Nonlinear Problems- S2

Exercise 1 Consider a second-order autonomous system x(¢) = f(x). For each of the
following types of equilibrium points, classify whether the equilibrium point is stable,
unstable, or asymptotically stable. Justify your answer using phase portraits.

(1) stable node ( 2 ) unstable node (3) stable focus( 4 ) unstable focus ( 5 ) center
(6) saddle

Exercise 2 For each of the following systems, use a quadratic Lyapunov function
candidate to show that the origin is asymptotically stable. Then, investigate whether the
origin is globally asymptotically stable.

1) :E:l = —z1+z2 2 1 = (z - -"-'2}{3?% + -"“3 ~1)
i {2y . 8, .2
N o 22 = (zitae)(z]+23-1)
F] = -1+ J:?.":z £ = —I—x
3 .
(3) Zy = —zr2+x (4) #y = xi—a3

Exercise 3 Using quadratic Lyapunov function, study stability of the origin of the
system.

Ty = :ﬂ1(k2 -~ -"'.-f - z%} -+ 1?2(1'? -+ I'% + k%)
Iy = —El(kz'f'-?f'!'ﬂ?g)+ﬂf2(k2-zf"’-"§)

Exercise 4 Using the variable gradient method, find a Lyapunov function V(x) that
shows asymptotic stability of the origin of the system

Ty = Ty
£, = —(z1+ x2)~sin(z; + 22)

Exercise 5 Consider the second-order system

, -6z
o= =5 + 2z
. —2(zy + £2)

where u= 1+ 2% Let V()= 23/(1 + z}) + =%.
(a) Show that V(z) > 0 and V(z) < 0 for all x € R* — {0}.
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Exercise 5 Consider the system

Ty = -z + 9(33)
£y = -g(z3)
F3 = —ay+ bra - eg(za)

where a, b, and ¢ are positive constants and ¢(-) satisfies
g(0)=0 and ye(y) >0, YO<|yl<k, k>0
(a) Show that the origin is an isolated equilibrium point.
(b} With V(z) = luzf + %bz% + Dﬂ g(y) dy as a Lyapunov function candidate,

2
show that the origin is asymptotically stable.

{c) Suppose yg(y) > 0¥ y € R— {0}. Is the origin globally asymptotically stable?
Exercise 6 Consider Lihnard's equation

i+ h(y)y+9ly) =0
where g and A are continuously differentiable.

(a) Using £y = y and 22 = §, write the state equation and find conditions on ¢
and A to ensure that the origin is an isolated equilibrium point,

{b) Using V{z) = f:‘ g(y) dy + %x% as a Lyapunov function candidate, find con-
ditions on g and h to ensure that the origin is asymptotically stable.

(¢) Repeat (b} using V(z) = § 22+ [5 h(y) dy] “ 4 Jo " a(y) dy.

Exercise 7 Consider the system

9:‘:1 = X9
s = —asinz; — kz) —dLs — cx3

g = =—zaztx

where all coefficients are positive and k£ > a. Using
V(z) = Ea/ siny dy + kz? + z3 + prl
0

with some p > 0, show that the origin is globally asymptotically stable.
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Exercise 8 Show that the system

. 1
= -
o1 14 25

2‘:2 = I - 222

5:3 = I —32‘.‘3
has a unique equilibrium point in the region z; > 0, i = 1,2,3, and investigate

stability of this point using linearization.

Exercise 9 Consider the system
£, = (zizy— Dad+ (mee— 1+ z8)x)

i&z = =I7
(a) Show that £ = 0 1s the unique equilibrium point.

(b) Show, using linearization, that = = 0 is asymptotically stable.

Exercise 10 For each of the following systems, use linearization to show that the
origin is asymptotically stable. Then, show that the origin is globally asymptotically
stable.

(1) J:.:]. = - + I3 (2) ;.cl = —x? + Iy
2y = (z1+ xy)sinz; — 3z Fq = —a; —bry, a,b>0
Exercise 11 Consider the system
& = -+ a(t)z,

where a{t) is a continuous, bounded function. Show that the origin is globally
uniformly asymptotically stable. Is it exponentially stable”
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Exercise 12 A pendulum with time-varying friction is represented by
2‘31 = I3

£y = —sinz —g(t)z,
Suppose that g(t) is continuously differentiable and satisfies
l<a<a<git)<B<oo; g})<y<?2
for all + > 0. Consider the Lyapunov function candidate

V(t,z) = L(asinz; + 25)? + [+ ag(t) — a®](1 — cos z1)

(a) Show that V(¢,z) is positive definite and decrescent.

