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ObjectiveObjective

Investigate the possibility of object space reconstruction from Investigate the possibility of object space reconstruction from imagery imagery 
using:using:

–– Single image.Single image.

–– StereoStereo--pair.pair.

–– Single flight lines (Strip adjustment).Single flight lines (Strip adjustment).

–– Image blocks:Image blocks:

Block Adjustment of Independent Models (BAIM).Block Adjustment of Independent Models (BAIM).

Bundle Block Adjustment.Bundle Block Adjustment.

–– Special cases (resection, intersection, and stereoSpecial cases (resection, intersection, and stereo--pair pair 
orientation).orientation).

OverviewOverview
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The Reconstruction ProcessThe Reconstruction Process
The main objective of photogrammetry is to derive ground coordinThe main objective of photogrammetry is to derive ground coordinates ates 
of object points from imagery for 3D map production.of object points from imagery for 3D map production.

We would like to investigate the feasibility of performing this We would like to investigate the feasibility of performing this task using task using 
single image, stereo image pair, or more.single image, stereo image pair, or more.
The General mathematical model we are going to use is the The General mathematical model we are going to use is the 
collinearitycollinearity equations.equations.

OverviewOverview
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Single Image (Mono Situation)Single Image (Mono Situation)

-- Cameral/Sensor CalibrationCameral/Sensor Calibration
-- Interior OrientationInterior Orientation
-- Space ResectionSpace Resection

-- PerfectPerfect
-- Non PerfectNon Perfect

We have two equations (We have two equations (collinearitycollinearity equations) in equations) in 
three unknowns (ground coordinates of the three unknowns (ground coordinates of the 
corresponding object point corresponding object point -- Best Case Best Case 
Scenario).Scenario).

–– IOP & EOP are available.IOP & EOP are available.
Consequently:Consequently:
this problem is under determined, an image point this problem is under determined, an image point 
will define a single (infinite) light ray. The object will define a single (infinite) light ray. The object 
point can be anywhere along this light ray.point can be anywhere along this light ray.

Basic ConceptsBasic Concepts
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Two Images (Stereo Situation)Two Images (Stereo Situation)

–– Classic MethodClassic Method
–– Relative OrientationRelative Orientation
–– Absolute OrientationAbsolute Orientation

–– New MethodNew Method
–– Resection Resection –– IntersectionIntersection
–– Resection/IntersectionResection/Intersection

Basic ConceptsBasic Concepts
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Two Images (Stereo Situation)Two Images (Stereo Situation)

We have the same point appearing in two images.We have the same point appearing in two images.

–– Four equations (two Four equations (two collinearitycollinearity equations in equations in 
each image).each image).

–– Three unknowns (ground coordinates of the Three unknowns (ground coordinates of the 
corresponding object points corresponding object points -- Best Case Best Case 
Scenario). IOP & EOP are available.Scenario). IOP & EOP are available.

Thus, we have a redundancy of one (which will contribute Thus, we have a redundancy of one (which will contribute 
towards the computation of the ROP).towards the computation of the ROP).

Conceptually:Conceptually: the two image points define two light rays. the two image points define two light rays. 
The object point is the intersection of these light rays.The object point is the intersection of these light rays.

Basic ConceptsBasic Concepts
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Two Images (Stereo Situation)Two Images (Stereo Situation)
From Images to Object SpaceFrom Images to Object Space
For a stereoFor a stereo--pair, we can derive a 3pair, we can derive a 3--D D 
representation of the object space covered representation of the object space covered 
by the overlap area as follows:by the overlap area as follows:

–– Perform RO of the stereoPerform RO of the stereo--pair under pair under 
consideration (using at least consideration (using at least five conjugate five conjugate 
points) . stereopoints) . stereo--model.model.

–– Using some GCP, we can rotate, Using some GCP, we can rotate, 
scale and shift the stereoscale and shift the stereo--model model (AO) until (AO) until 
it fits at the location of the ground control it fits at the location of the ground control 
points (i.e. the points (i.e. the residuals at the GCP are residuals at the GCP are 
as small as possible).as small as possible).

–– For the absolute orientation, we need For the absolute orientation, we need 
at least three ground control at least three ground control points points (Those (Those 
points should not be collinear).points should not be collinear).

Basic ConceptsBasic Concepts
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Basic ConceptsBasic Concepts
Block of  ImagesBlock of  Images

Block adjustment (Triangulation) is a general term for Block adjustment (Triangulation) is a general term for photogrammetricphotogrammetric
methods of coordinating points on the object using a series of methods of coordinating points on the object using a series of 
overlapping photographs.overlapping photographs.
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Basic ConceptsBasic Concepts
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PhotogrammetricPhotogrammetric Block AdjustmentBlock Adjustment

ObjectiveObjective

–– How can we reconstruct the object space from imagery without How can we reconstruct the object space from imagery without 

the need for three ground control points in each stereothe need for three ground control points in each stereo--model?model?

AlternativesAlternatives

–– Strip Adjustment .Strip Adjustment .

–– Block Adjustment of Independent Models (BAIM).Block Adjustment of Independent Models (BAIM).

–– Bundle Block Adjustment.Bundle Block Adjustment.
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ObjectivesObjectives

Establish ground control points Establish ground control points 
(GCP) for absolute orientation of (GCP) for absolute orientation of 
stereo modelsstereo models

Determine 3D points in object Determine 3D points in object 
spacespace

CatasterCataster

Road designRoad design

Determine exterior orientation of Determine exterior orientation of 
images and stereo modelsimages and stereo models

BackgroundBackground

Concept of models, strips, and Concept of models, strips, and 
blocksblocks

MethodsMethods

AnalogAnalog

AnalyticalAnalytical

1.1. Polynomial strip Polynomial strip 
adjustmentadjustment

2.2. Independent model Independent model 
methodmethod

3.3. Bundle block adjustmentBundle block adjustment

What is B.A.?What is B.A.?
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What is B.A.?What is B.A.?
Concept of models, strips, and blocksConcept of models, strips, and blocks

Ideal Overlap ConfigurationIdeal Overlap Configuration
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TaxonomyTaxonomy

Block Adjustment (BA)Block Adjustment (BA)

Analytical BAAnalytical BA Digital BADigital BA

InteractiveInteractive AutomaticAutomatic AutonomousAutonomous

(Analog) Stereo (Analog) Stereo 
plotter analytical plotter analytical 

plotterplotter

Softcopy WSSoftcopy WS BatchBatch ““Black boxBlack box””

Is it digital, automatic, autonomous, or classical B.A.?Is it digital, automatic, autonomous, or classical B.A.?
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ApplicationsApplications

Point DensificationPoint Densification

For absolute orientation of stereo modelsFor absolute orientation of stereo models

For engineering projectsFor engineering projects

–– road designroad design

For cadastreFor cadastre

Determine Exterior OrientationDetermine Exterior Orientation

Import EXOR in analytical plotters forImport EXOR in analytical plotters for

Map compilationMap compilation
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Direct OrientationDirect Orientation

Modern airborne data acquisition systems are equipped with preciModern airborne data acquisition systems are equipped with precise se 
navigation tools: GPS and INSnavigation tools: GPS and INS

GPS gives coordinates of projection center to an accuracy of ~ ?GPS gives coordinates of projection center to an accuracy of ~ ???

INS gives attitude (3 angles) to an accuracy of ~ ??INS gives attitude (3 angles) to an accuracy of ~ ??

IsnIsn’’t this good enough for orientation?t this good enough for orientation?

Is B.A. still necessary?Is B.A. still necessary?
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Is B.A. still necessary?Is B.A. still necessary?
Some ConsiderationsSome Considerations

Intricate relationship between interior and exterior orientatioIntricate relationship between interior and exterior orientationn

Errors of IO propagate to object space, e.g. error in focal lengErrors of IO propagate to object space, e.g. error in focal length th ΔΔc c 

causes elevation error: causes elevation error: ΔΔ h = s x h = s x ΔΔ cc

Errors of IO are (almost) compensated by indirect orientationErrors of IO are (almost) compensated by indirect orientation

Direct orientation gives no information about object spaceDirect orientation gives no information about object space
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PlanningPlanning

Establish Control PointsEstablish Control Points

PreparationPreparation

Point TransferPoint Transfer

MeasurementsMeasurements

Block AdjustmentBlock Adjustment

AnalysisAnalysis

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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PlanningPlanning

Optimal design of flight lines toOptimal design of flight lines to

Assure overlap (60% forward, 20% strip overlapAssure overlap (60% forward, 20% strip overlap

Minimize flying timeMinimize flying time

Consider across flight linesConsider across flight lines

Take existing Take existing GCPsGCPs into accountinto account

Flight time RestrictionsFlight time Restrictions

WeatherWeather

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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Ground Control Points (GCP)Ground Control Points (GCP)

Select Select GCPsGCPs based onbased on

Accuracy considerations (e.g. along block boundaries)Accuracy considerations (e.g. along block boundaries)

Minimum number of points (economical reasons)Minimum number of points (economical reasons)

Measuring techniquesMeasuring techniques

Marking Marking GCPsGCPs semisemi--permanentlypermanently

TimingTiming

Before or after data acquisitionBefore or after data acquisition

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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Establishing Control PointsEstablishing Control Points

Distribution and quality of control points greatly affects accurDistribution and quality of control points greatly affects accuracyacy

PlanimetricPlanimetric control points along peripherycontrol points along periphery

Elevation control points regularly distributed within blockElevation control points regularly distributed within block

GPS on airplane reduces number of ground control pointsGPS on airplane reduces number of ground control points

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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PreparationsPreparations

Check data acquisition (quality, overlap, etc.)Check data acquisition (quality, overlap, etc.)

Prepare photo mosaic Prepare photo mosaic 

Identify Identify GCPsGCPs

Select suitable tie pointsSelect suitable tie points

Uniquely annotate pointsUniquely annotate points

Same point in object space appears on several images Same point in object space appears on several images 

should have same labelshould have same label

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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Point TransferPoint Transfer

Selected tie points must be measured on all images where tie Selected tie points must be measured on all images where tie 
point occurspoint occurs

Tie point may not be identifiable on all imagesTie point may not be identifiable on all images

On stereo measuring systems tie point must be identified on On stereo measuring systems tie point must be identified on 
one image onlyone image only

Most precise solution: identify natural points and make Most precise solution: identify natural points and make 
sketches to aid sketches to aid ientificationientification

Most economical solution: mark 3 points in the center of Most economical solution: mark 3 points in the center of 
imageimage

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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MeasurementsMeasurements

Photo coordinates onPhoto coordinates on

comparators (mono or stereo)comparators (mono or stereo)

analytical plottersanalytical plotters

Model coordinates onModel coordinates on

(analog) stereo plotters(analog) stereo plotters

analytical plottersanalytical plotters

compuationallycompuationally from photo coordinates by relative orientationfrom photo coordinates by relative orientation

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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AdjustmentAdjustment

Strip adjustmentStrip adjustment

strip coordinates measured on stereo plotter (base in/base strip coordinates measured on stereo plotter (base in/base 

out capability) or  on analytical plottersout capability) or  on analytical plotters

strip adjusted by polynomialsstrip adjusted by polynomials

Block adjustmentBlock adjustment

independent modelsindependent models

bundle block adjustmentbundle block adjustment

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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Concept of Strip AdjustmentConcept of Strip Adjustment

Concept of Independent ModelsConcept of Independent Models

Concept of Bundle Block AdjustmentConcept of Bundle Block Adjustment

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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AnalysisAnalysis

Check block adjustmentCheck block adjustment

blundersblunders

connection of models or imagesconnection of models or images

Error analysisError analysis

variance component (so)variance component (so)

errors on control pointserrors on control points

variance/covariance matrixvariance/covariance matrix

Typical Workflow of B.A. ProjectTypical Workflow of B.A. Project
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Quality FactorsQuality Factors

InstrumentsInstruments

data acquisitiondata acquisition

-- CameraCamera

-- FilmFilm

-- navigation aidsnavigation aids

point marking and point transferpoint marking and point transfer

measurements of modelmeasurements of model-- or photo coordinatesor photo coordinates

What factors determine outcome of B.A.?What factors determine outcome of B.A.?
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Quality Factors Data AcquisitionQuality Factors Data Acquisition

Metric camera (stable IO, distortions known Metric camera (stable IO, distortions known calibration)calibration)

Image motion compensationImage motion compensation

Platform stabilizerPlatform stabilizer

Navigation aidsNavigation aids
Improve flight accuracyImprove flight accuracy
Use navigation data in adjustmentUse navigation data in adjustment

What factors determine outcome of B.A.?What factors determine outcome of B.A.?
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Quality Factors Data AcquisitionQuality Factors Data Acquisition

FilmFilm
base material base material geometric stabilitygeometric stability
emulsion emulsion resolution (important for identifying resolution (important for identifying GCPsGCPs!)!)

Digital camerasDigital cameras
frame camerasframe cameras
pushbroompushbroom camerascameras

What factors determine outcome of B.A.?What factors determine outcome of B.A.?
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Quality FactorsQuality Factors

Control pointsControl points

DistributionDistribution

AccuracyAccuracy

IdentificationIdentification

MethodsMethods

Strip adjustmentStrip adjustment

Block adjustmentBlock adjustment

–– Independent modelsIndependent models

–– Bundle block adjustmentBundle block adjustment

Quality FactorsQuality Factors

Working proceduresWorking procedures

ExperienceExperience

Special expertiseSpecial expertise

If all goes well then single mostIf all goes well then single most

critical factor are the tie pointscritical factor are the tie points

What factors determine outcome of B.A.?What factors determine outcome of B.A.?
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Quality ControlQuality Control
point accuracy in object space depends on:point accuracy in object space depends on:

Control pointsControl points
–– QualityQuality
–– DensityDensity
–– DistributionDistribution

Tie pointsTie points
–– Degree of connectionDegree of connection
–– Number of tie pointsNumber of tie points

σσPP = = σσ o o sqrtsqrt ((QQxxxx))

What factors determine outcome of B.A.?What factors determine outcome of B.A.?
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Quality ControlQuality Control

Point accuracy is measured byPoint accuracy is measured by

σσPP = = σσ o o sqrtsqrt ((QQxxxx))

σσ o o : variance component: variance component

–– Reflects measuring errorReflects measuring error

–– 3 3 μμ to 10 to 10 μμ under good conditionsunder good conditions

QQxxxx : Cofactor: Cofactor

–– Depends on geometry of blockDepends on geometry of block

–– ~ 1 if control points along boundary at distance of ~ 1 if control points along boundary at distance of 
one base (in one base (in everyneveryn model)model)

What factors determine outcome of B.A.?What factors determine outcome of B.A.?



