

in vertical divection::
oVg—opgV — KNpeosap =0.
Rearranging the first equation and dividing it with the sccond one, we obtain that:

Q* (1)

=tanap

. ) r . 2
1670202 (0 —op)- Vg -sinap
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Without paraflin the structure of the first equation does not change, but since in the air
(or practically. in vacuum) =, = 1. the relative permittivity can be omitted, and diflerent
letters should be used for the angle and for the force of the thread. In the second equation
the buoyant force is omitted, so in the air the force balance equations are
in horizontal direction:

1 Q° -
——  —————— — Nasinay =0,
- : P

Imen A2sinay

in vertical direction:
oVg— Kycosay =0.

Acain rcarranging the equations and taking their quotient, we get that:
)

ok

1670120V g sin? 0y

=fanay,. (2)

Dividing the two equations (1) and (2) for the tangents of the angles in paraflin and in
air, alter canccellation, we obtain:

tana (9 1(57.’5“5, l""(g)f Qp)~\*'g~siu")(\p
tanap  16mw=y/2oVg-sin®ax Q?

=, (0—op)-sinfap

-2
0-sin”ay
Multiplying this equation with the denominator of the right hand side:
tanay . - s
O ——8In- ‘0 A=Z,.0-8I07 (\ P —Ex:0p 81T &P
tanap

We collect the terms containing the unknown density o the left hand side of the
equation, and use the distributive law of multiphcation:

tanaa . . 2
—51In7 L sin? (\|> CO= —Z,0p- SN ap.
tanap

Finally, expressing the density of the spheres. we get:

.
£85I ap
o=yop- T =
=8’ up—gﬂ) sin“ap
tanaog 4
l\m Q'Sill_:JOO
=800 -l ST =
m3  2.gin? 300 — 1andhe o2 350 -
tan 30

Solution of Problem 232. If time is measured (rom the start of the motion. in time
t the insulator slab penetrates 1o a distance of
ay -
r=—1
2
!"Um the place of entry. At this time, the plates practically form two capacitors connected
M parallel: one with arca ¢ and capacitance 'y, which is filled by the insulator and
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another one with area c¢(c—x) and capacitance Co, which is filled with air, Thej;
capacitances are

£0&,CT epclc—x
=2 and G- spher—a)
The equivalent capacitance and the charge collected on the plates as function of time are
gpc gpt .
C=Ci+Cy= = e+ (g —1)z] = e c+ (e, — l)”—“t2 3
( d 2
and 9
ZnC [ ag o Zpe 5()(5\- = 1)('(1‘()1./' 5
=—|c+ (-1 —I“]U: Uy —— 1t~
@ d (= ) 2 d 2d

respectively. From the same train of thought it can be seen that as the insulator penetrageg
between the plates by Az, the charge of the capacitor changes by

goErCAX _ 5()CA.1‘> U= M&l

AQ=ACU =
Q ( d d d
This charge is delivered by the em( source, so the current in the wires lecading (o the
capacitor is
. AQ _eo(sr —1)eU Az go(e, —1)eU s eoler —1)cU i
At d At d d Sk
with numerical values

. 8.85-1071245 (101 —1)-200 mm 243 -100 V
1= =

e
= t=1.77-107"—t,
2 mm S

that is, the current increases linearly from zero.

Q

il LY i
d 2d

g £,c°U L &de—1)eay r
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8 Electrostatics Solutions 8.1 Electrostatics

when the insulator fills the space between the plates completely, the capacitance of
the capacitor does not change any more, the charge on the plates remains constant as
well, the charging current ceases. This happens at time instant

2-0.2m -
—SE = 0.447 s.

Until this moment the charge on the plates and the current are monotonously increasing
in time, so they reach their maximum value exactly at this moment:

o5, 2U  8.85-107"232.101-(0.2m)>- 100 V

Quax = 4 = 2.10‘{ = = 1.79 C.

. zo(s = 1)U/ 2cay _

IHI}\X - (/

8.85-107 1235 - (101—1)-0.2m- 100V
21073 m

Solution of Problem 233. The given data guarantee that the insulating plate can be
considered in both directions as infinitely large since the distance of the sphere d is much
less than the size of the square L. It means that with a good approximation the electric
field of the plate is homogencous in the investigated region. Using this (well-founded)
assumption, the electric field of the charged plate can easily be determined with the help
of Gauss' law (Maxwell's L. equation).

Gauss’ law states that
ZEA Acosa = *ZQ

=
Applying it to a thin rcc(zmgular box around the plalc (and neglecting the inhomogeneity
of the electric field at the lateral faces of the box). the constant £ can be carried out of
the sum, cosa =1 and the surface area of the box is

O
ZAA =924 =9I72
A

ExPl‘eSSing this area with the distance o, and writing it, along with the total charge of
the Square plate, into Gauss™ law, we gct that:

. 1
2.(100d)* = —100Q.
<0
This electric ficld is perpendicular to the plate, so the components of the eleetrie hield
Vector, expressed in terms of the charge of the sphere Q and the distance o are:

Q

]};11.11““):-7)'10_:1‘ "
' :'1)(/“

i T o BN)
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Now let us investigate the electric field near the sphere. The electric field of the
charged sphere inside the sphere is zero. Outside of the sphere, however, the electrie
field is similar to the field of a point charge @ placed at the centre of the sphere. In
addition, the homogeneous electric field of the square plate penetrates into the insulating
sphere so the net electric field inside the sphere is:

E,=5-10 3507. Ey=0, E, =q,
At the given point outside the sphere
the net electric ficld is obtained p
superposing the field of the plage
and that of the sphere, according o
the figure.

(In the figure the lengths of the
electric field vectors are not prop-
erly scaled, since in reality at the in-
vestigated point the field due to the
plate is 22 times smaller than the
field of the sphere. The directions,
however, are properly indicated.)
The clectric field due to the (uniformly distributed) charge ¢ on the sphere at the

. d d .
point (5,5,0) 1s:

, 1
Esphm'e = Are ’ P Q 5 = QTfQ 02 20159%
0 (5V2) -0 0
The components of the net electric field are:
, . ¢
E, = EPIate _ prphere soqq50 — 3. 10792 _0.159 Q‘, cos45° = ‘0.107—2—2,
E: A £od? god? god
E,= E;"'“’""sin45° =0.159 Q,) sin15° = 0‘113%.
: ’ Sod' E()d

The magnitude of the net electric ficld is:

/ . @
= 24 F2=0.156——
E ET+ Y ) eod‘z’

and its angle relative to the = axis is:

I, 13
p=arctg == =arctg

' =46.6°.
Ey 0.107

Solution of Problem 234. Originally the potential differences across the capaci-

tors are y
Va=Vp= >
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their charges are e
Qa=Qp=—", (1)
2

and their energies are
1@ 1., ‘
- =_CV2. (2)

2C 8

a) Let us move the plates of capacitor B. Then Cp =
— (/2. The voltage of the battery does not change but
charge moves from the plates into the battery. The charges
on capacitors connected in series are obviously equal, let
! stand for this new charge. With this used for potential

differences, the following rclalionship is acquired:
QI
( />

Wy=Wg=

>
,

O
(9]

V=Vy+Vp=

<

from which the magnitude of the new charge can be determined:

=" (3)

The new energies are

Based on (2), (4) and (5), the changes in the energies of the capacitors are

1, 1 5

AW, =W, —Wy=—CV2e —CV2= -2 V2,
s 18 8 72

levie Loy
72

C

1
AW =Wp—Wp = CV? -

Based on (1) and (3), the change in the energy of the battery is

1 5 1 5 1
AW, ==VAQep=V(Q-Q")= 50\/' - ;(/'Vz = FC'VQ.
. )
The change in the energy of the system is
1 1 5 : 1
AW! =AW+ AW +AW, = - - = - = |CVi=—CV>2
L bt P 6T T2 T2 12
80 the (oal energy of the system increased.
The change in the cnergy of the system is
. 1 2
WV =—AWisien =——=CV".
Al syst 2
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The work that was required to increase the separation of the plates of the capacitor Wag
. . o
done at the expense of this energy.

[Remark: This can be understood by considering the following:

The work done by us is the work done by a changing force. because in the cage of
capacitor B both the charge and the potential difTerence across it change. So the work
is given by an integral.

The work done by us is

20

= / Fdr,

d

where [ is the magnitude of the force between the plates and . is the relevan
separation of the plates, which changes from o to 2d. The clectrostatic force that acrs
on the plates of the capacitors — as we know — is hall of the product of the resultany
electric field and the charge on the disc:

F=_-0F,
2

where based on Gauss™ law, the magnitude of the clectric field is

1Q

I = .
o) A

(Duc to the constant velocity) the foree exerted by us in the direction of displacement on
the plate of capacttor B that is pulled by us has the same magnitude as the clectrostatic
force that acts on it
1Qu_1p 1 _1C3Vj (L)
20 A 2 “ E“A 2 f”/‘l i
When the separation between the plates of capacitor /3 is increased, both its capacity
and the polential difference across it change. Let us describe this two-variable function as
a onc-variable function of the distance between the plates. Let @ stand for the changing
distance between the plates of the capacitor. With it, the capacitance ol capacitor B 18!

:'“.“‘

Z

. 1
= 0Qn

Cp=

The (changing) charges on the two capacitors connected in series are cqual, so the
potential differences across them are

Q . Q
V= — and Vig= —.
A I I3 I
Their ratio s 7 o o
A 3] . ., Up
=— that is. Vi=Vy—.
Vi Ca ! 5 A /;(,;\
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The sum ol the two potential differences is constant and is equal to the voltage of the
pattery ] .
Ca+Cp
Ca

From this the changing potential difference across capacitor B expressed with the
constant voltage across the battery is
Ca 1 1 1 o

: % =V =V (11.)

CatCp 1+Cp/Ca B 1+4 " r4d

I y AH v .
V=V,+Vp= V/’zf,— +Vp=Vp
A

Vp=V

with it the foree pulling the plate of capacitor B as function of 2 based on (I.) and
(IL) is

I =—-—£. = : =GR e
BT 0004 (@+d)? 250422 (z+d)?2 2 "z +d)?

The work done by us is the integral of force as function of displacement:

103 Vvi2 1 &4 V2 1 e
)

2 2d
. ' 1 5 dr
W= [ Ipdr=-cyAV~" | ———.
/ TR / (2+d)?
d o

The integration is carried out with the following substitution: (o 4+d) ==z and dr=dz.

Then the integral becomes
s 1 1
J z? z r4d
Using this, our work is

. 24
o1 5 1 1 - 1 1
W= —z0AV" |- =—ggAV°|— —| - ]
70 { I—H’], i [ 4+ 2d ( .l'+([)]

= %:UAVQ (;[ :51/) - L=gA \/_._,37—7_2 = 1 4 V2= ic'vl”
2 d  3d

as we have already stated. ]

b) Let us insert an insulator into capacitor A. Then according to the given condition
Ca=2C". For potential differences:

(2// (2/’ g 2
V=" —, from which Q'=-cv.
2C c 2 3
The encrgics of the capacitors are
2 L
L A
H‘\;2 50 _”( Ve
L™ 2. .
s s 16
Wo=3"¢ _9“ ‘
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the changes in the energies of the capacitors are
e v ; 1 2
AWl =W, -W,= _ﬁ( Ve,
AWY =W —Wp = —~CV?
B B B 7 »

the change in the energy of the battery is

1
AW =V(Q-Q") =~zCV?,
the change in the energy of the system is
1 7 1 1 >
AW o=~z +s—= |CVE=—=CV2
system ( 72 + 72 6) 12

. . . . . . 1
The capacitor pulls the insulator in and in the meantime gives ECVQ energy to it

(which for example in the case of motion with friction is given to the surroundings as
heat).

Solution of Problem 235. a) Let us assume that the area of the plates (A4) is much
greater than the separation (d), i.e. A>d?, which means that the electric field between
the plates is uniform. Let d be the separation of the plates of the capacitor, V' be the
potential difference provided by the battery, £ be the initial electric field strength in the
capacitor. In the initial state, the relation between the potential difference and the field
strength is given by the equation:

.V
F=—.
d
U £ oY In the fist case the two plates placed
# = F_o—=m o= insidc the capacitor behave like a solid metal
H———- 20 X5 block of width d/3. Due to the induced
+ g - ety
+ - +H—>- charge on the connected plates, the electric
i t P, . . 4
e - +H +H—>: field E5 between them is zero. Since the
i 3 = - ial diffe ided by the battery
b - I 2 o potential difference provided by the battery
+ »- B :—", 2 remains constant, we have:
L >
] 5 H H_ -
+ 5 - -]

1 o
v:v1+v2:Ele+E;;%:Ld.

which yields

IR
_rnli
|
Jn

L+ By=3F. (1)

The clectric flux between the left and right pair of plates is the same due to the symmetry
of the situation:
U =0y,
hence
I5yA=I5A,
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thus

(82

El = }?;5. (
gubstituting equation (2) into equation (1):
E;; + E;g = 2[?3 - 3E,

so the electric field strength in question is:
Ei=FE;= 5 =5-600 V/im=900V /u.

b) This case is much more complicated. Let Qy, Q2, Q3. Q4. Q5 and Q4 be the
charges on the surfaces of the plates as shown. Let ). Fu and /75 be the clectric ficld
strengths between the pair of plates moving from left to right. Applying Maxwell's third
equation (Faraday’s law) 10 loop ABCDA shown in the figure. we get:

O
Zv:o.

hence
1

a
2
since the potential difference provided by the battery, that was [Zd nitally, remains
constant. This yields

I
Ey + I = Ed. (3)

E2+E;:2E, (3(’1)
where £ is the initial field strength inside the capacitor.
The additional two plates are con-

nected by a wire, therefore they are 1. 2. 3. 4.
equipotential, so the potential differ- [ E, = E, — E, -
ences between the second plate and = o ¥
either the first or the third one is the = i ‘j—J:
same. This means that: + + e IR
+ L
d d + + o
Ei==Es—, 4 B
D) 2y (1) | K- S BN T TETLIITY: A
S55 . . . , + =
hence — considering the dircctions of | A - -
the fields — the relation between the J L ] it
electric field vectors is: & H
s Q| 02 :03 04 Qs OS E
E,=-F,. (4a) : | :
B . . e ic
Pplying the conservation of charge to D +-
the additional two plates, we obtain: U=Ed
Qi+Qi+Qs=0.  (5) d
As E\| =|Fs|, the flux through @ equals the Aux through Q.. hence:

WA= TFbA,
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>0 1 1

—Q1=—Qx, .

Zo . €o ; (6)
thus

1= Q. (6(1)

Inserting this into equation (5), we have:

2Q4 + QS = Oa
and therefore

2Q4 = —Qs. 7

The fAlux through @5 is given by:

1 1 1
Ug=F3A=—0Q5=——2Q,=2- (——Q4> =2-FEyA,
20 €o o

which yiclds:
E3 ZQEZ
Inserting this into equation (3a), we get:
Es+2F; =2F,

thus the field strengths in question are:
2 2 1’4 \% \Y% \Y%
Fy=-F=--600—=100—, and Ey=2F,=2-400— =800—,
3 3 m m m m

and v
E1 - —400—

m

Solution of Problem 236. a) Let Q denote the absolute value of charge, let data with
subscripts 1 and 2, respectively, refer o the capacitors on the left and on the right, and
let data with no subscript refer to the capacitor dropped onto them. The charges of the
capacitors in the initial state arc

Q1=C1V,=2-10"%uF-150V=3-10"¢C,
Qr=CyVo=3-10"°uF-120V =3.6-10"% C.

1.5 uF

15 4F
B +X Il-x C +60 v -60 vV
+310%c 36-10°c 43110 % x 3610 %x +12:107°Cc  —1.8:10 "
Lop e e
- - - - -4
-3:10°%C +36:10°C 310 %x , 43610 “x —12:107°C , +12:10°C
| A A I A l
oV
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Let  be the charge on the dropped capacitor when it has connected to the free ends
of the other two capacitors. The total charge of each of the three conductors containing
the points marked A, B and C in the figure stays constant since they are insulated from
one another. Thus the charge on the upper plate of capacitor I is @, —x, the Vchargc
on its lower plate is —Qq +x, the charge on the upper plate of capacitor 2 is —Qq+x,
and the charge on its lower plate is @, — .

The potential difference of point B relative to point A, as calculated across the
capacitor (1) on the left, is

Qy 3 W-g
c,  2.10-¢

and the same potential difference calculated through the other two capacitors, that is,
along the path BC'A is

VR_,\ = V1 =

r =0 & 3.6-1071C -2z
Voeca=Vpe+Vey=V4+Vo=— == - ,
BeA=VpetVea =V A L= Gt 5 = 1510%F  3.100F
Since the electrostatic ficld is conservative, these two voltages are cqual:
3-107"C—x % 3.6-107"C—ur
2:106F = 1.5-10-CF 3-10-6 F

Multiplied by the common denominator 6-107°F:

9107 C—32x=42x—-7.2-1074C - 2z,
and hence the charge of the dropped capacitor is

6.2C

T can be used to determine the potential difference across each capacitor:

3.1079C-1.8-1074C

Vi=Vap= =+60V.
1 AD 5105 | +60
—-3.6-107*C+1.8-107*C
Vo=Vea= , =-60V,
2=Vca 3106 F
and the potential difference of the capacitor dropped onto them is
1.8-107%C
V=Vpec=———"—F==+120V.
Be=15q0oF %0

b) It is casy to see that the amount of charge passing through the point A is the charge
lost by capacitor 2 and gained by capacitor |, that is,

AQ=2=1.8-10"" coulombs

Passed from 2 to I, which means towards the left.
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S

Solution of Problem 237. It is known that on the surface of the Earth, whose radiy
. . el s
is P, mass is M oand density is g, the gravitational acceleration can be given in (he
: o ¢
following form:
M o3 4
'{]:(1-—_):(1ﬁ:’—(10/?7\'. 1
R? 3R2 3 (1)
In order 1o solve the problem, we should determine the magnitude of gravitationg)
acceleration on a disc with a very large radius, a thickness of /' and a density of
(far Irom the rim of the disc). We succeed relatively casily if we make use of the ap
between the force laws static and gravitational interaction.
The clectrostatic force acting on a point-like, stationary clectric charge and (he
gravilational force acting between point-like bodies are of similar nature:

()IH
alogy

e {ll(l’
Fs—G—7m-r, and F=k
=
where k& = 1/17zy. It can be seen that the corrcsponding quantitics arc m mass

(‘gravitational charge’) and ¢ clectric charge. G gravitational constant and 1 /472,
and ¢ = I'/m gravitational acccleration and 2 = I'/¢ clectric ficld. Thercfore, if we
determine the electric licld ol a disc of infinite radius and homogeneous charge density
outside the disc, then through the substitution of the corresponding quantities we also

get the gravitational acceleration in the case of a mass distribution having a similar
geometry.
E The electric equivalent is determined using Gauss® law:
. 1
Ng=— E Qs
A g0
H  where the electric “source intensity” Ng = 24, I
the clectric charge density is g,, then the total charge
enclosed by a closed measuring surface is E q=04AH.
E 50 ;
20A=—p,AH,
g0
from which the electric ficld is
/o= 4. Q‘/” (2)

=) 2
So the gravitational acceleration gained rom (2) through the replacement ol the
corresponding quantitics is
I[
(/—2/\(1 2l

‘ o : » i fnca OB
This should be equal to the gravitational accclcmllon that is mcasurcd on the surface ¢

the Earth regarded 1o be untform, which based on (1) is

ll"T!_)m f_)mll

Ysphere = Gaise = G = dm =0

i
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grom which the thickness of the disc of the *flat Earth’ is

D) D)
H = i[{ == .06370 km = 4250 km.

e

Solution of Problem 238. Consider a whole cylinder ol uniform volume charge
density first. The clectric field as a function of the distance from the axis inside the
cylinder can be determined from Gauss™ law, which states

&) 1
g FAA=— E oAV,
A =0y
Using symmetry considerations, it is casy to find a closed surlace that the field
lines normally intersect everywhere, and on which the intersections are distributed
aniformly. Thus the division of the surface into small elements and the adding up ol
their contributions can both be avoided. Let us apply Gauss'law to the test surface of
cylindrical symmetry with height b and radius .
A

L-2em-h=—pr°mh,
0

&=

where 2am-h = A is the area of the test surface (without the bases of the test cylinder,
since those are not intersected by any field lines), and 27-h =V is the volume bounded
by the surface. The product of the volume and the charge density is the total charge
surrounded by the surface, and the left-hand side of the equation is the total clectric
Aux crossing the surface. Thus the magnitude of the electric field inside the cylinder is
expressed in terms of the distance from the axis as follows:
0
B=_—u
2e0

that is, the clectric field increases linearly with the radius, and its direction is radial.

