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�Ov�wD� O��� pYi u�� �xar��t R� Oa� xOvv�wN

�OW�� Or� �Q �WRQ�wO j�vt xv�wDWB w x��B xDUv�O �Q h� Q�aD ��
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�OyO x��Q� xQ�Ro wO �QW ��mQD �DUQO Q�O�kt 
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�Ovm h�YwD �Q �QW wO ��mQD w �tH �v�t ����VRQ� pwOH ��

�OU�vW� OvQ�O hO�QDt �WRQ�wO j�vt QO xm �Q ���ir� ��

�� x�Qty �Q �i�m w sRq �QW w �i�m �QW 	sRq �QW w xDN�vW �QW 
�yxQ�Ro QO �Q �r�D w sOkt ��

�Ovm u��� Cr�L Qy QO p�rO

�OU� wv� �QW wO ��mQD CQwY x� �Q C����� Q QO h� QaD Qy 
wor� ��

u�� x� w p�O�D �O� x� �Q � w �u� x� �Q QiY u���B QO xO Q� wO 
�v�t x� �Q VRQ� pwOH Q�U xQ�tW ��

�OW�� p�mWD x� QO�k s�vt Qw x� �Q nQR� O�a�� �� �DL VRQ� pwOH Qy ��DQD

�OU�vW� �Q �yv� jQi xOwtv u��� xQ�Ro wO 
RQ� sy w 
w�UD R� j�kO �qt�m �i�YwD ��

�CU� 
RQ�sy 
�x���Q �yxQ�Ro 
RQ�sy xm Ovm u��� p�rO �� x�Qty ���

�Ovm h� QaD �Q CUQO�v xW�ty 
�yxQ�Ro w CUQO xW�ty 
�yxQ�Ro ���

�OyO x��Q� �Q CUQO�v xW�ty 
�yxQ�Ro 
wor� w CUQO xW�ty 
�yxQ�Ro 
wor� ���

u� �DUQO C��F� 	x��k �u�yQ�� w CUQO xW�ty 
�xQ�Ro �x��k� Qy C����� Q QO OyO X�NWD ���

�CU�

�OQ�BU� Q�N x� �Q u� QO xOW x��Q� 
�ypwtQi w xOwtv u��� �Q �yxQ�Ro Q�H uDUv�O R� hOy ���

��k�vt RQ� sy �xQ�Ro wO �� pO�at xQ�Ro wO jQi� �Ovm u��� �Q�� w �� jQi ���
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�OyO x��Q� �Q 
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Q�PoRDv�QB w uDWwv K�LY Oa�wk ���

�OU� wv� �Q 
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�yxQ�Ro Z�kv ���

�Ovm h� QaD �Q �tvtU� ���

�Ovm u��� �tvtU� �� �Q u� jQi w h� QaD �Q �tvxQ�Ro ���
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�yxQ�Ro C��F� VwQ ���
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�yxQ�Ro C��F� VwQ ���
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�Ovm u��� �Q �xp�x� �wv R� ���yxrtH C��F� VwQ ���

�OyO KQW �Q umtt 
�yCr�L �xty uDiQo Q�v QO VwQ x� C��F� ���

�Ovm u��� �Q hrN u�yQ� �� s�mL� C��F� VwQ w �QkDU� xr�Uw x� C��F� ���

�O��tv x��Q� �Q ��p�x� �wv R� ���yxrtH C��F� �xw�W ���

p�rLD �Q ��N w �aU �wv R� ���yWwQ w ���� Q s�mL� C��F� xw�W QO K�LY QmiD RQ �rm Qw x� ���

�Ovm

�Ovm u��� �Q �WRQ� � j�vt x��Q� w O�H�� �xR�ov� ���

�OyO KQW �WRQ� � j�vt QO �Q monotonictity C�YwYN ���

�OyO KQW �Q sDU�U u�� QO xOW xDiQo Q�v QO swU VRQ� w Kleene 
wk sDU�U ���

�Ovm K� QWD �Q Kleene h�a� sDU�U ���
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R�i j�vt QO �Q � p �xQ�Ro w�� w �� 	� 	� �� xOW xDN�U �mQt 
�yxQ�Ro VRQ� ���

�Ovm u��� �Q 
R�i j�vt R� ���yOQ� Q�m ���

�OyO x��Q� �Q h� QaD Cq�mW� xOQm h� QaD �Q xawtHt ���

�OyO KQW �Q �yD �xawtHt w C� w�a Ctqa ���

�O��tv x��Q� �Q hQ�aDt�v w hQ�aDt 
�yxawtHt h� QaD ���

�Ovm u��� �Q hQ�aDt 
�yxawtHt �xawtHt h� QaD p�mW� ���

�Ovm K� QWD �Q ZLt �xawtHtQ� R w xawtHtQ� R w �yxawtHt 
w�UD Ovv�t �t�y�it ���

�Ovm h� QaD �Q �HQt xawtHt ���

�Ovm h� QaD �Q u�wD xawtHt ���

�Ovm K� QWD �Q ��tDH� w l �QDW� w stDt w p��iD ���

�Ovm u��� �Q �yv� syt 
�yC�Y�N w h� QaD �Q sy R��OH 
�yxawtHt ���

�Ovm u��� �Q l �QDW� w ��tDH� X�wN ���

�O��tv x��Q� �Q �yxawtHt Q�H ���

�Ovm u��� �Q �yxawtHt �U�U� X�wN w uQ�kDt p��iD ���

�OyO K��wD �yv� 
wQ �Q l �QDW� w ��tDH� VN� w OyO KQW �Q ��tDH� w l �QDW� s�taD ���

�Ovm K� QWD �Q �yxawtHt 
Qw
D w �yxQ�Ro ��UL 
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�yxawtHt w j�vt

j�vt �� ���vW� ���

R� CUQO 
�yrqODU� uOQm �OH 
�Q� xm CU� ���yVwQ w pwY� �UQQ� �� 
Q�oxH�Dv u�v�wk sra 	j�vt

�OvwQ�t Q�m x� CUQO�v 
�ypqODU�

Oq�t R� p�k sQ�yJ uQk �v�vw� s�mL 	w�UQ� OQw�QO �tra w uwOt CQwY x� �Q j�vt xm �Um u�rw�

j�vt Q� �D�kLrt xDiQo Q�Qk u�OvtWv�O R� 
O�� R O�OaD j�kLD OQwt j�vt sra uQk GvB w CU�� � �CU�

OW ��w �k�vt s�y�it R� 
O�OaD 
�Q� ���yCtqa �RD�v ��q xr�Uw x� syORwv uQk QO �Ov�xOQw� w�UQ�

xiUqi w �yu�O���� Q R� 
O�� R xOa w� R� TB �Ovt�v�t O�OH j�vt K��w u�rw� �Q w� p�rO u�ty x� w

R� �OvDW�Po �H x� �Q OwN C�k�kLD R� �oQR� Q�F� �wv�
B w �xoQi 	�QOwQW 	�TQ�B 	�pw� 	�u�oQtO p��k R�

��Dm Qy QO VtU� lW uwO� xm �Um �OvDUy O�OH j�vt u�QOB wv�
B w xoQi 
Q��U� �xO�ka x� u��t u��

s��vD QO �yHwD u���W C�tON xm CU� �U�rov� s�kt �r�a hwUr�i 	�pU�QOv�wDQ� OQ�O �H O�OH j�vt

�OQ�O C����� Q w j�vt �v��t w pwY�

�� Leibniz �� De Morgan �� Boole �� Peirce �� Schroder �� Frege �� Peano
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R� pOwo C�t�tD�v x��k �OQ� s�v ��pOwo w 	CQ�r�y R� O��� Q�N� Q�oRwQ 
�yu�Oj�vt u�wva x�

uDi�� Q� �v�t CQ�r�y xt�vQ� uOQmOQ �� x��k u�� �OwW�t �wULt ���� Q j�vt 
����k u� QDtyt

Q�Ut �yv� 
Q�oR�U R� �D��F� x�Qty x� xDi�� COLw sra l� u�wva x� C����� Q pm 
�Q� 
�xaw�wt pwY�

�CU� xO�O Q��eD �Q j�vt C�k�kLD

��yv� Q���v w �� wRQ� 	���aO 	�r��wU 	
Qt� 	
Q�N� �yxrtH ��wv� R� �CU� �xQ�Ro� j�vt QO R�e� �x�kv

	xOW QmP 
�yxrtH ��wv� u�� R� xm CU� u� R��Dt� u�� Cra w OwW�t xO�iDU� j�vt QO 
Q�N �xrtH 	ki

u�� 	OvW���t dwQO ��a�k �� OvDUy CU�Q ��a�k �� OvQ�Ov QDW�� VRQ� wO xm OvDUy 
Q�N 
�yxrtH 	ki

�CU� xQ�Ro 	Q� R 
�y��mQD R� l� Qy �qFt �s�t�v�t xQ�Ro Oa� x� u�� R� �Q �yxrtH �wv

	OQ�O OwHw Q�vB 	Twvw QO ��

	CU� GwR 
OOa xOR�� ��

	CU� x��U CU�t ��

	OQm xiQU VoQt R� p�k RwQ Qy� TO�tWQ� ��

�CU� wOQo AwD 	CU� OQo AwD w CU� wOQo 
OQo Qy Qo � ��


�wy xJ xw� w �sOw� u�wH V�m 
�� 	�
wW CN�WwN �yr�� 	� 
�xDiQv� 	����� p��k R� ���y��mQD

�OvDU�v xQ�Ro ��� wN

��sQ�yJ xQ�Ro Ovv�t� CU�v swrat �y�o w xOw� XNWt �y�o xQ�Ro l� uOw� dwQO �� �DUQO VRQ�

�OW���t CkO �tm sRrDUt sy �y�o

��mQD �OvDUy xO�U 
�yxQ�Ro �oty q�� pw� OQwt Q�yJ 
�yxQ�Ro ���xQ�Ro ��y���Q �����

��q�� sHvB �xQ�Ro Ovv�t� s�t�v�t �mQt �xQ�Ro l� �Q xO�U xQ�Ro OvJ �� wO

u�� ���DQ� O�H�� 
�Q� �OwW�t xO�iDU�� � � w r w q w p Ovv�t �iwQL R� xO�U 
�yxQ�Ro V��tv 
�Q�

u� QDtyt �s�vm�t xO�iDU� 
�xQ�Ro 
�y	��Q R� �mQt 
�yxQ�Ro p�mWD w� � � w r w q w p �xO�U 
�yxQ�Ro

�R� OvDQ��a 
�xQ�Ro 
�y	��Q
	� Hilbert �
� Godel
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	OwW�t xO�O V��tv � �� xm � �iv� �hr�

	OwW�t xO�O u�Wv � �� xm h�a �� �w� � �

	OwW�t xO�O V��tv � �� xm pYi �� ���� � G

	OwW�t xO�O u�Wv �� �� xm �� � � x�ov�� � � Qo �� �O

�OwW�t xO�O V��tv�� �� xm �� � � Qo � �yvD w Qo �� � � � �y

l�Uqm �� �WRQ� wO j�vt �Q j�vt u�� 	dwQO w CU�Q s�OW p��k VRQ� wO �yvD xQ�Ro Qy 
�Q� �QmPD

�s�t�v�t

p Qo � CU� dwQO s�t�v�t p Z�kv �� p �iv �Q u� xm �� p� �xQ�Ro x�ov� OW�� xQ�Ro l� p Qo � ��iv

hQ�� �xQ�Ro � p OW�� �CU� O�iU hQ�� xQ�Ro p Qo � �qFt �OW�� dwQO p Qo � CU� CU�Q w OW�� CU�Q

p�mWD �Q Q� R �xO�U pwOH u�wD�t �iv 
�Q� �OW���t �CU� O�iU hQ� xm CU�v u�vJ� �� �CU�v O�iU

�s�t�v�t �DUQO pwOH �� VRQ� pwOH �Q u� xm O�O

p � p

u O

O u

umtt Cr�L wO pw� uwDU �Ov�xOW GQO �dwQO� w �CU�Q� 
�H x� ��DQD x� �u� w �O� pwOH u�� QO

xm s� Q�Ov QDW�� Cr�L wO �qm �iv 
�Q� CU� �y�O� �CU� xOW xDWwv u �� O �va� p 
Q�PoVRQ� 
�Q�

�Ov�xO�OQo XNWt pwOH O�OQ wO �

	s�yO p�mWD �Q p � q �mQt �xQ�Ro xO�O Q�Qk q w p �xQ�Ro wO u�� �Q � 
�xQ�Ro 	��Q Qo � ��i�a ��mQD

CUQO�v �� dwQO Cq�L x�k� QO w OvW�� CU�Q q w p �xQ�Ro wO Qy xm CU� CU�Q �Dkw 	ki �i�a ��mQD

�OvW���t dwQO x�k� w CU�Q �rw� OvDUy p � q CQwY x� xty xm Q� R 
�y��mQD R� TB �OW���t

�CU� � Q��Q� � � � w CU� O�iU CU�t !

�CU� � Q��Q� � � � w CU� O�iU CU�t !
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�CU� � Q��Q� � � � w CU� x��U CU�t !

�CU� � Q��Q� � � � w CU� x��U CU�t !

�rw CU� OQi �� �xQ�Ro �qFt �CU� ��rw " �#t�� �ir CU� h�a hO�QDt �k�vt Q�v R� xm ���ir� R�

�CU� CUQO�v 
�xQ�Ro xD�r� xm OW���t �CU�v pw� � w CU� OQi �� �vat x� �CU�v pw�

�� �mQt 
�xQ�Ro QO �Ov� wo�t xir�wt �Q q w p 
�yxQ�Ro R� l� Qy p � q Ovv�t �mQt �xQ�Ro l� QO �QmPD

VRQ� pwOH R� 
Q�U QO Cr�L Qy xm OQ�O OwHw Cr�L � �va� ��� �� QFm �OL p� q Ovv�t xir�wt wO

�CU� Q� R CQwY x� p � q VRQ� pwOH TB �OwW�t GQO

p q p � q

u u u

u O u

O u u

O O O

wO R� �m� xm CU� �Dkw �m� �OwW�t ��mQD ���� xr�Uw x� OQwt wO QO q w p xQ�Ro wO ��rYi ��mQD

u��� �k�vt CQwY x� �� w �OQi �� CU� GwR OOa u�� � Ovv�t OW���t CU�Q �yv� R� �m� �yvD w xQ�Ro

�� ���� s�� wo w CU� �wvtt xQ�Ro wO uOw� CUQO �tH �Hv�� QO ��CU� OQi OOa u�� �� CU� GwR OOa

TB 	OvQ��t Q�m x� �tH �vt 
�� 
�Q� �Q � O�tv u�ir�wt R� ��a� �CU� xOW p�taDU� �tH �vt �vat

�CU� Q� R CQwY x� 
�xQ�Ro 	��Q u�� VRQ� pwOH

p q p� q

u u u

u O O

O u O

O O u

	��Q u�� xr�Uw x� xm xQ�Ro wO R� �m� pk�q xm OW�� u�� Qw�vt xm OwQ�t Q�m x� 
OQ�wt QO ���� �y�o �#t�

pw� �� CU� OQi OOa u�� � �Ovv�t CU�v wO Qy uOw� CUQO 
�Q� �avt �rw CU� CU�Q OwW�t ��mQD
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�y	��Q x�k� xr�Uw x� �Q u� s� QO�k O�O u�Wv u�wD�t w OQ�Ov �r�taDU� j�vt QO �tH �vt 
�� �CU�

�s�vm u��� 
�xQ�Ro

�OwW�t xO�t�v xQ�Ro wO u� �rYi��mQD �k�vt 
�� xr�Uw x� q w p xQ�Ro wO ��mQD R� pY�L xQ�Ro

CUQO�v CQwY u�� Q�e QO OW�� CUQO u� 
�yR�U xQ�Ro l� pk�OL xm CU� CUQO �Dkw �rYi ��mQD

�Ov�CUQO 	�tQ�yJ RH x� 	xty Q� R �rYi C���mQD R� �Pr �CU�

�CU� OQi Ciy �� CU� O�iU CU�t !

�OQ�O �B xU TwQN �� CU� O�iU CU�t !

�CU� OQi Ciy �� CU� x��U CU�t !

�CU� GwR Ciy �� CU� x��U CU�t !

�CU� Q� R CQwY x� q w p 
�yxQ�Ro �rYi ��mQD �DUQO pwOH

p q p � q

u u u

u O O

O u O

O O O

TB �OvW���t j�vt 
�yCer R� OwQ Q�m x� �yxQ�Ro ��mQD QO �Dkw 	ki ���� w �w� Ovv�t ��ir� �QmPD

�OvDU�v �k�vt C�er ���� w �w� $�ir� �xv�wOvy �� xR� QN� w �xv�wOvy w xR� QN� Ovv�t ���y��mQD QO


�yxQ�Ro �qFt Ovvm�t XNWt �#q�� �ir �� R�v w � ��� �ir Q�QmD �� j�vt QO �tH �v�t 
�� �QmPD

�CU� GwR � �� CU� OQi � ���

�CU� GwR #q�w CU� OQi ��

�OvDUy �tH �v�t 
�� �xOvvm XNWtw xOw� �vat l� x�

�ir O�vm ZQi xDiQo Q�v QO �Q �CU� x��U CU�t �� CU� O�iU CU�t� �xQ�Ro �p�Ft �����

�O�vm XNWt �Q u� VRQ� Cr�L Qy QO w OW���t �tH �v�t 
�� Qo�O Q�� w CU� �k�vt 
�� Q��m� ����
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CUQO�v 
�xQ�Ro OW�� �tH �v�t 
�� 	�� Qo � �rw CU� CUQO xQ�Ro OW�� �k�vt 
�� u�ty ���� Qo � 	pL

�OW���t

s�t�v�t q w p 
�yxQ�Ro �QW ��mQD �Q � q x�ov� p Qo �� �xQ�Ro OvW�� xQ�Ro wO qw p Qo � ��
QW��mQD

�s�yO�t u�Wv p �� q CQwY x� �Q u� w

�s� Q�o�t Q�v QO �CiQ s�y�wN CQi�Ut x� x�ov� OW�� ���Di� �wy Qo �� �Q p �� q �mQt �xQ�Ro �qFt

	�wy xm �Dr�L QO 	ki Q�Qk u�� xm CU� �y�O�  �dwQO� OwW�t Zkv Ckw xJ �xQ�Ro � Q�Qk u�� �t Q�v R�

VRQ� pwOH ���yv uwDU xH�Dv QO �CU� xOW Zkv s� wQv CQi�Ut x� �t w �OW�� CU�Q p� OW�� ���Di�

x��v� �OW�� xDW�O CUQO VRQ� O��� �Dr�L Qy QO OW�� dwQO q w CU�Q p xm �Dr�L RH x� p �� q

OwQ�t Q�m x� 
O�a �xQw�Lt QO �q x�ov� p Qo �� �xQ�Ro xm 
�xw�W �� p �� q �QW �xQ�Ro ��iQa q�� EL�

�OQ�O Cw�iD

x�ov� p Qo �� CQwY x� 
�xrtH �s�t�v�t 
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w v�p� � �

�
Qo � �p�Ft ������
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�
�

v��p � q� �� p� � v�r �� p� � maxf� v�r�� v�p�g � maxf� �
� �

�
�g �

�
�

��� Boolean
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�yxawtHt �sy R��OH xawtHtwO ������
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�OvwW�t xO�O u�Wv� � � w q w phwQL �� xm OvDUy �yxQ�Ro u�ty ���W� R�v �yxQ�Ro ��UL QO �OvwW�t xO�O

�Tmar�� w CU� Q�QkQ� Qo�O 
Qw
D QO OW�� Q�QkQ� ����Q 
�Q� 
Qw
D l� QO Q� R pwOH j���t �D�Y�N Qy

�yxawtHt ��UL �yxQ�Ro ��UL

O�tv O�tv


w�Ut xawtHt wO � �� RQ� sy xawtHt wO

stDt � �Z�kv

l �QDW� � � h�a

��tDH� � � �k�vt 
��

xawtHtwO 
RQ� sy� �� �QWwO ��mQD

A � A� � M 
�xawtHt O�LD� CUQO xW�ty xQ�Ro p� � p

xawtHt wO p��iD  � ����

�A��� � A stDt stDt ���� ��Z�kv Z�kv �� �p� �� p

 OwW�t xDWwv �yxQ�Ro ��UL QO �DQwY xJ x� AB � A � B� x���Q �p�Ft
�����
����
A 
 p

B 
 q

��� �p �� q� �� p � �� q�

Vkv C����� Q QO j�vt Vkv Ovvm C��F xm OvOQm VWwm sDU�� w syORwv uwQk � �oQR� u�v�O���� Q

�OW���tv � j�vt� RH 
R�J �C����� Q pm � Ovvm C��F �D OvOQm VqD �yv� &CU� OQi x� QYLvt 	
O��v�


Qw
D 	
Q�H 
�y
Qw
D 	O�Oa� 
Qw
D 	�yxawtHt 
Qw
D Q��v 	C����� Q 
�yxN�W �xty Qo�O CQ��a x�

�OQm 
Q�o xH�Dv u� xaw�wt pwY� w j�vt R� u�wD�t �Q �yv�� Q���v w ���wD

u�O���� Q nQiOQiD�o w u�O���� Q OyD��wOQir� 	�U�rov� hwUr�i w u�O���� Q pU�QOv�QDQ� R� x���Q u�� QO

�O�UQv s�Hv� x� �r�wDt p�U �� R� V�� � u�OvtWv�O u�� 
�yWqD umr �OQ� s�v u�wD�t �v�tr� �k�vt w
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xawtHt ���� ��

xm OyD��w w pU�QOv�QDQ� Q�F� R� u�wD�t xrtH R� �O�OQo C����� Q xRwL QO �v�w�Qi w �yVw�m x� QHvt xJ Qo

�OQ� s�v G� Q�tm x�oWv�O A�J �C����� Q xiUri �a�� pwY� � u�wva CLD xrHt xU QO

l� pYi ��xQwO u� QtD

�O�U� wv� �k�vt 
�yO�tv �� �Q Q� R 
�yxQ�Ro ��

�OL h� QaD� �CU� L Q��Q� Ovm p�t a x� x �Dkw f ���D OL �hr�

�CU�v L Q��Q� Ovm p�t a x� x �Dkw f ���D OL � �

�OQ�O OL a x�kv QO f ���D � G

�OQ�Ov OL a x�kv QO f ���D �O

s�mL� s�vm ZQi u�vJty �OvW�� � �k�vt smL� �k�vt xQ�Ro q w p� 	p� 	p� 	p� s�vm ZQi ��

p� �� p�

p� �� p�

p� �� p�

p� �� p�

	p� �� p� 	p� �� p� 	p� �� p� �QWwO 
�yxQ�Ro O�vm C��F �s��xOQm C��F �Q

�OvQ�QkQ� �oty p� �� p� 	p� 	 p� 	p� �� p�

�k�vt xQ�Ro wO O�vm C��F ��

�N���x�� � jx x�j � � �� �f�x� � N� �hr�

�OvDUy RQ�sy �N�N � N� �� ���x�� � jx x�j � � �� �f�x� � N� � �

�O�vm C��F �Q Q� R 
�xawtHt 
�y� w�UD ��



� �yxawtHt w j�vt � pYi

A � �
S�
i��

Bi� �
S�
i��

�A �Bi� �hr�

A � �
T�
i��

Bi� �
T�
i��

�A �Bi� ��

�O�vm x�U�Lt �Q p �� q xQ�Ro Z�kv ��

�s�vm�t 
Qw�O�� �Q �k�vt 
�yO�tv �� OL swyit h� QaD ��

pwtQiQO f x�oQy limx��a f�x� � L s�U� wv�t w CU� L Q��Q� a x�kv QO f ���D OL s��wo

Ovm jOY Q� R �k�vt

�����x�� � jx aj � � �� jf�x� Lj � ��

�O�vm xtHQD �k�vt u�� R x� �Q �UQ�i C�Q��a u�� uwvm �

�CU�v L Q��Q� a QO f ���D OL �hr�

�OQ�Ov OL a QO f ���D � �

�Ovm�t jOY Q� R pwtQi QO OW�� xDW�O OL a QO f x�oQy �G

�����x��x��jx�  x�j � � �� jf�x�� f�x��j � ��
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swO pYi

x���Q

xtOkt

x���Q l� TBU �s� R�OQB�t xawtHt wO �DQ�mO �Q� pY�L w �DQt GwR h� QaD x� �OD�� pYi u�� QO