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

SummarySummary

AT very effective method toAT very effective method to

Determine exterior orientation to set up models for map Determine exterior orientation to set up models for map 
compilationcompilation

Establish points in object space at high accuracy and low costEstablish points in object space at high accuracy and low cost

Cost per model: 30 to 50 $ by service organizationsCost per model: 30 to 50 $ by service organizations

Time per model: 10 to 20 minutesTime per model: 10 to 20 minutes
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Optimal design of flight lines toOptimal design of flight lines to
Assure overlap (60% forward, 20% Assure overlap (60% forward, 20% 

strip overlapstrip overlap
Minimize flying timeMinimize flying time
CconsiderCconsider across flight linesacross flight lines
Take existing Take existing GCPsGCPs into accountinto account

Flight time restrictionsFlight time restrictions
WeatherWeather

Flight PlanningFlight Planning
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Image ScaleImage Scale
The image or photo scale depends on the aim of the photo flight.The image or photo scale depends on the aim of the photo flight.

Photo Flight for Plotting of Topographic MapsPhoto Flight for Plotting of Topographic Maps
Accuracy as well as economy have to be taken into account.Accuracy as well as economy have to be taken into account.
If standard equipment is used, the image scale figure can be derIf standard equipment is used, the image scale figure can be derived ived 
using the formula:using the formula:

Where  Where  
mmii = image scale figure= image scale figure
mmmm = map scale figure= map scale figure

If newly developed and modern equipment with forward motion If newly developed and modern equipment with forward motion 
compensation device is used the image scale figure can be calculcompensation device is used the image scale figure can be calculated ated 
according to:according to:

mi mm ⋅= 200 (1)(1)

mi mm ⋅= 350...300 (2)(2)
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Good Good PlanimetricPlanimetric Accuracy of the Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution
The The planimetricplanimetric accuracy depends on the image scale and on the accuracy depends on the image scale and on the 
accuracy with which points can be measured in the images. accuracy with which points can be measured in the images. 
Normally an accuracy ofNormally an accuracy of

σσ''xyxy =  =  ±± 0.005 mm0.005 mm
can be achieved.can be achieved.

Related to the ground we then getRelated to the ground we then get

σσxyxy[m[m] =  ] =  ±± σσ''xyxy [mm] . [mm] . 

And for the image scaleAnd for the image scale
1000
mi

1000⋅
′

=
xy

xy
im

σ
σ

(4)(4)

(3)(3)

Image ScaleImage Scale
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution

The height accuracy can be derived on the basis of the zThe height accuracy can be derived on the basis of the z--equationequation

assuming: the base assuming: the base bbxx and the principal distance c and the principal distance c as constants:as constants:

And from (5)And from (5)

c
P
bc

XX
bz

x

x

rl

x ⋅
′

−=⋅
′−′

−=
`

x
x

x

x

x

x
pd

p
cbdz

p
cb

pd
dz ′⋅

′
⋅

=⇒
′
⋅

=
′ 22

2

22
2

z
cbp x

x
⋅

=′

(5)(5)

(6)(6)

(7)(7)

Image ScaleImage Scale
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution

Substitution of (7) into (6) and transition to the standard deviSubstitution of (7) into (6) and transition to the standard deviation ation 
yieldsyields

For the further derivation we replace z by the relative flight hFor the further derivation we replace z by the relative flight height eight 
above ground habove ground hgg bbxx by the flight base b:by the flight base b:

xp
x

zxp
x

x
z cb

z
cb
zcb

′′ ±=⇒⋅
⋅
⋅⋅

±= σσσσ
.

2

22

2

xp
g

z cb
h

′⋅
±= σσ

2

(8)(8)

(9)(9)

Image ScaleImage Scale
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution

The relative height accuracy then readsThe relative height accuracy then reads

The flight base readsThe flight base reads

With p = 60 we getWith p = 60 we get

xp
g

g

z

cb
h

h ′⋅±= σσ 1

⎟
⎠
⎞

⎜
⎝
⎛ −⋅′=

100
1 p

c
h

db g

c
h

db g⋅⋅′= 4.0
c

d
h
b

g

14.0' ⋅⋅=

(10)(10)

(11)(11)

Image ScaleImage Scale
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution

is named baseis named base--altitude ratio altitude ratio 

Substitution of (12) into (10) yieldsSubstitution of (12) into (10) yields

gh
b

4.0'⋅
=

d
c

b
hg

4.0'
'

⋅
=

dh
px

g

z σσ

(12)(12)

(13)(13)

Image ScaleImage Scale
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution

Setting for the standard deviation of the x'Setting for the standard deviation of the x'--parallax parallax ±±0.008 mm 0.008 mm 

and for d'=230 mm we get as a result for the relative accuracy oand for d'=230 mm we get as a result for the relative accuracy of the f the 

photogrammetricphotogrammetric height measurement of well defined pointsheight measurement of well defined points

oo
o87.000008.0 ±=±=

g

z

h
σ

gz h⋅±=
oo

o09.0σ

(14)(14)

(15)(15)

Image ScaleImage Scale
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Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution
Therefore for a photo flight focusing on good height accuracy (eTherefore for a photo flight focusing on good height accuracy (e.g. for road .g. for road 
construction purposes) the photo scale can be derived on the basconstruction purposes) the photo scale can be derived on the basis of (15):is of (15):

andand

where        where        
σσzz= required standard deviation of the z= required standard deviation of the z--coco--ordinatesordinates
hhgg = flight height above ground= flight height above ground
cc = calibrate focal length of the aerial camera= calibrate focal length of the aerial camera

⇒= gz h.09.0 oooσ 11500
087.0
1000

⋅=
⋅

= z
z

gh σσ

[ ]
[ ]mmc

mh
m g

i
1000⋅

=

(16)(16)

(17)(17)

Image ScaleImage Scale



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

Photo flight focusing on particular accuracies of the restitutioPhoto flight focusing on particular accuracies of the restitutionn

Height Accuracy of the Height Accuracy of the PhotogrammetricPhotogrammetric RestitutionRestitution

andand

wherewhere
σσzz= required standard deviation of the z= required standard deviation of the z--coco--ordinatesordinates
hhgg = flight height above ground= flight height above ground
cc = calibrate focal length of the aerial camera= calibrate focal length of the aerial camera

The Flight Height above Ground hThe Flight Height above Ground hgg

[ ]
[ ]mmc

mh
m g

i
1000⋅

= (17)(17)

[ ]
1000

i
g

mmmch ⋅
= (18)(18)

Image ScaleImage Scale
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with with 

where     where     
d'  = Format of the photograph (230 mm)d'  = Format of the photograph (230 mm)
p  = Percentage of end lap (for stereo restitution  p    60)p  = Percentage of end lap (for stereo restitution  p    60)
hhgg = Flight height above ground= Flight height above ground
c  = Calibrated focal length (principal distance)c  = Calibrated focal length (principal distance)

gh

b b
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c
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(19)(19)

The Flight Based bThe Flight Based b
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with with 

where     where     
d'  = Format of the photograph (230 mm)d'  = Format of the photograph (230 mm)
p  = Percentage of end lap (for stereo restitution  p    60p  = Percentage of end lap (for stereo restitution  p    60
hhgg = Flight height above ground= Flight height above ground
c  = Calibrated focal length (principal distance)c  = Calibrated focal length (principal distance)

Remark: In order to avoid gaps of the coverage flight base and sRemark: In order to avoid gaps of the coverage flight base and strip distance trip distance 
have to be referred to the highest ground levelhave to be referred to the highest ground level
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The Strip DistanceThe Strip Distance
(distance between flight axes with q % side lap)(distance between flight axes with q % side lap)
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Area Covered by a Single Photograph

Area of the Net Model (new stereoscopic area)

Number of Photographs per Strip

llpp = Length of Flight strip= Length of Flight strip
b = Flight Baseb = Flight Base

22.' ig mdA =
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Number of Flight Strip

llqq = Width of Area to be covered= Width of Area to be covered
a = Distance between Flight Axesa = Distance between Flight Axes
D = Photo Format related to GroundD = Photo Format related to Ground

Required Number of Photographs
Rectangular Shape of the Area to be coveredRectangular Shape of the Area to be covered

In case of an irregular shape the number of photographs has to bIn case of an irregular shape the number of photographs has to be e 
determined determined stripwisestripwise

ApproximationApproximation

AAtottot = Total Area to be covered stereoscopically= Total Area to be covered stereoscopically
AAnn = Area of the Net Model= Area of the Net Model

1+
−

=
a

Dl
n q

q

qpi nnn .=

n

tot
i A

A
n ≈

(24)(24)

(25)(25)

(26)(26)
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s = Signal Sides = Signal Side
mmii = Photo scale= Photo scale

[ ]cm
m

s i

400
≥ s

s3...2

s5...4(27)(27)

Signalization (Size s and Shape of Signals) of Signalization (Size s and Shape of Signals) of 
GCPGCP
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Classification of PointsClassification of Points
According to identificationAccording to identification

11-- Signalized pointSignalized point
Example:    Example:    

22-- Natural pointNatural point
Example: Building cornerExample: Building corner

33-- Artificial pointArtificial point
Example: tie pointsExample: tie points

Point Transfer DevicesPoint Transfer Devices
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According to their use in adjustmentAccording to their use in adjustment
11-- Control pointsControl points as measured in strip, model or photo.as measured in strip, model or photo.
points whose ground coordinates are available from geodetic points whose ground coordinates are available from geodetic 
measurements (e.g. GPS). They are used to define the datum durinmeasurements (e.g. GPS). They are used to define the datum during g 
the adjustmentthe adjustment.
22-- Tie pointsTie points which appear at least in two units.which appear at least in two units.
Their function is to tie together overlapping Their function is to tie together overlapping images.Theyimages.They should be well should be well 
defined in the images. Their ground coordinates are determined tdefined in the images. Their ground coordinates are determined through hrough 
photogrammetricphotogrammetric adjustment.adjustment.

33-- Single pointsSingle points which appear only in one unit.which appear only in one unit.

Classification of PointsClassification of Points
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Bundle AdjustmentBundle Adjustment -- IntroductionIntroduction

In this method of block adjustment, the position ( XIn this method of block adjustment, the position ( X00 , Y, Y00 , Z, Z00 ) and rotations ) and rotations 
( ( ωω, , φφ, , κκ ) of all bundles in the block are adjusted in space simultaneou) of all bundles in the block are adjusted in space simultaneously to sly to 
achieve the best possible intersection of all conjugate rays of achieve the best possible intersection of all conjugate rays of each point on each point on 
the ground  ( X , Y , Z  )  and fit to the given control points.the ground  ( X , Y , Z  )  and fit to the given control points.

Each light ray is assumed to be a straight line passing through Each light ray is assumed to be a straight line passing through the projection the projection 
center, image point and terrain point center, image point and terrain point 
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Bundle AdjustmentBundle Adjustment -- Relations Between Image and Relations Between Image and 
Ground CoordinatesGround Coordinates
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Bundle Adjustment Observation EquationBundle Adjustment Observation Equation
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Terrain coordinates of point Terrain coordinates of point ( i )( i )
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Bundle AdjustmentBundle Adjustment -- Linearization of the 
Observation Equations
According to Taylor expansion the According to Taylor expansion the linearizedlinearized observation equations observation equations 
may be obtained as follows:may be obtained as follows:

Notice that both equations have been differentiated with respectNotice that both equations have been differentiated with respect to the to the 
6 orientation parameters of the bundle and 3 coordinates of the 6 orientation parameters of the bundle and 3 coordinates of the tie tie 
pointspoints
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The The linearizedlinearized equations can be written in matrix form as follows:equations can be written in matrix form as follows:

The coefficients of matrix The coefficients of matrix AAijij (2,6) are the partial derivatives of the 2 (2,6) are the partial derivatives of the 2 
‘‘colinearitycolinearity’’ equations with respect to the 6 unknown parameters  Xequations with respect to the 6 unknown parameters  X00 , Y, Y00 , , 
ZZ00 , , ωω, , φφ, , κκ

The coefficients of matrix The coefficients of matrix AAijij (2,3) are the partial derivatives with respect (2,3) are the partial derivatives with respect 
to the 3 unknown Pt cords: X, Y, Zto the 3 unknown Pt cords: X, Y, Z
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Approximate values of the unknownsApproximate values of the unknowns
The bundle adjustment is an iterative procedure because we use The bundle adjustment is an iterative procedure because we use linearizedlinearized
observation equations. The number of iterations depends on how gobservation equations. The number of iterations depends on how good we ood we 
know before hand the approximate value of the unknowns.know before hand the approximate value of the unknowns.
(i)(i)

(ii)(ii)
000 ,, ZYX Κ,,φω,  ,  for each bundlefor each bundle..

ZYX ,,

YX ,

y

x

CY

CX

=

=

0

0

a
b

==Κ −1tan
0== φϖ

height Flying =0Z
level ground mean =Z

Ackermann uses MAckermann uses M--4 adjustment4 adjustment..
(1)(1) all points obtained from the adjustment.all points obtained from the adjustment.

(2)(2) For each photo 4 transformation parameters: (For each photo 4 transformation parameters: (a,b,Ca,b,CXX,C,CYY) and ) and 

(3)(3)

(4)(4)

(5)(5)

(6) (6) 

coordinates of points on the ground.coordinates of points on the ground.
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Example for Bundle AdjustmentExample for Bundle Adjustment
Given the following small block of 6 bundles with ground controlGiven the following small block of 6 bundles with ground control distribution distribution 
as shown in the figure below: (Notice that terrestrial coordinatas shown in the figure below: (Notice that terrestrial coordinates of control es of control 
points are error free.)points are error free.)