From the electrical point of view,
the eflect of the bore in the solid
cylinder could also be achicved
without culling out a narrower
¢ylinder: Instcad. that part could
be given a charge density cqual
and opposite 10 that of the original
Cylinder, 1o make the resultant
harge zero in that part of the
Volume. Then the electric field in
the bore can be obtained as the
Superposition ol the electric ficlds
ot;lhc two cylinders of parallel axcs
(£ = I;'I - /',:-_, ). With the notations
Of the figure:

Epore = 5 ' —
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Notice that the vector difference ¥ — 4 is equal to the vector d connecting the axeg of
the two cylinders, therefore the electric field vector is parallel to d cverywhere

¢ : ! i . n the
bore, that is, the electric field is uniform in the bore:
=) g 3
l‘l/hl’)l'l' = 'd-
250

It is worth noting that this is not only true for a cylinder. The field is also uniform in
a spherical cavity inside a sphere. It follows from the electric field being proportiong
to the radius, which is true in a uniformly charged sphere, too.

Solution of Problem 239. Suppose that (he
internal resistance of the voltage supply ig
negligible, thus the terminal voltage across (he
voltage supply is independent of the load. Ip
the first case the potential at points ' ang
D are equal, thus the resistor between these
points can be taken out without changing the
equivalent resistance of the system, or points C' and D can even be shorteircuited,
Thus the equivalent resistance of the resistors between points A and B is equal to
the equivalent resistance of two resistors, both having resistances of 2R, which are
connected in parallel, which is R. This is connected in series with another resistor of
resistance R, thus the equivalent resistance of the system is 2R, and applying Ohm’s
law the current in the main branch is

1%
= E.

If the resistances of the two diagonally opposite resistors are doubled, the symmetry
which made the potential at points C and D equal is ceased thus current will flow in the

bridge as well. Using the notations of the figure Kirchhoff's loop rule for the indicated
loop is the following:

[

2RI, — Rl - RI3=0,

and cancelling R:

2L, -1, —-I;=0.
Kirchhoff’s junction rule for the junctions at points A and D are:
I'—-1i—-1,=0
and
Lh—I,-13=0.
the solution of the equation system for the currents in the branches:
3 2

1
1127[’\ ]22—],, [3:?[,-
5 5 B
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Thus the voltage between the points A and 3 is:

-
.311)1_) +l?/] = jR[’.
5
the equivalent resistance between the points A and B is: Rup = i R. which is
)

connected in series with a resistor of resistance 12, thus the equivalent resistance of the

whole circuit is: R, = —R+ R= —21? therefore the current in the second case is:
I'= id .
12R
The asked ratio of the currents is:
I" 5
16

8.2 Direct current

Solution of Problem 240. The figure shows the A R,
direction of the changes in potentials of the batteries, — T_}—
which are given. The circuit has three branches, and {
the currents in these branches [, I,, and [ are

unknown. The directions of the currents can be drawn ;TU C R, |
arbitrarily. They are denoted by arrows and are all o
directed towards junction B, for example. Thus when @
applying the junction rule, all of them will be written 1
with a positive sign. In the circuit there are two
independent loops and one independent junction. (If
the number of junctions is n then the number of independent junctions is n - 1. The
loops are independent if there exists at least one branch in cach loop which isn't any
other loops.) If Kirchoff's laws are applicd o these loops. the three unknowns can be
determined. When setting up the loop rule, the change in the potentials of the batterics
are taken as positive, as long as their direction is the same as the chosen direction of
the traverse of the loop.

The loop rule applied for the loops and the junction rule applicd for point /3 are the
following:

oy +Ty Ry~ 1By =1, (1)
(]()2*]2[{2*{—[[?;‘-:0, (2)
]1+I'_>+]:0. (J)

€Xpressing [, [rom (1), and 7, Irom (2) and writing them into (3) the Tollowing result
IS gained for /: )
Uni Ry +Upa Ry

= BB+ R+ R, O 142A
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In the main branch (through the load) the current flows opposite to the direction indicated
by the arrow. The terminal voltage across the batteries connected in parallel (the Voltage
across the external resistance) is:

U.,=TR,=-12.281V.
The currents that flow in the branches of the batterics are:
IR +Un  —12.284V+12.6V

= =6.32A

I
! R 0.050

and
Ih=—1-1,=6.142A—-6.32A=-0.178 A.

The current flows from the higher potential towards the lower potential in the battery,
which has a smaller electromotive force caused by the other battery, which has a greater
electromotive force.

Solution of Problem 241. For the sake of better understanding, let us draw three
figures for the three cases. When the switch is in position 11°, let the currents
going through resistors Ry and Ry in branch ADB (the lower one) be I; and I,
respectively, and in the upper branch — because the resistances of the opposite resistors
are the same — I; and I5. Let us use the notations of the figure.

Let us apply the loop rule for the two small loops (ACDA and CBDC) and the
junction rule for junctions A and B.

ISRy — E—11 Ry =0,
I'R, — LR+ =0,
Ii=hLh+1,=0L+1.
Adding the first two equations and taking out the resistances we gain:
(I = L)Ra+ (I — )Ry =0.

From the junction rule the difference between the currents through the resistors wh
have equal resistances:

ch
Ié-[gzli—ll.
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Substiluling this into the previous equation the following interesting result is gained:
(I5 —L)Ra+ (I3 — I2) R =0,

’ (I, — 1) (R + Ry) =0,

pecause neither Ry, nor Ry is zero:
I,—1,=0, 50 Iy=1,.

similarly it can be derived that T =

Using our results let us apply the loop rule for loop ACBXY A, and for loop
ACDA. Assume that the emf of the two batteries are equal.

Rolo+ R\, - E=0,
Roly—FE—R; I, =0.
" The solution of this equation system for the currents is:
E
"Ry
From this the current through Ry is In=1;=06A.

The current flows through the ‘route’ ACDBXY A and there is no current through
the resistors whose resistance is Ry . The value of the resistance of Ry is:

1120, 12

When the switch is in position 22', the polarity of the battery is swapped (this is the
same as if we swapped the resistors Ry and R, when the switch is in position 117) so
similarly to the previous case, now the current flows only through the resistors whose
resistances are Iy, so I = E/Ry =3 A. There is no current through the resistors Ry
and:

E

I

When the switch is in position 33" the current in each branch is /,/2. According to
the loop rule which is applied to any of the loops containing the battery:

Ry

]'l' -
5([‘21 + Ry)—15=0,

ffom which the asked current is: — using the results gained for the resistances —:
2K 21,7 2-3-6
Ii=—g—p =il =22 pA=yA.
11_1+ﬂ I+ 1y 346

‘Solution of Problem 242. This circuit is an ¢xample of an unbalanced Wheatstone
fidge. Ler us solve this problem using KirchofT's laws.
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a) In general the loop rule states that for any loop:

Z V=0.

loop

Traversing the upper loop in the counterclockwise direction (using the directiong of
currents shown in the figure). we find:

/]/?u" /3/1)(|+ IC’,ll)ll =40.

which yiclds
Ih==11—1,==25A—-(-15A)=—1A,
Thus the third ammeter reads T AL and the direction ol the current in that branch is
opposite the dircction of traverse. so it fows from point D to C'.
by In this part our task is to express [y as a function of
resistance 2, We have 6 unknowns (the currents in the
5 branches and resistance 12), which should be determineg
using the potential difTerence between points A and B and
the Tour known resistances.  Let us use Kirchofl's Jaws
again: equations (1) and (2) are junction rules ( Z | =

junction
() applied at points 1D and ' respectively, while equations
(3). (4) and (5) arc loop rules (ZV = 0) applied w0
loop

the upper and lower loops and finally o loop ADBA.
Resistance 1Y can casily be calculaled using the data given in part a), but let us work
with it now as if it was a paramcter. Using the directions shown in the figure and
working with the magnitudes of currents. we obtain:

Ly=1y--1, (1)
T=1+14 (2)
1 Ro=LRy+ 14 Ry (3)
IR, =I3Ry+ 1R (H
V=I0LRy+1,R,. (5)

Let us solve the system ol equations step by step. Let us simplily equation (3) by
Ry and substitute 75 from cquation (1) into cquations (3) and (5):

I=1)+1y (2
=I5+ Lo+ 1y ()
1,1, = IR+ 117 (1)
V= LRyt 1 R0 - 1,00 ()
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This way we reduced the number of equations to four. Let us now insert equation (2)
into cquation (4):

L=2I3+1, (3")
I R.=134Ry+ 11 R+ [3R. (4"
Vi=LRy+1,Ry+1.R, (3"
gubstituting cquation (37) into equation (47), we reduce the number of unknowns to two:
IR =13Ry+2[R+ 1, R+ 3R (4"
V=ILRy+1,Ry+1,R. (5"
Let us now solve equation (57) for /.
V=13
Y Ro+ R,
~inserting this into equation (4”). we have:
% R,=1;(Ry+3R)+ ‘IT‘:+I‘—I§?,“ R.

Multiplying the cquation by the denominator gives:
/‘).: \"’ - Il)(]R_,v]:i = If‘(_; 1;5 o+ If[]l))',v I;; + :;RUI{I;; ‘JrJIfll), [3 -+ ]{"/ = [i)”[?,];g.
This is a lincar cquation for /3. After some algebra, we find:
‘(/l), = 1{) = 2/?“]?‘,-].'5 I 2]]’()[1)[;; S :}RR‘L»[,} + ]1)(2)]5 =
which yiclds
. V(R,—R)
*T (2Ry+3R)R, + Ro(Ry+2R)’

I the value of 1 is calculated, we get the required I3(R,) function. 12 can be found
using the data given in the fist part. The potential diflerence between points A and C' is:

Vie=Roly =2Q-25A=5V

80 the potential difference across resislance /2 must be:
Vep=V Vi =19V -3V=11V

As the current in the branch of /¥ is
Ip=11+13=25A+1A=35A

the value of 77 wrns out to be 2= Vi/I=14V/3.5A =4Q. Thus current /5 can be
EXpressed in terms ol R, as:

19V(I2, —1Q) _19VR, —-76V - Q

(220—3-1Q)R, +29(20+2-4Q)  16Q-R, +200Q2 "
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I(A) Tf_lc graph of the function is a hyperholy. Iis
special points are: at R, =0 [3=-384. a

IO
T Re=4Q L=0; at Ry=320 L=14.
G } } I n l ’ y

50 R(Q) R, — 0, ]3 tends to 19/1():1187-)[\

Solution of Problem 243. From the first measurements we know that the three
resistances are equal (I?).

Let Ry stand for the internal resistance of
the voltmeter. Then the potential differences
between point pairs AB,BC,CD are divideg
in the ratio of the resistances measured between
these points. (See the figure). From this, the
potential difference between point pair AB is
v UO R'R\/

AR = R-Rv ’ 1 .
R "R R+ Ry

After simplifying and reorganising, the parametric equation for the potential differ-
ence, which was measured to be 20 V is

ovo o

_ W Ry

" 2R+3Ry’

If the voltmeter is connected between points A and C, the above mentioned
proportional part can be calculated from the following formula:

Van

v Va 2R- Ry
AC= QR i Do
aniny TR 2R+ Ry
after simplifying, this surprisingly results in exactly twice of value V,y¢:
Vo Ry
Vac=2-————=2Vp=40 V.
AT T 9R+3Ry - T

As szo,
Vap=Vy=62V,
which is not three times V,p!

Solution of Problem 244. In the case of a closed switch, after a sufficient time 1°
S : . , the
capacitor is charged completely and then no current flows through it. In this state !
potential difference across it is
Vo

= ]{1_1_1{23 '1£'.23-,

Ve
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where Ros is the equivalent resistance of resistances 12> and 123 connected in parallel:

Ros = —_“Hz - ¢
Ry + Iy
Subs(i[uling the value of R,y into the equation:
Ry Ry

Vo=V, . SRS
R| 1?3 + Rlll;g—!" I\‘_)Il);j

and the charge on the capacitor is
Ry Ry
RyRy+ Ry Ry + Ry Ry ’

After the switch is opened, the capacitor discharges through resistors /¢y and 17y
currents 22 and iz flowing through the resistors decrease continuously but their ratio
remains constant:

Qc =CVy (N

is 1 R
.v - \"(7 - . N
12 Ra R,;

The constant ratio of the currents also gives the ratio of the charges carried by them:
Q3 I
Qo Ry
where Q2 and Q3 stand for the charges flowing through resistors 12 and Ry,
respectively. The sum of Q5 and @3 is obviously ), :
Q2+ Q3=0Q.. (3)
Based on (2) and (3), it can be stated that in the discharge process charge ), flowing
out of the capacitor is distributed between the discharging resistors i inverse ratio 10
the ratio of resistances R, and Ry.
Making use of this fact:

(2)

Qc

p— LS
@ Ro+R; °
or based on (1)
Ry Ry Ry
s =CV, = E———
@ RiRs+ RiRs+ RaRs Ry+ Ry

) Based on this. the results in the case of Ry =400 Q are

Ryy=80Q, Ve=4V, Qc=200pC, Q3=10 pnC.

b) In this case, the expression for Qs given in (4) is regarded as a function of 115, Let
€ R stand for the identical values of Ry and R». Then (4) can be written in the form
RRy

1=CVepm e s
Q3 "(R+2R3)(R+ Ry)
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or in a more suitable form
1

Q:3=CVoR- ————.
< 2R3 + & +3R

Regarding the denominator as function of Rj, it can be seen that the denominator has
a minimum, which results in the maximum ot Q3. Based on the inequality between the
arithmetic and geometric means (laking into consideration the terms of the denominatey
that contain the variable):

2R3 + -
52

that is, ‘
2R3+ %
2

The left side (the arithmetic mean) is the smallest when the two terms are equal, that
1s, when

> RV2.

R‘Z
2R3 =—,
3 R
from which R3 = — R. The value of the denominator has a minimum here because

the third, constant term does not influecnce the place of the extreme value.
So after the switch is opened, the maximum discharging charge flows through resistor
Ry if its value is
V2

and based on (4), the maximum charge that flows through it is
CVv, 5-107° F-9V

Qs = _ —77.2 4C.
P = 53 2V/2+3 /

Solution of Problem 245. Let us connect s cells in a series in one chain. Then the
equivalent no-load voltage of one chain is

Vor =35V
and the equivalent internal resistance is
Rl =sR.

Then k = N/s chains are created. (s =1, 2, 3, ..., N.) The equivalent internal
resistance of the battery acquired by connecting the chains in parallel is

Rl sR _ -ZE

Tk _N/S_S N’
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jf the consumer whose resistance is optimal for maximum power output is connected to
{he battery, then its resistance is equal to the internal resistance of the battery, so

Ho=Ry= g—’%
The power output on the consumer is always
P=J%R..
By substituting our results into the relationship we acquire
s’R _ VEN

"N T 4R

The final result does not contain s, which means that the power output on a consumer
whose resistance is optimal is the same in each case, independently of the value of s,
that is, the arrangement of our battery.

With numerical values

Pm:\x = M =1152 W.

Solution of Problem 246. Three different circuits can be made as shown in the figures
a), b), and c). The first is when a part of the variable resistor and the resistor are
connected in series, the second is a potential divider (potentiometer), and the third is
when the two parts of the variable resistor are connected in parallel and this is connected
in series to the resistor.

T Sy =
Tet

a) b) c)

Data: Rp=R=100Q, Pr=2W, 0< ry, <7 =10009Q, Py, =15W,
_U=48 V. In order to make it easier to figurc out the circuits, let us denote the resistor
In the circuit with the symbol of a lamp.

a) The key of the solution is to find out the max-

IMmum current through the resistor and the variable X
fesistor. This limits the voltage across the resistor.
The maximum current through the resistor is:

IRpui =V Pr/Rr=+2W/100Q=0.1414 A, ° o

the maximum current through the variable resistor:

= /Pyar/r=1/15W/1000Q =0.1225 A.

Iv

‘ﬂrnmx
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—
In case ol a series connection the maximum current which can flow through thyy Pa
|

of the variable resistor which is connected, and whose resistance is . (so l]\r()Llnh 1
resistor as well,) is 0.1225 A | thus the maximum voliage across the resistor is:

Ui = TVasme B =12.25'V
The voltage is minimum il the whole variable resistor is connected into the circuijy
this case the current decreases) which 1s allowed:
U I8V

Uk = Liin It = R= 100 =361V,
R R 1o0a ) ”

+ (in

@ b) When the variable resistor is used as a polentig|
l M divider. then part 2 of the variable resistor is connecreg
m_ in series to the rest of the variable resistor r— 4 gng
- the resistor 12 which are connected in parallel, (hyg

the current through the system is limited by the curren

—0 @
through part a:
U
I\.n," . _+ Cr—w )R
. r—a+R

This leads o a quadratic equation:

Ivag, . @ -(L7+l\r“,.lmr),r+U(r+l ) = Ivar, . P2 =0.
Substituting the given data the solution will be =301 €2, thus the resistance ol that

part which is connected in parallel to the resistor i.\‘ r—r=095.64Q.
The equivalent resistance ol the parallel connection is:
R(r—ux)

R, = ———>=87.130.
R+r—ur e

thus the maximum voltage across the resistor is:

UR,ox = Relv;

almax

=87.130-0.1225 A=10.71 V.
The minimum voltage across the resistor in this case is 0, since the resistor is
shorteircuited if the pointer is put to the left extreme position.
¢) In the third case, the two parts of the
variable resistor are connected in mmlld
and this is connected in series Lo the It-\'?
X X tor. If the pointer of the variable resistor ¥
placed to the middle and is moved towards
the right or the left, a symmetrical changé in
the current will result. When the pointel is
in the middle position. the half of the max-
QJ imum current of the resistor flows HH“”‘]
cach part of the variable resistor, \\'hith i
smaller than the maximunt current through the variable resistor. so the current is Himites
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3 Electrostatics Solutions 8.2 Direct current

the resistor. Thus the maximum current in the circuit is Jyax = I, = 0.1414 A
and the maximum voltage across the resistor is Ug,,,. = In,,, [t =14.14/V . When the
rent is the maximum, the pointer splits the variable resistors into two parts for which:
(r—ua)x
r—x4z’
where Uvar = U—Up=483V—11L11V =33.86 V. so the equation to be solved is the

cur

(/'\-IIV' = IR,,,,\

follmving:
4 r
[nmx-"_ i [m;'x-" + L’\'“,.I' =,
gubstituting the data this IS

0.14142% — 14 1.4 + 33860 =0,
Both solutions ol the quadratic equation are solutions of the problem:
2 =602.65 € and ra=2397.350.

