prtis gl g



b s 9591 2150
Design and Analysis of Algorithms

30! SLKAINS ¢ owiigo § (i DU ¢ i gmolS’  Swikigo 0 F
N-¢ o Jlo pgo p 5

MO Hlow S ovid il



Jo 9 o g

Divide-and-Conquer




L 4 *

)

45 Sl oy oSl (2 1ok SLST Syt g el 09
Ly pidelmogh Jo b a5 Al digei G el o b
a2 o ol
o 31 yiSKa oS digad a4 dllune digas o Gyl O
(55295 (5399 03Il b) Aluws
Sl jolas digod yj 2 J=> 0
shol digai (gly (Fwly (bl Cpzr Lrdiged g § Frwly oS i 0
el (Top-Down) ol s YU (figy SO Jo 9 poands
osly (Recursive) s 3b sl dla,y b Ygore g9, (n)
Do (o0 (55w



239590 3z b ¥ gone Jo g i s 595 Sy

9 1O gl (o0 (AN
31 585 03105l 4y o 45 699 o3Il aliw] v (A1) O
Ny < 8 gulinnd AdnSl (]
a5 Lol 4igod 03105l Comni Y gozo digoi 1 031l (o) O
k € 395 o0 (ymx Bigady )
r < B digos p j Slaws (&) O

Lawl ») oo ¥ p,yeNl (@) 0

(recursive base value) i ;b a4l jlode 39,9 03lwl diluw! > & 2E



> 9 sl i 9891 S (0 908 S

D and C(intn)
d

if(n<=n;)

Solve problem without (furthur) subdivision;
else {

Split into r sub-instances each of size n/k;

For each of r sub-instances

D and C (n/k);
Combine the r resulting sub-solutions
(to produce the solution to the original problem);
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index binsearch_ind (index low, index high) {
if(low>high)
return 0;
elsef
index mid = floor((low+high)/2); /] mid = |_(10w+ high)/ QJ;
if(x==S[mid])
return mid;
else if(x<S|mid])
return binsearch_ind (low, mid-1);
else
return binsearch_ind (mid+1, high);
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:(trace) wws gl
S=[19,25,28,31,32,35,39,41], n=8, x=45

index binsearch_ind (index low, index high) {
if(low>high)
return 0;
elsef
index mid = floor((low+high)/2); /] mid = |_(low+ high)/ QJ;
if(x==S[mid])
return mid;
else if(x<S|mid])
return binsearch_ind (low, mid-1);
else
return binsearch_ind (mid+1, high);




29999 sm/eu; J ) Juloes
(s 3L axwd)

(Wgiiorn Pl gsws S b du o 90 (ool (313 ,0) S[MIA] b X don U 1 Lol Joe =
n :699,9 o)"sﬁ‘ O

Q dwly ol Jos 1,55 oluxi 9z 05l 0929 ¢ Ll 2 4o Sl
| (S ).oaLLC 9 X) LQH..QS)S ﬁ’OL’O’.o

index binsearch_ind (index low, index high) {
if(low>high)
el return 0; W) € b op yos y0 Judxs =
else
index mid = floor((low+high)/2);
if(x==S[mid])
return mid;
else if(x<S[mid])
return binsearch_ind (low, mid-1);
else
return binsearch_ind (mid+1, high);
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__________________________________________

W(1)=1 bl 2 5l Sl m Ayl B3 b

__________________________________________

W(2)=2, W(4)=3, W(8)=4, W(16)=5, ...

index binsearch_ind (index low, index high) { W(n)=1+Ign : wo> =

if(low>high)
return 0;
elsef
index mid = floor((low+high)/2);
if(x==S[mid])
return mid;
else if(x<S|mid])
return binsearch_ind (low, mid-1);

R T NIRRT

else
return binsearch_ind (mid+1, high);
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index binsearch_ind (index low, index high) {
if(low>high) S |
, {return 0; W(n) e O(lgn): S edls o .
else
index mid = floor((low+high)/2);
if(x==S|mid])

return mid; et Bid awuad 1 eolw! b LS
else if(x<S|mid]) . . . w(n) s L lal)

return binsearch_ind (low, mid-1); ) ’
else (Cowl Sled Joy e

return binsearch_ind (mid+1, high);




(Merge Sort) goléé‘ @}L« u3 90 :Jlﬁo
oy e oy A oSN (40,5 G o il
NG 1 Glems sl b oS sol> S &l,T i cudo oo sue :d (593
S5 E iy 4 buds 59> S &Iyl 59,5

s N2 G110 S aslyl 155 90 ds syl sl .1
Sl 3 @y gy Wl Sz oS (AU Hudy ST alyl g 8 g3le e 2

o )1 SO 50 o alyl j 90 plésl .3
[15, 11, 21, 14, 3, 9, 36, 25] : J Lo
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Example 2.2