Planimetric Control Point (X,Y)

Tie and Single Points

Full Control Point (X,Y,Z)

Altimetric Control Point (Z)

1 2
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5 6
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16 18

10 11 1211

13 14 14 15

1 2 2
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Example for Bundle AdjustmentExample for Bundle Adjustment
The unknownsThe unknowns

(i)(i) Parameters:  Parameters:  
P= 6 bundle P= 6 bundle ×× parameters=36parameters=36

(ii)(ii) Unknown coordinatesUnknown coordinates
8 tie point 8 tie point ×× 3 coordinates= 243 coordinates= 24
2 height control 2 height control ×× 2 = 42 = 4
1 plan control 1 plan control ×× 1 = 11 = 1

Total = Total = 36 + 29 = 6536 + 29 = 65

The number of observation equationsThe number of observation equations
Observations equation= (6+9+6+6+9+6) Observations equation= (6+9+6+6+9+6) ×× 2 =842 =84
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The observation equationThe observation equation

Example for Bundle AdjustmentExample for Bundle Adjustment
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The normal equationsThe normal equations

Example for Bundle AdjustmentExample for Bundle Adjustment
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Organization
--Sequence for min band. wSequence for min band. w
--Inter Inter -- relation tablesrelation tables

Input
11-- Photo Photo CoordsCoords ::
22-- Control Control CoordsCoords::

ijij yx ,
iii zyx ,,

Compute or read
Approx. Unknowns

jjjjjj ZYXP 000 ,,,,,: κϕω
iii ZYXC :

Computer & Store
Normal Equ.

Sub – matrices of :

C

P

Δ

Δ

=

N21 N22

N11

F1

F2

N11

N22

N21

F1

F2

Generate & Solve
R. N. E. (ΔP)

6  par  /   bundle

=

Compute new approx. par.
PPP oldnew Δ+=

jjj

jjj

ZYX 000 ,,

,, κϕω

Solver for ΔC
Using  N22, F2, N22

N22 ΔC   F2      N21 ΔP

Compute new
approx. coards

CCC oldnew Δ+=

jjj ZYX 000

new
iterati

on
?

No

Yes

OUTPUT
1- Adjust Coords

2- Parameters :
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Bundle AdjustmentBundle Adjustment

Advantages of Bundle Block AdjustmentAdvantages of Bundle Block Adjustment

Most accurate triangulation technique since we have direct Most accurate triangulation technique since we have direct 
transformation between image and ground coordinates.transformation between image and ground coordinates.

Straight forward to include parameters that compensate for varioStraight forward to include parameters that compensate for various us 
deviations from the deviations from the collinearitycollinearity model.model.

Straight forward to include additional observations:Straight forward to include additional observations:

–– GPS observations at the exposure stations.GPS observations at the exposure stations.

–– Object space distances.Object space distances.

Can be used for normal, convergent, aerial, and close range imagCan be used for normal, convergent, aerial, and close range imagery.ery.

After the adjustment, the EOP can be set of analogue and analytiAfter the adjustment, the EOP can be set of analogue and analytical cal 
plotters for compilation purposes.plotters for compilation purposes.
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Disadvantages of Bundle Block AdjustmentDisadvantages of Bundle Block Adjustment

Model is non linear: approximations as well as partial derivativModel is non linear: approximations as well as partial derivatives es 
are needed.are needed.

Requires computer intensive computations.Requires computer intensive computations.

Analogue instruments can not be used (they cannot measure Analogue instruments can not be used (they cannot measure 
image coordinate measurements).image coordinate measurements).

The adjustment cannot be separated into The adjustment cannot be separated into planimetricplanimetric and vertical and vertical 
adjustment.adjustment.

Bundle AdjustmentBundle Adjustment
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Independent Models Independent Models -- IntroductionIntroduction

The basic computational unit is the The basic computational unit is the photogrammetricphotogrammetric model, the models model, the models 
maybe measured in stereomaybe measured in stereo--instruments or analytically computed from instruments or analytically computed from 
comparator coordinates.comparator coordinates.
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Block Adjustment of Independent Models (BAIM)Block Adjustment of Independent Models (BAIM)
starts with model coordinate measurements after relative orientastarts with model coordinate measurements after relative orientation. tion. 
Dependent or independent relative orientation can be used.Dependent or independent relative orientation can be used.

Independent Models Independent Models -- IntroductionIntroduction
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BAIM can be carried out in either 2BAIM can be carried out in either 2--D or 3D or 3--DD

PlanimetricPlanimetric BAIM:BAIM:

–– Given:Given: 22--D model coordinates (X, Y) measured in relatively oriented D model coordinates (X, Y) measured in relatively oriented 
and leveled and leveled models.models.

–– Required:Required: 22--D ground coordinates of these points as well as the D ground coordinates of these points as well as the 
transformation transformation parameters associated with the involved models.parameters associated with the involved models.

Spatial BAIM:Spatial BAIM:

–– Given:Given: 33--D model coordinates (X, Y, Z) measured in relatively D model coordinates (X, Y, Z) measured in relatively 
oriented models.oriented models.

–– Required:Required: 33--D ground coordinates of these points as well as the D ground coordinates of these points as well as the 
transformation transformation parameters associated with the involved models.parameters associated with the involved models.

Independent ModelsIndependent Models -- IntroductionIntroduction
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Independent ModelsIndependent Models -- General Transformation General Transformation 
EquationEquation

are the ground coordinates of point iare the ground coordinates of point i

are the model coordinates of point (i) in model (j)are the model coordinates of point (i) in model (j)

is scale factor of model (j)is scale factor of model (j)

is rotation matrix of model (j), is rotation matrix of model (j), 

are three shifts of model (j)are three shifts of model (j)

These equations are not linear in terms of the 4 transformation These equations are not linear in terms of the 4 transformation 
parameters parameters 
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Procedures of  I.M. AdjustmentProcedures of  I.M. Adjustment
(i)(i) MM--7  (7  (x,y,zx,y,z))
Simultaneous 3Simultaneous 3--dimensional adjusted iteratively 7 parameters model.dimensional adjusted iteratively 7 parameters model.

Usually  Usually  ΩΩ and and ΦΦ are small while the scale and azimuth can have large are small while the scale and azimuth can have large 
value. One of the main disadvantages of the Mvalue. One of the main disadvantages of the M--7 is the need for having a 7 is the need for having a 
good approximate values before a least squares solution is possigood approximate values before a least squares solution is possible.ble.

(ii)(ii) MM--43  (43  (x,yx,y)  (z))  (z)
Alternating plan and Alternating plan and neightneight adjusted by iterative.adjusted by iterative.

4 parameters model plan4 parameters model plan
3 parameters model height3 parameters model height

Φ

N.B :N.B :
As soon as As soon as ‘‘heightsheights’’ are included in are included in ‘‘IndependentIndependent--ModelModel’’ block adjustment, block adjustment, 
the the ‘‘Projection CenterProjection Center’’ have to be used to allow the determination of the have to be used to allow the determination of the 
longitudinal tilt longitudinal tilt ΦΦ
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MM--7 Independent Model Adjustment7 Independent Model Adjustment
(i)(i) For a control pointFor a control point

The unknown 7 transformation parameters of model j.The unknown 7 transformation parameters of model j.
The unknown coordinates of tie point i.The unknown coordinates of tie point i.
Transformation coefficient matrix.Transformation coefficient matrix.

(ii)(ii) For a tie and Projection Center pointFor a tie and Projection Center point
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Approximate Values for the UnknownsApproximate Values for the Unknowns

The most Critical Unknowns are:The most Critical Unknowns are:

Usually Usually ΩΩ and and ΦΦ are small while the scale are small while the scale λλ and Azimuth A can and Azimuth A can 
have large values.have large values.

One of the main disadvantages of the (MOne of the main disadvantages of the (M--7) simultaneous (7) simultaneous (x,y,zx,y,z) ) 
adjustment is the need for having a good approximate values befoadjustment is the need for having a good approximate values before re 
a least squares solution is possible.a least squares solution is possible.

jjjj A,,, ΦΩλ

MM--7 Independent Model Adjustment7 Independent Model Adjustment

Procedures of  I.M. AdjustmentProcedures of  I.M. Adjustment
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MM--43 Independent Model Adjustment43 Independent Model Adjustment

The MThe M--43 procedure is more popular due to the following advantages:43 procedure is more popular due to the following advantages:

For blocks of about 200 models, experience showed that MFor blocks of about 200 models, experience showed that M--43 takes 43 takes 
much shorter computation time than (Mmuch shorter computation time than (M--7) (~50%: 73 and 43+33).7) (~50%: 73 and 43+33).

Due to the fact that the Due to the fact that the ““reduced normal equationsreduced normal equations”” should be solved should be solved 
at a time are smaller than that of Mat a time are smaller than that of M--7, therefore, it is possible to 7, therefore, it is possible to 
adjust larger blocks using the same computer.adjust larger blocks using the same computer.

The MThe M--43 procedure does not require any approximate values for the 43 procedure does not require any approximate values for the 
unkownunkown parameters and coordinates as needed in Mparameters and coordinates as needed in M--77

Procedures of  I.M. AdjustmentProcedures of  I.M. Adjustment
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MM--43  Independent Model Adjustment Procedure43  Independent Model Adjustment Procedure
11-- Start Start planimetricplanimetric adjustment, the observation equations are nothing adjustment, the observation equations are nothing 

but the linear conformal similarity transformation equation:but the linear conformal similarity transformation equation:

Linear observation equation, therefore, no linearization and no Linear observation equation, therefore, no linearization and no 
approximate values for the unknownsapproximate values for the unknowns

The The ““Projection CenterProjection Center”” are not used in the are not used in the planimetricplanimetric
adjustment due to their disturbing effectsadjustment due to their disturbing effects
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MM--43  Independent Model Adjustment Procedure43  Independent Model Adjustment Procedure
22-- After the formation and solution of   R.N.E   for Plan, we get 4After the formation and solution of   R.N.E   for Plan, we get 4

parameters/model parameters/model 

Using                      a rigorous (4x4) rotation matrix R isUsing                      a rigorous (4x4) rotation matrix R is formed formed 
for each modelfor each model

All Points in each model are transformed using the following All Points in each model are transformed using the following 
rigorous 3rigorous 3--dimensional transformation equationsdimensional transformation equations

MM--43 Independent Model Adjustment43 Independent Model Adjustment

00,,, YXba

00 ,,, YXba

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+

−
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

000
0
0

0

0

22
Y
X

z
y
x

ba
ab
ba

z
y
x

OldNew

Procedures of  I.M. AdjustmentProcedures of  I.M. Adjustment



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

MM--43  Independent Model Adjustment Procedure43  Independent Model Adjustment Procedure

33-- Height adjustment is started using the Height adjustment is started using the x,y,zx,y,z coordinates obtained coordinates obtained 
from plan adjustment. The following from plan adjustment. The following linearizedlinearized observation observation 
equations are usedequations are used

For the For the ““Projection CenterProjection Center”” the 3 equations are used while for the 3 equations are used while for 
““Tie PointsTie Points”” and and ““Height PointsHeight Points”” only the last equation is usedonly the last equation is used

MM--43 Independent Model Adjustment43 Independent Model Adjustment
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MM--43  Independent Model Adjustment Procedure43  Independent Model Adjustment Procedure
44-- After the formation and solution of R.N.E for heights, we get 3 After the formation and solution of R.N.E for heights, we get 3 

parameters/model parameters/model 

Using               a rigorous (3x3) rotation matrix R is formedUsing               a rigorous (3x3) rotation matrix R is formed for for 
each modeleach model

All Points in each model are transformed using the following All Points in each model are transformed using the following 
rigorous 3rigorous 3--dimensional transformation equationsdimensional transformation equations

55-- Usually 2 or 3 iterations (PUsually 2 or 3 iterations (P--> H, P> H, P-->H,>H,……) are sufficient.) are sufficient.

MM--43 Independent Model Adjustment43 Independent Model Adjustment
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Given the following small block of 4 models Given the following small block of 4 models tobetobe adjusted in adjusted in planimetryplanimetry
using  the linear conformal transformation.using  the linear conformal transformation.
X = a.x X = a.x -- b.y + Xb.y + X00

Y = b.x Y = b.x -- a.y + Ya.y + Y00

Points to be used in the least squares I.M adjustment are:Points to be used in the least squares I.M adjustment are:
(i)(i) Control Points  (1,3,7,9)Control Points  (1,3,7,9)
(ii)(ii) Tie Points  (2,4,5,6,8)Tie Points  (2,4,5,6,8)
Single point 10 will not be used.Single point 10 will not be used.

1 2 3

4 5 6

7
8 9

X

Y

Example for I.M. Plan block adjustment (MExample for I.M. Plan block adjustment (M--4)4)
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InterInter--Relation TableRelation Table

Example for I.M. Plan block adjustment (MExample for I.M. Plan block adjustment (M--4)4)
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The unknownsThe unknowns
(i)(i) Unknown parametersUnknown parameters

P=4 model P=4 model ×× 4 parameters=164 parameters=16
(ii)(ii) Unknown coordinates of the pointsUnknown coordinates of the points

C= 5 points C= 5 points ×× 2 coordinates=102 coordinates=10

U = P+C = 16 + 10 = 26U = P+C = 16 + 10 = 26

The observation equationsThe observation equations
(i)(i) For each control point in each model:For each control point in each model:

(ii)(ii) For each tie point in each model:For each tie point in each model:
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The observation equation matrixThe observation equation matrix

Example for I.M. Plan block adjustment (MExample for I.M. Plan block adjustment (M--4)4)
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The Normal equation in matrix notationThe Normal equation in matrix notation
Example for I.M. Plan block adjustment (MExample for I.M. Plan block adjustment (M--4)4)
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The reduced normal equations 16 equations in 16 unknown parameteThe reduced normal equations 16 equations in 16 unknown parameters rs 
will be as follows Examplewill be as follows Example

Direct generation of R.N.E.Direct generation of R.N.E.
Main diagonal subMain diagonal sub--matrixmatrix

tf

Reduced Normal EquationsReduced Normal Equations
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Direct generation of R.N.E.Direct generation of R.N.E.
OffOff-- diagonal subdiagonal sub--matrixmatrix

Notice:Notice:
The above (4x4) offThe above (4x4) off--diagonal matrix is not symmetricaldiagonal matrix is not symmetrical

if no tie points exist between model j and lif no tie points exist between model j and l

et
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Reduced Normal EquationsReduced Normal Equations
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Direct generation of Direct generation of R.N.E.R.N.E.
Constant terms sub Constant terms sub –– matrixmatrix

k
T

jk
RNE
j CAT .,∑=

( )∑ +− kjkkjk YyXx ,,

( )∑ −− kjkkjk YxXy ,,

control points in control points in 
model jmodel j

( )∑ kX

( )∑ kY

Control Points k Control Points k 
appearing in model jappearing in model j

Reduced Normal EquationsReduced Normal Equations
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Flow Diagram of MFlow Diagram of M--4 (4 (x,yx,y))
Input of the Data:Input of the Data:

••x , y  Model Coordinatesx , y  Model Coordinates
••X , Y Ground Coordinates for the X , Y Ground Coordinates for the 
Control PointsControl Points

Forming of Interrelation Table Forming of Interrelation Table 
Required for the Generation of Required for the Generation of 
the Reduced Normal Equationsthe Reduced Normal Equations

Direct Generation of  the Direct Generation of  the 
Reduced Normal EquationsReduced Normal Equations

••MainMain--Diagonal SubDiagonal Sub--MatrixesMatrixes
••OffOff--Diagonal SubDiagonal Sub--MatrixesMatrixes
••R.H.S SubR.H.S Sub--MatrixesMatrixes

Direct Solution of the RNE,Direct Solution of the RNE,
i.e. Computation of i.e. Computation of PlanimetricPlanimetric

Transformation ParametersTransformation Parameters

Transformation of Each ModelTransformation of Each Model

Coordinate ComputationCoordinate Computation
••Computation of Mean Coordinates of Computation of Mean Coordinates of 
Tie PointsTie Points
••Computation of Absolute & Relative Computation of Absolute & Relative 
Discrepancies and Standard DeviationDiscrepancies and Standard Deviation
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Given the following small block of 2 models to be adjusted in heGiven the following small block of 2 models to be adjusted in height.ight.