�OwW�t h� QaD xawtHt wO �DQ�mO �Q� pY�L R� 
�xawtHt Q� R w �y�DQt GwR R� 
�xawtHt u�wva x�

���DQ� �OvQ�o�t Q�Qk xar��t OQwt �� RH ��DQD 	��wQ w 
RQ� sy 	��wQ XwYN� 	�yx���Q X�N ��wv�

�CiQo Ovy�wN Q�Qk EL� OQwt 	xawtHt l� 
wQ 
�yR�Qi� w 
RQ� sy 	��wQ u��

�yxawtHt �DQ�mO �Q pY�L ���

�s��xOQm h� QaD �yxawtHt 
wQ Q� �Q 
Q�o stDt w p��iD 	l �QDW� 	��tDH� uwJty �Dw�iDt p�ta� uwvm �D


�Q� �yxawtHt �Q� h� QaD x�rw� xO�� �s�vm h� QaD �yxawtHt 
wQ Q� �Q �Q� pta s�y�wN�t p�L

�CU� xOw� 
Oa� OvJ 
��i QO ��kv C�YDNt V��tv

��
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� x��	Q � pYi

QYva s�v�wD�t CQwY u�� QO �CU� xOW xO�O b w a QYva wO O�vm ZQi �h� QaD �����

�s�yO p�mWD 	s�t�v�t b w a ��DQt GwR �Q u� xm �a� b�O�OH

�DQt GwR u��Q��v� �CU� RDv�QB QO b w a QYva wO uOW Qy�� ��DQD 
wQ Q� O�m �D 
�Q� �DQt CiY

�OvDUy Cw�iDt QYva wO �rm Cr�L QO �b� a� �DQt GwR w �a� b�

Cr�L QO �#t� �fa� bg � fb� ag �Q� R 	CU� Cw�iDt fa� bg �� �a� b� �DQt GwR xm O�vm CkO u�vJty

��a� b� �� �b� a� �rm

 �a� b� � �b� a� xm OQ�O OwHw ����QW ��� �p�wU

R� xO�iDU� �� �Q Q�m u�� s�v�wD�t 	s�yO x��Q� QD j�kO h� QaD l� �a� b� �DQt GwR 
�Q� s�y�wN� Qo �

�s�yO s�Hv� �yxawtHt

�OQm h� QaD ffag� fa� bgg CQwY x� u�wD�t �Q �a� b� �DQt GwR �xDmv �����

�u� QtD �����

�Ovm�t xOQw�Q� �Q OwQ�t �yxir�wt ��DQD R� xm 
Q��Dv� u�ty 	�DQt GwR R� jwi h� QaD O�yO u�Wv �hr�

Qo�O CQ��a x�

�a� b� � �c� d��� a � c � b � d

�O����� �Q y w x Q�O�kt 	�x� �� � ��� y� Qo � ��

��a� a� � ffagg O�yO u�Wv �G

�O����� �Q y w x Q�O�kt 	�x� �y� �x y� � ��� �� Qo � �O

�s�vm h� QaD �Q xawtHt wO ��DQ�mO �Q� pY�L �D s��xO�t� �DQt GwR h� QaD R� Oa�

�� Ordered Pair �� Cartesian Product
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�yxawtHt �DQ�mO 
Q� pY�L ��� ��

�Q� pY�L CQwY u�� QO �OvW�� x�wNrO xawtHt wO B w A O�vm ZQi �h� QaD 	����

�s�vm�t h� QaD Q� R CQwY x� �Q OwW�t xO�O V��tv A�B O�tv �� xm B w A �DQ�mO

A�B � f�a� b�ja � A � b � Bg

CQwY u�� QO �B � f�� �� �gw A � fa� bg O�vm ZQi �p�Ft �����

A�B � f�a� ��� �a� ��� �a� ��� �b� ��� �b� ��� �b� ��g

w

B �A � f��� a�� ��� a�� ��� a�� ��� b�� ��� b�� ��� b�g

�A�B �� B �A �rm Cr�L QO xm CU� �y�O� 	jwi p�Ft x� xHwD ��

�O����� �Q A�A �DQ�mO �Q� pY�L 	A � fa� b� cgxawtHt 
�Q� �u� QtD ����

C�Y�N �rm Cr�L QO �yxawtHt �DQ�mO �Q� pY�L 	O�OQm x�Lqt �!�!� p�Ft QO xm Qw�v�ty

A � B Qo � �va� �s�OQm �UQQ� �Q �DQ�mO �Q� ���H��H 	��QW R� �m� jwi u� QtD QO �OQ�Ov ���H��H

x�Lqt �Q �DQ�mO �Q� pY�L ���H��H 	��QW R� Qo�O �m� Q� R p�Ft QO �A� B � B � A x�ov�

�s�vm �t

�A�	 � 	�A � 	 s�vm�t �aO� �OW�� x�wNrO xawtHt l� A O�vm ZQi �p�Ft �����

CU� �a� b� 
�y�DQt GwR s�tD xawtHt 	A�	 �Q� pY�L xm s�v�O�t �A�	 �� 	 O�vm ZQi

u��Q��v� �CU� Zk�vD l� b � 	 w OQ�Ov 
w�a I�y �yD xawtHt �#t� �b � 	 w a � A xm 
Qw x�

�DQ�mO �Q� R�v Cr�L u�� QO TB �var� � 	 xm O�O u�Wv u�wD�t ��DQD u�ty x� �A� 	 � 	

�OQm C��F� �Q Q� R xDmv u�wD�t u��Q��v� �OwW�t �H��H �yxawtHt

A�B � B�A Qo � CQwY u�� QO �OvW���yD�v xawtHt wOB wA O�vm ZQi �xDmv �����

�A � B x�ov�



� x��	Q � pYi

x��k �s�vm �UQQ� �r�k p�ta� �� �Q �yxawtHt 
wQ Q� xOW h� QaD O�OH pta ���DQ� s�y�wN�t p�L

�CU� Q�PB �� RwD l �QDW� w ��tDH� p�ta� x� C�Uv �DQ�mO �Q� pta xm OyO�t u�Wv Q� R

�CQwY u�� QO �OvW�� x�wNrO xawtHt xU C w B w AO�vm ZQi �x��k �����

hr��A� �B � C� � �A�B� � �A� C�

��A� �B � C� � �A�B� � �A� C�

�OQm C��F� �Q 
w�UD u�wD�t �yxawtHt 
Q�o w�a �� �hr� �C��F�

�a� x� � A� �B � C�

�� �a � A� � �x � B � C� �yxawtHt �Q� pY�L h� QaD

�� �a � A� � �x � B � x � C� ��tDH� h� QaD

�� ��a � A� � �x � B�� � ��a � A� � �x � C�� � x� �DUv � 
Q�PB �� RwD

�� �a� x� � A� B � �a� x� � A� C �yxawtHt �Q� pY�L h� QaD

�� �a� x� � �A�B� � �A� C� ��tDH� h� QaD

� �OQm C��F� �Q ��� CtUk u�wD�t x��Wt j� Q x�

�O�vm C��F� �Q �!�!� x��k ��� CtUk �u� QtD ������

�Q� xm s�yO�t u�Wv w s�vm�t �UQQ� �Q �yxawtHt p��iD w �DQ�mO �Q� ���DQ� Q� R x��k QO

�CU� Q�PB �� RwD �yxawtHt p��iD x� C�Uv �yxawtHt �DQ�mO

�CQwY u�� QO �OvW�� x�wNrO xawtHt xU C w B w AO�vm ZQi �x��k ������

A� �B  C� � �A�B� �A� C�
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�yxawtHt �DQ�mO 
Q� pY�L ��� ��

�OwW�t �UQQ� 
Q�o w�a j� Q R� xawtHt wO 
w�UD C��F� 	pwtat p�wQ j� �C��F�

�a� x� � A� �B  C�

�� �a � A� � �x � B  C� �yxawtHt �Q� pY�L h� QaD

�� �a � A� � �x � B � x �� C� p��iD h� QaD

�� ��a � A� � �x � B�� � ��a � A� � �x �� C�� � �v�wDOwN C�Y�N

�� �a� x� � A�B � �a� x� �� A� C �yxawtHt �Q� pY�L h� QaD

�� �a� x� � �A�B� �A� C� ��tDH� h� QaD

� �CU� Q�QkQ� xawtHt wO 
w�UD u��Q��v�

�OvW�� x�wNrO 
�yxawtHt D w C w B w A O�vm ZQi �u� QtD ������

�B � 	 �� A � 	 x�ov� A�B � 	Qo � xm O�yO u�Wv �hr�

�A� C � B � C O�yO u�Wv A � B Qo � ��

O�yO u�Wv �G

�A� C� � �B �D� � �AcapB�� �C �D�

A � B x�ov� 	C �� 	 w A� C � B � C Qo � �O

��A� C� � �B �D� � 	x�ov� A � B � 	Qo � �x

Qo � �yvD w Qo � A � B � C � D O�yO u�Wv 	OvW�� �yD�v D w C w B w A
�yxawtHt Qo � �w

�A � C w B � D

O�yO u�Wv �R

�A�B� �C �D� � ��A C��B� � �A� �B D��



� x��	Q � pYi

p�ta� �� �DQ�mO �Q� ���DQ� OQwt QO ��r�H 
�yD�Y�N 	OW x�Lqt ��!�!� u� QtD QO xm Qw�v�ty

�� RwD �yxawtHt p��iD w l �QDW� 	��tDH� x� C�Uv �DQ�mO �Q� �qFt �OQ�O OwHw �r�k xOW h� QaD

�Q� x� C�Uv p��iD w l �QDW� 	��tDH� p�ta� �va�  CU� Q�QkQ� R�v �r�t u�� Tma ��� �CU� Q�PB

 Q�N �� OvDUy Q�PB �� RwD �yxawtHt �DQ�mO

Cr�L QO CQwY u�� QO �OvW�� x�wNrO xawtHt xU C w B w A O�vm ZQi �p�Ft ������

�rm Cr�L QO �va� �CU�v Q�PB �� RwD �yxawtHt �DQ�mO �Q� x� C�Uv ��tDH� pta �rm

A � �B � C� �� �A � B�� �A � C�

�OvyO u�Wv �Q jwi 
w�Ut �v xm s�vR� p�Ft x�wNrO xawtHt xU 	ki CU� �i�m �r�t u�� C��F� 
�Q�

�CQwY u�� QO �O� Q�o� Q�v QO �Q C � fcgw B � fa� bg 	A � f�g 
�yxawtHt p�Ft 
�Q�

A � �B � C� � f�g � f�a� c�� �b� c�g � f�� �a� c�� �b� c�g

�iQ R�

�A �B�� �A �C� � f�� a� bg� f�� cg � f��� ��� ��� c�� �a� ��� �a� c�� �b� ��� �b� c�g

�OvDU�v 
w�Ut Kw�w� xm

�DQ�mO �Q� x� C�Uv p��iD w l �QDW� p�ta� �rm Cr�L QO xm O�yO u�Wv �u� QtD �	����

�OvDU�v Q�PB �� RwD �yxawtHt

R��v 
QDW�� jtaD w CkO x� �yv� CLY �UQQ� xm OvQ�O OwHw R�v 
Qo�O 	��wQ 	jwi 	��wQ Q� xwqa

�O�vm xHwD Q� R u� QtD x� �OQ�O

C��F� �Q Q� R 	��wQ �OvW�� x�wNrO 
�yxawtHt D w C w B w A O�vm ZQi �u� QtD ������

�O�vm OQ ��

hr���A�B� � �C �D� � �A � C�� �B �D�
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�yxawtHt �DQ�mO 
Q� pY�L ��� ��

��A � C � B � D �� A�B � C �D

�Dr�L QO B 
��a� O�OaD w A 
��a� O�OaD w A�B 
��a� O�OaD u�� x���Q x� sy �tW uwvm �D O��W

l� Bw 
w�a m xawtHt l� A O�vm ZQi �O�W�� xOQm Qmi 	OvW�� �y�vDt xawtHt wO B w A xm

w a � A xm �a� b� �DQt 
�yHwR O�OaD �� Q� pY� j� CQwY u�� QO �OvW�� 
w�a n xawtHt

�CU� mn �� Q��Q� b � B


�Q� B �v�wD xawtHt w A �v�wD xawtHt �� A�B �v�wD xawtHt u�� ���DQ� CU� umtt u�vJty

u��  OQm �H��H �Q �v�wD xawtHt x�U�Lt w �DQ�mO �Q� pta wO ��DQD u�wD�t ��� �OW�� p�wU sy �tW

�OwW�t �UQQ� Q� R p�Ft QO ���DQ�

P �A��P �B� w P �A�B� xawtHt wO u�� ���DQ� ��� s�v��� s�y�wN�t �p�Ft �����

�xv �� CU� Q�QkQ�

A O� v m ZQ i �s � R�OQ B�t �y� v Dt C r�L QO xawtHt wO u �� 
��a� O�Oa D uD i� � x � �OD ��

jA � Bj � mn CQwY u �� QO �OvW� � 
w�a n xawtHt l � Bw 
w�a m xawtHt l �

u ��Q �� v � w jP �B�j � �n w jP �A�j � �m � iQ  R� �jP �A � B�j � �mn x H � D v QO w

Cw�iDt �rm Cr�L QO xawtHt wO u�� 
��a� O�OaD �jP �A� � P �B�j � �m � �n � �m�n

� Cr�L s�Om �OvDUy 
w�Ut Cr�L l� QO 	ki � CU�

Cq�L Q��U QO w CU� P �A��P �B� R� QDtm P �A�B� 
��a� O�OaD x�ov� m � n � � Qo �

u�mt� ��� �OvW�� 
w�Ut Ovv�wD�tv xawtHt wO u��Q��v� �CU� TmaQ� x���Q u�� ��yv� 
w�UD Cr�L RH� �

 Ci�� xawtHt wO u�� u�� pwtW x���Q l� OQ�wt ��a� QO xm OQ�O


�Q � �CU� Cw� i Dt xawtHt wO u �� QY� va C�y�t �Q � R 	CU� �ivt ��wH �r m C r�L QO

CQwY u �� QO �O � Q �o � Q� v QO �Q B � f�g w A � fx� yg xaw tHt wO �r�t uOW K��w

�P �A�B� � f	� f�x� ��g� f�y� ��g� f�x� ��� �y� ��gg xH�Dv QO wA�B � f�x� ��� �y� ��g

u��Q��v� w P �B� � f	� f�gg 	P �A� � f	� fxg� fyg� fx� ygg �iQ R�

P �A��P �B� � f�	� 	�� �	� f�g�� �fxg� 	�� �fxg� f�g�� �fyg� 	�� �fyg� f�g�� �fx� yg� 	�� �fx� yg� f�g�g



� x��	Q � pYi

wO u�� u�� ���DQ� I�y u��Q��v� �CU� Cw�iDt xawtHt wO u�� QY�va C�y�t OwW�t x�Lqt xH�Dv QO

�OvDUy Cw�iDt �qt�m xawtHt wO P �A�� P �B� w P �A�B� w OQ�Ov OwHw xawtHt

QO �OQ�O �UOvy Q�UiD �yxawtHt �DQ�mO �Q� pY�L 	OW QmP VN� u�� xtOkt QO xm Qw�v�ty

x�ov� 	OvW�� R �va� �k�kL O�Oa� xawtHt 
w�Ut wO Qy B w A 
�yxawtHt Qo � �r�rLD xUOvy EL�

�CU� xLiY ��kv xOvyO u�Wv R � R �va� A�B xawtHt

�Ow� Oy�wN xLiY QO p��DUt l� A�B x�ov� 	OvW�� R xawtHt Q� R xDU� pY�wi B w A Qo �

�O�vm xHwD Q� R p�Ft x�

�OvW�� R xawtHt Q� R xDU� pY�wi B � ��� �� w A � ��� �� O�vm ZQi �p�Ft ������

�OwW�t xO�O u�Wv Q� R CQwY x� A�B xawtHt CQwY u�� QO

�'� pmW

R� 
�xawtHt Q� R Ck�kL QO 	OvW���t xLiY ��kv R� 
�xawtHt Q� R xm �UOvy p�mW� R� l� Qy

�O�vm xHwD Q� R u� QtD x� �OvDUy R � R �DQ�mO �Q� pY�L

R xLiY ��kv R� 
�xawtHt Q� R u�wva x� Q� R 
�yxawtHt R� l� Qy �u� QtD ������

�O�vm s�UQD w h�YwD

hr��f�x� y� � R � Rjx � yg

��f�x� y� � R � Rjx� � yg
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x��	Q ��� ��

G�f�x� y� � R � Rjx� � y� � �g

�x���Q ���

C�LY u�Uv� wO u�� x���Q OQwt QO �Dkw �CU� u� xQtRwQ swyit R� xDiQoQ� Ck�kL QO x���Q swyit

Q�Qk Q�vOt �Q �u�UL 	 �ra� �DQt GwR Ck�kL QO 	CU� �ra OvRQi u�UL s�� wo�t �qFt 	s�vm�t


�vat Qo�Om� �� xir�wt wO u�� Z� waD xm CU� �y�O� w CU� u� swO xir�wt OvRQi u� pw� xir�wt xm 	s��xO�O

Q�v QO �Q �x� �x� sQi x� ���y�DQt GwR �k�w QO y � �x s�� wo�t �Dkw ��DQD u�ty x� �OQ�O 
Qo�O

�O�O x��Q� x���Q 
�Q� �rwY� w j�kO h� QaD l� u�wD�t xtOkt u�� �� �s��xDiQo

Q� R l� B x� A R� R x���Q �O� Q�o� Q�v QO �Q B w A x�wNrO xawtHt wO �h� QaD �����

u�Wv aRb O�tv �� �Q �a� b� � R xm CU� swUQt �CU� A � B �DQ�mO �Q� pY�L R� xawtHt

�CU� b �� R x���Q QO a s�v�wN�t w s�yO�t

xDW�O Q� R CQwY x� �Q �yv� u�OvRQi w QOB OvJ �t�U� R� xawtHt wO O�vm ZQi �p�Ft �����

xawtHt B � fu�UL 	u�t�� 	O� Qi 	��Qg w u�QOB xawtHt A � f�ra 	OtL� 	OtLtg Qo � �s�W��

QOB a xm OW�� �vat u�O� �a� b� � R w s�vm�t h� QaD uOw� QOB x���Q �Q R x���Q s�v�wD�t �OW�� u�OvRQi

�O� Q�o� Q�v QO �Q Q� R x���Q �CU� b

R � f��ra 	u�UL � 	�OtL� 	u�t�� � 	�OtL� 	O� Qi� 	�OtLt 	��Q�g

�OvQ�Ov Q�Qk uOw� QOB x���Q QO A�B QY�va Q��U w CU� A�B R� xawtHt Q� R l� R xm CU� �y�O�

l� xH�Dv QO w R �R xawtHt Q� R l� ��!�!� u� QtD 
�yxawtHt R� l� Qy �p�Ft �����

�OvDUy Rx� R R� x���Q

�� Relation



�� x��	Q � pYi

ZQi u�vJty �OvW�� R��tDt ��twRr xv w x�wNrO xawtHt wO Bw A O�vm ZQi �h� QaD 	����

	s�yO�t V��tv R�� �� �Q u� xm R x���Q �uwQ�w CQwY u�� QO �OW�� B x� A R� x���Q l� R O�vm

�OwW�t h� QaD Q� R CQwY x� w CU� A x� B R� x���Q l�

R�� � f�b� a�j�a� b� � Rg

��a� b� � R�� �b� a� � R�� Qo�O CQ��a x�

x���Q CQwY x� x���Q u�� uwQ�w �O� Q�o� Q�v QO �Q �!�!� p�Ft QO uOw� QOB x���Q �p�Ft �����

�va� R�� x���Q �CU� �ra QUB u�UL x�ov� OW�� u�UL QOB �ra Qo � u��Q��v� �OwW�t h� QaD uOw� QUB

�OwW�t h� QaD Q� R CQwY x� uOw� QUB x���Q

R�� � f�u�UL 	�ra � 	�u�t�� 	OtL� � 	�O� Qi 	OtL� � 	���Q 	OtLt�g

�k�kL O�Oa� xawtHt 
wQ �Q R � f�x� y� � R �Rjx� � yg x���Q �hr� �p�Ft ����

�s�vm�t pta Q� R CQwY x� R�� x���� x�U�Lt 
�Q� �O� Q�o� Q�v QO

�x� y� � R�� �� �y� x� � R�� y� � x�� y � �px

�OQm sUQ C�YDNt xLiY l� QO �Q Q�Owtv wO Qy u�wD�t

�!� pmW

%Ov�xv� Qk y � x 	N x� C�Uv R�� w R 
�yQ�Owtv OUQ�t Q�v x�
�� Inverse
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x��	Q ��� ��

R�� x���� �O� Q�o� Q�v QO �Q R� f�x� y� � R�Rjy � �x��g x���Q �p�Ft �����

�OwW�t x�U�Lt Q� R CQwY x�

�x� y� � R�� �� �y� x� � R�� x � �y � ��� y �
x �

�

�s�vm�t sUQ C�YDNt x�oDUO l� QO R�v �Q 	N wO u��

�!� pmW

�u� QtD �����

�O�U� wv� �Q B x� A R� 
�yx���Q x�rm �B � fdgw A � fa� b� cg O�vm ZQi �hr�

�O�U� wv� �Q jwi 
�yx���Q Twmat ��

�u� QtD �����

 CU�DOvJ Bx� A 
�yx���Q O�OaD x�ov� 	jBj � nw jAj � m Qo � �hr�

 CU�DOvJ A 
wQ 
�yx���Q O�OaD ��



�� x��	Q � pYi

A�B �DQ�mO �Q� pY�L R� xawtHt Q� R Qy 	h� QaD j� xm O�vm CkO �xDmv ������

Qy R� x���Q l� �yD TB 	CU� 
�xawtHt Qy xawtHt Q� R �yD xm �Hv� R� w CU� B x� A R� x���Q l�

�CU� Bx�wNrO xawtHt Qy x� A x�wNrO xawtHt

�OQm h� QaD Q� R CQwY x� �Q x���Q �Q� wYD w x���Q �xvt�O u�wD�t x�wNrO x���Q Qy 
�Q�

xm R x���Q xvt�O CQwY u�� QO �OW�� B x� A R� x���Q l� R O�vm ZQi �h� QaD ������

QYva xm� Qw�� a � A QY�va s�tD xawtHt R� CU� CQ��a 	s�yO�t V��tv Dom�R� O�tv �� �Q u�

Qo�O CQ��a x� �aRbxm OW�� xDW�O OwHw b � B

Dom�R� � fa � AjaRb� �b � Bg

s�tD xawtHt R� CU� CQ��a 	s�yO�t V��tv ��R� O�tv �� �Q u� xm R x���Q Q� wYD ��DQD u�ty x�

Qo�O CQ��a x� �aRb xm OW�� xDW�O OwHw a � AQYva xm 
Qw x� b � B QY�va

��R� � fb � BjaRb� �a � Ag

�a�� O�Oa� R� 
�xawtHt Q� R A � fx � Nj� � x � ��g O�vm ZQi �p�Ft ������

�s�vm�t h� QaD Q� R CQwY x� A 
wQ �Q Rx���Q �OW��

R � f�x� y�jx� y � A� x �� y� OW�� x R� �� Q�t yg

�OvW���t Q� R CQwY x� R x���Q QY�va CQwY u�� QO

R � f��� ��� ��� ��� ��� ��� ��� ���� ��� ��� ��� ��� ��� ��� ��� ���g

u��Q��v� w

��R� � f�� �� �� �� ��g w Dom�R� � f�� �� �� �g
�� Domain �� Image
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x��	Q ��� ��

�O� Q�o� Q�v QO Q� R CQwY x� �a�� O�Oa� xawtHt xawtHt 
wQ �Q R x���Q �u� QtD ������

R � f�x� y�jy � �x� �� x � �g

�O�vm XNWt �Q R x���Q 
��a� �hr�

�O����� �Q R Q� wYD w xvt�O ��

�O����� �Q Dom�R����R��DQ�mO �Q� pY�L �G

�O����� �Q R��x���Q �O

�O����� �Q R�� Q� wYD w xvt�O �x

�O�yO u�Wv �OvW�� Bx� A R� x���Q wO S w R O�vm ZQi �u� QtD �	����

Dom�R� � ��R��� �hr�

��R� � Dom�R��� ��

�R����� � R �G

�R � S��� � R�� � S�� �O

�R � S��� � R�� � S�� �x

R Q� wYD QO Rxvt�O �DQ�mO �Q� pY�L CQwY x� �Q R x���Q u�wD�t ��� �u� QtD ������

 �QJ  CWwv

O�Oa� xawtHt � R 
wQ xOW h� QaD 	Q� R 
�yx���Q R� l� Qy Q� wYD w xvt�O �u� QtD �����

�O����� �Q ��k�kL

hr��R� � f�x� y�jy �
x �
x� �g

��R� � f�x� y�jx � y�g

G�R� � f�x� y�jx� � y� � �g



�� x��	Q � pYi

	X � A Qo � �OW��B x�A R� x���Ql�R w xawtHt wOB wA O�vm ZQi �h� QaD ������

x� w CU� Rx���Q R� 
�xawtHt Q� R 	OwW�t xO�O V��tv Rjx O�tv �� xm X xawtHt x� R�O�OLD x�ov�

�OwW�t h� QaD Q� R CQwY

Rjx � f�x� y� � Rjx � Xg

�OQ�O Q�Qk X QO �yv� pw� xir�wt xm CU� R R� ���y�DQt GwR xty xawtHt Rjx Qo�O CQ��a x�

CQwY x� xm 	OW�� ��a�� O�Oa� xawtHt � N 
wQ x���Q l� R O�vm ZQi �p�Ft ������

�CU� xOW h� QaD Q� R

R � f�x� y� � N � Njy � �xg

�Rjx � f��� ��� ��� ��� ��� ��� ��� ���� ��� ���g x�ov� X � f�� �� �� �� �g Qo �

�CU� xOW h� QaD Q� R CQwY x� K�LY O�Oa� 
wQ R x���Q �p�Ft ������

R � f�x� y� � Z�Zjx y � �k� �k � Zg

�Rjx � f��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��� ��gx�ov� 	X � f�� �� �� �� �g Qo �

CQwY u�� QO �OW�� X � Aw B x� AR� x���Q l� RO�vm ZQi �x��k ������

Dom�Rjx� � Dom�R� �X

�OwW�t s�Hv� �yxawtHt 
Q�ow�a 	UwD C��F� �C��F�

x � Dom�Rjx��� �y � B� �x� y� � Rjx

�� �y � B� �x� y� � R � x � X

�� x � Dom�R� � x � X

�� x � Dom�R� �X��
�� Restriction

www.riazisara.ir



x��	Q ��� ��

u�Wv �OvW�� A xawtHt Q� R wO Y w X w Bx� AR� x���Q l� R O�vm ZQi �u� QtD ������

�O�yO

hr��RjX�Y � RjX � RjY

��RjX�Y � RjX � RjY

G� Rj� � 	

O� 	jX � 	

Q� wYD CQwY u�� QO �OW�� X � A w Bx� A R� x���Q l� R O�vm ZQi �h� QaD ������

�OwW�t h� QaD Q� R CQwY x� 	s�yO�t V��tv R�X � O�tv �� �Q u� xm R x���Q CLD X xawtHt

R�X � � fy � Bj�x � X� �x� y� � Rg

��NDv� �Q CU� X QO �yv� pw� xir�wt xm �Q R R� ���y�DQt GwR 	R�X � xawtHt p�mWD 
�Q� Qo�O CQ��a x�

�s�yO�t Q�Qk R�X � xawtHt QO �Q �yv� swO xir�wt w xOQm

�O� Q�o� Q�v QO Q� R CQwY x� Z 
wQ �Q R x���Q �p�Ft ������

R � f�x� y� � Z�Zjy � �x �g

� R�X � � f�� �� �� ��� ��� ��� ��� ��� ��� ��g x�ov� X � fx � Zj�� x � ��g Qo �

�OvW�� A xawtHt Q� R wO Y wX w B x� A R� x���Q l� R O�vm ZQi �u� QtD �	����

�O�yO u�Wv

hr�� R�X � � ��RjX�

�� R�X � Y � � R�X � � R�Y �

G� R�X � Y � � R�X � � R�X �



�� x��	Q � pYi

O� R�X  Y � � R�X �R�X �

x� X � Y �� R�X � � R�Y �

w� 	�X � � 	

R� R�	� � 	

��!�!� u� QtD O w G 
�yDtUk QO 
w�UD xm O�yO u�Wv Zkv p�Ft l� �� �u� QtD ������

�CU�v Q�QkQ�

QO w CU� xawtHt wO �DQ�mO �Q� pY�L R� 
�xawtHt Q� R x���Q l� 	O�OQm x�Lqt xm Qw�v�ty

h� QaD sy �yx���Q 
�Q� xOW h� QaD �yxawtHt 
wQ Q� xm �r�ta� TB �CU� xawtHt l� x���Q Qy xH�Dv

�Q O�OH pta l� s�y�wN�t uwvm � �O�O�O �Q x���Q wO p��iD w l �QDW� 	��tDH� �y u� QtD QO �CU� xOW

�s�vm�t �wQW �Q EL� p�Ft l� �� �s�vm h� QaD �yxawtHt 
wQ Q�

u�Wv R x���Q O�vm ZQi u�vJty �OvW�� Cw�iDt 
�yQyW R� xawtHt xU C w B w A O�vm ZQi

���DQ� 
�yy�Q S x���Q w xOw� C xawtHt w B xawtHt 
�yQyW u�� OwHwt ���DQ� 
�yy�Q xOvyO

�O�vm xHwD Q� R pmW x� �OyO u�Wv �Q B xawtHt w A xawtHt 
�yQyW u�� OwHwt

�!� pmW

	Ovm QiU C xawtHt 
�yQyW R� �m� x� A xawtHt 
�yQyW R� �m� R� Oy�wN� 
Qi�Ut Qo � p�L

 Ovm ��NDv� Ov�wD�t �Q ���yQ�Ut xJ

QyW x� � QyW R� Qo � xm O�vm xHwD �OwQ� �� QyW x� TBU w � QyW x� � QyW R� Ov�wD�t Qi�Ut u��
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x��	Q ��� ��

Oy�wN hkwDt w� QiU 	OwQ� � QyW x� � QyW R� Qo � u�vJty �OQ�Ov OwHw w� 
�Q� QiU xt�O� u�mt� 	OwQ� �

QyW w �� QyW ��NDv� wO Ov�wD�t xt�O� QO 	OwQ� � QyW x� w Ovm �wQW � QyW R� �Q OwN QiU Qo � �OW

�OvW���t Q� R KQW x� umtt 
�yQ�Ut x�rm u��Q��v� �OW�� xDW�O �Q ��

� 
 � 
 ��

� 
 � 
 ��

� 
 � 
 ��

x� �Ovm ��NDv� �Q ��� ��� �� w ��� ��� 	��� ��� �DQt GwR OwN QiU 
�Q� Ov�wD�t Qi�Ut u�� xH�Dv QO

�i�� �Q x�U�w Vkv B xawtHt QY�va R� �m� O��� C xawtHt x� A xawtHt R� p�kDv� 
�Q� 	Qo�O CQ��a

�O�vm xHwD Q� R h� QaD x� p�L �O�O s�Hv� �Q p�kDv� u�� u�wD� u� j� Q R� �D Ovm

CQwY u�� QO �OvW�� x���Q wO S � A�B w R � R�C O�vm ZQi �h� QaD �����

h� QaD Q� R CQwY x� 	s�yO�t V��tv � S (� R O�v�wN� � RoS O�tv �� �Q u� xm S �� R x���Q ���mQD

�OwW�t

RoS � f�x� z�j�y � B� �x� y� � S � �y� z� � Rg

O�vm ZQi �p�Ft ������

R � f��� ��� ��� ��� ��� ��� ��� ��g w S � f�a� ��� �b� ��� �b� ��� �c� ��� �a� ��g

�a� ���DQt GwR u�rw� �s�vm�t �wQW S 
�y�DQt GwR R� �OD�� RoS x���Q p�mWD 
�Q� CQwY u�� QO

j� Q R� u�wD�t x�ov� OW�� R QO ��DQt GwR pw� xir�wt 	� �va� 	�DQt GwR u�� swO xir�wt Qo � �CU�

�a� �� �DQt GwR u�wD�t TB 	��� �� � R xm �Hv� R� �O�O p�mWD �Q RoS QO ��DQt GwR 	w�a u��

OyO�t xH�Dv ��� �� � R w �c� �� � S ��DQD u�ty x� �CiQo Q�v QO RoS R� 
w�a u�wva x� �Q

�OvwW�t x�U�Lt Q� R CQwY x� RoS x���Q 
��a� Q��U ��c� �� � RoS

�b� �� � S � ��� �� � R �� �b� �� � RoS
�� Composition



�� x��	Q � pYi

�b� �� � S � ��� �� � R �� �b� �� � RoS

u��Q��v�

RoS � f�a� ��� �c� ��� �b� ��� �b� ��g

�Ovm ltm RoS x���Q p�mWD QO Ov�wD�t R�v �!�pmW

QO �OvW��v sy �y�vDt xm CU� umtt �DL �CU� O�� R S w R 	��wQ QY�va O�OaD OQ�wt ��a� QO

pta 
�x���� CQwY x� R�v RoS p�mWD 
�Q� w s�vm�t XNWt �yv� x���� �� �Q 	��wQ Cr�L u��

�O�vm xHwD Q� R p�Ft x� �s�vm�t

�!� pmW

�Ov�xOW h� QaD Q� R CQwY x� xm 	OvW�� R 
wQ x���Q wO S w R O�vm ZQi �p�Ft ������

R � f�x� y�jy � �xg w S � f�x� y�jy � x�g

�s�����t Q� R CQwY x� �Q RoS x���Q

RoS � f�x� z�j�y� �x� y� � S � �y� z� � Rg

� f�x� z�j�y� y � x� � z � �yg

� f�x� z�j�y� z � �y � �x�g

� f�x� z�jz � �x�g
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x��	Q ��� ��

�O�O p�mWD R�v �Q SoR x���Q u�wD�t u�vJty

SoR � f�x� z�j�y� �x� y� � R � �y� z� � Sg

� f�x� z�j�y� y � �x � z � y�g

� f�x� z�j�y� z � y� � ��x��g

� f�x� z�jz � �x�g

�OQ�Ov ���H��H C�Y�N 	��wQ ��mQD �va� �RoS �� SoR �rm Cr�L QO 	O�vm�t x�Lqt xm Qw�v�ty

�O����� �Q SoR w RoS Q� R OQ�wt R� l� Qy QO �u� QtD ������

hr��S � f��� ��� ��� ��g w R � f��� ��� ��� ��� �a� ��g

�� S � f�x� y� � R � Rjy � x�g w R � f�x� y� � R � Rjy � jxjg

G� S � f�x� y� � R � Rjy �� xg w R � f�x� y� � R � Rjy � xg

CQwY u�� QO �OvW�� x���Q xU T w S 	R O�vm ZQi �x��k ������

�RoS�oT � Ro�SoT �

�OQ�O 
Q�PB CmQW C�Y�N 	��wQ ��mQD Qo�O CQ��a x�

�OwW�t C��F� Q� R CQwY x� 	
Q�ow�a w 	��wQ ��mQD h� QaD R� xO�iDU� �� �C��F�

�x� z� � �RoS�oT �� �y� ��x� y� � T � �y� z� � RoS�

�� �y� �u��x� y� � T � �y� u� � S � �u� z� � R�

�� �u� ��x� u� � SoT � �u� z� � R�

�� �x� z� � Ro�SoT ���

 OQ�O OwHw S w R 	��wQ Q� wYD w xvt�O �� RoS �mQt x���Q Q� wYD w xvt�O u�� ���DQ� xJ �p�wU



�� x��	Q � pYi

�O�vm C��F �OW�� xawtHt l� X w x���Q xU T w S 	R O�vm ZQi �u� QtD ������

hr�� �RoS��� � S��oR��

�� �RoS�jX � Ro�SjX�

G�

�����
����
R � R �� RoT � SoT

R � S �� ToR � ToS

O� �RoS��X � � R�S�X ��

x� Dom�RoS� � S���Dom�R��

w� ��RoS� � R���S��

R�Qi� w �RQ� sy x���Q 	��


Qw�O�� �Ov�xOW h� QaD xawtHt l� 
wQ Q� xm s� R�OQB�t 	��wQ R� 
�xDUO �UQQ� x� 	ki VN� u�� QO

hrDNt 
�yxN�W QO �y x���Q u�� �R � A � A Qo � CU� AxawtHt 
wQ x���Q l� R xm OwW�t

�Ovvm�t �i�� �tyt 
�yWkv ���� Q

�CQwY u�� QO �OW�� AxawtHt 
wQ x���Q l� R O�vm ZQi �h� QaD �����

Qo�O CQ��a x� ��a� a� � R s�W�� xDW�O a � A Qy 
�Q� Qo � s�t�v�t 	���DR�� A 
wQ �Q R x���Q �hr�

�CU� ���DR�� R�� �a � A� aRa

��b� a� � R OwW xH�Dv �a� b� � R R� a� b � A Qy 
�Q� Qo � s�t�v�t ��uQ�kDtA
wQ �QR x���Q ��

Qo�O CQ��a x�

�CU� uQ�kDt R�� �a� b � A� �aRb�� bRa�

�b� c� � R w �a� b� � R Qo � a� b� c � A Qy 
�Q� Qo � s�t�v�t ���r�kDv� A 
wQ �Q R x���Q �G
	� Re�exive �
� Symmetric ��� Transitive
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R	Qi	 w �RQ	 sy x��	Q ��� ��

Qo�O CQ��a x� ��a� c� � R x�ov�

�CU� �r�kDv� R�� �a� b� c � A�aRb � bRc �� aRc�

A 
wQ �Q R CQwY u�� QO �OW�� AxawtHt 
wQ x���Q l� R O�vm ZQi �h� QaD �����

�OW�� �r�kDv� w uQ�kDt 	���DR�� x�oQy 	s�t�v�t ��
RQ�sy x���Q l�

�O� Q�o� Q�v QO �Q A 
wQ Q� Q� R 	��wQ w A � fa� b� c� d� eg xawtHt �p�Ft �����

R� � fb� b�� �a� b�� �b� a�� �b� e�� �e� b�g

R� � f�a� a�� �b� b�� �c� c�� �d� d�� �e� e�� �c� e�� �e� b�g

R� � f�a� c�� �c� e�� �a� e�g

R� � f�a� a�� �b� b�� �c� c�� �d� d�� �e� e�g

��O�vm �UQQ� � CU� uQ�kDt R� x���Q ��a� a� �� R� p�Ft u�wva x� �Q� R 	CU�v ���DR�� R� x���Q

��a� a� �� R� �#t� �a� b� � R� w �b� a� � R� �Q� R CU�v �r�kDv� x���Q u��

CU�v �r�kDv� x���Q u�� ��e� c� �� R� �rw �c� e� � R� �Q� R �CU�v uQ�kDt �#t� CU� ���DR�� R� x���Q

��O�vm �UQQ��

�CU� �r�kDv� �rw CU�v uQ�kDt w ���DR�� R� x���Q

�CU� 
RQ� sy x���Q l� xH�Dv QO w �r�kDv� w uQ�kDt 	���DR�� R�x���Q

h� QaD Q� R CQwY x� �Q IA x���Q �OW�� xawtHt 
wQ x���Q l� R O�vm ZQi �h� QaD 	����

�s�vm�t

IA � f�x� x�jx � Ag

�v�ty x���Q 	A 
wQ R� x���Q �!�!� p�Ft QO �s�t�v�t A xawtHt 
wQ Q� ���v�ty x���Q �Q IA x���Q

�CU� 
RQ� sy l� A 
wQ IA x���Q xm CU� �y�O� �CU�

��� Equivalencer relation ��� Identity relation



�� x��	Q � pYi

CQwY u�� QO �OW�� A xawtHt 
wQ x���Q l� R O�vm ZQi �x��k �����

�IA � R Qo � �yvD w Qo � CU� ���DR�� R �hr�

�R � R�� Qo � �yvD w Qo � CU� uQ�kDt R ��

�RoR � R Qo � �yvD w Qo � CU� �r�kDv� R �G

�C��F�

�O� Q�o� Q�v QO �Q �x� x� � IA QYva �IA � R s�yO�t u�Wv �OW�� ���DR�� R O�vm ZQi �OD�� �hr�

�iQ R� �IA � R �va� ��x� x� � R TB 	CU� ���DR�� R xm �Hv� R� �x � A CQwY u�� QO


�Q� �x� x� � R xH�Dv QO w �x� x� � IA s� Q�O 	x � AQy 
�Q� xm CU� �y�O� 	IA � RQo �

�CU� ���DR�� R u��Q��v� �x � A Qy

CQwY u�� QO �OW�� uQ�kDt O�vm ZQi �OD�� ��

�x� y� � R�� �y� x� � R�� �x� y� � R��

x�ov� R � R�� Qo � �iQ R� �R � R�� u��Q��v�

�x� y� � R�� �x� y� � R�� �� �y� x� � R

�CU� uQ�kDt R TB

CQwY u�� QO �OW�� �r�kDv� R O�vm ZQi �G

�x� z� � RoR �� �y� �x� y� � R � �y� z� � R �� �x� z� � R

�CU� �r�kDv� R s�yO�t u�Wv �RoR � R O�vm ZQi TmaQ� �RoR � R TB

�x� y� � R � �y� z� � R �� �x� z� � RoR � R �� �x� z� � R��

�RoR �� R xm O�vR� p�Ft �r�kDv� x���Q l� �u� QtD ����
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R	Qi	 w �RQ	 sy x��	Q ��� ��

�u� QtD �����


RQ� sy x���Q l� R�v R � S O�yO u�Wv �OvW�� A 
wQ 
RQ� sy x���Q wO S w R O�vm ZQi �hr�

 �QJ  CU� Q�QkQ� R�v R � S OQwt QO smL u�� ��� �CU� A 
wQ

�CU� uQ�kDt x���Q l� R � R�� x���Q O�yO u�Wv �OW�� A 
wQ x���Q l� R O�vm ZQi ��

x���Q l� S Qo � �va� �OQ�O Q� QO �Q R xm CU� �vQ�kDt x���Q u� QDmJwm R � R�� O�yO u�Wv �G

�R �R�� � S x�ov� 	R � S xm OW�� uQ�kDt

�CU� uQ�kDt x���Q l� R � R�� x���Q O�yO u�Wv �OW�� A 
wQ x���Q l� R O�vm ZQi �O

x���Q l� S Qo � �va� �OQ�O OwHw R QO xm CU� �vQ�kDt x���Q u� QDoQR� R � R�� O�yO u�Wv �x

�R �R�� � S x�ov� 	R � S xm OW�� uQ�kDt

umtt 
RQ� sy 	��wQ x�rm s�y�wN�t �O� Q�o� Q�v QO �Q A� fa� b� cg xawtHt �p�Ft �����

O��� pk�OL TB �OW�� ���DR�� O��� A 
wQ 
RQ� sy x���Q Qy xm CU� �y�O� �s� Qw� CUO� �Q A 
wQ Q�

�O� Q�o� Q�v QO Q� R CQwY x� �Q R�x���Q � OW�� IA pt�W

R� � f�a� a�� �b� b�� �c� c�g

Qo � �CU� R� x���Q 	A 
wQ 
RQ� sy x���Q u� QDmJwm u��Q��v� ��r�kDv� sy w CU� uQ�kDt sy x���Q u��

QYva Qo � �s�vm xi��� IA x� �Q �v�ty Q�e QY�va O��� s� Qw� CUO� �Q 
Qo�O 
RQ� sy 	��wQ s�y�wN�

uOwRi� �� �OQm xi��� u� x� R�v �Q �b� a� QYva �DU��� x���Q uQ�kD �iL 
�Q� 	s�vm xi��� IA x� �Q �a� b�

Q� R CQwY x� 
Qo�O 
RQ� sy x���Q u��Q��v� �Ov�t�t Q�QkQ� R�v x���Q uOw� �r�kDv� �QW QYva wO u��

�O���t CUO�

R� � f�a� a�� �b� b�� �c� c�� �a� b�� �b� a�g

�OQw� CUO� 
O�OH 
RQ� sy 	��wQ w OQm Zwa �b� c� �� �a� c� �� �Q �a� b� QYva Vkv u�wD�t

R� � f�a� a�� �b� b�� �c� c�� �a� c�� �c� a�g



�� x��	Q � pYi

R� � f�a� a�� �b� b�� �c� c�� �b� c�� �c� b�g


�Q� �OQm xi��� IA x� �Q �a� c� w �a� b� QYva wO O��� O�OH 
RQ� sy x���Q uOQw� CUO� 
�Q� Q�� u��

xi��� �Q �b� c� O��� �a� c� w �b� a�QYva wO OwHw �� �s�vm xi��� R�v �Q �c� a� w �b� a� O��� uQ�kD �iL

x���Q ��DQD u�� x� w s�vm xi��� x���Q uQ�kD �iL 
�Q� R�v �Q �c� b� O��� QN� QO �OW�� �r�kDv� x���Q �D s�vm

�O���t CUO� CU� A�A 
w�Ut xm Q� R

R� � f�a� a�� �b� b�� �c� c�� �b� c�� �c� b�� �a� c�� �c� a�� �a� b�� �b� a�g

x�rm w Ow� Oy�wN A 
wQ 
RQ� sy x���Q u� QDoQR� 	CU� A � A 
w�Ut R� x���Q xm u�� x� xHwD ��

�Ov�xOt� CUO� A 
wQ 
RQ� sy 	��wQ


wQ Q� R 	��wQ l� Qy R� �r�Ft �O� Q�o� Q�v QO �Q A � fa� b� cg xawtHt �u� QtD �����

�O�yO x��Q� A

�CU�v �r�kDv� �rw CU� uQ�kDt w ���DR�� 
�x���Q R �hr�

�CU�v ���DR�� �rw CU� �r�kDv� w uQ�kDt 
�x���Q R ��

�CU�v uQ�kDt �rw CU� �r�kDv� w ���DR�� 
�x���Q R �G

�CU�v �r�kDv� w uQ�kDt 	���DR�� R �O

�s�vm�t �iQat �Q OQ�O O�Oa� x� Q�v w Q�H QO 
O�� R 
�yOQ� Q�m xm 
RQ� sy x���Q l� xt�O� QO

Q� R CQwY x� Z 
wQ �Q �n x���Q �OW�� �a�� OOa l� n O�vm ZQi �h� QaD ������

�s�vm�t h� QaD

x �n y �� �k � Z� �x y � kn�

R�v x � y� mod n� O�tv R� OQ�wt ��a� QO �s�t�v�t n ��xv�t�B x� ���DWyv sy x���Q �Q �n x���Q

�OwW�t xO�iDU�
��� Congruence relation ��� Modulo
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R	Qi	 w �RQ	 sy x��	Q ��� ��

x���Q w OW Oy�wN p�O�D Z�Z pm x� nxv�t�B x� �DWyv sy x���Q n � � Cr�L QO xm O�vm xHwD

�Ovm�tv u��� �Q �Y�N

sy x���Q l� Z 
wQ n xv�t�B x� �DWyv sy x���Q 	n �a�� OOa Qy 
�Q� �x��k ������

�CU� 
RQ�

���DR�� �n x���Q �va� �x �n xTB �xx �  � ��n xm CU� �y�O� x � Z Qy 
�Q� �C��F�

�CU�

�va� �y  x � �k�n TB �x y � kn xm OQ�O OwHw k � Z u��Q��v� �x �n y O�vm ZQi p�L

�y �n z w x �n y O�vm ZQi �n x���Q uOw� �r�kDv� C��F� 
�Q� �CU� uQ�kDt �n x���Q w y �n x

Q�N� 
w�UD wO u�iQ �tH R� �y  z � k�n w x y � kn xm OvQ�O OwHw k� k� � Z QY�va �va�

� �CU� �r�kDv� �n u��Q��v� �x �n z OwW�t xH�Dv uO�O Q�Qk �� �x z � �k � k��n s� Q�O

� � � O�tv R� �qwtat xawtHtl� 
wQ 
RQ� sy x���Ql�V��tv 
�Q� ��Q�PoO�tv ������

�� �Q xRy x�ov� 	�x� y� � R w 
RQ� sy l� R Qo � Qo�O CQ��a x� �s�vm�t xO�iDU� ���Or�D� O�v�wN� �

�s�yO�t V��tv x � y

�a� b � A w OW�� A xawtHt 
wQ 
RQ� sy x���Q l� � � � O�vm ZQi �h� QaD ������

�s�t�v�t b RQ� sy �Q a x�ov� a � b Qo �

CQwY u�� QO �OW�� AxawtHt 
wQ 
RQ� sy x���Q l� � � �O�vm ZQi �h� QaD �	����

xawtHt R� CU� CQ��a 	s�yO�t V��tv � �a� �� � �aO�tv �� �Q u� xm 	a ��
RQ�sy Tqm a � A 
�Q�

��a � fx � Ajx ag Qo�O CQ��a x� �OvDUy a RQ� sy xm A QY�va xty

�O� Q�o� Q�v QO A � fa� b� c� d� egxawtHt 
wQ �Q Q� R 
RQ� sy x���Q �p�Ft ������

R � f�a� a�� �b� b�� �c� c�� �d� d�� �e� e�� �a� b�� �b� a�� �c� d�� �d� c�g
��� Equivalence class



�� x��	Q � pYi

�OvW���t Q� R CQwY x� x���Q u�� 
RQ� sy 
�yUqm

�a � fa� bg 	�b � fa� bg 	�c � fc� dg 	 �d � fc� dg 	�e � feg

CQwY u�� QO �O� Q�o� Q�v QO �Q Z 
wQ �� 
RQ� sy x���Q �p�Ft �����

�� � fx � Zjx�� �g � fx � Zj�k � Z� x�� �kg � fx � Zj�k � Z� x� �k��g

�Ci�� Q� R �� Tqm u�wD�t ��DQD u�ty x� �CU� Z QO OQi O�Oa� xty xawtHt �� Qo�O CQ��a x�

�� � fx � Zjx�� �g � fx � Zj�k � Z� x � � �kg � fx � Zj�k � Z� x� �k � �g

� fx � Zj�k � Z� ��k� �� � � � ��

u�vJty �O����� R�v �Q ��� ��� ��� �� 
RQ� sy 
�yUqm ��!�!� p�Ft QO �u� QtD ������

�O� Qw� CUO� �Q ��� ��� ��� �� 
�yUqm

�s�vm�t �UQQ� Qo�Om� �� �Q 
RQ� sy 
�yUqm ���DQ� Oa� x��k wO QO

QO �a� b � A w OW�� A xawtHt 
wQ 
RQ� sy x���Q l� � O�vm ZQi �x��k ������

CQwY u��

a � b�� �a � �b

ZQi j� �x � a TB x � �a O�vm ZQi ��a � �b s�yO�t u�Wv �a � b O�vm ZQi �OD�� �C��F�

��DQD u�ty x� ��a � �b xH�Dv QO w x � �b �va� �x � b TB 	CU� 
RQ� sy � xm �Hv� R� w a � b

��a � �b xH�Dv QO w �b � �a xm O�O u�Wv u�wD�t

x � A Qy 
�Q� TB 	CU� ���DR�� � xm �Hv� R� �a � b xm s�yO�t u�Wv ��a � �b O�vm ZQi p�L

p�L �x � �x �va� �x � x s� Q�O

a � �a � �a � �b �� a � �b �� a � b��
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R	Qi	 w �RQ	 sy x��	Q ��� ��

�s� Q�O �yxQ�Ro uOQm Z�kv w ��!�!� x��k x� xHwD �� �xDmv ������

a �� b�� �a �� �b

�k�w QO �t� �Ow� Ovy�wNv 
w�Ut �yv� 
RQ� sy 
�yUqm x�ov� 	OvW��v RQ� sy b w a Qo � Qo�O CQ��a x�

�O�vm xHwD Q� R x��k x� �OQm C��F� �Q u�� R� QDW�� 
R�J u�wD�t

u�� QO �a� b � A w OW�� A xawtHt 
wQ 
RQ� sy l� � O�vm ZQi �x��k ������

CQwY

a �� b�� �a � �b � 	

x � �a � �bQYva u��Q��v� ��a � �b �� 	 O�vm ZQi 	hrN ZQi j� �a �� b O�vm ZQi �OD�� �C��F�

xHwD �� p�L �a � xCU� uQ�kDt � xm �Hv� R� �x � b w x � aTB �x � �b w x � �a �va� �OQ�O OwHw

��a � �b � 	 TB �CU� Zk�vD xm a � b OwW�t xH�Dv 	x � b w a � x xmv�� w � uOw� �r�kDv� x�

� �a �� b s� Q�O ��!�!� xDmv j� ��a �� �b TB �a � �b � 	 O�vm ZQi 	TmaQ�

xawtHt CQwY u�� QO �OW�� AxawtHt 
wQ 
RQ� sy l� � O�vm ZQi �h� QaD ������


�yUqm xty xawtHt R� CU� CQ��a 	OwW�t xO�O V��tv A�� O�tv �� xm � 
wQ A CtUk GQ�N

�A�� � f�aja � Ag Qo�O CQ��a x� �AQY�va 
RQ� sy

QO �Q �!�!� p�Ft QO R� �D R� 
RQ� sy 	��wQ w A � fa� b� cg xawtHt �p�Ft ������

�OvW���t Q� R CQwY x� 	��wQ u�� R� l� Qy 
�Q� 
RQ� sy 
�yUqm xawtHt �O� Q�o� Q�v

A�R�
� ffag� fbg� fcgg

A�R�
� ffa� bg� fcgg

A�R�
� ffa� cg� fbgg

A�R�
� ffag� fb� cgg

A�R�
� ffa� b� cgg



�� x��	Q � pYi

�xm O�W�� xOQm xHwD xDmv u�� x� uwvm �D O��W �xDmv ������

	a � A Qy 
�Q� xH�Dv QO w CU� ���DR�� 	
RQ� sy x���Q Qy �Q� R 	OvDUy �yD�v 
RQ� sy 
�yUqm �hr�

��a �� 	 xH�Dv QO w a � �a �va� �a � a

��RHt �� Ov� w�Ut �� 
RQ� sy 
�yUqm Qo�O CQ��a x� �OvDUy �RHt 	Cw�iDt 
RQ� sy 
�yUqm ��


�yUqm R� �m� QO A
��a� R� l� Qy �va� �OR�U�t �Q A xawtHt 
RQ� sy 
�yUqm ��tDH� �G

�OvQ�O Q�Qk 
RQ� sy

Q� R x� �Q A xawtHt x���Q u�� 
RQ� sy 
�yUqm x�ov� 	OW�� A 
wQ 
RQ� sy x���Q Qo�O CQ��a x�

�O�vm xHwD Q� R p�Ft x� �Ovvm�t s�UkD �RHt wO x� wO w �yD�v 
�yxawtHt


�yUqm s�y�wN�t �O� Q�o� Q�v QO Z 
wQ �Q n xv�t�B x� �DWyv sy x���Q �p�Ft �	����

sD� Qwor� j� �OW�� Z QO x�wNrO OOa l� m xm O�vm ZQi �s� Qw� CUO� �Q x���Q u�� 
�RHt 
RQ� sy

m OOa u�wD�t �va� �� � r � n � w m � nq � r xm OvQ�O OwHw r w q K�LY O�Oa� 	s�UkD

�� � r � n  � xm CU� �y�O� �CU� s�UkD u�� xOv�t�k�� r w CtUk GQ�N q 	OQm s�UkD n Q� �Q

�m� QO K�LY OOa Qy �va� �CU� r 
RQ� sy Tqm R� 
w�a m TB �m �n r CQwY u�� QO

x���Q u�� 
�RHt 
RQ� sy 
�yUqm u��Q��v� �� �� n  � xm OQ�o�t Q�Qk r 
RQ� sy 
�yUqm R�

w CU�RHt 
RQ� sy Tqm n 
�Q�O �n x���Q Qo�O CQ��a x� �n �� � � � � �� � �� �R� OvDQ��a

u��Q� xwqa �OvDUy �RHt wO x� wO w �yD�v �yUqm u�� xm CU� �y�O� �Z�	n � f��� ��� � � � � n �g

�OR�U�t �Q Z xawtHt �yv� ��tDH�

�s�yO x��Q� �Q R�Qi� h� QaD �D s��xO�t� 	jwi p�Ft w xDmv x� xHwD ��

R� P xawtHt Q� R CQwY u�� QO �OW�� �yD�v xawtHt l� A O�vm ZQi �h� QaD ������

�x�oQy 	s�t�v�t A ��R�Qi� l� �Q P �A�

�OW�� �yD�v P w�a Qy �hr�

��� Partition
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R	Qi	 w �RQ	 sy x��	Q ��� ��

�OvW�� �RHt wO x� wO P 
��a� ��

�OW�� A 
w�Ut P ��tDH� �G

pmW x� �Ovm�t s�UkD �yD�v 
�yxawtHtQ� R x� �Q A xawtHt 	A R�Qi� l� xm Cio u�wD�t 
OwyW Qw��

�O�vm xHwD �!�

�!� pmW

�OQm R�Qi� hrDNt 
�yWwQ x� u�wD�t �Q �yD�v xawtHt l� xm CU� �y�O�

CUO� �Q A 
wQ Q� hrDNt 
�yR�Qi� s�y�wN�t �A � fa� b� cg O�vm ZQi �p�Ft �����

�va� �s�vm�t s�UkD 
w�a lD xawtHt Q� R xU x� �Q A �OD�� �wQW 
�Q� �s� Qw�

P� � ffag� fbg� fcgg

QO 
w�a lD xawtHt l� u�wva x� �Q swU QYva w O�O Q�Qk xawtHt l� QO �Q A w�a wO Qy u�wD�t

�s� Qw��t CUO� �Q Q� R R�Qi� xU ��DQD u�O� �CiQo Q�v

P� � ffa� bg� fcgg

P� � ffa� cg� fbgg

P� � ffag� fb� cgg



�� x��	Q � pYi

Q�v QO A xawtHtQ� R l� u�wva x� �Q AOwN xm CU� u� 	CiQo Q�v QO A 
wQ u�wD�t xm 
R�Qi� u� QN�

�s�W�� xDW�O 
w�a lD R�Qi� l� w s� Q�o�

P� � ffa� b� cgg

l� 
wQ 
RQ� sy 
�yUqm xawtHt xm s�v�O�t ��!�!� xDmv x� xHwD �� �xDmv ������

xawtHt l� 
wQ Q� xOt� CUO� 
�yR�Qi� xU��kt �� p�L �OvR�U�t �Q xawtHt u� 
wQ R�Qi� l� 	xawtHt


wQ hrDNt 
RQ� sy 
�yx���Q x� xDU��w 
RQ� sy 
�yUqm xawtHt w ��!�!� p�Ft QO 	A 
w�a xU

l� 
RQ� sy 
�yUqm xawtHt Ovv�wD�t �y R�Qi� u�� R� l� Qy xm OwW�t xOy�Wt 	��!�!� p�Ft QO A

x���Q l� Ov�wD�t A R�Qi� Qy xm s�yO�t u�Wv 
Oa� x��k w h� QaD QO �OvW�� A 
wQ 
RQ� sy x���Q

�OW�� x�rw� R�Qi� u�ty 	x���Q u� 
RQ� sy 
�yUqm xm Ovm h� QaD A 
wQ 
RQ� sy


wQ �Q �P x���Q �OW�� AR�Qi� l� P w �yD�v xawtHt l� A O�vm ZQi �h� QaD ������

�s�vm�t h� QaD Q� R CQwY x� A

X �P y �� �X � P� x� y � X

�OvyO�t V��tv R�v A�P O�tv �� �Q �P x���Q �s�t�v�t PR�Qi� x� xDU��w 
RQ� sy x���Q �Q �P x���Q

�CQwY u�� QO �OW�� AR�Qi� l� P w �yD�v xawtHt l� A O�vm ZQi �x��k ������

�CU� A 
wQ 
RQ� sy x���Q l� �P x���Q �hr�

�A��P� P ��

xH�Dv QO w
S
P � A TB 	CU� AR�Qi� Pxm �Hv� R� �O� Q�o� Q�v QO �Q x � AQYva �hr� �C��F�

	h� QaD j� TB 	x� x � X xm �Hv� R� �x � X xm OQ�O OwHw X � PxawtHt u��Q��v� �x � SP

�CU� ���DR�� �P �va� �x �P x

�y� x � X xH�Dv QO �x� y � X xm OQ�O OwHw X � P xawtHt TB �x �P yO�vm ZQi p�L

�y �P zw x �P y O�vm ZQi 	�P uOw� �r�kDv� C��F� 
�Q� �CU� uQ�kDt �P u��Q��v� � y �P x�va�
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R	Qi	 w �RQ	 sy x��	Q ��� ��

TB 	y � X � Y xm �Hv� R� �y� z � Y w x� y � Xxm OvQ�O OwHw X�Y � P 
�yxawtHt �va�

�x �P z �va� �x� z � X xH�Dv QO �X � Y s� Q�O 	CU� R�Qi� l� P uwJ w X � Y � 	

A 
�yxawtHt Q� R R� ���yxawtHt A��P
RQ� sy 
�yUqm xawtHt w P R�Qi� xm s�v�O�t ��

�s�yO�t u�Wv 
Q�o w�a �� �Q �yv� 
w�UD �OvDUy

�aO� �OQ�O OwHw a � XQYva �va� �X �� 	 TB 	CU� R�Qi� P xm �Hv� R� �X � P O�vm ZQi

�CU� X xawtHt u�ty a 
RQ� sy Tqm xm s�vm�t

�Hv� R� �a� x � Y xm OQ�O OwHw Y � P xawtHt h� QaD j� �x �P a u��Q��v� �x � �a O�vm ZQi

j� xm �Hv� R� �x � X O�vm ZQi 	TmaQ� ��a � X TB �x � X �va� �X � Y TB 	a � Xxm

w�a l� Q��Q� PR�Qi� w�a Qy u��Q��v� ��a � X xH�Dv QO w x � �a �va� �x �P a TB 	a � X ZQi

�CU� 
RQ� sy 
�yUqm R�

Tqm �CU� PR�Qi� 
��a� R� �m� A��PxawtHt QO 
RQ� sy Tqm Qy xm s�yO�t u�Wv p�L

X � P TB �a � A �
S
P �iQ R� �a � �a xm s�v�O�t �O� Q�o� Q�v QO �Q �a � A��P
RQ� sy

��a � X s�yO�t u�Wv �a � X xm OQ�O OwHw

p�L �X � �axH�Dv QO �a � �a �va� �x �P a TB �x� a � Xx�ov� 	x � X Qo � xm CU� �y�O�

�x � Y xm OQ�O OwHw Y � PQYva TB 	x � A �
S
P xm �Hv� R� �O� Q�o� Q�v QO �Q x � �a QYva

u��Q��v� �X � Y xH�Dv QO �a � X � Y u��Q��v� �a� x � Y �va� �x �P a TB 	x � �a �iQ R�

� � �a � Xw x � X


wQ P � ffa� bg� fcg� fd� egg R�Qi� w A � fa� b� c� d� eg xawtHt �u� QtD ������

�O� Q�o� Q�v QO �Q A

�O�yO V��tv �DQt 
�yGwR �� �Q PR�Qi� x� xDU��w 
RQ� sy x���Q �hr�

�O� Qw� CUO� �Q x���Q u�� 
RQ� sy 
�yUqm ��

s�yO Q�Qk Qo � �OW�� A�yD�v xawtHt 
wQ 
RQ� sy x���Q l� � O�vm ZQi �u� QtD ������

�A�P� A��A��� �� O�yO u�Wv 	A�� � P



�� x��	Q � pYi

��xm�Wt w�����DQD x���Q 
��

�Ov�xOW h� QaD xawtHt l� 
wQ Q� xm s� R�OQB�t 	��wQ R� Qo�O xDUO l� �iQat x� VN� u�� QO

xm 	OvR�U�t �Q �DQt 
Q�H 
�yQ�DN�U 	CU� xOW h� QaD �yv� 
wQ Q� ���DQD 	��wQ xm ���yxawtHt

OQwt �DQt 
Q�H Q�DN�U u� QD ���OD�� u�wva x� R�v �Q �yxm�Wt �Ovvm�t ��i�� Q�H QO �Q �tyt Vkv

�s� R�OQB�t x�rw� h� Q�aD x� �OD�� QO �s�yO�t Q�Qk xar��t

bRa w aRb Qo � 	s�t�v�t ��uQ�kDtO�B x���Q l� A xawtHt 
wQ �Q R x���Q �h� QaD ��	��

Qo�O CQ��a x� �a � b xm OyO xH�Dv

�CU� uQ�kDt O�B R�� �aRb � bRa �� a � b�

	���DR�� RQo � 	s�t�v�t ���� RH ��DQD l� A xawtHt 
wQ �Q R x���Q �h� QaD ��	��

�OW�� �r�kDv� w uQ�kDtO�B


�yxawtHtQ� R s�tD 
wQ �Q ���� pwtW x���Q �OW�� xawtHt l� A O�vm ZQi �p�Ft ��	��

�CU� ���DR�� P �A� 
wQ � x���Q �va� �X � Xs� Q�O X � P �A� Qy 
�Q� �O� Q�o� Q�v QO A

P �A� 
wQ � Kw�w x� �CU� uQ�kDtO�B P �A� 
wQ �TB �X � Y x�ov� Y � X w X � Y Qo �


wQ �� RH ��DQD l� � u��Q��v� �X � Z OwW�t xH�Dv Y � Z w X � Y R� �Q� R �CU� �r�kDv�

�CU� P �A�

s� Q�O x � RQy 
�Q� �O� Q�o� Q�v QO �k�kL O�Oa� xawtHt 
wQ �Q � x���Q �p�Ft 	�	��

uQ�kDtO�B R 
wQ �u��Q��v� �x � y x�ov� y � x w x � yQo � �CU� ���DR�� R 
wQ � TB �x � x

��DQD l� R 
wQ �xH�Dv QO w CU� �r�kDv� R 
wQ �TB �x � z x�ov� y � z w x � y Qo � �CU�

�CU� �� RH

�	� Ordered relation �	� Lattice �
� Anti�symmetric ��� Partial order
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xm�Wt w ���DQD x��	Q ��� ��

QO �a�� O�Oa� xawtHt 
wQ Q� R CQwY x� �Q �uOQm O�a �� � ��uOQtW x���Q �p�Ft ��	��

�O� Q�o� Q�v

xjy �� �k � N� y � kx

�CU� �� RH ��DQD l� N 
wQ �j� x���Q xm OQm �UQQ� u�wD�t �DL�Q x�

�Q A CQwY u�� QO �OW�� A 
wQ �� RH ��DQD x���Q l� � O�vm ZQi �h� QaD �	��

O�tv �� �Q u� �� RH ��DQD x���Q �� x�Qty A �� RH �DQt xawtHt �s�t�v �t ���� RH �DQt xawtHt l�

�s�yO�t u�Wv �A���

�p�Ft ��	��

QDtm x���Q u�ty � u� QO xm �R��� CQwY u�� QO �OW�� �k�kL O�Oa� xawtHt R O�vm ZQi �hr�

�CU� �� RH �DQt xawtHt l� 	CU� O�Oa� 
w�Ut ��

�CU� �� RH �DQt xawtHt l� �P �A���� x�ov� 	OW�� x�wNrO xawtHt l� AQo � ��

�CU� �� RH �DQt xawtHt l� 	�N� j� �va� 	uOQtW x���Q �� x�Qty �a�� O�Oa� xawtHt �G

aRb xm CQwY u�O� 	s�yO�t V��tv Q�Owtv 	UwD �qwtat �Q �� RH ��DQD 	��wQ �xDmv ��	��

a 
w�Ut �� QDoQR� b �� � CU� b 
w�Ut �� QDmJwm a s�� wo�t w s�yO�t V��tv a 
 b 	UwD �Q

KqY� a 
 c 
 b CQwY x� �Q Q�Owtv u�� u�wD�t 	cRbw aRc s�W�� xDW�O x���Q QO Qo � ��CU�

p�Ft x� �OwW�tv xO�O V��tv x���Q uOw� ���DR�� 	OwW�t sUQ ���DQD 	��wQ 
�Q� xm ���yQ�Owtv QO �OQm

�O�vm xHwD Q� R


wQ Q� R CQwY x� �Q � �� RH ��DQD x���Q w A � fa� b� c� d� e� fg xawtHt �p�Ft ��	��

�O� Q�o� Q�v QO

�� IA � f�a� b�� �a� c�� �a� d�� �a� e�� �a� f�� �c� d�� �f� b�g
��� Divisibility relation ��� Partial ordered set



�� x��	Q � pYi

�s�vm sUQ Q� R sQi x� 
Q�Owtv O��� �a� b�� �a� c�� �a� d�� �a� e�� �a� f� �DQt 
�yHwR x� xHwD ��

�!� pmW

�s�vm KqY� Q� R CQwY x� �Q Q�Owtv xm OvwW�t Ea�� �c� d�� �f� b� �DQt 
�yHwR �t�

�!� pmW

xawtHt l� �P �A���� s�v�O�t �O� Q�o� Q�v QO �Q A� fa� b� cg xawtHt �p�Ft ���	��

�CU� Q� R CQwY x� x���Q u�� Q�Owtv �CU� �� RH �DQt
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xm�Wt w ���DQD x��	Q ��� ��

�!� pmW

�u� QtD ���	��

�O�vm sUQ A � fa� b� c� d� e� fg 
wQ �Q Q� R �� RH ��DQD x���Q Q�Owtv �hr�

�� IA � f�b� a�� �c� a�� �c� d�� �c� e�� �c� f�� �e� a�� �e� b�� �e� f�g

�� �Q x���Q u�� �OD�� �O� Q�o� Q�v QO A � fx � Nj� � x � ��gxawtHt 
wQ �Q uOQtW x���Q ��

�O�vm sUQ �Q u� Q�Owtv TBU 	O�vm XNWt u� �DQt 
�yHwR

QY�va CQwY u�� QO �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD ���	��

�s�� wo�t ��Q�PB�vxU��kt �Q �yv� CQwY u�� Q�e QO �b � a�� a � b Qo � s�� wo ��Q�PBxU��kt �Q a� b � A

u�� QO �O� Q�o� Q�v QO �Q ��!�!� p�Ft QO �P �A������ RH �DQt xawtHt �p�Ft ���	��

�OvQ�PB xU��kt w�a wO u�� TB �fag � fa� cg �iQ R� �OvQ�PB�v xU��kt fbg w fagQY�va CQwY

�O�vm XNWt �Q x���Q u�� Q�PB�v xU��kt w Q�PB xU��kt QY�va Q��U

w xOW h� QaD A � f�� �� �� �� �� �� �g 
wQ �Q Q� R �� RH ��DQD x���Q �u� QtD �	�	��

�O� Q�o� Q�v QO �Q CU�xOW xO�O V��tv Q� R Q�Owtv 	UwD

�O�vm XNWt �Q x���Q u�� �DQt 
�yHwR �hr�

�O�vm XNWt �Q u� Q�PB�v xU��kt w Q�PB xU��kt QY�va ��

��� Comparable ��� Incomparable



�� x��	Q � pYi

��!� pmW

�CQwY u�� QO �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD ���	��

CQ��a x� �x � a s�W�� xDW�O x � A Qy 
�Q� Qo � 	s�t�v�t A ��w�a u� QDoQR� �Q a � A w�a �hr�

�OW�� QDoQR� A 
��a� xty R� Qo � CU� A w�a u� QDoQR� a 	Qo�O

CQ��a x� �a � x s�W�� xDW�O x � A Qy 
�Q� Qo � 	s�t�v�t A ��w�a u� QDmJwm �Q a � A w�a ��

�OW�� QDmJwm A 
��a� xty R� Qo � CU� Aw�a u� QDmJwm a 	Qo�O

a 	Qo�O CQ��a x� �a � xOyO xH�Dv a � x Qo � 	s�t�v�t A ��p�t� Rm �t w�a �Q a � A w�a �G