Suppose the array contains these numbers In sequence:

27 10 12 20 26 13 15 22

1. Dmde the array:

20 10 12 200 and |25 13 15 22

2. Sort each subarray:

10 12 20 27 and |13 15 22 25

3. Merge the subarrays:

10 12 13 156 20 22 25 27
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vold mergesort (int n, keyvtype 5[1)
{
if (n>1) {

const int h=[n/2], m = n - h;
keytype U[1 ..R], V[1 ..m]:
copy S[1l] through S[h] to U[l] through U[hk]:
copy S[h+1l] through 5[n] to V[1l] through V[m]:
mergesort{h, U);
mergesortm, V):
merge (h, m, U, V., 5):

15
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w).o 4\.&‘)." cSA o w).o da“bT 9o pl.é.b‘ ‘Ao =
mb1 9h U1 GL@M&‘bw)AVgUw).o :\QJ)T ‘mgh dace! :» G999 ®
ll+1ﬂ1‘3 1 QSLQwuiQJ‘LQE;igAXJ& 2%[;T:Ub‘£;?9);; |
vold merge (int kh, int m, const keytype U[], const keytype V[], keytype 5[]) {
index 1, 7, k: . . .
VIjl s U[i] amslic : Lol Joc =
i=1; 3 =1: k = 1; .
while (i<=h && J <= m) | m 9h $6°9)9 O}‘d-“ N
if (U[1i] < V[3]) { . .
S[k] = U[i]: S ,lud e oy s m
I1++; -
, oS Job b aslyl ol plod a5 Jloj :edl> oy pipe =
clsef il yide Jgb b 4yl polic 5l 5iKzs5
S[k] = VI[J]: .
J++: B(h,m)=min(h,m)
} ~ ~ .
eas s o as)l 51 (S paie o3 o polic plod a5 Gy :Cdle oy oy @
? Bl R0 4yl polic 1 xSaes
if (izh)
copy V[j] through V[m] to S[k] through S[h+m]: W(h,m)=h+m-1
else

copy Ul1] through U[h] to 5[k] through S[h+m]:
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W(I’l) — W(h) + W(m) + (h +m — 1) n 5299 oylasl m
W(n)=2W(n/2)+n-1 edlo oo iyt ulxi ®
w1)=0 b 2 51 Sl m assol 8 b

vold mergesort (int n, keyvtype 5[1)
{
if (n>1) {

const int A=[n/2], m = n - h;
keytype U[1 ..R], V[1 ..m]:
copy S[1l] through S[h] to U[l] through U[hk]:
copy S[h+1l] through 5[n] to V[1l] through V[m]:
mergesort{h, U);
mergesort{m, V):
merge (h, m, U, V., 5):



(! ) (ol (53 v o S
Wm)y=wmh)y+WwWm)+h+m-1) TN | PR RV W E S

W(n)=2W(n/2)+n-1 .
v duaSrinn AOlro g gutio i L o
w(l)=0 (s B.19 L)
S W(n)=nlgn—(n—-1)

__________________________________________

wn)=W(n/2)+W(n/2)+n-1

B p.».&».owb |).0.~w|)| cOLO.ma‘b
v)=9 ol ol a5 et WO

______________________________

______________________________
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lgn
n+n/2+n/4+-+1=nY 1/2' =--=2n-1
i=0

vold mergesort (int n, keyvtype 5[])

¢ el 5bw o o

if (n>1) 4 S I 50 (g 3lw G g0 S
const int A=[n/2], m = n - h;
keyvtype U[1l ..k], V[1 ..m]:;
copy S[1l] through S[h] to U[l] through U[hk]:
copy S[h+1l] through 5[n] to V[1l] through V[m]:

mergesort{h, U): o e e .