Notice that the projection centers 7,9 and the model point 10 wiNotice that the projection centers 7,9 and the model point 10 will not be ll not be 
used in the adjustment, because single points where is no relatiused in the adjustment, because single points where is no relative or ve or 
absolute absolute discrepannciesdiscrepanncies to be minimized.to be minimized.

Example for I.M height adjustment (MExample for I.M height adjustment (M--3)3)
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2
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InterInter--Relation TableRelation Table

Example for I.M height adjustment (MExample for I.M height adjustment (M--3)3)
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The unknownsThe unknowns
(i)(i) Unknown parametersUnknown parameters

P =2 model P =2 model ×× 3 parameters = 63 parameters = 6
(ii)(ii) Unknown coordinates of the pointsUnknown coordinates of the points

2 tie 2 tie ×× 1= 21= 2
1 projection center 1 projection center ×× 3 = 33 = 3
C=2+3=5C=2+3=5

Total = P+C = 6 + 5 = 11Total = P+C = 6 + 5 = 11

The observation equations (ContinuedThe observation equations (Continued……))
The rigorous transformation equations The rigorous transformation equations 
are non linear in terms of are non linear in terms of ΦΦ, , ΩΩ

Assuming the rotations to be small Assuming the rotations to be small ΔΦΔΦ, , ΔΩΔΩ then then linearizedlinearized
equation will be:equation will be:
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The observation equations (ContinuedThe observation equations (Continued……))
There are three types of observation equationsThere are three types of observation equations

(i)(i) For height control pointsFor height control points

(ii)(ii) For tie pointsFor tie points

(iii)(iii) For projection centersFor projection centers

The number of observation equationsThe number of observation equations
First model:First model:

2 control 2 control ×× 1=2  ,   1=2  ,   tie tie ×× 1= 2 , 1 Projection Center 1= 2 , 1 Projection Center ×× 3 = 33 = 3
2+2+3=72+2+3=7

Second model:Second model:
7 equations7 equations

Redundancy= 14 Redundancy= 14 –– 11 = 311 = 3
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The observation equation matrixThe observation equation matrix
Example for I.M height adjustment (MExample for I.M height adjustment (M--3)3)
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The Normal equation in matrix notationThe Normal equation in matrix notation

Example for I.M height adjustment (MExample for I.M height adjustment (M--3)3)
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Flow Diagram of MFlow Diagram of M--3 (z)3 (z)

Input of the Data:Input of the Data:
••z  Model Coordinates of Tie Pointsz  Model Coordinates of Tie Points
••x , y , z Model x , y , z Model CordinateCordinate of Projection of Projection 
CentersCenters
••Z Ground Coordinates for the Control PtsZ Ground Coordinates for the Control Pts

Forming of Interrelation Table Forming of Interrelation Table 
Required for the Generation of the Required for the Generation of the 

Reduced Normal EquationsReduced Normal Equations

Direct Generation of  the Direct Generation of  the 
Reduced Normal EquationsReduced Normal Equations

••MainMain--Diagonal SubDiagonal Sub--MatrixesMatrixes
••OffOff--Diagonal SubDiagonal Sub--MatrixesMatrixes
••R.H.S SubR.H.S Sub--MatrixesMatrixes

Direct Solution of the RNE,Direct Solution of the RNE,
i.e. Computation of i.e. Computation of AltimetricAltimetric
Transformation ParametersTransformation Parameters

Transformation of Each ModelTransformation of Each Model

Coordinate ComputationCoordinate Computation
••Computation of Mean Coordinates of Computation of Mean Coordinates of 
Tie PointsTie Points
••Computation of Absolute & Relative Computation of Absolute & Relative 
Discrepancies and Standard DeviationDiscrepancies and Standard Deviation
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Flow Diagram of Flow Diagram of MM--4343 ((xyxy <<--> z)> z) I.M Block Adj.I.M Block Adj.

Input of the Data:Input of the Data:
••x , y , z  x , y , z  
Model Model CoordCoord of of 
Tie PointsTie Points
••x , y , z  Model x , y , z  Model 
CoordCoord of P.C.of P.C.
••X , Y ,Z  Ground X , Y ,Z  Ground 
CoordCoord of the of the 
GCPsGCPs

Forming of Forming of 
Interrelation Interrelation 

Table Required Table Required 
for the for the 

Generation of the Generation of the 
Reduced Normal Reduced Normal 

EquationsEquations

Direct 
Generation of  
the (x,y) RNE

Main-Diagonal, 
Off-Diagonal, 
R.H.S Sub-

Matrixes

Direct Solution 
of the (x,y) RNE,
Computation of 

Planimetric
Transformation 

Parameters

Transformation 
of Each Model

PlanimmetricPlanimmetric Adjustment (Adjustment (x,yx,y))

z.2b2aP
Newz

0YyaxbP
Newy

0XybxaP
Newx

+=

+⋅+⋅=

+⋅−⋅=

Direct Generation 
of  the (z) RNE

Main-Diagonal, Off-
Diagonal, R.H.S 

Sub-Matrixes

Direct Solution of 
the (z) RNE,

Computation of 
Altimetric

Transformation 
Parameters

Transformation of 
Each Model

AltimetricAltimetric Adjustment (z)Adjustment (z)

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

ΔΦΔΩ

0

),( 0
0

Zz
y
x

R
z
y
x

P
New

P
New

P
New

A
New

A
New

A
New

Coordinate Coordinate 
ComputationComputation

••Computation of Computation of 
Mean Coordinates Mean Coordinates 
of Tie Pointsof Tie Points
••Computation of Computation of 
Absolute & Absolute & 
Relative Relative 
Discrepancies and Discrepancies and 
Standard DeviationStandard Deviation

New Iteration ?



Strip AdjustmentStrip Adjustment

Farhad Samadzadegan, Farhad Samadzadegan, Ph.DPh.D
Department of Surveying and Geomatics Engineering, Department of Surveying and Geomatics Engineering, 

Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran
Email: Email: samadz@ut.ac.irsamadz@ut.ac.ir

20062006

PhotogrammetricPhotogrammetric
Block Adjustment Block Adjustment 

mailto:samadz@ut.ac.ir


Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

Strip AdjustmentStrip Adjustment
Strip triangulation is used for mapping linear features (such asStrip triangulation is used for mapping linear features (such as road and rail road and rail 
road network and pipelines).road network and pipelines).
Given:Given: imagery along one strip with 60% overlap between successive imagery along one strip with 60% overlap between successive 
imageryimagery

IntroductionIntroduction
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Error PropagationError Propagation

–– Similar to an open traverse, errors will increase as the lengthSimilar to an open traverse, errors will increase as the length of the of the 
strip increases.strip increases.

SolutionSolution

–– Implement Implement GCPGCP every three or four models.every three or four models.

–– Apply Apply Corrections PolynomialsCorrections Polynomials..

IntroductionIntroduction
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Correction Polynomials:Correction Polynomials:
–– They are used to reduce the difference between the They are used to reduce the difference between the photogrammetricphotogrammetric
and geodetic coordinates of the control pointsand geodetic coordinates of the control points

–– Using the Ground Control Points (GCP), we can solve for the Using the Ground Control Points (GCP), we can solve for the 
polynomial coefficients.polynomial coefficients.

Precaution:Precaution:
–– Make sure that you have enough GCP to recover the polynomial Make sure that you have enough GCP to recover the polynomial 
coefficients.coefficients.

–– Use low order polynomials to avoid undulations/over Use low order polynomials to avoid undulations/over 
parameterization.parameterization.

–– For long strips, separate them into shorter strips with low ordFor long strips, separate them into shorter strips with low order er 
polynomials and use constraints to ensure smooth transition betwpolynomials and use constraints to ensure smooth transition between een 
strips.strips.

IntroductionIntroduction



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

IntroductionIntroduction
Which Polynomials Should be Used?Which Polynomials Should be Used?
In order to answer the above question it was necessary to defineIn order to answer the above question it was necessary to define the the 
sources and types of errors affecting the strip triangulation.sources and types of errors affecting the strip triangulation.

The Source of Errors:The Source of Errors:
(1)(1) The photographThe photograph
(2)(2) The instrumentThe instrument
(3)(3) The observerThe observer

The Types of Errors:The Types of Errors:
The actual magnitude and type of different errors made in forminThe actual magnitude and type of different errors made in forming a strip are g a strip are 
often difficult to determine. The situation was overoften difficult to determine. The situation was over--simplified by assuming simplified by assuming 
that there are only two types of errors:that there are only two types of errors:

(1)(1) Constant (systematic) errorConstant (systematic) error
(2)(2) Random errorRandom error
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Strip DeformationStrip Deformation
VermierVermier TheoryTheory
In order to study the effect of errors on triangulated strip furIn order to study the effect of errors on triangulated strip further ther 
simplifications were assumed namely:simplifications were assumed namely:

(1)(1) The models are assumed to be internally error free (i.e. no modThe models are assumed to be internally error free (i.e. no model el 
deformation deformation –– or its magnitude is negligible).or its magnitude is negligible).

(2)(2) The coordinate errors of triangulated points are due to errors The coordinate errors of triangulated points are due to errors in the in the 
absolute orientation of the model in which they appear.absolute orientation of the model in which they appear.

In fact, the errors in the 7 absolute orientation elements of moIn fact, the errors in the 7 absolute orientation elements of model (i), del (i), ΔΔSSii , , 
ΔΔAAii , , ΔΦΔΦii , , ΔΩΔΩii , , ΔΔCxCxii , , ΔΔCyCyii , , ΔΔCzCzii are due to errors in the absolute are due to errors in the absolute 
orientation elements of the first model plus the errors in transorientation elements of the first model plus the errors in transferring the 7 ferring the 7 
elements from one model to next one (elements from one model to next one (ΔΔssii ,,ΔΔaaii , , ΔφΔφi i ,, ΔωΔωii ,, ΔΔcxcxii ,, ΔΔcycyii , , ΔΔczczii ).).
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Strip DeformationStrip Deformation
VermierVermier TheoryTheory

The 7 elements of transfer are associated with errors, namely: The 7 elements of transfer are associated with errors, namely: 

ScaleScale transfer error:  transfer error:  ΔΔssii (i=1,2(i=1,2……nn--1) because of  (n1) because of  (n--1) connection for 1) connection for 
nn-- modelsmodels

AzimuthAzimuth transfer error: transfer error: ΔΔaaii

LongitudinalLongitudinal transfer error: transfer error: ΔφΔφii

Lateral Lateral tilt transfer tilt transfer error: error: ΔωΔωii

xx-- shiftshift error: error: ΔΔxxii

yy-- shiftshift error : error : ΔΔyyii

zz-- shiftshift error : error : ΔΔzzii
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Group 1:Group 1:
The errors in transfer of scale, azimuth and longitudinal cause The errors in transfer of scale, azimuth and longitudinal cause appreciable appreciable 
deformation in the stripdeformation in the strip--axis.axis.

AzimuthAzimuth

ScaleScale

Y

X

Z

X

x1 2

1SΔ 1sΔ
2SΔ

2
1

1AΔ

1aΔ

2AΔ

21

1ΔΦ

2ΔΦ

1φΔ
ΦΦ

Strip DeformationStrip Deformation



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

Group 2:Group 2:
The errors in transfer of attitude does not affect the The errors in transfer of attitude does not affect the ““StripStrip--axiesaxies””

Group 3:Group 3:
CxCx, Cy, , Cy, CzCz transfer errors have negligible effect on the strip deformationtransfer errors have negligible effect on the strip deformation..
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Effect of Effect of AzimuthAzimuth Transfer ErrorsTransfer Errors
In order to investigate the strip deformation due to errors in tIn order to investigate the strip deformation due to errors in transfer of ransfer of 
orientation element we shall consider as an example the relationorientation element we shall consider as an example the relations between:s between:

Azimuth transfer errors Azimuth transfer errors ΔΔaaii

Absolute azimuth errors Absolute azimuth errors ΔΔAAii

YY-- coordinate errors along the strip axis coordinate errors along the strip axis ΔΔYYii

Relation between transfer and absolute azimuth errors: Relation between transfer and absolute azimuth errors: 
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Effect of Effect of AzimuthAzimuth Transfer ErrorsTransfer Errors
Relations between absolute azimuth model errors Relations between absolute azimuth model errors ΔΔAAi i and y coordinate and y coordinate 
errors of the strip axis. errors of the strip axis. 