�OW�� xDW�Ov OwHw aR� QDoQR� 
w�a Qo � CU� A p�t� Rm �t w�a

a 	Qo�O CQ��a x� �a � xOyO xH�Dv x � a Qo � 	s�t�v�t A �	p�t�v�t w�a �Q a � A w�a �O

�OW�� xDW�Ov OwHw a R� QDmJwm 
w�a Qo � CU� A p�t�v�t w�a

Q�v QO A � f�� �� �� �� �� �� �g xawtHt 
wQ �Q Q� R �� RH ��DQD x���Q �p�Ft ��	��

xir�wt � �OQ�Ov OwHw �yv� R� QDmJwm 
w�a �Q� R 	OvDUy p�t�v�t � w � 
��a� CQwY u�� QO �O� Q�o�

	OvDUy p�t� Rm �t � w �	� 	� 
��a� ��DQD u�ty x� ��OvDU�v ��� �� w ��� �� RH� ��DQt GwR I�y swO

u� QDoQR� x���Q u�� ��OvDU�v �a� a� RH� ��DQt GwR I�y pw� xir�wt � �OQ�Ov OwHw �yv� R� QDoQR� 
w�a �Q� R

�OQ�Ov w�a u� QDmJwm w w�a
��� Maximum element ��� Minimum element ��� Maimal element �	� Minimal

element
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xm�Wt w ���DQD x��	Q ��� ��

��!� pmW

u�� �O� Q�o� Q�v QO �Q ��!�!� p�Ft QO �P �A���� �� RH �DQt xawtHt �p�Ft ���	��

CLD P �A� p�t�v�t w�a 	 xm CU� �y�O� �CU� A w�a u� QDoQR� w 	 w�a u� QDmJwm 
�Q�O x���Q

�CU� u� p�t� Rm �t w�a A w x���Q u��

CQwY QO� �� RH��DQD x���QCLDA xawtHt w�a u� QDoQR� xm O�vmCkO �xDmv ���	��

QO � x���Q CLD A xawtHt w�a u� QDmJwm ��DQD u�ty x� �Ow� Oy�wN R�v p�t� Rm �t w�a 	OwHw

�Ow� Oy�wN p�t�v�t 	OwHw CQwY

u� QDmJwm CQwY u�� QO �OW���� RH�DQt xawtHtl� �A��� O�vm ZQi �x��k ���	��

�OvOQi� QYLvt OwHw CQwY QO w�a u� QDoQR� w

TB 	CU� A w�a u� QDoQR� a xm �Hv� R� �OvW�� A w�a u� QDoQR� wO Qy a� w a O�vm ZQi �C��F�

u��Q��v� 	CU� uQ�kDtO�B � x���Q �#t� �a � a� s� Q�O 	CU� Aw�a u� QDoQR� a� xm �Hv� R� w a� � a

� �OQm C��F� �Q A w�a u� QDmJwm uOw� OQi� QYLvt u�wD�t ��DQD u�ty x� �a � a�

QO �Q Aw�a u� QDoQR� w u� QDmJwm u�vJty 	p�t�v�t w p�t� Rm �t 
��a� �u� QtD ���	��

�O����� ��!�!� u� QtD �� RH ��DQD x���Q



�� x��	Q � pYi

Q�v QO A � fx � Nj� � x � ��g xawtHt 
wQ �Q uOQtW x���Q �u� QtD ���	��

QO 	x���Q u�� CLD �Q A w�a u� QDmJwm w u� QDoQR� u�vJty 	p�t�v�t w p�t� Rm �t 
��a� �O� Q�o�

�O����� OwHw CQwY

A 
wQ �� RH ��DQD x���Q l� �w �y�vDt xawtHt l� A O�vm ZQi �u� QtD ���	��

�OvQ�O OwHw A p�t�v�t w p�t� Rm �t QY�va O�vm C��F �OW��

w p�t� Rm �t w�a xm O�vR� u� 
wQ �� RH x���Q w xawtHt l� R� �r�Ft �u� QtD ���	��

�OW�� xDW�Ov p�t�v�t

�yD�v xawtHtQ� R l� B w �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD �	�	��

�CQwY u�� QO �OW�� A

s�W�� xDW�O x � B Qy 
�Q� Qo � s�t�v�t B ��
q�� u�Qm l� 	OwHw CQwY QO �Q 
 � A w�a �hr�

�x � a

s�W�� xDW�O x � B Qy 
�Q� Qo � s�t�v�t B ��u���B u�Qm l� 	OwHw CQwY QO �Q 
 � A w�a ��

�
 � x

xOw� B 
q�� u�Qm l� 
 Qo � s�t�v�t B ��
q�� u�Qm u� QDmJwm 	OwHw CQwY QO �Q 
 � A w�a �G


�yu�Qm xawtHt QO Qo�O CQ��a x� �
 � � s�W�� xDW�O � Ovv�t 	B Qo�O 
q�� u�Qm Qy 
�Q� w

�CU� w�a u� QDmJwm 
 	B 
q��

w xOw� B u���B u�Qm l� 
 Qo � s�t�v�t B ��u���B u�Qm u� QDoQR� 	OwHw CQwY QO �Q 
 � A w�a �O

u���B 
�yu�Qm xawtHt QO Qo�O CQ��a x� �� � 
s�W�� xDW�O � Ovv�t 	BQo�O u���B u�Qm Qy 
�Q�

�CU� w�a u� QDoQR� 
 	B

�
� Upper bound ��� Lower bound ��� Least upper boundl�u�b�� ��� Greatest

lower boundg�l�b��
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xm�Wt w ���DQD x��	Q ��� ��

�O� Q�o� Q�v QO A � f�� �� �� �� �� �� �g 
wQ �Q Q� R �� RH ��DQD x���Q �p�Ft ���	��

CQ��a B u���B 
�yu�Qm xawtHt CQwY u�� QO �O� Q�o� Q�v QO �Q B � f�� �g xawtHt Q� R u�vJty

w � 
w�Ut B 
q�� u�Qm u� QDmJwm �CU� f�g 
w�Ut B 
q�� 
�yu�Qm xawtHt w f�� �g R� CU�

�CU� � 
w�Ut B u���B u�Qm u� QDoQR�

�CQwY u�� QO �O� Q�o� Q�v QO �Q C � f�� �g xawtHtQ� R p�L

w f�g � C 
q�� 
�yu�Qm xawtHt

� � C 
q�� u�Qm u� QDmJwm

w f�� �g � C u���B 
�yu�Qm xawtHt

�� � C u���B u�Qm u� QDoQR�

� � � �x���Q u�� QO xm O�vm CkO�

xawtHt �#t� �OQ�Ov OwHw q�� u�Qm u� QDmJwm xH�Dv QO w q�� u�Qm D � f�� �g xawtHtQ� R 
�Q�

�CU� � 
w�Ut D u���B u�Qm u� QDoQR� w f�g 
w�Ut D u���B 
�yu�Qm

��!� pmW

A � f�� �� �� �� �� �� �� �� �� ��gxawtHt
wQ �Q Q� R�� RH��DQD x���Q �u� QtD ��	��

xawtHt 	B� � f�� �� �g w B� � f�� �� �g 	B� � f�� �g 
�yxawtHtQ� R 
�Q� �O� Q�o� Q�v QO

�O����� OwHw CQwY QO �Q u���B u�Qm u� QDoQR� w q�� u�Qm u� QDmJwm u�vJty 	u���B w q�� 
�yu�Qm



�� x��	Q � pYi

��!� pmW

A �yD�v xawtHtQ� R l� B w �� RH �DQt xawtHt l� �A��� O�vm ZQi �xDmv ���	��

�CQwY u�� QO �OW��

V��tv � B st� QB wU � sup�B� �� l�u�b�B��� OwHw CQwY QO �Q B 
q�� u�Qm u� QDmJwm �hr�

�s�yO�t

�s�yO�t V��tv �B st�iv�� �inf�B� �� g�l�b�B� �� OwHw CQwY QO �Q B u���B u�Qm u� QDoQR� ��

w�a wO Qy 
�Q� Qo � �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD ���	��

�s�t�v�t ��xm�Wt l� �Q A x�ov� 	OW�� OwHwt inffa� bg w supfa� bg 
��a� a� b � A x�wNrO

V��tv 
�Q� CQwY u�� QO �OW�� xm�Wt l� �A���O�vm ZQi ��Q�PoO�tv ���	��

�s�vm�t xO�iDU� a � b O�tv R� inffa� bgV��tv 
�Q� w a � b O�tv R� supfa� bg

w�a wO Qy 
�Q� �Q� R 	CU� xm�Wt l� �P �A���� �� RH �DQt xawtHt �p�Ft ���	��

�s� Q�O X�Y � P �A�

X � Y � X � Y � P �A�

X � Y � X � Y � P �A�
��� Lattice
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xm�Wt w ���DQD x��	Q ��� ��


�y��xOvQ�tW xawtHt� A � f�� �� �� �� �� �� ��� ��� ��g xawtHt �p�Ft ���	��

a� b � A x�wNrO w�a wO Qy 
�Q� �CU� xm�Wt l� 	�uOQtW� �� RH ��DQD x���Q �� x�Qty ��� OOa

�s� Q�O

a� � l�c�m��a� b� �a� b ��lQDWt �Q�t u� QDmJwm �

a � b � g�c�d��a� b� �a� b ��lQDWt x�ra swUkt u� QDoQR��

�CU� Q� R CQwY x� x���Q u�� Q�Owtv

��!� pmW

�yD�v xawtHtQ� R l� B w �� RH �DQt xawtHt l� �A��� O�vm ZQi �u� QtD ���	��

�OvOQi� QYLvt OwHw CQwY QO inf�B� w sup�B� O�yO u�Wv �OW�� A

O�yO u�Wv �CU� xOW XNWt Q� R Q�Owtv �� �A��� �� RH �DQt xawtHt �u� QtD ���	��

�CU� xm�Wt l� �A���

��� Divisor



�� x��	Q � pYi

��!� pmW

w Q�H QO xm �	�rm ��DQD �� ����N ��DQD xm 	�� RH ��DQD 	��wQ R� �Y�N Cr�L �UQQ� x� �Hv�� QO

�s� R�OQB�t OvQ�O OQ� Q�m �yxm�Wt EL�

x���Q CQwY u�� QO �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD �	�	��

�OvW�� Q�PB xU��kt Ax�wNrO w�a wO Qy x�oQy s�t�v�t ��rm �� � ��N ��DQD l� �Q �

	��wQ u�� p�rO u�ty x� w Ow� Oy�wN 	N l� CQwY x� ��N ��DQD 	��wQ Q�Owtv xm CU� �y�O�

�O�vm xHwD Q� R p�Ft x� �s�t�v�t ��N ��DQD �Q

�p�Ft ���	��

�CU� ��N ��DQD l� �k�kL O�Oa� 
wQ � x���Q �hr�

�CU� ��N ��DQD l� A � f	� fag� fa� bg� fa� b� cggxawtHt 
wQ �x���Q ��

�CU� ��N ��DQD l� A � f�njn � NgxawtHt 
wQ ��j�� uOQtW x���Q �G


�xawtHtQ� R u�wD�t CQwY u�� QO �O� Q�o� Q�v QO A �yD�v xawtHt 
wQ �Q � �� RH ��DQD x���Q l�


w�a lD 
�yxawtHt Q� R pk�OL 	�� RH �DQt xawtHt Qy 
�Q� �OW�� ��N �DQt xm Ci�� �Q A R�

R� V�� �� ��N �DQt 
�yxawtHt Q� R u�wD�t OQ�wt R� 
Q��U� QO �OvDUy ��N �DQt xm OvQ�O OwHw

�O�vm xHwD Q� R h� QaD x� �Ci�� w�a l�

��� Linear order �	� Total order
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�rm C�v� QtD �� ��

Q� R Qy CQwY u�� QO �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi �h� QaD ��	��

�s�t�v�t A QO ��Q�HvR l� �Q A ��N �DQt xawtHt

�p�Ft ���	��

QO Q�HvR l� f	� fag� fa� bg� fa� b� cggxawtHt CQwY u�� QO �A � fa� b� cg O�vm ZQi �hr�

� O����� �Q 
Qo�O 
�yQ�HvR O�v�wD�t � �CU�

x� N R� xawtHt Q� R Qy CQwY u�� QO �O� Q�o� Q�v QO �a�� O�Oa� xawtHt 
wQ �Q uOQtW x���Q ��

�OW���t N QO Q�HvR l� � a � N u� QO xm � fanjn � Ng CQwY

�CU� Q�HvR l� R�v Q�HvR l� R� 
�xawtHt Q� R Qy xm CU� �y�O�

�Q u� 
�yQ�HvR x�rm w xDiQo Q�v QO �Q ��!�!� u� QtD �� RH ��DQD x���Q �u� QtD ���	��

�O�����

�O�vR� p�Ft  Ci�� 
Qo�O 
�yQ�HvR u�wD�t ��� ��� ��!�!� p�Ft QO �u� QtD ���	��

�rm C�v� QtD ���

B � DQo � �yvD w Qo �A�B � C�DO�yO u�Wv 	OvW�� �yD�vD w C�B�A
�yxawtHt Qo � ��

�A � C w

O�yO u�Wv ��

�A�B� �C �D� � ��A C��B� � �A� �B D��

�O�vm h� QaD Q� R CQwY x� A 
wQ �Q � x���Q �A � Z� �Z f�g�O�vm ZQi ��

�a� b� � �c� d��� ad � bc

�O����� �Q u� 
RQ� sy 
�yUqm w CU� 
RQ� sy x���Q l� � O�yO u�Wv
�
� Chain



�� x��	Q � pYi

R�Qi� l� fB�� B�� � � � � Bmg w AxawtHt 
wQ R�Qi� l� fA�� A�� � � � � Ang O�vm ZQi ��

R�Qi� l� fAi � Bj ji � �� � � � � n w j � �� � � � �mg O�yO u�Wv �OvW�� B xawtHt 
wQ

�CU� A�B xawtHt 
wQ


�Q� � nj pt�W Aj Qy w AxawtHt 
wQ R�Qi� l� P � fA�� A�� � � � � Akg O�vm ZQi ��

P R�Qi� x� xDU��w 
RQ� sy x���Q �DQt 
�yHwR O�OaD xm O�vm C��F �OW�� w�a � j � �� � � � � k

�CU� n � n�
�
� n�

�
� � � � � n�k Q��Q� ��k�kO

�O� Q�o� Q�v QO Q� R CQwY x� �Q u� 
wQ Q� xOW h� QaD R x���Q w �a�� O�Oa� xawtHt ��

xRy �� xy � k�� �k � N

�O����� �Q � w � 	� 
RQ� sy 
�yUqm w CU� 
RQ� sy x���Q l� R x���Q O�yO u�Wv

�O� Q�o� Q�v QO X 
wQ Q� R CQwY x� �Q R x���Q w O�t�v� X �Q � R� QDoQR� pw� O�Oa� xawtHt ��

xRy �� x� y

� � X

�CU�v �r�kDv� �rw CU� uQ�kDt w ���DR�� RO�vm C��F

�O� Q�o� Q�v QO N � N 
wQ Q� R CQwY x� �Q R x���Q ��

�a� b�R�c� d��� a� d � b� c

�O�vm XNWt �Q 
RQ� sy 
�yUqm w CU� 
RQ� sy x���Q l� R O�yO u�Wv

�O�yO u�Wv �OW�� A xawtHt 
wQ ��N ��DQD x���Q l� � O�vm ZQi ��

�OW�� p�t�v�t QYva l� aQo � �yvD w Qo � CU� A w�a u� QDmJwm a �hr�

�OW�� p�t� Rm �t QYva l� aQo � �yvD w Qo � CU� A w�a u� QDoQR� a ��


q�� 
�yu�Qm xty xawtHt O�yO u�Wv �OW�� �� RH �DQt xawtHt l� �A��� O�vm ZQi ���

TBU �CU� A Q��Q� 	 xawtHt u���B 
�yu�Qm xty xawtHt u�vJty �CU� AQ��Q� 	 xawtHt

�supA � inf 	 w inf A � sup	xm O� Q�o� xH�Dv
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�rm C�v� QtD �� ��

�CU� p�t�v�t w p�t� Rm �t QYva 
�Q�O xQ�wty �y�vDt �� RH �DQt xawtHt l� xm O�yO u�Wv ���



swU pYi

u� s�y�it w ���D

pYi �Q�DiQ ��yiOy

�Ovv�wD� O��� pYi u�� xar��t R� TB u�� wHWv�O

�OvyO x��Q� u� R� �wvDt ���yr�Ft 	xOQm u��� Ov��Qi u�wva x� �Q ���D h� QaD �

�OvyO KQW pwtQi �� �Q u� Cw�iD w xDW�O �Q ���D h� QaD x���� �oS� w �

�OvQ�O �i� QaDWwN pQDvm x� R��v �kwt xJ xm Ovv�O� w xDUv�O 	�DQt u� swyit �� �Q ���D �i� QaDWwN �

� CU� ���D x���Q l� �kwt xJ � Ovv�O� x���Q �� �Q ���D ���DQ� �

�Ovv�O� �Q ���wD 
w�UD �QW �

�Ovvm C��F� w u��� �Q u� �� 	�DQt 
�yx��k w xOQm h� QaD �Q uOw� l�l� w ���WwB s�y�it �

�yxawtHt xU��kt QO �Q u� C�ty� w xOQm lQO �DUQO x� �Q �l�x�l� Q��vD� �� wUwO ���D swyit �

�Ovv�O� �yv� 
RQ�sy w

�f uOw� l�x�l� x��k � �CU� ���D f�� �kwt xJ xm Ovv�O� �

��

از سايت رياضي سرادانلود
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��

�Ovv�O� X�N ���wD u�wva x� �Q xr��vO swyit �

�Ovvm C��F� w u��� uOw� �WwB w uOw� l�x�l� �� x���Q QO 
QwoD�m x�oO�O R� �Q ���wD �oS� w �



�� u� s�y�it w ���D � pYi

O�Oa� �� xm �Dkw R� QW� �CU� xOw� xO�iDU� OQwt QW� uOtD R�e� R� O�Oa� Q�H QO ���D ����D xJN� Q�D

�tH 	�#t� �CU� xDW�O Q�m w QU O�Oa� �Q� w �tH �� 	V�B p�U Q�Ry � R� O��W 	CU� xOW �vW� �a��

 CU�J

���D xJN� Q�D ��	

OOa 	OOa wO Qy 
�R� x� xm �rta 	CU� �pta� l� �tH xm CU� xOW xDio �t x� ���OD�� ��UL QO

u�ty xm �tH Q�O�kt x� �Dkw �k�w QO �OW���tv ���D RH 
R�J �pta� �#t� �OyO�t CUO x� �Q �twU

�s� Q�O Q�mwQU ���D l� �� �k�w QO �t xm s�����tQO �v�U� x� s� Qov� 	CU� �tH pY�L

��� �� � �
� � 	� � � � � 
O�tv u�� R x� �� w

��� �� �
� � 	� � � � � ��� �� �

� � 	� � � � �

� pta �OvQ�O jraD N �N xawtHt x� �a�� O�Oa� �DQt 
�yHwR Q��U w ��� �� w ��� �� 	��� ��

�CU� N R�v u� OQ� w N �N u� �xvt�O xm CU� f Ovv�t �a��D Qov�Wv

f � N �N 
 N

f��� �� � �� f��� �� � �� f��� �� � �� � � �

���D� R� pmWDt u� xvt�O QY�va �Q� R 	CU� �Q�eDt� ���D l� ��tH pta� f xm OwW�t xDio ��Lq�Y�

O�Oa� R� GwR Qy 
�R� x� �Q� R 	N 
wD x� N � N Q� CU� �a��D ��tH pta � TB �OW���t �DQt

s�v�wD�t �v�U� x� �Q pta swyit uwvm � �OyO�t CUO x� �Q OQi x� QYLvt w XNWt 
OOa �a��

	CU� A u� xv�Oty w A � A u� �xvt�O xm CU� �a��D A xawtHt QO O Ovv�t pta l� �s�yO s�taD

xoy x� o�x� y� 
�H x� Q�H sra QO A� A R� �x� y� GwR 
�R� x� �Q o Q�Okt �o � A�A 
 A

���D pwOH pmW x� CU� ���D u�ty xm pta �� 	���OD�� p�YLD xQwO QO 	u�Rwt� Vv�O �OvyO�t u�Wv

�OvwW�t �vW�
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�����D h� QaD �OW�� OQi x� QYLvt w XNWt f�x� y� 	�x� y� � A�B Qy 
�Q� xmv�



��� u� s�y�it w ���D � pYi

xQ�eDt wO ���D �� �cotan w tan 	cos 	sin� �D�FrFt s�y�it w 
Q�H p�ta� R� xO�iDU� �� �h�rmD

�O� R�U�

�Q�Okt� �k�kL ���wD ��	

�OQm s�UkD nQR� xDUO wO x� u�wD�t �Q C����� Q QO xOW KQ�t ���wD 	���wD OQ� $�Lr x�

�Q�Okt �k�kL ���wD

�k�kL ���Dl� ��Q�YDN� �� w Q�Okt �k�kL ���Dl� �Q ���D �OW�� R R� 
�xawtHtQ� R �� R ���D OQ� x�oQy

CQwY x� �k�kL ���D �rm pmW TB �s�t�v�t

f � A 
 R

�OW���tv R xawtHt Q� R ��twRr ���D xvt�O �va� &A �OW���t

���D �OW�� �k�kL 
�yx��QO �� �� � 
�yT� QD�t xawtHt M��� s�vm ZQi p�Ft �����

f �M��� 
 R

f�A� � jAj h� QaD x���� ��

s�vm�t x�U�Lt �Q u� Q�O�kt �NQ� �CU� �k�kL ���D l�

f�� � �

� ��
�� � �� f�� � �

� �
�� � �

f�� � ��

�� ��
�� � ����

�Ovt�v�t u��vQF� ���D �Q ���D u��

�� F ���D 	OW�� xOw� ��� � 
xR�� Q� xDUw�B ���wD xawtHt C��� � s�vm ZQi p�Ft �����

h� QaD x����

F �g� � Maxg �� Maxfg�x�� � � x � g�

�CU� �k�kL ���D l�
�� real�valued function
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�Q	Okt� �k�kL ��	wD �� ���

pFtr��i �O�vm x�U�Lt �Q ���D Q�Okt OvJ C��� �� x� jraDt Q�Okt OvJ ��NDv� 
�R� x� �h�rmD

�g�x� � sinx � C��� �

F �g� � Max����g�x� � �

��rDNt ���wD ��

Q�YDN� x� �� ��rDNt Q�Okt ���D l� OW�� 		rDNt O�Oa� xawtHt 	C xawtHtQ� R u� OQ� xm ���D Qy

���D xvwtv 
�Q� �OwW�t xO�t�v �rDNt ���D l�

f � C 
 C

f�x� iy� � x iy

�k � kL � ��w D �OW� ��t v C xaw tHtQ � R ��twR r 	r DNt � �� D l � x vt�O �CU� 	r DNt � �� D l �

� D� TwQO QO x m OW� ��t 	r DNt R � r� v� �w�wt 	r DNt � ��w D w �k � kL R � r� v� pY� �w�wt

�OvwW�t s�UkD xDUO OvJ x� �yv�h� QaD x���� pmW $�Lr x� R�v OwN�k�kL ���wD �Ow� Oy�wN Q�oQO �yv� ��

p�ta� R� xO�iDU� �� �xvt�O w�a� x Q�eDt �UL Q� u� Q�Okt xm OwW�t jq� �a��D x� �Q�H ���D

�O���t CUO x� �U�L �rY�

�OvW���t 
Q�H ���D p�P ���wD R� l� Qy u��Q��v�

f�x� � �x�  gx� �� x � Z

t�x� � �x�  �x� �� x � Q

h�x� � �x�  �x �
�� � x � R

u�x� �
�x�  �
x� � � � x � ��� ��

�� Complex Valued function �� �



��� u� s�y�it w ���D � pYi

Q�e �a��wD �D�FrFt ���wD xvwtv 
�Q� �s�t�v�t ��r�aDt� �Q�H Q�e ���D l� OW��v 
Q�H xm �Q ���D TB

