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Transient Heat Conduction
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T o plus! 51 S ‘_.;l.oo +
Lol JUl gwyp +

by>by> b, SOLID BODY T,

m = mass

V= volume

P = density

T; = initial temperature

I T=T(t)

? Q = hAs[Too - T(n]

Ty —T.  hA; nn—T. o QA )
In T—T, —pVCpI T—T., ¢ b —LPV(-}: (1/s)
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The rate of convection HT between the body and its environment at time t

Q) = hA1(1) — 1] (W)
The total amount of HT over the time intervalt =o to t
Q = mc)|1(r) — 1] (k)
The maximum heat transfer between the body and its surroundings
Qmu}: - ‘F”(i;:r(T% o Tf) (k])
=0 ;f t— o
- T : LT a Sy oyl JU e +
i @ %
T T A > AS Gy (SO )AS‘..\}
fi g I e T, °= dow o e clod
T T, r. T. A ) AL (S

O =0Qnax = mc, (T; -T1,)
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The rate of convection HT between the body and its environment at time t

Q) = hA1(1) — 1] (W)
The total amount of HT over the time intervalt =o to t
Q = mc)|1(r) — 1] (k)
The maximum heat transfer between the body and its surroundings
Qmu}: - ‘F”(i;:r(T% o Tf) (k])
=0 ;f t— o
- T : LT a Sy oyl JU e +
i @ %
T T A > AS Gy (SO )AS‘..\}
fi g I e T, °= dow o e clod
T T, r. T. A ) AL (S

O =0Qnax = mc, (T; -T1,)
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Ud=ad iglp 1g) o

h=15W/m2.°C ,

Spherical
copper
ball

k=401 W/m-°C
D=12cm

_U_%?ID [

3
D=0.02m

© A aD* 6
Convection

hL. _ 15 % 0.02

Bi = = 0.00075 < 0.1
k 401 h =2000 W/m?.°C
Bi = h AT Convection at the surface of the body
' k/L.AT Conduction within the body
Bi — L./k Conduction resistance within the body
'~ I/h ~ Convection resistance at the surface of the body
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() »—
T, Initially 7, T,| Initally |7, L x
h T=T, noonl T, B Initially T.
T=T, I
0 '—-—.-L | |
) OF—|,.
| 4 T,
h
| | o
(a) A large plane wall (b) A long cylinder
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e _ T 19T
Differential equation: — = —-——
T, Initially T, 0X o Jf
T - Ti' ..
h h Boundary conditions:
o0, 1) dT(L. 1)
. - =0 and —k— = h|T(L, 1) — T,]
00— oxX oxX
L x
, Initial condition: I(x,0)=T,
a = klpc, X = x/IL

| O(x, 1) =[Tx, ) — TV, — T,]

(a) A large plane wall 06 _ E@ and ab(1, ) _ hL 9(1 )
axX> o« ot : kKo
: . P . 9% af
Dimensionless differential equation: a2~ ar
Di ol BC’ ab(0, 7) 0 d abd(l, ) BiO(1
ensionless BC's: = = — T
imensionless s 5% an % 160(1, 7)
Dimensionless initial condition: A(X.0)=1
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T(x,1n — T, _ _
X 7)=—"— Dimensionless temperature
Tw - T!'
X = I Dimensionless distance from the center
. hL o . . .
Bi = ? Dimensionless heat transfer coefficient (Biot number)
ol . : . :
T= f = Fo Dimensionless time (Fourier number)

(a) Original heat conduction problem:

*T _ 10T _
E— a ot T(x,ﬂ) — T;-

aT(0, t dT(L. t
( )=l], -k ( )=k[T{L,r)—Tm]
dx dx

T'=FxLtkaohT)

(b) Nondimensionalized problem:

70 _ e _
2 or 0(X, 0)= 1
abl, 7) adb(l, 1) _
X - 0, X - —Bib(1, 7)

6 = AX. Bi, 7)
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7) = 7 1dF 1dG o IG
(X, 7)= F(X)G(1) 1« ‘ T NF=0 and = +AG=0

Fax* Gdr  dx? dr

F= Cycos(AX) + Cysin(AX) and G = Cye™ "7
0=FG= Cie_’”‘:"IC] cos(AX) + Cysin(AX)] = ¢ XA cos (AX) 4+ Bsin(AX)]