But But ΔΔAAii is obtained by single summation of transfer azimuth errors is obtained by single summation of transfer azimuth errors ΔΔaaii

ΔΔYYii is obtained by double summation ofis obtained by double summation of ΔΔaa
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Effect of Effect of AzimuthAzimuth Transfer ErrorsTransfer Errors
Proof:Proof:
systematic azimuth transfer errors cause 2 order ysystematic azimuth transfer errors cause 2 order y--coordinate errors along coordinate errors along 
strip axis:strip axis:

(1)(1) Assume for the sake of simplicity that all bases are equal to bAssume for the sake of simplicity that all bases are equal to b..
As transfer errors are constant  (As transfer errors are constant  (ΔΔaa1 = 1 = ΔΔaa2 = 2 = ΔΔaa3 = 3 = …… = = ΔΔaa ))
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Effect of Effect of AzimuthAzimuth Transfer ErrorsTransfer Errors
Proof:Proof:
Constant azimuth transfer errors cause 2 Constant azimuth transfer errors cause 2 ordercoordinateordercoordinate errors along the errors along the 
strip axis.strip axis.

Notice that if we differentiate the 2 order coordinate error curNotice that if we differentiate the 2 order coordinate error curves we get ves we get 
linear absolute orientation error curve.linear absolute orientation error curve.
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Effect of Effect of ScaleScale Transfer ErrorsTransfer Errors
We have shown briefly that constant scale transfer errors cause We have shown briefly that constant scale transfer errors cause 2 order  2 order  
coordinate errors along the strip axis.coordinate errors along the strip axis.
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Effect of Effect of ScaleScale Transfer ErrorsTransfer Errors

The following diagrams show the total effect of scale transfer eThe following diagrams show the total effect of scale transfer errors on rrors on 
points outside strip axis.points outside strip axis.
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Effect of Effect of Longitudinal tilt (Longitudinal tilt (ΦΦ) ) Transfer ErrorsTransfer Errors
Constant Constant φφ transfer errors cause 2 order transfer errors cause 2 order ΔΔZ coordinate errors along the Z coordinate errors along the 
strip axis.strip axis.
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The following diagram shows the total effect of The following diagram shows the total effect of φφ
transfer error including the effect on points outside the transfer error including the effect on points outside the 
strip axis.strip axis.

φφ errors dose not affect yerrors dose not affect y--coordinates coordinates 
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Effect of Effect of Lateral tilt (Lateral tilt (ΩΩ)) Transfer ErrorsTransfer Errors

ΔωΔω transfer errors dose not affect the strip axis.transfer errors dose not affect the strip axis.

As As ΔΩΔΩii is obtained from single summation of is obtained from single summation of ΔωΔω transfer errors, transfer errors, ΔΩΔΩii ((ΔΩΔΩii = = 
ΣΣ ΔωΔωii ) Can be represented by a linear function.) Can be represented by a linear function.
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Effect of Effect of Lateral tilt (Lateral tilt (ΩΩ)) Transfer ErrorsTransfer Errors

The following diagrams show the total effect of lateral transferThe following diagrams show the total effect of lateral transfer errors on errors on 
points outside strip axis.points outside strip axis.

ΩΩ affects only y, z strip coordinates.affects only y, z strip coordinates.
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SummarySummary
Polynomials to correct systematic strip triangulation errors.Polynomials to correct systematic strip triangulation errors.

Specialization of Formula for Flat TerrainSpecialization of Formula for Flat Terrain
In case the terrain is relatively flat. i.e. all points have theIn case the terrain is relatively flat. i.e. all points have the same height same height 
(z=constant), then the above equations are reduced to the follow(z=constant), then the above equations are reduced to the following.ing.

Plan:Plan:

Height:Height:
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Specialization of Formula for Flat TerrainSpecialization of Formula for Flat Terrain

Notice that height adjustment can be separated from Notice that height adjustment can be separated from planimetricplanimetric
adjustment.adjustment.

For systematic errors we proved that 2 order polynomials can be For systematic errors we proved that 2 order polynomials can be used, but used, but 
for random errors it is quite difficult to find the most convenifor random errors it is quite difficult to find the most convenient polynomial.ent polynomial.

11 Transformation parameters have to be determined, for flat ter11 Transformation parameters have to be determined, for flat terrain one rain one 
can see that the parameters are divided two groups.can see that the parameters are divided two groups.

Six parameters,  aSix parameters,  a00, a, a11, a, a22, b, b00, b, b11, b, b22 which appear only in which appear only in planimetricplanimetric
equations.equations.

Five parameters , cFive parameters , c00, c, c11, c, c22, ,c, ,c33, c, c44 which appear only in height equations. which appear only in height equations. 
(c(c33 , c, c44 define the change of define the change of ΩΩ along the strip)along the strip)

Strip DeformationStrip Deformation



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

Observation EquationsObservation Equations
Observation EquationsObservation Equations
(1)(1) Two order (x, y, z) polynomials for flat terrainTwo order (x, y, z) polynomials for flat terrain

(2)(2) Two order (x, y) polynomials for flat terrainTwo order (x, y) polynomials for flat terrain

(3)(3) Two order (z) polynomials for flat terrainTwo order (z) polynomials for flat terrain
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The UnknownsThe Unknowns

(1)(1) Unknown coordinatesUnknown coordinates (c)(c)
The (The (x,yx,y) and (z) coordinates of tie points.) and (z) coordinates of tie points.

(2)(2) The unknown parametersThe unknown parameters (p)(p)
The number of parameters strip depends on the type and order of The number of parameters strip depends on the type and order of 
polynomials chosen for adjustment.polynomials chosen for adjustment.
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Example for Polynomial AdjustmentExample for Polynomial Adjustment
Given the following small block of 3 strips to be adjusted in Given the following small block of 3 strips to be adjusted in planimetryplanimetry using using 
the 2 order polynomials.the 2 order polynomials.
These correction equation are linear. These correction equation are linear. 

Notice that 12 and 13 are single points, therefore they will notNotice that 12 and 13 are single points, therefore they will not be used in the be used in the 
adjustment and all control points (1,2,5,6,10,11) will be used wadjustment and all control points (1,2,5,6,10,11) will be used where absolute here absolute 
discrepancies have to be minimized.discrepancies have to be minimized.
All tie points (3,4,7,8,9) will be used where relative discrepanAll tie points (3,4,7,8,9) will be used where relative discrepancies have to be cies have to be 
minimized.minimized.
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InterInter--Relation Table Relation Table 

Example for Polynomial AdjustmentExample for Polynomial Adjustment
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The unknownsThe unknowns

(1)(1) Unknown parametersUnknown parameters

P = 3 strip P = 3 strip   6  parameters = 186  parameters = 18

(2)(2) Unknown coordinatesUnknown coordinates

C = 5 tie pointsC = 5 tie points 2 coordinates = 102 coordinates = 10

P + C = 10 + 18 = 28P + C = 10 + 18 = 28

Example for Polynomial AdjustmentExample for Polynomial Adjustment
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The observation equationsThe observation equations
(1)(1) For each control points in each stripFor each control points in each strip

(2)(2) For each tie pointsFor each tie points
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ii to indicate point code number,  to indicate point code number,  j j to indicate strip code number, to indicate strip code number, AAijij is the is the 
coefficient matrix, coefficient matrix, PPjj is the vector of the given terrestrial coordinates of is the vector of the given terrestrial coordinates of 
control points control points II ..

Example for Polynomial AdjustmentExample for Polynomial Adjustment
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The observation equationsThe observation equations
Total number of Total number of obseirvationobseirvation::

Strip1: Strip1: 
3 control 3 control 2 + 2 tie 2 + 2 tie 2 = 102 = 10

Strip2:Strip2:
2 control 2 control 2 + 5 tie 2 + 5 tie 2 = 142 = 14

Strip3:Strip3:
2 control 2 control 2 + 3 tie 2 + 3 tie 2 = 102 = 10

Total = 10 + 14 + 10 = 34Total = 10 + 14 + 10 = 34

Redundancy = 34 Redundancy = 34 -- 28 = 628 = 6

Example for Polynomial AdjustmentExample for Polynomial Adjustment
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The observation equation matrixThe observation equation matrix

Example for Polynomial AdjustmentExample for Polynomial Adjustment
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The Normal equation in matrix notationThe Normal equation in matrix notation

Example for Polynomial AdjustmentExample for Polynomial Adjustment
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The normal equations are function of two sets of unknowns, P (PaThe normal equations are function of two sets of unknowns, P (Parameters)  rameters)  
and C (adjusted coordinates of tie points).and C (adjusted coordinates of tie points).

Consequently the normal equation can be partitioned two sets of Consequently the normal equation can be partitioned two sets of equations.equations.

Usually the set of unknown coordinates C is eliminated such thatUsually the set of unknown coordinates C is eliminated such that we get the we get the 
reduced normal equations function of the set of parameters P.reduced normal equations function of the set of parameters P.

Why the reduced normal equation?Why the reduced normal equation?
(1)(1) The number of unknowns in the R.N.E is much less than in the noThe number of unknowns in the R.N.E is much less than in the normal rmal 
equations.equations.
(2)(2) The coefficient matrix of the R.N.E is usually banded thereforeThe coefficient matrix of the R.N.E is usually banded therefore

(i)(i) It requires less memoryIt requires less memory
(ii)(ii) It takes shorter computation timeIt takes shorter computation time
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Reduced Normal EquationsReduced Normal Equations



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

Usually the R.N.E in terms of the unknown parameters P is formedUsually the R.N.E in terms of the unknown parameters P is formed and and 
solved because:solved because:

(a)(a) In most blocks the number of unknown coordinates C is much laIn most blocks the number of unknown coordinates C is much largerrger
than that of parameters.than that of parameters.

(b)(b) The number of parameters P is proportional to the number of uniThe number of parameters P is proportional to the number of units tots to
be adjusted. Therefore, it is easy to predict the size ofbe adjusted. Therefore, it is easy to predict the size of R.N.E andR.N.E and
memory required.  memory required.  

To eliminate C multiply equations (2) by           ,           iTo eliminate C multiply equations (2) by           ,           is square and nons square and non--
singular.singular.

Substituting (3) in (1) we getSubstituting (3) in (1) we get
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The reduced normal equations, which correspond to our example, wThe reduced normal equations, which correspond to our example, will then ill then 
contain 18 equations in 18 unknown parameters.contain 18 equations in 18 unknown parameters.

Notice that the R.N.E has a banded coefficient matrix.Notice that the R.N.E has a banded coefficient matrix.

Direct generation of R.N.EDirect generation of R.N.E
The 3 types of sub matrices in the R.N.E areThe 3 types of sub matrices in the R.N.E are

(1)(1) MainMain--diagonal sub matrix diagonal sub matrix 
(2)(2) OffOff--diagonal sub matrix diagonal sub matrix 
(3)(3) Constant terms sub matrix Constant terms sub matrix 
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Direct generation of R.N.EDirect generation of R.N.E
Main diagonal sub matrixMain diagonal sub matrix

=Frequency of tie point (number of units in which the tie point =Frequency of tie point (number of units in which the tie point appear)appear)

R
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Direct generation of R.N.EDirect generation of R.N.E
OffOff-- diagonal sub matrixdiagonal sub matrix

The Coefficient of the offThe Coefficient of the off--diagonal subdiagonal sub--matrix         are computed from matrix         are computed from 
the cords of tie points common to unit j and l the cords of tie points common to unit j and l 

A A t,jt,j : Coefficient matrix of point t as measured in strip j.: Coefficient matrix of point t as measured in strip j.
ZZt,lt,l:: Confident matrix of tie point t as measured in strip lConfident matrix of tie point t as measured in strip l

, if there are no tie points common to strips j and, if there are no tie points common to strips j and ll0N R
l,j =

3 and 1 strip between common points  tieNo        ,0    
2
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Direct generation of R.N.EDirect generation of R.N.E
Right hand side sub matrixRight hand side sub matrix

The coefficients of R.H.S subThe coefficients of R.H.S sub--matrix  matrix  TTjj are computed from the are computed from the 
coordinates of control points which appear in strip jcoordinates of control points which appear in strip j

WhereWhere
AAk,jk,j :: coefficient matrix of control point k with coordinates measuredcoefficient matrix of control point k with coordinates measured
in unit j in unit j 
CCkk :: ground coordinates of control points.ground coordinates of control points.
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Flow Diagram of Polynomial Block Flow Diagram of Polynomial Block 
AdjustmentAdjustment

Choice of the Transformation 
Equations to be Used:

• 2nd or 3nd order Polynomial
• Conformal or Non-Conformal
• (x,y,z) Simultaneously
• (x,y) Separated From (Z)

Input of the Data:
• Strip Coordinates, one Strip after 

the Other
• Ground Coordinates for the Control 

Points

Forming of Interrelation Table 
Required for the Generation of the 

Reduced Normal Equations

Direct Generation of  the Reduced 
Normal Equations

• Main-Diagonal Sub-Matrixes
• Off-Diagonal Sub-Matrixes
• R.H.S Sub-Matrixes

Direct Solution of the RNE, i.e. 
Computation of Transformation 

Parameters

Transformation of Each Strip

Coordinate Computation
• Computation of Mean Coordinates 

of Tie Points
• Computation of Absolute & Relative 

Discrepancies and Standard 
Deviation
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IntroductionIntroduction
In block adjustment we have three main groups of observations wiIn block adjustment we have three main groups of observations with th 
different different stochasticalstochastical propertiesproperties

It is obvious that such an adjustment can best be done if the prIt is obvious that such an adjustment can best be done if the proper weights oper weights 
are associated to each group of similar observation.are associated to each group of similar observation.

The terrestrial coordinates E,N,H should not be treat as errorThe terrestrial coordinates E,N,H should not be treat as error--free quantities free quantities 
or as observations of  weight infinity since they are not in reaor as observations of  weight infinity since they are not in reality free from lity free from 
errors.errors.

