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1 Solutions of Equations in One Variable

In this chapter we consider

one of the most basic problems

of numerical approximation

the root-finding problem
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This process mvolves

e

finding a root.
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or solution.

| The Bisection Method
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of an equation

—

e

of the form f(x) = 0.< 2 Fixed-Point Iteration
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Newton’'s Method
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1 Solutions of Equations in One Variable

 f 1s a continuous function defined on the interval [a. b]

Bisection Technique  Suppose 4

The first technique _ with f(a) and f(b) of opposite siecn  f(@ - f(b) <0
based on | (Y g
the Intermediate Value Theorem. The Intermediate Value Theorem LTy
: implies that ( @
1s called ,
a number p exists in (a.b J> (V' Jad
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1 Solutions of Equations in One Variable Bisection Technique

a; + b

Tobegin seta; =a andb; =b and let p; be the midpoint of [a.b] p1= >

/‘
o If f(p;)=0 thenp=p; andwe are done

e If f(p1)# 0 then f(pr) has the same sign as either f(a;) or f(by)

e If f(py) and f(ay) have the same signp € (p1.by) Seta, = p,

¥- If £(p1) and f(a;) have opposite signs p € (a;.p;), Setax =a; and by = p;.

Then reapply the process to the intérval |as, bs]
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1 Solutions of Equations in One Variable Bisection Technique
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1 Solutions of Equations in One Variable Bisection Technique

Example 1

Show that f(x) = x* 4+ 4x> — 10 = 0 has a root in [1, 2], and use the Bisection method to
determine an approximation to the root that is accurate to at least within 10—,

Solution

Because f(1) = —5and f(2) = 14 the Intermediate Value Theorem ensures
that this continuous function has a root in [1. 2].

v
For the first iteration of the Bisection method we use the fact that at the midpoint of
[[,2] we have f(1.5) =2.375 = 0.

This indicates that we should select the interval [1. 1.5] for our second iteration

Then we find that f(1.25) = —1.796875 so our new interval becomes [1.25, 1‘5]7

whose midpoint 1s 1.375
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1 Solutions of Equations in One Variable

Bisection Technique

n ty by Pn F(pn)
1 1.0 2.0 1.5 2.375

2 1.0 1.5 1.25 —1.79687
3 1.25 1.5 1.375 0.16211
4 1.25 1.375 1.3125 —(0.84839
J 1.3125 1.375 1.34375 —0.35098
6 1.34375 1.375 1.359375 —0.09641
7 1.359375 1.375 1.3671875 0.03236
8 1.359375 1.3671875 1.36328125 —0.03215
9 1.36328125 1.36718735 1.365234375 0.000072

b—a '
|Pn —pl < T when n = 1. ,
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Example 2 Determine the number of iterations necessary to solve f(x) = x° + 4x> — 10 = 0 with

accuracy 1072 using a; = 1 and by = 2.

PR ——

oy —pl <2V —a) =2-

N_-10°
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1 Solutions of Equations in One Variable Bisection Technique

EXERCISE SET 1

1. Use the Bisection method to find p; for f(x) = \/x — cosx on [0, 1].

2. Use the Bisection method to find solutions accurate to within 10~ for the following problems.
a. x—2"=0 forO=x<1

b. 2yxcos(2x)—(x+ 1) =0 for—3<x<-2
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3. a. Sketch the graphs of v = x and v = 2 sin x.

b. Use the Bisection method to find an approximation to within 10~ to the first positive value of | (

xwithx = 2sinx.
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