If the pointer is pushed further away than four-tenths or six-tenths of the total length,
then the current through the resistor will be more than the allowed maximum (and also
it will exceed the allowed maximum through the shorter part of the variable resistor).
Because ol the symmetry, the maximum of the resistance of the variable resistor — thus
the minimum ol the voltage across the resistor — occurs if the pointer is in the middle
position. In this case the equivalent resistance of the variable resistor is Ry, = r/d=
=250 2. and the voltage across the resistor is
U 18V

" R4+ Ry 100 Q24250 Q2

Summarizing the results, the voltages across the resistor in case of a), b), and ¢) are
the following:

Ur 1002 =13.71 V.

a) 1361V <UL <1225V,
b) 0<Up <1071V,
c) 13.71V<Upr < 14.14 V.

Solution of Problem 247. u) II' 7, is the resistance ol the multiplier and 17y, is
the internal resistance of the meter, then:
R,={(n=1) R (1)
I R, is the resistance of the shunt. then:
Riw
R, = ﬁ (2]
Mulliplying equation (1) by equation (2) gives:

[‘)m I‘?\ = ]))J

mt

Which means that the internal resistance of the meter is the gcometrical mean ol the
fesic : 2y
SSistances of the multiplier and shunt:

Riw=vVRaR:s=V3Q-27T0=v8102=90Q.
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b) The power dissipated by the moving-coil can be written in terms of the current gpg
resistance as:

P=1*Ry,,
which yicelds:

1= = 2 A~ 10ma
B Rint - vV Rm Rs B 98 B B A

The voltage across the moving-coil is given by:

RN PRim s V P\/ RHI‘RH'
Inserting given data, we find

91070 W
T 102A

=9.1072V=90mV.

Solution of Problem 248. Let z stand for the resistance of the part ol the variable
resistance that falls between the left end of the resistor and the slide. The two resistor
parts scparated by the slide are connected in parallel in the circuit. The current created
can be calculated from the electromotive force and the equivalent resistance:

Vo Vn Voo R
R, R0+ ") R0R+.1’(R—.F)

The denominator of the [raction is a quadratic function: —22+Rx+ RRy. lts maximum
— compared to function az®+br+c — is at —b/2a, that is, in our case at R/2. Then
the value of the denominator is maximum, the value of the fraction and therefore current
are minimum, its value 1s

VoR 4Vy
L = R "N . (1)
RR()-f-?(R—?) 4Ry + R
As according to the problem
4R,
R> ‘—D‘
3

substituting the value 4R;/3, a value smaller than R in place of R in (1) gives a value
greater than the one received in (1):

4V, 4V, 3V
4Ro+R " 4Ry + i 4Ry’

[min 5

On the other hand, the maximum current occurs when the slide is at one of the endpoint®
of the variable resistance, because then it is shorted, its ‘included’ resistance is 2€r°
(short-circuil current). Its value is

Vo

Ry

]nu\x =
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gubstituting it into (2), it is really true that

| o

[min < 'Im;lx'

The minimum and maximum currents are

1V Vi
[uin:—_~ and [n;w:_-
o= R X R

respectively.

Solution of Problem 249. Thce circuit diagram is shown in
the figure.
If the motor rotates. the magnetic lield of the stator induces &
an electromotive force in the conductors ol the armature. Let
£ stand for the potential differcnce induced in the rotor as v
generator and /R stand for the potential diflerence across the

ohmic resistor. R
According 1o Kirchhofl's law:
U-E-1TR=0.

From this, £ = U — IR is the voltage of the motor. which should be taken into
consideration for mechanical power.
The power of the motor is:

P=1E=1{U-1R).
This is a quadratic function for /:

P==RI?+UI.

This function may have a maximum at *—6/2a". So the current belonging 1o the
maximum power is
= U U
T —2R 2R
With this, the maximum power of the motor can be calculated:
2 .
U\~ u ue
/)nm.\':_R' 5D +U —=—.
2R 2R AR

With numerical values: :

220*

4-62
The mechanical power output of the motor cannot be more than this, meaning it cannot
Produce a mechanical power of 200 W.

W =195.16 W.

D =3
Inmx e

Solution of Problem 250. First we determine the equivalent resistance of the infinite
hain of internal resistances shown below. Let r,. be the equivalent resistance of the
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chain between points A and B. If one more recurring section is connected before
the chain, the net resistance of the new chain will be r,4q. Since two resistorg are
connected in series and one in parallel to r,, the net resistance of the new chain can b
calculated as:

1 1 1

f == .
T 2PtTn Paag (1)

The key to the solution is (o recognize
A’ A that adding one more section to an ipf.
nite chain does not change the chain and
its resultant resistance, hence r, =,

r, . - :
¥ | Isolating 7.4, from equation (1) ang
l then substituting 7,41 =7,, we obtaip:
- 5 -
B (2r+ry)r

r4+2r+7r,

PR}
which is a quadratic equation for r,:
rf. +2rr, — 2r? =0.

The solution of this equation gives the equivalent internal resistance in question,
which is:
re=r(V3—-1). (2)
Let us now investigate what happens if two batterics of different emf are connected
in parallel. Let ¢ be the resultant emf of the arrangement, which in other words is the
no-load potential difference across points A and B. Although no load is connected
A £, <t, across the terminals (A and B),_lhereAis still a current (%)
° flowing in the closed loop. Applying KirchofT's loop rule to
the loops containing points A and B and either of the two

V{%-— O __%lvz batteries, we get:
i

r r, =€y — 1Ty,
B €:£1+il‘1.

The solution of the system of equations gives the resultant emf of the two batteries:

L Sirztean (3)
™ + ro
A _|+ Let us now investigate the inﬁ'nl'lC
AC o—|| chain of batteries. Let ¢, be the equivd®
- Ex lent emf of the chain, whose ctlU‘V“IC'.ﬂ,
Exin T 3-1) resistance according to equation (2) 18
| r. =7(V3+1). First let us connect W0
B B +|- batterics in series to the chain. The "

5 . ’ > LTS We
sultant emf across points A’ 3" 1s N0
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8 Electrosta tics Solutions 8.2 Direct current

and the net resistance according to equation (2) is:
ro=2r +r(vV3—-1)=r(V/3+1).

Let us then connect one more battery (of emf £ ==, and internal resistance r =1r1)
2CrOSS points A" — B'. According to the formula obtained for the resultant emf of
(WO patteries connected in parallel [see equation (3)], the resultant emf of this new
grrangement is:

er(V3+1)+(2e+e,)r  e(V3+3)+e,
(AT Bz
Since adding one more recurring section to the infinite chain does not change its
equivalent emf, we can subsltitute €,,1 =¢,:
__e(3+ V3)+e,
S ez

The solution of this equation gives the equivalent emf of the infinite chain, which is:

£, =V3e.

Epil =

Solution of Problem 251. a) If the condition set in part a) of the problem can be
satisfied, then it is also true in cases n =0 and n =1, so the equivalent resistance
measured between points A and B is

the same in these two cases. Basced on Ao ° Ao o
the figure | ﬁ
o i e. 0.
L 1 R2 3 RJ. k] B o *Jg B o B
multiplying by the denominator: n=0 n=1
B.Ry+ R2= R\ Ry+ R R, + RoR,.
The rearranged form of the quadratic equation is
R2—-R\R,— R Ry =0,
IS solution is
R RI-+4R Ry  1Q+V1Q2+4-1Q-6Q
R‘r _ 1 + 1 + 1 2 = + + — 3Q
2 2
R, R R R
1 R e e e
||R2 'R, R, |R, ﬁRz R, I;lfe2 R,
i i [ i
Bo 7‘ o S S C SR 4 —L
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have to examine whether in the case ol /2, = 30 it s really true thay R
is independent from the number ol included quadrupoles. Let us consider (he ]'N
quadrupole and resistor 12, terminating it. Based on condition (1), their cqui\d]um i
12, But then the quadrupole belore the last one is also terminated by a resistance R,
which mecans that the cquivalent resistance is 2, again.

The procedure can be repeated until we reach the first quadrupole. This is lcnmndmd
by a circuit part \Vllh an cquivalent resistance /7, again, so the equivalent resistangg

between points A and 3 1s 12, independently ol the number of included quadrupoley,

b) The potential diflerence across resistor /2, is the potential difference across the last
clement now. For this, we have to determine the current flowing through resistor
= i)

/1 R, /2 R, Iy R, la R, Ix
Ao »[ O — o »[J  o---0o b1 > o
T R [« O~
B o . o - o 00 — o

The current flowing through the first resistor Ry is [y =U,p/Rap =1 AL because
Usp=3 Vand R ;=3 0Q.

For this reason, let us consider an arbitrary quadrupole (e.g. in position j). Let
I; stand for the current flowing through resistor /2y and 1,4y for the current flowing
through resistor IR, .

With these notations. for the current flowing

/ R, | through resistor £, based on the circuit diagram:
i i1 .
R g Po--omooog from the loop law
4,
I]R ::R /_/<l_”'_>
2 L. X =
! L R,
e and from the junction law
l./*:'l i 1'_2: [I
The value of s is expressed from the ratio:
L= I,
Y=dp e
i+,
This is substituted into the junction law:
+1; ty =/
+1 i -
/ J /?» 4

From this. the current flowing through resistor 7,
I

/_,4;l = ]‘,' \/\)‘,. Jj?_;
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3 Electrostatics Solutions 8.2 Direct current
Using these. the following relationships are acquired:

Il’g

I .
Ry + R,

[?) II’» -
/ey P L. RNy g T
"Bt By </,._,4 /f_,.>

I?g =1
Ill = II ) = .
Ro+ R,
% Ra Y'_ i a.f2 °! M
=1 — = | 2y [ =2.00485-107" .
: : ( R+ n_,.) <3> )

ith this. the potential difference across the terminating resistor /2, 1s
i g

=1

U,=R,.J,=30-2.00185-107" A=0.6015 mV

Solution of Problem 252. The capacitance of the metal sphere with respect to
infinity. where the potential is zero, can be calculated such that the charge on the sphere.
@, is divided by the potential at the surface of the sphere, having a charge of @ . Due
to the symmetry ol the sphere. the distribution of the charge on the sphere is uniform,
which creates a central electric fiecld whose field lines are perpendicular to the surface of
the sphere, thus outside the sphere they are drawn as it they
came [rom the centre ol the sphere. Thercelore the potential
at the surface of the sphere is the same as the potential at a
distance ol r Irom a pointlike charge of ) placed into the
centre ol the sphere, which is:

1 Q

-l'/'l_f() I

W=

thus the capacitance of the sphere of radius » is
C= le(;I'.

If the potential diflerence between the ends of the wires is 1V, then at cach touch the
Sphere carrics a charge of Q) = C'V = IregyrV . thus during a time / the amount of
churgc carried between the ends of the wires is () = niQq, where according to the data
=51 1/min=0.9 1/s. Thus the average current is

Q
= 7 = Il(b)] =1 lTT:"()I"",.
And applying Ohm's law the resistance can be calculated as:
v 1 I ;
R=—=- Al e — ~ 10",
! I!I,TE()I 0.9 s~ 1178.85- 1012 vo-0.0Im

467



300 Creative Physics Problems with Solutions

(We supposed that direct current was applied, and the potential at the end of one of
the wires is equal to the potential of a point at infinity.)

Solution of Problem 253. The original resistance of the wire is R=2/Lr =4
the conducting path is an ideal shortcircuit, then connecting the wires at B d(’)c; ;1()1
effect the measurement at A, thus the total resistance of the pair of wires of Segmen
AX would be gained. Similarly, the measurement at B would give the total resistance
of the pair of wires of scgment X B, thus the sum of these resistances would give the
original, known resistance of the cable. Because the sum of the two measured data g
greater than this (R; + R» > Lr), we can conclude that the conducting path is noy g
ideal shortcircuit, but instead has has some resistance R.

X
1 - 2
A B
1'« / \ / 2'

In case of the first measurement, R is connected in parallel to the two wires of length
X B and this is connected in series with two wires of length A X . In case of the second
measurement, R is connected in paraliel with the two wires of length AX . For the
two, known, equivalent resistances two equations can be set up from which the two
unknowns ( R and for example AX) can be determined. Though the equation system
is very diflicult to solve if the unknown of the equation system which characterize the
position of the conducting path is chosen to be simply z = AX. The solution of the
equation system is easier if half of the length of the cable [ = L/2 is introduced, and the
position of the conducting path is characterized by the distance x between the midpoint
of the cable and the short.

With this the two equations are:

2(l—z)rR
2l—x)r+ R’

2L+ )R
2(l+x)r+ R

R] :2([+C)T'+
Ro=2(l—z)r+

After eliminating the denominators, and taking out one equation from the other the
variable R can be calculated quite easily, and substituting it back into onc ol the
equations a quadratic equation can be gained for .

7(Ry — Ry)-x? +[R1Ry — 2lr(Ry + Ry) -z 4+ 1%r(R; — Ry) =0.
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solution of this equation which makes sense is:

i 2Ur(Ry + Ry) — Ry Ro/RIR3 —4lr Ry Rao(Ry + Ry — i)
. 27'(R1 = RQ)

substituting the data of the problem the result is @ =50 metres. thus the short is at
e-quarters of the cable measured from A. The resistance of the conducting path is
=3 ohms.
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Chapter 9

Magnetism Solutions

9.1 Magnetic field

Solution of Problem 254. a) The figure shows that the chloride ions passing through
both diaphragms A, and A, move along a straight line. This is possible only for those
particles which travel at a specific specd, since for other speeds the orbits are curved arcg
in the electric and magnetic field. Thus the first part of the device, with perpendicular
electric and magnetic fields, is a ‘velocity filter’, which selects from the dispersed speed
distribution of the 1on beam a specific velocity value. Thus after the diaphragm A4, we
have to deal with only one speed value.

After the second diaphragm A, we have pure magnetic ficld, and the ions enter this
region with a velocity perpendicular to the field. Here, they perform uniform circular
motion until they hit the photo plate. The magnetic Lorentz force is equal to the
centripetal force, and since the relevant vectors are perpendicular, the equation of motion
is:

mv?

Bev=

7
For the two isotopes with different masses the radii are:
mav

mov
= =
Be’

and 7, = .

Be

The difference of these radii is:

v
Ar=ro—r; = B_<m2 —my)

Using the geometric fact that Az = 2Ar,

BeAr BeAx 2-107%7-1.6-1071 C-4-107? m 1.92. 10 m
YW= = = =1.92- =
(mo—my)  2-(ma—my) 2:2:1.67-107%7 kg s

b) Only those particles pass through the velocity filter, for which the magnetic
and electric forces compensate each other, i.e., have equal magnitudes and opposil¢
directions:

eF = Bev.
Consequently, the magnitude of the electric field is:
5 V \Y
E=Bv=2-10"" — 1.92-10" = =384 —.
m 5 m
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The electric ficld is homogeneous, and in the arrangement of the figure it is directed
porizontally from left to right.

Solution of Problem 255. The speed of the electron is obtained [rom the work-energy

theorem: :
eAV = ;mzvzl

: 1.6-10-19C i
v=1/22 AV = /2~ S Y 800V =1.686-107 2.
m \/ 9-10-3 kg s

The electron is acted on by the magnetic Lorentz force:

Hence

F=evx B.

(Since the lines of magnetic induction and the lines of magnetic ficld intensity have
the same direction in vacuum, we can consider field lines the same as lines of magnetic
induction.) The vectorial product is perpendicular to both ¢ and B, so the force will not
change the magnitude of the velocity, and therefore the magnitude of the force vector
also stays constant: F'=evBsina. Since the force has no component parallel to B, the
motion of the electron in the direction of the field lines is uniform, while the projection
of its motion on a plane perpendicular to the field lines is uniform circular. The radius of
its orbit can be determined by setting the Lorentz
force equal to the centripetal force:

25 vy
777'1.7'81112 «

evBsina =
-

Hence )
musin o

"T T eB
Thus the trajectory of the clectron is a helix with its axis parallel to the ficld lines.
In a reference frame moving along with the electron at a parallel speed of v =vcosa,
the electron is moving in a circular orbit at a tangential speed of v, = vsina, and its
orbital period is
2rm 2mmusina 2am

I " eBusina  eB

279 10731 kg
_ ~ 1.6-10719C-0.02 T
Independently of the initial dircction of the velocity of the clectron.

=1.767-10""s,
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Travelling at a speed ol v = ccosa. it covers the distance L inatime of { = .
which has to be an integer multiple ol the orbital period T 1o satisly the |'cc|lln'cmé;i\[” f
0

the problem:

I 27m
[ = — =N —.
1 Cosa e I3
and hence
I Bl 0027 16-107"C0.1m 3.356
COSli= = = . e T — =
noR2Tme n 201073 kg - 168G - 107 n

Zcosa < 1 for non-negative angles. and nois a positive integer. In addition 1o the

0=
trivial case of a = 0. this may only occur it at least 4 complete revolutions are Mmade
lor: —
3.3506 gy ) &
ny=-1. cosa= . =08395 — o, =32.91".
_ 3.350 N i
ny=>=5. cosa=———=0.6716—+ a,=17.81". etc.
5

First solution of Problem 256. In formula booklets. it can be Tound that the magnetic
induction due to a pointlike charge ol 0 undergoing uniform circular motion of radius
1 and of speed ¢ at the centre of the circle is:

_ i Qv

Ix r2

I3

From this, the magnetic ficld can be caleulated as /I = — . The only task which is
1o

leltUis 1o determine the charge and the speed of the sphere. The charge on the sphere s
Q=CV_where ("= dxzgR. is the capacitance of the isolated sphere. The potential of
the sphere is caleulated with respect to infinity. Thus

(2 == 171'31)/?' \
The speed of the sphere is ¢ = rw = r27n, where nois the number of revolutions.
Therefore the asked magnetic ficld is:
1 dmegR-r27n-V 27y RV

1= 4 =

I7
278851071725 .0.01m - B0 Logop v -7 A
= g —_

- 0.3m n)

/s A

Second solution of Problem 256. The problem can be solved by using the note al lh“:
end of the problem about the circular current-carrying wire. We have 1o determine the
magnitude of that current which is equivalent (o the charge moving along a circular path:
This can be found if we calculate how many times the charge crosses the cross
ol the circular path in a unit of tme. which should be multiplied by the magnitud

qection
¢ of

the charge in order 1o get the equivalent current.
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- I . e e

18000
The sphere passes one cross section ——— =300 1/s times during one second, thus
G
(he equivalent currentis 1 =n@Q . If the value of Q@ = C'V =17y RV and the equivalent

current are substituted into the given formula then:

I Il)u:“l{‘
B e
o r

| |

1077 A/m
is guincd.

Solution of Problem 257. Lct us use the following notations for the data given:

N | . il
000 —. ry=5cm, B;=4.1074 T, B=?

Let us Ll.\\l\'lllllnc that the coil carries an clectric current /. Because of the symmetry of
the arrangement. the magnetic feld produced by the coil outside the solenoid is similar
o that of a straight, current-carrying wire, as it is shown in the figure on page 474,
Let us apply Maxwell's second law to a circle of radius 1 =5 cm. whose plane is
pcrpcmlicu!m‘ (o the axis of the solenoid. Since the surface of the circle is crossed by
the current /. the strength of the magnetic field at the distance ry from the axis is:

/

—

Inside the long solenoid this current produces a magnetic field:

IN
/3:/”)7..

thus the strength of the magnetic field inside the solenoid is:

13_,1(," e & =2r 7B, N 5007 w4107 T-2000=0.251 T.
Mo !

