Brouwer and Absolutely Unprovable Propositions

Abstract

In this article, we discuss absolutely unprovable propositions from the point of view of
Brouwerian intuitionism. According to Brouwer’s definition, a proposition is absolutely
unprovable if the creative mind as an ideal mathematician has a proof that both the
proposition itself and its negation are unprovable from a constructive point of view.
Brouwer has shown that the existence of such propositions is impossible. In his book on
Brouwer and Intuitionism, Mark van Atten has described and elaborated Brouwer’s short
proof on this matter. The Persian translator of this book has reconstructed and explained
this proof in two different ways. In this paper, we present a more appropriate
reconstruction of Brouwer’s proof. In the meantime, we will deal with Godel’s work in
generalizing Brouwer’s result from propositional logic to first-order predicate logic. In
addition, we will point out that such formalizations of intuitionistic ideas in the formal
language of logic cannot do justice to Brouwer’s ideas.
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Zal men nu ooit van een vraag kunnen bewijzen, dat ze nooit uitgemaakt
kan worden? Neen, want dat zou moeten uit het ongerijmde. Men zou dus
moeten zeggen: Gesteld dat het was uitgemaakt in zin a en daaruit afleiden,
tot een contradictie kwam. Dan zou echter bewezen zijn, dat niet a waar
was, en de vraag bleef uitgemaakt (van Dalen, 2001: 17).
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Can one ever prove of a proposition, that it can never be decided? No,

because one would have to so by reductio ad absurdum. So one would have
to say: assume that the proposition has been decided in sense X, and from



that deduce a contradiction. But then it would have been proved that not X
is true, and the proposition is decided after all (van Atten, 2004: 26).
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Can one ever demonstrate of a question, that it can never be decided?
No, because one would have to do so by reductio ad absurdum. So one
would have to say: assume that the question has been decided in sense a,
and from that deduce a contradiction. But then it would have been
demonstrated that not-a is true, and the question remains decided.
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Can one ever prove of a question that it cannot be decided? No, because
if it were, it must be by contradiction. One should thus have to say:
Suppose that it was decided in (sense / sentence) a and derive from there

come to a contradiction. However, then would have been proven that not-a
was true, and the question remained decided (Ruitenberg, 2024).
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To be more exact, you can construct a certain number-theoretic

propositional function ¢(x) for which it is free from contradiction to
assume in intuitionistic mathematics that —(x)[@(x) V =@ (x)] (Gédel, 1986:

199).
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