E,N,H : Terrestrial coordinates of ground control.E,N,H : Terrestrial coordinates of ground control.
x,y,zx,y,z : : PhotogrammetricPhotogrammetric model coordinates.model coordinates.
X,Y,Z : Unknown coordinatesX,Y,Z : Unknown coordinates

Auxiliary/Additional 
data

Terrestrial
Coordinates

Block adjustment

Photogrammetric
Coordinates
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Observation equationObservation equation
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11-- For full ControlFor full Control

22-- For For PlanimetricPlanimetric ControlControl

33-- For Altimetry ControlFor Altimetry Control
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Example for MExample for M--44
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⎡

yyxy

xyxx
gg
gg

⎥
⎦

⎤
⎢
⎣

⎡

NNEN

ENEE
GG
GG

Given the following small block of 4 models to be adjusted takinGiven the following small block of 4 models to be adjusted taking into g into 
account that the:account that the:

11-- Weight matrix for Weight matrix for transformed model coordinatestransformed model coordinates::

g =g =

22-- Weight matrix for Weight matrix for terrestrial coordinates: terrestrial coordinates: 

G =G =

1 2 3

4 5 6

7 8 9

E

N
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Example for MExample for M--44
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⎤
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⎡
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⎢
⎣

⎡

Observation equations:Observation equations:

11-- from from PhotogrammetricPhotogrammetric datadata

22-- from from TerrestrialTerrestrial datadata

Number of observationNumber of observation

11-- for modelfor model
model 1: 4 points model 1: 4 points x 2 = 8,    model 2: 4 points x 2 = 8, x 2 = 8,    model 2: 4 points x 2 = 8, 
model 3: 4 points model 3: 4 points xx 2 = 8,    model 2: 4 points 2 = 8,    model 2: 4 points xx 2 = 8.2 = 8.

22-- for control pointsfor control points
4 x 2 = 84 x 2 = 8

Total Total == 8 + 4 x 8 = 408 + 4 x 8 = 40
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Example for MExample for M--44
The unknowns:The unknowns:

ParametersParameters
P=4 model  P=4 model  xx 4 4 parameteresparameteres = 16= 16

Unknown coordinatesUnknown coordinates
C= 9 points x 2 coordinates = 18C= 9 points x 2 coordinates = 18

Redundancy:Redundancy: 40 40 –– 34 = 634 = 6

TotalTotal = P+C = 18+16 = 34= P+C = 18+16 = 34
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Observation equation (matrix)Observation equation (matrix)
T:T: Stands for E, N        Stands for E, N        I :I : Unit Matrix          Unit Matrix          C:C: Stands for X , YStands for X , Y
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Normal equation (matrix)Normal equation (matrix)

0CNCNPN T
T
31

T
2111 =⋅+⋅+⋅

0CNPN 2221 =⋅+⋅

FCNPN T3331 =⋅+⋅

gfN22 ⋅=

GgfN33 +⋅=

f f = frequency= frequency, , ( For Tie points) ( For Tie points) 

( Control points)( Control points)
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Normal equation (matrix)Normal equation (matrix)
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Reduced normal equationsReduced normal equations

The reduced normal equation are obtained by eliminating the two The reduced normal equation are obtained by eliminating the two sets of sets of 
unknown coordinates.unknown coordinates.

1.1. C      Unknown coordinates of tie points.C      Unknown coordinates of tie points.
2.2. CCT      T      Unknown coordinates of terrestrial.Unknown coordinates of terrestrial.

C = C = --NN2222
--11 . NN21 21 . P

CCTT = = --NN3333
--11 . NN31 31 . P + NN3333

--11 . F

All points      tie points               control points         All points      tie points               control points         control pointscontrol points

( ) FNNPNNNNNNN 1
33

T
3131

1
33

T
3121

1
22

T
2111 ⋅⋅−=⋅−− −−−
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Reduced normal equationsReduced normal equations
General of R.N.E subGeneral of R.N.E sub--matrix :matrix :

∑ ∑ ∑ −+⋅−− ij
1T

ijij
T
ijij

T
ij A.g.)Ggf.(g.AA.g.A

f
1A.g.A

il
T
ij A.g.A.

f
1∑

(2)(2) Off Off –– diagonal sub matrixdiagonal sub matrix

NNjljl = = --

Tie points common to Models j & lTie points common to Models j & l

i
1T

ij TG)Ggf(gA ⋅⋅+⋅⋅⋅ −∑
Control points in model jControl points in model j

R R jj ==

(1)(1) MainMain-- diagonal subdiagonal sub--matrixmatrix

All points in      Tie points in         control point in All points in      Tie points in         control point in 
model j             model j             model j                     model jmodel j                     model j

NNjjjj = = 

(3)(3) Constant terms subConstant terms sub-- matrixmatrix
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1.1. The scale of photography and flying height. The scale of photography and flying height. 

2.2. The type of used cameraThe type of used camera

3.3. Stability of photographic material and type of image correctionsStability of photographic material and type of image corrections
used.used.

4.4. The type of photographic coverage, number and distribution of The type of photographic coverage, number and distribution of 
tie points.tie points.

5.5. Type of triangulation and instruments used.Type of triangulation and instruments used.

6.6. Identification and transfer of points.Identification and transfer of points.

7.7. Distribution and accuracy of control points.Distribution and accuracy of control points.

8.8. The Use of auxiliary data.The Use of auxiliary data.

9.9. The procedure of adjustment.The procedure of adjustment.

10.10. Possibility of screening gross errors.Possibility of screening gross errors.

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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11-- The scale of photography and flying heightThe scale of photography and flying height
The smallest photo scale can be obtain by super wide angle camerThe smallest photo scale can be obtain by super wide angle camera a 
from high altitudes. (Jet from high altitudes. (Jet aeroplanesaeroplanes). Due to haze the image quality at ). Due to haze the image quality at 
the corners photographs can drop remarkably.the corners photographs can drop remarkably.
The largest scale can be obtained by long focal length cameras fThe largest scale can be obtained by long focal length cameras from rom 
low altitudes.low altitudes.

ProblemsProblems
aa-- Image movementImage movement
The movement of The movement of aeroplaneaeroplane during exposure will result in image during exposure will result in image 
movement especially at photo scale larger than 1:2000. Moreover movement especially at photo scale larger than 1:2000. Moreover 
lower air layers are usually more turbulent and angular movementlower air layers are usually more turbulent and angular movements s 
of the camera during exposure can result in poor sharpness.of the camera during exposure can result in poor sharpness.

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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11-- The scale of photography and flying heightThe scale of photography and flying height
ProblemsProblems

bb-- The camera cycle The camera cycle 
Moving and flattening the film against the vacuum plate for a neMoving and flattening the film against the vacuum plate for a new w 
exposure takes about 2.5 seconds.exposure takes about 2.5 seconds.

Suppose average speed of Suppose average speed of aeroplaneaeroplane is 200 km/hour. One can see that is 200 km/hour. One can see that 
200km/h corresponds to 55m/sec. The smallest possible air200km/h corresponds to 55m/sec. The smallest possible air--base (B) is base (B) is 
2.52.5××55= 140m. Accuracy a format of (2455= 140m. Accuracy a format of (24×× 24) and 60% forward overlap then 24) and 60% forward overlap then 
b=0.4b=0.4××24= 9.2 cm. Consequently the largest photo scale will be:24= 9.2 cm. Consequently the largest photo scale will be:

1500
1

14000
2.9

B
b

≅=

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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22-- The type of used camera The type of used camera 
aa-- Narrow angleNarrow angle
bb-- Normal angleNormal angle
cc-- Wide angleWide angle
dd-- Supper wide angleSupper wide angle

Although S.W.A cameras are good from the geometrical point of viAlthough S.W.A cameras are good from the geometrical point of view, ew, 
however, experiences have shown that they are not as good as however, experiences have shown that they are not as good as 
anticipated from the physical point of view.anticipated from the physical point of view.

The main trouble is the poor image quality at the corners which The main trouble is the poor image quality at the corners which is highly is highly 
affected by haze especially from high altitudes.affected by haze especially from high altitudes.

Some cameras are provided with Some cameras are provided with reseaureseau while others are provided with 8 while others are provided with 8 
fiducialfiducial marks. The 4 standard marks. The 4 standard fiducialfiducial marks maybe located in different marks maybe located in different 
ways.ways.

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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33-- Stability of photographic material and type of image correctionStability of photographic material and type of image corrections s 
usedused
Film is nowadays used for both negative and Film is nowadays used for both negative and diapositivesdiapositives. Special test . Special test 
fields and selffields and self--calibrating techniques maybe used to check the camera calibrating techniques maybe used to check the camera 
under actual aerial photogrammetry conditions.under actual aerial photogrammetry conditions.

44-- The type of photographic coverageThe type of photographic coverage
Under normal circumstance usually 60% forward and 20% side overlUnder normal circumstance usually 60% forward and 20% side overlap of ap of 
parallel strips are used. Cross strips maybe added to minimize tparallel strips are used. Cross strips maybe added to minimize the he 
vertical control requirements.vertical control requirements.
For high procession work such as geodetic network densification For high procession work such as geodetic network densification or for or for 
cadastral survey 60% forward and 60% side overlap maybe applied.cadastral survey 60% forward and 60% side overlap maybe applied.

55-- Type of triangulation  and instruments usedType of triangulation  and instruments used
The instrumental errors:The instrumental errors:

aa-- comparators 2comparators 2--3 3 μμmm
bb-- analogue instruments 5analogue instruments 5--7 7 μμmm
cc-- analytical plottersanalytical plotters

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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66-- Identification of A.T pointsIdentification of A.T points
Accuracy depends to a great extend on the type of point measuredAccuracy depends to a great extend on the type of point measured
(signalized, natural, artificial)(signalized, natural, artificial)
For high precision A.T. (cadastral survey) signalized points havFor high precision A.T. (cadastral survey) signalized points have to be e to be 
used.used.

77-- Distribution and accuracy of control pointsDistribution and accuracy of control points
The accuracy of terrestrial coordinates of control points dependThe accuracy of terrestrial coordinates of control points depends on the s on the 
method their determination.method their determination.
In cadastral survey the accuracy of terrestrial coordinates playIn cadastral survey the accuracy of terrestrial coordinates plays an s an 
important role.important role.

88-- The use of auxiliary dataThe use of auxiliary data
The use of auxiliary data such as the APR and The use of auxiliary data such as the APR and statoscopestatoscope can improve the can improve the 
result of block adjustment for topographic mapping.result of block adjustment for topographic mapping.
The most important thing is the simultaneous block adjustment usThe most important thing is the simultaneous block adjustment using both ing both 
photogrammetricphotogrammetric, terrestrial and auxiliary data with appropriate weighting., terrestrial and auxiliary data with appropriate weighting.

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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99-- The procedure of adjustmentThe procedure of adjustment
The accuracy of adjustment can be affected by the procedure usedThe accuracy of adjustment can be affected by the procedure used::

aa-- PolynomialsPolynomials
bb-- Independent modelsIndependent models
cc-- BundlesBundles

Other important factors are:Other important factors are:
aa-- Self calibration techniqueSelf calibration technique
bb-- Using auxiliary data with proper weightingUsing auxiliary data with proper weighting

1010-- The possibility of screening gross errorsThe possibility of screening gross errors
The obtained the accuracy depends on the complete elimination ofThe obtained the accuracy depends on the complete elimination of gross gross 
errors which is still a big challenge.errors which is still a big challenge.

Factors Affecting Accuracy of B.A.Factors Affecting Accuracy of B.A.
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Accuracy of Adjusted BlocksAccuracy of Adjusted Blocks

Theoretical accuracy investigations are mainly concerned with thTheoretical accuracy investigations are mainly concerned with the e 
influence of:influence of:

aa-- Size and shape of blocksSize and shape of blocks

bb-- Overlap (20% Overlap (20% -- 60% side overlap)60% side overlap)

cc-- Location of ground control points Location of ground control points 

dd-- The adjustment methodThe adjustment method

Theoretical accuracy studies are mostly based on simplified assuTheoretical accuracy studies are mostly based on simplified assumptions. mptions. 
For example ground control coordinates are assumed to be uncorreFor example ground control coordinates are assumed to be uncorrelated lated 
and of weight 1.and of weight 1.
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Investigation of Horizontal Ground Control Investigation of Horizontal Ground Control 
LocationLocation

Square blocks with 4 corner control pointsSquare blocks with 4 corner control points
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Square blocks with 4 corner control pointsSquare blocks with 4 corner control points

Notice that:Notice that:

The maximum errors occur on the perimeter on the block.The maximum errors occur on the perimeter on the block.

The middle of the block has relatively good accuracy.The middle of the block has relatively good accuracy.

Conclusion:Conclusion:

The steep slope of all curves indicate that the accuracy deterioThe steep slope of all curves indicate that the accuracy deteriorate with rate with 
increase of block size.increase of block size.

The large separation between the           and         indicate The large separation between the           and         indicate that the that the 
adjusted block dose not have a homogeneous accuracyadjusted block dose not have a homogeneous accuracy

maxσ mσ

Investigation of Horizontal Ground Control Investigation of Horizontal Ground Control 
LocationLocation
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Square block with full perimeter control (I=2b)Square block with full perimeter control (I=2b)
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Square block with full perimeter control (I=2b)Square block with full perimeter control (I=2b)

Conclusions:Conclusions:

ii-- All curves are almost parallel to the xAll curves are almost parallel to the x--axis, i.e. Block size has almost no axis, i.e. Block size has almost no 
effect on accuracy.effect on accuracy.

iiii-- curve is very close to             curve i.e. Homogenocurve is very close to             curve i.e. Homogenous accuracy us accuracy 
over the whole block.over the whole block.

iiiiii-- All curves almost coincide with             Very high accuracy iAll curves almost coincide with             Very high accuracy is obtained s obtained 
(              )(              )

maxσ meanσ

1
0
=

σ
σ

1
0
=

σ
σ

Investigation of Horizontal Ground Control Investigation of Horizontal Ground Control 
LocationLocation
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Square block with full perimeter control (I=2b)Square block with full perimeter control (I=2b)
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Relaxed Control along the PerimeterRelaxed Control along the Perimeter
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Relaxed Control along the PerimeterRelaxed Control along the Perimeter
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The Effect of additional The Effect of additional ‘‘PlanPlan’’ Control Point in the Center of BlockControl Point in the Center of Block

Conclusions:Conclusions:
The above two figures show that the overall accuracy of the blocThe above two figures show that the overall accuracy of the block did not k did not 
improve significantly, i.e. improve significantly, i.e. ‘‘PlanPlan’’ Control in the center of block is not very Control in the center of block is not very 
useful.useful.
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Bordering of Blocks Beyond control PointsBordering of Blocks Beyond control Points
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Bordering of Blocks Beyond control PointsBordering of Blocks Beyond control Points
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Conclusions: Conclusions: 
Comparison between I and II shows that extending the block beyonComparison between I and II shows that extending the block beyond control d control 
will increase the accuracy in the inside area. Comparisons betwewill increase the accuracy in the inside area. Comparisons between III and IV en III and IV 
shows that full perimeter control remains superior. shows that full perimeter control remains superior. 
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Location of Height Control PointsLocation of Height Control Points
(1)(1) 20% side overlap20% side overlap

At least 3 chains of height control points are needed thatAt least 3 chains of height control points are needed that to determine  at to determine  at 
the beginning, middle, end of each strip.the beginning, middle, end of each strip.