If the coil is wound in two layers, and in the second layer the turns are placed in
f)pposilc direction along the solenoid, then the net magnetic field outside the solenoid
I8 zero, since in the direction of the axis of the solenoid the currents flowing in the
Wo laycers cancel each other. (Inside the coil the magnetic field remains the same.) If,
however, after linishing one layer of turns. the wire is carried back to the beginning of
the solenoid. and the second layer is placed in the same direction along the solenoid,
then the net current through the plane perpendicular to the axis of the solenoid is again

» 80 outside the coil the magnetic field is 13) . as in the first casc.

If the turns of the successive layers are placed back and forth along the coil, as
fonvenient, then for even number of layers the net magnetic field outside is zero, while
Or odd number ol layers itis 3. provided that the current and the density ol turns are
the Sane.
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The direction of the magnetic field inside the solenoid, is always perpendicular to
field outside it. he

N
Solution of Problem 258. Let us denote the given data by: 7= 2000 5

B=0251T, [=40 A. .
First we determine the magnetic field produced by the solenoid at the distance of 5 cm
from its axis. Then it is easy to calculate the Lorentz force of this field acting
wire. The opposite of this force (reaction force) is exerted on the solenoid.
Since the strength of the homogeneous magnetic field inside the coil is B, the electric
current in the solenoid is:

O (=) cm,

on the

Bl
1o lN

sol =

/

Because of the symmetry of the arrangement, the magnetic field produced by the coil
outside the solenoid is similar to that of a straight, current-carrying wire, as it is shown
in the figure. Let us apply Maxwell's second law (o a circle of radius r; =5 cm, whose
plane is perpendicular to the axis of the solenoid. Since the surface of the circle is
crossed by the current I, the strength of the magnetic field at the distance ry from the
axis is:

[.\'nl
oy

This magnetic field can be considered homogeneous in the region of the thin wire, 0
the magnetic Lorentz force exerted on the length [ of the wire is:

F =Byl

B =

In details:

[i()] Bl [wire };lzl\vire
F=D Iwirhi‘ = .—]wirvl' = - L= .
! 1o 2rym fo poN 2rm 21N

[t means that the Lorentz force exerted on the length [=1m of the solenoid is:

2-0.05 m-7-2000

0.251 ¥5.1 m2-40 A L
= ! =16 mN=1.6-10"“ N.
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Remarks:

1. If the coil is wound in two layers, and in the second layer the turns are placed in

osite direction along the solenoid, then the net magnetic ficld outside the solenoid
is Z610: since in the direction of the axis of the solenoid the currents flowing in the
wo layers cancel cach other. If, however, after finishing one layer ol turns, the wire is
carried back (o the beginning of the solenoid, and the second layer is placed in the same
direction along the solenoid, then the net current through the planc perpendicular to the
axis of the solenoid is again [, so outside the coil the magnetic field is /3, as in the
ﬁrsl casc.

2. If the turns of the successive layers are placed back and forth along the coil, as
convenient, then for even number of layers the net magnetic field outside is zero, while
for odd number of layers it is By, provided that the current and the density of turns are
the same.

3. The direction of the magnetic field inside the solenoid is always perpendicular to
the field outside it.

4, If the winding of the coil is bifilar, i.e., in the second layer the (urns arc wound in
opposite sense, backwards along the solenoid (with the same density), then the magnetic
field is zero inside as well as outside the solenoid.

Solution of Problem 259. The force acting on a particle of charge Q that moves
with a velocity of v in a magnetic field is given by the formula:
I"'=Qux D3 (1)
This force is perpendicular to both the velocity and the magnetic field, so as in the
present case the magnetic field is uniform and horizontal, the ball will move along a
curve in a vertical plane perpendicular 1o the field lines. Since the force is perpendicular
lo the velocity, it can only change its direction and not its magnitude (i.c. this force can
not do work), therefore the conservation of energy holds in this case:

2?2
mgh = Sme

thus
v =\/2gh. (2)
First let us investigate the . component of X
the motion. The reference frame shown in the
figure is defined such that its horizontal axis F !
T and vertical axis y are both perpendicular
0 the magnetic field and the origin is the F
Iitia] position ol the ball. The velocity. force Y
id aceeleration vectors can be resolved into
Orizontal and vertical components. v v
Newton's second law applied to the horizon-
@l components states: V

F.=ma,.

¥here F, = I"sino, and a is the angle formed by the (orce and the vertical,
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As in our case ¥ is perpendicular to B, the magnitude of the magnetic force wij be
F =QuB, which is now substituted into the previous equation to get:
QuBsina =ma,. (3)

Note that in equation (3) vsina =wv,, which is the y coordinate of velocity. Assum,m,
that acceleration is the time derivative of velocity and velocity is the time derivative of of
displacement, we obtain:

dy _ (lm
B- m .
@ dt dt
Integrating this leads us to:
h v
QB/ dy=m- /dvn.. (4)
0 0

where the integration limits of depth are chosen to be 0 and A and the corresponding
values 0 and v, = v are the limits of velocity. We assumed that the z coordinate
of vclocity reaches its maximum at the deepest point of the path, since that is the
point where the velocity of the ball becomes horizontal. After integration equation (4)
becomes:

QRBh=muv.

Substituting v from equation (2), we find:
QBh=m\/2gh.
From which the deepest point’s 3 coordinate 1S (Ymax = h):

2m?g _ 2-(0.003-10% kg)? .9.81m/s”
0?B?~ (5-10-5C)2-(0.4 T)2

This is the depth in which the velocity of the ball reaches its maximum, so:

5 2mq 2-0.003-10_3kg-9.81.‘\_
e = V260 =5 5105004 T

h= =0.441m.

3]

—204 2
S

Remarks: 1. The data given in this problem are unreal. The radius of a ball of mass
0.003 g cannot be less than a few millimeters, because if it was charged to 510" "0,
the elecu ic potential near to the surface of the ball would be approximately of magnitude

9D" 1075
10 6
Therefore it is impossible to charge this ball to the given magnitude, as electric spilfkS

would be emitted (that discharge the ball) well before reaching the required charge.

2. The path of the falling ball is a cycloid. Integrating equation (4) to an upper Jimit
of y gives:

V=910 V=45-10"V

Q By =muvy,,
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which means that the horizontal component of
gelocity 1is in direct proportion to the depth
(ie- the y coordinate). We will show that
he same relation exists between the horizontal
component of velocity and y coordinate of an
arbitrary point on a circle rolling along the r
axis with constant speed. Let a circle of radius r
roll without slipping along the x axis as shown.
Let its constant angular velocity be w. The
coordinates of a point on the rolling circle can
pe written as:

r=rye-—rsing,
Y=T—TCcosy.
If the circle rolls with a constant angular velocity, ¢ =wt, so:
T =rwl—rsinwl,
y=r—rcoswl=7(1—coswt).
The = component of velocity is the time derivative of the = coordinate, so:
o de
Vs == =

This shows that the horizontal component of the velocity is indeed in direct proportion
to the y coordinate. Therefore we have shown that the path of the ball dropped in a
uniform magnetic field is a cycloid.

wr —wrcoswt :w?(l —COSWt) =wy.

9.2 Induction (motional emf)

Solution of Problem 260. Since the metal rod is moving in magnetic field, electro-
motive force is induced in it. This starts an electric current, and the capacitor gradually
loaded with electric charge. The instantancous current is determined by the induced
tlectromotive force and the voltage across the capacitor, according to Ohm’s law:

RL([) = gind(fﬂ) -Uc,
80

. t
Ri(t)=BLv(t)— %
CY
According to Lenz’s law, the magnetic force acting on the rod, which is carrying
tectric current, works against the motion, so the speed of the rod decreases, although
there is no friction nor air resistance. The rod decelerates as long as there is current
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-
Towing in the circle. so as long as the voltage of the capacitor does not bal
induced clectromotive Toree. Alter this. the speed ol the rod remains constant:
(2”1-l.\
g (1)
According to the impulse-momentuny theorem,  the  (infinitesimal) chanee of th
R ) . A i o ¢
momentum of the rod s equal o the impulse, ie. the product of the Toree ang the
(short) time of its action:

ance (h,

/3//"||1in =

mANe=I"Al
In our case only the magnetic Lorentz Torce is acting on the rod. thus for a shor time
the following is true:
mAe, =—DBLIAL
(The negative sign is duce to Lenz's Taw; the Lorentz foree decreases the speed of the
rod.)

But the product /A7 s just the infinitesimal charge flowed across the circuit angd
accumulated in the capacitor during (his (short) time interval. So the change of (he
charge of the capacitor is:

AL =AQ.

so combining the previous equations for the investigated short time interval we get that

mAv,, = —=1BLAQ

(AR

Let us divide the whole motion into infinitesimal intervals, and let us sum up these
equations written for each small interval. We get that

n ZAL',, = —/)’LZAQ,,,

SO
”’({'min7('1)):413/‘(2111;1\'- (2)
Expressing Q. from cquation (1),
(2nmx = ('lﬁ’llllmin-
and writing 1t into equation (2),

MUpmin — 0y = — BLC B Ly, = — B2 L2 Coin,

we eet that the final constant speed ol the rod is:
1y

mA+(BL)2CT

Cmin =
N . . -~ ¥ 5 % . . i e
Solution of Problem 261. The clectromotive Torce induced in the moving \\”l
. . . ; ; el
creales clectric current in the two stationary frames which are connected to the Wity
i 3 : i re
its two ends. whose currents are opposite to cach other. The current in the moving Wi~
. . . . . PRI 18-
is determined only by the resistance ol the ammeter /2. thus the value of the current

|
[ =—-Ble.
R
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The (WO loops which are connected 1o the two ends of the wire, which behaves as the
current source. are connected in parallel. The currents in the loops are not infinite even
though their resistances are considered zero. because the resistance of the ammeter in
the moving wire restricts these currents as well. Kirchhofl™s junction rule holds true,
ﬂcgording 1o which
Fi= I| + 1.

gven though the resistances ol the loops are negligible with respect 1o the resistance
of the ammeter, their resistance with respeet o cach other is not negligible, thus
the currents that run through them are determined

by the ratio of their resistances. For the sake of X h-x

simplicity. let us assume that the wire of the frame e e § o o o o o o o o

is made of the same malerial and have the same fo o T™ o o o o o off

diameter everywhere. e_ﬁ k.‘” o 6 o o o o
The resistances of both U-shaped loops change T h

depending on the instantaneous  position of  the
moving wire. therefore the currents running through
them also depend on the position (thus the elapsed time) of the moving wire. The
resistance ol cach loop using the notations ol the ligure are:

20 +1 2(h —a)+1
I" and 15 :gw

According to Kirchhofl™s loop rule. the currents m the two branches are inversely
proportional to these resistances:

/] R Z(II*I)—*—/ 13[1'

—i = e and W+ 1=—.
23 R| 20+ R

Expressing /5 Trom this and substituting back into the former equation the currents in
the two branches are:

Ri=p

[ 2 —a)+1 Ble
Yoo h) R
I [+ 2 . Bl

S TTEN AT

The currents in the two branches change oppositely. and the current in each branch
Vary lincarly with the displacement @ (or with (he time () /i =a —br.or 1) =a—but
and /1, =q' +0r.or [y=d +b vl which is

2h+1 Ble 2Ble 2h+1  Ble 2Blv?

= - — i =— e . |
Yot RO 2+ " "Tomen R T2+ DR
and
/ Ble 2030 i Bl 2B31v?
h=— 0y, oy = .
Shtl) R T2h+DR 2+ ) R 2h+ DR

When the direction of the motion of the wire changes. the direction of both currents
‘hungc. The figure shows how the currents change with the time.
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A
/

The maximum and minimum values of the currents are:

2h+1[ Blv

I =/ = c—
1\\\3){ 2IIIE\X 2(/l+1) 1{
l Blv

L = = e

win T TR 2(h+l) R~

Let us consider an example. Let the resistance of the meter be R = 1Q, the length of
the moving wire be [ =0.25m, its speed be ©v=2m/s, the length of the parallel wires
be h=1m, and the magnetic induction be B =0.8 T. Calculating with these data:

A ‘ A
[,=036A-032 = r=036A—0.64 — -1,
m S

A A
I, =004 A+032 — - 2=0.36 A+0.64d —-t,
m s

I, =1, =036 A,
=1, =004 A.

max

max

Tuin

Solution of Problem 262. a) One key to the solution is that the resistance of the frame
is negligible. This means that inside the frame the electric field is zero (in macroscopical
sense), because otherwise an infinitely large current would flow. Let us apply Maxwell's
second law along the frame:

So the total magnetic flux surrounded by the frame
cannot change during the motion. As the initial fluX
was ® = /3. A, it should have the same value in any
position of the frame.

In a position characterised by angle ¢, the lu*
of the frame originates partly from the field with
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induction B (- A-cos ), partly from the magnetic field created by the current induced
in the frame (L), So the total flux is

B-A-cosg+ L1

But because of the constant value of the flux

i
B-A=DB-A-cose+Li. F----- g
From this the current is ;
. B-A X
i=——(1—cosp). .
L :
The current has maximum when cosp=—1 . that '
is, when o =7 !
. 2B-A n 27 ®
7))){:1X = L .
o B |
Remark: The relationship i,ax-L=28-A at
@ = 7 is reasonable, because the flux that origi- /\
nates from the external field is — /3.4 (due to the | ® in Qi
wrning of the frame), so the ‘own’ flux should be B
' & n
+2B - A if the total flux remains +13- A.
b) During the motion, the frame cxperiences a
turning moment:
M(p)=—-B-A-i-sing. o

Using the relationship for current, the turning mo-
ment can be written in the following form:

(B-4)

M(p) = e -sing(1—cosp).

By examining the turning moment, it can be seen that until an angular displacement
of 180° the turning moment slows down the [rame and alter that it helps the rotation,
So it can be stated that position ¢ = 7 is the ‘standstill position” if the frame reaches
this position (instable equilibrium position) then it turns over.

The extremes of this expression can be acquired to an arbitrary accuracy by drawing
the graph of the function and calculating a few substitution values using a calculator.
Drawing the graph is simple if we make use of the identity

, . g ! 1l .
sing(l —cosp) =sing —singcosg =sing — —sin2y.

. : 1. .
So functions sing and —5511'12¢ should be added and then reflected about the = axis:
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M(p)
\k /
— 0,00 : '
\./QD : i :
-/ |
: | |
/! |
|
T T T T T T T T>(p)
0,0 200 ! 400 600 800 10,00
! : I |
|
| 2 ! :
X 3T 7 2.”
: 3 1 i
1 |
I breaking | accelerating|
| moment !

It can be seen that the ‘maximum breaking moment’ arises at the place of the
minimum of the function. By examining the graph, it is clear that this place is an angular
position smaller than 7 and greater than 7/2.

Let us substitute 100° first:

—(sin100° — 0.5-sin200°) = —1.15581,

At 110°:
—(sin110° — 0.5-5in220°) = —1.26108,

so the absolute value of the substitution value of the function increases.
The substitution value of the function at 150° is
—(sin150° — 0.5-sin 300°) = —0.93301,

so the absolute value ol the subslitution value decreases again. Let us examine the
function around 120°.

—(sin120° —0.5-5in240°) = —1.299038.

. ~ . - Iy 0
Its absolute value is the greatest so far. Let us check the value of the function at 121
and at 119°.

—(sin121° — 0.5-5in242°) = —1.298641097,
—(sin119° —0.5-51n238°) = —1.298643755.

and

~N1©C
Both values are smaller in absolute value than the absolute value belonging to 120"
$0 we can state with great confidence that we have determined the requested angulal
position with an error less than 2/120=1.6%.
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Remark. The extreme value of the function can be found using derivative as well.
: ) : . dn .
The place of the minimum is given by the solution of equation = 0. The equation
@
eads to the quadratic equation

2-costp—cosp—1=0,

whose solution is

1
cosp = ~ 3 that is, p=— rad =120°.

Solution of Problem 263. The system described above is the model of a unipolar
induction generator, i.e. a generator which produces DC current by electromagnetic
induction.

The conduction clectrons in the disc move on a circular path due to the rotation,
therefore the magnetic deflecting force (or Lorentz force) makes them move in the radial
direction building up a potential difference between the shaft and the perimeter of the
disc. If resistor I is connected across the shaft and the perimeter of the disc, a current
will flow in the circuit. The conduction electrons will drift outwards, and since now
their velocities have a radial component as well, the Lorentz force will act on them in
a direction opposite the rotation, which makes the disc decelerate (Lenz’s law). The
deceleration caused by the torque of this Lorentz force is proportional to the current
flowing in the radial direction, which is proportional to the potential difference existing
between the centre and the perimeter of the disc. Since this potential difference depends
upon the angular velocity of the rotation, the disc will accelerate until the magnitude of
the torque of Lorentz force reaches the magnitude of the torque caused by mass m.

Let us first determine the potential difference induced between the shaft and the
perimeter of the disc, and then express the current flowing in the circuit. The sccond
step is then to determine the net torque of the forces acting on the current flowing in the
radial direction, which then should be made cqual to the torque of mass m.

To find the potential difference between the
tentre and the perimeter of the disc, let us consider
dmetal rod rotating about one of its ends in a plane
Perpendicular to the uniform magnetic field. The
Potential difference induced between the ends of
the rod can be written as the sum of the potential
Gifferences AV = BAIrw induced in the clements
O the rod. If the rod is divided into n equal parts
of length Al =1/n, the sum can be written as:

Ve ZAV ZBA/z'—ZB

=1 i=1 =1

th

W . . . . . . . .
here 7; =1-— is Lhe distance of the 27" element from the rotation axis, or in other

W W n . . . N . . -
Ords it is the radius of its circular path. I this radius is multiplied by the angular
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velocity, we get the velocity ol the given element (¢ = 1w ). which is gwrpcmlicul‘”-l
- s % O
the magnetic lield.
Factoring out the constants, we find:

. 2 ! T ) 2 nooon y 1 1
V=B—w E i=B—w——n=B—w(=+ Y= BlPu|— 4+ =
1= n- . © E ” ;

=1
IC ntends to infintty (which means that the rod s divided into smaller and smaller parts)
the hirse term i the bracket tends 1o zero. while the second remains constant. Hepee
potential difference between the two ends of the rod is:
Bl*w

2

the

V=

The rotating disc can be handled as il 1t were an inlinite number ol rods connecteg
in parallel. The potential difference induced between the centre and perimeter of the
disc can thercfore be determined as the net potential difference produced by identical
batteries connected in parallel. which is:

The current Mowing n the circuit due to this potential diflerence is:

Voo Bt
SRR

This current is a stream of conduction clectrons moving along complicated paths from
the shaft to the perimeter. In spite ol the complicated paths ol the electrons, the Lorentz
loree acting on the current can he caleulated as it the current was Nowing along a straight

line in the radial direction.
% % x A To prove this, let us consider a wire connect-
ing points 4 and /3 that has an arbitrary shape
in the plance perpendicular to the magnetic ficld.
X Let us then connect points A and /3 with a
straight wire as well, thus producing a closed
loop as shown. If current [ flows in the loop.
the magnetic field exerts Torces on cach segment
of the loop. The resultant of these forces which
x x X X are all in the plane of the loop must be zero. OF
otherwise the Toop would start to move in the
planc determined by iself. which is impossible. (Or let us investigate what happens il
the current in the onginal loop is substituted by small circular current loops in which
the direction and magnitude of the currents are the same as that in the original loop:
Inside the original loop. where the small loops adjoin, the forces that are the same in
magnitude but opposite in dircction cancel cach other. Therelore all we need 1o consider
is the current on the perimeter of the small Toops. which is the same as the current in

X

the original loop. Since the small loops are all perpendicular to the magnetic ficld. there
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is no magnetic force acting on them. therefore the net force for the whole system of
joops is zero as well. Knowing that the net force inside the original loop is zero, we can
conclude that the resultant force acting on the original loop must be zero as well.