O dstwmi aladl> 8 uaw Sguie (S
mergesort{m, V): 3 L T Sy
merge (h, m, U, V., 5): Cawl ous &l M.)SS‘" ¢!
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vold mergesortsZ (index low, index high)

‘ . S 9N b yuiio
index mid; ‘ -

Syl © )

if (low < high) { louds iy o

mid = [(low + high)/2];

mergesort? (low, mid):; e e .

mergesortsZ (mid + 1, high):; B 'Yb’ C @‘P‘;ﬁ

merge? {low, mid, high): —» mergesorf(1, n);
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(P9d axud) pled! iy 5 oJ!

i _ ] . _ . s Lo
vold merges (index lovw, index mid, index high)

t o 3 < 0 wslyl g0 plesl
1nGeEx 1, J»r H . 1
keytype Ullow .. high]: S/ L local array needec P “‘)‘ ‘SA

/f merging > 59959
1 =1l1ow; J =mid + 1; k = low; . . )
while (i < mid && j < high){ cigh amid Jow d"l‘*"[“"“
if (S[i]< S[31){ as' S[low..high] 1,5
Urk] = S[i); 5 [low..mid] lice
1++7 “ . .
) J3 31 [mid+1..high]
else{ R G g (Jg 3 g ey
Ulk] = 5[7]: b .
J+4: ‘RS9
j‘a.r++.: s .* * . .

} o (9P e o

if (1 > mid) o] 00
move S5[7] through S[high] to U[k] through Ulhigh]: ¢, E>.>bT

elze R .) S
move S[1] through S[mid] to U[k] through Ulhigh]: 4£@u>‘g‘39%‘)*5

move U[low] through Ufhigh] to S[low] through S[high]:

: 3, 3L U SLal
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Wn)=0(nlgn) € J3 alic:cdls oy yin ;0 Gloj Sz

void mergesort? (index low, index high) Gﬁ:.a.o s> Slos
{

index mid: 4 45

if (low < high) { G 00l Cuai Lo 45
mid = [{(low + high)/2]:
mergesortZ (low, mid); oo LT 2 )15
mergesertZ (mid + 1, high); 31y (oo oSl
merges (low, mid, high); ‘ B(nl Il)
, Sy 8
} 0,5 I 5w i o

RS0 Jos LuadS’ dus o G yb 51 a5 (g 5lw <G po o HoRl 2 il
(oS 7.8 iz 0 wlil) cuw!l £2(nlgn)
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u=xx10"+y w2l0 Vgl ol 4 (03, N gz due g0

v=wx10"+z = uxy=xwx10” +(xz+ yw)x10" + yz
m=|n/2]

O(0?) € conl ploxil B g0z auw 5 (i 3b @ ygu) © 06 )l b
r=x+py)w+z)=xw+(xz+yw)+yz  lgps slax Lials
XZ+ YW=r—xw—yz

O(N'E) € Wb (oo Joli aw @ jler I Lo pd Sl o 5 oy
a2 31y o8, slows aSiilo )y U 0 juSw plonl SuiS 5b O g (sl
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Vol O palols prod2 (> >4,
large integer prodZ (large integer u, large integer v)
{

large integer x, ¥, ¥, 2, r, P, 97
int n, m;

n = maximuom (number of digit=s in u, number of digits in v);
if (u =0 || v == 0)

retorn 0O;
else if (n <= thresheold)

retorn o * v obtained in the usual way:;

elze {
m = [nf2]:
¥ = u divide 10%; v = u rem 10%;
v = v divide 10%; z = v rem 10%;
r = prod2(x + ¥, ¥ + Z);
p = prod2(x, w);
g = proda (¥, Z):

retorn p = 10°™ + (r-p-g) = 10%%g:
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void matmultl(int n, nXxn_mat A, nxn_mat B, nxn_mat &C){

index i, j, k; T 03 G ol |
for(i=1; i<=n; i++) : 3 2 .
for(j=1; j<=n; j++){ = ez sl
CUIL =AGIIFBILGE - < 80 b el Joe 42

for(k=2; k<=n; k++) T =0 ”’"S‘ htad

ClLillil=Cllljl+AL]k]*B[k][];

) 2
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o P by ok @ g il B sl

C=4AxB — |--=-4---— =|----- - X|===mA---2-

C,=4,8,+A4,B,,
C,=4,B,+4,B, BN
C, =4,B,+A4,B,,
Cy, =4,B,+A4,B,, o ol 60 9uge

S| 9(113) a_g),o )'| A uLW
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1810y LhG el el 1 o g o oy SO

C11:M1+M4_M5+M7 M1:(A11+A22)(311+Bzz)
C, =M;+M; 5 M, =(4,, +4,,)B,,
Ch=M,+M, M, =A4,(B,—B,)

C22:M1+M3 _M2+M6 M4:A22(B21_B11)
RN e P R o M, = (Au +A12)Bzz

I 2:3 4 8 911 2
A= _5__§_E_7___8_ B= _3__?_5_5___6_2 M6 :(A21_A11)(B11+B12)
LRSI My = (A = 4,)(By + By)
- [4 516 7 2 314 5]
______________________________________________