A= C,Cyand B = C,C,

HH((]" T) —.;';2_ . —Az_

X =0 ——e " T(AAsin0 + BAcos0)=0 — B=0 — #=Ae " "cos(AX)
aH{ln T} . — 2_ . " —_ 2— B

o = —Bif(1,7) — —Ae™*7AsinA = —Bide ™" "cosA — AtanA = Bi

Mtand, =Bi EAHE—&TWHHHX} AX.0)=1 — 1= > A,c08(),X)
oy n=1
4sin A,
2A, + sin(2A,)

-1 -1
J cos (A, X)dX = A, J cosi (A, X)dx — A, =
0 0
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TABLE 4-1

Summary of the solutions for one-dimensional transient conduction in a plane wall of
thickness 2L, a cylinder of radius r,and a sphere of radius r, subjected to convention from
all surfaces.”

Geometry Solution A,'s are the roots of
- 4sin A,
Plane wall = E SN e~ M cos (A /L) I,tan 1 5 Bi
=2 sin(2/
. = 2 J (-’\ } 2 J'] {f}l :]'
Cylinder =S = e~ M J (A r/r A “— = Bi
y Zwﬂmwum o Al 1) " Jo(A)
= 4(sin A, — A, Ccos A,) _ sin(A,x/ L)
Sphere = Z e~ — 1 I—A,cot A, = Bi
=l 2A, — sin(2A,) Ax/L
*Here ) = (T — T)T;, — T,) is the dimensionless temperature, Bi = hL/k or hr, [k is the Biot number, Fo = 7 = ar / L*

or et / 12 is the Fourier number, and J, and J, are the Bessel functions of the first kind whose values are given in Table 4-3.
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Tx,t) — T, >

Plane wall: Ot = —F7 —7 = Aje M7 cos (AX/L), 7>0.2
+ T(r.t) — T, 2

Cylinder: O =7 — 7 = Ae M7 Jy(Ayrlr,), T>0.2

f B I(r,0n) — T, 2o sin(Ar/r,)

Sphere: ngh =TT T, e M N, > 0.2

: Iy —T -
Center of plane wall (x = 0): o wat] = 772 = Aje™M
: T; — T.x.
: I, — T, 2
Center of cylinder (r = 0): Oo vl = TD T Aje™M
: T,
Center of sphere (r = 0): 0 L= I Ae M7
. 0, sph Tr‘ _ T.x 1
10 WWW.AEGHBALI.BLOG.IR
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TABLE 4-2 TABLE 4-3
Coefficients used in the one-term approximate solution of transient one- The zeroth- and first-order Bessel
dimensional heat conduction in plane walls, cylinders, and spheres (Bi = ALk functions of the first kind
for a plane wall of thickness 2L, and Bi = fr,/k for a cylinder or sphere of 7 Joln) Jy(m)
radius r,)
, 0.0 1.0000 0.0000
Plane Wali Cylinder Sphere 0.1 0.9975 0.0499
Bi Ay A A A Ay A, 0.2 0.9900 0.0995
0.01 0.0998 1.0017 0.1412 1.0025 0.1730 1.0030 0.3 0.9776 0.1483
0.02 0.1410 1.0033 0.1995 1.0050 0.2445 1.0060 0.4 0.9604 0.1960
0.04 0.1987 1.0066 0.2814 1.0099 0.3450 1.0120
0.06 0.2425 1.0098 0.3438 1.0148 0.4217 1.0179 0.5 0.9385 0.2423
0.08 02791 1.0130 0.3960 1.0197 0.4860 1.0239 0.6 0.9120 0.2867
0.1 0.3111 1.0161 0.4417 1.0246 0.5423 1.0298 0.7 0.8812 0.3290
0.2 0.4328 1.0311 0.6170 1.0483 0.7593 1.0592 0.8 0.8463 0.3688
0.3 0.5218 1.0450 0.7465 1.0712 0.9208 1.0880 0.9 0.8075 0.4059

0.4 0.5932 1.0580 0.8516 1.0931 1.0528 1.1164

05 06533 1.0701 0.9408 1.1143 1.1656 1.1441 i ? g';";’gg g'i;'gg
0.6 07051 1.0814 1.0184 1.1345 1.2644 1.1713 - 07198 g aros
0.7 07506 1.0918 1.0873 1.1539 1.3525 1.1978 " oo oa%8s
08 07910 11016 11490 11724 14320 1.2236 » 020! 2oa