It can be uselul to prove our statement for a special case that can easily be generalized.
Let us consider a semi-circular wire in the plane perpendicular to the magnetic field and
also a straight wire that connects the ends of the semicircle. Let us assume that the same
current flows in cach ol the two wires. The semi-circular wire can be approximated by
an open polygon whose sides are all equal and have a length of Al

The magnetic forces (Lorentz forces) acting
on cach side of the polygon have the same
magnitude. which is:

A= DBIAl

Let us resolve these forces into components that
are parallel and perpendicular to the straight
wire (or the diameter of the semi-circle). Due to
the symmetry, the resultant of the parallel force
components must be zero. The magnitudes of
the perpendicular components can be wrilten as

AF, =BIAlsina,

where o is the angle which the given side ol the polygon forms with the line of the
diameter. Note that Alsina is the length of the orthogonal projection of the given side
to the diameter, therefore the sum of these expressions gives the length of the diameter
itself. Thus the sum of the perpendicular components of forces equals the force acting
on the straight wire:

Z BIAlsina; = lf]ZA/,silm,- =BIl\p=BI2r.

=1 t=1

Henee we proved that the magnetic force acting on a current carrying wire between
points A and B is independent of the shape of the wire and equals = Bl 5.
Applying this to our case, we get that the resultant of the forces acting on the current,
which is produced by clectrons moving along arbitrary paths from the shalt to the
perimeter ol the disc, equals a force that would act on a current of the same magnitude
flowing straight along the radius of the disc. Thus the force acting on the current in the
disc is 1= 1B1r.

Substituting the expression for the magnitude of the current, we obtain:

B2
R

This force is distributed evenly along radius 7 (since [ = constant), therefore it can
be substituted by a force that acts at a distance of /2 (rom the centre of the dise. The
orque of this force about the shaft is:

-

I
M=F-.
2
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The angular velocity of the disc increases until this torque reaches the magnitude of
the torque produced by mass m and their net torque becomes zero:

B*r3w 7 ~0
2R 5 mgoe =4,
which yields
AmgoR i
w = W =100 s 1.

Solution of Problem 264. The straight wire accelerates to a speed at which the torque
of the magnetic force is equal to the torque of the drag force.

Let the current flow out of the axle towards the two ends of the wire. Due 1o the
symmetry, the currents in the two branches are equal, its value is 7/2. Let the magnetic
induction point into the plane of the figure. In this case the wire rotates anticlockwise.
The torque of the drag force kyv? is kyv®l/2. The speed in terms of the angular speed
of the wire is v =wl/2 thus the torque in terms of the angular speed is:

kw?l®
x X X x ]\/[: .
8
The magnetic field exerts a force of
I 1
x x F,=B-=-—
2 g 2

on one half of the wire, the length of which is [/2
(independently of its motion). Because this force is
xdistributed evenly, its resultant is in the midpoint of the
half-wire, thus its torque calculated for the axle is:
l I i

1\/[1:F]':B ''''' —-.
X x x x X 4 2 2 4

The torque exerted on the whole wire js:

BIl?
M =2M, = .

From the equation of the torque of the drag force and the magnetic [orce we gain:

kw?®  BIP

8 8
From this the asked angular speed is:
BI
w= .
kql

_— . .1 S 2
Substituting the given data: w =12.65 —, and the number of revolutions is n = 2.013 o
s
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9. 2

The ohmic resistance of the wire system connected to the power supply is zero
everywhere, thus there is no voltage across any of the elements, which is generated
from the power supply. The voltage between the axle and the mercury tank is the
electromotive force generated by the motional induction. If the wire is perpendicular
to the magnetic induction and the direction of the motion is perpendicular to both the
the wire and the magnetic induction, the magnitude of the induced emf is:

£ = Blu,
where [ is the length of the wire, v is its speed. The voltage between points which are a
unit Jength apart has the same magnitude as that of the clectric field, which is generated
by the induced charges. Its magnitude is:

F = DBuv.
It can be seen that in the case of the rotating straight wire the clectric ficld along the wire

is uniformly increasing with the distance r measured from the axle. The total voltage
can be calculated as a sum:

V:ZAV:ZEAz:ZmAL

where the speed as a function ol the angular speed is v =w-r. Substituting this into the
formula of the induced voltage:
V= g BwrAl,

V= /)’wa'Al.

The value of the sum is more punctual if the Al distances, into which the wire is divided,

Factorizing this sum:

are smaller. Let Al = —_ in this case the radius ol the i-th scgment is »; = /-~ and
n "
the voltage across this scgment is AV, = Bur; Al thus the total voltage is:

R

Taking out the factor {/n:
2
B¢7(1+2+3+...+‘i+“.+n).
"2

Where in the bracket there is the sum of the first n natural numbers. Using the formula
of the sum of the first n clements of an arithmetic sequence, the voltage is:

1?2 n(n+1) S (n?+n Buwl? 1
Bye— ————=Bul"| —— | = 1+— .
n 2 2n2 2 + n

If the Iength of the segments is decreased, so n tends to infinity the second term in the
bracket tends to zero. thus the voltage between the ends of a wire which is rotated about
one of its cnds is: R
. Buwl®
V= .
2
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In our case we have two wires of length [/2, which are connected in parallel and acrogg
which the voltage is the same as the induced voltage in only one of them:
Buwl?
V=
8

Substituting the data: V' =3.16-10"2V .

Solution of Problem 265. Based on the direction of rotation, there are (wo cases to
distinguish: 1. B and & point in opposite directions, 2. B and & point in the same
direction.

Case 1: B and & are oppositely directed:

In the figure, the induction vector points towards the
page and the angular velocity vector points away from the
page. The figure shows the (relevant) forces acting on a
particular electron when the constant electron density has
alrcady set. (There may be fluctuations.) These forces are
the magnetic Lorentz-force and the electric force owing to
the field of the separated charges. The Lorentz-force now
E points radially outwards. Since the electron accelerates

towards the centre of the circular path, the electric force
must act towards the centre. Thus the electric field vector
points radially outwards.

The net force (expressed in terms of the magnitudes of the vectors) provides the
centripetal force:

FEe—erwB =mrw?. (1)
Hence the magnitude of the elcctric field is
B (ewB +mw?) . @)
e

What charge distribution is responsible for the electric field expressed in (2)?
It is known that the magnitude of the electric field in the interior of a long straight
cylinder of uniform volume charge density is:

=2 . (3)
260

and in the case of positive charge density it points radially outwards, that is, it has the
same structure as the electric field established in our rotating cylinder. (With a difference
worth mentioning: in the rotating metal cylinder, the result will be accurate for a short
cylinder 0o, since that is the only distribution of the electric ficld that can provide the
force distribution required by the stationary state of rigid rotation). This leads to the
conclusion that the charge density inside the rotating cylinder is uniform. The magnitude
of that charge distribution is obtained from (2) and (3):

o= 250w(eB+mw). (4)
e
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The whole cylinder is neutral, its interior is positively charged, the corresponding
pegative cha_!*ge is situated on the outer surface.

Case 2: B and & point in the same direction. Then the magnetic Lorentz-force points
towards the centre of the circle. In that case, three subcases may occur, depending on
the speed of the rotation:

eB
(a) mro? <erwB — w<-—,

m
then the electric force is outwards and the electric field vector E points towards the axis
of the cylinder, the clectric charge density is negative. The outer surface of the cylinder
is positively charged.

y eB

(b) mrw’ =erwB — w=-——,

m
then the Lorentz-force alone can keep the electrons in orbit, there is no electric ficld,
charge density is zero. This provides the answer to question b).

eB

m

(c) mrw? >erwB — w>

then the electric force points towards the centre of the circle and the electric field vector
E is radially outwards, the elcctric charge density is positive. The outer surface of the
¢ylinder carries a negative charge.

In the cases a) and c), the equations of the motion and the magnitudes of the electric
field and the charge density are as follows:

mrw? —crel3—cl, mrw’=erwB+ek,
Y )
ewB —mw? mw” —ewB
F=—\7 F=—rroo .
e e
2eqw(eB —mw) 2eqw(mw —eB)
0= —"" """ 0= —————=
e e
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R

Solution of Problem 266. Let us resolve the induction of the magnetic field of the
Carth into vertical and horizontal components. The vertical component does not induce
clectromotive force (loop emf) in the ring, because its flux is always zero. Let 3 stang
for the horizontal component. I the ring rotates at angular velocity w, its magne(je
Aux is

b =127 Bcoswl.

where w/is the angle enclosed by the normal vector of the ring and vector 3 The
clecromotive force induced in the ring — based on the analogy of simple harmopje

motion (relationship rate ol change of velocity—acceeleration; see simple harmonie
motion) — is:

Ad 2 .
E=— =r-wBwsinw!.
Al
The current in the ring is
/ s inwl
= — = Sinwi.
R

where 2 s the resistance of the ring. Let 3¢ stand Tor the induction of the magnetic
ficld induced by the current in the centre ol the ring. s magnitude is:

2a e ; B romBBw |
/;() = /l(]E = /l“—m.\lllw/ = /IUTMI]W'/.

The direction of magnetic induction /3¢, 1s perpendicular to the plane of the ring
and rotales with 1. Let us resolve vector 3, into components parallel with and
perpendicular 1o the horizontal induction /3 ol the magnetic licld of the Earth. The
magnitude ol the parallel component is:

, raldw raBw
I3/, = //,(,Wmnu;/ -coswl :/z“W

So the mean of the parallel component is zero in time. The magnitude of the

perpendicular component is:

sin(2wl).

o rrBw LY
/ 19 :/I()WSHI_J)/A
Its mean in time (similarly to the root mean square value of a sinusoidal current) is
ra 3w

BN = ]
<))()> 1o R

This mean induction diverts the magnetic ring Irom the direction of the magnetic ficld
of the Earth.

B The magnetic needle points in the direction ol
= the resultant of /3 and 13", Let a stand for the
angle of this diversion. Then
m
Bo (BY) rmw 2rrin raf

fana =

151

where o stands for the number ol revolutions of the ring.
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Let us realize that the angle of the diversion of the magnetic needle does not depend on
he magnitude ol the induction of the magnetic ficld of the Earth, the only important
thing is that the magnetic ficld of the Earth has a non-zero horizontal component.
Furthermore, the above relationship gives the average value of the diversion. 1t is
possihlc that the magnetic needle oscillates a litde bit around its new equilibrium
p()Slll()n. . . ‘ - .

The numerical value of the electric resistance of the ring is:

T2 f 7107732 7200 m- 10870 g _
R= — = o =1.73- 107" Q= 0.18 2.
2 tana 2 tan2

Solution of Problem 267. a) The change in magnetic flux induces an eml. which
generales a current:

=—— =RI, where ®=B, - r2x+LI.

Since the resistance of the ring is R =0. the net emf should also be zero: £ =0, thus
the magnetic ux & is constant:

® = By(1 — az)rim+ LI = constant. (1)
With the initial conditions (2 =0. / =0) considered. the constant {lux is
& = Byran. (2)

b) The current flowing in the ring can be expressed from the equations (1) and (2):
1 3 .
['= 1—15’“(\/'(,7[‘:. (3)

The external magnetic ficld exerts forces on the current elements of the current-
carrying ring. The resultant force is

D
Byargm

/": = */3, . [(:) . 2/'[;;7 = */}1)‘#'()' /ﬁ 2!'()7 cr=—k=x,

Newton's second law applied 1o the ring gives the equation
ma. =1, —mg=—kz—mg. (1)
Where : )
oo 2B2apran?
L
thus the rine will oscillate harmonically.
With the initial conditions considered, the motion of the ring is described by the
Cquation
() = A coswt - 1), (-

o
Ny
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|k /203
I —:ﬁrgB() L
m mL

The cquilibrium position (a, =0) and the amplitude A are obtained from equ

(4):

where the angular frquency is

atiop

v s, T mgL
0=  k 2Blafrim?’ (6)
that is,
Vs 2-32m~1.16m~! 1
=7.0.52-10"4m?-0.01 — : : =312~
wveT m m? \/ 50-10~5 kg - 1.3-10—° Vs/A s
and 5
50-107%kg-9.8m/s"-1.3- 1078 Vs/A
=1lcm.

T 20.012V252/m*-32m~'-16m-1-0.54- 10~ 572

¢) The current in terms of time is obtained by substituting the expression (5) into the
equation (3):

B 2
I{t)y= % - A(coswt —1).
With the expression (6) of the amplitude:
mg
I{t) = —5—=—(coswt —1),
{t) 27”"330/8((‘05&) ),

and hence the maximum value of the current is

[llli\X: 2-50.10—6 ](g'gsln/sz n :39 A.
27-0.52-107*-0.01 Vs/m2-16m |

J—_— 2mg
max — Tr/]’gB()/B -
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9.3 Induction (transformer emf)

Solution of Problem 268. a) According to Ohm’s law,
V V VA

fe—== — .
R ol/A ol
wherce Vv -
r=E
is the electric field in the conductor. Thus the current is
1
I=-EA,
0

and the current density, suitable for describing the phenomenon locally, 1s

I nevA 1 .
]=—== :Tll"l':*}:,
A A

g
where n is the number of conduction electrons per unit volume, e is the elementary
charge, v is the drift speed in question and A is the cross-scctional area of the
conductor. Hence

v:LE‘ (1)

neo
According to the law of induction, the change of the magnetic field creates an electric
field around the changing flux, which is present inside the metal ring, too. The magnitude
of the electric field at a distance r from the axis is
1 Ad I AB-R’r 1ABR? %
T 2rm At 2w At 2 At
it is inversely proportional to the distance from the axis.
This clectric field generates a current in the ring. The speed of the electrons
constituting the current is obtained from (1) and (2):

”

NG
—

R} AB1 1
v= ===y -
20ne At r i
and their angular speed is
v _ R? AB 1 1
MRS 20ne Al r? IR

b) Question b) can be answered with a similar reasoning. According to Maxwell's
law, the total clectromotive force around a closed curve is proportional to the rate of
change of the flux through it. Because of symmetry, the total emf can be cxpressed for
a circular electric field line:

¢ . — .‘2
= —At T
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and hence the electric field is directly proportional to the radius:

1 AB
E=sa
and the drift speed of the electrons obtained from (1) is
1 AB
- 20ne At reeT
Their angular speed is
v 1 AB
RTTY M

which is a constant independent of the radius.

The task is to determine the coefficients ¢; and c¢3. The data is taken from tabh,g
The molar mass of copper is M = 0.0635 kg/mol, its density is d = 8960 kg/m®,
its resistivity is 0 = 1.78-107% Q@ m, and the elementary charge is e =1.6-10""7 C.
Hence, (with the assumption of one conduction electron per copper atom on average,)
the number of conduction electrons per unit volume is

_/V_?TL 1 _A’Ad
S VARV
With the substitution of the data, the drift speed in case a) is
MR} AB 1
QQNAde INES

and numerically:

_ 00635 kg /mol-25: 10”4 ?-0.2 T 103710~
2.1.78-1075 Qm-8960-% - 6-10%% /mol - 1.6- 1019 C- 25 5
Thus )
1
v=1.037-10"6 2.2
S T'

(At the middle radius, that only means a speed of v=1.728-10"°m/s!)
. N
In the angular speed, the coefficient of — is the same.
-

The coefficient in case b) is obtained if the previous value is divided by R?, that is,

| 1.0372° 1076 i1 10— ]
2T 50 A me
Thus the speed and angular speed are now
1 1
v=4.148-10"%=.r  and w=4.148-1077=
S S

The graphs below represent the variation of the speed as a function of the radius 11
each case:
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v A (107° mis) v A (107° mis)
i -8
e B L R ,
249 f-mmmmeme e & b
207} 2.074-g--=mmmmmmnnn N
1.73- Do
1.4 0
4 1 Lo
(1072 m) P r(1072m)
- -
0 0| 1 2 3 45 6 7 89

First solution of Problem 269. The magnetic field

changing in time induces an electric ficld that enters the X
metallic ring and starts a current in it. On this already x
current-bearing conductor (whose induction increases in 9
time), a magnetic Lorentz force acts from the same held,

which is perpendicular to both the induction lines and x
the conducting ring, and because of the dircction of %
the induced current points in the direction of the centre

of the ring, so it strives to crash the ring. Therefore x
it creates tensile stress in the ring. (If the ring were x
in a magnetic field whose induction decreascs in time, %

the force would strive to burst the ring.) We have to
determine this force.
As the field changes uniformly in time, the induced electric field and so the loop emf
is constant in time, self induction has no part in the process.
The magnitude of the current induced in the conducting ring of resistance r is
(applying Ohm’s law to our case)
Uy A ABR?*cr  AB RA

I=—= = =—_—.
o Atr Ate?T AL 2

The simplest way (o calculate the created tensile stress is by determining the resultant
Magnetic field acting on a semicircle and dividing this by twice the cross-sectional area
of the wire.
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The force acting on a semicircle is obviougly
as much as the force acting on the 2y diumc[c',-
ol a current-bearing wire that consists of g Semj-
circle and its diameter. because in the homoge.
ncous licld the conductor does not llCCCICRllL‘..\g”
the resultant ol the magnetic Lorentz foree acting
on it should be 0. With this, the force acling t»?\

/ \ the semicirele s

where 13} 1s the magnitude of magnetic induction at time instant /.

Similar to the endpoints ol the semicirele, the forces pulling one semicircle away fron
the other, or in our case pushing one semicircle towards the other. are parallel o each
other, and thus one cross-section gets only hall” of the resultant force:

-
where AB B
Bi= o h= 5

so the tensile stress created by the magnetic Lorentz foree is

F: 1 Bhax AB Rs a i OB
. | =+ “max AI u ) /‘)__ Bm.l. /‘)_ s

AT A 2 A 20 o Al

By turning the ring, we ensure that besides the compressive stress produced by
the magnetic ficld a tensile stress also appears. which — given a suitable number of
revolutions — can compensate for cach other. This is why the experiment would not
work in a magnetic field with decreasing induction, when the magnetic field would be
ol tensile nature as well (in the ring the direction of the current would turn but the
direction of vector B would remain the same. so the direction of the magnetic Lorentz
lorce would also turn),

The mechanical stress can be determined through two diflerent wrains of thought:

I. The magnitude of the centripetal force acting on a small
picce of mass Am = dAR, of a ring rotated around an
axis that passes through its centre and is perpendicular 1©
its plane is

Fe=dARgs RW?
(where d is the density of the material of the ring). i this
small mass clement is forced to undergo uniform circul'fll'
motion. This force is exerted by the ncighbouring parts
touch with the given part (through clastic interaction) &

shown in the ligure.
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9. Magnetism Solutions 9.3 Induction (transformer emf)

The central angle A is also equal to the angle enclosed by the force vectors pulling
the clement in the two directions (they are angles with perpendicular arms), so their
resultant (the centripetal force acting on the mass clement) is

9

2F sin= = dAR?*pu?,

[ e i 3%

from which the pulling force is

Fi=dAR?w*—2—.

sin 5

10 08

The smaller the segment of length Al = 122, the more accurately we can calculate the
force acting on a small bit with mass Am (because then the dircction of the centripetal
forces acting on the ends of the bit of the ring differ less and less). Tt is known that
sina k.