S (owyp JUo SO (59 2 1y 399 ol (Swyo
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vold strassen (int n
n ®* n matrix A4,
n * n matrix B,
n * n matrixs C)

{
if (n<=threshold)
compute T = A4 ®» B using the standard algorithm;
else{
partition A4 into four =submatrices An, Alz‘ Aﬂ, A_EE;
partition B into four submatrices E“, Eu, EIH, EEE;
compute C = 4 = B using S5trassen's method;
S/ example recursive call;
// strassen (nf2, A4,, + 4., B,, + B, M)
H
H
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C,=M+M,-M,+M, o 4o o) Sz Julxi =
C, =M;+M; N c9,9 oIl
C,,=M,+M, () goue @ po SO (gl cdl) (ol Jos
Ch,=M,+M,-M,+M, 5 oAy ,

M, =(4,, + A4y)(B,, + By)

[E—

r()=1 i
M2 — (A21 +A22)B11 ____________________
M; = 4,(B), - By,) <ls B.2 Lo
M4 = A22 (le _Bu)

Ms = (A11 + A12 )Bzz
M6 — (A21 _All)(Bll +Blz)

M, = (AIZ - Azz)(le T Bzz)
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C11:M1+M4_M5+M7 | E gV T | PR O SV WE )
C12 :]\43 -|—]\45 N 65399 o}‘&‘

(5w i o5 b SO (egd cdl> |
C,=M,+M, (JEwl) goue 31585 b gox S :(pgs o) (ol Jos

Coo =My 4 M= Mt My ()2
M, = (4, + A4, )( B, + By,) i |

T(1)=0 |

Mz — (A21 + Azz)Bll """"""""""""""""""""""

M, = All(Blz _Bzz) <ls B.20 Jl.
M4 — Azz (Bz1 _Bn)
ET(n) — 6nlg7 _6n2 _ 6n2.81 _6n2 c 9(”2'81)2
Mg = (A, + A,) B,y oo

M6 — (Azl _All)(Bll "'Blz)
M7 — (A12 — Azz)(le "'Bzz)
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tJe 9 ol oyl
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NG 1 kool b ads gol> S &1 i o Toomo S 1 (699,9

95 sk ey 4 LalS 9> S &1yl i >g 5

. . | &
vold guicksort (index low, 1ndex high) S fw’ )9@
; ool WYX ¥}
index piveotpeoint: — YU maw Slgsl,8

if (high > low){ —— quicksort(1, n);

partition{lowv, high, pivotpoint):
gquicksort{low, pivotpoint - 1):
gquicksort (pivotpoint + 1, high):;

34



(partition) y1,81 Jlq,
& S5 < 30 51 S alyl 51,80l
S[low..high] 41,153 g high glow _usasl 9o :d 39,9
WS (ainn 1y 151 313 30 y9700 yuaie Joxo 45 PIVOLPOINt (s il 1o (229 5

void partition (index low, index high, index& pivotpoint)

i
index 1, 7J; HRRY JLm
keytype pivotitem: .
pivotitem = S[low]: low high
i = Llow: 12,16, 6, 8, 23, 34, 7, 45, 11

for({i=low+1l;1i <=high; 1++)
if (5[1] < pivotitem) {
J++:
exchange S5[1] and 5[7]:
X
pivotpoint = 3;
exchange S[low] and S[piveotpeoint]:

35



void partition (index low, index high, index& pivotpoint)

i

M1 Iy Sbo) (T Julxs

pivotitem b S[i] aws o : Lol Joc =

index 1, 7:
keytype pivotitem:
pivotitem = S[low]:
7 = low;
for({i=low+1l;1i <=high; 1++)
if (5[1] < pivotitem) {
J++:

exchange S5[1] and 5[7]:

¥
pivotpoint = 7J:
exchange S[low] and S[piveotpoint]:

k=high-low+1 : 59,9 03lusl =
syl edle o 50 Judo m

T(k)=k-1
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& S i g0 SFlo ) (T Julxd
31581 Jlgy yo pivotitem L S[i] awolio : Lol Jos
(]l o3lasl) M 160949 03l
Syl &l 2 yo Jude
(B(n)) <dl> 2y / (A(D)) bawgsio <>/ (W(D)) <l oy 5o Judos

vold guicksort (index low, index high) l
i :Afc;wlegGU&«;H>cﬁuLg
index pivotpoint; . . -
FETEEE bl b5 a1y 05 99 51 (K 0,500
if (high > low){ Sloj Caxdg oyl
partition(low, high, pivotpoint): 1S Ao F
gquicksort{low, pivotpoint - 1):