�OvDUy 
Q�H

f�x� � sin �x� �� g�x� � cosx�  cosx tanx

�QJ �OvDU�v ���D Q�N� g w f ���wD �k�w QO �s��xOQmv QmP �Q g w f ���wD xvt�O Q�N� 
�yp�Ft QO O�OQ�Qk

�OOQo�t XNWt V�xvt�O w x���� �� ���D Qy xm

u� QDa�Uw u� xvt�O R� u�tO�Qt OOQo �iQat V�x���� �� 	ki ���D l� x�oQy O�OQ�Qk l� j� Q� um�r

x� �YNW Q�Okt x���� u� xawtHt u� w�a Qy 
�Q� xm CU� �R xawtHtQ� R u� QDa�Uw� 
�xawtHt

�OyO CUO

�x���� R� x�oQy p�Ft 
�Q�

f�x� �
�

x �

���D u�tQw�vt �OOQo O�� ���D l� u�wva x�

f�x� �
�

x � � x � R  f�g

�OOQo�tv h� QaD C����� Q QO QiY Q� s�UkD �Q� R �OW���t

� �QJ� �OW���t R  f�g Q��Q� g ���D xvt�O w R Q��Q� f ���D xvt�O xQ�Wq�jwi 
�yr�Ft QO TB

Q� R pmW x� ����D l� 	ki w � ���D l� u�wD�t xQ�wty xawtHt Qy �� �v�ty ���D �����

�O�O C�Uv

f � A 
 A

f�x� � x

w IA i� identity functionA x� ���r�e w xO�t�v A Q� �v�ty ���D �� A xvt�O �� �v�ty ���D �Q ���D u��


Oa� TwQO QO �Ovvm�t Vkv Q�Okt u�ty x� �Q xvt�O Q�Okt Qy �v�ty ���D TB �s�yO�t u�Wv �A ��

O�Oa� Q�H QO � OOa xm xvwov�ty 	CU� 
O�rm Vkv ���wD Q�H QO �v�ty ���D Vkv xm OQm s�y�wN x�Lqt

�Ovm�t 
R�� �Q �U�U� Vkv
i� identity function� �
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�Q	Okt� �k�kL ��	wD �� ���

���D �OW�� xOw� C��F �
W C w xawtHt l� A s�vm ZQi C��F ���D 	����

f � A 
 fCg

f�x� � X

x� �Q xvt�O Q�Okt Qy C��F ���D TB �s�t�v�t C C��F ���D ��Q�YDN� �� C� C��F� Q�Okt ���C��F ���D �Q

�Ovm�t Vkv C��F Q�Okt l�

�OwW�t xO�t�v xr��vO l� OW�� 	�a�� O�Oa� xawtHt 	N u� xvt�O xm ���D Qy �xr��vO �����

�s�t�v�t �y�vDt xr��vO l� �Q ���D 	OW�� N R� OwOLt w �y�vDt 
�xawtHtQ� R ���D xvt�O x�oQy

�hr��
f � N 
 Q

f�n� � �

n

� ��
g � N 
 R

g�n� �
p
n

� G�
h � N 
 R

h�n� �
p
n� � �

� O�
a � N 
 R

a�n� � �

�n��

� x�
b � N 
 R

b�n� � �n� �

�s�U� wv�t �Q a xr��vO Q�O�kt �NQ� �OvDUy xr��vO l�

a��� � �� a��� � �
� � a��� �

�
� � a��� �

�
� � a��� �

�
��

�� �Q a�n� �rm Qw x� w a� O�tv �� �Q a��� 	a� O�tv �� �Q a��� 	Q�DWwv QO Q�YDN� Qw�vt x� 	pta QO

xrtH �� s�n xrtH �Q an � a�n� � �

�n��
xr��vO u�� h� QaD x���� x� xHwD �� �s�yO�t u�Wv an O�tv

�� C pw	 hQL Constant �� Sequence



��� u� s�y�it w ���D � pYi

�rm CQwY x� 
Q�PoO�tv u�� �� �Q ���D u�� Q�O�kt TB �s�t�v�t xr��vO �twta

��a�� a�� a�� � � � � an� � � �


Q�Okt CQwY x� �� w

���� �
�
�
�
�
�
�
�
�

�
��

� � � � � �
�n��

� � � �

u� QO xm OvwW x��Q� ��� pmW Ovv�ty Q�wQ�HvR CQwY x� 
O�Oa� �� ���W� �Dkw �s�yO u�Wv s�v�wD�t

Q�v KU�t O�Oa� u� �� ���W� u� Q�O�kt �� 
�xr��vO �k�w QO OOQo C��aQ QN��D w sOkD w xOW C��aQ ��DQD

u�� QO &OW�� xOW xO�O ��DQD u�ty x� ��� h�OQ O�Oa� 
xQ�HvR s�vm ZQi Qo�O CQ��a x� �CU� xOw�

Qo�O Q�Okt �

�
	��a�� OOa u�rw�� � OOa 
�R� x� xr��vO Q�Okt � u� QO xm CU� 
�yxr��vO O�Qt CQwY

�OW���t �yv�� Q���v w ��a�� OOa u�twO� � OOa 
�R� x� xr��vO

� � � � � � � n � � �
��y

��y
��y

��y
��y

� �

�

�

�

�

�
� � � �

�n�� � � �

Qy 
�R� x� xr��vO Q�Okt Qy swO h�OQ QO w �N� xr��vO xvt�O 	pw� h�OQ u� QO xm �Q jwi pYit CQwY


Q�YDN� w xO�U pmW x� CU� xOW xDWwv u� Q� R QO �a�� OOa

�� �
� �

�
� �

�
� �

�
�� � � � �

�
�n��

� � � �

j���D p��k �v�U� x� jwi O�Oa� xawtHt �� OwN uyP QO �xr��vO xvt�O� �rY� O�Oa� xawtHt &s�U� wv�t

�OvDUy

�k�w QO 	s�vm h�OQ �QN��D w sOkD �iL ��� �DQt �DQwY x� �Q 
O�Oa� �� w ����W� x�oQy Tma Q�

�s� Q�O CUO QO xr��vO l�

�
�	� �

� �



�� �
�
�	� �

� �



��
�

�

�
�	� �

� �



��
�

� � � � �

�
�	� �

� �



��
n

� � � �
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�Q	Okt� �k�kL ��	wD �� ���

u� QO xm OyO�t u�Wv �Q �yT� QD�t R� 
�xr��vO V��tv u��

A� �

�
�	� �

� �



�� � A� �

�
�	� �

� �



��
�

� � � � � An �

�
�	� �

� �



��
n

� � � �

Ok�i xr��vO ��U�U� �� w OW��v OwyWt jwi 
�yp�Ft Ovv�ty �xr��vO h� QaD x����� xr��vO uwv�k CU� umtt

�OW�� xOw� �x����� uwv�k

�hr��� �)��� �)��� �)���� �)��� � � �

���)�� �)��� �)���� �)������ �)������ �)������� � � �

�k� Q
 x� �Q xw� Qt xQ�tW �� xrtH CU����t CU� CH�L xm �H Qy �D xr��vO xvwov�� �� Q�m w xar��t QO

�OW���t Q�Wa� skQ � �D � QPH V��tv ��� xr��vO � CW�O CUO QO w x�U�Lt

�OW���tv u���tv Qt� wO� QO �rw OvDUy �x���� 
�Q�O� Ovtvwv�k �yxr��vO �NQ�

�� �� �� �� �� �� �� �� �� ��� ��� ��� ��� � � �

�rt�D lOv� �� �#t� �CU�v swrat �qai �t Q� xr��vO x���� 	CU� QwyWt ��JD�Dw��i xr��vO x� xm 	xr��vO u�� QO

�CU� u� p�k�t �tH wO �tH pY�L ����D Q�Okt� xr��vO xtrH Qy xm OwW�t swrat

� � � � �

� � � � �� � � � � �� � � � � �� � � � � �� �� � �� � ��

���an�� � an � an�� �rm Qw x� w

x� ��HQ� �� xr��vO Qy �Q� R �Ovt�v�t �DWoR�� xr��vO l� �� �aH�QD xr��vO l� �Q 
�xr��vO u�vJ ��Lq�Y�

xrtH wO w �*� �aH�QD x���Q uDW�O �� �O���t CUO x� 
Q�H ����wQ ltm x� w �r�k xrtH OvJ �� wO

�OQw� CUO x� �v�U� x� u�wD�t �Q xr��vO CqtH xty 	xr��vO pw�

xr��vO Ovv�t �s�vm�t GQO RDv�QB l� uwQO ��DQD x� �Q xr��vO CqtH C�kw� �y�o

��� �� �� �� �� �� �� �� �� �� �� �� �� �� � � ��
��



��� u� s�y�it w ���D � pYi

 O�vm XNWt �Q xr��vO u�� sy �� xrtH O�v�wD�t ���

O�Oa� xr��vO Qw�vt �r�k O�tv ��

��� �� �� �� �� �� �� �� �� �� �� �� �� �� � � ��

w sWW xrtH � 	sHvB xrtH � 	sQ�yJ xrtH � 	swU xrtH � &swO xrtH � 	pw� xrtH � u�QO xm CU�

�DQt GwR R� �L�LYD x��Wt x� �Q u� QDy� OwW�t xO�O u�Wv RDv�QB �� xr��vO �Dkw �OW���t �Py�ra �DL

�OW���t QU�t �r�a QDxDiQW�B 
�yQ�H QO �yxr��vO xvwov�� xar��t �OQm �krD

�s� Q�o 	xDmv

f��x� � �� f��x� � x� f��x� � x�� f��x� � x�� � � �


�xr��vO ��DQD u�O� �O�vm �iQat �%�yx���� u�ty ��� Qo�O ���D � �yv�� x��Wt �OvW�� ZwQit ���D Q�yJ

OwW�t pY�L ���wD R�

��� f�� f�� f�� f�� f�� � � � � fn� � � �

u� QO xm

�n � �� �� � � � � fn�x� � xn

h� QaD QO xm xvwov�ty 	OvW�� xOw� Ovv�wD�t 
R�J Qy �xr��vO CqtH� xr��vO Q�O�kt xm s�W�� xDW�O xHwD

�s�t�v�t ���wD R� ��xr��vO �Q �* � h�OQ �s��xOWv p��k ���D xv�Oty 
�Q� �D�OwOLt I�y ���D

$wLrt �Q xr��vO l� �k�w QO �s�vm x��Q� ��DQD x� CU�Q x� AJ R� �Q ���W� R� 
QU l� �kwt Qy 	xDmv

O�Oa� R� �DQt 
�xawtHtQ� R �� w �a�� O�Oa� �DQt xvawtHt �� �Q ���W� 
QU l� �Dkw �s��xDW�O

�OwW�t xDN�U ��y�vDt�v �� w �y�vDt � xr��vO l� s� Q�tW� �a��

�OvDUy O�Oa� R� �UOvy w ���UL 
�xr��vO �tW 
�vW� xr��vO wO Qy

�� �� ��� ��� ��� ��� ��� � � � ��

�� �� �� ��� ��� ��� ��� � � � ��
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Tma Q� wYD w s�kDUt Q� wYD ��� ���

�� �� ��� ��� ��� ��� ���� � � � ��

�� �

�
� �
�
� �

�
� �

��
� �

��
� � � � ��

 CU� xvwoJ ���UL xr��vO �rm sQv

 CU� xvwoJ �UOvy xr��vO l� pm CQwY

 CU� �W��Ri� ���UL xr��vO l� �kwt xJ

 CU� �Wy�m ����QW xJQO w �W��Ri� �UOvy xr��vO l� ����QW xJ QO

�Q ��� w ��� 
�yxr��vO �QJ �O� R�U� �Wy�m �UOvy xr��vO Q�yJ w �W��Ri� ���UL xr��vO xU �h�rmD

 OQ�O �UOvy p�mW� �� ���DQ� swyit u�� ���  O�t�v�t �UOvy

Tma Q�wYD w s�kDUt Q�wYD ��	

R� 
Q�O�kt R� pmWDt Y R� 
�xawtHtQ� R �A � X w ���D l� f � X 
 Y s�vm ZQi ��h� QaD


O�tv u�� R x� �s�yO�t u�Wv f �A� x� w xO�t�v f CLD A Q� wYD 	OvDUy A 
��a� Q��vDt xm ���D

f �A� � ff�x�jx � Ag

�CU� A Q� f CLD �va�	fA ���D Q�O�kt xawtHt f �A� �Pyr

�s�vm h� QaD �Q X R� 
�xawtHtQ� R s�v�wD�t B � Y Qy Q��v ��y��Wt

f���B� � fx � X jf�x� � Bg

Q�Okt xm CU� f ���D xvt�O R� ����a� R� pmWDt f���B�TB �s�t�v�t BTma Q�wYD �Q f���B�

Vkv B R� 
w�a x� �Q �yv� f xm xvt�O R� ����a� Qo�O CQ��a x� �� OQ�O jraD B x� ��a� u� 
�R� x� ���D



��� u� s�y�it w ���D � pYi

�Ovm�t

�� ���DQ� xJ f���f �A�� �va� u� Tma Q� wYD s�vm Q��DN� B � f �A� x�oQy ��O�rm ��yVUQB

 OQ�O A

 OQ�O B �� ���DQ� xJ f �f���B�� �va� u� Q� wYD 	s� Q�o� A � f���B� x�oQy xmv� ��


�xawtHt Q�Owtv�� �Q f ���D �s� R�OQB� 
R�U x�UOL x� w xOQm �UQQ� ���yr�Ft ut� �Q �w�wt s�v�wD�t

�s� Q�o�t Q�v QO

�!� pmW

s� Q�O A� � f�� �� � � � g 
�Q�

f �A�� � f�g

s� Q�O A� � f�� �� g 
�Q�

f �A�� � f�g
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Tma Q� wYD w s�kDUt Q� wYD ��� ���

�s�vm�t x�U�Lt �Q f���f�k� p�L

f���f�g� � f�� ���g

	p� F t u �� QO x H � D v QO �f���f �A��� � f�� ���g w f���f �A��� � f�� ���g � v a �

 OvDUy �rm �t�mL� �yv�� ��� A� � f���f �A��� w A� � f���f �A���

 OQ�O B� �� ���DQ� xJ f �f���B��� 	B� � f�� �� �g x�o Qy

CQwY u�� QO �B � Y w A � X 	���D l� f � X 
 Y s�vm ZQi �x��k ����

A � f���f �A�� �hr�

f �f���B�� � B � �

xH�Dv QO �f�x� � f �A� TB �OW�� x�wNrO 
w�a x � A s�vm ZQi �hr�� C��F� 
�Q�D �u�yQ�

�CU� Q�QkQ� �hr�� �Pr w x � f���f �A�� h� QaD j�

�CU� x Ovv�t f���B� R� 
w�a Vkv y �Pr �y � f �f���B�� s�vm ZQi ���

y � f�x�� x � f���B�

� y � B xH�Dv QO �f�x� � B �x � f���B� uwJ 	Tma Q� wYD h� QaD j� �#t�
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x���Q u�� xm Ci�� QO u�wD�t �v�U� x� �OvW�� xOw� sy Q� j��vt �� w 
R�wt xmv� Q� �wQWt s�t�v RQ�sy �Q

�Ovm�t R�Qi� P RQ�sy 
�yxDUO x� �Q S xH�Dv QO �CU� S QO 
RQ�sy x���Q l� �k�w QO

f�L� OW�� �ki� 	N l� L �Dkw �OW�� R�Qi� u�� x� xDU��w �a�� ���D f � S 
 P s�vm ZQi

�xawtHt f�L� 	OW�� xOw� y � x xrO�at x� 	N L x�oQy w CU� xLiY �ki� 
�y	N 
xty �x��OQo

�CU� � ��W �� �w�N 
xty

�s�v�UQ�t u���B x� CU� 
O��v� �x��k �� s�kDUt ���DQ� QO xm x��k l� �� �Q VN� u��

x�oQy 	CU� X R�Qi� R uwJ �OW�� u� �� Q��vDt 
RQ�sy x���Q R w ���D l� f � X 
 Y s�vm ZQi

u�O� u�� w �a� b� � R xm Ovvm�t O�rwD u�Um� RQ�sy 
�yxDUO �Dkw 	ki w 	ki b w a 	a� b � X


QR� sy 	��wQ u�� R x� �f�a� � f�b� xm CU� �vat

�a� � �b��� f�a� � f�b�

�OwW�t O�� R�v f xDUy u�wva x� R R� �y�o

xawtHt pwtat j� �s�vm�t C��F� w u��� CU� QwyWt xDUy �x��k x� xm �Q 
Oa� �x��k C�i�YwD u�� ��

�s�yO�t u�Wv X�R O�tv �� �Q 
RQ�sy 
�yxDUO

���D �x��k �����
�f � X�R 
 Y

h� QaD �x���� ��

�f��x�� � f�x�

�CU� l� x�l� �a��D
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�Q� xm s�yO u�Wv O��� �CU� h� QaDWwN �va� 	CU� ���D �k�w QO �f xm s�yO u�Wv O��� �OD�� �u�yQ�

�Ovm�tv Q��eD ���D Q�Okt u�Um� 
�yQ�eDt

x�l� �v�U� x� uwvm � � �f��x��� � �f��x��� �Pr 	f�x�� � f�x�� TB 	�x�� � �x�� s�vm ZQi

xH�Dv QO w f�x�� � f�x�� �Pr � �f��x��� � �f��x��� s�vm ZQi �s�yO�t u�Wv �Q �f uOw� l�

��x�� � �x��

x�l� �a��D u�wD�t 	OW��v l� x�l� xmv�wrw 	���D Qy R� xm CU� u� u��t �k�w QO � x��k �syt xDmv

s�Qo ��O QO �f w f ���DQ� �Ovt�v�t R�v �� f ���kr� ���D �Q x��k QO xOW �iQat �f ���D �OQw� CUO x� l�

�CU� xOt�QO V��tv x� p�P

X
f
 Y

�  � �f

X�R

�va� 	OQ�O ���H x��H C�Y�N s�Qo ��O s�� wo ��Lq�Y� � �f��x�� � f�x� w �x� � �x� u� QO xm

����D� CW�ov �qwtat �CU� Qo�O Vri Q��Q� �r�wDt 
�yVri

X 
 X�R

x� �x�

TB �OvyO�t u�Wv  x� w xO�t�v �vwv�m CW�ov �� �a�� CW�ov �Q

�fo � f

�CU� s�Qo ��O ���Hx��H �vat u�� w

�u� QtD

�O�vm C��F� �Q ���wD 
O��v� �x��k ��

l� x�l� f Qo � �OW�� �a�� ���D f � X 
 P w X �yD�v xawtHt R�Qi� l� P s�vm ZQi ��

 Cio u�wD�t xJ P R�Qi� OQwt QO �OW��
induced xS	w p��kt QO ���kr	 ���D �Ovvm xO�iDU	 CW�ov xS	w R	 OvyO�t K�HQD ���D xS	w ��H x� �yCU� Q�H ���

�OW���t induced mup ��function
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x�l� �a��D xm s�vm�t h� QaD u�vJ A � B 
x���Q 	N R� B w A �yD�v 
�yxawtHtQ� R 
�Q� ��

�Ovm Vkv B 
wQ x� �QA xm OW�� xDW�O OwHw l�

�CU� P�N�  f�g QO 
RQ�sy �x���Q l� � O�vm C��F �hr�

x�oQy xm O��wo� xO�U u�� R x� 	OW�� xOw� � x���Q x� xDU��w �a�� ���D f s�vm ZQi � �

 Ov�xvwoJ B w A 	f�A� � f�B�

x���� �� �Q f � P 
 P ���D �OW�� � nvy x� 
RQ�sy Tqm xv x� Z R�Qi� l� P s�vm ZQi ��

f��x�� � ��x�

CWo��H l� f O�yO u�Wv �� �CU� h� QaDWwN ���D l� f O�vm C��F �hr� �s�vm�t h� QaD

�CU� P

h� QaD f��x�� � �x�� x���� �� �Q f CW�ov �OW�� � u� QtD QO QwmPt Z R�Qi� P s�vm ZQi ��

�O�yO x��Q� p�rO �� �Q OwN 
�a#O�  CU� h� QaDWwN f ��� �s�vm�t

x���� �� �Q �k�kL ���D 	A � S xawtHtQ� R Qy 
�Q� �OW�� �yD�v 
�xawtHt S s�vm ZQi ��

xA � S 
 f�� �g

xA�x� �

�����
����

�� x � A

�� x �� A

�A ���D �x � S Qy 
�Q� �S�x� � � w x � S Qy 
�Q� �p�x� � � u��Q��v� �s�vm�t h� QaD

�A � �B 	A�B � S xawtHtQ� R wO Qy 
�Q� �hr� O�yO u�Wv �s�t�v�t A xYNWt ���D �Q

��CU� A stDt A�� �A � �A� � �S w �A��B � �A�B �� �A � B Qo � 	ki w Qo �
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QwyWt ��y� RQ	sy ���� ���

QwyWt ��y� RQ�sy �	�	

Qy xm QwYD u�� xm O�O s�y�wN u�Wv u�vJty �s� R�OQB�t QwyWt 
�y� RQ�sy �NQ� C��F� x� VN� u�� QO

w ��k�kL O�Oa� xawtHt� R xJQo p�Ft 
�Q� �OW���t p�� 
QwYD OvDUy RQ�sy �y�vDt�v xawtHt wO

N xm �r�L QO �OvW���tv OOa sy �#t� OvDUy nQR� Q��U� ���y xawtHt xJQo ��a�� O�Oa� xawtHt� N

	�y�vDt�v �� w �y�vDt 	�yxawtHt xU��kt lqt �yvD %Ov��OOaty� xR�Ov� l� x� ��� wo O�Oa� xawtHt� Q w

�OW�� Q�QkQ� xawtHt wO u�� �OwHw CQwY QO� Ov�wD�t xm CU� �� wUwO ���wD OwHw sOa �� w OwHw

�QwDv�m � x��k �
�	

OwHw f � A 
 P�A� Ovv�t l� x�l� �a��D CQwY u�� QO �OW�� x�wNrO xawtHt l� A s�vm ZQi

�OQ�Ov OwHw P�A� 
wQ x� A Q� ���WwB ���D I�y �#t� 	OQ�O

�CU� h� QaD p��k �v�U� x� f ���D �u�yQ�

f � A 
 P�A�

f�x� � fxg

�CU� P�A� xv�Oty �� ��k�kO f ���D w fxg � P�A� xH�Dv QO fxg � A xy�O�r�� TB 	x � A uwJ

	ki u�� w fx�g � fx�g �Pyr �f�x�� � f�x�� s�vm ZQi 	u�� C��F� 
�Q� �CU� l� x�l� f

�WwB g 	OW�� x�wNrO �a��D g � A 
 P�A� x�oQy xm s�yO�t u�Wv uwvm � �x� � x� xm CU� �Dkw

�Ow� Oy�wNv

s�vm�t h� QaD u�vJ �Q A R� B xawtHt Q� R ��hrN ZQi� OW�� xOw� �WwB g s�vm ZQi

B � fx � Ajx �� g�x�g

Cr�L wO uwvm � � g�y� � B w y � A xm CUy 
y �CU� xOW ZQi �WwB g uwJ �B � P�A� �Pyr

�OQ�O OwHw
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�� u�� w y �� g�y� xH�Dv QO �B � g�y� �#t� �y �� B 	B h� QaD j� TB �y � g�y� �pw� Cr�L

�CU� Zk�vD QO Cr�L u�� ZQi

QO Cr�L u�� ZQi �� R�v u�� xm y � g�y� �va� y � B 	B h� QaD j� �Pr �y �� g�y� �swO Cr�L