——— — 1 il a—0,so
Q 5o 28
Iy =dAR %",
and the tensile stress 1s P
M TR
o=—=dR*w"
A
From the required cquality of the two tensile stresses that arise due to two difTerent
reasons and act in the opposite direction, the required angular speed can be determined:

2 3 I;m;\\' 2 AB
AR w” = —— 7 —,
lo Al
from which the angular speed is
I | Buax AB . 2 s 2 5 1
w=—y/——-—=0.5" —— L —— 2 =177 —,
2\ do Al 8.96-10% kg/m3-1.78-10=8 Qm 0.2 s s

and the corresponding number of revolutions is

II. The tensile stress can be determined in an elementary way using the following
train of thought as well:

The mass elements of the rotated copper ring would move apart tfrom cach other if no
elastic (tangential) contracting force acted between them. Its magnitude — as we have
already scen — should bhe

Fy=dAR*.?.
This can also be seen il we examine a closed cylinder of radius R and height . which is
Placed into a pressurized environment. The compressive force produced by this external
Pressure corresponds to the centripetal force that is required for circular motion.
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What is this pressure?
R Ar Let us imagine that we cut a segment of arc Al and height 5,
out of the nappc of the cylinder. The centripetal force acting op
o dtis AmRw?, in detail:

AFq = AlAThdRw?.
Let us find the pressure that would cause the same effect:
AlArhdRw? = pAlh,
from which
p=ArdRw?.
This pressure can be used for the proof.
Let us imagine a closed cylinder of radius R, semicircular base, height h in the
pressurized environment determined now. The resultant force on the semicylinder
caused by the pressure should have the same magnitude as the force acting on the

rectangle with area 2Rh, because the cylinder docs not accelerate despite the external
forces acting on it. So the magnitude of this force is

F=p2Rh,
h that is, bascd on the above
F =ArdRw?-2Rh,
and the tensile stress produced in cross section A= Arh is

/2
R UZT{Zdszz,

which we wanted to prove.

Second solution of Problem 269. We could also start from the assumption that there
is no tensile stress in the ring, if the magnetic Lorentz force acting on an arbitrary tiny
mass element of it provides exactly the normal force required for the circular track of
radius R (because then the ring can be divided into mechanically independent circular
arc segments, its parts would remain in the track of radius R, the shape of the ring
would not change even in the absence of tensile stress).

Let Am stand for the mass of a sufficiently small arc element of the copper ring; the
equation of its motion is (only radial force acts):

B-i-Al=Amw?.

Dividing by Al results in the appcarance of linear mass density, which can be calculated
from the total mass and the circumference:

Am m . mw?
B.i= 2 _ Ry 2 — .
VI iy o
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9. Magnetism Solutions 9.3 Induction (transformer emf)

Substituting the values of instantancous induction and instantancous current:
Al / Ui . mw?
At r 27

The induced potential difference and the resistance of the ring can be determined Irom
the data. By calculating these, the lelt side of the equation gains the form

AB A  AB %’*’”_(A/;)“/ RA

—— 2= — . L s, i
At Q-"H'T Al Q")"ﬁ At

A) N
A A =0

With this, our equation of motion becomes

AB\? ; RA_I”JJ._)
Al 20 2m

The mass of the copper ring expressed with its volume and density o is m=d-2R7- A,
- by substituting this into our equation, it becomes

= = T T S RAL
A 20 2w

(AB>2 , RA_d2Rr AW

From this, the requested angular speed independently of the radius and the width of the
ring is

AB t 2 Vs/m? 0.1s o I
— =177

T ALY 20d7 02s | 2178107 Qm -8.96- 10° kg/m? s

w

Solution of Problem 270. a) The changing magnetic field induces a non-conservative
electric ficld, which results in currents flowing in the conducting loops placed in the
field. The currents in the individual branches can be determined by using Maxwell's
second law (that 1s, Kirchhoft"s loop rule) and applying Maxwecll's first law (that is.
Kirchhof’s junction rule) to one ol the branch points.

To keep track of algebraic signs, let us assign directions
to currents and voltages. Let us move around the loops in
the positive direction, and assume that current flows from
A to B in the shorter arc and through the meter. while it
flows fom B to A in the longer arc.

Let ¢y denote the em( induced in the smaller loop (1)
and let 5 be the emf induced in the larger Toop (I1.). Let
A, and A, denote the areas of the smaller and greater
loops respectively. It follows from Maxwell’s law thal
AB _AB

1 :EAI and 2P Al A-_).

n
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Applied to the Ohmic loops . and I1.:

@) @)
ZVZEI’ and ZVZE‘Z.
/. 11

In detail, using the assumed directions of currents:

AB AB
IlRl—jR,,,:A—t‘Al‘ and [21{2+11?,,,:E'A2.
Hence /; and I5 are
I _AB Al +I Rm y
'S AL R UR (1)
AB A, R,,
I, = 2T ) ;
TN R, R @)
According to Kirchhoff's junction rule applied to point A,
L=1+1. (3)

If (1) and (2) are substituted in (3), an equation is obtained with the single unknown

being the current flowing through the meter:
AB A R,, AB A Ry
ER =I+==-ZL+I.

At R, = R, At R, Ry’
Rearranged:

ﬁ A2 Al _[ RHI +1+ Rm.

At Ry R N R, Ry .

Hence, by finding the common denominator and simplifying, the following expression
is obtained for the current in question:

AB AsR1— AR,
At Ry (Ri+Ry)+ R Ry
Numerically, expressed in terms of the resistance R,, of the meter:

I 01V 02m 5Q0-0.1m2-2Q 0.32V
m? T+ 1002 T 7R, +100°

Question a) can be answered if the given value of 0.5 Q is substituted for R, . Tq
answer question b), the voltage across the meter needs to be expressed and the value of
R,,, = oo substituted. Thus, in the a) the meter reads a current of
032
C7-05+10

=

(4)

A =0.0237 A.

It is instructive to determine the currents I; and I, flowing in the arcs A1B and
A2, too. If the value (4) of I is substituted in (1) and (2) and a common denominator
is applicd. the following expressions are obtained:

_A_B . A [Rm< L1 +R2)+R R)]+A2R1R1n - AIHQRUL

1 =
N [Ryn(R1 + R2) + R Ry R,
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9. Magnetism Solutions 9.3 Induction (transformer emf)

The term A, R,, R> cancels out and then the numerator and denominator can both be
divided by R;. Thus the parametric expression of /3 simplifies to
AB (A1+ AR, + AR, .
‘At RuRi+RnBa+RiRy (5)

By symmetry considerations, a similar expression is obtained for [y by simply
interchanging indices:

h=

AR [Art A+ Asly
At RuRi+RnRstRiRs

(6)

2=
Numerically:
L =04-" \Y 0.3m?-0.5040.1m?.2Q

m2 050.50+4050-20+5020
015402  0.14

=04 ———— A=——A=0.01037A =10.37 mA,
13.5 13.5
and
0.3-0.5+0.2-5 01541 04
Lp=04.2300%02:5 015 H1 046 03407 A =34.07mA.
185 13.5 1:3:5:

Clearly, the result will be the same if [y is added to /:
I, =0.0237 A +0.01037 A =0.03407 A.

b) The voltmeter being ideal means that no current flows through it. However, the
expressions obtained in a) remain valid, and they can be used as they are. If the current
I flowing through the meter is multiplied by the resistance R,, of the meter, the reading
of the voltmeter is obtained. The value of [ is taken from (4):

AB ARy — AR 0.32V
V:[R,”:—' 2 - ] 2 -R”':i-[{”,‘_
At R,.Ri+R,R:+R Ry TR, +10Q
To determine the limit of this expression as R,, — 0o, the numerator and denominator
are both divided by the resistance R,, ot the meter:
032V 0.32V
T 74+108/R.. 7

since for a large enough resistance of the meter, the term 100/ R,, becomes ncgligible
next to 7. Mathematically, 10/R,, —0 as R,, — o0

=0.0457V,

Thus the value obtained is the voliage measured between the points 4 and B.

The current is now the same in both arcs (they are conduclors connected in series).
The value of the current is obtained by substituting the value R,, = > into either (5)
or (6) alter dividing both the numerator and the denominator by R,,:

AB (Ai+A)+ 38 AR 4 44,

hL=I= .
FTUETAL R 4R+ B T AL R R,
Numerically:
Vo 0.3m?
— =04 2" 2001714 A =17.14 mA.
m- 70
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Solution of Problem 271. I the uniformly changing magnetic ficld was presen,
everywhere inside the big cylinder. then, because of the symmetry of the arrangemen
the field Tines of the induced electric ficld would be concentric circles in the plane
perpendicular 1o the axis, and the electric ficld at a distance » from the axis (1 < R)
could be casily calculated from Maxwell's law ol induction:

Z EA A
JAsCosa = ’
S Q0 o

closed

Applying the law for a circle of radius . the constant magnitude ol the electrie fielq
can be carried out of the sum. and cosa = 1. so:

ABrix
I Z As=12rm= }71 (1)

closed

where
Bricr=DBA=9.
is the magnetic ux inside the cirele. Thus, from equation (1) the induced electrie field
at the distance » from the axis has the magnitude:
r AB

e o e, (-
2 Al

[N}

Now let us consider the magnetic ficld v the problem as the superposition of two
uniformly changing magnetic ficlds (produced separately by appropriate coils):

— a homogencous, uniformly changing magnetic field I3(1). which is present every-
where inside the big cylinder,
— and a magnctic ficld — (1), which is present only inside the small cylinder.

In a perpendicular cross section of the
cylinders. let Oy be the centre of the big.
and O, be that of the small cylinder.
and consider a point /2 inside the small
cylinder. which is at a distance r from
O, and al a distance s from O». Lel
r and s denote the vectors from the
centres (o 2. (See the figure.) Then
the induced net electric field E at 708
the superposition of the two clectric ficlds
induced separately by the two magnetic

ficlds: E =E; +E,. where. by equation (2).

. 1A .
[y = E e I8 duc to the change of B(1)
. 1 AD o
[ = o due to the change ol — B(1).

Since E, Lr and Eu Ls. the angles o are cqual in the triangles Q. PO, and PAD.
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9. Magnetism Solutions 9.3 Induction (transformer emf)

On the other hand. the ratios of the sides fTorming the angle «v are also equal,

thus the two triangles are similar. Using this fact. the net induced electric ficld is:

BP 0,0, R

AB - = 57— = constant.
AB  FE, OP 2 constan
Numerically.
. RO RAB 0.1m \Y, v
I‘_.:/‘,]4247: 80 3220_
ik At I m? m

Since two sides of the similar riangles are pairwise perpendicular to each other, the
third sides are also perpendicular,

ELOO..

so the electric field induced nside the small cylinder is homogencous.

(We remark that the fact that the magnitude of the clectric field is constant in a
region where the magnetic field vanishes (or static). implies that the electric field is
homogencous there. This can be deduced from Maxwell's second law. If the magnitude
of the clectric field is constant. then the field lines have the same spacial ‘density’, and
they form a system ol parallel straight lines. Otherwise we could find a closed circle
along which X/ Arcosa would not be zero, which is impossible if the magnetic (lux
is not changing. This means that the ¢lectric field is homogencous.)

Solution of Problem 272. a) Let us determine the flux surrounded by the circular
track as function of time. As the induction changes along the radius, the area of the
circle 1s divided into small regions in which the magnetic field can be regarded as
homogencous. For this purpose. let us take a circular ring of radius » and a width
Ar < whose Nux is:

AD=13(rt)-2rm- Ar.

According 10 the condition given in the problem

]—‘-t)
Ab=—1-27rAr
”
Let us sum up the clementary fluxes:

b(1)= Ab=2rkgY Ar;=21LyLR.

that is,
(I)(/):'Zﬁ/f“h)/. (1)
Due to the eylindrical symmetry of the situation. the induced electric field created also
has cylindrical symmetry, so considering (1), the electric ficld at the place of the bead is
Ad L 2 RIZa AL

1
(R= — — = — =[], 2
=0k & " 2en A bo )

[N
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——

The bead experiences a constant clectric ficld in the direction of the tangent, so according
to (2), its velocity as function of time is

Eyq

v(l) = — - -t. (3)

b) Applying the fundamental law of dynamics in radial direction:

V2

quB+N=m—,
! R
where N is the normal force exerted by the track. Using (3), its magnitude is
2 2,2
v m  E2q?t Eoq  Ept
N=m——quB=— —21 —t - —=0.
R ! R m?2 —4 m R

There is no force between the bead and the ring in a magnetic field of such structure
N =0, that is, the track does not excrt a radial normal force and thus does not have 1o
be there. (The principle of the betatron particle accelerator.)

Solution of Problem 273. The acceleration of the electron equals the product of the
induced electric field and the charge to mass ratio of the electron. The electric field can
be determined from Faraday’s law of induction:

< U
Z Ascosa = A
If the summation is carried out along the circumference of the circle of radius 4,
then cosa =1 everywhere and the magnitude of the electric field is also constant, and
thus, with magnitudes considered only,

AP
E. 27'A7T = A_t .
. ; . . 1 Ad
Hence the electric field at the starting point of the electron is E 4 = 3 L The
TAT

magnitude of the change in fAlux inducing the electric field is A® = AAB. Expressed
in terms of the data of the coil:

A® = R*rAB.
With this information, the acceleration of the electron is
F eE e 5227 eRrAB ¢ R*AB
== =) - fnd =
m m m m2r 7w AL o 2r 4 A
1.6-107 As-4-107*m?.0.8 Vs/m? ) g M
9.1-10731kg-2-3-10"2m-10"1s 52
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9. Magnetism Solutions 9.3 Induction (transformer emf)

b) The speed of the electron is determined by the induced electric field. The difficulties
are due to the electron “drifting of” the clectric field line that passes through point A.
Neither the path of the electron nor the values of the electric field along the path can be
calculated by clementary methods.

Although the electric field is now constant, it is not conservative, and therefore no

O
potenlial or potential difference can be defined in it. However, the total emf ZEA.s s
zero for any closed cuve that does not surround a changing flux. Thus, if the actual path
of the electron is completed to a closed curve such that it does dot surround a changing
flux and the work done by the electric field is easy to calculate in the additional segments
of the closed curve, then it provides an elementary method to obtain the work done on
the electron along the actual path, 0o.

The figure shows a possible closed curve of that kind:
it consists of the actual electron path, a circular arc
subtending the same angle and centred at the axis of the
coil, and a radial line segment. The work done by the
electric field along the arc AB' is

Wa=IF s=ecErpp=ce : &-r,\(p:
21‘_,\71’ Al ’
1 [f’zﬁAB_‘ eR?PQAB
:F2l',\ﬁ At APSTRA

independently of the distance 7,4 of the starting point A from the axis. The work done
by the clectric field along the radial line segment BB’ is zero since the cleetric field
vector is perpendicular to the displacement. Therefore the actual work done on the
electron along the path AB is equal to the TV, above.

Hence the speed of the electron is obtained from the work-energy theorem (1, =
= 7711)2/2‘ with the assumption that it travels in vacuum);

= p= e . ~ 313

\/QH’M ¢ R?2AB 1.6-10"19 As-4-10~1m2-0.835 27  km
- — = 5 : = .
m m At 9.1-1073 kg-10-"s 3 S

Remark: The result can also be obtained by considering the formula for the speed of
the uniformly accelerated circular motion of the electron along the arc A3 :

Ang A)ely’] leRZAD
V= S = 2—rp= — )
mo mAL 7

Since the magnitude of the clectric field £ is constant along the arc and its direction is
tangential, so the electron will move along the arc with uniformly changing specd.

505



300 Creative Physics Problems with Solutions

Solution of Problem 274. A moving electron is affected by both magnetic ang
electric fields. We should investigate the fields that are present in the centre of the
circle at the time instants in question and the direction of the ¢electric field and magnetjc
induction vectors that characterise these.

When no magnetic field is present (I, = 0), only the changing magnetic flux createg
(a stationary) electric field, which accelerates the electron with a force of F = ¢f
(regardless of its velocity condition). When there is current in the coil again (e.g. a
time instant t; = 0.6s), a magnetlc field i1s also present in the centre of the circle,

which acts with a force of F'=e@x B on the electron; this force is perpendicular to the
previous force. Therefore we should determine the magnitude of the electric field and
the induction of the magnetic field in the centre of the central circle of the coil at the
given morment.

a) When the current is zero, only electric field is present. Within the thin iron wire
a so-called toroidal magnetic field is created, whose flux density can be considered
constant for the whole cross-section, because the 3.6-mm diameter of the iron wire can
be neglected relative to the 200-mm diameter of the circle. This thin magnetic flux tube
acts like the thin current-bearing wire in the creation of the magnetic field, therefore
the (non-stationary) electric field created by the magnetic flux element can be described
in the same way as the magnetic field created by the current element, with a law that
corresponds to the Biot-Savart law. All one needs to do is determine which quantities
correspond to each other in the two processes. The corresponding quantities are given
by the circuital law and the law of induction.
In the case of a straight conductor for one induction line

I
B2rm = ppl — Zﬂ—,
2m 7
in the case of a straight thin coil (flux tube)
Ad 1 Ad
E2rr=—— — = .
At 2rm At

From these, it is obvious that the quantity corresponding to pgl in the Biot-Savart law

AN , ) N
is NE With this, the two types of Biot—Savart law are

1Al 1 Ad Al
AB="H —sinq, and AbL=————sina.
‘ 4m At 7

In the centre of the circle the resultant electric field can be determined through the
known summation:

1 AD AL 1 A 1 o
E:ZAE:Z/I_WET_QSIHQZEET_QZA}qngO s

where ZAZ =277 is the circumlerence of the circle. From this, afier simplifying by
277 the following expression is acquired for the electric field in the centre of the circle:
1 AD
=5 AT
which is constant due to the condition given in the problem.
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9. Magnetism Solutions 9.3 Induction (transformer emf)

In case a) B =0 but =l # 0 both outside the toroidal coil (including the centre
of the circular coil) and inside the coil. (The hysteresis of the soft-iron wire can be
neglected, therefore even if remanent magnetism exists at the moment in question,
the rate of change of remanent magnetism, which determines the electric field, can be
approximated well with the rate of change of magnetism that belongs to zero induction
of the first magnetizing curve, which is proportional to the rate of change of current.)

The change of magnetic flux in the iron wire is E
AIN
A®=ABA= popt, —— Jo =220
2R TN\AP
s . . _ aE
If this is substituted into the law analogous with /—’OK g "
the Biot-Savart law, the acceleration of the clectron is o
acquired:
eE 1 NAAI e — 0.0008 kgm \ e
a=— = =0; . =
m 2T O R At m Cs?

= 140659340.?—2 ~1.41- 108121,
s S
and its direction is perpendicular to the plane of the circle.

b) At t; = 0.6 s the magnetic ficld, which is created E
by the current that flows in the copper wire, is present
again. The value of current 0. s after becoming zero is
Iy =0.21,,c =2 A. This current — although it flows
in the circular coil — creates exactly the same magnetic
field in the centre of the central circle of the toroid as
a single thin circular conductor placed along the central
circle that bears the same current. The induction of this
field is perpendicular to the plane of the circle and the
magnetic Lorentz force produced by it is perpendicular to both B and 4, therefore it
acts in the plane of the circle, therefore it is perpendicular to E as well. The resultant
acceleration can be acquired from the Pythagorcan theorem.

P— Froag _ EWOI_l -
=2 m m 2R
kgm 8
*00012)06<C 2) =220947176 m/s? ~2.21-10% m/s%.

The total acceleration of the electron is

kg m
\/T —/ 128 WP+ 2 =

ke |
—0.0011925 ( (‘3“,1> 3 =262420159.4 m/s® ~2.624-10% m /s”.
s8% m
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The direction of the acceleration encloses an angle of

\ 0.001266  __ __
:(mhm =arctan —— =57.7"
Iv 0.0008
with the axis.

