
.´¨� ùÀª ��¹÷� ö�Úþ�¤ �¤�¬ �� ø ü÷�Âþ� ö�¥�õ� Ç÷�¢ üÞÜä ý���� Çþ��ê� ý�Â� ö�õ¥� ßþ� üû¢¾¨��.Àª��üõ ö�Âþ� üÞÜä ý�û¢��³Þó� ´þ�¨ ø ö�Ôó�b õ ý�Â� ë�Ö� ý��Üî



ñø� ¥ø¤
a − b ø ab + 1 ¢Àä ø¢ ø À�ª�� ñø� Ýû �� ´±Æ÷ a + b ø ab − 1 ¢Àä ø¢ Âð� .a > b ø À÷�üã�±Ï ¢Àä ø¢ b ø a (1.´Æ�÷ Ûõ�î â�Âõ (ab + 1)2 + (a − b)2 À��î ´��� ,À�ª�� ñø� Ýû �� ´±Æ÷ ��÷�î üþ�û¶Ü·õ ¢�Àã� À��î ´��� .À�µÆ�÷ ´õ�Öµ¨� ×þ ýø¤ Â� �ûö� ¥� üþ���¨ º�û �î Ýþ¤�¢ �½Ô¬ ¤¢ �ÎÖ÷ n (2.´Æ�÷ Â�Ç�� 23 (n2 − n) ¥� ,Àª�� ×þ �ûö� ´��Æõ ø À�ª�� �ÎÖ÷ n ßþ� ß�� ¥� �ûö� §��¤ùÂþ�¢ ø¢ Â� AB �î ý¤�Ï�� À�µÆû W2 ø W1 ýø¤ °��Â��� B ø A .À÷�âÏ�Öµõ P ø D ¤¢ W2 ø W1 ý�ûùÂþ�¢ (3
BC Í¨ø M Âð� .À�îüõ âÎì C ¤¢ �ø¢ ¤�� ý�Â� �¤ W2 ýùÂþ�¢ AD .Àª�� AB Í¡ �� P ¥� Â�×þ¢�÷ D À��î ­Âê .´¨� §�ÞõÀ��î ´��� ,Àª��

6 DPM = 6 BDC

�ø¢ ¥ø¤ø À÷�üÖ�Ö� üþ�û¢Àä P (x) = ax3 + bx2 + cx + d ý��ÜÞ�À�� ý�û°þÂ® (4
min{b, b + d} > max{|c|, |a + c|}.¢¤�À÷ ���� [−1,1] ýù¥�� ¤¢ P (x) = 0 ý�ó¢�ãõ À��î ´���ßþ� ýø¤ �¤ F ø E °��Â��� ø Ý�û¢üõ ¢�Àµõ� C ø B éÂÏ ¥� �¤ AC ø AB á�®� .Â = 60◦ ,ABC ¶Ü·õ ¤¢ (5(E ¥� Â�è ��) EF �� ACE ¶Ü·õ üÎ�½õ ýùÂþ�¢ ¢¤�¡Â� Û½õ K ý�ÎÖ÷ .BE = CF = BC �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ ý¤�Ï �û¢�Àµõ�.¢¤�¢ ¤�Âì A ý�þø�¥ ¥�¨Ý�÷ ýø¤ K À��î ´��� .´¨�¥�õ�Ç÷�¢ Âû �î ´¨� ùÀª ùÀþ¢ í¤�À� �ûö� ý�Â � �õ� ÷Â � ë�ê §�î ý¢�Àã� ø ¢¤�¢ ¥�õ�Ç÷�¢ n ý��¨¤Àõ (6,ÓÜµ¿õ §�î ø¢ Âð� Ý�÷�¢üõ .À÷�ù¢Âî ��÷´±� ¥�õ�Ç÷�¢ ø¢ Ûì�À� §�î Âû ¤¢ .À�î ��÷´±� �û§�î ¥� ¢�Àã� Âû ¤¢ À÷���üõ

(n − 1)2 ¥� �û§�î ¢�Àã� À��î ´��� .´¨� �ø�Ôµõ ,§�î ø¢ ö� ý�Ìä� ¢�Àã� ù�ðö� ,À�ª�� �µª�¢ íÂµÈõ ¥�õ�Ç÷�¢ ø¢ Ûì�À�.´Æ�÷ Â�Ç��



�û¾¨�� �î À��î ���� (1
(a − b)2 + (ab + 1)2 = (a + b)2 + (ab − 1)2 = (a2 + 1)(b2 + 1).ù�ðö� ,À�ª�� �µª�¢ p À�÷�õ üîÂµÈõ ñø� Ûõ�ä b2 + 1 ø a2 + 1 Âð�

p | (a2 + 1) − (b2 + 1) = (a − b)(a + b)ßþ�Â���� .(− �þ ø + ý�û��¿µ÷� ¥� üØþ ý�¥� ��) p | a ± b ßþ�Â����
p | a(a ± b) − (a2 + 1) = ±ab − 1⇒ p | ab ∓ 1⇒ p | (a ± b, ab ∓ 1)¢�Àä� ¥� ×þÂû ,¢�ª Ûõ�î â�Âõ (a2 + 1)(b2 + 1) Âð� ñ�� .(a2 + 1, b2 + 1) = 1 ßþ�Â���� .´¨� Ëì��� ¤¢ �ÜÿÆõ­Âê �� �î.a2 < a2 + 1 < (a + 1)2 �Âþ¥ ;´¨� ßØÞõ Â�è �î ,À÷�ª Ûõ�î â�Âõ Àþ�� b2 + 1 ø a2 + 1¥� ×þ Âû ¤¢ ,À÷¤�À÷ ¤�Âì ´¨�¤ Í¡ ×þ ýø¤ ý��ÎÖ÷ �¨ º�û �î ��ö� ¥� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ B ø A ý�ÎÖ÷ ø¢ (2ø¢ �
 �¿µ÷� (n2) ¥� ×þÂû ý�Â� Å� .Àª�� �µª�¢ 1 ´��Æõ ABC ¶Ü·õ �î À÷¤�¢ ¢��ø C À�÷�õ �ÎÖ÷ ø¢ Â·î�À� ,AB Í¡ ý�¨ ø¢ù¢ÂÞª Ç¨�b¤ �¨ ÂÏ�¡ �� ¤�� �¨ ý�ABC ¶Ü·õ ß��� Âû .À�þ�üõ ´¨¢ �� 1 ´��Æõ �� ABC ¶Ü·õ 4 Â·î�À� ,B ø A ý�Â� �ÎÖ÷.À�ª�� �µª�¢ ¢��ø À�÷���üõ 1 ´��Æõ �� ¶Ü·õ 43(