�CU� Zk�vD

�OQ�Ov OwHw g 
�WwB ���D u�vJ w p�� hrN ZQi �OQ�O OwHw Zk�vD Cr�L Qy QO uwJ

�xH�Dv ���	

�OQ�Ov OwHw P�N� w N u�� �� wUwO Q��vD I�y

N � N �x��k ���	

���D �u�yQ�

f � N 
 Z

x���� �� �Q

f�n� �

�����
����

�
�
�CU� GwR n

n��

�
� CU� OQi n

�� � � u� QtD� �CU� l� x�l� w �WwB f xm OQm C��F u�wD�t �v�U� x�
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�� wo O�Oa� xawtHt Q� xm s�vm�t C��F �OD�� �u�yQ�
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QO �rm Qw x� w � CQwY �� 
�yQUm xty swO Q�U QO 	� CQwY �� 
�yQUm 
xty pw� Q�U QO 	
Q�

l� R� V�� �� � � 	 �
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	 �
�
Ovv�t� �yQUm �NQ� xD�r� �Ov�xOW xDWwv n CQwY �� 
�yQUm xty s�n Q�U

u�� �� wUwO 
Q��vD Q�QkQ� �t hOy �s� Q�Ov Q�QmD u�� x� 
Q�m �qai �rw Ov�xOW Qy�� V��Q� u�� QO Q��

�a�� O�Oa� �� �Q pwOH u�� O�Oa� 
�xvwo x� s�y�wN �k�w QO �CU� �a�� O�Oa� w V��Q� u�� 
��a�

	ki VQ�tW 
�Q� R�v �a�� OOa Qy w OwWv xDW�Po Q�vm pwOH 
��a� R� l� I�y xm 
�xvwo x� s� Q�tW�

�s�vm�t �
 CU�Q x� AJ R� w u���B x� q�� R� �Q pwOH ��uOw� l�x�l� w ���WwB� O�� Q�m x� Q�� l�

x� w xOQm R�� �Q pwOH �yVri 
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w xDW�Oyov �pw� Q��� Q��m� �Q QUm Qy �OD�� �CU� u�U� Q��U� �a�� O�Oa� �� pOH 
��a� j���D lv��
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�k�w QO �CU� �v�U� Q��U� Q�m �a�� O�Oa� �� xr��vO u�� j���D uwvm � �CU� C�Ft 
�� wo 
�yQUm xty

QO xr��vO u�� 	s�W�� xDWwv ���W� R� R��tDt xr��vO l� Ckw Qy xm �QJ %CU� xOW Q�QkQ� uwvm �D j���D u��
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N � � � � � � � � � � �� �� � � �

�CU� Q�QkQ� smL w xOw� �� wUwO f ���D

�N � Q xm s�yO u�Wv s�v�wD�t �v�U� x� uwvm �

 xvwoJ

�� wUwO Q��vD QO N �� OwN xm �Q GwR O�Oa� xt�v �OQi O�Oa� xt�v w GwR O�Oa� xt�v 	s�vm�t xt�v wO x� �Q N

ZQi �s�yO�t j���D Q� � f�g �� �CU� �� wUwO Q��vD QO N �� R�v u� xm � �Q OQi xt�v w Q� �� CU�

jwi �� wUwO ���wD ��mQD R� xm OvW�� �� wUwO ���wD f� � B 
 Q� � f�g w f� � A 
 Q� s�vm

�� lv�� �CU� �a�� OQi O�Oa� xawtHt B w �a�� GwR O�Oa� xawtHt A �Hv�� QO �OvwW�t pY�L

�OwW�t xDN�U Q�v OQwt �� wUwO ���D B w A OOHt uOv��UJ

�g � N 
 Q

g�x� �

�����
����
f��n�� �CU� GwR n

f��n�� �CU� OQi n

�Q Q� � f�g w Q� ��DQD x� f� w f� uwJ w �CU� l� x�l� R�v g �Ov�l� x�l� 	f� w f� uwJ

�CU� �� wUwO g TB �Ov�WwB�t �Q Q � Q� �Q� � f�g 	g Ovv�WwB�t
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�k�kL ���wD �NQ� ���	

��U x� �OvDUy ���� Q R�r�v� TwQO w u���UL �rY� Q�R�� OvOW h� QaD VN� QO xm �k�kL ���wD

	OL Q��v ���� Q syt s�y�it �OvDUy Q�OQwNQ� 
�xS� w C�ty� R� ���wD R� xDUO u�� 
Q�PB OQ� Q�m Qwiw

��� QO s�y�it xvwo u�� xJQo &OvQ�O QD�ak�w w QD�a�� ���vat �k�kL ���wD XwYN QO p�QoDv� w jDWt

u�v�Om� R�i w u�v�O���� Q xar��t OQwt w xOW 
Ov�rwtQi R�v 	rDNt ���wD w 
Q�OQ� ���wD Q��v 	Qo�O ���wD

�k�kL ���wD �NQ� EL� xt�O� QO w OW Oy�wN �k�kL ���wD Q�H x� 
�xQ�W� ����OD�� VN� u�� QO �OvDUy

�OW Ovy�wN QwQt O� Q�O ���vW� �yv��� R�v p�k R� xm

s�UkD 	�Q� 	�tH �OvW�� A lQDWt �xvt�O �� �k�kL �a��wD h w g w f s�vm ZQi ��k�kL ���wD Q�H

h� QaD �v�U� x� s�v�wD�t ��UL �rY� pta Q�yJ p�ta� R� xO�iDU� �� �Q �k�kL ���D OvJ �� wO p��iD w

�s� R�U� 
O�OH ���wD w xOQm

s�vm�t h� QaD u�vJ f � g � A 
 R s�yO�t u�Wv f � g O�tv �� xm �Q g w f �tH pY�L

�f � g��x� � f�x� � g�x�

�CU� �k�kL O�Oa� �tH u�ty CU�Q CtU QO + Ctqa�

�s�t�v�t R�v 
�x�kv �tH �Q �tH u�� �Pr

s�vm�t h� QaD 
�x�kv CQwY x� 	s�yO�t u�Wv fg O�tv �� xm �Q g w f �Q� pY�L

�fg��x� � f�x�g�x�

h� QaD �k�kL O�Oa� s�UkD w p��iD ltm x� �g�x� �� � xQ�wty xm �Dkw� f�g w f  g ��y��Wt

�OvwW�t

�f  g��x� � f�x� g�x�

�f�g��x� � f�x��g�x�

xm �Q � � A 
 R ���D �OvDUy �k�kL �a��wD R�v f�g w f  g 	fg 	f � g xm CU� K��w u��Q��v�

��x� � � x���� �� xm �Q � � A 
 R C��F ���D w QiY ���D OwW�t h� QaD ��x� � � x���� ��



��� u� s�y�it w ���D � pYi

�s�t�v�t � ���D 	OwW�t h� QaD

�Q� QO � ���D Vkv ��y��Wt �CU� O�Oa� �tH QO QiY OOa Vkv Ovv�ty ���wD �tH QO QiY ���D Vkv

�CU� O�Oa� �Q� QO � OOa Vkv x��Wt ���wD

�h�rmD

OvW�� A xvt�O �� �k�kL ���D xU h wg w f x�oQy O�vm C��F ��

f�g � h� � fg � fh �hr�

�g � h�f � gf � hf ��

�CU� Q�QkQ� �rm Cr�L QO fg � gf 
w�UD xm �p�Ft l� QmP ���O�vm C��F ��

R� ����tvy�Q� O�yO s�taD �Q fg w f � g swyit 	g � A� 
 R w f � A� 
 R x�o Qy ��

�O�vm xO�iDU� A� � A�

���D wO �OvW�� xOw� ���DQD x�� D� w D� 
�yxvt�O �� ���D wO g w f w D� �D� �� � s�vm ZQi ��

s�vm�t h� QaD u�vJ �Q �Tm �t ���D� f � g w �u�t ���D� f � g

f � g � D� �D� 
 R

�f � g��x� � minff�x�� g�x�g� �f � g��x� � maxff�x�� g�x�g

�x � D� �D� Qy 
�Q� O�vm C��F

�f � g��x� � �f�x� � g�x���� � jf�x� g�x�j��

�O�vm �O�B �f � g��x� 
�Q� x��Wt �rwtQi u�vJty

	s� Q�Ov OW�� u�Um� ���wD xvt�O xmv�� x� �twRr 	���wD s�UkD w �Q� 	�tH QO �xDmv ������

w xOw� D� xvt�O �� g w D� xvt�O �� f x�oQy xvwtv 
�Q� �O�vm $�Lr �Q �yxvt�O l �QDW� s�v�wD�t xm �QJ


x���� �� w D xvt�O �� �Q f � g 	D � D� �D� �� �

�f � g��x� � f�x� � g�x�� x � D
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�s�vm�t h� QaD

x�  OQ�O OwHw ��yD xawtHt� � xvt�O �� �a��D ��� xm OwW�t VUQB ���a� �xDmv ������

 CU� ���D l� � ��� xm OwW�t VUQB Qo�O CQ��a

�Q �YNWt w�a xvt�O w�a Qy x� CU����t xm Ovm�t pta �v�W�t w Ov��Qi l� u�wva x� � �Dkw

s�� wo� s�v�wD�t �Prw OQ�Ov OwHw Ov��Qi u�� 
�Q� �twyit w �vat xvt�O uOw� �yD CQwY QO 	Ovm xDU��w

s� Q�O Q�N x� �OW�� �yD�v A xm CU� u� OwW $wLrt xvt�O u�wva x� A Ovv�t 
�xawtHt xmv� 
�Q� xm

uOw� �yD�v sRrDUt �v�Uv� w �a�� 
�yxO�OB �UQQ� w xar��t Q�R�� u� QDtyt u�wva x� ���D h� QaD xm

I�y QO s�vm �krD ���D l� u�wva x� �Q � xmv�� x� �twRr �Pri �CU� �xvt�O� pkDUt 
�yQ�eDt xawtHt

�OOQo�tv Q�mW� �H

EL�t 	re Q�JO s�vm�t h� QaD 	�Y�N �oS� w �� �DQt 
�yHwR R� 
�xawtHt u�wva x� �Q ���D �Dkw

�OQ�o�t Q�Qk ���wD xQtR QO R�v � w xOW

xm K�LY OOa u� QDoQR� u�wva x� �Q �x Cm �Q�� �x� 	x �k�kL OOa Qy 
�Q� �h� QaD ������

�s�t�v�t x K�LY �RH �Q u� w s�vm�t h� QaD �x R� QDW���v � x 
w�Ut �� QDmJwm

R� QDtm �v� x 
w�Ut �� QDoQR� xm �L�LY OOa u� QDmJwm u�wva x� �Q �x RDv�QB p�O� ��x�� u�vJty

�s�vm�t h� QaD �x

h� QaD x���� �� ���D

f � R 
 Z

f�x� � �x�

h� QaD x���� �� ���D ��v�owO� ��HwP &s�t�v�t ��hm ���D �� K�LY �RH ���D �Q

g � R 
 Z

g�x� � ��x��

�s�t�v�t ��hkU ���D �Q

��� �oor function ��� ceiling function
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�mQt ���D Q�Owtv u�vJty w h�x� �
p
x ���D Q�Owtv �p�Ft 	�����

�foh��x� � f�
p
x� � �

p
x�

�Ov�xOW xO�O u�Wv Q� R pmW QO

�mQt ���D Q�Owtv p�k p�Ft C��wQit �� �u� QtD

�goh��x� � ��
p
x��

�O�vm sUQ �Q

�u� QtD

�O����� �Q Q� R ���wDR� l� Qy xvt�O �g�x� �
p
x � w f�x� � ���x �� s�vm ZQi ��

f � g �O f�� �G g �� f �hr�

�fog��� �� gof �K fog �w f�g �x
�yv� Q� �yx���� u�� xm Ov�R 
�yxawtHtQ� R u� QDoQR� g w f 
�yxvt�O O�vm ZQi O�OQ�Qk j��

��OvQ�O �vat

K� QY �DQ��a p�P ���wD R� l� Qy 
�Q� �OvW�� xOw� � xr��Ut QO ZwQit ���wD g w f O�vm ZQi ��

�O�vm �O�B �x�����

www.riazisara.ir



�k�kL ��	wD �NQ� ���� ���

f�g �O f � g �G g�� �� f�� �hr�

�gof��� �� �fog��� �K gof �w fog �x

xm �Dkw 	ki w 	ki �A � �B O�vm C��F �A�B � S w xawtHt l� S �� � s�vm ZQi ��

�A � B

�O�vm C��F 	� xr��Ut C��wQit �� ��

�A � � �A � �S �� �A�B � �A�B �hr�

pwtQi ��Zkv p�Ft� OW���tv Q�QkQ� �rm Cr�L QO �A � �B � �A�B 
w�UD xm O�yO u�Wv ��

�O�vm C��F �Q u� w xOR TOL �A � �B 
�Q� �L�LY

TBU �CU� l� x�l� �a��D ���D s�Om xm O�vm XNWt w xOQm �UQQ� ���wD R� �Q Q� R 
�yQ�Owtv ��

�O�vm sUQ �Q f�� Q�Owtv OW���t l� x�l� xm f ���D Qy 
�Q�

�O�vm sUQ �Q Q� R ���wD R� l� Qy Q�Owtv ��
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f�x� � �x��� �� f�x� � ��x� �hr�

f�x� � �x� �O f�x� � �x� � �� �G

f�x� � ��x� � ��� �w f�x� � ���x�� �x

n R� QDW���v C�Ft K�LY O�Oa� O�OaD xm O�vm C��F �OvW�� �D�Ft K�LY O�Oa� b w n s�vm ZQi ��

�s�UkD sD� Qwor�� ��n�d� %CU� Q��Q� d Q� CtUk p��k w

xQ�wty O�vm C��F �OvW�� xOw� hkU ���D g w hm ���D f s�vm ZQi ��

f�x� � g�x� �� g�x� � f�x� �hr�

����WwB w uOw� l�x�l� Q�v R��  CU� �a��D xvwoJ hm ���D ���

QDw�Bt�m QO u� ��yOQ� Q�m w pw� Q�H ���	

��WRwt� 
�yiOy

QDw�Bt�m QO �yv� OQ� Q�m R�v w �yv� X�wN w �rw� CQ��a 	pw� ���D 	pw� Q�H �� ���vW�

�
Q�DiQ 
�yiOy

�Ovv�wD� pYi u�� xar��t R� TB OwQ�t Q��Dv� u�� wHWv�O R�

�OvyO x��Q� u� R� ���yp�Ft w Ovvm h� QaD �Q pw� Q�H ���� Q Q�DN�U ��

�Ov��tv C��F� w u��� �Q pw� Q�H 
�y�oS� w w X�wN ��

�OvQw��� ���yr�Ft pw� Q�H 
�Q� ��

�OW��v pw� Q�H xm OvvR� p�Ft ���yxawtHt w p�ta� ��

�OvyO X�NWD �m� QDmr� 
�yQ�Ot w QDw�Bt�m QO �Q pw� Q�H Q� Q�m ��

Q�H s�v x� 
O�OH Q�DN�U h� QaD 
�Q� �Q u�v�wk u�� �Ovvm�t 
wQ�B �y��Wt u�v�wk R� �yxawtHt w �yxQ�Ro

�s� Q��t Q�m x� pw�
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QDw�Bt�m QO u� ��yOQ� Q�m w pw� Q�H ���� ���

Ovv�t �a��D 	A Ovv�t 
�xawtHt 
wQ ���DwO pta l� xm s�vm�t 
Qw�O��

O � A�A 
 A

�v�m� pta l� �Q A x� A ���D Qy w �OyO�t C�Uv �Q A R� 
w�a 	A � A w�a Qy x� xm CU�

l� �� wo O�Oa� xawtHt QO 
Q�oxv� Qk pta w ���DwO pta l� �a�� O�Oa� �tH pta p�Ft �s�t�v�t

�CU� �v�m� pta

wO w ��� �v�m� pta w � w � ���DwO pta wO �� x�Qty �yDQ�e xawtHt l� B s�vm ZQi �h� QaD

�s�W�� xDW�O x�oQy s�t�v�t pw� Q�H l� �Q B �OW�� � w � 
�RHt w�a

�a� b � b� a w a�b � b�a �OW�� ���H��H C�Y�N 
�Q�O pta wO Qy ��

�a�b� c� � �a� b� � c w a�b�c� � �ab�c &OW�� Q�PBCmQW pta wO Qy ��

�a� � � a w a)� � a OW�� �QF���� �v�ty w�a 
�Q�O pta wO Qy ��

�OW�� xDW�O �xv� Qk� stDt w�a pta wO Qy 
�Q� a w�a Qy ��

a� a� � � w aa� � �

�OW�� Q�PB �� RwD 
Qo�O x� C��Uv pta wO R� s�OmQy ��

a��b� c� � ab� ac w a� �b�c� � �a� b���a� c�

wO u� x� sy �Dy��W �k�w QO w s� Q�o�t Q	v QO O�Oa� �rwtat �Q� w �tH �Q � w � p�ta� �xHwD

�s��xOQm xO�iDU� pw� Q�H p�ta� 
�Q� �rwtat �Q� w �tH 
�yO�tv R� 	ki �OvQ�Ov pta

�p�Ft

� � �

� �
�OW�� xOW h� QaD Q� R CQwY x� � w � w � p�ta� w B � f�� �g O�vm ZQi �hr�
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+ � �

� � �

� � �

� � �

� � �

� � �

�CU� pw� Q�H l� �B��� ��� � x�ov� CQwY u�� QO

QO O�Oa� CQwY x� �Q Bn 
��a� OQ�w �xir�wt �Q � w � p�ta� Bn � B � � � � �B O�vm ZQi � �

Qo � �qFt ��D�� n O�Oa� � s� Q�o�t Q�v QO � x��B

x � ������� y � ������ �� x�y � ������� x�y � ������� x� � ������

�CU� w�a �n 
�Q�O Bn xm O�vm xHwD �CU� pw� Q�H l� Bn x�ov� CQwY u�� QO

p�ta� Qo � OW�� �� 
�yx�ra swUkt xawtHt D�� � f�� �� �� �� ��� ��� ��� ��g O�vm ZQi � G

CQwY x� �Q � w � w �

a� b � �a� b� s �s �l w a�b � �a� b� �s �s �� w a� �
��
a

u� �v�ty w�a w � OOa Q�H u�� QiY w�a �CU� pw� Q�H l� p�ta� u�� �� x�Qty D�� x�ov�

�CU� �� OOa

��tDH� �Q �tH pta Qo � OW�� A Ovv�t �va� 
�xawtHt 
�yxawtHtQ� R s�tD xawtHt � O�vm ZQi �O

l� ��� �� ��� � s� Q�o� Q�v QO 
�awtHt stDt �Q � w �yxawtHt l �QDW� �Q �Q� w �yxawtHt

� �QJ� OyO�t p�mWD pw� Q�H

�yxawtHt 
Q�ostDt w l �QDW� 	��tDH� CQwY x� � w � w � p�ta� w B � f�� f�gg O�vm ZQi �y

l� �B������ � xm OQm x�Lqt u�wD�t �CU� � w�a 
�H� f�g QiY w�a 
�H� � �OW��

�CU� pw� Q�H

�O�vm h� QaD Q� R CQwY x� �Q � w � p�ta� w B � f�� a� b� �g O�vm ZQi � K
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+ � a b �

� � � � �

a � a � a

b � � b b

� � a b �

� o a b �

� � a b �

a a a � �

b b � b �

� � � � �
u�wD�t �v�U� x� �O�vm h� QaD o� � �� a� � b� b� � a� �� � � CQwY x� �Q 
Q�ostDt pta w

�CU� pw� Q�H l� �B��� �� �� xm OQm x�Lqt

CQwY x� �Q � w � p�ta� �CU� �a�� OOa l� n u� QO xm Sn � f�� �� �� � � � � ng O�vm ZQi �w

� w � �� Ov�wD�tv Sn xm O�yO u�Wv �O�vm h� QaD a�b � minfa� bg w a� b � maxfa� bg

�OyO� pw� Q�H l� p�mWD

��O�UQ�t Zk�vD x� 
Q�ostDt pta Qy �� xm O�yO u�Wv ����tvy�Q�

pw� Q�HQ� R ���	

C x�o Qy s�t�v�t B pw� Q�HQ� R l� �Q C �C � B w OW�� pw� Q�H l� �B��� ��� � s�v ZQi

uOw� pw� Q�H 
�Q� xm O�W�� xDW�O xHwD �OyO� pw� Q�H l� p�mWD B 
�Q� xOW h� QaD p�ta� �� x�Qty

� �QJ� �OW�� xDU� � w � w � pta xU CLD xawtHt u�� CU� �i�m C

CQwY x� �Q C x�oQy �CU� pw� Q�H l� D�� � f�� �� �� �� ��� ��� ��� ��g xm s�O�O �p�Ft

�Q� R �Ow� Oy�wN D�� Q�H Q� R l� C x�ov� s�vm ��NDv� C � f�� �� ��� ��g

� � � � �� � � �� � ��� �� � �� � ��� � � �

� � � � �� � � �� � � �� � �� � ��� � � �

�� � ��� ��� � �� �� � ��� ��� � �
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�P �A������ C� xm s�O�O �OW�� u� �v�wD xawtHt P �A� w x�wNrO 
�xawtHt A O�vm ZQi �p�Ft

l� B B � fX jX � A �y�vDt XC �� Xg s�yO Q�Qk Qo � p�L OvyO�t pw� Q�H l� p�mWD

TB CU� xDU� � w � pta wO x� C�Uv xawtHtQ� R u�� xm OwW�t x�Lqt �Ow� Oy�wN P �A� Q�HQ� R

�CU� Q�HQ� R

a� b � � s�W�� xDW�O Qo � �va� �CU� OQi� QYLvt OwW�t xO�O u�Wv a� �� xm a stDt w�a �x��k

�b � a� x�ov� a�b � � w

�u�yQ�

b � b)�

� b�a� a��

� ba� ba�

� � � ba�

� aa� � ba�

� �a� b�a�

� �a�

� a�

�s�vm xar��t �Q pw� 
�yQ�H R� 
Qo�O X�wN s�v�wD�t p�L
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�CU� Q�QkQ� Q� R X�wN �B��� ��� � pw� Q�H Qy QO �x��k
a� a � a� a�a � a �v�wD OwN u�v�wk �hr�

a� � � � a)� � � u�Qm u�v�wk ��

a� ab � a a�a� b� � a �PH u�v�wk �G

�a��� � a CWoQ� uwv�k �O

o� � �� �� � � �� w � stDt� � w � u�v�wk �x

�u�yQ�

hr�� a � a� � a�a � aa� �

� a� aa� � aa� aa�

� �a� a��a� a�� � a��a� a��

� �a� a�� � a)�

� a� a � a

�� a� ����a� �� a�o � o� a�o

� �a� a���a� �� � aa� � a�o

� aa� a� a�a� a� � a�a� � o�

� a� a� o� a� � aa�

� � � �

G� a� ab � a)� � ab a��a� b��a� ���a� b�

a�� � b� � aa� ab� �a� �b

� a�b� �� � a� �b

� a)� � a
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� a

O� �a��� � ���a���

� �a� a���a���

� a��a��� � a��a���

� a��a��� � �

� a��a��� � a�a�

� a��a��� � a��

� a)�

� a

x� �� � �)�� � �

��� � � w�a Qy stDt 
OQi� QYLvt x� �v� w

�hPL xOa�k � x��k ���	

�b � c x�ov� ba� � ca� w ba � ca s�W�� xDW�O Qo � c w b w a Qy 
�Q� pw� Q�H Qy QO

�u�yQ�

b � b)� � b�a� a�� � ba� ba�

� ca� cc�

� c�a� a��

� c)� � c
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T��Dk� �yxQ�Ro w �yxawtHt Q� sm �L Oa�wk w X�wN R� ��U�U� pw� 
�yQ�H u�v�wk 	OW xQ�W� xm Qw�v�ty

�CU� Q�QkQ� pw� Q�H Qy QO xm CU�yxawtHt stDt X�wN u� QDiwQat R� �m� Q� R �x��k �Ov�xOW

��a�b�� � a�� b� �� w �a� b�� � a�b� �hr� s� Q�O pw� Q�H Qy QO 
u�oQwtO u�v�wk� x��k