Remark: Some would think that the iron wire that fills the inside ol the coil - being
a a conductor that surrounds a changing flux — would produce a current whose direetjop
is opposite to the current in the coil and therefore decreases its magnetic field.

I the coll bearing the iron wire is not only bent into a circle but is also soldereg
together. then a circular conductor that surrounds the (inhomogencously distributed)
magnetic Mux is acquired indeed. but this — cven if calculated with the homogenoug
flux that is calculated from the maximum induction measured along the centre line of
the toroid — gives an upper limit of less than one thousandth for the current of the iron
wire and the induction created by it.

9.4 Alternating current

Solution of Problem 275. It the mital charge of the loaded sphere is Q. then its
polential is:
Q

lﬁ:‘(,/)’

The potential of the other sphere is intally zero. Since there is a potential difference
between the two ends of the coil. an clectric current is produced, i.e. charge is transferred
rom one sphere to the other. From this, it is clear that the system investigated is an
oscillatory circuit, the spheres acting as capacitors,

In an idcal LC' circuit undamped harmonic oscillations are produced. i.c. first all
charges go from one plate of the capacitor to the other. and then all charges go back
to the first plate without loss. (We investigate only one period of the oscillation, and
neglect the losses due to Joule=heat and dipole clectromagnetic radiation.)

What is the capacitance of the “substituting capacitor” consisting of the spheres? (We
have to take into consideration that the total charge of the plates is not zero.) The answer
is given by the Tollowing reasoning: Let us consider the charge @ on the first sphere as
the sum ol charges /2 and /2. and let us regard the charge 0 on the second sphere
as the sum of charges /2 and —/2. The potential difference due to the equal Q/2
charges on both spheres is zero, while the voltage due to the opposite charges @Q/2 and
~Q/ 2 on the two spheres is Uy = Uy So the charge of the substituting capacitor is
Q/2. and its voltage is Uy . thus its capacilance is:

U():
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—

After this time, the charges on the spheres become cqual 1o their initial values. When
the charge ol the first sphere is /2. the charge of the second sphere is Q/2 as well,
so the voltage across the coil is zero, and the time clapsed until this state is a quarter of
the period:

T = N
t=—=73 /om0 LR.

Solution of Problem 276. a) The potential difference applied to the combination is
divided between the two capacitors in the ratio of their resistances. Thus the potential
diflerence across the first capacitor is:

V 220V 220

Ve Ry=— . 1. 1P =— V=44V,
Ri+ Ry 1-109+4-10? 5

while the potential difference across the second capacitor is:
Vo=V -V =220V-4d V=176 V> 170V,
which means that the second capacitor breaks down.

b) Il a potential difTerence is applied to a capacitor, there will always be a current
(/) due 1o the ohmic conductivity of the capacitor. At the same tme there is a
charging current (/) flowing through the capacitor due to the same potential difference.
Thercfore the capacitor can be substituted by an ideal capacitor that 1s connected in
parallel (o the ohmic resistance ol the capacitor.

The potential difTerence across the capacitors are in propor- C, C,
tion to their net impedances (7). [ components are connected A B
in parallel, their conductivities are added together as vectors,
so according to Pythagoras™ theorem the net conductivity of

the combination is:
Y =vVG?+ 132,

where Y is the net conductivity, G =1/1 is the ohmic conductivity and B=1/X¢ is
the capacitive conductivity. The net impedance of the combination is Z =1/Y. The net
conductivity of the first capacitor is therefore:

% 1 . 9 [+(1?|‘4)('1)2
Y= — ) + () =——
! (nl) el R

while Tor its impedance, we get:
R
Va! +(/\’[w('|)")
Let us divide both the numerator and the denominator by 12, :

Z]:

1
y’]
| = —
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The capacitive conductance By =wC of the capacitor is much greater than its ohmje
conductance 1/R;. Assuming the frequency to be v =50 Hz, we find;

B =27v-C,=314.165"1-10-10"% F=3.1416-10"2 Q" !,
similarly
B;=314.16s"1-12.5-107° F=3.927-107° Q ',
while the ohmic conductivities are:
1 1

e = §ROL,

R, 10°Q :
1 1
e = 851077 02,
Ry, 41000

This means that the ohmic conductivity is six orders of magnitude less than the
capacitive conductivity, so the ohmic conductivity is negligible, which holds even more
to its square:
1
Therefore the net impedances of the capacitors are equal to their capacitive resis-
tances, because:

=107 0"%2«3.142.107°Q 2

1 1

0+ (wCh)? " WG

Similarly the net impedance of the second capacitor is equal to its capacitive resistance.
As the capacitors are connected in series, their potential differences are in the ratio of
their impedances or capacitive resistances, thercfore the potential difference across the
first capacitor is:

=
1R

=Xe¢,.

_ X _ 1/C, Ve 1/10
X1+ Xo 1/Cy+1/Cy 1/10+4-1/12.5
similarly the potential difference across the second capacitor is:
. 1/12.5
1/10+1/12.5
(The potential difference across the first capacitor is greater than the one across the
second, which is opposite to the situation in the first case.)

If we want to find out whether the capacitors will break down or not, we need to
calculate the maximum values of their potential differences. These are:

v, 220V =122.2V,

2 220V =97.8 V.

Vi =2V, =Vv2.122.2V =172.8V > 130V,

max

Voo = V2V =V2-97.8V =1383V <170 V,

therefore in this case the capacitor of capacitance Cp breaks down.

max
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9. Magnetism Solutions 9.4 Alternating current

Solution of Problem 277. a) As the current lags behind the voltage. the circuit is of
inductive nature. The phase angle is ¢ =7 /4drad = 45°.
The impedance is
‘:'m.\ Vln;\x 200V

= = —— =28.29Q)
]l'lll.\' Iln.lx 7.07 A

The ohmic resistance is:

R=27 cos45° =28.29Q cos15° =20().

From the isosceles right-angled triangle:

X, —Xc=1R. thatis. « L
From this

1 1
C = =— - =22.81 pul.
wlwL—R)  628s7'-(628-0.143 —20) 2

b) The maximum potential difference across the coil is 1V = lax.V7 . so Lhe

maximum potential difference across the coil is

i "'/

[STETY

=l wL=707TA G285 10143 H=631.91 V.

Smax

As the potential difterence across the coil is ahead of the voltage V' in the circuit by
7/4, the potential difference across the coil as function of time is
( )
The maximum potential difference across the capacitor is
1 7.07 A
wC' 628571.22.8-106 F

and as the potential difference across the capacitor lags behind the terminal voltage by
37/4, the polential diflerence as function ol time is

]

1
V5, =631.91 Vsin <()"_’3 —f
s

= lmnx/\rC' = Imnx =493.77 V,

( I EIRN

1 I
Ve =493.77 V -sin (r;zx— ot 3’—1> .
S r

Solution of Problem 278. According to the statement of the problem, the impedance
of the circuit is independent of the resistance of the Ohmic resistor. Let us find out the
necessary condition of this.

We illustrate the currents and voltages through and across the individual electric
components by rotating vectors. To draw an adequate diagram, we use the following
facts:

I. The part RC' and the coil are connected in parallel, thus the voltage across the coil
and the voltage of the gencerator are the same. (Upe=U;, =U )

2. The current of the coil (1) has a delay of 90° with respect to the voltage.
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3. Let ¢ denote the phase shift between the current (Ipe) through R, C and the
voltage of the generator (Upe)! It is known that the current leads the voltage.

4.The voltage across the Ohmic resistor (Up ) is in phase with the current (Ire)
the RC branch.

5. The voltage (Uc) across the capacitor lags the current (Irc) by a phase shify
of 90°.

6. The total voltage Upc across the resistor R and capacitor C is the vector sum of
the voltages Up and Ug.

of

A

The (rotating) vector representing the current (/) of the main branch is the sum of
the (rotating) vectors representing the cusrent ([pe) through RC and the current (/1)
through the coil. According to the figure (splitting the vector Ire to components and
adding the vector I ):

I? = (I}, — Ipcsing)? + Ipccos® g,

or equivalently

2 2 2 .

I"=1I] +1p- 21 Ipcesing. (1)
From the theory of AC circuits it is known that:
U U U ) Xc
- Ju=x 1 Ipc=—F—=5 sinp= T or
Z XL VR24+ X3, VvV R+ X2
Substituting these formulas into equation (1), the following is obtained for the
impedance:

I =

L1 1 2Xc
27 X? R+ XZ X (RP+XZ)

or in a simpler form:
1 1 X —2X¢

512



9. Magnetism Solutions 9.4 Alternating current

It can be seen that if X, =2X¢ then the second term on the right hand side equals zero,
thus in this case the total impedance is independent of the Ohmic resistance: Z = X .
The frequency corresponding to this case is determined by the equation

2
Lw=—
Cw
from which
2
=,/ — =1000 Hz,
w C 74

and finally the frequency is:

v="2 _159.2 Ha
m

Solution of Problem 279. a) The inductive reactance i1s X; = Lw = (6280, the
capacitive reactance is X = 1/Cw = 0.63692. The voltages across the inductor and
capacitor arc in opposite phases, and they also have different magnitudes. Thus their
sum may only be zcro if cach of them is zcro.

At the given time instant, the current increases the voltage on the capacitor, so it must
be a time instant in the first quarter period of the graph. Let = denote the time interval
in question.

The voltage and current of the capacitor as functions of time are

Ve = Ve, -sinwt, \

and W g Vo
I =1y coswt. VAN /7

Their ratio is v 'T’. - t

T( = X¢ - tanwt,
that is,

1=0.636-tan (314 lt) .
Hence ¢ =0.0032s and
T 0.02s
z=5 —t= 5 —0.0032s=0.0068s. (1)

b) The voltage on the coil has a constant value of

AT A
V=L —=2H-08—=1.6V.
At s

Since the current decreases, Vi is opposite in polarity to the voltage on the capacitor.
The capacitor needs to be charged further to increase its voltage by AV = 0.6 V,
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so that the resultant voltage is zero. That takes an extra charge ol AQ = CAV _

=5-107" I-0.6 V = 0.003 C supplicd by the current. Since the mean current durine
the time interval /1 1s 3

TA+(1A=08As" 1) A
/Hu*.m:iq = b IA—O] "f‘
2 S
and
Liean - 1 = AQ.

the equation

A

(1A=0.1— 1) =0.003C

s

is obtained. By rearrangement. the equation for the time in seconds is
0.1 — 1 +0.003=0.
The solution is
{ =0.003s.
¢) In the case ol a sinusoidal current, the roles of the quantitics /1 and . above are

interchanged:

In (1), let " be the new time interval in question.
1yl /00 V. Now /' =0.0068 (the value o & above). and
= z —x'
2
Henee
o= " 1"=0.01s—0.0068s=0.0032s.

In the case ol a uniformly decrcasing current, the voltages on the inductor and
capacitor have the same polarity. Thus the resultant voltage may only become zero if
the voltage across the capacitor changes from +1V to —1.6V.

That takes a charge transfer of

Q=5 10"*F.(1+1.6)V =0.013C.
With the mean current during the time interval 1 =" required:
s PAFTA-O0RAs

= 5

a7 =0.013C,

llm-;m s

Rearranged:
0. 17001320
lor the time in sceonds. Henee
T =0.013s.
(This is shorter than the tme 1.25s of the current vanmishing altogether.)

Solution of Problem 280. Wc¢ can assume that the box contains ohmic resistors.
capacitors and inductors. which may occur in an infinite number ol combinations. Let us
find the simplest case (that is. an equivalent combination that contains a single element
ol cach kind). Since the impedance has a minimum. the capacitor and inductor should
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-_—

be connected in series. According to the table, the impedance is not zero at the resonant
frequency, so there must be an ohmic resistor in the combination, too. The resultant
impedance of a resistance 12, inductance 1 and capacitance €' connected in series is:

7 g a0

f
Z: / 2 foiliy = —p == P
\/ R+ ( / w.('> IR

There are three unknowns that can be determined from three appropriate equations. The
table contains more than enough pairs of corresponding values that could be used to
set up three equations. That solution, however, would involve long and inconvenient
calculations. Instead. with a litle insight. we can casily get very good approximate
values.

It is known that Z = I? at resonance. According (o the table, the minimum impedance
is about 25 €. This provides an estimate for the ohmic resistance.

1-w?LCY*
wC '

For very low frequencies, 1t is enough to con-
sider the reactance of the capacitor. inductive re- 20
actance is negligible:

. : 1 T
rrd 4o
=Rt —.
i I
Hence " 100 T
("= +
o T
that is. 1
T
For very high lrequencies. on the other hand, itis - e
the capacitive reactance that can be neglected, it is 0 500 1000
enough to consider inductive reactance:
e 2 3 b e~
=R+ (wl)". and hence L=—vL?—-R?,
15

that is. with the large-Irequency data of the table.
1
= P — :
5000 s~
(Note that approximately the same values are obtained it even the ohmic resistances are
ignored in the extreme cases. that is. the equation

|
2081

is solved for capacitance: the result is C'=63.93 ;0. and the cquation

78280 =

7920 =5000s 'L

is solved Tor inductance: the resultis L =0.158111)
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Solution of Problem 281. In a given instant, the magnitude of current between poingg
(a, b, ¢ and d) is the same. The emf of the generator is the sum of the potential
diffcrences across these segments. Note that the RMS voltages should be added g
vectors, since it is an AC circuit.

Our first task is to investigate the circuit when the angular frequency of the AC |
generator is w. Since the RMS current is [ =1 mA and R=5kQ, the RMS voltage
across points a—b must be V,, =5V, thus Vj, = 0. This means that there is a resonance
between points b and d.

Since b—c is capacitive the parallel LC circuit between ¢—d must be inductive, hence:

wl < ok
The net impedance between points ¢ and d can be calculated as:
7= i; z)‘(\c”_’\XCL‘
X. ~ Xc
thus
X(l([:(wl,)-(]/wC): L/C ()

(1/wC)—wlL (1/wC)—wlL
The resonance condition in this case is:
X('l,_(. - XI,'.I[-
hence
L/C I
A /wC)~wL wC
From this equation we obtain that the original angular [requency is:
2_ 1
2LC
The RMS voltage across points b and ¢ can be calculated using the reading of the

voltmeter:
Vi = Vi Vi

ae a

substituting given data, we find:
(13V)2=(5V)2 + V2.
which yields
Ve =12 V.
Using our results above, we can determine the capacitive reactance of the capacitor in
the first case (when the angular frequency is w):
Vie 12V

— =———=12k; 2)
1 0.001 A (

X—(' = Xb(: =
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while the inductive reactance of the coil is:

Xp=wil=s = k€. (3)

2w C

Let us now find out what happens if the angular frequency is changed (o “-;/'\/_;A The
inductive reactance should by divided by v2 while the capacitive reactance should be
multiplied by V2 to get their new values. Thus, according to equation (1). the nel
impedance of the parallel LC circuit between points ¢ and  will be:

(6kQ/V2)-12kQ- /2
= 1V2kQ,
12kQ- V2 - (6kQ/V?2)

being an inductive type of impedance. The net impedance between points b and o is;
Xpa=Xc— Xea=12V2k0 ~4v2kQ = 8v/2k0
being a capacitive lype of impedance.

The net impedance between points @ and « can be calculated as:

Zoa =/ R+ X2, = \/Ekfz)'-’ﬂsﬁksz)'—’: VI53kQ = 12,37 kQ.

Therefore the ammeter in the second case rcads:
Vyeuw _ 3V

Z 12.37kQ
The net impedance between points ¢ and ¢ i

Ji% X2 = [(5%0)2 + (12VZ k)2 = VETI KQ = 17.69 kO,

Therefore in the second case the reading of the volimeter (which is the RMS voliage
across these two points) will be:

V,e=X,. [ =17.68kQ-0.404 mA=7.15V.

I= =0.401 mA.

Solution of Problem 282. The parts in the two branches that are above points P
and @ should have the same net impedances and phase difTerences. In the Telt branch.
where elements are connected in parallel, the current leads the potential diflerence by
¢, whosc tangent is:

R RuC'
Xe, 2
in the right branch, where clements are connected in series:

Xe  1/wC

R, Ry

Assuming that the right-hand sides of the equations are cqual, we obtain:
II)uJ(' 1

2  WwCR,’

tany =

\

Ltanyg =
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from which the angular frequency of the alternating potential difference is:

L 1 2
“T=C VRR, 1)

Assuming that the impedances in the two branches are the same, we get:

1 \2
(wC) + R2. (2)

We have a system of equations for w and R,. Substituting the angular frequency
from the first equation into the second, we gain a quadratic equation for the unknown
resistance:

1

2
(4€) 4

4R?+4RR, —3R*=0,

whose solution is:

from which the angular frequency is:
2
CR
and thus the frequency of the alternating potential difference is:

w =1000s7!,

n= adl =159.2 s~ L.
2T

Solution of Problem 283. Let us assume that the internal resistance of the AC
network is ncgligible. The DC potential differences supplied by the cells and the AC
potential difference supplied by the network are superimposed. The DC voltmeter cannot
follow the AC potential difference because of its high frequency, therefore its reading
is not affected by the AC network. As the internal resistance of the AC network is zero,
the circuit in the first case behaves as if it was shorted as shown. In this case the coils
do not afTect the reading of the DC voluneter.

T L LT

Since the DC voltmeter reads Vap =0, the potential differences accross the internal
resistances should be equal to the respective emfs of the cells. (The problem can only
be solved if the resistances of the coils are taken to be 0.)
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The potential difference across points A and B is zero in both the upper and lower
pranch of the circuit, therefore:
Vap=IR,—&,=0 — IR,=§&,
‘/:.\B:[RQ‘—EQZO — [}?2:(92,

hence

Ry & 0V 7
therefore Ro =2Ry. The reading of the DC voltmeter was used to find the ratio of the
internal resistances of the cells. Let us now connect an AC voltmeter across points A
and B.

The phase constant in an RL circuit is given by the tormula:

Ry & _100V
<

Xp
tany = 7

substituting known values, we [ind:
2wL 2wl
Ri+Rs R;+2R;’
which yields Ry =2w/l/3 and Ry =2R,; =4wL/3. The net impedance of the circuit is:
Z =~/(R1+1?y)? + (2wL)? = \/(6wL/3)? + (2wL)? = 2V/2wL.

The AC component of the current has an RMS value of:

tands5°=1=

V.V
7 20wl

The impedance between points A and B can be calculated as:

»” 4 13
Zap=\/R?+(wlL)? =1/ =(wL)2+ wLQZ—\/_wuL,
! 9 3

therefore the potential difference across these two points (or across the terminals of the
AC voltmeter) is:

1% 13 26
e L L=
22wl 3 12

=0.425V =0.425-220 V=93.5 V.

V=

Vap=1Zsp=
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Chapter 10

Optics Solutions

Solution of Problem 284. Using batieries the problem has no solution. Though
we can use AC voltage supplies whose maximum voltages are equal, there is a 120°
phase difTerence between them. In practice we can use two identical transformers. their
primary coils have to be connected to two different phases ol a three-phase generator,
and then the secondary coils have o be connected in series. The voltage across one of
the secondary coils is the same as the voltage across the two secondary coils connected

IN SCrices.