& RCARI PN
gquicksort (pivotpoint + 1, high):; Iyl leal Hl a9l

___________________________________________ U] Fraoey P gl
PoTmy= T T0) 4 T(n-1) + n-1 » 9P e
} E Tim:‘::mrt Time to sort TlmE 'M‘H é (M W) ‘393 Ml-b-o ULU‘

' left subarray right subarray partition,
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> o P 30 & g S )W b 30 Flo ) (Tt Julxs

1Bl 5 g0 (S35 b @ ygua aslyl ST =

T(n)= T(0) + T(n-1) + n—1
S’ N | —
Time to sort Time to sort Time to
left subarray right subarray partition
Tn)=T(n-1)+n-1  forn>0 N n(n—1)
T (0) = 0. >T(n)=—

Sobuo b K2 gS 1y (yloj (69959 w1yl 12 (5 p pusSrn ol 1yl b J> =

W(U}=I}£ﬂm;” il gy =

o K<n a5 K 2 gl p il iiw! o8 =
W(n}ﬂn(nz_l} Jpw] p S =

W k) < 26— 1)
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tod 10 ol ez made NI P WSS o9l ] S Ol .

Win)<Wp—1)+W(n—p)+n—1
N p— N p— Ao

Time to sort  Time to sort  Time to
left subarray right subarray partition

| (N-P<n g P-1<n (y52) Iyl 58 il
W (n) E{p“]}gip_2]+(ﬂ_1?}[z_p_1}+n_1
ERHS = p2 —-p+ n(nz— D) +nl-p)
i Dl S 1=p=n
|1 e M g0 M0
wm =22 ¢ o ()
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B(n)=2B(n/2)+n-1

B(n) e B(nlgn)

a=2, b=2, k=1
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A(n) = pr , Z L=+ A(p—1) + A(n - p)]

Time to Avg.Time to sort  Avg. Time to sort
partition left subarray right subarray

Sgu 0D 45y yexo gads il Gylgam P 4ol Jlois! i p
il joxo pads il P a8y ol Jos ]S dlad (Sl 0L

An)=(n-1)+ %[Zn: A(p—-1)+ Zn: A(qg — l)j g=n—p+1

AR A

A(n)=<n—1>+%i/1<p—1>
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nA(n) = n(n - 1)+2ZA(p )
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(n—DA(n-1)=(n- 1)(n 2)+2ZA(p )

nA(n)—(n—1A(n—1)=2(n—1)+24(n—1) bl 92 &,

1 1 n—1
A(n)=—A(n—-1)+2 L 5 3L o3l
n+l & n(n+1) ST
2 _1 ian = i
an = an—l -+ (n ) Lo n :':_1_-

n(n+1)
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wvoid partition

{
index 1, 7:

(index low,

keytype pivotitem:

pilvotitem =

7 = low;

S[low]:

*

C31,80 Jlgy yo (B pao dlaSl> ol =

index high, index& pivotpoint)

for{i=low+1l;:;1 <=high; 1++)
if (5[1] < pivotitem) {

X

J++:
exchange S5[1] and 5[7]:

pilvotpoint = 7;
exchange S[low] and S[piveotpoint]:
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) > w40

volid guicksort (index low, index high

I O)|9.0.° AS ‘50&&
index pivotpeoint: Slowi il (b p9o Wiyl w3

D guSao )8 Alis jo il cis n-1

if ihi-;r}? } low) { | | | abidls> ;w
partition{lov, high, piveotpeoint): L

& (6w & o
il oy g o

gquicksort{low, pivotpoint - 1):
gquicksort (pivotpoint + 1, high):;

O(gn) a gls g6 € 0(n)
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vold guicksort (index low, index high)
i
index pivotpoint:;

if (high » low){
partition{lowv, high, pivotpoint):
gquicksort{low, pivotpoint - 1):
gquicksort (pivotpoint + 1, high):;
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void partition (index low, index high, index& pivotpoint)
{ - -
index 1, 7J:
keytype pivotitem:
—eivetitem—=Siiewi—s pivotitem=median(S[low],S[(low+high)/2],S[high]);

7 = low;
for({i=low+1l;1i <=high; 1++) .
if (5[1] < pivotitem) { .
J++:
exchange S5[1] and 5[7]: )
y .

pilvotpoint = 7;
exchange S[low] and S[piveotpeoint]:
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S={P1, ..., Pui} CH(S)=<P,. Ps, P3, Pyg, P4, P7. Po>
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