n2) Â·î�À� ,Å� .¢�ªüõ,ùÂþ�¢ ø¢ �� ´±Æ÷ L ý�ÎÖ÷ ��ì Õ±Ï .À�î âÎì L ý�ÎÖ÷ ¤¢ �¤ AB Í¡ù¤�� ,PD Í¡ À��î ­Âê (3
LA2 = LD · LP = LB2 .´¨� AB Í¡ù¤�� Í¨ø ý�ÎÖ÷ L ßþ�Â�����Âþ¥ ;À÷����Èµõ PBA ø PCB ¶Ü·õ ø¢

6 PCB =
12 6 PDB = 6 PBA, 6 PBC =

12 ⌢

PC= 6 PDC =
12 ⌢

ADP= 6 PABßþ�Â���� .À÷����Èµõ PLB ø PMC ¶Ü·õ ø¢ ÝþÂ�ðüõ �¹�µ÷ ,À÷�¶Ü·õ ø¢ ý�û�÷��õ PL ø PM �îßþ� ø ¶Ü·õ ø¢ ���È� ¥�
6 CPM = BPL ⇒ 6 CPB = 6 MPD.6 MPD = 6 CDB �¹�µ÷¤¢ .6 CPB = 12 ⌢

CB= 6 CDB üêÂÏ ¥��¤�¬ ßþ� ¤¢ .Àª�� �ó¢�ãõ ßþ� ¥� ý��Èþ¤ x ∈ [−1,1] À��î ­Âê .b, b + d > 0 ,�ÜÿÆõ ­Âê �� ���� �� (40 = |ax3 + bx2 + cx + d| ≥ |bx2 + d| − |ax3 + cx|

= (b + d)x2 + d(1− x2) − ∣

∣

∣
x

(

(a + c)x2 + c(1− x2))∣

∣

∣

≥ (b + d)x2 + d(1− x2) − |(a + c)x2 + c(1− x2)|
≥ (b + d)x2 + d(1− x2) − (

|a + c|x2 + |c|(1− x2))
≥ min{b, b + d}(x2 + 1− x2) − max{|a + c|, |c|}(x2 + 1− x2)
= min{b, b + d} − max{|a + c|, |c|} > 0.(.Ýþ�ù¢Âî ù¢�Ôµ¨� 1− x2 ≥ 0 ø b, b + d > 0 �îßþ� ø ,¶Ü·õ ýÂ��Â��÷ ¥� ��� ý�ûýÂ��Â��÷ ¤¢ �î À��î ����) .´¨� ßØÞõÂ�è �î



À��î ­Âê .Ý�õ�÷üõ O �¤ BF ø CE Í¡ ø¢ ¢¤�¡Â� ý�ÎÖ÷ (5
6 BEC = BCE =

12 6 ABC = α, 6 CBF = 6 CFB =
12 6 ACB = β�¹�µ÷¤¢ .´¨� üÏ�½õ ABOC üãÜ®¤�ú� Å� . 6 BOC = 120◦ �µ¹�µ÷ ø α + β = 60◦ ßþ�Â����

6 OAC = 6 OBC = β, 6 OAB = 6 OCB = α

⇒ OA = OE = OF ⇒ 6 OEF = 6 OFE = 30◦

⇒ 6 KAC =
12 ⌢

KC= 6 KEC = 30◦ ⇒ 6 EAK = 6 FAK = 30◦ø¢ À�÷���üÞ÷ ý�ý�Ìä k ý�ä�Þ¹õÂþ¥ ø¢ º�û .ÀþÂ�Ú� ,k ≥ 2 ,ý�Ìä k ý�û�ä�Þ¹õÂþ¥ ¤�Þª ý���È�� �¤ ak (6,°��Â� ßþ� �� .À�µÆû ö�ð�÷�ð ,ý�Ìä k ý�û�ä�Þ¹õÂþ¥ ý
 �Ìä ø¢ ý�û�ä�Þ¹õÂþ¥ ý�Þû ,Å� .À�ª�� �µª�¢ íÂµÈõ �Ìä:À�þ�üõ ´¨¢ �� Âþ¥ ý�ûýÂ��Â��÷
(

k2)

ak ≤

(

n2)

;

ak ≤
n(n − 1)

k(k − 1)
, n ≥ 2:Àþ�üõ ´¨¢ �� ùÀª �µ¨��¡ ý���È�� ¤�Þª ,n �� 2 ¥� k ý�Â� �û ak ßµÆ� âÞ� ��

n
∑

k=2 ak ≤
n

∑

k=2 n(n − 1)

k(k − 1)
= n(n − 1)

n
∑

k=2( 1
k − 1 −

1
k

)

= n(n − 1)

(1−
1
n

)

= (n − 1)2