Solution of Problem 285. Let us determine the quantities typical Tor the Tour layers.
The distances travelled by light are:
==%= b R b A b
‘]/3327* .“_)/5)_';:* 3 r\;l,/glzf'**.

sina sios Sinay
The speeds ol light in the difTerent plates arce:

¢ =—, Cy = — Cy = —

1 1o 1y
The clapsed times that are equal can be written as:

- 1]/7; om b B As By i b Ay )7’17 ny b

g ¢osinng iy ¢ sinaog e ¢ sinag

Snell’s law states that: )
sina o CooNo N

sind e oy ¢ v
assuming that in the case ol the eritical angle sin 7= 1. we get

s 1 . (5 1 1y
SInGy = . SHIO) = — S
1y o 1y

(l

Substituting these into the expressions for the clapsed times and simplilying by b/¢.
we get
nT "5 /I:-‘; ;
— = = — = (" constant,
1 13 1y

As the first two refracuve indices are given. ¢ can be determined:

o

2

o

S}
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The remaining two refractive indices are therelore:

ni 2.43° ,
Hy = — = — = 1.968.
v 3
ng 19687
My == ——— = 1.201
k 3
To be able to calculate the thicknesses ol the A n,
layers. we need to determine (he angles of 4
incidence first. These are:
3 Q3 n,
i 2 I By, 61.16° ?
sina ) = — = — = (. — 0 =061.10" '
" 2.7 As‘
1y 1.968 a, y n,
sinay = =" 081 — a,=51.1° A B
T 2.3 - A 2 i
4 1 12()1 ot a g A,/B1 n’
sinag = —=——=0.656 — ay=11 ’
1y l()()(\ — 4
b

The thickness ol the bottom layer can be
writlen as:

ay=b-cota, =

\/l —sina \/I —n3/n} \/uf—n%
= = = =,
!

sinag na/n

=0

1

substituting known values, we find:

2,72 —2.432

Vi
ap=10mm- ————— =-1.82mm.
2.432
Similarly:

2 2 ¢ a7 Q2

Wi =g 2.13° = 1.968=

mo=bY—2 3 =190 111111--7.( =7.24 mn,

Ny 1.968

5 > . .

/ng —ng VvV 1.9862% — 1.291? _
ay=bY"3 1 —10mm—"""__""""" _ 151 mm.

1y 1.291

Remark: This problem is a simplificd model of fibre-optics.  In fibres used for
transmitting information. it is essential that light rays entering the fibre in diflerent
dircctions should arrive simultancously independent of their distances travelled. It can
be done il the refractive index in the fibre decreases in proportion to the distance from
the axis squared. The technology for making such fibres has already been developed.

Solution of Problem 286. This problem can only be solved by making certain
assumptions. A light ray that is refracted at the boundary, which means that part of
it lcaves the system. also has a part that is reflected. Due to the symmetry of the sphere,
however. this part will reach the boundary again under the same angle of incidence and
part of it will leave the system again. Therefore, all light rays that are refracted at the

521
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boundary for the first time will sooner or later leave the system. These light rays form g
double cone in the inside of the shell, whose cone angle 2¢ is determined only by (he
critical angle at the glass-air boundary. Note that this reasoning neglects the phenomenon,
of absorption loss that happens during reflections even in materials that are permeable (o
light and which causes the warming-up of the systcm. Alter stating these assumptions,
let us start solving the problem.

Let us follow back the way of the light ray that leaves the outer surface of the glass
shell at point C with an angle of refraction 3> =90°. In this casc the angle of incidence
at the glass-air boundary «» is the critical angle, so:

sinay = —
n2

The angle of rcfraction at the carbon disulphide-glass boundary 3, can be determined
applying the Sine-law to triangle OBC':

singy, R
sinay 7
S0O:
. : 1 R
sinf; = —sinag = — - —.
7 ng T

Applying the law of refraction to point B, we find:

sinay; Mg

Sil’lﬁl ny :

hence
. ny . R
sinay = — -sinflp = — - —.
n ny r
Finally, the angle formed by the light ray and the radius at point A is given by the
Sine-law applied to triangle OAB:
sing r

- b
Sinov a
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10. Optics Solutions

from which we get:
) o 1 R
Sy = =5y = — - —.
1 nyooa

The same result is obtained if we examine the light rays going in the opposite
direction, therefore il can be stated that only the light rays that are emitted inside the
double cone with cone angle 2, leave the system. Note the interesting fact that the
result is independent of both the refractive index of the glass and the inner radius ol the
shell.

To calculate the percent of the energy that leaves the system let the source of light
be the centre ol an imaginary sphere with radius . Inside this sphere the energy flow
is the same in all directions, therefore the arca ol the spherical caps determined by the
double cone divided by the area of the sphere gives the percent of energy in question.

The height of the spherical caps is 90— pcosyo. so the total arca ol the two caps is
given by: 2:2wo(p— pcosy). while the arca of the sphere is dwo”. The ratio ol encrgy
that leaves the system is therefore:

4702 (1 —cosy)

= =1—-cosep.
A7 0?
Substituting our result tor half the cone angle:
R 175 .
cosp = cosarcsin — « — = cosarcsin — - — = 0.6212.
nyon 1.6 6
from which we have
o

£ =051.35
Giving the lcaving encrgy in percentage:

eaving

IJltnl;\l

=1-c0s51.35° =0.375=37.5

Solution of Problem 287. The whole hall-space can be seen il the rays which come
from the solid angle of a 27 steradian enter into the core of the optical fibre. The
boundary casc is when the ray at the most cxtreme
position enters into the medium of refractive index
n, from the medium whose refractive index is ny.
sweeping their boundary. (Of course the information
transmitted by these extreme rays is very dim.) The
angle of refraction of the rays which enter from the half-
space is between 0 and the critical angle of total internal
reflection «v,., thus the extreme rays must satisly the
following condition:

sin90°

sina,. n3

In order not to have much loss, the rays inside the
fibre must be reflected at the cladding, and thus for the
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extreme ray the following condition must be satisfied at the boundary of the two media
of refractive indices ny—ns:
sin90° ny
sin(90° —a)  ny’
Because sin90° =1 and sin(90° — o) = cosa, thus
sinae =ngz/n; and cosa =ny/n;. From the equation
system « can easily be eliminated:

2 2
n3 nos o B .
= +| =) =sina+cos’a=1.
n ny

Ordering the equation nq is:

2_ B /
ni=n3+n3, and nq=/nd+nl.

The solution of the problem is: n; > y/n3+n2. Let us notice that the result is

symmetrical for 1y and ny, thus theoretically the role of two malterials can be swapped.
The asked refractive indices in cases a) and b) are:

16 5
‘n1=\/1+1:\/§%1./11, and n’1= 1+?=§z1.67.

Solution of Problem 288. Let us denote the distance between the first lens and the
object by x. According to the thin lens formula,

I A

-

I/\ - ks ti
I X ﬁ% ' d l K
| 3

g T T

1 - 1 1
ke
where k; is the distance between the lens and its image. Expressing it, we get:
I
ICI = f .
z—J
It means that the distance of this image from the second lens is
xr
fzzdu—k[:d,,— f .
B—f

This real image is the object for the second lens, and its image is produced at the distance

ko from the lens:
tof  flda—xf/(x~ f)]

T T daJ—aff(a=f)
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The distance of this image from the third lens is dj, — ko. The image produced by the
third lens is at the distance
Y A (U Y
3 — - =
ta—f dp—f—ke

from the third lens.
The distance A between the object and the screen is simply the sum of the lengths
z, dy, d) and ky:
(dy— k2)f

dy—ke— [

Inserting here ko from one of the previous equations, aficr a lengthy but straightlorward

calculation, we get that

[dady, —2(dy +dp) f+3f22? + [2(dy —dp)x+ f2[(da +dy) f — dudy)]
[dody —2{(d, +dy) f+ 32|+ fldo f— (da — [)(dy = [)]

According to the statement of the problem, the above expression of A is independent
of x. It is possible only if all the multipliers of .r are zero. Let us investigate these
terms one by one. The multiplier of 4 in the numerator has to vanish, so

3 (dy —dy) =0.

A=zxr+d,+d,+

A=d,+d,+

Consequently d, = d,, so the three lenses are placed at equal distances from each other.
Let us denote this common distance by d. With this notation the formula for A has a
simpler form:

[d* —Afd+3f2)x® + f2d|2f —d]
[d?—4fd+3fz+ f[-f2+3df —d?]

The multiplier of 2% in the numerator and that of z in the denominator are the same,
so there is only one further requirement:

d*—4fd+3f*=0.

A=2d+

This is a quadratic equation for d (since f is a given parameter), whose solution is

) L +£/16/2—12/2
=

2 = 9

=2f+f,

thus
dy =3/, and dy = f.
Writing these values back into the formula for the distance A between the object and
the screen, we obtain two different solutions:
frd(2f —d)

Ay=2d =2.3f
T T sd — ) I+

[235(2f—3))
J(=F?+3-3/2-9/2)

=9/,
and ‘

f2r@2f-1)
Fi=F 3 =)

Ay=2f+ =3/
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Thus the requirements of the problem can be satisfied in two different ways. |y,
the first case the distance between the lenses is three times their Tocal length, and (he
object=screen distance is nine times the focal length,

[n the second case the distance between the lenses is equal (o their focal length, ang
the object=screen distance is three times the focal

— e 1 ey
| I [‘ L0 7 |
| —4 .
1
/|

ength.

. . i i |
]

{ N
T T

Solution of Problem 289. The last datum. which is the absolute value of the focal
length of the cyepicce. implics that definitely two solutions are expected to be given for
the problem. Let us examine first when the focal length is positive. so the eyepicee is 4
converging lens of Keplerian telescope.

The image of very distant objects fTormed by the astronomical telescope is diminished,
but the angle subtended by the object s increased.  Observing an object through
a elescope means three optical devices are needed:  the objective (object lens) of

the telescope which has a big diameter. the ocular (eycpicce) which has small focal
length and the lens of the eye of the observer. During the observation. the eye is
saccommodated to infinity’, which means that the observer adjusts their eyes such that
the image ol an infinitely distant object is “sharp’, so the image ol an infinitely far
object (which is very lar from the observer) is formed on the retina. In this case the
cye forms an image from the rays which come from the object and which are parallel.
The rays which pass through the cyepiece of the Keplerian telescope will be parallel
i it passes the focus of the eyepicee which is on the side ol the objective so that the
light-rays. which travel from a distant object and which are parallel. will travel in the
above described way as long as the eyepiccee and the objective have a common principal
axis and their foci coincide. In this case the image formed by the objective is in the
focal plane of the object lens. and this image behaves as a real object ol the eyepiece.
I the two Toci coincide. then a sharp image can only be gained il the observer’s eye is
accommodated o infinity. Placing the screen there. a blurred image will be formed on
the screen since the parallel rays do not imeet. But if the eyepicee is moved into the right
direction and by the appropriale amount, we may eain converging rays, which form a
sharp image on the sereen. Our task is 1o determine the displacement of the eyepicee.

-

L2 cm 16 cm L
| i
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10. Optics Solhutions

If the ocular is moved further from the objective. the real imace formed by the
objective is further from the eyepiece than the focus of the eyepicce. thus the

: ] ; : eyepice
also forms a real image. Let us substitute the numerical values of the ojy

en data into the
_ ! : . object distance
is 1 =241, the image distance is k= 16—, and the Tocal lenath is f=2. The lens
equation is :

thin lens equation, all data are measured in centimetres. In this case the

= (R

iy

—_—

1 |

substituting the data

Ordering the equation:
i
x°=14x+4=0.
This cquation has two solutions: .+ =7=+3- V5. thus o =0.28 cm and ry=13.72cm.
This latter one —though the solution of the problem — cannot be used in practice,
because if the lens moved along such a long distance the image would be very small.

16 cm

The image of the Sun can also be formed by the Galilean telescope in which there
is a diverging lens as an eyepicee allowing it 1o have a virtual focus and giving it a
negative focal length. The ocular is placed in the way of the converging beam of light,
and travels through the objective before they meet at one point. Thus the rays become
parallel (so the observer can look with his eyes adjusted (o infinity) although the unglc
between the rays and the principal axis is greater than it would be without the diverging
lens. Moving the eyepicee with the appropriate distance of .. converging rays can be
produced again, so u real image is formed on the screen which is at a finite (li§luncc
from the telescope. Again the eyepicce must be moved outwards, so that the image
formed by the ohjective is at the focus of the objective (without the cycpigcc) which
will be between the eyepicee and the focus of the eyepicee at a distance of 2cm—u,
measured Irom the eyepiece. This will thus be the virtual object of the cyepiece. Thc
object distance is 16 e —. again. The thin lens equation (considering that ’lhc (_)bj"\“
distance of a virtual objeet and the focal length of a diverging lens are negative) is the

following:
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1 5 1 1
-(2-2) 16—z -2

After ordering the equation:

z* — 18z +4=0.
The solutions are: = =9+/77, so seemingly, we have discovered two solutions agajp
xy =17.77cm and zo = 0.22 cm. But the solution of the problem is only the e
= 0.22 ¢m, because 17.77 cm > 16 cm, thus the lens should have been placed behing
the screen, which would make it impossible to form an image.

Solution of Problem 290. A so-called Galilean telescope is to be built, which would
create an upright image. This is why the middle lens is nceded in order to turn (he
upside-down image back. The first image of the objecct, which is at infinity, is formed at
the focus of the objective of focal length f;. The next image is formed in front of the
eyepiece at a distance of f3 from it, which is its focal length. Since the length of the
tube is d, the distance which remains for the sum of the objcct distance and the image
distance of the middle lens, o+ is equal to d— f; — f3. So

oti=d-fi—fs
The lens equation for the middle lens is:
1 n 1 1
o k f2
The equation system leads to a quadratic equation for o and . The solutions will be:

- d—f1—fa— \/(d_fl = fa)(d—fr— fzs—A4/2)
2
i d—fi—f3+ \/(d—f1 —fa)(d=f1— fzs—4f2)
, 5 .
The angular magnification of the middle lens is f; /o, the angular magnification of
the eyepiece is i/ f3, thus the total angular magnification is:

N:ﬁ-i—/—lo.

o f3_f3

using the values of 7 and o:

N_ﬁ'1+\/17—’1f2/(d*f1‘f3)

S 1-\1-4f/[d- - f3)
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The greatest magnification can be gained by varying the order of the lenses, since the
data (d. [y, [2.[3) are fixed. (From the formula of the magnification it can be seen that
(the magnification is the greatest it d is the longest possible value.) So for the different
orders of lenses the magnifications must be calculated. So obviously the lens of focal
length f; =90 cm will be the objective and the whole length of the tube =150 ¢
must be used. The following results can be calculated:

h J2 fs o i N
90 ¢ 8cm 10 cm 10 cm 40cm 36 ¢m
90 cm 10 cm 8cm [3.5cm 38.5¢em 32.06 cm.

It can be scen that the magnification is the greatest if the middle Iens is the one which
has a focal length of 8 cm, and the eyepicee is the lens of focal length 10 e,

Solution of Problem 291. The local length of both lenses is [ =1/ =1/2m. thus
the two lenses are at the foci of cach other. Because of the special data. the formation
of the image can casily be described.

100 cm . 50cm X

Let us place a pointlike light source towards the axis at a distance ol 100 ¢m from
the converging lens. According to the given data, this object is at a distance of twice
the focal length and so its image would also be formed at a distance of twice the focal
length on the other side of the lens. This means, due to the special data, that the object
will be 50 ¢cm from the diverging lens, and thus at its focus. Because the beam which
travels towards the focus of the diverging lens is refracted parallel 10 the axis ol the
lens, the mirror, which is placed perpendicularly to the axis, will reflect the beam along
itself independently of the distance .. Because the way of light is reversible, the beam
will travel back 1o the original position from where it was emanated. forming a pointlike
image.

Now let us place a small object above the axis perpendicularly to the axis. Its
image will be located where the image of its point on the axis is formed. Because the
magnification is A =1/O=p/i, and in the case of the first lens the image and object
distances are equal, and since the system only reflects back the image to that side of the
converging lens where the object is at the same distance from the lens. the magnification
is 1, meaning that the object and the image are the same size. Therelore the image is
real, inverted and has the same size as the object.
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Solution of Problem 292. Ths light cone that passes the circular hole and the light
cone that is formed from the beam refracted by the rest of the lens must meet exactly
at the wall. Let us denote the radius of the bright circle formed on the wall with h.
the radius of the hole on the lens with » and the radius of the lens with R =2y, The
distance between the light-source and the lens is the object distance o.

. : . . . 0
The distance between the lens and the image of the light-source is: i = ffA
o f
From the similar triangles:
ho A h h o+i-A otzh—-A
—=— and —=—= : = .
r o R 2r i af
o—f

. . . h . . . :
from the first equation — can be substituted and the following quadratic equation can
T
be gained for o:
202 —240+af =0.
[ts solutions are: 4 g
o=—=+—-\A(A-2f).
% 2V/A(A=2])
In our case the following two solutions are gained for the possible positions of the
light-source: 03 =6cm and 0 =3 cm. In the first case, the lens must be placed 6 cm
from the light source. The second solution is also a correct solution, though in this casc
the image is virtual. (A trivial solution is the 0=0.)
The problem can only be solved it A>2f.
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Solution of Problem 293. The images of the points of the light tube are on the
principal axis. Let the required position of the screen be at a distance of 2 from the
lens and let the diameter of the light spot be 2r in that position. The images of the ends
of the tubes are at distances oy and o, from the lens are formed at distances:

O f . oy
Ll_Ol—f‘ lg_Oz—f.
Assuming that the ratios of corresponding sides are equal in similar triangles, we obtain:
TR r R
T—1 4  dg—x o

Solving the system of equations for x and r, we find:

2111 In —1)
I ==—, r=R-——.
11+ 122 19 +1
Substituting the image distances calculated above, we get:
20104 f (01 —02)f
T = : =

20100 — (01 +02)f 20102 — (014 02)f

The length of the image of the light tube is:

(o1—02)f* Lf?
(o2=f)or=f)  (ov=)o2=f)
where [ is the length of the light tube.

Substituting given data, we find £ =96cm, r =0.4cm, [; = 10 cm. Note that the
minimum value of the radius of the image is 4 mm, which is quite impossible for a light
tube, whose radius is at least about 2 cm. This means that a single wire filament should
be used in this experiment instead of the light tube.

l,':ifz—ilz

Solution of Problem 294. Let us follow the way the images are formed by the lenses
and the mirror. The virtual image formed by the diverging lens has an image distance of:
) 0] fl —4-4
1= = dm= -2 dm.

o= fi A-(-1)
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Since the lincar magnilication is
Hiy i 1

My = ——= e
]Inl (&3] _)

the height of the first image is

74
Hy=S=H,.
2
This virtual image is seen by the diverging lens as an object with an object distance
ol oy = [o4]i1| = 6dm, therefore the image formed by the sccond lens has an imaoe
distance of /
0> [ G- l
g = ———— = — dim=12dm.
02— [ —4

The lincar magnilication of the second lens is:

mnoo 12
o= —=—="2,

0 6

Hencee the height of the second image is [ n=mallo=moH;y =211 =0 =H,3.
The second image is seen by the concave mirror as a virtual object being at a distance

ol oy = [3—1i>=—8dm, therctore the image 1s formed at:
g ();g‘/‘;; —-8-8 —04
3= ————=——=——"= ldn.
();;—./;; —3—8 —16

This is a real image and since the lincar magnihcation ol the mirror is:

j;; 1
my = — =— =
04 2
. . N . . H
the height of the final image is [z =msfll,5= .
2
Note that the final image is formed in the plane of the converging lens, therefore
the image can only be captured on a screen i its height is greater than the radius ol
the lens. This happens when o is greater than . therefore the first condition for the
perpendicular displacement is d < .. If 2 is increased further than 1.5 . the rays will
all pass under the concave mirror, and there will be no image formation. Therefore the
solution of the problem is:
d<r<1.5d.
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