0.9 0.8274 1.1107 1.2048 1.1902 1.5044  1.2488
1.0 0.8603 1.1191 1.2558 1.2071 1.5708 1.2732
2.0 1.0769 1.1785 1.5995 1.3384 2.0288 1.4793
3.0 1.1925 l1.2102 1.7887 1.4191 2.2889 1.6227
4.0 1.2646 1.2287 1.9081 1.4698 2.4556 1.7202
5.0 1.3138 1.2403 1.9898 1.5029 2.5704  1.7870
6.0 1.3496 1.2479  2.0490 1.5253 2.6537 1.8338
7.0 1.3766 1.2532  2.0937 1.5411 2.7165 1.8673
8.0 1.3978 1.2570  2.1286 1.5526 2.7654  1.8920
9.0 1.4149 1.25598  2.1566 1.5611 2.8044  1.9106
10.0 1.4289 1.2620  2.1795 1.5677 2.8363 1.9249
20.0 1.4961 1.2699  2.2880 1.5919 2.9857 1.9781
30.0 1.5202 1.2717  2.3261 1.5973 3.0372 1.9898

0.5118 0.5579
0.4554 0.5699
0.2980 0.5778
0.2400 0.5815
0.2818 0.5812

R el e
W oo~ ovn

0.2239 0.5767
0.1666 0.5683
0.1104 0.5560
0.0555 0.5399
0.0025 0.5202

PP R R PO
N S

40.0 1.5325 1.2723 2.3455 1.5993 3.06232 1.9942 2.6 —0.0968 —-0.4708
50.0 1.5400 1.2727  2.3672 1.6002 3.0788 1.9962 2.8 —0.1850 —0.4097
100.0 1.5552 1.2731 2.3809 1.6015 3.1102 1.9990 3.0 —0.2601 —-0.3391
@ 1.5708 1.2732  2.4048 1.6021 3.1416 2.0000 3.2 —-0.3202 -0.2613
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6 T-T,
6, T,-T.
] U L"r L -_— ().2#_________ 0 ”#Fﬂﬁw
0.9 s T T T
. ._'-.“.__ =] ’ I
UH —+— H;} III|r JF(J |
A F e
0.7 o= Ty / I | Initially | /=
0.6 FHEEFIAT h =T, |h
f i
0.5 v . * -
ff‘f .‘,l'al"._.“l O | L “]:
0.4 0.8 s A1 |
0.3 ;g |z *—2|L—"
0.2 i Y |
0.1 1.0t
U = m Plﬂlﬂ
0.01 0.1 1.0 10 100
1k
Bi ~ AL
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Qwa” /)Ll.]f QC}’I A] r QSPh sin ()tl r/rﬂ)
= cos|—|. =Jo| — ). and =

90, wall L 9{}, cyl Fo 9{}, sph /\l r/rﬂ

(a) Finite convection coefficient
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0
t=0
anx - 'm{?p( T, — T{) - PU(-‘;)( I, — T.") (k)
h -
T, 0 [ pe[T(x.t) — TildV _1 J (1 — v
- v

Bi=... 0 O poT=T)V Y
h;;g” =Bir= Q—max_ .
(Grober chart) Q= Juﬁfp[nxs ) — T;ldV
(H) Actual heat transfter for time ¢
P i ( Q ) | — g sin A,
ane wdalt. - = — By wall
QITI?.I.‘-‘[ wall all Al
0 ) Ji(Ay)
Cylinder: ( : =1 —=20) oy
Qmux cyl o ")il
ot ( 0 s Sin Ay, — A, €os A,
Hiere. - — — 1
! Qmux sph 0. sph /\?
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3 00w 0 yad Wyl p Ay ol Colod Oyl p> it 0 49 due *

The rate at which heat 1s conducted
at  kL* (1/L) AT across L of a body of volume L*

I pc, LIt AT The rate at which heat is stored
in a body of volume L’