(2)(2) 60% side overlap60% side overlap
Two chains of height control points in a grid distributionTwo chains of height control points in a grid distribution have been have been 

proposed, proposed, 
however using 3 chains of height control is still recommenhowever using 3 chains of height control is still recommended.ded.
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Comparison between height accuracy of independent model and Comparison between height accuracy of independent model and 
bundle adjustmentbundle adjustment

(1)(1) PlanimetryPlanimetry
independent model                   bundleindependent model                   bundle

(2)(2) AltimetryAltimetry
independent model                  bundleindependent model                  bundle

)(5.1 0σ≈)( p0σ

)( H0σ )(4.2 0σ≈

Location of Height Control PointsLocation of Height Control Points
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The accuracy of points measured in the strip after applying the The accuracy of points measured in the strip after applying the correction correction 
polynomial depends on the number of models bridged together withpolynomial depends on the number of models bridged together without out 
ground control points.ground control points.

As a rule of thumb:As a rule of thumb:
–– A group of ground control points should be used every four modeA group of ground control points should be used every four models.ls.
–– 12 models: 3 groups of ground control points.12 models: 3 groups of ground control points.
–– 16 models: 4 groups of ground control points.16 models: 4 groups of ground control points.

i number of models bridged i number of models bridged 
together.together.

Maximum (worst) accuracy Maximum (worst) accuracy 
takes place at the center takes place at the center 
between the control points.between the control points.

Accuracy of Strip TriangulationAccuracy of Strip Triangulation
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Accuracy of BAIMAccuracy of BAIM
Due to the reduction in the involved GCP, we should expect a degDue to the reduction in the involved GCP, we should expect a degradation radation 
in the accuracy when compared with this associated with a singlein the accuracy when compared with this associated with a single model.model.

PlanimetricPlanimetric accuracyaccuracy is not affected by the accuracy of the measured is not affected by the accuracy of the measured 
model heights or by the layout/distribution of vertical control model heights or by the layout/distribution of vertical control points.points.

Height accuracyHeight accuracy is not affected by the accuracy of measured model is not affected by the accuracy of measured model 
planimetricplanimetric coordinates or the coordinates or the thethe distribution of horizontal control points.distribution of horizontal control points.

PlanimetricPlanimetric and height accuracies can be treated separately.and height accuracies can be treated separately.

We can derive the We can derive the accuracy accuracy of the parameters of the parameters after the adjustmentafter the adjustment as as 
follows:follows:
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PlanimetricPlanimetric Accuracy of BAIMAccuracy of BAIM
–– The accuracy deteriorates as the size of the block increases.The accuracy deteriorates as the size of the block increases.

–– The worst accuracy occurs at the center of the edges of the bloThe worst accuracy occurs at the center of the edges of the block.ck.

Vertical Accuracy of BAIMVertical Accuracy of BAIM
–– Height accuracy is weak across the strips.Height accuracy is weak across the strips.

–– Therefore, chains of vertical control points across the strips Therefore, chains of vertical control points across the strips are are 
recommended.recommended.

–– We use chains of vertical control points every i models.We use chains of vertical control points every i models.

–– To improve the height accuracy along the upper and lower edges To improve the height accuracy along the upper and lower edges 
of the block, we implement a vertical control point every i/2 moof the block, we implement a vertical control point every i/2 models.dels.

Accuracy of BAIMAccuracy of BAIM
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Accuracy of Bundle Block AdjustmentAccuracy of Bundle Block Adjustment
The accuracy of the estimated EOP as well as the ground coordinaThe accuracy of the estimated EOP as well as the ground coordinates of tie tes of tie 
points can be obtained by the product of:points can be obtained by the product of:

–– The estimated variance component, andThe estimated variance component, and
–– The inverse of the normal equation matrix (cofactor matrix).The inverse of the normal equation matrix (cofactor matrix).

For planning purposes, we can use the same rules applied for BAIFor planning purposes, we can use the same rules applied for BAIM.M.
However, the accuracy of a single model has to be modified.However, the accuracy of a single model has to be modified.

Accuracy of Accuracy of BundelBundel =Accuracy of a single model: If we have=Accuracy of a single model: If we have
–– Bundle block adjustment with additional parameters that compensBundle block adjustment with additional parameters that compensate ate 
for various distortions.for various distortions.
–– Regular blocks with 60%overlap and 20% side lap.Regular blocks with 60%overlap and 20% side lap.
–– Signalized targets.Signalized targets.
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Blunder Detection Based on Least squaresBlunder Detection Based on Least squares
IntroductionIntroduction
After performing the least squares adjustment it is appropriate After performing the least squares adjustment it is appropriate to evaluate to evaluate 
whether the residuals are satisfactory or not. whether the residuals are satisfactory or not. 
There may be gross errors present among observations. If such erThere may be gross errors present among observations. If such errors do rors do 
exist one does not know how many and where they are located nor exist one does not know how many and where they are located nor what what 
their magnitudes are. Besides gross errors, there may exist othetheir magnitudes are. Besides gross errors, there may exist other causes r causes 
can affect the results of adjustment (Uotila,1975). Considering can affect the results of adjustment (Uotila,1975). Considering only the only the 
problems of gross error detection/location, the assumption is thproblems of gross error detection/location, the assumption is that the other at the other 
causes are not presents or have no significant effect on adjustmcauses are not presents or have no significant effect on adjustment results.ent results.

There are a variety of statistical testing procedures based on lThere are a variety of statistical testing procedures based on least squares east squares 
for gross error detection and location. One of these methods whifor gross error detection and location. One of these methods which has ch has 
extensively been used in photogrammetry is the "dataextensively been used in photogrammetry is the "data--snooping" technique. snooping" technique. 
Other procedures which fall in this category are, in fact, variaOther procedures which fall in this category are, in fact, variations of the tions of the 
datadata--snooping technique among these are the procedures of pope (1976)snooping technique among these are the procedures of pope (1976), , 
StefanovicStefanovic (1978), and the "premium/protection" method of (1978), and the "premium/protection" method of AnscombeAnscombe
(1960).(1960).
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Blunder Detection Based on Least squaresBlunder Detection Based on Least squares
DataData--snooping Techniquesnooping Technique
The method starts with the assumption of a certain distribution The method starts with the assumption of a certain distribution for the true for the true 
errors. Since the true errors e of the observations are not knowerrors. Since the true errors e of the observations are not known, residuals v n, residuals v 
and/or parameters x are used in the test for the expectation of and/or parameters x are used in the test for the expectation of errors. errors. 
Usually, expectations for the whole vector of parameters are notUsually, expectations for the whole vector of parameters are not known; known; 
therefore, observations can only be tested for residuals under ttherefore, observations can only be tested for residuals under the null he null 
hypothesis, hypothesis, 

The null hypothesis HThe null hypothesis H00 is accepted if the test statistic is accepted if the test statistic 

is less than the critical value of F (lis less than the critical value of F (l--αα,r,     ) with ,r,     ) with αα significance level and r,     significance level and r,     
degrees of freedom. Otherwise, the degrees of freedom. Otherwise, the FFstarstar is distributed as the nonis distributed as the non--central fcentral f--
distribution f '(r,    ,distribution f '(r,    ,λλ), with the non), with the non--centrality parameter centrality parameter λλ . The non. The non--centrality centrality 
parameter parameter λλ is equal to the square root of is equal to the square root of δδ in in EqEq. . (2.17).(2.17).
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DataData--snooping Techniquesnooping Technique
There are two problems with this test. In the first place, the vThere are two problems with this test. In the first place, the varianceariance--
covariance matrix of observations is not really known. In the secovariance matrix of observations is not really known. In the second place, cond place, 
even if even if FFstarstar is rejected, one does not know which observations caused the is rejected, one does not know which observations caused the 
FFstarstar to fail. Hence, one should continue by testing (n) individual rto fail. Hence, one should continue by testing (n) individual residuals,esiduals,

Suppose there is only on blunder in the Suppose there is only on blunder in the ii--thth observation and the weight observation and the weight 
matrix P is diagonal. A test value matrix P is diagonal. A test value wwii is obtained by is obtained by 

where            is the where            is the ii--thth diagonal element of the cofactor matrix of the diagonal element of the cofactor matrix of the 
residuals.residuals.
The acceptance interval for The acceptance interval for wwii is given by is given by 
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DataData--snooping Techniquesnooping Technique
where where αα is the significance level of typeis the significance level of type--I error. I error. αα can be related to the global can be related to the global 
significance level       by significance level       by 

provided that the individual tests are independent. provided that the individual tests are independent. 
As mentioned earlier, usually the varianceAs mentioned earlier, usually the variance--covariance of observations is covariance of observations is 
unknown, consequently        is also unknown. In this case the eunknown, consequently        is also unknown. In this case the estimated stimated 
variances of residuals                       variances of residuals                       

are used: are used: 
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PopePope’’s Methods Method
The above shortcomings of the dataThe above shortcomings of the data--snooping technique motivated pope snooping technique motivated pope 
(1976) to develop a more practical procedure for blunder detecti(1976) to develop a more practical procedure for blunder detection. His on. His 
method differs from the data snooping technique in two respects:method differs from the data snooping technique in two respects:

1.1. No test on reference variance         is required.No test on reference variance         is required.
2.2. The critical value for the test statistic   The critical value for the test statistic   ttii in Eq.(7)  is determined from in Eq.(7)  is determined from 

the sothe so--called called TauTau--distribution, because  distribution, because  ννii and and σσ00 are computed are computed 
from the same sample and they therefore not independent. from the same sample and they therefore not independent. 

In this case In this case ttii is distributed as a is distributed as a TauTau--distribution distribution 

The The TauTau--distribution can be related to the tdistribution can be related to the t--distribution witch (distribution witch (rr--ll) degrees of ) degrees of 
freedom byfreedom by
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PopePope’’s Methods Method
Problems with this method includes:Problems with this method includes:

1.1. Difficulty in exact computation of     . Iterative procedures Difficulty in exact computation of     . Iterative procedures are used.are used.
2.2. Difficulty in the derivation of     under the alternative hypoDifficulty in the derivation of     under the alternative hypothesis.thesis.
3.3. some of the erroneous observations may not be detected, since some of the erroneous observations may not be detected, since ttii

decreases as         increases. decreases as         increases. 

In general redundancy of the adjustment in photogram metric triaIn general redundancy of the adjustment in photogram metric triangulation is ngulation is 
large (say r>50) then the large (say r>50) then the TauTau--distribution could be replaced by the tdistribution could be replaced by the t--
distribution. An approximate critical value for distribution. An approximate critical value for EqEq. (8) may de obtained from . (8) may de obtained from 
the student t density function (the student t density function (GruenGruen, 1982), , 1982), 

which produces nearly the same critical value as which produces nearly the same critical value as Baarda'sBaarda's method. method. 

τ
τ

0σ̂

it r,1 ατ −~ 
(10)(10)

Blunder Detection Based on Least squaresBlunder Detection Based on Least squares



Farhad SamadzadeganFarhad Samadzadegan
Department of Surveying and GeomaticsDepartment of Surveying and Geomatics
Faculty of Engineering, University of TehranFaculty of Engineering, University of Tehran

Chapter 2Chapter 2
Block Adjustment TechniquesBlock Adjustment Techniques
20062006

Statistical Tests on Total and partial values ofStatistical Tests on Total and partial values of
The method of the total and partial quadratic forms is used for The method of the total and partial quadratic forms is used for locating the locating the 
blunders and deals with groups of observations rather than indivblunders and deals with groups of observations rather than individual ones. idual ones. 
This test consists of two parts:This test consists of two parts:

II-- Test on Total Quadratic Form (Global Test).Test on Total Quadratic Form (Global Test).
IIII-- Test on partial Quadratic Form.Test on partial Quadratic Form.

If the first test          is accepted ( is compared to the critIf the first test          is accepted ( is compared to the critical value obtained a ical value obtained a 
chichi--square table), no blunders are assumed to be present in the datasquare table), no blunders are assumed to be present in the data set. set. 
On the other hand, if the first test is rejected, blunders are pOn the other hand, if the first test is rejected, blunders are present in the resent in the 
data, but one does not know which observations are erroneous. Todata, but one does not know which observations are erroneous. To
determine the erroneous observations, select a subset of (b) resdetermine the erroneous observations, select a subset of (b) residuals,  viduals,  v22

(b has to be less then or equal to r (redundancy of the system))(b has to be less then or equal to r (redundancy of the system)) and and 
compute the change in total quadratic from             (compute the change in total quadratic from             (StefanovicStefanovic, 1978),, 1978),
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Statistical Tests on Total and partial values ofStatistical Tests on Total and partial values of

where            is the corresponding cofactor matrix of the reswhere            is the corresponding cofactor matrix of the residuals, viduals, v22 . The . The 
following two tests can be used to determine if the subset of refollowing two tests can be used to determine if the subset of residuals, vsiduals, v22

did, in fact, cause the first test to fail: did, in fact, cause the first test to fail: 

denotes the quadratic from after the contribution from vdenotes the quadratic from after the contribution from v22 has been has been 
removed and removed and αα is the significant level.is the significant level.
If a particular set of residuals vIf a particular set of residuals v22 has been selected, such that       passes the     has been selected, such that       passes the     

test (inequality (12) is satisfied) and               failtest (inequality (12) is satisfied) and               fails the       test (inequality s the       test (inequality 
(13) is not satisfied), the observations corresponding to these (13) is not satisfied), the observations corresponding to these residuals are residuals are 
presumed to contain blunders.presumed to contain blunders.
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Statistical Tests on Total and partial values ofStatistical Tests on Total and partial values of
This test has two major drawbacks:This test has two major drawbacks:

11-- It requires the a priori varianceIt requires the a priori variance--covariance matrix of observations. covariance matrix of observations. 
22-- It requires the inversions of         combinations of          It requires the inversions of         combinations of          . . 