(b) Show that V < —(o — a)2 — a(2 — 9)(1 — cos 1) + O()|z||*), where O(||z|[®) is
a term bounded by £l|z()? in some neighborhaod of the origin.

{c) Show that the origin is uniformly asymptotically stable.

Exercise 13 Consider the system

Ty = —-2131 -+ g(t}ﬂ?g
T3 g(t)zy — 2z

where g(t) is continuously differentiable and |g(¢)| < 1 for all £ > 0. Show that the
origin is uniformly asymptotically stable.

Exercise 14 Consider the system
:'lt?; = I
*'.n..:'g = =I - (1 + bcos t):ﬂg
Find &* > 0 such that the origin is exponentially stable for all |b] < &".

Exercise 15 Consider the linear system x(k + 1) = Ax(k). Show that the following
statements are equivalent

(1) = = 0 is asymptatically stable.

(2) || < 1 for all eigenvalues of A.

(3) Given any @ = QT > 0 there exists P = P7 > 0, which is the unique solution
of the linear equation

ATPA-P=—@
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Exercise 16
For the following systems, find the equilibrium points and determine their stability. Indicate

whether the stability is asymptotic, and whether it is global.
(@) i=-x3+sin®x
(h) i=(5-x°
() ¥+335+x7=x2gin®xcos?3x

3

(d) T4r= D457+ 3= x%in3x

(&) X+{(x— ])Ej'_"+x=sin(1u,-'2)

Exercise 17

Show that given a constant matrix M and any time-varying vector x, the time-de rivative of the

scalar x/ M x can be written

%xTMx =T M+MD & = &7 (M + M) x

and that, if M is symmetric, it can also be written

%:KTM);= 2x"Mx = 2 Mx
Exercise 18
For different values of a in the following system, find the equilibrium points and

study their stability.

t=x’+a

Exercise 19
Find the equilibrium point of the following system and its stability completely.

i 7 2 2
=X +x(p"—xy —x3)

By =—x + X (B —xf —x3)



Nonlinear Problems- S2

Exercise 20

Analyze the stability of the dynamics

Exercise 21

v+ 2alvlv+bv=c a=0,b>0

show that the linear time-varying sysiem associated with the matrix

| -1 frﬂ

0 -1

is globally asvmptotically stable.

Exercise 22

Determine whether the following sysiems have a siable equilibrivm. indicate whether the

stability is asymptotic, and whether it is global.

—

———

[t —y

X

-

-10 &) x
A 11 |
{ -2 by
L JL 2 ]
_ _ - -
-1 2 sint 5|!
|
0 -0+ |
' [ ~1 e | x|
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Exercise 23
Consider the system

¥V +(a+bcos(y))y +csin(y)=0

a) This system can be viewed as a pendulum with a nonlinear damping coefficient.
Using the total energy of the system as a Lyapunov candidate, show that (0,0) is a
stable equilibrium point if 4 =5>0.

b) Using Lasalle Theorem prove that (0, 0) is an asympfofically stable equilibrium
point if a>52>0.

Exercise 24

Consider the following forced system
X, =sin(x, ) cos(x, )+ xf’ +u
X, =—X;Xx, cos(xy )
a) Based on the Lyapunov function candidate ¥ (x) = %(xf + x%) , suggest a control

law u(x,, x,)such that the system remains stable and x;() =0 as f — e0.

b) Using MATLAB, show that your design satisfies the problem objectives.

Exercise 25

Consider the non-autonomous system:

ay@)+p@)yE)+e"y@)=0
a) If a=1 Introduce a suitable time varying Lyapunov function and find some
conditions of the function p(f) that ensure the stability of the equilibrium0.

e . .
b) Suppose a=0 and ) =—————— analyze the stabili and uniform
) Supp p(0) Srsin() _2f yz ty (

stability) of the new differential equation.