L

y l L

|

|
. | 3

Q : Qconduclcd
|
LN
o7
<~ Qstored

; Q‘nmlu ted
Fourier number: 7 = %L = Zcanductec

L* Qslnrcd
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Plane
surface

Differential equation: —=——
dx o Jt

Boundary conditions: 100, n=T, and T(x — o1 =T,

Initial condition: Ix.0)=T,
C e . X
Similarity variable: n=—
V dat

d*T __dT
a "y

Sg o0 0018 drungd Cules o U olal plod j0 9 0,0

error function
;S

:? 2
e " du
AV

complementary error f

erf(n) =

erfc(n) =1 —

r—1, 2

10)y=1T, and T(n—o x) =T,

1
= e Cdu = erf = | — erfc
T T V?L ¢ (1) c(n)
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TABLE 4-4
The complementary error function
1.0 : —— M erfc (n) M erfc (n) M erfc (n)
/ | 000 1.00000| 0.38 0.5910 | 0.76 0.2825
= p 0.02 0.9774 | 0.40 05716 | 0.78 0.2700
=08 0.04 0.9549 | 0.42 05525 | 0.80 0.2579
= - | 006 09324 | 0.44 05338 | 082 0.2462
2 e 0.08 0.9099 | 0.46 0.5153 | 0.84 0.2349
s 0.6 / 2T b 0.10 0.8875 | 0.48 0.4973 | 0.86 0.2239
= - | erf(n):—j e~ du - 012 08652 | 050 0.4795 |0.88 0.2133
= 04 / 7|40 0.14 0.8431 | 052 0.4621 |0.90 0.2031
= 0.16 0.8210 | 0.54 0.4451 |0.92 0.1932
5 - - 0.18 07991 | 0.56 0.4284 |0.94 0.1837
E 092 0.20 0.7773 | 0.58 0.4121 | 0.96 0.1746
M 0.22 0.7557 | 0.60 0.3961 | 0.98 0.1658
- 024 07343 | 0.62 0.3806 | 1.00 0.1573
0.0 | I I I I 026 07131 | 0.64 03654 | 1.02 0.1492
00 05 1.0 15 20 25 30 028 06921 | 066 03506 |1.04 0.1413
7 0.30 0.6714 | 0.68 0.3362 | 1.06 0.1339
0.32 0.6509 | 0.70 0.3222 | 1.08 0.1267
0.34 0.6306 | 0.72 0.3086 |1.10 0.1198
0.36 0.6107 | 0.74 02953 |1.12 0.1132
{:’ — —k —_— — f—— — —kC {.'-‘ T:I —_— —
!‘5‘ La - IF - -.J' i ; .III.'I.— ; .Ill.j'—
0X | x=0 anox |, —o \ dat =0 \ mTat
EGHBALI.D@GMAIL.COM T
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Case 1: Specified Surface Temperature, I, = constant

Tx, 1) —T, ‘ X 4 o kT, —T)
= erlc and  gt) =——
I, —T, 2V at Tat
Case 2: Specified Surface Heat Flux, qs = constant.
To - T,= 2 ja - fo| —
X, 1) —1;=—| y/—exp |—— | — xerfc
k \ T 4ot 2\/[1_,3

Case 3: Convection on the Surface, qs(t) = h|T_ — T(0,H)].

Teef) — T, N b Rat N WV at
= eric - exp - . eric
koK Wat  k

I, -1, 2\/&

Case 4: Energy Pulse at Surface, e, = constant.

e X
Tx, 1) — T, = ——ex (— )
kN mtla P dat
20 WWW.AEGHBALI.BLOG.IR @)L‘e dm _ C))\)A d@\
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I—T;

0.6 \ ]
o ~ \\ /‘ erfc(n) -

0.2 \

\\
0.0 0.5 [.0 1.5 2.0
n= =
A/ dat
27 WWW.AEGHBALI.BLOG.IR @)L‘e dm_ C))\)A d@\
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Time, t =10 h_

100

80

0.4 0.6 0.8 1
/_. Distance from surface x, m

T;=0°C

60

40

(@) Specified surface temperature, T, = constant. 20

0

. 0.6 0.8
/,_,. Distance from surface x, m
Ti=0°C

G, = 7000 W/m?

(b) Specified surface heat flux, g, = constant.
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0.2 0.4 0.6 0.8
/"‘ Distance from surface x, m
T. = 100°C T;=0°C
h=220W/m2-°C

Time. r=0.01h

(c) Convection at the surface

0 0.2 0.4 0.6 0.8
/-. Distance from surface x, m

T;=0°C

e,= 1.7%107 J/m?

{cf) Energy pulse at the surface, ¢, = constant
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g(ﬁ.—, ﬁ = gwau(.r_. ﬁ
Infinite plate (or plane wall}
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