�u�yQ�

hr�� �a� b� � �a��b����a� b� � a�����a� b� � b��

� ��b� a� � a�����a� b� � b��

� �b� �a� a�����a� �b� b���

� �b� a��a� �� � � � � � �

�a� b���a�b�� � �a�b����a� b� � �a��b��a� �a��b��b

� a��a��b�� � a��b��b�

� �a�a��b� � a���b�b��

� ��b� � a��a � b�)� � a�)� � �

�OwW�t pY�L �oO�U x� CWoQ� uwv�k w �hr�� CtUk uOQ� Q�m x� �� ��

pw� Q�H QO �v�owO ���	

� w � w � w � pta wO ��yZ�waD R� xm CU� �DQ��a B pw� Q�H l� QO �DQ��a Qy x�owO

��� � a�� �b)�� � b R�CU� CQ��a ��� a���b� �� � bCQ��a u�owO �qFt �OwW�t pY�L

�OwW�t pY�L pwY� u�ty xawtHt R�� s�yO Q��eD OwN u�owO x� �Q pw� Q�H pwY� s�tD x�oQy

�CU� hwQat pw� Q�H QO �v�owO pY� x� xm CU� �rY� Qov��� u��
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���v�owQ pY� �	�	

�CU� x��k l� xQ�� wO pw� Q�H l� QO ��x��k Qy u�owO

��xy�� � x� � y� R� CU� CQ��a �x� y�� � x�y� u�owO �p�Ft

�x�x � x R� CU� CQ��a x� x � x u�owO �p�Ft

�O�U�wv� pw� Q�H l� QO �Q Q� R C�Q��a R� s�Om Qy u�owO �p�Ft

�x� y��x � �� � x� xy � y �hr�

x� �x��y � ��� � x ��

�x� � y��x� y�� � x��y� � xy �G

��x� � y��y� � z���x� � z�� � � �O

�x�y� � �x� �� � x�x� y��y �hr�

x��x � y)�� � x ��

�x��y� � �x�y�� � �x� � y����x� y� �G

x��y � y��z � x�z� � � �O

	pL

Q�eDt w C��F �
�	

���yC��F � w ��qFt �OwQ�t Q�m x� pw� Q�H R� �va� w�a uO�O u�Wv ��Q� xmCU� �O�tvC��F

Q�m x� pw� Q�H R� x�wNrO w�a Qy uO�O u�Wv ��Q� xm CU� �O�tv Q�eDt ��t� �OvDUy pw� Q�H QO

�s�vm�t xO�iDU� �yQ�eDt ��Q� � w yw x w � � � w c w b w a hwQL R� �qwtat �OwQ�t

�rw� CQ��a ���	

p�mWD ��� w � w � �rw� p�ta� w c w b w a Ovv�t Q�eDt OvJ R� xm CU� �DQ��a �rw� CQ��a

	u��Q��v� �CU� xOW
��� Principle of Duality
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A � B � B� A � B � A AC � B � � A �BC � �
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	CWwv Q� R CQwY x� u�wD�t �Q O�rm l� �DUQO pwOH
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f � ab� ac� ad� bc� bd



��� u� s�y�it w ���D � pYi

�� �yRDv�QB uOQm �Q� �� �Q �rwtat �Q�H CQ��a l� xm Qw
 u�ty ��yQ�Ot uOQm xO�U

CQ��a uOQm xO�U �� �CU� Q�PB u�mt� Q�m u�� R�v �yQ�Ot OQwt QO �OQm xO�U u�wD�t �Q�oQwDm �i

	OwW�t xO�U R�v Q�Ot OwN �Q�Ot l� �rw�
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� ab� �a� b��c� d�

�CU� �r�k Q�Ot R� QDxO�U Q�Ot u�� OwW�t x	Lqt 	O���t QO Q� R CQwY x� u� Q��vDt Q�Ot xm
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�OvDUy s�y�it xvwo u�� R� R�v O�Oa� �OQm h� QaD u�wD�tv �Q R�J xty xm Ov�xOQ� �B xDmv u�� x�

�s�vmh� QaD s�v�wD�tv xm �Q ����W� xm xm CU�v u�� �rY� p��wU ��t� �OvDU�v h� QaD p��k �yv�

�s� Q�� Q�m� xvwoJ

�OQ� Q�m� �Ovmh� QaD w OU�vW� ��wN x� �Q ����W� Ov�wD� xmv��� TO�rk� �V�B p�U Q�Ry wO

C��F� �yv� OQwt QO x��k OY R�V�� w OQ� Q�m� ��wN x� �Q xt��k x� w�R w xQ��O w�N w x�kv w�

GvB�w�wt pwY� � ltm x� �Q �Qt� u�vJ TO�rk� �k�w QO �Ovm h� QaD �Q �yv� xmv� �� OQm

xm s� R�U�t u�vJ �Q �yv� �t xm OvDUy ���y�r�k �k�w QO w�wt pwY� �O�O s�Hv�  OwNxv�o
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h� QaD �Q x�kv u�wD�tv xJQo �qFt �OvyO�t RwQ� �Q OwN X�wN s�y�it u�� �s�v�O�t ��wN x�

x�kv wO Qy R� xm OQ� �B C�YwYN u�� x� u�wD�t TO�rk� p�w� w�wt pY�ltm x� ��t� OQm
�� Axioms
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�CardP�A� � CardBA � �CardA �va� �OvDUy u�Um� �rY� O�Oa� ��Q�O BA w P�A�

�abac � ab�c x�ov� OvW�� �rY� O�Oa� c w b w a x�oQy �x��k ��	�	
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�rY	 O	Oa	 u	wD ��� ���

CardC � c wCardB � b �CardA � a xm s� Q�o�tu�vJ �QC wB wA��yxawtHt 	C��F�

OOaty AB�C w AB � AC s�yO�t u�Wv �Card�B � C� � b � c s� Q�O �B � C � � w

Q�	v �Q f � g � AB�C ���D �g � AC w f � AB xm �f� g� GwR Qy x� Q�m u�� ��Q� �OvDUy

u�� w OQw��t OwHw� AB � AC w AB�C ��yxawtHt u�� �OOaty l� Q��vD u�� �s�vm�t

�abac � ab�c Ovm�t C��F

�s� Q�PB�t C��F� uwO� �Q Q� R x��k wO

��ab�c � abc �OvW�� �rY� O�Oa� c w b w a Qo � �x��k 	�	�	

��ab�c � acbc �OvW�� �rY� O�Oa� c w b w a Qo � �x��k ��	�	

��� � C �x��k �	�	

�� �Q f � R 
 P�Q� CW�ov Qw	vt u�O� �C � ��� s�vm�t C��F �OD�� �C��F�

f�a� � fx � Q � x � ag �a � R

���wo OOa x�ov� OvW���k�kL OOa wO a � b Qo � �Q� RCU�l� x�l� ���D u�� �s� Q�o�t Q	v QO

�r �� f�a� �rw r � f�b� p�L ��OvDUy p�oJ R QO ��wo O�Oa�� a � r � b xm OQ�O OwHw �r

s� Q�O � p�k� ����� p�Ft w ���� VN� �� u� QtD x��v� p�L �CU� l� x� l� f u��Q��v�

C � CardP�Q� � ���

���� � C s�vm�t C��F p�L

x���� �� �Q g � f�� �gN 
 R CW�ov Q�m u�� ��Q�

g�f� � ��f���f���f��� � � �

�CU� l� w QiY R� pmWDt �Q�Wa� OOa l� g�f� �s�vm�t h� QaD f � f�� �fN u� QO xm

R��tDt g�h� w g�f� �Q�Wa� ��ytkQ �Q� R g�f� �� g�h� x�ov� �f �� h w f� h � f�� �gN Qo �



��� �RQ	sy pwY	 w �rY	 O	Oa	 � pYi

�g�f� �� g�h� xH�Dv QO w f�n� �� h�n� xm OQ�O OwHw n � N l� pk�OL �Q� R OvDUy

���� � C xH�Dv QO w CU� l� x� l� g � f�� �gN 
 R u��Q��v�

"� � C �xH�Dv ��	�	

���� p� F t x � x Hw D � � w CardN � CardP�N� Qw D v� m x � � k x � � v � �C� � F�

u��Q��v� �CardP�N� � �CardN

"� � CardP�N� � �CardN � ��� � C

�u� QtD

O�vm C��F �OW�� �rY� OOa l� a x�oQy ��

a� � � �hr�

a� � a � �

�a � � � G

�a �� �� �a � � � O

�O�vm xO�iDU� �rY� O�Oa� u�wD h� QaD R� ��t�kDUt 	���tvy�Q�

�O�vm xO�iDU� QwDv�m x��k R� 	���tvy�Q� �a � a �a �rY� OOa Qy ��Q� O�yO u�Wv ��

�ac � bd �OW�� � � c � d w a � b w �rY� O�Oa� d w c w bw a x�oQy ��

n�� � C � "��

�
	O�vm C��F �n � � �y�vDt OOa Qy ��Q� ��

c�� � C � Cn 	O�vm C��F �n � � �y�vDt OOa Qy ��Q� ��

Card C � C O�vm C��F �OW�� �rDNt O�Oa� s�tD xawtHt C x�oQy ��

O�W�� R x� R� R� l� x� l� �a��D p��vO x� w CU� OOaty R� xawtHt �� C 	���tvy�Q�

�Tma Q� w

"�c � c O�vm C��F ��
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�NDv	 �w�wt pY	 �� ���

CC � C O�vm C��F p�k ����� x��k ltm x� ��

��NDv� �wwt pY� ��


EL��t x� j�ta uDN�OQB R�TB ��t� OvUQ�t Q	v x� �y�O� p�w� x�ov QO ���� Q w�wt pwY�

sHvB pY� TO�rk� �Dkw V�B p�U Q�Ry wO �qFt �OwW�t qtQ� �yv� �oO�J�B �aw�wt pwY�

OQm u��� �OQm sUQ u�wD�t �R�wt l� �ki �N l� GQ�N x�kv QyR� OQm�t Q�y�� �Q TO�rk�

u� Ro��H �Q �Qo�O pY� �mUiJ��r �Dkw syORwv uQk QO xm u�� �D OvDW�OvB�t �y�O� u�oty

�D �NQ� �DL w O�OQo Q�mW� u�oty Q� TO�rk� sHvB pY� C�ty� w �oO�J�B Owtv pY� u��

u�vJ x�o I�y xD�r�� OvOt� TO�rk� GvB pY� uOw� �re C��F� OOY QO xm OvDiQ V�B ���H

��OWv jkLt �Qt�

xD�r� w OvDUy RwtQt w xO�J�B �Ov��tv�t �y�O� w xO�U xm xR�Ov� u�ty x����� Q pwY� s�tD

uwyQtl� R�i QO s�a C��Uv hWm xm OQ�O�t u�aP� OwN ��yDW�OO�� QO u�DW�v� CQ�r� �O�it

pY��v� Ro��H uw�Ot �Q�v�t� Q xUOvyhWm R�v u�t� Q OQ�yvQ�V� QOQi wCU��v�t� Q xUOvy

�Q ���� Q u�yH R�v Qo�O pwY� R� �Q��U� �Ov�O�t �UO�rk�Q�e �R�wD pY� �� TO�rk� sHvB

u� VQ�PB sOa w VQ�PB s�vm h� QaD s�y�wN�t VN� u�� QO xm �Q �rY� �Ov�xDN�U uwoQoO

O�v�wD�t ��� �Ovm�t wQ w Q� R �SwrwBwD w R�r�v� ���N Q�H Q�	v �Q ���� Q u�yH R� �tytVN�

u�wD�t R� Q�D QyW xw�t ��ye�� R� l� Qy R� � xm CU� u�vJ pY� u�� xO�U u��� O�vm Qw��

R� Q�D QyW ��ye�� O�OaD Qo � �s�yO GQN x� T�wUw �tm O�����  OQm ��NDv� Qwov� CNQO l�

O�v�wD�t xm O�DUy u�t�t syR�� ��� �xJ �OW�� �y�vDt�v �ye�� Qwov� u�DNQO O�OaD w �y�vDt�v

Qwov�CNQO s�Om �O�OQm ��NDv� �Q �e�� Qo � w O�vm wQW d�� s�Om R� �O�yO s�Hv� �Q �Q�m u�vJ

�OQ� V�B x� pk�OL �� Ovm s�tD �Q Q�m xm O�yO x��Q� �tD� Qwor� O�v�wD�t ��� �O�vm�t ��NDv� �Q

R� �yWim R� ��xawtHt u�� R� u�wD�t ��� �s�vm KQ�t �Qo�O p��wU �� �Q w�wt O�yO xR�H�

�
 �qFt O�v�wD�t w CU� xO�U �Qt� u�vJ xD�r� �OQm ��NDv� �Q u� xovr l� Vim CiH Qy
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R� ��xovr ��NDv� w�wt Qo � ��t� �OQm ��NDv� �Q Vim CiH Qy CU�Q ��yxovr �tD� Qwor�

w OQ�Ov OwHw �Dw�iD CU�Q w AJ ��yxovr u�� Cr�L u�� QO �xJ OW�� �y��QwH CiH xawtHt

�OwW�t QDrmWt �tm pk�OL Q�m OvwQ

C��F� p��k Q�e xJQo �Ovm�t u�t�D �Q ���yxDU�wN u�vJ  uOW� ��NDv� w�wt pY�

CUvQ� uwJ nQR� �v�v�O���� Q �DL w Ow� xH�Dv ��  �vOW� u�vJ ��Q� VqD uQkl� �CU�

l� CQwY x� �Q  �vOW� u�vJ xm OW u� Q� s�tYD Q�J�v� w OvOt��v Q� Q�m u�� xOya R� �wrtQD

�OvQ�PB� w�wt pY�

xm OW�� ���yxawtHt R� pmWDt A �yDQ�e xawtHt O�vm ZQi ���NDv� pY� ����	

Ovv�t �a��D ��yDQ�e ��yxawtHt R� CU� ��xawtHt A Qo�O CQ��a x� �OvDUy �yD Q�e

f � A 

�
B�A

B

f�B� � B �B � A Qy ��Q� xm OQ�O OwHw ��NDv� ���D x� swUwt

R� �Qwov�CNQO f�B� w �ye�� Qwov� u�DNQO B w R� Q�D QyW ��ye�� xawtHt A �r�k p�Ft QO�

�CU� B d�� Qwov� ��yCNQO u��

u�v�O���� Q �yOa� �s� OWhWm pkDUt Qw
 x� R�v �Qo�O pwY� ���NDv� w�wt pY�Q� xwqa

u��VN� u�� QO �OvDUy ��NDv� w�wt pY� pO�at pwY� u�� �x��WD sOa seQ�ra xm OvDi�� QO

�s�vm�t KQ�t �Q O�OQ�Qk w h� QaD u�OvJ �OD�� ��t� �OQm s�y�wN �UQQ� R�v �Q pwY�

��U�mav� x�oQy �OwW�t xO�t�v ��RH ��DQD A �wQ � x���Q 	��RH ��DQD �x���Q �h� QaD

�va� OW�� uQ�kDt O�B w �OaDt

�a � A � a � a

�a� b� c � A � a � b�b � c �� a � c

�a� b � A � a � b �� b �� a

�� �
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x�oQy �wW�t xO�t�v �rm ��DQD A �wQ � x���Q 	�rm ��DQD x���Q �h� QaD ����	

Ovv�t A x�wNrO w�a wO Qy ��R� x� �va� OvW�� xU��kt p��k A QY�va s�tD w xOw� ��RH ��DQD

�b � a �� a � b �b w a

�OwW�t xO�iDU� R�v ��N ��DQD x���Q R� �rm ��DQD x���Q ��H x� ���vt �NQ� QO 	QmPD

�CU�v Q�QkQ� xQ�wty TmaQ� �rw CU� ��RH �DQt ��rm �DQt xawtHt Qy �xH�Dv

xO�t�v Q�HvRl� ��RH�DQt xawtHtl� R� �rm�DQt xawtHt Q� R R� �h� QaD ����	

�OW���t Q�HvR l� ��Q�O �rm �DQt xawtHt Qy xm CU� �y�O� �OwW�t

��RH �DQt xawtHt l� �P �X���� �X �yDQ�e xawtHt Qy ��R� x� �p�Ft 	���	

�CU�

�OW�� xDW�O w�a wO pk�OL X x�oQy CU�v �rm �DQt �P �X���� O�vm C��F �u� QtD

�yv� pw�ODt ��DQD �� �Q u�Dq w �UQ�i ���ir� hwQL R� pmWDt xawtHt �p�Ft ����	

wO ��Q�O w ��RH �DQt xawtHtl� xawtHt u��� � �w E � F w hr� � ��qFt O� Q�o� Q	v QO

�OW���t Q�HvR

xm s�vm�t h� QaD �Qw
 �Q � x���Q �rDNt O�Oa� xawtHt QO �p�Ft ���	

a� ib � c� id�� �a �� c� � �a � c � b �� d�

��CU� R QO �rwtat ��DQD ��� CU� ��RH �DQt xawtHt l� �C �� �

�k�kLCtUk xm ��rDNt O�Oa� ��� �CU� Q�HvR OvJ R� pmWDt jwi h� QaD �� �C ��� �u� QtD

�OvyO�t p�mWD Q�HvR l� �OvQ�O �v�Um� �twywtw
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�u� QtD

C Ovv�t A xawtHtQ� R l� O�vm C��F �OW�� �WwB ���D l� f � A 
 B O�vm ZQi ��

�CardA � CardB xH�Dv QO w CU� B u�wDty C xm OQ�O OwHw

CU� ��RH �DQt xawtHtl� �OW���t uOQm O�a x���Q  �� u� QO xm �N� �� O�vmC��F ��

�Ovt�Om xawtHt u�� ��yQ�HvR

�OW�� �rm ��DQD �Qo�O w ��RH ��DQD �m� xm O�vR� p�Ft x���Q wO Q QO ��

�OW�� ��RH ��DQD �Qo�O w �rm ��DQD �m� xm O�vR� p�Ft x���Q wO R QO ��

Q��Q� R xvt�O w OW�� B x� A R� x���Q l� R w �yDQ�e xawtHt wO B w A O�vm ZQi ��

�f � R xm OQ�O OwHw f � A 
 B Ovv�t �a��D O�vm C��F �OW�� A xawtHt

hQwOU�y p�t�Um �t pY� ��


�s�OvtR��v Q� R h� QaD x� ���� Q pwY� R� Qo�O �m� h� QaD ��Q�

�OW�� ��RH �DQt xawtHt l� �A��� x�oQy �h� QaD ���	

�u � b ��b � B x�oQy Ov�wo�t �A xawtHtQ� R l� �B �q�� u�Qm �Q u � A w�a �hr�

�u� � u �u Ovv�tB�q�� u�Qm Qy ��Q� Qo �CU�B�q�� u�Qm u� QDmJwm �B�q�� u�Qm �u� ��

�e � a OwW xH�Dv e � a R� �a � A Qy ��Q� x�oQy �Ov�wo�t p�t�Um �t �Q e � A w�a � G

w u���B u�Qm u� QDoQR� �u���B u�Qm ���RH �DQt xawtHt l� ��Q� Q�N� h� QaD x��Wt �u� QtD

�O�vm h� QaD �Q p�t�v�t w�a

��RH �DQt xawtHtQ� R l� B ��yDQ�e xawtHt l� X O�vm ZQi �p�Ft ���	
T
C�B C �B u���B u�Qm u� QDoQR� �

T
C�B C �B �q�� u�Qm u� QDmJwm �CU� �P�X����

�OW���t
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hQwOU�y p�t�Um �t pY	 ��� ���

x��k u�� �s�OvtR��v Q� R x��k x� pwY� Q��U �� ��NDv� w�wt pY� �RQ�sy C��F� ��Q�

�s� Q�PB�t C��F� uwO� �Q

�A �rm �DQt xawtHtQ� R Qy w ��RH �DQt xawtHt l� �A��� x�oQy �x��k ���	

�f�a� � a �a � A Qy ��Q� xm OW�� u�vJ f � A 
 A w OW�� xDW�O A QO q�� u�Qm u� QDmJwm

�f�p� � P xm OQ�O OwHw P � Al� x�ov�

�CU� ��NDv� pY� R� xO�iDU� �� hQwOU�y p�t�Um �t pY� Q� �D��F� Q� R x��k

OwW�t u��� x��k u�� QO xJv� Ck�kL QO w OwW�tv C��F� �rY� I�y xm O�W�� xDW�O O����

�QDW�� xv w CU� ��NDv� pY� �� u� �RQ�sy u���

�DQt ��yxawtHtQ� R s�tD xawtHt A x�oQy �hQwOU�y p�t�Um �t pY� �x��k 	��	

�A��� x�ov� �OW�� ��RH�DQt xawtHtl� �A��� xm OW�� �A��� ��RH�DQt xawtHt �rm

�OQ�O p�t�Um �t QYva

T � A Qy ��Q� CQwY u�� QO �OQ�Ov p�t�Um �t QYva A O�vm ZQi �hrN u�yQ�� �C��F�

�yDQ�e xawtHt

T � � fs � Ajs # Tg

�g�T �� � T � xm OQ�O OwHw fT �jT � Ag xvt�O �� g ���D ���NDv� pY�Q��v� p�L �OwW�t Q�	v

OwW�t h� QaD �f�T � � g�T �� # T x���� �� f � A 
 A ���D T � A Qy ��Q� xH�Dv QO

�T � A Qy ��Q� ��t� �Ovm�t jOY x��k ZQi QO f ���D �� �A��� p�k p�Ft R� xO�iDU� ��

�OwW�t pt�m x��k C��F� w CU� Zk�vD l� xm �f�T � # T

�u� QtD

xO�iDU�hrN ZQi R�� CU� OQi� QYLvt OwHw CQwY QO q�� u�Qm u� QDmJwm O�vmC��F ��

�O�vm
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u� QDmJwm xv ���RH �DQt xawtHt l� R� Q�Ov�Qm xawtHtQ� R l� xm O�yO x��Q� �r�Ft ��

�OW�� xDW�O u���B u�Qm u� QDoQR� xv w q�� u�Qm

s�tD w q�� ��yv�Qm s�tD �OW�� ��RH�DQt xawtHtl� �P�X���� w X � fa� b� cg Qo � ��

xawtHt u���B u�Qm u� QDoQR� w q�� u�Qm u� QDmJwm �u���B ��yv�Qm

ffa� bg� fc� dgg

�O����� �Q P�X� p�t�v�t w p�t�Um �t QY�va �O�vm �O�B �Q

p�Ft p�t�v�t w�al� R�V�� w p�t�Um �t w�al� R� u���B ��RH �DQt xawtHtl� ��

�O�vR�

QYLvt OwHw CQwY QO �rm �DQt xawtHt l� p�t�v�t w p�t�Um �t QYva O�vm C��F ��

�O�vm xO�iDU� hrN ZQi R�� CU� OQi�

�O�vR� p�Ft p�t�v�t w p�t�Um �t w�a Ok�i �rm �DQt xawtHt l� ��

uQR sr ��


u�wva uQR sr x� swUwt OwQ�t Q�m� Q�H QO xm ��NDv� pY� RQ�sy pwY� R� �m� ���� p�U QO

x��k Ovv�ty� �OW Oy�wN xH�Dv hQwOU�y p�t�Um �t pY�ltm x� pY� u�� Q� R x��k QO �OW

�QDW�� xvw OyO�t u�Wv �r�k pwY��� �Q uQR sr �RQ�sy �awv x� x��k u�� �k�w QO p�k

Q�HvR Qy u� QO xm OW�� ��RH �DQt xawtHt �A��� x�o Qy �
uQR sr� x��k ����	

�OQ�O p�t�Um �t QYva A �OW�� xDW�O q�� u�Qml�

p�t�Um �t �B��� xm OQ�O B Ovv�t �Q�HvR hQwOU�y p�t�Um �t pY� x��v� �A��� 	C��F�

QYva u s�vm�t C��F �OQ�O OwHw ZQi x��v� u �OW�� B �q�� u�Qm l� u O�vm ZQi �CU�

�DQt xawtHtQ� R l� B � fxg x�ov� �x � u xm OW�� u�vJ x � A x�oQy �CU� A p�t�Um �t
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uQR sr ��� ���

O��� xH�Dv QO �CU� B p�t�Um �t �rm �DQt xawtHtQ� R pt�W w CU� �Q�HvRl�� �A��� �rm

�CU� �A��� p�t�Um �t QYva u �va� �x � u u��Q��v� �B � fxg � B

�s�vm�t C��F �Q Q� R x��k uQR sr ltm x�

x� A R�l� x� l� ���Dl� �� �OvW�� �yDQ�e xawtHt wO B w A x�oQy �x��k ����	
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