In many cases,           the inverse of the matrix dose not exisIn many cases,           the inverse of the matrix dose not exist. t. ElliousEllious (1982) (1982) 
studied this problem for blocks of 4 and 9 photographs using synstudied this problem for blocks of 4 and 9 photographs using synthetic data. thetic data. 
He provided a list of rules in which this matrix becomes singulaHe provided a list of rules in which this matrix becomes singular.r.

The only advantage of this method over pope's method is, that thThe only advantage of this method over pope's method is, that the test e test 
appears to be robust against the presence of many blunderers in appears to be robust against the presence of many blunderers in the data the data 
set.set.
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If the observations have a normal propagation, the multivariate If the observations have a normal propagation, the multivariate probability probability 
density function will be trustful for them. So we will have:density function will be trustful for them. So we will have:

If we want, our estimate be a maximum likelihood estimation,    If we want, our estimate be a maximum likelihood estimation,    
must be minimum. If                  , we will have:            must be minimum. If                  , we will have:            . . 

As it mentioned above, the least squares method uses:           As it mentioned above, the least squares method uses:           , , 
which makes it rather difficult to find and locate possible groswhich makes it rather difficult to find and locate possible gross errors. This is s errors. This is 
because through the least squares adjustment, a gross error exisbecause through the least squares adjustment, a gross error existing ting 
somewhere will often extend its influence to other measurements,somewhere will often extend its influence to other measurements, and and 
hence become undetectable. So, because appearance of gross errorhence become undetectable. So, because appearance of gross errors in the s in the 
digital digital photogrammetricphotogrammetric points, which are generated, based on matching points, which are generated, based on matching 
techniques are very possible, a more efficient method for adjusttechniques are very possible, a more efficient method for adjustment is ment is 
required. required. 

Blunder Detection Based on Robust Blunder Detection Based on Robust 
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A good replacement for usual least squares adjustment is adjustmA good replacement for usual least squares adjustment is adjustment based ent based 
on robust estimation. The term on robust estimation. The term ““RobustnessRobustness”” refer to a certain kind of refer to a certain kind of 
property of a statistical method which generally has two implicaproperty of a statistical method which generally has two implications; first: tions; first: 
when there is not too big difference between the model in questiwhen there is not too big difference between the model in question and the on and the 
theoretical model, the function of the method is not seriously atheoretical model, the function of the method is not seriously affected; ffected; 
second: when a sample contain a small number of second: when a sample contain a small number of ““outliersoutliers””, the function of , the function of 
the method is not seriously affected either.the method is not seriously affected either.

The basic concept of the iterative method of weight selection inThe basic concept of the iterative method of weight selection in gross error gross error 
testing is: Adjustment still starts with the customarily used letesting is: Adjustment still starts with the customarily used least squares ast squares 
method. However, after each adjustment, the weight of each obsermethod. However, after each adjustment, the weight of each observed value ved value 
in the next iteration is computed according to the weight functiin the next iteration is computed according to the weight function selected on selected 
based on residual and other pertinent parameters. If the weight based on residual and other pertinent parameters. If the weight functions functions 
are properly selected, and gross errors can be located in this ware properly selected, and gross errors can be located in this way, then the ay, then the 
weights of the observed values containing gross errors will becoweights of the observed values containing gross errors will become smaller me smaller 
until they finally approach zero. When iterations stop, the resuuntil they finally approach zero. When iterations stop, the results of lts of 
adjustment will not affected by gross errors.adjustment will not affected by gross errors.
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The Computational process of the iterative method of weight funcThe Computational process of the iterative method of weight functions is:tions is:

Where, k represents the number of iterations; v are the residualWhere, k represents the number of iterations; v are the residuals; s; f(vf(v) is ) is 
called the weight function, and is the function of residuals. Thcalled the weight function, and is the function of residuals. The fact that in e fact that in 
Equation (15), the weight P is changed from a constant in least Equation (15), the weight P is changed from a constant in least squares squares 
method to a variable which varies with the value v can be regardmethod to a variable which varies with the value v can be regarded as an ed as an 
adjustment which makes the total sum of another kind of functionadjustment which makes the total sum of another kind of functions of v such s of v such 
as:                          . as:                          . 
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The structure of Robust estimation is similar to the usual LeastThe structure of Robust estimation is similar to the usual Least square square 
method. The difference is the nature of repetitively nature of tmethod. The difference is the nature of repetitively nature of the process. he process. 
This repetition is not a simple repetition (e.g. Least squares),This repetition is not a simple repetition (e.g. Least squares), but in this but in this 
repetition the weight matrix is changed in each iteration. Changrepetition the weight matrix is changed in each iteration. Changes of weight es of weight 
matrix is based on a function of normalized residuals, by name, matrix is based on a function of normalized residuals, by name, Weight Weight 
Function. This function is related to Function. This function is related to ρρ function by the following formula:function by the following formula:

and the weight matrix in each iteration:and the weight matrix in each iteration:

where, n: number of iteration, Pwhere, n: number of iteration, P(0)(0) : primary weight matrix, P: primary weight matrix, P(k+1)(k+1) : weight : weight 
matrix in matrix in nn--thth iteration, v normalized residuals. iteration, v normalized residuals. 
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The design of  The design of  ρρ and W must satisfy the requirements of math model. In and W must satisfy the requirements of math model. In 
Robust estimation, usually twoRobust estimation, usually two--weight function is used. The first one has a weight function is used. The first one has a 
smooth and monotonous changes and the second one, has a rapid ansmooth and monotonous changes and the second one, has a rapid and d 
nonnon--monotonous changes. As it mentioned before, the weight of each monotonous changes. As it mentioned before, the weight of each 
observations, based on its normalized residuals, is changed. Theobservations, based on its normalized residuals, is changed. The form of form of 
weighting functions dictated inverse relation to the value of reweighting functions dictated inverse relation to the value of residuals. So siduals. So 
how many the residual of an observation be grater, the weight ofhow many the residual of an observation be grater, the weight of it and it and 
proportionally itproportionally it’’s effect in final results decreased or even eliminated. s effect in final results decreased or even eliminated. 

In practice for improving the process of the detection and elimiIn practice for improving the process of the detection and elimination of nation of 
blunders, a threshold is defined. The weights of observations thblunders, a threshold is defined. The weights of observations those are ose are 
smaller than threshold is set to zero. smaller than threshold is set to zero. 

0)1()1( ==⎯→⎯〈 ++ kk PTP
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The decision about threshold is related to confidence interval tThe decision about threshold is related to confidence interval that we hat we 

considered for accept or reject an observation. considered for accept or reject an observation. 

There has been considerable work in this area and several classeThere has been considerable work in this area and several classes of s of 

robust estimators have been proposed. See for example, robust estimators have been proposed. See for example, HampelHampel

(1974) and Huber (1981). One class used in geodetic science refe(1974) and Huber (1981). One class used in geodetic science referred rred 

to as the 'Danish Method', wherein to as the 'Danish Method', wherein krarupkrarup et al (1980) proposed a et al (1980) proposed a 

searching routine for eliminating blunders in large geodetic netsearching routine for eliminating blunders in large geodetic networks. works. 

Since then, this idea has been extended and used as a standard Since then, this idea has been extended and used as a standard 

computational at the Geodetic Institute of Denmark and other tascomputational at the Geodetic Institute of Denmark and other tasks at ks at 

the the AalborgAalborg University center (University center (KubikKubik, 1982)., 1982).
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IntroductionIntroduction
Historically, the adjustment of Historically, the adjustment of photogrammetricphotogrammetric and geodetic and geodetic 
measurements has been treated as two separate problems. In such measurements has been treated as two separate problems. In such a a 
twotwo-- step solution, the terrestrial surveys are first adjusted to gistep solution, the terrestrial surveys are first adjusted to give a ve a 
unique set of coordinates plus perhaps a varianceunique set of coordinates plus perhaps a variance-- matrix for the ground matrix for the ground 
control points which are then used as input data into the control points which are then used as input data into the photogrammetricphotogrammetric
solutions. This, of course, requires that all points can be coorsolutions. This, of course, requires that all points can be coordinated from dinated from 
surveying data alone.surveying data alone.

In the previous session it was illustrated how APR observation wIn the previous session it was illustrated how APR observation were ere 
adjusted simultaneously with adjusted simultaneously with photogrammetricphotogrammetric observations, thus observations, thus 
replacing a two step solution with a rigorous simultaneous approreplacing a two step solution with a rigorous simultaneous approach. The ach. The 
same principle can be applied to conventional surveying observatsame principle can be applied to conventional surveying observations. ions. 
This also provides a more realistic approach to error analysis aThis also provides a more realistic approach to error analysis and nd 
weighting of the observations.weighting of the observations.
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Mathematical ModelingMathematical Modeling

The first major development in this area was the program SAPGO The first major development in this area was the program SAPGO 
(Simultaneous Adjustment of (Simultaneous Adjustment of PhotogrammetricPhotogrammetric and Geodetic and Geodetic 
Observations), developed at the University of Illinois (Wong andObservations), developed at the University of Illinois (Wong and
ElphingstoneElphingstone, 1972). , 1972). LaplaceLaplace azimuths, straightazimuths, straight-- line distances, geodetic line distances, geodetic 
azimuths, horizontal angles, elevation differences, latitudes, lazimuths, horizontal angles, elevation differences, latitudes, longitudes ongitudes 
and elevations are accepted as input into SAPGO, together with pand elevations are accepted as input into SAPGO, together with photo hoto 
coordinates. The coordinates. The photogrammetricphotogrammetric model is the bundle adjustment model is the bundle adjustment 
without additional parameters, while classical geodesy forms thewithout additional parameters, while classical geodesy forms the basis of basis of 
the geodetic model, treating horizontal and vertical adjustmentsthe geodetic model, treating horizontal and vertical adjustments
separately. The horizontal adjustment is performed on the surfacseparately. The horizontal adjustment is performed on the surface of a e of a 
reference ellipsoid as a function of longitude and latitude, whireference ellipsoid as a function of longitude and latitude, while the le the 
vertical adjustment is based on mean sea level elevations. vertical adjustment is based on mean sea level elevations. 
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Mathematical ModelingMathematical Modeling
In order to combine these geodetic models with the In order to combine these geodetic models with the photogrammetricphotogrammetric one one 
(based on a spatial rectangular coordinate system) the geodetic (based on a spatial rectangular coordinate system) the geodetic observation observation 
equation has to be modified. This means that the terms dequation has to be modified. This means that the terms dφφ, , ddλλ and dh of the and dh of the 
classical geodetic equations need to be replaced by classical geodetic equations need to be replaced by dXdX, , dYdY, , dZdZ as :as :

and  similarly for and  similarly for ddλλ and dh.and dh.
Unfortunately, there is no explicit functional relationship betwUnfortunately, there is no explicit functional relationship between een φφ, , λλ, H and , H and 
X, Y, Z. Therefore the partial derivatives were obtained in SAPGX, Y, Z. Therefore the partial derivatives were obtained in SAPGO by a O by a 
numerical method, using the following approach:numerical method, using the following approach:

This does not provide a rigorous solution, and the accuracy depeThis does not provide a rigorous solution, and the accuracy depends on the nds on the 
values chosen for X and Y.values chosen for X and Y.
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Mathematical ModelingMathematical Modeling

At the University of New Brunswick, the program system GEBAT (GeAt the University of New Brunswick, the program system GEBAT (General neral 
Bundle Adjustment Triangulation) was developed (El Hakim, 1979; Bundle Adjustment Triangulation) was developed (El Hakim, 1979; El El 
Hakim and Hakim and FaigFaig, 1981). This system is a bundle adjustment with additional , 1981). This system is a bundle adjustment with additional 
parameters using a harmonic function to compensate for the effecparameters using a harmonic function to compensate for the effect of t of 
systematic errors. The geodetic observations (slope distances, vsystematic errors. The geodetic observations (slope distances, vertical ertical 
angles, horizontal directions, astronomic azimuths, elevation diangles, horizontal directions, astronomic azimuths, elevation differences, fferences, 
astronomic latitude and longitude) are based on modern three dimastronomic latitude and longitude) are based on modern three dimensional ensional 
geodesy and rigorously combined with the geodesy and rigorously combined with the photogrammetricphotogrammetric adjustment. adjustment. 
The stochastic model can be further improved by taking the correThe stochastic model can be further improved by taking the correlation lation 
between the observations into account and applying least squaresbetween the observations into account and applying least squares
collection.collection.
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After formulating observation equations for each type of observaAfter formulating observation equations for each type of observation, the tion, the 
following combined system was obtained for the least squares adjfollowing combined system was obtained for the least squares adjustment: ustment: 

For For PhotogrammetricPhotogrammetric observationsobservations

For GFor Geodeticeodetic observationsobservations

( ) 0,ˆ,ˆ
21 =PP LXXF

( ) 0,ˆ,ˆ
32 =Pg LXXF

Mathematical ModelingMathematical Modeling
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These are These are linearizedlinearized toto

wherewhere
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are the design matrices, obtained for instance as :are the design matrices, obtained for instance as :
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The variation function is then:The variation function is then:

Where PWhere Ppp and Pand Pgg are the weight matrices for the observations ; Pare the weight matrices for the observations ; P11, P, P22, P, P33 the the 
weight matrices for the unknowns, and weight matrices for the unknowns, and KKpp and Kand Kgg are estimates for the are estimates for the 
vectors of Lagrange multipliers :vectors of Lagrange multipliers :
The normal equations become:The normal equations become:
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The normal equations provide the following results :The normal equations provide the following results :

andand

WhereWhere

The degree of freedom (The degree of freedom (dfdf) equals the number of observations, since all ) equals the number of observations, since all 
unknowns are weighted.unknowns are weighted.
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The following abbreviations were used:The following abbreviations were used:

At the National Research Council of Canada, this basic program wAt the National Research Council of Canada, this basic program was as 
subsequently optimized and expanded to include grosssubsequently optimized and expanded to include gross-- error detection error detection 
(data snooping) (El Hakim, 1984).(data snooping) (El Hakim, 1984).
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